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Preface

“Physics is physics” a physicist may think and be surprised that there is suppos-
ed to be a “polymer physics”. However, physics lives to a large extent from ab-
stractions. The Newtonian laws of mechanics could only be formulated and
start their triumphant march after one had learned to disregard friction (the
dissipative effects which occur during motion). The physicist likes to regard
particles, e. g. molecules, as mass points or rigid spheres. Many “laws” are based
on this abstraction. However, if one builds a polyethylene molecule using the
Stuart-Brigleb models, one obtains a flexible chain with a diameter of about
5 cm (2 inches), which can attain a length of 2 km (1.24 miles). Even on the true
microscopic scale, such a molecule is certainly not a mass point, nor is it a
structureless rigid sphere. The flexibility and the enormous length of the
threadlike molecules induce properties in polymers which do not usually occur
in physics, or which are considered to be negligible. In this respect, it is, there-
fore, certainly possible to speak of a polymer-specific physics, a “polymer
physics”. The physical peculiarities, which are caused by the very long flexible
chain molecules, are mainly of an entropic nature. One can even attribute an
entropy to an individual polymer molecule. These molecules usually respond
dissipatively to an external perturbation, i.e. with a production of entropy. For
this reason, thermodynamics is the basis of the polymer-specific physics.
“Polymer physics” is at its roots a thermophysics of polymers, as indicated by
the title of this book.

Experimental aspects will be treated by B. Wunderlich in Vol. II of this book.
The objective of the present volume is to provide a simple description of the
theoretical framework which constitutes the basis of polymer physics.
According to the statements above, it is clear that this framework must be
established with the help of thermodynamics. Unfortunately, a complete theory
does not exist to date.

The problems of polymer physics can be formulated with an almost arbitrary
complexity. But this is not our objective. In order to illustrate the theoretical
skeleton, we have only treated simple, easily comprehensible problems of poly-
mer physics, but, in detail and with all the necessary information on the assump-
tions used. The description of dissipative processes within the framework of
thermodynamics shows clearly that these are generally non-linear phenomena.
Nevertheless, we will also confine ourselves here mainly to the simpler linearized
cases. The so-called glass transition, for example, is found to be a typical dissipa-
tive process which cannot be linearized.
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CHAPTER 1

Theoretical Aspects of Polymer Thermodynamics

Theoretical macroscopic-phenomenological physics is usually divided into
three areas: continuum mechanics (hydrodynamics, theory of elasticity), elec-
trodynamics and thermodynamics. Thermodynamics deals with thermal pro-
perties of materials, the most prominent representative of which is the heat
capacity.

A strict tripartition, however, can only be made with certain idealizations.
There are classes of matter in which the other areas are decisively affected by
thermodynamics. A pure mechanics of gases, for example, cannot be formulat-
ed. The mechanical properties of a gas are essentially dependent upon its
entropy. Their explanation is, therefore, mainly a thermodynamic problem.

Entropy can also have a major influence on the mechanical properties of
polymers. The best-known example is the rubber elasticity found in cross-link-
ed or long-chain, entangled polymers. In the case of polymers, however, yet
another reason blurs the division into three classical areas. Polymers usually
behave dissipatively when responding to an external perturbation, i.e., the
external perturbation is linked to a non-negligible entropy production. For ex-
ample, when one measures Young’s modulus E’(w) or the dielectric constant
£ (w) of a polymer as a function of frequency w of an external sinusoidal
disturbance, these mechanical or electrical quantities are accompanied by
equally measurable, so-called loss quantities E” (@) and £”(w) which are of
thermodynamic origin and character. The loss quantities are a measure of the
entropy produced per half period of the perturbation. According to the
Kramers-Kronig relations, however, the reactive quantities E’(@) and £ ()
cannot be separated from the dissipative quantities E” (@) and £” (w) (see Sect.
7.5). Rather, the functions E’(w) and £’(w) can be determined unequivocally
from the functions E” (@) and £” (w) (and vice versa). In this case also, the sup-
posedly mechanical or electrical problem proves to be a thermodynamic
problem.

Thus, the thermodynamics of polymers has to do more than simply explain
the purely thermal behaviour of this class of substances. It assumes the role of
a comprehensive thermophysics of polymers. In the following, however - as is
common in classical equilibrium thermodynamics — we will confine ourselves
to homogeneous or heterogeneous systems at rest that are not exposed to a
locally variable external force field. Transport phenomena, such as heat con-
duction, viscosity, diffusion, and electrical conductivity, will be ignored or only
mentioned in passing when it seems appropriate. We will consider the thermo-
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2 1 Theoretical Aspects of Polymer Thermodynamics

mechanical phenomena of polymers in detail, but will forgo consideration of
the theory of thermoelectric and thermomagnetic behaviour, which can be
developed in analogy to thermomechanics.

Equilibrium thermodynamics is certainly the basis and at the same time an
important component of polymer thermophysics. Its basic principles can be
most simply described by means of a homogeneous, fluid, one-component sys-
tem (Chap. 2). In practice, however, equilibrium thermodynamics can only be
applied in this simple form to non-cross-linked polymers with a low molecular
mass and very narrow molecular mass distribution. As the polymerization pro-
cess leads to different lengths in the chain molecules, a hundred percent frac-
tionation is impossible with longer chain molecules, and there are often low-
molecular-mass impurities or deliberate admixtures present, polymers almost
always constitute homogeneous mixtures (Chap. 3). It is a typical feature of
polymers that they are incapable of forming perfect mixtures. The perfect mix-
ture, used as a reference system for low-molecular-mass substances, is replaced
by an ideal-athermal mixture in the case of polymers (Sect. 3.4). Polymers in a
segregated or partially crystalline state, as well as filled or reinforced polymers,
constitute heterogeneous systems (Chap. 4). Furthermore - in contrast to fluid
media - polymers in a partially crystalline or crystalline state, in a glass- or
rubber-like state, as well as melts of high-molecular-mass polymers in certain
non-equilibrium states, resist not only a change in volume, but also a change
in shape. Polymers are, thus, often elastic systems (Chap. 5). In this connection,
it is important to differentiate between energetic and entropic elasticity,
which, among other things, explains the polymer-specificity of rubber elasticity
(Sect. 5.3).

The specific properties of polymers are mainly due to the fact that the long
chain-like molecules of which they are composed are capable of producing a
multitude of conformational isomers. The thermal excitation of these isomers
results in coiled polymer molecules which constitute an equilibrium state with
maximal entropy (Sect. 6.2). The simplest model for a polymeric liquid is the
two-level system (Sect. 6.3). Despite the absence of the characteristics due to
thermally excitated conformational isomerism in an ideal polymer crystal con-
sisting of extended chain molecules, there are still polymer-specific effects.
These are caused by the pronounced hybrid interaction between the lattice
units. Strong covalent bonds, that cannot be treated as central forces, act in the
chain direction. In contrast to this, predominantly weak van-der-Waals- or
dipol-forces act perpendicular to the chain direction (Sect. 6.4 and 6.5).

Equilibrium thermodynamics requires that all changes of state occur so
slowly that the microscopic internal degrees of freedom of the system under
consideration are capable of adjusting their equilibrium in response. Due to
their conformational degrees of freedom, the polymers have a class of internal
degrees of freedom which attain equilibrium relatively slowly. This severely
restricts the applicability of equilibrium thermodynamics to the problems of
polymer physics. If the rate of external perturbation of a thermodynamic
system is of the same order of magnitude as the rate with which an internal
degree of freedom of the system tries to adjust to equilibrium, equilibrium
thermodynamics is no longer valid. The perturbation process becomes an irre-
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versible, dissipative sequence of non-equilibrium states, whose character is de-
termined by the macroscopic relevance of the internal degree of freedom. In
the following, we proceed from the thermodynamics of irreversible processes
to describe the resulting phenomena (Chap. 7). The relevant internal degrees of
freedom are directly considered in the thermodynamics of irreversible pro-
cesses by assignment of macroscopic internal variables. This makes the thermo-
dynamics of irreversible processes appear much less formal and much more
suitable for a direct understanding of the phenomena than other theories [for
example, rational thermodynamics; cf. Truesdell (1969)], which describe the
effect of internal degrees of freedom using so-called memory functions or
memory functionals but conceal the internal degrees of freedom.

Relaxation processes are the simplest dissipative processes which take place
in polymers. In general, these are non-linear phenomena with feedback. To a
good approximation, however, relaxation processes can often be described by
simple linear differential equations (Sect. 7.4). At the same level of approxima-
tion, the question about the reactions of a polymer to periodic mechanical per-
turbations leads to the linear theory of response, to the concept of memory
functions, as well as to the phenomena of anelasticity or viscoelasticity
(Sects. 7.5 and 7.6).

Relaxation times prove to be a collective property of the internal degrees of
freedom in systems with several intercoupled internal degrees of freedom. The
relaxation times can only be assigned individually to the so-called normal
modes, whose composition of internal variables changes with temperature and
mechanical boundary conditions. Decomposition of a macroscopic process
into many elementary normal modes is, however, somewhat problematic
(Sect. 7.7).

Under normal circumstances, polymers comprised of long chain molecules
crystallize only partially - if at all. Therefore, they usually contain a glassy solid-
ified portion at lower temperatures. Polymers consisting of irregularly assem-
bled flexible chain molecules do not crystallize. They form a glass at lower tem-
peratures. The transition from the liquid state into the glassy state is - at least
in all practical cases - also a dissipative process. Without a change in the molec-
ular degree of order, exactly those internal degrees of freedom of the liquid
freeze which substantially determine the temperature of the liquid. Therefore,
one needs to differentiate between a dynamic and a static temperature during
the glass transition (Sect. 7.8).

Finally, the phase transitions (Chap. 8) have a major influence on the thermal
and mechanical properties of polymers - especially crystallization, which oc-
curs only partially under normal circumstances, as well as melting, which may
occur over a broad temperature range. A special feature of long flexible chain
molecules is that they necessarily develop amorphous non-autonomous
boundary phases during crystallization (Sect. 8.2). A special phase that may
develop from a polymer crystal on the basis of conformational isomerism is the
so-called condis crystal (conformationally disordered crystal) (Sect. 8.3).



CHAPTER 2

Equilibrium Thermodynamics of Simple Fluids

2.1
Fundamental Equations and Equations of State

The basis for a thermodynamic description of a physical system is Gibbs’ fun-
damental equation. It connects the so-called Gibbs function (or the Gibbs
potential) with the mutually independent variables of the system. In thermo-
dynamic equilibrium, the Gibbs function allows a complete and unequivocal
description of the system.

The number of mutually independent variables corresponds to the number
of macroscopic degrees of freedom of a system. In thermodynamics, the vari-
ables of every macroscopic field theory, e. g., the variables of the theory of elas-
ticity, of hydromechanics, or electrodynamics, can appear as variables. In
addition, the temperature and the entropy always appear as variables in thermo-
dynamics.

As physical systems rarely manifest themselves as such, but rather through
their changes in response to external actions, the differentials and differential
coefficients of the Gibbs fundamental equation are particularly important. A
precondition for all changes in the thermodynamic equilibrium is that the
value which the Gibbs function assumes for a given state is independent of the
path by which the state was achieved. Mathematically, this means that the dif-
ferential of the Gibbs function is a total differential that can always be inte-
grated. It also means that in the second derivatives of the Gibbs function, the
order of the differentiations can be changed with respect to the variables.

In order to introduce the so-called Gibbs formalism, we will confine our-
selves to simple fluid media for the present. These are homogeneous, isotropic
gases or liquids composed of chemically pure and inert substances which are
electrically and magnetically neutral and react to mechanical stress only by
elastic changes in volume. It is possible - at least in principle - to understand
polymers in a liquid state of aggregation as simple fluid media, if they are not
cross-linked and have a uniform molecular mass (or at least a very narrow
molecular mass distribution). It is, however, always uncertain whether longer-
chain polymers achieve internal equilibrium during a real external perturba-
tion, which necessarily occurs with a finite velocity (cf. Sect. 2.4 and Chap. 7).In
practice, the applicability of the equilibrium thermodynamics of simple fluid
media with respect to polymers is in most cases limited to non-cross-linked
substances with low and uniform molecular masses.

H. Baur, Thermophysics of Polymers 1
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6 2 Equilibrium Thermodynamics of Simple Fluids

In a state of equilibrium, simple fluid media possess three macroscopic de-
grees of freedom, a thermal, a mechanical, and a material degree of freedom.
The temperature T, the volume V, and the mass M or the mole number N can be
assigned as variables to these degrees of freedom (for a definition of the mole
number see Sect. 3.1). Gibbs fundamental equation is then

F=F(LV,N), (2.1)

in which the free energy F (or Helmholtz free energy) takes over the role of the
Gibbs function. The differential form of the fundamental equation (2.1) is

dF=<a—F> dT+<a—F> dV+<a—F> dN. (2.2)
aT VN aV TN aN T;V

The coefficients of this equation, which are a measure of the change in the
Gibbs function if one of the variables changes, are labelled by individual sym-
bols and names:

F
_<a_> =S=S(TYN) (2.3)
oT Jyn
is referred to as the entropy and
oF
— ) =p=pT}V 2.4
<aN>T,V p=p(LV,N) 24
as the chemical potential.
OF
-\==) =p=p(LVN 2.5
<8V>T,N p=nr( ) (2.5)

is identical to the hydrostatic pressure known from hydromechanics. The equa-
tions (2.3-2.5) are referred to as the “equations of state” of the system. They de-
scribe the equilibrium states of the system as completely and unequivocally as
the fundamental equation (2.1). Using (2.3-2.5) one can replace (2.2) with

dF = - $dT - pdV + pdN. (2.6)

Among the variables, one has to distinguish between extensive and intensive
variables (see Tab. 2.1). Extensive variables are assigned to quantitative pro-
perties. On multiplication of a system, the values of the extensive variables, e.g.,
the mass, are multiplied by the same factor. Extensive variables can be balanced
(Sect. 2.2) and expressed in the form of specific quantities and densities.
Intensive variables, on the other hand, are assigned to properties which are not
affected by multiplication of a system.

E, V, N are extensive variables, whereas T is an intensive variable. Thus, with
an arbitrary factor A

AF =F (T, AV, AN) (2.7)
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Table 2.1. Selected extensive and intensive properties

Extensive properties intensive properties

Energy, enthalpy

Entropy Temperature

Mass, mole number Chemical potential
Electric charge Electrical potential
Momentum Velocity

Volume Pressure
Mechanical strain Mechanical stress
Dielectric displacement electric field strength

must apply. As a result, the fundamental equation (2.1) must also be represent-
able in the form

F=-pV+pN (2.8)

[Euler’s theorem on homogeneous functions of the first degree; as proof, one
differentiates (2.7) with respect to A and subsequently sets A = 1]. From (2.8)
follows

dF=-pdV-Vdp+ pdN+ Ndp.
The comparison with (2.6) shows that, in addition, the Gibbs-Duhem relation
SdT - Vvdp + Ndu =0 (2.9)

must always be fulfilled. Relation (2.9) expresses clearly that only two of the three
intensive variables T, p, p of a simple fluid medium are independent of each other.

In the case of heterogeneous systems which are composed of several homo-
geneous domains (phases), the value of an extensive quantity is given by the
sum of the values of the individual phases. The values of the intensive quanti-
ties, on the other hand, cannot be added together. In equilibrium, hetero-
geneous systems are homogeneous with respect to the values of their intensive
variables as long as the individual phases are not separated from each other by
insulating walls (cf. Chap. 4).

The equilibrium properties of thermodynamic systems can be unequivocally
and completely described by a Gibbs fundamental equation. The reverse, how-
ever, is not true: a thermodynamic system is by no means described by only a
single Gibbs fundamental equation. Other representations of Gibbs fundamen-
tal equation can be obtained from the F-representation (2.1) of Gibbs funda-
mental equation using special, purely mathematical transformations, the so-
called Legendre transformations. Legendre transformations are contact
transformations, which have to do with the fact that, for example, every smooth
curve y (x) can also be described by the family of its enveloping tangent lines

y=ax+b, with a=dy/dx and b=y-(dy/dx)x.
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If the variable pairs y, x and b, a are coupled with each other by the given rela-
tions, the same information can be found in the functions y(x) and b (a).

T, p, N are in most cases given experimentally as the independent variables of
a simple fluid medium. The Legendre transformation

V—>~<ili> ;F—>G=F—<a—F> v,

i.e., according to (2.5)
Vop; F>G=F+pV,

then transforms the F-representation (2.1) into the G-representation
G=G(Tp,N) (2.10)

of Gibbs fundamental equation, in which the free enthalpy (or Gibbs free energy)
G takes over the role of the Gibbs function. Equations (2.1) and (2.10) contain the
same information about the medium as long as F and G are coupled via

G=F+pV (2.11)

Comparison of (2.11) with (2.8) shows that the Gibbs fundamental equation
must have the form

G =puN (2.12)

in the G-representation. Equation (2.12) expresses the fact that G and N are ex-
tensive, whereas T and p are intensive variables, so that with an arbitrary factor A

AG = G(T; p, AN)

must also be valid in place of (2.10).
During the transformation from the F- to the G-representation, (2.11) is ex-
pressed at full length by

G(Lp, N)=F(LV(Lp,N),N)+pV(T,p,N).

By differentiation of this relation with respect to the new independent variables
T, p, N, one obtains via (2.3-2.5)

- <8_G> =S =S(L,p,N), (2.13)
3T ),
Gfs =V=V(LpN), (2.14)
op /N

oG
—— = = ’1:1 > .
QNLP”“(PM (2.15)
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as equations of state in the G-representation. Thus, the differential form of
Gibbs fundamental equation (2.10) is

dG =-8dT + Vdp + udN. (2.16)

(2.16), however, is only in agreement with (2.12) if the Gibbs-Duhem relation
(2.9) is once again fulfilled.

It should be noted that the differentiation between extensive and intensive
variables also induces particular forms in the intensive functions. For example,
as the chemical potential pis an intensive variable,

p = p(T p, AN)

must also apply with every arbitrary factor A in place of (2.15). This means,
however, that p cannot be dependent on N in the G-representation (Euler’s
theorem on homogeneous functions of the zeroth degree).

p=p(TLp)

holds, corresponding to the Gibbs-Duhem relation (2.9), according to which
only two of the intensive variables T, p, p are independent of each other.
The Legendre transformation

T—->S; F>U=F+TS,
transforms (2.1) into the U-representation
U=U( V,N) (2.17)

of the Gibbs fundamental equation. U is the internal energy of the system, which
corresponds to the total energy of the system if the system is at rest and not ex-
posed to external force fields (cf. Sect. 2.2). Uand F are coupled via the relation

U=F+TS. (2.18)
Hence, according to (2.8), we have
U=TS-pV+puN. (2.19)

In the U-representation, the equations of state are given by

<E> =T=T(S,V,N), (2.20)
oS Jyn

-(5v)

\ /5N

p=pSVN), (2.21)

<aU> =p=u(sy 22
AN S,V=P—P ] )N), (2 )
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the differential form of the Gibbs fundamental equation by
dU = TdS - pdV + pdN. (2.23)

In the U-representation, all the mutually independent variables are extensive.
The equations of state, on the other hand, only apply to intensive variables. The
Gibbs-Duhem relation (2.9) is also in this case responsible for consistency.

Using Legendre transformations, one can also replace several variables
simultaneously in (2.1). The double transformation,

<8F> <8F>
T—-{— ; Vo-{— >

F—>H=F—<EE> T-@E) v,

i.e., the transformation,
T—>S; Vop; F>H=F+TS+pV

for example, leads to the H-representation of the Gibbs fundamental equation
H=H(S, p,N) (2.24)

(H: enthalpy or heat function of the system) with the equations of state

oH
<_> =T=T( pN), (2.25)
aS P,N
dH
<__> _ V=V N, (226)
op /s n
dH
- =pu=pu(S pN), .
<8N>s,p rEpSp ) @27

the differential fundamental equation

dH =TdS+ vVdp + pdN (2.28)
and the relation

H=F+TS+pV (2.29)
or according to (2.8)

H=TS+pN. (2.30)
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The different representations of Gibbs fundamental equation obtained from
(2.1) can obviously also be interconnected by Legendre transformations.
Furthermore, the Gibbs function in a specific representation can, of course, also
be expressed as a function of the independent variables of another representa-
tion. Moreover, by resolution of the equation (2.19) according to S,

1

s=—uv+Zv_EnN, (2.31)
TotT T

we can obtain an S-representation

§=S(U, V,N) (2.32)

of the Gibbs fundamental equation, with the equations of state

<aS> —1—1(UVN) (2.33)

aU v;N-—T—T > ¥ > *
<a_s> = P_P (U, ,N), (2.34)
oV/un T T
S BB

S =—="—(U VN 2.35
<8N>UV T T( ) (2:39)

and the differential form of the fundamental equation

p

1
ds=—dv+2Lav-Ean. (2.36)
T T T

2.2
Balance Equations

The explicit forms of the fundamental equations and the equations of state are
characteristic for a specific material. The formats of the equations are de-
pendent on the atomic and molecular composition of the substances and on the
material structure, e. g., on the state of aggregation. Fundamental equations and
equations of state in a closed mathematical form over a broader range of values
of the independent variables, however, can only be given for a few simple
materials. The Gibbs formalism alone - to the extent that it was described in the
previous section - is, therefore, often of little use. These approaches become
more powerful when connected to further physical observations. Primarily
these include balances of the extensive properties, which are independent of the
type of material. For example, balances are extracted from the equations of
motion in hydromechanics or Maxwell’s equations in electrodynamics. In
thermodynamics, the balance of mass (principle of conservation of mass), the
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balance of internal energy (first law), and the balance of entropy (second law)
are particularly important.

The change dE of every arbitrary extensive variable E (with the exception of
volume) can be split into two additive terms? :

dE=d,E +d,E. (2.37)

The first term d,E describes the change in E caused by the exchange of a quant-
ity of E between the observed system and its surroundings. The second term
d;E describes the change in E resulting from creation or annihilation of a
quantity of E in the interior of the system. The volume has to be excluded since
the surroundings and interior of the system are defined by means of the
volume itself. Hence, the following balance equations are valid:

dN =d,N+d,N, (2.38)
dUu =d,U+dU, (2.39)
ds =d,S+d;S. (2.40)

It should be noted that, during changes of an equilibrium, the value which an
extensive variable E, like the value of a Gibbs function, reaches for a specific
new state of equilibrium is independent of the path by which this state is
achieved. This means that dE represents a total differential. In contrast,d,E and
d;E generally do not represent total differentials. Therefore, expressions in
which d,E or d;E appear individually, in particular integrals over these differ-
entials, are only well-defined if the path over which the changes occur is also
given. If dE is a total differential, d E is, of course, also a total differential if
diE =0.

The principle of conservation of mass states that in the interior of a system
mass can neither be created nor annihilated (as long as processes induced by
subatomic particles and effects of the theory of relativity are excluded). The
mass of a system can therefore only be changed by adding mass from or remov-
ing it to the exterior. Hence, it is always valid that:

dN=d,N; d,N=o0. (2.41)

In equilibrium thermodynamics, the first law also represents a conservation
law and at the same time gives a detailed balance of the internal energy. For
simple fluid media, the first law is

d,U=dQ-pdV +hd,N, (2.422)

dU=0. (2.42b)

1 In the English literature d, E is usally designated as d, E. In the following, however, we wish
to reserve the index “e” for the internal equilibrium.
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Equally, the internal energy can neither be produced nor consumed in the in-
terior of the system during changes in equilibrium. The internal energy, how-
ever, can be changed by three different exchanges with the surroundings: 1. by
heat exchange (dQ > 0 describes the heat the system receives from the exterior),
2. by the performance of work (under the condition d,N =0, pdV > 0 describes
the work performed by the system), and 3. by mass exchange (h = u + pvis the
enthalpy for one mole?, so that hd,N describes the heat which is transferred
by an exchange of mass).

If the system is at rest and not exposed to external force fields (which, as al-
ready mentioned, is generally assumed), (2.42b) also holds for changes during
non-equilibrium processes. The system then possesses neither kinetic nor
potential energy, so that the internal energy U is equal to the total energy of the
system. Under these circumstances, (2.42) expresses nothing more than the uni-
versally valid law of conservation of energy.

The quantity dQ contains the fraction of the change dU of the internal
energy which is based purely on thermal changes. This fraction is due to ex-
citations of the atomic and molecular internal degrees of freedom of the system
concealed in the macroscopic equilibrium thermodynamics. These internal
degrees of freedom include for example, the degrees of freedom of random
(diffusive) translational motion of the atoms or molecules in fluids, the degrees
of freedom of the collective lattice vibrations (phonons) in solids, the rotational
and vibrational degrees of freedom of the individual molecules, the degrees of
freedom of mutual arrangement and orientation of the molecules, and espe-
cially — with respect to polymers - the conformational degrees of freedom.

The first part of the second law states that for all changes in the thermo-
dynamic equilibrium, we have:

1
4,8 =--dQ+sd,N, (2.432)

d;S=0. (2.43b)

The entropy is also conserved during changes in equilibrium. In the case of
closed systems (these are systems which do not exchange mass with their sur-
roundings), (2.43) directly links the exchange of entropy with the exchange of
heat. According to (2.40) and (2.43), when d,N = 0,dS = dQ/T.

The second part of the second law refers to non-equilibrium processes, i.e.,
to processes which cannot be described explicitly by equilibrium thermo-
dynamics.

Equilibrium thermodynamics is a static theory, as it only applies to states of
equilibrium. It only allows a description of processes that can be mapped onto
sequences of points in the space of equilibrium states spanned by the Gibbs
function. Processes which fully correspond to such simply geometrically order-

2 The specific extensive quantities relative to a mass unit or one mole are marked by the cor-
responding small letters.
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ed sequences of points are designated as quasi-static processes. These processes
can only be approximatively realized, as they require infinitesimal driving
forces and infinitely long process durations. Real processes, self-driven equilib-
ration processes, or processes caused by finitely large external stresses, on the
other hand, represent a time-ordered succession of non-equilibrium states
which are traversed with finite velocity.

Among the possible processes, one distinguishes between reversible and ir-
reversible ones. All processes which are invariant on time reflection (t — - t)
are reversible. These include all quasi-static processes. Purely mechanical pro-
cesses in ideal Hookean solids or in ideal, frictionless fluids are also reversible.
Since reversible processes always require thermal equilibrium (homogeneity
with respect to the temperature; c¢f. Chap. 4), and since there are always some
ideal conditions attached that only can be approximated, they are generally not
classed with real processes in thermodynamics. The class of real processes is, in
turn, identified with the class of irreversible processes. Typical irreversible pro-
cesses are transport processes — which will not be treated in detail here - such
as heat conduction (transport of energy), diffusion (transport of mass), viscous
flow (dissipative transport of momentum), or electrical conduction (charge
transport). Moreover, all processes are also irreversible in which the statistical
equilibrium of the microscopic internal degrees of freedom, concealed in equi-
librium thermodynamics, is disturbed (Chap. 7).

In its second part, the second law states that (2.43a,b) hold for all reversible
processes. For a state of equilibrium A, however, which is transformed into a
state of equilibrium B by an irreversible process, the following is valid:

B
S(B) - S(A) > [ d,S (2.43¢)
A

Here, d,,S describes the entropy taken up or released by the system during the
process. Thus, - d,S is the entropy released or taken up by the surroundings.
(2.43 ¢) may be interpreted fully in terms of equilibrium thermodynamics when
it is assumed that the surroundings are in equilibrium at the beginning of the
process and large enough so that this equilibrium is not disturbed during the
course of the process (infinitely large contact reservoir). If we have irreversible
processes in which an entropic value can be unequivocally attributed to each of
the non-equilibrium states traversed, then (2.43 ¢) is replaced by the inequality

ds >d,S,

which is valid for each infinitesimal step of the process. Then, according to
(2.40), (2.43a) can be supplemented by the simple statement that

d;$>0 (2.43d)

always holds during the course of an irreversible process. Irreversible processes
always involve an entropy production in the interior of the system. There are no
entropy sinks. Nevertheless (2.43 c,d) do not imply that every irreversible process
leads to an increase in the entropy of the system. If d,S < 0, i.e., if the system
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releases entropy to its surroundings during the process, the process can most cer-
tainly also involve a decrease in entropy. Irreversible processes only necessarily
lead to an increase in entropy if they occur in adiabatically closed systems. For
such adiabatically closed systems it holds that dQ = 0 and d,N = 0, i.e., according
to (2.43a), d,S = 0 and thus, according to (2.43¢) or (2.43d) and (2.40),

S(B)-S(A)>0or dS=4;S>0, (2.43¢)
respectively.
2.3

Response Functions

The variables defined by the equations of state are more accessible to experi-
ments than the Gibbs function. Since these variables are given by the first
derivatives of the Gibbs function with respect to the independent variables, the
stimulation of a macroscopic degree of freedom in thermodynamic equilibrium
manifests itself particularly in the second derivatives of the Gibbs function. The
second derivatives of the Gibbs functions with respect to the independent vari-
ables provide the so-called response functions of the systems. After appropriate
normalization, they are also given individual symbols and names.

The mechanical, thermo-mechanical and thermal response functions which can
be derived from the F-representation (2.1-2.5) are: the isothermal bulk modulus

’F
kp= vIE_ v <a—P> , (2.44)
dV?2 V/in
the coefficient of thermal pressure
1 9F 1 (9§ 1/9 ol
), e
p oVAT p \oV/ry p \oT/yy oT /yy
and the heat capacity at constant volume
o’F 0
CVE—T——=T<—S> ) (2.46)

The G-representation (2.10,2.13-2.16) results in the response functions: iso-
thermal compressibility

1 9%G 1 /oV olnV
- o= 2 () o , (2.47)
vV dp V \3p/gn op /g

coefficient of thermal expansion (thermal expansivity)

1 3G 1 /3s 1 /3v dlnV
a= — = - — | — =— | — = > (2.48)
VaTdp  V\dp/yn V \OT/,wn OT /yn
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and heat capacity at constant pressure

aZ
%E—T—EZTC§> . (2.49)
T2 AT/ n

Based on the condition of integrability for the differentials dF and dG, the order
of the differentiations can be exchanged in the second derivatives of the Gibbs
function as used in (2.45) and (2.48).

Of particular interest in the following are (as a result of the U- and H-re-
presentations of the Gibbs fundamental equation): the adiabatic (isentropic)
bulk modulus

02U
ks=V :_VGE> , (2.50)
and the adiabatic (isentropic) compressibility
1 9’H 1 [oV olnVv
Ks=-———=-—(—) =- ) (2.51)
vV dp V \op/sn op /s

The physical meaning of the response functions (2.44, 2.45) and (2.47, 2.48)
is obvious: the isothermal bulk modulus is a relative measure for the change in
pressure with the volume, the coefficient of thermal pressure is a relative mea-
sure for the change in pressure with temperature etc. The significance of the
heat capacity becomes evident upon transformation of the defining equations
(2.46) and (2.49). Using the balance equations (2.38-2.43) under the condition
that V, N = const. and the assumption that the changes of state are reversible,
(2.46) results in

_(9U) _(dQ
Co= <aT>V,N - <dT>wN | (252)

Correspondingly, for reversible changes of state, (2.49) with (2.38-2.43), (2.28)
and p, N = const. leads to

cp5<9ﬁ> =<d_Q> . (2.53)
T J,n  \dT/,

Thus, in the case of reversible changes of state, the heat capacity is a measure of
the change in the heat content of a system with temperature (in the case of
irreversible changes of state, see Sect. 7.3). With regard to measurement tech-
niques, the adiabatic response functions (2.50) and (2.51) refer to idealized limit-
ing cases which can be approximatively realized with rapidly proceeding changes
of state, e.g., by periodic stress with a small amplitude and a high frequency.
There are several purely mathematical relations between the response func

tions (2.44-2.51). To start with, the relations:

kT = I/KT ) (2'54)
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ks = I/Ks (2.55)

become directly apparent from the defining equations (2.44, 2.47) and (2.50,
2.51). Furthermore, the equation of state (2.5) results in

dpz(a—p> dT+<a—P> dV+<ﬁ> dN (2.56)
oT /yn oV/in ON/ 1y

and from this, when one maintains p and N constant

<@s dT+<ﬂ§ dv=0.

However, when p, N = const.

(&)= (50)
dT 3T /)y’

ie.,

<?_B> + <§B> <3_V> -0 (2.57a)

or

() ) &) - (2.57b)

is valid. According to (2.45), (2.47), and (2.48), this corresponds to the relation
a=pkrf. (2.58)

Similarly, one obtains from the differential form of the equation of state (2.3)

as=(2) are(S) ave(R) aw
aT VN aV TN aN TV

when p, N = const.

&), @), G, ()

oT /), n oT/yn oV /pn \OT /,

Substitution with the expressions given by (2.45, 2.46) and (2.48, 2.49) leads to
the relation

C,=Cy+TpVap (2.59)
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or with (2.58) and (2.54) to
C,=Cy+ TVkro? . (2.60)

The relations (2.59, 2.60) allow an interconversion of G, and Cy if the coefficient
of thermal expansion and the coefficient of thermal pressure or the bulk mo-
dulus are known. The possibility of conversion is particularly important for

materials in a condensed state, as C, is experimentally and Cy theoretically

more accessible in this state (with regard to solids, see Sect. 5.2).
From the equation of state (2.21) it follows that:

dp = <a_p> ds + <Q> dv + <a_p> dN
aS VN aV S, N aN S,V
and from this, provided that p, N = const.,
@) <E> " <3_P> —0 (2.612)
as VN aV P N aV S,N
or

<EE> <§> <ﬂ> - 1. (2.61b)
0S Jyn \OV/, n \OpP/sn

With the help of (2.57) and (2.61), we obtain, according to (2.51) and (2.47), the
ratio

Ks _ [(oV ov
—'; B <a_P> S, N/ <¥>TN
- ()0 ),/ G5).. &)
OT/yn \OV/, n/ \OS/yn\OV/,n
_ (oS op 98 oV
() GRL/G), G
- (3)../6)
oT/yy/ \OT/,n
Thus, according to (2.54, 2.55) and (2.46, 2.49), one gets the relation

ks _kr _Cv

= 2.62
kr ks G, (2:62)

Additional relationships can, of course, be derived from the given interrelations
between the response functions. For example, (2.60) and (2.62) result in
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TVa?
c =< (2.63)

P KT — Ks

Corresponding to the relations between the response functions, there are
also relations between the functional dependencies of the response functions
with respect to the independent variables.

With T, p, N as independent variables (G-representation) we obtain, e.g., by
differentiation of (2.47) with respect to T and of (2.48) with respect to p, the re-
lation

aK Ja
< T> =- <—> . (2.64)
oT /o~ 9p/ N
That is, if the isothermal compressibility increases with temperature at constant
pressure, the coefficient of expansion decreases with increasing pressure at

constant temperature. By differentiation of (2.49) with respect to p and of (2.48)
with respect to T, we obtain with (2.14)

<ﬁ> =-TV [az + <a—a> } . (2.65a)
op /rn OT/p

For solids with a very small coefficient of thermal expansion, one can write to
a good approximation

<%> :_Tv<"_“> . (2.65b)
ap TN oT N

If the expansivity increases with temperature at constant pressure, the heat
capacity at constant pressure decreases with increasing pressure at constant
temperature. Correspondingly, the F-representation (with T, V, N as indepen-
dent variables) yields, for example, with respect to (2.44-2.46)

ok _ _ %
<aT >V’N =kep-pVv <aV>T,‘N . (2.66)
and
)l ),
<aV>Y;N Tp [/3 + or ), s . (2.67)

On the other hand, statements regarding the temperature dependence of the
heat capacity, the pressure dependence of the compressibility, and the volume
dependence of the bulk modulus cannot be obtained from the purely mathe-
matical framework. Quantum-mechanical treatments reveal (e.g., see Gug-
genheim 1959) that o and B vanish when T — 0 in the case of condensed me-
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dia in an undisturbed stable or metastable state of internal equilibrium (so-
called third law of thermodynamics). Equally, C, and Cy vanish with temper-
ature (Sect. 6.4.1). The compressibilities x; and kg, or rather the moduli
kr and kg, on the other hand, become equal as T — 0. They retain, however, a
finite value. Apart from these considerations, the pressure dependence of the
compressibility matters only for very high pressures. The response functions
can, of course, in the vicinity of every arbitrary temperature outside the range
of thermal transformations, be developed into suitable power series as func-
tion of temperature. Only a few terms are often sufficient at higher temperatu-
res in order to achieve good approximation of the experimental data over a
sometimes quite large interval (see also Sect. 6.5.4).

2.4
Equilibrium and Stability Conditions

In Chap. 2 we confine ourselves to the consideration of homogeneous simple
fluids. The homogeneity assumed with respect to temperature, pressure, and
chemical potential means that the medium is, by definition, in a stable
thermal, mechanical, and material equilibrium (see also below, as well as
Chap. 4). In such media, non-equilibrium states and instabilities can only be
induced by the macroscopic relevance of atomic or molecular internal
degrees of freedom, which are generally concealed in equilibrium thermo-
dynamics and only become globally apparent in dQ. With regard to polymers,
particularly the degrees of freedom of conformation, of mutual arrangement,
and mutual orientation of the chain molecules should be mentioned. In the
macroscopic-phenomenological theory, these internal degrees of freedom
can, of course, only be described if they can be associated with macroscopic
variables, the so-called internal variables, such as the concentration of con-
formational isomers, the degree of crystallization, or the mean degree of ori-
entation with respect to a particular direction. In a state of non-equilibrium
(particularly true for polymers), more than three macroscopic degrees of fre-
edom are, therefore, attributed to a homogeneous fluid thermodynamic sys-
tem. Only the restrictive equilibrium conditions cause the direct macro-
scopic effect of these additional degrees of freedom to disappear (cf. further
below).

In the following, we assume that the Gibbs formalism, as far as it has been
described up to now, also remains valid in non-equilibrium (for further com-
ments on this assumption see Sect. 7.1). In particular, we assume that an
entropy can also uniquely be attributed to states of non-equilibrium.
Furthermore, we assume (as before) that U describes the total energy of the
systems, so that according to the principle of conservation of energy, d;U = 0
also holds for non-equilibrium states.

The change in the free energy of a homogeneous fluid system during an
arbitrary process is then, according to (2.18), given by

dF =dU - TdS - SdT.
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With (2.39), (2.40), (2.42) and (2.43a), we obtain
dF=-8dT-pdV+ (h- Ts)d,N- Td;S

and with (2.30) and (2.41)
dF =-8dT -pdV+ pdN-Td;S. (2.68)

This equation describes the change in free energy during an irreversible pro-
cess. With Eq. (2.43b), Eq. (2.68) transforms, of course, again into Eq. (2.6),
which is valid for changes in equilibrium or for reversible processes.

If one holds temperature, volume, and mass constant and leaves the system
to itself, (2.68) reduces to

dF=-Td;S. (2.69)

Under these circumstances, the second law (2.43) says that during all irrever-
sible changes in non-equilibrium:

dF <0 (2.70a)
and during all reversible changes in equilibrium it is valid that:
dF=0. (2.70b)

The inequality (2.70a) means that the free energy of a system left to itself in a
state of non-equilibrium always decreases, provided that T, V; N = const.
Consequently, if the process should ever come to a standstill, the system strives
to achieve a state of equilibrium “e”, which possesses a minimal free energy F,.

Thus, F > F, must hold for every non-equilibrium state neighbouring the
attained state of equilibrium “e”. In the Taylor-expansion of the free energy F
about the equilibrium value F, :

F=F, + (dF), + zi (d?F), + ... (2.71)

the linear and quadratic terms must necessarily fulfil the respective conditions
(minimum conditions):

(dF).,=0 and (d?F),>0. (2.72)

With a greater distance from the equilibrium, the higher terms of expansion
which were not given above are, of course, also of importance. If the inequality
F > F, is maintained on consideration of the higher terms, the state of equilib-
rium is designated as (absolutely) stable (Fig. 2.1 A). If this is not the case, the
state of equilibrium is designated as metastable (Fig. 2.1B). On the contrary, if
(d?F), < 0 holds in addition to the equilibrium condition (dF), = 0, we obtain
dF <0, i.e., F < F,, after an infinitesimal perturbation. According to (2.70),a real
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process is initiated. The state of equilibrium is unstable (Fig. 2.1C). If (dF), =0
as well as (d?F), = 0 because F = F, = const., we have a neutral state of equilib-
rium (Fig. 2.1D).

The equilibrium and stability conditions (2.72) require that the function F is
differentiable at the position “e”. If this is not the case, e.g., because F follows
two different analytic functions left and right of the position “e” or because no
real physical states correspond to the values of the variables on one side of “¢”
(e.g., compare Fig. 8.4), then (2.72) must be replaced by the condition

(dF)e.0>0 or (dF),.,>0, (2.73)

whereby (dF),., defines the differential on the right or left side of F at the
position “e”, respectively. (2.73), like (2.72), expresses that for a state of equilib-
rium “e”, an infinitesimal perturbation cannot induce a real process for which
dF < 0 would have to apply.

Furthermore, if we assume a closed system which is not subject to any mass
exchange with its surroundings, then dN = 0 or dM = 0, and the mass variable
vanishes. The extensive variables can now be referred to unit of mass as specific
quantities and are written by the appropriate small letters: f = F/M = specific
free energy; v = V/M = specific volume, etc. If the non-equilibrium states are
due to the macroscopic relevance of a single molecular internal degree of free-
dom, and if the macroscopic internal variable £ is attributed to this degree of
freedom, the complete Gibbs fundamental equation of the system in the F-re-
presentation is

f=f(Tv0. (2.74)
The equilibrium and stability conditions (2.72) then become explicitly
of
df).=(—) d¢=0 2.75
(df)e <a §>e ¢ (2.75)
and
o%f
d?f), =(==) g >o0. 2.76
(d2f) <a42>e (dg) (276)

Since the variation of ¢ is completely arbitrary, it follows for the equilibrium
states:

of\ _
(Z) -o. 277)

In addition,

o’f
<8—§2>2 >0 (2.78)
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holds particularly for a stable or metastable equilibrium.

<a—2f> <0 or <ﬂ> =0, (2.79)
agz e agz e

respectively, is valid for an unstable and a neutral equilibrium. The equilibrium
characterized by (2.77) is designated as an internal equilibrium. Since (8f/9¢),
is a function of the variables T, v, {, the equilibrium condition (2.77) fixes a
given variable as a function of the others, e.g.,

(=0C(Tv). (2.80)

Although ¢ is variable in internal equilibrium, it is not an independent variable.
The internal variable can be eliminated by means of the equation (2.80). Then
only T and v explicitly appear as variables in equilibrium thermodynamics, the
internal variable remains hidden (see Sect. 6.3 for an example).

For the change in free energy, when T, V, N = const.,

(s

is generally given in a homogeneous, closed system with a macroscopically re-
levant internal degree of freedom. Thus, the equilibrium condition (2.70b) is
also fulfilled if

d{=0, e, (=const. (2.81)

The equilibrium described by (2.70b) and (2.81) is referred to as an arrested
equilibrium (with respect to the internal variable {). Only T and v are variable
in an arrested equilibrium, { can be ignored. A typical arrested state of equilib-
rium is the vitreous state, in which the internal degrees of freedom of the diffu-
sive translational motions of the molecules are arrested (frozen) (Sect. 7.8).

The path of the free energy F(T, v, {) in the vicinity of the different states of
equilibrium is represented in Fig. 2.1. On the right (E), a state of non-equilib-
rium with (9f/9¢) # 0 and f# f, was assumed to be an arrested state of equilib-
rium. It should be noted that stable, metastable, unstable, or neutral states of
equilibrium can, of course, also appear as arrested states of equilibrium, as long
as (2.81) is valid.

If several, mutually independent internal degrees of freedom are macro-
scopically relevant, and if the internal variables ¢, ... {, are attributed to these
degrees of freedom,

s (YN ac =
(df)e—2<a§>e dg;=0 (2.82a)

i i

holds in place of the equilibrium condition (2.75). As the {; are mutually inde-
pendent and can be varied at will, the equilibrium condition for each individual
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Fig. 2.1. Helmholtz free energy F of a simple fluid system as a function of the internal vari-
able ¢ in the neighbourhood of various internal equilibrium states “e”. T, V| N = const. was as-
sumed. A non-equilibrium state “a” is represented in the right as an arrested equilibrium
state

degree of freedom becomes

<3f~> =0, i=1..n. (2.82b)
agi e

The internal variables ;(T, v) can, in turn, be eliminated from the equilibrium
thermodynamics by means of these n equations. The stability condition is now

(@), =33 <L> dg,dg,>0. (2.83)
i k aglagk e

The partial derivatives are interchangeable in the coefficients of this inequality,
as they refer to the equilibrium. Hence, the matrix of the coefficients is symme-
trical. Thus, the inequality (2.83) expresses that the matrix of the coefficients
(3%19¢;9¢;), must be positive definite in stable and metastable equilibria.

A symmetric matrix is called positive definite if all of its diagonal elements are positive and
if their determinant and all principal minors are positive or zero. The principal minors of
a matrix are obtained by eliminating an arbitrary number of rows and columns with the
same ordinal number in the matrix and by forming the determinant from the remaining ele-
ments of the matrix. A symmetric matrix is called negative definite if their principal minors
of odd order are negative and their principal minors of even order are positive. Thus, the
matrix

M, M, .
with M, = M,,
M21 MZZ
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is positive definite if
My>0; My>0; M M,-M%>0
and negative definite if

M, <0; M;y<0; MM,-M%4>0.

For the change in free enthalpy G, internal energy U, and entropy S of a
homogeneous fluid system in non-equilibrium, we obtain corresponding to
equation (2.68)

dG =-8dT+ Vdp + pudN-T4d;S, (2.84)

dU= TdS-pdV+ pdN-Td;s, (2.85)

ds=—Ldu+Lav-Ean+ds. (2.86)
T T T

Because of d;U = 0, (2.85) is, of course, merely a different form of the conser-
vation law of energy (2.42) - as can easily be confirmed by substitution with
(2.40) and (2.43a) under consideration of (2.30). From (2.84) and (2.85) it fol-
lows that the second law (2.43), provided that T, p, N = const., is reduced to a mi-
nimum principle for the free enthalpy

dG=-Td;S<0 (2.87)
with the equilibrium and stability conditions
(dG).=0; (d*G), >0, (2.88)

and provided that S, V; N = const., to a minimum principle for the internal
energy

dU=-TdS<0 (2.89)
with the equilibrium and stability conditions
(dU),=0; (d*0),>0. (2.90)

For energetically closed systems with U, V; N = const., (2.86) reduces to the
maximum principle (2.43 ) with the equilibrium and stability conditions

(dS),=0; (d%S).<0. (2.91)

In addition, these minimum and maximum principles and the resulting
equilibrium and stability conditions apply equally to mixtures (Chap. 3) and to
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heterogeneous systems (Chap. 4). In heterogeneous systems, the external inten-
sive variables can also appear as non-equilibrium variables. Heterogeneity (or
inhomogeneity) with regard to the temperature means thermal non-equilib-
rium, heterogeneity (or inhomogeneity) with regard to the pressure (or with
regard to the components of the stress tensor; see Chap. 5) means mechanical
non-equilibrium, and heterogeneity (or inhomogeneity) with regard to the
chemical potential means material non-equilibrium. It should be noted that
the conditions T, V, N = const. posed for (2.70, 2.72) refer to the total system in
the case of heterogeneous systems, and are in detail T = const.,, V=3 V; =
const., N = 3 N = const. (V}, N;: volumes and mole numbers of the homoge-
neous domains from which the heterogeneous system is composed; Chap. 4).
Hence, the conditions certainly allow a variation of the extensive variables V,
N, in the domains of the system. The constancy of the intensive variable T, on
the other hand, requires constancy (homogeneity) in the entire system.
Equations (2.70, 2.72), therefore, only allow statements about mechanical, mate-
rial, and internal equilibria, but no statements about thermal equilibrium.
Correspondingly, only statements about material and internal equilibria can be
made on the basis of (2.87,2.88) due to the constancy of the intensive variables
T and p. Equations (2.89-2.91), on the other hand, as the subsidiary conditions
refer only to extensive variables, yield information about the thermal and
mechanical as well as material and internal equilibria (cf. Chap. 4).



CHAPTER 3

Homogeneous Mixtures

The material properties of a thermodynamic system are essentially determined
by the mass, shape, size, and interaction of the molecules present in the system
if chemical reactions are excluded. The molecular mass acts as a unit of measu-
rement for the amount of material present in the system. In the macroscopic
theory, the amount of material acts directly as a variable, whereas the shape,
size, and interaction of the molecules contribute to the chemical potential. The
composition of a system of several, different substances leads to a considerable
expansion in the variety of physical behaviour. At the same time, this makes the
finding of solutions to theoretical problems considerably more difficult.

With regard to polymers, one observes that macromolecules with a uniform
mass, shape, and size commonly originate only during biosyntheses. Most poly-
mers represent mixtures of molecules of different masses, shapes, and sizes, as
well as a complex diversity of possible interactions. An exact description of
such mixtures is not possible. Relatively simple, physically transparent approxi-
mations can only be obtained in the case of homologous polymer mixtures, i.e.,
mixtures composed of long linear molecules with the same chemical composi-
tion, but different degrees of polymerization. An unequivocal description of
mixtures composed of more complicated polymer molecules, such as branched
polymers or copolymers, is not only extremely difficult theoretically, but also
experimentally. The behaviour of such complicated systems, however, can be
quite similar to that of simple systems. In the case of cross-linked polymers,
even the specification of a molecular mass no longer makes sense.

3.1
Mass Variables

We will examine a homogeneous mixture composed of different components.
Each component is assumed to contain a certain (very large) number of mole-
cules which are in every respect mutually identical, but different from the mole-
cules of the other components. The individual components are numbered with
i=1...r

For a characterization of the relative proportions of the masses, an introduc-
tion of the masses

Mi :Zi m‘:— (3.1)

H. Baur, Thermophysics of Polymers 1
© Springer-Verlag Berlin Heidelberg 1999
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of the individual components is obvious, and certainly always possible
(Z;: number of molecules of the species i; m}: mass of the individual molecule
of the species i). If the total mass

M=3M, (3.2)

of the system is constant, it is often advantageous to use the mass concentra-
tions (the so-called mass or weight fractions) as mass variables in place of the
masses M;:

¢=M;/M with 2¢=1. (3.3)

In thermodynamics, however, the mole numbers N; are preferred to the
masses M;. These allow a substance-independent formulation for several
fundamental correlations (e.g., the equations of state of ideal gases and the
entropic aspects of ideal mixtures). One mole of a substance contains as many
grams of a substance as its molecular weight indicates. One mole always con-
tains, independent of the substance,

N, =6.022 - 102

molecules (Avogadro’s or Loschmidt’s number). From a logical point of view, N,
is a dimensionless pure number. In the following, however, we will follow the
practice in physical chemistry of attributing the dimension mol! to this num-
ber. The mole number (with the dimension mol) is then defined by

N; = Z,/N,. (3.42)

As a result of the dimensioning of Avogadro’s number with mol-!, the factor
mol™ must be added to the usual dimensions of the physical quantities if they
refer to one mole.

If m; = N, m* stands for the mass of a mole (in g/mol or kg/mol) of the com-
ponent i, there exists for the mass M, the relationship

Mi = miN,- . (3.4b)
The total number of moles in the system is

N = Z Ni .
The mole fractions

X; = N,/N with Z x;=1 (3.5)

can be introduced as mass variables corresponding to the weight fractions
(3.3). According to (3.1), (3.3), and (3.4), the weight fractions and mole fractions
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(3.5) are linked via

m;x; mix;

= - (3.6)
Z m;Xx; Z mix;
1 1

In addition to the weight and mole fractions, the so-called volume fractions are
also used as mass variables. The volume fractions ¢; of the components are de-

fined by

U; N; U x;
= o = — with Y¢,=1, 3.7
@ 2U;N;  Zox i(P (37)
whereby
ov
5,.=<—> (37)
oN; Tp Nizi

is the partial molar volume of the component i [cf. Eq. (3.17) in Sect. 3.2].

In the case of polymers whose molecules consist of long, non-branched
chains of repeating molecular units, it has often proved useful not to proceed
from the mole numbers N; of the molecules, but from the mole numbers N of
the mutually identical repeating units. This implies, however, that the chains are
long enough so that their ends, which are always different from the internal
links, can be neglected. If P;is the degree of polymerization, i. e., the number of
repeating units in the chain molecules of the components i, the mole fractions

= N; _ PN, _ P
" 3IN;j ZXIPN;, ZIPx
1 1 1

with le* =1 (3.8)

can be introduced as mass variables. Disregarding extreme pressure conditions,

the volume of a polymer chain is practically proportional to the degree of poly-

merization. The mole fractions (3.8) are, therefore, often identified with the vo-

lume fractions (3.7). This is an exact identification in the case of ideal-athermal

polymer mixtures (Sect. 3.4) and generally then, when shape, size, and inter-

action of the molecules are not dependent on pressure [cf. Sects. 3.3. and 3.5].
According to (3.4a) and (3.5),

Z;
xi = >
z7

(3.9)

is also valid for the mole fractions. If the molecules in the mixture are statis-
tically distributed, x; has the significance of being the probability of finding a
molecule of the species i when one selects one molecule out of the entire popu-
lation. By means of x;, average values can then be determined. For example,

(P)szipi (3.10)
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is the mean degree of polymerization and

<m>n: inmi (3°11)

the mean molar mass. Equations (3.10) and (3.11) represent average values
referenced to the number of molecules. The weight averages, which can
correspondingly be determined using the weight fractions (3.3), are often also
of importance. For example, the weight average of the molar mass is:

(m), =2 c;im;. (3.12)

Substitution of (3.6) into (3.12) results in

> x;m}

(m),, = Sxm; (3.12)

Hence, the product
<m>n <m>w = Z xirni2

is equal to the second moment of the number average. Higher moments are also
of importance experimentally. The so-called centrifuge or z-average:

2 x;m}

(m), = (3.14)

1

x;m}
i
is, for example, of importance when determining the mass distribution with an
ultracentrifuge.

3.2
Fundamental Equations, Subsidiary and Stability Conditions

The thermodynamics of mixtures can, as long as the nature of the problem per-
mits, best be described on the basis of the G-representation. The G-representa-
tion not only takes into account the usually experimentally given fact that T and
p should be considered as independent variables. Even more so, it is partic-
ularly suitable for a description of the conditions caused by the presence of dif-
ferent substances, since the mole numbers are the only extensive variables in
this representation.

In the G-representation for every arbitrary extensive quantity E (e. g., for the
energy, the entropy, the volume, or the heat capacity) the following is valid if r
mutually independent components are found in the mixture:

E=E(TpN; ... N,) (3.15)
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or, with an arbitrary number A,
AE=E(T, p, AN; ... AN,) .

Thus, according to Euler’s theorem on homogeneous functions of the first
degree, every arbitrary, extensive quantity E referring to a mixture of r com-
ponents must be representable in the form:

E= Z & N, (3.16)
The quantities

oF
&(TLBN,...N,) = <—> (3.17)®»
aN T;P’Nk;ti

1

are defined as partial molar values of the quantity E. They describe the compo-
nents’ partial contribution to the quantity E in the mixture (which is dependent
on the mixing ratio). In general, they do not directly refer to the molar quanti-
ties of the pure substances. The ¢; , however, can always be normalized in such
a way that at the limit

lim ¢ = e/(T, p)
N, >N

(where N; — N means at the same time N;.; — 0), they transform into the
molar values e/ = E/N relative to one mole of the pure substances [e. g., compare
equation (3.60) with (3.49b)]. These limiting values can sometimes have a
somewhat hypothetical character, for example, when the substance i under
pressure p and temperature T occurs in the mixture in a fluid state, but as a
pure substance in a solid state.

A comparison of the differentials of (3.15) and (3.16) shows that a general-
ized form of the Gibbs-Duhem relation must be valid:

E
<a—> dT + <a—E> dp -3 N;de; =0. (3.18)¥
oT o N op /g, i

Hence, of the r + 2 intensive variables T, p, &, only r + 1 are independent of each
other. If specifically T, p = const. is valid, only - 1 of the r partial molar quan-
tities &; are independent of each other. Differentiation of (3.17) with respect to
N; results in (if the mixture is in equilibrium)

9, XE _ FE _9&
ON, ON,dN; dN;dN, ON,

(3.19)

3 The subscript N .; in (3.17) means that except for N; all N, must be held constant for
differentation.

4 The subscript N; in (3.18) means that all N; must be held constant for determination of the
partial derivatives.
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The matrix of the quantities of state
9¢;
ON,

ex(Lp, N, ...N) = (3.20)

is symmetrical. Since the N; are independent of each other, differentiation of
(3.16) with respect to N results with (3.17) and (3.20) in:

e_k= Ze,-kN,-+Ek.
i

This means, however, that the linear system of equations holds (Duhem-
Margules relations):

ZekiNi=0, k=1...r (3.21)

This system of equations only has non-trivial solutions N;# 0 if the deter-
minant of the coefficients vanishes:

=0. (3.22)

The matrix of the functions of state (3.20) possesses r? elements and r diagonal
elements, i.e., r(r-1) non-diagonal elements. On the basis of the symmetry
relations (3.19), half, i.e., r (r- 1)/2, of the non-diagonal elements are dependent
on the other elements. In addition, the r equations (3.21) are valid between the
eix- Therefore, only

r2-r(r-1)/2-r=r(r-1)/2 (3.23)

of the e; can be independent of each other.
Gibbs’ fundamental equation in the G-representation for a mixture of r com-
ponents is:

G=G(T,p,N,...N,). (3.24)
The r + 2 equations of state are given by
o
<—G> =-S(Lp,N,...N), (3.25)
oT /,
<£> — V(PN ... N), (3.26)
ap T, N;
aG>
— =p(Lp,N,...N). (3.27)
<aN’ IP> Nk:i 1

The chemical potentials p; of the components are identical with the partial mo-
lar free enthalpies g; of the components [compare (3.27) with (3.17)]. Hence, the
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p; must fulfil the subsidiary conditions (3.18), (3.19), (3.21), and (3.22). Corre-
sponding to (3.16),

G = z N, (3.28)

is valid. The equilibrium thermodynamics of a mixture is completely deter-
mined if its composition and the chemical potentials of the individual com-
ponents in the mixture are known. Therefore, the main problem of the theory
lies in the determination of suitable representations for the functions p; (T, p,
N, ...N)).

By differentiation of the equations of state (3.25) and (3.26) with respect to
N;, we obtain with (3.17)

= OB, 5 _ OB (3.29)
op

1 aT b
Furthermore, we obtain in the G-representation from the universally valid rela-
tions

U=G+ TS-pV (3.30)
and
H=G+ TS (3.31)

[see Egs. (2.12), (2.19), and (2.30)] by differentiation with respect to N; with
(3.29), the relations

— on; ou;
i = i~ T —_ 3.32
uj=pn 3T P op (3.32)
and
_ on;
hi = i~ — . 3.33
n 3T (3.33)

If one considers a mixture of r components under the boundary condition T,
p» N = const., only r - 1 of the mole numbers are still independent of each other.
When we number the dependent variable with 1 and proceed to the mole frac-
tions (3.5), it follows for the dependent variable:

x =1-232x; dx,=-2dx. (3.34)

The prime at the symbol of summation denotes that summation only occurs
from i =2 ... r. According to (3.16),

g=Zmx;=pm + 2 (1 - )% (3.35)
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holds for the molar Gibbs free enthalpy g = G/N. The change in molar free en-
thalpy is given by

dg =2 pidx; + Zx;dp;.

According to the Gibbs—Duhem relation (3.18), however, provided that T, p =
const., one finds that:

Z X d]l, =0.
1
Thus, if T, p, N = const., we have

dg =23 p;dx; = 2" (p; - p) dx; . (3.36)

If we consider g as a function solely of the independent variables x, ... x,, we
obtain

<ig—> =w-pm (G=2..71). (3.37)
ox; TP Xkxi

Questions about the stability of a homogeneous mixture are synonymous
with questions about the separation of a mixture under the boundary condition
T, p, N = const. and if chemical reactions are excluded. Demixing is caused by
diffusion processes and induces a decomposition of the homogeneous into a
heterogeneous system (Chap. 4). In order to simplify matters, we assume in the
following that a decomposition into a 2-phase system is potentially possible,
that each component is present in each phase, and that the mole fractions are
bilaterally variable (cf. Sect. 2.4). We mark the molar or rather partial molar
quantities, which refer to the individual potential phases, with a prime and a
double prime. Since the total mole numbers do not change during the demixing
process, we obtain the boundary conditions for the molar or rather partial
molar quantities:

x{ + x{ = const. ; dx/ = - dx;”. (3.38)
The molar free enthalpy of the total system is given by
g = Z ”li’xi’ + Z ]Ji”xi”- (3.39)

As the Gibbs-Duhem relation (3.18) must hold for each phase individually (cf.
Chap. 4), the following is valid:

in,dpi, — in”d}li” =0 R
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and hence, with (3.38):
dg — Z ’li/dxir + Z p,’”dxi” = Z (l«li, _ ’11’”) dxi/ . (3.40)
The equilibrium condition dg = 0 [cf. (2.88)] thus implies that:

}li’ = "li”' (3.41)

With respect to the chemical potentials, a mixture is definitely homogeneous in
equilibrium. With regard to questions about the stability of the equilibrium, we
obtain with (3.20) and (3.38)

d’g = Zk Bicdx;dxg + 2’:( pidxdxy = Zk (Bi + pi) dx/dxi .

If the mixture is homogeneous from the start, i.e., also regarding the extensive
quantities, and especially regarding the mole numbers N;, we have pj, = py
= p;. Hence, according to (2.88), a homogeneous mixture is stable or metasta-
ble if it is valid that:

dig=2 Zk: padx;dx, > 0. (3.42)

A homogeneous mixture is stable when the matrix py is positive definite.
Demixing sets in when the matrix p; is negative definite.

According to (3.23), only a single p; is independent of the others in the case
of a binary mixture. As a stability condition, for example, it is then sufficient
that:

2

o’g

—2>0. (3.43)
ox?

Hi =

3.3
Activities, Standard and Mixing Terms

The chemical potentials p; of the components of a mixture can always be de-
scribed by

This is, a purely mathematical transformation which introduces the so-called
absolute activities

/‘i = /“(’I; P, X1 aen x,)
in place of the chemical potentials. Correspondingly,

p? =RTInA? with A?=A(T p) (3.45)
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must hold for the chemical potentials uf (T, p) of the pure substances. From
(3.44) and (3.45) follows that:

p; = p? + RT Ing; (3.46)
whereby
a;(T, p, x, ... x,) = L/A¢? (3.47)

are referred to as the relative activities. The relative activity is a measure of the
change of the chemical potential of a substance on mixing the substance with
other substances. Such a mixing effect even occurs in the absence of any
interactions during the statistical intermixing of particles of the same shapes
and sizes. This simplest, purely entropic mixing effect is described by

a; = X; (3.48)

(cf. Sects. 3.4 and 6.1). The starting equations (3.44-3.47) also acquire a physi-
cal background if one generally writes the activities as

a;,=x;Y;. (3.49a)
The activity coefficients

yvi=yvi(Lpx,...x,)
contain those mixing effects that are due to the different shapes and sizes, and
the interactions of the molecules. Because of (3.47), y; must satisfy the normal-
ization

lim y;=1. (3.49b)

x;— 1

For the chemical potentials of the components of a mixture, one can gen-
erally set up the expression:

= pf (T p) + RT In(x;y;) (3.50)

Via (3.28) and (3.5), it then follows as the Gibbs fundamental equation of the
mixture in the G-representation that:

G=N2ZXZp{x;+ RTN Z x;1n (x;7;) . (3.51a)

Thereby

G, =N X p/x; (3.51b)
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is referred to as the standard free enthalpy of the mixture. According to (3.9),
the molar standard free enthalpy is the mean value over the chemical potentials
of the pure substances:

(#?) =8,=G,/N.
The deviations from this mean value are given by the free enthalpy of mixing

Gy = RTN 2 x; In(x;y;) - (3.51¢)

Likewise, the entropy (3.25) and the volume (3.26) can be split into a stan-
dard term and a mixing term. Differentiating (3.51 a) with respect to T, we ob-
tain with (3.25) and (3.29)

S=S,+Sy, (3.52a)

s,= N3Z B - NIsx (3.52b)

o= = 3T i " iMoo *
dlny;

Sy=-RN E_x,-ln(xiyi)+TZx,-—a?— . (3.52¢)

Differentiating (3.51a) with respect to p, one gets with (3.26) and (3.29)

V=V, + Vy, (3.53a)
opf
V,=N2X x; =N vx;, (3.53b)
i op i
dlny;
Vu=RNT X x; 1Y , (3.53¢)
i op

where s? and v?, as well as u? and h?, in the following, denote the molar quan-
tities of the pure substances. Furthermore, from (3.30-3.33) and (3.51-3.53)
we obtain for the internal energy U and the enthalpy H

U=U, + Uy, (3.54a)
op! 8#?)
U=NZpf - -T—)x;=NZufx;, 3.54b
i <’1 Py ~Tor)u=N2ux (3.54P)
dlny; alny,-J
Uy,=-RNT i +T i 5 3.54
M {P‘,Z %y TTEM T (3.34¢)

and
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H — HO + HM , (3.55 a)
opy
H,=N2|pf - TaT x;=NZXhix;, (3.55b)
dlny;
H,, = - RNT? 2 x; ar;Y’ . (3.55¢)

If the activity coefficients y; are not dependent on temperature and pressure,
the mixing term only appears in the entropy, and with the entropy in the free
enthalpy G = H - TS and the (not explicitly mentioned) free energy F = U - TS.
In this case, all the other extensive quantities are free from mixing terms, i.e.,
their molar quantities represent mean values of the quantities relative to the
pure substances.

Differentiating (3.51a) twice with respect to T and p, one gets as response
functions of the mixture via (2.47-2.49) the isothermal compressibility

Kr = Kkf + kM, (3.56a)
1 o
ke=-—% =k x, (3.56b)
v i op? i
RT 02Iny;
= - — 3 x L (3.56¢)
2
v i ap

the thermal expansivity

a=a,+ay, (3.57a)
1. ape

a,=ts OB s, (3.57b)
v i oTodp i
R d1ny, 3 Iny,

aME——[Z x E2V oy, 20N } (3.57¢)
v | ap i oT op

and the heat capacity

¢, =cl+cM, (3.58a)
p = T

Py
cg=-NT3Z-E

2 x; = N; hiXis (3.58b)

dlny; dlny;
M= _ RNT|2X x; L+ TY x;— | 3.58
“» [ Ex oT Eix dT? (3.58¢)
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In (3.56) and (3.57), v = V/N denotes the molar volume of the mixture. The re-
sponse functions are also free from mixing terms if the activity coefficients are
neither dependent on temperature nor on pressure. A mixing term does not
even appear in the compressibility if the activity coefficients are linearly de-
pendent on pressure.

We should remember here that the heat capacity, which is an extensive quan-
tity, can, in addition to (3.58), also be described with respect to (3.16), (3.17) by

C,= NI_Z Gy, i Xi s (3.59)
A comparison of the coefficients in (3.58) and (3.59) results in

iny, _dIny,
q,,izc;,’,,-—RT{Z aar;ywraa;f’}. (3.60)

Corresponding expressions can easily be derived for all other partial molar
quantities (3.17). The partial molar free enthalpies g; of the mixture are ex-
pressed by the equations (3.50), our starting point.

It should finally be noted that (3.50) and (3.20) result in

dlnx; R Blnyi> 3 R_T<6,-k dlny,

— - l> + RT R
aNk aNk N X; BNk

Mix = RT <

where &;, is the Kronecker delta; i.e., §; = 1 for i = k and 6, = 0 for i # k. The
activity coefficients must, therefore, comply with the Duhem-Margules rela-
tions in the form

Inv.
):Niany’=o, k=1..r, (3.61)

7 9N,

3.4
Classes of Mixtures, Excess Quantities

A mixture in which Eq. (3.48) is fulfilled for all components is referred to as an
ideal mixture. If Eq. (3.48) is fulfilled in the whole range of mole fractions x;,
the mixture is also referred to as a perfect mixture. Mixtures of ideal gases are
always perfect. According to van’t Hoff’s law [see any physical chemistry text-
book, e. g., Moelwyn-Hughes (1961)], the substances k in a highly diluted solu-
tion (x; = 1, x; .; < 1) behave like an ideal gas. This means that sufficiently dilute
solutions also exhibit ideal behaviour. Ideal or perfect behaviour can generally
be expected for a mixture if all molecules have roughly the same shape and size;
the molecules are statistically distributed throughout the mixture, and the
molecular interaction is negligible. It is not the strengths of the binding ener-
gies, but rather the energy differences between the different types of binding
that are decisive with regard to questions about the negligibility of interactions.
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The molecular interactions in a mixture are negligible when the binding energy
w;, between two unequal molecules of the species i and the species k is equal to
the arithmetic mean of the binding energies w;; and wy, between molecules of
the same kind, i.e., if

1
Wik = E (Wi + wig)

or rather
Wik = Wi = Wik — Wik
is valid (cf. Sect. 3.5).
According to (3.51) with y; = 1, Gibbs fundamental equation for ideal mix-

tures is

G=N2Xpfx; + RTN 3 x; Inx; . (3.62)
i i

The equations of state are given by

§=-N2ZXs/x; - RN X x;Inx;, (3.63)
V=NZXZvix;, (3.64)
;= p? + RT Inx; (3.65)

[see Egs. (6.37-6.43) in Sect. 6.1 for a statistical explanation of the equations
for ideal mixtures]. Equation (3.64) expresses that the volume of an ideal mix-
ture without a mixing effect is the sum of the partial volumes of the pure com-
ponents. In ideal mixtures, this additivity applies to all extensive quantities ex-
cept for the entropy and the free energy and free enthalpy which are connected
with the entropy. In particular, there is no heat of mixing for an ideal mixture
[compare (3.55¢) with y; = 1].

According to (3.5), (3.20), and (3.65) (with N = ¥ N;), the matrix p; charac-
teristic for the stability of the mixtures is given by ¢

_RT <6,-k 1>
b= — -1].
Ric =~ x,
Corresponding to Eq. (3.22), the determinant of this matrix vanishes. Apart
from that, the matrix is positive definite in the range 0 < x; < 1; i.e., regardless
of its composition, an ideal mixture is always stable. A separation of the mix-
ture is not possible.

The ideal mixture is often used as a reference system for the characterization
of more complicated types of mixtures. Deviations from the ideal mixture are
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referred to as excess quantities. By comparing Egs. (3.50-3.58) with
(3.62-3.65), we obtain for these excess quantities, which we indicate with “E”:

Gg=RIN Z x; Iny;, (3.66)
dlny;

S; = - RN [z xIny;+ T 3x; ;TY’} , (3.67)

p¥=RT Iny; (3.68)

HE=HM’ UEZUM) VE:VM’ (3.69)

KE=xM, ag=ay, C;=CH. (3.70)

Corresponding to (3.31), the relation

Gy =Hg- TS, (3.71)
holds for the excess free enthalpy Gz. The mixture is called a regular mixture
iifet?ief deviations from the ideal mixture are solely due to the heat of mixing,

Gr=H;; S;=0 (3.72)
is valid. From (3.67) and (3.72) it follows for the regular mixture that:

dlny;
|Iny; + T——|=0.
gx,[ny, aTj|

If this equation holds for every arbitrary mixing ratio, it further follows that
o
— (T'lny) =0.
3T (Tlny)

i.e.,
pf = RT Iny; = const. (3.73a)

The excess chemical potential of a regular mixture is not dependent on the tem-
perature:

pf=pfp, x, ... x). (3.73b)

The logarithm of the activity coefficients is inversely proportional to the tem-
perature:

Iny; ~ 1/T. (3.73¢)
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If the deviations from the ideal mixture are solely due to the entropy of mixing,
ie.,if

is valid, the mixture is called athermal. From (3.55c¢), (3.69) and (3.74),

dlny;
(=% )=0
zx< aT>

follows for the athermal mixture, and

dlny;
Yi _y ’
oT
if this equation remains valid for every arbitrary mixing ratio. The activity co-
efficients are independent of the temperature:

Yi=vi(px...x). (3.75)

There is no heat of mixing, and the heat capacity (3.58) is given by the mean
value of the heat capacities of the pure substances.

