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PREFACE

Infinite dimensional representation theory has blossomed in the
later half of the 20th century. It started in earnest with the develop-
ment of quantum mechanics and the importance of symmetry groups
in particle mechanics. Motivation came from the success of the the-
ory of characters developed by Frobenius and Schur toward the end
of the 19th century, the results of Weyl on representation theory of
compact Lie groups, the result of Haar on the existence of invari-
ant measures on locally compact groups, and the generalization of
Fourier analysis to arbitrary abelian locally compact groups. The
correspondence between observables in quantum mechanics with self
adjoint operators in operator algebras in the logical foundations of
quantum mechanics spurred further developments, particularly the
works of Murray and von Neumann on operator rings. These were
used by Mackey and others to develop a general abstract maodel for
unitary representation theory and to the development of the notion
of induced representation that now plays such an important role in
the subject. This notion has been refined and continues to be cen-
tral in nonunitary and algebraic infinite dimensional representation
theory.

Our intent is to present many of the central results of analytic ab-
stract representation theory. In this development, we hope to present
Mackey’s methods in an accessible manner, emphasizing the notion
of inducing actions and viewing unitary representations as actions
by unitary operators. We present the technical substructure of the
subject to justify the methods produced and to make them accessible
for other applications. In this presentation, the subject is developed
from an abstract point of view, where the existence and properties of
concepts introduced must be established from abstract principles in
functional analysis and measure theory. Some measure theoretic dif-
ficulties which never occur in practice if resolved could enhance the
presentation. For instance, whether every locally simple unitary rep-
resentation of a locally compact group is supported by a standard
measure on the dual remains unknown. This leads to statements
assuming both hypotheses.

The correspondence between unitary representations of groups and
*-representations of their group algebras intimately links the repre-
sentation theory of groups and the representation theory of C* and
von Neumann algebras. Consequently, both are covered in the text.



The basic theory of operator algebra theory and the structure of
Hilbert algebras are presented along with a relatively readable ac-
count of Tomita-Takesaki theory on modular Hilbert algebras.

Chapters II, III, and IV can be read independently. Chapters III
and IV do depend in part on Chapter I, but material there can be
referred to according to need. Chapter V can be read after IV and
most of Chapter VII after Chapters IT and III. Chapter VIII depends
on nearly every earlier chapter except possibly Chapter V.

The book is self contained in the sense it depends only on a firm
background in real analysis. The spectral theorem for bounded self
adjoint operators is derived as part of representation theory. We do
use the spectral theorem for unbounded operators in a few instances
in Chapter VIIL

Topics selected were the choice of the author. They were chosen in
part for their relevance to representation theory and in part because
of their familiarity to the author. We have made use of many classic
texts on representation theory and operator algebras as well as classes
and papers from the developers of the subject.

We apologize for the book’s shortcomings, including any errors
for which the author takes responsibility. We hope, however, that it
will serve both as a general reference and as a text to the student
needing access to basic group-operator algebra representation theory.
Furthermore, to the careful reader, some of the beauty of the subject
may be revealed.



CHAPTER 1
BOREL SPACES AND SELECTION THEOREMS

Complete separable metric spaces and measures on these spaces are
fundamental in many areas of analysis. This is especially true for
both the unitary representation theory of locally compact groups
and the structure of separable von Neumann algebras.

1. Borel Structures on Polish Spaces

Let X be a topological space. X is said to be a Polish space if it
is second countable and has a complete metric which generates the
topology. The Borel algebra B of sets is the sigma-algebra generated
by the open sets in X. If M is a o-algebra of subsets of X, M is
called a standard Borel structure on X if M is the Borel algebra
of a Polish topology on X; then X together with M is called a
standard Borel space.

A o-algebra B on a set X is said to be countably generated if it
has a countable subcollection which separates points and for which
the smallest o-algebra containing it is B.

THEOREM L1.1. A space X is countably generated iff it is Borel iso-
morphic to a subset of the Cantor set with the relative Borel structure.

PROOF. Let A4; be a countable separating family of Borel sets.
Define f(z) = (x:(x)) where x; is the characteristic function of the
set A;. Then f is a one-to-one correspondence between X and f{X)
which maps the algebra generated by the A; to the restriction of the
algebra of cylinder sets in the Cantor set to the image of f. O
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REMARK. This proof shows that a Borel space X is countably
separated iff there is a one-to-one Borel mapping of X into the Cantor
set.

A space is zero dimensional if the topology has a base consisting
of open and closed sets.

PROPOSITION L.1. A subset of a Polish space with the relative to-
pology s Polish iff it is a Gs.

PROOF. Let X be a Polish space with metric p, and let A be a
subspace with complete separable metric py. For each n > 0 and each
a € A choose an open set U(n,a) containing @ which has p diameter
less than 2% and whose intersection with 4 has pp diameter less than
a5 Set G, = U,U(n,a). Suppose & € G,¥n. Then x € U(n, a,) for
some a,. Clearly a, converges to z in X. But U(n,a,)NU(m,a,,) #
@ implies po(an,am) < 2%, + 2%,. and hence a,, converges in A since pg
is complete. Thus z € A and A = N, G, is a Gs.

Suppose A = N,G,, is a G5 in X. Define f: A - X x R¥ by
f(a) = (a, (m» Then f is a homeomorphism from A onto a
closed set of the Polish space X x RY. Hence A is Polish. [}

Define 1 to be the space of all sequences a = {a,} of natural num-
bers with metric p(a,b) = 3 & (1$l;fib.:|)' This complete separable
space is known to be topologically isomorphic to the space of pos-
itive irrational numbers with the relative topology from the reals.

Note that 7 is a zero dimensional perfect space.

LeEMMA 1.1, Let X be a perfect Polish space. Then every nonempty
open subset of X is uncountable.

'PrROOF. Let U be a nonempty open subset of X. Then U with the
relative topology is both perfect and Polish. Hence one only needs
to show perfect Polish spaces X are uncountable. Suppose X = {z;}
is countable. By the Baire category theorem, there exists 7 such that
{z:} has interior. Thus {z;} is an open set and z; is an isolated
point. O

THEOREM 1.2. Let X be zero dimensional perfect Polish space.
Then if D is any countable infinite dense subset of X, X — D is
homeomorphic to 7.

PROOF. We note that if U is any open neighborhood of z and
¢ > 0, then U — {z} can be written as a union of a sequence of
disjoint nonempty open closed sets of diameter less than e. Indeed,
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write [/ as a union of open closed sets V; of diameter < €. Assume
z € V; and take W; a strictly decreasing sequence of open closed sets
whose intersection is {z}. Then V4 — W, W, —W,, Wy —Ws, ... along
with Vo — V1, V4 - Vo — W, V3 — V3 — V3, — 1,... form a countable
collection of open closed sets infinitely many of which are nonempty
and thus form the desired sequence.

Let D = {a;}. Since X is zero dimensional, there is a collection
U; of pairwise disjoint nonempty open sets of p diameter < 1 whose
union is X. Let b; be the first element in D which is in U;. By the
note above, each U; — {b;} can be written as a union of a sequence
of nonempty open closed sets U; ; of diameter < 1. Let b;; be the
first element in D not amongst the b; that is in U; ;. Inductively
thereis a cover U, Ui, ia, . inss Of Uiy iy, i — {biy iy, i, } Dy disjoint
nonempty open closed sets of diameter < n}rl. Thus if ¢ = (¢;) € 7,
then MUy, co.... e = {f(c)}. Clearly f is one-to-one and onto X — D;
and since f({c1} x -- x {ex} X ) = Uppore and f7HUp, e} =
{e1} x -+ x {ex} x 7, f maps a base for the topology on 7 to a base
for the topology on X — D. Thus X is homeomorphic with . [

THEOREM 1.3. Let X be a Polish space. Then if B is a Borel
subset of X, there is a finer zero dimensional Polish topology for X
for which B is an open and closed set and which has the same Borel
sets as the original topology.

ProOOF. Let 7 be the topology for X and let Bx be the corre-
sponding collection of Borel sets. Let B’ be the collection of sets 4 €
By for which there exists a Polish topology 74 with 7 C T4 C Bx
such that A is an open and closed set in 7. Suppose 4 and X — A
are (G5 subsets with complete separable metrics p; and p;. We may
assume py < 1 and py < 1. Define a metric p by p=p, on A x 4,
p=pon (X — A x (X —A), and p =1 on the rest of X x X.
Then p is a complete separable metric and A is open and closed in
the topology of p. Hence A € B'. In particular, the collection B’
contains the open sets and is closed under complements.

To see that B’ is a o-algebra, it suffices to show it is closed under
countable unions. Let A, € B’ for all n. Set 77 to be the topology
generated by U, 74 . Then 7; is Polish for if p, is a complete sepa-
rable metric for 74, , then > EI;TJ“:T‘ is a complete separable metric
for 77. Since A = U, A, is open in 77, one can enlarge 7, as earlier
to a Polish topology T4 containing the G5 sets A and X — A. Thus
B = Bx.
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Let B be a Borel set. We may assume that B is open and closed.
Let A; be a base for the topology 7. Let 7; be a finer Polish topology
so that 7;[4, = Tla, and Tj|x_a, = T|x_4, and A; is both open and
closed in 7;. The topology 7’ generated by all the 7; is Polish and
contains B as an open and closed subset. Moreover, using 7|4, =
Tla, and Tiix_a, = T|x_a,, one can show sets of the form B;, N
B;, N---N B;, where each B; or its complement belongs to the
collection {A4,}:2, form a base for the topology 7. Thus 7" is zero
dimensional. O

COROLLARY 1.1. Let f be a Borel function from a Polish space X
into a Polish space Y. Then there is a finer zero dimensional Polish
topology on X under which f becomes a continuous function.

PrROPOSITION 1.2. Let X be a zero dimensional Polish space. Then
X = CUP where C is a countable open set and P is a disjoint closed
perfect subset.

PRrROOF. Let C be the union of all countable open subsets of X.
Then C' is countable since X is second countable, and clearly every
nonempty open subset of P, the complement of ', is uncountable. [

THEOREM L.4. Let B be the Borel sets for a Polish space X. Then
X is either countable or (X, B) is Borel isomorphic to [0, 1] with its
usual topology and Borel sets.

PROOF. Assume X is uncountable. We have seen that we may
assume both X and [0,1] are zero dimensional, and that one can
remove countable infinite sets from each so that both resulting spaces
are homeomorphic to . O

We have seen that if X is a standard Borel space and if B is a Borel
subset of X, then B with the relative Borel structure is a standard
Borel space.

2. Analytic Sets, Analytic Spaces and Kuratowski’s
Theorem

Let X be a standard Borel space. A subset A of X is an analytic
set if it is the Borel image of a standard Borel space. More precisely,
A is an analytic set if there is a standard Borel space Y, a Borel
function f:Y — X such that f(B) = A.

PROPOSITION 1.3. Let X be a Polish space. Then there is a con-
tinuous function mapping n onto X.
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PROOF. By refining the topology of X we may assume X is zero
dimensional. Let U; be a cover of X by open-closed sets of diameter
< 1. Inductively obtain sets U;, . ,.,, which are open and closed
and have diameter < n—_lﬁ and which cover U;, . ;. . Define f by
{f(a)} = NyUs, as,... .an.- Then f is continuous and onto. O

THEOREM L.5. A subset A of a Polish space X is analytic iff il is
the image of n under a continuous map.

PROOF. Let A be analytic. Then A = f(Y) where Y is a stan-
dard Borel space and f is Borel. Put a Polish topology on Y which
generates the Borel structure. Let {C,} be a base for the topology
of X. By further refining the topology of ¥ we may assume each
f7Y(C,) is open. Let h be a continuous mapping of  onto ¥". Then
fohis continuous and foh(n) =A. O

THEOREM 1.6. Countable unions and intersections of analytic sets
are analytic.

ProOF. Let {A;} be a sequence of analytic sets in a Polish space
X. Let g; be a continuous map from 7 into X with range A,. Then
the graph G, of g, is a closed set in  x X, and thus UG, is a Borel
set. The projection of n x X onto X is Borel and carries this union
onto UA;. Hence LA, is analytic.

To see NAy is analytic, note B = {({zx},a) : {z}2, €9V, a € X,
ge(z) = aVk} is a closed set in " x X whose projection onto X is
NAx. O

THEOREM L.7. If A, and A are disjoint analytic sets in a Polish
space X, then there exist disjoint Borel sets By and By such that
Al C Bl and Az C Bz.

Proor. Two sets F; and F, are Borel separable if there is a pair
of disjoint Borel sets B, and B, with E; C By and E, C B,. Note if
E; and F; are sequences of pairwise Borel separable sets, then UK,
and UF; are Borel separable.

Now let f; : 7 — A; be continuous onto maps. Set

nkl,kz,...,kn = {(klak2: e Jkn)} X 7.

Then if A; is not Borel separable from A, there exist sequences ¢ and
bin 7 such that fi(7,, . ..) is not Borel separable from fa(me, .. 5.)
for all k. But by continuity of f; and f2, fi(7.,. . ..) converges to

fi(a) and fa(ms, ... »,) converges to fo{b). Since fi(a) # fo(b), these
sets are eventually separable by open sets. [
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COROLLARY 1.2. If A is both analytic and coanalytic, then A is
Borel,

COROLLARY 1.3. If Ay are a pairwise disjoint sequence of analytic
sets, then they can be covered by a pairwise disjoint sequence of Borel
sets By,

THEOREM 1.8 (KURATOWSKI). Let f be a Borel function on a
standard space X with values in a countably generated Borel space
Y. If f is one-to-one, then f(X) is a Borel subset of Y; and f is a
Borel isomorphism of X onto f(X) with the relative Borel structure.

PROOF. Since Y is countably generated, Y is Borel isomorphic to
a subset of the Cantor space with the relative Borel structure. Thus
we may assume Y is Polish. We first show f is a Borel isomorphism.
To see this note that if A is a Borel subset of X, then since f is one-
to-one, f(A) and f(X — A) are disjoint analytic sets, and thus can
be covered by disjoint Borel sets £, and E;. Thus f(A) = f(X)NE,
is Borel in the relative Borel structure.

To show f{X) is a Borel set in Y, we start by putting a compatible
Polish topology on X. By refining it if necessary, we may assume f
is continuous and the topology is zero dimensional. By Theorem 1.2,
there exists a countable set C' such that P = X —C is homeomorphic
to n. It thus suffices to show g(7) is a Borel subset of ¥ if g is a
continuous one-to-one function from ninto Y. For (ny,... ,n,) € N*,
set Fo,,. n = {(71,... ,1%)} x 7. Since g is one-to-one, g(F,, . ..)
are disjoint analytic sets and thus can be covered by disjoint Borel
sets En;,...,nk- Define Enl,...,nk = En1 M Em,n2 n---N Eﬂl,ﬂz,--.,nk M

G(Fn,. ) E’m,...,nk are Borel sets and g(F,,  ..) C E, . . C
g(F,.....ne). Suppose

ye r-"?—;1 U(m,--- k) Eﬂh--- B

.
Then there exists a unique a € 7 such that y ¢ E’ah_”!aka. But

since ¢ is continuous NG(Fy, . ..) = {g(a)}. Thus ¥ = g(a). Hence
g(n) = N1 Utny,. nw) Enyy e 15 & Borel set. [

DEFINITION. An analytic Borel space is a countably generated
Borel space which is the image of a standard Borel space under a
Borel mapping,.

COROLLARY 1.4. Y is an analytic Borel space iff it is Borel iso-

morphic to an analytic set in a Polish space with the relative Borel
structure.
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COROLLARY 1.5. Let E be a subset of a standard Borel space X
with the relative Borel structure. If E is a standard Borel space, then
E is a Borel subset of X. If E is an analytic Borel space, then E is
an analytic subset of X.

Recall by Theorem 1.1 that every countably generated Borel space
is isormorphic to a subspace of a Polish space with the relative Borel
structure.

CoroLLARY 1.6, If X is a standard Borel space, then any count-
able separating family of Borel sets generates the Borel structure on
X.

THEOREM 1.9. Let f be a one-to-one Borel function from an an-
alytic space X onto a countably generated Borel space Y. Then f is
a Borel isomorphism.

Proor. Since Y is countably generated, we may assume that ¥
is a subspace of a Polish space Z with the relative Borel structure.
Let E be a Borel subset of X. Since f is Borel and one-to-one, f(E)
and f(X — F) are disjoint analytic subsets of Z. Thus, by Theorem
1.7, there exist disjoint Borel sets £; and E, in Z which cover these
two sets, respectively. Therefore, f(E)} =Y N E; is a Borel subset of
Y. Hence f~! is Borel. [

CoRrOLLARY L.7. Let X be an analytic Borel space. Then any
countable separating family of Borel sets generates the Borel structure
on X.

ProOPOSITION 1.4, Let Y be an analytic Borel space. For each
natural number n, let F,, be a Borel function from Y into a countably
separated Borel space Z,,. If the functions I, separate the points of
Y, then a function f from a Borel space X into Y is Borel if and
only if F, o f is a Borel function for each n.

PROOF. Note that if f is Borel, then clearly F, o f is Borel for
each n.

Suppose next that Fy, o f is Borel for each n. Let C, be a countable
separating family of Borel sets for the space Z,,. Then since the Borel
functions F,, separate the points of Y, the collection A = U, F;'(C,,)
is a countable separating family for the Borel sets in Y. By Corollary
1.7, the smallest o-algebra on Y containing the collection A is the
o-algebra of Borel sets.
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Let By be the collection of Borel subsets E of Y such that f'(E)
is a Borel subset of X. This collection is a g-algebra. Moreover, if
E € A, then E = F;1(W) for some n and some Borel subset W of
Z,,. Therefore f~(E) = f~Y(F7 Y (W)) = (F, o f)"}(W) is a Borel
subset of X. It follows that By contains A and thus is the o-algebra
of Borel subsets of Y. O

Let f be a mapping from a Borel space X into a set Y. Then the
quotient Borel structure on Y is the largest g-algebra on Y for
which f is Borel. It consists of all subsets E of ¥ such that f~'(F)
is a Borel subset of X.

THEOREM 1.10. Let ¢ be a mapping from an analytic Borel space
X onto a set Y. If the quotient Borel structure on Y is countably
separated, then it is analytic.

ProoF. Let C be a countable separating family for the quotient
Borel structure on Y. Let B’ be the o-algebra generated by C. Let
E be any Borel subset of Y and set B” to be the o-algebra generated
by C U {E}. Both resulting Borel spaces on Y are analytic for both
are countably generated and thus can be considered subspaces of a
Polish space with the relative Borel structure. The identity map is a
Borel isomorphism by Theorem 1.9. O

LEMMA 1.2, Let A be an analytic set in a compact Polish space X .
Then there exist a compact Polish space F', a continuous function f
from F into X, and an F,s5 set B such that f(B) = A.

PROOF. Let g : 7 — X be continuous with g() = A. Set F' =
X x ]RE where R, is the one point compactification of R. Set B =
{(g(a),a) : a € n}. Then B is a closed set in X x n whose topology
is the relative topology from F. Thus B = (X x )N B. Hence B is
an F,; if X x i is a (G5 set, for open sets in separable metric spaces
are F, sets. But X x 7 = NGy where G}, is the open set consisting
of those (z,a) in F' whose first k coordinates for a are within % of a
natural number. Finally note A = f{B) where f is the coordinate
projection of F' onto X. [

3. Measures and Selection Theoremns on Polish Spaces

Our discussion now will involve measures on Polish spaces and
measurable selection theorems. We first note measures on Polish
spaces have to be regular in the following sense.
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THEOREM L.11. Let v be a o-finite measure on a Polish space X.
Let E be a Borel set. Then there exist a G; set U and a o-compact
set W with W CECU and v(U - W)=0.

PROOF. We may assume v is finite. Let B be the collection of
Borel sets E such that for each € > 0 there exist an open set U and
a closed set F such that FF ¢ E C U and v(U — F') < e. It is clear
that B is closed under complements. Moreover, it contains the open
sets since they are Fi,’s. It is also closed under countable unions for
if A; € B for each i, then there exist open sets U; and closed sets F;
satisfying F; € A; C U; and v(U;— F;) < . Then limg_, o (U2, U;—
uUr, F) < e. It follows that every Borel set belongs to B; and thus,
if E is a Borel set, there exist a G5 set U and an F, set W such that
WcECUand v(U—-W)=0.

To finish the proof it suffices to show that X contains a conull
a-compact set. To see this, let € > 0. For each n, let {S,:}3>, be a
sequence of closed neighborhoods of radius = that cover X. Choose
kn so that ¥(X — U2, 8,x) < £, Set K. = N, U2, Skn. Then
v(X — K.) < €. To see that K, is compact, let {y;}52, be a sequence
in K.. Then there exists a j; < k; and a subsequence {yl,j}?il of
{y;}52, such that each y, ; belongs to 5 ;. Repeating the process
and using Cantor diagonalization, one sees that there is a sequence
jn of natural numbers and a subsequence {y; ;}32, such that j, <k,
and y;; € S, for j > n. It follows that the subsequence {y;,;}52,
converges, and its limit is in K,. Thus K, is compact. Finally take
K=U,K 1. O

ToeorReEM 1.12. Let A be an analytic set in a standard Borel space

X. Ifv is a o-finite Borel measure on X, then there exist Borel sets
E, and E, satisfying E, ¢ AC E, and v(E; — E{) = 0.

PROOF. We may assume X is compact and v is finite. First
note if v* is the outer measure associated with v, then v*(UC,) =
lim,,_, ., v*(C,) whenever C,, is an increasing sequence of sets.

Now since A is compact, there is a compact metric space F, a dou-
ble sequence B, , of closed subsets of F', and a continuous function
f from F into X such that A = f(B) where B = N,, Uy, Bpn. We
clearly may assume B, is increasing in n for each m. Let € > 0.
Then f(B N B,,) increases to A = f(B). Hence there exists a n;
such that v*(f(B N Bin,)) > v=(A) —e. Now f(B N By, N Bayg)
increases to f(B N Bi.,,,). Hence there is an n, with v*(f(BN By, N
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Ban,)) > v*(A) — e. Repeating inductively one sees there is a se-
quemnce 7,12, M3, . .. such that ¥*(f(BNB; ., NByp,N---N By, ) >
v*(A) — €. Let C' = MgBy.n,. Note C and f(C) are compact. More-
over, v(f(C)) = limg v(f(Biyn, N -+ N Bio,)) 2 v*(A) — e. Hence
F(C) C Aand v*(A)—v(f(C)) < €. The result now follows easily. [

THEOREM L.13 (VON NEUMANN SELECTION LEMMA).
Let A be an analytic set in X x Y where X and Y are Polish spaces.
Assume the projection of A into X is onto. Then there exists a
function ¢ : X — Y such that (z,¢(z)) € A for all z and for each
Borel set E of Y, $71(E) is in the o-algebra generated by the analytic
subsets of X.

PROOF. Let f: 7= X x Y be a continuous function with f() =
A. Then f(a) = (g(a), h(a)) where g and h are continuous functions
from 7 into X and Y with g onto. Linearly order 5 lexicographically.
Thus (a,i) < (b,) iff 3k such that a, = b1, ey A = bk: but Qpy1 < bk+1.
Then any nonempty subset S of i has a greatest lower bound inf §
which belongs to the closure of S. Set a(z) = infg~'(z). Since
g~ '(z) is closed, a(z) is the smallest element in g~'(z). Define ¢(z) =
h(a(z)) = ho a(z). Clearly (z,8(z)) = (¢(a(z)), h(a(z)) € A.

Let U be an open subset of Y. Since h™'(U) is an open set,
to see ¢~ (U) = a~'(h"1(U)) is in the o-algebra generated by the

analytic sets, it suffices to see A, ., = a Y ({(m1,... ,ne)} x 1) is
in this algebra for all ny,... ,n.. But A, n, 15 the set of points
z i g({(n1,... ,n)} x 1) where z is not in g({(m,,... ,mx)} x 7)
if (my,...,me, 1,1,...) < (ny,... 7, 1,1,...). Thus Ay, . ., isin
the algebra because the set g({{m1,... ,m)}} x ) is analytic for all
My, ..., O

The following theorem is an easy consequence of this lemma and
plays an important role for obtaining Borel selections.

THEOREM L1.14. Let X and Y be standard Borel spaces and let A
be an analytic subset of X x Y whose projection into X is onto. Let
p be a o-finite measure on X. Then there is a conull Borel subset
Xo in X and a Borel function ¢ : Xo — Y such that (z, #(z)) € A
forallz € X.

PROOF. Choose ¢ as in the von Neumann selection lemma. Let
Ui be a countable basis for the open sets in Y. By Theorem I.12, each
¢~1(U;) is measurable relative to the completion of . Hence there
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exist Borel sets E; and F; with E; C ¢~ 1(U;) C F; and u(F,— E;) = 0.
Set Xo = X — U(F; — E;) and restrict ¢ to Xo. O

Our next topic deals with cross sections for equivalence relations.
Namely suppose X is a standard Borel space and R is an equivalence
relation on X. Let X/R be the space of equivalence classes. Set [z]
to be the equivalence class of z, and let [F] be U,cr[z]. [F] is called
the saturation of F. Give X/R the quotient Borel structure defined
by the mapping z — [z].

PROPOSITION 1.5. Suppose E is a Borel set that meets each equi-
valence class of R in exactly one point. If, in addition, the saturation
[F] of each Borel subset F' of E is Borel, then the mapping z — [2] is
a Borel isomorphism of E onto X/R. In particular, if X is standard,
then the quotient Borel structure on X/R is standard.

