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PREFACE

Statistical communication theory is generally regarded as having been
founded by Shannon (1948) and Wiener (1949), who conceived of the
communication situation as one in which a signal chosen from a specified
class is to be transmitted through a channel, but the output of the channel
is not determined by the input. Instead, the channel is described statisti-
cally by giving a probability distribution over the set of all possible
outputs for each permissible input. At the output of the channel, a
received signal is observed, and then a decision is made, the objective
of the decision being to identify as closely as possible some property
of the input signal.

The Shannon formulation differs from the Wiener approach in the
nature of the transmitted signal and in the type of decision made at the
receiver. In the Shannon model, a randomly generated message produced
by a source of information is “encoded,” that is, each possible message
that the source can produce is associated with a signal belonging to a
specified set. It is the encoded message which is actually transmitted.
When the output is received, a “decoding” operation is performed, that
is, a decision is made as to the identity of the particular signal transmitted.
The objectives are to increase the size of the vocabulary, that is, to make the
class of inputs as large as possible, and at the same time to make the
probability of correctly identifying the input signal as large as possible.
How well one can do these things depends essentially on the properties
of the channel, and a fundamental concern is the analysis of different
channel models. Another basic problem is the selection of a particular
input vocabulary that can be used with a low probability of error.

In the Wiener model, on the other hand, a random signal is to be
communicated directly through the channel; the encoding step is absent.
Furthermore, the channel model is essentially fixed. The channel is
generally taken to be a device that adds to the input signal a randomly
generated “noise.” The *“‘decoder” in this case operates on the received
signal to produce an estimate of some property of the input. For example,
in the prediction problem the decoder estimates the value of the input at
some future time. In general, the basic objective is to design a decoder,
subject to a constraint of physical realizability, which makes the best
estimate, where the closeness of the estimate is measured by an appropriate
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criterion. The problem of realizing and implementing an optimum de-
coder is central to the Wiener theory.

1 do not want to give the impression that every problem in communica-
tion theory may be unalterably classified as belonging to the domain of
either Shannon or Wiener, but not both. For example, the radar reception
problem contains some features of both approaches. Here one tries to
determine whether a signal was actually transmitted, and if so to identify
which signal of a specified class was sent, and possibly to estimate some
of the signal parameters. However, I think it is fair to say that this book
is concerned entirely with the Shannon formulation, that is, the body of
mathematical knowledge which has its origins in Shannon’s fundamental
paper of 1948. This is what “information theory” will mean for us here.

The book treats three major areas: first (Chapters 3, 7, and 8), an
analysis of channel models and the proof of coding theorems (theorems
whose physical interpretation is that it is possible to transmit information
reliably through a noisy channel at any rate below channel capacity,
but not at a rate above capacity); second, the study of specific coding
systems (Chapters 2, 4, and 5); finally, the study of the statistical properties
of information sources (Chapter 6). All three areas were introduced in
Shannon’s original paper, and in each case Shannon established an area
of research where none had existed before.

The book has developed from lectures and seminars given during the
last five years at Columbia University; the University of California,
Berkeley; and the University of Illinois, Urbana. I have attempted to
write in a style suitable for first-year graduate students in mathematics
and the physical sciences, and I have tried to keep the prerequisites modest.
A course in basic probability theory is essential, but measure theory is
not required for the first seven chapters. All random variables appearing
in these chapters are discrete and take on only a finite number of possible
values. For most of Chapter 8, the random variables, although continu-
ous, have probability density functions, and therefore a knowledge of
basic probability should suffice. Some measure and Hilbert space theory
is helpful for the last two sections of Chapter 8, which treat time-continuous
channels. An appendix summarizes the Hilbert space background and
the results from the theory of stochastic processes that are necessary for
these sections. The appendix is not self-contained, but I hope it will
serve to pinpoint some of the specific equipment needed for the analysis
of time-continuous channels.

Chapters 1 and 3 are basic, and the concepts developed there appear
throughout the book. Any of Chapters 4 through 8 may be read im-
mediately after Chapters 1 and 3, although the reader should browse
through the first five sections of Chapter 4 before looking at Chapter 5.
Chapter 2 depends only on Chapter 1.
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In Chapter 4, the exposition is restricted to binary codes, and the
generalization to codes over an arbitrary finite field is sketched at the
end of the chapter. The analysis of cyclic codes in Chapter 5 is carried
out by a matrix development rather than by the standard approach,
which uses abstract algebra. The matrix method seems to be natural
and intuitive, and will probably be more palatable to students, since a
student is more likely to be familiar with matrix manipulations than he
is with extension fields.

I hope that the inclusion of some sixty problems, with fairly detailed
solutions, will make the book more profitable for independent study.

The historical notes at the end of each chapter are not meant to be
exhaustive, but I have tried to indicate the origins of some of the results.

I have had the benefit of many discussions with Professor Aram
Thomasian on information theory and related areas in mathematics.
Dr. Aaron Wyner read the entire manuscript and supplied helpful com-
ments and criticism. I also received encouragement and advice from Dr.
David Slepian and Professors R. T. Chien, M. E. Van Valkenburg, and
L. A. Zadeh.

Finally, my thanks are due to Professor Warren Hirsch, whose lectures
in 1959 introduced me to the subject, to Professor Lipman Bers for his
invitation to publish in this series, and to the staff of Interscience
Publishers, a division of John Wiley and Sons, Inc., for their courtesy
and cooperation.

Urbana, Illinois ' Robert B. Ash
July, 1965
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CHAPTER ONE

A Measure of Information

1.1. Introduction

Information theory is concerned with the analysis of an entity called a
“communication system,” which has traditionally been represented by the
block diagram shown in Fig. 1.1.1. The source of messages is the person
or machine that produces the information to be communicated. The
encoder associates with each message an “object” which is suitable for
transmission over the channel. The “object” could be a sequence of
binary digits, as in digital computer applications, or a continuous wave-
form, as in radio communication. The channel is the medium over which
the coded message is transmitted. The decoder operates on the output of
the channel and attempts to extract the original message for delivery
to the destination. In general, this cannot be done with complete reliability
because of the effect of “‘noise,” which is a general term for anything which
tends to produce errors in transmission.

Information theory is an attempt to construct a mathematical model for
each of the blocks of Fig. 1.1.1. We shall not arrive at design formulas
for a communication system; nevertheless, we shall go into considerable
detail concerning the theory of the encoding and decoding operations.

It is possible to make a case for the statement that information theory
is essentially the study of one theorem, the so-called “fundamental
theorem of information theory,” which states that “it is possible to
transmit information through a noisy channel at any rate less than channel
capacity with an arbitrarily small probability of error.” The meaning of
the various terms “‘information,” ‘channel,” “noisy,” ‘‘rate,” and
““capacity” will be clarified in later chapters. At this point, we shall only
try to give an intuitive idea of the content of the fundamental theorem.

Noise

f L
ioe'ggc:ggs Encoder Channel -—)1 Decoder Destination

Fig. 1.1.1.  Communication system,

1



2 INFORMATION THEORY

Imagine a “source of information” that produces a sequence of binary
digits (zeros or ones) at the rate of 1 digit per second. Suppose that the
digits 0 and 1 are equally likely to occur and that the digits are produced
independently, so that the distribution of a given digit is unaffected by all
previous digits. Suppose that the digits are to be communicated directly
over a ‘“‘channel.” The nature of the channel is unimportant at this
moment, except that we specify that the probability that a particular digit

Channel

3/4

0 173 0

Source:
1 binary digit —_—
per second

1 1/4 1

3/4

Transmits up to 1 binary
digit per second; probability
of error=1/4

Fig. 1.1.2. Example.

is received in error is (say) 1/4, and that the channel acts on successive
inputs independently. We also assume that digits can be transmitted
through the channel at a rate not to exceed 1 digit per second. The
pertinent information is summarized in Fig. 1.1.2.

Now a probability of error of 1/4 may be far too high in a given
application, and we would naturally look for ways of improving reliability.
One way that might come to mind involves sending the source digit
through the channel more than once. For example, if the source produces
a zero at a given time, we might send a sequence of 3 zeros through the
channel; if the source produces a one, we would send 3 ones. At the
receiving end of the channel, we will have a sequence of 3 digits for each
one produced by the source. We will have the problem of decoding each
sequence, that is, making a decision, for each sequence received, as to the
identity of the source digit. A “reasonable” way to decide is by means of
a ““majority selector,” that is, a rule which specifies that if more ones than
zeros are received, we are to decode the received sequence as a “1”; if
more zeros than ones appear, decode as a ““0.” Thus, for example, if the
source produces a one, a sequence of 3 ones would be sent through
the channel. The first and third digits might be received incorrectly; the
received sequence would then be 010; the decoder would therefore
declare (incorrectly) that a zero was in fact transmitted.

We may calculate the probability that a given source digit is received
in error; it is the probability that at least 2 of a sequence of 3 digits will be
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received incorrectly, where the probability of a given digit’s being incorrect
is 1/4 and the digits are transmitted independently. Using the standard
formula for the distribution of successes and failures in a sequence of
Bernoulli trials, we obtain

3) (13 (1)3_ 01
(J(J4+ A <3

Thus we have lowered the probability of error; however, we have paid a
price for this reduction. If we send 1 digit per second through the channel,
it now takes 3 seconds to communicate 1 digit produced by the source,
or three times as long as it did originally. Equivalently, if we want to
synchronize the source with the channel, we must slow down the rate of
the source to § digit per second while keeping the channel rate fixed at 1
digit per second. Then during the time (3 seconds) it takes for the source
to produce a single digit, we will be able to transmit the associated sequence
of 3 digits through the channel.

Now let us generalize this procedure. Suppose that the probability of
error for a given digit is § < 1/2, and that each source digit is represented
by a sequence of length 2n + 1; a majority selector is used at the receiver.
The effective transmission rate of the source is reduced to 1/(2n + 1)
binary digits per second while the probability of incorrect decoding is

_ P _ X (2n + 1) _ ayentl—k
p(e) = P{n + 1 or more digits in error} = > X g1 — B .
k=n+1

Since the expected number of digits in error is (2n + 1) < n + 1, the
weak law of large numbers implies that p(e) =0 as n — oco. (If S,,,,, is
the number of digits in error, then the sequence S,,,,,/(2n + 1) converges
in probability to 8, so that

Soni1 > n+1

P(e)=P{Szn+12"+1}=P{2n+1 2n+1;'

S,
=P_M. + }_)0 as 0.
{2n+12'3 € n— co.)

Thus we are able to reduce the probability of error to an arbitrarily small
figure, at the expense of decreasing the effective transmission rate toward
zero.

The essence of the fundamental theorem of information theory is that in
order to achieve arbitrarily high reliability, it is not necessary to reduce the
transmission rate to zero, but only to a number called the channel capacity.
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The means by which these results are obtained is called coding. The process
of coding involves the insertion of a device called an “encoder” between
the source and the channel; the encoder assigns to each of a specified
group of source messages a sequence of symbols called a code word suitable
for transmission through the channel. In the above example, we have just
seen a primitive form of coding; we have assigned to the source digit 0 a
sequence of zeros, and to the source digit 1 a sequence of ones. The
received sequence is fed to a decoder which attempts to determine the
identity of the original message. In general, to achieve reliability without
sacrificing speed of transmission, code words are not assigned to single
digits but instead to long blocks of digits. In other words, the encoder
waits for the source to produce a block of digits of a specified length, and
then assigns a code word to the entire block. The decoder examines the
received sequence and makes a decision as to the identity of the trans-
mitted block. In general, encoding and decoding procedures are consider-
ably more elaborate than in the example just considered.

The discussion is necessarily vague at this point; hopefully, the concepts
introduced will eventually be clarified. Our first step in the clarification
will be the construction of a mathematical measure of the information
conveyed by a message. As a preliminary example, suppose that a
random variable X takes on the values 1, 2, 3, 4, 5 with equal probability.
We ask how much information is conveyed about the value of X by the
statement that 1 < X < 2. Originally, if we try to guess the value of X,
we have probability 1/5 of being correct. After we know that X is either
1 or 2, we have a higher probability of guessing the right answer. In other
words, there is less uncertainty about the second situation. Telling us that
1 < X <2 has reduced the uncertainty about the actual value of X.
It thus appears that if we could pin down the notion of uncertainty, we
would be able to measure precisely the transfer of information. Our
approach will be to set up certain requirements which an uncertainty
function should “reasonably” satisfy; we shall then prove that there is
only one function which meets all the requirements. We must emphasize
that it is not important how we arrive at the measure of uncertainty. The
axioms of uncertainty we choose will probably seem reasonable to most
readers, but we definitely will not base the case for the measure of un-
certainty on intuitive grounds. The usefulness of the uncertainty measure
proposed by Shannon lies in its operational significance in the con-
struction of codes. Using an appropriate notion of uncertainty we shall
be able to define the information transmitted through a channel and
establish the existence of coding systems which make it possible to
transmit at any rate less than channel capacity with an arbitrarily small
probability of error.
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1.2.  Axioms for the uncertainty measure

Suppose that a probabilistic experiment involves the observation of a
discrete random variable X. Let X take on a finite number of possible
values x,, %y, . . ., 2, with probabilities py, p,, . . . , Py, TeSpectively. We
assume that all p, are strictly greater than zero. Of course DX p, = 1.
We now attempt to arrive at a number that will measure the uncertainty
associated with X. We shall try to construct two functions # and H.
The function # will be defined on the interval (0, 1]; A(p) will be inter-
preted as the uncertainty associated with an event with probability p.
Thus if the event {X = z;} has probability p,, we shall say that 4(p,) is
the uncertainty associated with the event {X = x,}, or the uncertainty
removed (or information conveyed) by revealing that X has taken on the
value z; in a given performance of the experiment. For each M we shall
define a function H,, of the M variables py, ..., py (we restrict the
domain of Hy by requiring all p, to be >0, and >¥ p,=1). The
function H y(py,. .., pay) is to be interpreted as the average uncertainty
associated with the events {X = z;}; specifically, we require that
Hupss oo par) = 28, ph(p,). [Forsimplicity we write H(py, . .., Par)
as H(p,,...,py) or as H(X).] Thus H(p,,...,p,) is the average
uncertainty removed by revealing the value of X. The function £ is
introduced merely as an aid to the intuition; it will appear only in this
section. In trying to justify for himself the requirements which we shall
impose on H(X), the reader may find it helpful to think of H(py, ..., pay)
as a weighted average of the numbers A(p,), . . ., h(p,p).

Now we proceed to impose requirements on the functions H. In the
sequel, H(X) will be referred to as the “‘uncertainty of X™’; the word
“average” will be understood but will, except in this section, generally
not be appended. First suppose that all values of X are equally probable.
We denote by f(M) the average uncertainty associated with M equally
likely outcomes, that is, f(M) = H(I/M, /M, ..., 1/M). For example,
f(2) would be the uncertainty associated with the toss of an unbiased coin,
while f(8 x 10%) would be the uncertainty associated with picking a
person at random in New York City. We would expect the uncertainty of
the latter situation to be greater than that of the former. In fact, our
first requirement on the uncertainty function is that

f(M)= H(/M, ..., 1/M)should be a monotonically increasing function
of M; thatis, M < M’ implies f(M) < f(M) (M, M' =1,2,3,..)).

Now consider an experiment involving two independent random variables
X and Y. Let X take on the values x,, x,, . . ., x; with equal probability,
and let Y take on the values y,, ¥, . . . , ¥z, also with equal probability.
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Thus the joint experiment involving X and Y has ML equally likely
outcomes, and therefore the average uncertainty of the joint experiment
is f(ML). If the value of X is revealed, the average uncertainty about ¥
should not be affected because of the assumed independence of X and Y.
Hence we expect that the average uncertainty associated with X and Y
together, minus the average uncertainty removed by revealing the value of
X, should yield the average uncertainty associated with Y. Revealing the
value of X removes, on the average, an amount of uncertainty equal to
f(M), and thus the second requirement on the uncertainty measure is that

ML) =fM) +f(L) (M, L,=1,2,...).

At this point we remove the restriction of equally likely outcomes and
turn to the general case. We divide the values of a random variable X
into two groups, A and B, where 4 consists of x,, x,, ..., 2, and B con-
sists of %y, %y, ..., 2. We construct a compound experiment as
follows. First we select one of the two groups, choosing group 4 with
probability p; + p, + *++ + p, and group B with probability p,., +
Prie + * -+ + ppy. Thus the probability of each group is the sum of the
probabilities of the values in the group. If group A4 is chosen, then we
select x; with probability p,/(p, + - + p,) (i=1,...,r), which is the

Fig. 1.2.1. Compound experiment.
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conditional probability of x, given that the value of X lies in group A4.
Similarly, if group B is chosen, then z, is selected with probability
Pilpra+ -+ py)(i=r+1,..., M). The compound experiment is
diagrammed in Fig. 1.2.1. It is equivalent to the original experiment
associated with X. For if Y is the result of the compound experiment, the
probability that ¥ = x, is

P{Y = z,} = P{A is chosen and 2, is selected}
= P{A is chosen}P{z, is selected | 4 is chosen}

= (ZP.‘) ,pl = P1
. = 2 b
i=1 .

Similarly, P{Y =z} =p(i=1,2,..., M) so that ¥ and X have the
same distribution. Before the compound experiment is performed, the
average uncertainty associated with the outcome is H(py,...,py). If
we reveal which of the two groups 4 and B is selected, we remove on the
average an amount of uncertainty H(p, + - + p,pps + "+ + Pa)
With probability p, + - -+ + p, group A4 is chosen and the remaining
uncertainty is

H J 41 D2 N P,

, » . ’ R 5
2P zpi py 2
i=1 i=1 =1

with probability p,.; + - + py, group B is chosen, and the remaining
uncertainty is

Pria Pri2 Pm

H M s M 2t ar .
Z Py 2 12 2 p;
t=r4l t=r4l i=pr4l

Thus on the average the uncertainty remaining after the group is specified is
Pr
r or
2P 2 p;
i=1 =1

+(pr+1++pM)H(%L’a_p_M_')

M
Z p; Z D:
)

t=r4l
We expect that the average uncertainty about the compound experiment
minus the average uncertainty removed by specifying the group equals

o+ +ppH| B
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the average uncertainty remaining after the group is specified. Hence, the
third requirement we impose on the uncertainty function is that

H(P1’~--,PM)=H(P1+"'+p,,p,+1+-~-+pM)
+(P1+"'+p,)H(—r£1—,...,—£1—>

pi py 2
i=1 i=1
12 p
+(pr+1+..'+pM)H M+1 3 ey MM .
E D; Z p;
f=y4+1 =741

As a numerical example of the above requirement, we may write
HG b b3 = HG D + 3HG, D + 1HG, D).
A B

Finally, we require for mathematical convenience that H(p, 1 — p) be a
continuous function of p. (Intuitively we should expect that a small
change in the probabilities of the values of X will correspond to a small
change in the uncertainty of X.)

To recapitulate, we assume the following four conditions as axioms:

1. H(I/M,1/M, ..., /M) = f(M)is a monotonically increasing func-
tionof M (M =1,2,..)).

2. f(MLy=f(M) + f(L) (M,L=1,2,...).
3. Hpy -+ s pa) = Hou 4+ + P D + - + P)

+(P1+'+pr)H Tpl—"'-:Tp'_
zpi P;
i=1 i=1
+(pr+1+.”+pM)H ﬁ;‘hl 7'«-af4M
2 P 2 P
t=r+1 te=r41

r=1,2....,M—1).
(Axiom 3 is called the grouping axiom.)

4. H(p,1 — p) is a continuous function of p.

The four axioms essentially determine the uncertainty measure. More
precisely, we prove the following theorem.

Theorem 1.2.1. The only function satisfying the four given axioms is

M
H(py,...,pm) = —CZP,- log p;, (1.2.1)

i=1
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where C is an arbitrary positive number and the logarithm base is any
number greater than 1.

Proof. It is not difficult to verify that the function (1.2.1) satisfies the
four axioms. We shall prove that any function satisfying Axioms 1
through 4 must be of the form (1.2.1). For convenience we break the
proof into several parts.

[We assume that all logarithms appearing in the proof are expressed to
some fixed base greater than 1. No generality is lost by doing this; since
log, = log, b log, #, changing the logarithm base is equivalent to
changing the constant C in (1.2.1).]

f(2) log 2

.
2 o e

| ] ] ! |
M M2 «.. Mk [ A‘,{k+l s kt1
(a) (b)
Fig. 1.2.2. Proof of Theorem 1.2.1.

a. f[(M*) = kf(M) for all positive integers M and k. This is readily
established by induction, using Axiom 2. If M is an arbitrary but fixed
positive integer, then (a) is immediately true for £ = 1. Since f(M*) =
S(M - M*) = f(M) + f(M*') by Axiom 2, the induction hypothesis
that (a) is true for all integers up to and including & — 1 yields f(M*) =
f(M) + (k — 1) f(M) = kf (M), which completes the argument.

b. f(M)=ClogM (M =1,2,...) where C is a positive number.
First let M = 1. We have f(1) = f(1 - 1) = f(1) + f(1) by Axiom 2,
and hence f(1) = 0 as stated in (b). This agrees with our intuitive feeling
that there should be no uncertainty associated with an experiment with
only one possible outcome. Now let M be a fixed positive integer greater
than 1. If r is an arbitrary positive integer, then the number 2" lies some-
where between two powers of M, that is, there is a nonnegative integer & such
that M* < 27 < M**+1, (See Fig. 1.2.2a.) It follows from Axiom 1 that
fIMY) < f(27) < f(M*1), and thus we have from (a) that kf(M) <
rf(2) < (k + 1)f(M), or kjr < f(D)|f(M) < (k + 1)/r. The logarithm is
a montone increasing function (as long as the base is greater than 1) and
hence log M* < log 2" < log M**+1, from which we obtain klog M <
rlog 2 < (k+ 1)log M, or kjr < (log 2)/(log M) < (k + 1)/r. Since
fQQ)Jf(M) and (log2)/(log M) are both between k/r and (k + 1)/r, it
follows that

log2  f(2)
logM  f(M)

Since M is fixed and r is arbitrary, we may let r — oo to obtain

(log 2)/(log M) = f()/f (M)

< 1 . (See Fig. 1.2.2b.)
r
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or f(M) = Clog M where C = f(2)/log 2. Note that C must be positive
since f(1) = 0 and f(M) increases with M.

c. Hp,1 —p)= —Clplogp + (1 — p)log (1 — p)] if p is a rational
number. Let p = r/s where r and s are positive integers. We consider

f(s)éH(i,...,l,l,...,l)

s S N
< ——r—> E—s—r—>

=H(f,s - )+ Zf(r) + 2

N

Cfis—1)
(by the grouping axiom 3).

Using (b) we have
Clogs=H(p,1 —p)+ Cplogr 4+ C(1 — p)log (s — r).
Thus
H(p,1 — p) = —Clplogr —logs + (1 — p)log (s — r)]
= —C[plogr — plogs + plogs
— logs + (1 — p)log (s ~ r)]

= —c[plogf+(1 ——p)logs“’}
S

= —C[plogp + (1 — p)log (1 — p)].

d. Hlp,1 —p) = —Clplogp + (1 — p)log (1 — p)] for all p. This is
an immediate consequence of (¢) and the continuity axiom 4. For if p
is any number between 0 and 1, it follows by continuity that

H(p,1 —p)=1lim H{p', 1 — p').
PP
In particular, we may allow p’ to approach p through a sequence of
rational numbers. We then have
lim H(p’, 1 — p’) = lim [-C(p"log p’ + (1 — p’) log (1 — p'))]
iad g

= —C[plogp + (1 — p)log (1 — p)].

e. Hipy, ..., py) = —C Zp, log p(M = 1,2,...). Weagain proceed

by induction. We have already established the validity of the above
formula for M = 1 and 2. If M > 2, we use Axiom 3, which yields

H(py,...,pp)=H(py + " + Py Prs)
+@+ 0+ PM-I)H< P yees 11;1‘_41_1) + pyH(L).

Z i 2pn
i=1 i=1
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Assuming the formula valid for positive integers up to M — 1, we obtain:

H(py,....pu) = —=Cl(pr+ - + py)log(py + - - + Ppry)
+ parlog pyl

—C(py+ -+ Py Ml—,i log Mfi )
‘gl P glpi

+ - + pM—l log pM—-l + PM(O)
Z gl y 2

—C[( > p,) log (lep,j Py log PM]

i=1

M—1 M-1 M-1
- C{Z pilog p; — ( ;pf) log > p.]

i=1 i=1
M
= —CY plogp;

f=1
The proof is complete.

Unless otherwise specified, we shall assume C = 1 and take logarithms
to the base 2. The units of H are sometimes called bits (a contraction of
binary digits). Thus the units are chosen so that there is one bit of un-
certainty associated with the toss of an unbiased coin. Biasing the coin
tends to decrease the uncertainty, as seen in the sketch of H(p,1 — p)
(Fig. 1.2.3).

We remark in passing that the average uncertainty of a random variable
X does not depend on the values the random variable assumes, or on
anything else except the probabilities associated with those values. The
average uncertainty associated with the toss of an unbiased coin is not
changed by adding the condition that the experimenter will be shot if the
coin comes up tails.

H (p' 1 "P)

I~

ol % 1 P

Fig. 1.2.3. H(p,1 —p) = —plogp — (1 — p)log (1 — p).
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We also remark that the notations

M M
2 p; logp, and —le(xi) log p(x,)
i=1 i=

will be used interchangeably.

Finally, we note that Theorem 1.2.1 implies that the function & must be
of the form A(p) = —Clog p, provided we impose a requirement that h
be continuous (see Problem 1.11).

An alternate approach to the construction of an uncertainty measure
involves a set of axioms for the function 4. If A and B are independent
events, the occurrence of 4 should not affect the odds that B will occur.
If P(A) = p,, P(B) = p,, then P(4B) = p,p, so that the uncertainty
associated with AB is A(p,p,). The statement that 4 has occurred removes
an amount of uncertainty 4(p,), leaving an uncertainty A(p,) because of the
independence of 4 and B. Thus we might require that

h(pips) = A(py) + A(py), O0<p <1, O0<p, <1,

Two other reasonable requirements on A are that 4(p) be a decreasing
function of p, and that # be continuous.

The only function satisfying the three above requirements is A(p) =
—Clog p (see Problem 1.12).

1.3. Three interpretations of the uncertainty function

As inspection of the form of the uncertainty function reveals, H(p,, . . .,
Pu) is a weighted average of the numbers —log p,, ..., —log p,,, where
the weights are the probabilities of the various values of X. This suggests
that H(p;, ..., py) may be interpreted as the expectation of a random
variable W = W(X) which assumes the value —Ilog p, with probability
p;- M X takes the value x,, then W(X) = —log P{X = z,}. Thus the
values of W(X) are the negatives of the logarithms of the probabilities
associated with the values assumed by X. The expected value of W(X)
is — XY P(X=u=x}logP{X =21} = H(X). An example may help
to clarify the situation. If p(z,) = 2/3, p(x,) = 1/6, p(x;) = p(x,) = 1/12,
then the random variable W(X) has the following distribution:

3 2 1
PiWw=1lo —}=—; P{W=lo 6}=—;
{ g2 3 & 6

1 i 1
PiW = lo 12}:——+—=—.
{ g 12 12 6

The expectation of W is
2,3 .1 1
“log=+ —log6 + - log 12,
3 85 T 508 + ¢ o8
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which is H(Z,l,_l_,_l_)_
36 12 12
There is another interpretation of H(X) which is closely related to the
construction of codes. Suppose X takes on five values z,, z,, s, 24, %5
with probabilities .3, .2, .2, .15, and .15, respectively. Suppose that the

value of X is to be revealed to us by someone who cannot communicate
except by means of the words “yes” and “no.” We therefore try to

Resulit
X R Ygsg ——— X]
=X
Yes !
—— X
Does X = x; or xg? No 2
Yes ———— 23
X = x3?
No X =z Yes—x4
No —<
No—xs

Fig. 1.3.1. A scheme of “‘yes or no” questions for isolating the value of a random
variable.

arrive at the correct value by a sequence of “yes” and “no” questions, as
shown in Fig. 1.3.1. If in fact X equals x,, we receive a “no” answer to
the question “Does X == x, or 2,7’ We then ask “Does X = x;?” and
receive a “no’”” answer. The answer to “Does X = 2,7” is then “yes”
and we are finished. Notice that the number of questions required to
specify the value of X is a random variable that equals 2 whenever X = z,,
,, or 3, and equals 3 when X = z, or z;. The average number of questions
required is
(0.3 4 0.2 4+ 0.2)2 4+ (0.15 + 0.15)3 = 2.3.

The essential content of the “noiseless coding theorem,” to be proved in
Chapter 2, is that the average number of *“yes or no”” questions needed to
specify the value of X can never be less than the uncertainty of X. In
this example, H(X) = —0.31log 0.3 — 0.410g 0.2 — 0.3 log 0.15 = 2.27.
We shall see in Chapter 2 that no scheme can be devised which on the
average uses fewer questions than the one described above. We can,
however, improve the efficiency of our guesswork if we assume that the
experiment associated with X is performed independently » times and that
we are allowed to wait until all n observations are recorded and then guess
all n results simultaneously. For example, if X takes on two values, x,
and r,, with probabilities .7 and .3 respectively, one question is needed to
specify the value of X. If, however, we are allowed to make guesses about
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the outcome of a joint experiment involving two independent observations
of X, we may use the scheme shown in Fig. 1.3.2, which uses 0.49 +
2(0.21) 4 3(0.21 + 0.09) = 1.81 questions on the average, or 0.905
questions per value of X. We show later that by making guesses about
longer and longer blocks, the average number of questions per value of X
may be made to approach H(X) as closely as desired. In no case can the

X1, X1

: Yes
Z=(x1,x)?
Yes Xy, X2
No Z = (x1, x2)?
Z = (x3, x1)? Yes X2, X1
Al LY
No

Fig. 1.3.2. *Yes or no” questions associated with two independent observations of X,

x2, X2

average number of questions be less than H(X). Thus we may state the
second interpretation of the uncertainty measure:

H(X) = the minimum average number of “‘yes or no” questions
required to determine the result of one observation of X.

There is a third interpretation of uncertainty which is related to the
asymptotic behavior of a sequence of independent, identically distributed
random variables. Let X be a random variable taking on the values
Zy, . .., T with probabilities py, . . ., p respectively. Suppose that the
experiment associated with X is performed independently n times. In
other words, we consider a sequence Xj, ..., X, of independent, identi-
cally distributed random variables, each having the same distribution as
X. Let f, = f(Xy, ..., X,) be the number of times that the symbol z,
occurs in the sequence X;, ..., X,; then f; has a binomial distribution
with parameters n and p;. Given ¢ > 0 choose any positive number &
such that 1/k%? < ¢/M; fix ¢ and k for the remainder of the discussion.
Let « = (a4, ..., «,) be a sequence of symbols, each «; being one of the
elements z,, . . ., 7, We say that the sequence « is typical if

fi{x) — np,

\/ np(l — p,)
(The definition of a typical sequence depends on k, and hence on ¢; how-
ever, the results we are secking will be valid for any ¢ and appropriate k.)
Thus in a typical sequence, each symbol z, occurs approximately with its
expected frequency np,, the difference between the actual and expected
frequency being of the order of /n and hence small in comparison with n.
We now show that, for large n, there are approximately 27" typical

<k forall i=1,2,...,M.
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sequences of length n, each with a probability of approximately 2-%=,
where H = H(X) is the uncertainty of X. More precisely, we prove the
following result.

Theorem 1.3.1. 1. The set of nontypical sequences of length n has a
total probability <e.

2. There is a positive number 4 such that for each typical sequence o
of length n,

2—nH—A\/; < P{(Xl, e Xn) — O(} < 2—nH+A\/;.

3. The number of typical sequences of length n is 2"H#*%) where
limd, = 0.

N—vQ
Proof. The probability that (X;, ..., X,) is not a typical sequence is

— M —
P{ fl—_np_l__ > k for at least one i} <3 P{ f‘_——___'k k}.
\/'l[),(l - pt) =1 \/npz(l - pt)
But by Chebyshev’s inequality,
P{’ Tl B PN k} = P{f, — np| > k/np(l = p)}
Vnp(1 ~ p)

Ellfi—npl] _1 _ <
k2np1(1 - pz) k? M
since f, has a binomial distribution with parameters n and p,, and hence
has variance np,(1 — p,). Thus
P{(X,, ..., X,) is not typical} < e,
proving the first part of the theorem. Now let & = (a;,...,«,) be a
typical sequence. We then have
np, — kNnp (1 — p) < f@) < nmp, + kmp (1 = p)), i=1,..., M.
1.3.1)
Also P{(Xy, ..., X,) = a} = p[r@phia) ... pru@ because of the in-
dependence of the X,. Writing p(a) for P{(X;,..., X,) = o} we have
—log p(a) = —3M_ f(a) log p, or, using (1.3.1),
M _—
~ Y(np, log p, — ky/np,(1 — p,) log p,) < —log p(a)

=1

M P,
< —(np,log p, + kv/np(1 — p)log p). (1.3.2)
=1
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Ifwelet 4 = —k 34 \/p(1 — p)log p, > 0, then (1.3.2) yields

nH — ANn < —log p(«) < nH + A\/n
or _
2—71H—A\/n < p(a) < 2—nH+A\/n,

proving part 2. Finally, let S be the set of typical sequences. We have
proved (part 1) that 1 — e < P{(X},..., X,) € S} £ 1 and (part 2) that
for each « € S,
2——nH—A\/n < P{(Xl, L, Xn) — a} < 2—nH+A\/n.

Now if S is a subset of a finite sample space with a probability that is
known to be between (say) i and 1, and each point of S has a prob-
ability of between (say) ¥ and 1%, then the number of points of S is
at least #/7% =4 and at most 1/ = 16; for example, the fewest
number of points would be obtained if S had the minimum probability
4, and each point of S has the maximum probability %. By similar
reasoning, the number of typical sequences is at least

(- E)an—A\/Z _ 2nH—A\/§+log(1—¢) = rlH—-An"34n"tl0g (1~¢)]

and at most 2"H+4 V5 — JuH+4n"Vh, part 3 follows.

1.4. Properties of the uncertainty function; joint
and conditional uncertainty

In this section we derive several properties of the uncertainty measure
H(X) and introduce the notions of joint uncertainty and conditional
uncertainty.

We first note that H(X) is always nonnegative since —p; log p, > 0 for
all i. We then establish a very useful lemma. C

Lemma 14.1. letp,, p,, ..., pyandqy, g, ..., gy bearbitrary posi-
tive numbers with XX p. =S¥ 4 =1,
Then —3¥ p,logp, < —3M  p,loggq;, with equality if and only if
p: = q; for all i. For example, let
=% p=p=%t qa=4% @=3§ =5
Then
—tlogt —tlogt—tlogi=
and
—%logh — tlogé — }logd = 1.63.

Proof. For convenience we use natural logarithms instead of logarithms
to the base 2. Since log, = log, e log, x, the statement of the lemma is
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unaffected by this change. The logarithm is a convex function; in other
words, In = always lies below its tangent. By considering the tangent at
z = 1, we obtain Inz < =z — 1 with equality if and only if x =1 (see

x
//
Fig. 1.4.1. Proof of Lemma 1.4.1.

Fig. 1.4.1). Thus In(g,/p,) < q./p. — 1 with equality if and only if
P: = q,. Multiplying the inequality by p, and summing over i we obtain

M 0 M
szlnjsz(qi—h)= 1—1=0
;i1

t=]

with equality if and only if p;, = g, for all i. Thus

M M
zlpi Ing; — lez- Inp; <0
which proves the lemma.

We would expect that a situation involving a number of alternatives
would be most uncertain when all possibilities are equally likely. The
uncertainty function H(X) does indeed have this property, as shown by the
following theorem.

Theorem 1.4.2. H(py, p,, ..., py) < log M, with equality if and only if
all p; = 1/M.
Proof. The application of Lemma 1.4.1 with all g; = 1/M yields

M M 1 M
—ZPsIOSPfS —ZP,-IOg—=IogM2pi= log M
=1 i=1 M i=1 e

with equality if and only if p;, = g, = 1/M for all i.

We turn now to the problem of characterizing the uncertainty associated
with more than one random variable. Suppose X and Y are two discrete
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random variables associated with the same experiment. Let X and Y have
a joint probability function

P, y;) = P{X = 2, and Y=y} =py
i=1,....,M;j=1,...,L).

We therefore have an experiment with ML possible outcomes; the out-
come {X = x,, Y = y;} has probability p(z,, ¥,). Itis natural to define the
joint uncertainty of X and Y as

M L
HX, )= -3 jElp(xi, y;) log p(=;, y,).
i=1 j=

Similarly, we define the joint uncertainty of n random variables X, X, .
X, as

H(Xli X2’~'-an)= - 2 P(zls xz"’"xn)logp(xb""xn)’
L3,E2, 4.4, Tn
where p(2y, %3, . . ., 2,) = P{X; = ,, X; = %,, ..., X, = z,} is the joint
probability function of X;, X,,..., X,. A connection between joint
uncertainty and individual uncertamty is establlshed by the following
theorem. :

Theorem 14.3. H(X, Y) < H(X) + H(Y), with equality if and only if
X and Y are independent.

Proof. Since p(z)) = 3£, p(z,, y;) and ply;) = I, p(z,, 9,), we may
write:

HX)= — Zp(x)log plz) = — 2 Zp(x., y,) log p(x,)

f=] J=1
and 2]
H(Y) = — Zp(yj) log p(y;) = — 21 ij(wp y,) log p(y,).
Thus ML =
HX) + H(Y) = = 3 3 p(= y,)llog p(2) + log p(y,)]
M L
=-2 glp(x,-, v;) log p(z)p(y,)
M L
= 2 leu' logq,,

where ¢;; = P("”i)P(?/j)
Wehave H(X, Y) = M Sk pislogp;;. We may now apply Lemma
1.4.1 to obtain:
L M L
S pilogp; < —3 3 pislogay,

=1 i=1 j=1

LM&

w,

Es
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with equality if and only if p,;, = q,, for all 7, j. The fact that we have a
double instead of a single summation is of no consequence since the double
sum can be transformed into a single sum by reindexing. We need only
check that the hypothesis of the lemma is satisfied, that is,

M L M L
> 2qu=2p)2p(y)=11=1
fe] fml i=1 i=1
Thus, H(X, Y) £ H(X) + H(Y) with equality if and only if p(z;, y,) =
px)p(y,) for all i, j; that is, if and only if X and Y are independent.

An argument identical to that used above may be used to establish the
following results.

CoroLrLary 1.43.1. H(X,,..., X)) £ H(Xy) + --- + H(X,), with
equality if and only if X, ..., X, are independent.

COROLLARY 1432, H(Xy,..., X, Y;,..., Y )L H(X;, ..., X,)
+ H(Y,, ..., Y,),with equality if and only if the “random vectors”
X=(X,..., X,) and Y =(Y,,...,Y,) are independent, that is, if
and only if

P{Xl=a1,-'-’Xn=a’n’ Yl=ﬂ1’-"’Ym=ﬂm}
=P{X1=“1""9Xn=an}P{Yl=ﬂlr""Ym=.Bm}
fOl' all o, aﬂy"':anyﬁlsﬂm'--,ﬂm'

We turn now to the idea of conditional uncertainty. Let two random
variables X and Y be given. If we are given that X = x,, then the distri-
bution of Y is characterized by the set of conditional probabilities
Py, | =z)(j=1,2,...,L). We therefore define the conditional uncer-
tainty of Y given that X = x; as

L
HY|X =2) = —glp(y,-l z,) log p(y, | z,).

We define the conditional uncertainty of Y given X as a weighted average
of the uncertainties H(Y | X = =), that is,

H(Y|X) = p(zDH(Y | X = 2)) + - + p(ap)H(Y | X = 2)

M L
=— ‘le(xi)glp(y; | z,) log p(y,| =).

Using the fact that p(z,, ¥,) = p(z,)p(y; | ;) we have

M L
HY|X) = —gl glp(x,-, y;) log p(y;| ).
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We may define conditional uncertainties involving more than two random
variables in a similar manner. For example,
H(Y, Z' X)=— E p(z;, ¥, %) log p(y;, Zk, %)
1,7,k

= the uncertainty about Y and Z given X.

H(Z| X, 1) = = 3 p(z, 45 %) log pl] 2, 1)
= the uncertainty about Z given X and Y.
HY,...,Y,| X;,...,X,)=
— > Py Yy Y) 108 DYy, e Y | 2y, 2y)
Ll eny Lps¥ls v« oy Ym
= the uncertainty about Y,,..., Y, given X, ..., X,.

We now establish some intuitively reasonable properties of conditional
uncertainty. If two random variables X and Y are observed, but only the
value of X is revealed, we hope that the remaining uncertainty about Y is
H(Y | X). This is justified by the following result.

Theorem 1.44. H(X,Y)= H(X)+ H(Y| X)= H(Y)+ H(X| Y).
Proof. The theorem follows directly from the definition of the un-
certainty function. We write

HX,Y)=— Z Zp(x,, Y5 log p(x.. y,)

i=1 j=1

E
t

= 2 p(x;, y,) log p(x)ply; | %)

1

k.
[}
-

.
||

ll
ME
M~

p(=;, y;) log p(x,) — E Zp(zl, y;) log p(y, | z)

i=1 j=1

< i
.
]
i

= - le(x") log p(z;) + H(Y| X)
= H(X) + H(Y | X).
Similarly, we prove that H(X, Y) = H(Y) + H(X| Y).

A corresponding argument may be used to establish various identities
involving more than two random variables. For example,

HX,Y,Z)=HX)+ HY|X)+ HZ| X, Y)
=H(X,Y)+ HZ| X, Y)
= H(X)+ H(Y,Z| X);
L YD) =HX, ..., X,)
+ H(Yy ..., Y| Xio oo oh X0

HXy, ..., X, Y, ..
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It is also reasonable to hope that the revelation of the value of X should not
increase the uncertainty about Y. This fact is expressed by Theorem 1.4.5.

Theorem 1.4.5. H(Y| X) < H(Y), with equality if and only if X and ¥
are independent.

Proof. By Theorem 1.4.4, H(X, Y) = H(X) + H(Y | X).

By Theorem 1.4.3, H(X, Y) < H(X)+ H(Y), with equality if and only
if X and Y are independent. Theorem 1.4.5 then follows.

Similarly, it is possible to prove that
HYy, .., Y| X o, X)) < H(Y, .., Yy)
with equality if and only if the random vectors

(Xy,...,X,) and (Yy,...,7Y,)
are independent.
A joint or conditional uncertainty may be interpreted as the expectation
of a random variable, just as in the case of an individual uncertainty.
For example,

H(X,Y) = =2 p(z; y,) log p(=;, y,) = E[W(X, Y)]

where
W(X,Y)= —log p(x;, y;) whenever X = z;and Y =y,

H(Y | X) = =3 p(=, y,) log p(y, | %) = E[W(Y | X)]

where
W(Y | X) = —log p(y;| ) whenever X = z,and Y = y,.

