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Electrical Engineering

Electric machines have a ubiquitous presence in our modern daily lives, 
from the generators that supply electricity to motors of all sizes that power 
countless applications. Providing a balanced treatment of the subject, 
Electric Machines and Drives: Principles, Control, Modeling, and 
Simulation takes a ground-up approach that emphasizes fundamental 
principles. The author carefully deploys physical insight, mathematical 
rigor, and computer simulation to clearly and effectively present electric 
machines and drive systems.

Detailing the fundamental principles that govern electric 
machines and drives systems, this book:

• Describes the laws of induction and interaction and demonstrates 
their fundamental roles with numerous examples

• Explores dc machines and their principles of operation
• Discusses a simple dynamic model used to develop speed and torque 

control strategies
• Presents modeling, steady state based drives, and high-performance 

drives for induction machines, highlighting the underlying physics of 
the machine

• Includes coverage of modeling and high-performance control of 
permanent magnet synchronous machines

• Highlights the elements of power electronics used in electric 
drive systems

• Examines simulation-based optimal design and numerical 
simulation of dynamical systems

Suitable for a one semester class at the senior undergraduate or a graduate 
level, the text supplies simulation cases that can be used as a base and 
can be supplemented through simulation assignments and small projects. 
It includes end-of-chapter problems designed to pick up on the points 
presented in chapters and develop them further or introduce additional 
aspects. The book provides an understanding of the fundamental laws of 
physics upon which electric machines operate, allowing students to master 
the mathematical skills that their modeling and analysis requires.
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Preface

Electric machines play crucial, yet often quiet and unnoticed, roles in our 
modern lives. The electricity that we have come to expect as an indispens-
able commodity is generated using electric generators. A large number of 
modern conveniences we enjoy are powered by electric motors of different 
forms and sizes. It is hard to imagine a world without electric machines and 
what they do to make our lives easier.

For a long period of time, the study of electric machines was a major por-
tion of electrical engineering programs. In the past two or three decades, 
however, this subject was given less than its fair share of attention, while 
subjects such as digital and computer systems filled up large portions of cur-
ricula in many universities.

In recent years, electric machines have been used in radically new and 
exciting applications and in large scales, for example, in renewable energy 
generation schemes and electric and hybrid vehicles. These new develop-
ments and advances in power electronics and control systems have given 
electric machines a much deserved new life. This book aims to engage the 
student in the subject of electric machines and drives by laying a strong 
foundation rooted in physical principles of operation of these systems.

Overview of Chapters

The book comprises nine chapters and three appendices. The first two 
chapters are devoted to the underlying physical principles of electric 
machines. The laws of induction and interaction are described and their 
fundamental roles in electric machines are demonstrated through numerous 
examples. Chapter  3 is devoted to dc machines. Principles of their opera-
tion are described followed by a simple dynamic model that is then used 
to develop speed and torque control strategies. Chapters 4 through 6 are 
devoted to induction machines. Modeling, steady state–based drives, and 
high-performance drives are presented with particular attention to the 
underlying physics of the machine. Chapter 7 deals with modeling and high-
performance control of permanent magnet synchronous machines. Chapter 
8 presents elements of power electronics used in electric drive systems. 
Computer simulation is an indispensable tool in the study of modern elec-
tric machine and drive systems. They have evolved well beyond traditional 
analysis tools; computer tools are now increasingly used as tools for design 
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as well. Chapter 9 deals with simulation-based optimal design of electric 
motor drive systems.

The material in Appendix A on numerical simulation of dynamical sys-
tems is important. It allows the student to develop their own simulation code 
of electric machines and experiment with their computer models.

Computer Tools and Techniques

Throughout this book, a host of computer tools and techniques have been 
used. Three main computer programs have been used for this purpose:

	 1.	Numerical simulations of simple cases have been directly coded 
using the integration method in Appendix A. These simulations are 
developed in MATLAB®.

	 2.	Analysis of winding waveforms, inductances, and related calcula-
tions are done in Mathcad.

	 3.	Simulations of electric machines with their power electronic drive 
circuits are done in the PSCAD/EMTDC transient simulation 
program. This is a widely used commercial program with a host of 
modeling and simulation capabilities, which prove to be particularly 
suited for high-power electronic drive systems.

These simulation cases are available through the publisher. The PSCAD/
EMTDC simulation program has a student version that can be downloaded 
free of charge from www.pscad.com. Additional support material including 
chapter slides and a solutions manual are also available to the instructors 
through the publisher.

How to Teach from This Book

The material in this book can be taught, with minor variations, in one 
semester to a senior undergraduate or a graduate class. Depending on the 
background of the students and whether or not they have been exposed 
to power electronic circuits prior to taking this course, the instructor may 
drop Chapter 8 or supplement it with additional material (e.g., on dc–dc 
converters). Chapter 9 can be dropped if it is felt that its focus does not fit the 
theme of a particular course outline.

It is strongly recommended that simulation tools be incorporated in teach-
ing of the material in the book. The supplied simulation cases can be used as 
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a base and can be supplemented through simulation assignments and small 
projects.

A great deal of learning in this book occurs in the end-of-chapter prob-
lems. They are designed to pick up on the points presented in chapters and 
develop them further or introduce additional aspects.

MATLAB® is a registered trademark of The MathWorks, Inc. For product 
information, please contact:

The MathWorks, Inc.
3 Apple Hill Drive
Natick, MA 01760-2098 USA
Tel: 508 647 7000
Fax: 508-647-7001
E-mail: info@mathworks.com
Web: www.mathworks.com

www.TechnicalBooksPdf.com



www.TechnicalBooksPdf.com



xv

Acknowledgments

Many people have contributed directly or indirectly to the journey that has 
led to the creation of this book. Graduate students who enrolled in my grad-
uate course on electric machines and drives provided excellent feedback and 
contributed significantly to the enhancement of course notes that later on 
formed the nucleus of this book. Pieces of the works of many of my gradu-
ate students have also been used in this book. In particular, I thank Maziar 
Heidari, Maryam Salimi, Farhad Yahyaie, Jesse Doerksen, and Garry Bistyak 
for their excellent work and for allowing me to use them here. Mohamed 
Haleem Naushath read the entire manuscript and provided extremely use-
ful feedback and suggestions. Steven Howell read a major portion of the 
proofs and pointed out errors and suggested improvements. 

Randy Wachal and Roberta Desserre, from the Manitoba HVDC Research 
Center, were extremely supportive and provided much help, particularly 
with the preparation of PSCAD/EMTDC simulation cases.

My colleagues at the University of Manitoba have always been supportive 
and provided much needed support. Discussions with Professor Ani Gole 
were engaging and always insightful. Our department head, Professor Udaya 
Annakkage, was a source of encouragement and always considerate of the 
deadlines that I had to meet. Their support and contributions are greatly 
appreciated. I am also indebted to my students who, during the course of 
writing this book, often had to wait longer than usual to meet and discuss 
their research.

I am grateful to my beloved wife Leila and my dear son Rodmehr for their 
immense understanding, support, and encouragement during this under-
taking. It would have been impossible without their presence and I am 
deeply thankful to both of them. Thank you!

www.TechnicalBooksPdf.com



www.TechnicalBooksPdf.com



xvii

Author

Dr. Shaahin Filizadeh obtained his BSc and MSc degrees, both in electrical 
engineering, from Sharif University of Technology in Iran in 1996 and 1998, 
respectively. In 2004, he obtained his PhD from the University of Manitoba, 
where he is presently an associate professor.

Dr. Filizadeh specializes in power electronics and power systems simula-
tion, electric motor drives, hybrid and electric vehicle drive trains, and opti-
mization. He is a member of several IEEE Working Group Task Forces and is 
presently the chair of the Task Force on Induction Machine Modeling. He is 
also a registered professional engineer in the province of Manitoba.

www.TechnicalBooksPdf.com



www.TechnicalBooksPdf.com



1

1
Physics of Electric Machines

1.1  Introduction

Electric machines are devices used for energy conversion, mostly between 
mechanical and electrical forms. An electric motor is a machine that con-
verts the electrical energy given to it as input to mechanical energy output; a 
generator does the reverse by producing electrical energy from mechanical 
energy input. Study of electric machines, therefore, requires knowledge and 
understanding of the principles of energy conversion.

Electric machines come in a wide variety of forms and sizes and are used 
in markedly different ways and applications. Consider, on the one hand, a 
small electric motor that rotates and precisely positions a compact disk in a 
CD drive and, on the other hand, a massive generator in a power plant that is 
driven by a turbine and generates large amounts of electricity. Despite such 
apparent differences in scale and application, all electric machines operate 
on the same underlying principles and share a simple backbone, which is a 
magnetic medium that links the electrical and mechanical ends of a machine.

Apart from its function of facilitating generation and directing magnetic 
flux to link machine windings, an electromagnetic medium also enables and 
facilitates the conversion and flow of energy between the two ends of a rotat-
ing electric machine, that is, its electrical and mechanical ends. Proper study 
of a rotating electric machine will therefore entail consideration of its mag-
netic structure and its role in the process of energy conversion. Although the 
study of electromagnetic systems is often associated with vector calculus of 
Maxwell’s equations, it is indeed possible to describe and understand the 
behavior of electric machines in simple terms without recourse to compli-
cated mathematics.

The intention of this chapter is to establish a foundation for understanding 
the operation of rotating electric machines using simple laws of physics. We 
use mathematics only as a facilitator and avoid it if the phenomenon at hand 
can be described equally well using words, figures, and qualitative descrip-
tion and judgment. Modeling and detailed analysis of electric machines 
requires mathematics, which is presented later (see Chapters 3  and  4, for 
example). At the end of this chapter, we revisit the linking function of 
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a magnetic circuit and also present some leads into numerical simulation of 
a nonlinear magnetic circuit.

1.2  Laws of Induction and Interaction: A Qualitative View

We stated that all electric machines use an electro-magnetic medium for 
linking their mechanical and electrical ends. There is a good reason for this, 
and it is rooted in two interesting phenomena that are observed when a 
magnetic field and a conductor interact with each other.

Consider the following simple situation (see Figure 1.1) in which a rect-
angular coil (a conductor) is placed in a uniform magnetic field. The two 
sides of the coil are housed in two slots on a cylindrical rotor. Figure 1.1 
shows only a cross-sectional view of the two sides of the coil that are per-
pendicular to the page. We recall from physics that change of magnetic 
flux passing through a given surface causes induction of voltage. So let us 
assume that an external prime mover rotates the rotor on which the coil is 
assembled in the direction shown. Evidently, the flux passing through the 
affective area of the coil exposed to the magnetic field will vary with time, 
and hence, voltage will be induced across the two ends of the coil marked 
as 1 and 2 in Figure 1.1.

At this preliminary point, we are not concerned about determining an 
expression for the voltage, but rather we are establishing the fact that rota-
tion of a coil in a magnetic field causes change of flux and thereby induction 

Coil side

1 Direction of rotation

Magnetic flux lines

2

Rotor

FIGURE 1.1
A rotating conducting coil in a magnetic field.
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of voltage. This is what we will refer to as Faraday’s law of induction. This law 
is the basic principle of operation of an electric generator, a device in which 
mechanical energy is supplied to rotate a set of conducting coils in a mag-
netic field, thereby inducing a voltage in them.

The same setup can be used to explain how an electric motor works. 
Consider the situation shown in Figure 1.2 in which an external voltage 
source is connected across the terminals 1 and 2 of the coil, causing an elec-
tric current to pass through the coil (at the moment shown, the current flows 
out of the page from conductor 2 and into the page through conductor 1).

Presence of current-carrying conductors in a magnetic field leads to exer-
tion of some force on the conductors. We will show in Section 1.4 that forces 
exerted on two conductors contribute to the creation of a mechanical torque 
that causes the coil (and thereby the housing rotor) to rotate. A mathematical 
expression for  the torque produced and whether or not it leads to continuous 
rotation are not of concern at the moment. This law of interaction that explains 
the generation of force and torque on current-carrying conductors in a mag-
netic field forms the basic principle of operation of an electric motor.

Note that the two primitive generator and motor setups shown in Figures 1.1 
and 1.2 contain exactly identical components. This is a profound observation 
with important practical implications. Based on this observation, it is possible 
to state that a given electric machine can, in principle, operate as both a genera-
tor and a motor depending on whether the energy flow is from its mechanical 
end to its electrical end or vice versa. Practical machines have more sophisti-
cated structures that allow them to perform energy conversion with high per-
formance and great efficiency; nonetheless, their basic principles of operation 
stay the same.

Current flow
into the page

Current flow
out of the page

Magnetic flux lines

1

2

FIGURE 1.2
A current-carrying coil in a magnetic field.
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1.3  Induction and Interaction: A Closer Look

In this section, we consider some simple cases where the laws of induction 
and interaction are applied. The cases represent simplified, yet realistic, situ-
ations underlying the operation of electric machines. Where necessary and 
instructive, we also use mathematics to describe the phenomena at hand.

1.3.1  Induction of Voltage in a Coil

Consider the simple case depicted in Figure 1.3a. The figure shows the sta-
tor of an electric machine housing a coil (1-1′) made up of N turns of con-
ducting wire and placed in two slots 180° apart. The rotor of the machine is 
designed such that it creates a magnetic field with a sinusoidal distribution 
in the space, given as follows:

	 B rR m r( ) cos( )ˆφ φ= −B θ 	 (1.1)

This expression specifies the flux density vector in the empty space 
between the stator and the rotor, which is known as the air gap. As seen in 
Figure 1.3a, the flux density has a radial orientation and varies sinusoidally 
in the space. Such a distribution of flux density is achieved either through 
proper arrangement of windings or by permanent magnets (PMs) on the 
rotor; the discussion that follows, however, is independent of how such a 
distribution is achieved. As shown in Figure 1.3, the rotor axis is assumed to 
be aligned with the positive peak of the rotor’s magnetic field. The position 
of the rotor is denoted by θr, which measures the location of the rotor axis 
relative to the horizontal reference axis. If the length of the air gap is small 
enough, it can be assumed that the magnitude of flux density is essentially 
constant radially anywhere along the same radius in the air gap.

If the rotor is rotated, varying levels of magnetic flux will pass through 
the surface created by the sides of coil 1-1′ and confined between the coil’s 
two ends (surface 1 in Figure 1.3b). According to Faraday’s law of induction, 
variation of the flux linkage will induce a voltage in the coil. We now calcu-
late the flux and subsequently the induced voltage in the coil.

Note that what we need to calculate is the flux that passes through the 
rectangular surface denoted as 1 in Figure 1.3b; however, the expression for 
flux density in Equation 1.1 is valid only in the air gap and we do not have an 
expression for the flux density passing through the rectangular surface 1. To 
calculate the flux passing through surface 1, we note that it must be equal to 
the flux that leaves the semicylindrical surface 2 (taken to be in the air gap of 
the machine where we do have an expression for flux density). This is due to 
Gauss’s law, which rules out the existence of a single magnetic pole. In other 
words, the net magnetic flux that enters and leaves a closed volume must be 
equal to zero. Note that the radial orientation of flux density implies that the 
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flux passing through the two semicircular surfaces at the two ends of the 
machine is equal to zero.

The magnetic flux leaving surface 2 can therefore be calculated as follows:

	
Φ = ⋅ = − ⋅∫

−

B dA r rR
surface

m r
2

B rlcos( )ˆ d ˆφ φθ
π

π

2

2

∫∫

= 2B rlm rcos( )θ

	 (1.2)

where l is the length of the machine and r is the radius of the air gap (average).

(a)

Stator

Rotor

1′

1
Rotor axis

Rotor position

Reference axis

ẑ

r̂
θ̂

θr ϕ

1′

Surface 1

Surface 2

l

1

dϕ

r

(b)

FIGURE 1.3
Induction of voltage: (a) machine assembly and (b) integration surfaces.
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If the rotor rotates at a constant speed of ω, that is, θ ω δr = +t , then the flux 
varies sinusoidally and, as a result, the voltage induced in the coil 1-1′ will be 
of the following form:

	 e
t

N
t

NB rl t= = = − +
d
d

d( )
d

sin( )
λ

ω ω δΦ
2 m 	 (1.3)

where λ is the coil flux linkage. According to Lenz’s law, the polarity of this 
induced voltage is such that the current induced by it (if the coil is actually 
terminated by a conducting element, such as a resistor) opposes any change 
in the flux passing through the coil. Apart from this minor detail, the pur-
pose of this example is to highlight the law of induction and its significance 
in inducing voltage.

Example 1.1:  Flux Linkage and Induced Voltage

Consider the setup shown in Figure 1.3a with Bm = 0.2 T, r = 10 cm, and 
l = 20 cm. Determine the flux passing through the 100-turn coil when 
θr = 0°, 90°, and 180°. Also determine the root mean square (rms) of the 
induced voltage in the coil if the rotor rotates with a frequency of 60 Hz.

SOLUTION

Given the parameters of the machine, the flux is calculated using 
Equation 1.2 as follows:

	
Φ

Φ

( ) . . . cos( )

( ) .

0 2 0 2 0 1 0 2 0 8

90 2 0

° = × × × ° =

° = ×

mWb

22 0 1 0 2 90 0

180 2 0 2 0 1 0

× × ° =

° = × × ×

. . cos( )

( ) . . .

Wb

Φ 22 180 8cos( )° = − mWb

The rms of the induced voltage (when the rotor rotates at a constant 
angular velocity) is as follows:

	 e
NB rl

rms
m= =

× × × × × ×
=

2

2

2 100 0 2 2 60 0 1 0 2

2
213

ω π. . .
.33 V

1.3.2  Induced Current and Consideration of the Law of Interaction

Let us now examine the interaction between the magnetic field of the rotor 
and the current that is induced in the stator winding due to the rotation of the 
rotor. The induced current is the result of the induced voltage and is estab-
lished when the stator coil is properly terminated to form a closed conductive 
path. Figure 1.4 shows a moment in time when the direction of the induced 
current in the stator winding is as depicted. The rotor is assumed to be turn-
ing counterclockwise; the stator current produces a rightward magnetic flux 
(not shown) to compensate for the decreasing rightward flux of the rotor.
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According to the law of interaction, a current-carrying conductor in a mag-
netic field experiences a force given by F l B= ×i , where il is a vector along 
the length of the conductor and in the direction of the current and B is the 
field external to the conductor. The cross product implies that the resulting 
force is perpendicular to both the current and the field.

Given the position of the rotor as shown in Figure 1.4, it can be easily 
shown that the two sides of the stator coil will experience equal and opposite 
forces as shown by the straight arrows on the figure close to the slots. The 
two forces tend to exert a counterclockwise torque on the coil. Since the coil 
is tightly housed in the stationary stator, the resulting torque will not cause 
any rotation of the coil; however, according to Newton’s third law of motion, 
the rotor must feel an equal and opposite torque (clockwise) as shown in the 
center of the figure.

Note that the rotor is being turned by a prime mover in the counterclock-
wise direction; as soon as an induced current is established, it creates an 
opposing torque, which tends to slow down the rotor. In order to maintain 
the speed of rotation of the rotor, the prime mover must provide additional 
power on the shaft. This is the basic principle of operation of an electric gen-
erator, where more mechanical power must be supplied to the shaft to meet 
the electrical power demand at the generator terminals.

1.3.3  A Simple Electric Motor: Law of Interaction in Action

With the knowledge of the basic principles that we have learned so far, we 
are at a stage where we can create a simple electric machine. The machine is 
shown in Figure 1.5, and we will use it as an electric motor. As shown in the 
figure, the stator of the machine has two separate windings, that is, phases A 
and B. The rotor of the machine is a PM with a pair of NS poles.

Force on conductor 1

Force on conductor 1′

Opposing torque on
the rotor

θr

Location of the
peak rotor field

1

1′

FIGURE 1.4
Induced current and rotor–stator interaction.
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With the rotor at the position shown in Figure 1.5, let us excite the phase 
windings with the currents iA = +Im and iB = 0. This combination creates a 
rightward magnetic field (of magnitude Fm) along the axis of phase A (point-
ing to the right), thereby creating a clockwise torque on the PM rotor tending 
to align it with the field. Once the rotor is aligned, the rotation stops. This 
situation is depicted in Figure 1.6a.

Let us now excite the phase windings with currents i i IA B m= = / 2. This 
combination creates an equivalent stator field of the same magnitude as 
before at θ = 45° (note that the two components of the field along phase A 
axis and phase B axis are proportional to the magnitude of the current in 
each phase). As a result, the rotor experiences a torque tending to align it 
again with the new stator field vector, as shown in Figure 1.6b. The rotation 
stops after the PM aligns itself with the stator field.

The operation of this simple motor has important implications. We note 
that the rotor can be placed at any position by properly adjusting the direc-
tion and magnitude of the phase currents in order to craft a stator field with 
constant magnitude and desired angular position. This is done by projecting 
the desired stator field vector onto phase A axis and phase B axis and by excit-
ing the two phases with currents proportional to the respective projections. 
Therefore, for a rotor position of α, the required phase currents are as follows:

	 i I i IA m B m= =cos( ), sin( )α α 	 (1.4)

The specific manner in which phase currents are given determines the 
nature of the resulting rotation of the rotor. If only discrete values of α are 
permitted, the resulting machine will be what is termed as a stepper motor. 
This is because the rotor will be allowed to rotate and align itself only to 
specific angular positions determined by discrete values of α. On the other 
hand, if continuous motion of the rotor is desired, that is, if α = ωt, phase 

Axis of phase B

Axis of phase AS
N

iA

iB

Axis of rotor

θ

FIGURE 1.5
A simple electric machine.
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currents will be sinusoidal with a 90° phase shift. The phase currents will 
then be i I tA m= cos( )ω  and i I tB m= sin( )ω  for phases A and B, respectively.

Although the two-phase machine of this discussion is capable of provid-
ing continuous rotation of the rotor with sinusoidal excitation of phase cur-
rents, large electric machines normally have three phases, with three phase 
axes, which essentially form a degenerate coordinate system. In other words, 
the three-phase machine has an extra degree of freedom (phase) over the 
minimum requirement of two.

1.3.4  Laws of Induction and Interaction in a Combined Case

Let us now consider a slightly different case in which the laws of induction 
and interaction work together to create motion. Consider a closed conductive 

Phase A field

iA = Im

iB = 0

Fm
S N

(a)

iA = Im/√2

iB = Im/√2
Phase B field

Phase A field

45°

S

N

Stator field vector

Fm

(b)

FIGURE 1.6
Alignment of a rotor with the resulting stator field: (a) i I iA m B= =, 0 and (b) i i IA B m= = / 2.
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path pivoted to an axis to allow it to rotate freely, as shown in Figure 1.7. The 
closed path is shown as a rectangle only for convenience of analysis. The setup 
is then placed in a uniform magnetic field of flux density B, generated by an 
external source. Now assume that the external source has the ability to change 
the direction of the uniform field arbitrarily. Our purpose is to investigate the 
reaction of the closed conducting path to this changing field.

For the direction of rotation of the field B shown in Figure 1.7a, current in the 
direction shown will be established in the closed path according to Lenz’s law. 
This current is induced by the varying flux through the exposed surface and 
opposes the change in the flux. The four sides of the current-carrying rectangle 

(a)
Force on conductor 2 Force on conductor 3

Force on conductor 1 Force on conductor 4

3

Direction of
field rotation

4
2

1

B

Axis of rotationi

Direction of
field rotation

3

4
2

1
i

B

(b)

FIGURE 1.7
A conducting path in a rotating magnetic field: (a) induced current and forces for a rightward 
field, and (b) induced current and forces for a leftward field.
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will experience forces as shown due to their interaction with the external field. 
The force components on sides 2 and 4 cancel out as they have the same mag-
nitude and point in opposite directions; however, the ones exerted on sides 
1 and 3 contribute to the torque formed in the direction shown by the bold, 
curved arrow in the middle of the figure. This tends to rotate the coil in the 
direction of field rotation to align its field with the external field.

After the external field has rotated through 180°, the direction of induced 
current and the orientation of forces will be as shown in Figure 1.7b. This 
situation also tends to create a torque that continues to rotate the coil in the 
same direction as the external field.

This discussion shows how the laws of induction and interaction explain 
both the induction of current and the generation of torque and rotation; as 
we show in Section 1.4 formally, the tendency of the two fields is to align 
with each other, and this is why the torque acting on the coil tends to rotate 
it in the direction of the external field.

A closer examination of the torque reveals an interesting observation 
about this machine: induced current and its interaction with the external 
field is the reason why the torque is created. If the coil rotates at the same 
speed as the external field, its position relative to the field will be stationary, 
thus eliminating changing flux. This will also stop the induction of voltage 
and current, thereby eliminating the produced torque. This implies that the 
coil shown in Figure 1.7 will never rotate continuously at the speed of rota-
tion of the external field. In fact, this principle underlies the operation of a 
large class of electric machines, known as induction machines.

1.4  Energy Conversion in Electromechanical Systems

In electric machines, the process of conversion of energy from one form to 
another, for example, from electrical to mechanical in a motor, involves the 
mechanical and electrical ends of the machines, as well as the magnetic medium 
that is used to link them. The equations of motion for an electromechanical sys-
tem (magnetic systems included) can be developed in a variety of ways.

In lieu of a formal and lengthy treatment of possible alternatives, we only 
focus on methods that present the least mathematical complexity and bear 
the most physical interpretation. A list of references at the end of this chapter 
directs the interested reader to material for further reading.

1.4.1  Use of Law of Interaction for Calculating Torque

For machines with simple enough structures, it is possible to obtain an 
expression for torque by using laws of physics, that is, the law of interac-
tion and Newton’s laws of motion. To illustrate the concept, consider the 
simple machine shown in Figure 1.8. The machine consists of two windings 
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(a1a2  and b1b2) separated by 90° and a rotor that establishes a sinusoidally 
varying field in the uniform air gap of the machine. Assume that the stator 
windings carry currents ia(t) and ib(t).

The field established in the air gap by the rotor is given as follows:

	 B r( , ) cos( )ˆφ φθ θr m r= −B 	 (1.5)

The field has a radially outward orientation at every point denoted by φ 
around the air gap. Let us now calculate the force exerted on the winding of 
phase a. The field density at φ = π/2 (the location of a1) is B B( / , ) sin( )π θ θ2 r m r= . 
Therefore, using F l B= ×i , it is easily observed that

	 F i lBa m r1 = a sin( )θ 	 (1.6)

where Fa1 is the magnitude of the force on the winding side a1 and l is the 
length of the machine. A force, Fa2, of similar magnitude is also exerted on 
the side a2. The two forces have equal magnitudes but act in opposite direc-
tions. Therefore, the torque created by the force couple Fa1 – Fa2 is as follows:

	 T F r F r i lB ra a a a m r= + =1 2 2 sin( )θ 	 (1.7)

where r is the radius of the machine. Similarly, one can obtain the following 
expression for the torque on the winding b:

	 T i lB rb b m r= −2 cos( )θ 	 (1.8)

Note that the aforementioned torque components do not result in the rota-
tion of the windings a and b since the windings are securely housed in the 
slots. However, their combined impact will manifest as an equal and oppo-
site torque on the rotor according to Newton’s third law of motion. The mag-
nitude of net torque acting on the rotor will therefore be as follows:

	 T lB r i iR m a r b r= −2 ( sin( ) cos( ))θ θ 	 (1.9)

Reference axis

Rotor axis
Rotor position

a1

a2

b2b1

θr ϕ

FIGURE 1.8
A simple electric machine.
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Important conclusions can now be drawn about the conditions that lead to 
the production of torque in this simple machine. Let us assume that the two 
stator windings are supplied with sinusoidal currents as follows:

	
i I t

i I t
a m e

b m e

= +
= +

cos( )
sin( )

ω α
ω α 	 (1.10)

Substitution of the aforementioned currents in Equation 1.9 yields the fol-
lowing expression for torque:

	 T lrB I tR m m r e= − −2 sin( )θ ω α 	 (1.11)

Consider now the following two cases:

	 1.	ωe = 0: This is the case when the stator windings are excited with 
dc currents. The two currents will contribute to a stationary mag-
netic field with a peak located at α (see Figure 1.6 for α = 45°). The 
torque on the rotor will tend to align the rotor field with the stator 
field. Once the two fields are aligned (i.e., when θ αr = ), the torque 
becomes zero. Note that both a stronger rotor field (Bm) and larger 
currents contribute to a larger torque. We further note that for this 
case, the torque attains its largest value when the two fields, the 
rotor field and the resulting stator field, are perpendicular, as per 
Equation  1.11. This is an important observation; in Chapter 3, we 
show that this desirable case naturally occurs in dc machines and is 
often imitated in ac machine drives.

	 2.	 If the stator current frequency is not zero, the average torque on the 
rotor will be zero unless the rotor itself rotates at an angular speed 
of ωe, that is, if θ ω θr e= +t 0. Note that under such conditions, the cur-
rents in the stator windings produce a magnetic field (see Figure 1.6) 
rotating at ωe. The rotor is also rotating at the same speed; therefore, 
the two fields will remain stationary relative to one another. The 
angular displacement between their peaks determines the magni-
tude of the resulting torque. This is the underlying principle of a 
synchronous machine. It is also another example of how two fields 
tend to align with each other.

Example 1.2:  Torque Due to Two Rotating Magnetic Fields

Consider case 2 in the discussion in Section 1.4.1, where the machine has 
an average radius of 10 cm and a length of 20 cm. The rotor field has a Bm 
of 0.2 T, and the stator current has a magnitude of 30 A. If the rotor rotates 
at the same speed as the stator field and their angular separation is 30°, 
find the torque the prime mover has to provide to maintain the rotor 
speed and the angular separation between the stator and rotor fields.
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SOLUTION

The torque equation is similar to Equation 1.11 as T lrB IR m m= 2 sin( )∆θ , 
where Δθ is the angular separation between the two fields. Therefore,

	 TR N m= × × × × ° = ⋅2 0 2 0 1 0 2 30 30 0 12. . . sin( ) .

The prime mover has to provide this amount of torque to ensure that the 
rotor continues to rotate at the same speed as the stator field and does not 
fall behind.

The case discussed here is a simple one in which the geometry of the 
machine and its windings allow the law of interaction to be used directly 
without much inconvenience. Such luxury is not always present, particularly 
when a machine has a more complex structure. This is why other approaches 
for calculating forces and resulting torques must be adopted.

Section 1.4.2 contains a discussion on energy conversion in an arbitrary 
electromechanical system, which is based on the conservation of energy. The 
discussion and the method it presents have strong physical interpretations 
and modest mathematical complexity. An alternative approach based on 
Hamilton’s principle and Lagrangian mechanics is also possible; however, 
this method has a more abstract mathematical feel. The References section of 
this chapter directs the reader to more works in which both approaches are 
discussed in further detail.

1.4.2 � Analysis of Energy Conversion Using the 
Law of Conservation of Energy

Consider an electromechanical system with multiple electrical ports (i.e., 
terminals of lossless windings) and a single mechanical end, as shown in 
Figure 1.9. This case is commonly encountered in electric machines where 
multiple windings and a single mechanical element are present.

The electrical and mechanical ends are linked through an electromagnetic 
assembly or medium that facilitates the energy conversion process. For the 
following analysis, we assume that all the subsystems are lossless; other-
wise, it is possible to represent their losses using external elements such as 
resistors. The losses that occur within the magnetic medium are either mod-
eled externally or ignored. Note that modern magnetic systems are made 
of high-quality materials and are often constructed using laminations. This 
leads to negligibly small losses that can be ignored without significant loss 
of accuracy.

With the assumption of lossless conversion, an incremental change in the 
energy input to the system must manifest itself as an incremental change 
in the energy stored in the magnetic field and an incremental change in the 
energy leaving the system. In other words, we have

	 d d dW W WE F M= + 	 (1.12)
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where dWE, dWF, and dWM are incremental changes in the electrical energy, 
magnetic field energy, and mechanical energy of the system, respectively. 
Although the energy balance in Equation 1.12 may give the impression that 
we are treating the electromechanical system as a motor (electrical energy 
input, mechanical energy output), the expression is indeed valid for genera-
tor operation as well simply by using proper signs for the mechanical and 
electrical energy terms.

Substitution for electrical energy and mechanical energy in terms of volt-
ages (ej), currents (ij), force (F), and displacement (x) yields the following 
expression:

	 d d d

d

d

W e i t F x
N

W

W
F

E

M

= −
=
∑ j j
j 1� �� ��

� 	 (1.13)

Here, it is assumed that the incremental changes occur within the time dt. 
Note that the voltage of each electrical port can also be expressed in terms of 
the flux linkage (λj) of the port (see Equation 1.3) as follows:

	 e
tj

j=
d

d

λ
	 (1.14)

Note that for an electromagnetic system with multiple windings, the flux 
linkage of each electrical port (i.e., each winding) is generally contributed 
to by the flux (and thereby current) of all other windings. The geometry 
of the magnetic circuit, including the position of any moving or rotating 
parts, also influences the flux paths and hence the flux linking each wind-
ing. It is therefore possible to argue that the flux linkage of winding j is a 

Electromagnetic assembly

Terminals of a lossless winding

+

+

+
–

–

–

i1

e1
i2

e2

iN

eN

Force (F) and
displacement (x)

or

Torque (T) and
angular displacement (θ)

FIGURE 1.9
A multiport electromechanical system.
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function of all currents and also the position x of the moving mechanical 
part, that is,

	 λ j j N= f i i x( , , , )1 � 	 (1.15)

Substitution of Equation 1.14 in Equation 1.13 yields the following expres-
sion for the incremental energy stored in the magnetic field:

	 d d dW i F x
N

F = −
=
∑ j j
j

λ
1

	 (1.16)

Note that Equation 1.16 has the form of the total differential of the state 
function W x W xF F( , , , ) ( , )λ λ1 � N = λλ  with respect to its arguments λj and x. It 
is therefore possible to deduce the following:

	 d ( , , , ) d dW x
W W

x
x

N

F
F Fλ λ

λ
λ1

1

� N
j

j
j

= ∂
∂

+ ∂
∂=

∑ 	 (1.17a)

	

i
W

F
W
x

j
j

= ∂
∂

= − ∂
∂

F

F

λ
	 (1.17b)

As in any total differential, the partial derivatives in Equation 1.17a and b 
are taken when all independent variables other than the variable involved are 
constant. The second expression in Equation 1.17b provides an approach to 
calculate the force on the moveable mechanical element; however, in order to 
use it, we still need to find an expression for the field energy W xF ( , , , )λ λ1 � N . 
To do so, we note that the field energy in our lossless (conservative) system 
is a state function. With the assumption of a conservative system, it can be 
stated that the value of field energy for a given set of winding flux linkages 
(λj) and a position (x) is only a function of these variables and is independent 
of the actual path that the system has taken to travel from zero field energy 
to its current state. Therefore, we can select any path to track the energy of 
the system at its current state.

One convenient path to integrate dWF from (0,0) to W xF 0( , )λλ 0  is to integrate 
over one variable at a time while keeping the others constant, as follows:
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(1.18)
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Note that the first integral in Equation 1.18 is evaluated with λ = 0. This 
implies evaluation of field energy in the absence of any field. This term is 
therefore equal to zero. The remaining terms integrate the field energy incre-
ments over paths created by variations of one flux linkage at a time, while 
keeping the others unchanged at their most recent value. Since x is held con-
stant at x0, the term Fdx in Equation 1.16 becomes zero during the evaluation 
of these integrals.

Apart from its mathematical rigor, the major difficulty in using Equation 
1.18 for calculating energy is the fact that dWF requires knowledge of the 
currents as a function of winding flux linkages and the position, that is, 
one needs to know i xj( , )λλ  (see Equation 1.16 where the dependence of dWF 
on ij is clear). For most electromechanical systems, this is an inconvenient 
requirement. On the other hand, expressions for flux linkages in terms of 
the currents and the position are often more readily accessible. This leads to 
a desire to circumvent Equation 1.18 by means of a suitable mathematical 
change of variables. The concept of co-energy does just that; it is defined as 
follows:

	 ′ = −
=
∑W i W x
N

F Fλ j j
j 1

( , )λλ 	 (1.19)

Note that similar to energy, co-energy is also a state function. It is readily 
observed that

	

d d( ) d ( , ) d( ) d d′ = − = − +
=
∑W i W x i i F
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F Fλ λ λj j
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j j j j
1

λλ xx

i F x

NN

N

jj

j j
j

==

=

∑∑
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1

λ d d
	 (1.20)

It is readily observed that the following expressions hold:

	

λ j
j

= ∂ ′
∂

= ∂ ′
∂

W
i

F
W
x

F

F
	 (1.21)

Our intention of using either energy or co-energy is to calculate the force 
that results from the interconnection of electrical and mechanical ports by 
means of the magnetic medium. Therefore, the expressions of force given in 
Equations 1.17b and 1.21 are both valid and yield the same result. Adoption 
of either method is a matter of choice and convenience.
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Similar to the approach adopted for developing an expression for field 
energy, Equation 1.20 can be used to derive an expression for field co-energy. 
The result is as follows:

	

′ = ′ + ′
= =

= =

= =

∫W x W W
x

x x

i x

F F F( , ) d d
,

,

,

i
i 0

i 0

0 0
0

0

0

j xx

i

i i x xN

0

0 0

1

0

k

j j

j

= ≠

= =

=
∫∑ = + ′

unchanged, k j

,

dWW

i x x

i

i i x x

F

unchanged, k j
j

k

j j

j
= =

= ≠

= =

∫
0 0

0 0

,

,

==
∑

1

N

	
(1.22)

Evaluation of the integrals in Equation 1.22 is often far less complicated 
than that of the ones in Equation 1.18 due to the fact that co-energy calls 
for expressions for winding flux linkages as a function of winding currents. 
Such expressions are more conveniently accessible than the ones describing 
currents in terms of flux linkages.

