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Introduction

Even recently, one of the most surprising things in the mechanics and physics of solids
was why there was no individual mention of a solitary density wave or soliton — a
concept of crucial importance to contemporary science. The wave propagation model
seems to be universal for different branches of condensed matter physics, providing a
good sign of the existence of long and bulk solitary waves in solids. No one observed
this until 1988. The development of high resolution optical methods of wave detection
allowed scientists to assume that the problem was also theoretical.

The solitary strain wave propagation problem has been widely studied in theory
since the 1970’s, see Nariboli (1970), Kunin (1975), Ostrovsky and Sutin (1977) as
well as recent reviews by Engelbrecht (1983), Maugin (1994), and Samsonov (1994)
to name only a few. In parallel with the general interest in long strain solitons as
a new wave phenomenon in solids, one can recognize attempts to apply these waves
to the third order elastic moduli measurements, to the non-destructive evaluation
techniques, and to fracture and strain energy transition processes, etc.

When a powerful long strain wave propagates in a nonlinear elastic and bounded
solid, the curving of a wave front can increase rapidly right up to the irreversible
deformations appearance. This phenomenon, undesirable for the stability of solids,
can be balanced with the dispersion of the wave inside a wave guide, having a small,
finite but not infinitesimal cross section area that is in close correspondence with
similar balance in the shallow water wave theory. However, the velocity of a longitu-
dinal (density) wave in solids is much greater than in liquids and close to the shear
wave velocity that may be among the explanations of former unsuccessful soliton’s
observation in experiments in solids.

The mathematical problem of nonlinear elastic guided wave propagation can be
reduced to the coupled highly nonlinear partial differential equations, the p.d.e. A
question arises on how to extract the most simple but informative model p.d.e. suit-
able to describe the long nonlinear strain wave, detectable using modern registration
methods. One of the main differences in the physics of solids with fluid dynamics is
that even in linear one-dimensional wave problems the existence of longitudinal and
transversal motions with comparable velocities is to be taken into account. Tension
is also a distinctive feature of elastic solids, therefore a sign of deformation should be
important for the correct statement of the problem. Another difference to be consid-
ered is between the solitary and a weak (elastic) shock wave; the last will attenuate,
while the soliton should propagate without losses.

Therefore, in order to initiate the physical experiment one has to study:

xiii



xiv Introduction

e simplest reductions of the p.d.e.;

e types of travelling waves;

e those solutions of the p.d.e., which provide detectable signals;

e influence of inhomogeneity, impurity and dissipation in a wave guide;

e results of numerical simulation as the cheapest experiment;

e possible artifacts;
to clarify:

type of nonlinear elastic material to be used;

wave detection method;

wave generation method;

a method, applicable to the strain solitary wave observation;
and also to determine:

e experimental setup for generation and detection;

e budget limitations and time limits.

Hence, the more complicated the problem under study, the more simple, transpar-
ent and robust the experimental approach should be.

The advantages provided by contemporary numerical simulation of nonlinear waves
may not only lead to the successful experiments in physics of waves in solids but also
result in new data of nonstationary wave propagation, in details of generation process,
in prediction of the tentative limits for applications. Conversely, being very sensitive
about possible artifacts, computational data are expected to be verified, as much
as possible, by the genuine physical experiments. However, the main advantages
of solitary strain (or bulk density) waves, i.e., the permanent wave shape despite
dispersion in a wave guide and the ability to transfer an elastic energy for a long
distance with no significant losses, may be of crucial importance for physics and
technology.

Following Tvergaard (1997) in description of main scales in (micro)mechanics of
solids, we shall mention the following scales for behaviour of materials :

i) the Burgers vector proportional to 1071% m

Atomistic calculations (e.g., in metal physics) require a large amount of atoms,
then one will meet computer limitations in 107degrees of freedom, and a material
volume that can be studied in this scale is extremely small from the viewpoint of
nonlinear elasticity.

ii) the elastic cell size , i.e., the dislocation spacing of order 1077 = 107¢ m.

It is often used for models of inelastic deformations, however a number of disloca-
tions limits strongly a size of a material volume under consideration.

iii) size of grains or inclusions etc. is of order 107¢ + 107" m.

The main conclusion is that the continuum mechanics methods are very useful if an
”elementary” volume size is, at least, 1000 times larger than the Burgers vector. The
continuum limit of elasticity describes atomic lattice deformations, dislocation mo-
tions, void growth, microcrack formation, etc.

As an example, one can mention the ductile fracture, occuring due to nucleation
and an increase of small void until coalescence and macrocrack formation happens,
that involves large strains near the voids, ruptures and plasticity zone formation,
etc. A natural question is what is the cause of the large strain? To study an internal
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(macro)structure of solids (in particular, alloys, ceramics, polymers and glasses) much
attention is to be paid to purely elastic behaviour.

In this book, the main attention will be paid to the theory, simulation, generation
and propagation of strain solitary wave in a nonlinearly elastic straight cylindrical rod
under finite deformations, as the simplest guided wave dynamics problem. First, rig-
orous quantitative description of nonlinear wave in the three-dimensional continuum
is complicated, and to discover a qualitatively new phenomenon is useful to reduce
the space dimension of the problem. In the rod problem it may be done without
restrictive simplifications. Second, the solitary wave is a result of balance of nonlin-
earity and dispersion, and in a rod the nonlinearity is due to finite deformations and
elastic features of a material, whilst the dispersion is caused by the finite cross section
area. Third, the rod is expected to be the most suitable for experimental study of the
bulk solitary wave. Moreover, after experiments in solitons in rods, much progress
was achieved in long nonlinear wave theory and observation in complex wave guides,
plates and thin layers, that will also be considered.

Recently the nonlinear wave theory in rods was developed using the simplifications
based on some physical hypotheses concerning the type of an elastic deformation,
not on rigorous mathematical analysis and transformations of initial equations and
boundary conditions. It was quite probable in this way that not every factor was taken
into consideration in the problem’s statement. Moreover, nonlinear elasticity theory
equations are different in reference and current configurations, see Lurie (1980). It was
seen recently that in small (ca. 0.001) elastic relative deformations any refinements will
be small also and will not provide any qualitatively new phenomenon in deformation.
It is quite common in static problems. However, in wave dynamics, a moment exists
after which small adds will lead to big effects in wave propagation. Formally, a
distinction of the nonlinear wave problem is in the fact that the definition of the
functional type of the leading order equation of the asymptotic expansion arises in
the next order problem as the compatibility condition (or the condition of absence of
secular terms), in which the small disturbances will contribute.

The usage of the Hamilton principle as the main tool to derive the nonlinear
equation governing the wave propagation in a rod resulted in a new Doubly Dispersive
Equation (DDE) for the longitudinal bulk strain wave, containing two comparable
dispersion terms caused by proximity of shears and longitudinal strains in solids. The
next result was in proof of existence of allowed intervals of velocities, outside which
no solitary wave can propagate.

It led to the conclusion that the compression solitons may be excited by an initial
elastic pulse with transonic velocity — the crucial conclusion for further experimental
observation of them.

However, there are no ideal rods, and will the soliton exist in, say, a tapered or
uneven rod? It was studied thoroughly and resulted in the theory of soliton focusing
in geometrically inhomogeneous wave guides. The solitary wave may be amplified in
these wave guides, doubling its amplitude and velocity. The study of soliton propaga-
tion in different inhomogeneous wave guides was performed, as well as its attenuation
or focusing in rods embedded in external elastic medium. It was necessary to develop
the new approach to solve the corresponding DDE with dissipative terms, or, gener-
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ally, the nonlinear equations with dispersion and dissipation. New, explicit and exact
solutions were found, and the method was shown to be applicable to various nonlinear
problems. Numerical simulation was used as the main approach to model the nonlin-
ear wave excitation and its behaviour in non-stationary problems for complex wave
guides with inclusions, etc.

Real physical experiments in soliton generation and observations were based on
the theory developed. Additional problems were solved, namely, how to detect the
soliton, what material the wave guide should be made of and which pulse may be
transformed into a solitary wave without any irreversible deformations?

The simplest idea was to register the elastic waves by means of contact, e.g., by
the piezoelectric sensors. However, one cannot follow the evolution of the wave in
this case, and the sensor would influence the wave under study, due, in particular, to
scattering. Moreover, in the pressure estimations the error level is close to 30-50%,
and the bulk long density wave of small amplitude will be ‘differentiated’ by such a
sensor in two separated pulses located in its front and back, i.e., two different waves
will be registered. For all reasons, optical interferometry methods are preferable as
contactless and very sensitive. We used the optical holography methods that provided
us with two consequent holographic wave images, which keep the whole information
of the object under study. Both wave pictures reconstructed from these holograms
interfere, and one can see the changes in comparison with the stationary state. Hence
both light waves are going through the same optical path and will be distorted by any
optical disturbance identically. It means that in reconstruction these disturbances,
if any, will be subtracted in the final picture, which will contain the undistorted
information of the object.

The method proposed for soliton generation and observation seemed to be quite
fruitful. We studied the physics of the density solitons in different rods and plates
with various characteristics, as well as the reflection of solitons and focusing, and
solitary waves in layers.

The question arises, why may we call these waves discovered as the long strain
solitons or density solitons in solids? In part, the whole study was motivated by a
simple question: if the theory may be so well grounded and developed, why nobody
observed solitons in solids, except in virtual reality?

In this book we try to prove the existence of these intriguing nonlinear wave
phenomena in solids.



Preface

Calm is the master of move
Dao De Jing, 26
(Ancient Chinese philosophy)

The intriguing combination of the theories of physics and mechanics of solids, the
lack of observation of elastic solitary waves in practice, and the possible application of
general nonlinear wave theory to basic models of nonlinear mechanics and elasticity
led to the studies on which this book is based. It was necessary to improve the existing
theory, understand how to construct a powerful deformation pulse in a wave guide
without plastic flow of material or fracture, and eventually propose a direct method
of strain soliton generation, detection, and observation.

Solitary waves in shallow water have existed since water first covered the earth.
The first documentation of the existence of shallow water waves appeared in 1834
when J. Scott Russell wrote one of the most cited papers about what later became
known as soliton theory. Russell observed propagation of a solitary wave in the narrow
Glasgow-Edinburgh canal that is still in use today. Many enthusiasts tried later
to generate solitary water waves under natural conditions, but it wasn’t until 1995
that participants in the Nonlinear Wave Symposium at the Heriot-Watt University in
Edinburgh successfully construct such a wave in the canal.!

Russell noted in 1834 that solitary waves keep their shapes, move with constant ve-
locity proportional to their amplitude, and recover completely after head-on collisions.
In 1895, Korteweg and his pupil, de Vries, derived an equation describing shallow wa-
ter waves. They proved that nonlinearity and dispersion achieved the balance that led
to the generation of a stable wave which can propagate over long distances without
changes of shape or velocity.

Kruskal and Zabusky coined the term soliton in 1965. They studied the waves in
nonlinear chains, and applied the KdV equation together with periodic boundary and
initial conditions to describe the recurrence problem. They found that solitary waves
passed through each other without change of form and with only a small change in
phase, i.e., the waves exhibit the particle-like behaviour.

The writings of Ablowitz, Calogero, Faddeev, Flashka, Kruskal, Lax, Miura, Novi-
kov, Newell, Phillips, Scott, Zabusky, Zakharov and others about general nonlinearity,
internal water waves, nerve pulse dynamics, ion-acoustic waves in plasma, and pop-
ulation dynamics explained much to experts in nonlinear science, but did not cover
the great variety of nonlinear phenomena in existence.

! A wonderful collection of photographs of the event can be found at www.ma.hw.ac.uk/solitons

X
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A

The shallow water soliton on the Scott Russell Aqueduct on the Union
Canal near Heriot-Watt University, Scotland, July 12th, 1995.

Despite many experiments in seismology and acoustics, little progress was made in
studying the nonlinear stresses and strains present in solids. After the first attempts to
base a theoretical description of a bulk soliton in a solid on the KdV equation model,
it became clear that ultrasonic generation of waves and theoretical estimations of wave
parameters were not appropriate. Long and bulk solitary deformation waves in elastic
wave guides have been observable only on paper as late as the 1980s.

Short modulated (often called envelope) solitary waves governed by the nonlin-
ear Schroedinger equation were widely used in work on the physics of solids and
on nonlinear acoustics. Another soliton in a solid ball chain discovered by Frenkel
and Kontorova (1938) became the standard for crystalline lattice models. Solitons in
solids were found to be nonlinear, quasi-stationary localized strain waves propagating
along an interface (internal solitary waves) or inside wave guides (density solitons).
Modern development of wave theory led to thorough studies of nonlinear dynamics
of condensed matter, particularly of nonlinear elastic solids. New and intriguing phe-
nomena like solitary waves and breathers were discovered, but much work remained
to be done.

A soliton propagates without change of shape in a uniform wave guide, but its
shape will vary in the presence of inhomogeneities. Focusing may occur, and the
amplitude of a soliton will increase while its width will simultaneously decrease. The
localized area of plasticity may arise, resulting in fracture of a wave guide.

The study of the behaviour of such waves has become important for scientists
assessing the durability of elastic materials and structures, developing nondestructive
testing methods, and determining physical properties of conventional materials like
brass and steel and new elastic materials, particularly polymers. Another possible ap-
plication of strain nonlinear waves relates to their retention of shape properties despite
the dependence of amplitude, velocity, and other parameters on the material prop-
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erties of an elastic wave guide. This characteristic may be important in developing
nondestructive tests for pipelines because bulk waves satisfy detection requirements
more easily and effectively than surface strain waves. Furthermore, nonlinear elas-
tic waves (e.g., solitary waves of strain) are of considerable importance in studying
seismology, acoustics, and the mechanics of impact. Knowledge of the theory and
experimental techniques can also apply to the physics of fracture, introscopy, investi-
gation of sudden destruction, long distance energy transfer, vibro-impact treatments
of hard materials, and other engineering problems.

The aim of this book is to present the general theory of wave propagation in
nonlinear elastic solids, taking into account modern mathematical physics principles
including the nonlinear theory of elasticity. Another goal is to demonstrate how
basic principles of theory can provide successful experiments in physics. It introduces
researchers and graduate students in mechanics and condensed matter physics to
current nonlinear wave science and modelling of various physical effects in solids. I
hope it will stimulate interest in studying nonlinear wave dynamics in dissipative
and/or inhomogeneous wave guides. These areas of study are of great importance
in the fields of theoretical and experimental nonlinear physics of solids, nonlinear
mechanics, and several engineering disciplines.

Many people contributed to the writing of this book. I am pleased and happy to
thank, first, my co-authors, co-workers, and friends, Drs. G.V. Dreiden, A.V. Porubov,
L.V. Semenova, and E.V. Sokurinskaya for all their work and advice over the last 15
years. Their friendships and the guidance they provided from their unique areas of
expertise contributed greatly to our successful studies. I am indebted to my esteemed
friends and colleagues, Professors V. Babich, V. Babitsky, D. Crighton, J. Engelbrecht,
D. Fusco, V. Golant, O. Konstantinov, G. Maugin, L. Ostrovsky, Y. Ostrovsky, V. Pal-
mov, O. Rudenko, L. Slepyan, V. Zakharov,and N. Zvolinsky for providing valuable
insight, astute criticism, encouragement, discussions, and invitations to seminars and
conferences over the years. I also want to thank Professor Jeffrey, the first reader of
this manuscript, for his thorough review and helpful advice.

I dedicate this book to my late parents. My work on solitons in solids could not
have been done without their support, encouragement, and patience.
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Chapter 1

Nonlinear waves 1n elastic solids

1.1 Basic definitions

There is no exhaustive definition of a wave, one the most common phenomena of
nature, and for this reason we will adopt the one used by Truesdell and Noll (1965):

A wave is a state moving into another state with a finite velocity.

This definition is refined often as: A wave is a state moving into another state
with a finite velocity and transferring energy.

Therefore, from the general viewpoint a wave is a moving state and at the same
time a motion itself. The energy transfer is typical for wave motion, whilst no sub-
stance motion is assumed. Physical intuition allows one to pick out the wave motion
as a multi-faceted and intriguing physical phenomenon quite definitely in various nat-
ural objects and to note the uselessness of unflexible and rigorous set of definitions.
Evidently, it is necessary to enter into details for any kind of further study and to
discover general features of and general ideas to describe wave propagation in solids.
Considering motions of any bounded object, one can subdivide motions in two fami-
lies, at least, depending on whether the object moves as a whole (note the pendulum
oscillations), or if it remains in the vicinity of an average position in space and time,
e.g., violin string vibrations. To underline the relativity and imperfections of defini-
tions, we have to note that a motion can be attributed to both classes simultaneously,
just like an ocean wave goes to shore, while an elementary water volume (or particle)
oscillates in two orthogonal directions in the vicinity of an average state.

A solid as the substance is defined, as a rule, in several ways. Following Lurie
(1980), one can describe a solid as a material volume, having a definite shape and
resisting every forces, that tend to change its shape. Kunin (1975) proposed to define
a solid as a crystalline material composed of a lattice of atoms with some symmetry.
First definition is used in macroelasticity theory, the second is important for solids with
microstructure (the momentum theory), however, both are not exhaustive. Indeed,
the nonlinear elasticity of solids is based, still implicitly, on a model of elastic potential
of atomic interactions, while the second definition seems not to be rigorously applicable
to amorphous, porous or granular solids. However each of them has highly nonlinear
elastic features.



2 Nonlinear waves in elastic solids

Depending upon a kind of a condensed matter, the mechanical energy can be
accumulated in a kinetic form, or a potential one, or both. The last case is typical
for a massive solid resistive to both the deformation process and the motion itself. In
these solids, an energy transfer is provided by the atom’s motion near an equilibrium.
Moreover, we will consider here wave propagation caused by an initial perturbation of
a solid, whereas, in general, an excitation could be initiated also by means of so-called
self-organisation process during a finite time interval.

Some types of waves can accompany acousto-optical, thermomechanical, biome-
chanical and other complex physical phenomena in solids. They cannot be analysed
in the framework of solid mechanics only, but in the coupled field theory; however the
corresponding well-posed problems will contain necessarily the mechanical statement.
For further details we will refer to papers by Eringen and Maugin, 1990; Fusco and
Jeffrey, 1991; Maugin, 1994. Strongly nonconservative systems will not be analysed
here, while some attention will be paid to the weakly dissipative elastic interactions,
that seem to be typical for elastic bodies imposed into an external medium.

We will consider the wave motion that can be characterized by an initial excitation
as a source of a motion, and energy and momentum transfer, but not a mass transfer.
Several restrictions are to be included into consideration before we will be able to
describe even generally the object under study. Concerning elastic waves, it is quite
common to interpret the general definition as the absence of any motion of an elastic
medium as a whole, then any local disturbance that is moving to a neighbouring point
during a finite time interval (not infinitesimal), i.e., with finite phase velocity.

The next step is to introduce an isotropic elastic medium and to define two types
of waves. Longitudinal waves are those in which a particle moves along the direction of
propagation, whereas the motion is perpendicular to it in transverse waves. Waves are
assumed to be uncoupled in linear elasticity; therefore longitudinal waves are called
as the extension, or the compression, or the dilatation waves, while transverse waves
can be the shear, or the rotational, or the equivoluminal waves, etc. For solids with
free surface (that means usually a surface between condensed matter and air, or an
interface of two condensed media with remarkably different densities) one should take
into consideration the possible existence of the Rayleigh waves, also, in which a particle
motion is parallel to propagation direction and perpendicular to the interface. The last
waves vanish with the distance from the interface exponentially. Again, one should
mention the relativity of definitions. Advanced theories of elasticity do not exclude
possible coupling or polarization effects (see, e.g., Bland, 1969, for details) and deal
with waves in bounded elastic structures like rods, plates, shells, frames, multi-body
structural elements, etc., to say nothing about elastic nonlinearity influence.

We will describe the basic terms of wave motion using the partial differential equa-
tions theory. A wave is characterized usually by its profile and velocity. Only finite
velocity waves will be considered here, and we will often refer to the water surface
waves as visual aids. The profile of a wave can be either smooth or discontinuous,
and from the physical viewpoint it depends upon the scales for space and time (and,
therefore, for velocity) used for the phenomenon description: we can mention here
the crack propagation as the smooth and the finite speed motion of the strong dis-
continuity inside a solid, resulting in the free surface. Formally one can define a weak
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discontinuity as that appearing in the highest order derivative in corresponding differ-
ential operator, while the discontinuity in a low order derivative results to the strong
discontinuity of a wave profile or to an impact type of wave. Obviously, it corresponds
to boundary and initial conditions defining a wave propagation problem together with
an equation.

In many cases the profile of a wave can be described in time ¢ and space coordi-
nate x separately; however there are progressive waves, often called travelling waves,
propagating with a velocity V' and having a profile depending on linear combination
(x &£ Vit). The last is usually called the phase variable. From the physical view-
point these waves are of crucial importance due to comparatively simple experimental
arrangements necessary to generate, detect and observe them.

1.1.1 Wave terminology

Following any textbook on wave dynamics, one should begin with the one-dimen-
sional in-space wave propagation problem governed by the scalar hyperbolic p.d.e.
written for a field variable u(x,t) in the form

Ut — VQ'LL;C;C =0. (11)

for the wave having constant velocity V. It has the well known general solution:

u= fi(z —Vt)+ falx + V1) (1.2)

where both arbitrary functions fi, f; , defined in C?, constitute the d’Alembert wave
solution. It contains the only dependence of two linear combinations (z &+ V't) for any
initial and boundary conditions, i.e., it represents the travelling (progressive) waves of
constant size and shape, propagating in two opposite directions. Writing the solution
(1.2) explicitly in an amplitude dependent form of a harmonic wave with k as a wave
number and w as a frequency,

u = Acos[k(z + wt/k)], (1.3)

one should identify the phase velocity equal to V = w/k. If it is constant for any k,
waves are called non-dispersive, if not, then a relationship V' = V(k) is not trivial,
and waves with different wave numbers propagate with different velocities, i.e., they
disperse. The relationship

w=Q(k) (1.4)

is called the dispersive relation. Then dw/dk # 0 and the second quantity, having the
dimension of velocity, namely, the group velocity arises as

¢y = dQ/dF, (1.5)

that is equal to the energy transfer velocity caused by wave motion; see, e.g., Lighthill
(1965) for further details and Bland (1969) for useful examples in elasticity. Evidently,
V = w/k is not necessarily equal to c,, moreover they may have opposite signs.
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The dispersion relation demonstrates how various components of the Fourier de-
composition of any initial wave propagate at different velocities, that lead to the
variation in a wave shape.

Nonlinearity in any dynamical system provides a new feature of a wave velocity,
namely, a possible dependence of it upon the field variable itself,

g — V() gy = 0. (1.6)

Therefore a solution continuously changes its profile up to a weak shock (discontinuity)
formation, that starts to propagate with different, and usually bigger than V', velocity,
see (Drazin and Johnson, 1989). For example, assuming V(u) = a + u, a - const,
one has a solution in a form u = fi[z — (a + u)t], evidently varying with = and ¢.
Moreover, some waves can propagate with amplitude dependent velocity, and in order
to generate such a wave with stable or even constant profile the nonlinearity should
be balanced with an ‘inverse’ phenomenon taken into account, e.g., with dissipation,
or dispersion, or with the cumulative (hereditary) features of a medium. Dissipation
is usually defined as the corresponding exponential decay factor in a wave solution
(1.3), and occurs if the odd order derivatives are included into consideration in the
hyperbolic model (1.1). When V = w/k = c¢g, both the medium and the wave
propagation model are neither dispersive nor dissipative.

Wave profile can be either smooth, u € C? for (1.6), or discontinuous, which is
in its turn either weak or strong, depending on the highest order of a discontinuous
derivative in a equation. The strong discontinuity, often called a shock, appears when
this order is less than the highest order of a derivative of a field variable involved in
the differential operator. The weak discontinuities are referred to as the acceleration
waves; see (Truesdell and Noll, 1965). Moreover, profiles can be of an impact type,
of oscillating type, or represent the solitary wave, first observed by Russel, (1834)
in shallow water and found by Korteweg and de Vries, (1895) as the solution to the
corresponding new nonlinear equation, derived by themselves and are become the most
important one in the nonlinear wave propagation theory. The solitary wave occurs as
a result of a balance between nonlinearity and dispersion (and/or dissipation) and it
will be of main interest throughout the book. Here we just mention some different
profiles such as the bell-shaped solitons, the kink-shaped solitons (see, e.g., Drazin
and Johnson, 1989; Dodd et al, 1982; Bullough and Caudrey, 1980, to name only a
few) and even the asymmetric solitary waves (Engelbrecht, 1991).

Considering the simplest linear Klein-Gordon equation for an unknown ¢(x,t) :

one has a dispersion relation
w= w(k)=xvm+ k? (1.8)

The phase velocity defined as ¢,;, = w/k describes how a surface of constant phase
moves, while the group velocity c¢g = dw/0k, describes how fast the bulk of the wave
propagates. The word “dispersion” means that for real w linear waves of different k
will have different c,, and cg, and components of the wave will spread or disperse
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Figure 1.1: For k — 0 w(k) tends to y/m not to zero for the linear Klein-Gordon
equation.

during propagation. This means that c,, and c; are k—dependent for m # 0,while
for m = 0, this is not so in (1.7).

Another useful example of the (nonlinear) wave equation is the dimensionless non-
linear double dispersive equation (DDE):

Uy — Uge = (U? + AUyt + DUy ) za; @, b — comst, (1.9)
that will be derived below and is, to some extent, close to the first Boussinesq equation:
Uy — Ugy = (U? + QU)o (1.10)

and to the nonlinear string or the second Boussinesq equation (as a rule, b < 0):
Ugt — Ugy = (U 4 Dligy) - (1.11)

Evidently, the dispersion relations determined as w = w(k) for u o< expi(kz — wt) are
different for these equations, as it is shown in Figure (1.2): Note that the dispersive
relation analysis is applicable for small £ only; that is a serious limitation of the

approach.
The phase velocity for (1.9) is
/1 — bk?

=4/ — 1.12
Cph 1+ ak? (1.12)

and the group velocity may be written as:
1 — 2bk? — abk*

C =
¢ (1 + CL]CQ)Cph

For different values of a and b one can easily calculate both velocities for the double

dispersive equation and for both Boussinesq equations; see Figure (1.3). Finally, the
group velocities are shown for the same equations in Figure (1.4). Note the negative

(1.13)
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Figure 1.3: Phase velocities for: 1) 1st Boussinesq eq. with a = —2/3,b = 0; 2) DDE
with a = —2/3,b = 1; 3) 2nd Boussinesq eq. with a = 0,b = 1.
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Figure 1.4: Group velocities for 1) 1st Boussinesq eq.; 2) DDE; and 3) 2nd Boussinesq
eq. with the same values a and b, as above.

values of cg even for £ < 1; it means that, in general, waves with negative energy
may propagate in the system considered; see, e.g., (Ostrovsky, Potapov, 1999). Some
of these waves could propagate without energy transfer:

cg=0w/Ok =0 for cpy=w/k=1/(a—0b)/(1+ak?) #0.

Therefore the wave energy may be ‘locked’ or, probably, go back in a hyperelastic
solid while the nonlinear wave itself propagates in positive direction of x.
We shall show that the DDE has a solitary wave bell-shaped solution in the form:

A
_4a —2
u—2cosh AT T a) 10

<xit\/1+A>, (1.14)
and similar solutions for the Boussinesq equations may be found from it. Zakharov
(1973) found the Lax pair and the wave collapse for the nonlinear string equation
(a=0,b<0).

A brief description of the main features of waves and wave terminology above is
not complete. Moreover, the exhaustive list of references related to the topic would
be long enough, therefore further consideration will have to be more specific.

1.1.2 Deformation and strains

To consider processes in deformable solids, we begin with the postulates of existence
of a continuum and their initial state. This state will change with time due to loading
forces, therefore to define the relationships between initial and current (or actual,
as it is often referred to) configuration of a continuum, one should introduce defor-
mation as a process and strains as its result. For a solid it means the variation of a
volume and a shape due to loading. We will follow the Lagrangian formalism, avoiding
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any kinematic description and concentrating on phenomena occurring in time inside
solids, neglecting a rigid body motion of themselves. Therefore, one has to describe
a deformation process or, in particular, a wave motion, in terms of initial coordinates
of each particle of continuum. A macroscopic description of an elastic continuum will
be used as well as the postulate concerning the deformation as a reversible process.

Let us introduce briefly some fundamental concepts of tensor calculus in applica-
tion to the continuum mechanics. The location of a particle in an initial configuration,
v, defined in the 3-dimensional space by the triad {xy}, k = 1,2, 3, is described by
a vector-radius r(zy,x2,z3). The current configuration, V', in time ¢ > 0 is defined
by another vector radius R(xy, 29, x3;t) and resulted from a continuum’s motion, or
the displacement of particles, that allows us to introduce the displacement vector
u = R — r. The following formal introduction is aimed in part to demonstrate that
one of the main sources of nonlinearity is in intrinsic features of deformation process,
no matter in which coordinates it is described. We will concentrate mainly on quan-
tities defined in the initial state v due to the relative convenience of deformation
description and strains.

The vector basis is a set of three non-coplanar vectors rg, and the orthonormal
triad i, is the vector basis, such as 1is- iy = 1 for s = k, else is- i; = 0. Mutual
vector basis is defined as the triad r® with components, depending on a volume w of
a parallelepiped, built on three basic vectors r, :

r' = (ry x r3)/w, r* = (r3 x r1)/w, ¥ = (r; X r3)/w, w=7r1.(ry X 13).

Two scalar products g, and ¢°* for vector bases in v, the initial r; and the mutual
one, r’, can be introduced by the vector triads:

Ty Ty = g, I° - 1% = g°F, r’-r, =065 =10, s#k;1, s=k}.

Then ry = Or/0z,,v° = g°*r), and consequently R, = OR/dz,, R® = G**Ry, in
the current configuration. Obviously, there is no difference between two vector bases
for the orthonormal triads.

Consequently, one can introduce the deformation gradient as a tensor VR defined
in the current configuration through the vector gradient operator V), defined in the
initial configuration,

0 Oa
Vo=r'—, Voa=r'=—— = r’ - r*V,, 1.15
0=r'55 Vo o 5Ok (1.15)
that is applied to the basis R in the current configuration. Conversely, the tensor Vr,
defined in an initial configuration, is a result of an application of the vector gradient
(defined in current configuration) to a vector basis in the initial state'. Both tensors
can be described as the inverse to each other:

ViR =(Vr)™", Vr=(V,R)™ (1.16)

'We are aiming to reduce the number of indices in the final statement of a problem in the initial
state.
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while, obviously, for the vector basis and the vector gradient, both defined in the same
configuration, we obtain the tensor unit:

VR =Vor =E.
Differentials will be expressed as follows:
dR =dr - VoR, dr =dR - Vr,

Both vector gradients can be transposed. Marking them with an upper index T
we introduce the deformation measure tensors G and g as follows:

ViR (VR)'=G, Vr- (Vr) =g.

The first one is called as the Cauchy-Green deformation measure tensor and de-
fined in an initial basis, the second is named after Almansi and defined in the current
basis. In no way are they equal to the tensor unit E , except the case of a rigid body
motion.

Applying (1.16) to the displacement vector u , we obtain

VoR=Vor+Vou=E+ Vju
then
G=(E+V,u)(E+V,u")=E+2e + Vou-Vou" =E + 2C, (1.17)

where ey = (Vou + Vu?) /2 is the linear deformation tensor, while C is the Cauchy-
Green deformation tensor, defined in an initial configuration. Finally we have for

C:
1
C :§(V0u + VouT + Vou : VouT). (118)

Its invariants (the numbers) are determined as usual:
L(C)=tr C, I,(C)=(1/2)[(tr C)* —tr C?¥, I5(C)=detC (1.19)
and can be expressed in terms of invariants of the measure tensor G as
L(C) = (1/2)[1(G)=3], [(C) = (1/4)[[2(G)-2L(G)+3],
I(C) = (1/8)[[3(G) — I(G) + L(G) — 1.

It is important to express some quantities, having transparent physical interpretation,
in the introduced terms. In particular, in Cartesian coordinates x; the components of
C can be expressed as follows:
1 Ou; Ou’
e = o + =~ I

! 09 oxt Ok
where e ;; are components of the linear deformation tensor. It can be shown that
the main relative extension is equal to 6y = (dSx — dsg)/dsy = /Gy . The volume
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extension D is a relationship of a difference in elementary volumes (dV — dv) to the
initial elementary volume dv, and it equals to

D=(dV — dv)/dv = /T5(G) — 1 = /T + 2I,(C) + 415(C) + 815(C) — 1

This equality can be expressed in terms of three main components Cy of C as follows:

D=y/(1+2C) (1 +2C,) (1 +2C5) — 1

that is, in each volume element the deformation can be considered as an aggregate of
three independent deformations along three orthogonal directions-three main axes of
tensor C. Note that a reduction of a tensor to main axes in any prescribed point does
not necessary mean that it is diagonal in other points.

1.1.3 Stresses

Let us assume that in an undeformed body all molecules are in thermal equilibrium,
and all parts are in mechanical balance. Being deformed, a solid becomes unbalanced,
that results in internal forces, which are mentioned as internal stresses, caused by
internal molecular interactions. The radius of action is assumed to be very small for
these stresses in classical elasticity, that is, free from any electrical or other coupled
field consideration.

Let us define for the initial time moment ¢ = 0 the Lagrangian coordinates {zy},
for material particles of an elastic medium, that occupies a volume v and has the
density p,. When for ¢ > 0 this coordinate system will be deformed, following the
medium particles, it provides variations of volume to V" and density - to p, respectively.

The following conservation laws will have to be postulated as the cornerstones of
the theory in mechanics of solids. To derive any governing equation one should take

into account:
/podv:/pdv (1.20)
v 1%

i) conservation of mass:
then in differential form,
po/p =dV/dv=J(r;R) (1.21)

that is equal to the Jacobian of a medium transformation from the initial configuration
r to the current one, R. In other words, the deformation is one-valued, and the
differential form (1.21) of mass conservation can be called the continuity equation.
Moreover, to introduce stresses, one should formulate:

i) the balance of momentum in the form:

V- T+ py(k —a) =0, (1.22)

where k is a bulk force per mass unit and a =dv/dt is the acceleration vector, V
is the deformation gradient (i.e., the tensor) multiplied to the Cauchy stress tensor
T, defined in current configuration. The significance of introduction of T is that the
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stress vector t on a small element of area, having a normal IN , can be found by means
of the Cauchy formula:
t=N-T.

The tensor T is symmetrical, and the normal stress oy across an elementary area
NdS is defined as the scalar product oy = t- N=N-T - N. In the Cartesian
coordinates the physical stresses are identical with the components of T.

The formal problem of the stress determination is that the actual configuration
appears as a result of deformation process and cannot be determined before loading.
To solve it, one can introduce the Piola-Kirchhoff stress tensor P (or the Lagrangian
stress tensor) defined in the initial configuration that can be evaluated in terms of
the vector gradient transpose Vrl, and the square root of the determinant of the
Cauchy-Green deformation measure tensor G, defined in (1.17),

=+/G/g Vr-T, (1.23)
because from (1.21) one has det G = G/g = (dV/dv)?. The balance of moment of
momentum in local form for non-polar material leads to the symmetry of the stress
tensor P components. We will not consider the so-called polar media, in which at any
surface there is also moment stress vector in addition to the stress vector. Details,
which are necessary to derive the polar medium equation, can be found elsewhere
(Bland, 1969; Lurie, 1980; Maugin, 1988).

An elementary work 6 A (not a variation!) of external both mass and surface forces
on a wvirtual displacement 6R. of particles from an initial to a current configuration of
a volume V is defined as:

EA:///pk-éRdv+//f-5Rds. (1.24)

Transformation of integrals to those defined in the initial configuration v, with
(1.23) being taken into account, yields

ZS’A:///pok-éRdv+//n-P-5Rds: (1.25)

:///(p0k+V0 5Rdv+/// (VooR) dv
:///P--éVORTdv,

where (1.22) and (1.23) were used together with transposition property of V and
variation 6, namely, V(0R =6V R. There is no variation of an initial state: ér® = 0.
The operations V and ¢ cannot be transposed: VOR = VrV 6R = VréV(R; see
(1.15).

The integrand in the last integral in (1.25) is an elementary work per unit volume
of initial configuration, namely, da.
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Taking the motion equation (1.22) into consideration, one should substitute the
virtual displacement 6R by means of a real one dR = vdt and write from (1.25):

%:/V//pk-vdwé/t-vdsz/V//(pk+V-T)-vdv+/V//T--Vdev:
///—vdV+ /// (V! 4+ V)V,

Here the symmetry of T was used. Evidently, the first term of last expression repre-
sents the material time derivative of kinetic energy K:

w= [ g om=] [ g oe=zg | [ oo

while the second one represents the power A in terms of T and the Piola tensor P
respectively:

N = /// (Vvl +Vv) V:%///P--VVT-VORTdU

Therefore the work of the external both mass and surface forces per time unit is equal
to the sum of power and time changes of kinetic energy for an elastic substance.

In addition to (1.21)-(1.23) one should formulate also the energy conservation
and the entropy inequality. Aiming to formulate the final equations in terms of dis-
placement or strain components, we will discuss them below in proper cases; formal
expressions of them are not of major use.

1.2 Physical and geometrical sources
of nonlinearity

There are several sources of nonlinearity that affect the elastic wave propagation.
Starting with a brief outlook, we mention the structural and kinematic nonlinearities.
The first is well known after any physics textbook, namely, the Coulomb friction force
discontinuously depends upon the body slip velocity, see also Crandall (1974) for
other examples. Engelbrecht (1994) provided the examples of kinematical nonlinearity
which occurred in the compound motion of solids or in rotation dynamics of rigid body.

In both cases it can be compared with the convective terms in the Navier-Stokes’
equations in fluid dynamics arising from the duality of velocity with respect to the local
and absolute inertial reference frames. Combined and complex nonlinearities should
be mentioned, also, provided, e.g., by thermal processes influencing the mechanical
stress field, or by pre-stressing of a material, or by viscous liquid- solid interface
interaction.
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These sources of nonlinearity will not be, however, of key interest for us in contrast
to the intrinsic or material nonlinearity of elastic solids as well as the nonlinearity of
deformation itself. That will be of most importance for nonlinear wave propagation
theory under consideration.

Table 1.1 Stress-strain relations, after Bell, (1973)

Elasticity law Author Proposed usage
o= ae Hooke (1678) metals

e=ao™ Bernoulli (1694) general

o =aexp(—1/e) Riccati (1731) general

€ = ola + bexp(mo)] Poncelet (1839) brass in tension
€2 = ao® + bo Wertheim (1847) organic tissues

o = ac+ be® + ce® + de*  Hodgkinson (1849) cast iron

o = ac+ be* + ce? Cox (1850) cast iron

€ = ao + bo? + co? Thompson (1891) metals in tension
e =exp(ao) — 1 Hartig (1893) India rubber

The famous Hooke’s law stated the following linear stress-strain relation: o = ae,
where o is a stress and € is a strain caused by the stress and proportional to them
with a coefficient a representing the intrinsic material’s constant.

Bell (1973) described the detailed history of study of the nonlinearity of materials.
To illustrate it we refer to his data given in Table 1.1. As it clearly seen, long before
the understanding of nonlinearity of real fluid motion and the famous J. S. Russel’s
experiments on solitons on shallow water, the concept of nonlinearity of materials was
widely discussed in previous centuries as the alternative to the Hooke law.

Therefore, for almost three centuries, elastic materials were considered as nonlin-
ear substances, and the Hooke law seemed to be valid for very small deformations,
unless otherwise stated. The nonlinear stress-strain dependence, e.g., according to
the Hodgkinson law, can be caused by internal sliding of either long molecules, in
polymers, or of thin layers in polycrystalline solids. Naturally it is required to analyse
the microscopic structure of solids.

Thus, linear theory is well grounded on the initial stage of deformation process, when
strains are small enough, see, e.g., Figure (1.5).
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Figure 1.5: Schematic diagram for a stress-strain relation for linear (a) and nonlinear
(b) elastic solids.

The postulate of elastic material existence should be added by an existence of stress
‘potential’ V as the function of the vector gradient VoR or any of the deformation
measures. Evidently, the potential energy of deformation will be defined as

U:///Vdv

The variation of V is to be equal to the elementary work per volume unit made by
external forces on the elastic material deformation. The existence of U means that
an elastic body can accumulate the external forces’ work when loaded. The concepts
of V and U can be connected with the Helmholz free energy and the internal energy.

Nowadays it is known from physics of crystalline lattice that the atoms’ interac-
tion inside a solid is generally governed by the potential? function, that was initially
introduced by Morse (1929):

V(z) = Volexp(—2azx) — 2 exp(—ax)], (1.26)

in the different problem of quantum mechanics of an electron motion, where both
a and (—))y) are constant, and the last is the potential hole depth. Later it was
shown, (see, e.g., Valkering, 1978) that this highly nonlinear potential function governs
precisely the nearest-neighbour interaction in an anharmonic lattice of the atoms in
a diatomic molecule of a solid in a continuum limit. Exact solutions for elasticity

2 A caution: a potential in atomic interaction theory differs from the potential energy by a factor,
namely, by an electron (particle) charge only, and for this reason physicists use the term potential for
brevity. There is no real charge in continuum mechanics, therefore one should introduce the potential
energy of interaction, appropriately normalized, instead of interaction potential itself, essentially,
when a model is subjected to generalize to the continuum limit.
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Figure 1.6: Potentials of Toda (a) and of Morse (b,c).

problems described by this interaction potential are still unknown. However it turns
out that many problems of nonlinear elasticity, introduced by different approaches,
are governed by the corresponding approximations of the Morse potential.

Another lattice model is based on the potential function, prescribing an exponen-
tial interaction also:

V(z) = (a/b) exp(—bx) + ax, (1.27)

often called the Toda potential (Toda, Wadati, 1973). Evidently, it admits the linear
growth of an interaction potential for x — oo, and for this reason it provides a model,
which application is more restrictive from the general view point of physics of atomic
lattices. Both constants are to be given as ab > 0 , then V(x) > 0, therefore in order
to have a necessarily negative value of a potential for z = 0 one should add a negative
constant, as shown in Fig. 1.6, that is required to be well grounded from a physical
basis. Moreover for x < 0 the Morse potential tends to infinity much more rapidly, as
it must be for the lattice model with nearest interactions taken into account.

Nevertheless, for small perturbations, a lattice will be linear with a spring constant
k = ab, for bigger - the potential can approximated as the cubic polynomial, V(x) =
abx?/2 — ab3x3 /3 + ... with respect to the relative atomic distance.
The main advantage of the discrete lattice nonlinear model, introduced by Toda,
(1981) is that it can be integrated explicitly by the inverse scattering transform,
moreover in the continuum limit the corresponding equation is reducible to the famous
nonlinear Boussinesq equation, having bi-directional wave solution, see, e.g., Rosenau,
(1986).

It is well understood now that various hyperelastic continuum models of real ma-
terials should be based on the corresponding limits of atomic lattice models. The
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interaction lattice potential, and, consequently, the potential energy of deformation
both will have to contain not only terms of the second order with respect to the
distance between atoms but also the higher order terms. Only for sufficiently small
and one-dimensional longitudinal lattice displacements , i.e., variations of interatomic
distance, the energy can be approximated by means of a parabola, and strains will
be linear in displacement gradients, respectively. Otherwise one should consider the
often called ”physical” nonlinearity of solids.

Several points can be outlined here.

Firstly, despite a common experience with erasers and child’s catapults, not only
for rubber-like materials but even for metals, the physical nonlinearity should be taken
into account, see, e.g., Parker, (1984). For copper and iron, brass and lead, the next
order elasticity values are much larger then the Lamé constants, and therefore may
provide the relative increase in potential energy up to 20% for very small values of
the second order terms in tensor C, as shown by Pleus and Sayir, (1983). Similar
behaviour of granular and porous materials was discussed also by Wright (1984) and
Nesterenko (1992).

Finally one can conclude that the expression for potential energy density should
remain fully nonlinear in the statement of dynamics elasticity problem, unless a cor-
rectness of any particular linear approximation can be proven. In other words, the
condition for small displacement gradient | OU;/0x; |<< 1 does not necessarily lead
to the relatively small addition in strain quantities, (Unoniin — Wiin)/Win << 1, see
(Parker, 1984), that was typical for linear theory of elasticity, and the reason for
discrepancy consists, at least, of possible large intervals of time.

For usage of variational principle it is assumed to be given the volume density
U of internal energy as the function of entropy S and invariants I of any tensor of
deformation, all are defined for an adiabatic process of deformation. Another thermo-
dynamic potential can be considered also, e.g., the Helmholz free energy F is useful
for isothermic (thermoelastic) deformation problems consideration, see (Engelbrecht,
1983; Maugin, 1994).

1.2.1 Elastic potentials and moduli

It is a complicated task to describe concisely main ideas of mathematical and physical
treatment of nonlinear elasticity problems. The best solution seems to refer from
the very beginning to well known books by Antman (1995); Lurie, (1980); Maugin,
(1988); Eringen and Suhubi, (1975); Engelbrecht, (1983), and some others, inspiring
any diligent reader with a not so simple introduction and recent developments in the
topic. Nevertheless, concentrating on nonlinear guided wave problems, we will have
to repeat general viewpoints of nonlinear elasticity theory®. The introductory notes
given here are necessary to simplify an explanation and will be used to reveal the
object under study, and to refer to further reading, and to discuss some important
problems besides an explanation.

3 Brief repetition never can be a substitute for the genuine treatise on the theory, and we may
recommend for newcomers to start with the books in nonlinear elasticity.
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Our aim is to introduce and to apply the Hamilton principle in order to derive
the (nonlinear) equation governing the wave propagation in a nonlinearly elastic solid
wave guide from the first principles. To do it one has to introduce the action functional
defined on the vector R in actual configuration.

We will assume that a nonlinearly elastic material “does not know its future”, and
has no viscous and/or viscoelastic features, that provide to nominate deformation
process as the reversible one.

Writing again the finite deformation tensor from (1.18),

C=[VU+ (VU)" + VU (VU)"]/2,

in terms of tensors VU and (VU)? | i.e., the vector-gradient and its transpose, respec-
tively, of the displacement vector U = {Uy}, we introduce into consideration possibly
large geometrical variations of initial configuration of an elastic solid. In other words,
the third term in C reflects small but finite, however not infinitesimal deformations
(as it is in linear elasticity), and strains, resulted from them, respectively.

When the deformation process is adiabatic, the internal energy U can be expressed as
a partial sum of power series with respect to I,(C"), k = 1,2, 3, introduced in (1.19),

L(C)=trC, L(C)=[(trC)* —trC?/2, I;(C)=detC, (1.28)

and with coefficients, depending on the elastic moduli (A, ) of second order (the
classic Lamé constants), and those of third order vy,

ool = (\J2)IA(C) + uEi (C) + (11 /6) IH(C) + vl (C)11(C?) + (4w /3)11(C?) + ..

(1.29)
and so on. Using the standard technique, see (Lurie, 1980), to recalculate the invari-
ants I(C™) of power of C in terms of I(C) , e.g.,

1,(C?) = I}(C) — 2L,(C);  L(C*) = 3L(C) + I}(C) - 3L(C) L(C),

this equation can be expressed in terms of I;(C) only.