1.5. The measure of information

Consider the following experiment. Two coins are available, one
unbiased and the other two-headed. A coin is selected at random and
tossed twice, and the number of heads is recorded. We ask how much
information is conveyed about the identity of the coin by the number of
heads obtained. Itisclear that the number of heads does tell us something
about the nature of the coin. If less than 2 heads are obtained, the
unbiased coin must have been used; if both throws resulted in heads, the
evidence favors the two-headed coin. In accordance with the discussion at
the beginning of this chapter, we decide to measure information as a
reduction in uncertainty. To be specific, let X be a random variable that
has the value 0 or 1 according as the unbiased or the two-headed coin is
chosen. Let Y be the number of heads obtained in two tosses of the chosen
coin. A diagram representing the experiment, together with various
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associated probability distributions, is shown in Fig. 1.5.1. The initial
uncertainty about the identity of the coin is H(X). After the number of
heads is revealed, the uncertainty is H(X | Y). We therefore define the

information conveyed about X by Y as

I(Xl Y)=H(X)—-H(X[ Y). (1.5.1)
X m Y
0 / 0
PlY=0}=1/8 P{X=0|Ym0)=1
Par=0p=172 1 Ply=1}=1/4 P(X=0| Y =1} =1
PlX=1}=1/2 1/4\1/2 =u=v I =
PY=2)=5/8 P(XmO|Ym2}=1/5
1—'2

Fig. 1.5.1. A coin-tossing experiment,

The formula (1.5.1) is our general definition of the information conveyed
about one random variable by another. In this case the numerical results

are:
H(X)=log2 =1,
HX|Y)=P{Y=0HX|Y=0+P{Y=1}HX|Y=1)
+P{Y=2}H(X| Y =2)
= 30) + 1(0) — 8 log } + 3 log ?)
= 0.45;
I(X]| Y)=0.55.
The information measure may be interpreted as the expectation of a
random variable, as was the uncertainty measure. We may write
I(X|Y)=H(X)— HX|Y)

M L M L
== > p(x, y;) log p(z,) + gl glp(% y,) log p(x; | y;)

i=1j=1

M L
=—23 > p(x,y,;) logﬂ—-
i=1j=1 p(z; | y;)

Thus I(X | Y) = E[U(X | Y)] where X = x,, Y =y, implies U(X | Y) =
—log [p()/p(z; | y)]; we may write
UX|Y)=wX)— W(X|Y)
where W(X)and W(X | Y) are as defined in Sections 1.3 and 1.4.
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A suggestive notation that is sometimes used is

H(X) = E[—logp(X)l, H(X|Y)= E[-logp(X| V)],

X
I(X|Y)= E[—logp([;l )YJ;

the expression —log p(X) is the random variable W(X) defined previously,
and similarly for the other terms.

The information conveyed about X" by Y may also be interpreted as the
difference between the minimum average number of *“‘yes or no” questions
required to determine the result of one observation of X before Y is
observed and the minimum average number of such questions required
after Y is observed. However, the fundamental significance of the infor-
mation measure is its application to the reliable transmission of messages
through noisy communication channels. We shall discuss this subject in
great detail beginning with Chapter 3. At this point we shall be content
to derive a few properties of J(X | Y). By Theorem 1.4.5, HX|Y) L
H(X) with equality if and only if X and Y are independent. Hence
I(X| Y) > 0 with equality if and only if X and Y are independent. By
Theorem 1.4.4, H(X | Y) = H(X, Y) — H(Y); thus I(X| Y) = H(X) +
H(Y)— H(X, Y). But H(X, Y)is the same as H(Y, X), and therefore

I(X|Y)=KY|X).

The information measure thus has a surprising symmetry; the information
conveyed about X by Y is the same as the information conveyed about ¥
by X. For the example of Fig. 1.5.1, we compute

H(Y)= —%logt — tlog} — §log§ = 1.3;
H(Y| X) = P{X = 0}H(Y | X = 0) + P{X = 1}H(Y| X = 1)
= }H(}, 4 D + $H(1) = 0.75.
I(Y|X)= H(Y)— H(Y| X)=0.55,  as before.

When the conditional probabilities p(y, | z,) are specified at the beginning
of a problem, as they are here, it is usually easier to compute the infor-
mation using H(Y) — H( Y| X) rather than H(X) — H(X| Y).

More generally, we may define the information conveyed about a set

of random variables by another set of random variables. If X,,...,
X, Y,,..., Y, are random variables, the information conveyed about
X, ..., X, by Yy,..., Y, is defined as

I(Xl,...,Xn| Yi,..., Y,)

=HXy, ..., X)) — HXy, ..., X, | Yi,. .., V)
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Proceeding as before, we obtain
I(Xla""Xml Yl:~--’ Ym)=H(X1""’X'n)
+ HYy, ..., Y,)—HX, ..., X, Y, ..., Y
=IYy, ..., Y, | Xy, ... . X,).

1.6. Notes and remarks

The axioms for the uncertainty measure given in the text are essentially
those of Shannon (1948). A weaker set of axioms which determine the
same uncertainty function has been given by Fadiev (1956); Fadiev’s
axioms are described in Feinstein (1958). The weakest set of axioms
known at this time may be found in Lee (1964). The properties of the
uncertainty and information measures developed in Sections 1.4 and 1.5
are due to Shannon (1948); a similar discussion may be found in Feinstein
(1958). The interpretation of H(X) in terms of typical sequences was
discovered by Shannon (1948). The notion of typical sequence is used by
Wolfowitz (1961) as the starting point for his proofs of coding theorems;
Wolfowitz’s term “m-sequence” corresponds essentially to our “typical
sequence.”

We have thus far required that the arguments p,, ..., p, of H be
strictly positive. It is convenient, however, to extend the domain so that
zero values are allowed; we may do this by writing

M M
H(py,....pa) = — ZPi log p; (allp, > 0, EP;‘ =1)
i=1 i=1

with the proviso that an expression which appears formally as 0 log 0 is
defined to be 0. This convention preserves the continuity of H. In
Lemma 1.4.1, we may allow some of the p; or g, to be 0 if we interpret
Olog0Oas0and —alog0as +o ifa > 0.

The quantity H(X), which we have referred to as the “‘uncertainty of
X,” has also been called the “entropy” or ‘““‘communication entropy” of X.

PROBLEMS

1.1 The inhabitants of a certain village are divided into two groups 4 and B.
Half the people in group 4 always tell the truth, three-tenths always lie, and two-
tenths always refuse to answer. In group B, three-tenths of the people are
truthful, half are liars, and two-tenths always refuse to answer. Let p be the
probability that a person selected at random will belong to group 4. Let [ =
I(p) be the information conveyed about a person’s truth-telling status by speci-
fying his group membership. Find the maximum possible value of / and the
percentage of people in group A for which the maximum occurs.
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1.2 A single unbiased die is tossed once. If the face of the die is 1, 2, 3, or 4,
an unbiased coin is tossed once. If the face of the die is 5 or 6, the coin is tossed
twice. Find the information conveyed about the face of the die by the number of
heads obtained.

1.3 Suppose that in a certain city, § of the high-school students pass and }
fail. Of those who pass, 10 percent own cars, while 50 percent of the failing
students own cars. All of the car-owning students belong to fraternities, while
40 percent of those who do not own cars but pass, as well as 40 percent of those
who do not own cars but fail, belong to fraternities.

a. How much information is conveyed about a student’s academic standing
by specifying whether or not he owns a car?

b. How much information is conveyed about a student’s academic standing
by specifying whether or not he belongs to a fraternity?

c. If a student’s academic standing, car-owning status, and fraternity status
are transmitted by three successive binary digits, how much information is
conveyed by each digit?

1.4 Establish the following:

a. H(Y,Z| X) < H(Y| X) + HZ| X)

with equality if and only if p(y;, 25 | z)) = p(y; | z)p(zx | =) for all i, j, k.
b. H(Y,Z| X) = H(Y| X) + H(Z| X, ).
c. H(Z| X, Y) < H(Z| X)

with equality if and only if p(y;, 2, | #) = p(y; | z)p(z, | =) for all 4, j, k.
Note that these results hold if the random variables are replaced by random
vectors, that is,
X=Xy .., X0 Y=(Yy..., Yp) Z =(Zy,...,Z,).
The condition p(y;, z; | =) = p(y; | 2)p(2; | =) becomes

p(yl,...,ym,zl,...,zr|zl,...,x,,) .
=P(y1’- . -,ymlxh-' -’xn)P(zl" . "z'r'xl"' .,.’E")
forall 2y, ..., %, Y1, .« - s ¥ms 214 - « - » %, This condition is sometimes expressed
by saying that Y and Z are conditionally independent given X.
1.5 Use Lemma 1.4.1 to prove the inequality of the arithmetic and geometric
means:

Let x,...,x, be arbitrary positive numbers; let a,,...,a, be positive
numbers whose sum is unity. Then
n
R R P X2

i=1
with equality if and only if all z; are equal.

Note that the inequality still holds if some of the a; are allowed to be zero
(keeping > 7_, a; = 1) since if @ = 0 we may multiply the left-hand side of the
inequality by 2* and add a= to the right-hand side without affecting the result.
However, the condition for equality becomes:

All z; corresponding to positive a; are equal.
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1.6 A change that tends in the following sense to equalize a set of prob-
abilities py, . . ., ppr always results in an increase in uncertainty:

Suppose p; > ps. Define

Pl =pL—Ap

P’ =py +4Ap

pl =pni=3 ..., M
where Ap >0 and p, — Ap > p, + Ap.  Show that H(py,...,puy") >
H(Ply ces ’PM)'

1.7 (Feinstein 1958). Let A = [a;;] be a doubly stochastic matrix, that is,
a; 2 0foralli,j; ¥ a;=1i=1,...,M; M a;=1,j=1,...,M.
Given a set of probabilities py, . . ., pyy, define a new set of probabilities p,’, . . .,
Py’ by

M
=za,~jp,-, i=1,2,...,M.
j=1

Show that H(p,,...,py) = H(py, ..., py) with equality if and only if

(py's - - -, par) is a rearrangement of (py, . . ., py,). Show also that Problem 1.6
is a special case of this result.
1.8 Given a discrete random variable X with values =,, ..., z,,, define a

random variable Y by Y = g(X) where g is an arbitrary function. Show that
H(Y) < H(X). Under what conditions on the function g will there be equality?

1.9 Let X and Y be random variables with numerical values =, ..., z;,;
Yy, - - - Y respectively. Let Z = X + Y.

a. Show that H(Z| X) = H(Y| X): hence if X and Y are independent,
H(Z| X) = H(Y)so that H(Y) < H(Z), and similarly H(X) < H(Z).

b. Give an example in which H(X) > H(Z), H(Y) > H(Z).

1.10 Prove the generalized grouping axiom.

H(Ply LR ,Prl;Prlﬂ, L] ,Pr2§ LR ;Prk~1+1’ “ e ’prk)
=H(p1+ +P’1’P’1+1+”. +P7‘2""’P7’lc—1+1+..' +p"lc)
P Prl‘vl"’l PT:
+ (p,. + - +p)H 75 oo ri
21: Prioet Pry DI 2 P
Je=ri 141 j=ri_+1

1.11 Show that if A(p), 0 <p <1, is a continuous function such that
M php) = —COIM p;logp; for all M and all py,...,py such that
pi >0,2¥ p, =1, then h(p) = —Clogp.

1.12 Given a function A(p), 0 < p < 1, satisfying
a. Alpyp) = hpy) + h(py), 0<p L1, 0<p <1

b. A(p)is a monotonically decreasing and continuous function of p,0 <p < 1.
Show that the only function satisfying the given conditions is #(p) = —Clog, p
where C > 0, b > 1.



CHAPTER TWO
Noiseless Coding

2.1. Introduction

Our first application of the notion of uncertainty introduced in Chapter 1
will be to the problem of efficient coding of messages to be sent over a
“noiseless” channel, that is, a channel allowing perfect transmission from
input to output. Thus we do not consider the problem of error correction;
our only concern is to maximize the number of messages that can be sent
over the channel in a given time. To be specific, assume that the messages
to be transmitted are generated by a random variable X whose values are
xy, ..., %,. A noiseless channel may be thought of intuitively as a device
that accepts an input from a specified set of *“‘code characters” a,, . .., ap
and reproduces the input symbol at the output with no possibility of
error. (The formal definition of an information channel will be deferred
until Chapter 3; it will not be needed here.) If the symbols ; are to be
communicated properly, each x; must be represented by a sequence of
symbols chosen from the set {a,, . .., ap}. Thus, we assign a sequence of
code characters to each x;; such a sequence is called a *“code word.”
Since the problem of error correction does not arise, efficient communi-
cation would involve transmitting a given message in the shortest possible
time. If the rate at which the symbols a; can be sent through the channel is
fixed, the requirement of efficiency suggests that we make the code words
as short as possible. In calculating the long-run efficiency of communi-
cation, the average length of a code word is of interest; it is this quantity
which we choose to minimize.

To summarize, the ingredients of the noiseless coding problem are:

1. A random variable X, taking on the values x,, ..., x; with prob-

abilities py, . . ., py, respectively. X is to be observed independently over
and over again, thus generating a sequence whose components belong to
the set {z,, ..., %415 such a sequence is called a message.

2. A set {ay,...,ap} called the set of code characters or the code
alphabet; each symbol x, is to be assigned a finite sequence of code
characters called the code word associated with z; (for example, x; might
correspond to a,a,, and x, to asa;azag). The collection of all code words
is called a code. The code words are assumed to be distinct.

27
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3. The objective of noiseless coding is to minimize the average code-word
length. If the code word associated with z; is of length n;, i=1,2,...,
M, we will try to find codes that minimize 2% p; n,.

2.2. The problem of unique decipherability

It becomes clear very quickly that some restriction must be placed on the
assignment of code words. For example, consider the following binary
code:

x 0
Zy 010
Zg 01
z, 10

The binary sequence 010 could correspond to any one of the three messages
%q, %4%y, OF T,7,. Thus the sequence 010 cannot be decoded accurately.
We would like to rule out ambiguities of this type; hence the following
definition.

A code is uniquely decipherable if every finite sequence of code characters
corresponds to at most one message.

One way to insure unique decipherability is to require that no code word
be a “prefix” of another code word. If A4, and A4, are finite (nonempty)
sequences of code characters then the juxtaposition of A, and A4,, written
A, A,, is the sequence formed by writing 4, followed by 4,. We say that
the sequence 4 is a prefix of the sequence B if B may be written as AC for
some sequence C.

A code having the property that no code word is a prefix of another
code word is said to be instantaneous. The code below is an example of an
instantaneous code.

zy 0
Z, 100
Z, 101
z, 11

Notice that the sequence 11111 does not correspond to any message;
such a sequence will never appear and thus can be disregarded. Before
turning to the problem of characterizing uniquely decipherable codes, we
note that every instantaneous code is uniquely decipherable, but not con-
versely. For given a finite sequence of code characters of an instantaneous
code, proceed from the left until a code word W is formed. (If there is no
such word, the unique decipherability condition is vacuously satisfied.)
Since W is not the prefix of another code word, W must correspond to the
first symbol of the message. Now continue until another code word is
formed. The process may be repeated until the end of the message.
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For example, in the instantaneous code {0, 100, 101, 11} dbOVC, the
sequence 101110100101 is decoded as 37,2,2,74.
Now consider the code
2, 0
Z, 01

This code is not instantaneous since 0 is a prefix of 01. The code is
uniquely decipherable, however, since any sequence of code characters
may be decoded by noting the position of the ones in the sequence. For
example, the sequence 0010000101001 is decoded as x,x, 2,2,2; 2,2, Z,.
The word “instantaneous” refers to the fact that a sequence of code
characters may be decoded step by step. If, proceeding from the left, W is
the first word formed, we known immediately that W is the first word of
the message. In a uniquely decipherable code which is not instantaneous,
we may have to wait a long time before we know the identity of the first
word. For example, if in the code

x, 0
x 00 - - 001

- n —>

we received the sequence 00 - - - 001 we would have to wait until the end
“—n+1—>
of the sequence to find out that the corresponding message starts with z,,

We now present a testing procedure that can always be used to determine
whether or not a code is uniquely decipherable. To see

how the procedure works, consider the code of Fig. 2.2.1, 1 a
which is not instantaneous but could conceivably be iz Z d
uniquely decipherable. We construct a sequence of sets xa abb
So» Sy, Sz, . .., as follows. Let S, be the original set of x: bad
code words. To form S, we look at all pairs of code 5 deb
words in So. If a code word W, is a prefix of another , bbede
code word W, that is, W, = W A, we place the suffix 4 Fig. 221. A
in S;. In the above code, the word a is a prefix of the _ 3.~

word abb, so that bb is one of the members of S;. In
general, to form S,, n > 1, we compare S, and S, ;. If a code word
W e S, is a prefix of asequence 4 = WB e §,_,, the suffix B is placed in
S, and if a sequence A’ € S, _, is a prefix of a code word W' = A'B’ ¢ S,,
we place the suffix B’ € S,. The sets S,, n=0,1,..., for the code of
Fig. 2.2.1 are shown in Fig. 2.2.2,

We shall prove

Theorem 2.2.1. A code is uniquely deciperable if and only if none of
the sets S}, Sy, S, . . . contains a code word, that is, a member of S,
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In Fig. 2.2.1, the code word ad belongs to the set Sg; hence, according
to Theorem 2.2.1, the code is not uniquely decipherable. In fact, the
sequence abbcdebad is ambiguous, having the two possible interpretations
a, bbcde, bad and abb, c, deb, ad. A systematic method of constructing
ambiguous sequences will be given as part of the proof of Theorem 2.2.1.

So Sy S S S, Ss Sq S,
a d eb de b ad d eb
c bb cde bede

ad

abb

bad S, empty (n > 7)

deb

bbcde

Fig. 2.2.2. Test for unique decipherability.

Proof. First suppose that the code is not uniquely decipherable, so
that there is a sequence of code characters which is ambiguous, that is,
corresponds to more than one possible message. Pick an ambiguous
sequence G with the smallest possible number of symbols. Then G may be
written in at least two distinct ways:

G=WWy - W,=W'W,--- W,
where the W, and W’ are code words (assume n > 2, m > 2; otherwise

the conclusion is immediate).
Now define the index of the word W, (respectively W,’) in G as the number

of letters in W, W, -+ W, (respectively Wy --- W, ), i=2,...,n,
j=2,...,m. The minimality of the number of letters of G implies that
the indices of W,, ..., W,, W,/ , ..., W, are distinct. If W, has fewer

letters than W;’, define the index of W; to be —1 and that of W' to be 0;
reverse this procedure if W, has fewer letters than W,;. (Note that W,’
cannot equal W, for if so, W, -+ W,' = W,--- W,, contradicting the
minimality of the number of letters of G.) Let U,, U,, ..., U,,,, be the
words of G, arranged in order of increasing index. If j < i and index
U, > index U,, but index U,,, < index U; + the number of letters in
U,, we say that U; is embedded in U;. We claim that foreachi=3,...,
n + m, either U; is embedded in some U,, j < i, or the subsequence 4,
of G which begins with the first letter of U, and ends with the letter
immediately preceding the first letter of U,_y, is in one of the sets S, n > 1.
(The sequence 4,,.,, is defined to be U, itself.) The claim is true for
i = 3 by inspection. The various possibilities are indicated in Fig. 2.2.3a
and b. If the claim has been verified for i < r, consider U,,;. If U, is
not embedded in some U, j < r + 1, we have:
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[ e e |

pe—U1 >t Ug —c— Uy

(a) Uz embedded in Us

IE As : Ay e Up g1 —>
pe———Up - Us :

]

1

|

|

|
I

i
! |

pe— Uy —>te— Uz — le—1U; j
(b) Az € S L—A,.H
(c) U, not embedded
inany U, i <r
Ar+1—')=
I‘FA;"—H(_‘UH-I—H ---K—Urﬁz—v: Upr41 ——
| E
!
b Ui >

(d) U, embedded in U;, i <r
Fig. 2.2.3. Proof of Theorem 2.2.1.

Case 1. U, is not embedded in any U, i < r (see Fig. 2.2.3c). By
induction hypothesis, 4, € some S,,n > 1. Butthen 4,,,¢S,.;.

Case 2. U, is embedded in some U,, i < r (see Fig. 2.2.3d). Then
U =AU, - UA,,. By induction hypothesis, 4, e some S,,n > 1.
By definition of the sets S,, U,y U A1 €S,44, Uyt " Updppa €
Spizy ey UpAr 1 €800y Ariy € Sppriae R

Now U, , cannot be embedded in any U;; hence 4,,,,, = U,,,, € some
S., 1 2> 1, and the first half of the theorem is proved.

Conversely, suppose that one of the sets S,, £ > 1, contains a code word.
Let n be the smallest integer >1 such that S, contains a code word W,
If we retrace the steps by which W arrived in §,, we obtain a sequence

AOy W09 Al’ W19 “eey Ans Wn
such that 4y, Wy, Wy, ..., W, are code words, 4,, ..., 4, are sequences
of code characters such that A, € S;,,i=1,...,n, 4, = W,, Wy = A,4,,
and for each i=1,2,...,n— 1 either 4, = WA, or W, = A;A;,;.
For example, for the code of Fig. 2.2.2, we obtain

Ay =a A, =bbeS, Ay=cdecS, A;=deeS; Ay,=beSy As;=adeS;
W, = abb W, = bbcde W, = W, = deb W,=bad W;=ad
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We now give a systematic way of constructing an ambiguous sequence.

We construct two sequences, one starting with Ao, and the other with

W,. The sequences are formed in accordance with the following rules.
Having placed W, at the end of one of the sequences:

Case 1. A4, = W A,,,. Add W, at the end of the sequence containing
W,

o
CASE 2. W, = A,4;,,. Add W, at the end of the sequence not con-
taining W;. Continue until W, is reached.

We shall illustrate this procedure for the code of Fig. 2.2.2.
A W, = abbcde, W, = abb
W, = A,4, so form W,W, = abbc.

(Notice that the sequence A4,W, is longer than the sequence W,, hence
W, is added to the shorter sequence.)

Ay = WyoAg so form WoW,W, = abbcdeb.

(After the addition of W,, the sequence beginning with W, is still the
shorter, so W, is added to that sequence.)

Wy = AyA, so form AW, W, = abbcdebad.

(After the addition of W, the sequence beginning with W, exceeds the
sequence beginning with 4, in length, and thus W, is added to the latter

sequence.)
W, = A,A4; so form W W, W,W; = abbcdebad.

The sequence abbedebad = AW\ W, = W, W,W;Wj is ambiguous.

We now show that the procedure outlined above always yields an
ambiguous sequence. We may establish by induction that after the word
W, is assigned (i = 1,...,n — 1), one of the sequences is a prefix of the
other. By inspection, this is true after W, is assigned. The inductive step
is accomplished by a tedious case-by-case analysis. For example, suppose
that W, is assigned to the first sequence and that after W, is written down,
sequence 2 is a prefix of sequence 1. In addition, suppose that W,_, was
assigned to sequence 2 (see Fig. 2.2.4). Then necessarily W, ;, = A4, ;A4,
and W,; = A,A,,,, therefore W,,, is assigned to sequence 2. If W, =
A Ao then Ay, is a prefix of W,y 1f 4, , = W, 14, ,then W, isa
prefix of 4,,,. In either case, one of the sequences is still a prefix of the
other. The other cases may be handled in a similar fashion. Now after
W,_, is assigned we have either W, , = A4, W, or A, =W, W,
Another case-by-case analysis shows that after W, is assigned, the two
sequences are identical. Since W, # A4,, we have produced an ambiguous
sequence.
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We remark that since the sequences in the sets S;, i > 0, cannot be
Jonger than the longest code word, only finitely many of the S, can be
distinct. Thus eventually the S, must exhibit a periodicity; that is, there
must be integers N and & such that S; = S, fori/ > N (it may happen that
S, is empty for i > N; in fact a code is instantaneous if and only if S, is

YN
<Ay

EAi_l—)‘-é——— A; —*-»t‘(-—‘ W,'+1
W

Fig. 2.2.4. Proof of Theorem 2.2.1.

empty for i > 1). Thus the testing procedure to determine unique de-
cipherability must terminate in a finite number of steps, and an upper
bound on the number of steps required may be readily calculated for a
given code.

2.3. Necessary and sufficient conditions for the
existence of instantaneous codes

As we have seen in the previous section, an instantaneous code is quite
easy to decode compared to the general uniquely decipherable code.
Moreover, we shall prove in Section 2.6 that for the purpose of solving the
noiseless coding problem, we may without loss of generality restrict our
attention to instantaneous codes. Thus it would be desirable to examine
the properties of such codes. We start by posing the following problem.
Given a set of symbols x,, x5, ..., 2y, a code alphabet a;, a,, ..., ap,
and a set of positive integers ny, n,, . . ., nyy, is it possible to construct an
instantaneous code such that n, is the length of the code word correspond-
ing to z,? For example, if M =3, D=2, n,=1,n,=2,n3=3, a
possible code is {0, 10, 110}, If M =3, D=2, n,=n,=ng= 1, no
uniquely decipherable code, instantaneous or otherwise, will meet the
specifications. The complete solution to the problem is provided by the
following theorem.

Theorem 2.3.1. Aninstantaneous code with word lengths ny, ny, ..., 1y
exists if and only if 32, D= < 1 (D = size of the code alphabet).

Proof. To prove the theorem we make use of the idea of a free of
order D and size k, which'is simply a system of points and lines such that
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000 : 00
00
001 0 01
0
02
ol0
ol 10
011
1 11
100
10 12
1
. o1 20
110
2 21
11 111
22
(a) Order =2, size = 3 (b) Order = 3, size = 2

Fig. 2.3.1. Trees.

each sequence s of length <k formed from the symbols {0, 1, ..., D — 1}
is represented by a distinct point V,, and such that if the sequence s’
is formed by adding a single digit to s, then ¥, and V" are connected by a
line. Typical trees are shown in Fig. 2.3.1.

Now suppose we are given a base D instantaneous code with word
lengths ny, n,, . . ., 1. We may assume without loss of generality that
the code alphabet is {0,1,..., D — 1}. Assume for simplicity that
ny < ny < -+ < ny. Each code word may be identified with a point on
the tree of order D and size ny,. For example, the binary code {0, 10, 111}
may be represented as shown in Fig. 2.3.2. Since no code word can be a
prefix of another code word, once a point P on the tree is reserved for a
particular code word, no other code word can correspond to any point on
the branches emanating from P. In Fig. 2.3.2, the dashed lines indicate the
forbidden parts of the tree. By construction of the tree, a code word of

Fig, 2.3.2. Tree representation of a binary code.
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length n, excludes D"»~" “terminal points,” that is, points corresponding
to sequences of length ny,. Thus the total number of terminal points
excluded by the given code is 3, D"#~™. Since a tree of order D and
size ny has D™ terminal points, the total number of terminal points
excluded cannot exceed D"#. Thus, > D"~ < D™, or M D= < 1.
Conversely, suppose we are given positive integers m, #,, ..., ny
satisfying DM D™ < 1. Again assume n, <n, <---<ny. To
construct the required instantaneous code, select any point on the tree of
order D and size ny, corresponding to a sequence of length n,. This
excludes Dm»="t terminal points. Since >¥ D™ £ 1, or equivalently
, Drene < Dmoowe have D"#—™t < D"¥, and at least one terminal
pomt remains. Hence a point corresponding to a sequence of length n,
remains, and we may choose this point to correspond to the code word of
length n,. The total number of points excluded is now D"#~"1 4 D"u~"2,
and again it follows from the hypothesis that this number is less than
D"x, and hence we may choose a point corresponding to a sequence of
length n5. The process may be continued until all code words are assigned.
We remark that the condition >, D= < 1 is equivalent to

E;=1 wJ'D—] S 1’
where w; is the number of code words of length j, and 7 is the maximum
code-word length. This follows since the sum 32, D™ may be written
as
D—l+D—1+...+D—1+D—2+...+D—2

<

) times > < oy >

4+ -4+ D"+ -+ D,

< ———>

2.4. Extension of the condition 31, D" < 1 to
uniquely decipherable codes

We have shown that the condition XM, D™ <1 is necessary and
sufficient for the existence of a base D instantaneous code with word
lengths ny, ny, ..., n,. In this section, we prove a stronger result,
namely, that the same condition is necessary and sufficient for the exis-
tence of a uniquely decipherable code. The sufficiency part is immediate,
since every instantaneous code is uniquely decipherable. Thus it remains to
prove necessity.

Theorem 2.4.1. If a uniquely decipherable code has word lengths
Ny, Ngy o« ., Npys then 21_1 D™ S 1.
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Proof. For convenience we use X7_, w;D~7 instead of XM D™
Now

( ) ij'f) = (@D  + - + @, D). (2.4.1)
i=1
Each term in the expansion of (2.4.1) is of the form wi,D_ilwi, Dt

w; D~ where 1 < i < rforeachk,and hencen < iy + -+ + i, < nr.
Thus

(Z w,-D_’) =>N.D* (24.2)
i=1 k=n
where

Ne= Y w0, o, (24.3)

Gt iy =k

We claim that N, is the total number of messages using n (not necessarily
distinct) symbols x; whose coded representation is of length &. To see this, we
note that the number of sequences of code characters that can be formed using
code words of length i,, . . . , i,, in that order, where i, + . .. + i, = k(that
is, the number of sequences that start with a code word of length |, follow
with a code word of length i, . . . , and end with a code word of length i) is
w;, . . . ;. By unique decipherability, every sequence of code characters
corresponds to at most one message. Thus N, cannot exceed the total number
of coded sequences of length k, that is, N, = Dt. By (2.4.2),

(Zw,D"') <Sl=nr—n+1<nr.
=1 k=n

Taking nth roots, we have
> w;D7 < ntrrtin, (2.4.4)
i=1

Since (2.4.4) holds for any n, we may let n — oo to obtain X7, w,D77 < 1.

2.5. The noiseless coding theorem

Let us return to the noiseless coding problem. A random variable X
takes on values z,, ..., x, with probabilities p,, ..., p, respectively.
Code words Wy, ..., Wy, of length ny, . . ., ny, respectively, are assigned
tothesymbolsx,, . . ., ;. Thecode words are combinations of characters
taken from a code alphabet a,, . . ., ap. We wish to construct a uniquely
decipherable code which minimizes the average code-word length 7 =

¥ pn;. We shall approach the problem in three steps. First we
establish an absolute lower bound on 7; then we find out how close we
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can come to the lower bound; then we attempt to synthesize the ‘“best”
code. The lower bound is set by the following theorem.

Theorem 2.5.1. (Noiseless Coding Theorem). If i = 3¥, pn;, is the
average code-word length of a uniquely decipherable code for the random
variable X, then i > H(X)flog D with equality if and only if p; = D™
for i=1,2,..., M. Note that H(X)/log D is the uncertainty of X
computed using logs to the base D, that is,

H(X Y Jog, p;
'L_)=_ P—M=-2P1108D1’1
log D i log, D

Proof. The condition i > H(X)/log D is equivalent to

M M
logD3 pn; > — 3 p;logp,.
i=1 i=1

Since p;n, log D = p;log D™ = —p,log D~™, the above condition
may be written as
M

—szlogD > Zp,logp,

This looks suspiciously like Lemma 1.4.1, except that the terms D—" do
not necessarily add to unity. This difficulty may be circumvented by
defining g, = D3 D~". Then the ¢,’s add to unity, and Lemma
1.4.1 yields

D™
- Z pilogp, < — Z p;log 5; (2.5.1)
i=1 ZD_m

i=1

with equality if and only if p, = D~™/3>¥ D-" for all i. Hence by
(2.5.1),

M : M M
H(X) < — 3 p;log D™ + (2 pi) log (z D‘"f),
i=1 md) et
or

M
H(X) < rilog D + log (z ) (2.5.2)

for alli.

with equality if and only if p; = 3
S
=1
But by unique decipherability (Theorem 2.4.1) ¥ D" < 1; hence
M
log (ZD”‘f) <0,

=1

and H(X) < filog D.
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Now if p, = D= for all i, then

M M
H(X)= — Y plogp, = Xpmn;log D = rlogD.
i=1 i=1

It therefore remains to prove that if H(X) = rilog D, then p, = D™
for all i. By (2.5.2), H(X) = 71 log D implies that

M
log (ZD‘"J') > 0;
by unique decipherability 7_1
M
log (Z D‘”a‘) <0
and thus o
M
log (E D‘"i) =0
j=1
or XY D" = 1. It now follows from (2.5.2) that p;, = D" for all i.
This completes the proof.

We shall call a code that achieves the lower bound set by the noiseless
coding theorem absolutely optimal. An example of an absolutely optimal
binary code is the following.

X Probabilities Code Words

z, 172 0

Zy 1/4 10

Z3 1/8 110 HX)=rf=1.

z, 1/8 111
In general we cannot hope to construct an absolutely optimal code for a
given set of probabilities py, pa, . . ., par, since if we choose n; to satisfy

p; = D™, then n; = (—log p,)/(log D) may not be an integer. However,
we can do the next best thing and select the integer n; such that

—1 . —1 .
TP oy TOBR Ly (= 1,2,.. ., M), (253)
log D log D
We claim that an instantaneous code can be constructed with word lengths
My, Ny, . . ., Ny To prove this, we must show that ¥ D" < 1. From

the left-hand inequality of (2.5.3), it follows that log p, > —n,log D, or
p:> D™, Thus XX D" < 3M p = 1. To estimate the average
code-word length, we multiply (2.5.3) by p, and sum over /, to obtain

M ojogp M M Jogp M
—Epi SEW%<~2P,- gp+zp,--
-1 log D~ i =1 logD =&

Thus we have proved the following theorem.
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Theorem 2.5.2. Given a random variable X with uncertainty H(X),
there exists a base D instantaneous code for X whose average code-word
length 7 satisfies

H(X)Sﬁ< H(X)
log D log D

Consequently the average code-word length may be brought within
one digit of the lower bound set by the noiseless coding theorem. In
fact, we can always approach the lower bound as closely as desired if we
are allowed to use “block coding.” Suppose that instead of assigning a
code word to each symbol x,, we take a series of s independent observations
of X and assign a code word to the resulting group of s symbols. In other
words, we construct a code for the random vector ¥ = (X, Xs, ..., XJ),
where the X, are independent and each X, has the same distribution as X
If X (and hence each X)) assumes M values, then Y assumes M* values.
Block coding will in general decrease the average code-word length per
value of X as illustrated by the following example.

+1

X p Code Word Y = (X, Xp) ¥4 Code Word
xy 3/4 0 247y 9/16 0

Zgy 3/16 110

ZgTy 1/16 111

bl
I
—

=

St H% @ +10)
2% code characters/2 values of X
£ code characters/value of X

I
~3 &

N

By Theorem 2.5.2, we may construct an instantaneous code for ¥ whose
average code-word length A, satisfies

H(Y)Sﬁs< H(Y)
log D log D

+ 1 code characters/value of Y.

Since Xy, ..., X, are independent and identically distributed, H(Y) =
H(Xy, ..., X)=H(X) + -+ H(X,) = sH(X). Thus

SH(X)gﬁs<SH(X)+I,
log D log D

or
HX) A, HX) 1

(2.5.4)
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But 71,/s is the average number of code characters per value of X; it
follows from (2.5.4) that 7i,/s may be made arbitrarily close to H(X)/log D
by choosing s large enough. Thus H(X)/log D may be interpreted as the
minimum average number of base D digits required to encode one
observation of X. If we consider the case D = 2, we make the observation
that any instantaneous binary code corresonds to a sequence of “‘yes or
no’ questions, as illustrated in Fig. 2.5.1. Inthe example, an answer “‘yes”
corresponds to a zero in a code word; an answer “no” to a one. Thus,

X Code Words o ‘ Sequence of “Yes or No” Questions
u 00 0? Ve
Yes
x2 01 NO— —  x
x1 Of x97?
X3 11 Yes —xy
YesLi<

x4 100 x4 orxs? < No — e
x5 101

Fig. 2.5.1. A binary instantaneous code and its corresponding sequence of ‘'yes or
no” questions.

as we indicated in Section 1.3, the uncertainty H(X) may be interpreted as
the minimum average number of “yes or no’ questions required to deter-
mine the result of one observation of X.

2.6. Construction of optimal codes

The only part of the noiseless coding problem that remains is the
construction of the code which minimizes the average code-word length
for a given set of probabilities py, p,, . . ., par. We first show that in the
search for optimal codes, we may restrict our attention to instantaneous
codes. More precisely, we prove:

Lemma 2.6.1. Suppose a code C is optimal within the class of instan-
taneous codes for the given probabilities p;, p,, . . . , par; in other words,
no other instantaneous code for py, ..., py has a smaller average code-
word length than C. Then C is optimal within the entire class of uniquely
decipherable codes.

Proof. Suppose a uniquely decipherable code C’ has a smaller average
code-word length than C. Let n)’, ny', .. ., ny be the code-word lengths
of C'. By Theorem 2.4.1, 3% D-"’ < 1. But by Theorem 2.3.1 there
exists an instantaneous code C” with word lengths n,, ..., n;’. Hence
the average word length of C” is the same as the average word length of C’,
contradicting the fact that C is the best instantancous code.
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Before turning to the synthesis of optimal instantaneous codes, we
imagine that we have constructed an optimal code and determine what
properties such a code must have. In other words, we shall derive necessary
conditions on an optimal instantaneous code. To simplify the presen-
tation we consider only the binary case. For an extension to nonbinary
code alphabets see Problem 2.5. The results are summarized as follows.

Lemma 2.6.2. Given a binary instantaneous code C with word lengths
Ny, My, . . ., Ny associated with a set of symbols with probabilities p,,
P2 . - - » Par- For convenience, assume that the symbols are arranged in
order of decreasing probability (p, > p, > * * - > py,) and that a group of
symbols with the same probability is arranged in order of increasing
code-word length. (If p,=p,., = - =p;,, then n, <n,, < - <
n;,.) Then if C is optimal within the class of instantaneous codes, C
must have the following properties:

a. Higher probability symbols have shorter code words, that is,
p; > p, implies n; < n,.

b. The two least probable symbols have code words of equal length,
that is, ny, 1 = ny,.

c. Among the code words of length n,, there must be at least two words
that agree in all digits except the last. For example, the following code
cannot be optimal since code words 4 and 5 do not agree in the first three
places.

Zy 0

Z, 100

Zy 101

x, 1101
xg 1110

Proof. To prove (a), we note that if p; > p, and n; > n,, it is possible
to construct a better code C’ by interchanging code words j and k. The
difference between the average code-word length of C’ and of C is

(A) — A =pmy + pyn; — (pn; +Pknk) = (p; — p)(m, — n) < 0;

hence C’ is better than C.

To prove (b) we note first that ny_, < ny,, for if py g > par then
ny 1 < nyy by (a); if pay 3 = pay, then ny, , < 1y, by our assumption
about arrangement of code words associated with equally probable
symbols. Now, if ny > ny ,, we may drop the last digit of the M*™
code word to obtain a code that is still instantaneous and better than the
original code.
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Finally, (c) is proved by observing that if no two code words of maximal
length agree in all places but the last, then we may drop the last digit of
all such code words to obtain a better code.

We now describe a method, due to Huffman, for the construction of
optimal (instantaneous) codes. If we have an array of symbols z,, ..., z,,
with probabilities p,, . .., py; (again assume p, > py >+ - 2 pyy), then
we combine the last two symbols z,,_, and z,, into an equivalent symbol
%37 a1 With probability p, + pa 1. Now suppose that somehow we
could construct an optimal code C, for the new set of symbols (see Table
2.6.1). We now construct a code C, for the original set of symbols z, . . .,
Z,. The code words associated with xy, x,, ..., ¥, , are exactly the
same as the corresponding code words of C,. The code words associated
with x,; ; and x,, are formed by adding a zero and a one, respectively,
to the code word Wy, 4, associated with the symbol z,, ., ; in G,.
We now claim that C, is an optimal code for the set of probabilities p,,
Po- s Py

To establish the claim, suppose that C, is not optimal. Let C,’ be
an optimal instantaneous code for x;,x,, ..., 2,. Then C," will have
code words W, W, , ..., W,/ with word lengths n/,n,)/,..., ¢n,
respectively. By Lemma 2.6.2b, ny,_, = n,/. By Lemma 2.6.2¢c, at
least two words of length n,,” agree in all digits but the last. We may
assume without loss of generality that W, | and W,,’ are two of these
words. (If necessary we may interchange words of the same length
without affecting the average word length.) At this point we again combine
the symbols 4, , and z,, and construct a code C,’ by taking as the code
word for z; 5, the word W,," (or Wy, ;) with the last digit removed (see
Table 2.6.2). We now establish that C,” has a smallier average word length
than C,, contradicting the optimality of C,. The average word length of
C, is

()" = piy” + -+ pap oy g+ (Para + Pad(pr — 1)

=p’ + 4 Pyt e+ Pyalina
+ pany’— (P + P

Since C,’ has a smaller average word length than C,

i’ + o Pl F Py + Pty < pig 0
y + Pu—oNayr—2 + Py + Pubiy
Using the fact that n,, ; = n,, (by construction of C,) we obtain
(1) <pm 4+ pyr e+ Para + Py — Para + Pm)

or
(M) <pim =+ Fpayranpyr e+ Par1 + pad(nar—y — 1)
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Table 2.6.1. Construction of the Huffman code

Probabil- Code words Word Probabil- Code words Word
X ities of Cy lengths X ities of Cy lengths
E2Y 14} Wy ny Zy P W,y n

Ty Pz W, g Tz P2 W, nz

Ta, -1 Pu+pm-1 Wi, m-1 nay, -1

Ty-2  PM-2 W-2 ny-2 . . .
zy-1 pu-1r [Waum-10] ny Ty-2 Pu-2 War—2 ny-2
£ j2% [Wau, 0111 nm

Table 2.6.2. Proof of optimality of the Huffman procedure

Probabil- Code words Word Probabil- Code words Word

X ities of Cy lengths X ities of Cy’ lengths
zy P W1: ”1: Ty 141 Wl: ny’
Zy P2 W ny Ty P2 W, ny'

Tu,m-1 putpu—1 U’ ny—1
. =ny_1—1

Ty-3  PuM-2 W2 2 . ,
Ty-1  PM-1 W a1 lﬂ'u-x Ty-2 Py W2 ny_2
zy 127 W' ny'=n"y-1

U’ = Wy’ with last digit removed.

Since nyr_y — 1 = ny; 5 5, the expression on the right is the average word
length of C,, and thus the proof is complete.

The above result tells us exactly how to construct optimal codes. An
example is carried through in Fig. 2.6.1. The idea is simply to combine
the two least probable symbols until only two symbols remain. An
optimal binary code for two symbols must consist of the two code words
0and 1; we canthen work backwards, constructing optimal codes for each
array until we arrive at the original set of symbols.