Example 1.3:  Energy in a Singly Excited System

Show the integration path for the energy of a singly excited electrome-
chanical system.

SOLUTION

A typical λ–x characteristic of a singly excited system is shown below. 
The energy differential is d d dW i F xF = −λ . Given that the actual travel 
path from the origin to the final operating point is irrelevant to the final 
stored energy, we can travel along the integration path shown in bold to 
calculate the stored energy:

We have
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This integral is equivalent to the area to the left of the magnetization 
curve as shown below, for which the integrand is the highlighted incre-
mental area:

1.4.3  Energy Conversion in a Linear System

Electromechanical systems are generally nonlinear due to reasons includ-
ing saturation of the magnetic core and hysteresis. However, it is instructive 
to consider the case of a system in which such secondary effects are either 
negligible or neglected. Let us therefore examine the case of a linear elec-
tromagnetic system, in which winding flux linkages are linear functions of 
winding currents, that is,

	 λ j jk k
k

=
=

∑L x i
N

( )
1

	 (1.23)

where Ljj is the self-inductance of winding j and Ljk (j ≠ k, Ljk = Lkj) is the 
mutual inductance between windings j and k. Using Equation 1.23, the co-
energy of the magnetic field is calculated as described in Equation 1.22, as 
follows:

	 ′ =
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Equations 1.23 and 1.24 can also be expressed in the matrix form as follows:

	
λλ = ⋅ ′ = ⋅ ⋅

= =

L L

L

( ) , ( )

[ , , ] , [

x W x

i i L

T

T

i i i

i

F
1
2

1 � N kj(( )]x N N×

	 (1.25)

Magnetization
curve for x = x0

Incremental area = idλ

i

dλ

λ0

λ

i



20 Electric Machines and Drives

where L(x) is the inductance matrix. The force can now be easily calculated 
as follows:

	 F
W
x

x
x

T= ∂ ′
∂

= ⋅ ∂
∂

⋅F 1
2

i i
L( )

	 (1.26)

The electric machines around us are mainly rotary machines, that is, they 
produce torque and rotation as opposed to force and translational displace-
ment produced by linear machines. The aforementioned expressions remain 
valid for rotary machines if force (F) and displacement (x) are replaced with 
torque (T) and angular displacement (θ), respectively.

Example 1.4:  Torque Using Inductances

Consider the two-phase electric machine shown below. The rotor of the 
machine is not round and is commonly referred to as a salient-pole rotor. 
The inductances of the windings vary with the position of the rotor due 
to the change of the reluctance of the magnetic path seen by each wind-
ing for different rotor positions.

It can be shown that stator winding inductances vary as follows:

	

L L L L L L

L
a r m r b r m r( ) cos( ), ( ) cos( ),θ θ θ θ= + = −1 12 2

aab r ba r m r( ) ( ) sin( )θ θ θ= =L L 2

Find an expression for torque when stator windings are excited with 
currents ia(t) and ib(t).

SOLUTION

The system described here is a linear system, so it is possible to use 
Equation 1.26 for calculating the resulting torque as follows:
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Rotor position

b2

θr
b1

a2

a1
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The choice of a specific method for calculating the torque for a particu-
lar machine is a matter of convenience and preference. Any method, if 
applied correctly, will yield the correct result. In subsequent chapters, 
we make liberal use of these methods in our analysis of rotating electric 
machines.

1.5  Nonlinear Phenomena in Magnetic Circuits

We began this chapter by stating the roles of a magnetic medium in shaping 
the path of generated magnetic flux and the process of energy conversion. 
These two fundamental roles are highly intertwined in that conversion of 
energy with high efficiency depends on how successful the magnetic circuit 
of a machine is in shaping and directing the flux path. In a properly designed 
magnetic circuit, the magnetic flux generated by current-carrying windings 
or PMs is tightly contained within the circuit and is directed through paths 
with low magnetic resistance (reluctance) to link other windings. Use of 
high-quality magnetic materials allows the designer to do this more effec-
tively and also reduces the losses of the magnetic core during operation.

Let us consider an elementary magnetic circuit such as the one shown in 
Figure 1.10.

The circuit comprises a single winding of N turns wrapped around a toroi-
dal core made of a highly permeable magnetic material. Magnetic field will 
be established as a result of the current flowing through the winding, and 

Leakage flux (Фl)
i

v+
–

Flux in the core (Фm)

FIGURE 1.10
A magnetic circuit with a toroidal core.
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magnetic flux will be produced. It is possible to distinguish two components 
of the magnetic flux linking the turns of the windings: (1) flux confined in the 
magnetic core (Φm) and (2) flux completing its path through the nonmagnetic 
surrounding medium, for example, air (Φl). The former component of flux is 
the one that is desired to be obtained and established, whereas the latter is 
the leakage flux. For simplicity, Figure 1.10 shows only the leakage flux for 
some of the turns. Note that Φm and Φl play different roles, and as such they 
are treated differently. In the presence of a second winding wrapped around 
the core, it will be linked by Φm only; moreover, nonlinear phenomena such 
as core saturation and hysteresis affect only Φm, whose path is through the 
nonlinear core. Leakage flux will vary linearly with the current, i, because its 
path is through the air. To develop a framework for analyzing the circuit, we 
note that the flux linkage of the winding is given as follows:

	 λ λ λ= + = +N( )Φ Φl m l m	 (1.27)

Let us further assume that the core is nonlinear and is described using a 
nonlinear relationship between the core flux linkage (due to Φm), λm, and the 
excitation current, i, as follows:

	 λm = g i( )	 (1.28)

Note that such functionality is suitable in treating core saturation; we will 
introduce a technique for handling core hysteresis later. The flux linkage (due 
to Φl), λl, is essentially a linear function of the excitation current, i, as follows:

	 λ l l= L i	 (1.29)

where Ll is the leakage inductance of the winding.
The expression describing the voltage across the winding is as follows:

	 v ri
t

= +
d
d
λ

	 (1.30)

Note that Equation 1.30 is a nonlinear differential equation due to the core 
flux linkage given in Equation 1.28. The nonlinearity of Equation 1.28 is often 
available as a magnetization curve rather than an explicit function. Therefore, 
an explicit solution is practically unattainable, unless the core remains in the 
linear range of operation. In Sections 1.5.1 through 1.5.3, we tackle the prob-
lem of solving Equation 1.30 first with the assumption of a linear core (or a 
nonlinear one not entering saturation) and then with saturation included.

1.5.1  Solution for a Linear Core

With the assumption of linearity for the core, the relationship between core 
flux linkage and current in Equation 1.28 can be simply stated as a linear 
function as follows:
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	 λm m= L i	 (1.31)

where Lm is the magnetization inductance of the core. In case of a nonlinear 
core operating in the linear region, Lm can be approximated as the slope of 
the curve in the initial linear portion. Substituting Equations 1.29 and 1.31 in 
Equation 1.30, we get the following differential equation, which is simply the 
equation of a linear RL circuit as expected:

	 v ri
t

ri L L
i
t

= + = + +
d
d

( )
d
d

λ
l m 	 (1.32)

This can be readily expressed as an equivalent electric circuit representing 
the core and the winding as shown in Figure 1.11.

1.5.2  Solution for a Nonlinear Core

When the nonlinearity of the core (due to saturation) is taken into consid-
eration, solution of Equation 1.30 is not as straightforward as shown in 
Equation 1.32. It often becomes necessary to use numerical integration tech-
niques to obtain a solution for the variable of interest.

Let us rearrange the terms in Equation 1.30 as follows:

	
d
d
λ
t

v ri= − 	 (1.33)

Euler’s formula for numerical estimation of a derivative yields the follow-
ing expression:

	
λ λ

λ

λ

( ) ( )
d
d

( ) (

t t t
t

t

t

+ ≈ +

≈ +

∆ ∆
t

vv t ri t t( ) ( ))− ∆
	 (1.34)

This is an estimation of the winding flux linkage at t + Δt given what is 
known at time t. The equation can be progressively solved to find the flux 
linkage. However, it should be mentioned that once an updated value for flux 
linkage (λ) is obtained, it should be used to find an updated value for wind-
ing current for use in the next step of the solution. Given that

	 λ λ= + = +L i L i g il m l ( )	 (1.35)

ri Ll

Lmv

+

–

λ

FIGURE 1.11
Equivalent circuit of the linear magnetic circuit.
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the task of finding an updated value for the winding current requires the 
solution of Equation 1.35.

Since the magnetization curve (g(i)) is usually available in the form of (i,λ) 
pairs, one can augment the curve with the Lli term to form the right-hand 
side of Equation 1.35 and then numerically find the value of i corresponding 
to the given λ through interpolation. The procedure is schematically shown 
in Figure 1.12.

Note that augmentation of the original magnetization curve is done only 
once and the subsequent data points are used repetitively in Equation 1.35 
to solve for updated current values for newly updated flux linkage values.

Example 1.5:  Simulation of a Nonlinear Core

Consider a magnetic circuit similar to the one shown in Figure 1.10. The 
core has a circular cross section with an inner radius of 5 cm and an 
outer radius of 6 cm. A winding of 200 turns is wrapped around the 
core. The B–H curve of the core material (i.e., the magnetization curve) 
is as follows:

The winding is excited with a sinusoidal voltage of 30 V (rms), 60 Hz. 
It is observed that the winding has a leakage inductance of 10 mH and 
a resistance of 1.0 Ω. Set up the equations of this magnetic system, and 
solve for the winding current and core flux.

SOLUTION

To solve using the procedure outlined in Section 1.5.2, we first need to 
have the magnetization curve in the λ–i form. To do so, we note that

Read i on this axis

g(i) data points

g(i) + Lli data points

Augment the curve
Mark λ on this axis2

1

3
i

λ

FIGURE 1.12
Graphical procedure for finding i from λ.

B (T) 0 0.6 0.9 1.02 1.11 1.2 1.25 1.28 1.3
H (A/m) 0 100 200 300 400 500 600 700 800
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	 i
H l

N
=

⋅

where l r= 2π  is the average length of the core, r  is the average radius of 
the core, and N is the number of turns in the winding. Therefore,

	 l i H H=
+

= = =2
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. .
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Similarly, we note that λ = Nφ = NBA, where φ is the flux and A is the 
core cross-sectional area. Therefore,

	 λ π= −






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With the aforementioned conversion factors, one can obtain the cor-
responding λ–i curve as follows:

Solution of the time-domain equations of the circuit (as in Equations 
1.30 and 1.31) yields the following curves:

λ (Wb) 0 0.0094 0.014 0.016 0.0174 0.0188 0.0196 0.02 0.0204
i (A) 0 0.17 0.34 0.51 0.69 0.86 1.04 1.2 1.38
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As shown, the winding voltage and flux are both sinusoidal wave-
forms, as expected. The current waveform, however, is distorted due to 
the nonlinear characteristic of the magnetic core.

1.5.3  Inclusion of Hysteresis

In the discussion in Section 1.5.2, the nonlinearity of the core was limited to 
the saturation of magnetic material. In practice, the core not only experiences 
saturation but also undergoes hysteresis. Simulation of magnetic cores with 
hysteresis and saturation is generally a complicated task, and several meth-
ods exist to implement this in a numerically robust manner.

Let us consider a simplified circuit such as the one shown in Figure 1.13a. This 
equivalent circuit is similar to the one derived earlier for a winding wrapped 
around a linear magnetic core (see Figure 1.11) except that an additional resis-
tor (Rc) is now placed parallel to the magnetization inductance. For further sim-
plicity, let us assume that the winding resistance (r) and its leakage inductance 
(Ll) are negligible, which results in the simplified equivalent circuit of Figure 
1.13b. We now investigate the implications of placing this shunt resistor.

Figure 1.14 shows the flux linkage of the winding, that is, Lmim(t), versus the 
winding current, i(t), when the winding is excited with a sinusoidal voltage. 
It is noted that the resulting λ–i variation is no longer a straight line (as is the 
case when a purely inductive element with a linear core is concerned) but 
is rather an elliptical loop resembling hysteresis. Since the magnetization 
inductance is linear (i.e., no saturation), the resulting hysteresis curve does 
not show saturation at high currents. The properties of the resulting ellipti-
cal shape, such as its angle of inclination and its area, are determined by the 
resistance Rc. Given that the area of a hysteresis loop directly determines the 

ri Ll

Lm Rcv

+

–

λ

(a)

i

Lm Rc

im ic

v

+

(b)
–

FIGURE 1.13
Inclusion of hysteresis: (a) equivalent circuit of the nonlinear inductor with a resistive coil and 
hysteresis, and (b) simplified equivalent circuit.
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hysteresis losses of a magnetic core, it becomes possible to adjust the value of 
Rc so that core losses are correctly represented along with hysteresis.

It is therefore concluded that a resistance placed parallel to magnetization 
inductance is a simple way to incorporate hysteresis-type variations to the 
λ–i curve of a magnetic core. In the problems at the end of this chapter, we 
quantitatively investigate the impact of shunt resistance on the area of the 
hysteresis curve, and hence, the core losses. Analysis of a combined case in 
which saturation is included is also tackled.

1.6  Closing Remarks

It should be clear by now how fundamental the laws of induction and inter-
action are in the analysis of electric machines. There is no shortage of great 
books on these fundamental laws, either in their mere physical sense or in 
the context of electric machines [3,4]. The works listed in the References sec-
tion contain excellent presentations on the subject.

Formal analysis of energy conversion is tackled in different ways by differ-
ent authors. The treatment presented in this chapter is mainly based on [1], 
due to its sound mathematical rigor. Other ways of approaching the problem, 
still with incremental variations of field and terminal energy, are available in 
[2] and [5]. A mathematically rigorous approach based on Hamilton’s prin-
ciple and Lagrangian mechanics can be found in [6].

Problems

	 1.	Consider a piece of PM material placed in an external field as shown 
below. Let us model the magnetic field of the PM material using tiny 
paths carrying a fictitious electric current as shown. Use the law of 
interaction to show that the PM will experience a force that tends to 
align its field with the external one.

i

λ

FIGURE 1.14
A primitive hysteresis loop for the circuit shown in Figure 1.13b.
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	 2.	Show that the magnetic field on the surface of a highly permeable 
material will be almost perpendicular to the surface.

	 3.	Consider an ideal linear coil with a constant inductance L. The coil 
has a sinusoidally varying flux, φ φ( ) sint t= m ω . Determine

	 a.	 The voltage that appears across the coil due to this time-varying 
flux.

	 b.	 The current through the coil.
Note that the peak flux and the peak voltage are proportional. 

What conclusions can you draw if the inductance value 
approaches infinity (an inductor with an ideal magnetic core)?

	 4.	Consider a singly excited linear magnetic system, that is, one with 
a linear λ–i characteristic. Identify areas that denote the energy and 
the co-energy of the system and show that they are equal.

	 5.	Expand Equation 1.18 for a doubly excited magnetic system and show 
the integration path on a three-dimensional coordinate system.

	 6.	Obtain an expression for the torque for the electric motor in 
Example 1.4 when the phase currents are i t I ta m( ) cos( )= +ω α  and 
i t I tb m( ) sin( )= +ω α . Determine the average torque.

	 7.	Determine the direction of rotation in Problem 6.
	 8.	Redo Problem 6 when the currents are i t I ta m( ) cos( )= ω  and 

i t I tb m( ) cos( )= +ω α .
	 a.	 Determine the conditions for non-zero average torque.
	 b.	 Determine the phase angle α  for maximum average torque.
	 9.	Consider a magnetic circuit that is similar to Figure 1.10 with two 

windings of N1 and N2 turns on the same core. The windings carry 
currents i1 and i2, respectively. Develop equations for this two-wind-
ing transformer when

	 a.	 The core has linear magnetic characteristics.
	 b.	 The core has nonlinear saturable characteristics.

Develop equivalent circuits for both the aforementioned cases 
and propose a numerical solution setup for the nonlinear case.

	 10.	Consider a two-winding transformer as in Problem 9 with a primary 
coil and a nonlinear core as specified in Example 1.5. The secondary 
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winding has 100 turns, a leakage inductance of 2 mH, and a resis-
tance of 1.0 Ω. A voltage of 100 V (rms), 60 Hz is applied to the pri-
mary with a 15 Ω resistance connected to the secondary. Obtain 
waveforms for the primary current and flux linkage.

	 11.	Consider the circuit in Problem 10. With the circuit in sinusoidal 
steady state conditions as described in Problem 10, apply a sudden 
fault to the secondary by reducing its load resistance to 1 Ω. Obtain 
transient and steady waveforms of the primary current and flux 
linkage.

	 12.	Consider the equivalent circuit shown in Figure 1.13b in sinusoidal 
steady state. Obtain an analytical expression for the λ–i characteristic 
of the circuit, where λ = Lmim. Explain how the value of shunt resis-
tance affects the shape of the curve.

	 13.	Consider Example 1.5 and simulate the circuit with a shunt resis-
tance added to the equivalent circuit to account for hysteresis losses. 
Simulate and compare the results for resistance values of 50, 100, and 
200 Ω. What is the impact of the resistance values on the shape of the 
λ–i curve? What are the corresponding ohmic losses in steady state 
for each resistance value?
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2
Principles of Alternating Current Machines

2.1  Introduction

This chapter presents the basic principles that describe the behavior of 
alternating current (ac) machines. In particular, we will focus on the arrange-
ment of windings, generation and spatial distribution of the magnetomo-
tive force (mmf) in the air gap, and induction of voltage and current in ac 
machine windings. We will show that ac machines are essentially a combi-
nation of inductors that are magnetically coupled and whose inductances 
may vary with the position of the rotor. Methods for calculation of machine 
inductances are also presented. The foundation laid in this chapter will be 
helpful throughout the rest of the book where ac machines are modeled for 
the purposes of analysis and development of drive strategies.

2.2  Arrangement of Windings in AC Machines

AC machine windings come in a variety of forms and complexity; the 
arrangement of windings has a profound impact not only on the mmf gener-
ated by the winding, but also on the voltage induced in the winding when 
it is subjected to a rotating magnetic field. It also affects the relative cou-
pling between the windings, thus influencing machine inductances. We start 
with a simple concentrated winding arrangement and analyze the mmf it 
generates.

2.2.1  Concentrated Windings

Figure 2.1 shows a concentrated winding embedded in the slots of the sta-
tor of a machine. As shown, the winding occupies two slots mechanically 
separated by 180°.

The winding has N turns and carries a current i (going through every 
turn), which may vary with time. At the instant of time shown, the side of 
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the winding in the top slot carries a current out of the page and the bottom 
side carries the same current into the page. Using the right-hand rule, one 
can easily note that the magnetic field lines are as shown using the dotted 
curved lines and that the resulting field resembles an NS magnet with the 
pole positions as indicated on the figure. The field lines form closed paths as 
shown around the sides of the winding. For clarity, the closed paths are not 
shown for all the lines.

Since the stator and rotor are made of highly permeable magnetic materi-
als, flux lines will tend to close their paths mainly through the low-reluctance 
bodies of the rotor and stator. The only nonmagnetic portion of their path 
will be through the air gap, which is typically far shorter than the portion of 
the path in the magnetic material.

We use Ampere’s circuital law to find the mmf in the air gap owing to 
a concentrated winding. For an integration path shown as a dotted line in 
Figure 2.2, we can write

	 H dl⋅ = =∫ i Niencircled� 	 (2.1)

N conductors
current = i

S pole

Air gap = g

N pole

Rotor

Axis of winding

Stator

FIGURE 2.1
A concentrated winding.

Path of integration

Axis of winding

A

B
θ̂

ϕ

ẑ
r̂

FIGURE 2.2
Calculation of the mmf of a concentrated winding.
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In evaluating this integral, we make use of the following two observations:

	 1.	Since establishment of magnetic flux in a ferromagnetic material 
requires a small amount of mmf compared to that of the air, the con-
tribution of the metallic portion of the path to the Ampere’s integral 
is negligible. In other words, the magnitude of H in the metallic por-
tion of the path is negligibly small. The required mmf is, therefore, 
essential to overcome the reluctance of the air gap.

	 2.	The radial direction of the field intensity vector (H) is inward at 
the air gap close to B and outward at the air gap close to A; they 
are aligned with the radial path of integration between B and A; 
therefore,

	 H dl�∫ ⋅ = ⋅ ( ) =2H Nig = 2mmf φ 	 (2.2)

	where H is the magnitude of H and g is the length of the air gap. Note that 
owing to symmetry of the layout, the magnitude of H is the same in the air 
gap along the radial path, that is, the magnitude of H stays the same every-
where but its direction varies. The mmf created in the air gap by the concen-
trated winding can, therefore, be shown as in Figure 2.3.

Note that the magnetic field intensity vector can be readily obtained using 
mmf through the following expression.

	 H r r= ( )( ) = ( )mmf φ φ/g H� �	 (2.3)

The magnetic field intensity will also be of the square-wave form similar 
to the mmf. This waveform has a fundamental component and harmonics, 
whose magnitude can be obtained using Fourier analysis as follows:

	 mmf
h

oddh h
h= 



 = =4

2
2

π
Ni

Ni
π

, 	 (2.4)

mmf (ϕ)

Ni/2

–Ni/2

π/2 3π/2 2π ϕ

FIGURE 2.3
Variation of the mmf generated by a concentrated winding.
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where h is the order of the harmonic component (h = 1 for the fundamen-
tal) and mmfh is the magnitude of the hth harmonic component of the mmf. 
Figure 2.4 shows the original mmf waveform along with its fundamental 
third and fifth components. Note that these are spatial harmonic compo-
nents as they show the harmonic content of the mmf waveform in the air gap 
as a function of angular position around the machine.

Note that the mmf distribution shown is for a given value of the current 
through the winding. As shown in Figure 2.1, positive current leaves the top 
side of the winding and enters its bottom side. When the magnitude or the 
direction of the current changes (e.g., when alternating current passes through 
the winding), the mmf shown in Figure 2.3 may attain higher or lower magni-
tudes or may flip horizontally when the current reverses its direction.

The mmf of the concentrated winding has significant low-order harmonic 
content as evidenced by Equation 2.4 and is therefore undesirable. For exam-
ple, the magnitude of the fifth order harmonic of the mmf waveform is 20% 
of the magnitude of its fundamental. To reduce the harmonic content of the 
mmf waveform, windings are arranged in other forms. Short-pitching the 
winding and distributing the winding in several slots, as shown in Sections 
2.2.2 and 2.2.3, are ways to achieve improved spatial harmonics. Ideally, a 
winding with a sinusoidal mmf distribution is desired. Achieving a nearly 
sinusoidal mmf distribution has important practical implications, which 
will be investigated in the problems at the end of the chapter.

2.2.2  Short-Pitched Windings

The concentrated winding shown in Figure 2.1 is also known as a full-pitch 
winding because its two sides are placed in slots that are 180° apart (mechanical 
degrees). This coincides with the fact that the mmf generated by the winding is 
similar to a single NS magnet with equally sized pole faces. For a concentrated 
winding, half of the air gap acts like an N pole and the other half as an S pole.

Let us now examine a situation where the windings are not full-pitched. 
Figure 2.5 shows a winding placed in two slots, short-pitched by an angle γ . 
The winding is composed of N turns and carries a current i.

–Ni/2

Ni/2 Fundamental

�ird harmonic

Fifth harmonic

mmf (ϕ)

ϕ

FIGURE 2.4
Harmonic components of the mmf of a concentrated winding.
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Although this arrangement is obviously asymmetric and may not be 
favored practically, it has an important property that signifies a way to 
improve the quality of the spatial distribution of the air gap mmf. The field 
lines due to the winding will have closed paths and will have a rightward 
direction similar to the lines in Figure 2.1 for the given direction of the cur-

rent. This implies that the right-hand portion of the air gap −
π

− γ < φ <
π



2 2

 

acts like an N pole and the left-hand portion 
π φ π γ
2

3
2

< < −



  behaves like an

S pole. Note that the established N pole has a larger area than the S pole. 
Since the net flux of the N and S poles must be equal, it can be inferred that 
the N pole must in fact have a smaller flux density than the S pole so that 
their actual net flux becomes equal. This implies that unlike the case of a 
concentrated winding, the mmf and field intensity at the points A and B 
shown in Figure 2.5 are not equal.

The following two equations state the requirements of the Ampere’s cir-
cuital law and the equality of the N and S pole flux for the short-pitched 
winding of Figure 2.5:

	
H dl⋅ = + =

+ = −
∫ H g H g Ni

H r l H r l

A B

A B

�
µ π γ µ π γ0 0( ) ( )

	 (2.5)

where l is the length of the machine and the r is the radius.
By solving Equation 2.5, the mmf of the concentrated winding is obtained 

as shown in Figure 2.6.
Fourier analysis gives mmf1 2 2= ( )Ni cos / /γ π as the magnitude of the fun-

damental component of the mmf waveform shown in Figure 2.6. It is not 
hard to note that the harmonic spectrum of the mmf depends on the angle γ . 
This is a single degree of freedom that can be used to suppress one low-order 
harmonic component to improve the quality of the waveform.

Integration path

A

γ
B

N conductors
current = i

ϕ

FIGURE 2.5
A short-pitched winding.
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The ratio of the fundamental component of the mmf of a given winding to 
that of a concentrated winding is called the winding factor; the winding fac-
tor of the short-pitched winding of Figure 2.5 is, therefore, given as follows:

	 winding factor
mmf

mmfconcentrated

= =


1

2
2π
γ

Ni cos



= 



2 2

π

γ

Ni
cos 	 (2.6)

Note that selection of a nonzero angle for γ  will result in a drop in the 
magnitude of the fundamental component of the mmf (compared to a full-
pitched winding) by a factor of cos /γ 2( ). Therefore, the improvement in the 
harmonic spectrum resulting from elimination of a single harmonic compo-
nent is weighed against reduction of the fundamental mmf.

Example 2.1:  Short-Pitched Winding

A short-pitched winding is designed with a pitch angle γ  of 12°. 
Determine its winding factor.

SOLUTION

The winding factor will be equal to cos(6°) = 0.995. This implies that by 
short-pitching the winding, the fundamental component of the mmf 
(relative to a concentrated winding) is reduced by only 0.5%.

2.2.3  Distributed Windings

To achieve more flexibility in shaping the harmonic spectrum of the mmf 
waveform, practical machines use distributed windings. For example, 
Figure 2.7 shows a winding that is distributed among three slots at the top 
and bottom of the stator. Each slot holds one-third of the total number of turns 
in the winding. Note that the layout shown in Figure 2.7 is only one way of 

mmf (ϕ) HAg = Ni(π−γ)/(2π)

–HB g = –Ni(π + γ)/(2π)

3π/2 − γ 2ππ/2 ϕ

FIGURE 2.6
Variation of the mmf generated by a short-pitched winding.
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distributing a winding. For example, it is also possible to use double-layer 
windings or distribute the turns in a larger number of slots, as will be shown 
in the examples throughout and the problems at the end of the chapter.

Using a similar approach to the one adopted earlier, we obtain the follow-
ing distribution shown in Figure 2.8 for the air gap mmf produced by this 
winding.

It is straightforward to note that the staircase mmf generated by this wind-
ing has more resemblance to a sine wave than the one generated by a con-
centrated winding; its harmonic spectrum is, therefore, expected to be less 
dominated by low-order harmonics.

Distributing the winding in a number of adjacent slots improves the har-
monic spectrum; however, it will result in some loss in the fundamental 
component, as was the case with a short-pitched winding. The winding fac-
tor of a distributed winding shows the compromise made. For example, the 
fundamental component of the mmf generated by the distributed winding 
shown in Figure 2.7 is as follows:

	 mmf1 = +2
3

1 2
π

γNi( cos ) 	 (2.7)

N/3 conductors
current = i

ϕ

γ

FIGURE 2.7
A distributed winding.

ϕ2π

Ni/2
mmf (ϕ)

Ni/6

–Ni/6

–Ni/2
3π/2

3π/2 + γ3π/2– γ

π/2 + γπ/2 – γ

π/2

FIGURE 2.8
Variation of the mmf generated by the distributed winding of Figure 2.7.
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Its winding factor will, therefore, be given as follows:

	 winding factor
mmf

mmfconcentrated

= =1

2
3π

Ni(11 2

2
1 2

3

+
= +cos ) ( cos )γ

π

γ

Ni
	 (2.8)

It is observed that a distributed winding (with a nonzero γ) has a winding 
factor less than unity; however, it features improved harmonic spectrum.

The three winding patterns we have examined so far aim to develop a 
large fundamental component of air gap mmf while reducing as much low-
order harmonic content as possible, in order to produce an air gap mmf that 
closely resembles a sine wave.

Although it is not practically possible to obtain a sinusoidal distribution of 
mmf using a finite number of slots, it is instructive to look at the hypothetical 
case of a sinusoidally distributed winding. We will later on see that approxi-
mating and replacing a distributed winding with a closely matching sinusoi-
dally distributed one simplifies the subsequent modeling and analysis of an 
electric machine and is, therefore, widely used in practice.

2.2.4  Sinusoidally Distributed Windings

Figure 2.9 shows a schematic diagram of a sinusoidally distributed winding. 
The total number of turns in the winding is equal to N. Note that implemen-
tation of such a winding requires an infinite number of slots, each housing a 
different number of turns determined by a sinusoidal relationship according 
to their angular position and is, therefore, not possible in practice.

Let us assume that the density of turns is given as follows:

	 n N( ) sinφ φ= 0 	 (2.9)

ϕ

N conductors
current = i

FIGURE 2.9
A sinusoidally distributed winding.
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where n φ( ) is the density of the number of turns and N0 is the peak density. 
N0 must be specified properly to ensure that the winding has indeed N turns. 
For this, we note that the actual number of turns in an infinitesimal slice of 
the winding located at φ is equal to n φ φ( ) d ; therefore,

	 N n N N= = =∫ ∫( ) sinφ φ φ φ
π π

d d
0

0
0

02 	 (2.10)

This expression relates the total number of turns in the winding (N) to the 
peak density (N0).

The mmf generated in the air gap by a sinusoidally distributed wind-
ing can be determined as follows (the integration path is similar to the one 
shown in Figure 2.2).

	

2mmf dencircled( ) ( ) ( ) (φ φ φ
π

= ⋅ = = + + −∫ ∫H dl i i n i�
φ

)) ( )

sin

n

iN

φ φ

φ φ

π

π φ

φ

π φ

d

d

+

+

∫

∫= 0 ==
+

∫ i
N
2

sin φ φ
φ

π φ

d

Therefore,

	 mmf( ) cos( )φ φ= Ni
2

	 (2.11)

This shows that the mmf generated by a sinusoidally distributed winding 
has a sinusoidal distribution in the air gap. Note that variations with time 
of the current flowing through the winding will change the magnitude of 
this spatial sine wave. It is, therefore, important to distinguish between the 
temporal changes in the current and spatial variations in the mmf generated 
by the current-carrying winding.

Example 2.2:  Sinusoidally Distributed Equivalent Winding

Consider the distributed winding shown in the following figure:

Each bundle consists of 4 sets each with 25 conductors. Determine the 
following:

	 1.	 The air gap mmf generated by this winding
	 2.	 An equivalent sinusoidally distributed winding

25 conductors

2π 3π / 2 π / 2

π / 12

0π

ϕ
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SOLUTION

The mmf generated by this winding in the air gap is as shown in the 
following figure, assuming that each conductor carries a current of 1 A.

Fourier analysis of this waveform yields a fundamental component 
magnitude of 62.58 A·turns. A sinusoidally distributed winding with a 
total of N turns will generate a sinusoidal mmf waveform with a magni-
tude of N/2 (according to Equation 2.11, and with a current of 1 A in each 
turn). For the equivalent sinusoidally distributed winding to generate an 
mmf equal in magnitude to that of the fundamental component of the 
aforementioned distributed winding, we should have

	
N

N
2

62 58 125 16= ⇒ =. . turns

2.3  Poly-Phase Machine Windings

The windings we have seen so far are suitable for one phase of a poly-phase 
machine. The current through all the conductors is the same and the result-
ing mmf is determined by the current and the arrangement of the conductors.

For poly-phase machines, multiple windings should be used; each wind-
ing will be properly positioned in the slots of the stator (or rotor) and placed 
to maintain a given relative displacement to windings of other phases.

2.3.1  Three-Phase Concentrated Windings

Let us consider a two-pole, three-phase machine with concentrated phase 
windings. The geometry of the machine windings is as shown in Figure 2.10.

Note that the inner periphery of the stator is divided into six (2 poles × 3 phases) 
equal sections of 60°, commonly referred to as a phase belt. Sides of each wind-
ing are placed in slots located at the center of each phase belt. Since the winding 
is full-pitched, the two sides of each phase winding are separated by 180°.

When current flows through each phase winding, a magnetic field is 
generated. The magnetic field of the phase-a winding will resemble an NS 

50

–50

–25

mmf (ϕ)

25

5 π / 12 7π / 12
17π / 12

π / 2 3 π / 2

2 π
19 π / 12

ϕ
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(see Figure 2.1) and will be along the axis of phase a with a direction (NS 
or SN) and strength determined by the direction and magnitude of the 
current in phase a. Flow of the current in phases b and c creates similar 
magnetic fields along the axes of these two phases. The axes of phases b 
and c are physically shifted by 120° and –120°, respectively, relative to the 
phase-a axis.

2.3.2  Three-Phase Sinusoidally Distributed Windings

As shown previously, a sinusoidally distributed winding creates an air gap 
mmf with a sinusoidal distribution given in Equation 2.11. Assume that 
three identical sinusoidally distributed windings, similar to the one shown 
in Figure 2.9, are placed around the periphery of the stator (with the proper 
120° phase shift for phases b and c). The resulting mmf at a given point in 
the air gap is the summation of the three components of mmf created by the 
windings, as follows:

	

mmf

mmf
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Axis of phase a

Axis of phase b Phase belt = 60°

Axis of phase c

b c

a

a'

b'c'

FIGURE 2.10
A three-phase machine with concentrated phase windings.
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where ia, ib, and ic are the three-phase currents and the angle φ  is measured 
relative to the axis of phase a as shown in Figure 2.9.

If the phases are connected to a balanced three-phase source, the phase 
currents will be sinusoidal functions of time with 120° of phase shift (in time 
domain); therefore,
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where Im and ωe are the magnitude and the angular frequency of the phase 
current.

The expression in Equation 2.13 shows important properties of the 
resulting mmf. As seen, the magnitude of mmf at an arbitrary angular 
position φ is a sinusoidal function of time. At the instant of time when 
ω φet = , the mmf at this position attains its positive peak. As time passes 
by, the mmf drops, becomes increasingly negative, and attains its nega-
tive peak when ω φ πet = + , after which it starts to increase and follow this 
sinusoidal trend.

The expression in Equation 2.13 can also be used alternatively to track the 
peak of the mmf in the air gap. It is easy to observe that the positive peak of 
the mmf always occurs at φ ω= et; this implies that the position of the peak 
mmf changes counter-clockwise (note the assumed positive direction of φ in 
Figure 2.9) and at an angular velocity of ωe. Figure 2.11 shows snapshots of 
the field intensity in the air gap for various instants of time within a com-
plete cycle of the phase current.

The plots show that the field distribution has a fixed pattern (with 
sinusoidal distribution) that rotates at a constant angular velocity. This 
is a profound observation: the field components produced by the three 
windings are stationary, but time-varying, along their axes; their com-
bined effect, however, is to generate a rotating magnetic field with a con-
stant peak.

The resulting field has a positive peak and a negative peak with 180° of 
mechanical separation. This resembles a bar magnet with a pair of NS poles 
that rotates in the air gap. This is why it is called a two-pole machine.
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The speed of rotation of the resulting magnetic field, also known as the 
synchronous speed, is equal to ωe.