Another power series expansion was proposed by Landau and Rumer (1937), see
also (Landau, Livshitz, 1987). They formally introduced two square (uZ , u?) and three
cubic (uj, uyu?, wipugug) scalars defined by components of a symmetric second rank
tensor u. Then the most general scalar containing square and cubic terms with respect
to u;, will have the form

E = pur, + (K/2 — p/3)ui + (A/3)uguguy + B uguz, + (C/3)u; (1.30)

where the bulk modulus K and the higher order moduli (A, B, C) were introduced.
Substituting here (1.18) will result in the elastic energy expression with terms up to
the third order in (Ou;/0xy).

Terms in C proportional to VU-(VU)T are usually referred to as the geometrical
nonlinearity, whereas all terms in I except the first two are named as the physical non-
linearity. We should note that the subdivision is a colloquial one, because of intrinsic
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overlap between the two, in part, due to the values of invariants I, . Moreover, in
general, we should emphasize that both geometrical and physical nonlinearities must
be taken simultaneously into consideration, i.e., square terms with respect to VU
in C, cubic and higher order terms with respect to strains Ou;/0z) in components
of II, even for metals under finite, but not infinitesimal deformation, to say nothing
of rubber, polymers, and composites. We can show the mutual influence, following
Lurie, (1980), by writing down the stress tensor T in the initial configuration in the
form
T=(1-0)T°+2eT" + T,

where TY = ME + 2ue is the stress tensor for linear elasticity, E is the unit tensor,
e’ = [VU + (VU)?]/2 is the linear deformation tensor, whereas T' = aE + be’ +
w(VU)IVU + n(e®)? is the additional tensor and coefficients a = a(\, u;1, m,n) and
b = b(\ u;1,m,n) depend on elasticity. It is evident now that T # T°, even for
[ = m = n =0, ie., without any ”physical” nonlinearity. Conversely, if, following
H. Kauderer (1958), one could use a partial sum for II of any order with invariants
defined for the tensor e’ instead of C, i.e., Ix(C) # I(e°), that could result in the
loss of some terms of second order with respect to VU, e.g., of I;(e°)T°(e’) and so
on; see Lurie (1980) for details.

The next step in construction of the Lagrangian density consists in a proper choice
of approximation of II through a partial sum of a series with respect to I, and with
coefficients, depending on the elastic moduli (), 1) of second order, and of third order
(vi), and of 4th order (vy,), and so on. We describe briefly the most important models
for nonlinearly elastic (or hyperelastic, as they are often called) materials and write
for the beginning the Murnaghan energy expansion up to 9-constant approximation:

M = (A+2u)17)2—2uly + (1 +2m)1; /3 — 2mI Iy + nls +
AL Yo lE vy g d3 A+ (1.31)

Here the following Murnaghan’s moduli were introduced: | = v1/2 4+ vy, m =
vy + 2vs, n = 4vs, see (1.29).

All coefficients of one approximation, e.g., from (1.30), can be transformed into
those of another one and vice versa. Note also, that any strain should be sufficiently
small for II to be a convex function with respect to the corresponding longitudinal
strain. Otherwise the approximation of II by a partial sum is not valid.

The Murnaghan approximation (1.31) for IT seems to be the most useful for com-
pressible nonlinearly elastic materials under small deformations, but not the unique
one.

For description of any rubber-like (compressible) material, the Blatz-Ko model
(Blatz, 1969) is quite accurate, and IT has the form:

H = ,Lblﬁ[il — 3—|— (Zga — 1)]/2+u(1 — /ﬂ?)[ig/ig — 3+ (Zg — 1)]/2, (132)

where a = v/(1 — 2v),and & is the only modulus of the third order (0.5 < k < 1),
whilst all the invariants iy, = ix(G) were defined here with respect to the Green
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deformation measure tensor G = 2C + E, and can be recalculated as i, = 2114+ 3,15 =
4[1 + 4[2 + 3,i3 = 2[1 + 4[2 + 8[3 + 1, where Ik = Ik(C)

As for incompressible or near-incompressible materials (e.g., PVC and rubber),
one should take into account the restriction det{G} = 1, which results in a simple
formula for Mooney’s material (Mooney, 1940) :

= E[3 - r)I, +2(1 — #)L]/6, |x| <1, (1.33)

where F is the Young’s modulus, and the relation p = F/3 is now valid. Recently the
Mooney-Rivlin model was used also (Cohen and Dai, 1993) to study long nonlinear
axisymmetric waves in compressible rods.

For Treloar’s model (Treloar, 1958), the simplest one, we have y = FE/3 and in
addition v = 1/2, and as a result

Il =EIL/3, (1.34)

note that I, = [(C) in (1.33),(1.34), i.e., the nonlinearity is due to geometry of
deformation only.

The simplicity of these relations does not result, unfortunately, in the only single
equation for nonlinear waves; from the general view point, the nonlinear differential
equations remain coupled.

Wave problems with higher order nonlinearities proportional to u? or u® were
studied recently in (Clarkson, LeVeque and Saxton, 1986); here we underline only that
it requires to take into consideration also the following nonlinear term €(cu?+cu?) and
corresponding dispersive terms, when a highly nonlinear elasticity problem is studied.

1.3 Compressibility, dispersion and dissipation
in wave guides

The low order dispersion term sufficiency for the soliton solution existence was demon-
strated by Rybak, Skrynnikov (1990), which dealt with a problem on soliton propa-
gation in a uniformly curved elastic rod. It resulted in the following 141D equation:

Uy — Py = z—p(ug)m - =u
where 3 is a nonlinearity coefficient, p is density, R is the curvature radius of the
middle line of the rod and ¢? is the linear wave velocity. They found the solitary wave
solution almost similar to the standard one.

Another interesting example of exact solution was found to the 3D solitary wave
propagating in a system devoid of potential energy, namely, to the solitary wave in
inextensible in elastic helix (Slepyan et al. 1995). Solitary waves found in this system
were governed by a 2D vector equation in complex variable plane as follows:

(1— A’ — f'r'=2ix’'=\r =0
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where r is the vector radius in a cross section of the helix, f is proportional to the
constant tension force applied to the helix, « is the initial angle between a fiber and
a axis of the helix, and primes denote the differentation in coordinate along the fiber.
This equation contains the low order dispersion and the dissipative term proportional
to the first derivate of the unknown. The general solution to it may be found using
an approach described in Chapter 3.

In presence of gravity there are no totally free wave guides, which should be
supported, at least, mechanically, in one end as a console or even embedded into a
surrounded external medium. In space one could imagine a free wave guide, however
any disturbance would provide its motion as a whole, not a wave, that is of minor
interest. Due to contact an external medium will cause an energy flux out of a wave
guide ( i.e., dissipation from the view point of a guided wave) or an energy influx into
a wave guide from an (active) external medium. Typical sources of dissipation are
kinematic viscosity of a wave guide material and possible energy dissipation due to
interaction along a contact lateral surface. Active external media are well known in
biology, chemistry, seismic problems, etc.

As a rule, a wave problem considered in solid wave guide includes a stress-free
boundary condition at the lateral surface. However the longitudinal wave propagation
leads to the non-zero transversal displacement wave, hence to the deformation of
a lateral surface of the wave guide being restricted by a contact with an external
medium. When this medium is air with vanishing contact resistance, the only problem
is how to take into account a force in movable or fixed support, while for an embedded
wave guide one should consider a model of the surface interaction. This interaction
results in an energy flux to or from a wave guide.

Nonlinear wave problems with energy influx are typical for many applications.
Some of them were analysed, e.g., by Engelbrecht and Peipman (1992) in seismic
layer problems and by Engelbrecht (1991) in problems of soft biological tissues. The
final form of corresponding equation may be similar to the KdV-Burgers equation or
the FitzHugh-Nagumo equation or the nonlinear reaction-diffusion equation; details
of derivation can be found in (Scott, 1999; Samsonov, Gursky, 1999). In Chapter 3
we will discuss a new approach to find some exact solutions to these problems.

A rod embedded in a prestressed external medium, a blood vessel, a bone or a
nerve fiber compressed by a muscle, construction in a chemically active, or pre-heated,
or shocked environment seem to be proper examples of such contact problems under
consideration. Conversely, an wave energy can dissipate through a lateral surface
into an external medium, say, during hammering of a nail. Finally a medium can be
passive: an interaction does not provide any change of energy of internal bulk wave
in a wave guide.

Here we consider a pure mechanical wave motion originated from nonlinear elas-
ticity in which the energy exchange is to be taken into account, and for this reason
we will start with a brief description of some models of interaction of a wave guide
and an external medium, and firstly, with some elastic and viscoelastic foundation
models.

The simplest representation of a continuous elastic foundation (and for our pur-
poses, of interaction between a surface of a wave guide and a medium) has been
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provided by Winkler (1867). The interaction was described as the only transversal
motion, e.g., of compressed springs:

F(x,1) = —kup (1.35)

where F' is the pressure and u, are deflections of foundation surface. Therefore the
longitudinal motions of a wave guide surface do not interact with them, and it is not
of considerable interest for our dynamical problems; such a foundation is equivalent,
in a sense, to a liquid foundation.

There is a large class of materials that, say, behaviour cannot be described by a
Winkler-type interaction. According to the improved model, proposed by Pasternak
(1954), the shear interaction between the spring elements in motion should be taken
into account that leads to:

2

F(x,t) = —kus + k:ga—“j. (1.36)

Oxy
where x is the longitudinal coordinate along the axis, and ki, ko are the stiffness
coefficients of the medium with respect to compression and to shear, respectively.
Similarly, in order to add an interaction between spring elements, Filonenko-Borodich
(1940) proposed to connect the top ends of springs with an expanded membrane. The
final expression looks like (1.36) where ks becomes the constant of tension field.

Later Reissner (1958) begun with the continuum equations and suggested that
in-plane stresses in the foundation are zero and obtained an expression reducible to
written above when a distributed lateral load on the surface is assumed to be linear
with a distance along the axis. However, the zero shear stresses in plane mean that
other shears are independent of a variable normal to the interaction surface, and
therefore, are constant throughout the depth of a foundation. That seems not to be
valid for thick layers of external medium.

One can conclude that the model of elastic interaction based on a continuum
contact problem on a surface is not yet well developed, and for our ‘leading order’
consideration, the usage of Pasternak model seems to be reasonable.

When the energy exchange between the rod and the medium is considered, i.e,
there is either an energy influx from an active external medium into the wave or a
dissipation of a deformation wave in the viscous external medium, the extension of
the Pasternak model is necessary. This is achieved by adding linear viscous elements
to elastic ones either in parallel or in series. Such problems were considered by Kerr
(1964). He found that the force F'(x,t) can be expressed as it follows from his model:

F(X, t) = —k'lua — N (137)

where 7) is either viscocompressibility or the energy influx coefficient, positive for the
viscous external medium and negative for the active one. From the physical viewpoint,
it means that the viscocompressibility related to shear deformations of the elements
of foundation was taken into account. This model will be considered in detail below in
Section 2.5 (see also Fig.2.2) as the proper one for nonlinear waves in a rod embedded
in an elastic or viscoelastic medium.






Chapter 2

A mathematical description
of the general deformation wave
problem

A mathematical description of the general deformation wave problem is based on both
nonlinear elasticity theory and nonlinear wave theory in condensed matter, in partic-
ular, the theory of solitons. Both topics are hard to be observed even briefly; the last
is growing rapidly during the last several decades, and one has no chance to mention
even the most important contributions. We have to limit references here to those
which material will be refered to directly, e.g., books and reviews in nonlinear elastic-
ity by Murnaghan (1954), Treloar (1958), Bland (1969), Lurie (1980), Shield (1983),
in nonlinear elastic waves theory by Engelbrecht (1983, 1991), Maugin (1994), as well
as those written by Jeffrey and Kawahara (1982), Nayfeh (1973), Cole (1968), Lomov
(1981) and by Kodama and Ablowitz (1981), to note only several useful approaches
to perturbation methods aimed at the applications in nonlinear mathematical physics
and engineering. There are many unsolved nonlinear guided wave problems, and our
reference list is in no way complete. However, main ideas were mostly settled in the
last decade, and the nonlinear elastic wave theory may be formalised now.

2.1 Action functional and the Lagrange formalism

Define the action functional S in the form

t1
fo Q@ o0

where L(U, Uy, Uy, ...x,t) is the Lagrangian density per unit volume €, ¢ is time,
U = {U,V,W} is the displacement vector, defined in the Lagrangian co-ordinates
{zx}, k =1,2,3. The second term in (2.1) expresses the work of the external forces
F. , which occurs on the (lateral) surface 052 of the wave guide as a consequence of the
reaction of the external medium, and results from bounded transverse displacement.
The initial configuration (for ¢t = t, ) of an elastic volume is assumed to be the natural

23
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one, thermal features are not considered.
Using the Hamilton principle,

SL+6A=0 (2.2)

one can obtain a set of basic Euler equations, i.e., the coupled partial differential
equations governing the wave propagation problem. Indeed, the first variation leads
to the Euler-Lagrange equations, which in a simple case of the one displacement U
can be written in general form as:

oL oo ooc] @ oL 9 or & o
ou otou, 0z oU, 0x? U,  0x0t OU, 023 OUzp

=0 (2.3)

Again, 6A is in no way ‘the variation of work’, that cannot be defined, but only an
elementary work produced by external forces with respect to virtual motion consid-
ered. For example, one should consider possible variations of elasticity and geometry
of a wave guide in space and time that will give an awkward expression for energy
even before variations, and for this reason analytical consideration has to be based
on sophisticated treatment of the problem. Guided waves in a hyperelastic material
may be short or long, providing either small finite or large deformations in depen-
dence of (in)compressibility of the material, not to say about uni- or bidirectional
propagation in one- or two-dimensional wave guide, etc., etc. The invariance features
of the tensor formulation of dynamic problems is very useful in general analysis but
rather restrictive in application to particular nonlinear wave propagation problem or
real experiments, where one has to reduce the statement to the p.d.e. written with
respect to strain components-and measure them.

Main assumptions will be about geometry of a wave guide-and we shall consider
rods in cylindrical co-ordinates and thin plates in cartesian co-ordinates, and of elas-
ticity of it, that will lead to simplifications based on either compressibility and small
deformations or on incompressibility of a material.

When the deformation process is assumed to be adiabatic, the function £ in the
material (Lagrangian) variables can be determined as the difference of the kinetic
energy density 7" and the volume density II of potential energy, as follows:

L=T-T= p(dU/dt)*/2 — plI(1}), (2.4)
where p is the material density, and I, = I;;(C) are the invariants of the Cauchy-Green
finite deformation tensor C :

C=|VU+ (VU + VU (VU)T]/2, (2.5)
where the upper index T denotes the diad transpose: ab’ = (ab)”= ba. These
invariants may be written as

I,(C) =tr C, I,(C) = [(tr C)? — tr C?]/2, I3(C) = det C. (2.6)

Note that VU and (VU)T are the vector-gradient (i.e., the tensor) and its trans-
pose, respectively, of the displacement vector U = {U, V, W}. We use tensors, defined
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in the reference configuration of an elastic system (i.e., for t = ¢;) , and omit the
subscript 0 for brevity.

We are interested in the simplest (but not trivial) statement of the nonlinear
problem, involving in the 141D case a single p.d.e. with respect to the one unknown
function, as the natural generalization of the standard hyperbolic equation, used for
the wave propagation description in a linearly elastic wave guide. Generalisation
for the 2D wave guides will be considered also, and our main goal will be in the
development of the theory instructive for the solitary wave generation and observation
in elastic wave guides.

Firstly the nonlinear waves in a hyperelastic compressible infinite rod will be con-
sidered. Introducing the unit vectors in a cylindrical co-ordinate system as (e,, e;, €)
and a displacement vector U =Ue, + Ve, + We, together with a vector-gradient
V=0,e,+0,e.+(1/r)0se,4, one can write the finite deformation tensor C in the form
(2.5) and, calculating

1 1
Ve, =0; Ve, = ——eye,; Ve, = —eyey, (2.7)
r r
obtain the diad
V
VU =U,e,e, + U,e e, + Vyee, + Viee, + —eyey. (2.8)
r

Here UVe, = 0 was taken into account, and the first assumption was introduced,
namely, torsion is assumed to be negligible: W = 0, during any of deformations of
a wave guide. Without torsion, the components of the displacement vector U are
independent of ¢ and equal to

U= (UV,0); U=U(z,mrt), V=V(znrt),
The Lagrangian (2.4) is transformed now to the form:
L=T-T= 5’) (U2 + V2] = pII[I(C)], (2.9)

Similarly, we calculate the tensor

v
vU. VUT:UjeIem +2U, U e e, +Vieye, +Ule,e,+2V, V,e e, +Viee, + (—)2e¢e¢
r

(2.10)
Therefore for the tensor components it yields: C,4 = C,y = 0, and the tensor C can
be written now in the form:

CII C.’KT‘ 0
C=|C, C, 0 (2.11)
0 0 Coop
while for its square one has:
C2, +C2 ..
ci=| .. C2. +Cz .. (2.12)
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where dots indicate components, which will not be used further. After calculation of
tr C*=CZ, +2C}, 4 CF. + C2,,, the invariants in (2.6) become in terms of components:

[,(C) = Chy + Cor + Clyy (2.13)
I(C) = CuCrp + CyyCly + ConCips — C2, (2.14)
15(C) =Cip (CoaCrr — C2,) (2.15)

where the components of C are written now as:
Coo = Upl,r,t) + (1/2)[U2(2, 7, t) + V2(2,7,1)],
Crr = Vol t) + (1/2)[U (2, 7,) + V2 (z, 7, 1)),
Cop =V/r+(1/2)(V/r)?,

Cre = (1/2)[Up(x, 1, t) + V(7 t) + Up(x, r, ) Up(x, 1, t) + Vi, v, ) Vi (2, 7 t)],

and subscripts r and x with displacement components denote differentiations. Invari-
ants of C follow from (2.6) in the explicit form:

L=U+V/r+Vi+ QU2+ V2+V?/r* 4+ U+ V7], (2.16)

I = [V/r+V?)/(2r?)[Us+ (U2 + V) /24 Ve + (U2 + V) /2] —
(1/4)(U, 4+ V, + U, U, + V,V,)?

+[U, + (U + V)2V + (U + V) /2] + ..., (2.17)
Iy = [V/r+V?@){~=1/3) (U, +V, + UU, + V,V,)? + [V, +
(U2 + V22U, + (U2 +VH/2]}. ... (2.18)

We omitted here for brevity most of the higher order terms; the full expressions
for invariants in components are rather cumbersome and may be found in Appendix.

2.2 Coupled equations of long wave propagation

Using the expressions for invariants (2.16), (2.17), (2.18) for direct calculation of
the Murnaghan model expression for potential energy in absence of torsion and sub-
stituting them into the Lagrangian density (2.9), we obtain as the Euler-Lagrange
equations the coupled highly nonlinear equations for waves of displacements U and
V', propagating in a rod, made of the Murnaghan material, and without torsion:
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+(A 420 +m) [(UpUp)r + (UpVi)r + Vo Vi
(A + T = 3m) ViV + (m+ @) ViV,

3A+6pu—6m+n n, VV,
+ ” (ViV)e + (m — 5)( ” )r
2021 + 3p = 2m)(Ua Vi )o + (m+ 1) [(UsVa)r + (UrVa)al
2\ +2m —n VU, AN+ 6 — 4 VV,
n +2m n( o+ + 64 m[(VUm)z—l— }
2 r r
(2.19)
U. 2m —n+ 2\ Vv |78

2 2

v
+(A+3p —2m) [F + TT} + (4\ + T — 3m)U, Uy,

V + (Ve + 21— + 20—
T T

fRAXIZ2M ey o))

+(A 420+ m) [UpUpr 4+ 2V Ve + ViV + (U V2)a)
AN+ 6 — 4m [
e

VV,
6VV, + VU, + 1 . )T]

V.U, VU,
+(3)\+6u—6m+n){ . + ( . )T}
2m — 2\ + 2m —
+ LUV, + VU + S U2 4 2(VY),]
+(m A+ @) [(VoU)z + (UnVa)r + Use U] (2.20)

Characteristics of material were assumed to be constant here for simplicity. However,
even in this case, the equations look awkward and may be used mostly for further
simplifications and formal analysis and for direct numerical simulations.

For the 9-constant Murnaghan elasticity theory the governing equations for dis-
placements or strains produced by nonlinear elastic waves in a rod are even more
cumbersome.

To reduce the problem to the one-dimensional one we shall simplify all these
equations using either the relationships between displacement components (U, V'), or
introducing the small strain limit, or both.

2.3 Omne-dimensional quasi-hyperbolic equation

Plan of further simplifications to be done is the following: we first introduce the
equation derived under maximal assumptions, which is based mostly on the physics
of waves, afterwards we shall confirm these assumptions using asymptotic expansions
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and eventually generalise the one-dimensional nonlinear equation to the problem with
variable coefficients, and to the dissipative wave propagation problems.

Evidently, to extract main features of nonlinear wave propagation in a wave guide
one should simplify the problem as much as possible; generalizations may be the next
step following some primary non-trivial results. It was A. E. H. Love (1927), who had
taken considerable attention to the influence of the finite wave guide cross section on
wave propagation in linearly elastic rod. Following the analysis made by Pochhammer
(1876) and Chree (1889) half a century before him, he proposed the assumptions for
the components U and V described in terms of a new function U;, independent of r,

- ale (xa t)

U=U t), V=-—
1('1.7 )7 am

(2.21)

which express, respectively,

i) the planar cross section hypothesis,

that is, a cross section remains plane and perpendicular to the rod axis after
deformation,

and

i) the Poisson effect,

that is well known from physics: a conventionally elastic rod is thinned down by
tension, while the Poisson ratio v is a measure of thinness.

Substitution of (2.21) into (2.16- 2.18) reduces the expressions for invariants to
the following forms:

I = (1 =20)U15 + (1/2)(1 + 20°)[Us , + V*1°Uf . ); (2.22)
L=v(v-— 2)U127z —v(l—v+ VQ)UiI — (1/4)V27“2U127m + O(Uim), (2.23)
Iy = °Us , + O(UY,). (2.24)

the last two expressions are truncated in O(Uﬁm), that is sufficient for the description
of nonlinear wave of small strain in the leading order of approximation. Having
these relationships one can calculate the potential energy density for elastic potentials
described in Subsection 1.2.2. Naturally, the variation of (2.4) and tentative limit of
small U; , are not to be transposed, then variation should be done first.

In addition, it is assumed that:
i11) long waves only are considered, with typical length A >> R;

iv) linear strain components are finite (not infinitesimal) with magnitudes A suffi-
ciently small: A << 1.

The whole set of these assumptions is a bit restrictive, however all four of them
were allowed to formulate in the eighties the simplest and rich in content nonlinear
wave propagation problem for different hyperelastic solids. Some generalizations in
the statement will be given below.

2.3.1 Derivation of the Doubly Dispersive Equation (DDE)

We show first in detail the direct and explicit derivation of the DDE governing the
wave propagation in the nonlinearly elastic inhomogeneous Murnaghan’s rod with the
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circular non-uniform cross section under the assumptions i)-iv), i.e., in the simplest
non-trivial case.

In rod’s theory, the relationship V' = —vrU, , where U = U(x,t), and the plane
cross section hypothesis (2.21) lead to simple expressions for invariants, see (A1.5)-
(A1.7) in Appendix. Therefore, the Lagrangian density £ can be written explicitly
as:

L :ﬁUt2 -

E 2
: P gz _ BS <U2+£U3 LS e ) (2.25)

4mr 3B dn(1+v) ™

where the cross section area is S = wR*(z,t), R is the radius of it, and the only
nonlinearity coefficient is introduced now as 8 = 3E + 2[(1 — 2v)® + 4m(1 + v)*(1 —
2v) + 6nv? . The Euler equation (2.3) for the displacement U in the non-uniform
inhomogemeous rod yields:

(pSUy), — (ESU,), =

2 Q2 2 2
o {SﬁU 2 PS5 Um—£<—” ES” )1 (2.26)

¢ 2m Oz \Ar(1+v) ™

and it constitutes the inhomogeneous DDE in terms of displacement.
The next step of reduction is to assume that p and S are independent of time ¢.
It results in the equation:

1 1 8 o

pl/2 S? U 0 [ p?S?
ttx — al’

U)} . (2.27)

where the Lame coefficient: = F/(2(1 4 v)) was introduced.
Now it is possible to rewrite it for formal analysis in terms of the strain component
u = U,, that will be derived by differentiation as:

0|1 0|1 pv2S? 0 [ ?S?
Y B [pS (ES“>m] " or {2psa { fu’ + ““‘%( T “)H
(2.28)

Two particular cases are of interest.
When the rod is inhomogeneous and uniform R(z) = Ry — const, the equation
(2.27) gives:

1 10 0
Ui = - (BUL), = 350 [ﬁ(ﬂ + pr* RUse — By~ (v Umﬂ : (2.:29)

and in terms of the strain component u = U, we have :

0 |1 01 0 0

- —|=(E ——— | Bu? *Riuy, — Ry— (utuy) | - 2.30
et ox {p( u)m] 0z 2p Ox {ﬁu vt 00z ('wj “ ) ( )
Another reduction appears when the rod is non-uniform but the homogeneous one:

2 o

R? 0

1 0

Ure =~ 2R? Oz

(R?U,) = {ﬁ RU? 4 PRy, — 22 (R4Um)1 o (231)

Oz
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where ¢} = F/p and ¢¢ = u/p are the linear longitudinal and shear wave velocities,
respectively. Writing it via u, we have
o1l 0 0o 1 0 |p 0
2 2 _ 2.2 | 2pd 2 2 4
Ut — CO% {ﬁ% ( U)] = %Q_RQ% |:;R u” +v R Uy — 1V % (R ux)
In the simplest case of uniform and homogeneous rod we have for the longitudinal
displacement U the Doubly Dispersive Equation, the DDE

I} V2 R?
as well as in terms of the strain component u = U, :
16} V2 R?
Ugg — Collgy = 2—pu2 + 5 (g — Cuge)| (2.33)

where all coefficients possess the dimensional values still, and both u and 3 were
assumed to be positive. Both (2.32) and (2.33) were obtained using the Lagrange
formalism, perhaps, firstly in (Samsonov, 1982).

To obtain the dimensionless version of an equation, we introduce the scale F' for
a variable f such as for any f the dimensionless quantity is defined as f = f/F, e.g.,
the derivative in x as 9/0z = (1/X)0/0%. In addition, we assume that the problem
will be considered only for a wave, propagating with a velocity close to the linear
longitudinal (‘rod’s’) wave velocity ¢3. It allows the ability to introduce the necessary
relation between the scales for time T, space variable X and the linear wave velocity
¢ as follows: X? =T?E/p. We have:

2
pY Ut —

10 [10 (BA,, RN?
sor ] = g L (e + T

o (MN’R?
T oz \Exz M) )

where bars are omitted for brevity, A is the scale for the strain magnitude, and the
capital letters B, M, N are used for corresponding scale values for (3, u, . Further
reduction is based on the assumptions that
characteristic strain magnitude is small enough, A <1
long waves are considered only: R*/X? << 1
the balance relation for nonlinear and dispersive terms is valid: A = R?/X?,
then the introduction of the small parameter:
2
e=A= % (2.34)
yields the dimensionless DDE for the wave propagation in the inhomogeneous circular
cylinder under the assumptions described above:

0 [10 €0 [10 ) s 0 )
Ut 5 L)&T (Eu)] = 5% L)&T (pﬂu + priug o (b,uu um))l (2.35)

where b = M/FE < 1 and p = B/E are the combinations of constant scale factors.
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2.3.2 Refinement of the derivation of the DDE

Two things are to be mentioned here.

First, it would be useful to confirm the Love hypothesis formally, second, it pro-
vides commonly used but not the unique relationship between V' and U. In the last
decade, this model has been widely applied to the nonlinear strain waves description
in rods, but the limit of it is that the boundary conditions on a free lateral surface
were not, properly taken into account, when these hypotheses were formulated. Direct
substitution of these assumptions into the conditions of absence of both normal and
tangential stresses at the lateral surface of a free nonlinear rod does not necesarily
result in the zero stresses. Generally speaking, the identity is not required because an
asymptotic solution is to be found, however the boundary conditions failure may in-
dicate possible neglecting of several terms of the same order that cannot be recovered
from these hypotheses.

Secondly, the Poisson effect (2.21) results from physics, and the question arises on
how to calculate a next term in the dependence of V' of U,, if any.

For the wave propagation problem in a uniform free rod the components P,,., P, of
the Piola-Kirchhoff stress tensor P, defined in reference configuration, should vanish
at the lateral surface r = Ry free of normal and tangential stresses. For the 5-constant
(Murnaghan) nonlinear elasticity, involving the moduli (A, p, I, m, n) they are:

V

2 2 2 20+ 4
A+ 21 V—+2VTK +>\—|— u+mUTQ+3)\+6u+ [+ mVT2+
2 r? r 2 2
%
(w+m)U Ve + (A + 20UV, + (21 — 2m + n)Uz? +
A+ 2] A+2
R B e s 7 (2.36)
2 2
Pmc = /J'Ur+ﬂ‘/.7v+
2\ +2m — %4
2m — Vv
m2 n%;+(u+m)Ver+()\+2u+m)UwUT+
(1 +m)Us V. (2.37)

To satisfy the zero stess condition we have to refine some of assumptions i)-iv).
We will consider possible generalization of the relationship V' (U,), given by the Love
hypothesis as the most restrictive one. We introduce the small parameter ¢, taking
into account that the strain waves under study should be the elastic waves with
sufficiently small magnitude A << 1, as well as the sufficiently long waves with the
length A, so as the ratio Ry/A << 1, will be valid, where R is defined by r < Ry in
the uniform rod. The most important case occurs when both nonlinear and dispersive
features are in balance and small enough:
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A

We introduce U = AA as the scale value for displacements U and V, and A as the
scale for the distances along the rod x— axis. Then the boundary conditions of the
absence of stresses at the free lateral surface P,, =0, P,, =0 can be written in the
dimensionless form after (2.36),(2.37) in power series of e:

e =A = ( &)2 << L (2.38)

A+ 2
(A+2u)%+>\%+AUx+WUE+
BA+6u+20+4m_,  (A+20) (2VV, V2
e[ 5 Vit —3 7 T T2V )+
z A+ 21
(20 — 2m+n)vg + (p+m)U, V, + %Ug} +
A+ 2
é(—i—giﬁﬁ§>::o, (2.39)
and
pU, +
1%
£ (m/z + AN+ 20 +m)U,V, + (2\ + 2m — n)UT§> +
o2m —n\ VV,
g ((/\+2/L+m)UmUr+< m2 n) 7 +(u+m)vm>+
Ep+mU,V, = 0. (2.40)

We expand the unknown functions U, V in power series of e:
U= Us+eU+eUp+..., V = Vo+eVi+eVo+.... (2.41)

then substituting (2.41) in (2.39), (2.40), and equating to zero all terms of the same
order of €. One can conclude that the plane cross section hypothesis and the Love
hypothesis are valid in the leading order only:

A

Uy = Ulz.t), Vp = ———
’ (1), Vo 2(A + 1)

rU, = —vrlU,. (2.42)

Terms proportional to O(1) confirm their asymptotical validity now. Next order terms
yield:

Ul = gTzUmx; (243)
2
v
1% = T A AN 3Uscxx -
! 23— 21)
1 1-2v)(1
v+ v) + ( V) +v) (11 —2v)* + 2m(1 +v) —nv) | rUZ,

2 E
(2.44)
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where v is the Poisson coefficient and E' is the Young modulus. Other terms from the

series in (2.41) for ¢ > 2 may be found in the same way, however they will be omitted

here because of negligible influence on the final model equation for the strain waves.
The expansion in € can be written in the linear elasticity case as:

U = Uz, t)+e¢ %7’2Um + 0(e?); (2.45)
2

14
V = —I/T’UE—EZ(TQV)

3 Upse + O(€7) (2.46)
which is sufficient for further asymptotic analysis.

Therefore we began with the asymptotic expansion of V' and U with the power
series in g, using the assumptions i)-iv) about the type of wave and obtained the
relationship between V and U as the power series with respect to the radial co-
ordinate r. In fact, both equations P,, = 0, P,, = 0 are valid on the lateral surface
r = R , and not necessarily inside a rod. The solutions of the equations followed from
the boundary conditions written in (2.39) and (2.40) are not unique.

Hence we can assume now that both displacements can be expanded into power
series with respect to r, and it is quite instructive to apply the power series in r in
order to get a relation V(U,) as reasonable extrapolation of the dependence valid at
the lateral surface. The small strain amplitude condition A << 1 allows to consider
separately linear and nonlinear terms in U and V', while the expansion in power series
of r will be assumed in the long wave limit. It yields:

U = U+ U (2.47)
Ul = U(z,t) +rU(z,t) + rUs(az,t) + ..,
UM = UMz, t) + UM (2, t) + (2.48)
vV = vi4 v (2.49)
VE = Viola,t) +rVi(a,t) + r*Va(z,t) + ..,
VNE = VN (@) + e VN (2, t) + (2.50)

Substituting (2.47), (2.49) into P,. =0, P,, = 0 for r = R and collecting terms
with equal power of r, we get the dependence of r in the form of the same quantities
as above:

U = Ux,t) + vr*Us + ..., (2.51)
1/2 3
V = —VT'Uz - Q(TQI/)T Um:m: -

(2.52)

and, similarly, the higher order terms may be calculated.
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Moreover, the 1st term (depending on linear elasticity) in V] is enough for vanishing
all the components of the Piola-Kirchhoff stress tensor on the lateral surface with
prescribed accuracy.

We will refer to the following formula

V2

V: —VTU;E—M

Usga (2.53)
as the refined relationship for V(U,).

Now we may derive the refined version of the DDE in the dimensional form.

To obtain it, the Lagrangian may be written without higher order nonlinear and
differential terms in the relationships for kinetic energy K and potential strain energy
IT . Substituting expansions (2.51,2.53) into the formulae for K and II, written for
the Murnaghan material, one can find respectively:

K = B0 + 00 Ul +vU2]) (2.54)
1
=3 (EU§ + §U§j + yErQUxem> : (2.55)

It is easy to see that the usage of truncated expansion for V', containing only two
first terms, is sufficient to write expressions for K and II with prescribed accuracy.
Substituting them into (2.1) and calculating S = 0, one can obtain the dimensional
refined DDE, useful for applications to physical experiments:

Utt - C(Q)Umac - ﬂ (Ug)m -

B v(l—v)R vR?
=% —

2 c2

The coefficients with the dispersive terms here differ from those in (2.32) due to
the terms Uy, Vi, resulted after the boundary conditions fulfillment at the free lateral
surface, as it was done in (Porubov, Samsonov, 1993). The difference with the simplest
analysis made above is that now both assumptions i) and i) are confirmed using
asymptotics. In terms of the component of the linear longitudinal strain u = U, the
refined DDE is written as:

£u2 v - V)R2Utt LY
2p 2 2

The only difference between (2.33) and (2.57) is in values of coefficients with
dispersive terms, not very important for formal analysis. We have taken into account
formally in (2.57) possible non-planar cross section. Surprisingly, the estimation of
a cross section curvature for real materials results in the value of several percent,
(Porubov, Samsonov, 1993), nevertheless it is enough to avoid any formal discrepancy
in free lateral surface condition.

What counts is the main difference between any version of the DDE, say, (2.33),
(2.57) and the well known Boussinesq equation derived for shallow water waves, con-
sisting in simultaneous and competitive action of two different dispersive terms. This
is the distinctive feature of wave phenomena in solids, where shear waves exist, are

2
i CUge| (2.57)

rxr

2
Ut — CoUgzy =
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of the same order as the longitudinal waves, and should be taken into consideration
together with them. Any longitudinal motion inside solids causes immediate reaction
in transversal direction because of crystalline or grain structure. A liquid does not
have shape due to negligible shears.

Moreover, in contrast to the shallow water problem, both 3 and u in the nonlinear
guided wave problem for elastic solids can be of different signs.

Aiming to derive the dimensionless version of the DDE for strain u we write
explicitly u = |u| sgn v and 5 = || sgn [, where: Vz sgn z = +1 for z > 0 and sgn
z = —1 for z < 0 . Introducing the wave length A as the scale, the dimensionless
variable : £ = z/A , and the time scale as T' = A/cy, that leads to the dimensionless
time variable 7 = t/T, we obtain from (2.57) for |u| = A f(&, 1)

16|

v(l—-v)R vR?
E Nz

2
7 Jee + =5 frr

f?sgnB sgnu — 2

1
fTT_f£§:§ A
133

To find a stable solitary or periodical nonlinear wave solution we consider waves,
which length provides the balance of nonlinearity and dispersion, and obtain the
dimensionless DDE for the strain' function:

fTT - f££ = € [pr +afTT + bfﬁdgga

4]

p = Fsgnﬁ sgnu; a =v; b=—v(l—v)
The standard shift transformation yields the following dimensionless equation for
further formal analysis in Chapter 3:

fTT - f§§ - [pr + afTT + bfﬁﬁ} €e (258)

For b = 0 the Boussinesq equation results from it, while for a = 0 it can be reduced
to the Zakharov equation governing the nonlinear string problem as a continuum limit
of a nonlinear lattice oscillations problem, see also (Clarkson, LeVeque, Saxton, 1986)
and (Kunin, 1975; 1982), respectively. The corresponding Boussinesq limit of the
DDE in solid state physics is often called the nonlinear acoustic limit.

As a rule, wave solutions of (2.58) differ from those of evolution equations of the
KdV-type and of the Boussinesq equation. Note that two dispersive terms in the DDE
may formally compensate each other. Below we will show how important is the shear
influence in experiments in solitons in solids.

Even in the corresponding linearized problem one can reveal a difference in disper-
sion properties of the KdV equation, the DDE and the Boussinesq equations, when
either fi;z, or frzze 1S taken into account. As one can see in the Figures in Chapter 1,
when dispersive term is proportional to the fourth derivative in space, the linear wave
frequency w in the corresponding dispersion relation tends to infinity for wave number
k — oo. On the contrary, when dispersion is proportional to the fourth order mixed
derivative, there is a finite limit for w when & — oo. The linearized version of the

! Evidently, the strain is dimensionless, while the equation (2.57) was not.
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DDE provides a sector n the (w, k) plane, in which the dispersion curve is localized,
and w(k) tends to w =k for k — oo.

It should be noted that the nonlinear equations (2.32), (2.58) are quasi-hyperbolic
; that is the reason why the complete set of boundary and initial conditions for any
wave problem can be satisfied, in contrast to the corresponding evolution equation,
which is actually a result of widespread, but not always well-grounded, reduction of
(2.58).

2.3.3 Equations for wave in non-uniform highly nonlinear
wave guide
The same approach is used for the derivation of the nonlinear wave propagation equa-

tion for the displacement U in the framework of the so called "nine-constants theory”
for Murnaghan’s material. It has the following form:

g v(l—v)R? vR%*c2
Ui — C(QJU-’MU = 2_p(U;c2)w - TUttmm + TOUxxxm
4 bR? 1
) ore — o |02~ 5020 (2.50)

where the constants depend on the Murnaghan elastic moduli of the 3d (I,m,n) and
4th order (vy, vy, vs, v4), see Chapter 1, and the coefficients are:

E(3N° + 6\ + 8\u? +4u3) 1 ) o (1 —2v)
= —(1—20)%(1+2 — =
a SN T 1) +2( v)* (14 2v%) + 5
+m(1+ v)*(1 — 2v + 20°) +
' AP (3A + 4p)

vo +12(1 — 2v)vs + 12 (4 — 4v + 1?)vy; (2.60)

O+t T AT )t

3 2
b= %—i—%(l—QV)—FVQ,u (2.61)

Introduction of the strain yields the nonlinear strain wave equation for u in the
framework of the ‘nine-constants theory’ :

1
Uty — Collpy = 3 ﬁuz —v(1 — V) R*uyy + vR*Chtige+
p
8 bR? 1
(s = = = 5(0)0) (2:62)

whilst the transversal displacement was defined by means of the refined relation (2.53).
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2.4 Main assumptions and 2-D coupled equations

Natural generalisation of the 1+1D nonlinear wave propagation problem in solids
consists in the problem for the two-dimensional wave guides, e.g., for a thin nonlinearly
elastic plate. The plate is assumed to be semi-infinite in two directions x and y, and
very thin in z. A wave under consideration is supposed to propagate in a direction
coplanar to the median plane of the plate.

Consider the problem of longitudinal deformation waves propagation in the homo-
geneous isotropic infinite nonlinear elastic plate. We introduce the Lagrangian carte-
sian coordinates x(z,y, z), such that the median plane of the plate is described by the
equation z = 0, while the lateral planes are described by the equations z = +h/2 |
where h is the thickness of the plate. The derivation of the system of equations is based
also on Hamilton’s variational principle and on the assumption that the deformation
of the material is described by relationships of the nonlinear theory of elasticity of
either incompressible or compressible medium.

In general, the tensor C components can be written as :

20, = (1+ U2 —1+V2+ W2 Coy = Cya
2Cye = Vo + Uy + U Uy + VoV, + W, W, 2C,, = (1+V,)> =1+ U2 + W}
2C,, = Wy(1 + W) 2C., = W,(1+ W.)

C;cz - Cz;c

Cy. =C,y (2.63)

2C,. = (1+ W.)*— 1

which will hardly allow to decrease the dimension of an initial 3D problem.

In the rod problem the simplifications were based on either Love’s postulate or on
the refined formula between V and U,, therefore it seems to be reasonable to derive
similar relations in the 2D case. Again, there is the difference in reduction of equations
for incompressible and for compressible materials: dealing with the first, it is enough
to use directly the additional incompressibility condition, whilst in the second case
one has to install a relation of U and V.

If the deformations are symmetric with respect to the plane z = 0 of the plate,
while the characteristic wave length greatly exceed h, the displacements U (U, V, W)
are approximately calculated as follows (Grigolyuk, Selezov, 1973): U = U(x,y,t), V =
V(z,y,t), W =2W(zx,y,t), where t is time.

For a wave propagation problem in the incompressible plate, the relationship under
consideration can be derived rigorously. Indeed, taking into account the condition of
incompressibility det |G| = 1, where G is the Cauchy-Green tensor of measure of
deformation (see Chapterl), it enables one to find the explicit expression for the
displacement W perpendicular to the midplane of the plate in terms of the in-plane
displacements U and V':

W=z{[1+U,)(1+V,)-UV,]"" =1}, (2.64)

that allows to reduce the problem to the 2D one. Indeed, e.g., evaluating the La-
grangian density £ for the incompressible Mooney material:
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Figure 2.1: Geometry of wave problem in a plate.

L =pui/2 = p/4[(1+1)(1L(G) = 3) + (1 = D)(L(G) - 3)], (2.65)

where p is the density of the material, y is the shear modulus, [ is the only third
order modulus of elasticity, |I| < 1, and I are the invariants of G, and writing down
the conditions that the action functional possess the stationary value, we obtain the
following coupled highly nonlinear equations for waves in the Mooney plate:

Ut — Usz = (1/4)(Uyy + 3Vay) = €[(1/48) (450 — As)s + Py + Q]
(2.66)
Ve = Viy — (1/4) (Vo + 3Usy) =€ [(1/48)(45::15 — As), + P?} + Qﬂ

where the displacement gradient component is introduced:
s= Uy +V)
and

AP = —[6U; + V2 + (1/2)(U} + V) + 4U,V, + 2U,V,] +
(1/2) [(U, + V2)? = 4V, (20, + V,)] ,

4Q = s [I(U, + V,) — U, — 4V,].

The values P!, Q! used in the second equation can be written similarly to the ex-
pressions for P, () after formal replacement of x by y, y by =, U by V, and V by
U. To derive the equation (2.66) we have introduced, as before, the dimensionless
variables according to the formal rule f = f/F, where F is the scale value for the
dimensional quantity f. The small parameter e, that will be used for solution of the
equations, has been given in such a way that the terms describing the influence of the
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nonlinearity of the material and the dispersion of waves in £ should be of the same
order of magnitude and small enough in comparison with kinetic and potential energy
of the plate calculated within the framework of the linear theory:

e=A/X=B/Y=0/Z=(Z/X)*<<1

for Z = +h/2; quantities A, B,C represent the scales for displacements (U, V, W)
respectively. When the effect of nonlinearity is not taken into account (P = @ = 0)
the system (2.66) is reduced to the well known equations of the refined theory of
longitudinal waves in the incompressible plates for the so-called two-mode model of
symmetric motions in a thin layer, see (Grigolyuk and Selezov, 1973).

The derivation of similar reductions of the initial 3D problem to the 2D one for
the Murnaghan compressible nonlinearly elastic material is different. It could be done
using the approximation based on the solution of the generalized plane-stressed state

problem:
vz

1—v
where v is the Poisson ratio, as it was assumed in (Grigolyuk, Selezov, 1973).
We will derive the formula using the approach similar to that applied in rod’s

problem. On the free lateral surface of the plate all components of the Piola-Kirchhoff
stress tensor must vanish:

P.=0;P,=0;P,, =0.

Explicit expressions for each of them are cumbersome, e.g., the component P,, may
be written in displacements as:

[+2

1
(20 — 2m + n)U,V, + (L + m)U,UZ + IU V2 + (m — 5n)UyVm + U2V, +

1 1 1 1
P = M.+ (52 + NUZ? + A +m— 5n)Uy2 +5(A+ 2u +m)U? +

1 5
(n+m)UW, + (§A +p+1+ 5m)U§WZ + A+ 20U W, + AV, +

1 N+ 2m — 1
m(U,U.V + UV, V) + (5L +m)UZV2 + #vﬁ +GAHDV+
[+2 A+ 2u+

1 Dyt (4 m)V, V2 + #Vf + (p+m)VoW, + (A +2u)W, +

1 5 3
(§A +u+l+ §m)VZ2WZ + (A + 20V, W, + (EA +3u 41+ 2m)W2.

We apply the asymptotic expansion method to simplify the problem. The small
parameter € will be introduced, taking into account that longitudinal waves of dis-
placements (U, V,W) in the (z,y) plane should be elastic waves of sufficiently small
magnitudes A, B,C << 1, as well as sufficiently long waves. The most important
case occurs when both nonlinear and dispersive features are in balance and small
enough. We introduce U = AX as the scale value for U and V. = BY, and X,Y as
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the scales for distances along the corresponding axes in a plane perpendicular to the
z— axis. Eventually the small parameter is:

A_ —
hono°
. _A_B_B_B_C_(h\ _(h\ _ 1K
CTXTY X v n X Y) ~ Xy
c c
—===c¢
XY

In dimensionless form the conditions of vanishing of all components of the Piola-
Kirchoff stress tensor on the surface of the plate yield the following truncated expres-
sions:

1
P. = MU, +V,)+=(A+2u+m)(U2+V2) + (A +2u)W,] +

2
1 1 1
52[(§>\ + DU + (1 +m)U,U? + §(m + §l)(U3 + V2)? +

1
mU,U.V, + mU,V,V, + U2V, + (§A +p+1+ gm)Usz +

Ad+m—n_,
— Ut

1
(20 = 2m+n)U,V, + (m — §n)Usz + (p+m)U, Wy + (A + 20U W, +

1 1 1

A +m— 5n)vgc2 +(5A+ DV + (1 +m)V, V2 + (u+m)V.W, + UV +

1 5 3

(§>\ +pu+l+ §m)VfWZ + (A + 2DV, W, + (§A + 3+ 1+ 2m)W2

1 1
52[(§A +pu+m)U2 + (A +2u+m)U,U, + (A +m — 5n)Usz +
1 1 1
(n+ Zn)va + §(A +2u +m)UVE+ (A +2p +m)UW, + (u+ Zn)vxvz
+uW,] +
1 1 1

e(p +m)UW, + (m — SIVWe + (1 + 7n)U, Wy + 10V W, +

(n+m)W, W, +..] =0 (2.68)
sz = ,U/‘/z+

1 1 1
e*[(p + Zn)UyUz + (AN +m— §n)UzVZ + (1 + Zn)Usz +

1 1
§(A+2u+m)va+(§A+u+m)\/z3+(>\+2u+m)\@\/z+

A+ 2p +m)VoW, + pW, ] +

1 1 1
ell(m — gn)UWy + 7nUyWo + (i + 7n)VaWo + (4 m)V, W, +
(n+m)W,W, +..] =0 (2.69)
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Assuming the power series expansions for displacements:

U = U0—|—8U1+...;
Vv Vo+eVi+ ..
W = W0+8W1+...

we obtain in order of € :
)\(UO,CE + %,y) + (>\ + 2//”)WO,Z = 07
,LLUO,Z = 07
,uvb,z = 07
hence the leading order terms in displacements are independent of z:
Uo = Us(@,y;t); Vo = Vo(z, ;1)
and the most important result is that :

1%

Wo.=—

ILL(UO,:E + Vb,y) = - (UO,:E + %,y)7

1—v
and:

vz
WO = (UO,m + %,y)7

T 1—v
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(2.70)

(2.71)

that means that the relation between transversal displacement and in-plane strains
is confirmed to be equivalent to the generalized plane stress problem solution: Wj is

proportional to z and to the functions of x and .

