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Preface

A preface gives the author an opportunity to explain his work: what the objective is, what
level of understanding is assumed, why some material is included and some not, and so forth.
Like most experienced practitioners and teachers of rock mechanics, I find that there is a lack
of suitable textbooks for undergraduate courses and consequently I rely on personal notes
and handouts. There are a number of reference books available that cover rock mechanics in
varying degrees of depth and breadth, but most are best suited for supporting graduate study.
None have a satisfactory array of worked out example problems, a selection of problems for
homework assignment at the end of each chapter and a key containing detailed solutions as
is customary in undergraduate textbooks.

There is an opinion that rock mechanics is better left for advanced study, so any
undergraduate course should be preparation for graduate study and should therefore
emphasize the more scientific features of rock mechanics. My view is that there are important,
practical engineering problems in rock mechanics that should and can be addressed at the
undergraduate level. An important example is rock slope stability. Hence, the title of this
book is Design Analysis in Rock Mechanics. Emphasis is on application to practical problems.
Although intended primarily for undergraduate study, first year graduate students, whose
introduction to rock mechanics was one of engineering science, may find application to
engineering design of some interest.

Of course, not all issues in rock mechanics can be addressed in a single book. The rich
and varied area of numerical methods and computational rock mechanics must necessarily
be left out. In any event, computer code usage should be learned only after a firm grasp
of fundamentals is in hand. Numerical analyses provide much helpful guidance toward the
solution of complex problems in rock mechanics, but becoming adept at keystrokes and
program execution is no substitute for thoughtful analysis based on fundamental principles.

This book builds on mechanics of materials, a course that is required of almost all engineers.
Familiarity with the concepts of stress, strain, and elastic stress—strain relations for axially
loaded members, for torsion of circular bars and for beams is assumed. Torsion is not often
encountered in rock mechanics design, but axial load and beam bending find important
parallels with pillars in underground excavations and roof spans in stratified ground. These
problems are essentially one-dimensional and may be handled analytically and quantitatively
with help from a calculator.

The concept of stress concentration about a hole is also introduced in the first course
in mechanics of materials. Application here, for example, is to circular mine shafts and
rectangular tunnels. These two-dimensional problems (plane strain) require the ability to
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transform the state of stress and strain to a rotated set of axes. The important concepts of
principal stresses and strains are implied in any two-dimensional analysis as is maximum
shear stress. Rotation of the reference axes is also needed to compute normal and shear
stresses on an inclined joint in a pillar. Specialized three-dimensional features of stress and
strain may also be handled.

Design applications addressed in the text fall into three broad categories: surface
excavations, underground excavations, and subsidence. The concept of safety factor is
introduced early as an empirical index to design adequacy and is carried through the various
sections of the text. Justification is found in a simple analysis using Newton’s second law of
motion to show that a factor of safety less than 1 implies acceleration. Thus, the general
objective of rock mechanics, which is to compute the motion of a mass of interest, is
replaced by the practical objective of computing a suitably defined safety factor that serves
the particular problem at hand. In this regard, a distinction is made between global and local
safety factors that measure nearness to structural collapse and nearness to the elastic limit at
a point, respectively.

Surface excavations pose questions of slope stability which is perhaps the most important
problem area in rock mechanics because of the economic impact slope angle has on surface
mine operations. Of course, highway cuts and dam abutments in rock are also of considerable
importance for obvious reasons. Mine operations produce enormous quantities of waste rock
from stripping and milling that lead to soil-like slope stability problems, which are also
addressed in the text.

Underground excavations pose a greater variety of design problems. Safety of shafts and
tunnels is paramount, and is addressed with respect to intact rock and joint failure mechanisms
by building on the concept of stress concentration about holes. Engineered reinforcement
and support considerations are often needed to insure safety of these lifelines to the
underground. Discussion of tunnel support also offers an opportunity to introduce rock mass
classification systems for engineering purposes. Although not a substitute for engineering
design, familiarization with rock classification schemes is important to understanding much
of the ongoing discussion on practical design analysis in the technical literature.

Stratified ground poses questions of safe roof spans and pillar sizes for natural primary
support and what other installed support may be required for adequate ground control. Hard
rock excavations range over a large set of mining methods and geometries from horizontal
room and pillar excavations to stopes (excavations) in narrow, steeply dipping veins to large
open stopes, and to caving methods. Backfill and cable bolting are common to all except
caving methods which often require robust combination support systems. Backfill study
presents an opportunity to consider soil size classification for engineering behavior and
seepage in porous media as well as a review of the concept of effective stress.

Subsidence that links the surface to the underground is divided into two parts: chimneys
over hardrock excavations and troughs over softrock (e.g. coal) excavations. The goal is to
understand the forces and geometries of both with forecasting surface motion as an objective.

Sparing use of computer programs is made in the belief that understanding should precede
computer usage. Teaching key strokes is avoided, but at the same time students are referred to
some menu-driven course downloads from the Department Web site and to other commercial
programs licensed to our Department. Use of these programs is mainly to check analytical
solutions that require some computations with a hand calculator or a spreadsheet. These
programs also help to familiarize students with possibilities for interactions with consultants
after graduation, but are better deferred to more advanced courses.
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Some comments should perhaps be made concerning the matter of references and
bibliography. First, this book is neither an academic treatise nor a reference work for the use of
research investigators, but rather a text for undergraduates. Controversial issues under active
research scrutiny about which there is considerable doubt have been avoided. Consequently,
much of the material and concepts presented are in the broad area of common knowledge.
Second, only publications that the author is personally acquainted with are cited. This narrows
the selection of references to those primarily in the areas of interest to the author and of
necessity neglects a vast amount of literature of possible relevance to rock mechanics. But
again, the purpose of this book is to aid in the development of a working knowledge of some,
but not all, important rock mechanics problems, an understanding of their main physical
features, and how to carry out a useful design analysis for engineering action.

Finally, a rather long review of fundamentals was included in an earlier draft of this
text, but after some debate, it was omitted in favor of an immediate development of design
analysis. Some instructors may elect to supplement the current material with a review of
stress, principal stresses, stress change, strain, strain rates, Hooke’s law and other material
models, and so forth. However, such an addition is likely to require shortening of other
material presented in the text that now leads to a full three-credit hour semester course of
15 weeks with allowance for several examinations along the way. Consideration is also being
given to the addition of chapters on foundations and rock dynamics. The brief mention of
bearing capacity within the context of slope stability hardly does justice to this important
subject. Mention is also made of seismic loading, again, within the context of slope stability,
but certainly a more systematic development of elementary wave mechanics would be
helpful to understanding effects of blasting on stability of surface and underground openings,
for example.

William G. Pariseau
Salt Lake City
October, 2006
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Chapter |

Introduction

In a broad sense, what one attempts to do in rock engineering is to anticipate the motion of a
proposed structure under a set of given conditions. The main design objective is to calculate
displacements, and as a practical matter, to see whether the displacements are acceptable.
Very often restrictions on displacements are implied rather than stated outright. This situation
is almost always the case in elastic design where the displacements of the structure of interest
are restricted only to the extent that they remain within the range of elastic behavior.

Inrock mechanics, the “structure” of interest is simply the rock mass adjacent to a proposed
excavation. The proposed excavation may be started at the surface, or it may be a deepening of
an existing surface excavation, a start of a new underground excavation or an enlargement of
an existing underground excavation. In any case, the excavation plan, if actually carried out,
would cause changes in the forces acting in the neighborhood of the excavation and would
therefore cause deformation of the adjacent rock mass. Of course, the rock mass may also
move in response to other forces such as those associated with earthquakes, equipment
vibration, blasting, construction of a nearby waste dump, filling or draining of an adjacent
water reservoir, temperature changes, and so on.

Regardless of the specific identity of the forces acting, the associated motion must always
be consistent with basic physical laws such as the conservation of mass and the balance of
linear momentum. In this respect, rock is no different from other materials. Any motion
must also be consistent with the purely geometrical aspects of translation, rotation, change
in shape, and change in volume, that is, with kinematics. However, physical laws such as
Newton’s second law of motion (balance of linear momentum) and kinematics are generally
not sufficient for the description of the motion of a deformable body. The number of unknowns
generally exceeds the number of equations.

This mathematical indeterminancy may be removed by adding to the system as many
additional equations as needed without introducing additional unknowns. The general nature
of such equations becomes evident following an examination of the internal mechanical
reaction of a material body to the externally applied forces. The concepts of stress and
strain arise in such inquiry and the additional equations needed to complete the system are
equations that relate stress to strain. Stress—strain relationships represent a specific statement
concerning the nature or “constitution” of a material and are members of a general class of
equations referred to as constitutive equations. Constitutive equations express material laws.
Whereas physical laws and kinematics are common to all materials, constitutive equations
serve to distinguish categories of material behavior. Hooke’s law, for example, characterizes
materials that respond elastically to load. A system of equations that describes the motion of a
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/

Figure 1.1 Position relative to the mass center of a body.

deformable body necessarily includes all three types of equations: physical laws, kinematics,
and material laws.

In reality, a system describing the motion of a material body is only an approximation.
Mathematical complexities often dictate additional simplification and idealization. Questions
naturally arise as to what simplifications should be made and, once made, how well the
idealized representation corresponds to reality. Questions of this type relate more to the art
than to the science of engineering design and have no final answers. Experience can, of course,
be a great aid in this regard, when such experience is informed by a clear understanding of
the fundamental concepts.

Example 1.1 The mass center of a body is defined by

M§=/7dm
V

where 5 and 7 are vectors shown in Figure 1.1. Differentiation twice with respect to time
gives the interesting result

M's‘:/admzfpadeﬁ:F
B V

that shows that the mass center moves as if it were a particle accelerating according to
Newton’s second law (resultant of external forces = time rate of change of linear momentum).
Thus, even though one cannot determine the acceleration everywhere in the body of interest
at this juncture, there is a possibility of at least following the motion of the center of mass of
the body. This fact remains true even if the body disintegrates.

Consider a mass M of rock in a landslide or avalanche and suppose that the external forces
are: (i) the weight I of'the slide mass and (ii) the contact force R acting between the slide mass
and the parent rock mass from which the slide mass has become detached. The contact force
R may be frictional, viscous, and displacement-dependent, that is, R = Ry + Rids/d¢ — Rps.
R increases with speed but decreases with displacement of the mass center and resists the
downhill component of weight D = Dy. According to the previous result

F=D—-R=Ms
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Hence
MS + R1s — Rys = Dy — Ry

describes the motion of the slide mass center. The coefficients in this equation may depend
on time and position (except M). Over a short period of time, however, a reasonable
assumption is that they are constant in which case the form of the solution is known.
Reasonable initial conditions are that the slide mass is at rest or moving at a constant speed
(steady creep).

The logic followed in Example 1.1 illustrates in a very compact form how one proceeds
from physical laws (conservation of mass, Newton’s second law) through problem simpli-
fication (look at mass center motion only, disregard deformation, disintegration, motion
of individual elements) and material idealization (assumptions concerning resistance) to
a mathematically tractable representation of the original problem (landslide dynamics).
Of course, simplification is a relative notion. Here simplification means one has progressed
from an essentially hopeless situation to a situation where useful information may be
extracted. In this example, useful information might refer to estimation of slide mass travel in
conjunction with zoning regulation for geologic hazard. The solution effort required may still
be considerable. However, there may also be unexpected benefits. In this example, “trigger-
ing” of catastrophic landslides under load level fluctuations that were formerly safe becomes
understandable in relatively simple physical terms.

1.1 A practical design objective

A tacit assumption in rock mechanics that is often made in the absence of inelastic behavior
is that large displacements accompanying failure are precluded. Under these circumstances,
design is essentially an analysis of safety and stability. A practical design objective is then
to calculate a factor of safety appropriate for the problem at hand.

An appropriate factor of safety depends on the problem and is an empirical index to
“safety” or “stability.” Safety and stability are often used interchangeably in rock mechanics,
although strictly speaking, they are not synonymous. Stability often connotes a possibility of
fast failure or the onset of large displacements below the elastic limit. An example is strata
buckling where kinks in thin laminations may form suddenly below the yield point. Safety
typically relates to strength and nearness to the elastic limit or yield point. If forces are of
primary concern, then a ratio of forces resisting motion to forces that tend to drive the motion
is an appropriate safety factor. If rotation is of primary concern, then a ratio of resisting
to driving moments would be an appropriate safety factor. When yielding at a point is of
interest, then a ratio of “strength” to “stress” defines a useful safety factor when measures of
“strength” and “stress” are well defined.

Example 1.2 Consider a rock mass high on a steep canyon wall that may pose a threat to
facilities below. A reasonable index to stability is a factor of safety FS defined as a ratio of
forces tending to drive the slide mass downhill to forces resisting the motion. Show that a
safety factor greater than one implies safety.

Solution: By definition, FS = R/D. The mass center then moves according to

F=D-R=D( —FS) = M5
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Hence, a safety factor less than one implies downhill acceleration, while a safety factor greater
than one, implies stability (uphill acceleration is physically meaningless in this situation).

Example 1.3 Stress concentration about a vertical shaft results in a compressive stress of
8,650 psi (59.66 MPa) at the shaft wall where the rock mass has an unconfined compressive
strength of 12,975 psi (89.48 MPa). Determine the shaft wall safety factor at the considered
point.

Solution: An appropriate safety factor at the shaft wall is the ratio of strength to stress.
Thus,

FS, = Strength

Stress

Co

o

_ 12,975 _ 89.48
T 8,650  59.66

FS. = 1.50

1.2 Problem solving

This text has been written from the point of view that whenever the main physical features of
a problem are well known, as they are in the determination of tunnel support requirements,
for example, then a strength of materials background should be sufficient for the develop-
ment of quantitative analysis procedures. The emphasis throughout is upon the time-tested
engineering approach to problem solving requiring (i) a brief but concise statement as to
what is being sought; (ii) a listing of pertinent known data; (iii) a sketch of the “structure”
for analysis showing in particular the applied loads and reactions; (iv) the equations and
assumptions used; and (v) an outline of the major calculational steps taken in obtaining the
desired results. Some of these steps may be combined as circumstances allow.

Example 1.4 A large array of square support pillars are formed by excavating rooms in a
horizontal stratum 5 m (16.4 ft) thick at a depth of 300 m (984 ft). The pillars are 15 m (49.2 ft)
on edge and are spaced on 22 m (72.2 ft) centers. Determine the average vertical stress in the
pillars.

Solution: A large array implies that the pillars in the array are similar, so consideration of
equilibrium of one pillar should reveal the relationship of forces acting at equilibrium. The
pillars are the materials that remain after the rooms have been excavated, and must carry
the weight of the overburden that, prior to excavation, was supported by all materials in
the seam.

1 Sketch the geometry of the problem in plan view and vertical section.

2 Apply force equilibrium in the vertical direction. Thus, W = F}, as shown in the sketch
where W = (specific weight)(volume) and F}, = (average vertical pillar stress)(pillar
area). One may estimate the overburden specific weight as, say, 24.8 kN/m3(158 pcf).

3 Do calculations. (24.8)(300)(22)(22) = Sp(15)(15), so S, = 16 KN/m? (2,320 psi).
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Plan view Surface
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Sketches not to scale

1.3 Units

No one system of units is more “scientific” than another, although the SI system is
advantageous in thermodynamic analysis compared with the use of pound mass and pound
force units rather than slugs and pound force often used in mechanics. Why the switch to
mass units in traditional engineering classes in the USA is a mystery and once a source of
unnecessary confusion for many student engineers. Fortunately, many texts now use metric
(SI) units and English engineering units. Both are also used in this text which, however, tilts
toward the latter.

Both view Newton’s second law of motion as /' = ma where F is the resultant of external
forces (pound force, Newton), m is mass (slug, kilogram) and a is acceleration (feet/second?,
meter/second?). A 1 pound force results when 1 slug is accelerated 1 ft/s?. Thus, 1 Ibf =
slug-ft/s®. (A slug is a 32.174 pound mass and 1 Ibf = I Ibm-ft/s>.) A 1 N force results
when 1 kg is accelerated 1 m/s?, so 1 N = kg-m/s?>. Sometimes both units are given with
one in parentheses following the other (Example 1.4). Tables of data may be given in either
system. Sometimes conversion factors are given with a table of data when both units are not
presented, but not always. Some useful conversion factors are given in Table 1.1.

Example 1.5 An estimate of preexcavation vertical stress is 1 psi per foot of depth. This
estimate is based on an assumed overburden specific weight of 144 pcf. Animproved estimate
would use 158 pcfor 1.1 psi/ft, that is, Sy = 1.1k where Sy, is the vertical stress in psi and /4
is depth in feet. Modify this last equation to give Sy in kN/m? with A in meters.

Solution: The estimate in detail is:
S, (kKN/m?) = 1.1(psi/ft) 6894.9(N/m?/psi) 3.281(ft/m) 10=3 (KN/N) h(m), that is,
Sy (KN/m?) = 24.9h(m).
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Table I.I Conversion factors?

Feet (ft)P 0.3048 Meters (m)

Inches (in.) 2.54 Centimeters (cm)

Meters (m) 3.2808 Feet (ft)

Centimeters (cm) 0.3937 Inches (in.)

Pound force (Ibf) 4.4482 Newton (N)©

Newton (N) 0.2248 Pound force (Ibf)

Ibf/square inch (psi) 6894.8 Newton/square meter

Newton/square meter 1.4504 (I0*4) Ibf/square inch (psi)

Ibf/fe3 (pef) 157.09 N/m?3

N/m3 6.366 (1073) Ibf/fe3 (pcf)

Notes

a Multiply units on the left by the number in the middle column to obtain units
on the right.

b Abbreviations for units are not terminated with a period with the exception
of inches.

¢ N/m2=1 Pascal, | kN/m2 = | kPa, | MN/m%2= | MPa, k = kilo (103),

M = mega (10%). Also: | bar = 14.504 psi = 100 kPa, | atm = 14.7 psi.

Alternatively, from Table 1.1 and the given data (158 pcf)(157.09)=24.8 (10°) N/m> =
24.8 kPa/m within truncation and roundoff error.

Example 1.6 Given the specific gravity (SG) of a rock sample as 2.67, determine the
specific weight y in Ibf/ft3 and kN/m?.

Solution: By definition, SG is the ratio of a given mass to the mass of water occupying
the same volume at the same temperature. This definition is thus the ratio of mass density of
the given material p to the mass density of water p,, at the given temperature. Thus, SG =
p/pw. Also by definition specific weight y is the weight of a unit volume of material, and
weight is the force of gravity acting on the given mass, so that y = pg. Hence, y =
pg = (SG)(pw)g = (SG)(yw) where the last term is the specific weight of water which
is 62.43 1bf/ft3. Thus, y = 2.67(62.43) = 167 Ibf/ft® and from the conversion factor in
Table 1.1 y = (167 Ibf/ft3)(157.09)(1073) = 26.2 kN/m?>.

1.4 Background information

Background information of interest certainly includes the technical literature in rock
mechanics and data on rock properties pertinent to design analysis.

Rock mechanics literature

Background literature includes texts that develop fundamentals of strength of materials,
mechanics of materials, elasticity theory, and continuum mechanics. Also included are ref-
erence works in rock mechanics. An annotated list of references, which the author has
personally consulted on occasion, is given in Appendix A. There is also a list of references
cited in the text.
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Mechanical properties of rock

Rock properties data necessary for engineering design analysis may be found in numerous
technical articles and handbooks. Some observations on laboratory rock properties data are
of interest at this stage. The most important rock properties for engineering design are elastic
moduli and strengths of intact rock and joint stiffnesses and strengths. Other properties such
as thermal conductivity may be important in special cases, of course. A discussion of intact
rock, rock joints and composite elastic moduli, and strengths and failure criteria is given in
Appendix B.

1.5 Problems

Basics

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

Identify the three major categories of equations that form the “recipe” for calculating
rock mass motion. Give an example of each in equation form.

If p is mass density, explain why or why not the conservation of mass may be
expressed as

M= / pdV
14

for a body of mass M occupying volume V.
Name the two types of external forces recognized in mechanics and give an example
of each.
A huge boulder is inadvertently cast high into the air during an open pit mine blast.
Using the definition of mass center and Newton’s second law of motion, show that the
center of mass of the boulder travels the same path even if it disintegrates into 1,001
pieces of various sizes and shapes.
Suppose a static factor of safety is defined as the ratio of resisting to driving forces,
that is, FS = R/D. Show that a factor of safety less than one implies acceleration is
impending.
Given a cylindrical sandstone laboratory test specimen of diameter D and height L
subjected to a vertical load F' (force), find (a) the forces N and T acting normal and
tangential to a surface inclined at an angle 6 to the vertical and (b) stresses, that is,
the forces per unit area, o and 7 on the inclined surface in terms of the applied stress
0o (F /A), where A4 is the area acted on by F'. Illustrate with sketches. Note: The inclined
surface is elliptical and has an area rab where a and b are the semi-axes of the ellipse.
Given a rectangular prism of edge length D and height L subjected to a vertical load F
(force) applied to the prism ends and a horizontal pressure p applied to the sides of the
prism, find (a) the forces N and T acting normal and tangential to a surface inclined
at an angle 0 to the vertical, measured in a plane parallel to a side of the prism and
(b) stresses, that is, the forces per unit area, o and t on the inclined surface in terms
of the applied stress o, (F'/A4), and pressure p where 4 is the area acted on by F.
Illustrate with sketches.
Is the following equation a physical law, kinematic relationship, or material law?

Ms =/ rdm
14
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1.9

1.10

Here M =mass in volume V', dm = a mass element, » = position vector of dm, and
s is the position of the mass center.
Is the following equation a physical law, kinematic relationship, or material law?

. do
6=—
ot

Darcy’s law for fluid flow in porous media relates the seepage velocity v to the
hydraulic gradient / through a constant & (hydraulic conductivity). Thus,

v==kh

Is this relationship a physical law, kinematic relation, or material law?

Review of stress

1.11

1.12

Consider a “two-dimensional” state of stress in the x—y plane characterized by:
o = 2,500 0y, = 5200 1, = 3,700

where units are psi and tension is positive. Find: the magnitude and direction of the
principal stresses and illustrate with a sketch.

Given the stress state in Problem 1.11, find: the magnitude and direction of the
maximum shear stress and illustrate with a sketch.

Consider a “two-dimensional” state of stress in the x— plane characterized by:

o =1724 0, =35.86 1, =25.52

where units are MPa and tension is positive. Find: the magnitude and direction of the
principal stresses and illustrate with a sketch.

Given the stress state in Problem 1.13, find: the magnitude and direction of the
maximum shear stress and illustrate with a sketch.

Suppose that

O = 2,500 0y, = 5200 1y = 3,700

and the z-direction shear stresses (., 7zy) are zero, while the z-direction normal stress
(022) 18 4,000 psi. Find: the major, intermediate, and minor principal stresses.

With reference to Problem 1.15, find the magnitude of the maximum shear stress and
show by sketch the orientation of the plane it acts on.

Suppose that

on = 1724 0y, =35.86 1y, = 2552

in MPa and the z-direction shear stresses (z.x, T,) are zero, while the z-direction
normal stress (o) is 27.59 MPa. Find: the major, intermediate, and minor principal
stresses.

With reference to Problem 1.17, find the magnitude of the maximum shear stress and
show by sketch the orientation of the plane it acts on.
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1.20

1.21

1.22

1.23

1.24

1.25

1.26

1.27

Consider a “two-dimensional” state of stress in the x—y plane characterized by:
oxe = 5200 o0, =2,500 17, =—3,700

where units are psi and tension is positive. Find: the magnitude and direction of the
principal stresses and illustrate with a sketch.
Consider a “two-dimensional” state of stress in the x—y plane characterized by:

O = 3586 0, = 1724 1, = —25.52

where units are MPa and tension is positive. Find: the magnitude and direction of the
principal stresses and illustrate with a sketch.
Consider a three-dimensional state of stress characterized by:

oy = 3,000 oy, =2,000 1, =0.
0;; =4,000 7, =0. Ty = 2,500

where units are psi and compression is positive. Find: the magnitude and direction of
the principal stresses and illustrate with a sketch.

Given the stress state in Problem 1.21, find the state of stress relative to axes
abc(ogq, - . ., Teq) rotated 30° counterclockwise about the z-axis.

Consider a three-dimensional state of stress characterized by:

O =20.69 0y, = 1379 7y = 0.0
0 =27.59 7, = 0.0 7. = 17.24

where units are MPa and compression is positive. Find: the magnitude and direction
of the principal stresses and illustrate with a sketch.

Given the stress state in Problem 1.23, find the state of stress relative to axes
abc(ogg, - - ., Teq) Totated 30° counterclockwise about the z-axis.

Show in two dimensions that the mean normal stress oy, = (0xx + 0yy)/2 is invariant
under a rotation of the reference axes and is equal to one-half the sum of the major
and minor principal stresses in the considered plane. In the context of this problem,
invariant means independent of the magnitude of the rotation angle.

Show in two dimensions that the maximum shear stress Tm = {[(0xx — 0yy) /2]2 +
(rxy)z}(l/ 2 is invariant under a rotation of the reference axes and is equal to one-half
the difference of the major and minor principal stresses in the considered plane.
Consider an NX-size drill core (2-1/8 in., 5.40 cm diameter) with an L/D ratio (length
to diameter) of two under an axial load of 35,466 pounds (158.89 kN). Find:

1 The state of stress within the core sample relative to a cylindrical system of
coordinates (r6z).

2 The state of stress relative to an abc set of axes associated with a plane that bears
due north and dips 60° to the east. The c-axis is normal to this plane, the b-axis is
parallel to strike and the a-axis is down dip. Use the equations of transformation.

3 Show by a direct resolution of force components and calculation of area that
the normal stress (o) on the plane in part (2) is the same as that given by the
equations of transformation.
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4 Is the shear stress (7,.) acting on the plane in part (2) the same using forces and
areas as that given by the equations of transformation? Show why or why not.

Review of strain and elasticity

1.28 Strain measurements are made on a wide, flat bench in a dimension stone quarry
using a 0-45-90 rosette. The 0-gauge is oriented N60OE. Specific weight of the stone
(a granite) is 162 pcf (25.6 kN/m?); Young’s modulus E = 12.7(10)° psi (87.59 GPa)
and Poisson’s ratio v = 0.27. Tension is considered positive. Measured strains in
microunits per unit are:

€(0) = —1480, €(45) = —300, €(90) = —2760

Find (where x = east, y = north, and z = up):

1 the strains €yy, €y, €xy (tensorial shear strain);

2 the stresses 0.z, Tyz, Tz (in psi or MPa);

3 the stresses oy, 0yy, and T, (in psi or MPa);

4 the strain €., (microinches per inch or mm/m);

5 the strains €, and e, (tensorial shear strains);

6 the direction of the true principal stresses o1, 02, 03,
where o1 > 02 > 03 (tension is positive) and sketch;

7 the magnitudes of the principal stresses o1, 02, 03;
where o1 > 02 > 03 (tension is positive);

8 the magnitudes of the principal strains €1, €2, €3;

9 the directions of the principal strains; and sketch;

10 the change €, in volume per unit volume that would occur if the stresses were

entirely relieved, that is reduced to zero, for example, by overcoring the rosette.

1.29  Given the stresses in psi:

oxe = 1,500 oy, =-2,000 o, =3,500
Ty = 600 7, = —300 T = —500
where x = east, y = north, z = up, compression is positive, find: the secondary
principal stresses in the zx-plane and sketch.
1.30 Given the stresses in MPa:
o = 1035 0y, = —13.79 o0, =24.14
Ty =4.14 T, =—2.07 15 =-345
where x = east, y = north, z = up, compression is positive, find: the secondary
principal stresses in the zx-plane and sketch.
1.31 Given the strains:
€xx = 2,000 ¢, =3,000 e =4,500
Yoo = =200 p,; =300 =225
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1.32

1.33

1.34

1.35

1.36

where x = east, y = north, z = up, compression is positive, the units are microinches
per inch, Young’s modulus £ = 5.0(10)° psi, and shear modulus G = 2.0(10)° psi,
find the corresponding stresses for a linear, homogeneous, isotropic elastic response.
Consider a cylindrical test specimen under a confining pressure of 3,000 psi and an
axial stress of 3,000 psi with compression positive, so that in cylindrical coordinates

0z: =3,000 o, =3,000 og9 = 3,000
7> = 0.0 79 = 0.0 79, = 0.0

Find:

—

€rrs €225, €005 Vrz, V20, Yors

2 the axial stress o, required to maintain a zero axial strain;

3 the strain energy and strain energy density, if the test specimen is an NX core
with a height to diameter ratio of two. Note: £ = 2.4 x 106 psi, v = 0.20, and
the sample is isotropic.

Given the strains:

€ = 2,000 €, =3,000 . =4,500
Vo = =200 T, =300  yn =225

where x = east, y = north, z = up, compression is positive, the units are microinches
per inch, Young’s modulus £ = 34.48 GPa, and shear modulus G = 13.79 GPa
psi, find the corresponding stresses for a linear, homogeneous, isotropic elastic
response.

Consider a cylindrical test specimen under a confining pressure of 20.69 MPa and an
axial stress of 20.69 MPa with compression positive, so that in cylindrical coordinates

0 =20.69 o0, =20.69 0yg =20.69
7> =0.0 7,9 = 0.0 79, = 0.0

Find:

1 €rrs €225, €00, Vrz, V20, Yor,

2 the axial stress o, required to maintain a zero axial strain;

3 the strain energy and strain energy density, if the test specimen is an NX core
with a height to diameter ratio of two. Note: £ = 16.55 GPa, v = 0.20, and the
sample is isotropic.

Show that under complete lateral restraint and gravity loading only, that the vertical
normal stress in a homogeneous, isotropic linearly elastic earth at a depth z mea-
sured from the surface with compression positive is yz and that the horizontal normal
stresses are equal to v/(1 — v) times the vertical stress where v is Poisson’s ratio.
Suppose an NX-size test cylinder with an L/D ratio of two has a Young’s modulus
of 10 million psi, a Poisson’s ratio of 0.35 and fails in uniaxial compressive at 0.1%
strain. Find:

1  the axial load (kN) and stress (unconfined compressive strength, psi) at failure;
2 the relative displacement of the cylinder ends at failure (in inches).
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1.37

1.38

1.39

1.40

1.41

Suppose an NX-size test cylinder with an L/D ratio of two has a Young’s modulus of
68.97 GPa, a Poisson’s ratio of 0.35, and fails in uniaxial compressive at 0.1% strain.
Find:

1  the axial load (kN) and stress (unconfined compressive strength, MPa) at failure;
2 the relative displacement of the cylinder ends at failure (in mm).

Consider gravity loading under complete lateral restraint in flat, stratified ground
where each stratum is homogeneous, isotropic, and linearly elastic. Assume compres-
sion is positive, v is Poisson’s ratio, z is depth, and y is average specific weight to any
particular depth. A 250 ft thick, water-bearing sandstone is encountered at a depth of
1,300 ft. Water pressure at the top of the sandstone is 80 psi. Estimate the total and
effective stresses at the center of the sandstone.

Consider gravity loading under complete lateral restraint in flat, stratified ground
where each stratum is homogeneous, isotropic, and linearly elastic. Assume compres-
sion is positive, v is Poisson’s ratio, z is depth, and y is average specific weight to any
particular depth. A 76.2 m thick, water-bearing sandstone is encountered at a depth of
396 m. Water pressure at the top of the sandstone is 552 kPa. Estimate the total and
effective stresses at the center of the sandstone.

Consider gravity loading only under complete lateral restraint in flat strata with prop-
erties given in Table 1.2. Vertical stress at the top of the geologic column given in
Table 1.2 is 1,000 psi. Compression is positive, y is specific weight, / is thickness,
E is Young’s modulus, and G is shear modulus. Find the horizontal stress at the bottom
of the sandstone and the top of the limestone.

Consider gravity loading only under complete lateral restraint in flat strata with prop-
erties given in Table 1.3. Vertical stress at the top of the geologic column given in
Table 1.3 is 6.9 MPa. Compression is positive, SG is specific gravity, 4 is thickness,

Table 1.2 Strata properties for Problem 1.40

Property y h E G
stratum (pef) (ft (108 psi) (106 psi)
Shale 134 120 4.52 1.83
Coal 95 25 0.35 0.13
Sandstone 148 50 3.83 1.53
Limestone 157 74 5.72 2.40
Mudstone 151 133 741 2.79

Table 1.3 Data for Problem |.41

Property SG h E G

stratum -) (m) (GPa) (GPa)
Shale 2.15 36.6 31.2 12.6
Coal 1.52 7.6 2.41 0.9
Sandstone 237 15.2 26.4 10.6
Limestone 2.52 22.6 394 16.6

Mudstone 2.42 40.5 511 19.2
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1.42

E is Young’s modulus, and G is shear modulus. Find the horizontal stress at the bottom
of the sandstone and the top of the limestone.

A stress measurement made in a deep borehole at a depth of 500 m (1,640 ft) indicates
a horizontal stress that is three times the vertical stress and that the vertical stress is
consistent with an estimate based on overburden weight alone, that is, 25 kPa per
meter of depth (1.1 psi per ft of depth). Estimate the portions of horizontal stress
associated with weight alone and with other forces.






Chapter 2

Slope stability

Stability of slopes is an important engineering topic because of economic impact on mining
and civil enterprises. Failures may be costly in the extreme and have tragic personal con-
sequences. Steep slopes are favorable to the economics of surface mines, while low slope
angles favor stability. The trade-off between these two trends almost always results in some
slope failures in large, open pit mines. In civil works such as highway cuts, slope failures
cannot be tolerated because of the threat to public safety.

Slopes may be classified in a number of ways, for example, as rock slopes or soil slopes.
While description of the two share fundamental features such as physical laws, methods of
analysis are generally different. Of course, weathered rock slopes grade into soil slopes, so
there may not always be a clear distinction between the two and some consideration must be
given to the most appropriate analysis method. Slopes may also be classified according to
an expected mode of failure, say, by translation or rotation. High strength rock slope failures
initially are often rigid-body like translational motions, while low strength soil slopes often
begin to fail in rigid-body like rotations. Continued failure generally results in disintegration
of the slide mass in any case.

Intact rock tested in the laboratory typically has unconfined compressive strength of the
order of 10-20 MPa (14,500-30,000 psi). Surface mine depth is of the order of 300 m
(1,000 ft). Even after allowance for stress concentration at the toe of a surface mine slope,
stress is unlikely to exceed strength of intact rock. For this reason, structural discontinuities
that are generally present in rock masses, especially rock masses that host ore bodies, are
important to rock slope stability. Faults, joints, bedding planes, fractures (“joints” for brevity),
and contacts between different rock types, are essential considerations in stability analysis
of rock slopes. Translational sliding along joints is the most common form of rock slope
failure; slopes in soils tend to fail by rotation, although in densely jointed rock masses rota-
tional failure is certainly possible. Mine waste dumps, tailings dams, earthen embankments,
road fills, storage piles of broken rock, aggregate, and so forth, are soil-like in mechanical
behavior, are usually much weaker than rock slopes, and also tend to fail by rotation. In
any case, major determinants of slope stability are slope height and angle. Water is another
factor of major importance to slope stability analyses. All are subject to some engineering
control.

A primary objective of slope stability analysis is estimation of a factor of safety for the
considered slope and slide mass. An intuitive formulation of a safety factor appropriate to
translational sliding is the ratio of resisting to driving forces acting parallel to the direction
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Figure 2.1 Resisting and driving forces during translational slope failure.

of translation as shown in Figure 2.1. Thus, for translational slides,

R
FS = D 2.1)
where R and D are the total resisting and driving forces. In this regard, a sign convention
is needed that determines whether a force is driving or resisting. The convention is simple:
forces that act downhill in the direction of the potential slide are driving forces; uphill forces
are resisting. Forces directed uphill should not be subtracted from downhill driving forces,
nor should downhill forces reduce resisting forces. Otherwise a different value of safety
factor results. Normal forces acting into the slope are also positive.
The reason for this uphill-downhill force convention and safety factor definition is asso-
ciated with slide mass motion or acceleration. Motion impends if the resultant of external
forces is greater than zero. In this case, according to Newton’s second law of motion,

F=P=nma

where F,dP/dt,m, and a are resultant of external forces, time rate of change of linear
momentum, slide mass, and acceleration of the slide mass center, respectively. The resultant
of external forces may be decomposed into downhill and uphill forces based on the sign
convention adopted in the safety factor formula, that is, ¥ = D — R. With this decomposition
and the expression for safety factor, one has for acceleration

D1 —FS) = ma

Clearly, a safety factor less than one indicates a positive, downhill acceleration. A safety factor
greater than one indicates a negative acceleration that for a slide mass at rest is physically
meaningless; the slide mass would remain at rest. If the slide mass were moving downhill,
then a negative acceleration would indicate a reduction in velocity. Conceivably, a slide
mass could be moving uphill after gaining momentum from a previous downhill motion.
However, the factor of safety concept is not intended for slide dynamics; such questions are
better addressed directly through Newton’s second law.

The factor of safety defined here is a global factor of safety in contrast to a local factor of
safety (FS) that is defined as the ratio of strength to stress at a point. A local factor of safety
less than one indicates the elastic limit may be exceeded, yielding, and failure ensue, at the
considered point. A global safety factor less than one implies yielding and failure over an
extended failure surface and is indicative of collapse.
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Figure 2.2 Resisting and driving moments during conventional rotational slope failure.

In the case of rotational sliding, as shown in Figure 2.2,

M=H
M

FS = -} 2.2)
Mp

Mp(1 —FS)=H

where M, dH /dt, Mr, Mp are resultant of external moments, time rate of change of angular
momentum, resisting moment total, and driving moment total, respectively. A partition of
external moments into driving and resisting moments that depends on direction of action is
made in the equation of motion. Resisting moments are then eliminated from the equation
of motion using the safety factor definition. Again, a safety factor less than one indicates
potential angular acceleration of the slide mass from rest, while a safety factor greater than
one indicates stability.

Other definitions of safety factor are possible, but without adherence to a sign conven-
tion that is consistent with driving and resisting directions, interpretation with respect to
acceleration cannot be justified. The physical implication is then uncertain and usefulness in
doubt.

What constitutes an adequate safety factor is often a matter of engineering judgment, but
may also be required by construction codes. In surface mining and cut rock slopes, safety
factors are usually near one. Soil-like slopes such as waste rock dumps may require a safety
factor of 1.5 or so. In any case, if an estimated safety factor is too low for the problem at
hand, then remedial measures are required. There are always two choices for improving a
factor of safety (1) increase resistance or (2) decrease driving forces or moments.

A change in parameters of an analysis dictates a recalculation of the safety factor, of course.
As design changes are explored, the burden of calculation grows and with it justification for
automated analysis using computer programs. Some programs, complete with graphical
displays, are available from software firms that often offer training in program use. Other
programs are proprietary, while still others are available as freeware. But regardless of source,
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intelligent, effective use of computer programs for slope stability analysis and design requires
an understanding of basic slope mechanics and safety factor definitions.

2.1 Translational rock slope failures

Two important types of translational rock slope failures are (1) planar block slides and
(2) wedge slides. The term “slide” is somewhat misleading because it seems to imply frictional
sliding of a rigid block down an inclined plane. Although there are similarities in analysis,
the mechanism of rock mass motion during a slope failure is complex and far from that of
simple “sliding.”

Planar block slides

Planar block slides are possible when “joints” dip into a surface excavation and the excavation
is long relative to height. Figure 2.3 shows a potential planar block slide in cross section that
has a possible tension crack near the crest of the slope. A Mohr—Coulomb (MC) strength
criterion is reasonable for many rock and soil slopes. With the assumption of MC, the planar
block slide safety factor is

_ N'tan(¢) + C+ Ty

FS, 5

(2.3)
where ¢ is the rock mass angle of internal friction. This simple formula masks several prac-
tical difficulties that include determining a likely failure surface and the strength properties
of the considered surface. These difficulties must be resolved before proceeding with the
computation of resisting and driving forces.

Generally, geologic structure and possibly previous slide histories in the vicinity of a
considered slide site provide guidance to likely failure surfaces, while strength properties are
estimated through a combination of rock and joint properties testing and site examination.
The former leads to friction angle and cohesion for joints (¢, ¢j) and intact rock between
joints (¢r, ¢r). The latter not only provides statistical data for joint orientation and spacing,
but importantly, estimates of joint persistence. Persistence p is defined as the ratio of joint
area Aj in a joint plane to total area 4 composed of joint area plus area of intact rock bridges
Ay between joint segments (4 = 4j + 4;), that is, p = 4;/A. A simple weighted average for
rock mass properties may be obtained from:

tan(¢) = (1 — p) tan(¢r) + (p) tan(¢y)

(24)
c=(=p)e+ P
If the failure surface is entirely joint, then p = 1. In this case, slope failure is very much
like a rock block sliding down an inclined plane. A special case occurs when one assumes
that intact rock and joint friction angles are equal and joint cohesion is negligible. This case
leads to the well-known Terzaghi model of jointed rock mass strength where ¢ = ¢, = ¢;
and ¢ = (1 —p)c; = (A4r/A)cr. The range of rock mass friction angles is relatively large; as a
rough guide 25° < ¢ < 55°. Cohesion estimates are more difficult because of the dependency
on intact rock cohesion and joint persistence. Joints of large areal extent are likely to have low
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Figure 2.3 Planar block slide volumes and forces: (a) volumes, (b) weight, (c) seismic—dynamic force,
(d) surcharge force, (e) bolt forces, and (f) water forces.

or negligible cohesion, while cohesion of intact rock is highly variable. As a rough guide and
in consideration of the Terzaghi model, rock mass cohesion may be an order of magnitude
less than intact rock cohesion.

Example 2.1 Consider a rock mass where field mapping indicates joint persistence is 0.87
and laboratory tests on intact rock and joint samples show that ¢, = 54°,¢; = 2,750 psi,
¢j = 32°,¢j = 25 psi. Estimate the rock mass cohesion and angle of internal friction.
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Solution: By definition, persistence is the ratio of joint area to area of joints and intact rock
bridges in the joint plane, and according to (2.4)
tan(¢) = (1 — p) tan(¢y) + p tan(¢;)
= (1 —0.87) tan(54) + 0.87 tan(32)
tan(¢) = 0.7226

¢ = 36°
¢ = (1—0.87)2,750 + 0.87(25) = 379 psi

Also shown in Figure 2.3 are various forces to be considered in analysis. Weight is always
present, so there is always a driving force, but other forces may be absent. Driving forces
include the downhill components of:

slide mass weight Wj;
seismic force Ss;
surcharge force Fi;
water force P}.

AW N~

The total driving force is
D= Ws+Ss+ Fs + P, (2.5)

If there is no tension crack at the crest, then no downhill water force acts, that is, P, = 0. If
no surcharge is present, then Fy = 0, and if seismic activity is not a concern, then Ss = 0
also. Generally, slope failures are gravity-driven and the downhill component of weight is
most important. Equilibrium in the downhill direction requires resisting forces to be at least
equal to D, that is, a safety factor of at least one.

Transient forces associated with blasting could be added to the list of forces to be consid-
ered. Some measure of the acceleration induced by a blast would then be needed in order to
quantify the effect on the safety factor. One way of doing so is to treat a blast transient in
the same manner as a seismic load. In effect then, blast transients are subsumed here under
seismic load.

Resisting forces include uphill components of frictional resistance mobilized by normal
loads, cohesive resistance, and direct resistance from reinforcement (bolting):

slide mass weight Wy;

seismic force Sy;

surcharge force Fy;
reinforcement normal force Ny;
reinforcement tangential force Ty;
cohesive force C;

water forces Pp, Py,.

~N NN AW =

Normal forces are summed algebraically to obtain the net normal force available to mobilize
frictional resistance to sliding. This net normal force is, in fact, the effective normal force



Slope stability 21

and may be obtained from an equilibrium analysis of forces acting in the normal direction.
Figure 2.3 shows the positive normal direction which is perpendicular to the potential slope
failure surface (not the slope face) and directed into the slope. The positive shear direction is
down slope and parallel to the potential failure surface. In the normal direction, equilibrium
requires

N' =Wy — Sy + Fo+ Ny — Py — Pl (2.6)

where N’ is the normal reaction of the rock mass below the failure surface to the slide mass
above.

Computation of the various forces that enter the safety factor calculation begins with the
most important force which is weight of the slide mass . Although this calculation is
straightforward and is simply the product of specific weight y times slide volume V, that is,
W = yV, calculation of the volume using slope height and angles that define the failure
surface and slope face is helpful in bringing these variable into an explicit relationship. Thus,

H?b
V= (T) [cot(a) — cot(B)] 2.7

where H = slope height (vertical distance from toe to crest), b = breadth of slope (arbitrary
distance perpendicular to the cross-section), « =failure surface angle measured from the
horizontal, 8 = slope angle (face angle) measured from the horizontal. Generally, the slope
angle enters the factor of safety calculation only through slide mass volume. Breadth is often
taken to be one distance unit, say, one meter or foot, but it may also be convenient to use
breadth as the horizontal spacing between fans of bolts when used to reinforce a slope. Face
angle B is under some engineering control. The failure surface angle « is usually dictated
by unfavorably oriented geologic structure, for example, bedding plans that dip into the
excavation.

Example 2.2 Consider a planar block slide without a tension crack and loaded by gravity
only. Slope face angle B is 45°; slope height H is 600 ft. A potential failure surface is
inclined 35° («) from the horizontal. Cohesion ¢ of the failure surface is estimated to be
300 psi, while the friction angle ¢ is estimated to be 30°. Specific weight y of the block is
150 pcf. Determine the slope safety factor FS when the water table is below the slope toe.

Solution: Sketch and then draw a free body diagram of the slide mass.

Sketch Free body diagram

By definition
FS=R/D, R = forces resisting, D = forces driving,
R = Ntan(¢) + C, N =normal force, C = cA, cohesive force,
N = W cos(a), A = L/sin(a),
W=vyV, V' = volume.
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One then has

bH?
V= T[cot(ot) — cot(B)]

2
_ DO 81— 1.0000]

v =17.707(10% £
W =yV

= 150(7.707)(10%)
W = 11.57(10%) Ibf

and

N = 11.56(10%) cos(35°)
N = 9.469(10%) Ibf

B (600)(12)
C = (300)(12) [Tlaso) ]
C = 45.190(10°) Ibf

D = W sin(a)
= 11.56(10%) sin(35°)
D = 6.631(10%) Ibf

FS — N tan(¢) + C
D
9.469(10) tan(30°) + 45.190(10%)
- 6.631(109)
5.467 + 45.190
- 6.63
FS = 7.64

In these calculations, the slide mass is considered to be one foot thick into the page, that is,
b = 1ft. N and S are normal and shear reactions, that is, they replace the effect of the material
removed from the material remaining in the free body diagram. N is obtained from analysis
of equilibrium in the normal direction and is simply the normal component of weight. The
downhill or driving force D is the tangential component of weight. The tangential or shear
reaction S does not enter the safety factor calculation but would be equal to D in order to
satisfy equilibrium in the downhill direction.

The safety factor is high because of the cohesion which makes a contribution to the resisting
force that is about nine times that of the frictional resistance. If the cohesion were only
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one-tenth of the given value, the safety factor would be about 1.5, but if there were no
cohesion, the slide mass would fail. Generally speaking, a small amount of cohesion on a
potential failure surface makes a large difference in the safety factor of a planar block slide
and should be given careful consideration in a design analysis.

When a tension crack is present a small volume “correction” is needed. This volume is

2
v = (%) cot(a) 2.8)

and should be subtracted from /” when a tension crack is present at a depth 4 as shown in
Figure 2.3.

Seismic force S is an inertia force that is considered to act horizontally and directed away
from the slope into the excavation. Magnitude of S is related to weight by a seismic coefficient
as that is a decimal fraction of the acceleration of gravity g. This coefficient depends on the
seismic zone where the excavation is located and ranges from 0.0 to 0.2. Thus,

w
S =ma= (—) asg = Was 2.9
g
where m and a are slide mass and acceleration, respectively.

Example 2.3 Consider the slope shown in the sketch and further suppose a seismic force
should be considered in a zone where the seismic coefficient is 0.10. Determine the maximum
face angle in consideration of this seismic loading.

Solution: The free body diagram now has a horizontal load S that represents seismic loading
in a quasistatic manner.

H=575 ft

Free body diagram

Sketch of slope

The face angle 8 occurs only in the weight W, but S = ma where m = slide mass and
a = acceleration, that is, S = (W /g)(0.1g) = 0.1 . Resolution of forces normal and
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tangential to the failure surface leads to the resisting forces R and the driving forces D. Thus,

R = [W cos(a) — 0.1W sin(«)] tan(¢p) + C
D = W sin(«) + 0.1W cos(«)

The safety factor is one, so R = D and

W [sin(40) + (0.1) cos(40) — cos(40) tan(32) + (0.1) sin(40) tan(32)] = 2.576(10%) Ibf

W =9.172(10°) Ibf

_ 9.172(10%) B
cot(B) = cot(40) — (1/2)(158)(1)(575)2 = 0.8406

B =49.9°

In this case, a seismic design results in a significant reduction in slope angle.

The force F caused by a surcharge, for example, from a rock dump near the crest, is
simply the weight of the dump. The dump may extend beyond the point where the slide
surface intersects the slope crest, but only the portion of the dump bearing on the crest loads
the slide mass and contributes to the surcharge force. Other sources of surcharge are possible,
for example, from equipment traveling near the crest. If so, then equipment weight would
constitute a surcharge.

Example 2.4 Given the possible planar block slide shown in the sketch and the associated
free body diagram with @ = 35°,8 = 45°,¢ = 30 psi, ¢ = 28°,y = 156,H = 400 ft,
determine the slope safety factor without a surcharge and with a surcharge from a stockpile
of broken rock 50 ft high with a specific weight of 96 pcf.

AT b L

.

A g Slope sketch Free body diagram
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Solution: (a) No surcharge.

_(! 2 _ _(! 2 v
W= (Z)byH [cot(@) — cot(B)] = (2)(1)(156)(400) [tan(%_) tan(45)]

W = 5.343(10°) Ibf
_5.343(10°) cos(35) tan(28) + (30)(144)(1)(400/ sin 35)

FS -
5.343(10%) sin(35)
FS=1.74
(b) With a surcharge.

The surcharge is estimated as a uniformly distributed vertical load f* caused by weight of the
stockpile material. Thus, f = (96)(50) = 4800 psf. The force associated with this load is
the product of load times area of action. Although the load extends past the failure surface
intercept at the crest, only the portion above the failure surface acts on the slide mass. This
area is A given by (b)(H)[(cot(a) — cot(B)] = (1)(400)[1/tan(35) — 1/tan(45)], that is,
A = 171.3 sqft. The surcharge F = (171.3)(4,800) = 0.822(10)° 1bf and has components
acting normal and tangential to the failure surface, F}, and Fy, respectively. These are

Fp = 0.822(10%) cos(35) = 0.673(10°)
Fs = 0.822(10% sin(35) = 0.472(10%)
The safety factor with surcharge is

_5.339(10°) 4 0.673(10°) tan(28)

FS =
3.064(100) + 0.472(10°)
5.697
~ 3536
FS = 1.61

Thus, the surcharge in this case is detrimental to stability. However, this result may not
always be the case because the surcharge adds to the resisting and driving forces. There is a
possibility that the resistance will increase more than the driving force increase to an extent
that the slope safety factor actually increases.

Bolting force Fy, is a total bolting force in the slide section that has breadth b. This force
is the sum of forces from all bolts installed in the slope that intersect the considered failure
surface. If each bolt hole has force f;, and there are n holes in rows spaced b ft apart horizontally,
then the total bolt force Fy, = nfy,, provided all holes have the same inclination angle 4, as
shown in Figure 2.3.

Water forces act perpendicular to the surface of contact. Figure 2.3 shows the water force
P, acting on the inclined portion of a failure surface. This water force is purely normal and
has no downhill component, of course. When a tension crack is present and the water table
is above the bottom of the tension crack, then a horizontal water force P’ acts on the tension
crack. This force has normal and tangential components, as shown in Figure 2.3. The normal
components of water forces are uplifi forces that act in the negative normal direction and
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reduce the normal force transmitted across the failure surface. Again, the net normal force
transmitted is the effective normal force and is simply the reaction N'.
Frictional resistance is mobilized by the effective normal force and is

Ry = N’ tan(¢) (2.10)

In principle, the effective normal force could be negative in the presence of sufficient uplift
force from water and possibly from seismic or dynamic loading. If N’ is negative, then
frictional resistance is zero.

Cohesive resistance is the product of rock mass cohesion ¢ and surface area 4 of the
inclined failure plane. If a tension crack is present, cohesion is destroyed and because of
the separate surfaces defining the crack, no frictional resistance is possible. Thus, cohesive
resistance is simply

C=cd @.11)

where 4 = bH / sin(«) in the absence of a tension crack. When a tension crack is present,
then 4 = b(H — h¢)/ sin(), as seen from the geometry in Figure 2.3. Uplift forces that lead
to a negative N are also likely to destroy cohesion along the inclined portion of the failure
surface with the net consequence of eliminating all natural resistance to failure. Some form
of reinforcement would then be necessary for stability.

Water force P, requires knowledge of the distribution of water pressure over the wetted
portion of the failure surface. In principle, then

Py :f pdA4
A/

where 4’ is the wet portion of the failure surface and p is position-dependent water pressure.
A reasonable assumption is that p does not vary significantly across the breadth of the failure
surface, but varies along the failure surface, so

Py = / pbdl
L

where / is measured along the failure surface and L is the wetted length; b is a constant. In
view of the planar nature of the slide surface,

dz
o= /Z/p ¢ (sin(a))

where z is depth below the uppermost wet point on the failure surface and z’ is the vertical
projection of the wetted length of the failure surface as shown in Figure 2.4. Unfortunately,
the distribution of p(z) cannot be accurately determined without a detailed seepage analysis,
so progress now depends on making some reasonable approximation for p(z).

One simple approximation is to suppose water pressure increases linearly with depth to the
half-depth point between water table and slope toe, as shown in Figure 2.5, and then decreases
linearly to the toe. A reasonable estimate of water pressure increase is then p = yy,z where
yw 1s specific weight of water and z is depth below the water table to the half-depth point.
Below the half-depth point, p(z) = yw(zo — z) where zy is the vertical distance between the
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Figure 2.5 Approximation of water pressure distribution using half-depth point.

water table and slope toe. Because the pressure distribution is linear and distributed over a
rectangular surface, the average pressure is just one-half the maximum and

e[ O] e

where the first term in brackets on the right is the average pressure and the second term is
wetted area in contact with the two pressure triangles shown in Figure 2.5.

However, an analysis of the geometry shown in Figure 2.6 indicates that the distance from
the half-depth point to the top of the water table is not always zo/2. The reason is that the
water table is defined by the surface of zero water pressure and this line is assumed to follow
the slope from the intersection point of the face with the horizontal water table line down
to the toe, as shown in Figure 2.6. In Figure 2.6(a), the depth from the water table to the
half-depth point is zg /2 and the maximum pressure is yyzo/2, but in Figure 2.6(b), the depth
is yw and the maximum pressure is yyyw. If tan(8) > 2 tan(w), the full half-depth zg /2 may
be used to calculate the maximum and therefore the average water pressure, otherwise the
smaller distance yy should be used. This value is then given by

20 tan(B)
=(= -1 2.13
w <2)[<tan(a) (2.13)
which is less than zp/2, provided tan(8) < 2tan(«). The face angle is always greater than
the failure plane angle, so tan(8) > tan(x«) and the term in brackets is always positive.
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Figure 2.6 Modified half-depth pressure maximum.

When yy, is used, the water force on the failure plane is

o= [ (][ 2) (525)]

(2.14)

where the first term in brackets is now the average pressure, while the second remains the

wetted area of the failure plane.

Example 2.5 Consider the planar block data in Example 2.2 and further suppose the water
table is at the crest of the slide. Determine the slide mass safety factor under this “wet”

condition.

Solution: All the data in Example 2.2 apply, but now the effective normal force N/ = N — P
must be calculated where P is the force of water acting normal to the slide surface as shown

in the free body diagram.
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Calculation of the water force requires knowledge of the pressure distribution over the
wet slide surface area 4. One may approximate this distribution by assuming a linear increase
of pressure with depth to Z / 2 from 0, and then a linear decrease to zero at the toe, as shown in
the water pressure diagram. Here Z is the height of the water table above the toe of the slide.

The average pressure over a triangular distribution illustrated in the text is just one-half
the maximum pressure. Thus, over a triangle of pressure

p(max)  y(water)h
2 2

D=
YFh=0

0= Wecos(a) —N' — P
. Water pressure distribution N = W cos(a) — P

P:/pdA:[?A
A

WT

Zn

Z/2
p(max)

Water pressure distribution

What / should be used to calculate p(max) depends on the angles & and 8. Examination of
the slide mass geometry of the water pressure distribution shows that 4 should be used if
2tan(a) > tan(B), then h = (Z /2)[(tan(B) / tan(«)) — 1], else one should use &7 = Z /2.
The water table in the sketch of water pressure distribution is indicated by WT. In this example
where the water table is at the crest of the slide, Z = H, where H is slope height, otherwise
Z is slope height less water table depth. (The sketch shows the case where the water table is
below the crest.)

h = (600/2)[—1 + tan(45°) / tan(35°)] = 128.4 ft

p(max) = (62.4)(128.4) = 8015 Ibf /ft?

7 = 8015 /2 = 4008 Ibf /ft?

P = (4,008)(600 / sin(35°)(1) = 4.192(10%) Ibf

N = 9.469(10%) — 4.192(10%) = 5.277(10°)

R = 5.277(10°) tan(30°) + 45.190(10%) = 48.24(10°) Ibf
48.24(10%)

FS= —r—— =728
6.63(10)
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Figure 2.8 Half-depth water pressure estimation with tension crack.

In this case of a high water table, the effect is small. The main reason is the relatively high
cohesion with respect to slope height.

When a tension crack is present and the water table is higher than the bottom of the crack,
a different water pressure distribution may suffice. This distribution is shown in Figure 2.7
where the pressure increases linearly with depth to a maximum at the crack bottom and then
decreases linearly to the slope toe. A difficulty with this distribution is the potential for a
serious underestimation of the water force acting on the failure plane. This easily occurs if
the tension crack is very shallow or if the water table is near the bottom of the crack. Both
situations result in very small maximum water pressure and correspondingly small water
forces. In the extreme, one might suppose the water table at the tension crack being at the
bottom. If the crack is at the top and the crack has a vanishingly small depth, the result is the
same-zero water force.

There is no reason why the half-depth approximation to water pressure distribution cannot
be used in the presence of a tension crack, as shown in Figure 2.8. In this case, a small
correction to the water force is needed. The water force on the inclined surface is then

/"o _ hc - hw (hc - hw)
e (55 [522)

where the first term in brackets on the right is the average pressure between the water table
and bottom of the tension crack, while the second term in brackets is the area of the inclined
failure surface that is cut off by the tension crack.
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The horizontal force of water acting on the wetted portion of the (vertical) tension crack
is simply

= [yw (%)] (he — ha)b 2.16)

These results could also be obtained by direct integration of the assumed pressure distribution
between the proper limits measured down from the water table.

Safety factor improvement

Improvement of the safety factor for a planar block slide may be accomplished in two distinct
ways: by increasing the resistance R and by decreasing the driving force D. Increasing
resistance occurs when (1) the normal force mobilizing frictional resistance is increased,
(2) cohesive resistance is increased, and (3) when reinforcement is installed. Decreasing
weight decreases the downhill components of weight and seismic force; decreasing surcharge
force and water force in a tension crack also decreases the total driving force. Decreasing
weight also decreases the normal component of weight, and therefore the associated frictional
resistance. Hence, some interaction between resisting and driving forces is inevitable with
the consequence that the net effect on the factor of safety is unclear without an analysis.

However, closer examination of the safety factor formula shows that decreasing water
forces always increases the safety factor. The numerator R increases while the denominator
D decreases with reduction in water forces. Indeed, drainage is the most important method
of improving slope stability. The effect of drawing down the water table (drainage) is readily
quantified in the safety factor formula. Thus, where only gravity acts and no tension crack is
present

ES — W — n)V;an(@ +C (2.17)

Example 2.6 Consider the slope shown in the sketch.

— " Slope sketch Free body diagram

One method of improving a slope safety factor in wet ground is drainage. The objective
of drainage is to reduce water forces that are always destabilizing. The maximum effect is
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achieved when the water table is drawn down below the toe of the slope. However, in some
cases this action is not practical, and only a partial reduction in water forces is possible.

Given a possible planar block slide with the associated free body diagram where
a = 30°8 = 45°¢c = 20 psi, ¢ = 35°,y = 156,H = 1000 ft, h=100 ft, deter-
mine the slope safety factor (a) dry with the water table below the slope toe, (b) wet with the
water table 100 ft below the crest, and (c) with the water table pushed back 150 ft into the
slope by horizontal drains.

Solution: (a) Dry slope:

W = (1/2)(158)(1000)? ( ) = 57.10(10°) Ibf

tan(30) a tan(45)
Wy = Wcos(30) = N
N = 57.10(10%) cos(30) = 49.45(10°) Ibf

Wy = W sin(30) = D
D = 57.10(10%) sin(30) = 28.55(10°) Ibf

C=c4=cbhL
= (20)(144)(1)[1000/ sin(30)]
C = 5.76(10%) Ibf

FS:BZNtan(qS)—i—C
D D
_49.45(10%) tan(35) + 5.76(10°)

28.55(105)

FS(dry) = 1.415

(b) Wet slope: The new quantity needed to compute the slope safety factor in this case is the
water force P acting normal to the potential failure surface.

owr [ H
hQ/ zn
AN
zn

Water pressure distribution before drainage sketch
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The calculation is

P = pA = [p(max) / 21(B)Ly
— [p(max) / 21(b)(H — Hy)/ sin(@)
P = (62.4)(h)(1/2)(1)(1000 — 100)/ sin(30)

The water head 4 is given by
h= (5) 14 2P
2 tan (o)
= (900/2)[—1 + tan(45)/ tan(30)]
h =329.4ft

Thus, P = 18.50(10°) Ibf and so N' = [49.45 — 18.50](10%) = 30.9(10°) Ibf. Hence,

_ 30.9tan(35) + 5.76
a 28.55

FS =0.96

which illustrates the detrimental effect of water pressure on slope stability.
(¢) Partially drained slope: This case requires relocation of the water table 150 ft behind the
face as shown in the sketch.

Zn

n

Sketch of water pressure distribution after partial drainage of the slope face.

The water table is given by the dashed line and is parallel to the face. Again, the change is in
the water force. The form of the calculation is the same as in the wet case, but the geometry
of the water pressure distribution has changed. Preliminary calculations of X and Y are
necessary to determine Z and /4 which are required for the water force calculation. Thus,
from the geometry of the sketch,

Y
tan(30) = tan(45) = e

Y .
150 + X~
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that may be solved for X and Y. The results are X = 204.9 ft and ¥ = 204.9 ft. Again,
from the sketch geometry and given data, Z = 1000 — 100 — 204.9 = 695.1 ft. Water head &
in this case is given by

h = (695.1/2)[—1 + tan(45)/ tan(30)] = 254.3 ft
The water force is

P = (62.4)(254.3)(1/2)(1)(695.1/ sin(30) = 11.04(106)) Ibf
and the effective normal is therefore

N’ = [49.45 — 11.04](10°%) = 38.41(10°%) Ibf
The factor of safety in this partially drained case is then

_ 3841tan(35) +5.76
- 28.55

FS =1.144

which shows the effectiveness of the proposed horizontal drainage scheme in this
slope design.

Although drainage implies removal of water, it does not imply removal of all water. As a
practical matter, a slope is likely to be saturated even after drainage. Indeed, removal of all
water to bring the degree of saturation to zero is generally not practical nor necessary. What is
needed is the depressurization of the slope which may be accomplished without desaturation.

Improving the safety factor of a dry slope is usually done by decreasing the slope angle,
that is, by reducing the inclination of the face angle B. Consider a simple, but common (dry)
case where only gravity acts. The safety factor is then given by

S tan(¢) 2¢
tan(a)  yH sin®(a)[cot(er) — cot(B)]

(2.18)

that clearly shows that decreasing the slope angle 8 increases the safety factor, other para-
meters remaining the same. This simple case also indicates that an increasing slope height
decreases the slope safety factor. Indeed, a plot of FS as a function of the reciprocal slope
height H~! is a straight line, as shown in Figure 2.9. If the safety factor intercept of this line
is greater than one, then no critical depth exists at which slope failure would occur.

A gravity only safety factor expression is sometimes written as

FS = FSy + FS, (2.19)

where the first safety factor on the right is a “factor of safety with respect to friction,” while
the second term is a “factor of safety with respect to cohesion.” The overall safety factor
is greater than one whenever the failure surface angle is less than the friction angle, that
is, FS > 1, provided ¢ > «, even in the absence of cohesion. This observation allows for
rapid screening of a problem. If the friction safety factor is greater than one, then so is the
overall slope safety factor. However, any improvement would necessarily involve the factor
of safety with respect to cohesion.
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Figure 2.9 Planar gravity slide factor of safety as a function of reciprocal slope height.
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Figure 2.10 Cable bolted planar block slide.

When reinforcement with tensioned bolts is considered, the factor of safety may be written
in the form

FS = FS, + AFS}, (2.20)

where the first term on the right is the unbolted slope safety factor and the second term on
the right is the improvement obtained by bolting. The improvement is

Ny tan(¢) + Ty _ nfp[sin(a — 8) tan(¢p) + cos(o — 3)]
D N D

AFS, = (2.21)

where all z bolts in the slope slab of thickness b have the same bolting angle and force f,
as shown in Figure 2.10, so the total slope bolting force is F},. The dimension b is also the
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horizontal row spacing of bolts. Vertical spacing is likely to be bench height in open pit
mines, although under special circumstances more than one bolt may be installed per bench.
The optimum bolting angle obtained by maximizing the bolting improvement is

Sopt = — (2.22)

which is positive for failure surface angle greater than the friction angle and negative when
less. A positive angle is measured counterclockwise from the horizontal (x-axis). If the failure
surface angle is less than the friction angle, then the unbolted safety factor must be greater
than one and bolting may not be needed. Otherwise the optimum bolting angle is positive.
From a rock mechanics view then, bolt holes should be drilled uphill. Uphill holes have
the advantage of being easier to flush clean. However, cable bolting of surface mine slopes
involves relatively large drill holes that accommodate many cables, unlike underground cable
bolting where one or two cables per hole is common. Cables or “strands” are usually 1/2-in.
in nominal diameter, have an area of 0.1438 sqin., a unit strength of 250 ksi and thus an
ultimate strength of 36,000 Ibf. Higher strengths may be used. Six to sixteen or more 1/2-in.
strands may be installed per hole. The weight of an assemblage becomes considerable and
may prove impossible to manually move into an up-hole. For this reason, down-holes, say,
at —5°, are preferred for cable bolting surface excavations. Even then, a pulley installed
at hole bottoms may be required to aid installation. Spacing is also considerably greater in
cable bolted surface mine slopes compared with underground cable bolt spacing. Holes must
always be drilled deep enough to intersect the failure plane, provide for adequate grouted
anchorage length, and for some sludge settling in the hole bottom.

Anchorage length is determined by bond strength and must be sufficient to support the
ultimate tensile load the hole assemblage can sustain. In this regard, the entire hole length
may not be grouted, especially if pretensioning is done. In this event, cable exposed over
the ungrouted, open-hole length should be protected against corrosion. A simple equilibrium
analysis that equates tensile strength to bond strength shows that anchorage length L, is
about 0.6 ft of hole per 1/2-in. strand of 36,000 Ibf steel when a bond strength of 450 psi
is assumed. The bond considered is between rock and grout. A 10-strand assemblage in
a 4-in. diameter hole would require about 6 ft of anchorage length. Because progressive
failure of the bond is possible, additional length should be provided. Higher strength strands
would require additional anchorage lengths. Thus, about one to two feet of anchorage length
per strand may be needed. In this regard, specialists in cable bolting surface excavations
recommend pullout tests to determine what anchorage length is satisfactory at a given site
because rock strength also affects bolting effectiveness.

Grouted bolt anchorage fills the bolt hole and thus acts as a dowel whether tensioned or
not. The assemblage of steel and cement in the hole provides a direct resistance to shear
along the potential failure surface. A dowel effect may be incorporated into a factor of
safety estimate by simply adding the associated shear resistance to the other resisting forces
being considered in an analysis. This resistance is a combination of grout and steel shear
strength and respective areas, and is also likely to be small and have little effect on a slope
safety factor. For example, a 6-in. diameter hole containing 24 cables would add less than
200,000 pounds to the resisting forces and when distributed over an area defined by even a
close bolting spacing of 10 ft x 20 ft, results in less than 8 psi shear resistance. This rough
estimate does suggest that in rather weak rock masses, a combination of closely spaced,
grouted, and tensioned bolts may be an effective control measure.
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Quantitative analysis of actual surface mine bolting cases shows that bolting provides
very little improvement in the unbolted safety factor at bolt spacings of the order of bench
height, say, 50 ft more or less. Horizontal spacing can be much less, but decreased spacing
comes at increased cost. Generally, bolting open-pit mine rock slopes is not economical
except in unusual circumstances, for example, where an in-pit crusher requires protection. In
civil works, public safety often justifies the cost of maintaining stable slopes using bolting
methods. These methods include cable bolting and use of solid bars and individual wires,
although cables are the usual choice.

Example 2.7 Consider a cable-bolted slope where a potential failure may occur in the form
of a planar block slide and further suppose the slope is loaded by gravity only. Determine the
optimum bolting angle for the cable bolts assuming all bolts are tensioned to the same force
in the pattern shown in the sketch. The bolting angle 7 is positive counterclockwise; total
bolt tension is 75, vertical bolt spacing is 4, and horizontal spacing is b units into the page.

Face view Section view

+

Sketch for slope bolting analysis

Solution: A free body diagram showing the forces and directions is drawn first. The total
force exerted by all bolts in a row is the number of bolts times the tensile force in each bolt,
Ty, = nfy, where f;, is the force per bolt.

Free body diagram

Assuming Mohr—Coulomb strength for the potential failure surface with cohesion ¢ and
angle of friction ¢, the resisting forces, driving forces, and safety factor are

R = Wy tan(¢p) + C + Ny tan(¢p) + Sp
D =W
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_ Watan(®) + C + Np tan(¢) + S,
- .

FS

FS = FS, + AFS

where Wy, Ws, Ny, Sb, FSo, and AFS are normal component of weight, tangential component
of weight, normal component of the bolt force, tangential component of the bolt force, factor
of safety without bolting, and change in the factor of safety caused by bolting. Downbhill
forces are driving forces; uphill forces are resisting forces.

The improvement in the slope safety factor by bolting is

_ Tpsin(e —n) tan(¢) + Tpcos(e —n) _ Thcos(o — 1 — @)

AFS =
W, Ws cos(¢)

A maximum of this last expression as a function of the bolting angle may be found in the
usual way or simply by noting that the cosine is maximum when the argument is zero. Thus

n(opt) =a — ¢

which indicates the bolts should make an angle of ¢° to the failure surface. A negative
bolting angle is indicated when the friction angle is greater than the angle the failure surface
makes with the horizontal, that is, when ¢ > «. However, in this case bolting would not
be necessary because frictional resistance alone would give a safety factor greater than one.
Cohesion would further increase this safety factor. Although from the mechanics view, bolting
should be uphill, difficulty in installing multiple strands of flexible cable uphill tends to be
impractical. Most installations are downbhill at about 5°.

At the optimum bolt angle, the total bolting force must be a substantial fraction of the
driving force to make a significant contribution to the slope safety factor. This is unlikely to
be the case where bench height largely determines bolt spacing in the vertical direction and
in the horizontal direction when bolting on a square pattern.

Wedge failures

Wedge failures are mainly translational slides that occur when joint planes combine to form
a rock block that may slide down the line of intersection of the two joint planes. Figure 2.11
shows a wedge failure of this type. Also shown in Figure 2.11 is another type of wedge
failure. A rock block that forms a “wedge” (actually, a tetrahedron) may slide along one joint
plane only or the other and may also rotate about an axis perpendicular to one joint plane or
the other and may even tumble forward out of the face of the slope. There are, in fact, three
translational and three rotational modes of wedge failure. However, sliding down the line of
intersection is the most important wedge failure mode in surface excavations.

The basic mechanics of wedge failures are the same as for planar block slides, but the
geometry of wedge failure is decidedly more complicated. A factor of safety with respect to
resisting and driving forces for a wedge failure shown in Figure 2.11 is
R RA+Rp

FSy = —

=% (2.23)

where the subscripts 4 and B refer to the joint planes shown in Figure 2.11. A distinction
is needed because each joint set may have different frictional and cohesive properties and
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@

Foreland Foreland

Figure 2.11 Two types of wedge failures in a surface excavation: (a) surface wedge, and (b) face wedge.

@ (b) z (V)

L y (N)

Figure 2.12 Dip of the line of intersection &s.

differing persistence, as well. An assumption of 100% persistence is often justified and leads
to a conservative or low estimate of the factor of safety. The reason is that wedge failures
tend to be relatively small, of the order of bench height in open pit mines or about 50 ft more
or less. At this scale, persistence may be locally high, that is, 100%, even though over a large
distance or scale, the average persistence is less.

The driving force down the line of intersection of the joint planes is the downhill component
of weight when gravity only is considered. In this case,

D = Wy = W sin(8s) (2.24)

where W is the rock wedge weight and & is the dip of the line of intersection, as shown in
Figure 2.12. The downhill direction is the positive s direction in Figure 2.12. Calculation of
the driving force thus requires calculation of weight and intersection line dip. Weight is the
product of specific weight y and wedge volume ¥, which is simple to calculate in principle
but requires considerable effort in practice.

Dip direction is somewhat easier and begins with specification of joint plane orientation by
the angle of dip §, which is measured from the horizontal down and ranges between 0 and 90°,
and the dip direction o which is the azimuth of a horizontal line from which the dip is
measured. Figure 2.13 shows the relationship between compass coordinates where x = east,
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U@

N (y)

\ Dip direction (0-360°)

E (x)

Dip (0-90°)

Figure 2.13 Compass coordinates, joint plane coordinates.

Table 2.1 Directions cosines between compass and joint plane
coordinate directions

Compass direction joint  x (east) y (north) z (up)
plane direction

a (dip) cos(8) sin(e) cos(8) cos(a) —sin(8)
b (strike) — cos(a) sin(o) 0

¢ (normal) sin(8) sin(e)  sin(8) cos(a)  cos(§)
Notes

Where o = dip direction (+cw from north, 0-360°), § = dip (+down,
0-90°).

y = north, z = up, and joint plane coordinates where the coordinate directions are a =
dip, b = strike, and ¢ = normal. The strike direction o’ is the dip direction less 90°; the
dip direction is an azimuth that is measured positive in a clockwise direction form north; if
measured counterclockwise, then the dip direction is negative. Directions cosines that relate
compass to joint plane coordinates are given in Table 2.1.

Example 2.8 Show that the direction cosines in Table 2.1 define a mutually orthonormal
triple for joint plane coordinates.

Solution: Direction cosines are components of unit vectors pointing from an origin in the
coordinate directions. Lengths of these vectors must be one and they must be orthogonal.
Thus,

>

lal =+~a-a

— 2 2 2
_1/ax+ay+az

= {[cos(8) sin(x)]* + [cos(8) cos(a)]* + [— sin(8)]*}!/?
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= {[cos(8)]* + [sin()]*} !/

lal =1

b| = /b + b2 + b2

= {[—cos(@)]* + [sin(a)]* + 0}!/2
b =1

le| = \Je2 4+ c2 + 2
= {[sin(8) sin(@)]* + [sin(8) cos(e)]* + [cos(8)]*}!/?
= {[sin@®T* + [cos(@)1*}!/
lel=1
where the dot or inner product is indicated in the first of the above equations. These results
show the directions cosines are indeed components of unit vectors. The dot product may also

be used to show orthogonality, while the cross product of two vectors should give the third.
Thus,

For example,

a-b= [cos(8) sin(a)(— cos(a)) + [cos(8) cos(a)(sin(x)) + [— sin(a)(0)] =0

ixb=2¢
= [cos(8) cos()(0) — (— sin(8))(sin(a)],
[(— cos(a)(—sin(8)) — cos(8) sin(x)(0)],
[cos(§) sin(e) sin(e) — (— cos(a)) cos(8) cos(w)]
= [sin(6) sin(a)], [sin(§) cos(a)], [cos(d)]
ixb=2¢

Example 2.9 Given the transformation from compass to joint coordinates, find the angle
of intersection between vectors b and c.
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Solution: By definition the dot product is b-t= |b]|c| cos(6) and as the considered vectors
are unit vectors, one has
cos(0) = bycx + bycy + bc:
= — cos(w) sin(8) sin(a) + sin(e) sin(8) cos(c) 4+ (0) cos(s)
=0

b
0==
2

which agrees with the requirement for orthogonality.

Example 2.10 Given a transformation to joint coordinates from compass coordinates
outlined in Example 2.8, find the area subtended by vectors a and b.

Solution: Recall the geometric interpretation of the cross product illustrated in the sketch.

Sketch of vector cross product geometry

By definition the cross product is a x b= la||b| sin(#) = (base)(height) where base and
height refer to the parallelogram defined by the considered vectors. The result is just the
area A of the parallelogram. In this problem, the vectors are unit orthogonal vectors, so the
parallelogram is just a square with edges of unit length. The area of the square is one, of
course. The area of either triangle formed by the diagonal between the vector ends is just
one-half the cross product.

The direction of a line of intersection between two planes is specified by the direction
cosines of the line. These direction cosines may be found by forming the vector product
(cross product) of the normal vectors of the considered joint planes. The resulting vector is
perpendicular to both normal vectors and thus is parallel to both planes and must then be
parallel to the line of intersection. A view looking up the line of intersection of joint planes
A4 and B is shown in Figure 2.14.

If the normal vectors to planes 4 and B have components (ay a, a.) and (by by b.), then the
direction numbers of the line of intersection are (Sy S, S) given by the 2 x 2 determinants
ay, a; ay a;

by b

ax ay

Sy = by by

, 8= (2.25)
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Figure 2.14 View up the line of joint plane intersection.

The direction cosines (s s, s;) are

Sy S Sz
N S

Cn= s (2.26)

Sy =

where S is the magnitude

S =/S2+S2+ 82 (2.27)

In consideration of the right-hand rule for the vector product, the line of intersection
vector points downhill, as shown in Figure 2.12(a). The dip direction and dip of the
line of intersection may be obtained from

. s.
sin(ag) = al

s% + s%
(2.28)

—S;

[s:+ s} +s2

as shown in Figure 2.12(b).

sin(8;) =

Example 2.11 Consider a potential wedge failure by sliding down the line of intersections
between two joints that belong to joint sets 4 and B. Dip and dip direction of 4-joints are 45°
and 0°, respectively, and for B-joints 45° and 90°, respectively. Thus A-joints strike due west
and B-joints strike due north. Determine the dip and dip direction of the line of intersection.
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Solution: A sketch of the given data shows the situation where o and J are the dip direc-
tion (azimuth) and dip of the line of intersection formed by two joints from sets 4 and B.

Sketch for joint set line of intersection

VAN

A B

(a) True slope of the line of intersection (b) Looking up the line of intersection

Views that show the true slope of the line of intersection and one looking up the line of
intersection are helpful. The line of intersection is seen as a point when looking up the line.
Construction of the normals to the line of intersection from the dip and dip direction of the
joint planes can be done with the aid of the formulas in Table 2.1. Thus,

Za = (0,1/4/2,1/4/2), 2 = (1/3/2,0, 1/3/2)

Examination of the geometry of the situation shows that the cross product of the normal
vectors is a vector S parallel to the line of intersection. Thus,

Caxis=8=(/2 1/2, —1)2)

which has a length of +/3/4. Direction cosines of S are then (1/+/3, 1/+/3, —1/+/3), which is
a unit vector pointing down the line of intersection of the two joint planes. These direction
cosines define a space diagonal with a negative (dipping) slope. An angle with cosine 1/+/3
is 54.7°. An angle with cosine —1/+/3 is 125.3°; this is the angle between the positive z-axis
and the vector S. The dip is measured from the horizontal, so the dip of the line of intersection
is just +35.3° (down as always for dip).
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The azimuth of the line of intersection is measured clockwise from north to the dip direction
in a horizontal plane. A formula for the sine of this angle is

Sy B (1/2)
Joor+ w2 VAT /27

Loy =45°

sin(ag) =

which is intuitively seen as the correct result in this case.

A similar analysis applies to the intersection lines between face and upland and between
foreland and face, Lg, and Ly, respectively, as shown in Figure 2.15. As before, the analysis
begins with determination of the normal vectors to the pair of planes considered, each with
direction cosines that may be determined from Table 2.1 after specification of the dip and
dip direction of the upland, face, and foreland. In this regard, forelands and uplands are often
flat, so the dip directions « are indeterminate and may be assumed due north as a matter of
convenience.

Other lines of intersection occur between joints, face, and upland, as shown in Figure 2.16.
These lines are: Laf, L, Ly, and Lya, where the order of subscripts corresponds to the order
of vectors in the vector product. For example, Lar corresponds to the vector product between
the normal vectors to joint plane 4 and the face, that is, ca x c¢. If the order is reversed,
then the direction of the result is reversed. Again, the direction of the vector product is the
direction of the unit vector formed by the direction cosines (sy sy s;) of the considered line.

Line length determination requires introduction of distance between points that define the
wedge. Two lengths that are intuitively important are (1) the vertical height H of the wedge
measured from the point of joint intersection d at the face and a point a on the slope crest
intersected by joint plan 4, as shown in Figure 2.16, and (2) length along the upland from the
crest point @ to the point of joint plane intersection ¢ on the upland, shown in Figure 2.16.
Given H, the dip direction o of Lar(ad) and dip 8, the length of the line Laf is H/ sin 8. The
length of L,a may be measured directly in the field.

Associated with the introduction of distance is the calculation of joint surface areas and
wedge volumes that are needed for safety factor calculations. These calculations may be
done systematically with cross products, dot products, the sine law, and the cosine law for

®) Face

G

Foreland

Figure 2.15 Intersection vectors between: (a) face and upland, and (b) foreland and face.
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Figure 2.16 Lines of intersection formed by face, upland, and joint plane intersections.

d
Face
Foreland

Figure 2.17 Line numbering for wedge analysis.

triangles. A relabeled diagram of the wedge from Figure 2.16 helps to simplify the notation
and is shown in Figure 2.17 where lines are numbered. For example, line 6 connects points
a and b. Numerical evaluation of a cross product requires knowledge of the angle between
the two vectors involved. This angle may be obtained from the scalar or dot product of the
considered vectors. For example, the cosine of the angle between normal vectors to joint
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plane 4 and the foreland is cos(ca, ¢f) = ca- c¢f/|callcg| where the vertical bars indicate
vector length or magnitude.

The area of joint plane 4 may be obtained from the cross product of vectors connecting
points a and d and points a and c. Thus, 44 = (1/2) L1L3 sin(f13) where the angle between
lines 1 and 3 is obtained from the dot product cos(613) = S; - S3. The unit vectors S; and
S3 are line of intersection vectors between face and joint plane A and between upland and
joint plane A4, respectively; they are directed away from point a toward d and c. Interest-
ingly, the result of this vector product is a vector normal to joint plane 4. All the line of
intersection vectors are known in principle, so any and all angles between lines may be
computed.

Length of the line of intersection Ls and other angles of joint plane 4 may be found using
the cosine law (1) and sine law (2). With reference to Figure 2.18,

1 13 =13+ 13— 2L L3 cos(613)
sin(fs3) _ sin(f15) _ sin(631)
L T Iy T Ls

where the order of subscripts on angles is not important. The first equation may be solved
for the unknown line length Ls. The second equation may then be solved for the other two
unknown angles, if desired.

For joint plane B, lengths L, and L4 may be obtained from the sine law. Thus,

sin(64) _ sin(fss)  sin(0s2)
Ls L, L4

where the angles are known from intersection line dot products. For example, cos(624) =
52 - 4. The area of joint plane B is then

1
Ap = (E) Ly Ly sin(024)

Figure 2.18 Joint planes A and B with lengths and angles shown.
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The volume of the tetrahedron may be obtained from the triple product of vectors emanating
from point c. Thus V' = (1/6) (S4xS3 - Ss5) and the weight W = y V. The vectors Sy, S3,
and S5 are known from previous calculations of line lengths, dip directions, and dips.

Example2.12 Calculate the volume of a tetrahedron with vertices at (0,0,0), (1,0,0), (0,1,0),
(0,0,1) as shown in the sketch.

(1,0,0)

Sketch for calculating the volume of a tetrahedron

Solution: A formula cited here without proof states that the volume V'=(1/6)(abc) where
abc is the vector triple product, that is,

N, - . 1\. -
V=|=-)a-bxe)y=(=-)a-d
6 6

d=bx¢
X y z

=0 1 0] (symbolically)
0 0 1

d=(1,0,0)

1 1
V= (8) [(D(D) + (0)(0) + (0)(0)] = (E)

which is just one-sixth the volume of a unit cube defined by vectors a, b, and c.

A complication occurs when a third joint set is present or a tension crack forms, as shown
in Figure 2.19 where a triangular crack that has sides 7, 8, and 9 and corners e, f, and g cuts
off a portion of the original wedge. The “tension” crack plane has an orientation defined by
a dip direction, and dip («., 8.), and a position defined by the distance d. between points a
and e. The distance /3 is readily obtained as the difference between the distance from a to ¢
measured in the field previously and d.. The lengths of all lines in the triangles on the joint
planes cut off by the tension crack can be determined using the sine law, once the angles
between the lines of intersection formed by the tension crack, joint planes, and upland are
calculated. This information is obtained by calculating the dip directions and dips of the lines
7 and 8 formed by the intersection of the tension crack with the two joint planes. Figure 2.20
shows the notation for such calculations. Thus for joint plane 4,

sin(f75) _ sin(f37) _ sin(6s3)
I o I5 - 12
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Figure 2.19 Wedge with a tension crack.

Figure 2.20 Joint plane triangles cut off by a tension crack.

A similar set of equations applies to joint plane B that share the common line segment /s.
The volume of the cutoff tetrahedron v is

_ 1 R /
v=\3 (84x85 - S5)

where the prime indicates analogous vectors for calculating the total wedge volume with the
same directions but with the proper magnitudes or cutoff lengths shown in Figure 2.20. The
cutoff wedge volume ¥’ = ¥V — v and the weight now is W = y V’. There is a possibility
of a tension crack forming on the face, but this possibility and others of rather problematic
geometry are not considered here.
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Figure 2.21 Normal forces resolved on joint planes A and B in a section perpendicular to the line of
intersection.

d

Figure 2.22 Construction of a plane normal to the line of intersection.

While the driving force is simply the downhill component of weight, normal forces
acting on the joints require further analysis. Figure 2.21 shows a resolution of normal forces
acting on the joint planes. The plane containing the normal component of weight is perpen-
dicular to the line of intersection and to the dip direction as shown in Figure 2.22. The angles
8, and §p, are given by

tan(8,) = S?n((ss) tan (g — o) (2.29)
tan(§p) = sin(d;) tan(ap — o)

where subscripts s, a, and b refer to the line of intersection and dip directions of joint planes
A and B, respectively. The line 4i in Figure 2.22 is perpendicular to the line of intersection
of the joint planes. Note: the line ab in Figure 2.22 is not the wedge crest. Careful inspection
of Figure 2.22 shows that the angles §, and §j, are not dips of the joint planes.
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Equilibrium in the x and y directions in the plane of analysis requires

Wn = N, cos(8,) + Np cos(8p)

) ) (2.30)
0 = N, sin(8,) — Np sin(8p)
Hence
W sin(8p)
7 sin(8, + 8p) 231)
W, sin(8,) ’

" sin(8, + 8p)
In case of water infiltrated joints, the total normal forces become the sum of effective normals
forces and water forces, that is, in wet ground
N, =Ny —P,

2.32
Nl; =N, —Pp ( )

As usual, the effective normal forces mobilize frictional resistance. Thus, in the absence
of a tension crack and forces other than weight and water, resistances are
R, = NI; tan(¢,) + cads

, (2.33)
Ry = Ny tan(¢p) + cpdp

An interesting special case occurs when the rock mass is dry, cohesion is lacking on both
joint planes and friction angles are equal. In this case

FS. — (W cos(8y) tan(¢)) |:sin(3;,) + sin(Sa)]
v W sin(85) sin(84 + 8p)

(2.34)

The term in parenthesis is a safety factor for a dry, cohesionless planar block slide FS),, while
the term in brackets is never less than one. Hence, in this special case

FSy > FS, (2.35)

Thus it seems that simply “folding” the failure surface of a planar block slide into a “winged”
failure surface increases the resistance to frictional sliding.

Calculation of water forces is done by integration of pressure distributions over wetted
areas of joint planes and tension crack, when present. As before, an estimate of the pressure
distribution is needed before the calculations can be done. The worst case occurs when the
water table follows the ground surface and so is coincident with the upland. Consider joint
plane 4 shown in Figure 2.23 where the water pressure is assumed to vary linearly up to a
depth equal to one-half the vertical distance between points ¢ and d on the line of intersection.
The water pyramid has a weight given by

W = yuda (%h) — yoda (%) BLS sin(ss>] _ P, 2.36)
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Figure 2.23 WVater pyramid on joint plane A.

which is just the force of water acting normal to joint plane 4. For joint plane B

Wy = ywAs (%h> = ywAB <%) [%LS Sin(as)] = Pp (2.37)

If a tension crack is present, then these forces need to be reduced by the forces cut off by the
crack. These forces are

) IN[T,
P = ywd, (§> [515 s1n(55)]

) INTL, .
Py = ywAy <§> [EZS 5111(85)]

where the prime on areas signifies cutoff areas of the joint planes. The water force acting
normal to a tension crack is also given by a “pyramid” formula. Thus,

(2.38)

1 I\[1
Wy = ywde (ghc) = ywAc (g) |:515 sin(&s)] =P (2.39)

which generally has uplift and downhill components because of the tension crack dip. Average
pressure over any surface is just weight divided by area. Thus, the average water pressure
acting on a triangle is just one-third the maximum in comparison with one-half maximum
for a rectangle.

If the vertical projection of the half-depth point intersects the face, so tan(8) < 2 tan(d,)
where f is the face angle, then a different maximum pressure should be used, as was the case
for planar block slides. In this case the vertical distance should be

i tan(p)
Y = [EL:—, sm(as)] [tan(as) - 1] (2.40)

and the maximum pressure is Yy )w-
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Table 2.2 Dip and directions, cohesion, and friction angles

for a wedge

Property Dip dir. Dip  Cohesion Friction angle
plane (,°) (6.°)  (c,psf) (9,°)
A-joints -30 60 1440 29

B-joints 120 60 720 23

Face 45 75 — —

Foreland 45 0 — —

Upland 45 0 — —

Tension crack 45 80 0 35

Example 2.13 Data for a potential wedge failure by sliding down the line of intersection
are given in Table 2.2

Foreland

Sketch for potential wedge failure without a tension crack

Assume the tension crack is not present, then determine dip and dip direction of the line of
intersection of joints 4 and B.

Solution:  First determine the joint plane normals my and mng. From Table 2.1,
ny = sin(60)sin(—30), sin(60)cos(—30), cos(60)=(—+/3/4), (3/4), (1/2). ng=sin(60)
sin(120), sin(60)cos(120), cos(60)=(3/4), (—~/3/4), (1/2) which are seen to be unit
vectors as they should be.

Next form the cross product ny x ng,

X y z
haxng=|—-3/4 3/4 1)2
3/ —3/4 1/2

2032

fig x ig = (0.5915, 0.5915, — 0.3750)

The length of a vector S pointing down the line of intersection from this result is 0.9167,
so the direction cosines of S are the direction numbers divided by the length, that is,
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(0.6452, 0.6452, —0.4091) which constitute a vector of unit length. An angle with cosine
—0.4091 is 114.1°. Hence the dip of the line of intersection &s = 24.1°.
The azimuth of the line of intersection is, by inspection, 45°. Also,

s 0.6452
tan(es) = = = 06452 ~
Sy .

which confirms the intuitive result that oy, = 45°.

Example 2.14 Given the data in Example 2.13 but without a tension crack, determine the
length of Line 1, if the vertical distance between points a and d is 68 ft.

Solution: The lines in the sketch in Example 2.13 are all lines of intersection between the
various planes 4, B, F' (face), and U (upland). In particular, Line 1 is the intersection of joint
plane A and the face plane F'. The cross product of the normals to these planes results in
a vector pointing along Line 1. The components of this vector allow for the determination
of dip and dip direction of the line. The solution procedure is similar to that for the line of
intersection of the joint planes in Example 2.13.

The normal vectors from the formulas in Table 2.1 are

ny = sin(60) sin(—30), sin(60) cos(—30), cos(60) = (—0.4330), (0.7500), (0.5000)
np = sin(75) sin(45), sin(75) cos(45), cos(75) = (0.6830), (0.6830), (0.2588)
X y z

fig x np = |—0.4330 0.7500 0.5000
0.6830 0.6830 0.2588

s ng x ip = (—0.1474,0.4536, —0.8080)
The length of this vector is 0.93826, so the direction cosines of the resulting vector S1 are

(—0.1568, 0.4834, —0.8611). An angle whose cosine is —0.8611 is 149.4°, so the dip of this
line is 1= 59.4°, as shown in the sketch.

Sketch for finding the length of Line |

The length of Line 1 is L1 = H/sin(01)=68/0.8611=79.0 ft.
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Example 2.15 Consider the wedge data given in Table 2.2, Example 2.13, and the normal
vectors

ny = sin(60) sin(—30), sin(60) cos(—30), cos(60) = (—0.4330), (0.7500), (0.5000)

ng = sin(60) sin(120), sin(60) cos(120), cos(60) = (3/4), (—\/5/4), (1/2)
ng = sin(75) sin(45), sin(75) cos(45), cos(75) = (0.6830), (0.6830), (0.2588)

developed from the formulas in Table 2.1. Cross products of ny and np lead to a unit vector
pointing down the line of intersection S5 = (0.6452, 0.6452, —0.4091); n4 and nf lead to
a unit vector pointing down Line 1 which is the intersection of the face and joint plane 4,
that is S1 = (—0.1568, 0.4834, —0.8611). Both lines of intersection vectors are unit vectors.
Find the angles between Line 1 and Line 5, between Line 1 and Line 3, and between Line 3
and Line 5.

Solution: The required angle may be obtained from the dot product between S1 and S5.
Thus, cos(615) =S1-S5=(—0.1568)(0.6452) + (0.4834)(0.6452) + (—0.8611)(—0.4091) =
0.5616, so 05 = 55.8°.

The angles 013 and 635 require a vector associated with Line 3. Line 3 is formed by the
intersection of the upland and joint plane 4, so a cross product of normals to U and 4 is
needed. The normal to 4 is known, and using the formula for a normal to a plane, the normal
to U is

ny = sin(0)sin(45), sin(0)cos(45), cos(0) = (0.0, 0.0, 1.0) which is intuitively correct as a
vertical, upward pointing vector of unit length.

The cross product nyy x ng = S3 =(—0.7500, —0.4330, 0.0000) which points from point
a to point c¢. The direction cosines of S3 =(—0.8660,— 0.5000, 0.0000). Both the x- and
y-components are negative, while the z-component of S3 is zero, so the vector points into the
third quadrant. The angles are —150° (or +-210°) from the x-axis, and 120° from the y-axis.
This result could also be obtained from the dip direction of 4 and the fact that the upland is
flat, so the azimuth of Line 3 is known (and has zero dip).

The angle 03 can be obtained with the dot product. Thus, cos(013) = (—0.8660)(—0.1568) +
(—0.5000)(0.4834) + (0)(—0.8611) = —0.1059. The negative sign indicates an angle greater
than 90°. Thus 013 =96.1°.

The third angle of the 4 joint plane triangle is 635 = 180° — 013 — 015 = 180—96.1-55.8 =
28.1°. This result should be checked by using the dot product of vectors S3 and S5. However,
for this calculation, the direction of S3 should be reversed. Thus, —S3 - S5 = cos(f35) =
(0.8660, 0.5000, 0.0000) - (0.6452, 0.6452, —0.4091) = 0.8813. An angle with cosine 0.8813
is 28.2°. Thus, 035 = 28.2° to within roundoff accuracy.

Example 2.16 Consider the wedge data given in Table 2.2, and results from previous
examples:

S1 = (—0.1568,0.4834, —0.8611),
3 = (—0.8660, —0.5000, 0.0000),
S5 = (0.6452,0.6452, —0.4091),
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which are unit vectors with direction cosines in parentheses and

015 = 55.8°,
013 = 96.0°,
035 = 28.2°.

which are the angles between sides of the 4 joint plane triangle where L1 = 79.0 ft and
roundoff error is compensated so the angles total 180°. Determine the area of joint plane 4.

Solution: Use the cross product to determine the area. In this case we may choose from

Ll I3 IS
sin(@ss) ~ sin(dys)  sin(813)

79.
= ————sin(55.8) = 138.3 ft
sin(28.2)

79.0
5= ———sin(96.0) = 166.3 ft
sin(28.2)

several combinations. For example, S1 x S3 = 24. Thus, 24 = ‘3’1‘ ‘§3‘ sin(#13). Here,

one views the line vectors having the direction of the unit vectors along L1 and L3, but also
having an actual physical length. In case of S1, the length (magnitude) is 79.0 ft. Before
proceeding, then one must determine the length of L3. A calculation using the sine law serves
the purpose. Hence, 24 =(79.0)(138.3)sin(96.0)=10, 865, and 4 = 5,433 ft* (joint plane A).

Example 2.17 Consider the wedge data given in Table 2.2, and results from previous
examples:

S1 = (-0.1568,0.4834, —0.8611),
S3 = (-0.8660, —0.5000, 0.0000),
S5 =(0.6452,0.6452, —0.4091),

which are unit vectors with direction cosines in parentheses and

015 = 55.8°,
013 = 96.0°,
035 = 28.2°

which are the angles between sides of the 4 joint plane triangle where L1 = 79.0 ft, L3 =
138.3 ft, and joint plane area A is 5433 ft?, and roundoff error is compensated so the angles
total 180°. Determine the volume of the wedge.

Solution: The volume of the wedge is the volume of the tetrahedron that forms the wedge.
Tetrahedron volumes are given by the vector triple product, that is, V' = (1/6)abc where the
vectors have their origin at one of the vertices of the tetrahedron and have lengths equal to
corresponding edge lengths. The triple product may be written as a - b x ¢. In this problem
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one may identify vectors b and ¢ as S1 and S3; a is then identified as a vector associated
with Line 6 S6, all of which have lengths equal to the respective line lengths. They are not
unit vectors for this calculation. The cross product part of the triple product is just twice
the 4 joint plane area, so V' = (1/6)L¢(24)cos(6) where L is the magnitude of a or length
of Line 6 and 6 is the angle between the normal to 4 and L6. The product Lgcos(6) is the
altitude of the “pyramid” with base 4, V = (1/3)hA which is just the formula for volume of
a pyramid. Thus, the problem requires knowing S6 (direction cosines and length).

The required information may be obtained in several ways. Because of the flat upland
(horizontal) in this particular case, one may proceed intuitively by first determining the
angles in the triangle that forms the top of the wedge in the upland. The sine law then yields
lengths of the two unknown edges from the trace length of Line 3 computed earlier. In the
general case, one must resolve angles and lengths of the face facet of the wedge.

In this case, examination of the geometry of the upland facet shown in the sketch results
in 634 = 30°, 636 = 75°, 046 = 75°.

According to the sine law

Ly Ly L
sin(646)  sin(636)  sin(634)

L L g (636) 1383 (75) = 1383 ft
= s = Sin = .
4T Sinls) Y T Sin(75)
Ly . 1383
= sin(f34) = sin(30) = 71.6 ft

sin(Bae) sin(75)

Also by inspection of the sketch and in consideration of the given data, the direction cosines of
S6 are (—1 /ﬁ, l/ﬁ, 0), a unit vector. When associated with L6 length, S6 (—50.6, 50.6, 0).
The normal to joint plane A4 is given by the formulas in Table 2.1. Thus, ng = [sin(60)sin(330),
sin(600)cos(330), cos(60)] = (—0.4330, 0.7500, 0.5). The cosine of the angle between the
normal to joint plane 4 and L6 is the dot product, that is, cos (6)= (—0.4330)(—0.7071) +
(0.7500)(0.7071) (0.5)(0.0) = 0.8365. Hence 6 = 33.23°. This angle is just the 6 needed to
complete the volume calculation. Thus, ¥ =(1/3)cos(33.23)(71.6)(5433)=108,464 ft’.

Example 2.18 Consider the wedge data in Example 2.13 and further suppose no tension
crack is present but a water table exists at the surface. The water table coincides with the slope
face. Use an approximation that the water pressure increases linearly with depth to a point
half the distance to the toe of the wedge and then decreases linearly to the toe. Determine the
water force on joint plane A that has area 5,433 ft2.
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Solution: The water force P is just the integral of water pressure p over the area 4. The
assumed water pressure distribution down the line of intersection is shown in the sketch.

_c WT
A
zn 6
- H
Z2
d

Water pressure distribution down the line of intersection

In this case, the maximum water pressure p(max) = yy(Z/2) = (62.4)(68/2) = 2,122 Ibf/ft?.
The water pressure distribution over the joint plane 4 must meet the requirements of zero
pressure along the traces of the joint plane on the upland and on the face.

C
") p(max)
3

' d

Water pressure distribution on joint plane A

An integration of this water pressure distribution gives a general formula for the water force.
Thus, P = p(max)A4/3 where A is the area of the wet plane surface. The average water
pressure over a triangular area is seen to be just one-third the maximum pressure. In this
particular case, the water force P = (2,122/3)(5,433)=3.84(10°) Ibf on joint plane A.

Example 2.19 The wedge in Example 2.8 has volume ¥ = 108,464 ft3. With a specific
weight of 158 Ibf/ft?, the weight is 17.14(10) 1bf. Given the line of intersection dip direction
as = 45° and dip & = 24.1°, determine the normal forces acting on joint planes 4 and B.

Solution: Normal forces must satisfy equilibrium; forces are illustrated in the sketches.

4

Line of intersection
d c,d

Looking up the line of intersection

Sketches of forces needed for normal force determination
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The normal and tangential components of weight are

W, = W cos(8;) = 17.14(10%) cos(24.1) = 15.64(10%) Ibf
W, = W sin(8,) = 17.14(10%) sin(24.1) = 7.000(10%) Ibf

Equilibrium requires

W, = N, cos(8,) + Np cos(8p)
0 = N, sin(8,) — Ny sin(8p)

Hence, the normal forces are

N, = 15.64(10% | 58| _ 15 64106) SBC8D 140410
aT sin(dp +84) |~ sin(113.4) ~—
sin(8,) sin(56.7)
Ny = 15.64(10%) | ———— | = 15.64(10%) ———— = 14.24(10°
b (0% [sin(sb T aa)] 10 3.4 10"

Determination of the angles &, and 8, was done with the aid of the formulas from the text.
These forces are equal as they should be in view of the symmetry of the wedge data. Thus,

tan(8,) = sin(d,) tan(ag — o) = sin(24.1) tan(45 — (—30)) = 1.525
tan(8p) = sin(d,) tan(ap — ag) = sin(24.1) tan(120 — 45) = 1.525

80 =8 = 56.7°

Example 2.20 Given the wedge data from Example 2.13 where the downhill component
of wedge weight is 7.000(10°) Ibf, the normal forces acting on joint planes 4 and B are
14.24(10%) Ibf, and each joint plane area is 5,433 ft?, determine the wedge factor of safety
(a) dry and (b) wet with water force P = 3.84(10°) Ibf.

Solution: By definition, the factor of safety is

FS=—
D

_ Ry+Rp

- WY

_ Njtan(gy) + cada + Ny tan(pp) + cpdp

= T

_ 14.24(106) tan(29) + 1440(5433) + 14.24(106) tan(23) + 720(5433)
- 7.000(106)

FS = 3.67(dry)

[14.24(10%) — 3.84(10%)] tan(29) + 1440(5433) + [14.24(10°) — 3.84(10%)] tan(23) + 720(5433)
7.0(106)

FS = 3.13(wet)
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2.2 Rotational slope failures

Two important types of rotational slope failures are (1) a conventional reverse rotation along
a surface that is often approximated as a circular arc transecting a soil-like material and
(2) a forward rotation associated with foppling of rock blocks. Although such failures may
initially have a rigid-body character, slide masses deform considerably and often disintegrate
as motion continues beyond the stage of incipient failure. Soil slopes may be natural slopes,
cut slopes for roads or built-up slopes such as waste dumps, leach heaps, tailings dams, canal
banks, water retention dams, and so forth.

Stability analysis of soil slopes shares basic principles with slopes in jointed rock masses,
but the expected mode of failure is different. Rotational failure is the norm. Figure 2.24
illustrates a rotational failure that occurs along a segment of a circular arc. A safety factor
with respect to moments is appropriate. Thus,

_MR

FS = — 241
i 241)

which is simply the ratio of resisting to driving moments.
With reference to Figure 2.24, moment equilibrium about the center of rotation O requires

/rsin(ot)de:/erA (2.42)
14 4

where 7 is the radius to a typical volume element in the slide mass, y is specific weight of
slide mass material, R is the radius of the “slip” circle, V' is volume of the slide mass, and 4
is the area of the failure surface which is the length of the circular arc multiplied by thickness
of the section, b. Evaluation of the integral on the right clearly requires knowledge of the
distribution of stress over the failure surface.

Figure 2.24 Moments from surface and body forces for a slope failure along a circular arc.
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Figure 2.25 Circular arc slope failure and subdivision into slices. Slices are numbered |,2,...,n.

The method of slices is a way of approximating the overall equilibrium requirement of
the slip circle mass. There are many varieties of the method; an important beginning is the
simplified Bishop method. Figure 2.25 shows the same slope divided into vertical slices.
Replacement of integration by summation results in the approximation,

Z Rsin(a) W; = Z RTj(stress) = Z RT;j(strength)/fs; (2.43)
1 1 1

where a local safety factor fs is introduced for each slice 7 as the ratio of strength to stress
and there are » slices in the slope. If the slice safety factors are all the same, that is, fs; =
constant = FS, then assuming a Mohr—Coulomb failure criterion

_ Y I RTi(strength) 7 N/ tan(¢;) + cid;

FS = =
S Rsin(a;) W; > sin(e) Wi

(2.44)

where the prime denotes effective normal force and radius R is a constant. Terms in the
denominator are just “downhill” or driving components of slice weights W (7).

Effective normal slice forces are estimated from an approximate slice equilibrium analysis.
Figure 2.26 shows forces acting on a typical slice. With neglect of the side forces, the total
normal force is simply the normal component of slice weight and the effective normal force
is the normal component of weight less the water force. Thus, the slope safety factor is now

_ 2 [(W, — P) tan(¢) + cd]
2 Ws
where all quantities after the summation signs may vary from slice to slice. This feature of

the method of slices allows for considerable complexity to be taken into account during a
stability analysis.

FS

(2.45)
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Figure 2.26 Slice free body diagram.

Example 2.21 Consider a 45° slope, 150 ft high with a potential circular arc failure surface
that is a quarter-circle with moment center shown in the sketch. Suppose ¢ = 25°, ¢ =
1,440 psf, y = 100 pcf, and the water table is below the slope toe. Determine the slope safety

using just five slices of equal width (30 ft). Number the slices beginning at the toe, so slice
5 is at the crest.

Sketch for analytical slices solution

200
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Solution: There are several avenues leading to a solution. One avenue is graphical where
a carefully drawn diagram to a suitable scale allows for measurements that need to be made
from the diagram. Another is to do calculations by hand. A third and, perhaps, the most
efficient is to use a spreadsheet guided by analytical expressions for the slope face and slip
circle.

Table 2.3 presents slice geometry data from an evaluation of analytical expressions, while
volume and weight data are given in Table 2.4.

The angle of inclination of a slice base from the horizontal («) is calculated from the radius
R and the horizontal distance to the midplane of the slice. For example, in case of slice 3,
sin(a) = (1/2)(60 + 90)/150 = 0.5 and o = 30°. The chord length of a slice base can be
computed from slice width and angle. In case of slice 3, L = 30/cos(30°) =34.64 ft.

The factor of safety with respect to moments for the considered failure surface is

_ (150)(211,783 + 298, 186)
- (150)(325,154)

FS = 1.568

A computer code result gives 1.536 for simplified Bishop and 1.584 for Janbu methods where
25 slices were used in the computations. The difference in the coarse, 5-slice calculation and
the finer 25-slice is about 2% using the simplified Bishop method. The Janbu method is
somewhat optimistic compared with the simplified Bishop method in this example with a
safety factor that is higher by about 3% according to computer code results. The difference
is less when compared with the example, the spreadsheet result, which is about 1% lower
than the Janbu result. All three results show a safety greater than 1.5 and would indicate a
safe, although rather steep slope.

Water forces are calculated as the product of average pressure and wetted area. Thus, for
each slice below the water table

P; = pA; = ywhid; (2.46)

where A4; is the average head of water in the ith slice, 4; = bl; is the area of the base
of the ith slice, b is breadth, and /; is slope length. The average head may be approxi-
mated by the vertical distance from water table to midpoint of the slice bottom shown in
Figure 2.26.

Example 2.22 Consider the data in Example 2.21 and further suppose a water table is
present at the crest and follows the face to the toe of the bank. Determine the safety factor of
the given slip circle under this wet condition, again using five slices.

Solution: After adding a column for water force to the given data, one has Table 2.5
data.

Water forces P are calculated using the formula P = y h(ave)Lb. For example, in case of
slice 3, P =(62.4)(53.74)(34.64) (1) = 116,161 1bf.



Table 2.3 Slice points, side lengths, and average height

Slice x (ft) y (f) h (f) h (ave ft)
0.00 0.00 0.00

[ 13.48
30.00 3.03 26.97

2 37.22
60.00 12.52 47.78

3 53.74
90.00 30.00 60.00

4 60.00
120.00 60.00 60.00

5 30.00
150.00 150.00 0.00

Orrigin is at the slice toe.

Slice width Ax = 30 ft.

Length of side h is distance between slope face and slip circle.

Average length is the mean of the side lengths, the height of the midplane.

Table 2.4 Slice volume, weight, and force data

Slice Volume Weight Angle Wh Ws Ntan(¢) cLlb
(%) (Ibf) ) (Ibf) (Ibf) (Ibf) (Ibf)
| 404.54 40,454 5.74 40,251 4,045 18,769 43,418
2 1,116.70 111,670 17.46 106,526 33,501 49,674 45,286
3 1,612.16 161,216 30.00 139,617 80,608 65,105 49,883
4 1,800.00 180,000 44.43 128,546 126,000 59,942 60,492
5 900.00 90,000 64.16 39,230 81,000 18,293 99,108
Total  5,833.4 583,340 325,154 211,783 298,186

Slices are b = | ft thick into the page.
Volume = h(ave)bAx.

Wy, = W cos(a).

Ws = Wisin(a).

Table 2.5 Slice volume, weight, and force data (wet case)

Slice  Volume Weight  Angle W, P Ws N'tan(¢) cLb
(ft?) (Ibf) °) (Ibf) (Ibf) (Ib (Ibf) (Ibf)

404.54 40,454 574 40,251 25,371 4,045 6,939 43418

|

2 1,11670 111,670 17.46 106,526 73,047 33,501 15,612 45,286
3 1,612.16 161,216 30.00 139,617 116,161 80,608 10,938 49,883
4 1,800.00 180,000 44.43 128,546 157,290 126,000 —13,399 60,492
5 900.00 90,000 64.16 39,230 128,840 81,000 —41,786 99,108

Total 5,833.4 583,340 325,154 21,696 298,186

Slices are b =1 ft thick into the page.Volume= h(ave)bAx. W, = W cos(a). Ws = W sin(a).
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The factor of safety with respect to moments for the considered failure surface is

_ (150)(~21,696 + 298, 186)
- (150)(325,154)

FS =0.850

A computer code gives 0.840 for simplified Bishop and 0.800 for Janbu methods where
25 slices were used in the computations. All results indicate an unsafe slope.

Although one example is not proof, the simplified Bishop method is generally optimistic in
cases of high water tables. However, all results cited indicate the need for remedial measures,
one of which is, obviously, drainage.

The presence of negative effective normal forces indicates water forces in excess of the
normal component of slice weight. This situation is physically acceptable (and may occur
on steeply inclined slices) provided cohesion is adequate to support the indicated tension
(negative force). Otherwise a negative shear strength would be implied in which case slice
resistance should be set to zero.

Seismic, surcharge, and bolting forces may be included in a stability analysis by the method
of slices. The seismic load on the ith slice S; = W;a, which is directed horizontally toward
the slope face. Surcharge forces F; act only on slices j supporting the surcharge and act
vertically. Bolt forces are applied to slice bottoms. Resolution of these forces into normal
(and tangential) components then modifies the effective normal force through the simplified
normal equilibrium equation. However, the moment arms are more easily calculated for the
total forces. Figure 2.27 shows seismic, surcharge, and bolting forces acting on a slice and
the moment arms associated with each force. Thus,

Ms (i) = R (i) cos(aic)S (i)
Mp (i) = Rsin(a;)F (i) = RF (2.47)
Mp(i) = RTy(i)

where moments associated with seismic and surcharge forces are driving, while the bolting
moments associated with the tangential component of bolting forces are resisting. Subscript
¢ refers to the slice center, as shown in Figure 2.27 and 73 is the tangential bolting force
component: 7p = Fp cos(a — §) where § is the bolting angle, which may be negative if the
bolt hole is down.

The factor of safety with respect to moments with seismic surcharge and bolt forces is

FS — >N’ tan(¢p)+c4 . > Flcos(e — 8 — ¢)1[1/cos(¢)] 2.48)
i Ws + (Ms/R) + Fs > Ws+ (Ms/R) + F '
where N' = W, — P — S, + F,. If the effective normal force is negative (tensile), then
frictional resistance is nil and the corresponding contribution to the summation is zero. Not
all terms may be present in every slice. For example, if surcharge or bolting forces are absent,
then no contributions from the considered slice are made to the summations. If the bottom
of a slice is above the water table, no water force is present in the expression for effective
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0 %Rsin(a) —

R, cos(xc)

Figure 2.27 Seismic, surcharge, and bolting forces acting on the ith slice. Point c is slice center.

normal force for that slice. Again, cohesion and angle of internal friction may vary from slice
to slice. The second term on the right is associated with bolting and shows the safety factor
improvement that may be obtained by bolt reinforcement. The presence of the slip circle
radius R in this expression is a reminder that the mode of failure is rotational and the safety
factor is with respect to moments.

In some cases the slip circle may dip below the toe of the slope as shown in Figure 2.28.
Inspection of Figure 2.28 shows that tangential components of weight to the left of the bottom
of the slip circle (O’) oppose rotation and are therefore associated with resisting moments
rather than driving moments. These resisting moments need to be added to the other resisting
moments rather than to the driving moments. Symbolically then with only weight forces
considered,

py = ZiMet 2 R (2.49)
> i RV

where there are i total slices in the slide mass, j resisting slices to the left of the slip circle
bottom, and i — j driving slices to the right.

Example 2.23 In some cases, the slip circle may dip below the toe of a slope, as shown
in the sketch. In such cases, some slices have an inclination of the tangential component
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Figure 2.28 Slip circle dips below slope toe.

of weight that opposes rotation of the slide mass. Modify the safety factor expression to
accomodate the case where the slip circle dips below the toe.

Slices example
60

50
40 1

30 4

201 —o— Face

—+— Radius
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—— Circle

—40 -20 \\’k 20 40 60 80 100

Horizontal distance (ft)

Solution: The safety factor equation for the case where the slip circle does not dip below
the toe is

_ Mp YV [N/tan(¢) + CiIR

T Mp Y Wisin(a)R

FS

where W = weight, @ = inclination of slice bottom chord from the horizontal, R = circle
radius, C = cohesive force, N’ = effective normal force, and ¢ = angle of internal friction.
The number of slices is n. Modification to allow for the case when the slip circle dips below the
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toe requires examination of the moments resisting and driving, Mg, Mp, respectively. After
distinguishing between slices with tangential components of weight opposing and driving
the motion, one has

_ 21 IV tan(¢y) + GiR + 3V RW; sin(e;)

Y 1 RWisin(a;)

FS

where m is the number of slices that have tangential components of weight that oppose the
motion. These slices contribute to resisting moments. Slices m + 1 to » have tangential
components of weight that tend to drive the motion.

An important question in slip circle stability analyses is whether the considered slip circle
is the most dangerous one that has the lowest factor of safety. Consideration of a different
potential slip circle would result in a factor of safety that could be greater or less than the
safety factor from the first analysis. Clearly, a search is necessary to discover the slip circle
with the lowest safety factor. A new slip circle could obviously be generated by simply
increasing the slip circle radius R from the same center of rotation. A change in the center
of rotation using the original slip circle radius would also generate a new slip circle. As a
search is conducted, there may be multiple minimums because there is no guarantee that
two different slip circles will not have the same minimum safety factor. For example, there
may be a small slip circle entirely in the slope face that has a low safety factor and another
slip circle well into the slope that also has a low safety factor. Thus, although a simple hand
calculation using a limited number of slices, say, five or six, may suffice for a single analysis,
multiple analyses are needed to find the critical slip circle that is associated with a minimum
slope safety factor. Moreover, the failure surface may not be circular, so a modified method
of slices is required that allows for noncircular slip surfaces.

When multiple analysis or parametric design is done in the presence of different soil types,
water tables and so forth, the computational burden increases considerably and, as a practical
matter, a computer program is needed for such analyses. There are a number of such programs
in use that allow for a variety of forces, water tables including perched water and noncircular
slip surfaces that can be used to great advantage once the fundamentals are well understood.

Remedial measures

Measures to improve safety against rotational slope failure must increase the net resisting
moment or decrease the net driving moment. A base case where weight provides the driving
moment has an associated factor of safety given by

> (W cos(a) — P) tan(¢) + ¢4

FS = > W sin(a)

where a tacit assumption is made that the slip circle does not dip below the slope toe and
summation is over all slices. However, ¢ and ¢ may vary from slice to slice.

Reduction of water forces by depressurization (drainage) is clearly beneficial. Complete
drainage would eliminate the negative term in the safety factor expression. This action
increases resisting moments and is the method of choice to improve the slope safety factor
in wet ground.
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Inspection of the last term on the right shows that reduction of weight W increases the
contribution of cohesion to the factor of safety and is beneficial. The resisting moment
associated with friction is also affected by weight. Thus, reduction of weight decreases both
resisting and driving moments, so the situation is unclear. However, if one considers a single
slice safety factor with respect to forces or moments for a circular slip surface with neglect
of side forces as before, then

_ Wicos(ay) tan(¢y) + cid;
B Wi sin(a;)

fs i

Reduction of slice weight J¥; clearly increases this slice safety factor. The suggestion is that
the slope safety factor FS is also increased by reducing weight.

Weight can be reduced in two ways (1) by decreasing the slope face angle g, and (2) by
removing material from the crest. The first applies only to slices that have tops along the
slope face, while the second applies to all elements that have driving moments caused by
weight. Relieving the crest of weight, as shown in Figure 2.29, effectively reduces the slope
angle when the angle is the inclination of a line drawn from toe to crest of slope. Slope
height remains unchanged. Crest relief is readily quantified after recalculating weights of the
affected slices only.

Another method of improving the safety factor is to buttress the toe. This method is
shown in Figure 2.30. The effect of the toe buttress may be computed after assuming an
extended failure surface that requires the toe to be pushed horizontally by the slide mass
during impending rotation along the considered slip circle. Frictional and cohesive resisting
forces are determined and then applied to the toe where the contribution to the net resisting
moment is calculated. Thus,

Mt = Rcos(at) Wt + ctATt (2.50)
where the subscript T means “toe,” Wt is weight of the buttress, ¢t is the friction angle

between buttress material and base or toe material the buttress contacts, Ct is cohesion
between buttress and base, and A is the area of the buttress bottom. This buttress moment

(¢]

Yy = 4

Crest
relieving bench

g_

Figure 2.29 Crest relief.
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Toe buttress

o
Crér
Figure 2.30 Toe buttress for safety factor improvement.
Rock dum
\ P 4

Figure 2.31 Evolving waste dump and potential base failure.

is added to the net resisting moment in the safety factor expression. With reference to
Figure 2.30, a portion of the buttress extends up the slope face and loads slices below.
This weight effect could be introduced into the slice weight calculation directly or perhaps
as a surcharge. If so, then the toe weight should be reduced accordingly.

Base failures

An important departure from failure over a segment of a circular arc is base failure. Base
failure occurs in foundation material below a slope or other “surcharge,” for example, as
shown in Figure 2.31 where a waste dump is formed. Successive additions to the dump
eventually cause the superincumbent load to exceed the bearing capacity of the base. If the
base material above bedrock is relatively thin, failure may follow the contact between base
and bedrock, as illustrated in Figure 2.31. A failure mechanism then forms that allows for
large displacements with very little increase in load; collapse impends.
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Figure 2.32 Limit equilibrium diagram for simple base failure.

Bearing capacity is related to base material cohesion, angle of internal friction, and to the
contact properties characterized by a different cohesion (adhesion) and friction angle. Water
seepage through waste dump and base material further complicate the situation, especially
if collection ditches and drains are present. Base failures may also form below tailings dams
whether placed on flat ground, hillsides, or in valleys. Any base failure obviously poses a
threat to failure of the waste dump or tailings dam above.

A limiting equilibrium solution is rather complex even in an idealized two-dimensional case
shown in Figure 2.32 where the length of the base is long relative to the width, 25. The reason is
the superincumbent load tends to penetrate base material pushing it downward immediately
below the load, shearing the material radially at the corner point, and pushing adjacent
base material aside. This combination of failure mechanisms is indicated schematically in
Figure 2.32. An analytical solution exists for base material that is considered weightless.
Thus,

_ c 1 + sin(¢)
= (tan(¢)) {(1 - sin(¢)) expl tan(¢)] — 1 2.51)

which is the major principal stress acting normal to the (weightless) base material and is the
“ultimate” bearing capacity.

Assumption of weightlessness allows the analytical solution to go forward, but there is an
associated cost. This solution indicates that a cohesionless sand has zero bearing capacity
contrary to reality. Neglect of weight is the cause of this deficiency. Several adjustments have
been suggested in the form of adding a pseudocohesion to the formula that is estimated from
the effect of weight as a confining pressure on cohesionless material strength. Thus cohesion
¢ in the above formula should be replaced by

;L 1 1 4 sin(¢)
c=c+ <§> ybtan(¢) lm (2.52)

where y is specific weight of base material and b is the half-width of the loaded area that is
assumed to be long relative to width (two-dimensional view). Analysis of base failures falls
naturally into the important category of foundation design analysis that is beyond the scope
of this discussion. The main point is to avoid taking base stability for granted in the analysis
of embankments of any type.
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Toppling failures

The simplest type of toppling failure is a kinematic instability that occurs when conditions
lead to forward rotation, tumbling, of a relatively high, narrow rock block as shown in
Figure 2.33. The block in Figure 2.33 may “fail” in several ways (1) sliding down the
inclined plane supporting the block; (2) toppling by falling forward, and (3) sliding and
toppling. A simple equilibrium analysis leads to stability conditions for each mode of failure.
Considering the block in frictional contact with the plane below, the no-slip condition is
FS > 1. Thus, tan(«) < tan(¢) insures stability against sliding. Moment equilibrium shows
that when tan(«) < (b/h) toppling does not occur. Combinations of both conditions satisfied,
one or the other satisfied, and neither satisfied are shown in Figure 2.34 where b/ is plotted
as a function of «.

A second form of toppling appears when rather continuous joints dip into a slope as shown
in Figure 2.35(a) where blocks formed by intersecting joints form gaps near the slope face
and lean downslope one against the other. An equilibrium analyses of a series of idealized
blocks is possible that requires force and moment equilibrium in consideration of frictional
contact between blocks.

Figure 2.33 Simple toppling and sliding schematic.