ProOF. By definition of the quotient Borel structure, the mapping
z — [z] is Borel. Moreover, by hypothesis, the image of a Borel set
under this map is Borel in the quotient Borel structure. O

The following theorem shows the existence of Borel cross sections for
equivalence relations under appropriate conditions.

THEOREM 1.15. Let X be a separable metric space with an equi-
valence relation R whose equivalence classes are complete. Then if
the saturation of every open set 1s a Borel set, there exists a Borel
set meeting each equivalence class in exactly one point.

PrROOF. Let II be the set of all finite sequences of natural numbers.
Set IT;. to be the subset consisting of sequences with k elements. Since
X is separable, there is a sequence of open sets U; which cover X and
have diameter < 1. Again by separability, each U; can be covered by
open sets U ; of diameter < % satisfying U, ; C U;. Repeating one
sees by induction that there is a family {U, : a € II} of open sets
satisfying:

(1) U, = U, for each a
(2) diamU, < ¢ if a € II;
(3) Ua,i C Ua for all ¢ and UiU,; =X.

The above family is called a sifting of the metric space X. Note
there is a natural well ordering on II. Indeed, let every element
in II; be less than every element in Il; if k¥ < j, and order each
I, lexicographically. For each a € IT we define a Borel subset H,
inductively. Set H]_ = Ul., H2 = Ug—[Ull, ‘e ,Hi = U,;—Uj<1'[Uj}, [
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Next define Ha,l = Ua’1 M Hﬂ and Hﬂ,i = Ua,i i Ha - Uj<i[Ua,j]. We
note that if W is an equivalence class and & is given, then there is
a unique ¢ in I, with Wn H, # 0 and in this case W N H, =
W nU,. Let B =Ny Usen, H,. One thus has for each equivalence
class W, a unique sequence {n,} of natural numbers such that if
ar ="ny,...,N, then WNH,, #0. Hence WNB =N (WnH,)=
Ne(WnU,,) D Ng(WnNU,,,,) which is nonempty since W is complete.
Moreover the diameter of W M B is less than % for all k. Thus WNEB
consists of exactly one point. [

THEOREM 1.16 (FEDERER AND MORSE SELECTION LEMMA).
Let f be a continuous function on a compact metric space X which
maps onto a metric space Y. Then there is a Borel set E C X such
that f restricted to E is one-to-one and onto. In particular, f is a
Borel isomorphism from E onio Y.

PRrROOF. Define an equivalence relation R on X by z; ~ =z iff
f(z1) = f(z2). The equivalence classes are complete since they are
closed. Moreover, if U is an open set in X, then it is o-compact.
Hence the saturation [U] = f~}(f(U)) is an F, set and thus is Borel.
By Theorem .15, there is a Borel set E which meets each set f~!(y)
in exactly one point. Since f restricted to E is one-to-one, the result
follows by Theorem 1.8. [O

A measyre on a Borel space is said to be standard if there is a
conull Borel subset whose relative Borel structure is standard.

THEOREM 1.17 (VON NEUMANN SELECTION THEOREM).
Let o be a standard finite measure on a Borel space X. Suppose f
s a Borel function on X with values in a countably generated Borel
space Y. Then there is a Borel subset E of X on which f is one-to-
one, u(X — f7U(f(E))) = 0, and which is standard with the relative
Borel structure.

ProOF. By Theorem 1.1 and Corollary 1.1 we may assume X is
Polish, Y is Polish, and f is continuous. By Theorem I.11, there
is a conull o-compact subset. Replacing X by this subset, we may
assume f is a continuous function from a o-compact metric space
X into a Polish space Y. Hence suppose X = U,K,, where each
K, is compact. By the Federer-Morse Lemma, there is a Borel set
E, in K, such that f restricted to E, is a Borel isomorphism onto
the compact Borel space f{K,). Set E = U, (E, — f7H(f(K,U---U
K,_1))). Then f restricted to E is one-to-one and f~!'(f(E)) = X.
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Moreover, since each set f~1(f(K1U---UK,)) is closed, E is a Borel
set. O

COROLLARY 1.8. Let f be a continuous function from a o-compact
metric space X onto a metric space Y. Then there is a Borel function
g from 'Y into X such that f(g(y)) = y-

4. Uniformization of Borel Subsets with o-Compact
Sections

The final selection theorem we present depends on obtaining some
fine separation theorems for analytic sets. We begin by showing an
analytic set is describable in terms of a family of closed sets.

Let II be the set of all finite sequences f of natural numbers. If
f € 10, let I{f) denote the length of the sequence f. Let I' be the
set of all infinite sequences of 0’s and 1’s, with all but finitely many
of the terms 0. Lexicographic orderings make both I' and II well
ordered. If a € 7, define a(n) in I by a(n) = (a1,--- ,aa)-

PROPOSITION 1.6. Let A be an analytic set in a Polish space X.
Then there is a collection of closed sets {A,},er such that A is the
collection of all points x for which there exists an increasing sequence
v < ye < - withx € NA,,.

PROOF. Suppose A is an analytic set. Let ¢ be a continuous
function from 1 onto A. Let f belong to IT and set N¢ to be the
finite collection {fi, fi + fo.-.-, fi + fa + -+ fiin}. Define v¢ to
be the characteristic function of Ny. Then the mapping f +» vy is a
one-to-one mapping between Il and I'.

Define A, to be the closure of the set {¢(b) : b({(f)) = f}. Sup-

pose £ = @(a). Then note v,n) < 7Yay < --- and z is in the
closure of {#(b) : b(n) = a(n)} for each n. Conversely, suppose
x € NA,, where 11 < 7 < ---. By choosing a subsequence of this

sequence, we may assume Y;{7) = ¥{j) if j < ¢ < k. Hence there
is a mapping v : N — {0,1} such that v(j) = %(j) if j < i If
{J : 7(.7) = 1} = {flwfl +f2y"'}3 then a = (f11f27 ) €. More-
over, since € NA,, and v(j) = v(j) for j < i, we see for each
n, there is an m such that { < i+ fo+--- + fn v(7) = 1} =
A+ forr it fot -+ fu} for ea.ch i » m. The continuity
of g and z € A,, C {o(b) :b(n) = (fr, -+, fa)} for i > m imply
#la) =z € A O
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Suppose A, v € I is a collection of closed subsets in the Polish
X. For each z € X, the set orda(z) = {7y : = € A,} is well ordered
and thus defines an ordinal number which we will also denote by
ord4(z). Recall that if o and 8 are two ordinal numbers; that is two
well ordered sets, then a < 3 if there exists a one-to-one mapping
from o into 3 which preserves order. If  is countable, this relation is
equivalent to the existence of sequences (; in o and 7, in 3 satisfying
a = {¢ : k € N} and ¢; < {; implies 7 < n;. Moreover, if m and
n are natural numbers, ma + n is the ordinal number obtained by
ordering the set {1,... ,n}U{l,... m} xabyl<2<3-.-<n<
(k,¢) for all (k,¢) and (k,{) < (I,{"Yifk<lork=1{and { <.

ProrosiTION 1.7. Let A, and B,, v € I', be families of closed
subsets of Polish spaces X andY, respectively. Then the set {(z,y) :
morda(z) +n < m' ordg(y) + n'} is an analytic subset of X x Y.

PrOOF. Let a be the well ordered set giving the ordinal mI' +n
and let 3 be the well ordered set defining the ordinal m'T'+n'. These
sets are countable and hence Polish with the discrete topology. Thus
the spaces o and Y are Polish spaces with the infinite product
topology.

Let A, be the collection of all (z,v,(,§) with z € X, y € Y,
¢ € o with ¢; € morda(z) +n, and £ € 8Y. The condition that
¢: € mord a(z)+n is equivalent to either ¢; € {1,... ,n}or { = (k,~)
where k € {1,...,m} and z € A,. Thus

A =ﬂ(U UA.nyx{Ci = (r,'y)}xﬁNUUXxYx{C:Ci =7} x M)
i r=1 7 r=1

This shows that A, is Borel. A similar argument shows the set A,
consisting of all tuples (z,y, ¢, &) where & € m’ ordg(y) +n' is Borel.

Next, let A be the set of all (z,y,(,£) where for each £ in
morda(z) + n, there is a k with (¢ = ¢. Thus A3 = B1 N By
where By = ML {(z,v,(,€) : v € orda(z) implies 3k 3> ( =
(r,7)} and By = N*_{(z,%, ¢, &) : 3k > ¢ = r}. But each set
{{z,v,¢,€) : v € orda(z) implies 3k > ¢ = (r,7)} is Borel, for it
equals N, (Up(A, XY x {¢: ¢ = (r,¥)} x 88U A, x ¥ x o x gY).
Thus B, is Borel. That B; is Borel follows from the fact that each
set {(z,1,(,€): 3k > (e =r}equals UR X xY x {¢ = r} x 8N
which is Borel. Thus A; is Borel.

Finally let A, be the set consisting of all (z,y, ¢, £) such that ¢; <
&; whenever §; < ¢;. Then Ay = X x¥ xN; ;({(¢,€) : ¢ < ¢ and & <
ETU{CE) - ¢ > ¢;}). Thus Ay is Borel.
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It follows that the coordinate projection of the set A = A4, N
A; N A3 N Ay into X x Y is analytic. Since this set is {(z,y) :
morda(z) +n < m'ordg(y) + m'}, the result follows. O

Let A be an analytic set. Choose a family {A,}.cr of closed sets
satisfying # € A iff there is an increasing sequence v, € I' with
T € NgA,,. Again set orda{z) = {y: z € A,}. Thenif Q is
the ordinal number defined by the natural numbers, then z € A iff
0 < orda(z).

THEOREM 1.18 (THE REDUCTION THEOREM). Let Uy, Us,... be
a sequence of coanalytic subsets of a Polish space Y. Then there
exists a sequence Vi, V,, -+ of pairwise disjoint coanalytic sets such
that V; C U; Vi and UV, = U;U;. If UU; is a Borel set, then each V;
18 a Borel set.

PRrROOF. Since U, is coanalytic, Proposition 1.6 implies the exis-
tence of a family UZ, v € T, of closed sets with x € ¥ — U, iff
ord,(z) = {7 : z € U7} defines an ordinal number with < ord.(z).
Next note that if o and 3 are ordinal numbers with (2o + 1)2" =
(28+1)2%, then one has k =n and a = 4.

Define

V,=Un [ {z: (2ordi(z) + 1)2* < (20rda(z) + 1)27}".
k#£n

By Proposition 1.7, the sets V, are coanalytic. Note that if z €
ViNV,, then (2ord,(z) +1)2% > (2ord,(z) +1)2* > (2ordx(z) +1)2*
which is impossible. Thus the sets V,, are pairwise disjoint.

Next suppose # € UU,. Then ord,(z) < Q for some n. Hence
ord,(z) is finite. Choose n such that (2ord,(z)+1)2" is a minimum.
Then note if k # n, then (2ordg(z) + 1)2* > (20rd,{z) + 1)2". But
one can’t have equality here for otherwise k = n. Thus z € V.. So
UV, = Ul,.

If we assume UV, is Borel, then (UV,,) — V;, = U, .V, is analytic
and coanalytic and hence must be Borel. It follows that each V} is a
Borel set. O

THEOREM 1.19 (FIRST GENERALIZED SEPARATION THEOREM).
Let {A,}2 | be a sequence of analytic subsets of a Polish space Y. If
NpA, = 0, then there erist Borel sets By, B,,--- with B, D A, and
man = ﬂ
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PrOOF. Apply the reduction theorem to the coanalytic sets A/, .
O

THEOREM 1.20 (SECOND GENERALIZED SEPARATION THEOREM).
Let A, be a sequence of analytic sets in a Polish space. Then there
exrists a sequence B, of coanalytic sets with A, — M, A, C B, and
nB, = 0.

PROOF. By the reduction theorem, there exist disjoint coanalytic
sets V,, with V;, ¢ A, and UV, = UA!. Again using the reduction
theorem, for each n there exist two disjoint coanalytic sets, B,, and
C,, with B, U C, = U;#nd U A:l, B, C Uk¢nd, and C, C A;L
Note NB,, C M (Uptn Vi) = N (VAL — V) = (UVL)Y N (UAL) = @
Moreover, if z € A, — NpAg, then since V,, C A., we have z ¢ V,

!

and * € Ugz, A% Thus 2 € UgenVi and 2 ¢ A),. Thusz € B,. O

LEmMA 1.3 (KunuGun). Let Y be a Polish space and suppose ¢
is a continuous mapping of a closed nonemply subset gy of n whose
range is contained in an F, set E. Then there is an f in Il such that

o(f) ={s(a) : al(f)) = f} # 0 and ¢(f) C E.

PRrROOF. Let {G,,} be a decreasing sequence of open sets such that
Y — E =nG,.. Suppose ¢(f) =0 or ¢(f)N (Y — E) # @ for all f.
Since ¢(0) is nonempty, ¢(0) NG, # @. Thus ¢(@) N Gy # 0. Hence
there is a b; € iy with ¢(b;) € G. Since ¢ is continuous, there is an
n; such that ¢{a) € G| whenever a(n{) = b(n;). Set f; = b1(m).
Then ¢(f,) # 0. Hence ¢(f1) N G2 # 8. Thus there exists a by € 19
with by (I(f1)) = fi and ¢(b2) € G,. By continuity there is an ny
with ny > n; such that ¢(a) € G5 whenever a(ny) = by(n,). Set
fa = by(ny). Repeating inductively and using the fact that g is
closed, we obtain a b € 7o and a sequence n; < n, < ny--- satisfying
#(a) € Gy, if a(ng) = b(ng). Thus ¢(b) isin NG, =Y — E. This is a
contradiction. O

Let X and Y be Polish spaces. If M is a subset of X x Y, then
the vertical section M7 is the set ({z} x ¥)n M. The Y-closure of
a subset M of X x Y is the union over all x of the closures of the
sets M*.

DEFINITION. Suppose X is a Polish space and Y is a compact
metric space. A subset A of X x ¥ is an elementary coanalytic set
if there exist a system B, ;, C,,;, i = 1,--- ,p{m) of closed subsets
of Y and a sequence of coanalytic sets I, of X x ¥ such that 4 =
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n_, Ufg’f) A, where A, ; = {(z,y) : y € Crns and {z} x B,,,; C
D..}.

Note that if A is an elementary coanalytic set and E is a Borel
subset of X and B is a closed subset of Y., then AN (E x B) is an
elementary coanalytic set.

Let px be the natural coordinate projection (z,y) — z.

LEMMA L4. If A is an elementary coanalytic subset of X x Y,
then A is a Y-closed coanalytic set and px(A) is a coanalytic subset
of X.

ProOF. Clearly A is Y-closed. Note that Am; = (X —px[(X x
Bpni)N(X xY — D,,)] x Cn,; is coanalytic. Thus A is coanalytic.

To show px(A) is coanalytic, first set A, = Uf(:f)Am,,-. Then
z ¢ px(A)iff NZ_; AZ, = 0. Since each AZ, is compact, this occurs iff
there exists an n with N*_, A% = §. But since A%, = UXTI A2
this intersection is empty if and only if whenever {z} x By, C
Dy, -+ {z} x B,;, C D, where 1 < i,, < p{m), then one has
N7 _Crm,. = 0. Hence z ¢ px(A) iff there exists an n such that
for every finite sequence iy,...,i, with N%_,Cy.:. # @, one has
{z} X B, & D, for some 1 <m < n. Thus

n

X - px(4) =/ N U (X — px(Am,i..))-

Oy N--NChiy # m=1

But each X — px(Ami) = px(X X Bm,; — D) is analytic. Thus
px(A) is coanalytic. O

PROPOSITION L8. Let A be an elementary coanalytic subset of
X x Y. Suppose px(A) is a Borel set. Then there exists a Borel
subset E of X XY which meets each nonempty vertical section of A
n ezactly one point.

PROOF. Let B,,;,7=1,...,¢(m) be closed balls in ¥ with diam-
eters < 1/m whose union is Y. We construct a decreasing sequence
E; of Y-closed Borel subsets of X x Y such that

(1) E,N A is a finite union of elementary coanalytic sets,
(2) px(Ex) = px(A) = p(Ei N A) and
(3) diam Ef < 1/k for all z.
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Since each A® is compact, it would then follow that £ = NE, is
the desired Borel set.

Let k = 1. The sets AN(X x By;),i =1,... ,q(1), are elementary
coanalytic with union A. Thus, by Lemma L4, the sets px(A N
(X x By;)) are coanalytic and have union equal to the Borel set
px(A). By the reduction theorem, there exist disjoint Borel sets
Gl, e er(l) in X with pX(A) = UG, and Gi - px(Aﬂ (X X Bl,i))-
Set E) = U(G; x By;). Then E; satisfies (1), (2) and (3).

Suppose Ej has been defined. Then Ex N AN (X x Byyyy) is a
finite union of elementary coanalytic sets. Again by Lemma 1.4, the
sets px(Fr N AN (X X Bry14))s i = 1,...,q(k + 1), are coanalytic
sets whose union is px(A). Thus by the reduction theorem, there
exist disjoint Borel sets G1, - -+ , Gpay1) With UG; = px(4) and G; C
px(EkﬂAﬂ(XXBk.‘_l,i)). Set Ek+1 = UE(:k]:H)Ekﬂ(G‘i XBk+1,i)- Then
E.,, is a finite union of elementary coanalytic sets. Ejy,, clearly
satisfies (2) and (3). O

THEOREM 1.21. Let X and Y be Polish spaces. Suppose M is a
Borel subset of X x Y such that each vertical section M* = {(z,y) :
(z,y) € M} is a o-compact set. Then if px is the canonical pro-
jection from X x Y onto X, then px(M) is a Borel set. Moreover,
there is a Borel set which meets each nonempty vertical section of M
in exactly one point.

PRrROOF. Let Y* be the one point compactification of Y. Then Y™
is a Polish space, and M is a Borel subset of X x Y* with o-compact
vertical sections. Hence we may assume Y is compact.

Let ¢ be a continuous function of 7 into X x Y with ¢(n) = M.
Define n, = {a : ¢(a) € M*}. Then 7, is a closed subset of 7. Again
for £ € TL, set 6(f) = {#(a) : a(i(f)) = f}. Let ¢, (f) = M= N (f),
and define ¢*(f) to be the set of all points (z,y) € ¢(f) with ¢.(f) C
M*. By Kunugui's Lemma, for each x with M?® # 0 there is an f
with @ # ¢,(f) € M*. Thus px(M) = Usenpx(¢*(f)). This implies
that px (M) is coanalytic if for each f there is a coanalytic set A(f)
with px(¢*(f)) C A(f) C px(M).

Fix f in II. For each m, choose closed balls Bp, 1,... , By pm) of
Y each with diameter smaller than 1/m which cover Y. Set Cp,; =
px (O IN(X X Bins)) X By fori=1,... ,p(m). Define C,, = UC,. ;
and set C = N,,Cr,. Note that C is the Y closure of ¢(f). Each C,,
is an analytic set. By the Second Separation Theorem, there exist
coanalytic sets D,, with C,, - C C D,, and nD,, = .
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Fix (z,y) in ¢*(f). Then C* = ¢(f)* = ¢.(f) is a nonempty
subset of M<®. Hence for each m, there is a g(m) with (z,y) €
{2} X Bpgmy C C% C ((Cm — CY UMY C (D U M)". Hence
if (2.9) € 6'(f), then @ ¢ px((X X Brgom) N M' 1 Dy).  Let
Ami = (X —px(X x BpniNM'ND; ) x By ;. Then (z,y) € Am,gm)-
Note each set A, ; is the union of all sets {z} x By with {z}x Bn,; C
D., U M. Hence if we define A,, = UA,,; and Ay = NA,,, then Ay
is an elementary coanalytic set and ¢*(f) C Ay C (D, UM) = M.

Set A(f) = px(Ay). By Lemma 1.4, A(f) is a coanalytic subset of
X. Since px(#(£)) C A(f) C px(M), we have px(M) = UsenA(f)
is coanalytic. Since it is also analytic, we see from Corollary 1.2 that
px (M) is Borel.

Since px (M) = Uspx (Ay) is Borel and each px(Ay) is coanalytic,
it follows by the reduction theorem that there exist pairwise dis-
joint Borel sets X; with X; C px(Ay) and UX; = px(M). Thus
there exists a Borel subset of M which meets each nonempty ver-
tical section of M in exactly one point if and only if such a set
exists for each elementary coanalytic set (X; x ¥) N Ay. Since each
px((X; x Y) Nt Af) = X is Borel, such sets exist by Proposition
18. O

THEOREM 1.22. Let f be a Borel function defined on a Borel subset
E of a Polish space X with values in a countably separated Borel space
Y. If each f~(y) is a o-compact set, then f(E) is a Borel set, and
there is a Borel function ¢ : f(E) = E such that f{g(y)) =y for all
y € f(E).

Proor. Apply Theorem 1.21 to the Borel set {(z,y) : f(z) =
vy O

5. Borel Sets and the Baire Property

A subset of a metric space X is nowhere dense if its closure
has no interior. A set which is a countable union of nowhere dense
subsets is said to be meager in X or to be first category in X. A
subset A of X has the Baire property if there is an open set G in
X such that AAG = (A~ G)U (G — A) is meager in X.

PROPOSITION 1.9. Every Borel set has the Baire property.

PROOF. Note E, ~ E; if B} A E; is a meager set defines an
equivalence relation with the property that if E; and F; are sequences
of sets with Ei ~ F,; \V/'&, then U';Eg ~ UVFIt
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Let B' be the collection of Borel sets equivalent to an open set.
Then B’ contains the open sets and is closed under countable unions.
To see that B’ is closed under complements, it suffices to show that
closed sets are in B'. Indeed, A ~ G where & is open implies X —
A~ X —G. But if F'is a closed set, then F' = F° U 3F. Hence
F' is equivalent to the interior of F' since the boundary is nowhere
dense. [J

PrROPOSITION 1.10. Let f : X — Y be a Borel function from a
metric space X into a second countable topological space Y. Then
there is o meager subset P in X such that f restricted to X — P is
continuous.

PrOOF. Let {V,} be a countable base for the topology on Y.
Each f~!(V,) is a Borel set and thus has the Baire property. Hence
F'V,) = (G, — R,)U S, where G, is an open set and R, and S,
are meager sets. Set P =] (R, US,). Then P is meager and if g is
the restriction of f to X — P, then g7'(V,) = G, N (X — P). Thus
g is continuous. [

6. Measure Algebras and Their Homomorphisms

Let i be a finite measure on a Borel o-algebra on a set X. The
measure algebra associated with p is obtained by identifying Borel
sets whose symmetric differences have measure 0. It will be denoted
by B(X,u). There is a complete metric p on B(X, ) defined by
p(E,F) = u(EAF).

PROPOSITION 1.11. Suppose the measure algebra B(X, ) ts sepa-
rable. Then there is a standard Borel space Y and a finite measure v
onY such that B(X, i) is isomorphic to B(Y,v) as measure algebrus.

PrRoOOF. Let C be a countable dense algebra of Borel sets in X.
Define an equivalence relation ~ on X by z ~ z’ iff £ and z' are not
separated by the sets in C. Let £ be the space of equivalence classes.
Then each set E € C is a union of equivalence classes and thus can
be considered to be a subset ®(F) of £. Let M be the o-algebra on
£ generated by the sets ®(E). M is countably generated and the
map P is an algebra homomorphism of C into the algebra of subsets
of £ Let ¢ be the quotient map from X to £ The o-algebra M is
a countably generated subalgebra of the quotient algebra consisting
of those sets whose preimages under ¢ are Borel subsets of X. Thus
v(E) = u(¢ ! (E)) is a measure on M. The map ¢* from the measure
algebra defined by v on M to the measure algebra of u defined by
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¢*(E) = ¢~1(E) is a o-algebra homomorphism which is an isometry
of the dense subalgebra ®(C) of M onto the dense subalgebra C of
the measure algebra for u. By completeness, this map extends to an
onto isometry.

Since every countably generated Borel space is Borel isomorphic
to a subset of a Polish space with the relative Borel structure, the
result now follows. [

THEOREM 1.23. Let (X, 1) and (Y,v) be standard atom free prob-
ability spaces. Then there is a Borel isomorphism ¢ of X onto Y
such that p(¢~Y(E)) = v(E) for all Borel subsets E of Y.

ProOOF. We may assume X =Y = [0, 1], and # is Lebesgue mea-
sure m on X. Define ¢(r) = v([0,r)). Since v has no atoms, ¢
is a continuous increasing function on [0, 1} satisfying 4(0) = 0 and
¥(1) = 1. Thus ¥~*(s) is a closed interval for each number s. It fol-
lows that the set € of those s € [0, 1] for which these intervals are not
a point form a countable set. Moreover, since m([0,v(r)) = v[0,7)
for all r, it follows that m[0,s) = v(¥![0,s)) for all s. Thus
m(E) = v(4p(E)) for all Borel sets E. In particular D = ¢~(C)
has » measure 0. Thus v is strictly increasing on [0, 1] — D and has
range [0,1] — C, and the restriction ¢ of ¢ to [0, 1] — D is a Borel iso-
morphism onto [0, 1] — C satisfying m(E) = v(¢~!(E)) for all Borel
sets E.