To get the next order terms (refinements) in (2.70) we have to consider the problem

in O(e') :

/\(Ul,w + ‘/1,y) + ()\ + Q/L)WLZ = 0,
,UfUl,z = 07
A% 0,

that result in:
Ul - 07 ‘/1 - 07 Wl = W(ny’t)J

where W (x,y;t) is an unknown function, independent of z.
The second order problem is reduced to the following equations:

1 1 1
0 = AUz + Vay) + (A +2u)Wo, + (5/\ +)U? + §(A +m — 5n)U; +

1 1
(20 — 2m +n)U,V, + (m — En)Uwa + A+ 20U W, + (§A + )V}

1 1 3
5(>\ +m — 5n)vm2 + (A +20)V, W, + (§>\ +3p+ 1+ 2m)W§ ;

0 = pUs, + pWoa;
= ,U‘/Z,z + ,U'WO,y;

+
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Two last equations yield:

2

vz
U2 = 2(1 — V) (UO,;cx + %,yw)7
2
vz
‘/2 - 2(1 — I/) (UO,:ty + Vb,yy);
z A+ p) A ? 2mA? ) )
Wy = — U
* T e K(Awm Tz T Oorape) e
1 ny ;.o n 1 n\ .o
5 ()\+m— 5) UO,y+ (m— 5) U07y‘/0,$+§ (>\+m—§> ‘/E),x+
A 8lpu? 2m(N? — 4y — 4p?)
UVt
(mzm TOrr T Dy *”) o tou
()\()\ + 1) Al N 2m\? ) ) 1 B
A +2p)  (A+2p)2 0 (A+2p)2)
Avz3
51y O(AU0) + 0,(AVO)L.

Eventually in the 3d order problem we have :

= ,U/U3,z + ,U/Wm
= uVs, + pW,
0 = ANUsz+ Vsy)+ (A+2u)Ws,

that results in :

U3 = —ZWE
Vs = —zW,
2
vz

Wi = 2(1_V>(Wm+wyy).

Therefore, the asymptotic expansions (2.70) can be written in the following form:

2

vz
U = Up(z,yt) + 522(1 —y o+ Vhy)s - e aW, + .5
2
vz
— -t 277 m — g3
V ‘/b(ﬂf,y, )+6 2(1_1/)((]0, +Vb,y)y € ZWy+ )
W = ————(Uos + Vi) + W (a,y:t) + O()

and the problem for U and V may be separated in the leading order from the problem
for the displacement W, perpendicular to the plate.
The scale value for time variable can be chosen as

T=X,[£(1-?).
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Now, using the relationship (2.71) we derive the problem of the longitudinal defor-
mation waves in the plate, made of Murnaghan’s material, in the final form of two
coupled equations:

2

U — Ugg — (1 = V)uyy /2 — (L +1v)vgy /2 =€ {Mm + N, + 12({’—_”)2 [stt — I_T”As]m}

Uyt — Uy — (1 = )03 /2 — (1 + V)uyy /2 =€ {M; + Nl + ﬁ (s — %”Ash}
(2.72)
where s = U, +V,, is the sum of linear components of strain, A is the Laplacean, and
the following auxiliary nonlinear differential expressions were introduced as:

1 1-—
M = 3 (ui—kuz—l—vi—kvs) +sum+Ty (uyvm —vz —2uzvy) +
1 3
B4 [a(uy + v,)? — 20, (2u, + vy)l + 55252,

1—v
N = s [uy+Tvx+ﬁ1 (uy+vw)]

whilst M7, N7 can be found from M, N by means of formal substitution z — vy, y —
x, U — V,V — U. Two nonlinearity coefficients were introduced also as:

6, = L ;V[m(l —2v)+nv/2] = B1(E,v;m,n)
By = 2(13;(2;)_(1”; d [(l +2m)(1 — 2v)? + 6v(1 — y)m} = [y(E,v;l,m,n).

It can be noted that from the physical viewpoint the 4th order mixed derivatives-terms
Satt, Syu i0 the system (2.72)-may be interpreted as the description of the inertia of the
transverse displacements of the plate, while the terms, proportional to the 4th order
space derivatives from As, = (Szz + Syy)z and Asy = (Szq + Syy )y, represent the influ-
ence of the deflection of the elementary longitudinal ”fibers” due to the deformation
caused by the propagation of nonlinear longitudinal strain waves.

Formerly (see, e.g., Nariboli and Sedov, 1970; Potapov and Soldatov, 1984) the
analytical study of the two-dimensional nonlinear wave propagation was bounded with
the reduction of the system of equations to the Kadomtsev-Petviashvili (KP) equation

for R=0U,/00, 0 =z —t:
(RX +ciRRy + CgRggg)g + Ryy = O(E) (273)

It was based on the following assumption that the scales in two (equivalent !)
in-plane directions are different: X = ex, Y = /ey, and the following power series
expansion is valid:

U="U+eU; +O0(?); V = Ve[Vo + Vi + O(e%)].

After that the KP equation was obtained for the leading order term in R while all
terms of order O(e) were omitted, i.e., the limit ¢ — 0 was assumed. Obviously, in
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the limiting case the initial problem becomes singularly perturbed, and the validity
of this approximation is not evident.

In Chapter 4 we will find some exact quasi-stationary solutions to our model of
the 2D nonlinear waves in the plate governed by the systems (2.66) and (2.72), and
valid for periodic boundary conditions on U, V" and their derivatives, or, for a localized
solution, assume that U,V and their derivatives all tend to zero for z,y — oo.

2.5 Waves in a wave guide embedded in an exter-
nal medium

We considered before the wave guides having the lateral surface free of stresses. How-
ever, this condition may be realised under special circumstances, and most of wave
guides are not free in structures and in nature. The interaction of the nonlinear wave
propagating in the wave guide embedded in an external medium is of practical interest
and may lead to considerable local stresses and/or energy exchange with the exter-
nal, active of dissipative, medium, i.e., to dramatic change in the problem statement.
We shall discuss the statement of the problem and obtain some basic equations to
describe the influence of the energy transfer through the lateral surface of a rod on a
nonlinear guided wave. Here most attention will be paid to the mechanisms of wave
propagation.

To begin with, we remind the action functional (2.1) and shall consider the second
term governing the work of external forces acting on the lateral surface as a reaction
to the external medium and leading to the bounded transversal displacements. To
calculate the work, we have to define an elementary work on a lateral surface.

First, we consider the guided wave propagation in a prestressed rod embedded into
an external solid medium. The simplest and classical model of interaction between the
surface and the medium was proposed by Winkler, who considered it as the transversal
motion of compressed springs, implemented at the surface, see Figure (2.2):

F(x,t)= —k V. (2.74)

It does not cover any interaction between U and V, as it used to in solids, and can-
not cover any shear motion. However the so-called sliding contact is widely used in
complicated wave problems to model an interface interaction.

Pasternak (1954) considered the interaction with shear motions and derived the
improved version of the model:

0?V
Fi(x,t)= —kiV + ks—— 2.75
1(x,t) 1V + R 92’ (2.75)
where z is the co-ordinate along the rod and k; are stiffness coefficients of the medium.
Therefore the work is modelled as the motion of springs with respect to compres-
sion/tension with k; and shears with ky. Schematically it is shown in Figure (2.2),
part 1.
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Figure 2.2: Two different models of a ‘wave guide - external medium’ interaction. The
cylindrical rod is embedded in an external medium (gray bar) and interacts according
to 1-the Pasternak model; or 2 -the Kerr model. Obviously, the vertical size of an
interface is assumed to vanish.

The energy exchange between solids and elastic or viscoelastic foundation was
modelled by Kerr (1964). The reaction force is described as a result of an action of
elastic and viscous (or active ) infinitesimal elements,

Fy(x.t)— —kV — ng—‘;, (2.76)

as it is shown in Figure (2.2), part 2. Here 7 is the viscocompressibility coefficient,
positive for dissipative medium and negative for the active one.

The statement of the problem will be based on the same Murnaghan model as
before, and any interaction between a wave guide and an external medium will not
result in distorsion of the rod cross section perpendicular to the z-axis; in other
words we will use the Love relationship (2.21) and refinements of the plane cross
section hypothesis may be made easily. We shall also take into consideration possible
prestressing of the rod. The one-dimensional Lagrangian for a hyperelastic rod will
be written as:

E(1+20Y)
2

uv? R?
4

B
U2 - U2 —
x 6$

2
Ux.’t ’

L =R [gUE + %FRQU; -

where U? is the preliminary longitudinal strain component of constant value and other
notations are as above. Calculating the elementary work we have:

1 = [ Filxt) - 5U = (/3 R0l — )8V
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54y = / Fa(x,t) - 8U = (2n/3) RA(kU + U)o08U.

Then writing the Euler equation, we arrive at the 1 + 1D equation governing
the nonlinear wave propagation in the prestressed elastic rod, embedded in an elastic
medium, which lateral surface interacts with it at the interface:

2Rl/2 ]Cl
3p

g

8 V2 R? {o+ 4k /(3R)
-5 pt A2/ (55)

U:t:t -
2 177 0

(2.77)

When the rod is in contact with the dissipative (active) medium, and the interac-

tion is described by the Kerr model, the equation becomes the DDE with dissipative
terms, as follows:

Utt — |:02(]. + QUB) + ] Uzz

V2 R?
2

2Rk 202 Rn

3p U;c;ct
(2.78)
We shown that the embedding results in variation of effective values of E and pu,
when the rod is inside the elastic medium,

g

_ P

Utt - |:C(2)(1 + QUJ?) + :| Ugm [mett - C%mex.’t} +

B, = E(1+20))+2Rv?*k;/3,
ik

while dealing with the dissipative medium together with:

B, = E(1+2U0))+2Rv?*k;/3,
o = K

we have an additional term 2v2Rnu,../(3p) in the right hand side of (2.78) with
dissipation constant 7, i.e., the external medium can absorb (n > 0) or transfer
(n < 0) an extra energy to the rod.

Thus in terms of the strain we get:

1
Ust — Collge = = éuz + VP R?(uy — Cuge) |+ 2007 Ruge:/(3p). (2.79)

2 1p 2z
Dealing with the problem of contact with purely elastic medium one should put
n = 0, whilst the velocities are to be calculated using the modified values of the 2nd
order elastic moduli. The influence of an external meduim leads to the increase of
both longitudinal and shear wave velocities in comparison with the free rod problem.
This equation was derived under the assumption that the dissipative/active terms
are considerable and should be included into the established balance between nonlinear
and dispersive terms and the solution was found in (Samsonov, 1988c). Dimensional
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version will be investigated below in Chapters 4 and 5 for analysis of the influence of
interaction in the solitary wave propagation in solid wave guide. If the dissipation is
smaller than the two phenomena included, the problem may be solved by means of
standard asymptotic expansion on the basis of perturbation of the appropriate DDE
solutions.

Introducing the small parameter as above for long wave of longitudinal strain w,
assuming a balance between nonlinear, dispersive and dissipative terms (2.79), we
obtain the Doubly Dispersion Equation with dissipation, as follows:

Ut — Ugy = €(6U? + Qg + Dligy + Uy )we + O(2). (2.80)

where the dimensionless ‘viscosity’ is defined as g = An/(3copR), while A is the
characteristic wave length. It was obtained by Samsonov, (1988c); Samsonov and
Sokurinskaya, (1989); its analytical features are of considerable interest for the general
theory of and solutions to the nonlinear dispersive dissipative p.d.e. that will be
discussed in Chapter 3.






Chapter 3

Direct methods and formal
solutions

This Chapter is designed to present some mathematical methods of integration of the
o.d.e. and to explain intrinsic links between the nonlinear dispersive and dissipative
wave propagation problem and the general reduction problem of the classical o.d.e.
theory. The focus of this Chapter is mathematical problems, and a reader oriented to
nonlinear elastic problems and experiments in solitary waves propagation may omit
this chapter, however, in that case, he or she will be asked to accept the mathematical
results.

3.1 Nonlinear hyperbolic and evolution equations

The governing equation usually involves a linear (hyperbolic or evolution) wave op-
erator supplied with nonlinear (with respect to an unknown function), dispersive and
dissipative terms, all of which may contain variable coefficients, depending on space
and time variables. The solution to a nonlinear dispersive dissipative equation con-
stitutes one of the most difficult problems of contemporary mathematical physics.
However, many nonlinear p.d.e. can be reduced to an equation with dissipative terms
and variable coefficients, into which an independent variable does not enter explic-
itly, i.e., to the autonomous equation, which gives the ability to obtain a solution in
explicit form in some cases.

Recent renewal of interest in possible reductions of nonlinear p.d.e., providing a
closed form solution, was motivated, in particular, by the finding of exact particu-
lar TW solutions to nonlinear dissipative problems. Some of them were obtained
recently for the famous Korteweg-de Vries-Burgers’ equation by means of various di-
rect approaches. It revived the interest in application of both classical direct and
group theoretical approaches to obtain exact solutions. Results for either the non-
dissipative or the non-dispersive problems can be found in papers by Clarkson and
Kruskal (1989), Clarkson and Winternitz, (1991), and, also, in the group-invariant so-
lutions in several books. The criterion of equivalence was proposed recently by Arrigo
et al. (1993), however comprehensive links between the two methods and the classical

49



50 Direct methods and formal solutions

theory of nonlinear o.d.e. will have to be established.

We shall find a TW solution instead of any self similar solution due to the following
correspondence between self-similar and travelling wave solution of any p.d.e. Usually
a self-similar solution to any p.d.e. in 1 + 1D written with respect to the unknown
function u(x,t) is introduced as an opportunity to represent a solution in a form

u(z,t) = U(t) f(X) (3.1)

where X = x/T(t) and both U and T are appropriate scaling functions for an unknown
and space coordinate.

On the other side, the travelling wave solutions are defined as those depending
upon z = x — V't 4+ « only, namely,

u(z,t) = F(x —Vt+ a) = F(z). (3.2)

Then the obvious substitutions x = log z,t = log(7), @ = — log A, lead to
—Vt+a=log— =X
x Q@ g8~ ,
and therefore, to the following transformation
(z,1) = [l _4217} = f(X)
u(z F'|lo X
Y g Y

i.e., any TW solution of the form (3.2) can be expressed as (3.1) and vice versa'.
We will consider nondissipative problems of generic interest, and after that, turn to
dissipative case. As a rule an original wave propagation problem is reduced firstly to
the evolution equation, and that way is not trouble free.

A wave propagation problem may be described by means of a nonlinear hyper-
bolic equation (NHE) or its corresponding reduction to a nonlinear evolution equation
(NEE) that will extract the unidirectional wave. At least two main approaches can be
used in order to obtain the travelling wave (TW) solution, depending upon the phase
variable z = x + Vt, with velocity V/ i.e., the solution of a corresponding o.d.e.:

e direct integration of the NHE, that will be considered below;

e standard reduction to the NEE and integration.

Derived from the Hamilton principle, a nonlinear wave equation, written as

Ut — Uge = €[(N(u) + D(u)]ge- (3.3)

where N(u) is a nonlinear term and D(u) is a dispersive one, is quasi hyperbolic: for
small € the L.h.s. provides a linear wave equation. For this reason any complete set of
boundary and initial conditions for wave problems must be satisfied. In contrast, the
corresponding NEE, being a widespread but not always well-grounded reduction of

1Ya. Zeldovitch in 1956 introduced the self-similarity of the 2nd kind, where 2’ = v +a;t' =t+b
and a = ¢b + const leads to u/(2',t') = u(x,t).
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the NHE, requires a detailed analysis. To obtain the NEE one has to introduce new

variables,
T = "l
{ £ = ez — Vi), (34)

and substitute them to (3.3) with given integer n. For example, N(u) = u* results to

the KdV equation for £ = 2 or to the modified KdV equation for £ = 3 in the form

Ur + (Uk)g/k' + Clgge = O(E), (35)

or for higher order KAV, when k > 3. To solve it one should omit the right hand
side terms and consider equations without parameters, whereas the initial NHE (3.3)
contains small parameter € with highest derivative.

Then one has to conclude that for u and its derivatives being subjected to the
boundary conditions:

0"u/0z™ — 0, |z| =00, m=0..3, (3.6)

integrations based on NHE and NEE models will provide almost equal results, while
if the limiting values of the unknown are different:

U— Uy, 2 — +00; U — Uy, z— —o0; and Oy /92 — 0,m =0...2; | 2| — oo,

(3.7)
there will be no equivalence in solutions. The reason of it lies in fact that we deal
with the singular perturbation boundary value problem, arising when € — 0 in the
NEE limit. It will not result in a big difference in a solitary wave solution or bounded
periodic (cnoidal) wave solution, while any other solution will differ. In general, only
one independent initial condition, corresponding to the originally posed problem, can
be taken into account for the NEE, and the question arises for a problem reduced
to the NEE, how to satisfy the first independent initial condition u(t = 0) = ug(z).
Obviously, this fact is crucial for the DDE with dissipative terms (see Chapter 2), for
which in the limit of KdV-Burgers equation corresponding to the initial NHE with
dissipation the conditions (3.7) will not be considered.

That is precisely the case of a singular perturbation problem, usually arising for
any equation, containing a highest derivative with a small parameter. The simplest
example can be mention here for the o.d.e., governing the static beam deflection
problem, see (Coul, 1968; Lomov, 1981). The general statement of linearized problem
consists of the perturbed equation:

Le(u) = €Ugzze — Uge — p(x) =0, (3.8)

written for a normalized deflection u(z) of a beam under transverse external load p(z),
and four boundary conditions for clamped ends, namely, u(0) = u,(0) = 0,u(1) =
uz(1) = 0, whereas the reduced one has the form Lo(u) = ug, + p(z) = 0 and only
two boundary conditions for function u(z) can be considered.

The exact solution of the problem L.(u) = 0 can be written formally in the fol-
lowing form:

ue = up(x) + c1(€) exp(—x/€) + ca(€) exp((1 — x)/e). (3.9)
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and consists of the solution ug(x) of the reduced equation Lo(u) = 0 in the limit
e = 0 and two boundary layer exponential functions, which have essentially non-
zero values only near the boundaries of the interval: x = 0 or z = 1. The solution,
therefore, cannot be expressed as power series with respect to €, k > 0 in the vicinity
of the singular point € = 0. Hence the exact solution tends to wug(z) non-uniformly
with respect to € — 0 in the interval [0, 1], and this is exactly the hallmark of a
singular perturbation problem arising for any differential equation with a small factor
multiplied by the highest derivative of u(z), but not a necessary condition.

In general, if the determination domain D(Lg) of a limit operator Ly is greater
then the domain D(L), then the problem is named as the singular perturbed one, and
this definition seems to be more rigorous. Indeed, D(L,) consists of any continuously
differentiable functions having in [0, 1] four continuous derivatives and satisfying four
boundary conditions. The solution ug(z) of the limit equation Ly(u) = 0 does not
belong to D(L¢) : ug(x) ¢ D(L) for an arbitrary p(z) € C|0, 1], furthermore, even
for p(xz) € C*[0,1] we have ug(x) ¢ D(L.) because of four independent boundary
conditions to be satisfied.

The problem becomes even more complicated for an inhomogeneous problem for
the NEE with slowly varying coefficients. To solve it one has to use the matched
asymptotic expansions, e.g., a double asymptotic expansion (with respect to € and to
a parameter describing a smooth inhomogeneity). Therefore it seems to be advan-
tageous to deal with the nonlinear quasihyperbolic equation in physical problems in
order to avoid extra difficulties arising in the limit € — 0.

3.1.1 Travelling wave solutions to the KdV and the DDE
equations

Here we shall show how to construct a solution to an o.d.e., which can be useful for
a travelling wave solution of the DDE and of the famous KdV equation

u + 6uuy + dugy, = 0. (3.10)

It is well known that it possesses both solitary wave and periodic cnoidal wave
solutions, however in many books they are referered to as the separate sets of solutions.
It is easy to demonstrate that the ‘general’ solution covers both of them. We shall
show also that it is definitely discontinuous and may be reduced to any continuous
one in a limiting case.

Indeed, the KdV equation results after the phase variable introduction z = z — V't
and integration in a form:

c—Vu+3u?+6u" =0.

Multiplying in ¢’ and integrating again we have:

2

(W)? = 2(—d + cu + v% — ), (3.11)

SR
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that is similar to the Weierstrass equation defining the elliptic complex valued @
-function:

(') = 4" — g2y — 93 — y = p( + 20; 923 93).
To obtain it from (3.11), one may transform u as follows:

Vv

w= 20y + (3.12)

and define the corresponding invariants of the Weierstrass elliptic function as:

12c + V? 1
== = ——(108d — 18¢V + V?). 3.13
92 662 93 (65)3( cV+V?) ( )
Therefore, (3.10) has a discontinuous general travelling wave solution:
Vv

u= o = 26p(z + 20: 923 93), (3.14)

with free parameters V, ¢, d, zg, that can be reduced to a solitary wave and to a cnoidal
wave solution by means of appropriate choice of invariants and the p— function limits
in real axis.

If we seek a solution vanishing at infinity, then we should assume ¢ = d = 0 in
(3.11) and obtain from (3.13) the particular values of invariants in dependence of
velocity V:

92 =V?/(66)% g3 =V?/(66)". (3.15)
The DDE
Ugt — Uge = (U* + Aty + DUy )ze (3.16)
can be reduced to (3.11) also:
2 3,2
M(W:—%+%(v2—1—c>—du+e, (3.17)

where the parameters c,d, e have constant values now. It means that, in general,
even travelling wave solutions for KdV equation and for the DDE are discontinuous,
depend on the p-function of the complexr variable, and additional conditions should
be satisfied to obtain a wave solution as a continuous function of the real variable,
e.g., as an observable signal from the physical viewpoint.

3.2 Conservation laws

For a nondissipative nonlinear equation one can obtain a set of the so-called conser-
vation laws useful for any testing of numerical simulation techniques and for clear
understanding of physics of nonlinear wave propagation in the non-uniform and/or
non-homogeneous wave guide.

It is well known that a conservation law for a quantity v expresses a variation of
v in a volume W by means of negative flux f(v) across the volume boundary OW as

0

o /W vl = | fwydow) (3.18)
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whence one can rewrite it in a form of the Gauss theorem v; + div f(v) = 0, or in the
differential form
Dt + Fm - 0

where D is density and F' is a flux. For example, starting from the DDE written as

Ay — Vgg) = 5(6@2 + avy — DUsy) (3.19)

we introduce D and F' by means of the following coupled equations:

D= 4’Ut7
F = —[4v + (6v% + avy — bugg)]s

that is equvalent to the DDE, when we rewrite it as

dvy = —gy,
gi = —[4v + £(6v% + avy — bugy)]e-

Then, using the homogeneous boundary conditions for any solution v(z,t), and its
derivatives, vanishing when | z |— oo , the integral in (3.18) is a functional on
solutions v, and therefore is an integral of the DDE.

Taking into account an invariance of equations for D and F' with respect to trans-
formation ¢ — —t and the boundary conditions, we obtain a set of polynomial con-
servation laws in the form K;=const, where

Klz/ vdzx, ng/ gdzx, ng/ gdt, K4:/ gudz,

K5 = / zvdr, K = / (> + v + e(40” + av] + b2) /4] d (3.20)
Some of these quantities provide physical interpretations as the mass conservation
(K1), the momentum conservation (K5) and the ‘energy’ conservation (Ks) of a pulse
satisfying the above mentioned boundary conditions.

3.2.1 The Hamiltonian structure

To find out whether the DDE is fully integrable by means of the inverse scattering
transform (IST), we consider the dimensionless DDE written for a general nonlinear
function F'(u) as :

uy = [F'(u) 4 bug, + auy)],, - (3.21)
The divergence type system:
Ut = Vg,
1 0
Uy (bt + F'(u)],

T 1- ad? /02 Ox

as well as the Hamiltonian structure
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1 OH 1 OH
— oy = 3.22
- ad?/0x? v’ T ad?/0x? du (322)
both arise due to the Hamiltonian operator introduced as follows:
0/0x
el 3.23
1 — ad?/0x? (3:23)

Conserved polynomial densities can be written now as:

K, = /'de; K, = /udx; Ky =P= /(uv+auxvm)d:p;

1
Ky = H= 5/ [0 + avl — bul + 2F (u)] dz,

while the last is the Hamiltonian H of the problem, and the variational derivatives
are written as:

5H . 6H 8?
E—bum—l-F(u), E— (1—a@)v—v—avm

We can see that no additional terms to them can make the problem fully integrable
by means of the IST method. Moreover, some polynomial densities are not from the

set written above:
K5 = /vdt; K¢ = /xvtd:p

Using a variational derivative definition, (see Newell, 1985):

6H2n+1 _ i _i " 8?[((](”))
0q 5 dx dq(™

where
o

¢ =D"q, D =d/da; H((J)Z/ﬁ(q,qx,qm---)dx

i.e., for any € :

hmH[quS??]—H[Q]:/ 5_Hndm
=0 3 oo 04

we conclude that for n = 0 the flux corresponds to the trivial translation of an initial
pulse:
8 (SHl *° q2
e = ———; Hj = —dzx,
e oxr 6q ! / 2
whereas the flux for the KdV equation is for n = 3:

0 0Hj3 < ¢ —2¢°
=——; H3= =/—d
Gt ox 6q ) 3 /OO ] x

[e.°]
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where time-like coordinate ta,,1 corresponds to (2n + 1) -flux, having a linear disper-
sion relation w(k) = —2(k/2)*" " n=0,1, ...

Note that each functional Hy, .1, generating the flux, is the motion integral for
another flux, while these integrals commute with each other with respect to the natural

Poisson bracket: 5G9 S F
F o v or
{FG} = / 0q Or 6q

Evidently, for periodic boundary conditions in flux formuli all integrals are with
respect to a period, .Moreover it is valid that :

6H2n+1

L'q =
q 5q

where the nonlocal operator L is:

1 1 [*
L:—ZD2—q+§/ dr q,

and therefore all fluxes can be written in the Hamiltonian form.

At least, the presense of the mixed derivative does not possess the full integrability
of the DDE by means of the IST method.

As a rule, wave solutions of (3.19) differ from those of evolution equations of the
KdV-type: u; + uug + ugee = O(e). Firstly we note the difference between the DDE
(3.19) that contains two dispersive terms with opposite signs even in order O(u?), and
the well known Boussinesq equation for incompressible fluid, where due to relation
uy = u, + O(u?) one term can be expressed through another. Even in a corresponding
linearized problem one can reveal the difference in dispersion properties when either
Ugtzz OF Ugzer are taken into account. In Figure 1.2 one can see the dispersion relations,
in Figure 1.3 - phase velocities and in Figure 1.4 - group velocities for linear equation,
Boussinesq equation, and two versions of DDE respectively.

Note also that the Boussinesq equation of the 1st kind (containing bu,.,. ) possesses
the Painlevé property, while it does not allow the separation of variables, whereas the
one of the 2nd kind with au,,:; does not have the Painlevé property, but the variables
may be separated.

We should mention the finite non-zero value of phase velocity c,;, for k£ oo for the
DDE, i.e., of the energy transmission velocity. A wave can propagate without energy
transfer, when ¢, = Ow/0k = 0, whilst its phase velocity c¢,, = w/k # 0, and this
value of phase velocity can be reached by the DDE wave, at least, formally.

3.3 Some notices in critical points analysis for an
o.d.e.

Solutions in terms of the Weierstrass elliptic g function, even for problems with dissi-
pation, may also be found. Before to introduce a new approach for finding a solution
to a 2nd order nonlinear o.d.e., we shall describe briefly types of singularities for a
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1st order o.d.e. It may be based on a multi-valued function dependence of a solution
upon initial data.

Let us consider an analytical function w = f(z) of the complex variable z. Its
derivative w’ = f'(z) may be written as w' = F(w) by means of extraction of z.
Of main interest is the case when an equation contains both w and its derivatives
in algebraic form with coefficients as analytical functions of z. These equations were
studied by Hermite, Poincaré, Painlevé, Fuchs and many others. The 1st order o.d.e.
of this kind may be written as

P(w(z),w,2) = Ag(w, 2)(w)" + Ay(w, 2) ()" +...+ Ay(w,2) =0,  (3.24)

with P being a polynomial with respect to w and w'.

As a rule only singular points of single-valued functions are considered in the
general theory of analytical functions. Unfortunately, integrals of o.d.e. are mostly
multi-valued functions. Therefore, following Painlevé, we will introduce some defini-
tions of a singular point being:

critical, where a function changes its value n times, e.g., z = 0 for the function
w = /z and for w = log z;

non-critical, otherwise, e.g., essentially singular point of a single-valued function
or a pole, where a function value remains unchanged. The last is the only noncritical
singular point of algebraic functions of z and is of main interest for our study.

Besides, there are algebraic:

critical singular points, e.g., z = 2o, where w(z) is holomorphic in 2z and may be
expanded as

w(z) = a+b(z — 20)% +c(z — 20)" + ...
or a critical pole of order m in z = z,, where
a b c
w(z) - m + m—1 + m—2 + o ..
(Z—Zo)n (z—zO)T (z—zO)T

Critical points may be non-algebraic. It may be a transcendental singularity, when
there is one point of indeterminancy, e.g., z = 0 for w = log z , or an essential one, if
there is more than one point of indeterminancy, e.g., z = 0 for exp(1/z). Eventually,
singular points may be non-isolated, and may constitute singular lines: |z| =1 for

| !
P ZQ' n!

w(z) =1+ =+ —+,,,+

1t 52 + ..

n2
All of these kinds of singularities will not be considered here.

Now we consider singular points of integrals (solutions) of differential equations.
The question arises how restrictive is the requirement for (3.24) to be algebraic in the
unknown function w and its derivatives. It was Fuchs who proposed an important
subdivision of integral’s singular points into movable, which location depends on initial
data, and unmouvable (fixed). Golubev (1941) found an interesting example of an
equation

!/

W = —
2wz
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[z
w= loga

for which points z = 0 and z = oo are transcendental singularities, while z = C'is the
critical algebraic point. Indeed:

w = z—C’{%—H&(z)}

where (z) is holomorphic in z = C. Then, transcendental points are identical for
different values of C, while the algebraic point location varies with C, and therefore,
with initial data zg, wg, and this point is the movable one. Naturally, some nonlinear
o.d.e. have the same feature and the behaviour of these points is of main interest for
study of nonlinear o.d.e.

Painlevé in 1887 proved a remarkable theorem:

All integrals of the 1st order o.d.e. (3.24) do not have movable transcendental and
essentially singular points, but only algebraic points-poles and algebraic critical points.

Later a useful theorem was proved by Golubev: Integrals of linear o.d.e. have no
critical movable singular points.

Therefore one can conclude that when a solution in closed form can be found for
any particular set of algebraic coefficients in (3.24), it will not have movable essentially
singular points, but, probably, poles.

The Fuchs theorem yields the conditions for singularities to be fixed (Fuchs, (1880);
cited after Golubev, (1941)):

For (3.24) all eritical points are necessarily and sufficiently fized, if and only if:

Ay does not depend on w : Ag(w, z) = Ap(2);

a polynomial coefficient Ay with the (n — k)- degree of the derivative in this
equation is at most of degree 2k in w.;

the discriminant equation solutions are at the same time the integrals of (3.24);

when the expansion of w’ is

having an integral

w' = 5o + b (w — wo)¥™ + by (w — we)FEY/™ 4

then k£ > m — 1.

Integration of an equation with unmovable critical points of genus p = 0 can be
reduced to an integration of the Riccati equation.

Furthermore, Hermite (1873) proved one of the most important theorem for further
analysis:

Any autonomous equation (3.24) P(w,w') = 0, without movable critical points
possesses a genus p equal either to 0 or to 1, and therefore it has an integral, expressed
either in terms of rational functions for p = 0 or in terms of exp(u) and/or of elliptic
functions for p=1 (e.g., the Weierstrass function ).

Eventually we cite an outstanding result by Poincaré (1885):

Any non-autonomous equation (3.24) with unmovable critical points, having the
genus p = 0, is reducible to the Riccati equation, while for p = 1 it is integrable in
terms of the Weierstrass @ function after corresponding linear fractional transforms.
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Note that the Riemann surface of genus p = 0 is homeomorphic to a sphere, i.e.,
to a complex plane. Moreover, Hermite proved that the summation theorem is valid
only for functions, rational with respect to z, to exp z and for elliptic functions.

Now this is the branch point of our analysis, that may be done in two different
ways.

i) Heuristic consideration:

One can use the results by Hermite and Poincaré to introduce an ansatz and to find
a solution to a 1st or a 2nd order nonlinear o.d.e. as a function rational with respect
to p. It will be based on the statement made by Whittaker and Watson (1927), that
an elliptic function f is expressed in terms of the function p(z+ C) and its derivative
as

f(2) = Ap) + B(p)¢', (3.25)

with both A and B, being rational functions (or even polynomials) with respect to
their arguments. To find A and B the analysis of poles (not all the critical points)
was used as a rule. Moreover the solution to an equation is assumed to have only
poles.

This approach is heuristic and often used to obtain some particular results in dis-
sipative problems of common interest, see, e.g., Samsonov (1988c¢), Kashcheev (1990),
Jeffrey and Xu, (1989), a review by Vlieg-Hulstman and Halford, (1991), Porubov
and Velarde (1999), and many others. It may be useful to activate further rigorous
studies of the nonlinear 2nd order o.d.e., however we will concentrate here mainly on
the formal consideration of the problem.

i1) Rigorous approach:

It consists in analytical study of the problem of critical points analysis and closed
form integration for the 2nd order equation:

Pw" w' w, z) =0, (3.26)

that remains under thorough consideration. It is important for physics because one of
the main problem in the theory of integration of nonlinear dispersive and dissipative
p.d.e. consists in possible integration of corresponding 2nd order nonlinear o.d.e.
arisen due to transformation of a p.d.e. to the phase variable dependence. This is
just a first step in the theory, and in many problems of nonlinear mathematical physics
the 2nd order autonomous nonlinear dissipative o.d.e. :

uZ, = a(w)ul + blu) + c(u)(ul)® + d(u)(u,), (3.27)

arises as the natural reduction of an initial p.d.e. Group theory analysis will provide
a complete set of possible solituions to it, up to date, some results were obtained by
Schwarz (1998a,b) and the problem is far from being solved. A similar equation was
introduced firstly by Sophus Lie and studied in framework of group theory analysis;
for this reason we shall call it as the generalized Lie equation?.

Here we will show how it can result in closed form solutions in some cases, when
the integration of it can be based on a reduction to the 1st order equation.

2Thanks to Dr. F. Schwarz for the reference to the original Sophus Lie paper.
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A successful attempt in the most simple case ¢ = d = 0 was made by Ince (1964)

who proposed the substitution:
w=uW(Z)+v; Z=pl2), (3.28)

that allowed to reduce the Lie equation, containing a cubic polynomial bs3(u) with
constant coefficients by means of the following option in (3.28)

p(z) = eXp(/(a(Z)/i%)dZ); v(2) = ba(2)/3, Z = (2) = (—i/\@)/u(Z)dz,

to the equation

W" =2W3 + A(Z)W + B(2), (3.29)

where
A(Z) = —%(b1 —b3/3 —2a*/9), (3.30)
B(Z) - —%[bo - buba/3 -+ 26327 + (abl, — 11)/3]. (3.31)

Containing the exponential in pu, (3.29) will not have constant coefficients even for
constant coefficients in a nonlinear term b(u). It seems to be similar to the 2nd
Painlevé equation,

u' =2u+ zu+ B

it A(Z) = aZ +f and B(Z) — const, however it cannot be reduced to the second
equation otherwise.

3.4 New approach to a solution for an autonomous
dissipative nonlinear equation

We consider a problem on finding an exact explicit travelling wave (TW) solution for
nonlinear dispersive partial differential equations with dissipative terms. In general,
the 4th order p.d.e. includes the nonlinear terms, the dispersive (higher even order
terms) and dissipative (odd order terms), that seem to provide a general description
of a wave propagation problem for the unknown wu(z,t) in space x and time ¢ in a
wave guide.

We will find the TW solution that depends only upon the (phase) variable z =
x £+ V't and describes a wave propagation along the x axis in time ¢ with the velocity
V.

The interest in the TW solutions for physical applications is based on the simplest
approaches to generate and to detect these waves in experiments. Furthermore, TW
solutions can be transformed into more general self-similar solution, as it was already
shown in Section 3.1.

We will demonstrate how some solutions can be obtained using some new simple
reductions and classical transformations. Under certain conditions the autonomous
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p.d.e. can be reduced to the following second order Lie equation written with respect
to an unknown function u(z)

u!, = a(u)u, + b(u) + c(u)(ul)? + d(u)(u)?, (3.32)

or even to the simple version of it written as follows

n

u,, = a(u)u, + b(u). (3.33)

In the non-dissipative case when a(u) = 0, this equation is well known to provide
an appropriate integration to obtain a solution in close form, while for dissipative
equations (3.32) and (3.33) the problem of finding any exact explicit TW solution is
far from being solved.

The truncated Lie equation (3.33), containing both polynomials b(u) = > b;u’ and
a(u) =" asu’, corresponds, after integration, to the standard reductions of travelling
wave problem for the classical KdV-Burgers’ equation for ¢ = 2, and constant values
of a(u) = p, a, 8, V,

ou" = pu”" — aun’ + V', (3.34)
the modified KdV-Burgers’ equation (i = 3, a(u) = u-const),
ou" = pu” + V' — autu, (3.35)
the Gardner equation with dissipation
ou" = pu" + V' — aun’ — pu, (3.36)

the equation for nonlinear dissipative waves in solid wave guides (Samsonov, 1982;
1988) or the double dispersion equation, where ag, a and b are given constants,

u’ = [u? + (aV? — b)) + apu”, (3.37)
the Fisher equation (i = 2, by = —b),

u ="+ bou(l — u), (3.38)
and the Kolmogorov-Petrovsky-Piskounov, the KPP equation (i = 3, by = —by),

u' = u" + byu(l — u)?, (3.39)
the Ginzburg-Landau equation (by = 0),

u” +u = biu+bsu | u|? (3.40)
the nonlinear Schroedinger equation (NLS):

u’ + ayiu’ + bau | u [*= 0, (3.41)
the nonlinear reaction-diffusion problem governed by an autonomous o.d.e.

D(u)u" 4+ Dy (u')? + Vu' + A(u) =0, (3.42)
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The usual way to study the nonlinear equations is in qualitative analysis of the be-
haviour of a system on a phase plane (v, u), however it is not sufficient for finding
any exact solution explcitly or testing a numerical one.

Note that the above mentioned Ince substitution (3.28) allows to reduce (3.33)
with a cubic polynomial b(u) = bs3(u) and constant coefficients to the equation

W" =2W?3 + A(Z)W + B(Z), (3.43)

that cannot be reduced to the equation with unmovable critical points.

However, for a polynomial of second degree b(u) = be(u) the equation (3.33) can
be reduced to either the 1st Painlevé equation for linear A(Z) : W = 6W?2 + Z, or
to the Weierstrass equation: W” = 6W?2 + const, for @« = 0 in A. The first one is
well known to be solved in terms of the 1st Painlevé transcendent, which asymptotic
dependence of Z for | Z |— oo is expressed again in terms of the p function. The
second is solvable in explicit form.

The main question arises how to construct an exact travelling wave solution to
dissipative equation (3.33), having, perhaps, some movable critical points, but for
nonlinearity of general kind and in explicit form. The Padé approximants technique
has been used by Kudryashov (1988) to obtain the partial kink solution for the mod-
ified KdV-B equation. Berkovich and Nechaevsky (1983) studied the integrability
of the Emden-Fowler equation using a classical approach, that is close to the prob-
lem considered. Gundersen (1990) used some similar transformations to obtain TW
solutions for the non-dissipative nonlinear equations with constant coefficients, and,
particularly, for the sine-Gordon equation.

We propose to find some exact TW solutions by means of reduction of a dissipative
nonlinear o.d.e. to the 1st order Abel equation, as it was shown in (Samsonov, 1991;
1993, 1995). Some of these solutions for higher order o.d.e. and coupled equations
can be obtained in explicit form.

3.5 A general theorem of reduction

Let us consider the problem of finding some exact solutions of egs. (3.27) and (3.33).
The theorems by Hermite (1873) and by Painlevé (1887) mentioned above lead to
the conclusion that when a solution in closed form to (3.27) can be found for any
particular set of algebraic coefficients, it will not have movable essentially singular
points, but, probably, poles.

The problem of exact explicit solution of a nonlinear dissipative wave equation can
be transformed now into the following question: is it possible to extract the equations,
which can be integrated in terms of the g -function and may have movable singulari-
ties like poles?

For reduction the equation (3.27) to a low order equation we propose the following:
Theorem.

The second order autonomous ordinary differential equation, the Lie equation
(3.27),
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uz, = a(u)u; + b(u) + e(u)(u)” + d(u)(ul)’,

containing nonlinear and dissipative terms with arbitrary functions a(u), b(u), c(u),
d(u), can be reduced to the 1st order Abel equation:

vl + b(u)v® + a(u)v® + c(u)v + d(u) = 0. (3.44)

or in the normal form:
Ye = y® 4+ I(€). (3.45)
Proof
is straightforward:
introducing the new unknown function v via differential substitution v(u) = 1/,
we have

!l !
" Uy Uy _ Uy

u! = — ==
V2 v3

zz

and reduce (3.27) to the lower order equation with respect to v, that yields the non-
autonomous Abel equation of the 1st kind (3.44) after a little algebra®. For continuous
¢(u) and continuously differentiable a(u) and b(u) the following substitution

w(u) = exp(/(—c +a*/(3b))du, &(u) = —/b(U)w2(U)du, v =w(uy(§) —a/(3b),

is well known to reduce equation (3.44) to the normal form (3.45) with function I(¢),
defined by an expression

w’b(u)I(€) = d — ac/(3b) + 2a°/(27b%) — (a/3b).,. (3.46)

Therefore we reduced the integration of the initial 2nd order problem to the inte-
gration of the 1st order Abel equation (3.44). The theory of the Abel equation and
abelian integrals is not complete and the equation is not integrable in closed form in
general case.

Its closed form solution may be based on either using a particular type of function
1(&) or the substitution for d(u) = 0, i.e., for (3.27) that does not contain the highest
order dissipative term, as it was found by Lemke (1920). Consequently, the equation
(3.44) is transformed into the non-autonomous 2nd order o.d.e.

t*7 + 9(8) =0, (3.47)

where different transformations were used

w = exp(~ / (u)du), € = / w(w)a(u)du, v(u) = w(u)y(€), 9(€) = —w(u)b(u)/a(u),

together with the differential substitution

3Formerly this theorem was proven (Samsonov, 1991) for a polynomial b(u) only and for ¢ = d = 0;
moreover, a different transformation was used.
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& = 1/(ty(€))- (3.48)

We note at this step that the initial substitutions that would have led to the normal
form gy = y® + I(£) seems to be rather useless.

Using this approach, the equation of 2nd order (3.47) arises again, but fortunately
it does not contain now the first derivative of the unknown function (i.e., the dissipative
term), as it was in equation (3.27). Any explicit solution of equation (3.47) provides a
solution of the initial problem, however the closed form solution appearance is limited
by whether the function y(§) can be defined explicitly from (3.48) for any ¢.

For (3.33), in particular, we reduce (3.44) to the following equation

!+ [b(u)v + a(u)]v? = 0. (3.49)
Remembering the Fuchs theory, one can see that its main result is not valid for the
Abel equation obtained because k = 1 in (3.44), while the highest degree is 3, therefore
we proved also

Corollary 1

The Lie equation of general kind does not have fixed singularities only.

It means that the heuristic approach mentioned above should be supplied with the
critical points analysis.

Moreover, we have

Corollary 2

Only for p = 0 or 1 both w and w’ = W (z) are the single valued functions of the
Abel integral of the kind z = [ dw/W, or generally, z = [ R(W,w)dw. If p > 1, both
w and W have no singular points, but singular lines or other manifolds. For the p.d.e.
it means even the strongest dependence on initial and boundary conditions.

The theory of abelian integrals is connected with the problem on uniform curves,
and for p = 1 it is well known that the simplest curve of genus p = 1 is the third order
curve defined with an equation s? = 4¢3 — got — g3, i.e., with the equation formally
defining the Weierstrass elliptic function.

Corollary 3

The Riccati equation does not follow from any dissipative nonlinear problem, while
the Abel equation does, as was shown above.

3.6 Dissipative equations with polynomial

nonlinearity
Many TW propagation problems of mathematical physics are governed by a short
version of the nonlinear Lie equation (3.33) that allow the employment of further

reduction. Applying the approach described, we can obtain the second order equation
(3.47), whereas in this case

o(u) = v(); € = / a(u)du; g(€) = —b(u)/a(u),
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and the last term does not necessary contain an exponential term. Therefore if g(&)
has no singularities and £(¢) is expected to have poles only, one can obtain a solution
to the equation in terms of elliptic functions.

Further drastic simplification for finding an exact solution is based on an assump-
tion that g(§) is reducible to a polynomial, as it follows from many applications. In
the general case this leads the equation (3.47) to the dissipative 2nd order equation
with constant coefficients. Malmquist (1914), see also Golubev (1941), for arbitrary
polynomials a, b, ¢, d proved that if the equation (3.44) is not of the Riccati type,
then any of its integrals is a rational function.

Therefore if both a(u) and b(u) are polynomials a(u) = ax(u) and b(u) = by, (u) of
any order with respect to the function u, then (3.33) leads to the generalised Emden-
Fowler equation by means of substitution (3.48), namely, to the form

£2¢" + gmi(6) =0, (3.50)
i.e., the non-autonomous non-dissipative equation with rational nonlinearity g(&) of
(m — k) degree.