Because of the different sizes of the molecules, polymers with a more or less
broad distribution of chain lengths, or polymers dissolved in a low-molecular-
mass substance are fundamentally not capable of forming an ideal mixture.
However, if the units or segments of the chain molecules are all of roughly the
same shape and size, the Gibbs fundamental equation (3.62) of an ideal mixture
can be replaced by the generalized Flory-Huggins equation

G =G, + RIN X x; Inx;] (3.76)

[e.g., compare Kurata (1982)]. The mole fraction (3.5) must merely be replaced
by the mole fraction (3.8) in the logarithmic term in (3.62). A mixture which
fulfils the Gibbs fundamental equation (3.76) is referred to as an ideal-athermal
polymer mixture. In the case of polymers, the ideal-athermal polymer mixture
replaces the ideal mixture. However, it should be emphasized here that (3.76), as
opposed to (3.62), does not exactly reflect the statistical distribution of the mu-
tually independent molecules, but is rather subject to some approximations [cf.
Flory (1953)]. Excess quantities which have been experimentally determined
and defined with respect to the fundamental equation (3.76) can, therefore, also
contain parts which merely correct these approximations.

From (3.17) with (3.76), (3.8), and (3.10), one obtains for the chemical poten-
tials of the components of an ideal-athermal polymer mixture

P.x.
p,.=p,.°+RT<1n’—x’+1——>. (3.77)
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A comparison with (3.50) shows that in this case the activity coefficients are
given by

Yi= % exp <1 - %> (3.78)

The activity coefficients of an ideal-athermal polymer mixture are independent
of the pressure and temperature. They only take into account that the molecules
of a polymer-homologous series are different in length. For a mixture com-
posed of chain molecules of the same length (P; = P for all i), Eqgs. (3.76-3.78)
transform into the corresponding equations for the ideal mixture. Due to the
pressure and temperature independence of the activity coefficients, one ob-
serves, as in the ideal mixture, additivity of the extensive quantities with the
exception of the entropy, free energy, and free enthalpy.

For a binary solution of a polymer (subscript “2” with P, = P, an integral
multiple of P)) in a low-molecular-mass substance (subscript “1” with P, = 1),
we obtain from (3.76) and (3.77) the Flory-Huggins equations in their original
forms [Flory (1941), Huggins (1941)]:

PN.
+N,1 —*2} (3.79a)

G =G,+RT|N;In n
N, + PN,

1
N, + PN,

N P-1)N.
i, = p?+ RT|In S Gk 2}, (3.79b)
N, +PN, N, +PN,
PN. P-1)N,
1, =p$+RT|In : _(P-DN, (3.79¢)
N, + PN, N, +PN,
or with the mole fractions (3.8) as variables
* 1 *
B =pf+ RT [lnx1 + <1 - E) x2:| , (3.80a)
1, =p$ + RT [Inx; - (P-1) x{]. (3.80b)

3.5
Simple Non-ideal Mixtures

The different shapes and sizes of the molecules as well as intermolecular inter-
actions — as already mentioned - lead to sometimes considerable deviations
from the ideal behaviour of mixtures.

To simplify matters we will examine a binary mixture of molecules of the
species 1 and 2 with roughly the same shape and size. We assume the binding
energy between two molecules of the same species to be w,; or w,, and the
binding energy between two molecules of different species to be w,,. Mixing of
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the two substances 1 and 2 causes a part of the [11]- and [22]-bonds to break
and leads to the formation of [12]-bonds. As a result, two [12]-pairs develop
from one [11]-pair and one [22]-pair. The energy change connected with this
process amounts to

2AW, = 2w - Wy - Wy, .
If N, [12]-pairs develop during mixing, the total energy change amounts to
AG = Ny, Awy, . (3.81a)

An ensemble of N molecules is composed of N/2 molecule pairs if each mole-
cule has one nearest neighbour and of zN/2 molecule pairs if each molecule has
z nearest neighbours (z: coordination number). Hence, the probability x,, of
finding a [12]-pair in the mixture is given by

x1, = Np, /(zN/2) .

Thus, the energy change (3.81a) induced by the change in binding conditions
upon mixing can also be described by

AG =zNAw;,x,/2. (3.81b)

With Aw,, < 0, the molecules tend to be surrounded by unequal partners (sol-
vation); with Aw,, > 0, the molecules tend to be surrounded by equal partners
(aggregation). Solvation or aggregation tendencies, which both result from at-
tempts at energy minimization, can possibly lead to a considerable deviation
from the statistical distribution of the molecules. If this is not the case, the de-
viation from the ideal mixture is already completely described by (3.81), as we
assumed roughly the same shape and size for the molecules, and we can set
AG = Gg. With a statistical distribution of the molecules, the probability x,, of
finding a [12]-pair in the mixture is equal to the probability of finding a mole-
cule 1 and a molecule 2, or a molecule 2 and a molecule 1. According to (3.9), we
obtain with a statistical distribution of the molecules

X2 = X1 X5 + XpX] = 2X,X,.
The excess free enthalpy of the mixture is then:
Gg = zNAw;, x1x, = zZNAw;, x,(1 - x,). (3.82)

Guggenheim (1959) designated mixtures with this excess free enthalpy as
simple mixtures. Here, Aw;, must generally be regarded as a function of
temperature and pressure. Of course, Aw,, = 0 leads back to the case of an ideal
mixture.

From (3.82) one obtains via

3N,

pt

=RT Iny;
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for the activity coefficients of a simple mixture
Iny, = zAw,, x3/RT, (3.83a)
Iny, = zAw, x}/RT, (3.83b)

and from this with (3.67), (3.69), (3.53), and (3.55)

AW,
Sg =-zNx;x , 3.84
E %2 (3.84)
A
Hy = sz1x2<Aw12 -T w”) , (3.85)
T
oA
V, = zNx,x, o212, (3.86)
ap

If Aw,, is independent of temperature, a simple mixture behaves regularly
(8 = 0). If Aw,, is proportional to temperature, a simple mixture behaves
athermally (Hg = 0) [cf. Egs. (3.71-3.75)]. If Aw), is a linear function of tempe-
rature, i.e., if Aw,, can be represented in the form

Aw;, = Awh, - TAwS, with Awh,, Aw3, = const., (3.87)
it follows that:
Sg = zNAw,x,x, ; Hg=zNAwhxx,.

It should be mentioned here that (3.87) does not mean that binding energies
can be split into an enthalpy term and an entropy term. Equation (3.87) merely
indicates a special dependence of the binding energies on temperature. In gen-
eral, binding energies as such are not capable of contributing to the entropy.
Rather, they are only capable of contributing to the entropy of the system via
their temperature dependence. According to (3.86), the volume remains addi-
tive if Aw,, does not depend on pressure. The excess volume in condensed
systems is usually only significant under extreme pressure conditions.

For the thermo-mechanical response functions of a simple mixture we ob-
tain from (3.82), (3.70), and (3.56-3.58)

O*Aw

KE=-Z% xx, 2 (3.88)
v op?

O’Aw

ap = —x,%, 2, (3.89)

v oTap
AW
Cf=-2zNx;x, T aT212 . (3.90)
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Deviations from the ideal system are only observed in the compressibility and
heat capacity when the binding energies depend non-linearly on pressure or
temperature, respectively. The intermolecular interaction contributes only to
the excess quantity of the coefficient of thermal expansion when the binding
energies are dependent on both pressure as well as temperature.

A simple mixture, like the ideal mixture, requires that the molecules are of
equal size and shape. Polymers are, therefore, not capable of forming a simple
mixture. However, if the units or segments of the chain molecules are of
roughly the same size and shape, one can also arrive - in analogy to the transi-
tion from an ideal mixture to an ideal-athermal polymer mixture - at a “simple
polymer mixture”. In the case of the binary solution of a polymer in a low-
molecular-mass substance, examined at the end of Sect. 3.4, (3.82) can be
approximatively replaced by

I'=z(N, + PN,) Aw,, x1x; = zZN (P) Aw;, x{ x; .

I'is the excess free enthalpy related to the fundamental equation (3.79 a) of the
ideal-athermal polymer solution. Using the dimensionless Huggins’ interaction
parameter [Huggins (1943)]:

X = 2Awy,/RT . (3.91)

one obtains

I'=RTNx(P) x{x; = RTNy — x;x,. (3.92)

P
(P)

According to (3.79a) and (3.92), the Gibbs fundamental equation for one mole
of the simple binary polymer solution is
G Ed £ * £
g8=5= £,(T p) + RT [x;Inx{ + x,Inx; + x(P) x;x; ] (3.93)
The chemical potentials are given by

1
1 = pf +RT [Inxl* + <1 - F> x5 + Xx;"z} , (3.94a)

1, = pg+ RT [Inx; + (P-1) x] + Pyx;?] . (3.94b)

For the entropy, enthalpy, and the volume of the simple polymer solution, we
obtain

o
s =s,- R(x;Inx] + x,Inx;) - R(X"’ T5%> (P) xy %5 » (3.95)

3
h=h, - RT? 5% (P) x;x}, (3.96)
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)
v=u, + RT X (P) xix}, (3.97)
dap

and for the thermo-mechanical response functions

RT &? -
Kr=Kf-— % (P) xix;, (3.98)
v op
2
a=ao+£<a—X+T aX)(P)xfx;, (3.99)
v \dp opoT
o oy %y . s
CP = Cp - RT <2§T— + Ta?> <P> X1Xy » (3.100)

The somewhat changed structure of the excess quantities in the equations
(3.95-3.100) as compared to the equations (3.84-3.86, 3.88-3.90), in which,
however, the structure of the excess quantities (3.66-3.70) can once more be re-
cognized, is due to the fact that the factor 1/RT is carried along in the Huggins
interaction parameter (3.91). The observation y = const. means Aw;, ~T.
Hence, the simple polymer solution with a constant interaction parameter y be-
haves athermally, and the one with y ~ 1/T, regularly.

According to (3.43), the simple polymer solution (3.93) is stable, provided
that T, p, N = const., and if

2 1 - P)? p2
a_ngT[ 1, a-p _2X—}>o, (3.101)
oxi X%, (P)? (P)’

Thus, the solution is definitely stable for all mixing ratios if y < 0, i.e,
Aw,, < 0, i.e., if there is a tendency towards solvation. The (g, x;)-plane is gen-
erally divided into two ranges in which the solution is either stable or unstable.
The limiting curve which separates these two ranges is determined by the
equation

x1x2+ (P)? ) X<P>3

1 1 - P)? 5 PZ}

g O6x) = RT[ =0. (3.102)

There exists a critical value y. of the interaction parameter, with which for
x < X. the curve g(x,) runs entirely in the stable range, whereas for y > y, the
free enthalpy g(x,) also runs through the unstable range. There must be a criti-
cal point x§ for y = x, at which the curve g(x,) and the limiting curve given by
(3.102) touch (see Fig. 3.2). The common tangent of both curves at the critical
point yields the additional condition

3 _ _ p)3 2(1 —
éﬁ——-RT[xz x1+2(1 P) i P21 P)}
ox3} X%, Py’ (P)*

=0. (3.103)
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After a longer but simple calculation, one obtains from (3.102) and (3.103) with
(P) = x; + Px, and x; + x, = 1 the critical values

1
x§=1-xf=——, 3.104
5 =1y pvP ( )
-1 <1+ 1 >2 (3.105)
Xe=5 NP '

Thus, with an increasing degree of polymerization P, the critical interaction
parameter drops from y, = 2 (for P = 1) to y. = 0.5 (for P — o). The critical
mole fraction of the polymer then decreases from x5 = 0.5 (for P=1) tox5 =0
(for P — oo). For a finite degree of polymerization and y > x,, there are two con-
centration ranges where miscibility is given: a larger area 0 < x, < x{ (solution
of the low-molecular-mass substance in the polymer) and a very small area
near x§ < x; = 1 (solution of the polymer in the low-molecular-mass substance).
Figures 3.1 and 3.2 give an example with P = 30, i.e, x, = 0.6992 and
x§ = 0.9939. The value of Huggins’ interaction parameter for ordinary solvents
is mostly between 0.2 and 0.8 at room temperature and under normal pressure
[Brandrup, Immergut (1989)].

Fig.3.1. Gibbs free energy g per mole of a poly-
mer solution as a function of the mole fraction
x, of the solvent for different values of the
Huggins’ interaction parameter y according to
Eq. (3.93). [Chemical potential of the pure poly-
mer: pg; chemical potential of the pure solvent:
p¢. Assumed parameters: pg - pf = 10 kj/mol,
T=300K, P, =1,and P, = 30. The dash-dotted
line indicates where d%g/dx? = 0 holds. To the
right of this curve, 9%g/9x} < 0 is valid. Hence,
the solution is unstable there. The dashed
straight line would hold for g if the solution
were to behave additively.]
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Fig.3.2. Section of Fig. 3.1. The
dash-dotted line g” = 8%g/9x? = 0
forms a parabola according to
Eq. (3.102). The system is only
unstable within the parabola.
Miscibility is thus given for very
small polymer concentrations

x, = 1-x;,even if ¥ > Y holds

The fact that polymers have a certain molecular mass distribution can be ap-
proximatively taken into account by replacing the mole fraction x; of the poly-
mer in the interaction term (3.92) by

l-xj=x,+x;+...+x' =X"x,
i.e., by using the Gibbs fundamental equation in the form {Flory (1953)]:
G=G,+ RIN [Z x; Inx] + y (P)x;(1 - x]‘)] . (3.106)

i

It makes sense in this regard to refer the mean degree of polymerization only to
the components i =2 ... r of the polymer by excluding the low-molecular-mass
substance No. 1:

2PN, X'Pix;
(Py* = = "

Z,Ni Z’xi )
The relations

(PY* (1 = x;) =(P) - x,
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and

1 1 x
()= (o

exist between the mean degree of polymerization (P), which includes the low-
molecular-mass substance and the true mean degree of polymerization (P)* of
the polymer. However, formally simpler equations can be obtained by retaining
(P). From (3.106), for example, follow for the chemical potentials:

1
pm=p¢ +RT [Inxi= + <1 —<—P>> + y(1- x;‘)z} , (3.107a)
* Pi * .
H;=pf +RT [lnx1 + <1 - ﬁ> + XPixlz} , ([i=1). (3.107b)

On the basis of the ideal-athermal mixture (3.76), one can generally use for a
polymer homologous mixture [Koningsveld, Kleintjens (1977), Kurata (1982)]:

G=G,+RINZx;Inx; + (T p, x; ... x;) . (3.108)

The more or less empirically determinable “excess quantity” I" contains the
intermolecular interactions and possibly correction factors, which are due to
the fact that the polymer units have different shapes and the molecules are not
statistically distributed. However, since the statistical distribution of the molec-
ules in (3.76) [and, thus, also in (3.93), (3.106), and (3.108)] has, as already men-
tioned, not been absolutely correctly taken into account, I"and y may still con-
tain a factor which corrects the approximations present in (3.76). In this case,
for example, Huggins’ interaction parameter can no longer be unequivocally
associated with the intermolecular binding energy Aw,, [Sariban et al. (1987)].



CHAPTER 4

Heterogeneous Systems

Every region of space in a thermodynamic system which is homogeneous with
respect to its macroscopic physical properties is referred to as a phase.
Heterogeneous systems are composed of several phases. It is generally assumed
here that the individual phases are mutually independent (autonomous) and
that the volumes of the individual phases are large enough so that the effects
produced by the singular inhomogeneities at the phase boundaries can be
neglected in contrast to the volume effects [for a consideration of surface
effects and non-autonomous phases, see Prigogine, Defay (1951), with respect
to polymers also Sect. 8.2].

4.1
Equilibrium and Stability With Respect to the Macroscopic Degrees
of Freedom

We will specifically examine the equilibrium and stability of the states of a fluid,
one-component system with respect to its macroscopic degrees of freedom. We
will only consider changes of state in which the internal molecular degrees of
freedom are not macroscopically relevant [cf. Sect. 2.4]. Let us, in addition, as-
sume that the system does not have any exchange with its surroundings. No in-
teraction whatsoever with the surroundings means that the system is energeti-
cally closed, with U, V; N = const. Under this boundary condition, the easiest way
to describe the system is by means of the S-representation [Sect. 2.1].

Consider a heterogeneous system consisting of two homogeneous parts “1”
and “2” which differ in the values of the thermodynamic variables. Nothing se-
parates the parts from one another, permitting a free exchange of internal
energy, volume, and mass. The values of the extensive variables of state of the
total system are additively composed of the values of the individual phases.
Hence, the Gibbs fundamental equation of the total system in the S-representa-
tion is

S=58,(Uy, V\,N) + S;(Us, Voo N,) (4.1)

or in a differential form, according to the equations (2.32-2.36),

1 1
ds=—du, + 2hav, + Blan, + Lau, + P2av, + P2 an, .
T T T T, T

1 1 1 2 2

H. Baur, Thermophysics of Polymers 1
© Springer-Verlag Berlin Heidelberg 1999
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As there is no interaction with the surroundings, it must hold for the internal
exchange that:

dUlz—dUz; dV1:—dV2; lez_sz.
Thus,

ds=(;—-l>duf+éi-3§dvr+Gﬂ-ﬁﬁle

T, T, I, T, I, T,

is obtained for the change in entropy of the total system. According to the se-
cond law [compare the Egs. (2.43) and (2.91)], dS = 0 is characteristic for all
changes in the thermodynamic equilibrium under the condition U, V; N =
const. The changes dU,, dV, and dN,, on the other hand, can be selected com-

pletely arbitrarily and independently of each other. Therefore, equilibrium can
only exist if

1 1 _p o B Po_

— =2t _22_0_R_,

T, T, T, T, T, T,

One obtains the following conditions for

thermal equilibrium: I,=T,=T, (4.2)
mechanical equilibrium: Pi=pP2=P> (4.3)
material equilibrium: m=m=n. (4.4)

Thermodynamic equilibrium only exists in a heterogeneous system if the sys-
tem is homogeneous with respect to its intensive variables. In the case of a mix-
ture, the equilibrium condition

p) = p? = p. (4.5)

can be obtained in the same way in place of (4.4). A heterogeneous mixture
with a free mass exchange inside the system is homogeneous with respect to
the chemical potentials of each component [cf. Eq. (3.41)].

These statements can safely be generalized for arbitrary heterogeneous, as
well as inhomogeneous systems: at equilibrium, thermodynamic systems are
homogeneous with respect to their intensive variables. This requires, however,
that the systems do not contain any impermeable or semi-permeable walls and
are not exposed to external force fields [e.g., the gravitational field of the earth;
for a consideration of external fields, see e.g., Guggenheim (1959), De Groot
and Mazur (1962), Baur (1984)]. Hence, heterogeneity or inhomogeneity with
respect to the macroscopic intensive variables indicates thermal, mechanical, or
material non-equilibrium. Systems in such non-equilibrium states always tend
to compensate the heterogeneities or inhomogeneities through energy trans-
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port (heat conduction), transport of momentum, and transport of mass (diffu-
sion). The dissipative transport of momentum leads to viscosity, a very pro-
nounced phenomenon in polymer liquids [cf. Sect. 7.6].

As to the question about the stability of the states of equilibrium, one must
first inquire about the thermal and mechanical stability of a homogeneous sys-
tem, which was not considered in Sect. 2.4 [see Sect. 3.2 regarding the question
about the stability of a homogeneous system with respect to material changes].
If a homogeneous system is in a stable equilibrium, each of its parts must, of
course, also be in a stable equilibrium, irrespective of the (macroscopic) size of
the parts. We will now divide a homogeneous system into two subsystems and
separate both subsystems by a movable diathermal wall. A diathermal wall is
permeable to heat, but not to mass. We introduce the separation by a dia-
thermal wall in order to avoid material non-equilibrium states, which are not of
interest for the present. A single prime denotes the extensive quantities of the
total system and a double prime denotes the extensive quantities of one of the
subsystems. The Gibbs fundamental equation of the total system is then in the
S-representation

S’ = Ns(u, v) + N”s”(u”, v") (4.6)

(small letters denote the molar quantities; cf. Sect. 2.2., footnote on p. 13). The
subsidiary conditions

Nu + N”u” = U’ = const.,
Nv+ N”v” =V’ = const.,

apply if the total system is energetically closed (see above), whereby individu-
ally, due to the diathermal wall:

N =const. and N” = const..

It then follows for the possible changes in the internal energy and the volume of
the subsystems that:

N N
du”=-—du; dv"=-—dv. (4.7)
N” N”

Expansion of the fundamental equation (4.6) in a Taylor series about the
equilibrium state “e”, whose thermal and mechanical stability is to be examin-
ed, results in:

S=S.+N [(ds),, + % (d%), + } +N” [(ds")e + % (d%”), + } , (4.8)

whereby, according to (2.91),

(dS’), = N(ds), + N”(ds"),=0,
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holds for the deviations from the equilibrium, i.e.:
N(ds), = - N"(ds"), . (4.9)

Without restrictions of generality, we can now assume that one subsystem is
considerably smaller than the other one, so that N < N”. With respect to (4.7),
all differentials N”(d"s”), with n > 2 are negligible as compared to the differen-
tials N'(d”s),. Hence with (4.9), we obtain from (4.8)

1
S'=8,+ 5 N (d3s), + ... (4.10)

Thus, the homogeneous total system is stable or metastable [see (2.91)] with
respect to a deviation from the equilibrium “e” if

d%s 9% 9%
d?s),={— ) (du)®>+2 dudv+{—) (dv)’ <0, 4.11
(d%s), <au2>e( u) <auav>e udv <av2>e( v) (4.11)
ie.,

2

I\ <o, (4.12a)
ou?/,

2
<§—$2> <0, (4.13a)

v e

9%s 9% 0% \?
—_— — - >0 (4.14a)
ou?/, \ovY, oudv/,

are valid [the matrix of the coefficients in (4.11) is necessarily negative definite].

Some transformations are necessary in order to draw further conclusions:
First, from (2.33-35) and (2.52) it follows with N = const. that:

<azs> G <1> 1 <aT> 1
A L T D I - R , (4.15)
ou?/, ou \T T2 \ ou/, T?c,

2
B-2@ k@,
ov?/, ov \T T? ov/, ov/,
() -2 ()
ouov/, ov \T T2 \ ov/,

Corresponding to (2.57b) and (2.61b), we now have

(o) Ga, Go) ==
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i.e., with (2.52)

@Z) -1 <3’i> _ (4.18)
v/, ¢, \ov/r
From the differential form of the fundamental equation

ds =L du + 2 dv
T T

it results further that:

@) -7 G F
ov /r av T’
and with (2.45)

ou
<av> P(Tﬂ—1)>

so that from (4.18) one finds:

<£> =_F (Tﬁ— 1). (4.19)
ov /,

Finally, the differential mechanical equation of state in the F-representation

dp=<ap> aT + <ap> dv
aT/, v/

results in

().~ (G2). 0.+ o)
v/, \oT/, \dv v/;
and, according to (2.45), (2.47), and (4.19), in

<a—1’> - /:p (TB-1) - (4.20)

ov/, vKT

Substitution of (4.19) and (4.20) into (4.16) and (4.17) yields the expressions

9% 1 T
(5), = | £ as-e ]
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and

9%s
= T
<8u8v> T2 ¢ ( F-1.

Hence, the stability conditions (4.12a-4.14a) are also

1
>0, 4.12b
T (4.12b)
! [1’ (TB- 17+ i} >0, (4.13b)
g UKy
l >0. (4.14b)
vKr

These conditions are fulfilled if x> 0 and ¢, > 0. Using the relations (2.60) and
(2.62), we arrive at the conclusion: the states of equilibrium of a simple, homo-
geneous fluid system are thermally and mechanically stable or metastable if

C,=Cy>0, (4.21)
Kr=2ks>0. (4.22)

The equality sign only applies here if the thermal expansivity a vanishes. In ad-
dition, it was assumed that T # 0. The states of equilibrium are stable when the
system reacts with an increase in temperature on heating and with a decrease
in pressure in response to an increase in volume.

Let us now return to the heterogeneous system (4.1) and inquire about its
thermal and mechanical stability. If both phases are separated by a movable
diathermal wall, we obtain with

N, = const.; N, =const., that
1 1
S=S,+N, [(dsl)e + 5 (d%s)), + } + N, [(dzsz)e + 5 (d3s,), + ... } ,

or, due to the equilibrium conditions,

(dS). = N, (ds,), + N,(ds,). =0,
S=S,+ %I—l (d3s)), + %I—Z (d%sy), + ...

According to (2.91), the heterogeneous total system is stable or metastable with
respect to a deviation from the equilibrium “¢” if

(d?S), = Ny (d?s)), + N,(d’s), < 0.
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With the subsidiary conditions

N,du, + N,du,=dU=0,
N,dv, + N,dv,=dv=0,

we explicitly obtain the stability conditions

1 9%, 1 9%,
—_—— +— —=<0, (4.23)
N, ou? N, 0u}
1 9%, + 1 %,
N, ov? N, ov}

1 3%, 1 s,|[1 35, 1 9%, [1 d%s, 1 9%, }2
— + — — +— - = + — > 0.
N, ou? N, ou?]| [N, ov? N, ov3 N, ou,0v;, N, du,dv,

25)

The heterogeneous total system is certainly only stable if the phases of the total
system are individually stable, i.e., if (4.12-4.14) are valid for each phase.
However, if the inequalities (4.12-4.14) are fulfilled, the inequalities
(4.23-4.25) are also always fulfilled. This conclusion is obvious for the inequal-
ities (4.12, 4.13) and (4.23, 4.24). A few algebraic transformations show that
(4.12-4.14) necessarily also imply (4.25). Hence, heterogeneous systems are
stable or metastable if the individual (autonomous!) phases, of which they are
composed, are stable or metastable. In particular, the inequalities (4.21) and
(4.22) hold for each phase individually in a stable or metastable heterogeneous
system. Ultimately, this is a result of the assumed autonomy of the phases.

<0, (4.24)

4.2
Gibbs’ Fundamental Equation, Gibbs’ Phase Rule
and Response Functions

The Gibbs fundamental equation of a heterogeneous fluid system is given by
the sum of the Gibbs potentials of the individual phases:

G= Z Gk . (4.26)
k

If the phases are autonomous, the G; in the G-representation are dependent on
the (homogeneous) temperature, the (homogeneous) pressure, and only on the
mole numbers N of the substances i = 1 ... r contained in the phase k:

Gy = G (T, p, N® ... N®) (4.27)

Corresponding to (2.12) and (3.28), the fundamental equation can always be
put into the form
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G= Z Z }liNi(k). (4.28)
ki

Due to the autonomy, the Gibbs-Duhem relation holds individually for each
phase:

Sde - dep + Z Ni(k) d}l, =0. (429)

Thus, if the heterogeneous system is comprised of a total of g phases (k=1 ... g),
only r + 2 — q variables of the r +2 intensive variables

Ty . i

can be mutually independent.
With a constant total mass

N=3X Y N = const.
ki

of the system, the number of mutually independent intensive variables is equal
to the number of macroscopic degrees of freedom of the system. Thus a fluid
heterogeneous mixture in equilibrium with constant mass containing r com-
ponents and q phases, possesses r +2-¢q macroscopic degrees of freedom
(Gibbs’ phase rule). The case r =1, g = 1 leads, of course, back to the simple fluid
system [Chap. 2]. With constant mass, a simple homogeneous fluid system pos-
sesses two macroscopic degrees of freedom. It is divariant. With constant mass,
a fluid two-phase system composed of a pure substance (r=1, g=2), on the
other hand, only has a single macroscopic degree of freedom. It is monovariant
and can, therefore, at a given pressure, only exist in equilibrium at one specific
temperature. Based on this, the partially crystalline state of a polymer com-
posed of chain molecules of uniform length necessarily appears to be a non-
equilibrium state if regarded as a non-arrested two-phase system at constant
pressure and variable temperature [cf. Sect. 8.2]. In the case of elastic systems
with more than one mechanical degree of freedom [Chap. 5] or electromagne-
tic systems which include the electric field strength and magnetic induction in
addition as intensive variables, the Gibbs phase rule must be changed with
respect to the number of additional degrees of freedom. The same applies to a
system containing semi-permeable, impermeable, or rigid walls, e. g.,in the case
of an osmotic equilibrium in which the pressure is not homogeneous [e. g., see
Moelwyn-Hughes (1961)].

Like the free enthalpy (4.26), all extensive quantities of a heterogeneous sy-
stem of autonomous phases are additively composed of the contributions of the
individual phases. Specifically in the G-representation we obtain, for example,
for the volume

V=3V,=X3 5;N® (4.30)
k k i
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and for the heat capacity

C,= }k: CcH = % 2 N®. (4.31)

The homogeneity of a heterogeneous mixture with respect to the partial molar
quantities (3.17) results directly from the homogeneity with respect to the in-
tensive variables T, p, p, ... p,. For the partial molar volumes b; and the partial
molar heat capacities ¢,; , the homogeneity results directly from

’p;
oT?

A1
5, =P and Ci =-T

i ap

[cf. Egs. (3.29) and (3.60)].

Specific mixing rules follow from the additivity of the extensive variables for
those functions of state and response functions which can be derived from ex-
tensive variables. From the additivity of the volume (4.30), for example,

1 oV Vv,
a=___=z<_k> RA
V oT &« \oT /p N, k

is valid for the coefficient of expansion of a heterogeneous one-component
system in equilibrium [cf. Eq. (2.48)]. The coefficients of expansion of the indi-
vidual phases are given by

1 <a Vk>
& = — | — .
Vk oT p N,
If
Ui = Vk / z Vk .
k
denotes the fraction of the volume of the phase k, we obtain

a=2 au. (4.32)
k

Correspondingly, we obtain for the compressibility of the heterogeneous sys-
tem [cf. Eq. (2.47)]:

kr =2 kfPu, (4.33)
k

whereby

1 /aV, 1
k= _ - (ZTk = 4.34
<t Vi <3p>1: N kP (439
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denotes the compressibility and k{* the bulk modulus of the phase k. For the
bulk modulus of a two-phase system, for example, it follows from (4.33, 4.34):

KD kEPV

= = . 4.35
T k@o + kv, kPV, + kDY, (4.35)

The conditions are more complicated when the individual phases are so
small that surface effects and geometry of the phases are of importance, or
when the systems are anisotropic [e.g., see Holliday (1966)]. In most cases,
filled or reinforced polymers are heterogeneous systems in which the individ-
ual phases are not in an internal material equilibrium. If, however, no mass
exchange takes place between the phases, the states of these systems can be
regarded as materially arrested equilibrium states (cf. Fig. 2.1), which can also
be described by the formalism of equilibrium thermodynamics.



CHAPTER 5

Homogeneous Elastic Systems

Polymers in a crystalline, partially crystalline, glass-like or rubber-elastic state,
but also frequently polymer liquids with mechanically relevant internal degrees
of freedom (Chap. 7), are classified as elastic systems. As opposed to fluid sys-
tems, elastic systems not only resist a change in their volume but also a change
in their shape by means of a restoring force. In the following, we will confine
ourselves to homogeneous, rigid elastic systems in equilibrium, i.e., to elastic
systems whose characteristic field quantities neither depend on position coor-
dinates nor on time.

5.1
Fundamental Equations and Equations of State

For an unequivocal description of the mechanical states of elastic systems, the
stress tensor

Oy (Y} O3
g=| 0y Oy, Oy
O3 O3 O3

is introduced in place of the pressure, and the strain tensor

in place of the volume [e.g., see Landau, Lifshitz (1986); Ward (1971)]. The com-
ponents of the stress and strain tensors refer to volume elements dV of the con-
sidered body which are infinitesimally small from the macroscopic point of
view. Generally, they represent position- and time-dependent field quantities.
The appropriate extensive thermodynamic quantities E for these field quanti-
ties are the equally position- and time-dependent densities e (¢ = 1/v: density
of mass; e = E/M: specific value of the quantity E). One assumes that each indi-
vidual volume element dV is in thermodynamic equilibrium [e.g., see De
Groot, Mazur (1962); Baur (1984)]. The quantities related to the total system or
to macroscopic parts of the total system can be obtained via integration over

H. Baur, Thermophysics of Polymers 1
© Springer-Verlag Berlin Heidelberg 1999
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the volume of the system or a subsystem. If the elastic system is homogeneous,
all the densities and the components oy, g of the stress and strain tensors are
independent of the position. The integration is then reduced to a multiplication
with the volume V, of the non-deformed state:

E=jpedV= V,ee.
v,

In equilibrium, the stress and strain tensors are time-independent and sym-
metric, i. e.,

O = Okis & = &; (5.1)

is valid. [The strain tensor is symmetric by definition; the stress tensor is sym-
metric if the angular momentum of the system is conserved; e. g., see Gyarmati
(1970)]. Using this symmetry, the following variables are introduced into the
thermodynamics of homogeneous elastic media [Tsuan, Li (1957)].

Vogl = ‘/osll > 0, =01,
Vog, = Vogy, > 0= 035
Vo = Voegs > 03 = 033,
Vog, = 2Voe3 =2V, 65, 04 = 033 = O35
Voes = 2V,63=2V, &, , O5 = 013 = 031 »
Voes = 2V, = 2V, 6 5 Og = 013 = 0y -

(&5 &, &) describe the stretchings in the directions 1,2,3 in a rectangular
Cartesian system of coordinates and (s, &5, &) the shearings. (The shearings
2¢;, are often referred to as yy in practice). (0;, 0,, 0;) denote the tensile stres-
ses in the directions 1, 2, 3 and (0;, 05, 0;) the shear stresses. During a pure di-
latation, the current volume V is given by

V=V,(1+¢g+¢g+¢). (5.2)

The mean normal pressure
1
=- 3 (oy+ 0, + 03) . (5.3)

corresponds to the hydrostatic pressure. Elastic systems are always in a con-
densed state and, therefore, assume a finite volume V, in a stress-free (non-de-
formed) state. This should be taken into account when comparing with the
thermodynamics of gases, since the volume of gases increases to infinitely large
values in a stress-free state.

If the homogeneous elastic system only consists of a single chemically inert
substance, and if a constant mass is maintained (N = const.), the Gibbs funda-
mental equation in the F-representation is

F=F(T, V,g ... V,&) . (5.4)
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This results in seven equations of state

OF

— =-S(TL V,g ... V,g), (5.5
<aT>gl (% Vo E :
1z <£> =0i(T V,g ... V,&) . (5.6)
Vo \0¢g; T €z

The differential form of Gibbs fundamental equation is

dF = - SAT + V, X g,ds;. (5.7)

If we expand the mechanical equations of state (5.6) in a Taylor series about the
non-deformed state Z(T,,V,) and break off the series after the linear terms, we
obtain, since 0f = 0 and £ = 0 in the non-deformed state, the linear equations
of state:

0, =X che +BUT-T,), i=1...6. (5.8)
k

The ¢ = (30;/9¢), denote the elastic moduli of the system relative to the initial
state. The ¢ = (00;/9T), denote the coefficients of thermal stress relative to the
initial state [¢f. Eqs. (5.17) and (5.18) further below]. Hence, the deformation-
induced mechanical stresses are generally superimposed by thermal stresses. If
the system is isothermally stressed (T = T, = const.), (5.8) is reduced to Hooke’s
law of the theory of elasticity:

0; =2 ch& . (5.9)
k

The fundamental and state equations in the G-representation are:

G=G(T, 0 ... 0g)> (5.10)
oG
— =-S(T . 5.11

<3T>a,... 5 (T oy ... 6) (5.11)
oG

<—> =-V,&(T o, ... g) . (5.12)
80,- T, 0k

dG=-8dT-V, X gdo;. (5.13)

k

In this case, linearization of the mechanical equations of state (5.12) leads to

=2 ko, +a(T-T,), i=1...6 (5.14)
k
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and in the case T = T, = const. to Hooke’s law of the theory of elasticity in the
form

g =2 KO - (5.15)
k

The expressions xj} = (3¢/90;), and af = (9¢;/0T), denote the coefficients of
elastic compliance and linear thermal expansion relative to the initial state
Z(T,,V,) lcf. Egs. (5.20) and (5.21) below; about the consistency of the equa-
tions (5.9) and (5.15), see Eq. (5.25)].

The Gibbs formalism of thermodynamics presented in Chap. 2 is completely
maintained for homogeneous elastic systems if the product

pV isreplaced thereby -V, X o0& .
k

As a finite volume V, has to be assumed for elastic bodies in a stress-free state,
the product p(V-V,) appears in place of the product pV in the case of a
hydrostatic deformation with o, = 0, = 0; = - p, 0, = 05 = 05 = 0. Instead of the
energy conservation law in the form (2.42) (the first law of thermodynamics),
we now specifically have with N = const.:

dU=4d,U=dQ+V,Xodg; dU=0. (5.16)
k

5.2
Response Functions

The increased number of mechanical degrees of freedom leads to a consider-
able increase in the number of possible modes of stress or strain (boundary
conditions) and responses in an elastic system in comparison to fluid systems.

We obtain from the F-representation (5.4-5.7) as mechanical response fun-
ctions, the 36 coefficients of isothermal elastic stiffness (elastic moduli)

1 azF 801-
Cik = = > (5.17)
V, 0¢;0& 9&/1c,,,

as thermomechanical response functions, the 6 coefficients of thermal stress

1 9%F d90; 1 /0S
5=t _ (39 _L(esy (5.18)
Vv, aTaEi oT £ ... & Vo agi T €rni

and as the thermal response function, the heat capacity at constant strain

o%F a9S
co=-12F_7 <_> . (5.19)
£ e &

oT? oT
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Likewise, the G-representation (5.10-5.13) results in the 36 coefficients of iso-
thermal elastic compliance

1 9%G o¢;
Ky = — = (25 i (5.20)
‘/0 aoiaok aok ];U#k
the 6 coefficients of linear thermal expansion
1 %G Jg; 1 /9S
o= — = (25 = (= ; (5.21)
V, 0T do; 0T /g, ...0, V, \O0; Lo,
and the heat capacity at constant stress
o’G oS
Co=-T—=T —> . (5.22)
oT? 0T /g,...q

From the U- and H-representations, we obtain the 36 coefficients of adiabatic
elastic stiffness

1 29U 90;
o= o - , (5.23)
S:sj;ak

‘/0 as,-ask ask

and the 36 coefficients of adiabatic elastic compliance

1 32H afi
K = — = (S5 . (5.24)
aak S;Uj;ek

Corresponding to the relations (2.54, 2.55), (2.58, 2.59) and (2.62), the purely
mathematical relations

(ci) = (k)71 (5.25)

a; = - % KiB or Bi=-X Ckik ay, (5.26)

Co=Cc- TV, Z i i (5.27)
k

| ()5 | Co =] (k)| Ce 5 (5.28)

exist between the response functions [Tsuan, Li (1957)]. In Eq. (5.25) the paren-
theses denote the 6,6-matrix of the elastic coefficients, and in Eq. (5.28) |(...)|
represent their determinant. From (5.25-5.27), for example, one obtains in
place of (2.60)

Ca = CE + T‘/o Z Z Cix&X; . (5.29)
ik
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and in place of (2.63)
Kix = Kix + TV, 0,04 /C,. (5.30)

From the equilibrium and stability conditions it follows further, corresponding
to the relations (4.21) and (4.22), that the matrix of the coefficients c;, must be
positive definite, and that C, > C, > 0 must be valid.

As o and € are tensors of the second rank (with 9 components), the moduli
and compliances connecting o and € are actually tensors of the fourth rank
with 9 X 9 = 81 components each. The coefficients of thermal stress and expan-
sion, which connect a tensor of the second rank with a scalar quantity, form
tensors of the second rank with 9 x 1 = 9 components. The symmetry relations
(5.1) reduce these tensors to the matrices (5.17, 5.18) and (5.20, 5.21) with only
36 or 6 components, respectively. It should be noted that the matrices (5.17,
5.18) and (5.20, 5.21) do not possess tensor or vector properties, so that one
must always return to the original tensors when inquiring about the properties
with respect to spatial transformations [e. g., see Nye (1975)].

The defining Eqs. (5.17) and (5.18) show that the matrices of the c¢; and x;
are also symmetric, so that

Cik = Ckis  Kijx = K (5.31)

is valid. Out of the original 81 coefficients of isothermal elastic stiffness and the
original 81 coefficients of isothermal elastic compliance, only 21 coefficients,
respectively, can actually be mutually independent. Structural symmetry and
manner of stress of a medium often cause a further considerable reduction in
the number of relevant response functions [cf. Nye (1975)]. The full set of 21
mechanical and 6 thermomechanical response functions only come into play in
media without any symmetry and in media with the symmetry properties of a
triclinic lattice.

The macroscopic mechanical and thermal properties of polymers often
prove to be isotropic, even if the polymers are partially crystallized. In the case
of isotropic media (with the highest structural symmetry), the number of
mutually independent mechanical response functions is reduced to only two. In
the F-representation, one obtains

C2=Ci3=C3=A; C4a = C55 = C6 = H
(5.32)

CL=Cp=C3=A+2u; c¢3=0, otherwise.
1, A are referred to as the Lamé constants of an isotropic medium. The meaning
of the constants becomes clear when one explicitly formulates Hooke’s law (5.9)
with the coefficients (5.32):

o, =2ug+ A+ 6 +¢€) for i=1,2,3, (5.33a)

o; = g for i =4,5,6. (5.33b)
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The constant p is identical with the so-called shear modulus, which is generally
defined by the ratio of shear stress oy, to shear strain 2¢; (i #k). Summation of
the Eqgs. (5.33a) leads to

o+0,+0=0Q2u+3) (g +5+s5),

hence, with (5.2) and (5.3) one finds:

——</1+3 >V_V" (5.34)
p= SR :

o

The bulk modulus [cf. Eq. (2.44)] is thus given by

2 1
kr=A+ 3 p= 3 (c11 + 2¢py) . (5.35)

By inversion of Eq. (5.33) [transformation to the G-representation; ¢f. Eq.
(5.25)], we obtain

1 A

£§=—0 - ———— (0, +0,+0;) fori=1,2,3, 5.36a

2n % Ty At o) (5.362)
1 .

g=—o0; for i=4,56. (5.36b)
i1

If the system is subjected to a pure tensile stress 0, # 0, 0, ... 0 = 0, we specifi-
cally have

£ pri O, (5.37a)
=V N . a
' p2u+31) '
A
- _ o, (5.37b)
2p(2u + 34)
P S— (537¢)
T oap@u+3n =re
The ratio of tensile stress to stretch:
o 21+ 34)
1 }1(],1— =E (5.38)

£ p+A
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is referred to as elasticity or Young’s modulus. The ratio of lateral contraction to
longitudinal stretch

& & A

& g = m =v (5.39)

is the so-called Poisson’s ratio. From (5.38) and (5.39) follows inversely

vE E

ATy na-2 F=2a+9 (540)

and thus also from (5.35)
E
ky=——7—. 5.41
T73(1-2v) (541)

The matrix of the coefficients (5.32) is only positive definite if

p>0; A>-2p/3 (5.42a)
is valid. Hence, the mechanical stability of an isotropic medium requires

1
kr>0; —1<VSE; 0<E<3pu. (5.42b)

The equality sign in (5.42b) only applies to incompressible media, for which
kr = 1/k; = 0 and (with a finite g) A = oo .

The coefficients «; of linear thermal expansion (5.21) are usually positive
quantities, but can definitely also assume negative values. The coefficient a of
thermal expansion of the volume (2.48) is given by

a=o, + o, + a;. (5.43)

As already mentioned, the 6 coefficients a; are only mutually independent in
the case of media without any symmetry and in the case of triclinic lattices
[Nye (1975)]. In the case of orthorhombic lattices, the coefficients (5.21) are
reduced to

aFzozaz0; a=a;=a,=0. (5.44)
In the case of polyethylene crystallized in an orthorhombic lattice, for example,
the linear expansion coefficient in the chain direction is slightly negative

[Baughman (1973)]. In the case of cubic lattices or isotropic media, we have

1
a1=a2=a3=—3—a; o =a;=as=0. (5.45)
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With respect to (5.26), (5.32), and (5.45), the coefficients of thermal stress of an
isotropic medium are given by

/3,.=-(2p+3A);a=—kTa fori=1,2,3, (5.462)

Bi=0 for i=4,5,6. (5.46b)

The thermal stress in an isotropic medium is actually a thermal pressure if
a > 0. When comparing with the coefficient of thermal pressure (2.45), one
should note that B and B; have different dimensions. From (5.3) one obtains

1
B=- _;,; B+ B+ B3) . (5.47)

Thus, (5.46) and (2.58) become identical.

The boundary conditions € = const. or 0 = const., under which the heat
capacities (5.19) and (5.22) should be measured, can, depending on the values
g = const. or o; = const. of the components, respectively, correspond to entirely
different physical states of the system. Hence, a different heat capacity is
measured under uniaxial tensile stress with the boundary condition o, = const.
#0, 0., =0 than under hydrostatic pressure with the boundary condition
0= 0,= 03= - p = const. #0, 0, = 05 = gz = 0. It is also possible that the given
physical situation requires a set of variables mixed from ¢; and ¢;. Mixed sets of
variables correspond neither to the F- nor to the G-representation. In order to
define the heat capacity or other response functions, a Gibbs function corre-
sponding to the mixed set of variables must first be derived from the free
energy F or the free enthalpy G using the Legendre transformations. For rever-
sible changes of state, one obtains via (5.16), corresponding to the relations
(2.53) and (2.54),

C.= <ﬂ> _ <d_Q> : (5.48)
oT £ ... & dT £ ... &

C,= <3_H> - (d_Q> . (5.49)
oT 0y ... O dr o ... 0

For the heat capacities of isotropic media, (5.29) with (5.32), (5.35), and
(5.45) results in the relation

Co=C,+ TV,kpa?, (5.50)

which is identical with (2.60). If the bulk modulus and the expansion coefficient
are known, (5.50) specifically allows a conversion of Cy into C,. As already men-
tioned in Sect. 2.3, we are often dependent on such a conversion in the case of
condensed media as Cy is theoretically and C, experimentally more accessible
for these media. In solids at not too high temperatures, the bulk modulus is
usually practically constant, and the bulk expansion coefficient approximately
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proportional to the heat capacity C, (cf. Sect. 6.5.4). Equation (5.50) reduces
then to the approximate formula

¢, = ¢, + ATcj. (5.51)
¢,» ¢, denote the specific heat capacities (relative to the mass unit). The constant
A = pk; (o: density of mass) is substance-specific. In an additional assessment,

whose universal validity, however, is rather questionable, Nernst and Linde-
mann (1911) set A = A,/Ty;, so that one obtains

T
CP =c,+ Ag <T> C; . (5.52)

M

A, =5.12- 10 Kmol/] is a universal constant, Ty is the melting temperature of
the substance [for critical comments on the applicability of the Nernst-
Lindemann formula for polymers, see Choy (1975) and Pan et al. (1989); see
also Sect. 6.5.4].

5.3
Energy and Entropy Elasticity

Substitution of relation (2.18) into the mechanical equations of state (5.6) re-
sults in

1 /oU T [/ dS
g=— (2= (=) (5.53)
Vo asi T cri ‘/0 BE,- T €pi

Hence, the stress components are composed of two parts: an energy-elastic part
due to the change in internal energy upon deformation and an entropy-elastic
part induced by the change in entropy upon deformation. According to (5.18),
we can also replace (5.53) by

1 /oU o0;
0= — <—> + T< 01) . (5.54)
Vo aEi T e e; oT £ ... &

This form of equation of state indicates how energy-elastic and entropy-elastic
contributions can be distinguished experimentally: If one measures (reversible
changes of state assumed!) the stress components o; at different temperatures T
in a specified state of deformation g ... & = const., the tangent at any point of
the curve of o;(T) thus obtained gives information on the entropy-elastic part.
The intercept of the tangent with the o;-axis gives information on the energy-
elastic part at T. There is no energy-elastic part if the tangent passes through
the origin (0, 0). There is no entropy-elastic part if the tangent runs parallel to
the T-axis.

According to (5.18) and (5.26), every system whose coefficients of linear
thermal expansion vanish, acts purely energy-elastically, with 3S/9¢; = 0 for all
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i. These are primarily solids which fulfil the so-called harmonic approximation
(Sect. 6.4.5). The intermolecular bonds are particularly perturbed during me-
chanical deformation of an energy-elastic medium. No temperature or heat ef-
fects whatsoever are observed during a reversible mechanical perturbation of a
purely energy-elastic system. This fact alone allows the proposal of a theory of
elasticity without any reference to thermodynamics. The differential form

oT £ ... & i agi T €cai

of the thermal equation of state (5.5), or with (5.18) and (5.19)

ds = <CT> dT-V, 3 fids;, (5.55b)

shows directly that no heat is produced during an isothermal reversible equilib-
rium deformation of purely energy-elastic systems, and that the temperature
remains constant during an adiabatic reversible equilibrium deformation.
Because of 3S/9¢; = 0, (5.55) (with dT'=0) results in dS=0 for isothermal pro-
cesses, and thus according to (2.43a, b) in dQ = 0. The adiabatic deformation is
characterized by dQ = 0, dN = 0. Furthermore, dS = 0 holds for adiabatic rever-
sible deformations according to (2.43a, b), i.e.,dT = 0 according to (5.55).

A reversible mechanical perturbation of entropy-elastic systems, on the
other hand, always involves heat effects or changes in temperature, so that a se-
paration of the theory of elasticity and thermodynamics is not possible. A sys-
tem in which the entropy-elastic part is non-negligible can, according to (5.55),
only undergo a reversible isothermal deformation if the heat

dQ=-V,T% fde,

consumed or produced during deformation is simultaneously (depending on
the signs of the ;) absorbed from or released to the surroundings. According to
(5.55), the adiabatic reversible deformation is linked to the change in tempera-
ture

dT = <‘2T> ?ﬁl dfi .

-4

Entropy-elastic effects are found in every medium whose coefficients of
thermal expansion do not vanish. In solids, however, the entropy elasticity is
usually much less pronounced than the energy elasticity. Substances or mix-
tures in a gas-like state and media in a so-called rubber-elastic state, on the
other hand, behave almost opposite. The mechanical properties of gases and
rubber-elastic media are decisively determined by a change in entropy upon
deformation. In certain temperature ranges at least, some of these systems can
even be regarded as being purely entropy-elastic. However, the applicability of
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the infinitesimal linear theory of elasticity used in Sect. 5.1/2 is very limited in
exactly these media. The definition of the strain tensor ¢ is tailored to media
which only respond with very small deformations to even relatively intense
stress, as is the case in energy-elastic systems. Gases and rubber-elastic media,
on the other hand, already respond to small changes in stress or pressure with
a relatively large deformation, and behave non-linearly with regard to the rela-
tions between stress and strain variables [e.g., see Eq. (5.61) further below]. For
isotropic, purely entropy-elastic systems, with dU/d¢; = 0 for all i, we obtain
from (5.55) with (5.46) and (5.2)

ds = % dT + kyadv. (5.562)

From (5.46) follows further with (5.3), (5.6), and (5.18)
P = TkT(X 5

i.e., from (5.56a)
as=Svar+ Lav. (5.56b)
T T

This equation definitely applies to gases. For isotropic rubbers, however, it only
applies to very small deformations. Equation (5.56) would imply that the rever-
sible deformation of an incompressible isotropic rubber-elastic medium (with
dV = 0) does not involve any heat or temperature effects. This is, however, not
true for larger deformations.

Rubber elasticity is a specific effect which only occurs in polymers. The
cause of this effect is to be found in the conformational isomerism of flexible
chain molecules. The chemical repeating units of a polymer chain can generally
be distorted with respect to each other. If the valence angles between the units
deviate from 180°, a distortion leads to coiling of the chains. From a statistic
point of view (Sect. 6.2), all chains in an ensemble of identical chain molecules
in equilibrium now assume in a time and ensemble average a most probable
coil form with a specific radius of gyration or a specific end-to-end distance of
the chains. Maximum entropy is attributed to this coiled state. A change in the
radius of gyration or in the end-to-end distance of the coils by an external
mechanical action leads to a necessary decrease in the entropy of the ensemble.
If the external mechanical perturbation is removed again, the ensemble strives
to return to the original state with maximum entropy. Hence, the ensemble
responds elastically, i. e., entropy-elastically.

The rubber-elastic effect, however, can only be achieved as long as the chain
molecules do not slip past each other during the external perturbation, so that
the external force is transmitted to the ends of the chain molecules or at least to
the ends of longer chain segments. This can be achieved by intercoupling
(cross-linking) the chain molecules via covalent bonds. In natural rubber, for
example, the polyisoprene molecules are cross-linked by sulphur bridges
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—-S-S-...-S— (so-called vulcanization). An at least temporary cross-linking in
sufficiently long chain molecules, however, is already induced by the interpene-
tration and the resulting entanglement or snagging of the molecule coils (cf.
Sect. 7.7).

Let us specifically consider a homogeneous and isotropic rectangular par-
allelepiped, composed of a rubber-elastic substance with the edge lengths €,,,
€y,, €43, which is exposed to pure stretching (without shearing). The edge
lengths in a stretched state are written as €, €,, €;. The ratios A; = €,/€,; > 0
(i = 1,2, 3) can be introduced as a measure of the stretching. The volume
in a stretched state is then given by

V=V,AAA . (5.57)

If the internal energy of the rectangular parallelepiped (i.e., especially the in-
ter- and intramolecular interaction of the chain molecules) does not undergo a
significant change during the stretching, i.e., if the material behaves purely en-
tropy-elastically, we obtain from the statistics of chain coiling for the free
energy of the rectangular parallelepiped in a stretched state [Sect. 6.2, Eq.
(6.90)]

1
F=F0+ERNT(A12+A§+/1§—3), (5.58)

where F, is the free energy in the unstretched state, N the mole number of the
chain molecules (or more precisely, the mole number of the chain segments be-
tween two cross-links of the network or rather the mole number of the effective
chain segments) and R the gas constant. If the material is incompressible, i.e., if
according to (5.57)

A1A213 =1 5

then an elongation in the 1-direction in the ratio A; = A leads to a contraction
in the 2- and 3-directions in the ratio A, = A; = 1/x/1 (1 must, of course, not be
confused with the equally labelled Lamé constant in Sect. 5.2). In this case, we
obtain for the free energy

1 2
F=F, + 7 RNT </12 +/1_ - 3> . (5.59)

Corresponding to (5.5), the thermal equation of state of the system is

F
s=—<a—> =so-lRN<A2+3—3>, (5.60)
3T/, 2 A

and corresponding to (5.6), the mechanical equation of state

1 /OF RNT 1
oL () LRT( 1) s
Vo \od/r  V, %
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Hence, the relation between stress o and strain A is non-linear. The quantity

relod RNT 2
) =2 1+ 2 ), (5.62)
oA Jr Vi A
appropriate for the modulus of elasticity (5.38), is not a constant of the material
but depends on the temperature and strain. For very small elongations

Ab=¢€ -6, <¥,,
we obtain with the strain component

A€
g =—<1
01

from Sect. 5.1 the relation
A=1+¢.

For very small elongations, the incompressible rubber-elastic medium can be
described by the modulus of elasticity

E=3u=3RNT/V,. (5.63)

It is typical for rubber-elastic materials that the “modulus of elasticity” increa-
ses proportionally to the temperature.

In place of the differential thermal equations of state, (5.55) or (5.56), we
now have

ds = <§> dT+ <9§> aa
3T/, A/;

with
o
<_S> - <aso> YT 0
oT/, oT /,
and
1
<§> =-RN </1 - —> =-V,0/T, (5.64)
oA /r A?
therefore,
1
ds = - (C3dT - V,0d)A). (5.65)

Thus, the reversible isothermal elongation of an incompressible rubber [with
dT =0,dA >0,and A > 1, i.e.,, 0> 0 according to (5.61)] always involves an
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evolution of heat
dQ=-V,0dA<0

(dQ = Td,S = TdS < 0 means that the heat needs to be emitted to the surround-
ings). In case of a reversible adiabatic elongation (with TdS = dQ = 0), the tem-
perature is increased by the amount

dT = V,0dA/C§ > 0.

Corresponding to (5.18), the coefficient of thermal stress is given by

2
=L OF _ i’>=_i<§>_ (5.66)
V, 0ToA \oT/, V, \oA/
Via (5.64), we thus obtain
o= <a—0> T. (5.67)
oT /,

One can observe experimentally that the stress increases with the temperature
during constant elongation (A = const. > 1). The coefficient of thermal stress of
a rubber is positive: f > 0. From the relation

(o) Ga) 6o

which is equivalent to (2.57),

oA o0
o= <ﬁ>a = "/ <a‘>f 0 (5.68)

is obtained as the coefficient of thermal expansion [cf. Eq. (5.62)]. Hence, under
constant stress, rubber exhibits a contractile behaviour with increasing tempe-
rature.

Ideal rubber-elastic, i. e., purely entropy-elastic behaviour can, however, only
be found - if at all - in a limited temperature and stretching range. Following a
decrease in temperature, every rubber ultimately changes into a glass-like state.
A rather abrupt transition from the entropy-elastic to a largely energy-elastic
behaviour takes place in the glass transition region. With increasing stretch, the
chain molecules, or rather the chain segments between the cross-links of the
network, become more and more parallelized and possibly even partially
crystallized, so that the intermolecular interaction becomes increasingly im-
portant. Therefore, the energy-elastic part can by no means be neglected in the
case of high elongations. [For the theory of rubber elasticity, e.g., see Treloar
(1975) or Eirich (1978); for a theory of rubber elasticity established in analogy
to the theory of real gases, see Ambacher, Kilian (1992)].



CHAPTER 6

Molecular Aspects of Some Equilibrium
Properties of Polymer

6.1
Linkage of Thermodynamics with Statistical Mechanics

Derivation of Gibbs fundamental equation or the equations of state of a
thermodynamic system from molecular data requires a linkage of thermody-
namics with the mechanics or the quantum mechanics of the molecules con-
tained in the system. Due to the multiplicity of molecular particles - the number
of particles in a macroscopic body is of the order of magnitude N, = 10** (see
Sect. 3.1) - the accessible information on the molecular situation is insufficient
for an exact determination of the current mechanical states. On the other hand,
an exact determination of the macroscopic state of a thermodynamic system
does not mean that the molecular situation is unequivocally determined. A
macroscopic state with a specific internal energy value, for example, can be
realized by a multitude of molecular configurations (microstates). An unequi-
vocal linkage of the macroscopic thermodynamics with the mechanics of the
molecules can only be achieved if the possible states of the molecular system
are known, if these possible states can be associated with probability values,
and if the resulting statements of the statistical mechanics can be identified
with the corresponding statements of thermodynamics [e. g., see, also with re-
spect to the following, Huang (1963), Pathria (1972), or Toda, Kubo, Saitd
(1983)].

One has to assume that the defining quantities of the molecular system
which allow a determination of all possible states of the system are already
known. Essentially, this means that the Hamiltonian function or the
Hamiltonian operator of the molecular system must be known. One must
assume that all of the possible mechanical states which are accessible under the
macroscopic boundary conditions are passed through in times which are
shorter or equal to the times of measurement. Furthermore, one must assume
that each of the possible mechanical states can be associated with a quantity
which indicates the probability of finding the molecular system in this state.
The existence of such a probability distribution simultaneously guarantees the
existence of a measure for the information we have on the molecular system
[Shannon (1962); compare also Landsberg (1961)]. According to Boltzmann,
this measure for the information can, with the exception of the sign and a uni-
versal constant of proportionality, be identified with the thermodynamic en-
tropy of the macroscopic system [Eq. (6.1), below]. For a given macroscopic
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equilibrium state, the probability distribution of the molecular states can be
determined on the basis of the maximum entropy principle. The probability
distribution is essentially dependent on the macroscopic variables of state
which can be varied independently.

The macroscopic (thermodynamic) equilibrium state must be completely
known. In particular, the exact values of the mutually independent variables of
the macroscopic system must be known. If the state is determined by the values
of m intensive variables ¢, ... t,, and n-m extensive variables U, ,, ... U,, only
mean values (U;) ... (U,,) can be determined from the molecular data for the
extensive variables U, ... U, which are conjugated to the intensive variables
t;... t,. If the distribution of the values of U, ... U, is sufficiently narrow, the
mean values can be identified with the values of the corresponding thermo-
dynamic variables. In this case, neglect of the less probable states only leads to
a minor error. Fixation of the m intensive variables ¢, ... t,, to specific values
requires contacting the considered system with a very large “reservoir”. The
specific values of the intensive variables can basically be considered as pro-
perties of this “reservoir”.

The fundamental relationship between thermodynamics and statistical me-
chanics is Boltzmann’s entropy principle

S=—kZP,~1nP,~ (6.1)

[see Landsberg (1961)]. In Eq. (6.1) S is the entropy of the macroscopic system,
k the Boltzmann constant (kN = R is the gas constant), P; = P(Z,) are the prob-
abilities of finding the states Z; of the molecular system. The subsidiary condi-
tion

SP=1 (6.2)

holds for these probabilities. In (6.1) and (6.2), one must sum over all molecu-
lar states accessible under the given macroscopic conditions. Furthermore, the
thermodynamic requirement that the entropy of the system at equilibrium is
maximized is of fundamental importance. As S, according to Eq. (6.1), is only a
function of the probabilities P;, S(P; ... Py) as function of the P; must also be
maximized at equilibrium. It is useful when observing this requirement to in-
clude the subsidiary conditions, which the probabilities P; depending on the
macroscopic boundary conditions are subject to, by means of Lagrange’s
method of multipliers [e.g., see Courant, Hilbert (1965)].

In the following part of Sect. 6.1, N (in contrast to the previous sections) will
denote the absolute number of the molecular particles. The mole number (Sect.
3.1) will then be given by N/N,. If the macroscopic boundary condition is U, V,
N = const., there will be no subsidiary conditions for the probabilities P; with
the exception of Eq. (6.2). Maximizing the entropy (6.1) is then equivalent to
maximizing the function

=—kZP,[a+1nP,],
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where «a is the (still undefined) Lagrange multiplier by means of which one
takes into account the subsidiary condition (6.2). L has an extreme value with
respect to the P; if

dL=—k_Z[a+lnP,-+1]dPi=0 (6.3)

is valid. If
Q=Q(U VN)

designates the number of molecular states Z;, accessible under the condition
U, V, N = const., then, according to Eq. (6.2), Q - 1 of the probabilities P; can be
varied independently of each other. If « is selected in such a way that one of the
brackets [ ... ] in (6.3) vanishes, all the other brackets [ ... ] in (6.3), due to the
independence of the remaining variations dP;, must also vanish. Hence, (6.3) is
equivalent to the requirement

a+InP;+1=0
or

P, = e 1+ = const. (6.4)

Under the condition U, V; N = const., the entropy of the macroscopic system

only achieves an extreme value if all the molecular states Z; are equally prob-
able.

If we insert (6.4) into (6.2), we have
ZP=et0Q=1

or
e+ =1/Q,

i.e., according to (6.4),

i =1/Q. (6.5)

The probability P; of finding the molecular state Z; under the condition U, V,
N = const. is reciprocal to the total number of molecular states that can be real-
ized under the same condition. With (6.5), one obtains from (6.1) as the equilib-
rium entropy of the system

S(ULV,N)=kInQ(U, ;N). (6.6)

The molecular states Z; which must be enumerated in (6.5) and (6.6) corre-
spond to the mutually independent eigensolutions (wave functions)
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HY,=EY,

of the Hamiltonian operator # for the N particles contained in the volume V
with the eigenvalue E = U. In the case of the continuous manifold of states in
classical mechanics, Q is proportional to the volume of the phase space of the
N molecules:

Q*={..[dq,...dgdp, ... dp;, (6.7)

where g, ... pr are the generalized coordinates and momenta of the molecular
system, f is the number of molecular degrees of freedom. One must integrate
over the “very thin” energy shell

U-dU/2 <#H < U+ dU/2

of the phase space, whereby

.‘7'[=.‘7'[(q1 e qf;pl ...pf)

is the Hamiltonian function of the system. As the volume of a high-dimensional
structure (the dimension 2fis in the order of magnitude > 6N,) lies practically
under its surface area, one can also extend the integration in (6.7) over the do-
main 0 < # < U. The relation

Q = Q*/h'N! (6.8)

exists between Q and Q*. The factor 1/N! is due to the fact that the permutation
of the particle numbers (coordinates) leads to different points in the classical
phase space, however, the states corresponding to these points cannot be
distinguished for identical particles. The factor 1/hf is a pure dimensional fac-
tor from the viewpoint of classical mechanics. Quantum-mechanically, it can be
explained by the fact that the Heisenberg uncertainty principle

Aq;Ap;=h

(h: Planck constant) exists between the coordinates and momenta of the par-
ticles. For this reason, the states surrounding each point (g, ... p;) within the
phase space with the “area” hf cannot be distinguished.

In a mixture of r components (Chap. 3), only the N; (j = 1 ... r) molecules of
the individual components, respectively, are not distinguishable. In a mixture,
(6.8) is thus replaced by

QU VN, ... N,)=Q* / TI hiiN}!. (6.9)

f; is the number of molecular degrees of freedom of the component No. j. The
integration in Q* must be performed in the phase space of the whole mixture.
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Furthermore, the temperature of the macroscopic system, according to (6.6)
and (2.33), is given by

l:£<_8£> . (6.10)
T Q \oU/yx

The macroscopic boundary condition T, V; N = const. requires an overall
contact of the system with a heat reservoir (thermostat) via a fixed diathermal
wall in order to maintain a constant temperature. In this case, the internal
energy of the system is given by the mean value

U=(U)=ZXPE, (6.11)

where E; is the energy of the molecular state Z;. Besides Eq. (6.2), Eq. (6.11) re-
presents an additional subsidiary condition for the probabilities P;. Maximizing
the entropy (6.1) with the subsidiary conditions (6.2) and (6.11) is equivalent to
maximizing the function

L=—kZPl[a+ﬂE,+lnP,].

This function only has an extreme value if

a+ PE;+InP;+1=0,
ie.,

P, = e~ (1+a) g-BE; (6.12)
holds for all i. Insertion of (6.12) into (6.2) yields the expression

elta — Z e BE: (6.12)

for the multiplier a, and thus with (6.12), the distribution
e BE;
i 3> e-PE

1

(6.13)

for the probabilities P;. According to (6.1), (6.11), and (6.13), the equilibrium
entropy of the macroscopic system, when T, V; N = const., is given by

S=kBU+kln X e PE (6.14)

If one identifies this equation with the thermodynamic relation (2.18), one ob-
tains

B=1/kT (6.15)
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for the multiplier § and the relation

F(T V,N)=-kTIn Q(T, V, N) (6.16)
with
Q(T V, N) = Z e BT (6.17)

for the free energy of the system. The function Q(T, V, N) is designated as the
partition function of the system. In (6.17), one must sum over all the states ac-
cessible under the condition T, V, N = const. which satisfy the Schrédinger
equation

HY,=E ¥, (6.18)

If the energy levels E; are degenerate, and if the number of states which belong
to the eigenvalues E,, of the Hamiltonian operator #/ amount to g,, we can write

Q =3 g, e B/kT (6.19)

instead of (6.17). One must then only sum over the accessible states with differ-
ent energies. In the case of a continuous spectrum of eigenvalues of #/, or if the
eigenvalues E, are at least sufficiently dense (which is to be expected consider-
ing the large number of particles), one can also replace (6.19) with

Q =Jg(E V,N)e E/T dE. (6.20)

gdE indicates the number of states in the energy interval < E - dE/2; E + dE/2 >.
Hence, g = Q holds for E = U. In the case of classical mechanics, the partition
function, corresponding to (6.7) and (6.8), is given by

1
" hINI

Q ... Je"™Tdq, ... dp;, (6.21)

where #{ denotes the Hamiltonian function of the molecular system.

Among the relevant statistical functions, the partition function Q is the most
accessible to the theory. Theoretically, the F-representation of Gibbs fundamen-
tal equation in the form (6.16) is, therefore, of central importance. As equations
of state of the system, we obtain from (6.16) according to (2.3-2.5)

B aan>
S=k [an+ T< oT ‘“\J , (6.22)

) an>
= kT , (6.23)
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p=—kT <a I“Q> ) (6.24)
aN TV
From the comparison of (6.22) with (6.14-6.17) follows in addition
U=kT? <m> . (6.25)
For the response functions (2.44-2.46), we obtain
2
ky= —kTV<a an> , (6.26)
aV2 TN
21 1 21
pe _k[<aan> e nQ} _1,9InQ <aan\ ’ (6.27)
pL\ OV /)iy oToV | T oToV oV Jrn
21
Cy=kT |2 <a an> + T<a nQ> } . (6.28)

When determining the quantum-mechanical partition function, the decisive
question deals with the possibilities of occupying the elemental wave functions,
which the wave functions ¥;of the total system are composed of. One must ask
whether the wave functions of the particles are restricted to separate volumes
(so-called localized particles, like, at least approximatively, the atomic or molec-
ular cores in a crystal) or whether they overlap. If the wave functions overlap,
one should ask further whether the particles are subject to Pauli’s exclusion
principle (fermions, such as the electrons) or not (bosons, such as the phonons
in Sect. 6.4.1). These distinctive features lead to completely different results on
statistical determination of the numbers Q, g,,, or g in (6.6), (6.19), or (6.20), re-
spectively. Bose particles obey Bose-Einstein statistics, fermions Fermi-Dirac
statistics, and localized particles classical Maxwell-Boltzmann statistics. The
results of these three statistical enumerations, however, become equal and cor-
respond to the result of Maxwell-Boltzmann statistics if the probabilities of
occupation of the states of the total system are considerably smaller than the
ratio of Q, g,,, or gdE to the total particle number. The latter is usually the case
when the temperature is not too low and the pressure is not too high.

Calculation of the partition function is almost always a difficult task, which
can only be approximatively realized. This is mainly due to the fact that the me-
chanical many-body problem can only be solved approximatively. However,
another reason is that even in relatively simple cases it is often not possible to
obtain a mathematically closed expression for the partition function (as, e.g.,in
the case of the discrete quantum-mechanical energy spectrum of the degree of
freedom for a free rotation around a fixed axis). Considerable simplifications
result particularly when the Hamiltonian operator (or the Hamiltonian func-
tion) can be separated into mutually independent, additive terms. This is possi-
ble if several degrees of freedom of the system are at least approximatively
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independent of each other. According to (6.17-6.20), the additive separation of
the Hamiltonian operator means a multiplicative separation of the partition
function and further an additive separation of the thermodynamic functions of
state (6.16,6.22-6.24) and response functions (6.26 - 6.28). The contributions of
the translative centre of mass motion of the molecules (of the diffusive trans-
lational motion of the molecules in liquids and gases or the collective lattice
vibrations in solids) and the contributions of the internal degrees of freedom of
the molecules (of the oscillations or rotations of molecular parts and the de-
grees of freedom of the electrons and nucleons) can often be separated in this
way. From

H= }[trans + 'r]{int or Ei = E}rans + Elim
follows

Q = Qirans Qi

and thus for the entropy
S = Strans + Simt

or the heat capacity
Cy = Cyam + Cit

If the particles are independent of each other, i.e., if the molecular interaction
can be neglected and classical Maxwell-Boltzmann statistics are valid, the par-
tition function collapses into a product

Q=4g"

of identical partition functions g which then only refers to the individual mole-
cules. Since the Hamiltonian operator or the Hamiltonian function does not
depend on the positional coordinates x, y, z of the individual molecules (or on
their quantum-mechanical equivalent), a factor corresponding to the integral

[[fdxdydz=V

can be split off in g in the classical formulation (6.21). The partition function of
the total system can then be represented in the form

Q= VVQx, (6.29)

in which Q* contains the coordinates of all degrees of freedom except for the
positional coordinates of the centre of mass of the molecules.

Experimentally, T, p, N = const. is usually given. This boundary condition
requires an overall contact of the considered system with a heat and pressure
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reservoir via a movable diathermal wall. In addition to the internal energy, the
volume is also only determined by a mean value

V=(V)=Z PV, (6.30)

due to this condition. When maximizing the entropy (6.1), the subsidiary con-
dition (6.30) must in addition to (6.2) and (6.11) also be taken into account for
the probabilities P;. This leads (see above) to the extremum condition

a+pPE;+yV;+InP;+1=0,
i.e.,to

P,=exp[-(1 +a)- BE;-yV;].
Insertion of this expression into (6.2) yields

elta=3 e BE-yV; ,
i

that is the probability distribution

e BE-vY 631
i_Ze‘ﬁEi_yvi, (6.31)
i
Furthermore:
S=kpU+kyV+klnX ePE-vVi, (6.22)
i

results from (6.1), (6.11), (6.30), and (6.31) for the equilibrium entropy.
Identification of this equation with the thermodynamic relation

1 1
s=—vu+2v__g
T T T

following from (2.12) and (2.19) or (2.31) yields
B=1kT; y=plkT (6.33)
for the Lagrange multipliers § and y and the expression for the free enthalpy:
G(Tp,N)=-kTIn Q' (T, p, N) (6.34)
with

Q' (T p, N) = X e EitpVIkT, (6.35)
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The classical analogue to (6.35) is, corresponding to (6.7, 6.8) and (6.20),

1

=y [ [P T ag, L dpy. (6.36)

QI

Corresponding to (6.9),

1

TnonTd e dg, . dpy (6.37)
9 J*
)

Q(Lp, N,...N)=

holds in the case of a mixture of r components, where f = X f; is the number of
molecular degrees of freedom of the total system,and f; (j = 1 ... r) denotes the
number of molecular degrees of freedom of the individual components. For the
individual components in a pure (unmixed) state, on the other hand,

1
hiN;!