2.7. Notes and remarks

The material of this chapter has become fairly standard, and is treated
in Feinstein (1958), Abramson (1963), and Fano (1961). Theorem 2.2.1
is due to Sardinas and Patterson (1950, 1953), whose proof exploited the
fact that the collection of finite sequences of code characters is a semi-
group under juxtaposition. The somewhat cumbersome direct argument
in the present text is the author’s. The phrase “instantaneous code’ was
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zy .3 @y 3 a:” xum .55 0
xy .25 xy .25 a:4 56 zz,s 45

xg .2 g .2 xz 25 ? x4 56

x, .1 %56 .15

N | ]1]' A

zg .05

Optimal Codes

%1456 0 Zp3 1 z, 00 z 00 Zy 00
Zyg 1 xy 00 zy 56 01 Xy 10 Zq 10
: x4 58 01 Zy 10 g 11 g 11

Zg 11 x; 4 010 z, 011

z, 011 2 0100

xg 0101

Fig. 2.6.1. Huffman code.

coined by Abramson (1963). Theorem 2.3.1 is due to Kraft (1949);
Theorem 2.4.1 was proved by McMillan (1956); the proof in the text is
due to Karush (1961). Theorem 2.5.1 is due to Shannon (1948); the proof
follows Feinstein (1958). The construction of Section 2.6 is due to Huffman

(1952).

PROBLEMS

2.1 Determine whether or not each of the following codes is uniquely
decipherable. If a code is not uniquely decipherable, construct an ambiguous
sequence.

a. x; oto b. x; abe
Zy 0001 Z, abed
Tq o110 Zy e
Ty 1100 x, dba
x 00011 Zg bace
Zg 00110 Zg ceac
Z, 11110 x, ceab
xg 101011 Zg eabd

22 a. For the binary code below, let N(k) be the number of messages that
can be formed using exactly £ code characters. For example, N(1) = 1 (that is,
xl), N(Z) =3 (xlxlv Lgy xa)’ N(3) =3 (xlxlxl’ xlxz’ xlxa’ xlel x3x1)~

Find a general expression for N(k) (k =1, 2,...).

x,; 0
zy 10
Ty 11
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b. Repeat part (a) for the code below.

x, 0
g 10
N 110
Ty 111

2.3 Construct a Huffman code for the symbols below. Compare the average
code-word length with the uncertainty H(X).

Symbols Probabilitiecs =~ Symbols  Probabilities

x; 2 Zq .059
Ty 18 xg .04
Ty 1 x, 04
kA 1 Xy 04
Zg 1 x5, 04
Zg .061 215 .03
%3 .01

2.4 Show that the average word length of a Huffman binary code satisfies
A< HX)+1

2.5 Explain how to construct a base D instantaneous code that minimizes
the average code-word length and apply the results to construct an optimal
ternary code for the set of symbols below.

Symbols Probabilities  Symbols  Probabilities

xy 3 xg 1
Zy 2 Xg .08
x, 15 2, .05

x, 1 xg .02



CHAPTER THREE

The Discrete Memoryless Channel

3.1. Models for communication channels

In this chapter we shall begin the analysis of communication channels
whose inputs are subject to random disturbances in transmission. In
the usual communication situation, an object of some kind (for example, a
letter of the alphabet, a pulse or other waveform) is selected from a
specified class of inputs. The channel is a device that acts on the input to
produce an output belonging to another specified class. The random
nature of the channel may in many cases be described by giving a prob-
ability distribution over the set of possible outputs. The distribution
will in general depend on the particular input chosen for transmission and
in addition may depend on the internal structure of the channel at the
time the input is applied. We shall try to arrive at a definition of an
information channel that reflects these considerations.

We are going to specialize to the so-called “discrete case,” that is, the
situation in which the information to be transmitted consists of a sequence
of symbols, each symbol belonging to a finite alphabet. More general
models will be discussed in Chapter 8. If we apply a sequence «y, .. ., «,
at the input of a channel, then at the output, perhaps after an appropriate
delay, we will receive a sequence §,, ..., f,. It is reasonable to describe
the action of the channel by.giving a probability distribution over the
output sequences f;, ..., S, for each input sequence «,,..., a,; the
family of distributions should also reflect the fact that the “internal
state” of the channel at the time the input is applied will affect the trans-
mission of information. Physically, we expect that many channels have
“memory”; that is, the distribution of the output symbol §, may depend
on previous inputs and outputs. We do not, however, expect “anticipa-
tory” behavior; in our model the distribution of #, should not depend on

future inputs or outputs. Thus in giving the distribution of 8,, . .., f,, we
need not consider inputs beyond «,, ..., a,. We are led to the following
definition.

Definition. Given finite sets I" and I, to be called respectively the inpur
alphabet and output alphabet, and an arbitrary set .S called the set of
states,

46
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a discrete channel is a system of probability functions

PaBrs- s Bu|otns ooy 2y 8)

Oy ... 0, €l
BrreesBrel”
seS
n=12,...,

that is, a system of functions satisfying

LopaBrseo oy Bulon, -y )20 forall noay,...,a,,
Bis s Brs 8.
2. 2 s PaBr s Ba| o0 ) =1 for all n,

gy e oy Oy S.

Physically we interpret p,(fy,..., f, | %, ..., %, S§) as the probability
that the sequence 3, . . ., B, will appear at the output if the input sequence
#, ..., o, is applied and the initial state of the channel, that is, the state
just prior to the appearance of a,, is s. The state of the channel may
change as the components of the input sequence are applied; our model
assumes that knowledge of the initial state and the input sequence deter-
mines the distribution of the output sequence.

In this chapter we consider only a very special case of the discrete
channel. However, the techniques of analysis which will be developed
are basic to the analysis of more general channels. Specifically, we are
going to consider the discrete channel without memory; such a channel
is characterized by the requirements that successive symbols be acted on
independently and that the functions p, do not depend on the state s.
Formally we have the following:

Definition. A discrete channel is memoryless if

1. the functions p,(B1,..., B, | %, ..., %,; 8) do not depend on s,
hence may be written p, (B, ..., B, | o, ..., «,), and

2. pn(ﬂl’ st ﬁn | 55 PIREEIRY n) _Pl(ﬂl I al)Pl(ﬂZ I a" o Pl(ﬁn ‘ O(")

forall &y, ..., ¢, el By,..., B, eI, n=1,2,.

The second condition may be replaced by the conjunction of two other
conditions as follows:

Lemma 3.1.1. Given probability functions satisfying condition (1),
define

pn(ﬂl""5ﬂn—k|a1""’an)= Z ﬁpn(ﬁl""’ﬁnial""’an)’
1<kLn—1.
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(This quantity is interpreted as the probability that the first n — & output
symbols will be #,,..., B, , when the input sequence «,...,a, is
applied.) Also define

pﬂ(ﬁﬂ l Ogs v oo s Xy ﬁly AR ] ﬁn—l)

=pn(ﬂ1’---’ﬂn——l’ﬂnlala""an) .
pn(ﬂli AR ﬁn—l | 5 TR O(")

this expression is interpreted as the conditional probability that the nth
output symbol will be §,, given that the input sequence «,,..., a, is
applied and the first n — 1 output symbols are f,, ..., §,_,. (Note that
the subscript # on the functions above corresponds to the length of the
input sequence.)

The functions satisfy condition (2) if and only if foralln =1,2,...,
both of the following conditions are satisfied.

a puBn|on - st Bryeeos Bucr) = pu(Bn| @) forall oy, ...,
o, el Bioe-es ol

b‘ Pn(ﬁl"‘"ﬂn—-klal""’an)=pn—k(ﬂ1""9ﬂn—k|“1"",“n—k)
forall oy,...,a,€l, BisevesPrwel, 1<k<n—1.

Condition (a) puts into evidence the memoryless feature of the channel,
and condition (b) indicates the nonanticipatory behavior.
Proof. Suppose that condition (2) is satisfied. Then

ﬁ l)=pn(ﬂl7"'aﬁfn-1, ﬂnlal,...,a")
" pn(ﬂl"'~,ﬂn_lla1,...,a")

’:!;Ilpl(ﬁkl‘xk)
—ﬂzpn(ﬂb---,ﬂnlal,...,a")

pn(ﬂﬂlal""’an; ﬂl""’

= ﬁ Pi(Br I o)
z H pl(ﬁk I %)

Bu k=1

H (B | %)
k=1
kl;_! PP I %) ﬂZ B l o,)

= p(Bale,),  proving (a).
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To prove (b), note that the above argument shows that

n—1
PalBis - o5 Baa |ty oy ) = ;E Pi(B | )

= pn—l(ﬁla BRI ﬂn—l I s ooy o(n—l)'
An induction argument now establishes (b). '
Conversely, if (a) and (b) are satisfied then

pn(ﬂly'-'5ﬂnlal""’an)

=Pn(/31’ MR ] ﬂn—l | S T an)Pn(ﬂn | Qyy v v oy U /319 ] ﬂn—l)'
By (b), the first term on the right is p, (B, . - -, Bur | &1y vy %p1);
by (a) the second term is py(8, | «,). Proceeding inductively, we establish
.

Note that we could have specified £ = 1 in the statement of condition
(b) and the lemma would still hold.

Thus a discrete memoryless channel is characterized by a matrix whose
elements are a,, = py(f | o), e, el (a,, is the element in row « and
column B.) The matrix [p,(8 | o)]is called the channel matrix; henceforth we
shall drop the subscript and write p(8 | «) for py(8 | «). In this chapter, the
word *““channel” will mean ‘“‘discrete memoryless channel” unless otherwise
specified.

3.2. The information processed by a channel;
channel capacity; classification of channels

Consider a discrete memoryless channel with input alphabet* «,, ...,

@y, output alphabet vy, . . ., y;, and channel matrix [a,;], a;; = p(y; | =),
i=1,...,M,j=1,..., L If an input symbol is chosen at random,
that is, if X is a random variable taking on the values #y, ..., x; with

probabilities p(x,), . . ., p(x ) respectively, then the channel output also
becomes a random variable. The joint distribution of the input X and the
output Y is given by P{X ==z, ¥ = y,} = p(z)p(y; | z), i=1,2,...,
M,j=1,2,..., L, and the distribution of Y is given by

M
P{Y=?/;'} =§P(xi)P(yjI z;), ji=12...,L

* In Chapter 2 we distinguished between the symbols z,, @, . . . , 4, which were the
building blocks for a message, and the code alphabet a,, as, . . . , ap. Coding is necessary
since the inputs accepted by the channel may have no relation to the symbols z,,
Zy, ... Z,. In this chapter we assume for convenience that @, @,, . . ., z, is the code
alphabet. We do this because we would like to reserve the symbol H(X) for the un-
certainty at the input to a channel. If it becomes necessary to distinguish uncoded
information from coded information, then we shall denote the original (uncoded)
symbols by m,, m,, etc.; thus the m; will be the components of a message. Each message
will be assigned a code word, that is, a sequence of symbols from the alphabet z,,

Toyor vy Ty
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Thus the specification of an input distribution induces in a natural way
an output distribution and a joint distribution on input and output. We
may therefore calculate the input uncertainty H(X), the output uncertainty
H(Y), and the joint uncertainty of input and output H(X, Y) as well as the
conditional uncertainties H(Y | X)and H(X | Y). Itis natural to define the
information processed by the channel as

I(X|Y)= H(X)— H(X| Y). 3.2.1)

By the discussion in Section 1.5, we have

I(X|Y)=H(Y)— HY|X)=IY]| X)= H(X)+ H(Y) — H(X, ).

It is important to notice that the information processed by a channel
depends on the input distribution p(x). We may vary the input distri-
bution until the information reaches a maximum; the maximum infor-
mation is called the channel capacity. Specifically, we define the channel
capacity as

C =maxI(X| Y). (3.2.2)
p(z)

(There is a true maximum rather than just a least upper bound; see
Problem 3.12.)

The significance of the channel capacity is not at all clear from what we
have done so far. However, we shall prove
later in this chapter that (loosely speaking)
it is possible to transmit information
through a channel at any rate less than the

B, channel capacity with an arbitrarily small
probability of error; completely reliable
transmission is not possible if the infor-
mation processed is greater than the
channel capacity. The calculation of the

B, capacity of a channel is a difficult problem
in general; the solution in certain special
cases will be discussed in the next section.

It is convenient at this point to introduce

>
~d

x1

x2

A

L L]
. . certain classes of channels which are easy
. . to analyze.

a. A channel is lossless if H(X | Y)=0
for all input distributions. In other words,
a lossless channel is characterized by the
fact that the input is determined by the
output and hence that no transmission
' errors can occus. Equivalently, the values
Fig. 3.2.1. Lossless channel. of Y may be partitioned into disjoint sets
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Hamming bound suggests that as the error correction requirements in-
crease, the maximum possible number of code words decreases.

A consideration neglected so far is ease of decoding. The ideal-observer
decision scheme is a “minimum-distance” decoder; that is, the received
sequence v, is decoded as the code word w, that minimizes d(w;, v;). Thus
the decoder must contain a “table” or “code book™ whose entries are all
binary sequences of the specified code-word length. Each possible
received sequence is assigned to the closest code word. The storage require-
ments for such a decoder are quite severe. In this section we investigate
a coding scheme that improves the efficiency of the decoding process, and
at the same time gives considerable insight into the structure of error
correcting codes.

The earliest “parity check™ codes were devised as a very simple and
easily mechanized error detection scheme. Given a code consisting of all
binary sequences of length n, an extra digit (the ““parity digit”) is added to
each code word, the digit being chosen so as to make the total number of
ones even (or odd). For example, if the original code is {00, 01, 10, 11},
and an “even parity” is used, that is, the parity digit is chosen so that the
number of ones is even, the resulting code is {000, 011, 101, 110}. It is
not difficult to see that if a single error (or in fact any e-tuple error where e
is odd) is made in transmission, the received sequence will have an odd
number of ones. Hence all errors involving an odd number of digits can
be detected. The only operation the decoder must perform is to add the
number of ones in the received sequence. This idea was generalized by
Hamming and later by Slepian, who formulated the basic theory we
present here.

Ifry, ry, ..., r, are the digits of a code word, the fact that the number
of ones is even may be expressed by the condition ry +ry + -+ - + r, =
0 modulo 2.1 Thus it appears that the binary sequences of length n which
have an even number of ones are precisely the sequences which satisfy a
certain modulo 2 linear equation. To generalize this idea we consider
codes whose words satisfy a set of simultaneous linear equations.

Definition. Given a set of simultaneous linear equations of the form

apry 4+ aprs + -+ ayr, =0

: (mod2).  (43.1)

am1r1+am2r2+'.' +amnrn=0

+ Modulo 2 arithmetic is the arithmetic of the field consisting of two elements 0 and 1,
with the rules 04+0=14+1=004+1=140=1, 1-1=1, 0-1=1:0=
0:0=0,0/1=0,1/l=1,a—b=a+bfora, b=00rl.
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The set of solutions to (4.3.1) is called a parity check code (The terminology
group code is also used, for reasons which will become clear in Section 4.4.)

The m by n matrix 4 = [a;;] is called the parity check matrix. If the
rank of 4 is ¢, and if columns j,, . . ., j, of 4 are linearly independent, then
the n — t = k digits r,, j # j1,...,J # j,, may be specified arbitrarily
in (4.3.1), and are called a set of information digits of the code. The digits
Tty are then determined from (4.3.1), and are called a set of
check digits for the code. A parity check code must contain 2* words,
where k = n — t = n — rank A4; each assignment of values to a set of
information digits determines a unique code word.

If a parity check code is to be used to process the information produced
by a source which emits R binary symbols per second, then in accordance
with the discussion in Chapter 3 we would set 2"% = 2%, or R = k/n.
Thus a high percentage of information digits corresponds to a high
transmission rate; on the other hand, in general the greater the percentage
of check digits the greater the error correcting ability of the code. An
example of a set of parity check equations is shown below for the case
n=6t=m=3,k=23.

r +ry 475 =0
ro+rs+r, +rg=0 (mod 2). 4.3.2)
r +rg+r, +rg=0

We may choose r,, ry, and ry as check digits and r,, 75, and r, as information
digits. To form a code word, we first choose values for r,, 75, and rq; for
example, r, = 0,rs = 1, r¢ = 1. We then solve the parity check equation
toobtainr, =ri+rg=lLrs=r+ra,+ra=0,ry=ry+ry+rs=1
Thus the code word is 1100i1. Since there are three information digits,
there are 2% = 8 code words in the code; all eight code words are listed
in Table 4.3.1.

The fact that the code words of a parity check code are determined by a
set of linear equations allows us to use algebraic techniques to study the

Table 4.3.1. Example of a parity check code

ry rp rg ry rg Ig

w, 1000000
we [0 O 1 0 0 1
ws|1 11010
w1 10011
we|1 10100
we|1 11101
w, (0001 110
we|0 001 11
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properties of codes. However, there is a basic question concerning the
adequacy of parity check codes. It would be desirable to know whether
or not such codes meet the specifications of the fundamental theorem.
In other words, given a binary symmetric channel with capacity C > 0
and a positive number R < C, we would hope to find a sequence of parity
check codes which maintain the transmission rate R with a probability of
error which approaches zero with increasing code-word length. In fact we
can find such a sequence, as we shall prove in Section 4.6. Thus from the
point of view of the fundamental theorem, there is no loss of generality in
considering parity check codes.

We now turn to the problem of relating the parity check equations to
the error correcting ability of the code. If the digits ry, ry, ..., 7, are
transmitted over a binary symmetric channel, the received digits will be
r',ry,...,r, where r, = r,; if no error has been made in r,, and r,/ =
r; + 1 (mod 2) if an error in r; has occurred. Suppose that at the receiver
we try to determine whether or not r/,ry,...,r, satisfy the parity
check equations. In other words, we calculate

co=ayr’ + apry + o+ agr,
€y = aur’ + gty + - + ar,

(mod 2).%
cm = amlrll + amzrz, + ot + amnrn,

The binary sequence

Cm,

is called the corrector or syndrome associated with the sequence v =
(ry,...,r)) In matrix form,

(In general, code words and received sequences will be written as row
vectors; vT is the transpose of v.) If no error has occurred, then r,’ = r,

t For the remainder of this chapter all arithmetic will be modulo 2 unless otherwise
specified.
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for all i and hence ¢ is the zero vector 0. We will see in the next section
that the construction of the minimum-distance decoder involves the con-
sideration of the correctors associated with various error combinations.

Before looking at the construction of the minimum-distance decoder,
we develop a few properties of correctors.

Suppose that the sequence w = (ry,...,r,) is transmitted and the
sequence v = (r,,...,r,) is received. The sequence z=v — w=
(ry = ri,...,r, —r,) is called the error pattern vector corresponding

to w and v; the error pattern vector is thus a binary sequence with ones
in the positions that are in error, and zeros elsewhere. The corrector
associated with vis ¢ = AvT = A(2T + wT) = 42”7 + Aw? = Az7 (wisa
code word so that Aw? = 0). Consequently the corrector is determined by
the error pattern vector. Now if 2 has ones in positions jy, ja, . . . , j, and
zeros elsewhere, that is, digits j,, . . ., j, are in error, then the vector A2T
is simply the (mod 2) sum of columns,j,, j,, . . ., j, of A. For example, in
the code described by the parity check equations (4.3.2), errors in positions
2 and 4 will yield the corrector

0 1 1
I+ (1] =|0].
0 1 1

Observe that a single error in position 1, or a triple error in positions 2,
3, and 5, will yield the same corrector; in general many different error
patterns will correspond to a given corrector. (In the next section we
find out how many.) '

4.4. The application of group theory to parity check coding

The object of this section is to prove the following theorem.

Theorem 4.4.1. The minimum-distance decoding scheme for a parity
check code may be described as follows.

1. Given a received sequence v, calculate the corrector ¢ associated
with v.

2. Examine all error patterns whose corrector is ¢, and correct the
error of smallest magnitude. In other words, if among all sequences z
such that 4z7 = c, z, is a sequence of minimum weight, that is, minimum
number of ones, v is decoded as v — z,. Thus if v is received, we declare
that the code word v — z, was transmitted (note that v — z, is a code
word since Ay — zg)T = Av? — Az, = ¢ — ¢ =0) and that error
pattern z, occurred.
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Theorem 4.4.1 implies that the minimum-distance decoder may be
regarded as a function which assigns an error pattern to each corrector.
Thus instead of storing a table of all 2" binary sequences of length n
and their associated code words, we need only store a table of all possible
correctors and their associated error patterns. Since the correctors are
linear combinations of the columns of 4 and the rank of A ist = n — k,
there are 2° = 2"* distinct correctors, in general a much smaller number
than 2",

To prove Theorem 4.4.1, as well as to gain further insight into the
structure of parity check codes, it is convenient to introduce some concepts
from group theory.

Definition. A group is a set G together with an operation,t which we
refer to as “addition,” satisfying

1. ae G, beGimplies a + b € G (closure).
2.a+ b+ c)=(a+ b)+ c for all a,b, c, € G (associativity).

3. Thereisanelement 0 e Gsuchthata + 0=04+a=aforallaeG
(identity element).

4. For each a € G there is an element (—a) € G such that a + (—a) =
(—a) + a = 0 (inverse).

A group is abelian or commutativeif a + b = b + aforalla,b € G.

The integers under ordinary addition and the set of binary sequences of a
fixed length n under modulo 2 addition are examples of abelian groups.
As far as the application to parity check coding is concerned, the basic
result needed is the following:

Theorem 4.4.2. Let S be the set of code words in a parity check code.
Then S is a group under modulo 2 addition.

Proof. Let A be the parity check matrix of the code. Then a binary
sequence W is a code word if and only if w satisfies the parity check
equations, that is, if and only if AwWT = 0. To prove the closure property
we note that if w,eS, wyeS, then Aw,” =0, Aw,” = 0. Hence
A(w; + w)T = A(w, T + w,T) = Aw,T + Aw,” = 0; hencew, + w, ¢ S.
The associative property follows from the definition of modulo 2 addition.
We may take the zero vector as the identity element, since the zero vector
always satisfies the parity check equations and is therefore a code word.
We may take each element of S as its own inverse, again by definition of
modulo 2 addition. This completes the proof.

t By an operation we mean a function that assigns to every pair a, b of elements in G,
another element a + b.
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The set S, of course, is an abelian group, since modulo 2 addition is
commutative. If the code words of S are of length n, S is said to be a
subgroup of the group 3B, of all binary sequences of length n, since S is
contained in the larger group 3,,.

We now prove the converse of Theorem 4.4.2.

Theorem 4.4.3. Let S be a set of binary sequences of length n that
forms a group under modulo 2 addition. Then S is a parity check code,
that is, there is a parity check matrix 4 such that the code determined by
Ais §.

Proof. Let us arrange the code words in an s by » matrix M, where s is
the total number of code words. An example is given in Table 4.4.1. It
may be verified that the code does in fact form a group; for example,
W+ Wy = Wy, Wy - Wy = W,

Table 4.4.1. Matrix of code words

W, [0 0 00 00
w| 101001
w, (110010
w01 0101
wot11011=M
w 111100
well 00111
w001 110

Let k be the rank of M, and m = n — k. Then k is the maximum
number of linearly independent rows of M, and also the maximum number
of linearly independent columns of M. Assume for convenience that

W, Wp, ..., W, are linearly independent. (If not, we may rearrange the
rows.) Then every code word in S is a modulo 2 linear combination of
Wi, Wy, ..., W,. But every linear combination of w,, W,,...,w, is a

member of S since S is a group. Thus S coincides with the set of all
binary sequences w which can be expressed as

w=Aw, + AW, + - + LW, ;=0o0rl. (4.4.1)

By the linear independence of wy, . . ., w,, each distinct choice of (4,, .. .,
A produces a different w. Thus the number of code words in S is 2%
Now assume for convenience that the last £ columns of M (columns

m+1,m+2,...,m+ k where m = n — k) are linearly independent.
Then the remaining columns 1,2,...,m may be expressed as linear
combinations of columns m 4+ 1,m+4 2,...,m + k. In other words,

each digit ry, ry, . . ., r,, Of the code words of S is expressible as a linear
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combination of digits r,,.1, Fpuis, « - - » Fryie HeNce we may write a set of
linear equations relating 7y, rg, . . ., 7, tO Py gy Prusas « - > P that is,

ry=byrmm + bistpie + 0+ bty
Py = byylmir + bagFrys + 0+ Boil ik
(4.4.2)

T = bmlrm+1 + bmzrm+2 +- -+ bmkrm+k'

The equations (4.4.2) are of the form

r
A =0,
rﬂ
where
—byy  —byp r —by
A= I, . (4.4.3)1
—bml _bm2 ot —bmk

and [, is an identity matrix of order m.

Thus we have shown that every code word w e S satisfies Aw” = 0,
where A is the matrix (4.4.3). To show that every solution of AW” = 0is
in S we note that in solving the equations (4.4.2) the variables r,,,,,
Fiios - - - s Fmox May be specified arbitrarily. Thus 4w?” = 0 has 2*
solutions. But we have shown that S has 2% elements, each of which satisfies
AwT = 0. Hence the set of row vectors w satisfying Aw” = 0 is identical
to the set S of code words, that is, the code determined by A4 is S. The
proof is complete.

To illustrate the process of constructing the parity check equations
(4.4.2), consider the code of Table 4.4.1. Since w,, w,, and w, form a
maximal set of linearly independent code words, any parity check equations
satisfied by w,, w,, and w; will necessarily be satisfied by all code words.
[To see this, we observe that Aw,” = 0 for i =1,2,...,k implies
A(Aw, T + - - + 4w, T) = 0 for all possible choices of the 4,.] Thus

+ Addition and subtraction are the same in modulo 2 arithmetic, but the use of the
minus sign in certain arguments facilitates generalizations to nonbinary coding (see
Section 4.9).
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we restrict our attention to the submatrix
1 01 001
g=|11 0010
010101

formed by w,, w,, and w;. Since the last three columns of Q are linearly
independent, we should be able to express the remaining three columns in
terms of these. For example, to express column 1 in terms of columns 4, 5,
and 6, we have to find numbers a,, a,, and a, such that

1 o 0 1
1l=a,|0} +a,j1| +a5|0], a,=0orl. (4.4.4)
0 1 0 1

Equation (4.4.4) yields a3 = 1,4, = 1, a; + a3 = 0 or a; = 1. Similarly,
to express columns 2 and 3 in terms of columns 4, 5, and 6 we have to
solve

0T 0] 0] 17
1| =8,|0] + 81| + 8|0 (4.4.5)
L1 1] 0] L1
"1 07 0] 1]
0| =d|0| +dy|1| +dy0]. (4.4.6)
o] L) L) L

Solving (4.4.5) and (4.4.6) we obtain b; =1, by=1, by=0, d; = 1,
dy = 0, dy = 1. From (4.4.4), (4.4.5), and (4.4.6) we may write

rn=ryt+rstrg
rp=ry+rs
rg=r, <+ rg.

Hence the parity check matrix is
100111

A=]0 1 0 1 1 0j}.
6 01101

Because of Theorems 4.4.2 and 4.4.3 a parity check code is often called a
“group code.” The term “(n, k) code” is also used to refer to a parity
check code with code words of length » and k& information digits.
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We now turn to the problem of constructing the minimum-distance
decoder for a parity check code. As an example, consider the code defined
by the parity check equations

n
1 01 0}, 0
2l = . (4.4.7)
01 1 1]"s 0
Ty
The four code words corresponding to (4.4.7) are w, = 0000, w, = 0101,
w, = 1110, and w; = 1011. -

Table 4.4.2. Error pattern vectors and received sequences
for a group code

W, W Wy Wy

0000 0101 1110 1011
0110 0011 1000 1101
111 1010 0001 0100
0010 0111 1100 1001

Various error pattern vectors and their associated received sequences are
shown in Table 4.4.2. The leftmost element in any row is an error
pattern vector. The element v, (i = 0, 1, 2, 3) in a given row represents
the received sequence when code word w, is transmitted and the error
pattern vector is v,. For example, if w, is transmitted and the error
pattern vector is 0110, that is, errors are made in positions 2 and 3, the
received sequence is 1000. The rows of Table 4.4.2 are examples of what
are called cosets in group theory.

Definition. Given a subgroup S of a group G, the coset associated with
an element z ¢ G is the set of all elements z + w, where w ranges over S.
The coset associated with z is written z + S.

In the example we are considering, G is the group of all sixteen binary
sequences of length 4 under modulo 2 addition, S is the set of code words
{w,, W1, Wy, W;}. Various cosets are

0110 + S = {0110, 0011, 1000, 1101}
1000 + S = 0110 + §

1111 + § = {1111, 1010, 0001, 0100}
0000 + S = S.

The key property of cosets is the following.
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Lemma 4.4.4. The cosets z, + S and z, 4 S are either disjoint or
identical. (Thus in Table 4.4.2 no sequence appears in more than one
row.)

Proof. Suppose z, + S and z, + S are not disjoint. Then there is an
element v such thatv' ez, + Sandv' ez, + S. Hence v/ = z; + w, for
some w; € Sand v/ = z, + w, for some w, € S. To showthatz, + Sand
z, + S are identical, suppose vez, + 5. Then v =z, + w; for some
wy € S. Thereforey = v — w, + w; = 2z, + (W, — w; + W,). Hence v is
of the form z, + w where w =w, — w; + wyeS. Thusvez, + S. A
symmetrical argument shows that v ez, 4+ Simplies v € z; + S, completing
the proof.

Each cosetz + S has exactly as many elements as S since all the elements
z + w(w e S)aredistinct. (Ifz + w; = z + w,, thenw, = w,.) Hencethe
number of cosets is the number of elements of G divided by the number of
elements of S. If G is the group of 2" binary sequences of length n and §
is a group code with 2* code words of length n, then the number of cosets
is 2"*, Thus the number of cosets and the number of possible corrector
values coincide. This is not a coincidence, as we shall see shortly.

We now establish a symmetry property of the minimum-distance
decoder for a group code,

Lemma 4.4.5. Let S be a group code. Suppose that for a particular
code word w, and a particular error pattern vector z,

dw; +z,w;) < dw,; +z,W,) (4.4.8)
for all code words w,. Then
dw +z,w) < dw + z,w) 4.4.9)
for all code words w, w'.

The interpretation of Lemma 4.4.5 is as follows. Suppose that the error
pattern z is corrected by the minimum-distance decoder when the code
word w; is transmitted, that is, the minimum-distance decoder assigns to
the received sequence w, + z the code word w,, so that condition (4.4.8)
is satisfied. Then by (4.4.9) we may without loss of generality assume that
the error pattern z is corrected no matter which code word is sent. In
other words, without changing the probability of error we may adjust
the minimum-distance decoder so that a given error pattern is either
always corrected or never corrected. From now on, we assume that the
minimum-distance decoder always has this property; thus the statement
“the error pattern z is corrected” is unambiguous.
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Proof. First observe that if v;, v,, and v; are binary sequences of the
same length, then d(v; + v, v, + v3) = d(vy, v;). For example,

d(0111,1010) =3 and d(Ol11 + 1100, 1010 + 1100)
= d(1011, 0110) = 3.
We therefore have

dz+w,w)y=dz+w+w,—wW,W +w, —w)
o =dz+w, W +w,—w)>dz+ w,w,) (by 4.4.8)
=dz+w,+wW—w,W,+wW—w,)=dz+ ww),

Another consequence of Lemma 4.4.5 {s that if we wish to correct an
error pattern z,, we cannot correct any other error pattern z, in the coset
z, + S. Forif z, = z, + w where w € S, w » 0, then the transmission of
w together with the error pattern z; will yield the same received sequence
as the transmission of the zero vector together with error pattern z,.
Thus it is impossible to correct both z, and z, for all possible transmitted
sequences. Hence exactly one sequence in each coset can serve as a correct-
ible error pattern. Since the probability of an error pattern increases as
the number of digits involved in the error decreases, it appears that among
the sequences in a given coset, we should choose as the correctible error
pattern that sequence with the fewest number of ones. This result is
established by the following theorem.

Theorem 4.4.6. To construct the minimum-distance decoding scheme
for a group code S, it is sufficient to choose as the correctible error pattern
for each coset a sequence with minimum weight, that is, minimum number
of ones, If z is such a sequence, then the received sequence z + w(w € S)
is decoded as w.

Proof. If z is a sequence of minimum weight in the coset z + S, then
d(z,w) =d(z — w,w — w) = d(z — w, 0). Since z has minimum weight
among all sequences z + w, w € S, we have d(z — w, 0) > d(z, 0). Hence
the sequence z is at least as close to zero as to any other code word, so
that in the minimum-distance decoder we may correct the error pattern z
when 0 is transmitted, and hence by Lemma 4.4.5 we may correct z for all
possible transmitted sequences. The theorem is proved.

It follows from Theorem 4.4.6 that the minimum-distance decoder
may be constructed in the following way.

Write down a table of cosets (such as Table 4.4.2); choose a sequence
z of minimum weight in the coset z 4+ S; rearrange the table so that the
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entries in the row corresponding to z+ S are z+4 0, z 4w, ...,
z + wy_,, where the w; are the code words. (Thus z is the leftmost
element of its coset, or the so-called ““coset leader.””) If a received sequence
v is in the column of the coset table headed by w,, then v = w, + z for
some correctible error pattern z; hence vis decoded as w,. The minimum-
distance decoding scheme for the code defined by (4.4.7) and Table 4.4.2
is shown in Table 4.4.3. Notice that row 3 has two sequences of weight
one, namely 0001 and 0100. Either sequence can be chosen as the coset
leader.

Table 4.4.3. Minimum-distance decoding scheme for a group code

Wo Wy Wy W3

0000 0101 1110 1011
1000 1101 o110 0011
0001 0100 1 1010
0010 0111 1100 1001

We now show that there is a one-to-one correspondence between the
2"* correctible error patterns of a group code and the 2"~* possible
values of the corrector.

Theorem 4.4.7. All sequences in the same coset of a group code S have
the same corrector. Two sequences in different cosets have different
correctors.

Proof. 1If z, and z, are in the same coset, then z, = z; 4+ w for some
we S. Thus Az,T = Az, so that z, and z, have the same corrector. On
the other hand, if z, and z, have the same corrector then Az, = Az,”
or A(z, — z,)T = 0. But then z, — z, satisfies the parity check equations,
hence z, — z, is a code word w. Therefore z, and z, = z; + w are in
the same coset.

[

Finally, we prove the main theorem of this section.

Proof of Theorem 4.4.1. Let ¢ be the corrector associated with a given
received sequence v; let v belong to the coset z, + S where z, is a
sequence of minimum weight in z, + S. By Theorem 4.4.7, the sequences
of the coset z, + S are precisely the sequences whose corrector is c¢. It
follows that among all sequences z such that 4z7 = ¢, z, is a sequence of
minimum weight. If v = z, + w, then, by Theorem 4.4.6, v is decoded as
w = v — z,. This agrees exactly with the procedure given in Theorem
4.4.1.



104 INFORMATION THEORY

We conclude this section with an example. Consider the code whose
parity check matrix is

1 00011

01001080
A=

001011

0001 01

The minimum-distance decoding table is shown in Table 4.4.4. Notice
that all single errors are corrected, along with some (but not all) double
errors and some triple errors.

Table 4.4.4. Minimum-distance decoding table for a parity check code

(Transposed)
Code Correctors
Words 000000 111010 101101 010111 0000
100000 011010 001101 110111 1000
010000 101010 111101 000111 0100
Single 001000 110010 100101 011111 0010
errors 000100 111110 101001 010011 0001
000010 111000 101111 010101 1110
000001 111011 101100 010110 1011
110000 001010 011101 100111 1100
101000 010010 000101 111111 1010
100100 011110 001001 110011 1001
Double
errors 100010 011000 001111 110101 0110
100001 011011 001100 110110 0011
010100 101110 111001 000011 0101
010001 101011 111100 000110 1111
Triple 110100 001110 011001 100011 1101
errors 110001 001011 011100 100110 0111

To calculate the probability of error for a group code, we note that
correct transmission will occur if and only if the error pattern is a coset
leader and hence correctible. Thus if N, is the number of coset leaders of
weight 7, or equivalently the number of i-tuple errors corrected by the code,
then the probability of correct transmission is

() = g N1 — By
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For the code of Table 4.4.4,
pe) = (1 — B + 68(1 — BY® + 78*(1 — B)* + 26°%(1 — B)°.

Note that the probability of correct transmission p(e’ I w) is the same
for each transmitted code word w; hence for a parity check code the
average and maximum probability of error coincide.

4.5. Upper and lower bounds on the error correcting
ability of parity check codes

In this section we investigate the relation between the number of code
words in a parity check code and its error correcting ability. As we have
seen previously, an increase in the number of words in a code will in general
be accompanied by a reduction in the number of errors corrected. We
will try to obtain quantitative results to this effect.

We first propose the following problem. We wish to construct a parity
check code that has certain error correcting properties; for example,
we might want a code that corrects e-tuple (and all smaller) errors. How
do we choose the parity check matrix so that the resulting code has the
desired properties? To begin with, let us consider the construction of a
single-error correcting code. Since the corrector associated with an error
in a single digit r, is the jth column of the parity check matrix, we need
only choose n distinct (nonzero) columns; the resulting code must be
single-error correcting, since no two distinct single errors can result in the
same corrector. (Also, since no column is zero, a single error cannot be
confused with the “no error” condition.) For example, if n = 7, k = 4,
the code defined by the following parity check equations will correct

single errors. - -
n

ry
s
1 01 01 1} r
rs
re
77

ry, Iy, r3 are check digits.
P4 s, T, 1o are information
digits.

]
o o o

Note that if the parity check matrix A is m by n, we may as well assume that
the rank of A4 is m. For if the rank is t < m, then m — ¢ rows are linearly
dependent on the remaining ¢ rows and may be eliminated. We may also
assume for convenience that the m by m submatrix in the left-hand corner
of A is nonsingular; in fact we may assume without loss of generality
that the submatrix is an identity matrix. If the submatrix is not originally
an identity matrix the equations may be diagonalized by elementary row
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transformations, For example, consider the parity check equations

(4.3.2): " +rtre -0
roFrg+ry, +rg=0
rn o +rys+r, + rg=0.

Let us add equation 1 to equation 3, obtaining

ry + 1 =0

ro+ry+r, +rg=0

ry +ry+re=0.

Now let us add equation 3 to equation 2, obtaining

r +ry+ 1 =0
ro Frgtrg =0
rs 4+ ry+rg=0.
The submatrix in the lower left-hand corner is now an identity matrix,
and the new equations have exactly the same solution as the original
equations; in other words, both sets of equations define the same code.
The diagonalization process will be successful as long as the original
submatrix is nonsingular.
The general relation between the parity check matrix and the error
correcting ability of the code is contained in the following theorem.

Theorem 4.5.1. The parity check code defined by the matrix 4 will
correct e-tuple (and all smaller) errors if and only if every set of 2e columns
of A is linearly independent.

Proof. By Theorem 4.4.1, e-tuple and all smaller errors will be corrected
if and only if all error patterns of weight <e yield distinct correctors,
that is, if and only if no linear combination of e or fewer columns of A4
equals another such linear combination. But this is precisely the condition
that each set of 2e columns of A4 be linearly independent.

As an example, the following parity check matrix describes a double-
error correcting code with 7 check digits and 3 information digits.

1 000000O0T1TO0 1
01 00O0OO0OO0ODOUOI1
001 00O0O0OT1O0 1
A=[0 001 0 0 0 0 11 4.5.1)
0000100110
0000O0OT1 0010
0000001 11 0]
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It may be verified that every set of 4 columns of the matrix (4.5.1) is
linearly independernt. However, we may find triple errors which are not
correctible. For example,

e(ry) + c(rg) + c(ry) = = c(ry) + c(ry) + c(rg)

O = O =~ OO

[e(r,) = jth column of A].

Thus a triple error in r,, ry, and r, will be confused with a triple error in
rg, ry, and rg.

Next we shall consider the following problem. Suppose we wish to
construct a parity check code that corrects e-tuple and all smaller errors,
with a fixed code-word length n. We ask how many check digits are
necessary to construct the code. We wish to use as few check digits as
possible, since a small number of check digits corresponds to a large
number of code words. In general, we cannot determine the minimum
number of check digits exactly, but we can establish some useful lower
and upper bounds, as follows, .

Theorem 4.5.2. (Hamming Lower Bound on the Number of Check
Digits). The number of check digits in an e-tuple-error correcting parity
check code must satisfy

2" >3 (’:) (4.5.2)
where n = code word length e
m = number of check digits = n — k.

Proof. 1In order that a parity check code be capable of correcting
e-tuple and all smaller errors, each error combination involving e or
fewer digits must result in a distinct corrector. The number of possible
i-tuple errors in an n-digit code word is equal to the number of ways of

T n X
choosing i digits out of n, namely ( ) The number of possible corrector
I
values is 2™; hence in order that there be a unique corrector for each
error combination, we must have

w2 () oo )
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which proves (4.5.2). (The term “1°* appears on the right since if no error
is made, the associated corrector must be the zero vector.)

The Hamming lower bound on the number of check digits is in fact
identical to the Hamming upper bound on the number of code words,
which we proved for general binary codes in Section 4.2. To see this,
note that the number of code words is 2*¥ = 2"—™ = 27/2™. Hence
(4.5.2) is equivalent to
2ﬂ

0

which is (4.2.1) for the special case of a parity check code.

The Hamming lower bound is necessary but not sufficient for the con-
structibility of an e-tuple-error correcting parity check code. In other
words, if m, is the smallest positive integer satisfying (4.5.2) for a given n
and e, there may not be a parity check code using m, check digits. For
example, if n = 10, e = 2, we find from (4.5.2) that m, = 6. However,
there is no double-error correcting parity check code with fewer than seven
check digits, as the reader may verify by trial and error.

An upper bound on the number of check digits required for the con-
struction of a code is provided by the following theorem.

* <L

Theorem 4.5.3. (Varsharmov-Gilbert-Sacks Condition). An e-tuple-
error correcting parity check code with words of length n may be con-
structed if the number of check digits m satisfies

2e—1
>y (" N 1). (4.5.3)
i=0

The condition (4.5.3) is sufficient but not necessary for constructibility of a
code. In other words, if for a fixed n and e, m, is the smallest positive
integer satisfying (4.5.3), then it is guaranteed that an e-tuple-error
correcting parity check code with m, check digits exists. However,
there may be an e-tuple-error correcting code with fewer check digits.
For example, if n = 10 and e = 2, then (4.5.3) yields m, = 8. However,
it is possible to construct a double-error correcting code with seven check
digits. [See the parity check matrix (4.5.1).]

