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Preface

Scaffolding

Reacting to criticism concerning the lack of motivation in his writings,
Gauss remarked that architects of great cathedrals do not obscure the beauty
of their work by leaving the scaffolding in place after the construction has been
completed. His philosophy epitomized the formal presentation and teaching of
mathematics throughout the nineteenth and twentieth centuries, and it is still
commonly found in mid-to-upper-level mathematics textbooks. The inherent ef-
ficiency and natural beauty of mathematics are compromised by straying too far
from Gauss’s viewpoint. But, as with most things in life, appreciation is gen-
erally preceded by some understanding seasoned with a bit of maturity, and in
mathematics this comes from seeing some of the scaffolding.

Purpose, Gap, and Challenge

The purpose of this text is to present the contemporary theory and applica-
tions of linear algebra to university students studying mathematics, engineering,
or applied science at the postcalculus level. Because linear algebra is usually en-
countered between basic problem solving courses such as calculus or differential
equations and more advanced courses that require students to cope with mathe-
matical rigors, the challenge in teaching applied linear algebra is to expose some
of the scaffolding while conditioning students to appreciate the utility and beauty
of the subject. Effectively meeting this challenge and bridging the inherent gaps
between basic and more advanced mathematics are primary goals of this book.

Rigor and Formalism

To reveal portions of the scaffolding, narratives, examples, and summaries
are used in place of the formal definition—theorem—proof development. But while
well-chosen examples can be more effective in promoting understanding than
rigorous proofs, and while precious classroom minutes cannot be squandered on
theoretical details, I believe that all scientifically oriented students should be
exposed to some degree of mathematical thought, logic, and rigor. And if logic
and rigor are to reside anywhere, they have to be in the textbook. So even when
logic and rigor are not the primary thrust, they are always available. Formal
definition—theorem—proof designations are not used, but definitions, theorems,
and proofs nevertheless exist, and they become evident as a student’s maturity
increases. A significant effort is made to present a linear development that avoids
forward references, circular arguments, and dependence on prior knowledge of the
subject. This results in some inefficiencies—e.g., the matrix 2-norm is presented
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before eigenvalues or singular values are thoroughly discussed. To compensate,
I try to provide enough “wiggle room” so that an instructor can temper the
inefficiencies by tailoring the approach to the students’ prior background.

Comprehensiveness and Flexibility

A rather comprehensive treatment of linear algebra and its applications is
presented and, consequently, the book is not meant to be devoured cover-to-cover
in a typical one-semester course. However, the presentation is structured to pro-
vide flexibility in topic selection so that the text can be easily adapted to meet
the demands of different course outlines without suffering breaks in continuity.
Each section contains basic material paired with straightforward explanations,
examples, and exercises. But every section also contains a degree of depth coupled
with thought-provoking examples and exercises that can take interested students
to a higher level. The exercises are formulated not only to make a student think
about material from a current section, but they are designed also to pave the way
for ideas in future sections in a smooth and often transparent manner. The text
accommodates a variety of presentation levels by allowing instructors to select
sections, discussions, examples, and exercises of appropriate sophistication. For
example, traditional one-semester undergraduate courses can be taught from the
basic material in Chapter 1 (Linear Equations); Chapter 2 (Rectangular Systems
and Echelon Forms); Chapter 3 (Matrix Algebra); Chapter 4 (Vector Spaces);
Chapter 5 (Norms, Inner Products, and Orthogonality); Chapter 6 (Determi-
nants); and Chapter 7 (Eigenvalues and Eigenvectors). The level of the course
and the degree of rigor are controlled by the selection and depth of coverage in
the latter sections of Chapters 4, 5, and 7. An upper-level course might consist
of a quick review of Chapters 1, 2, and 3 followed by a more in-depth treatment
of Chapters 4, 5, and 7. For courses containing advanced undergraduate or grad-
uate students, the focus can be on material in the latter sections of Chapters 4,
5, 7, and Chapter 8 (Perron—Frobenius Theory of Nonnegative Matrices). A rich
two-semester course can be taught by using the text in its entirety.

What Does“Applied” Mean?

Most people agree that linear algebra is at the heart of applied science, but
there are divergent views concerning what “applied linear algebra” really means;
the academician’s perspective is not always the same as that of the practitioner.
In a poll conducted by STAM in preparation for one of the triannual STAM con-
ferences on applied linear algebra, a diverse group of internationally recognized
scientific corporations and government laboratories was asked how linear algebra
finds application in their missions. The overwhelming response was that the pri-
mary use of linear algebra in applied industrial and laboratory work involves the
development, analysis, and implementation of numerical algorithms along with
some discrete and statistical modeling. The applications in this book tend to
reflect this realization. While most of the popular “academic” applications are
included, and “applications” to other areas of mathematics are honestly treated,
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xi

there is an emphasis on numerical issues designed to prepare students to use
linear algebra in scientific environments outside the classroom.

Computing Projects

Computing projects help solidify concepts, and I include many exercises
that can be incorporated into a laboratory setting. But my goal is to write a
mathematics text that can last, so I don’t muddy the development by marrying
the material to a particular computer package or language. I am old enough
to remember what happened to the FORTRAN- and APL-based calculus and
linear algebra texts that came to market in the 1970s. I provide instructors with a
flexible environment that allows for an ancillary computing laboratory in which
any number of popular packages and lab manuals can be used in conjunction
with the material in the text.

History

Finally, I believe that revealing only the scaffolding without teaching some-
thing about the scientific architects who erected it deprives students of an im-
portant part of their mathematical heritage. It also tends to dehumanize mathe-
matics, which is the epitome of human endeavor. Consequently, I make an effort
to say things (sometimes very human things that are not always complimentary)
about the lives of the people who contributed to the development and applica-
tions of linear algebra. But, as I came to realize, this is a perilous task because
writing history is frequently an interpretation of facts rather than a statement
of facts. I considered documenting the sources of the historical remarks to help
mitigate the inevitable challenges, but it soon became apparent that the sheer
volume required to do so would skew the direction and flavor of the text. I can
only assure the reader that I made an effort to be as honest as possible, and
I tried to corroborate “facts.” Nevertheless, there were times when interpreta-
tions had to be made, and these were no doubt influenced by my own views and
experiences.

Supplements

Included with this text is a solutions manual and a CD-ROM. The solutions
manual contains the solutions for each exercise given in the book. The solutions
are constructed to be an integral part of the learning process. Rather than just
providing answers, the solutions often contain details and discussions that are
intended to stimulate thought and motivate material in the following sections.
The CD, produced by Vickie Kearn and the people at STAM, contains the entire
book along with the solutions manual in PDF format. This electronic version
of the text is completely searchable and linked. With a click of the mouse a
student can jump to a referenced page, equation, theorem, definition, or proof,
and then jump back to the sentence containing the reference, thereby making
learning quite efficient. In addition, the CD contains material that extends his-
torical remarks in the book and brings them to life with a large selection of
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portraits, pictures, attractive graphics, and additional anecdotes. The support-
ing Internet site at MatrixAnalysis.com contains updates, errata, new material,
and additional supplements as they become available.

SIAM

I thank the SIAM organization and the people who constitute it (the in-
frastructure as well as the general membership) for allowing me the honor of
publishing my book under their name. I am dedicated to the goals, philosophy,
and ideals of STAM, and there is no other company or organization in the world
that I would rather have publish this book. In particular, I am most thankful
to Vickie Kearn, publisher at SIAM, for the confidence, vision, and dedication
she has continually provided, and I am grateful for her patience that allowed
me to write the book that I wanted to write. The talented people on the STAM
staff went far above and beyond the call of ordinary duty to make this project
special. This group includes Lois Sellers (art and cover design), Michelle Mont-
gomery and Kathleen LeBlanc (promotion and marketing), Marianne Will and
Deborah Poulson (copy for CD-ROM biographies), Laura Helfrich and David
Comdico (design and layout of the CD-ROM), Kelly Cuomo (linking the CD-
ROM), and Kelly Thomas (managing editor for the book). Special thanks goes
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CHAPTER 1

Linear
Equations

1.1 INTRODUCTION

A fundamental problem that surfaces in all mathematical sciences is that of
analyzing and solving m algebraic equations in n unknowns. The study of a
system of simultaneous linear equations is in a natural and indivisible alliance
with the study of the rectangular array of numbers defined by the coefficients of
the equations. This link seems to have been made at the outset.

The earliest recorded analysis of simultaneous equations is found in the
ancient Chinese book Chiu-chang Suan-shu (Nine Chapters on Arithmetic), es-
timated to have been written some time around 200 B.C. In the beginning of
Chapter VIII, there appears a problem of the following form.

Three sheafs of a good crop, two sheafs of a mediocre crop, and
one sheaf of a bad crop are sold for 39 dou. Two sheafs of
good, three mediocre, and one bad are sold for 34 dou; and one
good, two mediocre, and three bad are sold for 26 dou. What is
the price received for each sheaf of a good crop, each sheaf of a
mediocre crop, and each sheaf of a bad crop?

Today, this problem would be formulated as three equations in three un-
knowns by writing

3z 4+ 2y + 2z =39,
20+ 3y + 2z =34,

T+ 2y + 3z = 26,
where =, y,and z represent the price for one sheaf of a good, mediocre, and

bad crop, respectively. The Chinese saw right to the heart of the matter. They
placed the coefficients (represented by colored bamboo rods) of this system in
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a square array on a “counting board” and then manipulated the lines of the
array according to prescribed rules of thumb. Their counting board techniques
and rules of thumb found their way to Japan and eventually appeared in Europe
with the colored rods having been replaced by numerals and the counting board
replaced by pen and paper. In Europe, the technique became known as Gaussian
elimination in honor of the German mathematician Carl Gauss,1 whose extensive
use of it popularized the method.

Because this elimination technique is fundamental, we begin the study of
our subject by learning how to apply this method in order to compute solutions
for linear equations. After the computational aspects have been mastered, we
will turn to the more theoretical facets surrounding linear systems.

Carl Friedrich Gauss (1777-1855) is considered by many to have been the greatest mathemati-
cian who has ever lived, and his astounding career requires several volumes to document. He
was referred to by his peers as the “prince of mathematicians.” Upon Gauss’s death one of
them wrote that “His mind penetrated into the deepest secrets of numbers, space, and nature;
He measured the course of the stars, the form and forces of the Earth; He carried within himself
the evolution of mathematical sciences of a coming century.” History has proven this remark
to be true.
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1.2 GAUSSIAN ELIMINATION AND MATRICES

The problem is to calculate, if possible, a common solution for a system of m
linear algebraic equations in n unknowns

a11ry + a1pr2 + -0 4+ 1T, = b,
a21x1 + axrz + - + ap¥, = b,
Am1T1 + Am2T2 + -+ ApmpTy = bﬂLv

where the x; ’s are the unknowns and the a;; ’s and the b; ’s are known constants.
The a;; ’s are called the coefficients of the system, and the set of b; ’s is referred
to as the right-hand side of the system. For any such system, there are exactly
three possibilities for the set of solutions.

Three Possibilities

e UNIQUE SOLUTION: There is one and only one set of values
for the x;’s that satisfies all equations simultaneously.

e INO SOLUTION: There is no set of values for the z;’s that
satisfies all equations simultaneously—the solution set is empty.

e INFINITELY MANY SOLUTIONS: There are infinitely
many different sets of values for the z;’s that satisfy all equations
simultaneously. It is not difficult to prove that if a system has more
than one solution, then it has infinitely many solutions. For example,
it is impossible for a system to have exactly two different solutions.

Part of the job in dealing with a linear system is to decide which one of these
three possibilities is true. The other part of the task is to compute the solution
if it is unique or to describe the set of all solutions if there are many solutions.
Gaussian elimination is a tool that can be used to accomplish all of these goals.

Gaussian elimination is a methodical process of systematically transform-
ing one system into another simpler, but equivalent, system (two systems are
called equivalent if they possess equal solution sets) by successively eliminating
unknowns and eventually arriving at a system that is easily solvable. The elimi-
nation process relies on three simple operations by which to transform one system
to another equivalent system. To describe these operations, let Fj denote the
kth equation

Ey: apizi +agads + - - + apn®n = by
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and write the system as
Ey
E,
S = )
En
For a linear system S, each of the following three elementary operations
results in an equivalent system S’.

(1) Interchange the i*" and j** equations. That is, if

E1 El
E; E;
S=< ¢ 5, then §&=¢ @ 5. (1.2.1)
E; E;
E, En

(2) Replace the i*" equation by a nonzero multiple of itself. That is,
By
S = a:El- ,  where a #0. (1.2.2)
B,

(3) Replace the j'* equation by a combination of itself plus a multiple of
the ' equation. That is,

Ey

S = : . (1.2.3)
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Providing explanations for why each of these operations cannot change the
solution set is left as an exercise.

The most common problem encountered in practice is the one in which there
are n equations as well as n unknowns—called a square system—for which
there is a unique solution. Since Gaussian elimination is straightforward for this
case, we begin here and later discuss the other possibilities. What follows is a
detailed description of Gaussian elimination as applied to the following simple
(but typical) square system:

2c + y + z = 1,
6r + 2y + 2z = —1, (1.2.4)
2z + 2y + z = T.

At each step, the strategy is to focus on one position, called the pivot po-
sition, and to eliminate all terms below this position using the three elementary
operations. The coefficient in the pivot position is called a pivotal element (or
simply a pivot), while the equation in which the pivot lies is referred to as the
pivotal equation. Only nonzero numbers are allowed to be pivots. If a coef-
ficient in a pivot position is ever 0, then the pivotal equation is interchanged
with an equation below the pivotal equation to produce a nonzero pivot. (This is
always possible for square systems possessing a unique solution.) Unless it is 0,
the first coefficient of the first equation is taken as the first pivot. For example,
the circled (2) in the system below is the pivot for the first step:

@z + y+ 2z = 1,
6r + 2y + z = —1,
2z + 2y + z = 1.

Step 1. Eliminate all terms below the first pivot.

e Subtract three times the first equation from the second so as to produce the
equivalent system:

@z + y+ 2z = 1,
— y — 2z = —4 (E273E1),
2z + 2y + z = T.

e Add the first equation to the third equation to produce the equivalent system:
@z + y+ 2z = 1,
-y — 2z —4,
3y + 2: = 8 (B3+En).
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Step 2. Select a new pivot.

e For the time being, select a new pivot by moving down and to the right. It
this coefficient is not 0, then it is the next pivot. Otherwise, interchange
with an equation below this position so as to bring a nonzero number into
this pivotal position. In our example, —1 is the second pivot as identified

below:
2z + y + z = 1,
@y — 2z = —4,
3y + 2z = 8.

Step 3. Eliminate all terms below the second pivot.

e Add three times the second equation to the third equation so as to produce
the equivalent system:

2z + Yy + oz = 1,
@y — 22 = —4, (1.2.5)
— 4z = —4 (B3 + 3E2).

e In general, at each step you move down and to the right to select the next
pivot, then eliminate all terms below the pivot until you can no longer pro-
ceed. In this example, the third pivot is —4, but since there is nothing below
the third pivot to eliminate, the process is complete.

At this point, we say that the system has been triangularized. A triangular
system is easily solved by a simple method known as back substitution in which
the last equation is solved for the value of the last unknown and then substituted
back into the penultimate equation, which is in turn solved for the penultimate
unknown, etc., until each unknown has been determined. For our example, solve
the last equation in (1.2.5) to obtain

z=1.
Substitute z =1 back into the second equation in (1.2.5) and determine

y=4-22=4-2(1) =2

The strategy of selecting pivots in numerical computation is usually a bit more complicated
than simply using the next coefficient that is down and to the right. Use the down-and-right
strategy for now, and later more practical strategies will be discussed.
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Finally, substitute z = 1 and y = 2 back into the first equation in (1.2.5) to

get

1 1
=—(l-y—-2=-(1-2-1)=-1
v=5(l-y—2)=5( ) ;

which completes the solution.

It should be clear that there is no reason to write down the symbols such
as “x,” “y,” “z,”7 and “=" at each step since we are only manipulating the
coefficients. If such symbols are discarded, then a system of linear equations
reduces to a rectangular array of numbers in which each horizontal line represents

one equation. For example, the system in (1.2.4) reduces to the following array:

2 1 1 1
6 2 1 -1]. (The line emphasizes where = appeared.)
-2 2 1 7

The array of coefficients—the numbers on the left-hand side of the vertical
line—is called the coefficient matrixz for the system. The entire array—the
coefficient matrix augmented by the numbers from the right-hand side of the
system—is called the augmented matrixz associated with the system. If the
coefficient matrix is denoted by A and the right-hand side is denoted by b,
then the augmented matrix associated with the system is denoted by [A|b].

Formally, a scalar is either a real number or a complex number, and a
matriz is a rectangular array of scalars. It is common practice to use uppercase
boldface letters to denote matrices and to use the corresponding lowercase letters
with two subscripts to denote individual entries in a matrix. For example,

a1 ai2 - Q1n

a21 a22 -+ A2n
A = .

Am1 Am?2 o Omn

The first subscript on an individual entry in a matrix designates the row (the
horizontal line), and the second subscript denotes the column (the vertical line)
that the entry occupies. For example, if

3 4
5 =9 y then a11 = 27 a1g9 = 1, ...y, 34 = 7. (126)
3

2
A= 8
-3 7

co O =

A submatriz of a given matrix A is an array obtained by deleting any
2 4
-3 7
submatrix of the matrix A in (1.2.6) because B is the result of deleting the
second row and the second and third columns of A.

combination of rows and columns from A. For example, B = is a
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Matrix A is said to have shape or size m x n—pronounced “m by n”—
whenever A has exactly m rows and n columns. For example, the matrix
in (1.2.6) is a 3 x 4 matrix. By agreement, 1 x 1 matrices are identified with
scalars and vice versa. To emphasize that matrix A has shape m x n, subscripts
are sometimes placed on A as A,,x,. Whenever m =n (i.e., when A has the
same number of rows as columns), A is called a square matriz. Otherwise, A
is said to be rectangular. Matrices consisting of a single row or a single column
are often called row wvectors or column vectors, respectively.

The symbol A, is used to denote the i" row, while A,; denotes the j"
column of matrix A . For example, if A is the matrix in (1.2.6), then

1
A, =(8 6 5 —-9) and An=1[6
8
For a linear system of equations
a;1r1 + a12w2 + o0+ AT, = by,
a2171 + G2w2 + -0+ AT, = by,
Am1®1 + AmoT2 + -+ + Gmn®n = b,

Gaussian elimination can be executed on the associated augmented matrix [A|b]
by performing elementary operations to the rows of [A|b]. These row operations
correspond to the three elementary operations (1.2.1), (1.2.2), and (1.2.3) used
to manipulate linear systems. For an m X n matrix

Ml*
Mi*
M = : ;
M;,
M,
the three types of elementary row operations on M are as follows.
Ml*
M.
e Typel: Interchange rows ¢ and j to produce . (1.2.7)
M'L*
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e Typell: Replace row i by a nonzero multiple of itself to produce
Ml*

aM;, |, where «o#0. (1.2.8)

M,
e Type III: Replace row j by a combination of itself plus a multiple of row
i to produce

Ml*
Mi*
: (1.2.9)
Mj* + OéMi*

M
To solve the system (1.2.4) by using elementary row operations, start with
the associated augmented matrix [A|b] and triangularize the coefficient matrix

A by performing exactly the same sequence of row operations that corresponds
to the elementary operations executed on the equations themselves:

@ 11 1 2 1 1 1
6 2 1 | -1|R—3R, — |0 (D —2 | —4
-2 21 7] Rs+ Ry 0 3 2 8) R3+ 3R,
2 1 1 1
— |0 -1 =2 —4
0o 0 —4 —4
The final array represents the triangular system
2¢ + y + z = 1,
-y — 2z = —4,
— 4z = -4

that is solved by back substitution as described earlier. In general, if an n x n
system has been triangularized to the form

ti1 tiz 0 tin c1
0 tag -+ top 2

: (1.2.10)
0 0 - tun Cn,

in which each ¢;; # 0 (i.e., there are no zero pivots), then the general algorithm
for back substitution is as follows.
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Algorithm for Back Substitution

Determine the z;’s from (1.2.10) by first setting z,, = ¢, /tn, and then
recursively computing

G = — (@& = ool = U lions = < 0 = Un )

1
tii

fori=n—-1,n-2,...,2, 1.

One way to gauge the efficiency of an algorithm is to count the number of
arithmetical operations required.3 For a variety of reasons, no distinction is made
between additions and subtractions, and no distinction is made between multipli-
cations and divisions. Furthermore, multiplications/divisions are usually counted
separately from additions/subtractions. Even if you do not work through the de-
tails, it is important that you be aware of the operational counts for Gaussian
elimination with back substitution so that you will have a basis for comparison
when other algorithms are encountered.

Gaussian Elimination Operation Counts

Gaussian elimination with back substitution applied to an n X n system

requires
n 5 n e .
3 +n — 3 multiplications/divisions
and 5 )
5
% 4 % = Fn additions/subtractions.

As n grows, the n®/3 term dominates each of these expressions. There-
fore, the important thing to remember is that Gaussian elimination with
back substitution on an n x n system requires about n®/3 multiplica-
tions/divisions and about the same number of additions/subtractions.

Operation counts alone may no longer be as important as they once were in gauging the ef-
ficiency of an algorithm. Older computers executed instructions sequentially, whereas some
contemporary machines are capable of executing instructions in parallel so that different nu-
merical tasks can be performed simultaneously. An algorithm that lends itself to parallelism
may have a higher operational count but might nevertheless run faster on a parallel machine
than an algorithm with a lesser operational count that cannot take advantage of parallelism.
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Example 1.2.1

11

Problem: Solve the following system using Gaussian elimination with back sub-

stitution:

v — w = 3
—2u + 4dv — w = ,
—2u 4+ bv — 4w = —2.

Solution: The associated augmented matrix is

0 1 -1 3
-2 4 -1 1
-2 5 -4 -2

Since the first pivotal position contains 0, interchange rows one and two before

eliminating below the first pivot:

Interchange Ri and Ra

©® 1 -1 3 @ 4 -1 1
-2 4 -1 1 _— 01 -1 3
-2 5 —4 -2 -2 5 -4 -2/ Rs— Ry
-2 4 -1 1 -2 4 -1 1
— | 0o @®O -1 3 — | 0 1 -1 3
0 1 -3 -3/ Rs— Ry 0 0 -2 —6
Back substitution yields
—6
’LU—_—2—37
v=3+w=3+3=06,
1 1
u:?2(1—4v+w):—2(1—24+3):10.

Exercisesfor section 1.2

1.2.1. Use Gaussian elimination with back substitution to solve the following

system:
r1+ xo+ w3=1,
Ty + 229 + 223 = 1,
x1 + 229 + 33 = 1.
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1.2.2.

1.2.3.

1.2.4.

1.2.5.

1.2.6.

1.2.7.

Apply Gaussian elimination with back substitution to the following sys-

tem:
2581 — T2 = O,

—r1 + 2w3 — 23 =0,
—x9 4+ x3 = 1.

Use Gaussian elimination with back substitution to solve the following

system:
41‘2 - 3.733 = 3,

—x1 + Txe — by =4,
—x1 + 8xo — 623 = 5.

Solve the following system:

T1+ To+ x3+ x4 =1,
1+ w2+ 3z3+ 314 = 3,
1+ o+ 2x3+ 314 = 3,
T1 + 3xo + 3x3 + 3x4 = 4.

Consider the following three systems where the coefficients are the same
for each system, but the right-hand sides are different (this situation
occurs frequently):

4dr —8y+5z=1(00,

dr —Ty+42=0|1]0,
3r—4y+22=0|0]1.

Solve all three systems at one time by performing Gaussian elimination
on an augmented matrix of the form

[A | 1 | bz | bs].

Suppose that matrix B is obtained by performing a sequence of row
operations on matrix A . Explain why A can be obtained by performing
row operations on B.

Find angles a, 3, and ~ such that
2sina— cosf+ 3tany = 3,
4sina+ 2cosf — 2tany = 2,
6sina—3cosf+ tany =29,

where 0 < a <27, 0<3<2m, and 0 <~y <.
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1.2.8.

1.2.9.

1.2.10.

1.2.11.

The following system has no solution:

—x1 + 3x0 — 223 =1,
—x1 +4xe — 313 = 0,
—x1 + 5xo — 4x3 = 0.

Attempt to solve this system using Gaussian elimination and explain
what occurs to indicate that the system is impossible to solve.

Attempt to solve the system

-1 + 3:172 - 2:E3 = 4,
—x1 +4xe — 313 = 5,
—x1 + bxo — 43 = 6,

using Gaussian elimination and explain why this system must have in-
finitely many solutions.

By solving a 3 x 3 system, find the coefficients in the equation of the
parabola y = a+ Bz +~z? that passes through the points (1,1), (2,2),
and (3,0).

Suppose that 100 insects are distributed in an enclosure consisting of
four chambers with passageways between them as shown below.

1
_#3
| |
1 |
#o T #2
" |
—

At the end of one minute, the insects have redistributed themselves.
Assume that a minute is not enough time for an insect to visit more than
one chamber and that at the end of a minute 40% of the insects in each
chamber have not left the chamber they occupied at the beginning of
the minute. The insects that leave a chamber disperse uniformly among
the chambers that are directly accessible from the one they initially
occupied—e.g., from #3, half move to #2 and half move to #4.
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1.2.12.

1.2.13.

1.2.14.

1.2.15.

1.2.16.

(a) If at the end of one minute there are 12, 25, 26, and 37 insects
in chambers #1, #2, #3, and #4, respectively, determine what
the initial distribution had to be.

(b) If the initial distribution is 20, 20, 20, 40, what is the distribution
at the end of one minute?

Show that the three types of elementary row operations discussed on
p. 8 are not independent by showing that the interchange operation
(1.2.7) can be accomplished by a sequence of the other two types of row
operations given in (1.2.8) and (1.2.9).

Suppose that [A[b] is the augmented matrix associated with a linear
system. You know that performing row operations on [A|b] does not
change the solution of the system. However, no mention of column oper-
ations was ever made because column operations can alter the solution.
(a) Describe the effect on the solution of a linear system when
columns A,; and A, are interchanged.
(b) Describe the effect when column A, is replaced by aA.; for
a#0.
(c) Describe the effect when A,; is replaced by A.; + cA.y.
Hint: Experiment with a 2 x 2 or 3 x 3 system.

Consider the n x n Hilbert matriz defined by

1 1 1
L5 3 m
1 1 1 A S
2 3 1 ntl

H=|1 1 1. 1
3 1 5 nt2
r 1 1 1
n n+1 n+2 2n—1

Express the individual entries h;; in terms of ¢ and j.

Verify that the operation counts given in the text for Gaussian elimi-
nation with back substitution are correct for a general 3 x 3 system.
If you are up to the challenge, try to verify these counts for a general
n X n system.

Explain why a linear system can never have exactly two different solu-
tions. Extend your argument to explain the fact that if a system has more
than one solution, then it must have infinitely many different solutions.
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1.3 GAUSS-JORDAN METHOD

Example 1.3.1

The purpose of this section is to introduce a variation of Gaussian elimination
that is known as the Gauss—Jordan method. ' The two features that dis-
tinguish the Gauss—Jordan method from standard Gaussian elimination are as
follows.

e At each step, the pivot element is forced to be 1.

e At each step, all terms above the pivot as well as all terms below the pivot
are eliminated.

In other words, if

aiy a2 - Qin by
a1 G -+ Q2n by
anl an2 et Ann bn

is the augmented matrix associated with a linear system, then elementary row
operations are used to reduce this matrix to

10 --- 0 S1
o1 --- 0 So
o0 --- 1 Sn

The solution then appears in the last column (i.e., z; = s; ) so that this procedure
circumvents the need to perform back substitution.

Problem: Apply the Gauss—Jordan method to solve the following system:

2x1 + 2x9 4+ 623 = 4,
2:171 + Tro + 7173 = 67
—21‘1 — 61‘2 — 7$3 = -1

Although there has been some confusion as to which Jordan should receive credit for this
algorithm, it now seems clear that the method was in fact introduced by a geodesist named
Wilhelm Jordan (1842-1899) and not by the more well known mathematician Marie Ennemond
Camille Jordan (1838-1922), whose name is often mistakenly associated with the technique, but
who is otherwise correctly credited with other important topics in matrix analysis, the “Jordan
canonical form” being the most notable. Wilhelm Jordan was born in southern Germany,
educated in Stuttgart, and was a professor of geodesy at the technical college in Karlsruhe.
He was a prolific writer, and he introduced his elimination scheme in the 1888 publication
Handbuch der Vermessungskunde. Interestingly, a method similar to W. Jordan’s variation
of Gaussian elimination seems to have been discovered and described independently by an
obscure Frenchman named Clasen, who appears to have published only one scientific article,
which appeared in 1888—the same year as W. Jordan’s Handbuch appeared.
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Solution: The sequence of operations is indicated in parentheses and the pivots
are circled.

@ 2 6 4\ Ry/2 ®» 1 3 2
2 1 7 6 — | 2 1 7 6 | Ry — 2R,
-2 -6 -7 | -1 -2 —6 -7 | —1) R3+2R;
O 1 3] 2 1 1 3 2\ Ri— Ry
— 0 -1 1| 2| (R) — |0 @© -1 | -2
0 -4 -1 3 0 —4 -1 3/ Rsz+ 4Ry
1 0 4 4 1 0 4 4\ Ry —4R;3
— |0 @© -1 | -2 — [0 1 -1 | 2| Ry+Rs
0 0 -5 | =5/ —R3/5 00 @ 1
10 0 0
— |0 1 0 ~1
00 (O 1
I 0
Therefore, the solutionis [ zo | = | —1
T3 1

On the surface it may seem that there is little difference between the Gauss—
Jordan method and Gaussian elimination with back substitution because elimi-
nating terms above the pivot with Gauss—Jordan seems equivalent to performing
back substitution. But this is not correct. Gauss—Jordan requires more arithmetic
than Gaussian elimination with back substitution.

Gauss—-Jordan Operation Counts

For an n x n system, the Gauss—Jordan procedure requires

n® n?

- + = multiplications/divisions
and

n3

n
273 additions/subtractions.

In other words, the Gauss—Jordan method requires about n*/2 multipli-
cations/divisions and about the same number of additions/subtractions.

Recall from the previous section that Gaussian elimination with back sub-
stitution requires only about n3/3 multiplications/divisions and about the same
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number of additions/subtractions. Compare this with the n3/2 factor required
by the Gauss—Jordan method, and you can see that Gauss—Jordan requires about
50% more effort than Gaussian elimination with back substitution. For small sys-
tems of the textbook variety (e.g., n = 3), these comparisons do not show a great
deal of difference. However, in practical work, the systems that are encountered
can be quite large, and the difference between Gauss—Jordan and Gaussian elim-
ination with back substitution can be significant. For example, if n = 100, then
n®/3 is about 333,333, while n3/2 is 500,000, which is a difference of 166,667
multiplications/divisions as well as that many additions/subtractions.

Although the Gauss—Jordan method is not recommended for solving linear
systems that arise in practical applications, it does have some theoretical advan-
tages. Furthermore, it can be a useful technique for tasks other than computing
solutions to linear systems. We will make use of the Gauss—Jordan procedure
when matrix inversion is discussed—this is the primary reason for introducing
Gauss—Jordan.

Exercisesfor section 1.3

1.3.1. Use the Gauss—Jordan method to solve the following system:

4%2 — 3(E3 = 3,
-1 + 7!172 - 5:173 = 4,
—x1 + 8xy — 6x3 = 5.

1.3.2. Apply the Gauss—Jordan method to the following system:

1+ T2+ w3+ x4=1,
r1 + 2x9 + 223 + 224 = 0,
1 + 229 + 323 + 324 = 0,
T1 + 2x9 + 3x3 + 424 = 0.

1.3.3. Use the Gauss—Jordan method to solve the following three systems at

the same time.
2rx1 — X9 =1(0]0,

71‘14’21’271'3:0 1 0,
—x2+x3=0|0]|1.

1.3.4. Verify that the operation counts given in the text for the Gauss—Jordan
method are correct for a general 3 x 3 system. If you are up to the
challenge, try to verify these counts for a general n x n system.
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1.4 TWO-POINT BOUNDARY VALUE PROBLEMS

It was stated previously that linear systems that arise in practice can become
quite large in size. The purpose of this section is to understand why this often
occurs and why there is frequently a special structure to the linear systems that
come from practical applications.

Given an interval [a,b] and two numbers « and [, consider the general
problem of trying to find a function y(t) that satisfies the differential equation

u()y" (&) + oty () +w(y() = £(), where y(a) = a and y(b) = B. (L4.1)

The functions u, v, w, and f are assumed to be known functions on |[a, b].
Because the unknown function y(¢) is specified at the boundary points a and
b, problem (1.4.1) is known as a two-point boundary value problem. Such
problems abound in nature and are frequently very hard to handle because it is
often not possible to express y(t) in terms of elementary functions. Numerical
methods are usually employed to approximate y(t) at discrete points inside
[a,b]. Approximations are produced by subdividing the interval [a,b] into n+1
equal subintervals, each of length h = (b—a)/(n+ 1) as shown below.

h h h
—

I ]

to=a t1:a+h f,'_):ll-'r?h tn:a-i-nh f,n+1:b

Derivative approximations at the interior nodes (grid points) t; = a + ih are
made by using Taylor series expansions y(t) = > pe, y®) (t;)(t —t:)* /k! to write

y// (ti ) h2 y/// (ti ) h3

y(ti + h) = y(t:) + 9 (t:)h +

2! 3!
y”(t-)h2 y///(t_)h?, (1'4'2)
y(t; —h) = y(t;) —y' ()b + 23 - 3; o

and then subtracting and adding these expressions to produce

t; + h) — y(ti — h)
2h

vty =2 o)

and
ti —h) —2y(t;) + y(t; + h)

ey = & s

+0(n"),

where O(hP) denotes® terms containing p*" and higher powers of h. The

Formally, a function f(h) is O(hP) if f(h)/hP remains bounded as h — 0, but f(h)/h?
becomes unbounded if ¢ > p. This means that f goes to zero as fast as hP goes to zero.
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Example 1.4.1

resulting approximations

tz+h)2hy(tz D) and (1) ~ L) 2y}52tz) Fytith) gy
are called centered difference approximations, and they are preferred over
less accurate one-sided approximations such as
Yy (i) = ylti +1) —y(t) h})L y(t:) or Y (t;)~ y(t) —y(t—h) Z(t h).

The value h = (b—a)/(n+ 1) is called the step size. Smaller step sizes pro-
duce better derivative approximations, so obtaining an accurate solution usually
requires a small step size and a large number of grid points. By evaluating the
centered difference approximations at each grid point and substituting the result
into the original differential equation (1.4.1), a system of n linear equations in
n unknowns is produced in which the unknowns are the values y(t;). A simple
example can serve to illustrate this point.

y (1) ~ y(

Suppose that f(¢) is a known function and consider the two-point boundary
value problem

y'() = £(t) on [0,1] with y(0) = y(1) =0.

The goal is to approximate the values of y at n equally spaced grid points
t; interior to [0,1]. The step size is therefore h = 1/(n + 1). For the sake of
convenience, let y; = y(t;) and f; = f(¢;). Use the approximation

Yi-1 — 2Yi + Yin1
i h; i+ ~ y/,(ti) _ fi
along with yo =0 and y,4+1 =0 to produce the system of equations

—Yi1 + 2y — yipg1 = —h:f; fori=1,2,...,n.