To finish the proof, let U be an uncountable Borel subset of [0, 1] —
C with Lebesgue measure 0. Then V = ¢}(U) is an uncountable
Borel subset of [0,1] — D with ¥ measure 0. Since both spaces V' U
D and U U C are standard, redefine and extend ¢ to be a Borel
isomorphism between these two measure 0 sets. O

The above result can easily be extended to o-Boolean algebras
having a measure. To do this we use Stone’s Theorem characterizing
Boolean algebras as an algebra of sets. Recall that a Boolean al-
gebra is a set with two commutative, associative, binary operations
(2,6) = aAb and (a,b) — a Vb, and a unary operation a — a' along
with two special distinct elements 0 and 1 that satisfy the following
conditions:

(1) a/\(b\/c) (aAb)V(anc)

(2) (o) =
()(a/\b) =a v
(4)

adna=0
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(5) aAn0=0andav0=a
The element 1 defined by 1 = 0’ satisfies 1 Aa=a and 1V a =1 for
all a.

A Boolean algebra A has a partial order; namely a < b iff aAb = a.
In this ordering, any two elements a and b have a least upper bound
aV b and a greatest lower bound a A b. If every countable subset
of A has a least upperbound, the algebra is said to be a g-Boolean
algebra, and the least upper bound of the sequence {a;} is denoted by
Via;. A measure on a o-Boolean algebra A is a nonnegative function
u on A satisfying:

(1) (1) =1
(2) p(via;) = 2, ua;) for any sequence {a;} satisfying a;Aa; = 0
fori #j
(3) pla) =0iff a = 0.
If 1t is a measure on A, then A is a complete metric space with metric
p(a,b) = u((a A ¥) Vv (2’ A D))

An ideal in a Boolean algebra is a subset Z which contains 0
but does not contain 1, is closed under the operation Vv, and has
the additional property that a A b € 7 whenever b € 7 and a €
A. The simplest Boolean algebra is {0,1}. Any Boolean algebra
homomorphism of 4 into this algebra has a kernel 7 that is an ideal
having the property that for any a € A, either a or o’ is in 7.

LEMMA L1.5. An ideal T in a Boolean algebra A is mazimal if and
only if it has the property that for any element a € A, eithera e T
or o' € L. Moreover, if a € A and a # 1, then there is a mazimal
ideal containing a.

PROOF. Suppose a or @’ is in 7 for all a and b ¢ Z. Then b cannot
be in any ideal containing 7 for then 1 = bV} would be in that ideal.
Therefore Z is maximal.

Suppose T is maximal with o' ¢ Z. Set 7 = {cVb: be T ¢ < a'}.
This cannot be an ideal which means it must contain 1. Therefore
ael

Finally note if a # 1, then the set {a A b: b € A} is an ideal con-
taining ¢ which by Zorn’s Lemma is contained in a maximal ideal. [

THEOREM 1.24 (STONE). Any Boolean algebra is isomorphic to
the algebra of open closed sets in some compact Hausdorff space.

PRrROOF. Let H be the set of all homomorphisms from .4 onto the
Boolean algebra {0,1}. H is a closed subset of the Cantor space 24
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and hence is a compact Hausdorff space. Define ®(a) = {h € H :
h(a) = 1}. The map ® satisfies ®{a v b) = ®(a) U &(b), (a A D) =
®(a) N ®(b), and &(a’') = H — ®(a). Moreover, the sets (a),a € A,
are open and closed sets in the relative topology on H; they form
a basis for this topology. By compactness, every open and closed
subset of H is a finite union of such sets and thus is in the range of
®. That ® is one-to-one is an easy consequence of Lemma 1.5.

CoroLLARY 19. If A is a o-Boolean algebra, then there exists a
o-algebra of sets M containing a o-ideal N such that A is isomorphic
to M/N as o-algebras.

PrROOF. Let ® be an isomorphism of A onto the open and closed
subsets of a compact Hausdorff space H. By the proof of Stone’s
Theorem, we may assume H has a base of open closed sets. Let M
be the o-algebra generated by the open closed sets. Let A/ be the
collection of all meager sets in M. The map ¥(a) = ®(a) mod N
is an into algebra isomorphism since, by the Baire category theorem,
no compact and open subset is meager. Next note that ¥(va;) =
vi¥(a;). Indeed note ®(Va;) > V&®(a;). We show the difference
is a closed nowhere dense set. Indeed, it is closed; and if it had
interior, it would contain an open closed set ®(b) where b € A. Thus
®(b) A ®(a;) = 0 and &(b) < P(Va;). Hence ¥’ > a; for all i, and we
see ¥ > Va,;. But b < Va;. Hence b = 0. The map is onto since the
image is closed under countable unions. O

THEOREM 1.25. Let A be a o-Boolean algebra with a separable
atom free measure 4. Then A is isomorphic to B([0,1],m) where
m is Lebesgue measure on [0,1].

ProorF. Using Corollary 1.9, one sees that one may lift the mea-
sure i from the quotient algebra M/A to a probability measure on
the o-algebra M of subsets of some set X. Thus A is isomorphic to
the separable measure algebra B(X, ). The result now follows from
Proposition 1.11 and Theorem 1.23. 0O

Let © be a Borel map from X into Y. Suppose 4 is a measure on X.
Then the image p.u of ¢ under ¢ is the Borel measure on Y defined
by o, u(E) = u(p~Y(E)). If ¢ is a Borel mapping from a standard
measure space (X, u) into a standard measure space (Y, v) such that
®.tt < v, then the set mapping ¢~! induces a o-homomorphism, also
denoted by ¢!, from the measure algebra B(Y,v) into the measure
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algebra B(X, ). The following theorem shows all such homomor-
phisms arise this way.

THEOREM 1.26. Let ® be a o-homomorphism from the o-Boolean
algebra B(Y, v} into the o-Boolean algebra B(X, ju) where yu is a finite
measure on a standard Borel space X and v is a finite measure on a
standard Borel space Y. Then there exists an a.e. uniquely defined
Borel function ¢ from X into Y such that o, < v and & = ¢ .
The map @ is one-to-one iff p.u ~ v. Moreover, suppose X and
Y are uncountable. Then, if ® is onto, » may be taken to be one-
to-one; and if ® is an isomorphism, p may be taken to be a Borel
wsomorphism of X onte Y.

ProOOF. The case when X or Y are countable is easy and will be
omitted. In the uncountable cases, we may assume X = [0,1] and
Y = [0,1]. Let C be the set of rationals in [0,1). For each r € C, let
E. be a Borel set representing ®([0,r]). Define U, = N,.., E,. Then
Ur U for v < ¢ and ®[0,r] is represented by U,. Define p(z) =
inf{r : z € U;}. Note ®([0,r]) = &(N,.,[0,5]) = N, B(]0,5]) is
represented by U,. But ¢ '([0,7]) = N,»,.U,. Hence ® = ¢! on the
generating family {[0,7] : » € C}. Hence ® = ¢~L. Since ¥ takes
the 0 element to the 0 element, ¢, < v. Moreover, note that ® is
one-to-one iff the kernel of ® consists only of 0. This is equivalent
to the property ¢=!(E) is null iff E is null. Hence @ is one-to-one iff
.t ~ v. That ¢ is unique a.e. depends on the fact that any other
¢ which induces ® must have the property that (z) < r a.e. on U,.

Next suppose P is onto. Then there exist Borel sets F,. in ¥ such
that [0,7] represents the set ®(F,) for r € C. Set V, = MNesrFs.
Then V. C V; for r < t and [0, 7] represents ®(V,). Hence the set
Xo = Urp } (V) A [0,7] is g null, and if z # y and = and y beth
do not belong to X;, then we may assume z < r < y and hence
p(x) € Vi and ¢(y) ¢ V.. Thus ¢ is one-to-one off the null set Xp.

Finally, note that if ® is an isomorphism, then o(X — X,) is a
conull Borel subset of Y. Choose a Borel subset X, of X — X, such
that X U X, is null and uncountable and ¥ — (X ~ X, — X,) is
uncountable. Extend the mapping ¢|x x,_x, to X so that it is a
Borel one-to-one isomorphism of XoUX, onto Y —p(X- X, X;). O

REMARK. If ® is an isomorphism but X and ¥ do not have the
same cardinality, then there are conull Borel subsets X, and Y of X
and Y and a Borel isomorphism ¢ : Xo — Y; such that ¢~ = ®. In
particular, we say a Borel mapping ¢ between standard Borel spaces
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X and Y is essentially one-to-one if ¢ is one-to-one on a conull
Borel subset; we say ¢ is an essential Borel isomorphism if ¢ is
essentially one-to-one and ¢, ~ v.

7. The Weak Borel Structure on the Space of Finite
Measures

Let X be a standard Borel space, and let M(X) be the set of all
finite measures on X. Equip M{X) with the smallest Borel structure
for which &+ u{E) is a Borel function for each Borel subset E of
X. We call this the weak Borel structure on M(X).

PROPOSITION 1.12. Let X be a standard Borel space. Then the
weak Borel structure on M{X) is standard.

PrOOF. We may assume X = [0, 1] with the usual topology. By
the Riesz representation theorem, M(X) is isomorphic to the space of
positive continuous linear functionals on C[0, 1]. We can thus equip
M(X) with the relative weak * topology. This topology will be a
Polish topology on M{X) which generates the weak Borel structure.

We use the notation u(f) = [ f(z)du(z) for f € C[0,1] and
4 € M([0,1]). By the Stone-Weierstrass Theorem, the space of
polynomials functions with rational coefficients is uniformly dense
in C[0,1]. Let fi =1, f2, f3,- - - enumerate these functions. Define a

metric on M(X) by p(ir, ) = T srt{iats ety Then by uni-

form density of the functions fi, f2, fa, - - -, convergence in M {X) rel-
ative to this metric defines the relative weak * topology on M([0, 1]).
Moreover, un is Cauchy iff u.(fx) is Cauchy for each k iff pn{f) is
Cauchy for each f € C[0,1]. Indeed, if p.{fx) is Cauchy for every k,
pin{X) = pn{1) converges and thus is bounded by some constant M.
Hence

1 (F) = pen( )] < |n(f = S Tt (Fi) = ()l + lpiml fic = )]

<oM|If = full + pn(Fi) = pn(Fi)!
< €

if f, is chosen with ||f ~ fille < 55 and m and m are large. The
Riesz representation theorem now implies p is a complete metric
on M({0, 1]). To see that M([0,1]) is separable, one can easily check
using uniform continuity of functions in C{[0, 1]) that the set of finite
nonnegative rational linear combinations of point mass measures at
rational points in [0, 1] form a countable dense subspace.
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We next show the open sets in M([0,1]) relative to the metric p
generate the weak Borel subsets of M([0,1]). To see all open sets
are Borel, it suffices to show {u : |u(fi) — pmo(fi)l < e,--- Au(fn) —
po(f2) < €} is a weak Borel set for each ug and each n. This follows
easily for u — p(f) = [ f dyis Borel on M ([0, 1]) for each f € Clo,1].
Hence the o-algebra generated by the weak * open subsets are a
subalgebra of the o-algebra of weak Borel subsets of M ([0,1}).

Hence to complete the proof one need only show that i u(E) is
Borel in the weak * topology sense for every Borel subset E C [0,1].
But p +— p(f) is weak * continuous for every f e C([0,1]). By
taking a sequence of continuous functions fn converging pointwise to
1g, this implies p — u(E) is weak * Borel for open intervals E. Since
the set of Borel subsets E of [0, 1] for which u — u(E) is Borel in the
weak * sense is a o-algebra, we see yu — u(E) is Borel in the weak
* sense for all Borel subsets of [0, 1]. Since the weak Borel structure
on M([0,1]) is defined to be the smallest for which these functions
are Borel, we see the weak Borel structure on M([0, 1]) is generated
by the weak * open subsets of M[0, 1]. Hence M (X) is standard. O

COROLLARY L.10. The set of discrete measures is weakly dense in
M(X).

PROPOSITION L.13. The subsets {(11,A) : o < A}, {(u,A) : o > A}
and {(11,A) : j ~ A} are Borel subsets of M(X) x M(X). Thus, if
AeM(X), then {p:p < A}, {p: A< p) and {i: o ~ A} are Borel
subsets of M(X).

PROOF. Let C be a countable generating algebra for the Borel o-
algebra on X. Then since this algebra is dense in the measure algebra
defined by any finite measure, one has i =< A iff for each € > 0, there
is a § > 0 such that u(E) < € whenever A(E) < § and E € C. Thus

{(p.A)wﬂ}:ﬂU N ({(F,A)ru(E)S%}U{(#,A)=>‘(E)> %})

k=1n=1EeC

is a Borel set in M(X) x M(X). The other conclusions follow from
this. O

PROPOSITION L1.14. Letn € {00,0,1,2,... }. Then the set of mea-
sures in M (X) having n atoms is a Borel subset of M(X). Moreover,
the collection of purely atomic measures is a Borel subset of M(X).
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PrOOF. Let C be a countable subalgebra of Borel subsets of X
which generate the Borel structure on X. Set

1 .
My = Ukso Uay da, anee {0 p(A) 2 7 p(Ai N A4y) < k for i # j,
and p(AN Ay > % or p{ANA;) < % orall AeC}.

Then M, is the subset of M(X) of all measures having at least n
atoms. Note each M, is a Borel set. Also M, = N, M, is the set of
meagsyres having infinitely many atoms. Set

1
P = Mg Unso Umskn Uay, Ay, Aneds {400 [1{UA) — p(X)] < L

1
p(Uigj A NAG) < i, and p(ANA;) < ﬁ or p(ANA) > EVA €ChL

2m

Then P is clearly Borel, and a standard argument shows P is the
set of all u such that g is purely atomic. O

For weakly Borel finite measure valued functions we have the fol-
lowing Fubini type result.

ProPOSITION 1.15. Suppose h is a nonnegative Borel function on
the Borel space X x Y. Then (1,y) — [ h(z,y) du(z) is a Borel
function on M(X) x Y.

PRrROOF. By using simple functions, it suffices to show this for char-
acteristic functions h = 15. But the set of all Borel sets E for which
the resnlting function is Borel is a monotone class containing the al-
gebra of all measurable rectangles. But the smallest monotone class
containing an algebra is the o-algebra it generates. The result fol-
lows. O

COROLLARY L.11. Suppose f is a posz'tz’ve Borel function on X xY
and 4 € M(X). Then the mapping (E,y) — [g f(x,y) du(x) is Borel
on B(X,u) x Y.

Proor. Define ug(F) = p(EN F). Then E — ug is a Borel
mapping of B(X,v) into M( ). Hence (E,y) — (pi5,y) is Borel
from B(X,u) x ¥ into M{X) x Y and the result follows. O
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8. Disintegration on Standard Borel Spaces

The following decomposition of the measure yu is called a disinte-
gration of u over the fibers of .

THEOREM 1.27. Let ¢ be a Borel mapping from a standard Borel
space X into a Borel space Y. Suppose p is a o-finite measure on
X and v is a o-finite measure on Y equivalent to the image o, .
Then there exisls a mapping y — p, from Y into the set of o-finite
measures on X such that

(1) y— ,uy(E) is a Borel function for each Borel set E

(2) u(E) = [ p(E)dv(y) for each Borel set E

(3) the function y l—>,uy is unique v a.e y and

(4) if Y is countably separated, then (X — ¢ '(y)) = 0v a.e
y.

PRrROOF. The case when X is countable is trivial. We thus suppose
X is the Cantor space 2V. Let A be the countable algebra of open
and closed subsets of X. For each A in A, define a measure v,
on Y by v4(F) = u{A N ' (F)). The measure v is absolutely
continuous with respect to v. Since both measures are o-finite, there
is a Radon-Nikodym derivative y — u,(A). Moreover, by the a.e.
uniqueness of Radon-Nikodym derivatives and the countability of A,
there is a subset ¥, of ¥ whose complement has v measure § and on
which the following are true:

(a) py,(B) =0
(b) py(Ar U U A,) = py(A) + - + 1,(A,) for any finite
sequence A,,... , A, of disjoint sets in .A.

(€) py(A) < 00 if u{A) < oo.
It follows that if ¥ € Yp, then u, is countably additive. Indeed, if
A € Ais a disjoint union U2, 4; of sets 4; € A, then by compactness
of A, all but finitely many A; are empty. Thus 12,(A4) = 32, 1, (A;).
By the Caratheddory extension theorem, for each y € Y, there is a
unique measure (i, defined on all the Borel sets of X which extends
the measure u, on A. Define u, =0 for y € ¥ — Y;. The set of all
Borel subsets £ of X for which (1) and (2) hold is a monotone class
containing the algebra A and thus contains the g-algebra generated
by A. Thus (1) and (2) hold for every Borel set. That each measure
#y is o-finite follows from the finiteness of the numbers i, (A) when
A € Ahas u finite measure, Essential uniqueness of the measures ty

follows from the a.e. uniqueness of the Radon-Nikodym derivatives
y+— u,(A4) for A A



8. DISINTEGRATION ON STANDARD BOREL SPACES 29

Next suppose Y is countably separated. Then since y — i, (A)
is the Radon-Nikodym derivative of v, one has u(A N '(F) N
o HE)) = [z xr(¥)uy(A)dv(y) for each Borel subset F' of Y. But
by (2) one has (AN g {(F) N~ (B) = fp ity (AN ¢~ (F)) dv(y).
By uniqueness of Radon-Nikodym derivatives, one has X (y),(4) =
iy (AN~ (F)) v a.e. y for each A € A and each Borel subset F' of Y.
Let { F}} be a countable separating family of Borel subsets of Y. Since
A is countable, there is a Borel subset ¥} in Y whose complement
in ¥ has v measure 0 and for which x g, (y)u,(4) = u, (AN~ (F))
for all i and all A € A. Let y € Y;. Then p, (A Ny (y)) = i, (AN
(Nyer, ¢~ (F1))) = my(A) for any A with u,(A) finite. Suppose E
is a Borel set having finite y, measure. By Theorem I.11, for each
¢ > 0 there is a compact set W and an openset U with W C ECU
and (U — W) < e. Since W is compact and A is a base for the
topology, there exist sets A,, Az,...,Ax in A with W C A CU
where A = A, UA; UA;U- - U Ag. It follows that p,(AAF) < € and
u, (AN (Y)A(EN @ (y))) < e Since ,(A) = p, (AN 07 (y)),
these combine to yield |u,(E) — uy(E M~ (y))| < 2. This gives
1, (EN@™(y)) = ,(E) for all Borel sets E of u finite measure. Since
the 1, are o-finite, (3) holds a.e. y. O

REMARK. Using Theorem 1.26 one can rewrite Theorem 1.27 in
terms of homomorphisms of measure algebras. More specifically,
let X and Y be standard Borel spaces and u € M(X) and v €
M(Y). Suppose € : B(Y,v) — B(X, ) is a o-homomorphism. Then
there is a Borel mapping y — p, € M(X) such that p(e(E) N F) =
[5 1ty (F) dv(y) for Borel subsets E C Y and Borel subsets F' € X.
Furthermore, yu, is uniquely determined v a.e. y; and if p~! = ¢, then
#, is concentrated on p~!(y) for v a.e. y.

ProOF. Everything is immediate except the finiteness of the mea-
sures p,. But u(X) = [, (X) dv(y) < 00. Thus p,(X) < oo v ae.
y. Redefine p, = 0 if p,(X) =00. O

We write u = [ u, dv(y) to denote such a decomposition of a fi-

nite measure u on X relative to a o-homomorphism ¢ : B(Y,v) —
B(X, p).

PROPOSITION 1.16. Suppose B(Z,)) < B(Y,v) = B(X,u) are
o-homomorphisms and v = [“v.dX\(z) and p = {% 1ty dv(y). Set
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Mz = .fru'y dv.(y). Then

Joe
n= f H dA(2)-
PROOF. Immediate by calculation. [

CoroLLARY L.12. Suppose u' < p?. Let I : B(X,u?) — B(X, u!)
be the mapping E — E. Let € : B(Y,v) — B(X,u?), and let u° =

S uldv(y) and p! = fIOE,u; dv(y). Then p, < p2 v ae y.

PRrROOF. Use Proposition 1.16 and u! = fI f(z)e, du?(x) where
f=%. 0

9. Standard Borel Structures on Function Spaces

We now show how to put a natural standard Borel structure on
the space of measurable functions on a standard measure space. Let
X and Y be Polish spaces and let i be a o-finite measure on X.
Let M(X, 11,Y) be the space of all Borel functions f from X into YV
identified when they are equal a.e. . Let § be a bounded complete
separable metric which defines the topology on Y. Let w be a strictly
positive L' function on X. Define a metric p on M(X,u,Y) by

o) = [ 8(51@), fal@)wl) dia).

The topology defined by the metric p is the topology of convergence
in measure on sets of finite measure.

THEOREM 1.28. p is a complete separable metric for M(X,pu,Y).

ProoF. By Corollary 1.7, there is a countable algebra A that gen-
erates the Borel sets on X. Let D be a countable dense set in Y.
Then the simple functions whose level sets are in A and whose values
are in D form a countable dense subset of M(X, i1,Y). To see that
p is complete, note that if f, is Cauchy in measure on each subset
of X of finite measure, then by the completeness of Y, there is a
measurable function f such that f, converges in measure to f on all
sets of finite measure. [J
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PrOPOSITION 1.17. Let {g:} be a countable dense subset of L'(X)
and let {h;} be a countable separating family of bounded Borel func-
tions on Y. Then a mapping z — f, from a Borel space Z into
M(X,u,Y) is Borel iff

ZHfgl ) du(x)

is Borel for all 1 and j.

Proor. By Proposition 1.4, it suffices to show that the functions

fogz ) dufz)

are Borel and separate points.
To see that these functions separate points, note that if

[ s@hs(5i(@) dute) = [ @)y (fale) o)

for all 7 and j, then by the L' density of the functions g;, one has
hi(fi(z)) = h;(f2(z)) for all § for a.e. z. Since the h; separate the
points of Y, f,(z) = fo(z) a.e. z.

We now show they are Borel. First note that if & is continuous
and bounded, then f — [ g(z)h({f(z))du(z) is continuous by the
dominated convergence theorem. Hence, if the collection of functions
{h;} consists entirely of bounded continuous functions, the result
would follow. Now note that for any complete metric space Y, there
is a sequence of continuous bounded functions on Y which separate
points. In particular, if the h; were such a sequence, the standard
Borel structure on M(X, 1, Y) would be the smallest for which the
functions f — [ gi{z)h;(f(z))du(z) are Borel. Consequentially, if
we refine the topology, the Borel structure on M(X, 4,Y) would
remain the same. In particular, by Theorem 1.3, we may assume the
topology on Y has a base consisting of sets which are both open and
closed.

Now note that for each closed subset W of Y, there is a con-
tinuous function h such that o = 1 on W and 0 < h < 1 off
W. Thus f = [gi(z)lw(f(z)) du(z) = lim [ g:(x)h" (f(2)) du(z)
is Borel. Hence the collection of all Borel sets £ in Y such that
f = [a(x)1e(f(z)) du(z) is a Borel function contains the algebra
of open and closed subsets of ¥. But the set of all such £ is a
monotone class. It therefore contains the o-algebra generated by the
algebra of open closed sets. We conclude f — [ g;(z)1e(f(z)) du(z)
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is Borel on M(X, 4, Y) for every Borel subset E of Y. Each h; be-
ing the limit of a bounded sequence of simple functions implies that
[ = fal(z)h;(f(z))du(z) is Borel for all i and j. O

CoroLLARY 1.13. Suppose X and Y are standard Borel spaces.
Let p € M(X). Then M(X,u,Y) is a standard Borel space under
the smallest Borel structure for which f — [g(x)h(f(x))du(z) is
Borel for all bounded Borel functions g on X andh on Y.

CoroLLARY L.14. Suppose X, Y and Z are standard Borel spaces
and f : X XY — Z is a Borel function. Let p € M(X). Theny — f,
where fy(z) = f(z,y) is a Borel function from'Y into M(X,p, Z).

The set of constant functions in M(X, i, Z) is a closed set. Hence
if f: X XY — Z is Borel, the set of y with z — f(z,y) constant u
a.e. ¢ is a Borel subset of Y. This can be generalized somewhat.

PROPOSITION 1.18. Let f : X xY — Z be a Borel function. If
Y and Z are countably generated and v is a o-finite measure on Y,
then

{z: flz,y) is o constant v a.e. y}
is a Borel subset of X.

ProoF. By Theorem 1.1 and Theorem 1.4, we may assume Z =
0,1]. We may also replace v by an equivalent finite measure. Let
A be a countable generating family for the Borel sets of Y. Then if
f(x,y) is constant a.e. y, we have

/fmydu ff:cydy

for all I and F' in A.

Conversely if v(F) [ f(z,y) dv(y) = v(E) [, f(z,y) dv(y) for all
E and F in A, then since A is a generating family for the Bo-
rel sets in Y and since both sides are measures in the variables
E and F, we see the equality would then hold for all Borel sub-
sets & and F of Y. Hence, if p(E) = [ f( ,y) dv(y), then g < v
and both y — f(z,y) and the constant v(F)~! [, f(z,y) dv(y) are
the Radon-Nikodym derivative. Hence f(z,y) is constant a.e. in y.
But by Fubini’s Theorem the set consisting of those z satisfying

F) [ Fle,y) dv(y) = v(E) [, f(z,y) dv(y) is Borel. This together
with the countablhty of A implies {:1: : f(z,y) is constant a.e. in y}
is a Borel set. O
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The following is useful for showing functions are Borel relative to
the product Borel structure.

PROPOSITION 1.19. Let X be a separable metric space. Suppose
Y is a Borel space and Z is a Hausdorff topological space. Then if
f:XxY = Z is a function such that y — f(z,y) is Borel for each z
and © v f(x,y) is continuous for eachy, then f is a Borel function
on the product Borel space X x Y.