Qi (L p, N) = [ Je T aqo  gpt) (6.38)

is valid under the same pressure and at the same temperature, where V; # V is
the volume which the N; molecules of the component No. j assume in a pure
state at the temperature T and under the pressure p, and #; is the Hamiltonian
function of these molecules. If there is no interaction between the molecules,
the integrands in (6.37) and (6.38) are independent of the coordinates of the
centre of mass of the molecules. Volume factors can then, as in (6.29), be placed

before the integrals, and with N = X N;, we have

VAYN
Q = VWR =TIVNR =11 <7> "VNR'; Q= VNR;. (6.39)
j J Ji
The Hamiltonian function % of the mixture can be split into a sum
H=H, + ...+ H, (6.40)
of the Hamiltonian functions H; of the pure substances. In addition, if all
molecules are of the same shape and size (the molecules of the different com-

ponents still differ in their masses and the internal degrees of freedom), we
have further

—=—3 ie, V=Vi+..4+V,. (6.41)

With (6.40) and (6.41), we obtain from (6.37) and (6.38)

R =11 R/
j



6.2 The Polymer Coil 87

and thus from (6.39)

VAN NV
Q =11 <—> VNR; =TI <—> Q) (6.42)
i \V, TN, j
The free enthalpy (6.34) of the mixture is thus given by
N
G=-kTXZInQy-kT X Njln—. (6.43a)
j j N;
Here,

Gy=p¢N; =-kTIn Qj;

is the free enthalpy of the pure component No. j. Instead of (6.43a), one can also
write

N, N, N,
G=NZp{—2+kINY ZIn L. (6.43b)
i )N i N N

If we now, as in the previous sections, introduce the mole numbers N/N, in
place of the particle numbers N and consider the relations kN, = R and N;/
N = x;, (6.43b) leads to Gibbs fundamental equation (3.62) of the ideal mixture
given in Sect. 3.4. A precondition for the validity of this equation is, as already
mentioned, that the molecular interaction can be neglected and that all the
molecules have about the same shape and size. The mixing term in (6.43) is a
purely entropic effect, which is obviously due to the fact that, at the same
temperature and under the same pressure, a larger volume is available for the
molecules of the individual components in a mixture than in the pure form.

6.2
The Polymer Coil

The molecules of a polymer are characterized by the linkage of a large number of
atoms or atomic groups by covalent bonds. In the so-called linear polymers, which
we will consider exclusively in the following, this leads to an enormous length for
the molecules. In linear (not or only moderately branched) polyethylene,

i
e
H

for example, the number 7 of the repeating structural units - (CH,) - lies be-
tween ca. 1000 and 100000. The distance between the C-atoms in the C-C-single
bond is approximately 0,15 nm. Thus, the length of the extended polyethylene
molecule may be of an order of magnitude of 10 pm. If one constructs a model of
such a molecule on the scale of 1:2-10° [e.g., by means of the Stuart-Brigleb
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spacefilling model; Stuart (1967)], the effective radius of the CH,-group is about
5 cm and the length of the model can reach up to 2 km (1.24 miles).

The C-atoms in a fully extended polyethylene molecule are arranged in a zig-
zag pattern in a plane, whereby the angle enclosed by two neighbouring bonds
(valence angles) is about 110°. As the single C-C-bond (in contrast to the C=C-
double bond) is symmetrical with respect to rotation and the hydrogen atoms
hardly lead to a stereometric hindrance and are also only linked with each
other by weak van der Waals’ forces, there is a certain possibility of rotation
around each of the C-C-bonds. This rotation, however, is not completely free.
The geometrical constitution of the structural units and the interaction of the
units result in a threefold potential of revolution which possesses pronounced
minima at the rotation angles ¢ = 0°,120° and 240° (see Fig. 6.1). The C-C-bond
with ¢ = 0° is designated as the trans-bond ¢, the C-C-bonds with ¢ = 120° and
@ = 240° as gauche-bonds g or g, respectively. These bond types enable the
molecule to produce a multitude of relatively stable conformational isomers.

The fact that the gauche-bonds point out of the plane of the extended all-
trans molecule is of great importance. Incorporation of a single gauche-bond
into the all-trans skeleton has the effect that the molecular segments separated
by the gauche-bond lie in two planes which are tilted against each other. The
incorporation of many gauche-bonds results in the formation of a molecular
coil. Due to the hindered rotation around the C-C-bonds, the molecules have a
flexibility which far exceeds the flexibility that can be achieved by deformation
of the valence angles (see Sect. 6.4.3).

If we disregard the mutual intramolecular interaction of the bond types (see
the comments at the end of Sect. 6.3), the conformational isomerism (and thus
also the coil-formation tendency and the flexibility) of an isolated polyethylene
molecule is energetically characterized by three different parameters (Fig. 6.1):
by the energy differences Ag; and Ag,, between the maxima and minima of the
rotational potential and by the energy difference Ag, between the gauche-bonds
and the trans-bond.

The differences Agy, and Ag,, act as activation energies with regard to the
transitions t - g, ¢, g — £ and g, § — t. They determine the dynamic beha-
viour of the conformational isomerism. They give information regarding the
question on how the long chain-like molecules react to a more or less rapid ex-
ternal perturbation and at which rate a dynamically disturbed molecule re-
turns to the internal equilibrium. If one puts a disturbed molecule into a tem-
perature bath and if Ag;, > kT (i = 1, 2) is valid, the potential barriers between
the trans- and gauche-bonds are only overcome at those few “hot” points where
the thermal fluctuations considerably exceed the mean thermal energy kT. One
must wait a long time until the internal equilibrium between trans- and
gauche-bonds is reached. If, on the other hand, Ag,, < kT is valid, the potential
barriers in the whole molecule are overcome without restraints. The internal
equilibrium between trans- and gauche-bonds can be reached practically in-
stantaneously. For the frequency v with which the potential barriers are over-
come, we can set according to Arrhenius

Vi = Ve e_AEdi/kT (l =1, 2)
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Fig. 6.1. Rotational potential around the C-C-bond of a paraffin chain according to Taylor
(1947/1948):

() =%50 [x(1 - cosg)+ (1-x)(1-cos3¢)].

The parameter x allows a continuous transition from the onefold rotation axis (x = 1) to the
threefold rotation axis (x = 0). In the figure x = 0.3 was assumed

[e. g., see Glasstone, Laidler, Eyring (1941)]. The relaxation times

1
T = Tooi eAgdi/kT ~ — (6.44)
i

are a measure of the time a molecule, which has been disturbed and then left to
itself, needs in order to reach internal equilibrium with regard to its conforma-
tion (see Sect. 7.4). If the molecule is stressed within the times At < 1, it does
not have time to change its conformation in any way during the perturbation.
The molecule appears stiff when responding to this perturbation. However, if
the perturbation is sufficiently slow so that the molecule is always able to adjust
its equilibrium distribution between trans- and gauche-bonds, it appears quite
flexible in response to this perturbation (see Fig. 7.17).

The internal equilibrium of the linear polyethylene molecule with respect to
the conformational isomerism is determined by the energy difference Ag,. The
equilibrium distribution between trans- and gauche-bonds can be determined
on the basis of Egs. (6.13) and (6.15). If the events of finding a trans- or a gauche-
bond are independent of each other, and if T = const. designates the temper-



90 6 Molecular Aspects of Some Equilibrium Properties of Polymers

ature of the temperature bath, V = const., the natural volume of the molecule,
and n = n, + n, = const., the number of bonds in the molecule (n, : number of
trans-bonds, n,: number of gauche-bonds), the probability of finding a trans-
bond is given by

e~ &/kT ehe kT

P = ; = e &/KT } 9 o-&/kT = eA& /KT 4 o (6.45)

(&,: energy of the trans-bond; £,: energy of the gauche-bond; A¢, = ¢, - ¢;). For
the probability of finding a gauche-bond, one obtains

2

e (6.46)

n
p,=-~£=1-P,
n

If there is no energetic difference between the trans- and gauche-bonds, i.e.,
Ag, =0, (6.45,6.46) resultin: P, = 1/3, P, = 2/3. The binding states are evenly dis-
tributed independent of the temperature over the minima of the rotational po-
tential. However, if Ag, # 0, we have for T=0: P, = 1, P, = 0. There are no gauche-
bonds for the case of T = 0. The molecule is in an extended form. Increasing the
temperature then leads to an increase in the number of gauche-bonds as well as
in the coiling tendency until, with T — oo, the equipartition P, = 1/3, P, = 2/3 is
reached. Hence, the equipartition characterizes a saturation value which is
usually not exceeded in the internal equilibrium. In a completely isolated
molecule, however, negative absolute temperature values are also conceivable,
whose scale starting from T = * oo goes from the negative side as far as T =0
[see Ramsey (1956)]. The number of gauche-bonds increases from n, = 2n/3 up
to n, = n when traversing the scale of negative absolute temperatures.

The knowledge of the ratio n,/n,, however, does not say anything about the
shape and size of the conformational isomers. With a given ratio of n,/n,,a very
large variety of conformational isomers is still possible. Their shapes range
from almost extended to highly coiled and are subject to continuous changes
due to thermal fluctuations. Hence, even statements about the shape and size of
the individual polymer molecules can only be made statistically. The so-called
segment model by W. Kuhn [Kuhn (1934), (1943)] provides, without great diffi-
culties, the first qualitative evaluations.

Kuhn proceeded from the fact that the fixed valence angles solely determine
the mutual orientation of directly neighbouring chain links. The orientation of
an arbitrary chain link is even freer with respect to another, the more chain
links there are between the two selected chain links. Kuhn assumed, therefore,
that every flexible linear polymer molecule can be divided into rigid segments
of the same length which can be rotated completely freely with respect to each
other (without any restrictions by valence angles or rotational potentials). As
every segment comprises several chain links, the segment length itself is, of
course, already a statistical (mean) quantity. Determination of the shapes and
sizes of the molecules in this segment model corresponds completely to the
solution of the random walk problem, which is already known from the theory
of diffusion and Brownian motion [e.g., see Feller (1957), Isihara (1971),
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Pathria (1972)]. Two important characteristic statistical quantities can easily be
determined in this model: the mean distance of the molec-ule ends and the
mean radius of gyration of the molecular coil (whereby the mean values can
either be interpreted as a time average or as an ensemble average).

In the following, we will assume that the linear polymer molecule can be di-
vided into 7 rigid segments of length |4;| = a and mass m which can be rotated
completely freely with respect to each other. Let us suppose that n > 1 is valid.
d; represents the vector whose position, orientation, and length correspond to
the segment No. i (i =1 ... n). We can visualize the masses m of the segments as
being concentrated in the endpoints of the vectors d;. Because of this, no mass
is found at the beginning of the molecule, however, this is not important when
determining the centre of mass as n > 1. One denotes by 7;_, the vector which
points from the centre of mass C of the molecule towards the origin of the seg-
ment vector d;, and & represents the vector from the beginning A of the mole-
cule to the end B of the molecule (Fig. 6.2).

The end-to-end vector k is given by

h=

i

a . (6.47)
1

Y%E

Hence, we have

n n
d;ar=a* Y Xcos(a; ay)
1 i=1k=1

h?=h =

1M =
1M =

i=1k

a;d designates the scalar product of the vectors, (d;; dy) the angle between the
directions of the vectors d; and a, and h = |h| the magnitude of the vector h,
i.e., the end-to-end d1stance As the d; should be completely freely rotatable
with respect to each other,

(cos (d;; dy)) = 64 (6.48)

Fig. 6.2. Definition of the characteristic parameters of a polymer coil. On the left: a polymer
coil with the end-to-end vector h which leads from the beginning A to the end B of the chain.
On the right: Kuhn’s segment vectors 4; and position vectors 7;, referenced to the centre of
mass C of the chain molecule
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(8;: Kronecker delta, see p. 39) holds for the mean value. This leads to
<h2> = a2 Z 5,-,- = na2 . (6.49)
i=1

In the segment model, the mean end-to-end distance of a linear polymer mole-
cule is given by

(h*) =n'a. (6.50)

It increases proportionally to the square root of the “length” of the molecule na
(one should bear in mind that na does not give the exact length of the molecule
as there already is a certain tendency for coiling within the segments).

In an assembly of n + 1 mass points with the mass m;, the position vector of
the centre of mass 7 referring to an arbitrary origin O is given by

Here, the position vectors 7; of the mass points m; must also be referred to the
origin O. If the centre of mass itself is chosen as the origin of the position vec-
tors, we have

s
3
oY

Il
(e

(6.51)

QﬂJ'
il
|
M =
i’

follows if all the mass points are the same (mm; = m for all 7). The relationship
between the position vectors 7;(i # 0) referring to the centre of mass and the
segment vectorsd; is given by

- - -
r,=4a; +1_,

(see Fig. 6. 2). If one successively inserts the values for the preceding vectors
T:_1» Ti_2, ... , respectively, one finally obtains

=X da+r, (i#0) (6.52)
k=1

and according to (6.51),

n
Go-nf,=-3 (n-i+1)d-n?,
1 i=1

n
-2
i=1

M-

ie.,
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- 1 n . >
7, =- > (n-i+1)a;. (6.53)
n+1i=1

For the scalar square of the starting vector 7,
- 1 n n . - >
ri=rl=—— 3% YX(n-i+1)(n-k+1)a;a, (6.54)
(n+1) i=1k=1

then follows and from that with (6.48) the mean value

N a 2 pn a 2 n
(roz)=< >Z(n—i+1)2=< > > k2.
n+1/ i=1 n+1l/ k=1
With
n 1
> kzzg nn+1)(2n+1), (6.55)
k=1
one obtains
a? n
r)="=——"_(2n+1
(r5) 6 n+1( )
and with n > 1 in good approximation
(r2) L na2=l(h2). (6.56)
3 3

If one inserts (6.53) into (6.52), one gets further for i # 0

M=

> i - 1
ri= Z ak_

(ﬂ—l‘+1)(-ik,
k=1 n+1«

1

il

thus, when taking into account (6.54)

1 n
Z Z (n—€+1)5k5¢+r3
n+lk=1¢=1

i i
ri= 3 X dyde-
k=1¢=1

and from this with (6.48) the mean square of the distances

) 2a2 ]
(r2y =~ia’+ > €+ (r2).
n+1¢=1

With

Zi: €=—Li(i+1), (6.57)
€=1 2
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one obtains

i22

a

n
=) - —iadk +
(r#) = (ra) n+1 n+1

and with n > 1 and (6.49), (6.56) in good approximation

ot = | - L ()], (658

A comparison with (6.56) shows that this equation is also valid for i = 0. For
i = n, one gets

(r2) = § (B = (12,

which expresses that it is arbitrary which of the two chain ends is defined as the
beginning and which as the end of the chain.
For the segment coil, one can define a mean radius

7 =/(r?)
via
(r*) = Ly (r#), (6.59)
n i=o

When one inserts (6.58), one obtains
n 1 = 1

(r2)=%<h2) [— S i+ g"oiﬂ

3 n i=o n® i

or with (6.55) and (6.57)

Lo 1 1
(r2) n<h>[3 2(n+1)+6n(n+l)(2n+1)J

and becauseof n>1

(r¥) = % (h?) = % na?. (6.60)

Furthermore, a mean degree of coiling can be defined by the ratio

Q=" -, (6.61)

N R
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The degree of coiling also increases with the square root of the “length” of the
molecule.

As there is no preferred orientation in the segment model, the mass distri-
bution of the molecular coil is characterized by spherical symmetry regarding
the spatial and temporal average. The moment of inertia I of a spherically sym-
metric rigid mass distribution is given by

1
I= 3 (Io+1,+1,), (6.61)

where the principal moments of inertia around the coordinate axes are desig-
nated by:

Ixx= z m; (r%_x%))
i

Iyy= zz m; (rzz_yzz)a

Izz= Z m; (rlg—zlz))

and the scalar squares of the position vectors of the mass points m; are
r?=x}+y}+2?

[e.g., see Goldstein (1962)]. It follows when all of the masses are equal that:
2
I=—m3Y r?,
3 i

Hence, the mean moment of inertia is, according to (6.59):
2
(D)= M(r7). (6.62)

M = nm is the mass of the molecule. When one defines the so-called radius of
gyration via

I=MRZ,
(6.62) and (6.60) lead to the relation
2 1
R2) =2 (=L oy 6.63
(RE) =% (%) = 5 () (663)

Thus, the mean distance h between the ends of the molecule is ultimately the
defining quantity for the shape and size of the linear polymer molecules [Eq.
(6.50)].
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The mean radius of gyration, the mean radius of the coil, and the mean end-
to-end distance are quantities which are accessible to macroscopic experiments
(especially light and neutron scattering). From the standpoint of thermodyna-
mics, the question about the number of conformational isomers (microstates)
by means of which the macroscopic equilibrium states with given values of
these mean quantities can be realized is, therefore, of particular importance. To
answer this question, we will first proceed from an even simpler model: the
one-dimensional segment model (without doubt somewhat hypothetical but
still very evident and definitely also powerful).

In the strictly one-dimensional segment model (Fig. 6.3), the segment vec-
tors d; can only assume two positions. They either point to the right or to the
left. We write d; = + a if the vector points to the right and d; = - a if the vector
points to the left. To simplify matters, we assume that the total segment number
n is even. This does not mean a major restriction for the case n > 1, which we
are mainly interested in.

The total number of conformational isomers which can be produced in the
one-dimensional segment chain is equal to the number of combinations of two
distinct, unrestrictedly repeatable elements in n positions, i.e., equal to 2" (in
Fig. 6.3 with n = 6 equal to 2% = 64). If k segments point to the left, n-k seg-
ments necessarily point to the right. The vector pointing from the beginning to
the end of the chain is thus given by

ﬁzEnlc'il-:a[(n—k)—k]=2a<zn—k>. (6.64)
i=1
-—lal‘l_llll
- n_ ———etett
k=0, (D)1 .
k=1; {Z}=6 l—;h;-l=' _— s s s =

e B =, = e mm N =
= =5 8 =

n —m TR R e B B e =S B ey,
k=3f(k} =20 e— E =g = e = = e
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Fig. 6.3. Conformational isomers in the one-dimensional segment model. n = 6: number of
segments of the length a; k: number of segments pointing to the left; h: end-to-end distance
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h =+ hisvalid depending on whether the beginning of the chain lies on the left
(+) or on the right (-) of the chain end. The number w(n, k) of conformational
isomers which is possible for a fixed & is equal to the number of combinations

of k elements of the one kind (d; = - a) with n-k elements of the other kind
(a; = + a), i.e., equal to the binomial coefficient
n n
n, k) = =—. 6.65
o(n, k) <k> (- k) k! (6.65)

The probability of finding the end-to-end vector (6.64) amounts to

n!

SRR (6.66)

P(h) =2in w(n, k) =

The most probable end-to-end vector is the one that can be realized by the
largest number of conformational isomers, i.e., for which the binomial co-
efficient (6.65) reaches a maximum. As is generally known, this is the case for
k = n/2. Hence, according to (6.64), the state withh = 0, for which the beginning
and the end of the chain are at the same position, is the most probable one (in
Fig. 6.3 with k = 3 and w = 20). However, if one inquires about the number of
conformational isomers and about the probability of states with a constant
magnitude | k| = h of the end-to-end distance, one obtains a completely differ-
ent result. With (6.64), (6.66) can be transformed into

p(h) = n! I (6.67)

n <£+i>l <£__h>l
2 2a 2 2a

The probability of finding the distance & is equal to finding the vector h=+h
or the vector h = - h. According to (6.67), for h # 0 one obtains:

P(h#0) = 2n! . (6.68)

<n h> <n h>
o (2 L) (2o )
2 2a 2 2a

This probability has a maximum value at & = 2a which exceeds the probability

value
2n —"> ! <f> !
2 2
Thus, judged on the basis of the magnitude /4 of the end-to-end vector, the state
with h = 2a and

P(h=0)=
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possibilities of realization is the most probable one (in Fig. 6.3 altogether 2 - 15
= 30 conformational isomers).

According to (6.64), the mean end-to-end vector with respect to all 2" con-
formational isomers is:

> n 1 /n\ » a " [n
=2 5 (0)i=5 () o-ow.

and because of

no(n no/n 1
=n d k=—2" , 6.69
k§0 <k> an kzz:() <k> 2 " ( )

(h)y=0. (6.70)

This result, which may be somewhat irritating at first glance, only expresses
that an equally probable mirror-inverted conformational isomer exists for each
of the 2" conformational isomers (see Fig. 6.3). The average of the square h?=h
(the so-called second moment), however, does not vanish. According to (6.64),
it is

1= 124 (o
(r) k§0 2" \k 2" kEO (n = 2k)"
a’>| , & (n n /n n n
_ _ K|,
X {n k§0 <k> 4nk§0 <k>k+4k§0<k> }

i.e., because of (6.69) and

n

> <Z> k2=%n(n+l)2", (6.71)

k=0
(h?) =na?. (6.72)
In addition, (6.70) and (6.72) lead to the so-called standard deviation
((R- (r)22 =\J(h2) =n'?a=h. (6.73)

According to the De Moivre-Laplace limit theorem [e.g., see Feller (1957)], a
binomial probability distribution of the form (6.67) in the limit
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h
n—>oo, —— >0
2na

is identical to a Gaussian normal distribution. Hence, if the polymer molecules
are very long flexible molecules in which the predominant portion is relatively
strongly coiled so that (h/2a) < n can be assumed, the expression (6.67) can in
good approximation be replaced by

N 2\ 12 , ,
P(h) = <—> e Hizna (6.74)
nn
whereby h can now be understood as a continuous variable. When averaging
n 1+t
2 ... must then be replaced by2— _[ ... dh, as the length 2a corresponds to
k=0 a e
the discrete unit step Ak = 1.If one uses the probability densities

= = 1 112 2 2
R(h) =P(h)/2a= < 5 > e Hima (6.75)

2na‘n

instead of the probabilities P(h) when averaging, the summation must simply
be replaced by an integral over dh. In addition, the following values of the inte-
grals must be known when averaging:

+ oo
| et™'dx =~/m/b, (6.762)
*ee 22
| xet*¥dx=0, (6.76b)
+D° 2 2
| x* e ¥<"dx = /m2b?. (6.76¢)

— oo

Equations (6.74) or (6.75) lead, of course, only back to the mean values (6.70) and
(6.72).

Let us now return to the three-dimensional problem and assume a cubic
space lattice whose unit cells possess the edge length a/~/3. The segment vec-
tors d; should, starting from the lattice point A; and arbitrarily pointing in the
direction of one of the eight diagonals, lead to the next lattice point (Fig. 6.4).
The (directed) components of the segment vectors parallel to the rectangular
lattice axes x, ), z are then given by

-

a Ind
a,=*——, a; y A=t ——=. 6.77
NERE SRRV M NG e



100 6 Molecular Aspects of Some Equilibrium Properties of Polymers

-++ +++
- + -+
fm———— F——T——- X
Yd / 4
/ /’ /
/A—-___——/A ———————— ,—/
/ el 7/
o o e e e = ] 4
1
I
|
—_—r— +4+—
P4
y l
|
|
x T I *o-
a
b g et

Fig.6.4. Section of a cubic space lattice. The Kuhn segment vectors d; with length a should,
starting from a lattice point A; and going in the direction of one of the eight spatial diagonals,
arbitrarily lead to the next lattice point. The components of the segment vectors in the
direction of the lattice axes then have the length a/~/3. The signs of the components (6.77)
are given at the eight possible end points

They possess a positive sign if they point in the direction of the positive axis
and a negative sign if they point in the direction of the negative axis. Provided
that the different directions in the space are not correlated, the one-dimensio-
nal segment model with the segmental length a/+/3 is obviously valid along
each of the axes x, y, z. In particular, the probability of finding the component
h, of the end-to-end vectorh in the x-direction is, according to (6.74), given by

. 2 1/2 s s
pP(h) = <—> e 3’ (6.78)

mn
Corresponding probabilities hold for the components I%, and Ez. The probabil-
ity of finding the end-to-end vectorh in the three-dimensional space is equal to
the product

P(h) =P (k) P(h) P(h,),
i.e., with

RP=h2+h2+hi=12, (6.79)

equal to

R 2\ ., .
P(h) = <——> e 312ma” (6.80)
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If 1 is regarded as a continuous variable, the threefold sum over the lattice points

NEANYY
> 3 ¥ ... mustbe replaced by <—2—> [f]... dn.dn,dh,
k € m a — oo

when calculating the mean values. The volume of the cube in Fig. 6.4 is
(2a/~/ 3)*. The probability density is given by

R(h) = <2£2>3 P(h) = <%2>m e bW (6.812)

if one writes
2 = 3/(2na?) (6.81b)

as an abbreviation. It, of course, follows via (6.76a) that:
+ oo
J]] R(h)dh,dh,dn,=1. (6.82)
One obtains:

N 1/2 s
R(h,) = 2£2 P(h,) = <f’—> e b'h: (6.83)

n

for the one-dimensional probability density corresponding to (6.78). With
(6.80) and (6.81), we have already found our way to the three-dimensional ran-
dom walk problem. (6.80) and (6.81) are identical with the normally used
probabilities which result as approximative solutions from the random walk
problem [e.g., see Isihara (1971), Treloar (1975)].

Corresponding to (6.70), we get with (6.83) and (6.76b)

(hyy= [ h,R(R)dh. =0,

and equally (Ey) = (EZ) =0, ie,also
(hy=0. (6.84)

With (6.81) and (6.76¢) follows further considering (6.79) and in agreement
with (6.49):

(h?) = faj K2R (h) dh, dh, dh, = na®. (6.85)

When inquiring about the probability of finding the distance |7l = h, the prob-
ability (6.80) must be multiplied with the surface 4mh? of that sphere which is
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swept by the vector /i with constant magnitude h. This corresponds completely
to the transition from (6.67) to (6.68), as the factor 2 in (6.68) can also be inter-
preted as the surface of a one-dimensional “sphere” [e. g., see Pathria (1972), ap-
pendix C]. One thus obtains

97 \1/2 .,
P(h) = <1Tn3> hte b (6.86)

This function has a maximum at

h?= éncﬂ:;(hz) =1/b2.

Hence, the state with the end-to-end distance 1/b is the most probable one. It
can be realized with the largest number of conformational isomers.

Let us now consider an ensemble of non-interacting polymer molecules un-
der the thermodynamic boundary condition U, V; N = const. Because of the
multitude of conformational isomers with which a molecule with the end-to-
end vector h can be realized, an entropy can already be attributed to each of the
molecular states h = const. via (6.6). If Q,(n) is the total number of conforma-
tional isomers of the molecule, the number Q(h) of the conformational iso-
mers with which the state/can be realized is equal to

Q(h) = Q,(n) P(h) .

According to (6.6), the conformational isomerism contributes to the entropy of
the molecule in the state h = const. by

s(h) =kln Q(h) =k[ln Q,(n) + In P(h)] .
Within the scope of the segment model, one obtains with (6.80) and (6.81b)
s(h) = k [In Q}(n) - B*h?] (6.87)

for it, whereby
2 3/2
Q/(n) = <——> Q,(n).
N

is used as an abbreviation. This requires, of course, that the degrees of freedom
of conformation are completely independent of the remaining degrees of free-
dom of the molecule. If the possible states h are traversed due to thermal agita-
tion by each molecule in a time average and, in addition, by the molecules of
the ensemble in an ensemble average, the mean contribution per molecule of
the conformational isomerism to the entropy is

(s(h)) = jTj s(h)R(h)dh, dh, dh,,
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i.e., with (6.85) and (6.82)
(s(m) = k [In Q/(n) - b*(K?)],

or with (6.85) and (6.81b)
(s(R)) =k [m Q;(n) - %} . (6.88)

Let us assume further that due to the action of an external force each end-to-
end vector is subject to an affine deformation
h)lz = Azhz

h/lx = Axhx > h/\.y = A},hy 5
(while the framework of the statistics, the spacial lattice, the segment vectors d;,
and their number n remain untouched). Corresponding to (6.87), the contribu-
tion of the deformed molecules to the entropy is then:

s(hy) = k[In Q)(n) - b2(A2R2 + A2K2 + AZR2)] .

For the mean value it follows that:
(s(hy)) =k [m Q(n) - —; (A2 +A2 + A2 )} . (6.89)

If the remaining degrees of freedom of the molecules are not affected by the de-
formation, the difference between the entropies of the molecular ensemble in
the deformed and non-deformed states, according to (6.88) and (6.89), is

AS = N[(s(hy) - (s(h))] = —%RN(A,ZC +A2 + A2 -3)

(R = kN,). As the different conformational isomers are not energetically differ-
ent in the segment model (AU = 0), one obtains for the free energy difference

1
AF=-TAS=— RNT(AZ +A2 + A2 -3). (6.90)

This relationship is the simplest basis for the theory of rubber elasticity [Sect.
5.3, particularly Eq. (5.58)].

Without doubt, the segment model can only provide a first qualitative in-
sight into the specific physical behaviour of very long linear polymer mole-
cules. The segment model also has certain drawbacks because the magnitude
|d;| = a of the segment vectors, which is a numerical component of almost all
results, remains completely open and, therefore, it only serves as a fitting para-
meter when comparing with the experiment. The stiffer the polymer chain be-
comes, the larger must be the value of a that is be chosen. However, the pre-
requisites and results of the three-dimensional segment model are actually
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conclusive in the case of melts comprised of long homologous polymer mole-
cules. Nevertheless, due to the neglect of the intramolecularly effective interac-
tion potentials, the segment model does not answer the thermodynamically ob-
vious question about the temperature dependence of the coiling tendency. (If
one adheres to W. Kuhn’s basic idea that every linear polymer molecule can be
modeled by segments which freely rotate with respect to each other, considera-
tion of the rotational potential within the segments would lead to a tempera-
ture dependence of the segmental length a (T). That is, one should expect that
the segmental length decreases with increasing temperature.) Moreover, the
intermolecular interaction forces certainly also affect the coiling. Hence, it is
easily understandable that solvation in a good low-molecular-mass solvent
causes a reduction in the flexibility of the polymer molecules and thus in the
coiling tendency. It is further obvious that, for example, the formation of a
single gauche-bond in an ensemble of densely packed polymer molecules
basically requires a cooperative process which can lead to noticeable temporal
effects. The segment model does not give information about this either. For
more complicated problems of the conformational isomerism see, for example,
Volkenstein (1963), Flory (1969), Hopfinger (1973), Treloar (1975), de Gennes
(1979), des Cloizeaux, Jannink (1990), and Sect. 6.3 and Chap. 7.

6.3
The Two-level System

The conformational isomerism of the chain molecules is without doubt the most
prominent physical feature of a polymer liquid. If one places this characteristic at
the centre of discussion, the polymer liquid comprised of very long chain mole-
cules can be regarded to a first approximation as a mixture of trans- and gauche-
bonds. If trans- and gauche-bonds are separated by a given energy gap Ag,, this
leads to the problem of the so-called two-level system. Hence, the conformat10nal
isomerism causes characteristics in the physical properties of the polymer li-
quids that are comparable with the properties of a system of magnetic dipoles in
an external field, which is also a two-level system [e. g., see Huang (1963), Pathria
(1972)]. In particular, taking the interaction into account leads to the so-called
Ising problem [see specifically Green, Hurst (1964)]. However, all the problems
which are connected with the fact that trans- and gauche-bonds are lined up on
linear chains as carriers (for example, the stereometric problem and the problem
of possible restraints) are not considered in such a comparison.

From the standpoint of phenomenological thermodynamics, the two-level
system represents a system with a macroscopically relevant internal degree of
freedom (Sect. 2.4 and Chap. 7). The concentration x, of the trans-bonds or the
concentration x, of the gauche-bonds can be attributed to the internal degree of
freedom as a macroscopic (internal) variable, whereby

X +x,=1 (6.91)

is valid.
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In the following, we will normalize the concentrations x, and x, over the con-
stant number N of the possible bonds in the whole liquid and assume that the
trans- and gauche-bonds are statistically distributed over the system. The con-
centrations x,, x, are then also significant as the probabilities of finding a trans-
or a gauche-bond, respectively, in the system. We assume further that the
gauche-bonds, such as in the case of polyethylene (see Fig. 6.1), are energeti-
cally doubly degenerate. For the concentrations x,; and x,, of the two gauche-
bond types, we then have

xgl + xgz = xg

and X = Xgp -
With this, it follows from (6.1) for the entropy of the system that:
=~ kN(x,In x, + 2x, Inx,) = - kN [x, In x, + x, In (x,/2)] . (6.92)

If we disregard for the present the mutual interaction of the statistical individ-
uals, the internal energy of the system is given by

U=N(&x, +¢gx,)=Nl[e+Ag 1 - x,)] (6.93)

(for a definition of the energy parameters, see Sect. 6.2). As the free energy F =
U - TS of the system, we thus obtain

F=N [e, +Ag (1 -x) + kT<x, Inx,+(1-x,)In ! —2xt>} . (6.94)

In order to maintain consistency with (6.92) it is necessary to assume that ¢
and Ag, are constant with respect to temperature. However, ¢ and Ag, can de-
pend on the volume V of the system. The system is in internal equilibrium

when T, V, N = const. if, according to (2.77) with f = F/N, it is valid that:

<a—f> — A +kTIn 2t —o, (6.95)

ox, 1-x¢

According to (2.78), the equilibrium is stable or metastable if

< azf> =kT/x¢(1 - x>0 (6.96)

ox?

holds. Because of 0 < x¢ < 1, the two-level system without interaction is, like the
ideal mixture (Sect. 3.4), always stable. The expression

eAsg/kT 1

x§= (6.97)

2 4+ eAsg/kT = 1+ 2e~A£g/kT

results from (6.95) as the equilibrium value of the internal variable and thus,
according to (6.91):
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, 2 2e- Ag /kT
X

8T 5 eAe/kT | 1 2o AgkT (6.97)

These equations (except for the different normalization) are identical to (6.45)
and (6.46). The internal variable in (6.94) can be eliminated by means of (6.97),
so that only T, V, N appear as variables in the Gibbs fundamental equation in
the equilibrium thermodynamics of the two-level system. Insertion of (6.97)
into (6.94) leads to

F,=N(g + Ag) - kNTIn (2 + e*%/kT) | (6.99a)
Nevertheless, it is often also useful to keep the internal variable as a (although
admittedly dependent) variable in the internal equilibrium. With (6.97), we can
then write instead of (6.99a)

F,=Ne + kNTInx¢. (6.99b)

From (6.99) we obtain for the entropy S, = — (9F, /97), the internal energy
U, =F, + TS, and the heat capacity C{ = T(3S,/37) in the internal equilibrium

k i e KT Agg eAz»:g/kT
S,=kN|Iln(2 +es/kTy - _—8~ | 6.100a
I: ( ) kT(2+ eAeg/kT):' ( )
2Aeg
— g
Ue = N|:Et + m} 5 (6.1013.)
A£e.\2 ZeAeg/kT
co=kN(2%) 27 | 6.102a
4 <kT> 2+ eASX/kT)z:l ( )
or when keeping the internal variable (6.97)
A
e=kN[k—;5(l ~x8) -In xf} (6.100b)
U, =N [& + Ag (1 - xf)], (6.101b)
ASg g e
f/ = kN k—T Xt (1 - xf) . (6.102b)

The two-level system with a doubly degenerate excited state is characterized by
the fact that in the limit T — oo with

x¢(e0) = 1/3;5 xZ(e0) =2/3

the energy levels are equally occupied. Correspondingly, when T — oo the en-
tropy and the internal energy reach a finite saturation value
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S,(2) =kNIn3, (6.100¢)
2
U,(e2) =N <£t + ? A£g> . (6.101¢)

The contribution of the trans-gauche isomerism to the entropy has the upper
limit R In 3 = 9.14 J/(mol K). [If the gauche-state is not degenerate, the upper
limit is given by R In 2 = 5.77 J/(mol K)]. Another characteristic is that the heat
capacity first increases with increasing temperature, but then traverses a max-
imum (so-called Schottky anomaly) in order to finally vanish again when
T — o=. The heat capacity reaches its extreme value if 9C{/0T = 0 is valid, that
is if, according to (6.102a) with n = Ag,/kT, we get

le’l: Tl+2’
2 n-2

i.e, 1n=2655...

The Schottky anomaly of the two-level system with a doubly degenerate excited
state occurs at the temperature

Tsp = Agy/kn . (6.103)

With Ag, = 2000 J/mol, the Schottky anomaly, for example, is around T, = 90 K.
(If there is no degeneration of the excited state, we have 1 = 2.400, and with this
Tsa = 100 K.) The equilibrium concentration of the trans-bonds, the internal
energy, and the heat capacity according to (6.97), (6.101), and (6.102) are repre-
sented as a function of kT/A¢, in Fig. 6.5.

When enumerating the possible distinguishable states of the bond system,
one should consider that half of the gauche-bonds can be distinguished geo-
metrically though not energetically. If N, = Nx{and N, = Nx{ indicate the num-
ber of trans- or gauche-bonds in equilibrium, the number of distinguishable
states is given by

Q=——" (6.104)

If one normalizes the internal equilibrium energy of the system in such a way
that it vanishes for T — o, i.e., sets

Ue* = Ue(T) - UE(°°) )

i.e., according to (6.91), (6.101b), and (6.101c¢),

. N
U= 3 Asg(xg;— 2xf),
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Fig.6.5. Ideal two-level system. Top: equilibrium concentration x¢ of the trans-bonds according
to (6.97). Middle: internal energy U,/N in internal equilibrium according (6.101). The energy
of the ground level ¢, of the trans-bonds was set to zero. Bottom: specific heat capacity C§/kN
in internal equilibrium according to (6.102). All functions are dependent on kT/Ag,

one can also write for the number of bond types:

1 U, 2 U,
N,=—-N- ; Ny=—N+
3 Ag, 3 Ag,

Thus, one obtains from (6.104)

N
Q(U, V,N) = - . (6.105)

<H_ U:>l <ﬁ,+ U: >| ’
3 Asg 3 ZAeg '
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for the number of distinguishable equilibrium states of the system under the
condition U, V; N = const. By means of Stirling’s formula

InN'=NInN-N (N=1)
one obtains, according to (6.6), for the entropy
* N *
Se(U; V;N) =k[NlnN— <—§-T-— Ue>1n<..__. Ue >

Ag, 3 Asg

2 U, N U;
~|{—N+—%]In <— + = . (6.106)
3 Ag, 3 2Ag
This is the S-representation of Gibbs fundamental equation of the system.
According to (6.10) and (6.105), the temperature of the system is given by

N U
1 k 3 A
=" |In> 2% (6.107)
T Ag N U,
3 2Ag

The (absolute) temperature is positive when U, < 0 and negative when U, > ¢
(see Sect. 6.2). If one solves (6.107) with respect to U,, one gets

.2 1 - eAg/kT
U, = 3 NAg, 2 4 eAIkT

Insertion of this expression into (6.106) leads, of course, back to the F-repre-
sentation (6.100) of the entropy.

As already mentioned, the two-level system without interaction is, according
to (6.96), stable or metastable at all temperatures 0 < T < + oo. According tc
(6.97), the equilibrium concentration x¢(T) of the trans-bonds is a unique func-
tion of the temperature which increases continuously with decreasing tempera-
ture from x¢(e0) = 1/3 to x%(0) = 1. This certainly does not agree with reality
With decreasing temperature, the polymer liquid either enters the vitreous
state (Sect. 7.8) or it crystallizes (Sect. 8.2). In an ideal crystallization of poly-
ethylene, in which all the chain molecules are completely extended, the equilib-
rium concentration of the trans-bonds discontinuously jumps to the value
x%(Ty) = 1 when one goes under a finite temperature T,; > 0. The questior
which should be treated further here is whether and under which condition:
the two-level system of trans- and gauche-bonds is capable of such a disconti:
nuous transformation without explicitly involving other internal degrees o
freedom (e.g., the degrees of freedom of diffusive translational motion).

A discontinuous change of the equilibrium concentration x$ of the trans
bonds is only conceivable as a cooperative process. Its explanation, therefore
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requires consideration of the intermolecular interactions. To avoid the con-
fusing complexity of this problem, we assume in the following that independent
of the local relationships with immediate neighbours, a mean pair binding
energy w,, is given between the trans-bonds, a mean pair binding energy w,,
between the gauche-bonds, and a mean pair binding energy w,, between the
trans- and gauche-bonds. It is certainly useful to proceed from such mean
binding quantities if we further assume a statistical distribution of the trans-
and gauche-bonds [so-called Bragg-Williams approximation; e.g., see Fowler,
Guggenheim (1960)]. As for T > 0 the limiting values x¢ = 1 correspond to the
completely extended and x¢ = 1/3 to the highly coiled chain molecules, x¢ can
in a certain sense also be regarded as a measure for the long-range order pre-
sent in the system. In the same sense, the concentration x¢, of the trans-trans
pairs then corresponds to a short-range order parameter. If we assume a statis-
tical distribution of the trans- and gauche-bonds, the concentrations of the
(t, t)-, (t, g)-, and (g g)-pairs independent of the local conditions of interaction
are fixed at

X, = x? (6.108a)
X =2x,(1-x,), (6.108Db)
Xge = (1 - x,)° (6.108¢)

from the start (see Sect. 3.5, p. 44). The long-range-order parameter - this is
characteristic for the statistical distribution of the individuals — also completely
determines the pair distribution and thus the short-range order. Under these
conditions, the quantities of interaction w,, w,,, W,, assigned to (6.108) can
only be regarded as mean quantities which globally characterize the actual field
of interaction.

If z is the mean number of the direct (intermolecular) neighbours of a trans-
or gauche-bond, a total of zN/2 pairs exists in the system. The internal energy
of the two-level system with interaction is then given by

zN
U=N(&x +¢gx,) + 5 (Werdee + WigXyg + Weg Xg0)
or, because of (6.91) and (6.108), by
zN
U=Nlg +Ag(1-x)] + 5 [Weex3 + 2w, x, (1 - x,) + W (1 - x,)°] .
With (6.92), the free energy of the system is

zN
F=N|g + Ag(1 - x,)] + - [Wee G + 2w x,(1 - x,) + we (1 - x,)°]

+kNT[x,Inx,+ (1 -x)1n (1 -x,)/2]. (6.109)
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From this,
of . . 2x§
<ax,>e = = Agy + z [(Wy — W) x5 + (W — W) (1 - x9)] + kT In e =0

results as the equilibrium condition, assuming that T, V; N = const. With the
abbreviation

AW = 2wy, — Wy — Wy,

one obtains for the determination of the equilibrium concentration x¢ (T, V):
e

2x
kT In N ;e — ZAW X5 = Mgy~ Z (W — W) . (6.110)
- t

This is a transcendental equation which can only be solved numerically. In ad-
dition, the solutions are no longer necessarily unique. Several solutions x$ (T)
exist at a given temperature in certain ranges of the temperature and the inter-
action parameters. The system is stable or metastable if

o2 T
< f) =-zAwg+ k

az e(] — x¢ >
Xt x§(1 - x%)

i.e., with (6.108b) if
kT > % Aw,y x$, (6.111)

is valid. Hence, the system is stable for all concentrations if Aw, <0 is valid, i.e.,
if the trans- and gauche-bonds have a tendency towards solvation. However,
this case must be excluded if only for stereometric reasons. We must rather
assume that

0>wy>wg>w,

holds, so that with Aw,, > 0 the trans- and gauche-bonds tend more towards ag-
gregation. (As binding energies the w; must, in addition, bear a negative sign.)
If there is a tendency towards aggregation, the system, according to (6.111),
only remains stable if the number of (%, g)-pairs is not too large, so that the pro-
duct zAw,,x¢,/2 remains below the mean thermal energy kT. As the (¢, g)-pairs
can particularly be localized at the boundary layers between the ¢- and g-ag-
gregates, (6.111) means that the total boundary layer between ¢t- and g-aggre-
gates in a stable equilibrium is subject to a certain minimum requirement,
which is dependent on the aggregation tendency Aw,,.
According to (6.110), we have

1 - e
kT In d

= kT In x5 - zAw, x5 + 2(Wy - We) - Ag, . (6.112)



112 6 Molecular Aspects of Some Equilibrium Properties of Polymers

If we refer (6.109) to x, = x¢ and insert (6.112), we obtain
zN N
F,=Ne + = w,+ kNTInx; +i2- Aw,g (1 = x2)? (6.113)

as the free energy of the system in equilibrium (Gibbs fundamental equation in
the F-representation). As compared to the ideal two-level system (6.99),
consideration of the intermolecular interaction leads to a reduction in the gro-
und state level by zNw,,/2 < 0 and to an additive free energy of mixing

N
Fy = % Aw,g (1 - x5)?

(see Sect. 3.3).
With the transformation of coordinates

)IEin—l, (61143)
ie.,
1 1
x‘§=5(1 +y); x§=5(1—}’), (6'114b)

the equilibrium condition (6.110) can be applied in the form

B(T, y) = D(T) (6.1152)
with
1
B(Zy)sln%—é—Awtgy, (6.115b)
A
D(T) E—k—‘;?g- +-2—k—T- (ng—wn)—hIZ- (6.115C)

B(T, y) is an antisymmetric function
B(T-y) =-B(T ) (6.116)

with respect to y, which follows an s-shaped path (Fig. 6.6) in a certain range of
values of the parameter

Q= zAw,/2kT.

The equilibrium condition (6.115) has three different solutions y(T) in this
range at certain values of D(T). Accordingly, the equilibrium free energy F, as a
function of temperature takes a many-valued course (Fig. 6.7). Of the different
values which F,(T) assumes at one and the same temperature T, however, only
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Fig.6.6. The function B(T, y) responsible for the ambiguity of the free energy F as a function
of y according to (6.115b) with Q = zAw, /2 kT as the parameter

Fig.6.7. Free energy f, = F,/N of
the internal equilibrium accord-
ing to (6.113-6.115) as a function
of the temperature T. The re-
spective ranges of the variable y
are given on the different bran-
ches. Potential transition tempe-
rature according to (6.118): T,; z
=6,Ag, =2 kJ/mol, Aw, =

3 kJ/mol, w,, - w,, = 100 J/mol
were the assumed parameters.
The ground level of the free
energy is f, = & + zw,,/2. The
thickly drawn branches corre-
spond to the minimum free
energy of the system. The irrele-
vant values of f, form an open
loop at T = 0; y reaches the values
-1,-0.255, + 1 in the limit T — 0
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the minimum one can be of physical significance. If we only consider these phy-
sically relevant values of F,, the now unique function F,(T) is subjected to a
break at a specific point T,. The function y (T) undergoes a discontinuous jump
Ay = 2]y,| at this point (see Fig. 6.7). As F,(y,) = F,(- y,) must hold at the break
point,

B(TLy)=0 (6.117)

results from (6.113) and (6.114) as a defining equation for y, with the triplet
(- y., 0, +y,) as the solution. From (6.115) with (6.117), we obtain D(T) =0 and
from that for the critical temperature

1 z
T, = o In 2 [Aeg + 5 (Weqg — w,,)} . (6.118)

T, = 399 K, for example, is obtained for Ag, = 2000 J/mol, z = 6 and wg, — W, =
100 J/mol. However, there does not necessarily have to be discontinuity at this
temperature. Independent of the energy parameters, (6.118) is rather always
valid when y reaches the value y = 0, i.e., if x¢ = x§ = 1/2 according to (6.114)
and x¢, = 1/2 according to (6.108b). Discontinuity is only observed at the
temperature (6.118) if (6.117), in addition to the solution y = 0, also possesses,
according to (6.116), the symmetric solutions -y, and y,. This is the case (see
Fig. 6.6) if the slope of the curve B(y) is negative at the point y = 0, i.e., if

B
<a_> oy P (6.119)
9y /y=o 2kT

or Q > 2 is valid. According to (6.111), this is the case when the system with the
pair concentration x4, = 1/2 given at y = 0 becomes unstable. Insertion of
(6.118) into (6.119) leads to the condition

4 2 z
E Ath > E [Aeg + '2— (ng - th):| (6.120)

for the occurrence of a discontinuity.

If the tendency towards aggregation of the trans- and gauche-bonds, corre-
sponding to (6.120), is sufficiently large, a sudden transition from gauche-bonds
to trans-bonds occurs upon cooling of the system to the temperature T,. The
free energy F,(T) of the system undergoes a break at T,, the internal energy
U,(T) a jump, and the heat capacity C§(T) reaches a singular point of infinity.
Hence, we are dealing with a so-called transition of the first order (Sect. 8.1).
The cause of this discontinuous transition must be seen as follows: A large ten-
dency towards aggregation means that the formation of (¢, g)-pairs is energeti-
cally much more unfavourable than the formation of (%, £)- or (g, g)-pairs. We
can thus observe the tendency that regions in which the segments of the chain
molecules are extended separate from the regions in which the segments are
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highly coiled in order to keep the number of (t, g)-pairs as small as possible. As
chain coiling prevails at higher temperatures, there are no pronounced t-aggre-
gates. Cooling of the system in this state first suppresses the formation of trans-
bonds as the formation of trans-bonds would necessarily be connected with the
formation of energetically unfavourable (z, g)-pairs. With decreasing tempera-
ture, however, the “pressure” to form the energetically most favourable trans-
bonds increases in such a way that finally, still avoiding the formation of new
(1, g)-pairs, extended t-aggregates are suddenly produced (Fig. 6.8). The highest
possible concentration x5, = 1/2 of (t, g)-pairs thus remains a purely fictitious
value.

Nevertheless, with a finite tendency towards aggregation Aw,,, the transition
at T, is never complete. That is, a certain number of gauche-bonds always re-
mains in the system even below T,. The ideal value x¢ = 1 can, provided there
are no restraints, only be achieved in the limit T — 0 (see Sect. 8.2). In the re-
verse case, the system reaches equipartition in the limit T — co with x¢ = 1/3, as
in the case of the ideal system without interaction. This value, however, no
longer corresponds to the highest possible degree of coiling of the chain mole-
cules. That is, with a higher tendency towards aggregation, x¢ < 1/3 holds above
the transition temperature (Fig. 6.8). Only when the mean thermal energy kT
increases enough are some of the gauche-bonds produced at T, able to change
back into trans-bonds under the formation of (t, g)-pairs [see Eq. (6.111)], so

Fig. 6.8. Equilibrium concentration x¢
of the trans-bonds as a function of the
temperature T according to (6.110).
Values of the parameters as in Fig. 6.7.
If the system follows the minimum
free energy f, (thickly drawn curve in
Fig. 6.7), x¢ suffers a discontinuous
jump at T, (thickly drawn curve). It is
remarkable that the equilibrium con-
centration of the trans-bonds above
T, increases with the temperature
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that in the limit T — oo x¢ = 1/3. While the degree of coiling of the chain mole-
cules always increases with increasing temperature in the case of a negligible
intermolecular interaction, it can also decrease under the influence of
intermolecular interactions with increasing temperature. With (6.108), the pre-
sumption of a statistical distribution of the trans- and gauche-bonds leads to

1>x,>2/3 @ x4 >X > Xgq,
2/3>x,>1/2 : Xyg > Xy > Xgqs
1/2>x,>1/3 : Xig > Xgg > Xyt
1/3>x,>0 1 Xgg > X9 > Xy

In the case of a high tendency towards aggregation, the ranges of values of the
second and third lines are dropped for energetic reasons, so that the possible
values of x¢ for 0 < T<+ o are restricted to the first and fourth lines.
Moreover, the symmetry given by (6.116) around the value x$ = x§ = 1/2 is also
a result of the assumed statistical distribution.

As already mentioned, we have neglected all the characteristics caused by the
fact that the trans- and gauche-bonds are lined up on linear chains in the
simple two-level model. In particular, one must understand that the inter-
molecular interaction of the bond types, which we referred to as Aw,, is con-
siderably different from their intramolecular interaction. The sharp fold, for ex-
ample, which develops when two gauche-bonds in a chain are located next to
each other, is energetically much less favourable than the configuration where
two gauche-bonds are separated by a trans-bond. Hence, a (g, g)-pair in the
chain molecules is energetically less favourable than a (t, g)-pair. The intra-
molecular interaction of the different binding types is described in the so-
called rotational isomeric state model [Flory (1969); Mattice, Suter (1994)].

6.4
The Extended Polymer Chain

In the following, we will also consider long, linear polymer molecules which are
composed of a multitude of repeating identical units (prototype: linear poly-
ethylene, Sect. 6.2). These chain molecules are completely extended in the ideal
crystalline state. There is no conformational isomerism, and the degrees of
freedom of the diffusive translational motion of the liquid state transform into
the degrees of freedom of the so-called lattice vibrations of the crystal. If the
polymer molecules are composed of identical repeating units, the unit cells of
the crystal lattice do not comprise the whole molecules but only the units of the
molecules or chain segments whose dimensions are of the order of magnitude
of the dimensions of the chain units [e.g., see Wunderlich (1973)]. Hence, the
individual molecules traverse a multitude of unit cells. (In contrast, in the case
of some irregularly structured biopolymers which are reinforced by intra-
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molecular interaction forces, it is definitely possible that the huge molecules as
a whole form building blocks of the unit cells.)

In view of the thermodynamic properties of the crystalline state, the possi-
ble motions of the crystal lattice units are in the centre of interest, especially the
collective motions of the lattice units as a whole which are based on the trans-
lational degrees of freedom. If the internal degrees of freedom of the lattice
units can be separated from the translational degrees of freedom, and if the
shape and size of the lattice units are not of major importance, reduction of the
real crystal to a lattice of structureless mass points is sufficient when examining
the collective motions. The simplest model of such a point lattice is a strictly
one-dimensional chain of periodically arranged mass points. This model can,
of course, at the same time be regarded as the simplest model of an isolated,
extended polymer molecule. The one-dimensional model already exhibits all
the important characteristics of the collective motions of the lattice units of the
three-dimensional crystal. In addition, compared to the three-dimensional
case, it has the advantage that all results can be given in an analytically closed
form. The one-dimensional model, however, cannot give useful information
regarding the thermal fluctuations of the lattice units as well as the stability of
the crystal lattice, as fluctuations and stability are decisively dependent on the
three-dimensional field of interaction, in polymer crystals particularly on the
field of intermolecular interaction (see Sect. 6.5.3).

6.4.1
The Linear Chain Composed of Equal Masses

First, we will consider the simplest mechanical model of a periodic lattice
structure - the one-dimensional chain composed of equal structureless points
with mass m, which are strictly arranged with a spacing a on a straight line
(Fig. 6.9) - and inquire about the possible motions of the mass points (lattice
units) in the field of their mutual interaction. To begin with, we will assume an
infinitely long chain, so that there are no specific boundary conditions.

The equilibrium position of an arbitrary mass point can be selected as the
origin of the coordinate axis z along the chain. The equilibrium positions of the
mass points n are then characterized by the coordinates

z2=an with n=0,x1,%+2,...

The mass points undergo displacements s, from these equilibrium positions,
which occur only along the z-axis in the strictly one-dimensional case. The co-
ordinates of the displaced mass points are given by

z,=z5+s,.

According to Newton’s lex secunda, the equations of motion of the mass points
are

mzZ,=ms§,=F,. (6.121)
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a So z
f————2] b —_— m
n= -2 -1 0 1 2 3 4 5

Fig. 6.9. One-dimensional lattice of equal masses m which are arranged strictly linearly at a
distance a on a straight line z. Small filled circles: equilibrium positions z3 = an of the
centres of mass of the lattice units. Large circles: lattice units displaced from the equilibrium
position in the z-direction. Displacement of the lattice unit n = 0: s,

F, denotes the total force acting on the nth mass point®. If we assume that the
interaction forces between the mass points are conservative central forces, i.e.,
forces which are not explicitly dependent on the time and only dependent on
the distances between the mass points, the forces F, can be derived via

F,=-— 6.122
oz, ( )

from a potential
D = ¢(... )Z—Z’Z-Z’ZO’ZI’ZZ) ...)

The first integral of the equations of motion (6.121) [insert (6.122) into (6.121),
multiply (6.121) by Z,,, sum over n and integrate over time] then yields the con-
servation law of energy

1
H= 5 > mz2+ & = const. (6.123)

n

Here, # is the Hamiltonian function of the system of the mass points and mz,
the momentum of the nth mass point. The sum describes the kinetic energy
and @ the potential energy of the system.

The potential energy @ can be expanded in a Taylor series about the equilib-
rium positions zj :

=D+ D+ D+ D+ ..., (6.1242)
with
D)= P(...2°,,28,2¢, ...), (6.124b)

5 Here and in the following, a dot over a variable indicates the total derivative of this variable
with respect to the time #: x = dx/dt.
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% <az,,>0 (z,-22)=2 <g—z>0 Sus (6.124¢)

P2 = %Z > <aizzie>o (2 = 23) (2 - 20) = %Z z <a§2zie> %016.124d)
%= 5 322 (), o9 ) e

= é; ; 5 <asn%;sm>0 $25¢Sm > (6.124e)

etc. One can select the potential energy @, of the equilibrium state, which,
according to (6.123), is at the same time the total energy of the ground state, as
the zero of the energy scale and thus set

&, =0. (6.124f)

According to the principles of classical mechanics, the equilibrium positions of
the mass points are further characterized by a minimum of the potential
energy, so that

<a¢> =0 (6.124g)
aSn 0

holds for every n. In addition, if the displacements s, from the equilibrium po-
sitions are very small (|s,| < a), one can terminate the series (6.124) after the
quadratic terms. Thus,

1 2P
b = = — Z z $.5¢ - 6.125
2 n¢ <as,,asg>0 ¢ ( )
For the forces (6.122), one thus obtains
2P
F,=-2 S¢ . (6.126
¢ <asnase >0 ¢ )

The formulations (6.125/6.126) are designated as harmonic approximation,
as they lead to harmonic oscillations of the lattice units. This classical harmo-
nic approximation forms the basis of the theory of lattice vibrations, even if
certain corrections due to quantum mechanics and thermodynamics may be
required. According to quantum mechanics, the equilibrium positions of the
lattice units cannot be determined exactly (existence of the so-called zero-point
oscillations). The ground state is characterized by a minimum of #/ with a non-
zero kinetic energy. Within the scope of the harmonic approximation, this
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leads, however, only to an additional shift of the energy scale [see further below,
Eq. (6.163)]. From the thermodynamic point of view, the ground state at T# 0
depends on the boundary conditions and is determined by the minimum of a
Gibbs potential, at constant temperature and constant volume (fixed chain
ends), for example, by a free energy minimum. Generally, we can expect that the
harmonic approximation becomes invalid at higher temperatures as the dis-
placements s, increase with rising temperature, so that finally the higher terms
can no longer be neglected in the Taylor series (6.124).

If we now confine ourselves to considering the interaction of directly neigh-
bouring mass points and set

2
<a d>> _ 28,
952 /,

< ’o >_< > >— B
9s5,905,_1/o 05,05,41/0 ’

we finally obtain

Fn=_ﬁ(sn_5n+l)‘ﬂ(sn_sn—l)- (6-127)

This formulation corresponds to a coupling of neighbouring mass points by
ideal-elastic, mass-less Hookean springs with the elastic spring constant g [see
Hooke’s law in the form (5.38)]. Insertion of (6.127) into (6.121) yields the
equations of motion

mgn =IB(5n—1 _25n+sn+l) (6128)

and the Hamiltonian function of the system
m 1
}[=725ﬁ+;ﬁ2(5n*5n-1)2- (6.129)
n n

The solutions of the mutually coupled differential equations (6.128) in com-
plex notation are (see annotation on p. 235)

s, = Aeitkan-on (6.130)
In general, these are travelling sine waves which traverse the point lattice to the

left or right, depending on the sign of k. k is the so-called propagation or wave
vector whose magnitude, the wave number, is coupled via

| k| =2m/A (6.131)

with the wavelength A of the waves. The so-called angular frequency is w =
27ty ; v is the oscillatory frequency of the waves, ¢ the time. The magnitude of
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the velocity with which the phases of the waves propagate is given by
lwl=2Av=c/|k|. (6.132)

The pre-exponential A of Eq. (6.130) is an amplitude factor common to all dis-
placements s,, which may still contain an arbitrary phase factor e*. The ratio of
amplitudes
Sn+m = etkam

Sn

for two arbitrary lattice units reflects the invariance of the chain with respect to
translations by an arbitrary multiple of the lattice constant a.

In addition, we have
eikan-wt = cog (kan - wt) + i sin (kan - wt)

with i = (-1)"2 Real solutions of the Eq. (6.128) are the real component as well as the
imaginary component

cos (kan - wt) = cos kan cos wt + sin kan sin wt ,

sin (kan - ct) = sin kan cos wt - cos kan sin wt .

The individual terms of the sums in these equations are also solutions of (6.128) and describe
standing waves. The travelling waves are thus caused by the superimposition of standing
waves. In the following, we will proceed from the specific solution

s,= A coskan cos wt (6.130%)

for discussion and graphic representation of momentary images of the oscillatory phenomena.

It should be noted (and this is of particular importance considering the
mutual interaction of the lattice waves; see further below and Sect. 6.5.4) that
the medium in which the waves propagate only consists of discrete lattice
points, i.e., that it is extremely inhomogeneous but characterized by a certain
periodicity. As a result, the waves whose wavelength is smaller than the double
distance 2a between neighbouring lattice units lead to physical situations
already described by the waves whose wavelengths are greater than or equal to
this double distance. As shown by (6.130) or (6.130%), every wave vector

kK'=k+2nl/a (6.133)

with an arbitrary integer € leads back to the physical situation described by k.
Restricting the wave vector to the so-called first Brillouin zone

LY P (6.134)
a a

is, therefore, sufficient and leads to uniqueness. The wave number | k| then
remains, except for the factor m, entirely in the unit cell of the (one-dimensio-
nal) reciprocal lattice [Brillouin (1953)].
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Insertion of (6.130) into (6.128) yields the equation
— ik ikay — — ., ka
- Be @~ 2 +e*) =2B(1 - coska) = 4f sin 5 (6.135)

Hence, the relation
1/2
w=wk)=2 <—E>
m

exists necessarily between the frequency and the wave vector. Waves travelling
to the left or right with -k and + k and the same wave number have the same
frequency. For a representation of the relation (6.136), it is, therefore, sufficient
to restrict oneself to the interval 0 < k < 7t /a (Fig. 6.10A). According to (6.134),
the frequency spectrum ranges from @ = 0 to the finite maximum frequency

(6.136)

@ oy = 2 (BIm)12. (6.137)

With =230 N/m and m = 23.4 - 10-?” kg (values more or less applicable to the
CH,-group and the C-C-bond in polyethylene), one finds @, = 2 - 10'* Hz or

Vpax = 3.2 + 10! Hz. According to (6.130), @ = 0 corresponds to a rigid transla-
tion of the whole chain. For @ # 0, however, the centre of mass m Z z,, of the
chain stays at rest.

A B C
W/
1.0 max 101 10- Q {w)
w
v
0,54 0,54

0 T 0 T
2a a 2a

Fig. 6.10. Stretching modes of the linear chain of Fig. 6.9 in the harmonic approximation.
A: dispersion relation w (k) according to (6.136/6.137). B: phase velocity w and group velocity
v as a function of the wave number k according to (6.132/6.136) as well as (6.139). The values
of the velocities on the ordinate are multiples of aw,,,/2. C, solid curve: frequency distribu-
tion function @ (w) according to (6.148). C, dashed line: continuum approximation according
to (6.149). The values on the ordinate are multiples of 2 N/ 1.,
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The individual lattice waves (6.130) are infinitely large with respect to time,
i.e., without beginning and end. They are, therefore, not capable of transporting
energetic signals or disturbances along the lattice. Real, finitely large signals (or
disturbances) are always composed of a certain number of waves of the form
(6.130) with different wave numbers | k| (Fourier’s analysis of the signal). The
velocity with which such signals propagate along the chain is given by the so-
called group velocity

o
v=—. (6.138)
ok
From (6.136), one obtains for the magnitude of the group velocity
k k
lv| = a(B/m)"? cos—2E = %wmaxcos—a. (6.139)

Hence, the group velocity must, in general, be distinguished from the phase
velocity (6.132) (Fig. 6.10B). Due to the dependence of the group velocity on the
wave number, a signal composed of waves with different wave numbers eventu-
ally changes its form and finally undergoes dispersion. The relation (6.136) is,
therefore, also referred to as the dispersion relation.

Of the possible vibrational modes, three cases are of particular interest for
the following:

1) k = m/a: The wavelength reaches the smallest value A = 24, which is phy-
sically significant in the discrete point lattice, at the boundary of the first
Brillouin zone. The frequency @ reaches the maximum value (6.137). For
arbitrary n we always have sin kan = sin tn = 0 and, therefore,

ek = cos tn = (= 1)" (6.140)

is real. These are standing waves. Correspondingly, the group velocity (6.139)
vanishes at the boundary of the first Brillouin zone (see Fig. 6.10B). According
to (6.140), neighbouring lattice units are displaced with the same amplitude in
the opposite direction (Fig. 6.11). The point lattice disintegrates into two sub-
lattices which rigidly oscillate with respect to each other. If the two sublattices
are electrically charged with different signs, an oscillating dipole develops
which is capable of interacting with an external electrical field. The oscillations
can potentially be stimulated optically.

2) k = m/2a: The wavelength is A = 44, the frequency @ = @;,,,/2. One gets

+1,ifn=0,+4,+8 ...
mn )
coskan = cos — = 0,ifn==%1,£3,+5...
-Lifn=+2,%6,+10....

In the case of the standing waves (6.130*), only the second neighbours, respec-
tively, oscillate with an opposite amplitude while the lattice units in between re-
main at rest (Fig. 6.11). The point lattice disintegrates into two sublattices of
which one vibrates whereas the other one remains at rest. This case is a limiting
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z

f—a
Fig. 6.11. Snapshots of the longitudinally polarized lattice waves (stretching modes = compres-

sion waves) of the linear chain according to (6.130*). From top to bottom: k = n/4a, 1/2a,
37/4a, m/a. According to (6.131), the wave lengths are A = 8a, 44, 8a/3, 2a, respectively. See text

case which separates two physically different regions:
For n/2a < |k|<nl/a, Re(s,, /s,) <0 holds.
Neighbouring mass points oscillate with an oppositely directed amplitude.

For 0<|k|<m/2a, Re(s,./s,)=0 holds.

Neighbouring mass points oscillate with an equally directed amplitude (see Fig.
6.12).

3) | k| < m/a: We have a very large wavelength and a small frequency with re-
spect to @y, - Half the wavelength comprises a multitude of lattice units which
are all displaced in the same direction. As the difference between the displace-
ments of neighbouring lattice units is so infinitely small compared with the
wavelength, the lattice waves can be identified to a good approximation with
the longitudinal elastic waves

s(z, t) = Aeitkz- @

which propagate along a one-dimensional homogeneous continuum (a string)
[e.g., see Schaefer (1922)]. With | k| < m/a,

@ =@, alkl|/2 (6.141)

follows from (6.136) and (6.137) and

1/2
|U| = a<—[i> = Wnpax a/2=a)/|k| (6-142)
m
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Fig. 6.12. Real part Re of the ratio of amplitudes s, , /s, of two neighbouring lattice units as a
function of the wave number k according to (6.130)

from (6.139) and (6.137). In the range of quasi-elastic waves | k| < 71/, the fre-
quency is proportional to the wave number. As a result, the group velocity and
the phase velocity become equal (Fig. 6.10B) and both do not depend on the
wave number. In this range, wave signals are not subject to dispersion. We have

lvl=|wl=¢c or Av=c¢ (6.143)

whereby the constant ¢, is identical with the sound velocity of the longitudi-
nally polarized elastic compression waves which propagate along a string:

Cp = (E/Pm)llz

[E: Young’s modulus of the string, ,,: mass density; the Poisson ratio for a one-
dimensional string vanishes, so that the Young modulus becomes proportional
to the bulk modulus; see Eq. (5.41)]. One thus obtains E = f/a as the Young
modulus of the linear chain.

The macroscopic properties of a real crystal, e.g., the thermodynamic re-
sponse functions also depend on the number of lattice units as well as on the
volume occupied by the lattice units. In view of an explanation for the macro-
scopic properties, one has to consider a point lattice with a limited extension
and its boundary conditions. This does not entail any difficulties in the case of
the linear chain [see, for example, Zbinden (1964)], but considerably impedes
the problem solution in the three-dimensional point lattice. In the following, we
will also confine ourselves to a boundary condition in the case of the one-di-
mensional chain, which can easily be treated in the case of a three-dimensional
lattice (Sect. 6.5): the so-called periodic boundary condition. One can show
[Born, Huang (1954), Appendix IV] that this boundary condition, with a suffi-
ciently large number N of lattice units, is completely equivalent to the boundary
condition with a constant volume or fixed chain ends. The finitely long linear
chain composed of N+2 mass points with fixed chain ends has (as one mecha-
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nical degree of freedom is attributed to every free mass point in the strictly
one-dimensional case) a total of N degrees of freedom and is, therefore, capable
of N mutually independent vibrational states. The periodic boundary condition
now selects from the possible vibrational states of the infinitely long chain
those for which

S, =5, .n (6.144)
is valid. Arbitrary chain segments which contain N + 1 lattice units and whose
ends are subject to the same displacement from the equilibrium position are
thus distinguished in the infinitely long chain. Each of these segments can be
identified with the finitely long chain of N+2 lattice units with fixed ends.
Insertion of (6.130) into (6.144) results in

ekaN =1 je, coskaN=1 and sinkaN=0
as a restricting condition with respect to the number of vibrational modes or
kaN =2m¢{

with an arbitrary positive or negative integer £. The wave vector is restricted to
the values

k =2mé€/aN . (6.145a)

If the wave vector is in the first Brillouin zone (6.134), and if we assume an
even-numbered N, € is restricted to the values

N N
€=O,il,i2,...i<3—1>,;. (6.145b)

Corresponding to the number of degrees of freedom of the finitely long chain
with N free links, N vibrational modes are then present in the first Brillouin
zone. These states are identically repeated in the subsequent zones (with | k| >
m/a).

The wave numbers are equally distributed over the first Brillouin zone. The
number AQ of the wave numbers (number of states) is in every interval Ak

ra="Yak.
271

If N is very large and if the k-values are practically densely distributed, one can
also write

ao = Mk,
271
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The number of frequencies w (k) in the interval < @ ; @ + dw > then amounts
to

N
Q(a))dw=2;—dk; k=0. (6.146)
11

In this enumeration, one must confine oneself to positive k-values and multiply
dQ by 2 since, according to (6.136), the states have the same frequency with + k
and - k. As the frequency distribution function on the frequency scale (fre-
quency spectrum), one thus obtains

elw)=— —=— —; k=20. (6.147)
14
and because of
k 1/2
cos—2E=+<1—sin2k7a> for 0<k<mnla

with (6.139), (6.137) and (6.136)

(w)= 2N 1 (6.148)
€ T (@hex — @) '
In the range of quasi-elastic waves (k| < ma,ie., o< @) the frequency

spectrum is practically constant:

() = = const. (6.149a)

nwm ax

With increasing frequency, however, the density of states increases very rapidly
until it finally reaches a singular infinity at the boundary of the first Brillouin
zone (| k| = ma; @ = @) (Fig. 6.10C). The frequency spectrum must cer-
tainly also be normalized over the N degrees of freedom of the finitely long
chain. We obtain with (6.148)

wmax

J o(w)dw=N.
0

If the real spectrum (6.148) is replaced by the spectrum (6.149a) of the quasi-
elastic waves (the so-called Debye or Tarasov approximation; see Sect. 6.5.2),
this normalization can only be satisfied by expanding the elastic spectrum
beyond the maximum frequency @p,,, up to a maximum frequency w?,,. With
(6.149a), one obtains

D
@' max

J. Qel(a)) d(l) = 6Ogax = >
0

max
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ie.,
@Ry = gwmax (6.149b)
(Fig. 6.10 C).