To demonstrate a usage of the approach let us assume that g(§) is a polynomial of
order n : g(&) = > 7,£", with coefficients defined by a constant dissipation coefficient
a(u) = a and a polynomial b(u) = > bu'. For & = £(t) we apply the following
substitution:

E=CtPF(y)+ D, y =t (3.51)

with arbitrary constants C' and D. Our object is to obtain the autonomous equa-
tion from (3.50). The substitution of ¢ and g(§) leads to the autonomous nonlinear
equation with constant coefficient for arbitrary n

F'— KF" =0, (3.52)

if and only if the following additional conditions are valid :
for autonomity:

p=2/(n+3); (3.53)

for absence of the 1st derivative of F"
g=1-2p=(n—-1)/(n+3),n>1; (3.54)
and for an appropriate constant coefficient with the highest degree of F(y)

K=C"Yn+3)%*,/(n—1) (3.55)

while to exclude the lower degrees of F' one should satisfy the set of additional condi-
tions for polynomial coefficients:

Yo +71D 4+ D*(va +v3D + ... +7,D" %) =0, (3.56)

Y1+ D2y, +3vsD+ ... + nfynD”’2) =pp—1)=-2(n+1)/(n+ 3)2, (3.57)
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Yo+ D(37y5 +67,D + ... +7,n(n —1)D"?/2!) =0, (3.58)

etc.; these equalities follow from the corresponding requirements for each binomial
coefficient in g(¢) = g[CtF(y) + D] to be equal to zero. Otherwise these conditions
extract those nonlinear dissipative equations that are integrable explicitly by means of
this approach. The solution found to the dissipative nonlinear o.d.e. is not necessarily
unique.

3.6.1 Square and cubic polynomial nonlinearities

The most often considered nonlinear equations having polynmial nonlinearity of order
n = 2 and n = 3 are of special interest for the theory of nonlinear waves in dissipative
systems. They can be integrated now in closed form.

For n = 2 we have p = 2/5, ¢ = 1/5 , and from (3.54) one can define D from the
equation

Yy +27,D =p(p—1) = —6/25, (3.59)

and the additional relationship for v, is to be valid:
Yo+ 71D + D*y, =0, (3.60)

The constant C is used to make an appropriate value for coefficient for F'2. Assuming
C' = 6/(257,) the equation (3.52) becomes the Weierstrass equation Fz;'y — 6F? =
0, that has a general solution in terms of the Weierstrass elliptic function, namely,
F = ply + yo; 0; g3] with invariants go = 0 and gs; this type is usually called the
equianharmonic limit for the function g .
From (3.56)-(3.58) we get the following conditions for coefficients -,:

i) if 7y # 0 then D = [p(p — 1) — 7;]/(27,) and it results to the corresponding
relationship for v, v¢, Vs

Ay57y = 71 +pp — D[y, — p(p — 1)] = 77 — 36/625, (3.61)

that should be valid to obtain the travelling wave solution to the initial problem.
it) if o = 0, then either D = 0, and therefore it should be v, = p(p — 1) = —6/25, or
D = —~, /7, and therefore v, = —p(p — 1) = 6/25.

Similarly for n = 3 we have p = 1/3, ¢ = 1/3, and (3.55), (3.56-3.58) yield
v, = —2/9, C? = 2/(97,), then the result leads to the equation

Fll —2F* =0, (3.62)

evidently integrable in terms of elliptic function p if the following relationships for ~;
are valid:

iii) if v # 0 then D = —v,/v; and 7,75 = V571, provided that v, = —2/9 — 73 /7s5.
iv) if v, = 0 then either D = 0, and therefore v; = p(p — 1) = —2/9, v, = 0,
or v; = 0,2y; = =992, and D = —~,/v;. Both cases provide the travelling wave
solutions to the Gardner equation (3.36), as it will be shown below.
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The important question arises how to perform an inverse transformation in (3.48)
and to write both functions y(&) and, respectively, u(z) in explicit form. Comparing
the substitutions, we find

& =1/(tv(§)) = au;

and
v(§) = v(au) = 1/u,
therefore for arbitrary function u the following equation must be satisfied:
atuy, = ul,, (3.63)

from which the independent variable ¢ is defined as ¢t = exp(az), and finding £ from
(3.47) one can perform the inverse transforms to obtain an explicit TW solution in
closed form.

Finally, we obtain for any problem governed by the nonlinear dissipative equation
(3.33) with a constant a, and nonlinearity b(u) = v, + v,u +v,u?, (here v, = b;/a'™)
the solution under additional condition 4v,y, = v — p?(p — 1)?, p=2/5, is

u=D/a+ (C/a)y*o(By + ),

and in explicit form,

u=—(6/25+1,)/(2a7;) + (6/(25ay,)) exp(2az/5)plexp(az/5) + 20; 05 gs|,  (3.64)

that contains two arbitrary parameters, zy and g3 to satisfy two boundary conditions.
Recently this solution was obtained for the dissipative double dispersion equation
(3.37) in (Samsonov, 1995). In particular, if the value g3 = 0 is given also by a
boundary condition, this solution results in the exact algebraic jump (kink) TW so-
lution

u = A+ Bexp(2az)(expaz + z) 2, (3.65)

where both factors A, B, are defined as in (3.64). The kink wave as a partial solution
was obtained in (Samsonov, 1988c) by means of the Painlevé equation analysis and
in many papers (see Jeffrey and Xu, 1989; Kudryashov, 1988; McIntosh, 1990) some
of those were reviewed by Vlieg-Hulstman and Halford (1991).

We remark that, following the Ince book (1964), one can reduce the equation
W' = au’ + byu® + byu + by to the Weierstrass form under appropriate conditions for
coefficients, that provides the kink solution (3.65) free from movable critical points.
Here the general solution (3.64) with poles was found to the o.d.e. considered, con-
taining two arbitrary parameters to satisfy the boundary conditions. Then one can
study how (3.64) tends to (3.65), following the variation of parameters, when g3 — 0.

Let us assume D = 0 for simplicity. The general solution is discontinuous, and
discontinuities are condensed at inifinity. For values of g3 far from zero (Figure 3.1)
the first discontinuity of u is close to y = 0 (i.e., for z — o0).
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Figure 3.1: General discontinuous solution to the Lie equation in terms of p function
for g3 = 1.
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Figure 3.2: Discontinuous solution tends to the smooth kink non-uniformly with re-
spect to g3: a) g3 = 1072, b) g5 =10"7; ¢) g5 = 10?; d) g3 = 0.0.
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Figure 3.3: Kink location depends on the value of the initial shift zq : a) zg = 107%;

Further calculating, we see (Figures 3.2a, b) that the less is g3, the longer is the
distance between the origin and the first singularity, while for large y the solution
exhibits an infinite set of discontinuities, condensing when z tends to infinity. Even
for g3 = 1072 (see Figure 3.2c) the function u(y) tends to an almost constant value
for values of y near the origin. When g3 = 0 (see Figure 3.2d) all discontinuities tend
to infinity and disappear, whereas in the vicinity of z = 0 the smooth kink solution
(3.65) arises, if the figure scale is appropriate to detect it.

The initial shift z; defines an initial position of a centre of the kink, see Figure
3.3. Therefore, the behaviour of u(y) is singular, indeed, while the difference between
two sets of coefficients of the initial problem, that provide either a singular solution
or a smooth kink solution is surprisingly small. This observation might be instructive
also for any numerical simulation of a solution.

Considering both smooth and discontinuous solutions of nonlinear dissipative prob-
lems, one can study the dynamics of development of discontinuity. From the physical
viewpoint a solution, having discontinuity far enough from the origin, can be of in-
terest itself because many nonlinear dissipative equations are good approximations of
corresponding asymptotic expansions with respect to a small parameter ¢, given by
physics, that are valid for time and space values less then 1/e.

Similarly, we can obtain the exact solution for (3.33) with cubic nonlinearity b(u) =
Yo + Y1 + You? + v3u® and constant dissipation coefficient a. Assuming vy, = 0,
integration of (3.62) yields the rational fractional function written in terms of y =
exp(az/3) as

w=—7,/3vs + (2v5) 2yp,, /p(y, g2,0)], (3.66)

while additional conditions #i4) or iv) for coefficients are to be satisfied. The solution
(3.66) contains the p -function in its pseudolemniscate limit, i.e., p (y, 1, 0), which
can be obtained after corresponding transformation. In particular, for v, # 0 it
constitutes the exact solution for the Gardner equation (3.36), while for v, = v, =
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0, 9y, = —2a*, y(u) = y,u + Y3u?, a kink-shaped solution arises, as it was found in
(Samsonov, 1991).

In addition, we may formulate:

Corollary 4

The general Lie equation with cubic polynomial nonlinearity and dissipative func-
tion, both having constant coefficients, cannot be reduced to the equation with un-
movable critical points;

and can say that:

The general nonlinear dispersive dissipative equation possesses a travelling wave
solution in explicit form, if both nonlinearity and dissipation functions are polynomi-
als, and some additional conditions for coefficients and the wave velocity are valid.

3.6.2 Physical interpretation of additional conditions for the
travelling wave existence

We have shown that both equations for n = 2 and n = 3 have the closed form
solutions in terms of the Weierstrass p - function. Now we will discuss briefly the
physical meaning of additional restrictions for coefficients in order to integrate the
nonlinear dissipative equation explicitly.

Finding the TW solution to the Korteweg-de Vries-Burgers equation (3.34) u; +
QUly + OUgyy = pUg, or to the double dispersion equation (3.37), we introduce the
phase variable z = x — V't and obtain respectively the Abel equation v/, + b(u)v® +
a(u)v? = 0 with a(u) = a = —p/8, b(u) = by + byu + bau?, where for (3.34) b =
V/6, by = —a/(20) and by is a constant of integration. Typical boundary conditions
when | z |— oo, under which the TW solution is to be found are: u — w;, whilst
o', u” — 0. It leads to the relationship:

(u1 - u2)[b1 -+ bg(ul + ug)] = O, (367)

then either values of v are equal at infinity or they should satisfy the equation u; +uy =
2V /a.

Finally we write the TW solution (3.64) in terms of initial parameters of physical
problem as

u = (1*/(ad)) [6/25+ V6/u* — (12/25) exp(2pz/ (56)) plexp(pz/(56)) + Z0; 05 gs]] ,
(3.68)
while the additional relationship follows from (3.61) in the form (V6/u?—6/25)(V/u?+

6/25) = 2v,a6°/pu® and represents the balance between dissipation (‘viscosity’) and
dispersion, and wave velocity as the necessary condition for existence of the TW
solution.

Assume that the boundary conditions in a physical problem are such that u; =
us = ug. Then by = —ug(by + baug) and by = 0 if ug = 0, therefore (3.68) does not
contain a constant, and the balance is given by 25V 6 = —6u2.

Vice versa, if u; + uys = —by/by , we have by = ujusby = —auqus/(26) , and at
the same time by is defined by (3.61), then 4abiuus = b3 — p?(p — 1)2, or in physical
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variables
(V/u)? — 36/625 = —a28 ujuy/1°, (3.69)

that can be equal to zero if any of boundary values u; vanish at infinity. Therefore,
the wave front u(z) propagates with prescribed velocity and switches over an initial
statement of the physical system into another one.

3.7 Elliptic function solutions to higher order
problems

The reduction to the 2nd order o.d.e. and even to the Abel equation is not possible
in many problems of considerable physical interest, that are described, e.g., by means
of the 3d order and the higher order equations containing source-like terms. One
can mention as appropriate examples both the FitzHugh-Nagumo problem for nerve
pulse transmission and the water wave problem with surface tension being taken into
account.

Nevertheless, the results obtained above allow us to put forward a heuristic idea
for these problems to find some exact explicit solutions of nonlinear o.d.e (3.27) in
the form (4.49) of an elliptic function:

f(2) = Ap) + B(p)¢',

The procedure seems to be quite simple. One should substitute any of the expres-
sions assumed to be appropriate as A and B, from (4.49) into a differential equation
under study, make independently the coefficients at each order of g and ¢’ equal to
zero, and obtain the set of coupled algebraic equations for them. When a solution
of the system exists, perhaps, under certain restrictions for coefficients, we obtain a
solution of initial nonlinear p.d.e. We mention the book by Kashcheev (1990), con-
taining some preliminary results obtained by a heuristic approach usage. Moreover,
any mathematical symbolic software can be used effectively for performing a large
amount of tedious calculations at this stage.

Let us formulate, following Engelbrecht (1991), the FitzHugh-Nagumo model, de-
scribing a problem of nonlinear nerve pulse transmission. We consider the coupled
nonlinear equations for the unknown function u(x,t) € [0, 1], that are presented nowa-
days in the Hastings form as

Up = Ugg + F3(u) — R,
R, = ¢(u — bR), (3.70)
Fs(u) = u(l —u)(u —m),

where R is the recovery function, 1/2 >m > 0,0 < b < 1/M, M = max(dF/du) and
F3(u) is the cubic source term*. Looking for any explicit TW solution, we reduce these

*The 2nd order equation u” = u’ + u(1 —u)? represents the KPP equation (or at least, the Fisher
equation with cubic nonlinearity) and often misnamed the FitzHugh-Nagumo equation.
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equations to the third order o.d.e., corresponding to the FitzHugh-Nagumo model, as
follows:

u' 4 ayu” + ' (ay + asu — 3u?) + agu + asu® + agu® = 0. (3.71)
where a; =V —eb/V, ay = —m—eb, a3 = 2(1+m), ay = —e(1—mb)/V, a5 = —eb(1+
m)/V, ag = €b/V. To find an explicit solution we assume u = A(p) + B(p)¢, p =

©(z + 2z9). Substituting it to (3.71) and separating terms into two parts proportional
to p and to @', respectively, yields

B"@Q*+6B"RQ+ B'(3R* +480Q) + 12B(Q + pR) + a, (A"Q + A'R) + ay(BR+ B'Q)

+a3(AB'Q + ABR + A'BQ) — 3(2ABA'Q + A*B'Q + B*B'Q* + A’BR + B*QR)
+asA + as(A* + B*Q) + ag(A* + 3AB*Q) = 0, (3.72)

and
A"Q+3A'"R+ 1240+ ay(B"Q 4+ 3B'R + 12Bp) + ax A’ + az(AA’ + BB'Q + B*R)

—3(A2A'+A'B*Q+2A'BB'Q+2AB*R)+a,B+2as AB+ag(3A* B+ B*Q) = 0. (3.73)

Here primes denote differentiation of A and B with respect to their arguments g, and
the well known relationships were used to express the derivatives of p in terms of
p: Qp) = (¢) = 4p° — g20 — 933 Rlp) = ¢" = 6p* — 2/2, ¢" = 12¢p , where
go, g3 are invariants of . To explain the algorithm itself we assume for simplicity that
both functions A and B are polynomials with respect to p , A = Ax(p), B = Bn(p),
then each term in equations will be a polynomial also. Further one should estimate
the highest degree of p in each equation in dependence upon the intervals in which
are k and n. If two or more terms of these degrees are in the equation and these
values of k = k; and n = n; are the same for both equations, then the necessary
balance is achieved between two different terms at least. Simple calculations lead to
the following estimations for those terms in (3.72), that contain either A or B only:

ki =3k, for k> 1,and k; = k+ 1,for k£ < 0;

ny=3n+5forn>—1,andny =n+3,forn < —1;
as well as for (3.73)

ki =3k —1,for k > 0,and k; = k, for k < 0;

ni=3n+3,forn>—1,andny =n+1,forn < 1;

Further, for these particular values of £ and n from the fixed interval one should
estimate the highest degree term containing both A and B. When both equations
(3.72) and (3.73) can be satisfied by the same values of k and n, the degrees of
polynomials are defined. For the problem of TW solution to the FitzHugh-Nagumo
model we have found the following pairs of values of £ and n:

k=0 k=1 k=-1 k= -2
n=-—1" n=0" n=-1"7" n=-1"
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then several partial TW solutions of the problem can be found in one of the following
simplest forms:

= (Ao+ Bop) "+ ¢'/(p+ Co); u= (Ao + Bop) >+ ¢'/(p+ Co); (3.75)

respectively. To find any of them explicitly one should solve the corresponding cou-
pled algebraic equations, defining the constants Ag, By, Cy, wave parameters and
coefficients of recovery function R and source term F'. This set arises after collecting
coefficients of monomials with respect to each degree of p in equations resulted from
(3.72), (3.73).

Recently the exact solution to the FitzHugh-Nagumo equation was found in (Sam-
sonov, 1993) having the form u = Ay + Bog'/(p + C) with both constants and source
term subjected to some special conditions.

The approach can be used for the fourth order (a non-dissipative example for
simplicity) o.d.e. of the form

u" ="+ U — (3.76)

Following the proposition (4.49) with B = 0 and polynomial A(p ) of order m, i.e.,
u = A (p(2)), we obtain the condition m(k — 1) = 2, that for cubic nonlinearity
k = 3 yields m = 1, hence the exact solution is

u= Ay + Ar1p(vz), (3.77)
while for £ = 2 the equality m = 2 is valid, and therefore
u= Ay + A1p(yz) + Arp*(72). (3.78)

The last formula provides the ability to obtain TW solution to the equation, de-
rived by Hunter and Scheurle (1988) for refined description of surface tension influence
on water waves, where numerical solution was obtained, having an oscillation struc-
ture. Additional relationships for free values of invariants of g and coefficients of an
equation provide the construction of the solution.

We have shown that many dissipative nonlinear TW propagation problems, re-
ducible to the generalized Lie equation, result in the 1st order Abel equation, conse-
quently. In some nonlinear quasi hyperbolic problems of physical interest it allows to
obtain the elliptic function solutions.

It seems likely that the approach under consideration is based on the fact that
any autonomous equation v'(z) = ¢(v) with a polynomial ¢(v) can be solved in terms
of exp(az) and of the Weierstrass function g (z + ¢) among all special functions of
mathematical physics, because any derivative of both functions can be expressed as
polynomials with respect to the function itself. For this reason the above mentioned
reduction to the Abel equation should be noted as a suitable example.
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3.8 Example of a nonlinear reaction-diffusion
problem

Various problems of nonlinear wave formation in population dynamics, kinetics of
thin film growth, nanostructure technology, combustion, flame propagation and heat
transfer in nonlinear medium, see, e.g., Nicolis and Prigogine (1977); Murray (1989);
Kurdyumov et al. (1981), can be reduced to a single nonlinear reaction-diffusion
(NRD) equation. In general, such an equation governs the natural system evolution
under competitive ‘income’ and ‘outcome’ processes. The problem of exact solutions
has been of considerable interest for a long time, renewed recently due to difficulties
in numerical simulation, e.g., of nonlinear thin film growth, of wire-like nanostructure
formation in kinetics of spontaneous islanding on a substrate, see Dubrovsky and
Kozachek, (1995); Kurdyumov et al. (1981). Another interesting example of direct
and explicit solutions provides a nonlinear reaction-diffusion problem

ur = (D(u)ug), + Au). (3.79)

containing arbitrary diffusion D(u) and absorbtion A(u) functions. Here we will
show how to calculate various closed form solutions; for details see Samsonov (1998);
Samsonov and Gursky (1999).

Introducing a phase variable z = x + V7, where V' > 0 is a constant wave velocity,
we obtain a nonlinear o.d.e. of second order:

D(u)u" + Dy (u')? + Wu' + A(u) = 0, (3.80)

where W = FV, and primes here denote the differentiation with respect to z. The
equation is similar to (3.27) and in general it may be studied as above. Of special
interest is the stationary case . The stationary solutions can be easily obtained in
implicit form even for both arbitrary reaction and diffusion functions. Indeed, when
u, = 0 is assumed in a general p.d.e. and in (3.27) a(u) = 0, a new substitution
w(u) = (u')?, ' = d/dx, leads to the Bernoulli equation and to the linear 1st order
equation of the form:

w' (u) + 2 [log D(u)] w(u) + 2A(u)/D(u) = 0, (3.81)

having the general solution for arbitrary diffusion and adsorbtion functions, and:
(w) = — — /A( \D(udu + ——, C ’ (3.82)
w(u) =— —— u)D(u)du + —— — const. :
D(u) D2(u)”

The inverse transform leads to the exact implicit general solution of the problem
under consideration

D(u)du
Tr = CQ + )
/ \/01 — 2 [ A(y)D(y)dy

However, this abelian (hyperelliptic) integral cannot be calculated explicitly®, and
the problem remains how to invert all the transformations and to obtain an explicit

Cy — const. (3.83)

be.g., if C1 # 0 and/or A(u)D(u) is a polynomial of order more than three.
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solution in terms of u(x,t). Note that the solution (3.83) can be studied and inverted
numerically in a simple way.

Again, the polynomials A(u) and D(u) allow an explicit integration of (3.42) in
stationary case. Moreover, the integral can be inverted, in general, in terms of the
Weierstrass elliptic function y = R[p(z)], where R is a rational function that provides
an explicit solution to the problem, see also Section 20.6 in the book by Whittaker
and Watson, (1927; 1962). According to the Riemann surfaces theory (Springer, 1957)
even for a genus g = 2 an inverse function w(-) always exists and has no singularities at
an appropriate Riemann surface S except a pole of order 2. In particular, an explicit
solution to (3.42) with polynomials A and D can be found in terms of the Weierstrass
elliptic function p as y = A; + Bip(z + xo, g2, 93), where zg, g2, g3, A1, Bi—const.
Writing the diffusion and absorbtion functions as polynomials:

D(y) =1—ky, Aly) = —yla —ly + c?). (3.84)
and using an approach proposed above to the stationary version of (3.42)
(D(y)y") + Aly) =0, (3.85)

where the coefficients are given by (3.84), we find easily an explicit closed form solution

okl —3c 10k
S - p(atangh)  (3:80)

y(z) = Ay + Bip(z + 20, 92,93) =

where x( is an arbitrary constant, and the second and the third invariants of g are
defined by coefficients of (3.84) as follows:

=3¢ 4 2ckl 4 5I°k* — 16ack?

g2 =9 = 210K ; (3.87)
B 27¢% — 271c*k — 15clk* + T2ac’k? — 2513k3 + 120alck?
gs =h = 43200k ; (3.88)

obviously k # 0 for a non-constant diffusion in (3.84). It should be noted that the
solution (3.86) was obtained under minimal restrictions for coefficients of the initial
physical problem.

3.8.1 Discontinuous solutions

The solution (3.86) is, in general, discontinuous and semibounded from below or
above. Some classical limits of p(-), in which it can be easily calculated may arise
under additional conditions for coefficients. An interesting case occurs when [ = 0,
that leads (3.86) to following form :

1 10k

y(x) = I T@(»T + 20, g2, 93)

with invariants g = —c(3c + 16ak?)/(240k%), g3 = c*(3c + 8ak?)/(4800k°). In partic-
ular, for ¢ = —16ak?/3 one has g, = 0, g3 = —32a3/675 # 0 and B; = +15/(8ak?),
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that provides an equianharmonic case for the Weierstrass function @. For another
possible value of ¢ equal to : ¢ = —8ak?/3, one can obtain g, = 4a?/45, g5 = 0 and
By = +15/(4ak?), that defines the lemniscate limit of p. Moreover, when physical
parameters of the problem under consideration allows to get 5lk — 3¢ = 0, that results
in A; = 0, we obtain from (3.86),(3.87), (3.88):

By = —6/l; go = —al/(9k), g3 = al*/(108k?)
If, in addition, we have a = 0 in (3.84), the solution (3.86) tends to the limit:

y(fb) = _9@('1"070) = _i

[ a2
The discontinuous solutions can be useful for tentative validation checks during
numerical simulation.

3.8.2 Bounded periodical and solitary wave solutions

Of main physical interest are the bounded continuous solutions to the NRD problem,
and we obtain them as appropriate limits of the solution (3.86) after some non-trivial
algebra.

Aiming to exact and explicit solutions, we introduce 2w and 2w’ as primitive
periods of g, defined by the condition for an imaginary part: Im(w'/w) > 0, the
discriminant A = g3 — 27¢%, and the roots ¢; = p(w;), i = 1,2,3 of a characteristic
equation 4e® — gee — g3 = 0, where w; = w, wy = w + W', wy = w'. Following the
reduction of the doubly periodic function p to a set of single periodic Jacobi elliptic
functions, one can write the following relationship between g and cn, sn with modulus
M as:

sn?(zv/e1 — ez; M) = ﬂ; cn®(zv/er — e3; M) = m; M=2" 63;
p(z) —e3 p(z) —e3 €1 — €3
(3.89)
Moreover, both the summation theorem for p(z + w;) and the shift rule
(ei — ep)(ei — €5) ' /
p(z+w;) =e + s plr+ Cn+ Dw] = plx +u); . (3.90)

p(2) — e

where i, j,p = 1,2, 3, n is integer, and i # j # p, should be used in calculations. It
is known the behaviour of @ depends on sign and value of A, that allows to extract
two cases of main interest.

3.8.3 Autosoliton solution

Let us consider the value of a discriminant /A = 0, then one of the periods is infinite:
w = oo or w = ico (the trivial case w = —iw’ = oo will be excluded). The first
case w = oo corresponds to e; = ey # ez, and introducing e; = e; = E , we have
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Figure 3.4: Autosoliton solutions.

e3 = —2F, gy = 12E?, g3 = —8E3, ' = in/\/12E , therefore for any real constant
we can take zo + w’ and have from (3.86,3.89):

1 5l 10k

p— — —_— o — ,' e
y(z) = 4k+120 . o (r+x0+u';5 g2, g3)
1 5l 10k 10k
= gty e~ (e —er) —en’ (Ve —es (e +ao) | M) =
1 5l 10k 30k
_ L et 10k, 30k 2</_E M). 91
4k * 12¢ c * c o 38 (@t z0) | 390

Due to M = 1 in this case and the limiting value cn (u, 1) = cosh ' (u) , we obtain
the exact autosoliton solution y (x) to the original problem (3.85) for given A and D:

1 5l 10k 30kh
. S b (V3R ) 3.92
y () P + 90 . + ——cos (x+c)), (3.92)

Therefore the variation of y (x) due to reaction and diffusion from a constant value
represents the bounded localized structure. In Figure 3.4 the negative autosoliton

solution is shown for particular physical parameters of a solitary wave y (z) = 0.531 +
Ay + By cosh ?(v/ 3hz) :

A =107 x 0; B; = —0.3128; V3h = 0.2418;
The case w' = ico corresponds to e; # e; = ez and does not lead to a bounded

solution.

3.8.4 Periodic bounded solutions in case A > 0

In this case there is a pair of primitive periods 2w, 2w’ such that w is real and «’ is
pure imaginary semiperiods of p function. Then @ (z) will have real values only on
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Figure 3.5: Periodic solutions to nonlinear reaction-diffusion equation.

the following lines of a complex z-plane: Re (z) = 2sw, ilm (z) = 2pw’, where s, p are
integers, which lines agree with the period grid, as well as on the lines of semiperiods:
Re (2) = (2s+ 1w, i1Im(z) = (2p+ 1)w'. However, p(z) is discontinuous on real axis
and on each line obtained by its shift along the period grid described above. The real
bounded periodic solution y (z) can be found only if the real axis x will be shifted to the
semiperiods line, and the shift constant N = ¢y+(2p+1)w’ with any real ¢y and integer
p. Furthermore, due to (3.90) for any = and p one has p (x + (2p + 1)w') = p (v + '),
and taking N = ¢y + ' without loss of generality, where ¢ is real and ' is purely
imaginary, it provides a transition of the real axis x to the line i Im (x + N) = &' of
the complex variable  + N, and the function p will have an argument on this line
now.

Assuming A > 0, all roots e;, i = 1, 2, 3 are real and different, e; > ey > e3,
e; > 0, e3 < 0 and from the periodic discontinuous solution (3.86) we obtain the
bounded cnoidal wave solution for polynomials A(y) and D(y) from (3.84) in the
form:

1 51 10k
y(z) = _E+1_2C+Tp($+CO+W3,gg,gg>: (3.93)
1 51 10k 10k
= + oo~ (e3 — e9) Tch (Ver —es (x4 co) | M) .

An example of this wave is shown in Figure 3.5 for the following parameters of the
cnoidal wave solution: y () = A; + Bien*(z | M) :

No bounded real solutions y (z) were found from (3.86) when A < 0.



Chapter 4

Nonlinear strain waves in elastic
wave guides

We have derived from Chapter 2 the equations governing the longitudinal waves prop-
agation in various wave guides and studied them formally in Chapter 3. Now we shall
consider main conclusions and restrictions resulted from theoretical analysis, and,
eventually, estimate explicitly all that is necessary to construct long strain solitons in
solids and describe real physical experiments in succcessful generation and observation
of strain solitons in solids. As a result of theoretical investigations we shall present
the description of the first successful experiments in bulk soliton observation in solids.

4.1 Features of longitudinal waves in a rod

We shall start with analysis of the initial pulse parameters necessary for the solitary
wave generation in the one-dimensional problem of waves in a nonlinearly elastic rod
and analysis of the experimental setup requirements.

From the very beginning of the research on the nonlinear dynamics of large waves
in solids, it became quite clear that the nonlinear guided wave propagation prob-
lem is complex, very important for physics and engineering and requires thorough
mathematical analysis.

As it was shown in Chapter 2 the complete description of a 3-D nonlinear wave
in continuum remains difficult; that is why the initial 3-D problems are usually re-
duced to the 1-D form in order to get the simplest but qualitatively new analytical
solutions. Very often the linearization of a problem was done, however, it turns out
to be unsatisfactory from the genuine physical point of view, because the ratio of a
finite deformation and its linear part is determined by the displacement gradient and
its variation in time, see, e.g., Lurie (1980), Pleus and Sayir (1983), McNiven and
McCoy (1974), Engelbrecht (1983), Shield (1983).

Probably, Nariboli and Sedov (1970) derived firstly both the dimensional KdV and
KdV-Burgers equations for nonlinear wave in cylindrical rod using heuristic explana-
tion and re-discovered the solitary wave solution for KdV equation in nonlinear dy-
namics of solid wave guide. Mechanical stress-strain relation analysis was used lately

79
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by Wright (1984) who applied main ideas of nonlinear elasticity to wave problems
in elastic wave guides and granular materials. Ostrovsky and Sutin (1977) obtained
independently the KdV equation and the soliton solutions, using the Hamilton princi-
ple for the (truncated) Lagrangian density. Engelbrecht (1981) studied the nonlinear
dynamics of elastic waves thoroughly, using the internal energy expansion in power
series with respect to strain tensor invariants and the KdV equation analysis.

However, we shall show that the KdV approximation is too restrictive for theo-
retical estimations and unsatisfactory for experiments. The solitary wave solution to
the dimensional DDE (2.54) for the longitudinal strain component v = U,

(4.1)

o tes = 5 [eo® + R (v = D + )],

where ¢2 = E/p, ¢ =08/p, B=pB(E,v;l,m,n) is found to be:

o1 / AB
u = Acosh 2K<xj:t cg+3—p>. (4.2)

where the values of both squares of velocity! V' and of the length must be positive:

Vi=ci+ g—f, A* =2(vR)? ((V; D + |i£|> . (4.3)
Then the velocity of the compression wave should belong to the following interval :
2
a<V?< ﬁ, (4.4)

for conventional solids, having the Poisson coefficient inside the interval : 1/2 > v > 0,
or to two semi-infinite intervals

2
Vi< 100 , or Vi ¢l (4.5)
—v

for ‘expanding’ solids with v < 0.

Some details about construction and behaviour of such solids are in the well known
papers by Lakes (1987, 1992). Honeycombs with inverted hexagonal cells, synthetic
composite laminates and microporous polymers do have negative Poisson’s ratio and
may be described as structural elements.

For most metals with v o< 0.3 the velocity of compressive soliton lies in the interval
(1.0; 1.2) of values of the so called rod’s velocity cg, at the borders of the interval either
the soliton amplitude tends to 0 or its length. Outside the interval lies the ‘dead zone’
of velocities, in which solitons cannot propagate at all. The KdV approximation of
the DDE leads to incorrect estimations for V and A :

o <V <00, A= R\VE/(AR), (4.6)

'We study the u—wave here only and the displacemet V will not be considered in order to avoid
confusion.
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the main disadvantages are that the velocity of solitons in conventional solids would
not be restricted from above and the pulse length value would be estimated incorrectly.
Correct values of wave length and velocity are of crucial importance for successful ex-
periments in soliton generation in solids. The type of the solitary wave in dependence
on sgn 3, v and relative velocity V?/cg is presented in the table below for various
materials.

Wave type I} v VZ2/c3
Compression <0 >0 (1; 1/(1 —v))
Extension >0 >0 (1; 1/(1 —v))
Extension >0 <0 (1; c0)
Compression >0 <0 (0, 1/(1—v))
Compression <0 <0 (1; 00))
Extension <0 <0 (0, 1/(1—=v))

In particular, we can see that for v > 0 there is no subsonic (V' < ¢) solitary wave
of compression in any elastic material, but only the transonic soliton: V' > ¢, exists.
In addition, we know that for V' = ¢y the solitary wave amplitude vanishes, hence it
may be one of the reasons why there is no reference to the successful experiments in
ultrasonic generation of long strain solitary wave in elastic wave guide. Therefore our
first choice can be in the conventional (v > 0) material subjected to the compressive
transonic initial pulse.

We begun with the experiments in soliton observation in solids in 1985 (Samsonov
and Sokurinskaya, 1985; Dreiden et al. 1986). At that time there was only one report
concerning the successful experiments in envelope solitary waves in solids, namely, in
the envelope flexural solitary waves detected in a thin cylindrical open-ended shell by
Wu et al. (1987). The shell was excited by an acoustical beam impact loading a lateral
surface generated by horn driver. Elastic waves occured were flexural having both
axial and circumferencial components. On a brass-made coaxial ring the capacitive
transducers were mounted to measure the flexural radial displacement amplitude of
the shell. Flexural wave pulses were made by 5 wave train pulses at a frequency of
1120 Hz. Three oscilloscope were used to record the response of the shell arosen in
the envelope solitons arriving at 120 degrees and 240 degrees and travelling clockwise
at the velocity of 26 m/s. These two packets overlap at 185 degrees, and a temporal
shell response at 120 degrees shows the eventual dispersion of the pulse. The problem
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of standing envelope soliton propagation was claimed to be governed by the nonlinear
Schroedinger equation for the flexural displacement W as

aW — bW"_+ 2cW|W|* =0
having the hyperbolic secant solution
W =y cosh™ [yy(z — V) /R]

where all parameters a,b,c,v,,V depend upon geometry and elasticity of a wave
guide. The stability of the envelope wave against nonlinear collision and reasonable
agreement between theory and experimental data allowed to interprete these waves
as envelope solitons of flexural displacement.

The density long solitary waves remained unobservable.

The main problem in the soliton dynamics in solids is in the tentative solution of
non-stationary problem of the generation of a solitary wave from an initial transonic
pulse. We estimated the parameters of the elastic soliton, however we are unable to
solve the generation problem analytically, and for this reason we shall investigate this
process numerically and in experiments.

Dealing with elasticity, we have to avoid any plastic flow of deforming material
and to look for reversible finite deformations that results in the following restriction
for the finite strain tensor component:

’\/1—|—20xw—1‘ < €p

where eq is a yield point. In terms of strain « it means that:
lu+ 2 R*u2 /2 + O(e)| < e

and the proper candidate to generate a solitary wave seems to be an initial weak
shock, the deformation in which will not be greater than eg.

Next questions arising are how to generate weak shock and how to calculate the
wave amplitude? The amplitude A of a soliton should be chosen in order to balance
nonlinearity and dispersive features of the wave guide that leads to the following
estimation of the solitary wave parameters via the elasticity of the wave guide:

‘f_"
f2

where f is the variable part of the soliton solution u = Af(f) in (4.2) and the value of
f"/f? is of order unity and depends on the initial condition, e.g., for the compressive
strain soliton it is equal to 6, see Samsonov and Sokurinskaya (1988) for further details.
Again one may underline the difference between models based on the KdV and the
DDE approaches: in the last model both dispersive terms could compensate each
other when the velocity value is close to c¢;, which breaks down the balance necessary
for any soliton existence. This possibility is not recognizable in the KdV approach.

pv? R?

V2—c%

g

|A]
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Eventually our estimations lead to the following intervals for parameters of tenta-
tive transonic solitary compressive wave in the nonlinearly elastic rod:

V > |Al <ep; f<0; A>VR =1, 38
v eol S|

where A is the characteristic pulse width at the level of A/2. We have to choose now
an elastic material with appropriate ratio of nonlinearity E/5.

Table 4.1. Elastic moduli of 2nd and 3d order.

| Moduli, (10 ' N/m?) | A 1 2 vy V3 |
| Material | |
Brass 1.62; fired 0.77 047 -6.3 -5.4 -5.0
grain 2 pm
Brass L.S59; fired 0.89 0.38 0.1 -1.5 -4.9
grain 2.5 pm
Duralumina D16 0.7 0.28 -7.1 -6.4 -4.2
grain 2 pm
Duralumina D16 0.57 0.29 -4.8 -3.5 -3.3
grain 8 pm
Duralumina D16 0.58 0.28 -04 -4.8 -5.1
grain 12 pm
Bronze BrOF 1.07 044 -14 -4.3 -1.7
Bronze- Be 1.05  0.49 -4.0 -1.7 -0.6
PMMA 0.39 0.19 -0.08 -0.07 0.05
Quartz; melted 0.16 0.28 0.54+0.13 0.9340.1 -0.114+0.03
Pyrex glass 0.13 0.28 2.6£3.7 -1.68+1.38 1.05+0.9
| |
| Moduli, (x10~"'N/m?) | u l m n |
| Material | |
W; doubly backed 1.63 1.37 -5.25 -4.72 -4.29
W; single backed 0.75 0.73 -2.67£0.17 -2.50+£0.30 -2.15+0.30
Polystyrene SD-3 0.018 0.01 -0.194£0.03 -0.13£0.03 -0.1040.02

The 3d order elastic moduli data are widely used in industry but rarely published,
moreover only a few data are available for the 4th order moduli. Static experimental
arrangements are inappropriate for the high order elastic moduli measurements aimed
to nonlinear wave experiments.

The values of moduli given in the Table above were cited after the publication
by Savin et al. (1976), and after a handbook by Frantsevich et al. (1982). Note
the large intervals of errors for some values of (vq,vs,v3), that is hardly recognised
properly even now, e.g., in (Erofeev, 1999), however it may considerably change the
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estimations of wave parameters propagating in any particular material, e.g., as it is
in Pyrex glass.

Values of nonlinear elastic moduli are measured mostly in dynamic (ultrasonic)
experiments, and for alloys strictly depend on size of grains, as a rule, the smaller
the grains the more are the absolute values of the 3d order moduli. It seems to be
logical-a material consisting of large grains would be roughly described by a continuum
approximation.

For some materials only the Murnaghan moduli data are available. The relation-
ships between the 3d order moduli introduced by Lame (v;), by Landau (A, B, C') and
by Murhaghan (I, m,n) are given below:

l=vo+1v1/2; m=vy+2vs; n=4v;

A=n; B=m—-n/2; C=1l—m+n/2

The following relationships for the 2nd order elastic moduli are useful in applica-
tions:

E_,u(i%)\—i-Q,u)7 L, A
A+ 200+ p)

From (4.3) it is clear that the ratio E/§ should be sufficiently small (i.e., the
nonlinearity sufficiently large) to generate a soliton in a rod. It is given in Table 4.2.

for several materials:

Table 4.2. Types of observable strain solitons.

| Material | E/p Type of nonlinear wave proposed |
Brass 1.62; fired | -0.165 compression
Steel Rex 53 -0.14 compression
Duralumina D16 | -0.09 compression
Brass LS59-1 -1.09 compression
PMMA +0.3 tensile waves
Quartz; melted | 4+0.16  tensile waves
CuNi 9 alloy -0.15 compression
| Polystyrene | -0.06 compression |

Evidently, brass, steel and duralumina are good examples of material for the com-
pression soliton generation experiments among opaque solids, while polystyrene is the
most appropriate one among optically transparent media.

4.2 Experiments in nonlinear waves in solids

To plan the real physical experiments in nonlinear wave propagation in solids we have
to solve various problems besides the theory developed above. The mathematical
study mentioned in the Introduction is partially fulfilled, and now we will have to
determine further steps to construst the solitons in solids, in particular, we have to
describe:
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e type of the generation setup;

e an approach to generate an initial pulse with flat front;

e types of interaction of a pulse and a surface of a wave guide;

e an approach to measure both amplitude and velocity in solids;

e types of observation setup.

Each point is in fact a branch point, that means that some decisions will be criticial
for successful experiments. We shall report below the results obtained in 15 years of
work of our research group in the Ioffe Institute of the Russian Academy of Sciences
in generation, observation and detection of bulk solitons in solids.

It is well known that the optical methods are preferable to study transparent
optical phase inhomogeneities, e.g., the bulk density waves we are looking for. They
allow not only to visualize inhomogeneity but also to determine its parameters. On
the other side, being contactless, they do not introduce any disturbances in condensed
matter under study, see Dreiden et al. (1994). All the optical methods record the
changes of refractive index inside an object, when studying optically transparent phase
inhomogeneities.

Shadowgraphy is more convenient to record a considerable refractive index gradient
(i.e., the wave front image), for example, caused by a shock wave propagation. It was
shown theoretically in our case that a strain soliton is a propagating long bulk density
wave of small amplitude. Interferometry is the most appropriate for such waves’ study
because it allows for observation of even small refractive index variations and measure
them with sufficient accuracy.

Holographic interferometry will be used in our experiments. It has several ad-
vantages in comparison with the conventional optical interferometry. In particular,
limitations to the optics quality are considerably lower because wave fronts to be com-
pared pass through the same optical path. For this reason both waves are distorted
to the same extent and possible defects in optical elements and experimental cell will
be subtracted in the holographic image and do not affect the resulting interference
pattern.

However the choice of an optical recording method allow to study, in general,
only those elastic materials that are transparent for the given light wave length. The
approach must be modified for an opaque material investigations.

Before performing the soliton experiments we shall study the formation of an
initial pulse and its features. A setup should include the generation arrangement, the
observation apparatus and the registration and measurement unit.

We dealt with the generation and the interaction of shocks with a plane interface
of liquid and solids. The weak shock formation under conditions of optical breakdown
at the sample surface was studied by Amiranoff et al. (1985), and by means of
thermooptical excitation caused by powerful laser pulse (Karabutov et al. (1984)).
Both experiments followed by fracture of the sample, i.e., the deformation became
inelastic, and it is inappropriate for our purposes.
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The shock generation without any damage of the sample was proposed and stud-
ied by Dreiden et al. (see papers in 1986 and further publications), and it will be
considered below. The setup shown in Figure 4.1 consisted of pulse generation unit
(1, 5, 6, 10, 12), optical interferometry setup (2, 3, 4, 9, 11, 13, 14) for observation
and registration using both schlieren shadowgraphy (4, 13, 14, 7, 8, 9) and holography
(4,11, 9 and 4, 7, 8, 9). Observation and registration units were incorporated in one
apparatus.

For schlieren photography registration of experiments the optical lag line was used,
consisted of mirrors (13) and (14). Schlieren doubly exposed photography is sensitive
to the gradient of refraction index and used as a rule for registration of sharp waves,
e.g., the shocks, while optical holography, being more precise, can demonstrate smooth
and prolonged waves as the fringe shifts, and in this setup one can use both methods
simultaneously.

In shadowgraphy the laser radiation is expanded by an optical system and divided
by the semi-transparent mirror in two parts. The first is going through the shock
wave directly, whilst the second is going trough the optical lag line and through the
shock after it, providing in our setup the time lag 7 = 133 nanosec. The shadowgram
of shock is recorded in the film as the sequence of light rings on dark background.
The doubly exposed schlieren photograph is shown in Figure 4.2, where one can see
two images of the shock shifted at the distance, that was passed by the right running
wave during the time interval between two consequent pulses. The distance between
two rings allows for the calculation of the velocity of the wave. The optical system
was focused sharply on the central line of the entire cut-off of the sample, and for this
reason the (transparent) cut-off plane perpendicular to the plane of picture is out of
focus and looks like two vertical light lines.

The initial shock in the liquid is generated due to the optical breakdown in the
point indicated as a small light bubble and has a velocity more than the sound velocity
in liquid. The maximal size of the bubble is ca. 0.2 mm.

One can see that due to interaction with the interface the wave in solids accelerates
because of the increase of a wave resistance (or the acoustical resistance z = pc)
in solids. The initial wave is spherical, both reflected wave and wave in solid are
distorted. When z in solids is much greater than in liquid, (for melted quartz used in
our experiments z = 133.0 x 10 kg/(m?s) ) there is no wave in solids, and almost all
the energy reflected from the interface, see Figure 4.3 .

To check that the excited strain wave possesses indeed the main features of the
soliton, like the shape conservation, it is necessary to follow in observations its prop-
agation along an extended elastic wave guide. However, the more absorbing is a wave
guide material for linear elastic waves, the much shorter distance is to be sufficient to
detect the constant shape wave propagation, if it will exist. Polystyrene absorbs well
both linear and shock elastic waves and it is widely used as an acoustic power pulse
absorber, see, e.g., Shutilov (1980); Bushman et al. (1996).

Using our experimental arrangement we may deal with optically transparent suffi-
ciently nonlinear solids, having the wave resistance close to the surrounding liquid. We
may choose now the water cell and the rod made of the polystyrene SD-3 as an appro-
priate wave guide to generate and observe strain solitons. These media are transparent
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Figure 4.1: Optical scheme of experimental arrangement for weak shocks and strain
soliton generation in solids. It contains two pulse ruby lasers (1,2), two lens systems
(3,8), semi-transparent mirrors (13) for shadowgraphy and optical wedges (4, 7) for
holography, the register unit (9), where photo or holographic film is to be used, the
mirror (11), the water cell (5), containing an optically transparent sample (6), a
metallised foil target (10) in front of it, power control unit (12) and optical lag line
(13,14).
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Figure 4.2: Schlieren doubly exposed photograph of an initial shock wave interaction
with the PMMA surface.

Figure 4.3: Shock interaction with the quartz surface. No longitudinal waves behind
an interface.
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Figure 4.4: Poisson’s waves near an opaque solids.

for ruby laser light with the length A = 0.69 um, SD-3 has the following parameters:
v =0.35 8= —6-10"" N/m? ¢y = 1.8 - 10 m/s, and z = 23.0 x 10° kg/(m?s)for
longitudinal waves close to the water wave resistance z = 15.0 x 10° kg/(m?s), the
sufficient ratio E/|3| = 0.06 and comparatively high yield point. The sample in our
experiments had the form of straight cylinder of radius R = 5 mm with flat length-
wise cuts polished for transverse viewing in the transmitted light of ruby laser used
for records of reference beams.

The next question to be solved is how to measure the velocity of a longitudinal
wave in the rod during the experiment. The wave propagation inside and around the
rod was studied (Dreiden et al. 1988, 1989) in order to estimate the difference in wave
parameters in solids and liquid. The boundary conical waves were discovered propa-
gating near the lateral surface of the elastic rod loaded by a weak shock wave. These
waves were detected using the setup with either shadow photography or holographic
registration unit. Observation was done perpendicular to the longitudinal axis of the
transparent rod through the polished flat facets made on the lateral surface along the
rod and of the opaque tin rod. Doubly exposed shadowgrams and holograms were
made in experiments with the same rod. In Figures (4.4, 4.7, 4.6) one can see:

in transparent sample - the wave A having a velocity V; in the rod and the deceler-
ating spherical wave B, propagating in the surrounded liquid with the initial velocity
V5. In addition to them, the boundary conical wave P is observed.

in opaque sample (Figure 4.4) only the conical wave P in surrounding liquid is
visible using optical setup; the front of it is marked on the photograph with thin black
straight line.

The appearance of these waves can be explained as follows: the longitudinal com-
pressive strain wave in the rod is accompanied by the positive transversal displacement
V' proportional to the Poisson ratio v, i.e., the rod is swelling locally. This wave has
an amplitude proportional to the longitudinal strain and a velocity equal to the wave
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Figure 4.5: Holograms of wave produced by the laser light evaporation of metal layer
of the metallised foil, a) near the foil; )50 mm from the foil.

velocity in the rod, that provides an appearance of the conical wave in the liquid in
the point of intersection of the shock front and the lateral surface, see Dreiden et al.
1986.