(The signs are chosen to make the 2’s positive to be consistent with later devel-
opments.) The augmented matrix associated with this system is shown below:

2 -1 0 -~ 0 0 0| —h*H
-1 2 -1 -« 0 0 0 —h2f,
0 -1 2 -~ 0 0 0 | —h%fs
0 0 0 -~ 2 =1 0 | —h%’fu_s
0 0 0 --- —1 2 —1 | —h*fr
0 0 0 -~ 0 —1 2 | —h%f,

By solving this system, approximate values of the unknown function y at the
grid points ¢; are obtained. Larger values of n produce smaller values of h and
hence better approximations to the exact values of the y; ’s.
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Notice the pattern of the entries in the coefficient matrix in the above ex-
ample. The nonzero elements occur only on the subdiagonal, main-diagonal, and
superdiagonal lines—such a system (or matrix) is said to be tridiagonal. This
is characteristic in the sense that when finite difference approximations are ap-
plied to the general two-point boundary value problem, a tridiagonal system is
the result.

Tridiagonal systems are particularly nice in that they are inexpensive to
solve. When Gaussian elimination is applied, only two multiplications/divisions
are needed at each step of the triangularization process because there is at most
only one nonzero entry below and to the right of each pivot. Furthermore, Gaus-
sian elimination preserves all of the zero entries that were present in the original
tridiagonal system. This makes the back substitution process cheap to execute
because there are at most only two multiplications/divisions required at each
substitution step. Exercise 3.10.6 contains more details.

Exercisesfor section 1.4

1.4.1. Divide the interval [0, 1] into five equal subintervals, and apply the finite
difference method in order to approximate the solution of the two-point
boundary value problem

y"(t) =125t, y(0)=y(1)=0

at the four interior grid points. Compare your approximate values at
the grid points with the exact solution at the grid points. Note: You
should not expect very accurate approximations with only four interior
grid points.

1.4.2. Divide [0, 1] into n+1 equal subintervals, and apply the finite difference
approximation method to derive the linear system associated with the
two-point boundary value problem

1.4.3. Divide [0,1] into five equal subintervals, and approximate the solution
to

y'(t) =y (t) =125,  y(0)=y(1)=0

at the four interior grid points. Compare the approximations with the
exact values at the grid points.
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1.5 MAKING GAUSSIAN ELIMINATION WORK

Now that you understand the basic Gaussian elimination technique, it’s time
to turn it into a practical algorithm that can be used for realistic applications.
For pencil and paper computations where you are doing exact arithmetic, the
strategy is to keep things as simple as possible (like avoiding messy fractions) in
order to minimize those “stupid arithmetic errors” we are all prone to make. But
very few problems in the real world are of the textbook variety, and practical
applications involving linear systems usually demand the use of a computer.
Computers don’t care about messy fractions, and they don’t introduce errors of
the “stupid” variety. Computers produce a more predictable kind of error, called
roundoff error, and it’s importan‘c6 to spend a little time up front to understand
this kind of error and its effects on solving linear systems.

Numerical computation in digital computers is performed by approximating
the infinite set of real numbers with a finite set of numbers as described below.

Floating-Point Numbers
A t-digit, base-3 floating-point number has the form

f::t.dldg-'-dt X,@e with d1 750,

where the base 3, the exponent e, and the digits 0 < d; < g —1
are integers. For internal machine representation, 8 = 2 (binary rep-
resentation) is standard, but for pencil-and-paper examples it’s more
convenient to use B = 10. The value of ¢, called the precision, and
the exponent e can vary with the choice of hardware and software.

Floating-point numbers are just adaptations of the familiar concept of sci-
entific notation where 3 = 10, which will be the value used in our examples. For
any fixed set of values for ¢, [, and ¢, the corresponding set F of floating-
point numbers is necessarily a finite set, so some real numbers can’t be found
in F. There is more than one way of approximating real numbers with floating-
point numbers. For the remainder of this text, the following common rounding
convention is adopted. Given a real number z, the floating-point approximation
fl(z) is defined to be the nearest element in F to x, and in case of a tie we
round away from 0. This means that for ¢-digit precision with g = 10, we need

The computer has been the single most important scientific and technological development
of our century and has undoubtedly altered the course of science for all future time. The
prospective young scientist or engineer who passes through a contemporary course in linear
algebra and matrix theory and fails to learn at least the elementary aspects of what is involved
in solving a practical linear system with a computer is missing a fundamental tool of applied
mathematics.
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to look at digit di4q1 in @ = .didy---didigq -+ X 10¢ (making sure d; # 0) and
then set
.d1d2 te dt x 10¢ if dt+1 < 57
fl(z) = . . .
([.dldg s dt] + 10 ) x 10 if dt+1 > 5.

For example, in 2 -digit, base-10 floating-point arithmetic,
f1(3/80) = f1(.0375) = f1(.375 x 107') = .38 x 10! = .038.

By considering n = 1/3 and ¢ = 3 with t-digit base-10 arithmetic, it’s
easy to see that

fln+&) # flln) + fI(§)  and  fI(ng) # fl(n) f1(S)-

Furthermore, several familiar rules of real arithmetic do not hold for floating-
point arithmetic—associativity is one outstanding example. This, among other
reasons, makes the analysis of floating-point computation difficult. It also means
that you must be careful when working the examples and exercises in this text
because although most calculators and computers can be instructed to display
varying numbers of digits, most have a fixed internal precision with which all
calculations are made before numbers are displayed, and this internal precision
cannot be altered. Almost certainly, the internal precision of your calculator or
computer is greater than the precision called for by the examples and exercises
in this text. This means that each time you perform a t¢-digit calculation, you
should manually round the result to ¢ significant digits and reenter the rounded
number before proceeding to the next calculation. In other words, don’t “chain”
operations in your calculator or computer.

To understand how to execute Gaussian elimination using floating-point
arithmetic, let’s compare the use of exact arithmetic with the use of 3-digit
base-10 arithmetic to solve the following system:

47z + 28y = 19,
89z + 53y = 36.

Using Gaussian elimination with exact arithmetic, we multiply the first equation
by the multiplier m = 89/47 and subtract the result from the second equation

to produce

47 28 ‘ 19

0 -—1/47 1/47 )"
Back substitution yields the ezact solution

r=1 and y=-1.

Using 3-digit arithmetic, the multiplier is

fl(m) = fl (%) =.189 x 10! = 1.89.
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Since

fl (fl(m)fl(47)> = f1(1.89 x 47) = .888 x 10* = 88.8,
fl (fl(m)fl(28)) = f1(1.89 x 28) = .529 x 10 = 52.9,

fl (fl(m)fl(19)> = f1(1.89 x 19) = .359 x 102 = 35.9,

the first step of 3-digit Gaussian elimination is as shown below:

47 28 ’ 19
(fl(89 —88.8) fl(53 — 52.9) f1(36 — 35.9) )

-5 1)

The goal is to triangularize the system—to produce a zero in the circled
(2,1)-position—but this cannot be accomplished with 3-digit arithmetic. Unless
the circled value @ is replaced by 0, back substitution cannot be executed.
Henceforth, we will agree simply to enter 0 in the position that we are trying
to annihilate, regardless of the value of the floating-point number that might
actually appear. The value of the position being annihilated is generally not
even computed. For example, don’t even bother computing

£l [89 — FU(fL(m) FI(AT)) | = F1(89 — 88.8) = .2

in the above example. Hence the result of 3-digit Gaussian elimination for this

example is
47 28 19
( 0 .1 1 ) '

Apply 3-digit back substitution to obtain the 3-digit floating-point solution

y =i (—1) 1,
19 — 28 -9
¢ = fl< — ) — 1l (E) — _191.

The vast discrepancy between the exact solution (1,—1) and the 3-digit
solution (—.191,1) illustrates some of the problems we can expect to encounter
while trying to solve linear systems with floating-point arithmetic. Sometimes
using a higher precision may help, but this is not always possible because on
all machines there are natural limits that make extended precision arithmetic
impractical past a certain point. Even if it is possible to increase the precision, it
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may not buy you very much because there are many cases for which an increase
in precision does not produce a comparable decrease in the accumulated roundoff
error. Given any particular precision (say, t ), it is not difficult to provide exam-
ples of linear systems for which the computed ¢-digit solution is just as bad as
the one in our 3-digit example above.

Although the effects of rounding can almost never be eliminated, there are
some simple techniques that can help to minimize these machine induced errors.

Partial Pivoting

At each step, search the positions on and below the pivotal position for
the coefficient of mazimum magnitude. If necessary perform the appro-
priate row interchange to bring this maximal coeflicient into the pivotal
position. Ilustrated below is the third step in a typical case:

* % % % % *
0 * *x % x *
00 O * * *
00 S x x *
00 S x x *

Search the positions in the third column marked “S” for the coefficient
of maximal magnitude and, if necessary, interchange rows to bring this
coefficient into the circled pivotal position. Simply stated, the strategy
is to maximize the magnitude of the pivot at each step by using only
row interchanges.

On the surface, it is probably not apparent why partial pivoting should
make a difference. The following example not only shows that partial pivoting
can indeed make a great deal of difference, but it also indicates what makes this
strategy effective.

It is easy to verify that the exact solution to the system

—107 Yz 4y =1,

r+y=2,
is given by . L0002
= — d = —. .
Y= To001 MY YT Tooo

If 3-digit arithmetic without partial pivoting is used, then the result is
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—-107* 1 ‘ 1 B e (U ‘ 1
1 1 2 ) Ry + 10*R; 0 10% 104
because
FI1(1 4 10%) = f1(.10001 x 10°) = .100 x 10° = 10* (1.5.1)
and
f1(2 4 10%) = f1(.10002 x 10°) = .100 x 10° = 10%. (1.5.2)

Back substitution now produces

r=0 and y=1.
Although the computed solution for y is close to the exact solution for y, the
computed solution for x is not very close to the exact solution for z—the

computed solution for x is certainly not accurate to three significant figures as
you might hope. If 3-digit arithmetic with partial pivoting is used, then the result

1S
—107% 1 ’ 1 _ | 1 1 ’ 2
1 1 2 —-107% 1 1) Ry +107*R;
(11 2
0 1 1

fI1(14107%) = £1(.10001 x 10') = .100 x 10' =1 (1.5.3)

because

and
fI(1 42 x 107%) = f1(.10002 x 10") = .100 x 10" = 1. (1.5.4)

This time, back substitution produces the computed solution
r=1 and y=1,

which is as close to the exact solution as one can reasonably expect—the com-
puted solution agrees with the exact solution to three significant digits.

Why did partial pivoting make a difference? The answer lies in comparing
(1.5.1) and (1.5.2) with (1.5.3) and (1.5.4).

Without partial pivoting the multiplier is 10, and this is so large that it
completely swamps the arithmetic involving the relatively smaller numbers 1
and 2 and prevents them from being taken into account. That is, the smaller
numbers 1 and 2 are “blown away” as though they were never present so that
our 3-digit computer produces the exact solution to another system, namely,

-107% 1 1
1 0 0)’
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which is quite different from the original system. With partial pivoting the mul-
tiplier is 1074, and this is small enough so that it does not swamp the numbers

1 and 2. In this case, the 3-digit computer produces the ezact solution to the
0 1 1
11 2

In summary, the villain in Example 1.5.1 is the large multiplier that pre-
vents some smaller numbers from being fully accounted for, thereby resulting
in the exact solution of another system that is very different from the original
system. By maximizing the magnitude of the pivot at each step, we minimize
the magnitude of the associated multiplier thus helping to control the growth
of numbers that emerge during the elimination process. This in turn helps cir-
cumvent some of the effects of roundoff error. The problem of growth in the
elimination procedure is more deeply analyzed on p. 348.

When partial pivoting is used, no multiplier ever exceeds 1 in magnitude. To
see that this is the case, consider the following two typical steps in an elimination
procedure:

system ( ) , which is close to the original system. 7

Xk ok ok k * x ok k% ok *
0 * % % x * 0 * *x *x x *
0 0 @ * K * — |0 0 @ * % *
0 0 q =x =« x| Ry— (q/p)Rs 00 0 =« = *
0 0 r =x x x/ Rs— (r/p)Rs 00 0 =« = *

The pivot is p, while ¢/p and r/p are the multipliers. If partial pivoting has
been employed, then |p| > |¢| and |p| > |r| so that

By guaranteeing that no multiplier exceeds 1 in magnitude, the possibility
of producing relatively large numbers that can swamp the significance of smaller
numbers is much reduced, but not completely eliminated. To see that there is
still more to be done, consider the following example.

The exact solution to the system

—10x 4 105y = 10°,
T+ y=2

Answering the question, “What system have I really solved (i.e., obtained the exact solution
of), and how close is this system to the original system,” is called backward error analysis,
as opposed to forward analysis in which one tries to answer the question, “How close will a
computed solution be to the exact solution?” Backward analysis has proven to be an effective
way to analyze the numerical stability of algorithms.
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is given by
1.0002

T = = .
1.0001 1.0001

Suppose that 3-digit arithmetic with partial pivoting is used. Since | — 10| > 1,
no interchange is called for and we obtain

—-10 10° 10° (-1 10° 10°
1 1 2 ) Ry+107'R, 0 10% 10*

because

Y

F1(1 +10% = £1(.10001 x 10°) = .100 x 10° = 10*

and
f1(2 4 10%) = f1(.10002 x 10°) = .100 x 10° = 10*.

Back substitution yields
r=0 and y=1,

which must be considered to be very bad—the computed 3-digit solution for y
is not too bad, but the computed 3-digit solution for z is terrible!

What is the source of difficulty in Example 1.5.27 This time, the multi-
plier cannot be blamed. The trouble stems from the fact that the first equation
contains coefficients that are much larger than the coefficients in the second
equation. That is, there is a problem of scale due to the fact that the coefficients
are of different orders of magnitude. Therefore, we should somehow rescale the
system before attempting to solve it.

If the first equation in the above example is rescaled to insure that the
coefficient of maximum magnitude is a 1, which is accomplished by multiplying
the first equation by 107, then the system given in Example 1.5.1 is obtained,
and we know from that example that partial pivoting produces a very good
approximation to the exact solution.

This points to the fact that the success of partial pivoting can hinge on
maintaining the proper scale among the coefficients. Therefore, the second re-
finement needed to make Gaussian elimination practical is a reasonable scaling
strategy. Unfortunately, there is no known scaling procedure that will produce
optimum results for every possible system, so we must settle for a strategy that
will work most of the time. The strategy is to combine row scaling—multiplying
selected rows by nonzero multipliers—with column scaling—multiplying se-
lected columns of the coefficient matrix A by nonzero multipliers.

Row scaling doesn’t alter the exact solution, but column scaling does—see
Exercise 1.2.13(b). Column scaling is equivalent to changing the units of the
kth unknown. For example, if the units of the k'* unknown x; in [A|b] are
millimeters, and if the k** column of A is multiplied by .001, then the k"
unknown in the scaled system [A | b] is #; = 1000z;, and thus the units of the
scaled unknown Zj become meters.
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Experience has shown that the following strategy for combining row scaling
with column scaling usually works reasonably well.

Practical Scaling Strategy

1. Choose units that are natural to the problem and do not dis-
tort the relationships between the sizes of things. These natural
units are usually self-evident, and further column scaling past
this point is not ordinarily attempted.

2. Row scale the system [A|b] so that the coefficient of maximum
magnitude in each row of A is equal to 1. That is, divide each
equation by the coefficient of maximum magnitude.

Partial pivoting together with the scaling strategy described above
makes Gaussian elimination with back substitution an extremely effec-
tive tool. Over the course of time, this technique has proven to be reliable
for solving a majority of linear systems encountered in practical work.

Although it is not extensively used, there is an extension of partial pivoting
known as complete pivoting which, in some special cases, can be more effective
than partial pivoting in helping to control the effects of roundoff error.

Complete Pivoting

If [A|b] is the augmented matrix at the k' step of Gaussian elimina-
tion, then search the pivotal position together with every position in A
that is below or to the right of the pivotal position for the coefficient
of maximum magnitude. If necessary, perform the appropriate row and
column interchanges to bring the coefficient of maximum magnitude into
the pivotal position. Shown below is the third step in a typical situation:

* k% k¥ *
0 * % * =x *
00 (B S S *

0o s s S *
o0 S S S *

Search the positions marked “.S” for the coeflicient of maximal magni-
tude. If necessary, interchange rows and columns to bring this maximal
coefficient into the circled pivotal position. Recall from Exercise 1.2.13
that the effect of a column interchange in A is equivalent to permuting
(or renaming) the associated unknowns.
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Example 1.5.3

You should be able to see that complete pivoting should be at least as effec-
tive as partial pivoting. Moreover, it is possible to construct specialized exam-
ples where complete pivoting is superior to partial pivoting—a famous example
is presented in Exercise 1.5.7. However, one rarely encounters systems of this
nature in practice. A deeper comparison between no pivoting, partial pivoting,
and complete pivoting is given on p. 348.

Problem: Use 3-digit arithmetic together with complete pivoting to solve the
following system:

T — y= _27
9z + 10y = 12.

Solution: Since 10 is the coefficient of maximal magnitude that lies in the
search pattern, interchange the first and second rows and then interchange the
first and second columns:

1 -1 ~2 -9 10 12
—
(—9 10 ’ 12) ( 1 -1 ’ —2)
(10 -9 12 (10 -9 12
-1 1 —2 0 .1 -8)"

The effect of the column interchange is to rename the unknowns to & and ¢,
where & =y and ¢ = x. Back substitution yields § = —8 and & = —6 so that

r=9y=-8 and y=2=-—6.

In this case, the 3-digit solution and the exact solution agree. If only partial
pivoting is used, the 3-digit solution will not be as accurate. However, if scaled
partial pivoting is used, the result is the same as when complete pivoting is used.

If the cost of using complete pivoting was nearly the same as the cost of using
partial pivoting, we would always use complete pivoting. However, it is not diffi-
cult to show that complete pivoting approximately doubles the cost over straight
Gaussian elimination, whereas partial pivoting adds only a negligible amount.
Couple this with the fact that it is extremely rare to encounter a practical system
where scaled partial pivoting is not adequate while complete pivoting is, and it
is easy to understand why complete pivoting is seldom used in practice. Gaus-
sian elimination with scaled partial pivoting is the preferred method for dense
systems (i.e., not a lot of zeros) of moderate size.
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Exercisesfor section 1.5

Linear Equations

1.5.1. Consider the following system:

1073z —y =1,
z+y=0.

Use 3-digit arithmetic with no pivoting to solve this system.
Find a system that is exactly satisfied by your solution from
part (a), and note how close this system is to the original system.
Now use partial pivoting and 3-digit arithmetic to solve the
original system.

Find a system that is exactly satisfied by your solution from
part (c), and note how close this system is to the original system.
Use exact arithmetic to obtain the solution to the original sys-
tem, and compare the exact solution with the results of parts (a)
and (c).

Round the exact solution to three significant digits, and compare
the result with those of parts (a) and (c).

1.5.2. Consider the following system:

r+  y=3,
—10zx + 10°y = 105,

Use 4-digit arithmetic with partial pivoting and no scaling to
compute a solution.

Use 4-digit arithmetic with complete pivoting and no scaling to
compute a solution of the original system.

This time, row scale the original system first, and then apply
partial pivoting with 4-digit arithmetic to compute a solution.
Now determine the exact solution, and compare it with the re-
sults of parts (a), (b), and (c).

1.5.3. With no scaling, compute the 3-digit solution of

=3z + y=-2
10z -3y =17,

without partial pivoting and with partial pivoting. Compare your results
with the exact solution.
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1.5.4. Consider the following system in which the coefficient matrix is the
Hilbert matrix:

(a)

PRI
T+ -y+-z=<
YT 3F T g
R
2" TV T ATy
(R
—z+-y+-z=_.
3TV TR T

First convert the coefficients to 3-digit floating-point numbers,
and then use 3-digit arithmetic with partial pivoting but with
no scaling to compute the solution.

Again use 3-digit arithmetic, but row scale the coefficients (after
converting them to floating-point numbers), and then use partial
pivoting to compute the solution.

Proceed as in part (b), but this time row scale the coefficients
before each elimination step.

Now use exact arithmetic on the original system to determine
the exact solution, and compare the result with those of parts

(a), (b), and (c).

1.5.5. To see that changing units can affect a floating-point solution, consider
a mining operation that extracts silica, iron, and gold from the earth.
Capital (measured in dollars), operating time (in hours), and labor (in
man-hours) are needed to operate the mine. To extract a pound of silica
requires $.0055, .0011 hours of operating time, and .0093 man-hours of
labor. For each pound of iron extracted, $.095, .01 operating hours, and
.025 man-hours are required. For each pound of gold extracted, $960,
112 operating hours, and 560 man-hours are required.

(a)

Suppose that during 600 hours of operation, exactly $5000 and
3000 man-hours are used. Let z, y, and z denote the number
of pounds of silica, iron, and gold, respectively, that are recov-
ered during this period. Set up the linear system whose solution
will yield the values for z, y, and z.

With no scaling, use 3-digit arithmetic and partial pivoting to
compute a solution (&,7,2) of the system of part (a). Then
approximate the exact solution (z,y, z) by using your machine’s
(or calculator’s) full precision with partial pivoting to solve the
system in part (a), and compare this with your 3-digit solution
by computing the relative error defined by

V-8 + -9+ (=-2°

/1'2 +y2 +22

€r =
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Using 3-digit arithmetic, column scale the coefficients by chang-
ing units: convert pounds of silica to tons of silica, pounds of
iron to half-tons of iron, and pounds of gold to troy ounces of
gold (1 1b. = 12 troy oz.).

Use 3-digit arithmetic with partial pivoting to solve the column
scaled system of part (¢). Then approximate the exact solution
by using your machine’s (or calculator’s) full precision with par-
tial pivoting to solve the system in part (c), and compare this
with your 3-digit solution by computing the relative error e, as
defined in part (b).

1.5.6. Consider the system given in Example 1.5.3.

(a)
(b)

Use 3-digit arithmetic with partial pivoting but with no scaling
to solve the system.

Now use partial pivoting with scaling. Does complete pivoting
provide an advantage over scaled partial pivoting in this case?

1.5.7. Consider the following well-scaled matrix:

(a)

1 0 0 -~ 0 01
-1 1 0 0 0 1
1 -1 1 . 0 01
-1 -1 -1 . 1 0 1
-1 -1 -1 - -1 1 1
-1 -1 -1 -+ -1 -1 1

Reduce W,, to an upper-triangular form using Gaussian elimi-
nation with partial pivoting, and determine the element of max-
imal magnitude that emerges during the elimination procedure.
Now use complete pivoting and repeat part (a).

Formulate a statement comparing the results of partial pivoting
with those of complete pivoting for Wy, and describe the effect
this would have in determining the ¢ -digit solution for a system
whose augmented matrix is [W,, | b].

1.5.8. Suppose that A isan n x n matrix of real numbers that has been scaled
so that each entry satisfies |a;j| < 1, and consider reducing A to tri-
angular form using Gaussian elimination with partial pivoting. Demon-
strate that after k steps of the process, no entry can have a magnitude
that exceeds 2*. Note: The previous exercise shows that there are cases
where it is possible for some elements to actually attain the maximum
magnitude of 2% after k steps.
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16 ILL-CONDITIONED SYSTEMS

Example 1.6.1

Gaussian elimination with partial pivoting on a properly scaled system is perhaps
the most fundamental algorithm in the practical use of linear algebra. However,
it is not a universal algorithm nor can it be used blindly. The purpose of this
section is to make the point that when solving a linear system some discretion
must always be exercised because there are some systems that are so inordinately
sensitive to small perturbations that mo numerical technique can be used with
confidence.

Consider the system
835z + .667y = .168,

333z + .266y = .067,

for which the exact solution is
r=1 and y=-1.

If by = .067 is only slightly perturbed to become by = .066, then the exact
solution changes dramatically to become

T =-666 and ¢ = 834.

This is an example of a system whose solution is extremely sensitive to
a small perturbation. This sensitivity is intrinsic to the system itself and is
not a result of any numerical procedure. Therefore, you cannot expect some
“numerical trick” to remove the sensitivity. If the exact solution is sensitive to
small perturbations, then any computed solution cannot be less so, regardless of
the algorithm used.

[[I-Conditioned Linear Systems

A system of linear equations is said to be ill-conditioned when
some small perturbation in the system can produce relatively large
changes in the exact solution. Otherwise, the system is said to be well-
conditioned.

It is easy to visualize what causes a 2 x 2 system to be ill-conditioned.
Geometrically, two equations in two unknowns represent two straight lines, and
the point of intersection is the solution for the system. An ill-conditioned system
represents two straight lines that are almost parallel.
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If two straight lines are almost parallel and if one of the lines is tilted only
slightly, then the point of intersection (i.e., the solution of the associated 2 x 2

linear system) is drastically altered.
L

Perturbed

~__ Origind Solution
Solution

FIGURE 1.6.1

This is illustrated in Figure 1.6.1 in which line L is slightly perturbed to
become line L’. Notice how this small perturbation results in a large change
in the point of intersection. This was exactly the situation for the system given
in Example 1.6.1. In general, ill-conditioned systems are those that represent
almost parallel lines, almost parallel planes, and generalizations of these notions.

Because roundoff errors can be viewed as perturbations to the original coeffi-
cients of the system, employing even a generally good numerical technique—short
of exact arithmetic—on an ill-conditioned system carries the risk of producing
nonsensical results.

In dealing with an ill-conditioned system, the engineer or scientist is often
confronted with a much more basic (and sometimes more disturbing) problem
than that of simply trying to solve the system. Even if a minor miracle could
be performed so that the exact solution could be extracted, the scientist or
engineer might still have a nonsensical solution that could lead to totally incorrect
conclusions. The problem stems from the fact that the coefficients are often
empirically obtained and are therefore known only within certain tolerances. For
an ill-conditioned system, a small uncertainty in any of the coefficients can mean
an extremely large uncertainty may exist in the solution. This large uncertainty
can render even the exact solution totally useless.

Suppose that for the system
.83bx + .667y = by
.333z + .266y = bo

the numbers b; and by are the results of an experiment and must be read from
the dial of a test instrument. Suppose that the dial can be read to within a
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tolerance of +.001, and assume that values for b; and by are read as . 168 and
. 067, respectively. This produces the ill-conditioned system of Example 1.6.1,
and it was seen in that example that the exact solution of the system is

However, due to the small uncertainty in reading the dial, we have that
167 <bp <.169  and 066 < by < .068. (1.6.2)

For example, this means that the solution associated with the reading (b1,b2) =
(.168,.067) is just as valid as the solution associated with the reading (b1,bs) =
(.167,.068), or the reading (b1,b2) = (.169,.066), or any other reading falling
in the range (1.6.2). For the reading (b1,b2) = (.167,.068), the exact solution is

(z,y) = (934, —1169), (1.6.3)
while for the other reading (b1,b2) = (.169,.066), the exact solution is
(x,y) = (—932,1167). (1.6.4)

Would you be willing to be the first to fly in the plane or drive across the bridge
whose design incorporated a solution to this problem? I wouldn’t! There is just
too much uncertainty. Since no one of the solutions (1.6.1), (1.6.3), or (1.6.4)
can be preferred over any of the others, it is conceivable that totally different
designs might be implemented depending on how the technician reads the last
significant digit on the dial. Due to the ill-conditioned nature of an associated
linear system, the successful design of the plane or bridge may depend on blind
luck rather than on scientific principles.

Rather than trying to extract accurate solutions from ill-conditioned sys-
tems, engineers and scientists are usually better off investing their time and re-
sources in trying to redesign the associated experiments or their data collection
methods so as to avoid producing ill-conditioned systems.

There is one other discomforting aspect of ill-conditioned systems. It con-
cerns what students refer to as “checking the answer” by substituting a computed
solution back into the left-hand side of the original system of equations to see
how close it comes to satisfying the system—that is, producing the right-hand
side. More formally, if

re=(& & - &)

is a computed solution for a system

a11x1 + apry + -0 4+ a1pTp = by,

a21x1 + axrz + -+ 4+ apTn, = by,

an1T1 + Gp2T2 + -+ + AppTn = bna
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then the numbers
ri =a;1§1 +apf+ -+ améy —b; fori=1,2,...,n

are called the residuals. Suppose that you compute a solution z. and substitute
it back to find that all the residuals are relatively small. Does this guarantee that
x. is close to the exact solution? Surprisingly, the answer is a resounding “no!”
whenever the system is ill-conditioned.

For the ill-conditioned system given in Example 1.6.1, suppose that somehow
you compute a solution to be

£ =666 and & =834

If you attempt to “check the error” in this computed solution by substituting it
back into the original system, then you find—using exact arithmetic—that the
residuals are

.835&1 4 .667&, — 168 = 0,

333€1 + .266&5 — .067 = —.001.

1

T2

That is, the computed solution (—666,834) ezxactly satisfies the first equation
and comes very close to satisfying the second. On the surface, this might seem to
suggest that the computed solution should be very close to the exact solution. In
fact a naive person could probably be seduced into believing that the computed
solution is within £.001 of the exact solution. Obviously, this is nowhere close
to being true since the exact solution is

r=1 and y=-1.

This is always a shock to a student seeing this illustrated for the first time because
it is counter to a novice’s intuition. Unfortunately, many students leave school
believing that they can always “check” the accuracy of their computations by
simply substituting them back into the original equations—it is good to know
that you’re not among them.

This raises the question, “How can I check a computed solution for accu-
racy?” Fortunately, if the system is well-conditioned, then the residuals do indeed
provide a more effective measure of accuracy (a rigorous proof along with more
insight appears in Example 5.12.2 on p. 416). But this means that you must be
able to answer some additional questions. For example, how can one tell before-
hand if a given system is ill-conditioned? How can one measure the extent of
ill-conditioning in a linear system?

One technique to determine the extent of ill-conditioning might be to exper-
iment by slightly perturbing selected coefficients and observing how the solution
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changes. If a radical change in the solution is observed for a small perturbation
to some set of coeflicients, then you have uncovered an ill-conditioned situation.
If a given perturbation does not produce a large change in the solution, then
nothing can be concluded—perhaps you perturbed the wrong set of coefficients.

By performing several such experiments using different sets of coefficients, a
feel (but not a guarantee) for the extent of ill-conditioning can be obtained. This
is expensive and not very satisfying. But before more can be said, more sophisti-
cated tools need to be developed—the topics of sensitivity and conditioning are
revisited on p. 127 and in Example 5.12.1 on p. 414.

Exercisesfor section 1.6

1.6.1. Consider the ill-conditioned system of Example 1.6.1:

835z + .667y = .168,
333z + .266y = .067.

(a) Describe the outcome when you attempt to solve the system
using 5-digit arithmetic with no scaling.

(b) Again using 5-digit arithmetic, first row scale the system before
attempting to solve it. Describe to what extent this helps.

(¢) Now use 6-digit arithmetic with no scaling. Compare the results
with the exact solution.

(d) Using 6-digit arithmetic, compute the residuals for your solution
of part (c), and interpret the results.

(e) For the same solution obtained in part (c), again compute the
residuals, but use 7-digit arithmetic this time, and interpret the
results.

(f) Formulate a concluding statement that summarizes the points
made in parts (a)—(e).

1.6.2. Perturb the ill-conditioned system given in Exercise 1.6.1 above so as to
form the following system:

835z + .667y = .1669995,
333z + .266y = .066601.

(a) Determine the exact solution, and compare it with the exact
solution of the system in Exercise 1.6.1.

(b) On the basis of the results of part (a), formulate a statement
concerning the necessity for the solution of an ill-conditioned
system to undergo a radical change for every perturbation of
the original system.
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1.6.3. Consider the two straight lines determined by the graphs of the following
two equations:

.835z + .667y = .168,
333z + .266y = .067.

(a) Use 5-digit arithmetic to compute the slopes of each of the lines,
and then use 6-digit arithmetic to do the same. In each case,
sketch the graphs on a coordinate system.

(b) Show by diagram why a small perturbation in either of these
lines can result in a large change in the solution.

(c) Describe in geometrical terms the situation that must exist in
order for a system to be optimally well-conditioned.

1.6.4. Using geometric considerations, rank the following three systems accord-

ing to their condition.
1.00lz —y = .235,
(@) .+ o001y = 765, () 24 9999y

(¢ L00lzy = 235,
z +.9999y = .765.

1.001z —y = .235,
765.

1.6.5. Determine the exact solution of the following system:

8xr + dy+ 2z=15,
21z + 19y + 16z = 56,
392 + 48y + 53z = 140.

Now change 15 to 14 in the first equation and again solve the system
with exact arithmetic. Is the system ill-conditioned?

1.6.6. Show that the system

v—w—zxz—y—z=0,
w—z—y—2z2=0,
r—y—z=0,
y—2=0,

z =1,
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is ill-conditioned by considering the following perturbed system:

v—w—x—y—2z2=0,

1

——v+tw—-—z—y—2=0,

15

1
——v+r—y—2z=0,

15

1
——v+y—2z2=0,

15

——v+z=1.

1.6.7. Let f(z)=sinmx on [0,1]. The object of this problem is to determine
the coefficients «; of the cubic polynomial

3
p(x) = Z ;'
=0

that is as close to f(z) as possible in the sense that

1
r = / (@) — p(x)Pde

:/Ol[f(x)]de—2§%ai/olxif(x)da:+/ol <gaixi>2dx

is as small as possible.

(a) In order to minimize r, impose the condition that dr/da; =0
for each i =0,1,2,3, and show this results in a system of linear
equations whose augmented matrix is [Hy | b], where Hy and

b are given by

1
L3
11
2 3

H, —

11
3 4
11
4 5

W=

1
1
1
5

1
6

= W=

o=

1

7

and b=

3o

A=

1=
I

4
w3

6
3

=

Any matrix H, that has the same form as Hjy is called a

Hilbert matriz of order n.

(b) Systems involving Hilbert matrices are badly ill-conditioned,
and the ill-conditioning becomes worse as the size increases. Use
exact arithmetic with Gaussian elimination to reduce Hy4 to tri-
angular form. Assuming that the case in which n = 4 is typical,
explain why a general system [Hy | b] will be ill-conditioned.
Notice that even complete pivoting is of no help.



CHAPTER 2

Rectangular Systems

and
Echelon Forms

21 ROW ECHELON FORM AND RANK

We are now ready to analyze more general linear systems consisting of m linear
equations involving n unknowns

a1y + appr2 + -0 4+ 1T, = by,
a1 + GT2 + - 4+ a®Tn = b,
Am1T1 + Am2T2 + -+ AppTy, = bma

where m may be different from n. If we do not know for sure that m and n
are the same, then the system is said to be rectangular. The case m = n is
still allowed in the discussion—statements concerning rectangular systems also
are valid for the special case of square systems.

The first goal is to extend the Gaussian elimination technique from square
systems to completely general rectangular systems. Recall that for a square sys-
tem with a unique solution, the pivotal positions are always located along the
main diagonal—the diagonal line from the upper-left-hand corner to the lower-
right-hand corner—in the coefficient matrix A so that Gaussian elimination
results in a reduction of A to a triangular matrix, such as that illustrated
below for the case n = 4:
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Remember that a pivot must always be a nonzero number. For square sys-
tems possessing a unique solution, it is a fact (proven later) that one can al-
ways bring a nonzero number into each pivotal position along the main diag-
onal. °® However, in the case of a general rectangular system, it is not always
possible to have the pivotal positions lying on a straight diagonal line in the
coefficient matrix. This means that the final result of Gaussian elimination will
not be triangular in form. For example, consider the following system:

T1+ 229+ x3+ 314+ 35 =5,
2x1 + 4xo + 4x4 + 4a5 = 6,
Ty + 229 + 3x3 + d5xy + b5 =9,
2x1 + 4xo +4xy 4+ Tes = 9.