The equations of motion (6.128) are linear differential equations. Arbitrary
linear combinations of the solutions (6.130) are, therefore, also solutions of the
equation (6.128). The actual state of motion of the chain is additively composed
of solutions of the form (6.130). The Fourier transforms

1/2
m .
gx = <—> 3 s, e ikan (6.150a)

are of particular importance among these linear combinations. The factor
(m/N)"? is a normalization factor. Consideration of N suggests that we confine
ourselves to the consideration of a segment of the infinitely long chain selected
by the periodic boundary condition. In (6.150a), we must sum over the N free
lattice units of this segment. If we further assume real displacements s,, the
equation:

qx = 4q-« (6.150b)

must necessarily be valid where g; denotes the conjugate-complex quantity of
qx- Moreover, in order to form the conjugate-complex quantity of g, for k = n/a,
one must switch from the right to the left boundary of the first Brillouin zone,
a state which is not contained in the set of states {g,}. This asymmetry between
{qi} and {g;} can easily be avoided if one changes over to an odd-numbered N.
Inversion of the transformation (6.150) to:

1/2
Z qkeikun = 2 Z Z Sn’eika(n—n’)
k N kK n

leads to

1 .
Y geikan. (6.151)

Sn = (mN)”2 P

For n = n’, it is obvious that

Z eika(n—n’) =N.
k
For n # n’, we obtain with (6.145) the double geometric progression
N,
_ R o p o
Z exka(n—n) - z [e2nz(n—n)/N]€ + z [e—Zm(n—n)/N]@ -1
k €=0 -0

21‘62111' (n-n)IN

=*Wsin [n(n—n’)]=0.
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The expression vanishes because n-n’#0 is always an integer, (n - n’)/N, on the
other hand, a fractional number. Hence, for arbitrary differences n - n’, one obtains

Z eika(n—n’) — N(Snn' (6.152)
k

and from this follows
m\?
> gpeiken = <__> S s, N6, = (mN)2s,,
k N n

which, furthermore, leads to (6.151).

The g, turn out to be the normal coordinates of the system which separate
the coupled differential equations (6.128); and the Hamiltonian function
(6.129) splits into N mutually independent additive terms. According to (6.151),
we have

Z q tkun

Sh =

(mN)I/Z
For the kinetic energy in (6.129), we thus obtain

m
}[in= 252__222 et(k+k)an.
kin = 25 =N & & & el

As in Eq. (6.152), one can show that

3 eitk+kian = N§ . (6.153)

n

is valid. With (6.150b), one thus obtains

Hyn = % x4k

. 1
22 G O k==
k Kk 2

1
2
By transposition of the terms, one can, to begin with, also write

=E Z(Sn_sn—l 2=_E Z(5n+lsn _255+5n—15n)
2 n 2 n

for the potential energy in (6.129). Insertion of (6.151) leads to

B ]
171 - _ z z Z ez(k+k)un (e—zka 2+ ezka .
LT TomN o b £ W )

i.e., with (6.153), (6.150b) and (6.135)

1
Hoo=— 2 @Ofqeqx -
pot = 5 2 k 9k 9k
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The Hamiltonian function (6.129)
H = }[kin + }[pot
separates into a sum

H =2 Hy (6.154a)
k
of N mutually independent Hamiltonian functions
1 . . k¥ 2 *
ﬂk=3 (qqu + (l)quqk) . (6154b)

If one introduces the momentum conjugated to the coordinate g,

Pqu‘I:Zq—kzpik)

then the following is also valid:

ﬂﬁ% (Px Pr + ©OF 1 k) - (6.154¢)
Within the scope of classical mechanics, (6.154) can be represented as

}[:% % (pk + wiqp) - (6.155)

The N equations of motion
i + fq =0 (6.156)

can be obtained by differentiation of the energy conservation law # = const.
with respect to time using (6.154) as an equivalent to the mutually coupled
equations of motion (6.128). These are the equations of motion of N mutually
independent simple harmonic oscillators of which two, respectively, vibrate
with the frequency wy. The coupled motion of the lattice units with their neigh-
bours can thus be reduced to the motion of N non-interacting oscillators via
(6.156) and (6.151).

When determining the classical partition function (6.21), one should take
into account that the oscillators are distinguishable statistical individuals cor-
responding to the states of the chain distinguished by k. The permutation fac-
tor 1/N! in (6.21) should, therefore, be omitted. With (6.155) and f = N, (6.21)
then leads to the classical partition function of the linear chain

Q=—1—rNHuk

hy k
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with
+ oo

r= j e~PI2RT dp, = (27t RT)2

and

+ oo
u, = J' e - WFai/2RT dg, = (2 RT)"?/ a0,

— oo

[see Eq. (6.76a)]. In order to avoid confusions with the wave vector k, we have
used R for the Boltzmann constant. R can be understood as the Boltzmann con-
stant or as the gas constant if one refers the extensive quantities to one mole of
the chain links. With the abbreviation 7 = h/2m, insertion of the integral values
into the partition function yields

Q= HLT

. 6.157
k h(l)k ( )

According to (6.16), (6.22), (6.25), and (6.28), it follows for the free energy, en-
tropy, internal energy, and heat capacity of the linear chain that:

F =RT ¥ In(hw,/RT) , (6.158)
k
S =RN - R Y In(hw,/RT), (6.159)
k
U=RTN, (6.160)
Cy =RN. (6.161)

Equation (6.161) corresponds to the Dulong—Petit law C, = 3RN for a three-
dimensional solid [Eq. (6.227)]. This law applies to many solids to a quite good
approximation in a middle temperature range. However, it fails in the tempera-
ture range where the harmonic approximation should apply best: According to
experiment, the heat capacity of all solids decreases considerably at low tempe-
ratures with decreasing temperature until it finally vanishes in the limit T — 0.
According to Einstein (1907), one has to refer to the quantum theory to explain
this fact.

The Schrédinger equation, related to the Hamiltonian function (6.154c),
yields [after a longer and by no means trivial calculation; e.g., see Pauling,
Wilson (1935)]

1
& n = hoy <n + E) , with n=0,1,2... (6.162)

as energy eigenvalues of the individual harmonic oscillators. First of all, one
can observe that even in the ground state (n = 0), the quantum-mechanical
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oscillators are not at rest (so-called zero-point vibrations). Contrary to the
assumption of classical mechanics (with the normalization @, = 0), the lattice
units have in the ground state the energy

E0=Z £k,0=—Z y (6163)
k 2 &

The cause can be found in the Heisenberg uncertainty principle which prevents
the kinetic energy and the potential energy of the system from being fixed
simultaneously at the value zero. Within the framework of the harmonic appro-
ximation, in which the frequencies w, do not depend on the amplitude of the
lattice units, Eq. (6.163) represents, however, only a constant contribution to the
energy which vanishes as a result of a corresponding shift of the energy scale.

By inserting (6.162) into (6.17), one obtains as quantum-mechanical parti-
tion function Qy of the individual harmonic oscillators the geometric progres-
sion

e—ha)kIZRT

s ahon(n+LVRT — o—haw2RT 3 (- R@K/RTYE —
Qk—né‘,oe k( 2) = e Mok nzzjo(e ke )_1_e_hwk/RT (6.164)

and as quantum-mechanical partition function of the linear chain

e hor2RT

Tyt (6.165)

Q=HQk=H
k k

From this, one obtains, for example, according to (6.16), (6.25), and (6.28), the
free energy of the chain

h
F= 5 Y @i+ RT X In(1 - e~ "ow/RT) , (6.166)
k k

the internal energy
U=3hoy [~ + = 1
= 2 MOk heoriRT _ + P (6.167)

and the heat capacity

h(l)k 2 ehwk/RT
Cy=R % < _T > (R (6.168a)

The heat capacity now vanishes for T — 0 as the experiment requires. For
higher temperatures, i.e., for

h
ho, € RT, e/RT~1 4 1%
RT
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the quantum-mechanical expressions (6.165-6.168) transform into the corre-
sponding classical expressions (6.157-6.161). If N is very large and if the wave
numbers k or rather the frequencies wy, are practically dense, the sums can,
according to (6.146), further be replaced by integrals, i.e.,

@max

... by | ...o(w) dw.
k 0

One then finds, for example, that the heat capacity

®max hoo, 2 Q( @) e"@/RT
Cy=R dw. 6.168b
v J < RT > (eh®/RT _ 1)2 @ ( )

Besides, Einstein (1907) assumed that the motions of the lattice units can be
characterized by a single frequency w, = wg. With this assumption, (6.168)
leads to

)
Cy=RNE < R“f) . (6.1692)

The function

x%e* x2e %

FO = e e

(6.169b)

is designated as the Einstein function. The contribution of individual oscilla-
tors to the heat capacity of the chain as a function of the temperature is repre-
sented in Fig. 6.13 for different frequencies wy.

According to experiment (especially inelastic X-ray and neutron scattering
by solids), a certain particle aspect is associated with the field of lattice vibra-
tions. In the quantum field theory of harmonic oscillators, one proceeds from
the combination of coordinates

1 .
b = —(Zh o) (@0r gy +ip_y) (6.1702)
. 1 . b
k= W (0 q_i - ipy) 6.(170b)

[e.g., see also with regard to the following, Ziman (1969) or Haken (1973)].
Interpreted as operators, by, by prove to be annihilation or creation operators
of quasi-particles. As the field of lattice vibrations, at least in the range of not
too high frequencies, is identical with the field of sound waves, these particles
are called phonons. The operators (6.170) comply with the commutation rela-
tions
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Fig. 6.13. Contribution Cy/RN = ¢y /R of individual harmonic oscillators to the heat capacity
as a function of the temperature T according to (6.169). The frequencies v = /2 of the os-
cillators and the associated temperatures @ = hv/R (Sect. 6.5.2) are

(y): v=229-102s"1;©= 110K,

(a): v=6.25-10%s"1; ®= 300K,

(k): v=196-103s"1; ®= 940K,

(P): v=3.00-10"s"1; ©=1440K,

(0): v=5.00-10"3s"!; @=2400K.
The frequencies (y) ... () more or less correspond to the mean values of the singularities in
Table 2 of the Stockmayer—Hecht model (Sect. 6.5.3, in particular Figs. 6.27 and 6.28) with
B =208 N/m, x/f=0.1,a/3 =0.04, y/ = 0.002, and m = 23.4 - 10?7 kg. The dashed line cor-
responds to the Dulong-Petit law (6.161)

by b~ by by = 6
bk bk'— bk' bk =O, (6171)
bg by-— by b =0,

which are characteristic for all bosons. (Bosons are particles which can occupy

the energy eigenvalues of the Hamiltonian operator in arbitrary numbers.)
Inversion of Eq. (6.170) results in

h 1/2
qx = < > (b + b0,
2(01(

heo 1/2
Pk=i< 2> (bi-b_y) .
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Insertion of these expressions into (6.154c) yields, together with (6.171), the
Hamiltonian operator of a harmonic oscillator in the quantum field theory

1
ﬂk = h(l)k <b;bk + E> 5 (172)

where b} by is an operator whose eigenvalues indicate the number of particles in
the state k. Hence, (6.172) directly shows that (6.162) gives the eigenvalues of
the Hamiltonian operator. The Schrodinger quantum numbers n=10,1,2 ... can
now be interpreted as the phonon numbers in the state k. The energy A, and
the momentum #%k can, similar to the photons in the electromagnetic field, be
assigned to the individual phonons (whereby ik should, however, not be con-
fused with the real momentum msz, of the lattice units!). In the dispersionless
range | k| < 7/a in which the proportionality (6.141) exists and the lattice wa-
ves correspond to sound waves, the energy of the phonons, like the energy of
the photons, is proportional to the momentum. An additional analogy between
photons and phonons is that both are bosons, i. e., quasi-particles which follow
the Bose-Einstein statistics. As a result of this [e.g., see Huang (1963), Pathria
(1972)], the mean number (n;) of the phonons in the state k at the temperature
T is given by the Bose-Einstein distribution function

1

(nk> = W—i‘ . (6173)

The contribution of the phonons in state k to the internal energy of the system is

1
(&) = hooy [("k) + z} (6.174)
in agreement with (6.167). The contribution to the heat capacity is
9 d hoo, 2 ghawRT
Cyr=——= (&) =howy — (n;) =R 6.175
vk =Sn (&) k ST () <RT> (eh@i/RT _ 1) ( )

in agreement with (6.168).

Within the harmonic approximation, the field of lattice vibrations is equiva-
lent to an “ideal gas” of phonons without any interaction. In general, this ap-
proximation is certainly useful at not too high temperatures (and not too high
stress). Nevertheless, it does not provide an explanation for “second order” ef-
fects, such as the differences between Cy and C, or xyand g, or the coefficients
of thermal expansion «; (see Sect. 5.2). Moreover, an explanation of heat con-
duction and the approach to thermal equilibrium is not conceivable without
phonon interactions. (The mean free path ot phonons is infinitely large in the
harmonic approximation.) An explanation of these effects rather requires con-
sideration of the higher terms &;(i > 2) in the expansion (6.124) (anharmonic
approximations; see Sect. 6.5.4). In the quantum-field theory, the higher order
terms &;, @, ... correspond to creation and annihilation processes in which 3,
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4... phonons are involved. The energy conservation law, but not necessarily the
momentum conservation law, holds for these processes. The latter is due to the
fact that the sum of two or several momenta 7k can lead out of the first
Brillouin zone, but the resultant momentum must then, in order to maintain the
unambiguity of the description, be brought back to the first Brillouin zone [see
the comments on Eq. (6.133)]. In general, one must point out here that the
validity of the momentum conservation law of mechanics is linked to the
homogeneity of the space. For the real displacements z, of the lattice units
which occur along the homogeneous z-axis, the momentum conservation law
naturally remains valid. The total momentum of the chain vanishes completely
for k # 0, as with m X s,, the centre of mass of the chain is maintained. The
phonons, on the other hand, are only, as are the lattice waves, defined in the
inhomogeneous space of the mass points, so that the validity of a momentum
conservation law for the %k cannot be expected in the least. For the 3-phonon
process contained in @;, in which two phonons [1] and [2] are destroyed and a
third phonon [3] is created, for example, the energy conservation law is valid:

hwl + h(l)z = hw3 . (6.176)

On the other hand, the “momentum law” is in the form

2mn
hk, + hk, = ks + — K€ (6.177)
a

[see Eq. (6.133)]. This is actually a generalization of the Bragg reflection law
[Brillouin (1953)]. If € = 0, i.e., if the momentum of the phonons is conserved,
one speaks about normal processes. If € # 0, one speaks about Umklapp-pro-
cesses [e.g., see Ziman (1967)].

6.4.2
The Linear Chain Composed of Two Different, Alternating Masses

The linear chain of Fig. 6.9 crystallographically forms a so-called primitive
Bravais lattice. The simplest example of a complicated lattice (a so-called
Bravais lattice with a basis) is given by the linear chain in which mass points
with two different masses m, and mj are alternately arranged with an equal
spacing a (Fig. 6.14). The unit cell of this lattice now comprises two mass
points, with the masses m, and my, respectively. Their length amounts to 2a. If
we choose a mass point with the mass m, as the origin of the coordinate axis z,
the coordinates of the mass points m, are given with

n=0,+1,+2,+3,...
by

Zon = Zgn + Son
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Fig. 6.14. Equilibrium positions of the lattice units of a linear lattice with alternately arrang-
ed masses m, and my

and the coordinates of the mass points mjy by

i o
Zyn+1 = Zon+1 T S2n41 -

In the harmonic approximation [cf. Eq. (6.128)], the equations of motion of the
mass points are, when considering the interaction of the nearest neighbours:

Mu32, = P(San-1 = 2500 + Sans1) > (6.178a)
Mp3Shne1 = B(Son = 250n41 + S2ns2) - (6.178b)
Corresponding to (6.130), the starting solutions for these equations are

5,, = A eikan- o (6.179a)
Syns1 = Bellkatn+) -l (6.179b)

In order to understand given vibrational situations, one can, corresponding to
(6.130%*), proceed from the specific solutions (standing waves)

S, = Acos2kancos wt,

Syne1 = Bcos[ka(2n+1)]coswt.

The assumption is that the lattice units with different masses are also associat-
ed with different amplitude factors A and B. Because of the expansion of the
unit cell of the lattice to 24, the first Brillouin zone must now be restricted to

T k< (6.180)
2a 2a

The smallest, physically significant wavelength is A = 4a [cf. Eq. (6.131)]. For
the determination of the ratio of amplitudes and the dispersion relation, inser-
tion of (6.179) into (6.178) leads to the system of equations

- myw?A=p(Be*a - 24 + Be'?),

- mpw?B =P(Ae*@ - 2B + Ae’?)
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or
(myw?-2B) A +2BcoskaB=0, (6.181a)
2BcoskaA + (mga? -2B)B=0. (6.181b)

This system of equations only has a solution (A, B) differing from zero if the
determinant of the coefficients vanishes, i.e., if

(my?-2B) (mgw? - 2) -~ 4f%cos*ka=0,
is valid. With

2(1 - cos*ka) = 2sin*ka =1 - cos2ka,

w? = p [m, + my = (mi + m} + 2m, mg cos 2ka)''?] (6.182)
nymg

results as the relation between frequency and wave number. The relation is
symmetric with respect to the masses m, and mj;. Therefore, it does not matter
which of the masses is considered as the smaller or the greater mass. We as-
sume in the following

With this, we can also replace (6.182) by

w? = B [(z+ 1) £ ((z+ 1) - 4psinka)'] . (6.183)
my

According to (6.181), the ratio of amplitudes is given by

A ﬁ coska @’ - i'[j
== M4 == Ms (6.184)
- —£ ——E coska
m, mp

Equal frequencies are, of course, attributed to lattice waves travelling along
the chain to the right or left with the same wave number. Every wave number,
however, depending on the sign of the square root in (6.182) or (6.183), has two
different frequencies. The dispersion relation is no longer unique. For k=0
(i.e., sin’ka = 0),

w?= v (p+1)x(p+1)],

ny

with the two solutions
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W = wA,min =0

1/2 1/2
@ = OO0, max = li_zﬂ—’léA(l +l1)i| = |:2ﬂ <mLA+miB>jl

results from (6.183). For k = 7/2a (i.e., sin’ka = 1) at the boundary of the first
Brillouin zone, we obtain according to (6.183)

wzzﬁ[(p+1)i(p~l)l,

my
with the two solutions

Zﬂ 1/2
w:a)A,maxE <-—> )

my

2 1/2 2 1/2
@ = @0, min = <_ﬂ ’l> = <_ﬁ> .
my mp

Over the total range of the first Brillouin zone, the dispersion relation disinte-
grates into two frequency branches

0< @< Wy max (6.185)
and
@0, min = @ < W0, may > (6.186)

which are separated by a finite frequency gap
wO, min — a)A,max = wA,max (\/ﬁ - 1) (6187)

(Fig. 6.15).

According to (6.184), it is obvious that A/B > 0 is always valid for the vibra-
tions of the frequency branch (6.185). Neighbouring lattice units are displaced
in the same direction. In the range | k| < m/2a, this branch contains quasi-
elastic waves, which are comparable to longitudinally polarized sound waves.
The frequency branch (6.185) with

1 1 ) \1/2 12
@ = @4 max [E (p+1)- <z (p+ 1)2—psm2ka/ (6.188a)

is, therefore, designated as the acoustical branch, the vibrational states of this
branch are referred to as acoustic modes. With w = 0, the acoustical branch also
contains the rigid translational motion of the lattice as a whole (A/B = 1). At the
boundary of the first Brillouin zone (k = 71/2a; @ = @4, max) We have B = 0, so
that only the sublattice of the heavier masses m, oscillates, whereas the sublat-
tice of the lighter masses mj is at rest.
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Fig.6.15. Dispersion relation w (k) of the linear chain of Fig. 6.14 according to (6.183) for dif-
ferent ratios of masses p = my/my. The case p = 1 is identical with the dispersion relation
(6.136) of the linear chain of equal masses. The dispersion relation (6.136) appears folded at
the boundary of the first Brillouin zone k = 11/2a because of the doubling of the length of the
unit cell from a to 2a

For the frequency branch (6.186) with
1 1 172712
@ =y x| —(2+ 1)+ [—(p+1)* - psin’ka (6.188b)
, > 4 B B

(6.184) leads to A/B < 0. Hence, neighbouring lattice units always oscillate with
an oppositely directed amplitude. With a suitable electrical charge distribution,
this branch contains vibrations which can be electromagnetically stimulated.
The branch is thus designated as the optical branch, the vibrational states of
this branch (independent of the actual electromagnetic conditions) are referred
to as optical modes. According to (6.184) (with k = n/2a and @ = @¢, in), A =0
holds at the boundary of the first Brillouin zone. That is, only the sublattice of
the lighter masses mj oscillates, whereas the sublattice of the heavier masses m,
is at rest. For k = 0, ® = @q a4, (6.184) leads to

mAA+mBB=O.

We are dealing with vibrations within the unit cells in which the units of every
cell are displaced with respect to each other in such a way that the centre of
mass of the cell is conserved. Considering the lattice as a whole, the lattice of
the heavier masses m, rigidly oscillates against the equally rigid lattice of the



6.4 The Extended Polymer Chain 141

lighter masses mjp, so that the wavelength A = oo is attributed to the motions of

the lattice units with the distance 2a (the length of the unit cell) [cf. Eq. (6.131)].
With increasing ratio of masses 11, the gap (6.187) between the acoustical and

the optical branch becomes ever larger. The band width of the optical branch

@0, max ~ @0, min = (V p+l- \/ﬁ) @4, max >

on the other hand, becomes ever smaller. The condition p = 1, naturally, leads
back to the situation in the linear chain with equal masses (Sect. 6.4.1).
However, if one maintains the distance 2a as the length of the unit cell, the
dispersion relation (Fig. 6.10 A) appears folded at the value k = n/2a (Fig. 6.15,
right).

According to (6.183) or (6.188), the group velocity (6.138) of the lattice waves
propagating along the chain with alternating masses is given by

AW; max <;.lsin2 ka (p - psin? ka)> 12
@ (p+1)*-4psin’ka ’

v=+

(6.190)

whereby the minus sign is assigned to the optical branch and the plus sign to
the acoustical branch, and the sign of the square root additionally distinguishes
between waves travelling to the right or left. With the abbreviation

Q = /Wy max
and

psinka = (p+1)Q2 - Q*,

according to (6.188), one can also write

aa)A, max

v(Q)=F —=T=
p+1-2Q?2

[(p+1-0Q2) (u-Q2(p+1-QY))~ (6.191a)

in place of (6.190). Here, we have with (6.185) for the
acoustical branch: 0<Q <1 (6.191b)
and with (6.186) for the

optical branch: \/u <Q <~/p+1. (6.191¢)

For Q = 0 and the quasi-elastic waves contained in the acoustical branch, which
are characterized by Q < 1, the following is valid:

1/2 2 1/2
V=am, max < P > =a <—ﬂ> = ¢, = const. (6.192)
n
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Once again,
w~|k| or Av=g¢,

holds in the range of the quasi-elastic waves. As the waves with a very large
wavelength do not “perceive” the specific structure of the lattice, only the mean
mass (m, + mpg)/2 appears in the sound velocity ¢, [compare (6.192) with
(6.142)]. The group velocity vanishes at Q? = 1, g, p + 1, i.e., at the boundaries
of the first Brillouin zone, and in the case of the optical branch also for k = 0
(Q? = p+ 1, ® = @Wg may)- The magnitude of the group velocity of the acoustic
modes is generally considerably larger than that of the optical modes (see Fig.
6.16). Moreover, with increasing ratio of masses p1, the group velocity of the op-
tical modes becomes ever smaller until it finally vanishes practically completely
for p > 1 over the whole range of the wave numbers. Hence, mainly the acous-
tic modes and in this case especially the quasi-elastic modes contribute to the
transport of energy along the chain (e.g., to heat conduction).

If we now confine ourselves again by means of the periodic boundary condi-
tions to a chain with N free links (N even-numbered), every branch possesses
N/2 k-modes. The length of the first Brillouin zone (6.180) is 71/a, the density of
the modes of a branch on the k-axis thus amounts to aN/2m Therefore,
corresponding to the Eq. (6.147), the density of states on the frequency scale is
given by

aN 1 1
olw) == <— + -> = 0(@) + o (@) , (6.193)
™ |UA| |Uo|
u=10 p=2 %o
1,01 10
)
0,51 4 54
Yo
0 T ) f T 1 0
0 ;I k—T 90 X k—TC 0
4a 2a 4a 2a

Fig. 6.16. Magnitudes of the phase velocity w and the group velocity v in multiples of aw,, .,
according to (6.190), (6.183), and (6.132) for different ratios of masses p. Index A: acoustical
branch. Index O: optical branch. In the case of the optical modes with k = 0 and @ = @, may
# 0, the phase instantaneously spreads over the chain with w, = oo (left figure). These are
oscillations in which the sublattices with the masses m, or mj are rigidly displaced against
one another
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where v, designates the group velocity of the acoustic modes [Eq. (6.191a) with
the positive sign and the range of values (6.191b)], v, the group velocity of the
optical modes [Eq. (6.191a) with the negative sign and the range of values
(6.191¢)]. The frequency spectrum (6.193) is represented in Fig. 6.17 for p =2
and p = 10. For quasi-elastic waves with Q < 1, one obtains from (6.193) and
(6.192) the constant frequency distribution

N 1+ u\"
Qu(w) = nT< ; p) . (6.194a)
A, max

One can see that replacing the total spectrum (6.193) by the constant spectrum
of elastic waves would be a very bad approximation for the case of the chain
with two different, alternately arranged masses, especially when, with a greater
ratio of masses p, the gap between the acoustical branch and the optical branch

QR

VT
L=10
%el T i
0 v T : v L
0 1 Qp Q— VH VAT

Fig. 6.17. Frequency density @(Q) of the linear chain of Fig. 6.14 for different ratios of mas-
ses 1 (Q = w/w, n.,) . Solid curves: according to (6.193) and (6.191). Dashed line: continuum
approximation according to (6.194)
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is large and the width of the optical spectrum is very narrow. However, one can
only approximate the spectrum of the acoustical branch by using the spectrum
(6.194a). With the normalization

D
@4 max

[ eu(w)dw =NI2
0

the cut-off frequency @y ., of the acoustic band is determined by

172
wz‘Ll),max = E @4, max L) (6.194b)
2 1+p

[cf Eq. (6.149Db)]. With a greater ratio of masses p, the optical spectrum can be
replaced very well by a single mean frequency

1 1
6OE = ? (wO,max + wO,min) = E ( vV IJ +1+ \/ﬁ) a)A,max .

The equation
then holds for the density of the optical frequency band (8: Dirac’s delta func-

tion). Here, the contribution C{ of the optical modes to the heat capacity of the
chain can very well be described by the Einstein term

2 RT

[cf- Eq. (6.169)]. In general, the frequencies of the optical modes are of the order
of magnitude of the infrared light frequencies. Their contribution to the
equilibrium thermodynamics of the linear lattice can, therefore, usually be
neglected at lower temperatures [see Fig. 6.13 (0)].

Qualitatively equal results can be achieved if the equilibrium positions of
equal mass points in the linear chain are alternately arranged at two different
distances, or rather two different spring constants f; and f, alternately act
between the mass points [Maradudin, Weiss (1958)]. If the unit cell of the lin-
ear lattice contains more than two mass points, every additional mass point in
the unit cell produces an additional optical branch in the frequency spectrum
of the lattice. The frequency spectrum of the strictly one-dimensional ...
AABAAB ... - or ... ABCABC ... - chain is thus composed of one acoustical
and two optical branches. The frequency spectrum of the chain whose unit cell
contains Z mass points possesses one acoustical and Z-1 optical branches (see
Sect. 6.5.1). The linear chain composed of an equal number of mass points m,
and mj, in which the different masses are statistically distributed over the
chain, represents a special case [Dean (1960), (1961); see also Martin (1960),
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(1961)]. This chain constitutes the simplest example of a disordered lattice. A
comparison of its spectrum with that of the periodically ordered
...ABAB...-chain allows a first insight into the effects of disorder and defect
structures on the distribution of the vibrational frequencies. As compared
to the spectrum of the chain with alternating masses, the gap between the
acoustic and the optical modes is filled up in the spectrum of the statistical
AB-chain. A multitude of new maxima develops in the high-frequency range,
i.e., in the range of optical modes. These maxima are partly due to so-called
local modes, i.e., to vibrations which do not propagate over the whole lattice,
but are linked to specific local structures of the lattice units.

6.4.3
The Bending Modes of the Linear Chain

The strictly one-dimensional chain particularly serves as a transparent model
for the considerably more complicated case of the three-dimensional lattice.
However, if one considers the one-dimensional chain as a model of a polymer
molecule, arbitrary displacements s, of the lattice units from their equilibrium
position in three-dimensional space corresponding to the real possible move-
ments of the chain links must be allowed. In a rectangular system of coordi-
nates (x, y, z) whose z-axis points in the chain direction, the displacements 3,
can be split into three components: into a displacement sZ in the chain direction
(the only one we have regarded so far) and two displacements s and s}, parallel
to the x- and y-axes. Accordingly, one can expect that a lattice wave which pro-
pagates along the linear polymer chain in the z-direction is composed of three
different vibrational types: of a longitudinally polarized wave in which the lat-
tice units are displaced in the direction of propagation, i.e., in the z-direction
and of two transversely polarized waves in which the lattice units are displaced
perpendicularly to the direction of propagation in the x- and y-directions. The
rotational symmetry of the one-dimensional chain with respect to the z-axis
demands, however, that the two transversely polarized waves only differ in the
direction of their amplitudes.

At first, we will confine ourselves to a chain of equal mass points (Fig. 6.9). If
we assume the origin of the system of coordinates again to be the equilibrium
position of one of the mass points, the equilibrium position of the nth mass
point is given by the three-dimensional position vector

7% =(0,0,2z9)
with
zy=an, n=0,1,%2,....

The actual positions of the mass points displaced from their equilibrium posi-
tion are described by the position vectors

Fu= (X5 V> 20) = (55, 52, an + s2) .
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The distance of two arbitrary mass points n and n + m is

I?n+m - ?n' = [(xn+m - xn)2 + (}’n+m _)’n)2 + (zn+m - Zn)z]l/2 (6-195)

2 2 2711/2
—am|1+ 2(S§+m_sfz)+ 5ﬁ+m_5§ + S§+m_5ﬁ + 5%+m"5%1/
am am am am

If we suppose that the displacements from the equ111br1um positions are small
as compared with the distance between the mass points (|5,| < a), (6.195) can
be expanded in a Taylor series and the series broken off after the linear terms.
This leads to

—> —-> SZ - ) s _SX)Z (S _Syz
'rn+m_rn|:am+(si+m_52)+(m+n (m+n n n+m n)
2am 2am 2am
zarn-'_(sé+m_sfl)=Zn+m—zn' (6.196)

This means, however: If we assume (as before) that central forces act between
the mass points, no transversely polarized vibrations are possible within the
harmonic approximation, as the restoring forces only have a component in the
z-direction in this approximation. In continuum mechanics, this corresponds
to the result that a (one-dimensional) string, which is not exposed to external
forces, is not capable of transversely polarized vibrations (bending modes). A
string can only be stimulated to produce bending modes if it is subject to ex-
ternal stress [e.g., see Schaefer (1922)].In the linear chain, in which only central
forces act, transversely polarized vibrations are only possible in the harmonic
approximation under the influence of intermolecular interaction forces (cf.
Sect. 6.5.3). It thus becomes clear that there is primarily a physical difference
between the longitudinally polarized waves (stretching modes) and the trans-
versely polarized waves (bending modes) of an isolated polymer chain.

The links of a real polymer chain are usually coupled by covalent bonding
forces. Covalent bonds, however, not only resist a change in the bond length but
also a change in the bond angle (valence angle). Covalent bonds can thus not be
described by central forces. Nevertheless, within the scope of the harmonic ap-
proximation, the restoring force F,, which acts on the nth mass point in the
field of interaction of the nearest neighbours, can be divided into two parts
F (r) and F (). E, () is a central force which is caused by a change in the bond
lengths Accordlng to (6.196), their x- and y-components vanish. Their z-com-
ponent is still given by the Eq. (6.127), i.e., more precisely by

F;(r) == Bl(si —si-) + (s - sh)] (6.197)

1_5,, (¢) is due to a perturbation of the valence angles. As the valence angles of the
one-dimensional extended chain are 180° in a state of equilibrium, this force
cannot have a component in the z-direction. Corresponding to Hooke’s law, the
components in the x- and y-directions can be expected to be proportional to
the deviations of the valence angles from the equilibrium state in the (x, z)- or
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(», z)-plane. The constant of proportionality is a measure of the bending resis-
tance of the chain. One must take into account that the displacement of the nth
mass point in the x- or y-directions not only causes a change in the nth valence
angle, but also a change in the neighbouring valence angles at n-1 and n+1.

Consideration of only s or s} is sufficient because of the rotational sym-
metry of the chain around the z-axis. In the following, we will confine ourselves
to the displacements in the x-direction and neglect the subscript x in order to
simplify matters. The displacement s, of the nth mass point in the x-direction
in an otherwise rigid chain causes a deviation of the valence angles from the
“equilibrium state” 180° by ¢, = 2a at the nth mass point and by ¢,_, = a
or ¢,,, = « at the (n-1)th or (n+1)th mass point (compare to Fig. 6.18 with
y=6=0,ie, a = f). The displacement produces a restoring force which is
proportional to 2¢, = 4a. If the lattice units at n—1 and n+1 are already dis-
placed by s,,_, and s, |, the deviations of the valence angles are

Q=aty, g, =a+f, ¢, =p+6,
(Fig. 6.18). The restoring force F, (¢) then is proportional to
Fo(@) ~2(a-y) +2(B-0)=2Q2 P~ Pu1 ~ Pusa) -

With x”as a measure of the flexural stiffness, it follows analogously to (6.197)
that

Fn((p) =-2 K/[(‘Pn - (Pn—l) + (‘pn - (Pn+l)] . (6.198)
Furthermore,
a = arcsin L}:"‘l; B= arcsin >+l
c

hold for the angles o and B in Fig. 6.18. As we assume displacements | 3,| < a in
the harmonic approximation, we have a = b = cand sina = a, sin = S, i.e.,

- Sn = S+
a a

Fig. 6.18. Characteristic parameters of the linear chain of equal masses (Fig. 6.9) with respect
to displacements s, _,, s,, 5,4, of the lattice units perpendicular to the chain
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and
1

g,=a+p= ;(25,, ~Sp1 = Sp+1) -
With the spring constant k = 2k"/a, insertion of this expression into (6.198) re-
sults in the restoring force

Fnz_ K(Sn—2—4sn—1+6$n_45n+1+5n+2)' (6199)
The force acting on the nth mass point necessarily also depends on the dis-
placements of the second neighbours, as the valence angles in the direct neigh-
bours depend on these displacements. In the case of transversely polarized

bending modes of the one-dimensional chain with covalent bonds (Fig. 6.9), the
equations of motion

ms, = k(—$,_,+ 45, 165, + 45,1 — Sy12) (6.200)
appear in place of the equations of motion (6.128) valid for the longitudinally
polarized stretching modes.

As the presumed transversely polarized waves are also only capable of propa-
gating in the chain direction, one can proceed again from the equation (6.130) for
the solution of the differential equation (6.200), whereby s, now describes displa-
cements in the x-direction. Insertion of (6.130) into (6.200) leads to

_ mwzsn = ks, (_ e—izka + 4e—ika -6+ 4eika _ ei2ka) ,

i.e.,to
2 i ka
maw? = 4x(cos’ ka — 2 cos ka + 1) = 16k sin -

Hence, the dispersion relation
16x\2 | . ka
w (k) = <—> sin? — (6.201)
m 2

holds for the transversely polarized bending modes. Moreover, the wave num-
ber should again be restricted to the first Brillouin zone (6.134). The frequency
spectrum ranges from @ = 0 to the maximum frequency

16 172
Oy = <_> , (6.202)
m

which is attained with k = + 7t/a at the boundary of the first Brillouin zone.
With k>0,
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ka k a :
|v] = aw,,,, sin — cos Ta = 3 @nax S0 ka (6.203)

follows from (6.201) as the magnitude of the group velocity (6.138).

If the chain links are capable of vibrating in an arbitrary direction in the
space 3, = (s%, s}, sZ), three mechanical degrees of freedom are assigned to each
chain link. The finitely long polymer chain of N free links thus possesses 3N de-
grees of freedom. The finitely long chain segment selected from the infinitely
long chain by means of the periodic boundary condition (6.144) is capable of
altogether 3N mutually independent vibrational modes. Of these, N modes are
attributed to the differently polarized branches sZ, s} and sz, respectively. The
density of states of the transverse vibrations (6.200) linked with a finitely long
polymer chain must be normalized to N degrees of freedom. Thus, the relation

N 1
O (0 (- DI (620

follows from (6.147) with (6.201-6.203) as the density of states of a branch of
the transversely polarized bending modes. The complete density of states of 3N
vibrational modes of a finitely long linear polymer chain is given by

whereby o;(w) is the density of states (6.148) of the stretching modes and
@, () the density of states (6.204) of the bending modes. The factor 2 in front
of g,(w) is due to the degeneration of the bending modes s% and s}, caused by
the rotational symmetry of the chain. The dispersion relation (6.201), the group
velocity (6.203), and the phase velocity (6.132) with (6.201) as a function of the
wave number as well as the density of states (6.204) of transversely polarized
waves are depicted in Fig. 6.19.

A comparison of the Figs.6.10 and 6.19 shows a considerable physical differ-
ence between the stretching and bending modes of an isolated linear polymer
chain. This difference is particularly pronounced in the area of quasi-elastic
waves with small wave numbers (large wavelengths) | k| < 7/a and relatively
low frequencies @ <€ @y,.x-

w (k) = Zl atw, . k* ~ k? (6.206)

follows from (6.201, 6.202) for the quasi-elastic bending modes. In continuum
mechanics, this corresponds to the dispersion relation

1/2
oo < EI > i
Qom

which exists between the frequency and the wave number of the bending vi-
brations of a homogeneous thin rod with the cross section Q, the moment of
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Fig. 6.19. Bending modes of the linear chain of Fig. 6.9 in the harmonic approximation.
A: dispersion relation @ (k) according to (6.201) and (6.202). B: phase velocity w and group
velocity v as a function of the wave number k according to (6.132)/(6.201) or (6.203). The or-
dinate values are multiples of aw,,,,/2. C: frequency distribution ¢(w) according to (6.204).
The ordinate values are multiples of N/ ey, .y

flexure I, Young’s modulus E and the mass density @,, [e.g., see Schaefer (1922)].
According to (6.203) or (6.206), the group velocity of quasi-elastic bending mo-
des is given by

1
v= > a’w k ~k (6.207)

and the magnitude of the phase velocity (6.132) by

1 1

|W|:Za2a)max|k| =Elul. (6.208)
N 1

(@) = P T w ' (6.209)

results from (6.204) with @/ w,,,, <€ 1 for the density of states. The decisive dif-
ference between the quasi-elastic stretching modes and the quasi-elastic bend-
ing modes is that the frequency increases proportionally to the wave number
in the case of the stretching modes [cf. Eq. (6.141)], but increases proportio-
nally to the square of the wave number in the case of the bending modes. Thus,
in the phonon picture, only the longitudinally polarized phonons are analogous
to photons with respect to the energy-momentum relation. The transversely
polarized phonons, in which, according to (6.206), the energy % is proportio-
nal to the square of the momentum #k, behave like the acoustical magnons
[quasi-particles of the spin-waves; e.g., compare Kittel (1966)] or like non-in-
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teracting inert (mass-charged) particles [Baur (1972)]. In the quasi-elastic
range, the group velocity (6.139) of the stretching modes assumes its maximum
value (6.142) and is constant and equal to the phase velocity. Signals from
quasi-elastic stretching modes are transferred with maximum velocity without
dispersion. The group velocity (6.203), on the other hand, vanishes with k = 0
and then, according to (6.207), gradually increases proportionally to the wave
number. Signals from quasi-elastic bending modes are transferred extremely
slowly and are always subject to dispersion. In the quasi-elastic range, the phase
velocity of the bending modes is only half of the group velocity. The fact that @
does not converge towards zero with | k| but with k? finally leads to the occur-
rence of an additional point of accumulation at @ = 0 in the frequency spec-
trum (6.204). While the density of states of the stretching modes (6.148) is con-
stant in the quasi-elastic range, the density of states of the bending modes
(6.204) decreases with @2 from the singular point @ = 0. These differences
certainly have a decisive influence on the contributions of the stretching and
bending modes to the thermodynamic response functions of a polymer.
However, this will first be addressed in Sect. 6.5, as one can see that there is an
additional important difference between the stretching and bending modes
propagating along an extended polymer chain: whereas the properties of the
stretching modes are hardly affected by the intermolecular interaction forces,
which are relatively weak compared to the covalent bonds, the properties of the
acoustic bending modes at the limit co — 0 are extremely dependent on the in-
termolecular interaction field.

Hence, the 3N vibrational modes of a linear chain composed of identical co-
valently bound lattice units which are arranged at an equal distance (Fig. 6.9)
are divided into three frequency branches with N different modes, respectively:
one branch of longitudinally polarized stretching modes and two mutually de-
generate branches of transversely polarized bending modes. In a linear chain
composed of two different, alternately arranged masses (Fig. 6.14) or rather, a
bit more generally, in every linear chain with two lattice units within the unit
cell, each of these frequency branches splits into an acoustical and an optical
branch (see Fig. 6.15). The 3N vibrational modes of the AB-chain with
alternately arranged, covalently bound lattice units are distributed over six
frequency branches with N/2 different modes, respectively: one branch of
longitudinally polarized acoustic stretching modes, two mutually degenerate
branches of transversely polarized acoustic bending modes, one branch of
longitudinally polarized optical stretching modes and two mutually degenerate
branches of transversely polarized optical bending modes. The frequency spec-
trum of the linear chain whose unit cell contains Z mass points possesses, in
addition to the three acoustical branches, Z-1 longitudinally polarized optical
branches and 2(Z-1) doubly degenerate transversely polarized optical bran-
ches. As the optical branches in the case of covalent (relatively strong) bonding
of the lattice units mostly have high frequencies, the three acoustical branches
are particularly important for the thermodynamic properties, whereby in the
range of quasi-elastic waves

@ ~ |k| and ¢(w) = const. (6.210a)
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hold for the longitudinally polarized stretching modes and
©~k* and ¢o(w) ~ w12 (6.210b)

for the transversely polarized bending modes.

6.4.4
The Planar Zigzag Chain

Real polymer molecules rarely occur as strictly linear chains. In the ideal ex-
tended state, for example, they assume the form of a zigzag chain or that of a
helix. In the extended polyethylene chain (Sect. 6.2) with a valence angle
y = 110°, the equilibrium positions of the lattice units (CH,-groups) along the
chain direction (z-axis) are arranged in a zigzag pattern on a narrow, two-
dimensional planar band (Fig. 6.20). Three differences become immediately
obvious when comparing the zigzag chain to the strictly one-dimensional
linear chain:

1) The displacements s and s, in the x- and y-directions perpendicular to the
z-axis perturb the bonds of the lattice units in a completely different man-
ner. The degeneracy of the bending modes is broken.

2) The displacements sZ in the z-direction are not only capable of changing the
bond lengths but also the valence angles. The displacements s}, are not only
capable of changing the valence angles, but also the bond lengths, as the
bond lengths now possess a component in the y-direction. One should ex-
pect a possible coupling of the stretching and bending modes.

3) The band in the (), z)-plane, on which the equilibrium positions of the mass
points are arranged, exhibits a moment of inertia around the z-axis. In addi-
tion to the stretching and bending modes, torsional modes should also be
possible.

x
Shet

z J\ 5,54.]
O 0

\{,—
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I
[}

Fig. 6.20. Equilibrium positions of the lattice units of a zigzag chain on a two-dimensional
planar band in the (y, z)-plane. Length of the unit cell: 4; valence angle in the equilibrium po-
sition: y; displacements in the three directions of space x,y,z: s
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Furthermore, the geometry of the zigzag chain demands that the exact ana-
logue of the displacement s}, of a lattice unit in the y-direction must be desig-
nated with s}_, = s}, = - s} for its neighbours. If & describes the difference in
phase of two neighbouring lattice units, we have

SZ+1 : $x+l i
"L is and ML oib (6.211a)
sz sy
n n
but
Shtl _ _ g6 — gi(6om) (6.211b)
%

In the literature, the phase difference is often used in place of the wave number
| k |. Apart from that, one can see that the unit cell of the zigzag lattice contains
two lattice units which do not differ materially, but differ in their geometrical
position. The frequency spectrum of the chain composed of equal mass points
with valence angles y # 180° also contains optical branches which are separated
from the acoustical branches by a gap.

The dispersion relations of the stretching and bending modes, whose dis-
placements remain restricted to the (y, z)-plane (these are the so-called in-
plane modes), can be summarized with a single expression using the phase dif-
ference 4. According to Kirkwood (1939), we have

@ = w? + (0} - 03)2, (6.212a)
w3} = E (1 +cosycosé)+ 2%(1 + cos 8) (1 - cosycos b, (6.212b)
m
Jé] K
wt=8—){—) (1+cosé)?(1-cosé), (6.212¢)
m/ \m

where y is the valence angle of the chain in the equilibrium position of the lat-
tice units. With y = m, the plus sign in (6.212a) and 6 = ka, (6.212) transforms
into the dispersion relation (6.136) of the stretching modes of the linear chain,
and with y = 7, the minus sign in (6.212a) and 6 = ka + 7 [see Eq. (6.211b)],
(6.212) transforms into the dispersion relation (6.201) of the bending modes of
the linear chain. Generally, (i.e., for y# m), the plus sign in (6.212a) corresponds
only to an optical branch (in which neighbouring lattice units are displaced in
the opposite direction) and the minus sign in (6.212a) to an acoustical branch
(in which neighbouring lattice units are displaced in the same direction),
whereby both branches are separated by a gap. The simultaneous occurrence of
the spring constant B for the perturbation of the distance of the lattice units
and the spring constant x for the perturbation of the valence angles indicates
that with y # 7, a clear distinction between the stretching and bending modes
is no longer possible. With 6 = 0, @ = 0, the acoustical branch contains the rigid
translation of the lattice in the z-direction, and with § = 7, @ = 0 the rigid
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translation of the lattice in the y-direction. In between, the orientation of the
displacements s, gradually changes with an increasing phase difference from
the z-direction to the y-direction. The in-plane modes generally have a z-com-
ponent s% as well as a y-component sJ:5, = (0, s%, s3). The waves with the fre-
quencies (6.212) propagating in the z-direction are generally neither transver-
sely nor longitudinally polarized.

Within the harmonic approximation, the vibrations in the x-direction per-
pendicular to the (y, z)-plane (the so-called out-of-plane modes) can be regard-
ed as being independent of the vibrations in the (3, z)-plane. In order to de-
scribe them, however, an additional spring constant k, must be introduced,
which is a measure of the flexural stiffness of the two-dimensional band.
According to Pitzer (1940), the dispersion relation for these vibrations, which
are independent of y, is

a)2=E(4—2cos6—4c0526+2cos35). (6.213)
m

The values 6 = 0, @ = 0 correspond to a rigid translation of the lattice in the x-
direction. With 0 < § < 7/2, neighbouring lattice units are displaced in the same
direction leading to the development of transversely polarized bending modes
of the band. With n/2 < é < m, neighbouring lattice units are displaced in
the opposite direction. These are the torsional modes of the band. With 6 = m,
@ = 0, the torsional modes transform into a rigid rotation of the bandshaped
lattice around the z-axis.

When one directly compares the dispersion relations (6.212), (6.213) of the
zigzag chain with the dispersion relations (6.136) and (6.201) of the strictly
linear chain, all the relations must be folded at § = 7/2 or | k| = /24, as the unit
cell of the zigzag chain contains two mass points and the length of the unit cell
thus amounts to d = 2a (see Fig. 6.15). The connection between the phase dif-
ference 6 and the wave number | k| in the range

6=0...71/2 is given by |k| = 6/a
and in the range
S=m/2..m by k| = (- 6)/a.

The folded dispersion relations are represented by y = 180° and y = 110° in Fig.
6.21 [the transition from the one to the other case becomes even clearer if one
selects, for example, y = 160° as an intermediate value]. In detail, the compari-
son shows the following:

In the zigzag chain, the stretching modes s () of the linear chain split up into
an acoustical branch sa(p, k) and an optical branch so(f, k), whereby both
branches also become dependent on the flexural stiffness «. In the range | k| <
mt/d of the quasi-elastic waves, the difference between s(f) and sa(j, k) is
small. In the case of long wavelengths, large regions of neighbouring lattices
units are displaced in the z-direction, so that the valence angles in the zigzag
chain are hardly perturbed. The smaller the wavelength with increasing wave
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Fig. 6.21. Solid curves:
dispersion relations w (k)
of the oscillations in the
planar zigzag chain with a
valence angle y = 110° ac-
cording to (6.212) and
(6.213). so, b,0: optical in-
plane modes; sa, ba:
acoustical in-plane modes.
b,o0: torsional modes; b,a:
acoustical out-of plane
modes. Dashed curves:
dispersion relations of the
linear chain (y = 180°)
according to (6.136) and
(6.201). s: stretching mo-
des; b: bending modes.
The dispersion relations
of the linear chain were
folded at k = m/2a = n/d
(see Fig. 6.15). [From Baur
(1972)]

number, the smaller the regions in which neighbouring lattice units are dis-
placed in the same direction. The valence angles are more and more perturb-
ed. The displacements acquire a component in the y-direction and with
increasing wave number, sa(f, k) increasingly approaches the branch b(x) of
the bending modes of the linear chain. In the zigzag chain, the bending modes
b (x) of the linear chain also split into an acoustical branch b,a(B, k) = b;a and
an optical branch b,0 (B, k) = b,0, whereby the difference between b (x) and b,a
remains small in the entire range of the first Brillouin zone. It is remarkable
that even in the zigzag chain in the range of quasi-elastic waves, in which
the stretching and bending modes can still quite clearly be distinguished, the
stretching modes still satisfy the relations (6.210a), and the bending modes the
relations (6.210b).

The vibrations (6.213) of the two-dimensional band naturally do not have an
analogue in the linear chain. The folding of the relation (6.213) at § = 71/2 or
| k| = mt/2a = n/d leads to the development of two branches b.a(k,) = b,a and
b.o (k,) = b,o. The branch of the bending modes in the x-direction b,a, in which
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neighbouring lattice units are displaced in the same direction, must be classi-
fied as the third acoustical branch of the zigzag chain. It also fulfils the relations
(6.210b) in the quasi-elastic range. The branch b,0, in which neighbouring lat-
tice units are displaced in the opposite x-direction, includes the torsional
modes of the zigzag chain and must be classified as an optical branch. As such,
this branch represents an anomaly in so far as one obtains @ = 0 in the limit
| k| — 0 (rigid rotation of the chain around the z-axis), as for the acoustical
branches. This anomaly, however, is cancelled in the field of intermolecular in-
teraction. In the three-dimensional solid, b,0 occurs as an optical branch with
relatively low frequencies for which @ # 0 in the whole first Brillouin zone.

Consideration of the internal degrees of freedom of the lattice units, i.e., in
the case of polyethylene consideration of the degrees of freedom of motion
within the CH,-groups, leads to further splitting and the occurrence of new
branches. However, this only affects the range of optical modes, whereas the
acoustic modes are practically not affected [Tasumi et al. (1962)]. The effects of
the intermolecular interaction field on the dispersion relations of the lattice
waves propagating along the CH,-zigzag chain were examined by Tasumi,
Shimanouchi (1965) and Tasumi, Krimm (1967). In chain molecules which
form helices, the strong covalent binding can also be subject to a certain “sof-
tening” in the range of optical modes: With an increasing number of units per
turn, optical modes of the helices can drop to a relatively low frequency range
[e.g., see Telezhenko, Sukharevskii (1982)].

6.5
The Ideal Polymer Crystal

Consideration of the intermolecular interaction effective in a three-dimensio-
nal solid is important for a variety of reasons when examining the lattice vibra-
tions of a polymer chain. Moreover, the lattice waves in a three-dimensional
solid are not only capable of propagating along the chain molecules but also
in every arbitrary direction of the space occupied by mass points.

6.5.1
Born-Von Karman (Harmonic) Approximation

At first, we will generally consider the three-dimensional solid to be an aggre-
gation of N free structureless mass points without considering a specific struc-
ture of the aggregation. If m, denotes the mass of the nth mass point, s, = (s%,
s, s3) its displacement from the equilibrium position, and F, = (F%, F, FZ) the
total force acting on the nth mass point, the equations of motion of the mass
points, corresponding to the equations (6.121), are

m,,.?,, =I_5,, (n=1...N). (6.2144a)

As long as there are no assumptions regarding the arrangement of the mass
points, a consecutive numbering of the coordinates s¥ ... s2 and the com-
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ponents of the forces Ff ... F with j = 1 ... 3N is advantageous. If one sets
Ms,_, = M3, ; = M5, One can also write

m;5;=F, (j=1...3N). (6.214b)

in place of (6.214a). The system of equations (6.214) is formally identical with
the equations (6.121) of the linear chain except for the discrimination of differ-
ent masses as well as the greater number of considered degrees of freedom. In
the same way, one can use the formalism of the equations (6.122-6.126) and
thus obtain the equations of motion of the mass points of the three-dimensio-
nal solid in the harmonic approximation [Born-von Kdrmdn theory; Born, v.
Karmdn (1912, 1913), see also Born, Huang (1954)]

mj$}=—z ijsk, (_]:1 ...3N). (6.2153)
k
whereby
2
9s; 05, /o

was used to abbreviate the coefficients of the quadratic term (6.124d) of the po-
tential energy &. Equation (6.215) leads to the Hamiltonian function of the sys-
tem of mass points

1 1
H=— z mJS§+ — ZZ (pijj Sk - (6.216)
2 2 ok

As long as there are no assumptions regarding the structure of the solid and
the masses m; are regarded as being different, the solutions of the equations
(6.215) have to be formulated somewhat more generally when compared to
(6.130) with

Sj - Aj ei(wt+ a) . (6.217)

The mass points oscillate around their equilibrium position with the ampli-
tude

A, = (A%, AL, AD) = (A3 2, Az 15 Asy)
of the frequency v = w/2m and an arbitrary phase &, common to all mass

points. In order to determine the amplitudes and the angular frequency, inser-
tion of (6.217) into (6.215) yields the system of equations

13
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(8: Kronecker delta). With the mean mass

m =

1
— Im
3N

and the transformed amplitudes

(6.218) becomes

m
% <W (p]k - m(l)z(Sjk> Bk =0. (6.219)
]

This is the eigenvalue equation of the matrix m®;/(m;m,)"*> with the eigenva-
lues m@? and the eigenvectors (B, ... Bsy) [e.g., see Margenau, Murphy (1956)
or Courant, Hilbert (1965)]. It only has a solution different from zero if its de-
terminant vanishes:

-0 (6.220)

m
' ¢jk_ m(l)z(Sjk

(mjmk)”z

The so-called characteristic determinant (6.220) forms an algebraic equation of
the 3Nth order, which generally possesses 3N different solutions w, (€ =1 ...
3N). An eigenvector (B! ... Bfy) is attributed to each of these solutions, so that
there are (3N)? equations

m
]

In addition, because of

¢jk = ¢k] = real ’
the 3N eigenvectors necessarily form a so-called orthonormal system, i.e., we
have

3 BiB{=13X B5Bf= & (6.222)
k k

[the equations (6.152) and (6.153) in Sect. 6.4.1 represent a special case of the
equations (6.222)].

By means of the eigenvectors, the 3N coupled equations of motion (6.215)
can be transformed into their normal form, i. e., into a system of mutually com-
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pletely independent equations. If one introduces the so-called normal coordi-
nates g, via

m \122
s; = <?> CZ Bf qe > (6.223)
j

one first of all obtains from (6.215)

m
mX Be‘]e——%%m Py Biqe

or with (6.221)

ZBer—‘Zwe

If one multiplies this equation by B¥ and sums over j, one also gets

Z(}ZBfo)Qe=‘§w%(§BfB§) qe

€

that is with (6.222)
G + wEqr=0 (k=1...3N). (6.224)

These are the equations of motion of 3N mutually independent harmonic oscil-
lators, as we have already found them with the equations (6.156) under con-
siderably more specific conditions for the linear chain. In contrast to (6.156),
however, k in (6.224) does not have the meaning of a wave number but only of
a running subscript. (The concept of a wave number only becomes relevant if a
certain structure is assumed in the aggregation of mass points; see further be-
low.) The inversion of the equation (6.223) shows that the oscillations described
by (6.224) are not vibrations of individual mass points but collective motions of
all the mass points in the solid, the so-called normal modes of the solid as a
whole.

With the transformation (6.223), the Hamiltonian function (6.216) decom-
poses into 3N mutually independent additive terms. Insertion of (6.223) into
(6.216) yields with (6.221), (6.222) and the momentum p; = m g, conjugated to
the coordinate g,

.7‘[=Z}[k
k

1 1
Hy = — pt+— mwiqi. (6.225)
2m 2

The determination of the classical or quantum-mechanical partition function
of the solid is carried out as in the equations (6.158) or (6.165), with the only
difference that k is a running subscript ranging from 1 to 3N. Because of the in-
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creased number of degrees of freedom, we now obtain in place of (6.160) with-
in the framework of the classical calculation

U=3RTN (6.226)
for the internal energy of the solid and in place of (6.161) the Dulong-Petit law
C, = 3RN (6.227)

for the heat capacity. Within the framework of quantum mechanics, the ther-
modynamic functions of the F-representation of the three-dimensional har-
monic solid are given by the equations (6.165-6.168). The equation (6.168b),
here repeated as equation (6.228),

@ max <h(l)>2 Q(w) ehco/RT d

CV:R(.)[ RT ) ("R _ 1)z @,

(6.228)
also holds specifically for the heat capacity of the solid, whereby the frequency
distribution function ¢ (@) must now be normalized to 3N degrees of freedom.
As we have not made any assumptions so far regarding the structure of the so-
lid, the equations (6.165-6.168) or (6.226-6.228) hold for every arbitrary solid
in the harmonic approximation, i.e., also, at least in principle, for glasses or for
any mixed forms such as partially crystalline polymers. One must take into ac-
count, however, that the harmonic approximation, in which only the quadratic
term &, of the potential energy is considered, postulates a parabolic potential
around a given equilibrium position. The region of validity of this presumption
definitely depends on the structure of the ensemble of mass points. In glasses,
the anharmonic terms @; (i > 2) in (6.124) are already important at very low
temperatures, so that the harmonic approximation can only provide a first,
rough idea.

Hence, the main problem with respect to the thermodynamics of solids
consists, within the framework of the harmonic approximation, in the deter-
mination of the density of states ¢(w). This is, of course, a very difficult pro-
blem in the case of an amorphous arrangement of mass points. But even in the
case of a periodic arrangement of mass points only approximations are usually
possible.

Let us again consider an infinitely extended point lattice. With a periodic
arrangement of the mass points, this lattice is composed of an infinite number
of mutually identical unit cells, each of which can be described by three non-
coplanar primitive translation vectors (basis vectors)

aj = (ajc) ajy) af)) _]= 1)2)3

[see any textbook on crystallography or Jagodzinski (1955)]. In the rectangular
coordinate system (x, y, z), the positions of the unit cells are then characterized
by the position vectors

?% = nlal + nzaz + n3&)3 . (6.229a)
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The n; are arbitrary positive or negative whole integers
n; = 0,+1,+2,+3,... (j=12,3),
which can be condensed as number triplets (vectors) 11 = (n,, n,, n3). If
ai a3 aj
A= al a) a}
ai a; aj

designates the matrix of the basis vectors [ij, one can also abbreviate (6.229a)
with

re=4an. (6.229b)

B S

If the origin of the coordinate system (x, y, z) occurs at the equilibrium position
of a lattice point, and if we have a simple Bravais lattice with a single lattice unit
per unit cell, (6.229) simultaneously describes the equilibrium position of the
lattice points. In a cubic primitive lattice with the lattice constant a, we obtain,
for example,

a 0 0
4= 0 a 0 (6.230)
0 0 a,

If the unit cell contains Z lattice units, the equilibrium position of every unit
within the cell must be characterized by an individual position vector 73 (u =
1 ... Z). The equilibrium position of an arbitrary lattice unit in the crystal is
then given by

7= AR+ T, (6.231)

If the lattice units are subject to displacements

-

Sﬁ, H = (Sg, p’ 5%, p) Sé, ].1)

from their equilibrium positions, their positions are determined by the posi-
tion vectors

[

>
A p 7,

pt S (6.232)
Due to the periodicity of the lattice, the solutions of the equations of motion

(6.215) are

-

Sip= Au el k-t = Z;(}(’) i (ka7 - wt) (6.233)

[e.g., see, also with respect to the following, Maradudin et al. (1963) or Leibfried
(1955)]. They correspond to the solutions (6.130) or (6.179) of the linear chain,
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but now describe spatially polarized plane waves which are capable of propa-
gating in every arbltrary direction in the crystal occupied by lattice units. (An
example is shown in Fig.6.22.) The scalar product of the two vectors kand 7 ré

is expressed by:

A — Q Q Q
kr% n kxx?l,}l + kyy?l,ll + kzzﬁ,p

direction of propagation of the waves is given by the wave vectork = (k,»
2)-

he
,» k;). The magnitude of the wave vector
k

Ikl = (k2 + k2 + k)12,

the wave number, is still connected with the wavelength A of the waves via the
relation (6.131). The periodicity of the lattice reflected in (6.229) has the effect
that the wave vectors

K'=k+2md'e (6.2342)
with
€=(€,,¢,,¢)

Fig. 6.22. Snapshot of the (001)-plane of a cubic primitive lattice traversed by a transversely
polarized planar lattice wave (6.233). Black dots: equilibrium positions of the centres of mass
of the lattice units; circles: instantaneous positions of the lattice units. The planar wave fronts
are perpendicular to the plane of the drawing and intersect this plane at the diagonal thin
lines [i.e., run parallel to the (210)-planes of the lattice]. Direction of propagation of the
waves (wave vector): k; lattice constant: g; wave length: A; arbitrarily chosen reference
point: (0;0); distance of the equilibrium position of the centre of mass of the nth lattice unit
from this reference point: r,; displacement of the centre of mass of the nth lattice unit: s,;
respective components in the (001)-plane (s% = 0): s%, s%. [From Wunderlich, Baur (1970)]
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and
€j=0,il,i2,i'3,... (j=1,2,3) (6.234b)

describe the same physical situation as the wave vector K [cf. Eq.(6.133)]. 47 is
the reciprocal of the transposed matrix 4 of 4; that is the matrix of the basis
vectors in the reciprocal lattice. In the case of the cubic primitive lattice, (6.230)
leads to

1
— 0 0
a

" 1
at=1 0 — 0

a
0 0 —
a

Uniqueness in the description can again be achieved by restricting the wave
vectork to the first Brillouin zone, determined by the unit cell of the reciprocal
lattice. Corresponding to (6.134), the following holds in the cubic primitive
lattice:

T m
-—<k.<—,

3
SR

T s
-—<k,<—.
a a

Insertion of the solutions (6.233) into the equations of motion when deter-
mining the amplitude vectorsA, (and the polarization of the waves) as well as
when determining the dispersion relations @ = w (k) leads to a system of equa-
tions of the form (6.218) or (6.219). Due to the periodicity of the lattice, how-
ever, its characteristic determinant (6.220) reduces to 3Z rows and 3Z columns.
Hence, in the case of periodic lattices, (6.220) represents an algebraic equation
of the 3Zth order which generally yields 3Z different solutions @, (k) = 0(o =
1 ... 3Z; Z: number of lattice units in the unit cell). The dispersion relations
split up into 3Z generally different branches w,(k), and

lim oo, (k) =0
k—0

is valid for three of these branches. These are the acoustical branches, whose
waves in the range of very small wave numbers (long wavelengths) correspond
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more or less to the plane waves
$(7,1) = Aeiki-@

which propagate in a three-dimensional elastic continuum. The limiting case
k = 0, @ = 0 describes _the rigid translation of the lattice as a whole in the di-
rection determined by A. The remaining 3 (Z-1) branches - in the sense explain-
ed in more detail in Sect. 6.4.2 - have to be classified as optical branches, and

lim w,(k)#0
k—0

is valid for these branches. In the limiting case k = 0 (i.e., A = =0), the primitive
lattices, of which the complicated lattice in the case Z > 1 is composed, oscillate
rigidly with respect to each other (cf. Sect. 6.4.2).

In order to formulate the so-called periodic boundary condition (cf. Sect.
6.4.1), a parallelepiped with the edge lengths Ld,, Ld,, Lda; must be marked in
the infinitely large crystal (L: a positive integer). This is an enlarged copy of the
unit cell. L? = N, is the number of unit cells, N = ZN, the number of lattice units
contained in this parallelepiped. The periodic boundary condition now re-
quires that the displacements of the lattice units in the unit cells on one of the
surfaces of the parallelepiped correspond to the displacements of the lattice
units in the unit cells on the opposite surface. The periodic boundary con-
dition, thus, requires

-

3)rl]-,p: Snj+L,;1 (]= 1>2’ 3) (6235)

Insertion of (6.233) leads to

These equations are only fulfilled if

is valid and €; is an arbitrary positive or negative integer. Corresponding to Eq.
(6.145a), one obtains for the wave vectors with € = (€., €, €3) the restricting

condition

> 2 -
K= T",q-le. (6.236a)

The wave vector lies in the first Brillouin zone if the numbers €;, corresponding
to (6.145b), are restricted to

L L
€=0,+1,+2,...+(=-1),= (6.236b)
J 2 2
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(L : an even number). Altogether L* = N, different wave vectors are found in the
first Brillouin zone, in the selected parallelepiped under the periodic boundary
condition. As stated above, 3Z frequencies @ > 0 are attributed to each of these
vectors. Altogether, the parallelepiped is capable of 3ZN, = 3N different vibra-
tional states. As already mentioned in Sect. 6.4.1, this parallelepiped, under the
periodic boundary condition with sufficiently large L, is fully equivalent to a
finite, real crystal of the same structure consisting of N free lattice units and
being subject to the boundary condition of constant volume [Born, Huang
(1954), Appendix IV]. In order to simulate the external form of the real crystal,
one can, in addition, naturally proceed from a parallelepiped with the edge
lengths L,d,, L,a,, Lyd;(L, # L, # Ls: positive integers).

In the case of a propagation in three-dimensional space, the group velocity
(6.138) of the waves characterized by k is given by the vector

b= <8a) O aw> grad, o (6.237)
3k, dk,’ ok

To determine the density of states ¢ (@) of the vibrations, one can proceed as in
the case of Egs. (6.146 and 6.147). As every fixed w is linked to waves capable of
propagating in all possible directions of the space, the factor 2 in (6.146) (which
took into account that two directions of propagation were possible for every
fixed frequency ) needs to be replaced by an integration over the surfaces
a)(k) = const. in the (practically dense) three- dimensional k- space. One thus ob-
tains for the density of the individual frequency branches w, k) (0=1 ... 37)

L\ da,
0o(@) = <;> la| | Bk (6.238)

where dA,, is a surface element on the surface w, = const. in the k- space over
which one must 1ntegrate The determinant of 4, |ﬂl| is equal to the volume V,
of the unit cell, i.e.,, L}|4| = NV, = V, the volume of the crystal. Accordmg to
(6.236), L3>|a |/ (21t)3 indicates the homogeneous dens1ty of the k-vectors in the
k-space. The total frequency spectrum of the crystal is additively composed of
the spectra (6.238) of the individual branches:

e(w) =2 o (w) . (6.239)

Evaluation of the integrals (6.238) requires that the dispersion relations
@ = w,(k) in every direction k/k of the space be known, a problem which
can only be handled approximatively. The logically simplest method for deter-
mining the density of states o(w) is the so-called root sampling method
(for which, however, if one wishes to obtain useful results, extensive calcula-
tions are definitely necessary) [see Maradudin et al. (1963)]: One takes a quite
large number of allowable k-values and determines the respective frequencies
@, (k) for these k-values from the characteristic determinant (6.220). The
dispersion relations and densities ¢,(w) are then interpolated using the points
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in Iz—space thus obtained. In this respect, the crystal symmetry often allows a
considerable restriction of the ranges from which thek-values must be selected.
A disadvantage of this method is that critical points on the surfaces @ = const.
[which are necessarily present; van Hove (1953)] and the resulting singularities
of ¢ (w), which are characteristic for the spectra, may possibly be lost.

6.5.2
Continuum Approximations

Thermodynamic quantities such as the Helmholtz free energy (6.166), the in-
ternal energy (6.167), or the heat capacity (6.168), (6.228) depend via a sum or
integral on the density of the lattice vibrations of the solid. This means that the
subtleties of the density of states are not reflected in these quantities and that
relatively rough approximations for ¢(w) are sufficient for a description of the
development of the thermodynamic quantities as a function of temperature.
On the other hand, these approximations do not yield a large amount of physi-
cal information on the real molecular situation. An exception in this regard is
the range of very low temperatures in which, for energetic reasons, only lattice
waves with a low frequency and wave number or a long wavelength are ther-
mally excited. As the displacements of neighbouring lattice units practically
only differ by infinitesimal amounts in cases of a low frequency and long wave-
length, the specific structure of the lattice cannot play a decisive role in this
range. Simple interrelationships displaying a certain general validity, irrespec-
tive of the solid structure, for the development of thermodynamic equilibrium
quantities at very low temperatures can be expected within the framework of
the harmonic approximation.

The lattice vibrations with a low frequency and small wave number excited
at low temperatures originate from the acoustical branches and are more or less
identical with the running elastic waves (sound waves) which propagate in a
continuum. A simple proportionality to a power of the frequency:

¢o(w)~w" ', n>0 (6.240)

is generally valid for the frequency distribution of these waves [e.g., see
Egs. (6.149), (6.194), (6.209), or (6.210) in Sect. 6.4 with n = 1 and n = 1/2]. If
one inserts (6.240), for example, into (6.228), one obtains an expression for
the heat capacity which is proportional to the so-called generalized Debye fun-
ction

e,/T
@ T n m n+1 ax
Dn<_m>5n<_> [P
T @m 0 (ex_l)2

0,/T
TN\~ xn [3) 1
=nn+1)|— dx-n{2) ——, 6.241a
( )<@> J.e"—l <T>e@m/T—l ( )

m 0
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where
0,, = ho,,/R (6.241b)

is a characteristic temperature fixed by the upper limit w,, of the frequency in-
terval in which (6.240) should be valid. According to (6.241), the simple pro-
portionality of the heat capacity to

D, <%"> =nn+1)I(n+1)g(n+1) <@l>n (6.242)

m

follows for temperatures T < ©,,. Here, I denotes the so-called gamma func-
tion and ¢ the so-called Riemann’s zeta function [e.g., see Grébner, Hofreiter
(1961)]. Hence, with an exponential law of the form (6.240), the heat capacity is
proportional to T" at very low temperatures. In addition, D, was normalized
with the factor n w,;" in such a way that

O,\ _
D, <T> =1 (6.243)

results for T > ©,,.

Debye (1912) proceeded from the argument that every solid, irrespective of
its structure, should resemble a homogeneous elastic three-dimensional conti-
nuum with regard to the frequency spectrum of its collective vibrational modes
at low temperatures. Three different branches must be distinguished among the
possible vibrational modes in an isotropic continuum: a branch of longitudin-
ally polarized drift waves (€) and two branches of transversely polarized shear
waves (t). These waves propagate in all directions of the space with the same
wavelength-independent sound velocity

E(1 - v) 12 E 172
= [ } or ¢ = [——} (6.243)
e, (1 +v)(1-2v) 20,(1 +v)

[E : Young’s modulus; v: Poisson’s ratio; @,,: mass density; compare Schaefer
(1922)]. They fulfil the dispersion relations

ow=clkl or w=c|k|. (6.244)
Their group velocity (6.237) is thus given by
Do =coklk, ie., |B)=c,=const. (6.245a)
or

>

b, =c,kik, ie., || =c =const (6.245b)
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The phase and group velocities are equal, the waves do not undergo dispersion.
According to (6.244), the integration in (6.238) extends over the surface of a
sphere with the radius | k|, whereby the constant group velocity can be placed
in front of the integral. This leads to

w’ w?
fdAm=4nk2=4n— or =4m—.
c} c?
t

For the frequency distribution function (6.238, 6.239) of the sound waves in a
three-dimensional homogeneous isotropic continuum, therefore, one obtains

o(w) :ZL <L + i) w?. (6.246)

nt \ ¢} c?