2.4  Increasing the Number of Poles

Winding arrangements we have seen so far belong to two-pole machines. 
This is because the field established by each phase winding resembles a sta-
tionary (yet variable in strength) NS magnet. The combined effect of such 
two-pole windings in a three-phase arrangement is also a rotating NS mag-
net with a fixed strength, hence the name two-pole.

2.4.1  A Single-Phase Multipole Winding

Windings can be arranged to obtain machines with a higher number of 
poles. This has important operational benefits as will be shown later. Gauss’s 

2π/3

(a) ωet = 0 (b) ωet = π/6

(c) ωet = 2π/3 (d) ωet = π

π/6

FIGURE 2.11
Rotating magnetic field of a two-pole machine.
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law states that a single magnetic pole, that is, a single N or S pole, cannot 
exist; as such, the number of poles is always an even integer.

Let us now consider a simple four-pole machine, as shown in Figure 2.12. 
For simplicity, the figure shows only the concentrated winding of phase a. 
We will show winding arrangements for multiphase, multipole machines 
later.

As seen, the pattern of the magnetic field in the air gap creates four N and 
S poles successively located 90° from one another. Also note that the wind-
ing sides carrying current in opposite directions are placed in slots 90°apart.

To simplify the analysis of machines with multiple poles, the notion of 
electrical and mechanical angles is used. For a machine with P poles, the 
conversion from mechanical to electrical angles is given as follows:

	
θ θe m= P

2 	
(2.14)

where θe and θm are the electrical and mechanical angles, respectively. 
This is why the two sides of the winding in the four-pole machine of 
Figure 2.12 that carry the same current in opposite directions (i.e., 180° of 
electrical phase difference) are placed in slots that are 90° mechanically 
apart. Likewise, in a four-pole machine, the opposite magnetic poles are 
only 90° apart mechanically. For a two-pole machine, the mechanical and 
electrical angles are equal.

2.4.2  Three-Phase Arrangement

Figure 2.13 shows the winding arrangement of a three-phase, four-pole 
machine. As shown, the periphery of the stator is divided into 12 (4 poles × 3 

90° Mechanical

Current = i

a1' a2'

a1

a2

FIGURE 2.12
Phase-a winding of a four-pole machine.
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phases) equal segments, each housing one slot (for a concentrated, full-pitched 
winding). Each segment is 30° (m) wide. Note that this is equivalent to a phase 
belt and still measures 60° (e), similar to a two-pole machine. The angular dis-
placement between the axes of phase windings is 120° (e) or 60° (m).

2.4.3  Rotating Field of a Multipole Machine

Each of the phase windings of a machine with P poles will create P/2 pairs 
of north and south magnetic poles. In a three-phase arrangement, when 
the windings are supplied with three balanced currents with angular 
frequency of ωe, the combined effect of the three fields in the air gap is a 
rotating magnetic field pattern with P north and south poles with constant 
strength (similar to the two-pole machine discussed earlier). Therefore, the 
four-pole machine of Figure 2.13 will create four north and south poles of 
equal (and constant) strength rotating at a constant speed in the air gap of 
the machine.

Let us now determine the speed of rotation of the magnetic field. For sim-
plicity, let us consider the winding of phase a only and further assume that 
the winding has a sinusoidal distribution as follows:

	 n N( ) cos( )φ φ= p 2 	 (2.15)

where Np is the peak turns density. Note that the cos 2φ( )  terms indicate that 
the winding attains its peak density four times around the periphery of the 
stator as opposed to two peaks in a two-pole winding.

Also assume that this winding is excited with a sinusoidal current with a 
frequency ωe. Let us consider the magnetic field at two distinct instants of 

Phase belt = 60°(e) = 30°(m)

b2′

a2′

b1′

a1′

c2′

c1′

c1

b2

a2

c2

b1

a1

FIGURE 2.13
Winding of a three-phase, four-pole machine.
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time, namely the positive and the negative peaks of the current. Figure 2.14 
shows the pattern of the field established by the winding at these two points.

A half cycle transition in the current, that is, from the positive peak to the 
negative peak, equals 180° (e). This has caused the field pattern to change by 
only 90° (m) (note that the field patterns in Figure 2.14a and b are identical 
with a 90° of mechanical phase shift). Given that the transition between the 
current peaks and the resulting change in the field pattern occurs during the 
same time period, it can be concluded that the speed of rotation of the field 
in the air gap of the four-pole machine is as follows:

	
ω ω π
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e e mech rad/s= = ⋅

2
2

2
f

[ ]
	

(2.16)

where ωsync is the synchronous speed of the field and fe is the input current 
frequency.

In the case of a P-pole machine, it can be shown that the speed of rotation 
of the magnetic field resulting from three-phase operation is as follows:

	 ω ω π
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or alternatively,

	 N
f

Psync
e rpm=

120
[ ]	 (2.18)

where Nsync is the synchronous speed in rpm.

(a) (b)

a1′ a2′

a1

a2

a1′ a2′

a1

a2

FIGURE 2.14
Field orientation for the positive (a) and negative (b) peaks of the phase current.
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2.5  Examples of Winding Arrangements

Windings in three-phase ac machines can take on complex patterns depend-
ing on the design and particular application of the machine. Here we show 
two simple cases of double-layer windings, a full-pitched and a short-pitched 
one. A double-layer winding houses two coil sides in each slot, thereby allow-
ing windings with more complexity and improved mmf spectrum.

Example 2.3:  Winding Arrangement for a Full-Pitched Winding

Show the phase a of a four-pole, three-phase machine with double-layer 
winding and 24 slots.

SOLUTION

The machine needs 12 (4 poles × 3 phases) phase belts to accommo-
date the three-phase windings. Since the machine has 24 slots, each 
phase belt will contain two slots. The centers of two adjacent slots are 
separated by 15° (m) (=360°/24). Therefore, each phase belt will be 30° 
(m) = 60° (e) wide. Since the winding is full-pitched, the two sides of 
each turn must be located 180° (e) apart, which corresponds to six slots 
(equivalent to 90° (m)). The following figure shows the placement of 
sides in the slots.

Example 2.4:  Winding Arrangement for a Short-Pitched Winding

Show the phase a of a two-pole, three-phase machine with 12 slots and 
5/6 pitch.

SOLUTION

The centers of two adjacent slots are separated by 30° (m) (=360°/12). 
Short-pitching the winding to 5/6 of the full pitch will create a spacing 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 1 2
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of 150° (m), equal to five slots, between the two sides of each turn. The 
following figure shows the placement of turn sides in the slots.

Note that the slots 1 and 7 are located 180° (m) apart and house two 
sides of the winding. Although the individual turns of the winding 
have short pitches, the winding as a whole looks symmetric, as it 
should.

2.6  Winding Inductances

Electric machines can be viewed as a combination of windings that are suit-
ably housed in a magnetic circuit so that their individual and combined 
magnetic fields interact in a certain way to achieve a useful goal, that is, effi-
cient energy conversion. Evidently, the magnetic flux established by a wind-
ing may, through the magnetic material and air, link not only the winding 
itself but also other windings of the machine. The linkage of fluxes gener-
ated by various windings leads to the notion of self and mutual winding 
inductances.

Calculation of the inductances of electric machine windings is an impor-
tant step in the development of machine models and in the analysis of their 
operation. Once inductances are obtained, they can be easily embedded in 
an equivalent electric circuit of the machine. They can also be used in the 
calculation of torque through the concepts of field energy and energy con-
version as described in Chapter 1.

In the following sections, we will show a few examples of calculating self 
and mutual inductances of machine windings. For simplicity, we will start 
with the idealized case of sinusoidally distributed windings and then con-
sider distributed windings.

1 2 3 4 5 6 7 8 9 10 11 12 1
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2.6.1  Self and Mutual Inductances of a Simple Round-Rotor Machine

Consider a two-pole electric machine with three-phase distributed wind-
ings on both its stator and rotor, as shown in Figure 2.15. The windings are 
assumed to be distributed sinusoidally, although the figure depicts the wind-
ings as concentrated for visual clarity. It is assumed that the position of the 
rotor relative to the stator’s phase-a axis is measured using angle θr. The angles 
φs  and φr  are used for measurements around the stator and rotor, respectively.

For the moment, let us concentrate our attention on the phase-a windings 
of the rotor and stator. The distribution functions of the stator and rotor 
windings are as follows:

	
n

N

n
N

s s
s

s

r r
r

r

( ) sin( )

( ) sin( )

φ φ

φ φ

=

=

2

2

	 (2.19)

where Ns and Nr are the total number of turns in the stator and rotor phase 
windings, respectively. For calculation of the self-inductance of a winding, 
for example, stator phase-a winding, one needs to excite the winding with 
electric current, measure the flux linkage of the winding, and then divide the 
flux linkage by the current. Note that windings are excited one at a time to 
ensure that the flux is generated by one winding only. We previously derived 
an expression for the magnetic field established by a sinusoidally distributed 
winding. For example, the air gap mmf due to the stator phase-a winding is 
given as follows:

	 mmfa s
s

a s( ) cos( )φ φ= N
i

2
	 (2.20)

where ia is the current used to excite phase-a winding.
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FIGURE 2.15
A three-phase round-rotor machine.
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Given that the machine has a uniform air gap of length g, the magnetic 
flux density generated in the air gap due to the current in stator’s phase-a 
winding is as follows:

	 B
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a s s

a s
mmf

( )
( )

cos( )φ µ φ µ φ= =0 0 2
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The magnetic flux density vector has a radial orientation and points out-
wards. Consider now a single turn of wire in the stator’s phase-a winding 
located at φs , that is, one side of the turn is at φs  and the other is at φ πs + , as 
shown in Figure 2.16. The magnetic flux passing through this single turn is 
as given in Equation 2.22. Note that the actual flux to be calculated is the one 
shown with a large arrow in Figure 2.16. However, a definition for flux density 
at the surface 1 is not readily available, and as such, the flux passing through 
surface 2 is calculated. Using the fact that a magnetic single-pole does not exist, 
it is argued that the flux through surface 1 is negative of the flux leaving sur-
face 2, and it can be obtained as in Equation 2.22 (and hence the negative sign).

	 − =
+

∫ B rl
N
g

i rla
s

a s

s

s

d( ) sin( )α α µ φ
φ

φ π

0 	 (2.22)

where r and l are the radius and the length of the winding, respectively.
To calculate the flux linkage of the entire phase-a winding, we note that 

there are ns s sdφ φ( )  turns (see Equation 2.19) at any given angle φs. The flux 
linkage will, therefore, be given as follows:
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FIGURE 2.16
Flux for a single turn of the stator phase-a winding.
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Note that the aforementioned flux linkage is due to the flux generated by 
phase-a current that closes its path around the winding through the mag-
netic circuit. In practice, the current through the winding generates another 
component of flux that closes its path around the winding not through the 
magnetic circuit but through the air surrounding the winding. This leakage 
flux is a linear function of the current due to the linear magnetic proper-
ties of air. The stator phase-a winding inductance will, therefore, have two 
components, one due to the flux closing its path through the magnetic circuit 
and one due to the leakage flux. An expression for the self-inductance of the 
phase-a winding is as follows:
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where Ll is the leakage inductance of the winding.
We further note that the self-inductance of the winding is independent of 

the position of the rotor due to the round and symmetric shape of the rotor. It 
also implies that the self-inductances of phases b and c of the stator will have 
similar expressions to Equation 2.24.

It is straightforward to calculate the mutual inductance between phase-a 
windings of the stator and the rotor. Since the position of the rotor deter-
mines the relative location of the two windings, it is expected that the result-
ing mutual inductance be a function of the rotor position. It can be shown 
that flux linkage of the rotor phase-a winding due to the current ia in stator 
phase-a winding is as follows:
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This expression shows that the flux linkage between the two windings 
attains its maximum (in an absolute sense) when the axes of the two wind-
ings are aligned (θr = 0); this can indeed be intuitively inferred as well. 
Alignment of the axes of the two windings maximizes the effective surface 
of the flux passage and hence yields the largest linkage. The mutual induc-
tance of the two windings is, therefore, given as follows:

	 L
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cossr 0

r s
r= µ

π
θ 	 (2.26)

Because of the symmetry of the windings, the mutual inductances between 
other stator and rotor phases are conveniently obtained by introducing 
proper phase shifts in the expression of Equation 2.26.
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Electric machines do not always have round rotors such as the one shown 
in Figure 2.15. Treatment of machines with rotor saliency is more compli-
cated as the length of the air gap will not be constant. It also results in stator’s 
self and mutual inductances to depend on the position of the rotor, as the 
shape of the magnetic circuit will change with the rotor position.

2.6.2  Self and Mutual Inductances of a Salient Pole Machine

Calculation of inductances of a salient pole machine requires knowledge of 
the exact geometry of the rotor as the saliency of its poles will determine the 
effective length of the air gap that the flux has to travel through. It is, there-
fore, not straightforward to derive equations such as Equations 2.24 and 2.26 
for a salient pole machine without an explicit expression for the length of the 
air gap. It is, however, possible to develop functional forms for the expected 
variation of machine inductances using our intuition of how the flux will 
form its path when the rotor rotates.

Consider the salient pole machine shown in Figure 2.17. The machine has 
a three-phase stator winding. The rotor may or may not house a winding 
depending on the type of the machine. In our following analysis, we will 
concentrate on the self and mutual inductances of the stator windings. Also 
note that the discussion that follows applied readily to multipole machines if 
angles are measured in electrical radians.

The position of rotor will determine the reluctance of the path the flux 
will travel along. Let us first consider the mmf established by phase-a wind-
ing. From our previous analysis, we already know that the phase-a mmf lies 
along the stator phase-a axis. Let us assume that a vector along this axis 
represents the mmf as follows:

	 mmf xa a a( ) ˆi Mi=  	 (2.27)

where M is a constant that includes the number of turns.
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Direct axis

FIGURE 2.17
A salient pole ac machine.
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The mmf of phase a will cause flux to be established. We are going to rep-
resent the flux as a vector, which will naturally have a horizontal alignment 
similar to its causing mmf. To include the saliency effect, we consider two axes 
for the rotor. The direct axis lies along the rotor in the direction of the shortest 
air gap. The quadrature axis lies perpendicular to the direct axis (in electri-
cal degrees) and hence is along the path of the longest air gap. Let us further 
assume that stator phase-a flux results from two components of flux that are 
established along the noted direct and quadrate axes of the rotor, that is,
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where mmfd and mmfq are the projections of the mmfa onto the d and q axes, 
respectively; Rd and Rq are the reluctances of the d and q flux paths; and K1 
and K2 (K1 > K2) are constants that include the magnetic circuit reluctances 
along the direct and quadrature axes. The two flux components are obtained 
by projecting the phase-a mmf vector onto the direct and quadrature axes and 
dividing the mmf along each axis by the reluctance of the respective axis. By 
projecting the aforementioned flux components back onto the phase-a axis, we 
obtain the following expression for the phase-a flux because of its own current 
ia.
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We now note that the phase-a self-inductance can be written as follows:

	 L L L Laa l r= + −0 2 2cos( )θ 	 (2.30)

where Ll is the term added to account for the leakage inductance and L0 and L2 
are the inductance terms that correspond to the constant and position-depen-
dent terms of the flux in Equation 2.29. Similarly, one can project the direct and 
quadrature axes flux components of Equation 2.28 onto the surface of phase 
b to find the flux linkage of phase b due to the current in phase a, as follows:
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which will in turn yield the following expression for the mutual inductance 
between phases a and b.

	 L L Lab r= − − −





1
2

2
2
30 2 cos θ π

	 (2.32)

Other self and mutual inductances can be easily obtained using a simi-
lar procedure. Note that for a cylindrical rotor, the coefficients K1 and K2 
are equal and hence the rotor position–dependent (L2) terms in the self and 
mutual inductances will vanish.

2.6.3  Machine Inductances with Distributed Windings

It was stated earlier that distributed windings are often replaced with equiv-
alent windings with sinusoidal distribution for simplicity of analysis. It is, 
however, instructive to consider the inductances of distributed windings 
as they stand and without recourse to an equivalent sinusoidal winding. 
Although we will not use this approach in the following chapters when we 
analyze electric machines, it will serve to demonstrate how distribution of a 
winding affects the inductances. Let us consider an example.

Example 2.5:  Mutual Inductance of Distributed Windings

Consider the following winding arrangements for phase a of the stator 
and the rotor of a three-phase machine with a round rotor. The machine 
has a radius of 10 cm and a length of 15 cm. The air gap is uniform and 
has a length of 1 mm.

Determine the following:

	 1.	 The mutual inductance between phase-a windings of stator 
and rotor.

	 2.	 The mutual inductance if the windings are replaced with their 
equivalent sinusoidally distributed windings.

Plot the inductance variations versus the position of the rotor.
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SOLUTION

Let us first consider equivalent sinusoidal windings that produce mmf 
waveforms with equal peaks to the fundamental component of the mmf 
of the aforementioned two windings. This can be done using a proce-
dure similar to that in Example 2.2. It can be shown that the equivalent 
sinusoidal windings to the given stator and rotor winding arrangements 
have peak turns densities of 59.4 and 55.1, respectively. The turns den-
sity expressions for the equivalent windings will, therefore, be given as 
follows:
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Calculation of inductances for the equivalent sinusoidal windings is 
straightforward as shown in Equations 2.24 and 2.26.

To calculate mutual inductance between the actual distributed wind-
ings, we note that the mmf established by the stator winding has the 
following shape (assuming a 1 A current through the winding).

If we consider a single turn of wire located at φs , the flux passing 
through the surface of the turn due to the current in the stator winding 
is obtained using the following expression:

	 Φdist s mmf d
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Evaluation of the aforementioned equation with the mmf expressions 
of the actual and the equivalent windings yields the following expres-
sions (shown for the first quarter of the waveform).
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For the equivalent sinusoidally distributed winding (with unity 
current),

	 Φsin ( ) sin( )φ µ φs
s

s= 0
N rl

g

For the original winding (with unity current), the result will be a 
piecewise linear waveform. The following figure shows the variation of 
the flux through the single turn located at φs for the original and the 
equivalent winding.

As shown, the difference between the flux of the actual winding and 
the one estimated by an equivalent sinusoidal winding is quite small. 
We already have an expression (Equation 2.26) to calculate the mutual 
inductance between the stator and rotor windings if sinusoidal distribu-
tion is assumed. To calculate the winding inductance for the original 
windings, we note that the rotor winding has 50 turns located at θ πr + 3 
(and θ π πr + +3 ) and another 50 turns at θ πr + 2 3 (and θ π πr + +2 3 ). The 
expression for the flux linkage of the rotor winding due to the stator 
winding’s mmf will, therefore, be as follows:
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The following figure shows the variation of the mutual inductances 
for the original and the equivalent windings as a function rotor posi-
tion. The dark curve shows the sinusoidal approximation and the white 
trace shows the piecewise linear inductance for the original windings. 
As seen, the sinusoidally distributed approximation produces a highly 
accurate estimation of the actual inductance variations.

2.6.4  Methods for Analysis of AC Machines

The examples presented in this chapter on calculation of inductances show 
that some of the inductances of ac machine indeed depend on the posi-
tion of the rotor, even if the rotor is cylindrical (Section 2.6.1). In case of 
machines with a non-cylindrical rotor, for example, a salient pole synchro-
nous machine, even the self-inductances of phase windings will depend on 
the rotor position. Given the variation of rotor position with time due to its 
rotation, it is easily concluded that an ac machine is essentially a system of 
mutually coupled, time-varying inductances. Analysis of such a system is a 
complicated task and as such development of methods to simplify it is highly 
desirable.

One way to achieve this is to transform the inductances to a domain where 
their values do not change with time in order to obtain a time-invariant sys-
tem with much simpler analysis. Chapter 4 introduces a simple, yet highly 
powerful, transformation that removes the time-dependency of the induc-
tances of ac machines and paves the way for the development of methods for 
their high-performance drive strategies.
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Problems

	 1.	Consider a simple machine with a single full-pitched concentrated 
winding of Ns turns on the stator and a single full-pitched concen-
trated winding of Nr turns on the rotor. The stator winding is excited 
with current i. Develop an expression (along with a diagram) of the 
voltage induced in the rotor winding if the rotor rotates at a constant 
angular velocity of ω. Using the results, comment on why windings 
with nearly sinusoidal distributions are desired.

	 2.	Consider the following machine with a three-phase sinusoidally dis-
tributed winding on the stator (not shown for clarity) and a single 
full-pitched concentrated winding of Nr turns on the rotor.

	 The stator winding is excited with a balanced three-phase source 
(frequency ω) and produces a rotating air gap mmf as follows:

	 mmf( , ) cos( )t M tφ ω φ= −  

	 a.	 Determine the direction of rotation of the stator field.
	 b.	 At what instants of time does the positive peak mmf lie at φ = 0 ?
	 c.	 At what instants of time does the positive peak mmf lie at φ π= ?
	 d.	 With the rotor held stationary at the position shown, derive 

an expression for the voltage induced in the rotor winding for
0 2< <ω πt .

	 e.	� If the rotor circuit is closed, what is the direction of the induced 
current in the rotor for 0 2< <ω πt ?

	 f.	� What is the direction of the torque on the stationary rotor? What 
can you conclude?

	 3.	An alternative way of finding the winding factor is to use induced 
vector voltages. Consider, for example, a full-pitched concentrated 
winding on the stator of a machine. Assume that the machine has a 

ϕ
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rotor that produces a sinusoidal distribution of mmf in the air gap 
and that the rotor rotates at a constant angular speed of ω. It is eas-
ily observed that the induced voltages across the two ends of each 
side of the coil will be of the same magnitude but shifted 180°. From 
a vector perspective, the voltages across the two sides can be repre-
sented by two vectors with equal magnitude, which are aligned and 
point in opposite directions. The total voltage across the terminals of 
the winding will be the vector subtraction of the two.

	 a.	� Use the concept of induced voltages to determine the magni-
tude of the voltage induced in a short-pitched stator winding of 
Figure 2.7. What is the ratio of the length of the voltage vector to 
that of the concentrated winding?

	 b.	� Redo the aforementioned procedure for the distributed rotor 
winding of Example 2.5.

	 4.	Consider the windings in Example 2.5.
	 a.	 Obtain mmf waveforms for the rotor and stator windings.
	 b.	 Obtain the harmonic components of the mmf waveforms.
	 c.	 What are the winding factors?
	 d.	� Obtain an expression for the piecewise linear mutual inductance 

between the stator and the rotor windings.
	 e.	� What is the largest magnitude of error between the two induc-

tance estimations?
	 5.	Consider the two-phase machine of Example 1.4. Use an approach 

similar to the one shown in Section 2.6.2 to obtain functional forms 
for winding inductances.
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3
Principles of Direct Current Machines

3.1  Introduction

Direct current (dc) machines operate on dc voltages and currents. Recall from 
Chapter 2 that time-varying currents flowing through properly placed wind-
ings can lead to generation of a rotating magnetic field. Direct currents do 
not vary with time, and it may seem puzzling at first glance how they may 
result in rotation. As will be shown in Section 3.2, a dc machine is inherently 
ac but is made to appear dc at its terminals by means of a mechanical rectifier 
called a commutator. Similar to ac machines, dc machines operate based on 
the laws of induction and interaction.

DC machines are not as widely used as they were in the past. DC gen-
erators in particular are less common due to the presence of high-quality 
rectifiers that can produce controlled and stiff dc voltages and currents 
from single- and poly-phase ac sources. DC motors are gradually giving 
way to ac motors driven by high-performance ac drive systems. One of the 
reasons for their declining popularity is the number of problems associ-
ated with the operation of a commutator (segments and brushes), including 
sparking, losses, wear and tear, and continuous and expensive maintenance 
requirements.

Despite this background, study of dc machines is still relevant. This is 
firstly because dc machines still exist and are manufactured, and engineers 
will have to be familiar with their operation. Secondly, dc machines have 
appealing operation and control properties, which are desirable to replicate 
when ac drives are designed. It is therefore important to devote some time 
and attention to the study of dc machines.

We will illustrate the underlying principles of the operation of a dc 
machine using a simplified approach. We will then proceed to developing 
equations for describing dynamic performance of a separately excited dc 
machine. This provides the reader with enough background to understand 
both wound-field and PM dc machines commonly used in high-precision 
applications.

The presentation in this chapter mostly considers basic principles of dc 
machines to illustrate their operation. A great deal of variety exists in dc 
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machines in terms of their winding arrangements, steady state operation, 
and output characteristics, and the interested reader is encouraged to refer to 
the references given at the end of the chapter for further details.

3.2  Elementary Direct Current Machine

3.2.1  Induction of Voltage and Its Rectification in a DC Machine

Consider an elementary dc machine as shown in Figure 3.1a. The stator (field) 
generates an essentially horizontal magnetic field (BM) in which the arma-
ture (rotor) winding is placed. The field circuit is represented using an NS 
PM, although it may actually be established using conductors carrying dc. 
The armature coil has N turns, a radius of r, and a length (into the page) of l.

Carbon brush (B2)

(a)

(b)

Rotor axis

Direction of rotation Slip ring (S2)

S
θ

BM

i

e12+ –

B1

S1

N

2π θ

λ

π

2π

e12

θπ

FIGURE 3.1
Induction of voltage in a rotating coil: (a) coil assembly, and (b) flux linkage and voltage 
waveforms.
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Let us further assume that the armature rotates at a constant angular speed 
of ω. This can be achieved, for example, using a prime mover. Although 
the field is stationary and constant, rotation of the armature circuit causes 
change to the effective area of the coil that is exposed to the magnetic flux 
and thereby leads to induction of voltage. It is straightforward to observe 
that the flux linkage and induced voltage are given as follows:

	 λ θ θ( ) cos( )= 2lrB NM 	 (3.1)

	 e
t

lrB N lrB N t12 2 2( )
( )

sin( ) sin(θ λ θ ω θ ω ω= − = =d
d M M ++ θ0 )	 (3.2)

where θ0 is the initial position of the rotor. In Equation 3.1, the term 2lrcos(θ) 
is the affective area of the N-turn coil that is exposed to the horizontal flux 
when the coil is at θ.

The negative sign in Equation 3.2 is to account for the Lenz’s law. The volt-
age e12 is picked up by two stationary carbon brushes (B1 and B2) that are in 
constant contact with the two rotating slip rings (S1 and S2), which are in turn 
permanently connected to the sides of the rotating coil. The end result is that 
the coil sides will produce either positive or negative voltage depending on 
which pole face they travel under, thereby creating an alternating voltage, 
as shown in Figure 3.1b. It is readily seen that the induced voltage in the 
armature is not dc. It is rather an alternating voltage. This implies that a dc 
machine is internally and inherently ac.

It must be noted that the waveforms shown in Figure 3.1b are somewhat 
idealized in their perfect sinusoidal variations. In practice, the field and the 
winding do not exhibit such sinusoidal behavior, and the induced mmf may 
indeed look more trapezoidal, although it will still be an alternating waveform.

By employing two commutator segments (C1 and C2), as shown in 
Figure 3.2a, it is possible to mechanically rectify the output voltage. The two 
ends of the coil are permanently attached to rotating commutator segments. 
The stationary carbon brushes (B1 and B2) make continuous contact with the 
segments and pick up voltage from either side of the rotating coil that trav-
els under their respective pole faces. Figure 3.2b shows the induced voltage 
when such a commutator is employed.

Although the voltage so produced is rectified, it is not adequately smooth 
for most applications that require a dc voltage. In a practical dc generator (or 
motor), several coils are placed successively in neighboring armature slots, 
and by employing commutators with a larger number of segments, their col-
lective voltages are phase shifted and combined to yield an essentially con-
stant dc output voltage.

A commutator functions similarly in the case of a dc motor. Through its 
mechanical connections, it ensures that the dc current fed to the armature 
circuit by an external dc source flows in the same direction for all the con-
ductors underneath the same pole face. The interaction between the arma-
ture and the field is described in Section 3.3.
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3.2.2  Process and Implications of Commutation

In the elementary dc machine in Figure 3.2a, the two commutator segments 
C1 and C2 will be momentarily short-circuited by the two carbon brushes 
when the coil is passing through the small area between the two pole faces, 
that is, when θ = 0. This area is known as the neutral zone and plays an 
important role in the operation of the machine.

It is both physically and mathematically (through Equation 3.2 for θ = 0) 
possible to argue that the brief moment of short-circuit will not pose a seri-
ous challenge because at this position the coil indeed has a voltage equal to 
zero; therefore, short-circuiting its two ends will not result in a large cur-
rent. This is, however, valid only when the machine is under no load, that 
is, when the armature coil carries no current. When the machine carries load 
current, the armature will create a stationary field perpendicular to the main 
field (see Section 3.3), which will distort the otherwise horizontal field and 
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FIGURE 3.2
Induction of voltage and rectification using a commutator.
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will displace the neutral zone to one side. This implies that the commutator 
segments will in fact short-circuit the coil sides at the wrong time, that is, 
when the coil has some voltage. Solutions to remedy this problem include 
use of moveable brush assemblies or small poles known as commutating 
poles in between the main field pole faces to counter the armature field. With 
a moveable brush assembly, one can rotate the brushes where the actual neu-
tral zone of the machine is located for the given load. Commutation at any 
point other than the neutral zone will be accompanied by visible sparks and 
will cause excessive wear and tear.

Additionally, we note that passing through the neutral zone entails another 
implication for the armature winding and that is reversal of the armature 
current through the coil involved in the commutation process. The action 
of a commutator ensures that conductors entering the area under a given 
pole carry current in a given direction opposite to what they carried under 
the opposite pole face. This implies that the current reversal must be done 
within a short period of time when the coil sides undergo commutation and 
that is during the short period of time they travel through the neutral zone. 
Given that the width of the neutral zone is small and the machine rotates at a 
relatively high speed, the actual period of time available for commutation is 
relatively small. The inductance of a coil, determined in part by the number 
of turns of the conductor used to make the coil, is a primary source of objec-
tion to such rapid reversal of the current.

To ease the commutation process and to facilitate reversal of the coil cur-
rent, its inductance must be lowered, for example, by reducing the number 
of turns N. This will, however, lower the available induced voltage per coil 
(see Equation 3.2). In practice, dc machine armatures have coils with a small 
number of turns to limit their individual inductances to a small value, but 
many such coils are placed in a large number of slots around the armature 
and their voltages are added to obtain an adequately large induced electro-
motive force (emf). This multi-coil arrangement also improves the harmonic 
(ripple) quality of the generated voltage as discussed in Section 3.2.1.

Example 3.1:  Displacement of the Neutral Zone

The flux per pole of a two-pole dc machine is equal to 120 mWb. Each 
pole face has a radius of 15 cm and an axial length of 40 cm. The two 
poles occupy 90% of the inner circumference of the stator. The field cre-
ated by the armature current is equal to 0.1 T and is perpendicular to 
the horizontal field of the poles. Find the angular displacement of the 
neutral zone for the given load.

SOLUTION

The inner area of the stator cavity is A rl= = × × =2 2 0 15 0 4π π . .  0 377 2. .m  
The  area of the pole face (per pole) is therefore equal to 0 377 0 9 2. . /× =  
0 17 2. ,m  which yields a flux density of Bf T= =0 12 0 17 0 707. / . . . The 
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resultant field density vector will be located at θ = = °−tan ( / ) .1 8 05B Ba f , 
which also indicates that the neutral zone is shifted by the same angle from 
its no-load vertical location.

3.3  Field and Armature Interaction in a DC Machine

In a dc machine, the two magnetic fields that are necessary for creating 
torque are provided by the field and the armature. They are both dc fields, 
that is, their strength is constant (although it may be adjustable) and their 
orientation is stationary. Figure 3.3 shows the multi-coil armature and the 
field windings of a dc machine. The commutator segments and brushes are 
omitted for clarity, but their action is to make sure that the current flows in 
the armature winding in the direction shown. The arrows show the direc-
tions of magnetic fields of the field (due to a winding or PMs) and armature.

As seen, the two fields are positioned 90° apart, which is the ideal condi-
tion for creating the largest torque (see Chapter 1). The rotor, which houses 
the armature winding, experiences a torque in the direction shown by the 
curved arrow in the middle. Despite the fact that the armature winding 
rotates, the snapshot of the current directions in the armature winding 
remains as shown, due to the action of the commutator. Therefore, the 
orientation of the two fields remains unchanged even though the rotor 
rotates.

Armature Armature field
Field

SN

FIGURE 3.3
Orientation of the fields in a simple dc machine.



67Principles of Direct Current Machines

Practical dc machines employ a large number of slots on the rotor to create 
a nearly continuous distribution of dc under each pole face. Proper timing 
of the rectifier ensures that the current fed to the conductors under each 
pole face has the same direction, thereby creating a constant torque with the 
favorable condition of the two fields being perpendicular.

It should be obvious by now that controlling the current in the arma-
ture winding (e.g., by controlling the armature terminal voltage) affects the 
torque produced by the machine and therefore can be used as a means of 
controlling the speed of rotation. The same argument is also correct about 
the field current, although this only holds for dc machines with a wound 
field. Modern dc machines tend to use PM fields, which do not allow adjust-
ments to the field intensity.

In dc machines with a wound field, several options exist as to how the 
field current is provided. Terminal and also dynamic characteristics of a 
machine are profoundly influenced by this. In the following discussion of 
dc machines, we will only focus on the dynamic performance of a sepa-
rately excited dc machine, in which the two circuits are supplied using two 
independent dc sources. This is because a separately excited dc machine 
has appealing dynamic characteristics and features high controllability. 
Additionally, a model of a separately excited machine can easily be adopted 
to represent a PM machine as well.

3.4  Dynamic Modeling of a Separately Excited DC Machine

Figure 3.4 shows an equivalent circuit diagram of a separately excited dc 
machine. The field and the armature windings are excited by separate dc 
sources. Their interaction, as described in Section 3.3, causes induction of 
a back emf in the armature winding and also results in torque production. 
Depending on the direction of energy flow, the machine can operate as either 
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FIGURE 3.4
Equivalent circuit of a separately excited dc machine.
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a motor or a generator. In the discussion that follows, we focus on the opera-
tion of the machine as a motor, converting electrical energy to mechanical 
torque on the shaft of the machine.

It is straightforward to obtain the following differential equations to 
describe the dynamic performance of the machine:

Field circuit:

	 v R i L
i
tf f f f
fd

d
= + 	 (3.3)

Armature circuit:

	 v e R i L
i
ta a a a a
ad

d
= + + 	 (3.4)

Mechanical subsystem (shaft + load):

	 T T B J
te L m m
md

d
= + +( )ω ω ω

	 (3.5)

where ea is the induced emf due to the rotation of the armature conduc-
tors in the magnetic field; Te is the net electromagnetic torque produced 
on the shaft; TL is the active load torque; B and J are the damping and the 
moment of inertia, respectively; and ωm is the mechanical speed of the 
shaft.

Although the field and the armature circuits are electrically isolated, they 
are bonded magnetically. Likewise, the electrical and the mechanical sub-
systems are linked through the interaction of fields. The following expres-
sions show the linkage between the subsystems:

	
e K

T K i
a m

e a

=
=

φ

φ

φω
φ

	 (3.6)

where Kϕ is a constant, and ϕ is the flux per pole.
We further note that the flux per pole can be linearly related to the current 

in the field winding if the nonlinear effects of field saturation are ignored (or 
if the machine operates only in the linear region). In other words, the linking 
expressions in Equation 3.6 can be expressed as follows:

	 e K i

T K i i
a f f m

e f f a

=
=

ω 	 (3.7)

By taking the rotor speed and field and armature currents as state vari-
ables, the following equations in state space can be developed for a sepa-
rately excited dc machine:
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These equations can be used to study or simulate the dynamic behavior of 
a separately excited dc machine under different operating conditions. This 
will be explored in detail later in this chapter (see Example 3.5)  using the 
simulation techniques outlined in Appendix A.

Careful examination of Equations 3.3 through 3.5 and Equations 3.7 and 
3.8 reveals that the underlying equations imply a nonlinear system as terms 
containing products of state variable ia, if, and ωm appear in Equation 3.7. 
If, however, it is assumed that the field current is held constant (or that the 
field is established by PMs), the nonlinear coupling of equations disappears, 
which paves the way for simple analysis of the dynamic behavior of the 
machine. For the moment, let us consider a simplified case, in which the field 
circuit is assumed to be in steady state, that is, d dfi t/ = 0. This assumption 
simplifies the equations by removing the terms containing products of state 
variables and hence yields a linear system of equations as follows:
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where f fK K i= .
It is relatively straightforward to note from the first equation in Equation 3.9 

that an increase in the terminal voltage causes an increase in the armature 
current (at least transiently, depending on the nature of the load torque). The 
second equation in Equation 3.9 describes the dynamics of the load. This 
equation implies that an increase in the armature current will cause the 
motor to gain speed. Lowering the terminal voltage will have the opposite 
impact on the shaft speed as it results in reduced armature current.