Proof. The proof is accomplished by giving a synthesis procedure for
the required code. We shall choose the columns c(ry), e(ry), .. ., c(r,)
of the parity check matrix successively. By Theorem 4.5.1 we must
satisfy the condition that every set of 2e columns be linearly independent.
First we choose c(r;) arbitrarily. [Of course we must have c(r)) # 0
since the zero vector must correspond to perfect transmission.] We now
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choose ¢(r,) such that c(r;) ¢ 0 and c(ry) # ¢(r). This can be done
provided 2™ > 2. We now choose ¢(r3) such that

c(rs) # 0, (rs) # c(ry), c(rs) # c(ry), (rs) # o(ry) + c(ry),
thus guaranteeing that c(r,), c(r,) and e(r;) will be linearly independent. A
choice for ¢(rg) can be made if 2™ > 4. Let us digress for a moment to
consider the special case e = 2. Then every set of four columns must
be linearly independent. Thus we choose ¢(r,) such that ¢(r,) is not equal
to any of the following:

0, c(rl)s C(I‘g), c(rs), c(rl) + c(r2),

o(ry)) + c(rs), c(ry) + c(rs), c(ry) + e(ry) + c(ry).

Such a choice can be made if 2™ > 8. We now choose ¢(r;) such that

c(ry) # 0

c(rs) # c(ry), i=123,4

c(ry) #= e(r) + (7)), Lhj=1,2,3,4, i#j

c(rg) # e(ry) + c(ry) + c(ry), hj,k,=1,2,3,4, itk j#k
Note that e(rs) can equal e(ry) + c(ry) + c(rs) + c(r,) since we do not

require that every set of five columns be linearly independent. Therefore
¢(rg) can be chosen if

2"‘>1+4+(;)+(4)=15.

3
Now let us return to the general case. Suppose we have determined
c(ry), e(ry), - - ., e(r,_1). We then choose c(r,) such that
c(r,) # 0

c(rn)¢c(r,'), i=l,2,...,n—1
c(r,) # c(ry) + c(ry), Lji=12,...,n—1, i#j
o(ro) # c(r) + c(r) +¢(ri),  hj=1,2...,n—1, ij,k distinct

c(r,) # e(r;)) + e(ry) + - - + ey, ),
iy dgy o ouyiger1=1,2,...,0—1, i,y ...,I, , distinct

2e—1

At worst, all of the above combinations are distinct.} The number of

t It is not necessary that all the combinations be distinct; for example, in the parity
check matrix (4.5.1) we have 2e = 4 but several combinations involving three or fewer
columns are equal, for example c(ry) + c(ry) + e(rg) = c(rs) + c(re) + e(re); o(ra) +
c(rg) = c(ry) + c(ry) + e(ryo).
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combinations is

n—1 n—1 n—1}).
T O B e IR A E
hence the theorem.

In general the smallest value of m (say m,) satisfying the Varsharmov-
Gilbert-Sacks condition exceeds the minimum value of m (say m,) satisfying
the Hamming lower bound. However, it was proved by Sacks (1958) that
my/m, < 2. It may also be seen from (4.5.2) and (4.5.3) that the upper and
lower bounds coincide when e = 1. In other words, a single-error correct-
ing code is constructible if and only if 2™ > 1 + n. (This fact may be
seen directly without reference to Theorem 4.5.3, since for single-error
correction we merely need n distinct nonzero columns.)

The bounds of this section say nothing about the probability of error
of a code, which is a more basic quantity than the number of errors
corrected. However, the results will be useful in Section 4.7, where we
give precise bounds on the probability of error for general binary codes.

4.6. Parity check codes are adequate

In this section we show that parity check codes meet the specifications
of the fundamental theorem. More precisely, we will prove the following
result.

Theorem 4.6.1. Given a binary symmetric channel with capacity C > 0
and a positive number R < C, there is a sequence of parity check codes
(sn5 A),i=1,2,..., where n, <mny < ...,s;,=2% R< k;/n, <C,
and lim 4, = 0.

Thus for each i we can construct a parity check code with at least 2™
words and a (maximum) probability of error 4; which approaches zero as
i— oo. Hence, even if we are restricted to the class of parity check codes,
we can still maintain the transmission rate R < C with an arbitrarily
small probability of error.

Proof. First observe that given a parity check code with 2* words, we
may find a set of generators for the code, that is, a set consisting of k
code words (say) wy, ..., w,, such that each word of the code can be
written as a modulo 2 linear combination of w;, ..., w,. (See the proof
of Theorem 4.4.3.) The idea of the proof is to form a parity check code
by selecting generators at random, and then to show that the “random-
coding” proof of Section 3.5 goes through almost word for word. In
particular we consider the following random experiment:
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1. Fix R such that R < R’ < C. Let k and n be positive integers such
that R < k/n < R’. Independently select binary sequences wy, W, ...,
w, of length n, choosing the components of each sequence independently
with 0 and 1 equally likely.

2. Form a code with s =2% wordst w,,j=0,1,...,2*—1, by

taking all possible modulo 2 linear combinations of w;,...,w,; in
other words, set w; = b,,w, + - - - + b, ,w, (mod 2), where b;; = Oor 1,
i=1,2,...,k (Letw,be the zero vector, corresponding to b;, = 0 for
alli.)

Now if a,; is the tth component of w,, then
@y = bay + bya + + - + byay. » 4.6.1)

Since the components of the words w, . . . , w;, are chosen independently,
the a,;, ¢t =1,2,...,n, are independent. Furthermore P{a,; = 0} =
Pla, =1} =1/2 for all ¢, provided j ¢ 0. To see this, we observe
that there are as many sequences (a,, . .., a,) that produce a;; = 0 in
(4.6.1) as there are sequences that produce a,; = 1. For if j # 0, at least
one coefficient b,, is not zero. If 3% _ b, .a,, =0, then define a,,* =
Qs M # r; a,* =1+ a,,. This yields D% _ b,.a,.* = 1. In this way
we establish a one-to-one correspondence between sequences that produce
a,; = 0in (4.6.1) and sequences that produce a,; = 1.

Thus the components of the words w;, j 5 0, are (statistically) independ-
ent and have the distribution that achieves channel capacity (that is,
0 and 1 are equally probable).

By a similar argument, we may show that the words w; and w;, j,
j #0,jj, are independent. To accomplish this, we will prove that

P{ati =Y,y = y,} = 1/4 for Vs ‘y, = 0’17 L= 17 2a R (8 (462)

t Although the words w, ..., W, chosen in step 1 are statistically independent, a
particular choice may result in w,, ..., W, being /inearly dependent. In this case, the
words w;, j =0, 1,...,2*¥ — 1, will not be distinct, and we obtain a code which strictly
speaking is not a parity check code as defined in Section 4.3. If, however, the number of
distinct words of the code is 2, r < k, and wy’, ..., w,” is a set of r linearly independent
words, we may select sequences w,.,,...,w, such that w/,..., w, are linearly
independent, and in this way construct a parity check code with 2* distinct words. It can
be shown (see Problem 4.11) that the average probability of error of the new code cannot
exceed the average probability of error of the original code. Hence if the random
experiment described above yields a code with average probability of error €, we may
always find a parity check code with the same number of words and an average prob-
ability of error < e.

We note also that in this proof and elsewhere, “independent” will mean “statistically
independent”; the term “linearly independent” will not be abbreviated.



112 INFORMATION THEORY

It then follows that P{a,; = y, a,;, = ¥’} = P{a,, = y} P{a,,, = y'}; hence
a,; and a,;. are independent for each #, which implies the independence
of w;, and w;,.

To prove (4.6.2), we note that since j # j', we have b,; b, ;. for some r.
Say b,; = l1and b,;, = 0. Then given any sequence (@,,, . . . , @) such that

k k
z bmjatm =0, Z bml'atm =0,
m=1 m=1

we define a,,* = a,,,, m # r; a,* =1 + a,,. It follows that

k k

Z bm:’atm* = 1, z bm;"atm* = 0.

m=1 m=1
This establishes a one-to-one correspondence between sequences that
produce a,; = a,; = 0 in (4.6.1) and sequences that produce a,, =1,
a;; = 0. Thus

P{a,; =0, a;; = 0} = Pla,; = 1, a,;, = O}. (4.6.3)
But

P{a, =0,a, =0} + P{a,; = 1, a,;, = 0} = P{a,;, = 0} = 12,

so that both terms of (4.6.3) are 1/4.

In a similar fashion, we establish the other relations of (4.6.2). Note
that although the w, are pairwise independent, it is not true that the entire
set (Wy, Wy, .. ., W,_y) is independent. However, w,, ..., w, do form an
independent set.

Now let us try to reproduce the “random-coding’ proof of Section 3.5.
The role of the code words xV, ..., x'® in that proof is played by
Wy, ..., W, ;. The constant a in the definition of the set A is taken as
$n(R' + C). If x is any binary sequence of length n, we have shown
that P{w; = x} = (1/2)", which is the probability determined by selecting
independently the components of the input sequence, each component
chosen with the distribution that achieves capacity. The random-coding
proof may be taken over word for word from Section 3.5, except for two
difficulties. In the original proof, the code words were independent.
However, as we observed at the time [see the discussion preceding (3.5.11)],
only pairwise independence is required.

A slight difficulty is also caused by our leaving out the zero code word.
Let S, be the code consisting of the words w,, . . ., w,_;, with the decoding
sets B;,1 <i<s— 1, determined by the minimum-distance decoding
scheme. Let g, be the average probability of error of S;,. Let S, be the
code formed by adding the zero word to S;. However, instead of using the
minimum-distance decoder for S,, take the decoding set of w; to be B,
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when i 0, and take the decoding set of w, to be the empty set (so that
an error is always made when w, is transmitted). The average probability
of error of S, is then

8—~1

I L= |
52=‘2P(elwi)=‘+
§i s

i=0

s—1

&

Finally, let S,* be the code S, with the minimum-distance decoder, and
let e* be the average probability of error of S,*. Since the minimum-
distance decoder corresponds to the ideal observer with all words equally
likely, e* <&, The random-coding proof shows that E[,] >0 as
n— oo,

Since s =2¢>2"8 > o as n— o0, E[e*]—0 as n— . Since
R < C, we can find integers k; and n;, i=1,2,..., such that n, <
ny < --- and R < k/n; < R < C. Thus the above procedure yields
codes that maintain the transmission rate R and have an arbitrarily small
probability of error. The theorem is proved.

4.7. Precise error bounds for general binary codes

In Chapter 3 we showed that we could construct a sequence of codes
([2*%), n, 4,) with 1, — 0 at an exponential rate. In this section we obtain
more precise information about the rate of approach of 1, to zero. We
shall need a few combinatorial results.

Lemma 4.7.1. If0 < p < 1,9 =1 — p, and np is an integer, then
(Snpq)—‘/i . nH(,0) < (nnp) < (z_n_npq)-—‘/f . orH(,0) 4.7.1)

Proof. We use Stirling’s formula:

— 1 1
= /2mn n"e " ex (——— +)
nt=2m P\12n 7 3600

If no terms of the exponential series are taken, n! is underestimated;
if one term is taken, n! is overestimated, etc. To establish the left-hand
inequality, we write

( n ) _ n! > J2mn n"e " exp (—1/12np — 1/12nq)
np - (np)! (ng)! \/21rnp (np)"”e_"”\/ernq (nq)"%e ™
[We have underestimated n! and overestimated (np)! and (ng)!.] Assume

that np > 1 and ng > 3. [By the symmetry in p and g of the expression
(4.7.1), the only remaining cases to considerarenp = 1,ng =1; np = 1,
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ng = 2; np = 2,nq = 2; for these cases, the inequality may be verified by
direct substitution.] Then

I RS NS N
12np  12nq — 12 36 9
and '
exp (— L _ —1—) > e = 0.895 > 3./7.
12np 12nq
Hence

which proves the left-hand inequality. To establish the right-hand side,
we overestimate n! and underestimate (np)! and (ng)!, as follows:

( n ) 2mn ne el 1?n

< —== —
np/ = 2anp (np)y*Pe~"*\/2mng(ng) %"

1 1 1 1 ]
x - + -
oxp [12np 360(np)*  12nq  360(nq)*

Assume p >g¢q; then 1/360(np)* < 1/360np since np > 1; similarly
1/360(ng)® < 1/360ng. Thus

1 1 1 1 1 1 1
—_— = - -+ < — +
12n 12np 12nq  360(np) 360(nq) 12nq  360np
1 . 1 1
+ —<L(sincep>q)— —+ —— 0
360nq ( P29 12ng  180ng <
Thus

( n ) < (anpq)“%p—""q_"“ — (27-rnpq)_% . onH(p,0).

np

Since the upper bound is symmetrical in p and ¢, the restriction p > ¢
may be dropped; this completes the proof.

Lemma 4.7.2. Let W, (n, ) be the “tail” of a binomial distribution
(with parameters # and p) from An to n, that is,

w0 =3 (7)ra

k=An
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Now as in Theorems 5.3.1 and 5.3.2, #* — 1 = h(x)g(x), where g(x) =
™, a;x is the generator polynomial of the code and h(z) = X%  hat
is the polynomial whose coefficients appear in the parity check matrix 4
of (5.3.1). If we compare coefficients of 2 — 1 and A(z)g(z), we obtain the
identities
aohn—r + alhn—r—l + e + am—lhk—r+1 + amhk—r = Oa
r=12,...,n—1 (532)

(define g, =0if i < 0 ori> m; define h; = 0if j < 0 orj> k).
Now let

o 1 0 - 0
o 0 1 ~--- 0
T =
0 0 O 1
LG 1 Gy " Ay,
and take L N
0
0
X =
0
1

We claim that the parity check matrix 4 of (5.3.1) is
x| Ix| |- - | 7).

We may prove this by induction. The first column of A4 is clearly x.
Now suppose that the rth column of 4 is 777'x. We note that

Yo ¥
Y Ya
T . = . where z = agyg + * - + @ 1Ypr-
ym—2 ym—l
_ym—l_ _z _
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By the induction hypothesis,
T'x = TT™'x = T(column r of A)

hn—r hn~(r+1)

hn—r—l hn—(r+2)

hk—r+2 hk—r+1

_hk—r+1_ _aohn—r + alhn-r—l + am—lhk—r+li
By (5.3.2), - ~
hn—(r+l)
hn—(r+2)
I'x=| . = column r + 1 of 4.
hk—r+1
_hk~r

Finally, since z" — 1 = h(x)g(x), we have hy = g, = 1; thus the last
column of A is

0
T x =
0
—0_
Consequently, T"x =column 1 of T
0
0
= = X
0
—1_

Since a, is not zero, T is nonsingular and the theorem is proved.
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COROLLARY 5.3.4.1. a. The class of cyclic codes (with the exception
of the code consisting of the entire space) coincides with the class of parity
check codes whose parity check matrices are of the form

x| Tx|---| T"x],
where T is a nonsingular matrix of the form (5.1.1),
o
0
X = ,
0
1

and 7"x = x.

b. For any such code S in the latter class (excluding the degenerate
case in which S consists of the zero vector alone), the minimal polynomial
of T may be identified with the generator polynomial g(x) of the code.
If 2" — 1 = h(x)g(x), then the parity check matrix [x | Tx |- - - | T"1x]
coincides with the matrix (5.3.1).

Proof. Part (a) is an immediate consequence of the argument used in
the proof of Theorem 5.3.4, along with Theorem 5.1.1. To prove (b),

let A = [x| Tyx | - - - | T7'x] be the parity check matrix of a cyclic code S,
where T, is a nonsingular matrix of the form (5.1.1),
o
0
x=| |, and T,"x = X.
0
1

If T, is m by m, it may be verified directly that the m by m submatrix
formed by the first m columns of A is triangular, and therefore 4 has rank
m. If n = m, then the code consists of the zero vector alone, so assume
n > m. Since T; is of the form (5.1.1), Lemma 5.2.1 implies that the
minimal polynomial of T} is of degree m. By Lemma 5.3.3b, the minimal
polynomial of T, may be identified with the generator polynomial g(x)
of the code. It follows that the matrix 7 which corresponds to S in the
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argument of the proof of Theorem 5.3.4 is the same as T,. The final

assertion of (b) now follows.
As an example, consider the code associated with Fig. 5.2.1. Since the

first column of the matrix 4 of that figure is
0
0
0
1

’

A is of the form (5.3.1). The generator polynomial of the code is g(x) =
I + 2% 4+ 2% Also, 21 — I(= x'® + 1) = h(x)g(x), where h(z), deter-
mined from the firstrowof 4,is 1 + 2% + 2% 4+ 28 4 28 4 2% + 210 4 211,
The code word w = (100110000000000) corresponding to g(x), together
with 10 cyclic shifts of w, generate the code, that is, form a maximal
linearly independent set of code words.

As another example, the parity check matrix

0 001 01

001010
A, =
010100
1 01000
generated by the matrix _ B
01 0 0]
0010
T =
0 0 01
1 010

(see Fig. 5.1.2) is of the form (5.3.1). The generator polynomial of the
codeisg(x) = 1 + 2? + «*%, and 2® — 1 = h(x)g(x) where h(x), determined
from the first row of A4,, is 1 + #2. The words (101010) and (010101),
corresponding to g(x) and xg(x), generate the code.

As a final example, let

._.
o
—_
—_

- o

- = o
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be the parity check matrix whose columns consist of two repetitions of
the cycle of length 3 in Fig. 5.1.2 (see p. 138). The minimal polynomial of
the matrix T of Fig. 5.1.2 is f(2) = 1 + 12 4+ 2%, but the rank of 4, is
only 2. By Lemma 5.3.3, the generator polynomial g(x) is a proper
factor of f(x), necessarily of degree 2 since the degree of the generator
coincides with the rank of the parity check matrix. Since

J@ =010+ z+ 27

we have g(x) =1+ x + 2% Hence a maximal linearly independent

set of code words consists of (111000), (011100), (001110), and (000111).
Since the number of check digits is 2 and the generator polynomial is

1 + = + 22, a parity check matrix 4 may be generated by the matrix

T= [O 1] and the vector x = [(1):, Since the code word length is 6,

11

we have

011011

A=

110110
(which coincides with the first two rows of A4,). Thus A(x) =1 + = +
z® 4 x8,

5.4. Bose-Chaudhuri-Hocquenghem codes

In this section we describe a class of multiple-error correcting codes
that are very easy to construct and that perform very well at least up to
word lengths of several thousand.

The procedure to be described yields, for any e and ¢, an e-tuple-error
correcting code with word length n = 29 — 1. Let T be a ¢ by ¢ matrix
of the form (5.1.1). Assume that the minimal polynomial of 7 satisfies the
conditions of Theorem 5.2.6 so that T has maximal period. The parity
check matrix A4, of the Bose-Chaudhuri-Hocquenghem code is shown in
Table 5.4.1 (x is any nonzero vector).

As an example, suppose e = 3, ¢ = 4, and the minimal polynomial of
Tis f(A) = 2* + A + 1. The associated Bose-Chaudhuri-Hocquenghem
code is shown in Table 5.4.2.

It may be verified that the Bose-Chaudhuri-Hocquenghem codes are
cyclic (see Problem 5.3). To establish that the matrix 4, does in fact
define an e-tuple-error correcting code, we prove the following theorem.

Theorem 5.4.1. Every set of 2e columns of the Bose-Chaudhuri-
Hocquenghem matrix A, is linearly independent.
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Table 5.4.1. Parity check matrix of the
Bose-Chaudhuri-Hocquenghem code
x| Tx T2x T3x T 1x
x| T3% T8 T T3ty
Ay = | x T5x T10x Ty Tsin—1y
X T2e—lx T4e—2x TBe—Sx T(Ze—l)(’n—l)x
B Ay is ge by n, n=27-1

Proof. Suppose the columns headed by T*ix, T*x, ...
zero, with r < 2e. Then

T*ix + Thx + 4 Thx =0
(ThYx 4 (TE)Px 4+ (THPx =0
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, T*x add to

. (5.4.1)
(Tkl)zs—lx + (Tka)u—lx + -+ (Tk,.)zz—lx =0
Table 5.4.2. Parity check matrix for a triple-error correcting
Bose-Chaudhuri-Hocquenghem code
M 000100110101 1] [0 1 0 0
0001001101011 1 0010
0010011010111 0 100 01
010011010111 °1 0 1100
i 000110001100 1
011110111 10111]1
A=lo0o101001010°0°1 1| fD=2+21+1
0001100011000 1
1011011011011 1 1
0000O0O0OOCOO0O0O00O ox_0
01 1011011011011 0
(01 1011011011011 . 0
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Each equation of (5.4.1) is of the form p(T)x = 0 where p(T) is a matric
polynomial. We claim that p(T") must be zero, for if p(T’) were nonzero,
then p(T) would be nonsingular by Lemma 5.2.3. If the equation p(T)x =
0 is premultiplied by the inverse of p(T) we obtain x = 0, a contradiction.

Thus we may “get rid of” the vector x in (5.4.1). If for the sake of
abbreviation we replace T%: by y,, we obtain

hty+-+y =0
Pttt +yl=
AU+t =0 (5.4.2)

yio—l + yge—l R yfe—l =0

We claim that #,* + y,* + - - + y ¥ =0fork =1,2,...,e. To see
this, we square both sides of the first equation of (5.4.2) and note that the
cross terms y.¥; + ¥y, are zero (modulo 2). Hence

Wi+ +y)l=yr+yr+ - +yh

[What we are saying here is that if p(S) is any polynomial in the binary
matrix S, then [p(S)]?> = p(S?).] Similarly, to obtainy¢t + --- 4+ y4=0
we square both sides of > + - -+ + 9,2 = 0; toobtainy,* + - -- + 9% =
0, we square both sides of y,®* + - - - + y,®> = 0, etc. Thus we have

Yho+yv%+-+y =0
2 tylt+oo+y2=0
¥ty +yt=0
) (5.4.3)

By + oty =0

We write only r equations in (5.4.3) so as to obtain a square array.
The equations (5.4.3) may be written in matrix form as follows:

1 1 -1 Y1 0
Yo Y Y, Ye 0
2 2

2
o =] (5.4.4)

Lyt owst o oyt Lyl 10
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Equation (5.4.4) is of the form By = 0, where the components of the
matrix B and the vector y are elements in the Galois field GF(2%) (Theorem
5.2.4). The elements y,,...,¥%, are nonzero; hence the equations
Bz = 0 have a nontrivial solution in the Galois field GF(2%). Consequently
the determinant of B is zero. But det B is a standard determinant called
the Vandermonde determinant; its value is II,_; (y, — y,).

[To see this, note that det B is a homogeneous polynomial g(y,, ¥s, - . .,
y,) of degree 1 +2+ - ---+(r—1=r(r—1)2. If y,=y, then
columns i and j of det B are identical, hence det B = 0. Thus for all

i#J,y; —y,is a divisor of g(yy, . .., ¥y,). Since the degree of
H W:— ¥y
i>4 ,

is r(r — 1)/2, the result follows, up to a constant factor.]

Now in the present case the elements yy, ¥,, ...¥,, being different
powers of the matrix T, are distinct. (See the remarks after Theorem
5.2.6.) Hence none of the products y, — ¥,, i > j, is zero. The conclusion
is that det B # 0, a contradiction. Thus our assumption that a set of 2e
or fewer columns is linearly dependent is untenable. Notice that if r were
greater than 2e the above proof would break down, since we would have
no way of proving that

yfﬁ-l + ygeﬂ 4+ 4 yf”“ = Q.

The matrix A, of Table 5.4.2 is 12 by 15, but the rank of 4, is less than
12 since row 10 of the matrix consists entirely of zeros, and rows 11 and
12 are identical. It is possible to give an explicit and computationally
feasible procedure for obtaining the rank of A4, First we establish a
preliminary result.

Lemma 5.4.2. Let T be a binary matrix whose minimal polynomial is
irreducible. If p(T')is any matric polynomial in T such that p(T) is not the
zero matrix, then the minimal polynomial of p(T) is also irreducible.

Proof. If the minimal polynomial f(4) of p(T) is not irreducible, then
there are nonzero polynomials g(4) and #(4), of lower degree than f(4),
such that f(1) = g(A)A(A). Replacing 2 by S = p(T) we obtain g(S)A(S) =
f(S)=0. Now g(S)=g(p(T)) may be expressed as a matric poly-
nomialin T'; since g(S) is not zero, we may (by Lemma 5.2.3) premultiply
by the inverse of g(S) to obtain #(S) = 0, which contradicts the minimality
of f(1). This proves the lemma. [For those familiar with algebra,
what we are saying here is that the minimal polynomial of any
element « of a field Fj, such that « is algebraic over a field F < Fj, is
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irreducible. In this case, « = p(T), F is the modulo 2 field, and F, is the
Galois field GF(27) where g is the degree of the minimal polynomial of T.
(See Theorem 5.2.4.)]

The next theorem allows the precise determination of the rank.

Theorem 5.4.3. Let A, be the Bose-Chaudhuri-Hocquenghem parity
check matrix. If f(A) is the minimal polynomial of Ti(i=1,3,5,...
2e — 1), and f(4) is the least common multiple of the f;(2), that is, the
polynomial of lowest degree which is a multiple of each f,(4), then the
rank of A, is the degree of f(1). Furthermore, if i % j, then f(4) and f(4)
are either relatively prime or identical, so that f(2) is the product of the
distinct sembers of the set {f(A),i=1,3,...,2¢ — 1}.

Proof. Suppose that we have a finite collection of cyclic codes with
parity check matrices 4, and generator polynomials g,(), each code having
words of length n. A binary sequence w represented by the polynomial
b(z) satisfies 4,wT = 0 for all i if and only if &(z) is a multiple of each
g{r). Now it is immediate from the definition of a cyclic code that the
intersection of the codes defined by the matrices A4, is cyclic. Furthermore,
the above argument shows that the associated generator polynomial
g(x) is the least common multiple of the g,(x). To obtain the Bose-
Chaudhuri-Hocquenghem codes we may take

A, = [xl Tix, Tzixl"'[T‘"—l)ix],
i=13...,2e—1;

by Lemma 5.4.2, the minimal polynomial f,(1) of T* is irreducible; by
Lemma 5.3.3c, f{(z) = g,(x) for each i, and consequently f(x) = g(x).
Since the rank of the parity check matrix of a cyclic code is the degree of
the generator polynomial of the code (see Theorems 5.3.1 and 5.3.2), the
first part of the theorem is proved. Now if f;(4) and f;(1) are not identical,
they must be relatively prime, for if f;(1) and f,(A) were to have a nontrivial
common factor, the polynomials could not be irreducible, a contradiction.
The theorem is proved.

For the code of Table 5.4.2, we find (see Problem 5.9) that

SA=1+A4+2, f(H=14+2+ 22+ 13+ 24
A =1+21+2,
so that the rank of 4, is 10. The rank of the submatrix 4;, which by the
above argument is the degree of f;(1), is 4 for i = 1 and 3, and 2 for i = 5.
Thus two rows of the matrix 4; must be linearly dependent on the other
rows of 45, which agrees with our previous observations that row 10 of 4,
contains only zeros, and row 11 is identical with row 12.
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A procedure for obtaining the minimal polynomial of the matrix 7
without actually computing the powers of T is indicated in the solution to
Problem 5.9.

If 2¢ — 1 is prime, then the rank of each matrix 4, is g. (As above,
Lemma 5.4.2 implies that the minimal polynomial of 7% is irreducible;
Theorem 5.2.5 then implies that 7¢ has maximal period, and consequently
the columns of each A, constitute a permutation of the set of all 2¢ — 1
nonzero g-vectors. Thus all the matrices 4, have the same rank. But the
minimal polynomial of T is of degree q; therefore 4, has rank g.) How-
ever, whether or not 27 — 1 is prime, it is possible for f;(4) and f(4) to
coincide when i 3 j. For example, if ¢ = 5, then T® and T°® have the same
minimal polynomial. For if p(S) is any polynomial in the binary matrix S,
Pp(S? = [p(S)]2. [See the discussion after (5.4.2).] Thus if p(T°) =0,
then p(T™) = p(T*) = p(T*) = p(T?) = 0. (Note T#~! = T3 = I). Sim-
itarly, if p(T®) = 0, then p(T'8) = p(T3%) = p(T%) = 0. Thus the set of
polynomials annulled by T coincides with the set of polynomials annulled
by T®. Similarly, if ¢ = 6, we may verify that 7*® and T*® have the same
minimal polynomial. ;

5.5. Single-error correcting cyclic codes; automatic decoding

A shift register may be used to generate a cyclic code that corrects
single errors and at the same time entirely eliminates the storage problem

od (ri',r2s ... )

Fig. 5.5.1. Automatic decoder for the cyclic code of Fig. 5.2.1.
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at the decoder. As an example, consider the shift register and associated
code of Fig. 5.2.1. An automatic decoding circuit may be constructed as
shown in Fig. 5.5.1. The original shift register of Fig. 5.2.1 is combined,
through a number of AND gates, with another set of binary storage
devices Gy, Gy, G,, G;. The G, are constructed so that their state changes if
a “1” input is applied. In other words the content of the G register after
application of an input

Yo
Y1
y =
Y2
Ys
is the modulo 2 sum of y and the content of G before application of
the input.
In order to examine the operation of the decoding circuit, suppose that
the received digits r,’,r,,...,r, arrive at times t=1,2,...,n re-

spectively. The columns of the parity check matrix are x, Tx, T%x, ...,
T™1x, where x is some nonzero vector.

[« -

(In Fig. 5.2.1, x =

1

The F shift register is adjusted so that its content at time ¢ = 0 is x. The
G register is initially set to have content zero. At time ¢ = I, digit r,’
appears on the input line. If r,” = 0, the AND gates will be closed and the
G register will still have content zero. If r,’ = 1, the AND gates will allow
the content of the F register to be transferred to the G register. In short,
the content of G at t = 1 will be r,/x. Atz = 2, F has content 7x and r,’
appears at the input line; hence the input to G is r,’Tx. The content of G
at t = 2 is therefore r,'x + r,’Tx. Continuing in this fashion, the content
of Gatt =nis
nx+rTx+ - +r,/ T,

which is the corrector ¢ associated with r,’,r,,...,r, . If ¢ =0, the
received sequence is accepted as the input code word. If ¢ # 0, we employ
a comparison circuit (not shown in Fig. 5.5.1) to determine which digit
is in error. The corrector is compared with the content of F as F cycles
through the entire set of columns of the parity check matrix. If there is a
correspondence at column j, that is, if ¢ = 77~x, then a single error in
digit j is assumed.
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This brief discussion does not do justice to the subject. For further
details concerning efficient encoding and decoding of cyclic codes, see
Peterson (1961).

5.6. Notes and remarks

Cyclic codes are treated in detail by Peterson (1961), who uses the
machinery of abstract algebra. Theorems 5.3.1 and 5.3.2 form the basis
of Peterson’s approach.

A feedback shift register is a special case of a device called a “linear
sequential circuit”; see Elspas (1959), Friedland (1959), and Friedland
and Stern (1959). Such devices were applied to the construction of error
correcting codes by Abramson (1961), Melas (1960), and others, but
Theorem 5.3.4 does not seem to have been stated explicitly anywhere.

The results of Section 5.4 are due to Bose and Chaudhuri (1960) and
Hocquenghem (1959). Bose-Chaudhuri-Hocquenghem codes can be con-
structed in the nonbinary case, but for the proof of Theorem 5.4.1 to
remain valid, additional blocks generated by 72x, T%x, ..., T%x must be
added to A4, Thus in the nonbinary case the number of check digits
for a given word length is greatly increased.

Very little is known about the asymptotic properties of Bose-Chaudhuri-
Hocquenghem codes. According to the data of Peterson (1961), the
relationship between the word length n, the number of check digits m,
and the number of errors corrected e, is approximately that of the
Varsharmov-Gilbert-Sacks condition for values of n up to 1000. If this
behavior were to be maintained for arbitrarily large n, the asymptotic
properties of the codes would be very desirable. (See the remarks at the
end of Section 4.10). However, Peterson (1960) has proved that if e/n is
kept constant, the transmission rate R = k/n (k = number of information
digits) approaches zero as n approaches infinity. But this does not neces-
sarily imply that the asymptotic properties are bad. The difficulty is that
we have proved that the errors corrected by the codes include at least
the errors of magnitude e or smaller. It is possible that sufficiently many
error patterns of weight greater than e are corrected to allow a positive
transmission rate to be maintained with an arbitrarily small probability
of error.

PROBLEMS

5.1 Give a parity check matrix for a cyclic code generated by a single
cycle of a fecdback shift register whose characteristic polynomial is

a. M+ 1 +1

b A%+ A+ A2+ A+ ]

c. A+t 41 (three possible codes).
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5.2 Find the generator polynomial g(z) of the code in Problem 5.1c which
uses words of length 7, and find the polynomial 4(x) such that A(x)g(x) =27 — 1.

5.3 Show that the Bose-Chaudhuri-Hocquenghem codes are cyclic.

5.4 Give the parity check equations for a double-error correcting Bose-
Chaudhuri-Hocquenghem code with a code-word length of 31.

5.5 The binary sequence w = (1010011) is a code word of a cyclic code with
3 information digits.

a. Find a parity check matrix for the code, and a feedback shift register
that will generate the code.

b. Find the generator polynomial g(x) of the code, and the polynomial A(x)
such that A(x)g(x) = 27 — 1.

5.6 [The application of Cyclic Codes for Burst-Error Correction; Melas
(1960).]1 An error burst of width g + 1 beginning at digit 7 is an error pattern
such that r; and r; ., are in error, a digit r, (/ <j <i + ¢g) may or may not be
in error, and all digits before r; or after r, _, are correct. For example, the error
bursts of width 4 may be represented by the following binary sequences:

1001 r;and r; 4 in error

1011 iy Fiyos Figpa in error

1101 iy Piy1, Tigg in €rror

1111 i, Fiy1s Pipes Piyg N €ITOL.

Binary sequences like these, which describe the distribution of errors within a
burst without regard to the position of the burst within the code word, are called
burst-error patterns. These are 2971 burst-error patterns of width ¢ + 1.

Now consider a code generated by a feedback shift register with maximal
period, as shown below.

010
F3 Fy Fy Fy
L 00 1
T =
0 0 0
1 1 0
p(A) = + 1 +
T+ T+1I=0
x Tx T3 T3 T33x T“_x
1 0 0 0 1 001101 01 1 1
0 0 1 001 1 01011 1 1
A=
0 1 0 011010111 1 0

S O ©
—
[=]
(=]
—
—
(=]
—
<
—
—
—
—
(o]
[=]

0
0
1

0
1
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Consider a typical burst-error pattern, say 1101. If the burst begins at digit 1,
the associated corrector is

bt

1
U+ T+ 7TH = = T7x.
0

—

If the burst begins at digit 2, the corrector is

0
(T+T*+THx = = T8.
1

0

If the burst begins at digit 5, the corrector is (T4 + T° + T7)x = Tx, etc.

a. Show that a translation of an error burst by ¢ digits results in a translation
of the associated corrector by ¢ digits. All possible burst-error patterns of width
4 or less are listed below, along with the associated correctors (assuming that
the burst begins at digit 1).

Burst-Error Pattern : Corrector

1 X

11 : I+ T)x =T%
101 (+THhx = T8
111 I+ T+ THx = T
1001 I+ THx = THx
1011 I+ T2+ THx = THx
1101 U+ T+THh =T%
1111 J+T+T*+TH = T

b. Show that if a cyclic code is generated by a maximal-period feedback shift
register with g stages, each error burst of width ¢ or less results in a distinct
corrector (assuming all error bursts begin at the same digit).

It follows from (a) and (b) that knowledge of the corrector and the digit at
which the burst begins completely specifies the error pattern. The various
burst-correcting schemes are all based on the use of additional check digits in
order to determine the position of the burst. Note that a burst may begin at the
end of a code word and end at the beginning of the word. In the above example,
the burst-error pattern 1101 beginning at digit 14 represents an error in digits
14, 15, and 2, and results in the corrector (I + T + T®)T™3x = T®x. Because
of the cyclic structure of the codes, bursts of this type will also be corrected.
(Note that it is sufficient to assume that T has an irreducible minimal poly-
nomial; however, the maximal-period case gives the longest code words.)
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5.7 (Abramson, 1959). A parity check matrix A4 is generated by a maximal-
period g-stage shift register. The matrix 4 is then augmented by the addition of
an “‘all-check” digit, so that the parity check equations become

=0, n=20-1

11 -1 1

Show that the above code may be used to cotrect single errors and double
adjacent errors. For example, if ¢ = 3, the parity check equations might be

1 001 01 1|~ —

r
0010111
0101 11 T
111111 1].rm]

(=]
S o o ©

The matrix A4 is generated by a feedback shift register with characteristic poly-
nomial 2 + 4 + 1.
A corrector

1
1
1
1

would be associated with a single error in rg.
A corrector

Q e e

would be associated with a double adjacent error in ry and ry. Decoding can be
accomplished since the “all-check™ digit distinguishes between a single error
and a double error, and no two double adjacent errors result in the same
corrector.
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5.8 (Fire, 1959). A parity check matrix A4 is generated by a maximal-period
q,-stage feedback shift register. An identity matrix I, of order g, = 2¢; — 1 is
formed. The parity check matrix for the Fire code is

qullqzlldzll.. l I(Iz
A|A|

The length of the code words is n = least common multiple of 27t — 1 and g,.
The number of check digitsisg, + ¢,. For example, if 4 is the matrix of Prob-
lem 5.7 [g; =3, g, = 5,n =lcm (7, 5) = 35], the parity check matrix of the
associated Fire code is

10000 10600 10000 10000 10000 10000 10000 |
01000 01000 01000 01000 01000 01000 01000
00100 00100 00100 00100 00100 00100 00100
00010 00010 00010 00010 00010 00010 00010
00001 00001 00001 00001 00001 00001 00001

10010 11100 10111 00101 11001 01110 01011
00101 11001 01110 01011 10010 11100 10111
| 01011 10010 11100 10111 00101 11001 01110 |

Show that the Fire code will correct all error bursts of width ¢, or less. For
example, suppose that in the above code the corrector is

'—'OOIO-‘OO'—'

The top five digits identify the burst-error pattern as 101, and indicate that the
burst starts at digit 4, 9, 14, 19, 24, 29, or 34. Now considering only the matrix
A, the corrector associated with a burst-error pattern of 101 beginning at digit 1
is

1
T+ THx =|1| = T .
0
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Since L
0
0| = Tx = T,

1

a burst-error pattern of 101 beginning at digit 3 will produce a corrector of
o
U+ THT’ =TT = T8 =| 0
_..1—
Hence we conclude from the last three digits of the corrector that the burst
begins at digit 3, 10, 17, 24, or 31. Thus we have identified the 101 pattern
beginning at digit 24, that is, a double error in digits 24 and 26.

59 If
1 00

010
0 01
1 00

—

find the minimal polynomials of T3 and T°.
5.10 Show that the period of a nonsingular binary matrix cannot exceed
2% — 1, where q is the degree of the minimal polynomial of the matrix.



CHAPTER SIX

Information Sources

6.1. Introduction

We have not considered in any detail the model for a source of infor-
mation. We have assumed at various times (Chapter 2) that'the information
to be transmitted consisted of the outcome of an experiment involving a
random variable X; if successive values of X were to be transmitted, the
values were assumed to be chosen independently. In other words, an
information source has at times meant for us a sequence of independent,
identically distributed random variables X, X,,.... At other times
(Chapter 3) we have completely ignored the statistical properties of the
source and focused instead on the assignment of a code word to all
possible sequences the source could produce in a given interval of time;
we required that the resulting code have a probability of error which was
uniformly small for all possible code words so that statistical fluctuation
of the source would not affect performance of the decoding scheme.

In this chapter we examine more closely the properties of information
sources. We shall find that of all the sequences a source can conceivably
produce in a given length of time, only a fraction are “meaningful””; the
remaining sequences may be ignored when we are considering the problem
of transmitting the information produced by the source. This result will
allow us to take advantage of the statistical structure of a particular source
to achieve a higher transmission rate for a given probability of error.

We will also try to use the concepts developed in the chapter to say
something about the properties of a language as a means of communication.
In addition, the results will be needed in Chapter 7 in the analysis of chan-
nels with memory. The mathematical equipment we shall use is the theory
of finite Markov chains, which will be developed in this chapter.

6.2. A mathematical model for an information source

Let us begin by observing that whatever model we use for an information
source, the source must produce a sequence of symbols

D, OIFY. OD. O FID. (IRl
169
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If we like, we may imagine the symbols being produced at a uniform rate,
one per unit of time, with X, the symbol produced at time ¢. The structure
of the source may be described by giving the statistical dependence of X,
on the past symbols X, ;, X, ,,.... As an example, suppose we have a
primitive language with two symbols 4 and B. Suppose that in a sample
of text in the language, the probability distribution of X, is determined

3/4

174 State 1

previous 2
symbols were
AA

State 2
AB

State 3
BA

Fig. 6.2.1. Information source.

by the previous two symbols X, , and X, , but is not affected by the
additional knowledge of X,_;, X,_4, etc. Let us assume that the conditional
distribution of X, given X,_, and X,_, is as follows:

PX,=A|X, ,=A4,X,_,=4}=1/4
P{X,=A|X, ,=A,X,,=B=1/5
PX,=A|X,,=B X, ,=A4}=1/7
PX,=A|X,,=8BX,_,=B}=2/3
P{Xt___B(Xt—‘z:a’Xt-—l:ﬂ}: 1 -P{Xt=A(Xt—2=‘anz-1=ﬂ}
(o, f = A or B)
P{Xt =4 ( X s=0, X ,=8X,= ‘J/}
=P{Xt=A(Xt—2=ﬂa X¢—1=7}
(o, 8,y = A or B)
and so on.

The source just described may be characterized by four “‘states”” and a
set of “transition probabilities.” (See Fig. 6.2.1.) The source is in state
lattimesr—1if X, ,=X,,=4,instate 2if X, ,=A4, X,_, = B,
etc. If the source is in state 2 at time ¢ — 1, then with probability 1/5
the source moves to state 3 at time ¢ and X, = 4; with probability 4/5
the source moves to state 4 at time ¢ and X, = B.
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output g(l1, 5;) = 0. To summarize, if the source is initially in state a,
and the channel is in state s,,, then with probability 3/4 the next source and
channel states are (ao, Sq); With probabiity (1/4)(1/2) = 1/8 the states
are (ay, Soo), and with probability 1/8 the states are (a;, sp;). The corre-
sponding inputs and outputs are determined from the states.

In general, the probability of transition from the pair of states (a,
§;,5,) to the pair (g, s;;) is the product of the source transition probability
Pi,r and the channel transition probability from s; ; to s,; under the input
k. The results are summarized in Table 7.1.3.

Table 7.1.3. A source-channel matrix for example 7.1.1

(a0, $00) (@0, 510) (@0 S01) (@0, 511) (@1, 500) (@1, 510) (@1, 501) (@1,512)
(40, S00) 1 %
(@o, 510)
(@0, So01)
(@0, 511)
(a1, So0)
(a1, 510)
(a1, 501)
(a1, s11)

O O his bk O O

ake e O O oo O O
QOO OCOO0
oo e O O o= O O
O O o © O
OCOoOOoCOoOoOOoOC
O oo O O -

B O O oo O O

(a, si;) — input f(ak) =k
output g(x, 5:;) as given in Table 7.1.1

Thus the action of the source on the channel may be described by the
matrix of Table 7.1.3, which is called the ‘“source-channel matrix”
corresponding to the given source.