Focus your attention on the coefficient matrix

: (2.1.1)

N = N
I OIS
O W o
= O e W
N U W

and ignore the right-hand side for a moment. Applying Gaussian elimination to
A yields the following result:

® 21 3 3 1 2 1 3 3
2 4044 |0 © -2 -2 -2
1 2355 o0 2 2 2
2 4 0 47 0 0 -2 -2 1

In the basic elimination process, the strategy is to move down and to the right
to the next pivotal position. If a zero occurs in this position, an interchange with
a row below the pivotal row is executed so as to bring a nonzero number into
the pivotal position. However, in this example, it is clearly impossible to bring
a nonzero number into the (2,2)-position by interchanging the second row with
a lower row.

In order to handle this situation, the elimination process is modified as
follows.

This discussion is for exact arithmetic. If floating-point arithmetic is used, this may no longer
be true. Part (a) of Exercise 1.6.1 is one such example.
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Example2.1.1

M odified Gaussian Elimination

Suppose that U is the augmented matrix associated with the system
after ¢ — 1 elimination steps have been completed. To execute the "
step, proceed as follows:

e Moving from left to right in U , locate the first column that contains
a nonzero entry on or below the i*" position—say it is U,;.

th step is the (4,j)-position.

e The pivotal position for the 7

e If necessary, interchange the i*" row with a lower row to bring a
nonzero number into the (¢, ) -position, and then annihilate all en-
tries below this pivot.

e Ifrow U;, as well as all rows in U below U;, consist entirely of
zeros, then the elimination process is completed.

Mlustrated below is the result of applying this modified version of Gaussian
elimination to the matrix given in (2.1.1).

Problem: Apply modified Gaussian elimination to the following matrix and
circle the pivot positions:

1 2133
2 4 0 4 4
A=11235 5
2 4 0 47
Solution:
®» 21 3 3 2 1 3 3
2 4 0 4 4 0 0 @ —2 -2
—
1 2355 o0 2 2 2
2 4 0 47 0 0 —2 -2 1
®» 2 1 3 3 ®» 2 1 3 3
0 0 @ -2 -2 0 0 @ -2 -2
1o oo o @ |loo o 0o ®
0o 0 0 0 3 0O 0 0 0 O
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Notice that the final result of applying Gaussian elimination in the above
example is not a purely triangular form but rather a jagged or “stair-step” type
of triangular form. Hereafter, a matrix that exhibits this stair-step structure will
be said to be in row echelon form.

Row Echelon Form

An m x n matrix E with rows E;, and columns E,; is said to be in
row echelon form provided the following two conditions hold.

e If E;, consists entirely of zeros, then all rows below E;, are also
entirely zero; i.e., all zero rows are at the bottom.

e If the first nonzero entry in E;, lies in the j** position, then all
entries below the it" position in columns E,q, E,»,...,E,; are zero.

These two conditions say that the nonzero entries in an echelon form
must lie on or above a stair-step line that emanates from the upper-
left-hand corner and slopes down and to the right. The pivots are the
first nonzero entries in each row. A typical structure for a matrix in row
echelon form is illustrated below with the pivots circled.

@ * ok * % % *
00 ® o % o« &
00 01® * = *
0 0 0 0 00!® =
0 0 0 0 00 0 0
0O 0 0 0 00 0 0

Because of the flexibility in choosing row operations to reduce a matrix A
to a row echelon form E, the entries in E are not uniquely determined by A.
Nevertheless, it can be proven that the “form” of E is unique in the sense that
the positions of the pivots in E (and A) are uniquely determined by the entries
in A .° Because the pivotal positions are unique, it follows that the number of
pivots, which is the same as the number of nonzero rows in E, is also uniquely
determined by the entries in A . This number is called the rank 0 of A, and it

The fact that the pivotal positions are unique should be intuitively evident. If it isn’t, take the
matrix given in (2.1.1) and try to force some different pivotal positions by a different sequence
of row operations.

The word “rank” was introduced in 1879 by the German mathematician Ferdinand Georg
Frobenius (p. 662), who thought of it as the size of the largest nonzero minor determinant
in A. But the concept had been used as early as 1851 by the English mathematician James
J. Sylvester (1814-1897).
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Example2.1.2

is extremely important in the development of our subject.

Rank of a Matrix

Suppose A,,x, is reduced by row operations to an echelon form E.
The rank of A is defined to be the number

rank (A) = number of pivots

number of nonzero rows in E

= number of basic columns in A,

where the basic columns of A are defined to be those columns in A
that contain the pivotal positions.

Problem: Determine the rank, and identify the basic columns in

1 2 1 1
A=12 4 2 2
3 6 3 4

Solution: Reduce A to row echelon form as shown below:

2 1 1 O 21 1 ®» 21 1
4 2 2—10 00 ©@©|—10 00 @O]=E
6 3 4 0 00 1 0 00 0

Consequently, rank (A) = 2. The pivotal positions lie in the first and fourth
columns so that the basic columns of A are A,; and A,s;. That is,

1 1
Basic Columns = 21, 2
3 4

Pay particular attention to the fact that the basic columns are extracted from
A and not from the row echelon form E.
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Exercisesfor section 2.1

Rectangular Systems and Echelon Forms

2.1.1.

2.1.2.

2.1.3.

2.1.4.

2.1.5.

2.1.6.

Reduce each of the following matrices to row echelon form, determine
the rank, and identify the basic columns.

(a)

NN =

2 1 1 30 41
12 3
233\ f2es) 0T T 0
46 9| |26 0| (o)
6 o6 Lo s 6 34 81 95
5 8 ¢ 003 -30 03
8 4 2 14 1 13 3

Determine which of the following matrices are in row echelon form:

(a)

()

12 3 000 0

004|. ® o100

010 000 1

5 9 3 4 120010
0007100

007 -8].

00 0 1 000001
00000 0O0

Suppose that A is an m X n matrix. Give a short explanation of why
each of the following statements is true.

rank (A) < min{m,n}.

rank (A) < m if one row in A is entirely zero.
rank (A) < m if one row in A is a multiple of another row.
rank (A) < m if one row in A is a combination of other rows.
rank (A) < n if one column in A is entirely zero.

d 2 3

4 5 6

7.8 901

Use exact arithmetic to determine rank (A).

Now use 3-digit floating-point arithmetic (without partial piv-
oting or scaling) to determine rank (A). This number might be
called the “3-digit numerical rank.”

What happens if partial pivoting is incorporated?

How many different “forms” are possible for a 3 x 4 matrix that is in
row echelon form?

Suppose that [A|b] is reduced to a matrix [E|c].

()
(b)

Is [E|c] in row echelon form if E is?
If [E|c] is in row echelon form, must E be in row echelon form?
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2.2 REDUCED ROW ECHELON FORM

Example 2.2.1

At each step of the Gauss—Jordan method, the pivot is forced to be a 1, and then
all entries above and below the pivotal 1 are annihilated. If A is the coefficient
matrix for a square system with a unique solution, then the end result of applying
the Gauss—Jordan method to A is a matrix with 1’s on the main diagonal and
0’s everywhere else. That is,

Gauss—Jordan 0 1 e 0
00 - 1

But if the Gauss—Jordan technique is applied to a more general m X n matrix,
then the final result is not necessarily the same as described above. The following
example illustrates what typically happens in the rectangular case.

Problem: Apply Gauss—Jordan elimination to the following 4 x 5 matrix and
circle the pivot positions. This is the same matrix used in Example 2.1.1:

1 213 3
2 4 0 4 4
A=11 235 5
2 4 0 47
Solution:
® 21 3 3 2 1 3 3 ® 2 1 3 3
2 4044) [0 0 @-2-2) 00 @® 11
1 2355 o0 2 2 2 0 0 2 2 2
2 4 0 47 0 0 —2 —2 1 0 0 —2 -2 1
O 2 0 2 2 O 2 0 2 2 O 2 0 2 2
00 @ 1 1 00 1 1 00 1 1
_’0000@_’(0000@_’0000@
0 0 0 0 3 0 0 0 0 0 0 0 0 0 0
® 2 0 2 0
00 ® 1 0
“lo o 0 0o @®
0 0 0 0 0
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Compare the results of this example with the results of Example 2.1.1, and
notice that the “form” of the final matrix is the same in both examples, which
indeed must be the case because of the uniqueness of “form” mentioned in the
previous section. The only difference is in the numerical value of some of the
entries. By the nature of Gauss—Jordan elimination, each pivot is 1 and all entries
above and below each pivot are 0. Consequently, the row echelon form produced
by the Gauss—Jordan method contains a reduced number of nonzero entries, so
it seems only natural to refer to this as a reduced row echelon form. H

Reduced Row Echelon Form

A matrix E,,«, is said to be in reduced row echelon form provided
that the following three conditions hold.
e E is in row echelon form.

e The first nonzero entry in each row (i.e., each pivot) is 1.
e All entries above each pivot are 0.

A typical structure for a matrix in reduced row echelon form is illustrated
below, where entries marked * can be either zero or nonzero numbers:

coococo®
coooo %
cooco@o
coo@oo
co o % % %
co o x % %
co(@ooco
O O ¥ ¥ ¥ *

As previously stated, if matrix A is transformed to a row echelon form
by row operations, then the “form” is uniquely determined by A, but the in-
dividual entries in the form are not unique. However, if A is transformed by
row operations to a reduced row echelon form Ep, then it can be shown ' that
both the “form” as well as the individual entries in Ea are uniquely determined
by A. In other words, the reduced row echelon form Ea produced from A is
independent of whatever elimination scheme is used. Producing an unreduced
form is computationally more efficient, but the uniqueness of Ea makes it more
useful for theoretical purposes.

In some of the older books this is called the Hermite normal form in honor of the French
mathematician Charles Hermite (1822-1901), who, around 1851, investigated reducing matrices
by row operations.

A formal uniqueness proof must wait until Example 3.9.2, but you can make this intuitively
clear right now with some experiments. Try to produce two different reduced row echelon forms
from the same matrix.
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Example 2.2.2

EA Notation

For a matrix A, the symbol Ea will hereafter denote the unique re-
duced row echelon form derived from A by means of row operations.

Problem: Determine Ea, deduce rank (A), and identify the basic columns of

1 22 3 1
2 4 4 6 2
A=13 66 9 6
1 2 45 3
Solution:
O 22 31 ®» 2 2 31 O 2 2 31
2 4462 [0 0@O00)_ [0 0O 22
3 6 6 9 6 0 0 0 0 3 0 0 0 0 3
1 2 4 5 3 0 0 2 2 2 0 0 0 00
O 2 2 31 ® 2 0 1 -1
00 11 00 @O 1 1
H00003H0000@)
00 0 00 00 0 0 0
®» 2 0 1 -1 ® 2 0 1 0
(00 @®1 1) o0 O®10
0o 0o 0 0 (@ 00 0 0
00 0 0 O 00 0 0 0

Therefore, rank (A) =3, and {A.1, A3, A5} are the three basic columns.

The above example illustrates another important feature of E5p and ex-
plains why the basic columns are indeed “basic.” Each nonbasic column is ex-
pressible as a combination of basic columns. In Example 2.2.2,

A*Q = 2A*1 and A*4 = A*l + A*3. (221)
Notice that exactly the same set of relationships hold in E5. That is,
E*Q == 2E*1 and E*4 = E*l + E*g. (222)

This is no coincidence—it’s characteristic of what happens in general. There’s
more to observe. The relationships between the nonbasic and basic columns in a
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general matrix A are usually obscure, but the relationships among the columns
in Ea are absolutely transparent. For example, notice that the multipliers used
in the relationships (2.2.1) and (2.2.2) appear explicitly in the two nonbasic
columns in Ea —they are just the nonzero entries in these nonbasic columns.
This is important because it means that Ea can be used as a “map” or “key”
to discover or unlock the hidden relationships among the columns of A .

Finally, observe from Example 2.2.2 that only the basic columns to the left
of a given nonbasic column are needed in order to express the nonbasic column
as a combination of basic columns—e.g., representing A.s requires only A,
and not A,3 or A,s, while representing A,, requires only A,; and A,s.
This too is typical. For the time being, we accept the following statements to be
true. A rigorous proof is given later on p. 136.

Column Relationshipsin A and E,

e Fach nonbasic column E,; in Ea is a combination (a sum of mul-
tiples) of the basic columns in Ea to the left of E,;. That is,

Eix = p1Eup, + p2Bsp, + -+ + By,

1 0 0 151
0 1 0 M2
=g Tr| g+l = |,
0 0 0 0

where the E,;,’s are the basic columns to the left of E,; and where
the multipliers p; are the first j entries in E,g.

e The relationships that exist among the columns of A are exactly
the same as the relationships that exist among the columns of Ex.
In particular, if A,; is a nonbasic column in A | then

A = ,UflA*bl + ,LI‘QA-*bz +- 4+ /"LjA*bj3 (223)
where the A.p,’s are the basic columns to the left of A.;, and

where the multipliers u; are as described above—the first j entries
in E* k-
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Example2.2.3

Problem: Write each nonbasic column as a combination of basic columns in
2 -4 -8 6 3
A=1|0 1 3 2 3
3 -2 0 0 8

Solution: Transform A to Ea as shown below.
@ -4 -8 6 3 ® -2 -4 3 3 O -2 -4 3
0 1 3 23|—=(0 1 323|]=-[{0 @© 3 2
-2 0 0 8 3 -2 0 0 8 0 4 12 -9
o2 7 2 ® o0 2 7 B ® 0 2 0 4
O 3 2 3]—=l0 @®© 3 2 3|=[0 @O 3 0 2
0 0 0 -17 i 0o 0 0 @® 3 o 0 0 @ 1%
The third and fifth columns are nonbasic. Looking at the columns in Ea reveals

NI~ QO NI
!

1
E*3 = 2E*1 + 3E*2 and E*S = 4E*1 + 2E*2 + §E*4

The relationships that exist among the columns of A must be exactly the same
as those in Ea, so

1
As3=2A1+3A, and A, =4A,+2A+ EA*4-

You can easily check the validity of these equations by direct calculation.

In summary, the utility of EA lies in its ability to reveal dependencies in
data stored as columns in an array A. The nonbasic columns in A represent
redundant information in the sense that this information can always be expressed
in terms of the data contained in the basic columns.

Although data compression is not the primary reason for introducing Ea,
the application to these problems is clear. For a large array of data, it may be
more efficient to store only “independent data” (i.e., the basic columns of A)
along with the nonzero multipliers p; obtained from the nonbasic columns in
EA. Then the redundant data contained in the nonbasic columns of A can
always be reconstructed if and when it is called for.

Exercisesfor section 2.2

2.2.1. Determine the reduced row echelon form for each of the following matri-
ces and then express each nonbasic column in terms of the basic columns:

2 11 3 0 41

4 2 4 41 5 5
1 2 3 3
(a) 9 46 9], (b)2131043
29 6 7 6 6 3 4 8 1 9 5
0 03 -3 0 0 3
8§ 4 2 14 1 13 3
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2.2.2.

2.2.3.

2.2.4.

2.2.5.

Construct a matrix A whose reduced row echelon form is
1 2 0 -3 0 0 0
001 —4 010
Ex — 0 0O 01 00
0 0 O 0 0 01
0 0 O 0 0 00
0 0 O 0 0 0O

Is A unique?

Suppose that A is an m x n matrix. Give a short explanation of why
rank (A) < n whenever one column in A is a combination of other
columns in A .

Consider the following matrix:
a1 .2 3
A=|4 5 6
7.8 901

(a) Use exact arithmetic to determine Ex.

(b) Now use 3-digit floating-point arithmetic (without partial piv-
oting or scaling) to determine E and formulate a statement
concerning “near relationships” between the columns of A .

Consider the matrix

1 0 -1
E=(0 1 2
0 0 0

You already know that E,3 can be expressed in terms of E,; and E,s.
However, this is not the only way to represent the column dependencies
in E. Show how to write E,; in terms of E,o and E.3 and then
express E,o as a combination of E,; and E,3. Note: This exercise
illustrates that the set of pivotal columns is not the only set that can
play the role of “basic columns.” Taking the basic columns to be the
ones containing the pivots is a matter of convenience because everything
becomes automatic that way.
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2.3 CONSISTENCY OF LINEAR SYSTEMS

A system of m linear equations in n unknowns is said to be a consistent sys-
tem if it possesses at least one solution. If there are no solutions, then the system
is called inconsistent. The purpose of this section is to determine conditions
under which a given system will be consistent.

Stating conditions for consistency of systems involving only two or three
unknowns is easy. A linear equation in two unknowns represents a line in 2-space,
and a linear equation in three unknowns is a plane in 3-space. Consequently, a
linear system of m equations in two unknowns is consistent if and only if the m
lines defined by the m equations have at least one common point of intersection.
Similarly, a system of m equations in three unknowns is consistent if and only
if the associated m planes have at least one common point of intersection.
However, when m is large, these geometric conditions may not be easy to verify
visually, and when n > 3, the generalizations of intersecting lines or planes are
impossible to visualize with the eye.

Rather than depending on geometry to establish consistency, we use Gaus-
sian elimination. If the associated augmented matrix [A|b] is reduced by row
operations to a matrix [E|c] that is in row echelon form, then consistency—or
lack of it—becomes evident. Suppose that somewhere in the process of reduc-
ing [A|b] to [E|c] a situation arises in which the only nonzero entry in a row
appears on the right-hand side, as illustrated below:

Row i —

— a#0.

e 06 OO O %
e 0 OO O %
e 06 OO O ¥
e 0 OO % %
e 0 O % % ¥
e 0 O % % ¥
e & D % % ¥

h

If this occurs in the i*" row, then the i*” equation of the associated system is

0xy 4+ 022 + - - - 4+ 0x), = .

For a # 0, this equation has no solution, and hence the original system must
also be inconsistent (because row operations don’t alter the solution set). The
converse also holds. That is, if a system is inconsistent, then somewhere in the
elimination process a row of the form

(00 -+ 0 | a), a#0 (2.3.1)
must appear. Otherwise, the back substitution process can be completed and

a solution is produced. There is no inconsistency indicated when a row of the
form (00 ---0]0) is encountered. This simply says that 0 = 0, and although
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this is no help in determining the value of any unknown, it is nevertheless a true
statement, so it doesn’t indicate inconsistency in the system.

There are some other ways to characterize the consistency (or inconsistency)
of a system. One of these is to observe that if the last column b in the augmented
matrix [A|b] is a nonbasic column, then no pivot can exist in the last column,
and hence the system is consistent because the situation (2.3.1) cannot occur.
Conversely, if the system is consistent, then the situation (2.3.1) never occurs
during Gaussian elimination and consequently the last column cannot be basic.
In other words, [A[b] is consistent if and only if b is a nonbasic column.

Saying that b is a nonbasic column in [A|b] is equivalent to saying that
all basic columns in [A|b] lie in the coefficient matrix A . Since the number of
basic columns in a matrix is the rank, consistency may also be characterized by
stating that a system is consistent if and only if rank[A|b] = rank (A).

Recall from the previous section the fact that each nonbasic column in [A|b]
must be expressible in terms of the basic columns. Because a consistent system
is characterized by the fact that the right-hand side b is a nonbasic column,
it follows that a system is consistent if and only if the right-hand side b is a
combination of columns from the coefficient matrix A.

Each of the equivalent Y ways of saying that a system is consistent is sum-
marized below.

Consistency

Each of the following is equivalent to saying that [A|b] is consistent.
e In row reducing [Al|b], a row of the following form never appears:

(0O 0 .-+ 0 | «), where a#0. (2.3.2)
e b is a nonbasic column in [A|b]. (2.3.3)
e rank[A|b] = rank (A). (2.3.4)
e b is a combination of the basic columns in A. (2.3.5)

Problem: Determine if the following system is consistent:
1+ o+ 2x3+2x4+ w5 =1,
21 + 229 + 43 + 4dxy 4+ 325 = 1,
217 + 229 + 43 + 4y + 225 = 2,
3x1 + dx9 + 8x3 + 624 + by = 3.

3
Statements P and @ are said to be equivalent when (P implies @) as well as its converse (Q

implies P) are true statements. This is also the meaning of the phrase “P if and only if Q.”
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Solution: Apply Gaussian elimination to the augmented matrix [A|b] as shown:

O 12211 O 1 2 21 1
2 2443 (1) _ [0 @001 | -1
2 2 4 4 2| 2 0 0 00 0 0
3 586 5| 3 0 2 2 0 2 0
O 1 2 2 1 1

0 @ 2 0 2 0

o 0 00 @® | -1

0 0 00 0 0

Because a row of the form (0 0 --- 0 | «) with o # 0 never emerges,

the system is consistent. We might also observe that b is a nonbasic column
in [A|b] so that rank[A|b] = rank (A). Finally, by completely reducing A to
EA, it is possible to verify that b is indeed a combination of the basic columns
{A*17 A*27 A*5}

Exercisesfor section 2.3

2.3.1. Determine which of the following systems are consistent.

T+2y+2=2, 2z 4+ 2y + 42 =0,

(a) 2x+4y =2, (b) 3z +2y+52=0,
3r+6y+ 2z =4. dx + 2y + 62 = 0.
r—y+z=1, r—y+z=1,
T—y—z=2, rT—y—z=2,

(c) _ (d) _
rT+y—z=23, rT+y—z=3,
r+y+z=4 rT+y+z=2
2w+ +3y+ 52 =1, 2w+zr+3y+52=17,

(© 4w + 4y + 82 =0, ) 4w + 4y + 8z = 8§,

e

w4+ x4+ 2y+32=0, w4 x4+ 2y+ 3z =95,
r+ y+ z=0. x4+ y+ z=3.

2.3.2. Construct a 3 x4 matrix A and 3 x 1 columns b and c such that
[A|b] is the augmented matrix for an inconsistent system, but [Alc] is
the augmented matrix for a consistent system.

2.3.3. If A is an m x n matrix with rank (A) = m, explain why the system
[A|b] must be consistent for every right-hand side b.
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2.3.4.

2.3.5.

2.3.6.

2.3.7.

2.3.8.

Consider two consistent systems whose augmented matrices are of the
form [A|b] and [Alc]. That is, they differ only on the right-hand side.
Is the system associated with [A | b+ ¢] also consistent? Explain why.

Is it possible for a parabola whose equation has the form y = a+Bz+vyz?
to pass through the four points (0, 1), (1,3), (2,15), and (3,37)? Why?

Consider using floating-point arithmetic (without scaling) to solve the
following system:

.835z + .667y = .168,
333z + .266y = .067.

(a) Is the system consistent when 5-digit arithmetic is used?
(b) What happens when 6-digit arithmetic is used?

In order to grow a certain crop, it is recommended that each square foot
of ground be treated with 10 units of phosphorous, 9 units of potassium,
and 19 units of nitrogen. Suppose that there are three brands of fertilizer
on the market— say brand X, brand ), and brand Z . One pound of
brand X contains 2 units of phosphorous, 3 units of potassium, and 5
units of nitrogen. One pound of brand ) contains 1 unit of phosphorous,
3 units of potassium, and 4 units of nitrogen. One pound of brand Z
contains only 1 unit of phosphorous and 1 unit of nitrogen. Determine
whether or not it is possible to meet exactly the recommendation by
applying some combination of the three brands of fertilizer.

Suppose that an augmented matrix [A|b] is reduced by means of Gaus-
sian elimination to a row echelon form [E|c]. If a row of the form

(00 - 0] a), a#0

does not appear in [E|c], is it possible that rows of this form could have
appeared at earlier stages in the reduction process? Why?
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24 HOMOGENEOUSSYSTEMS

A system of m linear equations in n unknowns

a1171 + a12x2 + -+ + a1, Ty = 0,

(2171 + a22%2 + + -+ + A2, Ty = 0,

Am1T1 + Q2T+ + App Ty = 0,

in which the right-hand side consists entirely of 0’s is said to be a homogeneous
system. If there is at least one nonzero number on the right-hand side, then the
system is called nonhomogeneous. The purpose of this section is to examine
some of the elementary aspects concerning homogeneous systems.

Consistency is never an issue when dealing with homogeneous systems be-
cause the zero solution z; = x5 =--- =z, = 0 is always one solution regardless
of the values of the coefficients. Hereafter, the solution consisting of all zeros is
referred to as the trivial solution. The only question is, “Are there solutions
other than the trivial solution, and if so, how can we best describe them?” As
before, Gaussian elimination provides the answer.

While reducing the augmented matrix [A|0] of a homogeneous system to
a row echelon form using Gaussian elimination, the zero column on the right-
hand side can never be altered by any of the three elementary row operations.
That is, any row echelon form derived from [A|0] by means of row operations
must also have the form [E|0]. This means that the last column of 0’s is just
excess baggage that is not necessary to carry along at each step. Just reduce the
coefficient matrix A to a row echelon form E, and remember that the right-
hand side is entirely zero when you execute back substitution. The process is
best understood by considering a typical example.

In order to examine the solutions of the homogeneous system

x1 + 229 + 223 + 3x4 = 0,
21 + 420+ x3+ 314 =0, (2.4.1)
3x1 + 622 + x3+4x4 =0,

reduce the coeflicient matrix to a row echelon form.

1 2 2 3 1 2 2 3 1 2 2 3
A=12413|—100 -3 -3|]—[0O0 -3 -3]|=E.
3 6 1 4 0 0 -5 =5 0 0 0 0

Therefore, the original homogeneous system is equivalent to the following reduced
homogeneous system:
x1 + 2x9 + 223 + 3x4 = 0,

(2.4.2)
- 3.%'3 — 3.’174 =0.
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Since there are four unknowns but only two equations in this reduced system,
it is impossible to extract a unique solution for each unknown. The best we can
do is to pick two “basic” unknowns—which will be called the basic variables
and solve for these in terms of the other two unknowns—whose values must
remain arbitrary or “free,” and consequently they will be referred to as the free
vartables. Although there are several possibilities for selecting a set of basic
variables, the convention is to always solve for the unknowns corresponding to
the pivotal positions—or, equivalently, the unknowns corresponding to the basic
columns. In this example, the pivots (as well as the basic columns) lie in the first
and third positions, so the strategy is to apply back substitution to solve the
reduced system (2.4.2) for the basic variables x; and z3 in terms of the free
variables x5 and x4. The second equation in (2.4.2) yields

T3 = —X4

and substitution back into the first equation produces

T, = —2T9 — 223 — 324,
= —2x9 — 2(—x4) — 324,
= —2$2 — X4.

Therefore, all solutions of the original homogeneous system can be described by
saying

T1 = —2x2 — T4,

To is “free,”

? (2.4.3)

€T3 = —T4,

x4 is “free.”
As the free variables x5 and x4 range over all possible values, the above ex-
pressions describe all possible solutions. For example, when xo and x, assume
the values z9 =1 and x4 = —2, then the particular solution

1‘1:0, .13221, 1‘3:2, .1342—2
is produced. When z, = 7 and x4 = v/2, then another particular solution

1’1:_271'_\/5, Ty =T, x3:_\/§7 ‘T4:\/§

is generated.
Rather than describing the solution set as illustrated in (2.4.3), future de-
velopments will make it more convenient to express the solution set by writing

X1 —21‘2 — T4 -2 —1
2= 2 | M aa| O (2.4.4)
T3 | —xy -2 0 o ! o

T4 Ty 0 1
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with the understanding that x5 and x4 are free variables that can range over
all possible numbers. This representation will be called the general solution
of the homogeneous system. This expression for the general solution emphasizes
that every solution is some combination of the two particular solutions

-2 -1

1 0

h; = 0 and hy = 1
0 1

The fact that h; and hs are each solutions is clear because h; is produced
when the free variables assume the values zo = 1 and x4 = 0, whereas the
solution hs is generated when xo =0 and x4 = 1.

Now consider a general homogeneous system [A|0] of m linear equations
in n unknowns. If the coefficient matrix is such that rank(A) = r, then it
should be apparent from the preceding discussion that there will be exactly r
basic variables—corresponding to the positions of the basic columns in A —and
exactly n — r free variables—corresponding to the positions of the nonbasic
columns in A . Reducing A to a row echelon form using Gaussian elimination
and then using back substitution to solve for the basic variables in terms of the
free variables produces the general solution, which has the form

x=zph+apho+ -+ 2y hy,, (2.4.5)

where xy,,xy,,..., 2y, _, are the free variables and where hy, hy,... , h,_, are
n x 1 columns that represent particular solutions of the system. As the free
variables x;, range over all possible values, the general solution generates all
possible solutions.

The general solution does not depend on which row echelon form is used
in the sense that using back substitution to solve for the basic variables in
terms of the nonbasic variables generates a unique set of particular solutions
{hy,hs,..., h,_.}, regardless of which row echelon form is used. Without going
into great detail, one can argue that this is true because using back substitution
in any row echelon form to solve for the basic variables must produce exactly
the same result as that obtained by completely reducing A to Ea and then
solving the reduced homogeneous system for the basic variables. Uniqueness of
Ea guarantees the uniqueness of the h;’s.

For example, if the coefficient matrix A associated with the system (2.4.1)
is completely reduced by the Gauss—Jordan procedure to Ea

= EA7

>

I
W DN =
N
— = N
= W

|
S O =
S O N
o = O
O = =
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then we obtain the following reduced system:
T+ 2x9 + x4 =0,
x3+ x4 = 0.

Solving for the basic variables z; and z3 in terms of zo and x4 produces
exactly the same result as given in (2.4.3) and hence generates exactly the same
general solution as shown in (2.4.4).

Because it avoids the back substitution process, you may find it more con-
venient to use the Gauss—Jordan procedure to reduce A completely to Ea
and then construct the general solution directly from the entries in Ea. This
approach usually will be adopted in the examples and exercises.

As was previously observed, all homogeneous systems are consistent because
the trivial solution consisting of all zeros is always one solution. The natural
question is, “When is the trivial solution the only solution?” In other words,
we wish to know when a homogeneous system possesses a unique solution. The
form of the general solution (2.4.5) makes the answer transparent. As long as
there is at least one free variable, then it is clear from (2.4.5) that there will
be an infinite number of solutions. Consequently, the trivial solution is the only
solution if and only if there are no free variables. Because the number of free
variables is given by n —r, where r = rank (A), the previous statement can be
reformulated to say that a homogeneous system possesses a unique solution—the
trivial solution—if and only if rank (A) = n.

The homogeneous system
T, + 229 + 223 =0,
2x1 + 5x9 4+ T3 = 0,
3x1 + 629 + 8x3 =0,

has only the trivial solution because

1 2 2 1 2 2
A=|2 5 7] —10 1 3|=E
3 6 8 0 0 2

shows that rank (A) = n = 3. Indeed, it is also obvious from E that applying
back substitution in the system [E|0] yields only the trivial solution.

Problem: Explain why the following homogeneous system has infinitely many
solutions, and exhibit the general solution:

X —+ 2.%2 —+ 2:133 = 07
2x1 4+ Sxo 4+ Tx3 =0,
3x1 + 629 + 623 = 0.
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Solution:

A= =E

W N =
S Ot N
S NN
|
SO =
O N
O W N
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shows that rank(A) = 2 < n = 3. Since the basic columns lie in positions
one and two, x; and xo are the basic variables while x3 is free. Using back
substitution on [E|0] to solve for the basic variables in terms of the free variable

produces xo = —3x3 and x1; = —2x9 — 223 = 4x3, so the general solution is
T 4
o | =23 | —3 |, where =z3 is free.
T3 1
4
That is, every solution is a multiple of the one particular solution h; = [ —3
1
Summary

Let A,,x, be the coefficient matrix for a homogeneous system of m
linear equations in n unknowns, and suppose rank (A) = r.

The unknowns that correspond to the positions of the basic columns
(i.e., the pivotal positions) are called the basic variables, and the
unknowns corresponding to the positions of the nonbasic columns
are called the free variables.

There are exactly r basic variables and n — r free variables.

To describe all solutions, reduce A to a row echelon form using
Gaussian elimination, and then use back substitution to solve for
the basic variables in terms of the free variables. This produces the
general solution that has the form

X = xflhl + xf2h2 + e +$fn—rhn_r’

where the terms zf,,2y,,...,2y, . are the free variables and where
hy,hs,... ;h, . are n x 1 columns that represent particular solu-
tions of the homogeneous system. The h; ’s are independent of which
row echelon form is used in the back substitution process. As the free
variables x, range over all possible values, the general solution gen-
erates all possible solutions.

A homogeneous system possesses a unique solution (the trivial solu-
tion) if and only if rank (A) = n—i.e., if and only if there are no
free variables.
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Exercisesfor section 2.4

2.4.1. Determine the general solution for each of the following homogeneous
systems.

204+ y+ 2 =0,
4o + 2y + 2 =0,
6x + 3y + z =0,
8z +4y+2z=0.

T 4 229 + x3 + 224 =0,
(a) 2z1+4x2+ 23+324=0, (b)
3x1 + 620+ 3+ 414 =0.

T1 4+ To+ 223 =0, 20+ y+ 2z =0,
3z + 3z3 + 324 =0, () dx+2y+2=0,
2r1 + a2 +3x3+ x4 =0, 6r+3y+2=0,
T, + 2209 + 33 — x4 = 0. 8x+5y+ 2z =0.

2.4.2. Among all solutions that satisfy the homogeneous system

r+2y+2=0,
2x4+4y+ 2z =10,
r+2y—2z=0,

determine those that also satisfy the nonlinear constraint y — xy = 2z.

2.4.3. Consider a homogeneous system whose coefficient matrix is

I
W N = DN
DN N
— N W
N O Ot Ww W
W N g 00—

First transform A to an unreduced row echelon form to determine the
general solution of the associated homogeneous system. Then reduce A
to Ea, and show that the same general solution is produced.

2.4.4. If A is the coefficient matrix for a homogeneous system consisting of
four equations in eight unknowns and if there are five free variables,
what is rank (A)?
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2.4.5. Suppose that A is the coefficient matrix for a homogeneous system of
four equations in six unknowns and suppose that A has at least one
NONZEero row.

(a) Determine the fewest number of free variables that are possible.
(b) Determine the maximum number of free variables that are pos-
sible.

2.4.6. Explain why a homogeneous system of m equations in n unknowns
where m < n must always possess an infinite number of solutions.

2.4.7. Construct a homogeneous system of three equations in four unknowns

that has
-2 -3
1 0
T2l g [ TEa o
0 1

as its general solution.

2.4.8. If ¢; and co are columns that represent two particular solutions of
the same homogeneous system, explain why the sum c¢; + co must also
represent a solution of this system.
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2.5 NONHOMOGENEOUSSYSTEMS

Recall that a system of m linear equations in n unknowns

anr1 + aiex2 + -+ apx, = b,
a21x1 + arz + - + ap¥, = b,
Am1T1 + Am2T2 + -+ AppTy = bma

is said to be monhomogeneous whenever b; # 0 for at least one ¢. Unlike
homogeneous systems, a nonhomogeneous system may be inconsistent and the
techniques of §2.3 must be applied in order to determine if solutions do indeed
exist. Unless otherwise stated, it is assumed that all systems in this section are
consistent.

To describe the set of all possible solutions of a consistent nonhomogeneous
system, construct a general solution by exactly the same method used for homo-
geneous systems as follows.

e Use Gaussian elimination to reduce the associated augmented matrix [A|b]
to a row echelon form [Elc].

e Identify the basic variables and the free variables in the same manner de-
scribed in §2.4.

e Apply back substitution to [E|c] and solve for the basic variables in terms
of the free variables.

e Write the result in the form
x=p+zph +r,hy+-- x5 hy_ (2.5.1)

where ¢ ,2f,,...,7y, _, are the free variables and p,hy,hsy,... h,_, are
n X 1 columns. This is the general solution of the nonhomogeneous system.