The factor 2 in the last term is due to the degeneration of the two transversely
polarized branches in an isotropic medium. Even though the polarization and
velocities of propagation ¢, and c, are dependent on the direction of propaga-
tion of the waves in an anisotropic continuum, the proportionality of the spec-
trum @ (w) with respect to @? is maintained. Hence, the exponent 7 in (6.240)
is generally n = 3 in the case of a three-dimensional elastic continuum. For
T < ©,, and with I'(4) = 6,6(4) = 7*/90, one obtains via (6.242) Debye’s famous
T3-law

e amt [ TV
Cy ~ D; <—"’> = <—> , (6.247)
T 5 \0,

which should be valid for all three-dimensional solids irrespective of their
structure at low temperatures. As a matter of fact, this law has largely been con-
firmed [e. g., see to Blackman (1955)]. As long as the heat capacity is solely de-
termined by the elastic vibrations of the solid, deviations can only occur if the
vibrational spectrum is superimposed by low-frequency local or optical modes
which, for example, make an exponential contribution to the heat capacity via
(6.169), or if from T = 0 upwards anharmonic effects are important. In glasses,
a deviation from Debye’s T3-law can be found below 1 K. This so-called glass
anomaly can be explained by the fact that the molecular units of the glasses do
not have a defined equilibrium position [Hunklinger, Sussner, Dransfeld (1976);
Phillips (1981)]. There are, of course, always deviations if, in addition to the
elastic vibrations, other mechanisms noticeably contribute to the heat capa-
city (e.g., the conduction electrons in metals or the spin waves in ferromag-
netic substances).

For crystals, the proportionality of ¢ () with respect to w? and thus the pro-
portionality of the heat capacity with respect to D;(®,,/T) or T? is only physic-
ally justified in the temperature range in which only the dispersionless quasi-
elastic vibrations of the lattice units are excited, i.e., for low or very low tempe-
ratures. However, Debye (1912) had already observed that in some substances a
good approximation can be achieved by expanding the validity of the propor-
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tionality over the whole range of the frequency spectrum. One reason for this
success is that, as already mentioned, the subtleties of the real frequency spec-
trum are not reflected in the heat capacity. The major reason, however, is that
the complicated spectra of crystals with an only slightly pronounced anisotropy
can often be averaged quite well by means of parabolically increasing density of
states (see Fig. 6.26 in Sect. 6.5.3). If one accordingly normalizes the density of
states (6.246) over all 3N degrees of freedom, which a finitely extended crystal
composed of N free discrete lattice units possesses, one obtains with

D

_[ ¢(w)dw =3N
0

as the upper limit of the Debye spectrum

6712 3 .3 \1/3
@3 = <3N—— &> (6.248)
V 3+ 2
and as the characteristic Debye temperature
O, = hwQIR . (6.249)
For the heat capacity (6.228), one obtains vig (6.241) the equation
[2)
Cy=3NR D, T . (6.250a)

According to (6.247), Debye’s law holds then at low temperatures in the form:

2t/ TV
T < ©,: Cy(T) = NR —_- <—> , (6.250b)

and, according to (6.243), the Dulong-Petit law holds at high temperatures:
T> ©,: C,(T) =3NR. (6.250¢)

Deviations from (6.250) which may possibly occur at mean temperatures can be
corrected by understanding the characteristic temperature @, itself to be a
function of the temperature. The variation of @; = ©;(T) can give orientating
information not only on the real distribution o(w) of the states of the lattice
vibrations, but also on the interaction forces between the lattice units as well as
on the characteristic elastic quantities of the lattice [Blackman (1955)].
Polymer crystals are characterized by strong covalent bonds between the lat-
tice units along the chain molecules, weak van-der-Waals bonds perpendicular
to the chain molecules, or dipole bonds which, compared with the covalent
bonds, are still weak. Hence, polymers develop highly anisotropic crystals. For
this reason alone, the Debye approximation in the form (6.250) cannot apply to
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polymers. The large energetic difference between the binding forces along and
at right angles to the chain molecules has the effect that particularly those lat-
tice waves which propagate along the chain molecules contribute to the high-
frequency range of the distribution function ¢ (). The high-frequency lattice
waves propagating along the chains stress the strong covalent bonds. The inter-
molecular interaction forces, on the other hand, only represent weak distur-
bances for these waves (cf. Sect. 6.5.3). Tarasov (1950, 1953) concluded from this
that the density of states of the lattice vibrations of a polymer crystal can only
be replaced by the density of states (6.246) of the three-dimensional continuum
in, compared with (6.248), a highly restricted interval 0 < @ < ;. In an adjacent
interval @; < @ < w,, on the other hand, the real density of states must be ap-
proximated by the distribution (6.149) of the one-dimensional continuum.
Hence, one proposes in the so-called Tarasov approximation that

0<ws< ws: o(w) = a;a? (6.251a)
holds in a first frequency interval and
w3 < W< w;: ¢o(w) = a, = const. (6.251b)

in an adjacent frequency interval. If f; independent vibrational modes are pos-
sible in the first interval and f; independent vibrational modes in the second in-
terval, the density of states has to be normalized by the integrals

[ @,

f olwdow=f;, f ¢lwdw=f,

0 @3
whereby

fs+fi=3N (6.251¢c)
must be valid. This normalization leads to

as = 3_f;,/(l)_§, 5 4y =f1/((1)1 - (1)3) . (6.251d)

If one inserts (6.251) into (6.228), one obtains in place of the Debye approxima-
tion (6.250) the following continuum approximation for the heat capacity of a
polymer crystal:

Cy=R [f31)3 <%> ts JE 5 [OIDI <%> - @,D, <%>H ) (6.252a)

According to (6.241), D; or D, are the three- or one-dimensional Debye func-
tions, respectively, and @, or @,, the characteristic temperatures corresponding
to the upper limits of the frequency intervals (6.251):

©, =hw;/RT or ©,=hw,/RT. (6.252b)
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If one further assumes with Tarasov for the distribution of the vibrational
modes

@3 @3
=3N—, fi=3N(1-=),
st amw(1-g)

(6.252) results in the Tarasov equation

Cy = 3NR [Dl <%> + % [D3 <%> - D, <—@T—3->H . (6.253a)

This leads with (6.242) and (6.243) in the range T <€ @, < ©, again to Debye’s
T3-law in the form

1274
50,03

Cy = NR T3 (6.253b)

and in the range ©; < ©, < T to the Dulong-Petit law (6.250c). If, furthermore,
®; <€ @), i.e., @; < o, holds (which can be assumed to be true in many cases
due to the strong anisotropy of the interaction forces), an intermediate range
®; € T < O, should also exist, in which, according to (6.241), (6.242) with
n = 1, we have a polymer-specific T-law

7.[2
Cy=3NR_——T. (6.253¢)

1

In a way, the Tarasov approximation takes into account the anisotropy of
polymer crystals, but not the fact that a constant density of states (6.251b) is
only given for the quasi-elastic stretching modes of the polymer chains, where-
as the quasi-elastic bending modes, which produce at least two thirds of the
vibrational modes of an isolated polymer chain, satisfy a relation of the form
(6.209) [Lifshitz (1952); Stockmayer, Hecht (1953); Genensky, Newell (1957);
Baur (1970), (1972)]. The equations (6.252) or (6.253) can, therefore, only be
valid for the contribution Cj of the stretching modes to the heat capacity. If
one normalizes the density of the stretching modes over N degrees of freedom,
one obtains corresponding to (6.252)

®3s> fls < ®ls> <@35>
$ =R |fi,D +—2 1©,.D - ©,D . (6.254a
\4 |:f’>s 3 < T @15 _ @35 1 1 T 351 T ( )

with

fis+fis=N; O, =hw,R; O, =hwR. (6.254b)

According to (6.209), the exponent in (6.240) amounts to n = 1/2 for the bend-
ing modes of isolated chain molecules. If one normalizes the density of the
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bending modes over 2N degrees of freedom, one gets according to Tarasov’s
arguments,

e f, 2) 2)
b 3b 1b 112 M\ _ o2 ~3b
Cy=R [fszs < T > + o - o [@w Dy, < T > O3 Dy, < T >:H .

(6.254¢)
as a contribution to the heat capacity with

fio+ fis =2N; O3 =hws/R; Oy =hwy/R. (6.254d)
In this approximation, the heat capacity of the polymer crystal is given by

Cy=Cy + Ch. (6.254¢€)
In an intermediate range ©,,, ©@;, < T < @\, O,,, the polymer-specific relation

Cy(T) =¢T+c,T? (6.254f)

should now be valid instead of (6.253¢c), as is seen, for example, in the case of
linear polyethylene between ca. 100 K and 200 K [Baur (1970)]. The representa-
tion of the contribution of the bending modes in the range 0 < @ < w;, by
means of a Debye function D;, however, remains somewhat problematic in the
approximation (6.254). If the proportionality @ ~ k? i.e., || ~ k or | D] ~ @'?
holds for the bending modes [see (6.206) or (6.207)], one obtains, in the case of
the three-dimensional wave propagation via (6.238), a proportionality g, (w) ~
w'?, i.e.,in (6.240) an exponent n = 3/2. According to (6.242), there should be a
range at low temperatures in which the bending modes yield a contribution

CY%(T) ~ T3 (6.255)

to the heat capacity. This would correspond to Bloch’s T32-]law valid for spin
waves [Kittel (1966)]. In the case of the lattice waves of a polymer crystal, how-
ever, the validity of Bloch’s law certainly does not apply to very low tempera-
tures as the proportionality g,(w) ~ @"? in the limit @ — 0 results in an insta-
bility of the lattice (Sect. 6.5.3). At very low temperatures, the true Debye’s T3-
law in the form (6.247) also holds in all cases for polymer crystals. With
increasing temperature, however, the contribution of the bending modes to the
heat capacity can change from a proportionality with respect to D; into a pro-
portionality with respect to D;,. Hence, the restriction of the validity of Debye’s
T3-law to a very narrow temperature range in polymers is not only due to the
strong anisotropy of the crystals but also due to the particularities of the bend-
ing modes of the polymer chain molecules. The difficulties which occur when
compiling a simple continuum approximation are caused by the strong depend-
ence of the relation between the frequency @ and the wave number k on the di-
rection of propagation of the waves in the bending modes (Sect. 6.5.3). In a
pure form, the proportionality @ ~ k?* (with k > 0) only holds, provided that
there is a sufficiently strong anisotropy of the interaction forces, for the quasi-
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elastic bending modes propagating in the direction of the chain molecules. For
the quasi-elastic bending modes propagating perpendicularly to the chain
molecules, on the other hand, the proportionality @ ~ k supposed by Debye and
Tarasov is maintained. In the other directions of propagation, a gradual transi-
tion takes place between these two proportionalities [see Eq. (6.269), below].
With respect to the bending modes, a consistent continuum approximation
would thus have to take into account the different directions of propagation.
Moreover, one should then also point out that because of the anisotropy, differ-
ent maximum frequencies are generally attributed to the vibrations (i.e., also to
the stretching modes) in the different directions of propagation. The cut-off
frequencies and the characteristic @-temperatures would thus become depen-
dent on the direction of propagation. Such a complicated continuum approxi-
mation does not seem very useful if only because of the multitude of para-
meters that are needed. Simple lattice models are, therefore, preferable for an
approximative determination of the density of states o (w).

6.5.3
The Stockmayer—Hecht Model

Stockmayer and Hecht (1953) studied an infinitely large crystal composed of
parallelly aligned linear chains whose links consist of equal mass points m and
form a simple tetragonal Bravais lattice in the equilibrium position (Fig. 6.23).
The equilibrium position of an arbitrary mass point is selected as the origin of
the rectangular coordinate system (x, y, z), in which the z-axis points in the di-
rection of the chain axis. The distance of the nearest neighbours in the z-direc-

Fig. 6.23. Stockmayer-Hecht
model. The mass points m of the
linear chains (unbroken lines)
form a primitive tetragonal

Y Bravais lattice. Parameters of
X interaction: « ... k (see text)
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tion is ¢, the distance of the nearest neighbours in the x- and y-directions a = b.
In the harmonic approximation, the interaction between the lattice units is de-
scribed by five spring constants:

B for the changes in distance of the covalently bound direct neighbours in
the chains,

K for the flexural stiffness of the covalent bonds,

a for the changes in distance of direct neighbours in adjacent chains,

2y, 26 for the changes in distance of diagonally neighbouring chain links in
adjacent chains.

Compared with the more complicated crystal structures which exist in real
polymers, the Stockmayer-Hecht model is without doubt a highly simplified
model. With a single lattice unit in the unit cell, for example, the gaps which ge-
nerally exist between the acoustical and optical branches (cf. Sect. 6.4.2) are dis-
regarded. With valence angles of 180° in the chains, the real torsional modes
possible (Sect. 6.4.4) are ignored. With the suppositions 8> a, y, § and « = 0,
however, the model contains the two most important characteristics of all poly-
mer crystals: the strong anisotropy of the interaction forces and the flexural
stiffness of the chain molecules. Furthermore, a cubic primitive lattice whose
lattice units are only exposed to central forces can also easily be described with
c—a, - a,x— 0,and y — 6. The model thus allows with increasing fand «
a simple demonstration of the development of polymer-specific properties
from the quasi-isotropic cubic lattice. The model further allows a direct com-
parison with the simple model of the isolated linear chain (Sects. 6.4.1 and
6.4.3) and thus a first simple insight into the effect of intermolecular interac-
tion forces. The properties of the model in the range of quasi-elastic waves
should, after all, have a certain general validity, so that the model becomes suit-
able for controlling the predictive power and limits of validity of the various
continuum approximations (Sect. 6.5.2).

The characteristic determinant (6.220) reduces to 3 rows and 3 columns
since the unit cell of the tetragonal Bravais lattice only contains a single mass
point. We obtain in particular

@), =2a(l - cosk,a) + 46(1 - cosk,a cosk,a)
+ 4y (1 - cosk,a cosk,c) + 4x(1 - cosk,c)?,

Py, =2a(l - cosk,a) + 46(1 - cosk,a cosk,a)
+ 4y(1 - cosk,a cosk,c) + 4x(1 - cosk,c)?,

@33 =2B(1 - cosk,c) +4y(1 - cosk,c cosk,a)
+ 4y(1 - cosk,c cosk),a) s

P, = P, =46sink,asink,a,
&3 = @3, = 4y sink,asink,c,
D)3 = D3, = 4y sink,a sink,c.
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The components k,, k,, k, of the wave vector k should be restricted to the first
Brillouin zone

> (6.256)

If one selects a subvolume of the infinitely large lattice, which contains N,N,
parallel chains with N, chain links, as the periodicity volume, the values of the
components are further restricted to

2 2 2
kx=—n€x; kyz_ney; kzz_nez, (6.257a)
aN, aNy N,

in which the €; (i = x, y, z) are integers which lie in the intervals

N, N,
e P (6.257b)
2 2

[see Eq. (6.145) in Sect. 6.4.1].
If we specifically consider a polymer crystal in which van-der-Waals forces
act as intermolecular interaction forces,

B>k a>y 6

must be presupposed. The left part of this inequality expresses that the intra-
molecular covalent bonds are considerably stronger than the intermolecular
van-der-Waals bonds. The right part expresses that the van-der-Waals forces do
not extend very far. Under these conditions, the non-diagonal terms &;;(i # j) of
the characteristic determinant can, as a good approximation, be neglected.
Moreover, y = § can approximately be assumed. As solutions of the characteris-
tic determinant, we then obtain the three frequency branches

1
i, =— [2a(1 - cosk,a) + 4y(2 - cosk,a cos k,a - cos k.a cosk,c)

m
+ 4k (1 - cosk,c)?], (6.2582a)

1
@}, = - [2a(1 - cosk,a) + 4y(2 - cosk,a cosk,a - cos kya cosk,c)

+ 4kx(1 - cosk,c)?, (6.258b)

1
w?=—[2B(1 - cosk,c) + 4y(2 - cosk,c cos k,a - cosk,c cosk,a)] (6.258¢)
m
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The omission of the non-diagonal terms of the characteristic determinant has
the consequence that the amplitudes of the lattice vibrations are exactly orient-
ed in the direction of the coordinate axes. During the vibrations of the branches
@y, and @y, the mass points are displaced in the direction of the x- or y-axes,
respectively, i.e., perpendicularly to the chain direction (bending modes of the
chains). During the vibrations of the branch w;, the mass points are displaced
in the direction of the z-axis, i.e., in chain direction (stretching modes of the
chains). This, however, does not allow a statement about the polarization of the
lattice waves.® The waves of the branches w,, and @,, are transversely and the
waves of the branch w, longitudinally polarized if the waves propagate in the
chain direction (k, = k, = 0). The waves of the branch w,, are longitudinally
and the waves of the branches w;, and @, transversely polarized if the waves
propagate in the x-direction (k, = k, = 0) etc. In general, the lattice waves
(6.258) are neither longitudinally nor transversely polarized. It should be men-
tioned that the branches w,, and w,, are also interchanged following the inter-
change of k, and k,, whereas the branch w; is not affected. This reflects the
specific symmetry of the tetragonal Bravais lattice, which would be broken, e. g.,
with a # b. The interchangeability of k, and k, means that the two branches @,,
and @,, lead to an identical frequency spectrum @,(w). It does not mean, ho-
wever, that the branches w,, and w,, in a given direction k/k are mutually de-
generate. A degeneration only occurs if k, = ky is valid, i.e., if the lattice waves
propagate in the z-direction (k, = k, = 0) or in a diagonal direction (with k, =
k, # 0 and arbitrary k,).

Let us more closely consider the lattice waves which propagate along the
chain molecules (k, = k, = 0). If the intermolecular interaction with a = y =0
can be neglected, the relation (6.258¢) transforms into the dispersion relation
(6.136) of the stretching modes and the relations (6.258a, b) into the dispersion
relation (6.201) of the bending modes of the isolated linear chain. When con-
sidering the intermolecular interaction, (6.258¢) leads to

1/2
o = [4<ﬂ+4y)]

m

k
il (6.259a)

for the stretching modes. Because of § > 1y, this equation is also practically
identical with (6.136). For the longitudinally polarized stretching modes propa-
gating along the chain, the intermolecular interaction forces only represent a

6 In the polymer literature, the lattice waves in which the displacement of the chain links oc-
curs perpendicularly to the chain axes are often designated as transversely polarized and
the lattice waves in which the displacement of the chain links occurs in the direction of the
chain axes as longitudinally polarized. Nevertheless, this does not correspond to the prac-
tice in physics according to which the polarization of plane waves is defined by the ratio of
the directions of the amplitudes to the direction of propagation.
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weak disturbance over the whole range of the first Brillouin zone. In addition,
the maximum frequency of these vibrations

1/2
e = [M} (6.259b)

m

is at the same time the maximum frequency of the whole spectrum of lattice
vibrations. For the frequency (6.259b), however, a point of accumulation no
longer occurs in the three-dimensional lattice, as was the case in the one-di-
mensional model (Fig. 6.10C). The density ¢,(w) of the stretching modes,
which has to be determined via (6.238), rather approaches zero with @ — @y
(see further below). That the interaction parameter a does not play a role in
(6.258¢) and (6.259) is again due to the specific symmetry of the tetragonal
Bravais lattice. But even when this symmetry breaks (e. g., when the chain mole-
cules are no longer perpendicular to the (x, y)-plane), the statement that the
dispersion relation (6.136) of the isolated chain is practically maintained for
stretching modes propagating along the chains remains valid because of > a.
From (6.258a, b) with k, = ky = 0, one obtains

1 1/2
@y = Wy = [; [4y(1 - cosk,c) + 4k (1 - cos kzc)z]}

8 k c 1/2
= [— <y + 2k sin? L)}
m 2

for the bending modes propagating along the chain molecules. The statement
that the intermolecular interaction forces merely represent a weak disturbance
for the lattice waves only applies here in the range of sufficiently large wave
numbers. If

k,c

sin

(6.260)

k.c
y < 2k sin? ?,

(6.260) becomes practically identical with the dispersion relation (6.201) of the
isolated chain. In the range of quasi-elastic waves with |k,| < m/c, (6.260) under
the condition y < k leads to

1 1/2
@y = @y = [; 2y + Kczkﬁ)} clk,|. (6.261)

If | k,| is still sufficiently large so that 2y < xc?k? is valid, we get the relation
(6.206, 6.202)

1/2
K
@y, = (I)by = <'n"1—> Czkg ~ k2 5 (6.262)
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which is valid for the quasi-elastic bending waves of the isolated chain. For very
small wave numbers for which 2y > kc?kZ, however, we obtain

2 1/2
Wpy = Wpy = <;y> clk,| ~ k. (6.263)

The characteristic of quasi-elastic bending waves, the proportionality of the
frequency  to the square k* of the wave number, which we particularly em-
phasized in Sect. 6.4.3 and 6.4.4, is thus cancelled in the field of intermolecular
interaction in the limit k — 0. This is a physically necessary result, as the lattice
would become unstable with the proportionality (6.262) in the limit k — 0
(see below). Nevertheless, the “anomaly” of the bending modes, as compared to
the stretching modes, is not lost. This becomes most evident if one compares
the group velocity of the waves (Fig. 6.24):

b < aa))
v={(0,0,—]).
ok,

From (6.259a) one obtains for the quasi-elastic stretching modes

R o ﬂ+4y 1/2
lvsl = lwsl =c <T ) (6.264)

Fig. 6.24. Phase velocity w
and group velocity v of the
stretching modes (s) and
bending modes (b) of the
waves which propagate in
the chain direction (k, =
k, = 0) in the Stockmayer-
Hecht model. According to
(6.258), (6.237), and
(6.132) with f/x =10 and
y/x = 0.03
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from (6.263) for the quasi-elastic bending modes with very small wave num-
bers

R . 2 1/2
15,1 =|wyl=c <—Y> . (6.265)
m

In both cases, the group velocity becomes constant and equal to the phase
velocity, as is required by Debye’s T3-law (Sect. 6.5.2). The group velocity of the
bending waves, however, only depends on the intermolecular interaction para-
meters (in the case of the tetragonal Bravais lattice on y, in a more general case
on y and a) and because of y, a < B thus stays considerably smaller than the
group velocity of the stretching waves, which has a f-determined maximum va-
lue in the range of small wave numbers. This means, for example, that essenti-
ally only the stretching modes contribute to the heat conduction in the chain
direction at very low temperatures, whereas the bending modes make the main
contribution to the heat capacity, as the smaller group velocity is connected
with a higher density of states. The accumulation point of the density of states
¢y (@) of the bending modes, which occurs in the limit @ — 0 in the isolated
chain (Fig. 6.19C), however, is suppressed in the three-dimensional case by
(6.265) or shifted towards a finite frequency w (a,y) (see Fig. 6.28). Apart from
that, the constancy of the group velocity of the bending modes given by (6.265)
is restricted to a considerably smaller range of wave numbers as in the case
(6.264) of the stretching modes. With increasing wave number (decreasing
wavelength), the quadratic term multiplied with the large factor x rather
quickly becomes predominant in (6.261). This is the main reason for the fact
that in polymers the validity of Debye’s T3-law is restricted to a very small tem-
perature range.
Equations (6.258) results in

8 1/2 k
@, = cwy, = <—Y> n=4 (6.2662)
m
4 1/2 a
@y, = [— (a + 4y)} sin —=— ’ (6.266b)
m 2

for the lattice waves propagating along the x-axis, i.e., perpendicular to the
chain molecules (k, = k, = 0). The transversely polarized branch w,, of the
bending modes is degenerate with the equally transversely polarized branch w;
of the stretching modes. As a result of the anisotropy of the interaction forces,
the maximum frequencies of the waves (6.266) (with | k.| = mt/a) lie at con-
siderably lower frequencies than the maximum frequencies of the waves (6.259,
6.260) propagating in the z-direction. This is the second reason for the restric-
tion on the validity of Debye’s T°-law to relatively low temperatures in poly-
mers. In the range | k.| < n/a of the quasi-elastic waves, @ ~ k holds for all
three branches (6.266). Hence, the characteristic of the quasi-elastic bending
waves, the proportionality @ ~ k?, is completely lost in the bending waves pro-
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pagating in the x- and y-directions. The group velocity of the quasi-elastic
waves (6.266), like the group velocity (6.265), only depends on the intermolec-
ular interaction forces. One can generally say that in the case of very small wave
numbers the bending waves behave like the lattice waves in a quasi-isotropic
lattice. (In the special case of the tetragonal Bravais lattice, this fact, provided
that a > y, is somewhat blurred as the waves propagating in the z-direction be-
come independent of a).

From (6.258) we generally obtain with k., a, ky a, k,c < m for the quasi-elastic

stretching modes
maw? = 2y[(k.a)® + (k},a)z] + (B + 4y) (k,c)? (6.267a)
and (with the assumption y, a < k) for the quasi-elastic bending modes
mwi, = (a + 4y) (k.a)* + 2yl(k,a)* + (k,c)’] + x(k,c)*, (6.267b)
mwi, = (a + 4y) (k,a)* + 2y[(k.a)* + (k,c)*] + x(k,c)*. (6.267¢)
After introduction of the polar angles in the E—space (Fig. 6.25),
0<d4<m; 0<¢p<2m
we get with

k., =ksin?cos g, ky =ksindsing, k,=kcos,

Fig. 6.25. Definition of the polar coordinates Ikl =k, @
z: chain direction
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mew? = [(B + 4y) *cos’ P + 2y a? sin?J] k?, (6.268a)
mw?, = [(a + 4y) a*sin? ¢ cos? @ + 2y (a? sin? ¢ sin @ + 2 cos?P)] k?
+ kc* cos* 3kt , (6.268b)
mawi, = [(a + 4y) a’sin? & sin’ @ + 2y(a® sin?J cos? @ + 2 cos? F)] k2
+ Kc* cos* 9k . (6.268¢)

The dispersion relations of the quasi-elastic waves can thus be represented in
the form

1/2
@, = <£> k, (6.269a)
m
1 1/2
@y, = [Z (A + Bkz)} k, (6.269b)
1 172
why = I:_ (Ay + Bk2):| k ’ (6.269C)
m
whereby

B = kctcos*,
C= (B + 4y)ctcos?? + 2ya*sin?
only depend on the angle ¢, but
A, = (a + 4y) a*sin’* & cos ¢ + 2y (a?sin? sin @ + c*cos’ ) ,
A, = (a + 4y)a*sin® ¢ sin’p + 2y (a?sin? & cos? @ + c*cos? )

also depend on ¢. All the stretching and bending modes propagating in the (x,
y)-plane (= m/2; B = 0) are, therefore, not subject to dispersion. They fulfil the
proportionality @ ~ k supposed by Debye. This only holds for all the other
bending modes (& # 7/2) as long as the wave numbers are small enough, so
that A/B > k*. With somewhat higher k-values, Bk? should, because of a<k,
no longer be neglected with respect to A,, A,. The dispersion relations of the
bending modes acquire a convex curvature with respect to the k-axis, and sig-
nals from these vibrations are subject to dispersion. @ ~ k? holds in a pure form
when, with increasing k, A/B < k? finally results. The convex curvature occurs
the faster the closer ¢ is to 0 or m (chain direction). This dependence of the dis-
persion relations of the bending modes on the direction of propagation pre-
vents a simple physically justifiable continuum approximation which goes
beyond the true Debye range.
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The complete density of states of the lattice vibrations of the Stockmayer-
Hecht model was determined by Genensky and Newell (1957). The singularities
of this spectrum, which occur on the surface of the positive quadrant of the
first Brillouin zone, are given in Table 6.2 (maxima, minima and saddle points
on the areas @ = const. in the k-space). For symmetry reasons, the same situa-
tions exist in the other quadrants. A comparison with the density of states of
the lattice vibrations of the cubic primitive lattice, determined by Newell (1953)
on the assumption that a > 16y, is instructive.

The frequency distribution function ¢ (w) of the cubic primitive lattice is re-
presented with 8 = a, x = 0, ¢ = a in Fig. 6.26. One can see that the true Debye
range in which ¢o(w) ~ w? is valid, already ends below the lowest singularity
@ (2y) of the spectrum. The frequency

1/2
w(2y) = <%(>

is the maximum frequency of the waves propagating in the direction of the
principal axes of the crystal, i.e., in the x-, y- and z-directions. If the intermole-
cular interaction forces are weak van-der-Waals bonds, the frequency w(2y)
and the characteristic temperature (6.241b) of the true Debye range lie at ex-
tremely low values. The validity of Debye’s T-law is restricted to very low tem-
peratures if only because of the weak binding forces. Figure 6.26 shows further
that the whole spectrum of the lattice waves of the cubic crystal can be averaged
quite well by means of a parabola ¢(w) ~ @? (dashed curve in Fig. 6.26; the
areas marked with + and - are about equal in size). The Debye formulas in the
form (6.250), therefore, also provide a good approximation. However, the fact
that the real density ¢ (w) is first estimated as being a little too low and then a

Table 6.2. Frequency w and wave vector (k,, k,, k, ) of the singularities of the density of states
in the Stockmayer-Hecht model according to Genensky and Newell (1957). Above: stretching
modes; below: bending modes. The labels refer to Figs. 6.26-6.28

@ (ks> Ky k2) Label
8y/m)\? (m/a,0,0), (0,m/a,0) @ (2y)
(16y/m)'7? (t/a, 1/a, 0) w (4y)
(4B/m)\? (1/a, 1/a, 1/c) @ (P)

[4 (B + 2y)/m]'"2 (m/a,0, w/c), (0, m/a, nic) (B, 2y)
[4(B + 4y)Im]'~ (0, 0,7/c) @ (B, 4y)
(8y/m)'? (n/a,0,0), (0, 1/a,0) @ (2y)
[4(a + 2y)/m]'2 (m/a, n/a, 0) w(a, 2y)
[4(a+ 4)()/m];’12/2 %n/a, 0,0), (0,7/a,0) w(a,4y)
[4(4x + 2y)/m 0,0, 1/¢) w (4K, 2y)
[4 (4% + 4y)/m]? (m/a, 0, ni/c), (0, m/a, n/c) w (4K, 4y)
[4 (4x + a)/m]¥? (n/a, n/a, /c) w (4x, @)
[4(4x + a + 2y)/m]*? (n/a, 0, ni/c), (0, m/a, m/c) (4K, a, 2y)
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Fig. 6.26. Schematic representation of the frequency density ¢(w) of the oscillations of a pri-
mitive cubic lattice according to Newell (1953). Dashed curve: Debye’s continuum approxi-
mation according to (6.246). The line spectrum above indicates the position of the singulari-
ties of Table 6.2 with f= a, k = 0,a = b = c. [From Baur (1972)]

little too high by the parabola becomes apparent from a certain temperature
dependence of the ©-temperature.

Let us now consider the density of states @,(w) of the stretching modes of the
polymer crystal (Fig. 6.27). From a purely analytical point of view, this spec-
trum is identical with the spectrum of the cubic crystal, except for the norma-
lization (N instead of 3N degrees of freedom). In particular, the true Debye
range, provided that y is equal, extends over the same frequency interval 0 < @
< w(2y). Because of > a, however, the maximum frequency of the spectrum
given by the maximum frequency of the longitudinally polarized waves propa-
gating in the z-direction lies at considerably higher frequencies in the polymer
lattice than in the cubic lattice. The density of states of the stretching modes of
the polymer crystal thus appears as a “strongly stretched” density of states of
the lattice vibrations of the cubic crystal. This “stretched-out” spectrum can no
longer be averaged by means of a parabola. The Debye approximation in the
form (6.250) is, therefore, not suitable. The spectrum of the stretching modes of
the three-dimensional polymer crystal above the singularities @ (2y), @ (4y),on
the other hand, is largely similar to the spectrum of the stretching modes of the
one-dimensional linear chain (Fig. 6.10C). Hence, the Tarasov-approximation
in the form (6.254 a, b) should represent a good approximation for the stretch-
ing modes of a polymer crystal. There is, however, a difference in the singu-
larity type. In the three-dimensional case, the singularities (), w (B, 2y),
@ (B, 4y), which lie very close to each other, do not approach infinity and at the
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Fig. 6.27. Frequency density ¢(w) of the stretching modes (6.258¢) with y/f = 0.002 accord-
ing to Genensky, Newell (1957): B;. In comparison, A, the frequency density (Fig. 6.26) of the
cubic crystal with a = 0.04 . The line spectrum above gives the position of the singularities
of Table 6.2. [From Baur (1972)]

maximum frequency @(f, 4y) even yield a minimum [compare the develop-
ment of the density of states at the corresponding singularities w (a), @ (a, 2y),
o (a, 4y) in Fig. 6.26].

More complicated situations are observed in the case of the density of states
¢p() of the bending modes (Fig. 6.28), although one also finds here roughly
schematically the spectrum of the isolated linear chain between the a- and x-
singularities (Fig. 6.19C). In particular, the proportionality ¢(w) ~ w2 is va-
lid between these singularities, as in the isolated chain. The beginning of this
proportionality, however, has now been shifted towards a finite frequency w >
@ (a, 4y). A completely new spectrum, on the other hand, can be observed be-
low the a-singularities, which is only dominated by intermolecular interaction
forces. The true Debye range with ¢(w) ~ @? is restricted to very low frequen-
cies. There is a larger range still below the singularity @ (2y) in which the pro-
portionality ¢(w) ~ @*? is predominant [Genensky, Newell (1957)]. A less pro-
nounced range, in which the Bloch proportionality ¢ (w) ~ @' is given, exists
between w (2y) and w (&, 2y). Hence, the continuum approximation (6.254c, d)
for the bending modes of a polymer crystal provides a useful approximation at
higher temperatures where the D,;,-terms are a determining factor. In contrast,
a transformation of the D;-term into a D;,-term and finally a D;/,-term can be
expected with increasing temperature at low temperatures. Hence, the Tarasov
approximation in the form (6.252/6.253) no longer has a physical basis. Purely
formally, the density of the states @, (@) of the bending modes can also be aver-
aged quite well by a frequency distribution (6.251), particularly when the high-
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Fig. 6.28. Frequency spectrum ¢ (w) of the bending modes (6.258a/b) with ¥/ = 0.002, o/ =
0.04, and x/p = 0.1 according to Genensky, Newell (1957). The line spectrum above indicates
the position of the singularities of Table 6.2

frequency range of the spectrum (the range of the actual optical modes) is se-
parated and its centres substituted by additional Einstein terms (6.169).
Corresponding to the progression (6.151) or (6.223),

s =(mN)”2 > Z ar, o e} (k) e (6.270)

holds in a primitive Bravais lattice for the components s} (j = x, y, z) of the dis-
placements s; of the lattice units. The three frequency branches »(K) of the
Bravais lattice are numbered by 0 =1,2,3.The ¢, = (e%, e, €2) are unit vectors
with | €, | = 1, which characterize the direction of polarization of the waves with
the frequency w, (k). The q; , are the normal coordinates of the lattice wave
system. They fulfil the mutually independent oscillator equations

Gz, o + @3 K) gz, o= 0 (6.271)

[compare Egs. (6.156) and (6.224)]. With these normal coordinates, the Hamil-
tonian operator (the Hamiltonian function) of the system

H=3 3 Hi, (6.2722)
i o
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disintegrates into 3N additive terms
1 . .k 2 T *
He,o =7 ldk,0 4k o + 050) a8, 0 Gk, o] - (6.272D)

In the harmonic approximation, the lattice units always oscillate symmetrically
around their equilibrium position. That is, the mean values of the displace-
ments vanish:

Say=(sh)=(qr,,) =0. (6.273)

On average, the lattice units are in their predetermined equilibrium positions.
The lattice is not capable of a thermal expansion (see Sect. 6.5.4). The mean
square displacements are a measure of the thermal fluctuations of the lattice
units. According to (6.270), we have

((sh)?) —I—N 2 5.0k o) @b )P (6:274)

Ifk =k [or - somewhat more generally - if K fulfils Eq. (6.234)] and 0= 0", we
obtain from (6.272b) with 4z , = iwqz ,and 43 , = - i@ g%,

(£,0)) = @2()(qF. o 4} o) -

Corresponding to (6.174), the mean energy is given by the expression

(&4 (k)) = hw (k) {——1——— + i} . (6.275)

/IRT -1 2

If K’ # k or o# o', we further obtain, as the normal coordinates are mutually in-
dependent, with (6.273)

(4%, 0 9%, o) = {4k, o) (97, 0) = 0.

1
<qE,o q%’, a'> = 2 (k) <£ (k)> 6kk

results for arbitrary k', o’. Insertion of this expression into (6.274) yields

((s5)?) = —22 (k) (e,(0)) [e], (k)] (6.276)

mN § o @

For the mean square displacements of the lattice units

(53) = ((s3)%) +{(s3)) + ()7 »
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one thus obtains

! 21 — (e,(k)) . (6.277)

52) = (53) =—
€9 =63 mN i o @ik)

If one takes (6.277) as a measure of the thermal fluctuations, the terms with
k = 0, w, (k)= 0 must be cancelled, as they describe a translation of the lattice
as a whole — only the relative motions with respect to the centre of mass of the
lattice are important in the thermal fluctuations. If the frequency spectrum
is practically dense, one can also write in place of (6.277):

1 @max

SN T
G >_mN J o~ (e(c0, T)) o(w) dw . (6.278)

If one assumes the Debye approximation in (6.278), i.e., the proportionality
(6.240) with n = 3, one gets

D

(s2) ~ f (e(@, T)) dw . (6.278)
0

The thermal fluctuations are proportional to the elastic energy contained in the
lattice and increase with rising temperature. On the other hand, if n < 3, the in-
tegral (6.278) becomes divergent. The fluctuations become infinitely large. A
very long isolated polymer chain with n = 1 or n = 1/2 [see Eq. (6.210)] or a
crystal composed of very long polymer chains without any intermolecular
bonds are, therefore, unstable [in the case of a finite chain with a discrete fre-
quency spectrum, the divergence of (6.278) corresponds to the fact that the
fluctuations of one chain end when compared to the other increase with chain
length]. A periodic lattice of harmonically vibrating mass points is thus only
stable in a three-dimensional interaction field. In addition, the Egs. (6.268)
make it clear that merely taking into account the interaction of direct neigh-
bours is not sufficient in order to stabilize the lattice. Rather, one should at least
take into account the interaction of the second neighbours. This is also true
when, as in the Stockmayer-Hecht polymer crystal, 8 > a > y is assumed.

In the case of the Stockmayer-Hecht model, the density ¢ (w) of the lattice
vibrations splits into two parts

o(w) = g;(w) + @ ()

which are due to the stretching modes (s) and the bending modes (b). Con-
sequently, according to (6.278), the mean thermal fluctuations also split into
two parts

(3% = 32 + (5%) . (6.279)

The long-wave-length lattice vibrations with low frequencies particularly con-
tribute to the fluctuations because of the denominator @? in (6.278). In this fre-



188 6 Molecular Aspects of Some Equilibrium Properties of Polymers

quency range, however, the density of the bending modes is predominant (see
Fig. 6.27/6.28). Hence, the main contribution to the thermal fluctuations of the
lattice units of a polymer crystal is due to the bending modes. In the case of
elastic scattering of X-rays in polymer crystals, for example, especially those
lattice vibrations should be effective in which the chain links are displaced
perpendicularly to the chain molecules. The cause for this effect, however, is not
found in the anisotropy of the polymer crystals but in the “anomaly” of the
bending modes (the high density at low frequencies) [see Baur (1972), (1972a)].

6.5.4
Anharmonic Effects

In the harmonic approximation, according to the Eqs. (6.273), all lattice units as-
sume their equilibrium positions in a time average. The lattice is not capable of
a thermal expansion. With the coefficients of thermal expansion «;, the differ-
ence between the heat capacities C,and C, or C, and Cy [compare Egs. (5.29)
and (5.50)] and the difference between the isothermal and adiabatic elastic co-
efficients [Eq. (5.30)] also vanish. The harmonic solid reacts purely energy-
elastically (Sect. 5.3). The elastic coefficients do not depend on temperature.
These properties apply for most crystals, but only at lower or rather low temper-
atures. The amplitudes of the displacements $; , of the lattice units increase at
higher temperatures, so that the higher terms become successively more impor-
tant in the progression (6.124). The higher terms destroy the vibrational sym-
metry around the equilibrium positions, so that the mean displacements (6.273)
no longer vanish. Thermal expansion is (at least in the case of ideal crystals) the
best indicator for the occurrence of anharmonicity in the vibrations.

With the complete Taylor-series (6.124), the Hamiltonian function of the sys-
tem of lattice units is

H=Hyy+ Pp+ P+ D, + D3+ D+ ... (6.280)

The term @, # 0 should generally, also in the classical case, be included, because
at higher temperatures the equilibrium positions of the lattice units are no
longer determined by a minimum in the potential energy, but by a minimum in
the free energy. Using (6.280), one can easily also represent the partition func-
tion and the free energy of the system by means of a suitable progression (see
Sect. 6.1). The Hamiltonian function #, of the harmonic approximation was

Ho=Hyy + O+ D, . (6.281)

When considering the harmonic approximation as the zeroth approximation of
a perturbation expansion, the perturbation function is given by

H =D+ O+ Dy + ... . (6.282)

By means of a transformation corresponding to (6.150, 6.170), the classical dis-
placement coordinates $; , can be transformed into quantum field creation and
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annihilation operators b; ,, b; ,. The Hamiltonian functions (6.280-6.282)
then transform into operators in which the terms ®; appear as sums of pro-
ducts with i factors bg , or b ,. While the operator (6.281) leads to an “ideal
gas” of completely non-interacting phonons (Sect. 6.4.1), the perturbation ope-
rator (6.282) now contains the mutual interaction of the phonons. For the
energy E, of the perturbed states, the quantum-mechanical perturbation
theory [e. g., see Dirac (1958)] yields the progression

}[’ ’ I}l‘l
E, = B+ (nlot'|my + 3 P lolm)

(6.283)
n#n E2 - ES!

Here, E denotes (with a somewhat reduced indexing) the eigenvalues (energy
levels) and [n) the eigenfunctions of the unperturbed operator (6.281) of the
harmonic approximation. As the system is not exposed to external forces and is
supposed to be in an internal equilibrium, only processes in which the initial
and final states are identical can occur in (6.283). A product of an odd number
of creation and annihilation operators by ,, however, never leads back to the
initial state. Therefore, correction terms of the first order (n| &;|n) with an odd
subscript i cannot appear in (6.283). In a first approximation, the &; with an
odd subscript only contribute to the correction terms of the second order. One
can see that the correction terms of the second order with an odd subscript i
are of about the same order of magnitude as the correction terms of the first
order with an even subscripti + 1 (every 4-phonon process, for example, can be
represented by two consecutive 3-phonon processes). In a first approximation,
an expression in the form

F=Fy + F (®?%) + F;3(P,9;) + F;(P}) + Fy (D) (6.284)

results for the free energy of the perturbed system [Ludwig (1967)]. Cor-
responding to (6.166), F, is the free energy of the harmonic approximation, i.e.,

# - .
F,= &, + 5y >3 w,(k)+RT X 3In[1 - e "w.k)/RT] (6.285a)
oo F o

or if the frequency spectrum of the individual branches w, k) is practically
dense

@max

/)
Fy= &, + J' [Tw + RTIn(1 - e"“"’RT)} o(w)dw. (6.285b)
0

F, is, however, not completely independent of the correction terms in (6.284).
The equilibrium positions 74 , and equilibrium distances of the lattice units are
now determined by the minimum in F. If the correction terms in F induce a
change in these distances with temperature, F, must then also be referenced to
each of the changed distances. The frequencies w in (6.285) are then no longer
constant, but depend on the variable equilibrium distances. The binding forces
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between the lattice units, and thus also the vibrational frequencies, usually
decrease with increasing lattice distances.

The anharmonic effects are already somewhat considered if one neglects the
perturbation terms (6.282), i.e., sets F = F, but regards &, and w, (k) in F, as
functions of the thermal deformation. This approximation is called the quasi-
harmonic approximation. Let us now consider an isotropic medium (or a cubic
crystal) for which the Debye approximation.

¢ (w) = INo?*/(w?)?

is valid [see Eqgs. (6.246) and (6.248)]. We obtain according to (6.285b)

F=F0=¢0+3NRT¢<%> (6.2862)
with
©,/T
o, TV 777 [x
—)=3— Z +In(1-e %) | x?dx. 6.286b
‘P<T> <@3> ] [2 n )Jx * (6.2860)

In the quasi-harmonic approximation, @, and ©; = iw’3/R have to be regarded
as functions of the volume:

By = D, (V), O,=6;(V). (6.287)

Here, V only refers to the volume given by the thermal deformation, whereas
external influences, such as the atmospheric pressure or, in addition, the vapour
pressure, are disregarded. One can observe further that for every function

¢ (65/T)

o, <—ai> =T <%> (6.288)
30, /x 3T Jo,

is generally always valid. As equations of state (2.3) and (2.5), (6.286) with
(6.287) leads to

_S(TLV,N) = <f> =3RN¢ + 3RNT <_a£> : (6.289)
3T Jyw AT )y x
3F Y d )
~p(LV,N) = <—> =920, 3RNT <—£> %, (6.290)
3V/)ry OV 30, /5y OV
With

3BRNT9o=F-&, and F+TS=U
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[see Eqgs. (6.286a) and (2.18)], we obtain from (6.289)

3RNT? <a—"’> =®,-U
3T Jyun

and with this because of (6.288) from (6.290)

F oP oln®
<a—> =2%, (- gy 22
dV/)en OV Y%

As the coefficient of thermal expansion is [in the F-representation according to
(2.45) and (2.58)]

’F
0 > (6.291)

we obtain further

<8U> d1ln G, krCy 91ln®,
= — KT B = -
VN

T V.V dInV

[see Eq. (2.52)]. The expression:

dlno,

, 6.292
dlnV ( 2)

Yo =~

which may actually still be dependent on V, is designated as the Griineisen con-
stant. The thermal expansion of an isotropic solid in the quasi-harmonic Debye
approximation is thus given by

c
o=y "TV v, (6.293)

In this approximation, the coefficient of thermal expansion is proportional to
the heat capacity. In particular, the thermal expansion coefficient should also
obey Debye’s T3-law at low temperatures and be a = const. at higher temper-
atures. For the difference between the isobaric and isochoric heat capacities,
one gets with (6.293) from (2.60)

Tx;C}
C, - Cy =y % (6.294)

If all the frequencies @ of the lattice vibrations are equally dependent on the
volume, one can also write
dlnw

6.292b
olnVv ( )

Yo =-—
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in place of (6.292a) and, in addition, in the case of a cubic lattice with the lattice
constant a and the volume V = N g3

1 dlnw

Ye=—

. (6.292¢)
3 Jdlna

Proceeding from T = 0, (6.293) often describes quasi-isotropic media quite
well over a larger temperature range. Here, the Griineisen constant is in an or-
der of magnitude of 2 [Born, Huang (1954)]. If one also proceeds from (6.293)
in the case of more complicated structures, y;; can, of course, only be interpret-
ed as a parameter averaged over all directions of deformation, directions of
propagation, and frequencies, which can then become dependent not only on
the volume but also on the temperature [with regard to polymers see e.g.
Hartwig (1994)]. If the frequencies exhibit a differing dependence on the vol-
ume, one obtains from (6.285) somewhat more generally for isotropic media:

F _3%, 1 1 oo, (k) d1n c, (k)
T, = heo, (k) + <
oV dV Ty %%[2 @o k) (e'h“’a(k)/RT—l)} dlnv

_9% 1 ) (e (R
=3V Vv %%Y%(k) (e5()) -
Here,
o@Dy — _ alnw(,(l—c))
y&k) = LV (6.295a)

is the Griineisen parameter assigned to each individual mode w, »(K) . The
energy contribution of the phonons of the mode w, (k) is (&, (k)) given by
(6.173/6.174) or (6.275). One gets via (6.291) for the coefficient of thermal ex-
pansion:

o=

15 5 ye® k), (6.295b)
Vi

where c§, (k) describes the contribution of the phonons to the heat capacity ac-
cording to (6.175). Hence, the vibrational modes individually provide an addi-
tive contribution of the form (6.293) to the thermal expansion coefficient. In
the case of an arbitrary, for example anisotropic, lattice, one has to proceed

from (5.18) and (5.26). The coefficients of linear thermal expansion are then (in
the F-representation) given by

1 o°F

v 2% 3Tag,

a; = —
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(¢g: components of thermal deformation). Via (6.285) one obtains the quasi-
harmonic approximation

a; =

SEZ k0 $®). (6.2962)
j k o

<~

The Griineisen parameters

dlnw, (k)

95

yo@®) = - (6.296b)

now form, like the components of the deformation tensor g and the coefficients
of thermal expansion a;, a symmetric tensor of the second rank (see Sects. 5.1
and 5.2).

The smaller the masses of the lattice units and the weaker the binding forces
between the lattice units, the lower the temperatures at which anharmonic ef-
fects generally occur. Hence, one can expect with regard to polymers that par-
ticularly those lattice vibrations which stress only the weak intermolecular
bonds contribute to the sum (6.296). In the Stockmayer-Hecht model (Sect.
6.5.3), these are essentially the vibrations which fill the frequency spectrum up
to the a-singularities (Table 6.2), i.e., once more above all (but not exclusively)
the low-frequency bending modes. In addition, the low-frequency torsional
modes (Sect. 6.4.4) certainly also contribute to the anharmonicity. It should be
noted that the melting points of polymers are relatively high when compared to
the melting points of low-molecular-mass substances with the same (weak)
intermolecular binding forces. This is due to the fact that the lattice units of
polymers remain bound in chains while melting, and, therefore, with approxi-
mately the same enthalpy of melting per lattice unit, the entropy of melting of
the polymers is lower than the entropy of melting of low-molecular-mass sub-
stances. The relatively high melting point of polymers, relative to the weak in-
termolecular bonding, leads to the result that the ©-temperatures © = Aw,,,, /R
are all below the melting point for the maximum frequencies of the vibrations
which only strain the intermolecular bonds (see the example in Fig. 6.29). In
polymers, anharmonic effects can already be expected at relatively low tempe-
ratures (e.g., in polyethylene from about 70 K upwards; Fig. 6.29). One can prob-
ably also expect that, in addition to the perturbation terms &2, &%, ®, of the
first approximation (6.284), the higher perturbation terms with &%, &%, ®3,
@3, &5 become apparent at higher temperatures. In this respect, the “anomalies”
of the bending modes also play a decisive role with regard to the phonon inter-
action [Baur (1971), (1972)].

In the approximation (6.284) [see Ludwig (1967) for the following], the heat
capacity usually increases proportionally to the temperature beyond the
Dulong-Petit value (Fig. 6.30). The lattice constants also usually increase pro-
portionally to the temperature while the elastic constants decrease proportio-
nally to the temperature. In individual cases, this proportionality to the tempe-
rature can definitely have an inverted sign. A lattice constant which decreases
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Fig. 6.29. Lattice distances a, b perpendicular to the chain direction of linear, gradually
cooled polyethylene as a function of the temperature T. Measured points according to
Hendus (unpublished 1962). No change in distances was noticed in the chain direction. One
can, using as a basis the variation of a, estimate that the first-order anharmonic terms &3 ...
&, become noticeable from about T = -200°C and the anharmonic terms &3... & from
about T = 0°C. The arrows indicate the position of the temperatures & = hw/R of the sin-
gularities c (2y), @(4y), w(a, 2y), w(a, 4y) from Table 6.2. B = 208 N/m, a = 0.04 B, y =
0.002 B, and m = 23.4 - 107%” kg were assumed. [From Wunderlich, Baur (1970)]

Fig. 6.30. Schematic representation of the contribution of the lattice vibrations to the heat
capacity of a solid as a function of the temperature. The dashed line corresponds to the
Dulong-Petit law (6.227). The solid curve agrees with the quantum mechanical treatment
with a successive efficacy of the terms in (6.280). [From Wunderlich, Baur (1970)]
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with increasing temperature is, of course, linked with a negative thermal ex-
pansion coefficient or a negative Griineisen parameter. The higher perturba-
tion terms @1 ... & cause a decrease or increase of the given quantities with
the square of the temperature. There are additional perturbations in non-ideal
crystals, for example, caused by the elastic or inelastic scattering of phonons at
boundary layers or defects (such as impurities, occupied interstices, vacancies,
or dislocations). The creation of conformational imperfections, which increases
with rising temperature, is of importance in polymers (see Sect. 8.3). In addi-
tion, defects can already cause a considerable disturbance in the phonon spec-
trum obtained with the harmonic approximation (see the comments at the end
of Sect. 6.4.2).



CHAPTER 7

Systems with Macroscopically Relevant Internal
Degrees of Freedom

Equilibrium thermodynamics only retains its validity as long as the molecular
internal degrees of freedom of the considered system do not attain a primary
macroscopic relevance. This condition is fulfilled if the macroscopic perturba-
tion of the system occurs so slowly (quasi-static) that the statistical equilibrium
of the internal degrees of freedom is not disturbed during the perturbation.
The system is then in a so-called internal equilibrium. In this case, the internal
degrees of freedom are not explicitly noticeable, but only become globally ap-
parent, for example, by a change dQ of the heat content of the system. This con-
dition, however, is also fulfilled if the macroscopic perturbation occurs so
quickly that one or more of the molecular internal degrees of freedom do not
have time to react to the perturbation. The degrees of freedom concerned then
appear frozen with respect to the macroscopic perturbation. Provided that the
other part of the internal degrees of freedom is still able to restore equilibrium
practically instantaneously during the perturbation (so that we can still talk
about a thermodynamic equilibrium), the system is in a so-called arrested
equilibrium with respect to the frozen degrees of freedom for the duration of
the perturbation. Arrested (frozen) internal degrees of freedom do not exhibit
any macroscopic effects. They can be ignored as long as different arrested states
do not have to be compared with each other or with other states. How fast a sys-
tem must be perturbed so that an internal degree of freedom appears arrested
with respect to the perturbation naturally depends on the degree of freedom it-
self, but also on the physical environment in which it is embedded. Some inter-
nal degrees of freedom can, in certain temperature and pressure ranges, still be
regarded as being at least approximately arrested, even in the case of a quasi-
static perturbation. Two typical examples are the degrees of freedom of the
diffusive translational motion of the molecules in a glass and the degree of ad-
vancement of the reaction in an oxygen and hydrogen gas mixture.

The validity of the equilibrium thermodynamics is lost if, on the other hand,
the macroscopic perturbation rate reaches the order of magnitude of the rate
with which any one of the molecular internal degrees of freedom strives to ad-
just to the statistical equilibrium. The internal or arrested equilibrium is then
disturbed during the perturbation. The perturbation process turns into an irre-
versible sequence of non-equilibrium states whose character is determined by
the primary macroscopic relevance of the internal degree of freedom. As al-
ready mentioned (Chap. 1 and Sect. 2.4), it is particularly the degrees of free-
dom of the conformational isomerism and the degrees of freedom of the mu-
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tual arrangement or orientation of the macromolecules that very often lead to
such non-equilibrium processes in polymers.

Several theories are available for a macroscopic-phenomenological descrip-
tion of thermodynamic non-equilibrium processes: the now classical “thermo-
dynamics of irreversible processes” [e.g., compare Prigogine (1961); De Groot,
Mazur (1962); Baur (1984)], the so-called “extended irreversible thermodyna-
mics” [Jou, Casas-Vdsquez, Lebon (1993)], the “rational thermodynamics” [e. g.,
see Truesdell (1969)] and the so-called “entropy-free thermodynamics” [see
Meixner (1969); there also a comparison of the individual theories]. In the fol-
lowing, we will confine ourselves to a description of the phenomena within the
framework of the relatively simple classical thermodynamics of irreversible
processes. With regard to the limits of validity of this theory from the stand-
point of the kinetic theory of gases and statistical mechanics, for example, see
Meixner, Reik (1959); De Groot, Mazur (1962); Jou, Casas-Vésquez, Lebon
(1993); Kubo, Toda, Hashitsume (1985).

7.1
Preconditions, Fundamental Equations and Equations of State

In order to describe the mode of action of macroscopically relevant internal de-
grees of freedom, we assume a closed homogeneous system at rest which is not
exposed to locally variable external force fields. “Closed” means that there
should be no mass exchange between the system and its surroundings, so that
the mass of the system remains constant and disappears as a variable. We refer
all extensive quantities to the constant mass of the system. These specific
quantities are designated with the respective small letters (see the annotation
on p. 13). “Homogeneous” means above all that the system should always be in
thermal and mechanical equilibrium with respect to the external variables (see
Sect. 4.1). In order to maintain homogeneity, the system must be capable of ad-
justing its thermal and mechanical equilibrium to all changes practically in-
stantaneously. If this is not the case, the processes, which we will consider in the
following, are additionally superimposed by irreversible transport processes
(energy transport, momentum transport, etc.). In a system at rest which is not
exposed to locally variable external force fields (e.g., the force of gravity), the
internal energy U is identical with the total energy of the system, for which the
conservation law of energy is valid. In the following, we can thus assume

(see Sect. 2.2).

To simplify matters we will further confine ourselves to scalar mechanical
deformations such as simple shearing, free uniaxial stretching, or hydrostatic
deformation. Referring back to Chap. 2, we will usually use the hydrostatic
pressure p or the specific volume v as representatives of this individual
mechanical degree of freedom. In place of these variables, it is, of course,
also possible to introduce scalar stress variables o and scalar deformation
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variables ¢ via

il N (7.2)

—po—> -0 d
P - Po an o

(see Sect. 7.6). In more general cases, the static stress tensor has to be used in
place of the pressure and the deformation tensor in place of the specific volume
(Chap. 5). In inhomogeneous, flowing media, the static stress tensor must be
replaced by the dynamic pressure or stress tensor which may still contain the
frictional or viscous pressure tensor (Sect. 7.6).

In order to describe closed, homogeneous systems at rest with macroscopi-
cally relevant internal degrees of freedom, the classical thermodynamics of
irreversible processes proceeds from the following assumptions:

(V1) Macroscopic so-called internal variables ¢; ... ¢, can unambiguously be as-
signed to the macroscopically relevant internal degrees of freedom 1 ... n.

(V2) The Gibbs formalism of equilibrium thermodynamics also remains valid
in non-equilibrium. The Gibbs functions, however, must be supplement-
ed by the internal variables (; ... {, as representatives of the additional
degrees of freedom which the system possesses at non-equilibrium.

(V3) There are macroscopic dynamic laws which enable a description of the
time dependence of the mutually independent internal variables.

According to (V2), the Gibbs fundamental equation, for example, is in the F-re-
presentation

f=f(T, v, gl gn) . (73a)

As this equation should be valid at any time during the development of a non-
equilibrium process, one can also write

f=fIT@),v(), g, (F) ... {,(8)] . (7.3b)

Hence, in the thermodynamics of irreversible processes one can only describe
processes in which solely the independent variables directly depend on the
time t. All the other thermodynamic quantities, in particular the Gibbs func-
tions themselves, are only indirectly dependent on the time via the indepen-
dent variables. Moreover, (V2) excludes that the Gibbs functions still depend on
other variables, for example, on the rates {; of the internal variables [e. g., see
Meixner (1969), Jou et al. (1993)]. According to (7.3), the temporal change of the
specific free energy f in non-equilibrium is given by

4 () 4T () dv gy do -
dt \aT/ v, g dt \aU/ Lg dt i \agi/ L, Gy dt

The index § in the partial derivatives denotes the set {{; ... {,} and means that
all ¢; must be kept constant when differentiating.
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The fundamental question of every “non-equilibrium thermodynamics” is
what should further be understood by the terms “entropy” and “temperature”
which are actually only defined for the equilibrium. If in (7.3) one supposes the
internal variables to be fixed at definite values {; = {? ... ¢, = ¢, the surface
spanned by the Gibbs function

f=f(Luvg..q) (7.5)

in the space (f, T, v) contains all possible equilibrium states of the system ar-
rested under the condition ¢? ... {2 = const. Sequences of non-equilibrium
states, however, which are described by (7.3) or (7.4), successively traverse a
stack of surfaces of the type (7.5) (see Fig. 7.1). Hence, (V2) also has the con-
sequence that the non-equilibrium processes to be described can always be
mapped onto a temporally ordered sequence of arrested equilibrium states. In
particular, the entropy

)
s(Lv, G ... G) =~ <a_£>
12X 4

[which, according to (V2), corresponding to Eq. (2.3), is attributed to the system
in non-equilibrium] is identical with the uniquely defined entropy of the
equilibrium states arrested under the condition ¢ ... {, = const. Transforma-
tion of (7.3) into the U-representation

u=u(s, v ...¢,)

leads to the temperature of the system [see Eq. (2.20)]

Fig.7.1. Surfaces f(7, v) of arrested
equilibrium states according to
(7.5). P: path of a non-equilibrium
process according to (V1) and
(V2).
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du
TG v G ... 0,)= <¥>v’;

The temperature in non-equilibrium is also identified with the uniquely defin-
ed temperature of the equilibrium states arrested with respect to the relevant
internal degrees of freedom. The basis of the thermodynamics of irreversible
processes in homogeneous systems is thus a multiple family of equilibrium
states in which the macroscopically relevant internal degrees of freedom can be
ignored. The additional effect of the relevant internal degrees of freedom is
then described on this basis.

The equations of state in the F-representation corresponding to the equa-
tions (2.3)-(2.5) are now

—<aa—;>v’§ss=s(T, v, G ... 4, (7.6)
0
_<a—f> =p=p(Tv¢...G,), (7.7)
V/tg
5]
- <5£>T e =a,=a;,(Tv{...(). (7.8)

Apart from the specific entropy s and the hydrostatic pressure p there are addi-
tional variables of state a; which are designated as affinities as in the theory of
chemical reactions. The affinities prove to be the driving forces which set and
keep irreversible processes going until the internal equilibrium is reached
(Sect. 7.2). When T, v = const., (2.82) leads to

at(Tv, ¢ ...0)=0, (i=1...n) (7.9)

«_»

for the internal equilibrium “¢”. Hence, the affinities disappear in internal equi-
librium. The internal variables g, ... ¢,, which are independent of the thermal
and mechanical degrees of freedom in non-equilibrium, remain variable in the
internal equilibrium but become dependent variables. The # functional rela-
tionships

=6 (T v) (7.10)

can be derived (at least in principle) from the n equations (7.9). Moreover, ac-
cording to (2.83), the symmetric matrix

oa, da,,

(o) (%)
(=) (2
agn e o agn e
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must be negative definite in a stable or metastable internal equilibrium.
With (7.6-7.8), one can write

f=-sT-pv-Zag (7.11)

for the temporal change (7.4) of the specific free energy. On the other hand,
(2.68) with N = const. leads to

df=-sdT-pdv -Td;s

or

f'=-5T'—P1'J—T%- (7.12)

A comparison of (7.11) with (7.12) shows that the entropy production, i.e., the
entropy produced during the irreversible process per time and mass unit in the
interior of the system is given by

d;s

1 .
=— i G 7.13
ar T%“;Q (7.13a)

In a homogeneous system, the entropy production during an irreversible pro-
cess is thus only caused by the internal degrees of freedom. According to the se-
cond law (2.43),

i
must always be valid. In the internal equilibrium, the entropy production dis-
appears because of g; = 0. In the arrested equilibrium, the entropy production

disappears because of ¢; = 0.
In the G-representation, Gibbs fundamental equation is

g=gIlT@),p®), (1) ... G, (1)] (7.14)

and the equations of state are

-<§—§>p’g.=_s=s(7}p, G ... G, (7.15)
)
op/r¢

(5c)
agi T;P’ gk:i

v=uv(T, p S gn) > (7.16)

a;=a(Lp G ... G). (7.17)
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Corresponding to (7.11), one obtains as the differential fundamental equation

g=-sT+vp-Za; (. (7.18)

In the same way, one obtains as Gibbs fundamental equation in the U-repre-
sentation

u=Ts -pv-3a;(; (7.19)

and in the H-representation

h=Ts +vp-3a; (. (7.20)

Here, the affinities are defined by

d
ai(s v, 4 ... G) =~ <5—§‘> (7.21)
i/s gk;ex
or
oh
a;(s,p, G ... G,) =- <§> . , (7.22)
i S’P k = i

respectively. Resolution of (7.19) with respect to s leads to the S-representation
of Gibbs fundamental equation

1. p. 1o
S=—u+=—0v+—2aq i 7.23
T T T4t (7.23)

In the S-representation, the affinities are given by

o
a;(u, v, 6 ... 6)=T <32> o (7.24)

The expression (7.13) for the entropy productlon is invariant in its form with
respect to the Legendre transformations, i.e., equal in all representations.
According to the first law (2.42), we have with (7.1) and N = const.

_d,u
dt

=4-pv. (7.25)
With this, (7.23) becomes

1 . 1 .
=?q+FZai§i. (7.26)
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In the partition (2.40) of the change in entropy

g das s (7.27)
dr | dr

the amount of entropy which has been exchanged with the surroundings of the
system is given by
d,s 1

=—q. 7.28
i 11 (7.28)

Equation (7.28) demands that the temperature T defined by the arrested
equilibrium states agrees with the temperature T* of the surroundings of the
system. This is by no means necessarily true [see Sect. 7.8, in particular Eq.
(7.298)].

7.2
Dynamic Laws

In equilibrium thermodynamics, a system is completely and unequivocally
determined by the explicit specification of Gibbs’s fundamental equation. This
is not true in non-equilibrium. The formalism adopted by equilibrium thermo-
dynamics lacks information on the temporal changes of the independent vari-
ables. Although in our specific case the temporal changes of the macroscopic
external variables (in the F-representation, e.g., T, v, in the G-representation
T, p) are given by the manner of the external perturbation, we have no infor-
mation on the temporal changes {; of the internal variables. The so-called
dynamic laws fill this information gap.

Dynamic laws, like Gibbs fundamental equation and the equations of state,
are material-dependent. They are, therefore, together with the equations of
state, often designated as the constitutive equations which classify the be-
haviour of the material. These are laws of experience where only experiments
can give information on their form and limits of validity. In inhomogeneous
media, these laws, for example, include Fourier’s law of thermal heat conduc-
tion, Fick’s first law of diffusion, or Ohm’s law of electrical conduction, in flow-
ing media, for example, Newton’s law of viscous flow. These laws connect the
fluxes equalizing the non-equilibrium (energy flow, mass flow, electrical cur-
rent, momentum flow) with their driving forces (the gradients of temperature,
chemical potential, electrical potential, and of the hydrodynamic velocity field).
Correspondingly, we must look for an interrelation between the “scalar fluxes”
¢; and their driving forces, the affinities a;.

Let us first consider a system with only one macroscopically relevant internal
degree of freedom and suppose the internal variable is designated by ¢ and the
corresponding affinity by a. The simplest of the possible dynamic laws is then

é =La. (7.29a)
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In general, the quantity L, which characterizes the material, is a function of all in-
dependent variables. However, if one considers (7.29a) (corresponding to the
above-mentioned dynamic laws) as a power series about the equilibrium state to
be reached, broken off after the first non-vanishing term, L can only depend on
the external variables [L =L(T, v) in the F-representation, L = L(T, p) in the
G-representation]. To simplify matters, we will often also assume that L = const.
(strictly linear dynamic law). In any case, the second law requires with ag > 0 [see
Eq. (7.13)]

L>0. (7.29b)

For the temporal change of the affinity, the equation of state (7.8) leads to (if
we only consider one relevant internal degree of freedom):

o*f o’f o*f
- <aTa§> - <ava§> <a§2> ¢ (7.30)

If we assume L = const., (7.29) also results in

Insertion of this expression into (7.30) yields the non-linear differential equation

o%f 32f . azf ‘
(vl <8§2> ¢=- [<3T8§> T+ <auag> "} (7.31a)

for the determination of the internal variables {(t) as a function of time. Here,
T(t) and v (¢) are given by the external perturbation of the system. Thus,

= _ f N 0% f > ]
D[T(), v(1),4(1),t] = L[(amg) T+<—~ava§ v (7.31b)

acts as an external force. If, in addition, ¢ is a dimensionless variable (e.g., a
concentration),

L <ﬂ> = 1, [T(2), v(1), {(1)] (7.31¢)
agz Tv B v ’ ’ .
has the dimension of reciprocal time. With (7.31b/c), (7.31a) can be written as
. 1 .
(+—(=o. (7.31d)
Tty

This is a type of Langevin’s equation. It is closely related to the differential
equation of a driven damped pendulum [e.g., see Goldstein (1962)] whose
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variety of solutions ranges from simple equilibration processes over damped
oscillations to chaotic motion [see Schuster (1984)]. The role of a damping fac-
tor (frictional factor) is taken over by 1/r;,. One should mention that the char-
acteristic time 7, is usually not a constant but depends on the instantaneous
state of the system. Moreover, (7.31) is not invariant with respect to time rever-
sal. This expresses that the equation describes an irreversible process. If one
understands the coefficients in (7.31) as pure functions of time, one obtains as
the first integral of the equation

t
{(r)=e M0 {é(o) +o@)et® dt’} (7.32a)
0
with the dimensionless relative time variable
t dtr
Ar(t)= | — . (7.32b)
o Tty

Equations (7.32) reveal one of the most important features of the macroscopic
relevance of an internal degree of freedom: According to (7.32), the instanta-
neous value of {(t) at the time ¢ not only depends on the instantaneous stress
@ (1), but also on the stress @(¢’) at all previous times ¢’ < t. The previous
history of the system influences the instantaneous state of the system via the
internal degree of freedom. The internal degree of freedom provides the system
with a kind of “memory”. Among other things, this leads (see Sect. 7.4 and 7.6)
to the so-called phenomena of aftereffects.

If the non-equilibrium states of the system deviate only to a small extent
from an internal equilibrium state “e” during an external perturbation (e.g.,a
periodic perturbation with small amplitudes), one can approximately refer the
coefficients in (7.31) to this fiducial state. With (7.6), (7.7),and (7.31 c), one then
obtains

a*f \ _ aZf> —,<_ai>e _
<8Ta§>e - <agaT L \o¢ v otu(T 0), (7.33)
a*f\ _ 82f>__<a_p>e=_ )
<ava§>e - <agau . Y. m5, (L v), (7.34)
%f\® .
t <a_§2>r,., = (L v) >0, (7.35)

where 0%, is the partial specific entropy of the internal degree of freedom in
the internal equilibrium, and %, is a measure of the contribution of the inter-
nal degree of freedom to the pressure of the system in internal equilibrium [cf.
Sect. 7.3, Eq. (7.68)]. If the fiducial state is a stable or metastable equilibrium
state, 1%, is, according to (2.78) and (7.29b), a positive quantity. In a system left
to itself in non-equilibrium under the condition T, v = const., 1%, becomes
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identical with the so-called Debye relaxation time (Sect. 7.4). In place of (7.31),
one then obtains the linear differential equation

.1 . .
(+—¢=L[o}, T+ n%,v]. (7.36)
Tv

In the G-representation, the temporal change of the affinity is, according to
(7.18), given by

2 . aZ . aZ .
d=—<ag>T—< g>p—<—g>§. (7.37)
oTa¢ opag 9¢?
Together with the dynamic law (7.29), this leads to the non-linear differential
equation

. 1 .
{+—¢=T (7.38a)
Tp

for the determination of the internal variable {(¢) as a function of time with the
external driving force

2

_ g \ . o%g > }
riT,p(),q@),tl=-L [(amg) T + <apag P (7.38b)

and the reciprocal characteristic time

o%g
L <—_2> = 1/‘[Tp [T(t)»P (t)) g(t)] (738C)
9C%/1p

The first integral of (7.38) is

((t) =e P {g’(O) +[r@)etn® dt’} (7.39a)
0

with the dimensionless relative time variable

Ary(t) = | dr (7.39b)

0 TTp

If one refers the coefficients in (7.38) approximately to a given internal equilib-
rium state “e”, (7.16), (7.17), and (7.38¢) lead to

azg _ 82g>~_<?i>e _
<3Ta§>e - <a§aT . \3G/g, 7% (5 p) (7.40)
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0? o? ov\¢
< d > = < g > = <—> = 9% (T p), (7.41)
opag/, \ogop /., \ol/r,
aZg e .
L <3—§2>T,p = 1/15,(Lp) . (7.42)
In place of (7.38), we then obtain the linear differential equation
. 1 . . ]
C+—¢=L[og,T-¢f5 v], (7.43)
%

where 07, is the partial specific entropy, and ¢%,, the partial specific volume of
the internal degree of freedom in the internal equilibrium state “e”. If this is a
stable or metastable state, (2.88) leads to

<a_2g>e >0 (7.44)
98/ 1p

and with (7.29b) to
1%, > 0. (7.45)

In this case, 1%, is the Debye relaxation time in the G-representation (Sect. 7.4).
If several internal degrees of freedom are macroscopically relevant, one can
postulate the dynamic laws

gi=L;a;, (i=1...m (7.46)

in analogy to (7.29). As the a; generally depend on all internal variables ¢; ... ¢,
(7.46) represents a system of n coupled differential equations. Equation (7.46),
however, does not express that the internal degrees of freedom can also be dy-
namically interlinked. Experience teaches us that, for example, an energy or
heat flow can also be started by the gradient of the chemical potential (Dufour
effect) and in the reverse case that mass flow can be induced by a temperature
gradient (Soret effect); the gradient of an electrical potential can cause a heat
flow (Peltier effect), and the temperature gradient an electrical current
(Thomson-Seebeck effects) [e.g., see De Groot (1963)]. In general, one can
assume that all possible fluxes are driven by all forces that are present. In our
specific case, it can thus be expected that the temporal change of the internal
variables (; is not only caused by the affinity g;, but also by the affinities a ;.
As the simplest dynamic law, one then obtains

gi = % Lik ay . (7.478)

The coefficients L; form a symmetric matrix

Ly =Ly (7.47b)
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[the so-called Onsager reciprocal relations; see Onsager (1931), Casimir (1945),
De Groot, Mazur (1962)]. Insertion of (7.47) into (7.13) yields for the entropy
production the expression

ds _ 1
dt T

22 Lya;a.>0. (7.48)
ik

Hence, the second law (2.43) requires that the matrix of the coefficients L; be
positive definite.