In the absence of the friction, the damping coefficient B will be zero; it is 
then observed that in steady state (when d dmω /  t = 0), the armature current 
must cause a respective amount of developed torque, that is, Kia, to match 
the active load torque TL. Any disparity between the two torques will cause 
the shaft to either accelerate or decelerate to a different speed until the two 
match again.

With the assumption of a constant field, the following block diagram can be 
readily obtained to represent the system. The block diagram is presented in the 
s-domain by applying Laplace transform to the state equations in Equation 3.9.
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The transfer function of the system output (ωm) in terms of the adjustable 
input va and disturbance TL is as follows:

	 ωm
a a

a
a a

a a

( )
( )( )

( )
(

s
K

R sL B sJ K
v s

R sL
R sL

=
+ + +

− +
+2 ))( )

( ) 
B sJ K

T s
+ + 2 L 	 (3.10)

A dc machine, as also evidenced in Figure 3.5, is characterized by two subsys-
tems, namely, the armature circuit and the mechanical load. The armature cir-
cuit has a time constant of τe a a= L R/   and the mechanical subsystem has a time 
constant of τm = J B/  . The mechanical subsystem is typically far slower than 
the electrical one; this implies that two distinct dynamics are to be expected.

Consider, for example, a dc machine under steady state operation. If the 
terminal voltage va is suddenly varied, the armature circuit will respond 
quickly, and the armature current will vary. If the load dynamics are slow 
enough, the shaft speed can be considered essentially unchanged during 
this transient period. The load will, however, start to respond to the new 
armature current (and hence the new developed torque) and the speed will 
vary accordingly with a long time constant of τm.

Example 3.2:  Open-Loop Dynamics of a DC Machine

Consider a PM dc machine with an emf constant of 0.8 V/(rad/s). The 
armature circuit resistance and inductance are 0.25 Ω and 0.02 H, respec-
tively. Damping and moment of inertia of the shaft are 0.05 N·m/(rad/s) 
and 2.0 kg⋅m2. respectively. A voltage of 200 V is applied to the armature 
terminals of the machine when it is at rest under no load and is followed 
by a 40 N·m step change in the load torque after 6 seconds. Determine 
and plot the armature current and the speed of the machine.

SOLUTION

Using the parameters given, the transfer function of the shaft speed (as 
given in Equation 3.10) will be as follows:
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FIGURE 3.5
Block diagram of a separately excited dc machine with constant field.
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where u(t) is the unit step function.
Simplifying the transfer function yields,
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Variations of the shaft speed as a function of time are shown in the 
following figure.

The transfer function for the armature current is obtained easily from 
the block diagram shown in Figure 3.5 as follows:
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For the given parameters, this simplifies to the following equation:
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The variation of the armature current as a function of time is shown 
as follows:

It is noted that the armature current rises rapidly to over 600 A; this 
is due to the sudden connection of the armature terminals to the 200-V 
source. In practice, this should be avoided to prevent damage to the motor 
including excessive current and temperature and to avoid mechanical 
stress on the shaft caused by the sudden application of torque.

Example 3.3:  Closed-Loop Dynamics of a DC Machine

To regulate the speed of the dc machine in Example 3.2 around a given 
reference, it is suggested to use a closed-loop feedback system as shown 
in the block diagram that follows. The proportional controller, denoted 
as a constant gain Kp, produces a terminal voltage proportional to the 
magnitude of the error between the reference and the actual speed of 
the motor. When the actual speed and the desired speed do not match, 
the terminal voltage is suitably decreased or increased (depending on 
whether the shaft rotates faster or slower than the reference). Determine 
the closed-loop transfer function of the motor and find proportional gain 
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Kp so that the steady state error of the speed control system to a step 
input is less than 2% of the desired speed. Assume the load torque is set 
to zero.

SOLUTION

With no load on the shaft of the motor, that is, TL = 0, the transfer func-
tion of the motor will be as follows:

	
ω =

+ + +
( )

( )( )
( ) m

a a
2 as

K
R sL B sJ K

v s

The closed transfer function will therefore be as follows:
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Numerically and for the given motor parameters, the transfer function 
will be as follows:
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For a step speed reference of ω0 rad/s, the steady state speed is found 
using the final value theorem as follows:
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3.5  Steady State Observations and a Lead to Drive Principles

3.5.1  Steady State Operation

The state equations in Equation 3.8 describe the dynamic behavior of a sepa-
rately excited dc machine. They can also be adopted for steady state analysis 
if the time derivatives of the state variables are set to zero to indicate their 
settling into steady values. The following equations are obtained as a result. 
Note that uppercase letters denote steady state values.
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It can be easily shown, through manipulation of the preceding equations, 
that the steady state speed of the shaft is related to its terminal voltage, load 
torque, and field current as follows:
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2 	

(3.12)

This expression indicates that for a given load torque, an increase in the 
terminal voltage Va results in a higher speed, an observation that was made 
earlier as well. It also indicates that decreasing the field current increases 
the speed. This is commonly referred to as field weakening and is exercised 
in machines with a field winding and at high speeds. Field weakening has 
implications on the armature current that need to be carefully taken into 
consideration. We will look into these in Section 3.5.2.

3.5.2  Development of a Drive Strategy

A wide-range speed control strategy for a dc motor with adjustable field can 
be developed based on the observations presented so far. This is based on 
adjusting (1) the terminal voltage of the machine and (2) the field current. 
The question is how and when to deploy the two control inputs of terminal 
voltage and field current.

To answer the question, consider a dc motor driving a load of constant torque. 
If the friction is neglected, that is, B = 0 in Equation 3.11, the torque developed 
by the motor and the load torque must be equal in steady state or K I I Tf f a L=  . 
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This implies that with a constant load torque, lowering the field current leads 
to an increase in the armature current. To avoid excessive losses in the armature 
circuit, the rated current in the field circuit is selected typically around the upper 
edge of the saturation curve of the field magnetic circuit; under normal operating 
conditions, the field current is maintained at or about the rated current. With this 
in mind, a combined speed control strategy can now be formulated as follows.

Speed control from standstill to the base speed is done by increasing the 
terminal voltage while the field current is maintained at rated. The base 
speed is the one at which the terminal voltage is equal to its rated value for 
the given load torque. Increasing the speed beyond the base speed is done 
by weakening the field, only if the armature current does not exceed its rated 
value in steady state.

The aim of the preceding strategy is to ensure that speed control is achieved 
while safe operating limits of the machine (for both armature current and ter-
minal voltage) are observed and excessive armature losses are avoided. Care 
must be exercised during field weakening; sufficiently low field currents will 
correspond to excessively high speed (see Equation 3.12) that may pose dan-
gerous mechanical stress on the machine’s shaft. In an extreme case of a lost 
field, the machine will rapidly accelerate and will break apart if protective 
measures are not deployed quickly.

Example 3.4:  Speed Control Modes—Analysis of Steady State

Consider a separately excited dc motor with the following specifications:

Armature: Ra = 0 2. Ω, rated voltage = 220 V, and rated current = 
100 A.

Field and induced voltage: rated field current = 2 A, and back emf 
constant = 0.05 V/(field A × rpm).

The machine operates with the rated field current and is under an 
active load torque of 57.3 N·m.

	 1.	 Determine the base speed of the machine.
	 2.	 When operated at the base speed, the field is weakened by 

reducing its current by 5%. Determine the new speed of the 
machine and the corresponding armature current.

	 3.	 What is the highest speed that can be achieved via field 
weakening?

SOLUTION

	 1.	 The back emf constant of the machine Kf (as per Equation 3.8) 
is 0.05 × 60/(2π) = 0.477 V/(field A × rad/s). For operation under 
the rated field current of 2 A and a load torque of 57.3 N·m, the 
armature current will be as follows:
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		  The base speed is achieved when the terminal voltage of the 
armature reaches its rated value of 220 V. Using Equation 3.11, 
we have
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. .
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	 2.	 The new field current is 1.9 A. Since in steady state the load 
torque must be matched, the new armature current will be as 
follows:
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		  The corresponding speed is then as follows:
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	 3.	 The highest speed in the field weakening region will be when 
the field current is reduced to an extent that the armature cur-
rent reaches its rated value of 100 A. For this condition, we have
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		  The speed will therefore be
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	 Note that with a constant load torque, the armature current 
stays constant during the armature voltage control region and 
varies inversely proportional to the field current in field weak-
ening, only if it stays below the rated current. This implies that 
the input power rises linearly during armature voltage control 
followed by a hyperbolic increase in field weakening, provided 
that rated quantities are not exceeded. Speed control should 
not result in violation of the rated voltage and current of the 
machine. Therefore, upper limits on the terminal voltage and 
armature current need to be observed.

		  Figure 3.6 shows the upper limits of variations of terminal 
quantities of a dc machine under combined armature voltage 
and field weakening control regimes. In deriving these curves, 
it is assumed that the motor is loaded such that it draws the 
rated current. It is important to note that under rated conditions 
shown in Figure 3.6, the motor delivers rated power (at rated 
armature voltage and current) at the base speed. Operating 
beyond this speed while maintaining the rated torque implies 
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operating at power higher than the rated power, which is not 
a recommended practice. Therefore, higher speeds are only 
achievable if the load torque is reduced, while the armature cur-
rent is maintained at rated. The variation of the load torque is as 
follows:

	 T PL m(rated)= /ω 	 (3.13)

	 which indicates a hyperbolic decrease in the amount of torque 
that can be maintained.

3.6  Closed-Loop Speed Control of DC Machines

With the background laid out in the preceding section, it is possible to devise 
methods for closed-loop (i.e., feedback) control of the speed of a dc machine 
using combined terminal voltage and field weakening methods. In this sec-
tion, we present the underlying principles of such feedback drive systems. 
Actual implementation of the drives requires use of power electronic circuits 
to craft the needed terminal voltages. To simplify the introductory treatment 
of this section, however, power electronic converters are treated as ideal con-
trolled voltage sources. The details of circuits and the mechanisms used to 
control them are presented in Chapter 8.

3.6.1  Elementary Speed Control Loop via Armature Voltage

Let us begin with an elementary speed control loop that only manipulates 
the armature voltage of the machine to set the shaft speed to the desired 
value. For example, terminal voltage control is the only available option in 
case of a PM dc machine. The block diagram of the closed loop is shown in 
Figure 3.7.

Base speed
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TL = Tdev

ωm

Rated Va

Rated Ia

Rated power
Rated torque

FIGURE 3.6
Combined armature voltage and field control at the rated limits.
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The speed controller acts upon the error between the actual speed and 
the reference speed of the motor and generates a controller output, referred 
to as the control command (cc). The cc may, for example, be the firing angle 
of a thyristor in a controlled rectifier or the duty cycle of a switch in a 
dc-dc converter. The converter, which supplies power to the armature of 
the machine, uses this cc to generate the required voltage. The cc must 
be limited between certain upper and lower values to ensure that volt-
age generated by the converter is within safe operating limits of the motor 
terminal.

Example 3.5:  Significance of Limits

Consider the dc machine in Example 3.3 with a proportional control-
ler Kp set to 40. The converter used to supply the armature accepts a 
control command (cc) between [0, 1.0] and generates a dc voltage over 
[0, 400 V] in a linear manner. The converter generates 400 V in response 
to cc higher than 1.0.

Obtain the response of the motor speed to a step reference speed of 
200 rad/s with and without enforced limits on the cc. Assume no active 
load torque on the shaft. Rated armature voltage is 220 V.

SOLUTION

The transfer function of the motor (with zero load torque) is
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The converter is simply described as va cc= ×400  without the limits 
enforced. In the presence of limits, the output voltage will be hard-
limited. To ensure that the motor is not exposed to voltages higher than 
rated, the cc must be limited between [0, 220/400] = [0, 0.55].

The following figures show the step response of the system when 
these limits are applied to the output of the controller unit.

Converter dc motorSpeed
controller

Control command (cc) ccmax

ccmin

va ωmωref +
–

FIGURE 3.7
An elementary speed control loop.
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The response of the system to the same input without limits applied 
to the output of the controller unit is shown in the following figure. In 
this case, the armature voltage exceeds the rated value of the 220 V and 
reaches 400 V (the converter supplying the armature is assumed not to 
produce voltages higher than 400 V). Note that the simulated results 
show faster settling to the desired speed; this operating condition is 
however not recommended in practice as the applied voltage will dam-
age the insulation of the machine.

In the absence of limits, the terminal voltage will rise to values that 
are unsafe for the operation of the machine and should therefore be 
avoided.

3.6.2  Variable Speed Drive with an Inner Loop Current Control

Although the speed control system shown in Figure 3.7 is capable of regu-
lating the speed around the desired reference, it is often observed that the 
armature current variations resulting from its operation are unacceptably 
large. Large excursions of the armature current are undesirable as they result 
in losses and heat, insulation damage, and also mechanical impacts on the 
shaft of the machine. It is therefore necessary to ensure that the variations 
of armature current are smooth and within the rated limits of the machine. 
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To achieve this objective, an inner current control loop is often added to the 
previous elementary speed control loop as shown in Figure 3.8.

The output of the speed controller is limited to permissible operating lim-
its of the armature current and is used as a reference in the downstream 
current controller. The current controller generates the respective cc for the 
converter that in turn supplies the armature terminal with the required volt-
age to maintain the speed at the reference value.
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FIGURE 3.8
Speed control with an inner loop current controller.
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Note that limiting the reference current (Iref) to rated armature current 
does not guarantee that the actual armature current does not exceed this 
reference. This is dependent on the current controller block and how tightly 
it can control the armature current. If this controller is designed properly, 
the actual armature current will closely (with minimal overshoot) follow the 
reference current and will hence not exceed the rated current significantly 
and for prolonged periods.

Example 3.6:  Inner Loop Current Controller

Consider the dc machine drive in Example 3.5. The speed and the cur-
rent controllers are both proportional ones with gains of 20.0 and 40.0 
respectively. The rated current of the machine is 100 A. The output of 
the current controller is still limited such that the motor is not given a 
terminal voltage exceeding its rated 220 V.

Obtain the response of the motor speed to a step reference speed of 200 
rad/s applied at t = 1.0 seconds.

SOLUTION

The step response of the system is shown in the following figure. The 
reference and the actual armature current waveforms are also shown, 
which clearly indicate the limiting action of the current controller.
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Note that in obtaining the results, a transfer function of the armature 
current (with a terminal voltage input) is required. This transfer function 
was derived in Example 3.2 and was used here to obtain the motor current.

Speed control using field weakening is limited to dc machines with a 
field winding. It requires a second control system that is activated once the 
base speed is achieved. We will consider a control system for combined 
voltage control and field weakening in the end-of-chapter problems.

3.7  Converter Circuits for Speed Control

As was indicated in Section 3.6, actual implementation of the speed control 
systems described in Section 3.6 requires circuits that allow control of their 
output voltage using an external command signal. Power electronic con-
verters are such circuits and are hence used in electric motor drives exten-
sively. The operation of power electronic converters is often accompanied by 
unwanted artifacts such as harmonics. Although the impact of these artifacts 
on an actual motor drive system needs to be carefully studied, it is possible 
to initially ignore them in favor of an understanding of the principal role of 
the power electronic circuit in crafting a controlled voltage (or current) at the 
terminals of a motor. Practical power electronic circuits used in dc machine 
drives are introduced and studied in Chapter 8.

3.8  Closing Remarks

The reference list provides excellent coverage of dc machines and their steady 
state and transient analysis. References [1] and [2] present both steady state 
and transient behaviors of the machine. Reference [3] outlines principles as 
well circuits for dc machine drives. Great practical details on the construc-
tion and operation of dc machines are found in [4]. A detailed analysis of dc 
generators can be found in [5].

Problems

	 1.	Consider the block diagram of a dc machine as shown in Figure 3.5. 
Express the shaft speed to terminal voltage transfer function of the 
machine in terms of the mechanical and electrical time constants, 
that is, τe a a= L R/  and τm = J B/ .

	 2.	The electrical time constant of the armature circuit of a dc machine 
is typically far less than the time constant of its mechanical load. 
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Derive a reduced-order transfer function for the speed of the 
machine by ignoring the electrical time constant.

	 3.	 Investigate the accuracy of the reduced-order model of Problem 2 for 
the dc machine of Example 3.2.

	 4.	Consider the closed-loop speed controller of Example 3.3.
	 a.	 Derive an expression for the machine terminal voltage when a 

step change is applied to the reference speed.
	 b.	 For the machine in Example 3.2, obtain the terminal voltage wave-

form in response to a step change in the reference speed from 
standstill to 80 rad/s. How long does it take for the speed to settle 
into steady state? What is the peak terminal voltage prescribed by 
the controller? Does this violate the 200 V rated voltage?

	 c.	 Modify your simulation by limiting the terminal voltage to 200 
V. How long does settling into steady state take?

	 d.	 Comment on your observations on the role and importance of 
limiting the action of a control system.

	 5.	Determine the variation of the base speed as a function of load 
torque for the machine in Example 3.4.

	 6.	Obtain an expression and plot the variations of the armature current 
for the motor in Example 3.5.

	 7.	Propose and draw a block diagram of a closed-loop speed control 
system for a separately excited dc machine with combined terminal 
voltage and field weakening.

	 8.	Develop state space equations of a series dc motor. Derive the steady 
state equations and compare with those of the separately excited 
machine. Comment on the variation of the developed torque as a 
function of speed.
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4
Induction Machine Modeling

4.1  Introduction

The principles of operation of alternating current (ac) machines, the arrange-
ment of their windings, and methods for calculating their inductances were 
covered in Chapters 1 and 2. In particular, it was shown that some of the 
inductances of ac machines, for example, mutual inductances between stator 
and rotor windings of an induction machine, are not constant and depend on 
the position of the rotor and hence are a function of time.

In this chapter, we start with a formulation of induction machine equa-
tions in the original abc phase domain. Our underlying assumption in the 
development of the model is that the phase windings are sinusoidally dis-
tributed and that the respective inductances are obtained for such a distribu-
tion. Chapter 2 showed that for a suitably distributed winding, a sinusoidally 
distributed equivalent winding is indeed a highly accurate approximation 
and is therefore adopted here.

We then introduce a method for transforming abc-domain equations into 
what is known as the reference frame domain, in which machine induc-
tances become constant. Transformation to a reference frame preserves the 
underlying physics of the machine but makes the analysis of its behavior 
much more straightforward.

4.2  Machine Equations in the ABC Phase Domain

Figure 4.1 shows a schematic diagram of a three-phase induction machine. 
The sinusoidally distributed windings are shown as concentrated wind-
ings for visual clarity. Although a two-pole machine is shown, the follow-
ing explanations remain valid for multipole machines if electrical angles are 
used in the expressions derived.
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The density functions of the stator and rotor windings are as follows:
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where Ns and Nr are the total number of turns in the stator and rotor phase 
windings, respectively. Using the procedure outlined in Chapter 2, the induc-
tances of the machine are obtained as shown in Equation 4.2. Note that in the 
following expressions, the prime notation is used to denote rotor variables 
and parameters viewed from rotor terminals itself.
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FIGURE 4.1
A three-phase round-rotor induction machine.
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and r and l are the radius and the length of the machine, respectively. The 
length of the uniform air gap is denoted by g.

Using inductances, we can form the following voltage and flux linkage 
equations for the machine:
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where
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As a first step in simplifying these equations, we use the turns ratio of the 
stator and rotor windings to reflect the rotor quantities to the stator side. The 
following expressions show the reflection ratios:
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where λabc-r, iabc-r, and vabc-r are, respectively, the rotor winding flux linkage, 
current and voltage vectors reflected to the stator side. This yields the follow-
ing machine equations in the abc phase domain reflected to the stator side:
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where
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It is noted that the mutual inductances between rotor and stator windings 
vary with the position of the rotor and hence with time, which is an undesir-
able characteristic. In the following section, we will introduce a mathemati-
cal transformation to transform Equations 4.8 and 4.9 from the abc phase 
domain to a new domain where system inductances will become constant.

4.3  Reference Frame Transformation of Machine Equations

4.3.1  Principles of Reference Frame Transformation

Consider three time-domain quantities, for example, voltages or currents in 
a three-phase system. Let us denote these three quantities as xa(t), xb(t), and 
xc(t). The transformation matrix that converts these abc-domain variables to 
the so-called qd0 domain is given as follows:
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and

	 =qd0 abcTx x 	 (4.12)
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The variable θ is selected arbitrarily; it can be a function of time where 
ω = dθ/dt. The choice of ω leads to different transformation matrices. In the 
case of an unspecified ω, the resulting reference frame is called an arbitrary 
reference frame. In the context of electric machines, one may additionally 
choose a stationary reference frame, where ω = 0, a synchronously rotating 
reference frame or a reference frame rotating with the rotor.

To gain further understanding of the transformation, we may note that the 
transformation in Equation 4.12 can be “visualized” as a projection of three 
stationary vectors with lengths xa(t), xb(t), and xc(t) and separated by 120° 
onto a frame where the d and q axes are as shown in Figure 4.2.

Note that Figure 4.2 is not meant to imply that the abc-domain quanti-
ties are vectors; the transformation matrix is merely a conversion between 
two sets of time-domain quantities. Hence, Figure 4.2 is only a visual aid in 
understanding the transformation to an arbitrary reference frame. Further, it 
must be noted that the three time-domain quantities, xa(t), xb(t), and xc(t), can 
take on any form and need not belong to a three-phase system.

Example 4.1:  Transformation of a Balanced Set

Let us consider a set of balanced three-phase stationary quantities given 
as follows:

xb(t)

xc(t)

xd(t)

xa(t)

xq(t)
Speed = ω

θ

FIGURE 4.2
Visualization of the transformation to an arbitrary reference frame.
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SOLUTION

The reference will be rotating synchronously at a speed of ω0. The trans-
formed variables will, therefore, be given as follows:
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It is seen that the transformed variables are constant; this is because 
the reference frame has the same angular speed as the frequency of 
the original abc quantities. Additionally, it can be observed that the 
following identity holds for the phasor representation of the original 
quantities:
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This is an important observation as it relates the phasor representa-
tion of a sinusoidally varying quantity to its q and d components in a 
synchronously rotating reference frame.

Transformation to an arbitrary reference frame is a reversible process, in 
the sense that it is possible to go back to the original abc-domain using an 
inverse matrix given as follows:
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and
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4.3.2  Transformation of Flux Linkage and Voltage Equations

Let us now consider applying the transformation in Section 4.3.1 to the stator 
and rotor quantities of an induction machine to convert them to an arbitrary 
reference frame. Figure 4.3 shows the reference frame overlaid on the sche-
matic diagram of the machine shown earlier in Figure 4.1.

Note that the q-axis leads the stator phase-a axis by an angle of θ and the 
rotor phase-a axis by an angle of θ – θr. The transformation matrices for the 
stator and rotor quantities will, therefore, be given as follows:
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Applying these transformation matrices to the abc-domain flux linkage 
equations in Equation 4.9 yields the following machine equations in the qd0 
domain:
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FIGURE 4.3
Arbitrary reference frame transformation of induction machine equations.



93Induction Machine Modeling

which simplify to the following:
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where
	 L LM ms= 3 2/ .

Similarly voltage equations of Equation 4.8 will be transformed as follows:
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which are then simplified as follows:
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where ω = dθ/dt and ω θr rd d= / t are the reference frame and rotor speed 
(both in electrical angles), respectively. The rotor circuit of an induction 
machine is typically short-circuited and, hence, the (0 =) notation for the 
rotor voltage equations.

It is observed that the transformation of machine equations to an arbitrary 
reference frame has eliminated the time-dependence of its inductances, as 
seen in flux linkage equations of Equation 4.19. This is a great advantage and 
will prove useful in the analysis and simulation of an induction machine.
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4.3.3  Transformation of Electromagnetic Torque Equation

To complete the set of dynamical equations of an induction machine in an 
arbitrary reference frame, we need to obtain an expression for its developed 
torque in terms of qd0 quantities. To do so, we note that by neglecting the 
nonlinear characteristics of the magnetic material of the core of an induc-
tion machine, it is represented as a set of mutually coupled windings. This 
is a classical case for application of the energy conversion principles devel-
oped in Chapter 1 to a multiply excited system of coupled linear inductors. 
In particular, we will make use of the co-energy expression developed in 
Equation 1.24 as follows:
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where I3 is the 3 × 3 identity matrix.
Note that the terms corresponding to leakage inductances are subtracted 

from the self-inductances of stator and rotor inductance matrices. This is 
done to take into account the fact that the energy stored in the leakage induc-
tances does not contribute to the development of torque. The resulting torque 
will, therefore, be obtained as follows according to Equation 1.26:
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The term P/2 is used to denote that the torque is the derivative of the field 
co-energy with respect to the actual angle of rotation in mechanical radians. 
Since θr is in electrical radians, the term P/2 is multiplied to account for the 
conversion from electrical to mechanical radians.

Having found an expression for the torque in the abc-domain, we can now 
proceed with its transformation to the reference frame to obtain an equiva-
lent expression in terms of the qd0 components. The resulting expression 
will be as follows:
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which simplifies to
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The developed torque (positive for the motor action) interacts with a load 
on the shaft of the machine and their interaction will determine the shaft 
speed. The equation for the shaft dynamics is as follows:

	 T B J
t

Te m
m

L
d

d
= + +ω ω

	 (4.26)

where ω ωm r2/P=  is the shaft speed (in mechanical rad/s), B is the damping 
coefficient, J is the moment of inertia, and TL is the active load torque.

Note that equivalent expressions for the developed electrical torque can be 
obtained by substituting for the stator and rotor currents from the flux link-
age equations in Equation 4.19. The problems at the end of the chapter will 
investigate such alternatives.

The qd0 model developed as in Equations 4.19, 4.21, 4.25, and 4.26 describes 
the dynamic behavior of the induction machine in terms of its transformed 
qd0 variables. The original abc-domain variables can be easily obtained 
using the inverse transformation matrix.

4.4  Derivation of a Steady State Model

Apart from analysis of the transient behavior, the dynamic equations in 
Section 4.3 can also be used to derive a model for the machine when it oper-
ates under sinusoidal steady state conditions. Although derivation of a steady 
state model is possible through other approaches as well, its derivation from 
the dynamic equations emphasizes the fact that steady state operation is a 
subset of the dynamic behavior of the machine. The process of derivation is 
itself instructive as it reveals useful aspects of the reference frame transfor-
mation theory.

Before proceeding with the steady state model, let us briefly review what 
is expected from a sinusoidally excited induction machine from a physics 
viewpoint. When the stator windings of the machine are excited with bal-
anced three-phase voltages, current is established in the stator windings and 
each phase creates its own magnetic field. The combined effect of the stator 
winding fields is to establish a resultant magnetic field that rotates at a con-
stant speed in the machine air gap, as shown in Chapter 2. This rotating field 
cuts rotor windings that are short-circuited or otherwise terminated to allow 
flow of current. This induces voltage and thereby current in the rotor wind-
ings. Lenz’s law requires the induced rotor currents to oppose the change of 
flux; therefore, torque is developed such that to cause rotation in the same 
direction as the stator field to lower the rate of change of flux in the rotor cir-
cuit. This implies that the induced voltage and current in the rotating rotor 
circuit will have not only a lower magnitude but also a smaller frequency 
than when the rotor is stationary. This is because when the rotor turns, the 
rate of change of flux becomes smaller.
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Let us now consider a sinusoidally excited induction machine with a sta-
tor voltage (and current) angular frequency of ωe eπ= 2 f , where fe is the line 
voltage frequency. This establishes a rotating field at an angular speed of 
ωe rad/s (electrical angles). Let us further assume that the rotor rotates at 
a speed of ωr rad/s (electrical angles). A synchronously rotating reference 
frame is adopted, where d d eθ ω/ t =  in Equations 4.16 and 4.17. Note that the 
stator quantities are stationary (stator windings are not rotating) and have a 
frequency of ωe; they are transformed to a rotating reference frame rotating 
at a speed of ωe. The rotor quantities (i.e., voltage and current) are not station-
ary; they reside on the body of the rotor and rotate at a frequency of ωr. The 
rotor voltage and current will have a frequency of ω ωe r− , and they are trans-
formed to a reference frame rotating at a speed of ω ωe r− , relative to the rotor.

It is, therefore, apparent that the speeds of the reference frame relative to the 
stator and rotor bodies match the angular frequency of the stator and rotor 
quantities to be transformed. Given that stator and rotor quantities are sinu-
soidal (with different frequencies), it is expected that the transformed qd0 vari-
ables be constant (see Example 4.1). Under sinusoidal steady state, the time 
derivatives of flux linkages must tend to zero in the qd0 domain (as the defini-
tion of steady state implies). Therefore, we obtain the following steady state 
equations, in which reactances (at the synchronous frequency of ωe) are used:

	

ψ ω λ ω ωqs e qs e ls M qs e M qr ls M qs= = + + = +( ) ( )L L i L i X X i ++

= = + + =

X i

L L i L i X
M qr

ds e ds e ls M ds e M dr lsψ ω λ ω ω( ) ( ++ +
= = =
=

X i X i

L i X i
M ds M dr

0s e 0s e ls 0s ls 0s

qr

)

ψ ω λ ω
ψ ωω λ ω ωe qr e lr M qr e M qs lr M qr M= + + = + +( ) ( )L L i L i X X i X ii

L L i L i X X
qs

dr e dr e lr M dr e M ds lr Mψ ω λ ω ω= = + + = +( ) ( ))i X i

L i X i
dr M ds

0r e 0r e lr 0r lr 0r

+
= = =ψ ω λ ω

	 (4.27)

and

	

v r i

v r i

v r i
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=

= =
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( )0 rr i
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r qr
e r

e
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e r

e
qr

0

+ −

= = − −

ω ω
ω

ψ

ω ω
ω

ψ( )0

rr r 0r= r i

	 (4.28)

We now note that the phasors representing the rotor and stator quantities 
in steady state are related to the steady state q and d components as shown 
in Example 4.1. Therefore,
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Vas qs ds s qs ds ds qs= − = − + +1
2

1
2

1
2

( ) ( ) (v jv r i ji jψ ψ ))

( ) ( ) ( )0
1
2

1
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= = − = − + −
Var qr dr r qr dr
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ω ω

ωω
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e
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1
2

( )+ j
	 (4.29)

The expressions in Equation 4.27 for flux linkages can now be substituted 
into Equation 4.29. Simplification of the resulting equations yields the fol-
lowing equation:

	
( ) ( )

0 ( )

as s ls as M as ar

r
lr ar M ar as

r jX jX

r
s

jX jX

V I I I

I I I

= + + +

= +



 + +

	 (4.30)

where s = −( )ω ω ωe r e/  is a quantity known as the slip. Ias and Iar are the sta-
tor and rotor current phasors, respectively. The equivalent circuit shown in 
Figure 4.4 can, therefore, be obtained for the machine in steady state.

Example 4.2:  Developed Torque in Steady State

Develop an expression for the developed electrical torque of an induc-
tion machine under sinusoidal steady state conditions in terms of rotor 
and stator current phasors.

SOLUTION

The expression for developed torque in terms of steady state d and q 
components is as follows:

	 T
P

L I I I Ie M qs dr ds qr= −3
2 2

( )

We further note that the stator and rotor current phasors are related to 
their d and q components as follows:

	

1
2
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1
2

( )

as qs ds

ar qr dr

I jI

I jI

I

I

= −

= −

Ias Iar

Vas

+

–

rs jXls rr /s jXlr

jXM

FIGURE 4.4
Steady state equivalent circuit of an induction machine.
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Therefore, we note that the following expression holds for the steady 
state torque:

	 3
2

Im( )e
M

e
as ar

*T
P X

I I=
ω

The current phasors can be easily obtained by solving the equivalent 
circuit in Figure 4.4.

4.5 � Equivalent Circuit Parameter 
Determination and Preparation

To use the developed steady state model shown in Figure 4.4 (and also the 
previous dynamic models), we need to have access to their parameters, that 
is, resistance and inductance values. There exist standard test procedures 
that can be employed to take measurements on an induction machine to cal-
culate its equivalent circuit parameters. These tests include the stator resis-
tance test, the no-load test, and the blocked rotor test. The procedural details 
of these tests are covered in extensive detail in several textbooks and are not 
of immediate interest in our future discussions. Therefore, we will not dis-
cuss these tests in any further detail. We will assume that the parameters are 
obtained and are ready to be used.

Additionally, calculations and simulations of induction machines are often 
done in per-unit (pu). Doing so requires use of base values for representation 
of machine parameters in pu. Although base values can be arbitrarily selected, 
it is beneficial if widely accepted base values are adopted for per-unitization. 
A system of base values consisting of the rated power and the rated voltage 
of the machine is used widely by machine manufacturers. We will adopt this 
system in our subsequent discussions, calculations, and simulation. Let us 
consider an example to clarify the per-unitization process.

Example 4.3:  Per-Unitization

Consider a 500 kW, 2300 V, 60 Hz, four-pole, three-phase, Y-connected 
induction machine with the following equivalent circuit parameters:

	 r r X X Xs r ls lr M12 32 1 4 1 3 47= = = = =0 0. , . , . , . ,Ω Ω Ω Ω ..2 Ω

The machine shaft and its load have a moment of inertia of 11.5 kg·m2. 
Obtain equivalent circuit parameters in pu.

SOLUTION

Let us use the rated power and the rated voltage of the machine as its base 
values. Therefore, we note that PB = 500 kW and VB 300/ 3= 2  = 1328 V 
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(rated phase voltage). The base current and the base impedance of the 
machine will therefore be as follows:

I
VB
B

B

P /3
= = 125 51.  A and ZB B BV /I= = 10 58.  Ω. The per-unitized equiv-

alent circuit parameters are as follows:

r r X Xs r ls lr11 pu 3 pu 132 pu 1= = = =0 0 0 0 0 0. , . , . , . 223 pu 4 46 puM, .X =

It is also possible to obtain the base torque of the machine as follows:

Synchronous speed = ωe π= =2 60 377 rad/s (electrical)

Base torque = 
P
P

B

e2
2653

/ ω
=  N·m.

Example 4.4:  Simulation of an Induction Machine

Consider the induction machine in Example 4.3 and simulate its dynamic 
response during free acceleration when it is subjected to the rated volt-
age and frequency and accelerates from standstill. Assume there is no 
active load torque on the shaft and that the damping coefficient (B) is 
negligible.

SOLUTION

Let us use the machine parameters in their original units. The Equations 
4.19, 4.21, 4.25, and 4.26 describe the dynamics of the machine. To solve 
the equations numerically, the procedures presented in Appendix A 
can be used. The following shows the steps involved in discretizing the 
equations using the Euler’s method and solving the resulting equations. 
It is assumed that the simulation progresses with a simulation time step 
of Δt. The solution presented here is done in a synchronously rotating 
reference frame, that is, ω = ωe = 2πfe = 377 rad/s.

Step 1: Solve the electrical state equations of the machine

	

( ) ( ) ( ( ) ( ) ( ))
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ds ds ds s ds e qs

qr qr r qr e r dr
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Step 2: Update current values
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Step 3: Calculate the torque

	 ( )
3
2 2

( ( ) ( ) ( ) ( ))e M qs dr ds qrT t t
P

L i t t i t t i t t i t t+ ∆ = + ∆ + ∆ − + ∆ + ∆

Step 4: Solve for the new rotor speed

	 ω ω ωm m e L m( ) ( ) ( ( ) ( ))t t t
J

T t t T B t t+ = + + − −∆ ∆ ∆1

Step 5: Obtain the rotor speed in electrical rad/s

	 ω ωr m( ) ( )t t
P

t t+ = +∆ ∆
2

Step 6: Proceed to step 1

The following figures show variation of stator current components, 
rotor speed, and electromagnetic torque with time.
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The figure shows that the electromagnetic torque undergoes large 
oscillations during the acceleration period before settling into steady 
state. Following the initial oscillatory period, the torque experiences a 
peak before settling into steady state. As seen in the torque–speed curve 
in the following figure, the peak torque occurs at about 1600 rpm. The 
general shape of the torque–speed curve, the peak torque, and its cor-
responding speed depend on the properties of the machine and how it 
is operated.

As seen, the speed rises smoothly during acceleration to its steady 
state value of just under 1800 rpm. Further note that the d and q compo-
nents of the stator current settle into constant values. This is because a 
synchronously rotating reference frame has been adopted.