In the next section we are going to use the concepts developed here to
define a general model for discrete channels with memory.

7.2. The finite-state channel

The model we are trying to develop is that of a channel with a finite
number of internal states. The present state of the channel will in a sense
represent a summary of its past history. The application of an input will
result in a transition to a (possibly) different state and the production of
an output. Specifically, given a finite set S = {s,,...,s,} called the
set of states and two finite sets I' = {b,, ..., b,} and A called the input
alphabet and the output alphabet, respectively, we define a finite-state
channel as a collection of r by r transition matrices (that is, matrices of
nonnegative numbers with all row sums equal to unity) My, ..., M,, one
for each input letter, together with a function g that assigns to each pair
(b,s), bel, seS, an element g(b, s) e A. (The matrix M, will also be
denoted by M, and is called the channel matrix corresponding to the
input b,.)
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The interpretation of this definition is the following (compare Examples
7.1.1 and 7.1.2). If the channel is initially in state s, and an input b; is
applied, the channel makes a transition governed by the matrix M.
The probability of moving from s, to s, is the element M(s;, 5;) in row j
and column & of the matrix M,. If the new state is s;, an output g(b,, s,)
is produced.

Notice that given an initial state and a sequence of inputs, the distri-
bution of the corresponding output sequence is determined by the channel
matrices. Thus the finite-state channel may be regarded as a special case
of the general discrete channel defined in Section 3.1.

Now consider a Markov information source & with set of states
Se = {a1, . . ., a,}, transition matrix Il = [p,;], i, j=1,..., 4, alphabet
I'={b,...,b} =the input alphabet of the channel, and function f
from S, to I'. As in the discussion in Section 7.1, the operation of
connecting the source to the channel is described by the source-channel
matrix Q corresponding to 8. Q is defined as a gr by gr matrix (g =
number of source states, r = number of channel states) whose rows
(and columns) correspond to pairs (a, s), a € Sy, s € S. The element in
row (a;, 5,) and column (a;, 5;) of Q is p;; M, )(sy, 53)- In other words,
if initially the source is in state a; and the channel in state s;, then with
probability p,; the source moves from g, to a; and emits an input f(a,);
the channel then moves from s, to s, with probability M, (s, 5,).

For purposes of analysis we must impose restrictions on the channel.
We say that a finite state channel is regular if every finite product
MMz My, i1), ... i) e{1,2,...,1}, k=1,2,..., is regu-
lar; that is, steady state probabilities exist for the Markov chain determined
by the matrix M ;Mg - M. (The integers i(1), ..., i(k) are not
necessarily distinct.)

We remark that the product of regular matrices need not be regular.
For example, take

010 T x x
M,=10 0 1| and M,=|1 0 Of.
x r =z ‘ 010
(The «’s stand for positive elements.) The product M, M, is
1 00
01 0y,
T x z

which is not regular; in fact the chain determined by M, M, has two
essential sets and is therefore not indecomposable.
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The following two theorems provide the justification for the restriction
of regularity. Theorem 7.2.1 implies that if a regular Markov source is
connected to a finite-state regular channel, the associated input sequence,
output sequence, and sequence of input-output pairs are all regular
Markov sources and therefore obey the asymptotic equipartition
property. This will be essential in the proof of the coding theorem for the
channel. Theorem 7.2.2 provides a criterion that allows us to determine in
a finite number of operations whether or not a given finite state channel is
regular.

Theorem 7.2.1. 1f a regular Markov source is connected to a finite-state
regular channel, the corresponding source-channel matrix is regular.

Proof. Consider any regular Markov source with alphabet I' =
{by,...,b,}. By Theorem 6.3.2, there is a source state a* and an integer
k such that @* is reachable from any initial state in k steps. In particular,
a* may be reached starting from a*; hence it is possible for the source to
proceed through a sequence of states of the form a*a,, * - * @,4—1)@;4) With
Ay = a*.

Assume that the input corresponding to a,;, is by e . Let M =
MMy - - - M5 by hypothesis, M is regular, and consequently there
is an integer n such that M” has a positive column. But

M= Mg MMy My - My Mg

hence there is some channel state s* such that s* is reachable in nk steps
from any initial state under the sequence of source states

a0 Qi T G T G T Q-

Finally, given any source-channel state pair (@, s) we may in k steps
reach (a*, s,) for some i; but for any i, (a*, s*) is reachable from (a*, 5,)
in nk steps. Thus (a*, s*) is reachable in k 4 nk steps from any initial
state, so that if Q is the source-channel matrix, the column of Q("+V)*
corresponding to (a*, s*) is positive. The proof is complete. ‘

The definition of regularity may be restated as follows. Given any
finite input sequence b,)b, ) * * * by, there must exist a channel state s*
and an integer n such that for any initial channel state, s* is reachable
under the input sequence

binbuw * Bibiwbie 7 b 7 banbia t buw (n times).

Using this criterion, we may check that the channels of Examples 7.1.1
and 7.1.2 are regular. In Example 7.1.1, if a given input sequence contains
at least one ““1,”” then it is possible to reach and remain forever in state
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51,5 similarly, if the input sequence contains at least one “0,” it is possible
to reach and remain forever in state so. In Example 7.1.2, for any input
sequence we may reach and remain permanently in state BO (or equally
well state B1). Thus in both cases the channels are regular.

The definition of regularity seemingly involves the checking of an
infinite number of matrices. We may however, replace the definition by a
criterion involving only a finite number of steps, as shown by the following
theorem.

Theorem 7.2.2. Let My, M, ..., M, be arbitrary r by r transition
matrices. Define sets of matrices A(k), k =1,2,..., as follows. Let

A) = {M, M, ..., M}

If k> 1, let A(k) = the set of all matrices that can be expressed as a
product of at most k, not necessarily distinct, elements of A(1). Also
define I
A= UAk)
k=1

Let R be the set of all regular by r transition matrices. Then if A4(2"") <
Rthen 4 < R.

Thus in the definition of regularity we may restrict k to be <2*, so that
only a finite number of operations will be involved.

Proof. As noted in Section 6.3, in deciding whether or not a matrix
has steady state probabilities, all we need to know about a given element of
the matrix is whether it is zero or positive. In other words, without loss of
generality we may assume that we are dealing with matrices with only two
possible elements 0 and x (with 2x = », x + 2 = x). More precisely let
A'(k) be the set of matrices formed by replacing all positive elements of
the matrices in A(k) by . Define 4" and R’ similarly from 4 and R. It
follows that A4(2”") < R if and only if 4’(2"") < R'. Since the number of
r by r matrices with elements 0 and = is 2™, 4’(k) must equal 4'(k + 1)
for some k < 2™, Now by definition of the sets A(k), A(k + 1) = Ak + 2)
for all k, and hence A'(k + 1) < A'(k + 2). But if M e A'(k + 2) and
M¢A(k+1) then M= M,M, where M,e A'tk + 1) = A'(k), M, €
A'(1). Thus M e A'(k + 1). Consequently A'(k + 1) = A’'(k + 2), and
similarly 4'(j) = A4'(k) for j > k, so that 4" = A'(2"). Consequently

Ay R=A' = A(Q2H)< R =>4 <R

If we take # = 1 in Theorem 7.2.2, we obtain as a corollary the result
that in applying the criterion of Theorem 6.3.2, we need only examine the
powers 11", n < 2™, of a transition matrix IT in order to determine
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whether or not the associated Markov chain has steady state probabilities,
For if S is the set of r by r transition matrices not having a positive column,
an argument identical to that of Theorem 7.2.2 shows that if AQR™ < S,
then 4 = §. Thus if none of the matrices I1*, n < 2™ has a positive
column, then no power of II has a positive column so that II is not regular.

7.3. The coding theorem for finite-state regular channels

Suppose that a regular Markov source is connected to a given finite-
state regular channel, and Q is the resulting source-channel matrix. Q
then determines a finite Markov chain with states (a,, s,) where the a, are
the states of the source and the s, are the states of the channel.

By the assumption of regularity, the chain associated with Q has steady
state probabilities. Given the pair (a,,s,) we can determine the corre-
sponding input fi(a,, s,) = f(a,) and output g,(a;, 5,) = g(f(a,), s,). Thus
the chain associated with Q determines a stationary sequence of input-

output pairs (X, Y,.),n=1,2,.... We may therefore define an input
uncertainty H{X} = lim H(X, | X, ..., X,;), an output uncertainty
H{Y} = lim H(Y, l Yy, ..., Y, ;), and a joint uncertainty

H{X’ Y} = lim H[(Xn’ Yn) l (Xh Yl)’ trt (Xn—l’ Yn—l)]'

n—* 0

We define the information conveyed about the process {X} by the process
{Y} as
I{X} | {Y}] = H{X} + H{Y} — H{X, Y}
= I{Y} | {(X}].

It follows from Theorem 6.4.1 that

X} | (Y} = limn I(Xy, ..., X, | Yoy ., ¥,)

and hence that /[{X} | {Y}]is nonnegative. Furthermore, H{X, Y} — H{X},
which may be regarded as the conditional uncertainty of {Y} given {X}, is
given by lim n1H(Y,, ..., Y, | Xy, ..., X,) and also by

n—x

lm H(Y,| Xs, ..., Xy Yoo oo oy Yog)

7—» 0O

(see Problem 7.2).
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We define the capacity of the given channel as C = the least upper
bound of I[{X} | {Y}], taken over all regular Markov sources. We are
going to prove that it is possible to transmit information at any rate less
than C with an arbitrarily small probability of error. First we define a
code for the finite-state regular channel just as in the memoryless case;
that is, a code (u, n, ) is a set of input n-sequences xV, . . ., x(*, together
with a decision scheme, that is, a collection of disjoint sets B,,..., B
of output n-sequences, such that

u

P{(Yy,..., Y)eB,|(Xyy. ., X)=xD} > 1 —¢

foralli=1,2,...,uand any initial state.

Thus, no matter what the past history of the channel, dccodihg is
accomplished with a probability of error not exceeding «.

We now prove a lemma that will be useful in the proof of the coding
theorem. If Q is the source-channel matrix corresponding to a regular
Markov source which is connected to a finite-state regular channel, then
Q has steady state probabilities w, ), a € Sy = set of source states,
s € § = set of channel states. The steady state probability of the channel’s
being in state 5 is given by

W, = 2 w(a,s)'
a

Define a code (u,n, €; Q) as a set of input n-sequences xV, ...,
x®), together with a decision scheme determined by sets By, ..., B,,
such that if the initial channel state is chosen at random, with state s
assigned probability w, (s € .5), and the sequence x‘* is transmitted, the
probability of error, that is, the probability that the corresponding output
sequence will not belong to B;, is <e for all i.

Lemma 7.3.1. Let O be a source-channel matrix for a finite-state
regular channel. If for a given positive number R there is a sequence of
codes ([2"%], n, €,; @) such that ¢, — 0 as n — o, then for any positive
number R’ < R there is a sequence of codes ([2"%], n, ¢,’) such that
g, —~0asn— oo.

Proof. Consider the following random experiment. Let x; be any
input n-sequence, and let B, be any set of output n-sequences. Let
(ay, 50) be any source-channel state pair. Allow the source and channel
to make N transitions starting from (a,, s,) with the transition probabilities
governed by the matrix Q. After N transitions, send the sequence x;
through the channel.

If (A,, Z;) is the source-channel state pair after k transitions, then the
probability that the output sequence corresponding to x; will not belong to
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B, is given by
P{(YN+17 e Y Bil(XN+ls ces Xy = X, (Ao, Zo) = (aq, So)}
= E P{(ANa Zy)=(a,s) | (Ao, Zy) = (ay, 50)}
X P{(Yyras - o> Yaew € Bo| X -+ Xpoyn) = %oy (Ays Z3) = (3, 9)}
(7.3.1)
Maz‘w(a,g)P{( Yoo s Y)¢B|(Xy, ..., X)) = x;, (Ao, Zo) = (a, 5)}
= Z'WBP{(YI, vy Y EB (X .o X)) =X, 2 =5} (1.3.2)

Note that the second factor of the summand of (7.3.1) is independent of N
and hence coincides with the second factor of the summand of (7.3.2).
Furthermore, since the number of source-channel state pairs is finite, the
convergence of (7.3.1) to (7.3.2) is uniform in n, x,, B,, and (a,, 5,).

By hypothesis there are codes ([2"*}, n, ¢,; Q) with e, -0 as n— co.
But by definition of such codes, the expression (7.3.2), evaluated for a code
word x; and a decoding set By, is just the probability of error when x, is sent.

For each n, consider the code ([2"F], n,¢,; Q) with code words x,
and decoding sets B,. Given € > 0, fix N = N(e) such that (7.3.1) and
(7.3.2) differ by less than ¢, uniformly in n, x;, B;, and (a,, 5;). Let n be
large enough so that ¢, < ¢ (and hence (7.3.1) is less than 2¢).

Now observe that if i and g, are fixed,

P{(YN+1, v Yy o Bil (XN+1’ vy Xygn) = X5,
(Ao Zo) = (G, 50)} = 2 P(X)g,,(x)
where .
px) = P{(Xy, ..., Xy) = X | Ay = ay}
and
&, () = P{(Ynyr- o> Yuun) € B [ (X1, ooy Xyin) = (x, xi)! Zo = so},

and the summation is over all input N-sequences X.

Let » be the total number of channel states. Since Z p(x)gq (x) < 2¢,
the set of all x such that g, (x) > 4re must have a probablllty <1/2r.
For if not, we would have

208X 2 X p(X)ge(X)
x {X3g,(X) 2 dre}
> dreP{x: g, (x) > 4re} > 2,
a contradiction.

If D, = {x: g, (x) >4re}, then 3, P(D,) < r(1/2r) = }. In particular,
the sets D, cannot exhaust the entire collection of input N-sequences, so
that there is an N-sequence x,’ belonging to none of the D, ; for such a
sequence, g, (x,") < 4re for all possible initial states s,.
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It follows that if we form codes with words x'' = (x,,x,),i = 1,
2,...,[2"%], and decoding sets B,* = {(y,’,¥,): ¥, € B} (in other words
we decode by applying the original decision scheme to the last # coordinates
of the received sequence), we will have constructed codes ([2"%], N + n,
4re). If we let m = N + n and observe that 2nR = 2m(R-m7'NR) _ ym&’
where R’ — R as m — oo, we have the desired result.

Lemma 7.3.1 is analogous to Lemma 3.5.3 in that it asserts that if we
can make the “‘average” probability of error arbitrarily small for a given
transmission rate, we can also make the maximum probability of error
arbitrarily small.

We may now prove the coding theorem for the finite-state regular
channel.

Theorem7.3.2. Given a finite-state regular channel with capacity C > 0
and a positive number R < C, there is a sequence of codes ([2"%],
n, g,) with e, — 0 as n — 0.

Proof. By definition of C, there is a regular Markov source 8 which,
when connected to the channel, yields an information I = I[{X} | {Y}]
which is greater than R. Let O be the corresponding source-channel
matrix. Now suppose that the initial channel state is chosen at random,
with state s assigned the steady state probability w,. Let p(y | x) be the
probability that the n-sequence y is received when the n-sequence x is
transmitted. The system of probability functions p(y | x) forms a discrete
channel as defined in Chapter 3. Thus Lemma 3.5.2 applies (recall that
we observed at the time that the assumption that the channel be memoryless
is not essential to the lemma). In the lemma, we need to specify a pro-
bability function p(x) defined on the set of all input n-sequences. Let us
take p(x) to be the probability that the source 8 produces the sequence X,
that is, p(x) = P{(X, ..., X,) = X}, when the initial state of the source
is chosen at random in accordance with the stationary distribution
induced by the matrix Q. [Specifically, the source state a is assigned
probability w, = X w,,,, where w, is the steady state probability of
the source-channel state pair (a, 5).]

We conclude that for each real number b and positive integers © and »,
there is a code (u, n, £,; Q) such that

e, <u-2" + P{(x,y): log [p(y | )/p(1] < b}.

Let b = 4n(R + I),u = [2"F]. Define a sequence of random variables
V, as follows. If (Xy,...,X,)=aand (Y,,...,7Y,) =, then

PBlo) T log PP

V,=n"l )
SERGT & p@r(®)
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It follows from the asymptotic equipartition property (Theorem 6.6.1) and
the fact that a regular Markov source is ergodic (Theorem 6.6.2) that V,
converges in probability to H{X} + H{Y} — H{X, Y} = I. Since

P{(x, y):log [p(y | ¥)[p(0] < b} = P{V, < R + D} —0

as n— o,
we have g, — 0 as n — co. The result now follows from Lemma 7.3.1.

The weak converse to the coding theorem holds, that is, any code
(u, n, &) for the finite-state regular channel must satisfy

logu < (nC + log 2)/(1 — ¢)

where C is the channel capacity (Blackwell, Breiman, and Thomasian,
1958); hence, if the transmission rate is maintained above capacity,
the probability of error cannot be made to approach zero (compare
Theorem 3.7.3). In fact, the probability of error must approach
one with increasing code-word length (that is, the strong converse to the
coding theorem holds) as shown by Wolfowitz (1963b).

7.4. The capacity of a general discrete channel: comparison
of the weak and strong converses

It is possible to construct a definition of the capacity of a discrete
channel in such a way that the definition will not depend on the properties
of any specific channel. First, a code (u, n, ¢) for an arbitrary discrete
channel is defined in exactly the same way as a code for the finite-state
channel, that is, a collection of u input n-sequences together with a
decision scheme such that the maximum probability of error is <e,
regardless of the state of the channel. A nonnegative number R is called a
permissible rate of transmission for the channel if there exist codes ([277],
n, £,) such that e, — 0 as n — oo (n is allowed to approach infinity through
a subsequence of the positive integers).

We define the channel capacity C as the least upper bound of all per-
missible transmission rates. (Note that 0 is always a permissible rate,
so that the set of permissible rates is not empty.) Thus if R < C, the rate
R can be maintained with an arbitrarily small probability of error; this is
not possible if R > C. In the case of the discrete memoryless or the finite-
state channel, C agrees with the expressions given previously.

In general, we establish that a particular number C; is the capacity of a
given channel by proving a coding theorem (such as Theorem 3.5.1 or
Theorem 7.3.2) and a weak converse (such as Theorem 3.7.3). In other
words, we prove first that for any R < C,, there exist codes ([2"%], n, ¢,)
with g, — 0 as n — o0, and hence that C > C,. We then prove that given
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any sequence of codes ([2"%], n, ¢,), R > C,, there is an ¢ > 0 such that for
sufficiently large n, ¢, > ¢; consequently C < C,.

We say that the strong converse holds for a given channel if any sequence
of codes ([2"%], n, 4,), with R > C, must be such that lim 1, = 1. To

n— 00

gain further insight into this concept, we introduce the notion of the
A-capacity of a discrete channel. Given any discrete channel, let N(n, 1)
be the maximum possible number of code words in a code that uses
sequences of length n and that has maximum probability of error at most 4.
If 0 < 4 < 1, the A-capacity of the given channel is defined by
C(A) = lim sup n"*log N(n, A) (7.4.1)

If one is willing to use codes whose maximum probability of error is
<A (instead of demanding that the maximum probability of error be
made arbitrarily small), then C(1) may be regarded as the least upper
bound of all permissible transmission rates. Specifically, we call a number
R a A-permissible rate of transmission if given any positive integer ny,
there exists a code ([2"#],n, A,) with n > n, and 1, < 1. It follows
directly from the definition of the lim sup of a sequence of numbers that
C(2) is the least upper bound of all A-permissible transmission rates.

Since any code (u, n, ;) is automatically a code (, n, 4,) if 4, < 4,, it
follows that C(4) is nondecreasing. We have the following result.

Lemma 7.4.1. The channel capacity is given by

C = lim C(4). (7.4.2)
a0
Proof. Let Cy=1im C(A). If R < Cyand 0 < 1 < 1 then R < C(4),

A0
hence R is A-permissible. Thus given any n, we can find codes ([2"%],

n, A,) with n > n, and 4, < A. Since A may be chosen arbitrarily small,
it follows that C > C,. On the other hand, if R > C, there is a 1 ¢ (0, 1)
such that R > C(1). Since R is not A-permissible, it follows that for
sufficiently large n, no code ([2"%], n, 1,) can be such that 1, < A. Con-
sequently no number greater than C, can be a permissible transmission
rate, and hence C < C,,.

The strong converse has a striking interpretation in terms of the i-
capacity.

Lemma 7.4.2. The strong converse holds for a discrete channel if and
only if

C(A)=C for allie(0,]1). (7.4.3)

Proof. 1If the strong converse holds, then given any 4 € (0, 1) and any

R > C, for sufficiently large # no code ([2"%], n, 4,) can exist with 4, < A.
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Therefore R is not A-permissible for any A; consequently C(1) < R
for all A. Since this holds for any R > C, we have C(4) < Cforall . But
since C(4) is nondecreasing, Lemma 7.4.1 yields C(Z) = Cforall 4 € (0, 1).
Conversely, suppose that C(A) = C for all 2¢(0,1). Given R > C and
A €(0,1). Since R > C(4), R is not A-permissible and therefore if we have
any sequence of codes ([2"%], n, 4,), we must have 1, > A eventually.
In other words 4, — 1 as n — o0, and the strong converse holds.

We are going to give an example of a channel for which the strong
converse fails to hold. Our example will be a binary channel with the
curious feature that [im C(1) = 0, lim C(4) = 1 {thus violating (7.4.3)].

1

A0 A
Hence if we desire to transmit information with an arbitrarily small

probability of error, the only permissible transmission rate is zero, while
if we are willing to put up with an arbitrarily high probability of error, we
can approach the maximum transmission rate of a noiseless binary
channel.

Consider a channel whose inputs and outputs are binary sequences of
length n(n = 1,2,...). The action of the channel is described by speci-
fying that if the output sequence y differs from the input sequence x in
exactly i places (i = 0, 1, ..., n) then

p(y|x) = [(n + 1)('1.’)}—1.

Thus the number of transmission errors is uniformly distributed between
0 and n, and all error patterns of the same weight have the same probability.
(A formal definition of the channel may be readily supplied.)

We shall establish the following result.

Theorem 7.4.3. For A > %, C(4) > 1 — H(24 — 1), where for brevity
we write H(z) for the uncertainty —zlog2 — (1 — x)log(l — 2); con-
sequently lim C(4) = 1. Furthermore, for all 4, C(3) < 1 — H(#(1 — 1));

A—1
consequently lim C(4) = 0.
A0

Proof. The Varsharmov-Gilbert-Sacks condition (Theorem 4.5.3) states

that if

it is possible to construct a binary code with 2* words of length » which will
correct z-tuple and all smaller errors. Now

S (") <2"H@ if 0<a<} (Lemma4.7.2)

i=o\!
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Thus if 2"* > 2-DHE=DIO=I_ in particular if 2"* > 2"@M (and
2t/n < }), we can find a binary code with 2* words of length n which
corrects all errors of weight 7 or less. Set R = kf/nand « = 2¢t/n. Then the
above condition implies that if R < 1 — H(«), for sufficiently large n we
can construct a code with at least 2"F words of length n which corrects
all errors of magnitude <naf2. Let us use this code in the given channel.
If p(e’) is the probability of correct decoding for any specific word of the
code, and Z is the number of transmission errors, then

p(e)) = P{Z < }na}p(e’' | Z < tna) + P{Z > jna}p(e’| Z > ina)
fnet+ 1,

n+1

> P{Z < jna}p(e'|Z < dno) = 1

2 fo.

It follows that R is (1 — }o)-permissible, where R may be chosen arbi-
trarily closeto 1 — H(o). Hence C(1 — $a) > 1 — H(x) = 1 — H(1 — &)
(x < 3), and the first part of the theorem is proved.

To prove the second part of the theorem, consider any code for the
given channel, say a code with N words of length » and maximum prob-
ability of error A. Since each error pattern of weight i or n — i has

probability
o ()]

which decreases as i varies from 0 to 3n, it follows that if 7 is the smallest
integer such that 2r/(n + 1) > 1 — 4, each decoding set of the code has at

least2 377 (']1) sequences. [The way to achieve a probability of correct

transmission of 1 — 4 with the smallest possible number of sequences in a
decoding set is to correct the errors of weight 0 and n,1andn — 1, ...,
r — 2and n — (r — 2), and some or all of the errors of weight r — 1 and
n—(r—1).]

Hence, as in Theorem 4.2.2,

2n 2n—1
N< =2/, SH(M—I)U-A)—Z] n
202 ()
=0 J i=0 J

Using the fact that

an

n"llog[Z(:,’)jl»H(a) as n—oo if 0<a<}

=0
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(Lemma 4.7.2), we obtain
C(1) = lim sup n™tlog N(n, A) < 1 — HGU — 2)),

and the theorem follows.

In the example just given, the variance of the number of transmission
errors is of order greater than n (actually of order »n%), as opposed to the
case of a binary symmetric channel, where the variance is of the order of n.
Wolfowitz (1963a) suggests that this fact is essentially responsible for the
nonconstant behavior of C(4).

7.5. Notes and remarks

The finite-state channel was introduced and analyzed by Blackwell,
Breiman, and Thomasian (1958). These authors achieved greater gener-
ality than we have in this chapter by allowing the Markov chains involved
in the definition of the channel to be indecomposable rather than simply
regular. However, they used several ideas from martingale theory in
their presentation, and we have avoided this here.

Theorem 7.2.2 is due to Thomasian (1963).

Just as in the case of the discrete memoryless channel (Theorem 3.6.4),
there is an exponential bound on the rate of approach toward zero of the
probability of error of codes with a fixed transmission rate; see Blackwell
(1961b).

A channel that fits naturally into the finite-state model is the so-called
discrete finite-memory channel. Intuitively, a channel with memory m
should have the property that the distribution of the state of the channel
at the end of an input sequence of length n,n > m, depends only on the
last m inputs, and not on any previous inputs or states. Now if an input
SEQUENCE Xy * * * ;. Is applied, the distribution of the state at the end of
the sequence may be found from the matrix M = M; )Mz, ** * My,
where M, is the channel transition matrix corresponding to the input
Z,- To say that the state distribution at the end of the sequence is
independent of the initial state is to say that the matrix M has identical
rows. Thus a finite-memory channel may be regarded as a finite-state
channel with the property that for some positive integer m, each matrix
MM, - - - My, (and hence each matrix M,yM;q) * * * My, 1 2 m)
has identical rows. A transition matrix with identical rows has at least
one positive column, and thus a finite-memory channel is regular.

Our approach to the discrete finite-memory channel is that of Blackwell,
Breiman, and Thomasian (1958). Alternate treatments may be found in
Khinchin (1957), Feinstein (1959), and Wolfowitz (1961).
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The results of this chapter have given no clue as to how to compute the
capacity of a given finite-state channel. Very little is known in this area.
Animportantinitial step has been taken by Wolfowitz (1963b), who showed
the existence of a procedure whereby we can achieve any preassigned
approximation to the capacity in a finite number of steps. However,
practical algorithms do not exist at present. One of the few explicit
results is that of Gilbert (1960), who found the capacity of the channel of
Example 7.1.2. The capacity of the channel of Example 7.1.1 is apparently
unknown.

There is a channel that in a sense combines some of the features of the
discrete memoryless channel and the discrete channel with memory.
Suppose we have a collection of discrete memoryless channels, one for
each element s in some arbitrary set S. A code word is to be transmitted
through one of the channels, but the identity of the channel to be used is
unknown to the sender and may be regarded as being chosen by “nature.”
We wish to construct codes that maintain a given transmission rate and at
the same time have a low probability of error regardless of which channel
is used. Formally, we define a compound channel (the terminology is
that of Wolfowitz, 1961) as a system of probability functions p,(f,, . . .,
Bolas, ..., o, 5), where ay, ..., «, belong to a specified finite set T’
called the input alphabet, By, ..., f, belong to a specified finite set I"
called the output alphabet, s belongs to an arbitrary set S called the set of
states, n ranges over the positive integers, and finally for each s and n we
have

Pn(ﬁl""’ﬂnl“ls"-’an; 5) =
pi(b , a1, S)p(Ba | dap; 8) o pr(Ba l )
The compound channel is thus a special case of the general discrete channel,
and a code for the compound channel is therefore defined in the usual
way. Notice that we require that the input alphabets be the same for all
the individual memoryless channels in the collection indexed by the set S,
and similarly for the output alphabets.

Now if p(z) is any probability distribution on the input alphabet, then
for each s € § we may calculate the information I(s; p(x)) processed by the
discrete memoryless channel corresponding to s. The following theorem
was proved by Wolfowitz (1960, 1961) and independently by Blackwell,
Breiman, and Thomasian (1959).

The capacity of the compound channel is

C = sup inf I(s; p(x)).
p(x) s€S
In accordance with the discussion in Section 7.4, the proof may be accom-
plished by proving a coding theorem and a weak converse. The strong
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converse to the coding theorem also holds, as was shown by Wolfowitz
(1960, 1961).

The notion of the A-capacity of a channel and the discovery that there are
channels for which the strong converse does not hold are due to Wolfowitz
(1963a). The example discussed in Theorem 7.4.3 is the author’s (1965).

In certain physical situations we may have a discrete channel whose
state at the beginning of an input sequence is known to the sender or to
the receiver, or to both. For a discussion of this type of problem, see
Wolfowitz (1961).

PROBLEMS

7.1 a. Reformulate Example 7.1.1 so that the output is a function of the
channel state alone rather than the input-state pair.

b. Show that any finite-state channel model may be reformulated so that the
output is a function of the channel state alone, and furthermore, if the original
channel is regular so is the new channel, and the capacity of the new channel is
the same as that of the original.

7.2 Let {X,,n =1,2,...} be a sequence of inputs produced by a regular
Markov source that is connected to a finite-state regular channel, and let {7,
n =1, 2,...} be the corresponding output sequence. Define the conditional
uncertdinty of the sequence {Y,} given the sequence {X,} as

HEY}| {X}) =lim H(Y, | Xy, ..., Xpy Y1, ..., Yooy
n— oo

Show that
H{Y} {X}) =lima H(Yy, ..., Y| Xy ooy X))
n—
Hence show that H{X, Y} = H{X} + H{Y}| {X}).
73 LetX,n=12,...,and Y, n = 1,2,..., be stationary sequences of

random variables defined on the same sample space, such that the sequence of
pairs (X,, Y,) is also stationary. (Assume that the X, and Y, can take on only
finitely many possible values.) Define the conditional uncertainty of the sequence
{Y,} given the sequence {X,,} as in Problem 7.2. Do the results of that problem
still hold?



CHAPTER EIGHT

Continuous Channels

8.1. Introduction

In this chapter we consider communication channels that are “con-
tinuous” 1 two senses. First we allow the input and output alphabets to
contain an uncountably imnfinite number of elements, although we require
that the material to be transmitted through the channel be 1n the form of a
discrete sequence of symbols In other words, once every second (say) we
transmit a symbol from a possibly uncountable alphabet. This 1s the
so-called time-discrete, amplitude-continuous channel Second, we allow
the transmission of information to be continuous 1n time. In other words,
we transmit a “time function™ f(7) defined on an interval of real numbers,
whose range 1s also an interval of real numbers. This 1s the so-called
time-continuous, amplitude-continuous channel

The first channel mentioned above 1s somewhat easter to formalize.
Given an arbitrary set S called the set of states, we define a time-discrete,
amplitude-continuous channel as a system of probability density functions
2y, Ya| T %, S),seS,n=12,. ., the z, and y, real;
that 1s, a system of nonnegative (Borel measurable) functions such that

o0 Leel

f”.fpn(yl"-'aynlxlv"':zn;s)dyl'"dyn=1
- - for alln, s,z ..., z,.

Thus for each input sequence and each state, we have a probab:ihity
measure on the set of all output sequences (in this case, Euclidean n-space)
(We could have achieved greater generality by allowing arbitrary proba-
bility measures on the set of all output sequences for each input sequence
and state.) A code (u, n) for such a channel 1s defined 1n the now famihar
way as a collection of sequences xV, .. .. x™) belonging to Euclidean
n-space £, together with a decision scheme, that 1s, a partition of £* into
disjoint (Borel) sets B, ..., B,. A code (u,n, A) 1s a code (u, n) with
maximum probability of error <4, that 1s, a code (u, n) such that

P{Y,,..., Yn)eBll(Xl, LX) =x0>1 -1
for all possible code words x‘*) and all possible states s.
230
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In a given problem, physical considerations may require that some
restriction be placed on the set of allowable inputs. For example, if each
component of a code word is represented by the amplitude of a pulse,
we may wish to require that |z,| < some constant M for all 7, or possibly
we may have an “average power” limitation of the formn=1 37 .2 < M.
Given (Borel) subsets F, of Euclidean n-space (n =1 2,...) we may
define a restricted time-discrete, amplitude-continuous channel corre-

sponding to the F, as a system of probability density functions

) N T - o ) §

defined only for (xy,...,2,) € F,. A code (u, n) and a code (u, n, 1) are
defined in exactly the same way as before, except that the code words are
now required to belong to the set F,.

8.2. The time-discrete Gaussian channel

In many physical communication situations, disturbances enter in the
form of an unwanted ““noise” superimposed on the signal to be transmitted,
thus producing a result in the form of signal plus noise, from which the
desired signal is to be extracted. The assumption that the noise is Gaussian
seems to be reasonable in a wide variety of physical settings; the assump-
tion is definitely desirable from the mathematical point of view, as we shall
see in the course of the chapter.

A time-discrete Gaussian channel is a time-discrete, amplitude-con-
tinuous channel whose probability density functions exhibit no dependence
on the state s, and are given explicitly by

_ —in < (y; — )
Pl oo Y| Ty o -, 2) = 20 N)" exp l:—— > ] (8.2.1)
i=1 2N

Thus the output sequence is obtained from the input sequence by the
addition of a sequence of independent Gaussian random variables with
mean 0 and variance N. We shall see that if no restriction is placed on the
choice of code words, arbitrarily high transmission rates can be maintained
with an arbitrarily small probability of error. We are going to make a
restriction on the “‘average power”’ of the input sequence; in other words,
we introduce a restricted channel determined by sets F, = {(zy,.. .,
z,): 1t D% %2 < M}. The resulting channel is called a time-discrete
Gaussian channel with average power limitation M.

We may establish a relationship between the number of words in a
code and the probability of error by proving a result which is analogous
to the Fundamental Lemma 3.5.2 and its extension in Problem 3.11. The
result is not restricted to the Gaussian case.
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Lemma 8.2.1. Given an arbitrary restricted time-discrete, amplitude-
continuous channel whose restrictions are determined by sets F,, and whose
density functions exhibit no dependence on the state s, let n be a fixed
positive integer, and p(x) an arbitrary probability density function on
Euclidean n-space. Write p(y | x) for the density p, (¥4, . . ., ¥» [ Xy, ..., T,),
and write F for F,.

For any real number a, let

A= {(x,y): logm>a

p(y)

Then for each positive integer u, there is a code (u, n, 4) (with all code
words belonging to F), such that

A<Lue+ P{(X,Y)¢ A} + P{(X ¢ F} (8.2.2)
where

P{(X,Y) e 4} = f s f px, y) dxdy,  p(x,y) = p(x)p(y | %),
A

and P{XeF}= f . 'fp(x) dx.
F

[For convenience we assume that all logarithms in this chapter are to the
base e: thus we have a term ue~® in (8.2.2) instead of u - 2]

Proof. The argument proceeds exactly as in Lemma 3.5.2 (and Problem
3.11), with sums replaced by integrals, but we will go through the details
for convenience. Let ¢ be the expression on the right side of (8.2.2).
If £ > 1, there is nothing to prove, so assume 0 < ¢ < 1. Pick (if possible)
a sequence x'V e F such that

P{YeAw|X=xM}>1—¢c where A4, ={y:(x,y)eA};

choose the decoding set By to be A,n,. Having chosen x¥, ..., xk-1
and By, ..., B,_,, select x® ¢ F such that

k—1
P{YeAxm - UB,|X = x”"} >1—c¢;
=1

set B, = A,m — U*_} B,. If the process does not terminate in a finite
number of steps, then the sequences x!* and decodingsets B,, i = 1,2, .. .,
u, form the desired code. Thus assume that the process terminates after

t steps. (Conceivably 7= 10.) We will show 7> u by showing that
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e<te*+ P{(X,Y)¢A} + P{X¢F}. We proceed as follows. Let
B =}, B; (Ift=0,take B=0.) Then

P Ved)= | pix y)dxdy=fp(x) f p(y| %) dy dx

(x,)ed x yedy

=fp(X) f p(y|x) dy dx

yeBNAy

+ e [ plwdyax

veBNnAyx

= xp(x) | polwayax

yeBNAy

o [ piwayax

xeF yeBnAy
+ fp(X) f p(y|x) dy dx. (8.2.3)
x¢F yeBnAy

Since B N A, < B, the first term of (8.2.3) cannot exceed

f p(x) f p(y|x) dy dx = P{Y € B}.

x yeB

But since B; © A4,w,
t t
P{YeB}=>P{YeB} <D P{YeAd,w}
i=1 i=1

Now if y e A,w, then (x*),y) e 4; hence log [p(y | x)/p(y)] > a, or
p(y) < p(y | x!?)e~®. Consequently

P{Y ¢ Ago} = f ay<es [ plxay<en

YeAx(H Yedxti)

Therefore the first term of (8.2.3) is <te™%,
To estimate the second term, we claim that

f p(y|x)dy <1 —¢ forallxeF. (8.2.4)

yeBnay
First assume x = one of the code words x*). Then we have
B4, =0 (8.2.5)
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To establish (8.2.5), we show (as in Lemma 3.5.2) that if y € 4,4 then
y necessarily belongs to B. Since B, = A,w) — U*.! B,, if y € Ay and
y ¢ U] B,,theny € B, © B; on the other hand,ify € A, andy e U*_1 B,,
then, since B is the union of all the decoding sets, we have y ¢ B. Thus
(8.2.4) is proved when x is a code word. Now assume that x # any of the
x(d, If p(y|x)dy > 1 — ¢, then, since x is assumed eF and
yeBrdy

B N A, = A, — U!, B,, we could enlarge the code by taking x(**? = x,
B,.. = B N A4,, contradicting the assumption that the process terminates
after ¢ steps. Thus the second term of (8.2.3) is <1 — =.

We estimate the third term of (8.2.3) by observing that B N A4, is a
subset of the entire space E", and hence the third term cannot exceed

fp(x) f p(y|x) dy dx = P{X ¢ F}.

x¢F' v

We conclude that P{(X,Y)ed} <te®+1— ¢+ P{X¢F}, and the
result follows.

As in the discussion of Section 7.4, we say that a number R is a per-
missible rate of transmission for a given time-discrete, amplitude-con-
tinuous channel (restricted or not) if there exist codes ([e"%], n, A,) with
A,— 0 as n— o (where n is allowed to approach infinity through a
subsequence of the positive integers).

The channel capacity is defined as the least upper bound of all permissible
transmission rates.

Let C be the capacity of the time-discrete, amplitude-continuous
Gaussian channel with average power limitation M and “noise” variance
N [see (8.2.1)]. We are going to show that

M
= 1 1 —1. .2,
c glog( +N) (8.2.6)

As indicated in Section 7.4, in order to establish (8.2.6) we shall prove a
coding theorem which states that C > }log (1 + M/N) [or equivalently, if
R < }log(l1 + M/N), we can find codes ([e"®], n, 4,) with 1, —0 as
n— o], and a weak converse which states that C < 4log(l + M/N).
We first prove the coding theorem.

Theorem 8.2.2. C > }log (1 + M/N).
Proof. In Lemma 8.2.1, take

) = My exp -3

2
! ) where M, < M.
oM,



CONTINUOUS CHANNELS 235

In other words, choose the components X, . .., X,, of the input indepen-
dently, each component having a Gaussian distribution with mean 0 and
variance My < M. The third term of (8.2.2) then becomes

P{X¢F) = P{n—lf Xz > M}.
i=1

But 13" X2 is the arithmetic average of »n independent, identically
distributed random variables with expected value E(X ;%) = M, < M. By
the weak law of large numbers, the arithmetic average converges in prob-
ability to M, hence P{X ¢ F}—> 0 as n — .

Now we note that the output sequence Y is given by Y = X + Z,
where the components of X are independent Gaussian random variables
with mean O and variance M,, and the components of Z =Y — X are
independent Gaussian random variables with mean 0 and variance N
[see (8.2.1)]. By the form of (8.2.1), the conditional distribution of Z
given X is the same as the (unconditional) distribution of Z, and hence X
and Z are independent. Since sums of independent normally distributed
random variables are also normally distributed, the components of Y are
independent Gaussian random variables with mean 0 and variance N +
M,. With this in mind, let us examine the second term of (8.2.2). We have

ply | x)

I
W)

<a

(27N)~" exp ( - i (y; — xj)2/2N)
<>log = -~ <a
[2m(N + Mo)]—}n €Xp (— Zy12/2(N + Mo))

M (y; — =)°
<inl (1 —0) = [ — 2| < a.
dnlog \1+°0) + E(N+Mo) N 11
Let W, = Y2[2N + M) — Z22N. Since E(Y)= N+ M, and

E(Z?) = N, W, has mean 0. We may compute the variance of W, as
follows:

Var W, = EO8) = £ [ [(w—jimﬂ
e (F] - R
Since Y,./\/NTV0 and Z,./\/N are each normal (0, 1),

(e -] -
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Also E(Y2Z?*) = E[(X? + 2X,Z, + Z)Z?]; since X, and Z, are in-
dependent,

E(Y?Z?) = E(XAHEZPA + 2E(X)EZ) + E(Z4 = M,N + 0 + 3N
Thus

Var W, = 1 [6 2N(M, + 3N)] M,
4 N(M, + N) N+ M,
Now let V, =3 W, Then E(V,)=0, Var V, =3" Var W, =
nMy/(N + M,) by independence of the W;; furthermore,
”(YI)) < a<>3nlog (1 + ——) +V,<a.
p(y

Let us choose a = inlog (I + My/N) — nd, where d > 0. With this
choice, and with the aid of Chebyshev’s inequality, the second term of
(8.2.2) becomes

P(X, ) ¢ 4} = Pix, y): tog 2219 a}
p(y)

= P{V, < —nd} <E(V ) M, 1

n2? (N + Mp)din

Thus P{(X,Y) ¢ A} > 0asn — .
Finally, in Lemma 8.2.1 let u = [¢"®] where R < }log(l + M/N).
The first term of (8.2.2) becomes

u-e < enRe—in log (1+M°/N)€"6.

If M, is chosen sufficiently close to M, and ¢ sufficiently close to 0, we
will have R — }log (1 + My/N) + 0 < 0, and u - e~ will approach 0 as
n— oo. The theorem follows.