Toppling and sliding stability diagram

[* =0
No sliding Sliding
no toppling no toppling

b/h=tan(c)

Block width to height ratio (b/h)
N W A U1 8 N 0O VOV o

Sliding
1 No sliding toppling
0 : - 4T toppling i i i ,
0 10 20 30 40 50 60 70 80 90

Inclination angle (°)

Figure 2.34 Toppling and sliding of a block on an inclined plane (Figure 2.33).
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@

(b)

Figure 2.35 Alternative “toppling” interpretation (a) joints dipping into face and (b) results of shearing
of an anisotropic rock mass near face.

An alternative view is that the slope face is deforming in shear, shown in Figure 2.35(b).
Shear resistance along the steeply dipping continuous joints is much smaller than shear
resistance down the slope and across the joints. As excavation proceeds, this anisotropy of
rock mass strength leads to a stepped face and small reverse slopes formed by blocks jutting
upward from the face.

2.3 Problems

Planar block slides

Work according to homework assignment standards. Problems 2.1-2.4 are algebraic, as
you will see. Problems 2.5-2.9 are quantitative. Download or run the program PLANAR
or similar program from the “net” and use it to check your answers to Problems 2.5-2.9
inclusive. Resolve or explain any discrepancies.
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2.1

2.2

23

24

2.5

2.6

2.7

Derive an expression for the factor of safety F'S for a planar block slide with a tension
crack behind the crest. The slope height is H and has a face angle 8 measured from
the horizontal to the slope face; the failure surface is inclined at o degrees to the
horizontal. Tension crack depth is /4. Only the force of gravity acts on the slide mass;
specific weight is . A Mohr—Coulomb failure criterion applies to the failure surface
(cohesion is ¢, angle of internal friction is ¢). Note: The slide mass extends b units
into the plane of the page. Show schematically a plot of S (y-axis, range from 0.0 to
4.0) as a function of the reciprocal of the slope height H~! (x-axis, range from 0.0 to
0.001) and discuss briefly the form and significance of the plot.

Modify the expression for the safety factor from Problem 2.1 to include the effect of a
water force P acting on the inclined failure surface. Note that the water table is below
the bottom of the tension crack.

With reference to Problem 2.2, suppose the water pressure p increases linearly with
depth (according to p = yyz where z = depth below water table and yy, = specific
weight of water) from the water table elevation down to a point one-half the vertical
distance to the slide toe and then decreases linearly from the halfway point to the toe.
Consider a seismic load effect S that acts horizontally through the slide mass center
with an acceleration ag given as a decimal fraction a, of the acceleration of gravity g
(as = aog, typically a, = 0.05 to 0.15, depends on seismic zone). Modify the safety
factor expression from Problem 1 to include seismic load effect S.

Given the planar block slide data shown in the sketch where a uniformly distributed
surcharge o is applied to the slope crest over an area (b/), first find the slope safety
factor without a surcharge and then find the magnitude of the surcharge possible for
a slope safety factor of 1.1 against translational sliding. Note that b =25 ft (7.62 m).

Sketch for Problems 2.5-2.9 Data:c = 50 psi (345 kPa),y = 156 pcf (24.68 kN/m3), ¢ = 29°, H =500 ft
(152 m), Hy =depth of water table below crest, b = distance into the page, n = bolting angle (+ up).

Consider the planar block slide in the sketch. If no surcharge is present, find the
maximum depth H of excavation possible before failure impends.

Suppose the slope in the sketch is cable bolted. No surcharge is present. Bolt spacing
is 50 ft (15.2 m) in the vertical direction and 25 ft (7.6 m) in the horizontal direction.
Bolts assemblages are composed of 12 strands of Type 270 cable (495,600 Ibf, ultimate
strength or 2.22 MN) and are installed in down holes (5°). Design tension is 60%
of the ultimate strength. Find the safety factor obtained by bolting and therefore the
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2.8

29

2.10

2.11

2.12

2.13

improvement in the safety factor obtained (difference between the bolted and unbolted
slope safety factors).

Consider the planar block slide in sketch without surcharge, seismic load, and bolt
reinforcement and suppose the water table rises to the top of the slide. Find the safety
factor of the “flooded” slide mass.

Suppose the cohesion of the slide mass shown in the sketch decreases to zero and no
surcharge, seismic load, or water is present. Determine whether the slide mass will
accelerate, and if so, the magnitude and direction of the acceleration of the slide mass
center.

Some data for a possible planar block slide are given in the sketch. If « = 35°, 8 =
45°, and H = 475 ft (145 m), what cohesion ¢ (psf, kPa) is needed to give a safety
factor of at least 1.5?

$=28°
c=?
7=160 pcf (25.3 kN/m?)

Consider the planar block slide in the sketch. (a) Show algebraically that reduction of
the slide mass volume from ¥, to V1 by excavating a relieving bench near the crest
necessarily increases the safety factor, provided the water table is lowered below the
toe. (b) Show that placing a berm of weight I¥; at the toe of the slide, where cohesion
c1 and friction angle ¢ are mobilized at the berm bottom, necessarily increases the
safety factor, other factors remaining the same.

"wi 7 )L‘Lhc

LCI’(bI

Sketch for Problems 2.1 1-2.12. Schematic and notation for Problems 2.11,2.12. WT = water table,
hw = water table depth, hc = tension crack depth. Water table is fixed and follows the slope face
down to the toe.

With reference to the sketch, if no tension crack is present, & = 29°, y = 156 pcf
(24.7 kN/m?), joint persistence = 0.87, no crest relieving bench and no toe berm are
being considered, determine (a) the maximum slope height # when 8 = 50° and the
water table is at the crest, and (b) when the slope is completely depressurized. Rock
and joint properties are given in Table 2.6.

A generic diagram of a slope in a jointed rock mass that is threatened by a planar block
slide is shown, in the sketch. Although not shown, bench height is 55 ft (16.76 m).
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Table 2.6 Properties for Problem 2.12

Property ¢° 4

material psfIMpa
Rock 320 64,800/3.12
Joint 25.0 1,620/0.078

Given that Mohr—Coulomb failure criteria apply, the clay-filled joints constitute 93%
of the potential shear failure surface, no tension cracks have yet appeared and:

slope height

failure surface angle
slope angle

friction angle (rock)
cohesion (rock)
friction angle (joint)
cohesion (joint)
specific weight
tension crack depth
10 water table depth

11 seismic coefficient
12 surcharge

0 NN N kA~ WN -

el

H =7 ft (m);

o =32°;

B =49%

¢ = 38°

¢ = 1000 psi (6.90 MPa);
¢ =27°

¢j = 10 psi (0.069 MPa);

y = 158 pef (25.0 kKN/m?);
he = 0.0 ft (m);

hy = 0.0 ft (m);

a, = 0.00;

s = 0.0 psf (kPa)

Find the maximum pit depth possible without drainage.

Sketch and notation for Problems 2.13,2.14,2.16

2.14

A generic diagram of a slope in a jointed rock mass that is threatened by a planar block

slide is shown in the sketch. A minimum safety factor of 1.05 is required. Although
not shown bench height is 60 ft (18.3 m). Determine if FS =1.05 is possible, given
that Mohr—Coulomb failure criteria apply, the joints constitute 79% of the potential
shear failure surface, slide block weight is 1.35 1(107) Ibf/ft (198.6 MN per meter) of

thickness and:

slope height

failure surface angle
slope angle

friction angle (rock)
cohesion (rock)
friction angle (joint)
cohesion (joint)

NN R W~

H = 540 ft (165 m);

o = 32°;
B =145
¢r = 33°;
¢ = 2870 psi (19.8 MPa);
¢ = 28°;

¢j = 10.0 psi (0.069 MPa);
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2.15

2.16

2.17

8 specific weight y = 158 pef (25.0 kN/m3);
9 tension crack depth A, = 50.0 ft (15.2 m);

10 water table depth hyw = 60.0 ft (18.3 m);

11 seismic coefficient a, =0.15;

12 surcharge o = 0.0 psf (0.0 kPa).

If FS < 1.05, will drainage allow the safety factor objective to be achieved?
Given the following planar block slide data:
Mohr—Coulomb failure criterion applies

1 slope height H =613 {t (187.8 m);

2 failure surface angle o = 34°;

3 slope angle B=17°

4 friction angle ¢ =30°%

5 cohesion ¢ = 1440 psf (0.069 MPa);
6  specific weight y = 162 pcf (26.63 kKN/m?).

Find the maximum slope angle B possible, when the water table is drawn down below
the toe of the slope. Note: No tension crack forms.

A generic diagram of a slope in a jointed rock mass that is threatened by a planar block
slide is shown in the sketch. With neglect of any seismic load, find the slope height
(pit depth) possible with a safety factor of 1.15, given that Mohr-Coulomb failure
criteria apply, the joints constitute 86% of the potential shear failure surface and:

1 slope height H =7 ft (m);
2 failure surface angle o« = 37°;
3 slope angle B =48°
4 friction angle (rock) ¢, = 33°;
5 cohesion (rock) cr = 2580 psi (17.79 MPa);
6 friction angle (joint)  ¢j = 33°;
7 cohesion (joint) ¢j = 0.0 psi (0.0 MPay);
8 specific weight y = 162 pef (25.63 kN/m?);
9 tension crack depth he = 0.0 ft (m);
10 water table depth hyw= 0.0 ft (m);
11 seismic coefficient a, =0.15;
12 surcharge o = 0.0 psf (kPa).

With reference to the sketch of the potential slope failure shown in the sketch, find:

(a) the factor of safety of a cable bolted slope when the water table is drawn down
100 ft (30.5 m), bench height is 40 ft (12.2 m) (vertical bolt spacing), horizontal
bolt spacing is 20 ft (6.1 m), the bolting angle is 5° down, and bolt loading is
700 kips (3.14 MN) per hole;

(b) the factor of safety of the same slope but without bolts when the water table is
drawn down below the toe.

The design trade-off here is between drainage and bolting. Any reasons for preferring
one or the other?

Note: A tension crack 37 ft (11.3 m) deep is observed at the crest behind the face.
The slope is 320 ft (97.5 m) high, failure surface angle is 32°, slope angle is 40°,
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specific weight is 158 pcf (25.0 kN/m?3), cohesion is 1440 psf (0.069 MPa), and the
slide surface friction angle is 28°.

™ Crack tension

Wedge failures
3
a
Sketch and generic wedge notation for Problems 2.18-2.22
2.18 Given the data in Table 2.7, determine the direction angles of the normal vectors to

2.19

2.20

2.21

222

2.23

joint planes 4 and B.

Calculate the dip and dip direction of the line of intersection of joint planes A4 and B,
then sketch the result in compass coordinates.

Given that the vertical distance between points a and d is 120 ft (36.6 m), determine
the areas of joint planes 4 and B, assuming no tension crack is present.

Use computer programs to verify the area data in Table 2.7 with a tension crack present
and a rock specific weight of 158 pef (25.0 kN/m?). What is the wedge safety factor
when the water table is below the toe of the slope? Note: Tension crack offset (ae) is
90 ft (27.4 m).

With reference to the generic wedge in the sketch and the specific data in Table 2.8
if the safety factor with respect to sliding down the line of intersection is greater than
1.10, then safety is assured. The water table is at the crest of the slope (but may be
lowered to meet the safety criterion), vertical distance between a and g is 85 ft (25.9 m),
point e is 48 ft (14.6 m) from point a, rock specific weight is 158 pcf (25.0 kN/m?)
and active wedge volume is 3,735 yd> (2,856 m?). What range of face orientations
(dip directions) is of concern in an open pit mine where benches 95 ft (28.96 m) high
are planned?

Two joints K1 and K2 are mapped in the vicinity of a proposed surface mine. Joints in
set K1 have dip directions of 110° and dips of 38°; joints in set K2 have dip directions
of 147° and dips of 42°. Determine if potential wedge failures may form, and if so,
what the dip direction and dip of the lines of intersection would be, and the range of
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Table 2.7 Data for Problem 2.18%

Parameter Dip dir.  Dip  Cohesion psf  Friction angle  Direction angles  Area fi2

plane °) (°)  (kPa) °) of normals (mZ)
o,B,y (°)

Joint A 0 60 1,080 (51.7) 32 8,072 (750)

Joint B 90 60 1,640 (78.5) 37 8,072 (750)

Face 45 8 — —

Upland 45 5 — —

Tension crack 45 75 0 39 1,312 (122)

Notes

a Wedge volume is 11,683 yd3 (8,932 m3).

Table 2.8 Data for Problem 2.22
Parameter Dip dir.  Dip  Cohesion psf  Friction angle  Direction angles  Area ft2
plane °) (°)  (kPa) °) of normals (mz)

@B,y (°)
Joint A 90 45 1,800 (86.2) 26 3,318 (308)
Joint B 180 45 1,080 (51.7) 32 338 (31.4)
Face 135 7% — —
Upland 0 0o — —
Tension crack 148 68 0 48 7,144 (664)

Table 2.9 Data for Problem 2.24

Parameter Dip dir.  Dip  Cohesion psf  Friction angle  Direction angles  Area fi2
plane °) (°)  (kPa) °) of normals (m?)
a,B.y (°)

Joint A 30 60 2,800 (134) 26

Joint B 120 60 5280 (253) 32

Face 75 8 — —

Upland 65 5 — —

Tension crack 55 75 0 39

2.24

bench face azimuths that should be examined more closely for slope stability. Sketch
the data and results.

Note: Formula for a joint plane normal (ny ny n;): (sin(d)sin(c), sin(8) cos(a),

cos(8)). Also, the components of a unit normal vector to a joint in set K1 are (0.5785,
—0.2106, 0.7880).
With reference to the generic wedge shown in the sketch and the data in Table 2.9,
the water table is below the toe, vertical distance between 4 and O is 85 ft (25.9 m),
point T is 40 ft from point 4, rock specific weight is 158 pcf (25.0 kN/m?), and active
wedge volume is 3,850 yd® (2,944 m?). (a) Find the dip direction (azimuth) and dip
of the line of intersection of joint planes 4 and B. (b) Find the range of intersection
line azimuths that preclude sliding down the line of intersection. (c) Find the length
of the line of intersection between the face and plane A. Note: The foreland is flat.
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Table 2.10 Data for Problem 2.25

Parameter Dip dir. Dip Cohesion psf  Friction angle Direction angles of normals Area ft2
plane € ) (kP C) By (o) (m?)

Joint A 60 60 1,440 (68.97) 35 414 644 60.0 10,550 (980)
Joint B 210 60 720 (34.48) 28 1157 138.6 60.0 10,642 (989)
Face 135 70 — — 484 131.6 70.0 —

Upland 0 0o — — 900 900 0.0 —

Tension crack 118 58 0 48 41,5 1135 580 310 (28.8)

2.25

2.26

227

Tension crack

H =vertical
distance

o

Toe of slope
Sketch and notation for Problems 2.24-2.27

With reference to the wedge shown in the sketch and the Table 2.10 data, if the safety
factor with respect to sliding down the line of intersection is greater than 1.10, then
safety is assured. Can this objective be met? Yes, no, maybe? Explain. Note: The
water table is below the toe of the slope, vertical distance between A and O is 100 ft,
point T is 150 ft from point A and wedge volume is 308,000°.

Given the wedge data in Table 2.11, if the vertical distance between crest and the
point where the line of intersection between the joint planes intersects the face is
120 ft (36.6 m), find the dip direction, dip, and length of the line formed by the
intersection between the joint plane 4 and the face F. Note: This is line 1 in the
sketch. Upland is flat.

With reference to the generic wedge shown in the sketch and the data in Table 2.12,
the water table is below the toe, vertical distance between 4 and O is 25.9 m (85 ft),
point T is 12.2 m (40 ft) from point A4, rock specific gravity is 2.46, and active wedge
volume is 2,944 m> (3,850 yd?). (a) Find the dip direction (azimuth) and dip of the
line of intersection of joint planes 4 and B. (b) Find the range of intersection line
azimuths that preclude sliding down the line of intersection. (c) Find the length of the
line of intersection between the face and plane 4. Note: The foreland is flat.
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Table 2.1 1 Data for Problem 2.26

Angle Dip dir. Dip
surface ) ©)
Joint plane A 0 45
Joint plane B 120 60
Face F 90 45
Upland U 90 45

Table 2.12 Data for Problem 2.27

Parameter Dip dir. Dip Cohesion kPa  Friction angle ~ Direction angles Area m?2
plane °) (°)  (psh °) of normals (ft2)
@By (°)
Joint A 30 60 134(2,800) 26
Joint B 120 60 253 (5,280) 32
Face 75 85 — —
Upland 65 5 — —
Tension crack 55 75 0 39
Table 2.13 Slice widths in ft
Slice | 2 3 4 5 6 7 8 9
Width
ft 8 8 16 16 16 12 928 8 2.19

m 244 244 4.88 4.88 4.88 366 283 244 067

Rotational slides

2.28 Consider a bank 40 ft (12.2 m) high with a slope of 30° that may fail by rotation on a
slip circle of radius 60 ft (18.3 m) with center at (20, 48 ft) or (6.10, 14.63 m) relative
to coordinates in ft with origin at the bank toe. In this case, the clip circle dips below
the toe. Cohesion and friction angle are 720 psf (34.5 kPa) and 18°. Table 2.13 gives
widths of nine slices to be used for analysis. Numbering proceeds from the left near
the toe to the right at the slope crest.

(a) Use a spreadsheet to analyze the slope stability and to show that the factor of
safety is 2.164. Verify the reliability of this result using the computer program
Slide or similar method of slices program. Attach a print of your spreadsheet
and also attach prints of the slope and slip circle from the Interpreter and the
Infoviewer of Slide. Note: The water table is below the bottom of the slip circle,
that is, dry case.

(b) Repeat the analysis using your spreadsheet and then verify with Slide or equivalent
using a water table that coincides with the toe-slope face-crest profile. What are
the safety factors from your spreadsheet and from Slide? Again, attach prints of
your spreadsheet and two prints from Slide.
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2.29 With reference to the sketch and tables, find the safety factors for the four cases posed
using the method of slices. Include all important calculations. If you use a spreadsheet,
include suitable data prints.

Complete a table for each of the conditions following:

With water table (WT) 1 and no relieving benches

With WT 2 and no relieving benches

With WT 2 and a 140 x 60 ft (42.7 x 18.3 m) relieving bench at the crest

With WT 1, a 140 x 60 ft relieving bench at the crest, and a relieving Bench 2
at the toe required to give a factor of safety of 1.05. Compute the length L of
Bench 2 in this case.

B W —

Ground surface 7 140 Not to scale
N B C o
Young drifc | 60 YYT1\|A Rejief penchl /7 |DN 45 Slope face
Old drift 40 2 R=160 \ Relief bench 2
WT2Z \L_4 U N\
Medium clay 38 3 pad Interface |\ \
Varved clay 22 4 N\

2 Interface 2 )
Sketch for Problem 2.29. Units are ft.

Table for Problem 2.29

Section Weight o W; W, P Wn tang R ¢ L

Factor of safety =
Notes: Units are feet-ft (m).

Water table 1 (WT1) is 30 ft (9.14 m) below the ground surface.
Water table 2 (WT2) is 100 ft (30.5 m) below the ground surface.
Areas ft? (m?):

Parts of relief bench 1: slices:

A=118(10.96) 1=470 (43.7)
B=1,682(156.3) 2=1,937 (180)
C=4,800 (445.9) 3=5451(506.4)
D=1,800 (167.2) 4=12,246 (1,137.7)
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2.30

231

Properties®:

Property Cohesion ¢ psf  Friction angle ¢  Specific weight y pcf
material (kPa) ©) (kN/m3)

Young drift — 36 110 (17.4)

Old drift — 33 125 (19.8)

Interface | 800 (38.3) — —

Medium clay 2,300 (110.2) — 125 (19.8)

Varved clay 2,800 (134.1) — 105 (16.6)

Interface | 700 (33.5) —

Iron formation = — — —

Notes
a A blank means zero (0). Drift is cohesionless, clay and interfaces are frictionless.

The difference between dry and wet specific weight is neglected in this problem.

With reference to the sketch illustrating a rotational slide being considered for a method
of slices stability analysis, show that the inclusion of seismic forces as quasistatic
horizontal forces results in the expression

ps = MR _ Y-/ [N/ tan(¢) + GiIR
T Mp  YDWsin(a) + 5;(ri/R) cos(B)IR

and present a formula for the effective normal force in this expression. Illustrate with
a slice force diagram and be sure to state important assumptions.

7

Sketch for analysis of seismic slice force S

Given the potential one-foot thick slope failure along the circular arc (R = 300 ft,
91.44 m) shown in the sketch, the data in Table 2.14, a slope height = 120 ft (36.6 m);
slope angle = 29°, specific weight = 95 pcf (15.0 kN/m?), cohesion = 367 psf
(17.6 kPa), and angle of internal friction= 16°, find:

1 seismic force on slice 7, if the seismic coefficient is 0.15;
2 water force at the bottom of slice 7;
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3 force safety factor of slice 7 alone taking into account the seismic and water
forces;
4 safety factor for the considered slip surface with no seismic or water forces acting.

Sketch and circular arc schematic for Problems 2.31-2.33.

2.32  Given the potential one-foot thick slope failure along the circular arc (R =300 ft,

233

91.44 m) shown in the sketch and the data in Table 2.14, find the safety factor possible
with drawdown of the water table below the failure surface. Slope height is 120 ft
(36.6 m); slope angle is 29° and specific weight is about 95 pcf (15 kN/m?). Cohesion
is 367 psf (17.6 kPa) and the angle of internal friction of the material is 16°.

Given the potential one-foot thick slope failure along the circular arc shown in the
sketch and the data in Table 2.14, find the safety factor for slice 2 and for slice 7,
then show algebraically the safety factor for the slope. Slope height is 120 ft (36.6 m),

Table 2.14 Data for Problems 2.31-2.33.

Par. slice Weight Ibf 10° «(°) Lft Hft  WaIbf10° PIbf10°5 N Ibf 10° W; Ibf 10°

(MN) (m) (m) (MN) (MN) (MN) (MN)
[ 283 40 60 30 0.983 0.825
(0.575) (1829) (9.14)  (0.440) (0.370)
2 2.778 28 30 52 2.453 1.304
(1.245) (9.14)  (15.85) (1.100) (0.584)
3 4.489 24 30 75 4.101 1.826
.011) (9.14)  (22.86) (1.837) (0.818)
4 6.413 13 30 90 6.248 1.443
(2.873) (9.14)  (27.43) (2.800) (0.646)
5 10.90 3 56 97 10.885 0570
(4.58) (17.18) (29.57) (4.877) (0.255)
6 11.33 10 60 97 11.158 1.976
(5.076) (1829) (29.57) (4.999) (0.885)
7 10.29 24 75 82 9.400 4.185
(4.610) (22.86) (24.99) (4.2110) (1.875)
8 5.985 38 60 60 4716 3.629
(2.681) (1829) (1829) (2.113) (1.626)
9 2.779 45 56 5 1.965 1.965
(1.245) (17.18) (457) (0.880) (0.880)
10 1.283 66 83 — 0.799 1172

(0.575) (25.30) (0.358) (0.525)
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slope angle is 29°, and specific weight is about 95 pcf (15 kN/m?3). Cohesion is 367 psf
(17.6 kPa) and the angle of internal friction of the material is 16°.

2.34  Giventhe circular failure illustrated in the sketch, find algebraically the factor of safety.
Assume that the material properties and geometry of slope and slices are known.

%

w

AN
T

Dynamics, toppling

2.35 Consider the possibility of a rock slide starting at point 4 and ending at B, as shown in
the sketch, and suppose the slide is driven by gravity and resisted by friction. Derive
expressions for acceleration, velocity, and distance moved down slope by the mass
center of the slide over any segment of constant inclination from the horizontal. Be
sure to identify all terms and assumptions.

2.36 Given the slope profile in vertical section shown in the sketch and an angle of friction
¢ = 15°, if the mass center of the slide is initially at 1, determine the height of the
mass center after sliding. This is the distance of 5 above the valley floor.
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Not to scale

hy=1200 ft
(366 m)

o, =35°

hy=650 ft
(198 m)

|<» 100 ft
(30.5 m)

2.37 Toppling of tall blocks is possible when one corner tends to lift off from the base
supporting the block, as shown in the sketch. Show that the block is stable provided
tan(ow) < (1/3) tan(B) where tan(8) = b/h when the ground reaction is a triangular
distribution. Note: Weight I is vertical; the base is inclined «° from the horizontal.

b

a

2.38 A rock block with a square base rests on a 28° slope. The block base plane has a
friction angle of 32°. There is no adhesion between block and base plane. Find the
base dimensions necessary to just prevent toppling.



Chapter 3
Shafts

Shafts are vital access ways for many underground mines. They provide passageways for
personnel, materials, and ventilation air. Vertical shafts are the norm, but inclines are also
used. Shafts must be engineered for a long, stable design life; they must be safe at all points
along the shaft route. Where the rock mass is strong and the in situ stress is low, an unlined
shaft may be acceptable, for example, a ventilation shaft, but usually some provision is
needed for preventing loose rock from cascading down the shaft. Even small rock fragments
can do great harm after falling from considerable height. Rock bolts, steel strapping, wire
mesh, screen of some type, lacing, and lagging are commonly used to prevent minor falls of
rock in shafts and are usually installed during shaft sinking. A relatively thin concrete liner
serves the same purpose and also provides a smooth surface that reduces air friction loss in
ventilation shafts.

If the safety factor of the unlined, unsupported shaft wall is acceptable, then no additional
supportis needed beyond that provided by shaft framing which may be wood or steel, although
steel is the most commonly used material today. Shaft framing partitions the shaft space
into compartments for hoisting personnel and material, and for utilities (electrical power,
compressed air, drill water, and pump water) as well as for ladders that allow passage of
personnel. Spacing of shaft framing is variable but generally of the order of feet or meters.
Ends of shaft framing are usually placed in notches excavated in the shaft walls (bearing
sets), but may also rest on bearing plates (ledges) bolted to the walls.

3.1 Single unlined naturally supported shafts

Calculation of a safety factor (FS) for an unlined shaft wall is straightforward in principal,
but requires attention to geological details. Thus,

S Strength
"~ Stress

Co

FS=— 3.1
o 3.1
T

FS=2
Ot

where C, and T, are the unconfined compressive and tensile strengths of the shaft wall rock,
and o, and oy are the peak compressive and tensile stresses at the shaft wall. If tension or
compression is absent, then the associated safety factor is not an issue. These safety factors
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use stress and strength at a point and therefore are local. However, when the most highly
stressed point at a shaft wall is within the elastic limit, then all other points at the shaft wall
have higher safety factors and thus overall or global safety is assured. Safety factors of 2 to 4
in compression and 4 to 8 in tension have been suggested (Obert et al., 1960, chapter 3).

Although a safety factor calculation as such is simple in the extreme, determining the
requisite strength and stress requires thoughtful attention to details of rock mass strength and
stress and how they may be influenced by shaft route geology. The safety factor approach
implies that the rock mass response to load is initially elastic, but that the elastic range of
deformation is limited by rock mass strength. Within the elastic range of stress, shaft wall
displacements remain small. These conditions may not always be met. For example, an
important exception occurs when a shaft route penetrates bedded salt that behaves much
like a highly viscous fluid. Shales may also exhibit a significant time-dependent component
of displacement and lead to “squeezing” ground. Densely jointed rock masses may tend
to flow because of joint alteration mineralogy and inelasticity. The presence of acid mine
waters, saline solutions, and liquid and gaseous hydrocarbons may further complicate a
rock mass response to stresses induced by shaft excavation. Nevertheless, elastic behavior
is the usual expectation and is the model followed in the absence of field evidence to the
contrary.

Shaft wall stress concentration

In elastic ground, the peak stresses act tangentially at the shaft wall and may be obtained
from stress concentration factors K and K; for compression and tension, respectively. Thus,

o, = K5

ot = KiS) G2
where S is the major principal stress before excavation. If a stress concentration factor is
negative, then the associated stress is opposite in sense to S;. Stress concentration factors are
obtained from solutions to problems in the mathematical theory of elasticity and are simply
the ratios of peak to reference stresses. The usual reference stress in rock mechanics is the
preexcavation or applied major principal stress. Usually compression is considered positive.
Peak stresses occur at hole boundaries and depend on:

hole shape

aspect ratio

principal stress ratio M
orientation.

ENRNOS I S

Common shapes are rectangular and circular. New shafts are quite likely to be circular and
for this reason the circular shaft is important. Older shafts are likely to be rectangular, and
so extension of an existing shaft may involve a rectangular shape. Elliptical sections are
possible but rare, although a circle may be considered a special ellipse. Aspect ratio refers to
the ratio of section dimensions, for example, “width” W, to “height” H,. The principal stress
ratio M is the ratio of minor to major premining stress S3/S;. Orientation is determined by
the angle the long axis of the opening makes with the major principal premining stress.
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Unlined circular shafts

A model of an unlined shaft with circular cross section is a circular hole excavated in a
slab of unit thickness that is loaded by uniformly distributed stresses over the sides of the
slab. Relative displacement between slab faces is zero (plane strain). In linearly elastic,
homogeneous, isotropic rock, the circumferential (tangential) normal stress at the shaft wall is

ot = (81 +83) — 2(S1 — $3) cos(20) (33)

where S1 and S3 are the major and minor applied (preshaft) principal stresses and 6 is the
angle from the direction of S} to the point of action of oy (see, for example, Obert and Duvall,
1967, chapter 3) Circumferential stress concentration K at the shaft wall is then

K = (1+M)—2(1 — M) cos(20) (3.4)

where M is the ratio of preshaft minor to major principal stress and 6 is a counterclockwise
angle from S to the point of stress concentration at the shaft wall. Figure 3.1 illustrates a
compressive stress concentration at the wall of a circular shaft according to Equations (3.3)
and (3.4).

Equation (3.4) is similar in each quadrant, so only the first quadrant needs to be examined.
Maximum and minimum values of K occur at 0° and 90° in this quadrant and have values
Kmax = 3 — M) and Kyin = (—1 + 3M). By definition, M < 1. Although this restriction
allows for very large but negative values of M, a range between —1 and +1 is reasonable,
while a range between 0 and +1 includes most practical cases. Table 3.1 describes the state of
stress for selected values of M. The first case in Table 3.1 (pure shear or “diagonal tension”)
is unlikely, while the last case is highly improbable in nature, but is included for the sake of
completeness.

Figure 3.2(a) is a plot of (3.4) for a range of M values and shows the vanishing of ten-
sion at the shaft wall for M > 1/3. This result suggests that tensile failure of an unlined
shaft is often not a consideration. All curves have a common point of K = 2 at = 60°.
Figure 3.2(b) is a graphical representation of (3.4) for M = 0 (uniaxial compression). Stress

Figure 3.1 Compressive stress concentration at the wall of a circular shaft.



Table 3.1 Principal stresses for selected M values?

Case M Principal stresses  Physical description

—1 S3=-5, Pure shear

0 S3=0 Uniaxial compression

+1 S3 =+§) Hydrostatic compression
—00 S;=0 Uniaxial tension

Note
a Compression is considered positive.

Stress concentration factor—k

—— M=-1 —a— M=-3/4
| —A— M=—1/2 e M=-1/4
—2.00
—— M=0 —— M=1/5
L
-3.00 — M=13 = M=12
! —— M=3/4 g M=+l
—4.00
0 10 20 30 40 50 60 70 80 90

Angle from s| (°)

(b)

Figure 3.2 (a) Stress concentration at the wall of a circular shaft at 5° intervals for a range of principal
preshaft stress ratios (M values) and (b) graphical representation of stress concentration
about a circular hole.
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A

Figure 3.3 Peak tensile and compressive stress concentration about a circular hole.

concentration magnitude is proportional to radial line length; tension (negative) is plotted
inside the excavation boundary, while compression (positive) is plotted outside. The scale
bar under K = 1 shows a stress concentration of one.

The peak compressive stress concentration K. always occurs parallel to the direction of
S1 at £90° and ranges from 2.0 to 3.0, as a practical matter. When M > 1/3, the minimum
stress concentration factor is compression and only safety with respect to compressive stress
failure is of concern. However, when tension is present (M < 1/3), the peak tensile stress
concentration factor K occurs perpendicular to S7 at 0° (and 180°) and ranges from —1 to nil,
as a practical matter. Figure 3.3 shows the location and orientation of these peak compressive
and tensile stress concentrations.

Consider a hypothetical case of a vertical, circular shaft sunk in a preshaft stress field
attributable to gravity alone. The vertical preshaft stress is then unit weight of rock times
depth (Sy = yH); the horizontal stress in any direction is some fraction of the vertical
stress. Assume compass coordinates, so x = east, y = north and z = up, then in the x- and
y-directions, the horizontal stresses Sy and Sy, are some fraction of the vertical stress, that is,
Su = Sh = Ko Sy. In plan view, Sy = S, = S1 =853, M =1 (hydrostatic case) and the shaft wall
is in a uniform state of compression. The compressive stress concentration factor K, = 2,
hence FS =FSy, = Co/2K, Sy in plan view (horizontal cross section). In vertical section, a
vertical compressive stress acts at the shaft wall that is equal to the preshaft vertical stress.
Thus, in vertical section, Sy = S| and S3 = 0, but there is no stress concentration of the
vertical stress. In this view, the unlined shaft wall safety factor is simply FS =FS, = C,o/Sy.
In a gravity-only initial stress field; FSy is often less than FS; and therefore governs the
design, but both safety factors should always be computed.

Example 3.1 A vertical, unlined circular shaft is sunk in a preexcavation stress field caused
by gravity alone. Estimate the peak stresses in horizontal and vertical sections as functions
of depth. Note: The ratio of horizontal to vertical stress is 1/3.
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Solution: Peak stress may be obtained from stress concentrations and reference stresses.
There are no tensile stresses. In plan view, the stress concentration factor is 2 and in
section is 1.

However, the reference stress in plan view is the horizontal preexcavation stress, while in
section, it is the vertical preexcavation stress. Thus, the peak compression in plan view is

o = 28,
= 2K,Sy
=@(1/3)yh
oc = (2/3)(y /144)h
where stress o is in psi, specific weight y is in pcf, and depth 4 is in ft. The peak stress in
psi in this case is about 2/3 times the depth in ft.

In vertical section, the preexcavation and postexcavation stresses are equal, so the
poststress compression at the shaft wall o, = Y/ or about 1 psi per foot of depth.

i s Sketch for shaft problem Plan view Vertical section
H
[
!
Y(N) Y
|
! 5|
) =2
L r=a
\
\
<o X(© Sy |
> < |

Example 3.2 A vertical, unlined circular shaft is sunk in a preexcavation stress field caused
by gravity alone. Estimate the peak stress concentrations in horizontal and vertical sections
as functions of depth.

Solution: In a gravity stress field, the vertical preexcavation normal stress is unit weight
of rock times depth, so Sy = yh where y is unit weight of rock and 4 is depth from the
surface. Compression is considered positive. The unit weight is not given, so an estimate
is necessary for a numerical calculation. Horizontal normal stresses, Sy and Sy, say, in the
east and north directions (compass coordinates, z is positive up) are equal in a gravity stress
field and are some fraction of the vertical stress. Thus, Sy = Sy, = K, Sy where K, is some
decimal fraction. An estimate of K, can be obtained by considering the gravity field to be
applied to an elastic rock mass under complete lateral restraint. This assumption implies zero
lateral strains. In consideration of Hooke’s law

E8h=0
=5, — vSy — vSy
0= (1—-v)S, —vSy
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v
Sh:SH:<1_v>Sv

A reasonable value for Poisson’s ratio is 0.25, so that K, = 1/3.

Sketch for shaft problem Plan view

Vertical section
S

r=a

0 X(E) S,
} (

A formula for stress concentration about a circular hole can be obtained from the expression
for the tangential stress. Thus, at the shaft wall of radius a

oy = (@) 2) — (@) (4) cos(20)

=25,
= 2K,Sy
oo = (2)(1/3)yh

as shown in the sketch.

The compressive stress concentration K, in a horizontal plane (plan view) is by definition
the ratio of peak stress to reference stress which is the preexcavation major principal stress
in the considered view, that is, Sy. Hence, K. = 2 in plan view and is independent of depth.

In vertical section, the postshaft vertical stress is equal to the preshaft vertical stress. Hence
the stress concentration factor (in compression) K¢y = S1/Sy = 1 and is also independent of
depth.

There are no tensile stresses in either view, so tensile stress concentration need not be
considered.

Example 3.3 A vertical circular shaft is proposed in a region of high horizontal
stress. Measurements along the shaft route indicate the preshaft principal stresses in psi
(compression positive) are given by
Sy = 1.1(y /144)h, Sy, = 100 4 1.5(y /144)h, Sy = 500 + 2.2(y /144)h
(h is depth in feet).
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Determine the strengths (C,, 7)) needed for safety factors with respect to compression and
tension of 1.5 and 2.5, respectively, at 3,750 ft, with y = 160 pcf.

Solution: A sketch illustrates the situation in plan view. In this view, the tangential stress
is given by

op = (1/2)(SH + 50)(2) — (1/2)(SH — Sh)(4) cos(26)
The extreme values of this function with respect to 6 are at zero at 0° and 90°. The extreme

values are —Syg + 35,60 = 0°) and 3Sy — Sp(0 = 90°). Because Sy > S , the first is the
minor stress which is tensile when 35, < Su; the second is the major compression.

Sketch for shaft problem Plan view
lSh: 100 +1.5 (y/144)h

A

a9

0 H $1,=500+2.2 (/144)h
<

Y

Thus,

0 (0) = —[500 + 2.2(160/144)3,750] 4 (3)[100 + 1.5(160/144)3,750] = 9,383 psi
0(90) = (3)[500 + 2.2(160/144)3,750] — [100 + 1.5(160/144)3,750] = 22,650

By definition FS; = C, /0. and FS; = T, /ot. No tension is present, so tensile strength is not a
factor. The compressive strength needed is (1.5)(22,650) = 33,975 psi, arelatively high value
even for intact core tested in the laboratory. Reinforcement and support would be needed
before reaching the considered depth. In vertical section o = S, = 1.1(160/144)(3,750) =
4,583 psi which is considerably less than the peak compression in plan view.

Unlined elliptical shafts

An elliptical shape introduces two additional considerations for unlined shaft safety factor
calculations: aspect ratio and orientation. In case of elliptical shafts, when the axes of the
ellipse coincide with the preshaft principal directions, if a is the semi-axis parallel to .S} and
b is parallel to Sz, then the stress concentration tangential to the shaft wall is given by

(=) = M) +2k(1 + M) — (1 = M)(1 + k) cos(2)

K
(14 k%) — (1 — k2) cos(2a)

(3.5
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Stress concentration about an elliptical

hole — uniaxial load s, parallel to "a

5
X 4
[
g —a— bla=2/3
& 3 = bla=312
c
g 2
g
3 |
v
c
S o
§ ._—.44'/;/
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Figure 3.4 Stress concentration about an elliptical shaft with semi-axes ratios of 2/3 and 3/2 under
uniaxial stress (M = 0)S| applied parallel to the semi-axis a.

where £ is the aspect ratio b/a, which may be greater or less than one (see, e.g. Jaeger and
Cook, 1969). The angle « is related to the polar angle by tan(6) = (b/a) tan(«) where angles
are measured counterclockwise from the direction of S;. In the case of a circular shaft, k = 1
and (3.5) reduces to (3.4). Figure 3.4 shows how K varies with « for two selected values of
k (2/3 and 3/2). Inspection of Figure 3.4 suggests that peak stress concentrations occur at the
ends of the semi-axes, that is, at the sides and ends of an ellipse (f = o = +90°,0 = @ = 0°
and 180°) as in the case of a circular shaft. Indeed, this is the case. In fact, stress concentrations
at the ends of an ellipse semi-axes with S parallel to semi-axes a are

2

Ky=04+2k)—M

(3.6)

which reduce to the circular case when & = 1. Figure 3.5(a) shows the meaning of stress
concentration factors K, and K5 when the long axis of an ellipse is parallel to S;(k < 1);
Figure 3.5(b) shows the situation when the long axis is perpendicular to Sy (k > 1). In case
M = 0, the tension under S; at the ends of the a semi-axis is equal to S7 (but opposite
in sign) regardless of k, while the compression at the ends of the b semi-axes is much
greater when the long axis of the ellipse is perpendicular to S;(k > 1). Figures 3.5(c)
and (d) show graphically two uniaxial cases: (c) when the applied load is parallel to the
long axis of an ellipse with semi-axes ratio b/a = 2/3 and (d) when the applied load is
perpendicular to the long axis of an ellipse with semi-axes ratio b/a = 3/2. These cases are
those plotted in Figure 3.4. If both stress concentration factors are positive, then tensionis nota
factor.

Consider an elliptical shaft with a semi-axes ratio k = 1/3 in a preshaft stress field
characterized by M = 1/4. The long axes of the shaft cross section is parallel to S;
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@ (b) 3

k=312
k=273

$,=0, 5,=I
K,=2.33 oo

I=
1

K,=-1.00

semi-axis b/a=2/3 semi-axis b/a=3/2

Figure 3.5 (a) and (b) Stress concentration factors Kq and K}, about an elliptical shaft. (c) and (d)
Stress concentration about two uniaxially loaded ellipses.

and according to (3.6), K, = +0.75(+3/4),K, = +1.42(4+1 — 5/12), and tension is
absent. If the long axis is perpendicular to Sy, so k¥ = 3, then K, = —0.59(—7/12) and
Kp = +6.75(4+6 — 3/4). These numbers illustrate a rule of thumb that states the most favor-
able orientation of an elliptical excavation is with the long axis parallel to the major preshaft
compression.

Example 3.4 An elliptical cross section may be advantageous in a stress field where the
major and minor preexcavation stresses S1 and Sz are aligned with the geometric axes of the
section. Show that the preferred orientation is with the long axis of the ellipse parallel to S;.
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Solution: The peak stress concentrations at the wall of an elliptical section occur at the
ends of the geometric axes. The peak stresses are given by the formulas

0q = K81 = =81 + (1 +2/k)S3 = S1l(1 + 2/k)M — 1]
op = KpSi = =83 + (1 + 2k)Sy = S1[(1 + 2k) — M]

where the meaning of terms is shown in the sketch, k = b/a and M = S3/S1.

+S3

M.
y
T

S|

(a) Long axis parallel to §; (b) Short axis parallel to S,

Sketch illustrating the meaning of ellipse formula terms

In the uniaxial case, M = 0, so when the long axis is parallel to S1,k < 1,K, = —1 and
Kp = 1 + 2k, and when the short axis is parallel to S,k = k' > 1,K, = —1, as before, and
Kp = 1+ 2k’, which is a larger number than the first case. These observations suggest that
when the long axis is parallel to Sy, the peak compression will be minimal. A change in axis
orientation corresponds to using the reciprocal of k. If & is the aspect ratio when the long axis
is parallel to the x-axis (Case 1), then use of the reciprocal k¥’ = 1/k corresponds to the case
where the long axis is normal to the x-axis (Case 2). Examination of the stress concentration
factors for points a and b shows that K; > K} and K, > K/, always and that K, > K,, when
k > M. With this proviso, the stress concentration factors are ordered: K1; > Kp > K, > K.
Thus, stress concentrations in Case 1 are bounded by those in Case 2, provided £ > M.

For a given value of preexcavation stress ratio M, one may choose an ellipse aspect ratio £
that meets this condition. The best orientation is then with the long axis parallel to the major
compression before excavation. High aspect ratio ellipses are unlikely to be considered in
practice, so the condition £ > M is not too restrictive. For example, given M = 1/3, then for
k=1/2,K, =14212)—1/3 =4.67,K, = 1+2(1/2) = 2,K, = [14+2/(1/2)1(1/3)=1] =
0.67, K/ = —0.33. Thus, when the long axis of the ellipse is oriented parallel to S1, the stress
concentrations at b and a are 2 and 0.67, respectively. If the long axis were normal to Sy,
the stress concentrations would be 4.67 and —0.33, respectively, where the negative sign
indicates a tension (at a).

Consider a problem of selecting the best elliptical shape for a given in situ stress field. The
problem is to determine the optimum £ for a given M. Optimum from the ground control
view means lowest stress concentrations. Suppose the given stress state is hydrostatic, so
M =1, then K, = 2/k and K; = 2k according to (3.6). Both stress concentration factors
are positive. Thus tension is not a factor. Optimum or least compressive stress concentration
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can now be obtained by reducing the larger of K, or K}. Ideally, one has neither K, > K} nor
Kp > K,. Hence, the optimum occurs when K, = K}, that is, when k£ = 1. Thus, a circular
shape, a special case of an ellipse, is optimum when the preshaft stress state is hydrostatic.
This situation occurs for vertical shafts in ground where the stress state is caused by gravity
alone.

Example 3.5 A vertical shaft of elliptical section is being considered in a region of high
horizontal stress. Measurements along the shaft route indicate the preshaft principal stresses
in psi (compression positive) are given by Sy = 1.1, S, = 100 + 1.54,S5 = 500 + 2.24
(h is depth in feet). Determine the optimum orientation and aspect ratio of the section.

Solution: The peak stress concentrations at the wall of an elliptical section occur at the
ends of the geometric axes. The peak stresses are given by the formulas

0y = K81 = =81 + (1 +2/k)S3 = S1[(1 +2/k)M — 1]
op = KpS1 = =83+ (1 +2k)S1 = S1[(1 + 2k) — M]

where the meaning of terms is shown in the sketch, k = b/a and M = S3/S].

Vs,

(a) Long axis parallel to S, (b) Short axis parallel to S,

Sketch illustrating the meaning of ellipse formula terms

An optimum orientation would be one that reduces stress concentration to a minimum, so
the stress concentration at b is no greater or less than at @ and tension is absent. Thus,

K,=Kp>0
A+2/k)M —1=0+4+2k)—M

100 + 1.5A

k=M= —" """
500 4+ 2.2h

so the aspect ratio varies with depth, but is equal to the preexcavation stress ratio at any
particular depth. At the surface £ = 0.200 and at great depth £ = 1.5/2.2 = 0.682.
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The best orientation is with the long axis a parallel to Sy. In this orientation, with k = M,
K, = Kp = 1 + M and indeed the wall of the ellipse is in a uniform compression. At the
surface, the stress concentration is 1.2; at great depth the stress concentration is 1.682.

With the short axis parallel to Sy, K, = 2M? + M and K, =1—M +2/M, which is
greater than 1 + M and therefore less favorable at any depth.

If a circular section were considered, the stress concentrations would be —1 4+ 3M and
3 — M or —0.4 and 2.8 at the surface; 1.046 and 2.318 at great depth. The elliptical section
shows a considerable advantage over the circular section in this stress field. However, other
considerations such as difficulty in excavation to the proper shape would need to be considered
before final selection of the shaft shape.

In vertical section, the shaft wall stress is equal to the preshaft stress and stress concentration
is one. This value is less than stress concentration in plan view of the best orientation and
aspect ratio (1+M) for M = k > 0. Hence, the plan view section governs design.

Example 3.6 Suppose a vertical shaft of elliptical section 14 ft x 21 ft is being considered
for sinking to a depth of 4,350 ft. The horizontal stress in the north—south direction is esti-
mated to be twice the vertical stress caused by rock mass weight, while the east—west stress
is estimated to be equal to the “overburden” stress. Unconfined compressive strength of rock
is 22,000 psi, as measured in the laboratory; tensile strength is 2,200 psi. Determine shaft
wall safety factors as functions of depth with the section oriented in a way that minimizes
compressive stress concentration.

Solution: Shaft wall safety factors with respect to compression and tension, by defini-
tion, are

C T,
FS. = =2, FS; =2
O¢ Ot

In case of an ellipse, the peak stresses at the ends of the semi-axes are:

04 = KoS1 = =81 + (1 +2/0)S3 = S1[(1 + 2/k)M — 1]
op = KpS1 = =53+ (1 +2k)S1 = Si1[(1 + 2k) — M]
k=14/21=2/3 <1, M = Sgw/Sns =1/2,
0 = K81 ==8S1+ 1 +2/k)S3 =8511(1 +2/(2/3))(1/2) — 1] = 51(1.00)
op = KpS1 = =83 + (1 +20)81 = Si11(1 + 2(2/3)) — 1/2] = 51(1.83)
The maximum and minimum stress concentration factors are both positive, so no tension

is present. With respect to compressive stress, the shaft wall safety factor as a function of
depth is

C
FSe = —
1.838)
B 22,000
T 1.83(2)(158/144)h
5,478
FS, = =—

h



100 Shafts

where /4 is in feet and the specific weight of the rock mass is estimated to be 158 pcf. The
long axis of the section is in a north—south alignment.
The safety factor in vertical section is

22,000 20,050

FSey = =
(158/144)h h

When the ellipse axes do not coincide with the preshaft principal axes, an orientation effect
is introduced into the stress concentration formula (3.6). Thus,

(1 = k2)(1 — M) cos(2B) + 2k(1 + M) — (1 — M)(1 + k)% cos(2B — 2ax)

K =
(1 +42) — (1 — k2) cos2a)

(3.7

where 8 is an inclination angle measured counterclockwise from S to a as shown in
Figure 3.6(a). Alternatively, the applied stresses include a shear stress relative to x — y axes
coincident with the ¢ — b semi-axes, as shown in Figure 3.6(b). Principal stresses and
directions seen in the shaft cross section are given by the usual equations. Thus,

1/2
S1 _ Svx + Syy Syx — Syy : 2
5 } == 5 +(Tyy)

tan(2B) = #
T G —s2)

(3-8

where Sy, Syy, Ty, are the preshaft stresses in the shaft cross section and B is measured
counterclockwise from the x-axis. There are two solutions for 8; care must be exercised in
selecting the correct one. One method is to consider that the major principal stress will be
“nearest” to the largest given normal stress and then to measure the angle obtained from
a calculator using the arctan function from the direction of the largest given normal stress
using the sign convention that counterclockwise is positive. For example, suppose stress

@ (b)

Figure 3.6 Orientation of an elliptical shaft when shear stress is present.
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measurements show Sy, = 1,500, S,,, = 2,500, Ty, = 866 in unspecified units. According to
Equation (3.8), S; = 3,000, S3 = 1,000, 8 = —30°. Hence, the direction of Sj is at a 30°
clockwise angle from the y-axis (60° counterclockwise from the x-axis).

An interesting exception to the rule of peak stresses occurring at the semi-axes ends occurs
when tension is present at the walls of an inclined ellipse. Figure 3.7(a) shows stress concen-
tration at the walls of an elliptical shaft with semi-axes ratio 1/4 under uniaxial compression
(M = 0) as a function of polar angle 6 (measured counterclockwise from the a semi-axis) for
inclinations up to 90°. In the worst case shown in Figure 3.7(a), B = 30° and the peak tensile
stress concentration is about —1.5 which occurs about 8° away from the a semi-axis. This
tension is 50% greater than the frequent peak tension of —1. The peak tension and angle away
from the semi-axis increase with decreasing aspect ratio. A similar compressive stress con-
centration effect is also evident in Figure 3.7(a). As the ellipse is rotated from being parallel
to S1(B = 0°) and having the most favorable orientation perpendicular to S1(8 = 90°),
which is the least favorable orientation, the compressive stress concentration factor increases
from 1.5 to 9.0. The peak tensile stress concentration ranges from —1.0 to about —1.5 at
B = 30° and back to —1.0. Figures 3.7(b) and (c) show graphically the distribution of stress
concentration in this case (8 = 30°) and in the case when 8 = 60°. However, these effects
are not of much practical importance for shafts because the elliptical shape itself is not very
practical and uniaxial stress in sifu is rare, while tension is greatly reduced under biaxial
stress.

Example 3.7 Consider a vertical shaft with an elliptical cross section that has a semi-axis
ratio k = 1/3 and is excavated in a stress field characterized by a principal stress ratio
M = 1/4 in plan view. The section of interest is at a depth of 1,200 ft where the vertical
stress is 1,350 psi. Intact rock strengths are: C, = 13,500 psi and 7, = 1,250 psi. Suppose
the a-axis is inclined 30° to S; and that the xy compass directions coincide with the principal
1-3 directions. Determine shaft wall safety factors with respect to compression and tension.

Solution: According to Equation (3.7), (with M = 1/4,k = 1/3,8 = 30°,a = 0°,30°),
stress concentration factors at the ends of the ellipse are: K, = 9/4 and K = 11/12. Thus,
tension is absent and peak compression is at a. If §1 = 1,200, estimated at 1 psi/ft of depth,
then oy = 2,700 psi at the ends of the @ semi-axes and 1,100 psi at the ends of the b semi-axes.
The shaft wall safety factor with respect to compression is

FSe= — 20 _ 509
(9/4)(1,200)

FS, = 13,500 =10.00
1,350

where the first calculation is in plan view and the second is in vertical section. In this example,
safety is determined in horizontal section.

Unlined rectangular shafts

In the case of rectangular shapes, rounding of corners is an important consideration. A mathe-
matical sharp corner leads to infinite stress at a corner point. A rounded corner, characterized
by a specified radius of curvature, results in finite stress. The greater the rounding, the smaller



\ ——BA=0 ,Z
v 8 —a—BA=15
8 ——BA=30
g 6 -
« —x—BA=45
c
—%—BA=60
4

0 15 30 45 60 75 90 105 120 135 150 165 180

Polar angle theta (°)

(b)

(9)

(C)

Figure 3.7 (a) Stress concentration at the wall of an inclined elliptical shaft under uniaxial stress
(M = 0). BA=inclination angle of the a semi-axis to S|,b/a = 0.25. Semi-axes ratio
k = 1/4. (b), (c), and (d) stress concentration about an ellipse of semi-axes ratio
b/a = 1/2. B = ccw angle from S| to semi-axis a. Tension inside, compression outside
section.
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the stress concentration. The maximum corner radius possible is one-half the least dimension
of the section and results in an ovaloid. As with ellipses, one may characterize rectangular
shafts by an aspect ratio £k where k = b/a, a is the semi-axes parallel to S; and b is parallel
to 3. A range of k& between 1/8 and 8 more than covers the range of practical rectangular
shaft dimensions.

A new phenomenon occurs in stress concentration about rectangular shafts. Unlike ellip-
tical shaft shapes, rectangular and ovaloidal sections experience peak compressive stress
concentration near corners, not at the end of the semi-axes. However, when tension is present,
peak tension still occurs at the ends of a semi-axis, that is, at mid-sides; which sides (short or
long) depends on orientation with respect to the preshaft principal axes. These observations
are made with the understanding that the preexcavation principal stress directions are parallel
to the semi-axes of the section.

Simple mathematical expressions for stress concentration about rectangular shafts are not
available as they were for circular and elliptical shaft sections. Although stress concentration
about rectangular sections in homogeneous, isotropic, linearly elastic ground also depends
on the ratio of preshaft principal stresses, aspect ratio, and orientation, useful stress concen-
tration formulas are lengthy and complex in derivation. Numerical evaluation is required that
introduces a degree of approximation to symbolic but exact results from the mathematical
theory of elasticity.

Figure 3.8 shows two cases of stress concentration about a rectangular shaft with an aspect
ratio of 1/2 and 2. Data in Figures 3.8(a) and (b) were obtained numerically from an approx-
imate analyses (Heller er al., 1958). Inspection of Figure 3.8 shows that indeed the peak
compressive stress concentration always occurs at the corners, regardless of preshaft prin-
cipal stress ratio M, and that peak tension, when present, occurs at the ends of a semi-axis.
Figure 3.8 also suggests that for likely preshaft principal stress ratios (M > 0), tension is rel-
atively constant until the considered point nears the corner where tension rapidly diminishes
and stress concentration rises sharply to peak compression. Comparisons of peak compres-
sive stress concentration (compression positive) suggests that the most favorable orientation
of a rectangular section is with the long axis parallel to the major preshaft principal stress Sy,
as was the case with an elliptical shaft section, for the practical range of M > 0. In this regard,
the long axis is parallel to Sy for k£ < 1 and is perpendicular to §; when £ > 1. Examination
of many such plots shows that this rule of thumb does indeed apply to rectangular shafts
when the choice is whether to orient the long axis of a section parallel or perpendicular to
the major preshaft compression.

Maximum and minimum stress concentration about rectangular sections with corners
rounded to 1/12th the short dimension are shown in Figure 3.9 for a range of preexcavation
principal stress ratios. Figure 3.9(a) shows an almost linear increase in peak compressive
stress (maximum stress) concentration when the semi-axis ratio £ > 1 (long axis per-
pendicular to Sp), that is, when unfavorably orientated. The case M = 1/3 falls in the
center of the cluster of almost parallel lines to the right of b/a = 1 and has the equation
K. =4.06+ 1.19[b/a — 1]. Extrapolation to b/a = 20 gives K. = 26.7. At this aspect ratio
the difference between M = 0 and M = 1 from M = 1/3 is about 4% less and 8% more,
respectively.

Figure 3.9(b) shows an almost constant tensile stress (minimum) concentration when the
semi-axis ratio k > 1; the minimum stress concentration is tension for values of M < 3/4.
For M = 0, an extreme value, as a practical matter, the peak tensile stress concentra-
tion is about —1. For a more likely value of M = 1/3, the peak tension is about —0.5.
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Figure 3.8 Examples of stress concentration about a rectangular shaft (a) S| is parallel to the long

axisaand k = 1/2 (b) S| is perpendicular to the long axis b and k = 2, for various preshaft
principal stress ratios M.

When k& < 1 (favorable orientation), peak tension is even less in the practical range
of M > 0.

The data in Figure 3.9 are summarized in an abbreviated tabular form in Table 3.2 for M
in the practical range of zero to one. Generally the maximum stress concentration occurs at
the corner of the section, while the minimum stress concentration occurs at a midside. Two
cases are presented: Case 1 where the major compression acts parallel to the long axis of the
section (k < 1) and Case 2 where the major compression acts perpendicular to the long axis
(k =k’ > 1), as illustrated in the sketch. In both cases, tension when present, occurs “under
the load” at the midside normal to S;.
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Casel k<l Case 2 k=k> |

Sketch for rectangular opening stress concentration

Comparisons of peak compressive and tensile stress concentrations at the walls of elliptical
and rectangular sections are presented in Table 3.2(b), respectively, for a practical value of
preexcavation principal stress ratio (M = 1/3) and two values of semi-axis ratios (k = 1/2
and 2). Table 3.2(b) data show the superiority of the ellipse when in the favorable ori-
entation with the long axis of the section parallel to the major principal stress before
excavation. The tension is small for the rectangle and nil for the ellipse, so tension is
not an important factor. However, the difference in compressive stress concentration is
considerable, more than double in the case of the rectangle. When the long axis of the
considered section is perpendicular to the preexcavation principal stress, the differences are
much less and the ellipse shows only a slight advantage in compression and tension. In
this case, the rectangle would be favored as a practical matter because of greater ease of
construction.

Another comparison can be readily made in the case of hydrostatic preexcavation stress
(M = 1). In this case there are no orientation effects on peak stresses. Tension is absent from
both sections and is not a factor. Peak compressive stress concentration for the ellipse is 4.00
and for the rectangle is 6.46 (circle, 2.0).

Figure 3.9(c) shows the variation of maximum stress concentration about a rectangle as
a function of aspect ratio for M in the range [0, 3/4]. The regression model is a multilinear
function of aspect ratio k, reciprocal 1/k and preexcavation principal stress ratio M. The
constants in the regression function were determined using all the data in Table 3.2(a), and
for this reason, the fit at M = 0 is best. For this fit: a; = 2.00, ap = 1.22, a3 = 0.51, and
as = 2.28. Changing the range of the regression analysis would enable one to obtain better
fits at other M values. For example, Figure 3.9(d) shows a fit using M in the practical range
[0, 11.

Example 3.8 Compare the peak compressive and tensile stress concentrations for ellipti-
cal and rectangular shaft sections when the sections are 10 x 20 ft and are oriented in the most
favorable way and the preexcavation ratio of minor to major principal stress is 1/3. If the
preexcavation major principal stress is 2,500 psi in plan view and compression is positive,
determine the peak shaft wall compressive stresses for the two sections in both orientations.
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Figure 3.9 (a) Maximum and (b) minimum stress concentration about a rectangular section as a
function of aspect ratio k for various preexcavation principal stress ratios (M), (c) maxi-
mum stress concentration about a rectangle as a function of aspect ratio. Solid line from
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a3 = 0.68,a4 = 3.83.
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Figure 3.9 Continued.

Solution: The semi-axis ratio for both sections is either 1/2 or 2 depending on orientation,
as shown in the sketch.

(@) (b)

@
<« S

The most favorable orientation, according to a rule of thumb is to position the long axis of
the section parallel to the major compression before excavation. This orientation is (a) in the
sketch. In this orientation, the semi-axis ratio b/a is 1/2 for both sections. With M = 1/3,
one may use data from Table 3.2(b) that gives a peak compressive stress concentration factor
of 1.67 for the ellipse and 4.05 for the rectangle. Tension is absent about the ellipse, while
the tensile stress concentration factor for the rectangle is 0.14.

In this orientation, peak compression for the ellipse is 0. = K.S; = (1.67)(2,500) =
4,175 psi and for the rectangle o, = (4.05)(2,500) = 10,125 psi.

In the adverse orientation, peak compression for the ellipse is o, = K51 =
(4.67)(2,500) = 11,675 psi and for the rectangle o, = (5.15)(2,500) = 12,875 psi.
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Table 3.2a Stress concentration factors about a rectangular section

k M
K
0 115 113 1/2 3/4 I
Kmax Kmin Kmax Kmin Kmax Kmin Kmax Kmin Kmax Kmin Kmax
min
1/8 370 —0.84 530 —0.18 662 020 828 064 Il.I 042 14.04
8 1.8 —1.01 1208 —-0.77 124 —-0.60 128 —040 134 —-0.10 0.I8

114 296 —-081 372 -029 436 003 528 042 680 056 843
4 696 —096 721 -071 737 -053 758 -032 799 000 0.32
12 328 —-082 370 —-041 4.05 —-0.14 457 019 548 069 6.46
2 472 —092 497 -064 515 —044 544 —-020 592 0.6 052
| 358 —-085 383 —-052 406 —029 439 —-0.02 497 040 565

Notes

M = principal stress ratio (S3/5)).

k =aspect ratio (b/a), S| is applied parallel to the a-axis (long axis of the section).
k” = I /k corresponding to application of S| parallel to the short axis of the section.
K(max) = maximum stress concentration factor.

K(min) = minimum stress concentration factor.

Table 3.2b Peak stress concentration factor comparison of
elliptical and rectangular sections at M = 1/3

Section Case
M=113,k=1/2 M=113,k=2
K K¢ Ke Ky
Ellipse 1.67 — 4.67 —0.33
Rectangle 4.05 —0.14 5.15 —0.44

An interesting orientation effect occurs in the case of rectangular sections when the preex-
cavation principal stress directions do not coincide with the section semi-axes. Let the a and
b semi-axes coincide with x and y axes, respectively, and the in situ stresses be Syy, Sy, and
Ty, then the preexcavation principal stresses and directions are given by the usual Equations
(3.8) where, as before, g is the angle between the x-axis and the direction of Sj.

Orientation effects on a rectangular section with semi-axes ratio of 1/8 are shown in
Figure 3.10 for a range of principal stress ratios. Figure 3.10(a) shows that the maximum
stress concentration factor Kpmax is compressive at all inclinations (compression positive) and
that there is a peak Kpyax at about 35° for non-negative M. In the hydrostatic case there is no
orientation effect, of course, and this result is also shown in Figure 3.10(a). Figure 3.10(b)
shows that the minimum stress concentration factor Ky is generally tensile except for small
inclinations at high principal stress ratios. There is a peak K, at about 35° that increases
with M. Again, there is no orientation effect in the hydrostatic case.
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Figures 3.10(c), (d), and (e) show graphically stress concentration about a rectangular
opening with semi-axes ratio of 0.5 (b/a = 1/2) when the a or x semi-axis is inclined at
B =30°,60°, and 90° to S;. The corners in these figures are rounded off to one-twelfth the
short dimension » and M = 0 in all cases. Interestingly, peak tension and compression occur
at the corners when 8 = 30°. When 8 = 60°, peak compression remains at a corner while
tension peaks occur at a corner and at the end of the long semi-axes a. When g = 90° and
the preexcavation compression is perpendicular to the long dimension of the section, peak
tension occurs at the centerline of the section, that is, at the end of the b semi-axis. Peak
compression still occurs at the corner of the section.

These results call into question the rule of thumb that the most favorable orientation is with
the long axis parallel to the preexcavation major principal stress. The orientation effect is to
reduce the peak compressive stress while increasing the peak tension for practical M values
(positive M). For example, at M = 1/3, the peak compressive stress concentration is about
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Figure 3.10 (a) and (b) Orientation effect on a rectangular section with semi-axis ratiok = 1/8. (c), (d),
and (e) Stress concentration about a rectangle of semi-axis ratiob/a = 1/2. B = ccwangle
from S| to semi-axis a. Tension inside, compression outside section. Corners rounded to
I/6th semi-axis b.
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(d) p = 60°

(e) p=90°

Figure 3.10 Continued.

6.6 in favorable orientation (inclination is zero), while at an inclination of about 30°, the peak
is only about 2.3. There is no tension in the favorable orientation (inclination is zero), while
at 30°, a slight tension appears with a concentration of —0.08. Whether the compressive
stress effect remains large at lesser and more practical semi-axes ratios is an open question
at this juncture as is the question of the most favorable orientation of a rectangular shaft with
respect to the in situ stresses.

Returning to the important practical case of a vertical shaft in a preexcavation stress field
caused by gravity alone, one recalls that in horizontal section, the principal stresses are
equal and therefore M = 1 (hydrostatic case). Hence there are no orientation effects and



Shafts |11

Table 3.3 Peak compressive (Kc) stress concentration factors for
rectangular sections?® in a hydrostatic stress field (M = 1).
Tension is absent

k = 1/8 1/4 1/2 | 2 4 8
Ke = 14.04 8.43 6.46 5.65 6.46 8.43 14.04
Note

a Corners rounded to 1/12 radius of least dimension.

the question of the most favorable orientation is moot. The peak stresses can then be readily
determined from stress concentration factors in Figure 3.9. Data for this case are given in
Table 3.3. These data are symmetric about k = 1 (square section) because there is no unique
orientation with respect to principal directions. A simple straight line fit of Table 3.3 data for
k > 1leadstoa K, = 5.65+ 1.2(b/a — 1) which allows for estimation of peak compressive
stress concentration at higher aspect ratios (for M = 1).

A square is the best shaped rectangle in a hydrostatic stress field according to the data
in Table 3.3. By comparison, the optimum elliptical shaft excavated in a hydrostatic stress
field was a circle. Increasing corner sharpness increases peak stress; rounding decreases peak
stress. In fact, rounding the corners of a square to maximum (14 least dimension) creates
a special ovaloid. This ovaloid is actually a circle which has a peak stress concentration of
2.0. Reduction of peak stress by rounding corners is significant, by almost a factor of 3.
One may speculate if corners are not deliberately rounded by design, then stress reduction
will occur naturally in small, localized regions that yield under high stress at corners. There
is also a practical trade-off between more usable cross-sectional area in a square and less
stress concentration about a circular shaft and between a square and other rectangles in a
gravity-only stress field.

In plan view (horizontal cross section), the safety factor FS associated with a square with
1/12 corner rounding is FSy = C,/5.65K,,Sy. In vertical section, a vertical compressive stress
acts at the shaft wall that is equal to the preshaft vertical stress. Thus, in vertical section,
Sy = 81 and S3 = 0. In this view, the unlined shaft wall safety factor is simply FS = FS, =
Co/Sy. In a gravity-only initial stress field; FSy is less than FSy when 5.65K, < 1 or K,
about less than 1/5 which is seldom the case. Thus, the safety factor computed in plan view
usually governs rectangular shaft section design, although both safety factors should always
be computed.

Example 3.9 Stress measurements with respect to compass coordinates x = east, y = north,
z=up show oy, = 1,200;0,, = 2,350;0., = 3,420; 1, = —760; 1), = 0; 7, = 0 where
compression is positive. A 12 x 24 ft rectangular section is scheduled to pass through this
region. What orientation of the shaft is best and what are the shaft wall safety factors in
compression and tension, given unconfined compressive and tensile strengths of 18,500 and
1,250 psi, respectively?

Solution: The most favorable orientation is one that induces the least stress concentration
at the shaft wall, and according to a rule of thumb, is one with the long axis of the section
parallel to major compression before excavation.



112 Shafts

By inspection, the z-direction is a principal direction because of the vanishing z-direction
shear stresses. Orientation of the major principal stress in the xy-plane is given by

tan(20) = o
= 200 — o)

_ —760
T (1/2)(1,200 — 2,350)
tan(20) = 1.322

0 =26,116°

The larger angle is the correct solution. One may intuitively see that this is correct by suppos-
ing the major principal stress is nearest to the largest given normal stress which is oy, in this
case. Measuring 26°, positive counterclockwise from the y-axis gives the desired orientation,
as shown in the sketch.

5'\ yN)
26°, N
26° \f

X(E) 20

10

The major and minor principal stresses before excavation are (in psi):

S1 = (1/2) S + Syy) £ [(1/4) Ser — Sy)* + (T)*1'/?
= (1/2)(1,200 + 2,350) = [(1/4)(1,200 — 2,350)% + (—760)2]'/?

= 1,775 £ 938
S1=2,713
S3 = 837

The principal stress ratio M = 837/2,713 = 0.31, a value close to 1/3 which is associated
with known stress concentration factors in Table 3.2(b). Thus, to a reasonable approxi-
mation, K, = 4.07 and K; = 0.14. Hence, FS. = 18,500/(4.07)(2,713) = 1.68 and
FS; = 1,250/0.14)(2,713) = 3.29.

Inspection of Table 3.2(a) indicates that the compressive stress concentration would be
somewhat less, while the tensile stress concentration would be somewhat more than the val-
ues used. The actual safety factors would be somewhat greater with respect to compression
and somewhat less with respect to tension.
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Example3.10 A rectangular shaftis being considered for extension to 5,250 ft from 4,200 ft.
The in situ stresses are given by

Sy = 1.1h
Sns = 100 4 0.7h
Sgw = 1,000 + 0.5

where 4 is depth in feet and stress is in psi. The shaft is 12 x 24 ft in section and is oriented
in the most favorable direction. Unconfined compressive and tensile strengths are 18,000
and 1,200 psi, respectively. Determine the shaft wall safety factors as functions of depth to
5,250 ft from the surface.

Solution: In plan view, the EW stress is larger than the NS stress above 4,500 ft, so the
long axis of the shaft is in the EW direction (most favorable) and the EW stress is the major
compression in plan view. The plan view preexcavation principal stress ratio M varies with
depth. Consequently, the peak stress concentration factors also vary with depth as do the
shaft wall safety factors. A tabulation of data is shown in the table and a plot is given in the
sketch. Table data were interpolated from Table 3.2(a) in the text and extended to 6,000 ft.

Depthft  Sypsi SN psi SEWpsi M kKo Ke FSc = FS¢ =

0 0 100 1,000 0.10 05 349 —-062 516 1.95
500 550 450 1,250 036 05 413 —-009 348 11.08
1,000 1,100 800 1,500 053 05 469 026 256 Notens
1,500 1,650 1,150 1,750 066 0.5 514 050 2.00
2,000 2,200 1,500 2,000 075 05 548 0.69 1.64
2,500 2,750 1,850 2,250 082 05 576 0.64 1.39
3,000 3,300 2,200 2,500 088 05 599 060 1.20
3,500 3,850 2,550 2,750 093 05 6.17 057 1.06
4,000 4,400 2,900 3,000 097 05 633 054 095
4,200 4,620 3,040 3,100 098 05 638 053 091
4,500 4,950 3,250 3,250 100 05 646 052 086
5,000 5,500 3,600 3,500 097 2 640 054 0.78
5,100 5,610 3,670 3,550 097 2 639 047 077
5,250 5,775 3,775 3,625 09 2 637 046 0.75
5,500 6,050 3,950 3,750 095 2 635 045 0.72
6,000 6,600 4,300 4,000 093 2 631 042 0.6

Inspection of the table and figure data show that tension is not a concern, especially at depth.
However, below 3,500 ft failure in compression becomes possible as the shaft wall safety
factor decreases below 1.0. One may presume that the original shaft required support and
further support will be needed with the extension to depth.

Shaft wall strengths

Strengths that enter shaft wall safety factor calculations limit the range of elastic deforma-
tion. Indeed, strength may be defined as stress at the elastic limit. A naturally supported shaft
wall is unconfined; applicable strengths are therefore unconfined compressive and tensile
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strengths, C, and Ty, respectively. These strengths should be consistent with the concept of a
homogeneous material used in elastic analyses for stress and stress concentration. Homogene-
ity is easy to define in the context of mechanics and implies identical properties throughout a
considered region, for example, same Young’s modulus, same compressive strength at every
point.

In this regard, a remarkable feature of two-dimensional stress analyses in isotropic elastic
material obscures the question of homogeneity. This feature is the absence of elastic proper-
ties, such as Young’s modulus and Poisson’s ratio, in the distribution of stress. Consequently,
associated stress concentrations about shaft walls are independent of elastic moduli. How-
ever, displacements induced by excavation are not independent of elastic moduli even in
two-dimensional analyses, but are tacitly assumed to be small because of the expected elastic
response.

Although easy to define, the concept of homogeneity raises important practical concerns
and is central to much of theoretical and applied rock mechanics. Natural rock masses
generally contain numerous cracks, fractures, joints, and faults (“joints” for brevity) that
significantly alter the behavior of a rock mass from the mechanical response of intact rock.
The issue of homogeneity can be simply posed by asking what should be done about
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the “joints.” There are two distinct approaches to addressing this question: (1) address
joint failure and failure of intact rock between separately, or (2) homogenize the rock
mass using equivalent moduli and strengths and calculate safety factors based on these
properties.

Calculation of stress in a jointed rock mass using the first approach is necessarily sim-
plified by first considering the joints to be absent and then using the resulting stresses for
analysis of intact rock and joint safety. This approach is homogenization in the extreme that
is convenient, obviously inconsistent and therefore quite approximate, but still useful for the
guidance provided. Safety factors for intact rock between joints can be calculated immedi-
ately following specification of C, and Ty, preferably from laboratory measurements, but
also possibly from estimates based on tabulated values of similar rock types. The latter spec-
ification is certainly cheaper but obviously much less certain than measured values. Safety
factors for joints require consideration of joint orientation in addition to joint strength and
the stress field at the shaft wall after excavation.

The well-known Mohr—Coulomb criterion is the most frequently used failure criterion for
“joints” and is adopted here in the traditional form

7j = oj tan(¢) + ¢; (3.9)

where tj,0j, ¢}, and cj are joint shear strength, normal stress, friction angle, and cohesion,
respectively, and the subscript j indicates joint. A joint safety factor FS; is then

B tj(strength) o tan(¢y) + ¢ (3.10)
T gi(stress) T .

which is simply the ratio of shear strength to shear stress. Joint properties, ¢; and c; are
usually measured in direct shear test apparatus.

Joint normal and shear stresses must be calculated from the postexcavation stress state in
consideration of joint orientation. The calculations are straightforward but require several
steps:

1  Rotate the postexcavation stress state at a point on the shaft wall from x'y’z’ reference
axes to compass coordinates xyz (x = east, y = north, z = up) about the vertical z axis with
7' = z. Stresses relative to the prime system are: oy = 0, oyy =0y = KS1,0, =8,
where the stress concentration factor K is obtained from (3.4) in case of circular shafts
and shear stresses are nil.

2 Compute direction cosines of the joint normal from the dip direction o and dip § of
the considered joint relative to compass coordinates xyz. These direction cosines are
ny = sin(8) cos(a), n, = sin(8) sin(a), n; = cos(d).

3 Compute joint tractions Ty = Oxxhx + Tuyhty + Tazhiz, Ty = Tyl + Oty + Tyzhz, T =
Txzhx + Tyzly + Ozzh;.

4 Compute magnitude 7 = [(To)* + (Ty)2 + (T»)2)V/2.

Compute 0j = N = Tyny + Tyny + T2n;.

6 Compute 7j; = [T? = NJV/2,

W
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The first step may be executed from formulas for rotation of reference axes about the given
z-axis. In symbolic form this rotation is

Oxr Ty Taz cos(f) sin(@) O
Ty Oy Te | = | —sin@) cos@®) O |[oR] (3.11)
Txz Tyz Oz 0 0 1

where [0]is a 3 x 3 array of stresses in the prime system, 6 is the angle of rotation (positive
counterclockwise) about the z’-axis from x’ to x, and [R]' is the transpose of the rotation
matrix that precedes [o”]. The array [o'] is diagonal because of the absence of shear stresses
at the shaft wall. Results of (3.11) are the stresses in compass coordinates:

(1 — cos(29)) (sin(29)>
o\ ) =0 2

1 + cos(20) 3.12
o= (LEOD) 612

Oxx

0z:=S8 Tz=0

where oy is the postexcavation normal stress acting tangentially to the shaft wall, as before.

The actual stress field that results from excavation in the presence of joints differs from
the simplified view to an unknown degree and there is no certainty that joint safety factors
computed from the assumed stress field are less than they would be in actuality. Thus, there
is no assurance that a shaft wall joint safety factor greater than one guarantees joint safety in
this simplified approach. However, low safety factors are unambiguously indicative of the
need to consider installation of rock reinforcement and support as excavation continues.

Where cracks, fractures, and joints are too numerous to be treated individually, homog-
enization is indicated. Homogenization is a process that results in a heterogeneous sample
volume responding on average as an equivalent homogeneous sample. Most equivalent rock
properties models assume the sample is representative of the rock mass. A representative
rock mass volume must contain so many joints that addition or elimination of a joint does not
significantly affect the results of homogenization. Consider a cubical sample of edge length
L containing a joint set with spacing S, then to be representative, L >> S, say, L should be an
order of magnitude greater than S. At the same time, the homogenized sample volume must
be much small than the size of the considered excavation for valid stress analyses. For exam-
ple, the diameter of an unlined shaft D, should satisfy the inequality D, >> L. Cracks and
fractures spaced a few inches or centimeters indicate samples of a foot or somewhat less than
a meter on edge. Shaft diameters of ten feet or meters are common. Homogenization using
representative volumes is useful in such cases of relatively closely spaced joints. However,
joint sets with joint spacings of a meter or more lead to much larger representative rock mass
volumes. A meter joint spacing indicates a representative volume element L of ten meters
and therefore unrealistically large shaft sizes D, for applicability of the representative sam-
ple volume approach to equivalent rock mass properties. In such cases, a nonrepresentative
volume element approach to equivalent properties is necessary, one that takes into account
the unique geological structure in relative small volumes about the shaft wall.

Generally, joints reduce moduli and strengths from intact rock testing values. Scale factors
that multiply intact rock elastic moduli and strengths to give rock mass moduli and strengths
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are often used for homogenization. For example, scale factors for Young’s modulus Rg and
unconfined compressive strength Rc are simply the ratios Er/E] and (Co)¢/(Co)1, respec-
tively, where subscripts f and 1 stand for field and laboratory scales. Clearly, such scale
factors must be less than one and greater than zero, that is, they must be in the interval [0,1].
If no data are available to guide scale factor estimates, then one might simply choose the mid-
point and reduce laboratory moduli (Young’s modulus, £, shear modulus, G) and strengths
(Co and T;) by 1/2. Other estimates may be based on a pseudodimensional analyses. For
example, one may suppose the strain to failure under uniaxial compressive stress is the same
at the laboratory scale and at the scale of the rock mass, that is, e = Co/E . According
to this concept, scale factors for moduli and strength are the same. Alternatively, one may
suppose that under uniaxial compressive stress, the strain energy to failure is the same, so
(0€)f = (Co)*/E. Hence, the scale factor for moduli is the square of the scale factor for
strength. These simple guides relate compressive strength and moduli scale factors but do
not indicate how either are to be estimated. A similar analysis could be applied to tensile
strength and related modulus.

Example 3.11 Given a reasonable 0.3% strain to failure and corresponding laboratory
test values of 30,000 psi and 10(10°) psi for unconfined compressive strength and Young’s
modulus, respectively, determine rock mass compressive strength when displacement mea-
surements in the field show Young’s modulus to be 2.5(10°) psi. Use (a) strain to failure
scaling and (b) energy to failure scaling.

Solution:
(a) Strain to failure is

er = (0.003) = [Co/ET = [Co/Elm

Co(rock mass) = (0.003)(2.5)(106) = 7,500 psi
(b) Energy to failure is

U = (1/2)[(Co)*/EN = (1/2)[(Co)* /Elm
= (1/2)[3(10H717/10(10%) = (9/2)10
U =45

(Co)? = (45)(2)(2.5)(10°%)

Co(rock mass) = 15,000 psi

In case (a) strength and modulus scale in direct proportion. In case (b), strength scales as the
square root of the modulus scaling. In this example, Young’s modulus for the rock mass was
1/4th the laboratory value, so the rock mass strength is 1/4 laboratory strength in case (a) and
1/2 laboratory strength in case (b), as the computations show.
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The Terzaghi jointed rock mass strength model is one approach to estimating rock mass
strength directly (Terzaghi, 1962). A strength scale factor can then be computed and sub-
sequently a modulus scale factor using strain to failure or energy at failure guidelines. The
Terzaghi model recognizes an important feature of rock masses and that is jointing is gener-
ally discontinuous. Shear failure along a plane of discontinuous jointing requires joint shear
and shear of intact rock bridges between joint segments. If areas of intact rock and joints are
Ay and 4; , then the total sample area A = A; + A;. The ratio of joint area to total area is joint
persistence p. Thus, p = A;/A which ranges over the interval [0,1]. Shear strength along the
joint is

T = (4 /4) + 1j(4;/4)

=l -p+ 5@

= (1 — p)[o tan(¢) + cl; + (p)[o tan(¢) + cJ;
T =otan(¢) + ¢

(3.13)

where Mohr—Coulomb strength criteria are assumed for intact rock and joint which are
indicated with subscripts r and j, respectively. Comparison of the last two equations in (3.13)
shows that the rock mass angle of internal friction and cohesion are given by

tan(¢) = (1 — p) tan(¢r) + (p) tan(¢y)

(3.14)
e = =pr+ ()

which are persistence weighted averages. Equations (3.14) allow direct estimation of rock
mass strengths using the Mohr—Coulomb strength relationships:

Co }_Z(C)COS(¢’) sin(¢) = (Co/To_1> c= VCoTo
To | 7 1Fsin(g)’ T\GyTo+1) T 2

that also apply to intact rock and joints. When the same strength scale factor is applied to
unconfined compressive and tensile strengths, then the angle of internal friction remains
unchanged between laboratory test values and rock mass values, while cohesion is scaled by
the same strength scale factor. In fact, Terzaghi suggested equality of friction angles for joints
and intact rock and that joints be considered cohesionless. Cohesionless joints are a limiting
case that allows unconfined compressive and tensile strengths to approach zero while the
ratio Co /T, remains a constant equal to [1 4 sin(¢)]/[1 — sin(¢)]. Rock mass cohesion in
this special case is given by the second equation of (3.14).

(3.15)

Example 3.12 Laboratory test data show that unconfined compressive and tensile strengths
are 15,000 and 1,500 psi, respectively. Field measurements indicate a joint persistence of
0.75. Further laboratory testing shows that joint cohesion and friction angle are 8 psi and
25°, respectively. Estimate cohesion and angle of internal friction for intact rock tested in
the laboratory, then determine rock mass values of cohesion, friction angle, unconfined
compressive strength, and tensile strength, (c, ¢, Co, To).

Solution: Assuming Mohr—Coulomb criteria,

Sin(e) = Co—To _ 15000 —1,500 9
T Co+T, 15,0004 1,500 11
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¢ = 54.9°

c="> C2°T° = /(15,000)(1,500) /2

¢ =2,372 psi

for the intact rock from laboratory strength values.
For the rock mass
tan(¢) = (1 — 0.75) tan(54.9) 4 0.75 tan(25) = 0.7054
¢ (rock mass) = 35.2°

c=(1-0.75)(2372) + 0.25(8) = 599

c(rock mass) = 599 psi

Also,

C, }_ 2ccos(¢)  2(2,372) cos(35.2)
T 1Fxsin(g)  1Fsin(35.2)

9,152 .
}(rock mass) = 2.459 } psi

A check on the ratio of unconfined compressive strength to tensile strength is

Co _ 1 4 sin(¢)

To 1 —sin(¢)
9,152 1+sin(35.2)  1.5764

—37218=( = = 3.7218(check
2,459 O T sinGs2) ~ 04236 (checks)

The Terzaghi model implies directionally dependent shear strength for the rock mass
because of the association with a joint plane of specific orientation and persistence measured
over the considered joint plane. However, rock mass strengths computed from (3.15) imply
isotropy, equal strengths in all directions. This inconsistency is sometimes addressed by
adopting a ubiquitous joint model that assumes joints are seemingly everywhere, are fully
persistent and of all orientations. This assumption also leads to a microplane model. Both
concepts are invoked to explain and justify reducing laboratory values of elastic moduli and
strengths to better represent rock mass behavior when joints are dominant and the role of
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Figure 3.11 Elliptical shaft wall and joint geometry: (a) plan view and (b) vertical N-S section at a.

X(east)

intact rock between joints is negligible. In essence, these concepts assign joint properties to
the rock mass when site conditions justify the assumptions involved.

Example 3.13 Consider the data in Example 3.7 and a joint set with dip direction « = 0°
and dip 6 = 60° and suppose joint cohesion ¢ = 135 psi and joint angle of friction ¢ = 35°.
Given these data and joint intersections of the shaft wall at the ends of the semi-axes, a and
b, compute joint safety factors according to the steps outlined previously.

Solution: The first step involves an angle of rotation from x’ to x of —30° as seen in
Figure 3.11. According to (3.12) stresses at a relative to compass coordinates are

1-0.5
oy = 2,700 2 =675

1+0.5
0y = 2700 (—5—= ) = 2,025
0., = 1,350

—+/3/2
zxy=2,7oo( 2/ ):—1,170

Direction cosines from Step 2 are

ny = <ﬁ) (1) = 0.8667

2
n, = <\£§) 0)=0.0
n, = <l) =0.5

2
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Joint tractions are then

T, = (0.8667)(675) + (0)(—1170) + (0.5)(0) = 585
T, = (0.8667)(—1,170) + (0)(2,025) + (0.5)(0) = —1,013
T. = (0.8667)(0) + (0)(0) + (0.5)(1,350) = 675

and magnitude 7 = 1,351. Joint normal stress from Step 5 is
oj =N = (585)(0.8667) + (—1,013)(0) + (675)(0.5) = 845
and joint shear stress from Step 6 is
7 = [(1,351)% — (845)1]'/% = 1,054
The last two calculations enable an estimate of the joint safety factor. Thus,

pg _ (845)tan(35°) 4 135

= =0.69
J 1,054

which indicates that joint slip is highly probable as shaft excavation proceeds past the
considered depth.

Example 3.14 Data from Examples 3.7 and 3.13 may be used to compute rock mass
strengths following the Terzaghi jointed rock mass model. Use these data to estimate shaft
wall safety factors.

Solution: Tension is absent, so only safety with respect to compressive strength is of
concern. For this site, persistence p = 0.75. From Equations (3.15), intact rock cohesion
¢r = 2,134 and angle of internal friction ¢, = 54.9°. Rock mass cohesion ¢ = 635 and angle
of internal friction ¢ = 41.4° from (3.14). Rock mass unconfined compressive strength
Co = 2,813 from (3.15). Shaft wall safety factor FS = 2,813/2,700 = 1.04 in plan view and
indicates marginal safety. In vertical section, FS = 2,813/1,350 = 2.08.

Joint persistence is measured over a representative area and is thus an average quantity.
Locally, at the shaft wall, a joint segment is present or absent. In the worst case then, p = 1.0
and therefore the rock mass is assigned joint properties. Thus, C, = 519 from (3.15) and
FS = 519/2,700 = 0.19 in plan view and 0.38 in vertical section. Both values indicate
lack of safety and potential for failure if excavated without support provisions. If the joint is
absent, then the FS’s is associated with values for intact rock computed previously (5, 10).

Similar analyses may be carried out for the opposite end of semi-axis a and for the ends of
the b semi-axes. In this regard, there is a kinematic aspect of joint slip direction that should
be considered. At the a point opposite to the one considered in detail, joint dip is into the
rock mass rather than into the excavation and thus poses less of a threat to shaft wall failure
even if the joint safety factor is less than one indicating slip.

3.2 Shaft wall support and liners

Rock bolting is a common method of preventing rock falls during shaft sinking. Rock bolts
are steel rods that are secured in a drill hole on a spot basis, as needed in the judgment of
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the sinking crew, or systematically according to an engineered plan. In blocky ground, steel
strapping may also be used in conjunction with bolts for surface support to prevent small rock
falls between bolts from developing into larger wall failures. Other types of surface support
may be used. Permanent support is often in the form of a concrete liner. Occasionally, in
ground difficult to hold, smooth or corrugated steel lining and steel rings may be used either
separately or in combination with concrete.

Shaft wall bolting

Rock bolts are secured in drill holes mechanically, with cement of some type, or frictionally.
Figure 3.12 illustrates a variety of rock bolts. Bolting plans may be designed to reinforce joints

@ (C)

Mechanically anchored rockbolt—expansion shell anchor

=

Grouted rockbolt-Dywidag steel

Expansion Cememt ground
shell anchor

Nut with
Hemispherical Bolt shank (smooth bar) hemispherical
washer seating
nut
(b) (e)
Grouted rockbolt-rebar Friction anchored rockbolt-split set

Split steel tube

Simple
face plate

Cement grout

Cable bolt

Expanded
steel tube

Face plate

Figure 3.12 Several types of rock bolts (after Stillborg, 1986): (a) mechanical point anchored, (b), (c),
(d) cemented anchorage, (e), (f) friction anchorage.
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in a given joint set, to secure rock blocks formed by intersecting joints and to systematically
reinforce the rock mass. Bolt length, diameter, steel grade, installation tension, and spacing
are essential elements of such plans. Some data for bolt strengths according to steel grade
are presented in Table 3.4. These data are part of the American Society for Testing and
Materials (ASTM) Standard F432. Table 3.5 from the same standard gives additional bolt
steel information.

Point anchored mechanical bolts are threaded at both ends. The end that goes into the drill
hole first has a serrated wedge that is expanded against the drill hole wall as the bolt is spun
into the hole. The wedge grips the rock and thus anchors the bolt in the hole. A small steel
plate at the collar of the drill hole secures the other end of the bolt as a nut is tightened against
the collar plate that bears on wall rock. Torque applied to the nut tensions the bolt that thus
clamps and confines the rock mass along the bolt length. Bolts are generally tensioned to
about 2/3 to 3/4 of the elastic limit (yield point). Associated bolt safety factors at installation
time are therefore 3/2 to 4/3. Safety factors with respect to ultimate strength are higher, of
course. Bolt spacing is generally in the range of two to eight feet; four feet is a common
spacing; bolt spacing is also related to bolt length.

Bolt length may be more or less one-half shaft diameter. Eight foot long bolts could be used
in a systematic plan for reinforcing a ten foot diameter shaft, while four foot long bolts could
be used for spot bolting in a thirty foot diameter shaft. Bolt length combinations may also be
used, short bolts for securing steel strapping, longer and larger bolts for reinforcement. The
type of bolt plan dictates bolt length that in any case should be less than shaft diameter in
consideration of the “1D” rule of thumb for extent of the zone of stress concentration about
the shaft.

Consider a dipping joint set in the vicinity of a shaft wall and bolts passing through
joints of the set as shown in Figure 3.13. The joint safety factor before bolting is given by
Equation (3.10). Bolting reinforces the joints against slip directly through an uphill bolt force
component and indirectly through a normal force that mobilizes frictional resistance to slip.
The bolted joint safety factor FS = FS; + AFS;. The improvement obtained by bolting is

Np tan(¢)j) + Ty

AFS; =
Tj(stress)d;

(3.16)

where Nj, T, and 4; are bolt normal force, bolt tangential force, and reinforced joint area,
respectively. A reasonable estimate of 4; depends on bolt length Ly, and spacings /, and /y in
the horizontal and vertical directions, respectively. Bolt length must be sufficient to cross a
joint and terminate in secure ground adequate for anchorage. The spacing product defines a
bolt area of influence A4, half the distance to adjacent bolts, so 4, = ly/y. With reference to
Figure 3.13, 4; = A4; cos(B)/sin(8 — B) where § is joint dip and 8 is the bolting angle shown
in Figure 3.13. Other estimates of 4; could be formulated, for example, 4; = L, cos(8 — B)
per foot of shaft perimeter or 4j = Ly, / cos(8 — B) per foot of shaft perimeter. Rearrangement
of (3.16) in terms of bolt tensile force F} is helpful. Thus,

Fpsin(8 — B) tan(¢y) + Fp cos(8 — B)
Tj(stress)4;

AFS; = (3.17)

where £, is the bolt force. Bolting angle 8 is a design variable and thus may be optimized for
maximum safety factor improvement. Inspection of (3.17) shows that the optimum occurs
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Table 3.5 Steel strength and gradé*

Grade Yield point psi (MPa) Tensile strength psi (MPa)

40 40,000 (276) 70,000 (483)

55 55,000 (379) 85,500 (586)

60 60,000 (414) 90,000 (621)

75 75,000 (517) 100,000 (688)
100 100,000 (689) 125,000 (862)
Note

a After ASTM Standard F432.

(b)

— L —

S

4 4 4
%

s E=

4+‘<Bolts7'+7 +

- 4

%

Figure 3.13 Shaft wall joint bolting geometry: (a) vertical section, (b) wall view, and (c) bolt force
detail.

when the numerator is greatest, that is, when cos(6 — 8 — ¢j) = 1, provided 4; is fixed.
The optimum bolting angle 8 = § — ¢;. Angling a bolt hole upwards has the advantage of
producing a cleaner hole by allowing drill cuttings to flow freely from the hole. However, this
advantage may be small compared with the disadvantage of orienting drill machines to drill
upward rather than the more natural horizontal direction in a vertical shaft. In the horizontal
direction, which is likely to be the case in practice, 8 =0. If the joint is then vertical, § = 7 /2,
and AFS; = Fy, tan(¢;)/7j(stress)4; as may be obtained directly.

The rock bolting safety factor improvement formula (3.17) masks a feature of bolting and
that is bolting improvement is generally very small. Indeed, this is the case for much of
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rock support and reinforcement. The reason lies in the small “pressures” that support and
reinforcement are capable of supplying to the rock mass.

Example 3.15 Consider a vertical shaft excavated in a stress field where
Sy = 1,350, Sp(north) = 300 psi and Sy(east) = 1,200 psi and a joint set that strikes
due north and dips 60° with cohesion ¢; = 135 psi and friction angle ¢; = 35°. For con-
venience, fix the x- axis due east parallel with Sy. Determine joint safety factors before
excavation, after excavation and the improvement that a bolting plan could achieve.

Solution: Joint normal and shear stresses for this purpose may be obtained by rotation of
the reference axes. Thus, before excavation

1,200 + 1,350 1,200 — 1,350 o .
oj = — cos(120°) = 1,313 psi
2 2
1,200 — 1,350\ . .
T =— <f) sin(120°) = 65 psi

where the presence of the joint is assumed not to affect the given stress field. The joint safety
factor is

1,313 tan(35°) + 135
65

=162

FS;(before) =

so joint slip or separation is not impending. After excavation

0+ 1,350 0—1,350 o .
oj = — cos(120%) = 1,013 psi

2 2

0— 1,350 . .
T =— <f> sin(120°) = 585 psi

which shows some normal stress reduction but a significant increase in shear stress; both
tend to reduce safety. The joint safety factor is now

1,013 tan(35°) + 135

FS;(after) = 585

1.44

which is greatly reduced and probably too low for shaft wall safety.
If bolts are installed horizontally on a square pattern of three foot centers and tensioned to
18,500 pounds force, the safety factor improvement is

AFS; = 18,500 [sin(60° — 0) tan(35°) + cos(60° — 0)] —0.023
(585)(3)(3) cos(0)/ sin(60°)

or less than 2% over the postexcavation joint safety factor. The small improvement in joint
safety factor obtained by bolting suggests that bolting may not be an effective support method.
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(®)

. . Horizontal joints
Prismatic wedges

(vertical joints
spaced 4 ft)

Figure 3.14 Potential wedge failures in a shaft wall: (a) tetrahedral wedge and (b) vertical section
looking north.

This suggestion is definitely not the case. The example results do clearly indicate that stresses
induced by bolting are quite small relative to stresses in situ. Indeed, bolts are effective when
they prevent rock blocks from falling into an excavation and are essential to shaft safety. In
this regard, slip at a point on a joint is not synonymous with rock block fall.

If a joint is the base of a rock block defined by other intersecting joints, then shaft safety
requires the potential failure to be eliminated. However, not all rock blocks defined by inter-
secting joints, fractures, cracks, and bedding planes, pose a threat to safety. Only those blocks
that are kinematically disposed to move into the excavation are of concern. For example,
tetrahedral blocks formed by three intersecting joints that have a baseline of intersection
dipping away from an excavation are safe. If the line of intersection dips into the excavation,
as shown in Figure 3.14(a), then a safety analysis and possibly bolting reinforcement are
indicated. A variety of block shapes may be formed by joints of different orientations and
spacings and the excavation wall proper.

Example 3.16 Consider a wedge formed in a vertical shaft excavated where one joint set
strikes due north and dips 60° west with uncertain cohesion ¢;j and friction angle ¢; = 35°, a
second set is vertical with spacing of four feet and dip direction due north, no cohesion and
friction angle ¢; = 35° and a third is horizontal with spacing of five feet, no cohesion and
nil friction angle. Fix the x-axis due east perpendicular to strike of the first joint, as shown
in Figure 3.14(b). Determine whether the block will be a threat to excavation safety and, if
so, the second question is then what bolting plan could eliminate the threat by improving a
suitable factor of safety to some acceptable value.

Solution: A rough first analysis may be based on a model of a block sliding down an inclined
plane. This model neglects sides and top and because the inclination of the base is greater
than the friction angle, sliding would occur under the weight of the block if cohesion were
also neglected. Thus, further analysis is required. In view of the uncertain joint cohesion,
one may determine what cohesion is necessary to achieve an acceptable safety factor, say,
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FS; = 3.5. A force safety factor against sliding is

resisting forces
1™ driving forces

R

D
W cos(8) tan(¢) + c¢j;
- W sin(8)
5 _ (4.500) cos(60°) tan(35°) +¢;(23)(144)
(4,500) sin(60°)

where ¥ is block weight and 4; is area of the block base. Solving this last equation gives
¢j = 3.6 psi, assuming a specific weight of rock of 156 pcf. Thus, a small amount of joint
cohesion may be important.

But whether a reliable determination can be made is another question. Without cohesion,
the safety factor is 0.40, and as a practical matter, bolting would probably be specified. For
example, a horizontal bolt centered on the block face and is tensioned to 18,500 pounds
improves the force safety factor against sliding by

18,500 [sin(60°) tan(¢) + cos(60°)] _
4,500 sin(60°) B

AFS; = 53

This result for a bolted rock block provides an entirely different view of joint reinforcement
by bolting. Even if the rock block weight were tripled, the improvement in joint safety factor
would, say, for the horizontal bolting plan, be 1.8.

In essence, a dead weight load model was adopted for the alternative joint reinforcement
analysis, an approach that is conservative because of the neglect of physical features that
would otherwise increase safety. In blocky ground formed by a multiplicity of joint intersec-
tions, block size and kinematics pose a formidable design challenge that may be met with
specialized “key block” computer programs.

Consideration of gravity sliding of an individual block aides understanding how rock bolts
reinforce a jointed rock mass, but when blocks are numerous and variable, a systematic
bolting plan is indicated. An approach to understanding how pattern bolting may be effective
is based on the influence of confining pressure on rock strength and how bolting generates a
confining pressure at a shaft wall.

Compressive strength C, under confining pressure p according to the Mohr-Coulomb
strength criterion is

Cp=0Co+ (g>p (3.18)
T,
The ratio of unconfined compressive to tensile strength for intact rock tested in the laboratory
is usually in the range of 10-20, so a small confining pressure is greatly amplified and may
contribute substantially to compressive strength. Intact, laboratory-scale strengths may be
reduced or scaled to characterize a field-scale rock mass, perhaps by an order of magnitude.
A 10,000 psi laboratory strength would be 1,000 psi in the field. Causes of such a reduction or
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@ (b)

Confined zone

Figure 3.15 Radial shaft wall bolting plan: (a) before bolting and (b) after bolting.

scaling are the natural joints in the rock mass and cracks and fractures induced by excavation
which are certainly formed by blasting. However, the strength ratio would remain constant,
provided that both strengths were reduced by the same scale factor.

Shaft wall safety factors (with respect to compression) before and after application of a
confining pressure by bolting and the improvement achieved by bolting are therefore

C, C Co/T, Co/T,
FSO=—°, FS — o+ (Co/ O)Pb’ AFS=( o/ To)Pb

Oc Oc Oc

(3.19)

where the confining pressure py, is specifically attributed to bolt forces. Implicit in (3.19) is
the assumption that the postexcavation stress o concentrated at the shaft wall is unaffected by
bolting. Bolting would tend to decrease this compression, so the assumption is conservative in
the sense that the safety factor would be somewhat higher if the effect were easily quantified
and taken into account. Figure 3.15 shows stress concentration in a circular shaft wall before
bolting and a ring of bolts installed in the wall after excavation. Bolting pressure is a statically
equivalent distributed normal stress given by py, = Fy, /A, where 4 is the rock area influenced
by a bolt. This area is simply defined by bolt spacing, that is, 4, = I/y, the product of
horizontal by vertical bolt spacing on a shaft wall. A modification to the equivalent distributed
load view is to increase the area of distribution gradually from the collar and anchor points
of force application. A 45° slope is often used for this purpose, as shown in Figure 3.15. The
confining pressure in the clamped ring of rock is the same in either case.

Example 3.17 Consider bolts tensioned to 18,500 pounds force on three foot centers hori-
zontally and four foot centers vertically, as shown in Figure 3.15, and suppose the tangential
stress concentration at the shaft wall is 3,000 psi. Bolting pressure is about 15 psi. If intact
rock unconfined compressive strength C, = 12,000 psi and tensile strength 7, = 1,200 psi and
both are scaled by a 1/4, then rock mass C, = 3,000 psi. Determine safety factors before and
after bolting and show the safety factor improvement achieved by bolting is about 0.05 (5%).
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Solution: By definition

Co 3,000
FSo= - =2—=1.0
0. 3,000
FS — Co + (Co/To)py 3,000 + (10)(18,500/9)(1/144) 105
- Oc - 3,000 -

AFS% = (1.05 —1.00)100 = 5%

Again, in Example 3.17, the effects of bolting forces are small relative to rock mass stresses
and thus bring into question whether the concept of bolt functioning by increasing strength
with confining pressure is valid. The suggestion is that bolts may function according to a
different physical mechanism, for example, by restraining rock blocks from falling and thus
by preventing raveling of ground into a major failure. Indeed, bolts are generally considered
temporary support of excavations designed for a long service life. They function mainly by
preventing small block falls developing into large failures. Bolts may be used in combination
with metal strapping, wire mesh, chain link, plastic webbing, or even membrane coatings for
this purpose.

Bolts with distributed anchorage, bolts cemented into a hole, and friction bolts, function
in much the same way as point anchored bolts that are tensioned during installation. Preten-
sioned bolts are active because they provide immediate resistance to rock mass displacement
at the time of installation. Distributed anchorage bolts are ordinarily not tensioned during
installation and are passive because they provide support only to the extent that the rock mass
tensions bolts after installation. Both types support the rock mass by resisting displacement
along the bolt hole. In addition, distributed anchorage bolts provide resistance to shearing
motion across bolt holes because the hole is filled. This resistance is dowel action. Point
anchored bolts have an empty annulus between bolt and hole that allows for easy displace-
ment across bolt holes and thus are much less effective against shearing action. Both types of
bolts should be oriented to be stretched in tension by anticipated rock mass displacements.
Cable bolts in particular must be tensioned to be effective.

Circular shaft liners

Shaft liners are usually concrete that is formed to the shaft wall. Concrete may be used in
combination with steel liner plate or steel rings which may be embedded in the concrete. Shaft
walls may also be sprayed with cement (shotcrete, gunite) after bolting and screening. Liner
plate and light segment corrugated steel may also be used in shafts. Concrete and shotcrete
are brittle materials that may be reinforced by steel rebar (concrete) or by steel or glass fibers
(shotcrete) to improve strength and resistance to fracture.

There are two systems for installing concrete shaft liners. For shafts of moderate depth,
the liner is installed after the shaft is sunk. Concrete is poured from the bottom up using
slip forms. In this case, shaft wall motion induced by mining is complete before the liner
is installed assuming the rock mass responds elastically to excavation. Economics of deep
shafts dictates installation of the liner concurrently with sinking. By keeping the last pour
several shaft “diameters” above the shaft bottom, motion of the shaft walls after the liner is
installed is slight and induces little stress in the liner as sinking continues, again, assuming
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the rock mass response is elastic. In either case, the liner experiences negligible loading from
contact with the rock mass.

If the rock mass exhibits a pronounced time-dependent component of deformation and thus
creeps significantly or behaves like a highly viscous fluid, then high stresses may eventually
be induced in the liner. Indeed, as time passes, the full premining stress may come to bear
on the liner. Under such circumstances, a rigid liner is a poor support choice. Support that
accommodates yielding or flow of the rock mass would be a better choice.

Water is an important source of shaft liner load and represents an all around pressure on
the liner after installation. During shaft sinking, a grout curtain is often used to dam the flow
of water to the unlined shaft, but in time the curtain may deteriorate, fracture, and allow
seepage to the liner. Liners should be designed for this eventuality.

A model for a circular shaft liner loaded with water pressure may be found in the solution
to the problem of a hollow (thick-walled) cylinder loaded by radial “pressures” p, and p;
acting on the inside of the liner at a radius a and at the outside of the liner at a radius b
(unlined shaft diameter D, = 2b). The cylinder is considered elastic with Young’s modulus
E and Poisson’s ratio v and under plane strain conditions (¢;; = 0). The problem is also
one of axial symmetry. Stresses, strains, and displacements are therefore independent of z
and 6. Under these conditions there is only the radial displacement u to be considered. In
fact, u = Ar + B/r (see, e.g. Love, 1944) and in cylindrical coordinates (#6z), the radial and
circumferential strains are

4 B
£ = —_ —
r }"2
B
coo = A+ =
r

According to Hooke’s law under plane strain conditions, the radial and circumferential
stresses are related to strains by

E
O = m [(1 = v)ep + vegy]
E
Opy = m [(1 = v)egg + ver]
Hence,
= 75: A—(1-2 )B
T = A+ 0 = 2v) )
= 7E A 1-2 B
%0 = T vy —2v) [ - ”)72]

Use of the boundary conditions on the radial stress at » = @ and » = b allows for the
determination of the constants 4 and B. Thus,

EA (paot2 —pbbz)

Arvd—2v) \ &2_»p

EB _ (Pa—Pb 2,2
<1+v>_<a2—b2>(“b)
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Hence,
o — (P =PP?\ _ (Pa—pp (2P
= 2 —p 32— 72
I Pad® — pyb? L (Pa=pe a*b?
00 2 _h2 2 _n %)
(14 pad® — pyb* Pa—py (@b
u_( E )[(1—2v)< a? — b? T a? — b2 r

where, if compression is positive, then a positive radial displacement is inward.
In the usual case, there is no internal pressure p, acting on the liner, so

o= () (- %)
"\ = (a/b)? r2
p a*
= (=) (1 )
(14w Db Db a?
”_( E )[(1_2")<1f(a/b>2>’+(lf(a/b>2>(7)]

A Mohr—Coulomb failure criterion is appropriate to concrete and includes steel as a special
case. A convenient form in terms of principal stresses is

(‘” ;"3> - (‘” ;"3) sin(e) + (¢) cos()

where c and ¢ are cohesion and angle of internal friction, respectively. In the hollow cylinder
model of a shaft liner, the radial and circumferential stresses are principal stresses. Hence,

2
(#‘2@2) (%) - (%) sin(¢) + (c) cos(¢)

that is first satisfied where r is the least, that is, at » = a. At greater r the left side of the
failure criterion is too small to satisfy the equality. Thus, liner failure initiates at the inside
of the liner when

_ | ©cosd) |1, 2
pb= [1 —sin(¢)] [1 (a/b) ]

The circumferential stress on the inside of the liner (» = a) is maximum. Thus,

2pp

ogg(a) = W

where the radial stress is zero. As b becomes indefinitely large, the stress approaches two
times the applied stress which agrees with the case of a circular hole under hydrostatic stress.
If pp is a reference stress and K is a liner stress concentration factor, then

2
o =k 5= o]
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The safety factor for the liner is given by

1— 2
pr,=Coo o g [1m)

3.20
Oc Kpp ( )

If the liner thickness / is specified, so 4 = b—a, then the factor of safety may be calculated,
given the liner strength C, and applied stress pp.

Alternatively, a liner thickness may be calculated for a given safety factor or, equivalently,
for a given maximum allowable stress (C,/FS). Two formulas are possible, one in terms of
the inner liner radius a, the other in terms of the outer liner radius b which is also the radius
of the unlined shaft wall. Thus, after solving the liner safety factor equation,

_ /2
- [1 ~ <C0 ZprS> ]
Co
c (1/2)
h=a % —1
Co — 2puFS

Either may be used; both follow directly from the liner safety factor formula. In consideration
of the square root operation, the liner load can in no case exceed one-half the unconfined
compressive strength of the liner material. Liner loads from water pressure are an order of
magnitude less, although there are notable exceptions. In exceptional cases, a concrete liner
alone may not suffice; combinations of steel and concrete may be needed to support very
high water pressure.

(3.21)

Example 3.18 A circular concrete liner in a vertical shaft is subject to an external pressure
of 90 psi. Concrete strength is 5,000 psi. If the inside diameter of the liner must be 18 ft,
determine the liner thickness necessary to achieve a liner safety factor of 3.5.

Solution: According the second equation of (3.21)

L (18 5,000 i
_<2> [5,000—@)(90)(3.5)] -

= 0.627 ft
h =17.52in.

This thickness is rather small and as a practical matter the actual liner would probably be one
foot thick.

Example 3.19 A circular concrete liner in a vertical shaft is subject to an unknown external
pressure that cause the liner to fail in compression on the inside of the liner wall where traces
of vertical shear cracks are observed. Concrete strength is 5,000 psi. The inside diameter of
the liner is 18 ft and the thickness is 7.52 in. Determine the liner load at failure.

Solution: At failure, the liner safety factor is 1.0; according to (3.20), this safety factor is

1— (a/b)z]

FSe=Co [ 2pp
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- 1 — (a/b)?
pr = Co [T&]
- 2
= (5,000) {1 [9/(9 +7.52/12.0) }
@M
ppr = 315 psi

The small thickness leads to a relatively small failure load. A one foot thick liner would
require a pressure of 475 psi, about 50% greater, to cause failure.

Example 3.20 A 3 ft thick circular concrete shaft liner is designed for an allowable stress
of 3,500 psi in compression. Outside diameter is 24 ft. Determine the thickness of a steel
(A36) liner with a safety factor of 1.5 that would support the same load but allow for a greater
inside diameter and therefore a greater useful cross-sectional area of the shaft.

Solution: The load the concrete liner is designed to support is

L [1=(a/b?] 1—(9/12)*] _
Pb = Co [W] = (3,500) [T] = 766 ps1

According to the first equation of (3.21)

- 12
h=(12) [1 _ (36’000 2(766)(145)> i|
36,000

=0.389 ft
h =4.67 in.

The inside shaft diameter would increase from 21 ft to 23 ft. Whether the increase is warranted
would require a cost analysis.

The average circumferential stress acting through the thickness of the liner may be com-
puted by integrating the circumferential stress through the thickness of the liner and then
dividing by the thickness. The result is

pub

Oave = 7}1

which may also be obtained by substituting a = b — 4 in the safety factor formula , then
expanding the square and neglecting (/b)? of the result on the grounds that the thickness is
small compared with the radius, that is, (b — @) /(b + @) << 1. Figure 3.16 shows how the
ratio of maximum to average circumferential stress varies with the ratio of thickness to outer
radius. The average stress is within about 10% of the maximum stress up to a thickness of
about 0.2 the outer radius (unlined shaft radius). A 20 ft diameter shaft lined with concrete
1 ft thick could be designed using the thick-walled cylinder formula (exact solution) or using
the simpler average stress. The maximum stress in this example is 10.52 p;, while the average
is 10.00 pp, a difference of about 5%.
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Figure 3.16 Ratio of maximum to average liner stress under external pressure as a function of the
ratio of liner thickness to outer radius. (a) Small range and (b) large range.

Example 3.21 Suppose a 20 ft diameter shaft is sunk through an aquifer where the fluid
pressure is 180 psi and a safety factor of 4.8 is desired using concrete with C, = 4,800 psi.
The required liner thickness according to (3.21) is

_ 1/2
h=(20/2) |:1 - (4’800 (2)(180)(4'8)> :| =201t
4,800

assuming the diameter given is the outside diameter. The finished inside shaft diameter would
be 16 ft.
If the finished shaft diameter needed were 20 ft, then the liner thickness required would be

4,800 12
h=20/2) |:<4,800 — (2)(180)(4.8)) B 1} =251t
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Figure 3.17 Shaft ring weight equilibrated.

If the liner were steel instead of concrete, and C, = 36,000 psi, then by the same formula
that leads to a 2.5 ft thickness of concrete, # = 0.25 ft or a 3.0 in. thickness of steel . The
useful area of a shaft is, of course, defined by the inside diameter (20 ft).

In this example, the unlined shaft would need to be excavated to a diameter of 25 ft to
allow for the required concrete liner thickness and finished diameter of 20 ft where the shaft
route encounters the high water pressure.

Weight of a concrete liner also loads the liner, so some account of this load is of interest.
The weight of a 20 ft diameter shaft liner, 1 ft thick, is the product of concrete specific
weight and ring volume. With reference to Figure 3.17 that shows a ring in equilibrium with
a shearing force acting on the perimeter of the ring at the concrete—rock contact with no
change in vertical force from top to ring bottom, the shear force required for equilibrium is
just

W=T

yw(b? — d?) = 2nbt
where 7 is the average shear stress acting over a one foot run of liner. Solution for 7 gives
=L b-ab+a
2b
t~ L@k = yh
2b

Thus, shear stress required to support the liner is about equal to the product of liner specific
weight y and liner thickness 4. This product is roughly 1 psi per foot of liner thickness. A one
foot thick liner would require about 1 psi of supporting shear stress at the liner—rock contact.
In consideration of the roughness of the unlined shaft wall and the adhesion of concrete to
rock, a shear stress of a few psi is easily supported. For this reason, the weight of a liner does
not accumulate with depth. The load is distributed over the perimeter of the liner and does
not develop a large vertical force over the bottom of the liner.
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Example 3.22 A circular concrete shaft liner has an inside diameter of 20 ft and an outside
diameter of 24 ft. Determine the bond strength between concrete and rock such that liner
weight does not accumulate. Assume specific weight of concrete is 140 pcf.

Solution: A free body diagram of a section of the liner is shown in the sketch.

24
< 20 >

<
L] | | TV

[

w

For weight not to accumulate, each vertical foot of liner must be supported in shear at the
concrete-rock interface. Thus,

W =V = (140)(r/4) (24> — 20%)(1) = () (24)(1)

T =257 psf (1.9 psi)

However, if a liner is decoupled from the rock and thus moves freely in the vertical
direction, then liner weight does accumulate and must be supported by reactions at the
bottom of the liner. Decoupling may be desirable in the presence of shaft wall motion or
subsidence induced by mining or other activity such as drainage of an aquifer or fault.

If indeed the rock mass does not load a liner because postexcavation displacement is
negligible, then liner thickness should be independent of shaft depth. Empirical evidence for
this inference is shown in Figure 3.18 (Cornish, 1967) where depth is plotted as a function of
the ratio of liner thickness to diameter (in./ft) for 43 shafts. Depth ranges to over 6,000 ft,
but there is clearly no trend line that would indicate a correlation between depth and liner
thickness to diameter ratio.

Figure 3.19 illustrates a computer simulation of concurrent shaft sinking and concrete
lining using the popular finite element method (Pariseau, 1977). The shaft is circular and
the analysis is axially symmetric with a preexcavation principal stress ratio of one (M = 1).
Unlined shaft diameter was 22 ft and liner thickness was 1 ft; finished diameter was 20 ft.
Results in Figure 3.19 show that total shaft wall displacement increases linearly with depth
as does stress. However, liner displacement is small and independent of depth. Most of the
shaft wall displacement occurred simultaneously with sinking rounds that were equal to 20 ft
initially and then for computation efficiency increased to 40 ft. The liner was never installed
closer than one shaft diameter to the shaft bottom and was never more than 60 ft from the
shaft bottom. Keeping support at least one diameter from the shaft bottom not only defends
support against residual wall displacement but also reduces damage from blasting.

Example 3.23 A 1-ft thick circular concrete shaft liner has an unconfined compressive
strength of 3,500 psi, a Young’s modulus of 3.5(10°) psi, a Poisson’s ratio of 0.20, and a
specific weight of 140 pcf. Inside diameter is 20 ft. Determine the change in inside diameter
when the load is sufficient to cause liner failure.
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Solution: The radial displacement of the liner is given by

_(1+v Db Db a?
”(’)_< E )[(1_2”)<1—<a/b)2>’+(1—<a/b)2>(7)]

_ (14020 Db Db 92
e = (3.5(106)) [“ 20200 (1 - (9/10>2> ot (1 - (9/10>2) <3)}

=2.6(10")p,

At failure, the liner load is

pb = (Co/D1 = (a/b)*] = (3,500/2)[1 — (9/10)*] = 333 psi

u(a) = 2.6(1075)(333)(12) = 0.104 in.

The change in diameter is just twice the radial displacement, so AD = 0.208 in. Although,
seemingly small, accurate measurement during a monitoring program would not be difficult
with a calibrated tape extensometer or similar device.
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Figure 3.18 Shaft depth versus liner thickness to diameter ratio (after Cornish, 1967).
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Figure 3.19 Schematic representation of shaft sinking and lining operations performed by the
computer. Numbers identify the sequence of operations. (a) Generation of the pre-
mining stress field, (b) collaring of shaft and initial sinking to depth H, in lifts of height hs,
(c) first installation of the liner in lifts of hight h|, (d) shaft deepening to depth H with
concurrent sinking and lining operation, and (e) shaft sinking and lining sequence. Also

total shaft and liner wall displacements at shaft depth of 395 ft.

Note
Actual curves are based on more than 100 data points.
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Figure 3.20 Thin, continuous ring equilibrium.

Circular steel rings

Integration of radial pressure over a semicircular shaft ring allows for estimation of the net
horizontal force applied to the ring. This force must be equilibrated by internal reactions at the
semi-ring ends as shown in Figure 3.20. The equilibrium requirement allows for calculation
of the average stress acting through the ring thickness. Thus,

F, =2T

k4
= [,
0

T

= / sin(6) bp, SO
0
F, = 2bSps

where S is distance along the ring, which is assumed to be continuous and has cross section
Sh. Hence, T' = bSp;, and the average stress is just 7'/Sh = bpp/h in this continuous liner
ring.

If the ring is not continuous but discrete, a steel set, for example, then each ring supports
the load one half the distance to the next set. Some load may be transmitted to a ring by
lagging or lacing (wood, steel) between sets, but the largest load would be a line load P
distributed over the outside of the ring with magnitude p;S. In this case, the support load or
pressure py, is likely to be a rock pressure rather than a water load. Regardless of the identity
of the load, if the spacing of ring sets is S, then ring support reaction T is
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where the radius is now to the center of the ring which is of acceptable accuracy in
consideration of ring radius and thickness. Clearly if the liner load were an internal pressure
tending to expand the ring, the support reaction 7 would be a tension given by the same
formula within the accuracy of practical geometry (thickness small compared with radius,
say, a few inches compared with several feet).

A safety factor for steel ring sets in vertical shafts may be defined with respect to forces
acting and resisting or simply as a ratio of strength to stress. Thus,

p_Ch_ G _G
T T/As [

(3.23)

where Cs and oy are steel compressive strength and stress, respectively.

Equations (3.22) and (3.23) allow one to estimate steel size (cross-sectional area) needed
to support an anticipated rock pressure p, in an unlined shaft of radius R (or b). Steel rings
are curved beams shaped and sized to design specifications and are usually A36 steel that
has an initial yield strength of about 36,000 psi. Steel area and ring spacing interact, so there
is no unique solution to support design.

Example 3.24 Consider an unlined shaft 20 ft in diameter where the rock pressure is
estimated to be 15 psi, a steel safety factor of 2.5 is specified, and the maximum allowable
stress in a ring is 36,000/2.5 or 14,400 psi. Determine the steel area Ag required.

Solution: Although the spacing is not uniquely determined, an expression relating steel
area to spacing may be obtained. Thus,

_(15)(20/2)(144)S

=1.58
14,400

As

where A is in square inches and spacing S is in feet.

A wide spacing clearly implies a heavier ring. A W or wide flange shape with an 8 in.
flange width spaced on 6 ft centers with an area of about 9.0 square inches would weigh
31 pounds (W8x31) per lineal foot. Increasing spacing by 33% to 8 ft would increase weight
proportionally and call for a W8 x40 shape (Manual of Steel Construction (7thed.) AISC,NY,
1970). This calculation points out once again, that seemingly small support loads, in this case,
15 psi, lead to sizeable support requirements and significant costs that must be considered in
the overall design.

A wide spacing tends to lower costs by reducing the number of ring sets installed over
a given length of excavation, while increasing cost and installation time because of greater
difficulty in handling heavier steel. An important consideration in this regard is any tendency
of the rock mass to ravel. Even falls of small rock pieces cannot be tolerated in a shaft, so
lagging between rings is essential. Lagging may be wood, galvanized corrugated sheet metal,
or some other structural material and may be placed between flanges or on top of the outside
flange. Lagging is thin relative to length and experiences beam action under rock pressure.
A common 3 in. thick piece of wood lagging 6 ft long under a distributed load of 15 psi
experiences a tensile stress of 6480 psi which is well above design value for No. 1 Douglas
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Fir parallel to the grain. (National Design Specification for Wood Construction Supplement
(1997 ed.) American Forest & Paper Association). Double lagging (6 in.) would reduce the
bending stress by 1/4 at the very most, to 1,620 psi which is marginal. Smaller sets closer
together may be required to allow thick lagging to safely restrain small rock pieces detached
from the rock mass.

3.3 Multiple naturally supported shafts

Often several shafts are needed to meet requirements for ventilation, personnel, and materials
handling. Efficient placement of surface and underground facilities favors closely spaced
shafts, while wide spacing favors lower stress concentration caused by interaction between
excavations. Multiple shafts also raise an important rock mechanics or safety question
concerning the most favorable shaft row orientation. Two new rules of thumb provide
guidance to these design questions.

The first new rule states that excavations should be separated by at least one “diameter” to
reduce interaction to an acceptable amount. Separation refers to wall to wall distance. In case
of circular shafts “diameter” is obviously the unlined shaft diameter. An acceptable amount
of interaction occurs when stress concentration is reduced to about 10% of that associated
with a single excavation. For example, by separating circular shafts by one diameter,“1-D,”
one hopes to reduce peak stress concentrations associated with a row of circular shafts to
that of a single opening in the same preshaft stress field. In case of a single vertical shaft of
circular cross section excavated in a stress field caused by gravity alone, circumferential stress
concentration K = 1 + (a/r)z. At 1-D away from the shaft wall » = 3a and K = 1.11, so the
stress concentration has decreased to within 11% of the preshaft value. In case of elliptical
and rectangular shafts, “diameter” refers to a characteristic linear dimension of the section
that reduces interaction to an acceptable amount. As a practical matter, the characteristic
linear dimension of an ellipse or rectangular section for application of the 1-D rule is the long
dimension of the opening.

The second new rule of thumb states that the most favorable orientation of a row of identical
excavations is with the row axis parallel to the major principal preexcavation compression.
Thus, the most favorable row orientation is the same as the most favorable orientation of a
single opening.