As the free variables zy, range over all possible values, the general solu-
tion (2.5.1) generates all possible solutions of the system [A|b]. Just as in the
homogeneous case, the columns h; and p are independent of which row eche-
lon form [Elc] is used. Therefore, [A|b] may be completely reduced to Ejap)
by using the Gauss—Jordan method thereby avoiding the need to perform back
substitution. We will use this approach whenever it is convenient.

The difference between the general solution of a nonhomogeneous system
and the general solution of a homogeneous system is the column p that appears
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in (2.5.1). To understand why p appears and where it comes from, consider the
nonhomogeneous system

x1 + 229 + 223 + 314 = 4,
211 + 420+ x3+ 314 =5, (252)
3$1+6.’£2+ 1’3+41’4 :7,

in which the coefficient matrix is the same as the coefficient matrix for the
homogeneous system (2.4.1) used in the previous section. If [A|b] is completely
reduced by the Gauss—Jordan procedure to Ejap)

1
[A|b] = ; =E[apb)s

D =N
)
=~ W W
N U
o O =
O O N
o = O
O = =
O =N

then the following reduced system is obtained:

T+ 2x0 + x4 = 2,

T3+ x4 = 1.

Solving for the basic variables, z; and x3, in terms of the free variables, xs
and x4, produces

T =2 —2x9 — Ty,

Ty is “free,”

x3 =1 —my,

x4 is “free.”

The general solution is obtained by writing these statements in the form

I 2— 23}2 — X4 2 —2 -1
i) . X9 o 0 1 0
T3 = 1 — x4 = 1 —|— i) 0 + XTq 71 (253)
T4 Ty 0 0 1

As the free variables xzo and x4 range over all possible numbers, this generates

all possible solutions of the nonhomogeneous system (2.5.2). Notice that the
2

column ? in (2.5.3) is a particular solution of the nonhomogeneous system

0
(2.5.2)—it is the solution produced when the free variables assume the values
r9 =0 and x4 = 0.
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Furthermore, recall from (2.4.4) that the general solution of the associated
homogeneous system
x1 + 2x9 + 223 + 3x4 = 0,

211 + 420+ x3+ 314 =0, (254)
3x1 + 622+ x3+4x4 =0,

is given by
—21‘2 — X4 -2 -1
i) o 1 0
2 = I 0 + 4 1
Ty 0 1

That is, the general solution of the associated homogeneous system (2.5.4) is a
part of the general solution of the original nonhomogeneous system (2.5.2).

These two observations can be combined by saying that the general solution
of the nonhomogeneous system is given by a particular solution plus the general
solution of the associated homogeneous system. "

To see that the previous statement is always true, suppose [A|b] represents
a general m x n consistent system where rank (A) = r. Consistency guarantees
that b is a nonbasic column in [A|b], and hence the basic columuns in [A|b] are
in the same positions as the basic columns in [A|0] so that the nonhomogeneous
system and the associated homogeneous system have exactly the same set of basic
variables as well as free variables. Furthermore, it is not difficult to see that

Eaj0) = [Eal0] and Epap) = [Ealc],

&
where c¢ is some column of the form ¢ = % . This means that if you solve

0
the " equation in the reduced homogeneous system for the i** basic variable
xp, in terms of the free variables xy,,xy,, ,,...,2f,_, to produce

Ty, = Tf + 01T, F QT (2.5.5)

then the solution for the " basic variable in the reduced nonhomogeneous
system must have the form

Ty, =& oy, F T e QT (2.5.6)

For those students who have studied differential equations, this statement should have a familiar
ring. Exactly the same situation holds for the general solution to a linear differential equation.
This is no accident—it is due to the inherent linearity in both problems. More will be said
about this issue later in the text.
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Example 2.5.1

That is, the two solutions differ only in the fact that the latter contains the
constant ;. Consider organizing the expressions (2.5.5) and (2.5.6) so as to
construct the respective general solutions. If the general solution of the homoge-
neous system has the form

x=xzphi +xp,hy+---+xp, hy g,

then it is apparent that the general solution of the nonhomogeneous system must
have a similar form

x=p+zsphi+zrho 4+ -tz hy_, (2.5.7)

in which the column p contains the constants ¢; along with some 0’s—the &;’s
occupy positions in p that correspond to the positions of the basic columns, and
0’s occupy all other positions. The column p represents one particular solution
to the nonhomogeneous system because it is the solution produced when the free
variables assume the values zy, =x¢, =--- =z, , =0.

Problem: Determine the general solution of the following nonhomogeneous sys-
tem and compare it with the general solution of the associated homogeneous
system:

T1+ o+ 2x3+2x4+ 5 =1,
21 + 229 + 4dxg + 4dxy 4+ 325 = 1,
21y + 229 4+ 4dxg + 4y + 205 = 2,
3x1 + 5x9 + 8x3 + 624 + by = 3.

Solution: Reducing the augmented matrix [A|b] to Ejap) yields

112 2 1|1 112 21 1
A_|22443 1) (o000 1| -1
2 2 4 4 2| 2 0000 0 0
358 6 5| 3 022 0 2 0
112 21 1 112 21 1
(02202 o) _ (o1 101 0
00001/ —1 00001/ —1
00000 0 00000 0
101 20 1 101 20 1
(o1 1o o (o1 100 1 _g
00001/ —1 00001 ]| —1 [Alb]-
0000 O 0 0000 O 0
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Observe that the system is indeed consistent because the last column is nonbasic.
Solve the reduced system for the basic variables z1, x2, and x5 in terms of the
free variables z3 and x4 to obtain

1 =1—1x3 — 21y,
ro = 1-— s,
T3 is “free,”
4 is “free,”

Is = —1.

The general solution to the nonhomogeneous system is

T 1-— T3 — 23’,‘4 1 -1 -2
To 1—333 1 -1 0
X = I3 = I3 = 0 + x3 1 + x4 0
T4 T4 0 0 1
Is -1 -1 0 0

The general solution of the associated homogeneous system is

X1 —xI3 — 2934 -1 —2
) —I3 —1 0
x=|ax3 | = T3 =x3 1| +x4 0
T4 Ty 0 1
5 0 0 0

You should verify for yourself that

is indeed a particular solution to the nonhomogeneous system and that

-1 -2
-1 0
hg = 1 and h4 = 0
0 1
0 0

are particular solutions to the associated homogeneous system.
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Example 2.5.2

Now turn to the question, “When does a consistent system have a unique
solution?” It is known from (2.5.7) that the general solution of a consistent
m X n nonhomogeneous system [A|b] with rank (A) =r is given by

X:p+£L'f1h1 +$f2h2 +"'+xfn,rhnf’l“7

where

rphy +apho + - Fap, hyo

is the general solution of the associated homogeneous system. Consequently, it
is evident that the nonhomogeneous system [A|b] will have a unique solution
(namely, p) if and only if there are no free variables—i.e., if and only if r =n
(= number of unknowns)—this is equivalent to saying that the associated ho-
mogeneous system [A|0] has only the trivial solution.

Consider the following nonhomogeneous system:

2x1 + 4xo + 623 = 2,
T + 2z + 33 = 1,
T + x3=-3,

2x1 + 4o = 8.

Reducing [A[b] to Eja|p yields

2 4 6 2 1 00| -2

1 2 3 1 01 0 3
[Abl=11 o 1] 3] 7o o 1| _1]|=Ewan

2 4 0 8 00 0 0

The system is consistent because the last column is nonbasic. There are several
ways to see that the system has a unique solution. Notice that

rank (A) = 3 = number of unknowns,

which is the same as observing that there are no free variables. Furthermore,
the associated homogeneous system clearly has only the trivial solution. Finally,
because we completely reduced [A[b] to Ejap), it is obvious that there is only
-2
one solution possible and that it is given by p = 3
-1
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Summary

Let [A|b] be the augmented matrix for a consistent m X n nonhomo-
geneous system in which rank (A) = r.

e Reducing [A|b] to a row echelon form using Gaussian elimination
and then solving for the basic variables in terms of the free variables
leads to the general solution

x=p+xph +xpho+---+xp h, .

As the free variables x, range over all possible values, this general
solution generates all possible solutions of the system.

e Column p is a particular solution of the nonhomogeneous system.

o The expression zfh; +xphy+--- +2¢  h,_, is the general so-
lution of the associated homogeneous system.

e Column p as well as the columns h; are independent of the row
echelon form to which [A|b] is reduced.

e The system possesses a unique solution if and only if any of the
following is true.
> rank (A) = n = number of unknowns.
> There are no free variables.

> The associated homogeneous system possesses only the trivial
solution.

Exercisesfor section 2.5

2.5.1. Determine the general solution for each of the following nonhomogeneous

systems. %+ y+z—4
T + 229 + x3 + 224 = 3, ’
dx + 2y + 2 =6,

a) 2x1+4rs+ x3+ 3r4 =4, b
“ 3 1+62+ 3+44 5 v b +3y+2=8,
X X X T4 = O.
! ? ° * 8z + 4y + z = 10.

1+ X9+ 213 =1, 204+ y+z2=2,
31’1 + 3ZE3 + 3%4 = 6, (d) 4x + Qy +z= 5,
201 + x2+3x3+ x4 =3, 6 +3y+2=8,

T 4 229 + 3x3 — x4 = 0. 8r 4+ 5y + 2z = 8.
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2.5.2.

2.5.3.

2.5.4.

Among the solutions that satisfy the set of linear equations

Ty + To+2x3+ 214+ x5 =1,
221 4+ 229 + dxg + 4y + 35 = 1,
211 4 229 + 4dag + dag + 225 = 2,
3x1 + dxo + 8x3 + 624 + das = 3,

find all those that also satisfy the following two constraints:

(1’1 — 1’2)2 — 417% = 0,

2.2
r3 — x5 = 0.

In order to grow a certain crop, it is recommended that each square foot
of ground be treated with 10 units of phosphorous, 9 units of potassium,
and 19 units of nitrogen. Suppose that there are three brands of fertilizer
on the market—say brand X, brand ), and brand Z. One pound of
brand X contains 2 units of phosphorous, 3 units of potassium, and 5
units of nitrogen. One pound of brand ) contains 1 unit of phosphorous,
3 units of potassium, and 4 units of nitrogen. One pound of brand Z
contains only 1 unit of phosphorous and 1 unit of nitrogen.

(a) Take into account the obvious fact that a negative number of
pounds of any brand can never be applied, and suppose that
because of the way fertilizer is sold only an integral number of
pounds of each brand will be applied. Under these constraints,
determine all possible combinations of the three brands that can
be applied to satisfy the recommendations exactly.

(b) Suppose that brand X costs $1 per pound, brand ) costs $6
per pound, and brand Z costs $3 per pound. Determine the
least expensive solution that will satisfy the recommendations
exactly as well as the constraints of part (a).

Consider the following system:

204+ 2y+ 3z2=0,
dx + 8y + 12z = —4,
6 + 2y + az=4.

(a) Determine all values of « for which the system is consistent.

(b) Determine all values of « for which there is a unique solution,
and compute the solution for these cases.

(¢c) Determine all values of « for which there are infinitely many
different solutions, and give the general solution for these cases.
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2.5.5. If columns s; and sp are particular solutions of the same nonhomo-
geneous system, must it be the case that the sum s; + so is also a
solution?

2.5.6. Suppose that [A|b] is the augmented matrix for a consistent system of
m equations in n unknowns where m > n. What must EaA look like
when the system possesses a unique solution?

2.5.7. Construct a nonhomogeneous system of three equations in four un-
knowns that has

O = O =

as its general solution.

2.5.8. Consider using floating-point arithmetic (without partial pivoting or
scaling) to solve the system represented by the following augmented

matrix:
835  .667 .5 .168
333 .266  .1994 .067
1.67 1334 1.1 .436

(a) Determine the 4-digit general solution.
(b) Determine the 5-digit general solution.
(c) Determine the 6-digit general solution.
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26 ELECTRICAL CIRCUITS

15

The theory of electrical circuits is an important application that naturally gives
rise to rectangular systems of linear equations. Because the underlying mathe-
matics depends on several of the concepts discussed in the preceding sections,
you may find it interesting and worthwhile to make a small excursion into the
elementary mathematical analysis of electrical circuits. However, the continuity
of the text is not compromised by omitting this section.

In a direct current circuit containing resistances and sources of electromo-
tive force (abbreviated EMF) such as batteries, a point at which three or more
conductors are joined is called a node or branch point of the circuit, and a
closed conduction path is called a loop. Any part of a circuit between two ad-
joining nodes is called a branch of the circuit. The circuit shown in Figure 2.6.1

is a typical example that contains four nodes, seven loops, and six branches.
E1

FIGURE 2.6.1

The problem is to relate the currents I; in each branch to the resistances Ry
and the EMFs Ek.15 This is accomplished by using Ohm’s law in conjunction
with Kirchhoff’s rules to produce a system of linear equations.

Ohm’sLaw

Ohm’s law states that for a current of I amps, the voltage drop (in
volts) across a resistance of R ohms is given by V = IR.

Kirchhoff’s rules—formally stated below—are the two fundamental laws
that govern the study of electrical circuits.

For an EMF source of magnitude E and a current I, there is always a small internal resistance
in the source, and the voltage drop across it is V = E —1I X (internal resistance). But internal
source resistance is usually negligible, so the voltage drop across the source can be taken as
V = E. When internal resistance cannot be ignored, its effects may be incorporated into
existing external resistances, or it can be treated as a separate external resistance.
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Kirchhoff’'s Rules

NODE RULE: The algebraic sum of currents toward each node is zero.
That is, the total incoming current must equal the total
outgoing current. This is simply a statement of conser-
vation of charge.

LOOP RULE: The algebraic sum of the EMFs around each loop must
equal the algebraic sum of the IR products in the same
loop. That is, assuming internal source resistances have
been accounted for, the algebraic sum of the voltage
drops over the sources equals the algebraic sum of the
voltage drops over the resistances in each loop. This is
a statement of conservation of energy.

Kirchhoff’s rules may be used without knowing the directions of the currents
and EMF's in advance. You may arbitrarily assign directions. If negative values
emerge in the final solution, then the actual direction is opposite to that assumed.
To apply the node rule, consider a current to be positive if its direction is toward
the node—otherwise, consider the current to be negative. It should be clear that
the node rule will always generate a homogeneous system. For example, applying
the node rule to the circuit in Figure 2.6.1 yields four homogeneous equations in
six unknowns—the unknowns are the Iy ’s:

Node 1: 117]27]5:0,
Node 2: _Il —I3+I4 ZO,
Node 3: I3+ 15+ Ig = 0,
Node 4: I2 - .[4 - 16 =0.

To apply the loop rule, some direction (clockwise or counterclockwise) must
be chosen as the positive direction, and all EMFs and currents in that direction
are considered positive and those in the opposite direction are negative. It is
possible for a current to be considered positive for the node rule but considered
negative when it is used in the loop rule. If the positive direction is considered
to be clockwise in each case, then applying the loop rule to the three indicated
loops A, B, and C in the circuit shown in Figure 2.6.1 produces the three non-
homogeneous equations in six unknowns—the I ’s are treated as the unknowns,
while the R;’s and FE.’s are assumed to be known.

LOOp A: IlRl - IgRg + I5R5 = El - Eg,

LOOp B: IQRQ - I5R5 + IgRG = E27
LOOp C: I3R3 + I4R4 — ]GRG = E3 + E4.
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There are 4 additional loops that also produce loop equations thereby mak-
ing a total of 11 equations (4 nodal equations and 7 loop equations) in 6 un-
knowns. Although this appears to be a rather general 11 x 6 system of equations,
it really is not. If the circuit is in a state of equilibrium, then the physics of the
situation dictates that for each set of EMFs FEj, the corresponding currents
I, must be uniquely determined. In other words, physics guarantees that the
11 x 6 system produced by applying the two Kirchhoff rules must be consistent
and possess a unique solution.

Suppose that [A[|b] represents the augmented matrix for the 11 x 6 system
generated by Kirchhoff’s rules. From the results in §2.5, we know that the system
has a unique solution if and only if

rank (A) = number of unknowns = 6.

Furthermore, it was demonstrated in §2.3 that the system is consistent if and
only if
rank[A|b] = rank (A).

Combining these two facts allows us to conclude that
rank[A|b] =6

so that when [A[b] is reduced to Eja|p], there will be exactly 6 nonzero rows
and 5 zero rows. Therefore, 5 of the original 11 equations are redundant in the
sense that they can be “zeroed out” by forming combinations of some particular
set of 6 “independent” equations. It is desirable to know beforehand which of
the 11 equations will be redundant and which can act as the “independent” set.

Notice that in using the node rule, the equation corresponding to node 4
is simply the negative sum of the equations for nodes 1, 2, and 3, and that the
first three equations are independent in the sense that no one of the three can
be written as a combination of any other two. This situation is typical. For a
general circuit with n nodes, it can be demonstrated that the equations for
the first n — 1 nodes are independent, and the equation for the last node is
redundant.

The loop rule also can generate redundant equations. Only simple loops—
loops not containing smaller loops—give rise to independent equations. For ex-
ample, consider the loop consisting of the three exterior branches in the circuit
shown in Figure 2.6.1. Applying the loop rule to this large loop will produce
no new information because the large loop can be constructed by “adding” the
three simple loops A, B, and C contained within. The equation associated
with the large outside loop is

IiRy + LRy + 14Ry = Ey + Eo + Ey,

which is precisely the sum of the equations that correspond to the three compo-
nent loops A, B, and C. This phenomenon will hold in general so that only
the simple loops need to be considered when using the loop rule.
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The point of this discussion is to conclude that the more general 11 x 6
rectangular system can be replaced by an equivalent 6 x 6 square system that
has a unique solution by dropping the last nodal equation and using only the
simple loop equations. This is characteristic of practical work in general. The
physics of a problem together with natural constraints can usually be employed
to replace a general rectangular system with one that is square and possesses a
unique solution.

One of the goals in our study is to understand more clearly the notion of
“independence” that emerged in this application. So far, independence has been
an intuitive idea, but this example helps make it clear that independence is a
fundamentally important concept that deserves to be nailed down more firmly.
This is done in §4.3, and the general theory for obtaining independent equations
from electrical circuits is developed in Examples 4.4.6 and 4.4.7.

Exercisesfor section 2.6

2.6.1. Suppose that R; = i ohms and E; = ¢ volts in the circuit shown in
Figure 2.6.1.

(a) Determine the six indicated currents.

(b) Select node number 1 to use as a reference point and fix its
potential to be 0 volts. With respect to this reference, calculate
the potentials at the other three nodes. Check your answer by
verifying the loop rule for each loop in the circuit.

2.6.2. Determine the three currents indicated in the following circuit.

AAAAAAAAAA
vvvvvvvvvvvv

AAAAA
vvvvvv

2.6.3. Determine the two unknown EMFs in the following circuit.
20 volts 60
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2.6.4. Consider the circuit shown below and answer the following questions.

QO

—_— o~
o o
NSNS

E
Ll

How many nodes does the circuit contain?

How many branches does the circuit contain?

Determine the total number of loops and then determine the
number of simple loops.

Demonstrate that the simple loop equations form an “indepen-
dent” system of equations in the sense that there are no redun-
dant equations.

Verify that any three of the nodal equations constitute an “in-
dependent” system of equations.

Verify that the loop equation associated with the loop containing
Ry, R, R3, and R4 can be expressed as the sum of the two
equations associated with the two simple loops contained in the
larger loop.

Determine the indicated current [ if R = Ro = R3=R; =1
ohm, R5 = Rg =5 ohms, and E =5 volts.



CHAPTER 3

Matrix
Algebra

3.1 FROM ANCIENT CHINA TO ARTHUR CAYLEY

The ancient Chinese appreciated the advantages of array manipulation in dealing
with systems of linear equations, and they possessed the seed that might have
germinated into a genuine theory of matrices. Unfortunately, in the year 213
B.C., emperor Shih Hoang-ti ordered that “all books be burned and all scholars
be buried.” It is presumed that the emperor wanted all knowledge and written
records to begin with him and his regime. The edict was carried out, and it will
never be known how much knowledge was lost. The book Chiu-chang Suan-shu
(Nine Chapters on Arithmetic), mentioned in the introduction to Chapter 1, was
compiled on the basis of remnants that survived.

More than a millennium passed before further progress was documented.
The Chinese counting board with its colored rods and its applications involving
array manipulation to solve linear systems eventually found its way to Japan.
Seki Kowa (1642-1708), whom many Japanese consider to be one of the greatest
mathematicians that their country has produced, carried forward the Chinese
principles involving “rule of thumb” elimination methods on arrays of numbers.
His understanding of the elementary operations used in the Chinese elimination
process led him to formulate the concept of what we now call the determinant.
While formulating his ideas concerning the solution of linear systems, Seki Kowa
anticipated the fundamental concepts of array operations that today form the
basis for matrix algebra. However, there is no evidence that he developed his
array operations to actually construct an algebra for matrices.

From the middle 1600s to the middle 1800s, while Europe was flowering
in mathematical development, the study of array manipulation was exclusively



80

Chapter 3 Matrix Algebra

dedicated to the theory of determinants. Curiously, matrix algebra did not evolve
along with the study of determinants.

It was not until the work of the British mathematician Arthur Cayley (1821—
1895) that the matrix was singled out as a separate entity, distinct from the
notion of a determinant, and algebraic operations between matrices were defined.
In an 1855 paper, Cayley first introduced his basic ideas that were presented
mainly to simplify notation. Finally, in 1857, Cayley expanded on his original
ideas and wrote A Memoir on the Theory of Matrices. This laid the foundations
for the modern theory and is generally credited for being the birth of the subjects
of matrix analysis and linear algebra.

Arthur Cayley began his career by studying literature at Trinity College,
Cambridge (1838-1842), but developed a side interest in mathematics, which he
studied in his spare time. This “hobby” resulted in his first mathematical paper
in 1841 when he was only 20 years old. To make a living, he entered the legal
profession and practiced law for 14 years. However, his main interest was still
mathematics. During the legal years alone, Cayley published almost 300 papers
in mathematics.

In 1850 Cayley crossed paths with James J. Sylvester, and between the two
of them matrix theory was born and nurtured. The two have been referred to
as the “invariant twins.” Although Cayley and Sylvester shared many mathe-
matical interests, they were quite different people, especially in their approach
to mathematics. Cayley had an insatiable hunger for the subject, and he read
everything that he could lay his hands on. Sylvester, on the other hand, could
not stand the sight of papers written by others. Cayley never forgot anything
he had read or seen—he became a living encyclopedia. Sylvester, so it is said,
would frequently fail to remember even his own theorems.

In 1863, Cayley was given a chair in mathematics at Cambridge University,
and thereafter his mathematical output was enormous. Only Cauchy and Euler
were as prolific. Cayley often said, “I really love my subject,” and all indica-
tions substantiate that this was indeed the way he felt. He remained a working
mathematician until his death at age 74.

Because the idea of the determinant preceded concepts of matrix algebra by
at least two centuries, Morris Kline says in his book Mathematical Thought from
Ancient to Modern Times that “the subject of matrix theory was well developed
before it was created.” This must have indeed been the case because immediately
after the publication of Cayley’s memoir, the subjects of matrix theory and linear
algebra virtually exploded and quickly evolved into a discipline that now occupies
a central position in applied mathematics.
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3.2 ADDITION AND TRANSPOSITION

16

In the previous chapters, matrix language and notation were used simply to for-
mulate some of the elementary concepts surrounding linear systems. The purpose
now is to turn this language into a mathematical theory. 10

Unless otherwise stated, a scalar is a complex number. Real numbers are
a subset of the complex numbers, and hence real numbers are also scalar quan-
tities. In the early stages, there is little harm in thinking only in terms of real
scalars. Later on, however, the necessity for dealing with complex numbers will
be unavoidable. Throughout the text,  will denote the set of real numbers,
and C will denote the complex numbers. The set of all n -tuples of real numbers
will be denoted by R™, and the set of all complex n-tuples will be denoted
by C". For example, R? is the set of all ordered pairs of real numbers (i.e.,
the standard cartesian plane), and R? is ordinary 3-space. Analogously, R™*"
and C™*™ denote the m x n matrices containing real numbers and complex
numbers, respectively.

Matrices A = [a;;] and B = [b;;] are defined to be equal matrices
when A and B have the same shape and corresponding entries are equal. That
is, a;; = b;; for each 4 = 1,2,...,m and j = 1,2,...,n. In particular, this

1
definition applies to arrays such as u = | 2 and v = (1 2 3). Even
3
though u and v describe exactly the same point in 3-space, we cannot consider
them to be equal matrices because they have different shapes. An array (or
matrix) consisting of a single column, such as u, is called a column vector,
while an array consisting of a single row, such as v, is called a row wvector.

Addition of Matrices

If A and B are m X n matrices, the sum of A and B is defined to
be the m x n matrix A + B obtained by adding corresponding entries.
That is,

[A +BJ;; =[A];; + [B];; for each ¢ and j.

For example,
-2 3 n 2 11—z -2\ [0 1 1
z+3 4 —y -3 44z 4+y) \z 8+z 4)°

The great French mathematician Pierre-Simon Laplace (1749-1827) said that, “Such is the ad-
vantage of a well-constructed language that its simplified notation often becomes the source of
profound theories.” The theory of matrices is a testament to the validity of Laplace’s statement.
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The symbol “+” is used two different ways—it denotes addition between
scalars in some places and addition between matrices at other places. Although
these are two distinct algebraic operations, no ambiguities will arise if the context
in which “+” appears is observed. Also note that the requirement that A and
B have the same shape prevents adding a row to a column, even though the two
may contain the same number of entries.

The matrix (—A), called the additive inverse of A, is defined to be
the matrix obtained by negating each entry of A. That is, if A = [a;;], then
—A = [—a;;]. This allows matrix subtraction to be defined in the natural way.
For two matrices of the same shape, the difference A — B is defined to be the
matrix A — B = A 4 (—B) so that

[A — B]ij = [A]” — [B]” for each 7 and ]
Since matrix addition is defined in terms of scalar addition, the familiar algebraic
properties of scalar addition are inherited by matrix addition as detailed below.

Propertiesof Matrix Addition
For m x n matrices A, B, and C, the following properties hold.
Closure property: A + B is again an m X n matrix.
Associative property: (A +B)+C=A + (B+ C).
Commutative property: A+ B =B + A.

Additive identity: The m X n matrix 0 consisting of all ze-
ros has the property that A +0 = A.

Additive inverse: The m x n matrix (—A) has the property
that A+ (—A)=0.

Another simple operation that is derived from scalar arithmetic is as follows.

Scalar Multiplication

The product of a scalar « times a matrix A, denoted by aA, is defined
to be the matrix obtained by multiplying each entry of A by «. That
is, [@Al;; = a[A];; for each ¢ and j.

For example,

1 2

-1 6
0 2

The rules for combining addition and scalar multiplication are what you
might suspect they should be. Some of the important ones are listed below.

1 2 3 2 6 1 2 4
210 1 2|=1{0 4 and 3 4] = 8
1 4 2 0 1
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Properties of Scalar Multiplication

For m x n matrices A and B and for scalars o and (, the following
properties hold.

Closure property: «A is again an m X n matrix.
Associative property: (af)A = a(SA).

Distributive property: «a(A + B) = oA + oB. Scalar multiplica-
tion is distributed over matrix addition.

Distributive property: (a+ 8)A = @A + SA. Scalar multiplica-
tion is distributed over scalar addition.

Identity property: 1A = A. The number 1 is an identity el-
ement under scalar multiplication.

Other properties such as «A = Aa could have been listed, but the prop-
erties singled out pave the way for the definition of a vector space on p. 160.

A matrix operation that’s not derived from scalar arithmetic is transposition
as defined below.

Transpose

The transpose of A,,y, is defined to be the n x m matrix AT ob-
tained by interchanging rows and columns in A. More precisely, if
A = [a;j], then [AT];; = aj;. For example,

T
é Z _ <1 3 5)
5 6 2 4 6
It should be evident that for all matrices, (AT)T =A.

Whenever a matrix contains complex entries, the operation of complex con-
jugation almost always accompanies the transpose operation. (Recall that the
complex conjugate of z = a + ib is defined to be Z =a —ib.)
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Conjugate Transpose

For A = [a;;], the conjugate matriz is defined to be A = [a;;], and
the conjugate transpose of A is defined to be AT = AT. From now

on, AT will be denoted by A*, so [A*];; = @ji. For example,

(1—41 i 2)*_ e
3 241 0 5 o

(A*)" = A for all matrices, and A* = AT whenever A contains only
real entries. Sometimes the matrix A* is called the adjoint of A.

The transpose (and conjugate transpose) operation is easily combined with
matrix addition and scalar multiplication. The basic rules are given below.

Properties of the Transpose

If A and B are two matrices of the same shape, and if « is a scalar,
then each of the following statements is true.

(A+B)"=AT+B” and (A+B)"=A*+B" (3.2.1)
(@A)" =aA” and (aA) =aA". (3.2.2)

Proof."”  We will prove that (3.2.1) and (3.2.2) hold for the transpose operation.
The proofs of the statements involving conjugate transposes are similar and are
left as exercises. For each ¢ and j, it is true that

[(A+B)"];; = [A+BJ],; = [Al;; + [Bl;; = [A"];; + B");; = [AT + B"];;.

Computers can outperform people in many respects in that they do arithmetic much faster
and more accurately than we can, and they are now rather adept at symbolic computation and
mechanical manipulation of formulas. But computers can’t do mathematics—people still hold
the monopoly. Mathematics emanates from the uniquely human capacity to reason abstractly
in a creative and logical manner, and learning mathematics goes hand-in-hand with learning
how to reason abstractly and create logical arguments. This is true regardless of whether your
orientation is applied or theoretical. For this reason, formal proofs will appear more frequently
as the text evolves, and it is expected that your level of comprehension as well as your ability
to create proofs will grow as you proceed.
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This proves that corresponding entries in (A + B)T and AT + B7 are equal,
so it must be the case that (A + B)T = AT + BT, Similarly, for each i and j,

[(@A)T];; = [aA];; = a[A];; = a[AT];; = (aA)" =aAT. I

Sometimes transposition doesn’t change anything. For example, if

1 2 3
A=(2 4 5|, then AT =A.
3 5 6

This is because the entries in A are symmetrically located about the main di-
agonal—the line from the upper-left-hand corner to the lower-right-hand corner.

M0 - 0
0 X --- O

Matrices of the form D = o . are called diagonal matrices,
0 0 o A

and they are clearly symmetric in the sense that D = D7, This is one of several
kinds of symmetries described below.

Symmetries

Let A = [a;;] be a square matrix.

e A is said to be a symmetric matriz whenever A = AT, ie.,
whenever a;; = aj;.

e A issaid to be a skew-symmetric matriz whenever A = —AT,
i.e., whenever a;; = —a;j;.

e A is said to be a hermitian matrizx whenever A = A*, i.e.,
whenever a;; = @;j;. This is the complex analog of symmetry.

e A is said to be a skew-hermitian matrix when A = —A*, i.e.,
whenever a;; = —a;;. This is the complex analog of skew symmetry.

For example, consider

1 244 1-3i 1 2+41 1-3i
A=|2-4i 3 8 + 6i and B=|2+4i 3 8 + 6i
1+3i 8-6i ) 1-31 84 6i 5

Can you see that A is hermitian but not symmetric, while B is symmetric but
not hermitian?

Nature abounds with symmetry, and very often physical symmetry manifests
itself as a symmetric matrix in a mathematical model. The following example is
an illustration of this principle.
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Consider two springs that are connected as shown in Figure 3.2.1.

Node 1 kq Node 2 Ko Node 3

X2

—_— Fy -Fy —— -F3 F3 ————

FIGURE 3.2.1

The springs at the top represent the “no tension” position in which no force is
being exerted on any of the nodes. Suppose that the springs are stretched or
compressed so that the nodes are displaced as indicated in the lower portion
of Figure 3.2.1. Stretching or compressing the springs creates a force on each
node according to Hooke’s law ' that says that the force exerted by a spring
is F' = kx, where «x is the distance the spring is stretched or compressed and
where k is a stiffness constant inherent to the spring. Suppose our springs have
stiffness constants k; and ko, and let F; be the force on node ¢ when the
springs are stretched or compressed. Let’s agree that a displacement to the left
is positive, while a displacement to the right is negative, and consider a force
directed to the right to be positive while one directed to the left is negative.
If node 1 is displaced x; units, and if node 2 is displaced x5 units, then the
left-hand spring is stretched (or compressed) by a total amount of 1 —xo units,
so the force on node 1 is
F1 = kl(l'l — 1’2).

Similarly, if node 2 is displaced 2 units, and if node 3 is displaced z3 units,
then the right-hand spring is stretched by a total amount of x5 — x3 units, so
the force on node 3 is

F3 = 7]432(()’]2 — l’g).

The minus sign indicates the force is directed to the left. The force on the left-
hand side of node 2 is the opposite of the force on node 1, while the force on the
right-hand side of node 2 must be the opposite of the force on node 3. That is,

Fy=—F - F.

Hooke’s law is named for Robert Hooke (1635-1703), an English physicist, but it was generally
known to several people (including Newton) before Hooke’s 1678 claim to it was made. Hooke
was a creative person who is credited with several inventions, including the wheel barometer,
but he was reputed to be a man of “terrible character.” This characteristic virtually destroyed
his scientific career as well as his personal life. It is said that he lacked mathematical sophis-
tication and that he left much of his work in incomplete form, but he bitterly resented people
who built on his ideas by expressing them in terms of elegant mathematical formulations.
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Organize the above three equations as a linear system:

kix1 — kyzo = I,
—k1x1 + (k1 + k2)xa — kows = Fy,
—koxo + koxs = F3,

and observe that the coefficient matrix, called the stiffness matriz,

k1 —k1 0
K=\ -k kit+ke —ko|,
0 —ko ka

is a symmetric matrix. The point of this example is that symmetry in the physical
problem translates to symmetry in the mathematics by way of the symmetric
matrix K. When the two springs are identical (i.e., when ki = ko = k), even
more symmetry is present, and in this case

1 -1 0
K=k| -1 2 -1
0 -1 1

Exercisesfor section 3.2

3.2.1. Determine the unknown quantities in the following expressions.
T

({0 3 z+2 y+3\ (3 6
0 = (00) (53 )2 8

3.2.2. Identify each of the following as symmetric, skew symmetric, or neither.

1 -3 3 0 -3 -3
@ (-3 4 =3). ® [3 o 1
3 3 0 3 -1 0
0o -3 -3
© (-3 o 3]. @ @ : 8)
-3 3 1

3.2.3. Construct an example of a 3 x 3 matrix A that satisfies the following
conditions.
(a) A is both symmetric and skew symmetric.
(b) A is both hermitian and symmetric.
(¢) A is skew hermitian.
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3.2.4.

3.2.5.

3.2.6.

3.2.7.

3.2.8.

Explain why the set of all n x n symmetric matrices is closed under
matrix addition. That is, explain why the sum of two n X n symmetric
matrices is again an n X n symmetric matrix. Is the set of all n x n
skew-symmetric matrices closed under matrix addition?

Prove that each of the following statements is true.
(a) If A =a;;] is skew symmetric, then a;; =0 for each j.
(b) If A = [a;;] is skew hermitian, then each aj; is a pure imagi-
nary number—i.e., a multiple of the imaginary unit i.
(¢) If A isreal and symmetric, then B =iA is skew hermitian.

Let A be any square matrix.
(a) Show that A+AT is symmetric and A—A7T is skew symmetric.
(b) Prove that there is one and only one way to write A as the
sum of a symmetric matrix and a skew-symmetric matrix.