8.3. Uncertainty in the continuous case

Before proving the converse to the coding theorem, we must extend the
notion of uncertainty to the continuous case, and examine some of the
properties of the resulting uncertainty function. If X is an absolutely con-
tinuous random variable, that is, a random variable having a probability
density function p(x), we define the uncertainty of X as

H(X)= — fp(x) log p(x) dz,

—o

provided the integral exists.
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In contrast to the situation in the discrete case, H(X) may be arbitrarily
large, positive or negative. To see this, let X be uniformly distributed
between 0 and b. We then have H(X) = log b, which takes on all real
values as b ranges over (0, c0). In fact H(X) may be + o0 or —co. For
example, let p(z) = z~* (log 2) % o > e; p(x) = 0,z < e. Note that

o

fp(x) dz =

—0

d(log x)

i St - S P |

(log x)*
Then )

H(X)= — fx"(log z)"}(—log x — 2 log log ) dx
.

@0 o

Zf dx =J‘d(logx)= +oo.

xlog x log =

€

As another example, let I, (n = 2, 3,4, ...) be any system of disjoint
intervals of real numbers such that the length of I, is (nlogn)~2. Let

K =37 ,n(logn)~?; note that K < oo since f zt (log z)2dr < 0.
2
Define p(x) = n/Kifrel,(n = 2,3,4,...); p(x) = 0 otherwise. Then

o0

fp(z) dz = K“li nt(logny =1,
n=2

— oo

so that p(z) is a probability density function. Furthermore,

H(X) = — igﬂ/ﬁ)_log(___nT/K_) = log K — K“i(n log n)™?
n==2 (n log n) n=2

But 3* . (nlogn)y! = oo since f (zlog ) dx = o, so that
2

H(X)= —co.

Note that in the above example, |J,_, I, may be taken to be a bounded
set; if this is done, then all the moments of X are finite, and yet H(X) =
— o0, We shall see later in this section that the finiteness of the variance
of X implies that H(X) < co. If p(x) < L < oo for all  then H(X) >
—log L > — o, so that boundedness of the density is sufficient to elimi-
nate the case H(X) = — 0.
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Now if X and Y are random variables which are defined on the same
sample space and which have a joint density p(z, ¥), we may define the
Jjoint uncertainty of X and Y as

HX,Y)= — f fp(x, y) log p(z, y) dx dy

—00 —0o

and the conditional uncertainty of Y given X as

H(Y|X) = — f fp(x, y) log p(y| =) d= dy
where p(y ] x) = p(=, y)/p(x) is the conditional density of ¥ given X.
‘We may prove results that are the continuous analog of the results of
Section 1.4. The following lemma is useful.

Lemma 8.3.1. Let p(x) and g(x) be arbitrary probability density
functions.

a. If — f p(x) log g(x) dx is finite, then —f p(x) log p(x) dx exists,

and furthermore
- f p(2) log p(z) dz < — f p(z) log q() dx, 8.3.1)

with equality if and only if p(x) = g(z) for almost all = (with respect to
Lebesgue measure).

b.If — f p(x) log p(x) dz is finite, then —f p(x)log g(x) dx exists, and

(8.3.1) holds.

Proof. We will prove (a); the argument of (b) is quite similar. Since
log b € b — 1 with equality if and only if b = 1 (see Fig. 1.4.1) we have
p(x) log [q(x)/p(x)) < q(x) — p(w), with equality if and only if p(x) = g(x).
(Define g(x)/p(x) = 0 when p(x) = g(x) = 0, and take 0 co = 0.) Thus

fp(x)log E )dx<fq(z)dx—fp(x)dx_ 1—-1=0,

-0 —a0

with equality if and only if p(x) = g(x) for almost all z. Now

q(=)

—p(x) log p(z) = p(z) log = o) — p(z) log q(x). (8.3.2)
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(Note that there can be no set of positive measure on which ¢(z) = 0 and
p(@) > 0, for if there were, — f (%) log ¢(z) dx would be +co. Thus

the right side of the previous equation will not be of the form — oo +
except possibly on a set of measure 0.)
It follows that

- fp(x) log p(x) dz < — fp(w) log g(x) d=.

Finally, if equality holds in (8.3.1), the finiteness of —f p(x)log g(x) dx
allows us to conclude from (8.3.2) that B

Lol

fp(x) log‘i(——x) dz =0,
p(x)

—
and hence that p(x) = g(x) for almost all . The lemma is proved.

Lemma 8.3.1 has the following immediate consequences.

Lemma 8.3.2. Let X and Y be random variables with a joint density
p(z, ). Assume that H(X) and H(Y) are both finite. Then:

a. H(X, Y) exists, and H(X, Y) < H(X) + H(Y), with equality if and
only if X and Y are independent.

b. H(Y|X) and H(X|Y) exist, and H(X, Y) = H(X) + H(Y | X) =
H(Y)+ H(X| Y).

c. H(Y|X) < H(Y) [also H(X | Y) < H(X)], with equality if and only
if X and Y are independent.

Thus if we define the information conveyed about X by Y by I(X|Y) =
H(X) — H(X| Y), we have I(X|Y)=IY]|X), and I(X|Y) > 0, with
equality if and only if X and Y are independent.

Proof. We note that by Lemma 8.3.1(a),

- f f p(z, y) log p(z, y) dz dy < — f f p(z y) log p(x)p(y) dw dy,

with equality if and only if p(z, y) = p(x)p(y) for almost all (z,y). The
hypothesis that H(X) and H(Y) are finite implies that the integral on the
right is finite, so that the application of Lemma 8.3.1 is legitimate. This
proves (a).
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To prove (b), we note that

o0 o

—J fp(x, y) log p(y| x) dz dy = —f fp(x, y) log p(x, y) dx dy

—0 —w —w —w
o

+ f f p(z, y) log p(x) dz dy.
[The first integral on the right exists and is < co by (a); the second integral
on the right is finite by hypothesis. Thus the integral on the left exists, and
we have H(Y | X) = H(X, Y) — H(X).]
Finally, (c) follows immediately from (a) and (b) since H(X, Y) =
H(X) + H(Y] X) < H(X) + H(Y), with equality if and only if X and ¥
are independent.

Just as in Section 1.4, we may extend the notion of uncertainty to random
vectors. For example, if X =(X;,...,X,), and X,,..., X, have a
joint density p(zy, . . . , ), we define

H(X)= _J‘.pr(xl"'-5xn)10gp(z1"'-,wn)dxl...dxn'

The above results will remain valid in the more general context.

We shall now prove a series of results which will be needed in the proof
of the converse to the coding theorem for the time-discrete Gaussian
channel. First, we show that the Gaussian distribution has maximum
uncertainty among all distributions with a given variance.

Theorem 8.3.3. Let X be an absolutely continuous random variable
with density p(x). If X has finite variance o¢%, then H(X) exists, and
H(X) < }log (2meo?), with equality if and only if X is Gaussian (with
variance ¢%).

Proof. Let X be an arbitrary random variable with density p(x), mean
u, and variance o2, Let g(x) = (2mo2)~*e—(=-w*2" Byt

g

- fw p(x) log () dz = fw p()| log (2na) + (“‘T”"l} dz

tw .
= 1 log (2m0?) + 23—2 = } log (2med®).
o
The result now follows from Lemma 8.3.1a.

We are going to be interested in situations in which a code word is
chosen at random and then transmitted through a Gaussian channel.
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Since the number of words in a code is finite, we are applying a discrete
input to a channel and receiving a continuous output. We must examine the
interplay between the uncertainty functions in the discrete and continuous
cases.

Let X be a discrete random variable that takes on the values z,, .. .,
x,,. Suppose that Y is a random variable such that for each i, ¥ has a
conditional density given X = x,, say p(y | z;). (In the case that will be of
most interest tous, ¥ = X + Z, where Z is a Gaussian random variable.)
Then Y is absolutely continuous, with density

M
p(y) = gl p(x)p(y | z).

We may define the uncertainty of Y given that X = x; as

¢

HY [ X = 2) = = [ plu] 2 log ply| )

-0

and the uncertainty of Y given X as
M
H(Y]X) = le(xi)H(YlX = x,).
Furthermore, we may define the uncertainty of X given that Y = y as

M
HX|Y=y)= — le(x,-ly) log p(x;| %),

where p(x; | y) = p(x)py | z;)/p(y) is the conditional probability that

X = z; given Y = y. The uncertainty of X given Y is defined as
HX|Y)= fp(y)H(Xl Y = y)dy.

[Notice that the above definitions closely parallel the corresponding

definitions in the discrete case; furthermore, H(Xl Y) is always finite and

in fact is bounded by log M.]

Now assume for simplicity that H(Y | X = =,) is finite for each i,
and that H(Y) is finite. It follows that

H(Y | X) < H(Y), (8.3.3)
with equality if and only if X and Y are independent. For

M 7
HY|[X)=— glp(xi)fp(ylxi) log p(y | x,) dy.
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As in the proof of Lemma 8.3.1,

fp(yl z) log (y( ysfp(ylx)[ (”(i’) —1]ay =0,

with equality if and only if p(y) = p(y | z,) for almost all y. Thus

p(y)
Ep(z)fp(yl x;) log |z 2)dy30

with equality if and only if p(y) = p(y | z,) for almost all (z;, ¥); in other
words, H(Y| X) < H(Y), with equality if and only if X and Y are in-
dependent. Furthermore,

. H(Y)+ H(X|Y) = H(X) + H(Y| X). (8.3.4)
or

7 M
HEX| D) = [ 5] = 3 ] 9 108 ptes )]

-0

= - Ep(x)fpmx,)log [pedntelz]

= H(X) + H(Y[X) — H(Y).

We define the information conveyed about X by Y, just as in the discrete
case, by
I(X|Y)= H(X) — HX| Y).
By (8.3.4),
I(X|Y)=H(Y)— HY|X);

furthermore, by (8.3.3), I(X | Y) > 0, that is,
H(X|Y) < H(X), (8.3.5)

with equality if and only if X and Y are independent.
We now prove a convexity result that is analogous to Theorem 3.3.1.

Theorem 8.3.4. Let X be a discrete random variable with values
Zy,...,%; let Y be a random variable such that for each i, Y has a
conditional density p(y | z,) given that X = z,. Assume H(Y| X = z,)
is finite for i =1,2,..., M. Suppose that for each k=1,2 ... ,»n,
pu(®), > =z, ...,y is an assighment of probabilities to the values of X.

Let py(o) be a convex linear combination of the p,(«), that is, py(a) =
25 ap(@), where all @, > 0 and 37 a, = 1.
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Then, assuming H,(Y) is finite foreach k = 1,2,...,n,
I(X| Y) > Y al(X]Y),
k=1

where the index k indicates that the quantity in question is computed under
the assignment p,(«).
Proof. We first compute Hy(Y | X):

M o
H(Y |0 = = 3 pola) f po(y] ) log po(y | =) dy.

-0

Since py(y ] z;) is just the conditional density p(y | z,),

n M H
Hy(Y [ X)= _kgl g a,pi(%,) fp(?/ I z;) log P(yl z) dy

—00

= iaka(Y | X). (8.3.6)

We must show that 37 a,[(X| ¥) — I(X| ¥) < 0. But

élaklk(x | Y) — I(X|Y) =élaka(Y) — H\(Y) [by(8.3.6)]

By hypothesis, —f P(w)log pi(y) dy = H,(Y) is finite, hence by

Lemma 8.3.1b, —f Pu(®) log po(y) dy exists and

- f p(y) log po(y) dy > — fpk(y) log pu(y) dy.

If we multiply the above inequality by a; and then sumoverk = 1,2,...,
n, we see that Hy(Y) exists and H(Y) > > | a,H,(Y). The theorem is
proved.

Note that Theorem 8.3.4 and the discussion preceding it extend immedi-
ately to the case in which X and Y are replaced by random vectors.

8.4. The converse to the coding theorem for the
time-discrete Gaussian channel

We now apply the results of Section 8.3 to prove the converse to the
coding theorem. Just as in the case of the discrete memoryless channel,
the key step is Fano’s inequality (compare Theorem 3.7.1).
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Theorem 8.4.1. Given an arbitrary code (s,n) for a time-discrete
Gaussian channel, consisting of words xV, ..., x®. Let X = (X,...,
X,) be a random vector which takes on the value x'” with probability
pxD),i=1,2,...,s, where X:_ p(x») = 1. LetY = (Y,,..., Y,) be
the corresponding output sequence.

If p(e) is the overall probability of error of the code, computed for the
given input distribution, then

HX|Y) < H(p(e), 1 — p(e)) + p(e) log (s — 1).

Proof. The first part of the proof proceeds exactly as in Theorem 3.7.1.
If g(y) is the input selected by the decoder when the sequence y is received,
then by the grouping axiom (Section 1.2, Axiom 3),

HX|Y =y) = H(g, 1 —9) + qH) + (1 — )H(q1, ..., q,0)
where ¢ = P{X = g(y)| Y =y} = 1 — p(e|y) and the g, are of the form

p(x|y)
> pixly

x# 9
Since H(gy,...,9,-1) <log(s — 1),

H(X|Y =y) < H(p(e|y), 1 — p(e|y)) + ple|y) log (s — 1). (8.4.1)

We now must deviate slightly from the proof of Theorem 3.7.1. As
in the discrete case, we must show that the uncertainty of a convex
linear combination of probabilities is greater than or equal to the convex
linear combination of the uncertainties, but in this case the convex linear
combination is an integral rather than a summation. However, we may
reason as follows.

Let V' be a random variable that equals 1 if a decoding error occurs, and
0 otherwise. Then

J‘p(y)H(p(el Y), 1 — plely) dy = fp(y)H(VlY = y)dy = H(V|Y).
By (8.3.5), |

H(V|Y) < H(V) = H(p(e), 1 — p(e)). (8.4.2)

Thus if we multiply (8.4.1) by p(y) and integrate over all y, we find using
(8.4.2) that H(X | Y) < H(p(e), 1 — ple)) + ple) log (s — 1), as required.
(The fact that the channel is Gaussian implies that all uncertainties
appearing in the above proof are finite, and thus there is no difficulty in
applying the results of Section 8.3.)

We shall need one more preliminary result.
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write
2

94010 — a1 = f [R(ty, 1) — R(ty Dy(r) ]

by the Schwarz inequality,

() — w(t)® < fIR(tp ) — R(ty, 7)|* dT) laell® (2.3)

Now R is uniformly continuous on [a, b] X [a, b]; therefore given e > 0
there is a 0 > 0 such that if |, — f,] < 6 and |7y — 75| < 6, then
|R(t3, 1) — R(ty, 75)| < eN"Yb — a)*%. In particular, if |t; — £,]| < 6,
then |R(t;, 7) — R(t;, )| < eN“Y(b — a)~* for all 7. Thus by (2.3),
|1, — t,] < dimplies [y(t) — ya(ts)|? < EN-%b — a) (b — a) 22 < &
for all k.

Thus the functions y, are equicontinuous. By the Arzela-Ascoli
theorem, there is a subsequence y,, converging uniformly to a con-
tinuous function y. But

b
e — 9l = f o) — YO di >0 as i — o

since the uniform convergence allows the limit to be taken inside the
integral sign; thus y,,, — ¥ in L, and the result follows.

Theorem 2.2, Let R be a real-valued function on [a, b] x [a, b] which
is symmetric [R(t, ) = R(r, t) for all ¢, 7] as well as continuous, so that
the associated operator 4 defined by (2.1) is symmetric as well as compact.
Then all eigenvalues of 4 are nonnegative if and only if

b b
ff R(t, ")x()x(r)dt dr > 0 for all continuous functions

z on [a, b]. 2.9

Proof. Suppose that the double integral is nonnegative for all con-
tinuous x. Let « be an eigenfunction corresponding to the nonzero eigen-
value A; z is continuous by (2.2). The double integral (2.4) becomes

b
lf x¥1) dt = A |x||%. We may take xz 5 0; it follows that 1 > 0.

Conversely, suppose that all eigenvalues of A are nonnegative. If
is continuous on [a, b], then x € L,[a, b]; and hence by Theorem 1.14,
r=~h+ Y7 cne, where the e, are an orthonormal basis for the space
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spanned by the eigenvectors corresponding to the nonzero eigenvalues,
¢, = (v, e,), and A4h = 0. Now the double integral (2.4) may be written
as (z, Ar); by Lemma 1.12 we have

(2, A7) = (&, AB) + 3. c,(x, de,)

= (2, AD) + 3 e d () = 3 Ane,2 2 0.
n=1

=1
The theorem is proved.

Note that in Theorem 2.2, the phrase “for all continuous x on [a, 5]”
in (2.4) may be replaced by “for all x € L,{a, b]”"; essentially the same
proof may be used.

Theorem 2.3. Let A be the integral operator (2.1) corresponding to a
function R which is nonnegative definite as well as continuous and sym-
metric. (R is said to be nonnegative definite if

n

2 2(t)R(t,, t;)x(t;) > 0
i,i=1
for all possible choices of 1,,..., 1, € [a, 5], and all possible real-valued
functions x on [a. b].) Then all eigenvalues of A4 are nonnegative.
Proof. If x is continuous, then

L 3K ]
f f R(t, D)a(t)z(r) dt dr

is an ordinary Riemann integral; the approximating Riemann sums are
of the form 37, «(t,)R(t,, t,)x(t;). Since R is nonnegative definite, the
approximating sums are all nonnegative, and hence the integral is non-
negative. The result follows from Theorem 2.2.

Theorem 2.4. (Mercer’s Theorem). Let A be the integral operator (2.1)
corresponding to a function R that is continuous, symmetric, and non-
negative definite. Let {e,,n = 1,2, ...} be an orthonormal basis for the
space spanned by the eigenvectors corresponding to the nonzero (hence
positive) eigenvalues of 4. If the basis is taken so that e, is an eigenvector
corresponding to the eigenvalue 4,, then

R(t,7) = i;llnen(t)eﬂ('r), t,7ela, b] (2.5)
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where the series converges absolutely, converges to R(f, 7) uniformly in
both variables, and also converges to R(t, 7)in Ly(la, ] x [a, b)), that s,

b
ff |R(t, ) — i}»kek(t)ek('r)l2 dtdr—0 as n— oo,
k=1

Proof. We break the proof into several parts.

a. R(t,7) = 22 A.e.(De, (1), where the series converges in L, in each
variable separately.

Fix ¢ and apply Theorem 1.14 to R(¢, 7). We obtain

R(t, ) = h(t,7) + ilcnmen(v), @6)
where i
b b
fR(t, TYh(t, T) dr = 0, c(t) = fR(t, T)e, (1) dr = A,e, (1),

and the series converges in L,[a, b]. It follows from (2.6) and Lemma 1.12
that

b . b

b o b
fR(t, h(t, 7)dr = J.h2(t, Ty dr + élcn(t) f h(t, )e,(7) dr.

a a

By Lemma 1.9,

b
fh(t,f)e”('r) dr=0, n=12....

b
Hence 0 =f h¥(t, 7) dv. Therefore for each ¢, A(t, -) = 0 in Ly[a, b] and

the result (a) is proved.
b. Let R, (¢, 7) = R(t, 7) — D™ ,A,e(t)e(r); then R, (¢, t) > O for all ¢.
By (a),

R, (1,7) = 3 Ae(telr),
i=n+1
with L, convergence in each variable separately.

If z € Ly[a, b] then, using Lemma 1.12, we obtain

i=n+

f f Rt Da(z() di dr = 3 4|z &) > 0. 2.7)

Now if R,(t, t;) < O then by continuity, R,(¢, 7) < — e < 0 for some
positive € and for ¢, 7 in some neighborhood U of (1, #,) described by
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th—a<t<ty+a ty—a<7T<ty+ « Now define z(r) =1 for
ty— a <t <ty+ a; x(t) = 0elsewhere. Then x € L,[a, b] and

;f f R, (t, Dx(D)x(7) dt dr =fo R(t,7) dt dr < —do%e <0,

contradicting (2.7).
c. The series X, Ae,(fe,(7) converges absolutely; the convergence is
uniform in 7 for each fixed ¢, and uniform in ¢ for each fixed .

By (b),

R, (t,1) = R(t,1) — ﬁlief(t) >0,
hence =

2 hel(t) SR(tH M < oo,
i=1
Now by the Schwarz inequality for sums,

2

§: Ae(telr) g": \/zfei(t)\/ziei('f) < _i }*ieiz(t) ﬁ lief(-r)

< SAef(D D Ael (1) K MY Ael(t)—>0 as m,n— o,
i=m i=1 i=m

uniformly in 7 for each fixed . The assertion (c) follows.

d. The series >7_,4,e,(f)e, (1) converges pointwise to R(z, 7).

Fix t. By (a), X5 A.e.(De (r) = R(z, 7) with L, convergence. By (c),
> Aqe (e (r) = some function S(z, ) with uniform, hence L,, con-
vergence. It follows that for each ¢, R(t, 7) = S(t, 7) for almost every .
But R(t,-) is continuous and S(z,-), the uniform limit of continuous
functions, is also continuous. Thus R(z, 7) = S(¢, 7) for every =, that is,
R(t, ) = S(¢, 7).

e. (Dini’s Theorem). Given a sequence of real-valued functions
{g",n =1,2,...} continuous on [a, b] and a real-valued function g
continuous on [a, 5] such that g.(#) < g,.,(z) for all  and all n, and
lim g.(x) = g() for all z € {a, b). Then g, — g uniformly on [a, b]. The

same conclusion holds if the sequence is monotone decreasing instead of
increasing.

Given ¢ > 0, let U, = {z e [a, b]: |g.(x) — g(x)| < }. Since g, (x) —
glw) forallz, J;_, U, = [a, b]. Thus we have a family of open sets that
cover [a,b]; by the Heine-Borel theorem, a finite subfamily covers
[a, b]; thatis, U,{"=1 U, = [a, b} for some N. By the monotonicity of the
sequence {g,}, U, < U, for all n, and hence Y, U, = Uy.
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Consequently Uy = [a, ], so that [gy(x) — g(x)| < e for all =. By
monotonicity, |g,(x) — g(z)| < ¢ for all z if n > N; the result follows.

Proof of Mercer’s Theorem. By (d), R(t, 1) = X7, A,e,%(t) with point-
wise convergence. Let g.() = 37" Ae2r). Then g, is continuous,
gx(t) < gn41(2) for all ¢, and g, (1) — R(t, 1) for all 2. By (e), g.(t) >
R(z, t) uniformly on [a, b]. Now as in (c),

n 2 n
Z le(e(n)| <M 2/1,-8,»2(1) —0 as m,n— o0,

uniformly in ¢ and 7. The proof is complete. -

3. The Karhunen-Loeve theorem

Let X(9), ¢ € [a, b] (a, b finite), be a continuous-parameter second-order
random process with zero mean and covariance function R(¢, 7). In
other words, for each ¢ ¢ [a, b], X(¢) is a (real-valued) random variable;
E[X()] = 0 for all ¢ € [q, b], and E[X(t)X(7)] = R(t, 7) for t, 7 € [a, b].
Note that R is nonnegative definite, since

n

> R, t))e; = E[(iz:f"x(ti)ﬂ > 0.

[ Juml

b
If g is a real-valued function on [a, b], we define fg(t)X(t) dt as follows,

Let Ara=t<t,<---<t,=bbea partitionu of [a, b], with |[A] =

max |¢; — ¢,_;|. Define
1<i<n

1) = 3 gX (1)t — b

If the family of random variables {/{(A)} converges in mean square to a

random variable I as |A| — O [that s, E [|[[(A) — I|*] — 0 as |A| — 0] then

we say that g(£)X(r) is integrable over [a, b]. I is called the integral of
b

g(HX(f) over [a, b] and we write ] = f g X(1) dt.

If Q (with an appropriate sigma-algebra of subsets and an appropriate
probability measure) is the probability space on which the X{(#) are
defined, then mean square convergence is convergence in the Hilbert
space L,(£2) of random variables on € with finite second moments.

Theorem 3.1. 1f g is continuous on [a, b] and the covariance function
R is continuous on [a, b] X [a, b], then g(#)X(?) is integrable over [a, b].
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Proof. Let
Aa=t, << - <t,=b, Nag=r<ny < <7, =b

be two partitions of [a, #]. Then

IO = z jﬁ 2R )X (DX (r) (b — tes)(rs — 7y,
Thus

E[MI(A)] = g ég(mg(nm(tk, Nt — ) — 7). G

The right side of (3.1) is an approximating sum to a Riemann integral.
Thus

b
lim E[I(A)I(A)] —f f g(Dg(DR(, 7) dt dr. (3.2)
141, |A’] -0
By 3.2),
EU(A) — Q)] = EU)] — 2BU@)IA)] + EUA)]—0
as |A[, |A’] —0.
Thus {{(A)} is a generalized Cauchy sequence in Ly(€2), and hence I(A)

converges in mean square to a random variable / as [A| — 0. The theorem
is proved.

Lemma 3.2. 1If g and h are continuous on [a, b], and R is continuous
on [a, ] x [a, b, then

E[ f g(OX (1) dt f h(T)X(7) dTJ = f f g(Oh(T)R(, 7) dt dr
Furthermore, E|:f g Xx() dt} = E[J- h(m) X(7) dT:I = 0.

Proof. As in Theorem 3.1, let A and A’ be two partitions of [a, b).
Let

1) = 3 etX(0— b IE) = She)X()r, = 7,00,

= fg(z)X(t) dt, J = fh(T)X(T) dr.
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By Theorem 3.1, I(A) — I, J(A’) —J in mean square as [A[, |A'| — 0. It
follows that E[/(A)J(A")] — E[{J]. For we have

|E[I(A)(A) — ]| < E[[H(A)J(A) — D] + E[(I(A) — DJ|]
< (EUHA)EIAY) — Ty
+ (EPIE[U(A) —1)*))*

(by the Schwarz inequality)
—~VE[I?]- 0 + VE[J?] - 0 = 0.
But as in (3.2),

E[I(A)J(AN] —>f f gMh(T)R(t, 7) dt dr.

Similarly, J(A)— I in mean square implies E[[(A)]— E(I).. Since
E[I(A)] = O for all A, the lemma follows.

Lemma 3.3. If h is continuous on [a, b] and R is continuous on
[a, b] X [a, b], then

b

E|:X(t)fh(‘r)X(ﬂr) dT} =Jh(‘r)R(t, 7) dT, t e [a, b].

a

Proof. LetJ(A) = 3™ h(r)X(r)(r; — 7;-1), and let
]
J =J.h('r)X('r) dr.

Then J(A') -»J in mean square as [A'| — 0. Just as in the argument of
Lemma 3.2, E[X()J(A")] — E[X(¢)J]. But [compare (3.2)]

'S
E[X(1)J(A")] —>J-h(T)R(t, 7) dT,
and the lemma follows. ¢
Theorem 3.4. (Karhunen-Loéve Expansion). Let X(¢), t € [a, b}, (a, b

finite), be a continuous-parameter second-order random process with zero
mean and continuous covariance function R(¢, 7). Then we may write

X()= SZe), a<t<h, (33)
k=1
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where the e, are eigenfunctions of the integral operator (2.1) corresponding
to R, and form an orthonormal basis for the space spanned by the eigen-
functions corresponding to the nonzero eigenvalues. The Z, are given by

b
fX(t)e,c(t) dt, and are orthogonal random variables (E[Z,Z,] = 0 for

k # j) with zero mean and variance 4, where 4, is the eigenvalue corre-
sponding to e.

The series D, Z.e,(f) converges in mean square to X(¢), uniformly
in t, that is,

E[(X(t) - élzkek(t))z:l —-0 as n— o,

uniformly for ¢ € [a, b]. b
Proof. By Theorem 3.1, | X(f)e,(f) dt exists and defines a random

variable Z,. By Lemma 3.2, E[Z,] = 0 and

E(Z,Z;) = f elD) LfR(t, T)e T) d‘r} dt

a
b

_ _ 0 for k#j
= }.jfek(t)ej(t) dt = A for k=

a

Now let S,(1) = X7*_, Z;e,(r). Then
E[(S.(t) — X()*] = E[S,*()] — 2E[S,()X(1)] + E[X*(1)]

= 3 hel) — 23 EIXW)Z,Je(®) + RG, D
By Lemma 3.3,
E[X(1)Z,] =fR(t, Ter) dr = Lel1).

a

Thus
E(S.()) — XOF] = R(t, 1) — S hel()—>0 as n— o,

uniformly in 7, by Theorem 2.4. The result follows.

The Karhunen-Loéve expansion assumes a special form when the
process X(f) is Gaussian.
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Theorem 3.5. If X(¢) is a Gaussian process, then the Z, of the
Karhunen-Loé¢ve expansion of X(r) are independent Gaussian random
variables. b

Proof. The approximating sum to Z, =f X(Ne () dt is

I(A) = gﬂlX(ti)ek(ti)(ti =t )

Since X(¢) is a Gaussian process, the [,(A), k = 1,2, ..., form a Gaussian
sequence, that is, /;, (A), . . ., I, (A) are jointly Gaussian for all finite sets
of indices {ky, . . . , k,}. Now the joint characteristic function of I, (A), .. .,
I (D) is

M(ty, ..., t,) = E[exp (iélt,-lk,.(A))]

1 r
where = exp (— 5 2 tjaim(A)tm)

J,m=1
i=y =1 and o0,,(A) = E[L (NI, (D]

Since I(A) converges in mean square to Z, as [A| >0 (k=1,2,...),
it follows as in the argument of Lemma 3.2 that E[[, (M), (A)] —
E[Z, Z, ]. Thus the joint characteristic function of I (A),..., I (4)
approaches exp(—3% 237 _ t;0,,t,) where o, = E[Z,Z,]. Thus
Zypsooos Z, are jointly Gaussian for each finite set of indices {k,, . . . , k.};
that is, the Z,, k = 1,2, ..., form a Gaussian sequence. Since the Z, are
orthogonal random variables, they are independent.

Thus in the Gaussian case, the Karhunen-Loéve expansion is a series
of independent random variables. It follows (Loéve, 1955, p. 251) that
for each fixed t, the series (3.3) converges with probability 1, that is, for
each ¢, the series converges pointwise to X(#) for almost all points w in
the probability space €.

As an example of the Karhunen-Loéve expansion, we take R(z, 7) =
min (¢, 7), with the expansion interval = [0, 1]. [If in addition we take
X(1) to be Gaussian, we obtain the Brownian motion process.] To find
the eigenvalues of the integral operator associated with the covariance
function, we must solve the integral equation

1
fmin (t, T)e(7) dr = Ze(1), 0<LtL1,

0
or equivalently
t 1

J"r€(7) dr + tfe(T) dr = Ze(t), 0<tL 1. (3.4)

] t
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If we differentiate (3.4) with respect to ¢, we obtain

1

f e(r) dr = 2% 3.5
; dt
Differentiating again with respect to ¢, we have
d%e(t)
—e(t) = A———. 3.6
(0 =257 (3.6)

Thus any solution of the integral equation, that is, any eigenfunction, must
be of the form

e(t) = Asin — 4 Bcos —: 3.7
(t) \/ \/ R (3.7
[Note that if A = O then e(z) = 0 by (3.6); thus 0 is not an eigenvalue.]
Now if we let ¢t = 0 in (3.4) we obtain ¢(0) = 0, and therefore B = 0 in
(3.7). If we let t =1 in (3.5) we obtain de(t)/dt = 0 when t = 1, and
therefore
1 @n—==

1
cos— =0, or —=—_pnp=1,2,....
VA VA 2
Thus the eigenvalues are
4

= 38
2n — 1)*%* 35)

and the orthonormalized eigenfunctions are
e () = V2 sin (n — ). (3.9)

[It may be verified by direct substitution that the functions (3.9) satisfy
the integral equation (3.4).]

Finally, if we define Z,* = Zk/\/ Ay, where the Z, are as given in Theorem
3.4, then the Karhunen-Lo¢ve expansion becomes

X(1) = 23 Z,* sin (n — Yt (3.10)
n=1 (n - ‘&)77
where the Z * are a sequence of orthogonal random variables with mean
0 and variance 1.

If X(#) is Gaussian, we may show that for almost all w, the series
(3.10) converges uniformly for 0 < t < 1, and therefore may be used to
define a process whose sample functions are continuous. For we have
-y E Zn* 2 a0 o
z [( )]—z(n_%)2772<w.

n=1 (Tl —_ %)2772 - n=1
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It follows that the series
S _1Za*
am1(n — PHm
converges 1n mean square, and consequently, being a series of independent

random variables, converges with probability 1. The result now follows
from the Weierstrass criterion for uniform convergence.

For a further discussion of the theory of second-order random processes,
see Loeve (1955), Chapter 10.

4. Further results concerning integral operators
determined by a covariance function

In this section we shall need some standard facts about Fourier trans-
forms on L,(—co, ). [See, for example, Goldberg (1961), Titchmarsh
(1937).} Consider the Hilbert space of all complex-valued Borel measurable

functions f defined on the entire real hine, such that f If®|2dt < oo;

we denote this space by L,*(— o0, ). [The norm of f—;S

w 1%
1l = [ f If(t)l”dt}

and the inner product of two functions f and g is

f F(Og() dr,

where the bar denotes complex conjugate.]
If fe L,*(— o0, 0), then the function F), defined by

v
Fp(w) =ff(t)e‘“°' dt
iy

converges in L,*(— o0, o0) as N — oo to a function F, that is, |Fy — F|| —
0. Conversely, the function fy defined by

N
() = @) f Fla)e™ do
—N

converges 1 L,*(— oo, 00) to f. F 1s called the Fourier transform of f,
and f'the inverse Fourter transform of F. The pair (f, F) 1s called a Fourier
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transform pair. A function in L,*(— o0, o0) is uniquely determined by its
Fourier transform.

If f, g € Ly*(— o0, o0) with Fourier transforms F, G then the Parseval
relation states that

J 108w dt = om [ FlorGie do

-~

consequently, |Fl = (2m)* | f||.
If f, g € Ly*(— o0, ), the convolution of fand g is the function 4 defined
by

h®=fﬂm0—ﬂh

[By the Schwarz inequality, A exists but is not necessarily in L,*(— oo, 0).]
If Fand G are the Fourier transforms of fand g respectively, and H is the
product FG, then the convolution theorem is a name for a class of results
which state that under certain conditions, (h, H) is a Fourier transform

pair. In particular, if fe L,*(— oo, 00), that is, f [f(D)] dt < oo, then

h € Ly*(— o0, o)and the Fourier transform of his H. Also,if H € Ly*(— 0,
o), then so is A, and (A, H) is a Fourier transform pair.

Let n(f), —oo < f < o0, be a second-order stationary random process
with continuous covariance function R(7) = E[n(t)n(t 4+ 7)]. Assume
that the process has a spectral density N(w), that is, assume that R(r)
can be éxpressed as

@m fN(w)e“‘”dw,

where N is a nonnegative function integrable over (— 0, 0). Let Tbea
positive real number, and let 4, be the integral operator on L,[—T/2,
T/2] corresponding to the covariance function; that is, the operator
defined by
T3
y() = f R(t — 7)x(r) dr;  —
-T2

T T
= = 4.1
S Sts (4.1)

We assume that 0 is not an eigenvalue of Ap. (Later we shall investigate
conditions under which this result holds.) It follows (Theorems 1.14,
2.3) that the eigenfunctions corresponding to the positive eigenvalues of
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Ap span the Hilbert space L,[—772, T/2]. Let {e,(t; T), —T2<t <
T/2} be an orthonormal basis of L,[—T/2, T/2], where e,(¢; T) is taken
as an eigenfunction corresponding to the positive eigenvalue 1,(T).
Let G(w) = [N(w)]** and let g be the inverse Fourier transform of G.
(Since G is an even function, g is real valued.) Define
T/2
9. (t; T) = [A (D] fg(t —s)e,(s; T)ds, —oo<1t< 0.
—T/2

We shall establish several properties of the functions g¢,,.

Lemma 4.1. For each T, the functions ¢,(¢; T) are orthonormal over
(— o0, 00).

Proof. For simplicity we write ¢,(¢) for ¢,(t; T), e, (?) for ey (t; T),
and 4, for 1,(T). We have

@0

f PuDpn(t) di = A7 15

- w T2 | T2
X _j; l:»!‘lgg(t — s5)e,(s) ds_]‘[2 g(t — e, (s) ds] dt. (4.2)

Since the Fourier transform of the function A(f) = g(t — s) is e~ ***G(w),
the Parseval relation implies that :

fg(t — 5)g(t — §") dt = @m)? | |G()? € dw = R(s’ — ).

— —a0

An application of the Schwarz inequality shows that

flg(t — 9)g(t — sl dt < lgl™

It follows that Fubini’s theorem may be applied to the integral (4.2), and
we obtain

© T2 T/2
f%(t)tpm(t) dt = ;4177 f f R(s" — s)e,(s)e,(s) ds ds’.
— -T/2 -T/2

Since e, is an eigenfunction corresponding to 1, the integral has the value
0if n 2 m,and 1 if n = m. The lemma follows.
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If L is a subspace of Ly(— o0, c0) and f € Ly(— 00, co) we will use the
notation f | L to indicate that fis orthogonal to L, that is,

ff(l)h(t) dt=0 for allhelL.

Lemma 4.2. Foreach T, let L, be the subspace of L,(— o0, o0) spanned
by the functions {g,(t; T)}. If fe Ly(— o0, ) and T’ < T, then

a. f | Lpimpliesf | Ly.

b. Ly < L.

Proof. Tosay thatf | Ly is to say that

ff(t)qv,.(t; T)dt=0, n=12,...,

or
) T/2
AT f f(t)[ f g(t — s)e,(s; T) ds] dt=0, n=12....
—o —T/2
(4.3)
We may reverse the order of integration (invoking Fubini’s theorem as in
Lemma 4.1) to obtain

T/2 @
(D™ f e,(s; T) [ fg(t — () dt:l ds=0, n=12,....

-7l -

4.4)
Thus the function A(s) = f gt — ) f(@) dt, —=T)2 < s < T/2, is orthog-
onal to all the e,(s; T). Since the e, span L,[—T}2, T/2], h is orthogonal
to itself so that A = 0 almost everywhere, that is, f gt —s)f(ydt =0

for almost every s € [—7/2, 7/2], hence for almost every s e [—T"/2, T'/2].

It follows that (4.4), hence (4.3), holds with T replaced by T, and
consequently f | Ly, proving part (a) of the lemma.

We now prove (b). Given any fe Ly(— 0, ), by the projection
theorem we may write f = f; 4 f,, where fy e Ly and f, | Ly. By (a),
fi | Lp. Using the projection theorem again, we have f, = f; + f,,
where fy e Ly, and f; | Lp.. If Py is the linear operator on Ly(—c0, o)
which assigns to a function its projection on L, we have Ppf = f, and
PpPyf = Ppfy =fs But f=f+ (f; +f), where fye Ly and f, +
Jfa L Lp, and thus f3 = Pgf. It follows that

PpPyp = Py | (4.5)
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Now assume fe L. By the Pythagorean relation, |f |2 = |fil* +
I f2lI% If f, is not zero, then |[Ppf | = |fill < |If|; since projection
cannot increase the norm, we have |Pp.Prfll < [Prf I < Ifll. But
by (4.5), IPr-Ppfll = |lf1, a contradiction. Thus f; = 0 and therefore
[ = /i1 € Ly, completing the proof.

Note that the above argument shows that the statements “)f | L, implies
S 1L L and “L, = L are equivalent for any closed subspaces L,, L,
of Ly(— o0, o0).

Lemma 4.3. Let H be the subspace of L,(— o0, oo) consisting of those
functions whose Fourier transforms vanish whenever G(w) (equivalently,
N(w)) vanishes. With L asin Lemma 4.2, let L, be the subspace spanned
by Uz Ly. Then L, = H.

Proof. Fix T, and define

en*(s) = e(s: T), msg
=0, “ |s]>-§.

Then e, * € L,(— o0, o0); let E,* be the Fourier transform of e¢,*. The
functions ¢, may then be written as

>}

%mn=uﬂwaw—owmw

—o0

Since the Fourier transform of a convolution is the product of the Fourier
transforms, the Fourier transform of ¢, is [A (1] “G(®)E, *(w). It
follows that ¢,, e H foralln =1,2,..., and all T, hence L, < H for all
T,orL,< H.

To show that H < L,, we shall show that if fe Ly(— 0, c0), then
f 1 L, implies f | H; the result then follows as in Lemma 4.2b. If
ft L,then f | Ljforevery T; thus by the argument of Lemma 4.2a,

gls — f(f)dt =0 for almost every se[—T/2, T/2]. [Note that

since G(w) is real for all w, g is an even function, so that g(s — ) =
g(t — 5).] Since this holds for arbitrary T,

J.g(s — 1) f(t)dt =0 for almost all real numbers s.

-0
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Again using the convolution theorem for Fourier transforms, we have
G(w)F(w) =0 for almost all w, (4.6)

where F is the Fourier transform of f.

Now let f; € H, and let F; be the Fourier transform of f;. By definition
of H, G(w) =0 implies Fi(w)=0. But by (4.6), G(w) = 0 implies
F(w) = 0. Thus F(w)F;(w) = 0 for almost all w, and consequently F and
F, are orthogonal. By the Parseval relation, f and f; are orthogonal.
Since f; is an arbitrary element of H, f | H and the lemma is proved.

Lemma 4.4. Given a function s ¢ H with Fourier transform S, define
F(w) = S(w)/G(w) if G(w) %~ 0; Flw) = 0if G(w) = 0 [= S(w)]. Assume
that F e L,*(— o0, o), that is,

(1S
(2m) J ———_N(a)) do < .

Let f be the inverse Fourier transform of F (note f'¢ H). Define
T/2

s.(T) = f s(e,(t; T dt, f(T)= | f(D(t; TVdt, n=1,2,....

~T/2 w0

Then [A, (D] s, (T) = f(T),n=1,2,....

Proof. By the convolution theorem for Fourier transforms,

a0

s(t) = f gt — 1(s) ds.

—®

Thus ’
/2 -]
)= Tf/ Uw 8t = )7(5) ds|en(ss T) dt.

Reversing the order of integration and using the fact that g(t — s) =
g(s — 1), we obtain

«© T2
5.(T) = f f(S)[ j g(s — Den(t; T) dt] ds

~T/2

= DT ff(s)«p,.(s; T) ds

and the result follows.
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Theorem 4.5. Let s be a function € H with Fourier transform S. If
5.(T) is as defined in Lemma 4.4, then

2
2 ‘;"((?)l = (2m)! f |S(w)| dw (assuming the integral is finite),
T-*oo n=1

where the convergence as T — oo is monotone from below. [The integrand
|S(w)[2/N(w) is defined to be zero if N(w) = S(w) = 0.]
Proof. Let F, f, and f,(T) be as in Lemma 4.4. Define

W) = 3 £{Thg(s: T)

[Note that since the ¢, are orthonormal and
2 1f(DF < ffz(t) dt < o
nm=
g0

(Bessel’s inequality; see the argument of Theorem 1.14), the series
3% [o(De,(t; T) converges in Ly(—0, 0).] We claim that h is the
projection of fon Ly. To see this, use the projection theorem to write

f=/fi+fuwhere fie Ly and f; | Lp. Since f, is orthogonal to all the
functions ¢,(¢; T), it follows that

a
10 = [50p D
By definition of Ly, the ¢,(¢; T) are an orthonormal basis for Ly; hence
L) = me(T)%.(t; T)

where f,,(T) = f S[i(Dea(t; T)dt = f,(T) and the series converges in

Ly(— o0, 00). (Again this can be justified by an argument similar to that
of Theorem 1.14.) Thus f;, the projection of f on Ly, is in fact 4.