Example 4.5:  Dynamic Response of an Induction Machine

Consider the induction machine in Example 4.4 and simulate its dynamic 
response when a load torque of 2500 N·m is suddenly applied to the shaft 
after the machine has settled into steady state.

SOLUTION

The simulation setup for the machine will be as shown in Example 4.4, 
except that the specified load torque is applied at t = 2.0 s (in steady 
state). The following figures show the results.

As seen, the machine undergoes a short transient period before settling 
into its new steady state operating point, where it rotates at a speed of 
1740 rpm and produces 2500 N·m of electromagnetic torque to match the 
demand of the load.
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4.6  Closing Remarks

The material covered in this chapter plays a fundamental role for the balance 
of the book. A cornerstone of the material in this chapter is the reference 
frame theory and the possibilities it unlocks in devising effective control 
schemes for ac machines.

Transformation concepts were originally formed by the pioneering work 
of Park [1]. Krause et al. [2] present an in-depth and unified treatment of the 
subject in their outstanding book, in which the transformation is applied not 
only to the machine equations but also to the entire drive system.

Kundur [3] presents Park’s transformation and its variations, mainly in the 
context of power systems. It demonstrates how reference frame transforma-
tion is indeed well beyond the electric machines and has wide application in 
the analysis and simulation of large electric power systems.

Modeling of ac and dc electric machines with attention to the rigor of its 
mathematics is given in [4].

Problems

	 1.	Consider the expression for the developed torque of an induction 
machine as in Equation 4.25. Obtain similar expressions for the 
torque in terms of the following:

	 a.	 Stator currents and rotor flux components
	 b.	 Rotor currents and stator flux components
	 c.	 Stator and rotor flux components
	 2.	Consider Example 4.4. Simulate the free-acceleration of the machine 

in the following:
	 a.	 A stationary reference frame, that is, ω = 0
	 b.	 A rotor reference frame, that is, ω = ωr

	 3.	Consider the induction machine in Example 4.4. Obtain steady state 
values for the operating condition in the example by solving steady 
state equations of the machine. Verify against simulated results.

	 4.	Repeat Problem 3 for Example 4.5.
	 5.	Repeat the simulation of the machine in Example 4.4 for a load whose 

active torque varies with the speed as TL = 0.55Nm, where Nm is the 
shaft speed in rpm.

	 a.	 What is the steady state speed of the shaft?
	 b.	 What are the load and the electromagnetic torque in steady state?
	 c.	 What are the stator and rotor currents?
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	 6.	Consider two qd0 reference frames as shown in the following figure. 
Develop a transformation matrix to transform qd0 variables from 
one reference frame to the next.

	 7.	Repeat Problem 6 for the two reference frames shown below.

	 8.	The instantaneous real power in a three-phase system is given as 
follows:

	 ( ) ( ) ( ) ( ) ( ) ( ) ( )a a b b c cp t v t i t v t i t v t i t= + +

	 a.	 Develop an equivalent expression in the qd0 domain for the 
real power when the voltages and currents belong to a balanced 
three-phase system.

	 b.	 Use a method of your choice to develop an expression for the 
reactive power in a balanced three-phase system in qd0 domain.
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	 9.	Consider the expression for the developed torque on an induction 
machine in steady state as in Example 4.2. Develop a similar expres-
sion in terms of the magnetization and rotor currents.

	 10.	What is the relationship between the base voltage and the base flux 
linkage in per-unitization of induction machine equations?
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5
Steady State Induction Machine Drives

5.1  Introduction

In this chapter, we will introduce induction machine drive systems that are 
based on observations drawn from steady state behavior of the machine. To 
do so, we need to closely examine the steady state model of an induction 
machine particularly with regard to its torque–speed characteristics.

This chapter will only focus on the fundamental aspects of the drive 
systems discussed and will not include the actual circuits that need to be 
employed to realize them. Ideal voltage/current sources with full controll
ability will be assumed in the development of drives. Once the fundamen-
tals are established, understanding the circuitry that is used to implement 
our ideal controlled sources becomes much more straightforward, as our 
presentation of power electronic drive circuits in Chapter 8 will show.

5.2  Analysis of the Steady State Model

The steady state model of an induction machine was derived from its tran-
sient equations in Chapter 4. The model is shown again in Figure 5.1 for 
convenience. Note that the direction of the rotor current is reversed in this 
figure for more convenient calculations.

The model shows a single-phase equivalent circuit of a three-phase 
machine; therefore, quantities calculated using this model must be used in 
three-phase calculations with care. Let us now examine the circuit, particu-
larly the roles the equivalent circuit elements play.

The box labeled “stator” contains the stator resistance and the stator wind-
ing leakage reactance. The stator resistance represents the resistive voltage 
drop in the winding and, more importantly, accounts for the stator losses. 
The shunt magnetization branch represents the current that is required 
to magnetize the core of the machine. The current through this branch is 
largely determined by the terminal voltage and can be 25–40% of the rated 
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current of the machine (under rated conditions) due to the presence of an 
air gap. The rotor consists of a resistance whose value depends on the speed 
of the machine. The series reactance accounts for the rotor winding leakage 
inductance.

Part of the input power (per-phase) is lost in the stator winding (rs) and 
the rest travels through the air gap to the rotor. The rotor itself will dis-
sipate part of the air gap power in its resistance (rr), and the balance of the 
power goes through the energy conversion process and, after deduction of 
the mechanical losses, appears on the shaft. Therefore, the resistance rr/s in 
the equivalent circuit of Figure 5.1 shows both the rotor losses and the con-
verted power. Note that core losses are often combined with the rotational 
and other (almost) constant losses of the machine and as such are not repre-
sented directly in the equivalent circuit.

Let us now proceed with the analysis of the circuit with particular empha-
sis on the flow of power. The stator current is given as follows:

	 =s
s

in

I
V
Z

	  (5.1)

where

	 = + + +( )in s ls m r lrr jX jX r s jXZ 	  (5.2)

is the input impedance of the circuit.
With the two phasors of voltage and current available, the input power to 

the motor is obtained as follows:

	 = ∠ − ∠3 cos( )in s s s sP V I V I 	  (5.3)

The resistive (copper) losses of the stator circuit are as follows:

	 =− 3cu s s
2

sP rI 	  (5.4)

rs rr/sjXls

jXM

jXlrIs Im

E

RotorStator

Magnetization

Ir

Vs

+
+

– –

FIGURE 5.1
Steady state single-phase equivalent circuit of an induction machine.
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The air gap power will therefore be as follows:

	 = − = ∠ − ∠ −− 3 cos( ) 3ag in cu s s s s s s
2

sP P P rV I V I I 	  (5.5)

It is straightforward to note that the air gap power is the power given to the 
box labeled “rotor” in Figure 5.1. In other words,

	 = 3ag r
2 sP

r
s

I 	  (5.6)

The air gap power covers the resistive losses of the rotor and the mechani-
cal power that is developed as a result of energy conversion. These power 
components are given as follows:
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(5.7)

In reality, a small portion of the developed power will be lost to mechani-
cal losses of the machine and the rest appears as available power on the shaft. 
These losses are typically small, particularly in large, high-power machines. 
If the mechanical (rotational) losses are ignored, the following expression 
holds for the developed torque:

	 T
P P
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P P
s

P s P
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ω ω ω2 2 1 2

1

( )

( )

(( )1 2−
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s
P P

ω ωe

ag

e

	 (5.8)

where ωm and ωr are the rotor speed in mechanical and electrical rad/s, 
respectively, and ωe is the synchronous speed in electrical rad/s.

We also note that the slip, s, directly determines the amount of power that 
becomes available for conversion and hence the efficiency of the machine. It 
is seen from Equation 5.7 that operation at smaller slips (i.e., higher speeds) 
is more efficient, because it delivers a large share of the air gap power onto 
the shaft.

Calculation of torque through Equation 5.8 requires an expression for the 
air gap power, which itself depends on the rotor current. It is customary to 
use a Thevenin equivalent circuit for the machine as viewed from the rotor 
port to simplify finding the rotor current. The Thevenin equivalent circuit is 
shown in Figure 5.2.

The Thevenin voltage is determined as follows:

	 =
+ +

≈th s
M

s ls M
th s

jX
r jX jX

kV V V 	  (5.9)
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where

	
k

X
X Xth

M

ls M

=
+ 	  

(5.10)

and the approximation is valid if X X rls M s+ >> , which is typically the case.
The Thevenin impedance is given as follows:

	 Zth s s M th th th
2

s Is= + = + ≈ +( )||r jX jX r jX k r jXl 	  (5.11)

Using this equivalent circuit, the rotor current can be found as follows:
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	  (5.12)

Substituting this in Equation 5.8 yields the following expression for the 
developed torque (note that the rotational losses are neglected):

	 T
P P P I r s P V
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e e

th

th r th
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2 2

2ω ω ω ( ) ( ++ X
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slr

r

)2 	  (5.13)

Note that if the rotational losses are not ignored, they are subtracted from 
the developed power (see Equation 5.7) and the balance of the power is used 
for calculation of the torque.

Due to the nature of the torque–slip relationship in Equation 5.13, 
the torque developed by the machine will vary significantly with the 
slip. This phenomenon was also observed in the dynamic simulation 
results in Chapter 4. The torque–speed characteristic is easily obtained 
by noting that ω ωm e= −2 1P s( ) , where ωm is the speed of the shaft in 
mechanical rad/s.
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FIGURE 5.2
Thevenin equivalent circuit.
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Example 5.1:  Torque–Speed Characteristics

Consider the induction machine of Example 4.3. The specifications and 
equivalent circuit parameters of the machine are repeated as follows for 
convenience.

500 kW, 2300 V, 60 Hz, four-pole, three-phase, Y-connected
rs = 0.12 Ω, rr = 0.32 Ω, Xls = 1.4 Ω, Xlr = 1.3 Ω, XM = 47.2 Ω

Obtain and plot the torque–speed characteristics of the machine.

SOLUTION

The Thevenin equivalent circuit parameters are as follows:

	

=
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= = =

= + ≈ + = + Ω
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The torque–slip characteristic will therefore be as follows:
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The variation of torque as a function of shaft speed is shown as follows:
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As shown, the torque varies greatly with the slip, attaining its peak 
value (~4700 N·m) at slightly below 1600 rpm. The torque then drops 
sharply as the machine accelerates toward the synchronous speed of 
1800 rpm, where it reaches zero, as expected. Note that the synchronous 

speed of 1800 rpm is according to N
f

Psync
e=

120  as in Equation 2.18.

A closer examination of the torque–speed characteristic of an induc-
tion machine reveals important properties. These include the following 
properties:

•	 The machine has a finite starting torque, which causes the machine 
to start rotating upon direct connection to the three-phase mains. 
This is because a rotating magnetic field will be established, which 
will induce voltage and current in the rotor and will develop torque 
that will rotate the body of the rotor in the same direction.

•	 The torque attains a large peak value after which it drops steeply.
•	 For low speeds, the torque seems to follow a hyperbolic variation, 

while for high-speed operation, the torque seems to be acting more 
linearly.

The starting torque is easily calculated using Equation 5.13 for s = 1. Let us 
now focus more closely on the behavior of torque at other speeds.

For low-speed operation (i.e., large s), the expression for the torque 
Equation 5.13 can be approximated as follows:

	 ≈
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and for high-speed (i.e., small s) operation, its approximation will be as 
follows:
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Note that Equations 5.14 and 5.15 show hyperbolic and linear variation for 
torque in their respective regions, as was visually inferred from the torque–
speed characteristic.

To obtain an expression for the peak torque and its corresponding speed, 
we note that the derivative of the Te(s) must tend to be zero at the peak. This 
yields the following expressions:
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and
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Example 5.2:  Peak Torque Calculation

For the induction machine of Example 5.1, find the peak torque and its 
corresponding slip and shaft speed.

SOLUTION

The peak torque will be
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and its corresponding slip will be
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This slip corresponds to a shaft speed of ω ωm e= − =2
1 0 118
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166 26. rad/s or 1587.6 rpm.

5.3  Lead to the Development of Drive Strategies

With our knowledge of the equivalent circuit of the induction machine and 
its torque–speed characteristics, we are now poised to develop strategies for 
its drive based on its steady state model. Since steady state observations are 
used, the operation of the resulting drives will only match our expectations 
in steady state. Their transient behavior, however, is not directly included 
and as such little control over their transient behavior exists.

Despite this underlying shortcoming, steady state drives provide good 
means for control of the speed and torque of an induction machine and are 
widely used in industrial settings, particularly when stringent control of 
dynamic performance is not required or when the reference speed or torque 
are not varied frequently.

For a stator-fed induction machine, that is, a machine with an internally 
short-circuited rotor (also known a squirrel-cage rotor) or one with no active 
excitation of the rotor, the only means of control will be the stator quantities, 
that is, the stator voltage (both magnitude and frequency) and the stator cur-
rent. Control of these quantities, in conjunction with a closed-loop feedback 
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system, offers versatile means for control of torque and speed of an induc-
tion machine. In Sections 5.4 and 5.5, we will study how stator voltage and 
frequency can be used in driving an induction machine and how they affect 
its torque–speed characteristics.

5.4  Stator Voltage Control

The stator terminal voltage of an induction machine cannot change the syn-
chronous speed of the machine, which is solely determined by its frequency 
(and the number of poles). It, however, affects the shape of the torque–speed 
curve as evidenced by the torque expression given in Equation 5.13. Figure 5.3 
shows a family of curves obtained for an induction machine for a number of 
different terminal voltage values.

The figure shows a constant load torque whose intersection with the 
torque–speed characteristic of the machine for a given terminal voltage 
determines the corresponding shaft speed. Note that terminal voltage con-
trol is typically not exercised beyond the rated voltage of the stator, that 
is, Vs = 1.0 pu, to avoid overvoltage. As seen, lowering the terminal volt-
age has resulted in a decrease in the shaft speed for the same load torque, 
that is, N3 < N2 < N1. Careful examination of the family of curves shown in 
Figure 5.3 reveals other important properties of the terminal voltage control.

It is first noted that the available torque on the shaft of the machine is sig-
nificantly impacted by the reduction of the stator voltage. The torque is, in 
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Vs = 0.5 pu

Nsync
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FIGURE 5.3
Torque–speed characteristics for stator voltage control.
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fact, proportional to the square of the voltage (see Equation 5.13). It must 
therefore be ensured that at low voltages, the motor is still able to produce 
enough torque to overcome the load torque. Although the peak torque varies 
with the stator voltage, its corresponding speed ( )NTm

 does not, as evidenced 
in the figure and also confirmed by Equation 5.16, which shows indepen-
dence from terminal voltage. This implies that the motor will only produce a 
small amount of torque to accelerate the shaft from standstill when operated 
at a lower terminal voltage. This translates into sluggish acceleration perfor-
mance, which may not be desirable in practice.

Since terminal voltage control does not affect the synchronous speed of the 
machine, lowering the shaft speed by decreasing the terminal voltage results 
in operation at a higher slip. Note, for example, the operating speeds N1 to N3 
in Figure 5.3. As discussed earlier in Section 5.2, the efficiency of an induc-
tion machine is largely determined by its slip. Operation at lower speeds, 
that is, higher slip, is less efficient; therefore, terminal voltage control at low 
speeds will be accompanied by more losses and lower efficiency figures. This 
is a significant consideration particularly for machines of higher ratings.

5.5  Stator Frequency Control

It is not difficult to see how influential the stator frequency is on the behavior 
of an induction machine. Not only does it affect the synchronous speed of the 
machine directly, but it also impacts the stator current, and thereby changes 
the reactances of the circuit, affecting the torque and other variables.

Figure 5.4 shows a family of torque–speed curves for an induction machine 
when its terminal voltage frequency is varied (rms voltage is fixed). The 
curves are shown for frequencies larger than the rated frequency which pro-
duce synchronous speeds higher than the rated value. Stator frequency con-
trol without changing the terminal voltage is typically practiced only beyond 
the rated frequency for reasons that will be discussed in Section 5.6.

As seen from Figure 5.4, the torque–speed characteristics maintain their 
sharp (almost linear) portion beyond the peak torque, which implies that the 
efficiency will be relatively high despite the marked change in the operating 
speed. Also of importance is the change in the peak torque. Note that the 
expression for the peak torque Equation 5.17 can be approximated as follows 
for frequencies higher than the rated frequency:
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The inverse proportionality of the peak torque with the square of the line 
frequency (and hence synchronous speed) is readily seen in the torque–speed 
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curves in Figure 5.4. The decreasing trend of the peak torque resembles 
field weakening in a dc machine, with the difference that the trend in a dc 
machine was inversely proportional to the speed itself.

Let us now find out why decreasing the frequency below the rated fre-
quency when the terminal voltage is maintained constant is not a recom-
mended practice. In the equivalent circuit of Figure 5.1, the current Im 
represents the magnetization of the core. Although the equivalent circuit 
shows a linear inductor (XM), in reality, the core will experience saturation at 
sufficiently large values of the magnetizing current Im. When the frequency 
of the stator voltage is reduced below the rated frequency, while the rated (or 
a large enough) voltage is still maintained, the reactance of the magnetizing 
branch will decrease, which implies a larger current through the branch, and 
hence saturation, as the machine is designed to operate at or about the rated 
flux under rated conditions. Saturation is an undesirable mode of operation 
as it results in nonlinearity and introduces losses. Therefore, it is generally 
recommended that frequency control below the rated frequency be avoided 
unless a proportional drop in the voltage is simultaneously practiced.

5.6  Constant Terminal Volts/Hertz Control

Frequency control has an appealing feature: it maintains a relatively high 
efficiency throughout the range, however, it is limited to frequencies above 
the rated frequency. As mentioned in Section 5.5, to avoid saturation and 
excessive stator current, frequency control in less-than-rated frequencies 
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FIGURE 5.4
Torque–speed characteristics for stator frequency control.
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must be accompanied by a suitable reduction in the voltage. It is therefore 
concluded that if the ratio E/fe is kept constant, the flux will be constant and 
saturation can be avoided. Since the internal voltage E is inaccessible, the 
ratio Vs/fe is kept constant instead, with the argument that V Es ≈ .

The constant V/f control also has an additional property that pertains to 
the peak torque of the machine as follows:
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Therefore, by keeping the ratio Vth/fe (equivalent to Vs/fe), the peak torque 
of the machine seemingly stays constant regardless of the frequency. This 
implies that the machine will be able to generate its peak torque at any fre-
quency (or speed), which allows the machine to accelerate as fast as possible 
from a standstill to the desired speed without having to follow its natural 
torque–speed characteristics.

Figure 5.5 shows a family of curves for an induction machine under con-
stant V/f operation. It is seen that the machine is capable of producing large 
amounts of torque well beyond its natural torque capability at lower speeds, 
which is an appealing outcome. It is, however, noticed that the peak torque 
experiences a drop at lower speeds, despite our expectation of nearly con-
stant peak torque as in Equation 5.19.

The reason for the drop in the torque is the approximation involved in 
Equation 5.19, which ignores the effect of the voltage drop across the stator 
resistance. At sufficiently high voltages, the voltage drop across the series 
branch is small, and hence the approximation Va ≈ E is valid; at low voltages, 
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FIGURE 5.5
Torque–speed characteristics for constant terminal V/f control.
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the approximation becomes increasingly inaccurate. The internal voltage E 
becomes much smaller than the terminal voltage and the flux drops well 
below the rated flux. Since torque capability is affected by the level of flux, 
the maximum available torque drops as a result.

To remedy this problem, two solutions are commonly pursued as follows:

	 1.	The ratio Vs/fe is given a boost in the low-frequency range to increase 
the magnetization current and hence increase the flux.

	 2.	A current control methodology (discussed in Section 5.7) is adopted 
to directly adjust the magnetization current of the machine.

An open-loop speed control system based on the constant V/f method with 
voltage boost for low-frequency (speed) operation is shown in Figure  5.6. 
Speed set point is used to produce a frequency command and also a 
corresponding voltage command. Note that voltages above the rated volt-
age are not permitted to protect against overvoltage at the stator terminals. 
Due to its open-loop nature and that the machine will operate below the 
synchronous speed (during motoring operation), the shaft speed cannot be 
accurately adjusted; the system, however, is a low-cost option for applica-
tions where high performance is not required.

Improvements in performance can be obtained by using a feedback control 
system in the primitive constant V/f drive of Figure 5.6. In practice, addi-
tional measures are also incorporated to ensure better performance. For 
example, if a steep change in the speed set point is introduced, the machine 
may operate on the left side of the torque–speed curve (speeds below the one 
corresponding to the peak torque) where slip and stator current are large and 
efficiency is low. To prevent such cases, an intermediate step of slip regula-
tion is introduced, as shown in Figure 5.7.

The figure shows a closed-loop system in which the reference speed (ωref in 
electrical rad/s) and the rotor speed (ωr in electrical rad/s) are compared to 
form an error signal upon which the speed controller acts. The output of the 
speed controller is the slip speed ωsl (in electrical rad/s), which is limited to 
a preselected maximum slip speed. To create the reference stator frequency 

Speed set-point
in rpm (mech.)

Voltage/frequency curve with
voltage boost

P/120

Vs

Nref

fe

Supply Controlled
converter IM

FIGURE 5.6
An open-loop constant terminal V/f drive.
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(ωe = 2πfe in electrical rad/s), the generated slip speed is added to the rotor 
speed and the result is used in a constant V/f scheme to produce the stator 
voltage reference to the controlled converter.

Note that use of a closed-loop scheme will ensure that the speed can be 
adjusted accurately. It is now helpful to consider how the inner slip regula-
tion scheme improves the response of the system.

Consider starting the motor from standstill. Initially, the error between the 
actual speed and the reference speed is large; this will cause the output of the 
speed controller to saturate to the preselected maximum slip speed. As long as 
the error signal is large enough, the controller remains saturated. In this state, 
the issued stator frequency (ωe) will always be higher than the rotor frequency 
(ωr) by a certain amount equal to the maximum slip speed. By suitably limiting 
the slip speed, we can ensure that operation stays within the desired range, 
that is, speeds higher than the peak torque speed. This forces the machine 
to produce approximately its peak torque throughout the entire acceleration 
range. When the reference speed and the actual speed are close enough, the 
controller emerges from saturation allowing the rotor speed and the synchro-
nous speed to come as close as possible dictated by the load on the shaft.

Let us focus more closely on the operation of an induction machine under 
constant slip speed conditions. This is beneficial in determining the merits 
of limiting the slip speed of the machine during acceleration periods as is 
done in the system in Figure 5.7. Consider an induction machine operating 
under constant slip speed condition. The expression for the torque on the 
shaft (from Equation 5.13) is as follows:
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A closed-loop constant V/f drive with an inner slip regulator.
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Since the ratio E/ωe is proportional to the flux, we can conclude that by 
maintaining the slip speed constant, the machine will produce a torque that 
is proportional to the square of the flux. In a constant V/f scheme with an 
inner slip speed regulation loop, the ratio of Vs/fe (≈ E/ fe) is kept constant, 
resulting in an almost constant torque as long as the speed controller is satu-
rated to a constant slip speed.

Example 5.3:  Constant Terminal V/f

For the induction machine in Example 5.1, develop a constant V/f control 
scheme with inner slip regulation and simulate its behavior.

SOLUTION

As shown in Example 5.1, the machine produces its peak torque at a slip 
of 0.118 under rated voltage and frequency. This corresponds to a slip 
speed of 0.118 × 2π × 60 = 44.48 rad/s (elec.). This is the limit that will be 
imposed on the output of the speed controller in Figure 5.7. A voltage 
boost of 10% is added at standstill to compensate for the stator resis-
tive losses. The following figures show the variations of electromagnetic 
torque and the speed of the machine accelerating from standstill when 
its reference speed is initially set to 1000 rpm and is followed by two 
commands of 1500 and 1200 rpm. The load torque is assumed to vary 
quadratically with the speed.

It is noted that the machine produces large amounts of electro-
magnetic torque during acceleration and deceleration periods. 
Consequently, the variation of speed with time in response to reference 
speed is rapid. Oscillations in the electromagnetic torque are partially 
due to the tuning of the speed controller. Optimal tuning of controller 
parameters, as shown in Chapter 9, can reduce torque oscillations to a 
large extent.
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The following figure shows the electromagnetic torque as a function of 
shaft speed. The figure clearly shows the electromagnetic torque has been 
much larger than the natural capability of the machine (see Example 5.1).

5.7  Controlled Stator Current Operation

The aim of constant terminal V/f control is to maintain the flux at the desired 
level to ensure that the machine does not experience saturation and also has 
adequate (close to rated) flux so that it can generate a large amount of torque 
during acceleration and deceleration. For this to occur, the ratio E/fe must be 
held constant. Since the internal voltage E is not directly accessible, the ter-
minal voltage Vs is used instead and hence the resulting control method only 
performs approximately as expected.

A direct way of ensuring that the magnetizing current is regulated tightly 
to yield the desired flux is to control the stator current rather than its voltage. 
The stator current control mode has an additional advantage that it directly 
affects the current and hence dangerous over-current conditions can be 
avoided.

Let us now consider the analytical premises of the stator current control 
method, by first finding an expression for the torque producing rotor cur-
rent as a function of the stator current using the equivalent circuit shown in 
Figure 5.1. We note that
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where

	 ω ωsl e= s 	 (5.22)

is the slip speed and ωe is the stator supply frequency, both in electrical rad/s.
By substituting Equation 5.21 in the expression for torque in Equation 5.13, 

we obtain the following expression:
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We further note that an expression to relate the magnetization current (Im), 
the stator current, and the slip speed can be obtained as follows:
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This expression determines what stator current is required, at the pres-
ent speed (embedded in the slip speed), to maintain a given amount of 
magnetization current and thereby air gap flux. Once the stator current is 
determined, Equation 5.23 can be used to determine the amount of torque 
available on the shaft.

Figure 5.8 shows the variation of the stator current for the induction 
machine with parameters given in Example 5.1. The magnetization current 
is held at rated value equal to 28.1 A. Note that for a slip speed of zero, the 
stator current attains its minimum value of 28.1. This corresponds to a situa-
tion where the rotor rotates at the synchronous speed (and hence a zero slip 
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FIGURE 5.8
Stator current variation as a function of slip speed (Im = rated current).
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speed); the rotor branch in the equivalent circuit of Figure 5.1 then becomes 
an open circuit, and thus, the stator current and the magnetization current 
will be the same. For other slip speed values, the stator current is larger than 
the magnetization current by an amount equal (in a vector addition sense) to 
the current in the rotor branch. Note that the stator current increases as the 
slip speed increases; this is because the impedance of the rotor branch will 
be smaller for larger slip speeds and hence it will draw more current.

Before proceeding to a closed-loop speed control system, let us determine 
the peak torque and its corresponding slip speed when the machine operates 
under constant air gap flux. The expression for torque as a function of the mag-
netization current is obtained by combining Equations 5.23 and 5.24 as follows:
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For a constant Im, the slip speed corresponding to the peak torque is found 
as follows:
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The corresponding peak torque is as follows:
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The positive and the negative signs correspond to motor and generator 
actions respectively. An important observation about this mode is the indepen-
dence of the slip speed corresponding to the peak torque (i.e., Equation 5.26) 
from the stator frequency. This is an appealing feature as it allows the peak 
torque to be achieved while the stator frequency is varied to adjust the speed.

Example 5.4: � Torque and Stator Current for Constant 
Air Gap Flux Operation

Consider the machine of Example 5.1, operating under stator current 
control for constant air gap flux. Obtain its torque– and stator current–
speed characteristics.

SOLUTION
The machine is rated at 2300 V and has a magnetization reactance 
of 47.2 Ω. Its rated magnetization current will therefore be Im =
( / )/ . .2300 3 47 2 28 1= A.

By varying the slip speed (ωsl) from 0 to 377 rad/s (electrical), we 
cover the range of rotor speeds from standstill to synchronous speed. 
Equations 5.25 and 5.24 are then used to calculate the torque and stator 
current, respectively, for each slip speed. The following graphs show the 
variations of torque and stator current.
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Compared to the original torque–speed characteristics of the machine 
shown in Example 5.1, the torque produced here is much larger. Note that 
the peak torque is around 11,000 N·m as opposed to 4,760 N·m obtained 
under constant voltage operation. Also, it is noted that the stator current 
is far higher than the rated current of 125 A (Example 4.3). Although 
induction machines can withstand currents several times higher than 
rated current during their start-up, adequate cooling mechanisms 
should be provided to ensure windings are not damaged. Given that a 
large amount of torque is produced, it is anticipated that the acceleration 
period, during which high currents exist, is short.
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Let us now consider a closed-loop control system based on the stator cur-
rent control method. Figure 5.9 shows a diagram of such a system.

As shown, the speed controller generates a slip speed command (lim-
ited to the peak torque slip speed as in Equation 5.26), which is then added 
to the rotor speed to produce the command for the stator frequency. The 
slip speed is also used as the input to the nonlinear characteristics block 
to produce a stator current command as per Equation 5.24 for a given 
magnetization current level (typically set to rated current). The issued ωe 
and Is are then given to the controlled current source (a power electronic 
converter) to synthesize the stator current with the given magnitude and 
frequency to feed the motor. Note that limits may be imposed on the ref-
erence stator current (dotted portion of the nonlinear characteristic in 
Figure 5.9) to disallow excessive stator current commands to protect the 
stator windings.

This drive and others presented in this chapter are based on observations 
drawn from the steady state equivalent circuit of an induction machine. 
Despite their relatively good performance, they have a number of draw-
backs that limit their application in high-performance, rapid control appli-
cations. Firstly, they offer little insight into and control of the transient 
behavior of the machine. This is due to their steady state basis and can be 
addressed by developing drive strategies using the transient model of the 
machine.

Secondly, maintaining the air gap flux by regulating the stator current 
results in excessively large stator currents. On the other hand, limiting the 
stator current negatively impacts the magnetization current and hence the 
developed torque. Ideally, we should be able to maintain the field current 
(and flux) and ask for just the right amount of rotor current to provide the 
necessary torque, without having to sustain high stator currents. It turns out 
that drives based on the transient model of the machine give us the flexibility 
to do so. In Chapter 6, we will study such drives.
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FIGURE 5.9
Constant air gap flux induction motor drive.
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5.8  Closing Remarks

Control principles of induction machine using steady state observations is 
an important topic and has been dealt with in varying lengths in many text-
books. Due to their relatively simple control principles, these drives predate 
high-performance vector and direct torque control methodologies.

Terminal voltage and frequency control are presented in [1] and [2]. Sen’s 
discussion of steady state–based drives in [2] includes stator current con-
trol as well. A highly attractive treatment of induction machine drives using 
steady state equivalent circuit is given in [3]. It presents an insightful and 
logical approach to the development of drive principles and presents circuits 
for their implementation.

Problems

	 1.	Using the base value system presented in Chapter 4, develop a set of 
per-unit steady state equations for an induction machine, including 
an expression for the peak torque.

	 2.	Consider the induction machine of Example 5.1. The machine is sup-
plied at the rated voltage and frequency and rotates at a slip of 2%. 
Determine:

	 a.	 The input current, power, and power factor.
	 b.	 The air gap power.
	 c.	 The output torque (neglect rotational and field losses).
	 d.	 Estimate the torque and output power at 3% slip and verify with 

circuit solution.
	 3.	For the induction machine of Example 5.1, determine the starting 

current and starting torque on the shaft. What is ratio of the starting 
current to the rated current?

	 4.	Consider an induction machine under stator frequency control.
	 a.	 Derive an expression for the speed at which peak torque is 

developed.
	 b.	 Approximate the above expression when the Thevenin resis-

tance is small.
	 c.	 Verify the approximate expression for the induction machine in 

Example 5.1 for the rated, 1.5 times the rated, and 2.0 times the 
rated frequencies.

	 d.	 What do you infer as a result of this analysis of the efficiency of 
constant frequency control?



127Steady State Induction Machine Drives

	 5.	Consider constant V/f control of the induction machine in 
Example 5.1 with an inner slip regulation loop as shown in Figure 
5.7. Derive and plot torque–speed curves when the slip speed is 
limited to

	 a.	 The slip speed corresponding to the peak torque
	 b.	 Fifty percent of the slip speed corresponding to the peak torque
	 6.	Show that the slip speed of an induction machine is a function 

of stator frequency. Can we expect to obtain optimal peak torque 
throughout acceleration of an induction machine under constant V/f 
control?

	 7.	Consider the induction machine in Example 5.1, operating under 
constant V/f with an inner loop slip regulation that limits the slip 
speed to that corresponding to the peak torque under rated volt-
age and frequency. The machine is given a reference speed of 1800 
rpm (mech). At the instant of time when the shaft speed is 1200 rpm 
(mech), the speed controller is in saturation.

	 a.	 Determine the synchronous speed that the control system gener-
ates for this instant of time.

	 b.	 What would be the corresponding terminal voltage and its fre-
quency in Hertz?

	 c.	 Determine the peak torque for the frequency and voltage 
obtained in part (b).

	 d.	 Compare with the peak torque of the machine under rated volt-
age and frequency. Is the machine accelerating with the peak 
torque? Comment.

	 8.	Obtain an expression for the slip speed corresponding to the peak 
torque of an induction machine under constant stator current 
control.

	 9.	For the induction machine in Example 5.1, obtain the slip speed cor-
responding to the peak torque when the machine operates under

	 a.	 Rated terminal voltage and frequency
	 b.	 Constant air gap flux (at rated flux)
	 c.	 Constant stator current (at rated current)

What do you infer about the modes of operation?
	 10.	Consider the induction machine in Example 5.1. Obtain a family 

of torque–speed curves for the machine when it is operated under 
constant stator current.
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6
High-Performance Control of 
Induction Machines

6.1  Introduction

In Chapter 5, we developed strategies for controlling the speed of an induc-
tion machine. These strategies were all rooted in the observations made on 
the steady state behavior of the machine. In other words, by analyzing the 
steady state equivalent circuit of the machine, we derived schemes for its speed 
control.

Because of the fundamental role of the steady state equivalent circuit, it 
is expected that the resulting drive strategies would behave accordingly 
well, and just as expected, in steady state. However, during transients, for 
example, when the speed reference is varied or when the load torque on the 
shaft changes, the drive system will undergo a transient period before reach-
ing its new steady state (provided that instability does not occur). Steady 
state–based drives offer limited control during such transients; this implies 
that the transient behavior of the drive system may be less than satisfactory 
but can be hardly influenced. Moreover, steady state–based drive systems 
afford little opportunity to directly control the electromagnetic torque of the 
machine.

An entirely different category of drive systems is available that overcomes 
the limitations of steady state–based drive systems. These drives deploy 
the transient model of the induction machine developed in Chapter 4 and 
as such offer superior performance in both transient and steady states. 
Two classes of these drives, that is, vector (or field-oriented) control and 
direct torque control (DTC) drives, are discussed in this chapter. These 
high-performance drives aim to control the electromagnetic torque of the 
induction machine; once precise control of the torque is achieved, speed or 
position control is simply exercised through a closed-loop speed or posi-
tion control system.
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Similar to the discussion on steady state drives in Chapter 5, in this 
chapter we focus only on the drive principles and assume that the controlled 
voltage and current sources needed for their implementation are available. 
In Chapter 8, we study the power electronic circuits that are used to realize 
the required controlled sources.

Let us begin our discussion with vector control or field-oriented control drives.

6.2  Field-Oriented Control (Vector Control)

The objective of field-oriented control of an induction machine is to emulate 
the behavior of a separately excited dc machine. As shown in Chapter 3, the 
magnetic field and torque of a separately excited dc machine are directly and 
independently controlled by the field and armature currents. For a constant 
field current, the armature current uniquely determines the resulting elec-
tromagnetic torque. Moreover, the field and the armature windings create 
two magnetic fields that are naturally perpendicular, giving rise to the most 
favorable condition for the production of torque.

In an induction machine, the fundamental contributor to the establish-
ment of a magnetic field and the production of electromagnetic torque is 
stator current. Field-oriented control takes advantage of this fundamental 
quantity in a rotating reference frame so that independent adjustment of the 
field and torque can be obtained.

Field-oriented control is best described when it is set in the context of the 
interaction between the stator current and the rotor field. Therefore, let us 
revisit the electromagnetic torque of an induction machine discussed in 
Chapter 4, Equation 4.25, which expresses the torque as a function of d- and 
q-components of stator and rotor currents. Using Equation 4.19, the rotor cur-
rent components can be expressed in terms of the rotor flux linkage vector 
and the stator current as follows:
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By substituting these in Equation 4.25, the following expression for the 
electromagnetic torque of an induction machine is obtained:
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Let us now consider an arbitrary reference frame, such as the one shown 
in Figure 6.1, in which the stator current and the rotor field vectors and their 
d- and q-components are shown.