Results from the mathematical theory of elasticity supply stress distributions and concen-
trations about multiple circular holes in a row. Results are in a variety of forms (analytical,
numerical, computer code) and often require considerable additional work for practical
assessment. Three reasonably assessable cases are of interest here: (1) two identical circular
holes; (2) an infinite row of identical circular holes, and (3) two circular holes of different
diameters.

Circular shafts in a row

Results from solutions to the problem of two circular holes side by side and an infinite row
of circular holes allow one to evaluate the influence of one hole upon the other and to further
assess the “1-D” rule of thumb for treating multiple identical openings as isolated, single
openings. Figure 3.21 shows two identical circular holes side by side centered on the x-axis.
Points of interest are holes sides (A and B), and top and bottom (C) where the stresses are at
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Figure 3.21 Two identical circular openings.

or near peak compressive and tensile values. Stress concentration at these points depends on
the applied stresses (Sx, x = east and S, y = north) and on hole separation W, + W, relative
to hole size where W, = width of opening (diameter) and W}, = width of pillar.

A plot of stress concentration at points A, B, and C as a function of the ratio Wp/Wo
when a compression is applied parallel to the x-axis is shown in Figure 3.22(a). The
reference stress Sy = 1 and is the major principal stress (compression positive). When
the holes are far apart, the stress concentration factors are —1.0 at points A and B and
+3.0 at points C. When the holes are separated by one diameter (pillar width equals open-
ing width, W, /W, = 1), the tension outside at A is reduced only slightly to about —0.9,
while the tension inside at B is reduced to about —0.6. The compression at the top and
bottom, point C, is reduced about 10% to 2.7 from 3.0. These results are in keeping with
the rule of thumb stating holes more than one diameter apart experience only a slight inter-
action. As hole separation is reduced further from W,/W, = 1 and the holes nearly touch
(Wp/Wo = 0.2), compression at C is reduced further. This effect occurs because one hole
is in the “shadow” of the other when the major compression acts parallel to the axis of hole
centers. The peak tension on the outside at A changes very little from —1.0 regardless of
separation, while tension on the inside at B is reduced as separation is reduced.

Figure 3.22(b) shows the results when the major compression is perpendicular to the axis
of hole centers. In this case S, = S and is the reference stress. The peak tension in this case
occurs at the hole tops and bottoms, points C, and changes very little with hole separation.
The peak compression occurs at B inside the holes and increases very rapidly from +3.0
as hole separation decreases below one diameter. Clearly, the most favorable orientation of
the axis of hole centers in the case of two identical circular holes is parallel to the major
compression when the choice is between parallel or perpendicular. The material between
holes is shielded, shadowed, by the holes when the compression is parallel, but directly
exposed when the applied compression is perpendicular to the axis of hole centers.

The two cases of uniaxial compression shown in Figure 3.22 may be combined under
the principle of superposition. Table 3.6 presents the stress concentration factors for the two
uniaxial cases. Thus in the hydrostatic compression case (Sy = 1,8, = 1) with W,/ W, = 0.5,
stress concentration at points A, B, and C are 2.25, 2.89, and 1.74, respectively. Either applied
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Figure 3.22 Stress concentration about two circular holes loading: (a) compression parallel to the
row axis; Sx = 1, Sy, = 0 and (b) compression perpendicular to row axis; Sy = 0,5, = I.

stress may be used as a reference stress. A single circular hole would experience a stress
concentration of 2.0 at all points on the hole wall.

As another example of superposition, in case of a relatively low S,[S), = (1/3)Sx] and
Wy/Wo = 0.5, the stress concentrations at hole sides, top and bottom (points A, B, and C)
are, 0.15, 2.33, and 0.71, respectively (reference stress is Sx). When S}, is high relative to
Si[Sy = (1/3)S,] and W,,/W, = 0.5 as before, then stress concentrations at A, B, and C
are 2.85, 3.14, and —0.01, respectively (reference stress is S,). If one of the applied stresses
is a tension, for example, S; and S, = —Sx, then stress concentrations for W,/W, = 0.5
at A, B, and C are —4.05, —3.64, and 3.51, respectively (S is the reference stress). If
Sy is the tension, then the signs of the stress concentrations are reversed. If both of the
applied stresses are tension, the stress concentration factors are the same as if both were
compression.
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Table 3.6 Stress concentration about two identical circular holes

Wp/Wo Sx,Sy

Sx=1.0 5,=00 =00 S,=1.0

A c B A c B
0.0 2.569 3.869
0.1 —0918 2568 —0651 34I4 —0958 6.106
02 —0905 2580 —0423 3289 —0.924 4423
03 —0899 2593 —035 3231 —0.905 3.768
04  —089 2608 —0346 3.185 —0.892 3.443
0.5  —089% 2623 —0377 3.I51 —0884 3.264
10 —0908 2703 —0609 3066 —0.88l 3.020
20 —094 2825 0838 3020 —092 2992
40 0927 2927 —0948 3.004 —0964 2997
70 0987 2970 —0.98 3.001 —0.985 2998
100 —0993 2984 —0991 3000 —0992 3.000

Example 3.25 Consider two vertical, circular shafts of the same diameter (7 m) in a
preexcavation stress field defined by

Se=25 S, =35 S.=100 T,,=00 T, =00 Ty=-15

where units are MPa, x = east, y = north, z =up. Determine the best orientation of the shaft
pair and the stress concentrations in plan view at points A, B, and C defined in Figure 3.21.
Assume the shafts are separated by 1.4 m.

Solution: According to rule of thumb, the row axis of multiple openings should be parallel
to the major preexcavation compression. The direction of the preexcavation principal stress
may be found by the solution of

Ty
tana) = —————
(1/2)(oxx — Uyy)
= 77‘@}
(1/2)(Sxx — Syp)
_ -1.5
T (1/2)(2.5-3.5)
tan(2a) = 3.0

20 = 71.6°, 251.6°
«a =35.8° 125.8°
The proper choice of the two solutions may be made by measuring from the axis of the largest

preexcavation normal stress, in this example, the y-axis, and observing the sign convention
that positive angles are measured counterclockwise, as shown in the sketch.
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Rotated view showing shafts on the line
of centers that minimizes stress
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Numerical evaluation of stress concentrations at points A, B, and C shown in the sketch
requires magnitudes of the preexcavation principal stresses. These are

Sy Sex + Syy Sex — S\
— (o) (Xt 72
53} ( 2 2 Tl
25+3.5 25-35\2
(532 (Z v

S|

Py } =3.0+158
S) = 4.58
Sy =142

Accordingly, the ratio M = 1.42/4.58 = 0.31. The pillar width to opening width ratio
Wp/Wo = 1.4/7.0 = 0.2. With S; and S5 in the roles of Sy and S, in Table 3.6, the stress
concentrations are

Ka = —0.905+0.31(3.289) = 0.11

Kp = —0.423 +0.31(4.423) = 0.95

Kc =2.580+0.31(—0.924) = 2.29
There is no tension and the peak compressive stress concentration is 2.29. A single shaft

would have a peak stress concentration of 2.69, about 14% higher in compression, and a
tensile stress concentration of —0.07.

Example 3.26 Consider the data in Example 3.25 and suppose the major compression is
perpendicular to the shaft pair axis rather than parallel. Determine the stress concentrations
in this orientation.

Solution: As before, the ratio M = 1.42/4.58 = 0.31. The pillar width to opening width
ratio W, /W, = 1.4/7.0 = 0.2. With S} and S5 in now in the roles of S}, and S, in Table 3.6,
the stress concentrations are

Ka =3.289 4+ 0.31(—0.905) = 3.01

K =4.423 +0.31(—0.423) = 4.29

Kc=—-0.924+0.31(2.58) = —0.124
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Table 3.7 Stress concentration about an infinite row
of identical circular holes

Wp/Wo Sx.Sy

Sx=10 $,=00 $=00 S,=10

A=8B C A=8B C
0.2 —0.000 1.753 6.642 —0.535
0.3 —0.014 1.788 5.036 —-0518
0.5 —0.101  1.855 3.824 —0.495
1.0 —0.365 2077 3.159 —0.555
4.0 —0.762  2.648 2.876 —0.795
10.0 —0.852 2777 2.827 —0.851
0 —1.000 3.000 3.000 —1.000

The tensile stress concentration factor has magnitude 0.124, which was absent in
example 3.25. The peak compressive stress concentration is 4.29 which is 87% greater than
when the shaft row is oriented parallel to the preexcavation principal stress (compression
positive).

As more holes are added to the two-hole row, stress concentrations change. Eventually,
the addition of one more identical circular hole results in a negligible change to holes in
the interior of the row. When the row is of indefinite (infinite) extent, stress concentrations
about each hole are repeated from hole to hole. Because of the periodicity of the array, stress
concentration at points A and B are the same. Stress concentrations at the hole sides (A, B),
top and bottom (C) are given in Table 3.7.

Comparison of two-hole row data with the infinite row data points in Figure 3.22 shows that
loading parallel to the row axis leads to lower compressive and tensile stress concentrations in
the infinite row case. This result indicates that the shadow effectis increased as holes are added
to the row. In the case of loading normal to the row axis, compressive stress concentrations
are generally higher while tensile stress concentrations are lower in the infinite row case. This
effect is accentuated as the distance between holes is decreased. The generally lower stress
concentrations under parallel loading lends further support to the rule of thumb that states
the most favorable row orientation is parallel to the major principal stress (compression).

Superposition applies, so the results in Table 3.7 may be used to determine stress concen-
trations for combined loadings. For example, under hydrostatic compression (Sx = S),) at
Wy/Wo = 1.0, stress concentrations at A (and B) and C are 2.794 and 1.552, respectively. If
S, = (1/3)Sy, then stress concentration at A (and B) and C are both compressive, 3.037 and
0.137, respectively.

As the distance between holes (W, + W,) is decreased in the case of an infinite row of
circular holes loaded perpendicularly to the line of hole centers, not only does the compres-
sive stress concentration increase at the hole sides, but the average stress increases as well.
Figure 3.23 shows the distribution of oy, (east stress) and oy, (north stress) along the x-axis
between holes. Even though there is no applied stress in the east or x-direction, a stress devel-
ops that increases from zero towards the interior of the material between holes. The interior
portion of the material between holes is confined by this x-direction normal stress buildup.

The average north (y-direction) pillar stress Sp may be calculated exactly from equilibrium
of forces for holes in an infinite row. Thus, S, W, = Sp(Wo + W), s0 Sp = Sn/(1 —R) where
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Figure 3.23 Stress concentration between two circular holes loaded perpendicularly to the line of
centers (x = east = parallel to line of centers, y = north = perpendicular to line of cen-
ters). Plots start at pillar edges and end at pillar centers. Pillar to opening width ratio
Wp /Wo ranges from 0.2 to 4.0.

Sy is the preexcavation normal stress acting in the north direction and R = W,/ (W, + Wp),
ratio of opening width to hole spacing. In the cases shown in Figure 3.23, W,/ W, = 4, 1,
0.5,0.3,and 0.2, S, /Sy = 1.25, 2.00, 3.00, 4.33, and 6.00, respectively. These averages may
be compared with the corresponding peaks: 2.88, 3.16, 3.82, 5.03, and 6.64, respectively
(Table 3.7). As the distance between holes is decreased both peak and average stress increase,
while the difference decreases. At W, /W, = 0.2, the difference between peak and average
stress is only about 10%.

Shaft pillar safety

A shaft pillar factor of safety based on average pillar stress S rather the peak stress is easy to
compute and if too low indicates the need for more detailed analysis including determination
of peak stresses. There is another type of shaft pillar about mine shafts. This second type of
shaft pillar protects shafts from damage that may be induced by extracting ore too close to
the shafts. Concern here is with pillars formed by multiple shafts. These pillars should be
dimensioned to prevent damaging interaction between shafts. As always, geologic structure,
“joints,” need to be taken into account. The rock mass between shafts of equal size in an
infinite row of shafts forms pillars that experience an average stress Sp = Sy (W, + W)/ W)
where S, is the horizontal preshaft stress acting normal to the line of centers and S, is
horizontal postshaft stress (average). An area extraction ratio R may be defined as the ratio
of the area excavated to a total area of excavation and pillar, that is, R = W,/(W, + Wp),
measured along the line of centers (horizontally) and one unit of distance vertically. The
desired safety factor based on average compressive stress is then

G Co(1—R)

FSave = —
ave Sp Sn

(3.24)
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where C;, is shaft wall compressive strength and C,, is rock mass unconfined compressive
strength. If a size effect on strength is considered important, then C, must include such an
effect. Equation (3.24) may be used to evaluate a safety factor based on average pillar stress
or to evaluate pillar size associated with a specified safety factor.

Example 3.27 Suppose a safety factor of 3.0 is desired in a rock mass with unconfined
compressive strength of 4,800 psi where the preshaft stress is hydrostatic and 1,200 psi. A
row of 25 ft diameter circular shafts is planned. Determine the shaft separation needed to
meet the required safety factor.
Solution: By definition
G C
FS, = r__ 0

S, Sa/(0—=R)

where no size effect on strength is assumed. This equation may be solved for 1 —R,

| _ g = Sa(FSp)
Co
(1,200)(3)
= 74800
1-R=0.75

The ratio R may also be computed from the shaft geometry, that is,

WP
l-R=—2F__
A

0.75Wy = Wy(1 — 0.75)

W, =3W, = 3)(25) = 75 ft

This pillar size separates the shafts of three diameters, so the shafts are effectively isolated
and spaced on 100 ft centers. Single shafts would have a stress concentration of 2.0 in com-
pression and tension would be absent. A safety factor based on peak stress at the shaft walls
would be FS = Cy /K81 =4,800/(2) (1,200) = 2.0. Thus, a design layout based on averages,
although seemingly conservative at FS = 3.0, masks a danger of potentially unsafe peak
stress conditions at excavation walls. In this case, the shaft wall safety factor is 2.0 and thus
indicates a safe condition with respect to rock mass failure.

Because the safety factor based on average stress separates the shafts by more than
one diameter, the spacing could be reduced to one diameter without significantly increas-
ing peak stress. At a one diameter pillar width, W, = 25 ft, R = 0.5, and FSyy. =
(4,800)(0.5)/1,200 = 2.0. The safety factor at the shaft wall would be only slightly higher.

Example 3.28 According to the analysis summarized in Figure 3.23, the difference between
peak and average stress concentration about two identical circular shafts is about 10% when
Wy/Wo = 0.2. At this ratio, the peak stress concentration is 6.64; the average stress
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concentration is approximately 6.00. Estimate the rock mass strength needed under these
circumstances to achieve a safety factor of 3 in a 1,200 psi hydrostatic stress field.

Solution: Because of the closeness of average to peak stress concentration, one may use
either, therefore

Co

" oo

— Co

T KCS)

3= S
(6.64)(1,200)

FS.

Co = 23,900 psi

Use of unconfined compressive strength tends to underestimate the safety factor based on
average stress. The reason is the buildup of horizontal stress in the pillars, as shown in Figure
3.23. At a pillar width equal to 1-D, Wo, the central portion of a pillar is confined by a stress
almost equal to the preexcavation horizontal stress. If one adopts a Mohr—Coulomb rock mass
failure criterion, then C, = Co+(Co/To)p where p=horizontal confining stress or “pressure.”
For example, even if p were only one-half the preexcavation stress in a hydrostatic stress
field of 1,200 psi, the rock mass compressive strength C, = 4,800+ (10)(600) = 10,800 psi
where a reasonable ratio of unconfined compressive to tensile strength of 10 is assumed and
the unconfined compressive strength is 4,800 psi. In this case, other factors being equal,
the pillar core has a safety factor that is more than double an estimate based on unconfined
compressive strength.

A technically sound and economically viable shaft pillar defense strategy for circular shafts
in a row allows for relatively close spacing (pillar width equal to shaft diameter), based on
the extraction ratio Formula (3.24), with provision of shaft wall safety against peak stress
failure. The latter provision almost certainly requires rock mass reinforcement that prevents
falls of small rock and the start of progressive failure that could lead to pillar collapse. As in
the case of single circular shafts, if the shaft wall is safe, then the rock mass beyond is also
safe.

Formula (3.24) does not depend on shaft shape and may therefore be applied to other shaft
sections in an infinite row of identical vertical shafts. Figure 3.24 illustrates before and after
stress distributions normal to the line of centers of rectangular shafts. The x and y axes coincide
with preshaft principal directions. Of course, the most favorable orientation would align the
shaft section axis and row axis parallel to the major principal stress before excavation. In
any case, the preshaft normal stress S, = Sy which is a principal stress. The postshaft row
pillar stress S, = Sy (1 — R) where R is the area extraction ratio W,/ (W, + W) and W, is the
section dimension parallel to the x-axis. Opening dimension in the y-direction, “height” of
the opening is H, which is also “height” of the pillar H},. Of course, these distinctions were
unnecessary in the case of circular shafts in a row.

Possibilities of failure along faults and major joints of considerable continuity in shaft
pillars also need to be considered. Numerous small joints and fractures are considered in
estimation of rock mass strength and corresponding safety factor calculations. Analysis of
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Figure 3.24 Pillar stress distribution normal to the line of centers before and after excavation: (a)
before and (b) after.

pillar joint safety based on average stresses proceeds in much the same manner as wall joint
safety discussed in the section on Shaft Wall Strengths. Here, “compass” coordinates, xyz are
aligned with preshaft principal directions and with the understanding that the shaft row axis
or line of centers is parallel to one of these principal directions. The best choice is with x
parallel to ;. Stresses with respect to xyz are: Sy = 0, Sy, = S, and S;; = S,; shear stresses
Tyy = Ty, = T.x = 0, and the notation implies average stress. The next step is to compute
the direction cosines of the normal to a joint plane of interest (nx, ny,n,). Components of
the stress vector (7%, Ty, T,) can then be calculated and finally the normal and shear stresses
(Sj, Tj) acting on the joint plane may be obtained. The pillar joint safety factor, assuming
Mohr—Coulomb failure, is then

0 tan(¢;) + ¢j

FS; -

(3.25)

Example 3.29 Consider a row of 18 ft diameter vertical shafts spaced on 45 ft centers at
a depth of 3,200 ft where the vertical preexcavation stress is 3,600 psi and the horizontal
stress is 1,800 psi. A small fault with dip direction 30° and dip 30° transects a potential shaft
pillar. The gouge in the fault zone has an angle of internal friction of 28° and a cohesion of
20 psi. If the shaft excavation plan is realized, is there a danger of fault slip, that is, what is
the postexcavation fault safety factor?
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Solution: With the x-axis along the line of centers, the postshaft stresses may be estimated
as Sy = 0,8, = 5p,8z = Sy, and Tyy = T), = T, = 0. The area extraction ratio
R =W,/ (W, + W,) =18/45 = 0.4, and S, = S,/(1-R)= 1,800/(1 — 0.4) = 3,000 psi.
Direction cosines of the fault plane normal are:

ny = sin(8) sin(a) = sin(60°) sin(30°) = (v/3/2)(1/2) = /3/4

ny = sin(8) cos(ar) = sin(60°) cos(30°) = (v/3/2)(v/3/2) = 3/4

n; = cos(d) = cos(60°) = 1/2

Tractions on the fault plane are then
T = (0)(V/3/4) + (0)(3/4) + (0)(1/2) = 0
T, = (0)(+v/3/4) + (3,000)(3/4) + (0)(1/2) = 2,250
T, = (0)(+/3/4) + (0)(3/4) + (3,600)(1/2) = 1,800
The normal stress on the fault plane is
N; = (0)(v/3/4) + (2,250)(3/4) + (1,800)(1/2) = 2,588
and the shear stress is
Sy = [(0)* + (2,250)% + (1,800)* — (2,588)*]"/2 = 1,267
The fault plane factor of safety according to a Mohr-Coulomb strength criterion is then

_(2,588) tan(28°) + 20

FS;
) 1,267

=1.10

which is close to failure and would be cause for concern.

Of interest is the fault plane safety factor before excavation. From a similar analysis,
FS; = 1.56, which indicates excavation would tend to induce fault plane shearing.

However, the pillar is 27 ft wide, more than one diameter, so consideration of confining
pressure effects is reasonable. There are three effects, one that increases the normal stress
after excavation, one that reduces the postexcavation shear stress, and one that increases
strength. The strength effect increases compressive strength under confining pressure, but
does not affect cohesion or angle of internal friction. If a cautious view of the confining
pressure effects is taken by assuming the postexcavation normal stress in the x-direction in
the pillar core is 900 psi, just one-half of the preexcavation horizontal stress, the effect is
to increase the postexcavation normal stress to 2,334 psi, while reducing the shear stress to
889 psi. The fault plane safety factor after taking confining pressure into account is 1.42,
which is somewhat less than the preexcavation safety factor but significantly greater than the
unconfined safety factor calculation that lead to an estimate of 1.10. These results indicate
that the core of the pillar would be safe with respect to fault plane slip. Slip at the shaft walls
would still need to be considered in conjunction with loading by the circumferential stress
concentrated at the shaft wall and the vertical stress, as in the case of a single shaft.
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Figure 3.25 Circular excavations of different diameters.

Two circular shafts of different diameter

When two circular holes or shafts of different diameters are excavated in the same
neighborhood, one may suppose that the large hole will significantly influence stress con-
centration near the small hole, while the small hole will have little influence on stress about
the big hole. A practical example would involve a small diameter borehole for utilities exca-
vated adjacent to a larger service shaft. Figure 3.25 illustrates the situation where W, is width
(diameter) of the large opening, w, is the small opening width (diameter), and ), is the
width of the pillar between.

Peak stress concentration data for two diameter ratios W, /w, of 5 and 10 and for different
pillar width to large hole width (diameter) W,/W, ratios are shown in Figure 3.26. The
lower case legend with solid symbols pertains to the small hole; the upper case legend with
open symbols pertain to the large hole. Loading is parallel to the line of hole centers in
Figure 3.26(a) and perpendicular in Figure 3.26(b). If either hole were isolated, then under
compressive stress loading, peak compressive stress concentrations of 3.0 would occur at
points C and c. Peak tensions of —1.0 would occur at A and B, and a and b (Figure 3.25).
When loading is normal to the line of hole centers, the peak compression and tension would
occur at points A, B, a, b, and at points C, c, respectively, provided the holes were isolated
from each other. Data in Figure 3.26 show that the large diameter hole is largely unaffected
by the small hole even when the separation or pillar width is less than the small hole diameter
(about W,/ W, < 0.1 in Figure 3.25). The large hole tends to shadow the small hole and
reduces the peak small hole compression in the vicinity of points ¢ with reduction in W, /W,.
However, peak tension on the inside of the small hole at b tends to increase rapidly over —1.0
with close approach (W,/W, < 0.1) of the small hole to the big hole. High tensile stress in
the pillar could pose a serious threat to stability of both excavations.

Data for the case when the load is applied perpendicular to the line of hole centers is
shown in Figure 3.26(b). Peak tensile stress concentrations about the big hole occur at points
C and are much the same as if the hole were isolated, that is, K; = —1.0. Peak compressive
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Figure 3.26 Maximum and minimum stress concentration about two circular holes of unequal
diameters of 5 and 10. Lower case solid symbols pertain to the small hole. Upper case
open symbols pertain to the large hole. Large hole diameter W, is 5 and 10 times small
hole diameter wo. Rock distance between holes is W, (after Haddon, 1967). (a) Parallel
and (b) perpendicular to the line of centers.

stress concentration K, is also largely unaffected by the small hole until the holes are quite
close, Wy /W, < 1.0. Peak compression at the wall of the large hole occurs on the inside at B.
There is a hole size effect in that the case of the smaller big hole (W,/w, = 5), compressive
stress increases to about 5.0 from 3.0 and then decreases with even closer approach of the
small hole. This effect would be amplified as the big hole diameter is decreased. Indeed,
when hole diameters are equal and W,/W, = 0.1, the compressive stress concentration is
6.11 (Table 3.6). Peak tension and compression at the wall of the small hole increase with
decreasing separation. The increase accelerates with close approach as W, /W, decreases
below 0.1, as seen in Figure 3.26(b).

The data for two circular holes of unequal diameter show that stress concentrations about
the large hole are not significantly affected by the small hole, while stress concentration about
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the small hole is definitely influenced by the large hole. Intuitively, one might suppose that
the 1-D rule applies using the large hole diameter and, in fact, if the two holes were separated
by a pillar width 7, = W,, then the data in Figure 3.26 make clear that the two holes
are effectively isolated with negligible interaction. When isolated, maximum and minimum
stress concentrations are 3.0 and —1.0. However, such separation is too conservative; a lesser
separation is possible. Superposition applies and in practice, peak stress concentrations will
be less than the uniaxial load case shown in Figure 3.26. Using the small hole diameter for the
1-D rule would be risky. A reasonable compromise and guide would be to separate circular
holes of unequal diameter by W, = 0.5W,, when the large hole is more than five times the
diameter of the small hole. Otherwise the 1-D rule should be applied using the large hole
diameter in case of long life openings such as shafts. The rule of thumb for the most favorable
orientation with the line of hole centers parallel to the row axis still applies as the data in
Figure 3.26 indicate.

Consider a 25 ft diameter vertical shaft and 5 ft diameter borehole excavated in a hydrostatic
stress field (M = 1) at a depth of 3,600 ft in a preexcavation stress field caused by gravity
alone and where the horizontal stress is 1,200 psi and rock mass strength is 4,800 psi. If
the holes are effectively isolated according to the 1-D rule (25 ft apart, W, = 25) then
Wp/Wo = 1.0. Tension is then absent and the peak compressive stress concentration is 2.0.
The safety factor with respect to compression is then 2.0. Superposition of stress concentration
data from Figure 3.26 allows for closer spacing. At W,/W, = 0.4, tension is still absent,
while the peak compression stress concentration appears at the inside of the small hole and
is almost 3.0. The holes are 10 ft apart (¥, = 10) and the associated safety factor is 1.33.

Elliptical shafts in a row

When the holes in a row are not circular, two orientation questions arise: (1) the best
orientation for the individual holes and (2) the best orientation for the row of holes. The
first question may be tentatively answered by applying a rule of thumb for isolated, single
openings that states the best orientation is to align the long axis of the hole with the direction
of the major principal compressive stress. Whether this applies for multiple noncircular holes
in a row when interaction occurs is an open question. The second question calls into play
the rule of thumb that states the most favorable row of holes orientation is with the row
axis, the line of centers, also parallel to the major compression. Whether this rule applies to
noncircular holes is also an open question. Analytical or closed form solution to this problem
is not known. However, a purely numerical approach allows for quantitative evaluation.

A comparison of the analytical and numerical results in the case of two identical circular
holes excavated in a hydrostatic stress field is presented in Figure 3.27. Numerical data in
Figure 3.27 were obtained using the finite element method. The agreement between the two
methods is excellent and indicates reliability of the finite element results. Data in Figure 3.27
may also be computed using superposition and Table 3.6 data for points A and B outside and
inside the two holes.

Figure 3.28 shows four combinations of a pair of elliptical holes under uniaxial load-
ing. The ratio of the major to the minor axes of the ellipses is two; the ratio of hole
separation to hole width (W},/W,), both measured along the x-axis is 0.5, so interaction
is expected. The results are summarized in Table 3.8. These limited results support the
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Figure 3.27 Comparison of analytical and numerical results and stress concentration in the case of
two identical circular holes excavated in a hydrostatic stress field (M = ).

applicability of the combined rules of thumb for single openings and rows of open-
ings that state the long axis of the hole and the row should be parallel to the major
compression.

Inspection of Table 3.8 shows that the greatest compression (5.56) occurs inside ellipses
(B) when the applied compressive stress is normal to the hole and row axes — combina-
tion (c) in Figure 3.28. The tension in this case (at C) is also very nearly equal to the
greatest tension (—1.03). The smallest tension and compression (—0.64, 1.91, respectively)
occur when the applied stress is parallel to the hole and row axes — combination (a) — at
points B and C, respectively. For comparison, if the ellipses were widely separated and
effectively isolated then loading parallel to the hole axis leads to compressive stresses of
2.0 at C and tensile stress of —1.0 at A and B. The noticeable reduction in tension at
points B between the ellipse pair indicates a significant shadow effect in combination (a) of
Table 3.8.

A single ellipse with an axis ratio of two under an applied stress acting normal to the long
axis of the hole would experience stress concentrations of —1.0 at the hole top and bottom (C)
and 5.0 at the hole sides. By comparison, the ellipse pair in case (c) shows a tension of —1.02
and compressions 5.16 and 5.56 outside and inside the holes (points A and B), respectively,
and thus an interaction amounting to about a 10% increase in peak compression occurs in
this unfavorable case.

Superposition applies, so one may use the data in Table 3.8 for combined Sy and S, loading
and W, /Wo = 0.5. For example in the hydrostatic case when Sy = S, and the ellipse axes
are parallel to the x-axis, stress concentrations at A, B, and C are 4.33, 4.92, and 0.89,
respectively. When the ellipse axes are parallel to the y-axis, stress concentrations at A,
B, and C are 1.19, 2.00, and 3.23, respectively. In either case tensions are absent under
compressive hydrostatic loading.

Table 3.9 shows stress concentrations for the four combinations of hole and infinite row
axis orientation relative to the applied compression used in the two-ellipse cases (Table 3.8).
The main trends are similar to the infinite circular hole row trends: (1) lower tensile and
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Figure 3.28 Four configurations of two elliptical excavations.

compressive stress concentration when the load is parallel to the row axis, and (2) lower
tensile, but higher compressive stress concentrations when the load is normal to the row axis.
Again the most favorable combination is with hole and row axes parallel to the major com-
pression; the least favorable combination is with hole and row axes normal to the major
compression.
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Table 3.8 Stress concentration about two identical elliptical holes
(Wp/Wo =0.5)

Combination  Sx, Sy

Sx=1.08,=00 Sx=00S,=1.0
A C B A C B

@@ 1-1 —083 191 —0.64

(b) 0—1 —1.03 409 —055

(c) 0-0 516 —1.02 556

(d) 1-0 222 —086 255

Notes

(a) hole axis and row axis parallel to SI; (b) hole axis normal, row axis
parallel; (c) hole axis and row axis normal; and (d) hole axis parallel, row
axis normal.

Table 3.9 Stress concentration about an infinite row of identical
elliptical holes

Combination Sy, Sy

Sx=10 §=00 S$=00 S =10

A=B c A=B c
@) 1-1 —034 155
(b) 01 —000 219
(c) 0-0 5.58 —0.66
(d) 1-0 38l —03|

Notes

(a) hole axis and row axis parallel to S; (b) hole axis normal, row axis
parallel; (c) hole axis and row axis normal; and (d) hole axis parallel,
row axis normal.

Rectangular shafts in a row

An elliptical section is useful for illustrating the concept of stress concentration about single
and multiple holes and transition from analytical to numerical solutions. However, a rect-
angular section is a much more practical shape. Again, two related questions arise. One
concerns orientation of individual holes; the second concerns orientation of a row of holes.
Both orientations are with respect to the direction of the major preexcavation compression
S1. Four combinations of identical rectangular holes are shown in Figure 3.29; these com-
binations are the same used in analyses of elliptical holes. The long dimension of all holes
is always twice the short dimension and the ratio of hole separation to hole width (W, /W)
is always 0.5 as measured along the x-axis. Thus, the openings are relatively close together
and interact significantly, as was the case for elliptical holes.

Table 3.10 shows stress concentration factors for two cases of uniaxial loading of just two
rectangular holes with different hole and row axis alignment relative to the load direction.
Peak stress concentration occurs at corners in all cases. When loading is parallel to the
x-axis (cases a and b), peak stress occurs on the outside corners (D,); when loading is
parallel to the y-axis (cases c and d), peak stress occurs on the inside corners (Dj). The most
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Figure 3.29 Four configurations of two identical rectangular excavations.

favorable case with respect to peak compressive stress concentration (under compressive
loading) is case (a) with hole and row axes parallel to the direction of the major preexcavation
compression S (Sy). The least favorable case is (¢) with both axes normal to the applied stress.
The same conclusions are obtained relative to tension: case (a) is most favorable; case (c) is
least favorable.

Table 3.11 shows stress concentrations at the ends of hole semi-axes (4, B, C) and at hole
corners (D, D1) in four cases of an infinite row of identical rectangular holes. As in cases
of two rectangular holes, peak compressive stress concentration always occurs at the corners
of a rectangular section. Tension, when present, occurs “under the load,” that is, at the ends
of the semi-axis that is parallel to the major compression. Data in Table 3.11 show that
loading normal to the row axis or line of centers (c) is quite unfavorable because of high
compressive stress concentration at corners (D,, D1) and high tensile stress at midsides (C).
Stress concentration at corners is greatly reduced when the row axis is oriented parallel to
the major preexcavation compression; tension is also reduced.
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Table 3.10 Stress concentration about two identical rectangular holes

Case Sx,Sy

Sx=10 5=00 5x=00S,=1.0

A C B Do D) A C B Do D)
(@ 1-1 —081 136 —-042 284 20l
(b)0—1 —1.02 204 -—-039 481 227
(c) 0—-0 250 —1.05 285 558 6.66
(d) 1-0 1.64 —090 207 332 340
Notes

(a) hole axis and row axis parallel to S|; (b) hole axis normal, row axis parallel; (c) hole axis and
row axis normal; and (d) hole axis parallel, row axis normal.

Table 3.11 Stress concentration about an infinite row of identical
rectangular holes

Combination S, Sy

Sx=1.08,=00 $=005,=1.0
A=B C Do=D, A=B C Do =D,
@ 1-1 —023 106 18I
(b) 01 000 1.07 157
(c) 0-0 294 —084 730
(d) 1-0 300 -077 5.13

Notes
(a) hole axis and row axis parallel to S;; (b) hole axis normal, row axis parallel;
(c) hole axis and row axis normal; and (d) hole axis parallel, row axis normal.

The main trends as holes are added to the two rectangular hole cases are similar to those
for elliptical holes: (1) lower tensile and compressive stress concentration when the load is
parallel to the row axis (cases a and b) because of increased “shadow” effects and (2) lower
tensile, but higher compressive stress concentrations when the load is normal to the row axis
(cases ¢ and d).

Interestingly, the condition of uniaxial loading (), with the hole axis normal to the load
direction and the row axis parallel to the load direction, is slightly more favorable than (a),
which was more favorable for elliptical holes. In consideration of a more realistic in situ stress
state than uniaxial (M = 0), for example M = 1/3 or M = 1, case (a) with both axes (hole
and row) parallel to S1, (b) is still more favorable. This trend continues at larger separations
(greater Wp). To see these results, one may use superposition of data from Table 3.11 for
midside points 4, B, and C and by numerical calculation for corners (D, and D). In case
M = 1/3 with hole and row axes parallel to S| = Sy and S3 = S, = (1/3)S], stress
concentrations at C and 4(B) and are 0.78 and 0.75, respectively. Tension is absent. Peak
compressive stress concentration still occurs at the corners (D, D1). However, direction and
location of peak corner compression varies somewhat from case to case, so superposition
does not apply at corners. A separate series of calculations leads to the data in Table 3.12 for
M = 1/3. Results for hydrostatic case, M = 1, are given in Table 3.13.
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Table 3.12 Stress concentration about an infinite row of identical
rectangular holes

Combination Sy, Sy

Sc=1 S,=113 Se=113 S,=1

A=B C Do=D; A=B C Do =D,
@ 1—1 075 078 349
(b) 0—1 100 081 269
(c) 00 286 —049 7.62
() 1-0 300 —042 524

Notes

(a) hole axis and row axis parallel to SI; (b) hole axis normal, row axis parallel;
(c) hole axis and row axis normal; and (d) hole axis parallel, row axis normal.
Wp/Wo = 0.5

Table 3.13 Stress concentration about an infinite row of identical
rectangular holes

Combination Sy, Sy

Sc=1 S,=1 Sc=1 S,=1

A=B C Do=D, A=B C  Do=D,

@)+ (c) 271 022 820
(b) +(d) 300 030 546

Notes

(a) hole axis and row axis parallel to SI; (b) hole axis normal, row axis
parallel; (c) hole axis and row axis normal; and (d) hole axis parallel, row
axis normal.

Wp/Wo = 0.5

Stress concentration data for an infinite row of rectangular holes thus indicates that (b)
is more favorable than (a) with respect to peak compressive stress concentration at corners.
However, the reverse was true with just two rectangular holes; (a) was most favorable. In the
case, say, of five rectangular holes, stress concentration about the outside holes and associated
pillars would be similar to stress concentration about just two holes. Stress concentration
about the inside holes and pillars would more likely be similar to the infinite row of holes
data. Because stress concentrations are higher in the two hole cases, especially at the outside
corners, than in the infinite row of holes cases, the choice of configuration (a) or (b) is
logically decided by the two hole case in favor of (a). Thus, alignment of hole and row axes
parallel to the major compression is the best choice, when the number of holes in the row is
few, say, about five.

Example 3.30 Consider a relatively close spaced row of vertical, rectangular shafts such
that W, = 0.5W, with hole and row axis parallel. Further suppose the opening dimensions
are 12 x 24 ft and therefore H,/ W, = 1/2. These data correspond to the geometry of Figure
3.29(a). The shaft route penetrates a weak zone at 3,600 ft where rock mass compressive
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and tensile strengths are 15,000 and 1,500 psi, respectively. If the preexcavation stress field
is caused by gravity alone, estimate the shaft wall safety factors with respect to tension
and compression.

Solution: In plan view, the preexcavation gravity field shows equal stress, so M = 1.
Either the results in Table 3.11 or Table 3.13 may be used for stress concentration values.
From Table 3.13, a peak compressive stress concentration of 8.20 occurs at the corners (D);
no tension is indicated. With respect to compression

Co 15,000

=—=——=152
K81 (8.20)(1,200)

FSc
which is low for shaft wall stability. In comparison, the safety factor at midside of the short
edges (4, B) is 4.61. The midside points of the long edges (C) have even higher safety factors.
Danger of large-scale failure is therefore not indicated.

3.4 Problems

Single, naturally supported shafts

3.1 A 20 foot diameter circular shaft is planned in a massive rock. Laboratory tests on
core from exploration drilling show that

Co = 22,000 psi T, = 1,200 psi
y =144 pef E =5 x10°psi
G = 2.0 x 10° psi

Depth is 3,000 ft. Site measurements show that no tectonic stresses are present.
Determine the factors of safety with respect to failure in compression and tension.

3.2 If the opening in Problem 3.1 is in an in situ stress field such that o, = o, what are
the safety factors?

3.3 If the opening in Problem 3.1 is in an in situ stress field such that o, = 0.010y, is
there a possibility of failure? Justify your answer.

3.4 A 6 m diameter circular shaft is planned in massive rock. Laboratory tests on core
from exploration drilling show that

Co=152MPa T, =83MPa
y =23kN/m> E =34.5GPa
G = 13.8GPa

Depth is 915 m. Site measurements show that no tectonic stresses are present.
Determine the factors of safety with respect to failure in compression and tension.
3.5  If the opening in Problem 3.4 is in an in situ stress field such that o, = o, what are
the safety factors?
3.6  If the opening in Problem 3.4 is in an in situ stress field such that o, = 0.010y, is
there a possibility of failure? Justify your answer.
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3.7

3.8

39

3.10

3.11

3.12

Which is preferable from the rock mechanics viewpoint: an elliptical, ovaloidal, or
rectangular opening of W,/H, of 2 for a stress field M = 1/3? M = 0? Justify your
choices.

A rectangular shaft 10 ft wide by 20 ft long is sunk vertically in ground where the
state of premining stress is

o = 1,141, 0y, =2,059, o0, =1,600, 1, =221, 1,=0, 7,=0,
with compression positive, x = east, y = north, and z = up, in psi. Rock properties are:
E=45x 10° psi, v=20.20, C,=15,000psi, T, =900 psi.

Find (a) the most favorable orientation of the shaft and (b) the safety factors in this
orientation. Indicate by sketch where the peak stresses occur in cross section.

A rectangular shaft 3 m wide by 6 m long is sunk vertically in ground where the state
of premining stress is

o =179, o0,=142, 0,.=110, 7,=15 1,=0, 7, =0,

with compression positive, x = east, y =north, and z =up, in MPa. Rock properties
are:

E=31.0GPa, v=020, C,=103MPa, T, =6.2MPa.

Find (a) the most favorable orientation of the shaft and (b) the safety factors in this
orientation. Indicate by sketch where the peak stresses occur in cross section.

A 12 ft by 24 ft rectangular shaft is sunk to a depth of 3,000 ft in ground where the
premining stress field is given by formulas

Sy =12h, Sy, =12040.5h, Sy =3,240+0.3%

where / is depth in feet and the stresses are in psi. Show by sketch, the best orientation
of the shaft relative to the directions of # and H.. Is this the best orientation at all depths
to 3,000 ft?

A 3.66 m by 7.32 m rectangular shaft is sunk to a depth of 914 m in ground where the
premining stress field is given by formulas

Sy =27.2h, Sh =826+ 11.3h, Sy = 22,345+ 6.8h

where % is depth in m and the stresses are in kPa. Show by sketch, the best orientation
of the shaft relative to the directions of 4 and H. Is this the best orientation at all
depths?

Thin overburden is scrapped to expose fresh bedrock at the site of a planned shaft.
A 0-45-90 strain gauge rosette is bonded to the bedrock after a five inch square
portion of the surface is ground smooth. The 0-gauge is oriented N30E. A 6-inch
diameter coring bit is then used to relieve the in situ strains by overcoring the gauge.
Final readings after overcoring are: £(0)=1,000 x in./in., €(45)=500 w in./in.,
£(90) = 3,000 pin./in. where the strain meter reads tension as positive.
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3.13

3.14

3.15

3.16

3.17

3.18

(a) If Young’s modulus is 2.4 million psi and Poisson’s ratio is 0.20, what is the state
of strain and the state of stress at the gauge site relative to compass coordinates?
Note: The in situ strains are opposite in sign to the relieved strains.

(b) What is the best orientation of a 10 x 20 ft rectangular shaft at this site?

(c) What unconfined compressive and tensile strengths (C,, 7,) are needed to ensure
safety factors of 2 and 4 in compression and tension, respectively?

With reference to Problem 3.12, if the state of stress at the surface continues to depth
in addition to gravity load, and the specific weight of rock is 28 kKN/m?, what strengths
are needed at a depth of 1,234 m for the same safety factors?

Thin overburden is scrapped to expose fresh bedrock at the site of a planned shaft.
A 0-45-90 strain gauge rosette is bonded to the bedrock after a 12.7 cm square portion
of the surface is ground smooth. The 0-gauge is oriented N30E. A 15.2 cm diameter
coring bit is then used to relieve the in situ strains by overcoring the gauge. Final read-
ings after overcoring are: £(0) = 1,000 w in./in., £(45) =500 pin./in., £(90) = 3,000
w in./in. where the strain meter reads tension as positive.

(a) If Young’s modulus is 16.55 GPa and Poisson’s ratio is 0.20, what is the state
of strain and the state of stress at the gauge site relative to compass coordinates?
Note: The in situ strains are opposite in sign to the relieved strains.

(b) What is the best orientation of a 3 x 6 m rectangular shaft at this site?

(¢) What unconfined compressive and tensile strengths (C,, 75) are needed to ensure
safety factors of 2 and 4 in compression and tension, respectively?

With reference to Problem 3.14, if the state of stress at the surface continues to depth
in addition to gravity load, and the specific weight of rock is 28 kN/m?, what strengths
are needed at a depth of 1,234 m for the same safety factors?

A rectangular shaft 10 ft by 20 ft with the long axis parallel to the N-S line exists at
a depth of 950 ft. The mining plan calls for deepening the shaft to 1,800 ft. Estimate
safety factors for the shaft wall at a depth of 1,750 ft.

Rock properties are:

Co =23,700 psi, To = 1,480 psi, &= 5.29(10° psi), v =0.27,
y = 162 pcf

The premining stress state relative to compass coordinates is:
Sg =350+ 0.2h, Sy =420+ 0.35h, Sy =1.12h

where stresses are in psi, # = depthinft, E, N, V' refer to compass coordinates (x = east,
y =north, z=up) and compression is positive. Premining shear stresses are nil relative
to compass coordinates.

If the premining stress state in Problem 3.16 where hydrostatic (3D), what shape would
be more favorable, an ellipse, rectangle, or ovaloid (with semi-axes ratio of 2)?

A rectangular shaft 3 x 6 m with the long axis parallel to the N-S line exists at a depth
of 290 m. The mining plan calls for deepening the shaft to 549 m. Estimate safety
factors for the shaft wall at a depth of 533 m.
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3.19

3.20

3.21

3.22

3.23

3.24

3.25

Rock properties are:
o = 164MPa, T, =102MPa, & =36.5GPa, v=0.27,
y = 26.6kN/m?
The premining stress state relative to compass coordinates is:
Sg =2,414+4.5h, Sy =2,897+79h, Sy =25.3h

where stresses are in kPa, #=depth in m, E, N,V refer to compass coordinates
(x =east, y=north, z=up) and compression is positive. Premining shear stresses
are nil relative to compass coordinates.

If the premining stress state in Problem 3.18 where hydrostatic (3D), what shape would
be more favorable, an ellipse, rectangle, or ovaloid (with semi-axes ratio of 2)?

A rectangular shaft 18 ft by 24 ft is planned for a depth 0of 4,800 ft where the premining
stresses relative to compass coordinates (x = east, y = north, z =up) are given by:

Oxr =250+ 0.5k, 0y, =800+ 0.2k, o = L1h,

where £ is depth and compression is positive. Find the best shaft orientation (explain),
then determine if shaft wall support is needed at some depth. Wall rock properties are:
E = 6.2 million psi, v =0.33, ¢ (cohesion) = 5,600 psi, ¢ =52°, y =158 pcf.
Considering the data and results from Problem 3.20, determine the shaft wall safety
factors in tension and compression.

Given the stresses relative to compass coordinates (x = east, y = north, z =up),

O = 2,155, 0, =3,045, o0 =4200, T, =—1222,

T =0, 7,=0

in psi with compression positive, find the principal stresses o1, 02, 03 (magnitude and
orientation). Show with a suitable sketch. Then consider an unlined shaft that will be
13 ft by 26 ft in section, chose the best opening shape (ellipse, ovaloidal, or rectangle)
and best orientation from the rock mechanics perspective, assuming the given stress
state is critical to the design. Sketch.

A rectangular shaft 6 x 8 m is planned for a depth of 1,500 m where the premining
stresses relative to compass coordinates (x = east, y = north, z = up) are given by:

o = 1,724+ 113h, 0, =5517+45h, 0., =249,

where / is depth in meters and stress is in kPa; compression is positive. Find the
best shaft orientation (explain), then determine if shaft wall support is needed at some
depth. Wall rock properties are: £ =42.8 GPa, v=10.33, ¢ (cohesion) =38.6 MPa,
¢ = 52°,y =25.0kN/m’.

Considering the data and results from Problem 3.23, determine the shaft wall safety
factors in tension and compression.

Given the stresses relative to compass coordinates (x = east, y = north, z =up),

o =149, o0y, =210, 0,:=290, 1 =-84, 7,=0, 1,=0
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3.26

3.27

3.28

in MPa with compression positive, find the principal stresses o1, 02,03 (magnitude
and orientation). Show with a suitable sketch. Then consider an unlined shaft that will
be 4 x 8 m in section, choose the best opening shape (ellipse, ovaloidal, or rectangle)
and best orientation from the rock mechanics perspective, assuming the given stress
state is critical to the design. Sketch.

A large vertical shaft is planned for an underground hard rock mine. Laboratory tests
on core from exploration drilling show that

Co =21,500psi, T, =1,530psi, £ =6.25(10%) psi,
G =2510%psi, y = 144pcf

while premining stress measurements can be fit to the formulas
Sg =20040.3h, Sy =600409h, Sy =1.1hr

where E, N,V refer to compass coordinates (x = east, y =north, z=up) and com-
pression is positive. Premining shear stresses are nil relative to compass coordinates.
Find: (a) the most preferable shape of shaft (elliptical, rectangular, or ovaloidal) when
the cross section is 14 x 28 ft and (b) the resulting factors of safety with respect to
compression and tension at a depth of 2,800 ft.

A large vertical shaft is planned for an underground hard rock mine. Laboratory tests
on core from exploration drilling show that

C,=1483, T,=10.6, E=43.10GPa, G =17.24GPa,
y = 22.78kN/m’

while premining stress measurements can be fit to the formulas
S =1,379 + 6.8k, Sy =4,138+20.4h, Sy =249h

where E, N, V refer to compass coordinates (x = east, y = north, z =up), stress is in
kPa, depth £ is in m, and compression is positive. Premining shear stresses are nil
relative to compass coordinates. Find: (a) the most preferable shape of shaft (elliptical,
rectangular, or ovaloidal) when the cross section is 4.5 x 9.0 m and (b) the resulting
factors of safety with respect to compression and tension at a depth of 854 m.
Laboratory tests on core from exploration drilling show that

Co =21,500psi, T,=1,530, E =6.25(10°% psi,
G =2510%psi, y = 144pcf

while premining stress measurements can be fit to the formulas
Sg =200+ 0.34, Sy =600+0.9h, Sy =1.1h

where E, N, V refer to compass coordinates (x = east, y = north, z =up), stress is in
kPa, depth h is in m, and compression is positive. Premining shear stresses are nil
relative to compass coordinates. Suppose a rectangular a 12 x 24 ft rectangular shaft
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is selected and for some reason is oriented with the long axis N30W. Find the resulting
factors of safety at 2,150 ft.

A rectangular shaft 12 ft by 24 ft is planned for deepening from a depth of 3,200
to 4,800 ft in ground where the preshaft stress state relative to compass coordinates
(x =east, y =north, z =up) is given by

S =2,000 4 1.1d, S,y =50+ 0.9d, S..=1.15d, Ty =—350—03d,
T,. =00, T =00

where compression is positive and d is depth below surface.

(a) Find the best orientation of the shaft at a planned 3,850 shaft station and show by
sketch.

(b) Also show on the sketch where the peak stress concentrations are likely to occur.

(c) Finally, estimate the peak stress concentrations.

Laboratory tests on core from exploration drilling show that

Co = 1483MPa, T, =10.55MPa, E =43.10GPa,
G =1724GPa, y =22.78kN/m’

while premining stress measurements can be fit to the formulas
Sg =1,379+ 6.8k, Sy =4,138+20.4h, Sy =249k

where E, N, V refer to compass coordinates (x = east, y =north, z=up), stress is in
kPa, depth h is in m, and compression is positive. Premining shear stresses are nil
relative to compass coordinates. Suppose a rectangular a 3.7 x 7.4 m rectangular shaft
is selected and for some reason is oriented with the long axis N30W. Find the resulting
factors of safety at 655 m.

A rectangular shaft 3.7 x 7.4 m is planned for deepening from a depth of 975 to
1,463 m in ground where the preshaft stress state relative to compass coordinates
(x =east, y =north, z =up) is given (in kPa) by

Swe = 13,793 +24.9d, S, =345+20.4d, S, =26.0d,
Ty =-2414—-68d, T,=00, T,=0.0

where compression is positive and d is depth in m below surface.

(a) Find the best orientation of the shaft at a planned 1,175 m deep shaft station and
show by sketch.

(b) Also show on the sketch where the peak stress concentrations are likely to occur.

(c) Finally, estimate the peak stress concentrations.

A vertical circular shaft will pass through a water bearing stratum at a depth of 2,780 ft
where the water pressure is estimated to be 210 psi. Finished shaft diameter must be
18 ft. The preshaft stress state is attributable to gravity alone. Rock properties are:
Co = 6,750 psi, Tp = 675 psi, £ = 2.4 million psi, v = 0.25, y = 156 pcf. Estimate
the unlined shaft wall safety factors.
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3.36
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3.38

3.39

3.40

A three-compartment rectangular shaft 12 x 24 ft in cross section is planned for a
depth of 3,000 ft. The presinking stress field is assumed to be caused by gravity
only. The weakest rock along the proposed shaft route has an unconfined compressive
strength of 8,000 psi and a tensile strength of 750 psi. Young’s modulus and Poisson’s
ratio are estimated to be 4.5 million psi and 0.25. Specific weight of rock is 162 pcf.
Determine the safety factors, with respect to tension and compression. What is the
optimum orientation of the shaft?

The presinking stress field assumed to be caused by gravity alone (Problem 3.33)
turns out to be wrong. The actual stress field has a tectonic component that adds a
constant 1,250 psi to the east—west horizontal stress attributable to gravity and twice
that amount to the north—south stress attributable to gravity. Orient the shaft in the
optimum direction and then determine the unlined shaft wall safety factors.

A circular shaft 18 ft in diameter is decided upon rather than the proposed rectangular
shaft. Determine the unlined shaft wall safety factors. Note: The stress field from
Problem 3.34 applies.

The in situ stress field for Problems 3.34 and 3.35 changes between 3,000 and 3,500 ft
to one described by the formulas

oy = 1.125h, oy = 3,500 + 0.334, oy, = 3,500 + 0.334

where the stresses are in psi and the depth / is in ft. The stresses oy, oy, 0}, are principal
stresses in the vertical and horizontal directions. Find the safety factor at 4,500 ft for
an unlined, circular shaft wall. Assume the same rock properties.

A three-compartment rectangular shaft 3.7 x 7.4 m in cross section is planned for a
depth of 914 m. The presinking stress field is assumed to be caused by gravity only. The
weakest rock along the proposed shaft route has an unconfined compressive strength
of 55.17 MPa and a tensile strength of 5.17 MPa. Young’s modulus and Poisson’s
ratio are estimated to be 31.0 GPa and 0.25. Specific weight of rock is 25.6 kN/m?.
Determine the safety factors, with respect to tension and compression. What is the
optimum orientation of the shaft?

The presinking stress field assumed to be caused by gravity alone (Problem 3.37)
turns out to be wrong. The actual stress field has a tectonic component that adds a
constant 8.62 MPa to the east—west horizontal stress attributable to gravity and twice
that amount to the north—south stress attributable to gravity. Orient the shaft in the
optimum direction and then determine the unlined shaft wall safety factors.

A circular shaft 5.5 m in diameter is decided upon rather than the proposed rectangular
shaft. Determine the unlined shaft wall safety factors. Note: The stress field from
Problem 3.38 applies.

The in situ stress field for Problems 3.38 and 3.39 changes between 914 and 1,067 m
to one described by the formulas

oy =2545h, oy =24,13847.47h, on =24,13847.47h

where the stresses are in kPa and the depth % is in m. The stresses oy, oy, oy, are
principal stresses in the vertical and horizontal directions. Find the safety factor at
1,372 m for an unlined, circular shaft wall. Assume the same rock properties.
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3.41

A circular shaft liner is sunk to a depth of 3,750 ft (1,143 m). If the premining stress
field is caused by gravity alone, what unconfined compressive rock strength in psi
(MPa) is needed for a rock factor of safety of 3.0?

Supported shafts, liners, bolts, rings

3.42

3.43

3.44

A circular vertical shaft is planned to have a finished, inside diameter of 19 ft in an
underground hard rock mine. Rock properties are:

Co =23,700psi, T, =1,480psi, E = 5.29(10° psi),
v=0.27, y=162pcf

The premining stress state relative to compass coordinates is:
Sg =350+40.27, Sy =420+40.35h, Sy =1.12h

where stresses are in psi, # = depthinft, E, N, V refer to compass coordinates (x = east,
y =north, z =up) and compression is positive. Premining shear stresses are nil relative
to compass coordinates.

Properties of concrete are:

Compressive strength =5,740 psi, tensile strength =425 psi, Young’s modulus =
4.75(10°) psi, Poisson’s ratio = 0.25.

Find:

(a) the unlined shaft wall safety factors in tension and compression at a depth of
4,250 ft,

(b) concrete liner thickness in the vicinity of a water-bearing formation where the
pressure in the undisturbed ground is 90 psi. Note: The maximum allowable
compression in the concrete is 3,500 psi.

With reference to the previous problem data, if changes in the inside diameter of
the lined shaft are monitored for safety, what “reading” in inches would indicate
impending failure of the liner?

A circular vertical shaft is planned to have a finished, inside diameter of 5.8 m in an
underground hard rock mine. Rock properties are:

Co =163.5MPa, T,=10.21MPa, E = 36.48GPa,
v =027, y=2563kN/m?

The premining stress state relative to compass coordinates is:
SE = 2,414 4+4.53h, Sy =2,897+47.92h, Sy =25.34h

where stresses are in kPa, 2#=depth in m, E, N,V refer to compass coordinates
(x =east, y=north, z=up) and compression is positive. Premining shear stresses
are nil relative to compass coordinates.

Properties of concrete are:

Compressive strength =39.6 MPa, tensile strength =2.93 MPa, Young’s modulus =
32.76 GPa, Poisson’s ratio = 0.25.
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3.45

3.46

3.47

3.48

Find:

(a) the unlined shaft wall safety factors in tension and compression at a depth of
1,295 m,

(b) concrete liner thickness in the vicinity of a water-bearing formation where the
pressure in the undisturbed ground is 0.621 MPa. Note: The maximum allowable
compression in the concrete is 24.14 MPa.

With reference to the previous problem data, if changes in the inside diameter of the
lined shaft are monitored for safety, what “reading” in centimeters would indicate
impending failure of the liner?

A circular vertical shaft is planned to have a finished, inside diameter of 26 ft in an
underground hard rock mine. Rock properties are:

Co =27,400psi, T, =1,840psi, E =6.19(10°psi),
v=022, y=159pcf

The premining stress state relative to compass coordinates is:
Sg =600+ 0.3k, Sy =200+ 0.4h, Sy =1.12h

where E,N,V refer to compass coordinates (x =east, y=north, z=up), 4 is
depth in ft, stress is in psi, and compression is positive. Premining shear stresses
are nil relative to compass coordinates. Properties of concrete are: Compressive
strength = 5,500 psi, tensile strength =550 psi, Young’s modulus = 5.5(10%) psi,
Poisson’s ratio = 0.25. Find: The concrete liner thickness in the vicinity of a water-
bearing cavernous dolomite where the pressure in the undisturbed ground is 210 psi.
Note: The maximum allowable compression in the concrete is 3,500 psi.

With reference to the previous problem data, if changes in the inside diameter of
the lined shaft are monitored for safety, what “reading” in inches would indicate
impending failure of the liner?

A circular vertical shaft is planned to have a finished, inside diameter of 8 m in an
underground hard rock mine. Rock properties are:

Co = 189.0MPa, T, =12.69MPa, E =42.69GPa,
v =022, y=2515kN/m’

The premining stress state relative to compass coordinates is:
Sg =4,138 +6.79h, Sy = 1,379 +9.05h, Sy =25.34h

where E,N,V refer to compass coordinates (x=east, y=north, z=up), / is
depth in m, stress is in kPa and compression is positive. Premining shear stresses
are nil relative to compass coordinates. Properties of concrete are: compressive
strength = 37.93 MPa, tensile strength = 3.79 MPa, Young’s modulus = 37.93 GPa,
Poisson’s ratio = 0.25. Find: the concrete liner thickness in the vicinity of a water-
bearing cavernous dolomite where the pressure in the undisturbed ground is 1.45 MPa.
Note: the maximum allowable compression in the concrete is 24.14 MPa.
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3.56

With reference to the previous problem data, if changes in the inside diameter of the
lined shaft are monitored for safety, what “reading” in cm would indicate impending
failure of the liner?

A vertical unlined 22 ft diameter circular shaft is fitted with a concrete shaft liner to
withstand water pressure of 123 psiin amassive sandstone aquifer at a depth 0f2,890 ft.
Liner properties are: £ =3.5 million psi, v=0.30, C, =4,500 psi, T, =450 psi,
y =152 pcf. A liner safety factor of 3.85 is required in compression. Find the liner
thickness (in.) and finished shaft diameter (ft).

Show why the weight of a concrete shaft liner that is poured to the walls of the unlined
shaft is not important to liner stress.

A large vertical finished (inside) shaft diameter of 32 ft is required for hoisting capacity
in a planned high volume underground oil shale mine. An aquifer is encountered at a
depth of 1,270 ft where the water pressure is 240 psi.

(a) Determine the thickness of a concrete liner needed for a liner safety factor of 2.5
when the concrete compressive strength (C,) is 3,500 psi, Young’s modulus is
5.6(10°) psi, Poisson’s ratio is 0.27. Explain, defend your answer.

(b) If changes in the inside diameter of the shaft are monitored for safety, what
“reading” in inches would indicate impending failure of the liner?

A vertical circular shaft will pass through a water-bearing stratum at a depth of 2,780 ft
where the water pressure is estimated to be 210 psi. Finished shaft diameter must be
18 ft. The preshaft stress state is attributable to gravity alone. Rock properties are:
Co=6,750psi, To =675 psi, £ = 2.4 million psi, v =0.25, y = 156 pcf. What concrete
liner thickness is indicated, assuming the maximum allowable concrete liner stress is
3,500 psi?

A large vertical finished (inside) shaft diameter of 9.75 mis required for hoisting capac-
ity in a planned high volume underground oil shale mine. An aquifer is encountered
at a depth of 387 m where the water pressure is 1.66 MPa.

(a) Determine the thickness of a concrete liner needed for a liner safety factor of 2.5
when the concrete compressive strength (C,) is 24.2 MPa, Young’s modulus is
38.62 GPa, Poisson’s ratio is 0.27. Explain, defend your answer.

(b) If changes in the inside diameter of the shaft are monitored for safety, what
“reading” in cm would indicate impending failure of the liner?

A vertical circular shaft will pass through a water-bearing stratum at a depth of 847 m
where the water pressure is estimated to be 1.45 MPa. Finished shaft diameter must
be 5.5 m. The preshaft stress state is attributable to gravity alone. Rock properties
are: C, =46.6 MPa, T, = 4.66 MPa, E =16.6 GPa, v=0.25, y =24.7 KN/m3. What
concrete liner thickness is indicated, assuming the maximum allowable concrete liner
stress is 24.14 MPa?

An in situ stress field between 3,000 ft and 3,500 ft is fit to the formulas

oy = 1.125h, opg = 3,500+ 0.334, o, = 3,500+ 0.33%
where the stresses are in psi and the depth /4 is in ft. Stresses oy, oy, o, are principal

stresses in the vertical and horizontal directions. The weakest rock along the proposed
shaft route has an unconfined compressive strength of 8,000 psi and a tensile strength
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3.58
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3.65

3.66
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of 750 psi. A circular, concrete liner is planned below 3,500 ft for a shaft with an
outside diameter of 18 ft. If the liner is one foot thick and the concrete properties are:
E =5.0 million psi, v =0.20, y = 156 pcf, C, =4,500 psi and T, = 450 psi, determine
what uniform radial stress would just cause the liner to fail, assuming the concrete
follows a Mohr—Coulomb criterion.

With reference to the previous problem, determine the reduction in diameter of the
liner when the liner first fails.

With reference to Problem 3.56, determine the radial displacement of the interface
between the liner and shaft wall when the liner first fails.

With reference to Problem 3.56 data, water pressure of 80 psi is anticipated at
4,500 ft. What liner thickness is indicated, if a liner safety factor of 2.5 is required.
Note: Minimum thickness is 1 ft.

If a steel liner is used in Problem 3.59 instead of concrete and the steel strength is
36,000 psi (compressive and tensile strengths are equal), what is the corresponding
steel liner thickness?

An in situ stress field between 914 and 1,067 m is fit to the formulas

oy = 2545h, oy =24,13847.47h, on =24,13847.47h

where the stresses are in kPa and the depth # is in m. Stresses oy, oy, oy, are principal
stresses in the vertical and horizontal directions. The weakest rock along the proposed
shaft route has an unconfined compressive strength of 55.2 MPa and a tensile strength
of 5.17 MPa. A circular, concrete liner is planned below 1,067 m for a shaft with an
outside diameter of 5.5 m. If the liner is 0.3 m thick and the concrete properties are:
E = 34.48 GPa, v = 0.20, y = 24.7 kN/m?, C, = 31.0 MPa, and T, = 3.10 MPa,
determine what uniform radial stress would just cause the liner to fail, assuming the
concrete follows a Mohr—Coulomb criterion.

With reference to the previous problem, determine the reduction in diameter of the
liner when the liner first fails.

With reference to Problem 3.61, determine the radial displacement of the interface
between the liner and shaft wall when the liner first fails.

With reference to Problem 3.61 data, water pressure of 0.552 MPa is anticipated at
1,372 m. What liner thickness is indicated, if a liner safety factor of 2.5 is required.
Note: Minimum thickness is 0.3 m.

If a steel liner is used in Problem 3.64 instead of concrete and the steel strength is
248 MPa (compressive and tensile strengths are equal), what is the corresponding
steel liner thickness?

A circular concrete shaft liner with a Young’s modulus of 3.4 million psi, Poisson’s
ratio of 0.25, unconfined compressive strength 3,500 psi and tensile strength 350 psi
is considered for control of water pressure (190 psi) at a depth of 3,750 ft. Inside shaft
diameter after lining must be 18 ft. Find the liner thickness necessary to achieve a
safety factor of 2.5. What outside shaft diameter is indicated?

A circular concrete shaft liner with Young’s modulus of 3.4 million psi, Poisson’s
ratio of 0.25, unconfined compressive strength 3,500 psi and tensile strength 350 psi
is loaded to the verge of failure in dry ground. If the inside shaft diameter is 22 ft
and the liner is one foot thick, what is the contact pressure between rock and liner,
assuming it is uniform (psi)?
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With reference to Problem 3.67, measurements are made between points on the inside
of the liner on opposite ends of a diametral line. What change in diameter from the
no-load condition is indicated at the verge of liner failure (inches)?

A circular concrete shaft liner with a Young’s modulus of 23.45 GPa, Poisson’s ratio
of 0.25, unconfined compressive strength 24.1 MPa, and tensile strength 2.41 MPa is
considered for control of water pressure (1.31 MPa) at a depth of 1,143 m. Inside shaft
diameter after lining must be 5.5 m. Find the liner thickness necessary to achieve a
safety factor of 2.5. What outside shaft diameter is indicated?

A circular concrete shaft liner with Young’s modulus of 23.45 GPa, Poisson’s ratio
of 0.25, unconfined compressive strength 24.1 MPa, and tensile strength 2.41 MPa is
loaded to the verge of failure in dry ground. If the inside shaft diameter is 6.7 m and
the liner is 0.3 m thick, what is the contact pressure between rock and liner, assuming
it is uniform (in kPa)?

With reference to Problem 3.70, measurements are made between points on the inside
of the liner on opposite ends of a diametral line. What change in diameter from the
no-load condition is indicated at the verge of liner failure (in cm)?

Multiple shafts

3.72

3.73

3.74

A 12 ft by 24 ft rectangular shaft is sunk to a depth of 3,000 ft in ground where the
premining stress field is given by formulas

Sy =12h, S, =12040.5h, Sy =3,24040.3h

where /4 is depth in feet and the stresses are in psi. Show by sketch, the best orientation
of the shaft relative to the directions of # and H.. Is this the best orientation at all depths
to 3,000 ft?

If mine expansion plans call for two additional shafts of the same size, show by
sketch the position and orientation of these additional shafts. Explain.
A 3.7 x 7.4 m rectangular shaft is sunk to a depth of 914 m in ground where the
premining stress field is given by formulas

Sy =272h, S, =828+ 113h, Sy =22,34546.8h

where £ is depth in m and the stresses are in kPa. Show by sketch, the best orientation
of the shaft relative to the directions of 2 and H.. Is this the best orientation at all depths
to 914 m?

If mine expansion plans call for two additional shafts of the same size, show by
sketch the position and orientation of these additional shafts. Explain.
A rectangular shaft 10 ft by 20 ft with the long axis parallel to the N—S line exists
at a depth of 950 ft. The mining plan calls for deepening the shaft to 1,800 ft. The
premining stress state relative to compass coordinates is:

Sg =350+ 0.2h, Sy =420+0.35h, Sy =1.12h
where stresses are in psi, # = depthinft, E, N, V' refer to compass coordinates (x = east,

y =north, z =up) and compression is positive. Premining shear stresses are nil relative
to compass coordinates. Rock properties are:

Co =23,700psi, T,=1,480psi, E = 5.29(10°psi),
v =027, y=162pcf
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A second shaft of identical shape is also planned to the new depth of 1,800 ft. Show
a location and orientation (plan view) of the two shafts that is most favorable with
respect to stress concentration and explain the basis of your choice.

Given the stresses relative to compass coordinates (x = east, y = north, z =up),

O = 2,155, 0y, = 3,045, 0. =4200, 1, =—1222,

Tz =0, 7x=0

in psi with compression positive, find the principal stresses o1, 02, 03 (magnitude and
orientation). Show with a suitable sketch. Then consider an unlined shaft that will
be 13 ft by 26 ft in section and (a) choose the best opening shape (ellipse, ovaloidal,
or rectangle) and best orientation from the rock mechanics perspective, assuming the
given stress state is critical to the design, (b) suppose an identical second shaft is
planned near the first. Show the orientation and location of the second shaft relative to
the first such that interactions are likely to be acceptable and not unduly high. Sketch.
Justify your answer.

A rectangular shaft 3 m x 6 m with the long axis parallel to the N—S line exists at a
depth 0f 290 m. The mining plan calls for deepening the shaft to 550 m. The premining
stress state relative to compass coordinates is:

Sg =3,414 +4.5h, Sy =2,897+79h, Sy =253h

where stresses are in kPa, 2#=depth in m, E, N,V refer to compass coordinates
(x =east, y =north, z=up) and compression is positive. Premining shear stresses
are nil relative to compass coordinates. Rock properties are:

Co = 163.5MPa, T,=102MPa, E = 36.48Gpa,
v =027, y=256kN/m’

A second shaft of identical shape is also planned to the new depth of 550 m. Show
a location and orientation (plan view) of the two shafts that is most favorable with
respect to stress concentration and explain the basis of your choice.

Given the stresses relative to compass coordinates (x = east, y = north, z =up),

0w =14.86, 0y, =21.00, 0,=29.00, T= —843, T.=0, 7, =0

in MPa with compression positive, find the principal stresses o1, 02,03 (magnitude
and orientation). Show with a suitable sketch. Then consider an unlined shaft that will
be 4 m x 8 m in section and (a) choose the best opening shape (ellipse, ovaloidal,
or rectangle) and best orientation from the rock mechanics perspective, assuming the
given stress state is critical to the design, (b) suppose an identical second shaft is
planned near the first. Show the orientation and location of the second shaft relative to
the first such that interactions are likely to be acceptable and not unduly high. Sketch.
Justify your answer.



Chapter 4

Tunnels

Tunnels here include mainline haulage ways in mines and other important, semi-permanent
underground passageways as well as conventional tunnels with surface portals at both ends.
Like shafts, “tunnels” may be used for transporting personnel, underground supplies, waste
rock and for haulage of ore in mines. Like shafts, tunnels also serve as conduits for ventilation
air and as pathways for compressed air and water lines. Because of their long service life,
tunnels must be carefully designed and constructed with an adequate factor of safety. Tunnel
support may be natural with only occasional rock bolting and screening. Support may also
be in the form of a permanent, continuous concrete liner, discrete steel sets or both. Use
of large bolts placed on an engineered pattern may also be used for robust tunnel support.
In the case of naturally supported tunnels, strength failure of the rock mass walls can be
designed against using a stress concentration approach, with due consideration of joints.
Indeed, in shallow ground tunnels, fall of rock blocks defined by intersecting joints is often
the primary threat to safety and stability. In case of parallel or multiple tunnels, pillars between
tunnels may be designed using an average stress approach, again with due consideration of
joints.

Where additional support or reinforcement is needed beyond that provided by the rock
mass proper, difficulties arise that are absent in shaft support analyses. Lack of symmetry and
circular sections in tunneling combine to make tunnel design more difficult. Although circular
sections are sometimes used in tunneling, the preexcavation principal stresses are not usually
equal. Thus, the assumption of a radial “pressure” or support load is not generally justified,
although in some special cases, for example, in “squeezing” ground, a radial pressure may
be reasonable. In this regard, a reasonable estimate of the support load is a key ingredient to
support design.

4.1 Naturally supported tunnels

Estimation of stress concentration for tunnels is similar to that for shafts. Thus, major features
of the problem include

cross-section shape

aspect ratio

pretunnel stress field
orientation of the tunnel axis.

AW N~
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(b)

(©)

K=1 K=1

Figure 4.1 Stress distributions about (a) circular section, (b) elliptical section, aspect ratio=2,
(c) square section, and (d) rectangular section, aspect ratio =2 excavated in a hydrostatic
stress field (Sxy =S, =1).

Nearly the entire discussion of stress concentration about single, naturally supported shafts
applies to tunnels. The reason is that the mathematics of stress analysis does not distinguish
between shafts and tunnels. For example, stress distribution about an elliptical tunnel or an
elliptical shaft excavated in a hydrostatic stress field is the same and, as a consequence,
so are stress concentration factors. The same is true for circular and rectangular sections.
Figure 4.1 shows a comparison of stress distributions about circular, square, elliptical, and
rectangular sections excavated in a hydrostatic stress field. The plots in Figure 4.1 indicate
magnitude of the tangential stress acting parallel to the tunnel wall by length of a radial
line extending from the tunnel outline; tension is plotted inside the tunnel and is considered
negative, while compression is plotted outside (positive). No tensile stress appears in any
of the distributions in Figure 4.1. The horizontal bar under the note K = 1 indicates the
length of line for a stress concentration of one. Clearly, a circular section is preferable to a
square in an hydrostatic stress field, and an ellipse is preferable to a rectangle of the same
aspect ratio (a/b = 2) in an hydrostatic stress field when compared on a basis of peak stress
(compression).

From a stress analysis view, any distinction between shafts and tunnels is simply one
of interpretation. Of course, an elliptical tunnel section would be even more difficult to
excavate than an elliptical shaft. Indeed, elliptical shafts are rare and elliptical tunnels are
almost unknown. Circular and rectangular tunnel sections are usually more practical. Indeed,
tunnel boring machines (TBM’s) often cut circular sections. Some boring machines used in
mining result in rectangular sections with rounded corners that approach an ovaloid section,
while some mechanical excavators (e.g. “continuous miners” used in coal mining) result
in rectangular sections with relatively sharp corners. Mechanical excavation is preferred
because of low cost associated with a rapid advance rate, often several hundred feet per
day in relatively soft ground that requires little temporary support. Because the machine
dictates tunnel shape and often aspect ratio, orientation with respect to the preexcavation
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stress field is the only design parameter available for minimizing stress concentration. When
the tunnel route is determined by other overall design considerations, then the orientation is
also set.

Single tunnels

Although tunnel shape, size, and orientation may be fixed by overall design and construction
considerations and thus there is no opportunity to reduce stress concentration, estimation
of stress concentration factors in compression and tension (K, Kt) is still important as
are determinations of rock mass strengths (C,, T,) and preexcavation principal stresses
along the tunnel route. Rock mass strength is influenced by joints, of course, and thus
depends on the strength of intact rock between joints, joint persistence, and orientation
as well as joint strength. Both stress and strength are essential to calculating tunnel wall
safety factors (F¢, Ft). Relatively high safety factors, say 4 in compression and 8 in ten-
sion, indicate a high degree of stability and little need for an engineered support system.
Low safety factors, near 1, indicate the opposite and that some permanent support will be
required.

In hardrock, drilling and blasting is necessary for excavation. An advantage in this case is
the capability of tailoring the blast design to result in a prescribed tunnel shape. Perhaps the
most common shape is a rectangular section with a semi-circular top, as shown in Figure 4.2a.
(The bottom in Figure 4.2a is a “semi-square.”) The top is also known as the “back” in
hardrock tunneling and mining terms (in softrock mining, the “roof™); sidewalls are “ribs,”
while the bottom is “bottom” (in softrock mining, the “floor”). Drilling and blasting occurs
at the “face.” The semi-circular top in Figure 4.2a is an arched back and serves the purpose
of reducing stress concentration and thus improving safety. This back has a radius equal to
one-half the width of the tunnel. However, an arched back need not be a semicircle. A longer
radius is possible as are other arch shapes than the circle.

The shape in Figure 4.2a is symmetric about a vertical axis, but there is no symmetry about
any horizontal axis as there is for circular, elliptical, and rectangular sections. For this reason,
no simple analytical formulas are available for estimating stress concentration factors for an
arched back tunnel. Numerical methods serves the purpose instead.

Figures 4.2b,c, and d show distributions of stress about the periphery of an arched back
tunnel section with a width (W) to height (H) ratio of one. The radius of the semi-circular
back is W/2; the height of the rectangular portion is also /2. Figure 4.2b shows the stress
distribution that results when the preexcavation stress field is uniaxial and vertical (S, = 1,
Sy = 0); Figure 4.2c¢ shows the result when the preexcavation stress field is uniaxial and
horizontal (S, = 0,5y = 1), and Figure 4.2c shows the hydrostatic case (S, = Sy = 1).
In all cases, the tunnel axis is assumed to be parallel to a principal stress direction. These
results are based on the assumption of elastic behavior and do not depend on the construction
sequence.

These results show that under vertical load tension nearly equal in magnitude to the
applied compression appears at the center of the floor or bottom and at the crown, while high
compressive stresses appear at the bottom corners and along the shoulders at the top of the
ribs (vertical wall sections). In theory, a mathematically sharp, 90° corner, would result in an
infinite compressive stress concentration at the corner points. In numerical analysis, the result
is simply a high but not infinite stress concentration. A rounded corner done deliberately
or left to nature would reduce an extraordinarily high stress concentration. When left to
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nature, reduction in the stress concentration occurs through yielding of the rock mass in the
vicinity of the corner point. Yielding at a point elevates stress concentration at neighboring
points. Thus, peak stress is lowered, while the average stress is raised in the vicinity of a
point stressed beyond the elastic limit. As long as yielding is localized, the threat to tunnel
stability is negligible. The distributions shown in Figure 4.2 suggest that this may be the
case; the region of high corner compressive stress does not extend far up the ribs. If the stress
concentration at the shoulder or top of the rib is tolerable, then the corner stress is also likely
to be tolerable.

Under a uniaxial but horizontal compression (S, = 0,5, = 1); the floor and crown are
under high compressive stress, while the rib is under tension equal in magnitude to the
applied compression. When the applied vertical and horizontal stresses are equal (hydrostatic
preexcavation stress state), the results show no tension and reduced compressive stress peaks
relative to the uniaxial cases.

The shape of an excavation usually changes during construction and consequently so does
the distribution of stress. Figures 4.2¢,f,g show the same three cases for a higher tunnel that
has a height to width ratio of 1.5; Figures 4.2h,1,j, show results for an even higher tunnel with
a height to width ratio of 2. Under vertical load only, the peak tension in the floor and crown
changes very little from the first case where the height to width ratio was 1 and the peak
tension was nearly equal in magnitude to the applied compression. The high compressive
corner stress declines rapidly with increasing tunnel height at fixed width, while the high
compressive rib stress declines rather slowly.

These trends are summarized in Figure 4.3 that shows stress concentrations as a function of
height to width ratio (H/W). Under vertical 1oad, peak tensions in the floor and crown and rib
compression are largely unaffected by height to width ratio. Corner compression decreases
nonlinearly with height to width ratio (but increases linearly with the reciprocal width to
height ratio). Under horizontal load, peak tension in the rib remains largely unaffected,
while compressive stresses at the floor, corner, and crown increase almost linearly with
height to width ratio, as seen in Figure 4.3b. Compressive stress concentration trends with
height to width ratio in the hydrostatic case, are also linear in height to width ratio, as seen
in Figure 4.3c. Tension is absent in all hydrostatic cases.

Trend lines fitted to data in Figure 4.3 show close fits to linearity and for this reason may be
extrapolated to somewhat higher height to width ratios than the 2.5 ratio case shown. However,
backward extrapolation to ratios less than 1.0 would be ill-advised, and for this reason, the
trend lines are not plotted to smaller height to width ratios. In retrospect, numerical values in
Figure 4.3 could have been estimated to a degree from consideration of stress concentration
about rectangular and ovaloidal openings because of the hybrid shape of the arched back
tunnel cases examined.

Superposition of uniaxial cases may be used to obtain stress concentrations associated with
other load cases. Care must be exercised to insure that the same location and direction are of
stress are being considered.

Example 4.1 An arched back tunnel is planned with a height to width ratio of two. Estimate
stress concentration factors in the floor and crown when the preexcavation principal stress
ratio M = 1/4 and (a) the vertical stress is Sy, (b) the horizontal stress is Sj.

Solution: The stress concentrations are combinations of vertical and horizontal loads and
may be estimated from trend lines in Figures 4.3a,b using superposition.
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In case (a),
K (floor) = (1)[stress concentration from Figure 4.3a] + (1/4)[stress concentration from
Figure 4.3b]

Kr = (D[(=0.012)(W/H) — 0.939] + (1/4)[(0.712)(W /H ) + 0.969]
= (1)[—0.963] + (1/4)[2.393]
Ky = —0.37

K(crown) = (1)[stress concentration from Figure 4.3a] + (1/4)[stress concentration from
Figure 4.3b]

Ker = (D[(—0.012)(2) — 0.939] + (1/4)[(1.056)(2) + 2.337]
= (1)[—0.963] + (1/4)[4.449]
Ko = 0.15

In case(b)

Ky = (1/4)[—0.963] + (1)[2.393] = 2.15
Ko = (1/4)[—0.963] + (1)[4.449] = 4.21

The orientation effect is considerable. When the major compression is vertical a noticeable
tension is induced in the floor, but only a small compression occurs in the crown. When
the major compression is horizontal, the floor tension and crown experience substantial
compressive stress concentrations.

Example 4.2 Anarched back tunnel is planned with a height to width ratio of two. Estimate
stress concentration factors in the ribs when the preexcavation principal stress ratio M = 1/4
and (a) the vertical stress is S, (b) the horizontal stress is S;. These are same conditions
given in Example 4.1.

Solution: In case (a) for the rib,

K = (D[(—0.132)(2) + 2.676] + (1/4)[(—0.128)(2) — 0.831]
= (1)[2.41] + (1/4)[—1.087]
K, =2.14

In case (b) for the rib,

K: = (1/4)[2.41] + (1)[—1.087]
K, = —0.48
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Again, there is a strong orientation effect as the rib stress concentration changes from
compression to tension with a change in principal stress direction from vertical and par-
allel to the long axis of the tunnel (height dimension) to horizontal and perpendicular to the
long dimension of the tunnel.

Estimation of the corner stress, which is often the peak compressive stress at the tunnel
wall, is less easily done because of the change in orientation with applied stresses and height
to width ratio. One might suppose that the principal stress at the corner is closely related to
the floor and rib stresses very near the corner. These stresses appear as sharp spikes in the
stress distributions plotted in the figures. The floor and rib spikes, F, and R, under uniaxial
horizontal loading (S, = 0, Sy = 1) are linear in the height to width ratio (//W'), while under
uniaxial vertical loading (S, = 1, Sy = 0), the floor and rib spikes, F, and R, are linear in the
reciprocal ratio (W /H ) as shown in Figures 4.4a,b. The trend lines indicate a very good linear
fit, so the trend line equations may be used to estimate floor and rib spikes under combined
loading. These spikes are generally compressive.
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Figure 4.4 Arched back tunnel stress concentration trends near the bottom or floor corners,R = rib,
F = floor, x = horizontal, y =vertical (a) horizontal and vertical loading results vs H/W,
(b) vertical loading results vs the reciprocal, W /H.
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Further examination of floor and rib stress spikes near the corner suggest a simple, empirical
procedure for estimating the peak stress at the corner (K). The procedure is to add 10% of
the floor and rib spikes to the greater of the two. Clearly, a smaller addition at lower height to
width ratios and a somewhat greater percentage addition at higher height to width ratios than
the 2 used would improve these estimates. However, the estimates produced by the 10% rule
are certainly of sufficient accuracy to allow for a preliminary analysis of safety with respect
to strength failure at points of relatively high stress concentration at the corners of an arched
back tunnel floor.

Example 4.3 Consider the applied stress: S, = 1 and S; = 1/4 and a height to width ratio
of 2, as in Examples 4.1 and 4.2. Estimation of corner stress concentration may be done using
data from Figure 4.4.

The floor and rib corner stresses induced by the vertical stress are: R, =
2.303(1/2) +1.200 and F), = 0.693(1/2) 4+ 0.087, that is, R, = 2.35 and F, = 0.43.

Under Sy = 1 or full horizontal stress, R, = —0.078(2) + 0.884 and F\, = 0.854(2) +2.54,
that is, R, = 0.73 and F, = 4.25.

Superposition of the y and x loading give R, + R, = (1)(2.35) + (1/4)(0.73) = 2.53, and
Fy + Fy = (1)(0.43) + (1/4)(4.25) = 1.49.

In consideration of the 10% empirical estimation suggested,

K(corner) = 2.53 4 (0.1)(2.53 + 1.49) = 2.93.

Example 4.4 Consider the stress concentration factors obtained in Examples 4.1, 4.2, and
4.3 for a tunnel with a height to width ratio of two in a rock mass with unconfined compressive
strength and tensile strength of 50 and 5 MPa, respectively. Estimate safety factors with
respect to compression and tension with M = 1/4 and S| is vertical. Assume a tunnel depth
of 1,000 m where S; =20 MPa. Sketch the results.

Solution: From the previous examples in case (a) — vertical,
K (floor) = —0.37
K(crown) = 0.15
K(rib) = 2.14
K(corner) = 2.93

Safety factors in compression and tension are

FS, = _ 0 oss
(2.93)(20)
5
FS = ——MM =
St (0.37)(20) 066

which indicate a potential for compressive failure at the floor corners and tensile failure at
the floor center for the planned tunnel. The rib has a safety factor of 1.16 which is low and
suggests the need to consider reinforcement.
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A & 2.93

An arched back tunnel is not a favorable shape in regions of high horizontal stress,
(e.g. where Sy = 1 and S, = 0). High horizontal stress is often encountered in relatively deep
underground mines. The reasons are evident in Figures 4.2¢,f,i that show high compressive
stress concentrations over the back and floor and extensive regions of high tensile stress in
the ribs. This inference is not surprising in consideration of the fact that the long dimension of
the opening is perpendicular to the major pretunnel principal stress (compressive is positive
here). Recall that the rule of thumb for minimizing stress concentration is to orient the long
axis of the cross-section parallel to the major principal stress before excavation. This rule
also applies to the hybrid shape of the arched back tunnel. Of course, in case of hydrostatic
preexcavation stress (Sy = 1, S, = 1, Figures 4.2d,g,j), there is no preferred orientation.

Arching the back of a rectangular section does produce a favorable tunnel shape in cases
where the preexcavation stress is largely vertical (e.g. where S, = 0, S, = 1). This is often
the case in shallow-ground highway and railroad tunnels. Data in Figures 4.2b,e,h show
arched back tunnel sections with H/W > 1 in favorable orientation. Comparisons of stress
distributions in backs and floors show peak tensions of similar magnitude at crown points
and floor centerlines. Thus, there is no advantage to an arched back relative to peak tension.
However, the high floor tension extends nearly the entire width of the section, almost from
rib to rib, while the high back tension is contained in a small region adjacent to the crown
point. Most of the back is in compression that reaches a high value over the shoulder of the
section near the ribs. The ribs are stressed almost uniformly in compression from shoulders
to near the floor corners where the compression rises to a peak. One benefit of arching a
tunnel back under high vertical stress is therefore in reducing the extent of the tensile zone
near the crown. A related benefit follows from the compression induced in the back which
may assist in mobilizing resistance to frictional slip on joints and fractures that are usually
present. The floor tension is a disadvantage, and may be a threat to stability depending on the
associated safety factor. If floor safety is not assured, then an alternative design is indicated,
just as unstable ribs under high horizontal stress indicate an alternative design should be
considered. An alternative design may retain the original proposed shape but then include
additional support and reinforcement.

Single tunnel joints

A zone of compressive stress concentration at the wall of a tunnel may increase or
decrease stability of any joints present depending on joint orientation and joint properties.
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Joint orientation is with respect to the directions parallel and perpendicular to the tunnel
wall. The perpendicular or normal to a tunnel wall coincides with a principal stress direction.
A common assumption is that the long axis of a tunnel is also a principal direction, so a
third principal stress direction is tangential to the tunnel wall as seen in cross section. This
orientation need not be the case.

Generally, there is arange of unstable orientations that depends on joint cohesion cj, friction
angle ¢; and tunnel stress state. Cohesive joints that are nearly perpendicular or nearly parallel
to a tunnel wall are likely to be safe with respect to slip in shear. However, parallel joints
may form slabs through separation under tension. Whether joint slip occurs requires a three-
dimensional calculation of normal and shear stresses acting on joints that intersect tunnel
walls. The normal joint stress is needed to compute joint strength, while the shear stress is
needed to compute a joint safety factor. If the normal joint stress is tension, then one may
reasonably suppose separation is likely. If one makes the assumption of Mohr—Coulomb joint
strength, then the joint safety factor with respect to slip in shear is

FS — (strength) Uj/ tan(¢) + ¢j
L T(stress) T

where the subscript j refers to “joint”and the prime denotes effective normal stress. Direction
of joint slip is reasonably supposed to occur in the direction of maximum joint shear stress.
Because the considered joint intersects the tunnel wall, any joint slip would result in an offset
at the tunnel wall. In the common case of cohesionless joints, joint slip may occur when

bsmm (2)
9j

that has the simple geometric interpretation of a “friction cone” shown in Figure 4.5. Even
in the simplified case of cohesionless joints and coincidence of the long tunnel axis with a
principal stress direction, the calculation of joint normal and shear stresses is lengthy and
requires knowledge of the principal stress acting parallel to the tunnel axis as well as wall
stress concentration factor and preexcavation stresses.

However, when joint strike is also parallel to the long axis of a tunnel, one may determine
algebraically a range of unstable joint normal orientations. Given joint and rock shear strength

@) ©

Figure 4.5 Joint plane friction cone and sign convention for orientation angle at tunnel: (a) joint plane
friction cone, (b) positive 6, and (c) negative 6.
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according to Mohr—Coulomb criteria, as shown in Figure 4.6, joint slip is indicated by
computed joint safety factors less than one, that is, if

_ [om + mm cos(20)] tan(¢;) + cj -

FS;
) T Sin(26)

then joint slip is possible. The inequality on the right may be solved for the range of the
angle 0 that defines unstable joint orientations. Thus, if

sin(20 — ¢) > sin(gy) + 2¢j cos(@y) C::S@j)
1

then joint slip is possible. Alternatively, if

o> 0'1(1 - sin(¢>j)
) 2 cos(¢y)

then joint slip is not possible. In this analysis, positive angles in the c—7 plane are counter-
clockwise; corresponding angles in the physical plane of a tunnel are opposite, clockwise.
This reversal allows one to use the upper half of the o—t plane for analysis using the
usual mathematical convention of positive angles measured in a counterclockwise direc-
tion. Inspection of Figure 4.6 shows that the range of unstable joint orientations is limited by
solutions to

sin[(260 — ¢))] > sin(¢;) + 26}%15(%‘)

sinfrr — (20 — ¢))] < sin(@)) + w
1

In either case, the tunnel wall compression is given by
o1 = KS

where K and S are stress concentration factor and major principal stress before excavation,
respectively. Thus, the limiting range of unstable joint orientations is given by

291 <260 < 292

261 = j+sin”" [sin(aaj) - W]
1

2¢; cos(¢;
20 =7 + ¢j — sin™! [sin(qu) + Ji((bj)]
o1
The range defined by solutions to these inequalities is ultimately limited by the unconfined
compressive strength (C, = o) of intact rock between joints.

When the considered joint lacks cohesion, the range of angles between the tangent to the
tunnel wall and the normal to the joint is

0L <¢j<m =0,
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Rock

Rock Joint

Figure 4.6 Mobhr circle construction for a range of joint failure orientations when joints strike parallel:
(a) no failure, (b) joint failures 260) < 26 < 26,, and (c) rock and joint failure under
uniaxial compression.

which simply states that frictional sliding occurs when the “slope” is greater than the friction
angle. A similar analysis may be done in the lower half of the o—7 plane where shear stresses
are negative. A confusion of algebraic signs suggests one handle the situation by inspection
rather than analysis. Indeed, a mirror image of the graphics in Figure 4.6 shows analogous
results with negative signs for angles 6, reflective of joint orientation symmetry about the
direction of o7 tangential to the tunnel wall.

Example 4.5 Suppose joint and intact rock properties are determined by laboratory tests
on samples acquired at a tunnel site and are: ¢ = 1,500 psi, ¢; = 15 psi, ¢y = 45°,
¢j = 25°. Analysis indicates that stress concentration in the arch of the tunnel back
peaks at 2.87 over the shoulder of the tunnel where the wall slope is inclined 75° to
the horizontal. Stress measurements indicate a preexcavation vertical stress of 600 psi
and a horizontal stress of 150 psi. Determine if joint slip is possible and, if so, the range
of joint normals that allow slip.
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Solution: The tunnel wall stress is o7 = (2.87)(600) = 1,772 psi and therefore o (1 —
sin(¢j) /2 cos(¢j) = (1,772)[1 — sin(25)]/[2 cos(25)] = 564 psi which is greater than ¢; =
15 psi, so joint slip is possible.

The range of normals may determined from

2(15) cos(25)
1,772

2(15) cos(25)
1,772

20; =25+ sin~! |:sin(25) + ] =51.0°

20, = 180 + 25 + sin ™! |:sin(25) + ] =231.0°

The range of normals is therefore (25.5°,105.5°) measured from o7 in either a clockwise or
counter-clockwise direction. The joint planes proper prone to slip range between 15.5 and
74.5° on either side of 0.

Example 4.6 Consider an arched back tunnel with a height of 6 m and a width of 4 m ata
depth of 1,000 m where before excavation the vertical stress is 20 MPa and horizontal stress
is 5 MPa as seen is cross-section. A fault dipping 60° intersects the tunnel 3 m above the floor
on the right-hand side (looking at the face). Fault friction angle is 32° and fault cohesion is
1 kPa. Determine whether fault slip is possible, and if so, what improvement in cohesion
would be required, say by grouting, to give a fault slip safety factor of 1.1.

Solution: The tunnel height to width ratio is 3/2, and the preexcavation principal stress
ratio is 1/4th by the given conditions. Intersection of the fault with the tunnel wall is in the
rib. According to the trend lines in Figure 4.3, the rib stress concentration is

K = (D[(=0.132(3/2)) + 2.676] + (1/4)[(—0.128(3/2)) — 0.831] = 1.46

The rib stress o1 =1.46(20)=29.2 MPa which acts vertically at the rib-side. Slip is possible
if

o1[1 —sin(¢)]

———— >
2 cos(¢)

29.2[1 —sin(32)]
2 cos(32)

=9.09 > 0.1 = MPa

The inequality is satisfied and slip is possible. To prevent slip by increasing cohesion to
obtain a safety factor of 1.1 requires

[o1 + o1 cos(20)] tan(¢p) + 2¢

FS(fault) = o1 Sin(20) =1.1
_ [1 4 cos(20)] tan(¢) + 2¢/oy 11
sin(20)
_ [1+ cos(180)] tan(32) + 2¢/29.2 — 11
sin(32) '

. ¢ =8.51 MPa
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When multiple joint sets are present, blocks of rock formed by joint intersections may be
liberated during tunnel excavation. Fall of one block may allow other blocks to fall in turn.
The threat to tunnel safety in this situation is highly dependent on the presence of a “key
block” in allusion to stone arches and a central keystone that is essential to arch stability.

Multiple tunnels

A single tunnel of a given size may not accommodate the transport needs of an operation;
additional passageways may be required. Tunnel spacing then becomes an additional design
variable. When tunnels are closely spaced, stress concentrations are higher relative to a single,
isolated tunnel of the same shape. The effect of tunnel spacing becomes somewhat noticeable
when the distance between tunnel walls is about equal to the long dimension of the tunnel
section. As spacing is decreased, stress concentration at the tunnel walls increases rapidly,
while the average stress in pillars between tunnels increases linearly with respect to the ratio
of tunnel width (W,) to pillar width (W}).

Two tunnels side by side separated by a pillar lead to consideration of tunnels in a row.
As the number of tunnels in a row is increased beyond five or so, the addition of one more
tunnel has little effect on the tunnels in the center of a row. The row is then effectively one
of infinite extent and the situation is relatively easy to analyze because of symmetry with
respect to vertical planes through tunnel and pillar centers. There is symmetry in analysis
of single, two (twin) tunnels and a row of tunnels, as shown in Figure 4.7, where a vertical
plane of symmetry passes through the center of the single opening and a vertical plane of
symmetry passes through the center of the pillar between the twin (two) openings. In case of
a row of tunnels, vertical planes of symmetry pass through both opening and pillar centers.

Comparisons of stress concentration about a single tunnel, two (twin) tunnels and a row of
tunnels are shown in Figure 4.8. The analysis results in Figure 4.8 show that for a given tunnel
(arched back) and cross-section (H/W=1.5), stress concentration induced by excavation is
strongly dependent on: (1) the preexcavation stress state, (2) tunnel spacing, W, + W), or
equivalently, W, /W, ratio, (3) orientation of the section, (4) orientation of the row axis, and
(5) number of tunnels excavated. Three preexcavation stress states are considered: uniaxial
vertical loading (S, = 1, S, = 0), uniaxial horizontal loading (S, = 0, Sy = 1) and hydro-
static loading (S, = 1,Sx = 1) with compression positive and plotted outside tunnel walls.
Tension is negative and plotted inside.

Under vertical loading only, peak compression is about three to four times the preexca-
vation stress (K. ~ 3,4) in case of one or two tunnels, but is over five in a row of tunnels.
Tension is about 80% to 90% of the preexcavation stress (K; ~ —0.8, —0.9) in all cases. In
the row of tunnels case, the average pillar stress is exactly 35, which is near the relatively
uniform stress concentration between corner and shoulder of the section. The average pillar
stress S, in a row of tunnel openings by definition is

CJyovdd [y ovdd [ Sdd S Su(Wo + W)
. _ _ _ _ovAd _ ovlWo 1 Wp)
Lydd = AT A "y

where equilibrium of vertical forces before and after excavation is introduced in the third
equation and a unit distance along the tunnel is implied. In this example W, = 2W,
and Sy = Sy, the preexcavation vertical stress, so o1 = S,2W, + Wp)/ W, = 35, = 35y,
that is, K, = 3.
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(b)

Figure 4.7 Notation and symmetry for (a) single tunnel, H/W = 1.5, (b) two tunnels, H/W = |.5,
Wo = 2W), and (c) row of tunnels, H/W = |.5, W, = 2W,,.

In case of horizontal loading only, peak compression is greater than three times the
preexcavation stress (K. > 3) about one or two tunnels, but is less than two (K, < 2) in arow
of tunnels. Tension is again about 80% to 90% of the preexcavation stress (K; ~ —0.8, —0.9)
in case of one or two tunnels, but is only about 20% (K; &~ —0.2) in a row of tunnels. In
the row of tunnels case, there is considerable reduction in stress concentration in the pillar
relative to vertical loading. In fact the average vertical stress in the pillar is zero (3S)). The
reason is the pillar is in the “shadow” of the adjacent openings (S, = 0, S, = 1). This shadow
effect depends on alignment of the row axis with the direction of major principal compression
prior to excavation. Generally, the most favorable orientation of a row of openings is with
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Figure 4.8 Stress concentration about single, two, and a row of tunnels under uniaxial vertical,
horizontal, and hydrostatic stress, H/W = .5, W, = ZWP.

the row axis parallel to the major preexcavation compression. This shadow effect is present
to some degree in the case of two tunnels, where the pillar stresses are less than stresses at
the outside tunnel walls.

Under hydrostatic loading, there is no preferred orientation relatively to the preexcavation
stress field. In fact, the results in Figure 4.8 may be obtained by superposition of the uniaxial
load cases. For example, the floor stress concentration is 0.84 in the two tunnel case and is
obtained by adding —0.91 + 1.75. In the row of tunnels under hydrostatic load, the crown
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stress concentration is 1.36 (= —0.49 + 1.85). Care must be taken to sum stress concentrations
at the same point and in the same direction. The direction of corner compression varies, so
addition of the peaks is not valid at the corners. The average vertical stress in the pillar is 3S,,.

Figure 4.9a shows the distribution of stress about a single tunnel under vertical load-
ing about a typical tunnel of H/W = 1 in a row of tunnels as a function of distance from the
tunnel centerline. There is a rapid decrease in stress concentration with distance from the wall
of a single tunnel. At a distance of one opening width (/) into the wall, the vertical stress

@) Pillar stress distributions — uniaxial vertical load
6 arched back tunnel section — H/W = |
— Sv Single tunnel
5 \I — S W= W,
—Sv W =2W,
5 4 =SV W,=4W,
=1
g — Pillar centerline
é 3 K{ — Sh Single tunnel
c
8 -=Sh W,=W,
g 2 ——Sh W,=2W,
& ——Sh W,=4w,
|
0 | 2 3 4 5 6 7 8
Distance from tunnel centerline (W,/2=1.0)
(b) Pillar stress concentrations in a row of arched back tunnels
under uniaxial vertical stress
6
y =0.935x + 1.505 PR
R%=0.9992 S
5] .
y =1.0006x + 1.0005
R2=1
s
=
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Figure 4.9 Pillar stress distribution and concentration in a row of arched back tunnels (H/W = 1)

under a uniaxial (vertical) applied stress (a) vertical and horizontal stress distribution,
(b) average and peak stress concentrations.
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concentration has decreased to nearly the preexcavation value of one, while the horizontal
stress is nearly zero. As distance between tunnels decreases, that is, as the pillar width
decreases relative to tunnel width (W), /W, ratio) to one, a small increase occurs in wall stress
concentration, while the average stress in the pillar increases. Interestingly, there is an induced
horizontal stress in the pillar between tunnels that increases towards the pillar center. This
effect results in a confined pillar core that aids pillar strength. As the pillar width decreases
to values less than tunnel width, interaction between adjacent tunnels occurs, as indicated
by rapid increases in peak wall stress and average pillar stress. Figure 4.9b shows that the
peak tunnel wall stress and average pillar stress are very nearly linear functions of the ratio
Wo/ W, over the considered range. Extension of the regression results to ratios greater than
four is reasonable. However, backward extension to ratios less than one is not permissible.

Comparison of the single tunnel under vertical and horizontal loading reveals the fact
that compressive stress concentration is noticeably less when the long axis of the cross-
section is parallel to the direction of the major compression before excavation. There is little
difference in tensile stress concentration, although they occur in different locations. From
the rock mechanics view, tunnels one below the other would be preferable to tunnels side by
side under uniaxial vertical load. Both tunnel axis and row axis are then favorably oriented,
parallel to the major preexcavation compression.

Figure 4.10 shows stress concentration about two tunnel sections, one with along horizontal
dimensions (H/W =0.75) and one with a long vertical dimension (H/W = 1.5). Loading
is vertical (S), =1, Sy =0) in all cases. The results are summarized numerically in Table 4.1.

@ (b) ()

HIW =0.75, W,= W,

@

HIW = 1.05, W,= W,

Figure 4.10 Stress concentration about wide tunnels (a, b, c) and tall tunnels (d, ¢, f).
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Table 4./ Comparison of stress concentrations about arched back tunnels in a row?

Location Tunnel

Height/Width=0.75 Height/Width=1.50

Wo=W, Wo=2W, Wo=4W, Wo=W, Wo=2W, W,=4W,

Floor center —0.81 —0.84 —0.89 —-0.71 —0.80 —0.86

Corner 4.54 7.36 11.95 3.85 5.60 8.18

Pillar-Edge/ 2.66/1.66 3.35/2.77 5.25/4.87 2.44/1.82 3.32/2.84 5.22/4.87
center

Rib/shoulder 281 3.66 5.56 px-]| 3.72 5.58
Crown —0.48 —0.49 —0.52 —0.47 —0.49 —0.52
Note

a Sy = I, 5=0 (uniaxial vertical load).

These results show that there is little difference in floor and crown tensions, but that corner,
shoulder and rib compressive stress are noticeably higher when the long dimension of the
opening is perpendicular to the load direction. The combination of long tunnel dimension and
tunnel row axis oriented perpendicular to the major preexcavation compression (unfavorable
opening orientation, unfavorable row axis orientation), leads to high stress concentration,
especially when tunnels are closely spaced.

4.2 Tunnel support

Tunnel support may range from none to rock bolts installed as needed (spot bolting) in
the opinion of the crew to an engineered design that requires installation of support of a
specified size and on a well-defined pattern. Traditional tunnel support in civil projects is
by structural steel segments bolted together to form steel sets that conform to section shape.
Rock bolts, perhaps with surface support, are more often used in mine operations. Surface
support may be in the form of steel mats, welded wire mesh, chain link or similar screen.
Rock bolts, wire mesh, and shotcrete may be used in place of steel sets. This combination
of support is often referred to as the New Austrian Tunneling Method (NATM), although the
method has been in use for many years. Shotcrete is cement that is sprayed onto excavation
walls to form a thin layer of support. High strength fibers may be added to shotcrete to
increase tensile strength. Various combinations of bolts, steel sets, and shotcrete may be used
where ground conditions would lead to large wall displacements without large support load
capacity. Even then, large, heavy, relatively stiff support may be inadequate. In such cases,
support that is light weight and flexible may provide ground support and excavation safety by
accommodating displacements in a controlled manner. Yieldable steel sets and light segment
liner with backfill are two support methods that are often used in “squeezing” ground where
large time-dependent displacements are anticipated.

Fixed steel sets

Structural analysis of support is relatively simple and has the objective of calculating a
support safety factor — ratio of structural strength to stress. Strength is a material property
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Line of thrust must be on the chord between pin ends.
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Figure 4.11 Equilibrium of a pin-ended curved beam under thrust T.

and is considered known. Stress in a steel support “beam” is a combination of an axial stress
and bending stress. Thus,

T Mc
U:O‘a+0’b22+7 (41)

where o, =axial stress, op =bending stress, 7 =axial thrust, 4 =steel cross-sectional area,
M =bending moment, ¢ =distance to steel bottom (or top) from the neutral axis, / = area
moment of inertia of the steel. The calculation requires knowledge of the steel size. In practice
this is assumed on a trial basis and then checked to see if a satisfactory support layout results.
Guidelines from past experience are used to make a reasonable first guess.

When the steel beam is circular and simply supported at the ends, no moment is present at
the supports. The maximum moment that develops between ends is then related to the thrust 7’
and the rise of the arch /4 between ends, as shown in Figure 4.11. Under these conditions,
M = Th. Generally, the ends of a curved beam segment are not pin connected to adjacent
beam segments, so some correction is justified. The correction is a reduction in the original
moment estimate, that is, M =(constant)7h where the constant is some number less than
one, perhaps in the range of 0.85-0.67. Regardless, the problem reduces to determining 7’
induced in the steel by motion of the adjacent rock mass.

The standard approach to estimating tunnel steel support load is based on the concept of an
arch of rock in the tunnel back that eventually bears on the steel (Proctor and White, 1968).
Consider a rectangular tunnel with a semi-circular arched back that is supported by a curved
steel beam (a steel “rib”) at discrete blocking points as shown in Figure 4.12. The beam ends
are supported by columns in the form of straight steel legs of the same size as the beam.
Blocking points are wood pieces tightened into place by hammering wedges between block
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Rock arch

Leg-column Symmetrical

Figure 4.12 Steel support in a tunnel with a semi-circular arched back.

and rock. They serve to hold the set upright and to transmit load from rock to steel. Wedging
action induces a small initial load on a set. Any shear loading of the blocking points could
easily dislodge a wedge, and for this reason, blocking points effectively transmit normal
loads only. Load transmission may be active from rock to steel, as expected at the crown
point or passive as the rock reacts to the steel as the steel springs against the rock near the
sides of the tunnel.

Weight of the rock arch in the back must be carried by the internal reaction of the support.
The total weight W of the rock arch that has a constant height Hj, is y BH}, L where y is specific
weight of rock, B is tunnel breadth, and L is spacing between sets, as shown in Figure 4.12.
The “head” of rock bearing on a set is Hj,. As a rough rule of thumb, rock “pressure” amounts
to about 1 psi per foot of head. Estimation of H,, is an important first step in the analysis and
is based on a simple rock classification scheme that is given in Table 4.2. Other rock mass
classification schemes for engineering purposes are discussed in Appendix C.

A 10 ft high rock arch is associated with a load of about 10 psi. This seemingly small stress
in comparison with rock strength of the order of thousands of psi may appear insignificant.
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Table 4.2 Terzaghi rock mass classification for tunnel rock Load Hp

Rock conditions Rock load Hp(ft)? Remarks

| Hard and intact Nil Light lining for small spalls
2 Hard stratified, schistose ~ 0.0-0.5B Light support

3 Massive, some jointing 0.0-0.258 Light support

4 Moderately blocky, seamy 0.25B-0.35(B + Ht) No side pressure
5 Very blocky and seamy (0.35-1.10)(B + H,) Little or no side pressure

6 Completely crushed 1.10(B + Hy) Heavy side pressure

7 Squeezing rock (1.10-2.10)(B + H;) High side, bottom pressure

8 Very squeezing rock (2.104.50)(B + H) Very high, invert bracing

9 Swelling rock Up to 250 ft Full circle ribs needed

Note

a For wet ground. Use one-half table values in dry ground (after Terzaghi in Proctor and
White, 1968).

However, rock support and reinforcement seldom provides resistance of more than a few psi
and is intended only to control the rock mass in the immediate vicinity of an opening. Support
of the entire overburden that generates 1 psi/ft of depth is impractical without refilling the
excavation. In fact, temporary mine openings are usually back-filled after ore extraction,
although caving methods involve a different type of “back-filling.” Main access ways such
as shafts and tunnels must remain open for life of the mine and hence require well-engineered
support or reinforcement. Reliable control of shaft and tunnel walls for an indefinite period
of time is essential to safety.

For each set spacing L, a different steel size results. Obviously, there is no unique support
design that meets support objectives. However, in addition to support capacity needed for
ground control, the quality of the rock mass also needs to be considered in deciding upon
support spacing. Very loose, densely fractured rock that tends to ravel and run will require
relatively closely spaced support and wire mesh, plastic net, steel screen, wood lagging, steel
lacing, or similar support between sets. In blocky ground, rock bolts may be installed prior to
placement of steel sets. In this regard, uncontrollable runs of rock are often prevented by small
support forces that maintain the integrity of the rock mass and prevent key blocks from falling.

A free body diagram of the support is shown in Figure 4.13 where R is the radius to the
centroid of the steel cross-section. The beam is curved, so a shift of the neutral surface of the
beam away from the centroid occurs. However, the effect is small and neglected in analysis;
the neutral and centroidal axes are considered coincident. This approximation is certainly
acceptable in view of other uncertainties.

The main problem is to estimate the normal loads transmitted from rock to steel via the
blocking points. If all forces associated with blocking points are considered acting at points on
the neutral axis of the beam, then a diagram of forces that represents equilibrium is possible.
Each point on the neutral axis is acted upon by three forces, one normal force and two thrusts
from adjacent load points. Equilibrium at each load point is thus represented by a closed
triangle of forces.

The analysis treats the continuous beam as a series of pin-connected links between load
points. Consequently thrusts between load points are directed along chords between points.
Directions of all forces at each point are thus known. Figure 4.13 shows the force triangles
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Ry

Figure 4.13 Triangles of force equilibrium aligned to form a polygon of forces for overall equilibrium
of beam forces (a) free body and (b) force polygon.

associated with the steel arch in Figure 4.12 after arrangement into a polygon of all forces.
This polygon is closed and is a graphical representation of overall equilibrium of the set
as well as equilibrium at the load points. Although force directions are known, magnitudes
remain to be determined. In essence the scale or size of the force polygon is unknown.
Enlarging or shrinking the force polygon preserves direction of forces while changing
magnitudes.

A detailed examination of normal loads is needed to resolve the issue of force magnitudes.
The first step requires partitioning the rock arch into blocks by vertical planes half way
between blocking points, as shown in Figure 4.14. The next steps are to calculate block
weights and to resolve weights into normal and tangential components. These normal forces
are active loads. Passive loads from rock—steel interaction are also generated and require
additional consideration of normal forces as shown in Example 4.7. The force polygon in
Figure 4.13 must be large enough to accommodate the largest active normal load. This
load is usually at the crown point. After the polygon is properly sized, the largest thrust
in the polygon is used to calculate beam stress and safety factor of the trial beam. If the
safety factor is too large or small, a different size beam is selected or beam spacing is
adjusted.

A subsidiary calculation of arch rise /4 is needed. Considering the circular arc geometry of
radius R and chord length / between blocking points,

h=R—[R*— (/2112 42)

Ifblocking points were placed side by side, the arch rise would be reduced to a small value. The
associated moment and bending stress would also be reduced to very small values. Because
the bending stress is often a substantial portion of the total beam stress, blocking point spacing
becomes an important design consideration. While steel costs favor closely spaced blocking
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Figure 4.14 Rock arch partitioned into blocks with weights, normal forces, and tangential forces
shown.

points (lower stress, smaller beam), installation costs favor widely spaced points (fewer
blocks to install). An economic optimum obviously exists in the trade-off. This optimum is
addressed by a maximum recommended blocking point spacing that depends on tunnel width.
A plot of maximum recommended blocking point spacing as a function of tunnel width is
shown in Example 4.7.

Graphic solution of the force polygon size problem requires an accurate rendering of the
polygon, of course. The solution could also proceed analytically with repeated application of
the sine law, a procedure that is easily programmed for the computer. In case of non-circular
arches of rock and steel, either procedure still applies, although the radius of curvature now
varies and must be taken into account. A spreadsheet is perhaps the easiest tool to use for
this analysis.

Fixed steel sets are intended mainly to resist vertical loads from rock in the back of the
opening. The legs are columns that lack effective resistance to side pressure. Although the
legs are quite capable of resisting axial load and only need to be sized to prevent buckling,
side pressure cannot be accommodated without arching the legs into a horseshoe shape. If side
pressure is high, then full-circle support becomes necessary. Even then, fixed steel sets may
be inadequate.

Example 4.7 A 26 ft wide by 27 ft high semi-circular arched back tunnel in moderately
blocky and seamy ground is proposed where water is present. Estimate the size of steel
support needed using blocking point spacing that does not exceed the recommended spacing
given in the associated plot. A steel safety factor of 1.5 is required for A36 steel.
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Maximum blocking point spacing as a function of tunnel width
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A plot of maximum recommended blocking point spacing (after Proctor and White, 1946,
revised, 1968). Tunnel width x = ft. Blocking point spacing y = inches.

Solution: The steel sets will stand inside the tunnel, so some allowance for blocking point
thickness and depth of the steel section needs to be made. A reasonable estimate would be
to allow 8 in. for blocks and 4 in. for steel half-depth. The neutral surface of the steel is then
1 ft inside the tunnel wall and rises to within 1 ft of the rock crown as shown in the sketch.
The radius to the neutral surface is 12 ft.

According to the blocking point plot, the maximum recommended spacing is 28 +
26 = 53 in. If one uses equally spaced points, then the number of blocks needed is
[(12)(12)(x/2)/53]+ 1 = 5.3 where an additional block is added for the end, that is, blocks
are at the crown and springline where the curved steel rib connects to the vertical leg. A
fractional block is a mathematical artifact, of course, so after rounding up, the number of
blocks is six. The curve of the steel neutral surface is divided into five spaces, so the actual
blocking point spacing is [(12)(12)(7r/2)/5] = 45.2 in.

The description of “moderately blocky and seamy” allows for a rock height that ranges
from 0.25W to 0.35(W + H), that is, between 6.5 and 18.6 ft. A mid-range estimate of
12.5 ft is reasonable, so Hp=12.5 ft. Rock specific weight is 158 pcf.

The rock arch and division into slices are shown in the sketch. Blocking points are num-
bered sequentially beginning at the springline. An origin of coordinates is at the center of the
sketch; the x-axis extends horizontally and angles are measured counterclockwise for analy-
sis in the customary way. Because the blocking points are equally spaced along the circular
arc of the steel, they are also equally spaced angularly. The angular spacing is 90/5=18°.
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The widths in the table total 13 ft, as they should. The total weight is 25.676(10°) Ibf which
compares with 25.675(10%) Ibf by direct calculation, (y)(# /2)(Hp). This is just one-half
the total weight of the rock arch (per foot of tunnel length), of course.

Slices, blocks, and
blocking points

Calculation of block weights requires a trial set spacing S and computation of rock block
widths which are defined by mid-points between blocks. In table form:

Point  Segment Angle X = Rcos(#) Midpts Block Width Wt/ft(l03lbf)
| 0 13.00

12 1284 | 1.42  2.805
2 18 12.36

23 11.58 2 239 4720
3 36 10.52

34 9.19 3 329 6.498
4 54 7.64

45 590 4 386 7.624
5 72 4.02

56 204 5 2.04 4.029
6 90 0.00
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The active normal components of weight may also be tabulated as

Point Block Angle Wt/ft(103Ibf) N(103)Ibf Slope N’'(103)ibf

| 0 0.00
I 2.805

2 18 0.867 72 3.728
2 4.720

3 36 2.774 54 4.891
3 6.498

4 54 5.250 36 5.991
4 7.624

5 72 7.251 18 7.251
5 4.029

6 90 4.029 0 4.029

Although the block at the springline has no active normal force from weight because of the
flat angle, a reactive component is sure to develop as the points near the crown load the steel
and the steel in turn loads the rock.

These normal weight components require additional consideration and modification for
blocks near the sides of a tunnel where the steel is steeply inclined to the horizontal. A dia-
gram of such a block shows the forces acting. The combination of a small normal force, a
high tangential force, and a small radial force indicate a potentially unstable blocking point
because only a slight increase in weight will cause the resultant force to pass outside the rock
mass. An increase in radial force supplied by the steel acting against the blocking point will
direct the resultant force back into the rock mass and stabilize the situation. Increasing the
radial force must also cause an increase in the equal but opposite normal force. An increased
normal force must also be equilibrated by an increased radial force. This increase is accom-
plished by requiring the resultant force to be inclined at 25° to the horizontal, as shown in
the sketch.

@ Mal:alzinally (b) Unstable (c) Stabilized
stable

Sketch showing steep block stabilization requirement

The additional normal load is Wm in the sketch and can be computed from W and the
sketch geometry. Thus, W, = W cos(a), Wy = W sin(«), and Wy, = (W) tan(a — 25°).
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The total normal forceis N and N' = Wn+Wm= W[cos(25)/ cos(a—25)], after some algebra
and application of the sine law to the force triangles in the sketch. The augmentation of active
normal forces is done only for slices with inclinations greater than 25°. The results for this
example are given in the table of normal forces.

Sketch of polygon of forces

The next step is to impose equilibrium requirements that can be sketched using a polygon of
forces. All the directions in the sketch are known in principal. The normal forces are aligned
with rays from the origin, while the thrusts are aligned with chords between blocking points.
Considering the geometry of equally spaced blocking points with one at the crown and one
at the springline leads to the angles shown in the sketch where « is the angular spacing of the
blocking points, in this example, 18° A rough estimate of the vertical reaction of the leg is
just one-half the weight of the rock arch that loads the set, which was calculated previously
as 25.68(10°) Ibf of tunnel length. This estimate is likely to be too high as calculation will
show.

Equilibrium requires forces to accommodate the largest active normal force. This require-
ment is examined by a sequential calculation of thrusts and normal forces indicated in the
sketch using the sine law beginning with an estimate of Ry. These calculations in tabulated
form are

Point N'(103)Ibf T(103)Ibf N’(103)Ibf N(new)Ibf T(new) Ibf

| 0.00 26.00 4.067 4.029 25.76
2 3.728 26.00 8.135 8.059 25.76
3 4.891 26.00 8.135 8.059 25.76
4 5.991 26.00 8.135 8.059 25.76
5 7.251 26.00 8.135 8.059 25.76
6 4.029 25.68 4.067 4.029 25.44
Note

a Ratio = N'/N" =4.029/4.067 = 0.9907.

All the active normal forces are now accommodated by the steel; no normal force N’ exceeds
the associated estimate N(new). The uniform spacing tends to produce a uniform thrust in
the steel. As is often the case, the active force at the crown is the controlling normal load.
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In this example, the maximum thrust is 25.76(10°) Ibf. If the steel were 436 steel with a
yield point of 36,000 psi, then a steel area of about 0.72 in.2/ft of tunnel length would be
needed even without allowing for a safety factor. At a spacing of 6 ft, about 4.3 in.> would
be needed. However, bending stress must also be considered.

The specified safety factor needed is 1.5, so the allowable 436 steel stress is 24,000 psi.
Thus, at this stage of the analysis,

2 2
24,000 = 5’;60 + 0‘85( 5’;60)11

where 4 and S are steel area and section modulus, respectively, and / is the arch rise between
blocking points. The coefficient 0.85 in the second term allows for the fact that the segments
of steel between blocking points are not actually pin connected, so the maximum moment is
somewhat less. The blocking points have an angular spacing of 18° (45.2 in. with respect to
steel arc length.), so the arch rise is

h=R—Rcos(a/2) = (12)[12 — 12 cos(18/2)] = 1.77 in.

Spacing is not unique but ranges from 2 to 10 ft in many cases. A trial spacing of 6 ft
leads to

1.545(10%) N 2.325(10%)

24,000 =
A N

which now requires some trial and error look-up in a handbook of steel beam proper-
ties. A W10 x 30 (wide flange) has 4=8.84 in.? and S =32.4 in.> which lead to an axial
stress17,478 psi and a bending stress of 7,177 for a total stress of 24,654 psi that does not
quite meet the requirements. A somewhat heavier beam perhaps could be found. A W10 x 33
leads to a total stress of 22,554 psi. Because area and section modulus are related, a reduction
in section modulus to obtain a lighter beam by allowing for greater bending stress, leads
to a smaller area and higher axial stress. By accepting a lower steel safety factor (1.46) the
W10 x 30 could be used with a weight savings of 10% (3 1bf per foot of steel). According
to requirements, a W10 x 33 436 rib on 6 ft centers with blocking points spaced 45 in.
will do.

Obviously larger beams spaced farther apart or smaller beams spaced more closely would
also meet the problem specifications. In this regard, other factors remain the same, spacing
would be dictated by the surface quality of the tunnel rock and whether there was a tendency
to ravel or not. The moderately blocky and seamy description suggests that raveling is not a
threat. The details of this lengthy example suggest that a spread sheet approach would indeed
be advantageous.

Example 4.8 An arched back tunnel is planned that is similar to the one described in
Example 4.7 but with an arch radius R of 13.86 ft. Although the steel rib remains circular in
this plan, the full rib is no longer semi-circular and joins the leg at the springline at an angle,
as shown in the sketch (O).
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The analysis of the steel rib and determination of steel size is much the same as in
Example 4.8 except for the junction at O. Determine the force equilibrium requirements
at this junction and shown by sketch how the forces contribute to overall equilibrium in the
force polygon. Assume six equally spaced blocking points as in Example 4.7.

Solution: The blocking points and rock arch subdivision into slices are shown in the sketch;
details of the forces at O are also sketched. Because the 1-block is inclined in this case rather
than in a horizontal position, as shown in (b) of the sketch, there is a small rock slice that
loads the 1-block. This slice is the 0-slice as shown in the sketch.

H, " $5
L Wm
N
1N e
1,0 J———
F
RV
(b) Detail of
blocks at the
junction of the (c) Forces combined
(a) Overall view rib and leg into a single point

Treatment of the 0- and 1-blocks as a single point leads to four instead of three forces at
the junction as shown in (c) of the sketch. At each of the other blocks only three forces act.
A polygon of forces is shown the sketch below.

Sketch of force polygon
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The vertical leg reaction may be estimated as before, that is, as one-half the rock arch
weight. This estimate is likely to be high, so an improved estimate is 0.9 times the one-half
the rock arch weight. As in the previous example, all the force directions are known including
the four forces at the rib—leg junction point 1,0. At this junction Ry is drawn to scale first, then
N is drawn in the proper direction and of a scaled length equal to the magnitude calculated
from the weight of the 0-block with adjustment for the 25° angle limitation. The horizontal
force F is then drawn until it intersects the thrust 7. The remainder of the force polygon
is completed sequentially with knowledge of normal force and thrust directions. The order
of drawing N and F after plotting R, is immaterial as the parallelogram of these forces are
shown in the sketch. However, if F' is drawn before N1, the process becomes one of trial and
error.