Now write P ffor the projection of fon L. If T" < T, then Ly < Ly
by Lemma 4.2b; the projection theorem then implies that || f — Ppf || <
If — Ppfll. Thereforelim || f — Prf | exists. If this limit is € > 0, then

T—©

given any T and any f; € L, we would have | f — fill > I f — Ppf | > e
This contradicts Lemma 4.3, which states that any function in H can be

approximated arbitrarily closely (in the L, sense) by functions in |J L.
T
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Therefore lim | f — Pof || = 0, and consequently lim ||Prf %= || f]*
But T T—wo
< = s (T)|?
IPofl?= 3 Ifu(DF =3 Is (DI by Lemma 4.4.
n=1 n=1 ln(T)

Furthermore if T' < T, then by (4.5), |Ppf || = |Pp Pzf | < IP2f .
The theorem follows.

We conclude with some conditions under which the zero eigenvalue is
excluded.

Theorem 4.6. Let A, be the integral operator defined by (4.1). If (2)
the set on which N(w) = 0 has measure zero, or if (b) the covariance
function R belongs to Ly(—00,0), and the set on which N(w) > 0 is of
positive measure and is contained in a finite interval, then 0 is not an
eigenvalue of Az, In particular, (a) implies that if N(w) is a rational
function of w, then 0 is not an eigenvalue.

Proof. If G(w) = [N(w)]*¥ and g is the inverse Fourier transform of
G, then by the convolution theorem,

o0

R(t) = f g(s)e(t — 5) ds.

—00

Hence
Rt —7)= ~fg(s)g(t —T7—95)ds = fg(s’ — 7)g(s’ — 1) ds'.

If 0 is an eigenvalue then there is a function fe L,[—T}2, T/2], f # O,
such that

7/s
T T
R(t — dr = 0, te|——=,=1;
[aumnams o[-11]
-T2
consequently
T/ T/
f R(t — n)f(t)f(r)dtdr = Q.

—T/2-T/2

But this integral is

T/z T/2[ «
f f [ fg(s —0g(s — 7) ds] f(O)f(r) dt dr,

-T/2 -T/2

— 0
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or, after the order of integration is interchanged,

w [ T/2 2
f [ f glis — O f() dt]' ds.

T/2

It follows that f g(s — 1) f(r) dt = O for almost every s. If we define

f*O =f(0), —T/ZIS t L T2, f¥1) =0 elsewhere, and if F* is the
Fourier transform of f*, then the convolution theorem implies that
[N()]#F*(w) = 0 for almost every w. If Nis positive almost everywhere,
F* must be zero almost everywhere, so that F*, hence f, is 0 almost every-
where, a contradiction. This proves (a). To prove (b), again suppose that

Tl
f R(t — 5) f(s) ds = 0, t e [ — T/2,T}2], for some function f, f £ 0. Define
~7j2

T/2

OES f R(t — 9)f(s)ds, —oo<t< 0]

-T/2

then f; € Ly(— o0, w)and fi(1) = 0, —T/2 < t < T/2. If F; and F* are the
Fourier transforms of f; and f* respectively, where f * is as defined in
part (a), then the convolution theorem yields Fi(w) = N(w)F*(w), and
hence F; vanishes outside a finite interval [— B, B}. But in this case f, is
given explicitly by

B
fi(H) = @m)? f Fy(w)e do. 4.7)
B

We may use the formula (4.7) to define a function 7, which assigns to

each complex number ¢ the complex number (27)7? f F{w)e'*! dw.

Since the limits of integration are finite, it may be verified by direct
differentiation that f is analytic everywhere. Since f, agrees with f; on the
real line and hence vanishes on the real interval [—T/2, T, /2],'f1 is zero
everywhere and hence so is f;. Consequently Fy(w) = O for almost all w,
and hence N(w) > 0 implies F*(w) = 0.

But since f * vanishes outside a finite interval, the same argument as
above shows that F* is the restriction to the real line of a function which is
analytic everywhere.

Finally, let D be the set on which N(w) > 0; by hypothesis, D has
positive measure and is therefore uncountable, and consequently has a
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finite limit point. Since a function that is analytic everywhere and vanishes
on such a set necessarily vanishes everywhere, it follows that F* = 0, so
that f = 0, a contradiction.

A result similar to Theorem 4.6 was proved by Root and Pitcher
(1955); the other results of this section are due to Kelly, Reed, and Root
(1960).
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Solutions to Problems

11 p(A) + p(B) =1
P) = 0.5p(4) + 0.3[1 — p(A)]
P = 0.3p(4) + 0.5[1 — p(4)]
Plys) = 0.2p(A4) + 0.2[1 — p(A)] = 0.2.
H(Y) = =233  ply,)logp(y,) = —[0.3 + 0.2p(A)] log [0.3 + 0.2p(A)]
—[0.5 — 0.2p(4)] log [0.5 — 0.2p(A)] — 0.2 log 0.2.
H(Y|X) =p(MHH(Y | X = A) + p(B)H(Y | X = B)
= H(0.5,0.3,0.2) = —0.5l0g 0.5 — 0.310g 0.3 — 0.2 10g 0.2.
KX|Y) = H(X) — HX| Y).
To maximize I(X | Y), differentiate with respect to p(4) and set the result equal
to zero. The maximum occurs when p(4) = 0.5; hence

Imax = —0.810g 0.4 4+ 0.510g 0.5 + 0.3 log 0.3 = 0.036.

X Y
y1 Tell the truth

¥3 Refuse to answer

X Y
1/2 yo (No heads)

x
De=1230r4
pe) = 3, plas) = 4
1 head
N (head) e = d pu) = b plys) = A

X2
Die=5o0r6
y2 (2 heads)

Problem 1.2
293
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1.3 plx) =075,  p(zy) =025 plz | zy) =046,  plzy| 2) = 0.54
P(?h) =0.2, ply) = 0.8 Pl | xy) = 0.7, P(zzl xy) = 0.3
Plz) =052, p(z) =048

a. I(X|Y) = H(Y) — H(Y|X) = H(0.2,0.8) — 0.7SH(0.1, 0.9)

— 0.25H(0.5, 0.5)
=0.12

b. I(XI Z) = H(Z) — H(Z | X) = H(0.52, 0.48) — 0.75H(0.46, 0.54)

— 0.25H(0.7,0.3)
= (.03

c. First digit conveys H(X) = H(0.75,0.25) = 0.811

Second digit conveys H(Y|X) = 0.75H(0.1,0.9)
+ 0.25H(0.5,0.5) = 0.602
Third digit conveys H(Z | X, Y) = H(Z | Y) [since ptz; | %,, y;) = p(er| y)]
= 0.2H(1) + 0.8H(0.4,0.6)
= 0.8H(0.4, 0.6) = 0.777.

X 1 Y 1 A
Pass xi y1 Own car ————> 21 Fraternity
5
9 4
Fall xo 5 y2 Do not own car 3 z2  Nonfraternity
Problem 1.3

14 a. H(Y|X)+ H(Z|X)
= — Zk P&, 9, 2log ply; | z,) + log p (2] x,)]
%3
= =2 pl) Ek P,y 2 | 2) Jog ply; | 2 )plz | )
k3 s
By Lemma 1.4.1, for each i, ’
- Ek P, 2| v} log ply, | 2 )pley | ) 2 — Ek P@s 2| %) 1og pys, 2, | )
2 7
with equality if and only if p(y,, 2z, | #,) = p(y, | z,)p(z; | «,) for all j, k. Thus
H(Y|X) + H(Z| X) > H(Y, Z| X) with equality if and only if
P,z | ) = ply, | = )plzy | x,) for alli,j, k.
b. H(Y’ZIX) - zkl’(% y.’l’ zk) logP(y;’ zklxa)
2,3,

- ka(% Y5 2 log [ plys | 2 )p(er | 2, 9))]
2,3,

H(Y|X) + HZ|X, Y)

c. HZ|X,Y)=H(Y,Z|X) - H(Y|X) [by(b)]
<HY|X) + HZ|X) — HY|X) [by@)]

so H(Z | X, Y) < H(Z| X) with equality if and only if
Py, | @) =ply, | 2 )p(z, | =) for all ijk.

I
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1.5 By Lemma 1.4.1,

alxl
_zallogals Zallog(”z )

or

— ia, loga, < — z a, loga, — ia, log z, +(i az)log(i a,x,).
=1 =1 =1
Thus
z a,logz, < log(z a ”c])or log (@™ - - - z,%n) < ]og(ﬁ: a,z,)
=1

=1
and the desired inequality follows. By Lemma 1.4.1, equality holds if and only if

ax .
a,=—=>* for alli
n

Z a,%,
=1
or

x, =

) a,x, = constant for all i

s

E)
1.6 H(py',...,py") = —(py — Ap)log(ps — Ap) — (p2 + Ap)log(p, + Ap)

1

M
_1231’1 log p,
B M
= —p1log(p1 — 8p) ~ palog (p, + p) — 3 p.log p,
ap
+ Apl
P og — Ap

M
2 —pslog (p1 = Ap) = pzlog(p, + 8p) — 3 p.logp,

since the last term is >0
M
> —>plogp, =H(py,...,pa) by Lemma 1.4.1
=1

L7 p,’ = 3M, a,p;; hence
Hp/,....py) = = sz logp, = — ZZaupa log p.’

t=17=1

- EPJ (:Eau log p,’
=1 =1

It

e

Now by problem 1.5,
M
(py)?s -+ - (pyy)oaes < 21: a,p,. )

(Note XM a,, = 1.) Hence, taking logarithms,

M M
Zlau logp,” < log (;anpz') .
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Consequently
M M
H(Pl’: ceey M’) = _lep] log (Zlaul’z')-

But 32 OM a,p))=>2M p /CM, a,) =150 Lemma 1.4.1 yields
M M M
~2.p:log ( Zlanp/) 2 —2 pslogpy @

so that H(p,',...,py") 2 H(py, ..., pa). Clearly if (py’, ..., pp) is a re-
arrangement of (py, ..., pyy), then H(py', ..., pp) = H(py, ..., ppy). On the
other hand, if the uncertainties are equal, then equality must hold in both (1)
and (2), the equality in (1) holding for all j. Equality in (1) implies (see Problem
1.5) that for each j, all p;” corresponding to positive a,, are equal, that is,

M
p. =D a,p, = aconstant c; 3)
1=1

whenever a,, > 0. (Noteifp,’ =c;then 3™ a,p’ =¢,>M a,;=c, =p,)
But equality in (2) implies

M
pi =D a,p, for allj. )
=1

Therefore, by (3) and (4), a,, > 0 implies p,” = p,. Since for each /, there is at
least one j such that a,, > 0, each p,” is equal to some p,; hence (p,’,...,
Par’) is a rearrangement of (py, . . ., pu).
In Problem 1.6 we have
Py =pL—Ap = ap + fip,
P’ =ps+ Ap = fp, + ap,
P’ =DPu» i=3...,.M

where o = (p; — Ap — p)(py — po), B = Ap/(py — p2). Since « + f =1, the
matrix —

o 8 0 0
B « 0 0
0 01 0
4-|000 0
000 --- 10
(000 - 0 1]

is doubly stochastic, and therefore Problem 1.6 is a special case of this result.

1.8 H(X,Y)=H(X)+ H(Y| X) = H(Y) + HX| Y). Bt H(Y| X) =0
since Y is determined by X; hence H(Y) < H(X). H(Y) = H(X)if and only if
H(X| Y) =0, that is, if and only if X is determined by Y, that is, for each y,
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there is an «; such that p(=;| y,) = 1. Hence H(Y) = H(X)if and only if g is
one to one on {zy, . . . , Ty}, that is, x; # x; implies g(x,) # g(x;).

19 PZ=z|X=2}=PY =2, —2;| X =2,}. Given X ==z, as z,
runs over all possible values of Z, 2, — «; runs over all possible values of Y;
hence H(Z| X =2) =H(Y| X == for eachi.

Consequently H(Z| X) = H(Y| X). The remaining conclusions of part (a)
follow from Theorem 1.4.5. For part (b), take ¥ = —X; then H(Z) = 0so in
general H@Z) < HX), H(Z)< H(Y).

1.10 For k = 2, this is the ordinary grouping axiom 3. The general assertion
follows by induction, since if the result has been established for £ — 1, then by
induction hypothesis,

H(Plr cees Py N Pri_y+1s - - '1Prk) = H(Pl +- +Pr1

+P'1+1 + .- +P’f‘z; Pryt1’ " +P1‘3; cee Prk_1+1 + e +P71¢)

< P Pr k
+(2P;-)H rzl s ey rg’ + 3(p'i_1+1+"'+171-‘)

f=] zlpt zlpi i=
i= i=
xH( Progit P

Ti T

2 P 2 b

j=ri.1+1 J=r;_1+1

Applying the ordinary grouping axiom, the second term on the right becomes
8 T2

3 'zlpi i Z+1 pe
i= i=r)
(glpt) " TR

2 P ZIPi

iz

f==1

71 T2
+ 2%1 " H npl seeey r{,ﬁ + i=%+lpi H ]:':rH [ 1'1:"2
2 pi \2 P 2. pi] 2P 2 P 2 P
= i=1 i=1 i=1 i=r+1 i=r1+1
Thus

H(py, - o s Prs 5 Progtls » -« s Pry)
=H(Pl+..-+P7'3;Pfg+1+'-.+P73; ...;Prk_l+l+...+Prk)

71 T2

Ty Z:lpi i}ﬂ Pi
+ (‘2 p,) R
=1
Zl.pi 2 pi
S Pr.-_l P
+‘21(P1'.'—1+1... +pr,)H - H 3y p .
i P; 2 P

J=ri_1+1 J=ri_+1
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Again using the induction hypothesis, the sum of the first two terms on the right
in this equation is

Hlpy + -+ pry Proit Pryp Pronn b A Prpe s Pra + 0 pr)

PR -~ ; —
group 1 group 2 group k—1
(2 terms) (1 term) (1 term)

and the result follows.

The above argument uses the ordinary grouping axiom but none of the other
axioms for the uncertainty function. If we use all four axioms, the derivation
is easier: Letg, = 2:;,1_1“ .. Then the right-hand side of the statement to be
proved is

k
-3 g,logg, — zq, S Prigghm

1=1 t=1 m=r,_3+1 9. 9.
k

k L
=—-qlogg, =3 > (pnlogpm —pmlogq.)
=1

=1 m=r,.1+1

k Tk k
= —Ygq,logg, — > p;logp, + 3 g.loggq,
=1 t==<1 =1

=H(py, ..., pPr)-

111 Let h'(p) = h(p) + Clogp. Then DM ph(p) =0. Taking all
p, = 1/n we have h'(1/n) =0,n =1,2,.... If r/s is a rational number, then,
taking

_r _ 1
Pl_; Pz—P3="'=Ps—r+1=;
we have

i (1) 220w (1) o
s s s s
hence A'(r/s) = 0. The result now follows by continuity.
1.12 Let f(n) = A(1/n). Then the requirements (a) and (b) imply f(nm) =
f() +f(m), and n <m=f(n) <f(m), n,m=1,2,.... The proof of

Theorem 1.2.1 in the text shows that f(n) = Clog, n where C>0,b>1.
If p is a rational number r/s, then

() =G =) ()

r s r
h(;) =9 = f() = Clog- = ~Clog~.

Thus

Hence h(p) = —Clogp for rational p. The general assertion follows by
continuity.
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21 a.
So A S, S Sy S Ss
010 1 100 11 00 01 0
0001 1110 110 011 10
0110 01011 110 001
1100 0 110
00011 0011

00110 code word

11110

101011
The code is not uniquely decipherable.
Ag=0001 A, =1 Ay=01011  Ay=11 Ag=110  453=0 Ag = 0110

Wo=00011 W, = 101011 W,=010 Wy= 11110 W,=1100 Wy= 00110 Wg= 0110
Ambiguous sequence = A4,W, W, W, = 0001 101011 1100 0110
= WyW,W3sW; = 00011 010 11110 00110

So S S S S S5 S S S S Swe

abc d ba ce ac cd  eac ac c eac ac
abed abd ab c eab ab cd eab ab
e d ba ce d
dba

bace S, = Sy; hence S; = S;,3, i>7

ceac

ceab

eabd

None of the sets S, contains a code word, so the code is uniquely decipherable.
2.2 a. Let w, be the number of code words of length i (w; =1, w, = 2,
w, = 0,n 2 3). Then a message whose coded form has exactly & letters must
begin with a code word of length 1 or a code word of length 2; hence
Nk) = o,Ntk — 1) + o,N(k — 2), k > 3.
Now N(2) = w;N(1) + w,; hence if we define N(0) = 1, the above equation is
valid for £ > 2. Thus we must solve the linear homogeneous difference equation
Nk +2) —oyNtk +1) — oyN(k) =0, k =0,1, ..., subject to N() =1,
N(1) = 1. Assuming a solution of the form N(k) = i* we obtain
Aot — ARl — )% =0 or A¥A* — 1 —2) =0,
The two nonzero roots are 4, = 2, 4, = —1. Hence
N(k) = A-2% + B(—1)%, k=0,1,....
Since NO) = A4 + B =1, N(1) =24 — B = 1, we have
A=%B=4%
So N(k) = (8)2* + 3)(—1)*, k=0,1,....
b. As in (a), N(k) = o Nk — 1) + 0Nk — 2) + wgN(k — 3) (0, =1,
w, =1, w; =2, 0w, =0,n>4)or

Nk +3) =Nk +2) — Ntk +1) —2N(k) =0, k>0.
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The assumption N(k) = * yields the characteristic equation
B ed—2=GA=-DR+1+1)=0

with roots
=2, A=} +3V3=eb ly=—} — V3 =3,
Thus N(k) = A-2* + B cos 2n[3)k + Csin 2n/3)k,k =0,1,.... The

boundary conditions are
NO)=1=A4+B
N(1) =1=24 —3B +}V3C
NQ@ =2=44 -}B —3}V3C.
These equations have the solution 4 =%, B = 3, C = V321, so

2 V3 .2
Ny =@E2* +3cos Tk +——sin Tk, k=0,1,....
3 21 3
4 %0
1
39
241 1 Code word p;n,
Symbol Probability 0
x1 2 2 I- 10 4
1
x 18 Q
2 79] |} 000 54
1
141 0
x3 1 f o1l 3
0
4 ! l—i 110 3
x5 1 ] 111 3
099
0
08 JT
08 0
g 061 {' 0101 244
x7 059 0 00100 295
04 |T

s 04 9 00110 2
x 04 l_ 00111 2

0 2
x10 04— 01000
*11 04 .___:!— 01001 2
g 03 ﬂ 001010 18
%13 o T 001011 06

Problem 2.3
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2.3 The process of constructing the code is indicated schematically in the
accompanying figure. The average code-word length is 77 = 211'21 pa; = 3.419.
The uncertainty may be computed to be H(X) = 3.355.

2.4 By Theorem 2.5.2 there is a binary code whose average word length is
less than H(X) + 1; since the Huffman code minimizes the average word length
for a given set of probabilities, the result is immediate.

2.5 Add fictitious symbols with zero probability to the given set until the
number of symbols is congruent to 1, modulo (D ~ 1). An optimal code for the
enlarged set will then yield an optimal code for the original set. Now we shall
prove that given any optimal code we may construct another code with exactly
the same word lengths such that, among the words of maximal length, at least D
words agree in all places but the last. Therefore without 10ss of generality we
may assume that an optimal code has this property. In particular there are at
least D words of maximal length, and consequently (note that Lemma 2.6.2a
holds just as in the binary case) the D least probable symbols have code words of
equal length. The proof for the binary case now goes through word for word,
except that we combine symbols D at a time instead of 2 at a time.

To prove the required assertion, pick any word W of maximal length ny;. Let
Q be the sequence consisting of all digits of W except the last. Say the code
alphabetis {0,1,..., D — 1} and W = Q0. If there are more than D words of
maximal length we may, without changing the instantaneous property of the
code, take any (D — 1) words of length ny; other than W and replace them by
Q1, Q2,..., @Q(D — 1); thus it suffices to consider the case in which there are
at most D words of maximal length; we may assume without loss of generality
that these words are Q0, Q1, ..., Qi,i < D. We may assume that / > 0 since
if i = 0, Q0 may be replaced by Q.

Now as in the proof of Theorem 2.3.1, the number of terminal points on the
tree of order D and size ny; excluded by a code with word lengths ny, . . ., npy is
T = zfil Dma=md, Since D = 1 mod (D — 1) and (after the fictitious symbols
are added) M =1 mod (D — 1), it follows that T =1 mod (D — 1). If R is
any sequence of length ny; — 1 other than Q, then if R is not a code word and no
code word is a prefix of R we may replace one of the words Qj by R. The
resulting code is still instantaneous and has an average word length at most
that of the original code. (Possibly Qj corresponds to a symbol with probability
zero so that the average word length is unchanged.) Thus without loss of
generality we may assume that every such sequence R is either a code word or has
a code word as a prefix. In either case, the terminal points corresponding to the
sequences Rj,j = 0,1,..., D — 1areallexcluded. Therefore the only terminal
points not excluded are those corresponding to QG +1),...,Q(D —1).
Since the total number of terminal points is D"»# = 1 mod (D - 1), the number
of terminal points not excluded is congruent to zero modulo (D — 1). Hence
D—1—1i=0or D~1; the second case is impossible since i > 0; con-
sequently i = D — 1 and the proof is complete.

For the given numerical example, we first group 2 symbols at a time (or add
one fictitious symbol and group 3 at a time) and afterward we combine 3 symbols
at a time. The code-word lengths are 1, 2,2,2,2,2,3,3.
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3.1 Since

3
py,) = > plply,| =) and plz,|y,) =’Mjl—xi)
=1 Py

we compute
Pl y) =2/3, pla|y) =1/9,  plzs|yy) =2/9
p(x1| y2) = 1/2, P(-’”2| ¥2) = 3/8, P(-”’s' yy) = 1/8
P(wll ¥3) = 2/7, P(le ys) = 2/7, Py | yy) = 3/7
Thus the ideal observer is g(y;) = 21, £(¥2) = #,, g(y3) = #3. The probability

of error is

3 3
; Pwple|y,) =D py)P{X # gy | ys}
=1 =1

3/1 2 13+1+72 2y 1
PO=355%5) *3ls T5) T ul7 T37) = m-
3.2 1If y, is received, the probability of correct transmission is p(e’ | y,) =
DM 4, P{X ==,|y,}. (Necessarilyq,, >0 foralli,jand 3¥ q,, =1,j =

1,...,L)
If p(z,, | y,) = max p(z,|y,), then
1< <M

M
P(el y:l) < zqn P(xio l yJ) =P(xta I ya);
=1

equality can be achieved by taking¢q,, =1,¢,, =0, # i,

Thus p(e’| y,) is maximized for each j, and hence the overall probability of
correct transmission is maximized, by the above choice of ¢;,; however, this
choice is precisely the ideal observer.

33 IX|Y)=H(X)—- H(X|Y)
KX |2Z) = H(X) — H(X| Z)
Now
_ Py, 2 pl, y)p(z| z,y)
C P pypz|y)

plely,2)

The essential consequence of the cascading process is that p(z |z, y) = p(z | y)
for all z, v, z; in fact, this condition should be used as the definition of a cascade
combination. It follows that p(z |y, 2) = p(z | y), hence H(X |Y, Z) = H(X|Y).
Thus

IX|Y)-IX|Z)=H(X|Z)-HX|Y,Z)>20

by Problem 1.4.
Since I(X|Y) 2 I(X | Z) for any input distribution, the capacity of K,
> the capacity of the cascade. Now write
IY|2)=HZ) - HZ|Y)
IX|Z)=HZ) - H(Z | X).
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Since p(z | y) = p(z| =, y), H(Z| Y) = H(Z| X, Y). Thus
IY|Z)—-IX|2)=H(Z|X)—HZ| X, Y) 20,
so that the capacity of K, > the capacity of the cascade.

X H K Y Ky z
Problem 3 3

3.4 We may regard Y as the input and X the output of a discrete memoryless
channel, the output X may be thought of as being applied as the mnput of a
deterministic channel with output Z (see diagram) The conditions for cascading
are satisfied, that 1s, p(z |y, %) = p(z| x), the result then follows from the
argument of Problem 3 3. Alternately,

H(Y|Z) = E[—logp(Y]| Z)] = E[—log p(Y | g(X))]
= —,}.;p(xn y) log P{Y = y,| Z = g(=,)}
=D p@) -2 ply,| ) log P{Y = y,| Z = g(x)}].
By Lemma 1.411, j
H(Y|2) 2 ; P —gp(y, | =) log ply, | )] = H(Y | X).

X
Yo— K; Ky —oZ=g(X)

Problem 34  Channel matrix of K, = [p(z | ¥)]

35 po=0 = Bp,y + B0 ~p,y) or p, — (1 —28)p,_y = B. The solu-
tion to this difference equation 1s p,, = A(1 — 26)* + B where the “particular
solution” B s determined by B — (1 — 28)B = Bor B = }, and 4 1s determined
by takingn =0 A4 + B =p, Thus

=%+ —HA =28 >4% as n— oo
Now the channel matrix of the cascade combination of » channels 1s
0 1

0 ¥ 1 — ”*
m =] 7 P
1 -p,* P

where p,* =4 + (py — (1 — 26)", evaluated when p, = 1.
The capacity of the n-stage combination 1s
C,=1—-—H@p,*1—-p*—1-H3Z4$ =0 as n— o,
-]

1-—-
Pp=1 0 _—> 0 pn

1- Pn=1 1 TE—)— 1 1- DPn
Problem 3 5
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3.6 Let Il; = channel matrix of K,, i = 1,2, We have
pe|2) =3 ply| ©)pz| v).
v
Thus the matrix of the cascade combination is II,1I,; similarly if channels

K., K,, ..., K, are cascaded (in that order) the matrix of the cascade com-
bination is the product IL,IT, - - - IL,,.

A Ty

Problem 3.6

Remark Concerning Problems 3.5 and 3.6

If X, is the output of the ith channel [= the input of the ( + 1)th channel]
of a cascade combination, the conditions for cascading are expressed by re-
quiring p(@y | g, . . ., Tp_y) = plarg | Z_y) forall @y, ..., 2k =1,2,..., 1.

3.7 Without loss of generality assume 8 > «. We may use Theorem 3.3.3.
We have

« 1 -« 1—-8 a«a—1
n =[ }, H—l =(a—ﬁ)_l[ ]‘
B 1-8 -8 «
Let H, = H(a,1 —a) = H(Y| X ==,), H; = H(B,1 — f) = H(Y| X = =,).

We must show that the hypothesis of Theorem 3.3.3 is satisfied. We have
[see (3.3.4)]

1-f (1 - PH, + (x — DH, —BH, + «H,
Pz[ ) ﬁil + ﬂf_aexpz( ﬁ).

ﬂ-—ocex B —a f—a

Thus d, > 0 if and only if

dy = —

1—-p —BH, +aHy — (1 — HH, — (¢« — 1)H; 18
log 7 < a , or log B
< H; - H,

Upon expansion, this becomes —aloga — (1 — «)log(l — «) < —alogp
— (1 — a)log (1 — p), which is true by Lemma 1.4.1. Consequently d; > 0.
A similar argument shows that d, > 0.

Thus by (3.3.5),

C= log[exp2 ((1 ﬂ)H; ji I)Hﬂ) + exp, ( ﬂ’;uj: ﬂ):,

3.8 Let the input alphabets of K, and K; be x,,...,z, and z,,,..., %y
respectively; let the output alphabets of Ky and Ky bey,, ..., y,and ¥4y, .- - >
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yz. If p(x) is any input distribution, and p = X7_, p(x,), then

M
H(X) = =3 p(z,) log p(x,)
=1

= —plogp — (1 = p)log(1 = p) + pHy(X) + (1 — pH,(X)
by the grouping axiom 3 of Section 1.2
where
(xl) ,ﬂ
P
is the input uncertainty of K; under the distribution {p(=))/p,i = 1,...,r} and

Hy(X) = g

_ p)  p,)
Hyx) = e §+11 —P °g1 -P

is the input uncertainty of K, under the distribution {p(=,)/(1 —p),i =r +
1,..., M}. (Alternately

& p=) px,) L (1 - pp,) p,)
o0 = <& oo (F)r] - 2 S 2 e 250 o

leading to the same expression as above.) Now

M L
HX| V)= -3 > plx,y,) logpx,| y,)

1=1 j=1
= —ZZI ;1 p-—p(y, | 2,) log p(z, | v,)
M L
~2 2 a-p [”( l)}p(y,lﬁ)logp(le ¥).

Now if 1 <i<r, 1 £j <s, the conditional probability p(z, | y,) = P{X =
o | Y =yj}is
_ P, | =) p[p(w,)/p] P, | =)

a2 P2 S P P;| )
=1 p

=P{X1=xz| Y1=91}:

pz, [

that is, the conditional probability that the input of K, is x, given that the
output of K is y,, under the distribution {p(z,)jp,i = 1,2,...,r}.
Thus
H(X|Y)=pH(X|Y) + (1 —p)H(X|Y),and (X |Y) =H(X)— H(X| Y)
= H(p,1 - p) + pL(X|Y) + (1 = pI(X|Y),

where the subscript / denotes that the indicated quantity is calculated for X,
under the appropriate input distribution. Now for a given p, we are completely
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free to choose the probabilities p(z,)p,i =1,...,r, and p(x,)/1 —p, i =
r+1,...,M. We can do no better than to choose the probabilities so that
LX|Y)=C, I(X|Y) = C,

Thus it remains to maximize H(p, 1 — p) + pC; + (1 — p)C,. Differentiating,
we obtain

Cl
—1—logp+1+logl—p)+C;, —C,=0,0rp =2‘—12m
Hence
2C, 20, Cl .20, + C2 .20,
C=H (201 +20» 201 ¢ 20-) 201 + 20
Cy 2C, ]
= 30 730: 108 @1 + 29 + 55—, log 2% + 2%).

Therefore C = log (21 + 2%3),
3.9 Let X, betheinputto K,, and Y, the corresponding output. By definition
of the product channel,

H(Yp Yzl le Xz) = H(Y1f X1) + H(Y2| Xz)-

Now H(Y,, Yp) < H(Y;) + H(Y,) with equality if and only if ¥; and Y, are
independent. Therefore I(X;, X, |Yy, Yp) < I(X1|Y) + I(X;|Yy) < Cy + G

If we take X, and X, to be independent, with X, having the distribution that
achieves channel capacity for X, then Y; and Y, are independent (by the same
argument as in the proof of the fundamental theorem), and equality is achieved
in the above expression.

Thus C = C, + C,.

3.10 Channel (a) is the sum of

1 —
[ p é jl and [1].
g 1-8

By Problem 3.8, 2¢ = 21-H(g1-6) 4 20 or C = log (1 + 21-H(p1-p)),
Channel (b) is symmetric; hence
l=-p 0
C=log4 +ploglp +(1 —p)logil — p),

Erase  or C =1 — H(p, 1 — p) = the capacity of a binary symmetric
1 1  channel with error probability p.
1-p For channel (c), see the accompanying figure. If
P{X =0} = «then H(X) = H(z, 1 — a).
H(X|Y) = plerase)H(X | Y = erase) = pH(a, 1 — o).

Thus I(X|Y) = (1 — p)H (2,1 — «), which is a maximum for « = }. There-
fore C =1 — p.

3.11 a. Proceed exactly as in the proof of the fundamental lemma, with the
set 4 replaced by A* = A N F* where F* = {(x, y):x « F}. Observe that all

WA

Problem 3.10
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code words selected in the algorithm must belong to F, since if x ¢ F, A,*(=
{v:(x,y) ¢ A*}) is empty. We obtain a code (s, n, 4) such that 4 < s-27% +
P{(X, Y) ¢ A*}. Since

P{(X,Y) ¢ 4*} S P{X,Y) ¢ 4} + P{(X,Y) ¢ F*} = P{(X, Y) ¢ 4} + P{X ¢ F},

the result follows.
b. We shall prove that the maximum value of Cj, that is, the least upper bound
of all permissible rates of transmission, is

G* =H[(0 —nNA = p) +r8, (0 = +r(l — ] —HB, 1 — p),

which is the information processed by the binary symmetric channel when the
input distribution is p(1) = r, p(0) = 1 — r. Notice that as r 4, C, - C =
1 — H(B,1 - B).

We shall first prove a coding theorem, which states that given R < Cy*, there
exist codes ([2"#], n, 4,), with all words belonging to F,, such that lim 4, = 0.
We use the results of part (a), with F = F,,. o

Let X = (X;,..., X,) where the X, are independent and P{X, = 1} =p <,
P{X,=0}=1—p. Then P{X¢F,} =P{nt D" X, >r} >0asn - o by
the weak law of large numbers. Let us take a = kn. Then as in the proof of the
fundamental theorem, P{(X,Y) ¢ A} = P{n-1 Ef'zl U, = k}, where the U,

are independent, identically distributed random variables with expected value

I(X,|Y) = H(Y,) — H(Y,|X,) = H[(1 —p)1 — p) + pb,
(1 —=pB +p( ~B)] —HEB,1 — ) > C* as p~—r.

Given R < Cy*, we take s = [2"E], k = }(R + C,*), and p sufficiently close to
rsothat I(X,|Y,) > k. Then by choice of sanda = kn,s-27% >0 asn — o,
Also P{(X,Y) ¢ A} -0asn - by the weak law of large numbers. The result
follows.

We now prove a weak converse, which states that any code (s, n), all of whose
words belong to F,,, must satisfy

nCo* +log2
1 — ple)

where p(e) is the average probability of error of the code. As in Theorem 3.7.3,
this implies that if we require that all code words belong to F,, it is not possible
to maintain a transmission rate above Cy* with an arbitrarily small probability
of error.

Given a code (s, n) with all words in F,,. We can proceed just as in the proof
of Theorem 3.7.3 (with C,* replacing C) except for one difficulty. Although we
have I(X| Y) < 3™ I(X,| Y,) as in (3.7.4), it is not true that I(X, | Y,) < Cp*
for all i, For example, if s =2, n =5, r = %2, and the words of the code are
w; = 11000 and w, = 10000, then P{X, = 1} = P{X, = 0} = }, and therefore
I(X;| Yp) = C > Cy*. However, we may prove that >, I(X,| Y,) < nCy*.
Thus I(X | Y) < nCy*, so that the proof in the text will go through. To see this,

logs <
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let X be a symbol chosen with uniform probability from among all s» digits of
the code vocabulary wy, ..., w,. Since X may be selected by first choosing a
digit j at random, and then selecting a code word at random and examining the
jth digit of the word, we have

PX=o}=n13PX,=0a}, a=01
=1

By Theorem 3.3.1, I(X| ¥) > n1 37 I(X;| Y;). Butsince all words belong to
F,, P{X = 1} < r, and hence I(X| Y) < Cy*. The result follows.

3.12 The information I(X | Y) processed by a channel may be expressed as
a function of the input probabilities p(x;), . . ., p(x ). [See (3.3.6).] The domain
of I is the subset of Euclidean M-space on which all p(z,) >0 and

DM p@)=1

Thus the domain is a closed and bounded subset of Euclidean M-space. Since
such a set is compact, and a continuous function defined on a compact set
attains a maximum value on the set, the result follows.

3.13 The easiest example is that of a useless channel. In thiscase Yy,..., Yy
are independent regardless of the input distribution. To see this, write

P{Y1=ﬂb--"Yn=ﬂn}= z P{X1=a1’~--’Xﬂ=“‘n}P{Yl=

Xy, ..., %n

Bireoos Yo =Bl Xy =g,y Xy = ay).

Since the channel is memoryless the second factor in the summand is
n
TTP{Y: = B:] X; = o).
i=1

Since the channel is useless, P{Y; = 8;| X; = o;} = P{Y, = 8;}. It follows
that P{Y; = f8,,..., Y, = B} = [[~, P{Y: = 8.}, and therefore Y,..., ¥,
are independent.

4.1 There are 2™ — 1 nonzero binary sequences of length m. Hence for a
given m, the maximum » is 2™ — 1. Note that since 2™ = 1 + n, the Hamming
bound (Theorem 4.5.2) for a single-error correcting code is met. For m = 4 we
have

1010101010101 0°1
01 10011001100T1]1

A= , n=16—1=15.
0001111000071T11]1
0000000T1T1T111T11:1

4.2 a. It is possible to correct e-tuple errors and detect (¢ + 1)-tuple errors
if and only if every error pattern of weight < e yields a distinct corrector and in
addition no error pattern of weight e + 1 has the same corrector as an error
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pattern of weight < e. (For then an (e + 1)-tuple error would be confused with
an error pattern of weight < e and would therefore not be detected.) This is
precisely the condition that every set of 2e + 1 columns of the parity check
matrix be linearly independent.

b. Since the original code corrects e-tuple errors, every set of 2e columns of A4
is linearly independent. Now suppose

2e+1
D Aye(ry) =0  (modulo 2),
k=1

where 4; = 0 or 1 and ¢(r;) is the jth column of A4, Since 2e + 1 is odd, and
each column of 4, has a *““1” in its bottom element, there must be an even
number of nonzero 1’s, in particular there are at most 2e nonzero A’s. This
implies a linear dependence among 2e or fewer columns of 4, a contradiction.

c. Augment a parity check matrix of a single-error correcting code to obtain

100001101101 1]
0100010110111
A=[001 0001110001
00010000O00O0T1T1T1°1
111111111111 1]

d. The condition is 2™ > Z?io (” - 1). In view of part (a), the proof
1

proceeds exactly as in Theorem 4.5.3.

43 a.0 0 0 0 0 O

1 001 01
111010
011111

b. Diagonalize the parity check matrix 4 (see Section 4.5) to obtain a new
parity check matrix

1 0 0 0 1 a4

01 0 0 1 ay+ay
A =

0 1 0 1 ajp+ag

0 0 1 0 ay +az + ay
If the last column of A4’ is

1 1 0
1 or 0 or 1
0 1 1]
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then every set of 3 columns of A4’ is linearly independent and the code will correct
single errors and detect double errors. We obtain

1

1
by taking ajs = 1, ag =0, azg =1, am =0;

-1

by taking a,5 = aye =1, ayg =0, ae=0;

—
M

by taking )4 =0, @y =1, agg =1, agy = 1.

Now in 4’, ¢(r)) + ¢(ry) + e(ry) + c(rs) = 0 regardless of the choice of the
elements of column 6; hence not every set of 4 columns of A4’ (hence of A) s
linearly independent so that not all double errors can be corrected.

4.4 Let w be a nonzero code word of minimum weight, and let 4 be the
weight of w. Since dist(w,, W) = A, (where w, is the zero code word), the
minimum distance is < #. Suppose the minimum distance is 4; < A. Then there
are distinct code words w,, w, such that dist(w,, w,) = £;. But dist(w,, w,) =
dist(w, + w,, w, + w,) = dist(w,, w, + w,) = weight of (w, + w;). Thus the
weight of w, + w, is A, < A, a contradiction.

4.5 a. Anerrorin decoding will be made if and only if an error of magnitude
£ e is confused with the “no-error”” condition. This will happen if and only if
some set of e or fewer columns of the parity check matrix adds to zero. Hence
e-tuple (and all smaller) errors can be detected if and only if every set of e
columns of the parity check matrix is linearly independent.

b. To say that columns ky, ks, . . . , k, of a matrix 4 add to zero is to say that
AwT = 0 where w is a Tow vector with ones in positions k,, . . ., k; and zeros
elsewhere. Thus the equivalent condition on the code words is that every
nonzero code word have weight > e. (Alternately, the minimum distance
between code words is > e.)

c. An error pattern z is detectable if and only if z does not yield the same
corrector as the zero vector, that is, if and only if AzT £ 0, that is, if and only if
z is not a code word. Therefore the number of detectable errors is 2" minus the
number of code words, or 2* — 2k,

4.6 a. If wis a code word, then w = Zf;l A, (modulo 2) where the u,
are the rows of G*, and 4, =0 or 1. Thus

W = {Aly ey }'k]G‘!
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and therefore
}'l

(] BTW" = [1,, | BTIG*T

"
1

5 )
=[1m|BT1[-,—};— =BT +B7)| .| =0

Thus I, | BTIwT =0 for every code word w. Since rank [I,| BT] =m,
(/.| BTIWwT =0 has 2% =2"™ golutions; thus the vectors w satisfying
(/.| BTlwT = 0 are precisely the code words of the given code, so that [1,, | BT]
is a parity check matrix,

b. (i) Diagonalize G to obtain

1 01t 0 0O
11 01 00 1 01110
G* = Hence A =
i1 0010 010111
01 0 0 01
1 00 01
01001
@ G*=G=0 111 1] so A= .
001 01
00 011

4.7 Let A =[I,] A;]. Delete row 1 and column 1 of A (or equally well,
row j and column j where 1 < j < m). If columns i and j of the reduced matrix
are the same, then columns 7 and j of the original matrix 4 agree in all digits
except the first, where they must disagree. It follows that ¢(ry) + ¢(r,) + c(ry) =
0, contradicting the hypothesis (see Problem 4.2) that every set of 3 columns of 4
is linearly independent. Furthermore, no column of the reduced matrix can be
zero. For if column i of the reduced matrix is zero, then column ¢ of the original
matrix would be zero or else would coincide with column 1; each possibility
contradicts the hypothesis.