According to (7.18), the temporal change of the affinities, for example, in the
G-representation is given by

. _ [ 9%\ 82g>._ <82g>~
= <aTa§k>T <apa§k P2 \agag) ¢ (7:49)

If the L; in (7.47) are constant, i.e., if (7.47a) is a true linear law, we have, on the
other hand,

¢i= % L a.
Insertion of (7.49) results in

oyl r< d’g >T+< 82g>_* SSL < 82g>.
5i=-2 *|\arag, Apdg, p__k€ *\ag,a¢, Se-

With

= ﬁ< 82g>T <aZg>f
i = %szv aToL, + 3oL, pg (7.50a)
and
g
M,=3X1L, , .
it %sz <a§€ 8§k> (7 SOb)

one obtains the system of n coupled non-linear differential equations

§i+§Mz’€ Ce=T, (7.50¢)

for the determination of the internal variables {;(f) as a function of time. The I}
are understood to be external driving forces acting on the internal variables ;.
The M;, act as damping or frictional factors which, if the {; are dimensionless,
have the dimension of reciprocal time,
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7.3
Dynamic Response Functions

To simplify matters, we will in the following sections once again consider a sys-
tem with only one macroscopically relevant internal degree of freedom. In Sect.
7.7, we deal with the particularities which occur in systems with several simul-
taneously relevant internal degrees of freedom. In Sect. 7.3, we examine the ef-
fects of a relevant internal degree of freedom on the response functions of a
system.

According to (2.44), the isothermal bulk modulus is a relative measure of the
change in pressure with the change in volume at constant temperature. The me-
chanical equation of state (7.7) results in

_ (% o L2
dp = <aT>MdT+ <av>u av+ (L) (751)

for the change in pressure of a system with a relevant internal degree of free-
dom. As the isothermal bulk modulus, one thus obtains

kT'E -V <@> =—-1P <a—p> -V <a_p> <£> . (7.523)
dv T ov T¢ a§ Tv dv T

As ¢ and v are mutually independent, but time-dependent variables in non-
equilibrium,

<d—§> = {rlvp (7.52b)
dv/;

must be interpreted as the ratio of the temporal change {7 of the internal vari-
ables at constant temperature to the temporal change v; of the specific volume
at constant temperature. If one considers the coefficient of thermal pressure
(2.45) as the relative measure of the change in pressure with the temperature at
constant volume, (7.51) leads in the same way to

1 dp> 1 <ap> 1 <ap> -
=== ==(=) +—(=) G/T,. (7.53)
“ p<dTU p 9T/, p \9¢ T,,,g

According to (2.45), the coefficient of thermal pressure can also be understood
as a relative measure of the change in entropy with volume at constant temper-
ature. The differential form of the thermal equation of state (7.6)

as=(2) are <E> av+ (22) g (750
oT v g av L¢ Bg T v
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then leads to

1 /ds 1 /0s 1 /0s .
1 (ds\ _1/09s 2 (9 5 7.55
br p <dv>T p <aU>T,g+ p <a§>T,ugT/vT 759

We will see further below that = 8, = Bis valid in an arrested, as well as in an
internal equilibrium. On the other hand, ;# B, generally holds in non-equilib-
rium, so that two different coefficients of thermal pressure must be distinguish-
ed depending on the perturbation of the system. Equation (7.54) further leads to

c,=T <£> =T <a_s> +T <a_s> T, (7.56)
dT/, 3T /), ¢ /1.

as the isochoric specific heat capacity. The equations (7.52/7.53) and (7.55/7.56)
reveal an additional important feature of the macroscopic relevance of an in-
ternal degree of freedom: At internal equilibrium, the response functions of the
F-representation at constant temperature and volume are matter constants. In
the case of variable temperature and volume, the response functions are matter
functions. This is no longer the case when the internal degree of freedom is dis-
turbed. The response functions depend on the ratio of the rate {; or ¢, of the
internal variables to the rate of external perturbation v; or T, .In order to char-
acterize the material, the rate of perturbation must be given in addition to the
response functions. Two limiting cases can be distinguished:

In the first limiting case, {; < v or {, < T, holds. The external perturbation
occurs much faster than the change in the internal variables. During the per-
turbation, the system is then practically in an arrested equilibrium with respect
to the internal degree of freedom. The response functions of the arrested equi-
librium are measured:

d
kT=kT,gs-u<£> , (7.57)
T¢
1 /op 1 /0s
-3 = = (L) -2 (Z) =g, 7.58
B=B;=Puc p<aT>M p<av>u Pre (7.58)
Cp=1Cy = T<aa—;> g. (7.59)

The second limiting case occurs if {; > vy or {, > T,. The external pertur-
bation occurs now considerably more slowly than the change in the internal
variables. In this case, the internal variable is at any time capable of reaching its
equilibrium value practically instantaneously. The perturbation process be-
comes a sequence of internal equilibrium states in which

a(T,v,{)=0 and {(={((T v
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hold at any time, and { becomes a dependent variable which with ¢ = (T, v)
directly follows the external changes. According to (7.30), we obtain for this
process

_ (%f _ azf> _<ﬁ> _
da= <aTa§>edT <ava§ v (5g), 4670

or with the abbreviations (7.33-7.35)

1
O'%vdT‘F Tl'%vdp —L—edge=0 .

Tv

Accordingly, the dependence of the internal variables on the external variables
is described by

d¢, = L1%, 0%,dT + L1%, m5, dv (7.60a)
with
9¢
) =Lt§, 0%, 7.60b
() <ure s
and
<3§e > = L1$, 5, . (7.60¢)
ov Jr

As response functions which can be measured in internal equilibrium, (7.52),
(7.53), (7.55), and (7.56) lead to

0w (), (2L
T v /x., 3¢/, \ dv /y

= kf [ ULT%U(T[%U)Z, (761)
1
)Be = 78" = ﬁleJ = ,Bge + ;LT%UT[%UU%U > (762)
cf=cy ¢ + TL1g, (0%,). (7.63)
¢l gb'

In (7.61) to (7.63), k,, B, and c,, ;, are those response functions which are mea-
sured if the system in the internal equilibrium state Z[T, v, {,(T, v)] is perturb-
ed so rapidly that the internal variable {, appears arrested with respect to this
perturbation. The response functions of the arrested equilibrium contain the
contributions of all internal degrees of freedom except for the contribution of
¢. Hence, the contribution of the macroscopically relevant internal degree of
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freedom to the response functions which can be measured in internal equilib-
rium is given by the differences

Akr = k§ - kg, = -vLt4,(75,)* <0, (7.64)
1

AB =B, - ﬁge = ; Lt%, %, 0%,, (7.65)

Ac,=c§ - ¢, = TL15, (05,) > 0. (7.66)

According to (7.29b) and (7.35), the smaller and greater sign hold if the inter-
nal equilibrium is a stable or metastable state. In this case, the bulk modulus
measured during a very slow perturbation is always smaller than the bulk
modulus measured during a rapid perturbation. The internal degree of free-
dom contributes to a “softening” of the material. On the other hand, the heat ca-
pacity measured during a very slow perturbation is larger than the heat capac-
ity measured during a rapid perturbation. The sign of Af remains open as long
as the internal degree of freedom is not explicitly specified. Insertion of
(7.64-7.66) easily confirms the Davies relation

— Ac, Ak = Tv p* (AP (7.67)

[Davies (1952); Davies, Jones (1953); see also Prigogine, Defay (1950)].

The retention of the internal variable in internal equilibrium may be some-
what irritating, as the internal variables are usually eliminated in equilibrium
thermodynamics. However, it becomes necessary as soon as a comparison of
non-equilibrium states, arrested equilibrium states, and internal equilibrium
states is required. The consistency of the equations (7.60-7.66) with equilib-
rium thermodynamics may be demonstrated, for example, on the basis of the
mechanical equation of state (7.51): in the internal equilibrium, (7.51) is

dp= <2> dT + <a_p> dv+ <a_p>e dg,
OT /¢, ov /gy, 3¢/ 1y

or with (7.57), (7.58), and (7.34)
1
dp=p B dT - — kg ¢ dv+ m$, dg, (7.68)
v
and with (7.60) and (7.64-7.66)

1
dp =pp;,dT - — kg, dv + L1%, 0%, m%,dT + L15, (%) dv
v
1
=p(B;, + AP) AT - — (kg §, + Aky) dv
' v

1
:pﬁedT— ;qu dv.
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Because of N = const., the last line obviously corresponds to the differential
equation of state (2.56) of equilibrium thermodynamics according to (2.45)
and (2.44).

In order to obtain information on the development of the response functions
between the two limiting cases, i.e., in non-equilibrium, the external perturba-
tion vy or T, must, of course, be known explicitly. Examples can be found in
the two following sections and in Sect. 7.8.

In the G-representation, the mechanical and thermal equations of state
(7.17) and (7.16) are in their differential form

ov ov ov
dv= —> dT+<———> d +<—> dc, (7.69)
<aT ¢ /¢ P ¢/ 1y 6

os os os
ds = <—> dT + <—> dp + <—> dg. (7.70)
OT /¢ op/ug P ¢/ 1y ¢

This leads with

g\ _ ;. g\ _ ;o
()b w (8)-

to the isothermal compressibility

e (8o, 1),
) dp/r v \0p/g; v \9{/1, ripr> ’
the coefficient of thermal expansion at constant pressure
1 /dv 1 /ov 1 /dv .
=_ () = _ (-2 + —{— IT,, 7.72
% v <dT>p v <8T>P,§ v <a§>T,p 5!Ty (7.72)
the coefficient of thermal expansion at constant temperature
1 /ds 1 [/0os 1 /0s s
ar=-—(—) =-—{—) -—(— Ipr» 7.73
! v <dP>T U<3P>T,g U<a§>r,p rlpr ( )
and the isobaric specific heat capacity
d ) i) .o
¢, =T <—i\ =T <-i> +T <—5> G, (7.74)
dT/, oT /¢ 3¢/,

[see Eqgs. (2.47-2.49)]. In an arrested equilibrium, the response functions

T v ap 1 ’ .
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1 /09s 1 /dv
v \0p ¢ v \OT Y

os
=T <—> (7.77)
aT p’ g

are measured with {; < py or ép < 7';,, respectively. In the case of an internal
equilibrium [{; > p; or {, > T, respectively, and a =0, {= ( (T, p)], (7.37)
with the abbreviations (7.40-7.42) results in

1
da = UeTpdT"PeTde‘ngezo’
T

P
dg, = Lt%,0%,dT - L1%, 95, dp, (7.78a)
ie.,

9G. e e
<aT>P = LTTPOTP 5 (7.78b)

9G.

—= ) =-L1%,¢%. 7.78
< ap )T T P1p ( c)

One thus obtains for the response functions to be measured in internal equilib-
rium

1
Kf = Kg .t — LTETP((PeTp)Z > (7.79)
v
1
a, =a; =af =a; + — L15,¢0%,0%,, (7.80)
v
cg = Cp ¢, + TLT5,(0%,)*. (7.81)

The contribution of the internal degree of freedom to the response functions of
the internal equilibrium is given by the differences

1
Axr = Kf - Kyg = " Lt5,(p%,)* >0, (7.82)

1
Aa=a,-ag = > L1%,¢0%,0%, » (7.83)

Ac, = c§ - ¢, ¢, = TL1%,(0%,)* > 0. (7.84)
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The greater-than sign is valid if the internal equilibrium state Z[T, p, ¢, (T, p)]
is a stable or metastable state, so that 7%, > 0. The contributions (7.82-7.84)
fulfil the Davies relation

Ac, Ay =Tv (Aa)? (7.85)

[see Eq. (7.67)]. The Davies relation (7.85) is formally identical with the so-cal-
led Ehrenfest relation (8.8), which holds for second order phase transformations
(Sect. 8.1). However, the meaning of the two relations differs considerably. The
Ehrenfest relation is a purely thermostatic relation in which the differences A
refer to two different states Z[T, p, x;(T, p)] and Z[T, p, x;;(T, p)] of the internal
equilibrium. The Davies relation, on the other hand, is a dynamic relation in
which the differences A refer to one and the same state Z(T, p, {,) which is
stressed once very rapidly (¢, = const.) and once quasi-statically [{, = {,(T, p)].

There are some purely mathematical relations between the response func-
tions in equilibrium thermodynamics (Sect. 2.3). These relations naturally also
exist among the response functions of an arrested equilibrium or among the
response functions of an internal equilibrium. In addition, there are still very
similar relations between the equilibrium coefficients 7,, ¢, 7, and 0,. As a
result, the response functions of the arrested equilibrium and the response
functions of the internal equilibrium are not independent of each other.

For example,

a(Lv, O=alLp(Ly 0, ¢l

holds for the transition from the G-representation to the F-representation, i.e.,

(50~ o)., Ge),.r (0
oC/r, 9p/r ¢ \9C/1, \OC/g,

If one relates this equation to the internal equilibrium, one gets for the indivi-
dual terms according to (7.8) and (7.35),

AN 2f\e
— =-\35 =-1/L1%,,
a§ T v ag Tv

according to (7.17) and (7.42),

e 2 e
@) =<9§> -y,
9C/1p 96*/1p

according to (7.34),
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and according to (7.17), (7.16), and (7.41),

Go )= Gpac) = (or) =~ (5o ==
/. \opac). \egap).  \ag)y, U7

This leads to the relation

1 1
_— = + L ¢%, 15, . (7.86)
%, T ?

With T, p = const., the F-representation (7.51) of the mechanical equation of
state results in

0=<8_p> dv+<a—p> dg
ov T¢ ag Tv

or, since we have T, p = const. as a secondary condition so that

o _ (o)
dg 3 /1y

in

(36),.= )., (52
90/ 1 v/ \94/1p

If one relates this equation again to an internal equilibrium, one obtains,
according to (7.34), (7.57), and (7.41), the relation

e 1 e
TS, = kj; I (PTP > (7.873)
v

or, in addition, because of

ky; g = I/Kr I (7.88)

1
UK g (T15,)% = o kg o (9%) . (7.87b)

Insertion of (7.87a) into (7.86) yields the relation

1 1

e €
TTy Tp

L
+ k(%) (7.892)
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and with (7.87b) the alternative relation
1 1
—— = — + vLKy . (75,). (7.89b)
%, %

If the arrested equilibrium state is mechanically stable, we have k;;; >0, k., >0
[see (4.22)]. The relation (7.89) then expresses that

1 1
>

€
Try T1p

or T%,2Thy, (7.90)

respectively, must always be valid. Hence, the processes to be described with the
differential equation (7.36) are generally subject to a stronger damping than the
processes to be described with the differential equation (7.43). The equal sign
only holds in (7.90) if n%, = ¢%, = 0 is valid, i.e., if the pressure or the volume
do not depend at all on the internal degree of freedom (see below).

Equation (7.89 a) with (7.88) and (7.82) further leads to

T Ak
—L =1+ L15y (g5 =1+ —,
Ty VKT g, Kr¢,
ie.,
reTP
Akp = -1) kg (7.91a)
e e
Ty
and
TL’
K5 = eTP - (7.91b)
TTy

The compressibility to be measured in an internal equilibrium is linked with
the compressibility to be measured in an arrested equilibrium via the ratio
T/ Ty of the damping factors. In the same way, (7.89b) with (7.88) and (7.64)
results in

Te
Aky = < L _ 1> kze, (7.92a)
Te
Tp
and
L
ko= —2 kyp (7.92b)
T T
Tp

The validity of (7.88) is obvious. (7.91b) and (7.92b) now clearly show that

kg =1/x% (7.93)

is also valid.



7.3 Dynamic Response Functions 219

Similar relations can be obtained from other representations. One thus ob-
tains, for example, for the damping factors of the U- and H-representation

%u \¢ 0%h \¢
L 3 = 1/1¢, or L > =1/15,
ag Y ag sp

respectively, the relations

1 1 LT

—=—+ (0%,)%, (7.94a)
Tsv I-Tv Cv, Ge

1 1 LT

— = — + —— (0%)%, (7.94b)
Lp  Tp G

1 1 L
— ==+ = k. (9,), (7.94¢)
¢, T, v

where k,, is the isentropic bulk modulus (2.50) which is measured in an ar-
rested equilibrium. The partial specific volume ¢, is defined by

. <8v> e
(psp Sl .
9G /s
If the reference state “e” is a stable or metastable equilibrium state, we have the
time hierarchy

TGy 2 15,2 75,> 0, (7.95a)

T, 275, 215,>0. (7.95b)

Processes in which T, p occur as free variables are damped the least. Processes
in which s,v occur as free variables are damped the most. Equation (7.94a) with
(7.66) leads to

e_ v
o= —— Cyy, (7.96)
sv

and (7.94b) with (7.84) to

€

T
cs=—2 ¢, . (7.97)

e
sp

The observation that 7%, = 7§, by no means entails 75, = 7%, is finally of signif-
icance. According to (7.89), 1%, = 14, leads to ¢%, = %, = 0 and, according to
(7.91) and (7.92), to k% = kg ¢,» k§ = kg ¢. In this case, the internal degree of
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freedom does not have any influence on the isothermal response functions. The
internal degree of freedom is irrelevant with respect to the isothermal mechan-
ical processes. With 7, # 7, # 17%,, the same internal degree of freedom can still
become noticeable in the heat capacity or during an isentropic mechanical per-
turbation. In the reverse case, the isothermal mechanical relevance of an inter-
nal degree of freedom by no means necessarily entails a relevance of this degree
of freedom with respect to the heat capacity. The relevance of an internal
degree of freedom or its strength thus depends on the external boundary con-
ditions which the system is subject to.

The statements we have obtained about the mode of action of a macroscopi-
cally relevant molecular internal degree of freedom can easily be applied to
more complicated systems. In general, the internal degree of freedom provides
the system with a “memory” which, among other things, leads to the so-called
phenomena of aftereffects. The response functions become dependent on the
rate with which the system is perturbed (the mechanical moduli or compli-
ances, the coefficients of thermal expansion and stress, the heat capacities, and
also, for example, the so-called dielectric constants and magnetic permeabil-
ities, which are not treated further here). One measures the response functions
of an arrested equilibrium with a very fast perturbation and those of an inter-
nal equilibrium with a quasi-static perturbation. The strength of reaction of an
internal degree of freedom depends on the external boundary conditions which
the system is subject to. The reaction of an internal degree of freedom which is
particularly pronounced during a certain manner of perturbation may disap-
pear completely in the case of another manner of perturbation.

7.4
Relaxation Phenomena

If a system is brought into a non-equilibrium state Z [T, v, {(0)] and then left to
itself under the condition T, v = const., it will, with increasing time, usually
strive to achieve an internal equilibrium state Z[T, v, { (T, v)]. This process is
called relaxation. In order to describe such a relaxation process, (7.31) or (7.32),
respectively, lead to

(=- L ¢ (7.98a)
TTv
or
. : ) ¢ dr’
G(t) = §(0) e~ with A () =] —. (7.98b)
)

If the process should come to a standstill at a time t = t, after reaching the
internal equilibrium state,

lim Ap,(2) = + o (7.98¢)

t—t,
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must necessarily be valid. If the attained equilibrium state is a stable or meta-
stable state, it follows further that [see Eq. (7.35)]:

lim 7;,(¢) = 1%,> 0. (7.984d)

t—>t,

Moreover, in the case of an ideal, non-singular continuous function 7.,(f),
t, = + oo can theoretically be expected according to (7.98b).

The relaxation processes to be described by (7.98) are generally non-linear
processes, as the characteristic time

I, = T [T v, G (2)] (7.99)

depends on the instantaneous state of the system. However, if the initial state is
not too far from the final state, one can approximatively assume according to
(7.98d):

Tr,(t) = 1%, = const. > 0 . (7.100)

Equation (7.98a) thus becomes a linear differential equation. The relaxation
process is then only determined by the data of the initial and the final state, in
particular by the time constant 1%, (T, v) which is determined by the final state.

If one inserts (7.100) into (7.98a), one obtains as the first integral of the dif-
ferential equation

£(1) =§(0) e (7.101)
and as the second integral

g() =1[6(0) - g e+ (,. (7.102)
The initial rate of the process is given by

1

e
Ty

¢(0) = - [C(0)-¢)]. (7.103)

With this, one can also replace (7.101) by
. 1
c(=-—1[061®-7l. (7.104)
Try

The relaxation process becomes a monotonous exponential equilibration pro-
cess. Equation (7.104) has the form of a “decay law”, as is valid for many “natur-
ally” proceeding processes (occurring without external disturbance). The con-
stant 1%, is often designated as the Debye relaxation time.

In the neighbourhood of the final state, the equations of state (7.6-7.8) can
be expanded in Taylor series and the series broken off after the linear terms.
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Under the condition T,v = const., one thus obtains with (7.33-7.35) and (7.9)

s=5,+ <2—5§>;(§— C) =s.+ 0%,(C-C,) s (7.105)
p=p.+ (g—P>e (G- C)=pe+ mh,(0- G s (7.106)
¢/

a=a,+ <§—2’>;(§—ge)=— €. (7.107)
Insertion of (7.102) results in

s(t) =[s(0)-s] e+, (7.108a)

P =[p©)-plet™+p,, (7.109a)

a(t) = a(0) e, (7.110a)
with

s(0) - s, = 0%,[5(0) - (], (7.108b)

p(0) - p.=m%,[0(0) - &, (7.109b)

a(0) =-[¢(0) - ¢I/L1%,. (7.110b)

The entropy, the pressure, and the affinity decrease exponentially from their
initial value to the final value. The rates of change of these quantities are given
with (7.29) by

. 0 .

s= <5%>IU =L o%,a(t), (7.111)
. ) .

pP= <£>I ) g=Ln%,a(t), (7.112)
. da L 1

a= <§5>rv (= - a(t). (7.113)

According to (2.18), we get for the internal energy of the relaxing system

CRCRECRSE
ag Tv ag Lv ag T v
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i.e., with (7.29)

U= <3‘i> (=-La*+ TLo%,a. (7.114a)
ag Tv

According to the first law (2.42) or (7.25), the change in the internal energy u
under the condition T, v, N = const. is identical with the heat g which must be
exchanged within the time unit with the surroundings of the system. We also
have

q L,
— =L o%,a-—a*. 7.114b
T T T ( )

Here, the first term on the right describes the change s in total entropy [accord-
ing to (7.111)]. From this, one substracts a term which, according to (7.13) and
(7.29), is identical to the entropy produced during the relaxation per time and
mass unit in the interior of the system.

One should mention that an internal excess temperature

Or(t) =- a(et) = <§—§T> [4(0) - ¢ (7.115)

0Ty
can also be introduced in place of the internal variable {(#) in the description
of the relaxation process [see Egs. (7.107) and (7.60b)]. According to (7.113),
this temperature follows the differential equation

. 1
Or, = - — Op,(1). (7.116)
TTy

It vanishes when the internal equilibrium state is reached. With (7.65) and
(7.66), one then obtains in place of (7.108) and (7.109)

s(t)=s,+ % Or, (1), (7.117)
p(t)=p.[1+AB O (D], (7.118)

i.e., equations which directly contain the contribution of the internal degree of
freedom to the response functions. One obtains in place of (7.111) and (7.112)

1 Ac,

€
%, T

§=— IROR (7.119)

p=- 1 P ABOL(D) . (7.120)

Tv



224 7 Systems with Macroscopically Relevant Internal Degrees of Freedom

For the change in internal energy (7.114), one finds

.. Acg, 1
i=g=- = <@T,,+—@2TU>. (7.121)
%, T

When T, p = const., relaxation processes have to be described, according to
(7.38) or (7.39), by:

.. 1 .
(=-—C (7.122a)
TTP

or
: . cdt’
G(t) =¢(0) e An® with Ap() =) — . (7.122)b)

0 TTp

The limiting conditions
lim Ag, () =+ oo (7.122¢)
t e

and
lim 77,(¢) =15,>0 (7.122d)
t

e

are valid, and 1%, is the Debye relaxation time of the G-representation.
Linearization of Eq. (7.122a) with

er(t) = 1%, = const. > 0 (7.123)

leads to the equation
(W =-— (O -8l (7.124)
%

with the solution
() =1[5(0)-¢,] e+ ¢,. (7.125)

According to (7.90) or (7.95), the relaxation of an internal degree of free-
dom under the condition T, p = const. is always slower than under the condi-
tion T, v = const.

Linearization of the equations of state (7.15) - (7.17) leads to

s=s, + o%p (g_ ge) ’ (7.126)
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v=10,+ 9%, (0-4.), (7.127)

a=- Lrl%p ¢-2) (7.128)
or

5(t) = [s(0) - 5,] e + 5, (7.129a)

v(8) = [v(0) - v,] e + v, (7.130a)

a(?) = a(0) e, (7.131a)
with

s(0) - s, = 0%,[0(0) - (], (7.129b)

v(0) - v, = 95, [£(0) - 4], (7.130b)

a(0) = - [¢(0) - &/Lt5, (7.131b)

[see Eqs. (7.40-7.42)]. With (7.29), we further obtain

. as .

s = <’a—§'>T;P g = La%Pa(t) , (7132)

. ov s,

v= <a—§>rp g = L(pra (t) , (7133)

a= <ﬂ> S a(t) (7.134)
ag Tp Tgl‘p . '

According to the first law (7.25) or (2.42) with T, p, N = const., the amount of
heat to be exchanged with the surroundings of the system is given by

g=u+pv=h

[see the equations (2.29) and (2.18)]. As = g holds with N = const., (2.30) re-
sults in

@), -,

ag Tp ag Tp ag Tp

and thus, according to (7.17),(7.29), and (7.126), in
oh

q = I:l = <§E> g: -La* + TLU%P(Z . (7.135)
Tp
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In addition,

O, (t) = - a(et) = <§_gT> [g() - ¢l (7.136)
e/p

Tp
can now be defined as the internal excess temperature [see the equations
(7.128) and (7.78b)]. It satisfies the differential equation

. 1
@Tp =- — @Tp(t) . (7.137)
r"’Tp

According to (7.83) and (7.84), one obtains

A
s()=s, + % O, (1), (7.138)
v(t) = v [1+ AaOq,(1)] (7.139)
and
: 1 A
s=-— "2 oy, (7.140)
TTP T
_ 1
=-— 0,Aa0p(1), (7.141)
%
. Ac 1
:h_______ﬂ @ +—@2 . 7.142
TS, (on+ 7 ) 714

Similar “exponential laws” can easily be derived for more complicated sys-
tems [e.g., for the deformation and stress variables of elastic systems or for the
dielectric displacement (electric induction) and the electric field strength in a
dielectric]. However, only in specific cases will we deal with true laws with a
larger region of validity. For example, three presumptive approximations were
necessary in order to obtain an exponential decrease or increase in the pressure
(7.109) or in the volume (7.130): 1. the presumption of a linear dynamic law
(7.29) with L (T, v) = const. or L (T, p) = const., 2. the linearization of the dif-
ferential equations (7.98) or (7.122) with the presumption 71, = const. > 0 or
17, = const. > 0, respectively, and 3. the linearization of the mechanical equa-
tions of state. If the linear dynamic law (7.29) is valid, an exponential attenua-
tion of the internal variable at a larger distance from the final state can only be
expected if the Gibbs potentials, e. g., the free energy, have the quadratic form

f=f+A@-C)+(C-C).

For example, this is the case when the internal energy in the free energy out-
weighs the entropy, and the internal energy, similar to Eq. (6.109), is a quadrat-



7.4 Relaxations Phenomena 227

ic function of the internal variable. According to (7.31c), we then obtain 77, =
const. Such a constancy, however, cannot be expected in the case of a more com-
plicated intermolecular interaction.

If the relaxation represents an attenuation process during which the internal
variable monotonously drops from the initial value {(0) > ¢, to the equilibrium
value, {,, { < 0 is always valid. Moreover, if 7, > 0, (7.98) necessarily results in
¢ > 0. The attenuation curve {(t) then always has, as has the exponential func-
tion (7.102), a convex curvature versus the time axis. Due to (7.98d), such a cur-
vature is essential in the vicinity of the final state. With a larger distance from
the final state, on the other hand, (8*f/0{%); , and thus 7, can definitely also
assume negative values. If 7, <0 holds together with { < 0 at the beginning
of the process, we get { < 0. The monotonous attenuation curve is then first, as
in an autocatalytic reaction, concavely curved versus the time axis. According
to (7.98a), a singularity occurs with =0 following the transition from the
concave curvature ( < 0) to the convex curvature (¢ > 0). With { < 0, either
Tr, = 0, { = ~ o Or Tyy, = * oo, { = finite is valid at this point. In the first case, the
affinity also runs through a singularity with a = - c. In the second case, the
affinity a ~ ¢ (because of { = 0) passes through a finite minimum value. Two
simple examples are shown in Figs. 7.2 and 7.3.

If the entropic part predominates in the free energy, one can expect a pro-
portionality f ~ In { which leads to 1, ~ - > With the formulation

Tr, = 15, - 5,[{() - ()%, 1,=const.>0, (7.143)

two cases must be distinguished: If 7%, > 7,[{(0) - {,]* is valid, 1%, > 1, > 0 al-
ways holds for all {(¢t) > (.. The attenuation curve, like the exponential curve, is

Fig. 7.2. Non-linear relaxation of the internal variable ¢ according to (7.98) and (7.143).
A:0 < 17,(0) < 74,; B: ,(0) < 0 < 7%, E: in comparison, linear relaxation according to (7.104).
t: time
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convexly curved versus the time axis. Relaxation, however, occurs - especially
in the first process intervals - faster than in an exponential relaxation (Fig.
7.2A). If, on the other hand, 1%, < 1,[(0) - (,.]? is valid, the process starts with
7r, < 0. The attenuation curve is at first concavely curved versus the time axis.
Tr, = 0 and § = - oo result during the transition from the concave curvature to
the convex curvature (Fig. 7.2B). A singularity of the second case, for example,
occurs if

0

T, =T - ——, §, <, <(0) (7.144a)
-6
holds. In order to fulfil the condition (7.98d),
L (7.144D)
G = Ge
must be valid, so that it follows that
Tr= tho- T S0, = (G- 4 (7.1440)

S

(see Fig. 7.3).
Apart from exponential relaxation processes, hyperbolic relaxation proces-
ses with

[G(t)-¢l~tP, B>0 (7.145)

Fig. 7.3. NL: non-linear relaxation of the internal variable { according to (7.98) and (7.144);
E: linear relaxation according to (7.104). Right: relaxation time in the case NL. : time
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are also observed (e.g., when a Leyden jar is discharged). Hyperbolic relaxation
phenomena are invariant under change of scale, i.e., a change in the time scale
t — t’= ytleads to

Cyt) - C=v Pl - ¢].

An arbitrary stretching of the time scale can always be corrected by a corre-
sponding compression of the curve {(t) - {,. The appearance of {(t) - (, is
similar in all time scales. Equation (7.145) is also possible as the solution of the
differential equation (7.98a). Insertion of (7.145) into (7.98a) yields

t

p+1

With = 1/2, we, for example, presuppose a free energy of the form

~[§(®) - GI7VA. (7.146)

Ity =

f:ﬁ) +fl(§_ ge) +ﬁl(§ - 42)4'
Equation (7.146), however, only satisfies the subsidiary condition (7.98d) if

e : If\ _
TS, =+ oo, ie., a—gz =0 or L—0 (7.147)
Tv

is valid, i.e., if the final state with respect to the internal variable is a neutral or

arrested internal equilibrium state (see further below). Proceeding from a finite
initial value £ (0) (7.145) must be normalized to

-8
c(r) = E + [4(0) - §z]‘“”} + .. (7.148)

This solution is scaling-invariant for all times
t> 1[g(0) -] VP.

A characteristic of the hyperbolic relaxation is that it occurs considerably faster
than a comparable exponential relaxation at the beginning of the process, but
considerably slower at the end of the process (see Fig. 7.4 H).

A similar behaviour is observed during the so-called Kohlrausch-Williams-
Watts relaxation [see Kohlrausch (1847); Williams, Watts (1970)], where it is as-
sumed that the relaxing quantity follows the proportionality

B
[5(1) - ] ~exp [— <§> } 0<p<1 (7.149)

(Fig. 7.4, KWW). If one considers (7.149), as is common in the literature, as the
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Fig. 7.4. H: hyperbolic relaxation according to (7.148) with 8 = 1/2; KWW: Kohlrausch-
Williams-Watts relaxation according to (7.149) with B = 1/2; E: exponential relaxation
according to (7.102)

solution of a differential equation of the form (7.104), one obtains
1
Ty, = — PP, (7.150)

As the solution of the somewhat more general equation (7.98a), (7.149), on the
other hand, leads to

_ t , (7.151)

Tty ¢ B
wpes(l)
T

The expressions (7.150) and (7.151) become identical for large values of time ¢.
The proportionality (7.149) also requires infinitely large Debye relaxation times
if it is supposed to satisfy the equations (7.98) or (7.122) [see (7.147)]. The
Kohlrausch-Williams-Watts relaxation, therefore, only complies with the as-
sumption of a linear dynamic law of the form (7.29) if the final state of the
relaxation with respect to the internal degree of freedom is a neutral equilib-
rium state, or if the internal degree of freedom increasingly freezes-in during
the relaxation and finally appears completely arrested in the final state.
Freezing processes, however, generally require a variable coefficient of coupling
L (see Sect. 7.8), while L = const. was assumed in (7.98).

The crux of the phenomenological description of the relaxation processes is
that the non-linear relaxation of a single internal degree of freedom can often
equally well be described by the additive superimposition of the exponential
(i.e., linear) relaxation of many internal degrees of freedom with a spectrum of
Debye relaxation times (see Sect. 7.7). Reasons for the assumption of a relax-
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ation time spectrum can almost always be found (e.g., in the always present
fluctuations of the mass density). On the other hand, linear relaxation equati-
ons can only be expected, even in the relatively simple thermodynamics of ir-
reversible processes, if the coupling coefficient L is constant and the Gibbs po-
tentials can be represented in a simple quadratic form. In the case of non-ex-
ponentially proceeding relaxation processes, one, therefore, often concerns
oneself with a superimposition of coupled non-linear processes with varying
damping. On the diversity of relaxation phenomena, for example, see Campbell,
Giovannella (1990).

Another kind of relaxation (or retardation) occurs if one of the external
variables is suddenly brought to another value. As an example, we have chosen
an instantaneous isothermal change in volume at the time #; from a value v, to
a value v,. If we fix the zero point of the time to t = - o,

—o<t<t:v=1;; HStS+ooiv=v>U); -0 <t<+o0:T=const.

should be valid in the indicated time intervals. We assume the initial state to be
an internal equilibrium state Z [T, vy, {,(T; v;)], so that {(- o) =0 results. The
change in volume at the time t; occurs so rapidly that the internal degree of
freedom is not capable of following this change. At time ¢, the system changes
into the arrested equilibrium state Z[T, v;, { = {,(T, v;)]. The arrest, however,
only exists during the instantaneous change in volume from v, to v;. The arrest
is removed with v, = const. during the rest of the perturbation process. The
state arrested at ¢t =t turns into an unarrested non-equilibrium state from
which the system relaxes into the internal equilibrium state Z[T, v;, {; (T, v;)].
In the following, we will confine ourselves again to the strictly linear case and
suppose that all coefficients of the determinant equations can be replaced by
the constant coefficients of the initial state. For the description of the process,
(7.36), corresponding to (7.32), leads as the first integral to

t
C(t)=LnY, et | ety (1) dr. (7.152)

— oo

The isothermal volume change is given by the Dirac delta function

or(t) = (v - vy) 6(¢ - 1)
With this, (7.152) further leads for times t > t, to

C(8) = Lnd, (v - vy) e -t (7.153)
In this type of relaxation, the driving force of the process, the affinity a(t) =
¢/L, is not, as in the preceding cases, determined by the difference {(0) - ¢, of
the internal variable, but by the volume difference v, — v,. At the time ¢,, it starts

with its maximum value

a(t) = n%, (v, - vy)
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in order to exponentially fade out in the course of time. The integration of
(7.153) then yields the equation

G(t) = Gy + L1}, 1%, () - ) [1 — e -0)irh] (7.154)

for the change in the internal variable with respect to time. The internal vari-
able increases or decreases exponentially from the initial value {; to the new
equilibrium value

G =Gy + L1y, 1%, (v - vp) = G + <%> (v, - vp)
ov /r

[see Eq. (7.60c)]. If ¢, is smaller or greater than {,, of course, depends on
whether the concentration ¢, of the internal degree of freedom in the internal
equilibrium increases or decreases with the volume.

Linearization of the mechanical equation of state yields with (7.57) and

(7.34)

_ o ) @?Y
p=pot <av>7; . (v, - vy) + <a§>7:v (C- %)

1
=po— —kgg (v - vo) + 7, (§- G) -
Vo

If one inserts (7.154), one obtains with (7.64) for the change in pressure during
the relaxation of the internal degree of freedom

P - po=~- [kyg, + Akp[1 - e - torrh]) 2220 (7.1552)
Uy

The pressure reacts to the instantaneous volume change at the time ¢, with the
instantaneous Hookean change of the arrested equilibrium

U -V

P(tl)_p0=_k7:§o

Uo

[see Egs. (5.34/5.35)]. However, the pressure still continues to react. The relax-
ation of the internal degree of freedom induces an aftereffect. With increasing
time, the contribution Ak; of the internal degree of freedom becomes more
and more important until the Hookean pressure of the internal equilibrium is
finally reached

Pl—PoEP(‘”)—Po=k%vl_UO-

Uy

Aftereffect phenomena are naturally atypical for Hookean bodies which follow
a linear mechanical equation of state with constant coefficients. However, after
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elimination of the internal variables in the mechanical equation of state, the re-
laxation process can be described by a pseudo-Hookean law

b -

p(t)=py=-kr(¥) (7.155b)
o
in which the so-called relaxation modulus
kr(t) =kgg + Akp[1 - e ith] | p>p (7.155¢)

is a time-dependent response function.
In the same way, (7.43) yields in the G-representation in place of (7.152)

t
Ct)=-Le%e ™ [ e p () dt’, (7.156)

— oo

in the case of an instantaneous isothermal change in pressure at the time ¢,

PT(t) =(p,-po) 6(t-1,),

C(O) =~ Lo, (p1-py) e, 21 (7.157)
and
§(t) = Gy + L1, 0%, (py - po) [e- )/~ 1] (7.158)

The new equilibrium value, which the internal variable strives to achieve after
the pressure change, corresponds to

3]
G =G0~ LT 0% (p1 - Po) = Go + <8—§0> (p1-Po)
p /T

[see Eq. (7.78¢)]. Linearization of the mechanical equation of state with (7.75)
and (7.41) leads to

ov ov\?°
V=1, t+ <5;>T, ‘ (Pl ‘Po) + <5Z>T,p (¢- go)

= vy ~ Uokg g, (P1 = Po) + 9%,(G - &) -
Elimination of the internal variables via (7.158) yields with (7.82) the equation
v (1) - vy = = VyKg g, (P — Po) + VoAKT(Py ~ Po) [e-¢-tmh - 1],

i.e., the pseudo-Hookean law

v(t) - vy

Uy

= - xr(t) (P - po) (7.1592)
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with the time-dependent compressibility
Kp(t) = kg + Akp[l - e @] g2 (7.159b)

Upon a sudden change in the value of a macroscopic variable, the macroscopic
relevance of an internal degree of freedom generally has the effect that the ade-
quate response function first assumes the arrested equilibrium value and then
relaxes to the internal equilibrium value.

7.5
Linear Response to Periodic Perturbation

An aid which is often used in practice to obtain information on the macro-
scopic relevance of internal degrees of freedom is the isothermal periodic per-
turbation of a material. We will first consider the example of an isothermal pe-
riodic change in volume. The initial state is once again an internal equilibrium
state Z [T, v, (, (T, v)], so that g 0 holds at time zero. The maximum deviation
Av from this equilibrium state is assumed to be so small that the coefficients in
Egs. (7.31) and (7.52) can be replaced by coefficients referring to the initial
state [see Egs. (7.33)-(7.36)]. With T = 0, we then obtain from (7.36), as in the
case of (7.152),

t

Cr(t) = Lmg, e [ effep(¢) de’. (7.160)

— o0

One took into account here that the zero point of the time scale has to be fixed
at t = — o in a periodic process with a sharply defined frequency. Periodic per-
turbation of the volume with the frequency v = w/2m means in a complex
description

v(t) = v, + Avei® (7.161)
and
Ur=iw Ave® =iw[v(t) - v,] . (7.162)

Insertion of (7.162) into (7.160) leads to

t
C(t) =Lmg, i Ave v _[ eli@+ Uttt dg |

ie.,
iwAv

(t) = L1§,m%, —————— el @! | 7.163
g( LT arpry ( )
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Further integration results in

[v(®) - vl

(t) =, + L1, 1% -
g ge Tv Tvl+l(1)f?v

(7.164)

Hence, the internal variable is also subject to a periodic change. Because of 7

1 1 ; ]
= e’V with tany=w1%,,

l+iwts, A1+ (1%,)

however, there is a phase shift y between the external perturbation v (¢) - v, and
the oscillations of the internal variable, which is dependent on the frequency w.
In the range w 1%, < 1, the internal variable {(z) follows the external perturba-
tion practically instantaneously with y = 0. This corresponds to a quasi-static
perturbation. In the range wr1%, > 1, on the other hand, ¢ (¢) - ¢, lags behind
the external perturbation v (f) - v, by y = 90°. The amplitude of {(¢) - ¢, then
becomes ever smaller with increasing frequency until in the limit @ — e, one
obtains {(t) = ¢, = const. This corresponds to a rapid perturbation with an
arrested internal variable.
Equations (7.163), (7.162), and (7.60c) lead to

d¢ g 1 ¢, 1
<“> = é =Lt5,nhy ————— = <—£> —
dv/; vg 1+iwrts, /r l+iwth,

Insertion of this expression into (7.52) yields with (7.57) and (7.64) the com-
plex frequency-dependent bulk modulus

Ak
k(@) =kgp + ———— (7.165a)
l1+iw71%,
with the real part
Ak
(o) = kor s + T 7.165b
M) =kyg + ol (7.165b)
and the imaginary part
&, Ak
k7 (@) = - — 2T 2T (7.165¢)

1+ @?(15,)*

7 One should remember that every complex number z = a + ib can also be represented by
z=|z|e?=]|z| (cos ¢ + isin @)

with

b
lz] =~ a + b, cos<p=i, sinp=—



236 7 Systems with Macroscopically Relevant Internal Degrees of Freedom

Alternatively, one can also write in place of (7.165b):

1 () = k& - %' (7.165d)
The relations
k7 (@) = k% + @ 1%, k7 (@) (7.1664)
and
k7 (w) = w15, [kg g, - k7 ()] (7.166b)

obviously exist between the real part and the imaginary part.
The real part k7 (), the so-called storage modulus, is, according to (2.44),
the dynamic analogue to the equilibrium modulus k;. Hence,

w15, >1 : ky(w)=ki(w)=kg,
@0t5, <1 : kp(w) =ki(w)=k

follow in the limiting cases of the arrested and the internal equilibrium. The in-
ternal degree of freedom yields the total contribution Ak to the bulk modulus
only when the frequency is very low. This contribution becomes ever smaller
with increasing frequency.

The imaginary part k7 (@), the so-called loss modulus, on the other hand,
does not have an analogue in the equilibrium thermodynamics. For the limit-
ing conditions, one finds

015, > 1 : ki¥(w)=-Ak/w1%,,
wt$, <1 : ki(w)=-Akro1s,,

so that the loss modulus of the arrested equilibrium (@ — o) and the internal
equilibrium (@ — 0) vanishes. The loss modulus is a measure of the entropy
produced in non-equilibrium per half-period of the oscillation v(¢) - v, , i.e.,
a measure of the mechanical energy dissipated per half-period. If we denote
the conjugated complex quantity with “*”,(7.13), (7.29), and (7.163) lead for the
entropy production of the process to

d;s 1 . L
= — = — (1%,AV)?
dtr LT St 6 T (s )

*(1%,)?
1+ a?(15,)?
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The entropy produced per half-period of the oscillation amounts to

"(”} e q.s T 1%

A;s= ——dt = — L1%,(11%,)*(Av)? ———

nin/c dt T Y 1+ (172(7"?1.;)2
7t (Av)? © T,

T v, 1+ @ (1%,)?

[see Eq. (7.64)]. According to (7.165c), we thus have

v,
k7 =—"2 TA;s. 7.167
7 () (Av) iS ( )

In Fig. 7.5, the storage and loss moduli are represented as the function of
In @ 1%,. The bell-shaped loss curve between the internal and the arrested
equilibrium has a half width of A(ln w1%,) = 2.634 or A(logwt%,) = 1.44, i.e,,
comprises more than a decade. There can be two causes for an experimental
determination of a greater half width: Egs. (7.31) are either non-linear, i.e., the
coefficients depend on (), or several internal degrees of freedom are effective
whose Debye relaxation times 7%, do not differ greatly (see Fig. 7.14). Moreover,
the storage and loss moduli are not independent of each other. When the equi-
librium moduli k%, kg, are known, one modulus can be determined from the
other via (7.166). Equations (7.166) are a special case of the so-called Kramers—

Fig. 7.5. Dynamic modulus (storage modulus) k7 according to (7.165b), loss modulus k7
according to (7.165c) and loss factor tan d = ky/k7 according to (7.169) as a function of
In (w7%,). Frequency of the external perturbation: w; Debye’s relaxation time in the F-repre-
sentation: 1%, (Correction: On the ordinate Ak; should be replaced by - Ak, > 0)
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Kronig relations which, when certain preconditions are satisfied, generally link
the real part ¥’ (w) with the imaginary part y” () of the Fourier components
of complex response functions y (¢) [e.g., see De Groot, Mazur (1962) or Isihara
(1971)].

The assumed vicinity to the initial state also allows a linearization of the me-
chanical equations of state. Between the pressure and volume, we then have the
pseudo-Hookean law

pt) -p.=-kr(w) v - v, (7.168)

e

in which the response function depends on the frequency [see Sect.7.4].
Because of

’”

kr () =~J(k7)?> + (k7)? e with tan 6= ;—,Z , (7.169)

T

a phase difference 6 develops between the pressure and the volume which only
disappears in the limiting cases of the internal and the arrested equilibrium
(kt — 0). Angle 6 is designated as the loss angle, tan 8 as the loss factor. One
should bear in mind, however, that the loss angle and loss factor only provide a
relative measurement of the actual losses (the entropy produced or the energy
dissipated per half-period of the oscillation). The maximum of tan § as a func-
tion of w or In wrt%, by no means coincides with the maximum of the energy
loss (Fig. 7.5). The curve tan 6 (w) always appears deformed as compared to the
true loss curve k7 (w), because the denominator k7(w) changes greatly, especi-
ally in the range of greater losses.
For an isothermal, periodic pressure loading, (7.43) leads to

t
Cr(t) = - Lo, e '™ [/ p(r) dt’ (7.170)

and from this with
p () =p.+ Ape'®, (7.171)
pr(t) =iwApe“ =iw[p(t) -pl, (7.172)

corresponding to (7.163) and (7.164), to

. i A .

Cr(t) = - L1, 9%, 1—:_(:)—(0—15— e, (7.173)
Tp

[p(t) - p.] (7.174)

t)=C0, - Lt5, % —— .
g( ) ge Tp (PTp 1+ ineTp
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Insertion of (7.173) and (7.172) into (7.71) yields with (7.82) the complex fre-
quency-dependent compressibility

AKr

KT((I.)) = KT; g + (7.1753)

l+iwt%, '
When splitting the compressibility into a reactive and a dissipative part, corre-
sponding to the partition (7.165), it is useful to select the dissipative part in
such a way that it is always positive [compare the signs in (7.13), (7.64), and
(7.82)]. When defining the storage and loss quantities, one should then proceed
from

kr(w) = k7 (w) - ik” (w) . (7.175b)

The dynamic compressibility is given by

AKT
kr(w) =Kp + ————— 7.175¢
T e EXY (7.175 ¢)
and the loss compressibility by
AN
K7 () = — 2T (7.175d)

1 + & (15%,)*

(see Fig. 7.6).

Fig. 7.6. Dynamic compressibility k7 according to (7.175c), loss compressibility k7 according
to (7.175d) and loss factor tan § = k7/k7 according to (7.180) as a function of In(w7%,).
Frequency of the external perturbation: @; Debye’s relaxation time in the G-representa-
tion: 7%,
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Insertion of (7.91) into (7.175a) yields

5, (1 +iwT%,) _ ot l+iw1%,

k(@) = K = - . (7.176)
r(®) T %,(1 +iw1%,) "1+ iwTY, )
In the same way, (7.92) and (7.165a) lead to
15,(1 + i 1§ l1+iwts
kr(w) = kg — ( ) _ ke p (7.177)

; T ; .
5 (1 + i T%,) l+iwrts,

Hence, with (7.88) or (7.93), we have for the complex mechanical response
functions

kr(w) = 1/kr(w) , (7.178)

which is as it has to be if the pseudo-Hookean law (7.168) should be invertible
to

v(t) - v,

=- k() [p(t) - p.] . (7.179)

e

Equations (7.171), (7.179), and (7.175b) lead to a phase difference & between
the pressure and the volume, which is given by

kr (@) = A/ (k5?2 + (k%) e, tan 6= ﬁ (7.180)
Kt

Further, (7.176) and (7.175 b) result in

1 + @ 1%,1%, @ (15, - %,)

kr(w) = K5 ,» K () = k¢ 7.181

Moy = o e M@ = S (7.181)
and (7.177) in

1+ 0?15, 1% (1%, - 1%,)

ki(w) =kt —2 2 () =ks — 2 Tv0 7.182

He) =k ot Kite) =k B (7.182)
We thus obtain

ki _ xf_ o, - h) 189

ki kr 1+ @15,1%,

The loss factor and the loss angle are equal on periodic perturbation of the
pressure or the volume. The true loss curves, however, are different. The maxi-
mum of the loss quantity of the modulus is always at higher frequencies than
the maximum of the loss quantity of the compliance because of 7%, > %, [see
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Fig. 7.7. The different loss quantities in the case of a periodic change in volume or pressure
according to (7.181), (7.182), and (7.183) with 7%, = 7%,/2

(7.90) or (7.95)] (Fig. 7.7). After a long but simple calculation, we finally obtain
from (7.181) and (7.182)

|kr(@)| | kr(@)| = [(k7)? + (K712 [(x7)* + (k7)1 =1,

ie.,

|kr()| = 1/]| xr () | (7.184)
and thus

Lo k@, K@)

@ @ O @ (7.183)

As can be seen in Figs. 7.5 to 7.7, the dispersion ranges of the mechanical
response functions (the steps in the moduli and compliances, the bell-shaped
loss curves) can possibly extend over several decades of the perturbation fre-
quency even if only one internal degree of freedom is relevant. The variability
of the frequency, however, is usually very limited in mechanically vibrating de-
vices. In order to generate the complete dispersion curve of mechanical re-
sponse functions one has, therefore, to depend on a series of different testing
methods [e.g., testing with low-frequency forced vibrations, with sound and
ultrasonic waves and Brillouin scattering; e.g., compare McCrum, Read,
Williams (1967); Truell, Elbaum, Chick (1969); Novick, Berry (1972)]. A much
simpler alternative arises when the temperature dependence of the Debye re-
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laxation times 7%,(7), 7%, (T) is known. It is then possible, in order, for example,
to cover all of the abscissas in Figs. 7.5 to 7.7, to vary the relaxation times by
means of the temperature at constant frequency w. Nevertheless, this procedure
is a viable substitute only if one can be sure that the molecular structure of the
test sample does not change over the required temperature range.

If the rate-limiting step for the equilibration of the internal degree of free-
dom is a movement over an energy barrier (e.g., see Fig. 6.1), one can suppose
according to Arrhenius

1, =1, ee/RT (7.186)

[z,: Debye relaxation time; Ae: activation energy; R: gas constant; see Eq.
(6.44)]. This leads to

Ag
Inwr,=— +Inwrt,.
RT

If Ae and 7., are temperature-independent quantities, there is a linear relation
between In wr, and 1/T. Then a plot of the dynamic response functions as a
function of In w 7, (Figs. 7.5-7.7) only differs from a plot of the same functions
as a function of 1/T by a fixed parallel translation of the abscissas and a change
in the scale of the abscissas by a constant factor R/Ae. The measurements at dif-
ferent frequencies and constant temperature are under these circumstances
completely equivalent to (isothermal) measurements at different temperatures
and constant frequency.

If the relaxation time decreases with increasing temperature, the dispersion
ranges of the response functions shift to higher frequencies with increasing
temperature. The form of the dispersion curves is then, at least approxima-
tively, often retained [e.g., see Ferry (1980), Schwarzl (1990)]. With an increase
in temperature from T to T, the curves are only shifted parallel to the abscissa
with:

In wr,(T)=ln wt,(Ty) + Ina(T, T,) . (7.187a)
The shift factor a is given by the ratio

r.(T)

. 7.187b
Te(To) ( )

a(T, Ty) =

Systems which satisfy this reduction are referred to as thermorheologically
simple systems [Schwarzl, Staverman (1952)].
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7.6
Connection with the Linear Theory of Aftereffects

The statements we have obtained in Sects. 7.4 and 7.5 from the linearized equa-
tions of thermodynamics on the external variables, especially on the variation
of the pressure, the volume, and the mechanical response functions during an
isothermal relaxation or an isothermal periodic external perturbation, agree
with the corresponding statements of the so-called linear theory of aftereffects.
Therefore, the question suggests itself whether and under which conditions the
linear theory of aftereffects is contained in the thermodynamics of irreversible
processes [Meixner (1953)].

The linear theory of aftereffects [e.g., see Gross (1953); Christensen (1971);
Pipkin (1972)] proceeds from the following premises:

(P1) If the perturbation P, () of a system leads to the response R, (f) and the
perturbation P,(t) to the response R,(t), the perturbation P, (t) + P,(¢)
leads to the response R, (t) + R, () (Boltzmann superposition principle).

(P2) The response R (t) depends on the present and the previous perturbation
P (t - t’) with 0 £ ¢’ £ + o (principle of causality).

(P3) If P(t)leads to R(t), P(t+t”)leads to R(t + t”) with arbitrary t” (princi-
ple of the homogeneity of time).

(P4) If P(¢) is a smooth function of time, R (¢) is also a smooth function of
time (principle of stability).

According to these principles, the interrelation
R(t)=M(0) P(t) + [M(t) P(t-t)dr (7.188a)
0

exists between an isothermal perturbation P (f) and the response R (t), whereby
M (t) represents an adequate time-dependent response function with respect to
the perturbation P(t). If P(- o) =0 is valid, a partial integration of (7.188a)
also leads to

R(t)= [ M(t-t)P(t)dr. (7.188Db)

— oo

In the case of a mechanical perturbation, (7.188a) resembles a generalization of
Hooke’s law R (z) = M P (t). Superimposed on the instantaneous Hookean reac-
tion M (0) P (t), however, is, in addition, an aftereffect which is dependent on all
the previous times — co < t ~ ' < t. One designates, therefore,

N =M@, t=0 (7.188¢)

as an aftereffect function or a memory function. The form of (7.188b), on the
other hand, reminds us more of Newton’s friction law R (t) = MP(¢t) for viscous
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fluids. The elastic behaviour of the systems obeying Egs. (7.188) also seems to
be associated with a certain viscous aspect (see further below).

The validity of Boltzmann’s superposition principle (P1) presupposes that
the equations controlling the system are linear. In order to be able to establish a
connection between thermodynamics and the linear theory of aftereffects, one
has to proceed from the linearized equations of thermodynamics. Moreover, in
the linear theory of aftereffects every macroscopic perturbation P () is, accord-
ing to (7.188), directly linked with the macroscopic response:

P(t) > R(1).

The internal degrees of freedom remain concealed in the theory of aftereffects.
In the thermodynamics of irreversible processes, however, one explicitly takes
into account that the macroscopic perturbation also acts on the internal molec-
ular degrees of freedom, and these exert a determinative influence on the
macroscopic response:

P(t) > {g, (1) ... ()} > R(D).

In order to be able to establish a connection between thermodynamics and the
theory of aftereffects, the internal variables must be eliminated in the thermo-
dynamics.

In the following, we will replace via (7.2) the pressure p by a stress variable
o and the specific volume v by a strain variable £ to obtain somewhat more gen-
eral formulations. The equations of state (7.6) - (7.8) of the F-representation are

then
_ <§£_>&g§5:s(n .60, (7.189)
1 <a_f> =o=0(Lv,50, (7.190)
v, \9¢/1,
- <§_£>I£Ea=a(T, v,£, ) (7.191)

[see also the Egs. (5.5) and (5.6)]. As a reference state, we will choose a fixed in-
ternal equilibrium state “e”. Under the condition T = const., the Taylor series
about this state yields the linear equations of state

o0 00 \°
o=0,+ <$>T, . (e-¢)+ <a—§>h (¢-2) (7.192)

da da\¢
a=a,+ <5;>w(e -g)+ <5Z>T,e (c-¢.). (7.193)
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In the non-deformed reference state we have o, = ¢, =a, =0. According to
(7.190) and (5.17),

0 1 /o2
<_"> 1 <_f2.> = My, (7.194)
ot /r¢, V., \OE/y,,

is the isothermal modulus of the arrested internal equilibrium state “e”.
Depending on the kind of stress &, we have Young’s modulus, the torsion mod-
ulus, or the bulk modulus [see Sect.5.2 and Eq. (7.57) in Sect. 7.3].
Corresponding to (7.34) and (7.35), one can further set

90 \*
<_> = T[%E s (7.195)
ag Te
e 2 e
<a_“> =_ <a_)2‘> =_1/L15,<0. (7.196)
ag T e ag T e

4, is a measure of the contribution of the internal degree of freedom to
the stress. 1%, is the Debye relaxation time under the condition T = const.,
£ = const. With (7.190), (7.191), and (7.195), one finally obtains

<£> =—< 82f> =—< 82f> =-v, <a_0>e =-v,m5,. (7.197)
o€ /g, 0€90d /, 9goe/, 9 /e

Hence, the linear equations of state (7.192) and (7.193) also read as follows

o= MI Ge £+ Tr%e (g_ ge) > (7198)
1
a=- vt £~ — ¢-2¢,). (7.199)
LTTE

Resolution of (7.198) with respect to ({ - ¢,) leads to

1
-~ (0- My 8. (7.200)

Te

§_§e=

With this, the internal variable in (7.199) can be eliminated. Insertion of (7.200)
into (7.199) yields for the affinity

a=- V5, €—- (0-Mzge). (7.201)

Lt mf,
Differentiation of (7.200) with respect to time further leads to

¢= le (0~ My €). (7.202)

Tre
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If one inserts (7.202) and (7.201) into the dynamic law (7.29), one obtains for
the linear dynamic equation of state

%0 - 15 Mg €= - v L15. (%) - 0+ Mg €,

which is valid for all isothermal processes and free from the internal variable.
Here, corresponding to the equation (7.64),

- U LT5,(M%)? = AMy=M$ - My <0 (7.203)

is the contribution of the internal degree of freedom to the modulus M% of the
reference state “e”. Thus, the dynamic equation of state results in

15,0 + 0=15, My € + M5e. (7.204)

This equation is now identical with the rheological equation of state of the so-
called standard anelastic body in the linear theory of aftereffects.

As in electrodynamics, one can also describe systems by equivalent-circuit
diagrams in mechanics. Fundamental elements of the mechanical “equivalent-
circuits” are:

1. The elastic spring (Fig. 7.8 A). Within the framework of the linear theory, its
behaviour is determined by Hooke’s law

o(t)=Me(1). (7.205)

Its reaction is instantaneous. It is capable of storing and releasing elastic
energy without loss (the electrodynamic analogue is the condenser).

2. The dashpot (Fig. 7.8B). This is a cylinder filled with a viscous liquid with a
moving piston in its interior. Within the framework of the linear theory, its

JO‘ o}
a, %
M c b t U '-I—' e fo t
€01
t, t ts t
A B

Fig. 7.8. Mechanical elements and their reaction ¢ to constant stress o; t: time. A: Hookean
spring with modulus M; B: Newtonian dashpot with viscosity n
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behaviour is determined by Newton’s viscous law
o (t) = ne(r) (7.206)

(n: depending on the kind of deformation, with the exception of a numer-
ical factor, Newton’s shear viscosity, Trouton’s viscosity, or volume viscos-
ity). The dashpot induces a retardation of the motional actions by viscous
flow linked with the dissipation of mechanical energy by friction. If the
dashpot is loaded with a constant stress g, from the time ¢, it initially
shows only an infinitesimal instantaneous reaction at #;. The subsequent de-
formation € is proportional to time (the electrodynamic analogue is an
ohmic resistor).

3. The inert mass. We do not need this element in the following. It is only men-
tioned for the sake of completeness. For example, it serves for the construc-
tion of mechanical “oscillatory circuits” (the electrodynamic analogue is the
induction coil).

The following combination rules apply for springs and dashpots: In a parallel
combination of two elements (Fig. 7.9A), the stresses are additive while the
strains are equal,

O=0,+0,; €=g=¢,. (7.207a)

When two elements are combined in series (Fig. 7.9B), the strains are additive
while the stresses are equal,

£E=¢€ +¢&; 0=0,=0,. (7.207b)

The equivalent combination for the standard anelastic body requires three
fundamental elements, two springs and one dashpot. A possible combination
is shown in Fig. 7.10A, the so-called Maxwell three-parameter model for a
standard anelastic body. According to (7.205) and (7.206),

o=Mg; 0,=Meg; 03=15¢

0—:0’,:0‘2
E=€;+€,

Fig. 7.9. Mechanical elements
G =0;+G>2 combined in parallel and in

series. Stress: o; measure of the
E-€;=€; deformation: ¢



248 7 Systems with Macroscopically Relevant Internal Degrees of Freedom

€ M ) ng €1=€3

€3 Ng

A B

Fig. 7.10. Three-parameter models of the linear theory of aftereffects. A: Maxwell model;
B: Kelvin-Voigt model. Measure of the deformation: € (see text)

hold for the individual elements of this model. According to the combination
rules (7.207), we further obtain

e=g+65=¢ and o=0,+0,; 0 =03,
that is
O=np& + Mg =npe-np& + My ¢

and in here

rzé=rzé+%qé———3rzé
F& F€l Ml F&2 MIFZ

nNr . . M, .
= — (M, + M,g) - —nre
Ml( 16 2 6) lele

. M, .
M, M,

i.e.,

o=mpé-E o+ FprceMmye

Ml 1

or

Ne . _1NF .

——0+0_H(M1+M2)£+M2£' (7.208)

1 1

This is the so-called rheological equation of state in the Maxwell three-param-

eter model.
The mechanical equation (7.208) and the thermodynamic equation (7.204)
become identical with the identifications
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Mr _

T _ e 7.209a)
M, it (

M, + M, = My, (7.209b)
M, = Mzs. (7.209¢)

The identity (7.209b) is plausible, as the dashpot does not react in the case of a
very rapid deformation in the Maxwell model (& = 0), so that only the two par-
allelly combined springs are strained and the model responds with a stress

o=M,g+M,e,=(M, +M,) ¢.

The identity (7.209¢) is equally plausible: In the case of a very slow (quasi-
static) deformation of the Maxwell model, the piston within the dashpot can
practically instantaneously follow the deformation at any time, so that only the
spring M, is strained. The identification (7.209a) is possible, as nz/M, has the
dimension of time.

As a viscous element is of importance in the Maxwell three-parameter model
(Fig. 7.10A), the behaviour of systems following the equation (7.208) is often
classified as being viscoelastic (in general, the theory of the mechanical pheno-
mena of aftereffects is often also designated as the theory of viscoelasticity).
According to the identification (7.209), however, it becomes clear that this
designation does not quite agree with the physical facts. Viscosity is a pheno-
menon of transport which requires a flowing medium controlled by a velocity
gradient. In the usual sense, the cause of the viscosity can be seen in the dissi-
pative interaction between the mass elements of a medium inhomogeneous
with respect to the velocity ¥(x, x,x;) of the mass elements. For the deduction
of the dynamic equation of state (7.204), however, we explicitly assumed a
homogeneous system at rest. According to the identification (7.209), the individ-
ual elements of the Maxwell three-parameter model have the following mean-
ing: M, = M# is the equilibrium modulus of a Hookean body; M, should thus be
assigned to the macroscopic degree of freedom of the system represented by «.
The relation

M, = Mg, - M§=-AM;>0, (7.2094)

on the other hand, corresponds to the contribution (7.203) of the internal
molecular degree of freedom to the equilibrium modulus M# of the system. The
dashpot connected in series with the spring M, has the effect that the maximum
contribution AM; of the internal degree of freedom manifests itself depending
on the rate of perturbation with differing importance, possibly delayed and
linked with a varying entropy production (energy dissipation). Hence, the so-
called Maxwell element consisting of a spring with the modulus M, and a dash-
pot with the viscosity 1 connected to it in series has to be assigned as a whole
to the internal degree of freedom. It characterizes the dissipative elastic reac-
tion of a disturbed internal degree of freedom in every individual mass element



250 7 Systems with Macroscopically Relevant Internal Degrees of Freedom

of a homogeneous Hookean body. The behaviour of systems following Eqgs.
(7.204) or (7.208) is designated as being anelastic in the solid state physics
[Zener (1948)]. The Maxwell three-parameter model specifically corresponds
to the simplest of the possible anelastic systems, the linear standard anelastic
body [Nowick, Berry (1972)].

One obtains as the integral of the differential equation (7.204)

t

. ‘e . ME
o(t) = e Ve [const. + J el /rre [Mr o E(F) + eT E(t'):| dt’} .
TTe

— o0

The term containing the constant of integration only describes an initial effect
which practically vanishes for times t > 1%.. If the initial state is an internal
equilibrium state with o (- e) = 0, this initial effect does not occur at all. A par-
tial integration of the term containing £(¢) then leads to

AM; ¢
o(t) =My e() + — [ e~ Ve(t)dr . (7.210)
Te -oo

If the system is exposed to a constant deformation £(t) = £ = const. starting
from a time ¢ = 0, (7.210) yields the pseudo-Hookean law

o()=M()e, t=0 (7.211a)
with the time-dependent relaxation modulus
M(t) = My, + AMy(1 - €™ = M§ - AM &' /" (7.211b)

This corresponds to the relaxation experiment of the second kind in Sect. 7.4,
Eqgs. (7.153) -(7.155). The memory function (7.188c) of the standard anelastic
body is given by

. AM, .
N(t)=M() = —Let™, t>0. (7.212)
T,

Because of t - t’ >0, (7.212) can be substituted in (7.210). With (7.211), one then
obtains
! .
o(t)y=M@©0) () + [ M(t-t) e(r)dr. (7.213a)
When one counts the time backwards starting from the present time ¢ with t” =

t - t’,one gets

a(t)=M(©0) e() + [ M(t") e(t-¢")dt”. (7.213b)
0
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This corresponds to the general interrelation (7.188) of the linear theory of af-
tereffects. Besides, the standard anelastic body, according to (7.212), possesses a
fading memory. The longer ago the deformation £(t - t”) occurred (the larger
t” is), the lower the weight with which it enters the momentaneous stress o (f).

The equations of state (7.15)-(7.17) of the G-representation transformed
with (7.2) in the same way lead, after linearization and elimination of the inter-
nal variables, to the dynamic equation of state

TS €+ E= 17,5, 0+ ]5 0, (7.214)

where 7%, is the Debye relaxation time

aZ e
19,=1/L < g> >0
agz Lo

of the G-representation,
Jpg = 1My, and J§=1/Mf (7.215)

are the compliances of the arrested and internal equilibria in the reference state
“e” [see Eqs. (7.88) and (7.93)]. Equations (7.204) and (7.214) must, of course,
be identical if they refer to one and the same system. With (7.215), identifica-
tion of the coefficients of the two equations results in

e _ 7o e TTe
Jt=—=Jg, and t=—-Mygg, (7.216)
Tre Tre

i.e., relations whose validity we have already proved (with p, v as external vari-
ables) with (7.91) and (7.92).

The mechanical equivalent-combination of the dynamic equation of state
(7.214), however, is not Maxwell’s three-parameter model (Fig. 7.10A), but the
so-called three-parameter model of Kelvin-Voigt or also the Poynting-
Thomson model (Fig. 7.10 B). In thermodynamics, the Maxwell model thus cor-
responds to the F-representation, the Kelvin-Voigt model to the G-representa-
tion. According to (7.205) and (7.206),

§=]01; 0,=],0,; G=1G&

hold for the Kelvin-Voigt model (Fig. 7.10 B) and according to the combination
rules (7.207)

£=g+¢§, =& and o=0+0;=0,.
This yields
e=Jioy+,0,=],0+],(0-03)

=(h+th)o-nché&
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and here because of
£=€=€£-&, 0,=0
nehé&=nché-neh,o,
ie.,
nehé+te=nchho+(h+h)o. (7.217)

Identification of the thermodynamic equation of state (7.214) with the rheolo-
gical equation of state (7.217) of the Kelvin-Voigt three-parameter model leads
to the identities

ngJi = %o (7.218a)
Lh+hL=JE, (7.218b)
L=)ge - (7.218¢)

The spring with the compliance J, corresponds to the Hookean compliance of
the arrested equilibrium and must be assigned to the macroscopic degree of
freedom represented by o. The so-called Kelvin-Voigt element consisting of the
spring with the compliance

h=]t-Jg=40r>0 (7.218d)

and the parallel-connected dashpot with the viscosity 1 must be assigned to
the internal degree of freedom.

From the standpoint of thermodynamics, the models Fig. 7.10 thus describe
a homogeneous Hookean body with a mechanically relevant internal degree of
freedom. The dashpot in these models imitates the retardations and the entropy
production connected with the elastic reaction of the disturbed internal degree
of freedom. In contrast to that, the dashpots may naturally also correspond to a
true viscosity in the equivalent-combinations of viscous liquids. The equiva-
lent-combinations of the simplest Newtonian liquid with phenomena of after-
effects are depicted in Fig. 7.11. These are the three-parameter models of Jeffrey
and Letherisch. One obtains as the rheological equation of state in the Jeffrey
model

m . . n .
—— 0+ 0= + £+ —n,¢€ 7.219a
e (m + n2) N ( )

[this equation is derived in the same way as Eq. (7.208)]. If one disregards
initial effects (see above) and introduces the relaxation time 7 via

m
AM

T, (7.219b)
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AM b v, AJ ¥,
W Fig. 7.11. Three-parameter
LI_I—r— models of the linear theory of
T P2 aftereffects. A: Jeffrey model;
B: Letherisch model. Fluidity of
A B the dashpots: ¢ = 1/n

the integral of this differential equation with respect to o (t) is

o(t)=e " _[ et [i (m+ )W) +n, é(t’)} dr .
T

— oo

A partial integration over the term containing £ (¢’) yields

t

o()=mé(t)+ L | e-0mgr)dr. (7.220)
T

— oo

If one exposes the Jeffrey body starting at the time ¢’ = 0 to a constant rate of
deformation £(t’) =€ = const. (€ (t’) = 0 should hold for ¢’ < 0), and (7.220)
leads to the pseudo-Newtonian law

o(ty=n()e, t=20 (7.221a)
with the time-dependent viscosity

n)=mn,+ml-e’). (7.221b)
At the beginning of the perturbation, the system reacts with a viscosity n,
which in time increases up to the viscosity 1, + 1,. The Jeffrey body apparently
becomes more viscous during the perturbation (see further below and Fig.
7.12).