PROOF. Let p be a metric for the topology on X, and let {z,}57,
be a dense subset of X. For each n define a function f, on X x
Y by fu(z,y) = f(z;,y) if z; is the first member in the sequence
satisfying p(x;,z) < 5. Each function f. is Borel on the product
Borel space X x Y. Moreover, fu(z,y) = f(z:,,y) where {z; }72,
is a sequence converging to z. The continuity of f in z for each y
implies the sequence f, converges pointwise to f. Therefore, f is a
Borel function. O

PROPOSITION 1.20. The set of ¢ in M(X, 1Y) which are essen-
tially one-to-one is a Borel subset of M(X,p,Y).

PROOF. Let v = ¢.p and ¢~ : B(Y,r) — B(X, i) be the induced
o-homomorphism. By Theorem 1.26, ¢ is essentially one-to-one iff
¢! is onto.

Let Ay and By be countable generating algebras for the Borel sub-
setsof X and Y. Then ¢ ! is onto iff for each € > 0 and each A € Aq,
there is a B € By such that p(¢~'(B) + A) < e. But

(6 (B) + 4) = f x5 0 $(@)xx_alz)du(z) + ] x5 0 (5)x () du(z)
is Borel in ¢. Hence

1
{(,1'5 (¢ is one—to—one} = Mg>0 NAcA, UBGBG{QS : p((ﬁ_l(B) + A) < E}
is Borel. [0

LEMMA 1.6. ¢ — o.u is a Borel function on M(X,u,Y) into
M(Y).

PROOF. By Corollary 1.13, ¢.u(E) = p(¢p™ E) = [ xgod(x) du(z)
is Borel in ¢ for fixed Borel subsets Eof Y. 0O

PROPOSITION 1.21. Let v € M(Y). Then {¢ € M(X,1n,Y) :
$upt < v} and {¢ € M(X,11,Y) : ¢ ~ v} are Borel subsets of
M(X, 1, Y).
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PrOOF. Immediate from Proposition 1.13. O

LEMMA L7. Let q : Y — Z be Borel. Then the map f v go f
Jrom M(X, 1, Y) to M{(X,u, Z) is Borel.

PROOF. We may assume Z = [0,1]. Let h; be a countable family
of bounded real valued Borel functions on X which form a dense
subset of L'(X, ). Then each function f — [go f(z)hi(z)dp(z) is
Borel. But the functions ¢ — [ ¢(z)h;(z) du(z) form a separating
family of Borel functions on M(X, u, Z ) Hence, by Proposition 1.4,
f—qofisBorel. O

Let fy = fv 0 =max(f,0) and f_ = —f A0 = min(—f,0).

LEMMA 1L8. The maps f — fi, f— f. and f — |f| are Borel on
M(X,\R).

PROOF. f = [ Xj0,00)0 f(x)h(z) dA(z) is a Borel function for every
bounded positive Borel function h. Since countably many of these
functions separate the points in M(X, X, [0,00)), f — X000 © f is
Borel from M(X, A, R) into M(X, ), [0,00)). The rest are immedi-
ate. O

REMARK. The above maps are continuous relative to the topology
of convergence in measure. Moreover, pointwise addition and multi-
plication of functions are continuous and thus are Borel mappings.

CoroLLARY L15. (f,g) — fA g and (f,9) — fV g are Borel
functions from M(X, A\, R) x M(X, A\, R) = M(X, ), R).

Let ¢ € M(X,u,Y) and assume ¢,p0 < v. For each nonnega-
tive Borel function f on X, define a measure v; on Y by v (E) =
f¢,1(E) f(x) du(z). Then vy < v and hence there is a positive Borel
function fs on Y such that

fgocé jg W o(y) du(y)

for all bounded Borel functions g on ¥. We thus obtain a map f —
fo from M(X, ,[0,00)) to M(Y,1,[0,00)). The mapping f; o ¢ is
the “conditional expectation” of f relative to the subalgebra ¢—1(B)
where B is the o-algebra of Borel subsets of Y.

PROPOSITION 1.22. The mapping f — f, is Borel.

PROOF. f - [ 9(y)fo(y) dv(y) = [ go $(z)f(x) du(z) is Borel for
all bounded Borel functions gon Y. O
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Let M(X,u,Y,v) = {¢ € M(X,11,Y) : ¢ < v}. Then by
Lemma 1.6 and Proposition 1.13, M(X, 4,Y,v) is a standard Borel
space.

PROPOSITION 1.23. The mapping (¢,¥) — ¢ o ¢ is a Borel func-
tion from M(X,u,Y,v) x M(Y, v, Z) into M(X, u, Z).

PRrROOF. Let g be a bounded real valued Borel function on Z and
let f be a positive bounded Borel function on X. It suffices to show

(¢, 9) — [govop(z)f(x)dulz) is Borel. But
[90w00 6@ i@ dute) = [ 909 faw) dviw)

But then by a limit argument, it suffices to show

@.9) = [9o9(w)(fs Am) (@) dv )

is Borel for each n. Let K; be an o.n. basis of L*(Y,»). Then

[ 50 0@ A)w) dv(y) =
([ g0 ¥R dv)( [ £o A Eilw) dv(®)

which is Borel in ¢ and ¢ for ¢ — f3 An is Borel. 0O

Let u and v be finite measures on X and Y, respectively. Let
Z(X,u,Y,v) be the standard Borel space consisting of those ¢ €
M(X, 1, Y) such that ¢ is essentially one-to-one and ¢, ~ v.

LEMMA 1.9. ¢ — ¢~} is a Borel isomorphism of I(X, u, Y, v) onto
I(Y., ‘Ui X:' nu‘)

PROOF. We show ¢ — ¢! is Borel. Let W be a Borel subset of
I(Y,v,X,u). Then {¢: ¢~ € W} = m{(¥),¢) : v € W and ¥¢ =
I} and hence is analytic. But the complement of {¢ : ¢~ € W} is
{¢: ' ¢ W} which is again analytic. Hence {¢: ¢71 € W} is
Borel. O

PROPOSITION 1.24. Let T(X, u) = Z{X, u, X, ). Then I(X, u) is
a standard Borel group; i.e. it is a standard Borel space and compo-
sition and inversion are Borel functions.
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10. Borel Fields of Functions

We discuss maps from Borel spaces to function spaces, define when
they are Borel and define a Borel structure for spaces of such maps.

DEFINITION. Let S be a standard Borel space and let s — u, be
a mapping from S into M (X) such that s — u,(X) is a bounded
function. Then a mapping s — ¢, € M(X,u,,Y) is said to be a
Borel field of functions if s — [ g o ¢,(z)h(z) du,(z) is Borel for all
bounded Borel functions g on ¥ and h on X.

REMARK. s — ¢, is Borel iff s — u,(¢;}(E) N F) is Borel for
arbitrary Borel subsets E CY and F C X. In particular s — pu, €
M(X) is Borel.

DEFINITION. Suppose m € M(S) and s — u, € M(X) is Borel.
Define F(S,m,u,Y) to be the space of all Borel fields of functions
s — ¢y € M(X,p,,Y), identifying any two equal m ae. s. Give
F(S,m, i1, Y) the smallest Borel structure such that ¢ — [ f(s) fgo
¢s(z)h(z) dps(z) dm(s) is Borel for bounded Borel functions f on S,
gonY and hon X,

Define a finite measure m * u on § x X by

-1

m:k,u:f1 €s X ps dm(s).

Note this is a measure on the product space S X X having the prop-
erty that the disintegration of m * it over the fibers of the mapping
T1(8,T) =818 8 €, X .

PROPOSITION 1.25. The map ¢ — ¢(s,) € M(X,u,,Y) is a Bo-
rel isomorphism of M(S x X,m » u,Y) onto F(S,m,u,Y). In par-
ticular, F(S,m, 11,Y) is a standard Borel space.

ProoOF. The map is clearly well defined and one-to-one. We show
it is onto. We may assume Y = [0,1]. Let s — ¢, be a Borel field
of functions. We first remark that s — [ ¢,(z)h(s,z) du,(z) is Borel
for bounded Borel functions k on S x X. Note this is clearly true
for characteristic functions of finite disjoint unions of Borel rectan-
gles in § x X. Moreover, the collection of all Borel subsets W of
S x X for which 8 — [¢,(z)lw(s,z)dus(z) is Borel is a mono-
tone class; it thus contains every element in the o-algebra generated
by the algebra of finite disjoint unions of Borel rectangles. Hence
s — [@s(x)h{s,z) dus(x) is Borel for all simple functions h and by
a limit argument for all bounded Borel functions k.
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Define a measure ' on § x X by

W(B) = [[ 6ufaxets, ) duls) dm(s).

Then y' < m = u. Hence, the Radon-Nikodym derivative ¢ is a Borel
function on § x X satisfying i/ (E) = [ x&(s,z)d(s, ) dus(x) dm(s).
Furthermore,

vu’(ﬁl_l(F) A E) = ff XF O?l'l(S,LE)XE(S,l')(].’)(S,SU) d,u-S(S) dm(s)
:/;/XE(S,J’J)Gb(S,-’L')dﬂs(m)dm(s)
= [ [ xe(s,2)6.(2) dus(2) dm(s).

Hence, for each Borel subset £ C 5 x X, one has

f (5, 2)0(5, 2) dp (&) = f x5 (5, 2)6s() dta(2)

for m a.e. s. Taking the E’s from a countable generating algebra and
using the fact that as functions of £, both sides of the equality are
measures, we may conclude that for m a.e. s that

[ x5 (8, 2)8(5, 2) dsalz) = f X505, 2)be(z) dpta (@)

for all Borel subsets E of S x X. This implies ¢(s, x) = ¢,(x) for p,
a.e. ¢ for m a.e. s.

The map ¢ — (s — ¢(s,-)) is a Borel isomorphism for the map-
pings ¢ — [ f o ¢.(x)g(s,z) dus(x) dm(s) for bounded Borel func-
tions f on Y and g on S x X are Borel on F(S,m,,Y), and the
Borel structure on M(S x X,m * p,Y) is the smallest for which
¢ [ fop(s,z)g(s,z)d(m«pu) is Borel for bounded Borel functions
fonYandgon §x X. O

COROLLARY 1.16. Let A € M(X) and v € M(Y). The mapping
¢ (x — ¢(z,-)) is a Borel isomorphism from M(X x Y, A x v, Z)
onto M(X, A, M(Y,v, Z)).

Proor. Take i, = v for z € X and note

F(X, M, Z2) = M(X, A, M(Y, v, 2)).
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DEFINITION. Let (s — ¢,) € F(S,m,u,Y). This field is said to be
realizable if there exists a ¢ € M(X, p,Y) such that ¢,(z) = ¢(x)
for p, a.e. & for m ae. s. In this case we write ¢ = [ ¢, dm(s) and
call ¢ a realization of the Borel field s — ¢,.

PROPOSITION 1.26. Every Borel field s — ¢, is realizable iff there
ezists a 7 : B(S,m) = B(X, ) such that u= {7 u,dm(s).

PrROOF. We assume Y = [0,1]. Suppose p = [" p, dm{s) and s —
$s € M(X, ps, Y) is Borel. Define p/(E) = [ [, ¢,(x) du,(z) dm(s).
Then g/ < i, and hence the Radon-leodym derlvatwe ¢ is a Borel
function on X satisfying

f¢ ) du(z ffxE z) dys(z) dm(s).

An easy argument shows p' = ["p.dm(s) = [7 pu? dm(s) where
Ho(E) = [ 5¢(z)dps(z) and pi(E) = [ ¢ ( ) dpss( ) Hence py =
Y m a.e. s, and consequently ¢,(z ) = ¢(x) for us a.e. x for m a.e.
5.

Conversely, suppose every (s — ¢,) € F(S,m,u,Y) has a re-
alization. Let E be a Borel subset of §. Define ¢,(z) = xg(s).
Then s — ¢, is Borel, and hence has a realization ¢g. Define
7(E) ={z : ¢e{z) = 1}. 7 is easily shown to be a o-homomorphism
from B(S,m) into B(X, p). Moreover,

Il

Il
o T T

p(r(EYN F) ps({z : dr(z) = 1} N F) dm(s)
ps({z : ps(x) = 1} N F) dm(s)

ps(F) dmfs).

fl

Thus g = [ psdm(s). O

COROLLARY 1.17. Suppose p € M(X) and p = [7 pu, dm(s) where
7: B(S,m) = B(X,u). Then F(S,m,u,Y) is Borel isomorphic to
M(X,,Y).

THEOREM 1.29. Let m € M(S) and n € M(T). Lett — pu, €
M(X) be Borel. Then M(S,m,F(T,n,(t — p),Y)) is Borel iso-
morphic to F(S x T,m x n,{(s,t) — w,),Y) under the mapping

¢ = ((5,1) = ¢(s).)-



10. BOREL FIELDS OF FUNCTIONS 39

PrROOF. By an application of Proposition 1.25 and its corollary,

M8, F(Tym, (b 5 1), Y)) = MS,m, M(T x X, 18 1, Y))
MExT xX,mx(n*u)Y)
EMSxT xX,(mxn)*uY)

= F(8§ x T,m xn,((8,8) = pe), Y).

212

1l

The compositions of these isomorphisms is the isomorphism in the
statement of the theorem. [

COROLLARY L.18. Suppose u = [ y; dn{t) where 7 : B(T,n) -
B(X,u). Then M(S,m, M(X,u,Y)) is Borel isomorphic to F(S x
T,mxmn,((s,t)— p), Y).

Proor. F(T,n,(t — u),Y) is Borel isomorphic to M(X, u,Y).
]

LemMMa 1.10. Let m € M(S), and suppose s — ¢, € M(X,A;,Y)
and s — 1, € M(Y,vs,Z) are Borel fields of functions. Then if
O s < s for m a.e. s, then s — 1, 0 ¢, is a Borel field on a conull
Borel subset of S.

PROOF. Proposition 1.25 implies there are Borel functions & : S x
X ->Yand ¥ : S xY — Z such that ¢,(z) = ®(s,z) for A; a.e.
z and ¥.(z) = ¥(s,z) for v; ae. z for m a.e. 5. Since @A, <
v, for m a.e. s, one has ¥(s,¢,(z)) = v¥:(¢s(z)) for A; ae z for
m a.e. s. Let g; and h; be bounded sequences of Borel functions
on Z and X which separate points. Proposition 1.15 implies s —
fgl( (s, ®(s,z)))h;(x) dAs(x) is Borel for each 7 and j. Hence, there
is a conull Borel subset Sy of S such that

sefw%mmeMMn)

is Borel on Sy for all ¢ and j. Since the functions

£ [ o€l )hy(z) ah(z)dm(s)

are Borel on M(S; x X, m x A, Z) and separate points, Proposition
1.25 and Proposition 1.4 imply s — 9,(¢,(-)) is a Borel field on some
conull subset of . O
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ProposiTiON 1.27. There is a canonical Borel isomorphism be-
tween F(S,m, A\, Y) and {2 e M(Sx X,m*X,5xY):mo®=m}
determined by (s — ¢,) & @ iff B(s,z) = ¢s(x) for A, a.e. z form
a.e. 5. Furthermore, ® is essentially one-to-one iff ¢, is essentially
one-to-one for m a.e. s, and if s — v, is Borel into M(Y), then
Pomx X <mx*v iff b hs <v, mae sandPomxd ~ mxv iff
Daehs ~ U, form a.e. s.

PRrOOF. Let M; be the space of all & € M(S x X,m X, 8 xY)
such that m o ® = 7. By Lemma 1.7, M, is a Borel subset of
M(S x X,m+* A 8§ xY) and thus is a standard Borel space. For
® = My, define ¢;(z) = mo®(s,z). Then s — ¢, isin F(S,m, A, Y);
and since [h(s) [ f(z)g o és(x) dhs(x)dm(s) = [ [h(s)f(z)g(m o
®(s,7)) dAs(z) dm(s) for bounded Borel functions A on S, f on X
and g on Y, we see the mapping ® — (s — ¢,) is a Borel mapping
from My into F(S,m,\,Y).

Suppose s — ¢, € F(S,m,\,Y). Then s — ¢, is a Borel field of
functions. By Proposition 1.25, thereis a ¥ € M(S x X,m = A, Y)
such that ¥(s,x) = ¢,(x) for A, a.e. z for m a.e. 5. Define ®(s,z) =
(s,%(s,z)). Then m o ® = m and ¢, = m o B(s,-) for m a.e. s.
Hence the mapping ® — (s — ¢;) is onto. Thus by Kuratowski’s
Theorem, M(§,m, A\,Y) is Borel isomorphic to F(S,m, A, Y).

Suppose s —» v, is a Borel mapping of S into M (Y') and s — v,(Y)

is bounded. Suppose ®,m *x A < mxv. Since m*x A = [ 1 €5 X
Ay dm(s),

P rom?
. (mxA) = f D, (e, x Ay) dm(s)

:f ' D, (e, x X;) dm(s) -<f 1 €5 % v dm(s).

Corollary .12 implies @, (e, x \,) < €, % v, for m a.e. 5. Conversely,
an easy argument shows &om+ A <mx=vif A, < v, for m a.e. s.
Now, using Corollary .12, note that

P A~m+ur

iff f ' D€, x A, dm(s) Nf ] € X Vs dm(s)
iff @.(e, x \;) ~ €, x v, for mae. s

iff (720 @), (€5 X As) ~ v for m ae. s.
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Suppose ® is essentially one-to-one. Then there is a conull Borel
subset W C § x X such that ®|y is one-to-one. Since my 0 ® =7,
a.e. m x \, we may assume m; o ®(s,z2) = s for (s,z) € W. Hence W
is €, x A, conull for m a.e. s, and £ — m o ®(s,z) is v, essentially
one-to-one on W, = my({s} x X NW) for m a.e. s.

We remark that the theorem is proved if we can show @ is m * A
essentially one-to-one if ¢, is A, essentially one-to-one for m a.e.
s. Set v, = ¢uAs. By Theorem 1.26, it suffices to show the o-
homomorphism ®~! from B(S x Y,m % v) into B(S x X, m x A) is
onto.

Let W C § x X be Borel. Then ®(W) C §xY is an analytic and
hence measurable set. Therefore, there is a Borel subset £ D ®(W)
such that (m*v)(E — ®(W)) = 0. We claim ®~'(E) =W in B(S x
X,m* ). Clearly ®1(E) O W. But since ¢, x v,(E — ®(W)) =0
for m a.e. s, €, X (m 0 D). (e, x \)(E — ®(W)) = 0 for m a.e. s.
Hence M\, {z : ®(s,z) € E, ®(s,z) ¢ ®(W)} = 0 for m a.e. 5. But
then (e, x A\ ) (@ HE)—W)=0formae. s. Tms & '(E)=W. O

Let Y be a standard Borel space. Forn = 1,2,3,..., let J, be the
Borel subset of M (Y) consisting of those measures which are purely
atomic with n atoms. For n = 0,-1,-2,..., let J, be the Borel
subset of M(Y') consisting of those measures having continuous part
and —n atoms. For v € M(Y), wesay v € M(Y') has type n precisely
ifved,.

COROLLARY 1.19. Supposen € Z and s — v, € J,, is Borel. LetT
be a standard Borel space, and let T be a fized measure of typen on T,
Then there exists a Borel isomorphism ¢ € Z(SxT, mxT,SxY, m+v)
such that 7y o ¢ = m and (t — m 0 ¢(s,t)) € I(T,7,85,v,) for m
a.e. 5. If, in addition, n = 0 and 7 and all v; with s € S are
probability measures, then ¢ may be chosen to preserve measure; i.€.
P X T=Mm*UV.

Proor. Let T = [0,1} and let 7 € M(T) be a measure of type n.
Take A to be the set of all pairs (s, ¥) where ¢ isin M(T, 7,Y), ¥.7 ~
s, and v is essentially one-to-one. Then by Lemma 1.6, Proposition
113, and Proposition 1.20, A is a Borel subset of § x M(T,7,Y).
Furthermore, mA = §. Using von Neumann’s selection theorem,
Theorem 1.14, there is a Borel function s — ¢, € M(T,7,Y) with
(s,,) € A for m a.e. 5. Therefore s — v, is a Borel field of functions
for which s 18 essentially one-to-one and ,,7 ~ v, for m a.e. s.
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Hence, there exists a @ € Z(SxT,mxr1,Sx Y, m+v) withm oW =
and (t — mp 0 ¥(s,t)) € Z(T, 7, S, v,) for m a.e. s.

To obtain the last statement of the corollary, change the condition
W7 ~ v, in the definition of A to .7 =v,. O

CoROLLARY 1.20. Let v = [v,dm(s) € M(Y). Then there is a
Borel isomorphism ® € Z(Y,v, Sx Y, mxv) such that ® € Z(Y, v,, S x
Y,e, xv,) for m a.e. s iff there is a o-homomorphism 8 : M{(S,m) —
M(Y,v) such that v = f6 vsdm(s). In this case 6 = ® 'ont.

PROOF. Suppose v = f6 v, dm(s). Let ¢, : (Y,v,) — (S x Y, e, ¥
v,) and ¢7' - (S x Ye, x v,) — (Y,v,) be the natural mappings
y — (s,y) and (s,y) — y. Using Proposition 1.15, s — ¢, and s —
¢, ! are Borel. By Proposition .26, they each have Borel realizations
® and ®~!. Then & is the desired mapping. One may easily show
v=[" o s dm(s), and hence 6 = ¢~ on".

Suppose such a © exists. By Proposition 1.27 every Borel field
s — 1, € M(Y,v,, Z) may be integrated toobtain a ¥ : S x Y — Z
such that (s, y) = ¥,(y) for v, a.e. y for m a.e. s. Hence every Borel
field s — v, has a realization, namely ¥ o ®. The result follows from
Proposition 1.26. O

REMARK. Note the above ® is measure preserving, and ®,v, =
€5 X Vs M A€, 8,

COROLLARY 1.21. Let A = [\, dm(s) and v = [° v, dm(s). Then
there is a Borel isomorphism from Borel fields s — ¢5 € M(X, X, Y, Vs)
to® € M(X,\,Y,v) satisfying ®'od = e. The field (s — ¢,) corre-
sponds to @ iff ®(x) = ¢s(z) for A, a.e. x form a.e. 5. Furthermore,
O\~ v iff douds ~ vy for m a.e. s, and © is essentially one-to-one
iff ¢s is essentially one-to-one for m a.e. s.

ProOF. Apply Corollary 1.20 and Proposition 1.27. 0O

COROLLARY 1.22. Suppose v = f‘s vsdm(s) and v, 18 a type n
measure for m a.e. s. If T' is o standard space and v € M(T) is
type n, then there exists a @ € (Y, v, S x T, m x 7) such that ¢ ¢
I(Y,v, 8 x T,e, x T') for m a.e. s. Furthermore, if n = 0 and
vs € Mi(Y) form a.e. s and 7 € M{(T), then ® may be taken to be
measure preserving. Also 6 = &~ a7l

ProOF. This follows from Corollaries 1.20 and 1.19. O
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COROLLARY 1.23. Let ¢ : B(S,m) — B(X,)\). Suppose a is in
I(S,m). Let A = ["A,dm(s). Then the mapping (s — ¢(s)) —
$ = [é(s)dm(s) is o Borel isomorphism of the Borel subset of
F(S,m, Ay, X) consisting of those Borel fields s — ¢, such that
PesAa(s) < As form a.e. s onto {® € M(X, A\, X, A):e0a=T"1oe}.
Furthermore, @, A ~ X iff g ho(s) ~ As for m a.e. s, and @ is essen-
trally one-to-one iff ¢ is essentially one-to-one for m a.e. s.

PROOF. Let v = [ Ay(sy dm(s). Note v = [°* A (,) dm(s). Indeed,
if F is a Borel subset of § and F is a Borel subset of X, then

veoa(E)NF) = f Mo (€ 0 a(E) N F) dm(s)

= / As(e o a(E) N F)da,m(s)

da,m

- f)\s(e(a(E)) R

da,m

(s) dm(s)

= [ (F
a(E) ( ) dm

= fXG(E)(s)/\s(F) da*m(s)
= /XG(E}(a(s)))\a{g)(F) dm(s)
:fXE(s)Aa(s)(F) dm(s)

- L Natoy(F) dm(s).

Clearly v ~ A. Hence B(X,)\) = B(X,v). By Corollary 1.21, the
mapping that associates Borel fields s = ¢, € M(X, Ay, X, As)
to Borel functions ¢ € M(X,v, X, ) where ' oe = ¢0a and
®(z) = ¢u(z) for Ay a.e. T for m ae. s is a Borel isomorphism.
That A ~ X iff ¢yha(s) ~ A for m a.e. s and that @ is essentially
one-to-one iff ¢, is essentially one-to-one for m a.e. s follow from the
same corollary. [

(s) dm(s)






CHAPTER II
PRELIMINARIES ON C* ALGEBRAS

In this chapter, C* algebras and their representations are defined,
and their basic properties are developed. We begin with Gelfand’s
results on commutative C* algebras. Next representations of com-
mutative C* algebras are defined in terms of projection valued mea-
sures. This description is used to obtain the spectral theorem. Then
for noncommutative C* algebras the Gelfand-Naimark-Segal con-
struction s described along with the relation between positive lin-
ear functionals and cyclic representations. The chapter ends with
Gelfand’s characterization of C* algebras as normed closed = alge-
bras of bounded operators on a Hilbert space.

1. Basic Definitions and the Gelfand Theorem

DEFINITION. A complex Banach algebra is an algebra B with a
complete norm |} - || satisfying the property ||lzy|| < ||z||||y|| for all
z and y in B. If, in addition, there is an involution  — z* on B
satisfying

(a) (zx+y) =" +y*

(b) (ecx)* =¢ca*

(c) (zy)* =y*z* and

(d) [lz*{] = [jz|]
for all ¢ € H and = and y in B, then B is said to be a Banach =
algebra.