48 a. Take

10 011 01
A=010101 1]
001011 1|
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n=17 k=4, m=3; 2 =1+ n, 2¢ =16 = number of code words.
The Hamming bound is met, hence the code is lossless.
b. The Hamming bound is

2

m =y (l”) or(e=2), 2" =1+n+

=0

nn—1)
—

Sincem =4, +n—-30 =0orn =5, Thenk=n—-—m=1

1

o o ©
—

00
10
01
00

S O O =
—
—

(compare Problem 4.6b).

c. If n =2™ —1 the Hamming code meets the Hamming bound and is
lossless. In general, let 2™~ < n < 2™, [Note that by construction of the code
(Problem 4.1), n cannot be less than 2™~1.] Given any binary column vector ¢ of
length m, if ¢ is a column of the parity check matrix A4 then c is the corrector
associated with a single error. If ¢ is not a column of A4 then ¢ is the modulo 2
sum of the column vector corresponding to 2™~ and a column vector ¢’ corre-
sponding to a binary number less than 2™, For example if m = 4, n = 10 then

1 01 01 01 01 O
011001 0 1
A=
0001111000
00 00 O0O0O0CT1T11
The vector
1
1
¢ =
0
1
is not a column of A4, but
0 1
0 1
c = + = c(rg) + c(ry).
0 0
1 0

Thus all correctors correspond either to single or to double errors, so the code
is close-packed.
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49 B(i,p) = —H@H1 =2 —2ilogh -1 —Nlog(l — B)
oB 1

-
aa °8

1-8

_Z+10
7 4

Now 1 — R = H(4,1 — %) so dR/dA = log [4/(1 — 4)]. Thus

EE B OB/ o4 _ log (1 — B)/8
R dR[dA ~ ~  log(1 — D2
Since
% p Y B 1-2 1 A=2
:7—(1-_—;;) » R TEAT T A A=A

Therefore the tangent to B(4, f) at 4 = A, has slope —1, so that the tangent
must be

1 — R + B(A, B) — H(A, 1 — 4) = H(A41 — 4) + B(A, ) — H(A,1 — 4)),

which is the lower bound of (4.7.28) for R < R,.

4.10 Given a code (s, n) with average probability of error less than 4, choose
any number k& > 1 such that k4 < 1. Then it is not possible that as many as
s/k code words w have p(e | w) > kA, for if this were the case, we would have

S ple| w) = Sy = s,
=1 k

i

and consequently the average probability of error would be > 4, a contradiction.
Thus we may construct a subcode having at least s — s/k words and a maximum
probability of error < kA. If s = [2"E], R > C, then thereis a 6 > 0 such that
for sufficiently large n, s(1 — k1) > 20+, (Compare Lemma 3.5.3.) In
other words, we are able to construct a sequence of codes that allows us to
maintain a transmission rate above channel capacity with a maximum prob-
ability of error < k4 < 1. This contradicts the strong converse (Theorem
48.1).

4.11 Let B, be the decoding set of w, (i = 1,2, ..., s) in the original code.
Since the first and second words are assigned the same probability, the average
probability of error is unchanged if we replace B, by B, U B, and B, by the
empty set §. Now consider the new code in which w,’ replaces w;. If we take
the decoding set of w;’ to be 9, the decoding set of w, to be B; U B,, and the
decoding set of w; to be B;, i > 2, then the average probability of error is the
same as that of the original code. But the ideal-observer decision scheme has an
average probability of error at least as small as the scheme just given. The
result follows.
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01 00
0 0 0
51 a. T = ,  period = 15,
00 1
1 1 0
Choosing
0
0
x=
0
1
we obtain
00 0100110101111
A001001101011110
“lotroo0o1101011T1°1 0
10011 01011110 0
01 0 O
0010
b. T= ,  period =5.
0 0 01
11 11
With
0 0 0 0 11
0 0 0 1 1
X = we have A =
0 011
1 1

©c o ©

0

Since there are 3 cycles of length 5, we may get different parity check matrices
for different choices of x. However, all such matrices define the same code
(see Lemma 5.3.3).

o
N
I
- o © © ©
©C o o o =
o o o —~ ©
© o - o ©
- - o o ©
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There is one cycle of length 21, one cycle of length 7. one cycle of length 3, and
the trivial cycle of length 1. Hence the period of T'is 21. If

0
0
x=|0|,
0
1
then
[‘000011111010100110001
000111110101 001100010
A=4,=10 01111 1010100110001°O0O0f.
0111110101001 10001000
(1111101010011 0001000O00
If
07 0111001
1 1110010
x=|1f, then A=4,=|1 1 0 0 1 0 1 (A4, has rank 3).
1 1001011
0] 0010111
If
1 110
1 1 01
x=10|, then A =43;=(0 1 1 (A3 has rank 2).
1 110
1 1 01

5.2 By Lemma 5.3.3a, f(x) =1 + =% + 2% is a multiple of the generator
polynomial g(x). Now % + 2* + 1 = (2® + = + 1)(2* + « + 1); since the
rank of the parity check matrix A, of Problem 5.1c is 3, g() is of degree 3, and
thus g(x) = «® + =z + 1. We may therefore generate the code by taking

010 0
T=]0 0 1 and x=|0][.
1 10 1

The corresponding parity check matrix is
001011

1
0101110
0

1 01110
which is of the form (5.3.1). It follows that A(z) = 1 + z + 2® + 24,
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5.3 Let 4 be as in Table 5.4.1. f w = (rg, ry, ... r, ;) is a code word then

x Tx ce T 1x o 0
x T3x e T3in—1y r
AwT = =
x T2 1lx ... T(Ze—-l)(n-l)x 0
L I
If 4, is premultiplied by the matrix
~r —
T3
Tt 0
. —_ B,
0 T25—1
we obtain (noting that T7#"'x = x,s =1,2,...,2e — 1)
T Tx T - T x|[ rp | [0
T3x T8x N T3(n—1)yx X r 0
BAwT = ' =
T2e—1y Tle—2x ... T(Ze—l)(n—-l)x x Py L0

Thus A, is obtained from BA, by a cyclic shift of columns. Examination of the
equation BAgwT = 0 shows that (r,_yrq - - * r,_,) is a code word.
54 e=2,n=31=2?—1,s0q = 5. From Table 5.2.1 we may take

~

i
- o © © ©
© o o © =
- o © = o
©c o -~ o ©
© - o © ©
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with characteristic polynomial 4° 4+ 4* + 1. If

”
]
S © O o =

the corresponding parity check matrix is

1000010010110011111000110111010
000010010110011111000110111010°1
0001001011001111100011011101010
00100t0110011111000110111010100
p 01001011001 1111000110111010100°0
° 1000011001001 111101110001010110
0001010110100001100100111110111
01111101110001010110100001100°10
000011001001 1111011100010101101
LOO]O]O]101000011001001111101110__

5.5 a. Thereare 7 — 3 = 4 check digits, hence the code may be generated
by a nonsingular 4 by 4 matrix T of the form (5.1.1), and a vector

0
0
0
1

(See Corollary 5.3.4.1.) If T has characteristic polynomial a; + a;4 + -+ - +
am_1A™1 + A™ then (agay - - - @110 - - 0) together with & — 1 cyclic shifts
generates the code. By shifting the given word w = (1010011) we find that
(1110100) is a code word and that (1110100), (0111010), (0011101) generate the
code.

It follows that an appropriate choice of T is

1 00
1 0
1
0

-0 O ©
-0 O
(=]
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With
0
X = ,
0
the parity check matrix is
0001011
0010110
A=[x Tx - T%]= .
0101100
1011000

b. By Corollary 5.3.4.1, g(») is the minimal polynomial of 7, that is, g(z) =
1 + = + 2® 4 2% Since the above parity check matrix is of the form (5.3.1), we
obtain A(x) =1 + = + 2°.

5.6 a. The corrector associated with a given error pattern is 7%x for some i.
(By the remarks after Theorem 5.2.6, every matric polynomial in T is a power of
T.) If the error burst is translated by ¢ digits, the associated corrector is T'T*x =
T“"'x.

b. The corrector associated with a burst of length < g beginning at digit 1 is
P(T)x where p(T) is a matric polynomial of degree < g — 1. If p)(T)x = py(T)x,
then if p,(T) # p(T), py(T) — po(T)is nonsingular by Lemma 5.2.3 and Theorem
5.2.6, hence x = 0, a contradiction. Thus p,(T) = p,(T) so that the corrector
determines the error burst uniquely.

The above argument holds under the weaker assumption that 7" has an
irreducible minimal polynomial.

5.7 Clearly, single errors are correctible.

Assume a double adjacent error. The associated corrector is

U+ T)Tx
0 .

This could not coincide with the corrector of a single error, since the last digit of
the latter wouldbe 1. If (I + T)T'x = + T)TXx,0 <i,j <n—1=27 =2
then by Lemma 5.2.3, I + T is nonsingular, hence T°x = T7x. Another appli-
cation of Lemma 5.2.3 yields T¢ = T7, hence i =j. Thus distinct double
adjacent errors have distinct correctors.

5.8 We must show that the corrector determines uniquely (a) the length of the
burst, (b) the burst-error pattern, and (c) the starting position of the burst.

Let
- [2]in
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be the corrector corresponding to an error burst of width ¢, < ¢,. Since g, =
2g; ~ 1, ¢, will contain a block of zeros of width 2¢; — 1 — ¢, > ¢; — 1 {con-
sidering the first component of ¢, as following the last component); that is,

° It

b,

bq Y2

0 v
Hence, T

a. The length of the burst is g, minus the number of zeros in the block.

b. The burst pattern is 15,6, - - - by -_51. No other allowable burst pattern
could produce the same ¢,, for such a pattern would have to begin with one of the
b, and end at or after the ‘1" before b;. The length of the burst would then be
24q + 1.

¢. The starting position of the burst is the position of the first nonzero entry
after the block of zeros + tg, where ¢ is an integer and 0 < ¢ < n/fq,.

We claim that ¢ is determined by ¢, and therefore the corrector specifies the
error pattern uniquely. For (see Problem 5.6) the correctors ¢; = ¢;, produced by
afixed burst-error pattern of width < g, beginningatdigitj(j =1,2,...,2% — 1)
are distinct. (If ¢;; and ¢, are two such correctors, with j < k, then ¢;, = T%
and ¢, = T%*x; hence ¢,, = ¢y implies TF'x =x, or T*7 =, with
0 <k —j<2m —2, acontradiction.)

Thus c, tells us that the starting position of the burst is / + #g; and ¢, tells us
that the starting position is j + #(2% — 1), where i and j are known and ¢ <
nlg,, u < nf(2 — 1). If there were more than one possible value for ¢ (and
hence «) we would have

i+1gy =j+un —1)

i+tg=j+ur—-1)
Hence (¢t — t')g; = (u — w)2 — 1) =r. Assuming that ¢ > ¢ and hence
u > u’, r is a multiple of both g, and 2% — 1 and r < n, contradicting the fact
that # is the least common multiple. The result follows.
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5.9 We illustrate the calculation for T8 The characteristic polynomial of
T?%is of degree 4; hence the minimal polynomial is of degree < 4. Let.S = T3,
Since T4+ T + I =0,

S=TT*=TT+D)=T*+T.
The “‘coordinates” of S with respect to I, T, T? T3 are therefore (0110). Now

SE=T0=(T2+ TP =T+ T2=T:+T+1=(1110)
53 =T1 =] = (1000)
§%=T%=T5=T24 T = (0110)

We shall try to find by, b,, by, bg such that

bl + by S + byS?% + byS® + 5,51 =0;
that is,

bo(1000) + 5,(0110) + by(1110) + by(1000) + b,(0110) = (0000).

This yields
bo + b2 + ba =0
bl + b2 + b4 = 0.

We may take by = by =0, by = by = b, = 1. Thus §2 + S + I = 0. Clearly,
no polynomial of degree 1 can be satisfied by S. Hence the minimal polynomial
of Sis 42 + 4 + 1.

A similar calculation shows that the minimal polynomial of T3is 4% + 23 +
A4+

5.10 (Solution due to A. Wyner and B. Elspas.) Let f(4) be the minimal
polynomial of 7. Write

1 =g fR) +rd, k=12...,20—1

where the degree of r(%) is less than the degree of f(4) = ¢. If ri(4) =0 for
some k we may replace 4 by T to obtain

T* — I = gT)f(T) =0
and we are finished.
If r,(4) is the constant polynomial 1(= —1) for some k&, then

T* — [ =g (T)f(T)— 1= —1I, or T*=0,

which is impossible since T is nonsingular. Thus assume that none of the
r(4) is 0 or 1. There are 2¢ distinct polynomials of degree < g, leaving 2¢ — 2
when 0 and 1 are removed. Since there are 27 — 1 of the r;(4), we must have
i () = ry,(3) for some ky > k,. It follows that T*1 = T*s, or T*1—*s = [ with
1<k —ky <22 -1
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6.1 a. To find the order, construct the following table:

X, X X,

Z,_, A B Z, AA AB BA BB
Sy 51 Sy 51 Sy S Sa Sy
Sy Sy 3 Sp 5 Sy A 53
S3 Sa S3 S3 51 S S S3
Sq 5y Sy KA 5y 55 Sq 53

Thus X,_; and X, determine Z,; hence the source is of order 2.

b. P{Xy=A|2Zy =5} =P{Zy =5.|Zy = 51} + P{Z3 = 54| Zy = 51}
=p +pl& = 512 + 208 = .72.

CPXiy=A,X100=8B,Xp3=B, Xy 4 =4, Xoy5 = 4}

=(since Xoy3 =A, X g =B<>Z,, =55

P{Z gy = s}P{Xiy3 =B, Xoyg = Xoys = A Zyyn = 53}

=P{Zyy =5}P{Z 5 = 53, 21414 = S0, Zyy5 = 51| Zoy2 = 52}

= wpPosPaaPur = $(D(.8)(.7) = .0187
6.2 X,

Z,, A B C

S1 S5 S
S S S3
S35 S3
The source is of order 1.
ito
M=j0 % }
1 0%
WII = W becomes
im + dwy = wy
twy + &w, =W,
dwy + 3wy = wy
and wy+wy + wy=1

Thus w, = wy = &, wp = 3.

H{X} = 4 H(3/4, 1/4) + #H(Q2/3,1/3) + 4 H(3[4,1/4).
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Problem 6.3.a,b.

6.3 Let o = space. A possible state diagram is shown in the accompanying
figure. If

X,=0, then Z, =35

X; =B, Z, = 54

X, =C, Z, =35,
Xt_]_#A,Xt:A Zt=52
Xy 1=X,=4 Z, =55

Thus X, ; and X, determine Z, and the source is of order 2. The steady
state probabilities are wy, = w, = &, wy = w; = w; = %. The source uncertainty
is

H{X} = ¥H(1/3,1/3, 1/3) + 1H(1) + §H(1/4, 1/4, 1/4, 1/4)
=%log3 +%logd =%log3 + § = 1.5975.

A state diagram for the first-order approximation is shown in the accompanying
figure. Note

P{X, ,=4,X; = A}
P{X, =A}

Paa =PX,=A|X,, = A4} =
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1/4

1/4

Problem 6.3.c.

The steady state probabilities are
w, = w; = 1/6 = P{X, = o}

wp = ws = 2/9 = P{X, = B}
wo = wy =2/9 =P{X, =C}

wy =w, +wy =7/18 =P{X, = A}.

]

The uncertainty of the first-order approximation is

H{X} = H(X,| X,_y) = sH(1/3,1/3,1/3) + 2H(1/4,1/4,1/4,1/4)

+ S H@7, 1T, 1T, 17T) = tlog3 + § + 15H((4/7,1/7,1]7,1]7) = 1.8004,
which is larger than H{X}, as expected.

6.4
P{X, =0, ..., X, =o)} =azf{x° =0 Xy =y, ..., X, = a,}
0
i%f’“‘" =gy ey Xy = ay JP{Xy = o | Xy = gy e ooy Xy = 2y}
0
=2 P{Xog =gy Xn1 = % 1}l anoy)ay ooe )
agel’

NOW N 8p, Plarey  an i MHaras a2y =Ounlessa = o, i=1,2,...,n—1,s0we
may write the above expression as
P{Xlzalv"',xn =an}
— — ’ —_— ’
= z P{XO = g, Xl il R Xn—l - a‘)l—l}p(aoal".. an—1ay o an)

%%’y % p_y€l
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This is of the form
Wiay oo an) = 2 Ws Pstay ... an)
8

Hence the w,, ... o) = P{X, = a;,..., X, = u,} form a stationary distribution.
6.5
PlX; =X, ==X, =1}
=P{X;, =X, ==X, =—1} =12 for alli;,... I

so the sequence is stationary.
Let « be the sequence consisting of the single digit 1. Then

nIN(Xy, ..., X)) =nfn=1 with probability 1/2
=0 with probability 1/2
LetQ < e < 1/2;then P{{nIN,* — P{X, = o}| > e} = P{In"IN," — 1/2| > &}
= 1since |[n7IN,* — }| = 1.
Thus #~2N," cannot converge in probability to P{X; = «}, and the sequence is
not ergodic.
6.6
P{X; ,=A}=P{X,_, =A4, X, =A} + P{X,_, = A4, X, = B}
and

P{Xt—1=A}=P{Xt=A} =P{Xt—1=A-Xt=A} +P{Xt—-1=BaXt=A}

The result follows.
6.7 The original source is of order 1, so that H{X} = H(X, | X,_,). Now

H(Y,| Y Yy,..., Y, ) = S PYg=o4..., Yy =04}
Ogy &y, woes Xy
X H(Y, | Yy =g, ..., Ypoy = t;_)).

Break the summation into 3 parts:
1. oy, 5 #e o, ; #e:

HY, | Yy=0ap..., Ypoi =0, 4) =0, and
PlY, s =on g Yoy =0, 1} =P{Xpp =0, 0 Xog =%y}
2. 0, g e, u,  =e:
HY, | Yy=uay..., Y, 1 =, )
= H(X,| X2 = #,_o) and P{Y, , = Opgy Yy = e} =4P{Xy ;= %o}
Joa, =€ 0,  #e:
HY, | Yy=ag..., Yy =0, ) =HX,|X,, = %,_,) and
P{Y, s =€ Y,y =an} =4P{X, 1 = o}
Thus
H(Y,| Yo, Yy, ..oy Yoy) = 3H(X, | Xog) + H(X, | Xpy)]
= }H(X, | X,_y) + H{X}] = constant for n > 2.
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Thus H{Y} = }[H(X, | X,—2) + H{X}]. Now
H{X} = {5H(/1, 217y + £:H(4/9,5/9) and
H(X, | Xp_9) =w H(X, | X, g = A) + wgH(X,| X,,_o = B)
ToH(d + 35,38 + 39 + SHGS + 8585 + 39
This determines H{Y}.
6.8 a. As in the proof of (6.6.3), write

EWV,) =X kP(V, =k} = 3 kP{V, =k} + kP{V, =k}
k k<B—e¢ p—e<k<p+$

+ 3 kP(V, =k}
k>f+46

Thus
EV)20+(B—eP{f—c <V, <B4+ +(B+ NPV, > 8+ 4
=B - —PVpa<B—c} —PV,>8+8})+ (B + )PV, >+ 6},
and the result follows.
b. Let n -~ o in (6.6.3) and part (a) of this problem. We obtain
—e £ —f +liminf E(V,)) £ —8 + limsup E(V,,) < 4.
n—- 0 n— 0
Since € and 4 are arbitrary positive numbers,
lim E(V,) = 8.
n—
By part (a) of the proof of Theorem 6.6.1, f = H{X}.
6.9 Let {X, n=12,...} be the given information source. Let a =
(o, ..., 2,)and B = (B,,..., B,) be any two states of the mth-order approxi-

mation 8,,. Consider the set of all sequences vy = (yy,..., %) r 2m+1,
such that (yy, ..., ¥m) = aand (¥,_my1,-- ., ¥s) = B. We claim that we can
find an r and a y such that p(y) = P{X;, = y;,..., X, = y,} > 0. For by
ergodicity, n'N,"(Xy, . .., Xp) — p(a), n"INg™( X, ..., X,) — p(B) in proba-

bility; by definition of 8,, p(a) >0, p(B) > 0. Therefore if 0 <é <
min (p(a), p(B)), then P{n'N,* > 6 and nINg" > 6} - 1 as n— . This
implies that there is a sequence vy with positive probability such that either v
begins with @ and ends with B, or vice versa. In the former case, the claim is
established. In the latter case, we observe that by ergodicity, the relative fre-
quency of y converges in probability to p(y) > 0, and if y occurs sufficiently

many times among the symbols X, ..., X,, a must precede @ somewhere in
the sequence.
Now let sl = (yli seey ym)’ s2 = (st RN ym+1)y LR sr—m+1 = (yr—m+1, e ey

vr), and let p(s,, 8,.y) = P{X, =vu..., Xetmo1 = Pizme1s Xogm = 7’1+m}y
i=12...,r—m SinceX, =v,,..., X, =v,<=>Xy, ..., Xp) =5, Xy,

v Xmy)) = Sy o ooy, (Xyomyts - - o » Xy) = Sy_pmyy, it follows that p(s,) > 0 and
p(s,, 8,,1) > 0 for all i. But by definition of §,,, the transition probability from
s, tos, ., in 8, is

_ p(su sz+1)

Pas = P(Sl) = P{Xz+m = Yitm | X, =Vu.oors X¢+m—1 = 7t+m—1}
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Since s; = &, s,_,,,; = B, and Pss, >0 for all i, B is reachable from « in §,,.
Thus every state in the mth-order approximation is reachable from every other
state, and hence 8, is indecomposable with the essential class consisting of all
the states.

6.10 If the set S of all states is not essential, then there are two distinct
states, let us call them s, and s,, such that s, cannot be reached from s,. Let
S, be the set of states reachable from s;. Then the states of S, form a Markov
chain (if s € S; and s’ can be reached from s, then s’ can be reached from s, and
hence 5" « Sy ; thus the submatrix of the transition matrix corresponding to the
states of S, is a Markov matrix). Since s, ¢ S}, S, is a proper subset of S. Apply
the above argument to S;, and continue in this fashion until an essential set is
found. The process must terminate since the original chain has only a finite
number of states; if we come down to a chain containing only one state, the
set consisting of that state alone is essential.

An infinite chain need not have an essential set. For example, take the set of
states to be the integers, with p,;,, = 1 for all integers i (that is, at each transi-
tion, move one unit to the right). If state j can be reached from state J, then
state / cannot be reached from state j, so no set of states can be essential.

6.11 For the source 8 shown in the accompanying figure, the order of every
approximation 8, is 1.

BB-* B

Problem 6.11. Any initial distribution [w,, w;] is stationary; take w, > 0, w; > 0,
wy+ wp =1,

6.12 A state diagram for the source {X,} is indicated in the accompanying
figure. The states area;;,j =1,2,...,n,i=1,2,..., M, and the transition
probabilities are p(a,;, a; ;1) =1 for j =1,2,...,n; — 1 and all i; p(ag,,
@) =pefork =1,2,..., Mandall i.

Since each code word begins with a different letter, we have a unifilar Markov
source. Every state may be reached from every other state, and hence the source
is indecomposable. Thus there is a unique stationary distribution with proba-
bilities w;; assigned to the states a;;. By inspection of the state diagram,
Wi =Wy = = wy, = (say) b; and

M M
bk = Z bip(ain,a akl) = Pr z b, for all k.
i=1 =1
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Problem 6.12

But > b,n; =1, and hence (DX, pim)( DM, b,) =1. Consequently b;
= p,/A for all i. It follows from Theorem 6.4.2 that

M M
H{X} =3 win,H(ps, . .., par) = H(Y) Y b; = H(Y)JA.
=1 i=1

6.13. a. If we form a sequence of length T + 1 beginning at state s, the first
transition must lead to some state s;. If we are in state s; after one transition,
we may complete the sequence of length T + 1 by constructing a sequence of
length T starting from s,. Since the source is unifilar, all sequences formed in
this way are distinct. Thus

’

NAT + 1) =Y a,N(T), i=1...,r

i=1
This is a system of linear homogeneous difference equations with constant
coefficients, and therefore the solution is a linear combination of exponentials
AT, To find the particular 1’s, we assume a solution of the form N(T) = y,AT
to obtain AT(Ay,) = (AT) D5, a;%; i =1,...,r, or Ay =Ay. Thus the
allowable A’s are the eigenvalues of A. The result (a) now follows from the
observation that

’
N(T) £ X N(T).
i=1
b. Since H(X), ..., Xr) cannot exceed the logarithm of the total number of
possible sequences of length T (Theorem 1.4.2), we have
TH(Xy, ..., Xg) € T7'og N(T) < T-1(log K + Tlog 4y).
Using Theorem 6.4.1 we have

H{X} = lim T2 H(X,,. .., X7) < log 4.

T—o
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¢. Since the components x, are >0, p,, > 0 for all / and j. Since x is an
eigenvector for 4, 37_ p,. = 1, and hence the p,, form a legjtimate assignment
of transition probabilities. Since p,, > 0if and only if a,; = 1, the assignment
is consistent with the given connection matrix. By Theorem 6.4.2, H{X} =
z{ —1 W.H,, where H, is the uncertainty of state s, and {w, - - - w,] is the unique
stationary distribution for the source. (Note that in general, the stationary
distribution will depend on the choice of the p,,). Thus

H{X}=— 3 wp,logp, = w,p,, (log 4 + logz, — log =;).
7

2,7=1
(Note that only terms for which a,, = 1 contribute to the summation.) Now
S wp,logz, =3 w,logz,
2] T
and
z WPy 10g z, = 2 log z, z WPy = ; W, log zj,

22 7

the last step following since the w, form a stationary distribution. Thus
H{X} = > w,p,,log 4y = log A,
12

d. The connection matrix is

To find the eigenvalues, we set the determinant
1 -1 1
1 -2

equal to zero, to obtain 422 — 4 — 1 = 0. The largest eigenvalue is 4, = 4(1 +
V'3) and the maximum uncertainty is log 4. An eigenvector with positive

components may be formed by taking z; = $(1 + vV 5), #y = 1. The corre-
sponding transition probabilities are given by

pu=At= -1 +3V5  pn =00+ VU =§ ~}V5,
pan=1 pn=0

Remark: Intuitively, we might expect that p,; should be (roughly) the number
of sequences of length T + 1 beginning at s, and passing through s, at the first
transition [that is, a,,N,(T)], divided by the number of sequences of length
T + 1 beginning at s, [thatis N (T + 1)]. If Ay is in fact greater than the magni-
tude of all other eigenvalues, then for large 7, the term involving 4,” dominates
the solution of the difference equation of (a). Thus asymptotically we have
N(T) proportional to ,4,T, hence

a,,N(T) ~‘1sz:
N(T +1) A%,
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7.1 a. Let the channel be in state sy, k,7,j =0 or 1, at time ¢ = n if
the ball labeled j is in the occupied slot at ¢ = n, the ball labeled i was in the
occupied slot at t = n — 1, and an input k was applied before the transition at
t = n. The transition probability from sy, to sy, ,, under the input k, is given
by Mkl(s,,, §,,5,)» Where the matrices M, are given in Table 7.1.1. The transition
probability from s, to s, ,, under an input other than &, is zero. The output
function g’ is given by g'(s,,) = g(k, s,,) where g is the original output function
of Table 7.1.1.

b. We proceed as in (a). Given a finite-state regular channel with states s,,
j=1,2,...,r and input alphabet T = {b,, ..., b,}, we define a new channel
with the same input alphabet I', and states s,;,, i = 1,2,...,¢,j=1,2,...,r.
The transition probability from s,, to 5, , under the input b, is given by M, (s,,
s,)); the transition probability under any other input is zero. If g(b,, ;) is the
original output function, the new output function is g'(s,;) = g(b,, s,). Since
the original channel is regular, for any finite input sequence b, - - - b, thereis a
channel state s, and an integer N such that for any initial channel state, s, is
reachable under the input sequence b, - b, ---b, - b, (N times). In the
new channel, the state 51,30 is reachable under the same input sequence, so the
new channel is regular. If a source is connected to the new channel, the dis-
tribution of input and output sequences is (by construction) exactly the same as
if the source were connected to the original channel, and thus the capacity is
preserved.

7.2 First observe that

H(Ypy| Xpye ooy Xge Yoo o s Yo) S H(Yppy| Xovoo oy Xppts Yor oo v Yy)

by Theorem 1.4.5 or Problem 1.4¢
=H(Y,| Xppooos Xp, Yyooooy Yy)

by stationarity

Thus lim H(Y,| Xy,..., Xu, Yy, ..., Yo y) exists. Now nlH(Y,...,
n— o n
Yol X1 oo X)) =013 g, whereg,, = H(Y, | Xy, ..., Xoy Yoy oo v, Y 0)

1=1
Since the channel is nonanticipatory, that is, the distribution of a given output

letter does not depend on future inputs,
Eun =& = HY, | Xy, Xy Yoot Yoo

Since lim g, = H{Y}| {X}), it follows that

Fimd

limnrtH(Yy, ..., Y| Xy .., X,) = H{Y}| {X}).

n— 0
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Now by Theorem 6.4.1,

H{X, Y} =limnHXy, ..., Xp, Yy, ..., ¥)
n— oo
=lmnH(Xy, ..., Xp) + imnatH(Yy, ..., Yol X0, 005 Xp)
— 00

= H{X} + H{Y}| {XD.
7.3 The results of Problem 7.2 do not hold in general. To see this, let
Zy,2,,...,Zy,..., be a sequence of independent, identically distributed
random variables, and take X, = Z, ,, ¥, =Z,n=1,2,....
We then have H(Y, | Xy, ..., Xy, Y15 oy Yool = H(Z,| Zgy . .., 2y y) =
H(Z,) = a constant H for all n. But

H(Yy .., Yol Xoo o X)) = H(Zyy .. Za| Zgy - s Zny)
= H(Z,| Zy) = H(Z,) = H.
Thus H{Y} | {X}) = H, but
lmnH(Yy, ..., Y, Xy, Xp) =limn'H =0#%H

n— o0 n— o0
in general.

However, if we make an assumption of *“nonanticipatory” behavior, that is,
HY;| Xy, ..., Xp Yoo, Yi) = H(Y;| Xy, ..., X, Yy,..., Y,y forall
n,and all i = 1,2,...,n, then the argument of Problem 7.2 will go through
intact.
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INDEX

Abramson code, 166
Algebra, of binary polynomials, 147
Alphabet, of a channel, 46, 215
of a code, 27
of a source, 172, 185
Ambiguous sequence, 30
Arithmetic and geometric means, inequal-
ity of, 25
Arzela-Ascoli theorem, 270
Asymptotic equipartition property (AEP),
197, 223

Band-limited functions, 256 fI
Bessel's inequality, 269
Binomial distribution, 3, 14, 15
estimate of “‘tail’” of, 114
Bits, 11, 84
Bose-Chaudhuri Hocquenghem codes,
156 ff

Capacity of a channel, 1, 3, 50
calculation of, 53 ff
A\ capaaity, 224
of a binary symmetric channel, 54
of a discrete memoryless channel, 50
of a finite state regular channel, 220, 228
of a general discrete channel, 223
of a symmetric channel, 53
of a time-continuous Gaussian channel,
251, 252
of a time-discrete, amplitude-continuous
channel, 234
of a time-discrete Gaussian channel, 234
Cascade combination, of discrete memory-
less channels, 85
Cayley-Hamilton theorem, 139
Channel(s), 1
alphabet of, 46, 215
band-limited, 256 fT
binary erasure, 86
binary symmetric, 53, 54, 87 ff
burst noise, 213
capacity of, see Capacity

Channel(s), cascade combination of
85
code for, see Code
compound, 228
connection of a source to, 214, 216
continuous, 230 ff
determinmstic, 51
discrete, 47
memoryless, 47
with finite memory, 227
with memory, 211 ff
finite state, 215 ff
regular, 216
information processed by, 50, 219
mput n-sequence for, 65
lossless, 50
matrix of, 49, 212-215
source-channel matrix, 215-217
noiseless, 27, 51
output n-sequence for, 65
product of, 85
states of, 46, 215, 230
sum of, 85
symmetric, 52
time-continuous Gaussian, 251
time-discrete, amplitude-continuous, 23(
time-discrete Gaussian, 231
with average power limitation, 231
trap door, 211
useless (zero-capacity), 52
Chebyshev’s inequality, 15
Code, 4
Abramson, 166
alphabet, 27
block, 4, 39, 63
Bose-Chaudhurn-Hocquenghem, 156
characters, 27
check digits of, 93
close-packed, 132
cyclic, see Cyclic code
error correcting, 87 ff
Fire, 167
for a binary symmetric channel, 87 ff
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Code, for a discrete memoryless chan-

nel, 65, 66

for a finite state regular channel, 220

for a general discrete channel, 223

for a noiseless channel, 27

for a time-continuous Gaussian channel,
251

explicit construction of, 256

INDEX

Cyclic code, decoding of, 161
generation by a feedback shift register,
137, 151
generator polynomial of, 148
properties of, 147 ff.
set of generators for, 149
single-error correcting, 161

for a time-discrete, amplitude continuous Decision scheme, 1, 4, 60, 65, 220, 230,

channel, 230
geometric interpretation of, 90
group, 93, 99
coset of, 100
Huffman, 42
information digits of, 93
instantaneous, see Instantaneous code
lossless, 132
(n, k), 99
nonbinary, 126
optimal, absolutely, 38
instantaneous, 41
parity check, see Parity check code
random, 66, 67, 74, 110
single-error correcting, 105
cyclic, 161
uniquely decipherable, 28, 29, 35, 40
word, 4, 27, 63, 65
Coding theorem, see Fundamental theorem
of information theory
Communication entropy, 24
Communication system, 1
Conditional uncertainty, 19, 219, 229, 238,
241
Convexity, of information and uncertainty,
54, 81, 242
of the logarithm, 17
Corrector, 94
Correlation detector, 254
Coset, of a group code, 100

relation to correctible error patterns, 102,

103

Coset leader ( = correctible error pattern),
103

Covariance function, of a random process,
250, 256, 275 fI.

Critical rate, for the binary symmetric chan-

nel, 117

Cycle set, of a binary matrix, 136, 143, 144

of a feedback shift register, 136
Cyclic code, 137

application to burst-error correction, 164

251
ideal observer, see Ideal observer deci-
sion scheme
maximum likelihood, 62
minimum distance, see Distance
randomized, 84
with uniform error bound, 62, 66
Decoder, see Decision scheme
Decoding sets, 65
Dini’s theorem, 274
Distance (between code words), 87 ., 126
minimum, bounds on, 129
minimum distance decoder, 88, 126, 254
for a parity check code, 95
minimum distance principle, 87, 88
relation to error correction, 89

Effective procedure, for determining exist-
ence of steady state probabilities in
a finite Markov chain, 180, 218
for determining whether a finite state
channel is regular, 218
Eigenvalues, eigenfunctions, and eigenvec-
tors, 210, 250, 264
Encoder, 1, 4
Entropy, 24
Ergodic information source, see Source
Error bounds (exponential), 77 fI., 227, 260
for general binary codes, 113 fI.
for nonbinary codes, 127
Error patterns, 95
correctible, relation to cosets, 102, 103

Fano's inequality, 80, 243

Feedback shift register, 134 ff,
characteristic matrix of, 135
cycle set of, 136
generation of a cyclic code by, 137, 151
state (content) of, 135

Field, 126, 142
Galois (finite), 142

Fire code, 167



INDEX

Fourier transforms, 251, 257, 258, 281 fI.
convolution, 282
Parseval relation, 258, 282
Fundamental lemma (in the proof of the
fundamental theorem), 68, 86, 232
Fundamental theorem of information the-
ory, 1
for the discrete memoryless channel, 66,
307
algorithmic proof, 68
random coding proof, 74
Shannon’s original proof, 66
for the finite state regular channel, 222
for the general discrete channel, 223
for the time-continuous Gaussian chan-
nel, 252
for the time-discrete Gaussian channel,
234
strong converse to, see Strong converse
weak converse to, see Weak converse

Generator matrix, of a cyclic code, 149
of a parity check code, 132
Generator polynomial (of a cyclic code),
148
relation to the minimal polynomial of a
matrix, 150
Generators, set of, for a cyclic code, 149
for a parity check code, 110
Greatest common divisor, of two polyno-
mials, 141
Group, 96
abelian (commutative), 96, 141, 147
Group code, 93, 99
coset of, 100
Grouping axiom, for the uncertainty func-
tion, 8, 80, 81
generalized, 26

Hamming bound, for general binary codes,
90, 133
for parity check codes, 107
strengthened, 127
Hamming code, 130, 133
Hamming distance, see Distance
Hilbert space, 250, 262 ff.
Bessel’s inequality, 269
inner product, 262
norm, 262
orthogonal complement of a subspace,
268
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Hilbert space, orthonormal family,
266
parallelogram law, 265
space spanned by a subset, 267
Huffman code, 42

Ideal, in the algebra of binary polynomials,
149
Ideal observer decision scheme, 61, 73
for the binary symmetric channel, 88
for the g-ary symmetric channel, 126
for the time-discrete Gaussian channel,
254
Independent random variables, 14, 39, 195
as a Markov information source, 185
uncertainty of, 18, 19, 21, 239, 241, 242
Information, 4
convexity of, 54, 242
conveyed about one random variable by
another, 22, 23, 239, 242
conveyed about one stationary sequence
of random variables by another, 219
processed by a channel, 50, 219
source of, see Source
Instantaneous code, 28, 39
conditions for existence of, 33
optimal, 41
relation to sequence of “‘yes or no’’ ques-
tions, 40
Integral operator, 269 ff.
associated with a covariance function,
250, 282 ff.
Integration, of second order random proc-
esses, 275 ff.
Irreducible polynomial, 140, 146

Joint uncertainty, 18-21, 238-240

Karhunen-Loéve theorem, 250, 277
for Brownian motion, 279
for Gaussian processes, 279

L2 space, 250, 257, 262 ff.
Language, uncertainty of, 206
Linear operator (on a Hilbert space),
262 fT.
compact (completely continuous), 263
continuous (bounded), 262
integral operator, 269 ff.
associated with a covariance function,
250, 282 ff.
symmetric (self-adjoint), 265
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Linear operator (on a Hilbert space), bi-
linear form of, 265
quadratic form of, 265

Markov chain(s) (finite), 171
essential sets of, 180, 183
indecomposable, 181, 184
periodic and aperiodic states of, 183, 184
regular, 185
states of, 171
stationary distribution of, 174, 181, 184
steady state probabilities of, 174, 176
effective determination of existence of,
180, 218
theory of, 172 ff.
transient states of, 180, 183
transition matrix (Markov matrix, sto-
chastic matrix) of, 171
Markov information source, see Source
Markov property, 171
Matrix, 138 fT.
binary, 138
characteristic polynomial of, 138
cycle set of, 136, 143, 144
minimal polynomial of, see Minimal
polynomial
period of, 143
polynomial in, 140
powers of, and matric polynomials,
145
with maximal period, 144
channel, 49, 212-215
connection, of a unifilar Markov source,
209
doubly stochastic, 26
Markov (stochastic, transition), 171
parity check, 93, 106
source-channel, 215-217
Maximal period, 144
Maximum likelihood decision scheme, 62
Mercer’s theorem, 272
Message, 1, 27, 63
Minimal polynomial of a matrix, 139
irreducible, 140, 141, 143, 144
relation to generator polynomial of a cy-
clic code, 150
Minimum distance decoder, see Distance

Noise, 1
Noiseless coding, 27 fI.
theorem, 13, 37

INDEX

Nonnegative definite function, 272
Order of a unifilar Markov source, 189 ff.

Parity check code(s), 91 ff.,, 126
adequacy of, 110 ff.
bounds on error-correcting ability of,

105 ff.

generator matrix of, 132
set of generators for, 110

Parity check matrix, 93, 106

Period of a matrix, 143
maximal, 144

w-sequence, 24

Polynomial(s), algebra of, 147
characteristic, 138
generator, see Generator polynomial
in a binary matrix, 140
irreducible, 140, 146
minimal, see Minimal polynomial
representation of, by a binary sequence,

147

Prefix, 28

Probability of error, 65
average, 65, 73
exponential bounds on, see Error bounds
for a group code, 104
for general binary codes, 113 fi.
maximum, 66

Random coding, 66, 67, 74, 110
Random process, 275 ff.
covariance function of, 250, 256, 275 ff.
Gaussian, 250, 256, 279
second order, 250, 275 ff.
spectral deasity of, 250, 256, 282
stationary, 185
Random variables(s), conditionally inde-
pendent, 25
Gaussian, 231
uncertainty of, 240
independent, see Independent random
variables
noiseless coding problem for, 27
uncertainty of, S fI.
Random vectors, 19, 25, 39, 240, 243
Rate of transmission, 1, 3, 63
critical, for the binary symmetric chan-
nel, 117
A -permissible, 224
permissible, 223, 234, 251



INDEX

Sampling theorem, 258
Schwarz inequality, 78, 255, 262
Sequence, input, 65
“meaningful,” produced by an informa-
tion source, 195, 196, 206
output, 65
typical, 14, 24, 83, 196
in Shannon’s original proof of the fun-
damental theorem, 66
Sequential circuit, linear, 163
Shannon-McMillan theorem, see Asymp-
totic equipartition property
Shift register, see Feedback shift register
Source of information, 1, 63, 169 ff., 184
alphabet of, 172, 185
approximation of, by a source of finite

order, 189 fT.
asymptotic equipartition property, 197,
223

ergodic, 197, 202, 207, 208, 223
Markov, 172, 185
indecomposable, 185
regular, 185, 202, 223
unifilar, 187: connection matrix of,
209; maximum uncertainty of, 209;
order of, 189 ff.; uncertainty of, 188
uncertainty of, 186, 219
Source-channel matrix, 215-217
Spectral density, of a random process, 250,
256, 282
States, of a channel, 46, 215, 230
of a Markov chain, 171
Stationary distribution, of a finite Markov
chain, 174, 181, 184
Stationary Gaussian random process, 250

Stationary sequence of random variables, 185
Steady state probabilities of a finite Markov

chain, 174, 176
effective determination of existence of,
180, 208

Stirling’s formula, 113
Storage requirements, of a decoder, 92, 161
Strong converse to the fundamental theo-
rem, 83, 223, 224
failure of, 225
for the binary symmetric channel, 124
for the time-discrete Gaussian channel,
246
Syndrome (=corrector), 94
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Uncertainty, 4, 8
average, 5
axioms for, 5 ff., 24, 26 (Problem 1.12)
grouping axiom, 8, 80, 81: generalized,
26
conditional, 19, 219, 229, 238, 241
convexity of, 54, 81
input and output, 50
interpretations of, 12 ff.
joint, 18-21, 238-240
maximization of, 17
for a unifilar Markov source, 209
n-gram, unigram, digram, and trigram,
191
of a discrete random variable, 5 ff.
of a discrete random variable given an
absolutely continuous random vari-
able, and vice versa, 241
of a function of a random variable, 26
of a Gaussian random variable, 240
of a language, 206
of an absolutely continuous random vari-
able, 236
of an information source, 186, 219
of a unifilar Markov source, 188
properties of, 16 ff.
Unifilar Markov source, see Source
Uniform error bound, 62, 66

Varsharmov-Gilbert-Sacks condition, 108,
122, 130, 131, 163, 225
Vector space, 126, 147

Weak converse to the fundamental theo-
rem, for the discrete memoryless
channel, 82, 307

for the finite state regular channel, 223
for the time-continuous Gaussian chan-
nel, 252
for the time-discrete Gaussian channel,
234, 245
Weak law of large numbers, 3, 130
exponential convergence in, 83
for regular Markov chains, 203
Weight, of a binary sequence, 102

“Yes or no” questions, 13, 14

relation to instantaneous binary codes,
40