The shortened length of the rib relative to a full semi-circular arch would possibly allow for
fewer blocking points without violating the maximum recommended blocking point spacing
restriction. In this example, the angle 6 is 60°[sin(0) = W/2R = 24/(2)(13.86) = 0.8658],
so therib lengthis 14.51 ft [S = RO = (13.86)(60/180) () = 14.51]. Instead of six blocking
points, in addition to the two blocks at the rib—leg junction, only four more would be needed
at a spacing of 43.5 in. which is less than the maximum recommended spacing of 53 in.

Example 4.9 Consider the same tunnel 26 ft wide with an elliptical arch that has a semi-
axis ratio a/b of two where a is the horizontal axis and b is the vertical axis, as shown in the
sketch. The rectangular bottom section of the tunnel is 13 ft high. If the rock arch is 12.5 ft
high and set spacing is 6 ft, what size steel is needed for a safety factor of 1.5?

T

13 €<

Sketch of elliptical tunnel arch

Solution: Conditions are similar to those in Examples 4.7 and 4.8. Blocking point spacing
should not exceed 53 in., as before. The length of the steel rib may be approximated by
summation, say, of one degree increments of arc length along the ellipse. A spread sheet
calculation is a handy tool for this calculation that results in an arc length of 14.53 ft. The
number of equally spaced blocking points is four (rounded up) plus one at the end for a
total of five spaced at 43.6 in. which does not exceed the maximum recommended spacing
[(4)(43.6)/12 = 14.53, checks]. A sketch shows the blocking points and rock arch subdivided
into slices.

The weight of the rock arch is y (W/2)(Hp)(S) = (158)(13)(12.5)=25.67(10%) Ibf of tunnel
length, as before. Total half-weight is 1.54(10°) Ibf at a 6-ft set spacing. Weights of the slices
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require estimation of slice widths that, in turn, requires determination of the blocking point

positions along the arch and, again, use of spread sheet calculation.

The results are tabulated as

Sketch of block slices

Tabulation:

Point X  Block DX W(f) Wt (ibf) (10%) B/a (deg)® N(b (10%) N'(Ibp° (10%)

| 13.0 0/90 0.0
| 1.9 355 421 6l

2 1.1 50/40 3.23
2 33 350 4.5 29

3 78 59/21 3.87
3 3.7 390 4.62 15

4 4.1 81/9 4.56
4 4.1 205 243 4

5 0.0 90/0 243

Sum 130 154

0.0

3.95

3.87

4.56

2.43

Notes

a First angle is slope of normal (8), second angle is slope of tangent (ct), both measured from the horizontal.

Angle between points is inclination of the chord.
b Adjusted for tangent steeper than 25°.

A polygon of forces is

Sketch of polygon of forces



208 Tunnels

A tabulation of angles and results of application of the sine law to the force polygon:

Point y(deg) ©&(deg) n(deg) N? N7 T N(new)®  T(new)®

| 29 6l 90 00 854 176 150 30.98
2 32 79 69 486 9.50 167 167 29.40
3 14 74 92 404 421 174 74l 30.6

4 11 86 82 421 333 173 586 30.45
5 4 90 86 213 121 173 213 30.45

Notes

a Units of force are 10% Ibf.
b Ratio=1.76. Ry=15.4(10%) Ibf.

Once again, the thrusts tend towards uniformity. The maximum is 310,000 Ibf; the maximum
allowable stress in the rib, as before, is

1 1 h
24,000 — 3 01;000 (310,000) ()

0.85
+ N

The arch rise /4 is not so easily calculated for the elliptical arch compared with a circular arch,
but can be done by first noting that the rise between two blocking points occurs on the ellipse
where the tangent is equal to the slope of the chord between blocking points. The rise is then
calculated as the distance between this point and the chord. The calculations are readily done
in a spreadsheet with the result that the largest rise occurs between points 1 and 2 where the
rise is 4.8 in. a rather large value. Arch rises between points 2-3, 3—4, and 4-5 are: 1.9, 0.9,
and 0.1 in. respectively.

A trial 12 x 87 W shape has 4 =25.6 in.2 and § = 118 in.? and leads to a total stress of
22,783 psi. A 12 x 85 W shape has A =25.0 in.2 and S = 107 in.> and leads to 23,258 psi
and meets the requirements. A systematic search could possibly lead to a lighter weight and
therefore lower cost rib.

One could decide to reduce set spacing from the given 6-ft spacing. Alternatively, a variable
blocking point spacing that would lead to the same arch rise over each segment of the rib
could produce a lower stress and lower cost (weight) support. More closely spaced points
near the connection of the rib to the leg would reduce rib stress, while more widely spaced
points near the crown would have little effect on steel stress.

Pattern bolting — rock reinforcement

Pattern bolting refers to an engineered system of rock reinforcement that uses relatively large
bolts. Ordinary rock bolts may still be installed for immediate ground control, as is often
the case, but a bolting pattern equivalent to the support obtained from fixed steel sets is also
possible. A practical advantage of bolting is the greater use of tunnel cross-sectional area
and perhaps lower cost. The concept is based on improving the strength of the rock mass at
the tunnel walls by application of confining pressure via the bolts. In this concept, the rock
arch formed by the tunnel walls is considered to be a supporting arch capable of sustaining a
thrust at the arch ends as shown in Figure 4.15. The analysis follows the concept presented
by Bischoff and Smart (1977).
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Figure 4.15 Geometry of tunnel bolting and rock arch thickness.

Before bolting, the factor of safety for the supporting rock arch is governed by the
unconfined compressive strength of the rock mass. Thus,

C
FS, = —

Oc

After bolting, a confining pressure py, is applied to the surface of the rock arch. This pressure
may be computed from bolt tension F}, and area of influence of the bolt that extends halfway
to the next bolt, 4, “rock area.” Thus, p = F},/A4;. According to a Mohr—Coulomb criterion
for rock mass strength, compressive strength under confining pressure is

C
Cp=Co+<7:>p

The factor of safety after bolting is then

Cp

!/

FS =
Oc

where the prime on stress indicates a different stress from the original. In this regard, one
expects the stress after bolting to be somewhat less as bolt pressure tends to enlarge the
opening and stretch the perimeter. One could also argue that bolting compresses the rock
mass between bolt hole collar and anchor and thus expect an increase in rock arch stress. In
either case, the effect would be small in consideration of bolting pressures, rock strength, and
stress near strength. Assuming that there is no significant change in rock stress after bolting,
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the factor of safety may be expressed as

_ Cot (Co/To)p

Oc

FS =FS, 4+ AFS

The improvement in safety factor associated with bolting is therefore

_ (Co/To)p

Oc

AFS

while the increase in strength of the supporting rock arch is simply (C,/T5)p. The increased
force capacity of the reinforced rock arch is the product of increased strength by rock arch
bearing area, thickness times distance along the tunnel, and is given by

Co
ATA = | — | phl
A (n)p

where /1 and / are arch thickness and length along the tunnel. If the computation is done per
foot of tunnel length, then / = 1 ft, and only /4 remains to be determined.

The thickness of the supporting rock arch depends on bolt length and spacing. With refer-
ence to Figure 4.15 that shows the geometry of the bolting pattern and how the point load from
the bolt becomes distributed in the rock mass, one concludes: # = L — S. This conclusion
is based on a 45° “cone angle” to describe the spread of the bolt force with distance into the
rock mass.

The increase in thrust capacity of the rock arch may now be equated to the thrust capacity
of a steel set for comparison purposes. The thrust 7§ in a steel set is the largest thrust obtained
from the force polygon. Comparison then amounts to the equality:

ATA =T

Example 4.10 Suppose the arched back tunnel in Example 4.7 using fixed steel sets with a
maximum thrust of 1.545(10%)1bf is considered for systematic bolting in a rock mass that has
unconfined compressive and tensile strengths of 15,000 and 1,500 psi, respectively. Specific
a bolting plan (steel size, grade, spacing, length) that is equivalent to the steel set support
plan. Draw a sketch of the proposed bolting plan and label relevant quantities. Use a bolt
safety factor of 1.5.
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Solution: For equivalency, the increased capacity of the supporting rock arch much equal
the thrust capacity of the steel ribs. Thus,

C
ATy =T, = (?O)phl

o

15,000
1.545(10%) Ibf = ( —= hl
(10 ( 1,500 )p

. phl = 1.545(10%) Ibf

where p, h, and / are bolting pressure, arch thickness, and set spacing, respectively. As
usual, there is no uniqueness to design, so some reasonable combination of variables must be
decided upon. A set spacing of 20 ft would be unreasonably high, while a set spacing of 2 ft
would likely be too low. A trial set spacing of 5 ft is reasonable. Thickness of the supporting
rock arch may be estimated as L — S where L is bolt length and S is in-set spacing. A square
pattern is certainly a reasonable trial pattern, so S = 5 ft. Bolt length is less easily estimated;
one-third tunnel width may do, so L = 8 ft and 4 = 3 ft. With these trial values,

_ 1.545(10%)

306) = 1,030 psf(7.15 psi)

But also

_Fy oy 60,0004
P=4 T 56 T @544

= 16.674;

where 60,000 psi is steel strength, A = steel area, 4, = rock area, and F}, = bolt force.
Solving for steel area gives 45 = 0.429 in.? This results needs to be adjusted for a bolt safety
factor of 1.5, that is, the needed 45 = (1.5)(0.429) = 0.943 in.2 Bolt diameter d = 0.905 in.
Thus, steel grade = 60,000 psi, bolt diameter = 0.905 in. spacing = 5 x 5 ft, length = 8 ft.
As a practical matter, the bolt diameter would be a standard size, say, 1 in.

Example 4.11 Systematic bolting using #10 threaded bars of 75 ksi grade spaced on 5 ft
centers within rings and 7 ft centers between rings are planned to support an arched back
tunnel 26 ft wide in rock where the cohesion is 3,500 psi and the angle of internal friction is
55°. Estimate the equivalent thrust capacity of fixed steel sets (also spaced on 7 ft centers).

Solution: The equivalency is

C
ATy =T, = (%)phl
(s}

so estimation of unconfined compressive and tensile strength is required. There is a tacit
assumption of Mohr—Coulomb strength in this expression, so

G | _ 2c cos(¢p) _ (2)(3,500) cos(55) _ 22,200
To | 7 1Fsin(g) = 1Fsin55) 2,210
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The bolting pressure is

_Fy 95300
P= 4 T 54

= 18.9 psi

where a #10, 75 ksi threaded bar has a yield force of 95,300 and an ultimate load capacity
of 127 ksi. A length of 1/3—1/2 tunnel width is reasonable, say, L = 10 ft in this example, so
h=L-—S=10—-5=5 ft. Hence,

B (22,200
L=

2.210 ) (18.9)(144)(5)(7) = 95, 687 Ibf

Combination support

Steel sets and concrete lining may be used in combination. Conventional rock bolting in
conjunction with shotcrete, a relatively thin layer of cement that is sprayed onto the tunnel
walls, may also be used as a support system and even in combination with steel sets and a
concrete liner that encloses the steel. In many tunnels used for civil projects, for example,
a highway tunnel, rock bolts and steel sets are considered temporary support. Final support
consists of a concrete liner that encloses and protects steel sets, bolts, and any screen that
may be used. In soft ground, a thick, precast segmented concrete liner may be used. Wood
“squeeze” blocks may then be placed between segments that form a full-circle lining. The
analysis here follows that of Kendorski (1977).

A combination of conventional rock bolting for reinforcement and steel sets for support
of a jointed rock mass is shown in Figure 4.16. A rock arch in the back loads the steel and
supporting rock arch in the ribs. Weight of the rock arch depends on arch height H,,, tunnel
dimensions, B and H;, and on rock quality. For this analysis, the quality of the rock mass is
considered “very blocky and seamy,” so H, = 1.0(B + Hy). Weight of the loading rock arch
is yBH,S.

The support loads are T and Ty, respectively. Total support is the sum that must equilibrate
the weight load with suitable safety factors for supporting rock and steel. Factors of safety
for rock and steel may also be used to specify maximum allowable stresses in rock mass and
support, oy, = Cp/FS; and o5 = C/FSs, where Cy, and Cg are unconfined compressive
strengths of rock mass and support, respectively. If bolting is considered to apply a confining
pressure to the rock mass, then Cy, is compressive strength under confining pressure, perhaps
given by a Mohr—Coulomb criterion.

An important consideration in defining rock mass strength is the effect of joints. The
Terzaghi model serves the purpose. In this model the shear strength of the rock mass is
considered to be a composite of shearing resistance provided by joints and intact rock bridges
between joints. Area of shearing 4 is composed of area occupied by the joints 4; and area
occupied by intact rock 4y, as shown in Figure 4.17. Joints and intact rock are assumed to
follow a Mohr—Coulomb criterion. Rock mass cohesion and angle of internal friction are
given by

¢ =pej+ (1 -per
tan() = ptan(@;) + (1 — p) tan(@y)
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Figure 4.16 Combination support.
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\ ///// A= A+A
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M A= T A+ A

Figure 4.17 Terzaghi joined rock mass shear strength model.

where p is joint persistence, the ratio 4;j/4. Rock mass unconfined compressive and tensile
strengths are

Co } _ 2(c) cos(¢)
To | = 17sin(g)

where the notation is now C, = Cp,, and

CO_ 1 + sin(¢) Lo (T @
70_<1—sin(¢))_tan (4+2>
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which follows using double angle formulas and u = /4 —¢/2. In case of confining pressure

Co
C, =C —P
p==Cot T

where ¢ and ¢ are rock mass properties obtained as weighted averages of joint and intact
rock and P is confining pressure.

Rock support “size” follows from maximum allowable rock stress o, and the relation
Tim = omAm where Ay, = hS,h = supporting rock arch thickness, S = support spacing.
Similarly for the support and 75y = o345 where A; = support cross-sectional area. The
allowable support capacity must be equal to or greater than the support load (one-half the
“weight”). Thus,

Tm+Ts > AyBHyS /2> 0

where a factor A that ranges between 1 and 2 has been inserted to allow for additional
loading induced by nearby mining and excavation. (This feature is explained in more detail
in association with chimney forces and caving ground in the chapter on subsidence.) Support,
in addition to the support provided by the rock mass, is therefore

Ty > AyBHyS /2 — Ty

If the capacity of the supporting rock arch is more than adequate to carry the “weight,” then
no additional structural support is needed to carry the loading arch. This situation is reflected
in a negative Ts.

Example 4.12 A 12 ft wide by 12 ft high semi-circular arched back tunnel is planned in a
jointed rock mass at a depth of 2,575 ft with the properties given in the table. Joint persistence
p = 0.80 and specific weight of the rock mass is 158 pcf. Determine whether steel set support
is indicated if the rock mass safety factor must be no less than 2.5 and A = 2.

Property material ¢ ¢
(psi)  (deg)

Rock 3,500 55

Joint 15 25

Solution: Support is indicated if the natural support capacity of the rock mass is inadequate
for the given conditions. Two approaches to this issue are possible. One is to consider
stress concentration about the tunnel, the second uses the loading rock arch concept that is
borrowed from steel set support load estimation. This latter approach considers the weight
of the loading rock arch in the crown to be W = Ay BH,S = (load factor for proximity to
caving ground)(specific weight)(tunnel breadth, width)(rock arch height)(set spacing along
tunnel length). This load must be equilibrated by the supporting rock arch reaction in the rib.
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Thus, W = R = omAm where oy, and Ay, are allowable rock mass stress in the rib and rock
mass support area, respectively. In detail,

Ay BHpS = 20mAm
Co
2)(158)(12)(12 + 12)(1) = (2) <ﬁ> ]

4.550(10%) = (f—‘;) (h)

Whether this equation is satisfied requires computation of the rock mass compressive strength
and an estimate of the supporting rock arch thickness. For the first

¢ (1 = p)er + pej }
tan(¢) (1 = p) tan(¢r) + p tan(¢;)

_ (1-10.80)3,500 + (0.8)(15)
(1 -0.8)tan(55) + (0.8) tan(25)

c 712
tan(¢) | = 0.6587
¢ =712 psi
¢ =33.4°

Co | _ 2c¢ cos(¢) 2,645 G
To |~ Txsing) 767 [P
Accordingly, the supporting arch thickness # must be

(45,500)(2.5)
o 2,645

=43.0ft

This thickness is more than three times tunnel width and is therefore unreasonable. Steel
support is indicated. 1f this thickness were reasonable, then the rock mass about the tunnel
would be considered self-supporting and no steel support would be indicated.

Previously, supporting rock arch thickness was estimated as bolt length L less bolt spacing
S, and bolt length was estimated to be 1/3—1/2 tunnel width . In this example, no mention
of bolting was made in the problem statement. Estimation of % therefore requires additional
analysis. In this regard, the 1/3—1/2 tunnel width estimation of bolt length is made with the
expectation that the bolt will be long enough to secure anchorage in relatively undisturbed
ground. A one-diameter rule would indicate a distance of tunnel width or height, whichever
is greater. Although there are occasions when bolts of such length may be required, a shorter
length is practical. The average stress concentrations about a tunnel decrease in proportion
to (a/ R)? where a and R are tunnel half-width and distance from the tunnel center, respec-
tively. This observation may also be written as (W/2R)2. When Ris W/2+ (1/3)(W/2) or
W /2 + (1/2)(W /2), then stress concentration is about 1.6 or 1.4. When R = W, then the
stress concentration is about 1.1. The inference is that steel sets are indicated. However, in
consideration of jointing, bolting would almost certainly be done, perhaps, using short bolts
(5 ftlong) on 5 ft centers or so, depending on joint spacing.
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Alternatively, a maximum compressive stress concentration K could be tolerated
according to

Co 2,645

K = =
FScS1 (1.0)(2,575)

=1.03

where S is the preexcavation principal stress estimated at 1 psi ft of depth. The low safety
factor indicates a definite possibility of local rock mass failure. The intact rock between joints
would not be threatened because of high compressive strength (22,200 psi). Failure would
occur in association with joint weakening of the rock mass. For this reason, bolting to prevent
blocks formed by joints and fractures from moving into the tunnel opening is indicated.

Although the compressive strength of the rock and any structural support protect an opening
against strength failure of the rock mass, there is also a possibility of shear failure along joints.
This mode of failure may be considered in relation to a joint factor of safety as a ratio of
resisting to driving forces along the joint: FS; = R;/D;. The driving force is the tangential
or shearing component of rock weight W;. Resisting forces arise from (1) joint friction and
cohesion, (2) rock bolts that cross a joint, and (3) possibly concrete or shotcrete lining the
tunnel walls.

In the absence of site-specific data, a generic analysis may be done to illustrate a reasonable
procedure for determining a safety factor with respect to joint failure. In this analysis, a single
joint dipping 45° into a tunnel wall is assumed, as shown in Figure 4.16. One horizontal
rock bolt of length L penetrates the joint. First the driving force is calculated D = W, =
W sin(45°) = (1/V2)W.

The joint strength resisting force R; is

7jd = opd tan(¢y) + cj4d

where the subscript j means joint and A is the joint area, 4 = LS /2 which is the length of
a rock bolt projected to the inclined joint dipping 45°, and W,, = on4 = W cos(45°) is the
normal force acting on the considered joint segment.

The bolting resisting shear force is the product of bolt shear strength and cross-sectional
area; no allowance is made for dip of the joint through the bolt. Thus, Ry = tpdp. A
reasonable estimate of bolt shear strength is one-half bolt tensile (or compressive) strength in
consideration of the ductile nature of bolt steel. Nominal bolt diameter is sufficiently accurate
in this generic analysis to estimate bolt area.

Resistance to shear down the considered joint by a shotcrete or concrete wall coating using
a suitable safety factor, that is, maximum allowable shear force is given by

Re = tede = QVfDISV2

where the terms in parenthesis represent the maximum recommended allowable stress of unre-
inforced concrete in “diagonal tension,” that is, pure shear, f; is the unconfined compressive
strength of shotcrete, ¢ is the horizontal thickness of shotcrete, .S is “spacing” (distance along
tunnel), and the square root factor accounts for the inclined area of shearing resistance. The
units, despite the square root operation, are Ibf /in.? or N/m2.
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After consideration of all resisting forces, the joint factor of safety is

_F+F+Fe

FS
) D

Example 4.13  Given the rock mass conditions described in Example 4.12, determine the
joint safety factor without support. If this number is less than 2.0, determine the joint safety
factor under a bolting plan of 3/4-in., high grade (55 ksi), 6-ft bolts, spaced on 4-ft centers.
If the result is less than 2.0, estimate the shotcrete thickness needed to obtain a safety factor
of 2.0. Shotcrete compressive strength is estimated to be 3,500 psi.

Solution: The joint safety factor without bolting or shotcrete is

_ Njtan(¢y) + ¢j4d;
Cw/)A/V2)
_ 7/2)(1/V2) tan(@) + ¢jLiv2)(S)
a W /2)(1/5/2)
ZCijS
w/2)

(15)(144)(6) (v/2)(4)
(4.550)(104)(1/2)(1/+/2)(4)
FS; = 0.4663 + 1.14 = 1.61

= tan(¢y) +

= tan(25) +

which does not meet the 2.0 requirement, so bolting must be considered. The bolting force
at the yield point is approximately 16,900 Ibf. This estimate does not allow for the cut

thread and is somewhat optimistic. In shear, this force should be reduced by half. Thus, the
bolting addition to the joint safety factor is

FS; = i
(W /2)(1/3/2)(4)
(16,900/2)
T 4.55(10%(1/2)(1/42)(4)
AFS;j = 0.131

which is quite small, as expected. The joint safety factor with bolting is 1.74, so shotcrete
must be considered. The shotcrete addition to the joint safety factor is

3 24 /f!
/2 (1/V2)(S)

20— 1.74 = 24¢+/3,500
4.550(10%)(1/2)(1//2) (&)

j
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which can be solved for the shotcrete area. Thus, 4. = 141.4 in.2 The thickness required
h = 141.4/(12)(4) = 29.5 in. This is a rather large value, so some thought might be given
to increasing shotcrete strength, say, by adding fibers or by accounting for wire mesh or by
redesign of the bolting pattern. Additional site-specific details would also allow for a more
suitable support system design.

Yieldable steel arches

In yielding ground, fixed steel sets or similar stiff, rigid support must be either massive
enough to withstand high rock loads, an unlikely possibility, or an alternative ground control
approach must be used. Again, even massive support can offer little resistance to rock mass
motion that may be generated by thousands of psi of in situ stress. The alternative is support
that “yields” with the rock mass but still prevents uncontrolled flows and falls of rock into
the opening. Yieldable steel arches are intended for this purpose. These arches are made of
relatively light steel segments that have a “U” or “V” shape. The segments overlap and are
tightly clamped with special bolts, “J” or “U,” bolts that allow the segments to slip one past
the other if the load becomes excessive. Thus, the yielding is not inelastic deformation of the
steel that occurs when loaded beyond the elastic limit, but rather frictional sliding.
Resistance to frictional sliding is mobilized by bolt clamping forces. Thus,

T = uN

where T, u, and N are frictional resistance to slip, coefficient of sliding friction between
steel segments and the normal clamping force, as shown in Figure 4.18. Slip should occur
just below the elastic limit of the steel to prevent set damage, so 7 is somewhat less than the
axial thrust in the steel at the elastic limit which may be computed as steel strength times
section area (0 4). In case of the usual 436 mild steel used for beams and columns, strength
is about 36,000 psi. The corresponding steel safety factor with respect to the elastic limit
would be relatively low, say, 1.1.

Thrust in the steel generated by rock “pressure” p is given by the formula 7' = pRS where
R and S are radius and set spacing, respectively. Thus, the structural analysis is simple,

\r

Figure 4.18 Clamping forces, frictional forces, and steel thrust in a schematic of a yieldable steel arch
segment.
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although there is no unique answer because each spacing tried leads to a different steel
size. The main question for support analysis, as before, concerns the load transmitted to the
support by the rock mass, p. This load may be estimated for comparison with fixed steel
sets, so p = y H,,. Spacing of yieldable arches is governed by the same factors that influence
spacing of fixed steel sets, mainly, the tendency of the rock mass to ravel or flow between
sets.

Example 4.14 Squeezing ground is encountered at a depth of 350 m where yieldable
steel arches are being considered for support instead of fixed steel sets for a tunnel 5 m
wide by 5 m high. The rock mass is described as “squeezing rock, moderate depth,” so
Hpy = (1.1-2.1)(B + Hy), say, H, = 1.5(5 + 5) = 15 m, a substantial rock load. An arched
back section will be used if steel sets are decided upon; a circular section would be used if
yieldable arches are used. Determine the cross-sectional area of steel needed for the latter
option.

Solution: The formula for thrust 7 = pRS = y H,RS where y, Hp,, R, S are specific weight
of the rock mass, rock “head,” tunnel radius, and set spacing. Thus, for a trial spacing of 1.5 m,

T = (25.2)(10%)(15)(5/2)(1.5) = 1.417(10%) N
o As = 1.417(10%) /[(250)(10%) /(1.1)] = 6.24(107%) m® = 62.4 cm?

where the specific weight of rock is assumed to be 25.2 kN/m?, the yield point of 436 steel
is 250 MPa and a steel safety factor of 1.1 is used.

Light segment liner

Tunnels and shafts may also be supported by segments of steel panels bolted together to form
a continuous liner. Flanges of the curved panel segments may be on the inside or outside of
the segment. The outside configuration is used when a smooth inside surface is desirable,
for example, when the opening is an ore pass. Relatively lightweight corrugated steel panels
may also be used for tunnel and shaft lining. In any case, sand and even concrete is used to
fill the void between the panel and rock wall of the opening.

One of the advantages of light-segment liner used with sand backfill is the accommodation
of rock wall motion through compaction of the fill, without detriment to the liner. Thickness
of the sand fill should be at least twice the maximum rock protuberance. An adequate fill
thickness reduces the threat of point loading and buckling of a thin liner. In this regard,
corrugated steel, usually galvanized, offers greater resistance to bending than a small, thin-
walled steel liner.

Example 4.15 A horseshoe tunnel section is being considered for support by light-segment
liner with sand backfill. Local relief of newly blasted tunnel wall is estimated at 25 cm.
Sketch the position of the liner respect to the tunnel wall that allows safety with respect to
buckling.

Solution: According to rule of thumb, the liner should stand off the tunnel wall a distance
equal to the local relief. In this example, the distance would be 25 cm, as shown in the sketch.
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Wall rock

Light segment liner

Local relief and
standoff distance

4.3 Problems

Naturally supported tunnels

4.1

4.2

The stresses relative to compass coordinates (x = east, y = north, z =up) are

oy = 2,155, o0, =3,045, o0, =4,200, 1, =—1,222,

Ty, =0, Tyx = 0
in psi with compression positive. Suppose a circular tunnel is driven due east by a tun-
nel boring machine. Estimate the peak compressive and tensile stress concentrations
and show locations in a sketch.

Consider a horizontal, rectangular opening that is 10 ft high and 20 ft wide and driven
due north 5,000 ft. Rock properties are

Co =23,700 psi, To=1,480psi, E =5.29(10° psi),
v=2027, y =162pct
The premining stress state relative to compass coordinates is:
Sg=350+02h Sy=4204+035h Sy=1.12h
where stresses are in psi, 2 =depth in ft, E, N, V refer to compass coordinates
(x = east, y =north, z =up) and compression is positive. Premining shear stresses are

nil relative to compass coordinates. How wide can this opening be made before failure
occurs at a depth of 1,750 ft? Justify.
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43

44

4.5

4.6

A tabular ore body 15 ft thick is mined full-seam height at a depth of 2,300 ft by
repeated slices 20 ft wide and 5,000 ft long, so the first drive is simply a 20 ft wide
tunnel from the rock mechanics view. Rock properties are

E=57x10° psi, v=025Co,=25300psi, T, = 2,600 psi.

The premining stress field is due to gravity alone. If safety factors of2.2 in compression
and 4.4 in tension are required, how many slices side by side can be safely taken?
The stresses relative to compass coordinates (x = east, y = north, z =up) are

oy =14.86, 0y,=21.00, 0.:=28.97, T,=—843, T.=0, T, =0

in MPa with compression positive. Suppose a circular tunnel is driven due east by a tun-
nel boring machine. Estimate the peak compressive and tensile stress concentrations
and show locations in a sketch.

Consider a horizontal, rectangular opening that is 3 m high and 6 m wide and driven
due north 1,524 m. Rock properties are

Co=1635MPa, T, =102MPa, E = 36.48 GPa,
v =027, y=2534kN/m?

The premining stress state relative to compass coordinates is:
Sg =2,41444.53h, Sn=2,897+792h, Sy =2534h

where stresses are in kPa, #=depth in m, E, N, V refer to compass coordinates
(x = east, y =north, z =up) and compression is positive. Premining shear stresses are
nil relative to compass coordinates. How wide can this opening be made before failure
occurs at a depth of 533 m? Justify.

A tabular ore body 4.6 m thick is mined full-seam height at a depth of 700 m by
repeated slices 6 m wide and 1,520 m long, so the first drive is simply a 6 m ft wide
tunnel from the rock mechanics view. Rock properties are

E =393GPa, v=025 C,=1744MPa, T,=17.9MPa.

The premining stress field is due to gravity alone. If safety factors of 2.2 in compression
and 4.4 in tension are required, how many slices side by side can be safely taken?

Supported tunnels

4.7

Consider a pin-connected, two-segment, semi-circular steel rib shown in the sketch.

(a) Ifthe bearing ends are free to rotate, find the thrust and moment in the steel. Data
are: H, = 10 ft, Hi=18 ft, B = 16 ft, R = 7.5 ft, set spacing S = 6 ft and specific
weight of rock y = 156 pcf.

(b) What area of A36 steel is needed to resist thrust?

(c) If the section modulus of the steel beam is 30 in.3, what is the bending stress?



222 Tunnels

4.8

4.9

<« 5 — >

Two-piece continuous steel sets are to support a tunnel with a semi-circular roof having
aradius of 12 ft and a straight leg section of 13 ft. The tunnel is therefore 24 ft wide by
25 ft high. The crown is assumed hinged and the ends of the steel arch are fixed. For
preliminary design assume 1 in. of steel rib depth for each 3 ft of tunnel width and a
set spacing of 4 ft. Note that the 12 ft radius is to the outside of the steel. Blocks 8 in.
thick are placed at the crown and at the base of the arch. In addition, blocks next to
these are spaced a maximum of 50 in. Remaining blocks required should not be spaced
more than 50 in. A rock load of 10 ft is expected on the basis of rock quality; rock
unit weight is 170 pcf.

1
2
3

W

NeRNcCREN oY

Draw a neat scale diagram of the tunnel and steel set.

Show the position of the blocks.

Show the rock arch and resolution of forces (to scale) loading the set; indicate
magnitudes and directions.

Replace the 13 ft steel legs by a vertical reaction Ry at the arch base.

Draw the cords between blocking points defining the thrust directions in the
steel arch.

Construct the force polygon.

Calculate the maximum moment in the steel arch.

Calculate the maximum stress in the steel.

Estimate the safety factor for the steel arch.

Consider a pin-connected, two-segment, semi-circular steel rib shown in the sketch.

(@

(b)
(©)

If the bearing ends are free to rotate, find the thrust and moment in the steel. Data
are: H, = 3m,H; = 5.5m,B = 5m,R = 2.3 m, set spacing § = 2m and
specific weight of rock y = 25.0 kN/m>.

What area of A36 steel (yield strength 250 MPa) is needed to resist thrust?

If the section modulus of the steel beam is 500 cm?, what is the bending stress?
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4.10

4.11

4.12

4.13

4.14

Two-piece continuous steel sets are to support a tunnel with a semi-circular roof having
a radius of 3.5 m, and a straight leg section of 4 m. The tunnel is therefore 7 m wide
by 7.5 m high. The crown is assumed hinged and the ends of the steel arch are fixed.
For preliminary design assume 2.5 cm of steel rib depth for each 1 m of tunnel width
and a set spacing of 1.2 m. Note that the 3.5 m radius is to the outside of the steel.
Blocks 20 cm thick are placed at the crown and at the base of the arch. In addition,
blocks next to these are spaced a maximum of 127 cm. Remaining blocks required
should not be spaced more than 127 cm. A rock load of 3 m is expected on the basis
of rock quality; rock unit weight is 26.9 kN/m>.

1 Draw a neat scale diagram of the tunnel and steel set.

2 Show the position of the blocks.

3 Show the rock arch and resolution of forces (to scale) loading the set; indicate
magnitudes and directions.

Replace the 4 m steel legs by a vertical reaction Ry at the arch base.

Draw the cords between blocking points defining the thrust directions in the
steel arch.

Construct the force polygon.

Calculate the maximum moment in the steel arch.

Calculate the maximum stress in the steel.

Estimate the safety factor for the steel arch.

TN
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Consider the analysis of tunnel bolting leading to the equation

Co
ATy = | — tl,
A ( T ) Poliy

If bolting is on a square pattern of spacing S and a 45° cone of influence is assigned
to the bolt forces, show that this equation is equivalent to that of Bischoff and Smart
(1977), equation 8,

A
ATy = (q) (%) L-S)
where

g = tan®(w/4 + ¢/2)

provided a Mohr—Coulomb yield condition is assumed for the rock. Note: Equation 8
is per foot of tunnel length.

Layout an equivalent bolting pattern for the crown portion of the tunnel in Prob-
lem 8 using 1 inch diameter rebar tensioned to 60,000 psi. Specify bolt spacing and
length.

Yieldable steel arches are used to control squeezing ground in a tunnel where the rock
pressure corresponds to a rock “head” of 15 ft. Estimate the steel area needed for this
situation. What proportion of the area is needed for bending stress?

Layout an equivalent bolting pattern for the crown portion of the tunnel in Problem
10 using 2.5 cm diameter rebar tensioned to 410 MPa. Specify bolt spacing and
length.
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4.15

4.16

4.17

4.18

4.19

4.20

4.21

4.22

4.23

4.24

4.25

Yieldable steel arches are used to control sqeezing ground in a tunnel where the rock
pressure corresponds to a rock “head” of 4.6 m. Estimate the steel area needed for this
situation. What proportion of the area is needed for bending stress?

An arched tunnel is driven in moderately blocky and seamy, wet ground at a depth of
1,970 ft. The tunnel is 14 ft wide by 11 ft high; the back arch is semi-circular.

(a) Specify a suitable steel set size (web depth, flange width, weight per foot), set
spacing, and maximum blocking point spacing for these conditions.

(b) Explain how one would handle a relatively high side pressure that may develop
crossing a fault zone.

(c) What is the approximate thrust capacity, in Ibf, required for equilibrium?

For Problem 4.16 conditions, find an equivalent bolting pattern (bolt diame-
ter, strength, length, and spacing), that provides the same approximate thrust
capacity.

For the same “rock pressure” and semi-circular arch in Problem 16, determine the
cross-sectional area of yieldable steel arches for ground control.

An arched tunnel is driven in moderately blocky and seamy, wet ground at a depth of
600 m. The tunnel is 4.3 m wide by 3.4 m high; the back arch is semi-circular.

(a) Specify a suitable steel set size (web depth, flange width, weight per foot), set
spacing and maximum blocking point spacing for these conditions.

(b) Explain how one would handle a relatively high side pressure that may develop
crossing a fault zone.

(c) What is the approximate thrust capacity, in Ibf, required for equilibrium?

For Problem 4.19 conditions, find an equivalent bolting pattern (bolt diame-
ter, strength, length, and spacing), that provides the same approximate thrust
capacity.

For the same “rock pressure” and semi-circular arch in Problem 19, determine the
cross-sectional area of yieldable steel arches for ground control.

An arched tunnel is driven in moderately blocky and seamy, wet ground at a depth of
970 ft. The tunnel is 18 ft wide by 21 ft high; the back arch is semi-circular.

(a) Specify a suitable steel set size (web depth, flange width, weight per foot), set
spacing and maximum blocking point spacing for these conditions.

(b) Explain how one would handle a relatively high side pressure that may develop
crossing a fault zone.

For the same “rock pressure” and semi-circular arch in Problem 4.22, determine the
cross-sectional area of yieldable steel arches for ground control.

For Problem 4.23 conditions, find an equivalent bolting pattern (bolt diame-
ter, strength, length, and spacing), that provides the same approximate thrust
capacity.

An arched tunnel is driven in moderately blocky and seamy, wet ground at a depth of
297 m. The tunnel is 5.51 m wide by 61.4 m high; the back arch is semi-circular.

(a) Specify a suitable steel set size (web depth, flange width, weight per foot), set
spacing and maximum blocking point spacing for these conditions.

(b) Explain how one would handle a relatively high side pressure that may develop
crossing a fault zone.
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4.26

4.27

4.28

4.29

4.30

431

432

433

4.34

435

436

For the same “rock pressure” and semi-circular arch in Problem 4.25, determine the
cross-sectional area of yieldable steel arches for ground control.

For Problem 4.26 conditions, find an equivalent bolting pattern (bolt diameter,
strength, length, and spacing), that provides the same thrust capacity.

Semi-circular yieldable steel arches with a nominal radius of 6.75 ft are used in main
entries to a coal mine developed from outcrop under plateau overburden. Seam depth
at a point of interest is 2,350 ft where ground pressure on the supports is estimated to
be 20 psi. Determine cross-sectional area (square inches) of A36 steel needed and a
reasonable set spacing for an appropriate steel safety factor.

With reference to Problem 4.28, an alternative support system in the form of fixed
steel sets is considered with entry height 11.75 ft. Select a suitable steel rib for this
alternative specifying steel weight and size, set spacing and maximum blocking point
spacing.

With reference to Problem 4.29, develop an approximately equivalent bolting rein-
forcement system using one-inch diameter, Grade 60 steel (60,000 psi elastic limit)
bolts. Rock properties are: £ = 4.9 million psi, v = 0.18, C, = 7,500 psi,
T, = 750 psi,y = 148 pcf. Specify bolt spacings (in-row, between rows, ft) and
bolt lengths (ft).

Semi-circular yieldable steel arches with a nominal radius of 2 m are used in main
entries to a coal mine developed from outcrop under plateau overburden. Seam depth
at a point of interest is 716 m where ground pressure on the supports is estimated to be
138 kPa. Determine cross-sectional area (square inches) of A36 steel (250 MPa yield
stress) needed and a reasonable set spacing for an appropriate steel safety factor.
With reference to Problem 4.31, an alternative support system in the form of fixed
steel sets is considered with entry height 3.6 m. Select a suitable steel rib for this
alternative specifying steel weight and size, set spacing, and maximum blocking point
spacing.

With reference to Problem 4.32, develop an approximately equivalent bolting rein-
forcement system using one-inch diameter, Grade 60 steel (410 MPa elastic limit)
bolts. Rock properties are: £ =33.8 GPa, v = 0.18, C, = 51.7 MPa, T, = 5.17 Mpa,
y = 23.4 kKN/m3. Specify bolt spacings (in-row, between rows, m) and bolt
lengths (m).

An arched tunnel is driven in moderately blocky and seamy, wet ground at a depth of
2,830 ft where rock properties are:

Co=14300psi, T,=1430psi, E =4.25(10°) psi,
G=18(10%psi, y =156pcf

The tunnel is 14 ft wide by 17 ft high; the back arch is semi-circular. Specify a suitable
steel set size (web depth, flange width, weight per foot), set spacing and maximum
blocking point spacing for these conditions.

With reference to Problem 4.34, specify support in the form of rock reinforcement by
bolting on a square pattern that has the same support capacity (bolt diameter, spacing,
length, steel strength).

With reference to Problem 4.35, specify support in the form of yieldable steel arches
that support the same “rock pressure” (steel area, set spacing, steel strength).
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437

4.38

439

4.40

441

An arched tunnel is driven in moderately blocky and seamy, wet ground at a depth of
863 m where rock properties are

o =98.6MPa, T,=9.86MPa, E=293GPa, G =12.4GPa,
y =247 kN/m>

The tunnel is 4.3 m wide by 5.2 m high; the back arch is semi-circular. Specify a
suitable steel set size (web depth, flange width, weight per foot), set spacing and
maximum blocking point spacing for these conditions.

With reference to Problem 4.37, specify support in the form of rock reinforcement by
bolting on a square pattern that has the same support capacity (bolt diameter, spacing,
length, steel strength).

With reference to Problem 4.37, specify support in the form of yieldable steel arches
that support the same “rock pressure” (steel area, set spacing, steel strength).

An arched (semi-circle) rectangular tunnel 28 ft wide and 28 ft high is driven in dry,
moderately blocky, and seamy ground.

(a) Select a steel rib suitable for these conditions; specify flange width, web depth,
weight per foot, and set spacing.

(b) Suppose yieldable steel arches where used to support the arched back on the same
set spacing under the same rock load (“head”). What thrust in a yieldable set is
indicated?

(c) If large, long bolts were used instead, estimate the bolting pressure that is indi-
cated assuming the same spacing and thrust capacity provided by the yieldable
arches.

An arched (semi-circle) rectangular tunnel 8.5 m wide and 8.5 m high is driven in dry,
moderately blocky, and seamy ground.

(a) Select a steel rib suitable for these conditions; specify flange width, web depth,
weight per foot, and set spacing.

(b) Suppose yieldable steel arches where used to support the arched back on the same
set spacing under the same rock load (“head”). What thrust in a yieldable set is
indicated?

(c) If large, long bolts were used instead, estimate the bolting pressure that is indi-
cated assuming the same spacing and thrust capacity provided by the yieldable
arches.

Rock mass classification schemes, RQD

4.42 Explain the objective of rock mass classification schemes, RMR and Q, why RQD

4.43

is important to such schemes, what the main components are and what the main
differences are. Organize your comparisons and contrasts in itemized lists.

In a run of 5 ft of NQ core (1.875 in. diameter), fractures are observed at 2.4, 5.3,
8.2,14.2,17.7,25.3,29.3,34.3,36.9,47.5, and 54.8 in. measured along the core from
one end to the other. Find the RQD.

Explain the objective of rock mass classification schemes, RMR and Q, why RQD
is important to such schemes, what the main components are and what the main
differences are.
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4.44

Inarunof 1.5 m of NQ core (4.75 cm diameter), fractures are observed at 8.4, 18.3,

33.5,39.9,66.8,77.0,90.7,95.5, 110.5, 134.1 and 137.7 cm measured along the core
from one end to the other. Find the RQD. Explain.
Explain the objective of rock mass classification schemes, RMR and Q, why RQD
is important to such schemes, what the main components are and what the main
differences are. Also explain the differences in support strategy concerning fixed steel
sets and yieldable arches.






Chapter 5

Entries in stratified ground

Entries are “tunnels” of rectangular cross-section. In stratified ground, entries have roof
spans that may be determined by beam analysis, provided the immediate roof separates
from the overlying strata. This situation is often the case in softrock mines (e.g. coal, salt,
trona, potash). Service life is variable, but mainline entries have long service lives, perhaps
20 years or more. Other mining entries may be used for a year or less. In any case, entry
roof span is just entry width. If roof strength is inadequate for achievement of an acceptable
safety factor, then support or reinforcement is required, usually in the form of roof bolts.
The term “roof™ bolting implies bolting in stratified ground or softrock mining, for example,
coal mining; “rock” bolting is used in hardrock mining and tunneling. There is more than
a semantic difference between the two mining environments. If the immediate roof layer is
thick relative to entry width or roof span, then bed separation is unlikely. In the absence of bed
separation, design analysis requires investigation of stress concentration about the considered
entry. This is likely to be the case in hardrock room and pillar mines and excavations for
other purposes such as underground manufacturing and storage facilities. In either situation,
the usual design criteria are factors of safety in tension and compression,

T,
FSi{ = —
e (5.1)
o .
FS, = =
Oc

where T, and C, are unconfined tensile and compressive strengths, respectively; oy and o and
peak tensile and compressive stresses. A complication that may arise is strength anisotropy,
for example, tensile strength parallel to stratification planes (“bedding”) may be significantly
different from tensile strength perpendicular to bedding. Shear strength may also be a factor
where shear strengths across and along bedding differ significantly.

In the usual case of multiple entries side by side, pillars are formed by the rock between
entries and pillar size becomes a design consideration. Pillar size also raises a question of
size effect on pillar strength. Entry mining may occur in several seams, one below the other,
either sequentially or concurrently, and thus pose additional design considerations.

5.1 Review of beam analysis

The essential concepts for analysis of beam and slab bending are the usual: equilibrium,
geometry of deformation and elasticity. Integration of these fundamental concepts leads to
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two important formulas: the flexure formula and the Euler—Bernoulli bending formula (see,
e.g. Gere, 1997; Hibbeler, 2003; Popov, 1952). Application of these formulas allows for
determining bending stress, strain, and displacement. For convenience, tension is considered
positive.

Basic beam formulas

Consider an isolated segment of the slab or sheet shown in Figure 5.1a that is deformed
into a cylinder about the y-axis and suppose that there is no variation along the y-axis.
The “beam” that is isolated has span L and a rectangular cross-section of thickness /# and
breadth b as shown Figure 5.1b. No loads are applied to the top and bottom surfaces of the
beam, so the vertical stress o;; = 0. Because no variation occurs along the beam, &, = 0.
These two observations allow o, to be expressed in terms of oy, through Hooke’s law. Thus,
oyy = voyy and

(52)

Figure 5.1 (a) Roof sheet geometry, (b) roof beam geometry, (c) details of beam bending and
(d) notation.
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where x is horizontal and z is positive down. If the slab or sheet were not of indefinite extent
in the y-direction and instead were a true beam, then o, would be zero and (5.2) would be
exx = Ox/E. Thus the difference between beam and sheet bending is only about 5% for
Poisson’s ratio in the range of 0.20-0.25.

The geometry of a beam element in bending is shown in Figure 5.1c. By definition, the
strain is a change in length per unit of original length, so

s—8y (R+2z)d0 —RdO :z
= = = — = 5-3
e =7 RdO R° (5-3)

where R is the radius of curvature of the deformed element and the subscripts have been
dropped from the bending strain e..(= ¢). Curvature k = 1/R is defined as the rate of
change of inclination angle of a curve with respect to arc length measured along the curve
as shown in Figure 5.1d. Thus, x = 1/R = dB/ds = —da/ds where « is the angle of
inclination of the considered curve measured from the horizontal. Where o does not change
with distance, the curve in fact is straight and the curvature is zero. Thus,

1 —(d?w/dx?)
I_ w7 5.4
R [1 4 (dw/d0)?]"? c4

where w is the displacement or deflection of the curve from the original horizontal position;
wis “sag” of the beam. When the slope dw/dx is small, the curvature is to close approximation

1 d?
=" (va) -2

Equilibrium requires the internal distribution of stress be equivalent to the external moment.
Hence,

M= [ 204 (5.6)
A

where dA4 is an area element of the beam cross-section, o,,d4 is an element of force and the
product zo,,dA4 is the associated moment that when integrated over the cross-sectional area 4
is the total internal moment. Examination of Figure 5.1¢ shows that elements toward the top
of the beam are compressed whereas elements toward the bottom are stretched. In between
there is a neutral surface that is neither stretched nor compressed. A neutral axis exists in
the neutral surface parallel to the y-axis about which bending occurs.

The geometry of Figure 5.1c suggests that plane sections before deformation remain plane
after deformation. If plane sections remain plane during bending, then the bending strain
which is zero on the neutral surface is directly proportional to distance above or below the
neutral surface. If so, then the same is true for stress because the bending stress is directly
proportional to the bending strain according to (5.2), that is, oy = (constant) z where tension
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is positive. The moment equilibrium requirement (5.6) can then be expressed as

M:/szdA
A
=C | 2d4
fz (.7
A
=CI
Ox
M=<;ﬁ’

where C is a constant and / is the second moment of area about the neutral axis, the area
moment of inertia. Equation (5.7) when solved for the bending stress gives the flexure formula

— (5:8)

where the subscripts have been dropped from the bending stress oy, as they were for the
bending strain.

A series of substitutions beginning with (5.2) leads to the Euler—Bernoulli bending formula.
Thus,

z d*w 1—? 1—v2\ (Mz\ Mz
e=Z o ()2 o= =) === (5.9)
R dx2 E E I E'l
where E/ = E/(1 — v?) for brevity. The variable z can be eliminated from Equation (5.9)
that results in

d?w M
- \@r (5.10)

which is the famous Euler-Bernoulli bending formula. In case of beams with rectangular
cross-sections / = bh3/12. Equation (5.10) is an ordinary differential equation that after
one integration gives the slope of the deflected beam. Slope and angle of inclination are
very nearly equal for small angles . A second integration gives the deflection or sag. These
integrations with respect to x are over the span of the beam; conditions at the beam ends
determine the two constants of integration.

When a load acts transverse to a beam, shear forces are generated within the beam that
interact with the internal moments. With reference to Figure 5.2 that shows a small segment
of a beam under the action of a distributed surface stress (“pressure”) p, equilibrium in the
vertical z-directions requires (V' + AV) — V + pbAx = 0. In the limit,

v

o= Pb (5.11)

where b is the breadth of the beam. When the surface load is uniformly distributed, moment
equilibrium about the centroid of the beam segment requires (M + AM) — M — (V + AV)
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YYVYY
MAV M+AM

dx

V+AV

z

Figure 5.2 A small beam element under a distributed surface load p.

(Ax/2) — V Ax/2 = 0. In view of (5.11), moment equilibrium requires

M

=7 (5.12)

A change in moment therefore induces a shear force in a beam. The same result is obtained
when the surface load varies along the beam. An average shear stress in the beam can be
computed as tyye = V' /A4 where A4 is the cross-sectional area of the beam that is simply
bh when the beam is rectangular in section. A graphical interpretation of Equations (5.11)
and (5.12) is that the change in shear force over a length x of a beam is the area under
the distributed load curve and that the change in moment is the area under the shear force
curve. Abrupt changes caused by point loads cause jumps in plots of shear force and bending
moment as a functions of x along the beam. Superposition applies, so the result is simply the
sum of the effects of distributed and point loads.

The distribution of shear stress in a transversely loaded beam must satisfy the stress
equations of equilibrium. Thus,

00y 0Tz —0
ax 0z
AWM/ | Ve _ (5.13)
ax 0z
Vz = 0tTsx
= =0
I + 0z

In particular, one must have after integration

1% 2
T =f(x) — % (5.14)

The function f (x) may be evaluated at the top and bottom of the beam where the shear stress
vanishes, that is, at z = £4/2. The result is

=) ]
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where the subscript has been dropped for brevity and 7 is assumed constant along the beam.
Inspection of (5.15) shows that the beam shear stress is maximum on the neutral surface where
z = 0, thus Tax = VA%/81. If the distribution (5.15) is averaged over the cross-section of
the beam, the result is

vk v (2 (5.16)
fave—IZI—A— 3 Tmax .

The maximum shear stress is therefore 50% greater than the average shear stress.

Important special cases

Two important cases of beam bending involve distributed and point loads applied to beams
of rectangular cross-section. Diagrams of shear force and moment as they vary along the
beam are quite helpful in solving these problems. In both cases, beam ends may be simply
supported or built-in. A third case involves a beam supported at one end only, a cantilever
beam. The main objectives of beam analysis in any case is to determine maximum tension
and sag.

Consider a beam under a uniformly distributed load as shown in Figure 5.3a. Equilibrium
requires the resultants of the external forces and moments to be zero. In particular, the vertical
load F = pbL, which acts through the beam center, must be equilibrated by the reactions at
the beam ends as shown in Figure 5.3b. Horizontal reactions are omitted from Figure 5.3b.
Symmetry of the problem indicates that the end reactions are equal, so R = Ry = R =
pbL/2. Summation of moments about the beam center shows that moment equilibrium is
satisfied with M = Mp. Sectioning of the beam as shown in Figure 5.3c reveals the internal
shear force and moment. Summation of forces in the vertical directions shows that

V =pb (%—x) (5.17)

According to Equation (5.17) the shear force varies linearly along the beam and is zero at
the beam center x = L/2. Summation of moments about 4 gives the moment M. Thus,

M=MA+(%b) (L—x)x (5.18)

Inspection of (5.18) atx = 0 and x = L shows that the end conditions are generally satisfied.
Integration of (5.10) gives the slope of the beam and a second integration gives the deflection
or sag, that is, displacement. The slope is

- 2 3
a= —(%) _MAX + (pbﬁx ) - (‘%)] + oo (5.19)

where «, is an integration constant. The deflection is then

1\ [ x? pbLx3 pbx*
w= () e (5) + (757) - (55 rown o 20
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Figure 5.3 Analysis of a beam under a uniformly distributed surface load.

where w, is another constant of integration. Both may be determined by end conditions as
may the end moment. With either simply supported or built-in ends, end sag is zero, so that
wo = 0. Also in either case the slope of the beam is zero at mid-span because of symmetry
of the problem. Hence,

- () (2)- (2]

In the case of simply supported ends, the end moments are zero, that is, M = Mp = 0;
in the case of built-in ends, the ends of the beam are not free to rotate, so the slope is zero.
In the latter case, solution of (5.21) shows that

_ pbL?
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Inspection of (5.8) shows that at a given point along the beam, the maximum tension and
compression occur at the beam top or bottom, depending on the sign of the moment. In both
cases, (5.18) has a relative algebraic maximum at mid-span. In the simply supported case this
is also the absolute maximum, pbL?/8, which is positive, so the greatest tension occurs at
the bottom of the beam. In the built-in end case, the moment at mid-span is ppL? /24 which is
less in magnitude than the end moments. Because the end moment is negative in the built-in
end case, the greatest tension occurs on top of the beam where z = —4/2. Figure 5.3d shows
the moment and shear diagrams for the distributed load case with both simply supported
and built-in ends. The shear force distribution is the same, while the moment distribution is
shifted down in the plots of Figure 5.3d.

The peak tensions computed for the simply supported (SS) and built-in (BI) end cases for
a beam of rectangular cross-section under a uniformly distributed load are

3 L2
ot (SS, distributed load) = (7) (P )

4]\ 2

(5.23)
- 1\ [ pL?
oy(BI, distributed load) = 7 a

Inspection of (5.23) shows that the simply supported case leads to a peak tension that is
50 percent greater than the built-in ends case, all other factors being equal. With simply
supported ends, the beam ends are free to rotate; no rotation is allowed with built-in ends.
However, when the ends are neither free nor fixed but allowed to rotate in proportion to the
end moments, the peak stress falls between the two cases in (5.23) (Timoshenko, S. P. and
S. Woinowsky-Krieger, 1959).

The maximum deflection or sag occurs at mid-span and is given by

5 L4
Winax (SS, distributed load) = (7) (p )

32 E'h3
(5.24)
. 1 pL*
Wmax (BI, distributed load) = )\

which show that the sag in the simply supported case of a beam deformed under a uniform
load is five times that in the built-in end case. Again, in the intermediate case where beam
ends are neither free nor fixed but end rotation is proportional to end moment, the sag is
between the values given by (5.24).

A simply supported beam under a single point load is shown in Figure 5.4a. The two
sections of the beam shown in Figure 5.4b,c are helpful in determining the shear force and
moment distributions that are shown in Figure 5.4d. The maximum moment occurs at the
load point x = a and the maximum tension for a beam of rectangular section is

6Fad
Lbh?

oy(SS,Fatx =a) = (5.25)

If the point load F' is equated with an equivalent distributed load such that 7/ = pbL and
applied at mid-span the maximum tension according to (5.25) is

. . _ (3 (pbL?
01(SS, F equivalent distributed load) = 7 e (5.26)
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Figure 5.4 A simply supported beam under an offset point load.

which is double the peak tension when the load is actually distributed as seen in comparison
with the first of (5.23). For this reason, point loads should be avoided when possible.
Again, two integrations of the Euler—Bernoulli bending formula (10) give the slope and

sag of the beam. The maximum sag occurs in the longest segment of the beam and is located
at the point x given by

2 on2l/2
[%] , (a>a’)

22 172 (5.27)
[ 3 ] , (a<d)

X

X
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where L = a + o' and the load is applied at x = a. The value of the maximum sag is

Winax = (‘mF" ) [2-@?]”. @sa)

9E’'Lbh3
(5.28)
4V3Fa \1., 732 ,
Ymax =\ OB Lbm [P-e]” @<
In case the point load is applied at mid-span, the maximum sag occurs at mid-span and is
FL?
Wmax(F at L/Z) = <W> ’ (a = a,) (529)

If the applied load is equated to an imaginary distributed load, so /' = pbL, then the sag is

4

wmax (F equivalent distributed load) = (%) , (a=d) (5.30)
Comparison of (5.30) with (5.24) shows that a point load of the same magnitude as a total
distributed load causes a sag that is 1.6 times the sag of the same beam under a distributed
load with simply supported ends and rectangular cross-section.

Cantilever beams are built-in at one end, a fixed end, but are without support at the
opposite or free end. Figure 5.5a shows the case where the distributed load is uniform.
The support force reaction Ry is easily computed to be equal to the total load phL. Sum
of the moments for the entire beam gives the moment reaction Ma = pbL/2. Sectioning
the beam as shown in Figure 5.5b and summing forces in the vertical direction shows that
the shear force V' = pb(L — x). Summation of moments about A at the fixed end gives the
internal moment

M=— (%b) L —x)? (5.31)

which is greatest in magnitude at the built-in end where x = 0. The greatest tension thus

occurs on top of the beam at the built-in end where the value is

N2
oy(cantilever, distributed load) = 3pb (Z) (5.32)

for a beam of rectangular cross-section. Two integrations lead to displacement along the
beam. Thus,

_ -1 3 4 2.2
w= (m) (4Lx — X 6% ) (5.33)

where account is made of zero rotation and zero displacement at the fixed end. The
displacement is maximum at the free end of the cantilever. Thus,

3pL*

Wwmax (cantilever, distributed load) = Y

(5.34)

where again a rectangular cross-section is assumed.
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Figure 5.5 Analysis of a uniformly loaded cantilever beam.

A case of a point loaded cantilever is shown in Figure 5.6. The analysis for maximum
tension leads to

(cantilever, F at x = a) = L2 (5.35)
oy(cantilever, F atx = a) = — .
' bh3
for a rectangular beam. The maximum displacement occurs at the free end and is
(cantilever, F at x = a) 2Fa GL - a) (5.36)
ntilever =aq) = — )
Wmax (cantilever, F at x = a o a

also for a rectangular beam.

Example 5.1 The linearity of elasticity theory allows for superposition of solutions. This
feature simplifies stress analysis of beams under complex loadings. Solution is obtained by
simply adding the results of the simpler and separate loadings. Consider a beam of rectangular
section of unit breadth and 1.5 ft deep that has a span of 18 ft. Young’s modulus is 5(10°) psi.
A uniformly distributed load of 20 psi and a point load of 10,000 lbf are applied to the top of
the beam. The point load acts at mid-span. Assume simply supported ends, then determine
magnitudes and locations of maximum beam tension and sag.
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Figure 5.6 Analysis of a point-loaded cantilever beam.

Solution: Under a uniformly distributed load, maximum tension occurs at mid-span on the
beam bottom. Maximum sag also occurs at mid-span. Thus, for the distributed load

3pbL?  (3)(20)(18)?

o(max) = W @Sy = 1,500 psi
5pL* )
w(max) = ER 0.01944 ft (0.233 in.)

and for the point load at mid-span,

iy < 6798 _ (©(0.000)(18/2)(18/2) ( 1 _ e

o) = T T (18)(1)(1.5)2 (m) = S0P
3 3

wimax) = £ (1000008 =0.072in.

4EbR3  (4)(5)(100)(1)(12)(1.5)3
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where in both cases a beam rather than a sheet computation is done. The total tension and
sag are 2,333 psi and 0.305 in., respectively.

Example 5.2 A pattern of multiple, but equal point loads F are applied to the bottom side
of a rectangular beam as shown in the sketch where spacing is S and span is L. Develop a
formula for superposition of stress for these point loads.

le L »!
Y

A X +B

A A

Overall equilibrium

Solution: The point loads, although regularly spaced, induce a bending stress that varies
with x and point load position. Overall equilibrium leads to solution for reactions at the ends,
while internal equilibrium leads to shear and moment distributions, that in turn, lead to the
bending stress. Symmetry of the problem assigns one-half the total load to each end reaction,
so at each end R = nF'/2 where n is the number of point loads. Inspection of the geometry
of the loads shows that n = L/S, so R = FL/2S where F is the magnitude of the given
point load.

For a single point load at a units from the origin A (¢ = §/2,35/2,...(2n — 1)S/2),
internal equilibrium is illustrated in the second sketch

Ra
Y

Al x | M
VS/zf s A A A x¢(>

F 14

Internal equilibrium

Equilibrium of vertical forces requires ¥ = —Ra + Y |’ F; where m is the number of point
forces acting between the origin A and position of the section x. Because the shear force V'
increases in finite jumps, a plot of shear stress along the beam is an ascending stair case as
shown in the plot.

If the applied forces had different magnitudes and locations, then the steps would have
different vertical and horizontal lengths, and the end reactions would be different as well.
The plot assumes an even number of forces F'. In case of an odd number of forces, then the
force at mid-span is represented in the shear diagram as one-half a step below and one-half
a step above the x-axis. The shear is considered zero at mid-span in both cases.
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Shear diagram for Example 5.2

Moment equilibrium requires
m m m
M=) Fxi+Vx=) Fxi+x(Ra— Y F)
1 1 1

where m is the number of forces to the left of x and # is the total number of applied. This
same result is seen in the shear force plot which crosses the x-axis at mid-span. Again the
result could be generalized for different forces and locations. The moment diagram is step-
like, but the steps are inclined with decreasing slope toward mid-span and then negative
and increasingly negative slope past mid-span. They increase from zero at A to a peak at
mid-span and then decrease to zero at B. This is known from a graphical interpretation of
the relationship dM = V'dx. The numerical greatest moment occurs at mid-span where the
shear force is zero. However, the discontinuous nature of the shear force diagram requires
some care; substitution of /' = 0 in the first equation for M should not be done. Use of the
second equation is correct. An even simpler method to find the numerically greatest moment
is graphically. Thus, the area under the shear force curve to the point on the x-axis where the
shear force goes to zero is

M = (S/2)(Ra) + S(/2 — )F + S(n/2 — 2)F + -
M = (S/2)(nF/2) + S(n/2 — DF + S(n/2 — 2)F + - --

where 7 is even and the count down continues until the shear force meets the x-axis. For
example, if » = 6 as in the sketch, then M = (6F/2)(S/2) + 2FS + FS = (9/2)SF =
(3/4)FL. When the number of applied forces is odd, then only a half-step occurs at the x-axis
crossing. For example, if n = 3, then M = 3(F/2)(S/2) + (FS/2) = (5/4)FS = (5/12)FL.

Alternatively, one may compute the area to the left, rather than “under” (between the x-axis
and the graph) the shear force plot. Thus,

M =" Foi = F(S/2) + F(38/2) + -+ FQm — 1)(S/2)

where m = n/2 andniseven. Forexample, ifn = 6,thenm = 3andM = 9FS/2 = (3/4)FS.
If n = 3, then m = 3/2. Summation should be over 2 with the last term a half-step. Thus,
summing over 2, M = (F)[S/2 + (35/2)(1/2)] = (5/4)FS = (5/12)FL where L = nS as
in every case. This last case is shown in the sketch.
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Sketch for the case n=3

The peak tensile occurs on top of the beam, and

Mc
oy = 2
P,
(bh3/12)
o = 6(FL)(number) _ 6(nFS)(number)

bh? bh?

where number comes from the moment calculation, S = spacing, L = span, and » = number of
applied forces (nF' = total applied force), b = breadth =1 unit, # = depth of the rectangular
section. Superposition is reflected in the summations that appear in the shear force and
moment equations.

5.2 Softrock entries

When bed separation occurs between the immediate roof (the first roof layer above an entry)
and the layer above, beam action follows, as indicated in Figure 5.7. Beam action results
in equal compressive and tensile stress peaks, so in view of much greater rock compressive
strength than tensile strength, the safety factor in tension is usually the governing criterion for
safe roof span design analysis. Strengths are material properties, of course, and are considered
known. Roof span design then reduces to an analysis of stress in beams that may be naturally
self-supporting or require support, usually in the form of bolting. Acceptable safety factors
in tension are much higher than for compression because of low tensile rock strength, greater
uncertainty, and the potential for fast failure associated with tensile fracture. A tensile safety
factor in the range of 4-8 may be desirable (Obert, L. and W. 1. Duvall, 1967, chapter 3).

Naturally supported roof

If, under the action of gravity, the immediate roof layer of thickness / and span L separates
from the overlying strata, then the magnitude of the maximum tension (and compression) is
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Figure 5.7 Bed separation and beam action of the first roof layer above an entry in stratified ground.
given by the flexure formula:

o =< (5.37)

where o is stress, M = maximum bending moment, ¢ = distance to the outermost fiber of the
beam (h/2), I is the area moment of inertia about the neutral axis (b4>/12), and b is breadth
of the beam cross-section. The roof rock beam has a rectangular cross-section of area bh.
Often b is assumed to be one foot or meter along the entry.

The bending moment depends upon the nature of the beam action. Although the beam is
gravity loaded and deflecting under self-weight, a simpler model is available for analysis.
This model assumes that the roof is weightless but deflects under the action of a statically
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Figure 5.8 Location of maximum roof beam tension: (a) maximum tension in a simply supported (SS)
beam and (b) maximum tension in a beam with fixed ends (BI).

equivalent and uniformly distributed normal stress acting on the top surface of the beam as
shown in Figure 5.7. Static equivalency requires the normal force acting on the top of the
weightless beam to be equal to the weight of the original beam. Thus, F = W = pbL = ybhL
where p is the normal stress acting on top of the weightless beam. Hence, the equivalent
distributed roof beam load is given by p = yh.

The maximum moment in a simply supported (SS) beam is phL?/8 and occurs at beam
bottom center. In a beam with built-in ends (BI), the maximum moment occurs on top of
the beam at the beam ends and has magnitude pbL?/12. These cases (SS and BI) bound
intermediate end behavior that allows some rotation in proportion to bending.

The maximum tension occurs where the moment is maximum as indicated in Figure 5.8.
Thus,

3\ pL?
o (SS) = (Z) ph—z

1\ pL?
o(BI) = (5) ph—z

Substitution into the tensile factor of safety expression leads to expressions for roof span L,
4\ (T, \ [ h? 4\ (T, h
L(SS) = “l=)l—)= =)=
3/ \FS )4 3) \F$ Va
2\ (To\ (1 2\ (T \ (A
L(BI) = -l=]){—)= -t ==])|—
1 FSt P 1 FSt Ya

where p = yh has been modified to p = y,h. The notation y, means “apparent” specific
weight of roof rock. In the case of the single roof layer considered so far, this is simply the
actual specific weight.

The maximum sag w of a single roof beam layer, simply supported or with built-in ends,
occurs at the beam center and is

ss)= () (24
9= (3) (&)

(1) (pL*
v = (33) (5)

(5.38)

(5.39)

(5.40)
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where £ is Young’s modulus of the roof rock. A somewhat more accurate description would
consider the roof to be a long sheet rather than a beam and therefore use £/(1 — v2) instead
of E. The sag of a sheet is less than a beam, although the difference is less than 10% for
Poisson’s ratio in the range of 0.20—-0.30.

Example 5.3 An entry 6 m wide is driven in a stratum 3 m thick. The immediate roof
separates from the overlying strata. Young’s modulus and Poisson’s ratio of this stratum are
15.17 GPa (2.2 x 10°) psi and 0.19, respectively. Stratum thickness and specific weight
are 0.5 m and 22.0 kN/m? (140 pcf). Determine the maximum roof tension and roof sag
that are induced by excavation. Assume simply supported ends.

Solution: According to formula,

o = 1.188 MPa(172 psi)

5\ (pL*
o = (5) ()
B (i) ((22 X 103)(0.5)(6)4>
T \32/ \(15.17 x 109)(0.5)3

w(max) = 1.175 x 107> m(1.175 mm), (0.046 in.)

and

where the effect of Poisson’s ratio is neglected. With consideration of Poisson’s ratio, the
tension remains the same, but the sag w(max) = (1.175 mm) (15.17 Gpa)/[(15.17 Gpa) /
(1-0.19%)] = (1.175 mm) (0.964) = 1.133 mm, about 4% less. The equivalent distributed
load of the beam weight applied to the top of the beam is small, that is p = 11.0 kPa (1.6 psi),
and the sag slight, as a consequence.

If the beam ends were considered fixed, that is, built-in, then the tension and sag would
be less by 2/3 and 1/5 multipliers, respectively. The two cases are extremes. Some rotation
would occur at the beam ends that are neither entirely fixed nor free in nature.

Separation may occur between a second and third roof layer. The first and second layers in
the near roof then sag the same amount. Indeed, separation may occur in clusters of n-layers,
each undergoing the same sag as shown in Figure 5.9. Calculation of a safety factor for any
layer in the cluster, say, the ith layer requires an estimate of the load p; acting on the layer.
This load is no longer the product of unit weight and bed thickness (p; # y;h;). However,
once this load is known, the peak tension can be calculated and thence the safety factor.
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Figure 5.9 A cluster of n-layers of roof strata separated from overlying strata. All layers in the cluster
sag the same amount.

Because the sag of each layer in the separated cluster is the same, the ratio p/Eh?, which
is directly proportional to maximum sag, is also the same. Thus,

P 12 Pi _ Pn (5.41)

E T B ER Ed

The total external load P acting on the n-layer cluster is the sum of the individual layer loads, so

n n
P=Y"p=3 ik (5.42)
1 1

where j is the layer number beginning with the immediate roof layer and proceeding upward
to the top layer. The jth layer load may be expressed in terms of any other layer load, say,
the ith layer. Thus,

Di 3
- E:l? 5.43
Pi (Eh;’) 7 (5:43)

Hence,

n
Pi
P=)p= (E<h3)
1 i

1

n
ZEJ‘hf (5.44)
1
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The two expressions for P allow for solution of the load on the ith layer. Thus,

> vihy o
piln) = (Eih?) (ZEjh}) Gj=1,2,....n) (5.45)

where p;(n) is the load on the ith layer in a separated cluster of n-layers and summation is
over all layers. Again, the E’s may be replaced by corresponding values of £/(1 — v?).

If a gas or water pressure is present in the separation gap, then a pressure p; must be added
to the total external load, as shown in Figure 5.10. If the layers or beds dip at an angle § to
the horizontal, then the normal component of specific weight is y” = y cos(§). The normal
component of weight deflects roof strata perpendicular to the dip. This “correction” is usually
small and is limited to dips, say, less than 15°. With the addition of possible pressure at the
bed separation horizon and modification for bed dip, the load on the ith layer is

) _ 13 pg+zy//hl L.
piln) = <Ehl) (ZE,hf Gj=1,2,....n) (5.46)

where p;(n) is the load on the ith layer in a separated cluster of #n naturally supported roof
layers and summation is over all layers.

A critical question is how to determine if bed separation occurs as entries are advanced.
The answer is in the form of a thought experiment. First, the equivalent distributed load

Pg
L ¢¢¢¢¢¢¢¢I¢¢¢Vpn:ynhn-ppg—pnilyn
T"‘MHHHTIT‘

A3
Lr¢¢¢¢¢¢¢¢¢¢¢r
hy | Ex7a 2-layer pa="ahatpy
T TTTTTTTTTAQT‘
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IRETEEEEEEEEEER’
he | Enyi pi="ihi+Apy =Py
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| L I
IZ pj=pg— Pt ZIYzhz

Figure 5.10 Exploded view of an n-layer cluster showing contact stresses (Ap3,, etc.), support
pressure (pp),and fluid pressure (pg) at the separation gap. All layers sag the same amount.
Each bed inside the cluster loads the layer below and supports the layer above.
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acting on the first roof layer is calculated assuming bed separation between this layer and the
layer above. In a gravity loaded beam with no fluid pressure expected in the separation gap,
the load on the first layer is p; (1) = y1h1. Next, the layer above is allowed to sag with the
first layer; the assumption now is that separation occurs between layer 2 and layer 3. In this
case

(5.47)

hi + y2h
p1(2):E1h?<yll V2 2)

E\l3} + Exh3

If p1(2) > p1(1), then the second layer must be loading the first layer. However, if p1(2) <
p1(1), then the second layer must be supporting the first layer because of the reduction in first
layer load. Support action by the second layer requires the contact between layers to sustain
a tensile stress. In the absence of tensile strength of the contact or interface between layers,
bed separation follows. The process of adding layers to the evolving cluster continues until
a load reduction occurs. Thus, if

pin+1) <pi(n) >pi(n—1) >--->p1(2) > p1(1) (5.43)

then bed separation occurs between layers n + 1 and n. A second cluster of separated layers
may form above the first. The analysis is the same provided the first layer in the new cluster
is considered to be layer 1, the layer above layer 2, and so on.

As the test for bed separation continues into the roof, a point is reached where beam action
is unlikely. Certainly, at a distance of an entry width into the roof, the influence of the entry
on the premining stress field is small and beam action is nil.

Example 5.4 Entries 21 ft wide by 15 ft high are driven at a depth of 1,250 ft in flat-lying
sedimentary rock. Strata properties are given in the table. Determine bed separation horizons
within the given stratigraphic column.

Table of Strata Properties for Examples 5.4-5.9

Property Rock E(10%) v Co(103) To(10%) y  h
stratum type psi -)  psi psi pf  (ft)
Overburden — — — — — 144 1250
Roof 3 Limestone 5.67 025 123 9.8 158 8.0
Roof 2 Sandstone 3.45 027 6.5 6.5 153 1.9
Roof | Shale 1.52 022 39 2.4 142 2.3
Seam Coal 0.75 0.18 25 35 105 15.0
Floor Sandstone  3.45 027 6.5 6.5 142 12.0
Notes

E =Young’s modulus.

v = Poisson’s ratio.

Co =unconfined compressive strength.
To = tensile strength.

y = specific weight.

h = stratum thickness.
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Solution: Bed separation may be detected by a thought experiment involving a sequential
addition of strata on top of the first roof layer until the load on the first layer declines. Thus,

p(1,1) = yihy = (142)(2.3) = 326.6 psf
yihi + y2ho :|
Eihi + Exh3
(142)(2.3) + (153)(1.9)

T ER/ER

O (142)(2.3) + (153)(1.9)

T 14 (3.45)(1.9)3/(1.52)(2.3)3
p(1,2) =270.8 psf

p@m:&ﬁ{

When the second roof layer is added to the first, the load on the first decreases. The inference
is that bed separation must occur in the absence of inter-bed tensile strength, a reasonable
assumption.

Bed separation may also occur above the second roof stratum. The procedure is the same
with only a relabeling of the sequence needed. The first stratum is now Roof 2, and

p(1,1) = yohy = (153)(1.9) = 290.7 psf
yahy + y3h3
Ezh% +E3h§
_ ( (153)(1.9) + (158)(8) )
1+ 1(5.67)/(3.45)1(8.0/1.9)3
p(1,2) = 12.57 psf

p@b:&@(

where 1 refers to the sandstone and 2 refers to the limestone. Separation is indicated between
the sandstone and limestone roof layers.

Example 5.5 Given the data of Example 5.4 and now the presence of gas in the sandstone
roof layer between the impermeable shale and limestone strata, determine the effect of 10 psi
gas pressure on the bed separation analysis.

Solution: The gas pressure is an additional surface load that increases the gravity load
of the layers below. Gas pressure pg acts to increase p(1,1) because of its presence at the
shale—sandstone interface. Thus,

p(1,1) = yihy + pg = (142)(2.3) + (10)(144) = 1,767 psf
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hy 4+ yoh
p(1,2)=E1h?|:yll V2 2i|

E\h3 + Exh3
_(142)(2.3) + (153)(1.9) + py
1 + Exh3/E\h3
~(142)(2.3) + (153)(1.9) + (10)(144)
T 1+(345(1.9)3/(1.52)(2.3)3
p(1,2) =902.5 psf

Although p(1,1) and p(1,2) are substantially greater with gas pressure present, separation is
still indicated between the shale and sandstone. Gas would be expected to accumulate in the
separation cavity and pose a risk to roof stability. In some cases, a drill hole is used to relieve
gas pressure. Water pressure would have the same effect.

Repeating the process to detect bed separation above the sandstone,

p(1, 1) = yahy = (153)(1.9) = 290.7 pst
v2hy + y3h3 — pg
Ezh% +E3h§

[ (153)(1.9) + (158)(8) — (10)(144)
_( 1+ [(5.67)/(3.45)1(8.0/1.9) )

p(1,2) = 0.927 psf

pmm:&@(

where no gas pressure occurs in p(1,1) because it acts at the bottom and top of the sandstone
and therefore imposes no additional load. When the limestone layer is added to the analysis,
the gas pressure acts upward on the bottom of the sandstone and is thus negative. In this
case, the conclusion is the same as without gas pressure, that is, bed separation also occurs
between sandstone and limestone.

Example 5.6 Consider the data in Example 5.4 and further suppose that all strata dip 15°.
Determine the effect of this strata dip on bed separation analysis.

Solution: The dip is at the high end of the acceptable range of adjustment using ' =
y cos(8) where § is strata dip. In Example 5.4, only gravity loading was present. In view of
the formula

=) (Eiz ) - ) (S

all numerical results change by the same factor, cos(d), so no changes in conclusions about
bed separations are induced under gravity loading only.

Safety factor FS;(i, n) for the i-th layer in the n-layer cluster is

()

FSi(i,n) = )

(5.49)
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where the tensile stress is one of

. 3\ (pil? 3\ [ vali,n)L?
01(SS,i,n) = (Z) ( h,; ) = <Z) (7}11‘ )

‘ 1\ (pil? 1\ ( vali,n)L?
ou(BL,i,n) = (2) ( - ) _ <2> (T,« )

depending on the assumed beam end conditions, 7, (7) is tensile strength of the i-th layer in
the separated cluster and where an apparent specific weight may be calculated for any layer
in the cluster from the defining relationship

(5.50)

pi

Ya(i,n) = 2 (5.51)
i
Maximum sag of any and all layers in the cluster is given by
5\ (pil?
SS)=(=—=
w(SS) <32> <E1hl3)
(5.52)

1 Lt
w®BD = — ) (&
32) \Eir}
which are clearly the same for all layers in the separated cluster.
Example5.7 Consider the results of Example 5.4, then determine safety factors with respect

to tension for the immediate roof (shale) and the layer above (sandstone).

Solution: By definition, FS; = T,/0:. Under the assumption of simply supported
roof beam ends, o;=(3/4)(p)(L/h)?> and from Example 5.4, p(shale)=326.6 psf
and p(sandstone) = 290.7 psf. Hence

3\ [326.6) [ 21\?

3\ /290.7\ (21>
oi(sandstone) = (Z) (m> (E) = 185.0 psi

240
FSt(Shale) = m =1.69

FS;(sandstone) 650 3.51
n n = — = J.
' 185

The immediate roof (shale) safety factor is relatively low for a rock mass stressed in tension.
The sandstone safety factor is marginal in view of a desired safety factor of 4 or greater
in tension.
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Example 5.8 Consider the data in Example 5.4 and further suppose that excavation is not
full seam height, but rather is 11 ft, measured from the sandstone floor. Determine safety
factors with respect to tension for the immediate roof.

Solution: In this case, the immediate roof is 4.0 ft of coal left unmined. A bed separation
analysis is needed beginning with this new roof layer as layer 1. Thus,

p(1,1) = y1hy = (105)(4.0) = 420.0 psf
(105)(4.0) + (142)(2.3)
T A ERER
_(105)(4.0) + (142)(2.3)
1 4 (1.52)(2.3)3/(0.75)(4.0)3
p(1,2) = 538.9 psf

vihy + vahy + v3hs3
pas)=Em?[

Eyh3 + Eyh3 + Eshi
(105)(4.0) 4 (142)(2.3) + (153)(1.9)
T U+ BB ER + Bl JER
_ (105)(4.0) + (142)(2.3) + (153)(1.9)
T 1+ (1.52)(2.3)3/(0.75)(4.0)3 + (3.45)(1.9)3/(0.75)(4.0)3
p(1,3) = 552.3 psf

Y11+ v2ho + v3h3 + vahy
p@®=&ﬁ[

Eih3 + Exh + Esh3 + E4ht}
(105)(4.0) + (142)(2.3) + (153)(1.9)
1+ Exh3JEyI + Exh/E\h3 + Egh/Ey 3
_ (105)(4.0) + (142)(2.3) 4 (153)(1.9) + (158)(8)
1+ (1.52)(2.3)3/(0.75)(4.0)3 4 (3.45)(1.9)3 /(0.75)(4)3 + (5.67)(8.0)3/(0.75)(4.0)3
p(1,4) = 36.90 psf

that indicates bed separation occurs between the sandstone and limestone layers. The load
on the immediate roof'is p(1,3), and the immediate roof bending stress and safety factor with
respect to tension are

3\ (552.3\ [21.0\2 ,
o¢(coal) = 7 Tax 40 =79.3 psi

To 350
FSi= = =_—— =441
Ot 79.3
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which is an improvement over the case of mining full seam thickness where the immediate
roof is the thin, weak shale layer.

Example 5.9 Given the results of Example 5.8, determine safety factors for the shale and
sandstone layers.

Solution: Tensile strengths are known from the table of properties in Example 5.4. What
is required are the strata loads. These may be obtained from the formula

(e (1R
pli,n) = (Eih) (Z'f Ejh;>

Alternatively,

. (Bl
PG =pim | 2o

From Example 5.8, p(1,3) =552.3 psf (coal = 1, coal + shale + sandstone = 3) where separa-
tion occurs between sandstone and limestone. Hence,

_ (152)(23)°7
p(shale) = (552.3) [7(0.75)(4'0)3] =212.7 psf
B (3.45)(1.9°7
p(sandstone) = (5523) [m] =272.3 pSf

212. 21\?
ot(shale) = (%) (T:) (ﬁ) = 92.35 psi

3\ (2723 (212
ot (sandstone) = (Z) (m> (B) = 173.3 psi

where simply supported ends are assumed, a conservative assumption relative to fixed ends.
The safety factors are

24
FS;(shale) = % =2.60

650
FS;(sandstone) = —— = 3.75
173.3

In this case, the thickness of the coal left in the roof is sufficient to give some support to the
overlying shale and sandstone layers. This inference is made in consideration of the previous
results when no coal was left in the roof and the shale and sandstone layers separated one
from the other and from the limestone above the sandstone (Example 5.7). In that case the
safety factors for shale and sandstone were 1.69 and 3.51, respectively.
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Bolted roof

Naturally supported roof may not be safe; additional support is then required to achieve an
acceptable safety factor. Roof bolting is the method of choice, although additional support
may be necessary. Roof bolts are essentially steel rods or tubes; high quality steel is used
for manufacturing bolts that are intended to function under tensile loading. There are two
main types of roof bolts: (1) mechanical bolts that are point anchored and tensioned during
installation, and (2) bolts that have distributed anchorage and are tensioned by roof sag that
may occur after installation.

Point anchored, mechanical bolts are the least expensive bolt type. Because of tensioning
during installation, point anchored bolts provide immediate support to the roof and are also
referred to as active support. Tensioning is achieved by tightening a nut against a small plate
at the bolt hole collar. This action causes a wedge with small teeth at the top end of the bolt
to spread against the walls of the bolt hole and resist the pull induced by tightening the nut.
Presence of a strong “anchor” stratum is therefore essential to point anchored mechanical
bolting. Bolt diameters of 5/8ths and 3/4ths inches are common. Lengths and spacing vary,
but a pattern of 6 ft long bolts on 4 ft centers is perhaps representative. Installation tension
ranges from 50% to 75% of the elastic limit of the bolt. Ultimate strength of a bolt is much
higher than the initial yield point at the elastic limit, but when a point anchored bolt ruptures
all support action is lost. Steel straps and various types of screen, for example, wire mesh,
may be used in conjunction with roof bolts. Point anchored bolts have some resistance to
shear across a bolt hole, but large shearing displacements may occur because the bolt does
not fill the bolt hole.

Bolts with distributed anchorage may be held in the hole by cements of various types or by
friction and are sometimes referred to as passive support because they provide support only
in reaction to roof sag following installation. If the roof does not experience additional sag
after installation of these types of bolts, they remain untensioned. Rupture of a distributed
anchorage bolt creates two shorter bolts that retain support capacity as long as the anchorage
remains effective. This support action is a considerable advantage over point anchored bolts,
but is obtained at additional cost. Because distributed anchorage bolts fill the bolt hole, they
also have superior resistance to shear. Shear resistance offered by bolts that fill bolt holes is
often referred to as dowel action.

Point anchored roof bolts act to support the roof by suspension and clamping or
beam-building. Distributed anchorage bolts act through suspension and dowel action.
However, if distributed anchorage is not installed over the entire hole column, then
tensioning during installation is possible. The combination then provides immediate sup-
port that includes all mechanisms: suspension, clamping (beam building), and dowel
action.

Point anchored roof bolting

The presence of a thick, strong layer in the geologic column above an entry is often associ-
ated with bed separation below and allows for the possibility of support by point anchored
mechanical bolts. If Fy, is bolt tension and bolts are placed on a pattern such that 4, is the
area of roof rock normal to the bolt holes, then an equivalent bolting pressure py, is applied
to the first roof layer by the bolt forces acting through the collar plates adjacent to the roof
rock. This bolting pressure reduces the natural roof rock load and should be subtracted from
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the total load acting on the separated cluster. Hence, in this case of bolted roof,

Pe—Po+ 2 vk
T

gives the distributed load acting on any of layers in the cluster. Inspection of this formula
shows that a sufficiently large bolting pressure may reduce layer loads to zero. An implication
is that layer sag is also reduced to zero. In this event, the roof becomes fully suspended by the
bolts; no bending stress occurs and no natural support is mobilized by roof sag. Reduction
of roof sag in this way would close the separation gap at the top of the separated bed cluster.
The action would literally “raise the roof.” Partial suspension occurs when bolt tension does
not completely close the separation gap. Regardless, the anchor stratum must be strong
enough to support the suspended load and the anchors must also hold fast and neither slip or
creep.

Although bolt forces and rock weights of 10,000 1bf or more may seem high, the associated
bolting pressures and layer loads are small relative even to rock tensile strength, perhaps of
the order of 100-1,000 psi. For example, the yield point of a high strength 3/4 in. diameter
steel bolt is about 18,400 1bf. Distributed over a 4 ft by 4ft square bolting pattern, this force
produces a bolting pressure of about 8 psi which is equivalent to a rock “head” of 8 ft assuming
rock specific weight of 144 pcf. Thus, a rock block 4 x 4 x 8 ft could be supported by this
bolt. Because the bolt is loaded to the elastic limit, the bolt safety factor is one.

Additional bolt tension may be applied after closure of the bed separation gap by continuing
to tighten the bolt nut against the collar plate. This action forcibly clamps together the layers
in a separation cluster and thus allows for mobilizing shear resistance to slip between layers.
The effect may be seen as beam building. If interlayer slip were entirely prevented, then the
cluster would respond as a single, monolithic beam with a thickness equal to the sum of the
layer thicknesses in the cluster, as shown in Figure 5.11.

An example calculation serves to scope the magnitude of roof bolt clamping action and
beam building by comparing the maximum shear stress in a monolithic beam with shear
stresses in a bolted cluster. If the monolithic beam shear stress can be mobilized by bolting,
then clamping action and beam building are maximum. Maximum shear stress in a beam
under a uniformly distributed normal load occurs on the neutral axis at beam ends. If V' is
the internal shear force at the ends of a simply supported beam and 4 is the beam cross-
sectional area, then the average shear stress is simply V' /4; the maximum shear stress is 3/2
the average shear stress. At the example beam ends V' = pbL/2, so the maximum shear stress
is (3/4)pL/H where H is now the total thickness of the cluster. Interlayer shear resistance
with neglect of any cohesion is T = o where u is the interlayer coefficient of friction and
o is the normal stress caused by clamping, that is, o = py, the bolting pressure. Prevention
of interlayer slip then requires

()

Thus, if the interlayer coefficient of friction is greater than three-fourths the span to depth
ratio of the cluster, then beam building is maximum and the cluster behaves as a monolithic
beam. If the span is 18 ft and the cluster thickness is 3 ft, then the coefficient of friction must
be greater than 4.5. The corresponding friction angle ¢ = tan~! x must be greater than 77°!

pi = (Eih) ( ) (,j=1,2,...,n (5.53)
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Figure 5.11 Clamping and beam-building action through slip prevention by mobilizing interlayer friction
or by dowel action.

The least span to depth ratio needed for beam action is greater than three and, preferably,
greater than five. These ratios correspond to friction angles of 66° and 75°, respectively, and
are very high friction angles in any situation and therefore seem unlikely to be realized in
mine rock, for example, in laminated shale. This analysis also suggests that interlayer shear
failure is highly probable near the ends of layered roof rock over entries in stratified ground.
The shear force diminishes toward the center of a roof beam, so clamping action would be
more effective away from the beam ends. However, while clamping action or beam building
is a physically possible roof bolt support mechanism, the effect is probably small relative to
suspension.

Full suspension is equivalent to dead weight load design that simply equates the weight of
rock W between bolts to the bolt load Fy,. The approach is conservative in the sense that self-
support capacity of the roof rock, that is, rock tensile strength is ignored. If the bolting pattern
is square with spacing S, then rock weight is yS2H where y is the average specific weight
of the supported block and H is the thickness of the block of suspended strata, usually the
distance from roof to a potential anchor stratum. If a thick, strong, and secure anchor stratum
is not within reasonable bolt length, then point anchored bolts are unsuitable for controlling
the considered roof. Assuming an anchor stratum is present in the geologic column above the
entry roof, then bolt length L}, is H plus an anchorage allowance of 0.5 to perhaps 1.0 feet.
If the bolting pattern is not square then, W = yS;SpH where S; is the bolt row spacing
along an entry and Sy, is the spacing between bolts in a row, as shown in Figure 5.12. In this
regard, the bolts at the ends of a row are usually placed Sy, / 2 from the entry sides to allow
for reduced load bearing capacity of the walls because of local damage incurred during entry
advance.

Once the required bolt force is known, bolt cross-sectional area and nominal diameter may
be determined for an assumed grade of steel, that is, steel strength. Because point anchored
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Figure 5.12 Roof bolting pattern in stratified ground.

mechanical bolts are customarily tensioned at the time of installation, the bolt safety factor
is simply the reciprocal of the percentage the installation tension is of the bolt yield strength.
Specifying bolt installation tension is equivalent to specifying a maximum allowable tensile
stress in the bolt (strength/safety factor). This tension is just that required to fully suspend
the rock block weight. Thus, (7,/FSy) = F, = W where FSy, is the bolt safety factor
with respect to tension. If T is the installation tension fraction of the bolt yield point, then
FSpis 1/T.

Example 5.10 Entries 21 ft wide by 15 ft high are driven at a depth of 1,250 ft in flat-lying
sedimentary rock. Strata properties are given in the table. Bed separation occurs between the
shale and sandstone horizons and between sandstone and limestone (Example 5.4). Determine
the bolting pressure needed to close the separation gap between shale and sandstone.
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Table of Strata Properties for Examples 5.10-5.11

Property Rock E(108) v Co(10%) To(102) y h
stratum type psi =) psi psi pef  (ft)
Overburden — — — — — 144 1250
Roof 3 Limestone 5.67 025 123 9.8 158 8.0
Roof 2 Sandstone  3.45 027 6.5 6.5 153 1.9
Roof | Shale 1.52 022 39 2.4 142 23
Seam Coal 0.75 0.18 25 3.5 105 15.0
Floor Sandstone  3.45 027 6.5 6.5 142 12.0
Notes

E =Young’s modulus.

v =Poisson’s ratio.

Co =unconfined compressive strength.
To =tensile strength.

y = specific weight.

h = stratum thickness.

Solution: The separation gap is the difference in vertical displacement (sag) between the
two roof beams. Both sag under self-weight which is treated as an equivalent uniformly
distributed load over the top of each roof beam. With a bolting pressure applied to the bottom
of the shale layer, the net load p(shale) = y & — py. Under the assumption of simply supported
ends, the maximum sag of each layer is

4 4
w(shale) = LI OIC DICD)IC) = 0.5366 f1(6.440 in.)
32E'R  (32)(1.52)(105)(2.3)3

4 4
w(sandstone) = SpL = (5d53)1.9 21 = 0.3733 ft(4.480 in.)
32E'R3  (32)(3.45)(109)(1.9)3

To close the separation gap, shale sag must be reduced to 4.480 in. or (4.480/6.440)100%.
The “pressure” required for this amount of sag requires reduction by the same percentage.
Thus, p(new) = (0.6957)p(old) = 0.6957(142)(2.3) =227.2 psf and p, = yh — p(new) =
99.4 psf.

As a check,

4 4
w(shale) = S O G Y £t(4.480 in.)
32E'W  (32)(1.52)(105)(2.3)3

which is equal to the sandstone sage, so no gap between shale and sandstone is now present.
Application of p, would be by bolting; py is the bolting pressure. The shale layer is now
partially suspended.

Example 5.11 Consider the results of Example 5.10, then with neglect of sag of the lime-
stone roof layer, determine the bolting pressure required to fully suspend the shale and
sandstone roof layers.
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Solution: Full suspension implies reduction of sag to zero. Net loads on the shale and
sandstone layers must accordingly be reduced to zero. Hence, p(shale) = yh — p, = 0 and
similarly for the sandstone. This reduction has the effect of bringing these beds into contact
and forcing them to sag the same amount, ultimately zero. Because the process imposes equal
sag, use the formula

Pg —pPo+ 2 Vi .

pi=(En}) (3f (ij = 1.2,....m)
S B

The load for full suspension corresponding to zero sag requires the numerator to be zero.

Hence, in the absence of gas pressure and zero dip,

2
o = Zl yihi = (143)(2.3) + (153)(1.9) = 619.6 psf

With this bolting pressure, the net load on shale and sandstone is zero. Thus, full suspension
does indeed correspond to a dead weight load design.

Example 5.12 In view of the results of Example 5.11, specify a bolting plan based on a
dead weight design approach for the given entry and stratigraphic column.

Solution: The combined thickness of the shale and sandstone layers is 4.2 ft, so a 5 ft long
bolt anchored in the relatively thick and stiff limestone layer should do. Bolts spaced on a
square pattern S ft x S ft is a reasonable trial design, as shown in the sketch.

Limestone
Bolts
Sandstone
Shale
Seam
S
e >|
! 2| fe

A trial spacing of 5 ft is a reasonable first estimate. The weight W of a block assigned to a
bolt is (5)(5)(619.6), that is, W = 15,490 Ibf. This number is also equal to the bolt force
Fy, and Fy, = Ty, /FSp, the ratio of bolt strength to bolt safety factor (allowable bolt tension).
A reasonable bolt tension is, say, 2/3rds bolt yield load, 7y. Hence, Ty = (3/2)(15,490) =
23,235 Ibf. A 3/4 in. bolt, grade 75, has a yield load of 25,100 1bf. Thus, 3/4 in. diameter,
grade 75 bolts, 5 ft long and spaced on 5 ft centers will do. Spacing of bolts next to the entry
sides should be less than 5 ft, rather than greater than 5ft. This plan would require 4 bolts per
row, spaced 5 ft apart; the two end bolts would be 3 ft from the rib.

No bolting plan is unique. Smaller bolts spaced more closely or larger bolts at greater
spacing would also meet requirements. In this regard, spacing is often qualified by any
tendency for raveling between bolts, while cost is also a consideration. Fewer setups to drill
bolt holes is advantageous. Site-specific data would allow for optimizing a bolting plan with
due consideration for geologic variability. A trial design is just a necessary first step, but an
essential one that brings out the important features of the problem.
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Distributed anchorage roof bolting

Examples of distributed anchorage obtained by cementation of steel in a bolt hole are steel
rods cemented along the entire bolt length with a resin compound that is mixed as the bolts
are spun into holes. A great advantage to distributed anchorage bolts is that no thick, strong
anchor stratum within practical bolt length of the entry roof'is needed. Distributed anchorage
achieved by frictional contact between bolt and hole wall rather than with cement allows
for considerable motion of bolt and rock mass and is a considerable advantage in highly
deformable ground.

Collar plates are often used with resin bolts, although the need is not as clear as with point
anchored bolts. Reinforcing steel, rebar, that is cemented into a hole using a grout is another
example of distributed anchorage roof bolting. The end of rebar steel is often threaded to
provide for a nut to retain a collar plate. As with resin bolts, collar plates may serve to hold
strapping and screening in place.

Analysis of support action associated with distributed anchorage begins with recognition
that one portion of the bolt L, provides anchorage while the remaining portion provides
support Lg, as shown in Figure 5.13 where bolt L = L, + Lg. Equilibrium requires the bolt
tension 7 to be supported by a shear force V' transmitted to the rock at the cement-rock
contact. Tensile strength of the cement between steel and hole wall is considered negligible.
Neither the cement-rock bond nor steel bolt should fail before the other. Thus,

d2
Ts = oyAs = USJT? = tswdL, (5.55)

where oy is the yield point of the steel, 45 is steel area, d is steel diameter, and 75 is
the average shear stress acting over the contact area between cement and steel at failure
(“strength”). This equation may be used to estimate the anchorage length needed for a given

(@ ‘F D 9‘ (b)
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»‘ d ‘47

Figure 5.13 Distributed anchorage of a cemented steel bar: (a) geometry and (b) anchorage
equilibrium.
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bolting plan provided the bond strength between steel and cement is known and the bond
between cement and rock does not fail. Anchorage length in terms of steel diameter is

La_ 1 [ 5 56
T@(z) (5.56)

where 75 is shear strength of the steel-cement interface that depends more on the steel surface
than on the steel grade.

An estimate for steel-cement bond shear strength may be obtained from allowable shear
stress in steel reinforced concrete beams which is several hundred psi; strength of the bond
may be about 1,000 psi, depending on the safety factor used for allowable bond stress. Steel
strength is of the order of 60,000 psi, so the ratio of anchorage length to steel diameter
may be roughly 60/4 or about 15. A one inch steel rod would require about 15 inches of
anchorage to avoid bond failure when the tensile strength was reached. The higher the steel
grade (strength), the greater the anchor length required (because of the greater rock load).
A very rough rule of thumb then is 1 ft of anchorage per inch of steel diameter.

Bolt tensile strength must be adequate to support rock below. Equilibrium requires bolt
tension to be equal to the weight of the supported rock W = yS;SyLs. A bolt safety factor in
terms of bolt strength and load is

Ts
FSpy = > (5.57)
Thus, the maximum allowable bolt tension is simply .

Consideration of equilibrium of the cement annulus shows that the average shear stress
acting over the cement—rock interface per unit of anchorage length is less than the aver-
age shear stress acting at the steel-cement interface. If the steel does not rupture and the
anchorage holds, then failure of the bolt is expected to occur by stripping of cement and rock
from the steel. The reason is that both anchorage and steel strengths are greater than rock
weight because of the bolt safety factor and the requirement that neither should fail first. The
weakest element of the assemblage of steel, cement, and interfaces is then the steel-cement
interface. Evidence for this expectation is often seen in falls of bolted roof rock that leave
steel protruding from hole remnants above. Of course, bolt breakage is possible when bond
strengths and anchorage are high; the steel is then the weakest part of the assemblage.

Thickness of a roof that may be supported by distributed anchorage bolts may be obtained
from a dead weight load analysis similar to that used for point anchored bolts of compa-
rable length, that is, by equating bolt tension to rock block weight. As before, there is no
unique answer because of the interplay amongst bolt size, steel grade, spacing, and length in
equilibrium requirements.

A caution is necessary in considering very long distributed anchorage bolts, for example,
friction bolts (steel tubes) 30 ft long with an ultimate strength of 28,000 1bf installed in
1-1/2 in. diameter holes on a 5 x 5 ft square pattern in rock that weighs 150 pcf. Under these
conditions, no more than about 7.5 ft of rock can be supported (150 x5S x 5x 7.5 = 28,125 Ibf)
by the bolt. If the elastic limit or yield strength is used, then only 3.75 ft of rock can be
supported. Regardless, even if the bolt were a solid one-inch diameter rod, only a few feet of
bolt would be necessary for anchorage. The bolt length therefore seems far in excess of what
is needed. Alternatively, one may suppose that the anchorage is as strong as the bolt and thus
accounts for only a few feet of the bolt. The remainder of the bolt is then the thickness of the
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supported rock block that weighs far more than the bolt strength, so the bolt would break.
The question then is why would long, distributed anchorage bolts be used?

The answer has two parts. The first concerns the load distribution along the bolt; the second
relates to the fact that if the bolt breaks, two shorter bolts are created; these bolts continue to
support the adjacent rock. Bolts may also be deliberately trimmed or shortened in the course
of mining; the portion remaining continues to provide support. Because stress concentration,
related strain and associated displacement decay rapidly with distance from a bolt hole collar,
most of the bolt load is also concentrated near the collar and diminishes rapidly along the bolt.
If the bolt is relatively long, then the bolt is stressed very little over much of the hole length.
Alternatively, a tacit assumption in a dead weight load analysis is that the supported rock
block is entirely free and unsupported by the adjacent rock mass and therefore the adjacent
rock mass has no strength. This assumption is extreme. If slabs and blocks have not actually
formed, the actual bolt load may be much less than the assumed dead weight load.

Example 5.13 Entries are driven 18 ft wide at a depth of 987 ft. The stratigraphic column
is given in the table. Specify a suitable bolting plan in consideration of laminations in shale
that average 3 inches in thickness, while those in sandstone average 6 inches.

Table of Strata Properties for Example 5.13

Property Rock E(108) v Co(103) To(102) y  h

stratum type psi - psi psi pef  (ft)

Overburden — — — — — 144 987

Roof 3 Sandstone 3.45 027 65 6.5 158 12.0

Roof 2 Laminated 2.45 023 6.5 6.5 155 7.5
Sandstone

Roof | Laminated 1.32 021 39 24 141 13.8
Shale

Seam coal 0.75 0.18 25 35 105 8.5

Floor Sandstone 3.45 027 65 6.5 158 12.0

Notes

E =Young’s modulus.

v = Poisson’s ratio.

Co =unconfined compressive strength.
To = tensile strength.

y = specific weight.

h = stratum thickness.

Solution: The laminations act as thin roof beams and thus induce a high bending stress,
that is,

—3 Lz— 3 151)(3/12 13 2—146772 £(1,019 psi
Ut—zP(z) _<Z>( )3/ )<3/T> = > psf(l, psi)

which is well above the tensile strengths of 240 and 650 psi for the laminated shale and
sandstone roof layers. The thickness of the layers, 13.8 and 7.5 ft, compared with the width
of the entry, 18 ft, indicates a conventional point anchored bolt plan would not be feasible
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because a bolt 22 ft long would be needed to reach the third roof layer that could perhaps serve
as an anchor stratum. Such a thickness would require very large bolts. For these reasons, a
bolting plan based on distributed anchorage is indicated.

A trial plan using resin bolts spaced 4 ft apart with #6 rebar, grade 60, provides a bolt yield
load of (60,000)(1/4)(6/8)> = 26,500 Ibf. (Rebar is reinforcing steel bar. The number is the
bar diameter in 1/8 inches) The bolt force is equal to the weight of rock assigned to the bolt,
50 26,500 = (141)(4)(4)h where 4 is bolt length and thickness of supported roof; #=11.7 ft,
which is rather long considering opening width of 18 ft and opening height of just 8 ft. Ata
spacing of 5 ft, h="7.5 ft. Use of a bolt longer than the height of the opening can be done
by bending the bolt while pushing it up into the bolt hole. A mechanized bolting machine
would require clearance for the apparatus, so an 8 ft bolt would be impractical unless it were
in sections that were coupled during the installation process.

A compromise plan using smaller bolts, say, #5 rebar, same grade 60, 6 ft long on 4 ft
centers provide a support force of 18,400 Ibf. These bolts are headed and may be used with
a collar plate to support wire mesh that would defend against raveling. A rock block 8.2 ft
high could be supported by such a bolt. In this plan, the end bolts next to the rib would
be installed 3 ft from the rib, although spacing is 4 ft otherwise. In the event experience
dictates supplemental support, it would likely be in the form of roof trusses or long, flexible
bolts.

Roof trusses

Arooftrussis ahybrid support that is a combination of bolts and sets shown in Figure 5.14. The
bolts replace the legs or posts of a conventional set; the horizontal tie rod or cable replaces the
cap or cross bar. Roof trusses are generally used as supplemental support with conventional
bolting, although truss steel bolts and rods are usually much larger than conventional bolts.
Spacing between trusses also tends to be greater than spacing of primary bolt support. Trusses
are used mainly where point anchored bolts are not practical because of the absence of a
suitable anchor stratum, for example, where the roof rock is 20 ft of laminated shale. Such
ground would almost certainly require distributed anchorage bolts, with strapping, mesh or
screen, as primary support.

A simple equilibrium analysis of the truss in Figure 5.14 shows that the vertical support
force F, provided by the truss acting against the roof through one of the blocking points is

F, = Tsin(B) (5.58)

where T is bolt and rod tension and B is the bolting angle measured from the horizontal.
Bolting angles are often 45°, but may be higher or lower. Bolting pressure py, associated with
roof truss forces is the ratio of force to area. Thus,

_2F,
T LS

Pb (5.59)
where L and S are entry span and truss spacing, respectively. A truss system using one
inch diameter steel rods with a tensile strength of 60,000 psi, spaced on 8 ft centers with
a 45° bolting angle in an 18 ft wide entry would provide a bolting pressure slightly more
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(a) T Surface

e ¢ + Overburden

= =77
2 A A7

Roof truss schematic in section

(b) B

Equilibrium of blocking point and
anchor point forces. Bolt tension
and rod tension are T

R,= T sin(0)
R,=T(I — cos(0))

Figure 5.14 Roof truss schematic and equilibrium.

than 3 psi when tensioned to the elastic limit. Increasing the bolting angle to 60° increases
the bolting pressure to about 4 psi. This truss could therefore support a dead weight load
of about 3—4 ft of roof rock in an 18 ft wide entry. As is almost always the case, support
loads are small relative to intact rock strength and may seem insignificant, but they are
essential to ground control and often mean the difference between a safe entry and unstable
ground.

If the purpose of a truss is to provide as much roof support as possible, then the bolting
angle should be 90°. The question that arises is why not 90°? The reason is for security of
the anchorage. Inclined holes that penetrate ground over the shoulder of an entry are in a
region of compressive stress that tends to close the bolt hole and thus to grip the bolt anchor
more securely. This action is effective whether the bolt is point anchored, is cemented in the
hole, or is a friction bolt. The horizontal component of bolt force tends to compress the roof
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rock between load points and thus reduces tensile stress that may develop from beam action
of the roof layers.

Example 5.14 Consider the data and results of Example 5.13 where the immediate roof is
13.8 ft of laminated shale. Evaluate the effect of supplemental roof trusses spaced on 8 ft
centers with anchor holes inclined 45° to the horizontal. Roof truss steel is #8 rebar, grade
60; holes are collared 1.5 ft from the ribs.

Solution: The trusses are spaced at twice the bolt spacing of 4 ft. An equilibrium analysis
based on the sketch shows that the vertical support pressure amounts to 3.86 psi, the equivalent
of about 4 ft of rock. This additional support increases the supported height of roof rock to
10 ft from 6 ft (bolt length in Example 5.14).

Summation of forces horizontally and vertical at a block point shows that

.
T R s
15 |« 13 »| 15
< |
|‘ 'I
18

Equilibrium analysis of Example 5.14

Ry = T(1 — cos(45)) = (1r/4)(1)2(60,000)(1 — 1/+/2) = 13,802 Ibf
Ry = T'sin(45) = (r/4)(1)2(60,000)(1/+/2) = 33,322 Ibf

The total vertical support load is double the load at one of the two blocking points. This load
is distributed over and area equal to (8)(18—3)=120 ft2. The support pressure is then

(2)(33,322)
Po—

20 = 555.4psf (3.86 psi)

as claimed.

5.3 Problems

Naturally supported roof

5.1  Derive expressions shear force V, bending moment M and sag w for a “weightless”
beam with built-in ends of thickness 4, breadth b and span L under a uniform load p.
Plot the shear and moment diagrams. Use the sign convention that tension is positive,
the x-axis is to the right, the z-axis down, the y-axis is out of the page, a ccw (coun-
terclockwise) moment is positive and a downward shear force is positive as shown in
Figure 5.15.

5.2 Show that the maximum tension o; in a roof beam with built-in ends occurs at the top
of the beam at the beam ends and is given by the expression (1/2)pL?/h?.
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Figure 5.15 Sketch for roof beam analysis.
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5.4

5.5

5.6

5.7

5.8

59

5.10

5.11

Show that the maximum sag wpax in a roof beam with built-in ends occurs at the
center and is given by the expression (1/32)pL*/(ER?).

Given that the roof beam factor of safety F; is the ratio of tensile strength 7, to peak
tensile stress, find an expression for the maximum possible roof span as a function of
the factor of safety in the built-in ends case.

Consider a rectangular entry 12 ft high and 22 ft wide that is driven at a depth of
950 ft. The immediate roof layer which is 2.25 ft thick separates from the layers
above. Layer properties are E = 3.7 x 10° psi, v = 0.28, y = 134 pcf, T, = 690 psi.
Find the maximum tensile stress oy, maximum sag wnax and safety factor with respect
to tensile failure Fy if (a) the roof ends are simply supported and (b) the ends are
built-in.

A high horizontal stress exists in the vicinity of the excavation given in Problem 5.5.
The stress is just sufficient to reduce the tensile bending stress to zero. Find the
magnitude of this horizontal stress, assuming the beam ends are simply supported.
Consider a rectangular entry 3.66 m high and 6.71 m wide that is driven at a depth
of 290 m. The immediate roof layer which is 0.69 m thick separates from the layers
above. Layer properties are £ = 25.52 GPa, v = 0.28, y =21.2 KN/m3, T, = 4.7
MPa. Find the maximum tensile stress o, maximum sag wmax and safety factor with
respect to tensile failure F; if (a) the roof ends are simply supported and (b) the ends
are built-in.

A high horizontal stress exists in the vicinity of the excavation given in Problem 7. The
stress is just sufficient to reduce the tensile bending stress to zero. Find the magnitude
of this horizontal stress, assuming the beam ends are simply supported.

Consider the geologic column and properties given in Table 5.1 for entries developed
on strike at a depth of 1,450 ft (442 m) in strata dipping 8°. Determine the potential for
bed separation in the roof rock, that is, find any separation horizons. Mining height is
12 ft (3.7 m).

With reference to Problem 5.9, determine the maximum possible roof span, given that
all roof rock must have a safety factor greater than one.

Derive the formula for apparent unit weight in bending analysis of roof strata
assuming that bed separation has occurred between the nth and » + 1 layers.
[lustrate all terms with sketches. Include the possibilities of strata gas in the sep-
aration gap and moderately dipping strata. Note: Apparent unit weight is obtained
fromp = yh.
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Table 5.1 Rock properties for Problems 5.9 and 5.10

Rock type  Unit  y-pcf E0%  v(-) GCo(103)  To (10}  hfi(m)
(kN/im3)  psi (GPa) psi (MPa)  psi (MPa)

Sandstone  R5 I55(24.5) 47(324) 025 112(772) 103(7.1) 89 (7l
Shale R4  138(21.8) 25(172) 020 6.0 (41.4) 4.0(28) 3.6 (1.10)
Coal R3 90 (142) 035(24) 031  035(24) 025(02)  05(0.15)
Laminated R2  142(225) 3.1 (214) 0.8 75(51.7) 6.2 (4.3) 2.5 (0.76)
sandstone

Shale RI 138 (21.8) 25(172) 02 6.0 (41.4) 4.0 (28) 1.5 (0.46)
Coal Seam 90 (142) 035(24) 031  035(4) 025(02) 168 (5.12)
Sandstone  FI I55 (24.5) 47 (324) 025 112(772) 103 (7.1) 4.7 (1.43)
Claystone  F2 148 (234) 6.0 (414) 021 13.1(90.3) 152(105) 7.9 (241)

Bolted roof

5.12

5.13

5.14

5.15

5.16

5.17

5.18

A method of approximating the support action of rock bolts is to equate the bolt tension
to a uniformly distributed load acting upward. If the equivalent bolting pressure is pp,
what is the magnitude of the bolting pressure that will reduce the sag in Problem 5.5b
or 5.7b to zero?

Suppose rock bolt load is 16,400 pounds and bolts are spaced on 5 ft centers in a square
pattern. Find the bolting “pressure” pp. What layer thickness is this bolting pressure
equivalent to assuming a single layer roof beam sagging under self-weight alone
with simply supported ends. Note: Specific weight of the roof layer is approximately
158 pcf.

Suppose rock bolt load is 73.5 kN and bolts are spaced on 1.5 m centers in a square
pattern. Find the bolting “pressure” p,. What layer thickness is this bolting pressure
equivalent to assuming a single layer roof beam sagging under self-weight along
with simply supported ends. Note: Specific weight of the roof layer is approximately
25.0 kN/m®.

With reference to the sketch, a bolting plan consisting of 5/8 in. (1.59 cm) diameter
mechanically point anchored bolts spaced on 4 ft centers (1.22 m), square pattern,
is proposed. Evaluate this plan from the dead weight view. Show why the plan is
adequate or not. Assume high strength. Would 3/4 in. (1.91 cm) diameter bolts on 5 ft
(1.52 m) centers be adequate? Which Plan is preferable? Note: Spacing from the rib
is one-half bolt spacing.

Suppose a suspension action is induced by 3/4 in. (1.91 cm) bolts on 5 ft (1.52 m)
centers (high strength) installed in the roof shown in the sketch. If the sag is then 40%
of the unsupported sag of the suspended strata, what is the reduction in roof tension?
Assume that the bolts are tensioned to 75% of the yield point.

With reference to Problem 5.16, what is the ratio of the supported to unsupported roof
rock safety factors?

If the four shale layers in the sketch are clamped such that they deform as a single
beam what is the maximum shear stress, and where does it occur in the clamped roof?
In this regard, if the coefficient of friction between shale strata is 0.35, what bolting
pressure is required to mobilize sufficient interlayer shear for monolithic roof beam
action?
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5.19

5.20

5.21

522

5.23

5.24

Surface 7

Overburden E-10% psi (GPa) 7 —pcf(kN/m?) h —in. (cm)

R5 Shale 5 8.0(55.2) 160(25.3) 59(150)

R4 Shale 4 1.0(6.90) 135(2.14) 7(17.8)

R3 Shale 3 1.0(6.90) 135(2.14) 8(20.3)

R2 Shale 2 1.0(6.90) 135(2.14) 10(25.4)

RI Shale | 1.0(6.90) 135(2.14) 12(30.5)
Seam L

Fl Sandstone

Sketch for Problems 5.15-5.18.

Consider the roof bolt truss shown in the sketch. If the spacing of the trusses along the
entry is S and the tension in the “bolts” is 7', what is the equivalent bolting pressure
capacity of the truss system?

With reference to the sketch and Problem 5.19, prescribe S and 7' such that the apparent
unit weight of the laminated shales is 65% of the unsupported apparent unit weight.

Laminated shale with all laminations 4.0 in. (10 cm) thick

Total thickness is 6 ft (2m)
E=1(108) psi (6.9 GPa), =130 pcf (20.6 kN/m?)

S ¥ —

With reference to the sketch, show in detail the determination of the optimum bolting
angle using the given notation.

With reference to the sketch, suppose the joint cohesion is zero while the friction
angle is 35°. If the force per bolt is 12,000 pounds (53.8 kN)and the area of influence
of a bolt is 4 ft, find: (a) the unbolted joint safety factor, and (b) the bolted joint
safety factor at the optimum angle. Note: The stress state before bolting is a horizontal
compression of 648 psi (4.5 MPa). Joint angle is 30°.

With reference to Problem 5.22, suppose a passive bolt, untensioned and
7/8 in.(2.22 cm) in diameter is grouted in the hole at the optimum angle. Estimate
the shear stress in the bolt.

Coal is mined in two seams that are shown in the sketch. Mining is full seam height in
both seams. Entries are 24 ft wide (7.3 m). With reference to the stratigraphic column
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Bolt

Joint normal

Rock line K; = joint cohesion
¢; = joint friction angle

Fy, = bolt force

A = rock area influenced by the bolt

o = angle from roof line to joint normal
S = angle from roof line to bolt

Sketch for joint bolting Problems 5.21,5.22

and rock properties in the sketch, determine for the lower seam:

(a) the safety factor with respect to tension of the immediate roof layer over the
entries, and

(b)  the second roof layer,

(c) areasonable bolting plan using the dead weight load approach.

Include (i) bolt length, (ii) nominal diameter, (iii) steel grade, and (iv) spacing.

Rock properties for problem 5.24 sketch.

Rock type y-pef E-108 v Co-103 To-102 h-ft (m)
(kNIm3) psi (GPa) psi (MPa)  psi (MPa)

| Over-burden 144.0 (22.8) 1.70 (11.7) 025 1.00 (6.9) 0.50 (0.34) 1,694 (516)

2 Massive 148.2 (23.4) 3.00(20.7) 0.20 19.0(131) 850 (5.86) 1714 (522)
sandstone

3 Coal 75.0(11.9) 035(24) 030 3.50(24.1) 1.30(0.89) 1719 (524)

4 Layered 149.5 (23.7) 1.50(10.3) 0.10 17.5(120) 7.00 (4.83) 1,741 (531)
sandstone

5 Massive 148.2 (23.4) 3.00 (20.7) 0.20 19.0(131) 850 (5.86) 1744 (532)
sandstone

6 Sandy shale 170.0 (26.9) 4.50 (31.0) 0.10 15.0(103) 10.0 (6.90) 1,747 (533)

7 Coal 75.0(11.9) 035(24) 030 3.50(24.1) 1.30(0.89) 1754 (535)

8 Massive 148.2 (23.4) 3.50 (24.1) 020 19.5(134) 10.0 (6.90) 1,778 (542)
sandstone

9 Layered 149.5 (23.7) 1.50(10.3) 0.10 17.5(120) 7.00 (4.83) 27250 (686)
sandstone

5.25 Both seams of Problem 5.24 are mined by the longwall method. There are five main
entries and sub-main entries used for development in both seams. A three entry system
is used for panel development. The sub-main entries are at right angles to the mains,
while the panel entries are at right angles to the sub-main entries. Show in vertical
section a favorable alignment (a) of the main entries and (b) of the panel entries.
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A system of steeply dipping lineaments (“joints”) in the region strikes due north.
(c) Average spacing is 25 ft (7.6 m). Is the mine layout favorably oriented with respect
to ground control consequences associated with the joints? Defend your answer.

Outcrop Panels

Panels

Mains
Sub-mains

Sketch for joint bolting Problems 5.24,5.25

5.26 A thick seam of coal is mined from the floor to a height of 13 ft at a depth of 1,450 ft.
With reference to the stratigraphic column in the sketch and the rock properties given
in Table 5.2, assume L =21 ft, then find:

(a) the safety factor with respect to tension of the immediate roof layer
(b) the layer above
(c) areasonable bolting plan using the dead weight load approach.

Include (i) bolt length, (ii) nominal diameter, (iii) steel grade, and (iv) spacing. Note:
Entry width is 21 ft and overburden averages 144 pcf.

Surface

(nottoscale) ... overburden
R5 mudstone

R4 sandstone

R3 sandstone

R2 laminated sandstone

R1 (roof) laminated shale

S| (seam - coal)

F1 (floor) shale

F2 limestone

Note
Stratigraphic sequence for Problem 5.26.

5.27 With reference to the strata data given in the sketch and Table 5.3, seam depth is
1670 ft (509 m), strata dip is negligible and entries are planned 24 ft (7.32 m) wide.
Mining height from the sandstone floor is 12 ft (3.66 m).
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Table 5.2 Strata data for Problem 5.26

Rock type E(10® psi) v—  Co (psi) To(ps) v (bcf) h(ft)

R5 12.6 0.19 12,700 1,270 160 21.5

R4 12.7 0.21 14,200 1,340 158 15.2

R3 12.6 0.19 12,700 1,270 156 6.0

R2 6.3 0.31 8,450 760 146 1.5

RI 5.4 0.23 7,980 610 152 2.0

Sl 0.75 0.27 3,750 425 92 15.0

FI 123 018 11,500 1,050 155 103

F2 8.1 033 13700 1260 160 130
Table 5.3 Strata properties
Rock type E (10%) v— Co (10%) T, (103 v (pcf) h-ft (m)

psi (GPa) psi (MPa)  psi (MPa)  (kN/m3)

R3 43(29.7) 025 160(110) 1.2(83) 148 (234) 26.0(7.9)
R2 17(11.7) 0.19 125(862) 065 (45) 142(225) 1.5 (0.46)
RI 41(283) 020 75(51.7) 045(3.1) 136(21.5) 2.0 (0.61)
S 035(24) 030 3.0(207) 025(1.7) 95(I5.0) 16.0 (4.88)
FI 45(31.0) 025 180(124) 1.8(124) 149 (23.6) 18.0(5.49)

1  Determine the immediate roof safety factor.

2 Determine bolting pressure needed to reduce sag of all roof layers to zero,

assuming bolts are anchored in R3 and the sag of R3 is negligible.

3 Layout a bolting pattern based on dead weight load basis and specify bolt length,
diameter, steel grade, spacing, and bolt safety factor using R3 as an anchor

stratum.

4 What is the immediate roof safety factor after bolting according to dead weight

load design?

5 Explain how gas pressure above the roof shale would affect calculation of the

safety factor of R1 before bolting.

Surface

(not to scale)
R3 sandstone
R2 laminated sandstone
RI shale
S| coal

Fl sandstone

overburden

Note

Stratigraphic sequence for Problem 5.27.

5.28 With reference to the strata data given in the sketch and Table 5.4, seam depth is
1,324 ft (404 m), strata dip is negligible and entries are planned 21 ft (6.4 m) wide.

Mining height from the sandstone floor is 15 ft (4.6 m).
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5.29

Table 5.4 Strata properties

Rock type E (109 v— GCo(103)  To (103  y (pch h-ft (m)

psi (GPa) psi (MPa)  psi (MPa)  (kN/m?)
R3 45(31.0) 025 160(110) 080 (552) 148 (234) 160 (4.9)
R2 27(186) 0.19 125(862) 0.65(448) 142(225) 2.5 (08)
RI 3.0 (214) 020 80(552) 040(276) 135(21.4) 2.0 (0.6)
S| 0.35(24) 030 30(207) 0.15(1.03) 95(I50) 180 (5.5)
FI 35(24.1) 025 08(55)  08(552) 148 (234) 140 (43)

1 Determine the immediate roof safety factor.

2 Determine bolting pressure needed to reduce sag of all roof layers to zero,
assuming bolts are anchored in R3 and the sag of R3 is negligible.

3 Layout a bolting pattern based on dead weight load basis and specify bolt length,
diameter, steel grade, spacing, and bolt safety factor using R3 as an anchor
Stratum.

4 What is the immediate roof safety factor after bolting according to dead weight
load design?

5 Explain how gas pressure above the roof shale would affect calculation of the
safety factor of R1 before bolting.

Surface

(nottoscale) ... overburden
R3 sandstone

R2 laminated sandstone

R1 shale

S| coal

Fl sandstone

Note
Stratigraphic sequence for Problem 5.28.

A room and pillar coal mine is contemplated at a depth of 1,750 ft (533 m) in strata
striking due north and dipping 18° east. Entries are driven on strike, crosscuts up and
down dip. Mining height is 15.0 ft (4.6 m) measured from the floor; 1.5 ft (0.46 m) of
low grade coal is left in the roof.

Three joint sets are present. Set 1 is vertical and strikes east-west. Set 2 strikes due
north and dips 60° east; Set 3 also strikes due north, but dips 35° west. The average
overburden specific weight is 156 pef (24.7 kKN/m?).

Stress measurements indicate that the premining stresses relative to compass coor-
dinates are: Sy = 1.05d, Sy =600 +0.25d, Sy =50+0.75d (Sy =23.8d, S, =4,138
+5.66d, Sy =345+3.45d,) where v =vertical, h =east, H =north, d =depth in ft
and stress units are psi (d = depth in m and stress units are kPa).