If A and B are two matrices of the same shape, prove that each of the
following statements is true.

(a) (A+B)" =A*+B*.

(b) (aA)" =aA*.

Using the conventions given in Example 3.2.1, determine the stiffness
matrix for a system of n identical springs, with stiffness constant k,
connected in a line similar to that shown in Figure 3.2.1.
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3.3 LINEARITY

The concept of linearity is the underlying theme of our subject. In elementary
mathematics the term “linear function” refers to straight lines, but in higher
mathematics linearity means something much more general. Recall that a func-
tion f is simply a rule for associating points in one set D —called the domain
of f—to points in another set R —the range of f. A linear function is a
particular type of function that is characterized by the following two properties.

Linear Functions

Suppose that D and R are sets that possess an addition operation as
well as a scalar multiplication operation—i.e., a multiplication between
scalars and set members. A function f that maps pointsin D to points
in R issaid to be a linear function whenever f satisfies the conditions
that

flz+y) = flx) + fy) (33.1)

and

flaz) = af(x) (3.3.2)

for every z and y in D and for all scalars «. These two conditions
may be combined by saying that f is a linear function whenever

flaz +y) = af(z) + f(y) (3.3.3)

for all scalars o and for all x,y € D.

One of the simplest linear functions is f(x) = awx, whose graph in R? is a
straight line through the origin. You should convince yourself that f is indeed
a linear function according to the above definition. However, f(z) = ax + 8
does not qualify for the title “linear function”—it is a linear function that has
been translated by a constant (3. Translations of linear functions are referred to
as affine functions. Virtually all information concerning affine functions can
be derived from an understanding of linear functions, and consequently we will
focus only on issues of linearity.

In R3, the surface described by a function of the form

f(w1,22) = azy + aoxe
is a plane through the origin, and it is easy to verify that f is a linear function.

For 8 # 0, the graph of f(z1,22) = @121 + @y + S is a plane not passing
through the origin, and f is no longer a linear function—it is an affine function.
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In R2 and N3, the graphs of linear functions are lines and planes through
the origin, and there seems to be a pattern forming. Although we cannot visualize
higher dimensions with our eyes, it seems reasonable to suggest that a general
linear function of the form

f($17l'2,...,.'17") = 1T +OLQI2 ++O[n$n

somehow represents a “linear” or “flat” surface passing through the origin 0 =
(0,0,...,0) in R"*L. One of the goals of the next chapter is to learn how to
better interpret and understand this statement.

Linearity is encountered at every turn. For example, the familiar operations
of differentiation and integration may be viewed as linear functions. Since

dif+9) _df  dg d(af) _ df
de  dzx + dx and dz Yz
the differentiation operator D, (f) = df/dx is linear. Similarly,

/(f+g)da:=/fdz+/gdx and /ozfd:c:oz/fda:

means that the integration operator I(f) = [ fdz is linear.
There are several important matrix functions that are linear. For example,
the transposition function f(X,,xn) = X7 is linear because
(A+B)" =AT+B” and (aA)" =aA”

(recall (3.2.1) and (3.2.2)). Another matrix function that is linear is the trace
function presented below.

The trace of an n x n matrix A = [a;;] is defined to be the sum of the entries
lying on the main diagonal of A. That is,

trace (A) = a1y +ag + -+ app = Za”'

Problem: Show that f(X,xn) = trace (X) is a linear function.
Solution: Let’s be efficient by showing that (3.3.3) holds. Let A = [a;;] and
B = [b;;], and write

n

f(aA + B) = trace (¢A + B) = Z [@A + BJ;; Z aaq; + bi;)
=1

i=1

Z aaq; + Z bii = Z ai; + Z bi; = atrace (A) + trace (B)
i=1 i=1 i=1 i=1
= af(A) + f(B).
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Example 3.3.2
Consider a linear system
aiiry + aier2 + o0+ A1pTp, = U1,
a211 + a2 + - 4+ apTn = Uy,
am1T1 + am2T2 + 0+ AmpZn = Um,
T Uy
T2 U2
to be a function u = f(x) that maps x=| . [ €R” to u= ) e R™.
xn um

Problem: Show that u= f(x) is linear.

Solution: Let A = [a;;] be the matrix of coefficients, and write

axy + Y1
ars + Y2 i n
flax+y)=f : = (azj+y)A =Y (ax; Al +y;A)
: j=1 j=1
Xy + Yn

n n n n
=D amjAg+ ) YAy =a) zAg+ Y YAy
j=1 j=1 j=1 j=1

= af(x)+ f(y)

According to (3.3.3), the function f is linear.

The following terminology will be used from now on.

Linear Combinations

For scalars «; and matrices X, the expression
n
a1X1 + a2X2 —+ -4 Olan = ZO[J'X]'
j=1

is called a linear combination of the X;’s.
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3.3.1. Each of the following is a function from R? into 2. Determine which

are linear functions.

@ f(z)(liy>
o (5)= ()
€7 (Z) - (Siiy)

T1

T2
3.3.2. For x=

Tn

, and for constants &;, verify that

f(x) =&z +&za+ -+ Enxn

is a linear function.

3.3.3. Give examples of at least two different physical principles or laws that
can be characterized as being linear phenomena.

3.3.4. Determine which of the following three transformations in %? are linear.

f(p)

+

4

3y

80

ROTATE COUNTERCLOCKWISE
THROUGH AN ANGLE 6.

f(p)
REFLECT ABOUT
THE X -AXIS.

PROJECT ONTO
THE LINE Yy = Z.
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If you were given the task of formulating a definition for composing two ma-
trices A and B in some sort of “natural” multiplicative fashion, your first
attempt would probably be to compose A and B by multiplying correspond-
ing entries—much the same way matrix addition is defined. Asked then to defend
the usefulness of such a definition, you might be hard pressed to provide a truly
satisfying response. Unless a person is in the right frame of mind, the issue of
deciding how to best define matrix multiplication is not at all transparent, es-
pecially if it is insisted that the definition be both “natural” and “useful.” The
world had to wait for Arthur Cayley to come to this proper frame of mind.

As mentioned in §3.1, matrix algebra appeared late in the game. Manipula-
tion on arrays and the theory of determinants existed long before Cayley and his
theory of matrices. Perhaps this can be attributed to the fact that the “correct”
way to multiply two matrices eluded discovery for such a long time.

Around 1855, Cayley became interested in composing linear functions. Y In
particular, he was investigating linear functions of the type discussed in Example
3.3.2. Typical examples of two such functions are

_ z1\ _ [ axi+bxs _ x1\ _ [ Az1 + Bxo
f(x)f(x2><cm1+dx2> and g(x)g<x2><Cx1+Dx2 ‘
Consider, as Cayley did, composing f and g to create another linear function

h(x) = f(g(X)) =f (éi i gZ)

It was Cayley’s idea to use matrices of coefficients to represent these linear
functions. That is, f, g, and h are represented by

_(a b (A B _ (aA+bC aB+bD
F_<c d)’ G_(C D)7 and H_(CA+dC’ cB—l—dD)'

_ ( (@A+bC)z1 + (aB +bD)xo
"\ (cA+dC)x1 + (¢cB+dD)xs ) -

After making this association, it was only natural for Cayley to call H the
composition (or product) of F and G, and to write

a b A B\ _(aA+bC aB+bD (3.4.1)
c d C D) \cA+dC cB+dD )" o
In other words, the product of two matrices represents the composition of the

two associated linear functions. By means of this observation, Cayley brought to
life the subjects of matrix analysis and linear algebra.

Cayley was not the first to compose linear functions. In fact, Gauss used these compositions
as early as 1801, but not in the form of an array of coefficients. Cayley was the first to make
the connection between composition of linear functions and the composition of the associated
matrices. Cayley’s work from 1855 to 1857 is regarded as being the birth of our subject.
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Exercisesfor section 3.4

Each problem in this section concerns the following three linear transformations

in R2.

3.4.1.

3.4.2.

3.4.3.

f(p)
Rotation: Rotate points counterclockwise
through an angle 6. Y p

Reflection: Reflect points about the z -axis.

Projection: Project points onto the line
y = x in a perpendicular f(p)
manner.

Determine the matrix associated with each of these linear functions.
That is, determine the a;; ’s such that

. 1\ _ [ a11Ty + a12T2
Hp) =1 (302) <a21x1 + a22$2) '

By using matrix multiplication, determine the linear function obtained
by performing a rotation followed by a reflection.

By using matrix multiplication, determine the linear function obtained
by first performing a reflection, then a rotation, and finally a projection.
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35 MATRIX MULTIPLICATION

The purpose of this section is to further develop the concept of matrix multipli-
cation as introduced in the previous section. In order to do this, it is helpful to
begin by composing a single row with a single column. If

C1

C2
R=(ry 7o -+ r,) and C=]| . |,

Cn

the standard inner product of R with C is defined to be the scalar
n
RC =7ric1 +1r9c0 + -+ 150, = Zricl—.
i=1

For example,
(2 4 =2)(2]=0O)+@R)+(=2)3) =4

Recall from (3.4.1) that the product of two 2 x 2 matrices

a b A B
P (2 0) i o (4 D)
was defined naturally by writing
_fa b A B\ (adA+0bC aB+bD\ _
FG = (C d> (C D) o (cA+dC’ CB+dD) = H
Notice that the (i,j)-entry in the product H can be described as the inner
product of the i*"* row of F with the j** column in G. That is,

A B
hi1 =F1,.G.a = (a b)<C’>’ hi2 =F1,G.2 = (a b)<D>’

A B
hor =F9,Gi1 = (c d)<0>, hoo =F9, Gy = (c d)(D)'

This is exactly the way that the general definition of matrix multiplication is
formulated.
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e Matrices A and B are said to be conformable for multiplication
in the order AB whenever A has exactly as many columns as B
has rows—i.e., A is m xp and B is p X n.

e For conformable matrices A,,xp, = [a;;] and By, = [b;;], the
matriz product AB is defined to be the m x n matrix whose
(i,7) -entry is the inner product of the ' row of A with the j**
column in B. That is,

p
[ABJ;; = Ai.B.;j = ainbyj + aigbyj + - + dipbp; = > _ aikbij.
k=1

e Incase A and B fail to be conformable—i.e., A is m X p and B
is ¢ x n with p # g—then no product AB is defined.

For example, if

an a1 ais bir b2 biz bus
A= <a a a ) and B= b21 b22 b23 b24
2T T S axs bsi bz2 b3z bsa ), ,

T— inside ones match 4T T

shape of the product

then the product AB exists and has shape 2 x 4. Consider a typical entry of
this product, say, the (2,3)-entry. The definition says [AB]s3 is obtained by
forming the inner product of the second row of A with the third column of B

[a21 axn as | ba1  bao b2z | bog |,
b31 b3z | b3z | b3

< a1 ai2  a13 ) bir bia |biz| bua

SO

3
[AB],; = A2.B.3 = a21b13 + az2bo3 + a23bs3 = Z a2y by3.
k=1
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Example 3.5.1

For example,

1 3 -3 2
A:(g (1) _§>,B: 2 5 -1 8 :>AB:<§ ‘;) _g j).
-1 2 0 2

Notice that in spite of the fact that the product AB exists, the product BA
is not defined—matrix B is 3 x4 and A is 2 x 3, and the inside dimensions
don’t match in this order. Even when the products AB and BA each exist
and have the same shape, they need not be equal. For example,

A:(i j),B:G i) — AB:<8 8>,BA:<§ :;).(3.5.1)

This disturbing feature is a primary difference between scalar and matrix algebra.

Matrix Multiplication Is Not Commutative

Matrix multiplication is a noncommutative operation—i.e., it is possible
for AB # BA, even when both products exist and have the same shape.

There are other major differences between multiplication of matrices and
multiplication of scalars. For scalars,

af =0 implies a=0 or [=0. (3.5.2)

However, the analogous statement for matrices does not hold—the matrices given
in (3.5.1) show that it is possible for AB = 0 with A # 0 and B # 0. Related
to this issue is a rule sometimes known as the cancellation law. For scalars,
this law says that

af=ay and «a#0 implies [=r. (3.5.3)

This is true because we invoke (3.5.2) to deduce that a(8 — ) = 0 implies
B —~ =0. Since (3.5.2) does not hold for matrices, we cannot expect (3.5.3) to
hold for matrices.

The cancellation law (3.5.3) fails for matrix multiplication. If
1 1 2 2 3 1
A—(1 1>, B—(2 2), and C—(1 3),

AB:(4 4>=AC but B#C

then

4 4
in spite of the fact that A # 0.
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There are various ways to express the individual rows and columns of a
matrix product. For example, the i** row of AB is

Bl*
B2*

=(ai1 a2 - ap) : = a1 Bix + a;2Boy + - - -+ a;p By
B,.

As shown below, there are similar representations for the individual columns.
Rows and Columns of a Product
Suppose that A = [a;;] is m x p and B = [b;;] isp x n.
e [ABJi. = A;.B [(i'" row of AB)=(i'" row of A)xB]. (3.5.4)
e [AB],; =AB,; [(j" colof AB)=Ax (j" colof B)]. (3.5.5)
o [ABJi = aiB1i + a2Boy + - + aipBp. = > 1 aixBrs.  (3.5.6)

° [AB]*J = A*lblj I A*Qij + -4 A*pbpj = ZZ:l A*kbkj. (357)
These last two equations show that rows of AB are combinations of
rows of B, while columns of AB are combinations of columns of A.

1 —2 0 3 -5 1
For example, if A = ( ) and B= |2 -7 2|, then the
3 -4 5
1 =2 0
second row of AB is
3 -5 1
[AB]o, = A3,B=(3 -4 5)|2 -7 2] =(6 3 -5),
1 -2 0

and the second column of AB is
1 =2 0 =5 9
ama-ama (12 0) ()2 (1),
This example makes the point that it is wasted effort to compute the entire

product if only one row or column is called for. Although it’s not necessary to
compute the complete product, you may wish to verify that

3 -5 1
1 -2 0 -1 9 -3
aB— Mz 7 2= ( ).
3 —4 5 1 -2 0 6 3 -5
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Matrix multiplication provides a convenient representation for a linear sys-

tem of equations. For example, the 3 x 4 system

2‘%1 + 3152 + 4%3 + 81’4 = 7,
3£E1 + 5562 + 6$3 + 21’4 = 67
4x1 + 229 + 4x3 + 924 = 4,

can be written as Ax = b, where

2 3 4 8 o 7
Asu=(3 5 6 2|, xua= ; , and bgg=|[6
4 2 49 3 4
Ty
And this example generalizes to become the following statement.
Linear Systems
Every linear system of m equations in n unknowns
a1 + a12%2 + -+ awT, = b,
42171 + Q2272 + -+ GaTn = by,
Am1%1 + Gm2T2 + 0+ Gma%n = bp,
can be written as a single matrix equation Ax = b in which
air a2 - Qip T b1
a1 Qg - Qg ) ba
A= ) . . . , X= , and b=
aml Am2 *° (mn L bm

Conversely, every matrix equation of the form A,,x,Xnx1 = bmx1 rep-
resents a system of m linear equations in n unknowns.

The numerical solution of a linear system was presented earlier in the text
without the aid of matrix multiplication because the operation of matrix mul-
tiplication is not an integral part of the arithmetical process used to extract a
solution by means of Gaussian elimination. Viewing a linear system as a single
matrix equation Ax = b is more of a notational convenience that can be used to
uncover theoretical properties and to prove general theorems concerning linear
systems.
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For example, a very concise proof of the fact (2.3.5) stating that a system
of equations A,,xnXnx1 = bmx1 is consistent if and only if b is a linear
combination of the columns in A is obtained by noting that the system is
consistent if and only if there exists a column s that satisfies

S1
S
b=As=(A.aq Ao --- A,) = A1+ Acasa+ -+ A

Sn

The following example illustrates a common situation in which matrix mul-
tiplication arises naturally.

An airline serves five cities, say, A, B, C, D, and H, in which H is the “hub
city.” The various routes between the cities are indicated in Figure 3.5.1.

SN

\_/

FIGURE 3.5.1
Suppose you wish to travel from city A to city B so that at least two connecting
flights are required to make the trip. Flights (A — H) and (H — B) provide the
minimal number of connections. However, if space on either of these two flights
is not available, you will have to make at least three flights. Several questions
arise. How many routes from city A to city B require exactly three connecting
flights? How many routes require no more than four flights—and so forth? Since
this particular network is small, these questions can be answered by “eyeballing”
the diagram, but the “eyeball method” won’t get you very far with the large
networks that occur in more practical situations. Let’s see how matrix algebra

can be applied. Begin by creating a connectivity matriz C = [c;;] (also known
as an adjacency matriz) in which

_ { 1 if there is a flight from city ¢ to city j,
Cij = .
0 otherwise.
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For the network depicted in Figure 3.5.1,

A B C D H

A0 0 1 0 1
Bl11 0 0 0 1
cC=C]|]0 0 0 1 1
D10 1 0 0 1
H\1 1 1 1 O

The matrix C together with its powers C2,C3,C%,... will provide all of the
information needed to analyze the network. To see how, notice that since c;i
is the number of direct routes from city 7 to city k, and since cg; is the
number of direct routes from city k to city j, it follows that c;rci; must be
the number of 2-flight routes from city ¢ to city j that have a connection at
city k. Consequently, the (i,7)-entry in the product C? = CC is

5
[C%;; = Z CikCrj = the total number of 2-flight routes from city 4 to city j.
k=1

Similarly, the (i, ) -entry in the product C* = CCC is

5

[C¥;; = Z Ciky Chiy ks Choj = number of 3-flight routes from city 4 to city j,
ki.ka=1

and, in general,

5

n
[C"]i; = > Ciky Chyky " Chyy k1 Chp_1j
ki,ka, kn_1=1

is the total number of n -flight routes from city i to city j. Therefore, the total

number of routes from city i to city j that require mo more than n flights
must be given by

[Clij + [C?lij + [Clij +--- +[C"]s; = [C+ C* + C* +--- + C"];.

For our particular network,

11121 2 3 2 2 5 8 7 7 7 9
11211 2 2 2 35 78 77 9
Cc’=(12 11 1|,C=(3 2 2 2 5|, C*=|7 78 7 9],
211 1 1 2 2 3 2 5 7778 9
1111 4 55 5 5 4 9 9 9 9 20
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and
11 11 11 11 16

11 11 11 11 16
C+C>’+C*+C*= |11 11 11 11 16
11 11 11 11 16
16 16 16 16 28

The fact that [C?];2 = 3 means there are exactly 3 three-flight routes from city
A to city B, and [C%;2 = 7 means there are exactly 7 four-flight routes—try
to identify them. Furthermore, [C + C? + C3 + C*];2 = 11 means there are 11
routes from city A to city B that require no more than 4 flights.

Exercisesfor section 3.5

1 -2 3 1 2 1
3.51. For- A=10 -5 4|, B=[|0 4], and C= | 2 |, compute
4 -3 8 3 7 3

the following products when possible.
() AB, (b) BA, (c)CB, (d)CTB, (¢) A%, (f) B?,
(g) c'c, (w cc’, (i) BB, (j B'B, (k) CTAC.

3.5.2. Consider the following system of equations:

207 + T2 + T3 = 3,
4.%1 + 2%3 = 10,
2561 + 2502 = —2.

(a) Write the system as a matrix equation of the form Ax = b.
(b) Write the solution of the system as a column s and verify by

matrix multiplication that s satisfies the equation Ax = b.
(¢) Write b as a linear combination of the columns in A.

0
3.5.3. Let E= 0 | and let A be an arbitrary 3 x 3 matrix.
1

w o=
o = O

(a) Describe the rows of EA in terms of the rows of A.
(b) Describe the columns of AE in terms of the columns of A.

3.5.4. Let e; denote the j'* wnit column that contains a 1 in the j
position and zeros everywhere else. For a general matrix A,,«,, describe
the following products. (a) Ae; (b) elA (c) elAe;
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3.5.5.

3.5.6.

3.5.7.

3.5.8.

3.5.9.

3.5.10.

Suppose that A and B are m x n matrices. If Ax = Bx holds for
all n x 1 columns x, prove that A = B. Hint: What happens when
X is a unit column?

172 «
0 1/2
powers of A and try to deduce the general form of A".

For A = , determine lim, .., A™. Hint: Compute a few

If Cnx1 and Ry, are matrices consisting of a single column and
a single row, respectively, then the matrix product P,,x, = CR is
sometimes called the outer product of C with R. For conformable
matrices A and B, explain how to write the product AB as a sum of
outer products involving the columns of A and the rows of B.

A square matrix U = [u;;] is said to be upper triangular whenever
u;; = 0 for i > j—i.e., all entries below the main diagonal are 0.
(a) If A and B are two n x n upper-triangular matrices, explain
why the product AB must also be upper triangular.
(b) If A,xn and B, x, areupper triangular, what are the diagonal
entries of AB?
(c) L is lower triangular when (;; =0 for i < j. Is it true that
the product of two n x n lower-triangular matrices is again
lower triangular?

If A = [a;;(t)] is a matrix whose entries are functions of a variable t,
the derivative of A with respect to t is defined to be the matrix of
derivatives. That is,

aA _ [da
da | dt |’
Derive the product rule for differentiation

d(AB) dA dB
@ @ ptAL

Let C,x, be the connectivity matrix associated with a network of n
nodes such as that described in Example 3.5.2, and let e be the n x 1
column of all 1’s. In terms of the network, describe the entries in each
of the following products.

(a) Interpret the product Ce.

(b) Interpret the product e’ C.
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3.5.11. Consider three tanks each containing V' gallons of brine. The tanks are

connected as shown in Figure 3.5.2, and all spigots are opened at once.
As fresh water at the rate of r gal/sec is pumped into the top of the
first tank, r gal/sec leaves from the bottom and flows into the next
tank, and so on down the line—there are r gal/sec entering at the top
and leaving through the bottom of each tank.

=

r ga /sec

FIGURE 3.5.2

Let z;(t) denote the number of pounds of salt in tank ¢ at time ¢, and
let

z1(t) dxy/dt

dx
x = | x2(t) and i dxo/dt
x3 (t) d.’1?3/dt

Assuming that complete mixing occurs in each tank on a continuous
basis, show that

dx r [ 0 0
T Ax, where A = v 1 -1 0
t 0 1 -1

Hint: Use the fact that

dz i
dt

lbs . bs .
= rate of change = — coming in — — going out.
sec sec
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3.6 PROPERTIESOF MATRIX MULTIPLICATION

We saw in the previous section that there are some differences between scalar
and matrix algebra—most notable is the fact that matrix multiplication is not
commutative, and there is no cancellation law. But there are also some important
similarities, and the purpose of this section is to look deeper into these issues.
Although we can adjust to not having the commutative property, the situa-
tion would be unbearable if the distributive and associative properties were not
available. Fortunately, both of these properties hold for matrix multiplication.

Distributive and Associative L aws

For conformable matrices each of the following is true.
o AB+C)=AB+ AC (left-hand distributive law).
e (D+E)F =DF+EF (right-hand distributive law).

¢ A(BC)=(AB)C (associative law).

Proof. To prove the left-hand distributive property, demonstrate the corre-
sponding entries in the matrices A(B + C) and AB 4 AC are equal. To this
end, use the definition of matrix multiplication to write

[AB+C)lij = Au(B+C)j=> [Alik[B+Clij = > [Alik (Bl + [Clxj)
k k
= +[ALir[Cli;) = > _[Alx[Bli; + > _[A
k k
= Ai*B*j + Ai.C,; = [AB];; + [AC];;

= [AB + ACJ;;.

Since this is true for each ¢ and j, it follows that A(B + C) = AB + AC. The
proof of the right-hand distributive property is similar and is omitted. To prove
the associative law, suppose that B is p x ¢ and C is ¢ x n, and recall from

(3.5.7) that the j** column of BC is a linear combination of the columns in
B. That is,

q
[BCl.j = Buic1j + Buacgj + -+ + Bugey; = ZB*kaj~
k=1
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Use this along with the left-hand distributive property to write

q q
[A(BC);; = Aix[BCl,; = A, ZB*kck]‘ = ZAi*B*kck]’
k=1 k=1

q
= [ABJirck; = [ABJ;.C.; = [(AB)CJ;;. 1
k=1

Linearity of Matrix Multiplication. Let A be an m X n matrix, and f be
the function defined by matrix multiplication

fXnxp) = AX.

The left-hand distributive property guarantees that f is a linear function be-
cause for all scalars « and for all n x p matrices X and Y,

f@X+Y)=A(@X+Y)=A(aX)+AY = aAX + AY
=af(X)+ f(Y).

Of course, the linearity of matrix multiplication is no surprise because it was
the consideration of linear functions that motivated the definition of the matrix
product at the outset.

For scalars, the number 1 is the identity element for multiplication because
it has the property that it reproduces whatever it is multiplied by. For matrices,
there is an identity element with similar properties.

I dentity Matrix

The n X n matrix with 1’s on the main diagonal and 0’s elsewhere

Lo={. . . .

is called the identity matrixz of order n. For every m x n matrix A,
Al,=A and I,A=A.

The subscript on I, is neglected whenever the size is obvious from the
context.
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Example 3.6.2

Proof. Notice that I,; has a 1 in the 4t position and 0’s elsewhere. Recall
from Exercise 3.5.4 that such columns were called unit columns, and they
have the property that for any conformable matrix A,

AL; = A,;.
Using this together with the fact that [AI],; = AL, produces
Al = (AI*l AI*Q te AI*TL ) = (A*1 A*Q e A*n ) =A.

A similar argument holds when I appears on the left-hand side of A. |

Analogous to scalar algebra, we define the 0 power of a square matrix to
be the identity matrix of corresponding size. That is, if A is n X n, then

A'=1,.
Positive powers of A are also defined in the natural way. That is,

A" = AA---A.
——
n times

The associative law guarantees that it makes no difference how matrices are
grouped for powering. For example, AA? is the same as A2A, so that

A? = AAA = AA? = A’A.
Also, the usual laws of exponents hold. For nonnegative integers r and s,
ATA* =A"" and (A")"=A"

We are not yet in a position to define negative or fractional powers, and due to
the lack of conformability, powers of nonsquare matrices are never defined.

A Pitfall. For two n x n matrices, what is (A + B)27 Be careful! Because
matrix multiplication is not commutative, the familiar formula from scalar alge-
bra is not valid for matrices. The distributive properties must be used to write

(A+B’=(A+B)(A+B)=(A+B)A+(A+B)B
——— —— ——

= A? + BA + AB + B?,

and this is as far as you can go. The familiar form A2+2AB+B? is obtained only
in those rare cases where AB = BA. To evaluate (A + B)k7 the distributive
rules must be applied repeatedly, and the results are a bit more complicated—try
it for k= 3.
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Suppose that the population migration between two geographical regions—say,
the North and the South—is as follows. Each year, 50% of the population in
the North migrates to the South, while only 25% of the population in the South
moves to the North. This situation is depicted by drawing a transition diagram
such as that shown in Figure 3.6.1.

5

TN
e o0

.25

FIGURE 3.6.1

Problem: If this migration pattern continues, will the population in the North
continually shrink until the entire population is eventually in the South, or will
the population distribution somehow stabilize before the North is completely
deserted?

Solution: Let n; and s, denote the respective proportions of the total popula-
tion living in the North and South at the end of year k and assume ny + s, = 1.
The migration pattern dictates that the fractions of the population in each region
at the end of year £+ 1 are

Ngy1 = nk(5) + Sk(25),

Sg+1 = ng(-5) + sk (.75). (3.6.1)

If p' = (nk, sx) and p,{ﬂ = (ng+1, Sk+1) denote the respective population
distributions at the end of years k and k+ 1, and if

N S
N/(5 5
T=5 (.25 .75)

is the associated transition matriz, then (3.6.1) assumes the matrix form
Piy1 = P;T. Inducting on p{ = pgT, p; =pi T =p;T? p5 =p;T =
plT3, etc., leads to

p; = pg T*. (3.6.2)

Determining the long-run behavior involves evaluating limg_. o pz, and it’s clear
from (3.6.2) that this boils down to analyzing limy_.., T*. Later, in Example
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7.3.5, a more sophisticated approach is discussed, but for now we will use the
“brute force” method of successively powering P until a pattern emerges. The
first several powers of P are shown below with three significant digits displayed.

P2 _ (.375 .625) p3 — (.344 .656) pt _ (.328 .672)

312 687 328 672 332 .668
ps _ (334 666 g _ (333 66T\ o _ (333 .667
~\.333 .667 ~\.333 .667 ~\.333 667

This sequence appears to be converging to a limiting matrix of the form

o o on (1/3 2/3
P = lm P _<1/3 2/3 )

so the limiting population distribution is

P

1/3 2/3)

Jim B = Jim {7 <o Jin = 0 s0) (153

_(no+so 2(no+s0)) _
_( el AL >_(1/3 2/3).

Therefore, if the migration pattern continues to hold, then the population dis-
tribution will eventually stabilize with 1/3 of the population being in the North
and 2/3 of the population in the South. And this is independent of the initial
distribution! The powers of P indicate that the population distribution will be
practically stable in no more than 6 years—individuals may continue to move,
but the proportions in each region are essentially constant by the sixth year.

The operation of transposition has an interesting effect upon a matrix
product—a reversal of order occurs.

Reverse Order Law for Transposition

For conformable matrices A and B,
(AB)" =BTAT,
The case of conjugate transposition is similar. That is,

(AB)* = B*A*.
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Proof. By definition,
T
(AB);; = [AB];i = A;,B.;.
Consider the (i,7)-entry of the matrix BT AT and write

[BTAT} ij (BT)i* (AT)*j - Z [BT]ik [AT] kj

k

= Z Aljr = [Aljx[Blki

k

Therefore, (AB)Z-TJ- = [BTATLJ, for all i and j, and thus (AB)” = BTAT.
The proof for the conjugate transpose case is similar. i

For every matrix A,,xn, the products ATA and AAT are symmetric matrices
because

(ATA)" = ATAT" = ATA and (AAT)" = AT"AT = AAT.

Trace of a Product. Recall from Example 3.3.1 that the trace of a square
matrix is the sum of its main diagonal entries. Although matrix multiplication
is not commutative, the trace function is one of the few cases where the order of
the matrices can be changed without affecting the results.

Problem: For matrices A,,x, and B, x,., prove that

trace (AB) = trace (BA).

Solution:

trace (AB) = Z Z A;.B,;, = Z Z aibr; = Z Z briir:
i k
= Z Z briair = ZBk* k= Z[BA}kk = trace (BA)

k
Note: This is true in splte of the fact that AB is m x m while BA is n x n.
Furthermore, this result can be extended to say that any product of conformable
matrices can be permuted cyclically without altering the trace of the product.
For example,

trace (ABC) = trace (BCA) = trace (CAB).
However, a noncyclical permutation may not preserve the trace. For example,
trace (ABC) # trace (BAC).
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Executing multiplication between two matrices by partitioning one or both
factors into submatrices—a matrix contained within another matrix—can be
a useful technique.

Block Matrix Multiplication

Suppose that A and B are partitioned into submatrices—often referred
to as blocks—as indicated below.

A A - Ay Bii B -+ By
B Asi Ay -+ Ao, _ | B By - By
Asl A32 o Asr B'r‘l Br2 o Brt

If the pairs (A;z, By;) are conformable, then A and B are said to
be conformably partitioned. For such matrices, the product AB is
formed by combining the blocks exactly the same way as the scalars are
combined in ordinary matrix multiplication. That is, the (4, j)-block in
AB is

AilBlj +ApBg + -+ A B,

Although a completely general proof is possible, looking at some examples
better serves the purpose of understanding this technique.

Example 3.6.6

Block multiplication is particularly useful when there are patterns in the matrices
to be multiplied. Consider the partitioned matrices

C 1
(1 0), B—
1 0 1 2
I_<O 1) and C—<3 4>.

Using block multiplication, the product AB is easily computed to be

w-($ 8 (3 8)-(% 9)-

where
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Reducibility. Suppose that T, x,x = b represents a system of linear equa-
tions in which the coefficient matrix is block triangular. That is, T can be
partitioned as

T:(‘g‘ g), where A is rx7r and Cis n—rxn—r. (3.6.3)

If x and b are similarly partitioned as x = (2) and b= (E;), then block

multiplication shows that Tx = b reduces to two smaller systems

Ax; + Bxy = by,
CXQ = b2,

so if all systems are consistent, a block version of back substitution is possible—
i.e., solve Cxy = by for x5, and substituted this back into Ax; = b; — Bxo,
which is then solved for x;. For obvious reasons, block-triangular systems of
this type are sometimes referred to as reducible systems, and T is said to
be a reducible matrixz. Recall that applying Gaussian elimination with back
substitution to an n x n system requires about n3/3 multiplications/divisions
and about n?®/3 additions/subtractions. This means that it’s more efficient to
solve two smaller subsystems than to solve one large main system. For exam-
ple, suppose the matrix T in (3.6.3) is 100 x 100 while A and C are each
50 x 50. If Tx = b is solved without taking advantage of its reducibility, then
about 10°/3 multiplications/divisions are needed. But by taking advantage of
the reducibility, only about (250 x 10%)/3 multiplications/divisions are needed
to solve both 50 x 50 subsystems. Another advantage of reducibility is realized
when a computer’s main memory capacity is not large enough to store the entire
coefficient matrix but is large enough to hold the submatrices.

Exercisesfor section 3.6

3.6.1. For the partitioned matrices

-1 -1
1] 001] 333 0 0
A—|[1]00] 3 33 and B=|_9 O
1122000 -1 -2
—1 -2
-1 -2

use block multiplication with the indicated partitions to form the prod-
uct AB.



3.6 Properties of Matrix Multiplication 113

3.6.2.

3.6.3.

3.6.4.

3.6.5.

3.6.6.

3.6.7.

3.6.8.

For all matrices A, «xx and Bpyx,, show that the block matrix

L_( I-BA B
“\2A-ABA AB-1I

has the property L2 = I. Matrices with this property are said to be
involutory, and they occur in the science of cryptography.

For the matrix

100 1/3 1/3 1/3

010 1/3 1/3 1/3

A_ |00 1 13 13 1
o o0 o0 13 1/3 13|

000 1/3 1/3 1/3

000 1/3 1/3 1/3

determine A3%°, Hint: A square matrix C is said to be idempotent
when it has the property that C2 = C. Make use of idempotent sub-
matrices in A.

For every matrix A,,xn, demonstrate that the products A*A and
AA* are hermitian matrices.

If A and B are symmetric matrices that commute, prove that the
product AB is also symmetric. If AB # BA, is AB necessarily sym-
metric?

Prove that the right-hand distributive property is true.

For each matrix A, «xn, explain why it is impossible to find a solution
for X,,«x, In the matrix equation

AX -XA =1

Hint: Consider the trace function.

Let yZ.,, be arow of unknowns, and let A,,., and b%,  be known
matrices.
(a) Explain why the matrix equation yZ A = bT represents a sys-
tem of n linear equations in m unknowns.
(b) How are the solutions for y7 in yZA = b’ related to the
solutions for x in ATx = b?
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3.6.9. A particular electronic device consists of a collection of switching circuits
that can be either in an ON state or an OFF state. These electronic
switches are allowed to change state at regular time intervals called clock
cycles. Suppose that at the end of each clock cycle, 30% of the switches
currently in the OFF state change to ON, while 90% of those in the ON
state revert to the OFF state.

(a) Show that the device approaches an equilibrium in the sense
that the proportion of switches in each state eventually becomes
constant, and determine these equilibrium proportions.

(b) Independent of the initial proportions, about how many clock
cycles does it take for the device to become essentially stable?