According to the Huygens principle the angle a between the front of the conical
wave in the liquid and the lateral surface of the rod is governed by:

sina =V, /V;

which is in good agreement with direct measurements made using these photographs
if we assume both V5, and V] are close to the sound velocities in water ( V5, = 1465
m/sec) and in PS (V] = 2350 m/sec). The essential difference between this conical
wave and the well known side wave is that the last is provided by the full internal
reflection phenomenon, while the conical wave can be registered along the solid wave
guide, arisen by a density wave propagating inside a solid. This conical wave we
called the Poisson wave, and is useful to measure the longitudinal wave velocity even
in opaque solids.

To make a simultaneous loading of all points of the input cross section of the rod,
one has to generate an initial pulse with precisely flat front, otherwise the power of
the pulse will be scattered partially due to the full internal reflection. To do so we
used the laser beam caused evaporation of a metallic foil immersed into the water cell
and separated from the input tip of the rod with water playing a role of an ‘acoustical
damper. The holograms of waves in the vicinity of the foil and at the distance of 50
mm from it are shown in Figure 4.5.

The front of the wave near the target is close to absolutely flat, moreover, it is
sufficiently flat even far from there. The observation window diameter is 48 mm, pro-
viding a good scale for the flat part length estimations. In the consequent experiments
the distance between the foil and the rod input was chosen to be equal to 5 — 7 mm.
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Figure 4.6: Wave pattern at the input of the rod.

Having the flat loading pulse, we began to study the wave picture inside and near
the input tip of the cylindrical rod. The photograph made after the reconstruction of
the hologram is shown in Figure 4.6. For holographic interferometry a beam splitter
4 divided the laser beam into object and reference beams. The middle cross section
of the rod was projected by lens onto the hologram. The first holographic picture was
made in the absence of the laser 1 pulse, while the second one was made by a pulse
synchronized with a given stage of the wave propagation in the sample 5 inside the
water cell 6. The carrier fringes on the interferograms obtained by reconstruction of
doubly exposed holograms appear due to rotation of wedge 7 between exposures and
show in figures the genuine deformation wave patterns in different areas of the wave
guide under study.

In this interferogram the shock wave A moving inside the rod to the right is
accompanied by a part of initial pulse D propagating in the surrounding liquid (one
can see the lag due to the speed difference). The second shock B entering the rod
is formed due to partial reflection of the initial shock from the rod input and the
foil consequently. It is to be noted that the thickness of both shocks is much greater
than the thickness of the initial compression wave in water. The Poisson waves P
are propagating in water and can be easily recognised in the Figure below and above
the wave A. Black horizontal stripes represent those parts of the rod that are not
transparent: the light cannot propagate through the cylindrical ‘caps’ along the rod
axis, which surface is not perpendicular to the light direction. The vertical black area
in Figure 4.6 occured because the input plane and the coherent light direction are not
coplanar, hence the tip is not transparent, also.

At the distance of 20 mm from the input the wave pattern is less disturbed (Figure
4.7). Both initial shock A and the shock wave in water B became well separated, the
Poisson waves accompany the shock in polystyrene and allow to measure its velocity,
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Figure 4.7: The wave pattern in 20 mm distance from the input of polystyrene rod.

while between A and B we can see now a new large wave with the length close to the
diameter of the rod.

In order to evaluate properly the holographic interferometry data we should make
quantitative estimations of the parameters of the longitudinal wave registered by the
optical holography method.

The bulk extension D can be calculated directly in terms of the finite deformation
tensor invariants I (C) as follows:

D = (dV —dv)/dv = \/I5(G) — 1 = \/1 + 2I,(C) + 4I(C) + 815(C) — 1.
After substitutions of I(C) = I;(u, v;z,r) one has an approximate formula:
D~ (1 —2v)u, + O(u?).
From the other side the conservation of mass yields:
po/p=dV/dv~1+ (1 —20)u,; 6p=u.(l—2v).

Otherwise, the relative variation of density is proportional to the transparency indices

variation:
nNg — 1y

Sp = —
P m—1'

The new value of the refraction index of the deformed rod n, is caused by the local
density variation, that can be easily obtained following the Lorenz-Lorentz formula

(Born and Wolf, 1964). Then we have

ng —ny = —uy(1 —2v)(ny — 1);
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where nq, ny are the refraction indices of the material before and after deformation.

The carrier fringe shift caused by the interference is proportional to the difference
of the laser light phase variations:

AK = Agpy, — Ag;. (4.7)
Then before the deformation in the reference state we have :
AA¢,/(2m) = no(L — 2h) + 2hny;
while after it, respectively:
AA@,/(27) = no(L — 2h — 2AR) + (2h + 2AR)ny;

where A is the light wave length, 2h < Ry is rod’s thickness along the detecting laser
light direction, and the cylindrical cut-offs must be included into consideration.
Finally substituting all estimations,

AAK =2h(1 —2v)(1 — ny)u, + 2AR(ng — na);

and using the relationship V' = —vhU, for r = h, we obtain for the maximal longitu-
dinal wave (e.g., soliton) amplitude the simple and useful explicit formula:

B A Ak
2h[(ny — 1)(1 — 2v) + v(ny — ny)]

that allows for calculating the amplitude using the fringe shift data measured directly
in photographs.

A=max U, = (4.8)

4.2.1 Strain soliton observation

Next is the step by step detection and observation of the long wave discovered above
far from the input cross section, the registration of the wave pattern and its amplitude
measurement. The apparatus for excitation and detection of the strain sollton (like
that described in Dreiden et al. 1988), was shown in Figure 4.1 .

Solitons were formed in a transparent solid wave guide from a primary shock
wave generated in a liquid near the end of a rod by laser vaporization of a metal
target (Figure 4.5). The power density of the laser radiation acting on the target
was monitored by the energy measuring device and was held constant at the level of
2.3 - 108W/em? for the entire experiment.

After the pulse-solids interaction’s study we have made some improvements in the
experimental method that enhanced the capability of detecting the waves. To observe
the evolution of a wave we used the 149 mm long polystyrene rod and the field of view
for taking the holographic interferograms of the wave was increased to 50 mm. The
longitudinal strain wave was observed at different distances from the input tip of the
rod by shifting the cell with the rod relative to the beam for recording the hologram.
It allowed us to obtain an image of the entire wave pattern in the rod in a single



94 Nonlinear strain waves in elastic wave guides

|

!

a)

Figure 4.8: Strain soliton in the interval of PS rod of 40-90 mm from the input tip.

b)

Figure 4.9: The same soliton at the interval of 60-110 mm from the input. The
distance between shock wave A and the soliton increases.
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c)

Figure 4.10: The strain soliton remains of permanent shape at the interval of 75-125
mm from the input tip, while the shock wave A almost disappeared.

frame, and to observe the disturbances at three different areas of the rod: between 40
and 90 mm (Figure 4.8), between 60 and 110 mm (Figure 4.9), and between 75 and
125 mm (Figure 4.10) from the input tip of the rod.

From these interferograms one can see in the PS rod the primary shock wave A that
initiated the compression bulk soliton shown in the auxiliary footnote graph under
each interferogram for convenience. The secondary shock wave of a complex shape
(the sharp small kink in the fringe in the middle of the soliton) is visible, which forms
as a result of repeated reflections of the primary shock wave in the liquid from the end
of the rod and then from the target and passes through the rod. As it can be seen in
these three figures the shock wave damps out farther along the rod but their velocity
remains higher than the sound speed in polystyrene and higher than the velocity
of the soliton (the soliton is displaced further from the shock waves from frame to
frame). The soliton turns out to be a fairly long trough-shaped longitudinal density
wave outside of which there is no rarefaction wave of any appreciable amplitude.
In the liquid surrounding the rod the interference pattern remains horizontal, i.e.,
undisturbed, which confirms that the wave that is measured propagates in the rod.
The dynamics of the motion of the strain soliton at various distances clearly shows
that the shape of the wave changes very little, which is an essential property of a
solitary nonlinear wave of longitudinal strain.

During these experiments the second ruby laser 2 has been used for the hologram
recording, according to the scheme shown in Figure 4.1. The shutters of both lasers 1
and 2 were synchronized by a multichannel generator of delayed pulses that allowed
the recording of a wave pattern at a required time moment with the accuracy of order
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0.5- 1079 seconds. The light beam from the laser 2 (the beam diameter was 1.5 mm)
was expanded by a telescopic system 3 up to the diameter equal to 50 mm, and then
it was divided into the object and reference beams by a wedge 4. Passed through the
wedge, the object beam was directed to the water cell 5 and to the rod 6 immersed
into it. The central rod section was projected onto the hologram plane 9 by a lens 8§,
and the hologram of the focused image was recorded.

The first exposure of the hologram was carried out by the pulse from the laser 2 in
the absence of a pulse from the laser 1, so the hologram of undisturbed wave guide 6
was recorded. The second exposure was made by a laser pulse synchronized with the
prescribed stage of the wave propagation. Observations were made in the transversal
direction. The carrier fringes on interferograms, obtained due to the reconstruction of
doubly exposed holograms, occured due to the wedge 7 turn between the exposures.
The longitudinal strain wave patterns were recorded at various distances from the
input edge of the rod that was attained by the cell displacement along the axis of
wave propagation. Recently Harith et al. (1989) reported about the study of a shock
wave produced in water by the laser explosive evaporation of a metallic film target
immersed into water. It was shown that such a shock wave exhibits a very narrow
compressive area ( 0.1-0.2 um wide) followed by a considerable rarefaction area (1 mm
wide) of small amplitude. The parameters of this shock wave satisfy the conditions
required for the strain soliton generation.

The soliton parameters calculations were based on the data of the holographic
interferograms obtained. Note that the interferometric pattern does not exhibit a
standard bell-shaped image of a shallow water soliton since the strain soliton is, in
fact, the longitudinal long density wave in a solid.

The soliton amplitude is calculated using the interference fringe shift AK mea-
sured in the interferogramme according to (4.8). The amplitude is determined by the
maximal fringe shift value. Derivation of the amplitude formula shows that the length
A of the elastic strain solitary pulse may be directly determined from the interferogram
as the length of the fringe perturbation between two undisturbed areas.

For the experiments under consideration the parameter values are the following
no = 1.33,n1 = 1.6, 2h = 7.5 mm and XA = 0.69-10~" m. Calculation of the parameters
of the compressive strain soliton whose interferogram is shown in Figure 4.8 gives the
following values of the amplitude A = 3.29 - 10~* and the wave length A = 32.5
mm. An analysis of the interferograms shown in Figures 4.9, 4.10 gives essentially the
same values for the propagating wave. The characteristic lengths of the solitary waves
as calculated by the DDE theory (2.32) and the refined DDE theory (2.54) using the
experimentally determined amplitudes A are equal, respectively, to 44.9 and 57.1 mm.
Therefore, the theoretically predicted values do not exceed the experimental ones by
more than 38% and 75% respectively. The remaining discrepancy can be explained
by the fact that the soliton of the longitudinal strain is the long wave with very
smooth fronts. It is thus rather difficult to make a more accurate measurement of the
pulse width (the wave length) A, although the values that we obtained seem to be
satisfactory within the limits of accuracy of measuring the amplitude of the soliton.
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4.2.2 Why is it a soliton?

Note that in any case the soliton has the length greatly (up to 7 times) exceeding
the radius of the wave guide and does neither disperse nor dissipate even at the long
distance (up to 60 radius units) from the excitation area.

In summary, we may confirm that we have developed both the theory and the
method of experimenral investigation of the bulk solitary waves of longitudinal strain
and hence are able to:

- observe a solitary strain wave over its entire length;

- obtain a picture of its evolution along the rod and thereby demonstrate exper-
imentally that this wave does indeed preserve its shape and amplitude/length ratio,
which identifies it as the genuine longitudinal strain soliton;

- calculate and measure the wave parameters.

The following arguments may confirm the observation of the genuine strain solitary
wave in our experiments.

Firstly, there is no tensile area behind the observed long compressive wave (having
a length A > 7 R), that is the distinctive feature of the localized nonlinear waves.
Tensile areas, if any, can be easily detected using the same apparatus: the fringes
will be shifted in an opposite direction. However, deformation of the rod behind the
soliton was studied in detail, and nothing was observed there except straight fringes,
i.e., the rod was free of strain again after the soliton propagation.

Secondly, even at the distances, exceeding dozens of rod’s radii, both the shape and
the wave parameters remain permanent and do not exhibit any essential distortions in
the uniform rod, as it was shown recently (Dreiden et al. 1995), that is, the nonlinear
strain wave possesses another distinctive feature of a soliton. The distance chosen
for our observations seems to be sufficiently large, because polystyrene is well known
to be an effective absorber of acoustic and shock waves. The last is confirmed by
considerable decay and even disappearance of the shock wave that moved ahead of
the soliton, as can be seen in Figure 4.10.

One of the most important results for physics and technology consists in possible
transportation of the elastic deformation energy using solitons at long distances with-
out losses even in materials, having a considerable absorption (dissipation) even for
shocks. We proved in experiments that the elastic strain soliton is not absorbed even
at the distances much greater than standard linear dissipation length for polystyrene.
Presumably it means that the nonlinear absorption is much less important than the
linear one that does not affect the soliton due to the difference in wave velocities,
however this problem requires further analysis.

The measurement of the wave amplitude is supposed to be quite plausible for
the comparison with the theory. One can see in Figures 4.9, 4.10 that the maximal
amplitude of the strain soliton is achieved at the distances 60 and 95 mm from rod’s
input edge, respectively.

However, some new theoretical results cannot be checked in our experiments and
require further study, namely:

i) the refined theory was proposed to describe the nonlinear strain waves in a rod,
improved by means of better fulfilment of the boundary conditions on a free lateral
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rod surface. The differences in the dispersive terms coefficients values in (2.32, 2.54)
result in variation of the value of the soliton width A. The calculations based on the
experimental data for the homogeneous rod show the 20-25% alteration in its value
with respect to those found on the basis of previous theory (Samsonov, 1984; 1988a).
However, the concept of a soliton width is conventional, therefore this particular
deviation between two theories is rather difficult to confirm in our experiments.

i1) The upper ‘speed limit’ was found in (4.4) for velocities of a soliton in any
elastic material, and the ’allowed zone’ for velocities was found to exist, outside of
which neither generation nor propagation of a soliton are possible. The upper value
of the limit in (4.4) was not proven in our experiments because the soliton amplitude
corresponding to this velocity provides an inelastic strain in polystyrene.

i11) The observation of the amplitude dependence upon the Poisson coefficient v
is expected to be of interest for applications found for the first time by means of the
exact formula (4.8).

The theory developed here is of importance for tentative experimental study of
the periodical, particularly cnoidal waves, because the deviation in the values of the
wave length can be measured in experiments with reasonable accuracy.

4.2.3 Reflection of a strain soliton

There are no infinite wave guides in practice of technology; rods and plates and shells
are combined in structures, and the problem of reflection of the nonlinear strain wave
is to be considered under different conditions of clamping of the finite wave guide end.

We shall use the standard approach based on the Hamilton principle requiring the
action functional variation vanishes

t1 X R
S = 6/ dt [27?/ dw/ r Edr—i—A] =0, (4.9)
to —0o0 0

however A notes now the work of an external force at the end of the rod: z = X.

Assuming that the Murnaghan model is valid for the elasticity of the rod, and the
lateral surface of the rod is free of stresses, we obtain the DDE (2.54) for the strain
component u = U, in a form:

E
Uyp — —Ugg — (ﬁ(uQ) + aRMuy — bR2um> = 0, (4.10)
p 2p

T

where a = —(v(1—v))/2, b= —vE/(2p). Moreover the Hamilton principle requires
that for z — —oo the values of v and its derivatives in x and ¢ should vanish. At the
other end x = X the boundary conditions depend on the type of clamping.

For free end we have A = 0 and from (4.9) it yields:

u =0, Uz = 0. (4.11)

When the end is clamped, the external force work is not determined and the kinematic
conditions of zero displacement and its velocity are to be given:

U=0,U,=0, (4.12)
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or in terms of strains it yields:
Uy =0, ugy = 0. (4.13)

Introducing the scales as before: A for x, A/cy for t, A/A for u, where ¢y = \/E/p,
we can write the dimensionless version of the DDE for further asymptotic analysis.
The small parameter € should be chosen to balance the nonlinearity and dispersion

e = A =(R/AN)? << 1. (4.14)

Assume u depends on z, t and also upon the slow time variable 7 = t. Finding the
solution to (4.10) in power series in e:

U=1uyt+euUy+.... (415)
substituting it into the DDE, we obtain the D’Alembert solution for wug:
ug = uo1(§, 7) + uo2(n, 7), (4.16)

where £ =z +t, 7 = x — t. In order of € the equation is the following:

2
2un,en = 2uo1er — 2Uoznr + % ((udr)eg + 2vo1 g0z + (Ugp)um) + %(%1,45 + Uo2,4n)
(4.17)
and the necessary condition of absence of secular terms leads to two uncoupled KdV
equations for ug; and wugo,

ﬂ 2 v

2ug1,r — ﬁ(“m)& — 5 uorgee = 0, (4.18)
ﬂ 2 v

2ugg,r + ﬁ(um)n + 5 Yoz = 0, (4.19)

while the 1st order problem solution is (4.17):

Uy = %UOIUOQ +u11(&,7) + ui2(n, 7). (4.20)

Substituting the soliton solutions of the KdV equations into the leading order
solution, we obtain in original notation

B 6F1?
B

U k* [cosh™ (k[z + (1 + ev®k*)t — mo1) + cosh™? (k[z — (1 + er?k*)t — woa]) ] -

(4.21)
where x(; are constant phase shifts.

Therefore the type of the strain wave depends only on sgn(3 and not on the direction
of motion. Both conditions (4.13) on the clamped end will be satisfied if xgy =
2X — x91, and the solitary strain wave will be reflected without shape change. On
the contrary, the solitary wave (4.21) does not satisfy the free end conditions (4.11),
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and will disappear due to either dispersion or unbalanced nonlinearity action. The
IST method may be used for analytical study of distortion of a solitary wave, see
Ablowitz, Segur (1981), Dodd et al. (1984).

Another way to study the reflection process was in the numerical simulation. Fol-
lowing Dreiden et al. (2001), we describe briefly the main differences of it from the
standard Godunov implicit finite difference scheme which will be used as the general
tool for numerical simulation approach in Chapter 6.

Boundary conditions at the end of the rod may be modelled by symmetric prolon-
gation of the calculation interval after the real end, i.e., the simulation will be done in
0 <z < 2X. For a free end the finite difference version of the DDE (2.54) is solved in
the interval X < x < 2X with sgnf opposite to that used in 0 < x < X. Initial pulses
are assumed to be solitons located centrally symmetric with respect to the genuine
end x = X of the rod. The type of initial soliton depends on sgn (3, e.g., for 3 > 0 in
0 < x < 2X the soliton should be a tensile wave, while the compression soliton is in
the interval X <z < 2X.

Initial velocities of solitons are to be given equal and to meet each other. The
boundary condition u(z = X') = 0 is used explicitly, while the second order derivative
is to be zero automatically in calculations.

Reflection from a free end 0 < x < X shown that the amplitude of moving wave
decayed at the free end, reflected wave was of opposite polarity and disappeared due
to dispersion. Eventually there is no localized strain wave at the input tip of the rod.

For the clamped end simulation in the region 0 < z < 2X calculations were
subjected to the axial symmetry with respect to the line x = X. In both subdomains
the similar DDE is solved and initial pulses are assumed to be located on equal
distances from the line. The boundary conditions (4.13) are satisfied automatically. In
accordance with the theory the doubling of the amplitude of initial soliton occured at
the end, the reflected wave had the same sign, amplitude and velocity and propagated
to the input without decay.

Now we will discuss the physical experiments in strain soliton reflection that were
made using the apparatus described above.

We have used for reflection experiments the solitary strain wave generated in the
polystyrene SD-3 rod by means of the experimental the setup with the parameters:
no =133, n; = 1.6, X\ = 0.69-10"° m. Polystyrene (PS) has v = 0.35 and the
negative nonlinearity coefficient (3, hence the upward fringe shift in the holographic
interferogram corresponds to the compression deformation.

Reflection from the free end is shown in Figure 4.11. The soliton is moving to the
right in all photographs (except the last one in this subsection), and the fringes are
not disturbed in water behind the end of the rod, that confirms the whole reflection of
the falling wave. In clear agreement with the theory in the footnote in Figure 4.11-b,
one can see the decrease of the amplitude of compression wave in comparison with
the value of the initial one in Figure 4.11-a. There is no any localized wave in the
entire end of the rod, which confirms experimentally the theoretical prediction of total
absence of tensile solitary wave in polystyrene.

To model the clamped edge of the rod we glued it with different massive solid
plates. First, we studied the penetration of the wave through the clamped end into
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b

Figure 4.11: Experiments in decay of the soliton, reflecting from a free end.
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Figure 4.12: Total reflection of the strain wave in the PS rod glued with the quarz
plate (at the right end).

the transparent solids to visualise the wave propagation process. It is shown in Figure
4.12 that the compression wave cannot propagate through the PS-quartz interface
(the acoustical resistance z of quartz is 6 times more than of PS), while it may easily
move through the interface PS-PMMA (values of z of both materials are close) as it
can be seen in Figure 4.13. Acoustical resistance of brass is 15 times more that of
PS, therefore the elastic wave energy should reflect almost totally from the rod end
clamped with brass.

In Figure 4.14 one can see the strain soliton moving from the left and reflecting
from the brass plate, clamping the end of the rod. The plate is located to the right
and shown in figures as the black vertical strip. The amplitude of the soliton is almost
doubled (Figure 4.14-b) during the reflection, and returns to the initial value after
it, when soliton is moving to the left and even far (140 mm) from the clamped end
(Figure 4.15-c). Note that the surrounding water is disturbed, therefore to estimate
the amplitude correctly one should subtract the fringe shift outside rod (fringe in the
footnote B) from the shift inside the rod (footnote A). It results in almost equal value
of the soliton amplitude to that observed in Figure 4.14-a.

Therefore we have shown that the strain solitary wave reflection from the free end
of a wave guide transforms the soliton to the opposite sign wave, which disappears
shortly, while being reflected from the clamped end the soliton propagates along the
wave guide with permanent shape and velocity. It fits well the theory of reflection
and even of collision of solitary waves and may provide a new experiment in head-
on collision of strain solitons in solids. Moreover the DDE is proved to be valid for
solitary wave propagation description in finite length wave guides. The wave observed
after reflection possesses the main feature of the soliton to keep its shape in collision,
therefore we confirmed this property of elastic solitons in experiments.
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Figure 4.13: Penetration of the long strain wave, moving to the right, through the
PS-PMMA interface.

4.3 Solitons in inhomogeneous rods

Possible inhomogeneity of a wave guide can be intentionally designed and/or resulted
from imperfections during manufacturing. It can influence the wave propagation
strongly, even being slow with respect to the appropriate scale, and it will be studied
thoroughly for this reason.

This section is devoted to the theoretical and experimental description of the
propagation and amplification of the strain solitary wave (soliton) in a cylindrical
nonlinearly elastic rod with variations in cross section area or in elasticity. We call it
an inhomogeneous rod in the following for convenience, while the uniform rod will be
called the homogeneous one.

The soliton dynamics in the non-uniform rod was firstly studied analytically in
(Samsonov, 1982;1984), based on the reduction of the perturbed DDE to the per-
turbed KdV equation. Limitations of it are evident, however most of the qualitative
estimations remain valid, being reconsidered on the basis of the DDE approach. The
main difference is that the elastic solitary wave does not possess the wave collapse as
it seemed to be in the framework of the KdV approach. Moreover, we note that the
adiabatic approach to solve the perturbed KdV proposed by Ko and Kuehl (1978), was
insufficient to describe the nonuniform dependence of the inhomogeneity parameter 6
in a solution, see Karpman and Maslov (1978) for further details.
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Figure 4.15: Soliton moves to the left after reflection and keeps the permanent shape.
The photograph was made far (140 mm) from the clamped end.
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The wave propagation problem for the physically inhomogeneous rod was con-
sidered and the solution was found in (Samsonov, Sokurinskaya, (1987)), where the
evolution of longitudinal displacement velocity soliton was described by the perturbed
KdV equation and solved by means of perturbation technique, see (Kodama, Ablowitz,
1981). We have shown the limitations of the KdV approach in nonlinear wave prob-
lems in solids and now we shall apply the model based on the DDE (2.33) and (2.54)
having the variable coefficients.

When the rod is inhomogeneous and uniform R(z) = Ry — const, the equation
(2.29) was derived written in terms of the strain component u = U, :

Uy — % B (EU)J = %%% [ﬁu2 + pv* R3uy — Rg% (,ul/zuw)} : (4.22)

When the rod is non-uniform but the homogeneous one, the problem may be governed
by the equation:
o110 o 1 0 0
¢ — Cg% [ﬁ% (R%)] = 92 9 [§R2u2 + V2 Ry — c?uQ% (R'uy)
(4.23)
followed from (2.30); it differs from the previous one, in particular, by the constant
value of the linear wave velocity. The refined model used for the DDE improvement

will lead to corresponding changes in coefficients that may be taken into consideration
easily.

Uy

4.3.1 Solitons in the non-uniform rod

Firstly we shall consider the problem on the influence of the small non-uniformity of a
wave guide on the solitary strain wave moving from the uniform part of the wave guide,
where it was generated, into the non-uniform one. We assume the slow dependence
on z for the parameters, consider the geometrically nonuniform rod only with varying
cross section area: S = S(6x),6 << 1 and perform the formal asymptotic analysis of
the problem.

After transformation of the DDE to the dimensionless form we obtain the p.d.e.
of the form

0 [10

that can be written as

)
dugy = F2 + o [F°S,/5], (4.25)

where

FO = du + 6u® 4+ S(augy — bug,) — 2bS,u, ) (4.26)
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Using the asymptotic expansion approach, we introduce the slow variable X = x¢,
and define an unknown phase variable ¥ by the space-similar transformation:

9, = —1
(oo )

where A(X) is a new unknown function of slow variable X. Hence we can calculate

S, = 0Sx;
Uy = Ugy; Up = Aty + Ouy;
Upye = Azqu + 6(2AU19X + Alqu) + 0(52),

and expanding the strain w in power series with respect to ¢, in the form u =
>, 8'u, we obtain from (4.25)

(AS)x

(4u’ — A?F gy = & { Fy +2AF) — b [SA®(log S*A)yuges + 25 ugssx | }
+0(8%)
where F° = 4u° 4 6(u®)? + S(a — bA?)u),, and
F=4du+6u*+ S(a — bA*)u,. oc F* + 6 [4u' + 12u°u’ = (a — bA?)Suyy] + O(6%).

The zero-order problem takes the form

(4u’ — A’FY),, = 0, (4.28)
(0"’ /09*) — 0 for | ¥ |— oo,

which possesses the soliton solution in the form:

u® = accosh™2 (0 — Vy), (4.29)

where o = (1—A?)/A?, the inverse wave length  defined now as n* = [1—A(X)]/[SA%*(a—
bA?)], and the phase shift parameter 9, all depend upon the unknown A(X). Note
that it follows from (4.28) that F° = 4u®/A%. We arrive after a little algebra and
introduction of the new function of ¥ and X as ¢ = n(J — ), so that:

ou’ _ UOEOO Q) + 8“0 0 = (logn) — ou’ 99,
ax  ax .8 Yo, ax 8 T e, ax
and
ar LY

at the first order problem for u!. It is, evidently, the linear one, and takes the form
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[4(1 - AQ)Uilw - A2(12u0u1 + (a— bAQ)Suéﬁ)]w

!

- [FO(SA)X /S +2AFS — 2bSA3u0,  — bSA*UY, (log SZA)’XL9 (4.30)

Then reducing the order of the equation further by means of integration it with respect
to ¢, with the boundary conditions of vanishing of u’ as | ¢ |— oo being taken
into account to calculate auxiliary integrals, we obtain the inhomogeneous Legendre
equation for u!(y) in the form

0? _ 00V
%u —4(1 —3cosh 2 p)ul = C1(1 — tanh ) + Copu’ + Cyu® 3)? +

bSAna ! (C4g0u8w + C’5ug + CGuW) (4.31)

where all C; are the functions of the slow variable, as follows:

49 ) 8 9
Cy = e 5x (loga SA7n?), G, ——A—%a—X(logn),
B %) %) . 99,
C3_A_377’C aX(logﬁ) Cs = aX(IOgAS )706 _27]8X

Let us denote the right hand side in (4.17) as ®(u"). To exclude the secular terms in
the asymptotic solution it is necessary to satisfy an orthogonality condition

/OO u'®(u’)dn = 0, (4.32)

that leads to an equation for the unknown «a(X) :

0, Sa*  bSAl 9
ox °An " 5(1+ )2 0X

—logSa’An =0,

where A = A(a(X)),n = n(a(X)), and the function S = S(X) is given. The solution
of it will be written below and analysed in the dimensional form, here we indicate only
the dependence of the solitary wave amplitude a(X) upon the value of cross section
area S(X) , namely, any decrease of S(X) along the rod axis results in a noticeable
increase of the amplitude (amplification) and, thus, in focusing of the impulse, and
vice versa.

The first order problem solution u! of the inhomogeneous Legendre equation,
bounded for | ¢ |— oo, takes the form

C C 3b 0
1 1 2 2
= ——tanh“p+ | =
Y 4t 8 bHSa 26X

—(AnS%a?) | tanh o + F(p), (4.33)

where
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F(p) = 15D cosh 2 ptanh + 29g,x (1 — ptanhp)/(aAd) —
3(log SA™3a’n72)y (@ tanh p cosh™ @) /(nA®) +
+2(log SA730n)x (2 — 3tanh® ) — nyup(2 — g tanh @)/ (aA’n) +
bSAn(2n90,x +p(log S2Aa’n)y e tanh ¢ cosh 2 ),

and D is the constant of integration, whence F' —0 for | ¢ |— oo and F' # 0 for ¢ = 0.
The height h of a shelf or a plateau behind the soliton, that is in fact a small wave
of strain, very long even in comparison with the width of the soliton, propagating
behind a pulse, is determined by the limit

h= lim (u*+6ul) = —6(1 +a)(s—m)%(1og[a5(1 +a®)(a— b+ aa)’ST,
p——o0 e

and is proportional to the derivative (—dS/dX). When Sx < 0, an impulse is self-
focusing , and the plateau of positive height is the long compression strain wave with
a velocity considerably smaller the main velocity V of a soliton «°. From the physical
viewpoint this qualitative result is similar to the one obtained formerly in (Samsonov,
1984) in the framework of the KAV approach. The essential difference is that a critical
value of S, responsible for the formally unbounded increase of amplitude of the KdV
soliton, does not exist, when the DDE based model is considered.

To complete the solution of the first order problem it is necessary to obtain a
solution uniformly valid in ¥ by means of the matched asymptotic expansion method.
This solution contains a region of non-uniformity ahead of a soliton, a quasi stationary
solution u’ + du! with variable parameters and an oscillating tail behind the shelf.
It could be done in a routine manner, however it is a complicated task, and we shall
study these waves numerically below and find the space and time behaviour of the
strain soliton propagating in non-uniform rod.

Evidently, the localized wave evolution in a sharply inhomogeneous rod, when the
hyperbolic wave operator will not be the fundamental one and cannot be covered by
means of this consideration. It will require the numerical simulations presented in
Chapter 6.

4.3.2 Solitons in the inhomogeneous rod

The wave guide may be physically inhomogeneous, i.e. the 2nd order elastic moduli
is assumed to vary along the z-axis also and slowly enough to be modelled by means
of the dependence on small parameter § << 1 as £ = FE(éx),v = v(éx), while
the 3d order moduli variations along the rod axis, e.g., of the Murnaghan material,
are described in general by the dependence of the nonlinearity coefficient on x as
B = B(E,u;l,m,n) = B(éx),6 << 1. For simplicity and to extract the influence of
elasticity variations, the rod’s cross section is supposed to be uniform now.

After transformation of the perturbed DDE to dimensionless form in a way similar
to the previous one used to solve the wave problem in the nonuniform rod we get
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_ 919 R
duy = %{; e [4Eu+65u + priugy bam(,uu um)]} (4.34)

Again, the perturbation appeared in the main hyperbolic (wave) operator, but for
the following transformations, it is convenient to rewrite the equation in a different
way as

0 |F
4utt:wa+ |: pm] 5
or | p

where
F =4FEu/p+ 68u*/p+ vViuy — (b/p)(uus).

Introduce slow variable X = x6, the phase variable ¥, using the unknown function
A(X) and two coupled differential equations (4.27), and writing the moduli derivatives
in new variables we get

E,=0FEx;v, = dvy;
while derivatives of the unknown function are expressed now as before:
Ut = Ugo; Up = AUy + OUg; Uge = AUy + 6(2Augx + Aluy) + O(8%).

We are dealing with the DDE, having a solitary wave solution in absence of perturba-
tions, therefore any expansion with respect to the small parameter € is not necessary.
Expanding the unknown strain function u(¥, X) in power series with respect to the
only small parameter ¢ of inhomogeneity as u =) _._ §'u?, we have

(Ap)x O2F0  A?

Xy 57 [(Apr?) gugss + 24 uggsx |
(435)

(4U—A2F)1919:6{ Fg—FQA

where the following function

2 2
F=F'+56 [4 (1—M> u1+%u0u1 + A%v5 (1—bA MO) ullwl +0(8%).
Po Po Po

was introduced to detach explicitly the dependence of § and of the unperturbed values,
marked here and below by zero indices, and

4F 0 0)\2 AQ
FO = u X 65 (u’) 412 (1 . b ) U?w,
Po Po Po

As before, the solution of zero order problem written now as
(4u0 - A2F0)1919 = 0,

with the boundary conditions (8*u°/09*) — 0 for | ¥ |— oo, has the form of the
solitary wave:
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u® = accosh™2 (0 — Vy), (4.36)

where the amplitude « is defined by means of unperturbed parameters and an un-
known function A(X), according to the expression

a=— 2 —
A2\ By By
and 7' = n71[A(X)] is the wave length. Moreover, it is easy to calculate from the
zero order equation that F° = 4u°/A% due to the prescribed boundary conditions.

The first order problem is governed by the 4th order o.d.e., that is linear with
respect to u!'. It can be written with coefficients, depending upon the slow variable

X:
o2 A’Ey\ 0%u' 128,A% | A%py| 0*ul
— 41— - — A%2 |1 - =
6192{ ( Po ) 9 Po “ Y [ Po ] 8792}

0 FO@(pA) N 2A6—F0 B 2bA3u2ﬂO O3l B bA2O(Aur?) 0*u’

o p0X 0X po  0X09* p 0X o |

We introduce new variable ¢ = n(¥—1), then 9/09 = 1n(X)d/J¢ and integrating the
equation twice in ¢ we obtain the following linear inhomogeneous Legendre equation

for perturbation u!(y):

bA? A’E, 3A?
A%V? (1 — —MO) nQU}W —4 [1 — 0 _ bo o cosh™ go] ut =
Po Po Po

C1(1 —tanh ) + Cyu’p + Csuldg,x + b(C’gpu&F + C’g)ugJ + Cgu?w),

where u® = a cosh™ n(?9 —9y) and Cy(X, E, i, p, v, 3) are coefficients depending upon
the slow variable.

To exclude the secular terms one should employ the condition (4.32) for orthog-
onality of solitary wave solution and the r.h.s. function ®(u°), that leads to the
implicit ordinary differential equation to obtain the solitary wave amplitude a(X) in
dependence on the inhomogeneity:

5 B afu

Ix 8 A BT aB BBt (E+aB)(E+aB—b0)

a2t

(E+ ap)

log (4.37)
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The solution a(X) is used to calculate the unknown function A(X) defined by
A% = p/(E + af3) and the wave length n(X) according to the relationship n?v? =
af/(E — bu+ af). The higher order approximation equations can be reduced to the
linear inhomogeneous equations for associated Legendre functions and successfully
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solved. The solution u = u" + du' vanishes for 2 — oo, but has the non-zero limit
behind the soliton, i.e., the inhomogeneity leads to the shelf wave generation that has
the amplitude of order § and the velocity much smaller in comparison with the main
pulse velocity.

Main results obtained by means of the asymptotic analysis of the wave propagation
problem for an inhomogeneous rod are :

- there is the shelf behind the solitary wave occured due to the inhomogeneity.
The harder the rod ( E'(X) > 0 along the rod), the greater is the amplitude « of the
compression soliton.

- the amplitude depends upon the variable nonlinearity parameter 3, that was not
found in several papers previously.

- a relationship exists between the values of 2nd and 3d order elastic moduli, that
the amplitude o and the "energy” I, = (1/2) [ u*dx of the initial solitary pulse both
remain constant, while the sign of a shelf height follows to the sign of elastic moduli
perturbation. Writing it for simplicity only for small values of amplitude a after
corresponding power series expansion, we obtain

‘2 E™3 = const. (4.38)
Moreover, when the inhomogeneity is that
B*ET3 = const (4.39)

there will be no shelf behind an initial soliton, that spreads slowly, saving its bell
shape and reducing its amplitude.
Further analysis will be done in Chapter 6 using numerical simulations.

4.4 Experiments in soliton propagation in the non-
uniform rod

The solitary wave propagation in inhomogeneous rods may be of considerable inter-
est for applications. For this reason several physical experiments were performed to
confirm or reject some conclusions made in theoretical consideration. We have shown
that the soliton propagates without change of shape in a uniform rod while its shape
will vary in presence of inhomogeneities. In the last case the amplification or focusing
may occur; in other words, the soliton amplitude will increase while its width will
decrease. Then the localized area of plasticity and even fracture of a wave guide may
appear, that can be of practical importance.

Successful experimental generation of a strain soliton in a rod with varying cross
section was not mentioned even recently except in several papers by Dreiden et al.
(1988, 1995). Nevertheless the strain soliton has been generated and observed in a
uniform homogeneous nonlinearly elastic rod, using an experimental setup described
in Chapter 4 above, and it is of interest to observe the strain soliton focusing in solids.
Here we shall follow the explanation available in the paper (Samsonov et al. 1998).
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For physical experiments the dimensional form of the model equation is more
convenient, while the Lagrangian may be written without higher order nonlinear and
differential terms in the relationships for kinetic energy K and potential strain energy
I1. Substituting the Murnaghan model description into the formulae for K and II,
one can find respectively:

K = % (U2 + v [UUpwy + vU2]) (4.40)
= % (EUg + gUg + yEr2UxUmx> : (4.41)

where 3 = 3E + 2I(1 — 2v)3 + 4m(1 + v)?(1 — 2v) + 6nv? becomes the only coeffi-
cient depending on nonlinear elasticity of the rod. We have shown that the usage of
truncated expansion (2.52) is sufficient to write relationships for K and II. Substitut-
ing them into (3.32) and calculating 65 = 0, one can obtain the following nonlinear
equation in displacements:

9 2
@0 e L OB v, Yo
Ui~ g 0] = o {%R Vs = 1g V) + 5 0 Uan
19 [vdd [, *? vR?
+ e {T (R Usss + 55 (R'U:) ) | = = Usetr (4.42)

where ¢ = E/p,.

Therefore the additional linear dispersive terms appear in the equation above due
to the terms wuy, ws, resulted after the boundary conditions fulfillment at the free
lateral surface, and we obtained the refined and perturbed DDE.

Let us consider now the rod which cross section varies slowly along the x— axis,
that will be described by a function R = R(yz), v << 1. Introducing the notations:

u = U, 7 = tc, and differentiating the equation (4.42) in x , we obtain a new
equation
019 o | BR? 4 4 3
Urr = o (R Y (u”) + aR urr — bR Uy, — 4DR°Ryu, | = 0, (4.43)

with coefficients a = —(v(1 — v))/2, b = —v/2, slightly deviating from those ob-
tained in (Samsonov, 1988): a = v%/2, b = v?/(2(1 + v)). Two first terms here
describe the common linear wave, the third governs the nonlinearity, the two follow-
ing terms are responsible for dispersive features of a wave guide, while the last term,
being of the same order, looks like the dissipative one, but occurs due to the cross
section variation.

The uniformly valid asymptotic analysis performed in the previous subsection for
the 4th order perturbed p.d.e. can be used directly to solve (4.43). To describe the
evolution of a travelling strain wave u we introduce the phase variable § and the slow
variable X = vz, as follows:

0, = -1, 6, = A(X). (4.44)
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The solution to equation (4.43) will be found in new variables in the power series in
v:

U=uy+yur+.... (4.45)
Substitution of it into the equation (4.43), gives in the leading order of v the well
known dimensional solitary wave solution for wu:

w = % o cosh 2 (k(X)[0 — Bo(X)]) .. (4.46)

depending upon the unknown function o = «(X), a > 0, while both A, k are
expressed through it by means of the formuli:

1 5 a(l+a)

A2 = _ .
1+a’ g 4R?[a(1 + a) — b

(4.47)

Both A and k should be and will be real in (3.49) for most of conventional elastic
materials (with v > 0), if:

0 < a <

; 4.48
T (4.48)

As it was shown before, the type of the strain wave (4.46) (compressive or ten-
sile one) is defined by sgnf, which depends on the elasticity of the rod material,
respectively.

Let us study a distortion of the solitary strain wave due to the non-uniformity
or ’geometrical’ inhomogeneity considered. The following differential equation for
arises from the secular terms absence condition in order O(7):

0 . R’a* 4bk’R*A* O

v v 42 47, _
X In TE + 3 X In2R*a” Ak 0, (4.49)

that after use of (4.47) is reduced to a nonlinear 1st order o.d.e. for the amplitude
variation

Ax _ (1 1 1 _ L (4.50)
R “\61-D+a) 20 31-Di+a) 3(1-Dita))’ ‘

where:
b 1 24++/9 — bv

Pt Ty T sy

Taking the restrictions for a (4.48) into account, we conclude that the expansion in
brackets in the right hand side of (4.50) is always positive. Therefore the magnitude
of the soliton will increase with the radius decrease, as we have seen, dealing with
the formal asymptotic analysis. The equation (4.50) can be integrated directly, that
yields

2

RSa3 v+ a(2v — 6/5) — a?(1 — v)]
(1-v)[v—a(l—-"v)]

= const. (4.51)
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The routine analysis of the functions wuy (4.46) and Oug/Ox shows that the dis-
tortion of the wave shape takes place apart from the amplitude variation. When the
bell-shaped soliton propagates along the tapered rod, its front side becomes steeper
while the back one becomes smoother. Vice versa, the front side of the solitary wave,
moving along the expanding rod, becomes smoother, while the back one becomes
steeper. The equation for determination of an extremum of a derivative dug/0z

’YR—}; + [k(1 = 780,x) + vkx[0 — 0o(X)]] tanh (k[0 — 6o(X)]) = 0. (4.52)
shows that for the wave propagation along the narrowing rod (Ry < 0) the extremum
is achieved for  —0y(X) > 0, while along the extending rod (Rx > 0) - for an inverse
sign of that expression. Then the soliton accelerates in narrowing rod and decelerates
in the expanding one in comparison with the same soliton moving along a uniform
(homogeneous) rod.

Exact formulae (4.47), (4.51) may be easily simplified to analyse the wave pa-
rameters variations detectable in experiments. We have seen that the strain wave
amplitude has to be restricted with a physical condition of the strain’s elasticity:

| V1+2C, —1| < e, (4.53)

where e is the yield point of a material and lies in the interval 107*—107 (Frantsevich
et al. 1982). Therefore o will have to be small enough to lead to the following
approximations from (4.47), (4.51):

Ro\’
A=1k=—2 2 _(20) 4.54
K 4R*(a —b)" «g (R (4.54)

The most important feature of the next order asymptotic solution is in the ap-
pearance of a plateau, propagating behind the soliton (3.48) with much less velocity.
The difference in the values of a, b calculated in the framework of two theories results
in the quantitative deviation in the plateau amplitude value. However, it is of order
O(7), hence its changes will be small also in comparison with the value obtained in
(Samsonov, 1997). This deviation seems unlikely to be detected by means of the
experimental arrangements used, and this part of solution is omitted here.

To perform the experiments in soliton propagation along the tapered elastic rod
we have used the same experimental arrangements as described in Section 4.2.

The holographic wave pattern recorded in experiments contain horisontal black
areas above and below a central fringe area which are due to cylindrical ’caps’ along
the rod, see Figure 4.16.

Black rectangular frames (as well as the grey frames in Figures 4.17, 4.18 below)
surrounded the fringe pattern inside a rod appear due to the fact that lateral surface
of a rod beyond the central area of observation is not precisely perpendicular to the
laser beam, i.e., not transparent and therefore reflects the light.

A choice of the rod’s cross sections variation is caused by two factors. Firstly,
we were going to observe a geometrical inhomogeneity influence just on the strain
soliton, secondly, the experimental setup limitations should be taken into account.
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_ -
10
mml js.s
mm
a 70 mm
'7_7 mm 140 mm

Figure 4.16: Geometry of the tapered rod

Measurements of the soliton amplitude in a homogeneous rod resulted in the esti-
mation of the parameter ¢ = O(1073). When the inhomogeneity parameter v is
chosen to be v << ¢, then the possible variation of the initial rod radius (Ry = 5
mm) at the distance 100 mm along the axis will be of order 0.1 mm or 2% from the
initial value. The estimation of the amplitude change in this case by means of an ap-
proximation (4.54) shows that such magnitude corresponds to the oscillations of the
observed solitary wave front (Dreiden et al., 1995). So it seems hardly to be possible
to detect such a deviation using our experimental setup. Therefore we had to choose
the inhomogeneity parameter as follows v >> ¢ .

In addition, we note that the nonstationary process takes place in experiments
in contrast to quasistationary process governed by the asymptotic solution obtained
above. When 7 >> ¢ the inhomogeneity will change the initial pulse shape earlier
than both nonlinearity and dispersion will, and the strain soliton will hardly appear
from an initial weak shock. Thus the rod cross section should remain constant at the
distance required for the soliton generation and separation, and begin vary only after
it. Experiments on the soliton generation in a homogeneous rod show that soliton
appears even at the distance of 60 mm (12 Ry) approximately from the input edge of
the rod.

Based on this analysis, the polystyrene rod of 140 mm long was made with the
uniform and the narrowing parts, as it is shown in Figure 4.16, and two cut-offs were
made on the lateral surface for the observation purposes. The rod radius decreases
linearly from the value Ry = 5 mm to the value R = 2.75 mm along the distance 70
mm. In this case the inhomogeneity parameter v = 0.032 is much greater than the
typical soliton amplitude ~ 10~ for the homogeneous rod.

We consider the holographic interferograms of the longitudinal strain soliton re-
corded in the transition interval from the rod with uniform cross section to its tapered
part at the distance 40 — 90 mm from the edge of the rod (Figure 4.17), and in the
interval, 75— 125 mm (Figure 4.18), where the rod is tapered. Diameter of the record-
ing beam is equal to 50 mm as before. For convenient experimental data processing,
one of the disturbed interference fringes inside the rod (marked with arrows) was
extracted from and placed below the interferogram. Fringes in a surrounding liquid
remain undisturbed (horizontal), that confirms that the observed wave propagates
inside the rod. The shape of the strain wave was reconstructed by means of (4.8)
using the following values of parameters: ng = 1.33, ny = 1.6, A = 6.9-107" m,
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Interferogram of the strain soliton in the nonlinearly elastic rod recorded

at the beginning of the tapered part.

Figure 4.17

Interferogram of the strain soliton recorded in the tapered nonlinearly

Figure 4.18

elastic rod.