Rock properties near the mining horizon are given in Table 5.5. These data were deter-
mined from laboratory testing on NX-core at an L/D ratio of two. Joint properties for
Mohr—Coulomb failure criteria are given in Table 5.6. Joint normal and shear stiffness
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Table 5.5 Intact rock properties

Property stratum  y pcf h-ft (m) E 108 G 108 Co psi To psi

(kN/m3) psi (GPa) psi (GPa) (MPa) (MPa)

Limestone (R5) 152 (24.0) 159 (4.8) 9.83 (67.8) 4.27 (29.4) 17,690 (122) 1,460 (10.0)
Coal (R4) 93(147) 1.4(04) 029(20) 0.12(08)  2780(192) 390 (2.7)
Mudstone (R3) 153 (24.2) 9.8 (3.0) 7.67 (52.9) 3.07 (21.2) 13,750 (94.8) 1,580 (10.9)
Sandy shale (R2) 142 (22.5) 27 (0.8) 4.16 (287) 1.79(12.3) 6450 (44.5) 720 (5.0)
Shale (RI) 138 (21.8) 1.3 (04) 3.62(25.0) 1.53(10.6) 7,400 (51.0) 650 (4.5)
Coal (Seam) 90 (142) 165(50) 035(24) 0.14(1.0) 3400 (234) 310 (21)
Sandstone (F1) 147 (233) 8.6 (26) 832(574) 3.35(23.1) 12,300 (84.8) 1,350 (9.3)

5.30

5.31

5.32

5.33

Table 5.6 Joint properties

Property cpsi (kPa)  ¢(deg) Kn 108psifin. Ks 108psifin.  S-ft (m)
joint set (GPalcm) (GPalcm)

Set | 0.0 (0.) 35 1.76 (478) 056 (1.52) 253 (7.71)
Set2 100 (69.0) 30 231 (627) 3.14(853)  47(1.43)
Set3  200(1380) 25 329(893) 092(249) 6.1 (1.85)

(Khn, K;) that relate normal stress and shear stress to corresponding displacements are
also given in Table 5.6 as are the joint spacings (S).

A tensile safety factor of 4.0 is required for the immediate roof and 3.0 for the next
two superincumbent strata. Find the maximum safe roof span.
Given conditions of Problem 5.29, if it were feasible to measure roof sag as entries
were mined 15 ft wide, (a) how much sag would be observed at mid-span? (b) What
sag measurement would indicate impending roof failure at the same span?
With reference to Problems 5.29 and 5.30, layout a reasonable bolting plan using
a dead weight approach and point anchored mechanical bolts assuming entries and
crosscuts are mined 20 ft (6.1 m) wide. Specify bolt length, diameter, spacing, steel
grade, and pretension.
A thin “low” metallurgical coal seam 3 ft thick is mined at a depth of 980 ft. The
main entries are mined 4 ft into the R1 roof stratum to give sufficient clearance for
track haulage. With reference to the stratigraphic column in the sketch and the rock
properties given in Table 5.7, find: (a) the safety factor with respect to tension of the
immediate roof layer and (b) the layer above, then (c) specify a reasonable bolting plan
using the dead weight load approach. Include (i) bolt length, (ii) nominal diameter,
(iii) steel grade, and (iv) spacing. Note: Entry width is 20 ft and overburden averages
144 pcf.
The immediate roof behind a longwall face often considered to be a cantilever beam as
shown in section in the sketch. Beginning with a safety factor design criterion, derive
an expression for the distance X the face can advance before R1 failure. Assume bed
separation between R1 and R2 occurs, flat strata, no gas pressure and that currently
L = L,. Show shear and moment diagrams and location of expected failure.
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Surface

(nottoscale) ..., overburden

R5 mudstone

R4 sandstone

R3 laminated shale

R2 laminated sandstone
R1 (roof) sandstone

S| (seam - coal)

FI (floor) shale

F2 limestone

Note
Stratigraphic sequence for Problem 5.32.

Sketch for problem 5.33

Y Ground surface

R1

L/

S Face —>

[
N\

Caved

Fl

5.34 Given the geologic column, strata depths and rock properties in Table 5.8, find:

(a) the maximum possible roof span when mining the lower coal seam full height,

(b) the safe roof span, if a safety factor of 4 with respect to tension is required,

(c) the factor of safety of the massive sandstone (M.S.) roof layer above the sandy

shale when the layer below is at maximum span.

Table 5.7 Strata data for Problem 5.32

Rock E 106psi v Co-psi To-psi y-pef h-ft

type  (GPa) (- (MPa) (MPa) (kNim3)  (m)

RS 12.6(869) 0.19 12700 (87.6) 1270 (8.8) 160 (253) 21.5(6.55)
R4  127(87.6) 021 14200(97.9) 134(9.2) 158 (25.0) 152 (4.63)
R3 54(372) 023 7980(550) 610(42) 152(23.1) 1.0(0.30)
R2  63(434) 031 8450(583) 760(52) 146 (247) 1.5 (0.46)
RI 126(869) 0.19 12700 (87.6) 1270 (8.8) 156 (247) 6.0 (1.83)
Sl 075(52) 027 3,750(25.9) 425(29) 92(146) 3.0 (09I)
FI  123(848) 0.18 11,500 (79.3) 1,050 (7.2) 155 (24.5) 103 (3.14)
F2 8.1(55.9) 033 13,700 (94.5) 1,260 (8.7) 160 (25.3) 13.0 (3.96)
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5.35 Prescribe a bolting plan for entries driven 28 ft (8.5 m) wide in the lower coal seam in
the sketch using the dead weight load approach. Include nominal bolt diameter, length,
grade of steel, installation tension, and spacing. Support your recommendation with
calculations.

Table 5.8 Strata data for Problems 5.34 and 5.35

Rock type y-pef E-108 v Co-bsi To-psi h-ft (m)
(kN/m3) psi (Gpa) (Mpa) (Mpa)

| Over-burden 144.0 (22.8) 1.70 (11.7) 0.25 1,000 (6.9) 50 (0.34) 1694 (516)

2 Massive 148.2 (23.4) 3.00 (20.7) 0.20 19,000 (131.0) 850 (5.86) 1,714 (522)
Sandstone

3 Coal 75.0(11.9) 035(24) 030 3,500 (24.1) 130 (0.90) 1,719 (524)

4 Layered 149.5 (23.6) 1.50 (10.3) 0.10 17,500 (120.7) 700 (4.83) 1,741 (531)
sandstone

5 Massive 148.2 (23.4) 3.00 (20.7) 0.20 19,000 (131.0) 850 (5.86) 1,744 (532)
sandstone

6 Sandy shale 170.0 (26.9) 4.50 (31.0) 0.10 15,000 (103.4) 1,000 (6.90) 1,747 (533)

7 Coal 75.0(11.9) 035(24) 030 3,500 (24.1) 1,300 (8.97) 1,754 (535)

8 Massive 148.2 (23.4) 3.50 (24.1) 0.20 19,500 (134.5) 1,000 (6.90) 1,778 (542)
sandstone

9 Layered 149.5 (23.6) 1.50(10.3) 0.10 17,500 (120.7) 700 (4.83) 2,250 (658)

sandstone




Chapter 6

Pillars in stratified ground

Pillars in stratified ground are routinely formed between entries and crosscuts during
development of main entries, sub-main entries, and panel entries. Main entries that provide
primary mine access usually last the life of a mine. Ventilation entries also have relatively
long service lives. Sub-mains have shorter design lives. Panel entry service life is typically
just a few years at most. Regardless, the purpose of all pillars is to prevent collapse of the
adjacent entries.

Pillars formed between entries in a single, flat seam may fail in direct compression. Pillars
in dipping seams are loaded in direct compression and in shear as well and require consid-
eration of a biaxial failure criterion. Pillars containing joints may also fail by joint shear
or separation. Extraction in several seams raises a question of interaction between seams
that is summarized in guidelines for main entry pillars of long life and chain entry pillars of
relatively short life. Barrier pillars that defend main entries from effects of adjacent panel
excavation that often approaches 100% pose yet additional design challenges.

6.1 Pillars in a single seam

Pillars in single, flat seams are amenable to a force equilibrium analysis that is readily
expressed in terms of average stresses. In soft rock, pillars are generally much wider and
longer than they are high. In hard stratiform deposits, pillar height is usually much greater than
width and length. While short pillars tend to crush slowly, tall pillars may fail catastrophically.
In either case, the pillar width to height ratio gives rise to a “size” effect on pillar strength.
The effect has several explanations including constraint at pillar top and bottom analogous
to end friction in laboratory compression testing.

Tributary area, extraction ratio analysis

Stress concentration occurs at walls of entries whether bed separation occurs in the roof or not.
These walls are also pillar walls. Thus, logical extension of the stress concentration approach
to design of openings in stratified ground would seek peak compressive stress concentrations
in pillar walls. This stress is the requisite stress in application of safety factor criteria to pillar
design. In the absence of bed separation, stress concentration in roof and floor would also
be sought. In fact, the most popular pillar design approach in stratified ground is based on
average compressive stress rather than peak stress. This approach is based on a tributary
area concept that requires consideration of a suitable compressive strength for calculating
pillar safety factors.
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Figure 6.1 Array of entries, pillars, and crosscuts.

The tributary area approach to pillar design is also known as the extraction ratio approach
and is based on a simple equilibrium force analysis. Consider a large array of pillars formed
by a regular pattern of entries and crosscuts shown in Figure 6.1. The periodicity of the array
forms vertical planes of symmetry between pillars that extend from seam level to ground
surface. Overburden in the prisms formed by these planes rests on the pillars. Equilibrium
requires pillar support reaction F, to be equal to weight 7 of an overburden block; symmetry

precludes vertical shear forces acting on the sides of the block. Thus,

W =yHA = S,A = Fy = Spyd,
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where y is average specific weight of overburden, H is height of overburden block (seam
depth), Sy is average overburden stress (before excavation), 4 is cross-sectional area of an
overburden block, S, is average pillar stress, and 4, is pillar cross-sectional area. According
to the geometry in Figure 6.1, the tributary area A = A, + Am where Ay, is the excavated
area (entries and crosscuts) seen in plan view.

A compressive stress safety factor may be computed as

Fs, = <P (6.2)
c — Sp .

where S, and C, are average pillar stress and corresponding compressive strength,
respectively.
The pillar stress S, may be computed from

_SA_ S S S
P74, " Ap/A T (1 —Am/A)  1-R

(63)

where R = A /A is defined as the area extraction ratio. With reference to the notation in
Figure 6.1, Ay = WyLp, A = (Wo + W)Ly + We), Am = Wo(Ly + We) + WeWy, and
R=1—LyWy/(Wo+ W)Ly + We). A useful form is

1-R= [ W ] _h (6.4)
T LW+ W)L+ (W /Ly)) | A '

that reduces to a two-dimensional form as the pillar becomes long relative to width.
The extraction ratio R may also be computed from the safety factor. Thus,

(FS9(S))
Cp

R=1 (6.5)

which clearly imposes a physical limit on extraction. In no case may the overburden stress
exceed pillar “strength.” Most of the coal mines in the US experience an overall extraction
of about 50% that suggests an extraction ratio of one-half. In consideration of coal mining
depths that exceed 2,500 ft only with great difficulty, these observations suggest coal pillar
strength of no more than 5,000 psi, which would be a rather high strength coal.

Example 6.1 A room and pillar operation is planned for a depth of 300 m (984 ft) in a
stratum that has a compressive strength estimated at 13.57 MPa (1,968 psi). Entries and
crosscuts are planned at 6 m (20 ft). Determine the maximum possible extraction ratio.

Solution: By definition FSp = C,/Sp and Sp = Sv/1 — R, s0 R =1 — (FSp)Sy/Cp.
An estimate of the overburden stress (premining vertical stress) S, is 22.6 kPa per meter
of depth (1 psi/ft of depth). Hence,

 (H(300)(22.6)(10%)

R=1
13.57(10°)

=1-10.500 = 0.500
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Example 6.2 Consider the data and results of Example 6.1 and suppose the pillars are
square. Determine the pillar dimensions at R(max).

Solution: By definition R = A /A =1— (Ap/A) and Ap = L, W), = (Wp)z. Thus,

(Wy)? 1

1-R= =
Wp+Wo)? (1 + (Wo/ W)

and

(L%ijz(liR>:<l—ésm)=z

Hence, W, = Wo/(v/2 — 1) = 6/(~/2 — 1) = 14.5 m. Because the pillars are square
Wy = Ly = 14.5 m which are the pillar dimensions in plan view. Pillar height is equal to the
height of the excavation, of course.

Example 6.3 Consider the data of Example 6.1 and suppose a pillar safety factor of 1.5
is required for a room and pillar plan where pillars are square. Determine the maximum
allowable extraction ratio and pillar dimensions.

Solution: The extraction ratio is given in terms of the factor of safety. Thus,

Re1— (FSp)(Sv)
CP
_»(1.5)(22.6)(103)(300)
13.57(106)
R=1025

But also, the extraction ratio may be determined by geometry. Thus,

r=tm
A
A
PO U
(Wo + Wy)?

Hence, W, = 6.464 W, = (6.464)(6) = 38.8 m. Pillars are square, so pillar length is equal
to pillar width; pillar height is equal to opening height.

Example 6.4 Consider the data and results of Example 6.1 and suppose a safety factor of
1.5 is required, as in Example 6.3, but suppose now the pillars are three times as long as they
are wide. Determine the maximum allowable extraction ratio and pillar dimensions.
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Solution: As in Example 6.3, the maximum allowable extraction ratio is 0.25 from safety
factor, strength, and stress considerations. Now from geometric considerations,

WPLP
R=1-
Wo + Wp)(We + Lyp)
L 30, W,
Wo + Wp)(We + 3Wp)
1 3

2= Wo/ Wy + DY(We/Wp +3)

where substitution for R is made. After some algebra and in recognition that entry and crosscut
widths are equal,

Wo\2 W,
(—") +4-—2-1=0
WP WP

which is readily solved for W},. Thus, W, =254 mand L, = 76.2 m.
Check:

WPLP
1-R=
Wo + Wp)(We + Lyp)
025 — (25.4)(76.2)
(6.0 + 25.4)(6.0 + 76.2)
0.75 = 0.75

Size effect on strength

Design of pillars based on average compressive stress ignores

1 details of stress distribution through the pillar;
2 the effect of confining stress in the interior of the pillar on compressive strength;
3 the possibility of progressive pillar failure.

The state of stress in a mine pillar is generally far from uniform and generally varies from
point to point. High compressive stresses concentrated at the pillar walls may become high
enough to cause local failure, spalling, that leads to an “hour glass” pillar shape often observed
even in stable pillars. The interior core of a pillar is confined by the adjacent material and is
under horizontal confining stress that increases strength relative to the unconfined outer walls
of pillars and assists in pillar stability. Vertical and horizontal stress distributions at pillar
midheight are shown in Figure 6.2. Tops and bottoms of pillars are in contact with adjacent
strata that may also confine the pillar and reduce any tendency toward lateral expansion under
compressive axial load. However, very compliant strata may tend to move laterally more than
the pillar and actually tend to split the pillar in tension. This tendency is often the case when
the floor beneath a pillar is a soft clay or shale. Such phenomena cannot be directly taken
into account by tributary area design of pillars based on average vertical stress.
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Figure 6.2 Vertical (S;) and horizontal (Sl/,’) stresses in a pillar. Sp is the average vertical stress.
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Figure 6.3 Size effect formula for pillar strength as a function of D/L (linear) and L/D (hyperbola).

Modification of the concept of strength that allows for a size effect assists in overcoming the
disadvantage of pillar design based on average stress. A size effect is introduced into design
procedure by supposing compressive strength is a function of pillar geometry. Full-size mine
pillars are not subject to carefully controlled laboratory tests, so size effects formulas are
necessarily based on small test specimens, usually cylinders of varying length to diameter
ratios. A common size effects formula derived from laboratory data fits is

D
Cy=C (0.78 + 0'22Z> (6.6)

where L is the length of a test cylinder, D is test cylinder diameter, and C; is the strength
of a cylinder with an L/D ratio of one. Increasing diameter D at fixed height (length L)
produces “stubby” pillars of increasing strength. Indeed, strength C, is a linear function of
the ratio D/L and would plot as straight line with D/L on the x-axis and C, on the y-axis as
shown in Figure 6.3. If C;, is plotted as a function of the conventional L/D ratio, the plot is
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Figure 6.4 End shear stress and pressure reaction of a half-cylinder under uniaxial compression.

a hyperbola that increases without bound along the C;, or y-axis but approaches a horizontal
line of 0.78C/ with increasing L/D ratio.

The size effects compressive strength C,, is not a material property. A simple explanation
of the data fit embodied in the size effects strength formula illustrates the point. During an
unconfined compressive strength test, end friction acts to prevent outward motion of the test
cylinder. Equilibrium of the half cylinder shown in Figure 6.4 requires an average horizontal
stress acting over a diametral section of the cylinder such that

il () ()]

This simple equilibrium requirement shows that an equivalent confining pressure acts on the
nominally unconfined test cylinder with magnitude

()

In view of the Mohr—Coulomb failure criterion C, = C, + (Co/T5)p, test data should plot
according to

o (H)EC)

At a D/L ratio of one, solution of this equation allows for replacement of C, in terms of C}
using

Co= [1 - (rn/4To)] = 1M (6.10)

After back-substitution into the Mohr—Coulomb criteria, one obtains

G =0C |:Nl+(1_N1)<§)] (6.11)



284 Pillars in stratified ground

which has the same form as the size effects equation obtained from an empirical fit to
laboratory test data. The number N; has a value less than one, say, 0.78, (1 — N; = 0.22)
and thus explains the “size effects” as a simple frictional “end effects” phenomenon.

Other mathematical forms of fits to experimental conditions have been used to obtain size
effects formulas for pillar strength. Almost any form can be made to fit the data closely over
a limited range of experimental conditions. For example,

D\ 12
Cp =700 (I) (6.12)

where C,, is in psi and D/L (pillar width to height ratio) is in the interval [0.5, 1.0]. When
the two size effects formulas are made to agree at D/L = 1, the greatest difference is about
17% as shown in Figure 6.5. This “square root” formula is also referred to as a shape effects
formula because the test specimens were prisms of square cross section instead of cylinders.
Examination of Figure 6.5 shows that the square root formula forecasts zero strength as pillars
become tall, while the linear fit gives an intercept and finite compressive strength for tall
pillars.

When cubes of different sizes are used to examine size effects, end and shape effect expla-
nations do not account for a decrease of strength with size. A statistical, micro-mechanical
explanation supposes a laboratory test specimen has numerous grain-scale flaws, micro-
cracks, that locally generate high stress concentrations. Failure of the specimen initiates
from these critical flaws. Fast coalescence of microcracks propagating from these initial
flaws leads to macroscopic failure. The failure is brittle, that is, by fracture in tension or
shear (compression). Larger test specimens have a greater probability of containing critical
flaws and are therefore statistically weaker. Interestingly, some laboratory test data show an
increase of strength with size. However, this reverse size effect has not been observed for
very large test specimens.

In any case, extrapolation of laboratory test data to full scale mine pillars is risky because
of the presence of geologic features (e.g. bedding planes, clay seams, joints) in the mine
that are absent in the laboratory. Such features reduce the strength of a mine scale pillar
relative to intact laboratory test specimens. Some reduction from laboratory test data would

2,500
1l
2 2,000
o
S
W
o 1,500
E
= 1,000
B A
o —o— Linear
=
@ 500 —&—Sqrt
Ok
0 | 2 3 4 5 6 7 8 9 10

DIL ratio (width to height)

Figure 6.5 Linear and square root fits to laboratory test data for size effects formulas.
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seem needed. However, if joints are recognized as distinct structural features that introduce
additional ways a pillar may fail (other than by failure of intact material between joints,
bedding planes, and so forth), then no reduction of intact material strength would be indicated.
Pillar strength specification for use with average pillar stress and tributary area design is
therefore problematic.

One approach to pillar strength that seems reasonable is to invoke the Terzaghi jointed
rock mass model that assumes the angles of internal friction of rock and “joint” are the
same; joints are cohesionless and only the cohesion of intact rock bridges between joints
contribute to rock mass cohesion that is given by the product of intact rock cohesion by
the fraction of rock bridges per unit area of potential failure surface. This reduction reduces
unconfined compressive strength by the same fraction. Perhaps the best resolution of the
question is to do a detailed analysis of pillar stress that allows for local failures and potential
pillar collapse. However, in the absence of a detailed stress analysis, specification of pillar
strength outright allows for a simple safety factor calculation, given proposed or trial pillar
dimensions. Alternatively, specification of a pillar safety factor allows for calculation of
one of the pillar dimensions (width or length) in terms of entry and crosscut widths which
are usually known from roof span analyses and operating constraints. Use of a size effects
relationship complicates this calculation because of the resulting nonlinear expression for
one of the pillar dimensions.

Ignoring a size effect for stubby pillars (L/D < 1) is usually conservative for two reasons.
The first is that any strength enhancing confinement associated with end friction is ignored.
If thin or thick clay seams are present at pillar top or bottom, confinement is indeed greatly
reduced. In this case, a size effect would not be justified, and some consideration of pillar
splitting at top or bottom would be needed. The second reason is related to the geometry of
pillar failure. Failure of a stubby pillar is likely to be localized to the pillar walls, while the
core of the pillar remains elastic because of interior confinement, as shown in Figure 6.6.
Pillar collapse is precluded in this case, although the effect of wall spalls on the roof ends
may be an important consideration. Tall pillars (L/D >> 1) may be prone to catastrophic
failure because spalling quickly reduces the intact load bearing area. In this case, acceptance
of a strength reducing size effect is justified, although ignoring the effect and using a higher
safety factor may be preferable.

Example 6.5 A room and pillar operation uses entries and crosscuts of widths W, and W,
respectively. Pillars are W, x L, in horizontal section and are Hj, high. A size effect on
strength is given by

C,=C 078+022W"
p==C1 . . Hp

Show that when pillar length is fixed, a quadratic equation for ¥, results, but when pillar
length is given as k times W), a cubic results even at fixed k.

Solution: By definition FSy; = C,/Sp and S, = Sy/1 — R = Sy(4/Ap). After combining
these two equations and incorporating the size effects formula, the result is

(FSp)(Sy) = C (ovs+ozzﬁ>[ LW, ]
p)Wv) = L1 | V. . H, (Wo + Wp)(We + Lp)
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Figure 6.6 Failure modes of (a) stubby, and (b) tall pillars.

that when cleared of fractions results in a quadratic in #},. Substitution for L, = k W, gives

2
(FSp)(Sy) = Ci <0.78 + 0.22%> [ k() }

Hy ) | (Wo + Wo) (We + ki)
which is a cubic in W},.

Example 6.6 A room and pillar operation is planned for a depth of 300 m (984 ft) in a
stratum that has a compressive strength 13.57 MPa (1,968 psi) determined from laboratory
testing on cylinders of L/D (length/diameter) of one. Entries and crosscuts are planned at
6 m (20 ft). Square pillars of 4 m high (seam thickness) are anticipated. Determine the pillar
dimensions and extraction ratio associated with a pillar safety factor of 1.5.

Solution: From Example 6.5,

(FSp)(Sy) = C (o 78+022%) KO,)?
L N “Hy ) | o + W) (We + kW)

3 6 WP
(1.5)(22.6)(10)7(300) = 13.57(10) (0.78 + 0.22—) |:

(1) (Wy)?
4

(6.0 + W) (6.0 + Wy)
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after substitution of known quantities and a reasonable estimate of Sy. Clearing of fractions
results in

(0.7495)(6.0 + Wy)* = 0.78(W;)? 4 0.055(W,y)>

that has the form f(W,) = g(W,). Plotting these functions with the aid of a spreadsheet
defines the solution at the intersection point.

500

Graphical solution of a cubic

450

400

350

300

250 4

200 -

Function values of Fand G

150 4

100

Pillar width w;, (m)

The solution point corresponds to a pillar width of 13.75 m. At this pillar width, the
strength is

13.75
Co=C <0.78 + O'ZZW) = (13.57)(1.536) = 20.84 MPa

The extraction ratio is then

FSy)(Sy
R FSEY
G
—1 (1.5)(22.6)(10%)(300)
a 20.84(10)0
R=0.512
Check:
2
R=1 (Bi =0.516

(6.0 + 13.75)2

which is a valid check in view of roundoff effects in the calculations.
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In the absence of a size effect, R = 0.25 and ), = 38.8 m, so in this example, size effect
on pillar strength is substantial, which could be anticipated in view of the large increase in
strength (over 50%).

Example 6.7 A room and pillar operation is planned for a depth of 300 m (984 ft) in a
stratum that has a compressive strength 13.57 MPa (1,968 psi) determined from laboratory
testing on cylinders of L/D (length/diameter) of one. Additional laboratory test data fit a
curve for size effects on strength that has the form for application

WP
Cp=13.57 [
HP

where C,, is in MPa. Entries and crosscuts are planned at 6 m (20 ft). Square pillars of 4 m
high (seam thickness) are anticipated. Determine the pillar dimensions and extraction ratio
associated with a pillar safety factor of 1.5.

Solution: From Example 6.5,

1/2 )
(FSp)(Sy) = 13.57(10°) (%) [ k(Wp) }

b Wo + Wp)(We + kWp)

2
(1.5)(22.6)(10)*(300) = 13.57(10)° (%) { (D) }

(6.0 + W) (6.0 + W)

after substitution of known quantities and a reasonable estimate of Sy. Clearing of fractions
results in

(0.7495)(6.0 + Wy)* = 0.5(W,)*>

that has the form f'(W,) = g(W,). Plotting these functions with the aid of a spreadsheet
defines the solution at the intersection point. The solution point corresponds to a pillar width
of 11.73 m. At this pillar width, the strength is

11.73\'/?
Co=(1357(—~) =2324MPa

The extraction ratio is then

Re1l— (FSp)(Sy)
G
(1.5)(22.6)(10%)(300)
o 23.24(10)6
R =0.562
Check:
2
R=1 (1.73) =0.562

6.0+ 11.73)2
which checks.
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In the absence of a size effect, R = 0.25 and ), = 38.8 m, so in this example, size effect
on pillar strength is substantial, which could be anticipated in view of the large increase in
strength (over 50%). This increase is somewhat greater than for the conventional size effects
used in Example 6.6 where the extraction ratio was 0.516.

6.2 Pillars in dipping strata

Pillars in dipping strata are loaded in compression and shear and therefore require consid-
eration of a failure criterion that accounts for both. The Mohr—Coulomb criterion serves the
purpose quite well. However, use of average stresses leads to an unconventional Mohr circle
representation that can be generalized to the case where shear stress loads the pillar top and
bottom but is absent at pillar walls. These Mohr circles are not centered on the normal stress
axis as is the case when stress at a point is considered and the shear stresses come in pairs.
The situation does not arise in flat seam pillars where shear loading is absent. Backfill also
affects pillar safety and stability.

Extraction ratio formulas for pillars in dipping seams

The base of a pillar prism in dipping strata is inclined to the horizontal, so even in a preex-
cavation gravity stress field, pillar top and bottom are loaded in compression perpendicular
to the dip and in shear parallel to the dip as shown in Figure 6.7 (compression is positive).
A detailed analysis of pillar stress in dipping strata (Pariseau, 1982) shows that to close
approximation, gravity forces that an overburden block exerts on a pillar before excavation
are the same as the forces after mining, as was the case for pillars in flat seams. Thus,

Sud = Spdp

6.13
Tod = Ty, (13

T/S urface

¢ « » Overburden

Figure 6.7 Preexcavation pillar normal and shear stresses ( Sp, Ts) and postexcavation pillar stresses
(Sp, Tp) induced by a tributary overburden block above an inclined bed.
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where Sy, Sp, Ts, Tp, 4, and A, are normal stress before mining, average normal stress after
mining, shear stress before mining, average shear stress after mining, tributary area, and
pillar area, respectively. These stresses act on the pillar top and bottom and are therefore
surface tractions. Extraction ratio formulas for pillar stresses are therefore

Sn
1—R

T
T,

PT1_R

Sp =
(6.14)

where R is the extraction ratio. These formulas reduce to the flat seam case when
the dip is zero and shear is not a consideration. The premining stresses (Sy,7s) rel-
ative to seam coordinates (s,n) may be obtained from stresses in compass coordinates
(x = east, y = north, z = up) by rotation of the reference axes and the usual equations of
transformation.

Because Sp and 7}, are average stresses acting over a finite area 4, they do not follow the
usual equations of transformation of stress under a rotation of reference axes. The reason is
there are no companion shear stresses on the sides of the pillar. Force and moment equilibrium
may be satisfied, although the normal stresses are offset, as shown in Figure 6.8(a). If the
offset of the normal stress is x, then clearly x < #,/2. Moment equilibrium then requires
the pillar width to height ratio satisfy

HP
25px =21, =" (6.15)

Thus, when an offset of normal stress is required for moment equilibrium, the pillar width to
height ratio must satisfy the inequality
W, Tp

— < = 6.16
Hy =5, (6.16)
Otherwise, the pillar may overturn and fail by toppling. Of course, if there is no shear load,
then no offset is required and toppling is not a concern. An alternative and more conservative
toppling analysis that is based on the same resultant normal force but from an assumed
triangular distribution of stress, as illustrated in Figure 6.8(b), shows the offset may be no
more than one-sixth of the pillar width. If the pillar were considered to be a “tower,” then
according to this analysis, the resultant force must pass through the middle third of the
tower base.

A force analysis shows that the average normal and shear stresses, o and 7, on an inclined
surface within a pillar in a dipping seam shown in Figure 6.8(c) are given by

Sy Ty .
o= ?[1 + cos(Qa)] — 5 sin(2a)
(6.17)
Sp . Tp
T= > sin(2a) + 7[1 + cos(ar)]

where « is the angle between the direction of S, and the normal to the inclined surface being
considered. These appear similar to the usual equations of transformation of stress under a
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Mohr's unconventional
stress circle

Figure 6.8 (a) Offset normal stresses for moment equilibrium; (b) triangular normal stress distribution;
limits offsets to middle-third of pillar width (c) free body diagram for o, T on an inclined
surface, and (d) unconventional Mohr’s circle for stress.

rotation of axes, but differ in the one-half factor multiplying the shear stress term. Again,
this result is a consequence of the absence of companion shear forces on the pillar sides and

the fact that the pillar stresses are averages acting over surfaces of a body of finite size, not
stresses at a point.

The average normal stress has stationary values at rotation angles given by solutions to

~Ty/2

tan(20") = — 5 (6.18)
P
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that may be expressed as

. * B P/z
sina™) =
£[(Sp/2)? + (T;/2)211/2
(6.19)
" Sp/2
cos(Ra™) = 3 3173
+(Sp/2)? + (Tp/2)%1"/
Associated maximum and minimum average normal stresses are:
12
S S5\ (T
S = P -p P
1 > + |:( 2 > + ( 2
(6.20)

3337

Interestingly, the minimum average normal stress is a tension. These are not true principal
stresses but rather are pseudo-principal stresses because they act on planes that are not free
of shear stress. In fact, shear stresses on these planes are

T
T = 713
(6.21)
T
=2
2
Maximum and minimum average shear stresses are
T = 12 4 ((5/20 + (Ty 2712
1—74‘[( p/) +( p/)]
(6.22)
Ty — T N2 4 (T./2)271/2
3—7_[(Sp/ )+ (Tp/2)7]
that occur on planes with normal inclination given by solutions to
S
tan(2e™*) = ?P (6.23)

p

These directions are at right angles to the directions of maximum and minimum normal stress.
Normal stresses on these planes of maximum and minimum shear stress are

S
o] = 72[)
(6.24)
SP
03 = —

2
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An unconventional Mohr’s circle representation

A useful but unconventional Mohr’s circle representation of average normal and shear stress
in a pillar loaded in compression and shear may be obtained by observing that

S, S T,
S=(c-2)=2 cosRa) — . sin(2a)
2 2 2

Tp N Tp
T=\|t——)=—sina)+ — cos(2a)
2 2 2 (6.25)

Sy\2 T,\>
(0 - 7") + (r - 7") = [(Sp/2)* + (Tp/2)*]
S+ 1 =R

The last two equations represent a circle of radius R centered at (Sp/2, 7p,/2) in a normal
stress—shear stress plane shown in Figure 6.8(d). A conventional Mohr’s circle would be
centered on the normal stress axis. As the pillar stresses are increased proportionally, the
radius of the circle R increases; the center of the circle moves outward from the origin in the
normal stress—shear stress plane along a line inclined to the normal stress axis at an angle
where tan(f) = T,,/2/S,/2. Figure 6.9 shows details for two such circles, one below failure

{9
. T=otang+c
B
c Rinax Locus of circle centers
R~ (0,7)
’ (ST)
. |T,/2 [ /
il P
— f— +S| —
—S3
C

—Tt=0tan ¢+c

Figure 6.9 Details of stress circles representing average normal and shear stresses on an
inclined surface.
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and one at failure. The circle at failure just contacts the Mohr—Coulomb failure envelope
(t = o tan(¢) + ¢). The radius of this circle is maximum and has the value

c cos(¢p)
1 — sin(¢ — ﬂ)]

where ¢ and ¢ are cohesion and angle of internal friction, respectively. Prior to reaching this
maximum, a circle radius is simply

R(strength) = [ (6.26)

R(stress) = [(Sp/2)* + (Tp/2)*1'/? (6.27)

which is a maximum shear stress relative to the circle center. A pillar factor of safety with
respect to a Mohr—Coulomb criterion is then

_ R(strength)
P R(stress) (6.28)
Thus,
FS, = {[(2c) cos(¢)]/[1 — sin(¢ — B)1}

[($)? + (12
or (6.29)
ps, = (L= R cs @)1 = sin@ = HI)

[(50)2 +(12]'

in the case of dipping seams. Inspection of the first expression shows that under a relatively
high shear stress, angle 8 may be greater than the angle of internal friction ¢ with a consequent
reduction in strength. Generally, strength decreases with increasing f.

The last expression highlights the role of extraction. These expressions allow for the
additional shear load that appears in dipping seam pillars and the reduction of normal load
relative to the vertical. The last expression shows that if the extraction ratio R = 0, then the
factor of safety applies to just after release of horizontal stress on the pillar walls but before
entry widening. The factor (1 — R) is a strength reduction factor in the numerator of this last
expression or a stress concentration factor in the denominator.

In the flat seam case (7 = 0), the numerator expressing strength is simply the unconfined
compressive strength C,. In the flat seam case, for comparison,

FS, = (1 —R) (%) (6.30)

In the extreme dip case of a vertical seam 7;, = 0 and S, = S},. The pillar safety factor is
then

FS, = (1 —R) (%) (6.31)

where Sy, is the premining horizontal stress.
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When roof spans in stratified ground were considered, a correction for dip was suggested
that involved using only the normal component of specific weight, although the correc-
tion was limited to small dips. A similar approach may be tried for pillars, so instead of
using the vertical premining stress Sy = yH one uses S, = y'H where y’ = y cos(5)
and ¢ is the dip. This approach is obviously in error at a dip of 90°, so a question
arises as to how steep a dip is acceptable before the approximation becomes too inac-
curate. Detailed analysis shows that this simple approximation is surprisingly accurate,
say, within about 10% up to dips of almost 60°. However, there is no pressing need to
use this empirical approach to the problem of computing pillar safety factors in dipping
seams.

Example 6.8 A coal seam 12 ft thick dips 15° degrees south at a depth of 1,200 ft. Entries
are developed on strike due east and are 21 ft wide. Pillars are three times as long as they
are wide and are separated by crosscuts on the dip that are 17 ft wide. Seam material com-
pressive and tensile strengths are estimated to be 2,750 and 350 psi, respectively. Neglect
any size effect that may be present, then determine the maximum extraction ratio possi-
ble. Assume that the horizontal preexcavation stress is one-third the vertical preexcavation
stress.

Solution: A pillar safety factor is the ratio of strength to stress, so estimates of both are
required. The average pillar stresses may be obtained from the extraction ratio formulas

while the preexcavation stresses S, and 75 may be obtained by rotation of axis.

z (up)

n (normal) 8
s (tangential)
0 T,

y (north)

Directions
Sketch for rotation of axes
With reference to the sketch, one has

Sy tSe S-S

S,
" 2 2

c0s(28) — Ty sin(24)

Sy — 8.
To=— (W#) sin(28) + Ty, cos(28)
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where S;; = Sy, the vertical preexcavation stress, and Sy, = S, the horizontal preexcavation
stress. With S = K, Sy, and T, = 0, one obtains

_SvKo+ D S(K— D)

Sn 2 cos(298)
_ (1,200)(21/3 +1) _ (1,200)(21/3 -1 cos(30)

Sh = 1,146 psi

1/3-1Y\ .
Ty = —1,200 — sin(30)

Ts = 200 psi

which are both positive and have the directions shown in the sketch. The average postexca-
vation stresses may now be obtained from the extraction ratio formulas.

A Mohr—Coulomb strength criterion is reasonable, but because average stresses are being
considered, an unconventional Mohr’s circle is needed to estimate pillar strength. Graphi-
cally, when this circle touches the strength envelope, the maximum load combination of S,
and Ty, is reached. Figure 6.9 represents the situation and (6.29) gives the associated safety
factor. Use of (6.29) requires calculation of cohesion and angle of internal friction from
unconfined compressive and tensile strengths for the Mohr—Coulomb criterion. Thus,

. Co—To, 2,750 —350
sin(¢) = = = 0.7742
Co+To 2,750+ 350
¢ =50.7°
GColl —sin(¢)]  (2,750)[1 — 0.7742] .
= = =490 ps1
2 cos(¢) 2(0.6329)
Also required is the angle 8 that may be computed from the definition. Thus,
Tp/2
tan(p) = 22
Sp/2
_ T/2(1-B)
T Sa/2(1-R)
o
=3
t = =0.1745
anB) = 1776
B =9.9°

In (6.29), one has
(1 = R){[(2)(490) cos(50.7)]/[1 — sin(50.7 = 9.9)]}

V(1,146)2 + (200)2

1 (1 — R)(1.5395)

1 — R =10.6495
R(max) = 0.350
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If the seam were flat, then 8 would be zero, and the extraction ratio would be greater,
R =0.576, which shows a considerable effect of the shear load induced by seam dip.

If the seam dip were toward the north instead of south, then the preexcavation shear stress
would change sign. The center of the unconventional Mohr’s circle would then be located
below the normal stress axis in Figure 6.9. In this position, angles may be measured positive
in the clockwise sense to describe the geometry of the circle. The result is the same expression
(6.29) used when the preexcavation shear stress was positive. The maximum extraction ratio
possible would be the same, as one would expect.

Example 6.9 Given the data and results from Example 6.8, determine pillar dimensions.

Solution: By definition

A
1-R="L
A
_ WPLP
 (Wo+ W) (We + Lp)
_ Wy (3Wy)
(Wo + W) (We + 3Wp)
3(Wp)?
Q1+ Wy)(18 + 3W,)

0.6495 =

(1 — 1/0.6495) (W) + 27W, + (21)(6) = 0

W, =543 ft

L, =16209 ft

Hy=12ft
Check:

(54.3)(162.9)

= = 0.6494
(21 4 54.3)(18.0 + 162.9)

which shows the proper solution to the quadratic was correctly chosen.

Example 6.10 Given the data and results from Examples 6.8 and 6.9, assume that a size
effect on pillar strength exists such that pillar compressive strength is given by

WP
Co=C1 (07840222
HP

Further assume that “size” does not affect the angle of internal friction ¢. In this case, only
the cohesion c is influenced by the postulated size effect.
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Solution:  Cohesion c is directly proportional to compressive strength Cp,. If the given
compressive strength is considered to be Cp, then a new compressive strength estimate is

543
Cp = (2,750) (0.78 + o.zzm> = (2,750)(1.776)

and a new cohesion estimate is 1.776 times the original cohesion.
In consideration of the safety factor equation, one has

1 = (¢)(number)(1 — R) and 1 = c(new)(number)[1 — R(new)]

1 — Rnew) = (1 — R) [c(ncew)]

1
1-R =0.6495 —— | = 0.
(new) = 0.6495 <1.776) 0.3657

Pillar width then is the solution to

1
W |l = ————— [ +27W, +126=0
p[ 1—R(new)]+ Pt

The resultis W, = 19.3 ft, considerably less than the original 54.3 ft. However, the change in
pillar size induces a change in pillar strength that again induces a change in extraction ratio.
An iteration procedure suggests itself by repeated substitutions into the strength equation
and then into the safety equation and back to the strength equation until convergence is
obtained. The extraction ratio formulas serve as a check on the final estimate of pillar width
and associated length. An improved estimate that could speed convergence may be to use
the average of the preceding two estimates for the next trial pillar width. In this case a
new W, = (54.3 +19.3)/2 = 36.8 ft. With this estimate, the new cohesion multiplier is
[0.78 +0.22(36.8)/12.0] = 1.455, so the new 1 — R estimate is (0.6495)(1/1.455) = 0.4464.
The new quadratic equation solution for W}, gives an estimate of 25.7 ft. A new average
estimate is (36.8 +25.7)/2 = 31.3 ft that leads to a new cohesion multiplier of 1.353. The new
1 — R = 0.6495(1/1/353) = 0.4800 and the new W, = 28.95 ft. A new average is 30.1 ft
that leads to a W, = 29.8 ft which is close to the last estimate of 28.95 ft. A last estimate of
1 —R=0490and W, =298 ft, L, = 89.4 ft, H, = 12.0 ft .

Check:1 — R = (29.8)(89.4)/(21 + 29.8)(18 + 89.4) = 0.488 which shows the results
accurate to the second decimal place.

Thus, in consideration of a size effect on pillar strength, the extraction ratio may be
increased to 0.510 from 0.350, a substantial benefit, provided size effects are realistic.

Generalized Mohr’s circle

There are other interesting pillar load circumstances that may also be analyzed using average
stresses and an unconventional or generalized Mohr’s circle that contains Mohr’s circle for
stress at a point as a special case. For example, consider a pillar in a dipping seam with
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(b)

>
>

Rsin (¢ = f)

@—\%\ R To=Ts
Ccosp 38 2

5p+55

Figure 6.10 Backfill effect on a pillar: (a) pillar with normal load and side shear from backfill on one
side and (b) unconventional Mohr’s circle.

backfill placed on one side as shown in Figure 6.10(a). Lateral confinement of the pillar
by the fill may be expressed as an average horizontal compressive stress acting against the
fill side of the pillar. Settlement of the backfill loads the same pillar side in shear. Average
normal and shear stresses on an inclined surface in the pillar are

S = [a — (#)] = (@) cos(2a) — (%) sin(2a)
T = |:‘[ - (Tp g TS)] = (@) sin(2a) + (TP er T‘) cos(2a)

where « is the inclination of the considered surface. Again, the shear stress averages are not
paired and equal as they are in case of stress at a point. However, if T, = T, then these

(6.32)
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equations of transformation have the same form as those for stress at a point. Pseudo-principal
stresses, directions and associated shears, principal shears, and so forth may still be computed,
all of which may also be represented graphically by a generalized Mohr’s circle. This circle
has a radius R = [S? + T2]"/2 and center at [(1/2)(Sp + Ss), (1/2)(Tp — To)1. The locus
of circle centers is a line inclined to the normal stress axis at an angle 8 where tan(8) =
[(1/2)(T, — T5)/(1/2)(Sp + Ss)], as shown in Figure 6.10(b).

Transformation of plot plane coordinates from (o, 7) to (¢’, t’) with a shift in origin to the
stress circle center leads to expressions for normal and shear stress

Sr — Sk
o' = Rcos2a’) = <%> cos(2a’)
(6.33)

/ 4

s -
7/ = RsinQ2a) :( 1 > 3)sin(2a/)

where R is the circle radius as before, 2’ is the angle from the o’ - axis to the point on the circle
with coordinates (o7, t"), and S{ and Sg are maximum and minimum normal stresses in the
shifted and rotated coordinate plane (the “prime” plane). In this plane, they are true principal

stresses. Inspection of Figure 6.10b shows that S| = +R, S; = —R and the mean normal
stress (1/2)(S] + 8%) = 0 which explains why this term is missing from these equations of
transformation of stress. The principal shears are 7] = 4R, Tj = —R; planes of the principal

shears bisect the directions of major and minor (maximum and minimum) principal stresses.
These shear planes are free of normal stress because the mean normal stress is zero in the
prime plane. In fact, the 1- and 3-directions are parallel to the prime axes.

The Mohr—Coulomb failure criterion in the prime plane is simply t’ = o’tan(¢’) + ¢’
where ¢’ = ¢ — B and ¢’ is given by

o= (c) cos(¢)
cos(¢p — B)

where 2R = [(Sp + So)? + (Tp — T)?11/2, that is, R, is the slope distance to the circle center
that touches the Mohr—Coulomb failure envelope. Inclinations of potential failure surfaces
in the prime plane are at angles of £(r /4 — ¢’/2) to the direction of the major (maximum)
principal stress.

A factor of safety with respect to a Mohr—Coulomb criterion in the prime plane has the
same representation as in a conventional plot. Thus,

+ R.tan(¢ — B) (6.34)

S = rr’n,(strength) _ oy, sin(¢’) + ¢’ cos(¢’) _ R(strength) 635)
7/, (stress) T R(stress)

In the prime system, the mean normal stress is zero, so only the cohesive term adds to the
numerator.

Backfill effects on pillar safety factors
The pillar safety factor in this case of additional loading by backfill is

“strength”  R(strength)  [2R.sin(¢ — B) + (2¢) cos(¢)]

FS = = =
“stress” R(stress) [(Sp — Ss)? + (T, — Ts)?11/?

(6.36)
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where 2R = [(Sp + So)2+ (Tp— T)?1'/% and is twice the slope distance from origin to circle
center. This safety factor formula reduces to the previous case of a pillar in a dipping seam
in the absence of backfill (Ss = 75 = 0). Examination of this expression shows prefill shear
loading decreases strength by increasing 8 and further decreases safety by increasing stress.
Postfill shear loading has the opposite effect as can be seen by the opposite algebraic sign.
Postfill “confining pressure” Ss decreases “stress” while increasing “strength” even though
application is to only one side of the considered pillar.

In practice, fill may be placed sequentially along the other pillar sides as mining and
filling proceed. In each case, an equilibrium analysis beginning with a free body diagram and
proceeding through force and moment summations is possible. Usually, offsets of normal
forces needed for moment equilibrium can only be bounded by pillar geometry and the fact
that forces must act within pillar dimensions for equilibrium. However, safety factor analysis
can still proceed using unconventional Mohr’s circles as these analyses show.

While extraction ratio formulas lead to values for S, and 7}, estimates of S5 and 7 remain.
One approach is to use the famous Janssen formulas (Janssen, 1986, chapter 8) that were
originally derived within a context of bulk materials stored in silos. Concern for estimates of
stresses transmitted to silo walls by bulk materials within lead to the Janssen formulas that are
also used to estimate stresses between caving ground in vertical chimneys and surrounding
rock walls. The Janssen formulas are

Sy = (é) [1 — exp(—C12)]

Ss = KSy (6.37)
Ts = puSs

kP
C, = HkP

4

where Sy, Ss, Ts, k, u, P, A, v, and z are vertical fill stress, horizontal fill stress at the pillar
wall, shear stress at the pillar wall, a material constant, coefficient of friction between fill
and pillar rock, perimeter of the fill column, cross-sectional area of the fill column, fill
specific weight, and depth below the fill top. The top of the fill is assumed to be stress-free.
When the fill top is not stress-free or if the column is inclined, adjustments can be computed.
Adjustments for water or other fluid saturation can also be made.

Example 6.11 A lane and pillar excavation plan is executed in a flay-lying, thick, strong
limestone formation. Depth is 500 ft, lanes are 28 ft wide, pillars are 135 ft high, unconfined
compressive strength is 15,000 psi, and the ratio of unconfined compressive to tensile strength
is 15. No size effect is present. If a safety factor of 6.0 is required, determine pillar width and
then estimate the improvement in the pillar safety factor by sand fill placed along one side
of the pillars. Fill properties are: y = 100 pcf,u = 1,and k = 1/3.

Solution: Geometry of excavation is shown in the sketch. By definition
Co  Co1—R)
S, Sy
0= (15,000)(1 — R)
- 500

FS, =
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1-R=02
R=0.8

where an estimate of the preexcavation vertical stress of 1 psi per foot of depth is used.

Ground surface

H
WP Wo i SP

(a) Before fill (b) Pillar stresses after fill
on one side

The extraction ratio formula for this essentially two-dimensional geometry gives

Wo
l1-R=—"—
Wo + W,

W,
02=—P
28+ Wy

W, =101t

The pillars are indeed tall relative to pillar width and would likely fail catastrophically. For
this reason a rather high safety factor is needed despite high strength and shallow depth.
Pillar stress is

00 .
Sp = =07 = 2,500 psi

No horizontal and no shear stress are present because of the horizontal attitude of the lime-
stone unit.

However, after placement of the sand fill, horizontal and shear stresses appear at the fill-
pillar contact as shown in the sketch. These are average stresses that may be computed from
distributions given by application of Janssen-type formulas obtained by adaptation of the
three-dimensional formulas to this two-dimensional geometry. The adaptation consists of
observing that the area A is now taken to be entry width times one foot along the entry, while
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the perimeter P is simply 2, one for each foot of lateral area on a side. Thus,
yW, 1 2uk
oy = —exp|— z
201k P\,
((100)(28)) [ ( 2(HA/3) )]
l—exp| —————2
2(D(1/3) (28)
ov(z = Hy) = 4,031 psf(28.0 psi)

oz = Hy) = ko, = 1,344 psf (9.33 psi)
T(z = Hp) = poy = 1,344 pst (9.33 psi)

which are maximum values that occur at the bottom of the fill.
Average values may be obtained by integration. Thus,

= () = ) [, G ) oo (5]
T=[(— ovdz = | — l—exp|— z)|dz
Hp H, Hp H, Z/Lk Wo
~(i) () = ) oo (5 [
“\u, ) 2wk ) 177 2k )P\ 7w, 7)) ] o
((1)(1/3))[ (100)(28) }

135 (2)(1)(1/3)
[1

35 ( )exp (_2(10)(1/3) 135) B ( 28 ):|
2(HA/3) 28 2(HA/3)

982 pst' (6.82 psi)

A check may be obtained from vertical force equilibrium. Thus,

W = F(bottom) + F(side) = ov(z = H})A(bottom) + 27 A(side)
W = (100)(135)(28)(1)

F(bottom) = (4,031)(28)(1)

2T A(side) = 27(135)(1) = 2.651(10)° Ibf

T = 982 psf

which checks.
The average horizontal stress is then

&h = (1/)(F) = 982 psf (6.82 psi)

If there were fill on both sides of the pillar, then this stress could be considered a confining
pressure. Under a Mohr—Coulomb strength criterion, the effect would be to increase the
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compressive strength according to
C
Co=GCo+ Top = 15,000 + 15(6.82) = 15,102 psi
o

which would result in a slight increase in the pillar safety factor (FS, = 6.04). An even
smaller increase is anticipated for fill placed on only one side of the pillar. However, there is
an additional effect of shear stress that should be taken into account.

One may use the generalized Mohr’s circle development for considering the effect of fill
on only one side of the pillar after determining the horizontal shear stress induced by the fill
side stresses. An equilibrium sketch showing the average stresses is helpful.

Sketch for stress equilibrium.

The stress system in the sketch allows for satisfaction of force and moment equilibrium.
For example, the normal stress at the bottom of the pillar will be slightly greater than at the
top because of the vertical shear on the fill side of the pillar. Thus,

> Fy = 0= Spdp + Tods — Spd,
0= (144)[(2,500)(7)(1) + (6.82)(135)(1) — Sy (7)(1)]

S} = 2,632 psi

which is only sightly greater than the initial 2,500 psi. The effect is to reduce the original
safety factor from 6.0 to 5.7 in the vicinity of the pillar bottom without any consideration of
other stress effects induced by the fill such as strength increase with confinement and shear
loading at the base of the pillar.

The horizontal shear force on the pillar bottom is equilibrated by the horizontal normal fill
side wall force. Thus,

ZFh =0=_584s— TI;Ap = (144)[(6.82)(135)(1) — TI;(7)(1)]

, .
T, = 132psi

Moment equilibrium results in shifting of normal force points of application.
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The pillar safety factor with fill is given by (6.36) that may be brought into the form

_ @) cos(@)/11 — sin(¢p — B) sin(m)/ sin(A) 1}

FS
JS =802+ (1, — 12

which reduces to (6.29) in the absence of pillar side wall stresses. Here
(Tp — T5)/2 (132 -6.82)
(Sp+S9/2 (2,632 + 6.82)
(T, —T)/2  (132-6.82)
(Sp—S5)/2 (2,632 —6.82)

tan(B) = =0.04744, B =2.72°

tan(n) = =0.04768, n=2.73°

These angles are very nearly equal with a ratio of sines of 1.004. The numerator has the value
given by

_ (2)(1,936) cos(61.05)
T 1 —sin(61.05 — 2.72)(1.004)

= 12,880 psi

while the denominator is

D =+/(2,632 — 6.82)2 + (132 — 6.82)2 = 2,628 psi

Hence, FS = 12,880/2, 628 = 4.90 and the one-sided fill is seen to decrease the pillar safety
factor. The reason for the decrease is in the additional loading.

Introduction of the extraction ratio R leads to a relationship between the pillar safety FS
and R, a quadratic in (1 — R). Thus,

(L ? b<L> =0
¢ 17R) To\TR) T
a=1[(S)*+ (T

b = [(2)(SuSs + TnTy)]

— N ? 2 2
c“[(m) — () = (Ty) }

which may be used when both the pillar safety factor and extraction ratio are not specified.

Example 6.12 Consider the data and results in Example 6.11, then estimate the pillar factor
of safety when fill is placed on both sides of the pillar.

Solution: In this case the horizontal shear at the pillar bottom vanishes because of the
symmetry of loading. At the same time, the vertical compression in the pillar increases twice
the previous amount because of doubling of the vertical shear on the pillar walls caused by
settlement of the fill. If one considers the pillar base where compression is greatest, but also
where confinement is greatest, then pillar strength at the pillar wall is estimated from

C
Cp=Co+ ?OSS = 15,000 + (15)(6.82) = 15,102 psi
o
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while one-half of the pillar stress is 2,500 + 2(135) = 2,770 psi. The safety factor at the
bottom of the pillar is then 5.46; at the top, the safety factor is 6.04, and on average the pillar
safety factor is 5.75, which may be compared with the one-sided fill case safety factor of
4.90 and the no-fill case of 6.0. Evidently in these examples the additional loading of the
pillar by the fill exceeds the benefit of fill confinement.

If the pillar were to yield and crush, a large lateral expansion would impend with a con-
sequent large increase in confinement caused by horizontal compression of the fill. The fill
reaction would then mitigate against catastrophic failure and allow for a controlled yielding
even as the pillar safety factor was reduced to one with the onset of failure. Such action in
the post-elastic range would be a significant benefit of the fill.

6.3 Pillars with joints

Geological discontinuities such as faults, bedding plane contacts, fractures — “joints” for
brevity — that transect pillars may fail even though the pillar proper does not. Joint failure
mechanisms as well as strength failure of a pillar therefore need to be examined for pillar
design. An appropriate safety factor for joints is

i (st th
FS; = 7 (strength) (6.38)
‘q(stress)‘

where shear stress and shear strength relate to the joint. A Mohr—Coulomb criterion for joint
strength is reasonable, so shear strength is given by

7j = oj tan(¢y) + ¢j

where the subscript j refers to the joint. Joint properties are considered known, but stress
analysis is necessary to determine the normal stress acting across the joint and the shear
stress acting along the joint.

Flat seam pillars with joints

A simple force equilibrium analysis suffices for the determination of joint stresses that, in
fact, are average stresses. With reference to Figure 6.11, equilibrium in the flat seam case
requires

0jdj = SpAp cos(a) 6.39)
7jdj = —SpAp sin(a)

where the stresses are indeed averages over the respective areas acted upon. In view of the
relationships 4, = 4 cos(a),
1 + cos(ux
oj =S8p cosz(oz) =5 <¥>

2
(6.40)

. S\ .
7j = —Sp sin(a) cos(a) = — (7) sin(2a)
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Figure 6.11 Pillar in a flat seam with a joint.

where the negative sign on the shear stress relates to the directions shown in Figure 6.11. The
absolute value is used in the safety factor calculation.

A variation on the question of pillar safety when a joint is present is a question concerning
dangerous joint dips. Is there a range of joint dips that are safe? If slip is impending, then

N S,
Tj(stress) = (?p) sin(2at) > Tj(strength) = (71)) [1+ cosQa)] tan(ej) +¢; (6.41)
where absolute shear stress value is used. After rearrangement, this criterion is
5o\ o 5o\ o
> sino — ¢5) > > sin(¢y) + (¢;) cos(¢j) (6.42)

A graphical interpretation of this criterion is shown in Figure 6.12 that contains Mohr—
Coulomb failure criteria for pillar and joint and the Mohr circle that represents the stress state
in the pillar. Figure 6.12 shows that in the range (o, o) joint slip is possible. This range
increases with pillar stress and is maximum when the pillar stress equals pillar unconfined
compressive strength, as shown in Figure 6.12 where the Mohr circle just touches the pillar
strength line. Formal solution requires finding the inverse sine of the function containing
« in the slip condition. There are actually four solutions because there is symmetry to the
problem. This symmetry is graphically represented in the lower half of Mohr’s circle where
shear stresses and (strengths) are negative. Physically, there is symmetry of dangerous and
safe dips about the vertical load axis. Near vertical and near horizontal joints will be safe as
one would intuitively suppose.

Example 6.13 A room and pillar excavation plan is executed in a flay-lying, thick, strong
limestone formation. Depth is 500 ft, entries and crosscuts are 28 ft wide, pillars are 135 ft
high, unconfined compressive strength is 15,000 psi, and the ratio of unconfined compressive
to tensile strength is 15. No size effect is present. However, a joint transects the pillar at a dip
of 55°. Joint friction angle is 32°. Determine the pillar safety factor without a joint when the
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T Shear stress
¢ (rock)
¢; (joint)
\ D A
~ B
c G p=22-¢
G N 200
05,2 v
Normal
stress

OG =(S,/2) sin(¢)
GF =, cos(¢)
OE =(S,/2) sin(20.— ¢;)

Figure 6.12 Mobhr circle geometry for Mohr—Coulomb joint and pillar failure.

extraction ratio is 0.80. Also determine the joint cohesion required for a pillar safety factor
with respect to joint slip of 1.5 at the same extraction ratio.

Solution: By definition,

Fs= &
SP
_ GC(1-R)
=5
_(15,000)(1 — 0.8)
B 500
FS = 6.0

which agrees with Example 6.11. The pillar safety factor without a joint is 6.0.
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The pillar stress may be obtained from the extraction ratio formula, so after assuming a
Mohr—Coulomb joint strength criterion expressed in terms of joint forces, one has

_ Njtan(¢y) + ¢j4;
Ti

SyAp cos(8) tan(¢) /(1 — R) + ¢j4;
- Sydy sin(8)/(1 — R)
_an(@y) (1 — R)/4,

tan(§) Sy sin(§)

tan(32)  (0.2)[1/cos(55)]1(cj)
~ tan(55) 500 sin(55)

FS;

¢j =1,248psi

Here, an estimate of the preexcavation vertical stress of 1 psi/ft is used. This analysis shows
the separate contributions of joint friction and cohesion to the joint safety factor and how
the extraction ratio enters the safety factor calculation. Without cohesion joint slip impends
whenever joint dip exceeds the friction angle. In this case, the required joint cohesion is
substantial.

Example 6.14 A room and pillar excavation plan is executed in a flay-lying, thick, strong
limestone formation. Depth is 500 ft, entries and crosscuts are 28 ft wide, pillars are 135 ft
high, unconfined compressive strength is 15,000 psi, and the ratio of unconfined compressive
to tensile strength is 15. No size effect is present. Joint friction angle is 32° and joint cohesion
is 97.5 psi. Determine the range of joint dips that may be possible when the extraction ratio
is 25%.

Solution: The joint safety factor formula in terms of stresses is

st _ 0j tan(¢j) + Cj
T
_ (Sp/2)[1 + cos(28)](tan(¢y) + ¢j)
B (Sp/2) sin(28)
(Sy/2)[1 + cos(28)](tan(¢)) + ¢j(1 — R))
FS; = - <1
(Sy/2) sin(28)

where the inequality defines a range of joint dips that slip. After rearrangement of the
inequality, one has

2¢i(1 — R) cos(¢y)
Sy

2(97.5)(1 — 0.25) cos(32)

500

sin(28 — ¢;) > sin(¢)) +

> sin(32) +
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sin(28 — ¢)) > 0.7797
(28 —¢j) > 51.075 and (28 — ¢;) < 180 — 51.075

41.5° < § < 80.5°

Joint dips in this range with the specified cohesion would slip and thus threaten pillar stability
at the given extraction ratio.

Dipping seam pillars with joints

Pillars in dipping seams that contain joints may also be analyzed through force equilibrium
requirements. With reference to Figure 6.13 that shows two cases, one with seam and joint
dipping in opposite directions, the other with seam and joint dipping in the same direction,

compression +)

y n
9; Joint
< 7
p /S
b X9,

_’—/7

Joint

(b)

M

Figure 6.13 Pillars with a joint in dipping seams (seam and joints shown with same strike direction).
() Pillar in a dipping seam and (b) dipping pillars with a joint.



Pillars in stratified ground 311

equilibrium in the first case (opposite dips) requires

oj = (%) [1+ cosRa)] — (%) sin(2a)

(6.43)
Sp\ . Tp
T = (—) sin(2a) + (—) [1+ cosRa)]
2 2
and in the second case
Sy T\ .
oj = > [1+ cosRa)] + 5 sin(2a)
(6.44)

S Ty
T = (—?> sinRa) + <7> [1+ cosRa)]

These expressions are not the equations of transformation of stress under a rotation of refer-
ence axis and do not have a Mohr’s circle representation. They are formulas for average
stresses. Alternatives are certainly possible, depending on the equilibrium diagram. In
any case, a consistent sign convention is essential. Once the normal and shear stresses
acting on a joint are obtained, a safety factor calculation is possible that is, again, the
ratio of shear strength to shear stress. Assumption of Mohr—Coulomb failure criteria is
reasonable, but other failure criteria may be used. The analysis of stress (averages) is the
same.

A local analysis of joint slip in terms of stress and strength at a point is certainly feasible. In
this case, the usual Mohr’s circle representation is available. Figure 6.14 shows a Mohr’s circle
representing a state of stress characterized by principal stresses ( o1, 03) with compression
positive. Also shown are Mohr—Coulomb strength criteria for joint and host rock which is
considered stronger than the joint. Joint failure impends if

T SIn2at — @) > om sin(@y) + (¢j) cos(¢y) (6.45)

where the term on the left is joint shear stress and the term on the right is joint shear strength.
The range of joint dips related to the angle o for which slip impends under the given stress

T Shear stress

igd)r Rock
¢; Joint
A E
B
C—
C_, 2
m 20,
ﬂ a3 —ﬂom *ﬂ gy 4

Normal
stress

Figure 6.14 Joint slip analysis at a point.
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state is (s, @p), as shown in Figure 6.14. If « is outside this range slip does not impend.
Again there is symmetry about the direction of the major principal stress o and a second
pair of angles that also bound a range of dips for which slip impends.

Example 6.15 A room and pillar operation is planned at a depth of 964 ft in a seam dipping
13°. An extraction percentage of 50% is anticipated. The ratio of preexcavation horizontal
to vertical stress is estimated to be one-fourth. A joint set is present that dips 60° in the same
direction as the seam. Rock and joint properties are given in the table. Determine if there is
a threat to pillar stability.

Property material ~ Cohesion (psi) ~ Friction angle (°)

Rock 2,300 35.0
Joint 23.0 25.0

Solution: A threat to pillar stability exists if either the pillar safety factor or joint safety
factor is less than one. Pillar strength and joint properties are given, while pillar stress may be
determined from extraction ratio formulas. Joint stresses may be determined from equilibrium
requirements. With reference to the sketch, the preexcavation normal and shear stresses are

(a) Seam and joint dips,
axes orientation, angles (b) Pillar and

joint stresses

CS+S S-S,

s, > — cos(2a) + Ty sin(2ar)

_ SV(K; +D S5®&—D o 26) + 0)sin(26)

_ 964(1/24+ n %4(1/24 =D 0526) + (0) sin(26)
Sp = 927 psi

Se =S\ .
Ty = — 2 sin(2a) + Ty cos(2a)

1/4 —
2

= —(964) (

Ty = 158 psi

1y .
) sin(26)
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The pillar stresses are

S 927
Sp=——= = 1,854 psi
1-R ™~ 1-1/2
T, 158
Ty=— = 316psi

1—R _1-1/2
The pillar factor of safety is given by

[2c) cos(9)]/[1 —sin(¢ — B)]

FS, =
()2 + (Tp)?
[()(2,300) cos(35)]/[1 — sin(35 — 9.7)]
B (1,854)2 + (316)2
FS, = 3.50

Thus, the pillar safety factor indicates no threat of failure.
The joint stresses are

oj = <%) {1 4+ cos[2(6 — )]} — <%> sin[2(8 — «)]

= (1’§54> [1+ cos(94)] — (?) sin(94)

oj = 705 psi

T,
7= (%) sin[2(8 — )] + (71’) {14 cos[2(8 — )]}

= (1’254) sin(94) + (?) [1+ cos(94)]

7y =1,072psi

and so the joint safety factor is

oj tan(¢) + ¢j
T
_ (705) tan(25) +23.0
1,072
FS; =0.328

FS; =

Thus, joint failure poses a threat to pillar stability in this excavation plan.

Example 6.16 Given the data and results from Example 6.15, determine the range of joint
dips that would slip were the excavation plan realized.
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Solution: The range of dips is governed by the range of joint safety factors that exceed one.
with reference to the sketch that illustrates various angles, joint dips may be extracted from
the angles as and ap. In this example o = §j — Js that is the difference between joint and
seam dip.

Points on the stress circle above the joint failure line are in the range of joint dips that slip.
Thus, if

Rsin(#) > ccos(¢j) + Resin(¢j — B)

slip is possible. Here R and R, are the stress circle radius and the slope distance to the circle
center measured along the line that has slope tan(8). The center of the circle is located at
(Sp/2, Tp/2) and from Equations (6.43) and (6.44),

R=R.= vV (Sp/2)2 + (Tp/z)2

= \/(1, 854/2)2 4 (316/2)?
R =R, =940 psi

After solving for sin(9)

Sin(0) = sin(gy — B) + L2 C(’;(‘pj)
—sin(25—9.7) + %

sin(6) = 0.2861

0 =16.6°

From the geometry of the stress circle & = 2aa —(¢j—B), s02a = 16.6 + (25-9.7) = 31.9°.
But ap = 8; — &, 50 § = aa + 85 = 31.9/2 + 13.0 = 29.0°. Joints with a lesser dip will
not slip. A similar analysis leads to ag = 57.4° and a §; = 70.4°. Hence the range of joint
dips that will slip is 29.0° < §; < 70.4°.
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6.4 Pillars in several seams

Multiseam mining involves simultaneous or sequential excavation in two or more seams.
Large sedimentary basins typically contain a repeating stratigraphic sequence (e.g. sandstone,
coal, shale sandstone, coal, etc., or limestone, shale, coal, limestone, etc.). Consequently,
these basins may contain a number of horizons suitable for mining. Distance between horizons
may range from hundreds of feet to nil when two seams merge in the stratigraphic column.
Although interaction between seams may be insignificant at first when extraction is small,
that is, when dimensions of the area mined are less than the distance between seams, as
mining progresses some interaction is likely. In the Eastern US soft (bituminous) coal region,
seam depths range above and below 900 ft, which is comparable with topographic relief in
the region. Lateral dimensions of extraction range to thousands of feet, so seam interaction
and surface subsidence are inevitable. In the Western US, depths and topographic relief
are greater, but with extraction dimensions in excess of 10,000 ft, subsidence and seam
interactions are again inevitable. Multilevel mining of bedded salt, potash, and trona also
pose questions of how seam interaction may affect safe roof span calculations and pillar
safety factors.

Conventional wisdom provides qualitative guidance for entries and pillars in multi-
seam mining and simply states that one should: “columnize the mains and stagger the
chains.” Parametric study of a large number of combinations of entry widths, pillar
widths, seam thicknesses, mining dimensions, and importantly, seam separation, cou-
pled with simple stratigraphy supports this guidance (Pariseau, 1983, contains a short
bibliography on multiseam mining).

Columnized main entry pillars

Main entries provide the principal avenues of ingress and egress from soft rock mines and
often serve for the life of a mine. Stability of main entries and pillars between is thus essential
to mine safety. Examination of conventional wisdom is therefore in order. Figure 6.15 shows
main entries in a vertical section through two seams. Entry width Wo is typically 20 ft. Pillar
width W}, is larger and may be as much as five times entry width. Mining height H, (also
entry or opening height H,) may be more or less than 10 ft. The pillars are generally short
because W}, > H,. In Figure 6.15(a), entries and pillars are shown during development when
extraction is typically less than 50%. In Figure 6.15(b), a mining “panel” is shown between
pillars. The panel may be formed by removing pillars (room and pillar mining) or by the
longwall mining method.

Figure 6.16(a) shows a three-seam mining configuration; Figures 6.16(b) and (c)
show entries columnized and staggered, respectively. In the columnized case, pillars
between entries have the same dimensions and experience about the same average stress,
Sy = Sv(Wo + Wp)/ W)y, when seam separation is small compared with seam depth. Thus,
there is no great difference in pillar safety factors compared with single seam tributary pillar
analysis. However, the entries in Figure 6.16(b) shadow one from the other between seams
and thus experience a reduction in stress concentration. From another viewpoint, these entries
have a row axis (vertical) that is favorable because it is parallel to the direction of major prem-
ining compression (vertical). With respect to stress concentration, “columnizing the mains”
is advantageous, although, if bed separation occurs in the immediate roof, then there is a
lessened advantage.



316 Pillars in stratified ground

@ Were— W, —> Wo<W, \

<20 60' | | 60’ <20
'TZ' i g

7

NN

(b) W,>W,
< 150> 640 < 150>

Ny
X
¥
-
RS
i
le— o—

I

S

Figure 6.15 Multi-seam room—pillar geometry: (a) rooms and pillars on development; (b) mined
section and pillars.

In the staggered case, the lower entries are offset beneath pillars between the entries above.
These lower entries may undermine the pillars between the entries above. In the extreme,
when seam separation is zero, pillar width #, would be reduced by entry width W, to
Wy = W, — W,. The average pillar stress S, would increase in this two-dimensional view
to Sy’ = Sy(Wo + Wp) /W' from S, = Sy(Wo + wp)/Wp. The ratio Sy’ /S, = Wy /W, =
1/(1 = Wo/Wy). If W, were a 20 ft and W}, were 60 ft, then pillar stress would increase by a
substantial 50%. This is an extreme example of possible interaction.

Details of stress distribution about entry roofs, floors, and walls, which are also pillar walls,
are shown in Figure 6.17 for an entry in the top seam in a two-seam mining configuration
with columnized entries. The distribution of stress about the bottom seam entries is similar.
Examination of hundreds of such results shows that (1) peak tension always occurs at the
center of roof and floor; (2) peak compression in roof and floor is always less than the peak
compression in the pillar, and (3) tension is absent in the pillar rib when the premining stress
is from gravity alone and the long axis of the opening is normal to the gravity axis. These
results are for development mining when extraction is less than 50% and entry width is greater
than entry height. These are the usual conditions in soft rock mines.

Two-seam analysis results are summarized in highly condensed form in Figures 6.18(a)
and (b) for top and bottom entries when columnized, and in Figures 6.19(a) and (b) when
entries are staggered. These figures show stress concentrations in roof, pillar, and floor (KR,
KP, and KF) as functions of seam separation with extraction as a parameter. In all cases,
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Figure 6.16 (a) Three-seam geometry, (b) three-seam mesh region — columnized case, and
(c) three-seam mesh region — staggered case.

there is little interaction until seam separation (innerburden) is reduced to less than 40 ft,
which is two times entry width (20 ft). In the columnized case (Figure 6.18), the interaction
is favorable with reduction in top seam entry floor stress concentration and bottom seam
roof stress concentration (shadow effect). These results are almost symmetric and would
be except for a small increase of gravity loading from top to bottom seams. By contrast,
in the staggered case (Figure 6.19), the same stress concentrations remain almost constant
as seam separation decreases below 40 ft or two times entry width. However, pillar stress
concentration, top seam floor stress concentration and bottom seam roof stress concentration
increase considerably as innerburden is decreased below 40 ft.

When seams are widely separated, interaction is negligible. Widely separated entry width
may be taken to be Wo after invoking the one-diameter rule of thumb for reducing interaction
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Figure 6.17 Detail plot example. Top seam, two-seam case.
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Figure 6.18 Two-seam roof, pillar, and floor stress concentration factors: (a) top seam, columnized
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between adjacent entries to an acceptable level, that is, to the point when stress concentrations
are no more than 10% of those experienced by a single, isolated entry. Because of the impor-
tance of main entry stability, more than one-diameter or entry width may be invoked. Indeed,
one might suppose that pillar width Wp should be used, not only to isolate entries, but to
reduce the effect of pillar undermining by staggered entries. In the example, seams separated
by more than 60 ft experience negligible interaction even when entries are staggered. Of
course, the better practice would be to take care to “columnize the mains.” In both cases,
the data indicate that interaction is negligible when seam separation is greater than two
times entry width. In view of the limited amount of data from just one parametric study,
a more conservative approach may be advisable and that would allow for uncertainties in
stratigraphy. As a rule of thumb to decide whether seam interactions are negligible is to
use the greater of two times entry width or pillar width in comparison with actual seam
separation.

Staggered chain entry pillars

Chain entries and pillars may be considered temporary because of a relatively short life
that ranges from months to perhaps a year or so. They provide access to the area where
mining occurs, that is, to “panels” that eventually become large tabular excavations with
complete removal of the coal, potash, trona, or other commodity of interest. Chain entries
and pillars are also known as panel entries and pillars. These tabular excavations are of the
order of hundreds of feet wide and thousands of feet long. Caving of overlying strata into
panels naturally occurs as mining progresses. Figure 6.20 shows a vertical section through
mining panels, chain entries, and chain pillars in two seams. In Figure 6.20, the chain pillars
are staggered by placement of the lower chain pillars beneath the center of the panel above.
Conventional wisdom states that the staggered chain pillar configuration is preferable because
the overlying panel shadows the chain pillars and entries below and thus reduces chain pillar
stress and stress concentration about the entries. The argument is plausible at first glance,
but in consideration of caving action that allows the overburden weight to bear on the strata
below after mining, any advantage to staggering the chains would be transitory. Published
parametric study of chain pillar location and interactions in multiseam mining operations
appears to be lacking. In any event, mining the top seam first is preferable. Otherwise,
mining is likely to be through caved ground.

\ Io

lH p=Ho | |
i
i
i

Figure 6.20 Two-seam layout with a double entry system and staggered chain pillars.
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Entries adjacent to a previous mined panel in the same seam are lost and chain pillars are
crushed as mining progresses past each in turn (“tailgate” entries and pillars). Temporary
additional support in tailgate entries is often required in the form of cribs of various types.
Entries and pillars adjacent to the next panel scheduled for mining (“headgate” entries and
pillars) experience large increases in stress with approach of mining and may also require
additional support beyond that installed during development. Panels usually end near main
or sub-main entries. Protection of these semipermanent entries requires consideration of a
new type class of pillars — barrier pillars.

Example 6.17 A two-level room and pillar operation is conducted in hardrock at a depth of
550 m. Unconfined compressive strength of the rock mass is 85.0 MPa. The area extraction
ratio is 0.64. Geometry of excavation is shown in the sketch. Height and width of open-
ings are the same on each level as are crosscut widths, pillar widths, and pillar lengths. A
plan is proposed to remove pillars and sill between levels as shown in the sketch. Deter-
mine if the plan is feasible with respect to pillar safety. Ignore any size effect on pillar
strength. Crosscut width is equal to opening width and pillar length is three times pillar

width.
(-
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Sketch of excavation and pillar removal geometry
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Solution: There is no size effect, so the pillar safety factor before pillar extraction is simply

FS = Co _ Co(1—R)
PTs, S
_ (85)(10)°(1 — 0.64)
T (25)(103)(550)
FS, = 2.23

where an estimate of the preexcavation vertical stress is 25 kPa per meter of depth. The safety
factor after pillar removal is given by the same formula, so that

’ / ( FSP ) /
FS, = (1—R)) = (1 —R)(6.194)

1—R
But also
1—R= WP LP
(Wo + Wy)(We + Lp)
_ 3Wp Wy
T (Wo + W) (Wo + 3Wy)
3
0.36 =
(Wo/ Wy + D)(Wo /Wy +3)
/4
—2 =1.055
Wp

This ratio may be used in computing the new extraction ratio. Thus,

1 _R/ — 3WPWP
QWo + W) (W + 3W))
_ 3
QWo /Wy + D) (Wo /Wy 4+ 3)
_ 3
" [(2)(1.055) + 1](1.055 + 3)
1 —R =0.2379

The safety factor of pillars remaining after removal of other pillars is then
FS,’" = (0.2379)(6.182) = 1.47

which is a substantial reduction in pillar safety factor but indicates the remaining pillars
would be stable. The result depends only on the ratio of dimensions that characterize change
and is therefore independent of the actual excavation dimensions.
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Example 6.18 Consider the data and results in Example 6.17 but suppose the pillars are
square. Derive a formula for the number of pillars that can be extracted without threatening
the remaining pillars.

Solution: The remaining pillars must have a safety factor no less than one. Hence,

FS' = (1 - R (%) > 1

(1-R)> (1-R)/FS=(0.36)/(2.23) = 0.1614

But also

(Wy)?

L R e+ = DWW + 7y

that may be solved for n provided the ratio of opening to pillar width is known. Here 7 is
the number of openings that are incorporated into the new opening that results from sill and
pillar removal. There are n — 1 original pillars removed. The required ratio may be computed
as in Example 6.17 with the result W, /W, = r = 2/3. Thus,

nz[(l—lR’>(1-ll—r)+l](1-li—r)
| Ge) (535) 1) (53)

n=2.83

and the final value of the integer # is 2. Two original openings and one pillar may be removed
safely.

6.5 Barrier pillars

An example identification of barrier pillars is shown in Figure 6.21 for a two-seam mining
configuration. The barrier pillars are columnized in Figure 6.21. Also shown in Figure 6.21
is the local area extraction ratio (ratio of area mined to original area in plan view). Under
gravity loading in soft rock mining, compression stress concentration at the panel ends (faces)
increases linearly with the ratio of panel width to height. Consequently, an enormous stress
concentration could develop on the panel side of a barrier pillar, if yielding at the elastic limit
does not relieve this tendency. Yielding on the panel side of a barrier pillar reduces the peak
stress concentration, while safety on the main entry side of a barrier pillar prohibits yielding.

Vertical stress distributions over barrier pillars and main entries are shown in Figure 6.22
as functions of barrier pillar size (W}) and innerburden distance (seam separation) in a two-
seam mining configuration with columnized main entries and pillars. Figure 6.22(a) relates
to the top seam and Figure 6. 22(b) to the bottom seam. Common to Figures 6.22(a) and (b)
is the elevated stress in the innerburden between barrier pillars. Another feature is the rapid
decrease in stress concentration into the barrier pillars. However, this decrease is relative
because the stress level remains high well into the barrier pillars.
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Figure 6.21 Panel extraction notation and example dimensions — two-seam columnized case.

If the region of high stress and yield does not extend beyond the barrier pillars to the
main entries and pillars then the main entries should be safe. Should the barrier pillars yield
entirely, then the pillar safety factor is one, but if only a portion of the barrier pillars yield,
then the pillar safety factor is greater than one. Thus, if the barrier pillar safety factor FSy, is
given as C,/Sp, then the barrier pillars are of sufficient size to prevent collapse of the main
entries provided FSy, > 1. The barrier pillar stress S, may be estimated by an extraction ratio
formula applied to panels and barrier pillars illustrated in Figure 6.21, while strength may be
estimated from the popular Mohr—Coulomb criterion.

Before panel excavation but after entry excavation with neglect of crosscuts

Spdp = SyA

SoWp = Sv(Wp + We) (6.46)
where W}, and W, are total pillar and main entry widths. After panel excavation,

Sl /2 + Sy = Sy(W/2 + We/2 + Wy + Wo/2) (6.47)
where W, /2 is panel half-length, W}, is barrier pillar width, and symmetry at the center of

the main entries and the panel is assumed. In view of (6.46), the average vertical stress in the
barrier pillar is

Wo
Sp=5v (1 6.48
b v( +2Wb> ( )

Panels are measured in thousands of feet while barrier pillars may be a few hundred feet
wide. Thus, the barrier pillar stress may be more than 10 times overburden stress Sy.
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Figure 6.22a Vertical stress distribution as a function of barrier pillar size, panel length, and
innerburden. Top seam.
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Figure 6.22b Vertical stress distribution as a function of barrier pillar size, panel length, and
innerburden. Bottom seam.

Pillar strength C;, is linked to pillar width that should be sufficient to allow the horizontal
stress to return to the premining value. Pillars that are much wider than they are high, that is,
when W, >> H,,, satisfy the condition. Assuming a Mohr—Coulomb criterion,

C C
Cp=Co+ —p=Cot+ —Sy=Co+KoyH (6.49)
T T
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where S, is K, times overburden stress (vertical premining stress) which is estimated as unit
average unit weight of overburden y times seam depth H. Barrier pillar stress should satisfy
a safety factor criterion FSp = C,,/Sp > 1, hence

W, o/2 6.50
b= [co/sv + (Co/To)Ko — 1] (6:30)

that leads to a rather wide barrier pillar.

Example 6.19 Suppose seam depth is 1,000 ft, overburden specific weight is 144 pcf, panel
length is 10,000 ft, coal compressive strength is 2,500 psi, tensile strength is 250 psi, and
the horizontal premining stress is one-fourth the vertical stress, then for F; > 1. Estimate
barrier pillar width.

Solution: According to (6.50)

(10,000/2)

Wy >
[2,500/1,000 + (10)/(1/4) — 1]

= 1,250 ft

so a barrier pillar at least 1,250 ft is required.

This estimate is certainly on the high side because of the barrier pillar load estimate.
Caving above a panel would reduce this load and subsequent compaction and reloading
of caved material by overlying strata would further reduce the barrier pillar load estimate
substantially, especially for very long panels. The result would be to shorten the excavated
panel half-width used in the derivation leading to (6.50). Instead of W,/2, one might use
W, /6, for example, that leads to a barrier width of 413 ft.

Example 6.20 Another allowance for caving consists of assigning an overburden block
defined by vertical plane extending to the surface from the entry side of a barrier pillar and
a second inclined line extending from the panel side of the barrier pillar to the surface. If
the angle from the vertical to this second line is 8, then force equilibrium requires the pillar
reactions to support the weight of the overburden block, as shown in the sketch. Develop a
formula for barrier pillar width based on this loading concept then evaluate for conditions
given in Example 6.19 with an angle of influence of 35°.

Ground surface 7

H w
0
[

PR

b P

Solution: Equilibrium requires W = F},, so with neglect of crosscuts

SpWo = y[H Wy + (H?/2) tan 8]
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In view of the barrier pillar safety factor requirement

Wy

Htan§
>
2[Co/yH + (Co/To)Ko — 1]

In this case, with an “influence” angle of 35°, the barrier pillar width is

Wy

(1,000) tan(35)

- = 87.5ft.
2[2,500/1,000 + (10)(1/4) — 1]

If confinement was neglected and the unconfined compressive strength were used, then
Wy > 233 ft.

These two examples indicate a wide difference in barrier pillar width required for safety
under the same given conditions. Barrier pillars are generally much wider than they are high,
so use of strength under confining pressure is reasonable, although the ratio of unconfined
compressive to tensile strength may be uncertain. This ratio in the Mohr—Coulomb criterion
is also the ratio [1 + sin(¢)]/[1 — sin(¢)]. A ratio of 10 implies an angle of internal friction
of about 55° and may be an overestimate in the purely compressive region. A reduced ratio
would lead to even greater barrier pillar widths. The uncertainty in barrier pillar width is
therefore in the estimate of barrier pillar stress, and not so much in strength.

6.6
6.1

6.2

6.3

6.4

Problems

A regular room and pillar method is used in a hardrock lead—zinc mine. The ore
horizon is at a depth of 1,180 ft where the overburden averages 159 pcf. Laboratory
tests on core samples (L/D = 2) show that the ore has an unconfined compressive
strength of 13,700 psi and a tensile strength of 1,250 psi. Find an algebraic expression
for the maximum safe extraction ratio, if no size effect exists and a safety factor of
1.75 is required, then evaluate the expression for the given data.

With reference to Problem 6.1, if pillars are square and rooms (entries and crosscuts)
are 45 ft wide, what size of pillars is indicated?

With reference to Problems 6.1 and 6.2, suppose the pillars are 45 x 45 ft and that a
size effect exists such that C, = C1(0.78 4 0.22W},/H,y). If the mining height changes
from 30 to 120 ft, as a sill between two ore horizons is removed, what is the resulting
pillar safety factor, all other parameters remaining the same? What is the pillar safety
factor if the size effect is neglected?

Suppose that entries and crosscuts are 45 ft wide and that pillars are square and 45 ft
wide, as in Problem 6.3. Laboratory properties are the same as in Problem 6.1; depth
and specific weight of overburden are also the same as in Problem 6.1. In addition,
a joint set is present in the mine. Joint set dip is 68°; dip direction is 54° clockwise
from North.

(a) Find the joint shear strength necessary to just prevent joint slip within a typical
pillar.

(b) Ifthe joint is cohesionless and obeys a Mohr—Coulomb slip criterion, what joint
friction angle is needed to just prevent slip?

(c) Ifthe joint is frictionless, what cohesion is necessary?
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6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

A regular room and pillar method is used in a hardrock lead—zinc mine. The ore horizon
is at a depth of 360 m where the overburden averages 25.2 kN/m?>. Laboratory tests
on core samples (L/D = 2) show that the ore has an unconfined compressive strength
of 94.5 MPa and a tensile strength of 8.63 MPa. Find an algebraic expression for the
maximum safe extraction ratio, if no size effect exists and a safety factor of 1.75 is
required, then evaluate the expression for the given data.

With reference to Problem 6.5, if pillars are square and rooms (entries and crosscuts)
are 13.7 m wide, what size of pillars is indicated?

With reference to Problems 6.5 and 6.6, suppose the pillars are 13.7 x 13.7 m and
that a size effect exists such that Cp, = C1(0.78 + 0.22W,,/H}). If the mining height
changes from 9.14 to 36.6 m, as a sill between two ore horizons is removed, what is
the resulting pillar safety factor, all other parameters remaining the same? What is the
pillar safety factor if the size effect is neglected?

Suppose that entries and crosscuts are 13.7 m wide and that pillars are square and
13.7 m wide, as in Problem 6.7. Laboratory properties are the same as in Problem 6.5;
depth and specific weight of overburden are also the same as in Problem 6.5. In
addition, a joint set is present in the mine. Joint set dip is 68°; dip direction is 54°
clockwise from North.

(a) Find the joint shear strength necessary to just prevent joint slip within a typical
pillar.

(b) If the joint is cohesionless and obeys a Mohr—Coulomb slip criterion, what joint
friction angle is needed to just prevent slip?

(c) If'the joint is frictionless, what cohesion is necessary?

Suppose that the average vertical pillar stress is 26.7 MPa in a room and pillar mine
and that a joint set is present with an average bearing of N45W. If the joints obey
a Mohr—Coulomb slip criterion and have a friction angle of 28° and a cohesion of
0.90 MPa, what range of joint dips is unsafe with respect to joint slip?

Coal mine entries are driven 20 ft (6.1 m) wide on strike at a depth of 1200 ft (366 m)
in a coal seem that dips 15°. Crosscuts are driven up and down dip and are also 20 ft
(6.1 m) wide. The production pillars that are formed are twice as long in the strike
direction as they are in the dip direction. Compressive strength of coal is estimated to be
2,000 psi (13.8 MPa); tensile strength is estimated at 350 psi (2.41 MPa). The premi-
ning stress state is considered to be attributable to gravity only, so the vertical stress
is unit weight times depth and the horizontal stress is one-fourth the vertical stress.
Assume that a Mohr—Coulomb failure criterion applies and that a safety factor with
respect to compressive strength of 1.5 is required. Find the extraction ratio possible
under these conditions, and then estimate the pillar safety factor with respect to shear
strength. Neglect any size effect that may exist.

A room and pillar trona mine at a depth of 1,560 ft (475 m) develops pillars 30 ft
(9.14 m) wide and 60 ft (18.3 m) long in a flat seam 12 ft (3.66 m) thick. Entries and
crosscuts are 24 ft (7.32 m) wide. Laboratory tests of trona core 2-1/8 in. (5.4 cm)
in diameter and 4-1/4 in. (10.8 cm) long give an average unconfined compressive
strength of 6,740 psi (46.5 MPa) and a coefficient of variation of 38%. A size effect
is indicated. If a pillar safety factor with respect to compressive failure of 1.67 is
required, estimate the maximum allowable extraction ratio?

A narrow, 20 ft (6.10 m) thick vein dips 60°. Stoping occurs at a depth of 5,100 ft
(1,555 m) in rock that averages 165 pcf (26.1 kN/m?). The vertical stress before mining
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6.13

6.14

6.15

6.16

6.17

6.18

6.19

6.20

is equal to the unit weight of overburden times depth; the horizontal premining stress
is twice the vertical stress. Unconfined compressive strength is 25,000 psi (172 MPa);
tensile strength is 2,850 psi (19.7 MPa). Find the maximum possible extraction ratio
assuming no size effect.

If mining in Problem 6.12 is by conventional overhand stoping, and round length
(measured on the dip) is 15 ft (4.57 m) , is failure likely to be stable or not as mining
proceeds past the maximum extraction ratio previously calculated? Explain your
answer.

Consider a large array of similar pillars on a regular grid that have a safety factor with
respect to compressive failure of F;. Suppose a single pillar fails and the load is then
shared equally by the nearest neighboring pillars.

(a) Find the safety factor F; needed to avoid failure of the nearest neighbor pillars
and thus a domino effect and catastrophic collapse of the section.

(b) If the load is shared equally by all adjacent pillars, including the corner pillars,
what is the safety factor necessary to avoid a cascade of failing pillars?

A regular room and pillar method is used in a hardrock lead—zinc mine. The ore
horizon is at a depth of 980 ft where the overburden averages 156 pcf. Laboratory
tests on core samples (L/D = 2) show that the ore has an unconfined compressive
strength of 12,400 psi and a tensile strength of 1,050 psi. Find an algebraic expression
for the maximum extraction ratio possible, if no size effect exists, then evaluate the
expression for the given data.

With reference to Problem 6.15, if pillars are square and rooms (entries and crosscuts)
are 30 ft wide, what size of pillars are indicated when the pillar safety factor is 2?
With reference to Problems 6.15 and 6.16, suppose the pillars are 30 x 30 ft and that a
size effect exists such that C, = C1(0.78 4 0.22W},/H,y). If the mining height changes
from 25 to 90 ft as a sill between two ore horizons is removed, what is the resulting
pillar safety factor, all other parameters remaining the same? What is the pillar safety
factor if the size effect is neglected?

Suppose that entries and crosscuts are 30 ft wide and that pillars are square and 30 ft
wide, as in Problem 6.17. Laboratory properties are the same as in Problem 6.15; depth
and specific weight of overburden are also the same as in Problem 6.15. In addition,
a joint set is present in the mine. Joint set dip is 60°; dip direction is 45° clockwise
from North.

(a) Find the joint shear strength necessary to just prevent joint slip within a typical
pillar.

(b) Ifthe joint is cohesionless and obeys a Mohr—Coulomb slip criterion, what joint
friction angle is needed to just prevent slip?

(c) Ifthe joint is frictionless, what cohesion is necessary?

A regular room and pillar method is used in a hardrock lead—zinc mine. The ore
horizon is at a depth of 300 m where the overburden averages 25 kN/m?. Laboratory
tests on core samples (L/D = 2) show that the ore has an unconfined compressive
strength of 86 MPa and a tensile strength of 7 MPa. Find an algebraic expression
for the maximum extraction ratio possible, if no size effect exists, then evaluate the
expression for the given data.

With reference to Problem 6.19, if pillars are square and rooms (entries and crosscuts)
are 9 m wide, what size of pillars are indicated when the pillar safety factor is 2?
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6.21

6.22

6.23

6.24

6.25

With reference to Problems 6.19 and 6.20, suppose the pillars are 9 x 9 m and that a
size effect exists such that C, = C1(0.78 4 0.22W},/H,y). If the mining height changes
from 8 to 27 m as a sill between two ore horizons is removed, what is the resulting
pillar safety factor, all other parameters remaining the same? What is the pillar safety
factor if the size effect is neglected?

Suppose that entries and crosscuts are 9 m wide and that pillars are square and 9 m
wide, as in Problem 6.21. Laboratory properties are the same as in Problem 6.19; depth
and specific weight of overburden are also the same as in Problem 6.19. In addition,
a joint set is present in the mine. Joint set dip is 60°; dip direction is 45° clockwise
from North.

(a) Find the joint shear strength necessary to just prevent joint slip within a typical
pillar.

(b) Ifthe joint is cohesionless and obeys a Mohr—Coulomb slip criterion, what joint
friction angle is needed to just prevent slip?

(c) Ifthe joint is frictionless, what cohesion is necessary?

Suppose that the pillar stress is 4,247 psi in a room and pillar mine and that a joint
set is present with an average bearing of N45W. If the joints obey a Mohr—Coulomb
slip criterion and have a friction angle of 35° and a cohesion of 600 psi, what range
of joint dips is unsafe with respect to joint slip?

Suppose that the pillar stress is 29 MPa in a room and pillar mine and that a joint set
is present with an average bearing of N45W. If the joints obey a Mohr—Coulomb slip
criterion and have a friction angle of 35° and a cohesion of 4 MPa, what range of joint
dips is unsafe with respect to joint slip?

Coal is mined in two seams that are shown in the sketch. Mining is full seam height
in both seams. Entries are 24 ft (7.3 m) wide. Crosscuts associated with driving main

Rock ppef E(109psi v Colps)  Tofpsi)  h(fy)
type (kNIm3)  (GPa) (MPa)  (MPa)  (m)

| Over 144.0 170 025 1,000 50 1,694
burden 28 (117 (69) (034 (5l6)

2 Massive 148.2 300 020 19000 850 1714
sandstone  (234)  (20.7) (1319)  (586) (522)

3 Coal 75.0 035 030 3500 130 1719
(11.9) 4 Q4.1)  (090) (524)

4 Layered 149.5 150 0.0 17,500 700 1,741
sandstone  (23.6)  (10.3) (1207)  (483) (531)

5 Massive 148.2 300 020 19000 850 1,744
sandstone  (234)  (20.7) (1319  (586) (532

6 Sandy 170.0 450 010 15000 1,000 1747
shale (269)  (31.0) (1034)  (690) (533)
7 Coal 75.0 035 030 3500 1300 1,754
(11.9) 4 @Q41)  (897) (535)

8 Massive 148.2 350 020 19,500 1,000 1,778
sandstone  (234)  (24.1) (1345)  (6.90) (542

9 Layered 149.5 150 010 17,500 700 2,250
sandstone  (23.6)  (10.3) (1207)  (4.83) (658)

Sketch and geologic column, strata depths and rock properties
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6.26

6.27

6.28

Table 6.1 Properties for Problem 6.26

Property material  Co psi (MPa)  To psi (MPa) ¢ psi (MPa)  ®(°)

Rock 15,000 (103) 1,500 (10.3) 2,372 (16.4) 549
Joint 66.6 (0.459) 240 (0.166) 20.0 (0.138) 28.0

entries are 18 ft (5.5 m) wide and driven on 120 ft (36.6 m) centers. Associated
pillar length is three times pillar width. With reference to the stratigraphic column
in the sketch and the rock properties tabulated there, determine the minimum pillar
dimensions possible. Show solution is a carefully labeled plan view sketch. Note: No
size effects are present.

A pillar in a hardrock, strata-bound, room, and pillar mine is transected by a small fault
that dips 75° due east and strikes due north. The ore horizon dips due west 15° and
also strikes due north. Depth to the pillar of interest is 1,230 ft (375 m). Overburden
specific weight averages 158 pef (25 kN/m3). Rock and joint properties are given in
Table 6.1. The preexcavation stress is caused by gravity alone; the horizontal stress
is estimated to be one-fourth the vertical stress before mining. Determine whether the
pillar is stable in consideration of a planned extraction ratio of 75%.

A thick seam of coal is mined from the floor to a height of 13 ft at a depth of 1450 ft.
Entry width is 21 ft and overburden averages 144 pcf. Crosscuts are 18 ft wide and
driven on 100 ft centers. Pillar length is three times pillar width. With reference to the
stratigraphic column in the sketch and the rock properties given in Table 6.2, determine

(a) the maximum safe extraction ratio, and
(b) pillar dimensions for a pillar safety factor of 1.5. Show solution is a carefully
labeled plan view sketch.

Surface

(Not to scale) Overburden

R5 mudstone

R4 sandstone

R3 sandstone

R2 laminated sandstone
R1 (roof) laminated shale
S| (seam - coal)

Fl (floor) shale

F2 limestone

Stratigraphic sequence.

A pillar in a hardrock, strata-bound, room, and pillar mine is transected by a small fault
that dips 75° due east and strikes due north. The ore horizon dips due west 15° and
also strikes due north. Depth to the pillar of interest is 1,230 ft (375 m). Overburden
specific weight averages 158 pcf (25.0 kN/m?). Rock and joint properties are given
in Table 6.3. The preexcavation stress is caused by gravity alone; the horizontal stress
is estimated to be one-fourth the vertical stress before mining.
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Table 6.2 Strata data for Problem 6.27

Rock type E 108 psi (GPa) v (-) Co-psi(MPa)  To psi (MPa) y-pcf (kN/m3) h ft (m)
R5 12.6(86.9) 0.19 12,700 (87.6) 1,270(8.8) 160 (25.3) 21.5 (6.55)
R4 12.7(87.6) 0.21 14200 (97.9) 1,34 (9.2) 158 (25.0) 15.2 (4.63)
R3 5.4 (37.2) 0.23 7,980 (55.0) 610 (42) 152 (23.1) 1.0 (0.30)
R2 6.3 (43.4) 031 8,450 (58.3) 760 (5.2) 146 (24.7) 1.5 (0.46)
R1 12.6 (86.9) 0.19 12,700 (87.6) 1,270 (8.8) 156 (24.7) 6.0 (1.83)
Sl 0.75 (5.2) 0.27 3,750 (25.9) 425 (2.9) 92 (14.6) 3.0 (0.91)
Fl 12.3 (84.8) 0.18 11,500 (79.3) 1,050(7.2) 155 (24.5) 10.3 (3.14)
F2 8.1 (55.9) 0.33 13,700 (94.5) 1,260 (8.7) 160 (25.3) 13.0 (3.96)

Table 6.3 Properties for Problem 6.28.

Property material ~ Co psi (MPa) To psi (MPa) ¢ psi (MPa) ®(°)

Rock 15,000(103) 1,500(10.3)

Joint 20 (0.14) 28

Determine:

6.29

(a) the premining stress acting normal to the ore horizon and the shear stress acting

parallel to the ore horizon at the depth of interest;

(b) the post mining pillar normal and shear stresses acting on the pillar;
(c) the maximum safe extraction ratio consistent with a pillar safety factor of 1.5

(ignore any size effect and neglect the joint);

(d) joint shear strength needed for a safety factor of 1.5.

With reference to the strata data given in the sketch and Table 6.4, seam depth is
1,670 ft, strata dip is negligible, and entries are planned 24 ft wide. Mining height
from the sandstone floor is 12 ft. If crosscuts are as wide as entries and pillar length

is three times pillar width:

1 Determine the extraction ratio possible with a pillar safety factor of 1.4 and no

size effects.

2 Determine the pillar dimensions, entry spacing (center to center), and crosscut
spacing (c-c) at the FS and R determined previously.

3 Ifstrata dip were 25°, estimate pillar stresses at a depth of 1,670 ft, assuming an
extraction ratio of 20%.

4 A joint set is present, strata are flat-lying and extraction is 20%; determine the
range of joint dips that may lead to joint slip, assuming Mohr-Coulomb criteria
for strata and joints with joint friction angle at 28° and negligible joint cohesion.

Surface

(Not to scale)

Overburden

R3 sandstone
R2 laminated sandstone
RI shale

S| coal

Fl sandstone
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6.30

6.31

Table 6.4 Strata properties for Problem 6.29.

Rock type E 10° v Co 103 To 103 y pef (kNIm3) b ft (m)

psi (GPa) psi (MPa) psi (MPa)
R3 43(29.7) 025 160(l110) 1.2 (83) 148 (23.4) 26.0 (7.9)
R2 I.7(11.7) 0.19 125(86.2) 0.65(4.5) 142 (22.5) 1.5 (0.46)
RI 4.1(283) 020 75(51.7) 045(3.1) 136 (21.5) 2.0 (0.61)
N 0.35(24) 030 3.0(20.7) 0.25(1.7) 95 (15.0) 16.0 (4.88)
Fl 45(31.0) 025 180(I124) 1.8 (124) 149 (23.6) 18 (5.49)

Several proposals have been presented to increase the extraction ratio in a room and
pillar system to 50% from 33%. The pillars are long compared with width, so the
problem is essentially two-dimensional.

Proposal 1. Increase the ratio of opening width to pillar width from 0.5 to 1.0 by
increasing entry width to 30 ft (9 m) from 20 ft (6 m) while decreasing pillar width.
Spacing is held constant.

Proposal 2. Increase the ratio of opening width to pillar width from 0.5 to 1.0 by
keeping pillar width constant while increasing entry width to 40 ft (12 m) .

Proposal 3. Increase the ratio of opening width to pillar width from 0.5 to 1.0 by
keeping entry width constant while decreasing pillar width to 20 ft (6 m).

Which proposal is preferable from the rock mechanics view and why?

With reference to the strata data given in the sketch and Table 6.5, mining height is
15 ft, seam depth is 1,324 ft, entries are 21 ft wide, and strata dip is negligible. If
crosscuts are as wide as entries and pillar length is three times pillar width:

1 Determine the extraction ratio possible with a pillar safety factor of 1.8 and no
size effects.

2 Determine the pillar dimensions, entry spacing (center to center), and crosscut
spacing (c-c) at the FS and R determined previously.

3 Ifstrata dip were 30°, estimate pillar stresses at a depth of 1,324 ft, assuming an
extraction ratio of 20%.

4 A joint set is present, strata are flat-lying and extraction is 20%; determine
the range of joint dips that may lead to joint slip, assuming Mohr—Coulomb
criteria for strata and joints with joint friction angle at 35° and negligible joint
cohesion.

Surface

(Not to scale) Overburden

R3 sandstone

R2 laminated sandstone
RI shale

S| coal

Fl sandstone

Stratigraphic sequence.
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Table 6.5 Strata properties for Problem 6.31

Rock type E 10%psi v Co 103psi  To 103psi v pef h ft (m)
(GPa) (MPa) (MPa) (kN/m?)

R3 45(31.0) 025 160(110) 0.80(552) 148 (23.4) 16.0(4.9)

R2 27(186) 0.19 125(862) 0.65(4.48) 142(225) 25(0.8)

RI 3.1 (214) 020 80(552) 0.40(2.76) 135(21.4) 2.0 (0.6)

Sl 0.35(24) 030 3.0(20.7) 0.15(1.03) 95(15.0) 8.0 (5.5)

Fl 35(24.1) 025 08(55) 08 (552) 148(234) 140 (4.3)

6.32 A multilevel room and pillar metal mine is under consideration in flat strata striking
N60E. Entries are planned on strike, crosscuts up, and down dip. Table 6.6 shows
depths and material properties associated with the geologic column. Rock properties
data were determined from laboratory testing on NX-core at an /D ratio of two. Stress
measurements indicate that the premining stresses relative to compass coordinates
are: Sy = 1.1d, S, = 3004 0.3d, Sy = 500+ 0.5d, where v = vertical, & = azimuth
is 150°, H = azimuth is 60°, d = depth in ft, and stress units are psi. Three joint sets
are present. Set 1 is vertical and strikes parallel to the strata. Set 2 strikes due north
and dips 30° east; Set 3 also strikes due north, but dips 65° west.

Depth =950 ft

I'l ft False Davis

\ 14 ft Low grade
% Details of the geologic
43 ft High grade column. Note the depth to the
bottom of the False Davis

25 ft Low grade

A 4
ﬁ: A 20 ft High grade
‘ ‘ HH ‘ x Bonneterre dolomite
Joint properties for Mohr—Coulomb failure criteria are given in Table 6.7. Joint normal
and shear stiffness (K, K;) that relate normal stress and shear stress to corresponding
displacements are also given in Table 6.7 as are the joint spacings (S).
One mining plan calls for mining a lower B level 102 thick in high and low grade

ore at a depth of 950 ft and an upper A level of high grade ore 18 ft thick at a depth
of 921 ft.

(a) Assume there is no size effect on compressive strength, then determine the
maximum possible extraction ratio based on ore strength (ignore joints).

(b) Assuming square pillars, show in plan and vertical section, the relationship
between rooms and pillars in the two levels that would be dictated by rock
mechanics and explain your recommendation.

(c) Whatsafety factor would you recommend for pillars in the upper and lower mining
horizons and why?



Table 6.6 Rock properties, strata depths, and thickness

y E(109 v Co(l0%) To(10y)  C(10% ¢ Depth ft

pef psi psi psi psi °) (thickness)
| 130.0 0.003 030 0.0 0.05 — — 0 (60)
2 1632 692 034 1191 11.74 25.17  49.0 60 (50)

1672 1065 0.31 16.12 7.34 27.33 53.1 110 (195)

1708 1209 026 26.87 12.28 3267 59.2 305 (350)

1625 758 032 2376 12.85 3430 51.5 655(110)

161.3 535 0.1 19.61 12.05 37.67 49.3 765 (150)

1663 675 031 29.26 9.35 43.67 490 915 (6)
2187 875 030 1827 10.07 1850 604 921 (18)

1520 379 022 521 7.30 6.80 36.0 939 (1)
Ore 2187 875 030 1827 10.07 1850 604 950 (102)

I 1663 675 031 29.26 9.35 43.67  49.0 1,052 (163)

12 1462  3.94 0.41 11.24 7.90 31.00 423 1,215 (330)

13 1672 10.65 0.31 16.12 7.34 27.33 53.1 1,545 (100)
Source: | =overburden, 2 = Gasconade Dolomite, 3 =Eminence Dolomite, 4=Potosi Dolomite, 5= Derby-
Doerum Dolomite, 6 = Davis Shale, 7 = Bonneterre Dolomite, 8 = Ore, 9 = False Davis, |0 = Ore, | | =Bonneterre

Dolomite, 12 = Lamotte Sandstone, | 3 = Precambrian Felsites.
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6.33

6.34

6.35

6.36

6.37

Table 6.7 )oint properties

Property joint set ¢ psi  P° Ky IOe'psi/in. Ks |06psi/in. S ft

Set | 00 35 176 0.56 25.3
Set2 100 30 23l 3.14 47
Set 3 200 25 329 0.92 6.1

With reference to Problem 6.32 data, roof rock above the upper A Level is Bonneterre
dolomite that is overlain by Davis shale.

(a) Determine the maximum opening width that is physically possible in the upper
A Level ore horizon.

(b) With reference to Problem 6.32, assume square pillars, then determine minimum
pillar width with respect to ore strength, given the results of part a.

(c) What safety factor for the A Level roof would you recommend and why?

With reference to Problem 6.33, concerning opening width in the A Level, determine
a bolting plan that would allow for 90 ft wide rooms.

(a) Specify, bolt length, safety factor, diameter, steel grade, and spacing.
(b) Also specify the associated pillar size and pillar safety factor with respect to ore
strength for the mining plan.

An alternative mining plan is to develop two levels, below the upper A Level, and
mine only the high grade. The B Level would be in the 43 ft of high grade, while
the C level would be in the lower 20 ft of high grade in the 102 ft column shown in
the detailed geologic column. Determine the maximum possible roof span for the B
Level.

With reference to Problem 6.32, if pillars are sized according to the maximum extrac-
tion ratio and pillar compressive strength, determine if the pillars are safe with respect
to failure of Joint Set 2.

A multilevel room and pillar metal mine is under consideration in flat strata striking
N60E. Entries are planned on strike, crosscuts up, and down dip. Table 6.8 shows
depths and material properties associated with the geologic column. Rock properties
data were determined from laboratory testing on NX-core at an L/D ratio of two. Stress
measurements indicate that the premining stresses relative to compass coordinates are:
Sy = 25d, Sy, = 2,069 + 6.8d, Sy = 3,448 + 11.4d, where v = vertical, & = azimuth
is 150°, H = azimuth is 60°, d = depth in m, and stress units are kPa. Three joint sets
are present. Set 1 is vertical and strikes parallel to the strata. Set 2 strikes due north
and dips 30° east; Set 3 also strikes due north, but dips 65° west.

Joint properties for Mohr—Coulomb failure criteria are given in Table 6.9. Joint
normal and shear stiffness (K, Ks) that relate normal stress and shear stress to
corresponding displacements are also given in Table 6.9 as are the joint spacings (S).

One mining plan calls for mining a lower B level 31.1 m in high and low grade
ore at a depth of 290 and an upper A level of high grade ore 5.5 m thick at a depth
of 281 m.
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(a) Assume there is no size effect on compressive strength, then determine the
maximum possible extraction ratio based on ore strength (ignore joints).

(b) Assuming square pillars, show in plan and vertical section, the relationship
between rooms and pillars in the two levels that would be dictated by rock
mechanics and explain your recommendation.

Table 6.8 Rock properties, strata depths, and thicknesses

Y E v C T, 4 ¢ Depth ft
kN/m3  GPa MPa MPa psi °) (thickness)
| 130.0 0.003 0.30 0.10 0.05 —_ —_ 0(18.3)
2 163.2 6.92 0.34 11.91 11.74 25.17 49.0 181.3
(15.2)
1672 1065 0.31 16.12 7.34 27.33 53.1 335
(59.4)
1708 12.09 0.26 26.87 12.28 32.67 59.2 929 (106.7)
5 162.5 7.58 0.32 23.76 12.85 34.30 51.5 199.6
| | (33.5)
6 161.3 535 0.21 19.61 12.05 37.67 49.3 233.1 (45.7)
7 1663 675 031 29.26 9.35 43.67 49.0 278.8(1.83)
Ore 218.7 8.75 0.30 18.27 10.07 18.50 60.4 280.6 (5.5)
9— 152.0 3.79 0.22 5.21 7.30 6.80 36.0 286.1 (3.35)
Ore 2187 8.75 0.30 18.27 10.07 18.50 604 2895 (31.1)
Il 166.3 6.75 0.31 29.26 9.35 43.67 49.0 320.6 (49.7)
12 146.2 3.94 0.41 11.24 7.90 31.00 423 370.3
(100.5)
13 1672 1065 0.31 16.12 7.34 27.33 53.1 470.8 (30.5)
Source: | =overburden, 2= Gasconade dolomite, 3 =Eminence dolomite, 4=Potosi dolomite, 5= Derby-
Doerun dolomite, 6 = Davis Shale, 7= Bonneterre dolomite, 8 = ore, 9 = False Davis, |0 =ore, | | =Bonneterre

dolomite, 12 = Lamotte sandstone, |3 = Precambrian felsites.
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6.38

6.39

6.40

6.41

Table 6.9 Joint properties

Property joint set ¢ MPa ®(°) K, GPalcm Ks GPalem S m

Set | 0.0 35 4.77 1.52 7.71
Set 2 0.069 30 6.27 8.53 1.43
Set 3 0.138 25 8.43 2.49 1.86

Depth=950mm

4
\ 3.35m False Davis

4.27 m Low grade

Details of the geologic
13.1 High grade column. Note the depth to the
bottom of the False Davis

7.62m Low grade
6.10m ft High grade
‘ l HH ‘ x Bonneterre dolomite

(c) Whatsafety factor would you recommend for pillars in the upper and lower mining
horizons and why?

With reference to Problem 6.37 data, roof rock above the upper A Level is Bonneterre
dolomite that is overlain by Davis shale.

(a) Determine the maximum opening width that is physically possible in the upper
A Level ore horizon.

(b) With reference to Problem 6.37, assume square pillars, then determine minimum
pillar width with respect to ore strength, given the results of part a.

(c) What safety factor for the A Level roof would you recommend and why?

With reference to Problem 6.38, concerning opening width in the A Level, determine
a bolting plan that would allow for 27.4 m wide rooms.

(a) Specify, bolt length, safety factor, diameter, steel grade, and spacing.
(b) Also specify the associated pillar size and pillar safety factor with respect to ore
strength for the mining plan.

An alternative mining plan is to develop two levels, below the upper A Level and
mine only the high grade. The B Level would be in the 13.1 m of high grade, while
the C level would be in the lower 6.10 m of high grade in the 31.1 m column shown
in the detailed geologic column. Determine the maximum possible roof span for the
B Level.

With reference to Problem 6.37, if pillars are sized according to the maximum extrac-
tion ratio and pillar compressive strength, determine if the pillars are safe with respect
to failure of Joint Set 2.
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Table 6.10 Intact rock properties

Property stratum v pcf hft(m  E108si G 108si  Co psi(MPa) To psi (MPa)

(kN/m3) (GPa) (GPa)

Limestone (R5)  152(24.0) 159 (4.8) 9.83 (67.8) 427 (29.4) 17,690 (122) 1,460 (10.0)
Coal (R4) 93(147) 14(04) 029(20) 0.12(08) 2780(192) 390 (2.7)
Mudstone (R3) 153 (242) 9.8 (3.0) 7.67 (52.9) 3.07 (21.2) 13,750 (94.8) 1,580 (10.9)
Sandy shale (R2) 142 (22.5) 27 (0.8) 4.16(28.7) 1.79(123) 6450 (445) 720 (5.0)

Shale (RI) 138 (21.8) 1.3 (04) 3.62(25.0) 1.53(10.6) 7,400 (51.0) 650 (4.5)
Coal (Seam) 90 (142) 16.5(50) 035(24) 0.14(1.0) 3400 (234) 310 (2.1)
Sandstone (FI) 147 (23.3) 8.6 (2.6) 8.32(57.4) 3.35(23.1) 12,300 (84.8) 1,350 (9.3)

6.42

6.43

6.44

Table 6.11 Joint properties

Property cpsi(kPa)  ®(°) Kn 108psilin. Ks 108psifin. S ft (m)
joint set (GPalcm) (GPalcm)

Set | 0.0 (0. 35 1.76(478) 056 (152) 253 (7.71)
Set2  10.0(69.0) 30  2.31(627) 3.14(853) 47 (1.43)
Set3  200(1380) 25  329(893) 092(249) 6.1 (1.85)

A room and pillar coal mine is contemplated at a depth of 533 m in strata striking due
north and dipping 18° east. Entries are driven on strike, crosscuts up, and down dip.
Mining height is 4.6 m measured from the floor; 0.5 m of low grade coal is left in the
roof.

Three joint sets are present. Set 1 is vertical and strikes east—west. Set 2 strikes due
north and dips 60° east; Set 3 also strikes due north, but dips 35° west. The average
overburden specific weight is 24.7 kN/m?.

Stress measurements indicate that the premining stresses relative to compass
coordinates are: Sy = 23.8d,S, = 4,138 4+ 5.66d,Sy = 345 + 17.0d, where
v =vertical, # = east, H = north, d = depth in m, and stress units are kPa.

Rock properties near the mining horizon are given in Table 6.10. These data were
determined from laboratory testing on NX-core (5.4 cm diameter) at an L/D ratio
of two. Joint properties for Mohr—Coulomb failure criteria are given in Table 6.11.
Joint normal and shear stiffness (Ky, Ks) that relate normal stress and shear stress to
corresponding displacements are also given in Table 6.11 as are the joint spacings (S).

What extraction ratio is possible with no size effect on pillar strength and no joints
present when a safety factor with respect to maximum shear stress of 1.75 is required?
What is the maximum possible extraction ratio? Comment.

With reference to the data given in Problem 6.42, if a joint safety factor of 1.75
with respect to shear is required, what extraction ratio is possible considering
only joint Set 3 as important? What is the maximum possible extraction ratio allowed
by joint Set 3? Comment.

With reference to the data in Table 6.10, occasionally, caving to the coal “rider” seam
just below the limestone stratum happens at intersections of the 20 ft wide entries
and crosscuts. Specify a cable bolt plan that will prevent these caves assuming the
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Table 6.12 Strata data for Problem 6.46

Rock type E 108 psi (GPa) v Co psi (MPa)  To psi (MPa) y pcf (kN/m3) h ft (m)

12.6 (86.9) 0.19 12,700 (87.6) 1270 (8.8) 160 (25.3) 21.5 (6.55)
12.7 (87.6) 021 14200 (97.9) 1,34(92) 158 (25.0) 15.2 (4.63)
5.4 (37.2) 023 7980(55.0)  610(42) 152 (23.1) 1.0 (0.30)
6.3 (43.4) 031 8450 (583)  760(52) 146 (24.7) 1.5 (0.46)
12.6 (86.9) 0.19 12,700 (87.6) 1270 (8.8) 156 (24.7) 6.0 (1.83)
0.75 (5.2) 027 3750 (259)  425(29)  92(14.6) 3.0 (0.91)
12.3 (84.8) 0.18 11,500 (79.3) 1,050 (72) 155 (24.5) 10.3 (3.14)
8.1 (55.9) 033 13,700 (945) 1,260 (8.7) 160 (25.3) 13.0 (3.96)

6.45

6.46

6.47

steel—grout interface bond strength is 750 psi. This support is in addition to the earlier
roof bolting plan.

After grouting, a cemented fill, that has completely filled the old workings, has a
Young’s modulus of 100 ksi (690 MPa), and an unconfined compressive strength of
3,400 psi (23.4 MPa), as determined from unconfined compressive strength tests. The
original extraction ratio in this area is estimated to be about 40%. Assume that the
old pillars deteriorate to the point where they have no support capability. Estimate the
maximum subsidence that might occur in this event. Explain why this is a maximum
or upper bound estimate and why the actual “settlement” would probably be less.
Oris it?

A thin “low” metallurgical coal seam 3 ft (1 m) thick is mined at a depth of 980 ft
(300 m) . The main entries are mined 4 ft into the R1 roof stratum to give sufficient
clearance for track haulage. With reference to the stratigraphic column in the sketch
and the rock properties given in Table 6.12, assume rectangular pillars that are twice
as long as they are wide and crosscuts are the same width as the entries. Find:

1 the maximum possible extraction ratio;
2 pillar width (at a safety factor of 1.5 with respect to compression), and
3 the crosscut spacing (at F; = 1.5). Show by sketch.

Surface

(Not to scale) Overburden

R5 mudstone

R4 sandstone

R3 laminated shale

R2 laminated sandstone
RI (roof) sandstone

S| (seam — coal)

Fl (floor) shale

F2 limestone

Sketch of the stratigraphic sequence

Main entries are driven in sets of seven at a depth of 1,530 ft in flat-lying strata. Entries
are 20 ft wide (W,); pillars are 80 ft wide (/},). In vertical section showing entries
and pillar widths, the two-dimensional extraction ratio R = W,/(W, + W,). Three
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6.48

6.49

6.50

6.51

6.52

6.53

proposals are presented for increasing this extraction ratio to 33% from the existing
20%. (1) Decrease pillar width to 40 ft while keeping entry width the same; (2) increase
entry width while keeping pillar width the same, and (3) decrease pillar width while
increasing entry width to 33-1/3 ft, while keeping the center to center spacing of pillars
and entries the same. Which plan is preferable from the rock mechanics viewpoint?
Explain.

Main entries are driven in sets of seven at a depth of 1,466 mt in flat-lying strata.
Entries are 6 m wide (W,); pillars are 24 m wide (W},). In vertical section showing
entries and pillar widths, the two-dimensional extraction ratio R’ = W, /(W, + W},).
Three proposals are presented for increasing this extraction ratio to 33% from the
existing 20%. (1) Decrease pillar width to 12 m while keeping entry width the same;
(2) increase entry width while keeping pillar width the same, and (3) decrease pillar
width while increasing entry width to 10 m, while keeping the center to center spacing
of pillars and entries the same. Which plan is preferable from the rock mechanics
viewpoint? Explain.

Development entries 16 ft (4.9 m) wide are driven in a steeply dipping anthracite
coal seam at a depth of 760 ft (232 m) . Crosscuts are not a factor with distance
between raises on the dip at 300 ft (91 m) . (The extraction ratio in cross section is
thus R’.) Strata dip is 55°; seam thickness is 28 ft (8.5 m) . The premining stress field is
considered to be attributable to gravity alone, although no measurements are available.
Laboratory tests for unconfined compressive strength show a size effect given by
Cp = C1[0.78 + 0.22(D/L)]. Specifically, C; = 5,250 psi (36.2 MPa). Triaxial test
show data that fit a Mohr—Coulomb criterion reasonably well with ¢ = 35° and
¢ = 1,210 psi (8.34 MPa). A safety factor with respect to pillar compression of
2.75 is desired. Estimate the maximum safe extraction ratio and corresponding pillar
width?

Consider an underground limestone mine in flat strata where pillars are 95 ft high
and and depth is 845 ft. Rock properties are: £ = 11.3 million psi, v = 0.20,
Co = 21,500 psi, T, = 1,680 psi, unit weight = 156 pcf. A joint set of variable
dip pervades the mine. Mohr—Coulomb properties are: ¢ = 630 psi, ¢ = 40°. Pillars
must have a safety factor of 2.5 with respect to any potential failure mechanism. Is
this possible? Show why or why not.

Consider an underground limestone mine in flat strata where pillars are 29 m high
and depth is 258 m. Rock properties are: £ = 77.9 GPa, v = 0.20, C, = 148 MPa,
Ty = 11.6 MPa, unit weight = 24.7 kN/m>. A joint set of variable dip pervades the
mine. Mohr—Coulomb properties are: ¢ = 4.34 MPa, ¢ = 40°. Pillars must have a
safety factor of 2.5 with respect to any potential failure mechanism. Is this possible?
Show why or why not.

With reference to the sketch, Table 6.13, and the lower coal seam, what is the maximum
possible extraction ratio?

With reference to the sketch, Table 6.13 and the lower coal seam, if a factor of safety
of 1.5 with respect to compression is required when entries and crosscuts are actually
18 ft (5.5 m) wide and pillars are twice as long as they are wide, find (with neglect of
any size effect on strength):

1 width of pillars and length of pillars;
2 entry and crosscut spacing (center to center).
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Table 6.13 Strata properties for Problems 6.52, 6.53

Rock y-pef E(10%psi v Co(psi) To(psi) h(ft)
type (kN/m3) (GPa) (MPa) (MPa) (m)

| Over 144.0 1.70 0.25 1,000 50 1,694
burden (22.8) (11.7) (6.9) (0.34) (5l¢)

2 Massive 148.2 3.00 0.20 19,000 850 1,714
sandstone (23.4) (20.7) (131.9) (5.86) (522)

3 Coal 75.0 0.35 0.30 3,500 130 1,719
(11.9) (24) (24.1) (0.90)  (524)

4 Layered 149.5 1.50 0.10 17,500 700 1,741
sandstone (23.6) (10.3) (120.7)  (4.83) (531)

5 Massive 148.2 3.00 0.20 19,000 850 1,744
sandstone (23.4) (20.7) (131.0) (5.86) (532)

6 Sandy 170.0 4.50 0.10 15,000 1,000 1,747
shale (26.9) (31.0) (103.4)  (6.90) (533)

7 Coal 75.0 0.35 030 3,500 1,300 1,754
(11.9) (24) (24.1) (8.97) (535)

8 Massive 148.2 3.50 020 19,500 1,000 1,778
sandstone (23.4) (24.1) (134.5) (6.90) (542)

9 Layered 149.5 1.50 0.10 17,500 700 2,250
sandstone (23.6) (10.3) (120.7)  (4.83) (658)

6.54

6.55

Sketch and geologic column

A tabular ore body is 32 ft (9.75 m) thick, strikes due north, and dips 22° east. The
premining stress field is due to gravity alone. Stopes are excavated at a depth of
2,590 ft (179 m) in a regular room and pillar configuration. A lane and pillar method
is used, so the system appears two-dimensional in section. Lanes (rooms) are 52 ft
(16.9 m) wide. Rock properties are:

C, = 18,500 psi (128 MPa), T, = 1,650 psi(11.5 MPa),
E =11 x 10° psi (75.9 GPa), v = 0.19

A safety factor of 1.5 with respect to the maximum shear stress is required for pillar
design. Find the extraction ratio and pillar dimensions assuming no size effect on
strength.