In order to emulate the behavior of a separately excited dc machine, it is 
necessary that the d- and q-components of the stator current be assigned 
specific and independent roles in adjusting the electromagnetic torque and 
the rotor flux linkage. This can be achieved, for example, by judiciously 
selecting the reference frame to be aligned and rotated with the rotor flux 
linkage vector, λr. This situation is depicted in Figure 6.2.

In the shown reference frame, whose position relative to the stator phase-a 
is denoted by θe (dθe/dt = ωe), the rotor flux linkage vector lies along the 
d-axis; the d-component of the stator current also lies along the d-axis, and 
its q-component is perpendicular to the rotor flux linkage. Due to the special 
alignment of the reference frame, the q-component of rotor flux linkage is zero, 

d-axis

Stator phase-a axis

q-axis

is

iqs

ids

λr

λqr λdr

FIGURE 6.1
Stator current and rotor flux vectors in an arbitrary reference frame.

d-axis

Stator phase-a axis

q-axis

is

iqs

ids λr

θe

λdr

FIGURE 6.2
Stator current and rotor flux vectors in a judiciously selected reference frame.
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that is, λqr = 0. This, together with Equation 6.2, yields the following expression 
for the electromagnetic torque:
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As a result, the torque is seen to be a function of the q-component of the sta-
tor current and the d-component of the rotor flux linkage, which are perpen-
dicular by nature. We further note that making λqr = 0 yields the following 
expression for the d-component of rotor voltage (Chapter 4, Equation 4.21):
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By substituting for λdr from Equation 4.19, the following differential equa-
tion for idr is obtained:

	
r i L L

t
i L

t
ir dr lr M dr M ds+ + = −( )

d d
d d 	

(6.5)

It is noted that with a constant ids, the right-hand side of the differential 
equation becomes zero. This further implies that idr will also tend to zero 
as time goes by. Let us now further investigate the implications of keeping 
ids constant and thereby driving idr to zero. With idr = 0, the d-component of 
rotor flux linkage will be as follows:

	
λdr lr M dr M ds M ds= + + =( )L L i L i L i

	
(6.6)

In other words, the rotor field becomes uniquely determined by ids only. 
This is an important observation as it allows the d-component of the sta-
tor current to uniquely adjust λdr. The observation becomes even more sig-
nificant when we note that ids and λdr are along the same axis and that λdr is 
indeed the entire rotor flux, as shown in Figure 6.2.

By combining Equations 6.6 and 6.3, the following expression for the elec-
tromagnetic torque is obtained:
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This equation, together with Equation 6.6, forms the essence of field-oriented 
control, in which the rotor field and the electromagnetic torque are uniquely 
determined by the two perpendicular components of stator current.

We have so far seen how to gain control over the rotor field by maintaining a 
constant ids. However, the underlying assumption of the field-oriented control 
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method is that the d-axis of the rotating reference frame is always kept aligned 
with the rotor field. We have yet to determine how this can be achieved.

Let us consider the q-axis rotor voltage equation in Chapter 4, Equation 4.21 
(shown here for convenience), in which λqr = 0 due to the alignment of the 
d-axis of the reference frame with the rotor flux linkage vector:
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where ωe is the speed of the reference frame (in electrical radians per second) 
that causes the alignment of the d-axis with the rotor flux linkage. The angu-
lar position of this frame is denoted by θe, as shown in Figure 6.2. From 
Equation 6.8, the following expression for ωe is obtained:
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This expression can be directly expressed in terms of the stator current’s 
qd-components by noting that
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This equation yields the following expression for the speed of the desired 
reference frame:
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In this expression, ids and iqs are specified using the desired values of the 
rotor flux linkage and the electromagnetic torque, respectively. The actual loca-
tion of the reference frame (θe) is obtained by integrating its angular speed ωe.

The aforementioned method of aligning the d-axis of the reference frame 
with the rotor flux linkage vector is commonly referred to as indirect vector 
(field-oriented) control. Figure 6.3 shows a block diagram of the indirect vec-
tor control method.

The indirect vector control method is a technique for controlling the 
torque of an induction machine by adjusting its stator current. In a closed-
loop speed control system, the torque command is produced by an upstream 
speed controller, which acts on the error between the reference speed and 
the actual speed of the shaft. It must however be noted that field-oriented 
control is inherently a torque control method, as opposed to the speed con-
trol methods discussed in Chapter 5.
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Example 6.1:  Indirect vector control calculations

Consider an induction machine with the following parameters:

	 25hp 46 V 6 Hz four pole three phase Y connecte, , , , ,0 0 dd

	 r r X X Xs r ls lr M58 3 1 2 1 8 2= = = = =0 0 0. , . , . , . ,Ω Ω Ω Ω 55 7. Ω

The machine is operated under indirect vector control. The machine 
rotates at 1720 rpm and delivers 80% of its rated power to the load. Rated 
(peak) flux linkage is given to the controller. Determine the stator cur-
rent and frequency.

SOLUTION

With a base frequency of ωb = 120π, machine inductances are obtained 
as follows:

	 L L Lls lr M3 18 m 4 78 m 68 m= = =. , . ,Η Η Η

The electromagnetic torque on the shaft is calculated as follows:
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FIGURE 6.3
Schematic diagram of indirect vector control.
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The peak of the rated flux linkage of the machine can be calculated 
using the peak of the rated voltage (phase) and the magnetization reac-
tance at the rated frequency, as follows:
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The calculated electromagnetic torque and flux linkage are now used 
to obtain the corresponding d- and q-components of the stator current, 
as follows:
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The rms of the stator current will therefore be

	 I i is ds qs A= + =( )/ .2 2 2 23 38 .

The rotor speed and the angular frequency of the stator current are 
determined as follows:
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The corresponding frequency of the stator current is therefore 368.6/
(2π) = 58.66 Hz.

Example 6.2:  Indirect vector control simulation and 
dynamic response

Consider the induction machine discussed in Chapter 5, Example 5.1, 
operating under indirect vector control within a closed-loop speed con-
trol system. Dynamic response of the machine is shown in the following 
figures: the reference speed is varied from an initial set point of 1000 
rpm to 1500 rpm at t = 1 second, followed by a setting of 1200 rpm at 
t = 2 seconds.
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Note that the speed closely follows its reference and, more importantly, 
the developed electromagnetic torque varies nearly instantaneously in 
response to speed set-point variations so that sufficient torque is pro-
vided on the shaft to adjust the speed.

6.2.1  Alternative Implementation Methods

The block diagram shown in Figure 6.3 shows a generic power electronic 
converter that is used to drive the stator terminals of an induction machine. 
The converter receives ids and iqs commands from the control system and, 
using the supplied angular position of the rotating reference frame (θe), cre-
ates the abc-domain instantaneous values of the phase currents. In essence, 
the power electronic converter acts as a controlled current source.

It is possible to achieve the same end result, that is, control of the torque 
and rotor field, by directly adjusting terminal voltages of the motor in 

Time (seconds)

Reference speed

Shaft speed

Sp
ee

d 
(r

pm
)

St
at

or
 cu

rr
en

t (
kA

)
To

rq
ue

 (N
·m

)

0.0 1.0 2.0 3.0

0.0

0.4 k

0.8 k

1.2 k

1.6 k

‒0.200

‒0.100

0.000

0.100

0.200

‒4.0 k

‒2.0 k

0.0

2.0 k

4.0 k

6.0 k



137High-Performance Control of Induction Machines

such a way that the desired qd-components of the stator current are 
achieved. A feedback control such as the one shown in Figure 6.4 per-
forms this task.

In the shown diagram, the actual values of the q- and d-components of the 
stator current (obtained by measuring the stator current) are subtracted from 
their corresponding reference values. The resulting error signals are then 
passed through controllers, for example, the proportional-integral (PI) con-
troller, to obtain reference values for the q- and d-components of the stator 
voltage. These reference voltages along with θe will be passed onto a power 
electronic converter that synthesizes the requested stator voltages. Since sta-
tor voltage variations impact both rotor and stator currents and flux linkages, 
the system may experience temporary transients when iqs-ref or ids-ref is varied. 
These variations will be coupled, that is, varying iqs-ref will impact both iqs and 
ids. It is possible to decouple control channels using more sophisticated volt-
age synthesis methods. Problems at the end of this chapter demonstrate this 
possibility.

6.2.2  Other Types of Field-Oriented Control

The indirect vector control method relies on the measurement of rotor speed 
(ωr in electrical radians per second) and the estimation (through measurement) 
of its parameters, rr, Llr, and LM, to determine the speed and thereby location of 
the reference frame. The indirect field-oriented control method provides rea-
sonably good performance and is simple to implement. However, it is noted 
that the estimation of rotor parameters with adequate accuracy is indeed chal-
lenging. It is further complicated by parameter variations with temperature 
and frequency. For example, rotor resistance may vary greatly with tempera-
ture and adversely impact the performance of the drive. Sensitivity of indirect 
vector control to parameter variations is therefore a concern.

As an alternative, we can aim to determine the location of the rotor flux 
vector by measuring its d- and q-components in a stationary reference frame. 
This direct vector control method is cumbersome in practice because it 
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FIGURE 6.4
Voltage-controlled current synthesis.
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requires sensing equipment to measure the air gap flux, modifications to the 
machine structure to house the sensors, and mathematical manipulations to 
convert the measured flux linkages to a rotating reference frame.

6.3  Direct Torque Control

6.3.1  Principles of Direct Torque Control

The field-oriented control method discussed in Section 6.2 uses stator current 
to adjust the torque and flux of an induction machine. Even in the voltage-
controlled current synthesizer of Figure 6.4, the aim is to craft the desired 
stator current through the manipulation of stator voltage. A class of motor 
control techniques known as direct torque control (DTC) exists that allevi-
ates the intermediate current synthesis step by directly linking the stator 
voltage to the torque and flux of the machine.

The so-called DTC can be implemented in a variety of ways. Conventional 
DTC is based on the hysteresis control of torque and flux and results in a 
variable switching frequency for the power electronic converter drive. 
Alternatively, we can opt for a DTC implementation with a constant switch-
ing frequency using voltage synthesis techniques such as the pulse-width 
modulation (PWM) technique described in Chapter 8.

Maintaining a constant switching frequency is desirable. It results in fixed 
amounts of switching losses and produces harmonics of known and fixed 
orders. Moreover, once the principles of constant switching frequency DTC 
are understood, they can be readily extended to hysteresis-type DTC as well. 
Let us now discuss constant switching frequency DTC in detail.

An expression for the electromagnetic torque of an induction machine is 
given in Chapter 4, Equation 4.25. The rotor current q- and d-components can 
be expressed in terms of the stator current components and the stator flux 
linkage components from Equation 4.19. This results in the following expres-
sion for the electromagnetic torque of an induction machine:

	 T
P

i ie qs ds ds qs= −3
2 2

( )λ λ 	 (6.12)

In this expression, the q- and d-components pertain to an arbitrary refer-
ence frame.

Consider a rotating reference frame in which the d-axis is along the stator 
flux linkage vector. In such a reference frame, the q-component of the sta-
tor flux linkage vector disappears (λqs = 0) and as such the expression for 
electromagnetic torque becomes as follows:
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Let us now consider the stator voltage equations of the machine (Equation 
4.21) in such a reference frame. They will be as follows:
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The aforementioned expressions can be further simplified by noting that 
the stator resistive voltage drop is typically small and that iqs can be replaced 
in terms of the electromagnetic torque using Equation 6.13. The resulting 
expressions will be as follows:
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These equations form the basis of constant switching frequency DTC, 
which is shown schematically in Figure 6.5.

It is noted from Equation 6.15 that controlling vds directly determines λds, 
which is the stator flux vector in the selected reference frame. Once the sta-
tor flux linkage is set, vqs can be used to adjust the electromagnetic torque. 
The set points of stator flux linkage and electromagnetic torque are used in a 
closed-loop system to generate reference vds and vqs values in a rotating refer-
ence frame. A power electronic converter will then synthesize stator terminal 
voltages according to these voltage references. In order to lessen the coupling 
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Schematic diagram of constant switching frequency direct torque control.
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between the variations of the electromagnetic torque and the stator flux link-
age, the generated vqs command is augmented with the term ωλds before it is 
given to the converter, as shown in Figure 6.5. However, this is not mandatory 
and can be dropped.

Note that the implementation of DTC requires knowledge of the location 
of the stator flux linkage vector so that the d-axis of the frame can be aligned 
with it. Additionally, a torque estimator is necessary to close the torque con-
trol loop by providing an estimation of the actual electromagnetic torque. 
A stator flux and electromagnetic torque estimator (Figure 6.5) is therefore 
necessary and is discussed in Section 6.3.2.

6.3.2  Stator Flux and Electromagnetic Torque Estimator

The magnitude and the instantaneous position of stator flux vector can be 
estimated using the measurements of stator voltage and current in a station-
ary reference frame. Once an estimation of stator flux linkage is available, the 
electromagnetic torque can be easily estimated as shown here.

Let us consider the voltage equations (Chapter 4, Equation 4.21) of the sta-
tor in a stationary reference frame. Without loss of generality, we can assume 
that the reference frame is aligned with the axis of the stator phase-a. In other 
words, the q-axis of the stationary reference frame is aligned with the stator 
phase-a axis, that is, θ = 0 in Equation 4.11. The resulting voltage equations 
are as follows:
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The superscript “s” denotes the values in a stationary reference frame. The 
q- and d-components of the stator flux linkage can therefore be obtained as 
follows:
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In practice, the use of a pure integrator for calculating flux linkages is not 
recommended. This is due to the inherent numerical problems of a pure inte-
grator. For example, any small dc component in the measurements of stator 
voltages and currents will drift the output of the integrator and eventually 
saturate it. Any sudden change in these quantities will introduce such dc 
offsets and hence deteriorate the integrator output.

To remedy these problems, a host of methods have been proposed to 
replace pure integration. For example, a low-pass filter of the form 1/(s + ωc ) 
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can be used; although a low-pass filter closely resembles an integrator at 
sufficiently high frequencies, its performance in lower frequencies is not sat-
isfactory. A DTC drive using a low-pass filter will therefore have limited 
operating range at low speeds. Modified integrators that eliminate the short-
comings of the low-pass filter and the pure integrator are available today. 
Some of these methods are investigated in the problems given at the end of 
this chapter.

By using an appropriate integration method, the d- and q-components of 
the stator flux linkage in a stationary reference frame are obtained. Using the 
qd0-components, the magnitude and instantaneous angular position of the 
flux linkage vector can be obtained as follows:
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where the angle θλ is the angular position of the stator flux vector relative to 
the stator phase-a axis, and it is measured as shown in Figure 6.6. This angle 
is used to construct the rotating reference frame whose d-axis is aligned with 
the stator flux vector. Note that the rotating reference frame is specified by 
the location of its q-axis, which is π/2 rad ahead of its d-axis. This is why a 
phase advance of π/2 (Figure 6.5) is added to θλ prior to its use in crafting 
final phase voltages.

From the stator current measurement and the stator flux estimation at 
hand, the electromagnetic torque of the machine is estimated as follows:
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Stator flux vector in stationary and rotating reference frames.
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Example 6.3:  Transformation of phase domain variables 
to a stationary reference frame

An induction machine is driven under DTC. At a given instant of time, 
stator line currents are measured as ia = −293.89 A, ib = 497.26 A, and ic = 
−203.37 A. Determine the corresponding currents in a stationary qd0-
frame attached to the stator.

SOLUTION

The transformation matrix from abc to qd0 is given in Chapter 4, Equation 
4.11. In a stationary reference frame whose q-axis is aligned with the sta-
tor phase-a axis, the angle θ in Equation 4.11 will be zero. Therefore,
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Example 6.4:  Stator flux linkage vector

The flux estimator unit of a DTC controller has generated the fol-
lowing estimations of q- and d-axis stator flux linkage vectors in a 
stationary reference frame attached to the stator and aligned with its 
phase-a axis:

	 λ λds qs3 64 Wb t and 3 Wb t= ⋅ = − ⋅. .0

Determine the location of a rotating reference frame whose d-axis is 
aligned with the stator flux linkage vector.

SOLUTION

The following graph shows the placement of vectors. The stator flux link-
age is positioned at 230.5° relative to the stator phase-a axis. The d-axis 
of the rotating reference frame is aligned with this vector, and hence its 
q-axis is 90° ahead at 320.5° or equivalently −39.5°.

d-Axis of the stationary frame

q-Axis of the rotating frame

q-Axis of the stationary frame
θe = 230.5°

‒39.5°

λs
qs = ‒3.0

λsλs
ds = 3.64

Axis of stator phase-a
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6.4  Closing Remarks

High-performance control of induction machines is a wide and important 
subject area. Control methodologies for high-precision and rapid control 
of electromagnetic torque are by no means limited to what are presented 
in this chapter. A large number of textbooks and technical papers are 
available on the subject. The References section of this chapter lists only 
a handful of such methodologies. In [1], direct and indirect vector control 
methods are discussed in depth; an analysis of sensitivities is also pre-
sented. An insightful presentation of direct vector control is given in [2]. 
References [3] and [4] present induction machine drives and high-perfor-
mance field-oriented control and DTC with a vector-based approach. The 
original DTC is presented in [5], and algorithms for flux estimation are 
presented in [6].

Problems

	 1.	Show that using the stated conditions for indirect vector control, that 
is, using a reference frame speed as in Equation 6.11 and maintain-
ing a constant ids, results in the elimination of λqr and idr.

	 2.	Develop a simulation case of an induction machine under indirect 
vector control. Try different initial values for the reference frame 
angular position and show that these values have decaying effects 
on the performance of the drive system.

	 3.	Consider the induction machine in Example 6.1. What are the qd0-
components of the stator and rotor flux linkages and the stator 
voltage?

	 4.	Consider the induction machine in Example 5.1. The machine oper-
ates under indirect vector control. The rotor speed is 1500 rpm and 
the requested torque is 1600 N · m. The machine’s flux linkage is set 
to its rated peak value.

	 a.	 Find the stator current q- and d-components, the stator frequency, 
and the terminal voltage q- and d-components.

	 b.	 The control system maintains the aforementioned terminal 
voltage components (vds and vqs) and frequency at the stator ter-
minals. While at this operating speed, assume that the rotor 
resistance increases to rr = 0.45 Ω.

	 i.	 Determine the new values of the stator and rotor d and q cur-
rent components.



144 Electric Machines and Drives

	 ii.	 Determine the resulting flux linkages and also the torque 
produced by the machine.

	 iii.	 Comment on the sensitivity of the indirect vector control 
method to parameter variations.

	 5.	 In order to reduce the coupling between the d- and q-axis compo-
nents of the stator current, it is suggested that the voltage commands 
in Figure 6.4 be augmented properly so that interactions are elimi-
nated. Rewrite stator voltage equations in Chapter 4, Equation 4.21, 
in terms of stator current components, assuming that the underlying 
conditions of vector control are satisfied. Identify the coupling terms 
and suggest an improved voltage synthesis loop to eliminate them.

	 6.	Show that the back emf vector of an induction machine, that is, 
E = = − −[ ] [ ]e e v r i v r iqs ds qs s qs ds s ds , is perpendicular to the stator flux 
linkage vector in steady state.

	 7.	Study the three flux estimation methods introduced in [6].
	 8.	Using a suitable flux estimation method, develop a simulation model 

of the induction machine in Example 6.1.
	 a.	 Show the accuracy of your flux estimation method by comparing 

the estimated and the actual stator flux vectors.
	 b.	 Investigate the role of the decoupling term ωλds in the perfor-

mance of the drive.
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7
High-Performance Control of 
Synchronous Machines

7.1  Introduction

Synchronous machines are widely used as both generators and motors. Power 
generation plants use synchronous generators to convert large amounts of 
mechanical energy to electrical energy, which is then transmitted to com-
mercial, industrial, and residential consumers. Synchronous motors are 
available in a variety of forms and ratings from fractional Watts to hundreds 
of kilowatts.

The focus of this chapter, in the context of electric drives, will naturally be 
on synchronous motors and methods for controlling their torque and speed. 
In particular, we will study synchronous machines with PMs on their rotor 
to establish a magnetic field. Such machines are available in two general 
categories, one with sinusoidal distribution of the magnetic field and with 
distributed windings on the stator, and one with uniform distribution of the 
magnetic field and with concentrated windings on the stator. The former is 
widely known as a permanent magnet synchronous machine (PMSM) and 
the latter is referred to as a brushless dc (BLDC) machine, although these 
names are used interchangeably as well.

Synchronous machines with sinusoidal magnetic fields offer superior 
performance and are often used in applications where high-precision con-
trol is required. Despite their added complexity (compared with BLDCs), 
advances in power electronics, measurement and instrumentation, and con-
trol methods have led to the adoption of PMSMs in numerous applications. 
The discussion in this chapter will therefore be on modeling and control 
of PMSMs. The BLDCs will be considered in the problems at the end of the 
chapter.



146 Electric Machines and Drives

7.2 � Three-Phase Permanent Magnet Synchronous 
Machine Modeling

PMSMs employ a three-phase winding on the stator and PM on their rotor. 
When supplied from a balanced three-phase source, the stator winding pro-
duces a rotating magnetic field with constant amplitude and angular fre-
quency. Constant torque is developed when the rotor rotates at the same 
speed as the stator’s magnetic field, that is, the synchronous speed.

The layout of the stator winding and the distribution of the magnetic field 
of the PMs on the rotor determine the properties of the resulting machine. 
The magnets can be buried in the body of the rotor or mounted on its outer 
surface. Given that permanent magnetic materials have poor relative per-
meability, their placement on the rotor will have important implications on 
the reluctance of the flux path. If a round rotor is employed and PMs are 
mounted on the outer surface of the rotor, the physical shape of the air gap 
is affected; however, since the permeability of the PM materials is close to 
that of the air, it can be argued that the effective length of the air gap is 
unaffected by the magnets and the machine acts essentially as one with a 
uniform air gap.

Embedding the magnets in the body of the rotor, however, results in 
different reluctances along the direct and quadrature axes of the rotor and it 
will behave similar to a salient pole machine. In the analysis that follows, it 
is assumed that the machine has a non-cylindrical rotor, that is, the length of 
its air gap is not uniform. The dynamic equations for this machine type can 
be easily modified to represent a cylindrical rotor machine as well.

7.2.1  Development of a Model in the ABC Domain

Consider a three-phase PMSM as shown schematically in Figure 7.1. The sta-
tor houses three-phase, sinusoidally distributed windings, which are shown 
as concentrated for visual clarity. The rotor is cylindrical in shape and houses 
PMs that establish a sinusoidal field in the air gap. With the assumption of 
embedded magnets, the rotor is effectively a salient pole one, despite its 
round shape. The figure shows a two-pole machine; however, the derivation 
of the equivalent circuit can be easily extended to multipole machines with 
consideration of electrical angles.

The stator windings will experience flux linkage due to the flux cre-
ated by their own currents as well as the flux created by the rotor magnet. 
Contributions of both sources of flux will depend on the position of the rotor, 
because of the saliency of the rotor. For example, consider the phase-a wind-
ing. When current flows through this winding, it creates a magnetic field 
whose flux lines will link turns of all windings. The amount of flux that is 
generated, however, will depend on the position of the rotor. The same goes 
with the flux linkage produced by the rotor.
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Let us assume that the rotor magnets establish an air gap field density as 
follows:

	 B rr s r m r s,( ) sin( )ˆφ θ θ φ= −B 	 (7.1)

where Bm is the peak density. This expression denotes the density of rotor’s 
magnetic field at a given angular position φs, when the rotor is positioned at θr.

The turns distribution of the stator phase-a winding is given as follows:

	 n
Nsφ φs s( ) =
2

sin( ) 	 (7.2)

where Ns is the total number of turns in the winding. Other phases have 
identical (but shifted) winding distributions.

It can be easily shown that the flux linkage of stator phase-a due to the 
magnetic field established by the rotor is as follows:
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or

	 λ π θ θa
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r r1 2
= =N B rl

Msin( ) sin( )	 (7.4)

where r is the air gap radius and l is the machine length (into the page). 
Similar expressions can be obtained for the remaining two phases as well.
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b c
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Quadrature axis

θrc′ b′

Stator phase-a axis

Direct axis

ϕs

FIGURE 7.1
A permanent magnet synchronous machine (PMSM).
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The second set of contributors to the flux linkages of stator windings 
includes the fluxes established by the winding currents. With the assump-
tion of a linear magnetic medium, we can express this set of flux linkages 
in terms of the self-inductance and mutual inductance of the windings and 
obtain the following expression for the total flux linkages of stator windings.
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where Ll is the winding leakage inductance and L0 and L2 are constants account-
ing for the d-axis and q-axis flux components (see Section 2.6.2). Note that the 
expression in Equation 7.6 shows the dependence on the rotor position of the 
flux linkages of the stator windings, as expected. We note that rotor position 
is eventually a function of time. Therefore, with the assumptions made, the 
equations of the PMSM appear to represent a linear, but time-varying system.

The voltage equations of the stator windings are as follows:

	 v r iabc s abc abc
d
d

= +
t

λλ 	 (7.7)

The preceding equations describe the electrical end of the machine. An 
expression for its developed torque is needed to interconnect the electrical 
and mechanical ends of the machine.

7.2.2  Derivation of the Torque Equation

Unlike an induction machine, which has windings on both the stator and 
the rotor, a PMSM employs PMs on the rotor. The energy conversion theory 
developed in Chapter 1 needs to be modified to account for the presence of 
PMs before it can be used for derivation of the field energy (or co-energy) and 
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torque. An alternative method is to calculate the force and torque exerted 
on the current carrying stator windings in the presence of the rotor field 
and to use Newton’s third law to obtain the opposing torque on the rotor. 
Additionally, we note that the rotor of a PMSM is generally non-cylindrical 
and has saliency. Even if the rotor did not have PM properties and was only 
a body of ferromagnetic material (e.g., steel), the saliency of the rotor would 
still cause a component of torque that is developed due to the tendency of 
the rotor to align itself with the stator field (Example 1.3). This component of 
torque is often referred to as reluctance torque.

It can therefore be argued that the torque in a PMSM has two components, 
one due to the interaction between the current carrying conductors of the 
stator and the rotor magnets, and another one due to the shape of the rotor. 
Let us now calculate these two components.

Consider a single (full-pitched) turn in the stator phase-a winding whose 
two sides are located at φs and φs + π. The turn carries current ia and is exposed 
to the sinusoidally distributed field of the rotor (see Equation 7.1). It can be 
shown that the two sides will experience equal but opposing forces that will 
lead to development of torque as follows:

	 T i lrBφ θ φ
s a m r s= −2 sin( )	 (7.8)

This is obtained by using il B×  for calculating the forces and the resulting 
torque.

Given that phase-a winding has a continuous distribution of turns (see 
Equation 7.2), the total torque on the winding will be as follows:
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Similarly, phases b and c experience the following torque components:
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It is therefore concluded that the torque exerted on the rotor (due to the 
interaction between the rotor magnets and the stator currents) is as follows:

	

T
P

T T T
P

Me as bs cs r r1 2 2
2
3

= − + + = −
( ) cos( ) cosθ θ π 

 +



























cos θ π
r

a

b

c

2
3

i

i

i 	
� (7.11)



150 Electric Machines and Drives

The P/2 factor is to account for multipole machines.
Let us calculate the second component of torque, which is due to the 

saliency of the rotor. For this, assume that the rotor magnets are removed 
and the rotor is merely a body of magnetic material with a non-cylindrical 
shape placed in the stator cavity and subjected to the magnetic field cre-
ated by the stator windings. Since magnets are removed, the energy conver-
sion formulas developed in Chapter 1 will readily apply to the linear system 
formed by the stator windings mutually coupled via the rotor. The co-energy 
of the field is given as follows:
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(7.12)

where I3 is the 3 × 3 identity matrix and is used to deduct the energy stored 
in the leakage inductances. Accordingly, the torque component due to the 
saliency of the rotor will be as follows:
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The overall torque on the shaft of the machine will be as follows:
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7.2.3  Machine Equations in the Rotor Reference Frame

The necessity of a transformation to remove dependence on rotor posi-
tion (and consequently time) of the PMSM dynamic equations is obvious. 
Reference frame transformation proves useful in the analysis of a PMSM 
when models for analysis and strategies for its high-performance drive are 
to be developed. Let us now consider a reference frame that is attached to the 
rotor of the machine with an alignment as shown in Figure 7.2. The q-axis 
and d-axis are aligned with the quadrature and direct axes of the rotor, 
respectively, that is, θ = θr in Equation 4.11. The reference frame rotates at the 
speed of ωr, which is measured in electrical radians. Note that the speed of 
rotation of the reference is equal to the rotor speed (both in electrical rad/s).
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The following equations are obtained by applying the reference frame 
transformation to the flux linkage (Equation 7.5) and voltage (Equation 7.7) 
equations:
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where
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and
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FIGURE 7.2
Reference frame transformation for a PMSM.
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The voltage equation simplifies to the following:
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Transformation of the torque equation (Equation 7.14) into the rotor refer-
ence frame yields the following equation:
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Much simplification has been obtained by applying the transformation. 
Note that the torque equation (Equation 7.19) also applies directly to a cylin-
drical rotor machine as well where Lmd = Lmq. The electrical torque obtained 
above interacts with the load on the shaft of the machine; the dynamics of 
this interaction is similar to Equation 4.26.

Example 7.1:  PMSM Characterization

An eight-pole, three-phase PMSM yields an open circuit voltage of 380 V 
(rms, line to line) when its shaft is rotated at 1200 rpm. Determine the 
machine’s magnetic strength constant (M in Equation 7.4).

SOLUTION

The phase-a terminal voltage equation of the machine with no stator 
current (open circuit) is va ad /d= λ t. The phase-a flux linkage in the 
absence of stator currents is λ θa r= M sin( ). The open circuit voltage of 
the machine will therefore be v Ma r r= ω θcos( ), where ωr is the rotor 
speed in electrical rad/s. With an open circuit line voltage of 380 V, the
peak phase voltage will be 380 3 2 310 3/ .= V; therefore,
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7.2.4  Development of a Steady State Model

In steady state, a synchronous machine will rotate at a speed directly dictated 
by the frequency (2πfe) of its terminal voltage. This synchronous speed (see 
Equations 2.17 and 2.18) is the speed of the stator’s rotating magnetic field 
and is also equal to the rotor speed. Under steady state conditions, the qd0 
components attain constant values and hence their time derivatives tend to 
zero. The following expressions show the steady state equations of a PMSM. 
The synchronous speed is denoted by ωe. Furthermore, note that balanced 
operation is assumed and hence the 0-component is equal to zero.

Flux linkages (from Equation 7.15):

	
ψ ω λ ω

ψ ω λ ω ω
q e q e l mq q

d e d e l md d e

= = +

= = + +

( )

( )

L L i

L L i MM
	 (7.20)

Voltages (from Equation 7.18):

	
v r i r i L L i M

v r i
q s q d s q e l md d e

d s d q

= + = + + +
= − =

ψ ω ω
ψ

( )

rr i L L is d e l mq q− +ω ( )
	 (7.21)

Since the frequency of stator quantities and the speed of the rotation of the 
reference frame are equal, it is possible to express the stator voltage and cur-
rent phasors in terms of their q-component and d-component as was done 
in deriving the steady state equivalent circuit of an induction machine. This 
exercise, however, will yield little practical benefit as the unequal induc-
tances of the d-axis and q-axis will not allow combining the two equations 
in Equation 7.21 into a single phasor.

Example 7.2:  Phasor Diagram of a Salient Pole PMSM

Consider a PMSM with negligible stator resistance. Draw a phasor dia-
gram of the machine variables. Overlay the diagram on a qd0 frame.

SOLUTION

With negligible stator resistance, the voltage equations of the machine 
will be as follows:

	

v L L i M

v L L i

q e l md d e

d mq q

= + +

= − +

ω ω

ω

( )

( )e l

The phasor diagram will therefore be as shown in the following figure. 
Note that the d-axis is aligned with the magnetic field of the rotor. The 
q-component of the terminal voltage comprises two terms of ωe l md d( )L L i+  
and ωe M. The d-component is negative and as such lies as shown in the 
figure. In phasor domain, Va q d= −v jv , which results in the shown Va vector.
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7.3  Torque Control of a PMSM

7.3.1  Principles of Torque and Speed Control

It is clear that a PMSM has intrinsic similarities to a dc machine. Once the 
position of the rotor is known, a rotating reference frame as described earlier 
can be established in which the d-axis is aligned with the direct axis of the 
rotor, that is, the rotor field. The stator current can then be viewed in terms 
of its d-component and q-component. The d-component of the stator current 
is aligned with the rotor field and can contribute positively or negatively to 
the d-axis field (see Equation 7.15). The q-axis component of the stator cur-
rent is perpendicular to the rotor field and therefore is in the most desirable 
position to control the electromagnetic torque. This underlies the similarity 
of a PMSM to a separately excited dc machine in which the magnetic fields 
of the field and armature windings are perpendicular and controlled by two 
separate currents.

Figure 7.3 shows a schematic diagram of a closed-loop speed control sys-
tem for a PMSM. Note that position sensors often detect the direct axis 
of the rotor magnet and as such it may be necessary to add a phase shift 
of 90° (not shown) to the rotor position to obtain the position of the refer-
ence frame. In Figure 7.3, the rotor position θr is assumed to conform to 
Figure 7.1.

Note that the speed controller acts upon the error between the actual 
and reference speed to create a torque command. Since the responsibility 
of adjusting the electromagnetic torque is given to the iq, the output of the 
speed controller is essentially the reference value for the iq. The id is normally 
set to zero. This causes the torque to become entirely a function of the rotor 
field strength and the iq. The id can also be used to exercise field weakening 
if negative reference values are issued. Note that a negative ids produces a 
magnetic field that lies along the rotor field but has an opposite direction and 
hence acts to weaken the field.

Figure 7.4 shows measured quantities for the dynamic response of a 
small four-pole PMSM to a step change in its reference speed from 200 to 

d-axis

N

S

q-axis

Va

ωeM ωe(Ll + Lmd)id

ωe(Ll + Lmq)iq

–ωe(Ll + Lmq)iq

Rotor
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FIGURE 7.3
PMSM speed control.
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500 rpm. The d-axis stator current command is set to zero. The q-axis cur-
rent is set by the speed controller so that the required amount of torque is 
produced on the shaft to accelerate the motor. A limit of 5 A is imposed at 
the output of the speed controller to disallow excessive current through 
the stator.

The stator current is synthesized using a hysteresis current reference PWM 
technique (discussed in detail in Chapter 8) and as such has a small amount 
of ripple. The speed controller is manually tuned to yield reasonably smooth 
response.

7.3.2  Practical Considerations

The power electronic converter shown in Figure 7.3 requires the reference 
frame position to produce the required sinusoidal waveforms of the stator 
current. This directly depends on the rotor position sensor and its accu-
racy. High-precision position sensors are therefore necessary to imple-
ment the shown drive, and to achieve high performance over a wide speed 
range, it must have consistently high precision from low to high speeds. 
Moreover, the power electronic converter and its associated converter con-
troller must be able to produce high-quality sinusoidal currents to supply 
the stator windings. These requirements imply that the PMSM drive is 
likely a complex and costly system. Significant reduction in complexity 
and cost can be achieved by using a PMSM with a uniform field distribu-
tion and a trapezoidal emf, as will be shown in the problems at the end of 
the chapter.

7.4  Closing Remarks

PMSMs have been discussed in depth in the literature. Theory, design, and 
control of brushless PM machines in investigated in detail in [1] and  [2]. 
Reference frame–based modeling and control of BLDC machines is pre-
sented in detail in [3]. Numerous research papers are also available through 
the IEEE and other major technical sources.