Experiments in solitons in the non-uniform rod 117

v = 0.35. It must be taken into account that light passes the different distances 2h
in different cross sections. At the interval where the cross section remains uniform, we
have 2h = 2hg = 7.75-107% m, while the measured cross sections for the tapered
rod’s part are shown in Table 4.3.

Table 4.3. Light path distance measurements data inside the tapered rod.

Distance from the Diameter Light path
entire edge, mm of the rod, mm 2h , mm
50 10 7.75

65 10 7.75

70 10 7.75

75 9.8 7.45

80 9.5 7.2

85 9.2 7.0

90 8.9 6.8

95 8.6 6.6

100 8.3 6.3

105 8.0 6.1

110 7.7 5.8

115 7.5 5.7

120 7.1 5.4

125 6.9 5.0

One can see that the maximal fringe shift on both interferograms is almost equal to
the width between two neighbouring fringes, i.e., to one fringe width. Substituting the
data from Table 4.3 into (4.8), where 2h varies now from one cross section to another,
one can calculate finally the soliton parameters and obtain the soliton evolution in the
tapered rod, see Figure 4.19. The envelope lines are drawn there after interpolation.
For convenience, the compressive waves, having the negative amplitude, are shown in
the first quadrant.

Thus, using the laser generator of weak shock waves and the holographic setup,
we have made probably the first generation, detection and records of the focusing of
strain solitary wave inside the nonlinearly elastic tapered rod.

The following arguments may confirm the observation of the genuine strain solitary
wave in our experiments. As before, there is no tensile area behind the observed long
compressive wave (having a length A > 7 R), that is a typical feature of the localized
nonlinear wave. Tensile areas, if any, can be easily detected using the same apparatus:
the fringes will be shifted in an opposite direction. However, deformation of the
rod behind the soliton was studied in detail, and nothing was observed there except
straight fringes, i.e., the rod was free of strain again after the soliton propagation.

Secondly, even at the distances, exceeding dozens of rod’s radii, both the shape and
the wave parameters remain permanent and do not exhibit any essential distortions in
the uniform rod, that is the nonlinear strain wave possesses one of the most distinctive
feature of a soliton. The distance chosen for our observations seems to be sufficiently
large because polystyrene is well known to be an effective absorber of acoustic and
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Figure 4.19: Focusing of longitudinal strain soliton. After experiments two graphs of
strain vs. soliton width are drawn after interpolation. Solid circles and the dashed
interpolative line both correspond to data measured on a 40 — 90 mm interval of the
rod’s length. Open triangles and the solid interpolative line correspond to them on a
75 — 125 mm interval.

shock waves. The last was confirmed by considerable decay of the shock wave, which
moved ahead of the soliton, as shown in Figures 4.17, 4.18.

The enlargement of the amplitude scale allows us to visualize main features of the
solitary wave in the tapered rod, see Figure 4.19. All the features predicted by our
theory appear in experiments, namely, the increase of the amplitude, the steepness
of the wave front and smoothness of its back, i.e., asymmetric deformation of the
bell-shaped soliton. Moreover, the characteristic width L; = 25,2 mm of the pulse
shown in Figure 4.17 in the homogeneous part of the rod at the one-half amplitude
level is visibly greater than the similar value, Lo = 22,3 mm, in the narrowing part,
hence the width of the localized strain solitary pulse decreases along the tapered rod.

Eventually, simultaneous increase of the amplitude and decrease of the width (i.e.,
the focusing) are distinctive features of the soliton in tapered wave guide, while the
parameters of the linear strain wave are independent and defined by the initial or
boundary conditions only.

The abilities of our experimental setup do not allow to measure directly the soliton
acceleration caused by the narrowing cross section along the rod.

However all other details of the distortion of the wave observed (Figure 4.19)
compared with those theoretically predicted for the strain soliton (3.48) lead to the
conclusion that both the strain soliton and its focusing were observed, indeed, in
our experiments. Fortunately we detected also both steepening of the soliton front
and simultaneous smoothening of its back in close correspondance with theoretical
predicition of a soliton shape variation when focusing.
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Therefore, we have shown the possibility to transfer and to concentrate the strain
energy at long distances without losses even in materials, having a considerable ab-
sorption (dissipation) for shocks. Presumably it means that the nonlinear absorbtion
is much less than the linear one that does not affect the soliton, moving with transonic
velocity; this problem requires further analysis.

The measurement of the wave amplitude is supposed to be quite plausible for the
comparison with the theory. One can see in Figures 4.17, 4.18 that the maximal
amplitude of the strain soliton is achieved at the distances 60 and 95 mm from the
rod input edge, respectively. Then from the estimation of the amplitude we obtain it
equal to 3.29 -10~* in the interval 40-90 mm, and to 3.83 -10~* for the interval 75-125
mm. Therefore, the soliton magnitude increases 1.16 times. The estimation using the
simplified formulae (4.54), and the length dependence of the kind R = Ry — y(x — 70)
gives the amplification 1.31 times, which is in good agreement with the experimental
data.

However, some new theoretical results cannot be checked in our experiments and
require further study, namely the observation of the amplitude dependence upon the
Poisson coefficient v, is expected to be of interest for applications found for the first
time by means of the exact formula (3.52).

The advantages of the theoretical description proposed here are of importance
for the study of the periodical, particularly, cnoidal waves, because the deviation in
the values of wave lengths can be measured in experiments with reasonable accuracy.
Another problem for which the theory should be applied is the wave propagation along
a wave guide embedded in an external medium. The theory also may be used for the
soliton focusing study in 2D wave guides, in particular, in plates and layers.






Chapter 5

Nonlinear waves in complex wave
guides

This Chapter will focus on a discussion of the nonlinear wave propagation problems
which are not governed by the 141D nonlinear quasi hyperbolic equation, but by more
complicated statements. The wave problem in 142D wave guide, i.e., the longitudinal
strain wave propagation in a nonlinearly elastic thin plate will be studied and brought
to the explanation of the first experimental observation of the long 2D solitons. The
long nonlinear waves in a thin layer superimposed on the elastic half space and in a rod
embedded into an elastic surrounding medium will be studied formally and subject to
the numerical simulation. All these problems are of interest for applications, however
it will be shown they require much more complicated analytical treatment, and the
combination with numerical modelling is very helpful.

5.1 Longitudinal nonlinear waves in an elastic plate

Now we shall consider the 2-dimensional problem of the solitary wave generation
and observation. To do it we shall solve the nonlinear coupled equations governing
the longitudinal strain wave propagation in a nonlinearly elastic thin plate made
of Murnaghan (compressible) or Mooney (incompressible ) material. We shall not
use neither any assumptions about small V' in comparison with U nor asymptotic
limit e — 0, instead, we shall solve explicitly the equations with periodic or zero
boundary conditions for strains at infinity calculated for periodic or localized solutions
respectively.

Starting with equations (2.62) and (2.68) derived in Chapter 2, we introduce the
following short notations for the strains:

U=Us, V=V, p=uy, (=0
and the phase variable § = x + Vt + ky, in which expression both the velocity V
(not a displacement here !) and the arbitrary angle k defining the wave propagation

direction are assumed to be constant.
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Then the equation (2.62) governing the nonlinear travelling long waves in the
Mooney plate yields:

3v (4\/2—1—/’<:2

[(Vz—l—k’z/él)u———e P

1 500 +Pik2Q>} =0, (5.1)

00

2 2 1 1.2
{(VQ—l—k2/4)v—3Uk —e<k2u

I sep + Kk*Py £ kQQl)] =0, (5.2)

00
and in addition:

q= :I:%; p = tku (5.3)

where expressions for P; and (); can be obtained from P and @ respectively by means
of substitutions described after (2.62) in Chapter 2.

We shall show that the system (5.1), (5.2) can be reduced to a single nonlinear
equation with respect to u(f), see (Samsonov, 1993a; Sokurinskaya, 1994). Indeed,
subtracting the second equation from the first one multiplied by k2, the result thus ob-
tained will lead, after two integrations with the boundary conditions being taken into
account, to two possible simple relationships between strains u(f) and v(6), namely:

v = uk?, (5.4)

or

(B +1)2 =4V =¢(1 - B)(u+v)(k* +1)?

where (3 is the only 3d order modulus. Note that k& determines also the ratio of strains
u and v and may be arbitrary, not small.

It is easy to show by substitution that the second relation reduces the problem to a
linear one and is of minor interest for further discussion. Taking the first relationship
(5.4) into account explicitly enables us to reduce the system (2.62) in the travelling
wave case to a single equation with respect to the strain v = U,:

ugo + au® + 12bu = 0, (5.5)

where [ is the 3d order modulus,
a="T72%/(a® —4V?), b=4(V?—a?)[ea’*(a® -4V, o® =1+

Obviously, by substitution W(#) = —b — ua/6 the equation (5.5) is reduced to the
Weierstrass equation:
bo = 6W? — 6b? (5.6)

and can be solved in terms of the Weierstrass elliptic function (0 + const; go; g3).
These solutions to (5.6) have been investigated in details in Chapter 3, and the exis-
tence has been demonstrated of both one-parameter and two-parameter solutions of
the type of localized or periodic discontinuities, of the cnoidal, harmonic and solitary
waves. All of them are, in fact, the particular cases of the solution in terms of the
Weierstrass function g.
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Therefore we used the intrinsic symmetry of the 2D travelling wave propagation
problem in the plate and reduced it to the only Weierstrass equation.

Hence, the expression for the solitary wave, as a particular form of the Weierstrass
function solution, in an incompressible Mooney plate after changes of variables is

written as follows:
12A
(0 const)y) ara—3

v o= uk? (5.7)

u = Acosh™?

?

where the solitary wave amplitude may be written as A = 1 —V?2/(ea?) that gives the
necessity to re-consider the solution in terms of velocity, if necessary. The condition
for localization of the wave (5.7) results in the following restrictions for velocity:

Vis>1,or0<V*<1/4 (5.8)

As before, we found the interval of velocities, with any of which the soliton can-
not propagate, and the two-parameter solution (5.7), describes both the supersonic
compression wave with A < 0 and V2 > 1, and also the subsonic tensile wave with

1
5 <A< — and V?<1/4

0<
deq? ea?

Solitary waves (5.7) with velocities from the ‘dead zone’ 1/4 < V2 < 1 cannot propa-
gate, while in this case the other strain soliton solution exists in the form

[ 12A
(9 + COHSt) m

i.e., the soliton on the pedestal, that provides a constant deformation for | 6 |— oo.
It was quite surprising that the reduction of the coupled nonlinear wave equations
and derivation of solution described above is valid also for materials governed by the
Murnaghan model, see (2.68), with the only difference in the coefficients in (5.5),
which should be substituted now with the following values:
_ 3602(1+ 6y)(1—v)? b 2(V% —a?)(1 —v)?

= —— . 2 =1 2.
v22V2 — (1 —v)a?]’ e??2V2 — (1 —v)a?]’ “ Tk

2A

U= = Acosh™? (5.9)

Therefore, in the compressible (Murnaghan) nonlinearly elastic plate, the general
wave solution in terms of the Weierstrass function and, in particular, the solitary
strain wave can be found in a way similar to that used above. A two-dimensional
strain soliton in the compressible Murnaghan plate has the form

(6 + const) 1= V\/ 64

v 1+v+2ea2A

U cosh™2

(5.10)

1+ B
where the amplitude is now equal to

V2-1

A=
ea?
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and exists if the wave velocity V is subjected to the restrictions

— UV

1
VZ>1, or0<V?< 5

that for the limiting value v = 0.5 and (§, = —2 coincides with the solution (5.7)
for incompressible Mooney plates. For 5, > —1 (as it is for PMMA, melted quartz,
glass) the solution (5.10) describes the propagation of either supersonic tensile pulse
with V2 > 1 and A > 0 or subsonic compression wave with A < 0, V? < (1 —v)/2.
For many metals 3, < —1 and the solution (5.10), as well as the solution (5.7) for
incompressible plates, describes transonic solitary compression wave ( A > 0) or
subsonic tensile waves ( A < 0). The increment in the velocity of the nonlinear wave
in the plate compared with that in a linear problem is of order O(e).

It may be emphasized that the parameters of the exact localized solution (5.7)
or (5.9) of the system of nonlinear equations differ significantly from an approximate
solution obtained as a result of reduction of the initial system to the Kadomtsev-
Petviashvili equation. It can be shown that the differences between the exact and
approximate values of the amplitude and the localized pulse width are of the same
order O(e) as the differences arising due to the refinement of the elasticity problem
from the linear statement to the nonlinear one, and even in this case - only for velocities
close to the velocity of the waves in a linearly elastic plate. Moreover, the condition
of localization of the exact solution (5.7) defines two intervals of allowed velocities of
pulses, while the similar condition for the solution of the KP equation leads to a single
inequality of the form V? > [a?+1/2a2 — 1]/2 or, in an equivalent form, A < 0, i.e., the
approximate solution does not describe tentative tensile waves at all. Therefore the
common description (Potapov and Soldatov, 1984) of the two-dimensional nonlinear
deformation waves based on the KP equation seems to be insufficient.

Note that the deflection displacement is calculated using the parameters of the
longitudinal wave propagating along the midplane of the plate:

W =eU =€V

i.e., has the solitary wave features, however is of order O(e) with respect to the
displacemets in the middle plane of the plate. Another important thing to be noted
is that k£ is not fixed in the solutions and may be chosen as k£ = 1. It means that
by rotating the initial coordinate system, one can get a wave propagating along an
arbitrary line in the middle plane of the plate, e.g., along a co-ordinate axis.

5.1.1 Generation and observation of the strain soliton in a
plate

Having the estimations derived above, the physical experiments in generation and
observation of the solitary strain wave in the 2D wave guide, e.g., in the Murnaghan
plate, will be considered.

As we have mentioned before, it is particularly interesting to study the fast in-
tense loading of polymers, such as phenylone and polystyrene, used in the aerospace
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industry, thermonuclear layered target manufacturing, etc. due to their wear and ra-
diation resistance. Of main interest are the nonlinear waves propagating along a 2D
wave guide without distortion, which can be dangerous due to elastic energy transfer
over large distances practically without losses, even in materials having strong linear
dissipative features.

At first glance, after experiments with solitary wave generation in a circular
straight cylinder, the success of experiments in excitation of similar waves in a plate
is almost guaranteed due to similarity in theoretical description of longitudinal strain
waves in a rod and of plane longitudinal waves in a plate.

However, we need to keep in mind that the excitation of the plane wave requires a
short powerful and non-destructive initial pulse having the front parallel to the entire
end of the plate. This problem may be solved easily using the metallized film target
and a water gap between the film and the entire end, as it was done previously in
the rod problem. The interferogram of the wave pattern near the target in water (see
Figure 4.5) allows the conclusion that the wave front of initial weak shock has a long
planar part that will be used to load the input cross section of a plate. This part is
much larger than the diameter of the rod used in previous experiments, while smaller
than maximal linear size of the end cross section of the plate. However, the entire
region is covered by an observation window (50 mm in diameter), through which we
can see a fairly plane nonlinear longitudinal strain wave near the central part of the
plate. The front distortion becomes recognizable over distances much greater than 50
mm. In our experiments we used a 120 x 120 x 11 mm polystyrene plate so that
the shock acted on its 120 x 11 end. Polystyrene behaviour is described satisfactory
in the frame of Murnaghan’s model.

We position the co-ordinate system as it was shown in Figure 2.1. Let a weak
shock be propagated along the x axis in a nonlinear elastic plate, resulting in for-
mation of a plane localized strain wave, a strain soliton u,. We need to obtain a
relationship between the holographic fringe shift and the amplitude of a soliton in
order to interprete the experimental data.

Using the formula (2.71) for the relation between transversal displacements and

the in-plane strains:
vz

W= —

1_y(u+v),

rewriting it in terms of the phase variable 8 = x 4+ ky + Vt, where V- the travelling
wave velocity, t is time, we get

u+v=u(l+k?). (5.11)

The analysis given above leads to the solitary wave solution in the form (5.10),
and we should derive a formula linking the fringe shift AK resulted from the light
phase difference X\ in deformed A¢, and in reference states A¢;:

Ady — Ao,
2
For polystyrene and most metals § < —1 therefore the solution describes the
transonic solitary compression waves (with A > 0), i.e., the longitudinal density
waves.

AK = (5.12)
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The apparatus described above allows the determination of the strains in a sample
from the intereference pattern. The phase shifts are caused by the light propagation
through media with different refraction indices, namely, water with ngy, undeformed
plate with ny or stressed plate with ny. As a result we get:

Ap, — 27”(@ ~ B)ng + hmy),
Ap, — 27”((1: — b= 2AR)ng + (h + 2AR)ny), (5.13)

where it was taken into account that the soliton leads to the local increase of plate’s
thickness in 2Ah, where L is the cell thickness. The undetermined refractive index of
stressed material ny is defined from the relative change in the density of the plate §p:

e — 1 = —(n1 — 1)"0; L= (n —1)ép. (5.14)

The masses of elementary volumes before and after deformation remain constant,

then the volume expansion D is equal to relative variation of density 6p caused by

the wave propagation along the x axis as D = dp. On the other hand, D is also

the ratio of the elementary volumes difference dV' — dv in the current and reference
configurations to the volume dv in the reference frame:

D = (142 +41, 4+ 8I;)/* — 1, (5.15)

where [, are invariants I;(C) of the finite elasticity tensor C.

Since Ah is identical to the displacement W on the plate surface, then using
(5.11),(5.12), (5.14), we obtain the following exact relation between the fringe shift
and strain AK :

vh(u+v)
1—v

AK = (ny —ng— D(ny — 1)) — hD(ny — 1). (5.16)

Strains are assumed to be relatively small, then it can be simplified neglecting
terms of order O(u?2) , that leads to the explicit formula:

h(1+ k?)

1—v

-1
A =maxu = —)\AK{ (1 —-2v)(ng —1)+v(ng — no)]} . (5.17)
which is similar to the amplitude estimation given above for experiments in Mur-
naghan’s rod.

In our case k = 0, and the strain solitary wave amplitude corresponds to the
maximal value of the right hand side expression. The solitary wave length is measured
directly in the interferogram as it was in the rod problem.

As before, the power density of the laser beam acting on the target was defined
by the energy meter, kept constant throughout the experiment and equal to 2.3 -
108W/em?2. The wave propagation process was recorded in the holograms in the
direction perpendicular to the wave using the OGM-20 Q-switched pulse ruby laser.
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Figure 5.1: Interferogram of longitudinal plane strain wave in the plate. The smooth
fringe shift represents the solitary strain wave, propagating to the right, and is shown
also in the footnote beneath the photograph. Left edge of the photograph is in 40
mm from the entry face of the plate, the right one in 90 mm.

In Figures 5.1, 5.2 one can see the holographic interferograms of a soliton at the
following distances from the entry face: 40-90 mm and 75- 125 mm. The smooth and
distant fringe shift (a soliton, or rigorously, the solitary wave of strain) is selected
and shown in the footnote beneath each hologram. The figures show a primary shock
wave A, that initiated the compression soliton, and also a secondary shock of complex
profile added to the solitary wave in the plate, which looks like a small elevation ‘on
horseback’ in the centre of the soliton. It is the result of the primary shock in the
liquid being reflected from the end of the plate, then from the target and later entering
the plate also. It may be easily proved via calculations of time necessary for a shock
to go this distance.

These holograms allow for study of the evolution of the wave pattern in the plate
and to observe the soliton formation during the wave propagation along the 2D wave
guide.

The shock A attenuates, propagating in the plate, while its velocity remains bigger
than the velocities of both linear sound wave and the soliton - the soliton lags behing
from one frame to another. The solitary wave itself is very long longitudinal through-
shaped wave of compression, not followed by any tensile wave. Its shape and length
are similar to those of a soliton in a rod. Calculations of the parameters of the soliton
(Figure 5.1) yield the values of the amplitude : A = — 1,15- 104, and the length
A = 32,6 mm, and the treatment of data obtained at different distances reveals almost
the same values, that confirms the permanent shape feature, one distinctive feature
of the solitary strain wave.

It is to be noted that the absence of any transversal perturbations of fringes con-
firms the assumption about the possibility of generation of the plane solitary wave,
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T

Figure 5.2: The same as in previous figure. Left edge of the picture is in 75 mm
from the entry face of the plate, the right one in 125 mm. The soliton comes off the
dispersing shock wave A. Soliton shape, amplitude and length remain permanent, the
lag increases.

at least, in the central part of the plate, made above. We studied carefully the strain
field behind the soliton - the fringes remain horizontal, that means that there is no
wave of opposite sign behind the soliton.

The soliton amplitude in the plate is 2.45 times less than in the rod made of the
same polystyrene and under identical excitation conditions. The strain soliton in the
rod (see Section above) has an amplitude A = —3.2 - 107%. Tt allows the suggestion
that some energy of initial pulse propagates along the entry of the plate due to total
internal reflection as well as inside the plate perpendicular to the wave propagation
direction, i.e., subjects to diffraction.

Possible inhomogeneity of the 2D wave guide can influence the solitary wave prop-
agation strongly, and it may be studied in a way similar to the asymptotic analysis
made in the problem of inhomogeneous rod, or, using the numerical simulation ap-
proach.

5.2 Longitudinal waves in rods embedded in a sur-
rounding medium

We derived in Chapter 2 and studied in Chapter 3 the exact solutions to the DDE with
dissipative terms, or, generally, to nonlinear quasi hyperbolic dissipative equations
and to some nonlinear parabolic equations. Hyperbolic models are widely used for
describing wave problems in active or dissipative media and provide the solutions as
a discontinuous elliptic function of general type, a smooth kink, or a periodical wave,
that require the physical interpretation.
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We shall show that the statement and the solutions to the wave dynamics problem
in a wave guide embedded in a surrounding medium depend essentially on the type
of contact between them.

5.2.1 Kinks in a rod in full contact with a surrounding medium

To begin with, we assume the lateral surface of the rod is in contact with a dissipative
or active external medium, governed by the Kerr model, see Section 2.5, and the
dissipation (of any sign) is sufficiently strong and may influence the balance between
nonlinearity and dispersion.

As a result, we obtained an equation of second order in time governing nonlinear
long waves. We present it here only in a nondimensional form:

A(wy — Wyy) = 5(6w2 + awy — bWy, + dwy) 4y (5.18)

where w is proportional to strain OU/0z, € is a small parameter, expressing the
balance of nonlinear, dispersive and energy influx terms in a system; coefficients a, b
are defined by the elasticity moduli, whereas the effective values of the dissipation
parameter d and the shear modulus p are d = 0, u = gy + 4ko/R for a passive
external medium and d = 4nX/ (R\/E_p) < 0, p = pg for an active one. Equation
(5.18) for d = 0 and for d > 0 was investigated and some exact solutions in the form
of travelling waves were obtained, for physics we note that when the interaction of
a rod and the elastic external medium (d = 0) is considered, the linear longitudinal
velocity ¢ = \/E/p and the shear wave velocity ¢; = /pu/p increase in comparison
with the values corresponding to the free wave guide problem.

If the medium is active (d < 0), then the energy from it could be transferred into
the energy of residual strains at wave fronts. Any positive value of d corresponds to
the viscous external medium, and the energy of preliminary strain u® may compensate
the energy absorption due to viscosity.

Let us consider some exact travelling wave solutions, depending upon the phase
variable z = x £+ V't only, of equation (5.18) in the form

4wy — Wae) = (6W? + awy — bwyy + dwy) e (5.19)
as well as the general cubic DDE (¢cDDE) with the same energy influx:
Y wy — Wae) = (CW* 4 awy — by + dwy) 4y (5.20)
under the following boundary conditions:
Z— —00 = W — w

Z— +00 = W — Wo
2| — 00 = 0"w /02" — 0

The small parameter ¢ was excluded from (5.18) by means of scaling: ew — w, ea — a
etc, because we are not going to use any asymptotic expansions. After integrating
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equations (5.19), (5.20) twice with respect to z, we obtain the nonlinear ordinary
differential equation with coefficient B before the first derivative, depending on d :

w” = Bw' + Gw® + Dw* + Ew+ F, B = —d(£V)/(aV? — ) (5.21)

We should note that (5.21) cannot be reduced to any equation of the Painlevé
type, and two cases of equation (5.21) which can be integrated are W” = 2W?3 for
G # 0 and W” = 6W 2 for G = 0.

Thus it was shown in Chapter 3 that the exact continuous travelling wave solution

o (5.21) for G = 0 has the form:

w = w; + (wy —w)y* (K +y) %, K >0-const, y= ¢(z) — exp(Bz/5). (5.22)

The height of the smooth jump (an algebraic kink) is (w, — w;) = 6B2/(25D),
and the velocity of the wave is V2 =1 —3E/(2D).
As for G # 0, the cubic DDE for active medium has the following exact solution:

w = wy+ (wy —w)y/(K +y), K>0—const, y=exp(Bz/3),
wy —wy, = /(D —27FG?)/(9DG?)

For n # 0, equations (5.19), (5.20) can be reduced to the first or second Painlevé
equation.

Physical meaning of the solutions obtained is of primary interest. There is no
kink-type travelling waves in the problem stated above when the limiting values of
strain are equal (w; = wy) or if there is no energy exchange (B = 0). In these cases the
travelling waves exist in the form of strain solitons or of cnoidal waves or in general,
of the Weierstrass elliptic function. The algebraic kink-type solution for a rod with
square nonlinearity and embedded into an active medium in terms of initial function
w(z) has the form:

w(z) = wy + (wy — w)exp(2a2) (K + exp(az))™2 a < 0.

We can see that depending upon the type of the wave going from (-00), transonic or
subsonic, compressive or tensile, and upon the type of surrounding medium, the longi-
tudinal physical strain component A is proportional to Sw(z) so that the combination
of (sgnf sgn w) defines the type of deformation of the rod. When w, = —d?/[25(a—b)]
for z — —o0, the total unloading up to a vanishing strain is possible due to the exis-
tence of a kink wave.

When the rod is free of preliminary strain, the smooth kink wave leads to the
generation of residual strain either behind the wave of compression (if 5 > 0) or
behind the wave of tension (if 3 < 0). In these cases one should note that the values
of amplitude and velocity of the impulse remain constant because the energy exchange
(influx or dissipation) between the rod and the medium leads to the complete energy
transition from the medium into the residual energy of nonlinearity elastic rod, namely,
into the tension energy for § < 0 or into the compression energy for 5 > 0.

Thus an algebraic kink propagating along the wave guide embedded into an active
medium plays a role of a trigger changing the initial state of an elastic wave guide into
another one, depending upon the given properties of the wave guide and the medium
and wave parameters.



Longitudinal waves in embedded rods 131

W —W.

W
1 L

I
\ _ivz_

0 y~exp(x-Vt) 0 Y-exXp(x-Vt

l‘\.)2

Figure 5.3: Kink deformation wave moving to the right may either: a) load the rod
with a strain ws, or: b) unload initially prestressed rod, depending on sgn f.

5.2.2 Waves in a rod in sliding contact with a surrounding
medium

In this case the statement of the problem and the solutions will be changed dramat-
ically. The presence of sliding resumes the influence of viscosity and plays a very
specific role for solitary wave propagation in a rod embedded into an elastic medium.
Most solutions will be periodic waves and solitons, not kinks. This problem was solved
recently in (Porubov et al. 1998) and will be considered here.

Stresses on the lateral surface of an elastic wave guide, e.g., an elastic rod, may
appear due to its interaction with the surrounding external medium, as in some tech-
nological devices. Various types of contact models can be used at the interface between
the rod and the external medium. The full (strong) contact model is used when there
is continuity of both normal and shear stresses and displacements. Alternatively, in a
weak contact, friction may appear at the interface, hence a discontinuity in the shear
stresses. Slippage provides with another form of contact at the interface, in which only
the continuity of the normal stresses and displacements is assumed. Surface stresses
may also arise due to the imperfect manufacturing of the lateral surface of the wave-
guide and are formally like the “surface tension” on the free surface of a liquid (see
Biryukov et al. 1991; Nikolova, 1977).

We shall deal now with an appropriate description of long nonlinear strain waves
propagating in an elastic cylindrical rod interacting with an external and different
elastic medium by means of a sliding contact.
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5.2.3 Statement and the solution to the problem

Consider an isotropic, axially infinitely extended elastic rod surrounded by another
albeit different elastic medium, in which it may slide (like a nail in a piece of wood).
We shall consider the propagation of longitudinal strain waves of small but finite
amplitude in the rod when torsions are neglected. Assume, as before, the rod is made
of a compressive Murnaghan material and the Hamilton principle expression should
include the external forces work. It leads to the description of the rod similar to that
used in Chapters 2 and 4.

Difference with the previous statement occurs if we consider the linearly elastic ex-
ternal medium surrounding the rod and having the density p; and elasticity governed
by the Lamé coefficients (A1, ).

Any perturbations caused by the wave propagation inside the rod are transmitted
to the external medium through displacements and stresses, normal to the rod surface
only, when contact with slippage is considered.

We shall also assume that disturbances vanish in the external medium far from the
rod. The normal strains as well as the displacements inside the rod are smaller than
those along the rod axis. Thus we assume that elastic displacements and strains are
infinitesimal in the linear external medium. The displacement vector may be given as
U, = (U1, V1,0).Writing standard equations of linear elasticity for displacements in
the external medium we have:

Vi
plUl,tt — (/\1 + 2;“1) Ul,zz - ()‘1 + :ul) (‘/177“2 + 71,.7 ) -

ULT ‘/1,;c>

r + ‘/177-;13 + — 0 (5.23)

/\1 <Ul,rr +

Vi. W
V= O 2) (Vi + 52 = B = Voo = b il = 0 (520

The following boundary conditions (b.c.) are imposed:

V- 0, at r — 0, (5.25)
V=W, atr = R, (5.26)
P., = o, atr = R, (5.27)

P, =00, = 0, atr = R, (5.28)
U, - 0, V; -0 at r — oo. (5.29)

where P,., P,, denote the components of the Piola - Kirchhoff stress tensor P (Lurie,
1980),

A+2u+m % 3N+6p+20+4m 2

P, = (A+2M)VT+/\K+ AU + 5 U + 5 V +
T r r
Vo oX+20V? V
(A+2l)VT?++TF+(A+21)UxVT+(2l—2m+n)Ux7+
A2l 2 A+2 2
AT Atsprm, + (u+m) U, Vi, (5.30)

2 x 2 x
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v
Po = U +Vy)+A+2u+m) UV, + 2\ +2m —n) UT?+

2m —n

1%
(A +2u +m) U, U, + V7+(u—|—m)%‘/}+

(u+m) U,V . (5.31)

The quantities o, and o,, are the corresponding components of the linear stress
tensor in the surrounding, external medium:

1%
Orr = (1 +2) Vi + M-+ A1 s (5.32)
Org = iy (U1,r + W1 g) (5.33)

The conditions (5.26)-(5.28) define the so-called sliding contact, while the longitudinal
displacements U and U; remain free at the interface » = R.

The Piola- Kirchhoff tensor coincides with the linear stress tensor for infinitesimally
small strains and was chosen among other finite strain tensors because it is defined in
the reference configuration. The linear equations (5.23) and (5.24) are to be solved
together with the boundary conditions (5.26), (5.28), (5.29), assuming that the dis-
placement V' at the interface is a given function of x and ¢, hence V' (z,t, R) = V(x, t).
Then the linear shear stress o,, at the interface r = R is obtained as a function of
V' and its derivatives, thus providing the dependence only on the rod characteristics
in the right hand side of the b.c. (5.27). The same is valid for the elementary work
done by external forces at r = R:

SA = 27?/ O OV dx . (5.34)

o

Satisfaction of the b.c. on the rod lateral surface yields the relationships between
displacements and strains inside the rod, allowing to separate variables in the La-
grangian density and to derive the one nonlinear equation for long longitudinal waves
using Hamilton’s variational principle.

5.2.4 External stresses on the rod lateral surface

The linear problem (5.23), (5.24) will be solved with the boundary conditions (5.26),
(5.28), (5.29). Aiming to study the travelling waves propagating along the axis of the
rod, we assume that all variables depend only upon the phase variable § = = — ct,

where ¢ is now the phase velocity of the wave. Assuming that the unknown functions
Uy, Vi are

Y

U, = <I>9+\IIT+7, Vi = &, — Wy, (5.35)
then ® and W satisfy the equations:
1 c?

@7‘7‘ + _q)r + (1 - —2)¢99 - 0, (536)
T G
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02

2
CT

1 1
v, +-V,— =V 1-— Woe = 0, .
+ . 2 + ( ) oy 0 (5.37)

where ¢; and ¢, are the velocities of the bulk longitudinal and shear linear waves in
the external medium, respectively. They depend on the density and Lamé coefficients,

¢ = (M +21)/py, and & = iy /py.
To solve equations (5.36), (5.37)we introduce the Fourier transforms of ® and W:

%z/ & exp(—k 0) db, Ef:/ U exp(—k 0) do

o —00

that reduces both equations (5.36), (5.37) to the Bessel equations :
~ 1~ ~
Oy +— &, —k*a =0, (5.38)
”

~ 1 ~ 1 ~ ~
U +— U, —— U —k*3 U=0, (5.39)
r T

with & = 1 — ¢?/c?, and 8 = 1 — ¢?/c2. The ratios between ¢, ¢; and ¢, define the
signs of a and 3, hence three possible sets of solutions to the equations (5.38), (5.39)
appear, vanishing at infinity, according to (5.29). Using the boundary conditions
(5.26), (5.28),we obtain the following relationships for the Fourier images of normal
stresses at the lateral surface r = R :

I) when 0 < ¢ < ¢

~

s MV (2(5 -1 i k(1+8)* Ko(vakR) 41{3\/3-[(0(\/3/?3))
T1-p R va Ki(yakR) K1 (V/PkR)

IT) when ¢, < ¢ < ¢

(5.40)

~

s M V (2(5 —1) n k(1 + B)* Ko(v/akR) . 4k\/BJ0(\/—_ﬂkR)) (5.41)
T1-4 R Va Ki(yakR) Ji(v/=BkR) '

IIT) when ¢ > ¢

~

s _mV (2(5 —1) . k(1 +6)* Jo(v/=akR) 4k\/BJo(\/—_ﬂkrR)) (5.42)
T1-8 R vV—a Ji(vV/—akR) J1(v/=BkR) '

where J; and K; (i = 0,1) denote the corresponding Bessel functions.

We shall show, in the next subsection, that in the long wave limit the normal stress
o, has one and the same functional form at the lateral surface of the rod in all three
cases (5.40) - (5.42).

The main difference in the stress (and strain) fields in the external medium is
how they vanish at infinity, which depends on the monotonicity of decay of K; and
the oscillatory decay of J; when R — oo. Note that the dependence of the strain
wave behaviour on the velocities of bulk linear waves ¢;, ¢, is known, in particular,
for acoustic transverse Love waves propagating in an elastic layer superimposed on an
elastic half-space, see (Jeffrey, Engelbrecht, eds. (1994), Parker, Maugin, eds. (1987),
Mayer (1995)).
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5.2.5 Derivation of strain-displacement relationships inside
the rod

To solve the nonlinear problem inside the elastic rod, we have to simplify the rela-
tionships between longitudinal and shear displacements U and V. These relationships
are obtained using conditions on the free lateral surface r = R, namely, the simul-
taneous absence of the tangential stresses and the continuity of the normal ones. The
approach is similar to that used before, however the coefficients will be different.

Dealing with elastic strain waves with sufficiently small magnitude B << 1, and
a long wave length A relative to the rod radius R, R/ A << 1, we suggest the balance
between (weak) nonlinearity and (weak) dispersion as for a rod with a free lateral
surface. Then the small parameter of the problem

e = B = (R/A)? << 1. (5.43)

The linear part of longitudinal strain along the rod axis, C,,, is U,. Then choosing
A as a scale along x, one gets B A as a scale for displacement U. Similarly, the linear
part of transverse strain, C,,, is V,., and the natural scale for displacement V' is B R,
where R is a length scale along the rod radius. Then with |[kR| << 1 in (5.40) -
(5.42), we have a power series expansion in kR. It allows us to obtain analytically an
inverse Fourier transform for o, and to write the conditions (5.27), (5.28) at r = 1
in dimensionless form as:

1% A2u+m 2

(>\+2u)%+(>\—k1)7+>\Ux+#U+

A+ 6p+ 20+ 4m_ 2 Vo oA+2V?
(Y () S S S (A 2) ULV,

1% A+20 2

(2l—2m+n)Ux?+(u+m)UTVx++TU —ky 7 Vi) +

A+ 2 2

52Wv = 0(%), (5.44)
nU, +

v
5(u%—i—()\+2u+m)UTVT+(2)\+2m—n)Ur7+(>\+2M+m)UwUT) +

2m —nV

£? (+ m2 n? Vo + (u+m) VoV + (4 m) UV ) = O(&’) (5.45)

Obviously, V' = V(z,t), Voe = Viz(x,t) at the rod lateral surface. Moreover, for

0 < c¢c < e

pi.¢*(y — log 2)
z

]Cl = —2#1, k’g = N (546)

while for ¢, < ¢ < ¢ :

201, (4¢3 = &)
2

2 2 2
R (1 G- 2—2)2(7 ~log 2)) , (5.47)

2 2
¢ Cr T

ky =
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and for ¢ > ¢ :

2/’(’1[62(63 - Cl22) + 30%63' - 46;1'], kQ — lu’162' (5.48)
(G~ )

b —
! 4c2

where v = 0.5772157 is Euler’s constant.
The unknown functions U, V will be found in power series of ¢:

U=U+eli+eUs+..., V = Vo+eVi+e*Vo+.... (5.49)

Substituting (5.49) in (5.44), (5.45), and equating to zero all terms of the same order
of €, we find again that the plane cross-section hypothesis and Love’s relationship
both are valid in the leading order only:

Uy = Ulz,t), Vo = rCU,, (5.50)

while the coefficient is different

C = m (5.51)
In order O(g) we obtain:
U = — TQ%UM, Vi =1° DUpae + 7 QUZ, (5.52)
with coefficients: AA £ 2ky)
D= o 20 )@ 30 — R (553)

+2

CAN+4—2 2(3\ 41 +2
k:1—2>\+u< 5 + m+n) 4+ C*(3\+ 3u + 41 + 2m)

(5.54)
The higher order terms in the series (5.49) may be obtained in a similar way, but are
omitted here being unnecessary to obtain an evolution equation for the strain waves.

Q=

5.2.6 A nonlinear evolution equation for longitudinal
strain waves along the rod and its solution

To derive the equation for the strain waves along the rod we substitute (5.49) into
the potential deformation energy Il and obtain in dimensionless form

I=a U+ [CLQT'QUmUmmm + a3U§’} +0(e"), (5.55)
where 19
o = 212 +2XC + 2(\ + p)C?,
A+2
ay= -2 G ANC? L AND +8(A+ 1) C D,

2
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as /\+2”+AC+>\C2+2(A+M)C3+2Q[A+2(A+M)C]+
l %+2C+4CQ+§C31 +m E —202+§C31 +nC?.
For the kinetic energy we have:
K= % [UZ = e2r?C(UUpy — CUZ)] + O(eY) (5.56)

Substituting (5.55), (5.56) and (5.34) into the Hamilton’s variational principle, we
obtain the following DDE for a longitudinal strain wave u = U,:

Uyt — bl Ugy — 52 (bQ Ugatt + b3 Ugzax + b4 (u2).’mc) = 0; (557)

similar to the equation studied in Chapters 2-4 derived for a free rod , however, with
different coefficients:

2(&1 — leQ) C(1+C)
o= b=
Po 2
—2C(k 2kiD —k
b3 — a/2 C( 2pC+ 1 ), b4 — 3(@3 p 1CQ) (5.58)
0 0

It means that the sliding contact problem is, in a sense, conservative and admits, in
particular, a travelling classical solitary wave as an exact solution.

Note that the coefficients depend now upon the wave velocity, ¢, due to (5.46)-
(5.48). Terms of order O(g*) have been neglected, when deriving equation (5.57),
therefore we assume ¢ = 0(2) +e2c; + ... and consider the coefficients by — b, depending
on ¢ only, while the coefficient b; may depend also on ¢; as by = byg(co) +&2b11(co, ¢1).
Then the solitary wave solution possesses the form:

v = Am?cosh™(mb), (5.59)
with
A= w‘ (5.60)
4

To a leading order the phase velocity is obtained from the equation
g = bo(co), (5.61)
and for the function c;we get the equation
c1 = byy + 4Kk*(byoby + b3), (5.62)

where the wave number k remains a free parameter.



138 Nonlinear strain waves in elastic wave guides

5.2.7 The influence of the external medium on the propaga-
tion of the strain soliton along the rod

The main objective is to estimate the influence of the external medium on the solitary
wave propagation along the rod. First of all, we have to solve equation (5.61) for all
possible cases (5.46) -(5.48). As e must not exceed the yield point of the elastic
material (its usual value is less than 1073) we have to compare with ¢; and ¢, the
values obtained for ¢y, rather than for c.
If the phase velocity is small, as in the case (5.46), the velocity ¢ is obtained from
(5.61) as
o BA+2pp+ (A +2p)

Ch =
° Po(A + 1+ py
It is always higher than the wave phase velocity in a free rod, hence the contact with

an external medium in this case leads to the soliton acceleration.
For the model governed by (5.47), the equation (5.61) yields an algebraic relation:

. (5.63)

o BA+20)p 4+ (N + 24) + dpipoc 2

i c; (A +2p)
Po( A+ 1+ i

poA+ i+ gy

(5.64)

Finally, for the model (5.48), equation (5.61) provides:

i BAF 2t + (¢ = A+ 20) +dmpocs + GeipoAt = 3m) o
0 polcipy — (A + p+ 1)) ’

c7¢t [3p (A + 2p) — p(3A + 2p)] — 4y 7 (A + 2p)
polcipy — A+ p+ 1))
Table 5.1 contains some quantitative estimates for a polystyrene rod and Table 5.2
for a lead rod, respectively, both embedded in different external media.

=0

(5.65)

Table 5.1. Phase velocities of waves in a polystyrene rod embedded in different
media.

velocityx 103, m/sec | ¢, a | co Co2 o3
material model
quartz 3.78 [ 6.02|2.06| 2.1or7.15 | 2.13 or 5.77 I
iron 3.23 1585208 | 2.1 0r6.32 | 2.11 or 5.15 1
copper 226 | 4.7 | 2.07 ] 2.11 or 4.33 | 2.12 or 3.68 I 1I
brass 2.12 1 4.43 1206|211 0or4.02 |2120r3.45| I, 1I
aluminium 3.0816.26 |2.05|211orb5.75|2130r4.97| I, 1I
lead 1.09 | 2.41 | 2.01 — 1.83 or 2.06 -

The quantities cy1, co2 and cy3 denote velocities calculated according to the rela-
tionships (5.63), (5.64) and (5.65), respectively. Comparing velocities ¢y, relative to
¢, and ¢ we can justify the applicability of cases (5.46)- (5.48). This is notified by
symbols I-III, respectively, in the last column of Tables 5.1 and 5.2.
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Indeed, the model (5.46) is better for the contact with a polystyrene rod, while no
solitary wave may propagate when the external medium is lead. However, a solitary
wave may propagate along a lead rod embedded in a polystyrene external medium,
as it follows from Table 5.2.

Table 5.2. Phase velocities of waves in a lead rod embedded in different external
media.

Velocityx 1073, m/ sec Cr ClDe Co1 Co2 Co3
material model
quartz 3.78 | 6.02 | 2.06 | 2.55 or 4.39 7.51 LILIII
iron 323585 22 [2470r491 | 273 0r481 | I 1II

copper 226 | 4.7 | 211 — — I

brass 2.12 | 4.43 | 2.08 — — I

aluminium 3.08 | 6.26 | 2.03 — — I
polystyrene 1.01 | 2.1 [ 1.83[0.38 or 1.81 | 1.84 or 2.06 | II, III

We should note a remarkable difference from a free rod problem: there are pairs
of materials, for which two or even all three variants of sliding contact admit the
solitary wave propagation. Thus the balance between nonlinearity and dispersion
may be achieved at different phase velocities of the strain nonlinear waves. This
result is of importance for experiments in generation of strain solitary waves in a rod
embedded in an external elastic medium.

Therefore, strain solitary waves can propagate only with velocities from the inter-
vals close to the value ¢g;. Note that the solitary wave is a bulk (density) wave inside
the rod, and simultaneously, it is a surface wave for the external medium. Then,
an important difference appears relative to long nonlinear Rayleigh surface waves in
cartesian coordinates: in our case more than one velocity interval exists where solitary
waves may propagate. The main difference between modes lies in the different rate of
wave decay in the external medium that follows from the different behavior of Bessel’s
functions at large values of their arguments.

Another question of considerable interest is in the influence of the elasticity of
external surrounding medium on the existence of either compression or tensile longi-
tudinal strain localized waves.

Using the data from Table 5.1 to compute the value of A (5.60) for a polystyrene
rod, it yields that its sign may change according to the values of the parameters of
the material used for the external medium. Therefore the (strain /) soliton amplitude
(5.59) may change the sign. The amplitude is negative for a free lateral surface rod
and it remains negative if the external medium is, e.g., quartz, brass, copper or iron.
However, the sign changes if ¢y = cp2 as it will be for the external medium made of
aluminium. Therefore, one can anticipate, in particular, that for a rod embedded in
aluminium, an initial pulse with velocity close to ¢y may transform only to a tensile
soliton while an initial pulse with velocity close to ¢y, tends to a compression soliton.

Finally, let us consider the influence of sgn ¢; in (5.62). For case I, b;; = 0, hence
the sign is defined by the sign of the quantity (b1oby + b3)/bs. For polystyrene it
is, generally, negative for all the external media in Table 1, while for a free lateral
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Figure 5.4: Rod partially embedded in an external elastic medium.

surface it is positive. Thus, the velocity ¢ of a nonlinear wave in a rod embedded in an
external medium is lower than the linear wave velocity, ¢y, while for a free surface rod
nonlinear waves propagate faster than linear waves. On the other hand, the nonlinear
wave velocity ¢ in a polystyrene rod embedded in external medium is higher than the
linear wave velocity for a rod with free lateral surface, ¢* = \/E/p,.

5.2.8 A numerical simulation of unsteady strain wave prop-
agation

Recent numerical simulation of unsteady nonlinear wave processes in elastic rods
with free lateral surface shows that for A < 0 only initial compression pulses provide
a solitary wave (5.59) or a wave train (see Figure 3 in Samsonov, 1997, and Chapter
6 below), while tensile initial pulses do not become localized and are destroyed by
dispersion. On the contrary, for A > 0 only tensile strain solitary waves may appear,
and initial compression pulses are destroyed.

We consider the problem in which the rod lateral surface is partly free along the
axis and the other part is subjected to a sliding contact with an external elastic
medium, as it is shown in Figure 5.4. Then the nonlinear strain wave propagation is
described in each part of the rod by its particular version of equation (5.57). Matching
of solutions is provided by the continuity of strains and its derivatives. Assume that
for the free surface part ( k; = 0, kg = 0) A = A;, m = my, while for the embedded
one, A = Ay, m = my. Let the initial solitary wave (5.59) move from left to right far
from the embedded part, which is supposed to be undeformed at the initial moment.
It was found in Chapter 2 that the mass M conservation law in the form

[e.°]

%M: 0, M = /uda: (5.66)

is satisfied by equation (5.57). Then using (5.59) and (5.60) we obtain the estimation
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for the mass M;
M1 = 2A1 mq, (567)

The wave evolution along the embedded part depends on the ratio between A;
and As. Similar to the unsteady processes inside a rod with the free lateral surface,
an initial strain solitary wave will be destroyed in an embedded part, if sgnA, differs
from sgnA;. Otherwise another solitary wave or a wave train will appear. When
the initial pulse is not massive enough it was found, that only one new solitary wave
appears but there is an oscillatory decaying tail behind it. However, the contribution
of the tail to the mass M is negligibly small relative to the solitary wave contribution,
hence

MQ = 2A2 mso. (568)

Comparing M; and Ms, according to (5.66) it follows
A1 my = AQ mo. (569)

Therefore, if A; < A; the amplitude of the solitary wave increases while its width,
proportional to m !, decreases, hence there is focusing of the solitary wave. On
the contrary, when A, > A; attenuation of the solitary wave is provided by the
simultaneous decrease of the amplitude and the increase of the wave width.