With reference to the data given in Problem 6.54, suppose that a joint system is present.
If the joints also strike due north and dip to the 45° east, find the joint cohesion needed
for a safety factor or 1.5 with respect to joint shear. Note: the joints are clay-filled and
have a friction angle of 18°.



Chapter 7

Three-dimensional excavations

Three-dimensional excavations include caverns such as hydroelectric machine halls for civil
engineering purposes and stopes in hardrock mines. Stopes are regions in mines where ore is
excavated. In hardrock mines, stopes range from relatively large brick-shaped excavations to
thin, tabular zones that may be flat lying, gently to steeply dipping, or vertical. Stopes differ
from shafts, tunnels, and entries. The latter excavations are long relative to cross-sectional
dimensions and are amenable to two-dimensional analysis (plane strain, plane stress, axial
symmetry). Cavern and stope design usually requires a three-dimensional analysis of stress.
The purpose of an analysis is the same in any case: determination of magnitudes and locations
of peak tensile and compressive stresses. From these data, stress concentration factors may
be obtained for use in design safety factor calculations:

s _Co_ Go
°T oS - K .S (7.1
T, T, '
Fi==-"=
Ot KtS]

where C,, o¢, Ke, Ty, 01, Ki, and S are unconfined compressive strength, peak compressive
stress, compressive stress concentration factor, tensile strength, peak tension, tensile stress
concentration factor, and major principal stress before excavation. When compressive stress
is considered positive, then a positive stress concentration factor implies a peak compressive
stress; a negative stress concentration factor implies tension. A safety factor greater than one
at a point of peak stress, assures that all other points at the excavation wall are also safe with
respect to compression or tension or both.

The safety factors defined in (7.1) are not the only safety factors possible because defini-
tions depend on the measures of strength and stress. An alternative to the Mohr—Coulomb
definition in (7.1) is a safety factor based on the well-known Drucker—Prager (DP) yield
condition. This yield condition is based on all three principal stresses. If one considers a
root-mean-square measure of the principal shear stresses, that is,

RMS = {(;) [(”i‘”)z + (03 ;al )2 ¥ (01 ;m)znl/z = (1/V20,?

where J; is a symbol for what is known as the second invariant of deviatoric stress and sup-
poses thatJ; is a function of the mean normal stress o, = (%)(01 +oy+03) = (%)]1 where [}

is known as the first invariant of stress, then le 12— 41 1+ B which is the Drucker—Prager yield
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lt|=0tan ¢ +c

(0,-7)

Figure 7.1 Mohr—Coulomb shear strength criterion with C, and Ty strength circles shown.

condition and compression is considered positive. The left side is the greatest possible value
of le /2 and represents the strength of the material; 4 and B are strength properties.

A factor of safety at a point using DP, is then FS = le 2 (max) /J21 /2 (actual).
Under strictly uniaxial conditions, compression or tension, this safety factor reduces to
those defined in (7.1). Additional discussion of strength and yield criteria including the pop-
ular Hoek—Brown (HB) criterion and n-type criteria that provide technically sound fits to
test data are presented in Appendix B.

Failures on geologic structures such as joints that intersect excavation walls may be antici-
pated in a similar manner using joint strength properties and joint stresses in analogous safety
factor calculations. Thus,

7j(strength)

FS; =
Tj(stress)

(7.2)

that includes uniaxial tensile and compressive failures as special cases, as illustrated in
Figure 7.1 where Mohr—Coulomb shear strength is used.

7.1 Naturally supported caverns and stopes

There are far fewer analytic solutions available for stress concentration factors for even sim-
ple three-dimensional shapes such as a cube than for two-dimensional openings. Ellipsoids
with three semi-axes (a, b, c¢) parallel to x, y, z are an exception. Solutions exist for stresses
about spheres (@ = b = c), oblate spheroids (¢ = b > c), prolate spheroids (¢ = b < ¢),
and triaxial ellipsoids (@ > b > ¢). However, considerable numerical work is still required
for evaluation. Direct numerical solution is needed for other excavation shapes. In all cases,
application here is restricted to homogenous, isotropic, linearly elastic rock masses. Although,
spheroids and ellipsoids are not often practical excavations shapes, they offer insight into
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stress concentration in three dimensions and allow comparisons to be made with associated
two-dimensional openings that may qualitatively be extended to other shapes.

Despite restrictions of the elastic model of rock mass behavior, useful design guidance
may still be obtained by identifying locations and magnitudes of peak stresses at excava-
tion walls. Such guidance is especially helpful in consideration of extreme preexcavation
stress states including the hydrostatic case (S; = S» = §3) and the uniaxial case (S7 # 0,
S» = 83 = 0) where S, 52, and S3 are the major, intermediate, and minor principal stresses
before excavation.

Spheroidal excavations

A spherical excavation is shown in Figure 7.2; because of symmetry, only the first octant is
depicted in a rectangular coordinate system. Compressive stresses Sy, Sy, and S; are preex-
cavation stresses in the direction of the x-, y-, and z-axes, respectively. Stress concentration
factors for unit applied loads are given in Table 7.1. Multiplication of the actual applied stress
by the stress concentration factor for the direction (x, y, or z) and point (4, B, or C) of interest
gives the stress component at the considered point. Superposition allows for arbitrary loads
applied parallel to the coordinate axes.

Figure 7.2 A sphere under load.

Table 7.1 Stress concentration factors for a spherical hole under uniaxial load

Factor Load® Sy =10 S, =5,=00 S =10 S$;=5=00 S;=10 S =5=00

Point A B C A B C A B C
Ky = 0 2.00 2.00 0 —0.50 0.00 0 0.00 —0.50
Ky = —-050 O 0.00 2.00 0 2.00 0.00 0 —0.50
Ky = —-050 000 O 0.00 -0.50 0 2.00 200 0
Note

a A=on x-axis at hole wall, B = on y-axis at hole wall, C = on z-axis at hole wall. Poisson’s ratio = 0.20 (derived
from Coates, 1970).
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Example 7.1 As a simple example, under hydrostatic loading (Sy = S, = S. = 1.0), the
stresses oxy, 0yy, and oz, at B are 1.5 (2.00 — 0.50 + 0.00), 0.0 (0.00 + 0.00 + 0.00), and
1.5 (0.0 — 0.50 4 2.00), respectively, with the assumption of Poisson’s ratio equal to 0.20. In
fact, uniform or hydrostatic loading results in a normal stress acting tangential to the hole wall
of 1.5. By comparison, hydrostatic loading of a circular opening gives a peak compressive
stress of 2.0 that is 33% higher in comparison.

Example 7.2 If S, = (1/3)S; and S, = (1/3)S; and S; = 1.0, find the vertical and
horizontal stresses at 4, B, and C, assuming Poisson’s ratio is 0.20.

Solution: From the data in Table 7.1,

Kyo(4, B) = [—0.50(1/3) + 0.0(1/3) + 2.00(1.0)] = 1.83
Kin(4,B) = [—0.50(1/3) + 2.00(1/3) + 0.00(1.0)] = 0.500
Ko (C) = [0.00(1/3) 4 0.00(1/3) + 0.00(1.0)] = 0.00

Ko(C) = [2.00(1/3) + 0.00(1/3) + (—0.50)(1.0)] = 0.167

Under a unit hydrostatic load, simple formulas exist for the radial and tangential normal
stresses (see, for example, Love, 1944). Thus,

oy =1— <g>3 , oy =0p =1+05 (%)3 (7.3)

where a is the sphere radius and r is the radial coordinate. Clearly, at the hole wall the radial
stress is zero, as it must be, while the tangential stresses are indeed concentrated by a factor
of 1.5. It is also clear that peak (tangential stress) decreases with distance from the hole wall
in proportion to 73, which is even more rapid than the »—2 decay in the two-dimensional,
circular hole case. At the same time, the radial stress rapidly increases to the preexcavation
value as shown in Figure 7.3. Thus the zone of influence of three-dimensional openings tends
to be less than analogous two-dimensional openings and the interaction between adjacent
cavities also tends to be less.

The hydrostatic case is quite exceptional because of the absence of elastic properties in
the stress concentration formulas. Generally, Poisson’s ratio must be considered in three-
dimensional analyses, unlike analyses in two dimensions. In Table 7.1, Poisson’s ratio is
assumed to be 0.20, a realistic value for many materials, but by no means always a good
estimate. Table 7.2 gives stress concentration factors for a sphere loaded uniaxially in the
z-direction as functions of Poisson’s ratio, v. When v = 0.2, the results are the same as in
Table 7.1 for S; = 1.0 and Sy = S}, = 0.0. The expressions in Table 7.2 may be used to
obtain stress concentration factors for loading along the x- and y-axes with appropriate reori-
entation. The tension at the top of the sphere according to Table 7.2 is sensitive to Poisson’s
ratio.

Example 7.3 If S, = (1/3)S; and S, = (1/3)S; and S; = 1.0, find the vertical and
horizontal stresses at A, B and C, assuming Poisson’s ratio is 0.0.
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Solution:

From the data in Table 7.1,

Ky(4,B) = [—(3/14)(1/3) + (=3/14)(1/3) + (27/14)(1.0)] = (25/14) = 1.79

Kn(4,B) = [-(3/1H(1/3) + (27/14)(1/3) + (=3/1H(1.0)] = (5/14) = 0.357

K, (C) =[0.00(1/3) 4+ 0.00(1/3) + 0.00(1.0)] = 0.00

Kn(C) =[(27/14)(1/3) + (=3/14)(1/3) + (=3/14)(1.0)] = (23/14) = 1.643
A summary for the Cartesian stress concentration factors is given in the Example Table

where 4, B, and C are the x, y, and z axis intercepts.

Stress concentration

Figure 7.3

Table for Example 7.32

Concentration Point

C

5/14  23/14

23/14

25/14 25/14 0

Note
a v=00.

Stress concentration near a sphere wall

1.60

under hydrostatic stress

1.40 4

1.20 4

1.00

0.80 -

0.60 -

0.40 -

SH’

Stt
———-Wall

0.00 5.00 10.00

20.00 25.00 30.00 35.00

Stress distribution about a spherical cavity under hydrostatic stress obtained from finite
element analysis. Peak compressive stress concentration is |.5. Tension is absent. The wall

isatr/a=1.0.
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Table 7.2 Stress concentration factors for a sphere as functions of poisson’s ratio

Factor Load S, =10 Sy = Sy =00

Point A B C
300 3(1 4 5v) 3(1 4 5v)
Ky = 0 _ _
14— 10v 14— 10v 14— 10v
K — 30v 3(1 +5v) 3(1 + 5v)
r— 14— 100 14— 10v 14— 10v
p 30 3(1 + 5v) 30 3(1 4 5v)
z = - -

14 — 10v 14— 10v 14 — [0v 14 — 10v

Source: Developed from Terzaghi and Richart, 1952.

Table 7.3 Peak tension and compression at sphere walls
under uniaxial load S; = 1.0

Poisson’s ratio v Compression at sides  Tension at top

Aand B C
0.0 1.929 —-0.214
0.1 1.962 —0.346
0.2 2.00 —0.500
0.3 2.046 —0.682
0.4 2.100 —0.900
0.5 2.167 —1.167

Compression at the sides of the sphere is relatively insensitive as the data in Table 7.3
show.

Figure 7.4 shows stress distribution about a sphere under uniaxial load (S. = 1.0,
Sy = 8y = 0.0) with Poisson’s ratio of 0.2. Peak compressive stress concentration is 2.0
and is vertical at the equator (4, B) of the sphere. Peak tensile stress concentration is —0.5
and is horizontal at the pole (C).

An oblate spheroid is shown in Figure 7.5 with stresses applied along the x, y, and z axes.
The plane z = 0 is a circle bounded by the equator of the spheroid, while the end of the z-axis
¢ is the pole of this figure. Vertical sections containing the z-axis are identical ellipses; each
has a major semi-axis a(= b) and minor the semi-axes c. There is rotational symmetry about
the z-axis. Under uniaxial vertical loading (K, = 0) and hydrostatic loading (K, = 1) there
is also a symmetry of stress about the z-axis.

Figure 7.6 shows peak stress concentrations for oblate spheroids (thickened at the equator
with major and minor semi-axes « and c, respectively) as a function of the aspect ratio a/c.
The prehole stress state has little influence on the peak compressive stress concentration that
occurs at the ends of the major axis of the opening. In both load cases, this peak rises rapidly
with increasing aspect ratio. However, the stress concentration at the opening top and bottom
(ends of minor axis) changes from compression to tension as the load changes from hydrostatic
to uniaxial. The tensile stress concentration does not exceed —1. The same phenomenon is
present in two dimensions, although the peak compressive stress concentrations are much
greater in two dimensions. For example, under uniaxial loading, a two-dimensional elliptical
opening with an aspect ratio of 5, has a compressive stress concentration of 11 (compared



2.00

|
|
|

1504
|
|

c |

Kl |

g 100 !

b= i

[ |

g I ——s

8 | r

v | —a—

§ osof Su

a ! S
! ————Wall
!

0.00 M . ‘
;””2 4 6 8 10 12 14 3 18 20
|
i

—0.50 .
xla
(b)
1.50
1.00 |
s S
g Stt
% 0.50 —Sp
o ————Wall
8
3
0.00 | & ‘
8 10 12 14 16 ]
-0.50 w
zla

Figure 7.4 Stress distribution about a spherical cavity under vertical load (S;z) only: (a) along the
horizontal x-axis. Stt = Szz, Srr = Sxx, Spp = Syy and (b) along the vertical z-axis. Sy = Szz,
Stt = Syyv Spp = Sxx~
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Figure 7.5 Spheroids under normal stress loadings.

with 7 in three dimensions, Figure 7.6). An aspect ratio of 10 gives a stress concentration of
21, but only 13.4 in three dimensions, while an aspect ratio of 50 in two dimensions gives a
stress concentration of 101, Figure 7.6. An interesting feature of the peak compressive stress
concentration along the equator of the spheroid is the linear dependency on aspect ratio. This
feature is similar to that for a two-dimensional ellipse where K = 2(a/c) + (1 — K,) that has
the linear form y = ax + b.

Peak stress concentration, although extremely high at high aspect ratios, decreases rapidly
with distance from the excavation surface as shown in Figure 7.7.

Figure 7.8 shows a triaxial ellipsoid and the stress concentration along the x-axis in the
case of c = 1, b = 3, and a = 9 and Poisson’s ratio=0.3. At the end of the x-axis the
peak stress concentration is vertical and is 6.0. By comparison, in two dimensions, stress
concentration at the same location but about an ellipse with a semi-axis ratio of 9 is 19, under
the same vertical load. Again, the three-dimensional stress concentration is much less than
an associated two-dimensional stress concentration.

The decrease of stress concentration with distance from the ellipsoid end (point A) is
rapid. At a distance of x/a = 1.1, the effect of stress concentration is slight. This point
is at a distance of 0.1x/a = 0.3b/a = 0.9x/c into the solid along the x-axis. If the minor
semi-axis ¢ is indicative of a “radius,” so 2¢ = D (diameter), then the zone of negligible
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Figure 7.6 Stress concentration data about oblate spheroids under uniaxial vertical (Ko = 0, open
symbols) and hydrostatic (Ko = |, solid symbols) loading: (a) low aspect ratio and (b) high
aspect ratio (after Terzaghi and Richart, 1952).
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Figure 7.7 Rapid decrease of stress away from the surface of an oblate spheroid with ¢/a = 5:
(a) stress decay along the horizontal x-axis and (b) stress decay along the vertical z-axis
(after Terzaghi and Richart, 1952).
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1.00 1.05 I.10 1.15

Figure 7.8 Stress concentration about a triaxial ellipsoid with @ = 3b = 9¢ under uniaxial (vertical)
loading with Poisson’s ratio of 0.3 (after Sadowsky and Sternberg, 1949).

stress concentration is only 0.45D away from the hole wall. This result indicates that the zone
of influence in three dimensions is smaller than in two dimensions and is proportional to the
shortest dimension of the opening rather than the long dimension (as for tunnels and shafts).

Consideration also needs to be given to stress concentration and the rate of decrease of stress
along the y and z axes as well as the x axis. As the major semi-axis « is increased indefinitely
and the ellipsoid becomes very long in the x direction, the shape approaches a tunnel-like
two-dimensional opening with an elliptical cross section in the yz plane that has dimensions
b and ¢ with an aspect ratio of 3. Peak compressive and tensile stress concentrations about an
ellipse with an aspect ratio of three under uniaxial compression normal to the long axis are
7.0 and —1.0, respectively. These concentrations occur at points corresponding to B and C
in Figure 7.8. Both are greater than corresponding three-dimensional stress concentrations.
In two dimensions, the long dimension of the opening is used in the “one diameter” rule of
thumb that defines the zone of hole influence. Stress concentration at the ends of the opening
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along the x axis still decay very rapidly, but less so in the y and z direction. These limited
observations suggest that the intermediate dimension of a three-dimensional opening be used
in the “one-diameter” rule of thumb for defining a zone of influence.

Analysis of stress about mathematically simple shapes such as spheres, spheroids, and
ellipsoids and plots of some of the results allows one to observe the nature of stress concen-
tration in three dimensions and to compare with analogous results in two dimensions. The
main results of comparisons of three-dimensional with two-dimensional stress analyses are:

1  stress concentrations are lower about three-dimensional openings than two-dimensional
openings of similar cross section;

2 the zone of influence of a three-dimensional opening may be approximated by a “one
diameter” rule of thumb using the intermediate dimension of the opening;

3 when the long axis of a three-dimensional opening is more than twice the intermediate
axis length, the peak stress concentrations approach those of a two-dimensional section.

Cubical and brick-shaped excavations

A step toward more realistic shapes is the calculation of stress about a cube that is necessarily
done numerically. Brick-shaped stopes are, technically, rectangular parallelopipeds with
semi-axes (a, b, ¢) parallel to Cartesian coordinate axes (x, y, z) that may also be considered
compass coordinates (x = east, y = north, z =up). Beginning with a cube shown in Figure 7.9,
as the vertical c-axis increases at fixed a- and b-axes, a shaft-like opening is generated. Fixing
b and ¢, while increasing a creates a tunnel-like opening. Fixing a and ¢, while increasing
b also creates a similar tunnel-like opening. Tabular openings have a large in-plane extent
relative to thickness. Fixing b and ¢, while decreasing a creates a tabular opening. Fixing
a and ¢, while decreasing b creates a similar tabular opening. A tabular opening is also
generated by fixing a and b, while decreasing ¢, as shown in Figure 7.9.

(a) I c

NN
b
1
T M
1 |
1 -
1 :
1 |
Y adh il il o* -
eV ala il el s
AV o e -
s ¢
” (b)

Figure 7.9 (a) Cube, (b) shaft and tunnel-like openings, and (c) tabular openings.
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The distinction between the shaft and tunnel-like openings is one of orientation. The same
is true of the three tabular openings generated from the basic cube, only orientation changes.
In this regard, orientation is important with respect to the preexcavation stress field that may
be characterized by magnitudes of premining principal stresses (compression positive) S1, S2,
S3, and direction angles 6y, 6,, 6. of the major principal stress (S1). Directions of the other two
principal stresses (S2, S3) are fixed by orthogonality and right-handedness of the principal
axes. The most convenient orientation occurs when the geometric axes of the excavation
are parallel to the preexcavation principal stress directions. In these cases, the excavation of
interest is not loaded in shear. Otherwise shear stresses also contribute to stress concentration
at the excavation walls. Six stress concentration factors are needed in this general loading
case. Each factor is a function of opening geometry.

The many combinations of stress and shape in three dimensions militates against any simple
codification. There is also an associated question of when a three-dimensional opening may
be approximated with a two-dimensional analysis. Consider a cubical excavation initially
and then suppose further excavation occurs along the x-axis. The question is at what dis-
tance along the x-axis does the brick-shaped excavation appear essentially two-dimensional.
Computational results in Figure 7.10 using a Drucker—Prager strength criterion shows the
evolution of safety factor contours in long section as an originally cubical excavation becomes
a brick-shaped excavation and approaches tunnel-like conditions. The long section is a ver-
tical plane passing through the center of the excavation; coordinate planes are planes of
symmetry, so only one octant is shown. The preexcavation stress state is a uniaxial vertical
stress for illustrative purposes; the excavation cross section remains square as advance is
made along the x-axis. The black regions in Figure 7.10 are elements that have reached the
elastic limit and have yielded with a local safety factor of one. A lobe of relative high stress
appears at the edge of the opening within the 1.5 safety factor contour. Interestingly, there
appears a “bubble” of relative safety above the failed region that is especially noticeable in
(a), the cubical excavation. However, as the excavation is advanced along the x-axis, this
region diminishes somewhat, as seen in (b) and (c) as the semi-axes ratio a/c increases to
about 2 and then 3. With further advance, this region “pinches off” altogether in (e) and (f)
when the semi-axis ratio reaches five and then six. Formation of a safety bubble under the
load point (under the applied stress S), so to speak, is not unusual.

Another phenomenon is the growth in the height of the yield zone (black region), as
excavation progresses from the cube (a) to a tunnel-like excavation (f). This progression is
from a three-dimensional opening to one that in cross section could be analyzed as a two-
dimensional excavation. A two-dimensional view (yz coordinate plane) would show higher
stress and greater extent of yielding than the section through the cube (a). The reason why
openings that are long, compared with cross-sectional dimensions (tunnels, shafts), experi-
ence higher stress concentrations is the restriction of load redistribution to the sides only. In
three dimensions, load is redistributed to sides and ends thus reducing stress concentration
and extent of yielding. The presence of yield zones suggests reduction of stress by excavating
a more favorable shape, for example, by arching the top of an excavation when yielding is
indicated there by stress analysis.

Evolution of the three-dimensional cubical excavation toward a tunnel-like two-
dimensional excavation is also shown in Figure 7.11. The vertical sections in Figure 7.11
are cross sections through the center of the excavation. The presence of a safety bubble is
clear in the cubical excavation case (a) as is the diminution of the bubble with advance of the
excavation along the x-axis into the page. Yielding reaches highest extent when the semi-axis



©

®
S,=1
5= $.=0
3
Y~ Safety f: in | ti D —
Safety factor contours in long section atety factor contours in fong section
2.0
z 2.5
I
1.5 1.1 1.5
X 6.1 X

(d)
S,=1 Szi |
5.=0 Sx: 0
5,=0 5=0
«— «—
Safety factor contours in long section Safety factor contours in long section
z

2.5 2.0

1.5
3.1 x X
b
@ ®) J -
5,=0
%7 5,=0
$:=0 Pk
S,=0 Safety factor contours in
«— )
2.5 long section
Safety factor contours in 20
long section z ’
3.02.52.0

1.5

Figure 7.10 Evolution of a cubical excavation to a tunnel-like excavation of square section as seen in

contours of safety factor using the Drucker-Prager strength criterion: (a) cube,a/c = I,
b/c = 1, (b) brick, a/c = 2,b/c = 1, (c) brick, a/c = 3,b/c = |, (d) brick, a/c ~ 4,
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Figure 7.11 Evolution of a cubical excavation to a tunnel-like excavation as seen in contours of safety
factor about vertical cross sections using Drucker—Prager strength. (a) Cube, a/c = |,
b/c = 1; (b) brick, a/c = 2, b/c = 1; (c) brick, a/c ~ 3, b/c = I; (d) brick, a/c ~ 4,
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ratio a/c ~ 3, although the safety bubble diminishes further as a/c ~ 4. Beyond a/c ~ 4
there is little difference in cross section safety factor distributions. These results suggest that
when excavation length exceeds three times cross section dimensions, tunnel-like conditions
are approached. Additional advance then no longer causes further decrease in excavation
wall safety.

The best orientation of a three-dimensional excavation of brick shape in a given stress field
may also be studied numerically. Under uniaxial load S with other principal preexcavation
stresses zero there are three orientations possible when the excavation dimensions are unequal.
Ifa, b, c are the excavation semi-axes anda > b > c, the three orientations are S parallel to a,
b, or c. One may hypothesize that the most favorable orientation is with S parallel to the long
axis a. This orientation minimizes the area exposed perpendicular to the major preexcavation
principal stress S. The least favorable would be with S parallel to the short axis ¢ resulting
in maximum exposure.

Figure 7.12 shows safety factor contours about a brick-shaped excavation with semi-axes
ratios of about a/c ~ 3 and b/c ~ 1.5. The most favorable orientation is clearly with the
long axis of the excavation parallel to the load direction. Extent of the yield zone (black
region) is much less in Figures 7.12(a) and (b) than in Figures 7.12(c) and (d) which is the
least favorable orientation with the load axis parallel to the short axis of the excavation. In
both orientations, a safety bubble occurs under the load above the zones of yielding.

A more challenging situation occurs when the preexcavation stress state is triaxial rather
than uniaxial. If the major principal stresses before excavation are Si, S», and S3 such that
S1 > 8 > 83 and the excavation dimensions are L} = 2a, L, = 2b, and L3 = 2c¢ with
Ly > Ly > L3, then there are six distinct orientations of the excavation with respect to the
preexcavation stress field (Pariseau, 2005). These six combinations are shown in Table 7.4.
One might suppose upon inspection of Table 7.4 that combination 5 would be least favorable
because of the switch between the 1 and 3 directions. However, when combinations 5 and 6
are compared as if they were tunnel-like openings, then the greatest stress difference in cross
section occurs in combination 6.

Generally speaking, stress concentration in three dimensions can be expected to be lower
than in corresponding two-dimensional openings for the physical reason that stress can be
redistributed from side to side and back to front in three dimensions but only side to side in
two dimensions. As the distance between back and front increases relative to cross-sectional
dimensions, stress concentration away from the front and back ends in the midsection of an
opening tends toward the higher two-dimensional values. The most favorable orientation of a
three-dimensional excavation is with the long dimension parallel to the greatest preexcavation
principal stress and with the short dimension parallel to the least preexcavation principal
stress. The intermediate excavation dimension is then necessarily parallel to the intermediate
excavation dimension. This rule places the excavation wall area defined by the product of
intermediate by least dimension normal to the greatest preexcavation principal stress. As a
consequence the long axis of the excavation is parallel to the greatest preexcavation principal
stress. If the excavation wall area is exposure, then a rule of thumb for greatest safety is to
minimize exposure.

Some choice may be present in design of excavations for civil purposes. If so, then the
orientation that favors safety should be specified. In mining, excavation geometry and orien-
tation are constrained by the size and shape of the ore body. Excavation must follow the ore,
so there may be little choice for orientating stopes in the most favorable way. Yet another
design consideration relates to geologic structure. Shallow excavations may be prone to joint
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shown in (a), (b). Least favorable orientation shown in (c), (d).

Table 7.4 Orientation combinations of preexcavation stress and excava-
tion dimensions from most favorable to least favorable

Stress Dimension

S| S S3
I (most) Ly L L3
2 Ly L3 L
3 Ly L3 L
4 L Ly L3
5 L3 Ly L
6 (Ieast) L3 Ly L
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failure rather than failure under high stress. If so, then orientation with respect to geologic
structure is a major design consideration.

Example 7.4 Consider a large underground cavern 10 x 20 x 40 m that is being planned
for a depth of 300 m in a stress field such that the vertical preexcavation stress is simply
unit weight times depth. The north—south stress is 1.2 times the vertical stress, while the
east—west stress is 0.60 times the vertical stress. Determine the most favorable orientation of
the proposed excavation.

Solution: According to rule of thumb, the long axis of an excavation should be parallel to
the greatest preexcavation principal stress, and the short axis should be parallel to the least
preexcavation principal stress. Thus, the 40-m length should be north-south, and the 10-m
length should be east—west as shown in the sketch. The 20-m length is vertical.
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Should a stress analysis show high stress concentration and therefore low safety factors near
the excavation top, bottom, and sides, then arching the top may be considered as may be rock
mass reinforcement and support.

Example 7.5 Consider the evolving tabular excavation in the sketch. A “drift” is a mine
excavation along the strike of the ore body and is a tunnel-like excavation advanced horizon-
tally to the right in the sketch a distance L. After completion, backfill is introduced before
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starting another drift below. Drift width W is equal to width of the vein; drift height is 4.
Progress downward continues along a vertical distance H in this example. Stress measure-
ments show that the greatest premining stress is a compression across the vein; the least
premining stress is parallel to the strike of the vein, and the intermediate premining stress is
vertical, as shown in the sketch. Determine whether this excavation sequence is favorable to
safety and whether the drift dimensions can be adjusted to improve safety about the drift.

Solution: The final configuration results in maximum exposure to the greatest premining
stress and, according to the rule of thumb for favorable orientation of three-dimensional exca-
vations, is unfavorable. However, consideration should be given to the evolving geometry
as mining progresses and to the influence of fill.

The first drift at the top of the future tabular excavation evolves into a tunnel-like exca-
vation of width W and height 4. If # < W, then S| is parallel to the long dimension of the
drift cross section which is favorable to safety. For example, if W = 15 and /& = 10, safety
is favored, but if W = 5 and & = 10, the section has a disadvantage with respect to stress
concentration and safety, as illustrated in the second sketch.

¢ 5

¢52 h <

hi (S_I
> <>

(a) Favorable, W>h (b) Unfavorable, W<h

Mine fill is usually much more compliant than the rock mass and has little effect on the
deformation and stress concentration that are induced by excavation. For this reason, fill may
be neglected. However, this is not to say that fill is unimportant. Fill prevents detached rock
slabs and blocks from falling into an otherwise empty stope and is thus essential to safety
and stability in the overall scheme of mining.

As the number of drifts (n) increases, so does the depth of excavation. When (n)(h) > W,
maximum exposure occurs under S7, which is definitely unfavorable to safety and stability.

An alternative mining sequence would be to create vertical shaft-like openings of height H
and then advance to the right in the sketch by excavating successive “shafts” until the stope
is completed. This sequence would only be feasible if fill were not needed to prevent falls
of rock into the mined region to the left of the next “shaft.” There would be no advantage
in safety from the rock mechanics view because the exposure is the same. However, there
would be a considerable cost advantage.

7.2 Joints in cavern and stope walls

Slip and separation of joints at cavern and stope walls constitute additional failure mechanisms
that require design consideration beyond local safety factor analysis based on an elastic
analysis for stress and rock mass strengths or strength of intact rock between joints. Although
the presence of joints affects stress distribution relative to the joint-free case, elastic analysis
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of stress based on rock mass properties is a reasonable basis for an initial consideration of
joint safety or stability. If results indicate a potential for extensive joint failures, then a more
detailed design analysis may be considered.

Analysis for wall joint safety requires estimation of two numbers, joint shear strength,
and joint shear stress. Shear strength relates to joint properties and may be considered
known for design analysis. If one adopts the well-known Mohr—Coulomb criterion, then joint
shear strength is characterized by cohesion ¢ and angle of friction ¢. Thus, 7j(strength) =
oj tan(¢) + c. Estimation of joint shear stress is more involved and requires several distinct
steps. The first and most difficult step is analysis of stress. Short of a detailed stress analysis,
stress concentration factors from known results may be used, if available and suitable for the
problem at hand.

Joint plane orientation (dip direction and dip) with respect to compass coordinates (x = E,
y=N, z=Up) is known, so joint normal and shear stresses (oj, 7j) may be obtained by
rotation of stress axes from compass coordinates to joint plane coordinates (¢ = down dip,
b = on strike, ¢ = normal direction). Symbolically, this rotation is [0 (abc)] =
[R][o (xyz)][R]" where [R] is a 3 x 3 matrix of direction cosines between compass and joint
coordinates, the superscript “#”” means transpose and [o(.)] is @ 3 x 3 matrix of stresses.
Joint normal stress is then oj = o and joint shear stress is 7j = [(tea?) + (tcb)z]l/z. These
calculations are readily done with the aid of standard personal computer software and allow
for estimation of joint plane safety factors.

The difficulty is that the requisite stress analysis results [o (xyz)] must be available to start
the calculation. In two-dimensional analyses, wall stress concentration data were used in lieu
of a detailed stress analysis and required consideration only of the stress acting tangential to
the wall. In three dimensions, there are two such tangential stresses to consider, but generally
only the highest-stress is reported as stress concentration data. In this case, only when the
strike of a joint plane is parallel to the intermediate principal wall stress, may the peak three-
dimensional stress concentration data be used for a joint plane safety factor calculations.
The joint plane normal is then in a plane defined by the major and minor principal stresses
at the excavation wall.

An additional complication in three-dimensional analysis is the fact that the stress state
varies along the trace of joint intersection with excavation walls. Thus while slip may be
indicated at some points along the wall joint trace, safety may be indicated at other points.
Whether excavation safety is threatened is then problematical, although prudence would
dictate consideration of reinforcement or support.

7.3 Tabular excavations

Tabular excavations such as hardrock stopes and softrock panels may be flat, dipping, or
vertical and pose a special challenge even for direct numerical calculations. Reasonably
accurate determination of stress distribution along the least dimension of a tabular excavation
requires five to ten subdivisions (elements). In a vein 10 ft thick a spacing of about 1 ft would
be required. If the stope dimensions are 10 x 200 x 200, then 400,000 elements would be
required just to fill the planned excavation. A longwall panel with dimensions 10 x 750 x
7,500, would require over 56 million elements of the same size just to fill the panel. Total
elements required would be easily 100 to 1,000 times excavation elements. Even one million
elements is an enormous number and that requires a large, fast computer. Use of variable
size elements improves computational efficiency, but the problem of stress analysis about
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Figure 7.13 Hypothetical vertical stress distributions about an evolving tabular excavation:
(a) initial tunnel-like opening, W, /Ho ratio and location of peak compression, (b) panel
extended, tunnel-like opening new Wy /Ho ratio and peak compression, and (c) a single
tabular excavation: face advance changes stress concentration.

tabular excavations in three dimensions is still numerically intensive. Programs that operate
only on the boundary surface of an excavation rather than through the volume enclosed
have a distinct advantage but also have restrictions and are numerically intensive as well.
A closely related problem of stress analysis about tabular excavations is mine subsidence and
the calculation of surface displacement in response to mining. While analysis of progressive
mining in tabular ore bodies is possible, they are not routine and results from parametric
studies for compiling stress concentration factors are not available.

Thought experiments in view of the three-dimensional results that are available provide
some guidance to stress concentration about tabular excavations. For simplicity, consider a
single, flat-lying tabular excavation similar to a longwall panel. At the start, the excavation is
a tunnel-like opening of rectangular section as shown in Figure 7.13. Under gravity loading
only, tension is absent and peak compressive stress concentration appears along the face until
within about one diameter of the ends. In this situation, D is the width of the rectangular cross
section. As the face advances, the width to height ratio of the cross section increases and
consequently so does the stress concentration at the face. In two dimensions, the increase in
stress concentration is directly proportional to the width to height ratio. At an advance of just
75 ft, this ratio is 10 (mining height is 7.5 ft); the corresponding stress concentration factor is
also about 10, which is relatively insensitive to the premining stress state. If mining depth in
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this example is 1,000 ft the stress at the face is 10,000 psi. At an advance of 150 ft, the stress
at the face is about 20,000 psi which is likely to be near laboratory compressive strength of
hardrock and well above unconfined compressive strength of most softrock. With continued
face advance the tunnel-like geometry wanes as face advance becomes equal to face length
(750 ft in this example). At this stage, peak compression occurs at the midsides of the panel.
Further advance to 1,500 ft, twice face length begins to produce tunnel-like geometry in
the direction of the advance. The aspect ratio is now quite high, 100 (750/7.5), so stress
concentration at the panel sides is enormous. Continued face advance increases the zone of
high stress concentration as the tunnel-like geometry is extended, but the magnitude changes
little. The very high stress concentrations associated with tabular excavations undoubtedly
results in stress that exceeds strength and causes local yielding near the excavation walls.
Excavation of adjacent panels creates still higher stresses which are relieved beyond the
elastic limit by inelastic fracture and flow.

7.4 Cavern and stope support

Any tendency for stress to rise above the elastic limit is necessarily relieved by inelastic
deformation. A support strategy that takes into account rock mass failure mechanisms is
therefore one that accounts for yielding, fracture, and flow. There are numerous mechanisms
of yielding in rock masses: local crushing, fracture and slab formation, spalling, slip on
joints in blocky ground, shear along foliation, kinking and buckling of thin laminations
and spalls, squeezing and flow in soft ground, and so forth. A common feature of these
mechanisms is loss of cohesion from fracturing of intact rock between joints, shear along
joints, and shear of intact rock bridges between joints. The result is partial detachment of the
inelastic zone from the parent rock mass that may no longer be self-supporting. Sometimes
detachment is complete. Without adequate support, rock falls ensue. An important question
in cavern and stope stability thus concerns the extent of any zone of inelasticity that may
evolve into a fall of rock. Although wall stress concentration and safety factor calculations
based on elasticity theory do not directly indicate the extent of potentially unsafe, unstable
regions of rock, a computed local safety factor slightly less than one suggests a relatively
small zone of inelasticity in the vicinity of the considered point. This zone may be controlled
with local support such as spot rock bolting; very low safety factors suggest a larger yield
zone and therefore a need for an engineered support system.

A support strategy based on dead weight load would size support to prevent a potential
rock fall. The direction of the fall whether from the back or ribs is important. Bolting is
the usual form of support and method of defending against rock falls when the excavation
method requires personnel within the cavern or stope. Conventional rock bolts and cable
bolts are used extensively for stope support in some hardrock mines and in caverns for civil
works. Timber support is used rather sparingly in mines because of high cost and hardly at
all in caverns for civil works.

A companion support strategy is to maintain the integrity of cavern and stope walls by
prevention of raveling or the fall of small blocks that would allow additional blocks to fall
and lead to caving, piping, rat-holing, chimney formation, or similar phenomena. In mines,
this strategy is commonly implemented using some form of stope fill. Fill may be placed
concurrently with mining or after extraction of ore from stopes. There are many varieties
of fill used in mining. In civil works, bolts in conjunction with screening of some type, are
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commonly used for temporary support. Shotcrete or flexible coatings may also be used before
permanent support is installed in the form of a concrete lining.

Hardrock mine fill

Pillars are the primary defense against opening collapse, but local support and reinforcement
are also required for safety. Bolting most often is used for local support and strapping or
mesh provides containment of loose rock at excavation walls. Timber sets and cribs also
provide local support. Densely fractured ground may be grouted. If the mining method does
not involve caving, but pillars are extracted, then almost certainly some form of back fill is
used. Fill provides for regional ground control at the scale of multiple stopes, panels, and
levels.

Fills used in mining range from waste rock generated during advance of development
openings to engineered fills where careful attention is paid to particle size, cement added,
water content, and mineral chemistry. Fill may be used concurrently with mining or may
be placed after mining. Eventually, almost all mine openings are filled. Exceptions include
mining systems associated with caving methods and those where pillars are left unmined.
Fills may be placed dry, hydraulically in slurry form or in paste form. Dry distribution systems
are generally combinations of fill passes and mine cars or conveyor belts in some very large
mines. Pipelines are used to distribute hydraulic and paste fills.

Hydraulic or slurry fills are used extensively in many deeper underground hardrock mines.
A typical hydraulic fill consists of water and sand-size particles obtained from mill tailings
by removal of fines (clay-size particles) and is about 65% solids by weight. Hydraulic fill
is delivered to stopes by pipeline. A minimum velocity of flow is required in pipes to avoid
settling of solids. The main rock mechanics purpose of fill is to provide surface support. Fill
also inhibits closure of openings. Desirable properties of hydraulic fill include high strength,
high elastic modulus, and high permeability (hydraulic conductivity). High hydraulic con-
ductivity allows for relatively fast drainage of the fill and therefore rapid increase in effective
stress and strength. Fines (small particles) are removed in fill preparation plants to improve
permeability of hydraulic fills.

In this regard, soil classification schemes for engineering purposes generally distinguish
between sands, silts, and clays on the basis of particle size. Particle size conveys much
qualitative information about expected mechanical behavior of soils and mine fills. For
example, dry sand is free-running and cohesionless. Typically, gravel-size particles are greater
than 2 mm in diameter. Sand-size particles range between 2 and 0.05 mm. Silt- and clay-
size particles, that is, “fines” are smaller than 0.05 mm. A popular alternative classification
scheme specifies fines as particles that pass through a 200-mesh sieve. These particles are
less than 0.074 mm in size.

Cement is a common additive to hydraulic fill and serves to increase modulus and strength.
Cement addition is usually in the range of one-fifteenth to one-seventh by weight and is often
introduced at the top of a fill to improve bearing capacity of the fill top that becomes an equip-
ment floor for the next mining advance. Strength of the fill must provide adequate bearing
capacity in a timely manner to avoid delays in the mining cycle. Modulus of cemented fills
range from less than 10 K (10,000 psi) to over 100 K in the extreme. Unconfined compressive
strengths of cemented sand fills generally range from 100 to 1,000 psi after 28 days of cure
time. Strain to failure is about 1%. In this regard, lower strength, lower modulus fills may
deform beyond an elastic limit by plastic flow, while high strength fills may actually fail by
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Figure 7.14 Schematic apparatus for fill strength and modulus determinations.

fracture and even form slabs and spalls when exposed by subsequent mining. This brittle-like
behavior is undesirable and wasteful of cement. In time, oxidation of sulphide minerals (espe-
cially pyrrhotite) in hydraulic fills may assist in cementation, although heat and acid mine
water are also produced. Smelter slag that involves a pozzolanic action (a natural cementing
action that occurs in some materials such as slag, ash, and some manufactured materials)
may be used to partially replace more costly cement addition to fill. Simple compaction from
inward motion of stope walls also tends to increase fill strength and modulus.

Direct shear testing apparatus is often used to determine strength of fill as illustrated in
Figure 7.14. Determinations of cohesion ¢ and angle of internal friction ¢ follow. Deter-
mination of a fill modulus is often done using a K,-chamber that is essentially a hollow,
steel cylinder that allows for uniaxial compression under confining pressure that prevents
radial strain. Strength and modulus generally depend on the initial weight density (specific
weight) of the fill and tend to increase with increasing density. Mohr—Coulomb strength
criteria and elastic behavior (Hooke’s law) are usually assumed, although the stress—strain
response is generally nonlinear as particles are brought into closer contact during settlement
and subsequent compaction by inward motion of stope walls.
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Hydraulic conductivity of two to four inches per hour (100 mm/h) usually provides a
satisfactory seepage rate through sand fill. Drainage may occur by decantation of water that
forms a pond on top of a settled fill and by wells placed in the fill. Decantation is often the
method used in narrow vein mines where a sand wall of timber and burlap is constructed at
a raise that provides access to the stope. Wells may be used in wide ore bodies mined by cut
and fill methods. In time, cement tends to lower hydraulic conductivity and often leads to
stratification of the fill.

Darcy’s law governs seepage and relates seepage velocity to pressure drop along a flow
path. Flow is slow and considered laminar for application of Darcy’s law. Thus,

v =kh (7.4)

where v is a nominal seepage velocity, £ is hydraulic conductivity, and /4 is hydraulic gradient.
Alternatively,

0 =vA = khA (7.5)

where Q is volume flow rate and A is total cross-sectional area perpendicular to the flow.
The true seepage velocity V' is greater than the nominal velocity or Darcy velocity because
the flow occurs in the void space of a porous material. The area of flow is composed of void
area and solid area, so 4 = Ay + As and Q = v4 = VA,. Hence V = v/n where n = A, /A
is porosity of the fill and is a number less than one (assuming that the area porosity is equal
to the volume porosity).

Permeameters are used to determine hydraulic conductivity. Figure 7.15 shows a falling
head permeameter that allows for a relatively quick test even for fills of low hydraulic

<

Head at time ty, hy

M\H

Stand pipe
Head at time [t h

dh _ h .
T =k L A (Darcy's law)

Figure 7.15 Falling head permeameter.
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conductivity. A constant head permeameter would involve water addition at the top of the
apparatus. Strictly speaking, hydraulic conductivity, £ with units of ft/s or m/s, is not a material
property because it depends on fluid viscosity and density, which are usually temperature
dependent. However, permeability is a material property. The relationship between hydraulic
conductivity and permeability, K with units of ft* or m?, is

K =ku/y (7.6)

where y and p are specific weight of fluid (Ibf/ft3, N/m?) and fluid viscosity (absolute,
Ibf-s/ft?, N-s/m?), respectively. Representative values of y and yu for water are 62.4 (Ibf/ft)
and 2.1 x 1073 (Ibf-s/ft?), although viscosity varies with temperature.

Materials may have a large porosity because of relatively high percentage of voids, but if
the voids are very small, then permeability will be low and seepage velocity small. A high
porosity does not necessarily mean high permeability because of the role of void size. Clays
and shales are often very porous but also have very low permeabilities because of the small
particle and therefore small void size. In soil mechanics, consolidation refers to soil settlement
in response to exudation of the pore fluid, usually water. The rate of consolidation depends
on permeability. Porosity is more indicative of the amount of fluid stored in the pores. Clays
may require decades to become fully consolidated in response to loads imposed by buildings
and other structures that are completed in just a few years. Surface settlement also occurs in
response to removal of fluids such as oil and water from strata below the surface.

Because the modulus of hydraulic fill (10 K) is quite low relative to the elastic modulus,
say, Young’s modulus of rock (1,000 K), there may be little difference in computed stope wall
closure (relative displacement across a vein) with and without fill. For this reason, some engi-
neers hold the opinion that fill is not effective for ground control and provides nothing more
than a platform from which to mine. Providing a mining platform in a timely manner is quite
important to operations, of course. However, this opinion ignores one of the basic tenets of
ground control that relies on small forces applied to opening walls, not to prevent wall motion,
but rather to prevent small falls of rock that may lead to larger rock falls, caving, and collapse.
Detailed numerical simulations of cut and fill vein mining indicate that a fill to rock modulus
ratio as small as 1/100 is effective in controlling wall displacement (Pariseau ef al., 1976).

For comparison, Young’s modulus, E, for water is about 0.30 x 10° psi (300 K) which
is greater than even high modulus fills but much less than Young’s modulus for rock. For
this reason, water is usually considered incompressible in soil and mine fill mechanics. An
incompressibility assumption in analysis of saturated, porous, fractured rock is not justified.

Example 7.6 Consider the evolving tabular excavation in the sketch. A “drift” is a mine
excavation along the strike of the ore body and is a tunnel-like excavation advanced horizon-
tally a distance L to the right in the sketch. After completion, backfill is introduced before
starting another drift below. Drift width ¥ is equal to width of the vein; drift height is /.
Progress downward continues a vertical distance H in this example. Stress measurements
show that the greatest premining stress is a compression across the vein; the least premining
stress is parallel to the strike of the vein, and the intermediate premining stress is vertical, as
shown in the sketch. Determine whether this excavation sequence is favorable to safety and
whether the drift dimensions can be adjusted to improve safety about the drift.
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Solution: The final configuration results in maximum exposure to the greatest premining
stress and, according to the rule of thumb for favorable orientation of three-dimensional exca-
vations, is unfavorable. However, consideration should be given to the evolving geometry
as mining progresses and to the influence of fill.

The first drift at the top of the future tabular excavation evolves into a tunnel-like exca-
vation of width ¥ and height 4. If & < W, then §; is parallel to the long dimension of
the drift cross section which is favorable to safety. For example, if W = 15 and & = 10,
safety is favored, but if W = 5 and & = 10, the section has a disadvantage with respect to
stress concentration and safety, as illustrated in the second sketch. As the number of drifts (n)
increases, so does the depth of excavation. When (n) (%) > W, maximum exposure occurs
under Sy, which is definitely unfavorable to safety and stability.

vs

*52 h <>

——> <>

(a) Favorable, W>h (b) Unfavorable, W<h

Mine fill is usually much more compliant than the rock mass and has little effect on the
deformation and stress concentration that are induced by excavation. For this reason, fill may
be neglected. However, this is not to say that fill is unimportant. Fill prevents detached rock
slabs and blocks from falling into an otherwise empty stope and is thus essential to safety
and stability in the overall scheme of mining.

An alternative mining sequence would be to create vertical shaft-like openings of height H
and then advance to the right in the sketch by excavating successive “shafts” until the stope
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is completed. This sequence would only be feasible if fill were not needed to prevent falls
of rock into the mined region to the left of the next “shaft.” There would be no advantage
in safety from the rock mechanics view because the exposure is the same. However, there
would be a considerable cost advantage.

Example 7.7 Direct shear tests are conducted on a sand fill under different normal stresses.
Results are given in the Table. The first sand fill has no cement added, while the second fill
is 10% cement by weight. Estimate the Mohr—Coulomb strength properties of the two sand
fills after plotting the data in the normal stress shear stress plane.

Table for Example 7.72

Without cement With cement

Normal force (Ibf) ~ Shear force (Ibf) Normal force (Ibf)  Shear force (Ibf)

60 42 60 70
120 80 120 135
180 128 180 186
240 170 240 242
300 203 300 308
360 247 360 361
Note

a Sample area 6 sqin.

Solution: Plots of both data sets are shown in the figure. Trend lines fitted to each set show
an excellent linear fit in consideration of the R values. Slopes of the trend lines are equal to the
tangent of the angle of internal friction, ¢, one of the Mohr—Coulomb strength properties.
Thus, ¢ (no cement) = tan—!(0.6838) = 34.4°, and ¢ (cement) = tan~!(0.9667) = 44.4°.
The shear axis intercepts are cohesions. Thus, c(no cement) = 0.23 psi, an almost negligi-
ble amount, and c(cement) =2.33 psi or 336 psf. Corresponding tensile and compressive
strengths may be computed from cohesion and angle of internal friction. Thus,

70.0
Sand fill shear strength
60.0
50.0
y=0.9667x+2.3333
2_
= 400 R?=0.9989
[
@
g
g 30.0
& y=0.6838x+0.2333
2 R?=0.9981
20.0
o No cement
o Cemented
10.0 ;
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— Linear (cemented)
094
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Co } 2(c) cos(¢)

To I &+ sin(¢)

Co | _ 2(0233)cos(344)  0.88 .

To | = 1 Lsin(344) = 025 psi(no cement)
Co | _ 2(2.333)cos(44)  11.0 )

To [~  Tsn@d = 198 psi (cement)

The sand fill without cement is essentially cohesionless, but that is not the case with addi-
tion of cement. These results are summarized in the results table.

Property fill  Cohesion (psi)  Friction angle (°)  Compressive Tensile strength
strength Co (psi) To (bsi)

No cement 0.23 344 0.88 0.25

Cemented  2.33 44.0 11.0 1.98

Example 7.8 A sand fill is tested in uniaxial compression using a K, chamber. The data
with and without the addition of cement are fitted to a curve such that

(0 +00) = ale + &)*

which is a parabola that has the form shown in the figure. Determine Young’s modulus £ at
an expected stress of 100 psi for both fills. Also determine the initial Young’s modulus for
both fills (at the origin).

Note:

a(no cement) = 0.5(109) psi, a(cemented) = 1.0(106)psi
go = 0.001,
oo(no cement) = 0.5 psi, o(cemented) = 0.1 psi

Solution: The sand fill is considered a nonlinear elastic material with changes in stress and
strain derived from the linear form of Hooke’s law. Thus,

Ede;; = doz; — vdoy, — vdoy,
Edéyy = doyy — vdoyy, — vdo,

Ede), = doyy — vdoz; — vdoy

where v is Poisson’s ratio. Because lateral strain is prevented, the horizontal stress x- and
y-stresses are equal and may be expressed as functions of the vertical or axial applied stress,
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that is,

Ede,, = |:1 —2v< Y >:|dazz
1—v

When this result is substituted into the expression for the vertical (axial) strain, one has

v
doy = dO'yy = (ﬁ) do..
After dropping the subscripts and solving for stress as a function of strain,

do = K,yde
K=(—=" Vg
T \1—v—22

The slope of the assumed parabola is also K,,, so with a knowledge of Poisson’s ratio, one can
determine E from the test data at any point along the experimental plots. With the assumption
of 0.2 for Poisson’s ratio, one has K, = £/0.9. Thus, E is about 10% greater than the slope
of a K, data plot.
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There are two ways of determining K,,: from the constants of the fitted parabolas or graphi-
cally from tangent lines at points of interest. Because trend lines are available near the required
100 psi, slopes of uncemented and cemented fills are 14,000 and 22,000 psi, respectively.
Assuming Poisson’s ratio is 0.2, the Young’s moduli are 15.6 and 24.4 ksi, respectively.

At the origin, the slopes of the parabolas are 2ag,, so Ko(no cement) = 1,000 psi and
K, (cemented) =2,000 psi. Hence, the initial Young’s moduli are 1.1 and 2.2 ksi for the
uncemented and cemented fills, respectively. In table form the results are:

Modulus fill  E (ksi) (initial) E (ksi) (at 100 psi)

No cement I.1 15.6
Cemented 2.2 244

Example 7.9 Data obtained from a falling head permeameter test on sand fill without
cement and a cemented fill are given in the table. Estimate the hydraulic conductivity of
both fills.

Note: Standpipe diameter a = 0.5 in., sample height L = 6.0 in., sample diameter = 6.0 in.
The water in the standpipe is initially 36.0 inches above the datum.

Time (sec) No cement Cemented

h (in.) h (in.)
0 36.0 36.0
10 292 319
20 24.1 28.4
30 20.0 25.0
40 16.9 225
50 12,9 20.3
60 1.5 17.7
70 9.8 15.5
80 7.2 14.6
90 5.6 12.8
100 5.0 10.7
1o 42 10.0
120 3.0 8.1

Solution: The data table may be expanded to allow for computation of hydraulic con-
ductivity according to the integration of Darcy’s law when applied to the apparatus.
Thus,

-(5)= (%)

where A4 is the sample cross-sectional area. These results are given in the next table.
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Time (s) No cement k (in./h) Cemented k (in./h)

h (in.) h (in.)
0 36.0 36.0

10 29.2 .14 319 1.81
20 24.1 301 284 1.78
30 20.0 294 250 1.82
40 16.9 284 225 1.76
50 12.9 308 203 1.72
60 1.5 2.85 17.7 1.77
70 9.8 279 155 1.8l
80 72 302 146 1.69
90 56 3.0 128 1.72
100 50 296 107 1.82
1o 42 2.93 10.0 1.75
120 3.0 3.07 8.1 1.86
AVE 2.98 1.78
STD 0.11 0.05
CV% 3.76 2.86

A plot of hydraulic conductivity at each data point is shown in the figure.

Hydraulic conductivity of a sand fill
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While there is some scatter in the data, the variation appears random. Thus, hydraulic
conductivity for the uncemented sand fill is 2.98 in./h and for the cemented fill 1.78 in./h.
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The uncemented fill would be acceptable because the criterion is 2.0 to 4.0 in./h. The
cemented fill is not acceptable by this criterion.

Paste fill does not have fines removed before placement and may be up to 85% solids
by weight. In fact, about 15% (by weight) clay-size fines that are smaller than 20 microns
(0.20 mm) are needed to form a paste (Landriault, 1996). These colloidal size particles retain
water and are responsible for the “paste.” Solid settlement does not occur in pipes, so there is
no critical velocity that must be achieved for flow. An important operational benefit is reduced
surface area for disposal of mine waste. Paste fill without cement is subject to liquefaction
and conversion to a mud slurry, so cement of some kind must be added to the paste. In this
context, the cement is also called a “binder” which may be ordinary Portland cement, fly ash,
or smelter slag, as is the case with cemented hydraulic fills. Paste fill strength and modulus
are similar to those of cemented hydraulic fills and depend on the amount of cement added.
Unlike hydraulic fills, drainage is not a consideration. Indeed, the water retention property
of paste fill assists in reducing acid mine water and leaching of heavy metals from fill. Paste
fill distribution is more difficult and costly than hydraulic fill systems, but additional benefits
often outweigh the added cost and, as experience is gained with paste systems, costs may be
expected to be reduced.

Cemented rock fill or fillcrete, as the name suggests, is almost the opposite of paste
fill because of the removal of fines and the addition of coarse particles. Cemented rock
fill is similar to concrete because of the presence of coarse aggregate that must be pro-
duced from surface quarries. Mill tailings generally lack coarse- or gravel-size particles.
The advantages of cemented rock fill are high strength and high modulus; the disadvantage
is high cost relative to other fills. The high cost is related to production of the aggregate
and placement. Cement in slurry form is often added to rock fill underground just prior to
delivery.

With reference to Figure 7.16, a simple mechanical analysis of equilibrium that sets the
forces acting across a narrow vein before mining equal to the forces after mining shows
that

Sud = Spdp + SeAg (7.8)

where Sy, Sp, St,4,4p, Ar are average normal stress before mining, average pillar stress,
average fill stress, total area, pillar area, and fill area, respectively, and 4 = A, + A¢. The
area extraction ratio R = Ag/4, so

Sn = (1 = R)S, + RSt (7.9)

According to this analysis, as overhand mining proceeds up dip in the usual manner,
R increases. When extraction is complete, the fill supports the entire normal load. Pillar
stress is given by a modified extraction ratio formula. Thus,

5 Sa RSt
PT(1-R 1-B

(7.10)
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Figure 7.16 Narrow vein cut and fill geometry for equilibrium analysis.

which shows that without fill, the pillar stress is given by the usual extraction ratio formula and
that fill reduces pillar stress from this value. Equation (7.10) is an equilibrium model. How-
ever, prior to complete extraction, the partitioning between fill and pillar stress is unknown.
Pillar stress may actually be many times fill stress. Suppose fill stress is some fraction f* of
pillar stress, so Sy = f* Sp, then

Sn
%= [m] (7.10)

An alternative analysis based on an assumed uniform displacement across the vein and
linearly elastic behavior shows that

S = (?) a (7.11)
p

where Ef and E;, are fill and pillar modulus, respectively. Hence,

Sn

7.12
[1—R(1—E¢/Ep)] (7.12)

Sy =

which indicates a role of fill modulus in reducing pillar stress. Equation (7.12) is a
“compatible” model that also satisfies equilibrium. In comparison with (7.10(a)), one has
f = E¢/E, as an estimate. In either case, force equilibrium is satisfied.

At a relatively high fill to modulus ratio of 0.1 and low extraction, say, 0.1, pillar stress
without fill is 1.11 times S,. With fill, pillar stress is almost the same at 1.10 times Sy.



Three-dimensional excavations 379

However, at 90% extraction, pillar stress without fill would be 10.0 times Sy, but with fill
would be about 5.3 times S, a considerable reduction from the unfilled stope case. When
R = 0 before excavation, pillar stress is just preexcavation stress, and when R = 1 and
excavation is complete, fill stress is equal to the preexcavation stress. Thus, according to this
model analysis, fill becomes progressively more effective in reducing stope pillar stress as
extraction proceeds and pillar stress increases. This stage of stoping is just when fill is most
needed for ground control. While this analysis is highly idealized and based on averages, the
interaction between fill and pillar properties and geometry is at least qualitatively correct.

Example 7.10 Consider a sand fill without cement and with cement addition, then deter-
mine the influence of cement on pillar stress in a tabular, narrow vein excavation as extraction
increases.

Solution: A plot of pillar stress versus extraction ratio with fill stress fraction of pillar stress
as a parameter addresses the question in an efficient way. An equilibrium model that equates
pillar force and fill force to the preexcavation force, all expressed in terms of stress averages
and areas, leads to

S _ [;]
Sa [1—-R(I—=/)

where /= S¢/Sp. An estimate of /' is the ratio of fill to rock mass Young’s modulus, that
is, /' = Ef/E,. A range of this ratio may be obtained from a range of fill modulus of 10 to
100 ksi while rock mass modulus is perhaps 1,000 ksi. A plot of pillar stress ratio versus
extraction ratio is shown in the first figure. This figure shows the two fill plots as almost
coincident. A different perspective is given in the second figure for this example.

@
Pillar stress ratio versus extraction ratio
with fill stress ratio fas a parameter

SIS,
v
o

——(=0.001
—=— =00l

0 0.2 0.4 0.6 0.8 I
Extraction ratio R
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(b)

Relative percent difference in pillar stress ratio
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In the second figure the relative percentage difference given by

(Sp/Sn)o.001 — (Sp/Sn)O.Ol]
(Sp/Sn)o.001

y= (100)[

where the subscripts 0.001 and 0.01 refer to the ratio of fill modulus to rock mass (pillar)
modulus which is an estimate of fill stress to pillar stress. Data in the second figure show
that there is little difference in pillar stress up to about 90% extraction beyond which the
difference that the two fills induce in pillar stress ratio becomes considerable. Thus, one
infers that the direct effect of fill modulus on pillar stress only becomes significant at high
extraction.

Stopes in large ore bodies in wide vein mines are usually extracted in a checker board
pattern of primary or first mined stopes, secondary, and then tertiary stopes as shown in
Figure 7.17. Such stopes may be several hundred feet or more in height and one hundred feet
or so on edge in plan view. Primary stope walls are rock, of course, but secondary stopes
have a mix of rock and fill walls; tertiary stopes are pillars formed by the mining sequence
that become enclosed in fill. The pattern leads to 25% extraction on first mining and 50%
on mining secondary stopes. Mining the pillars increases the extraction to 100%. Fill-pillar
interaction is strongest during the latter part of this final stage of mining. Another pattern
in medium width vein mines is to simply alternate stopes and pillars. Stopes are mined and
filled; the pillars between are then mined. First mining extracts 50% of the ore; pillar mining
extracts the remaining 50%.

Completely filling large, open stopes so the fill makes intimate contact with the back is
difficult. Usually a gap is left between stope backs and fill tops. This gap prevents direct
support of the back by the fill. Consequently, pillars provide all the support. If pillars shorten
sufficiently as mining proceeds and extraction increases, then contact with fill occurs and
the fill begins to share the support load. However, shortening of the pillars is unlikely to be
sufficient in the elastic range. Inelastic pillar compression and yielding may be necessary
before substantial load is carried by the fill. Lateral confinement of pillars by fill increases
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Figure 7.17 Planview: mining sequence in (a) wide ore bodies and (b) medium width ore bodies.

pillar strength and inhibits pillar compression in the elastic range and, importantly, prevents
fast failure and collapse beyond the elastic limit.

Stopes that expose fill walls are at some risk of fill failure as well as rock wall failure.
Both must be considered for safe mining. Fill wall failure is not only a threat to safety but
may also be a serious source of dilution. In this regard, as long as fill is not in contact
with stope backs, the main source of fill load in high rise stopes is the weight of fill itself.
A representative specific weight of fill is 100 Ibf/ft® (15.8 kN/m?) leads to about 2/3 psi
per foot (15 kPa/m) of fill height. A three hundred foot high fill wall would develop a
200 psi (1.38 Mpa) wall stress at the fill bottom. Although the top of a fill column may be
stress-free, horizontal stresses may be developed through interaction with stope and pillar
walls. Friction between fill and walls inhibits upward vertical motion of the fill and thus in
reaction develops additional vertical stress. Fill strength must be adequate to support such
loads.

Cemented fill is also used for subsidence control over abandoned room and pillar mines in
many cases. Pea-size gravel is placed underground via boreholes and then grouted to provide
a stiff, strong fill. The fill provides lateral pillar confinement and thus increases existing roof
support and, if brought into close contact with the roof, provides additional resistance to the
overburden tendency to subside. Fly ash may also be used to fill abandoned mine workings
where pillars tend to deteriorate with time.
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Example 7.11 A vein of ore 5 m wide bearing due north and dipping 60° is mined full width
starting at a depth of 1,700 m. Advance is up dip for a distance of 50 m by a sequence of
horizontal drifts 100 m long. Each drift is followed by sand fill. Rock mass and fill properties
are given in the table. Stress measurements indicate the premining stress state as a function
of depth is given by

Sy = 25h

Sns = 1,000 + 404
SEW =500+ 15Ah

where compass coordinates are used, depth 4 is in meters, and stress is in kPa. Estimate pillar
stress and fill stress in MPa at 50% and 95% extraction. Also estimate average vein wall
closure (relative displacement across the vein) at 50% and 95% extraction.

Table of Properties

Material Rock Fill

property

E (Young’s modulus) 13.8 GPa/Z(IOé) psi 0.138 GPa/20 ksi
Poisson’s ratio 0.20 0.20

Co (compressive strength) 138 MPa/20,000 psi 2.76 MPa/400 psi
To (tensile strength) 10.3 MPa/1,500 psi 0.21 MPa/30 psi

k (hydraulic conductivity) ~ 7.621(10~%) mm/h/3(10~%) in/h  76.2 mm/h/3.0 in./h
y (specific weight) 24.5 kN/m3/156 pcf 14.1 kN/m3/90 pcf

Solution: The first step is to develop an approximate free body diagram of the excavation
at 50% extraction, as shown in the sketch.

Surface ?

H n
30°
E x
(b) Axis rotation

(a) Free body diagram

Next, the preexcavation stress acting normal to the vein is computed through the usual
equations of transformation. For this calculation, the given stress formulas may be used.
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A depth to the midheight of the excavation is reasonable, that is # = 1,700 — 150/2
1,625 m. At this depth Sy = (25)(1,625) = 40.63 MPa, Sxs = 1,000 + (40)(1, 625)
66.00 MPa, Sgw = 500 + (15)(1, 625) = 24.88 MPa.

Rotation about the NS axis is then

Sew + Sy [ Sew — S
Sp = DEW OV (OBW TV o030
2 2
24.88 +40.63  [24.88 — 40.63
= cos(60)
2 2
S, = 28.86 MPa

The equilibrium model is

Sn
5= [1 “R( —f)]

B 28.86
T 1=0.50 =0.01)

Sy =57.1 MPa

where the ratio of fill to rock modulus is used as an estimate of /.

Hence, at 50% extraction, the average pillar stress is estimated to be 57.1 MPa which is
less than the pillar unconfined compressive strength of 138 MPa, so no yielding is indicated.
The fill stress is 0.571 MPa which is below the fill compressive strength so fill yielding is
not indicated.

As a check: (57.1)(0.5) + (0.571)(0.5) = 28.86 which is the preexcavation normal stress,
as it should be.

At 95% extraction, the pillar and fill stresses are 485 and 4.85 MPa, respectively. Both
are well above compressive strength and indicate yielding would occur before reaching 95%
extraction, if unconfined compressive strength is a reliable indicator for such. However, there
is confinement normal to the cross section shown in the figure. Under plane strain conditions,
the confining “pressure” according to Hooke’s law (before yielding) is v/(1 — v) times the
normal stress. The confining pressure then is about one-fourth the normal stress. According
to a Mohr—Coulomb strength criterion, pillar strength under confining pressure is

Co
Cp=0Co+ —
P °+Top

=138+ g(0 25)(485)
- 103

Cp = 1,763 MPa

Fill strength by the same criterion is 18.7 MPa. Both strengths under confining pressure are
above the estimated stresses, so yielding is unlikely.
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Relative displacement U across the vein may be roughly approximated from vein width
W and a strain. Thus,

S _ St

U P
fE=—=—=— =
W E, Er

Sp
()
P

57.1
U(50%) = (5)———— = 0.021
(50%) = O 380109 o

485

The strains across the vein at 50% and 95% extraction are 0.42% and 3.5%, respectively. At
95% extraction and a strain of 3.5% again raises a concern about yielding. A more detailed
analysis of stress is needed to resolve such a questions.

Example 7.12 Consider a vertical ore body of medium width where extraction occurs full
ore body width w, ¥, in the horizontal direction, and over vertical height 2 with pillars of
width W}, left between excavations (stopes). Fill is introduced after each stope is mined. This
pattern is followed along the vein for a great distance. Creating the pattern shown in the
sketch.

W, W, sf¢ sp¢

w P SIF P SIF P SIF P SIF

S/F = stopeffill TS
P=pillar n

Stope, fill, pillar sequence in plan view

The preexcavation stress state is caused by gravity alone at a depth H. Laboratory testing
shows that the ratio of fill to rock modulus is 0.10. After filling the last stope in the sequence,
pillars are mined creating an empty void between columns of fill.

Suppose the initial extraction ratio is 50% (W, = W,,), derive an expression for pillar stress
after fill is placed but before pillar mining begins, and after every other pillar is extracted.

Also determine whether fill failure would be expected from compression across the vein
or by vertical compression under self-weight after pillar mining begins. Neglect any sidewall
friction between fill and rock and assume excavation height is 225 ft.

Solution: A free body diagram may be inferred from the sketch such that for equilibrium
(before pillar mining) in the horizontal direction across the vein per foot of vertical depth.
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The extraction ratio R for the given geometry is 50%. Thus, from the definition,

W, 1
T W+ W, 2
Wo =Wy =W

A formula for pillar stress after filling but before pillar mining may be obtained from force
equilibrium across the vein. Thus,

Fo=Fp+Fy
Sad = Spdp + SAy

Sp = 2(Sp + Sp)
Sy 2
Sn 141

where £ is the ratio of fill to pillar stress and the equality of pillar and fill areas is used
(Ap =Arand 4 = Ap + Af).

Once pillar mining begins the geometry changes, as shown in the second sketch where
P =pillar, F =fill, and the open space is where a pillar was mined.

CL=plane of symmetry
S
I f Il S

|

| |

| |

Pl F | F | P
| |

| |

|
cL cL S CL
Sn

Equilibrium after mining the first set of pillars requires

Sa(Wo/2 + Wy + Wp/2) = SyWo/2 + Sc Wy

Sp 4

Sa  1+2f

in view of the equal widths and where f is the ratio of fill to pillar stress. An estimate of /" is
the ratio of fill modulus to rock modulus which is given as 0.10. Thus, S, = (10/3)S, that
may be compared with pillar stress after first mining and filling, but before the start of pillar
extraction, S, = (20/11)S;, . During the first phase of pillar extraction, pillar stress increases
to 3.3 S, from 1.8 Sy, not quite double. In each stage, fill stress is 0.1 times pillar stress.
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The preexcavation state of stress is caused by gravity alone. Thus, Sy = yH, Sy = KoSy
where a reasonable estimate of K, is 0.25. Hence, Sy, is known at any given depth, S, = S,
so that pillar and fill stresses are computable.

After pillar mining, Sf = 0.1 S, = (4/12) Sy = (4/12)(0.25)S, which acts across the vein.
With neglect of side friction, the vertical stress at the bottom of a fill column is Sf = y&. If
S¢ > St, then the fill column would be expected to fail under self-weight. Thus if,

St = y(fil)h > S¢ = (1/12)y (rock)H
Estimates of rock and fill specific weights are about 156 and 90 pcf, so if
H < (1/0.14)h

then the fill failure would be because of fill weight. Stope height is 250 ft, so below 1,731 ft,
gravity failure of fill might be expected. However, side wall friction would reduce the vertical
fill stress and so the critical depth would be even less.

Cable bolts support

Cable bolts commonly used in hardrock mines are usually 5/8 in. in diameter, have seven
strands and have ultimate strengths ranging from 55,000 to 60,000 Ibf and an elastic modulus
ofabout 30 x 106 psi (ASTM, 1998). They are grouted in holes commonly 2-1/4 in. in diameter
and thus have distributed anchorage. Figure 7.18 shows a typical cable bolt assemblage ready
for grouting in a hole. Attention is therefore given to strength of the steel—grout interface and
the grout-rock interface as well as to the cable bolt. When rock falls occur in cable bolted
backs, the rock and grout are often observed to be stripped from the cable bolt, although

0.625 in. Steel cable

2.25 in. Diam hole

0.75in. ID
Grout tube

Packing
(expanding foam)

0.5in.ID
Breather tube

Figure 7.18 A typical cable assemblage ready for grouting (after Schmuck, 1979).
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cable bolts may occasionally rupture. More than one cable bolt may be installed in a hole. A
great advantage of cable bolts is flexibility that allows installation of long bolts, 60 ft or so,
from a small drift or crosscut. Length itself is an advantage.

Additional transmission of load to the cable is warranted when failure of an interface occurs
because neither interface or steel should fail before the other in an optimum installation. Steel
rings threaded onto cable bolts provide for additional load transmission from supported rock
to cable. Various methods of attaching such rings, buttons, collars, and so forth are used, but
at added cost. Most cable bolt installations do not use rings. Another method of increasing
steel utilization is to separate the wires of the bolt into a “bulb” or “birdcage.” Grout readily
flows into the space created and increases anchorage and pullout resistance. Bolt hole size
needs to be large enough to allow easy push of cable into the holes, so the birdcage cannot
be too large without increasing hole size.

A roller device that pushes cable into up-holes is an important feature of safe cable bolting.
Pushing cables into up-holes manually incurs a risk of a cable sliding out of the hole and
injuring nearby personnel. In this regard, bending strands at a cable bolt end into “fishhooks”
provides temporary anchorage of bolts prior to grouting. Special fixtures are also available
for temporary cable bolt anchorage.

Laboratory pull tests indicate a linear relationship between anchor length and pullout load,
although factors such as water to cement ratio used in the grout, surface condition of the cable,
and confinement are important to secure anchorage and effective cable bolting. Confinement
comes into consideration because of the tendency of the cable to expand the adjacent grout
during pullout. Lay of the cable creates a spiral mold about the cable, so when pulled the
tendency is for the cable to twist and thus expand against the grout. Confinement prevents
such expansion and thus improves anchorage. High modulus grouts and rock masses provide
superior confinement. Application of the previously suggested rule of thumb for distributed
anchorage bolting of one foot of hole per inch of steel diameter gives an anchorage length of
about 6 inches for a 5/8-in.cable bolt.

Cable bolts may be tensioned during the installation process to obtain immediate support
action. However, this “pretensioning” process requires two installation steps because ten-
sioning can only be done after anchor grout has developed sufficient strength. Pretensioning
cable bolts is not usually done, although special circumstance may justify the effort. Cable
bolts may also be fitted with point anchors and tensioned immediately at installation time.
In this case, the cable acts much like a point anchored mechanical bolt. However, the higher
strength of cable, the greater length and greater flexibility give cable bolts superior support
performance. In some cases, a portion of the hole may be left ungrouted to improve deforma-
bility of the bolt system and thus accommodate larger wall displacements. This provision
may be important in burst-prone mines that experience transitory wall movements leading to
wall disintegration. In this case, a yielding bolt (and mesh) system provides for containment
of loose rock.

A dead weight load approach to cable bolting is an equilibrium approach that relates the
main variables influencing bolt safety factor. Some of the geometries are shown in Figure 7.19.
Each requires a separate analysis and some decision as to the slab thickness expected or else
one may compute a slab thickness that is supportable with a given bolting plan. In this regard,
a square pattern is often used, but in-row and between-row spacings may certainly differ.
Cable bolt spacing in practice ranges from a close 4 ft to perhaps 15 ft; 8 to 10 ft spacing is
common.



2" Slab thickness
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[ ] Cable bolt drift

A

Figure 7.19 Cable bolt geometries: (a) medium width vein — cross section, (b) narrow vein — long
section, wide vein — single row in long section, and (c) use of a cable drifts.
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Example 7.13 A dipping ore body is mined across the vein with fill below and rock above
the excavation as shown in the sketch. Cable bolts are used for support. Develop an expression
that relates the main features of the support system using a dead weight load approach.

5 Rock
A

o /&
S
Fill Hs
(a) Vein (b) Free body diagram
Solution: A free body diagram is shown in the sketch, but under a dead weight load approach
internal horizontal and vertical forces are neglected. Only the weight of the supported block

and the support load provided by the cable bolt are considered. With these assumptions,
equilibrium requires

Fysin(B) =W
Fp(max) —w
FS
- FS(bolt) = [b(max)
__ nfpsin(B)
FS(bolt) = 7yS2h

where FS=cable bolt safety factor (breaking load/actual load), B =bolting angle,
n=number of cable bolts per hole, f;, =strength of one cable bolt, y =specific weight
of rock, S =bolt spacing, and s =slab thickness. If the in-row and between-row spacing
differ, then S? is replaced by the product of these spacings.

Example 7.14 Cable bolts are used to support the hanging wall of a steeply dipping stope
as shown in the sketch. Use a dead weight load approach to develop an expression for the
safety factor of the indicated bolt.

Solution: A dead weight load free body diagram and force diagram are shown in the sketch.
The potential rock block may move into the excavation in a direction perpendicular to the
hanging wall. The normal component of bolting force must therefore be at least equal to
the normal component of block weight. By definition, bolt safety factor is bolt strength
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Fy

w

Hanging wall
(b) Dead weight load free body
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(a) Vein sketch (c) Force diagram

(maximum load possible) divided by actual bolt force. Thus,

Fp(max)
- Fyp(actual)
_ Fp(max)
 No/cos[B — (/2 —8)]

_ nfy(max)
o W sin(z/2 — 8)/ cos[B — (/2 — §)]
FS — nfp(max) sin[B + 3)]

yhLS cos(8)

where #n = number of cables per bolt hole, f;, = bolt strength, 8 = bolting angle (dip), 6 = vein
dip, y =rock specific weight, h=slab thickness, L =in-fan spacing, and S = spacing

between fans (into the page).

7.5 Problems

3D Caverns

7.1  An oblate spheroid is solution mined in a salt bed with ¢ = 75 ft and b = 150 ft.
Center of the cavity is 650 ft deep. Estimate peak stresses and show locations on a

cavity sketch.

7.2 An oblate spheroid is solution mined in a salt bed with @ = 23 m and » = 46 m.
Center of the cavity is 200 m deep. Estimate peak stresses and show locations on a

cavity sketch.

7.3 Anunderground storage cavern is solution mined in a thick salt bed where

Co = 13,200 psi T, = 1,230 psi
y = 144 pef E =5.0 x 10° psi
G = 2.0 x 10° psi
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7.4

7.5

7.6

7.7

and depth to the cavern center is 1,450 ft. The cavern has a spherical shape and is
150 ft in diameter. The premining stress is hydrostatic. Estimate the wall safety factor.
An underground storage cavern is solution mined in a thick salt bed where

Co=91.0MPa T, =85MPa
y =228KkN/m> E =345GPa
G = 13.8 GPa

and depth to the cavern center is 442 m. The cavern has a spherical shape and is 49 m
in diameter. The premining stress is hydrostatic. Estimate the wall safety factor.

An underground storage cavity is excavated in a massive salt formation by solution
mining. Depth to the center of the cavity is 1,340 ft (408 m). Borehole surveying
shows the cavity has the shape of an oblate spheroid 100 ft ( 30.5 m) in diameter
and 50 ft (15.25 m) high. Estimate the salt strength necessary for stability. Show the
stresses in vertical section at the top and sides of the opening.

Mining over the years produces a tabular excavation that extends about 2,000 ft (610 m)
down dip from the surface. Dip of the ore zone is 65°, width is 40 ft (12.2 m). Strike
length is over 6,000 ft (1,839 m). Estimate the peak stresses and indicate their location
on a sketch of the mine.

Stopes mined along plunging folds of Precambrian rock range between depths of
869 m (2,850 ft) and 1,174 m (3,850 ft) below surface. The stopes are up to 30.5 m
(100 ft) wide. Fold plunge is 12°. Fold dip varies, but stope walls are vertical. A
vertical, rectangular shaft 4.6 x 6.4 m (15 x 21 ft), provides access. How close to the
shaft should stoping be allowed? Explain.

Back fill

7.8

7.9

7.10

7.11

Consider a cut and fill stope in a 15 ft wide vein where raise and level intervals are
175 ft. A hydraulic fill is placed along the entire stope length to a height of 12 ft. If
the specific weight of fill is 100 pcf and the porosity is 35%, how many tons of solids
are in the fill and how many gallons of water?

Consider a cut and fill stope in a 4.6 m wide vein where raise and level intervals are
53.3 m. A hydraulic fill is placed along the entire stope length to a height of 3.66 m.
If the specific weight of fill is 15.8 kN/m?> and the porosity is 35%, how many tons of
solids are in the fill and how many liters of water?

Void ratio e is defined as the ratio of void volume to volume of solids in porous material.
Show that void ratio may be computed from porosity by the formula n/(1 — n) where
n is porosity.

Consider a narrow vein overhand stope using cut and fill, as shown in the sketch.
Cemented, hydraulic sand fill of modulus E¥ is placed in the stope as mining proceeds
up dip inarock mass of modulus E. (a) Develop a formula for crown pillar safety factor
assuming uniform closure across the vein, whether across fill, open area, or unmined
ore. (b) If the vein is vertical, vein width is 15 ft, level and raise intervals are 175 ft,
stope strike length is 175 ft, Er = 25 ksi, £; = 1,000 ksi, rock compressive strength is
given by a size effects formula C, = C(0.78 +0.22H,,/W}) and C; = 28,000 psi; fill
cohesion and angle of internal friction are 300 psi and 35°, respectively, then determine
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Table 7.5 Fill test data

Time (min) 0.0 190 422 722 114
Head (in) 36.0 300 240 180 20
(cm) 914 762 61.0 457 305

Note
The standpipe inside diameter is 0.5 in. (1.27 cm).

pillar width measured down dip when failure impends. Note: the premining vertical
stress in psi is 1.1d where d is depth in ft; the horizontal premining stresses are equal
and equal to twice the vertical premining stress.

7.12  Consider a narrow vein overhand stope using cut and fill, as shown in the sketch.
Cemented, hydraulic sand fill of modulus £t is placed in the stope as mining proceeds
up dip in a rock mass of modulus E;. (a) Develop a formula for crown pillar safety
factor assuming uniform closure across the vein, whether across fill, open area, or
unmined ore. (b) If the vein is vertical, vein width is 4.6 m, level and raise intervals
are 53.3 m, stope strike length is 53.3 m, Ef = 172 MPa, E. = 689 MPa, rock
compressive strength is given by a size effects formula C, = C(0.78 + 0.22H,,/ W},)
and C; = 193 MPa; fill cohesion and angle of internal friction are 2.07 MPa and 35°,
respectively, then determine pillar width measured down dip when failure impends.
Note: the premining vertical stress in kPa 24.4d where d is depth in meters; the
horizontal premining stresses are equal and equal to twice the vertical premining
stress.

Crown
v Pillar

Pillar

Width Width
(a) Overhand advance (b) Underhand advance

Sketch for problems 7.11 and 7.12. Narrow vein overhard and underhard cut and fill stoping.

7.13  Laboratory test data from 4-in. (10.2 cm) diameter samples, 4 in. (10.2 cm) long (not
cemented) are given in Table 7.5. Estimate the hydraulic conductivity of the fill (in./h).
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Table 7.6 Data for Problem 7.14

Head (in) 358 29.9 162 108 73 49
(cm) 910 760 411 274 185 124
Time(s) O 45 90 I35 180 225

Table 7.7 Fill test data for Problem 7.15

Time(min) 00 190 422 722 14
Head (in) 360 300 240 180 120
(cm) 914 762 610 453 305

Note
The standpipe inside diameter is 0.5 in. (1.27 cm).

7.14 A hydraulic sand fill is tested using a falling head permeameter that has a tube diameter

7.15

of 1.27 cm (0.50 in.), sample diameter of 10.2 cm (4.0 in.), sample length of 20.4 cm
(8.0 in.), and a starting head of 91 cm (35.8) in. The data collected are heads vs times
and are given in Table 7.6.
Is this fill likely to be satisfactory? Justify your answer.

Old room and pillar workings extend under Hometown where the strata roll to the
horizontal (depth = 1,750 ft, 533 m ) and where additional protection in the form of
river-run sand fill is placed hydraulically through boreholes. The extraction ratio in
this area is estimated to be about 40%. Once in place, the fill is grouted for additional
strength. Laboratory test data from 4-in. (10.2 cm) diameter samples, 4 in. (10.2 cm)
long (not grouted) are given in Table 7.7. Estimate the hydraulic conductivity of the
fill (in./h).

Cable bolting

7.16

A large mechanized cut-and-fill stope in hard rock is cable bolted on a square pattern
as shown in the sketch. A single 5/8 in. (1.59 cm) diameter cable bolt is installed per
hole; cables have an ultimate strength of 56,000 Ibf (251 kN). Bond strength between
grout and cable steel is 700 psi (4.83 MPa). Shear failure is expected to occur at the
steel-grout interface rather than at the grout—rock interface.

(a) How many inches of hole length are required to provide anchorage capacity in
shear equal to the bolt tensile strength?

(b) Develop a formula that relates the thickness / of a slab that could be supported
in the stope back to the spacing S of the bolts assuming that there are n bolts
per hole.

(c) Plotthe formula with 4 on the x axis and § on the y axis for slab thickness ranging
from 0 to 10 ft (3 m); use the number of bolts per hole as a parameter and plot
curves forn = 1,2,3, and 4.

(d) If the spacing is 10 ft (3 m), what slab thickness could be supported with two
bolts per hole?
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7.17

7.18

7.19

Sketch for Problem 7.16.

Cable bolt drift

Top sill

Bottom sill

Sketch for Problems 7.17,7.18,7.19, vertical section across the strike of the ore body.

Consider the cable bolting array shown in the sketch. Develop an expression based on
a requirement for equilibrium in the direction normal to the vein dip that brings into
association vein dip §, bolting angle (from the horizontal) 8, bolt spacing S (assume
a square pattern), bolt tension 7', and so forth. Note: specific weight of rock is y and
two bolts per hole are used.

Consider a vein of medium width (50 ft, 15.2 m) that dips 65° and is mined by vertical
crater retreat (VCR), as shown in the sketch for the previous problem. Level interval
is 150 ft (45.7 m). Layout a hanging wall cable bolt pattern using two 5/8-in. (1.6 cm)
diameter, 25 ton (224 kN) capacity bolts per hole with toe spacing a maximum of
10 ft (3 m). Specify hole angles and lengths. Justify in detail your bolting plan including
spacing of bolt fans on strike.

Consider a medium width vein (50 ft, 15.2 m) dipping 65° and mined by overhand
mechanized cut and fill (MCF) with a level interval of 200 ft (61 m) as shown in the
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7.20

sketch. (a) Derive a bolting formula algebraically for bolt safety factor assuming n bolts
per hole using cable of capacity T3, (Ibf, kN) force in ore (rock) having specific weight
y (pcf, kN/m?) while bolting on a square pattern with spacing S (ft, m). (b) Layout a
cable bolt pattern specifying bolt length, spacing, and angle using one 5/8-in., 25 ton
(1.6 cm, 224 kN) bolt per hole.

With reference to the sketch, verify the cable bolting formula below. If the for-
mula is unsatisfactory, then derive a substitute formula based on a dead weight load
analysis.

NUV

§P=
T(SF) sin® &

Here S = spacing (ft, m) assuming a square pattern, N =number of cables per hole,
U = ultimate tensile strength (tons, kN), ¥ = specific volume of the rock mass (ft3/ton,
m3/kN), T = thickness of suspended rock mass (ft, m), o = bolting angle from the hor-
izontal, SF = bolt safety factor. Note: this formula appeared in the technical literature
some years ago.






Chapter 8

Subsidence

Subsidence usually refers to downward motion of a ground surface, “settlement,” but may
also refer to below ground motion or internal subsidence. The most common causes of
subsidence are: (1) withdrawal of fluids from pores and fractures and (2) disturbance of
the ground by excavation processes. Water well pumping and consequent drawdown of the
water table is a very common cause of surface subsidence. Withdrawal of oil, and to a lesser
extent, withdrawal of gas from wells is also a significant source of subsidence in some
areas. Superincumbent loads on saturated, porous ground may also cause settlement of the
ground surface by expulsion of pore fluids, a consolidation process. Surface and underground
excavation cause subsidence through induced changes in stress, strain, and displacement
fields in adjacent soil and rock masses. Sometimes excavation is a natural process, for
example, formation of solution cavities by circulating ground water in limestone formations.
Ifthe induced displacements from underground excavation extend to the surface, then surface
subsidence as well as internal subsidence result. In cases where damage to surface structures
orunderground utilities occurs, there is considerable importance attached to the determination
of the cause of damage in the presence of subsidence and the actual subsidence mechanism.

8.1 Chimneys

Caving is an often observed phenomenon associated with underground mining and begins
with collapse of the back, roof, or hanging wall. Caving may occur unexpectedly or be
deliberately induced in conjunction with the mining method (block caving, sub-level caving,
longwall mining, room and pillar mining with pillar extraction). Caving begins because
locally stress tends to exceed strength, loading progresses beyond the elastic limit, fracture
and failure occur, and broken rock is liberated from the parent rock mass and falls to the floor.
Failure of the rock mass is greatly assisted by the presence of joints, of course, especially
if the intact rock, between joints is strong, but both mechanisms of rock mass failure (slip
and separation of joints, fracture of intact rock, and extension of such fractures) contribute to
caving. Cessation of caving may occur because an equilibrium shape forms as the cave evolves
(natural “arching”), a strong rock formation is encountered during the upward progress of
the cave or the void becomes filled with broken rock (swell).

Flow of broken rock in ore passes is closely related to the motion of broken rock, “muck,”
in caving ground. Design of storage bins, bunkers, and silos for handling crushed rock and
other bulk materials also has features in common with the flow of muck in caving ground and
raises important questions about drawpoint size and spacing and support of nearby access
ways. In this regard, a redistribution of stress occurs in the vicinity of a caved zone, at the
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walls of a chimney cave, near ore pass walls and so forth, that has implications for ground
control in nearby openings, drifts, entries, crosscuts, and raises. This redistribution often
leads to heavy support requirements in the form of combinations of bolts, shotcrete, steel
sets, and continuous concrete liners. Understanding stress associated with muck flow in silos
and manufactured storage and handling facilities is also essential to structural design.

Chimney cave geometry

Chimney caves are characterized by vertical walls that are generated directly over an initial
opening. The cave forms when the back falls into the initial void. Because caved rock in
bulk occupies greater volume than in place (“bank” measure), bulking may eventually cause
caved rock to fill the void. Bulking porosity B characterizes this property of the rock mass.
By definition

B:5 Py

- 8.1
Vo Vet Wy @1)

where Vy is void volume, Vj is solid volume, and V is total volume.
With reference to Figure 8.1 that illustrates a chimney cave, the height H of the caved
portion of a chimney that forms over an opening initially /4 ft high with cross-sectional 4 is

H:h(é - 1) (8.2)

provided H is less than the depth measured from ground surface to the top of the initial void.

If caving reaches the surface, the ground surface subsides a distance S as shown in
Figure 8.2. The chimney height is now less than A which becomes depth to the top of
the initial void. This depth is given by

1
H=0h-235) (f - 1) (8.3)
B
which may be solved for the surface subsidence. Thus,
S=h—H 5 (8.4)
- 1-B '

that reduces to the formula for subsurface chimney cave height when S = 0.

These simple formulas based on the concept of bulking mask an interesting phenomenon
that is revealed when observations of chimney caves are used to estimate an associated
bulking porosity. One might suppose that a reasonable estimate of bulking porosity B could
be obtained by using swell factors for rock rubble produced by blasting in open pit mines,
for example. A ratio of bank specific weight (before blasting) to bulk specific weight (after
blasting) of 1.3 to 1.4 would be reasonable, say 1.35. The associated porosity B = 0.35.
Chimney height above an initial opening height of 15 ft would then be 27.9 ft, not a very
high cave. In fact, chimney caves are observed to be much higher, so the bulking porosity
must be much less than that associated with rock rubble. The implication is that caving
may appear at first glance to produce a random pile of broken rock but then not nearly
as random as supposed. Caving over large vertical heights must occur with little bulking;
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Figure 8.3 Chimney cave height as a function of bulking porosity and surface subsidence.

the rock fragments somehow must maintain fits with adjacent fragments and blocks, so the
chimney appears to subside almost as if it were a solid plug. For example, suppose a stope
100 ft high at a depth of 2,400 ft caves and the cave just reaches the surface. The associated
bulking porosity is just 0.04, an order of magnitude less than a bulking porosity that might
be estimated from well-blasted rock.

Figure 8.3 shows a plot of normalized chimney height as a function of bulking porosity
with surface subsidence normalized by initial void height as a parameter. Clearly, substantial
chimney cave heights must be associated with very small bulking porosities.

A sequential cave may occur with a fall of rock into an opening that is subsequently
removed only to be followed by another fall of rock that continues to form a chimney. In this
case the void volume of the bulk material in the chimney is the initial void of the opening
plus the void formed by the first rock fall. The volume of solid in the chimney is the volume
of rock that caved after the first fall of rock.

Example 8.1 A chimney cave forms over a square excavation of side length L and height /.
The caved zone above the chimney is a cylinder of height A and forms an inscribed circular
cross section. If the bulking porosity is B, how high will the caved zone extend above the
excavation? If B = 0.01 and 42 = 5 m, determine H.

Solution: With reference to the sketch and the definition of bulking porosity,

g
%
hA
T HA + 4
hL?
~ H(zx/4)D* + hi?
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(a) Plan view

(b) Vertical section

B "
(/A H + h

that may be solved for AH. Thus, caving height is

()6

when B =0.01,h=5m,H = 6303 m

Example 8.2 A rectangular excavation of height /4, width w, and length / induces a vertical
cave of elliptical cross section with semi-axes w/2 and //2 (inscribed ellipse). Develop a
cave height formula in terms of bulking porosity and caving geometry. If excavation is at a
depth of 1,000 m, bulking porosity is 0.01, excavation height is 5 m, width is 12, and length
is twice width, is there a danger of surface subsidence?

Solution: From the definition of bulking porosity,

Vy
B =
Ve + Vs
_ hwl
" hwl + mab
_ hwl
T hwl +w(w/2)(/2)H

2= )
1+ (w/4)H /h

H = (4h/m) <% - 1)

H = (4h/m) (ﬁ - 1) =630.3m
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where the geometry is shown in the sketch. Thus, there is no danger of surface

subsidence.
«— 5
b

(b) Vertical section

(a) Plan view

Note: This result is a somewhat more generalized result than that in Example 8.1, which is
seen as a special case of the elliptical caving cylinder postulated in this example.

Example 8.3 Suppose an initial excavation is a cylinder 15 ft high with a 64 ft diameter.
A hemispherical fall of rock occurs. Muck is removed and chimney formation begins. The
hemispherical shape of back is maintained during caving that proceeds for 482 ft (back to
top of chimney). No surface subsidence occurs. What bulking porosity is indicated?

Solution: A sketch and application of the bulking porosity definition leads to a solution.

Thus, using expressions for cylinder and sphere volumes, one has for bulking porosity,

VW
Vo VetV
TR?h + (2/3)n R

T ZR2H + nR?h + (2/3) 7R3
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_ h+@Q/3)R
T H4+h+(2/3)R

_ 15+ (2/3)(32)
T (482 -32) + 15+ (2/3)(32)

= 0.0747

Thus, bulking porosity indicated by the given data is 0.075. This same problem is illustrated
in Figure 8.4.
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Figure 8.4 Sequential cave analysis.
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Example 8.4 Consider a prismatic excavation of initial height % at depth H that caves to
the surface and causes subsidence S. Develop an expression for the normalized depth ratio
H /h in terms of bulking porosity B, 4, and S.

Solution: With reference to sketch, V = A(H — S + h) and Vg = HA, so Vy = A(h — S).
From the definition of bulking porosity,

_ h-3S
T H+h-S8

which may be solved for H /h. Thus,
H S 1
—=1-=)(=--1
h h) \B

(a) Before (b) After

$h

Example 8.5 Surface subsidence is observed over an area of 2.25(10%) sqft above an
excavation 1,500 ft deep. Original excavation height is 15 ft and surface subsidence occurs
eventually reaching 30 ft. There are 12 ft3/ton of material. Estimate the bulking porosity and
the tonnage of material removed after the original opening is excavated.

Solution: From Example 8.4, when caving has just reached the surface, B = h/(H + h) =
15/(1,500 4+ 15) = 0.099. Also from Example 8.4
H—-S8
B=——
H+nW-S§
where 7' is a fictitious opening height associated with the given surface subsidence, that

is #'4 is void volume created by the initial excavation and the additional removal of solid.
In this case

B
W=S+H|—:
(=)

.009
:30.0+1,500( 0.0099 )

1 —0.0099
K =45.00ft
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The tonnage of solid material removed is

tons = V' (solids)/12

= (0 = h)(4)/12

= (45.00 — 15)(2.25)(10%)/12
tons = 5.625(10%)

In block caving, continual withdrawal of muck from a caving panel creates high, steep
slopes at the surface. These slopes eventually fail to form a “glory hole” at the surface
that has an upside down bell shape. Caving over softrock above a coal mine longwall panel
seldom reaches the surface and instead causes flexing of strata that form a trough-like surface
depression rather than a glory hole typical of hardrock chimney caves. Caves are also referred
to as “ratholes” and “pipes” and the caving process as “ratholing,” “piping,” or “chimneying.”
Caving is also a widespread natural phenomenon associated with “sinkhole” formation from
dissolution of limestone and subsequent collapse of the roof into the void below formed by
circulating groundwater.

Caving rock flow

Cave geometry associated with ore extraction may expand laterally and “bell out,” as shown
in Figure 8.5, with a resulting ore flow of muck on muck. The diameter of the chimney is
difficult to predict with confidence. However, observations of sand models and continuum
models of flow indicate the presence of a fast flow zone at the core near the drawpoint.
This zone is bounded by thin, intense shear zones that are associated with discontinuities
in flow velocity. A velocity discontinuity is a rapid change in magnitude and direction of
the flow. The outer boundaries of the chimney are also intense shear zones and velocity
discontinuities. In principle, these discontinuities may be calculated, but the computation is
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Figure 8.5 Single draw point and chimney of muck flowing on muck.
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Figure 8.6 Multiple draw points and dead zones.

numerically intensive and not at all routine. As the top of the muck is pulled close to the
drawpoint, the flow changes from a uniform first-in, first-out draw to a funnel flow pattern
where the top material moves into the fast flowing core while the material near the side
and below moves slowly and passes through the drawpoint only during the final stage that
empties the chimney.

An important engineering question relates to the spacing of drawpoints that allows for a
uniform drawdown of ore, as shown in Figure 8.6, and a minimum of ore trapped in dead
zone between drawpoints. Unfortunately, general rules for drawpoint spacing remain elusive.
One relationship between spacing s and dead zone height 4 is s/h = tan(;r /4 — ¢ /2) where
¢ is the angle of internal friction of the muck. A prudent estimate of acceptable dead zone
height, then leads to s. Width of the pillar between drawpoints is then 2s. Drawpoint width
should be three to five times the maximum block size in the ore drawn to prevent hangups
in a draw chute.

Example 8.6 Caving is assisted by several joint sets that have average spacings ranging
from 3 to 12 ft. Estimate the maximum block size that would be reasonably expected and the
minimum size of drawpoint for efficient operations.

Solution: The maximum block size generated by caving action can only be roughly esti-
mated from the limited information available. If blocks are well defined because the joints are
continuous or highly persistent then linear dimensions of blocks may range from 3 to 12 ft.
Some breakage would be expected, especially of long blocks, so perhaps linear dimensions
of large blocks reaching drawpoints is about 3 ft. A few larger blocks and many smaller
blocks would be expected.

A rule of thumb for drawpoints states that drawpoint width should be three to five times
maximum block size. In this case, the drawpoint width should be at least 9 ft to avoid frequent
blockages caused by interlocking of large blocks at drawpoints.
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Example 8.7 Caving rock is estimated to have zero cohesion and a friction angle of 35°.
If drawpoints are spaced on 20 m centers and are 3.5 m wide, estimate the height of the dead
zone between drawpoints.

Solution: If the dead zone is just at yield, but remains immobile because of lateral
confinement, then the height of the dead zone is given by

- = tan(w)
s h=(S/2—W/2) cot(n /4 — ¢/2)
= (20 — 3.5)(1/2) cot(rr /4 — 35/2)
h=158m

The geometry is shown in the sketch. This is a relatively large height and suggests that closer
spacing of drawpoints be considered to reduce the loss of ore in the dead zones.

Y

Chimney cave forces

An equilibrium analysis reveals important features of stress redistribution associated with
chimney formation caving. Figure 8.7 shows a typical slab of caved material within a cave
zone. The equilibrium requirement in the vertical direction in terms of forces is

AFy— W +Fs=0 (8.5)

where AF)y is the difference in vertical forces acting on the top and bottom surfaces of the
“slab” of material in the chimney, ¥ is slab weight, and Fj is the total vertical shear force
acting over the lateral surface of the slab. In terms of average stresses and related areas,
AFy = AAoy, W = yAAz, and Fy = tCAz where oy and t are vertical normal stress and
shear stress, respectively, Az is slab thickness. Hence,

AAoy — yAAz +T1CAz =0 (8.6)
where 4 and C are cross-sectional area and circumference, respectively, shown in Figure 8.7.

Because the broken rock, the “muck”, in the chimney is sliding along rock walls, a frictional
relationship between muck and rock is present. Thus,

T = poy = o tan(¢) (8.7
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C= Circumference

Vertical section

Top of chimney

N

Figure 8.7 Chimney cave forces.

where oy, is the average horizontal stress acting over the lateral surface area of the slab, ¢’
is the angle of sliding friction of muck on rock, and w is the coefficient of sliding friction.
This frictional condition tacitly implies no adhesion between muck and rock. If the muck is
“sticky,” this assumption may need to be modified. After some rearrangement, the equilibrium
requirement is,

v C
() (25

which suggests a differential equation for the normal stresses.

However, there are two unknown stresses and only one equation. This deficit of information
is made up by assuming a relationship between the vertical and horizontal stresses in the form
of a simple ratio: k£ = oy,/0oy. Justification for such a relationship and an estimation of & is
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obtained by assuming the muck motion is inelastic and follows a Mohr—Coulomb yield
condition. Cohesion is considered negligible because of muck flow. The ratio of normal
stresses cannot be less than the ratio of principal stresses in any case, and under the assumption
of cohesionless Mohr—Coulomb flow, £ > [1 — sin(¢)]/[1 + sin(¢)] where ¢ is the angle of
internal friction of the muck. If ¢ is 30°, then £ = 0.3 is a minimum estimate. The resulting
equilibrium requirement is now

do

EV +Cioy =y (8.9)
where the constant C; = kCu/A. In this regard, the ratio 4/C is sometimes called the
“hydraulic” radius, but such a label is better used in fluid mechanics. At the top of the muck
where z = 0,0, = 0, so after integration

o, = Clu — exp(=C12)] (8.10)
1

Figure 8.8 shows a plot of stress versus depth in a cylindrical column of broken rock that is
stress-free at the column top, z = 0. In this example, C; = 0.01. The asymptotic limit is
67 psi in this example. At a depth of just 2D the vertical stress is already 54 psi or slightly
greater than 80% of this limit.

When a surcharge o, acts at the top of the muck column, the formula for vertical stress is

o, = (CL) [1 — exp(—C12)] + 0o exp(—C)2) (8.11)
1

The asymptotic limit to the vertical stress is the same as before. For example, a surcharge
or additional load on a muck column may be caused by impact of additional muck falling

Example of vertical chimney stress as a function of depth in a
cylindrical column of muck
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Figure 8.8 Chimney stress and gravity stress in a cylindrical column of broken rock versus depth in
terms of diameter.
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into an underground mine ore pass. The muck in the ore pass is essentially a chimney of
broken rock. Impact loading on chutes from falling rock may damage the chutes or load-out
facilities if not protected by a muck cushion near the bottom of the ore pass. The height of
the muck cushion may be found by setting the additional vertical stress to some fraction, say,
0.20 or 20% of its peak value. A depth equal to about two diameters is necessary to meet
this requirement. A three-diameter cushion reduces the additional bottom stress to 8% of the
surcharge. In a 10 ft diameter ore pass, this cushion would be 30 ft high and much less than
level interval (usually 100 ft or more), so the ore pass could be drawn down considerably
between rock and ore dumps.

Example 8.8 Compare the forces generated by flow of muck in circular and square ore
passes on the basis of equality of diameter and diagonal, other factors being equal.

Solution: The sketch illustrates the geometry and meaning of terms in the formulas for
stresses that follow.

D z
T
(a) Square ) Oh %
(b) Circular a
Plan views Section

From the text,

- () e

on = koy

T = o}

Properties of the muck (k, ) are the same, so the difference between the two sections (square,
circular) can only be in circumference and area. In fact, any difference can only be in the ratio
of area to circumference. In the circular case, 4/C = D/4; in the square case, 4/C = D/4,
and therefore the stress distributions are the same.

However, there are practical advantages to the circular shape including a larger cross-
sectional area and therefore greater storage capacity, relative ease of excavation and perhaps
less likelihood of stoppages from arching, that is, formation of stable arches caused by
interlocking of larger blocks in the muck.

Example 8.9 Suppose caving occurs above a relatively long excavation such that the
situation appears two-dimensional, as a “slot” illustrated in the sketch. Derive expressions
for average stresses in this “plane strain” condition.
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3=

e

Oh

=

Plan view Vertical cross section

Solution: Equilibrium of vertical forces per unit length of excavation (into the page) acting
on the element of caving rock shown in cross section requires

(D) (Acy) + 2t Az — y(D)(W)Az =0

where Az is the thickness of the element considered. This expression leads to the ordinary
differential equation

doy 2uk
dz + <7> =Y

where the substitutions T = oy, and oy, = koy have been made. This result is similar to the
corresponding three-dimensional equation but with the ratio 2/W replacing C/A4. In three
dimensions the shear stress acts about circumference C; in this two-dimensional case, the
shear stress acts per foot of length on the two sides of the cave. Thus,

- (@) 2)]

on = koy
T = UOhp
In comparison with a circular or square cave, /2 would be replaced by D/4. At a given

depth, the two-dimensional stresses are more than twice the three-dimensional stresses for
W =D.

Example 8.10 With reference to Example 8.9, at a given depth of caved material, one would
expect that with increasing width, the vertical stress would approach the usual expression for
a gravity load, unit weight times depth. Show that this expectation is indeed the case.

Solution: Examination of the results in Example 8.9 shows that

oy = (00)[0]
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as W becomes indefinitely large. After rearrangement of the original expression, one has

_ 1 1 2uk
”“"<2uk/yw7>[ "exp<‘”ﬁ7f)]

which then shows
oy — (1/0)[0]

Application of I’'Hopital’s rule for indeterminant forms gives the desired result. Thus,

_ 1 2pkz\
W_LMMMGUWJ(JW)_W

This result reflects the physical expectation that frictional shear stress retardation of the
caving material becomes less effective with increasing width or diameter of the caving zone
or ore pass. In three dimensions, the same result follows from allowing the ratio of area to
circumference (4/C) to increase indefinitely.

Example 8.11 Caving is induced in a rock mass 50 m by 50 m by 180 m high. The angle
of internal friction of the caving material ¢ is estimated to be 28°. Friction angle of muck on
rock is estimated at 32°. Because of the motion of the caving mass, cohesion is considered
zero. Estimate the average vertical stress at the bottom of the cave.

Solution: The stresses associated with caving are

oy = r4 I —ex _pkC
Y\ pkC P A z
on = koy

T = UOh

The first equation gives the vertical stress. A reasonable estimate for specific weight is
15.8 kN/m?>, u = tan(32) = 0.625, k is approximately [1 —sin(28)]/[1 +sin(28)] = 0.361, so

C) = HKC _ 0629036HHAS0) _ 171673 1
A (150)(150)
and thus,
_ 158400\ -6.017(107)150]) = 1.561 MPa (226 psi)
oy = 6.017(10_3) exp . = 1. a ps1

that may be compared with a vertical gravity stress of (15.8)(150) =2.37 MPa (344 psi).
Example 8.12 With reference to Example 8.11, determine the vertical force over the cave
bottom and the shear force over the cave sides.

Solution: The vertical force at the cave bottom is simply average vertical stress times bottom
area, while the side shear force is the difference between weight of the caved material and
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the bottom force. Thus,
Fy =oyA
= (1.561)(50)(50)
Fy =3.90GN (0.871 x 10° Ibf)
Sy =W —F,
= (15.8)(10)(50)(50)(150) — 3.90(10%)
Sy = 2.03 GN (0.452 x 10° Ibf)

The vertical shear force may be obtained in another way as a check. From the formulas
for stress

T = pkoy
Sy =/rdA
A
:/ukorvdA
A

- fm(Ze) 1o (15)]
- yaz v [o (55) ) (52,
-y (i) [-on (1450

=W — Aoy
Sy =W —F,

Cdz
H

which was the starting point for the original calculation of side wall shear force. In the
integration the area element d4 is associated with the shear stress about the circumference
of the chimney and is therefore Cdz.

The difference between the gravity stress of unit weight times depth and the average vertical
stress in a column of broken rock is a consequence of the vertical shear stress at the column
walls. This difference is an important structural consideration in ore storage bins and silos as
well as for drifts and similar access openings in caving operations. The total vertical shear is
just the difference between the weight of the muck column and the bottom force. Thus,

Fo=W —oyA (8.12)

where the average vertical stress is given by the formula developed in the previous section
and 4 is the cross-sectional area at the considered depth. In the example muck column used
to plot Figure 8.8, at a depth of three times diameter (3 x 84 ft), the vertical stress is about
61 psi, W is about 134 million pounds, but the bottom load is only about 49 million pounds
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force. The difference of about 85 million pounds is transmitted through frictional shear to
the wall of the chimney.

If the “chimney” is actually a steel storage silo, say, one inch thick, then the vertical
compression induced in the silo wall at bottom is almost 27,000 psi. Wall stress near a
chimney of broken rock would also be elevated, although distributed into the rock mass.
This additional stress may again be concentrated about openings near the cave zone. A
“hoop” stress (normal stress acting in the circumferential direction) induced in the silo wall
is oy = pR/h where h is thickness, in this case, one inch, and p is the horizontal pressure
acting against the silo wall, that is, p = oy, = ko, = 18.3 psi in the example calculation. The
hoop stress is about 9,220 psi, which indicates the vertical compression is the critical stress
for design. These stresses are illustrated in Figure 8.9.

Tall, thin-walled structures such as steel silos also need to be designed for stability against
buckling. When such structures buckle, they often have the appearance of an aluminum can

t\ 777N,
AN
Y~

Figure 8.9 Normal and shear stresses at a silo wall, hoop stress, and axial compression in wall.
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with the side pressed inward and the ends folded together. Because buckling is associated
with eccentric axial loading, silos should be emptied and filled at the center of the cross
section. Side draws should be avoided.

The formula for vertical stress is the famous Janssen formula that was published near
the turn of the century in response to silo design needs. This formula is the basis of most
silo design codes around the world. Prior to the acceptance of the Janssen formulas, bulk
materials in silos were considered to behave like fluids. The horizontal pressure against the
silo wall was then calculated as specific weight times depth. In the example calculation, this
pressure is about 167 psi which leads to a hoop stress of over 84,000 psi. Some wood silo
walls for grain storage had thicknesses measured in feet!

When a silo chute is opened, support is removed from material at the gate and a switch in
the direction of the major compression occurs near the chute. The switch is a change from
vertical to horizontal and during draw may cause high hoop stress that must be designed
against. The point of this switch and therefore of peak horizontal stress against the silo wall
is usually where the flow first occurs over the full cross section of the silo or at the transition
between conical bottom hopper and cylindrical silo above. Reinforcement may be needed at
this elevation, especially if the silo is a cement block silo that has low tensile strength and
prone to crack under hoop stress.

Example 8.13 A cylindrical concrete silo is used to store bulk coal that has a specific
weight of 80 pcf. In motion, coal cohesion is zero, the angle of internal friction is 28°, and
the friction angle of coal on concrete is 23°. The silo is 30 ft in diameter (inside diameter)
and 120 ft high. Estimate the peak vertical, horizontal, and shear stresses acting on the silo.

Solution: The formulas for the required stresses are

oy = (Cll) [1 — exp(—C12)]

oh = koy
T = UOp
C = HkC
A
_ tan(23) (1 —sin(28)/1 + sin(28)) (7r30)
- (r/4)(30%)
= (0.425)(0.361)(4/30)
C; =0.0204

Thus, after evaluating the constant Cy,

oy = 24.85psi
op = 8.47
T =3.81
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Example 8.14 Consider the data from Example 8.13 and suppose the concrete has a
compressive strength C, = 4,500 psi and a tensile strength 7, = 350 psi. Estimate the
thickness of the silo wall needed for a concrete safety factor of 2.2.

Solution: The stresses are greatest at the silo bottom when the silo is full. Compression in
the silo walls is generated by shear load at the coal concrete interface. Equilibrium requires

ocde = Sy
W —F,
O = ———"F——
(/4) (D} — D})
W =y (x/4)D*H = (80)(7r/4)(30)*(120) = 6.79(10°) Ibf
Fy = oyA = (24.85)(144) (7t /4)(30%) = 2.53(10°) Ibf
Sy = 6.79(10°%) — 2.53(10°%) = 4.27(10°%) 1bf

as illustrated in the sketch.

(b) Plan
(a) Section

Substituting into the expression for the wall compression shown section gives

(5) Gz -opr=s.

that may be solved for the outside diameter and hence thickness 4. Thus,

6
p? = pt 4 BT _ 0 @DE2DAC)G/7)
Co (4,500)(144)
D2 =918.5
D, =30.306

h=0.306 ft (3.67in.)

The required thickness of concrete to meet the compressive stress safety factor requirement
is 3.67 in.
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The tensile “hoop” stress is

_ R
)
FS
oh=o0oh(R) <To)

— (8.47) (30/2)(12)(2.2)
350
h =9.58 in.

and requires a wall thickness of 9.58 in. The required wall thickness to meet the safety factor
requirement in tension and compression is 9.58 in.

Chimney cave water forces

When water infiltrates a chimney cave and saturates the muck below the water table, fric-
tional resistance to muck flow is reduced while bottom stress is increased. Total stresses
are still required for equilibrium as illustrated in Figure 8.7, but shearing resistance at the
chimney walls requires consideration of effective stress. Effective stress is also referred to as
intergranular stress and is the force per unit area transmitted through point contacts among
particles and between particles and chimney wall. Effective vertical and horizontal normal
stresses are

(8.13)

where pr is pore fluid pressure, that is, water pressure given as specific weight of water
times depth below the water table zy,. The ratio & that relates principal stresses at failure now
pertains to the effective stresses. Thus,
%
k= o (8.14)
v
which reduces to the case when pore fluid pressure is negligible and the total and effective
stresses are the same.
The equilibrium equation is now

doy
= Ysat + C1(ov — Ywzw) =0 (8.15)
where the specific weight of the muck in the column below the water table is labeled as
the saturated specific weight, g, that is indicative of the total weight per unit volume of
material with void space completely filled with water.

If the water table is at the top of the muck column, then

oy = <VSMC;VW> [1 —exp(—Ci12)] + ywz (8.16)
1
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The difference between the saturated specific weight of the muck and the specific weight of
water is the buoyant specific weight which is also known as the submerged specific weight.
If wall friction was absent, the vertical stress transmitted through particle contacts would be
just the buoyant specific weight times depth. If water is absent, then this formula reduces to
the previous formula for muck not submerged. When the muck column is submerged, water
pressure adds to the vertical load in amount of unit weight of water times depth, as seen in
the formula.

When the muck column is saturated but not submerged, then water clings to the muck
through surface tension but does not form a water column that generates the water pressure
pr. In this case the water terms vanish and the previous formula for vertical stress applies.
Once submerged, surface meniscii between particles are destroyed; the water no longer clings
to the solid particles and hydrostatic pressure develops in the connected water-filled voids of
the muck.

When the water table is below the top of the muck column, say, at z = z,, then

oy = (%) [1— exp(—Ciz)] + Yzw + (%) [1 — exp(—Cizo)] exp(—Cizy)
1
(8.17)

where the last term on the right is a contribution of load by the muck above the water table
with specific weight y that includes moisture present in the muck as well as solid particles.
This contribution decreases exponentially with depth below the water table. If z, = 0, so
zw = z, then the previous case is recovered where the water table is at the top of the muck
column. If the muck is saturated, but not submerged, then the original Janssen formula is
recovered. In all cases, the effective normal stresses (vertical and horizontal) are obtained by
subtracting the hydrostatic water pressure from total normal stress.

Example 8.15 Consider the silo data in Examples 8.13 and 8.14 and suppose water fills
the voids in the bulk coal because of heavy rain and a leaky roof. Estimate the silo stresses
oy, on, T.Note: The specific weight of saturated bulk coal is 25% greater than dry bulk coal.

Solution: Formulas for the stresses when water is present to the top of a filled silo are

oy = (%) [1 — exp(—C12)] + Yz

o =0y — ywz
oy = ko, k=036l
on' = on — ywz
T=poy, wu=0425
Ci = 0.0204
Yw = 62.4 pcf
Vet = 1.25y4ry = (1.25)(80) = 100 pef
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where data from Examples 8.13 and 8.14 are used. The total vertical stress and effective
vertical stress are therefore

100 — 62.4
Oy = _—
0.0204
= 1,684 + 7,488
oy = 9,172 psf (63.7 psi)
oy = 1,684 psf (11.7 psi)

) {1 — exp[—(0.0204)(120)]} + (62.4)(120)

The water load more than doubles the dry load vertical stress as seen in comparison with
Example 8.14 results.
The horizontal stresses are

on’ = (0.361)(1,684) = 608 psf (4.22 psi)
Oh = 0h’ + Ywz = 608 + (62.4)(120) = 8,096 psf (56.2 psi)

Although the effective horizontal wall stress at the bottom of the silo is only about half the
same stress in the dry case, the total horizontal stress is more than five times the horizontal
stress in the dry condition. Because the horizontal stress induces a hoop stress tension in
the silo walls, this increase would likely threaten to crack the walls. Keeping bulk materials
dry is an important consideration in many storage schemes and is obviously important to
structural safety of silos.

The shear stress is

T = pon’ = (0.425)(608) = 258 psf (1.79 psi)

which is less than one half the same stress in the dry case, showing the reduction in shear
that has the consequence of increasing bottom load.

Example 8.16 An underground mine has a stope filled with well-blasted ore. The stope
(shrinkage stope) is 20 ft wide, 250 ft long, and 150 ft high. Broken ore is estimated to
have an angle of internal friction of 41° and a friction angle of muck on rock of 33°. Dry
specific weight of broken ore is 95 pcf. Wet specific weight is 115 pcf. A cross section of
the stope is shown is the sketch. Suppose water becomes trapped in the stope and rises to the
top. Estimate the changes in vertical, horizontal, and shear stress at the stope bottom that are
induced by the water.

Solution: The changes are just the differences between the wet and dry states. In either
case, a plane assumption is reasonable. From Example 8.9 in the dry case

o (E)-en ()]

on = koy
T = Lo}

where W is stope width shown in the sketch and W /2 plays the role of area / circumference.
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|
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Cross section

s

The constants required for stress computation are

un = tan(33) = 0.6494
_1—sin(¢) 1 -—sin(4l)
1 +sin(¢) 1+ sin(41)
Ydry = 95 pef
W =20ft

=0.277

Thus, in the dry case the stresses are

_ ( (95)(20)

W) {1 — exp[—(2/20)(0.6494)(0.277)(150)]}

95
= (0.0]799) {1 — exp[—0.01799(150)1}

oy = 4,925 psf (34.2 psi)

on = koy = (0.277)(4,925)

on = 1,364 pst (9.47 psi)
T = pop = (0.6494)(1364)
T = 886 psf (6.15 psi)

In the wet case

Vsat — Vd 2uk
oy = (7523;16/[/;/) [1 — exp (—72>i| + ywz

/

Oy = Oy — YwZ
/ /

oy’ = koy

T = uoy’
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All data needed for evaluation are available, so

0.01799
= 1,037 + 9,360
oy = 10,397 psf (72.2 psi)
oy’ = 1,037 psf (7.2 psi)

oy = (“5 — 95) {1 — exp[—(0.01799)(150)]} + (62.4)(150)

oy’ = ko,
= (0.277)(1,037)
on’ = 287 psf (1.99 psi)
oh =on + YwZ
=287 + (62.4)(150)
on = 9,647 psf (67.0 psi)
T = oy’
= (0.6494)(287)
T = 186 psf (1.29 psi)

Changes in stress induced by the trapped water are

Aoy = oy(wet) — oy (dry) = 10,397 — 4,925
Aoy = 5,472 psf (38 psi)

Aoy = 9,647 — 1,364 = 8,283 psf (57.5 psi)
At = 186 — 886 = —700 psf (4.86 psi)

The increase in vertical stress is over a 100%. The increase in horizontal stress is even greater,
by a factor of seven over the dry case. Wall shear stress decreases to less than one-third the
dry case value. Practical consequences are a large increase in bottom load where material
handling facilities are located and a serious threat of muck rushes when ore is “pulled from the
chutes” at the bottom of the stope. The effect of water in reducing shear stress is sometimes
used to advantage by introducing a flow from a water hose to free arches that may have
formed in the stope muck.

Support near caving ground

The transfer of load from a chimney cave to the walls of the cave zone leads to an elevated
state of stress that increases the need for support in nearby access drifts, crosscuts, and raises.
The effect is not easy to quantify and poses a difficult challenge to stress analysis because
of the complications of three-dimensional mining geometry, the mechanics of caving and
the role of geologic discontinuities, all of which come into play in block caving mines. A
practical compromise is to adapt existing “tunnel” support approaches to the block caving
environment (Kendorski, 1977, chapter 4).
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Figure 8.10 Combination drift: (a) geometry, (b) loading rock arch, (c) supporting rock arch and
bolting geometry, and (d) steel set support.

Existing approaches include steel set support, rock bolt reinforcement and concrete or
“shotcrete” lining. Shotcrete is a sand—cement mixture that is sprayed onto tunnel walls in
thicknesses of several inches or so and is often used with wire mesh or chain link fence that
is secured to the wall with rock bolts. Fibers may be added to shotcrete to improve strength.
Figure 8.10 shows a rectangular drift with a circular arched back supported by steel sets, rock
bolts, and shotcrete.

Weight I of an imaginary rock arch in the back loads natural support provided by the rock
mass in the walls of the drift and steel sets, if present. Dimensions of the drift, breadth B, and
total height H; , dictate the height of the rock arch, that is, H, = 1.0(H; + B). No attempt is
made to fine-tune classification of the rock mass as in the case of sizing steel sets for tunnel
support according to the traditional Terzaghi classification scheme. In essence, a judgment
is made at this stage of design that the rock mass is toward the “very blocky and seamy”
condition, a reasonable judgment in view of the caving method being used and the expected
ground conditions in jointed ore bodies amenable to caving. This load may be increased, say,
up to twice the initial value because of the elevated stress state about the considered opening.
Drift or “tunnel” load may thus be as high as 2/ and

W = yBH,S (8.18)

where y is rock mass specific weight and S is “spacing,” perhaps bolt spacing or simply one
foot along the drift, so weight is then per foot of drift length.
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Unconfined compressive strength of the rock mass multiplied by the supporting rock arch
cross-sectional area is the primary and natural support available in the walls of the drift. Rock
bolts reinforce the rock mass and increase the natural support capacity of the supporting rock
arch in the ribs of the drift. This increase in strength of the rock mass may be estimated from
bolting pressure considerations or ignored without serious detriment to the analysis because
the effect is likely to be rather small. Bolts are still essential to prevention of rock block
falls and to maintaining integrity of drift walls, of course. In any case, the thickness ¢ of the
supporting arch shown in Figure 8.10 must be estimated before computing the natural support
capacity of the walls (7}). Several estimates of ¢ are possible: (1) bolt length L; (2) length
less spacing, L — S; (3) S, if § < L (usually); (4) 1D where D is drift width; (5) B/2, and
so forth. The first seems reasonable; the second and third choices are more conservative, but
still depend on bolting geometry. The last two choices relate to stress concentration. Stress
concentration decreases rapidly with distance from an opening wall, usually in proportion
to #~2. The average stress taken over a distance into the wall decreases more slowly, in
proportion to 7!, so the fifth choice may be appropriate. However, the one diameter rule is
optimistic because of the greater support area provided for a given rock arch weight. Bolts
are almost always used, so bolt length is a reasonable choice unless additional site-specific
information is at hand. The capacity of the natural supporting rock arch is

Tr = CoSt (8.19)

where bolt length L may be substituted for arch width 7 and S is “spacing,” as used to
calculate .