PM machines have been used extensively in vehicular systems such 
as hybrid and electric cars to provide propulsion or assist the engine in 
doing so. A breed of PM synchronous machines, which have been in vehicu-
lar applications as well, employs an axial flux structure in which the flux is 
directed axially rather than radially, as shown in this chapter. Although the 
internal structure of these machines is different, it is possible to adopt the 
electrical equivalent of the radial-flux machine developed in this chapter for 
them as well.
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Problems

	 1.	Modify the flux linkage and voltage expressions of a salient pole 
PMSM to obtain expressions for a round rotor PMSM.

	 a.	 Develop a steady state model and derive an equivalent circuit.
	 b.	 Comment on the similarity of the developed model with that of 

a dc machine.
	 2.	Develop the phasor diagram of a round-rotor PMSM.
	 3.	Show that the open circuit voltage phasor of a PMSM (salient pole) 

is perpendicular to its rotor field.
	 4.	A three-phase, four-pole, PM synchronous machine has the follow-

ing parameters:

		  r L L Ls l md mq1 2 1 85 mH 17 mH= = = =. , . ,Ω

		  The machine generates an open circuit phase voltage of 254 V (rms) 
when driven at the rated speed of 1800 rpm.

	 a.	 What is the magnetic strength constant of the machine?
	 b.	 The machine rotates at its rated speed of 1800 rpm and draws 55 A 

at a power factor of 0.9 leading. Determine its terminal voltage.
	 c.	 What is the input power to the machine?
	 5.	A trapezoidal emf PMSM has a structure as shown in the following 

figure. The stator winding is concentrated. The magnetic field due to 

the rotor is uniform, for example, B
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	 a.	 Consider the N-turn concentrated winding of phase-a. Develop 
an expression for the winding flux linkage as a function of rotor 
position.

	 b.	 What is the waveform of the induced voltage in phase-a?
	 c.	 Develop similar waveforms for induced voltage in phases b and c.
	 d.	 Propose a suitable set of waveforms for phase currents (to be 

supplied through an external source) so that the machine pro-
duces a constant level of torque.

	 e.	 Comment on the merits and disadvantages of this machine.
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8
Power Electronic Circuits for 
Electric Motor Drives

8.1  Introduction

In Chapters 3 through 7, we laid out drive strategies for ac and dc machines. It 
was noted that the practical implementation of these drives requires sources 
that control the terminal variables of the machines, such as voltage or cur-
rent magnitudes or frequency. We treated these controlled sources as black 
boxes as their internal circuitry and the way they are controlled to achieve 
the desired output voltage or current do not affect the strategy adopted for 
the drive.

In this chapter, we study the practical power electronic circuits that are 
used to craft controlled voltages and currents at the terminals of dc and ac 
machines. At the heart of every power electronic circuit lie power semicon-
ductor switches. Depending on the type of switches used and the strategy 
adopted to control their conduction periods, it becomes possible to create 
controlled ac and dc waveforms from uncontrolled (stiff) ac and dc sources.

The process of conversion is depicted schematically in Figure 8.1, where a 
power electronic circuit (the drive) is shown to interface an ac source or a dc 
source with fixed parameters to an electric machine that requires variable 
and adjustable ac or dc supply at its terminals.

The area of power electronics is vast and it is neither possible nor to our 
benefit in studying electric machine drives to cover such a wide area in detail 
in the context of this chapter. We therefore choose to study only specific 
types of power electronic circuits that are most widely used in electric motor 
drive applications. The outcome of this chapter will be an understanding 
of the basic principles of power electronics as they apply to electric drives. 
References at the end of this chapter direct the reader to additional resources 
that are available on the subject. It is assumed that the reader has a basic 
understanding of semiconductor switching devices, of which a brief over-
view is given in Appendix B.
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8.2  Conversion from an AC Source

AC sources are the most prevalent form of power supply. Utilities provide ac 
supply with stiffly regulated voltage and frequency to their customers in the 
form of single-phase and three-phase circuits. If a dc motor is to be driven 
off an ac source, or if the control of an ac machine requires adjustable voltage 
magnitude or frequency, then an intermediate circuit must be employed to 
create the required dc through rectification or to manipulate the incoming 
stiff ac waveform into a waveform with adjustable voltage and/or frequency.

Circuits that convert ac into (controlled) dc are called rectifiers. Conversion 
from stiff ac to controlled ac may take on different forms, and the converters 
that perform this task include ac voltage controllers, cycloconverters, and 
ac-dc-ac converters. AC voltage controllers and cycloconverters convert ac 
directly into controlled ac. An ac-dc-ac converter, however, employs an inter-
mediate dc link, as its name suggests. In Sections 8.2.1 and 8.2.2, we study 
three-phase rectifiers and cycloconverters. We discuss ac-dc-ac converters in 
Section 8.3.5 after we introduce dc-ac conversion.

8.2.1  Three-Phase AC-DC Converters

Consider a converter comprising six diodes as shown in Figure 8.2. The 
diodes are arranged in three legs (e.g., D1 and D4), each connected to one 
phase of the input three-phase supply. The load on the dc side of the con-
verter is represented as a large inductor that maintains a nearly constant 
current in steady state.

It is relatively straightforward to note that the voltage at the top rail (rela-
tive to common ground), that is, Pn, is the instantaneous maximum of the 
three input phase voltages, and similarly the voltage of the bottom rail, that 
is, Nn, is the instantaneous minimum of the three voltages. Therefore, the 
waveforms shown in Figure 8.3 can be obtained in which the top rail volt-
ages and the bottom rail voltages are shown as the respective highlighted 
envelopes of the waveform.

Several aspects of the waveforms are worth paying attention to. It is first 
noted that each diode conducts for a period of 120°, and the combined effect 

AC (single or multiphase)
or

DC (fixed)

Power electronic
interface

Adjustable ac or dc

Electric machine

FIGURE 8.1
Power electronic interface between a fixed source and an electric machine.
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of the conduction of all the diodes is the production of six pulses of 60° each 
at the dc side. For this reason, the bridge is also commonly referred to as a 
six-pulse converter. The ac line current is symmetric and alternating; but it 
is not sinusoidal due to the nature of the load, which is assumed to maintain 
an almost constant current. The ac current waveform has, in fact, significant 
harmonic content that cannot be tolerated in most cases. Therefore, this con-
verter must nearly always be used with some form of ac filter to reduce the 
harmonic content of its line current.

Further, note that the dc voltage is not completely constant; rather, it is 
characterized by a large average (dc) voltage and harmonics of the 6n order 
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FIGURE 8.2
A three-phase diode rectifier bridge.
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(i.e., 6, 12, 18, etc.), due to the fact that six pulses exist per fundamental fre-
quency cycle. The resulting average dc voltage is determined as follows:

	

2
2 3

sin( )d( )
3 3 3 2

dc dc p p LL

6

5
6

V V t t V V∫= ν =
π

ω ω =
π

=
ππ

π

	

 (8.1)

where Vdc is the average dc voltage, and Vp and VLL are the peak of the phase 
and the rms of the line voltage of the ac source, respectively. Note that in cal-
culating Vdc we have taken advantage of the fact that the averages of vPn and 
νNn have equal absolute values, and hence Vdc is twice as large as the average 
of νPn.

Note that the ac line current has instantaneous jumps between 0 and ±Idc; 
this is obviously an idealized case. In reality, the inductance of the ac line, 
or the leakage reactance of a transformer that interconnects the ac source 
with the bridge, will limit the rate of rise of the current and will impact the 
shape of the current waveform and also the output voltage on the dc side. 
These are considered in the problems given at the end of this chapter.

Despite its success in generating a relatively high-quality dc voltage, the 
six-pulse diode rectifier does not offer any means of controlling its output 
dc voltage. This is a critical shortcoming, particularly when an ac-dc con-
verter is to be used in a motion control application where a variable dc input 
is required. To solve this problem, controlled switches must be deployed. 
Consider, for example, the three-phase six-pulse controlled rectifier shown 
in Figure 8.4, where semicontrolled thyristors have replaced the diodes. 
Waveforms for its operation are shown in Figure 8.5.

Thyristors offer the possibility of delaying the conduction period of the 
switch as denoted by the firing angle α. Compared with the waveforms of 
Figure 8.3, the switches have all started conduction α degrees later than the 
original point of forward bias. By changing the firing angle, we can influence 
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FIGURE 8.4
A three-phase thyristor rectifier bridge.
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the top and the bottom rail voltages and hence the resulting output voltage. 
Further, note that each switch still conducts for 120° and that the output volt-
age contains six pulses of 60°, although the shape of the pulses is different 
from that of the six-pulse diode bridge. The average output voltage for this 
converter is calculated as follows:

	
V V t t V Vdc dc p p LL= = = =ν 2

2
3 3 3 2

π 3
ω ω

π
α

π
sin( )d( ) cos ccosα

π α

π α

6

5
6

+

+

∫
	

 (8.2)

As seen from Equation 8.2, the average output voltage is controllable via the 
firing angle, that is, by changing the firing angle we can influence the average 
of the output dc voltage. It is important to note that the output voltage may 
attain a negative average value if the firing angle exceeds 90°. In such cases, 
the average real power flow will be from the dc side to the ac side, as the load 
current will continue to flow in the shown direction, and the converter will 
essentially operate as an inverter. The output current is always positive, but 
the output voltage may attain positive or negative average values. The circuit 
is therefore a two-quadrant converter.

Equation 8.2 also suggests that the variation of the average output voltage 
with the firing angle is nonlinear, due to the cos(α) term. From the standpoint 
of control system design, this is an undesirable characteristic. However, since 
the nonlinearity is known and invertible (see Example 8.1), it can be effec-
tively removed from the control loop.
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FIGURE 8.5
Waveforms for the three-phase thyristor rectifier bridge shown in Figure 8.4.
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Example 8.1:  Linearization of the Converter-Controller Path

The following figure shows the schematic diagram of a part of a 
closed-loop control system in which a controller issues a firing pulse 
command (limited over [−180°, +180°]) to a thyristor bridge. The con-
verter then generates an average voltage proportional to cos(α) at 
its output. Propose a method for the linearization of the converter-
controller path.

SOLUTION

In order to remove the nonlinear cosine nature of the converter, an exter-
nal inverse cosine operator must be added. This is shown in the follow-
ing figure:

The inserted cos−1(x) operator generates an intermediate variable 
for the converter to act on; however, the series combination of the 
inverse nonlinearity and the converter will now behave as a linear 

amplifier with a gain of K, where K V= 3 2
π LL for the three-phase thy-

ristor bridge.

Example 8.2:  Converter-fed dc Motor

Consider the separately excited dc motor of Chapter 3, Example 3.4. The 
machine parameters are as follows:

Armature resistance: Ra = 0 2. Ω ; back emf constant: 0.05 V/(field 
A × rpm).

The machine has a field current of 2 A. A three-phase thyristor bridge 
connects a 380 V, 60 Hz ac source to the armature terminals of the 
machine. The firing angle of the thyristor bridge is 70°. The machine has 
an active load torque of 20 N·m. The armature inductance is sufficiently 
large for the armature current to be essentially constant. Determine the 
shaft speed.

Controller Converter
Kcosαα

–180°

+180°

Controller

+1

–1

cos–1(x) Converter
Kcosα = Kcos(cos–1(x)) = Kxx α
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SOLUTION

As per Chapter 3, Example 3.4, the armature current required to develop 
an electromagnetic torque equal to the active load torque is as follows:

	

I
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f f

N m
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=20

2
20 94

π

.

	

The KVL for the armature circuit implies the following:

	

3 2
cosa LL a a aV V R I E=

π
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With VLL = 380 V and α = 70°, the back emf of the machine will be 
171.3 V. The corresponding shaft speed will therefore be as follows:
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8.2.2  AC-AC Conversion: Three-Phase Cycloconverters

AC machine drives rely on varying the magnitude and/or frequency of the 
terminal voltage of the machine to adjust its torque or speed. Conversion 
from stiff to controllable ac may be achieved with or without an intermediate 
dc stage. In this section, we study a class of ac-ac converters that performs 
the conversion directly, that is, without an intermediate dc stage. They are 
called cycloconverters, and they employ the three-phase thyristor bridge dis-
cussed in Section 8.2.1 as their building block.

Consider the schematic diagram depicted in Figure 8.6, in which a three-
phase thyristor bridge is connected across an RL load. If the load inductance 
is large enough so that a nearly constant load current can be assumed, the 
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FIGURE 8.6
A thyristor bridge connected to an ac load.
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average output voltage across the load terminals under steady state is given 
by Equation 8.2.

In deriving Equation 8.2, it is assumed that the firing angle, α, is held con-
stant. When α is changed in response to a control command, the converter 
undergoes a transient state before it settles into a new steady state.

In practice, we can use Equation 8.2 for conditions where the firing angle is 
not exactly constant but rather varies slowly enough so that its rate of varia-
tion is far less than that of the frequency of the ac source. In particular, let us 
consider a case in which the firing angle is varied as follows:

	 α ω θ( ) cos ( cos( ))t A t= +−1
r 	  (8.3)

where A ∈ [0,1] and ωr is selected to be much smaller than the frequency of 
the ac source supplying the input of the thyristor bridge. This essentially var-
ies the firing angle, α, slowly such that it appears to be practically constant 
within each cycle of the source voltage. This will vary the converter’s average 
output as follows without disturbing its steady state requirements during 
the transition:

	
3 2

cos ( )
3 2

cos( )o LL LL rV V t V A t=
π

α =
π

ω + θ
	

 (8.4)

In other words, by slowly varying the firing angle we have been able to 
produce an output voltage with sinusoidal variations at a frequency of ωr. 
The circuit is essentially operating as an ac-ac converter, producing a low-
frequency sinusoidal voltage from its ac input. The produced output voltage 
can be used to drive an ac motor with low-speed operating requirements. 
Since thyristors are available in large voltage and current ratings, this type of 
ac-ac converters has found numerous applications in high-power, low-speed 
induction motor drives.

The problem we face now, however, is that when this sinusoidal output 
voltage is applied to the load, the load current will in turn become sinusoidal 
and will undergo positive and negative variations. During the negative half 
cycles, the thyristor switches in the converter will block the flow of current. 
In other words, the converter generates an output voltage with a sinusoidally 
varying average voltage but is unable to sustain sinusoidal currents.

To overcome this problem and to allow sinusoidal current flow through 
the load, a similarly structured thyristor bridge is connected across the 
load as shown in Figure 8.7. The positive converter feeds the load when the 
current is positive, and the negative converter feeds it during negative half 
cycles. Current directions for positive and negative converters are noted on 
Figure 8.7. A small dead band is often employed to ensure that the two con-
verters are not operating simultaneously. For three-phase loads, each phase 
is supplied with its own set of positive and negative converters for a total of 
six thyristor bridges.
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Example 8.3:  Cycloconverter Simulation

The following figure shows the source-side and load-side voltage and 
current waveforms for a cycloconverter. The amplitude constant A (see 
Equation 8.4) is kept constant. The frequency of the output (ωr) is initially 
set to 10π (5 Hz) and is then increased to 30π (15 Hz).

The following figure shows a magnified view of the output voltage, 
in which the time-varying average nature of the voltage is seen more 
clearly:

Note that the current waveform is significantly smoother than the volt-
age waveform. This is due to the inductive nature of the load, which has 
a damping effect on the high-order harmonics and hence reduces the 
harmonic content of the load current at high frequencies.
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FIGURE 8.7
Three-phase to single-phase cycloconverter.
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8.3  Conversion from a DC Source

In Section 8.2, we studied a number of converter topologies that are used to 
convert ac input to either ac or dc output. This section presents circuits for 
conversion from dc to either dc or ac. These circuits obviously rely on the 
presence of a dc source for their operation and are useful when such a source 
is available. However, they become particularly important in multistage con-
verters when the required dc is created using an upstream converter (nor-
mally a rectifier). In Sections 8.3.1 through 8.3.5, we assume that the required 
dc support is present in the form of a dc source. Once the foundations are in 
place, we will consider multistage conversion.

The class of converters that we discuss in this section is referred to as 
voltage-source converters (VSCs), as such converters need a dc voltage source 
(or other means of maintaining a stable voltage such as a large capacitor) for 
their operation. The building block of a VSC (hereinafter called a switching 
cell) is capable of generating both ac and dc outputs.

8.3.1  Switching Cell of a Two-Level Voltage-Source Converter

The switching cell of a VSC is shown in Figure 8.8. It consists of two fully con-
trolled switches with antiparallel diodes that are connected to two identical dc 
sources. It is straightforward to see that the switches must have complemen-
tary states, that is, they must not be on or off simultaneously. The former state 
will short-circuit the sources, and the latter state will interrupt the load current.

Turning T1 or T2 on will apply a +E or a −E voltage across the load, respec-
tively, and hence the name two-level VSC. The two controlled switches, 
however, can only conduct current in one direction that does not necessarily 
match the direction of the load current. The antiparallel diodes provide a 
path for the load current should it flow in the opposite direction.

The switching cell is a highly versatile circuit. It can be used to generate 
controlled dc or ac voltages; it can also be used to craft tightly controlled cur-
rent waveforms. It can therefore be used in a large number of motor drive 
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applications where controlled dc or ac voltages or controlled currents are 
required. Let us now see how these tasks are done.

8.3.2  Crafting a Controlled DC Output Voltage

Let us assume that the converter is operated under a given switching fre-
quency, f0 = 1/T0. Consider, for example, one period (T0) of its operation as 
shown in Figure 8.9. The widths of the positive and negative pulses are 
dependent on a parameter m.

During this period, the converter produces two voltage levels of ±E with 
widths that are specified in the figure. Let us find the average value of the 
output voltage over the switching period T0, as follows:

	 ( )
1

( (1 )
2

(1 )
2

)0 0 T
0

0 0

0
V t

T
m

T
E m

T
E mE= ν = − − + + = 	 (8.5)

As seen from Equation 8.5, the average (dc) output voltage is a linear func-
tion of m, which directly influences the width of the voltage pulses at the 
output. By varying m over [−1, +1], we can change the average output volt-
age over [−E, +E] and hence exercise control over the generated dc voltage 
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Switching cell of a voltage-source converter.
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in a linear fashion. Evidently, the output voltage is not purely dc; however, 
it has a linearly controllable dc component as well as other high-frequency 
components. If the load that is subjected to this voltage is slow enough, we 
can argue that it will mainly experience only the dc voltage and will not be 
highly impacted by the high-frequency components. For example, a large dc 
machine with an inertial shaft will naturally respond to the average voltage 
due to the low-pass nature of its slow mechanical system.

To determine whether the load is sufficiently slow to damp out high-
frequency oscillations, we must make sure that the smallest time constant 
of the load is far larger than the period of switching, T0. In such cases, the 
load will not have enough time to show any significant change in response 
to the switching frequency components of the voltage, and therefore we can 
assume that the load response is essentially due to the average (dc) compo-
nent of the generated voltage.

It is instructive at this point to consider a practical way of generating 
switching pulses (to T1 and T2) in order to create the voltage waveform 
shown in Figure 8.9. Consider Figure 8.10, in which a triangular waveform 
(carrier) with a period of T0 and a constant reference voltage with an ampli-
tude of m are shown. A comparator is used to compare the two waveforms 
on an instantaneous basis. The switch T1 is on as long as the reference has a 
larger amplitude than the carrier and is otherwise turned off. The switch T2 
receives a complementary switching command. This results in a switching 
pattern as shown in Figure 8.10 and an output voltage as shown in Figure 8.9. 
Changing the amplitude (m) of the reference waveform will change the width 
of the pulses and hence the dc output voltage.

Note that the frequency of the carrier waveform directly impacts the num-
ber of crossings of the two waveforms in a certain period of time. Each crossing 
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FIGURE 8.10
Generation of switching pulses for the switching cell.
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corresponds to a change in the state of a controlled switch, and as such the carrier 
frequency is also often referred to as the switching frequency. Selection of the 
switching frequency must be done with consideration of the load’s time constant, 
and also the switching losses of the converter, as will be described in Section 8.4.

8.3.3  Crafting a Controlled AC Output Voltage

In creating a controlled dc voltage as discussed in Section 8.3.2, the amplitude 
m of the reference waveform is held constant to maintain a constant average 
voltage at the output. If the reference waveform is varied slowly enough, it 
can be argued that its amplitude within a given switching period (i.e., the 
period of the carrier waveform) is essentially constant. Therefore, if averag-
ing is done over a sliding window that travels along time, we will observe a 
time-varying average as the reference undergoes its slow variations.

In particular, if the reference waveform is a low-frequency (compared to 
the carrier) sine wave, it is expected that the pulse train of voltages at the 
converter terminal will have an embedded sinusoidally varying content at 
the same frequency as the reference. In particular, assume that the reference 
waveform is varied as follows:

	 r t m t( ) sin( )= ωr 	 (8.6)

where ωr is the desired frequency of the output ac waveform and is selected 
to be much smaller than 2π/T0. By combining Equations 8.5 and 8.6, the time 
average of the resulting output voltage is obtained as follows:

	 ν0 ( ) sin( )t mE t= ωr 	 (8.7)

The parameter m is often referred to as the modulation index, and this 
method of generating an ac voltage using voltage pulses with specially 
selected widths is commonly referred to as pulse-width modulation (PWM).

The PWM is illustrated in Figure 8.11, where a triangular carrier, a sinu-
soidally varying reference with an amplitude of 0.8, and the resulting output 
voltage pulse train are illustrated. The figure also shows the fundamental 
component of the output voltage. In this particular example, the frequency 
of the carrier is selected to be 15 times larger than that of the reference. 
Figure 8.12 shows the frequency spectrum of the output voltage.

The produced output voltage waveform and its harmonic spectrum reveal 
important properties of the PWM method, including the following:

	 1.	The ratio of magnitude of the fundamental component of the output 
voltage to E is equal to the modulation index (0.8 in the waveforms 
shown in Figure 8.11). This directly confirms the expected average 
given in Equation 8.7.
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	 2.	The harmonic content of the output voltage is mainly centered around 
the 15th order harmonic and its multiples. Note that 15 is the selected 
ratio between the frequencies of the carrier and the reference waveforms. 
The low-frequency band is essentially devoid of harmonic content. This 
is an appealing feature of the PWM waveform as it shifts the harmonic 
content of the waveform to high-frequency bands where natural damp-
ing of the system reduces their impact on the resulting currents.

It must be noted that the linear relationship between the fundamen-
tal component of output voltage and the modulation index holds only for 
m ≤ 1. When m is larger than 1.0, the magnitude of the fundamental compo-
nent ceases to vary linearly with the modulation index and will experience 
saturation at sufficiently high modulation index values. This nonlinearity 
is undesirable in practice as it complicates the control system in which the 
VSC is embedded. It is therefore recommended that modulation index values 
larger than unity be avoided by properly limiting the controller commands 
that are responsible for generating them.
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8.3.4  Crafting a Controlled AC Output Current

So far, we have used the switching cell to produce controlled dc or ac voltages 
through a PWM method. This is based on the comparison between a high-
frequency triangular carrier waveform and a low-frequency reference waveform. 
The produced output voltage is directly influenced by the reference waveform. 
Note that regardless of the type of the reference waveform, the output voltage 
of a PWM-controlled switching cell will be a train of pulses with modulated 
widths. The low-frequency content of the waveform will, however, depend on 
the reference and will contain a controlled dc or a controlled ac. The remain-
ing frequency contents of the voltage waveforms are unwanted artifacts that are 
generated due to PWM and are to be either tolerated or removed using filters.

Using a modified switching scheme, known as current-reference PWM 
(CR-PWM), the same switching cell can also be used to produce a controlled 
current waveform at its output. Consider, for example, Figure 8.13 in which 
a reference current waveform and two tight narrow envelopes around it 
are shown. The aim of CR-PWM is to apply voltage to the terminals of its 
load such that the load current stays within the narrow bands around the 
desired reference current. If the upper and lower bands are close enough to 
the desired reference, the actual load current can be assumed to faithfully 
follow the reference current.

As shown in Figure 8.13, the aim of the switching strategy used in CR-PWM 
is to switch the upper switch (T1 in Figure 8.8) on to apply +E to the load and 
increase the load current until it reaches the upper band; once at the upper 
band, the scheme turns T1 off and T2 on to apply a −E voltage to reduce the 
load current until it reaches the lower band.

It is evident that squeezing the bands further around the reference cur-
rent will cause the actual load current to be a closer approximation of the 
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FIGURE 8.13
Current-reference pulse-width modulation.
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reference; however, this will increase the number of switchings per cycle and 
will hence increase switching losses. Unlike ordinary PWM for synthesizing 
controlled voltages, CR-PWM does not have a fixed switching frequency and 
this makes the design of tuned filters to remove harmonics a difficult task, 
which is considered a drawback of the CR-PWM.

8.3.5  AC-DC-AC Converters

With an understanding of rectifier and dc-ac converter circuits, we are now 
in a position to consider ac-dc-ac converters. As their name suggests, these 
converters comprise two stages of conversion: 

. These two tasks can be done, for example, by using a three-phase diode 
or thyristor bridge to convert the input three-phase ac to dc, followed by 
using a three-phase VSC to produce controlled three-phase ac at the output. 
In order to do these tasks properly, and to provide the required dc-side sup-
port for the two converters, a proper dc medium must be used. A combina-
tion of inductors and capacitors is often used to do so. Regardless of their 
exact internal circuitry, ac-dc-ac converters can be shown schematically as 
in Figure 8.14.

Despite the complexity of their power circuitry, ac-dc-ac converters offer 
several benefits. For example, the use of an intermediate dc link separates the 
dynamics and properties of the three-phase input from the output to a large 
extent. If a robust dc link is established, both stages of conversion can be 
done with convenience, high efficiency, and enhanced quality. In particular, 
the second stage of conversion from dc to controlled ac can be done using the 
discussed PWM technique (see Section 8.3.3)  or other waveform synthesis 
techniques that offer high degrees of controllability and improved harmonic 
content.

Example 8.4:  Direct Torque–Controlled Induction Machine Drive

The following circuit shows the schematic diagram of an ac-dc-ac con-
verter that is used to drive an induction machine under DTC. The input 
stage of the converter is a three-phase diode rectifier; the intermediate 
link dc comprises an LC combination as well as a crowbar resistor. The 
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AC-DC
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converterDC link
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FIGURE 8.14
The ac-dc-ac converter scheme.
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output converter is a three-phase VSC. The VSC is capable of bidirec-
tional operation, that is, it is able to remove kinetic energy from the rotat-
ing machine during deceleration periods. The energy that is removed 
from the machine will be sent to the dc link of the converter. Since the 
input-stage diode bridge cannot transfer this excess energy to the input 
ac system, it must be stored in the dc link inductor and capacitor. This 
may result in overvoltage across the capacitor and cause damage to the 
converter system. The shunt connected crowbar resistor is used to pre-
vent overvoltage. By switching the resistor in, a resistive path is created 
to dissipate the excess energy and prevent overvoltage.

The following figure shows the dynamic response of the drive. With 
an initial load torque of zero the reference speed is set to 1620 rpm. The 
load torque increases to 0.7 pu at 1.5 s.
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As shown in the figure, the motor produces its rated electromagnetic 
torque during acceleration to bring the shaft speed to the desired value. 
Once the motor is in steady state, the torque matches the active load torque 
on the shaft. During the breaking period after t = 2.0 s, the motor torque is 
rated and in the opposite direction to lower the speed as quickly as possible.

The electromagnetic torque has high-frequency oscillations that are 
caused by the switching nature of applied voltages and the result-
ing high-frequency components of the line current. The following fig-
ure shows the motor line current in steady state after 2.5 s. Despite the 
pulse-train waveform of the applied voltage (due to PWM), the current is 
essentially sinusoidal with a small amount of high-frequency ripple. The 
inductive nature of the induction machine has damped out high-order 
harmonic components of the voltage.

8.4  Practical Considerations for Power Electronic Circuits

Power electronics is the enabling technology of modern, high-performance 
drive systems. Despite its fundamental role in the realization of electric 
drives, power electronics is not without its own set of associated problems. 
Power electronic circuits are nonlinear and have a switching nature. This 
adds a great deal of complexity to electric drives and makes their analy-
sis  and design difficult, to such an extent that specialized tools and tech-
niques are required. Advanced computer tools have been developed for 
modeling, analysis, and simulation of power electronic circuits.

Power electronic circuits pose difficult challenges from an operational 
viewpoint as well. The aspects discussed in Sections 8.4.1 through 8.4.3 are 
only some examples of such challenges.

8.4.1  Torque Vibrations

As was shown in Section 8.3, power electronic converters use high-
frequency switching to craft desired voltages and currents at the terminals 
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of electric motors. Although advanced switching techniques can be 
employed to lessen the amount and severity of harmonics, a machine 
may still be exposed to a small amount of harmonics that will generate 
high-frequency torque oscillations. These oscillations are clearly seen, for 
example, in the electromagnetic torque of the machine in Example  8.4. 
The mechanical subsystem of an electric machine is often fairly slow 
and therefore does not respond to high-frequency torque oscillations. 
In other words, the shaft speed may not contain a significant amount of 
oscillations. The issue of torque oscillations is, however, a serious prob-
lem. Torque oscillations directly impact the shaft of the machine and over 
time cause significant fatigue and may lead to premature failure of the 
shaft system. As a result, extra precautions must be considered to reduce 
the amount of torque oscillations. Remedial solutions include improved 
switching strategies, improved filtering, and proper tuning of control sys-
tems, to name a few.

8.4.2  Switching Losses

Switching phenomena in power semiconductor devices do not occur instan-
taneously. It takes a finite, though small, amount of time for a device to 
change its state from on (conducting) to off (blocking) or vice versa. During 
the short period of switching, a semiconductor device’s voltage and current 
will undergo rapid changes. When the device turns fully off its current is 
essentially zero, and when it is on its voltage drop is negligibly small (com-
pared to typical voltages in the rest of the circuit). The on-state and off-state 
losses are therefore usually small values. During the interval of switching, 
however, both the voltage and the current may have large values, thus lead-
ing to significant losses, which are known as switching losses. Although the 
length of the switching period is quite small, switching may happen sev-
eral hundred or thousand times per second depending on the switching fre-
quency selected.

Switching losses that occur during the turn-on and turn-off periods of a 
power semiconductor device are dissipated as heat, causing an increase in 
the temperature of the device and other circuit elements in its physical vicin-
ity. Large devices with ample surface area can exchange heat with the ambi-
ent (either naturally or through forced air circulation) more easily. To assist 
a device in losing the generated heat, heat sinks are also often used in power 
electronic circuits. Heat sinks provide a considerable amount of surface for 
heat exchange in a relatively small volume and are thus used in power elec-
tronic circuits to remove as much heat as possible from power semiconductor 
devices.

From this discussion, it becomes apparent that the reduction of switch-
ing losses has several profound impacts on a power electronic circuit. The 
efficiency of the system increases with the reduction of switching losses; 
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moreover, the circuit can be constructed using smaller and lighter semicon-
ductor devices and smaller heat sinks.

The design of power electronic circuits often involves a compromise 
between efficiency and quality. The quality of conversion is normally 
higher at higher switching frequencies; however, this implies higher 
switching losses and lower efficiencies. The introduction of fast switching 
devices is often seen as an opportunity to increase the switching frequency 
of emerging power electronic circuits with a view to enhancing their qual-
ity without incurring significant losses. Due to their shorter transition 
periods between on and off states, fast switches have smaller switching 
losses; therefore, their use presents opportunities for improving efficiency 
even in applications where an increase in the switching frequency is not 
required.

8.4.3  Noise and Electromagnetic Interference

Operation of power electronic circuits at high frequencies may disturb and 
interfere with the operation of other electrical equipment (including control 
systems) due to electromagnetic interference (EMI). Audible noise may also 
result, which may cause irritation to individuals who work or live nearby. 
A complete analysis of noise and EMI must therefore be done to ensure that 
such side effects are minimal and comply with the applicable standards and 
guidelines.

8.5  Closing Remarks

There is no shortage of excellent books on the subject of power electronics. 
References [1] and [2] present power electronics in a generic form and discuss 
the analysis, design, and applications of power electronic circuits. An in-
depth discussion of rectifier circuits, both controlled and uncontrolled, can 
be found in [1]. DC-DC converters, which we did not cover in this chapter, are 
discussed in both [1] and [2].

Power electronics in the context of electric drives is presented in [3] and 
[4]. Methods for modeling and control system design using simplified 
approximations are presented in [4]. Reference [5] is an important read 
on the subject of power electronics. Although the presentation may not at 
times have adequate breadth (e.g., on various rectifier circuits), it contains 
excellent tips on analysis, modeling, and design of power electronic con-
verters in general.

Due to the nonlinearity and complexity of power electronic circuits, it is 
somewhat difficult to explore their operation without the aid of computers 
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and simulation tools. Readers are therefore urged to familiarize themselves 
with a power electronic circuit analysis tool to be able to fully understand 
this exciting subject.

Problems

	 1.	Consider a three-phase diode bridge with an ac input frequency of 
f. Its output voltage waveform contains six equally sized pulses in 
each fundamental frequency period of the incoming ac line. Assume 
that the bridge feeds an RL load. State a condition for the time con-
stant of the load so that the load may be treated as a constant current 
load.

	 2.	Consider a three-phase diode bridge with an ac-side series induc-
tance of Lc. The ac line current cannot instantaneously change as 
shown in Figure 8.3. It must rather rise and fall in a finite amount of 
time known as the overlap period. Draw waveforms for the ac line 
current, and derive an expression for the overlap period.

	 3.	Repeat Problem 2 for a three-phase thyristor bridge.
	 4.	A two-level VSC operates under PWM and supplies an RL load. 

The ratio of the frequency of the carrier to that of the reference 
waveform is 15, and the VSC operates with a modulation index of 
m = 0.8; the fundamental current component through the load is 
10 A (rms).

	 a.	 The modulation index is raised to 0.95; what is the new funda-
mental current through the load?

	 b.	 Compared to the initial situation, how do the harmonics change 
for the operating conditions in Problem 4a?

	 c.	 For m = 0.8, the frequency ratio is raised to 21. What is the new 
fundamental current flowing through the load?

	 5.	Develop a computer simulation model for sinusoidal PWM. Obtain 
waveforms of the output voltage for modulation index values of 0.8, 
1.1, and 1.4.

	 a.	 Comment on the observed waveforms.
	 b.	 Obtain a graph of the magnitude of the fundamental component 

of the voltage as a function of modulation index (you will need 
to obtain more samples for other modulation index values).

	 c.	 Apply the voltage waveforms of Problem 5a to an RL load and 
observe the current waveforms. What conclusion do you draw 
from the observation?
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	 6.	Averaging is a technique that is widely used to analyze power elec-
tronic converters. The average value of a period function x(t) with a 

period of T over its period is determined as follows: x
T

x t tT = ∫1
( )d

T

	 a.	 Prove that the average voltage across an inductor is equal to zero 
in periodic steady state.

	 b.	 Prove that the average current through a capacitor is equal to 
zero in periodic steady state.

	 c.	 Consider the converter shown in Example 8.4. Assume its opera-
tion in periodic steady state. Determine the average voltage 
across the dc capacitors. You may assume that the capacitors and 
the inductor are adequately large.

	 7.	Consider a three-phase diode bridge with a constant current load on 
the dc side. What are the harmonic components of its ac line current? 
What types of filters can be used to suppress these harmonics?

	 8.	Develop a computer simulation of a three-phase diode rectifier with 
an RL load on its dc side. Vary the size of the inductor and comment 
on the level of ripple that you observe on the dc current.
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9
Simulation-Based Design of 
Electric Drive Systems

9.1  Introduction

In Chapter 8, we discussed some of the circuitry that is used in electric 
machine drive systems. At the heart of every drive system lies a power elec-
tronic circuit whose operation is closely controlled by a control system. The 
power electronic circuit works in unison with the control system to feed the 
terminals of the machine.

Proper operation of a drive depends chiefly on how suitably the power 
electronic circuit and its control system are designed and tuned. For exam-
ple, in an ac–dc–ac converter system (see Example 8.4), the quality of the 
output voltage and current, as well as the dynamic response of the system, 
partially depends on the size of the dc storage elements used, that is, the 
series inductor and the shunt capacitor. The dynamic performance of the 
drive also depends on how well controller parameters are selected.

Selection of component values and converter switching frequency and 
tuning controllers are examples of the decisions that need to be made during 
the design of an electric drive system. These are not simple tasks and are fur-
ther complicated by the switching and nonlinear nature of the converter, the 
control algorithms (that may contain such nonlinearities as saturation and 
dead-band), and the machine itself. It is often observed that design decisions 
result in trade-offs that need to be resolved by the designer. For example, 
larger inductive and capacitive elements normally lead to reduced ripple and 
higher quality voltage and current waveforms. This may reduce the torque 
ripple and harmonics, but it adds to the cost, volume, and weight of the sys-
tem and may also make its dynamic response slow. In the same way, increas-
ing the switching frequency may improve the quality of waveforms at the 
expense of higher switching losses. It is, therefore, important that the design 
of a drive system be tackled in a holistic manner.

The material and the problems at the end of Chapter 8 showed some 
examples of the trade-offs that need to be solved during the design process. 
Simplified methods, for example, using averaged models, exist for selecting 
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component values for the power electronic circuitry. These models can also 
be adopted for controller design or heuristic (trial and error) ways may be 
adopted. These methods generally either rely on simplifying assumptions 
to allow us to use circuit analysis techniques or involve experiments with a 
simulation model to try different parameter combinations.

Although such approaches are largely successful in designing and tuning 
a working drive system, they do not provide enough flexibility in evaluating 
the system as a whole. They rather treat the components of the system in a 
somewhat isolated manner; for example, design of the circuit is done almost 
independently from tuning controllers.