Elements in a Banach % algebra satisfying z* = « are said to be
self adjoint.
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DEFINITION. A C* algebra is a nonzero Banach * algebra A for
which the norm satisfies ||z z|| = |jx||*.

An example of a C* algebra is a norm closed * subalgebra of B(H)
where H is a Hilbert space and B(H) is the set of all bounded linear
operators on H. The adjoint is the usual adjoint operation defined
by

(Av,w} = (v, A*w)
if A ¢ B(H) and v, w € H.

Commutative C* algebras may be obtained from locally compact
spaces. More precisely, let X be a locally compact Hausdorff space,
and let Cy( X) be the space of all continuous complex valued functions
f on X vanishing at co (i.e., for each € > 0 the set {z : |f(z)| > €} is
compact). Set ||f|| = max\f( )|, and define f*(z) = f(z). Let addi-
tion, multiplication and scalar multiplication be defined pointwise.

A Banach algebra B has an identity if there is an element e satis-
fying ||ef| = 1 and

ae —eq=aq for all a € A.

If B is a Banach * algebra with an identity e, then e* = e and
llell = 1. Indeed, e* = e*e = (e"e)* = (e*)* = ¢ .

Suppose B has an identity e. Let z € B. Theno(z) = {A € C:
Ae — z has a multiplicative inverse in B} is called the spectrum of
z. The complement of o(z) is the resolvent set for z and is denoted

by p(z).

THEOREM IL.1. Let B be a Banach algebra with an identity. Ele-
ments in {z : |{z — e|| < 1} are invertible. Indeed, if ||z|| < 1, then
(e —z) ' =32 a". For each z € B, the spectrum o(z) is a closed
bounded nonempty set; and the spectral radius, ||z||,, defined by

l|z]le = max{jA| : A € o(z)}

satisfies
. 1
llzlle =1lim[|z"||= < ||z|].

If B is a C* algebra and x is self adjoint, then |iz]| = ||z]|,.

PROOF. Suppose ||z|| < 1. Then (e — z)~! = Y z". Indeed,
(e—z) TN jz" =e—2V. Thus (e—z)3 2" =ee. Similarly 3 z™(e —
z) = e. Henceif {A] > ||3:|| (Ae—z)~! = X"Y(e—z/X)~! exists. Hence
o(z) C {z : |z| < ||z||}. Moreover, p(z) is an open set, for if z, €
p(z), then ze—z = me—z+(z—2)e = (zpe—z)(e+(2—2) (z0e—2)~")
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which is invertible if z — 2z is near (. Moreover, one sees the function
ze — x is analytic in z near any z in p(z). In fact

(ze ~ 2) ' = S(=1)"(z = 20)" (20¢ — @) " (20 — )"

for z near z;. Hence if p(z) = C, g(z) = (ze — z)~! is analytic on
C. We claim it is bounded. Indeed, it is bounded on |z| < 2||z|l.
Moreover for |z| > 2||z||, we have

(e =271 = M- S < DD < 50t

Thus (ze—z)~! is a bounded entire function. By Liouville’s Theorem,
it must be constant. This gives a contradiction.

Note f(z) = (3¢ — #)™' = z(e — z&)™! is analytic for 2] < ﬁ,
for it is Y 2""1z". The radius of convergence for this power series

is R = W Thus z is in the resolvent if |2| > Lml|z"{|»

and max{|}| : A € o(z)} = EH-T“]L/”‘ To see that lim||z"||!/"
exists, it suffices to note ||z™||'/™ > lim||z"*||/*. Indeed, ||z*||* =
||zt 7|im= where n =Im +r and 0 < r < m. Hence

ll2"|[V/® < |z |l = = ()l |5

Let n — co. Then lim|jz"||'/" < |lz™||7.
Suppose B is a C* algebra and z is self adjoint. Then

22| = 22" e | = 2R = = e
Thus lim||z"||* = ||z||. O

PROPOSITION II.1. Let B be a Banach algebra, and let M be a
closed proper two sided ideal. Define ||z + M|| = inf,, ||z + m||.
Then B/M is a Banach algebra.

ProOF. A standard argument shows B/M is a normed space. To
see it is complete, let {z, + M}:2, be a Cauchy sequence. By taking
a subsequence, we may assume ||z, — Tpy1 + M|| < 2—,}—,; for all n.
Set 4 = z,. Suppose y; = z; + m,; for j < n have been chosen
such that ||y, — 4] < 55 for j = 1,2,---,n — 1. Then since
¥ — Zags + M| = || — @ne1 + M|| < 2,,%, there is an m,,, € M
With ||y, — Zps1 — M (] < 51; Set y,41 = Ty + M4y Hence, by
induction we see there is a sequence m,, € M with |z, +m, — (.1 +
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Mas1)|| < 55 for all n. It follows that the sequence {z, +m,};2, is
Cauchy in B. Let x be its limit. Then

”mn —$+A/[H = ||$n+7nnf$+ﬂ/f|i
< ||zn + M, — ]| = 0as n — .

Thus liny, (z, + M) =2 + M. Moreover,

Nzy + M| inf ||lzy + ml|

meEM

m;Gx"lJI,lszﬂ'I ”‘Ty ™ iy * Lt + mlnlz“

’ mleﬂ]}}‘rgl.-zeMnm_‘_mlHHy+7n2H

lz + M|l Iy + M]].

IAIA

O

Let A be a commutative C* algebra with identity. Let A be the set
of nonzero algebraic homomorphisms A from A into C. Thus h € A
iff h(z +y) = h(z) + h(y), (A z) = Ah(z), and h(zy) = h(x)h(y) for
all z,y € A and X € C. We note since b # 0, that h(e) = 1. The set
A is called the Gelfand spectrum of A.

Let X be a Banach space, and let X* be its dual space. Then the
smallest topology on X* making the mappings f — f(z) continuous
for z € X is called the weak * topology on X*. Note X* C [[, C, and
X* with the weak * topology is the relative product topology. The
unit ball, {f € X* : ||f|| £ 1}, is a subset of X* which is compact
and Hausdorff.

THEOREM I1.2 (GELFAND). Let A be a commutative C* algebra
with an identity. Then A is a compact subset of A* under the weak
+ topology, and the mapping © — & defined by

is an isometric x-isomorphism of A onto C(A).

PRrOOF. The weak = topology on A* is the smallest topology mak-
ing the functions f+— f(z), z € A, continuous. The unit ball in A*
is compact in this topology.

Let h € A. We claim [}h]| < 1. Recall h{e) = 1. We show
|h{z)| < {|x}|. Suppose |h{z)| > ||z{|, then ney — € is invertible. Thus
h(ﬁ —e) # 0. This is a contradiction. Thus ||k < 1.
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Next suppose z is self adjoint. Set w = x + ite; then h{w) =
h(z) +it. Thus |h(z)?® — ith(z) + ith(z) + t* = [A(w){® < ||Jw||* =
[lwwl|| = ||2* + t?¢[| < [|2}]* + t*. This implies

|h(z)|* + 2tImh(z) + t* < ||z]|* + ¢*

for all . Hence Im(h(x)) = 0, and thus h(z) is real. Hence for any
x € A,

h{z*) = h(%(.ﬁc* +z)— %(zm* —iz))

1 .., Lo w
= —2—h( +z)— Eh(m ir)
= %h(m* + z) + ih(iz* — ix)

1
= Eh(.ﬁc* +z-z*+x)
= h{z)

A is a closed subset of the unit ball of A*. Indeed, if A, is a net
in A converging to f € A*, then h,(z) converges to f(z) for each
z. Uniqueness of limits and continuity imply that f(zy) = f(z)f(y),
f(@ +y) = f(z) + £(), flez) = cf(z) and f(e) = 1. Thus f € A.
Hence A is a compact Hausdorff space.

The mapping & — & preserves pointwise operations and hence is
a homomorphism of A4 into C{A).

Let A\ € o(z). Then z — Ae is not invertible. By Zorn’s Lemma,
there is a maximal proper ideal M containing = — Ae. It is closed; for
if not, then M is a proper ideal containing = — Ae but not containing
e. (There is a neighborhood of e missing M. ) By Proposition IL.1,
A/M is a Banach algebra. Moreover, since M is maximal, every
nongero element in A/M is invertible. Thus if y + M € A/M, then
Y = se + M for the unique s in its spectrum. The mapping y — s
is a nonzero homomorphism h from A into C. Since z = Xe + M,
h(z) = X. Thus

llz]}? = lz" ]|
= |iz"z||,
= max{|\| : A € o(z"z)}
= max{|h(z*z)| : h € A}

= max |#(h){*.

This gives ||z|| = [|%]|oc.
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Finally A is a conjugate closed subalgebra of C'(A) which separates
points and contains the constants. Since it is complete, A = C(A)
by the Stone-Weierstrass Theorem. O

CoroOLLARY I1.1. If z is a self adjoint element in a C* algebra A
having an identity, then a(z) C [-!|z]},||z]]-

ProOOF. Let A, be the commutative C* subalgebra of A obtained
by taking the norm closure of the algebra generated by z and e. We
first note an element y € A; has an inverse in A, iff y has an inverse
in A. Indeed, suppose y has an inverse ¥ ' in A. Let A be the
Gelfand spectrum of A, and let § be the Gelfand transform of y.
Then y~! € A, iff § is never 0 on A. Suppose there is a i € A such
that 7(h) = h(y) = 0. Since A is compact and Hausdorff, A is a
Tychonoff space; and thus there is a sequence {f,}52, of continuous
functions on A such that f,(h) =1 and f.§ converges uniformly to
0. Let x,, be the element in A, with £, = f.. Then ||z.yl| = 0 as
n — oo while ||z,|| = ! for all n. But then z, = (z,y)y~' — 0in
A. But {,}°, does not converge to 0 in A. Thus § carmot vanish,
and y~! is in A,.

Hence A € ofz) iff Ae — z is not invertible in A, iff A € £(A).
But for h € A, &(h) = (z*)(h) = £(h). Thus %(A) C R. Since
|12]|eo = ||z]], we see o(z) € [-[l=]|.[|=[]]. O

COROLLARY I1.2. Let A be a C* subalgebra of C* algebra B. As-
sume B has an identity which is also in A. Then for x € A, then

a.4(x) = ag(x).

PrOOF. The argument in the above corollary shows a self adjoint
element z in A is invertible in A iff it is invertible in 5. A general
element = in a C* algebra is invertible iff the self adjoint element z*x
is invertible. Thus we see an element in A is invertible in A iff it is
invertible in B. In particular C — g 4(z) =C —og(x) forz € A O

PRrROPOSITION I1.2. Let A be a C* algebra with no identity. Let
A, be the set consisting of all formal sums se + x where s € C and
z € A. Define ||se + z|| = sup{||sy + zy|| : ¥ € A, |ly|| = 1}. Set
(se +z)* = Se +z* and define addition and multiplication naturally.
Then A, is a C* algebra containing A isometrically as a subalgebra.

PROOF. A. is a * algebra with an identity. Since {|se+z+te+y|| =
SUP||.)=1 |82 T2tz y2|| < supy, - [[sz+Tzli+supy. - litz+yz||,
we see ||se +x +te + y|| < ||se + zf| + lite + y||.
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We show ||se+z|| = 0 implies z = 0 and s = 0. Suppose |[se+z|| =
0. Then sy +zy = 0 for all y. If s = 0, then zz* = 0; and since
llzz*|| = |lz*||> = ||z||*, one has z = 0. Suppose s # 0. Then
y = —s ‘zy for all y. This implies A has a left identity. Call it ey.
Then since yei = (eLy*)* = (y*)" =y, we see e} is a right identity.
But ez, = ez} = €}. Thus A has an identity. This is a contradiction.

Next note |[0e + || < sup, =, |lzgll < [|zil. If = # 0 then
H-’ﬁ;;—n | = ||lz*|| = ||=|}; and thus ||0e + z|| > ||z||. Hence, ||0e +
ze|| = ||| for all z, and the norm on A is extended to A..

Clearly one has ||e + 0|| = 1. Also since ||se + || = [|Lsetel]
where Lgeyq is the operator defined on A by Lseyo2 = (se + z)z,
we see {|(se + r)(te + il = llLse+the+yH < HL86+x|HlLte+yH =
|lse+x|| |[te+ yll- To see ||5e+z*|| = ||se+ ||, note liz(3e+z*)y|| =
lly*(se + z)z*|| < |lyllilse + l{||z]l. Thus supj 1 zy=1 ||z(se +
z*)yl| < |lse + || But [|2(se +z")yll < [|(3e +z")y[| 1f |lo]] = 1.
By taking z* = ”((s%%)%, we see ||z(3e + z*)yl| = ||(3e + z)y||. Thus
SUP|y=1,1211=1 |12(5€ + z*)y|| = ||5e + z*||- This implies ||5e + z*{| =
|Ise + zjl-

Next we claim A, is complete. Note the mapping » defined by
h(se + z) = s is linear and has kernel A. Since A is complete, it is
hence closed; and consequentially h is a bounded linear functional.
Let s,e + =, be Cauchy. Since both h and the sequence s,e + Tn
are bounded, {s,} is a bounded sequence. By taking a subsequence,
we may assume 8, converges to s. But then ||z, — Zn|| < |[sme +
T — (8ne + &,)|| + ||Sne — 8mel| = 0 as m,n — oo. Thus, there is
an z such that z, — z in A as n - oc. It follows that ||s.e + zn —
(se + z)|| < |sn — 8| + |lzn — xl| = 0. Thus A, is complete. Finally
to see A is a C* algebra, note ||(se + z)*(se + z)|| < ||se + z||*. Let
r < |ise + z||. Choose y with |ly|| = 1 and ||(se +2)y|| > . Then
ll(se + z)*(se + z)||? > |ly*(se + z)*(se + z)y|| > r*. Since this is
true for every r < ||se + ||, we see ||(se +z)*(se + z)|| > ||se + |2
Thus |{(se + z)*(se + z)|| = !|se + z||?, and A, is a C* algebra. [

ProrosiTiON 11.3. Let A be a C* subalgebra of a C* algebra B.
Assume B has an identity which is also in A. Then for z € A, then
oa(z) = op(x).

PROOF. Suppose z is self adjoint and invertible in B. Let B, be
the smallest C* subalgebra of B containing e, z and z~'. Since B,
is commutative, it is isomorphic to C(A) where A is the Gelfand
spectrum of B,. In particular = is a nowhere zero function on A.
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The function z separates points on A. Indeed, if h1,h; € A and
hy # hy and hi(z) = ha(z), then hyi(z™') = ho(z™'). Thus hy = hs
on the smallest C* algebra containing x,z~! and e. Therefore the
set of all P(z) where P is a complex polynomial is a * subalgebra
which separates points and contains the constants. Hence, its closure
in C(A) is C(A). This implies the C* algebra generated by e and
¢ is B,. In particular z—' € .A. Hence if # is self adjoint, then z is
invertible in A iff z is invertible in B. Since z is invertible iff z*x is
invertible we see an element in A is invertible in A iff it is invertible
in B. One concludes C — o4(x) =C —op(z) forz c A O

A * homomorphism & between two C* algebras is said to be faithful
if ker ® = {0}.

PROPOSITION 11.4. Let A and B be C* algebras. Assume © is a
faithful x-homomorphism of A into B. Then ® is an isomelry.

Proor. If A and B have no identities, we may extend ¢ from
A, to B, by setting ®(ze + a) = ze + ®(a). If B has an identity
¢ and ®(a) = e then a is an identity on A for ®(aa’) = ®(a’) and
®(a’a) = ®(a’). Since d is faithful, aa’ = o’ and a’a = o’ for all a'.
Hence again we see A and B have identities. If B has an identity e
and A has no identity and e is not in the range of ®, then defining
®(ze + a) = ze + ®(a) extends @ from A to A,; and the extension
is still faithful. Finally we note if ® is a homomorphism between
C* algebras having identities, then ®(e) = ¢ (Homomorphisms are
assumed to preserve the identities when they exist.)

Suppose z is self adjoint. We show ||®(z)|| = ||z||. By restrict-
ing to the smallest C* algebra A, of A containing z and e and re-
placing B by the norm closure of ®(A,), we may assume A and B
are commutative and ®(A) is dense in B. Let A, be the Gelfand
spectrum of A and Ap be the Gelfand spectrum of B. Define a
mapping J : Ag — A4 by J(h)(a) = h(®(a)). The mapping J
is continuous. It is one-to-one, for ®(A) is a dense subspace of B.
We claim J is onto. Indeed, if not, J(Apg) would be a proper com-
pact subset of A4. Hence there would be an element in C(A4)
which is nonzero and whose restriction to J(Agz) would be 0. Thus
there is a nonzero element = ¢ A with £ = 0 on J(Ag). But then
&(z) (k) = h(®(z)) = J(k)(z) = £(J(h)) = 0 for all h € Ap. Thus
®(z) = 0, and since ® is faithful, z = 0, a contradiction. Thus Jis
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onto. Hence

|lz|| = max [Z(h)|

= |2 (@)ll-

In general for nonself adjoint elements z, one has ||®(z*z)|| =
|lz*x||, and thus {|®(z)]{* = {|z[]*. We conclude @ is an isometry. [

THEOREM IL.3. Let A be a commutative C* algebra without an
identity. Let o(A) be the set of all nonzero homomorphisms from
A into C. Give a(A) the weak = topology. Then o(A) is a locally
compact Hausdorff space, and the mapping a — & defined by a(h) =
h{a) is an isometric isomorphism of the C* algebra A onto Cy(a(A)).

PRrOOF. Let A, be the extension of 4 to a C* algebra contain-
ing an identity e. Let ho be the homomorphism on A, defined by
hoo(Me +2) = X If h € g(A), let k. be the homomorphism on A.
defined by h.(Ae + z) = A+ h(z). Then o(A). U {he} = a(A,) for
if h € o(A) and h # hg,, then b = (h|a). for hla # 0.

Moreover, since the topology on o(.A,) is the smallest topology
making the functions A — h(le + z) continuous for each z € A
and A € C, it follows that the relative topology on ¢(A), is the
smallest topology on ¢(A). making the functions h. — h.(z) =
h(z) contimuous for all x € A. Identifying o(A) with o(.A), via the
correspondence h < h,, we sce o(A). with the relative topology of
a(A.) is o(A) with the weak * topology. Since o(A.) is Hausdorff,
o(A), is Hausdorff. To see it is locally compact, let k' € o(A)..
Choose open neighborhoods U and V of &' and h,, in o(A.) with
UnNV = @. Then U does not contain h, and thus is a compact
neighborhood of &' in ¢(A),. Thus a(.A). and consequentially o(.A)
is a locally compact Hausdorff space. We note ¢(A.) is the one-point
compactification of ¢(A),. Indeed, a set E is open in the one point
compactification iff E is an open subset of 0{4). or hee € £ and
o(A.) — E is a compact subset of o(A).. Since o(A). is an open
subset of o{A.) and o(A,) is compact, we see these are precisely the
open sets in o (A, ).

Now the Gelfand transform maps A, onto C({o(A4.)). But A, =
Ce + A, and Ce is mapped to the constant functions. Hence if f €
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C(o(A.)) and f(hs) = 0, then since (m)(hw) = heo(Aetz) = A,
we see f nmst have form Z for some = € A. This shows the Gelfand
transform is a C* algebra isomorphism of A onto the subalgebra of
C(o(A,)) consisting of those functions vanishing at co. But this sub-
algebra is precisely Co(c(.A).). This gives the result. By Proposition
I1.4 all isomorphisms of C* algebras are isometries. [

2. Approximate Units on a C* Algebra

DEFINITION. An element a in a C* algebra having an identity is
said to be positive if it is self adjoint and o(a) C [0, 00).

PROPOSITION IL.5. Let A be a C* algebre with an identity. Then
the following hold:
(a) If z is self adjoint, then z > 0 iff ||(||z|le — z)1| < [|=||.
(b) If £ > 0 and A > 0, then Az = 0.
() Ifr >0andy >0, thenz+y > 0.
(d) If z is self adjoint and ||le — z|| < 1, then z > 0.

Proor. In (a),(b), and (d), we may assume A = C(A) for some
compact Hausdorff space A and z is a continuous real valued function
on A. Then for (a), z > 0iff 0 < z < 2||z|| iff —2{|z]| € —z < 0 iff
~|le|l < llzli — = < ||z]| it || (l|zlle — 2)1| < f|zi]. For b, if € C(A)
and > 0, then Az > 0 for A > 0. For (d),if -1 < 1—z < 1, then
z > 0.

To see (c), note (a) implies {[(||z]| + ||yli)e — (f +y)ll < lilizlle —

-'cll +|l||yHe—y|l < |lzll + llyll. Hence |le — afpll < 1. By (d),

ey = 0. Using (b) we obtain z +y > 0. O

COROLLARY I1.3. The set P of positive elements in a C* algebra
s a norm closed set.

LEMMA II.1. Suppose A is a C* algebra with an identity. Then

ab) — {0} = o(ba) ~ {0}.

Proor. Indeed, suppose w = (ab — Xe) ! exists where A # 0.
Then (ba — Ae){(bwa — €) = babwa — Abwa — ba + Ae = b{ab— Ae)wa —
ba+X\ = ba—ba+ he = e and similarly (bwa—e)(ba—Ae) = Ae. Hence
(ba — Ae)~! exists. The other direction follows by symmetry. O

PROPOSITION 11.6. Let z be a self adjoint element in a C* algebra
A having an identity. Then the following are equivalent:
(a) z > 0.
(b) z = y*y for some element y.
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(c) = = y* where y" = y.

PROOF. We show (b) implies (a). Suppose z = y*y. Let A; be
the sub C* algebra generated by € and z. Then A; = C(A). Hence
r = a2t —x  where zt and z~ are the plus and minus parts of the
function @. Set u = vz *+ andv = vz—. Thenur = 0 and = = u?—v?.
Moreover (yv)*(yv) = vov = —v#, and thus a((yv)*(yv)) C (—oc,0].
Hence by Lemma IL1, o ({(yv){yv)*) C (—00,0]. Let yv = s+it where
s and ¢ are self adjoint. Then

(yv)(yv)™ = (s +it)(s — it)
= —(yv)*(yv) + (5 — it)(s + it) + (s + it)(s — it)
— —(go) (yo) + 26 + 287

is positive, for it is a sum of positive elements. Thus o((yv)"(yv)) =
{0}. This implies v = 0. Hence z = z* > 0.

(c) implies (b) is obvious; and (a) implies (c) because in C(A),
a positive element is a continuous function having nonnegative real
values and in particular a continuous square root. [

LEMMA IL2. Let z andy be positive elements in a C* algebra with
an identity. If x <y (i.e., y—x =0}, then ||x|| < |lyll-

Proor. Indeed if y is self adjoint, then by the Gelfand theorem,
y < ||ly||l. Hence if # < y, then z < ||]y!|. In particular, one has
0< 2 < llyll- Thus ||| = maxsea [E(A)] < [lyll. O

LeMMA I1.3. Let A be a C* algebra with an identity, and suppose
a <b. Then z*ax < x*bx for any .

ProoF. Choose y with y*y = b—a. Then z*bz —x"ar = 2"y yzr >
0. O

LEMMA I1.4. Suppose A is a C* algebra with an identity. Suppose
a>0 andb > 0 are invertible and a < b. Then b <a™l.

PROOF. Lemma IL.3 implies e = a~2aa1/? < a~/2ba~'/2. But
if = is self adjoint and z > e, then 7! < e. Thus al/2h-1g}? < .
Hence b~! = a"1/2a/2p~1g1/%2g"2 < a~'. O

PROPOSITION I1.7. Let M be a dense two sided ideal in a C* al-
gebra A. Then there is a net uy in M with |juxz — z|| — 0 and
|lxuy — z|| — 0 for each x € A. Moreover, this net can be chosen so
that 0 < wy, ||ua|] < 1, and uy < ux for A < X. Furthermore, if A
is separable, the net may be taken to be a sequence.
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ProoF. If A has no identity, we enlarge A to A, = Ce+.A with its
C* algebra norm. Let A be the set of all finite subsets of M. Order
A by inclusion. For A = {x1,20,- - ,Zn}, set vy = zjz1 4+ + T, Tp.
Then vy, > 0. Set uy = v,\(%e + vy)~!. This exists by the Gelfand
theory. Indeed, if B is the smallest C* algebra in A containing e
and vy, then B is a commutative C* algebra with an identity. It is
isomorphic to C(A) where A is its Gelfand spectrum. Moreover, if
uy ¢+ f, then f > 0and 1 s+f2 % Hence %E-Jr-?),\ is invertible. Next

note uy < i e ﬁ%, and thus [Juall < 1; and

nf nf _ 1 1 ’ 1
(1_1+nf>f(1_1+nf>_n2 (%—Ff) <5
implies |!(1—ux)*va(1—ux)ll € 2. Hence || L (1—uy) ziz:(1-wy)|| <

;1;. By Lemma I1.3,

0< (1w )izl —uy) < (1 —u) ol w)

and since 0 < z <y = ||z|| < ||yl|, we see
1
[les(1 —wa)lf =

Hence if )\ is chosen so that 1 < e and « € Ag, then ||z — zu,|| <€
for A > Ap. Thus ||z — mm|\ Y 0forall x € M. By the density of
M in A, one has ||z — zu,|| — 0 for all =z € A. Taking adjoints gives
||z — uaz|l — 0 for all z € A.

Next suppose A < X. Then 1 + v, < 1 +vy; and by Lemma I11.4,
(2 +v0)7T < (2 +wy)1. Since n <7,

Hence
T ) )
Thus

1 _ 1.1 _
U)‘:‘U)\(E'F’UA) ]:1—5(5-’{-%’)\) !