Numerical simulations confirm our theoretical estimates. In Figure 5.5 the evo-
lution of a strain temsile solitary wave is shown in a rod, having a central part em-
bedded in an external medium. The value of A, in the central part II is positive but
smaller than the value of A; in the surrounding free lateral surface parts I and III:
Ay > Ay > 0. In the embedded part II (Figure 5.5(b)) the solitary wave amplitude
exceeds the amplitude of the initial solitary wave in Figure 5.5(a), while its width
becomes smaller than that of the initial wave. Therefore an increase in amplitude
of the elastic strain solitary wave is possible even in a uniformly elastic rod due to
interface interaction. This may exceed the yield point inside the elastically deformed
rod, and cracks or plasticity zones may appear.

In our case the deformations of the wave’s front and back are equal. In the problem
of the strain soliton focusing in a tapered rod (Chapter 4) both theory and experiments
show the steepness of the wave front along with smoothening of its back. Moreover,
a plateau transforms in the tail of the solitary wave. These differences result from
the absence of mass (and energy) conservation for strain solitary waves in the tapered
rod, moreover the decay of mass can be calculated.

In the problem under consideration the solitary wave does not lose mass, M, hence
its original shape is recovered in the part III in Figure (5.5,c,d). One can see that
an oscillatory tail of the solitary wave in Figure 5.5(d) is less than the tail in Figure
5.5(c), in good agreement with (5.69).

When A; > A; > 0, an initial tensile strain solitary wave, see Figure 5.6(a), is
dramatically attenuated as soon as it enters the embedded area, see Figure 5.6(b), its
amplitude decreases while its width becomes larger. Again both the recovery of the
initial wave shape and the damping of its tail may be observed in the third part of a
rod with free lateral surface, part III in Figure 5.6(c,d).
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Figure 5.5: Focus and recovery of the tensile strain soliton.
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Consider now the case of different signs of the influence factors A; and assume that
A; > 0 on both free surface parts. One can see in Figure 5.7 how an initial tensile
solitary wave shown in Figure 5.7(a), is destroyed in the embedded part II, Figure
5.7(b), in agreement with our previous results on the unsteady processes occurring
for a free surface rod. However, a strain wave is localized again in the third part of
a rod with free lateral surface, Figure 5.7(c), and eventually recovers its initial shape
in Figure 5.7(d). The damping of the tail behind the solitary wave is observed also.
Therefore we have shown that compression as well tensile initial pulses both may
produce the localized strain solitary waves in a rod partly embedded in an external
elastic medium with sliding.

Moreover, the amplitude of the solitary wave generated in such a manner may
increase comparing with the magnitude of the initial pulse. This is shown in Figures
5.8, 5.9, where A; < 0, A2 > 0 and |A;| < Ay. One can see in Figure 5.8(a) how an
initial localized rectangular tensile pulse is destroyed in the free surface part immedi-
ately upon generation as in Figure 5.8(b). However, a waves train of solitons appears
when the partially destroyed strain wave moves to the embedded part, having “friend-
ly” parameters as in Figures 5.8(c,d). Moreover, the amplitude of the first soliton in
Figure 5.8(d) exceeds the magnitude of the initial rectangular pulse.

In the absence of the surrounding external medium this rod does not support
tensile solitary wave propagation at all, and a strain wave is delocalized as shown in
Figure 5.9.

5.2.9 Applications of the theory
Surface tension-like effects

The solitary strain wave theory developed may be applied to the study of surface
tension-like effects in solids, e.g., if there are imperfections on the rod surface, see,
e.g., (Biryukov et al. 1991). It was experimentally found (Nikolova, 1977) that the
stresses caused by the surface effects, may be rather large; the theory (Biryukov et
al. 1991) shows that surface stresses, acting on the lateral surface of an elastic body,
may be modelled using normal stresses in the form

Orr = CQleff Ugy, (570)

with a.rs being a surface tension-like coefficient. In this case the boundary condi-
tions (5.44), (5.45) are valid with k; = 0, ks = a.ss . Thus our theory may be
formally extended to take into account the influence of surface tension-like effects on
the propagation of strain solitary waves. This “surface tension” does not alter the
phase velocity ¢ though it may effect the sign of the wave amplitude. Although the
problem of obtaining meaningful values of the “surface tension” coefficient in solids
is far from being solved, the data given by Nikolova (1977) for some materials seems
to be reliable. The theory developed here may be used for the determination of the
surface tension-like coefficient. Indeed, the expression (bigbs + bs)/bs contains a.ry,
hence, by measuring solitary wave parameters in a rod with different surface rough-
ness one can obtain the corresponding values of aerr. Accordingly, an estimation of
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Figure 5.7: Delocalization and recovery of the strain soliton due to embedding.
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the influence of the surface tension on the solitary wave parameters is useful to apply
the theory to nondestructive testing, because a bulk strain solitary wave (5.59) keeps
its shape independently of the lateral surface roughness, while the wave parameters
(amplitude, velocity etc.) contain information about it.

Murnaghan’s moduli

The isotropic third order Murnaghan’s moduli (,m,n) are not known for many ma-
terials or the data are not reliable. The third order crystalline moduli have been
measured for some materials (see Bogardus, 1965; Lurie, 1980; Frantsevich et al.
1982). In a paper by Thurston and Brugger (1964) it was proposed to use them to
obtain the isotropic bulk moduli. For cubic crystals the relationships are:

ciiz = 2, ci6 =m, Cu56 = n/4, cr1o3 =n — 2m + 21,
Clga =— T — n/2, Ci111 = 4m + 21. (571)

where c¢;;;, denotes the corresponding third order crystalline elastic modulus for cubic
crystals. However, independent measurements of isotropic moduli for some mate-
rials do not satisfy these analytical relationships. For instance, for aluminium and
molybdenum, for which both the Murnaghan moduli and the crystalline cubic moduli
are known after (Frantsevich et al. 1982) we can estimate the discrepancy. Using
equations (5.71) we calculated the deviations ,

5 o Ci112 — 21 8 — Cigg — M 8 = Ca56 — 0.25n .
1 = - | 2=\ Y3 — |7 |»
C112 C166 C456
5 o 0123—n+2m—21“6 . 0144—m+0.5n S — 0111—4m—2l‘
4 — y U5 — 06 = .
C123 Ci44 Ci11

presented in Table 5.3:

Table 5.3. Deviations in percents from (5.71)
material 61 (52 63 64 65 66
aluminium | 60 | 15 | 111 | 92 | 208 | 50

molibdenum | 27 | 52 | 115 | 305 | 604 | 39

There is a continuous interest in the direct measurement of the Murnaghan moduli
for both physics and technology purposes. Our theory gives one of the possible ways.
It follows from (5.58) that

bi=q+qal+am+gn, (5.72)

is a linear combination of Murnaghan’s moduli, with

B H
20[2(A + p) — Kf]Y

qo

where

H = 48u(A 4 )33\ + 2u) + 3kT (N 4 2p) — 3k3 (X + 4p) (5N + 4p)
F12K2 (3N 4 20) (A2 + 6 4 62) — 6k (X 4 ) (BN + 2) (N + 16\ + 164%);
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and
0= (20 — 1) (K + ki (A = 4p) + 4p(\ + )
2p0[2(A + ) — K7]4 ’
J— G .
LT RO ) - K
where

G = 2(ky — 3\ —2p) (k] — k2 (5A+611) + K1 (3M* + 20 \p + 12p%) — 4pu(3N* + 5 A+ 24%));

6A*(\ + 1 — k)
pol2(A+ p) — KiJ*

The coefficients gy — qa4, bs are functions of the well known Lamé coefficients and
densities of the rod and the external medium. The coefficient b4, in addition, depends
upon the solitary wave amplitude (5.59), (5.60). Hence, the equation (5.72) may be
considered as a linear inhomogeneous algebraic equation for the Murnaghan moduli
(I, m, n). Making measures and calculations in the solitary wave propagation in a
rod embedded in three different external media, we may have three equations and
obtain the values of [, m, n. The necessary and sufficient condition for a nontrivial
solution is the non-zero value of the determinant of the system. Calculations for
several elastic materials show that it usually does not vanish. However for the time
being, the problem of sufficiently accurate measurement of the solitary wave amplitude
in experiments is hardly solved with given accuracy, and in particular, the width or
wave length of the solitary wave does not have an appropriate definition, so it cannot
be clear defined in experiments. Therefore, it is better to find the periodic waves
trains. The DDE (5.57), indeed, admits such a solution in the form of a cnoidal wave

~ 6(bioba + bs)
= —
by

qs =

E
E* (1 — T K* + Kken® (k0 |k) (5.73)

where K, E and k are the complete elliptic integrals of the first and second kinds
and Jacobi functions modulus, respectively. Using the cnoidal wave solution, it is not
a problem to define all wave characteristics with given accuracy, and it follows from
(5.73) the possibility of determination of Murnaghan’s moduli.

Unfortunately, no experimental data are available up-to-date, concerning the gen-
eration of such a wave even in a rod with a free lateral surface, and it will provide a
challenge for experimentalists.

5.2.10 Conclusions

We proposed a theory to study the nonlinear longitudinal strain waves in an elastic rod
embedded in another external elastic medium with sliding contact. First, relationships
were obtained for the normal stresses acting on the rod lateral surface. Then, in the
long wave limit we derived the nonlinear evolution equation for strain waves in a rod,
and an exact solitary wave solution was obtained. The analysis of the solution allowed
us to conclude that the influence of the external medium defines an interval of phase
velocities in which a solitary wave can propagate.
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In contrast to surface wave propagation description in cartesian coordinates for
wave guides, where only one wave velocity is possible, here we have two or even
three intervals of “allowed” velocities. Moreover, depending on the elasticity of the
surrounding external medium the longitudinal bulk strain wave in a rod may provide
either a tensile or a compression wave.

An appearance and evolution of the nonlinear wave in a rod partly embedded in an
elastic external medium was studied in numerical simulation. Focusing, attenuation
or delocalization of a strain solitary wave are observed in such a case, depending on
the elasticity of the external medium. Moreover, in each of these cases we found a
recurrence of the original solitary wave when moving out of the embedded area. As a
result of wave focusing, the strain exceeding the yield point of the elastic rod material
may occur, as well as possible localization of either compression or tensile pulses. All
these properties could be useful to design the elastic structures or to establish criteria
to estimate properly their durability and fracture threshold.

A generalization of the theory has been proposed to formally account for surface
tension-like effects on the evolution of long nonlinear strain waves. This generalisa-
tion may also be of interest for usage of nonlinear waves as new instrument in the
nondestructive testing. Finally, we have shown how the theory may provide a direct
determination of the Murnaghan third order isotropic elastic moduli of the material
by measuring the parameters of the solitary wave propagating along the rod.

5.3 Nonlinear waves in the layer upon the elastic
half space

Another nonlinear wave propagation problem, based on the appropriate modelling of
contact of two different elastic media, occurs in the study of the long nonlinear strain
waves propagation problem in the thin elastic layer superimposed on elastic half-
space. In further consideration we follow mostly the paper by Porubov and Samsonov
(1995), and several misprints will be corrected; the preliminary results were presented
by Porubov and Samsonov (1994).

5.3.1 Physical background

Even recently the envelope waves propagation problems in layered half-space were
considered as a rule, see, e.g., Maradudin (1987), Maugin and Hadouaj (1990), where
only SH-wave (the Love wave) evolution without change of shape was studied. The
nonlinear Schrodinger equation was derived by Kalyanasundaram, (1987), in order to
describe a surface acoustic soliton propagation, and the Rayleigh and Love waves inter-
actions were studied by means of solutions of coupled system of nonlinear Schrodinger
equations without dispersion. The theory of long nonlinear wave propagation is not
well developed for layered and nonlinearly elastic structures, and we have to refer
to a few papers by Ewen et al. (1982), Cho and Miyagawa (1993) and Sakuma and
Nishiguchi (1990).
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The main interest in the problem is in the fact that despite of inconsistent the-
ory such waves were observed and studied recently by Dyakonov et al. (1988a), Cho
and Miyagawa (1993) and Nayanov (1986), e.g., in the experiments on the long fi-
nite amplitude surface acoustic wave propagating along a thin superconductive metal
film on LiNbO5 substrate , see Dyakonov et al. (1988b). It was found that elastic
deformation, arising due to intensive acoustic wave propagation, strongly influenced
the width of the superconductivity threshold, moreover, the shape of the observed
wave just before a layered area was surprisingly similar to the Benjamin-Ono period-
ical wave solution. It is to be noted that this equation was proposed by Ewen et al.
(1982) for the model of the surface acoustic wave propagation. However the deriva-
tion was based on phenomenology, not on the consideration of the basic nonlinear
elasticity equations. That is why the analytical relationships were not found there for
the equation coefficients as well as the influence of the layer-half-space contact type
on the equation form was not clarified.

We consider here the problem of long strain waves propagation in the nonlinear
elastic thin layer superimposed on nonlinear elastic half-space, both of which are
assumed to be isotropic for simplicity.

Again, as in the rod problems two different interface contacts are to be studied.

According to the first of them, the contact provides by means of the continuity
of normal stresses and displacements components only, while both the layer and the
half-space shear stresses components are supposed to be zero at the interface, and
the displacement tangential components are free. This statement of the problem is
called as the contact with slippage and closely related to the problem of an elastic
plate lying on an elastic basement.

The second model to be considered is based on the complete continuity conditions
for all stresses and displacements components at the interface. We will derive the
basic equations for description of the longitudinal nonlinear strain waves evolution in
both cases.

The Benjamin-Ono (B-O) equation arises for long waves, indeed, in the first case,
and it will be established that the 3d order elastic moduli only of a layer (but not of a
half-space) include in the equation nonlinear term coefficient. Studying the envelope
waves propagation, we derive the nonlinear Schrédinger equation (NLS). In the full
contact model we will obtain the more complicated integro-differential equation, in
which the nonlinear term coefficients now depend on the 3d order elastic moduli of
the half-space only. Moreover, the last equation is unlikely to possess the solutions
similar to the B-O ones, and again we could obtain the NLS equation to describe the
envelope wave solution in the framework of full contact model.

Therefore it seems to be that the periodical and solitary waves governed by the
Benjamin-Ono equation may propagate only when the layer slippage has been taken
into account in the statement of the problem. This may be important for possible ap-
plication to description of acoustic waves localization that was proposed in (Dyakonov
et al. (1988a)) as a cause of the width variations of superconductive threshold area in
metal films on LiNbO3 substrate. The linear wave analysis will be provided also in
order to get the improved (in comparison with those obtained by Tiersten (1969)) dis-
persion relation for long longitudinal strain waves propagation in layered half-space.
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Figure 5.10: Schematic of the layered half space

The results obtained allows us to conclude that the Korteveg-de Vries equation is
unlikely to govern such a wave propagation problem, contrary to the statement that
was proposed by Ewen et al. (1982), Cho and Miyagawa (1993), Nayanov (1986).

5.3.2 Basic equations

We consider the wave propagation in the thin elastic layer superimposed on an elastic
half-space. A plane (z, z) of the cartesian coordinate system (z,y, z) is assumed to
coincide with the surface boundary between the layer and the half-space, and the layer
occupies the interval 0 < y < h. Let us assume that the waves propagate along the
z-axis, and all components of displacements vector U(r,t) = (0, Vi(y, z,t), Wi(y, 2, 1))
are independent on z.

Here and in the following a subscript value ¢« = 1 corresponds to the layer and
¢ = 2 - to the half-space parameters, while a letter subscript other then ¢ will denote
the differentiation with respect to the corresponding variable. Linear elastic features
of the layer and of the half-space are characterized by their densities p; and the Lamé
constants \; and p,; while the nonlinear elastic features is suggested to be described
in addition by the third order (the Murnaghan) moduli /;, m;, n;.

We shall start with the basic statement of the elasticity problem as above, write
the Lagrangian density per volume unit £; in each elastic medium as the difference
of the kinetic energy density K and the volume density II of potential energy,

Li= p,(0U:/0t)* /2 — TLi(Iy),

where I}, = Ix(C) are the invariants of the Cauchy-Green deformation tensor C (see
(2.4-5)). The strain energy density II; has the form of power series expansion

I = (N +2u)17/2 — 2,05 + (1; 4+ 2my) I3 /3 — 2mydy Iy + nyls.

To derive the formal statement of the wave propagation problem in Lagrangian
coordinates we use the Hamilton principle. For both longitudinal and shear waves the
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leading nonlinearity is square with respect to the displacements. Then, aiming to an
asymptotic statement of the problem, we omit the nonlinear terms, which are cubic
with respect to elastic strains, and we get the following equations:

pz"/z',tt _,uiv;,zz - (>\z + 2/%’)‘/2',;!/?; - (>\Z + :ui)VViyyz -
/Lipu[(‘/;-,zz)y + (Vng)y + Q(W,y‘[i,z)z + 2(%,2‘%,2)2] - Mini(V;',Qy)y -
/%'p?)i[(w/fz)y +2(WizVig)yl = pipai Wiy Wiz)z + (VieWiy)y + (ViyWiy):]
= 0, (5.74)

where the coefficients are defined as

pi = (N/2+ p+mi/2)/ps, poi = (BNi/2 4 3p; + b + 2my) / s,

The equation for the component W;(y, z,t) follows from (5.74) after formal replace-
ments V; — W;, W, — V,,y — 2z, z — 1y and it will not be written here for
brevity.

To obtain the boundary conditions we introduce the following notations for the
components of the stress tensor T;:

Tigy = N+ 2p)Viy + AWiz +

/“Lz'pli(‘/z'?z + VVz2y> + Mip%‘/;,zy + /’Lz'p3i(m/z'?z + QVVi,zVi,y) + 1ipaiVi Wiy,
Ty = Wiy +Viz)+

2101 (Wi e Wiy + VigWiy) + 1:pai (Vi Wi + V2 Vi)

Then the boundary conditions at the free layer surface y = h in each moment take
the form:
Tl,yy = 0, Tl,yz = 0, (575)
At the interface y = 0 we shall study two models of elastic contact.

For the first one the boundary conditions are assumed to be the following:
Tl,yy = TQ,yy7 Tl,yz = 07 TZ,yz = 0; ‘/1 = ‘/2, (576)

while tangential components W; of the displacement vector are supposed to be free,
i.e., the slippage may occur at the interface.

The second model considered, namely, the full contact, requires the boundary
conditions of continuity for both the displacement and stress components:

Tlvyy - T2,yy> Tl,yz - TZ,yz 7‘/1 - ‘/27 Wl == W2 (577)
For both models we have to assume evidently that:

Vo,Wy — 0,for y — —o0 (5.78)
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5.3.3 The layer and the half-space contact with slippage

Let us consider the problem (5.74)-(5.76) and (5.78), describing the layer and the half-
space interaction established only by means of the normal stresses and displacements
components. We introduce the dimensionless variables in the form: z = z/L,
y =y/H, Y = y/L, t = cqt/L, V; = V;/U, W; = W;/U. Considering the
propagation of sufficiently long waves in a thin layer, we introduce a small parameter
as e = H/L = U/L and suppose that dimensionless displacements depend on a
phase variable 6 = Zz — ¢t and a slow variable X = €z in both the layer and the
half-space, whereas they depend on ¥ in the layer, but on Y in the half-space.

We also introduce the following relations a; = c&/c%;, b; = c2,/c2;, where cy;, cri
are the linear longitudinal and shear volume wave velocities respectively. Finally we
get the following basic equations for waves in the layer, written in dimensionless form:

aVigy +pu(Wiy)y +pa(Ve,), =
—e[(ar = D)Wiye + 2p31(W1,0Viy)y + par (VigWiy)e + (VieWiy)y)l
—é [(Ch — D)Wy yx +(1— blcg)vl,ae + P11 ((‘/1279)3/ + 2(‘/1,9‘/1,1“/)9) +
p31(W12,9)y + 2(‘/1,yW1,X)y + pa ((VI,XWLy)y + (WI,GWLy)@ + (Vl,ywlyy)X)]
—e’ [2pn (VioVix)y + VigVix +VigWig)e + (ViyVie)x)
+2p51 (Wi oWi x)y + 2(1 = bicg)Viox + par (WieWiy)x + (Wi, Wi x)e)]
+0(eh), (5.79)

Wiy +2p11(VigWiy)y =
—e[(a1 — 1)Vigo + pu1 ((ny)e +2(WioWiy),) +p31(‘ﬁ%y)9 + pa(ViyVie)y]
—é [(&1 — D)Viyx + (a1 — bicd)Wigp + pi1 ((ny)x + 2(W1,XW1,y)y) +
p31(‘/127y)X +2(ViygWig)o + par (Vi,xVig)y + (VieWiy)e + (VigWie)y)] —

e [(pnvfe +p21W12,9)9 +2p31 (ViyaWix)o + (ViygWig)x)

+pa (VixWiy)o+ (VigWiy)x + WiV x)y + (VieWi x)y)]
+26* (a1 — bich) Wi gx + O(e?). (5.80)

where the upper bars were omitted for simplicity. It follows from (5.74) that nonlinear
equations for waves in the half-space may be written similar to the equations (5.79),
(5.80) but it turns out that in the slippage contact problem only the linear part of
them will be of use to obtain the governing nonlinear equation for longitudinal strain
waves:

CLQ‘/Q,YY + (CLQ — 1)W27y9 + (1 — bgcg)‘/g,ge + 0(6) = 0, (581)
Wzyy + (ag — 1)‘/27)/9 + (CLQ — bgcg)WZeg + 0(6) = 0, (5.82)

And this is the first result following from the rigorous statement of the problem -
slippage does not require the consideration of the nonlinearity of the substrate in our
case!
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The normal and tangential stresses components vanish at the free upper layer
surface y = 1, that leads to the equations:

a1 Viy ‘|‘p11Wﬁy "‘pzlvfy = —e€l(a1 — 2)Wio + 2p51 Vi y Wi g + par Vi oWy
—e[(a1 — 2)Wh x + puVip + psi (Wig + 2Viy Wi x) + par Vi x Wiy
—&[2puVieVix + 2p5 Wi oW x] + O(eh), (5.83)

Wiy, +F2puViy,Wiy = —€[Vig + 2p1iWi ,Wig + paVi,, Vil
—é? Vix +2puWi Wi x + par(ViygVix + ViegWig)] —
Epar(VixWig + VigWi x) + O(e"). (5.84)
At the interface y = 0 (Y = 0) we have to admit the continuity conditions for both

the displacements:
Vi =V, (5.85)

and the stress normal components:
Hq (alvl,y ‘*’pllWﬁy +p2lv12,y +€l(ar — 2)Wig + 2p31ViyWi o + par VieWh ]
+e*(ar — 2)Wh x + pnvfe + p31(W12,9 + 2V Wi x) + pan Vi x Wiy
+€° 2p11VipVh x + 2p31W1,9W1,X]) =
pio€lasVay + (a2 — 2)Wag] + € [(az — 2)Wa x + p12(W3y + Vi) + poaViy+
p32(W22,9 + 2VoyWayg) + paoVaoWoy +
€ [2p12Va,p Vo, x + 2p32(WogWa x + VayWa x) + p12VoxWay]) + O(eY), (5.86)

while the tangential stress components vanish, i.e., boundary conditions are similar to
the conditions (5.84). For the half-space at the interface Y = 0 it will be sufficient
to use only the linear part of tangential stress components written in the form:

Way + Vog+O(e) = 0, (5.87)

We shall find the solution of the problem (5.79)-(5.87), expanding displacements
Vi, W; in power series with respect to e.

Vi = Vo+eViu+e Vo + ..., Wi = Wy +eWy, + Wo + ...
Then in the leading order we obtain
Vor = 0,Wn = W(0, X), Voo = 0, Woe = 0.
In order € we get the solution of the form:

2-&1

Vii =

yWo, Wiu = 0, Vi = 0, Wi, = 0.

ai

In order € we obtain the solution

2—a a; —4 a; — 2)*
Vo = 1W0+< 1a2 p31—¥p21> (y — HWg;

ai 1 aj




156 Nonlinear waves in complex wave guides

2
Wa = (2 — Su +blc(2)> y_W%,
aq 2
that satisfies the boundary conditions (5.83), (5.84), (5.86) under the additional
requirement:
C(2) _ 4()\1+,u1) :
bl(/\l + 2/1,1)

and we determined the dimensionless value of the phase velocity via elasticity para-
meters and the linear tangential velocities ratio.

In the half-space the unknown functions Voo, Wos are to be found from the following
linear problem:

(5.88)

asVazyy + (a2 — 1)Waz yg + (1 — bacf)Vasge = 0, (5.89)

Waoyy + (ag — 1)Vagyg + (az — bacg)Wagge = 0, (5.90)
subjected to the boundary conditions at ¥ = 0:

a; — 2 a; — 4 a; — 2)?
Voo = ! Wx — ( ! 5—D31 — (a1 3 ) p21> WHZ, (5.91)
Wasy + Vagg = 0. (5.92)

As it follows from (5.78) at Y — — o0
Vo, Wy — 0. (5.93)

The solution of (5.89)-(5.93) may be obtained, using the Fourier transform method
and, vanishing at ¥ — —o0, it may exist under additional condition of the form
1 — bQC(Z) > 0.

This condition proves that the wave phase velocity should be less than the bulk
shear wave velocity in the half-space. It can be rewritten, using the ¢y definition in
(5.88), as

o > 241 — 2L, (5.94)

This relationship separates those elastic materials for the layer and the half-space
respectively, for which the wave solution to (5.79)-(5.87) may really exist.

Some pairs of materials commonly used in acoustic experiments and devices (see
Oliner, 1978) are presented in Table 5.4. Each column corresponds to the possible
layer material and each row to the half-space material; a dash indicates that (5.94) is
not valid for a pair.

When the condition (5.94) is valid, the relationships for Vas, Way may be obtained
using the standard procedure.

However, the most important result consists in the relationship for a;Vas y + (a2 —
2)Wag at Y = 0, and we write only it here due to the lack of space:
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(2 = bye2)? — 4y/(1 = bac?) (1 — b2cg/a2)]

asVasy + (ag — 2)W- =0 =
oVooy + (ag Wase | v=o [ bgcg\/m
a —2 a —4 a —22
XH[ : Wex—( 1a2 P31—%P21> (Wﬁ)g}

ai 1 1
(5.95)

Substituting (5.95) into the boundary condition (5.83) and solving the next order
problem, O(e?), one can get the solvability condition in the form of the nonlinear
integro-differential Benjamin-Ono equation written with respect to longitudinal strain
u = Wg!

ux + Buj + CH(ugg) = 0. (5.96)

Table 5.4. Validity of condition for longitudinal strain wave existence
for various layer - substrate (half-space) pairs.

Layer of: Al Mg Mo W Cu Pb Sn Brass
-on following

Substrates:
LiNbO5 - - - - - Yes Yes -
Si0s (Quartz) - - - - - Yes Yes Yes
GaAs - - - - - Yes - -
Zn0 - - - - - Yes - ,
C (Diamond) Yes Yes Yes Yes Yes Yes Yes Yes
MqgO Yes Yes Yes Yes Yes Yes Yes Yes

In (5.95,5.96) H is the Hilbert transform and the coefficients are defined as follows:
pai(ar — 2)* — arpsi(ar — 4)
a?(a; — 2) ’
prbaci/1 — bacd/as(a; — 1)(ar1byc§ — a; — 2)
2uy(a1 — 2)[(2 = bac§)? — 44/ (1 — bacg) (1 — bacj/az]
The periodical wave solution to the equation (5.96), well known after Benjamin
and Ono, can be written in the form

Clylv1i=-p"  Clv]|

~ B(1-fBeos(1(0 —sX)) B

B:

(5.97)
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Figure 5.11: Periodical (1) and solitary (2) wave base-band solutions to the Benjamin-
Ono equation, calculated for the brass-quartz pair.

where s = C | 7| (1/4/1—3*—2), and 3 and 7 are free parameters. The solitary
wave solution has the form of the algebraic soliton:
w - — €181 (5.98)
B((6 — sX)?+ %)
where s = C/|f|, and [ is free. Shapes of the wave solutions (5.97), (5.98) depend
on the sgnC'/B. It may be positive or negative, depending on layer and the half-space
elasticity.

For example, C/B = —2.66 for the brass layer on quartz substrate. The cor-
responding periodical and solitary waves profiles are shown in Figure 5.11. On the
contrary, the positive value C'/B = 1.08 is valid for the brass layer imposed on M gO,
and the corresponding wave profiles shown in Figure 5.12 are different.

Let us examine now the existence of the envelope non-linear wave solution in the
slippage contact problem.

Following the standard method (see, e.g., Newell, 1985), we introduce formally a
small parameter 6 << 1 and suppose that the function W depends on both fast
variable # and the slow variables Z7; = 60X, Zy, = 66 and 7 = 52X . However
it would lead to considerable formal difficulties in introducing the slow variable Z,
in the Hilbert transform in equation (5.96). That is why the more suitable way is
to derive the resulting envelope waves equations starting with the equations (5.89)-
(5.93). Introducing both the fast and slow variables, we will find the solution of the
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Figure 5.12: The same is true for a brass layer on the MgO substrate, but the pulse
polarity is different.

form
Voo = Voo + 6 Vo + ...,
Wy, = 6Wagg+ 6Way + ...,
W = Wo+&Wi+.... (5.99)

Substituting these series into (5.89)-(5.93) and solving problems in each order on 6,
using the Fourier transform method, one can find in order § the solvability condition
in the form of the non-linear equation for the strain function v = Wj:

ux + B H(ugp) = 0.
Hence the solution is:
u = a(r, Z1, Zy)exp(im(@+C |m| X))+ (%), (5.100)

where (*) is used for a complex conjugate term. Next order solution results in the
solvability condition of the form:

U x + Uz, + B(U2)0 + CH(ULQ@) + DH(UQZQ) = 0, (5.101)

where u; = Wigand D = D(a;,b;, p;). From equation (5.101) we conclude that
a = a(r, §),& = Zy+D|m| Z and

2
B
u = |:1|Oexp2i m@+C | m | X)+ () +(r, €. (5.102)

In the next order problem the nonlinear Schrodinger (NLS) equation arises from
the solvability condition:

2B%(2C — D
i sgn(m) ar + %oﬂa* — Eage = 0, (5.103)
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Figure 5.13: An envelope periodic wave solution to the NLS equation.

where E is expressed in terms of a;, b;, u,; also.

The relationships for D and E are very cumbersome and not written here.

The product of the nonlinear coefficient times the dispersion one in the equation
(5.103) may be either negative or positive, depending on elasticity of materials chosen.
The former case corresponds to the modulation instability while the latter case results
in non-increasing disturbances of the initial harmonic wave. Hence in the former case,
E(2C — D)/CD < 0, we can obtain the solution for the strain wave u in the form,
depending on the periodical elliptic Jacobi functions (see, e.g., Newell, 1985):

u = % B dn(B(€ + 2k sgn(m) E 1), k)exp[i m(@ +C | m | X)+
iké — i sgn(m) (2 — *)BF* — k%) E7] (5.104)

The typical envelope periodic wave form is shown in Figure 5.13. When E(2C —
D)/CD > 0, the equation (5.100) has the exact solution of the form:

u= Rexp (i m(0+ C|m|X +ip(&,7)+is&/2—i(q+ s°/4)sgn(m) E 1) + (%),
where! , (0109
B = - OOt o(e + sBsgalm)r).
. - 332(%CD;7 D)yy* (2 - 1)

I Misprints were corrected in these formuli.



Nonlinear waves in the layer upon substrate 161

2.00

a
1.00

0.00 J Toarrrriipt T TT 1T ] L] T T T T T Tl T TV T Z
. 2.00 4.00 6.00 B.CD
-1.00

Figure 5.14: A typical wave evolution for the NLS equation solution (a)-(c) is shown
in different time moments: t, < t, < t..
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In the limit kK — 1 the solution (5.105) coincides with the one already obtained
by Newell (1985). The typical wave form strongly depend on Q,~, 5 and m values.
In Figures 5.14, 5.15, 5.16 typical wave evolution is shown for ) > m, and the
magnitude of R is assumed not to vanish. In another special case, corresponding to
the small R magnitude and () < m, one could see only slow and small disturbances
on the harmonic wave shape.

The appearance of either B-O travelling waves (5.96), (5.97) or envelope travelling
wave solutions (5.104), (5.105) is defined by the initial condition for the longitudinal
strain u. We shall discuss it in detail below, comparing our results with recent exper-
iments mentioned in (Ewen et al. (1982), Cho and Miyagawa, (1993), Dyakonov et
al. (1993), Nayanov (1986)).

5.3.4 The full contact of the layer and the half-space

Now we shall consider the full contact problem, in which all components of both the
displacements and the stresses are continuous at the layer—half-space interface. We
shall use the same scales and the small parameter as in the previous section, but now
it is more convenient to introduce a time-dependent slow variable T" = et instead of
X.

The terms of the third order in € in the layer equations and of the second order in
€ in the half-space equations can be omitted because they will not appear, when the
resulting (asymptotic) nonlinear equation will be derived. After some transformations
we obtain the equations for displacements in a layer in the form:

al‘/l,yy +p11(W12,y)y +p21(‘/12,y)y =
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Figure 5.15: The same solution for ¢ ,> t,.
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Figure 5.16: The same wave in t. > t;, > t,.
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—e[(ar — D)Wiyo + 2p31(W1,0Viy )y + par (VigWiy)e + (VieWiy)y)]
—e [(1 = bicd)Vigo + p11 (Vi9)y +2(VioViy)e) + pst(Wig)y+
par(WioWiy)a] + O(€7), (5.106)

Wiy +2p11(ViyWiy), =
—€ [(CLl — 1)‘/1,y9 + pn ((Wﬁy)g + 2(W1,9W1,y)y) +
psl(VEy)e + p41(‘/1,y‘/1,0)y}
—é [(Ch - blcg)WLae + 2p31 (ViyWig)e + par (Vi,eWiy)e + (‘/I,GWI,G)y)]
+0(€%). (5.107)

The following equations are valid for displacements in a half-space:

asVayy +(ag — 1D)Wayg + (1 — boct)Vagp =
—€ [2b200‘/2,T0 + P12 ((Vfa)y + (Wz%y)Y +2(VoyVag)o + Q(VQ,GWQ,a)e)
+p22(‘/227y)Y + P32 ((W2%0>Y + Q(VQ,YWQ,a)Y) +
pao (WayWag)o + (VaoWay )y + (Voy Wayy)e)] + O(€); (5.108)

Wayy +(as —1)Vayg + (az — boch)Wa g =
—€ [2b200W2,T0 + P12 ((‘/2279)0 + (Wiy)e + 2(Woy Wag)y + 2(V2,YW2,Y)Y>
+p22(W§9)9 + p32 ((‘/221/)9 + 2(Va,y Wap)e) +
Paz (Way Vag)o + (VayVay )y + (VoyWape)y)] + 0(62)' (5.109)
The boundary conditions at the upper layer surface have the form similar to the
equations (5.83), (5.84):
a1Viy + P11W12,y + P21V1%y = —el(ar —2)Wig + 2ps1Vi,Wig + paV1oWi,] —
e [puVie + pWiy] + O(€%), (5.110)
Wiy +2pVi Wiy = —€[Vig 4+ 20 Wi Wi g + pan Vi, Vig] — 62]?41‘/1,0W1,9 + 0(63)-
(5.111)
However, the boundary conditions at the interface y = 0 (Y = 0) are now of

different form:
‘/1 - ‘/27 Wl - W27 (51]‘2)

iy (a1Vay + puWi, +paVi, + €l(ar — 2)Wi g + 2p31 Vi Wi g + pan Vi gWh ]
+6 [pu Vi + psn(Wiy]) =

py (€lazVay + (a2 — 2)Wag] + € [pra(W3y + Vap)+

pQQVfY + p32(W2279 + 2Vay Wag) + paaVagWay|) + O(€°). (5.113)

My (Wl,y + 21 Viy Wiy + €[Vig + 2p1 Wiy Wig + pan Viy Vi) + 622941V1,ew1,0) =
1y (€ [Way + Vag] + e [2p12(WoyWag + Voy Way) + paa(Vay Vag + Va,oWap)])
+O(€%). (5.114)
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Moreover, at Y — — oo displacements should vanish:
Vo, Wo — 0. (5.115)

We will find a solution of the problem (5.106)-(5.115) in the form of power series
expansions:

Vi = Voi+eVii+eVai+ ..., Wi = W+ eWy; + €Wy + ...

To obtain an asymptotic solution of the problem in each order of ¢ we will find
by the simplest integration the corresponding displacement functions in the layer
Vi1, Wi, using only the boundary conditions (5.110), (5.111) at the upper surface.
Substituting these functions to the boundary conditions (5.112), we obtain the dis-
placements in the half-space, solving by means of the Fourier transform method the
equations in corresponding order subjected to the boundary conditions (5.112) and
(5.115). Finally, using the values of Vj;, Wj; in the boundary conditions (5.113),
(5.114), we determine the solution parameters values and obtain an additional solv-
ability condition in each order of the problem under consideration.

The transformations described above are cumbersome, and we write here only the
most important results. Following this scheme we obtain in the leading order problem
both nonzero longitudinal and shear displacements in the layer, expressed in terms of
new unknown functions:

Vor = Wo(0,T), Wor = Wy(0,T) (5.116)
Introducing new functions ¢, and 1, such that
Vo2 = Py +Uog W2 = o — Yoy

we derive the following leading order problem in the half-space:

azdgyy + (az — bQC(QJ)%,ea =0 (5.117)
Yoyy + (1 — bQCgWo,ee =0 (5.118)
where at the interface Y = 0
¢0,0 - Q/JO,Y = W, ¢0,Y + Q/’0,0 =W (5-119)
while at infinity ¥ — — oo
Gop — Yoy — 0, ¢oy +vge — 0 (5.120)

The solution to the problem (5.117)-(5.120) can be obtained by means of the
Fourier transform and allows us to establish the following relationships for dicplace-

ment functions Vo, W o:
| k| /1 — bac?
<Z | k| - 2C/ a2 W, + \/(1 —by2)(1— bgC%/CLQ)Vb)

6,/1—b2cg/a2\k\y . (Vb X { | k | vV 1k— bzcg/az W0> 6,/1_bgcgk|Y]

1 o~ (3]
%2 — ezkHdk/

2 ) o

xe ™ qg| (5.121)
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o0 [ee) - 2
W02 — 1 eikedk/ (l | k | \/k]' B bQCO‘/O _ W0> ey/l—bzcg/a2|]€|Y_

2m —00 —00

- _ 2 )
(’ IR0y = - bzc%/az)Wo> VY]

xe ™ gy’ (5.122)
In the next order, namely, in O(e!), we obtain in the layer:

a — 2
Vii = Vi(6,T) — =

Yy Woyg,
ai

Wi = Wi(8,T) —yVoe

The solution to the half-space problem is assumed to have the form:
Vie = 1y + Y1,

Wia = ¢19— 91y

Therefore one can find from (5.108), (5.109) that the following equations are valid for
the functions ¢, :

Doy (Y1 yy + (1= bacg)thy g9) = —2cobalay g r — Da (5.123)
and for 1, :

(a2¢1,yy + (a2 — bZC(ZJ)¢1,99)9 = [ azy yy + (1 — bQC(ZJ)wl,HG)}y
—2baco(@r9 — 1,y )eo — Do (5.124)

where the Laplasian is defined as Agy = 0%/00% + 0%?/0Y?, and the following differ-

ential expressions were introduced:

D: = 2ppy ((%2,9(%2,)/ + W02,9))99 — (Woz,y (Voo,y + W02,9))yy) +
(p22 — p32) (’ng,y - wgz,e)yg
+Dao ((MOQ,Y(UOQ,Y + wOZ,@))gg — (vo2,0(vo2,y + wOQ,H))yy) .
Dy = pio ((03,9)9 + (w;y)e + 2(wo ywag)y + Q(UQ,sz,Y)Y))
+p22(w3 5)o + P32 (V3 )o + 2(va,ywae)e) +
Paz ((Wa,yv29)s + (V2,9V2y + Vo gWag)y)
Subsequently, we have to announce the main result, partially negative: due to
the presence of these expressions - the solutions similar to the wave solutions (5.97),
(5.98) of the B-O equation do not appear in the full contact problem. It will be proved

formally below.
The boundary conditions are written at ¥ = 0 as:

Gopg— %oy = 0, ¢oy + 19 = 0, (5.125)
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while at Y — — o0

Pop— Yoy — 0, Poy +voe — 0. (5.126)

The solution to the problem (5.123)-(5.126) can be obtained using the Fourier
transform method and the variation of constants method. Substitution of the re-
lationships for the functions vi1, w1, v and wge into the boundary conditions
(5.113), (5.114) gives the solvability conditions in form of the coupled equations for
functions Wy and Vj:

(bQC(ZJ -2 + 2\/(1 - bgcg(l - bgC%/CLQ)) Woyg - bQC(ZJ\/ 1-— bQC%H(beg) = 0, (5127)

bQC(Q)\/ 1-— bQCg/GQWO,G + (2 — bQCg — 2\/(1 — bQC%)(l — b20%/a2)> H(Vbﬂ) = 0.

(5.128)
The determinant of (5.127), (5.128) is taken equal to zero, which yields the algebraic
equation for the phase velocity ¢y of a wave:

(2~ bacd)? — 44/ (1 — bacd)(1 — bacdfan) = 0

Therefore ¢g = cg/cr1, where cg is the Rayleigh linear wave velocity in the half-
space, and respectively, the relationship for V' and W follows from the equations
(5.127), (5.128) in the form:

2 — bQCg
2\/ 1-— bQC%

In the next order, O(e?), following the same procedure, one can obtain the solution
for the functions Vo1, Woy, V17 and Wiy, Again, the forms for them are cumbersome,
and we have to present here only the most important results. In particular, from the
boundary conditions (5.113), (5.114) the equations arise, which define the unknown
functions Vi, Wi, and are now the inhomogeneous ones in contrast to the equa-
tions (5.127), (5.128). One can show that the solution to these equations may exist
under the solvability condition, having the form of a complicated nonlinear integro-
differential equation for the strain function v = Wy y:

Vo = H(Wo). (5.129)

Aup + BH(Uae) + C(U)g + D(H(U)2>0 =

1 [ 0 e o
= E2_ eszkO dk'/ eXp\/lfbgcg/az\k\Y dY/ D, eprzkH do
T ) - .
1 [ 0 o .
+F2_ eszkG dk eXpw/l—bzcg/a2|/€|Y dY/ D2Y exp—me do
T ) oo - .

[e.°]

1 0 oo , ,
—G2— exp™™ dk expV 12l Y dY/ D, exp ™* df . (5.130)
™J- 00 —0o0

o0 —
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The coefficients A — G here depend on both the layer and the half-space linear
elastic moduli )\;, p,;, while only on the nonlinear elastic moduli lo, ms, ny of half-
space’s material, as follows:

4b260(4(1 + as — 2620%) — a2(2 — bQC(ZJ)?’)
&2(2 — bQC%)Q ’

bac2 b b
B :% bic? 260 401 = by (b2 —4+4 100) :
2

2 — byc?)byc?
C - ﬁ (p12[16(1 — CLQ)Q + 4@2[)20(2)(2 — CLZ)]
2

+2p22(2 — az) (a3 + ag — bach )+

A:

pgg[(2 - CL;)3 - CLQ(CL% - 8) + 2@2()20%(@2 - 8)] + 2p42 [4(1 - CLQ) + CLQbQCOD 3
D = [4@2(2 — bgcg)(5 — bQC(Q)) — (ag — bQC(Q))(CLQ(2 — bQCO) -+ 4 1-— bQCO }

(bacg) (2p12 — Paz) (2 — bach) [8as(l — bact)(az — bacf)] -

2 — byct)?byc
E = (2—byd)?/2,F = (2(@ 2_022002) 0 G = 2—by?
We can verify now that due to the integrals proportional to D;, Dy the equation
(5.130) may possess exact solutions (5.97), (5.98), typical for the Benjamin-Ono equa-
tion only if as = 1, that is ¢, = ¢;9, which is impossible from the physical view
point.

The feasibility of another exact travelling wave solutions is restricted by the func-
tions set for which the Hilbert transform is known. That is why we have not obtained
any exact solutions of the equation (5.130); it seems to be quite probable that the long
base-band strain waves solutions cannot exist in the system, when the full contact is
considered.

However the envelope waves may appear, and their evolution is described again
by the NLS equation. This equation may be derived using the procedure similar to
the one used in the previous section for obtaining the equation (5.103). Then no
new physically important solutions, except these envelope waves, may be found in the
full contact problem, except those described by the expressions (5.104), (5.105) and
having the shapes shown in figures.

5.3.5 On various mathematical models of nonlinear waves in
a layered medium

We have studied above both the base-band and the envelope long nonlinear strain
waves propagation in elastic system, consisting of the thin elastic layer superimposed
on elastic half-space. We found that base-band waves may appear only when slippage
comes into play at the layer—half-space interface.
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Recently in several papers by Ewen et al. (1982), Cho and Miyagawa (1993),
Nayanov (1986) the Korteveg-de Vries equation was considered as a model one to
describe both longitudinal and SH shear strain base-band waves propagation in the
layered half-space when the full contact problem is considered. Moreover the linear
model analysis performed by Tiersten (1969) did not predict the linearized Benjamin-
Ono equation appearance to describe the problem under study.

For this reason it seems to be instructive to discuss the linear analysis of the
problem. Considering the solution (2.13) in (Tiersten, 1969), one can see that only
positive values of wave number were taken into account there. When taken into
account, the negative wave number values lead immediately to replacements of the
terms exp(—ky\/1 — c2,c¢/c?,) and exp(—ky\/1 — ¢2,c3/c2,) in (2.13) in (Tiersten,
1969) with the terms exp(— | k | yy/1 — ¢,c3/c%) and exp(— | k | y\/1 — 2,3/ c2,)
respectively, newly written in our notations for convenience. Then instead of the
dispersion relation (4.5) from (Tiersten, 1969) in thin layer assumption, we obtain the

following one:
Ao+ Ay | k| +4k* = 0, (5.131)

where A; are the same as in (Tiersten, 1969) and may be expressed in our notation
in the form:

AO = (2 - bQCZ)Z —4 (]_ - bQCQ)(l — bgcz/ag);
2
A = piabac ( 2V 1= bac2/ag + /1 — byc(c3 — 4+4b )\/1 —b2c2) )
Ha
2.2
A, = /hg (4_02_4b1> (1—(1—620 )(1_172_6)) (5.132)
) ay a2

Finding the dimensionless phase velocity in the long waves limit | k£ | << 1 as a
power series in k
c=ct|k|latkiet..., (5.133)

substituting it into (5.131) and using (5.132), we can prove that ¢g = cgr/c;1 and

piasco(2 — byck)? <b160 1 —bycd/ag + /1 — byck(bicd — 4+ 4blc%/a1))
4#2(4(1 + ag — bQCO) + &2(2 — bQCO) )

1 =

(5.134)

These results define the first two terms in (5.133) and lead to the dispersion relation
typical for linearized Benjamin-Ono equation.