3.6.10. Write the following system in the form T, «,x = b, where T is block
triangular, and then obtain the solution by solving two small systems as
described in Example 3.6.7.

Ty + 1z + 3x3 + 4dxy = —1,
203 4+ 3x4 = 3,
1 + 2x9 + bxgy + 61y = — 2,
xr3 + 2x4 = 4.

3.6.11. Prove that each of the following statements is true for conformable ma-
trices.
(a) trace (ABC) = trace ( BCA) = trace (CAB).
(b) trace (ABC) can be different from trace (BAC).
(c) trace (ATB) = trace (ABT).

3.6.12. Suppose that A,,x, and xX,x; have real entries.
(a) Prove that xTx = 0 if and only if x = 0.
(b) Prove that trace (ATA) =0 if and only if A =0.
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3.7 MATRIXINVERSON

Example 3.7.1

If « is a nonzero scalar, then for each number ( the equation ax = ( has a
unique solution given by = = a~'3. To prove that a~ ! is a solution, write

a(a™B) = (aa™")f = (1) = 5. (3.7.1)
Uniqueness follows because if x; and x5 are two solutions, then
ari =f=ar; = o (ar)=a '(azs)
= (a? La)xy (3.7.2)
= Dz =)z = 1 =2x2.

a)ry = (a”

These observations seem pedantic, but they are important in order to see how
to make the transition from scalar equations to matrix equations. In particular,
these arguments show that in addition to associativity, the properties

la=1 (3.7.3)

aa t=1 and a~
are the key ingredients, so if we want to solve matrix equations in the same
fashion as we solve scalar equations, then a matrix analogue of (3.7.3) is needed.

Matrix I nversion

For a given square matrix A, «,, the matrix B, «, that satisfies the

conditions
AB=1, and BA-=1,

is called the inverse of A and is denoted by B = A~!. Not all square
matrices are invertible—the zero matrix is a trivial example, but there
are also many nonzero matrices that are not invertible. An invertible
matrix is said to be nonsingular, and a square matrix with no inverse
is called a singular matriz.

Notice that matrix inversion is defined for square matrices only—the con-
dition AA~! = A~'A rules out inverses of nonsquare matrices.

If

a b
A—<C d>’ where & = ad — be # 0,

1 d —b
-1 _
at=5(7)

because it can be verified that AA™! = A71A =1,.

then
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Although not all matrices are invertible, when an inverse exists, it is unique.
To see this, suppose that X; and Xy are both inverses for a nonsingular matrix
A. Then
X; =X I=X(AX,) = (X1A)X, = IXy = X,

which implies that only one inverse is possible.

Since matrix inversion was defined analogously to scalar inversion, and since
matrix multiplication is associative, exactly the same reasoning used in (3.7.1)
and (3.7.2) can be applied to a matrix equation AX = B, so we have the
following statements.

Matrix Equations

e If A is a nonsingular matrix, then there is a unique solution for X
in the matrix equation A, »,X,xp = Bnxp, and the solution is

X=A"'B. (3.7.4)

e A system of n linear equations in n unknowns can be written as a
single matrix equation A, x,Xnx1 = bnx1 (see p. 99), so it follows
from (3.7.4) that when A is nonsingular, the system has a unique
solution given by x = A~ 'b.

However, it must be stressed that the representation of the solution as
x = A~'b is mostly a notational or theoretical convenience. In practice, a
nonsingular system Ax = b is almost never solved by first computing A~' and
then the product x = A~'b. The reason will be apparent when we learn how
much work is involved in computing A~!.

Since not all square matrices are invertible, methods are needed to distin-
guish between nonsingular and singular matrices. There is a variety of ways to
describe the class of nonsingular matrices, but those listed below are among the
most important.

Existence of an I nverse

For an m X n matrix A, the following statements are equivalent.
e Al exists (A is nonsingular).

e rank(A)=n.

(

(
Gauss—Jordan

° ] (

(

e Ax =0 implies that x = 0.
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Example 3.7.2

Proof. The fact that (3.7.6) <= (3.7.7) is a direct consequence of the defi-
nition of rank, and (3.7.6) <= (3.7.8) was established in §2.4. Consequently,
statements (3.7.6), (3.7.7), and (3.7.8) are equivalent, so if we establish that
(3.7.5) <= (3.7.6), then the proof will be complete.

Proof of (3.7.5)=(3.7.6). Begin by observing that (3.5.5) guarantees
that a matrix X = [X,q | Xya| | Xy, satisfies the equation AX =T if and
only if X,; is a solution of the linear system Ax = L,;. If A is nonsingular,
then we know from (3.7.4) that there exists a unique solution to AX =1, and
hence each linear system Ax = I,; has a unique solution. But in §2.5 we learned
that a linear system has a unique solution if and only if the rank of the coefficient
matrix equals the number of unknowns, so rank (A) = n.

Proof of (3.7.6) = (3.7.5). If rank(A) = n, then (2.3.4) insures that
each system Ax = I,; is consistent because rank[A|L;] = n = rank (A).
Furthermore, the results of §2.5 guarantee that each system Ax = I,; has a
unique solution, and hence there is a unique solution to the matrix equation
AX = 1. We would like to say that X = A~!, but we cannot jump to this
conclusion without first arguing that XA = I. Suppose this is not true—i.e.,
suppose that XA — I # 0. Since

AXA-T)=(AX) A-A=TIA—-A=0,

it follows from (3.5.5) that any nonzero column of XA —TI is a nontrivial solution
of the homogeneous system Ax = 0. But this is a contradiction of the fact that
(3.7.6) <= (3.7.8). Therefore, the supposition that XA — I # 0 must be false,
and thus AX =1 = XA, which means A is nonsingular. i

The definition of matrix inversion says that in order to compute A~!, it is
necessary to solve both of the matrix equations AX =1 and XA = I. These
two equations are necessary to rule out the possibility of nonsquare inverses. But
when only square matrices are involved, then any one of the two equations will
suffice—the following example elaborates.

Problem: If A and X are square matrices, explain why
AX=1 = XA=L (3.7.9)
In other words, if A and X are square and AX =1, then X = A1,

Solution: Notice first that AX =1 implies X is nonsingular because if X is
singular, then, by (3.7.8), there is a column vector x # 0 such that Xx = 0,
which is contrary to the fact that x = Ix = AXx = 0. Now that we know X!
exists, we can establish (3.7.9) by writing

AX=1 = AXX!'=X"! —m A=X"'! =— XA=L

Caution! The argument above is not valid for nonsquare matrices. When
m # n, it’s possible that A« Xuxm = Ly, but XA #£1,.
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Although we usually try to avoid computing the inverse of a matrix, there are
times when an inverse must be found. To construct an algorithm that will yield
A~! when A, is nonsingular, recall from Example 3.7.2 that determining
A~ is equivalent to solving the single matrix equation AX = I, and due to
(3.5.5), this in turn is equivalent to solving the n linear systems defined by

Ax=1, for j=12,...,n (3.7.10)

In other words, if X1, X0, ..., X, are the respective solutions to (3.7.10), then
X = [Xy1 | Xsa || Xsn] solves the equation AX = I, and hence X = A~1L.
If A is nonsingular, then we know from (3.7.7) that the Gauss—Jordan method
reduces the augmented matrix [A |I,;] to [I|X,;], and the results of §1.3 insure
that X,; is the unique solution to Ax =1I,;. That is,

Gauss—Jordan
(A L] =0 1] (A1),

But rather than solving each system Ax = I,; separately, we can solve them

simultaneously by taking advantage of the fact that they all have the same

coefficient matrix. In other words, applying the Gauss—Jordan method to the

larger augmented array [A |Liq |Lo|---| L] produces

Gauss—Jordan

ALy Lo || L) S22 [I\ A A7

: ‘ [A_l]*n‘| )

or more compactly,

Gauss—Jordan

ATl ——— [T|AY]. (3.7.11)
What happens if we try to invert a singular matrix using this procedure?
The fact that (3.7.5) <= (3.7.6) <= (3.7.7) guarantees that a singular matrix
A cannot be reduced to I by Gauss—Jordan elimination because a zero row will
have to emerge in the left-hand side of the augmented array at some point during
the process. This means that we do not need to know at the outset whether A
is nonsingular or singular—it becomes self-evident depending on whether or not

the reduction (3.7.11) can be completed. A summary is given below.

Computing an Inverse

Gauss—Jordan elimination can be used to invert A by the reduction

Gauss—Jordan

[A|]] ———— [I|A7Y). (3.7.12)

The only way for this reduction to fail is for a row of zeros to emerge
in the left-hand side of the augmented array, and this occurs if and only
if A is a singular matrix. A different (and somewhat more practical)
algorithm is given Example 3.10.3 on p. 148.
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Example 3.7.3

Although they are not included in the simple examples of this section, you
are reminded that the pivoting and scaling strategies presented in §1.5 need to
be incorporated, and the effects of ill-conditioning discussed in §1.6 must be con-
sidered whenever matrix inverses are computed using floating-point arithmetic.
However, practical applications rarely require an inverse to be computed.

1 1 1
Problem: If possible, find the inverse of A= |1 2 2
1 2 3
Solution:
11 1 0 0 1 1 1 1 0 0
Al=(1 2 2 01 0]—1(01 1] -1 10
1 2 3 0 0 1 0 1 -1 0 1
1 00 2 -1 0 1 00 2 -1 0
— (0 1 1 -1 1 0] —|(0 1 0 -1 2 —1
0 0 1 0 -1 1 0 0 1 0 -1 1
2 -1 0
Therefore, the matrix is nonsingular, and A~! = [ —1 2 —1]. If we wish
0 -1 1

to check this answer, we need only check that AA~! = I. If this holds, then the
result of Example 3.7.2 insures that A~'A =T will automatically be true.

Earlier in this section it was stated that one almost never solves a nonsin-
gular linear system Ax = b by first computing A~! and then the product
x = A~'b. To appreciate why this is true, pay attention to how much effort is
required to perform one matrix inversion.

Operation Countsfor Inversion

-1
nxn

e n? multiplications/divisions,

Computing A by reducing [A|I] with Gauss—Jordan requires

e 13 —2n% + n additions/subtractions.

Interestingly, if Gaussian elimination with a back substitution process is
applied to [A|I] instead of the Gauss—Jordan technique, then exactly the same
operation count can be obtained. Although Gaussian elimination with back sub-
stitution is more efficient than the Gauss—Jordan method for solving a single
linear system, the two procedures are essentially equivalent for inversion.
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Solving a nonsingular system Ax = b by first computing A~! and then
forming the product x = A~!'b requires n® +n? multiplications/divisions and
n® —n? additions/subtractions. Recall from §1.5 that Gaussian elimination with
back substitution requires only about n3/3 multiplications/divisions and about
n3/3 additions/subtractions. In other words, using A~ to solve a nonsingular
system Ax = b requires about three times the effort as does Gaussian elimina-
tion with back substitution.

To put things in perspective, consider standard matrix multiplication be-
tween two n x m matrices. It is not difficult to verify that n® multiplications
and n3—n? additions are required. Remarkably, it takes almost exactly as much
effort to perform one matrix multiplication as to perform one matrix inversion.
This fact always seems to be counter to a novice’s intuition—it “feels” like ma-
trix inversion should be a more difficult task than matrix multiplication, but this
is not the case.

The remainder of this section is devoted to a discussion of some of the
important properties of matrix inversion. We begin with the four basic facts
listed below.

Properties of Matrix I nversion
For nonsingular matrices A and B, the following properties hold.
e (A=A (3.7.13)
e The product AB is also nonsingular. ( )
e (AB)"!'=B!'A~! (the reverse order law for inversion). (3.7.15)
(A" = (A7) and (A7) = (A7) (3.7.16)

Proof. Property (3.7.13) follows directly from the definition of inversion. To
prove (3.7.14) and (3.7.15), let X = B7'A~! and verify that (AB)X =1 by
writing

(AB)X=(AB)B'A"'=ABB HA '=ADA '=AA'=1

According to the discussion in Example 3.7.2, we are now guaranteed that
X(AB) =1, and we need not bother to verify it. To prove property (3.7.16), let

X = (A*I)T and verify that ATX = I. Make use of the reverse order law for
transposition to write

ATX =AT(A Y = (AA) =17 =1

Therefore, (AT)_1 =X = (A‘l)T. The proof of the conjugate transpose case
is similar. [
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In general the product of two rank-r matrices does not necessarily have to
produce another matrix of rank r. For example,

1 2 2 4
A—<2 4) and B—(_1 _2>

each has rank 1, but the product AB = 0 has rank 0. However, we saw in
(3.7.14) that the product of two invertible matrices is again invertible. That is, if

rank (Anxn) =n and rank (B,x,) = n, then rank (AB) = n. This generalizes
to any number of matrices.

Products of Nonsingular Matrices Are Nonsingular

If Ay, Ag, ..., Ak are each n X n nonsingular matrices, then the prod-
uct AjA,--- Ay is also nonsingular, and its inverse is given by the
reverse order law. That is,

(AAs---Ap) ' =A  ASTATL

Proof.  Apply (3.7.14) and (3.7.15) inductively. For example, when k& =3 you
can write

(A1{A2A3)}) " = {AsA3} AT = ASTASIATL B

Exercisesfor section 3.7

3.7.1. When possible, find the inverse of each of the following matrices. Check
your answer by using matrix multiplication.

4 -8 5
1 2 1 2
@ (13) o (31 © (g T
1 1 1 1
1 2 3
@ |45 6] }gg;)
T8 1 2 3 4

3.7.2. Find the matrix X such that X = AX + B, where

0 1 2
A=10 0 -1 and B=12 1
0 3 3
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3.7.3.

3.7.4.

3.7.5.

3.7.6.

3.7.7.

3.7.8.

3.7.9.

3.7.10.

For a square matrix A, explain why each of the following statements
must be true.
(a) If A contains a zero row or a zero column, then A is singular.
(b) If A contains two identical rows or two identical columns, then
A is singular.
(¢) If one row (or column) is a multiple of another row (or column),
then A must be singular.

Answer each of the following questions.
(a) Under what conditions is a diagonal matrix nonsingular? De-
scribe the structure of the inverse of a diagonal matrix.
(b) Under what conditions is a triangular matrix nonsingular? De-
scribe the structure of the inverse of a triangular matrix.

If A is nonsingular and symmetric, prove that A~! is symmetric.
If A is a square matrix such that I — A is nonsingular, prove that

AD-A)'=1-A)'A

Prove that if A is m xn and B is n x m such that AB =1,, and
BA =1,, then m =n.

If A, B, and A + B are each nonsingular, prove that

A(A+B)'B=B(A+B)'A=(A'+B )"

Let S be a skew-symmetric matrix with real entries.
(a) Prove that I—S is nonsingular. Hint: x’x =0 = x=0.
(b) If A= (I+S)I—-S)"!, show that A=t = AT,

For matrices A, x,, Bgsxs,and C,«s such that A and B are nonsin-
gular, verify that each of the following is true.

o (380 )

b () ()
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3.7.11. Consider the block matrix Arxr Crxs
Rs><r Bsxs

) . When the indicated in-
verses exist, the matrices defined by
S=B-RA!C and T=A-CB 'R

are called the Schur complements *of A and B, respectively.

(a) If A and S are both nonsingular, verify that

A C\ ' [(ATlT+AlCST'RA-! —A-lCST!
R B) ~ ~S-IRA"! s '

(b) If B and T are nonsingular, verify that
A c\ ' T ~T-1CB"!
R B " \-B7'RT! B !'+B'RT!CB! )"

3.7.12. Suppose that A, B, C, and D are n x n matrices such that ABT
and CD7 are each symmetric and AD? — BCT =1. Prove that

ATD-C'B=1.

20 This is named in honor of the German mathematician Issai Schur (1875-1941), who first studied
matrices of this type. Schur was a student and collaborator of Ferdinand Georg Frobenius
(p. 662). Schur and Frobenius were among the first to study matrix theory as a discipline
unto itself, and each made great contributions to the subject. It was Emilie V. Haynsworth
(1916-1987)—a mathematical granddaughter of Schur—who introduced the phrase “Schur
complement” and developed several important aspects of the concept.
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INVERSES OF SUMSAND SENSITIVITY

21

The reverse order law for inversion makes the inverse of a product easy to deal
with, but the inverse of a sum is much more difficult. To begin with, (A + B)~!
may not exist even if A~! and B~! each exist. Moreover, if (A +B)~! exists,
then, with rare exceptions, (A +B)~! # A~! 4+ B~!. This doesn’t even hold
for scalars (i.e., 1 x 1 matrices), so it has no chance of holding in general.

There is no useful general formula for (A+B)~!, but there are some special
sums for which something can be said. One of the most easily inverted sums is
I+cd? in which ¢ and d are n x 1 nonzero columns such that 14+d”c # 0.
It’s straightforward to verify by direct multiplication that

cd”
~1+dTc
If T is replaced by a nonsingular matrix A satisfying 1+ d”A~'c # 0, then
the reverse order law for inversion in conjunction with (3.8.1) yields

(T+cd”) ' =1 (3.8.1)

-1
(A +cd?)! = (A(I + A’lch)) =(I+Aed?) 1A

(g ATed” N, Aled’A™
14+dTA-1c - 1+dTA-1c’

This is often called the Sherman—Morrison > rank-one update formula because
it can be shown (Exercise 3.9.9, p. 140) that rank (cd”) =1 when ¢ # 0 # d.

Sherman—M orrison Formula

e If A,«, is nonsingular and if ¢ and d are n x 1 columns such
that 1+ dTA~'c # 0, then the sum A + cd” is nonsingular, and
A ledTA!
1+dTA- ¢’
o The Sherman—Morrison—Woodbury formula is a generalization. If C
and D are n x k such that (I+D7TA-1C)~! exists, then

(A+cd”) =A! (3.8.2)

(A+CcD)y'=A"1'-A"'ca+DTA'C)'DTA"L.  (3.83)

This result appeared in the 1949-1950 work of American statisticians J. Sherman and W. J.
Morrison, but they were not the first to discover it. The formula was independently presented
by the English mathematician W. J. Duncan in 1944 and by American statisticians L. Guttman
(1946), Max Woodbury (1950), and M. S. Bartlett (1951). Since its derivation is so natural, it
almost certainly was discovered by many others along the way. Recognition and fame are often
not afforded simply for introducing an idea, but rather for applying the idea to a useful end.
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Example 3.8.1

The Sherman—Morrison-Woodbury formula (3.8.3) can be verified with di-
rect multiplication, or it can be derived as indicated in Exercise 3.8.6.

To appreciate the utility of the Sherman-Morrison formula, suppose A !
is known from a previous calculation, but now one entry in A needs to be
changed or updated—say we need to add a to a;;. It’s not necessary to start
from scratch to compute the new inverse because Sherman—Morrison shows how
the previously computed information in A~! can be updated to produce the
new inverse. Let ¢ = e; and d = ae;, where e; and e; are the it" and jth
unit columns, respectively. The matrix c¢d? has « in the (i,j)-position and
zeros elsewhere so that

B:A—i—ch:A—i—aeieJT

is the updated matrix. According to the Sherman—Morrison formula,

_ A-leel A1
-1 _ LA (e
B™' = (A taee;) =A _al+aejTAflei
(3.8.4)
A1 [ATY.
A — a—[ = L[L_l]b (recall Exercise 3.5.4).
ji

This shows how A~! changes when a;; is perturbed, and it provides a useful
algorithm for updating A~!.

Problem: Start with A and A~! given below. Update A by adding 1 to as;,
and then use the Sherman-Morrison formula to update A~1!:

(1 2 o[ 3 =2
a=(12) maoa=(13 )

Solution: The updated matrix is

(3 - )2 Y- () venemt

Applying the Sherman—Morrison formula yields the updated inverse

B-!l—A-! A lesef AT Al (A7 ]2 [A 1

1+ elTA e, T+ [A71]
e -2

(—? ?)( 11—2 (3 —?)
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Another sum that often requires inversion is I — A, but we have to be
careful because (I—A)~! need not always exist. However, we are safe when the
entries in A are sufficiently small. In particular, if the entries in A are small
enough in magnitude to insure that lim, ., A™ = 0, then, analogous to scalar
algebra,

I-A)I+A+A*+  F A" H=T-A" -1 as n— oo,

so we have the following matrix version of a geometric series.

Neumann Series

If lim, oo A™ =0, then I — A is nonsingular and
o0
(I—A)—1:I+A+A2+...:ZAk. (3.8.5)
k=0

This is the Neumann series. It provides approximations of (I — A)~!
when A has entries of small magnitude. For example, a first-order ap-
proximation is (I — A)~! ~ I+A. More on the Neumann series appears
in Example 7.3.1, p. 527, and the complete statement is developed on
p. 618.

While there is no useful formula for (A + B)~! in general, the Neumann
series allows us to say something when B has small entries relative to A, or
vice versa. For example, if A~! exists, and if the entries in B are small enough
in magnitude to insure that lim,, . (A‘lB)n =0, then

—1 -1
(A+B)'=(A@T-[-A7'B])) =(1-[-A7'B]) A
- (Z [AlB]"'> AL
k=0
and a first-order approximation is
(A+B)'~A ' -A'BA™L (3.8.6)

Consequently, if A is perturbed by a small matrix B, possibly resulting from
errors due to inexact measurements or perhaps from roundoff error, then the
resulting change in A~! is about A"'BA~!. In other words, the effect of a
small perturbation (or error) B is magnified by multiplication (on both sides)
with A~1) soif A~! has large entries, small perturbations (or errors) in A can
produce large perturbations (or errors) in the resulting inverse. You can reach
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essentially the same conclusion from (3.8.4) when only a single entry is perturbed
and from Exercise 3.8.2 when a single column is perturbed.

This discussion resolves, at least in part, an issue raised in §1.6—namely,
“What mechanism determines the extent to which a nonsingular system Ax =b
is ill-conditioned?” To see how, an aggregate measure of the magnitude of the
entries in A is needed, and one common measure is

|A] = maxz la;j| = the maximum absolute row sum. (3.8.7)
J

This is one example of a matriz norm, a detailed discussion of which is given in
85.1. Theoretical properties specific to (3.8.7) are developed on pp. 280 and 283,
and one property established there is the fact that | XY < [|X]|| [[Y] for all
conformable matrices X and Y. But let’s keep things on an intuitive level for
the time being and defer the details. Using the norm (3.8.7), the approximation
(3.8.6) insures that if ||B|| is sufficiently small, then

|A™ = (A +B)7|| ~ [AT'BATY| < [|ATH]| IB]| [| A

so, if we interpret x <y to mean that z is bounded above by something not
far from y, we can write

|a™ —(a+B)7 B
A=l = A 1Al {5}
BT S A= pa i { L2
The term on the left is the relative change in the inverse, and ||B|| /||A[| is the
relative change in A. The number s = ||A7||||A]| is therefore the “magnifi-

cation factor” that dictates how much the relative change in A is magnified.
This magnification factor x is called a condition number for A. In other
words, if x is small relative to 1 (i.e., if A is well conditioned), then a small
relative change (or error) in A cannot produce a large relative change (or error)
in the inverse, but if x is large (i.e., if A is ill conditioned), then a small rela-
tive change (or error) in A can possibly (but not necessarily) result in a large
relative change (or error) in the inverse.

The situation for linear systems is similar. If the coefficients in a nonsingular
system Ax = b are slightly perturbed to produce the system (A + B)X = b,
then x = A~!'b and x = (A +B)'b so that (3.8.6) implies

x—x=A""b-(A+B)"'bxA'b— (A"~ AT'BA " )b=A""Bx.
For column vectors, (3.8.7) reduces to ||x| = max; |z;|, and we have

Il — x|l < [[ATH 1B 1]
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so the relative change in the solution is

Hx—i|\< -1 _ -1 M — M
s latim=aian{ g b= s {3} @8

Again, the condition number k is pivotal because when k is small, a small
relative change in A cannot produce a large relative change in x, but for larger
values of k, a small relative change in A can possibly result in a large relative
change in x. Below is a summary of these observations.

Sensitivity and Conditioning

e A nonsingular matrix A is said to be ill conditioned if a small
relative change in A can cause a large relative change in A~1!.
The degree of ill-conditioning is gauged by a condition number
k= ||A| ||A~|], where ||x|| is a matrix norm.

e The sensitivity of the solution of Ax = b to perturbations (or
errors) in A is measured by the extent to which A is an ill-
conditioned matrix. More is said in Example 5.12.1 on p. 414.

It was demonstrated in Example 1.6.1 that the system

.835x + .667y = .168,
333z + .266y = .067,

is sensitive to small perturbations. We can understand this in the current context
by examining the condition number of the coefficient matrix. If the matrix norm
(3.8.7) is employed with

(835 667 1 (266000 667000
A(.333 .266) and A < 333000 835000)’

then the condition number for A is
k=rk=|A] HA_1|| = (1.502)(1168000) = 1,754,336 ~ 1.7 x 108,

Since the right-hand side of (3.8.8) is only an estimate of the relative error in
the solution, the exact value of k is not as important as its order of magnitude.
Because & is of order 10°, (3.8.8) holds the possibility that the relative change
(or error) in the solution can be about a million times larger than the relative
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change (or error) in A. Therefore, we must consider A and the associated linear
system to be ill conditioned.

A Rule of Thumb. If Gaussian elimination with partial pivoting is used to
solve a well-scaled nonsingular system Ax = b wusing ¢-digit floating-point
arithmetic, then, assuming no other source of error exists, it can be argued that
when & is of order 10P, the computed solution is expected to be accurate to
at least t —p significant digits, more or less. In other words, one expects to
lose roughly p significant figures. For example, if Gaussian elimination with 8-
digit arithmetic is used to solve the 2 x 2 system given above, then only about
t—p =8 —6 = 2 significant figures of accuracy should be expected. This
doesn’t preclude the possibility of getting lucky and attaining a higher degree of
accuracy—it just says that you shouldn’t bet the farm on it.

The complete story of conditioning has not yet been told. As pointed out ear-
lier, it’s about three times more costly to compute A~! than to solve Ax = b,
so it doesn’t make sense to compute A~! just to estimate the condition of A.
Questions concerning condition estimation without explicitly computing an in-
verse still need to be addressed. Furthermore, liberties allowed by using the =~
and < symbols produce results that are intuitively correct but not rigorous.

~

Rigor will eventually be attained—see Example 5.12.1on p. 414.

Exercisesfor section 3.8

3.8.1. Suppose you are given that

2 0 -1 10 1
A=|-11 1 and A '=(0 1 -1
-1 0 1 1 0 2

(a) Use the Sherman—Morrison formula to determine the inverse of
the matrix B that is obtained by changing the (3,2)-entry in
A from 0 to 2.

(b) Let C be the matrix that agrees with A except that cgo = 2
and cs3 = 2. Use the Sherman-Morrison formula to find C~!.

3.8.2. Suppose A and B are nonsingular matrices in which B is obtained
from A by replacing A.; with another column b. Use the Sherman—
Morrison formula to derive the fact that

(Ailb — ej)[Afl]j* .

B '=A"-
[A=1]b
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3.8.3.

3.8.4.

3.8.5.

3.8.6.

3.8.7.

3.8.8.

Suppose the coefficient matrix of a nonsingular system Ax = b is up-
dated to produce another nonsingular system (A + cd”)z = b, where
b,c,d € R"*!, and let y be the solution of Ay = c. Show that
z=x—yd'x/(1+dTy).

(a) Use the Sherman-Morrison formula to prove that if A is non-
singular, then A + aeiejT is nonsingular for a sufficiently small
o.

(b) Use part (a) to prove that I+ E is nonsingular when all €;;’s
are sufficiently small in magnitude. This is an alternative to using
the Neumann series argument.

For given matrices A and B, where A is nonsingular, explain why
A + B is also nonsingular when the real number e is constrained to
a sufficiently small interval about the origin. In other words, prove that
small perturbations of nonsingular matrices are also nonsingular.

Derive the Sherman—Morrison—Woodbury formula. Hint: Recall Exer-

cise 3.7.11, and consider the product ((I) (IJ) (ﬁT EJI) (DIT (I]) .

Using the norm (3.8.7), rank the following matrices according to their
degree of ill-conditioning:

100 0 -100 1 8§ —1
A= 0 100 -100 |, B=|-9 -7 11],
—100 —-100 300 1 17 18
1 22 —42
C= 0 1 —45
—45 =948 1

Suppose that the entries in A(t), x(t), and b(t) are differentiable
functions of a real variable ¢ such that A(¢)x(t) = b(¢).
(a) Assuming that A(¢)~! exists, explain why
dA(t)~!
% =—-At)TTA' (A
(b) Derive the equation

xX'(t) = A@®)7'D/(t) — A@t) A (H)x(t).
This shows that A~! magnifies both the change in A and the
change in b, and thus it confirms the observation derived from
(3.8.8) saying that the sensitivity of a nonsingular system to

small perturbations is directly related to the magnitude of the
entries in AL
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3.9 ELEMENTARY MATRICESAND EQUIVALENCE

A common theme in mathematics is to break complicated objects into more
elementary components, such as factoring large polynomials into products of
smaller polynomials. The purpose of this section is to lay the groundwork for
similar ideas in matrix algebra by considering how a general matrix might be
factored into a product of more “elementary” matrices.

Elementary Matrices

Matrices of the form I—uv”, where u and v are n x 1 columns such
that viu # 1 are called elementary matrices, and we know from
(3.8.1) that all such matrices are nonsingular and

llVT

T-—w”) " =1 (3.9.1)

viu—1°

Notice that inverses of elementary matrices are elementary matrices.

We are primarily interested in the elementary matrices associated with the
three elementary row (or column) operations hereafter referred to as follows.

e Type Iis interchanging rows (columns) ¢ and j.
e Type II is multiplying row (column) i by a # 0.

e Type IIT is adding a multiple of row (column) ¢ to row (column) j.

An elementary matrix of Type I, II, or III is created by performing an elementary
operation of Type I, II, or III to an identity matrix. For example, the matrices

01 0 10 0 100
E;=(10 0], E=(0a 0], and Es=[0 1 0] (392
00 1 00 1 a 0 1

are elementary matrices of Types I, II, and III, respectively, because E; arises
by interchanging rows 1 and 2 in I3, whereas Es is generated by multiplying
row 2 in I3 by «, and Egz is constructed by multiplying row 1 in I3 by «
and adding the result to row 3. The matrices in (3.9.2) also can be generated by
column operations. For example, E3 can be obtained by adding « times the
third column of I3 to the first column. The fact that E;, Eo, and E3 are of
the form (3.9.1) follows by using the unit columns e; to write

E, =I-uu’, whereu=e;—e;, E;=1I-(1-a)esel, and E;=I+aeze!.
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These observations generalize to matrices of arbitrary size.

One of our objectives is to remove the arrows from Gaussian elimination
because the inability to do “arrow algebra” limits the theoretical analysis. For
example, while it makes sense to add two equations together, there is no mean-
ingful analog for arrows—reducing A — B and C — D by row operations does
not guarantee that A + C — B + D is possible. The following properties are
the mechanisms needed to remove the arrows from elimination processes.

Properties of Elementary Matrices

e When used as a left-hand multiplier, an elementary matrix of Type
I, II, or IIT executes the corresponding row operation.

e When used as a right-hand multiplier, an elementary matrix of Type
I, II, or IIT executes the corresponding column operation.

Proof. A proof for Type III operations is given—the other two cases are left to
the reader. Using I+ aejeZT as a left-hand multiplier on an arbitrary matrix A

produces
0 0 - 0
(I—l—aejeiT)A =A+aejA;,=A+a a;1 a;2 Qi | — 5P row.
0 O 0

This is exactly the matrix produced by a Type III row operation in which the
it" row of A is multiplied by «a and added to the j* row. When I+ aejel
is used as a right-hand multiplier on A, the result is

ith col
1
0 Qa1j 0
T T az;j 0
A(I+oaeje])=A+oA, el =A+a .
0 Qpj 0

This is the result of a Type III column operation in which the j** column of A
is multiplied by « and then added to the i** column. [
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Example 3.9.1

1 2 4
The sequence of row operations used to reduce A = [ 2 4 8 to Ea is
3 6 13
indicated below.
1 2 4 1 2 4
A= 2 4 8 R2 —2R1 e 0 0 O
3 6 13) R3—3R; 0 0 1
Interchange Rz and Rs 12 4 Rl - 4R2 120
_ 0 01 — |0 0 1] =Ea.
0 0 0 0 0 0
The reduction can be accomplished by a sequence of left-hand multiplications
with the corresponding elementary matrices as shown below.
1 -4 0 1 00 1 00 1 00
0 10 0 0 1 010 -2 1 0] A=Ea.
0 o0 1 010 -3 0 1 0 0 1
13 0 —4
The product of these elementary matricesis P = | =3 0 1 ], and you can
-2 1 0

verify that it is indeed the case that PA = EA. Thus the arrows are eliminated
by replacing them with a product of elementary matrices.

We are now in a position to understand why nonsingular matrices are pre-
cisely those matrices that can be factored as a product of elementary matrices.

Products of Elementary Matrices

e A is anonsingular matrix if and only if A is the product  (3.9.3)
of elementary matrices of Type I, II, or III.

Proof. If A is nonsingular, then the Gauss—Jordan technique reduces A to
I by row operations. If G1,Go,..., Gy is the sequence of elementary matrices
that corresponds to the elementary row operations used, then

G-+ G2G1A =1 or, equivalently, A = Gl_le_l e G,:l.

Since the inverse of an elementary matrix is again an elementary matrix of the
same type, this proves that A is the product of elementary matrices of Type I,
I1, or ITI. Conversely, if A = E1E,---Ej is a product of elementary matrices,
then A must be nonsingular because the E;’s are nonsingular, and a product
of nonsingular matrices is also nonsingular. i
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Equivalence

e Whenever B can be derived from A by a combination of elementary
row and column operations, we write A ~ B, and we say that A
and B are equivalent matrices. Since elementary row and column
operations are left-hand and right-hand multiplication by elementary
matrices, respectively, and in view of (3.9.3), we can say that

A ~ B < PAQ =B for nonsingular P and Q.

e Whenever B can be obtained from A by performing a sequence
of elementary row operations only, we write A ' B, and we say
that A and B are row equivalent. In other words,

AT B < PA =B for a nonsingular P.

e Whenever B can be obtained from A by performing a sequence of

column operations only, we write A i~ B, and we say that A and
B are column equivalent. In other words,

A B <= AQ=B for a nonsingular Q.

If it’s possible to go from A to B by elementary row and column oper-
ations, then clearly it’s possible to start with B and get back to A because
elementary operations are reversible—i.e., PAQ=B = P 'BQ !=A. It
therefore makes sense to talk about the equivalence of a pair of matrices without
regard to order. In other words, A ~ B <= B ~ A. Furthermore, it’s not
difficult to see that each type of equivalence is transitive in the sense that

A~B and B~C = A~C.

In §2.2 it was stated that each matrix A possesses a unique reduced row
echelon form Ea, and we accepted this fact because it is intuitively evident.
However, we are now in a position to understand a rigorous proof.

Problem: Prove that E, is uniquely determined by A.