1 1 —1 1 —1
51*5(“”“,+vx) =U,\'(;1—,+’U/\') = Un

Finally, assume .4 is separable. Let {z,}%° , be a sequence in M
which gives a dense subset of .A. Replace the net u, by the sequence
u, where A, = {xy, 22, - ,2,}. O
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COROLLARY IL1.4. Let A be a left ideal in a C* algebra A. Then
there is an increasing net wy in N with 0 < uy and ||uy|| < 1 such
that

liinH:c —zuy|| =0 forallz € N.

COROLLARY IL5. Let Z be a closed two sided ideal in a C* algebra
A. Then T is a  ideal, and A/T with the quotient norm |ia + Ij| =
infye7 ||a +b]| is a C* algebra.

ProoF. The proof of Proposition I1.7 shows there is a net uy in
7 with 0 < uy and [lup|] < 1 for all A, and llbuy — bj| — 0 for all
b e T. Hence, if b € Z, |luxb* — b*|| = ||(bus — b)*]| = ||bus — bl| =0
as A — oo. Thus, since T is norm closed, " € I.

Note if A does not contain an identity, A may be extended to a C*
algebra A, containing an identity e. Hence, we may suppose e € A.
Moreover, we have ||e — uy|| < 1. Note if b € Z, then

la+Z]| < limfle - wall
< li§n||a — uxal|
=@Ha-u;a+b— bu, ||
— Tzl (e +b)(e — w)
< Tilla + bl e — w
< lla + bl

for |{b— buy|| —> 0. This implies {ja+Z|| = lim, [|a — uxal|. Similarly,
lla + Z|| = lim, |la — @ua]}. Thus [|a* + Z|| = |la + Z||. Moreover, if
b ¢ T, one notes

lla-+ I = lim|la - waal[®
= liin (a® — ura)*(a — ura)|!
= li)r\nH(a —uya) (@ —usa) + (b — uab)(e —w)|!
= li}\n 1(e - ux)a*ale - uy) + (e — ua)ble — wa)l|
~ lm (e — w)(a"a + B)(e - )|
< lia*a + b||

since {[b - urb|| — 0 and |le — ]} < 1 for all \. Thus la -+ Z||* <
|la*a + Z1|. Proposition II.1 implies la*a+Z|| < lla* +Zl|lla+ I =
lla-+Z]|2. Hence ||a*a+T!| = |la+Z||?, and A/T is a C* algebra. I
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3. Representations of Commutative C* Algebras

A representation of a Banach # algebra B is a * homomorphism
7 : B— B(H). It is said to be nondegenerate if n(z)v = 0 for all z
implies v = 0.

REMARK. 7 is nondegenerate iff the linear span of {m{x)v : z €
B,v € I} is a dense subspace of H.

Proor. This linear span is dense iff {r(z)v : ¢ € B,v € H}* =
{0} iff (w,w(z)v) =0 for all z € B and v € H implies w = 0 iff
{m(z)w,v) = 0 for all z and v implies w = 0 iff #(z)w = 0 for all z
implies w=0. O

REMARK. If B contains an identity e and = is nondegenerate, then

m{e) = 1.

PRrROOF. Note n(e)w(z)v = w(z)v for all z and v. Since the span of
the vectors w{z)v form a dense subspace of H and =(e) is a bounded
operator, m(e)w =w for allw e H. O

Replacing 7 by the restriction of 7 to the closure of the linear span
of {w(z)v:z € B and v € H} makes 7 nondegenerate.

DEFINITION. Let X be a locally compact Hausdorff space, and let
B be a g-algebra of subsets of X. Then a projection valued measure
P on (X,B) is a function P : B — B(H) satisfying
(1) P(X) =
(2) P(EWF) P(E)P(F)
(3) P(UZ E;) =3 P(E;) if the E; are pairwise disjoint and
(4) P(E)" = P(E).

PRrROPOSITION 1L.B. Let P be a projection valued measure based on
the o-algebra of Borel subsets of a locally compact Hausdorff space
X. Let f be a function in Cy(X). Then there is o unique bounded
operator [ f(z)dP(z) on H satisfying

([ He)aP@ow) = [ fe)dP@,v)

with (dP(z)v, w) =dp,.{z) where p,,(E) = (P(E)v,w) is a com-
plex measure. Moreover, f — w(f) is a representation of the C*
algebra Cy(X).
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PRrROOF. Define a sesquilinear form on H by
By(v.w) = [ f@)d(P@)v,w)
Note | By (v, w)| < || f{looltev,ul. But

| o] = sup D [{P(Ei)v, w))|
= sup Z |{P(E;)v, P(E;)w}|

where the supremum is over the collections {E;} of countable mea-
surable partitions of X. Hence

o] < 3P (E;)v]l || P(E:w]|
< N HPE:IP) S I P(Ew| )}

= {[#I[fwl]-

Thus
| B (v,w)| < i flleol2]] 2],

and there is a unique bounded operator [ f(z)dP(z) on H with

|| [ f(z)dP(x)|| < ||f||e satisfying the desired property. Denote this
operator by M;. Clearly f +— M is linear and M; = M;. We
claim it is multiplicative. Indeed, one has gy a;w < fhvw, and the
Radon-Nikodym derivative is f(z). In fact,

nu'v,MfW(E) = (P(E)U’Mfw>
= (M;P(E)v,w)

- [ f@d(P)P(EY.v)
= [ F@) aP@p.u),
for {P(F)P(E)v,w) = {P(F N E)v,w). Thus
(My,0,0) = [ F@g(@)d(P(e)v.w)
= [ 9@)1@dpan(a)

= f g() Aty M pu()
= (Mgv, Mrw)
= (MM, w).
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We conclude My, = M;M,. [

REMARK. The continuity and boundedness of a function f in
Cy(X) can be used to show that [ f(z)dP(z) is a norm limit of
a sequence of finite sums of form 3 f(zx) P(E:). Indeed, for each
n > 0, take a simple function s, of form }_ f(zx)lz, with Ex pair-
wise disjoint satisfying | f{z) — sn(z)| < % for all z. Then

It f f(@)aP(x) =Y fax)PEDI
= ( f F@)dP(@) = Y fla) P(Ex)v f @) dP() = Y flar) P(Ex)))

= f 15(2) ~ sn (@) AP (), )
< = lolf®

for all v. Hence || [ f(z)dP(z) — 3 f(zx) P(EL)|| < 1

— n’

ProOPOSITION I1.9. If a Banach = algebra B has an identity and 7
is a nondegenerate representation of B, then m(1) = I and ||7(z)|| <
|zt for allz € B.

PROOF. Note A ¢ o(z) = A ¢ o(x(z)). Hence o(#(z)) C o(z).
Hence, if z is self adjoint, then ||7(z)|| = max{|)| : A € o(n(z)) <
|lz||; for by Theorem IL1, o(x) is bounded by [|z||. This implies
lim(2)? = lin(z*@)]| < llz2ll < 2"l 2]} = [lell*. O

COROLLARY IL6. Let B be a Banach + algebra, and let ™ be a
representation of B. Then ||l (z)|| < ||z|| for all z.

PROOF. Set B, = C x B. Define (s,z)(t,y) = (st,tz + sy + zy)
and (s,z)" = (5,2"). Equip B, with norm ||(s,z)|| = |s|+|z[. Then
B, is a Banach * algebra. Indeed, that B, is a * algebra is easy to
check. Note, since ||z*|| = ||||, one has ||{s, z)*|| = ||(s,z)||- Also

(s, 2) (¢, )| = [|(st, 1z + sy + 2y
= [st] + [{tz + sy + 2|
< [sl e+ Tt Izl + IsH it + L] 9]
= [|(s, D)1t 9)I-

B, is complete; for if (s,,z,) is Cauchy, then s, is Cauchy in C and

T, is Cauchy in B. Thus s, — s and z, — z for some s and =.
Now suppose 7 is a representation of B. Extend 7 to B, by

7{s,z) = sl + w(z). Then 7 is a representation of the Banach *
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algebra B,. It is nondegenerate for 7(1,0) = I. Hence || (s, z)|} <
s} -+ ||z|| for all (s,z}. In particular, ||x(z)|| < ||z|| for all z. [

Recall that a Borel measure p on a locally compact Hansdorff
space is regular if it is finite on compact sets and satisfies u(E) is the
supremum of pu{K) over all compact subsets K of £ and the infini-
mum of all (U) over open sets containing E. A projection valued
measure P is said to be regular if the variations of the measures
{ly.w are regular.

THEOREM IL.4. Suppose X is a locally compact Hausdorff space
and 7 is a nondegenerate representation of the commutative C* alge-
bra Co{X). Then there is a unique regular projection valued measure
P based on the Borel subsets of X such that

- ] f(x)dP(z)

Proor. By Corollary IL6, |7 (f)|| < ||fi|w- Hence for each pair
of vectors v, w in H, the mapping

fe (7 (flv,w)

is a linear functional on Co(X) with norm at most ||v||||w||. By the
Riesz Representation Theorem, there is a unique regnlar complex
Borel measure i, ,, on X with

(w(£)ow) = [ (2) () and ] < ol sl

Moreover, (v, w) — i, . 1s a sesquilinear function on H into the space
of complex Borel measures on X. In particular, for each Borel subset
E, the mapping

VW fhy o (E)

is a sesquilinear form on H with |g, ., (E)} < l{v|||lw||. By the Riesz
Representation Theorem, there is an operator P(E) satisfying

fiv(E) = (P(E)v,w) and ||P(E)|| < 1.

Moreover, since (7 (f)v,w} = {7 {7(f)w,v), one sees py w(E) = fiy(E)
for each E. This gives (P(E)v,w) = (v, P(E)w) for all v and w,
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and thus the operators P(E) are self adjoint. To see P(ENF) =
P(E)P(F), note first that diy, «(g)w(z) = g(2)d iy, (). Indeed

(r(fHv.m(@w) = (x(fg)v, w)

_.ff &)y (T
:ff ) dfhy,x(5)2(Z).

Hence, if F' is a Borel set,

fg(.’f)lp( )dﬂuw le dluvwg)w( )
= pho,m(gye(F)
= <P(F)U?7T(§)w>
= (r(g)P(F)v,w)
’—‘/9(33) A p(ryo,wlt).

This implies
A p(pyw(t) = 1p(2) dity ().
Hence

HP(F) w f 1F dﬂ‘v w = dtu'u,w(w) = )U'U,W(Em F)
EnF

Consequentially, (P(E)P(F)v,w) = (P(EN F)uv,w) for all v,w; and
thus

P(ENF)= P(E)P(F).
To see P(X) = I, note

implies P(X)#(f)v = w(f)v for all f and v. Since the linear span of
the vectors n(f)v is dense in H, we see P(X) = I.
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Now if {E;} is a sequence of pairwise disjoint Borel sets, then the
vectors P{E;)v are pairwise orthogonal; and since

Z(P(E,-)v,w) = (P{UE;)v, w),
one has
(Z P(E)v,w} = {P(UE;)v,w).

Thus P(UE;) = > P(E;), and P is a projection valued measure.
Moreover,

(n(f)v,w) =ff(:c)d,ut,,w(.r)z'/f(m)d(P(:c)v,w).
We conclude n(f) = [ f(z)dP(z). O

4. The Spectral Theorem for Self Adjoint Operators

A useful version of the spectral theorem is that if T is a bounded
self adjoint operator on a Hilbert space H, then T is in the norm
closure of the linear span of all the orthogonal projections commuting
with all bounded linear operators commuting with 7.

THEOREM I1.5 (SPECTRAL THEOREM). Let T be a bounded self
adjoint linear operator on o Hilbert space HH. Then T is in the norm
closure of the linear span of all the orthogonal projections commuting
with all the bounded operators commuting with T'. Moreover, there
is a unique projection valued measure P on the compact Hausdorff
space o(T) with

7= [ AaPO).
o(T)

REMARK. The unique projection valued measure P is called the
resolution of the identity of the operator T

PROOF. Let A be the smallest C* subalgebra of B(H) containing
I and T. Define a representation of the commutative C* algebra A
by n(X) = X for X € A. Using the Gelfand transform to identify
A with C(o(A)), Theorem 114 implies there is a projection valued
measure P on o(A) such that X = #(X) = [ X () dP(t). In view
of the remark after Proposition IL.8, each X in A including T is in
the norm closure of the linear span of the projections P(E), E a
Borel subset of o(.4). We claim the range of P consists of orthog-
onal projections commuting with the operators commuting with 7.
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Assume A commutes with T. Recall the construction of P. Namely,
{P(E)Yv,w) = iy, (E) where

f X (R) djon(R) = {n(X)w,w) = (Xo, w).

But if A commutes with T, A commutes with all X in A. Thus

for all X ¢ C(o(A)). Since the C* algebra A is separable, the spec-
trum o (A), besides being compact, is second countable. In particu-
lar, the spectrum is Polish; and by Theorem 1.11, all finite measures
on a Polish space are regular. Hence {P(E)Av,w) = (P(E)v, A*w)
for all £ and v and w; and we conclude P{E)A = AP(E) for all E.
This gives the first statement.

To obtain the second, we define a mapping ¢ : o(A) — o(T) by
h — h(T). Since A is isomorphic to C(o(.A)) under the Gelfand
transform, we know o(T) = o(T) = T(0(A)) = {R(T) : h € a(A)}.
Thus the mapping v’ is onto. We also note it is one-to-one. Indeed if
hi(T) = ho(T), then hy and h, agree on all operators p(T) where p is
a polynomial. These form a dense subspace of A. By Corollary IL.6,
the h, are continuous and thus h; = hs. Moreover, ¢ is contimious
by the definition of the weak * topology. Hence, since these spaces
are compact, ¢ is a homeomorphism. Identify o(.A) and ¢(T) under
this homeomorphism. Then P o ~! is a projection valued measure
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on o(T). We calculate 7(T).

a(T)

Suppose @ is another projection valued measure on o(T) with
T = [AdQ()). Clearly, p(T) = [ p(A)dQ(A) for every polynomial
function p(z). By the Stone-Weierstrass Theorem, each continuous
function f(z) on o(7T) is a uniform limit of a sequence of polynomial
functions p,(z). Thus [ f(A)dP()) and [ f(X) dQ()) are both limits
of the sequence p,(T). Thus [ f{A)dP{\) = [ f(A)dQ(}) for all
continuous functions f(A\) on o(T). Let F be a closed subset of
a(T). Choose a continuous function f(A) such that 0 < f(}) <1
and f(A\)=1iff A € F. Then

for all vectors v, w € H. But the collection of all Borel sets W where

fwd(P(A)v,w)= dQ(\), w)

w

is a o-algebra. Thus the measures £ — (P(E),w} and E —
(Q(E)v,w) agree on all Borel sets for all v and w. This gives
P(E) = Q(E) for all Borel subsets E. ]

DEFINITION. A bounded linear operator A on a Hilbert space H
Is said to be compact if for every bounded sequence v, in H, the
sequence of vectors Av, has a convergent subsequence. The set of
all bounded compact operators on H will be denoted by X(H).
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PROPOSITION I1.10. K(H) is a norm closed * ideal in B(H).

ProOF. Suppose {4,} is a sequence in K(H) which converges in
norm to A € B(H). Let {v;}$, be a bounded sequence of vectors.
Since each sequence {A,v:}, has a convergent subsequence, by
using the Cantor diagonalization process, one can find a subsequence
vg, of vy such that A, v, converges for each n. But if e > 0 and n is

chosen so that [|4, — A4|| < then

R -S—

3supy [lvell®

llAvk, = Ave 1l < (A = AnJoi, |+ iArve, = Anoic, 1|+ 1(An = Ao,
2e

< E + ”Ant’k}. b Anvkj, H

Since {A,vy,}52, is Cauchy, this implies {Av,}32, is Cauchy. Thus
A is compact, and KX(H) is norm closed.

If A and B are in X(H) and {v,} is a bounded sequence, then
by replacing {v,} by a subsequence, we may assume Av, converges.
Thus if {vn, }52, is a sub-subsequence such that {Bu,, }32, converges,
then {{A+ cB)v,, }32, converges for each complex number ¢; and we
conclude A +cB ¢ K(H). Thus K(H) is a linear subspace. Also note
if {v,} is a bounded sequence in H and A ¢ K(H) and a subsequence
{vn,} is chosen so that {Avn,}52, converges, then BAv,, converges
for all B € B(H). This shows K(H) is a left ideal. Furthermore, if
B € B(H), then the sequence Bv, is bounded, and there exists a
subsequence Bw,, such that ABu,, converges. This implies AB €
K(H) whenever A € X{H) and B € B(H). The fact that X(H) is a
x-ideal follows from Corollary IL.5. O

THEOREM IL.6. Let A be a positive compact operator on a Hilbert
space H. Let P be the resolution of the identity for the operator
A. Then P(e,d]) has finite dimensional range whenever 0 < € <
§ < o0. In particular, each nonzero element in the spectrum of A is
an eigenvalue, and the nonzero eigenvalues have finite dimensional

eigenspaces. Moreover, the only possible accumulation point in o (A)
is 0.

PROOF. Let 0 < ¢ < § < 00. Set B = {v e H: |jv|]| < 1}.
To show the range of P(le, d]) is finite dimensional, it suffices to
show P([¢,d])B is compact. Let v; be a sequence in B. Since 4
is compact, the sequence Aw; has a convergent subsequence Av;,.
Thus P([e,6])Av;, converges. Hence AP([e,d])v;, converges. But
[Awi| > ellul| if w € P(le, )/H. Thus ||P(le, 8)yv;, — P(le,dl)us, || <
LIAP([e, 8])v;, — AP([e,8])uvs,,||. This implies P([e,d])v;, is Cauchy
and thus converges. Hence P([e,d])B is compact. [
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DEFINITION. Let H be a Hilbert space and let v, w be in H. Define
v @ W to be the rank one operator v @ w{u) = (u,w)v for u € H.

COROLLARY IL7. Let A be a compact linear operator on H. Then
there are orthonormal sequences {e,} and {e,,}, and a sequence {\,.}
such that A, 2 Apy1 2 0 for alln and A =3 he, ® €. Moreover,
if these sequences are infinite, lim, A, = 0.

PrOOF. Let T = A*A. Then T is a positive compact operator
on H. By Theorem IL.6, there exist sequences {e],} and {u,} where
pn > 0and T =3 ppe;, @, . Namely, the €], form a complete list of
orthonormal eigenvectors having nonzero eigenvalues, and the pu,, are
the corresponding eigenvalues. Since for each 4 > 0, the dimension
of the linear span of all eigenvectors of T with eigenvalue bounded
below by 4 is finite, we may rearrange the sequences so that {u,}
is decreasing. Moreover, since 0 is the only possible accumulation
point of o(T'), we see limy, &, = 0 if this is an infinite sequence. Let
An = \/tin and set |4] = ¥ A, e,, @ €,. Clearly, |4| = vT = VA*A.

Define a linear operator U on the range of |A| by U|A|v = Av for
v € H. Then U is an isometry. Indeed, note

(U|Av, UAJv) = {Av, Av)

{

= {A*Av,v)
— (Tv,0)
=

=

|Alv, |Alv).

This implies U is well defined and has a unique linear extension to an
isometry from the closure of the range of |A| onto the closure of the
range of A. We continue to call the extension U/. Extend U to all of
H by defining U (v & w) = Uv if v € Rang(|A4|) and w € l:{ang(lzfl!)l

Then A = U|A|, a left polar decomposition of A. Set e, = Uel,.
Since the e, are in the range of |A] and U is an isometry on this
range, the vectors e, form an orthonormal sequence in H. Lastly,
note

Av=UlAlv=U (Z An€l, ® 8, (v)

=U (E M eiden) = S Ao e)en = (3 duen ©8,) (v)

forveE. O
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DEFINITION. Let B be a Banach * algebra and let m be a repre-
sentation of B on a Hilbert space H. 7 is said to be irreducible if the
only closed subspaces W of H satisfying 7 (x)W C W for all z in B
are {0} and H.

A vector ¢ in H is said to be cyclic if m(B)¢ is a dense subspace of
HL

ProPOSITION 11.11 (SCHUR’S LEMMA).
The following statements are equivalent:

(a) 7 is irreducible.

(b) The only bounded linear operators commuting with w(z) for
all x € B are ¢l where c € C.

(c) Either dimH =1 or every nonzero vector £ in M is cyclic.

PRrOOF. Assume (a). Let T be a bounded linear operator on H
satisfying T (x) = n(z)T for all z. Since pi is a * representa.tion T
also commutes with every m(z). From T = T+T +iZ=2% in order to
show T is scalar, it suffices to do the case when T is self adJ01nt. But,
by the spectral theorem, T' is in the strong closure of the linear span
of all the orthogonal projections commuting with all the operators
commuting with 7. In particular, T is in the strong closure of the
linear span of the set of orthogonal projections commuting with every
7(z). But the irreducibility of = implies the only such projections
are 0 and I, for the ranges of such projections are closed invariant
subspaces. Hence T is a scalar multiple of the identity.

Suppose (b) holds. If W is a closed invariant subspace, the or-
thogonal projection onto W commutes with m(z) for all z and thus
is either 0 or I. Hence 7 is irreducible.

We next show (a) implies (c). Suppose H has dimension larger
than 1. Let £ be a nonzero vector. If 7(x)¢ = 0 for all z, then {c{}
is a closed invariant subspace of 7. Since it is nonzero, it must be all
of H; and the dimension of H is one. This is a contradiction. Thus

#(B)¢ )5 is a closed nonzero invariant subspace. It must therefore be
equal to H. Thus each nonzero £ is cyclic.

Finally assume (c). Let W be a closed nonzero invariant subspace.
If dimH = 1, then clearly W = H. Otherwise, choose a nonzero
£ € W. Then 7?( ) C W. Since #(B)¢ is dense in H, W =H. 0O

5. Positive Functionals and the GNS Construction

DEFINITION. Let A be a * algebra. Then a linear functional w
A — C is called positive if w(z*x) > 0 for all x in A
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LEMMA IL5. Let w > 0. Then
w(b®a) = wla*b) end
[w(a'b)| < wla"a)iw(b')t.
Proor.
w((a +tb) (a + tb)) = w(a'a) + tw(b*a) + tw(a*b) + t*w(b*h) > 0

for real numbers ¢, In particular, Im{w(b*a) + w(a*b)) = 0. Thus
Im(w(b*a)) = —Im{w(a*b)) for all a,b. In particular, by taking ia
instead of a, we see Re(w(b*a)) = Re(w(a*h)); and thus w(b*a) =
w(a*b). Moreover, we have

w(a*a) + 2tRe(w(a*b)) + *w(b*b) > 0 for all ¢.

This implies
|Re(w(a™b))] < w(a"a)iw(b*h)E.
Replacing b by b where e?w(a*b) > 0 gives the result. [

COROLLARY I1.8. Suppose A is o Banach * algebra with an iden-
tity and w s a positive linear functional on A. Then w(a*) = w(a)
and ||w|| = w(e). Conversely, when A is a C* algebra with unity and
w 15 a linear functional on A and ||w|l = w(e), then w is positive.

ProoOr. Let x be self adjoint with ||.7:|| < 1. The binomial series
(1+7)% =1+ 2r + (3)(—3)5r? + .- converges absolutely on [-1,1]
to v1+r. Hence l—-z = yz for some self adjoint y. Therefore
w(e) > w(x) for any self adjoint = with ||z]] < 1. Thus w(—z) <
w(e). Therefore |w(z)| < w(e) for any self adjoint z with |{z|| < 1.
More generally, |w(z)*? < w(e)w(z*z) < w(e)® if ||z|| € 1. Thus
||l < wle). But ||w|| > w(e). Hence w(e) = ||w||-

Now suppose A is a C* algebra and w(e) = |lw|]. Let z be a
positive element in 4. To show w is positive we need to show
w{z) > 0. Let B be the smallest C* subalgebra of A containing
z and e. Thus B = €(X) for some compact Hausdorff space X.
Hence we may assume A = C(X). By the Riesz representation
theorern there is a regula.r complex Borel measure p on X satis-
fying w(f) = [ f(v)du(y) for all f € C(X). Since w(e) = ||w]l,
we see Hw|| = p(X). The result will follow if we show u Is a pos-
Itive measure. We first claim u is real. If not, then p — u; + du,
where y; and ps are finite real measures. Suppose uz(E)} # 0 for
some Borel set E. Consider the partition E, X — F of X. We see
(E) + (X = B)| > ja(B) + ju(X — B) = n(X) = p(X) = [Jo||.
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Thus [|w|| = k| > (w(E)| + |u(X — E)| > ||lw|| which is a contra-
diction. Thus g, = 0, and y is real. Now by the Hahn decomposi-
tion Theorem, there is a Borel partition F; and E; of X such that
g, is a positive measure and |z, is a negative measure. Hence
lul = w(Er) — u(Es) = llwll = w(X) = p(E1) + p(E2). This gives
u(E2) =0 and p = p|g,. Thus p is positive. O

PROPOSITION 11.12. Let w be a positive linear functional on a C*
algebra A. Then w is continuous.

PROOF. Suppose w is not continuous. Then by Corollary 118, A
does not have an identity. Moreover, one can choose &, with ||z,|| <
Tn+To

1 with jw(z,)| — oo. Since each &, = yn + 12, Where y, = 57—

and z, = %, we may assume each z, is self adjoint. Now if z
is self adjoint, then one may write ¢ = u*u — v*v where u,v € A
and ||u||> < ||z|| and |]v|l* < {|z{|. Indeed, if A, is the smallest
C* subalgebra of A containing z, then by Theorem 1, the Gelfand
transform is an isometric *-isomorphism of A, onto Cy(o(A;)). In
patticular, # = f — g where f = 5*—'211[ and g = 15—‘;—;“ Clearly |Z| >
#>0and |2 > g > 0. Define v and v by @ = v/f and 8 = /3.