This simplified approach to design faces escalating limitations, particu-
larly when an electric drive is, in fact, part of large system, for example, 
where multiple drives or other types of power electronic converters are in 
close electrical proximity and their interaction cannot be analyzed in isola-
tion. Such cases occur, for example, in hybrid vehicles and in wind energy 
applications where multiple machines with fast-acting drives operate simul-
taneously. Industrial power systems in which multiple electric machines, 
some with power electronic drives and some without, are in operation are 
another example of cases with excessive interaction and complexity.

In this chapter, we will introduce an alternative way of designing elec-
tric drive systems. This method relies on a high fidelity computer simula-
tion model, rather than on a simplified analytical model, to select and tune 
parameters of the system. By doing so, it eliminates the need for using con-
ventional methods, and by employing a supervisory optimization algorithm, 
it automates the cycle of design to a large extent. The chapter continues with 
a description of the so-called simulation-based optimal design.

9.2  Principles of Simulation-Based Optimization

Figure 9.1 shows a schematic diagram of simulation-based optimization. As 
shown, this is essentially an interface between a simulation model of the 
drive system and an external optimization algorithm, whose role is to devise, 
conduct, and supervise a sequence of simulation runs. Simulation-based 
optimization is in essence similar to the process of trial and error done with 
a simulation model by a designer. The difference is that in the latter, human 
intelligence is used to select the parameters, whereas in the former, an opti-
mization algorithm does this. Both approaches aim to find a suitable set of 
parameters x, for example, controller gains or element values, that result in 
satisfactory performance of the drive. The simulation model conducts a simu-
lation of the drive system for trial parameters. Assessment of whether and to 
what extent the design objectives are satisfied is an important step and must 
be done with care, particularly when simulation-based optimization is used.
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Use of an optimization algorithm instead of a human observer simpli-
fies the design cycle significantly, as it automates the task of deciding what 
parameter values (denoted by the vector x with n elements in Figure 9.1) must 
be used in the sequence of simulation runs. A proper optimization algorithm 
does this by assessing the results of previous simulation runs; this much 
resembles the action of an experienced designer. The simulation-based opti-
mization is, therefore, an intelligent, computer-driven trial and error method 
that benefits from the algorithmic nature of optimization in searching for 
suitable parameters.

When a simulation run is conducted with a given set of parameters, an 
explicit and quantifiable figure of merit needs to be defined in order to evalu-
ate the conformity of the simulated results with the design objectives. For 
example, a figure of merit may measure how closely the response of a closed-
loop control system follows its reference or how much torque ripple exists on 
the shaft of an electric motor. In Figure 9.1, this figure of merit is shown as 
the objective function f(x). The objective function is a mathematical expres-
sion that encapsulates the design specifications and is calculated using simu-
lated quantities. Use of a simulation model to calculate the objective function 
relieves the design process by eliminating analytical modeling, as is the case 
in conventional design techniques.

9.2.1  Design of a Suitable Objective Function

The objective function f(x) plays a fundamental role in the process of 
simulation-based optimization. When a human designer conducts trial and 
error simulations, his or her knowledge and engineering intuition are used 
to assess the merit of a given set of parameters by analyzing the response 
observed. In simulation-based optimization, however, this task must be 
done automatically and by the computer. At the end of each simulation run, 
the results obtained during the simulation are used to calculate the objective 
function for the set of parameters used.

Objective function f (x)

Nonlinear
optimization

algorithm

Simulation model
of the drive system

Parameter set x
n

FIGURE 9.1
Simulation-based optimization.
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The aim of an optimization algorithm is to minimize (or maximize) the 
objective function. Without loss of generality, let us consider the case of mini-
mization. Therefore, the aim of the optimization algorithm in Figure 9.1 is to 
find a set of parameters x for which the objective function attains its mini-
mum. Since the objective function is a measure of the conformity of simu-
lated results to the design objectives, it is thus logical to formulate it so that 
its minimization implies satisfaction of the objectives. For example, if a con-
trol system is to be designed so that a system output y(t) follows the reference 
input yref(t) closely, the following objective function may be a suitable choice:

	 f y t y t t( ) ( ( ) ( ))x = −∫ ref d2

0

T

	  (9.1)

where T is the final simulation time. In an idealized case when the output 
and the reference overlap, the objective function attains its global minimum 
of zero; for other cases, minimization of the objective function results in a 
close match between the output and the reference. The optimization algo-
rithm’s role is to determine for what x this occurs.

To formulate an objective function that encapsulates the design objectives 
in a balanced and comprehensive manner takes experience and may involve 
a few iterations of making adjustments. Once a proper objective function is 
formulated, the automated simulation-based optimization can begin.

9.1.2  Requirements for a Nonlinear Optimization Algorithm

Optimization algorithms are available in many forms, and they are suited 
for different classes of problems. For example, some optimization algorithms 
are applicable only when the objective function is linear, that is, when f(x) is 
a linear combination of the elements of x. In general, design of a drive sys-
tem is a nonlinear problem, and as such, nonlinear optimization algorithms 
are to be used in their simulation-based optimization. Furthermore, since 
an explicit formulation of the objective function in terms of x is impractical 
(due to the complexity of the nonlinear system), the selected optimization 
problem must not need such explicit formulation of the objective function.

Fortunately, a large class of nonlinear optimization algorithms are avail-
able that are independent of an explicit formulation and rely merely on 
objective function evaluations that are accessible, in our case, through simu-
lation of the drive system. The references at the end of this chapter point the 
interested reader to material on this and related topics.

The remainder of this chapter shows three examples of simulation-based 
optimal design of electric drive systems. The first example serves to demon-
strate the general concept and highlights its benefits. The second example 
shows optimization with multiple conflicting objectives. The third example 
deals with a case where multiple optimal solutions exist.
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9.3 � Example Cases of Simulation-Based Optimal 
Design of Electric Drive Systems

9.3.1  Design of an Indirect Vector-Controlled Induction Machine Drive

An indirect vector induction machine drive is considered in this example. 
The parameters of the three-phase machine are as follows [7]:

	 2300 V, 500 hp, 4-pole, 60 Hz,

	 rs = 0.262 Ω, rr = 0.187 Ω, Xls = 1.206 Ω, Xlr = 1.206 Ω, XM = 54.02 Ω

A three-phase diode-front ac–dc–ac converter is used to drive a large 
three-phase induction machine from an input three-phase supply. A voltage 
synthesis method (see Figure 6.4) is used to generate the required stator cur-
rents. Torque command to the drive is generated using an outer-loop speed 
controller. A schematic diagram of the system is shown in Figure 9.2.

The four objectives of the design are as follows:

	 1.	To ensure that the speed follows the reference as closely as possible
	 2.	To minimize the torque ripple
	 3.	To reduce the ripple on the dc voltage across the dc link capacitors
	 4.	To do the aforementioned with small energy storing elements

Note that other objectives may be added to the list as well. For example, it 
may also be desirable to minimize the harmonic content of the input ac line 
current to relieve filtering requirements. The purpose of this example, how-
ever, is to demonstrate the optimization process using simulation. For this 
reason, the aforementioned objectives are deemed adequate.

Let us now determine what parameters are available for selection to achieve 
the desired objectives. The drive system has three controllers for adjusting the 
speed and the d and q voltages. Proportional-integral (PI) controllers are con-
sidered for this example. A PI controller has the following transfer function:

	 H s K
Ts

( ) = + 1 	  (9.2)

where K is the proportional gain and T is the integral time constant. The three 
PI controllers’ gains and time constants are certainly the available degrees 
of freedom to use toward attainment of the objectives. The dc link inductor 
and the capacitor also affect the dynamic and steady state performance of 
the drive and can be considered as parameters to be selected through simu-
lation-based optimization. The optimization problem at hand will, therefore, 
have eight parameters to be selected.
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It is now time to formulate an objective function to encapsulate the stated 
objectives in terms of quantities that are measurable through simulation of 
the drive system. With the four objectives as outlined earlier, we can formu-
late an overall objective function of the following form:

	 f k f k f k f k f( ) ( ) ( ) ( ) ( )x x x x x= + + +1 1 2 2 3 3 4 4 	  (9.3)

where f1 to f4 are mathematical functions pertaining to the four objectives 
and x = [ , , , , , , , ]K T K T K T L Cq q d d dc dcω ω  is the parameter vector. The q, d, and ω 
subscripts pertain to the q-axis voltage, d-axis voltage, and speed controllers, 
respectively. The coefficients k1 to k4 are used to adjust the relative weight of 
the four objectives in the aggregate objective function f(x). In other words, 
the weighting factors determine how significantly a particular objective is 
represented in the aggregate objective function.

There are several ways in which the objectives stated in words can be rep-
resented as mathematical functions. In this particular example, the follow-
ing mathematical representations are used:

	

f a t t t a1 1
2

2( ) ( ( ) ( )) (x = − +∫ ω ω ωref
steady state

d rref
transient

e-ripple

d

d

( ) ( ))

( )

t t t

f T

−

=

∫ ω 2

2
2x tt

f v t

steady state

dc-ripple
steady st

d

∫

=3
2( )x

aate

dc dc

∫
= +f a C a L4 3 4( )x

	  (9.4)

The coefficients a1 to a4 denote the relative weight of their respective terms 
in the objectives.

Note that each of the objectives measures a specific aspect of the response. 
They are formulated such that minimizing them would imply satisfaction 
of that specific objective. For example, if f3 is minimized, it implies that 
the parameters in x are selected such that the ripple on the dc link volt-
age is minimized. Obviously, when all the objectives are aggregated into 
one objective function as in Equation 9.3, the optimized x vector will con-
tain parameter values that provide a compromise between all constituent 
objectives.

To test the performance of the drive system for a given set of parameter 
values, a number of dynamic changes are applied in its simulation. The 
speed reference and the load torque are varied as shown in Figure 9.3.

These changes ensure that the control system is forced to respond to a fairly 
wide range of input and disturbance variations. The response of the system 
to these variations is simulated; the objective functions f1 to f4 are calculated 
on the basis of the obtained simulation results and are then aggregated into 
a single objective function as per Equation 9.3. The optimization algorithm 
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uses this aggregate figure of merit in deciding the next set of values for the 
parameters. The sequence of simulation, evaluation, and parameter gen-
eration continues until a set of parameters is obtained that minimizes the 
aggregate objective function. Table 9.1 shows the coefficient values that are 
used in the construction of the individual and aggregate objective functions. 
These coefficient values are obtained by a few iterations of trial and error, in 
which the relative magnitudes of the objectives and their contributions to the 
aggregate objective function are adjusted.

TABLE 9.1

Coefficient Values for the Objective 
Functions in Equations 9.3 and 9.4

a1 100
a2 0.01
a3 0.0002
a4 500
k1 250
k2 2000
k3 1500
k4 1
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FIGURE 9.3
Reference speed and load torque variations.
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Figures 9.4 through 9.6 show the dynamic response of the system before 
and after optimization. The following three improvements in the optimized 
system response are noted:

	 1.	The electromagnetic torque ripple has been reduced (see Figure 9.4); 
this is beneficial in terms of reducing the mechanical stress on the 
shaft of the machine. The control system has also increased the elec-
tromagnetic torque during the deceleration period after t = 2.5 s. 
Note that the electromagnetic torque stays closer to −1 pu during the 
deceleration period.

	 2.	The speed generally follows the reference in both cases (see 
Figure 9.5); the optimized system, however, has faster response dur-
ing deceleration because of the larger electromagnetic torque applied.

	 3.	The dc link voltage ripple has been significantly reduced (see Figure 9.6).

Table 9.2 lists the initial and optimized parameter values. The table also 
lists the objective function values before and after optimization. Note that 
the aggregate objective function has reduced significantly as a result of opti-
mization. The objectives f1 to f3 also show improvements because of optimi-
zation. The objective f4, however, has increased, which is as a result of the 
compromise made to lower the aggregate objective function.
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FIGURE 9.4
Electromagnetic torque (top) before and (bottom) after optimization.
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9.3.2  Multiobjective Optimization

Design of electric motor drives often pursues more than one single objec-
tive. This was the case in our previous example where four objectives were 
incorporated into a single objective function. At times, the objectives that are 
amalgamated into one are conflicting; that is, an attempt to improve one may 
indeed degrade others. Combining objectives with competing nature into 
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Shaft speed (top) before and (bottom) after optimization.
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one objective function requires analysis of the compromise that is made to 
do so. The design case considered in this section demonstrates this compro-
mise. Consider an ac–dc–ac converter with a three-phase thyristor rectifier 
bridge, a dc link with a series inductor and a shunt capacitor, and an output-
stage VSC as shown in Figure 9.7. The converter is used to drive an induction 

TABLE 9.2

Optimization Results

Initial Optimized

Parameters
Kq 30 6.93
Tq 0.5 1.28
Kd 30 264.7
Td 0.5 0.68
Kω 200 280.8
Tω 0.5 1.96
Ldc 1 mH 0.5 mH
Cdc 500 μF 4269 μF

Objectives
f1 0.00043 0.000038
f2 0.0091 0.0059
f3 0.04155 0.00048
f4 0.6 1.105
f 189.72 23.25

Controlled
rectifier

Firing angle

VSC

vdcCdc

vdc-refTe-ref

Te

idc-ref

idc ωe
ωsl ωr

vdc

Ldc

idc

PI torque
controller

PI voltage
controller

PI current
controller

PWM

Rotor speed
(elec. rad/s)

Induction
machine

Gate
pulses

m

–– –

–

+ +

+
+

+

+

FIGURE 9.7
An ac–dc–ac converter for constant slip speed control of an induction machine.
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machine under constant slip speed control. The rectifier adjusts the dc link 
voltage according to the requested torque command. The VSC operates with 
a constant modulation index. The frequency of its output voltage is varied so 
that a prespecified slip speed is maintained.

The two objectives of the design are as follows:

	 1.	To ensure rapid and smooth transient response to torque commands.
	 2.	To obtain small ripple on the dc voltage and current in steady state.

The parameters available for achieving these objectives are the control sys-
tem parameters and the dc link inductor and capacitor values, which are to 
be selected through simulation-based optimization. An objective function of 
the following form is used for this purpose:

	 f kf k f( ) ( ) ( ) ( )x x x= + −ss tr1 	  (9.5)

where fss and ftr encapsulate the steady state and transient objectives, respec-
tively. The weighting factor k (∈[0,1]) is used to determine the relative weight 
of the two objectives in the objective function f. The vector x comprises con-
troller parameters and dc link element values.

First, it is noted that the two objectives have some degree of conflict. 
Minimization of the steady state ripple of the dc link voltage and current 
can be done well by selecting large values for the energy storage elements 
of the intermediate dc link. Doing so, however, may deteriorate the transient 
response of the system as large energy storage elements tend to respond 
slowly to dynamic variations. It is therefore observed that improving either 
one of the two objectives will naturally hinder the other one.

Second, it is noted that the weighting factor k plays a direct role in deter-
mining to what extent the two objectives contribute to the objective function 
f(x). For k values close to unity, the objective function will be dominated by 
fss, and for k values close to 0, it will be dominated by ftr. Optimization of the 
former will yield a design with good steady state and poor transient perfor-
mance, while the latter will produce a design with good transient and poor 
steady state behavior. Proper selection of the weighting factor for a balanced 
design is obviously an important task.

With two suitably formulated objective functions for steady state and 
transient periods, a series of simulation-based optimization runs are con-
ducted, each with a different value for the weighting factor k between [0,1]. 
For each weighting factor, the process generates an optimized design. 
The corresponding pairs of objective function values for the fss and ftr 
are recorded and shown on the graph in Figure 9.8. The generated graph 
shows a curve, commonly referred to as the Pareto frontier, for the two 
objectives.

Note that each point on the Pareto frontier belongs to an optimized f(x) for 
a given k. Additionally, each point on the Pareto frontier has a fundamental 
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property: starting from the point, it is not possible to further improve either 
of the two objectives without deteriorating the other one. The two extreme 
points on the Pareto frontier for the considered design case are denoted by 
A and C. Point A corresponds to k = 1, which implies that the optimization 
has solely targeted to minimize the fss. Similarly, point C corresponds to 
k = 0, which implies that the optimization has only targeted to minimize 
the ftr. It is therefore expected that optimal sets of parameters for A and C 
perform well for the steady state and the transient period, respectively, and 
have relatively poor performance for the other period. Alternatively, a point 
such as B on the middle of the Pareto frontier is a compromise between the 
two extreme cases. It is expected that the response for the set of param-
eters in B will be reasonably good for both the transient and the steady state 
conditions.

Figures 9.9 through 9.11 show the dynamic response of the drive system 
for parameter sets corresponding to points A, B, and C, respectively. It is 
readily observed that the response waveforms indeed have the expected 
characteristics.

The benefit of creating a Pareto frontier is that it enables the designer to 
quantitatively assess the compromise in combining competing objectives 
into a single objective function. The intention of the example presented in 
this section is not to imply that the set of parameters at B is necessarily supe-
rior to the ones at A or C. It is only to emphasize that depending on how 
the constituent objectives are represented in the objective function, the end 
result will be different.
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FIGURE 9.8
The Pareto frontier of the two objectives in Equation 9.5.
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9.3.3  Multiple Optimal Solutions

The majority of nonlinear optimization algorithms are local optimizers, 
that is, the optimal solution they find is only a local optimum. Nonlinear 
objective functions may indeed have more than one optimum. Multiple 
optimal solutions, each satisfying the objective function to a different 
degree, may exist for the same problem. This is commonly referred to as 
multimodality. Simulation-based optimal design of electric drives is not 
an exception, and it is often observed that more than one set of optimal 
parameters is found.

Let us first consider the implications of multimodality. With more than 
one set of locally optimal solutions, we can naturally anticipate that one of 
the solutions will have the best performance overall. The so-called global 
optimum might, in fact, be highly appealing, as it is the best suited solution. 
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A large category of optimization algorithm are, therefore, developed that 
aim to determine the global optimum of a multimodal objective function. It 
is intuitively clear that finding the global optimum will be more exhaustive 
than finding a local optimum, as it requires a more widespread exploratory 
search in the parameter space.

Despite the fact that the global optimum is the best solution from an 
objective function evaluation viewpoint, it is still beneficial to have access 
to other optimal solutions as well. Consider, for example, a globally opti-
mal solution for an electric drive system that proves to be excessively sensi-
tive to parameter variations. The actual performance of the drive will then 
be substantially degraded if there is the slightest deviation from optimized 
parameter values when they are implemented. This is an undesirable situ-
ation as all practical systems will naturally experience some deviation in 
their parameters due to such factors as temperature, aging, operating con-
ditions, and so on.
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Another factor that makes access to multiple optimal solutions appealing is 
that some optimal solutions may contain parameter values that are impracti-
cal, overly costly, or undesirable otherwise. For example, a locally optimal 
solution with reasonable cost for its implementation may, in fact, be favored 
over a costly global solution that may have marginally better performance.

For these reasons, specially designed optimization algorithms with abil-
ity to search for multiple optimal solutions have been devised and used for 
simulation-based design. The example in this section demonstrates design of 
a vector-controlled induction motor drive using such an algorithm.

Consider the indirect vector control drive for an induction machine. In this 
example, the voltage synthesis loops are dropped and the VSC is controlled 
as a current source (using the current reference PWM of Chapter 8) to create 
the desired d-axis and q-axis components of the stator current. A schematic 
diagram of the system is shown in Figure 9.12.
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The four objectives of the design are listed as follows:

	 1.	To ensure that the speed follows the reference as closely as possible
	 2.	To minimize the torque ripple
	 3.	To reduce the harmonic content of the ac line current drawn from 

the input supply
	 4.	To do the aforementioned with small energy storing elements

These objectives are encapsulated in an objective function of the following 
form:

	 f k f k f k f k f( ) ( ) ( ) ( ) ( )x x x x x= + + +1 1 2 2 3 3 4 4 	  (9.6)

where the constituent objectives are given as follows:

	

f t t t

f T t
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x aa L2 dc

	  (9.7)

Ih denotes the hth harmonic component of the input ac line current. The 
parameter vector x contains the gain and time constant of the speed control-
ler and the sizes of the dc link inductor and capacitor. Table 9.3 shows the 
weighting factors used in the construction of the objective function.

Optimization is conducted on the objective function in Equation 9.6 using 
a simulation model of the drive system and with a specialized multimodal 
optimization algorithm. The algorithm discovers five locally optimal solu-
tions for the problem. These solutions are listed in Table 9.4.

TABLE 9.3 

Coefficient Values for the Objective 
Functions in Equations 9.7 and 9.6

k1 100
k2 20,000
k3 70,000
k4 1
a1 0.001
a2 0.1
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Scrutiny of the local optima in Table 9.4 shows interesting properties 
of these solutions. For example, local optimum 5 has the lowest overall 
objective function (31.63) and is, thus, the globally optimal solution. It 
also appear that from a component’s point of view, local optimum 2 has 
the smallest LC component cost (and combined component size), as evi-
denced by its lowest f4 evaluation of 2.14. It, however, has the largest ac line 
harmonic content of all the solutions, as evidenced by its f3 evaluation of 
4.02. Other comparative assessments of the local optima can be conducted, 
so that a solution with the most desirable features is selected for actual 
implementation.

Additional analysis can also be performed to evaluate the sensitivity of the 
obtained local optima to parameter variations. This, however, is not done 
here. The references at the end of this chapter contain information on sensi-
tivity assessment of multimodal objective functions.

9.4  Closing Remarks

Simulation-based optimal design is an exciting area of research and 
development. It has extensive applications in electrical, mechanical, and 
industrial engineering. It has been widely used for design of electronic 
integrated circuits. In recent years, it has also been used for design of high-
power electric and electronic circuits. References [1–3] show some of these 
applications.

For general reading on the subject of optimization, [4] is an excellent source. 
Multimodal simulation-based optimization has been extensively presented 
in [5] and [6], where sensitivity and computational aspects of the algorithms 
are analyzed and examples are presented.

Induction machine parameters are taken from [7], and this material is 
reproduced with permission of John Wiley & Sons, Inc.

TABLE 9.4 

Optimal Solutions for the Objective Function in Equation 9.6

Partial Objectives

Kω Tω

Ldc 
(mH)

Cdc 
(μF) f1 f2 f3 f4 f

1 22.93 0.46 25.4 1920.6 15.67 10.45 3.28 3.19 32.6
2 25.62 0.69 12.4 1519.0 15.30 10.59 4.02 2.14 32.06
3 31.67 0.27 25.6 1321.8 15.55 10.55 3.69 2.60 32.39
4 37.23 0.19 34.4 1707.2 15.66 10.7 3.76 3.43 33.55
5 41.06 0.46 18.4 1379.6 15.04 10.62 3.67 2.30 31.63
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Appendix A: Numerical Simulation of 
Dynamical Systems

A.1  Introduction

Throughout this book, we have dealt with differential equations that describe 
the dynamic behavior of electric machines. Solution of these equations yields 
the response of the machine to the supply and load applied to it. Given the 
form and quantity of dynamic equations of a machine, it is evident that 
obtaining a closed form, analytical solution is a daunting and prohibitively 
difficult task. The addition of nonlinear and switching power electronic cir-
cuits only aggravates the complexity of the problem.

Alternatively, we may use numerical integration techniques to solve the 
differential equations of a machine. The benefit of a numerical solution is in 
its simplicity and in the fact that it conveniently lends itself to implementa-
tion on a computer. In this appendix, we will examine numerical solution 
of a system of differential equations for a nonlinear dynamical system. A 
vast array of numerical integration methods is available for this purpose. 
Detailed study of these methods is obviously beyond the scope of this text 
and is treated well in other references cited at the end of Appendix A. As 
such, the presentation in this section is only limited to a simple numerical 
simulation technique.

A.2  State Space Representation of a Dynamical System

A nonlinear dynamical system can be represented using a set of first-order 
differential equations that describe the time evolution of an adequately 
sized number of its variable, known as the states. By knowing the states 
and the inputs to the system, we can uniquely determine its course of 
evolution in time. From circuit theory, we already know that the voltages 
across capacitors and the currents through inductors are convenient state 
variables of an electric circuit. In the case of an electric machine, the wind-
ing flux linkages and the shaft position and speed may be selected as state 
variables.
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Regardless of what variables are chosen as states, a nonlinear dynamical 
system can be described in state space as follows:

	
�x x u

y x u

( ) ( ( ), ( ), )
( ) ( ( ), ( ), )
t t t t

t t t t

=
=

f

g
	 (A.1)

where x, u, and y are the state, input, and output vectors, respectively; f and 
g are nonlinear functions that may also vary with time.

If the dynamical system is linear and time-invariant, the preceding set of 
equations may be simplified as follows:

	
�x x u

y x u

( ) ( ) ( )
( ) ( ) ( )
t t t

t t t

= +
= +

A B

C D
	 (A.2)

where A, B, C, and D are constant matrices.
Note that when the states are determined, any output can be obtained by 

combining and manipulating them. That is why, in the following sections, 
we will focus on solving the first equations in Equations A.1 and A.2.

A.3  Euler’s Numerical Integration Method

Let us now assume that the states of the system are given at t = t0 and 
that the input vector u(t) is known. The aim of a numerical integration 
method is to find a solution for the states at regularly sampled points in 
time with enough accuracy. Therefore, a solution time step Δt must be cho-
sen. The numerical solution progresses in time and produces estimates of 
the actual states. Euler’s method suggests the following to obtain estima-
tions of the states at t + Δt for the nonlinear set of differential equations 
in Equation A.1:

	 x x x x x u( ) ( ) ( ) ( ) ( ( ), ( ))t t t t t t t t t+ ≈ + = +∆ ∆ ∆� f 	 (A.3)

Note that the Euler’s method is simply based on the assumption that the 
states vary linearly between the two sampling points at t and t + Δt. While 
this may not be true in reality, it may hold reasonably well if the solution 
time step is adequately small.

In case of the linear set of differential equations in Equation A.2, Euler’s 
method yields the following:

	 x x x u x u( ) ( ) ( ( ) ( )) ( ) ( )t t t t t t t t+ ≈ + + = + +∆ A B I A B∆ ∆ (( )t t∆ 	 (A.4)
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where I is the identity matrix.
Needless to say, it is possible to use more accurate methods to estimate the 

derivatives at a given instant to improve the accuracy of the solution. The 
trapezoidal integration method and the Runge–Kutta class of methods are 
examples of such improved approaches. More detail will be presented in the 
problems at the end of Appendix A.

Example A.1: � Numerical Solution of a Simple Second-Order Circuit

Consider the RLC circuit shown in the following figure. Develop state 
space equations of the circuit in terms of the inductor current and the 
capacitor voltage. Solve the equations using the Euler’s integration 
method when the circuit is excited with a unit step function. Assume 
the circuit is initially at rest. Element values are R = 10 Ω, C = 0.33 F, and 
L = 3.7 H.

SOLUTION

The first step in solving the circuit is to develop its state equations. By 
selecting the current through the inductor and the voltage across the 
capacitor as the states, we can write the following state equations:

	

d

d
d

d
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i t
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v t
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v t v t

v t

t C

( )
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The discretized equations of the circuit when Euler’s method is applied 
are as follows:
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Simulation results for a 100-μs time step are shown as follows:

In the problems at the end of Appendix A, we will consider the effect 
of simulation time step on the accuracy of the result and also stability of 
the solution.

A.4  Closing Remarks

Numerical integration techniques form the basis of computer simulation of 
dynamical systems such as electric machines and drives. Various integration 
methods offer markedly different properties, including stability and conver-
gence, for the solutions they generate. Numerical integration techniques are 
discussed in great length in [1] and [2].

In the context of numerical simulation of electric circuits, the material 
found in [3] is helpful in understanding how equivalent circuits in the dis-
cretized domain of simulation, which is mainly based on the trapezoidal 
integration method, are developed and solved numerically.

Problems

	 1.	The Euler’s method relies on the local value of the state derivatives to 
estimate the states at the next time step. Alternatively in the trapezoi-
dal integration method, the derivative is calculated at both the current 
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and the next time step and its average is used in estimation of the 
states. In other words, in x x x( ) ( ) ( )t t t t t+ ≈ +∆ ∆� , the derivative term 
is replaced with �x x u x u( ) / ( ( ( ), ( )) ( ( ), ( )))t t t t t t t= + + +1 2 f f ∆ ∆ . Expand 
the trapezoidal integration rule for a linear dynamical system and 
obtain an algorithm for its simulation in time domain.

	 2.	Obtain an analytical solution for the capacitor voltage in Example A.1 
and verify the accuracy of the given simulation results against it.

	 3.	Rework Example A.1 for the following cases:
	 a.	 Using the Euler’s method with Δt = 10 ms.
	 b.	 Using the Euler’s method with Δt = 0.5 s.
	 c.	 Using the trapezoidal rule with Δt = 10 ms.
	 d.	 Using the trapezoidal rule with Δt = 0.5 s.
	 e.	 Comment on the accuracy and stability of the solutions.
	 4.	Prove that the trapezoidal integration rule does not lead to instabil-

ity of the solution of a linear dynamical system.
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Appendix B: Power 
Semiconductor Devices

B.1  Introduction

Power semiconductor devices (PSDs) are the building blocks of power 
electronic circuits that are used in electric motor drives. Presently, power 
electronic circuit designers have a wide variety of semiconductor devices 
with markedly different characteristics at their disposal to build high-
performance circuits. A comprehensive study of PSDs is obviously beyond 
the scope of this text and needs extensive coverage; it requires close exami-
nation of their devices’ semiconductor structure and properties, conduc-
tion and blocking capabilities, and switching characteristics, to name a few 
aspects. These aspects are well covered in the literature, and the interested 
reader is encouraged to consult the references at the end of this appendix.

A common feature of PSDs used in power electronic circuits is that they all 
act as switches, that is, they either allow the flow of the current with mini-
mal voltage drop across them or block the flow of current and withstand the 
voltage across them. The former state is called the ON state and the latter the 
OFF state. The main difference between PSDs is how much flexibility they 
offer in controlling their ON and OFF states.

From the standpoint of controllability, PSDs can be divided into the follow-
ing three large categories:

	 1.	Uncontrolled devices: These PSDs offer no ability to the circuit designer 
in controlling their ON and OFF states. The state of the device will 
only be determined by the conditions of the circuit in which they 
are used.

	 2.	Semicontrolled devices: These PSDS allow the external control circuitry 
to determine their ON state under certain conditions; when turned 
ON by the external control circuit, their OFF state is determined by 
the conditions of the circuit only.

	 3.	Fully controlled devices: These PSDs allow control of both their ON 
and OFF states. The external control circuit can determine when the 
device turns on and when it turns OFF.

Let us continue with a brief discussion of these categories of PSDs.
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B.2  Uncontrolled Power Semiconductor Devices

Diodes form the category of uncontrolled power semiconductor devices. The 
ON and the OFF states of a diode are determined by the conditions of the 
circuit in which it is used. The schematic diagram and the voltage–current 
characteristics of a diode are shown in Figure B.1. As shown, the diode 
turns on and conducts current in the positive direction when the voltage 
across the device is positive. The voltage drop across the device is relatively 
small and remains in the order of a couple of volts for power diodes. When 
the current tends to become negative, the diode blocks the flow of current 
(except for a very small amount of leakage current) and is able to withstand 
reverse voltage. If the reverse voltage exceeds what is known as the reverse 
breakdown voltage, the diode starts conducting in the reverse direction as 
well, but this is an undesirable situation and must be avoided by proper cir-
cuit design. With some loss of accuracy, the diode can be treated as an ideal 
switch, that is, when ON it allows the flow of current in the positive direction 
with zero voltage drop, and when OFF it blocks the reverse voltage. The ideal 
diode will therefore have zero losses during ON and OFF states.

B.3  Semicontrolled Power Semiconductor Devices

To exercise active and external control on the operation of power electronic 
converters, we need to be able to control the conduction period of its switches. 
With semicontrolled devices, it becomes possible to control the onset of the 
device’s ON state. Thyristors are the PSDs that offer this degree of control.

The schematic diagram and the voltage–current characteristics of a thy-
ristor are shown in Figure B.2. As shown, the device can withstand both 
positive and negative voltages (before breakdown occurs at high voltages) 

Ideal diode approximation

+ Reverse breakdown
voltage

ON

OFF

id

id

vd

vd

–

FIGURE B.1
Diode symbol and characteristics.
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and maintain its OFF state. When the voltage across the device is positive, 
application of a pulse of current of sufficient amplitude and duration to the 
gate terminal of the device (labeled “g” in the figure) causes the thyristor 
to rapidly turn on. In its on state, the thyristor behaves similar to a diode, 
that is, it allows positive current flow with a small amount of voltage drop. 
If the current tends to become negative or if the voltage across the device is 
reversed, the thyristor turns OFF.

A large class of power electronic converters, such as single-phase and 
three-phase rectifiers, is built around thyristors. Since thyristors are fabri-
cated with high voltage and current ratings, thyristor-based converters with 
high voltage, current, and power ratings are commonly available. In the past, 
and before the advent of fully controlled switches of adequate rating, thyris-
tors were also used in circuits where it is necessary to control both the ON 
and the OFF states of the device. In such cases, additional switching circuitry, 
known as commutation circuits, was used to force a thyristor to turn OFF.

B.4  Fully Controlled Power Semiconductor Devices

As indicated earlier, fully controlled PSDs allow the external control cir-
cuitry to control both their ON and OFF states. The opportunity to control 
both the ON and the OFF states allows design of power electronic circuits 
with a great deal of flexibility. Needless to say, control of circuits that employ 
fully controlled devices is more involved than that of circuits with uncon-
trolled or semicontrolled switches.

A number of different PSDs fall in the category of fully controlled switches. 
These include, for example, power bipolar junction transistors (BJT), power 
MOSFETs, gate turn-off thyristors (GTO), and insulated gate bipolar transis-
tors (IGBT), to name a few. These devices have markedly different character-
istics in terms of their internal semiconductor structure, how control of the 
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FIGURE B.2
Thyristor symbol and characteristics.
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ON and the OFF states is applied, switching frequency, gate drive require-
ments, voltage and current ratings, and capability to withstand voltage.

In recent years, IGBTs have seen major development and are now avail-
able in reasonably large voltage and current ratings and so it is now possible 
to construct high-power converters using them. IGBTs offer relatively high 
switching frequencies, which makes them further appealing from the stand-
point of crafting high-quality waveforms. They are also capable of blocking 
reverse and forward voltages during their OFF state. The gate drive require-
ments of an IGBT are low in that its insulated gate does not draw large cur-
rents and as such a low power gate drive will suffice. The symbol and the 
voltage–current characteristics of an IGBT are shown in Figure B.3.

B.5  Closing Remarks

Study of power semiconductor devices is necessary in making a strong 
foundation in power electronic circuit design. Semiconductor devices used 
in high-power applications have markedly different characteristics than 
those used in low-voltage electronics. PSDs are designed to perform well as 
switches, and their characteristics are optimized to serve this purpose well.

An in-depth treatment of PSDs is found in the reference list.
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Appendix C: Trigonometric Identities

C.1  Basic Operations
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C.2  Summations and Products
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C.3  Combined Formulas
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Electrical Engineering

Electric machines have a ubiquitous presence in our modern daily lives, 
from the generators that supply electricity to motors of all sizes that power 
countless applications. Providing a balanced treatment of the subject, 
Electric Machines and Drives: Principles, Control, Modeling, and 
Simulation takes a ground-up approach that emphasizes fundamental 
principles. The author carefully deploys physical insight, mathematical 
rigor, and computer simulation to clearly and effectively present electric 
machines and drive systems.

Detailing the fundamental principles that govern electric 
machines and drives systems, this book:

• Describes the laws of induction and interaction and demonstrates 
their fundamental roles with numerous examples

• Explores dc machines and their principles of operation
• Discusses a simple dynamic model used to develop speed and torque 

control strategies
• Presents modeling, steady state based drives, and high-performance 

drives for induction machines, highlighting the underlying physics of 
the machine

• Includes coverage of modeling and high-performance control of 
permanent magnet synchronous machines

• Highlights the elements of power electronics used in electric 
drive systems

• Examines simulation-based optimal design and numerical 
simulation of dynamical systems

Suitable for a one semester class at the senior undergraduate or a graduate 
level, the text supplies simulation cases that can be used as a base and 
can be supplemented through simulation assignments and small projects. 
It includes end-of-chapter problems designed to pick up on the points 
presented in chapters and develop them further or introduce additional 
aspects. The book provides an understanding of the fundamental laws of 
physics upon which electric machines operate, allowing students to master 
the mathematical skills that their modeling and analysis requires.
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