Solution: Without loss of generality, we may assume that A is square—
otherwise the appropriate number of zero rows or columns can be adjoined to A
without affecting the results. Suppose that A "X E; and A "' Ey, where E;
and E, are both in reduced row echelon form. Consequently, E; ‘<" Ey, and

hence there is a nonsingular matrix P such that

PE, = E,. (3.9.4)
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Furthermore, by permuting the rows of E; and Es to force the pivotal 1’s to
occupy the diagonal positions, we see that

E1 rro\x:v T1 and E2 rfo\/W r:[‘g7 (395)

where T; and Ts are upper-triangular matrices in which the basic columns in
each T; occupy the same positions as the basic columns in E;. For example, if

E= , then T =

S O =
O O N
o = o
o O =
S O N
= o O

Each T; has the property that T? = T; because there is a permutation
matriz Q; (a product of elementary interchange matrices of Type I) such that

1,Q7 = (I i : _or (L I\ g
QT.Q; = ( o o) °% equivalently, T; = Q; o o Q.,

and Q7 = Q;' (see Exercise 3.9.4) implies T? = T;. It follows from (3.9.5)
that T; "= T5, so there is a nonsingular matrix R such that RT; = Ts. Thus

Ty =RT; =RT;T;=T-T; and T;=R'Ty, =R !'TyTy =T;Ts.

Because T; and Ts are both upper triangular, T1 T2 and T2T; have the same
diagonal entries, and hence T; and Ty have the same diagonal. Therefore, the
positions of the basic columns (i.e., the pivotal positions) in T agree with those
in Ty, and hence E; and Es; have basic columns in exactly the same positions.
This means there is a permutation matrix Q such that

L. J L. J
E1Q<0 01) and EQQ(O 02).
Using (3.9.4) yields PE;Q = E2Q, or
Pll P12 Ir Jl . Ir J2
Po1 Poyo o 0/ \0o o0}/’

which in turn implies that Py; =1, and Py1J; = J5. Consequently, J; = Jo,
and it follows that E; = Es.

In passing, notice that the uniqueness of E5 implies the uniqueness of the
pivot positions in any other row echelon form derived from A. If A "' U,
and A %" U,, where U; and U, are row echelon forms with different pivot
positions, then Gauss—Jordan reduction applied to U; and Uy would lead to
two different reduced echelon forms, which is impossible.

In §2.2 we observed the fact that the column relationships in a matrix A
are exactly the same as the column relationships in Ea. This observation is a
special case of the more general result presented below.
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Column and Row Relationships

e If A B, then linear relationships existing among columns of A

also hold among corresponding columns of B. That is,

n n
B, = ZajB*j if and only if A, = Z ;A (3.9.6)
j=1

Jj=1

e In particular, the column relationships in A and Ea must be iden-
tical, so the nonbasic columns in A must be linear combinations of
the basic columns in A as described in (2.2.3).

o IfAX B, then linear relationships existing among rows of A must
also hold among corresponding rows of B.

e Summary. Row equivalence preserves column relationships, and col-
umn equivalence preserves row relationships.

Proof. 1f A'X" B, then PA = B for some nonsingular P. Recall from (3.5.5)
that the j** column in B is given by

B.; = (PA),; =PA,;.
Therefore, if A, = j ajA.,;, then multiplication by P on the left produces
B.. = Zj a;B.;. Conversely, if B, = Zj a;B,;, then multiplication on the
left by P~! produces A, = Zj ajA,;. The statement concerning column
equivalence follows by considering transposes. |

The reduced row echelon form Ep is as far as we can go in reducing A by
using only row operations. However, if we are allowed to use row operations in
conjunction with column operations, then, as described below, the end result of
a complete reduction is much simpler.

Rank Normal Form

If A is an m X n matrix such that rank (A) =r, then

I. 0O
A= (% 9). 097

N, is called the rank normal form for A, and it is the end product
of a complete reduction of A by using both row and column operations.
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Example 3.9.3

Proof. Tt is always true that A '<" Ea so that there is a nonsingular matrix

P such that PA = Ea. If rank (A) = r, then the basic columns in Ep are
the r unit columns. Apply column interchanges to Ea so as to move these r
unit columns to the far left-hand side. If Q; is the product of the elementary
matrices corresponding to these column interchanges, then PAQ; has the form

PAQ, =EAQ; = (IOT g)

Multiplying both sides of this equation on the right by the nonsingular matrix

L. -J (1. J I, -J\ (I O
Qz—(o I)produeesPAQ1Q2—<0 0)<0 I>_<0 O)'

Thus A ~ N,.. because P and Q = Q;Q> are nonsingular. [

Problem: Explain why rank(‘g g) = rank (A) + rank (B).

Solution: If rank (A) =r and rank(B) = s, then A ~ N, and B ~ Nj.
Consequently,

AONNT0:>kAO_kNTO_+
0 B 0 N, ran o B)=Twm 0 N, =r-4+s.

Given matrices A and B, how do we decide whether or not A ~ B,
row col

A ~ B, or A ~ B? We could use a trial-and-error approach by attempting to
reduce A to B by elementary operations, but this would be silly because there
are easy tests, as described below.

Testing for Equivalence

For m x n matrices A and B the following statements are true.

e A ~ B if and only if rank (A) = rank (B). (3.9.8)
e AT B ifand only if E5 = Eg. (3.9.9)
e AXB ifand only if Epnr = Egr. (3.9.10)

Corollary. Multiplication by nonsingular matrices cannot change rank.
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Proof. To establish the validity of (3.9.8), observe that rank (A) = rank (B)
implies A ~ N, and B ~ N,.. Therefore, A ~ N, ~ B. Conversely, if A ~ B,
where rank(A) = r and rank (B) = s, then A ~ N, and B ~ Ny, and
hence N, ~ A ~ B ~ N;. Clearly, N, ~ N; implies r = s. To prove (3.9.9),
suppose first that A "' B. Because B 'X’ Eg, it follows that A "% Eg. Since
a matrix has a uniquely determined reduced echelon form, it must be the case

that Eg = Ea. Conversely, if Eo = Eg, then
AT EA=Eg' B = AR B.
The proof of (3.9.10) follows from (3.9.9) by considering transposes because

AYB«= AQ=B < (AQ" =B7

— QAT =BT —= AT'T'BT.

Problem: Are the relationships that exist among the columns in A the same
as the column relationships in B, and are the row relationships in A the same
as the row relationships in B, where

1 1 1 -1 -1 -1
A=|-4 -3 -1 and B= 2 2 217
2 1 -1 2 1 -1

Solution: Straightforward computation reveals that

1 0 -2
Ea=Eg=[0 1 3],
00 0

and hence A "' B. Therefore, the column relationships in A and B must be

identical, and they must be the same as those in Ea. Examining EA reveals
that E,3 = —2E,; + 3E,», so it must be the case that

A*3 = _2A*1 + 3A*2 and B.3 = —2B,; + 3B.2.

The row relationships in A and B are different because Epr # Egr.

On the surface, it may not seem plausible that a matrix and its transpose
should have the same rank. After all, if A is 3 x 100, then A can have as
many as 100 basic columns, but A7 can have at most three. Nevertheless, we
can now demonstrate that rank (A) = rank (AT).
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Transposition and Rank

Transposition does not change the rank—i.e., for all m X n matrices,

rank (A) = rank (AT) and rank(A) = rank (A*). (3.9.11)

Proof. Let rank (A) =r, and let P and Q be nonsingular matrices such that

O

0771,—7")(7’ Om—TXTL—T’

Applying the reverse order law for transposition produces QTATPT = NT.
Since QT and P7T are nonsingular, it follows that AT ~ N7 and therefore

OTL*TXT‘ OnfTXWL*T‘

rank (AT) = rank (N}) = rank (IT Orsm—r ) =r = rank (A).

To prove rank (A) = rank (A*), write N, = N, = PAQ = PAQ, and use the
fact that the conjugate of a nonsingular matrix is again nonsingular (bgcause
K~' = K1) to conclude that N, ~ A, and hence rank (A) = rank (A). It

now follows from rank (A) = rank (AT) that

rank (A*) = rank (A") = rank (A) = rank (A). i

Exercisesfor section 3.9

3.9.1. Suppose that A is an m X n matrix.
(a) If [A|L,] is row reduced to a matrix [B|P], explain why P
must be a nonsingular matrix such that PA = B.
(b) If {‘f‘—n} is column reduced to [%} , explain why Q must be a
nonsingular matrix such that AQ = C.
(¢) Find a nonsingular matrix P such that PA = E4, where

1 2 3 4
A=12 4 6 7
1 2 3 6

(d) Find nonsingular matrices P and Q such that PAQ isin rank
normal form.
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3.9.2.

3.9.3.

3.9.4.

3.9.5.

3.9.6.

3.9.7.

3.9.8.

3.9.9.

3.9.10.

Consider the two matrices

2 2 0 -1 2 -6 8 2
A=13 -1 4 0 and B=|5 1 4 -1
0 -8 8 3 3 -9 12 3

(a) Are A and B equivalent?
(b) Are A and B row equivalent?
(¢) Are A and B column equivalent?

If A 'S B, explain why the basic columns in A occupy exactly the
same positions as the basic columns in B.

A product of elementary interchange matrices—i.e., elementary matrices
of Type I—is called a permutation matriz. If P is a permutation
matrix, explain why P~ = P”.

If A, x, isanonsingular matrix, which (if any) of the following state-
ments are true?

(a) A~A~l (b)) AAL (o) ARAL

d) A~T (e) AL () ACL

Which (if any) of the following statements are true?

(a) A~B = AT ~BT. b) A'TB — AT'T BT
) AB = ATZPBT. (d AB = A~B.
) AB = A~B. f) A~B = A'YB.

Show that every elementary matrix of Type I can be written as a product
of elementary matrices of Types II and III. Hint: Recall Exercise 1.2.12
on p. 14.

If rank (A,xn) =7, show that there exist matrices B,,x, and C,xn,
such that A = BC, where rank (B) = rank (C) = r. Such a factor-
ization is called a full-rank factorization. Hint: Consider the basic
columns of A and the nonzero rows of Ea.

Prove that rank (A,,x,) = 1 if and only if there are nonzero columns
Wy, x1 and v, x1 such that

A =uv’.

Prove that if rank (A,x,) =1, then A2 =7A, where 7 = trace (A).
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310 THE LU FACTORIZATION

We have now come full circle, and we are back to where the text began—solving
a nonsingular system of linear equations using Gaussian elimination with back
substitution. This time, however, the goal is to describe and understand the
process in the context of matrices.

If Ax = b is a nonsingular system, then the object of Gaussian elimination
is to reduce A to an upper-triangular matrix using elementary row operations.
If no zero pivots are encountered, then row interchanges are not necessary, and
the reduction can be accomplished by using only elementary row operations of
Type III. For example, consider reducing the matrix

2 2 2
A=|4 7 7
6 18 22
to upper-triangular form as shown below:
2 2 2 2 2
4 7 7] Re—2R; — 3 3
6 18 22) R3—3R; 12 16 / Rs — 4Ry

(3.10.1)
=U.

SO N OO NN
O W N
=N

We learned in the previous section that each of these Type III operations can be
executed by means of a left-hand multiplication with the corresponding elemen-
tary matrix G;, and the product of all of these G;’s is

1 0 0 1 00 1 00 1 0 0
G3G2G1 = 1[0 1 0 0 1 0 -2 1 0] =1-2 1 0
0 —4 1 -3 0 1 0 0 1 5 —4 1

In other words, G3G2G1A = U, so that A = G;'G,'G5'U = LU, where
L is the lower-triangular matrix

100
L=G;'G;'G;'=12 1 0
3 41

Thus A = LU is a product of a lower-triangular matrix L and an upper-
triangular matrix U. Naturally, this is called an LU factorization of A.
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Observe that U is the end product of Gaussian elimination and has the
pivots on its diagonal, while L has 1’s on its diagonal. Moreover, L has the
remarkable property that below its diagonal, each entry f;; is precisely the
multiplier used in the elimination (3.10.1) to annihilate the (i,7)-position.

This is characteristic of what happens in general. To develop the gen-
eral theory, it’s convenient to introduce the concept of an elementary lower-
triangular matriz, which is defined to be an n x n triangular matrix of the
form

T, =1- cke;jf,

where cj is a column with zeros in the first k& positions. In particular, if

0 10 --- 0 0 ... 0
: BRI

=1 " |, them To=|00 - 1 0 - 0. 3102
,Ufk'+1 0 0 gy 1 - 0
Hn 00 -+ —pp 0 - 1

By observing that el'cy = 0, the formula for the inverse of an elementary matrix
given in (3.9.1) produces

10 0 0 0
0 1 0 0 0
T;'=I+cel=[0 0 -~ 1 0 - 0], (3.10.3)
0 0 -+ fger 1 - 0
00 -+ pp 0 -1

which is also an elementary lower-triangular matrix. The utility of elementary
lower-triangular matrices lies in the fact that all of the Type III row operations
needed to annihilate the entries below the k" pivot can be accomplished with
one multiplication by Tj. If

* (65}

0 (6%)
Ak_lz o o0 --- (677 *

0 0 - peq *
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is the partially triangularized result after £k — 1 elimination steps, then

TiAj—1 = (I—cref) A1 = Ap_1 — cref Ay

¥ ok cee o oQp ko -ee K 0
=0 0 -+ ar * - x|, where ¢ = 0

0 0 0 * * Oék+1/ak;

O0 -~ 0 % --- x% Qo

contains the multipliers used to annihilate those entries below «ayj. Notice that
T} does not alter the first k — 1 columns of A,_; because el [Ak—l]*j =0
whenever j < k—1. Therefore, if no row interchanges are required, then reducing
A to an upper-triangular matrix U by Gaussian elimination is equivalent to
executing a sequence of n — 1 left-hand multiplications with elementary lower-
triangular matrices. That is, T, _1---T2T1A = U, and hence

A=T17'T; T, U (3.10.4)

Making use of the fact that ech;C = 0 whenever j < k and applying (3.10.3)
reveals that

T;ngl e T’;il = (I —+ Cle,{) (I =+ C2€§) e (I + Cnflez_l)

3.10.5
= I+c1e1T +czeT ( )

T
2 + +Cn_1en_1_

By observing that

0 0 0 0 0
00 0 0 0
cel =0 0 - 0 0 -+ 0],
0 0 b1 O - 0
00 -+ £y 0 - 0

where the £;;, ’s are the multipliers used at the k*" stage to annihilate the entries
below the k*" pivot, it now follows from (3.10.4) and (3.10.5) that

A =LU,
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where
1 0 0O --- 0
by 1 0 0
L=TI+cel +coel +---+c,1el =]l e 1 0 [ (3.106)
gnl Zn2 Zn3 e 1

is the lower-triangular matrix with 1’s on the diagonal, and where ¢;; is precisely
the multiplier used to annihilate the (4, j) -position during Gaussian elimination.
Thus the factorization A = LU can be viewed as the matrix formulation of
Gaussian elimination, with the understanding that no row interchanges are used.

LU Factorization

If A is an m X n matrix such that a zero pivot is never encountered
when applying Gaussian elimination with Type III operations, then A
can be factored as the product A = LU, where the following hold.

e L is lower triangular and U is upper triangular. (3.10.7)
e V=1 and u;; #0 for each i =1,2,...,n. (3.10.8)
o Below the diagonal of L, the entry ¢;; is the multiple of row j that

is subtracted from row 4 in order to annihilate the (3, j)-position
during Gaussian elimination.

e U is the final result of Gaussian elimination applied to A.

e The matrices L and U are uniquely determined by properties
(3.10.7) and (3.10.8).

The decomposition of A into A = LU is called the LU factorization
of A, and the matrices L and U are called the LU factors of A.

Proof. FExcept for the statement concerning the uniqueness of the LU fac-
tors, each point has already been established. To prove uniqueness, observe
that LU factors must be nonsingular because they have nonzero diagonals. If
L;U; = A =LyU, are two LU factorizations for A, then

Ly'L; = U, UL (3.10.9)

Notice that Lg 'L, is lower triangular, while UgUf1 is upper triangular be-
cause the inverse of a matrix that is upper (lower) triangular is again up-
per (lower) triangular, and because the product of two upper (lower) trian-
gular matrices is also upper (lower) triangular. Consequently, (3.10.9) implies
L;lLl =D :UQUfl must be a diagonal matrix. However, [Ls]; = 1 =
[L;l]ii, so it must be the case that L;lLl =1I= UgUfl, and thus L; = Ly
and U1 = U2. .
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Example 3.10.1

Once L and U are known, there is usually no need to manipulate with A. This
together with the fact that the multipliers used in Gaussian elimination occur in
just the right places in L means that A can be successively overwritten with the
information in L and U as Gaussian elimination evolves. The rule is to store
the multiplier ¢;; in the position it annihilates—mnamely, the (¢, j)-position of
the array. For a 3 x 3 matrix, the result looks like this:

air ai2 a3 Type 111 operations uir Uiz U13
a1 ag2 G23 I lo1 U2 ugs

az1 asz2 ass l31 l32  uss

For example, generating the LU factorization of

2 2 2
A=|4 7 7
6 18 22

by successively overwriting a single 3 x 3 array would evolve as shown below:

2 2 2 2 2 2 2 2 2
4 7 T|R—-2R — | (® 3 3 — | ® 3 3
6 18 22/ R3—3R; (3) 12 16/ R3—4R, B @ 4
Thus
100 2 2 2
L=|210 and U=[0 3 3

3 41 0 0 4

This is an important feature in practical computation because it guarantees that
an LU factorization requires no more computer memory than that required to
store the original matrix A.

Once the LU factors for a nonsingular matrix A, «, have been obtained,
it’s relatively easy to solve a linear system Ax = b. By rewriting Ax =Db as

L(Ux) =b and setting y = Ux,
we see that Ax = b is equivalent to the two triangular systems
Ly=b and Ux=y.

First, the lower-triangular system Ly = b is solved for y by forward substi-
tution. That is, if

1 0 o --- 0 Y1 b1
fgl 1 0 0 Y2 bg

l31 3 1

- O

ys | = | b3

gnl gn? £n3 tee 1 Yn bn
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set
y1=>b1, y2=0by—Llory1, y3="bs—Ls1y1 — L3292, etc.
The forward substitution algorithm can be written more concisely as

i—1
y1=0 and y; =0b; — Z&kyk for i=2,3,...,n. (3.10.10)
k=1

After y is known, the upper-triangular system Ux = y is solved using the
standard back substitution procedure by starting with z,, = y,, /un,, and setting

1 n
i=— |\ y— i f i =n—1, n—2, ..., 1. 3.10.11
T w (y k_ZHu ka‘k> or i=n n ( )

It can be verified that only n? multiplications/divisions and n? — n addi-

tions/subtractions are required when (3.10.10) and (3.10.11) are used to solve
the two triangular systems Ly =b and Ux =1y, so it’s relatively cheap to
solve Ax =b once L and U are known—recall from §1.2 that these operation
counts are about n3/3 when we start from scratch.

If only one system Ax = b is to be solved, then there is no significant
difference between the technique of reducing the augmented matrix [A|b] to
a row echelon form and the LU factorization method presented here. However,
suppose it becomes necessary to later solve other systems Ax = b with the
same coefficient matrix but with different right-hand sides, which is frequently
the case in applied work. If the LU factors of A were computed and saved
when the original system was solved, then they need not be recomputed, and
the solutions to all subsequent systems Ax = b are therefore relatively cheap
to obtain. That is, the operation counts for each subsequent system are on the
order of n?, whereas these counts would be on the order of n®/3 if we would
start from scratch each time.

Summary

e To solve a nonsingular system Ax = b using the LU factorization
A = LU, first solve Ly = b for y with the forward substitution
algorithm (3.10.10), and then solve Ux =y for x with the back
substitution procedure (3.10.11).

e The advantage of this approach is that once the LU factors for
A have been computed, any other linear system Ax = b can
be solved with only n? multiplications/divisions and n? —n ad-

ditions/subtractions.
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Example 3.10.2
Problem 1: Use the LU factorization of A to solve Ax = b, where
2 2 2 12
A=|4 7 7 and b=|24
6 18 22 12

Problem 2: Suppose that after solving the original system new information is
received that changes b to

} 6
b= 24
70
Use the LU factors of A to solve the updated system Ax = b.

Solution 1: The LU factors of the coefficient matrix were determined in Example
3.10.1 to be

L=

A
[ =)

2 2
and U=]10 3
0 0

C: W DN =
oo W

The strategy is to set
triangular systems

x =y and solve Ax = L(Ux) = b by solving the two

Ly=b and Ux=y.

First solve the lower-triangular system Ly = b by using forward substitution:

1 0 0 Y1 12 Yy = 127
210 y2 | = 24 = y2=24-2y; =0,
3 4 1 Y3 12 ys = 12 — 3y; — 4y = —24.
Now use back substitution to solve the upper-triangular system Ux = y:
2 2 2 x1 12 x1 = (12 — 2x9 — 223)/2 = 6,
0 3 3 o | = 0 = 9 =(0—3x3)/3 =6,
0 0 4 x3 —24 x3 = —24/4 = —6.

Solution 2: To solve the updated system Ax = b, simply repeat the forward

and backward substitution steps with b replaced by b. Solving Ly = b with
forward substitution gives the following:

1 0 0 Y1 6 Yy = 6;
2 10 yo | = 24 = Yy =24—2y; =12,
3 41 Y3 70 ys = 70 — 3y — 4ys = 4.
Using back substitution to solve Ux =y gives the following updated solution:
2 2 2 Iy 6 1'1:(6—21'2—21'3)/2:—1,
0 3 3 T2 = 12 — T2 = (12 — 3:173)/3 =3,
0 0 4 x3 4 x3=4/4=1.
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Computing A~'. Although matrix inversion is not used for solving Ax = b,
there are a few applications where explicit knowledge of A~! is desirable.

Problem: Explain how to use the LU factors of a nonsingular matrix A, x, to
compute A1 efficiently.

Solution: The strategy is to solve the matrix equation AX = I. Recall from
(3.5.5) that AA~! =T implies A[A7!],; = e;, so the j column of A~!
is the solution of a system Ax; = e;. Each of these n systems has the same
coefficient matrix, so, once the LU factors for A are known, each system Ax; =
LUx; = e; can be solved by the standard two-step process.

(1) Sety; = Ux;, and solve Ly; = e, for y; by forward substitution.
olve Ux; =y, for x; = [A™"|,; by back substitution.
2) Solve Ux; ; for x; = [A71],; by back substituti

This method has at least two advantages: it’s efficient, and any code written to
solve Ax = b can also be used to compute A~1L.

Note: A tempting alternate solution might be to use the fact A=! = (LU)~! =
U~'L~!'. But computing U~! and L~! explicitly and then multiplying the
results is not as computationally efficient as the method just described.

Not all nonsingular matrices possess an LU factorization. For example, there
is clearly no nonzero value of ui; that will satisfy

01y (1 0 U1l U2
1 1) \ty 1 0 uxp )’

The problem here is the zero pivot in the (1,1)-position. Our development of
the LU factorization using elementary lower-triangular matrices shows that if no
zero pivots emerge, then no row interchanges are necessary, and the LU factor-
ization can indeed be carried to completion. The converse is also true (its proof
is left as an exercise), so we can say that a nonsingular matriz A has an LU
factorization if and only if a zero pivot does not emerge during row reduction to
upper-triangular form with Type III operations.

Although it is a bit more theoretical, there is another interesting way to
characterize the existence of LU factors. This characterization is given in terms
of the leading principal submatrices of A that are defined to be those
submatrices taken from the upper-left-hand corner of A. That is,

a21 G22 - A2k

a1l a2

Alz(au), A, = A= R T
@21 A22 : . :
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Existence of LU Factors

Each of the following statements is equivalent to saying that a nonsin-
gular matrix A, «, possesses an LU factorization.

e A zero pivot does not emerge during row reduction to upper-
triangular form with Type III operations.

e FEach leading principal submatrix Aj is nonsingular. (3.10.12)

Proof. We will prove the statement concerning the leading principal submatri-
ces and leave the proof concerning the nonzero pivots as an exercise. Assume
first that A possesses an LU factorization and partition A as

L O Ui Up LUy =
A_LU_<L21 LZQ)( 0 U22)_< * *)7
where Ly; and Uj; are each k x k. Thus Ay = L;;U;; must be nonsingular
because Lj; and Uj; are each nonsingular—they are triangular with nonzero
diagonal entries. Conversely, suppose that each leading principal submatrix in
A is nonsingular. Use induction to prove that each Aj possesses an LU fac-
torization. For k = 1, this statement is clearly true because if Ay = (a11) is
nonsingular, then A; = (1)(a11) is its LU factorization. Now assume that Ay
has an LU factorization and show that this together with the nonsingularity

condition implies Ay must also possess an LU factorization. If A, = LUy
is the LU factorization for Aj, then A;l = U;ngl so that

A A, b L, 0\ /U L, 'b (31013)
A cT k41 - cTU,;1 1 0 ak+17cTA,;1b T

where ¢’ and b contain the first & components of A i, and A,.y;, re-
spectively. Observe that this is the LU factorization for Aj;; because

. L, 0 - Uy, L;'b
= an =
ki cTU,;1 1 i 0 apy1— cTAglb

are lower- and upper-triangular matrices, respectively, and L has 1’s on its
diagonal while the diagonal entries of U are nonzero. The fact that

art1 —c AT £ 0

follows because Ajy;1 and Lgy; are each nonsingular, so Ui = L;hAkH
must also be nonsingular. Therefore, the nonsingularity of the leading principal
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submatrices implies that each Aj possesses an LU factorization, and hence
A, = A must have an LU factorization. [

Up to this point we have avoided dealing with row interchanges because if
a row interchange is needed to remove a zero pivot, then no LU factorization is
possible. However, we know from the discussion in §1.5 that practical computa-
tion necessitates row interchanges in the form of partial pivoting. So even if no
zero pivots emerge, it is usually the case that we must still somehow account for
row interchanges.

To understand the effects of row interchanges in the framework of an LU
decomposition, let Ty =1 — cie} be an elementary lower-triangular matrix as
described in (3.10.2), and let E =I—uu? with u = ej;; —ej;; be the Type I
elementary interchange matrix associated with an interchange of rows k+1¢ and
k 4+ j. Notice that egE = e{ because eg has 0’s in positions k+1¢ and k+ j.
This together with the fact that E? = I guarantees

ET.E = E? - Ecye{E =1 —¢re}, where &, = Ecy.
In other words, the matrix
T = ET,E =1- ¢ el (3.10.14)

is also an elementary lower-triangular matrix, and Ty agrees with Ty in all
positions except that the multipliers pp4; and pg4; have traded places. As be-
fore, assume we are row reducing an n X n nonsingular matrix A, but suppose
that an interchange of rows k44 and k+ j is necessary immediately after the
Kkth stage so that the sequence of left-hand multiplications ET;Ty_1---T; is
applied to A. Since E2 =1, we may insert E? to the right of each T to obtain

ET,T; . --- Ty = ET,E’T,_,E?>---E’T,E?
= (ETE) (ET;,E)---(ET1E)E
=T, Ty_1---T1E.

In such a manner, the necessary interchange matrices E can be “factored” to
the far-right-hand side, and the matrices T retain the desirable feature of be-
ing elementary lower-triangular matrices. Furthermore, (3.10.14) implies that
’i‘k’i‘k_l e ’i‘l differs from TypTx_1---T; only in the sense that the multipli-
ers in rows k+ ¢ and k + j have traded places. Therefore, row interchanges in
Gaussian elimination can be accounted for by writing ’i‘n,l s ’i‘g’i‘lPA =UU,
where P is the product of all elementary interchange matrices used during the
reduction and where the T} ’s are elementary lower-triangular matrices in which
the multipliers have been permuted according to the row interchanges that were
implemented. Since all of the T} s are elementary lower-triangular matrices, we
may proceed along the same lines discussed in (3.10.4)—(3.10.6) to obtain

PA =LU, where L=T7'T;'---T; . (3.10.15)
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When row interchanges are allowed, zero pivots can always be avoided when the
original matrix A is nonsingular. Consequently, we may conclude that for every
nonsingular matriz A, there exists a permutation matric P (a product of
elementary interchange matrices) such that PA has an LU factorization. Fur-
thermore, because of the observation in (3.10.14) concerning how the multipliers
in T, and T} trade places when a row interchange occurs, and because

Ty = (1—&ef) ' =T+&ef,

it is not difficult to see that the same line of reasoning used to arrive at (3.10.6)
can be applied to conclude that the multipliers in the matrix L in (3.10.15) are
permuted according to the row interchanges that are executed. More specifically,
if rows k and k+i are interchanged to create the k' pivot, then the multipliers

(b1 i -+ legp—1) and (Lptin Leyio - Lhrih—1)

trade places in the formation of L.

This means that we can proceed just as in the case when no interchanges are
used and successively overwrite the array originally containing A with each mul-
tiplier replacing the position it annihilates. Whenever a row interchange occurs,
the corresponding multipliers will be correctly interchanged as well. The per-
mutation matrix P is simply the cumulative record of the various interchanges
used, and the information in P is easily accounted for by a simple technique
that is illustrated in the following example.

Example 3.10.4
Problem: Use partial pivoting on the matrix

1 2 -3 4

4 8 12 -8

2 3 2 1
-3 -1 1 -4

A_:

and determine the LU decomposition PA = LU, where P is the associated
permutation matrix.

Solution: Asexplained earlier, the strategy is to successively overwrite the array
A with components from L and U. For the sake of clarity, the multipliers ¢;;
are shown in boldface type. Adjoin a “permutation counter column” p that
is initially set to the natural order 1,2,3,4. Permuting components of p as the
various row interchanges are executed will accumulate the desired permutation.
The matrix P is obtained by executing the final permutation residing in p to
the rows of an appropriate size identity matrix:

1 2 -3 4 |1 4 8 12 -8
4 8 12 -8 | 2 1 2 -3 4
A= 5 3 5 1] 3 2 3 2 1
3 -1 1 -4 | 4 3 -1 1 -4

= = N
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4 8§ 12 -8 2 4 8§ 12 -8 2
1/4 0 -6 6 1 . -3/4 5 10 -10 4
1/2 -1 -4 5 | 3 1/2 -1 -4 5 | 3
-3/4 5 10 -10 4 1/4 0 -6 6 1
4 8 12 -8 2 4 8 12 -8 2
-3/4 5 10 -10 4 . -3/4 5 10 -10 4
1/2 -1/5 -2 3 | 3 1/4 0 -6 6 | 1
1/4 0 -6 6 1 1/2 -1/5 -2 3 3
4 8 12 -8 2
-3/4 5 10 -10 4
1/4 0 —6 6 1
1/2 -1/5 1/3 1 | 3
Therefore,
1 0 0 0 4 8 12 -8 01 00
| —3/4 1 0 O |0 5 10 -10 10 0 0 1
L= 1/4 0 1 0) U= 0 0 —6 6|’ P= 10 0 0
1/2 -1/5 1/3 1 00 O 1 0010

It is easy to combine the advantages of partial pivoting with the LU decom-
position in order to solve a nonsingular system Ax = b. Because permutation
matrices are nonsingular, the system Ax = b is equivalent to

PAx = Pb,

and hence we can employ the LU solution techniques discussed earlier to solve
this permuted system. That is, if we have already performed the factorization
PA = LU —as illustrated in Example 3.10.4—then we can solve Ly = Pb for
y by forward substitution, and then solve Ux =y by back substitution.

It should be evident that the permutation matrix P is not really needed.
All that is necessary is knowledge of the LU factors along with the final permu-
tation contained in the permutation counter column p illustrated in Example
3.10.4. The column b = Pb is simply a rearrangement of the components of
b according to the final permutation shown in p. In other words, the strategy
is to first permute b into b according to the permutation p, and then solve
Ly = b followed by Ux =1y.

Problem: Use the LU decomposition obtained with partial pivoting to solve
the system Ax = b, where

1 2 -3 4 3
4 8 12 -8 60
A= 9 3 9 1 and b= 1

-3 -1 1 —4 )
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Solution: The LU decomposition with partial pivoting was computed in Ex-
ample 3.10.4. Permute the components in b according to the permutation

p=1(2 4 1 3), and call the result b. Now solve Ly = b by applying
forward substitution:

1 0 0 O Y1 60 "N 60
—3/4 1 0 0 y2 | 5 |y | 50
4 0 1 o)y )T 3] 7 YTy ] T 12
1/2 —-1/5 1/3 1 Y4 1 Y4 —15
Then solve Ux =y by applying back substitution:
4 8 12 -8 1 60 12
0 5 10 -—-10 xo | 50 . x— 6
0 0 —6 6 zz3 | | —12 | -13
0 0 O 1 Ty —15 —15

L U Factorization with Row I nterchanges

e For each nonsingular matrix A, there exists a permutation matrix
P such that PA possesses an LU factorization PA = LU.

e To compute L, U, and P, successively overwrite the array origi-
nally containing A. Replace each entry being annihilated with the
multiplier used to execute the annihilation. Whenever row inter-
changes such as those used in partial pivoting are implemented, the
multipliers in the array will automatically be interchanged in the
correct manner.

e Although the entire permutation matrix P is rarely called for, it
can be constructed by permuting the rows of the identity matrix
I according to the various interchanges used. These interchanges
can be accumulated in a “permutation counter column” p that is
initially in natural order (1,2,...,n )—see Example 3.10.4.

e To solve a nonsingular linear system Ax = b using the LU de-
composition with partial pivoting, permute the components in b to
construct b according to the sequence of interchanges used—i.e.,
according to p—and then solve Ly = b by forward substitution
followed by the solution of Ux =y using back substitution.
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The LDU factorization. There’s some asymmetry in an LU factorization be-
cause the lower factor has 1’s on its diagonal while the upper factor has a nonunit
diagonal. This is easily remedied by factoring the diagonal entries out of the up-
per factor as shown below:

U1l U2t Ulp up 0 -+ 0 L wia/uir -+ uin/uny
0  wsy -+ Usp 0 wpm - 0 0 1 e Ugp fUg2
0 0 - tUnm 0 0 - ww/\0 0 - 1
Setting D = diag (u11, uag, . .., Uny) (the diagonal matrix of pivots) and redefin-

ing U to be the rightmost upper-triangular matrix shown above allows any LU
factorization to be written as A = LDU, where L and U are lower- and upper-
triangular matrices with 1’s on both of their diagonals. This is called the LDU
factorization of A. It is uniquely determined, and when A is symmetric, the
LDU factorization is A = LDLT (Exercise 3.10.9).

The Cholesky Factorization’” A symmetric matrix A possessing an LU fac-
torization in which each pivot is positive is said to be positive definite.

Problem: Prove that A is positive definite if and only if A can be uniquely
factored as A = RTR, where R is an upper-triangular matrix with positive
diagonal entries. This is known as the Cholesky factorization of A, and R is
called the Cholesky factor of A.

Solution: If A is positive definite, then, as pointed out in Example 3.10.6,
it has an LDU factorization A = LDL” in which D = diag (p1,p2;---,Pn)
is the diagonal matrix containing the pivots p; > 0. Setting R = DY/2L”
where DY/2 = diag (\/p1, \/P2: - - - /Pn) Yields the desired factorization because
A =LD'Y2D'2LT = RTR, and R is upper triangular with positive diagonal

This is named in honor of the French military officer Major André-Louis Cholesky (1875—
1918). Although originally assigned to an artillery branch, Cholesky later became attached to
the Geodesic Section of the Geographic Service in France where he became noticed for his
extraordinary intelligence and his facility for mathematics. From 1905 to 1909 Cholesky was
involved with the problem of adjusting the triangularization grid for France. This was a huge
computational task, and there were arguments as to what computational techniques should be
employed. It was during this period that Cholesky invented the ingenious procedure for solving
a positive definite system of equations that is the basis for the matrix factorization that now
bears his name. Unfortunately, Cholesky’s mathematical talents were never allowed to flower.
In 1914 war broke out, and Cholesky was again placed in an artillery group—but this time
as the commander. On August 31, 1918, Major Cholesky was killed in battle. Cholesky never
had time to publish his clever computational methods—they were carried forward by word-
of-mouth. Issues surrounding the Cholesky factorization have been independently rediscovered
several times by people who were unaware of Cholesky, and, in some circles, the Cholesky
factorization is known as the square root method.
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entries. Conversely, if A = RR”, where R is lower triangular with a positive
diagonal, then factoring the diagonal entries out of R as illustrated in Example
3.10.6 produces R = LD, where L is lower triangular with a unit diagonal and
D is the diagonal matrix whose diagonal entries are the r;;’s. Consequently,
A = LD?L” is the LDU factorization for A, and thus the pivots must be
positive because they are the diagonal entries in D?. We have now proven that
A is positive definite if and only if it has a Cholesky factorization. To see why
such a factorization is unique, suppose A = R;RY = RoRZ, and factor out
the diagonal entries as illustrated in Example 3.10.6 to write R; = L;D; and
Ry = LsDs, where each R; is lower triangular with a unit diagonal and D;
contains the diagonal of R; so that A = L;D?L{ = LyD2LZ. The uniqueness
of the LDU factors insures that L; = Lo and D; = D3, so R; = R,. Note:
More is said about the Cholesky factorization and positive definite matrices on
pp. 313, 345, and 559.