The Jeffrey body, however, undoubtedly also acquires elastic properties via
the spring with the modulus AM. With the relaxation modulus

M()=AMe'", t=0 (7.222)

and Eq. (7.219b), one can also write in place of (7.220)

o(t)=mé®+ [ M(t-t)é(r)dr . (7.223a)

— o0
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Fig. 7.12. Dissipative elastic reaction of an internal degree of freedom in an incompressible
Newtonian liquid. A: with a constant velocity of deformation &, according to (7.221); B: with
a constant deformation ¢, according to (7.224). Given deformation: ¢; resulting stress: o

If £(- o) = 0 is valid and if one counts the time backwards with t”" =t~ ¢, a
partial integration of (7.223 a) leads to

o ()=, €(t) + M) () + | M(t”) e(t - t”) dr”. (7.223b)
0

This form of the integrated rheological equation of state (7.219) suggests that one
can interpret the Jeffrey body as an elasto-viscous liquid in which the Newtonian
flow n, £(¢) is superimposed by a Hookean elasticity with aftereffects [compare
Eq. (7.223b) with Eq. (7.213b)]. As an equilibrium modulus M¢ is missing in
(7.222) [compare Eq. (7.222) with Eq. (7.211)], the Jeffrey-body, like every
Newtonian liquid, does not acquire elastic properties in internal equilibrium.
From the standpoint of thermodynamics, the models of Fig. 7.11 describe a
Newtonian liquid with a macroscopically relevant internal degree of freedom.
In the Jeffrey model, as in the Maxwell model, the Maxwell element consisting
of a spring with the modulus AM and a dashpot with the viscosity 1, connected
in series has to be assigned to an internal degree of freedom concealed in the
theory of aftereffects. The dashpot with the viscosity ), has to be attributed to
the external degree of freedom represented by the variable £(f). The true
Newtonian viscosity is n, which, however, only occurs in a pure form if the in-
ternal degree of freedom is arrested or in internal equilibrium. The internal
degree of freedom first appears arrested at ¢ = 0 with respect to the suddenly
starting deformation if the Jeffrey body is stressed from time ¢ = 0 onwards
with a rate of deformation £ = const. [Eq. (7.221)]. The viscosity n, is measured.
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In the course of time, however, the internal degree of freedom is capable of ad-
justing to the new situation. The viscosity 1, + 1, is then measured at times
t > 1 (Fig. 7.12 A). Here, the first part ), is due to the mutual dissipative inter-
action of the mass elements, the second part );, on the other hand, is due to the
dissipative reaction of the internal degree of freedom in every individual mass
element. That n; = T AM does not correspond to a true viscosity but to a dissi-
pative elastic reaction, which only appears in a thermodynamic non-equilib-
rium, becomes particularly evident when stressing the Jeffrey body with a con-
stant deformation ¢ from a time ¢ =0 (Fig. 7.12B). Every purely viscous sub-
stance merely reacts to such a perturbation with a stress peak o (f) = neé(¢) at
t = 0, or otherwise not at all [§(¢): Dirac delta function]. With

~—00<t<0:e(t)=0; 0<t<+ :e(t) =€e=const,
ie,
E() =€d(1),
(7.223) then yields for the Jeffrey body
o(t)=[n,6(t) +AMe " ¢. (7.224)

The purely viscous reaction at ¢ = 0 is followed by a purely elastic reaction in
the course of time which, however, disappears completely as soon as the inter-
nal degree of freedom has reached internal equilibrium.

In the hydromechanics of viscous media, the pressure tensor P = - ¢ has to
be split into two parts

P=P, +1II,

where P, is the tensor of hydrostatic pressure, and IT, the tensor of frictional
pressure which is dependent on the velocity of mass flow ¥ [e.g., see Landau,
Lifshitz (1987)]. The tensor P, is given by the mechanical equations of state. For
IT, on the other hand, if the system is supposed to be completely determinable,
a dynamic law must additionally be formulated which connects IT with the gra-
dient Grad ¥ of the velocity field (this is Newton’s viscous law in the simplest
case). At the same time, P has the meaning of a relative density of momentum
flow. The tensor IT is the dissipative part of the density of momentum flow
which yields the contribution

d; 1 5
5 =~ —II:Grad v
dt T

to the entropy production in the interior of the system (“:” designates the scalar
product of the two tensors). This so-called Rayleigh dissipation function
describes the consumption of kinetic energy by friction which simultaneously
appears as frictional heat in the internal energy of the system. In contrast to our
pre-condition Eq. (7.1),d;V # 0 is given in viscous media.
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Two dynamic laws have to be formulated for viscous systems with rele-
vant internal degrees of freedom, one for the dissipative momentum flow IT
and one for the equally dissipative “scalar flow” ¢; of the internal vari-
ables. One generally has to assume here that IT as well as ¢; depend on all of the
driving forces present, i.e., on the components of the velocity gradient and the
affinities:

H:H<... L ak>

8xk

D LI
gi_§i<-~- axk ey ...ak...>

[ve (€ = 1,2, 3): components of the velocity of mass flow U; x; (k = 1,2, 3): com-
ponents of a Cartesian coordinate system]. In contrast to homogeneous elastic
media, one can find a dynamic coupling between the internal and the external
degrees of freedom in viscous media. As the behaviour of tensors and scalars
with respect to spatial transformations is completely different, only the ten-
sorial or scalar parts of the fluxes and forces can be interdependent in an
isotropic medium. The ; can then only depend on the scalar part of the velo-
city gradient, i.e., on the divergence div U of the velocity field. Finally, divo =0
holds in incompressible media. There is no dynamic coupling between the in-
ternal and external degrees of freedom in isotropic incompressible media.

The models of Jeffrey and Letherisch suppose isotropic incompressible
Newtonian liquids. The confinement to only one external degree of freedom in
these models further entails a confinement to simple velocity profile develop-
ments. In the case of a laminar flow ¥ in the x,-direction with a gradient in the
x,-direction, for example, one gets

ov . . .
Ty = T = — ’l'a;I =-2né=-nyn,; mMp=0 otherwise
2

[7: Newton’s shear viscosity; y;,: shearing (see Sect. 5.1); m;: components of
the tensor II]. After elimination of the internal degree of freedom, the dissipa-
tive elastic contribution of the internal degree of freedom appears as an addi-
tional term in p,,, so that, corresponding to (7.223), it follows that

t
P2=-NY- J. M(t-t) y,(¢) dr’.
7.7

Systems with Several Intercoupled Internal Degrees of Freedom

In this section, we will point out that if several internal degrees of freedom,
which are intercoupled via the dynamic law (7.47), are macroscopically rele-
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vant, one can find some differences when compared to systems with only one
relevant internal degree of freedom (Sect. 7.3-7.6).

In order to describe the relaxation of a system with n relevant internal de-
grees of freedom when T, p = const. or T, 0 = const., (7.50) leads to the system
of n non-linear differential equations

Gi+ 3 My §p=0 (7.225)
¢
On the other hand, if one assumes that one is not too far from the final state of

relaxation, an internal equilibrium state “e” (see Sect. 7.4), so that the coeffi-
cients can be referred to the final state with

g
M =M$ = X Ly = const., (7.2264)
k agkagj e
one obtains the system of linear equations
Gi=-% M &
¢
or
Gi=~ 2 Mé (5 - GO (7.226b)
€

If one combines the {, (€ =1 ... n) into “vectors” § and designates the matrices
of the coefficients M%, L; and

Gue= G = (28
k€ — Yek = agkage

with M, L and G, one can also write in place of (7.226a/b) as an abbreviation

{=-M({-C); M=ILG (7.226¢)

According to (2.88), the matrix G is positive definite if the final state is stable
or metastable. Moreover, the matrix L is also positive definite according to the
second law [see (7.48)]. All the eigenvalues p; of the matrix M are then real and
positive. With dimensionless internal variables (;(e.g., concentrations), the
eigenvalues p; > 0, like the matrix elements M¢ , have the dimension of recipro-
cal time. One can introduce the time constants 77 via

(T 0) =1/18(T, 0) >0, (7.227)

which, like the p1; and M?%, refer to the final state. In the following, we will confine
ourselves to the case that all the eigenvalues p; of M are different from each other.®

8 See any textbook on systems of linear equations or Margenau, Murphy (1956) also for the
case that some eigenvalues are equal.
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We then have a matrix R with which M can be brought into the diagonal
form

m o0
RMR'=D=[ 0 p, 0 (7.228)
0 0 pm

(so-called principal axis transformation). In this case, the matrix of time con-
stants r¢ is given by

™ 0 0
0 % 0 =D'!'=(RMRY!=RG'!L'R!, (7.229)
0 0 19.
The transformation
R (; - ge) = g— - C_e (7.230a)

changes the differences {; - ¢f of the internal variables into the differences of
the so-called normal coordinates (normal modes)

gi-Ct= Z Ry (G- €0 (7.230b)
One should take into account that R, like M, depends on the values of the exter-
nal variables. If one inserts (7.230) into (7.226), one obtains with (7.228)
R E=-MR' (5 -{)
RR'§=-RMR' (§-§,)
I=-D(-8) (7.231a)
or in the component notation
Gi=-m(i- 9. (7.231b)
With (7.227), the solutions of the mutually independent differential equations are

C:(t)=14;(0)-C¢l e + ¢, (7.232)

For the internal variables assigned to the internal degree of freedom, one thus
obtains via (7.230) the solutions

GO =S (R [T (0) - CFl ™ + gz (7.233)
k
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The following conclusions can be drawn from these equations: If several in-
ternal degrees of freedom are macroscopically relevant and if these degrees of
freedom are coupled via (7.47), the relaxation times (the Debye relaxation
times in the sense of the linear theory of aftereffects) can no longer be assigned
to the individual internal degrees of freedom. Rather, the relaxation time ¢ is
attributed to the normal mode {; which generally includes all the internal
variables g, ... ¢, [Eq. (7.230)]. In this case, the weight with which the internal
variables are included in the normal modes depends on the thermostatic state
of the system, as the R; are dependent on this state. Hence, the composition of
the normal modes of the internal variables varies depending on the tempera-
ture, the pressure etc. of the system. According to (7.233), the temporal be-
haviour of the individual degrees of freedom includes all the relaxation times
¢ ... 1%, and these also with a weight which is dependent on the thermostatic
state of the system. The spectrum of the relaxation times is a collective prop-
erty of the internal degrees of freedom. Moreover, according to (7.233), the
relaxation of the individual internal degree of freedom is by no means neces-
sarily exponential. It can proceed in several steps or also take an oscillating
course (Fig. 7.13). If n internal variables are intercoupled via (7.47), the indivi-
dual internal variable ;(¢) as a function of time can pass through n-1 stopping
points (steps or extreme values) and intersect the equilibrium value {¢ with
n—1“zero passages” [Meixner (1949)].

Z;(0)7 A
g;(h
e
27 1
Z;(0)1 B
¢ 1
z@ Fig. 7.13. Relaxation of an internal vari-
! able ¢;, intercoupled via (7.47), accord-
ing to (7.233) with n = 3. A: monoton-
ous relaxation; B: monotonous relaxa-

! T T - y T J tion with stopping points; C: oscillating
— logt relaxation
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In addition to the {;(t) and ;(¢), every arbitrary linear combination of these
variables is also a solution of the differential equations (7.226). This is a result
of the linearity of these equations, but does not mean that the problem is not
uniquely solvable. If the relevant internal degrees of freedom are explicitly
known and if macroscopic internal variables can, corresponding to the as-
sumption (V1),be unambiguously assigned to these degrees of freedom, the so-
lution of the problem is also unique. An ambiguity only arises if, for example, in
order to explain experimental findings, one postulates ad hoc the relevance of
several internal degrees of freedom, but is not able to specify them individually.

One obtains from the differential form of the equations of state (15-17) of
the G-representation

ds = <§i> dT + <E> do+ 2 <—ai> dg;, (7.234)
oT 6 o0 4 i agl T 0, Gwi
de= <.a£> aT + <a_‘> do+3 <95> dg,, (7.235)
oT ag do T¢ i \9G; T 0, Ckwi
da, = <§E£> dT + <§ﬂ> do+3 <a“f> dg; (7.236)
oT 0. ¢ o0 Tg i \9g; T0, Gkei
in place of (7.71-7.74) the response functions
Jr= <iii> = <E> +3 <ae> <9§f> , (7.237)
do/r \oo/;; i \9Gi /14y, \dO/r
a, = <E> - <a_5> v <?i> <%> , (7.238)
dT /s T /o¢ i \0Gi/144..\dT/,
1 .
ar= — <$> -1 <ﬁ> 1y < Os > <§> , (7.239)
v \do/r v \do/z; v ; \3Gi/1gg. \dO/r
co=T <$> =T <a—s> +TX <a—s> <d§i> (7.240)
daTt/, 0T /s ¢ i \9G; /16¢.. \AT /,

(Jr: compliance), whereby

N dg-) o
— | =q{lor; | == =4.IT,
< d0>T gT ! < dT g g
are valid in non-equilibrium (see Sect. 7.3).
In an arrested equilibrium, one measures the compliance

e (50
b 90, T,C’
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and in an internal equilibrium the compliance

dg;
=Tt 2 <a§,>wh,<do>

With the “vectors”

C=1{st... Gi}

and

ox \* ox ¢
ToX =15 vl , (7.241)
agl T 0, Ckx1 ag,, T,0, 8k zn
this equation also reads
dg.
e=T.o+(Vee,(—22) ). 7.242
J% ]T,g, < T <d0>T> ( )
(..., ...) designates the scalar product of the two vectors. (7.236) leads to

(e, += (o). (), =0
00/5¢, i \9Gi/16q,, \dO/

for the internal equilibrium with a,=0, { = {,(T, o) when T = const. Here,

according to (7.17), we have

(52),. = Gonz). = (aese). =2 ()
90 /1y, 303¢,/ . 3,90/, Yoy

o (2
98 /10 ¢ 9G;98¢ /.

ie.,

.., ol
agf Lo Gkse do T

or in the matrix notation

vV, e= <d§e>
do /r

i.e.,

d
< §e> =vG1V,e
do/;
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If one inserts this expression into (7.242), one obtains the positive definite qua-
dratic form

AJr=Jf-J5,=v (V56,6 V5,6 >0 (7.243a)

as the contribution of the relevant internal degrees of freedom to the compli-
ance of the internal equilibrium. For this, one can also write

AJr=Z AJ§ (7.243b)
with
AJi=v3 (G <a_g> <a—£> . (7.243¢)
k agl Lo Gexi agk T 0, Qe 2k

Thus, AJ; is additively composed of n parts. But these parts also cannot be
directly assigned to the individual degrees of freedom. They rather correspond
to those linear combinations of the internal variables (eigensolutions) in which
the matrix G™! occurs in a diagonal form and the quadratic form (7.243a) in a
normal form. According to (7.229),

G'=R'D'RL (7.244)

must be inserted into (7.243) in order to obtain an expression comparable to
(7.82) and containing the relaxation times.

In the same way, one gets for the contribution of the internal degrees of free-
dom to the coefficient of thermal expansion

Aa=a, - ag, =(Vi.e, G Viys) = (Vi,s, G Vise) (7.245)

and for the contribution of the internal degrees of freedom to the specific heat
capacity at constant stress

Aco=cE—Cop,=T(Ve5,G Viys)>0. (7.246)

The differences (7.243), (7.245), (7.246) now no longer fulfil the Davies relation
(7.85). With a positive definite matrix A, the Cauchy-Schwarz inequality is gen-
erally valid [e.g., see Margenau, Murphy (1956) or Courant, Hilbert (1965)]

(22 Ay xi}’k)2 SZEZApxix) CZApyiv s (7.247)
i k i k i k

whereby the equality sign is only valid when the vectors x and y are pro-
portional. In the case of a simultaneous macroscopic relevance of several inter-
nal degrees of freedom, the Davies relation (7.85) is replaced by the Davies
inequality

Ac, AJr=Tv(Aa)?. (7.248)
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In the F-representation, the contributions of the relevant internal degrees of
freedom to the response functions of the internal equilibrium are given by

AMp=M§ - My = - v(V5:0,F V£,0) <0 (7.249)
AB= .- B, =(V5.0,F' Vis) = (V& s, F'V¢, 0) (7.250)
Ace=cf-c ;=T (V.5 F'V5.5)>0. (7.251)

Here, the coefficient of thermal stress was defined according to (5.18). The sym-
metric positive definite matrix F is given by the equilibrium coefficients

_ g _(_9%f
Fie = P = <a§ka;- >

[see (2.83)]. Corresponding to (7.241), we have further

V%Exs{<zc—> <a_x> } . (7.252)
agl T g Ckzr agn T & Cken

According to (7.247), the Davies relation (7.67) is replaced by the Davies
inequality

- Ac,AMy > Tv (A B)?. (7.253)

[The factor p? in (7.67) drops out if the thermal stress is defined according to
(5.18); the contribution A M; of the internal degrees of freedom to the elastic
modulus is, as in (7.67), negative. The relevance of the internal degrees of free-
dom always contributes to a “softening” of the material in the internal equilib-
rium.]

Hence, a possible cause of the experimental observation that the Davies rela-
tions (7.67) and (7.85) are not fulfilled may be the relevance of several internal
degrees of freedom. This conclusion is only compelling, however, if one is cer-
tain that the system was in one single well-defined internal equilibrium state
during the quasi-static and very rapid measurements.

According to (7.50),

. . oe \¢ .
Gi+ X Mje Ge=vX Ly <£> o (7.254a)
€ k k/ T 0, Gmek

or in the matrix notation
C+ML=0v(LVs,6)0 (7.254b)

generally holds for isothermal processes with relatively small deviations from a
fixed reference state “e”. The transformation (7.228 -7.230) into normal coordi-
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nates leads to
{+DEi=v(RLV$,6)G

or

= 1 .
G+ = Gi=V(RLV%,6)0
T
If {;(- o) = 0 can be supposed for all j , the first integral of these equations is

{0 = TURL S0, | 7T 50 dr

— oo

In the case of a periodic perturbation of the system with
o(t)=Ace®, &(t)=iwo(t),

one obtains

G

§j=v (RLV$,8); —L—

+(x)‘l’

or

{=v (D' RL V4,6 256,
whereby Q; designates a diagonal matrix with the elements

ik

1+ia)r]~G'

G —
ij=

According to (7.244), a transformation back to the internal variables yields
(=R'T=0v(G"V5,8) 26

and

d
< €> gT/UT“ V(G Vi) Q.
do
One thus obtains via (7.237) the frequency-dependent complex compliance

Jr (@) =Jgg + v (Vige, G 1V, eQ) (7.255a)

or with (7.243)
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AJ}

Jr(@w) =Jgg + JZ m . (7.255b)
A splitting of the complex compliance corresponding to (7.175) into

Jr(@) =Ji(w) - iJ7(w) (7.2562)
yields

Ji(w)=Jpe + 2 _ME (7.256b)

i 1+ @ (1f)?

as the real dynamic compliance and

(@) =2 fi’;% (7.2560)

as the loss quantity of the compliance. Examples for the case n = 2 and different
ratios t/1¢ of the relaxation times are depicted in Figs. 7.14 and 7.15.
In the case of an isothermal periodic deformation

e(t) =Agei® | £(t) =iwe(t),

-6 -4 -2 0 2 4
In Wty —=

Fig. 7.14. Loss quantity J7 of the compliance of a system with n = 2 relevant internal degrees
of freedom according to (7.256¢) for different ratios ¢ = 7,/ of the relaxation times. It was
assumed that AJ} = A%
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A
Jr

Jr J

Jree e T T T : r -~ 0 . . r . . =

27152
-7 -5 -3 -1 1 3 5 -7 -5 -3 -1 1 3 5
nwTt,;

n wWTy ——=

Fig. 7.15. Compliance J7 and loss quantity J7 according to (7.256) with n = 2, , = 60 7, and
Ak =3AJ%

one obtains in the same way from the F-representation the frequency-depen-
dent complex elastic modulus

M (@) = My, - v (V50 F'V¢,0Q), (7.257)
whereby £2; designates a diagonal matrix with the elements
S

— >
1+1a)er

Qf

where the 7f are Debye relaxation times of the normal modes in the F-repre-
sentation, i. e the reciprocal eigenvalues of the matrix L F. With

€ o0
AM = - UZ(F 1)k< > < > <0 (7.258a)
"NOG /160, \0G/ 1 40

and

M, =3 AMj (7.258b)
j
according to (7.249), (7.257) can also be written as
AM/
My (@) =Mpg + 2 —T—F
j 1+ 17

(7.259 a)
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with the real part (storage modulus)

AM/]
r(@=My +% —— 7.259b
T( ) T Ge ; 1+ (l)Z(T]'F)Z ( )
and the imaginary part (loss modulus)
@tFAM
Mi(w)=-3 —L 1. 7.259¢
He) =2 (7.259¢)

In the case of a relaxation test of the second kind (Sect. 7.4), one obtains in
place of (7.155b) or (7.211b), respectively, the time-dependent relaxation
modulus

Mp(t) = Mg, + X AMi(1-e %), t20 (7.260a)
j

or

Mp(t) = ME-3 AMfe "7, 20 (7.260b)
j

and the memory function
. AM]
Nr(t)=Ms(t)=2 T—FTe‘”ff. (7.261)
j J

This fulfils the general relation (7.188) of the linear theory of aftereffects. In the
theory of aftereffects, the homogeneous Hookean body with 7 relevant internal
degrees of freedom corresponds to the generalized Maxwell model Fig. 7.16 A
in the F-representation and to the generalized Kelvin—Voigt model Fig. 7.16B in
the G-representation. Identification of the results from thermodynamics with
those of the theory of aftereffects leads to the identities

Mj=-AM}; nf=-1fAM{; J;=AJf; nf=1PAT].

The individual Maxwell elements (M;; nf') or Kelvin-Voigt elements (J;; nf) of
the models, as can be seen in (7.258), (7.243) and (7.229), cannot be directly as-
signed to the individual internal degrees of freedom, but to the eigensolutions
of the matrices F! and G, with whose help the quadratic forms of the re-
sponse functions can be brought into a normal form. Moreover, similar hier-
archic conditions, as given by (7.95), exist between the relaxation times 158 tf,
rJH ... of the different representations [Meixner (1949), (1953)].

For example, the peculiar elastic behaviour of polymer melts containing very
long flexible chain molecules can be made plausible using (7.259). A melt of this
kind only exhibits a purely viscous flow at a very low rate of perturbation (e.g.,
if the melt is left to itself on an inclined plane under the force of gravity). At a
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Fig. 7.16. Models of the linear theory of aftereffects. A: generalized Maxwell model; B: gen-
eralized Kelvin-Voigt model

medium rate of perturbation it behaves like a rubber-elastic material (one can
form a ball out of a suitable amount of melt and play with it). In the case of an
abrupt perturbation, the melt, like a solid, can be shattered. These different
modes of behaviour can be measured quantitatively by exposing the melt to a
periodic perturbation and, for example, by measuring the elastic modulus rela-
tive to the frequency of perturbation [Fig. 7.17; e. g., see Ferry (1980)]. The elas-
tic modulus vanishes, as in a liquid, only at very low frequencies. The melt
attains the level of elasticity of a rubber at medium frequencies and the level of
elasticity of a glass at high frequencies.

In the thermodynamics of irreversible processes, the polymer melt can be
regarded to a first approximation as a liquid with two macroscopically relevant
internal degrees of freedom. As liquids do not possess an elastic modulus in in-
ternal equilibrium, one must set in (7.259) or Fig. 7.16 A

M§=0, ie, My,=-ZAM}.
j

[More rigorously, the spring with the modulus M{in Fig. 7.16 A should actually
be replaced by a dashpot which describes the real viscosity of the melt (com-
pare Fig. 7.11 A with Fig. 7.10A). Nevertheless, the viscosity is not of import-
ance in the following argumentation.] The first internal degree of freedom is
due to the fact that the long chain molecules in a liquid state are more or less
coiled and penetrate each other and then entangle. Due to thermal agitation,
however, the points of entanglement are not stable. They come and go. They
have a mean lifetime which can be related to a relaxation time r;. One can in-
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totally arrested equilibrium

Zy=const.; Zr=const. o q9 9] E )
glasslike (Nm-2]
107
partially arrested equilibrium
= const.; I, =15 — . 10>
rubbertike
103
internal equilibrium 101_
§1 = §1e i ;2 = ;g _1
fluidlike r T T T
107> 1 10° 1010

W [sec‘”

Fig. 7.17. Elastic modulus E as a function of the perturbation frequency w of a polymer melt
composed of very long flexible chain molecules. [Schematically shown; for concrete examples
see Ferry (1980)]

troduce the mean concentration ¢, of the acute points of entanglement as an
internal variable. The second internal degree of freedom originates from the
diffusive translational motion of the chain molecules. As a measure of the dif-
fusive translational motion, one can introduce the concentration g, of the
vacancies present in the melt (see Sect. 7.8), which is linked to a relaxation time
7, < 1. If @1, < w1, <1 holds, the liquid is practically in internal equilibrium
at any time (&, = ¢f; {, = ¢5). The points of entanglement can disentangle dur-
ing a half-period of the perturbation. The molecules can slip past each other.
The melt behaves like a normal liquid with a practically vanishing elastic mod-
ulus. The first internal degree of freedom is arrested if wr, <€ 1 < w1, holds
(4, = const.; §, = {%). The entanglements are no longer capable of disentangling
during a half-period of the perturbation. The melt behaves like a cross-link-
ed polymer, i.e., like a rubber (Sect. 5.3). If 1 < w1, < w1, is finally valid, the
second internal degree of freedom, the diffusive translational motion of the
molecules, is also arrested (¢; = const.; {, = const.). The polymer melt behaves
like a frozen liquid, e.g., like a glass, with respect to the rapid perturbation
(Sect. 7.8).

The real situation is, of course, more complex [e.g., see Lodge (1964); De
Gennes (1979); Ferry (1980); Doi, Edwards (1986)]. If one assumes that the dif-
fusive translational motion corresponds to a multitude of internal degrees of
freedom dependent on the molecular masses, a whole family of internal vari-
ables {{,, ... (,,} appears in place of the internal variable ,. In addition, the
entanglements are certainly not homogeneous, so that a family of internal
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variables {{;, ... {;,,} occurs in place of ;. These degrees of freedom are gen-
erally coupled. Within the framework of the linear theory, the system is then
characterized by a family of normal modes {¢, ... {, . .} whose composition
out of primitive molecular mechanisms depends on the thermostatic state of
the system and whose spectrum of relaxation times {7, ... 7, , ,,} represents a
collective property of the primitive mechanisms.

A problem is that one can describe a quite large class of phenomena with ad-
ditive expressions of the form (7.233), (7.256), (7.259), and (7.260) if one merely
assumes a sufficiently large number of degrees of freedom and a suitable dis-
tribution of relaxation times. With a dense sequence of normal modes (7.232),
for example, an exact simulation of the scaling invariant hyperbolic relaxation
of a single degree of freedom (Sect. 7.4) is also possible [see Mandelbrot (1983),
p- 417/18]. It is, therefore, only physically meaningful to apply the linear theory
if one is able to precisely indicate the molecular mechanisms and calculate the
spectrum of relaxation times and if one is certain that it is a linear problem. If
the second derivatives of the Gibbs functions

(5255)" (ozoe)
3gdg/) \ogoag)

or the coefficients, for example, of Eq. (7.50) are dependent on the internal
variables ¢; ... {,, the problem becomes non-linear and the concept of normal
modes is no longer applicable.

7.8
The Glass Transition

When a liquid is cooled, it usually changes into the crystalline state at a tempe-
rature T, typical for the substance. Thermodynamically, this is a phase transi-
tion of the first order (Sect. 8.1). A chemically pure substance, however, only
spontaneously crystallizes at T, if it is cooled slowly enough and a sufficient
number of crystal nuclei is present. If a liquid is cooled more quickly, it is
possible to maintain the liquid state even below T),. The liquid is then in a so-
called undercooled state which, considered thermodynamically, is a metastable
state (see Fig. 2.1B; the potential barrier between the liquid and the crystalline
state corresponds to the work necessary to form the crystal nuclei; Sect. 8.2). In
many liquids, the viscosity increases considerably with decreasing temperature
and reaches extremely high values in an undercooled state. A high viscosity 7,
however, means, as can be estimated on the basis of the Einstein-Stokes rela-
tion, low translational mobility of the molecules and thus a low rate of crystal-
lization. The Einstein—Stokes relation is:

RT
D=
3nmnd

(7.262)
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[D: coefficient of self-diffusion; d: mean diameter of the supposedly spherical
molecules; R: Boltzmann - or gas constant; e.g., see Landau, Lifshitz (1987)]. If
one rapidly cools such liquids below between ca. 2T,, /3 and Ty, /2, they freeze
into an amorphous solid, a glass, without forming an ordered crystal lattice [on
the physics of glasses, see, for example, Stevels (1962); MacKenzie (1960-64);
Haward (1973); Jackle (1986)].

The substances with a relatively high tendency towards vitrification include
the elements oxygen, sulphur, selenium, tellurium, phosphorus, compounds
with these elements such as, for example, quartz (SiO,), some halides, many
organic compounds such as glycerol and sugar, and above all (organic) poly-
mers. Due to the asymmetric irregular arrangement of their chain structure,
some polymers are fundamentally incapable of crystallizing. For entropic and
kinetic reasons (Sect. 8.2.), other long-chain polymers crystallize only partially
i.e., they always contain a glassy part at lower temperatures. In principle, vitri-
fication is possibly a phenomenon common to all substances. Nevertheless, this
phenomenon cannot be realized in some substances, as the heat dissipation,
which proceeds at a finite rate, acts against the required cooling rate. In poly-
mers which are not capable of crystallizing due to their irregular molecular
structure, vitrification is, of course, independent of the cooling rate. Good glass
formers (such as B,0O; or §i0,) require cooling rates in the range of 10 to
1072 K s~!. Metals or metallic alloys freeze to form a glass at cooling rates of ab-
out 10° K s7!. Here, the sufficiently fast heat dissipation is already a problem.
According to computer simulations, the vitrification of argon would require a
cooling rate of 10!2 K s7! [see Jickle (1986)].

Simon (1930) concluded from the fact that a finite entropic difference is re-
tained between the vitreous state and the crystalline state of a pure substance in
the limit T — 0 that one is not dealing with an internal equilibrium state in the
case of a glass but rather with a “frozen” non-equilibrium state. Within the de-
finitions of the thermodynamics of irreversible processes, the vitreous state,
therefore, has to be classified as an arrested equilibrium state [see Breuer,
Rehage (1967), Rehage (1980)]. Further below, we will explicitly assign an inter-
nal variable ¢ to the internal degrees of freedom frozen (arrested) in the glass.
When cooling a liquid at a constant and not too high rate under constant pres-
sure, one schematically obtains, for example, for the volume the following pic-
ture (Fig. 7.18): Above the melting temperature T, the liquid is in internal
equilibrium with respect to the internal variable {. A volume V [T, ¢, (T)] is
measured which is uniquely determined by the temperature T. If the liquid
state is maintained below Ty, this also at first applies to the volume of the un-
dercooled liquid. At a temperature Ty, however, the volume curve starts to
deviate from the equilibrium curve. The liquid falls into non-equilibrium states
in which § varies independently of T. The volume then follows a non-equilib-
rium curve V (T, {) whose course is no longer uniquely determined by the tem-
perature. At T = Ty, the internal degree of freedom is finally arrested with ¢ =
0. Below Ty, the volume curve follows the equation V = V(T, { = const.) of the
arrested equilibrium. The glass transition region, i.e., the position of the tem-
perature interval (Ty; ; Tr), as well as the non-equilibrium value of the variable
¢, which freezes at T,;, depend on the cooling rate T= y < 0.
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Fig. 7.18. Schematic volume-temperature diagram of a substance when cooled at a finite
rate T = y [according to Rehage (1980)]. Melting temperature: Ty,; glass transition region:
Tr — Ty - See text

If one proceeds from the linearized mechanical equation of state, one ob-
tains the straight lines

T>T;: V=V, [1+a(T-THl,
T<T,: V=V,[1+a, (T-TYl,

as volume curves above and below the glass transition region which intersect at
the temperature T, the so-called glass temperature (a,: coefficient of thermal
expansion of the internal equilibrium; a: coefficient of thermal expansion of
the arrested equilibrium; see Sect. 7.3). In this approximation [the so-called
“simple freezing-in model”; Rehage (1980)], the glass transition region (Ty;; Tp)
is reduced to a single temperature T,. The glass transition becomes a disconti-
nuous process. The value g, of the internal variable which freezes is then ne-
cessarily the equilibrium value §, = {.(T,). The coefficient of thermal expan-
sion then suffers a discontinuous jump Aa = «, - a,, at Ty, which is given by
(7.83). In the same way;, as a result of the linearized thermal equation of state,
the heat capacity is subjected to a discontinuous jump Ac, at T, according to Eq.
(7.84). The glass temperature T, and g, = {,(T,) are actually purely fictitious
quantities. The “simple freezing-in model”, however, can be regarded as a limit-
ing case, which attains validity in the limit y — 0.

What freezes during the transition from the liquid statc into the vitreous
state is without doubt the molecular disorder (or rather the short-range order)
in the liquid and the diffusive translational motion of the molecules. In the fol-
lowing, we will base the description of this process on the simple model of the
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Eyring liquid. Eyring regards liquids as a mixture of molecules and vacancies
[Hirai, Eyring (1958/59); Eyring, Ree (1961)]. Here, the concentration of the va-
cancies or the volume fraction of the vacancies (the relative free volume) can
serve as a measure of the intensity of the diffusive translational motion. In
order to formulate the Gibbs fundamental equation of such a mixture, we pro-
ceed from the Flory-Huggins fundamental equation (3.79) of the ideal-ather-
mal polymer solution. This equation would already be useful for our purposes
if the vacancies and monomer units were of about the same size. This would be
true if the diffusion process could be understood as a hopping of monomer
units into holes of the same size. In fact, the diffusion in a relatively compact
liquid seems to be more of a cooperative process whose development requires
a considerably smaller vacancy size. According to Frenkel (1946), the vacancies
in molecular liquids are approximately the size of individual atoms.
Nevertheless, the Eq. (3.79) can be used in this case if the degree of poly-
merization P is replaced by the ratio of volumes

o= v,/v, >0 (7.263)

of the two unequal mixing partners [Flory (1941/42); see also Guggenheim
(1959, §5.50]. In approximation,

N N
G=G0+RT[NJn——J——+Nﬂn—iLi—1+GE (7.264)
N, + ¢N, N, + ¢N,

is the Gibbs fundamental equation for a mixture of partners of different sizes
whose volume ratio is given by (7.263). If we refer (7.264) to the Eyring liquid,
N, designates the mole number of the vacancies and N, the mole number of the
material particles (molecules of a low-molecular substance or mobile units of a
polymer; the mole number N, of the massless vacancies can be defined as the
fraction N, = {N, of the mole number N, of the material particles.

We proceed from Eq. (3.82) for the deduction of an expression for the excess
free enthalpy Gg:

N1N2
N,+N,

Gg=2z(N; + Ny) Awp,x,%, = zZAwy,

Here, we substitute the coordination number z with
ZNI' —> oiNi

by the surfaces capable of contact o; per mole of the mixing partners [Kanig
(1969)]. It is obvious that the interaction between partners of different sizes
and shapes can be determined much better by means of the surfaces o; than by
means of the pure number z of the nearest neighbours. Hence, the excess free
enthalpy of the mixture should amount to

o,N,0,N,

GE = AWIZ
o,N, +o,N, ’

(7.265)
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where w,, = 0 naturally holds in a mixture of material particles with vacancies
(no mutual interaction of the vacancies), and w,, describes the binding energy
between adjacent particles, while w,, can be interpreted as the binding energy
between two material particles separated by vacancies. To simplify matters,
we will assume in the following that the excess free enthalpy is independent
of temperature and pressure. It will turn out, however, that a variable ratio
0,/0, certainly corresponds quantitatively better to the given situations.
Temperature independence means that we confine ourselves to a regular
mixture with

GE = HE (7.266)
[cf. Eq. (3.72)]. As a result of the pressure independence, the molar volumes v;
become equal to the molar volumes vf of the pure substances as well as to the
partial molar volumes v; according to (3.53) and (3.17):

v =v;=1;. (7.267)

In place of the mole numbers N;, one can then easily introduce the volume frac-
tions ¢; as variables according to (3.7). From

__wN N
P = SN+, N, N +oN,’ #T 7%
one obtains

P
l1-¢

N, = N,

and with this according to (7.264),

P

G =G, + RTN, L Ing, +In(1 - (pl)} + Gg. (7.268a)

L]

(7.265) leads to

(%%

Gg=N,0,Aw,, ———
1-¢ + A

(7.268b)

for the excess free enthalpy. Here,

e=A, e —=/1ﬂ (7.268¢)
0, 0, v,

was used as an abbreviation, and A is a geometric factor which not only takes
into account the different sizes, but also the different shapes of the partners.
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The standard term in (7.264) is only determined by the particles, as the vacan-
cies do not possess a chemical potential in the pure state:

G,=piN,; p3=0 (7.269)

[¢f. Eq. (3.51Db)].

We will finally introduce the ratio { = N,/N, of the mole number of the va-
cancies to the mole number of the material particles as a dimensionless inter-
nal variable of the liquid. The internal variable, which is often rather vaguely re-
ferred to as an “ordering parameter” in the literature [e.g., see Kovacs et al.
(1979), Rehage (1980)], thus obtains a concrete physical meaning. We designate
the volume fraction of the vacancies (the relative free volume) with ¢ = ¢,. The
energy (or enthalpy) required to generate one mole of vacancies in the vacancy-
free liquid is:

h.=0,Awyp,.

Furthermore, it is useful to refer all extensive quantities to one mole of par-
ticles. We denote these molar quantities G/N, , VIN, ... as before with the cor-
responding small letters g, v ... We thus obtain as Gibbs’s fundamental equation
for a melt interspersed with vacancies

g£=8,+RT LQ‘O Ing +In(1 —<p)} + g (7.270a)
-9
with
£ =p3(T p) (7.270b)
and
ge=hg=h, e (7.270¢)
l-p+Ag
The interrelation
(L% Q
(=—-; d¢= d (7.271)
l-¢ (1-¢) v

exists between the internal variable { and the relative free volume ¢.
According to (7.270), the entropy of the system is given by

SE_<%> =_<ag°> —R[Q—(P—ln(p+ln(1—go):l. (7.272)
oT /, ¢ oT /, 1-¢
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One thus obtains for the enthalpy h = g + Ts

h=h,+h; with h,=g T <ag°> . (7.273)
T/,

For the volume v it follows that:

v
v=0,0+ v = z_, (7.274)

The vacancies are not of importance in the heat capacity (7.77) of the arrested
equilibrium

2
Cpe=T <ﬁ> =T <8_g,2,> . (7.275)
T /), 1),

In the following, we will regard c,, ; as a constant, i.e., disregard the dependence
of this quantity on temperature and pressure. We will treat the coefficient of
thermal expansion a; [Eq. (7.76)] the same way.

The affinity

), (.5
g Tp 9¢/1,\ 0G0 Tp
[Eq. (7.17)], for which (7.270) and (7.271) result in

a= Tan - TZTP ) (7.276)

is the determining quantity for the dynamics of the processes in the glass tran-
sition region. The partial molar entropy of the internal degree of freedom is:

o), e (5o
op={—) =-R|lneg+(1-—](1-¢) (7.277)
& <a§ Tp o
and the partial molar enthalpy of the internal degree of freedom is:
_ 2
Ny = <ﬁ> =h, <—1——(p—> , (7.278)
G /1, l-p+Agp

where 1y, is the energy required for the generation of one mole of vacancies in
the vacancy-containing melt. According to (7.274), the partial molar volume is
given by

ov 1-¢
Pr, = <—> =y = v. (7.279)
’ 90/, 1 e
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The liquid is in equilibrium if a =0, i.e.,
I]Tp B Tan (7.280)

is fulfilled. If h_, o, A, T are known, one can determine from (7.280) the relative
free volume ¢, in the internal equilibrium, and if k., @, A, ¢ are known, the equi-
librium temperature T,.

Equations (7.270) and (7.271) yield

1 2
— =1 <a_g3> =L Ka"”’) -T <a°TP> J (7.281a)
Trp 9% /rp o8 /1p 9% /1,
as the relaxation time (7.38c¢) of the system with
2 _ 3 302
<a'1Tp> __2hA < 1-¢ > __2hA <QTL> , (7.281b)
9¢ /1p e \l-¢+lig e \h
PRY)
<aan> __RO-9 <1 _g+ _‘B> _ (7.281¢)
C/tp © ¢ e
The relaxation time traverses a singularity (infinity) if
<M\ =T <a°TP> . (7.282)
9¢ /1, 9 /1p

According to (7.276-7.278) and (7.280),

) (1) a-0]
h,|——=—) =-RT|lng,+(1-=) (1 -0,
<1—¢e+l¢e> [n(p (o] (1=

holds for the relative free volume ¢, in the internal equilibrium. One can, there-
fore, also write

1 1- 21 1
= =IRrT - % [ [m @ + <1 - —> (1- ¢9)J (7.283)
T%p (% 1- @, t+ A(Pe Q

+1—_<Pe<1_(,,e+¢_e>}
Pe Q

for the relaxation time with respect to the internal equilibrium (Debye relaxa-
tion time). According to (2.88) and (7.29b), the internal equilibrium becomes
unstable if 1%, <0, i.e.,

<a'l—TP> <T<aUTP> (7.284)
oG /1p ¢ /1,

is valid.
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According to (7.83), the contribution of the vacancies to the coefficient of
thermal expansion in the internal equilibrium is given by

1
Aa = " L1%, 9%, 0% .

With (7.277), (7.279) and (7.283), this leads to

1
Ao =— — 9 . (7.285)

T @,
l-@)|1-¢, +2%
240 ( <p)< [ Q>

e

- 1
! (P€+A(p€ ln(pe+<1_—> (1_(pe)
Q

One obtains from (7.84)

o-e
Ac, = LT 14,(0%,)* = vTA« —Ip
Tp

for the contribution of the vacancies to the heat capacity of the internal equilib-
rium. With (7.277), (7.279), (7.285), this means

ln(pe+<1_l> (1_(Pe)
_ Roo. (%

T 1-o, .
(1_(pe) <1_(pe+_'>
21, (4

Lot Ao, ln¢e+<1—l><1—¢e>
()

If Aa, Acy, @ and T are given, the relative free volume ¢, and the interaction
parameter A can be determined from (7.285/7.286).

Equations (7.285) and (7.286) hold for every internal equilibrium state, i.e.,
in the “simple freezing-in model” also at the glass temperature T,. In this mod-
el, the differences Aa and Ac, occur at T as differences of the response func-
tions between the liquid and the glassy state. Kanig (1969) [assuming ¢, < 1
and neglecting 1/ with respect to 1 in Eq. (7.277)] determined the volume frac-
tion @7 = ¢,(T,) and the interaction parameter A for 11 polymers using Aa, Ac,
and T, from experimental data. For these polymers, he found on average

Ac

P (7.286)

(pg) = 0.0235 + 0.0050 , (7.287a)
(A)=3.15+0.35. (7.287b)
(A

First of all, it is remarkable that the mean value (7.287a) agrees very well with
the value ¢ = 0.025 determined from viscosimetric data by Williams, Landel,
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Ferry (1955). At least qualitatively, (7.287a) seems to confirm the thesis of Fox
and Flory (1950) in which liquids are in an iso-free volume state at the glass
temperature. Equally qualitatively, (7.287 a) seems to confirm the rule of Simha
and Boyer (1962) according to which

Tg Aa = const.

should always be fulfilled at the glass temperature. Kanig (1969), however, has
found definite systematic differences from the mean value (7.287a). For exam-
ple, polymers composed of more flexible chain molecules lead to a smaller
¢g-value than polymers composed of stiffer chain molecules. If one regards the
mean value (7.287b) in the same way as a value characteristic for the glass tem-
perature, one should allow a certain variability A = A(T, ¢) of the interaction
parameter above T, (see further below). Additional terms can then be found in
Aa and Ac, which are linked with the derivatives dA/0T or dA/d¢, respectively,
and which possibly also somewhat change the result (7.287). In a very extensive
table containing 63 polymers, Wrasidlo (1974) showed that a constancy of ¢; at
the glass temperature does not exist.

The Davies relations (7.85) or (7.248) are often regarded in the literature as
relations which are characteristic for the glass transition and then also referred
to as Prigogine-Defay relations [e.g., see Elias (1984), Rehage (1980), Jickle
(1986), Donth (1992)]. As shown in Sects. 7.3 and 7.7, the Davies relations
involve quantities which refer to an internal equilibrium state. The Davies rela-
tions hold for every arbitrary internal equilibrium state. With respect to the
glass transition, the Davies relations can, therefore, only be verified up to the
experimentally very uncertain temperature T (Fig. 7.18). Below Tj, a single in-
ternal degree of freedom yields the rate-dependent contributions

, 1 ..
Na,=a,-a, ;= 5 o1, CIT,, (7.288a)

Ney= ¢, = ¢, = Toy, §IT, (7.288b)

to the response functions [Egs. (7.72-7.77); j}, = y < 0: cooling rate at constant
pressure]. These contributions continuously diminish with decreasing tem-
perature until they finally disappear completely at T, (because of ¢ =0, {=
const.) (Fig. 7.23). The Davies relations only become important for the glass
transition if an equilibrium value ¢, freezes out of the internal equilibrium.
However, this is only possible in the limit y — 0, i.e., with { =0 because of
a = 0 (see further below).

The fundamental equation (7.270) does not contain anything concerning a
possible glass transition. The internal equilibrium of the undercooled melt is
stable up to the limit T, — 0, ¢, — 0 (see Fig. 7.19). On the other hand, the
liquid is not capable of admitting an arbitrary number of vacancies with
increasing temperature. There is a maximum temperature T¢,,, and a maxi-
mum free volume ¢f,,, above which (38’g/3¢?)% , or 1%, become negative, i.e.,
the internal equilibrium of the liquid loses its stability. In the following, we will
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Fig. 7.19. Dependence of the equilibrium temperature T,[K] and stability function Lt%,[1/]]
on the relative free volume ¢, according to (7.280), (7.283), and (7.289)

assume the concrete values
h.=10 kJ/mol, o=10, A=3 (7.289)

which are approximately true for polystyrene at T, [Kanig (1969), Tab. 1]. With
(7.289), instability, accordlng to (7.284), already occurs at T¢,, =456.303 ... K
and @%.. = 0.125..., i.e., at values that are certainly too low. This shows clearly
that we should actually treat the parameters h. and A as the variables h.(T) and
A(T, @). At the critical point (T%,.; @&a)> the Debye relaxation time passes
through a singularity 7%, = + < (Fig. 7.19). According to the Egs. (7.80) and
(7.81), the heat capacity cp and the coefficient of thermal expansion a, also pass
through a corresponding singularity at this point. Hence, if we retain the values
(7.289) in the following, we overestimate the heat capacity and the coefficient of
thermal expansion of the system at higher temperatures. Nevertheless, this
should not have an influence on the qualitative development of the processes in
the range of the glass transition.

For a description of the freezing process at a constant cooling rate T=y<0
and constant pressure p within the framework of the thermodynamics of irre-
versible processes, one has to proceed from the differential equations

T=y; {=La; L>0. (7.290a)
With (7.271) and (7.276-7.278), the second equation leads to

= (g ) el (1) a0
¢= o [hc<1—(p+/1§o +RT [lngp+ |1 1-¢

(7.290b)
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as the differential equation for the relative free volume. Freezing processes with
¢ — 0 or ¢ — 0 are not characterized by a — 0 (internal equilibrium) but by
L — 0 (arrested equilibrium). In (7.290), the coupling parameter must thus be
regarded as a variable L = L(T, ¢) which vanishes at Ty orat least assumes very
small values.

We cannot expect an explanation for the functional dependence of the
phenomenological coefficient L(T, ¢) in the macroscopic phenomenological
theory. We rather depend on ad-hoc formulations. As L has the dimension of a
fluidity per volume, a formulation corresponding to the Doolittle proportio-
nality

’Z ~ econst./ (7]

suggests itself to start with [r: viscosity; 1/n: fluidity; Doolittle (1951)]. In a
normalized form, we can thus assume

L(t)=L(0) exp I:CD <L - Lﬂ . (7.291)
@ 1)

(Here and in the following, we indicate the initial state with “0”). No total freezing
process can, of course, be expected with (7.291), as L only vanishes with
@ — 0. Solutions of the equations (7.290) and (7.291), however, already show some
characteristics of the glass transition. When cooling at a constant rate y < 0, the
system reaches a finite value ¢ # 0 of the free volume at absolute zero and thus a
finite entropic value (Fig. 7.20). The final value ¢ at T = 0 is larger, the faster the
cooling rate®. According to the equations (7.290/7.291), the relaxation in the freez-
ing range (with T = const., p = const.) takes a typically non-linear course. When
compared with the comparable linear relaxation

p=- l¢-¢. (D], (7.292)

Tp
one can first observe, as in the hyperbolic relaxation (Fig. 7.4), an acceleration
and then a retardation of the process (Fig. 7.21). This result is essentially deter-
mined by the Doolittle dependence (7.291). With the formulation

1 1
L(t)=L(0)e c - , I'>2T,, 7.293
() = L(0) XP[w(TO_Tgl T_Tglﬂ , (7.293)

9 The final value of ¢ also depends on the initial value L (0) of the coupling coefficient. In the
following figures, the initial values L (0) or L, , respectively, were chosen in such a way that
a result with the required accuracy can be obtained by means of a PC in an acceptable
amount of time. The true time unit remains completely open. In the following, we will only
noncommitally denote the time unit with “tu”.
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Fig. 7.20. Relative volume v/v, according to (7.274), (7.290), (7.291), and (7.289) with L (0) =
1078 mol/] - tu, ¢, = 0.5 at different cooling rates y, = -0.001 K/tu, y, = -0.0001 K/tu,
Y. = -0.00001 K/tu (tu: open time unit). The initial state is the equilibrium state at = 400 K

1,05+

<|<

2
1,04 1 b

1,03 1 a

Ve[Vy A
1,024
0

-t

Fig. 7.21. Relaxation of the relative volume v/v, [Eq. (7.274)] at T = 360 K from the initial
value v = 1.0526 v, (¢ = 0,05) to the equilibrium value v, = 1.0226 v;. a: non-linear relaxation
according to Egs. (7.290) and (7.291); b: linear relaxation according to Eqgs. (7.292) and
(7.283). Both cases with (7.289) and L (0) = 10° mol/] - tu, ¢, = 0.5
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which was redeveloped on the basis of the phenomenological theory of
Williams, Landel, Ferry (1955), one can naturally achieve a complete freezing of
the system at T = T,. It is, however, not possible to establish a connection be-
tween (7.293) and (7.291) in non-equilibrium thermodynamics, as T and ¢ are
mutually independent variables.

It is remarkable that although the relaxation time 77, is able to pass through
a singularity 77, = * oo at low temperatures while cooling with y <0, this singul-
arity does not gain any influence on the process (Fig. 7.22). If the coupling co-
efficient L is variable with T and ¢, the second equation (7.290 a) yields by dif-
ferentiation with respect to the time

(=La+La

with

i=(3) () ¢
oT /¢ ¢/,

According to (7.37) and (7.276-7.278),

. . 1
a=op, T-
r Lrp,
P
1,51 0,035
2 1 00.
P
’ 1,0 0,025
t,—p.ﬂjﬂ Terr- 107
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Fig. 7.22. Relative free volume ¢ upon cooling as in Fig. 7.20 with y = -0.0001 K/tu.
Relaxation time according to (7.381): 7y, [tu]; effective relaxation time according to (7.295):
T [tu]. Open time unit: tu
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is valid. In place of Eq. (7.38), one thus obtains with variable L (T, ¢) the differ-
ential equation

§+[1 <alnL> 7 <alnL> g}g Low i
— - = LGO .
Tr, AT /¢ 3 /1, »

This equation can be brought into the form

1 . .
{+—¢=LoyT (7.2942)
eff

of Eq. (7.38) if one introduces with

1 1 olnL . (0lnL .
LI < > 7o < > ¢ (7.294b)
T  TInp oT /¢ ¢ /1,
the effective relaxation time 7.¢ for the freezing process. Hence, the effective re-

laxation time of a freezing process under constant pressure depends not only
on the independent variables T, { but also on their rates T, g:

T =T (T T, G, 0) .
With the “Doolittle formulation” (7.291), one obtains
<81nL> o, <blnL> _% <ﬂ>2
OT /p¢ ¢ Jzp @ ¢
ie.,

1 1 L 1- 2
- _ <_"’> a. (7.295)
Tesf  I1p (% 14

At low temperatures, the first term 1/17, on the right-hand side of (7.295) is
completely dominated by the second term, so that the singularity of 77, does
not achieve any importance (Fig. 7.22). In the case of the “WLF-formulation”
(7.293), one obtains

<alnL> o <alnL> _o
AT Jp, (T-Tp?’ 3¢ /1,

and thus

11wy (7.296)

Teff  T1p (T - Tgl)2

Although 17, = + o results because of L — 0, = 0 holds at T = Tj;.
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However, the actual problem to begin with when solving the differential
equations (7.290) is the boundary conditions. If we, as in Fig. 7.20, assume an
equilibrium state (g2, T?), the initial values of the response functions are deter-
mined by the differences (Ac,),, (Aa), given at (¢?, T?) independent of the
cooling rate y < 0. Because of

lim £ =0,
ToTe T
¢H¢e

the initial values of the differences (7.288) to be compared can only be adjusted
to these values if one assumes that ¢ or T at t = ¢, undergo a jump which is de-
pendent on the cooling rate. Hence, the boundary conditions to be fulfilled

(Ao = (Ac)s  (Nay)y=(Ad); dy=0 (7.297)

cannot be formulated in the case of a smooth development of ¢ and T. For ex-
ample, the first of the conditions (7.297) is explicitly

1
; L(0) Too%pao =L(0) T TeTp((Pg) [Oﬁ'p((f’eo)]z

or, if one assumes a smooth development of the free volume with ¢, = ¢, ac-
cording to (7.276)

1
; To(TooeTp - rleTp) = TgTeTpo'%p .

This boundary condition would only be fulfilled if T, # T¢ could be supposed.

One sees here that one possibly has to differentiate between the thermostatic
temperature T and a thermodynamic temperature T* in the thermodynamics
of irreversible processes [Meixner (1969)]. This differentiation can be seen in
complete analogy to hydromechanics in which it is normal to distinguish be-
tween the hydrostatic and the hydrodynamic pressures. The thermostatic tem-
perature T is a characteristic quantity of the arrested equilibrium states which
serve as a basis for the description of the mode of action of a relevant internal
degree of freedom (Sect. 7.1). On the other hand, T* is the actual temperature
of the system which corresponds to the temperature of the surroundings of the
system (exchange temperature). When differentiating between the static and
the dynamic temperatures, one must write in place of (7.28):

d,s _ 1
a =1

(7.298)

and T = T* is, of course, true in the internal as well as in the arrested equilib-
rium.
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According to (6.10), T is determined by the phase volume of all internal de-
grees of freedom with the exception of the degrees of freedom declared as
macroscopically relevant. In a liquid, this temperature bath is specifically given
by the degrees of freedom of diffusive translational motion of the molecules; in
a solid, by the degrees of freedom of the phonon gas. If the relevant internal de-
gree of freedom, for example, represents the rotation of a side group of a poly-
mer molecule, one can assume that this degree of freedom hardly disturbs the
temperature bath given by T.1In this case, T = T* will hold. If, on the other hand,
the relevant internal degree of freedom, as in the case of the glass transition,
refers to the diffusive translational motion itself, one can expect a considerable
difference between T and T*. The static and dynamic temperatures must be
distinguished in any case when formulating boundary conditions of the kind
(7.297).

If one keeps the external pressure constant and neglects the possible differ-
ence between the hydrostatic and hydrodynamic pressures, one obtains g = h.
With (7.273), Eq. (7.298) is then given fully by

d;s 1 . 1 . .
? = —T'_* h= E (Cp, §T+ TlTpg) . (7-299)

According to (7.272), (7.275), and (7.277), the temporal change in the total en-
tropy in the G-representation is given by

o1 . .
$= T Cp T+ op, G (7.300)
Hence, the entropy produced in the interior of the system

dis _,_dus

dt dr

[Eq. (7.27)] must amount to

d;s 1 1Y . 1 .
—J:Cp,g ?—F T O'TP—E:; nTp g (7301)

With the form of the dynamic laws chosen in Sect. 7.2, the product T (d;s/dt)
appears as a bilinear form of the effective fluxes and forces. Accordingly, we can
conclude inversely from (7.301) that upon distinction between the static and
dynamic temperatures the dynamic laws exist:

. T 1
T = L“Cp,g <1 - }—*> + LIZT <0Tp - 5_‘: rlTP> >

. T 1
g: L21£p,§<1 - F> +L22T<O'Tp— F*— rlTP> .
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If we disregard the possible interference phenomena with L,, = L,; = 0 and set
L,, =L, Ly, ¢, ¢ = L1, we get the simple dynamic laws

T=L, <1 - T—T*> , (7.302a)
: 1
C=1IT <0Tp o qTP> . (7.302b)

With a constant cooling or heating rate, we have in addition
T* = y = const. (7.302c¢)

For the internal variable ¢, there is as before a simple dynamic law of the
form (7.29):

§=La* . (7.303)

The “static affinity” a [Eq. (7.276)], however, must be replaced by the “dynamic
affinity”

T
a* = " (T* o, - 1) - (7.304a)

The interrelation

a*=a+ ng, <1 - T—Z) (7.304b)

results between the affinity 4 and the affinity a*. According to Tool (1946), [also
compare Davies, Jones (1953)], one can further introduce a fictive temperature

Tf = ’lTp/OTp . (7.305)

This is the temperature which the system in a non-equilibrium state (T, ¢)
would have if it were in internal equilibrium [see (7.280)]. With (7.305), one can
also write

. 1 _1_>
a TN, <Tf T (7.304¢)
in place of (7.304a).
With regard to the boundary conditions (7.297), one thus obtains if, with ¢,
=@, T,= Tf = T? one demands a smooth transition from the equilibrium to
the non-equilibrium:

lim i = L(0)

T* T T B L,(0)

T?ot,(@7) -
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The boundary conditions are thus fulfilled if one sets
L(0) = T2/, (7). (7.306a)

Now L (2), like L (), has to be regarded as a function of the mutually indepen-
dent variables,and T — T* , T — vy, i.e., Ly = + oo should hold in the limit
T* — T, . In the case of low cooling or heating rates | y|, as we will exclusively
regard them in the following, however, T = T* is always valid. It is not very
inaccurate, at least qualitatively, if we fix Ly at

Ly (t) = L;(0) = const. (7.306b)

With constant Ly > 0, however, the value T for the static temperature must be
replaced by the value 2T* - T at the instant of a sign reversal for y'?. In place
of (7.293), we must now set (in a non-normalized form)

L(t)=L,exp <— %) , T*2Ty. (7.307)
- Ty

Solutions of the differential equations (7.302) with the values (7.289), the
coupling coefficients (7.306) and (7.307), and the boundary conditions (7.297)
are depicted in the Figs. 7.23 to 7.27. The value 350 K was chosen for Ty in order
to keep a greater distance from the critical temperature Ty ,, at 456 K.

Figure 7.23 shows the relative volume

1
vrv__* (7.308)

v, T1- (]
according to (7.274) and the contribution of the vacancies to the heat capacity

LT LTT*
A Cp = - O'Tpa* - O'Tpa* (7.309)
T L (T* - T)

according to (7.288b) for different cooling rates y. With decreasing tempera-
ture, the curves first approximately follow the equilibrium curves. The faster
the cooling, the faster the separation of the curves from the equilibrium curves
and the earlier the freezing of the liquid. The width of the freezing range in-
creases with the cooling rate.

If the liquid is cooled down to the freezing range at a specified rate y < 0 and
then heated up again with the same rate y > 0, the volume goes through a hys-
teresis cycle (Fig. 7.24). This can be explained by the fact that, according to

10 With respect to a correct consideration of the boundary conditions for T* — Ty see
Baur (1998).
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Fig. 7.23. Relative volume v/v, and contribution A’c, [J/mol - K] of the vacancies to the heat
capacity according to (7.308) and (7.309) with (7.302), (7.306), (7.307), and (7.289) for differ-
ent cooling rates: y, = -0.001 K/tu, y, = -0.0001 K/tu, y, = -0.00001 K/tu. Ty = 350 K,
L,=5"-10"* mol/] - tu, ¢y, = 250 K. The initial state is the internal equilibrium state at T* =
410 K. v, and A, denote the equilibrium values which would be achieved with T'= y—0at

T* =
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Fig. 7.24. Relative volume v/v, upon cooling and heating at the rate | y| = 0.0001 K/tu. The
system was cooled down to T* = 360 K. The freezing temperature was at T* = 350 K.
Equations and numerical values as in Fig. 7.23
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Fig. 7.25. Affinity a* [J/mol] according to (7.304) during the process Fig. 7.24

(7.303), upon cooling the affinity a* necessarily assumes negative values. When
heating from the non-equilibrium value @ (T*, y) reached at T*, a* first re-
mains negative. The relative free volume ¢ continues to decrease when heating
until a* has reached positive values. As the affinity necessarily has to approach
the equilibrium value from the positive side a* > 0 when heating, a* first in-
tersects the equilibrium axis a* = 0 and passes through a maximum before it
disappears again (Fig. 7.25).

Both effects become noticeable in the heat capacity when cooling and hea-
ting at the same rate | y,|. As long as a* is negative, A’c, decreases upon heating.
Subsequently, A’c,, like a*, traverses a maximum before it flows into the equi-
librium curve Ac, (Fig. 26a). If one heats at a lower rate y, < y,|, the glass thaws
in a lower, narrower temperature range (Fig. 7.26b). If one heats at a higher rate
y.> | y.|,> the thawing process takes place in a higher, broader temperature
range (Fig. 26¢).

If one cools the melt down to the freezing range at a rate y, < 0, it reaches a
free volume ¢,(T*, y,) at the temperature T* which is greater than the equilib-
rium volume ¢, (T*) of the liquid. The related affinity a* (T*, y,) is negative. If
one anneals the melt at T*, the free volume strives for the equilibrium value ¢,
(T*) and the affinity for the equilibrium value a* = 0. If one heats the melt in
an intermediate stage ¢, (T*) < (1) < @,(T*,y,) at the rate y=|y,|, the
hysteresis becomes ever weaker and the maximum of the heat capacity ever
larger with increasing annealing time t. When the melt has reached equilibrium
with ¢,(T#*), a* =0, the hysteresis disappears completely when heating (Fig.
7.27b). As the liquid is in a metastable state below T, (Fig. 7.18), it is possible
that the free volume decreases even beyond the equilibrium value ¢,(T*) of
the liquid state when annealing and approaches the equilibrium value ¢g(T*)
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Fig. 7.26. Heat capacity A’c, [J/mol - K] according to (7.309) upon cooling and subsequent
heating. The system was cooled with y = - 0.0001 K/tu down to 360 K and heated with y, =
|yl,ys=0.1]y]|,y.=10]y|.Otherwise as in Fig. 7.23

< @.(T*) of the crystalline state. When judged with respect to the potential g of
the liquid, the states ¢ (t) < ¢,(T*) are non-equilibrium states with a positive
affinity. If one heats the melt from such a state, the maximum of the heat capa-
city increases further (Fig. 7.27¢). a* — + o and A’c, — + oo result with ¢ — 0.
When judged with respect to the potential g. < g ofP the crystalline state, how-
ever, these states are non-equilibrium states with a negative affinity, as they
strive for the smaller equilibrium value @¢(T*). The increase of the maximum
of the heat capacity with the annealing time, which is measured when heating a
glassy frozen melt, has repeatedly led to the conclusion [see Wrasidlo (1974)]
that the glass transition must be a masked phase transition in the sense of the
equilibrium thermodynamics. But this is definitely not true. The maximum of
the heat capacity is clearly connected with the maximum of the affinity a* # 0
which is characteristic for the non-equilibrium.

The thermodynamics of irreversible processes allows an understanding, at
least qualitative, of the dynamics of the processes in the glass transition region
even on the basis of simple dynamic laws and the simple, certainly only appro-
ximately valid Gibbs fundamental equation (7.270). Here, the coupling coeffi-
cient L and the affinity a* are determining quantities. It becomes clear that
these are typical non-linear phenomena. Therefore, there is no point in explain-
ing these processes by the superposition of a spectrum of linear relaxation
mechanisms. Moreover, the various relaxation times, which can also be defined
in the non-linear case for each of the thermodynamic quantities ', are found to

11 The relaxation times 7§, 7,, T, Which we use specifically refer to the affinity a.
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Fig. 7.27. Heat capacity A’c, [J/mol - K] according to (7.309) upon cooling at the rate y, =
-0.0001 K/tu down to 360 K, “annealing” at T* = 360 K and subsequent heating at the rate
y = | ya| - The initial values when heating were a: ¢ = 0.0260697 (the value which was attain-
ed at T* = 360 K upon cooling); b: ¢ = ¢, = 0.0221387 (the equilibrium value of the liquid
state at T* = 360 K); c: ¢ = 0.018 < ¢,. Otherwise as in Fig. 7.23

be auxiliary quantities whose practical usefulness disappears when the differ-
ential equations describing the system are explicitly known. However, we do not
learn anything about the physical causes of glassy freezing in this manner. With
the formulations (7.293) or (7.307), the existence of a glass transition tempera-
ture was postulated a priori.

The theoretical limiting case y — 0 is without doubt of importance for an ex-
planation of the nature of the glass transition. This limiting case is a problem of
equilibrium thermodynamics in which the quantities L and a* are irrelevant
and the internal variable or the free volume become the dependent variables
¢. (T, p) or @, (T, p), respectively. In equilibrium thermodynamics, one is con-
fronted with the question of which class of transition phenomena the glass
transition belongs to. There are voices in the literature which classify the glass
transition as a transition of the second order in the sense of Ehrenfest’s scheme
[e.g., see Gibbs, DiMarzio (1958); Adam, Gibbs (1965)]. In the following, the
differences between a transition of the second order and a freezing process will
be described.

We assume that the liquid is characterized at constant pressure by the Gibbs
fundamental equation

g=g(T,0), p=const. (7.310)

If the liquid is in internal equilibrium, the internal variable {,(T) can be elimi-
nated via the equilibrium conditions. One thus obtains the equilibrium poten-
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Fig. 7.28. Free enthalpy g - g, [kJ/mol] according to (7.270), (7.280), and (7.289). g, = gIT,
@.(T)]: free enthalpy of the internal equilibrium. g;; = g[T, ¢,(T,)]: free enthalpy of the ar-
rested equilibrium with T, =370 K

tial g = g,(T) which is valid for the liquid state. If the liquid freezes at the tem-
perature T, (7.310) leads to the potential of the arrested equilibrium g = g, (T,
Gg1)> G is the value of the internal variable frozen under the condition y =0 at
Tg - As {3 is a constant, one can also write g = g;,(T). The curve g,(T) is con-
cavely curved versus the T-axis if the internal equilibrium states are stable [see
Egs. (2.49) and (4.21)]. The curve g;{T) then always lies above the curve g;(T):
£:(T) > g,(T). However, at the temperature T = T, the two curves contact with
g1 = gn(see Fig. 7.28). If the system follows the curve g; above the temperature
T, and the curve g, below the temperature T, a break occurs in the functions
of state v and s at Ty. Jumps Ac,, Aa occur in the response functions which
satisfy the Davies relation (7.85)

Ac,Akr = Tv(Aa)? (7.311)

These characteristics of the equilibrium glass transition are formally also char-
acteristics of the second order phase transition according to Ehrenfest (Sect.
8.1). So far, however, the relations have only been considered assuming that p =
const. Consideration of the behaviour with respect to pressure changes is also
essential for the classification of a transition process.

The position of the critical temperature T, of the glass transition, like the
position of the critical temperature T, of a second order transition. depends on
the pressure p. If one considers the glass transition as a freezing process, there
is the additional criterion that the value ¥, of the internal variable or the value
of the relative free volume ¢, frozen at T, also depends on the pressure. If one
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compares the Gibbs potentials of the glass at different pressures, the parameter
Cgi can no longer be ignored. Hence, the complete Gibbs fundamental equation
for the glass is g = g (T, p, {5)), whereas the corresponding branch in the second
order transition is only a function of the temperature and the pressure:
g = gu(T, p). This expresses that the branch g;; refers to arrested equilibrium
states in the case of the freezing process and to internal equilibrium states in
the case of a second order transition.

The derivation of the so-called Ehrenfest equations (Sect. 8.1) is based on the
changes (dv), and (ds), of the volume and the entropy along the transition curve
T.(p). In the same way, we can examine the changes (dv)g and (ds), along the
pressure-dependent curve T, (p) of the glass transition. The changes have to be
independent of an assessment with respect to the internal equilibrium or with
respect to the arrested equilibrium. In the internal equilibrium, we obtain

o
(dv), = <§> (A7), + <a”> (dp),
P

= va, (dT)g - UKf (dp)g

for the volume, and in the arrested equilibrium

i) o o
(dv), = <a—;>p g dT), + <a:>” (dp), + <a—;’> (dg),

= vag, (dT), - vkg (dp), + ¢F,(dC,),

(see Sects. 2.3 and 7.3). Setting these equations equal yields with (7.82) and
(7.83)

vAKr(dp), = vAa (AT), - 95,(dZ,),

or

<d—T> _ Akr | 9 <dge> (7.312)
dp/;, Aa vAa \dp g' '

Correspondingly, we get

1
(ds)g = ? C; (dng - Uae(dp)g

for the change (ds), of the entropy along the transition curve in the internal
equilibrium and

(ds), = 1ch (dT), - var (dp), + 0%, (42,
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in the arrested equilibrium. With (7.83) and (7.84), this leads to

<.d_T> - Tvaa | Tofy <d—§e> : (7.313)
dp /g Ac, Ac, \dp /,

According to (7.83) and (7.84), we have further

@5/0%, = TvAalAc, . (7.314)

Not only the left-hand sides but also the last terms on the right-hand side are
equal in Eqgs. (7.312) and (7.313). (7.312) and (7.313) thus lead to the Davies re-
lation (7.311) or (7.85).

Equations (7.312) and (7.313) replace the Ehrenfest equations (8.6) and (8.7)
if one understands the glass transition as a freezing process with one relevant
internal degree of freedom. The freezing process can only be classified as a
transition of the second order if (d{./dp), = 0 is valid, i.e., if the frozen values
Gq1 OF g are always the same regardless of the pressure. Experimental results
obtained with polystyrene indicate clearly that the terms burdened with
(dge/dp)g in Eqgs. (7.312) and (7.313) cannot be neglected [Breuer, Rehage
(1967)]. In addition, Eqs. (7.312) and (7.313) show that the macroscopic rele-
vance of a single internal degree of freedom can already violate the Ehrenfest
equations. In order to explain the fact that the Ehrenfest equations are not valid
in the case of the glass transition, it is by no means necessary to assume that
several internal degrees of freedom, for which

Axr S TvAa
Aa Ac,

then holds, are effective [Eq. (7.248)]. Nevertheless, the corrections in the
Ehrenfest equations which are caused by an individual internal degree of free-
dom are, because of (7.314), equal in both equations. The observation of differ-
ent discrepancies [O’Reilly (1962); Goldstein (1963); Gupta, Moynihan (1976);
Moynihan, Lesikar (1981)] speaks for the relevance of several internal degrees
of freedom if we are dealing with true equilibrium quantities.

It should be noted that the contributions of the internal degree of freedom to
the response functions

A’kT EkT—krg, A’CU ECU"CU,g,

A’B, Eﬁv_ﬂ§’ A’Br ﬂT‘ﬁg»

A’KT EKT—Krg, A,CP ECP_CP>§’

ANa, =a,-a,, Aar=ar-ag,
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which are measured at finite rates T# 0, # 0 or p # 0, do not fulfil the Davies or
Prigogine-Defay relations. According to (7.52-7.56) and (7.71-7.74) we have in
place of (7.67) and (7.85)
- A’CUA,kT = TUPZA'ﬁvA'ﬂT 5
A'c, Ay = TN a,Aar .

However, in non-equilibrium, there is

A'B,#ANBr, ANa,#Nar.