Hence for each n, 2, = 1, — V.V, Where |[u,|| < 1 and ||v,[{ < L.
Since w(z,) = w(uiu,) —w(Viv,) and w(uju,) > 0 and wvyv,) 2 0,
one sees w(utu,) + w(viv,) —» oo as n — oc. Hence, replacing
some I, by —x, if necessary, we may assume w(uru,) — oo. Let
(A2, € 5. Thus ¥ |A.| < cc. Hence ¥ |An|u}un converges in A
to some element u. Moreover, for each N one has SN Nl < u
Hence Yiv, | Msjw(uiw;) < wluw). Thus Y02, [Anlw(usu,) < oo for all
{\.} € L. This implies the sequence {w(u;u,)} is bounded, giving
a contradiction. [J

Let A be a Banach algebra without identity. Define A, = {ze+a:
z€ C,a € A}. Set ||ze +a|| = || + ||a}|. Define multiplication and
addition naturally. Then A, is a Banach *-algebra with an identity.

Indeed, note

(s + a)(Z'e + B)]| = 22| + [12b + #a -+ ab|
< 22|+ 2] |1Bl] + 2] ||ali + [iai] |ib]
= |lze + al| ||2'e + b]|-

The rest can be shown by standard arguments.
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ProOPOSITION 11.13. Suppose A is a Banach * algebra with no
tdentity. Let w be a continuous positive linear functional on A. Sup-
pose w(e*) = w(a) and |w(a)|* < {lw|lw(a”a) for all a. Define w on
A by w(ze+a) = zj|lw||+w(a). Thenw is a positive linear functional
on A.. Moreover |w(a*ba)| < w(a*a)||bl| for all a and b.

PROOF.
w((Ze + a™)(ze + a)) = w(|z|’e + Za + za* + a*a)

= |z*||lwl] + zw(a) + zw(e*) + w(a*a)
= |z|*|\w}| + 2Re(zw(a)) + wla*a)
> |2)*|jwi| - 2|zlw(a™a)?||w]|* + w(a"a)
= (2l [l —w(a*a)?)* > 0

since |Re(|z|w(a)| < |z|||[w]|?w(a’a)?.

An easy argument shows ¢(z) = w(e*za) is a positive linear func-

tional on A.. Moreover, |ig|| = #(e) = w(a*a). Thus |p(b)] =
jw(a*ba)| < [|b]|w(a*a). O

*

CoroLLary I1.9. If B is a Banach * algebra having an approzi-
mate unit and w is a bounded positive linear form on B, then

w(a)* =w(a) and
w(a)” < [Jw]| wia®a).
In particular, ||wl| = sup) <, w(a*a).

PROOF. Let u; be an approximate unit in B. Thus |{u;|| < 1 and
wx —» x and zu; —» x for each x € B. Taking adjoints, we see
u; is also an approximate unit. Thus w(a*u;) = w(ula). Continu-
ity then implies w(a*) = w(a). Also |w(ula)|®* < w(ufw;)w(a*a) <
Hwil |jw||*w(a*e) < ||wl|w(e*a). Continuity again gives |w(a)]® <
llwl|w(ae*a). The final statement follows immediately from this. [

REMARK. Thus any result established for positive linear function-
als on Banach * algebras with identities holds for bounded linear pos-
itive functionals on Banach algebras having an approximate identity.

If A is a normed * algebra, we set A, = {w:w € A’ with w > 0}.
The following is known as the Gelfand-Naimark—Segal Theorem.

THEOREM IL.7 (GNS). Let A be a Banach = algebra with approx-
vmate unit. Let w be a positive bounded linear functional on A. Then
there is a representation m of A on a Hilbert space H such that
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(a) there is a vector £ € H with w(z) = (w(x)¢,§) for z € A,

(b) w(A)¢ is a dense subspace of H, and

(c) the representation and vector £ are unique up to unitary equi-
valence.

PROOF. Extend w to A, by w(ze + a) = z||w|| + w(a). By Corol-
lary I1.9 and Proposition I1.13, w is a positive linear functional
on A,. Let N = {z € A : w(z'z) = 0}. We claim N is a
left-ideal. Indeed, if z € N, then w((yx)'zy) = w(z*(y*zy)) <
w(m*m)%w((y‘scy)*(y*:cy))% = 0. To see it is closed under sums, note
w(z + )z + ) = wz'z) + w(y'z) + w(z'y) + w(y'y) = 0 for
lw(y*z)|* < w(y*y)w(z*z) = 0. Consider the vector space A, /N. It
is a pre-Hilbert space when given the inner product defined by

{x+ N,y+ N)=w(y z).

For each z € A., define an operator #(zx) on A./N by w(z)(y +
N)=uzy+ N. Since

oy + N||? = w(y"z"zy)
< {lo* x|l w(y"y)
< JlelPily + NI,
each 7(x) is bounded. Let H be the Hilbert space completion of

A./N. Then 7(z) extends in a unique fashion to a bounded operator
on H. Clearly, m(z)7(y) = m{xy) and w(z + Ay) = =z} +Ax(y). Also

(r(@)(y + N),z+ Ny = (a"y + N,z + N}
=w(z"z"y)
= w(y'z2)
={zz-+ N,y+N)
= {y+ N,n(z)(z + N)).

Hence m(z*) = w(z)*. Thus 7 is a =representation of A.. Let
£ =e+ N. Note

(n(2)€,€) = (z+ N,e+ N) = w(z).

Next we show A + N is dense in .A./N. This will occur if e + N
is a limit point of A/N. Choose ||z;|| < 1 with w(z;) — ||w|!. Then
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w(ziz;) — |lw||. By replacing z; by zfz;, we may assume all z; are
self adjoint. Now

llz: — e+ N||* = w((z; —€)*(z: — €))
= w(zjz;) — wlz:) —w(z)) +

e
> [lwf] — {lol] =TIl + Il = 0,

)

and thus z; + N converges to e + N. Since n(A)f = A+ N, n(A)¢
is dense in H.

Finally for uniqueness, assume 7/, H’ and £ are another such triple.
Define a mapping U from A/N into H' by U(a+ N) = n'(a)¢’. U is
defined on a dense subspace of H. Moreover,

(a)¢', ' (b)E')

U@+ N),Ub+N)) = (x ‘(b
= {r'(b"a)¢’, £)

Thus U is an isometry of the dense subspace A/N of H onto #'( A)¢’
which is a dense subspace of H'. Hence U extends to a unitary isom-
etry of H onto H' satisfying Un(a)w(b)€ = n'(ab)t’ = #'(a)x’'(b)E' =
' (@)U(w(b)€). Thus Un(a) = 7'(a)U on the dense subspace 7(.A)E.
By continuity, they are equal everywhere. Moreover,

(r'(a)¢',UE) = (Un(a)g, UE)
= (m(a)§, &)
= w(a)

= (r'(a)¢’,&') for all £
implies U = €. [

6. States

Let B be a Banach * algebra. Let w be a positive linear functional
on B with |jw{| = 1. Then w is called a state. It is said to be a
Pure state if whenever 0 < w, < w, then w; = Aw for some A with
0<A<t

ProposITION I1.14. Suppose w is a state on o Banach algebra with
approzimate identity. Then the representation w, generated by the
GNS construction is irreducible iff w is a pure state.



74 II. PRELIMINARIES ON C* ALGEBRAS

PROOF. Let m =, and let £ be a cyclic vector satisfying w(z) =
(w(x)€,€). Suppose w is a pure state. Let Hy be a closed invariant
subspace of H, and let P be the orthogonal projection of H onto
H. Then Pa(z) = w(z)P for all z, and wi(x) = {x(x)PE, P§) is
a positive linear functional on B. Note w(x) — wi(z) = (w(z)(£ —
PE),€) = (I — P)m(z)(€ — PE),€) = (x(x)(€ — PE), € — PE) implies
w—w;, > 0. Since w is pure, w; = Aw for some A with 0 < A < 1.
Hence {w(z)PE,&) = Amw(x)€, &) = {w(x)AE, &) for all x. This gives
{PE — X, m(x)€) = 0 for all z. Since the m(x)€ are dense, we see
Pt =X, P? = Pimplies A2 = A\, and thus A=0o0r A=1 If A=0,
Pr{z)€ = 0 for all x and thus P = 0. If A = 1, then Pr(x){ = m(x)§
for all z and thus P = . Hence Hy = {0} or ]HIU HL.

Conversely, suppose 7 is irreducible and 0 < w; < w. Define
a positive semidefinite sesquilinear form S on w(B)¢ x m(B)¢ by
S(r(@)E, 1)) = wi(ys). Since [y D) < wi(yyur(es) <
w(y*y)w(z*z), one has

1S (m(z)€, m(y)E)? < (w(x)€, w(2)€) (m(¥)E, 7 (¥)E),
and thus
|S(m ()€, m(1)E)] < lx(=)E]| [|m{y)€l]-

This implies S extends to a bOunded positive semidefinite sesquilin-
ear form on 7(B)E x m(B) = H x H. By the Riesz representation
theorem, there is a bounded positive operator T on H such that

S(v,w) = (Tv,w)

for all ¥ and w. Hence

{Tr(z)€, m(y)€) = wn(y"x)

and we see

(m(2)Tr(z)€, m(y)€) = (Tm(z)€, m(2"¥)§)
= w (y zx)
= (Tm(z)m(z)€, =(y)E)
for all £ and y. Thus #(z)T = Ta(z); and by Proposition 11.11, we

see T = A for some A. Thus w(y*z) = (Mr{z)€, m(y)€) = Aw(y*z)-
Clearly 0 < A <1. O

CoOROLLARY 11.10. Let 7 be a continuous representation of a Ba-
nach * algebra B. Let & € H and let w(z) = (mw(x)€,£) be the
corresponding continuous positive linear functional on B. Then if
wy 15 a positive linear functional on B with w; < w, there is a
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bounded positive operator T on H such that 7{z)T = #(z)T and
wi(z) = (w(z)TE,TE) for allz € B.

PROOF. The above proof shows there is a unique bounded pos-
itive operator Ty on the Hilbert space m(B)¢ ¢ H with wy(z'y) =
(Tom(y)&, w(x)¢). Define T by taking Tl?ﬁ‘s)_e =Ty and T(rgyeyr = 0.
Then T is a positive linear operator and w;(z*y) = (T(y)€, n(x)€)
for all z and y. We have (7(2)Tr(x)¢, n(y)€) = (Tn(z)n(z)€, w(y)€).
Thus #(2)T = T'r(z) on the subspace 7(B)¢. Since 7(z)(r(B)E)* C
(m(B)E)", we see 7(2)T = 0 = Tw(z) on (7(B)¢)". Combining these
yield m(2)T = T'n(z) for all z € B and w,(2) = {(7(2)T¢,T€). O

LEMMA I1.6. Let B be a Banach = algebra with approzimate unit.
Then w is a pure state iff w is a nonzero extreme point in the weakly
* closed convex set of positive functionals w' satisfying ||w'|} < 1.

PRroOOF. By Corollary I1.9 and Proposition I1.13, we may assume
B has an identity and w(e) = ||w||. Now, if w is pure and w =
Awy + (1 — A)ws where w; are positive linear functionals of norm less
or equal to 1 and A € (0, 1), then w; = a;w for some a; > 0. But a; =
aw(e) = wile) = [Jwil| < 1. Since w(e) = Aajw(e) + (1 — Aagw(e),
one has Aa; + (1 — A)az = 1. This can only occur if a; = 1 and
az = 1. Thus w is extreme.,

Conversely, if w is extreme and nonzero, then ||w|| = 1; for other-
wise w = ||w|{ps: + (1 — [lw]])0. Moreover, if 0 < w; < w and w; # 0,

then w = wy + (w —w1) = [foull g2 + (1~ lni Il Corollary
wle) wile) — I-llenll 9 Gince w is

I1.8 implies the norm of liﬁ-:lli is phaTPT

extreme, w; = Aw for some A € (0,1]. O

L=ilan]] ™7

PROPOSITION 11.15. Let B be a Banach * algebra with approzi-
mate unit. Suppose ™ is a continuous representation of B. Then if
w(z) # 0, there is a pure state w with w(z*z) # 0.

PROOF. Define wi(y) = (m(y)€,&) where £ satisfies m(z*z)¢ # 0
and [|£]| = 1. Then w; is a state. The Krein-Milman theorem im-
Plies there exist positive linear combinations w; of pure states which
converge to w in the weak * topology. Thus w;(z*z) = w,(z*z) > 0.
In particular, there must be a pure state w with w(z'z) >0. O

CoroLLARY IL.11. If B is a Banach * algebra with approzimate
unity and there is o representation © with =(x) # 0, then there is an
wrreducible representation ' with 7'(x) # 0.



76 II. PRELIMINARIES ON C* ALGEBRAS

ProoF. Choose a pure state w with w(z*z) > 0. Let m be the
corresponding GNS representation. Then (z(z*z)¢.§) > 0 implies
m(x)¢ #0. O

7. The Universal Enveloping C* algebra

Let B be a Banach * algebra. Let m be a representation of B. Recall
that 7 has an extension to B.. Namely n(ze + z) = zI + 7(z). By
Corollary 116, we know ||x(z)|| < ||z||. Hence every representation
of B is continuous.

Let R be the set of all nondegenerate representations of B. Let R;
be the set of all irreducible representations in R. Let P be the set of
all states on B and let P.., be the set of all pure states.

PROPOSITION I1.16. Let B be a Banach * algebra with an approz-
imate unity. Then

sup ||7(z)||* = sup ||r(2)||* = supw(z"z) = sup w(z'z).
TeER wE Hy weP WEPext

PROOF. We show sup, . ||m(z)||* = sup,epw(z*z). First suppose
w € P. Do the GNS construction to obtain a representation 7, € R
and a cyclic vector £ € H, with {m,(z)¢,£) = w(z). We note £ is
a unit vector. Indeed, in the construction of =, we assumed B has
an identity and then w(e) = {|w|| = 1 = {£,§). Hence w(z'z) =
<7Tw($)£v7rw(m)€> = Hffw(ﬂf)ﬂiz < ”Ww(m)IP Hence sup,cp wla'r) <
sup,p ||[7(z)||?. Conversely, we first note if 7 is a s-representation
of B on a Hilbert space I, then ||m(2)||* = supj;¢ =1 (m(z)€, m(x)E) =
sup) ;=1 (7(T7 7)€, §) < sup, .pw(z ) since z > {7(2)¢,§) is a state
if ¢ =1.

The fact that sup, . p, ||7(z){]> = sup,ep,,, w(z"z) follows by the
same argument and Proposition 11.14 and the GNS construction.

Finally to finish the proposition, we need to show

supw(z*z) = sup w(z"T).

weP W€ Pext
Note sup,cp,  w(z*z) < sup,pw(c*z). To see the converse, re-
call P is a weak * closed convex subset of the unit ball of the dual
space of B and P.,, is the subset of extreme points in this set. By
the Krein—Milman Theorem, for w € P there is a net w, of con-
vex linear combinations of elements of P.,, which converge pointwise
to w. We note wx(z*z) = ¥ aw(2*2) < supuep,,, w'(T'r) 2 0 =
sup,cp,_, w'(z*x) if wy = ¥ a;w; where w; € P, and Y a; = 1,
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a; = 0. This gives w(z*z) < sup,.cp _ w'(z*x) for any w € P. Hence
sUP epw(2*2) < sup ep  w(z*z). O

DEFINITION. Let B be a Banach * algebra with an approximate
identity. Let NV be the set of all z such that #(z) = 0 for all 7 € R,
Then NV is a two sided -ideal in B. Thus B/N is a +-algebra. Define
a norm on B/N by:

llz + NI* = sup||m(z)|?

m€R

= sup ||=(z)||*
TER;

= supw(z*z)
we P

= sup w(z'z).
WEPege

THEOREM I1.8. Let B be a Banach * algebra with an approzimate

unity. The completion of B/N is a C* algebra called the universal
enveloping C* algebra for B.

Proor. We claim {|z + N|| is a norm. Clearly iz + N|| # 0 if
and only if x + N # 0. One easily checks ||z + N + y + N|| <
e+ N1+ |ly+N|| and ||e(z+N)|| = [¢] ||z+ N]||. To see |[[zy+N|j <
2+ Niflly+N||, note ||x(zy)i] < ||lx(z)[| [|7()]| < [+ N|||jy+N]|
and thus [|zy + V|| < [lz + N{]jy + NII. Since |[x(z*)]] = ||n(a)]],
||z= + N|| = ||« + N||. Also if B has an identity, [|e -+ Ni| = 1 since
m(e) = I for any nondegenerate representation 7.

Finally we need only note

|lz*z + N|| = sup||r(z"z)||
TER

= sup ||m(z)|[*
TER

~ |l + NI
Thus the completion of B/N is a C* algebra. [

Denote the completion of B/N with this norm as C~(B) and the
mapping b — b+ N as 7.

THEOREM I1.9. Suppose 7 is a x-representation of B where B is
@ Banach * algebra with an approzimate identity. Then there is
unique *-representation m' of C*(B) such that 7' o v = . The map-
Ping w to ' is a one-to-one mapping from the x-representations of B
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onto the x-representations of C*(B). Moreover, 7 is nondegenerate
iff © is nondegenerate, and © is irreducible iff ¥ is irreducible.

PROOF. Let 7 be a «representation of B. Define n'(b+N) = n(b).
Then 7' is a well defined *-representation of B/N. We claim it is
continuous. Indeed, ||m(b)|| < sup,cplip(b)|] = |ib + Nl|. Hence, =’
extends to a x-representation of the C* algebra C*(B). Moreover,
since *-representations of C* algebras are automatically continuous,
we see 7 is the unique representation of C*(B) with 7' o7 = 7.
Clearly, the mapping T — 7' is one-to-one. Moreover, if p is a *-
representation of C*(B), then 7 = po 7 is a *-representation of B,
and 7' and p agree on the dense subalgebra 7(B) in C*(B). Thus
7' = p and the mapping 7 — =’ is onto. Clearly 7 is nondegenerate
iff 7' is nondegenerate, and = is irreducible iff 7' is irreducible. [

COROLLARY 11.12. Suppose B is a Banach = algebra with an ap-
proximate identity. Then there is a one-to-one correspondence be-
tween the continuous positive linear functionals on B and the con-
tinuous positive linear functionals on C*(B). This correspondence is
defined by w — w' where w = ' o 7. Moreover, states correspond to
states, and pure states correspond to pure states.

PROOF. One easily notes that in the correspondence = — =’
between representations of B and C*(B), the correspondence car-
ries representations © having cyclic vector £ to representations 7’
having cyclic vector £. Hence we(b) = (n(b){,§) corresponds to
wi(1(8)) = (' (b + N)§, £) = we(b).

Next, note that if 7 is a cyclic *representation of a Banach *
algebra with an approximate identity and w(b) = {(m(b)¢,&) where
¢ is a cyclic vector, then |lw|| = ||¢|/*. Indeed, one clearly has
llw|| < ||¢![>. But if u; is an approximate identity, then ||u;l| < L;
and since 7(u;)m(b)¢ — 7(b)¢ for all b and the vectors 7(b)¢ form a
dense subspace, we see 7(u;)¢ — £ Thus |jw|| > sup, (7(uju;)§,&) >
limy (7(ug)é, w(u ey = {|€l|2. Thus ||wil = !¢]|*. In particular,
lwell = [lwell, and thus states correspond to states. It is easy to
check that pure states correspond to pure states, for wy < wsp iff
wy Cwho O

THEOREM I1.10 (GELFAND). Fvery C* algebra A has a faithful -
representation m on a Hilbert space H. Any such m is o x-isometric
isomorphism of A onto a closed C* subalgebra of B(H).
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PROOF. Let  # 0 in A. Then y = z*z > 0. Let P={ye A:
y > 0}. Then —z*x ¢ P and P is a closed convex set. By the Hahn-
Banach Theorem, there is a continuous linear functional w satisfying
w(~z'z) <0 and w(y) > 0 for y € P. Thus w > 0 and w(z*z) > 0.
By the GNS construction, there is a representation 7 of A such that
(m(z*z)¢, &) = w(z"z) > 0. Thus 7(z) £ 0. Hence for each nonzero
x € A, choose a s-representation 7, of A with m.(x) # 0. Define
a representation = on 3., H, by #(y) = 2 sz0Me(y). Then 7 is a
faithful *-representation of A. Moreover, by Proposition I1.4, 7 is a
* isometric isomorphism. O

COROLLARY I1.13. There exists a family m; of irreducible repre-
sentations of A on H; such that S m; is a faithful * isometric iso-
morphism of A into B(DH,).

ProoF. This follows from the above theorem and Propositions
II.16 and 11.4. M

COROLLARY I1.14. Let A be a C* algebra. Then forze A

liz|i* = sup |z(2)||* = sup ||7(2)||* = supw(z*z) = sup w(z).
nER =ER; weP WEFep

PROOF. Apply Proposition I1.16, Corollary 11.6 and Theorem I1.10.

O






CHAPTER III

TYPE ONE VON NEUMANN ALGEBRAS

This chapter will obtain the structure of Type One von Neumann
algebras. Of particular interest are those whose Hilbert spaces are
separable. These play a pivotal role in Mackey’s method of analyzing
representations by considering their restrictions to normal subgroups.

1. Structure of Projection Valued Measures

In this section all Hilbert spaces are separable. Let S be a standard
Borel space. Recall that a projection valued measure based on S
is a mapping P from the Borel subsets of § into the set of orthogonal
projections on a complex Hilbert space H which satisfy the following
conditions:

(1) P(S)Y=1

(2) P(EN F)= P(E)P(F) for all Borel sets £ and F'

(3) P(UU, E:) = X, P(FE;) for any sequence E; of pairwise disjoint
Borel sets.

It is easy to verify that the range of a projection valued measure
forms a Boolean o-algebra under the operations P(E) vV P(F) =
P(EUF), P(EYANP(F)=P(ENF),and P(E) =1- P(E).

A vector v is a separating vector for the projection valued mea-
sure P if P(E) = 0 whenever P(E)v = 0. If v is a separating vector
for P, then the measure u defined on S by p(E) = (P(E)v,v) in-
duces a measure on the range of P. Specifically, P(E) = 0 if and
only if u(£) = 0.

Define an equivalence relation ~ on H by v ~ w if P(E)v = 0 iff
P(EYw = 0. If v € H, the cyclic subspace (v) genecrated by v is

K1
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the smallest closed linear subspace of H containing all the vectors
P(E)v, E a Borel subset of S. The vector v is said to be cyclic
if this subspace is H. Two vectors v and w are said to be cyclicly
orthogonal if the cyclic subspaces (v) and {w} are orthogonal.

DEFINITION. The projection P(E) has multiplicity n if there is a
family of nonzero vectors {v;} of cardinality n such that v, ~ v; for
all 5 and j and P(E)H is the orthogonal sum of the cyclic subspaces

{vs).

Since we are assuming our Hilbert spaces are separable, projections
can have only finite multiplicity or countable multiplicity. The second
case will be denoted by n = oo.

PROPOSITION II1.1. A projection valued measure on a separable
Hilbert space has a separating vector.

Proor. By Zorn’s Lemma there is a family of unit vectors v,
such that the cyclic subspaces {v,) give a pairwise orthogonal de-
composition of the Hilbert space H. Since H is separable, this family
is countable. Thus we may assume the indices a belong to the set
of natural numbers. Set v = 3.2 %v,. Then P(E)v = 0 implies
P(E)v, = 0 for all a which implies P(E){v,) = 0 for all a and hence
PE)=0. O

PrOPOSITION IIL.2.

(a) If P(E) has multiplicity n and F C E with P(F) # 0, then
P(F) has multiplicity n.

(b) If P(E;) has multiplicity n for i =1,2,..., then P(UE;) has
multiplicity n.

Proor. (a) If P(E) has multiplicity n, then P(E)H = {(v) +
.+« 4 {v,) where the v; are cyclicly orthogonal similar vectors. Thus
P(FH = (P(F)v;) + -+ (P(F)v,). Since F' C E, v; ~ v;, and
P(F) # 0, it follows that P(F)v; # 0 for all i. Moreover, since
v; ~ vj, one has P(F)v; ~ P(F)v; for all i and j. Thus P(F) has
multiplicity n.

(b) By (a), we may assume the Borel sets E; are pairwise disjoint.
Now P(E;)H = {v;,) + -+ + (v;n) where the v;; are similar cyclicly
orthogonal unit vectors. Set w; = ¥, &=v;; for j = 1,2,...,n. Since
the P(E;) are pairwise orthogonal projections, one has P(E;)w; =
Lu,; and thus P(UE;)H = (wi) + - -+ (w,). Moreover, P(E)uw; =0
iff P(EN E)v; = 0 for all i if P(EN E;)v, = 0 for all @ iff
P(E)w, = 0. Thus all the w; are similar. O
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CoOROLLARY IIL.1. For each n € {00,1,2,...} there is a largest
projection P(E,) of multiplicity n.

Proor. Take a maximal family of pairwise orthogonal multiplicity
n projections. The family is countable by separability. O

TusoreM III.1. If P is a projection valued measure on the stan-
dard Borel space S and P(S) = I has multiplicity n, then there exists
a probability measure p on S and a unitary isomorphism U of H onto
L%(S, u, H,,) satisfying:

UP(EYU'f =1gf

where 1p is the characteristic function of the set £ and H,, is a
Hilbert space of dimension n.