Exercisesfor section 3.10

1 4 5
3.10.1. Let A=[4 18 26
3 16 30

(a) Determine the LU factors of A.
(b) Use the LU factors to solve Ax; = by as well as Axy = ba,

where
6 6
bl = 0 and b2 = 6
—6 12

(c) Use the LU factors to determine A~1.

3.10.2. Let A and b be the matrices

1 2 4 17 17
3 6 —12 3 3
A= 9 3 _3 9 and b= 3
0 2 -2 6 4

(a) Explain why A does not have an LU factorization.

(b) Use partial pivoting and find the permutation matrix P as well
as the LU factors such that PA = LU.

(¢) Use the information in P, L, and U to solve Ax =b.

3
3.10.3. Determine all values of & for which A= [ 1
0

— s DN

0
1 | fails to have an
§

LU factorization.
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3.10.4.

3.10.5.

3.10.6.

If A is a nonsingular matrix that possesses an LU factorization, prove
that the pivot that emerges after (k+ 1) stages of standard Gaussian
elimination using only Type III operations is given by

T A —1
Pk+1 = Qgt1k+1 —C ApDb,

A Ay b
k4+1 =
cr Qk41,k+1

are the leading principal submatrices of orders & and k + 1, respec-
tively. Use this to deduce that all pivots must be nonzero when an LU
factorization for A exists.

where A, and

If A is a matrix that contains only integer entries and all of its pivots
are 1, explain why A~! must also be an integer matrix. Note: This fact
can be used to construct random integer matrices that possess integer
inverses by randomly generating integer matrices L and U with unit
diagonals and then constructing the product A = LU.

/81 71 0 0
Consider the tridiagonal matrix T = a By 0
0 ax B35 73

0 0 (6 %3 ﬁ4
(a) Assuming that T possesses an LU factorization, verify that it

is given by
1 0 0 0 m oy 0 0
_ 051/71'1 1 0 0 o 0 T2 72 0
L= 0 042/71'2 1 o U= 0 0 ™ Y3 ’
0 0 CM3/7T3 1 0 0 0 T4

where the m;’s are generated by the recursion formula

Y
m =0 and Ty = Big1 — —

(3

Note: This holds for tridiagonal matrices of arbitrary size
thereby making the LU factors of these matrices very easy to
compute.

(b) Apply the recursion formula given above to obtain the LU fac-

torization of
2 -1 0 0

-1 2 -1 0
0 -1 2 -1
0 0 -1 1
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3.10.7. A, ., is called a band matriz if a;; = 0 whenever |i — j| > w for
some positive integer w, called the bandwidth. In other words, the
nonzero entries of A are constrained to be in a band of w diagonal lines
above and below the main diagonal. For example, tridiagonal matrices
have bandwidth one, and diagonal matrices have bandwidth zero. If
A is a nonsingular matrix with bandwidth w, and if A has an LU
factorization A = LU, then L inherits the lower band structure of A,
and U inherits the upper band structure in the sense that L has “lower
bandwidth” w, and U has “upper bandwidth” w. Illustrate why this
is true by using a generic 5 X 5 matrix with a bandwidth of w = 2.

3.10.8.

(a)

Construct an example of a nonsingular symmetric matrix that
fails to possess an LU (or LDU) factorization.

Construct an example of a nonsingular symmetric matrix that
has an LU factorization but is not positive definite.

1 4 5
Determine the LDU factors for A = | 4 18 26 | (this is the
3 16 30

same matrix used in Exercise 3.10.1).

Prove that if a matrix has an LDU factorization, then the LDU
factors are uniquely determined.

If A is symmetric and possesses an LDU factorization, explain
why it must be given by A = LDLT.

1 2 3

3.10.10. Explain why A= 2 8 12 | is positive definite, and then find the

3 12 27

Cholesky factor R.



CHAPTER 4

Vector
Spaces

4.1 SPACESAND SUBSPACES

After matrix theory became established toward the end of the nineteenth century,
it was realized that many mathematical entities that were considered to be quite
different from matrices were in fact quite similar. For example, objects such as
points in the plane $#2, points in 3-space #3, polynomials, continuous functions,
and differentiable functions (to name only a few) were recognized to satisfy the
same additive properties and scalar multiplication properties given in §3.2 for
matrices. Rather than studying each topic separately, it was reasoned that it
is more efficient and productive to study many topics at one time by studying
the common properties that they satisfy. This eventually led to the axiomatic
definition of a vector space.

A vector space involves four things—two sets V and F, and two algebraic
operations called vector addition and scalar multiplication.

e )V is a nonempty set of objects called vectors. Although V can be quite
general, we will usually consider V' to be a set of n-tuples or a set of matrices.

e F is a scalar field—for us F is either the field R of real numbers or the
field C of complex numbers.

e Vector addition (denoted by x+y ) is an operation between elements of V.
e Scalar multiplication (denoted by ax ) is an operation between elements of
F and V.

The formal definition of a vector space stipulates how these four things relate
to each other. In essence, the requirements are that vector addition and scalar
multiplication must obey exactly the same properties given in §3.2 for matrices.
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Vector Space Definition

The set V is called a vector space over F when the vector addition
and scalar multiplication operations satisfy the following properties.

(A1) x+y eV forall x,y € V. This is called the closure property
for vector addition.

(A2) (x+y)+z=x+(y+2z) for every x,y,z € V.
(A3) x+y=y-+x forevery x,y € V.
(A4) There is an element 0 € V such that x + 0 = x for every

xeV.
(A5) For each x € V, there is an element (—x) € V such that
x4+ (—x) =0.

(M1) oax € V for all « € F and x € V. This is the closure
property for scalar multiplication.

(M2) (apf)x=a(fx) for all o, € F and every x € V.
(M3) «a(x+y)=ax+ay forevery o« € F and all x,y € V.
(M4) (a+p)x=ax+ px forall a,f € F and every x € V.
(M5) 1x=x for every x € V.

A theoretical algebraic treatment of the subject would concentrate on the
logical consequences of these defining properties, but the objectives in this text
are different, so we will not dwell on the axiomatic development.2 ® Neverthe-

The idea of defining a vector space by using a set of abstract axioms was contained in a general
theory published in 1844 by Hermann Grassmann (1808-1887), a theologian and philosopher
from Stettin, Poland, who was a self-taught mathematician. But Grassmann’s work was origi-
nally ignored because he tried to construct a highly abstract self-contained theory, independent
of the rest of mathematics, containing nonstandard terminology and notation, and he had a
tendency to mix mathematics with obscure philosophy. Grassmann published a complete re-
vision of his work in 1862 but with no more success. Only later was it realized that he had
formulated the concepts we now refer to as linear dependence, bases, and dimension. The
Italian mathematician Giuseppe Peano (1858-1932) was one of the few people who noticed
Grassmann’s work, and in 1888 Peano published a condensed interpretation of it. In a small
chapter at the end, Peano gave an axiomatic definition of a vector space similar to the one
above, but this drew little attention outside of a small group in Italy. The current definition is
derived from the 1918 work of the German mathematician Hermann Weyl (1885-1955). Even
though Weyl’s definition is closer to Peano’s than to Grassmann’s, Weyl did not mention his
Italian predecessor, but he did acknowledge Grassmann’s “epoch making work.” Weyl’s success
with the idea was due in part to the fact that he thought of vector spaces in terms of geometry,
whereas Grassmann and Peano treated them as abstract algebraic structures. As we will see,
it’s the geometry that’s important.
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Example4.1.1

Example4.1.2

Example4.1.3

less, it is important to recognize some of the more significant examples and to
understand why they are indeed vector spaces.

Because (A1)—(A5) are generalized versions of the five additive properties of
matrix addition, and (M1)—(MS5) are generalizations of the five scalar multipli-
cation properties given in §3.2, we can say that the following hold.

e The set R™*™ of m x n real matrices is a vector space over R.

e The set C™*™ of m x n complex matrices is a vector space over C.

The real coordinate spaces

Z1

x
RV ={(21 @2 -+ wp), ;i €R}  and RV = .2 sz €R

Tn

are special cases of the preceding example, and these will be the object of most
of our attention. In the context of vector spaces, it usually makes no difference
whether a coordinate vector is depicted as a row or as a column. When the row or
column distinction is irrelevant, or when it is clear from the context, we will use
the common symbol ™ to designate a coordinate space. In those cases where
it is important to distinguish between rows and columns, we will explicitly write
RIX7 or X1, Similar remarks hold for complex coordinate spaces.

Although the coordinate spaces will be our primary concern, be aware that
there are many other types of mathematical structures that are vector spaces—
this was the reason for making an abstract definition at the outset. Listed below
are a few examples.

With function addition and scalar multiplication defined by

(f+9)(@) = fx) +9(x) and (af)(z)=af(z),

the following sets are vector spaces over R:

e The set of functions mapping the interval [0,1] into R.

e The set of all real-valued continuous functions defined on [0, 1].
e The set of real-valued functions that are differentiable on [0, 1].

e The set of all polynomials with real coefficients.
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Consider the vector space %2, and let

L={(v,y) | y=ax}

be a line through the origin. £ is a subset of %2, but £ is a special kind
of subset because L also satisfies the properties (A1)—(A5) and (M1)—(M5)
that define a vector space. This shows that it is possible for one vector space to
properly contain other vector spaces.

Subspaces

Let S be a nonempty subset of a vector space V over F (symbolically,
S CV). If S is also a vector space over F using the same addition
and scalar multiplication operations, then S is said to be a subspace of
V. It’s not necessary to check all 10 of the defining conditions in order
to determine if a subset is also a subspace—only the closure conditions
(A1) and (M1) need to be considered. That is, a nonempty subset S
of a vector space V is a subspace of V if and only if

(A1) x,yeS = x+yes
and

M1) xe€8 = axeS forall aeF.

Proof. 1If S is a subset of V, then & automatically inherits all of the vector
space properties of V except (A1), (A4), (A5), and (M1). However, (A1)
together with (M1) implies (A4) and (A5). To prove this, observe that (M1)
implies (—x) = (—1)x € S for all x € S so that (A5) holds. Since x and (—x)
are now both in S, (A1) insures that x4+ (—x) € S, and thus 0€ S. 1

Given a vector space V, the set Z = {0} containing only the zero vector is
a subspace of V because (A1) and (M1) are trivially satisfied. Naturally, this
subspace is called the trivial subspace.

Vector addition in R2 and R? is easily visualized by using the parallelo-
gram law, which states that for two vectors u and v, the sum u+ v is the
vector defined by the diagonal of the parallelogram as shown in Figure 4.1.1.
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UV = (Uptvy, Ugtvy)

- < g !
v=(vyvo) - '
"2 y
/
I
1
1
I
/
!
u = (ug,Up)
FIGURE 4.1.1

We have already observed that straight lines through the origin in R? are
subspaces, but what about straight lines not through the origin? No—they can-
not be subspaces because subspaces must contain the zero vector (i.e., they must
pass through the origin). What about curved lines through the origin—can some
of them be subspaces of R2? Again the answer is “No!” As depicted in Figure
4.1.2, the parallelogram law indicates why the closure property (A1) cannot be
satisfied for lines with a curvature because there are points u and v on the
curve for which u+ v (the diagonal of the corresponding parallelogram) is not
on the curve. Consequently, the only proper subspaces of R#2 are the trivial
subspace and lines through the origin.

u+v /
A\ v /
—~ \ //
>
_g A /
- /
Vv X A /
u u
FIGURE 4.1.2 P
FIGURE 4.1.3

In R3, the trivial subspace and lines through the origin are again subspaces,
but there is also another one—planes through the origin. If P is a plane through
the origin in R3, then, as shown in Figure 4.1.3, the parallelogram law guarantees
that the closure property for addition (A1) holds—the parallelogram defined by
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any two vectors in P is also in P so that if u,v € P, then u+v € P. The
closure property for scalar multiplication (M1) holds because multiplying any
vector by a scalar merely stretches it, but its angular orientation does not change
so that if u € P, then au € P for all scalars «. Lines and surfaces in #3 that
have curvature cannot be subspaces for essentially the same reason depicted in
Figure 4.1.2. So the only proper subspaces of R? are the trivial subspace, lines
through the origin, and planes through the origin.

The concept of a subspace now has an obvious interpretation in the visual
spaces B2 and N3 —subspaces are the flat surfaces passing through the origin.

Flatness

Although we can’t use our eyes to see “flatness” in higher dimensions,
our minds can conceive it through the notion of a subspace. From now on,
think of flat surfaces passing through the origin whenever you encounter
the term “subspace.”

For a set of vectors S = {vy,va,...,Vv,} from a vector space V), the set of

all possible linear combinations of the v;’s is denoted by
span (S) ={a1vi + agvo + -+ v, | a; € F}.

Notice that span (S) is a subspace of V because the two closure properties
(A1) and (M1) are satisfied. That is, if x =>",&v; and y =), nv; are two
linear combinations from span (S), then the sum x+y =) (§+n;)v; is also
a linear combination in span (S), and for any scalar 3, fx = >, (B8&)v; is
also a linear combination in span (S).

s?"“@

FIGURE 4.1.4
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For example, if u # 0 is a vector in R3, then span {u} is the straight

line passing through the origin and u. If S = {u,v}, where u and v are

nonzero vectors in R not lying on the same line, then, as shown in Figure 4.

two

14,

span (8) is the plane passing through the origin and the points u and v. As we
will soon see, all subspaces of R™ are of the type span (S), so it is worthwhile

to introduce the following terminology.

Spanning Sets

e For a set of vectors S = {vy,vs,...,Vv,}, the subspace
span (8) = {a1vi + agvae + -+ + @, vy }

generated by forming all linear combinations of vectors from S is
called the space spanned by S.

e If V is a vector space such that V = span (S), we say S is a
spanning set for V. In other words, S spans )V whenever each
vector in V) is a linear combination of vectors from S.

(i) In Figure 4.1.4, § = {u, v} is a spanning set for the indicated plane.

(il)) S§= {(}) , (;)} spans the line y = x in R2.

1 0 0
(iii) The unit vectors ¢e; =0 ],ea=1{1|,es={0 span 13
0 0 1

(iv) The unit vectors {ej,es,...,e,} in R™ form a spanning set for R".

(v) The finite set {1,:c,x2, .. .,:v"} spans the space of all polynomials such
that degp(x) < n, and the infinite set {1, z,z2,.. } spans the space of all
polynomials.

Problem: For a set of vectors S = {aj,as,...,a,} from a subspace V C Rm*1,

let A be the matrix containing the a;’s as its columns. Explain why S spans V
if and only if for each b € V' there corresponds a column x such that Ax =b

(i.e., if and only if Ax = b is a consistent system for every b € V).
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Solution: By definition, S spans V if and only if for each b € V' there exist
scalars «; such that

aq
b:a1a1+a2a2+~-~+anan:<a1\ag\---|an) ) = Ax.
Qo

Note: This simple observation often is quite helpful. For example, to test whether
ornot § ={(1 1 1), (1 -1 —=1),(3 1 1)} spans R3, place these
rows as columns in a matrix A, and ask, “Is the system

1 1 3 Ty bl
1 -1 1 T2 = b2
1 -1 1 I3 bg;

consistent for every b € R3?” Recall from (2.3.4) that Ax = b is consis-
tent if and only if rank[A|b] = rank (A). In this case, rank (A) = 2, but
rank[A|b] = 3 for some b’s (e.g., by =0, b = 1, b3 = 0), so S doesn’t span
R3. On the other hand, & = {(1 1 1), (1 -1 -1),(3 1 2)} isa
spanning set for 2 because

1 1 3
A=|1 -1 1
1 -1 2

is nonsingular, so Ax = b is consistent for all b (the solution is x = A~'b).

As shown below, it’s possible to “add” two subspaces to generate another.

Sum of Subspaces

If X and )Y are subspaces of a vector space V, then the sum of X
and ) is defined to be the set of all possible sums of vectors from X
with vectors from ). That is,

X+Y={x+y|xeXandyec Y}

e The sum X + ) is again a subspace of V. (4.1.1)
e If Sx, Sy span X, )Y, then Sx USy spans X + ). (4.1.2)
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Proof. To prove (4.1.1), demonstrate that the two closure properties (A1) and
(M1) hold for § = X+Y. To show (A1) is valid, observe that if u,v € S, then
u=1x;+y; and v = Xg 4+ y2, where x1,%X2 € X and yj,ys € ). Because
X and )Y are closed with respect to addition, it follows that x; + x; € X
and y; +y2 € YV, and therefore u+v = (x; + x2) + (y1 +y2) € S. To
verify (M1), observe that X and ) are both closed with respect to scalar
multiplication so that ax; € X and ay; € Y for all «, and consequently
ou = ax; + ay; € S for all a. To prove (4.1.2), suppose Sx = {x1,X2,...,X,}
and Sy = {y1,y2,...,¥:}, and write

T t
z € span (Sx U Sy) <:>z=2aixi+2ﬁiyizx+y withxe X, yel
i=1 i=1
—zecX+)Y.

If X CR2 and Y C RN? are subspaces defined by two different lines through
the origin, then X + ) = R2. This follows from the parallelogram law—sketch
a picture for yourself.

Exercisesfor section 4.1

4.1.1. Determine which of the following subsets of R™ are in fact subspaces of
R™  (n>2).

(a) {x [z >0}, (b) {x [z =0}, () {x|aiz2 =0},

(d) {X‘ é:lszo}, (e) {x’ Ji:lszl},

(f) {x| Ax=Db, where A,,x, #0 and b,,x1 # 0}.

4.1.2. Determine which of the following subsets of R™*™ are in fact subspaces
of ",

) The symmetric matrices. (b) The diagonal matrices.

) The nonsingular matrices. (d) The singular matrices.

e) The triangular matrices.  (f) The upper-triangular matrices.
) All matrices that commute with a given matrix A.

) All matrices such that A% = A.

) All matrices such that trace (A) = 0.

4.1.3. If X is a plane passing through the origin in R3 and ) is the line
through the origin that is perpendicular to X, what is X + ) ?
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4.1.4.

4.1.5.

4.1.6.

4.1.7.

4.1.8.

4.1.9.

4.1.10.

4.1.11.

4.1.12.

Why must a real or complex nonzero vector space contain an infinite
number of vectors?

Sketch a picture in R? of the subspace spanned by each of the following.
1 2 -3 —4 0 1
(a) 31,161, (-9 , (b) 0O, (5], (1 ,
2 4 —6 0 0 0
1 1 1
(c) o], (1], 11
0 0 1

Which of the following are spanning sets for R3 ?

(@) {(1 1 1)} (b)) {(1 0 0),(0 0 1)},
(¢ {(1 0 0),(0 1 0),(0 0 1), (1 1 1)},
@ {(1 2 1), (2 0 —1), (4 4 1)},
(e) {(1 2 1),(2 0 —-1),(4 4 0)}.

For a vector space V, and for M, N'C V, explain why
span (M UN) = span (M) + span (N).

Let X and ) be two subspaces of a vector space V.
(a) Prove that the intersection X' N is also a subspace of V.
(b) Show that the union X UY need not be a subspace of V.

For A € R™*" and S C R"*!, the set A(S) = {Ax|x € S} contains
all possible products of A with vectors from S. We refer to A(S) as
the set of images of S under A.
(a) If S is a subspace of R", prove A(S) is a subspace of R™.
(b) If sq,s9,...,8; spans S, show Asy, Ass, ..., As; spans A(S).

With the usual addition and multiplication, determine whether or not
the following sets are vector spaces over the real numbers.
(a) R, (b) C, (¢) The rational numbers.

Let M ={m;,my,...,m,} and N'={m;, my,...,m,, v} be two sets
of vectors from the same vector space. Prove that span (M) = span (N)
if and only if v € span (M) .

For a set of vectors & = {vy,va,...,v,}, prove that span (S) is the
intersection of all subspaces that contain S§. Hint: For M = N V,

scv
prove that span (S) € M and M C span (S).
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42 FOUR FUNDAMENTAL SUBSPACES

The closure properties (A1) and (M1) on p. 162 that characterize the notion
of a subspace have much the same “feel” as the definition of a linear function as
stated on p. 89, but there’s more to it than just a “similar feel.” Subspaces are
intimately related to linear functions as explained below.

Subspaces and Linear Functions

For a linear function f mapping £" into R™, let R(f) denote the
range of f. That is, R(f) = {f(x)|x € "} C R™ is the set of all
“images” as x varies freely over R".

e The range of every linear function f : R™ — R™ is a subspace of
R™ and every subspace of R™ is the range of some linear function.

For this reason, subspaces of '™ are sometimes called linear spaces.

Proof. 1If f:R"™ — R™ is a linear function, then the range of f is a subspace
of R™ because the closure properties (A1) and (M1) are satisfied. Establish
(A1) by showing that y1,y2 € R(f) = y1+y2 € R(f). If y1,y2 € R(f), then
there must be vectors x1,x3 € R such that y; = f(x1) and y2 = f(x2), so
it follows from the linearity of f that

yi+y2 = f(x1) + f(x2) = f(x1 +x2) € R(f).

Similarly, establish (M1) by showing that if y € R(f), then ay € R(f) for all
scalars « by using the definition of range along with the linearity of f to write

y € R(f) =y = f(x) for some x € R*" = ay = af(x) = f(ax) € R(f).

Now prove that every subspace V of R™ is the range of some linear function
f:R™ — R™. Suppose that {vi,va,...,v,} is a spanning set for V so that

V={aivi+ - +a,vp|a; € R} (4.2.1)

Stack the v;’s as columns in a matrix A,,xn = (V1 |val--- |Vn), and put the
a;’sinan n x 1 column x = (ay, as,...,a,)T to write
aq

a1vy + - ap v, = (v1 |val--- \vn) = Ax. (4.2.2)
Qp

The function f(x) = Ax is linear (recall Example 3.6.1, p. 106), and we have
that R(f) = {Ax|x € RV} ={ayvi+ - +ava|las €R}=V. R
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In particular, this result means that every matrix A € R™*™ generates
a subspace of ™ by means of the range of the linear function f(x)= Ax.
Likewise, the transpose of A € RmXn defines a subspace of R™ by means
of the range of f(y) = ATy. These two “range spaces” are two of the four
fundamental subspaces defined by a matrix.

Range Spaces

The range of a matriz A € R™*" is defined to be the subspace
R(A) of R™ that is generated by the range of f(x) = Ax. That is,

R(A)={Ax|x € R"} CR™.
Similarly, the range of A7 is the subspace of R" defined by
R(AT) ={ATy|y e R™"} C R".

Because R (A) is the set of all “images” of vectors x € R™ under
transformation by A, some people call R (A) the image space of A.

The observation (4.2.2) that every matrix—vector product Ax (i.e., every
image) is a linear combination of the columns of A provides a useful character-
ization of the range spaces. Allowing the components of x = (&;,&s,...,&,)7 to
vary freely and writing

&1
f n

AX = (A*l ‘ A*Q ‘ | A*n) 2 = ;fjA*]
&n

shows that the set of all images Ax is the same as the set of all linear combi-
nations of the columns of A. Therefore, R (A) is nothing more than the space
spanned by the columns of A. That’s why R(A) is often called the column
space of A.

Likewise, R (AT) is the space spanned by the columns of A”. But the
columns of AT are just the rows of A (stacked upright), so R (AT) is simply

the space spanned by the rows *of A. Consequently, R (AT) is also known as
the row space of A. Below is a summary.

For ease of exposition, the discussion in this section is in terms of real matrices and real spaces,
but all results have complex analogs obtained by replacing AT by A*.

Strictly speaking, the range of AT is a set of columns, while the row space of A is a set of
rows. However, no logical difficulties are encountered by considering them to be the same.



4.2 Four Fundamental Subspaces 171

Example4.2.1

Column and Row Spaces

For A € R™*"™  the following statements are true.

e R(A) = the space spanned by the columns of A (column space).
. ( ) = the space spanned by the rows of A (row space).

e be R(A) <= b= Ax for some x. (4.2.3)
e acR(AT) < a” =yTA for some y’. (4.2.4)

2 4 6

Solution: R(A) = span{A.1, As, Ass} = {1 A +eA+azAss|a; € R},
but since A,y = 2A,; and A.3 = 3A,4, it’s clear that every linear combination
of A,1, A.s, and A,3 reduces to a multiple of Ay, so R(A) = span{A.1}.
Geometrically, R(A) is the line in 2 through the origin and the point (1,2).
Similarly, R (AT) = span{Ais, Ao} = {01A1. + agAs, | 1,0 € R}. But
Ao, = 2A;, implies that every combination of A;, and As, reduces to a
multiple of A, so R (AT) = span{A1.}, and this is a line in N3 through
the origin and the point (1,2, 3).

Problem: Describe R(A) and R (AT) for A = (1 2 3).

There are times when it is desirable to know whether or not two matrices
have the same row space or the same range. The following theorem provides the
solution to this problem.

Equal Ranges

For two matrices A and B of the same shape:

e R(AT)=R(BY) if and only if A% B. (4.2.5)
e R(A)=R(B) if and only if A %' B. (4.2.6)

Proof. To prove (4.2.5), first assume A "X’ B so that there exists a nonsingular
matrix P such that PA = B. To see that R (AT) = R (B”), use (4.2.4) to

write
aeR (AT) <« al =yTA =y"P'PA for some y”

—al =2z"B forz" =yTP!
<~ acR(B").
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Conversely, if R (AT) =R (BT)7 then
span {A1*7A2*7 s 7Am*} = span {Bl*a BQ*a ceey Bm*} )

so each row of B is a combination of the rows of A, and vice versa. On the
basis of this fact, it can be argued that it is possible to reduce A to B by using
only row operations (the tedious details are omitted), and thus A '%" B. The
proof of (4.2.6) follows by replacing A and B with AT and BY. 1

Testing Spanning Sets. Two sets {aj,as,...,a.} and {bj,ba,...,bs} in
R™ span the same subspace if and only if the nonzero rows of Ea agree with
the nonzero rows of Eg, where A and B are the matrices containing the a;’s
and b;’s as rows. This is a corollary of (4.2.5) because zero rows are irrelevant
in considering the row space of a matrix, and we already know from (3.9.9) that
A" B if and only if Ep = Eg.

Problem: Determine whether or not the following sets span the same subspace:

1 2 3 0

1

2

A= B = | 3
4

=)

2 4 6
21711711 ’
3 3 4

Solution: Place the vectors as rows in matrices A and B, and compute

1 2 2 3 1 2 0 1
A=12 41 3|—-10 01 1]=Ea
3 6 1 4 0 0 0 O

and
0011 120 1
B_(l 2 3 4)H<0 0 1 1)_EB'

Hence span {A} = span {B} because the nonzero rows in Eo and Ep agree.

We already know that the rows of A span R (AT), and the columns of A
span R (A), but it’s often possible to span these spaces with fewer vectors than
the full set of rows and columns.

Spanning the Row Space and Range
Let A bean m X n matrix, and let U be any row echelon form derived
from A. Spanning sets for the row and column spaces are as follows:
e The nonzero rows of U span R (AT). (4.2.7)
e The basic columns in A span R (A). (4.2.8)
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Proof. Statement (4.2.7) is an immediate consequence of (4.2.5). To prove
(4.2.8), suppose that the basic columns in A are in positions by,ba,..., by,
and the nonbasic columns occupy positions ni,ns,...,n;, and let Q; be the
permutation matrix that permutes all of the basic columns in A to the left-hand
side so that AQ; = (Byuxr Niux:), where B contains the basic columns and
N contains the nonbasic columns. Since the nonbasic columns are linear com-
binations of the basic columns—recall (2.2.3)—we can annihilate the nonbasic
columns in NN using elementary column operations. In other words, there is a
nonsingular matrix Qs such that (B N)Qz = (B 0). Thus Q = Q;Q3 is
a nonsingular matrix such that AQ = AQ:1Q: = (B N)Q;=(B 0), and

hence A < (B 0). The conclusion (4.2.8) now follows from (4.2.6). Wi

Problem: Determine spanning sets for R (A) and R(AT)7 where

1 2 2 3
A=12 4 1 3
3 6 1 4

Solution: Reducing A to any row echelon form U provides the solution—the
basic columns in A correspond to the pivotal positions in U, and the nonzero

1 2 0 1
rows of U span the row space of A. Using Ex = (0 0 1 1) produces
0 0 0 O
1 2 ; 8
R(A) = span 21, |1 and R (AT) = span ol |1
3 1 1 1

So far, only two of the four fundamental subspaces associated with each
matrix A € R™*" have been discussed, namely, R(A) and R (AT). To see
where the other two fundamental subspaces come from, consider again a general
linear function f mapping R" into R™, and focus on N(f) = {x| f(x) = 0}
(the set of vectors that are mapped to 0). N(f) is called the nullspace of f
(some texts call it the kernel of f), and it’s easy to see that N'(f) is a subspace
of R™ because the closure properties (A1) and (M1) are satisfied. Indeed, if
x1,%X2 € N(f), then f(x1) =0 and f(x2) =0, so the linearity of f produces

f(Xl +X2) :f(X1)+f(X2) =04+0=0 — X1 + X9 GN(f) (A].)
Similarly, if a € R, and if x € N(f), then f(x)=0 and linearity implies
flax) =af(x)=a0=0 = ax € N(f). (M1)

By considering the linear functions f(x) = Ax and g(y) = ATy, the
other two fundamental subspaces defined by A € R™*™ are obtained. They are
N(f) = {xnx1 | Ax =0} CR" and N(g) = {ymx1 | ATy =0} CR™.



174

Example4.2.4

Chapter 4 Vector Spaces

Nullspace

e For an m x n matrix A, the set N (A) = {x,x1 | Ax=0} CR"”
is called the nullspace of A. In other words, N (A) is simply the
set of all solutions to the homogeneous system Ax = 0.

e The set N(AT) = {mel | ATy = O} C R™ is called the left-

hand nullspace of A because N (AT) is the set of all solutions
to the left-hand homogeneous system y’ A = 07

Problem: Determine a spanning set for N (A), where A = (; i 2)

Solution: N (A) is merely the general solution of Ax = 0, and this is deter-

mined by reducing A to a row echelon form U. As discussed in §2.4, any such

U will suffice, so we will use Ep = ([1) g 3) Consequently, x1 = —2x9 —3z3,

where x5 and x3 are free, so the general solution of Ax =0 is

1 —2x9 — 373 -2 -3
T2 = ) = T2 1 + x3 0
T3 T3 0 1

In other words, N (A) is the set of all possible linear combinations of the vectors

—2 -3
hy=| 1 and hy=| 0],
0 1

and therefore span {hy,hs} = N (A). For this example, N (A) is the plane in
3 that passes through the origin and the two points h; and hs.

Example 4.2.4 indicates the general technique for determining a spanning
set for N (A). Below is a formal statement of this procedure.
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Spanning the Nullspace

To determine a spanning set for N (A), where rank (A,,xn) =r, row
reduce A to a row echelon form U, and solve Ux = 0 for the basic
variables in terms of the free variables to produce the general solution
of Ax =0 in the form

x=xzphi +zpho+ -4y, hy . (4.2.9)

By definition, the set H = {hy,hs,...,h,,_,.} spans N (A). Moreover,
it can be proven that H is unique in the sense that H is independent
of the row echelon form U.

It was established in §2.4 that a homogeneous system Ax = 0 possesses a
unique solution (i.e., only the trivial solution x = 0) if and only if the rank of
the coefficient matrix equals the number of unknowns. This may now be restated
using vector space terminology.

Zero Nullspace
If A is an m X n matrix, then
e N (A)={0} if and only if rank (A) = n; (4.2.10)
e N (AT) ={0} if and only if rank (A) =m. (4.2.11)

Proof. We already know that the trivial solution x = 0 is the only solution to
Ax = 0 if and only if the rank of A is the number of unknowns, and this is
what (4.2.10) says. Similarly, ATy = 0 has only the trivial solution y = 0 if
and only if rank (AT) = m. Recall from (3.9.11) that rank (AT) = rank (A)
in order to conclude that (4.2.11) holds. [

Finally, let’s think about how to determine a spanning set for N (AT)‘ Of
course, we can proceed in the same manner as described in Example 4.2.4 by
reducing AT to a row echelon form to extract the general solution for ATx = 0.
However, the other three fundamental subspaces are derivable directly from Ea
(or any other row echelon form U '®" A), so it’s rather awkward to have to
start from scratch and compute a new echelon form just to get a spanning set
for N (AT). It would be better if a single reduction to echelon form could
produce all four of the fundamental subspaces. Note that Exr # E4, so EL
won’t easily lead to IV (AT). The following theorem helps resolve this issue.
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L eft-Hand Nullspace

If rank (A,xn) = 7, and if PA = U, where P is nonsingular and

U is in row echelon form, then the last m — r rows in P span the
left-hand nullspace of A. In other words, if P = <§;), where Py is
(m —r) x m, then

N (AT) =R (P). (4.2.12)

Proof. 1If U = g , where C,y,, then PA = U implies P,A = 0, and

this says R (Pg) C N (AT). To show equality, demonstrate containment in
the opposite direction by arguing that every vector in N (AT) must also be in
R(Pg). Suppose y' € N (AT), and let P~ =(Q; Q) to conclude that
0=y"A=y"P'U=y"QiC = 0=y'Q
because N (CT) = {0} by (4.2.11). Now observe that PP~! =1 = P~'P
insures P1Q; =1, and QP =1,, — Q2P>, so
0=y'Q = 0=y QP;=y" (I-Q,P)
= y' =y'Q:Ps = (y'Q2) P>
= yeR(P]) = y ' eRrR(P]). 1

1 2 2 3

Problem: Determine a spanning set for N (AT)7 where A = (g gl i i)
Solution: To find a nonsingular matrix P such that PA = U is in row echelon
form, proceed as described in Exercise 3.9.1 and row reduce the augmented
matrix (A | I) to (U | P). It must be the case that PA = U because P
is the product of the elementary matrices corresponding to the elementary row
operations used. Since any row echelon form will suffice, we may use Gauss—
Jordan reduction to reduce A to Ea as shown below:

1 22 3 100 1 20 1 ~1/3  2/3 0
2 4 1 3 010|—1[0011 2/3 —1/3 0
36 1 4 00 1 0000 1/3 —5/3 1

“1/3 2/3 0 1/3
P= 2/3 —-1/3 0 (4.2.12) implies N (AT) = span -5/3
1/3 —-5/3 1 1
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Problem: Suppose rank (A,.xn) = r, and let P = (g;) be a nonsingular

matrix such that PA =U = (CTOX” ), where U is in row echelon form. Prove

R(A) = N (Py). (4.2.13)

Soluti