A safety factor for the naturally supported drift may be defined as the ratio of resisting
force R to driving force D. Thus,

R T,
FSO = — =
D AW)2

(8.20)

where A is multiplier that allows for increasing weight up to twice the initial weight load. An
allowable stress for the rock mass may be introduced through the usual definition,

(8.21)

Oal =

FS,

in place of compressive strength for calculating the minimum support capacity required of
the natural rock 7; (min), which could also be obtained directly as 7;/FS,.

Failure in a jointed rock mass involves slip on joints and shear through intact rock bridges
between joints, as shown in Figure 8.11. Shear strength is the total of rock bridge and joint
shear resistances. Thus,

T4 = td; + 14 (8.22)

With the assumption of Mohr—Coulomb failure criteria for joints and rock, and introduction
of a normalized joint area 4’ = 4;/A, rock mass shear strength becomes

T = G[A/tan(¢j) + (1 —A4) tan(pp)] + [A’Cj + (1 =A4)er] (8.23)
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Figure 8.11 Shear in a jointed rock mass.

where equality of normal stress acting through intact rock bridges and across joints is implied.
The parameter A" is a measure of joint persistence in the considered rock mass. Each joint
set would be expected to have a different persistence. The form of rock mass shear strength is
also Mohr—Coulomb; the equivalent angle of internal friction and cohesion of the rock mass
with respect to the considered joint set are given by

tan(¢) = A’ tan(¢)) + (1 — 4') tan(¢y)

, , (8.24)
c=Ac+(1-4)e
These relations could be applied to each joint set in the rock mass. Equivalent unconfined
compressive and tensile strengths can be obtained from cohesion and angle of internal friction
by the usual formula. Thus,

C, = [M]
1 — sin(¢)

(8.25)
T, — [2(c) c05(¢)]

1 + sin(¢)

The rock mass compressive strength is the appropriate strength for use in computing capacity
of the natural support arch.

If the minimum natural support capacity is not available, then additional support Ty is
required. The amount of additional support required may be obtained from an equilibrium
condition,

w
)\7 =T+ Ts (8.26)

where 7; and 75 may be minimum acceptable amounts. In this regard, a minimum acceptable

amount of additional support may be obtained from another safety factor FSg, that is,

. Ty
Ts(min) = s (8.27)
S
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Figure 8.12 Shotcrete resistance to shear failure on joints with bolts: (a) shotcrete lining and
(b) shotcrete shear plane.

Joints in the rock mass are controlled by bolts that cross joints and by shotcrete which
is strong in shear and thus aids in the prevention of rock blocks slipping along joints. The
numerous combinations of joint orientation, properties, and persistence precludes develop-
ment of detailed design formulas. Instead, a generic analysis for joint shear failure is done
to demonstrate the procedure and to develop a method of determining shotcrete thickness to
defend against rock blocks shearing along joints into the opening. Dip of the generic joint is
assumed (45°), as shown in Figure 8.12. Joint slip is driven by the component of rock arch
weight acting “downhill,” that is, parallel to the joint in the direction of the opening. This
driving force is

Dj= (g) sin(8j) (8.28)

where §j is joint dip and A is a weight multiplier that accounts for additional load transmitted
to the rock mass from caving chimneys nearby. The normal component of weight acting
across the joint is

N = (g) cos(8;) (8.29)
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Joint resistance to shear is therefore
Rj = Njtan(¢;) + cjd; (8.30)

where 4; is area of the considered joint. Rock bridges do not affect joint failure in this
calculation. Ifboltlength is L and spacing is S, then a reasonable estimate of 4; = LS/ cos ().

Resistance is also provided by bolts. If one bolt is assumed to intersect the considered joint
area, as shown in Figure 8.12, then bolt resistance is estimated to be

Ry = Spdp (8.31)

where Sy is bolt shear strength, which may be estimated at one-half bolt tensile strength, and
Ap is the cross-sectional area of the bolt. No allowance is made for the joint intersecting the
bolt at an angle.

A factor of safety for joint shear failure is the ratio of resisting to driving forces. Thus
R Ri+Ry

FSj = —
D D

(8.32)

If the joint safety factor is insufficient, then additional resistance is needed and may be added
in the form of shotcrete.

Shotcrete resistance to shear is given by the product of shear strength and shotcrete area.
According to the Mohr—Coulomb criterion, strength under pure shear S, is (¢) cos(¢), that is

1
So = (c) cos(¢p) = C, [m] (8.33)

Another estimate of an allowable shear stress for concrete loaded in pure shear is 2\/]7
in the notation commonly used for concrete (f] = C, is unconfined compressive strength).
Unconfined compressive strength of concrete and shotcrete generally ranges between 3,000
and 5,000 psi. In the notation used here

1 S0 Goll/(Co/To + D]
VI = FS, FS, (8.34)

A safety factor with respect to shear of about 3.2 is implied in the allowable stress recom-
mendation when using an unconfined compressive strength of 4,000 psi and a compressive
to tensile strength ratio of nine. Use of shear strength from the Mohr—Coulomb criterion and
a specified safety factor in shear is a simple method of prescribing allowable stress.

The specified allowable stress in shotcrete multiplied by shotcrete area is shotcrete resis-
tance to shear. Because of joint dip, shotcrete shear area appears to vary with dip, if taken
parallel to joint dip. This approach would be impractical at very steep joint dips and suggests
a flaw in the approach. A simple and more practical view is to consider shear across the
shotcrete thickness measured perpendicular to the opening wall. In this case, shotcrete area
is simple A4S and shotcrete resistance is

So

R = (FE) hS (8.35)
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where shear strength may be determined from unconfined compressive strength and a
reasonable assumption of compressive to tensile strength ratio, say, nine.
Solution of the joint safety factor equation

_Rj-i-Rb-i-RC

FS:
) D

(8.36)

for R allows for determination of shotcrete thickness / required to achieve the specified joint
safety factor under the given allowable shear stress.

Example 8.17 A concrete lining is being considered for support of drifts near caving blocks
of ore. Drifts are rectangular in section with a semicircular arched back. Width is 12 ft and
height is 15 ft. Several joint sets are present at various spacings and persistences with different
properties. A simplified view considers joint persistence to be 0.87, joint cohesion ¢j = 5 psi,
and joint angle of friction ¢; = 28°. Intact rock between joints has unconfined compressive
and tensile strengths C, = 18,500 psi and 7, = 1,350 psi, respectively. Pattern bolting is
used to support drifts during development. Bolts are 6 ft long, 3/4 in. in diameter, and of high
strength steel. They are spaced on 4 ft centers in a square pattern. The concrete liner would
have compressive and tensile strengths of 4,500 and 350 psi, respectively. Safety factors for
the rock mass, concrete liner, and joint slip are all 1.75. Determine whether a concrete liner
is needed and, if so, the required thickness.

Solution: 1f the rock mass and bolts provide adequate support, then no concrete is needed.

R CuSh
FS=—=
D AW)2

The bolts are considered as reinforcement against joint slip which is a separate failure mech-
anism from rock mass failure. A safety factor for the rock mass at the drift wall is where
Ch, S, h, A, W are unconfined compressive strength of the rock mass, spacing of bolts along
the drift, supporting rock arch thickness, caving multiplier, and weight of the loading arch,
respectively. Each factor needs to be calculated in turn.

Rock mass compressive strength may be estimated from rock mass cohesion ¢ and angle
of internal friction ¢. In consideration of joint persistence,

c=—=p)r+pc, tan(@) = (1 —p)tan(¢r) + p tan(¢;)

Joint cohesion and friction angle are known, but intact rock and angle of internal friction
need to be determined. With the common assumption of Mohr—Coulomb strength, one has

CO - TO
Co+ T,

18,500 — 1,350

~ 18,500 + 1,350
sin(¢y) = 0.86398

¢ = 59.8°

sin(¢p) =
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Col1 — sin(¢r)]
o= 2 cos(¢y)
(18,500)[1 — sin(59.8)]
- 2¢0s(59.8)
cr = 2,496 psi

Rock mass cohesion and angle of internal friction are then

¢ = (1 =per +pej, tan(¢) = (1 — p) tan(¢r) + p tan(¢j)

= (1 -0.87)(2,496) + (0.87)(5) = (1 —0.87) tan(59.8) + (0.87)(tan 28)
¢ = 329 psi tan(¢) = 0.68595
¢ =34.4°

and rock mass compressive and tensile strengths are

Co | _ 2(c)cos(e)
T, }: 1 F sin()
(2)(329) cos(34.4)
T T 1 Fsin(344)

Co | _ 1,248
T, 347

Bolt spacing S is given, and an estimate of supporting arch thickness / is simply bolt
length. Weight of the loading arch is given by

W = yBSH, = (158)(12)(4)(12 + 15) = 2.05(10%) Ibf

where H,, is height of the loading arch estimated about caving ground as the sum of the drift
width and height, (B + H;) and an estimate of 158 pcf is made for rock mass specific weight.
The rock mass safety factor is

g _ R _ CSh
D W2
(1,248)(144)(4)(6)

T 2.05(105)

FS = 21.0

where a caving multiplier of 2 is used. Rock mass safety factor is more than adequate to meet

the 1.75 requirement.
However, there is the possibility of joint slip that needs to be examined. A joint safety

factor is
Rj + Ry

FS =
) D
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that is the ratio of joint resisting plus bolt resisting forces to driving force. Joint resistance is
calculated from the geometry of the drift and assumed 45° dipping joint and a Mohr—Coulomb
strength criterion. Bolt resistance to shear is bolt shear strength, estimated at one-half tensile
strength, and bolt cross-sectional area. Thus,

R = N tan(¢) + cjd;
= (2.05)(10%) cos(45) tan(28) + (5)(144)[6/ cos(45)](4)
= 7.708(10*) + 2.444(10%)

R; = 1.015(10%) Ibf

Ry, = (55,000/2) (1t /4)(3/4)?

Ry = 1.215(10%) Ibf

D = W sin(45) = 2.05(10°) sin(45)

D = 1.450(10%)

Hence,

_ 1015+ 0.122

FS; = =0.78
g 1.450

that indicates the bolting pattern may not be adequate to hold against the joint slip before a
concrete liner can be installed. Certainly, a concrete liner will be needed to prevent joint slip
at the drift walls.

A revised joint slip safety factor is now

Rj+Rb+Rc
D

R

/I
FS; = D

R = SchS

1 1
Se=Co ——o— ) = 4500) ) =325psi
e = o (CO/TO+ 1) * )<4,500/350+ 1) pst

R. = (325)(h)(4)(12) = 15,6004

15,6004

25=0.78
+ 145,000

h =16.0 in.

Thus, the required concrete liner thickness is 16.0 inches that would not be unusual in block
caving drifts.

Example 8.18 With reference to the data and computations in Example 8.17 where there
was an indication that the proposed bolting system would not be adequate to prevent joint
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slip, define an alternative but still square pattern that would result in a safety factor of 1.1
before any consideration of concrete lining.

Solution: The required safety factor is given by

Rj + Ry
D

FS; =

(1.1)(1.45)(10%) = 1.015(10%) + Fy

Fy = 49,000 Ibf

so each bolt must resist 49,000 1bf when installed on the original 4 ft centers. The force is
one of shear and as shear strength is just one-half tensile strength, bolt tensile strength would
indicate a force of 98,000 Ibf. Bolts of 60,000 psi steel strength, 1 inch in diameter have a
yield load of only 47,000 Ibf. As a practical matter then, the pattern must be changed as well
as bolt capacity.

Changing bolt spacing does not change the quotient of R;j/D but will change the ratio
Ry /D. The required ratio is

R 1.01
B 1205 6400
D 145

where D = yBH,S sin(45) = 1.45(10%)(1/4)S.

Thus, R, = 0.400(1.45)(10°)(1/4)S = 14,500 1bf/ft is the bolt force per foot of drift
needed in shear. In tension, the bolt force needed is 29,000 1bf per foot of drift. One-inch
diameter bolts of 75,000 psi steel spaced on 2-ft centers would meet the requirement.

The spacing is quite close and suggests consideration of alternatives. One alternative would
be to use shotcrete concurrently with bolting to maintain safety during drift development.
Steel sets might also be considered instead of the concrete liner of Example 8.17.

8.2 Troughs

Trough subsidence is closely linked to excavation in stratified ground where extraction is
100% as in mining a longwall panel or during pillar mining on retreat from a room and pillar
panel. Some caving occurs in the immediate roof, but remote strata flex in bending and create
a “trough” at the surface. Of course there are other causes of land subsidence, for example,
drawdown of the water table. In any case, a major objective of subsidence analysis is the
description of the trough.

If an origin of coordinates Oxyz is fixed at the center of a subsidence trough with the z-axis
vertical, then a subsidence trough is symbolically a function s(x,y) where s is the down-
ward vertical displacement of a surface point at (x,y). Displacement of the considered point
may have horizontal components, but traditionally only the vertical component is used to
define a subsidence trough. Methods of determining the function s(x,y) include numeri-
cal analysis, curve fitting to data, and an empirical approach based on surveys of surface
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subsidence (Voight and Pariseau, 1970). This last approach is embodied in a handbook pub-
lished by the National Coal Board (NCB, 1975) of the UK and is the approach described
here. The reason for this emphasis is the relatively large database that underpins the NCB
approach. As with all empirical methods, some modification is expected when applied to
conditions outside the UK where the NCB handbook data were obtained.

In the NCB approach, the problem of estimating a subsidence trough is reduced to the
description of a subsidence profile s(x) where the x-axis is parallel to the face of a long-
wall panel edge and extends from panel center laterally to the limit of subsidence. This
profile is a rib-side profile. Plotting the same function parallel to the direction of min-
ing and across the face of a panel produces a face-side profile. A face-side profile could
also be plotted over the rear abutment of a panel. Face- and rib-side profiles are con-
sidered to have the same shape. The function s(x) is not actually determined in the NCB
approach, but rather judiciously spaced points along the subsidence profile are determined
from a look-up table. A smooth curve drawn through these points then gives the subsidence
profile; implementation of the NCB approach is essentially graphical. Two important char-
acteristics of this approach are the maximum possible subsidence and the lateral extent of
subsidence.

Damage to surface structures may occur because of subsidence and is linked to differential
settlement (vertical displacement) that occurs at the surface. Severity of damage is also linked
to strain in the horizontal direction. Consequently, a second important objective of subsidence
analysis is estimation of horizontal surface strains. Horizontal surface strains are described,
in principle, by some function e(x,y). In the NCB approach, a strain profile e(x) is determined
at discrete points along the subsidence profiles, face-side, and rib-side. The ground surface
in a subsidence trough is both stretched and compressed causing tensile and compressive
strains. Important characteristics of surface strain profiles are thus peak tensions and peak
compressions. A secondary compression maximum may also occur.

Limit of subsidence

An angle of draw defines the practical extent of surface subsidence, s(x) = 0. In elasticity
theory, any excavation regardless of depth and extent causes some motion of the ground
surface above. However, only displacements that are measurable by practical methods, say,
by surveying, are important. This angle is measured from the vertical to a line drawn from
a panel edge to the surface where subsidence is nil. Figure 8.13 illustrates the angle of draw
concept which is a purely geometric construction that has no implications for strata mechanics.
In particular, there is no implication that strata fracture along the angle of draw. In the UK,
the angle of draw is typically 35°. However, observations in other coal basins of the world
indicate different angles of draw (Peng, 1978). A reason for differences between coal basins
is in the stratigraphic column. In particular, the presence of much sandstone is a likely cause
for reduction in the angle of draw. In the US, 28° degrees is a reasonable estimate for the
angle of draw. However, there are also differences between coal mining districts within the
US. Western coal fields, for example, tend to have thick, massive sandstone in the overburden
and consequently smaller angles of draw.

The same concept applies to dipping strata, but the subsidence trough is shifted according
to the “rule of the normal”. This rule simply projects the subsidence trough center to be at
the surface where a line drawn normal from panel center intersects the surface, as shown
in Figure 8.13. The result is differing lateral extent up and down dip. This empirical rule is



432 Subsidence

Unmined

Figure 8.13 Trough subsidence notation, angle of draw, and rule of the normal: (a) rib-side subsidence
profiles, angle of draw §, mining height h, mining depth H, maximum subsidence S, and
(b) rule of normal for dipping seams.

limited, as consideration of a vertical seam shows, and becomes progressively less reliable
with increasing dip. As a practical matter, dips much above 10° (grades above 15%) are
not amenable to mechanized coal mining. Hence, a limit of 20° to the rule of the normal is
reasonable.

Time and topography also affect surface subsidence, but the effects are difficult to quantify.
Observations in the UK indicate that subsidence is mostly instantaneous and occurs concur-
rently with face advance. Only up to about 10% of total surface subsidence is expected to
occur after cessation of mining. In the Eastern bituminous coal fields, topographic relief and
mining depths are roughly equal, about 800 ft. In Western coal fields, coal mines are usually
developed from outcrop in plateau topography where not only rapid increase in overburden
occurs, but also rapid decreases occur across canyon walls. Mining depths and topographic
relief over 2,000 ft are encountered. However, the effect of topography is not well known
and is ignored in the NCB approach to subsidence estimation.
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Maximum subsidence

A subsidence factor St is defined as the ratio of maximum possible subsidence Spmax to mining
thickness 4. Unless excavation reaches a minimum size, no surface subsidence occurs. This
minimum size is expected to depend on depth. In flat strata, maximum subsidence is expected
to occur in the center of a trough directly above the center of the excavated panel. As mining
proceeds laterally in all directions beyond the minimum size, subsidence increases until a
critical area A, is reached beyond which no additional surface subsidence is possible. Further
excavation then does not cause additional subsidence near the trough center. This maximum
(Smax) 1s the greatest subsidence that is physically possible at the given excavation height 4.

In the UK, the subsidence factor is 0.9, that is, the maximum possible subsidence is 0.9
times seam thickness when mining full seam height. As with the angle of draw, the subsidence
factor is different in coal basins throughout the world. Again, the reason is in the nature of
the overburden which is not taken into account by the empirical NCB method of subsidence
analysis. In the US, a subsidence factor of 0.65 is reasonable.

Critical width

A critical width W is associated with the critical area 4. and is defined using the angle
of draw, as shown in Figure 8.14. Critical area A, is then a square with side length .

@) N Ground surface 7

()

Super-critical width
W>Wc

Sub-critical width
W<Wc

Figure 8.14 Concept of critical width in relation to rib-side subsidence profiles.
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Figure 8.15 Ratio of maximum subsidence to mining height as a function of panel width to depth ratio
for UK conditions. SHB = Subsidence Engineer’s Handbook (1966), EXP = empirical fitted
curve.

For maximum subsidence to occur, panel width and face advance must be equal to or greater
than the critical width. If the angle of draw is 35°, then the critical width is 1.4 times seam
depth. Panel widths less than critical do not result in maximum possible subsidence regardless
of panel length. A supercritical panel width leads to maximum possible subsidence only after
face advance occurs that is equal to critical width. In any case, the subsidence trough width
is panel width W (face length) plus 1.4 times seam depth.

If the panel width (face length) is subcritical, then W /h < W, /h where & is mining height
and the actual maximum of subsidence § is less than the maximum possible Spyax. This
observation indicates that S depends on the width to depth ratio of the considered panel.
Indeed, according to NCB data, there is an almost universal curve of S /4 versus W /H where
H is seam depth. Figure 8.15 shows this curve. Also shown in Figure 8.15 is a curve that has
the form

where the constant a is the subsidence factor, that is, a = (S/h)max = S¢ , which is 0.9 in
the UK but generally depends on the coal basin stratigraphic sequence.

Once S/h is determined in consideration of excavation width and depth, maximum subsi-
dence S is simply the product #(S/h). The parameter S is important because all subsequent
subsidence amounts s along the subsidence profile are initially given in terms of S, that is,
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Table 8.1 Subsidence profile points at various width to depth ratios (from SHB, 1975)

s/S 0.00 0.05 0.0 020 030 040 0.50 0.60 070 080 090 0.95 1[.00

W/H X/H
020 080 064 057 048 041 037 032 028 023 0.9 0.3 008 000
024 082 062 053 043 036 032 028 024 020 0.6 0.1 007 000
028 084 061 051 039 033 028 024 021 018 0.4 009 007 000
030 085 061 050 038 032 027 023 020 017 0.3 009 006 000
034 087 060 049 036 030 025 022 0.9 016 0.2 008 006 000
038 089 060 048 035 029 024 021 0.8 0I5 0.2 008 006 000
040 090 059 047 034 028 024 021 0.8 015 0.2 008 006 000
044 092 059 047 033 028 023 020 0.7 0I5 0.2 008 006 000
048 094 059 047 033 028 023 020 0.7 0I5 0.2 008 006 000
050 095 059 047 034 028 024 021 0.7 015 0.2 008 006 000
054 097 059 047 034 029 025 021 0.8 0I5 0.2 008 006 000
058 099 059 047 035 030 025 022 0.8 0.6 0.3 009 006 000
060 100 059 047 036 030 026 022 0.9 016 0.3 009 006 000
064 102 059 048 037 031 027 023 020 017 0.3 009 006 000
068 104 060 049 038 032 028 024 021 017 0.4 0.0 007 000
070 105 060 049 039 033 029 025 021 018 0.4 0.0 007 000
074 107 061 050 040 034 030 026 023 0.9 0.5 0.0 007 000
078 109 063 052 042 036 032 028 024 020 0.6 0.1 008 000
l. ) . ) .
084 112 065 054 044 038 034 030 026 022 0.8 0.2 009 000
088 114 067 056 045 040 036 032 028 024 020 0.13 0.0 000
090 115 068 057 046 040 036 032 029 025 020 0.4 0.0 0.00
094 117 069 058 048 042 038 034 031 026 022 0.6 0.1 000
098 119 071 060 050 044 040 036 033 028 024 0.17 0.2 000

as /S in Table 8.1. Of course, S does not appear immediately at the start of excavation, so
a correction for face advance may be expected.

NCB subsidence profile

The relative subsidence s/S along a rib-side profile occurs in relation to the center of the face,
that is, as a function of the ratio x/H where x is measured from the origin on the surface and
H is seam depth. Once the relative subsidence s/S and distance x/H are known, the actual
subsidence and distance, s and x, are given by the products S(s/S) and H (x/H), respectively.
The relationship between s/S and x/H depends parametrically on the panel width to depth
ratio W /H. These data are presented in Table 8.1.
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Figure 8.16 Ratio of temporary subsidence maximum to eventual subsidence maximum (5'/S) as a
function of face advance to depth ratio (x/H).

Although panel dimensions may eventually lead to a maximum of subsidence S, which
may be less than the maximum possible Spax, until face advance reaches the critical width
W, a temporary maximum S’ occurs that is less than S. A correction to S for face advance is
therefore needed to plot a subsidence profile at limited face advance. If this temporary subsi-
dence maximum is ', then S" = S(S’/S) where the ratio S’/S is obtained from Figure 8.16.
For example, if the ratio of face advance to seam depth is 0.6, then S = 3(0.622) where
seam depth is 200 m and § is estimated to be 3 m. Figure 8.17 shows how a face-side profile
develops with face advance and how the maximum subsidence increases to the value allowed
by panel width and face advance beyond the critical distance (width).

Steps to constructing a subsidence profile are:

1 Determine the subsidence factor S/A from Figure 8.15 or use the equation

S

= 0.9(1 — exp[—2.47(W /H)*]}
which is the fitted curve shown in Figure 8.15 and where S = maximum subsidence with
W /H = excavation width to depth ratio and # = excavation height.

2 Correct S for face advance, if desired, from Figure 8.16 or use the equation

S/

< =1- exp[—2.70(x/H)*1}

which is the fitted curve shown in Figure 8.16 and where S’ is the maximum subsidence
at face advance x and depth H.
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Figure 8.17 Face-side subsidence profile and increasing subsidence maximum with face advance to
critical width.

3 Determine s/S at selected points x/H along the profile from Table 8.1.

4 Calculate actual values of s and x, plot, and draw a smooth curve through the plotted
points. An exaggerated vertical scale for subsidence s is needed relative to distance scale
for x to present the data in useful form.

Example 8.19 An underground coal mine uses the longwall mining method in a seam 3 m
thick at a depth of 300 m. Panels are planned to be 240 m wide (face length) and 2,000 m long.
Determine the maximum subsidence that will occur when the panel is completely mined and
the maximum subsidence that is expected after the face has advanced 100 m. Assume UK
conditions.

Solution: Under UK conditions, the data in Figure 8.15 may be used to estimate the
maximum subsidence that occurs with complete excavation of a panel. The width to depth
ratio is W /H = 240/300 = 0.8. From the equation associated with Figure 8.15,

S
5= 0.9{1 — exp[—2.47(0.8)%]} = 0.715
Hence, the maximum subsidence after complete extraction is § = 0.715(3) = 2.14 m.

When the face has advanced 100 m, a correction factor to S may be obtained from
Figure 8.16 or the associated equation. Thus,

% = {1 — exp[—2.7(100/300)]} = 0.259

Hence, at 100 m of face advance, the maximum subsidence is S’ = (2.14)(0.259) = 0.56 m.
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Example 8.20 Consider the data given in Example 8.19 and assume UK conditions.
Estimate the width of the subsidence trough as the panel nears completion.

Solution: Width of the subsidence trough is the horizontal distance measured at the surface
between points of negligible surface movement. The sketch shows the situation.

H tan(o) H tan(o)

2 | 7
H
\
w

The trough width w = W 4+ 2H tan(9), that is, w = (240) + (2)(300) tan(35) = 660 m.
Note that under UK conditions, an angle of draw of 35° is used.

<\ —>t

Example 8.21 Consider the data given in Example 8.19 and suppose that three panels are
mined side by side. Estimate the maximum subsidence expected upon completion of the third
panel What is the maximum subsidence upon completion of the second panel?

Solution: After mining three adjacent panels, the excavated area is (3)(240) x 2,000 in
plan view. The width of the excavation is 720 m, so the width to depth ratio is 720/300 =
2.40. This number is off the graph in Figure 8.15, and indicates that the ratio of maximum
subsidence to excavation height S/A = 0.9. Hence, S = (0.9)(3) = 2.7 m. This is the
physically maximum possible subsidence.

Completion of the second panel leads to an excavated width of 480 m and width to depth
ratio of 1.6. According to the data in Figure 8.15, the ratio S/4 = 0.9, and so the maximum
subsidence is 2.7 m. The same result is obtained using the associated equation. Evidently,
excavation of the third panel does not cause additional subsidence.

Example 8.22 Develop a rib side subsidence profile for conditions described in Example

8.19 (3 m high excavation, depth of 300 m, panels 240 m wide (face length) and 2,000 m
long, UK conditions).

Solution: The width to depth ratio is 240/300 = 0.8. At this ratio, the subsidence points
s/S = 0.00 0.05 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 0.95 1.00
are located at x/H ratios from the trough center
0.80 1.10 0.63 0.52 0.42 0.36 0.32 0.28 0.25 0.21 0.17 0.11 0.08 0.00

These data transform using S = 2.14 m from Example 8.19 and H = 300 from the given
data. Thus,

s(m) = 0.00 0.11 0.21 0.42 0.64 0.86 1.07 1.28 1.50 1.71 1.93 2.03 2.14
x(m)= 330 189 156 126 108 96 84 75 63 51 33 24 0
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A plot of these data may be obtained after importing to a spreadsheet and then exporting to this
example. As seen in the plot, the trough is symmetric about the panel centerline because of
the flat seam. The vertical displacement scale is greatly exaggerated relative to the horizontal
distance scale in the plot. A dipping seam would require application of the rule of the normal.

Distance from trough center (m)

—400 -300 —200 -100 0 0 100 200 300 400

Surface subsidence (m)

25

Example 8.23 Consider the data from Example 8.22 and further suppose the seam dips
12° and that depth A of 300 m is depth to the center of the panel. The long dimension of the
panel is in the direction of the coal seam, while the panel width is measured parallel to the
dip of the seam. Develop a rib side subsidence profile for these conditions (3 m high exca-
vation, depth of 300 m, panels 240 m wide (face length), and 2,000 m long, UK conditions,
12° dip).

Solution: According to the “rule of the normal,” the subsidence trough is developed as for
a flat seam at the average depth of the panel, but is shifted in the dip direction to a point
where a normal line from the panel center intersects the surface. The situation is shown in
the sketch.

X
\ <
\
\
\
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The shift towards the down dip direction is indicated by X in the sketch and may be simply
calculated as H tan(ds) = (240) tan(12) = 51 m where & is seam dip.

Shift of the trough position induces angles of draw that differ from the flat-seam value
of 35°. The up-dip angle diminishes, while the down-dip angle increases.

Angle of draw and subsidence factor adjustments

One approach to adjusting SHB subsidence troughs that are based on a limiting angle of
draw of 35° and a subsidence factor of 0.9 is to scale the results by a new angle of draw
and subsidence factor. If x is the horizontal distance from a panel center to a point where
the relative subsidence is s/S and x’ is a scaled distance that locates a point on an adjusted
trough with the same relative subsidence, then a scaling formula is

¥ =x (K) =x [W] (8.37)
W, W + 2H tan(5)

where W’ is the trough width for &', the new angle of draw; W, and § are the old trough
width, and angle of draw (35°). At x’ the relative subsidence s'/S’ is the same as is the actual
relative subsidence s/S.

Figure 8.18 shows a SHB subsidence trough over a panel 500 m deep and 250 m wide in
a seam 4 m thick. This trough is based on the 35° angle of draw implied in the SHB and
has a maximum subsidence of 0.45 times mining height, that is, S = 1.8 m. Adjustments
of this trough to 28° and 21° are also shown in Figure 8.18. Without further adjustment,
these two new troughs have the same maximum subsidence, while the limit to subsidence
is shifted toward the panel center (x = 0). The inward shift steepens the trough and thus
increases slope.

SHB subsidence trough scaled by angle of draw and subsidence factor

Distance from panel center (m) (wgpl 1/03/01)
0 0 50 100 150 200 250. 300 350_ 400 450 500
0.2
0.4
—~ 0.6 —— 35°
}E',' 0.8 —m— 28°
é | —— 2]°
812 —>— 35+0.65
3 1.4 —*— 28+ 0.65
1.6 —— 2| +0.65
1.8
2

Figure 8.18 An example SHB subsidence trough adjusted for angle of draw and subsidence factor.
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Adjustment of a subsidence trough for a limiting subsidence factor that differs from the
0.9 value used in the SHB is obtained by

Vs <%> (8.38)

where s’ is relative to the new limiting subsidence factor S¢’, s is the subsidence from the
SHB and St is the limiting subsidence factor Spyax/# from the SHB that has the value 0.9.
Figure 8.18 shows three troughs at angles of draw of 35°,28°, and 21° after adjustment to a
limiting subsidence factor of 0.65. The maximum subsidence S’ for the example data used in
Figure 8.18, after adjustment to a subsidence factor of 0.65, is 1.3 m [1.3 = (1.8) (0.65/0.9)].
This reduction in subsidence reduces the slope of the trough and tends to counteract steeping
that occurs in response to a lesser angle of draw.

Example 8.24 A mine in a flat seam at a depth of 520 m excavates panels with a face width
of 260 m and a length of 2,500 m. Mining is full seam height at 4.2 m. The angle of draw and
subsidence factor are estimated to be 27° and 0.67, respectively. Determine the maximum
subsidence and trough width for a single panel, then sketch the subsidence profile and locate
the one-half subsidence points from panel center.

Solution: The width to depthratio W /H = 260/520 = 0.5, so from the equation associated
with Figure 8.15,

s 1 /0.50\2
2 2091.0—exp|—=(— = 0415
h 2\ 045

S = (4.2)(0.415) = 1.74m

that would be the maximum subsidence over a single panel excavated under UK conditions.
Under the given conditions

, sy’ 0.67
= — ) =01.74) | —
s S(&) (7)<0.90)

S =130m

From Table 8.1

s/S= 0 00501 02 03 04 05 06 0.7 08 09 0951
x/H = 0.95 0.59 0.47 0.34 0.28 0.24 0.21 0.17 0.15 0.12 0.08 0.06 0

Thus,

S(m) 0 0.065 0.13 026 039 0.52 0.65 0.78 091 1.04 1.17 1.235 13
x(m) 3949 2452 1954 1413 116.4 99.8 87.3 70.7 62.3 499 333 249 0.0
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after adjustments for the angle of draw and subsidence factor, Equations (8.37) and (8.38),
are made.

The half-subsidence point occurs where s/S = 0.5, that is, where § = 0.65 m and
x = 87.3 m from the panel center.
Trough width is

W' =W + 2H tan(8)
=260 + (2)(520) tan(27)
W' =1790m

which agrees with the data in the table where zero subsidence occurs at 395 m from the trough
center, so the trough width is 790 m.

A plot of the data for the subsidence profile is shown in the sketch.

Distance from trough center (m)

-500.0 —400.0 -300.0 -200.0 -100.0 {9.0 100.0 200.0 300.0 400.0 500.0

Subsidence (m)

1.4

Sketch of the subsidence profile

Example 8.25 Consider the data in Example 8.24 and suppose the seam dips 8° and
panels are developed on strike so the face runs up and down dip. Show the location of

the trough in relation to the panel using the rule of the normal. Assume the panel is at a depth
of 520 m.

Solution: According to the rule of the normal, the trough is shifted towards the down dip
side of the panel by a horizontal amount of H tan(§;) or (520) tan(8) = 73.1 m. The shifted
trough relative to the dipping panel is shown in the sketch.
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Distance from trough center (m)

-500.0 —400.0 -300.0 —200.0 —100.0 0.0  100.0 200.0 300.0 400.0 500.0

N 0.0 o

100.0

200.04

300.0-

Depth (m)

400.0

500.0
A—t

600.0-

Sketch showing trough location relative to the mined panel. Subsidence scale is exaggerated by a factor of 50
relative to the distance scales. Vertical and horizontal distance scales are equal. Seam dip is 8°.

Example 8.26 Consider the data in Example 8.24 and the flat seam case. Sketch the
subsidence profile afer three panels are excavated side by side. Is excavation width now
greater or less than critical width?

Solution: The width to depth ratio of the three-panel excavation is (3)(260)/520 = 1.5.
From the equation associated with Figure 8.15, S/h = 0.897, so the indicated maximum
subsidence is (4.2)(0.897) = 3.77 m. However, the given subsidence factor is 0.67, so the
actual maximum is (0.67/0.90)(3.77) = 2.80 m.

From Table 8.1, the relative trough data are

s/S = 0 00501 02 03 04 05 06 07 08 09 0951
x/H=14 14 091 08 0.7 0.64 0.6 0.56 0.52 0.48 0.43 0.35 0.27 0
x/H=16 15 10109 0.8 0.74 0.7 0.66 0.62 0.58 0.53 0.45 0.37 0.05
x/H=15 145096 0.85 0.75 0.69 0.65 0.61 0.57 0.53 0.48 0.4 0.32 0.025

where a linear interpolation is used to obtain the third row.
The actual data after adjustment for angle of draw and subsidence factor, Equations (8.37)
and (8.38) are

s= 0 0.14 028 056 084 112 14 1.68 196 224 252 266 28 28
x= 6549 433.6 3839 338.7 311.6 293.6 2755 2574 2394 216.8 180.7 1445 113 0.0

where a point at the trough center is added.
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Because maximum subsidence is reached away from the trough center (at x = +11.3 m),
the trough develops a flat area near the center of the three-panel excavation. This observation
indicates that the excavation is now supercritical. A computation of the critical width is
W, = 2H tan(§) = (2)(520) tan(27) = 530 m also indicates the excavation is supercritical.

Distance from trough center (m)

-100.0 0.0 100.0 200.0 300.0 400.0 500.0 600.0 700.0
L fal 1 1 1 1 1 1 1

0.5

|
E

] 1.5 4
c
[
o
£

2.5 4

34

Sketch of one-half of the three-panel subsidence profile

NCB strain profile

Figure 8.19 illustrates a horizontal surface strain profile over an excavated panel. Ground
outside the surface projection of a panel is stretched in tension that increases from zero at
the lateral limits to subsidence to a tensile strain peak +E as points toward the center of the
subsidence profile are considered. Tensile strain decreases past the peak tension and becomes
compressive with increase in distance from the lateral subsidence limit. A compressive strain
peak —FE is eventually reached. This peak may occur at the center of the subsidence profile.
However, if the panel width is large relative to seam depth, then the compressive strain
decreases past the peak and may reach a secondary peak at the trough center or, in case of
wide troughs, decrease to zero. In case of very wide troughs, a segment of the subsidence
profile near the trough center will be “flat.” The corresponding rib-side strain profile segment
will have a zero strain interval, as shown in Figure 8.19. A face-side strain profile may also
be developed that is identical to the rib-side strain profile.

Table 8.2, adopted from the SHB, gives normalized values of strain at discrete distances
from a panel center for various width to depth ratios. The normalized strain is e/E and is
divided into tensile strain that is normalized by +E and compressive strain that is normalized
by —F. Distance from the panel center to a point of the table is normalized by panel depth.
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Figure 8.19 Rib-side strain profiles at increasing width to depth ratios.

Table construction is thus similar to that for the subsidence profile, although two normalizing
factors (+E and —E) are used instead of one (S).

The peak tensile and compressive strains are obtained from Table 8.3 that is also adopted
from the SHB. Table 8.3 shows that the surface strains are proportional to the ratio of maxi-
mum subsidence to depth, that is, to S/H. The values in Table 8.3 are selected values from
plots reproduced in Figure 8.20. An interesting feature of Figure 8.20 is the increase of
compressive strain with depth at fixed panel width.

If the width to depth ratio is 0.5, then the peak tensile and compressive strains are
0.8(S/H) and 1.35(S/H), respectively. If further, S = 12 ft and H = 1,200 ft, then
E. = (E+)(S/H) = (0.80)(0.010) = 0.008(0.8%) and E. = (E—)(S/H) =
(1.35)(0.010) = 0.0135(1.35%). Strains of these magnitudes are significant in consider-
ation of uniaxial strain to failure, say, of 0.1 to 1% for many geologic and manufactured
materials.
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Table 8.3 Peak strain multipliers?

WIH E+ E—
0.10 0.25 2.40
0.20 0.52 2.25
0.30 0.70 2.00
0.40 0.77 1.73
0.50 0.80 1.35
0.60 0.75 1.06
0.70 0.68 0.86
0.80 0.65 0.70
0.90 0.65 0.60
1.00 0.65 0.55
1.10 0.65 0.54
1.20 0.65 0.53
1.30 0.65 0.52
1.40 0.65 0.51
Note

a Tension (+), compression (—).

2.60
2.40

2.20

—— +E (tension)

.60 -5~ —E (compression)

1.40

1.20

1.00

Peak strain multipliers

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 I.10 1.20 1.30 1.40 1.50
Width to depth ratio (W/H)

Figure 8.20 Peak tensile and compressive strains as functions of width to depth ratio.
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Peak compressive strain ratio (—e/—E)

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 I.10 1.20 1.30 1.40 1.50 1.60
Width to depth ratio (W/H)

Figure 8.21 Ratio of secondary to primary peak compressive strain as a function of width to depth
ratio.

The secondary compressive strain maximum that may occur at the center of the strain
profile is related to the peak compressive strain. This relationship is given in Figure 8.21.
There is fitted curve also shown in Figure 8.21 that has the form

2
—e w
— =exp|—4|{——-05
—E H
where the minus sign indicates compression. The secondary compression peak —e occurs at
the trough center.

Steps to constructing a horizontal surface strain profile are:

Determine e/E along the strain profile from Table 8.2;

Determine +£ and —E from Table 8.3 after finding S/H;

Find the secondary compressive strain maximum from Figure 8.21;
Calculate actual values of e and x and plot;

Draw a smooth curve through the plotted points.

WD AW~

An exaggerated vertical scale for strain e is needed relative to distance scale for x to present
the data in useful form.
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Example 8.27 A mine in a flat seam at a depth of 520 m excavates panels with a face width
of 260 m and a length of 2,500 m. Mining is full seam height at 4.2 m. The angle of draw
and subsidence factor are estimated to be 37° and 0.9, respectively. Determine peak tensile
and compressive strains after completion of a single panel. Also determine the secondary
compressive strain maximum that may occur at the trough center.

Solution: The given angle of draw and subsidence factor correspond to UK conditions,
so data from Tables 8.1, 8.2, and 8.3 can be used directly without adjustment. The width to
depth ratio is 0.5, so from Example 8.24, maximum subsidence is 1.74 m; the subsidence
depth ratio (S/H) is then 1.74/520 = 3.346(1073). According to Table 8.3, E4+ = 0.80 and
E— = 1.35. Hence the peak tensile and compressive strains are

E, = (E+)(S/H) = (0.80)(3.346)(1073) = 2.677(1073)
E. = (E=)(S/H) = (1.35)(3.346)(1073) = 4.517(1073)

From Figure 8.21, there is indeed a secondary compressive strain peak e, at the trough center.
The magnitude of this peak may be obtained from

—e

/4 : 2

e = 4.517(1073%)

which is compressive.

Example 8.28 Given the data in Example 8.27, determine the peak tensile and compressive
strains after mining three panels side-by-side. Also determine the magnitude of a possible
secondary compressive peak strain at the trough center.

Solution: The given conditions correspond to UK conditions and allow for direct use of
Table 8.1, 8.2, and 8.3 data. In this configuration, the total panel width to depth ratio is
(3)(260)/520 = 1.5 and maximum subsidence, with aid of Figure 8.15, is (0.9)(4.2) =
3.78 m. The subsidence to depth ratio is 3.78/520 = 7.269(10~3) From Table 8.3, £+ and
E— are 0.65 and 0.51, respectively. Hence the peak tensile and compressive strains are

Ey = (E4)(S/H) = (0.65)(7.269)(1073) = 4.725(1073)
E. = (E=)(S/H) = (0.51)(7.269)(1073) = 3.707(1073)

The panel width is supercritical so no secondary peak of compression is expected at the
trough center, although Figure 8.21 suggests a small peak, about 0.02 times E.

Example 8.29 A mine in a flat seam at a depth of 520 m excavates panels with a face width
of 260 m and a length of 2,500 m. Mining is full seam height at 4.2 m. The angle of draw
and subsidence factor are estimated to be 27° and 0.67, respectively. Determine peak tensile
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and compressive strains after completion of a single panel. Also determine the secondary
compressive strain maximum that may occur at the trough center.

Solution: These are the conditions of Example 8.27, although with a different angle of
draw and subsidence factor. The width to depth ratio is again 0.5 for a single panel and
from Example 8.24, the maximum subsidence is 1.30 m. From Table 8.3, £+ = 0.80 and
E— = 1.35. Peak tensile and compressive strains are then

Ei = (E+)(S/H) = (0.80)(1.30/520) = 2.000(10~3)
E. = (E-)(S/H) = (1.35)(1.30/520) = 3.375(10)

These strains are somewhat less than those in Example 8.27 for UK conditions. The main
reason is the lesser subsidence. Indeed, if no subsidence occurred, then no strains would be
induced.

From Figure 8.21, there is indeed a secondary compressive strain peak e, at the trough
center. The magnitude of this peak may be obtained from the ratio

e w 2 2
—p TP |:—4 (ﬁ - 0.5> i| = exp[—4(0.5 - 0.5)] = 1.0

ec = 3.375(107%)
which is compressive.

Example 8.30 A mine in a flat seam at a depth of 520 m excavates panels with a face
width of 260 m and a length of 2,500 m. Mining is full seam height at 4.2 m. Compare strain
profiles when the angle of draw and subsidence factor are 37° and 0.9, respectively, with
the case when they are 27° and 0.67. In particular, locate the peak tensile and compressive
strains in relation to the trough center in both cases.

Solution: These are the conditions in Examples 8.27 and 8.29 (UK and US conditions,
respectively). In the first case (UK case), the relative strains from Table 8.2 are

Ey E.
e/E 0.00 0.20 0.40 0.60 0.80 1.00 0.80 0.00 0.20 0.40 0.60 0.80 1.00 0.80 0.60 0.40 0.20 0.00
W/H =048 094 0.60 0.51 0.43 0.38 0.31 0.27 0.20 0.18 0.15 0.12 0.08 0.01 0.00 0.00 0.00 0.00 0.00
W/H =052 096 0.60 0.51 0.43 0.38 0.32 0.27 0.21 0.18 0.16 0.12 0.09 0.02 0.00 0.00 0.00 0.00 0.00
W/H =050 0.95 0.60 0.51 0.43 0.38 0.32 0.27 0.21 0.18 0.16 0.12 0.09 0.02 0.00 0.00 0.00 0.00 0.00

where the last row is obtained by linear interpolation. Inspection of the compressive strain
data shows the peak compression is reached very close to the trough center (x/H = 0.02).
Distance entries after that point are zero indicating a sudden decrease of strain from near
peak to zero at the trough center. However, this interpretation of the table data is incorrect.
In fact, the strain at the trough center is only slightly less than the peak compression. Indeed,
from Figure 8.21, one sees that a secondary peak of compression occurs at the trough center
that is only slightly less than the peak strain.
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The actual strain and distance data are

e= 0.000 0.533 1.067 1.600 2.134 2.667 2.134 0.000 —0.903 —1.807 —2.710 —3.614 —4.517 —4.000
x= 494 312 2652 223.6 197.6 163.8 140.4 106.6 93.6 80.6 62.4 442 7.8 0

where the strains should be divided by 1,000 and the distance is in meters. Again, tension is
positive and compression is negative.
In the US case, the data are

e= 0 04 08 1.2 1.6 2 16 0 —0.675 —135 —2.025 —-2.7 —3.375 -3
x= 397.8 251.3 213.6 180.1 159.1 131.9 113.1 858 754 649 503 35.6 6.3 0.0

where the strains should be divided by 1,000 and the distance is in meters.
The peak strain data and locations are summarized in the table.

Table for Example 8.30.

Case Data

E. Ec Xe(m)  Xc(m)

UK 2667 (1073) 4517 (1073) 164 7.8
Us 2000 (1073) 3375(1073) 132 6.3

Plots of data from both cases are shown in the sketch.

0.004

0.003 - ——UK
-=-US

0.002

0.001

600

Strain (tension +)

Distance from trough center (m)

Plot of strain data for Example 8.30 (tension is positive). Panel half width is 130 m.

Surface damage

Damage to surface structures from mine subsidence depends on the structure type and the
motion transmitted to the structure. Structures include residential buildings, multi-story office
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buildings, warehouses, factories, roads and bridges, electrical transmission towers, smoke
stacks, water towers, water and gas pipelines, storm and sanitary sewers, water retention
dams, canals, head frames, mine tailings impoundments, and so forth. A related damage
question concerns aquifers in the overburden and whether subsidence may cause fracturing
allowing water into the mine and lowering the water table that may support water wells and
springs. No one criterion suffices for the great variety of structures that may be at risk.

Residences constructed with brick work may accommodate elongation and compression
more readily than continuous walls. Relative displacement between walls is the product of
average horizontal strain and distance between walls. As a reminder, the primitive definition
of normal strain is ¢ = AL/L,. A plot of horizontal surface strain ¢ (y-axis) as a function of
structure length L, (x-axis, distance between walls) therefore has the shape of a hyperbola
for a fixed tolerance or damage criterion, AL. The hyperbola moves away from the origin
with increasing severity of damage (AL). Figure 8.22(a) shows these relationships, while
Figure 8.22(b) shows the same strain as a function of the reciprocal of structure length with
damage again as a parameter. The degrees of damage severity are described in SHB. For
example, “slight” includes change in structure length between 0.03 and 0.06 m and implies:
“Several slight fractures inside the building. Doors and windows may stick slightly. Repairs
to decoration probably necessary.” A change between 0.06 and 0.12 m indicates slight to
appreciable damage, while a change between 0.12 and 0.18 is indicative of appreciable to
severe damage.

An important question related to surface damage is when to begin repairs, if needed. If
mining reaches the reserve limit and comes to a permanent halt, then repairs could begin
almost immediately. Otherwise, some assurance that further subsidence will not occur must
be obtained before repairs should begin. In this regard, the limit to subsidence ahead of a
face or beyond a panel edge is defined by the angle of draw. This same limit extends behind
the face, as shown in Figure 8.23. Thus, when the face has traveled a horizontal surface
distance of (H)tan(8) past a structure of interest, subsidence is essentially complete and
repairs may start.

Example 8.31 Structures that are shown in the sketch have rectangular foundations
50 ft x 125 ft. Panel width is 260 m; panel length is 2,500 m. The angle of draw and
subsidence factor are 27° and 0.67, respectively. Estimate the damage potential for each site
after completion of a single panel.

S —
:‘I
HZ
L

Solution: Sites 1, 2, 3, and 4 experience strain directly above the panel boundaries. Sites 1
and 2 experience strain from rib-side profiles, while sites 3 and 4 experience face-side profile
strains. Site 5 over the panel center experiences the full history of the face-side profile as exca-
vation proceeds, say, from left to right across the full width of the panel. If one assumes the
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Figure 8.22 Damage severity as a function of surface strain and structure length (NCB): (a) strain
versus length and (b) strain versus reciprocal length.
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Figure 8.23 Zone of subsidence influence ahead and behind panel face: (a) structure beyond limit
of subsidence from advancing face and (b) structure beyond influence of advancing face,
repairs may begin.

horizontal surface strains are transmitted with 100% efficiency to the structures, then changes
in structure lengths are at Sites 1, 4: AL(ft) = ¢(50), and at Sites 2, 3: AL(ft) = £(125).

Strains directly over the panel boundaries occur at 130 m (/' /2) from the center of the
trough profile. The conditions are those of Example 8.30. Strains of 0.002 and 0.0016 occur
at 110.8 m and 133.6 m from the trough center. Interpolation to 130 m gives a tensile strain
of 0.0017. Changes in structure lengths are at Sites 1, 4: AL(ft) = (0.0017)(50) = 0.085 ft
(0.026 m), and at Sites 2, 3: AL(ft) = (0.0017)(125) = 0.2125 ft (0.065 m). At site 5,
the structure will experience peak compressive and tensile strain. Under peak tensile strain:
AL(ft) = (0.002)(125) = 0.250ft (0.076 m). These length changes are in the range of very
slight to slight damage as seen in Figure 8.22. The worst threat is to the structure in the panel
center. Length is 38 m (reciprocal = 0.026 1/m) and strain is 0.002. Potential damage to this
structure is “slight.”

In consideration of peak compressive strain, AL(ft) = (0.003375)(125) = 0.422ft
(0.129 m) which is in the range of appreciable to severe damage. If the foundation of a
structure were a concrete slab, then the compressive strength of the foundation would not be
adequate to prevent damage. The peak compressive strain is 0.003375 that when linked to an
elastic modulus, say, of 4 million psi, generates a compressive stress of 13,500 psi (93 MPa),
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well above allowable stress for concrete. If the floor of a structure were a concrete slab,
it would certainly crack in tension, too. Obviously, type of structure needs to be considered
when details are needed.

Multipanel, multiseam subsidence

Panels are generally mined one after the other with only a row or so of small pillars left in
between. These pillars generally are not mined, but are crushed and lost in the course of
mining. Indeed, the high loads on tail gate entries in longwall panels often require additional
support for successful ground control. The subsidence trough formed by adjacent panels may
be estimated as a single panel of great width or from superposition of troughs from the several
panels. With neglect of small pillars between panels, adjacent panels create an opening that is
much wider than a single panel. Use of the combined panel dimensions allows for estimation
of subsidence and strain profiles as for a single panel. An alternative superposition is shown
in Figure 8.24(a).

In case of multi-seam mining, as shown in Figure 8.24(b), subsidence and strain profiles
must be superposed. Although subsidence is certainly not an elastic phenomenon and there-
fore, strictly speaking, superposition does not apply, as a practical matter, combining effects
of separate panels by adding the individual subsidence contributions may be satisfactory for
estimation. The same practical considerations hold for strain profiles. Both are based on the
empirical SHB approach. Of course, locally determined subsidence factors and angles of
draw should be used, in any case.

(a) ‘ / ‘ Sur'f?ce 7

(b)

Figure 8.24 Superposition of subsidence profiles: (a) panels side by side with superposed subsidence
profiles and (b) multi-seam superposition of subsidence profiles.
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Example 8.32 Two seam longwall mining occurs in panels 280 m wide by 2,600 m long.
The top seam is at a depth of 300 m and is 3.8 m thick; the bottom seam is at a depth
of 320 m and is 4.5 m thick. The angle of draw and subsidence factors are 28° and 0.68.
Estimate maximum subsidence after mining a top seam panel and then a bottom seam panel
directly beneath the top seam panel. Determine width of the subsidence trough and sketch
the subsidence profile.

Solution: From Figure 8.15 and the associated equation estimates of maximum subsidence
under UK conditions are

2
(5) 09 {1 e [ (M) “ 095
h 2 0.45
S = (3.8)(0.795) = 3.02m (top)
2
(5) 09 {1 e [ (M) “ _ 0764
h 2 0.45

S = (4.5)(0.764) = 3.44 m (bottom)

Superposing the maximums is permissible because the panels are aligned horizontally. Thus,
S(max) = 3.02 + 3.44 = 6.46 m under UK conditions. Under the given conditions

0.68

S(top) = (3.02) (W

) =228m

S(bot) = (3.44) (%) =2.60m

S(max) = (6.46) (%) =4.88m

The relative subsidence data for each panel is obtained from Table 8.1 and interpolation.
Thus,

Table of relative subsidence and subsidence points for the top and bottom seam profiles

s/S= 0 005 01 02 03 04 05 06 07 08 09 095 1
W/H =

0.84 112 065 054 044 038 034 03 026 022 0.8 012 009 0
0.88 114 067 056 045 04 036 032 028 024 02 0.3 01 0
0875  1.14 067 056 045 040 036 032 028 024 020 0.13 010 0.00
0.9 115 0.68 057 046 04 036 032 029 025 02 0.4 01 0
0.94 1.17 0.69 058 048 042 038 034 031 026 022 0.6 011 0

0.933 1.17 0.69 0.58 048 042 038 034 031 026 022 0.16 0.11 0.00
s(top) 00 01 02 05 07 09 11 14 16 18 21 22 23
x(top) 286 169 142 117 102 92 83 75 63 53 38 27 0
s(bot) 00 01 03 05 08 10 13 16 18 21 23 25 26
x(bot) 297 174 145 117 104 93 83 73 62 52 34 26 0
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To obtain the total subsidence trough interpolation and superposition are required. The
data are

s'(top) 00 01 02 05 07 09 1.1 14 16 19 21 22 23
s(tot)y= 0.0 02 05 10 14 19 24 3.0 34 39 45 46 49
x(tot)= 297 174 145 117 104 93 83 73 62 52 34 26 0

where the top row is the top seam subsidence at the x(tot) point. This amount is added to the
bottom seam subsidence to obtain the total subsidence. Interpolation of top seam subsidence
to the bottom seam points (x) is through use of the linear interpolation formula
x1(bot) — x|
s'(top) = 51 4 (52 — 1) [7
X2 — X1

where the subscripts refer to the top seam values except the point labeled bot. Point 1 is
toward the trough center, while point 2 is farther away. A rough check on the calculation is
seen at the trough center and end where no interpolation is needed for superposition. The
plot shows the results.

Distance from panel center (m)
0 50 100 150 200 250 300 350

Subsidence (m)

6.0

Plot of two seam subsidence data

From the tabulated data, width of the subsidence trough is (2) (297) = 594 m. From the
formula W' = W +2H tan(§) = 280+ (2)(320) tan(28) = 620. The difference of about 4%
between the two estimates lies in the empirical nature of the SHB data, but is not a serious
matter for subsidence estimation.

Example 8.33 Consider the data given in Example 8.32 and further suppose two top seam
panels are mined side by side but only one bottom seam panel is mined directly below the first
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top seam panel. Estimate maximum subsidence after mining the three panels, then determine
width of the subsidence trough and sketch the subsidence profile.

Solution: From Figure 8.15 and the associated equation estimates of maximum subsidence
under UK conditions are

S\ _ooli 1 (560/300N\* | _ ooo
(Z)‘ o E(W) -
S = (3.8)(0.900) = 3.42m (top)
(S) { {1 (280/320)2“
— =094l —exp| = | —— = 0.764
h 2\ 045

S = (4.5)(0.764) = 3.44m (bottom)

Superposing the maximums is not permissible in this case because the excavation centers
are not aligned horizontally. However, under the given conditions

0.68

) =2.58m

S(bot) = (3.44) (%) =2.60m

The relative subsidence data for each panel is obtained from Table 8.1 and interpolation.
Thus, for the two-panel top seam excavation

s/S= 0 005 01 02 03 04 05 06 07 08 09 095 1
W/H=18 16 111 1 09 084 08 0.76 0.72 0.68 0.63 055 0.47 0.1
W/H=2 17 121 1.09 099 094 09 086 0.82 078 0.73 0.65 0.57 0.16
W/H =187 163 114 1.03 093 0.87 083 0.79 0.75 0.71 0.66 0.58 0.50 0.12

so that

s(top) 0.00 0.13 0.26 0.52 0.77 1.03 1.29 1.55 1.81 2.06 2.32 245 2.58 2.58
x(top) 426 298 268 242 228 217 207 196 186 173 152 131 31 O

and for the bottom seam

s(boty= 00 01 03 05 08 10 13 16 18 21 23 2.5 2.6
x(bot) = 297 174 145 117 104 93 8 73 62 52 34 26 0
xX'(bot)= 157 34 5 —-23 36 —47 —-57 —67 —78 —88 —106 —114 —140

where the distance measure is adjusted to give the bottom trough the same origin of coordi-
nates as the top trough. For the composite subsidence trough interpolation is necessary when
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a bottom point falls between coordinates of a top point. For instance, the bottom point with
x' = 157 falls between top points with x = 173 and x = 152. A plot of the troughs and the
composite subsidence profile is shown in the sketch.

Distance from center of top panel (m)
-500 —400 -300 200 —I00 0 100 200 300 400 500
0.00

Subsidence (m)

6.00 .

Plot of top and bottom troughs and composite

Example 8.34 Consider the data given in Examples 8.32 and 8.33 where two top seam
panels are mined side by side but only one bottom seam panel is mined directly below the
first top seam panel and individual panels are 280 m wide by 2,600 m long. The top seam is
at a depth of 300 m and is 3.8 m thick; the bottom seam is at a depth of 320 m and is 4.5 m
thick, and the angle of draw and subsidence factors are 28° and 0.68. Plot the strain profile
and then determine the magnitude and location of peak tensile and compressive strains.

Solution: The composite strain profile may be obtained by superposition of strain profiles
induced by top and bottom seam mining. Thus, strain profiles for the top and bottom seam
need to be obtained before superposing them to obtain the composite profile. From Examples
8.32 and 8.33 and Table 8.3 data, top seam subsidence is 2.58 m and bottom seam subsidence
is 2.60. Hence,

Data W/H S/H E+ E— K E. —e/—E
Top 1.876 8.600 (1073) 0.65 0.51 5.59(1073) 4.386(1073) 0.0
Bottom 0.875 8.125(1073) 0.65 0.625 5281(107%) 5.079(1073) 0.57

From Table 8.2 for the top seam

e(top) 0.00 1.12 224 335 447 559 447 0.00
x(top) 443 334 305 289 274 261 250 224
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-088 —-1.75 -2.63 -351 -439 -351 -2.63 -—-175 —-0.88 0.00 0.00
219 211 203 195 180 156 138 123 104 520

where the strains are multiplied by 1,000; tension is in the upper part and compression is in
the lower part of the tabulation.
For the bottom seam

e(bot) 0.00 1.06  2.11 317 422 5.28 4.22 0.00
x(bot) 289 185 157 142 129 116 104 81

-1.16 =232 -347 -4.63 -579 —-4.63 -347 -3.30
73 68 60 53 38 12 2 0

that is also tabulated into tension and compression segments. In both tabulations, distance is
from the center of the considered panel. Superposition requires a common coordinate system,
of course.

For the composite

e(tot)  0.00 1.12 224 335 4.47 559 447 0.00
x(tot) 443 334 305 289 274 261 250 224
-088 —1.75 -2.63 -3.51 —-439 =351 -252 -—-148 —-042
219 211 203 195 180 156 138 123 104

0.015

-500 400

Strain

—0.015-

Distance from top panel center (m)

Plot of three strain profiles
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098 332 133 —6.60 —6.59 —6.08 —832 —10.03 —7.81 —4.25 —4.79 —-1.17
52 0 -52 -104 -123 -—-138 —-156 —-180 —195 —-203 -—-211 -219

0.55 923 1046 829 6.03 408 211 0.00
—224 =250 —-261 -274 289 —305 -—334 —443

The three strain profiles are shown in the plot.

Superposition near the center (x = 0) is faulty because the sharp peak in tensile stress is
obscured by the widely spaced interpolation points. This defect could be corrected by more
closely spaced points, but in this example, the peak tension is elsewhere so the consequences
are not serious.

Alternative approaches to subsidence

More accurate subsidence trough calculations may be obtained with the aid of computer
programs designed for a particular coal field and calibrated against surface surveys over
mines in the field. These programs make use of simple mathematical formulas that contain
parameters determined from subsidence measurements. The formulas fall into two categories,
profile functions and influence functions (Brauner, 1973). They are many such formulas
available and because they are essentially fitted to subsidence data, the choice between them
is largely a matter of personal taste.

Numerical models such as finite element or boundary element models that are based on
first principles including physical laws, kinematics, and material laws offer an attractive
alternative to empirical methods. The reason is they allow for inclusion of mine geology,
mine geometry, topography, water effects, and other physical complications. Rock proper-
ties of the strata in the region of interest may be included, major faults can be taken into
account and a more accurate description of changing mine geometry can be done. Aquifers
and effects of water pressure and flow can also be computed. These features allow for more
realistic simulation of the mining sequence and consequence for subsidence. Complex mate-
rial behavior that includes inelasticity and time-dependency is possible. However, special
expertise is required and the computational effort is relatively large and therefore more costly
than simple SHB subsidence estimation.

8.3 Problems

Chimney caving

8.1  Consider a vertical shrinkage stope W (ft, m) wide, H (ft, m) high filled with muck
having a specific weight y along a strike length of L (ft, m). Further suppose wall
friction angle ¢’ and angle of internal friction ¢ apply. Cohesion of the muck and
adhesion at the stope walls is negligible. (a) Derive a Janssen-type formula for this
specific situation per unit of strike length. (b) If the stope is 35 ft (10.7 m) width,
120 ft (36.6 m) high, and 165 ft (56.3 m) along the strike, ¢’ = 30°, ¢ = 37°,
y = 105 pcf (16.6 kN/m?), estimate the vertical stress, horizontal stress, and shear
stress at the bottom of the muck. (c) If water infiltrates the stope, modify the “dry”
formula from (a) and recalculate the bottom stresses in (b).
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8.2

83

8.4

Derive a formula for the chimney cave height H shown in the sketch. Note that the
initial void is roughly circular in plan and has a radius of @ (ft, m). The circular region
is & (ft, m) high. An elliptical vault forms in the back and extends b ft into the back at
its highest point. Chimney caving begins from this configuration.

If the excavation width a in Problem 8.2 is 105 ft (32 m), the initial height of the
circular region is 14 ft (4.3 m); the arch extends 35 ft (10.7 m) above the floor. What
bulking porosity is indicated if the cave just reaches the surface from a seam depth
(surface to seam top) of 1,150 ft (350 m)?

2a

Sketch for problems 8.2 and 8.3

Consider the stope in the inclined vein shown in the sketch. If the stope height measured
along the dip is 115 ft (35.1 m), the true width of the vein is 35 ft (10.7 m), and the
bulking porosity, as determined from past observations at the mine, is 0.072, what
cave height is expected if the caving is in the form of a vertical chimney over the stope
and the stope strike length is 105 ft (32.0 m)? If the stope strike length is 205 ft (61.5
m), what cave height is expected?

A

115 fe
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8.5

8.6

8.7

8.8

Note: Stope depth H is 4,650 ft (1,417 m) and the angle of repose of the caved ground
is 38°.

A panel block caving system operates at a depth of 4,250 ft (1,417 m) as shown in the
sketch. Dimensions of the panels are 150 ft by 300 ft (45.7 x 91.4 m) in plan. The
initial undercut is 21 ft (6.4 m) high. Initial bulking porosity at the start of the cave,
which forms rubble, is 0.37. Estimate the cave height possible before the swell must
be drawn in order to maintain caving.

Surface -

4,250 ft

With reference to Problem 8.5, the caved ground has a specific weight of 105 pcf
(16.6 kN/m3); the angle of friction between muck and rock is 23°, while the angle
of internal friction of the muck is 33°. The ratio of horizontal to vertical stress in the
caved ground is estimated to be 0.32.

(a) Find the average vertical stress oy at the bottom of the cave as a function of the
cave height z measured from the bottom of the undercut.

(b) With the origin in the upper left hand corner, plot vertical stress horizontally as a
function of cave depth (height) positive down.

(c) What values of vertical, horizontal, and shear stresses are realized at the undercut
level when the cave height reaches 300 ft (90 m)? 600 ft (180 m)?

A panel block caving system operates at a depth of 1,295 m. Dimensions of the panels
are 46 m by 92 m ft in plan. The undercut is 6.4 m high. Initial bulking porosity at the
start of the cave, which forms rubble, is 0.25. Solid ground specific gravity is 2.60;
caved ground has a specific gravity of 1.73; the angle of friction between muck and
rock is 23°, and the angle of internal friction of the muck is 33°. The ratio of horizontal
to vertical stress in the caved ground is estimated to be 0.32.

(a) Estimate the cave height possible before the swell must be drawn in order to
maintain caving.

(b) What values of vertical, horizontal, and shear stresses are realized at the undercut
level when the cave height reaches 183 m?

(c) What bulking porosity is indicated when the cave just reaches the surface after
drawing the necessary swell?

A panel block caving system operates at a depth of 4,250 ft. Dimensions of the panels
are 150 ft by 300 ft in plan. The undercut is 21 ft high. Initial bulking porosity at
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8.9

8.10

8.11

the start of the cave, which forms rubble, is 0.37. The caved ground has a specific
weight of 105 pcf; the angle of friction between muck and rock is 23°, and the angle
of internal friction of the muck is 33°. The ratio of horizontal to vertical stress in the
caved ground is estimated to be 0.32.

(a) Estimate the cave height possible before the swell must be drawn in order to
maintain caving.

(b) What values of vertical, horizontal, and shear stresses are realized at the undercut
level when the cave height reaches 600 ft?

(c) What bulking porosity is indicated when the cave just reaches the surface after
drawing the necessary swell?

Block caving studies indicate the rock mass has an associated bulking porosity of
0.015. A caving panel is developed 1,570 ft (479 m) below ground surface. Suppose
the panel is 4 square feet in plan view, say, 4 = 20,000 square feet (1,858 m?).
How much ore (‘solid rock’) may be removed before subsidence just reaches the
surface?

A circular ore pass 13 ft (4 m) in diameter has a muck cushion that extends 9 ft (9 m)
above the bottom of the ore pass. The ore pass is vertical and extends 150 ft from
level to level. The muck has a specific weight of 105 pef (16.6 kN/m?), is considered
cohesionless with an angle of internal friction of 38°, and has a coefficient of friction
against rock of 0.57. The ratio of horizontal to vertical normal stress in the ore pass
is estimated at 0.33. Three tons of ore are dumped into the ore pass. Analysis of the
ore fall indicates that on impact, the muck decelerates at 4g. Thus, the impact force
on the muck cushion top is four times the muck weight. Consider this force to be a
static surcharge, then determine the associated increase in vertical stress (psf, kPa) at
the bottom of the muck cushion.

A proposal for panel caving a massive ore zone using undercuts 250 ft by 600 ft
(76.2 x 183 m) in plan and 14 ft (5.4 m) high is made. If the bulking porosity is 0.075
and caving occurs directly over the undercut, how high above the undercut will the
cave zone extend? Draw of ore removes solid material and creates additional void
space. If caving extends to the surface, estimate the tons of ore drawn (12 ft3/ton,
0.34 m3/ton). If the draw rate is 50,000 tpd, what is the elapsed time from undercut
completion until the draw appears at the surface?

Combination support

8.12

8.13

With reference to the paper by F. Kendorski (chapter 4, 1977) and the example cal-
culations for Mine C (which relates to Mine B), a wall shear check is made using the
equation Fp = Fr + F; + Fi. The numbers are given as

(48,400)(0.707) = (10)(144)(5)(1.414) + (48,000)(0.707)(0.21)
=+ (0.5)(0.60)(60,000) + (126)(144)A4;;
Explain the meaning of each number, where it is obtained and its physical meaning.
Are the numbers correct?

With reference to Problems 8.5 and 8.6, 9 ft wide by 12 ft high grizzly drifts below
the undercut level are first supported with 3/4 in diameter, grade 55 resin bolts 6 ft
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8.14

8.15

8.16

8.17

8.18

long (grouted full length) and wire mesh. A continuous concrete liner may be added
later. Compressive strength of concrete is 5,500 psi. Unit weight of adjacent rock is
180 pcf, angle of internal friction is 42° and cohesion is 3,450 psi. Three sets of nearly
orthogonal joints transect the rock mass. Joint friction angles vary between 27° and
38°, while joint cohesion varies from 7 to 70 psi. Fracture persistence determined
from trace length scans is 87%, so only 13% is in intact rock. What thickness of liner
should be used if a rock mass safety factor of 1.5 and a concrete liner safety factor of
1.4 are specified when the abutment load factor is 185%?

With reference to Problems 8.5 and 8.6, 2.7 m wide by 3.7 m high grizzly drifts below
the undercut level are first supported with 3/4 in diameter, grade 55 (379 MPa yield
strength) resin bolts 1.8 m long (grouted full length), and wire mesh. A continuous
concrete liner may be added later. Compressive strength of concrete is 37.9 MPa. Unit
weight of adjacent rock is 28.5 kN/m?, angle of internal friction is 42° and cohesion is
23.8 MPa. Three sets of nearly orthogonal joints transect the rock mass. Joint friction
angles vary between 27° and 38°, while joint cohesion varies from 48 to 480 kPa.
Fracture persistence determined from trace length scans is 87%, so only 13% is in
intact rock. What thickness of liner should be used if a rock mass safety factor of 1.5
and a concrete liner safety factor of 1.4 are specified when the abutment load factor
is 185%?

A semicircular arched back heading 14 ft (4.3 m) wide and 17 ft (5.2 m) high is driven
due north. Two joints are present; both strike due north. Set 1 dips 60° east; Set 2
dips 60° west. No other data are available. Yet, some support planning is required.
Would conventional rock bolting be adequate in your estimation or would cable bolts,
Dywidag, or Swellex bolts need to be considered? Explain your choice with the aid
of sketches.

A caving operation is conducted in a relatively weak rock mass where the joint
persistence is 88%. Laboratory testing of intact core shows that C, = 12,750 psi,
and ¢ = 29°. Specific weight of rock is 157 pcf. Joint cohesion is 75 psi and joint
friction angle is 20°. Depth of the undercut is 3,750 ft. Development drifts are 13 ft
wide by 18 ft high. Loading is expected to increase 100% after caving has reached the
surface. If the rock mass is not self-supporting with a safety factor of 1.5, then steel
sets will be used, possibly in conjunction with rock bolts and shotcrete. In this regard,
spot bolting with 6 ft, 3/4 in. diameter, high strength bolts is standard procedure in
any case. Determine a combination support system that will provide a safety factor of
1.5 in any steel support and other reinforcement.

A caving operation is conducted in a relatively weak rock mass where the joint
persistence is 88%. Laboratory testing of intact core shows that C, = 88 MPa, and
¢ = 29°. Specific weight of rock is 24.8 kN/m>. Joint cohesion is 517 kPa and joint
friction angle is 20°. Depth of the undercut is 1,143 m. Development drifts are 4 m
wide by 5.5 m high. Loading is expected to increase 100% after caving has reached
the surface. If the rock mass is not self-supporting with a safety factor of 1.5, then steel
sets will be used, possibly in conjunction with rock bolts and shotcrete. In this regard,
spot bolting with 1.8 m, 1.9 cm diameter, high strength bolts is standard procedure in
any case. Determine a combination support system that will provide a safety factor of
1.5 in any steel support and other reinforcement.

With reference to the data below, an open pit mine has reached an economic limit
(3,000 ft, 914 m depth), so underground mining is being considered using a block
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8.19

8.20

caving method. A mainline ramp 16 ft (4.9 m) wide with semicircular backs 16 ft
(4.9 m) high is planned from the pit bottom to spiral down to 5,000 ft (1,524 m)
below the original ground surface. The naturally supported ramp is examined as
if stress concentrations were those of a rectangular opening. No stress measure-
ments have been made at this early stage of planning. (a) Estimate the minimum
local safety factors (FSc, FS;) for the naturally supported ramp, then (b) consider a
combination support system that may be required after caving is fully developed.
In this latter circumstance, use bolts no more than one-half opening width and
require a rock mass safety factor of 1.8. Specify details of the considered support
system.

Open pit mine data: A Mohr—Coulomb failure criteria apply, the clay-filled joints
constitute 83% of the potential shear failure surface, no tension cracks have yet
appeared, current slide block weight is 9.891(107) Ibf per foot (1.45 GN/m) of
thickness and:

1 slope height H = 1,540 ft (469 m)

2 failure surface angle o = 39°

3 slope angle B =55°

4 friction angle (rock) ¢y = 36°

5 cohesion (rock) ¢ = 1,870 psi (12.9 MPa)
6 friction angle (joint) ¢ = 27°

7 cohesion (joint) ¢j = 17.0 psi (117 kPa)

8 specific weight y = 156 pef (24.7 kKN/m?)
9 tension crack depth A, = 0.0 ft (0.0 m)

10 water table depth hy = 103 ft (31.4 m)
11 seismic coefficient  a, = 0.10
12 surcharge o = 0.0 psf (0.0 kPa).

Ultimately, the pit is planned to a depth of 3,000 ft (914 m).

A caving operation is conducted in a relatively weak rock mass where the joint
persistence is 88%. Laboratory testing of intact core shows that C, = 12,750 psi,
and ¢ = 29°. Specific weight of rock is 157 pcf. Joint cohesion is 75 psi and joint
friction angle is 20°. Depth of the undercut is 3,750 ft. Development drifts are 13 ft
wide by 18 ft high. Loading is expected to increase 100% after caving has reached the
surface. If the rock mass is not self-supporting with a safety factor of 1.5, then steel
sets will be used, possibly in conjunction with rock bolts and shotcrete. Determine a
combination support system that will provide a safety factor of 1.5 in any steel support
and other reinforcement.

A caving operation is conducted in a relatively weak rock mass where the joint
persistence is 88%. Laboratory testing of intact core shows that C, = 87.9 MPa,
and ¢ = 29°. Specific weight of rock is 24.8 kN/m?>. Joint cohesion is 517 kPa and
joint friction angle is 20°. Depth of the undercut is 1,143 m. Development drifts are
4 mwide by 5.5 mhigh. Loading is expected to increase 100% after caving has reached
the surface. If the rock mass is not self-supporting with a safety factor of 1.5, then steel
sets will be used, possibly in conjunction with rock bolts and shotcrete. Determine a
combination support system that will provide a safety factor of 1.5 in any steel support
and other reinforcement.
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Subsidence troughs

8.21

8.22

8.23

A longwall panel 6,200 ft long with a face length of 820 ft is planned for a seam
1,300 ft deep and 16.5 ft thick. Mining is full seam height. Assume UK conditions
apply. Find:

1

w AW

11

The maximum subsidence that will develop during the life of the panel.

The maximum subsidence after the face has progressed 520 ft.

The surface subsidence profile when fully developed.

The surface strain profile; include specific values for Ey, E, ec.

The width of a barrier pillar needed to protect a ventilation shaft that serves
the mine.

The time required to mine the panel at 7,600 tons per shift, 2 shifts per day,
250 days per year.

The average rate of advance per day.

The maximum subsidence after mining four identical panels adjacent to the first
panel and trough width.

The maximum subsidence and trough width after mining an identical panel 80 ft
directly below the first panel.

Assuming US conditions with a subsidence factor of 0.65 and an angle of draw
of 28°, find the maximum subsidence and trough width for a single panel and
for four adjacent panels.

Estimate the maximum tensile and compressive strains for a single panel assuming
US conditions (part 10).

A longwall panel 1,900 m long with a face length of 250 m is planned for a seam 396 m
deep and 5.0 m thick. Mining is full seam height. Assume UK conditions apply. Find
(in m when):

1

2
3
4

The maximum subsidence that will develop during the life of the panel.

The maximum subsidence after the face has progressed 158 m.

Peak strains: E+, E—, e.

The width of a barrier pillar needed to protect a ventilation shaft that serves the
mine.

The maximum subsidence after mining four identical panels adjacent to the first
panel and trough width.

The maximum subsidence and trough width after mining an identical panel 25 m
directly below the first panel.

Assuming US conditions with a subsidence factor of 0.65 and an angle of draw
of 28°, find the maximum subsidence and trough width for a single panel.

A longwall panel 6,200 ft long with a face length of 820 ft is planned for a seam
1,300 ft deep and 16.5 ft thick. Mining is full seam height. Assume UK conditions

apply. Find:

1 The maximum subsidence that will develop during the life of the panel.

2 The maximum subsidence after the face has progressed 520 ft.

3 Peak strains: Ey, E¢, ec.

4 The width of a barrier pillar needed to protect a ventilation shaft that serves

the mine.
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5 The maximum subsidence after mining four identical panels adjacent to the first
panel and trough width.

6  The maximum subsidence and trough width after mining an identical panel 80 ft
directly below the first panel.

7  Assuming Utah conditions with a subsidence factor of 0.65 and an angle of draw
of 28°, find the maximum subsidence and trough width for a single panel.

8.24 Consider a single longwall panel in a seam mined full height of 5 m at a depth of 400 m.

8.25

8.26

8.27

The panel has a face width of 300 m; panel length will eventually reach 3,000 m. The
seam is flat. Mining occurs at a rate of 8,000 tons per shift (1 ton = 2,000 1bs),
two production and one maintenance shift per day, 5 days per week. Assume UK
conditions, then determine for a single panel:

maximum subsidence expected

critical area

subsidence trough width

maximum tensile strain

maximum compressive strain

severity of damage (25 m structure width)

compressive strain at the center of the rib-side subsidence profile
maximum subsidence when the panel has advanced only 200 m
time required to mine the panel

maximum subsidence after mining four panels side by side and
maximum subsidence after mining a single panel at 400 m and an identical panel
420 m depth directly below.

— O 0 00 JN N AW~

—_—

Coal is mined 15 ft high underground in flat strata by the longwall method at a depth
of 1,500 ft. Panels are 750 ft wide and 7,500 ft long. Assume US conditions, then
considering trough subsidence, estimate (in ft):

maximum subsidence over a single panel (ft),

critical width (ft),

maximum subsidence over an area undermined by six adjacent panels (ft),
maximum tensile strain over a single panel,

5 maximum compressive strain over an area undermined by six adjacent panels.

AW N~

A solution mine for nacholite that is processed into soda ash is developed by wells
1,800 ft below the surface in the Piceance basin of Colorado. The mine will produce
about 1 million short tons per year initially. Assume the “pay zone” is 90 ft thick,
dips 5° and that dissolvable nacholite is 20% of the of the zone material, then (1)
specify an appropriate subsidence factor and angle of draw; (2) estimate the maximum
subsidence; (3) critical width, and (4) trough width at the time mining extends to the
critical area limit.

A solution mine for nacholite that is processed into soda ash is developed by wells
549 m below the surface in the Piceance basin of Colorado. The mine will produce
about 1 million short tons per year initially. Assume the “pay zone” is 27 m thick,
dips 5° and that dissolvable nacholite is 20% of the zone material, then (1) specify
an appropriate subsidence factor and angle of draw; (2) estimate the maximum subsi-
dence; (3) critical width; and (4) trough width at the time mining extends to the critical
area limit.



Appendix A

Background literature

Background literature includes texts that develop fundamentals of strength of materials,
mechanics of materials, elasticity theory, and continuum mechanics. Also included are refer-
ence works in rock mechanics. Rock properties data necessary for engineering design analysis
may be found in numerous technical articles and handbooks.

A.l
1.

0NN WL b

10.

11.

12.
13.

Books about fundamentals of mechanics

Popov, E. P. (1957) Mechanics of Materials. Prentice-Hall, 441 pp.
Comment: An early undergraduate text in mechanics of materials. One that first
introduced the author to the subject. Contains illustrative material and examples.

. Popov, E. P. and T. A. Balan (1991) Engineering Mechanics of Solids (2nd ed). Prentice-

Hall, 864 pp.
Comment: An expanded edition with updated example problems and discussion.

. Hibbeler, R. C. (2003) Mechanics of Materials (5th ed). Prentice-Hall, 843 pp.

Comment: An undergraduate text with numerous examples and problems for homework
assignments. Includes chapters on two- and three-dimensional stress and strain, as do
most recent mechanics of materials text books.

More advanced treatments of mechanics including elasticity, plasticity, fracture, and
general continuum theory that the author has personally consulted on a number of
occasions include:

. Fung, Y. C. (1965) Foundations of Solid Mechanics. Prentice-Hall, 525 pp.

. Hill, R. (1950) The Mathematical Theory of Plasticity. Oxford, 355 pp.

. Jaunzemis, W. (1967) Continuum Mechanics. The Macmillan Co., 604 pp.

. Knott, J. F. (1973) Fundamentals of Fracture Mechanics. Butterworths, 273 pp.

. Lekhnitskii, S. G. (1963) Theory of Elasticity of an Anisotropic Elastic Body. Translation

by P. Fern. Holden-Day, 404 pp.

. Lawn, B. R. and T. R. Wilshaw (1975) Fracture of Brittle Solids. Cambridge University

Press, 204 pp.

Love, A.E. H. (1944) A Treatise on the Mathematical Theory of Elasticity (4th ed). Dover,
643 pp.

Malvern, L. E. (1969) Introduction to the Mechanics of a Continuous Medium. Prentice-
Hall, 713 pp.

Nadai, A. (1963) Theory of Flow and Fracture of Solids. Vol. 11, McGraw-Hill, 705 pp.
Prager, W. (1961) Introduction to Continuum Mechanics. Dover, 230 pp.
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14.

15.
16.

17.
18.

Savin, G. N. (1961) Stress Concentration around Holes. Translation Ed. — W. Johnson.
Pergamon, 430 pp.

Sokolnikoff, I. S. (1956) Mathematical Theory of Elasticity. McGraw-Hill, 476 pp.
Sokolovski, V. V. (1960) Statics of Soil Media. Translation by D. H. Jones and
A. N. Schofield. Butterworths, 237 pp.

Thomas, T. Y. (1961) Plastic Flow and Fracture in Solids. Academic Press, 267 pp.
Timoshenko, S. and J. N. Goodier (1951) Theory of Elasticity. McGraw-Hill, 506 pp.

A.2 Books about rock mechanics

1.

Obert, L. and W. 1. Duvall (1967) Rock Mechanics and the Design of Structures in Rock.
John Wiley & Sons, 650 pp.

Comment: One of the first references about rock mechanics from stress analysis to
laboratory testing to applications to excavations in massive rock and in stratified ground.
With the benefit of hindsight, treatment of joints is conspicuous by its absence. Now out
of print, but perhaps available in libraries.

. Coates, D. F. (1970) Rock Mechanics Principles. Canadian Mines Branch Monograph

874 (Revised 1970, first edition 1967).

Comment: Another early work in rock mechanics that includes chapters on foundations
and rock dynamics. Contains useful appendices including the subjects of stress
concentration factors, beam bending, and stereonets. Also out of print.

. Jaeger, J. C. and N. G. W. Cook (1969) Fundamentals of Rock Mechanics. Methuen,

513 pp.

Comment: A reference work by two pioneering authorities in rock mechanics. Contains
important chapters onrock friction and the effect of fractures on rock mass elastic moduli.
Discusses excavation of tabular caverns and the role of strain energy release rate.
Contains an extensive list of references, not undergraduate fare.

. Hoek, E. and J. Bray (1977) Rock Slope Engineering (2nd ed). Institution of Mining and

Metallurgy, London, 402 pp.

Comment: A practical guide to rock slope stability analysis by two pioneers in rock
engineering applications at Imperial College. Computer programs are now available for
planar block slides and wedge failures.

. Barry Voight (ed.) (1978) Rockslides and Avalanches — Natural Phenomena Vol. 1.

Elsevier, 833 pp.

. Barry Voight (ed.) (1978) Rockslides and Avalanches — Engineering Sites Vol. 2.

850 pp.

Comment: This two volume set is a remarkable collection of historic developments,
observations of natural phenomena and engineering case histories that is an outstanding
interdisciplinary merger of geology and engineering.

. Peng, S. S. (1978) Coal Mine Ground Control. John Wiley & Sons, 450 pp.

Comment: An excellent reference for practical approaches to coal mine ground control
by an outstanding educator and contributor in mining engineering. Contains details about
longwall supports such as shields not found elsewhere.

. Hoek, E.and E. T. Brown (1980) Underground Excavations in Rock. Institution of Mining

and Metallurgy, London, 527 pp.
Comment: A practical guide to underground opening analysis by two internationally
recognized authorities in rock mechanics applications to mine engineering and civil



Background literature 471

10.

11.

12.

13.

works. A successful sequel to the surface mining effort by the same rock mechanics
group at Imperial College. Contains important chapters on data collection preceding
design analysis and includes discussion of the role of rock mass classification systems for
engineering purposes. References abound following each chapter including those on
blasting and instrumentation.

. Goodman, R. E. (1980) Introduction to Rock Mechanics. John Wiley & Sons, 478 pp.

Comment: An introduction to rock mechanics from the geological — civil
engineering perspective by an outstanding educator and practioner in rock mechanics.
Contains an excellent chapter on foundations on rock. Second edition published in 1989
(562 pp).

Brady, B. H. G. and E. T. Brown (1980) Rock Mechanics for Underground Mining
(2nd ed). Chapman-Hall, 571 pp.

Comment: A well-illustrated tour de force that ranges from the theoretical to the
empirical, from numerical analysis to support specification from rock mass classifica-
tion. Some problems and examples are included, but still not an undergraduate text.
A recent revision toward computer modeling is available.
Bieniawski, Z. T. (1989) Engineering Rock Mass Classifications. John Wiley & Sons,
251 pp.

Comment: “A complete manual for engineers and geologists in mining, civil and
petroleum engineering” to quote the description following the title. Indeed, this is a
handy reference to the subject of rock mass classification schemes for engineering
purposes that includes the most important schemes to date beginning with the Terzaghi
scheme for estimating tunnel supports developed in the late 1930’s, early 1940’s.
Hudson, J. A. (ed.) (1993) Comprehensive Rock Engineering. Pergamon Press,
(in 5 volumes).

Comment: No list of rock mechanics references would be complete without mention
of this huge work in five volumes by an international group of eminent rock mechanics
specialists. Vol. 1 =Fundamentals, Vol. 2 = Analysis and Design Methods, Vol. 3 =Rock
Testing and Site Characterization, Vol. 4 = Excavation, Support and Monitoring, Vol. 5=
Surface and Underground Project Case Histories.
Hoek, E., P. K. Kaiser, and W. F. Bawden (1995) Support of Underground Excavations
in Hard Rock. Balkema, 215 pp.

Comment: An authoritative treatment of support for underground excavations in rock for
civil and mining purposes. Presented with a preference for rock mass classification
schemes, the Hoek—Brown failure criterion, and points toward computer programs for
detailed stress analysis. Well illustrated with figures and photos.

A.3 Books containing rock properties

The most important rock properties for engineering design are elastic moduli and strengths of
intact rock and joint stiffnesses and strengths. Other properties such as thermal conductivity
may be important in special cases, of course. All the books about rock mechanics mentioned
previously have some tables of rock properties; some also have joint properties.

1.

2.

Vutukuri, V. S., R. D. Lama, and S. S. Sahuja (1974) Handbook on Mechanical Properties
of Rock (Testing Techniques and Results) Vol. I. Trans Tech Publications, 280 pp.
Lama, R. D. and V. S. Vutukuri (1978) Handbook on Mechanical Properties of Rock
(Testing Techniques and Results) Vol. II. Trans Tech Publications, 481 pp.
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3. Lama, R. D. and V. S. Vutukuri (1978) Handbook on Mechanical Properties of Rock
(Testing Techniques and Results) Vol. I1I. Trans Tech Publications, 406 pp.
4. Lama, R. D. and V. S. Vutukuri (1978) Handbook on Mechanical Properties of Rock
(Testing Techniques and Results) Vol. IV. Trans Tech Publications, 515 pp.
Comment: This enormous work consists of four volumes that contain an extensive
tabulation of mechanical properties test data and measurements from the international
literature in rock mechanics. Descriptions of test and measurement procedures comple-
ment the data.
5. Hartman, H. L. (ed.) (1992) SME Mining Engineering Handbook, Vol. 2 (Appendix),
Society for Mining, Metallurgy and Exploration.
Comment: The second volume of this large, two-volume set contains extensive tables
of data in the appendix to Vol. 2 where references to the data sources are also cited. The
data relate mainly to tests on intact laboratory test pieces. The references cited also point
to sources of other data relevant to geophysics, for example. Unfortunately, one will need
to look hard for joint data; “joint” is not in the index.
6. Kulhawy, F. H. (1975) Stress deformation properties of rock and rock discontinuities.
Engineering Geology, Vol. 9, pp. 327-350.
7. Kulhawy, F. H. (1978) Geomechanical model for rock foundation settlement. Journal of
the Geotechnical Engineering Division, ASCE, Vol. 104 (GT2), pp. 211-225.
Comment: The two articles by Professor Kulhawy are cited repeatedly in the literature
because of the large amount of data on rock and joints that are tabulated in these very
helpful contributions to rock mechanics.

A.4 General sources of rock mechanics information

There is an enormous accumulation of technical literature concerning rock mechanics.
Growth has been especially rapid since the late 1960s with the proliferation of journals
and symposia. Two journals that have stood the test of time are:

1. International Journal of Rock Mechanics and Mining Sciences (now published by
Elsevier). First issue published January, 1964, and has a web site.

2. Rock Mechanics and Rock Engineering (now published by SpringerWien). Available on
line. Antecedent issue published as Rock Mechanics, Vol. 1, 1969, “continuing the
tradition of Felsmechanik und Ingenierugeologie.”

There are also two series of symposia of interest that are rich sources of rock mechanics

theories and practices from around the world:

1. The U.S. Rock Mechanics Symposium that began in 1956 at the Colorado School of Mines
and continued almost annually to the 34th Symposium in 1993 when it began alternating
with a North American Rock Mechanics Symposium.

2. The International Congress of the International Society for Mechanics series that began in
Lisbon, 1967, and has continued meeting at four year intervals.
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Mechanical properties of intact
rock and joints

Mechanical properties of rock that are of most importance to engineering design are elastic
properties and strengths. In this regard, field-scale rock masses are composite materials that
are composed of numerous joints and blocks of intact rock between joints. Deformation of this
composite under changing loads is largely determined by: (1) intact rock elastic moduli and
strengths and (2) stiffnesses and strengths of joints. These properties may be determined by
laboratory tests on relatively small samples that have dimensions of the order of inches or cen-
timeters. Confining pressure, rate of loading, temperature, time, and peculiarities of testing
apparatus are often observed to affect test results on strength but have only a minor influ-
ence on elastic moduli. Within the engineering design domain and range of environmental
variables, the effect of confining pressure on strength is most significant. Rock includes
an enormous variety of materials from volcanic glass to reef coral, from fresh granite to
welded tuff, from pegmatite to porphyry, limestone to marble, shale to slate, sandstone to
quartzite, peat to coal, and so on. Not too surprisingly, there are exceptions and departures
from the norms.

Rock types based on genetic or geological classification systems seldom relate to engineer-
ing properties. Although one may intuitively suppose that there is an association of properties
values with rock types, there is often little correlation. Some sedimentary rocks have high
strength, while some igneous rocks have low strength, and so on. However, there are several
rock classification systems available for engineering purposes that allow for preliminary esti-
mates of excavation stability or safety. The most popular engineering classification systems
are the rock mass rating (RMR) and quality (Q) systems. These classification systems char-
acterize rock masses by a single number based on a combination of laboratory measurements
and field observations, that is, on intact rock properties, joint properties, joint spacing, and
whether water is present. The purpose of classification schemes is to assist in determining
tunnel support requirements in advance of excavation; several are discussed in Appendix C.
While rock and joint properties determined by laboratory testing do not automatically lead
to elastic moduli and strengths of field-scale rock masses, they form an essential part of any
site-specific database needed for design, even at the earliest stages of site evaluation.

The American Society for Testing and Materials (ASTM) and the International Society
for Rock Mechanics (ISRM) have published standards for conducting a variety of laboratory
tests. ISRM also has published suggested standards for field tests and measurements in situ.
These standards give meaning to rock properties test results and allow for comparisons
amongst rock types and testing laboratories. Various tabulations of rock properties data may
be found in the references.
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Table B.| Specific gravity and porosity of rock (after Kulhawy, 1975)

Property Rock type

Igneous Metamorphic Sedimentary

Plutonic  Volcanic  Non-foliated  Foliated  Clastic = Chemical

(SG)

Number 22 10 4 21 17 20
Maximum  3.04 3.00 282 2.86 272 290
Minimum 2.50 145  2.63 2.18 2.32 1.79
Average 2.68 261 2.72 2.66 2.53 2.56
(n%)

Number 22 10 4 21 20 17
Maximum 9.6 42.5 1.9 224 21.4 36.0
Minimum 0.3 2.7 0.9 0.4 1.8 0.3
Average 2.3 10.6 1.3 4.5 1.3 8.1

Rock specific gravity and porosity are also of interest. Table B.1 shows ranges and averages
of specific gravity (SG) and porosity (n) according to the three major categories of rock,
igneous, metamorphic, and sedimentary. This table was adopted from a survey of laboratory
test data by Kulhawy (1975). Data from Table B.1 show a range of specific weights (densities)
from 91 Ibf/f3 (1.45 g/em?) to 190 Ibf/ft3 (3.04 g/cm?). Some rock may be much lighter, for
example, pumice stone that floats on water, or heavier, for example, galena-rich lead ore.
Porosity may be high, especially in some volcanic rock.

B.l Elastic moduli of intact rock

Elastic moduli of isotropic media commonly determined in laboratory testing are Young’s
modulus £ and Poisson’s ratio v. Shear modulus G is usually computed from £ and v. These
moduli may be determined statically and dynamically, although static elastic moduli are
determined most often. Measurements are usually done on cylindrical test specimens prepared
from diamond drill core obtained during site exploration. An additional measurement of
lateral displacement allows for the determination of Poisson’s ratio. Figure B.1 is a schematic
of a laboratory test for Young’s modulus.

Young’s modulus

Cores prepared with smooth ends and with a length to diameter ratio (L/D) of two are
loaded axially in compression. A cycle of loading and unloading is done first to ensure
proper functioning of the system and to seat the apparatus. Subsequent cycles of loading
and unloading show greater reproducibility, narrower loops, and steeper plots of axial force
versus displacement. Data are obtained after seating the apparatus and test cylinder. If strain
gages are attached to the test specimen, then a plot of axial stress as a function of axial
strain allows for the determination of Young’s modulus. Strain gages have the advantage of
reacting directly to the rock but are more expensive than is the use of displacement transducers.
Figure B.2 presents results of laboratory test for Young’s modulus for a variety of rock types.
The range of test results indicates that variability is to be expected. Table B.2 shows ranges



A = Load cell

B = Steel spacer

C = Rock sample

D = Spherical seat

E = Displacement
transducer

Figure B.I Schematic of apparatus for measuring Young’s modulus and Poisson’s ratio on an intact
rock test cylinder.
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Figure B.2 Laboratory test data for Young’s modulus (after Windes and Blair).
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Table B.2  Young’s modulus by rock type (after Kulhawy, 1975)

Young’s modulus Rock type
E10% psi (GN/m?)

Igneous Metamorphic Sedimentary

Plutonic Volcanic Non-foliated ~ Foliated Clastic Chemical
Number 40 17 12 29 30 163
Maximum 14.4 12.2 12.8 1.9 13.5 14.4

(99.4) (83.8) (88.4) (81.7) (90.0) (99.4)
Minimum 1.3 0.17 5.21 8.6 0.67 0.17

(7.8) (1.2) (35.9) (5.9) (4.6) (1.2)
Average 8.2l 5.53 8.6 6.8 6.8 6.3

(56.6) (38.1) (59.6) (47.0) (47.0) (43.4)

of Young’s modulus according to rock type and indicates a wide range for a given rock type
and no correlation of modulus with rock type.

Coal is a rock type that is in a class by itself because of its organic constitution and
commercial importance. Vutukuri and Lama (Vol. 11, 1978a) report a wide range for Young’s
modulus from 1 to over 51 GN/m? (0.15 to 7.4 x 10° psi). This large range is caused, in
part, by directional dependencies (anisotropy), but mainly by coal rank that ranges from
sub-bituminous to anthracite. A likely range of Young’s modulus for most bituminous coal
is perhaps 2 to 5 GN/m? (0.29 to 0.73 x 10° psi). However, recognition of anisotropy may
be important at any particular site.

The theory behind the test for Young’s modulus is Hooke’s law that in consideration of the
uniaxial loading reduces to o, = E¢, for the axial direction. Thus, a plot of axial stress versus
axial strain does indeed allow Young’s modulus to be determined by simply measuring the
slope of the plot. The plot is usually curved, as shown in Figure B.3 where compression is
positive. Slope of a tangent to the stress—strain curve defines a tangent modulus E;. A line
drawn from the origin to a point on the curve defines a secant modulus Es. Measurement of
the tangent modulus at 50% of the unconfined compressive strength defines Young’s modulus
for engineering design.

Measurements of axial force and displacement using displacement transducers instead of
strain gages allows for a more economical determination of Young’s modulus. However,
care must be taken to account for displacement of steel spacers, spherical seat, and other
material in series with the test specimen. This accounting is easily done graphically, as shown
in Figure B.4, where a total force—displacement plot and a force—displacement plot without
the test specimen are presented. The displacement of the test specimen is the difference
between the two plots at the considered level of force. According to Hooke’s law o, =
F/A = Ee, = EU/L where F,U, A4, and L are force, displacement, cross-sectional area of
the test specimen, and test specimen length, respectively. Again, data reduction is done at
about 50% of the unconfined compressive strength of the material.

The equation of a force—displacement plot for a linearly elastic material is F = KU; K is
obviously the slope of the plot. The core, steel spacers, and so forth may be analyzed as two
springs in series, as shown in Figure B.5. Each linear, elastic spring experiences the same
force, while the total displacement is the sum of the displacements of spring and steel. Thus,

F=KU, F=KU, F=KU, U=U+U
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Figure B.3 An axial stress—strain plot for Young’s modulus.
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Figure B.4 Force—displacements plots for steel and steel plus rock total.
where subscripts s and r stand for steel and rock. The combined system stiffness (no
subscript) is
1 1 n 1
K K K
and K; = E/AL for the rock core, so one may also determine the rock modulus £ from the
slopes of the experimental “total” and “steel” force—displacement curves.
Poisson’s ratio

Hooke’s law also indicates the measurements needed to determine Poisson’s ratio v. Under
axial loading, the lateral strain is &g = —vo,/E. Thus, —E /v is the slope of a plot of axial
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Figure B.6 Axial stress versus axial and lateral strain for Poisson’s ratio.

stress versus lateral strain obtained during a uniaxial compression test, as shown in Figure B.6.
Determination of Young’s modulus from an axial stress—strain plot and measurement of lateral
strain then allows for determination of Poisson’s ratio. Alternatively, under uniaxial stress,
one may compute Poisson’s ratio from v =| ¢]/¢, |. The algebraic signs of axial and lateral
strains are always opposite whether compression or tension is considered positive; the use of
the absolute value signs prevents error. Negative values of Poisson’s ratio and values greater
than 0.5 are suspect and likely indicate measurement error or loading beyond the elastic limit.
A range of 0.02 to 0.46 for Poisson’s ratio is reported by Kulhawy (1975); the average of the
data reviewed is a reasonable 0.20. Table B.3 shows Poisson’s ratio for the main rock types
and the range observed.
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Table B.3 Poisson’s ratio by rock type (after Kulhawy, 1975)

Poisson’s ratio v Rock type

Igneous Metamorphic Sedimentary

Plutonic  Volcanic  Non-foliated  Foliated Clastic ~ Chemical

Number 36 17 12 25 26 141
Maximum 0.39 0.32 0.40 0.46 0.732 0.732
Minimum 0.05 0.09 0.02 0.03 0.04 0.02
Average 0.20 0.20 0.21 0.17 0.26 0.20
Note

a Dilatant values, not elastic.
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Figure B.7 Shear modulus for a variety of rock types (after Windes and Blair).

Shear modulus

Direct experimental measurement for shear modulus G would require torsion and is rarely
done. Usually, G is computed from Young’s modulus and Poisson’s ratio by the formula
G = E/2(1+v) under the assumption of isotropy. A maximum G corresponds to a minimum v
fora given £, so that G ranges from 0.50E down to 0.33E, corresponding to v ranging from 0.0
up to 0.5. A reasonable assumption of v = 0.20 gives a shear modulus G = E/2.4 = 0.417F.
Figure B.7 presents values of shear modulus for a variety of rock types. Again, variability is
the rule rather than the exception.
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Anisotropy

Many rock types have directional features such as bedding, foliation, and flow structures
that are reflected in anisotropic elastic properties. For example, Young’s modulus parallel
to bedding of a laminated sandstone is often greater than perpendicular to the bedding.
Sedimentary rocks may therefore exhibit anisotropy in the form of transversely isotropic
elastic properties. Other rock types may also be transversely isotropic. Transversely isotropic
rock requires five elastic moduli for characterization. If v is vertical and perpendicular to
the bedding and /4 is horizontal, then core from vertical and horizontal holes allow for the
determination of Ey, Ey, Gy, Gy, Vy, V. The horizontal direction is in a plane of isotropy, so
Gn = En/2(1 4 vy), but a similar relationship does not apply to the vertical direction. The
five independent elastic constants in this case are: Ey, Ey, Gy, Gy, and vy.

Metamorphic rocks, such as gneisses, and other rock types, such as rhyolite with flow
structure, may have three distinct directions of anisotropy (orthotropic) and thus require nine
elastic moduli for characterization. The principal axes of anisotropy are preferred material
directions, say, abc where a is down dip, b is parallel to strike, and ¢ is normal to the plane
of ab (foliation) of folds that are not plunging. Oriented core from holes drilled parallel to
these directions when tested under uniaxial stress and torsion with suitably oriented strain
gages allow for determining Young’s moduli, Poisson’s ratio, and shear moduli: £,, Ej, E.,
Vabs Vber Veas Ga, Gp, Ge. Symmetry requirements for a generalized (anisotropic) Hooke’s
law restrict vpg, Vep, Vae, for example vy Ee = veoEy.

Laboratory tests aimed at determining anisotropy require a much greater effort than testing
under the assumption of isotropy. Relatively few results reported in the technical literature
indicate that Young’s modulus parallel to bedding is often no more than about twice Young’s
modulus perpendicular to the bedding. Table B.4 presents a sample of laboratory test data
for Young’s modulus perpendicular to the bedding and in two orthogonal directions parallel
to the bedding (orthotropy).

In a detailed study of coal from the Pittsburgh seam, Ko and Gerstle (1976) showed
the coal was orthotropic with preferred directions normal to bedding (c), parallel to a set

Table B.4 Anisotropic Young’s moduli (after Obert and Duvall, 1967)

Rock type Young’s modulus 108 psi (GN/mZ)

Perpendicular  Parallel-1 Parallel-2 (Emax/Emin)

Marble (MD) 715 (493) 9.05 (63.1) 104 (71.7) 145
Limestone (IN) 484 (334) 594 (41.0) 539 (372) 123
Limestone (OH) 9.93 (685) 8.19 (56.5) 896 (61.8) 1.2l
Granite (VM) 441 (304) 397 (274) 641 (442) |6l
Granite (NC)  — — 328 (226) 439 (303) —
Slate (PA) — — 136 (938) I2.1 (834) —
Granite (CO) 541 (37.3) 6.13 (42.3) — .
Sandstone (OH) 0.87 (60) 097 (67) 128 (88) 147
Sandstone (OH) 1.03 (7.1) 154 (1.1) 163 (112) 158

Sandstone (UT) 139 (9.6) 153 (I.I) — 110
Gneiss (GA) 270 (186) 335 (23.1) 1.80 (124) 1.86
Oil Shale (CO) 180 (124) 310 (214 — — 172

Oil Shale (CO)  3.06 (21.1) 482 (332) — — 158
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Figure B.8 Testing anisotropic rock at an angle to bedding or foliation.
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Figure B.9 Young’s modulus at an angle to bedding with shear modulus as a parameter.

of main cleats (b), and to a set of minor cleats (a), all mutually orthogonal. In this case:
E, = 048,E, = 047,E. = 0.38,G, = 0.10,Gp, = 0.05,G, = 0.11(x10° psi). Shear
moduli were much less than an isotropic estimate. Poisson’s ratios ranged from 0.33 to 0.53.

Testing of core at an angle to the bedding is an alternative to torsion for the determination
of shear moduli. With Young’s moduli determined parallel and perpendicular to the bedding
and also the relevant Poisson’s ratio (E1, E», and v12), additional experimental measurements
of Young’s modulus £ at an angle to the bedding allows for the determination of the relevant
shear modulus by

sin*(8)

£

1 cos’(B) +< 1 2v12
E E|

i ET) sin?(B) cos*(B) +

where B is the angle between bedding and axial load, as shown in Figure B.8. In this regard,
one may suppose that Young’s modulus at an angle to the bedding varies between the moduli
values parallel and perpendicular to the bedding. However, this supposition is not at all the
case. A plot of Young’s modulus at an angle to the bedding assuming Young’s modulus
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parallel to the bedding is twice the value of Young’s modulus perpendicular to the bedding
and a Poisson’s ratio of 0.20 is shown in Figure B.9 for different values of the shear modulus.

Clearly, Young’s modulus at angle to the bedding may be much less or even greater than the
moduli parallel and perpendicular to the bedding. In this regard, shear moduli of anisotropic
rock have great influence on design analysis, for example, in estimation of surface subsidence
of stratified ground. For this reason, shear moduli of anisotropic rock should be measured
rather than estimated, as is too often the case.

B.2 Strength of intact rock

Strength properties are constants that appear in failure criteria. Isotropic media require only
two independent strength constants such as tensile strength (7;,) and unconfined or uniaxial
compressive strength (C,). Tensile strength is usually assumed to be independent of confin-
ing pressure, while compressive strength under confining pressure (Cp,) varies but may be
expressed in terms of C, and 7,. Alternatively, cohesion ¢ and angle of internal friction ¢
may be used. Any one strength constant can be expressed in terms of two others. If test data
indicate nonlinearity of a failure criterion, then the degree of nonlinearity must also be speci-
fied. For example, if the failure envelope t = f'(0) has the form t” = o tan(¢) + ¢, then the
value of the exponent » must be specified even though the material is isotropic. Strength tests
according to standards, are carried out in a few minutes at loading rates of 10 to 1,000 or so
psi/s (0.07 MPa/s to 7.0 MPa/s); results are considered to be independent of time or loading
rate. Dynamic or impact loading giving rise to wave propagation and inertia effects, say, of
the order of 10,000 psi/s (70 MPa/s), is impossible with conventional testing machines.

Tensile strength

Tensile strength may be determined by direct pull testing, bending, and indirectly by the
popular “Brazil” test, also known as a “splitting” test. Point load tests also indicate tensile
strength. Figure B.10 shows various laboratory testing configurations for tensile strength.
Direct pull testing, while the most natural test configuration, is usually avoided because of
difficulties associated with end attachments, the brittle nature of many rocks in tension and
low tensile strength that makes the overall procedure relatively costly, delicate, and uncertain.
Bending test specimens need to be long relative to thickness and are thus difficult to prepare
and rather costly, especially when samples are taken from densely jointed rock sites. Tensile

@ 1 (b) (©)

1

Figure B.10 Tensile test configurations: (a) direct pull, (b) bending, and (c) indirect.
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strength in bending is also known as the modulus of rupture. Point load testing in various ways
requires knowledge of empirical constants that relate the breaking load to tensile strength.
By far the most common tensile strength test is the Brazil test.

The Brazil test involves compression of an intact rock disk between opposing forces across
a disk diameter. Test specimen preparation is simple and inexpensive. The ends of the disk
do not require a smooth finish, only careful saw cuts from a cylinder, usually a diamond drill
core. Typically, an NX-core (2-1/8 in. diameter, about 50 mm) is sawed into a disk about 3/4
in. (20 mm) thick. Thickness should be large relative to grain size, but certainly no greater
than disk radius, so the disk is “thin”. Rock grain size is of the order of a millimeter in coarse
grained rocks where grains are easily distinguished by the eye. Grain size in many rocks
is much less. Disk thickness of 3/4 in. (2 cm) is usually satisfactory. Interpretation of test
results comes from a detailed analysis of stress in a disk that is assumed to be linearly elastic,
homogeneous, and isotropic. The main result is that an almost uniform horizontal tension is
induced in a disk loaded vertically, although tension at the disk center is slightly elevated. In
the immediate vicinity of the load points, the stress state is highly compressive. Fracture is
expected to propagate from the disk center towards the load points at the disk perimeter. The
test is carried out in a few minutes or less and the results are considered time-independent.

Tensile strength from the Brazil test is given by the formula

2K
" 7Dh

(B.1)

o

where F¢, D, and h are load at fracture, diameter, and thickness, respectively. Table B.5
shows a sampling of tensile strength from Brazil test results. The values in psi are rounded
off to the nearest 10 psi; the derived statistics are based on MPa values. Table B.5 suggests
that tensile strength of rock is no more than a few thousand psi or tens of MPa and often less.
Of interest is the large variation in results that is characterized by the coefficient of variation
(standard deviation as a percentage of the mean). A coefficient of variation of 40% is not
unusual and seems to be an intrinsic characteristic of rock. The standard deviation of the
mean is obtained by division of the data standard deviation by the square root of the number
of tests. To reduce the standard deviation associated with tensile strength, say, by 50%, a
quadrupling of test numbers would be required, other factors remaining the same. Because of

Table B.5 Brazil test tensile strengths (after Singh, 1989)

Rock type Mean tensile  Standard deviation Number of  Std. dev. Coeff. of
strength T, psi (MPa) tests (n) of the mean  variation (%)
psi (MPa) psi (MPa)

Dolomite 1,260 (8.7) 480 (3.3) 13 130 (0.92) 37.9

Granite (Barre) 2,000 (13.8) 300 (2.1) 150 25 (0.17) 133

Limestone (Bedford) 1,080 (7.5) 520 (3.6) 34 90 (0.62) 48.0

Limestone (Indiana) 1,320 (9.1) 550 (3.8) 17 130 (0.92) 41.8

Magnetite silica 1,810 (12.5) 250 (1.7) 12 70 (049) 136

Rhyolite porphyry 2,090 (144) 260 (1.8) 9 90 (0.60) 12.5

Sandstone 1,120 (7.7) 260 (1.8) 21 60 (0.39) 234

Sandstone (Berea) 1,030 (7.1) 750 (5.2) 33 130 (0.91) 675

Sandstone (Berea) 1,480 (10.2) 830 (5.7) 17 200 (1.38) 55.9

Shale 1,460 (10.1) 280 (1.9) 24 60 (039) 188
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Table B.6 Anisotropic tensile strength data (after Chenevert and Gatlin, 1965)

Strength (psi) Rock type

Arkansas sandstone Green River shale Permian shale

Mean Std. dev. No. Mean Std. dev. No. Mean Std. dev. No.

Parallel to bedding 1,390 180 4 1970 450 6 1,660 380 3
Perpendicular to bedding 1,700 250 10 3,140 400 10 2,500 35 3
Note

Mean = average, Std. dev. = standard deviation, No. = number tested. Rounded to 10 psi.

the relatively large increase in sample tests and costs and in view of the intrinsic variability
of test results, some caution should be exercised before recommending additional testing for
the purpose of increasing confidence in test results (by reducing the standard deviation of
the mean).

Rocks with pronounced directional features such as lamination, foliation, schistosity, and
flow structure have anisotropic strength characteristics. Usually tensile strength perpendicular
to bedding is less than tensile strength parallel to the bedding. When the bedding is inclined to
the load axis (and the disk axis is a principal material direction), fracture between load points
is uncertain. However, when fracture occurs between load points in the usual manner, then a
measure of tensile strength at an angle to the bedding is obtained. There is no guarantee that
tensile strength at an angle to the bedding falls between strengths parallel and perpendicular
to the bedding, as in the case of Young’s modulus of anisotropic rock. Table B.6 presents
anisotropic strength data for three rock types. These are Brazil test data and show tensile
strength ratios parallel and perpendicular to bedding of less than two and coefficients of
variation less than 24%.

Figure B.11 shows a hypothetical variation of tensile strength with bedding plane angle
in anisotropic rock. The angle is from the bedding (parallel to the bedding) to the load axis
which would be parallel to a drill core tested in direct pull. With the 1-direction parallel to
the bedding and the 2-direction perpendicular to the bedding, the strength parameters are
T = 1/9C = 1,1, = (1/19)Cy, T3 = (1/9)C3,C, = 2C1,C3 = Cy. Thus, T is the
arbitrary unit of the plot. Strength in pure shear about the 3-axis, R}, is a parameter (R) in
the plot. Because 7> = (2/19)Cy = (18/19)T = 0.95T1, relative minima and maxima tend
to be near 45°, although the critical point tends to migrate from slightly greater than 45° to
slightly less than 45° as the shear strength is increased. If the material were isotropic, the
shear strength would correspond to R = 0.115, and the plot would simply be a horizontal
line at one.

Figure B.11 reveals the importance of shear strength along the bedding in anisotropic rock
and shows why simply averaging strengths parallel and perpendicular to the bedding may be
a serious mistake. In this example, at low shear strength relative to an isotropic value, tensile
strength at even a small angle to the bedding is only about 20% of tensile strength parallel
to the bedding. At a modestly elevated bedding plane shear strength, there is little difference
in tensile strength regardless of bedding plane angle. Although not shown in the plot, at
relatively high bedding plane shear strengths, tensile strength at a bedding plane angle near
45° increases greatly. These data were constructed according to theory (Pariseau, 1972).
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Figure B.I | Tensile strength as a function of bedding plane angle in anisotropic rock.
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Figure B.12 Several modes of compressive test failure. (a) Axial splitting, (b) spalling, (c) multiple
fractures, and (d) single shear fracture.

Unconfined compressive strength

Unconfined compressive strength (C, or UCS) is perhaps the most widely used rock property
for design. The reason is that compressive stresses are the rule. An important exception is
beam action of roof rock in stratified ground. Naturally supported excavation surfaces are
free of normal and shear forces. Consequently, one of the principal stresses at a point on
such a surface is zero. The state of stress at the considered point is therefore characterized
by a lack of confining pressure; the corresponding Mohr’s circle passes through the origin in
a normal stress—shear stress plot. Thus, regardless of depth of excavation, minimum stress
at a naturally supported excavation wall is often zero, while the maximum compression is
limited by the unconfined compressive strength.

Unconfined compression test cylinders usually fail by fracture in the form of: (1) axial
splitting, (2) spalling or hour-glassing, (3) single shear fracturing, and (4) multiple fractures
that defy easy description. Figure B.12 illustrates these modes. Smooth, well-lubricated test
cylinder ends favor axial splitting because of the elimination of lateral restraint. High end
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Figure B.13 Unconfined compressive strength of a variety of rock types (after Windes and Blair).

friction favors spalling and the formation of an hourglass shape. Single shear fracturing is
unusual in unconfined test cylinders; multiple fractures are more likely in routine unconfined
compressive strength tests.

Figure B.13 lists arange of unconfined compressive strength test results for a variety of rock
types. Again, there is little association between strength and rock type. Additional statistical
data for unconfined compressive strength are presented in Table B.7. There is considerable
scatter measured by the coefficient of variation, even when relatively large numbers are tested.
The reason is the intrinsic microstructural variability of test specimens. Testing ever greater
numbers does reduce the standard deviation of the mean value distribution and thus may
improve confidence in using mean values for design. The intrinsic variability of even intact
rock indicates a need for safety factors higher than those used in the design of conventional
structures.

Coal strength varies considerably with coal rank just as the elastic moduli do. Vutukuri
and Lama (Vol. II, 1978a) report a wide range of unconfined compressive strength. A range
from 200 to 20,000 psi (1.4 to 140 MPa) is possible; however, a practical range excluding
extremes would be 2,000 to 6,000 psi (14 to 41 MPa). Strengths parallel and perpendicular
to bedding may differ by a factor of two. Tensile strengths may be one-tenth to one-twentieth
of unconfined compressive strength as is often the case for other rock types. Test on very
large samples of coal in-seam, some up to nine feet in height, show considerably lower
strengths than conventional, laboratory size test cylinders that lack defects in the field-scale
test volumes.
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Table B.7 Unconfined compressive strength statistics (after Singh, 1989)

Rock type Unconfined Number  Standard Coeff. of Standard
compressive strength tested (n) deviation (MPa) variation (%) deviation of the
Co (MPa) mean (MPa)
Limestone 753 17 36.0 48 8.7
Limestone 377 Il 8.7 23 2.6
Limestone 103.8 15 26.2 25 6.8
Magnetite 136.6 15 237 18 6.1
Marble 98.6 14 22,6 23 6.0
Marble 136.8 20 75.6 55 6.9
Marble 123.3 35 58.1 47 9.8
Qtz. monzonite 177.1 29 41.0 23 7.6
Dacite porphyry  101.4 55 31.8 31 4.3
Rhyolite porphyry 226.0 14 62.3 28 4.5
Potash 328 56 12.9 39 1.7
Quartzite 143.7 20 50.4 35 4.4
Quartzite 1124 55 373 33 5.0
Rhyodacite 200.5 14 45.4 32 12.1
Rock Salt 23.7 36 28 12 0.5
Sandstone 242 104 11.0 45 I.1
Sandstone 59.8 69 320 54 39
Shale 228 14 15.5 68 4.1
Shale 116.4 59 29.8 25 39
Tonalite 85.1 33 36.7 43 6.4
Tuff 16.6 24 6.9 42 1.4
Tuff 65.3 19 50.1 77 1.5
Tuff 52.4 44 19.8 38 3.0

A “size” effect is often associated with compressive strength. This effect is discerned from
laboratory test data where cylinders of varying L/D ratio are tested for compressive strength.
The results generally show a trend of decreasing strength with increasing L/D ratio. The
label “size” effects is thus a misnomer because of the changing shape. At a constant L/D
ratio, a true size effects might be observed, or when testing cubes. When the L/D ratio of a
cylinder is varied, the decrease of strength is more aptly called a “shape” effect. There are
two difficulties with this label: (1) the data are sparse and are mostly in the range of 0.5 to
2.0, so the specimens tend to become stubby and (2) the effect of end friction becomes more
important for stubby specimens. The best description of the apparent decrease of strength with
increasing L/D ratio in uniaxial compression testing is therefore “end” effects. A formula of
longstanding that describes “size,” “shape,” or “end” effects is

1
C=(C|078+4+022—— B.2
1 [ +0.227 ; D] (B.2)
where Cj is the unconfined compressive strength of a cylinder with an L/D = 1 and

C is unconfined compressive strength at some other ratio. A plot of this hyperbolic equation
is shown in Figure B.14. A minimum strength occurs with the horizontal asymptote or of
0.78C1. Strength increases indefinitely as L/D as the test specimen becomes very stubby.
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Figure B.14 Size, shape, or end effect on uniaxial compressive strength of rock cylinders.

Alternatively, the classic size effects formula may be written in straight-line form:

D
C=C [0.78 +022 (Z)] (B.3)

which has strength axis intercept 0.78 C7 where the ratio D/L tends to zero. More generally,
one may simply suppose that

C—BAD B.4
_+(Z) (B4

where 4 and B are slope and intercept, respectively. Figure B.15 from a report by Pariseau and
others (1977) shows the ultimate, unconfined compressive strength of a Utah coal (Beehive
Mine) as a function of D/L for tests of cylinders having diameters of 1, 2, 4, 6, 8, and
12 inches and length to diameter ratios of 1/2,1,3/2, and 2. The range of strength at each
L/D ratio is considerable and is associated with test cylinder diameter; the larger diameter
cylinders tend to be weaker. Also shown in Figure B.15 is a linear regression line of C on
D/L for all 371 tests that shows the mean strength steadily increases with increasing D/L
ratio, as expected. A much closer fit may be obtained by using averages for each D/L ratio,
of course. This procedure masks the scatter, however.

Table B.8 shows linear regression statistics for each diameter tested and for the total data
set. The last column in Table B.8 shows that the correlation coefficient is relatively high
for each diameter, but drops noticeably when the data are pooled. Mean strength increases
with increasing D/L ratio at all diameters. The coefficient of variation (standard deviation
as a percentage of the mean strength) is roughly 33% for diameters up to eight inches, but
drops in the case of the 12 inch diameter cylinders, although at 25%, is high by standards
for manufactured materials. These values are within the range of coefficients of variation
associated with other rock types such as those given in Table B.7.

A natural expectation for a given suite of rock test specimens is that higher Young’s
modulus is associated with higher strength. Thus, measurements on the same test cylinder
are expected to be correlated. Figure B.16 shows a plot of Young’s modulus as a function
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Table B.8 Linear regression statistics for unconfined compressive strength as a
function diameter to length ratio D/L (after Pariseau and others, 1977)

D Ave D/L SD(D/L) Ave C SD(C) CV% n A B r
1.00 0.933 0.599 5625 1793 35.1 91 1,965 3,792 0.6l
2.125 1.180 0.609 5,623 1871 333 112 2335 2,867 076
4.00 1.051 0.540 4,122 1427 346 45 1,903 2,121 0.72
5.75 1.068 0.579 2,413 780 323 59 1,163 1,171 0.86
8.00 1.022 0.577 2,252 752 334 39 1,071 1,158 0.82
12.00 1.062 0.500 1,959 425 217 25 589 1,327 0.69
All 1.062 0.577 4,330 2141 494 371 1,780 2,439 0.48
Notes

D =test cylinder (inches), Ave D/L=average ratio, SD(D/L) =standard deviation of D/L,
Ave C=average unconfined compressive strength (psi), SD(C) =standard deviation of C,
CV% = coefficient of variation as a percentage, n = number tested, A = regression line slope,
B = regression line intercept, r = correlation coefficient.
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Figure B.16 Linear regression and 95% confidence limits of Young’s modulus on strength for all
diameters.

of unconfined compressive strength for the same Utah coal data presented in Figure B.15
and Table B.8. The expectation of higher Young’s modulus with higher strength is realized
in Figure B.16. Test statistics are presented in Table B.9. These data show that scatter in
Young’s modulus tends to be much less than scatter in strength. This phenomenon is often
observed in other rock types and testing programs.

The scatter in modulus and strength test data poses important design questions. One ques-
tion is whether to adopt a probabilistic design approach or to use a more conventional safety
factor criterion for design. The first creates considerable mathematical complexities while the
latter calls for specification of appropriate safety factors that lead to safe, stable excavations.
There is no consensus about safety factors, although Obert and Duvall (1967) suggest the
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Table B.9 Linear regression statistics for Young’s modulus on unconfined
compressive strength (after Pariseau and others, 1977)

D Ave E SD(E) CV(E)% AveC n A B r
1.00 0.5249 0.0663 126 5.625 91 0.0262 0.3776 0.71
2.125 0.5698 0.0814 143 5623 112 0.0312 0.3946 0.72
4.00 0.5493 0.0982 179 4.122 45 0.0489 0.3479 0.71
5.75 0.3824 0.0491 128 2413 59 0.0501 0.2615 0.80
8.00 0.3723 0.0438 11.8 2.252 39 0.0493 0.2612 0.85
12.00 0.4080 0.0566 13.9 1.959 25 0.0803 0.2508 0.60
All 0.4984 0.1067 21.6 4330 371 0.0463 03189 0.82
Notes

D=test cylinder (inches), Ave E=average Young’s modulus in millions of psi
SD(E) = standard deviation of E in millions of psi, CV(E)% = coefficient of variation
%, Ave C =average unconfined compressive strength in thousands of psi, n=number
tested, A =regression line slope, B =regression line intercept, r = correlation coeffi-

cient.
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Figure B.17 Complete stress—strain curves for tuff at various strain rates (after Peng and Podnieks,

1973).

use of safety factors of two to four in compression and four to eight in tension. Lower safety
factors may be acceptable when the design life is short.