CHAPTER 8

Phase Transitions

In the Gibbs formalism of equilibrium thermodynamics, one usually supposes
that the Gibbs functions and the state and response functions which can be de-
rived from them are smooth and continuous. The derivatives of these functions
with respect to the mutually independent variables exist and are also smooth
and continuous. One observes experimentally, however, that a thermodynamic
system, for example, in the case of variable temperature or variable pressure,
can also pass through singularities in which some state or response functions
undergo discontinuous jumps. Such singularities, for example, occur during the
condensation of gases, the crystallization or vaporization of liquids, the melting
of crystals, the demixing of homogeneous solutions and mixtures, the transi-
tion to ferromagnetism or superconduction, or the transition from the coil to
the helix structure of chain molecules in solution. The latter occurs specifically
in the case of polymers. One speaks of phase transitions as some properties of
the phases present in these processes undergo abrupt changes.

Singularities of this kind are in a strictly mathematical sense only possible in
the limit N — oo or, because of N/V = finite, V — oo [Yang, Lee (1952); see also
Huang (1963) or Pathria (1972)] as a consequence of the representation of the
free energy (6.16/6.17), the free enthalpy (6.34/6.35) and especially the corre-
sponding representation of the Gibbs function assigned to the independent
variables T, V,

J(TLV, p) =pV=kTIn Q' (T V; p), (8.1a)

Q (L V,p) = 3 V¥ Q(T, V; N) (8.1b)

N=0

[Q: partition function (6.17)]. Hence, phase transitions measured in finitely ex-
tended systems are never infinitely sharp and never singularities in the mathe-
matical sense. There is no doubt, however, that the experimentally determined
phase transitions are directly related to the singularities which can be theoreti-
cally ascertained in the limit N — oo .

Another condition for the occurrence of a discontinuous singularity in the
state and response functions is revealed in the representations (6.16/6.17),
(6.34/6.35) and (1): the potential energy @ in the Hamiltonian function of the
total system of the molecules is not allowed to vanish. Hence, the fundamental
prerequisite of a phase transition is the existence of intermolecular interac-

H. Baur, Thermophysics of Polymers 1
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tions. These are cooperative phenomena. The only exception which appears to
contradict this thesis is the so-called Einstein condensation of an ideal Bose gas
[Huang (1963); Pathria (1972)]. In this case, the partition function solely de-
pends on the kinetic energy of the particles. The symmetry of the wave func-
tion of the total system, which has to be presupposed in the case of a Bose gas,
however, already includes a priori a certain particle cooperation. The indivi-
duality of the particles is completely lost during condensation.

8.1
Phenomenological Classification

As we have just observed, the occurrence of phase transitions is decisively de-
pendent on the intermolecular interactions (in larger molecules, as in poly-
mers, possibly also on the intramolecular interactions). The determining
quantities are certain internal molecular degrees of freedom. The diversity of
possible interaction types corresponds to a diversity of transition types. The
variables assigned to the internal degrees of freedom are eliminated in pure
equilibrium thermodynamics. Hence, the actual distinctive features of the dif-
ferent transition types remain concealed. Within the framework of equilibrium
thermodynamics, a classification of the phase transitions can thus only sche-
matically orientate itself on the external facts. Such classifications originate
particularly from Ehrenfest (1933) and Tisza (1951).

In the following, we will consider a closed, homogeneous, one-component
system (N = const.). To classify the transition phenomena, Ehrenfest proceeds
from the G-representation, i.e., from the specific or molar Gibbs free enthalpy
g(T, p). A transition is designated as a transition of the nth order if g and all
derivatives

omg o"g o"g J"g
oT™ 9poT™! op™1oT op™

up to the (n—1)th order (m =1, ... ,n-1) develop continuously at the transforma-
tion point (T, p.) and the nth derivatives (m = n) exhibit a discontinuous jump.

The function g(T, p) is thus continuous during a first-order transition. The
first derivatives

a_g =-S5 an — =PV (8-2)
oT op

[see Egs. (2.13) and (2.14)], i.e., the entropy s and the volume v, suffer a discon-
tinuous jump at the transformation point. The internal energy u and the ent-
halpy h also pass with s and v through a discontinuity. The second derivatives

g 1 g o2

= - —2¢C 5 =D —_—
dT? T ” 3rdp op?

= —-UKr (8.3)

td
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[see Egs. (2.47) to (2.49)], i.e., the response functions, then necessarily assume
unlimited values at the critical point. The discontinuity of the first derivatives
(8.2) leads to a sharp bend in the Gibbs function g at the critical point (T, p,).
This sharp bend can be explained by the fact that the development of g(T, p) is
not uniquely determined. Two branches g, and g, of the free enthalpy, which
exist at least in close proximity to (T, p.), intersect at this point (Fig. 8.1, left;
see also Fig. 6.7). The system in internal equilibrium has to follow the energet-
ically most favourable branch as a result of the minimum principle (2.87) valid
for the free enthalpy. If g, > g, holds for T < T, the system follows the branch
g, below T, and the branch g, above T,. A characteristic feature of a first-order
transition is that the phases assigned to the branches g, and g, coexist in inter-
nal equilibrium at the transformation point (T, p,).

According to Gibbs’s phase rule (Sect. 4.2), two phases in a closed, homoge-
neous one-component system at a given pressure p, can only be in internal
equilibrium at a single temperature T,. A change in the pressure p. necessarily
leads to a change in the transition temperature T,. The transition temperature
is a function of the transition pressure: T, = T.(p.). On the curve T, (p ), the
change in the potential g, is given by

9

g1
dg, = dT), +
81 =S (dT),

o
a;" (dp). = - 5,(dT), + v, (dp),

Fig. 8.1. Specific free enthalpy g, specific entropy s, and specific heat capacity c, as a function
of the temperature in the vicinity of a critical transition temperature T, (schematically
shown). From left to right: normal transitions of the first, second, and third order according
to Ehrenfest
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and the change in the potential g, by
ng =5 (dT)c + Uz(dp)c-

On the other hand, g, = g, i.e., dg, = dg, is always true on this curve. The two
equations above must be equal. This leads to

(s, = s) (dT). = (v, - vy) (dp)..

The dependence of the transition temperature on the transition pressure is
given by

<£> _LTh (8.42)
dp /. s-s ) '

The discontinuous volume jump is Av= v, - v, the discontinuous entropy
jump As = s, ~ s;. Equation Ag = g, - g; = 0 holds for the free enthalpy and thus

T,As=Ah=h,-h,.

(8.44a) is identical with the Clausius-Clapeyron equation

<9£> - Lav (8.4b)
dp /. Ah

Another characteristic feature of a first-order transition is that it is associated
with a latent heat Ah which is released at the transition temperature

T.= Ah/As. (8.5)

In the second-order transition, g(T, p) and the first derivatives (8.2) are
continuous functions of T and p, the second derivatives (8.3), on the other
hand, are subject to a discontinuous jump at (T, p.). If one attempts once again
to explain the second-order transition using the existence of two branches g,
and g, the following can be observed: If the curves represent mechanically and
thermally stable internal equilibrium states, they are, according to (2.49) and
(4.21), necessarily concavely curved versus the T-axis. Because of the continuity
of the first derivatives, however, the curves are then never able to intersect at the
critical point (T, p.), but are only able to touch. In close proximity to the crit-
ical point, the one curve must always lie above the other curve (Fig. 8.1,
middle). There are no energetic reasons for a transition. A transition from one
branch to the other is possible, however, if the system loses its stability with
respect to an internal variable on the one branch at (T, p.) (see Sect. 2.4) and
then changes over to the other stable branch. In contrast to the first-order tran-
sition, only one of the two phases (the stable phase) exists in the internal equi-
librium at (T, p,) in a second-order transition. Because of the continuity of the
enthalpy h, the process is not connected with the release of latent heat.
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The transition temperature T, is also found to be a function of the transition
pressure p. in the second-order transition. One obtains for the change in vo-
lumes on the curve T (p,)

(D + :—Zl (dp). = vy (dT), - vy x}l)(dp)c >

vy,

dv, =
oT
dv, = v,a,(dT).- v, kP (dp),

[see Eqgs. (2.47) and (2.48)]. Because of the continuity of the volume, v, = v, = v,,
i.e., dv, = dv, must hold on the curve T,(p_). Thus,

LAy (dﬂc L) KT('Z) (dp)c =, (dT)c - U KI(‘I) (dp)c .

If one designates the differences in the response functions between the two
phases with Aa = a, ~ a, and Ak = k2 ~ k{V, one obtains the first Ehrenfest
equation

<£—T-> = Axr (8.6)

dp " Aa
In the same way,
9s, ds, 1
ds, = 3T (A7), + > (dp). = T ¢V (dT), - v,a,(dp).

1
d52 = T— C;SZ) (dT)c -V, Q, (dP)C

c

hold for the change in entropies [Eqs. (2.48) and (2.49)]. With v, = v, =v,,
s; =5, = s, and Ac, = ¢{? - ¢/, one obtains the second Ehrenfest equation

<dT> v TAx 87)
dp /. Ac, ) '

A comparison of the Eqs. (8.6) and (8.7) leads to the Ehrenfest relation
Ac,Axr=v. T(Aa). (8.8)

We should emphasize with regard to the formally identical Davies relation
(7.85) that the relation (8.8) is only valid for the curve T_(p,) of the phase tran-
sition. The symbols A designate the difference in the response functions of the
internal equilibrium between a stable and an unstable phase. The Davies rela-
tions, on the other hand, are valid for every arbitrary internal equilibrium state.
There, the symbols A refer to the difference of the response functions between
the free and the, with respect to an internal variable, arrested internal equilib-
rium state.
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According to Ehrenfest’s classification, a transition of the third order (Fig.
8.1, right) and transitions of an even higher order are in principle also conceiv-
able. Nevertheless, to date it is still contentious whether a third-order transi-
tion as defined by Ehrenfest has ever been observed. Transitions of a higher
order are obviously not of importance. It is certain, however, that there are
types of transition which are not included in the Ehrenfest classification.
Originally, it was assumed that the limiting values of the response functions of
the Ehrenfest transition types remain finite when they reach the critical point
(Fig. 8.1). Transitions where this is not the case were designated as anomalous
transitions (Fig. 8.2, left). We know in the meantime that anomalous transi-
tions, in particular the anomalous second-order transitions [Tisza (1951)], are
realized much more often in nature than normal transitions. In addition, tran-
sition phenomena are known experimentally as well as molecular-theoretically
which are completely beyond the scope of the Ehrenfest scheme (Fig. 8.2, right).
These include, for example, the so-called Onsager transition, the diffuse transi-
tion (see also Fig. 8.17) as well as the glass transition, as long as it represents a
freezing process in internal equilibrium. There are no discontinuities in diffuse
transitions. In the glass transition, the Ehrenfest equations (8.6) and (8.7) are
replaced by the equations (7.312) and (7.313) or by even more complicated
equations, if several internal degrees of freedom freeze simultaneously at the
critical point (T, per).

The most prominent difference between second-order transitions and first-
order transitions according to Ehrenfest is that only one phase exists at the
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Fig. 8.2. Specific entropy s and specific heat capacity c, as a function of the temperature in
the vicinity of a critical transition temperature T,. From left to right: anomalous first-order
transition, anomalous second-order transition, Onsager transition, diffuse transition
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transition point in the internal equilibrium and that there is no heat of transi-
tion. These characteristics alone are often used to classify a transition as a se-
cond-order transition.

8.2
Melting and Crystallization of Polymers

Melting and crystallization are prototypes of a first-order transition according
to Ehrenfest. The sharpness and character of an ideal melting and crystalliza-
tion process, however, are often blurred by numerous influences [e.g., see
Ubbelohde (1965)]. In addition to interferences that occur in the case of low-
molecular-mass substances, polymers composed of long flexible chain molec-
ules are further characterized by a quite decisive feature: the fact that the
crystallizing units, the chain links or units of a comparable size, are consider-
ably smaller than the molecules themselves. This already leads to the develop-
ment of non-autonomous boundary phases at the stage of nucleus formation
and of self-induced restraints during crystalline growth. The occurrence of
non-autonomous phases and restraints means, however, that the processes of
melting and crystallization of polymers from flexible chain molecules cannot
be interpreted on the basis of classical classifications of equilibrium thermo-
dynamics (Sect. 8.1).

The ideal polymer crystal in internal equilibrium consists of fully stretched
parallel chains. As in every crystal, it will have some entropy-induced defects at
higher temperatures. The mole number 1 of the defects can be estimated, for
example, using

n~ Ne—s/RT

[£: energy or enthalpy required to generate one mole of defects, e.g., compare
Ubbelohde (1952) and Sect. 8.3]. Such crystals, however, cannot be realized, at
least in macroscopic dimensions. Under normal conditions, polymers com-
posed of long flexible chain molecules never crystallize completely. A partially
crystalline texture, in which the individual chain molecules pass through the
crystalline as well as the amorphous phase, forms out of the melt. Folded chain
lamellae with amorphous surface layers precipitate out of solution [e.g., see
Mandelkern (1964); Wunderlich (1973), (1976)].

Figure 8.3 shows the electron micrograph of an ultrathin section of a stained
partially crystalline polyethylene sample obtained from a melt. The bright
strips represent the areas in the section occupied by extended crystal lamellae
perpendicular to the image plane which are not penetrated by the staining
medium. The dark strips represent stained amorphous layers located between
the crystalline lamellae. The lamellar thickness fluctuates about 0.04 pm.
According to X-ray measurements, the crystallized chain segments are nearly at
right angles to the surface layers of the lamellae. This means that individual
long-chain molecules necessarily pass through the crystalline as well as the
amorphous regions. The dimensions of the chain coils interlocked in the melt



304 8 Phase Transitions

Fig. 8.3. Electron micrograph of an ultrathin section of a polyethylene sample (LPE). The
weight average (3.12) of the sample was (m), = 100000. The sample was annealed at 125°C for
four weeks, subsequently stained with chlorosulphonic acid at 60 °C for five hours, and finally
treated with uranyl acetate at room temperature [Kanig (1991), Fig. 1]. The enlargement was
1:50000
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are maintained during crystallization [Schelten et al. (1976), (1977)]. Within the
chain coils, aggregates develop from trans-bonds, which pass through the melt
in a smectic arrangement. For energetic reasons, the gauche-bonds are then
forced towards the periphery of the trans-aggregates (see Sect. 6.3). This leads
to the development of amorphous loops which prevents further growth of the
trans-aggregates in the chain direction. The smectic structures finally join up
to form compact crystal lamellae [Kanig (1991); additional literature can be
found there]. In general, the melting of this partially crystalline texture occurs
continuously over a more or less broad temperature range. At first glance, the
heat capacity as a function of the temperature rather resembles a diffuse tran-
sition or a normal second-order transition. Three facts which are of major im-
portance in these processes will be emphasized in the following: 1. the influence
of the mixing effect particularly on the crystallization from the solution, 2. the
crystal nucleus formation and the influence of the low lamellar thickness on
melting and crystallization, and 3. the formation of a non-autonomous bound-
ary phase and its influence on the habit of the partially crystalline texture. For
a comparison, however, we will first once again consider the ideal system.

For the description of a closed, partially crystalline texture in thermal and me-
chanical equilibrium, one can introduce a parameter of order a, e.g., the crystal-
linity, as an internal variable and proceed from Gibbs fundamental equation

g=8(T,p,a). (8.9)

We have a stable or metastable internal equilibrium with respect to the param-
eter of order [corresponding to Egs. (2.77) and (2.78)] if

2
<$> =0; <%> >0 (8.10a)
da /, da?/,

or, because of g=h - Ts,

0 d 2 o?
<_h> _ T<_5> : <a_h> 2T<_5> (8.10b)
da /, o/, oa?/, oa?/,
are valid. The first of the conditions (8.10) allows a determination of the
equilibrium value

a,=a.(T,p)

of the parameter of order as a function of the temperature and the pressure or,
as in the Ehrenfest scheme, an elimination of this parameter altogether.

The response functions of the system are given by expressions of the form
(7.71 -7.74), the heat capacity according to (7.74), for example, by

el 2), )
oT /) « oa /1, \dT/,
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whereby

<d_a> = a/T, p = const. (8.11b)
dr »

generally depends on the ratio of the transition rate to the heating or cooling
rate. A classification of the transition corresponding to the Ehrenfest scheme
assumes a quasi-static perturbation in the non-arrested internal equilibrium.
In this case, one obtains according to Eq. (7.78b) with (7.42)

de, s \*¢ 3’g\°¢
<dT> = <£> / <a—a> (8.12)
P Lp Tp

and

s=1((e),. | Ge) /G ) w1
oT b, e Jda T.p o’/ 1,

If one interprets the partially crystalline structure as a two-phase system
consisting of an autonomous amorphous phase “a” and an autonomous crystal-
line phase “c”, Gibbs fundamental equation of the system must, according to
(4.28), be representable in the form

G=pu,N, +pN,. (8.14)

(N,, N.: mole numbers of the crystallizable or crystallized chain units). One can
then introduce the crystallinity

N,
N, + N,

I

; N, + N.= N = const. (8.15)

With p, = g, p. = g,, one obtains
8(Lp a)=(1-a)g(Tp)+ag(Lp). (8.16a)
Correspondingly, one obtains for the enthalpy and the entropy of the system
h(T, p, a) = (1 - a) h,(T, p) + ah (T, p) , (8.16b)
s(Tpay=Q1-a)s,(T,p) +as.(Tp). (8.16¢)

Because of the autonomy of the phases, Eqs. (8.16) represent linear relations
with respect to a. If one abbreviates with Ah = h, - h. and As = s, - s, the equi-
librium and stability conditions (8.10) result in
o’ o%h 0?2
Ah=TAs; 28 2% - 95
da? da? da?

0. (8.17)
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At a given pressure, the two phases coexist in internal equilibrium only at a
single temperature

Ty = Ah/As . (8.18)

The equilibrium is neutral (see Sect. 2.4), so that the parameter of order « is
able to assume every arbitrary value between 0 and 1 at T);. With g = h - Ts and
(8.16Db, ¢), one obtains in place of (8.16a)

g=g,- a(Ah - TAs)

or with (8.18)

£8=8— <1 - —T—> aAh. (8.19)

Ty

If g, and Ah are approximately constant in the vicinity of T), and if Ak > 0, one
obtains the representation shown in Fig. 8.4 for g(T, ), p = const. One can see
that the minimum value of the free enthalpy is always at &« =1 in the range
T < Ty and always at a = 0 in the range T > T,,. When passing through Ty, a,
suffers a jump and da,/dT or cj, respectively, reach a singular infinity point ac-
cording to (8.12),(8.13),and (8.17). The system of autonomous phases is only in
internal equilibrium at T # Ty, if it is either completely amorphous or complet-
ely crystalline. This corresponds to the mono-variance required by the Gibbs
phase rule for two-phase, one-component systems (Sect. 4.2).

T>Ty
g
9y ] T
T< Ty Fig. 8.4. Specific free enthalpy
g of the system (crystal; melt)
as a function of the crystallin-
ity ar according to (8.19) for

different temperatures T. g,(T)
- T ) = const., Ah(T) = const. > 0
1 were assumed
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In a mixture of components i =1 ... r, Eq. (8.14) is replaced by Gibbs funda-
mental equation

G =X (pfNi+piNg). (8.20)
i
This mixture is in internal equilibrium if

Ap;=pi-pi=0 (8.21)

holds for every component [Eq. (3.41) or (4.5), respectively]. If both phases are
autonomous, the chemical potentials p# and u§ are not dependent on the com-
position of the other phase:

p?=(T,p,N?...N#) or pi=pi(Tp Ni...N?), respectively.

According to (3.50), one can then set for the chemical potentials of the amor-
phous phase:

p?=p? (T p)+ RTIn y? x4 (8.22)

If, for example, as in a solution of a polymer in a low-molecular-mass sub-
stance, there is no formation of mixed crystals, one can further replace the
chemical potential of the ith component in the crystalline phase by the chemi-
cal potential of the pure substance:

ps = pee (T, p). (8.23)
(8.21-8.23) result in
Ap;=Ap? +RTIn y?x?=0 (8.24)

for the internal equilibrium of the system.
The differences Au¢ of the chemical potentials of the pure components can
be split into an enthalpy term and an entropy term:

Ap? = Ah? - T As?.
In addition, one obtains for the melting temperature T}; of the pure substances
0 As? = Ah? . (8.25)

In the case of an approximately constant Ah?, the temperature dependence of
the differences Ap? is given by the Schréder-Van Laar equation

OA
Mi

Ap? = <1 -—T—> Ah?. (8.26)

Equations (8.24~8.26) yield the expression

Ah?

= -1 (8.27a)
As?—Rln yf x¢

Mi
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or

1 1 R
Tvi Tis AR

In y? x¢ (8.27b)

for the temperatures T = Ty; in which the crystals of the component No. i are in
internal equilibrium with the melt. It is always valid that T,; < T3; when
0 < y? x? <1 (so-called melting-point depression). The temperatures

Ty = Tagi (x5 ... x7)

depend via the activity coefficients y¢ on the composition of the melt. Hence,
the internal equilibrium of the two-phase system at constant pressure is no
longer fixed at a single temperature. This corresponds to Gibbs phase rule
(Sect. 4.2), according to which a two-phase mixture with constant mass posses-
ses r macroscopic degrees of freedom. As the composition of the melt changes
during melting or crystallization of one or more components, the equilibrium
temperatures T); also change during these processes. Melting or crystallization
processes are thus capable of extending continuously over an extensive tem-
perature range (see Figs. 8.5 and 8.6).

Let us specifically consider the solution of a polymer in a low-molecular-
mass substance which fulfils the Flory-Huggins equations (3.94). If we assume
x¥ = ¢;, (see Sect. 3.1), we obtain using (8.27b) and (3.94) for the melting tem-
perature of the solvent

11
Tsn  Tin AR

{ln ¢+ <1 - %> (1-¢)+x(1- %){I (8.28a)

and for the melting temperature of the polymer

1 1 R
= - In(1-¢)-(P-1) ¢ +Pxell, 8.28b
T - Te, AW (In (1-¢)-(P-1) ¢ + Pyei ( )

where Ahj is the melting enthalpy of the pure polymer per mole of chain
molecules. If one designates the melting enthalpy per mole of chain links of the
polymer as Ah{, = Ah$/P, one can also write in place of (8.28b)

1 1 R [1 1
= - —In(- —{1-— + vo?|. 8.28¢c
T Te MR [P 1-¢) < P> @ X‘Plii ( )

One deals with the simplest case if there is miscibility over the whole range of
@, =1-@,ie,if

<1(iv)
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holds for Huggins’ interaction parameter [Eq. (3.105)]. In this case, the polymer
solution forms a so-called eutectic system.

Figures 8.5 and 8.6 show two examples. If the melting temperature T§;; of the
pure solvent is of the same order of magnitude as the melting temperature T¢,,
of the pure polymer (Fig. 8.5), the two curves Ty, (¢,) and Ty, (¢,) intersect at
the eutectic point (Tg, @g,). Tr < Ty, Ty, is valid. If one starts with a solution
in the mixing ratio @f =1 - @ <@g, and if this solution is cooled quasi-stati-
cally, the first polymer crystals precipitate after exceeding the temperature
T, (@9). This leads to a slight decrease in the concentration of the polymer in
the solution and an increase in the equilibrium value ¢, by an infinitesimal
amount. If one cools further, the solution follows the equilibrium curve Ty, (¢,)
towards higher ¢,-values. This causes a continuous precipitation of additional
polymer crystals. When one finally reaches the eutectic temperature T, the rest
of the solution crystallizes spontaneously and discontinuously in the so-called
eutectic ratio ¢g,/(1 - @g,). If one starts with a solution in the mixing ratio ¢¢ =
1 — @3 > @, only the solvent crystallizes initially after exceeding the tempera-
ture T, (@?). Polymer crystals are precipitated only when the eutectic temper-
ature is reached, but then completely. If one starts with a solution in the eutec-
tic mixing ratio ¢{ = @g;, ¢35 = 1 — @, the solution crystallizes discontinuously
and completely at T;. In principle, if the melting temperature T§; of the pure
solvent lies considerably below the melting temperature T, of the pure poly-
mer (Fig. 8.6), the same conditions exist. However, when P > 1, the eutectic
point is shifted towards the value ¢z =~ 1. When cooling along the curve

T 400
B Tl\%

350 1 - 350

Te 1

300 A - 300 .

Tmz M1
Tw2
250 A - 250
T
200 A - 200
150 - T T T r T L 150
0 02 ¥ 04 06 08 10
P,

Fig. 8.5. Melting temperature T, of the polymer and melting temperature T, of the solvent
in a polymer solution as a function of the volume fraction ¢, of the solvent according to
(8.28). Melting temperature of the pure polymer: T3;,; melting temperature of the pure sol-
vent: T3,. Volume fraction and melting temperature of the eutectic composition: ¢g, T;.
Assumed parameters: Ah{ = 6 kj/mol, T%,, = 375 K, Ah} = 4 kJ/mol, Ty, = 400 K, y = 0.5,
and P = 1000
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Tvz 1 L 400
Tu2 Tus
.
300 M2 - 300
200 10 Te
TMI
100 L 100
0 - ¥ T T T T L 0
0 02 04 06 08 10 =P
P,

Fig. 8.6. As in Fig. 8.5, with Ah{ = Ahj = 4 kJ/mol, T§; = 200 K, T}, = 400 K, y = 0.5, and
P = 1000. With these values, the eutectic pointisat ¢, = 1, Tg = T9;, =200 K

Tw (@), only polymer crystals are precipitated continuously. Molecules of the
solvent first crystallize when almost all of the polymer molecules in the solu-
tion have disappeared, after reaching the eutectic temperature Ty = T¢,,.

In very small crystals with linear dimensions in the range of less than one
micrometer, the surfaces, in addition to the volume, also play a role which can-
not be disregarded [e.g., see Prigogine, Defay (1951); Strickland-Constable
(1968)]. In this case, the surfaces O; of the crystals must be taken into account
as an additional variable. The Gibbs fundamental equation of the two-phase,
one-component system (crystal; melt) is then in the G-representation

G=G(Lp,N,,N_,...0;...).
As the surfaces are extensive quantities, Eq. (8.14) is replaced by

G=p,N,+p. N +200;. (8.292a)

The equations of state

3G
— =0,(Tp,N,,N,,... O ... 8.29b
20, (T p ) ( )

define oj; as a partial free enthalpy of the part O; of the surface. o; is practically
identical with the surface tension present at the surface 0;. The o; are usually
supposed to be independent of the variabies O; as well as of the mass variables
N,,N_:

o;=0;(Lp).
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If the chemical potentials p,, p, are also independent of the surfaces O;,one can
write in place of (8.29)

G=G_,+ > g; O,‘ s (830)
i

where G.. is the free enthalpy of the system of large crystals, as given by (8.14).
Internal equilibrium exists in the system with small crystals if

oG oG 00,
—=—°°+Zoi———l—:0 (8.31)
aN,  oaN, =% %n,

is valid. Because N, + N, = const., (8.14) results in

3G.. _
3N,

pne - pr=-Ap,=-Ah,+ TAs, (8.32)

for the system with large crystals (if the phases are autonomous), whereby
As.. = Ah. [Ty

holds at the melting point Ty; of the large crystals. Corresponding to the
Schréder-Van Laar equation (8.26), one obtains

o
e _ A <l , 1> . (8.33)
N, TG

If one inserts (8.33) into the equilibrium condition (8.31), one obtains

1 o0;
Ty=Txl(l-—— . ! 8.34
M M < AN ?Ul 8N5> ( )

for the melting temperature T), of the small crystals. In general, o;, 00;/0N,,
Ah,, are positive quantities. Hence, the melting point of small crystals lies at
lower temperatures than that of the large crystals. Like the mixing effect, the
surface effect leads to a melting point depression. In addition, the entropy of
transition As is often much less sensitive to the surface effects than the heat of
transition Ah. In this case, one can assume to a first approximation

As=As. =Ah_ITS,

ie.,

T
Ah =Ty As~ =2 Ah,.
Tyt
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If one inserts (8.34), one obtains for the heat of fusion of the small crystals

0,
Ah=Ah_-3 o N’ ) (8.35)

c

According to the Curie-Gibbs theorem [Curie (1885), (1887); Gibbs (1928)],
the equilibrium shape of a small crystal is determined by the fact that the sur-
face energy at constant volume V, assumes a minimum value. Thus,

(d Z 0;0))y, = 2 0;(d0))y, =0 (8.36)

must hold in equilibrium. From this minimum postulate, one can derive the
existence of a centre C in the interior of the crystals whose distances k; from the
crystal surfaces O; satisfy the relation

nh; = o, (8.37)

[Liebmann (1914), Stranski (1943), v. Laue (1943); see Fig. 8.7]. Here, 7 is an
isotropic equilibrium pressure which only depends on the absolute size of the
small crystal. Equation (8.37) is equivalent to the Wulff theorem (or the Gibbs-
Walff theorem), according to which the ratio of the surface tension o; to the so-
called central distance h; is constant for the equilibrium shape of small crystals:

Sl R (8.38)

h, h, h,

[Wulff (1901); Liebmann (1914); v. Laue (1943)]. As long as surface effects are of
importance, an equilibrium crystal thus always maintains its geometric form
during growth.

The volume V, of the crystallites is composed of the volumes of the pyramids
with base O; and height h; (see Fig. 8.7). Hence, we have

1
V.=— Xh 0, (8.39a)

Fig. 8.7. Two-dimensional model of the
equilibrium form of a small crystal.
Surfaces: O;; so-called central distances:
h;. In the three-dimensional case, the vo-
lume of the crystal is composed of pyra-
mids with the volumes k;0,/3
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dm:%ZhﬂQ+§ZOﬂh. (8.39b)

When evaluating an infinitesimal increase in the crystal volume, on the other
hand, the contribution at the corners of the pyramid base (in Fig. 8.7 marked in
black at two points) can be neglected to a good approximation. One then ob-
tains

dv.=3 0,dh;. (8.40)

Equation (8.39b) then also leads to

1
dVC = E z hi dOl (8'41)
or
oV, 1 00;
=y =—3h L 8.42
ON, YTy Z AN, (8.42)

Insertion of the expression for h; given by (8.37) results in

a0, 2v,0;
Yo, — =2mv, = VeOi (8.43)
j aNc hi

with arbitrary i on the right-hand side. By insertion of (8.43) into (8.34), one
finally obtains the Thomson-Gibbs equation

2v.0;
Ty=Tig 1 - — 8.44
w1 ( h,.Ah) (8.4

for the determination of the melting point T, of small crystals and from (8.35),
the heat of fusion of small crystals

Ah=Ah_ - ZLhO— . (8.45)

i

Equation (8.44) is an analogue to the Thomson equation for the vaporization of
a liquid droplet. The melting point depression of small crystals is larger the
larger the surface tension ¢; is and the smaller the geometric dimensions A; of
the crystals are. In the case of a parallelepiped with the edge lengths a,, a,, a;
and the central distances h; = g;/2, one can also specifically write in place of
(8.43):

za.ﬂz‘*vc(ﬁ&&) (8.46)
i laNc 3 al {,12 a3 )
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The free enthalpy of the pure melt is G;° = p;° N. The change in the free en-
thalpy of the system caused by the formation of the small crystals, is thus, ac-
cording to (8.29) or (8.30), respectively, given by

G-G” =-Ap.N.+2 0,0 (8.47a)
and with (8.32), (8.33) by

T
G - G;Q = <F - 1> Ahoo Nc + Z O; O,' . (847b)

M

Here, the first term in the sum on the right side is always negative for T < Tj;,
the second term in the sum, on the other hand, always positive. The proportio-
nality O ~ V" with 0 < m < 1 usually exists between the surface O and the vo-
lume V, of a crystal. For example, m = 2/3 holds for a sphere or a parallelepiped.
Because of V, ~ N, one can then also assume O ~ N7. The different exponents
with which N, enters the first and the second terms on the right side of (8.47)
have the consequence, together with the usual numerical values for the co-
efficients Ah., and o;, that with a very small N, the positive term first prevails in
(8.47), but with a larger N, the negative term predominates. The free enthalpy
G first increases with N, above G, traverses a maximum value, and finally
drops below G, (Fig. 8.8). This shows that the creation of new surfaces in the
melt requires an expenditure of energy (work necessary to form the crystal
nuclei). However, the formation of nuclei does not yet occur at T = Tj;, as the

< T;

T<T

[ N—

Fig. 8.8. Free enthalpy G according to (8.47b) as a function of the mole number N, of the
crystallized units for different temperatures T. Free enthalpy of the pure melt: G; melt-
ing temperature of the fully developed crystal: Tj;. It was assumed that: Ah_ = const. and
E g; O" ~ N§/3
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positive term in (8.47) predominates here. Undercooling is required in order to
initiate crystallization by homogeneous nucleation (i. e., nucleation without the
help of foreign substances). In general, however, the crystal nuclei are not at all
stable. The equilibrium condition (8.31) is only fulfilled at the maxima of the
curves in Fig. 8.8, and the equations (8.36-8.46) only hold for these states.
Thermal fluctuations induce the formation of crystal-like molecular aggregates
in the melt at temperatures T < Tj;. These non-equilibrium aggregates usually
disappear as fast as they appear. Such an aggregate achieves internal equi-
librium (with 8G/ON, = 0) only if it accidentally reaches the critical number
N., which corresponds to the maximum of the free enthalpy. This equilib-
rium, however, is labile (8*G/ON? < 0). This means that the equilibrium aggre-
gate has only two possibilities: it either disappears again or it spontaneously
grows into a large crystal. If the amorphous and the crystalline phases are
autonomous, stable or metastable small crystals can only originate from a
restraint of spontaneous growth, e.g., by a growth failure or by a lack of mass
transport.

In the melt of a polymer composed of long flexible chain molecules,
restraints of growth develop rather rapidly by themselves if the trans-aggre-
gates find each other considerably faster than the entangled mutually penetrat-
ing chain coils are capable of disentangling. The chain segments containing
gauche-bonds are forced in the chain direction towards the periphery of the
trans-aggregates, where they form loops which prevent further growth of the
crystal aggregates in the chain direction. In the case of a parallelepiped with the
edge lengths ay, a,, a; and a restraint of growth in the 3-direction, we have to
take into account V,=a,a,a; = const. and, in addition, the subsidiary condi-
tion a; = const. In the minimum requirement (8.36)

Z 0;(d0))y. =2 [0,d (a,a;5) + 0,d (a,a3) + 03d (a,a,)]y, =0,

da;=0 and a,da,=-a,dq

are then valid. The minimum condition for the surface energy becomes

2 0:(d0y)y, ., =2 <- g Tads | o, a3> da,=0. (8.48)

a,
The Wulff theorem now only holds in the restricted form

O, O
2= (8.49)
a, a,

If we assume g; = const., we obtain

@_ d(aa;) _ Oda, _ga_]__ 1

oV, - d(a,a,a3) - d(a,ay) - dai - 2a, ’




8.2 Melting and Crystallization of Polymers 317

30, _ d(@ma) _ 1
oV, 9d(aya,a;) 2a,

b

90; _ d(aam) _ 1
AV, d(ayma;) a;

In the case of the parallelepiped with restrained growth in the 3-direction,
(8.46) is replaced by the equation

(8.50)

d0; 90 o 0 +2&>

=03 0; — =vc<—+
aNC i aV al az a3

Z g;
This equation holds for the crystal nucleus which is in internal equilibrium at
the maximum of G (Fig. 8.8). As the equilibrium is labile, this nucleus dis-
appears again or grows spontaneously in the 1- and 2-directions forming a
lamella with a large lateral extension. In case of a large lateral extension g, and
a,, the first two terms of the sum on the right-hand side of Eq. (8.50) can be
neglected. If one then designates the lamellar thickness with € = a; and the sur-
face tension assigned to the top surfaces of the lamella by o = 03, one obtains
for the laterally grown lamella

20; 2.0

20 8.51
i ON, € ( )
If one inserts (8.51) into (8.34), one obtains
2v.0
Ty=Tgl1-—5 8.52
w1 (1- 222) (85

as the melting point of the lamella with restrained growth in the chain direc-
tion. This is the relation given by Lauritzen, Hoffman (1960) for the determina-
tion of the melting point of a crystalline polymer lamella. One should take into
account that in contrast to the Thomson-Gibbs equation (8.44), the denomina-
tor of the second term on the right in (8.52) contains twice the central distance
€ = 2h; instead of the central distance. Equations (8.51) and (8.35) further lead
to

Ah = Ah_ - 2‘(’;" (8.53)

as the heat of fusion of a polymer lamella.

Cooling of a polymer with a finite rate usually leads to the formation of
lamellae with a certain distribution of thicknesses. If one reheats such a sample,
the lamellae melt at different temperatures according to (8.52), the thin ones
first, the thick ones last. The melting process occurs over a larger temperature
range. However, annealing such a sample at a temperature T < T,; for a while
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sometimes induces a slight increase in the lamellar thickness [e.g., see
Wunderlich (1973)]. This indicates that the restraints in the chain direction are
not absolute in character.

There are chain segments in the amorphous top surface of the lamellae and
in the amorphous boundary phase around the nuclei which are bound to the
crystalline phase. These are more or less loose loops as well as loose chain ends
or chain segments which extend from one lamella to the neighbouring lamella
or from one nucleus to the next (so-called tie molecules). The number of con-
formational isomers capable of forming these segments and thus the entropy of
the boundary phase (see Sect. 6.2) depend on the length of the amorphous seg-
ments, whether only one end or both ends of the segments are fixed and, if both
ends of the segments are fixed, on how large the end-to-end distance of the seg-
ments is. The length of the chain segments necessarily decreases in the amor-
phous phase if a lamella, for example, extends during annealing, or a nucleus
grows in the chain direction. This leads to a change in the number of possible
conformational isomers of the amorphous segments and in the entropy of the
amorphous boundary phase. Hence, the entropy of the boundary phase de-
pends on the lamellar thickness or on the longitudinal dimension of the
nucleus, or, a little less specifically, on the mole number N, of the crystallized
chain units or their crystallinity a. The amorphous boundary phase, as long as
it contains chain molecules which at the same time also traverse the crystalline
phase, is non-autonomous.

One can expect that the enthalpy h, of the non-autonomous amorphous
phase also depends on the extent of the crystalline phase. This dependence,
however, may be neglected as a first approximation [Schrader, Zachmann
(1970)]. One can continue to assume a linear relation of the form (8.16b) for the
enthalpy A of the system (crystal; amorphous boundary phase). Because of the
dependence

Sa=Sa(ax), (8.54)

however, the equations (8.16 a) and (8.16 c) are replaced by the non-linear equa-
tions

g(Lpa)=01-a)g(Lp a)+ag(Tp), (8.55a)
with

&L p, a)=h,(T p)-Ts,(T,p, a), (8.55b)
and

s(Lpa)=01-a)s,(Tp, a) + as. (T, p) . (8.55¢)

As the dependence (8.54) only applies to changes in the crystallinity o in
the chain direction, da, da have to be interpreted correspondingly in the
following.
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The equilibrium and stability conditions (8.10) now lead to

a 2 2
Ah:—T<—$>; <ag> =—T<as>zo. (8.56)
oa/, o?/, 0%/,

As (9s/dar), is no longer a constant, the equilibrium of the partially crystalline
state is at constant pressure no longer necessarily confined to a single tem-
perature T,,. The partially crystalline equilibrium state is stable or metastable
if ~9s/0a = 9s/0 (1 - &) is a positive function, increasing with a. In addition,
the equilibrium is no longer neutral, so that a (T, p) becomes a continuous
function of temperature and pressure. According to (8.12), one obtains with
(8.56)

2 e
<——d“6> _ A <a $> . (8.57)
dr /, T? oa’ /g,

In a stable internal equilibrium, the crystallinity decreases with increasing tem-
perature. Equations (8.13) and (8.56) lead to

e 2 2 e
c§:T<a_5> _<A_h>/<a_52> (8.58)
oT /, q T o’ /1,
for the heat capacity.

Alfrey, Mark (1942), Frith, Tuckett (1944), and Miinster (1954) were the first
to point out that the amorphous phase is not independent of the crystalline
phase in the case of polymers in a partially crystalline state. Tung, Buckser
(1958); Roe, Smith, Krigbaum (1961); Elyashevich, Baranov, Frenkel (1977) then
followed. The most extensive computations were performed by Zachmann
[(1964-1969); Schrader, Zachmann (1970)]. The statistical determination of the
entropy of the non-autonomous boundary phase is an extremely complicated
problem in which one has to take into account that the conformational iso-
merism of the chain segments is reduced in many ways, e.g., by the adjacent
crystal phase [compare Juilfs, Kiinne (1971)]. Only those cases in which the
amorphous phase consists of identical segments have been calculated up to
now.

In the left column of Fig. 8.9, -9s/da is schematically represented as a func-
tion of a as determined by Zachmann for the cases of a crystalline segment
bundle with loosely dangling chain ends (Fig. 8.9, top), a crystalline lamella
with sharp folds (Fig. 8.9, middle) and a crystalline lamella with loose loops or
tie molecules (Fig. 8.9, bottom). The resulting development of the free enthalpy
(8.55) as a function of «a is given on the right for different temperatures [see
Baur (1979), (1986)].

A fundamental result is that the crystalline segment bundle with loosely
dangling chain ends is unstable. In this case, —9ds/d« is a function which de-
creases with increasing a (- 9%s/0a? < 0). A stable equilibrium is only possible
with a = 0 or a = 1. In addition, the amorphous and crystalline states are sepa-
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Fig. 8.9. Energetic and entropic situations of polymer crystal lamellae with a non-autono-
mous boundary phase during a change in the crystallinity o in the chain direction. Specific
free enthalpy: g; specific entropy: s. Top: segment bundle with loosely dangling chain ends;
middle: so-called adjacent reentry model; bottom: so-called switchboard model. [According
to Baur (1980)]
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rated by a potential barrier in a temperature range (T,; T;). Only an extremely
improbable, large fluctuation would, therefore, be able to cause the formation of
an ideal polymer crystal composed of fully extended chains at T,;. Only con-
siderable undercooling can induce the spontaneous growth of an ideal polymer
crystal starting from T, < T by growth in the chain direction. The melting of
an ideal crystal starting from the top surface, on the other hand, requires
overheating up to T, > T,.. [With respect to the phenomena of overheating in
polymer crystals see Wunderlich (1980).]

In the case of crystalline lamellae with sharp folds [adjacent re-entry model;
see Keller (1957)], - ds/0a is also a function decreasing with increasing a up to
a value 0 < a’<1. Here, stable lamellae are thus only possible above o«
Spontaneous growth of the lamellae in the chain direction also only occurs here
after an undercooling of the system down to T,. Melting requires overheating
up to T;. At a temperature Ty, which does not necessarily correspond to Ty, the
pure melt and a partially crystalline lamella can be in internal equilibrium
(8 = 8a)-

In the case of a lamella with loose loops or tie molecules [so-called switch-
board model; see Flory (1962); Fischer, Schmidt (1962); Fischer (1978); Stamm,
Fischer, Dettenmaier, Convert (1979)], - ds/da is a function increasing with a.
The lamella is always stable. Its formation does not require undercooling. The
minimum of the free enthalpy (the stable equilibrium position of the lamella)
continuously shifts towards higher a-values with decreasing temperature. In
reality, the scale of possible a-values is, of course, limited downwards by the in-
stability of the nuclei and upwards by the restraints induced by loose loops.
One sees that the formation of lamellae with a switchboard structure is prefer-
red not only for kinetic (see above) but also for entropic reasons when cooling
a polymer melt.

It should be pointed out again that the situations represented in Fig. 8.9 only
refer to changes in the crystallinity a in the chain direction. The lateral growth
or the lateral melting of the lamellae are only indirectly affected.

8.3
Condis Crystals

At constant temperature and pressure, the internal equilibrium of a crystal is
characterized by a minimum of the free enthalpy G = H - TS [see Eq. (2.88)]. At
T =0, the energy H= U + pV is then also at a minimum. With increasing tem-
perature, however, the entropy of the crystal increasingly contributes to the
minimization of the free enthalpy. As a result, an ideal crystal incorporates
more and more defects with increasing temperature [e.g., see Ubbelohde
(1952); Fowler, Guggenheim (1960)].

In particular, the incorporation of chain ends as well as the incorporation of
chain defects which developed during the polymerization process results in the
formation of fixed defects in polymer crystals. The conformational isomerism
of the chain molecules leads to thermally excitable defects whose number
varies with the temperature. The development of individual gauche-bonds in a
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Fig. 8.10. Kink isomers of an n-alkyl chain. From left to right: all-trans chain, 2g1-kink, 2g2-
kink, 3g2-kink. Top: side view; bottom: top view. Az indicates the contraction as compared to
the all-trans chain, Ax, Ay the lateral displacement of one chain end with respect to the other
chain end. [According to Pechhold (1968)]

crystal, however, is not possible for stereometric reasons (see Sect. 6.2).
Although the development of gauche-bands by a cooperative process is conceiv-
able, it is very unlikely at lower temperatures because of the minimal entropy
gain. The same applies to many other stereometrically “bulky” conformational
isomers. However, there are combinations of gauche-bonds which hardly dis-
turb the geometry of the bundle- or lamella-like polymer crystals. These are the
so-called kinks, as first described by Blasenbrey, Pechhold (1967) and by
McMahon, McCullough, Schlegel (1967). Some of these kinks are represented in
Fig. 8.10 using the Pechhold nomenclature (1968). These are the trans-gauche
combinations

... tttgtgttt ... : 2gl - kink ,
... ttgtttgtt ... : 2g2 - kink,
... ttgtgtgtt ... : 3g2 - kink .

The displacements which one end of an n-alkyl chain undergoes with respect to
the other by incorporation of a 2gl-kink are given by

1 1/2 R
Ax=i3.088-<—3—> A=+1764A,
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2 1/2
Ay=il.544-<§> A=+1264,

2 1/2
Az=—1.544-<;> A=-1264A

in a Cartesian coordinate system (x, y, z) (z: chain direction). The incorporation
of such defects into the crystal becomes increasingly easier with increasing
thermal expansion. The kinks are mainly generated via the torsional modes of
the chains (Sect. 6.4.4).

The 2g1-kink is the stereometrically most favourable conformational defect.
Among the thermally generated defects, it therefore predominates at low tem-
peratures and still prevails at higher temperatures. In general, the number of
conformational defects continuously increase with increasing temperature ac-
cording to the equilibrium conditions. This is particularly true if the concen-
tration of the defects is so low that a mutual interaction of the defects can be
excluded. In some crystals composed of linear flexible chain molecules, a dis-
continuous creation of defects can, however, already be observed before the
melting point is reached. The crystals discontinuously change over into a “con-
formational disordered” phase while maintaining the positional and orientatio-
nal order of the chain molecules. Wunderlich [Wunderlich, Grebowicz (1984);
Wunderlich et al. (1988)] designated such crystal modifications as condis
crystals. Using a simple model, we will examine in the following the conditions
which make a discontinuous defect transition possible. We will confine oursel-
ves to the specific situations which approximately occur in the crystals of n-
paraffins and polyethylene.

Let us examine a lamella composed of N parallelly arranged, equally long n-
alkyl chains. As long as the chains are in an extended form, the top surfaces of
this lamella are assumed to be planar. The number of next neighbours of a
chain (the coordination number) is z. As a possible chain defect, we will exclu-
sively consider the 2gl-kink. Several 2g1-kinks in a single chain can only occur
in those combinations which induce the smallest possible deviation of the
chain sections in the lateral x- and y-directions (see Fig. 8.11, right). Likewise,
only those chain pairs will develop, for energetic and stereometric reasons,
which induce the smallest possible lateral disturbance (Fig. 8.12, left). Hence,
the kinks have a tendency towards a sort of block formation, i.e., towards ag-
gregation. Because a 2gl-kink causes a disturbance along the whole chain, one
has to regard the complete chains as elementary statistical units (see Fig. 8.10).
A self-regulation of this disturbance can only be expected in the case of long
chains and then only in a lateral direction.

We will designate the number of chains containing j kinks as N;. The maxi-
mum number of kinks a chain is able to incorporate is L. We will designate the
number of pairs of adjacent chains, where one contains j and the other k kinks,
with Nj.. The concentration of j-chains then amounts to
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Fig. 8.11. n-Alkyl chains with the same
number of 2gl-kinks but different lateral
displacements Ax

Fig. 8.12. Pairs of n-alkyl chains containing one 2gl-kink each but having different binding
energies. The left pair has the strongest binding energy and is, therefore, energetically pre-
ferred. The 2gl-kinks tend to aggregate



8.3 Condis Crystals 325

the concentration of (j, k)-pairs to
Xj = 2N /zN.

The total number of chain pairs is given by zN/2. The x;, x;(j, k=0 ... L) can be
regarded as internal variables of the lamella. They fulfil the subsidiary conditions

Sx=1, (8.59a)
J
Xjk = X5 » (8.59b)
1
Xi+— 2 Xp=X. (8.59¢)
Jj j j
2 k=

We abbreviate (as is also done in the following)

M=

Z =
J

j=0
The subsidiary condition (8.59c¢) is due to the fact that the probability of find-
ing a j-chain is equal to the probability of finding a (j, j)-pair or a (j, k)-pair.
The factor 1/2 in front of the sum must be included, as x;; (j # k) gives the prob-
ability of finding a (j, k)-pair or a (k, j)-pair. As expected, (8.59a) and (8.59¢) to-
gether lead to

53 xp=1. (8.59d)

j>k

Due to the subsidiary conditions (8.59), only L (L + 3)/2 of the altogether (L + 1)
(L + 2) internal variables are independent of each other.

We assume the degrees of freedom of conformation to be separable from the
other degrees of freedom of the molecules. The partition function of the la-
mella then decomposes into a product Q - @, in which the factor Q only refers
to the conformational isomerism (see Sect. 6.1). In the following, we will only
consider Q, and in Q, we will only consider the maximum term using E = U and
g = Q, so that according to (6.16) and (6.20), we obtain

F(LV,N)=U-kTIng(U, V;N). (8.60)

Let us first disregard the interaction of the chains. The pair concentrations
Xj are then unimportant. We can then assume the j-chains to be statistically
distributed. The number of possible arrangements of the chains amounts to N!.
If y; is the number of distinguishable conformational isomers of a j-chain, then
N;/y; of the j-chains are equal. The number of distinguishable possible arrange-
ments of the chains is then

N!

g=— . (8.61)
i ()
j=0 \¥
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By means of Stirling’s formula (p. 109; assumption: a large lateral extension of
the lamella), we obtain

lng——Nlen( > (8.62)
Y

J

When one neglects the intermolecular interaction, the internal energy of the
system amounts to

U= NZux—N(u0+AuZ]x) (8.63)

where u; designates the internal energy of a j-chain, u, the internal energy of a

defect-free extended chain, and Au the excess energy of a 2gl-kink. The primed
sum is an abbreviation for

IIMH

3=
J j=1

With (8.62) and (8.63), one obtains from (8.60) the mean free energy per chain
F
f=——u0+AuZ]x+kTlen< > (8.64)
N Y

If we replace the Boltzmann constant k with the gas constant and interpret N as
being the mole number of the chains and x; as the mole fraction, (8.64) yields
the free energy of the lamella per mole of chain molecules. One should take into
account that because of (8.59a) one of the x; in the last sum on the right-hand
side of (8.64) is a dependent variable. If we choose x, as the dependent variable,

we obtain with

xo=1-2"x35 yy=1 (8.65 a)
J

f= u0+AuZ]x+kT<xolnx0+Z xln< >> (8.65Db)
Y

J

According to (2.82b) and (8.65), the lamella is in internal equilibrium if

o =jAu +kTIn <—xj> =0 (8.66)
ox; XoY;

holds for all j # 0. The equilibrium concentrations x§ of the j-chains are thus
given by

x¢=x§y e ST (j20). (8.67)
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By summation, one obtains
Tixf=1-x§=x§3 ye kT,
J j

and from this, the equilibrium concentration of the defect-free chains is

1
xg = > - . (8.68)
SAulkT
1+ ? y; e7h

Using this, one can also write in place of (8.67)

yi e —jAulkT
J

xX%= -
] 1+ z’ Y] e JAulkT >
j

(8.69)

whereby this equation now holds for all j=0 ... L. Insertion of (8.67) into
(8.65b) leads to

f.=uy+ kT In x§ (8.70)

as the equilibrium free energy of the lamella per chain. In internal equilibrium,
the thermodynamics of the ideal lamella (the lamella with negligible inter-
molecular interaction) is solely determined by the concentration of the defect-
free chains. The lamella behaves similarly to a 2-level system (Sect. 6.3). In par-
ticular, the heat capacity of the lamella passes through a Schottky anomaly.

One obtains a complete agreement with the 2-level system using the formu-
lation

0= (1). -
J

This formulation is based on the idea that each chain can be divided into fixed
segments, each of which can be occupied by a kink. The number of arrange-
ments of j kinks on L places is then equal to ;. In this case, L is proportional to
the chain length. Equation (8.71) disregards the kink-induced disturbance of
the rotational symmetry of the chains and the possible overlap of the potential
defect sites. On the basis of the binomial theorem, one obtains by insertion of
(8.71) into (8.68)

1
xg = (1 + e-Au/kT)L (8'72)

and thus from (8.70)

fo=1ug— LkT In(1 - e-2wkT) (8.73)
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[see Eq. (6.99)]. This is the Gibbs fundamental equation for a 2-level system
composed of NL units with a non-degenerated excited state (NL = number of
chain segments which can be occupied by kinks). The Schottky maximum of
this lamella is located at

Tsa = Aulkn with n=2.400 (8.74)

(see Sect. 6.3). With (8.71) and (8.72), the equilibrium concentration of the
kink-containing chains is given by

<L> e JAuWkT
J

xj = (1 + e-dwkTyL® (8.75)

Examples are depicted in Figs. 8.13 and 8.14. Figure 8.13 shows that the forma-
tion of kinks is more pronounced at even lower temperatures, the larger L is,
i.e., the longer the chain molecules are. This is a pure quantity effect which is
solely induced by the increase in segments which can be occupied by kinks.
Referring to an individual segment, the same conditions exist on average in all
lamellae, independent of L.

The explanation of a discontinuous defect transition requires consideration
of the intermolecular interaction. With respect to this, we will confine ourselves
once again to the simple Bragg-Williams approximation in the following [see
Fowler-Guggenheim (1960); for a treatment of the problem within the frame-

71 04
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Fig. 8.13. Concentration x§ of defect-free chains and concentration x¢ of chains containing a
2gl-kink as a function of the temperature T[K] according to (8.75). The parameter is L. It was
assumed that: Au = 5 kJ/mol
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work of the quasi-chemical approximation of Fowler and Guggenheim or the
Bethe—Peierls approximation see Baur (1975), (1977)]. In the Bragg-Williams
approximation, one has to assume that the j-chains are statistically distribut-
ed. As this assumption strictly only applies to interaction-free particles, it
would not be very meaningful to presuppose a complicated field of inter-
action. Rather, it seems possible to drastically reduce the number of inter-
action parameters and to replace them by a few mean quantities. In the follow-
ing, we will characterize the field of interaction by three general param-
eters:

wyo: for the binding energy between two adjacent defect-free chains,

wpo: for the binding energy between a defective chain and an adjacent defect-
free chain,

wpp: for the binding energy between two adjacent defective chains.

Corresponding to these parameters, the pair concentrations

X0 = X§
Xpo = 2x0(1 - xo) (8.76)
xpp = (1 = xp)*

are decisive.
In place of (8.63), the internal energy is now given by

7 . Z
u=uy+Aul jx;+ > [Woo X3 + 2wpo xo (1 - x4) + wpp (1 = x5)]  (8.77a)
J

0 L] L} L L} L]
o 100 200 300 400 500

T———

Fig. 8.14. Concentration x{ of chains containing j 2g1-kinks as a function of the temperature
T [K] according to (8.75); L = 20; Au = 5 kJ/mol; j is the parameter
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with

xo=1-3"x%;. (8.77b)
j

As (8.61) or (8.62), respectively, remain valid because of the statistical distribu-
tion of the chains, (8.60) leads to the free energy of the lamella

7 . z
f=uy+ Au Z jxj+ 5 [Woo 23 + 2wpg x0 (1 — x0) + wpp(1 — x4)?]
j
+ kT [x() Inx,+ 3 x1n <%>} . (8.78)
J j
With the abbreviation
AW = 2wWp, — Wpp - Wy, (8.79)

one obtains as the condition for internal equilibrium for all j # 0

a— =jAu+zAwxy+ z(wpp — wpo) + kT In < Y > =0 (8.80)
axj xOYj
ie.,
1
x§ = x§ y; exp |:— k_T (jAu+zwa5+z(wDD—wDO))}. (8.81)

If we once again use the formulation (8.71), the summation of the equilibrium
concentrations x; (j # 0) results in

Z"x]‘? =1-x{=x§[(1+e2kT)L _1].exp [— kiT (Aw x§ + wpp — WDO)} .
j

The equilibrium concentration of the defect-free chains as a function of the
temperature is determined by the implicit transcendental equation

_xg

a,=In + ﬁ Awxg—In [(1+ e 8*T)L 1] 4 2 (wpp - wpe) =0.

x5 kT (8.82)
Equilibrium concentrations x§ according to (8.82) using
1

Wpp — Wpo = 5 (Wpp — Woo — Aw)

are shown in Fig. 8.15 for different values of the parameters wp, — wy, and Aw.
Consideration of the term wpp — wpy = (Wpp — Wy)/2 with Aw =0 produces a
shift of the defect formation towards higher temperatures as compared to the
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1
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Fig. 8.15. Concentration x§ of defect-free chains as a function of the temperature T [K] ac-
cording to (8.82) with L = 20, Au = 5 kJ/mol and z = 6. a: wpp, - wy, = 0, Aw = 0 (ideal lamella,
identical with L = 20 in Fig. 8.13,left); b: wp, — wyo = 3 kJ/mol, Aw = 0; ¢: wpp — Wy, = 3 kJ/mol,
Aw =1 kJ/mol

ideal lamella (wpp — Wy, = 0; Aw = 0). The additional consideration of the terms
with Aw > 0 (aggregation tendency of the kinks) leads to the formation of the
main amount of defects in a narrower temperature range.

The internal equilibrium states according to (8.80-8.82) are stable if the ma-
trix of the coefficients

<_32_f> — kT <L 4 ﬁ) AW (8.83)

9x; Ax;, x§ x§

is positive definite [see Sect. 2.4, especially Eq. (2.83)]. The principal minors of
the matrix and the determinant of the matrix are positive if it is valid that:

zAw<kT<1 + 1>

e e
x§ X

zAw<kT<—1—+—l—>

x§ x]‘? + x£

1 1 (8.84)
zAw < kT <—e' + ﬁ)
X0 xj + X + Xe
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With (8.76), one can also write
z
kT > > Aw x5y (8.85)

for the last of the inequalities. With a predominant tendency towards aggrega-
tion of the kinks (Aw > 0), the lamella only remains stable if the pair concen-
tration x%, stays below the ratio 2kT/zAw.

By insertion of (8.81) into (8.78), one obtains with (8.65a)

z z
fo=ug+ 5 Woo + kT In x§ + ;Aw(l - x§)? (8.86)

as the free energy of the lamella in internal equilibrium. This equation is form-
ally identical with the Gibbs fundamental equation (6.113). Nevertheless, the
two equations differ in that the concentrations x§ and x{ are governed by
different equilibrium conditions. Formally, (8.86) also exhibits the same pro-
perties as (6.113), i.e., it exhibits, particularly in certain parameter ranges,
the many-valued development of f,, which is typical for discontinuous tran-
sition phenomena of the first order. In order to determine the potential
transition temperature T,, however, (6.118) is replaced by the transcendental
equation

KT, In[(1 + e-2kTo)L _ 1] = % (Wpp = Woo) - (8.87)

One obtains in place of (6.119/6.120)

z(wpp — Woo)
In[(1 + e 2wkT)L _ 1]

z
~ Aw > 2KT, = (8.88)

as a necessary condition for the occurrence of a discontinuous transition at T,.
This means that a discontinuous defect transition sets in when the aggregation
exceeds the critical value

AWy =4 kT, /z. (8.89)

According to (2.46) and (8.86), the heat capacity of the lamella in internal
equilibrium is given by

e e \2
c‘€/=-kT{i%+<£Aw— r )(dx°>
x5 dT  \k x92) \ dT

T =z d2x§
+|— - — Aw(l -x¢§) .
x¢ k dr?

(8.90)
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x§, as a function of the temperature, is determined by the implicit function
ay(T, x§) = 0 [Eq. (8.82)]. We then have

dxg <aa0> <aa0> (8.912)
dr oT /xe/ \Ox5/71 '

d?xg [azao <Ba0>2 5 d%a, da, da, N %a, <8a0>2 <aa0 >3
dr? T2 \3x¢ xgOT dx¢ T  d(xg)? \ oT axg)

(8.91b)

The heat capacity of the lamella in internal equilibrium, c¢%, can be represented
in an analytically closed form. We have not given this expression here purely
and simply because of its length. The heat capacities according to (8.90/8.91)
for the cases represented in Fig. 8.15 are given in Fig. 8.16. The Schottky maxi-
mum increases with increasing difference wp, — wy, > 0 and shifts towards
higher temperatures. With an increasing tendency towards aggregation Aw > 0,
the Schottky maximum becomes narrower and narrower until a very sharp dif-
fuse transition phenomenon finally develops (Fig. 8.17). After exceeding the
critical value (8.89), the Schottky maximum rips open on its high-temperature
flank. The diffuse transition develops into a normal first-order transition.

One can assume that the interaction parameters, which refer to the chains as
a whole, depend on the chain length, i.e., on L. It is definitely true for wy, that:

Woo = L Vg9 — Avygg, (8.92)
c
300
%
150 1
a
0 ¥ T T T 1
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Fig. 8.16. Specific heat capadity ¢ {J/mol - K] as a function ot the temperature T [K] accord-
ing to (8.90) with L = 20,Au = 5 kJ/mol and z = 6. As in Fig.8.15 a: wpp — wgo = 0, Aw = 0 (ideal
2-level system; see Fig. 6.5); b: wpp — wyy = 3 kJ/mol, Aw = 0; ¢: wpp - Wy = 3 kj/mol,
Aw = 1 kJ/mol
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Fig. 8.17. Specific heat capacity ¢§ [kJ/mol - K] as a function of the temperature T[K] accord-
ing to (8.90) with L = 20, Au =5 kJ/mol, z = 6 and wpp - Wy, = 3 kJ/mol. c: Aw = 1 kJ/mol (as
c in Fig. 8.16); d: Aw = 1.5 k]J/mol; e: Aw = 1.8 k]/mol. According to (8.87), the potential tran-
sition temperature T, is at 343.2 K, and according to (8.89), the critical interaction parameter
Aw;, at 1.9018 kJ/mol

where vy, is the binding energy of two adjacent defect-free chain segments, and
Avy, is a correction term which takes into account the effects on the surfaces of
the lamella (in n-paraffins, e.g., the effects of the end-groups, in polyethylene
the effects of the amorphous top layers of the lamella). If the defective chains
are stereometrically arranged in such a way that the smallest possible lateral
disturbance develops (Fig. 8.12, left), one can also assume

Wpp = Lupp -~ Avpp, (8.93)

where vpp is the mean binding energy per segment of two adjacent defective
chains. In this case, the surface correction Avyj, also contains the effect of the
kink-induced reductions in chain length (Fig. 8.10).

Insertion of (8.92) and (8.93) into the equation (8.87) determining the
potential transition temperature yields

kT, In [(1 + e AkTL 1] = 2£ [L (vpp ~ vgo) = (Avpp — Avgg)] - (8.94)
The transition temperature increases with the chain length or rather the lamel-
lar thickness (Fig. 8.18) if

Ugo < Upp <0 (8.95)

is valid, i. e., if the kinks on average lead to a loosening of the segment bonding.
In shorter chains, the position of the transition temperature also depends quite
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sensitively on the conditions at the surfaces. In addition, the transition temper-
ature possesses a finite upper limit

T, (L) £ T, na = finite .

In order to determine the limiting temperature T, ., One obtains from (8.94)
in the limit L — o

Z
KT, max In (1 + €29/ Tumes) = S (Vpp - Voo) - (8.96)

In analogy to (8.92) and (8.93), one can finally also assume
Wpo = LUDO - AUDO . (8.97)

The existence condition (8.88) for a discontinuous defect transition is then

o(L) = i (LAv - AAD) > Ty (L) (8.982)
with

AV = 2Upy — Upp — Uy (8.98b)
and

AAV =2 Avpy — Avupp — Ay . (8.98¢)

As a result of (8.98), there is with Av > 0 also a lower, L-dependent limit
Ty, min (Lmin) < Tu(L) € Ty oy (L — o) (8.99)

for the temperature T, (L), at which a discontinuous transition can actually set
in (see Fig. 8.18). Hence, the lamellae are only capable of a discontinuous defect
transition starting from a specific thickness L;, determined by the interaction
forces.

The situations in n-paraffins under normal pressure can be described very
well using the model which has just been developed [see Baur (1977)]. In this
model, the differences between the even-numbered and the odd-numbered -
paraffins are almost entirely due to different surface terms Avpp — Avgy,. The
fact that no discontinuous defect transition occurs at normal pressure in the
lamellae of polyethylene, which form under normal crystallization conditions
(Sect. 8.2), must also be attributed to the surface terms, i.e., to the effect of the
amorphous top layers. In n-paraffins, the discontinuous transition of the
crystal lamellae disappears upon elevation of the pressure. In polyethylene, on
the other hand, such a transition only occurs at elevated pressure [see
Waunderlich et al. (1988)]. In order to explain these phenomena, one would have
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E,max'
7::1. min | Ty N
T o (L)
0 T
L min L—

Fig. 8.18. Potential transition temperature T, as a function of L according to (8.94) with
(8.95). Temperature @ (L) according to (8.98) with Av > 0. A discontinuous transition can
only appear in the regions T, ,;, < T, < T, nacand L= L,

to proceed from the G-representation of Gibbs fundamental equation. In addi-
tion, the G-representation requires that one has knowledge of the dependence
of the volume on the concentrations of the conformational isomers, and pos-
sibly also of the dependence of the excess energy Au and the interaction
parameters w; on the pressure.
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hyperbolic relaxation, see relaxation pro-
cesses

intensive variables 6-9

internal energy 9,12,13

- defect crystal lamella 326,329

— lattice vibrations 131,132,160

- minimum principle 25

- mixtures 37

- two-level system 105,106,108, 110

internal equilibrium 23, 26,197,201, 254,255

internal variables 20,22, 23, 104, 199, 244,
325

irreversible processes

Ising problem 104

iso-free volume state 279

14,197,198

Jeffrey model 252, 253,256

Kelvin-Voigt model

kinks 322-324

Kohlrausch-Williams-Watts relaxation, see
relaxation processes

248,251,267,268

labile equilibrium state, see unstable equilib-
rium state

Lamé constants 66

lattice vibrations 116,119

— acoustical modes 139, 144,151, 152,
154-156, 163

— optical modes
154-156, 164

lattice wawes (see also lattice vibrations)
120,121, 123,156

- polarization 176

Lauritzen-Hoffmann equation 317

Legendre Transformations 7ff.

Letherisch model 252,253,256

localized particles 83

local modes 145

Loschmidt’s number, see Avogadro’s
number

loss angle 238,240

loss compliance 265

123, 140, 141, 144, 151,

loss compressibility 239
loss factor 238, 240
loss modules 236, 237, 267

mass

- concentration 28

fraction 28

- in mechanical models 247

as variable 27,28

material equilibrium 26

Maxwell-Boltzmann statistics 83

Maxwell element 249, 254

Maxwell model 247,248, 251, 267, 268

mean square displacements of lattice units
186-188

mechanical equilibrium 26

melting 303, 305, 309, 317, 321

melting point depression 309,312,314

memory (function) 206, 243, 250, 267

- fading 251

metastable equilibrium state 21, 24
mixtures 30ff., 80, 86

— athermal 42

- homogeneous 27ff.

- homologous polymer 27

— ideal 39,87

- ideal athermal polymer 42
- perfect 39

- regular 41

- simple 44

- simple polymer 46

modulus of elasticity (Young’s modulus; see
also coefficient of elastic stiffness) 68

- linear chain 125

- polymer melt 268, 269

- rubber-elastic medium 74

mole (fraction, number) 28,29

negative definite 24

Nernst-Lindemann formula 70

neutral equilibrium state 22,24

Newton’s viscous law 247,255

- pseudo-Newtonian law 253

non-autonomous phase 51, 303, 318-321

normal modes (normal coordinates)

- of internal variables 258,259,278

— of the oscillations in a linear chain 129

- of the oscillations in a 3-dimensional
lattice 159

Onsager reciprocal relations 209
overheating of polymer crystals 321

partially crystalline state
318-321

304 -306,
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partial molar quantities 31

partition function 82-84

- lattice vibrations 130-132,159

periodic boundary condition 125,126,
164

phase 51

- autonomous 51ff.

- non-autonomous 51, 303,318-321

phase transitions

- anomalous 302

- conditions of 297

- defect crystal lamellae 333-335

- diffuse 302,333,334

- Ehrenfest classification 298-302

- first order 114,298-300, 302, 332,333

- Onsager 302

- second order 300-303

- two-level system 114

phase velocity 121

- bending modes 150

- Stockmayer-Hecht model 178,179

- stretching modes 122-125, 142

phonons 133,150

- interaction 135,136,189,193

~ mean energy 135

- mean number 135

Poisson’s ratio 68

polarization of lattice wawes 176

polyethylene 87-89

polymer coil 88

- end-to-end distance 92,97, 98,102

- entropy 102,103

- Gaussian normal distribution 99, 100

- radius of gyration 95

polymer crystals

- ideal 173ff., 303,321

- lamellar 303-305,317,319-321

polymer melt 267-269

positive definite 24

pressure

- hydrodynamic 255,256

- hydrostatic 6,255

- statistical derivation 82

Prigogine-Defay relation, see Davies rela-
tion

quasi-elastic lattice wawes 124, 125, 127,

142, 149-151, 180, 181
quasi-harmonic approximation 190
quasi-static processes 14

radius of gyration 95,96
Rayleigh dissipation function 255
relaxation modulus 233, 250, 267
relaxation processes 220, 231, 250

- conditions for linearity 226, 231

- coupled internal variables 259

- Doolittle 281,282

- hyperbolic 228-230,270

- Kohlrausch-Williams-Watts

- non-linear 227-230

relaxation times (see also Debye relaxa-
tion times) 89, 205, 207, 221, 224, 258,
267

- effective 284

- Eyring liquid 277

response functions 15ff., 64ff.

- non-equilibrium 210ff., 260

- statistical derivation 83

reversible processes 14

root sampling method 165

rotational isomeric state model 116

rotational potential (C-C-bond) 89

rubber elasticity 71ff., 269

229,230

scaling-invariance 229

Schottky anomaly 107, 327, 328, 333

Schroder-Van Laar equation 308

second law of thermodynamics 13-15

segment model (W.Kuhn) 90ff.,, 99ff.

- one-dimensional 96ff.

shear modulus 67

Shimha-Boyer rule 279

simple freezing-in model 272,278

small crystals 311-316

solution, simple polymer 46ff., 309-311

solvation 44

sound velocity 125,167

specific quantities 13,22, 198

stability conditions

- defect polymer lamellae 331, 332

- elastic isotropic media 68

- elastic systems 66

- Eyring liquid 279

- heterogeneous systems 57

- ideal mixtures 40

- internal 21ff., 201, 202

- material 35

- mechanical 56

- thermal 56

- two-level system 105,111

stable equilibrium state 21,24

standard anelastic body 247, 250, 258

storage modulus 236, 237, 266

strain tensor 61, 62,72

stress tensor 61, 62, 255

stretching modes 146, 151, 152, 171, 176 ff.,
183

surface tension 311

switch board model 321
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Subject Index

Tarasov approximation 170, 171,183,184

Temperature

- dynamic 285,286

- eutectic 310, 311

- fictive (Tool) 287

— internal excesse 223,226

- in non-equilibrium 201

— from the statistical point of view 81

thermal expansivity, see coefficient of
thermal expansion

thermal fluctuations of lattice units
186-188

thermorheologically simple systems 242

third law of thermodynamics 20

Thomson-Gibbs equation 314, 317

torsional modulus 152,154

trans-bond 88-90, 104

trans-gauche isomerism, see conforma-
tional isomerism

undercooled liquid state 270,272
undercooling 316, 321
unstable (labil) equilibrium state 22,24

viscoelasticity 249
viscosity 249,252

- time dependent 253
viscous liquids  252-256
- elasto-viscous 254
vitreous state, see glass
vitrification 271

volume fraction 29
vulcanization 73

wave number 120, 162

wave vector 120,162

weight fraction, see mass concentration
Wulff theorem 313,316

Young’s modules, see modules of elasticity

zero-point oscillations 119, 132