The values of ¢y, ¢; coincide with those followed from the solution of linearized
equation (5.130). One can see that the first and the third terms in (5.133) together
give the linearized Korteveg-de Vries dispersion relation, however the third term is
of much smaller order of magnitude in comparison with the second one, except for
the layer material, having the Lamé coefficient 1, much greater than the half-space
coefficient p,. The last case seems not to be realistic, because typical shear moduli
ratio for the materials used in acoustic experiments does not exceed three. Therefore
the KdV equation is unlikely to be valid to describe strain waves in layered half-space,
and waves observed by Nayanov (1986) cannot be the KdV solitons as it was proposed.
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The similar waves, reported in (Cho and Miyagawa, 1993), are also unlikely the KdV
solitons because the grating wave guide structure used there could hardly result in
such a critical qualitative differences in dispersion relation.

In contrast to it, we believe that the waves observed by Nayanov (1986) and
Cho and Miyagawa (1993) may be the periodical waves solution (5.105) to the NLS
equation (5.103). The evolution of such wave shown in Figures 5.14-5.16 is surprisingly
similar to the wave evolution observed and reported by Nayanov?. It is evident when
comparing the wave shapes shown in Figures 5.14-5.16 with Figures 5.17.

Note that we do not insist on the slippage appearance in those experiments because
we have found that such a wave may exist in the full contact problem also. We cannot
provide rigorous quantitative estimations due to lack of some important data in papers
cited above.

It is to be noted that for SH (Love) waves we obtain the completely different
dispersion relation in the long wave limit, namely,

21,3 .2
c = Cro (k— ik (22 - )2> + O(K?), (5.135)

2 \ 2
2u5

which is similar to the one obtained, e.g., by Maradudin (1987), even with negative
wave numbers values being taken into account. The dispersion relation (5.135) corre-
sponds to the linearized Korteveg-de Vries equation. Therefore the application of the
KdV equation for nonlinear Love waves propagation in layered half-space, made by
Sakuma and Nishiguchi (1990), has no contradiction with the linear waves analysis.

The reason of such a qualitatively different description of nonlinear longitudinal
and SH strain waves in layered elastic half-space may be based on their different
physical nature. The SH wave became the surface one (the Love wave) for the layered
half-space only, while the longitudinal surface wave (the Rayleigh wave) may exist in
absence of the layer, (see, e.g., Oliner, (1978)). Therefore the Love wave behaviour
is determined by the layer (i.e. by the wave guide properties), for which the KdV
equation appearance in long waves limit is quite natural.

On the contrary, the layer provides only dispersion effect for Rayleigh surface
waves, and dispersion in such elastic system (thin layer upon half-space) is described
by non-local Hilbert transform term, that is also may be anticipated, taking into ac-
count similar wave propagation problems for stratified liquids, considered by Benjamin
and Ono.

We have obtained the final equations (5.96), (5.103) and (5.130), starting from the
basic nonlinear elasticity theory. One should mention the phenomenological method
(see, e.g., Korpel and Banerjee, (1984)) applied to the nonlinear strain waves study
in layered half-space. However, the results obtained here allow us to point out some
restrictions of that method. First of all, the coefficients of the equations in (Ewen
et al., 1982) cannot be defined analytically. Moreover the final form of longitudinal
strains equation does not depend on the type of boundary conditions at the layer—
half-space interface. The procedure of nonlinear term coefficient phenomenological
determination, proposed in (Ewen et al. 1982; Korpel and Banerjee, 1984), could

2The scanned images of old oscillogrammes did not provide reasonable quality in figures.
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Figure 5.17: Oscillograms of the shape of the Rayleigh wave moving from the right in
the following intervals: a) 9.04-9.5 mm; b) 9.24-9.75 mm from a transducer, and: c)at
the distance 9.46 mm from the transducer. After Nayanov (1986).
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be applied to some extent, when the envelope solutions are considered, because both
contact models are governed by the same NLS equation. However, when the base-
band solutions are studied, the differences in nonlinear terms in (5.96) and (5.130)
are of considerable importance, and there is no solution to (5.130), which is similar
to those obtained for the Benjamin-Ono equation (5.96).

One of the main conclusion to be made is in the fact that, depending upon the type
of the interface contact model, the governing equations possess qualitatively different
travelling wave solutions for nonlinear elastic strains.

5.3.6 On physical experiments in waves in a layered medium

The periodical wave shapes observed in various experiments reported in (Dyakonov
et al. 1988) are surprisingly similar to those calculated above in the framework of
the slippage contact model. It allows the suggestion that in an experiment the full
interface contact, achieved initially due to the metal layer evaporation onto a substrate
during the manufacturing, being subjected to the powerful acoustic pulse loading, is
transformed thereafter to the sliding contact.

Physical applications of this idea to the superconductivity experiments in the thin
lead film coated the LiNbOs substrate (see Dyakonov et al. 1988a,b) can be used to
explain both threshold area variation and control. It was found there, in particular,
that the localized zone of elastic compression in lead results, indeed, in significant
growth of the superconductive threshold zone’s width in the lead layer. Comparing
the periodical wave shapes in Figures 5.11-5.16, one can see that such localized zones
can be observed only in Figure 5.11. The waves shown in the last figures describe the
compression and extension strains of the same magnitudes, and therefore the influence
of compression zone is compensated by the nearest extension zone influence. Moreover
the wave shape, defined experimentally in (Dyakonov et al. 1988b) just before the
layered area, is similar to the B-O periodical wave shape (5.97) (see Figure 5.11).

Therefore, according to the theory developed here, such zones may arise only when
the layer slippage has been taken into account. The dramatic variation of elastic
properties (i.e., in boundary conditions of the problem) of thin nonlinearly elastic
layer could clarify also a film demolition phenomenon from a substrate, observed in
experiments, see (Dyakonov et al. 1988a). The layer thickness-wave length ratio and
the strains in this work were of the same order, then these data satisfy the choice of the
small parameter € introduced above. Only the qualitative estimations for experiments
mentioned were done above, because the Murnaghan moduli values for both lead and
lithium niobate were beyound reach.

The different distances between the interdigital transducer and the layered area
given in (Dyakonov et al. 1988a; 1988b) and in (Cho and Miyagawa, 1993; Nayanov,
1986) may be the main reason of different shapes of the strain waves observed. The
layered area was placed rather far from the transducer in (Dyakonov et al. 1988b),
and the initial powerful harmonic surface acoustic wave has enough time to change its
shape running to the layered area. As a result the wave shape became similar to the
B-O periodical wave shape just before the layer, and may play the role of a suitable
initial condition for generating the B-O wave (5.97) in the layer. On the contrary,
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the layered area is placed almost directly near the transducer in (Cho and Miyagawa,
1993; Nayanov, 1986), therefore a practically undeformed harmonic wave goes to the
layer. That is why the different waves, describing by (5.105) or (5.104), arise, in our
opinion, in these experiments.

Eventually, it seems to be of interest that the Murnaghan moduli values of the
layer influence only on the nonlinear strain wave, when the sliding contact is assumed.

Vice versa, only the Murnaghan moduli values for the half-space define the strain
wave evolution in the full contact problem. At the same time the linear Lamé con-
stants of both the layer and the half-space are included in wave parameters relation-
ships independently of the contact model considered. Therefore the so-called physical
nonlinearity (characterized by any set of the 3d order elastic moduli, e.g., by the
Murnaghan moduli) and geometrical nonlinearity (characterized by the finite elas-
ticity tensor C) play essentially different roles in the elastic wave propagation in a
layered system, depending on the chosen model of a contact.

To sum up, dealing with the long nonlinear wave propagation in a layered elastic
half-space, we have studied two models of nonlinearly elastic layer—half-space contact.

We have shown that the Benjamin-Ono nonlinear equation obtained by means
of the rigorous asymptotic analysis provides a description of longitudinal base-band
nonlinear strain waves, when the contact between the layer and the half-space admits
layer’s sliding. The KdV approach claimed recently in several papers, can hardly be
applicable to this nonlinear elastic wave problem. The envelope waves propagation
may be governed by the NLS equation. Additional conditions were found, under which
the long nonlinear periodical and solitary strain waves may exist in various materials.

For the full contact statement of the problem considered here we have derived the
new complicated integro—differential equation and, pursuing an asymptotic solution
of it, we reduced the problem to the NLS equation, having an envelope solitary strain
wave solution, but not a conventional long nonlinear wave. The elastic compression
area, e.g., responsible for the superconductivity threshold control, does not occur, if
there is no slippage on contact surface.

The envelope wave solutions allows us to describe waves having the shapes similar
to those observed in recent experiments and to propose their theoretical description.

The following description of physics of a wave propagation in layered half-space
seems to be feasible. Being evaporated onto a substrate, the film is in full contact with
a substrate at the beginning. Powerful acoustic loading initiated by transducers leads
to the nonlinear wave propagation, governed by the equation obtained here, that has
a solution in terms of an envelope soliton, in particular. The increase of the acoustic
power leads to the variation of contact type, the slippage occurs, providing some
local compression areas, and this stage is governed by the Benjamin-Ono equation for
nonlinear strains. At this step the superconductivity thershold can be under acoustic
(or, more precisely, elastic strains) control. However, further enhancement of stresses
results in a nonstationary process of contact’s erosion and demolition of a layer.



Chapter 6

Numerical simulation of the
solitary waves in solids

This chapter is devoted to descriptions of various numerical experiments in propaga-
tion and the amplification of the strain solitary wave (soliton) in different nonlinearly
elastic wave guides.

Despite adequate theoretical analysis of generation and propagation of solitary
strain waves in rods and plates, even recently, serious difficulties have been met in
multiple attempts to generate, detect and observe such waves.

We have shown that the strain soliton propagates without change of shape in uni-
form rod, layer or plate, while its shape will vary in presence of inhomogeneities. In
the last case, the amplification or focusing may occur, in other words, the soliton am-
plitude will increase, while its width will decrease simultaneously. Then the localized
area of plasticity and even fracture of a wave guide, may happen to appear. That can
be important for applications and cannot be governed by any linear theory.

In particular, that was one of the reasons for thorough study of both theoretical
statements and possible formal solutions of the problem, together with the estimations
of influence of inhomogeneity, dissipation and types of elastic nonlinearity. Necessary
refinements in the physical model of solitary strain wave propagation in solids were
discussed above; now discussions will be aimed at considering some problems of nu-
merical simulation of non-stationary and complex problems of strain solitary wave in
solids which may hardly be studied analytically.

As we mentioned in the Introduction, to arrange a real physical experiment one
has to estimate a lot of parameters of an incident wave pulse, an influence of inhomo-
geneity, impurity, dissipation, etc.

For this reason, based on the theory developed and experiments performed, the
results of numerical simulation as the cheapest experiment in waves in complex wave
guides will be well based and informative. Possible artifacts can be avoided using
analytical study.

The complete description of a three-dimensional nonlinear wave in continuum is
difficult, which is why initial 3-D problems are usually reduced to the 1-D form in
order to clarify the simplest but qualitatively new analytical solutions. Very often the
linearization of a problem was done, mostly in engineering problems, however, it turns
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out to be unsatisfactory from the genuine physical point of view, because the ratio of
a finite deformation and its linear part is determined by a displacement gradient and
its variation in time, see, e.g., Lurie, (1980); Pleus and Sayir, (1983); Shield, (1983);
Engelbrecht, (1983), etc.

Successful experimental generation of a strain soliton in a rod with permanent or
varying cross section discussed in Chapters 4 and 5 revived the interest to numerical
simulation of strain solitons in complex solids, which may not be studied in another
way up to this date.

In this Chapter we shall deal with numerical simulation of the propagation of a
long nonlinear strain wave in different uniform or inhomogeneous wave guides.

6.1 Numerical simulation of non-stationary
deformation waves

The numerical simulation of nonlinear waves in 141D problem (in rod) will be based
mainly on the dimensionless form of the DDE, which we shall write now as

4(utt — u:mc) = [6u2 + auy — bum} i

where coefficients were scaled in order to avoid a small parameter in simulation. Its
influence can be recovered easily by scaling, while in computations we do not need an
asymptotics. It was shown that this equation has an exact solution in the form of a

solitary wave
u(z,t) = accosh ™2 [— 2 (IE +v1+ a) (6.1)
a—b+ax

which will be the basic one for numerical experiments. The variation of characteristics
of the wave guide results in the DDE with variable coefficients, therefore we consider
also a generalised version of the equation that may be written as

4utt_g($)umm - a(x)uzmtt—i_b(x)umzmm+6($)ummm+d(x)uzmt+F(uau:taumm;“mmm) (62)

where all functions a(z), b(x), d(z),e(z), g(x) continuously depend on z, and residual
term F'(-) does not contain time derivatives. The discretisation of (6.2) yields

Augg (T4, tnt1) — 9 (@) Uaz (Tis tr1) = a(@) Uz (T4 trrr) + 0(T0) Uz (T4, 1) +
e(Zi)Uaz(z) (i, tnt1) + d(Ti) Uz (i, tng1) +
F(U; U(z), UaT) UzT(x); Liy tn+1) (6.3)

where subscripts z, and T, and (z) denote the forward, backward, and separated
finite differences respectively. All approximations of derivatives are calculated in one
grid point (z;,t,41) with no use of the derivatives at the previous steps, and the
approximation accuracy is the same for all terms, therefore the discrete version (6.3)
is self-consistent.



Non-stationary deformations 175

The standard approach to the solution of the discrete version of quasi hyperbolic
nonlinear equation governing the nonlinear wave propagation problem is based, as a
rule, on a solution to the 3-diagonal matrix linear equation

AU = " (6.4)
written for a mesh function U"+! = {u;}"*" = {u (z;,t,41)} with coefficients
AjJ =2 + 4h2/a, Aj,j—l == Aj,j+1 = —1, ] =0...M (65)
and the right hand side term
4h? h27?
n 2 n—1 n n—1 n\2 n
F} =D (uf oz — 2uf ) ——— 4 (uj™" = 2uj)+ 4 [C((“j) ) ez = b (1)az) +4u]-’ﬁ$i|

(6.6)

where subscripts  and T denote forward and backward finite differences, respectively.

The numerical problem (6.4-6.6) is solved as a rule using the Godunov implicit
scheme (Godunov, Ryabenky, 1973). Stability of the approach defines by a relation

A 2h?
0, - i :1+_{>1,a>0
Aj,j—l + Aj7j+1 a <1l,a<0

In the simplest model of strain soliton propagation in the uniform rod a parameter
a o< v* > 0 and therefore the implicit finite difference scheme is stable.

For a model governed by the modified DDE, having different coefficients, one has
axviv—1)<0,box vt >0, and |a] < |b|. In this case Q; < 1 and the scheme
described above diverges, in spite of the fact that we have obtained for the model a
set of various stable analytical solutions, also in form of solitons'.

Therefore it was necessary to modify an approach in order to make a numerical
scheme stable for any set of coefficients. To begin with, we shall rewrite (6.3) as

2a(x) + 7d(x) 4 2a(x)+ 7d(z) 2a(z) + 7d(x)
_—2h27'2 Uit1m+1 T ﬁ + W Uint1 — Wui,l,nﬂ =

- f[ (‘7327 n+1)] + n [u (mi,tn) y U (xi,tn—l)] )

where the new operator £(-) = ¢(2)Dge + 0(2) Dazae + €(2) Dypzy + F(-) contains no
time derivatives, D is the central difference operator, and

1

nl] = ~753 22Uz (T4, tn) — Ugz (T4, 1 1)] —

S 120, ) - u (1, )]

1
ﬁuaﬁ (@i tn1) —

contains the discrete time derivatives at the steps n and n — 1.

Tt is typical for nonlinear dynamics problems and underlines clearly a necessity of analytical
solutions as the ‘check points’ for numerical simulation.
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Now we consider a converging iterative scheme for (6.3) with arbitrary values of
coefficients. The approach is based on an assumption that a solution of (6.2) is a
solution of an equation for u(z,¢;¢) :

pue + 4ty — 9(T)Uze = A(2)Ugztt +b(T) Uszze + €(T)Uzze + A(T)Usat + F (U, Uz, Uzz, Uz ),
(6.7)
stationary with respect to £&. Here p is an artificial dissipation coefficient. Rewiting
the equation as
pug = f(u),

one can easily demonstrate the main idea. For simplest f(u) = u + C(x,t) we have
D(z,t
e :6) = Clat) + oxp |20
p

where D(z,t) is independent of £. Therefore both the collapsing solution for growing
¢ (sgnD(z,t)p = 1) and the stationary one ( u™(z,t,£) = C(z,t) ) may be obtained
using the appropriate sgnp.

The discrete version of (6.7) for successful iterations has the form:

k+1 k 0o ) P (k
Bult ) = € [ulh] 4 n [ue?, )] + Lt (69

where the components of the 3-diagonal matrix B are

2a(x,) + T7d(zp) 4 2a(x,) +71d(z,) p
Bp,p+1 = Bp+1,p == p2h27_2 £ y Dpp = ﬁ + p2h27_2 £ E (6~9)

and ¢ is a mesh size for &, while a superscript (oo ) denotes the limiting value of
iterative sequence. The condition of convergence for the 3-diagonal matrix , according
to (I'yin, 1995) has the form:

(4+p7%/5) W
2a(zp) + Td(xp)

> 0,Vp,

that allows to define p and «:

p=0, 2a(x,) +7d(z,) >0
p < —4s/7%,  2a(z,)+ 1d(z,) <0

and to conclude that the grid size for ¢ is to be ¢ = O(7?). Eventually, we define
r = p/s and obtain a condition for a proper choice of the normalised dissipation
coefficient r:

{ r=0, 2a(z,)+7d(zy) >0

r=—4¢/7* —v, 2a(z,)+ 7d(xp) <0 (6.10)

where any small v lies in the interval 0 < v << 1. Values of r below the limits in
(6.10) result in deterioration of convergence, therefore the scheme proposed is always
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convergent if a solition exists for given r, a(x,), 7, d(x,). Starting values of u for each

step will be
0 o
ugw)l = T(’L )7
because 7 << 1. At each step of £ the system of linear equations with one and the
same matrix B will be solved by means of the LU-decomposition adopted for the
3-diagonal system, as it was proposed in (Godunov, Ryabenky, 1973).

Verification of the simulation routine is based on the conservation laws resulted
from physics and comparison of numeric solution to (6.2) with the soliton (6.1). Op-
timal choice of mesh sizes in x and ¢ is based on the consequent decrease of steps in
them and on the conservation laws. In particular, the mass conservation is enough
for estimation of h, while for 7 the energy conservation law is used. For example, for
the soliton propagation problem in a uniform rod the values h = A/15 , 7 = \/(201})
are good enough (error was less than 1%) for the O(h? 7)— scheme, where \ is a
width of the pulse calculated in its half-height, and the soliton velocity is defined as

Vo=vITa=/( -0/ -a).

The preliminary results of numerical simulation have shown that the mesh of
O(h?, 1) is quite satisfactory for most of calculations, however the scheme with O(h*, 7)
is more effective and reliable for estimation of characteristics of a solitary wave prop-
agating along a wave guide with rapidly varying parameters and/or the varying coef-
ficients of the linear wave operator which requires very small grid size in space.

For numerical simulation of wave processes governed by the equation (6.2) we use
implicit finite difference schemes of orders O(h?, 7) and O(h*, 7) where h is a mesh size
in space and 7 - in time, and the grid is uniform. The DDE, in contrast to the KdV
equation, is quasi hyperbolic and describes a wave motion in two opposite directions,
therefore central differences are used for approximation of derivatives. The schematic
of the grid O(h?,7) is shown in Figure 6.1.

The contunuous boundary conditions for localized solution (6.1) will be changed
in numerical simulation in

w(£L/2) = 0;  ug(£L/2) =0

where L is the length of a wave guide along the wave propagation direction.

To develop the stable scheme for an equation with a < 0, b < 0 and |a| < |b]
we substitute the second derivative in space by means of linear wave operator u,, =
uy + O(€). After substitution of it into the DDE, containing €, and negletion of terms
of O(€?) we obtain the Boussinesq equation of the kind:

4utt — 4:11@1 = [6”2 + |b - a|utt} 2
for which the implicit scheme (6.4-6.6) with new coefficients a — |b —al, b — 0
is always stable. Again € was excluded for simplicity. The difference between an
analytical solution and numerical solution found via this modified scheme will be
comparable with the accuracy of the initial problem statement.
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Figure 6.1: Grid of central differences of O(h?,7)

6.1.1 Parametrisation of the strain solitary wave

To decrease the dimension of the discrimination problem let us consider the para-
metrisation of a strain solitary wave based on the characteristics that were observed
in experiments, see e.g., (Dreiden et al. 1988). Following (Bukhanovsky and Sam-
sonov, 1998), we introduce several quantities defined with respect to the wave profile
function u(x,t):

1) Amplitude of the main pulse as a global maximum of the wave profile:

Ap(t) = max [Ju(x,t)]]. (6.11)

2) Phase shift of the main pulse equal to the difference between the maxima of
both observed and standard (defined for an uniform wave guide) wave profiles:

Ap = {xof u(wo, ) = Ao(t)} - {x Ue(Te, t) = Ae(t)} . (6.12)

3) Characteristic length of the main pulse defined as the distance A = o — 7
where:

T = uil(A0/2), 1 < X, To = Uil(Ao/Q), Ty > Xp. (613)

4) Parameter of ‘peakedness’ of the main pulse, positive for the steeping of the
front slope and negative for the steeping of back one:

9(t) = / w(w, ) — / :2u(x,t)dx. (6.14)
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Figure 6.2: Parametrisation of a solitary wave and shelf behind it. Numbers in the
field denote : 1) and 2) - two consequent solitary waves; 3)- soliton in a uniform rod;
4) - a shelf ; 5) - an oscillating wave package.

Also the auxiliary qualitative characteristics of the wave may be considered:

1) The positive or negative shelf behind the main pulse.

2) The train of secondary strain solitons behind the main pulse.

3) The oscillating wave package behind the main pulse..

4) The reflected oscillating wave package that propagated in inverse direction from
the main pulse.

The parameters of the strain solitary wave are shown schematically in Figure 6.2.

Note that in the figures here and below the thickness of the rod is in no correlation
with the width or any other pulse parameters, otherwise a rod image would be just a
line. The pulse width, in fact, may be equal to dozens of radii of a rod.

The values of the above described parameters depend strongly on the (hyper)elastic
properties of a wave guide and its geometry. It is convenient to define the qualitative
classification for the strain solitary waves in a rod, having a circular cross-section,
based on the behaviour of R(x) as follows:

- Uniform wave guides, having constant properties;

- Geometrically homogeneous wave guides, R(x) — const;

- Wave guides, which cross section area R(x) is monotonously increasing (decreas-
ing);

- Wave guides with the periodic and quasiperiodic cross section area;

- Wave guides, having varying cross section area;

- Complex wave guides with R(x) being a stepwise function;
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- Wave guides, containing insertions with varying cross section area.

In addition, in a real wave guide, the profile of a solitary wave may be different
from any of the above mentioned due to roughness and erosion of the wave guide
surface. The influence of these phenomena are considered separately.

6.2 Solitary waves in a homogeneous rod

Before we start with numerical solutions of complicated soliton propagation problems,
we shall verify the numerical simulation approach by the simplest problem of strain
soliton propagation in a homogeneous wave guide. For the investigation of the non-
stationary process of strain soliton generation the numerical scheme defined in (6.3),
(6.4), (6.8), (6.9) is used.

To begin with, the generation of two strain solitons due to the symmetric decay
of stepwise sharp initial pulse was simulated, as it is shown in Figure 6.3.

The stepwise pulse decay is accompanied by the high frequency oscillating wave
package due to the high gradient values at the boundaries of initial pulse. Due to dis-
persion, the amplitude of oscillating package decreases and the total length increases,
so the mass conservation integral is constant. The stabilization of the amplitude of
the main pulse will not provide a criterion of stationarity because the steady value
of the amplitude appears faster than of the length (see Figure 6.3-1I and III). The
distinctive criterion of stationarity (i.e., the generation of strain soliton) is the soliton
separation from the oscillating package (see Figure 6.3-1I1). The linear wave’s veloc-
ity (a “ tail” behind the soliton) is less than of the main pulse, and the interaction
between the tail and the main pulse becomes negligible after the soliton separation.
Formally it corresponds to the stabilization of the energy conservation integral value.

As well as the KdV equation, the DDE has the multisoliton solutions. The gen-
eration of three-soliton train from a wide initial stepwise pulse is shown in Figure
6.4. The strain solitons generation depends on elasticity of the wave guides, and
primarily, on the balance between dispersion and nonlinearity in order to provide the
stable solitary waves. Without the balance, the initial pulse is transforming into the
package of linear waves due to dispersion, as shown in Figure 6.5 in the problem of
a decay of initial stepwise pulse with the Ay < 0 (extension wave) in the wave guide
with the sgn(b) = —1 (compression solitary wave allowed).

There is no stable wave structure, and the amplitude of the main pulse decreases
monotonously, while the main part of the nonstationary wave has the same velocity
as the oscillating package behind it. Hence, due to continuous interaction between
the main pulse and “a tail” in Figure 6.5-I1I the amplitude of the main pulse becomes
almost equal to the amplitude of oscillations behind it.

One of the distinctive features of soliton solutions is their interaction stability. In
Figures 6.6-6.7, interactions of two different solitons are shown: the head-on collision
and the passing collision. After the interactions, both shape and amplitude of the
solitons remain practically unchanged, however the phase shift and an oscillating
wave package occur behind the solitons, because the DDE is not fully integrable by
the inverse scattering transform method.
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Figure 6.6: Head-on collision of the DDE solitons.
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The energy conservation integral remains practically constant before and after the
solitons collision, however during the interaction its stationarity fails (it increases for
the head-on collision and decreases for passing collision). Hence, as for the KdV
equation (Lamb, 1983), the amplitude of the main pulse in the head-on collision
increases, while it decreases for the passing collision.

For many applications, the interaction of the strain soliton and a linear wave may
be of interest as a demonstration of stability of the strain solitary wave in the interac-
tion with noise signals, e.g., with reflected linear waves in real physical experiments.
We have modelled it as the interaction between the soliton and the part of the steady
harmonic pulse W (z) = «a cos [wz] with no initial velocity and positive mass, as it is
shown in Figure 6.8. After the collision the soliton remains practically unchanged,
but only a weak oscillating package is generated. In the same time the initial steady
harmonic pulse was transformed to the moving train of new small solitons (because
the total mass of the initial pulse is positive) by means of the nonlinear wave “filter”
governed by the DDE.

The parameters of the numerical experiments performed with solitary waves prop-
agating in homogeneous wave guide are shown in Table 6.1.

Table 6.1. Parameters of the numerical simulation of the strain soliton propaga-
tion in the uniform rod.

Figureno. a b L o a«a m(t) Si(t) I

6.3 05 02 200 10 - 60 335 6.0
6.4 05 02 200 10 - 20 124 20
6.5 05 02 200 02 - 04 2.0
6.6 05 02 200 1.0 1.0 358 239 141
6.7 05 02 200 1.0 03 252 134 141
6.8 05 02 200 10 03 1.19 1.41

Here: [ is the length of initial pulse, «; are the amplitudes of the first (and second,
if any) initial pulses, m(t) is the value of the mass integral, S;(t) is the steady value
of the energy integral, a and b are the values of coefficients in the DDE.

6.3 Solitary waves in a nonuniform rod

Let us consider the main features of the strain solitary wave propagation in different
geometrically inhomogeneous wave guides. To begin with, we shall deal with the
solitary waves in wave guides having smoothly varied cross section area.

In Figure 6.9 the soliton propagation is shown in a tapered wave guide, which
radius R(z) decreases linearly, while the polynomial smoothing in the vicinity of a
switching point between uniform and narrowing sections is applied. The condition
S"(z) € C[L] is valid, where L is the total length of the wave guide. The parameters
of the wave guide and the initial pulse are shown in Table 6.2 below.

One can see the steepeness of the front of the soliton propagating in the tapered
rod and smoothness of its back together with an increase of both amplitude and
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Figure 6.9: A soliton focusing in a tapered rod.
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velocity of the soliton (see Figure 6.9.I1I), and a decrease of length of the main pulse,
and the positive shelf generation behind the soliton. The velocity of the shelf wave
is positive much less than the velocity of the soliton. These effects observed in the
numerical simulation were confirmed by means of the experiment.

Vice versa, the back of the soliton propagating in a widening rod ( Figure 6.10) is
steep in comparison to its front, the velocity and amplitude decrease and the length
increases. The negative shelf behind the soliton is generating and due to negative mass
defect is transforming eventually into an oscillating wave package due to dispersion
influence.

Let us consider now the problem of soliton sensitivity to the cyclic variation of R(x)
in order to confirm a resistence of the pulse with respect to it and a recurrence of the
soliton parameters in the homogeneous rod after propagation in the inhomogeneous
one. Geometry of the wave guide and results of numerical simulation are shown in
Figures 6.11-6.12.

It is shown that the double (negative-positive) shelf is generating during the soliton
propagation in the bottleneck-like (narrowing-widening) wave guide. The positive long
strain wave behind a soliton generates due to propagation in a tapered section, the
negative one - in the widening section. The variation of the soliton amplitude in
the uniform section (after this cyclic change of a cross section, see Figure 6.11-I11I) is
negligible in comparison to an amplitude of the initial pulse.

The behaviour of strain wave in widening and narrowing wave guide is quite sim-
ilar, see Figure 6.12. The amplitude of the soliton decreases negligibly, while the
shape of the shelf is opposite with that observed in Figure 6.11. The result of this
study is: propagation of a soliton in a rod with smooth, finite and long variations of
R(z)from and to a given value does not change its amplitude, but only a phase shift
occurs together with small shelf behind of the main pulse. It means that such a wave
guide is transparent for nonlinear localised strain wave. The energy of these elastic
deformations will propagate along the wave guide without considerable losses.

6.4 Solitary waves in complex rods

Now we will consider the simulation of solitary waves propagation in complex wave
guides containing some uniform sections with the different cross sections. Obviously,
the behaviour of the main pulse may be similar to the results obtained for an inho-
mogeneous wave guide with the R”(z) € C[L], however the soliton transition through
a jump in cross section generates the distinctive transient process.

In Figure 6.13 the soliton propagates in a complex rod from the wide section to
the narrow one. Focusing of the soliton may be easily seen, and a small part of the
initial pulse energy is reflecting from the jump in R(x) between sections. The main
pulse is 20% taller in the narrow section, and the train of two solitons occurs.

This is the main difference in comparison with the soliton propagation in a wave
guide with the smoothly varied cross section: instead of a positive shelf wave a new
soliton occurs.

During the soliton transition from the narrow section to the wide one, Figure 6.14
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Figure 6.10: Attenuation of a soliton in a widening rod.
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Figure 6.12: A soliton recurrence in a puffed rod.
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Figure 6.13: A soliton evolution due to transition from thick to thin part of rod.
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its amplitude decreases almost the same 20%, while the second soliton does not occur
- the negative shelf wave decays in the oscillating package due to the dispersion.

The next step is in consideration of the soliton propagation in a complex wave
guide with narrow ( Figure 6.15) or wide ( Figure 6.16) insertion. The simulation
results show the recurrence of both the soliton’s shape and amplitude in the uniform
section of the rod after an insertion, while the phase shift and small plateau behind
the soliton are the only and definite signs of insertion presence. In Table 6.2, the
main parameters of soliton simulation in complex rods are shown, where S; is either
the relative cross section length of the ¢-th uniform section or the length of the end
cross section of smoothly varied rod, L; is the length of the i—th section in parts of
the total length L, and type of a cross section variation is indicated also. Parameters
a and b were described above.

Table 6.2. Parameters of the numerical simulation of strain solitons in smoothly
changing and complex rods.

Figure a b L Type SO Sl SQ Sg LO L1 LQ L3
6.9 0.5 0.2 100 smooth 1.0 02 - — 015 1.00 - —
6.10 0.5 0.2 100 smooth 1.0 30 - — 0.15 1.00 — —
6.11 0.5 0.2 200 smooth 1.0 0.2 1.0 1.0 0.10 0.40 0.70 1.00
6.12 0.5 0.2 200 smooth 1.0 3.0 1.0 1.0 0.10 0.40 0.70 1.00

6.13 05 02 200 step 10 05 - — 030 1.00 — —
6.14 05 02 200 step 10 20 - — 030 1.00 - —
6.15 05 02 200 step 1.0 07 1.0 — 030 055 1.00 -
6.16 05 02 200 step 10 15 1.0 — 030 055 1.00 -

6.4.1 Strain solitons in a rod with the periodically varied
cross section

In previous numerical experiments the strain soliton exhibited very strong resistance
against any attempts to effect to its shape and amplitude, using the wave guide
geometry variations. Only phase shift and shelf generation seems to be the irreversible
signs of pulse penetration inside a rod with complex geometry. In fact, it was quite
predictable, and will be useful for applications, e.g., in strikers.

Now we consider the soliton propagation in wave guides having periodically varied
cross section area (PVCSA), e.g., in screws and similar structures.

Obviously, both processes of focusing and small shelf generation will be periodic
in space, too. Taking into account the irreversibility of the shelf generation it might
be expected that the soliton in the long wave guide with PVCSA would be attenuated
and transformed eventually into a train of linear wave packages.

To study it let us approximate the centred cross section radius by means of equiv-
alent harmonic model (Husu et al., 1975):

2
R(x) = Agcos [lx + goRl . (6.15)
Tr
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In Figures 6.17-6.19 the soliton propagation inside insertions with PVCSA having
different periods (T = 5;10;18.75 \) are shown. Here Ar = 0.1Ry, where Ry is the
average radius of the wave guide.

For each case the soliton propagation through one cycle of the wave guide gen-
erates the positive (for narrowing part) and the negative (for widening part) shelves
consequently that is similar to an oscillating “ tail” . The number of oscillations is
equal to the number of cross section area cycles.

The decrease of the amplitude of soliton due to irreversible losses of the energy for
the shelves generation, as well as of the velocity of the pulse, is recognisable, however
surprisingly small. The negative phase shift A is observed.

It is shown that the less the frequency wi = 2w /Tx of the cross section variation,
the more the decrease of the amplitude and velocity, i.e., the soliton is less sensitive
with respect to the high frequency oscillations of the cross section area. The soliton is
more sensitive to the oscillations of the cross section area, having a period comparable
with a pulse length measured at the half-amplitude level.

The amplitude Ag in (6.15) effects the shape of the solitary wave, too. In Figure
6.18 the solitary wave propagation in a wave guide with Az = 0.8Ry and Ty = 10l
(two times greater than for Figure 6.17) is shown.

It is seen that the phase and amplitude defects are greater, hence, the relative
decay of the soliton is faster.

The amplitude of the main pulse Ay(t) in the wave guide with PVCSA is har-
monically decreasing due to irreversible energy losses in the main pulse and transfer
to the shelves. In Figure 6.20 the space trajectory of the soliton amplitude variation
Ap(t) = u(xo, t) for Figure 6.18, is shown; on can see practically linear decrease of the
trajectory.

The parameters of the numerical simulation are shown in Table 6.3.

Table 6.3. Parameters of the numerical simulation of strain soliton propagation
in the wave guides having the PVCSA.

Figure a b L TR AR ¢R A AO LR/TR
6.17 0.5 0.2 200 5l 012 0 0894 1.0 30
6.18 05 0.2 200 100 012 0 0894 1.0 15
6.19 05 0.2 200 1875 0.12 0 0.894 1.0 8

Here L is the length of the wave guide, Lz /T is the length of PVCSA insertion (as
ratio from the Tx), Ay is the amplitude of initial pulse, all other values were defined
in (6.15).

6.4.2 An example of classification using soliton transforma-
tion
The simple qualitative classification may be done based on the results of numerical

simulation of strain soliton generation and propagation in geometrically inhomoge-
neous wave guides.
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Figure 6.17: A soliton propagation in a rod with periodically varying cross section,

Tr = 5.
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Figure 6.18: A soliton propagation in the same rod for Tk = 10.
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Figure 6.20: Space trajectory of the soliton amplitude variation corresponding to the
soliton propagation in rods with a periodically varied cross section.

The classification allows us to propose the preliminary idea why a wave guide under
consideration belongs among one of the above mentioned classes that were considered

as typical for structural elements.

The characteristics of the strain solitary waves for the different classes of wave
guides are shown in Table 6.4.

Table 6.4. Strain solitary waves parameters for the different classes of wave

guides.
Rod

uniform
narrowing
widening
narrowing insertion
widening insertion
narrowing-widening
widening-narrowing
thick to thin; Fig. 6.13
thin to thick; Fig. 6.14
thin insertion
thick insertion
Rcos(wz), short rod
Rcos(wz), long rod

Ap/Ae

1
>1
<1
>1
<1
<1
<1
>1
<1
<1
<1

?

<1

Abd M

1
<1
>1
<1
>1
<1
>1
<1
>1
<1
>1

1
>1

+ o

+

O~ O oo oo o oo |

presence

of shelf

v

N+ /-

2nd
soliton

co+t+to+t+tocoocoocoococo o

reflection
wave

co+ 4+ 4+ +t+tococoocooco oo

Here the notation “N + /—” is used to note the train of N positive and negative
shelves, 0 means no effect, + means existence of a feature or positive value of a

parameter.
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We can see from Table 6.4 that the set of criteria is enough to provide a hypothesis
about the type of the wave guide for wave guides with the simple geometry only. For
the verification of more complicated hypothesis (e.g., of tentative PVCSA property)
it is necessary to compare the quantitative values of the above mentioned parameters.
These values may be obtained for any particular elastic material by means of the
numerical simulation. Moreover, in practice the additional noise effects may take
place due to erosion and roughness of a wave guide surface. For this case the wave
guide may not be uniquely identified. Moreover, it is important to investigate the
stability of the strain soliton with respect to tentative random variations of the cross
section area.

Following Husu et al. (1975) we shall describe the random roughness of a lateral
surface of the rod by means of the following sum of the function (6.15) and the
Gaussian random process 7(x):

2T
R(z) = Agcos [T—m + QOR:| + n(z). (6.16)
R

To solve the soliton propagation problem in such rod the direct Monte Carlo
simulation method was used which allowed us to obtain the distribution of both
amplitude A and phase ¢ at each time step. Assuming a simple autoregressive
model for simulation of Gaussian process 7(z) is valid

N
n(z) = Om(zik) + 03X,

k=1

where y; € N(0,1) is the Gaussian white noise, the parameters Oy of autoregression
and the white noise variation ai are to be obtained from the Yule-Walker equations:

N
K(X) =Y O1K(Xi), Xi=u,— 2, p—r=1i; i €0,..,
=1

where K(X;_;) is the covariant function of stationary process n(z). The prescribed
condition R"(z) € C[L] is equivalent to the inequality N > 2.

The result of numerical simulation of the soliton propagation in the rod with
randomly disturbed (e.g., due to corrosion) lateral surface seemed to be almost pre-
dictable: the strain soliton decay is very small even for a correlation period equal to
the pulse length A and the recurrence of the soliton takes place when it goes along a
uniform rod after the damaged part. Being a bulk density wave, the strain soliton is
not very sensitive with respect to random disturbances of the lateral surface of the
wave guide even in a long time propagation. However, the phase shift distribution
is more sensitive to random disturbances. To sum up, in contrast to the linear wave
propagation in a rod with randomly damaged lateral surface, the strain soliton does
not have a remarkable decay even for disturbances with a correlation period simi-
lar to the pulse width. Passing on to the uniform rod, the soliton is recovering and
propagating with velocity greater than a velocity of the plateau behind it. The phase
shift may be informative for non-destructive testing of the rod, which lateral surface
is randomly damaged.
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Figure 6.21: Propagation in a randomly corroded rod; soliton remains almost un-
changed.



Conclusive remarks and tentative
applications

Results of our theoretical, numerical and experimental attempts to investigate the
strain solitons in solids allow us to conclude that we observed the main features of
solitary waves, dealing with the long elastic strain waves in solids. = They are:

1. There is no long wave of opposite sign behind a soliton.

* Proved in theory, numerical simulations and experiments with real materials.

2. A solitary wave shape remains permanent when propagating.

* Proved in theory, numerical simulations and experiments with real materials.
It was observed at distances 20-30 times greater than a characteristic size in the
problem, namely, the wave guide radius. Note that linear and even shock waves
disappeared on these distances.

3. A solitary wave is focused in a tapered wave guide.

* Proved in theory, numerical simulations and experiments with real materials.
Amplitude and pulse width are proportional to the wave velocity in contrast to
linear wave parameters. Phase shift keeps the data on wave guide parameters
variation. The experimental arrangement also allowed us to prove the steepening
of wave front and smoothening of its back.

4. A soliton keeps the permanent shape even after a head-on collision
with another soliton.

* Proved in numerical simulations. No interaction was observed with a linear
or shock wave in a head-on collision. A small oscillating tail was recognised
in simulations behind a solitary wave after collision. The study of reflection
allowed the preparation of the experiments in head-on collisions.

We hope for some interesting applications of the nonlinear wave phenomena that
were discussed here. Besides many references already mentioned throughout the book,
we shall mention the influence of nonlinearity of dynamic processes in elasticity dis-
covered in behaviour of various structures. One was mentioned by Coste and Montes
(1986) and Montes (1987). They dealt with optical transmission line and studied the
stimulated Brillouin backscattering (SBS) generated by the coupling of the electro-
magnetic wave A = 1.06m with the thermal acoustic fluctuations of thin optical fiber.
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bulk solitary density wave

strain amplitude Tl

Figure 6.22: The long solitary density wave in a rod.

They observed that a backward elastic wave profile begins with a peak of very large
amplitude followed by several secondary peaks, that the dynamics of the 1st peak is
imsensitive to dissipation and reported the following mechanical effects on the fused
silica fiber: strong electric field Epy5e = 10°V/m provides the pressure p = 200 atm
close to the fiber fracture threshold ey ~ 350 atm. They confirmed that the linear
elasticity theory is not satisfactory, and the elastic compression wave limits the laser
pulse energy used for transmission due to nonlinear elasticity of deformation of thin
glassy and plastic fibers. Another example is reported by Harker (1988) in applica-
tion to non-destructive testing of prolonged pipelines, where it was shown the losses
in signal transmission allowing choise of bulk compression waves, however, such linear
waves will suffer losses of intensity through mode conversion to shear waves at each
reflection. The solitary and other nonlinear bulk waves in solids attracts the growing
interest in applications, see e.g., Babitsky ed., (1998), Engelbrecht (1991), Gurbatov
et al. (1991), Jeffrey and Engelbrecht eds., (1994), Kivshar and Malomed (1989),
Maugin (1988), Mayer (1995), Nesterenko (1992) and many others.

In particular, solitary waves of density may be useful in:

e Nondestructive testing and evaluation to construct macrostructure tests in aero-
space and automotive structures, pipelines, machinery, where ultrasonic measure-
ments could need weeks of work, as well as in various problems of introscopy or the
microstructure tests of ceramics, optical fibres, crystalline, amorphous and glassy sub-
stances, alloys, dislocations and defects.

Vice versa, the solitary strain waves of permanent shape and power are good
candidates for:

e Deformation energy transfer that may be used to improve various anti-shock
structures: small shock can provide a soliton generation and, consequently, a haz-
ardous energy transfer without loss in a working area; or

e Use in shock-transparent materials applicable in chemical reactors and other
places where a reversible energy pulse is necessary to start another process.
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e Evaluation of high order elastic moduli in material sciences because materials be-
haviour is highly nonlinear, essentially under dynamic loading. There is a remarkable
discrepancy between measured, evaluated and predicted values of material constants,
while precise measurements are required to avoid typical errors, which are up to 250%
now.

e Impact manufacturing in engineering and applied physics for the contactless pen-
etration, for design of strikers for hard, resistive and diamond-like materials, plastics
and glass, because the repeated loading is possible without plastic flow of material of
striker.

However, a number of new problems are to be solved in each tentative area of
application. We have to note that the whole story about solitons in solids was based
on proper theoretical concepts. To begin with new problems, it is necessary to develop
the methods to solve nonlinear p.d.e. and corresponding boundary value problems,
to design the 3D simulation and 3D visualization packages of various nonlinear waves
in elastic and viscoelastic solids, to improve the computation methods for elastic
moduli for various crystals, to find solutions to dissipative and non-local nonlinear
wave propagation problems in different wave guides, in crystalline, porous, granular
and amorphous solids.






Appendix

Explicit formuli for invariants and potential energy expressions are widely used for
the statement of problems and in applications. Numerical simulations and/or large
deformation problem statements can be based on the formuli derived below directly.
Analytical approaches require, as a rule, further simplifications.

When torsion may be neglected, invariants of the finite strain tensor C depend on
two displacement components (U, V') and can be written as:

AV UV VOV

L(C)=trC=U, + 5 5t t3 (A1.1)
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These formuli are complete and may be useful for the problem statement when
elastic deformations are relatively large, e.g., as in case of latex, rubber-like materials,
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etc. After the substitution of these values of I;(C), the potential energy expression,
containing two independent displacement components in the 5-constant theory, be-
comes:

A+ 2 2 A
& — _z H U§+(K> + V2 +AUV+uUV+2(U2+V2)+ =V (Us+Vp)
"
A+ 92 A 21 +4 s
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This expression can provide the basis of correct statement of the nonlinear 2D
elastic problems in polar coordinates without torsion.

The theories of rods and of thin plates provide further but different simplifications.

In rod’s theory the simplest relationship V' = —vrU, (the so-called Love hypoth-
esis, mentioned in Chapter 2) and the plane cross section hypothesis lead to simple
expressions for invariants:

1
L(C) = (1= 2v)Us + 5(1 + 20 )U2+—U§x; (A1.5)
2 3,.2 2,.2
L(C) = —v(2-V)U2—v(l—v+AUS+ %(2 AU — %Umem - %Uﬁm
4
VT@%A (AL1.6)

3 3 2 4

I(C) =2U3 + 2(1 21/)U4—Z(2 V)U5+8U6 U2 ”87" U2U2, (AL.7)

Any assumptions on the values of strains were not used above, therefore terms of
different order in strain component U, were collected. It may be useful for problems
in which finite and not necessarily small deformations are to be considered, e.g., for
wave propagation in rubber-like materials.

When not only strains are small enough, U, << 1, but also long waves are con-
sidered, the introduction of a small parameter:

U R?

yields for the Love approximation, written as:
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V =—-vrlU,,

the following values of invariants in dependence of the only component of displace-
ment:

I(0) = e(1 = 20)U, + €*(1 + 201 U2 /2 + *V*r? U2, /2; (A1.9)
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The last terms in [, are not used for the simplest DDE derivation (see Chapter 2)
and are written here for reference. Refinement of the relationship between U and
V' (see Porubov and Samsonov, 1993) based on vanishing components of the Piola-
Kirchhoff stress tensor on the lateral surface of a free rod yields the second term in
the relationship:

V27“3

2(3 - 20)

that leads to the more complicated forms of the one-component invariant expressions:
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1 1 3.2
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Each set of the invariants values provides an equation governing the nonlinear wave
propagation problem under assumptions described above. The DDE for the uniform
wave guide can be written as:
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where the Love hypothesis was used and linear wave velocities are ¢ = E/p, 2 = u/p,
or as:
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o
in correspondence with the refined version of the relationship V(U,).
In the 9-constant Murnaghan’s theory of elasticity of compressible material under

similar assumptions concerning V(U,) we have the new modification of the DDE
containing more complicated nonlinearity:
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where new coeflicients are defined as:
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