The effect of strain rate in the quasi-static range, say, from, 10~7 to 10%/s is to raise
the elastic limit, that is, to increase the unconfined compressive strength. At these rates,
10° s (28 h) to 1 s are required to reach a strain of 1% which is a rough strain to failure
in uniaxial compression. The increase depends on the rock and other variables such as
temperature. For example, a test of a tuff (Peng and Podnieks, 1972) showed an increase over
50% in compressive strength as the strain rate increased from 107 to 10~2/s, as shown in
Figure B.17. Peng (1973) further found that the unconfined compressive strength of Charcoal
granite, Tennessee marble, and Berea sandstone increased about 25%, 21%, and 33% with
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an increase in the strain rate from 10~8 to 10~%/s. Greater increases would be expected at
greater strain rates. However, decreasing strain rates would not seem to decrease strength
indefinitely to a limit such that at zero strain rate strength is zero. Thus, if strength were a
linear function of strain rate, then

Co(d) =aé +b (B.5)

where a is a constant and b is a lower limit or long-term strength C,, in case of vanishing strain
rate. Different functions could be fitted to data with greater accuracy, of course. This form
simply indicates an observed trend of increasing strength with strain rate. Routine tests for
C, are conducted at a strain rate of about 10~5/s and require just a few minutes to complete.
Whether the effect of strain rate on strength is important may be measured against the usual
scatter in test data where the standard deviation may be more than 35% of the mean. The
effect of strain rate on strength over several orders of magnitude may thus be masked in
ordinary test data variability.

The usual range of temperature in engineering design is unlikely to have a noticeable
effect on strength. Generally, temperature rises less than about one-third the melting point
are not important; higher temperatures will decrease strength, while very low temperatures
may increase strength. However, the presence of water at below freezing temperatures may
decrease strength. Figure B.18 shows a stress—strain curve and strength change over a large
range of elevated temperatures. Although the effect of temperature on the initial yield point
or unconfined compressive strength is small in Figure B.18, the effect on ductility, indicated
by strain after reaching the elastic limit, is substantial. Figure B.19 shows a slowly increas-
ing strength with temperature decrease below room temperature. For this particular test on
sandstone, the change in strength from 40 to —80°C even in the water saturated case is less
than 10%. Also shown in Figure B.19 is the effect of cold temperatures on Young’s modulus

509—480% 4o
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;E enoteq fracture
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Figure B.18 Stress—strain for Solenhofen limestone. Temperature in °C (after Heard, 1960).
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Figure B.19 Effect of temperature on strength and Young’s modulus of a sandstone (after Brighenti,
1970).

which also increases somewhat with decreasing temperature. These data suggest a simple
strength formula for temperature effect:

Co(T) =a— bT (B.6)

where a is room temperature C,, b is a small empirical constant, and 7 is temperature. More
complicated formulas could be postulated, of course.

Directional dependency of unconfined compressive strength is expected for laminated
and foliated rocks in much the same manner as anisotropic elastic moduli and rock that
has directional dependent tensile strength. Again, there is no guarantee that compressive
strength at an angle to the bedding falls between values measured parallel and perpendicular
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Figure B.2] Hypothetical unconfined compressive strength as a function of bedding plane angle in
anisotropic rock.

to the bedding. Indeed, much data suggest that a minimum strength is often observed when
the bedding forms a small angle with the applied load. A bedding plane angle is shown in
Figure B.20.

Figure B.21 shows a hypothetical variation of unconfined compressive strength with bed-
ding plane angle (Pariseau, 1972). Strength parameters of this plot are the same as those
used to demonstrate effect of anisotropy on tensile strength (C; = 2Cy, C3 = Cy, etc.). This
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plot is in units of C; (unconfined compressive strength parallel to bedding). Unconfined
compressive strength perpendicular to bedding is C. The importance of bedding plane shear
strength (R) in this example is even greater than for tensile strength. At bedding plane angles
from 5° to 95°, compressive strength is only a small fraction of strengths parallel or perpen-
dicular to bedding and suggests that failure would be characterized by shear along bedding
planes, when shear strength is low relative to an isotropic value of R = 0.115. This phe-
nomenon reveals the danger in assuming that the unconfined compressive strength at an
angle to the bedding lies between strengths measured parallel and perpendicular to bedding.
At 0° or 90°, compressive strength failure is associated with formation of fault planes that
necessarily results in shear across bedding. As shear strength increases, the lowest strength
minimum, initially at an angle less than 45°, diminishes and eventually vanishes. Relative
maxima form at relatively higher shear strengths at angles greater than 45°.

Compressive strength under confining pressure

Excavation support and reinforcement provides confinement to excavation walls, so stress at
supported or reinforced walls is limited by compressive strength under confining pressure.
Confining pressure is also provided for rock away from excavation walls by adjacent rock.
There are exceptions, for example, walls of water tunnels that are under fluid pressure which
may induce tensile stress. The deepest of excavations are about 10,000 ft or 3,300 m below
ground surface. At approximately 1.1 psi per foot of depth (2.3 kPa/m), the vertical stress is
about 11,000 psi (75.9 MPa). Horizontal stresses may be more or less. Thus, a practical engi-
neering limit to consideration of confining pressure effect on strength is roughly 11,000 psi
(75.9 MPa), less than a kilobar. Some laboratory investigations have examined confining
pressure effects on strength into the kilobar range and temperature effects to hundreds of
degrees Celsius because of interest in the behavior of deeply buried crustal rock. However,
such extremes would be exceptional in engineering design. Unconfined compressive strength
may be more or less than 11,000 psi (75.9 MPa); a practical range of confining pressure would
then be no more than C,.

Strength determined by uniaxial tension, compression, or possibly torsion is simply a
number, Ty, C,, Or R,, as the case may be. These numbers mark the limit to a purely elastic
response to load. Strength under biaxial and triaxial stress states may also be defined as the
limit to a purely elastic response. However, a single number is then no longer adequate to
describe strength. In three dimensions, strength is a function, not a single number. Instead of
0—Ty,=0,0 —C,=0,0rt — R, =0, one has F (o) = 0 where ¢ stands for components
of stress at the elastic limit.

Brittle materials, by definition, fail by fracture at the elastic limit with negligible inelastic
deformation. Generally, tensile fracture, fracture under compressional load, that is, shear
fracture and fracture under torsional stress (sometimes referred to as diagonal tension) lead
to different strengths. Thus, even under uniaxial stress, brittle materials require a functional
description. Ductile materials fail by yielding and experience plastic deformation as loading
is continued beyond the elastic limit. This deformation is seen as a permanent “set” upon
release of load.

Ductile materials generally have equal tensile and compressive strengths, so strength in
pure shear is just one half strength under normal stress failure. In three dimensions, the mode
of failure may change. Materials that are brittle under uniaxial load may become ductile under
triaxial loading and thus experience a brittle—ductile transition. Materials that are ductile at
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room temperature may become brittle under extreme cold. One concludes that a functional
description of strength is needed in any case.

General three-dimensional stress states may be visualized in terms of the principal stresses
acting (o1, 02, 03) on the faces of a small cube (principal planes). The principal directions
define a mutually orthogonal triple of axes along which the principal stresses may be plotted.
Insuch aplot, o) (principal stress acting parallel to the 1-direction) is measured in the positive
or negative 1-direction depending on algebraic sign. The same is true of o and 3. As the
stresses are varied, a set of points that define the limit to elasticity is generated. These points
define a surface F'(o1,02,03) = 0 that represents a relationship amongst the stresses at
failure. The function F is thus a failure criterion.

In consideration of Hooke’s law and linearly elastic behavior, the uniaxial stress failure
criteria,c — T, = 0,0 — Cy = 0, or T — R, = 0, are also uniaxial strain failure criteria. More
generally, any state of stress at the limit to elasticity is associated with a companion state of
strain through Hooke’s law. For this reason, there is no substantial difference between stress
and strain failure criterion. One implies the other when strength is defined as stress at the
elastic limit.

Energy may also be considered as a criterion for failure. For example, strain energy density
U at the elastic limit may be postulated as a failure criterion. Under uniaxial stress, strain
energy per unit volume of material U = o¢/2 in case of normal stress; U = ty /2 in case of
shear stress. Alternatively, U = 02/2E = E&?/2 where E is Young’s modulus and o is T,
or Cy (g is To/E or Cy/E), or U = t2/2G = U = Gy?/2 where G is a shear modulus and
T = R, (y is 7/G). Because strains and strain energies can be calculated from the stresses at
failure through Hooke’s law, no significant differences exist between stress, strain, or strain
energy criteria for failure when strength is defined as stress at the elastic limit. The same is
true in three dimensions.

The most popular functions that describe strength in rock mechanics have names:

1 Mohr—Coulomb (MC)
2 Hoek-Brown (HB)
3 Drucker—Prager (DP).

The functions these names imply are failure criteria, also referred to as yield functions.
They apply to isotropic materials that lack directional features. Materials such as laminated
sandstones that have different strengths parallel and perpendicular to the laminations are
anisotropic and require more complex failure criteria than MC, HB, or DP. Because strength
of isotropic materials is independent of direction, the orientation of the principal stresses is
not important. Hence, instead of (oxx, 0yy, 02z, Tay, Tyz, Tzx) in F or (01, 02, 03, 6y, 6), 6;)
where o1, 02, 03 are now the major, intermediate, and minor principal stresses and the angles
specify the direction of the 1-axis relative to xyz, one only needs o1, 03, 03 to describe the
strength of isotropic materials. Figure B.22 shows MC and DP in principal stress space.

Most strength functions are simple polynomials in stress, even in case of anisotropy.
However, not all functions are candidates for the description of material strength; there
are restrictions. One obvious restriction is that any such function gives the appropriate
strength under uniaxial tensile, compressive, or shear loading. Another requirement is sym-
metry with respect to the normal stress axis when plotted in a normal stress, shear stress
plane.
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Figure B.22 (a) Drucker—Prager and Von Mises failure criteria in principal stress space. (b) Mohr—
Coulomb and Tresca failure criteria in principal stress space. Compression is positive in
both (a) and (b) (after Zienkiewicz, 1977).

Mohr-Coulomb strength

The Mohr—Coulomb failure criterion is

|7] = o tan(¢p) + ¢ (B.7)

where 7 and o are shear and normal stresses at a point on a potential failure surface and
compression is positive. The angle ¢ is the angle of internal friction; c is the cohesion. These
properties characterize the strength of the material. In this regard, the algebraic sign of the
shear stress is not physically significant, so the absolute value sign is used in (B.7). Mohr
strength theory postulates a functional relationship between 7 and o, that is, t = f (o).
The linear form (B.7) is associated with Coulomb. This criterion forms a pair of straight
lines when plotted in a normal stress (x-axis)—shear stress (y-axis) plane. The slopes of these
lines are +tan(¢); they have t-axis intercepts +c. The function (B.7) is thus symmetric
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with respect to the o-axis and is tangent to Mohr circles representing stress states at failure.
Function (B.7) is sometimes referred to as the Mohr envelope.

The MC criterion may also be expressed in terms of the major and minor principal stresses.
Thus,

‘(m563)‘:(m;m)sin@))—i-(c)cos(zj)) B8
Alternatively,
|Tm| = om sin(¢) + (c) cos(¢) (B.9)

where 7y, is the maximum shear stress (also the numerical value of the minimum shear stress),
and oy, is the mean normal stress in the plane of o1 — 03. The function (B.38) is also a pair
of straight lines in the normal stress—shear stress plane. These lines pass through the tops
and bottoms of the Mohr circles representing stress states at failure. Function (B.9) may be
unlinked from the failure envelope (B.7) by the simple generalization

|Tm| = om tan(y) + k (B.10)

where the slope tan(/) may now exceed the limits of &1 set by sin(¢) in (B.9). Thus, in the
unusual case that a failure envelope does not exist, (B.10) may be used. An envelope exists
whenever  is less than /2.

When the angle of internal friction is zero, MC reduces to a criterion associated with the
name Tresca. The Tresca or maximum shear stress criterion is often used for ductile metals.
This criterion may also be considered a maximum shear strain criterion in consideration of
Hooke’s law and linearly elastic behavior up to the elastic limit.

Rearrangement of MC shows that

1 i 2
01 =03 ks s%n(qb) < CO.S((Z)) (B.11)
1 — sin(¢) 1 — sin(¢)
Alternatively,
C
o1=Co+ —03 (B.12)
T,
Hence, compressive strength Cp, under confining pressure p according to MC is
C
Cp=Co+ —p (B.13)
T,
with rate of increase of strength given by
d¢ C
P _= (B.14)

dp ~ T,
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Hoek-Brown strength

The HB failure criterion in original form may be stated as

01 = 03 + Vao3 + b? (B.15)

where a and b are strength properties of the material. This criterion is obviously nonlinear.
In terms of 7y, and o, (B.15) is

1
Tm = <5> [a(om — Tm) + 571172 (B.16)
or
2 _ 2
T2 = a(om — ) + b (B.17)

that after solving for 7, gives

1
rm=—gi§ @ + 4(aom + %) (B.18)

which is strange because two substantially different values of strength in pure shear are
implied, that is,

T = —g + (%) Va2 + 162 (B.19)

Neither (B.16), (B.17) nor (B.18) is symmetric about the normal stress axis in the normal
stress—shear stress plane and thus violate this symmetry requirement.
Compressive strength under confining according to HB is

2 T2

C
Co=p+ (%)p + C2 (B.20)
(s}

with rate of increase approximately

4G 1& (B21)

which is less than the rate associated with Mohr—Coulomb strength, a consequence of the
nonlinearity of HB.

Drucker—Prager strength

The DP criterion expressed in terms of the principal stresses is

2 o 5 \? 0 a3\? o o1\? a2
1—02 2 —03 3 — 01
z = =4 B
( 3>|:< 2 ) +( 3 ) +< > >i| (o1 +02+01)+

(B.22)
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where 4 and B are strength properties of the material. The term on the left of (B.22) is +/2
times the root-mean-square value of the principal shears because the terms under the square
root sign are the squares of the principal shear stresses (relative maxima and minima). The
first term in parentheses on the right is just three times the three-dimensional mean normal
stress. This criterion is often written in abbreviated form:

/> =46 +B (B.23)

where J; is the second principal invariant of deviatoric stress and /; is the first principal
invariant of total stress. The DP criterion is a cone centered on the space diagonal when
plotted with the principal stresses (o1, 02, 03) as coordinates. When the strength parameter
A = 0, DP reduces to a criterion associated with Von Mises that is widely used for ductile
metals. This criterion is also closely associated with an “octahedral” shear stress criterion
(Toct) because /75 is a constant times the octahedral shear stress (Toet = +/2/3J2). The Von
Mises criterion, /., = B, is a cylinder centered on the space diagonal in principal stress
space; the octahedral plane is normal to the space diagonal.

The DP strength criterion differs from MC and HB by inclusion of the intermediate
principal stress, although it is linear in stress. The MC and HB criteria imply that the inter-
mediate principal stress has only a negligible influence on strength. The MC criterion forms
a pyramidal surface in principal stress space with flat sides.

Compressive strength under confining pressure according to DP is

3¢, 1
o= Co+ (,70 _ ,)p (B.24)

with rate of increase

a6 _ 36 1 (B.25)
dp ~ 27T, 2 ’

The ratio of unconfined compressive to tensile strength for rock is typically in the range of 10
to 20. In this range, HB shows an increase of compressive strength with confining pressure
about 50% less than MC, while DP shows an increase of about 50% more. These forecasts
seem to have never been tested experimentally.

All of the strength parameters introduced with MC, HB, and DP can be expressed in terms
of the unconfined or uniaxial tensile and compressive strengths, 7, and C,, respectively.
Because the considered materials are isotropic, shear strength R, may also be expressed in
terms of 7, and C,. Thus,

sin(¢) :go —To C, = 2c CQS(¢)
o+ To 1 — sin(¢)
—JCTod T, = 2D (B.26)
€ =y *ata ° = T+ sin@) :
2
LG o,

1
b=C, To = ,g + 3V +ap?
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1 (CO—T0> c V3B
VB \G+ T, ° T 1-34
2 < CoT,s > I V3B
TV3\G+ T, T 14+434

Nonlinear n-type strength
Nonlinear forms of MC, HB, and DP are possible. Thus,

" = o tan(¢) + ¢

T =omtan(y) +k (B.27a—d)

o' =03 +Vaoz + b?

/) =4l + B
where 7 is some positive number, not necessarily an integer. Equations (B.27a,b) are nonlinear
forms that reduce to MC and extended MC, respectively; (B.27c) reduces to HB, while the
last reduces to DP when the exponent » = 1. In principle, all the constants in (B.27) can also

be expressed in terms of 7, and C,. Figure B.23 shows fits to sandstone test data including
three values of # in (B.27b); n = 1.34 provides the best fit of all (B.27).

Compressive strength test data

Compressive strength under confining pressure is determined in the laboratory by enclos-
ing the test cylinder in an impermeable jacket that allows transmission of an external fluid

Normalized strength of a sandstone (Laboratory test data)

T/ Co

02 0 02 04 06 08 | 12 14 16 18 2
$./C,

Figure B.23 Normalized sandstone compressive strength data and various fits of n-type criteria. Four
tests were done at each confining pressure (ALL). Averaged data= (AVE).
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Figure B.24 Compressive strength versus confining pressure (after Hoek and Brown, 1980).

pressure p to the lateral surface of the test cylinder. When compression is positive, the axial
load is associated with the major principal stress; the minor principal stress is provided by
confining pressure in the radial direction. With the assumption of Hooke’s law, the circum-
ferential stress is equal to the radial stress. An impermeable membrane prevents confining
pressure from forcing fluid into a test cylinder. Testing of saturated porous, fractured rock
may involve separate control of pore fluid pressure. In this case, effective stress, total stress
minus pore fluid pressure, determines rock strength. Of course, in a dry test, the effective
and total stresses are the same.

Figure B.24 shows a plot of compressive strength as a function of confining pressure for a
variety of rock types. The data plotted in Figure B.24 were generated from average m values
reported by Hoek and Brown (1980) who did an extensive literature survey and fitted the
data to the HB criterion in dimensionless form:

Cp p P
Py P B.28
Gyt (B.28)

where Cp, C,, and p are compressive strength under confining pressure, unconfined com-
pressive strength, and confining pressure, respectively. Because the data are normalized by
C,, all plots necessarily pass through the point (0,1). The range of confining pressure is the
maximum C, of the data, about 50,000 psi (345 MPa).

Inspection of the plot shows a rapid increase in compressive strength with confining pres-
sure for all rock types, more than threefold at confining pressures less than the unconfined
compressive strength. The rate of increase is approximately equal to m/2 near the zero of
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Figure B.25 Shear strength as a function of mean normal stress in units of unconfined compressive
strength for a variety of rock types (data from Hoek and Brown, 1980).

confining pressure and gradually lessens with increasing confining pressure. The constant m
is given by

C T G
m=————~ —

-1, C T,

where the approximation holds for many suites of intact rock tests because the ratio C,, /T, is
often greater than 10 and sometimes greater than 20; the slope near the strength axis intercept
thus ranges from 5 to 10 or so. The HB criterion is actually a parabola that is symmetric with
respect to a 45° line, so a restriction is necessary — normalized confining pressure must be
no less than —1/m. Negative confining pressure allows for tensile stresses.

One may also consider the effect of confining pressure on compressive strength as the
effect of the mean normal stress on shear strength. Figure B.25 shows data plotted in terms
of of maximum shear stress, TM =1y, = (01 — 03)/2, and mean normal stress, SM =0y, =
(o1 + 03)/2, after a change of variables in the HB criterion. Because the plots are in units
of unconfined compressive strength, all plots pass through the point (0.5, 0.5). A complete
plot of HB after transformation to normal stress—shear stress variables would be a parabola
described by

(b 2 = () em (2 + (3)

where the stress variables are normalized by division by C, as before. This transformed HB
parabola is offset to the negative side of the shear stress axis and is therefore not symmetrical



504 Intact rock and joints properties

with respect to the normal stress axis. Thus, the full transformed HB parabola is physically
unacceptable. However, by rewriting this parabola in the form

5 1/2
ol = (22) 4+ |2 4 (L +(%)a (B.29)
" 8 8 4 47" '
and then applying the restriction: o, > —1/m symmetry is obtained. The graphical result is
that the plot in Figure B.24 is reflected across the normal stress axis. The nose of the plot is

not rounded, but then neither is the nose of a Mohr—Coulomb plot.
If one starts with a parabola in normal stress shear stress variables such that

'Eél =aom + b,
where a and b are strength constants that can be determined in terms of tensile and unconfined
compressive strength, and transforms the criterion to a plot of major principal stress versus
minor principal stress, the result is unexpected. Thus,
01 —a =03 [4aos + (1 — a)’]'/?

which is a parabola that is offset from both axes and symmetric with respect to the line
o1 = 03 + a. Again some restriction is necessary for physical meaning: 03 > —b/a, which
is also necessary for oy, in the original parabola in normal stress—shear stress form.

A parabola may show that the decreasing rate of strength increase with normal stress is
too rapid, so some adjustment is needed. This adjustment is to simply replace the exponent
with a more suitable number. Thus,

10 = aom +b

where a and b are strength constants and » is some number that results in an improved fit
to the data, for example, »=1.8. This form is a category of n-type criteria (Pariseau, 1967,
1972). A similar approach may be used in plots of o1 = f(03), for example,

o] =ao3+b

where a and b are different strength constants. This equation also provides good fits to the
data in Figure B.24 for the same m values.

Data in Figure B.25 are plotted to much higher confining pressures than in Figure B.24 and
show near linearity of strength as a function of confining pressure over a limited range. This
observation suggests a Mohr—Coulomb (MC) criterion would fit the data well at relatively
high or low confining pressures, but with different slopes and intercepts. The high confining
pressures in Figure B.24 are beyond the range of engineering interest for the most part. Recall,
slope, tan v, and strength axis intercept, k, are related to cohesion, ¢, and angle of internal
friction, ¢ : k = ¢ cos(¢) and tan yy = sin(¢). Of interest are data near the origin of strength
plots where confining pressure is low and the mean normal stress may even be tensile. In
the tensile region, strength plots steepen rapidly. Consequently, backward extrapolation of
high confining pressure strength test data to the tensile stress region tends to overestimate
tensile strengths, as shown in Figure B.26, which also shows that backward extrapolation
tends to overestimate cohesion. These observations suggest that, when only compressive
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Figure B.26 Mohr circles and linear envelope from uniaxial and confining pressure test data showing
difficulties with extrapolation.

Table B.10 Cohesion and angle of internal friction (after Kulhawy, 1975)

Property Rock type

Igneous Metamorphic Sedimentary

Plutonic  Volcanic  Non-foliated  Foliated  Clastic ~Chemical

Cohesion ¢ (MN/m2) No. 12 17 8 14 35 22
Max. 176.0 774 70.6 70.3 73.1 96.0
Min. 16.5 0.0 0.0 14.8 0.0 0.0
Ave.  56.1 322 229 45.7 31,7 263

Angle ¢ of internal friction No. 12 17 8 14 35 22
Max. 56.0  64.0 60.0 47.6 555 61.0
Min. 238 0.0 253 15.0 7.5 7.0
Ave. 456 247 36.6 27.3 292 359

stress states are anticipated in a design analysis, cohesion ¢, and angle of internal friction ¢
are the most useful strength parameters to account for the effect of confining pressure rather
than 7T, and C,.

Data for the three basic rock types from the survey by Kulhawy (1975) are given in
Table B.10 in the form of cohesion and angle of internal friction in the range of confining
pressures of engineering interest. These show that in some instances, rock is purely cohesive
with zero angle of internal friction, and occasionally, purely frictional with zero cohesion.
Such test results are rare, however.

Anisotropy may be important just as it was in consideration of directional features of
unconfined compressive strength test cylinders. Figure B.27 shows how compressive strength
of a slate is influenced by confining pressure and bedding plane angle. The confining pressure
p is given in ksi (1,000s psi). These data clearly show that compressive strength does not
simply vary monotonically between strength parallel to bedding and perpendicular to bedding.
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Figure B.27 Variation of compressive strength with confining pressure and bedding plane angle for a
slate (after McLamore and Gray, 1967).
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Figure B.28 Variation of compressive strength of Barnsley Hards Coal with confining pressure and
bedding plane angle (after Pomeroy et al., 1971).

They show a minimum strength at an angle to bedding and a migration of the minimum toward
a larger angle with increasing confining pressure, as forecast by theory (Pariseau, 1972).
These results also indicate that for this slate, compressive strength parallel to the bedding
is greater than perpendicular to the bedding regardless of confining pressure. Maximum
compressive strength (parallel to bedding) for this rock is about twice the minimum strength
(at an angle to bedding) at all confining pressures. Similar results were obtained for two types
of an oil shale (Green River Shale).

Coal shows a similar effect of confining pressure on strength and strength variation with
direction. Figure B.28 shows how strength of a bituminous coal (Barnsley Hards) varies with
bedding plane angle and confining pressure. This coal has a main set of cleats and a minor
seat of cleats that are normal to the bedding and to each other, so an orthotropic form of
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anisotropy is expected. The data in Figure B.28 were from tests on specimens in the plane of
the main cleats but at an angle to the bedding.

B.3 Joint stiffness

Joint stiffnesses, k, and ks, relate joint stress to relative displacement between opposing
points on the two surfaces that define a joint. Thus,

o = kyu and T = kyv

where o, 7,u, and v are joint normal stress, joint shear stress, relative displacement across a
joint, and relative displacement along a joint, respectively. The units of these joint stiffnesses
are stress over displacement units, for example, psi/in. or GPa/m. In analogy to Hooke’s
law, one may compute a joint Young’s modulus Ej, and shear modulus Gj as Ej = k,h and
Gj = ksh where h is joint “thickness.” Poisson’s ratio for a joint is then defined by the usual
isotropic relationship v; = (E/2G) — 1, which is dimensionless.

Closure and shear along a joint tend to be highly nonlinear, so any joint stress displacement
relationship should be considered incrementally, that is, in differential form. Thus,

do = k,du, and dt = kgdv

defines joints stiffnesses more realistically as local slopes of stress displacement plots.
If a thickness /4 is assigned to a joint, then one may define joint normal and shear strains as

and y:%

u
&= —
h
Joint thickness may be related to asperity height or a filling thickness, if present. In this way,
joint stress—strain relations become

0 = kupe + knsy
T = kg€ + kysy

where coupling between normal and shear effects is introduced by new, additional joint
stiffnesses and k,; = kg, that is, symmetry is assumed. The units of these joint stiffness
are the units of stress. Again, a differential formulation would be a more physically accurate
description of joint behavior.

One may also consider a joint as a thin layer of material that differs from intact material
away from the joint. Thickness of such a layer may be related to asperity height, joint
roughness, filling thickness, or similar physical feature associated with a joint. Once a joint
or interface between blocks of intact rock is considered to be a thin layer of different material
than the intact rock, the full form of Hooke’s law becomes available for the description of joint
stress—strain relations. In this regard, assignment of a thickness to a joint is problematic, but
can be avoided by direct experimental determination of joint stiffnesses or moduli. Triaxial
tests on cylinders with joints and direct shear tests on joint samples allow for the determination
of joint stiffnesses and strengths.
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Figure B.29 Testing for joint normal stiffness using intact and jointed test pieces.

Normal stiffness

Consider a test cylinder loaded axially in compression that contains a joint perpendicular
to the load axis and the corresponding force displacement curve, as shown in Figure B.29.
Normal stress o acting across the joint is simply axial load F' divided by joint area 4. Relative
displacement between sample ends is a total ; that is the sum of displacement of intact rock
uy and joint closure u. Thus,

+ F F " F
w=uti=—=—+—

' " Ak Ak T Ak

Hence, joint stiffness may be obtained from slopes of force displacement curves of intact
rock only and intact rock with a joint. Thus,

1 1 1

kn kK

Alternatively, a jointed sample normal strain & may be obtained by dividing the relative
displacement between sample ends, AL or u, by original sample length L,. This is a total
strain that includes deformation of the intact rock above and below the joint as well as closure
of the joint. A test of the same sample before introduction of the joint under the same load
allows for estimating strain of intact rock &, in the jointed test cylinder. The joint normal
strain is € = & — & and the joint Young’s modulus is £ = o/e. A joint thickness may
be computed: 2 = k,/E, if desired, although there is no need after having determined £
directly. If the experimental measurements correspond to a particular point on a joint force
displacement curve, then joint normal stiffness and Young’s modulus are tangential values
suitable for use in the differential form of the joint normal stress displacement or stress—strain
relations.

Force displacement plots from joint testing are usually far from linear. A normal force
displacement plot generally shows an increasingly steep slope, but eventually reaches a
constant value that may well reflect the stiffness of intact rock with effectively full closure
of the joint. Such behavior is sometimes referred to as “locking.”
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Figure B.30 Testing for joint shear stiffness using intact and jointed test pieces.

Shear stiffness

Shear stiffness of a joint is obtained much the same way as normal stiffness is determined.
However, testing is often done in direct shear as illustrated in Figure B.30. Again, displace-
ment of the intact rock is determined from a test on a sample without a joint and subtracted
from the total displacement of the joint sample to obtain joint displacement v. Shear force
divided by area is shear stress 7. Joint shear stiffness is then

1 1 1

ke KK
where the primes indicate a shear test.

Alternatively, a total shear strain y; may be computed as a total horizontal displacement,
AL or u, divided by original sample height H, and similarly for an intact sample y;. The
joint strain is then the difference, that is, y = y1 — y;, which is related to joint shear stress
7 by Hooke’s law. Thus, the joint shear modulus is G = 7/y. Again, a thickness may be
computed i = k;/G which may be different than a thickness computed from normal stifftness
and Young’s modulus.

Table B.11 shows a range of single joint stiffness reported in the technical literature from
several sources. In this regard, measurements on test cylinders containing inclined joints
allow for simultaneous determination of normal and shear stiffness, although such tests are
more difficult to do. The results in Table B.11 range over an order of magnitude for individual
rock types and give the impression that normal stiffness is usually, but not always, greater
than shear stiffness. When all rock types are considered, the range in joint stiffnesses is
perhaps four orders of magnitude or more.

B.4 Joint strength

Shear force displacement plots are more likely to steepen and then flatten as slip begins.
Indeed, the slope of a shear force—displacement curve may turn negative after reaching an
initial peak and then flatten. Such behavior is often referred to as a peak residual response
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Table B. | Joint normal and shear stiffness ranges (after Moon, 1987)?

Rock type Normal stiffness ~ Shear stiffness  Source
kn (10° psifin) ks (10% psifin.)

Sandstone 0.58-24.8 0.10-11.7 Brechtel, 1978

Shale 0.31-3.72 0.44-3.50 Rosso, 1976

Basalt 10.7-19.6 8.79-16.2 Hart et al., 1985

Granite, 0.01-2.49 0.0004-1.16 Goodman, 1968; Kulhawy, 1975
limestone

schist, gneiss,
slate, shale, and
sandstone

Note
a | GPa/m = 3,687 psilin.

TA T

<y

Figure B.31 Peak-residual shear stress—displacement behavior.

and is characteristic of rough joints sheared under relatively low normal stress. Smooth joints
usually do not exhibit peak residual behavior. Figure B.31 is an idealized plot of peak residual
behavior of a shear joint that is initially rough. Figure B.32 shows data obtained from some
experimental measurements on smooth, saw cut joints, and rough joints that were grooved.
The rough joints show peak residual behavior while the smooth joints do not; both data sets
depend on the applied normal stress. The peak of a joint shear stress displacement curve at
the end of a nominally elastic response is peak shear strength. Shear stress on the flat portion
of the curve following a peak is residual strength. Peak residual behavior is often observed
when a fresh fracture is sheared for the first time. The stress displacement plot rises linearly
and steeply to a peak when asperities on the joint begin to fail.

A volume expansion or dilatation occurs as the top set of asperities ride up and over the
lower opposing set. Tips of the highest asperities begin to fail. Continued shearing causes
additional asperity failure and decreasing resistance to shear. At the same time, failed material
(gouge) begins to fill valleys between asperities. Eventually, the entire sample shear plane
is smoothed by asperity shear and fill; residual strength is reached. Continued shearing then
proceeds with no additional drop in resistance. An increased normal stress across a joint
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Figure B.32 Shear stress—displacement data for (a) smooth and (b) rough 4-groove surfaces (after
Hassani and Scoble, 1985).

tends to decrease dilatation which may be suppressed entirely and very high normal stresses.
At the same time, shear strength is increased with an increased normal stress.

A natural joint that has a shear history may not exhibit peak residual behavior because of
smoothing action associated with prior shearing. However, joint cementation in time may
erase past effects and thus appear to be fresh and exhibit peak residual behavior when shearing
is reinitiated. A filled joint is also likely to have cohesive strength and present some resistance
to separation as well to shear. This observation suggests that a cohesive frictional description
of joint shear strength may be appropriate. Indeed, the most common model for joint shear
strength is a Coulomb friction with cohesion description:

T = o tan(¢j) + ¢;

where o, 7,¢j, and ¢;j are joint normal stress, shear stress, friction angle, and cohesion,
respectively.

A smooth joint lacking filling would certainly be cohesionless; the same is true of a rough
joint. However, rough joint data often fit the linear model very well, but such fits often
produce a shear axis intercept indicating presence of cohesion. This pseudo-cohesion is an
artifact of the data fit. An alternative, is a power law fit that uses an n-type failure criterion
for cohesionless material. The n-type model is a special case because of the lack of cohesion
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Table B.12 Ranges of cohesion ¢ and friction angle ¢ for several types of rock

joints
Joint rock type Joint property
Joint cohesion psi (MPa)  Joint friction angle (°)
Sandstone, limestone 0-377 (0-2.69) 19-56

granite, slate,
schist, gneiss®
Granite, gabbro, 40-160 (0.28-1.10) 27-37
trachyte,
sandstone, marble®

Notes
a after Kulhawy, 1975.
b after Jaeger and Cook, 1969.

and has the form

where @’ = a'/" and m = 1/n. The value of m would be less than 1 because n > 1. Of course,

if a joint has cohesion, then an appropriate constant must be added to the above criteria.

Figure B.33 shows actual experimental data for sandstone and mudstone and shows that
the linear Coulomb friction model fits the data quite well, but implies a fictitious cohesion.
The nonlinear n-type fits are superior for these cohesionless joints and have higher correlation
coefficients. A range of cohesion and friction angle values for a number of different jointed
rock types is presented in Table B.12. Not too surprisingly, considerable variation of joint
properties within a given rock type occurs. Reasons include joint genesis, history, and test
environments. Although every joint is unique, experimental observations indicate that joint
friction angle seldom exceeds 45° and is often less.

If a joint is infiltrated with fluid (water), then the effect of fluid pressure on strength
should be taken into account. There may also be important chemical effects on strength in
the presence of joint fluids. Such effects may be temperature-dependent. Solution mining of
fracture hosted ore bodies pose complex questions of joint behavior. Extraction of petroleum
from fracture hosted reservoirs is another source of questions about complex joint behavior.
Fluid pressure decreases the normal stress transmitted through solid—solid contacts between
opposing joint surfaces and thus decreases the normal stress that is associated with shear
strength. Hence, shear strength of joints is determined by effective stress, total normal stress
less the pore fluid pressure. The situation is entirely analogous to the role of effective stress
in intact porous rock. Effective stress determines strength, while total stress determines
equilibrium. Thus, normal joint stress is always understood to be effective stress when
computing joint shear strength.

B.5 Simple combinations of intact rock and joints

Field-scale rock masses are composed of rock joints and intact rock between. The composite
rock mass properties therefore differ from those of rock and joints. Generally, joints reduce
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Figure B.33 Non-linear, cohesionless joint and linear, fictitious joint failure criteria (after Hassani and
Scoble, 1985). (a) Shear failure envelopes for all natural sandstone joint data; (b) shear
failure envelopes for all natural mudstone joints; and (c) comparison of general failure
envelopes for differet rock discontinuities.

rock mass elastic moduli and strengths from those of intact rock. Despite a number of equiva-
lent properties of models of rock masses of varying degrees of complexity, there is no general
consensus on how to compute rock mass properties based on laboratory test data from intact
rock and joints. Certainly, the geometry of joint sets in the rock mass of interest are important.
Joint direction, dip, and spacing must influence rock mass response to excavation.

Another joint set parameter, persistence, is also important. Persistence is a measure of
joint continuity and may be defined in several ways. A useful definition is a linear one that
defines persistence in a plane containing joints as the ratio of distance between joint areas to
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Figure B.34 Persistences of discontinuous joints of thickness h.

the total distance. With reference to Figure B.34 that shows a number of identical rectangular
joint areas in a joint plane, persistence measured in a joint plane parallel to the longest joint
dimension is P3 = L;/L, while persistence measured parallel to the shortest joint dimension
is P, = Wj/W where L; and W; are joint length and width, respectively. When joints are
continuous in a given direction, the corresponding persistence (in the 2- or 3-direction ) is
one. Spacing between joint planes is S; by another definition, P1 = h/S.

Over a planar area 4 that is composed of joint area, 4; = L;jWj. Area of intact
rock is 4y, so A = Aj + A;. Joint area ratio R is then defined simply as the ratio
of intact rock bridge area to total area, that is, R = A;/4, which is analogous to

area extraction ratio used in the tributary area approach to pillar design. This area ratio
is associated with a normal direction, the 1-direction in Figure B.34, and is therefore
Ry = LjWj/LW = P,P; and is perhaps the most important geometric feature of a joint
set. Other joint area ratios associated with the 2- and 3-directions are Ry = hL;j/LS =
P3Py and R3 = hWj/WS = PP, respectively. These joint persistences and area
parameters are useful in consideration of simple models of discontinuously jointed rock
masses.

Continuously jointed rock mass moduli

Again consider a joint under normal load as in Figure B.35a and suppose joint spacing is S and

joint thickness is 4, as before, and the joint is continuous across the test piece (persistences
Py and P; are one). Average overall normal strain, rock strain, and joint strain, are

u Uy

e=—, &=

S
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Figure B.35 Normal and shear loads applied to a continuous joint sample. (a) Load normal to joint;
(b) shear load parallel to joint; (c) normal load parallel to joint; and (d) shear load across
joint.

[

where u, u;, and u; are total, rock, and joint normal displacements, respectively, and u =
uy + uj. Corresponding normal stresses are equal, that is, o = oy = oj. In consideration of
Hooke’s law for this one-dimensional load case, 0 = E¢ overall and also for rock and joint.
Thus,

o (o Oj
Se=(S—he+hej=S==(E —h)— +h2
e =( )e, & ( )Er E;

Hence

1 1—(h/S h/S 1-P P 1 1
1 (/)+(/): I ORI
E, E E; Er E; E ' Sk

When £/S is small relative to one and k, = hEj is joint normal stiffness, as before, the
approximation on the right-hand side is reasonable. Indeed, this formulation is frequently
mentioned in the technical literature and is one of the earliest models of joint effects on rock
mass moduli. Young’s modulus £, is an equivalent modulus for the combination of joint and
intact rock and applies to loading perpendicular to a continuous joint.

A similar analysis applies in shear. With reference to Figure B.35b, the shear strains are
assumed small, so

Y= > Yr =
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where v, v, and v; are total, rock, and joint shear displacement, respectively. Again,
equilibrium requires equality of shear stresses, so T = 7. = 1. In consideration of Hooke’s
law, T = Gy for each component and the composite. Thus,

L 1=mS BS 1-P P 1 1

G, G G; G. "G G sk

where G; and Gj are shear moduli of composite, rock and joint, respectively, and ks = hG;
is joint shear stiffness. The shear modulus Gp, applies to a continuous joint loaded by a shear
stress acting parallel to the joint. Again, the approximation applies when //S is small relative
to one.

Young’s modulus and shear modulus could be used to compute a Poisson’s ratio assuming
isotropy. However, the assumption of isotropy is not justified because of the directional
character joints impart to a rock mass. Indeed, loading parallel to the joint leads to a Young’s
modulus that differs from the one obtained under a normal load analysis. In fact, normal
loading parallel to a joint and shear loading normal to a joint allow for estimating two moduli
in each case.

In case of normal loading parallel to a joint that completely transects the test piece, as
shown in Figure B.35¢, a “compatible” assumption may be made that imposes equal strains
(or displacements) in the load direction, that is, & = & = . A volume weighted average
stress is then

o = (1 —h/S)or + (h/S)o;

According to Hooke’s law in this one-dimensional loading case, o = E¢ for composite and
components. Hence,

Ep = (1 = h/S)E; + (h/S)Ej = (1 — P)E; + P E;

where E}, applies to a joint rock combination that has a normal stress applied parallel to the
joint.

Alternatively, if an “equilibrium” or uniform stress assumption may be made, so o = o =
oj. A volume weighted average strain is then

g = (1—h/S)er + (h/S)s;

After introduction of Hooke’s law, the result is

1 1 1

£ =(1 h/S)Er + (h/S)Ej

which is the same expression derived for Young’s modulus E,, under equilibrium normal
loading perpendicular to the joint. In fact, a second “compatible”estimate for £y, could be
obtained that would be equal to £}, (no prime). These moduli, £, and E}, actually provide
lower and upper bounds to Young’s modulus (£, < Ep) when the rock mass is considered
isotropic. Obviously a jointed rock mass has directional features and would therefore be
anisotropic. Hence, a reasonable approach would be to use both, applying £, for normal
loading perpendicular to the joint and £, for normal loading parallel to the joint.
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Similar analyses using compatible and equilibrium assumptions for shear moduli lead to
similar results with the subscripts interchanged. Thus,

G, = (1 = P))G; + PiG;

The suggestion is then that G, and G, apply for shearing normal or across the joint and
parallel to the joint.
To summarize the continuously jointed rock case, suggested moduli are those given by

l—(1 P)l-i-(P)1
= 1Er 1Ej

E,
E, =(1 — P))E; + (P1E;j
Gp =(1 — P)G; + (P1)G;

1 1 1
— =(1-P)— +(P))—
G. ( I)G,+(1)Gj

Unfortunately, questions concerning Poisson’s ratio(s) are not easily answered even with
these relatively simple thought experiments. The reason relates to fundamental requirements
that appear in consideration of an inclined joint. When the joint is flat, an equilibrium
requirement is obvious and dictates equality of stresses; when the joint is vertical, a rea-
sonable assumption is equality of strains. Consideration of normal and shear loading a test
volume containing an inclined joint is more difficult because of simultaneous requirements of
equilibrium and continuity across the joint. These difficulties have been addressed in detail.
Direct physical verification of theory is not practical because of the nature of the problem
and, in particular, the enormous sample size that would be required.

However, numerical experiments that simulate laboratory-like tests on samples of arbitrary
size allow for highly controlled testing of theory. As an example, consider the cubical test
volume shown in Figure B.36a that contains a single joint at various angles of inclination.
The joint thickness to spacing ratio is about 0.014. If the joint were 1.4 in. thick, joint spacing
would be 100 in., which is a relatively wide spacing in some respects. Rock masses could
be much more densely jointed. The ratio of intact rock modulus to joint modulus is 100. If
Young’s modulus of intact is 2.4 x 10° psi, the joint Young’s modulus is 0.024 x 10° psi and
the joint normal stiffness is 0.17 x 10° psi/in.

Figure B.36(b) and (c) shows comparisons between theory and (numerical) experiment for
Young’s modulus and shear modulus; the agreement is excellent at all angles of inclination.
These results are normalized in that the jointed sample modulus is divided by the intact rock
modulus at all angles ranging from parallel loading (zero degrees) to loading perpendicular to
the joint. Although the joint is thin relative to spacing, the effect on the moduli is substantial
and results in a reduction of £ = E,, to 42% of the intact rock modulus. The modulus for
normal loading parallel to the joint £ = Ej, is reduced slightly, to about 99% of the intact
rock modulus, as might be expected for this thin joint example. When the joint is flat and
loaded in shear parallel to the joint, the shear modulus G = G, is reduced to about 42% of the
intact shear modulus. When the joint is vertical, the reduction is about 58% and is influenced
by the diagonal direction of the joint relative to the applied shear stresses. Shearing with the
joint so that G = Gy, results in only a small decrease of shear modulus, about 99%. These
results verify the elementary formulas derived for Young’s moduli and shear moduli under
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Figure B.36 Jointed test cube geometry and results from numerical experiment (Pariseau, 1994).

loads parallel and perpendicular to a joint. Addition of similar joints to the test volume has
the same effect as decreasing joint spacing S and does not change the nature of the results.
Although, these results are limited to linear elasticity, they further underscore the importance
of joints to rock mass deformation and indicate restrictions to the elementary formula for
design applications where joints and joint sets may be numerous and oriented at arbitrary
angles to stress directions that vary with excavation.

Discontinuously jointed rock mass moduli

When joints are discontinuous, only part of the plane containing joints is occupied by
joints; the equivalent rock mass moduli formulas then change in a systematic way. Under
normal loading perpendicular to the plane containing joints and the equilibrium assumption
of uniform stress and Hooke’s law, one has using the notation in Figure B.34,
! =(1 RP)1 +(RP)1
£ 11 £l 11 Ejl

where E is an estimate of the jointed rock mass modulus in the 1-direction; rock and joint
moduli are also in the 1-direction, indicated by a superscript, which may be different in the
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2- and 3-directions. When the jointing is continuous, Ry = 1 and the estimate reduces to the
previous formula derived for a continuous joint.

The compatible assumption leads to more useful estimates for normal loadings parallel to
the joint:

Ey = (1 = RoP)E; + (RoPYE]
Ey = (1 = R3P3)E] + (RsPYE]

where the superscripts indicate direction. These formulas also reduce to the previous formulas
for normal loading parallel to a joint when the joint is continuous (R = R3 = R; = 1) and
also allowance is made for rock and joint anisotropy.

The alternative assumption of compatible strains leads to the estimate which is not
particularly useful.

Ej = (1= RiP)E] + (R P)E]

When normal loading is parallel to the joint in the 2-direction, the equilibrium assumption
of uniform stress leads to

1 1
— =0 —RP)— + (RoP2)—
E} E? EJ.2
and similarly for normal loading parallel to the 3-direction,
a RP)I +(RP)1
- = U =R3P3)— 303)—
E} E} E}
which are also not particularly useful.

Analysis of shear moduli for discontinuously jointed rock masses proceeds in a manner
similar to that for Young’s modulus. Two estimates are available from the equilibrium and
compatible assumptions. Figure B.37 defines the subscript notation used to identify the shear
moduli. For example, the 1-subscript indicates shear seen looking down the 1-axis at the
2-3 plane. Shear in this case amounts to shearing two adjacent intact rock slabs separated by

(@) I I (b)
Gy
/A G é]oint/ —>3
éjoin;/
Gy

/

Figure B.37 Notation for shear analysis of a discontinuously jointed test cube.

 —
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a thin joint layer. Resistance to shear is almost entirely intact rock. Shear about the 2- and
3-axes is akin to shearing a layered structure that has much less shear resistance because of
the joint, despite the thinness of the joint.

To summarize results for the discontinuously jointed rock mass case, the recommended
expressions for Young’s modulus and shear modulus in the principal 1-, 2-, and 3-directions
are

= (1 RP)1 +(RP)1
B 101 El 11 Ejl
Ey = (1 = RoPY)E] + (RoPY)E]

Esy = (1= RsPy)E] + (RyPy)E]

G = (1=RiP)G; + (RIPDG]

1 1 1
— = (1 =R P)— + (R1P)—
G ( 1 I)Gr1+( 1 1)Gj1

Gy = (1 = RaP)G} + (RaP2) G

G3 = (1 = R3P3)E;} + (R3P3)E]

where the superscripts indicate the mutually orthogonal directions relative to the joint plane.
For example, the 1-direction is normal to the joint plane.

Continuously jointed rock mass strengths

Strength of intact rock and joints are often described by Mohr—Coulomb criteria. The form
is the same, T = o tan(¢)) + ¢, but the cohesions are much different and so are the friction
angles. Usually the joint strength properties are less than those for intact rock. When a joint
transects a test volume, as shown in Figure B.38, three failure modes are possible: (1) joint
failure; (2) intact rock failure, and (3) failure of both. Tensile, compressive, and shear stresses
may be present at failure. Whether the joint fails depends on orientation measured by joint

Figure B.38 Notation and sign convention for joint analysis.
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dip é. Under the simplifying assumption of uniform stresses in the test volume, joint failure
occurs provided the maximum shear stress exceeds the value given by

_ Om sin(¢;) + ¢j cos(¢j)

- b
sin(28 — ¢)) Omé +

where the subscript j indicates a joint value and oy, is the mean normal stress in the view
of interest. However, the maximum shear stress cannot exceed intact rock strength which is
given by

Tm = Om Sin(@r) + ¢r cos(¢r)

where the subscript r indicates intact rock.

Figure B.39 shows Mohr circles representing the extremes of first joint failure and intact
rock failure when the mean normal stress is held constant while the maximum shear stress
(deviatoric stress) is increased. Joint failure first becomes possible provided the joint dip
8 = 7 /4+¢;j/2. If the joint dips at some other angle, joint failure does not occur. However, by
increasing shear stress at constant mean normal stress, joints at other dips may fail according
to the maximum shear stress criterion. Ultimately joint dips that fall within the arc 4B in
Figure B.39 (264, 26p) may fail.

Alternatively, one may recast the thought experiment in terms of compressive strength
under confining pressure. Thus, failure is possible provided the major principal compression
exceeds the value

1 |
o= (s v b=Cp= () prb
1—a 1—a

where a and b are the parameters in the maximum shear stress formula for joint failure.
Figure B.40 shows the compressive strength of a continuously jointed test volume. The
curves in Figure B.40 are in ascending order of confining pressure. The lowermost curve
relates to an unconfined compressive strength test. The concept leading to Figure B.40 is
also known as a single plane of weakness model.

Laboratory test data are generally not represented very well by this model, but the consider-
able weakening effect joints may have on rock masses is clearly revealed. The model has also

<;Um4>‘

Figure B.39 Intact rock and joint failure criteria.
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Figure B.41 Plane of weakness model test against laboratory test data on gneiss (after Deklotz and
Brown, 1967). P. = confining pressure (ksi) and experimental data with a smoothed
line drawn through average values at each inclination, W, = single plane of weakness
model results at the same confining pressure using cohesion and friction angles from
experimental data for initialization.

been used to describe anisotropic rock, but without much success as the data in Figure B.41
illustrate. In fact, there is no reason to expect any agreement because of the physical differ-
ences between anisotropic rock and intact (anisotropic) rock containing a plane of weakness
(a joint) which has entirely different properties.
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Discontinuously jointed rock mass strengths

When joints are discontinuous, then shear failure requires shearing along joints and through
intact rock between joints. If the total shear resistance over the joint plane is 7', then 7' =
T; + T; where the subscripts r and j signify rock and joint, respectively. The resisting shear
forces are products of average shear stresses and areas. Hence,

Ay 4
r=al\g )i\

where 4 = LW, 4j = LjWj, and 4; = 1 — 4 as in Figure B.34. Similar analysis for shear
across the joint plane leads to expressions for shear strength on planes normal to the 1-, 2-,
and 3-directions. Thus, the principal shear strengths of the discontinuously jointed shear
plane are

n =(1—-R)T' + R)T
n=(-R)t + R)T
73 =(1-R)T + R)T}

where the superscripts indicate direction normal to the considered shear plane. For example,
the 1-direction is normal to the 2-3 plane containing the joint areas. Also, Ry = L;jWj,
Ry = hLj, R3 = hWj, h is joint thickness and § is spacing between joint planes, as in the
discussion of jointed rock mass moduli.

If one invokes Mohr—Coulomb criterion for intact rock and joints, then

t = o[(1 - R) tan(¢y) + (R) tan(¢j)] + [(1 — R)er(R)¢]
which may be written in more compact form
T =otan(¢) + ¢
where the primes indicate effective quantities, that is,
tan(¢’) = (1 — R) tan(¢pr) + (R) tan(¢hj)
¢ =0-=R) + (R)c;

Thus, under the assumption of Mohr—Coulomb criteria, possibly different in different
directions, shear strengths for a discontinuously jointed test volume are given by:

71 = o tan(¢}) + ¢]
7, = o tan(¢h) + ¢

73 = o tan(¢}) + ¢}

where the subscripts indicate direction normal to the considered plane of shear and the
effective properties are

tan(¢) = (1 — Ry) tan(¢,) + (R1) tan(4)
tan(¢5) = (1 — Ry) tan(¢y) + (Ry) tan(¢y))
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tan(¢3) = (1 — Ry) tan(¢;) + (R) tan(¢;)
i =1 —Ref + R
¢ =1 =R + Ro)e]
4:0—&ﬁ+mw§

and, for example, ¢] is intact rock cohesion in a shear plane with a 1-direction normal.
According to a model proposed by Terzaghi (1962), shear strength of a (jointed) rock
mass is

()
t=octan(¢) + ¢ | —
A
where 7, o, ¢, and ¢ are rock mass shear strength, normal stress acting on a potential shear
failure surface, friction angle, and intact rock cohesion. This model is actually a special case
of a more general model. The Terzaghi model follows from assuming equal friction angles
(¢r = ¢j = ¢’) and negligible joint cohesion (¢; = 0). The last term in the Terzaghi model
isc) = (1—Ric}).

The Mohr—Coulomb form allows for calculation of unconfined compressive and tensile
strengths in terms of effective cohesion and angle of internal friction. Thus,

Cl } _ 2¢ cos(¢’)
o | 1ssin(g)

where the primes indicate composite rock mass properties. Directional features, if present
in joints and intact rock could be incorporated into these formulas which apply strictly to
isotropic materials.

The general model cannot be expected to hold for relatively large displacements on a
composite rock mass shear failure plane because of progressive diminution of intact rock
bridges between adjacent joint areas. Progressive shearing of rock bridges would also be
accompanied by destruction of joint cohesion. A peak resistance would be rapidly exceeded
and followed by a sharp reduction to residual strength which would be essentially frictional.
In essence, the rock mass strain softens. The residual friction angle could be different from
either of the initial friction angles because of asperity shear and gouge formation. However,
design on the basis of peak strength is reasonable in view of the fact that residual strength is
only approached after peak strength is exceeded.

There is no direct experimental confirmation of either jointed rock mass shear strength
model because of the impracticality of testing the very large samples that would be required,
samples that could be many feet or meters in linear dimensions. Indeed, this situation is
precisely why a model or theory is needed. However, there are some laboratory test data on
low strength, rock-like mixtures of sand and cement that offer some guidance toward the
potential utility of such models. Figure B.42 shows data from Lajtai (1969) who tested a
number of jointed plaster blocks in direct shear. Joints in all tests were cohesionless and the
ratio of intact rock to total area (persistence) was 0.50. Figure B.42(a) shows direct shear
results on a single joint and indicates clearly the lack of cohesion and a friction angle of
37 —38° with little difference between peak and residual angles, as one might expect. Addi-
tional tests show the plaster blocks have an unconfined compressive strength of about 600 psi



& T G_'Ta /d ;

1o40) :

@ 200 2

2 /

b 2

2 160t /

v 120 . Peak strength
ol - - - - Ultimate strength

37°\ 38°

401

40 80 120 160 200 240 280 320 360 400 440
Normal stress (5,) — Psi

Tension <—I— Compression

(b)

360 [
320 I lsac . /:, .

& 20 -] P v

| L‘ca . /“/ .

240 1= I 4

2 Sac : 7 ., ’

g 200r 7 ..’

12} 4

§ le0| /(calculat.e/d)/c

= -

v 3 « Maximum strength
120 3 o Ultimate strength

A = Tensile strength .

/39’ . ";c-/‘ol ” Experimental -_-_-~|S=2$zelrf:itcrt¢ieg§th at | in. deformation
40} e CUIVES|_ Direct shear line with little or no

7 Pt friction mobilized

1 /L.Aw 1 - 1 1 1 1 1 1 1 1 1 1 1
—-120 -80 —40 40 80 120 160 200 240 280 320 360 400 44
Normal stress (d,) — Psi

Tension «—I|— Compression

Figure B.42 Direct shear test results on continuous and discontinuous cast joints (after Lajtai, 1969).
(a) Continuous joint, (b) open, discontinuous joints, (c) interlocked joints, and (d) shear
stress—displacement curves.



526 Intact rock and joints properties

(©)
360
30} i
ey
280 L a L%

E T _"t 7 . 2

[ 240 G 7 g

= s ;-2

L;f 200t Y (added/),,’

= s . 21

2 160 %

5 .

S 120 % « Maximum strength

1 o Ultimate strength
80 p X Experimental [~ ghear s'trc'ength at | in. deformation
v Lor - - Pure friction
2 ot CUMVES | — Direct shear line with little or no
7 e 37° friction mobilized
P " 1 P 1 1 P 1
—40 40 80 120 160 200 240 280 320 360 400
Normal stress (7,) — Psi
Tension <—I— Compression
C)

240 @ o=300 Psi (shear block)
n|- 200 @ o =230 Psi (shear block)
<0 @ o= 230 Psi (friction block)
g
5
2 120
«

2
Y 80 ~ Type Il shear block
e | shear blog N

40 @ o =70 Psi (friction block)

| 01 02 03 04 05 06 07 08 09 I.0

Shear deformation in.

Figure B.42 Continued.

and tensile strength between 120 and 160 psi. These data correspond to intact block cohesion
of about 145 psi and an angle of internal friction of 38°, according to the Mohr—Coulomb
strength criterion.

Figure B.42(b) shows results of a block with open joints. Shear strength is initially high
and falls on the added peak strength line but undergoes a transition to the residual strength
line that passes through the origin. The results in Figure B.42(c) on interlocked blocks shows
similar behavior. Shear stress as a function of shear displacement is shown in Figure B.42(d)
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and reveals peak residual shear strength behavior at relatively low normal stress in both
types of jointed test blocks. This behavior is suppressed at higher normal stress. Because the
joints are cohesionless and persistence is 0.5, the effective cohesion is simply one-half the
intact rock cohesion, about 78 psi. Inspection of Figures B.42(b) and (c) shows shear axes
intercepts of about the same amount. The friction angles of joint and intact “rock™ are nearly
equal. These data are consistent with the general model of jointed rock mass shear strength
and therefore also with the Terzaghi model at normal (compressive) stress less than tensile
strength of the intact “rock” (about 145 psi).

At normal stresses higher than tensile strength, shear strength of the jointed blocks is
entirely frictional which suggests that intact rock cohesion is destroyed prior to reaching peak
strength; peak strength is diminished to residual strength. In effect, persistence is reduced to
zero and the shear plane becomes entirely jointed and, in this case, entirely frictional. This
result is not anticipated in supposing that intact rock bridges between joints fail in shear.






Appendix C

Rock mass classification schemes
for engineering

Rock mass classification schemes are used mainly to characterize a rock mass according to
qualities that influence support requirements in tunnels. The Terzaghi scheme in Table 4.2 was
an early effort to describe a rock mass with the objective of determining support requirements.
In this scheme, a rock arch of height H, above the tunnel top comes to bear on fixed steel sets
inside the tunnel. A subsequent effort at improvement by Deere (1963) eventually led to the
introduction of Rock Quality Designation, RQD (Deere, ef al., 1967), a modified diamond
drill core recovery measurement. A more definitive rock mass classification scheme was
introduced as a Rock Structure Rating (RSR) which was followed by Rock Mass Rating
(RMR) and Quality (Q) classification schemes. RMR and Q are statistically correlated as one
might expect from physical considerations. The original Terzaghi scheme was also modified
during the development of other classification schemes. All these schemes provide estimates
of rock arch height Hj, and may be compared.

C.l Rock quality designation

Rock quality designation is determined by only counting core pieces longer than 4 in.
(50 mm) in a run, say, of 5 ft or 2 m of core (Deere, et al., 1967). By comparison, ordi-
nary drill core recovery is the percentage of material brought to the surface in a core barrel
and placed in a core box. A 100% core recovery implies the core volume is equal to the
volume of the core barrel. In RQD, the core is assumed to be NX-size, that is, 2.12 in. in
diameter. The hole is 3.0 in. in diameter. Diamond drill core today would almost certainly
be NQ-size (wireline series) rather than NX. Wireline apparatus allows retrieval of the core
barrel without the need to break down the drill pipe; the core is pulled to the surface inside
the drill pipe. NQ core diameter is about 1.87 in. The same length to diameter ratio used for
RQD based on NX core should be preserved when other core sizes are used, whether smaller,
when deep exploration holes are needed, or larger, when soft rock such as coal is cored.
RQD is a number that is qualitatively associated with five divisions of rock mass quality as
indicated in Table C.1.

C.2 Terzaghi modified scheme

The Terzaghi scheme was modified by Rose (1982) using RQD. In the modified scheme,
a reduction was made mainly because the effect of water was much less than supposed in
the Terzaghi scheme which suggested, in effect, doubling the dry rock load in wet ground.
Observations indicated that water had little effect on rock load H,,. The modification of the
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Table C.I Rock mass quality and
RQD (after Bieniawski,

1989).
Rock mass quality RQD %
I. Excellent 91-100
Il. Good 76-90
lll. Fair 51-75
IV. Poor 26-50
V. Very Poor <25

Table C.2 Revision of the Terzaghi Classification Scheme for Hp, (after Rose, 1982)

Rock condition RQD (%) Rock load Hp (ft) OriginaP Hp (ft)
I Hard and intact 95-100 Nil No change
2 Hard stratified, schistose  90-99 0.0-0.5B No change
3 Massive, some jointing 85-95 0.0-0.25B No change
4 Moderately blocky, 75-85  0.25B-0.20(B + Hy) 0.25B to 0.35(B + Hy)
seamy
5 Very blocky and seamy  30-75 (0.20-0.60)(B + H¢) (0.35 to 1.10)(B+Hy)
6 Completely crushed 3-30 (0.60-1.10)(B + Hy) 1.10)(B+Hy)
6a Sand and gravel 0-3 (1.10-1.40)(B + H¢) —
7 Squeezing rock, NA (1.10-2.10)(B + H¢) No change
moderate depth
8 Squeezing rock, NA (2.104.50)(B + Hy) No change
great depth
9 Swelling rock NA Up to 250 ft independent of B,H; No change
Note

a Original is the same value as in Table 4.2 (after Terzaghi).

Terzaghi scheme by Rose is shown in Table C.2. Rock conditions 7, 8, and 9 in Table C.2
(and in Table 4.2) are contrary to the concept of a rock arch at the top of a tunnel the weight
of which comes to bear on steel sets. Instead, stress drives squeezing ground all around the
tunnel and encloses the tunnel in a yielding zone that surrounds the excavation. Invert braces
or full-circle ring sets are likely necessary. Squeezing and swelling rock in these categories
are also not amenable to diamond drill coring, so RQD is not applicable either. As in the
original scheme, in dry ground only one-half the values of H}, should be used.

C.3 RSR, RMR, and Q

Two popular rock mass classification schemes that are in current use are the RMR scheme
and the Quality (Q) scheme. These schemes and several modifications for purposes other
than tunnel support load estimation are described in detail by Bieniawaski (1989). The ABC’s
of the RMR scheme quite literally began with a RSR scheme that was developed through
a US Bureau of Mines contract (Wickham and Tidemann, 1974; Wickham et al., 1974). In
fact, RSR = A 4+ B + C where A ranges from 6 to 30% and characterizes intact rock type and
hardness and geologic structure; B ranges from 7 to 45% and depends on joint attitude and
spacing, and C depends on water flow and ranges to 25%. Thus, RSR ranges up to 100%.
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The higher is the rating the better is the rock mass condition and the less support needed. The
most important factor in RSR according to the allocated percentage is jointing. These same
factors, intact rock, joints, and water, are also the main factors of RMR and Q as indeed they
are in the original Terzaghi classification scheme. RSR is an improvement over the Terzaghi
scheme because of a more focused identification of rock mass features that affect support
load requirements.

RMR also ranges to 100%. In RMR, A is essentially uniaxial compressive strength with
0-15% allocation; B is allocated up to 70% and is a union of joint spacing, orientation,
condition, and RQD, while C is related to groundwater and is rated to 15%. Joints dominate
RMR in view of the up to 70% influence that features associated with joints exert on the rock
mass rating. Although there are a number of adjustments in the scheme that take details of
the rock mass into account, in the end RMR=A + B + C.

In Q, A is a composite of rock strength and stress; B is composed of RQD, number of joint
sets, joint roughness, and degree of alteration, while C is related to groundwater. The ABC’s
of this system are multiplied to obtain Q which ranges over many orders of magnitude, for
example, from 1073 to 1073, Specifically,

1 RQD J;
=l—)|——= ) Uw) = DB C.1
0 (SRF)(Jn Ja>(W) A B)(CO) (C1H
where RQD =rock quality designation, J;, = joint set number, J. = joint roughness number,
J, =joint alteration number, SRF = stress reduction factor.

C.4 Comparisons of Hp estimates

Not too surprisingly, RMR and Q values are statistically correlated. When applied to the
same tunnel site, the values obtained should lead to similar tunnel support recommendations.
One correlation (Bieniawski 1989) is

RMR =9InQ +44, O = exp[(RMR — 44)/9] (C2)

For example, when RMR = 98%, O = exp[6] =403, “very good” rock. When RMR =44%,
Q =1, only “fair” rock.
Another important relationship associated with RMR is (Bieniawski 1989)

H, = (1 —RMR)B (C.3)

where RMR is expressed in decimal form rather than as a percentage. This relationship
show a linear dependency of Hp on RMR at fixed tunnel width B and is plotted in Figure C.1
assuming that H; = B, areasonable assumption. The association of RQD with Ap in Table C.2
also allows plotting Hp as a function of RQD. There are two such plots possible, the original
Terzaghi Hp and the modified Hp by Rose. Both are shown in Table C.2 and plotted in Figure
C.1. Partitioning of Figure C.1 is done according to rock quality for RMR and RQD labels.
The Rose reduction of Hp from the Terzaghi values is clear for moderate RQD values. Also
evident is the independence of Hp on tunnel dimensions for “very poor” rock in the Terzaghi
scheme. Values of Hp from RMR are the lowest of the three schemes.

The disparate values of Hp are considerable and raise a question concerning reliability of
any of the three estimates. Detailed support estimation using fixed steel sets requires Hp, so
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Normalized rock arch height vs RMR(%), RQD (%)

——RMR

—&-RQDr

—A—RQDt

RMR (%), RQD(%)

Figure C.I Normalized rock arch height as a function of RMR and RQD when B = H;. RQDr = Rose
values,RQDt =Terzaghi values. E = excellent,VG = very good, G = good, F = fair, P = poor,
VP =very poor. - - - - =partition for RMR rock quality, ...... = partition for RQD rock
quality.

a choice must be made. However, in the general case where alternative support systems are
considered, for example, rock bolts with shotcrete, then Hp is not important. Indeed, the
main use of rock mass classification schemes in tunneling is to decide what type of support
may be needed. Thus, the utility of classification schemes is in classifying the rock mass
according to rock quality (. ..“good”, “ fair”. . .) as determined from the ABC’s (intact rock,
joints, water) and with quality thus specified, the anticipated support system. Once support
systems are standardized for a particular tunnel site or mine, then identification of rock type
(e.g., I 11, etc., or Excellent, Very Good, etc.) determines the support plan as one from the
list of standard support designs. In this regard, mapping of rock mass quality at a mine can
be a valuable aid to safety and stability.



Appendix D

Some useful formulas

A brief outline of several formulas that are helpful in analysis of stress, strain, and stress—strain
relationships (Hooke’s law) in elasticity is given in this appendix. Derivation details can be
found in mechanics of materials texts and books about elasticity and continuum mechanics.
A few are cited in Appendix A.

D.l Stress

Rotation of axes from (x, y) to (a, b) about z, c:

0 (+cew)

X
z,C

Sketch for rotation about the z-axis

Oaa = (1/2)(0xx + 0y) + (1/2) (05 — 0yy) €08(20) + Ty 5in(20)
opp = (1/2)(0xx + 0yy) — (1/2)(0xx — Oyy) €08(20) — Ty sin(20)

Tab = Tha = Oaa = (1/2)(0xx — 0yy) $in(20) + Ty, c0s(26) .1
Occ = Ozz

Teq = Tyz €08(6) + 1), Sin(0)

Teq = —Tyz SIn(0) + 7y cos(0)

The first 3 of (D.1) is the two-dimensional (xy, ab) or plane part of the rotation; the second 3
of (D.1) is the three-dimensional part (z — ¢).
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General rotation in matrix, that is, table form:

Table of direction angles.

New axes Old axes

X y z
a ax ay az
b bx by b,
4 Cx o (%

The normal direction (cxcyc;) is sometimes written as (nynyn;), “n” for normal to a plane of
interest.
Rotation matrix R is given by

cos(ax) cos(ay) cos(az) L m m
[R] = | cos(bx) cos(by) cos(bz) | = |l my m (D.2)
cos(cx) cos(cy) cos(cz) I3 my n3

where (I m n) are direction cosines of the abc (or 123) directions.
The known stress state is given in the array

[y = |1t 0y T2 (D.3)
Tzx Tzy Oz

The same stress state referred to the rotated system is
[0 (abe)] = [R][o (xy2)][R]' (D.4)

where the superscript t means transpose.
Rotation about the z-axis counterclockwise through an angle 6 in matrix form is done using

cos(9) sin(@) O
[R] = | —sin(#) cos(®) O (D.5)
0 0 1

Rotation of axes from compass coordinates (xyz, x = east, y = north, z=up) to joint plane
coordinates (abc, a = down dip, b = strike = dip direction less 90°, ¢ = joint plane normal) is

cos(8) sin(a) cos(8) cos(ax) — sin(s)
[R] = — cos(a) sin(a) 0 (D.6)
sin(§) sin(e)  sin(8) cos(a)  cos(d)

where « is the azimuth of the dip direction measured positive clockwise from north (0-360°),
as is customary, and § is the dip, always positive and down (0-90°). If the azimuth is
measured counterclockwise from north, then « is negative. This result may be obtained by
two successive rotations, first counterclockwise about the z-axis by the magnitude o’ (90° less
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the dip direction «) to the dip direction, say, from (xyz) to (xyz’), then counterclockwise
through the angle about the )’ axis to the dip or a-axis, from (x'y'z’) to (abc). Thus,

cos(8) 0 —sin(d) cos(a’)  sin(e/) 0O
[Rl=[RyIRz]=| 0 1 0 _sin(a’) cos(@) 0| =I[R]
sin(6) 0 cos(8) 0 0 1

where the last is obtained after the substitutions cos(a’) = sin(a), sin(a) = cos(«).

Normal and shear stress on a plane

Calculation of normal and shear stress on a plane, perhaps a fault or joint plane, is a special
case of axes rotation because only part of the full three-dimensional rotation, say, from
compass coordinates (xyz) to joint plane coordinates (abc) is needed. With ¢ the direction
normal to the joint plane, the tractions acting on the joint plane referred to xyz are

Ty = 0xx c0s(cx) + Tyy cOS(cy) + Tyz COS(c2)
Ty, = tyx cos(cx) + oyy cos(cy) + Ty, cos(cz) (D.7)

T, = 2 cos(cx) + Tz cos(cy) + 0z, cos(cz)

where the direction cosines may be obtained from the last row of the rotation (D.6). The
magnitude of the traction acting on the considered plane is simply

T=\T2+T}+T?
while the normal component which is the normal stress acting on the considered plane is
N = T cos(cx) + T, cos(cy) + T cos(cz) = 0¢c = 0p (D.8)

The magnitude of the shear component of traction, the shear stress, on the considered plane
is

S=VI?_N?=q, (D.9)
The direction of S is shown in the sketch where

tan(6) = i—b (D.10)
Ci

that requires the calculation of the c-direction shear stresses. Because S can also be calculated

by
S=1,=12+1}

One needs only three stresses or the third row of the final stress rotation array (D.4) in the
abc system.
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S=t1p=AT} 4 7], b (strike)
>

Teb

a (dip)

Sketch showing resultant shear stress on a plane

Principal (normal) stresses

Generally, there are three mutually orthogonal directions 123 that define directions of
principal stress. These directions are normal to planes that are entirely free of shear
stress. Associated normal stresses are the major, intermediate, and minor principal stresses,
(01, 072,03) where 01 > 02 > 03. The ordering is algebraic, so when compression is positive
o1 is the greatest compression at the considered point (or the least tension when all principal
stresses are tensile).

The principal stresses and directions are not always unique. For example, in case of
hydrostatic stress, the principal stresses are equal and every direction is a principal direction.

Any plane free of shear stress is a principal plane with a normal that defines a principal
direction. The other two principal directions must lie in the shear free plane. The stress acting
normal to the considered plane is one of the three principal stresses.

When the z-axis is parallel to the intermediate principal stress direction, as shown in the
sketch,

a (+cew)

- z,2 X

Sketch for principal axes orientation

then the principal directions seen in the xy-plane may be computed from the formulas

Txy

tanQQoe) = ——————
(1/2) (Jxx - O'yy)

R = \[[(00 — 03)/21 + (2

T (D.11)
; -2
sin(Qe) = R
cos(20) = M

R
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There are two solutions to the first of (D.11) that are 90° apart. The angle @ = « is measured
positive counterclockwise from either the x- or y-axis ( to the direction of o7), whichever is
associated with the largest normal stress (oyy or 0yy). This rule may be used in conjunction
with a hand calculator that gives positive or negative solutions to the atan function between
—90° and +90°.

Magnitudes of the principal stresses seen in the xy-plane are

_l’_
o = w +R
(D.12)
03 = Lx'gffyy —R

and by assumption, oo = o,. An interesting observation of (D.12) is that the sum of the
normal stresses in the considered plane is constant, that is, invariant with respect to the
orientation of the reference axes (xy, ab, 13). Thus by addition of (D.12),

Oxx + 0y =01 + 03 = 0aq + Opp (D.13)

There is always a rotation about an axis that causes the shear stress in the plane of interest
to vanish. However, shear stresses normal to the considered plane may still be present and
the z-direction may not coincide with the direction of the intermediate principal stress. In
this case, the principal stresses given by (D.12) with directions from (D.11) are secondary
principal stresses.

Determination of true principal stresses in the general three-dimensional case requires
solution of a cubic equation and consideration of several special cases where directions may
not be unique. The task is algebraically straightforward but lengthy and is thus better left to
a computer program. In essence, bringing the real, symmetric 3 x 3 array (D.3) of stress to
diagonal form solves the problem of determining principal stress magnitudes (eigenvalues)
and directions (eigenvectors).

Principal shear stresses

An inquiry concerning whether shear stress at a point reaches a maximum as the reference
axes are rotated leads to the six principal shear stresses:

a9 g 0" L2793 (D.14)

+ )
2 2 2

which are invariant with respect to orientation of the reference axes. The most interesting
principal shear stresses are the maximum and minimum shear stresses, the first of (D.14),
which are equal in magnitude but opposite in sign. Thus,

£(max) = % 7 (min) = —% (D.15)

The directions of the principal shears bisect the directions of principal stress in the plane
considered (13, 12, 23).
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Mohr’s circle

The formulas for referring the state of stress at a point to a set of axis rotated in some
arbitrary fashion from the given axes have a graphical representation in the form of Mohr
circles. Consider the two-dimensional part of (D.1) and the accompanying sketch.

Ay

\V'E

Sketch for Mohr's circle

The normal and shear stress associated with the rotated (ns) axes are

_ Oxx +0y O —

Oyy .
> c0s(26) + Ty sin(26)

T = @ sin s(26) + x, cos(260)

where compression is considered positive. After rearrangement

to, - ,
_ Ou ! O _ % : P 608(20) + 74y sin(20)
= @ $in(20) + 7y, cos(20)

that after squaring and adding gives
2 2
c + — oy
(a _ On ! Oyy) L 2= (O’xx . U}y> + (1)

(0 —om)? + 12 =12 (D.16abc)

m

2
Oxx + Oyy o1 + 03 Oxx — Oy o] — 03
Om = rxz 2 — ) 5 "-'mz\/(xxz yy) +(Txy)2=(72 )

where the invariance of the mean normal stress ( oy, )and maximum shear ( 7,) stress in the
considered plane is indicated.

Equations (D.16ab) define a circle in a normal stress (x-axis)- shear stress (y-axis) plane
with a center along the normal stress axis at the mean normal stress. The circle radius is just
the maximum shear stress as shown in the sketch.
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A Mohr circle for stress

D.2 Strain

The entire discussion of principal values and so on for stress also applies to strain. The
mathematics is the same. Of course, the physical meaning is quite different. For example,
the maximum shear strain is (¢; — €3)/2. There is a potential for ambiguity in discussion of
strain because of the presence of two shear strains, a “mathematical” or tensorial shear strain
&xy and an “engineering” shear strain yy,. The two are related by yy, = 2¢yy, and similarly
for the other two shear strains. Thus, ymax = 2(e1 — €3)/2 = (¢1 — €3). In Hooke’s law, for
example, 7y, = Gyyy = 2Gsy,.

Strain rosettes

Strain rosettes allow for the determination of the state of strain at a measurement site and
with the aid of Hooke’s law the state of stress. Three strain gauges are usually required in a
rosette. Each gauge responds to normal strain as shown in the sketch.

y A Strain gauge rosette schematic

A

/

According to the equations of transformation of reference axes

-
>
X

Exx + € Exx — € i

ep = 2 : W o 5 2 c08(20A) + £xy SiN(2604)
Exx T &y Exx—& i

&g = — B 24 = 2 * cos(20B) + £y, sin(208) 17
Exx T &y | Exx —

&y
2 cos(26¢) + &xy sin(20c)

&c 2 2

where the angles are measured from the x-axis to the gauge axes. The left side of (D.17) and
the angles are known from measurement. Thus, equations (D.17) constitute a system of three
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equations in the three unknown Cartesian strains. With a change in notation,

ea =S + Dcos(20p) + T sin(264)
eg = S + Dcos(26g) + T sin(26g)
gc =8 + Dcos(20c) + T sin(26¢)

that treats the unknowns as a sum term S, a difference term D and a shear term 7'. In matrix
notation

EA 1CA4 84 S
eg¢=|1CBSB | 3{D
ec 1CCSC T

where, for example, C4 = cos(26,). The gauge angles are a matter of choice and are chosen
to make the computation efficient. For example, a choice of 0°,45°, and 90° gives

eA =8+ D =gy
ep =S8+ T = (1/2)(exx + &) + &xp
3C=S—D=8yy

Hence, for a 0-45-90 rosette,

Exx = EA
&y = €C (D.18)

Yxy = €A + &c — 2¢B

where engineering shear strain y is used instead of tensorial shear strain.

Because the rosette is bonded to a traction-free surface (with normal direction z), one
has 0;; = 7y = 1 = 0. Hooke’s law for isotropic material implies the z-direction shear
strains are also zero, that is, 2e;, = 26, = yzx = ¥z = 0 and that e, = —v(ox + 0y)
while 7, = Gy, where v and G are Poisson’s ratio and shear modulus, respectively. At
this juncture, there remains the determination of two normal stresses and one normal strain,
Oxx,Oyy, &zz. Clearly once the two normal stresses are known, one can then compute the
z-direction normal strain. From Hooke’s law

E
Oxx = -2 (&xx + veyy)

E
Oy = (m) (&yy + véxx)
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Small strain-displacement relations

When the strains are small relative to 1, so squares and products are negligible, for example,
e = 0.001 and &2 = 0.000001, then

ou av ow
Exx = —, &y = —, £ = —
T ax » ay = dz
(D.19)
_8u+8v _8v+8w _3w+8u
WES T TR Ty TR T

where u, v, and w are displacements components in the x, y, and z directions, respectively.

D.3 Stress—strain relationships, Hooke’s law

Hooke’s law for linearly elastic, isotropic materials is of great importance. However, many
materials show directional features and are anisotropic. For example, some sedimentary
formations show pronounced differences between elastic moduli measured parallel and per-
pendicular to bedding. These materials are often characterized as transversely isotropic.
Other formations, for example, some gneisses, show three distinct material directions. These
materials are orthotropic. As the degree of anisotropy increases, so do the number of elastic
constants needed to characterize the material. The most general anisotropic material requires
21 elastic constants to define the stress—strain law. Anisotropic stress—strain relations are
sometimes referred to as “generalized” Hooke’s law.

Hooke’s law in one dimension - Young’s modulus and
shear modulus

If the constant of proportionality between normal stress and normal strain is £, then Hooke’s
law in one dimension is simply

o =Ee (D.20)

A plot of (D.20) with ¢ as abscissa and o ordinate would obviously be a straight line passing
through the origin, as shown in Figure D.1. The slope of the plot £ is Young s modulus.

An important feature of linearity is superposition. If a given state of stressis o (1) = Ee(1)
and a second state is 0 (2) = E¢(2), addition of strains (1) + £(2) = ¢(3) implies addition
of stresses such that (1) + 0(2) = o(3) because o (3) = Ee(1) + E&(2). Superposition
implies that states of stress and corresponding strain can simply be added to obtain the com-
bined effects. Solutions to complicated problems may then be reduced to solution to several
simpler problems. Linearity implies superposition, while nonlinearity precludes applicability
of superposition.

In one dimension, the area under a stress—strain curve (line) represents the work done per
unit volume of material during loading to the present state of strain. This work is stored in the
body as strain energy. If A4 is the cross-sectional area of a prismatic bar and L is the length,
then the average normal stress is 0 = F'/A4 and the average normal strainis ¢ = (L — L,) /Lo
as shown in Figure D.1. An element of area under the stress—strain curve dw is ode, so

FdL
AL,

dw =o0de =
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@ o ‘ F
g =FIA
Loading _.l.. __L _ 4L
Unloading AL =1
T oub
- — g=Ee
tan o=E L A

=Gy
tan f=G

Loading
Unloading

eSS

—-I |-—da V;

Figure D.I One-dimensional linearly elastic normal stress—strain and shear stress—strain response:
(a) one-dimensional compression and (b) one-dimensional shear.

Hence,

1
w:/ads:—/FdL
L ALy Ji

where AL, is the volume of the bar, the integral on the far right is the work done by the
externally applied load and w is the area under the stress—strain curve. In fact w is the work
per unit volume of the bar. Alternatively,

Ee*  o¢ o?
w= | ode= | Eede= — = — = — (D.21)
L L 2 2 2E
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which expresses the external work in terms of the internal variables of stress and strain. When
the work per unit volume done by the applied loads is expressed in terms of strain, the result
is a strain energy density.

Young’s modulus is closely associated with another elastic feature normal stiffness. How-
ever, stiffness is a structural feature and not an intrinsic material property. In an elastic
structure composed of a number of connected elastic elements, an applied force is directly
proportional to displacement; the constant of proportionality is a stiffness K. Thus, in one
dimension, F = K,U where U is displacement in the direction of the applied force. If the
structure is simply the prismatic bar considered previously, then the relevant displacement is
the change in length of the sample, that is, U = (L — L,) = €L,. Thus,

F=o0d=KU =KL, = Kn%Lo (D.22)

which shows that

_AE

K"_To

(D.23)

Stiffness (normal stiffness) therefore depends not only on Young’s modulus of the material
but also on the geometry of the structure, which is quite simple in the case of a prismatic bar,
but less so in the case of a wood crib, for example.

Application of load may be to a body that is already stressed or strained. Under such
circumstances, change in stress and strain that follow Hooke’s law are of interest. Final states
of stress and strain are obtained by adding the stress and strain changes to the initial values.
For example, if a strain ¢, is present in the unstressed state as shown in Figure D.2, then the
stress in one dimension is given by

o=E(e—¢&)
or if a stress o, is present in the unstrained state as shown in Figure D.2, then
(0 —o,) =E¢

Becau of linearity of the stress strain law, one can calculate a stress that corresponds to an
initial strain and a strain that corresponds to an initial stress as shown in Figure D.2. Over a
linear region shown in Figure D.2, one has

(0 —0o) = Ao = E(e —gy) = EAe

so the increments or changes of stress and strain are linearly related by Hooke’s law in the
elastic domain.

The incremental approach is often useful even in the nonlinear elastic case where Young’s
modulus depends on strain, that is, where o = E(¢)e. If at a given strain, the change in E is
small, then the stress change for practical purposes is linearly related to the strain change at
the given strain. A common occurrence of these conditions is in experimental determination
of Young’s modulus by wave propagation through a test specimen under static load.
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(0-0,0) =Ee 0=E(e—¢q0)

— —> Vi i

oo

(9)

A
4 ¥ (0-0,) =E(e—¢&,)
| or
& Aoc=EAe
Gp——e
80

Figure D.2 (a) Initial strain, (b) initial stress,and (c) incremental elasticity concepts.

When the applied stress is a shear stress t then the corresponding strain is a shear
strain (engineering shear strain). The constant of proportionality between the two is a shear
modulus. Hooke’s law in the case of one-dimensional shear is simply

T =Gy (D.24)

where G is the shear modulus of the considered material. The shear modulus is also known
as the modulus of rigidity and is often denoted by the symbol . Numerical values of G
generally range between one-third and one-half of £. A plot of as a function of is a straight
line passing through the origin that has slope G as shown in Figure D.1.

Shear strain energy density w is the work per unit volume done by the applied shear force
acting through the shear displacement and is graphically represented by the area under the
shear stress shear strain curve. Thus,

o VT T (D.25)
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is the shear strain energy density. Shear stiffness K in contrast to shear modulus is

4G

K
s Lo

(D.26)
as illustrated in Figure D.1. In structures such as wood cribs that have little resistance to side
forces, shear stiffness may be only a small fraction of the of the wood shear modulus.

In the isotropic case, Hooke’s law is

1 v v 1
Exx = ngx - Eo-yy - Eo-zza Vay = Efxy

v 1 v 1

&y = —Eaxx + 7o EUZZ, Vyz = Etyz (D.27)
v v 1 1

Ezz = _EUXX - E Yy + Eazzy Yox = Efzx

where v is Poisson § ratio, a new elastic constant. In cylindrical coordinates

1 v v 1
Epr = Egrr - E099 - EUZZs Yro = ETrG
v 1 v 1
€00 = _Earr + EUQQ - Eo'zz; Yoz = 6'562
v v 1 1
Ezz = _Earr - EUOO + Eozz: Yar = Etrz

which is obtained simply by replacing subscripts xyz by r6z. The same change is possible
for any orthogonal coordinate system.

Because an isotropic material responds the same regardless of direction, rotation of the
reference axis leaves (D.27) unchanged and leads to the relationships

E

:——l’
2G

v E=2G(1+v) (D.28)

E
G=——",
2(1 +v)

so that any one of the three elastic constants can be obtained from the other two. Under uniaxial
stress oy, as illustrated in Figure D.3, the corresponding strain is ¢, = o,/E according to

(D.28). The strain across the bar, the transverse strain, &, = —vo,/E. Hence,
€
v=|2L (D.29)
Ea

Transverse strain induced by load at right angles is often referred to as a Poisson’s ratio
effect. Under tension, the transverse strain is a contraction, but under compression a thicken-
ing occurs. Poisson’s ratio practically varies between extremes of 0 and 0.5; values of about
0.15-0.35 are common.

Another useful elastic constant is defined in terms of a volumetric strain mean normal
stress relation. Adding the first three of (D.27) to obtain the volumetric strain gives

—2v) (1 —2v) Om

(1
(&xx + &y + £z) = &y = (Oxx + Oyy + 0zz) E =30m E = ? (D.30)
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Figure D.3 Axial elongation and lateral contraction of a prism under axial load only.

where ey is volumetric strain, oy, is the mean (average) normal stress and K is the bulk
modulus of the material, K = E/3(1—2v). A Poisson’s ratio of 0.5 implies an incompressible
material. Compressibility is the reciprocal of the bulk modulus and is zero when the material
is incompressible.

Equations (D.27) in inverted form are

Oxx = _ﬁ_ [(1 = v)exx +veyy +vez], Ty =Gy
_ £ Z

Oy = _m_ [vexe + (1 = 2v)eyy +vez]l, 12 = Gy, (D.31)
_ £ Z

0z = TTwa—2) [vexe +veyy + (1 —v)ezl, T = Gyax

Aninteresting feature of isotropic materials is the uncoupling of normal and shear components
of stress and strain. Inspection of (D.27) and (D.31) shows that normal stresses are linked
only to normal strains and that shear stresses are linked only to shear strain. This feature also
holds for transversely isotropic and orthotropic materials when the reference axes coincide
with the material axes.

Work done by externally applied forces during deformation that is stored in a body as
strain energy is given by

w= / dw = / (oxxdéxy + 0yydeyy + 02:dez,
14

Txy d Yxy + Tyz d Vyz + Td yzx)
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Use of Hooke’s law allows integration. Thus, the three-dimensional strain energy density as
a quadratic form in strain is,

K(ey)?
w =

1
+G [eﬁx +ep +ek+ (5) (v + v+ y}x)] (D.32)

which shows volumetric and deviatoric strain contributions to the total strain energy density
(strain energy per unit volume). Equation (D.32) can also be expressed in terms of mean
normal stress and deviatoric stress, that is,

(om)? 1 1
w= 2“;{ +(3g T T T 3 (sﬁx +55, + sﬁz) (D.33)

where s is deviatoric stress, for example, sy = 0yx — o, and where oy, is the mean normal
stress. Equation (D.33) shows the contribution of the mean normal stress (hydrostatic part of
stress) and the deviatoric stresses to the strain energy density.

In the transversely isotropic case one may consider bedding to be horizontal and the vertical
axis to be the axis of rotational symmetry as shown in Figure D.4. Because transverse isotropy
implies no distinction of direction in the horizontal plane, the material axes are simply vertical
and horizontal, v and 4. In this case, Hooke’s law has the form

1 Vi vy 1
Exx = Ehaxx - Ehayy’ - Ehﬂzzy Yxy = arxy
h
Eyy = —ﬁa + ia — &U = L‘L’ (D.34)
yy = E; xXx Ep vy £ zz,  Vyz = G, yz .
v V. 1 1
Ezz = _*vaxx - 7\/0_ + =0z Yax= S Tx
Ey Ey » E, Gy

The physical meanings of the various elastic constants in (D.34) are illustrated in
Figure D.4. Although there are 6 elastic constants in (D.34, 2 E’s, 2 G‘s and 2 v’s, only
5 are independent. In fact, the in-plane properties with subscript / are related by the isotropic
formula

Ey

Gh=—1—
2(1 +vn)

(D.35)

The Poisson’s ratio vy, relates a horizontal strain at right angles to a horizontal stress; v,
relates a vertical strain to a horizontal stress. However, vy is not the same as v;, which relates
a horizontal stain to a vertical stress, although symmetry requires

v v
== (D.36)
E, Ey
Moduli Ey, and Ey relate horizontal and vertical stresses to corresponding strains; Gy, and
Gy, respectively, relate shear stress and strain parallel and perpendicular to the bedding, as
illustrated in Figure D.4.
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z,v (axis of symmetry)

Transversely isotropic case

(b) N () (d)
z JZZ_ EVSZZ z T z
_ £
I [ i’;’; = lyzyz Te= Gyl A 1,76y,
A
Y Y Y
(e) ® @

— v XX
)—> Y
y v y
- T,,= Gy
= gxx / T, xy~ Zhixy
vy Oxx~ Enéxx
—¢
X b= 22 X X

Figure D.4 Interpretation of transversely isotropic elastic constants.

In the orthotropic case when one uses the material axes a, b, ¢ for reference, Hooke’s law
is

& ! o, Yoa Yea, 7 ! T,
= - &= Obb — B b - lab

aa E, aa £y E. cc a G. a
Vab 1

Eph = — Oaa + bb — Occs  Vbe The (D.37)
E, E G,
Vae . 1 1

Ece = — Oua Opb + Occs  Yea Tca
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Although there appear to be 12 elastic constants in (D.37),3 E’s, 3 G’sand 6 v’s, symmetry
reduces the number to 9 (E,, Ep, Ec, Gy, Gp, Ge, Vap, Vbe, Vea)- The order of subscripts with the
Poisson’s ratios is important. For example, v, relates the effect of a stress in the a-direction
to a strain in the b-direction, while vy, relates a stress in the b-direction to a strain in the
a-direction. The two are generally not equal. However, symmetry requires

Yoa _ Vab  Vea _ Vac  Veb _ Vbe (D.38)
E, E; , ’ . , '

which allows for computation of the other Poisson’s ratios. Modulus £, relates a stress
applied in the a-direction to a strain in the same direction and similarly for £, and E.. A
shear modulus G, relates shear stress to shear strain in the ab-plane and similarly for G, and
Gy, for shear in the bc- and ca-planes.

Hooke’s law in two-dimensions — plane stress and plane strain

There are two important special cases of three-dimensional stress and strain that reduce
to mainly two-dimensional considerations. The first is plane stress; the second is plane
strain. Two-dimensional implies that variation in the third, say, z-direction are negligible.
In one-dimensional analysis, five of the considered stresses were known to be zero. This
fact then allowed for calculation of all the strains. Plane stress and plane strain analyses
are more complex than one-dimensional analyses, but not as complex as the general three-
dimensional case. Both are illustrated in Figure D.5. Many important practical problems are
well approximated as plane stress or plane strain problems. Slabs and plates loaded on edge
are examples of the former; tunnels and shafts are examples of the latter.

In plane stress, the three z-direction stresses are zero, while the three in-plane stresses
remain to be determined. Thus, 0., = 7; = 7; = 0 in plane stress, while oy, 0y, and
Tyy are unknown. Vanishing of the z-direction shear stresses implies through Hooke’s law
vanishing of the z-direction shear strains, so yx; = ¥, = 0 and Ee;; = —v(0oxx + 0yy).
Solution of the two-dimensional problem for the stresses then allows for computing &,, and

(a) (b)

€22=0 y
Yyz=0
Tzx=0
g g 1e7
| l HL
| | -~
| L Iy
| 17 ™ ::
I L=
| Tf x
| S
: z f:?
e ]
7/

Figure D.5 Concepts of (a) edge-loaded slab: plane stress and (b) imaginary slab in a long block: plane
strain.
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the in-plane strains &y, &)y, and yy,. Hooke’s law reduces to

1 v
Exx = Eaxx - Egyy

v 1
€y = 0w+ L0y (D.39)

Exy = =Ty
) G Y

in plane stress. Excavation of a hole in an edge-loaded slab induces stress and strain changes
that follow the plane stress idealization. Interestingly enough, the change in slab thickness
varies from point to point and is largest at the hole rim where a “lip” forms.

Plane strain may be defined by setting the z-direction strains to zero, so &;; = Y. =
¥z =0. The z-direction shear strains imply through Hooke’s law that the z-direction shear
stresses are zero. Also, the z-direction normal strain implies that 0., = v(ox + 0yy). Again,
solution for the in-plane stresses allows for determination of all stresses and strains. In the
case of plane strain, Hooke’s law has the form

1 —? v(l 4 v)
Exx = ( £ >Uxx - (T) Oyy
)
_ <w> O + (1 E” )%y (D.40)

Exy = 6 Txy

Eyy

A thin imaginary slab perpendicular to the axis of a long tunnel located in a region where
the pretunnel stress field shows no shear stress parallel to the tunnel axis is shown in Figure
D.5. Excavation of the tunnel is reasonably idealized as a plane strain problem, that is, the
changes in stress and strain induced by excavation satisfy plane strain conditions. Stresses
and strains about the tunnel after excavation are obtained by addition of the changes to the
pretunnel stresses and strains. Displacements induced by excavation are associated with the
strain changes and are entirely in-plane. Thickness of the considered slab remains unchanged
in a plane strain analysis.

In anisotropic rock where the tunnel axis is not parallel to a material axis, vanishing of shear
strains (stresses) no longer implies vanishing of the corresponding shear stresses (strains).
Additional considerations are then required for plane stress and plane strain analyses that
involve subtle details of the problem.



References

2 Slope stability

Bishop, A. W. 1955. The use of the slip circle in the stability analysis of slopes. Geotechnique. Vol. 5,
No. 1, pp. 7-17.

Hamel, J. V. 1974. Rock strength from failure cases: left bank slope stability study, Libby Dam and
Lake Koocanusa, Montana. U.S. Army Corp of Engineers Technical Report MRD-1-74. p. 239.

Janbu, N. 1957. Earth pressures and bearing capacity calculations by generalized procedure of slices.
Proc. 4th Intl Conf. on Soil Mechanics. Vol. 1, pp. 207-221.

—— 1976. The Pit Slope Manual (R. Sage, ed.). Canada Centre for Mineral and Energy Technology
(CANMET). In 10 separate chapters.

Pariseau, W. G. 1980. A simple mechanical model for rockslides and avalanches. Engineering Geology.
Vol. 16, pp. 111-123.

—— Rocscience software. http://www.rocscience.com

—— Course downloads. http://www.utah.edu/mining/mgen5160.htm and mgen5150.htm

Seegmiller, B. L. 1974. How cable bolt stabilization may benefit open pit operations. Mining
Engineering. Vol. 26, No. 12, p. 2934.

—— 1975. Cable bolts stabilize pit slopes, steepen walls to strip less waste. World Mining. July Issue.

3 Shafts

Cornish, E. 1967. Vertical shafts. Mineral Industries Bulletin. Vol. 10, No. 5.

Green, A. E. 1940. General biharmonic analysis for a plate containing circular holes. Proc. Royal Soc.
London, Series A, Vol. 176, pp. 121-139.

Haddon, R. A. 1967. Stresses in an infinite plate with two unequal circular holes. Q. J. Mech. 7 Appl.
Math.,Vol. 20, pp. 277-291.

Heller, S. R., Jr, J. S. Brock, and R. Bart. 1958. The stresses around a rectangular opening with rounded
corners in a uniformly loaded plate. Proc. 3rd U.S. National Congress Applied Mechanics. ASME,
NY, pp. 357-368.

Howland, R. C. 1935. Stresses in a plate containing an infinite row of holes. Proc. Royal Soc. London,
Series A, Vol. 148, pp. 471-491.

Howland, R. C. J. and R. C. Knight. 1939. Stress functions for a plate containing groups of circular
holes. Proc. Phil. Trans. Vol. A238, pp. 357-392.

Jaeger, J. C. and N. G. W. Cook. 1969. Fundamentals of Rock Mechanics. Methuen & Co. Ltd. London,
p. 513. Ellipse 253-260.

Ling, C.-H. 1948. On the stresses in a plate containing two circular holes. J. of Applied Physics.
Vol. 19, pp. 77-82.

Love, A. E. H. 1944. A Treatise on the Mathematical Theory of Elasticity. Dover, NY, p. 643.

Manual of Steel Construction (7th ed.) AISC, NY, 1970.



552 References

National Design Specification for Wood Construction Supplement (1997 ed.) American Forest & Paper
Association.

Obert, L. and W. I. Duvall. 1967. Rock Mechanics and the Design of Structures in Rock. John Wiley &
Sons, Inc., NY, p. 650.

Obert, L., W. I. Duvall, and R. H. Merrill. 1960. Design of underground openings in competent rock.
U.S. Bureau of Mines Bulletin 587. U.S. Government Printing Office, pp. 6—7.
Pariseau, W. G. 1977. Estimation of support Load Requirements for Underground Mine Openings by
Computer Simulation of the Mining Sequence. Transactions. SME/AIME, Vol. 262, pp. 100-109.
Stillborg, B. 1986. Professional Users Handbook for Rock Bolting. Trans Tech Publications, Clausthal,
p. 145.

—— ASTM Standard F 432-95 Standard Specification for Roof and Rock Bolts and Accessories.
Copyright ASTM International, 100 Barr Harbor Drive, West Conshocken, PA 19428.

Terzaghi, K. 1962. Stability of steep slopes on hard unweathered rock. Geotechnique. Vol. 12, No. 4,
pp- 251-270.

Wang, J., S. G. Mogilevskaya, and S. L. Crouch. 2001. A Galerkin Boundary Integral Method for
Nonhomogeneous Materials with Cracks. Proc. 38th U.S. Rock Mechanics Symp. Vol. 2, Balkema,
pp. 1453-1460.

4 Tunnels

Bischoff, J. A. and J. D. Smart. 1977. A method of computing a rock reinforcement system which
is structurally equivalent to an internal support system. In: Proc. 16th U.S. Symp. Rock Mechanics
(C. Fairhurst and S. L. Crouch, eds). ASCE, NY, pp. 279-184.

Hoadley, A. 1964. Essentials of Structural Design. John Wiley & Sons, Inc. NY, p. 348.

Kendorski, F. S. 1977. Caving operations drift support design. In: Proc. 16th U.S. Symp. Rock
Mechanics (C. Fairhurst and S.L. Crouch, eds). ASCE, NY, pp. 277-286.

Proctor, R. V. and T. L. White. 1968. Rock Tunneling with Steel Supports. Commercial Shearing &
Stamping Company. The Youngstown Printing Co, Youngstown, p. 291.

Timoshenko, S.P. and S. Woinoswaky-Krieger (1959) Theory of Plates and Shells(2nd ed.). McGraw-
Hill, Tokyo, p17.

5 Entries in stratified ground

Gere, J. M. and S. P. Timoshenko. 1997. Mechanics of Materials. PWS Publishing Company, p. 912.
Hibbeler, R. C. 2003. Mechanics of Materials. Prentice-Hall, p. 848.
Popov E. P. 1952. Mechanics of Materials. Prentice-Hall, p. 441.

6 Pillars in stratified ground

Pariseau, W.G. 1982. Shear stability of mine pillars in dipping seams. Proc. 23rd U.S. Symp. Rock
Mech. SME/AIME, NY, pp. 1077-101090.

—— 1983. Ground Control in Multi-Level Room and Pillar Mines. U.S. Department of Interior, Bureau
of Mines, Final Report. Grant No. G1115491, p. 111.

7 Three-dimensional excavations

ASTM. 1998. Standard specification for steel strand, uncoated seven-wire for prestressed concrete.
American Society for Testing and Materials Standard A416/A 416M - 96. Annual Book of Standards.
Vol. 01.04, pp. 213-215.



References 553

Coates, D. F. 1970. Rock Mechanics Principles. Canadian Mines Branch Monograph 874 (revised).
Information Canada, Ottawa.

Landriault, D., D. Welch, and D. Morrison. 1996. Mine tailings disposal as a paste backfill for
underground mine backfill and surface waste deposition. SME Short Course Notes, Little, Colorado.

Love, A. E. H. (1944) A Treatise on the Mathematical Theory of Elasticity. (4th ed.) Dover publication,
NY

Pariseau, W. G.2005. Preliminary design guidelines for large deep underground caverns. Proc. 40th U.S.
Symp. Rock Mech. American Rock Mechanics Association. No. 853.

Pariseau, W. G., J. R. M. Hill, M. M. McDonald, and L. M. McNay. 1976 A support-performance
prediction method for hydraulic backfill. U.S. Bureau of Mines R.I. 8161. p. 19.

Sadowsky, M. A. and E. Sternberg. 1949. Stress concentration around a triaxial ellipsoidal cavity.
J. Appl. Mech. Trans. ASME, Series E, Vol. 71, pp. 141-157.

Schmuck, C. H. 1979. Cable bolting at the Homestake gold mine. Mining Engineering. Vol. 31,
No. 12, pp. 1677-1681.

Terzaghi, K. and F. E. Richart, Jr. 1952. Stresses in rock about cavities. Geotechnique. Vol. 2, No. 3,
pp. 57-90.

8 Subsidence

Brauner, G. 1973. Subsidence due to underground mining (In two parts) 1. Theory and practices in
predicting surface deformation. U.S. Bureau of Mines 1.C. 8571, p. 55. 2. Ground movements and
mining damage. U.S. Bureau of Mines 1.C. 8572, p. 53.

Janssen, H. A. 1896. On the pressure of grain in silos. Minutes of Proc. of the Inst. Civ. Engr. Vol. 124,
pp. 553-555.

NCB. 1975. Subsidence Engineer s Handbook. National Coal Board, Mining Department, p. 111.

Peng, S. S. 1978. Coal Mine Ground Control. John Wiley & Sons, p. 450.

Voight, B. and W. G. Pariseau. 1970. State of predictive art in subsidence engineering. J. Soil Mech.
Fnd. Div. ASCE, SM2, pp. 721-750.

Appendix B Mechanical properties of intact rock and joints

Balmer, G. G. 1953. Physical Properties of Some Typical Foundation Rocks. U.S. Department of
Interior, Bureau of Reclamation , Concrete Laboratory Report No. SP-39.

Blair, B. E. 1955. Physical Properties of Mine Rock-III. U.S. Bureau of Mines Report of Investigations
5130.

——1956. Physical Properties of Mine Rock-IV. U.S. Bureau of Mines Report of Investigations 5244.

Brechtel, C. E. 1978. The Strength and Deformation of Singly and Multiply Jointed Sandstone
Specimens. M.S. thesis, University of Utah, p. 112.

Brighenti, G. 1970. Influence of Cryogenic Temperatures on Mechanical Characteristics of Rocks.
Proc. 2nd Congress of the International Society for Rock Mechanics. Belgrade, Vol. 1, Theme 2,
Paper 2-27.

Chenevert, M. E. and C. Gatlin. 1965. Mechanical Anisotropies of Laminated Sedimentary Rocks.
Society of Petroleum Engineers Journal. pp. 67-77.

Deere, D. U., A. J. Henderon, Jr, F. D. Patton, and E. J. Cording. (1967). Design of Surface and
Near-Surface Construction in Rock. In: Proc. 8th U.S. Symp. Mechanics. AIME/SME, NY, 237-302.

Deklotz, E. J. and J. W. Brown. 1967. Tests for Strength Characteristics of a Schistose Gneiss. U.S.
Army Corps of Engineers. Omaha, Technical Report No. 1-67.

Goodman, R. E. 1968. The Effects of Joints on the Strength of tunnels. U.S. Army Corps of Engineers.
Omaha, Technical Report No. 5.



554 References

Hart, R. D., P. A. Cundall, and M. L. Cramer. 1985. Analysis of a Loading Test on a Large Basalt
Block. Proc. 26th U.S. Symposium on Rock Mechanics. Vol. 2, Balkema, pp. 759-768.

Hassani, F. G. and J. J. Scoble. 1985. Frictional Mechanisms and Properties of rock Discontinuities.
Proc. Intl. Symp. on Fundamentals of Rock Joints. Centek, Lulea, pp. 185-196.

Heard, H. C. 1960. Transition from Brittle Fracture to Ductile flow in Solenhofen Limestone as a
Function of Temperature, Confining Pressure and Interstitial Fluid Pressure. In: Rock Deformation
(eds: D. Griggs and J. Handin). The Geological Society of America Memoir 79, pp. 193-226.

Hoek, E. 1964. Fracture of Anisotropic Rock. J. of the South African Institute of Mining and Metallurgy.
pp. 501-518.

Hoek, E. and E. T. Brown. 1980. Underground Excavations in Rock. The Institution of Mining and
Metallurgy, p. 527.

Jaeger, J. C. and N. G. W. Cook. 1969. Fundamentals of Rock Mechanics. Methuen & Co., p. 513.

Ko, H.-Y. and K. H. Gerstle. 1976. Elastic Properties of Two Coals. Int. J. Rock Mech. Min. Sci. &
Geomech. Abstr. Vol. 13, No. 3, pp. 81-90.

Kulhawy, F. L. 1975. Stress Deformation Properties of Rock and Rock Discontinuities. Engineering
Geology. Vol. 9, pp. 327-350.

Lajtai, E. Z. 1969. Shear Strength of Weakness Planes in Rock. Int. J. Rock Mech. Min. Sci. & Geomech.
Abstr. Vol. 6, No. 5, pp. 499-515.

Lama, R. D. and V. S. Vutukuri. 1978a. Handbook on Mechanical Properties of Rocks. Volume II —
Testing Techniques and Results. Trans Tech Publications, pp. 481.

——1978a. Handbook on Mechanical Properties of Rocks. Volume III — Testing Techniques and
Results. Trans Tech Publications, p. 406.

——1978b. Handbook on Mechanical Properties of Rocks. Volume IV — Testing Techniques and
Results. Trans Tech Publications, p. 515.

McLamore, R. and K. E. Gray. 1967. The Mechanical Behavior of Anisotropic Sedimentary Rocks.
Journal of Engineering for Industry (ASME Transactions, Series B), Vol. 89, pp. 62—67.

Moon, H. 1987. Elastic Moduli of Well-Jointed Rock Masses. Ph.D. Dissertation, University of Utah,
p. 284.

Obert, L. and W. I. Duvall. 1967. Rock Mechanics and the Design of Structures in Rock. John Wiley &
Sons, p. 650.

Pariseau, W. G. 1967. Post-yield Mechanics of Rock and Soil. Mineral Industries. The Pennsylvania
State University, College of Earth & Mineral Sciences, Vol. 36, No. 8, pp. 1-5.

——1972. Plasticity Theory for Anisotropic Rocks and Soils. Proc. 10th Symposium on Rock
Mechanics. SME/AIME, pp. 267-295.

——1994. Design Cosiderations for Stopes in Wet Mines. In: Proc. 12th Annual Workshop
Generic Mineral Technology Center Mine System Design and Ground Control, Department of
Mining and Minerals Engineering, Virginia Polytechnic Institute and State University, Blacksburg,
pp. 37-48.

Pariseau, W. G., W. A. Hustrulid, S. R. Swanson, and L. L. Van Sambeek. 1977. Coal Pillar Strength
Study (the Design of Production Pillars in Coal Mines). U.S.B.M. Contract H0242059 Final Report.
p. 417.

Peng, S. S. 1973. Time-dependent Aspects of Rock Behavior as Measured by a Servo-controlled
Hydraulic Testing Machine. Int. J. Rock Mech. Min. Sci. & Geomech. Abstr. Vol. 10, No. 3,
pp. 235-246.

Peng, S. S. and E. R. Podnieks. 1972. Relaxation and the Behavior of Failed Rock. Int. J. Rock Mech.
Min. Sci. & Geomech. Abstr. Vol. 9, No. 6, pp. 669-712.

Pomeroy, C. D., D. W. Hobbs, and A. Mahmoud. 1971. The Effect of Weakness-plane Orientation on
the Fracture of Barnsley Hards by Triaxial Compression. Int. J. Rock Mech. Min. Sci. & Geomech.
Abstr. Vol. 8, No. 3, pp. 227-238.

Rosso, R.S.1976. A Comparison of Joint Stiffness Measurements in Direct Shear, Triaxial Compression
and In Situ. Int. J. Rock Mech. Min. Sci. & Geomech. Abstr. Vol. 13, No. 6, pp. 167-172.



References 555

Singh, M. M. 1989. Strength of Rock. In: Physical Properties of Rocks and Minerals
(Y. S. Touloukian, W. R. Judd, and R. F. Roy, eds). Hemisphere Publishing Corp. pp. 83—121.

Terzaghi, K. 1962. Stability of Steep slopes on Hard Unweathered Rock. Geotechnique. Vol. 12,
No. 4, pp. 251-270.

Vutukuri, V. S., R. D. Lama and S. S. Saluja. 1974. Handbook on Mechanical Properties of Rocks.
Volume I — Testing Techniques and Results. Trans Tech Publications, p. 280.

Windes, S. L. 1949a. Physical Properties of Mine Rock-I. U.S. Bureau of Mines Report of Investigations
4459.

——1949b. Physical Properties of Mine Rock-II. U.S. Bureau of Mines Report of Investigations 4727.

Wauerker, R. G. 1956. Annotated Tables of Strength and Elastic Properties of Rocks. Petroleum Branch,
AIME, Paper 663-G.

Zienkiewicz, O. C. (1977) The Finite Element Method. (3rd ed.). McGraw-Hill, London.

Appendix C Rock mass classification schemes for engineering

Bieniawaski, Z. T. 1989. Engineering Rock Mass Classifications. Wiley, NY, p. 251.

Deere, D. U. 1963. Technical description of rock core for engineering purposes. Rock Mech. Eng. Geol.
Vol. 1, pp. 16-22.

Deere, D. U., A.J. Hendron, Jr, F. D. Patton, and E. J. Cording. 1967. Design of surface and near-surface
construction in rock. Proceedings of the 8th US Symposium on Rock Mechanics SME/AIME, NY,
pp- 237-302.

Rose, D. 1982. Revising Terzaghi’s Rock Load Coefficients. Proceedings of the 23rd U.S. Symposium
on Rock Mechanics SME/AIME, NY, pp. 953-960.

Wickham, G. E. and H. R. Tidemann. 1974. Ground support prediction model (RSR Concept). U.S.
Bureau of Mines Final Report. Contract No. Ho220075. p. 271.

Wickham, G. E., H. R. Tidemann, and E. H. Skinner. 1974. Ground support prediction model RSR
concept. Proceedings of the Rapid Tunneling and Excavation Conference. SME/AIME, NY, Vol. 1,
pp. 691-707.






Index

anchorage: cable bolting slopes 36; cable
bolting stopes 386; rock bolts 22, 130; roof
bolts 255, 261; roof trusses 264

angle: adjustments 440; bolting slopes,
optimum 36, 38; dip 39; dip direction 39;
direction 534; draw 431; face 21, 34;
failure surface 21; line of intersection of two
planes 39, 41; repose, of 463; slope 21, 34

anisotropy: from slope joints 73, 519; in
Hooke’s law 480; orthotropy 480, 548; in
strength 494; transverse isotropy 480, 548

arches: loading 212; rock 195; stable 410;
supporting 208, 212; yieldable steel 218

area: joint plane 47; tension crack 49;
tributary 227

aspect ratio 176, 175

azimuth 39

base failures 70

beams: building 256; entries roofs 243; steel
ribs 195; suspension 255; ultimate bearing
capacity 71

beds: friction 398; separation 246

bench: crest relieving 69

berms: toe 70

Bischoff, J. A. 208, 223

Bishop, A. W. 61

Blair, B. E. 479, 486

block caving 405

blocking points 195

bolt length: entries 257; shafts 123; tunnels
211,215

bolt strength 124, 125

bolt types 122

bolted roof 255

bolting: joints, combination 216; joints, shafts
125, 127; joints, tunnels 185; pattern, shafts
129; pattern, tunnel 208; pressure 129, 211,
255,265

Brazil test 482

breadth, of slope 21

Brechtel, C. E. 518

Brighenti, B. 493
brittle-ductile transition 495
Brown, E. T. 502, 503

Brown, J. W. 522

buckling 3, 199, 219, 360, 414
bulk modulus 546

bulking porosity 398

cable bolts: shafts 130; slopes 35; stopes 386

caving 214, 301, 321, 366, 397, 405, 422

Chenevert, M. E. 484

chimneys 397

Coates, D. F. 347

cohesion: of joints 512; of rock 505

combination support 212, 422

compressibility 546

compressive strength: unconfined 485; under
confining pressure 495

constitutive equations 1

Cook, N. G. W. 95,512

Cording, E. J. 529

Cornish, E. 137-38

Coulomb failure see Mohr-Coulomb failure

Cramer, M. L. 510

creep (time-dependent behavior) 3

critical width, area 433

Cundall, P. A. 510

Darcy’s law 8, 369

Deere, D. U. 529

deflection: beams 231, 247; bolted roof 255;
maximum 236, 247

Deklotz, E. J. 522

design: background 6; dead weight load 257;
elastic 1; foundations 71; objective 1, 3;
practical 7; properties 7; silos 415

dilatation 572

dip 39; dip direction 39; of line of intersection
of two planes 40

direction cosines 40, 42, 52, 364, 534
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discontinuities: geologic 306; in muck flow
405; structural 15

dowel effect: in beams 255; shafts 130;
slopes 36

drawpoints 406

Drucker-Prager failure 345, 497, 499

Duvall, W. 1. 88, 89, 243, 480, 490

effective stress, force 20, 185, 367,417, 433,
502,512

elastic design 1

entries: max roof sag 236, max roof
tension 236

equilibrium: bolt anchorage 261; cave forces
407; downhill 20; fill 304, 378; limiting 71;
moments in beams 231; normal force 21;
pillars 290; roof trusses 264; steel forces
198; stress equations 233

extraction ratio: definition 148, 279; formulas
279, 290; formulas with fill 377

factor of safety 3; bolted 129, 210, 262; cavern
walls 345; cohesion, with respect to 34;
combination support 423; dipping seams
294; entries, roofs 229; flat stream 279;
friction, with respect to 34; global 16;
improvement 31, 35, 38, 123; with joints
426; local 16; pillar average 148; pillars
with joints 306; planar sides 16, 18;
rotational slides 17, 60; shaft liner 133; shaft
wall, unlined 87; shaft wall joints 115, 123;
single slice 61, 69; steel rings 141; tunnel
unbolded 209; tunnel wall joints 185,217;
unbolted 35, 38; wall joints 346; wedge
slides 38

failure criteria 496

fill 367; cemented 377; hydraulic, slurry 367;
hydraulic conductivity 369; modulus 368;
paste 377; shear strength 368

forces: beam shear 232; bolting, reinforcement
20, 25, 65, 123, 129, 256, 429; chimney
caves 407, 417; clamping 218; cohesive 20,
25; driving 16, 20, 216; effective normal 20,
61; frictional resistance 25; resisting 16, 20,
38, 65, 216; seismic 20, 65; steel ribs 198;
surcharge 20, 65; water 20, 25, 51, 63; on
wedge joint planes 51; weight 20

foreland 39

friction angle 512

Gatlin, C. 484
geology 88,461
Gere, J. M. 230
Gerstle, K. H. 480
Goodman, R. E. 510

Gray, K. E. 506
groundwater 531

Hart, R. D. 510

Hassani, R. G. 511, 513

head 33, 63, 196, 256, 369, 405
Hendron, A. J. 529

Hibbeler, R. C. 230

Hill, J. R. M. 370

Hobbs, D. W. 506

Hoek, E. 502, 503
Hoek-Brown failure 346, 499
hole shape 88

hollow cylinder model 132
homogeneity, definition 114
Hooke’s law 2,92, 108, 131, 230, 373, 476, 545

invariants of stress, strain 345, 500, 537

Jaeger, J. C. 95,512

Janbu, N. 79

Janssen, H. A. 415, 418, 461

joint persistence 18, 118,213, 424
joint properties 507, 509

jointed rock mass strength 18, 118, 512

Kendorski, F. S. 212, 421, 464

Ko, H.-Y. 480

Kulhawy, F. L. 474, 476, 478, 479, 505,
510,512

Lajtai, E. Z. 524, 525

Lama, R. D. 476, 486

length of line of intersection 47
linearity 541

longwall mining 315, 364, 397, 430
Love, A. E. H. 131, 348

McDonald, M. M. 370

McLamore, R. 506

McNay, L. M. 370

Mahmoud, A. 506

mass center 2

maximum shear stress 234, 272, 294, 498, 503

mean normal stress 9, 300, 345, 498, 503, 524

Merrill, R. H. 88

modulus: cemented fill 367; hydraulic fill 379;
rigidity 544; rupture 483; shear 479, 507,
544; Young’s, tangent, secant 474, 476

Mohr-Coulomb failure 497

Mohr’s circle 538; effect of backfill 299;
generalized 298; joint and pillar failure 308,
311; unconventional 291, 293
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moments: beams 232, 234-243; bolting 65;
cohesive 61; driving 17, 61; frictional 108;
resisting 17, 69; seismic 65; slices 61;
surcharge 65; weight 61

Moon, H. 510

muck 397; flow 398, 405

neutral axis, surface 231

Obert, L. 88, 89, 243, 480, 490

ore pass 219, 398, 410, 428

orientation: cavern axes 360; hole axis 96,
108; row axis 142; tunnel axis 184; tunnel
row 190

Patton, F. D. 529

Peng, S. S. 431, 491

permeability 553

permeameters 553

persistence 18, 118, 213,424, 513

pillars: barrier 324; chain staggered 321; main
columnized 315

Podnieks, E. R. 491

Poisson’s ratio 477, 479, 545

Pomeroy, C. D. 506

Popov, E. P. 230

porosity 369, 398, 474

problem solving procedure 4

Proctor, R. V. 195, 197, 200

Q-system 473, 531
quality: designation 473, 529; rock mass
197,204

relieving bench 69-70

remedial measures 17, 65, 68

Richart, F. E., Jr. 350

RMR 473, 531

rock arch: loading 196, 212;
supporting 212

rock bolts 122

rock engineering 1

rock head 196, 219, 256

rock mass: acceleration 2; angle of internal
friction 18; classification 197, 529;
cohesion 18; motion 1; structure 1

rock properties 473

roof beams: maximum sag 236, 245, 252; peak
tension 236, 246,316

Rose, D. 529, 530

Rosso, R. S. 510

RQD 529-532

RSR 529-530

safety 3

safety factor see factor of safety

Saluja, S. S. 476

Scoble, J. J. 511,513

seepage rate in fill (percolation rate) 369

shafts 87; bolting 122; circular 89; of different
diameters 153; elliptical 94; liner, thickness
133; liners, circular 130; rectangular 101; in
arow 142,155, 158; wall shear 136

shear strength: bolt 216, 426; joint 115; rock
185; rock mass 21; steel 36; steel-cement
bond 262

shotcrete 130, 194, 212, 216, 398, 425

silos 414

Singh, M. M. 483, 487

size effect: hole sizes 154; pillar strength 282;
strength 487

Skinner, E. H. 530

slope: angle 15; breadth 21; geometry 15;
height 15

slopes, classification 15

Smart, J. D. 208, 223

spacing: blocking points 195, 198; bolts 129;
cable bolts, slopes 21, 36, 38; cable bolts,
stopes 388; roof trusses 264; shaft wall
joints 121, shafts 142; steel rings 140; steel
sets 197; tunnels 189; tunnel bolts 210,
214; yieldable arches 219

specific gravity of rock 474

stability 3

steel: rings 140; sets, combination 212; sets,
fixed 194; sets, yieldable 218;
strength 124, 125

Sternberg, E. 355

Stillborg, B. 122

stopes 35; cable bolts 386; support with
fill 367

strain 543; NCB profile 444; rosettes 543

strength: intact rock, joints, jointed rock 18, 118

stress 537

stress, deviatoric 345, 500, 547

stress, principal stress ratio M 88

stress, secondary principal stress 537

stress, tabular excavations 365

stress concentration 89; arched back tunnel
178, 191; bricks, cubes 358; circular hole
89, 143; elliptical hole 94; rectangular hole
104; spherical caverns 347; spheroids 353

stress concentration factor 88

stress in beams 232; in chimney caves, dry
408; in chimney caves, wet 417

stress peak 88

stress pillar average 148

stress pre-tunnel 175

stress—strain relations 476, 545
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subsidence: chimneys 397; damage 451, 453

subsidence factor: adjustments 440;
definition 433

subsidence strain profiles 444; peak strain
multipliers 447; secondary peak 448; strain
peaks 447; superposition 459

subsidence troughs 430; limits 431; maximum
433-34; profiles, face 437; rib 444;
superposition 455; temporary maximum 436

superposition 143, 191, 455, 541

tensile strength 482

tension crack 19, 30, 49

Terzaghi, K. 118, 197, 524, 530

Tidemann, H. R. 530

time-dependent behaviors 88, 131, 194,
302, 368

toe buttress 70

toppling: pillars 290; slopes 72

triaxial test 495

tributary area 277

troughs 430
tunnels: aspect ratio 175; orientation 175;
shape 175; support 194

unit weight see specific gravity of rocu

units: conversion factors 6; foot-lbf-sec 5;
metric, SI 5

upland 39

viscosity 370

void ratio 391

Voight, B. 431

volume: planar block slide 32; tension crack
correction 23; wedge slide, tetrahedron 48

Vutukuri, V. S. 476, 486

water: pressure 26; table 26, 51
White, T. L. 195, 197, 200
Wickham, G. E. 530

Windes, S. L. 479, 486



	Cover
	Contents
	Preface
	Acknowledgments
	Chapter 1: Introduction
	Chapter 2: Slope stability
	Chapter 3: Shafts
	Chapter 4: Tunnels
	Chapter 5: Entries in stratified ground
	Chapter 6: Pillars in stratified ground
	Chapter 7: Three-dimensional excavations
	Chapter 8: Subsidence
	Appendixes
	Appendix A: Background literature
	Appendix B: Mechanical properties of intact rock & joints
	Appendix C: Rock mass classification schemes for engineering
	Appendix D: Some useful formulas