Proor. Since I has multiplicity n, H = {v;} +- - - +{v,,) where the
v; are pairwise similar unit vectors. It follows that the measures u;
defined by u:(E) = (P(E)v;,v;) are pairwise equivalent. Let u =
and let g; be the Radon-Nikodym derivative %‘L—‘.

Let {e;}}_; be an orthonormal basis of H,. Define I/(P(E1)v; +
oo+ P(E,)v,) = /o1 lg,e1+ -+ /Gn 1, €. One can verify that I/
is norm preserving on these vectors and extends to unitary operator
on all of H. Indeed, IJ is norm preserving and has dense range; for
the image contains all functions of form ,/g; fe; where f is simple
and the length of this vector is ([ || f]?du:)*/%. In particular, the
image contains he; for all h € L*{u); and thus U must be onto.

Finally note U{P(E)P(E;)v;) = 1gU(P(E;)v;) for all j and E;
implies by linearity and continuity that U({P(E)v) = 1gU(v) for all
vectors v. O

A projection valued measure is said to have uniform multiplicity
n if the identity projection P{S) has multiplicity n.

If E is a Borel subset and P(E) has multiplicity n, then the pro-
jection valued measure P based on E and defined on the Hilbert
space Hg = P(E)H by P(F) = P(FNE)|y, has uniform multiplicity
n.

The projection valued measure defined on L%(S, u, H,) by P(E)f =
1z f is called the canonical projection valued measure for this
L? space. Note that the maximum number of similar cyclicly orthog-
onal separating vectors for this projection valued measure is n. We
thus obtain the following corollary.
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CoroLLARY II1.2. If a projection valued measure has uniform mul-
tiplicities k and [, then k = L.

COROLLARY I11.3. The largest projections P(E)) having multi-
plicity k are pairwise orthogonal.

PRrROOF. P(E; N E,) = 0 or has multiplicity & and multiplicity
j. O

COROLLARY II1.4. Let P be a projection valued measure on a stan-
dard Borel space S. Let B be the range of P. Then B is a mazrimal
Boolean algebra of projections iff every separating vector for B is
cyclic.

PrROOF. Assume B is maximal, and suppose v is a separating vec-
tor for B. Let @ be the orthogonal projection onto the closure of
the linear span of all vectors having form Pv where P € B. Then
Q commutes with every projection in B'. Indeed, QPPv = PPv
for all P and P, in B. Thus QPQ = PQ. Taking adjoint yields
PQ = QP for all P € B. The maximality of B implies € B. But
since (I — Q)v = 0 and v is a separating vector, ¢ = I. Thus v is
cyclic.

Conversely, assume P has a cyclic vector v. Equivalently, P(S) has
multiplicity one. By Theorem II1.1, we may assume H = L*(S, 4, C)
where ;1 is a probability measure and P(E)f = 1gf for each Borel
subset £ of S. Now suppose @ is an orthogonal projection commut-
ing with every projection P(E). Set h = Q1. Note h is an L* Borel
function on § and P(E}h = P(E)QL = QP(E)1 = Qlg for every
Borel subset £ of S. Thus 1gh = Q1g for Borel subsets £ of S. This
implies Qf = hf for every simple function f € L*(S, u). Since the
simple functions are L? dense, continuity of Q implies @f = hf for
all f € L2. Now Q? = Q implies h? = h, and thus @ = P(F) where
F={s:h(s)=1}. 0O

ProrosITION 111.3. If P and Q are projection valued measures
on standard spaces S and S', respectively, and U is a unitary op-
erator satisfying U{P(E) : E c S}U! = {Q(F) : F C §'}, then
UP(E)U! = Q(F}) where P(Ey) and Q(F),) are the largest projec-
tions of multiplicity k.

PROOF. U preserves the property of similar cyclicly orthogonal
vectors. [J
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The following theorem along with Theorem III.1 completely de-
scribes projection valued measures on separable Hilbert spaces.

THROREM II1.2. For k = oc,1,2,3,..., let P(E}) be the largest
projection of multiplicity k for the projection valued measure P. Then

P(E) > P(E) =1

Proor. By Proposition II1.2, the separability of H, and an appli-
cation of Zorn's Lemma, it suffices to show there is a & and an E
such that P(E) is a nonzero projection of multiplicity k.

Take a maximal collection {v,} of separating cyclicly orthogonal
similar vectors. If Hy = Y {v,) = H, then I = P(S) has multiplicity
equal to the cardinality of this collection, and the proof is complete.
Otherwise, Hg # 0 and P restricted to this subspace is a projection
valued measure. Let w be a separating vector for this projection
valued measure. Thus P{(F)w = 0 if and only if P(F)H; = 0. By
the separability of I, there is a largest projection P(F) such that
P(E)w = 0. This projection has to be nonzero for otherwise w
is a separating vector for P and the family {v,} LU {w} consists of
separating cyclicly orthogonal similar vectors. This contradicts the
maximality of the collection {v,}. Since P(E)w = 0, P(E)Hy =0,
and thus P(EYH = P(E)H, = > {P(F)v,). Therefore P(E) is a
nonzero projection whose multiplicity is the cardinality of the family
foa}. O

2. Some Topologies on the Space of Bounded Operators

We now discuss several topologies on B(H). The topology 7, of
B(H) as a normed space will be called the norm topology and will
be the strongest topology we consider. There are several coarser
topologies which will be needed. They are the weak topology 7T,,
the strong topology 7;, the o-weak topology 7., and the o-strong
topology 7.

The weak topology is defined by using seminorms T — [{Tv, w)|
where v, w € H. This topology may also be defined using the smaller
family of seminorms T — |{Tw, v}|. Indeed, note

3
= =N T (v + Pw), v + iPw)

=0

{Tv,w)

m»—'

where § = +/—1.
The strong topology is defined by using the seminorms T — ||Tv||
for v € H. Note the strong topology on B(H) is the topology of
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pointwise convergence; i.e., T, — 1" strongly iff T,v — Tv for all
v € H. It is clear that T, — 0 strongly iff 7T, — 0 weakly.
The o-weak topology is defined by the seminorms

T ]Z(Tv,-,w,-)l
i=1
where 3" ||»s]2 < o0 and ¥ ||lwi||* < oo; and the o-strong topology
is defined by the seminorms

T Qw2

where ¥ ||v;]]? < 0o. Again one can show the o-weak topology is
defined by seminorms

T~ | > (T, vi)| where > Hul* < o0

and T, - 0 in the o-strong topology iff 77, — 0 in the o-weak
topology.

Note the adjoint operation 7" — 1™ is not continuous in the strong
topology or the o-strong topology but is continuous in the weak and
o-weak topologies. For example, let e; be an orthonormal basis of
a separable Hilbert space H. Set Tjv = (v,e;)e;. Then T; con-
verges strongly and o-strongly to 0. But {Tv,w) = (v,e;){er, w) =
{v, (w,e1)e;), and thus T (w) = (w, e, )e;. Thus I; does not converge
strongly to 0.

The strong * topology 7. and the o-strong * topology 7;.. are
defined by

T, T

in these topologies iff both 7, —» T and T, — T in the strong, or
respectively, the g-strong topologies.

REMARK. On bounded sets, the o-strong and strong (also the o-
weak and weak) topologies are the same. Indeed, if T, — 7' strongly
and ||T|| € K for all @ and ¥ ||v:]|* < oc and € > 0, then

N o0
limsup Y [|(Te — Thvil|? <lim Y || Tors — Tusll* + K7 D JJuil)®
o i=1 i=N+1
=4K? > Julf < €
i=N+1

if N is chosen sufficiently large. This gives T,, converges to T’ o-
strongly.
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Note one has

T > Tooe > Toe > Tow > T and

Tose > T > T > T

We now give a definition of a von Neumann algebra. There are
many equivalent definitions, indeed even one having no reference to
a Hilbert space. However, for our purposes the following definition
will suffice.

DEFINITION. A von Neurnann algebra on a Hilbert space H is
an algebra of bounded operators on H which contains the identity,
is closed under adjoints, and is a closed set in the strong operator

topology.

In a locally convex topology, a convex set’s closure is determined
by continuous linear functionals. Since von Neumann algebras are
convex and strongly closed, a description of strongly continuous lin-
ear functionals would be helpful. Moreover, we shall eventually see
that each von Neumann algebra is the dual space of the normed
closed Banach space of o-weakly continuous linear functionals de-
fined on it.

For this and other reasons, we now focus on continuous linear
functionals in the topologies just introduced. Though the topologies
are different, the continuous linear functionals have fairly explicit
and similar descriptions.

Let H be a Hilbert space. Let H* be the dual space of E. Then
each element in H* has form ¢,(w) = (w,v) for some unique vector
v. The mapping v — ¢, is a conjugate linear isomorphism from H
onto H*. An inner product can be introduced on H* by {¢,, ¢/} =
{v',v). With these definitions H* becomes a Hilbert space. It is
calted the conjugate Hilbert space of H and is denoted by H. Using
the correspondence v < ¢,, H may be identified with H. As a
Hilbert space, H has the same addition as H; however in H scalar
multiplication is given by Av = v and the inner product is defined
by <U’U’>lﬁl ={v',v) = (v,v').

. PRoOPOSITION 111.4. Let f be a o-strongly * continuous linear func-
tional on B(H). Then f is o-weakly continuous.
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Proor. Note if f i1s o-strong = continuous, there is a sequence &,
of vectors with ¥ ||£,]|? < oo such that |f(A)| < p(A) where

o

p(A) = {Z(HAGW + IIA*EnH?)}E

n=1

for A € B(H). Set

- Hforn=12---
" YHforn=—1,-2, -

and define A on the direct sum H of H,, by

. Av, ifn >0
(Av), = ATy, if n < 0.

Let £ be defined by £, = &y Set Hy, to be the subspace {AE .
B(H)} of ®H,,. Define a linear map of H, into C by F(A£) = f(A).
Note F' is well defined; for if A = 0, then A¢, = 0 = A*¢, for all n,
and thus f(A) =0. N

Since |F(AE)|? = {f(A)|? < p(A)? = |{A¢]]?, F is continuous on
H—:]Io. By the Hahn-Banach Theorem, F' has a continuous extension to

H. The Riesz representation theorem implies there is a vector 7 € H
with F(A£) = (A&, 7) for all A € B(H). This gives

FIA) = (Abn,mn) + D _(A%6m 0)”

n>0 n>0

= YAl M) + (A, 60
= Z<AU1'7 wi>

where S ||v;]|? < 0o and ¥ |jws||? < 0o. Hence f is o-weakly contin-
uous. [

Matrix coefficients are the simplest linear functionals on B(Hi).
For each pair of vectors v,w € H, the corresponding matrix coeffi-
cient w, ., is defined by w,, .,(A) = (Av,w).

CoroLLARY II1.5. Let f be a o-strongly * continuous linear func-
tional on B(H). Then there exist sequences {v;} and {w;} with
S |ull? < 00 and T j|wil]? < oo with f =3 Wy, u, -

COROLLARY IIL.6. Let S be a convex set in B(H). Then § is o-
weakly closed iff S is o-strongly closed iff S is o-strongly * closed.
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PROOF. Note a linear functional on B(H) is o-strongly * continu-
ous iff it is o-strongly continuous iff it is o-weakly continuous. Since
each of these topologies is locally convex, the result follows from the
Hahn-Banach Theorem for locally convex spaces. [

PROPOSITION 1IL5. Let f be a positive linear functional on B(H).
Then the follouning are equivalent:

(a) f is o-strongly * continuous;
(b) fis o-weakly continuous;
(c) there is a sequence v; an H with 3 ||v:]|* < oo such that f =

Zi Wy -

ProoOF. The equivalence of (a) and (b) follows from Proposition
[11.4. Also (¢) clearly implies (b).

We establish (b) implies (¢). By Corollary IIL5, there exist w;
and w! such that f(T) = ¥ ;{Tw;,wj) where 3 ||lwi|[* < oo and
S |[w!l]? < oo. Hence w(T') = Y (T (w;+w}), ws +w}) is a positive lin-
ear functional on B(H) and 0 < f < w. Consider the representation
7 of B(H) on l, ® H defined by m(T)(&):2, = (T€:)2,. Then w(T) =
(m(T)(w+w'),w+w'). Corollary II.10 implies there is a positive lin-
ear operator S on I, ®H such that f(T) = (r(T)S(w+w'), S(w+w'))
for T € B(H). Set »; = S(w+ w');. Then Y ||v]|* < oo and

f(T) =3, (Tv;,v;). Hence f =37 wy . O

PROPOSITION II1.6. Let f be a strongly * continuous linear func-
tional on B(H). Then there exist vi,w; i = 1,2,--- ,n with f =
Yo Wew, - In particular f is weakly continuous.

Proor. Note if f is strongly * continuous, there is a finite se-
quence £y, s, ... ,&, of vectors with |f(A)| < p(A) where

1

o(4) = (iumw " HA*&II"’))Z

i=1

for A € B(H). Set
q Hfori=1,2,---,n
T Hfori=—-1,-2,---,-n

and define A on the direct sum H of the Hilbert spaces H; by

/-fi A’Uzlfi>0
(Av)i =1 4o i < 0.
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Let £ be defined by & = £jij- Set Hy to be the subspace {Af : A €

(H)}. Define a linear map of Hg into € by F(A€) = f(A). Note
F is well defined; indeed if AE = (0, then A& = 0 = A for all n
implies f(A) = 0.

Since |F( A{) |F(A)] < p(A) = ||4€||, F is continuous on ]ﬁlo
By the Hahn-Banach Theorem, F has a continuous extension to H.
By the Riesz representation theorem, there is a vector 7 € H with
F(AE) = (A, #) for all A € B(H). This gives

n

F(A) = Z(AEHTFZ + Z (A"&ima)”

i=1 n>0

= Z(AEH Th) (Anf'iagi)

i
'n.
Z (Av;, w;).

i=

—

Hence f is weakly continuous. O

Hence a linear functional f is strongly * continuous iff f is weakly
continuous. In particular a linear subspace of B(H) is strongly *
closed iff it is weakly closed.

COROLLARY II1.7. A conver subset of bounded linear operators s
weakly operator closed if and only if it is x-strongly operator closed.

PROOF. Both the weak operator and *-strong operator topologies
are locally convex. They have the same continuous linear functionals.
The result follows by the Hahn—Banach Theorem for locally convex
spaces. [

B(H)* is the space of norm continuous linear functionals on B(H).
Note B(H)* contains all the linear functionals continuous in any
weaker locally convex topology on B(H).

Let B..(H) be the collection of all weakly continuous linear func-
tionals on B{H) and let B.(H) be the collection of all o-weakly linear
continuous functionals on B(H). Then B..(H) C B.(H) C B(H)*.

DEFINITION. A continuous linear transformation T from H to K is

said to be finite rank if the range of T is a finite dimensional subspace
of K.
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LeMMA III.1. The finite rank operators are dense in B(H) with
the o-weak operator topology. They are also dense in B(H) in the
weak operator topology.

Proor. Consider a seminorm with form ||| = | 372, {Tv;, v;}]
where Y0 ||v|{% is finite. Balls using these seminorms define a
base for the o-weak topology. Let Ty be a bounded operator. Let
P, be the orthogonal projection onto the linear span of the vectors

V1,2, -. ;U Then BT, is a finite rank operator, and
IPaTo = Toll' =1 D {(PaTo —Toywi,w)| < D 2| Toll{lwll* — 0
t=n+1 i=n+1
as n —r 0.

The last statement is immediate because the weak operator topol-
ogy is weaker than the o-weak topology. O

Let H be a Hilbert space and let v, w be in H. Recall v®@ denoctes
the rank one operator defined by

v w(u) = (u,w)v.
for v € H.

LeMMA II1.2. Let f € B.(H). Then there exist orthonormal sets
{estin, and {e}}iL| and X > 0 with f = 3 Miwe, 1. Moreover |If|| =

PIP S

ProoF. We claim » wy, w, = 2. Wy . where these are finite sums
iff the operators - w; ® 9; and Y. w)} ®v U; are equal. Indeed,

D W (V@ W) = Y {(v @ wyvs, wi)
= Z 'u,-,'w U wi
= Z (w, v;yw;)
= v, Zwi ® 11- w)

Since every finite rank operator is a sum of simple tensors and
the finite rank operators are dense in the weak topology, > wy, w, =
Zwﬂ w 2w, @0 =2 w; @70

Now let f be weakly contmuous Proposition III.6 implies f =
) e Wy, ; for some vectors vy, wy;. Let T = Y w; ® 9;. Then T
1S zero on the orthogonal complement of the linear span W of the
vectors {v;,w; : ¢ = 1, -- ,n} and has range in this span. Hence
W€ may assume we are in a finite dimensional vector space. The
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matrix T*T is positive and self adjoint. Hence there is a positive
self adjoint operator P with P? = T*T. Choose an orthonormal
basis {e;} of W with Pe; = X\je; for i = 1,2,... ,dimW. Define
U on the range of P by UPw = Tw. Note U is an isometry on the
range of P (this implies U is well defined). Indeed, (U Pw, U Pw;} =
(Twl,ng) = (T*Twl,wg) = (Pzwl,wg) = (Pwl,ng). Extend U
so that U/ becomes a unitary operator on all of W. Clearly UP =
T. Set e = Ue;. Then T =} \e; ® &. Indeed Te; = UPe; =
\Ue; = )\ e; = 2 A\je; ®&;(e;). In particular, we see f = 3 A, ;-
Clearly ||fL| < ¥ Take S = Y e ®é. Then ||S], = 1 and

F(S) = Tuy Moo (€ B 8) = Ty A((EL @) (e, ). Thus £(5) =
Yilehely =3 A Hence ||f|]| =X X T

3. A predual of B(H)

THEOREM I11.3. The norm closure of B.(H) in B*(H) is B.(H)
and B..(H)* = B,(H)* = B(H). This is an isometric isomorphism.

Proor. Let f € B,(H). By Proposition IIL.6, f = w,, ., where
S Hlul? < o0 and 3 ||w;||? < co. Since

o0 o0
1D wowll < Y0 sl el

i=n+1 i=n+l
<D0 Wl TP,
i=n+l i=n+1

we see the norm closure of B..(H) contains B, (H).

Suppose f is a norm limit of elements in B.(H). We show f €
B.(H). Indeed, we may assume f = 3 f,, where f, € B.(H) and
[Ifa]l < 2%1 By Lemma II1.2, for each n there are finite orthonor-
mal sets e,; and e ; and positive numbers An,; such that f, =
2 An,iWen yer - Moreover |iflln =X Ay < 5. Let f =3 w050,

where fn: = /Aqen and f); = \/)\n!,-e;’i. Then f is a o-weakly

continuous linear functional, for

SNl = LAl = ZAM <Y o<

it

We now show the dual of the space B,(H) is B(H). First note if
A € B(H), then the linear functional l4 defined on B, (H) by

La(f) = F(A) = (A, f)
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is continuous on B,(H) with the norm topology. Namely

NEaCHH < (1FIHTALL

Now suppose W is a continuous linear functional on B,(H). For
v, w € H set
Slv,w) = W(wy,w)-
Then S is a sesquilinear form on H and
1S (v, w)| < W[ [[woull < [W[Hv]iw]].

The Riesz representation theorem implies there is a bounded linear
operator A on H such that

W(WU,W) = (Av,w) = wu,w(A) = EA(wv,w)-

By Proposition I11.6, W(w) = I 4(w) for any weakly continuous linear
functional w on B{H). Since these form a norm dense linear subspace
of B.(H), we see 14 = W. Also |l4(w)] = |w(A4)| £ ||w]]||A]| for all w
implies ||{4]] < {|Al]. But ||wywl| < 1if |jv|| <1 and |jw]] < 1. Thus

lall >  sup  jla{wyw)
[RIESHIESt

= sup }{Av,w)]
el =Ll w]<1

=[l4l.
This completes the proof. O

LeMMA II1.3. Assume H is a separable Hilbert space. Then the
strong operator topology and the strong-» topology are Polish on the
unit ball in B(H). '

PROOF. Let {e,} be a countable orthonormal basis of . Let B;
be the set of all bounded linear operators on H of norm less or equal
to 1. Define

p(A,B) = 2 "[[[(A~ Beall.
This is a metric defining the strong operator topology on bounded
sets. This metric is complete on B;. Indeed, note that a sequence
{A:} in B, is Cauchy iff {A,(v)}22, is Cauchy for every vector v.
The principle of uniform boundedness implies there is an operator
A € B such that Ax(v) — A(v) for all v € H.

To see that B, is separable, let C be the collection of all finite rank
operators in B; which vanish on the orthogonal complement of the
linear span of {e1,es,... ,¢ ~} for some N and whose range is in the
linear span of {e1,e2,...,exr} for some M and which has a rational
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matrix relative to the basis {e,}. Then C is a countable dense subset
of By.
For the strong-+ topology, use the metric

p(A,B) =3 2" ([(A - Bleali + /(4" = B")enll)
and a similar argument. O

LEmMMA II1.4. In o separable Hilbert space, the weak operator to-
pology has the same Borel sets as the strong operator topology.

PROOF. Since the norm closed balls are clearly closed in both
the strong and weak operator topologies, it suffices to show the two
topologies have the same Borel sets on the normed closed ball of
radius N. Since every weakly open set is strongly open, all weakly
Borel sets are strongly Borel. Now by Lemma IIL.3, the strongly
Borel sets make the closed ball a standard Borel space. Corollary
1.6 implies it suffices to show the ball of radius N contains a count-
able separating family of weakly Borel sets. The linear functionals
fow(A) = {Av,w) are weakly continuous on this ball. Let {v;}Z,
be a countable dense subset of H, and let {E;};2, be a countable
separating family of Borel subsets in the space C. Then the weakly
Borel sets A; ;% = f,%, (Ex) are a countable separating family for
the space of bounded linear operators of norm N or less. [J

THEOREM II1.4. The unit ball of bounded linear operators on a
separable Hilbert space with the weak operator topology is a compact
Polish space.

ProoF. Let {v:}2, be a countable dense subset of the unit ball of
H. Let D be the unit disk in the complex plane. Then the mapping
of the unit ball of bounded operators into the Hilbert cube [], ; D
defined by A — {(Av;,v;)}:; is a homeomorphism of the unit ball
onto a closed subset of the Hilbert cube. O

LeEMMA IIL5. Let S be a standard Borel space and H be a separable
Hilbert space. Let p be the coordinate projection of § x H onto S and
let g be the projection onto H. Then the product Borel structure on
S x H is the o-algebra for which a function f from a Borel space X
into S x H is Borel whenever the functions po f and z — (go f(z),v)
for v in a countable dense subset of H are Borel.

PROOF. Give § x H the product Borel structure. Then this space
is standard; and if f is a Borel function from X into this space, then
the functions po f and z — {f(z),v) are Borel. To finish the proof,
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the condition would force the identity map on S x H to be Borel and

therefore the Borel structure induced by the condition is weaker than

the product Borel structure. But it easy to see this induced Borel

structure is countably separated. Corollary 1.6 implies the result. O
4. Trace Class Operators

LEMMA II1.6. Suppose {v;}32, and {w;}2, are sequences of vec-
tors in H with ¥ ||v;]]? < o0 and ¥ ||wi||? < oo. Then

oo
Z v; @ Wy
i=1

is a bounded operator on H and
1Y wewl < (Zlvillz) (ZHMIQ) :
i=1 =1 i=1

Proor. Let v € H. Then using the Cauchy-Schwarz inequality
for both H and I, one has

>l @ wi(w)ll = o, wil il
< D Nl sl

< Jloll (X thesl?) " (el ?) ™

< 0Q.
O

DEFINITION. A bounded operator T' on a Hilbert space H is said
to be trace class if it has form Y v; ® @; where ¥ |jvi||? < oo and
2 ilwil* < co. By (H) will denote the linear subspace of B(H) con-
sisting of the trace class operators on H.

ProproSITION II1.7. There is a natural linear one-to-one onto cor-
respondence between the set of trace class operators T on H and the
collection of o-weakly continuous linear functionals f on B(H). This
correspondence is determined by the condition

flv@d) = (Tv,w)

for gll vyw € H. Moreover, if T = Y1, @ W; where ¥ ||ui||® < o0
and 3 ||w;||* < oo, then

F(A) =" {Av, w)
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for A € B(H).

Proor. Suppose T is trace class. Then T = } v, ® @; where
Yl < oo and ¥ ||un]|? < oo. Define f by f(4) = > (Av;, w,) for
A € B{H). Then f is o-weakly continuous. Moreover, for v, w € H,
one has

flo@m) =Y {(v®w)v;,w)

i

= Z(ani>(%w)
= (Z(%m)%w)
= <Z(Ui @ w; v, w)

= {Tv,w).

By Lemma III.1, the linear span of the rank one operators v ® w is
dense in B(H) in the o-weak topology. This implies f is uniquely
determined by the condition f(v @ w) = {(Tv,w), and the linear
functional f is independent of the particular decomposition of T' into
a sum of form 3 v; ® @;. Clearly, the correspondence T — f is
linear, and since f = ¢ when T = 0, we see this correspondence is
one-to-one. Corollary I11.5 implies this correspondence is onto. [

DEFINITION. Let T be a trace class operator on H. Then the
trace of T is defined by Tr(T') = f(I) where f is the unique o-weakly
continuous linear functional on B(H) satisfying f(v @ @) = (Tv, w)
for v,w € H. In particular, if T = ¥ v; ® @; where 3 ||v]* < 0o and
S |wi||? < 00, then

T‘T(T) = Z(thi).

ProrOSITION I11.8. Let T be a trace class operator and let {e,}

be a complete orthonormal basis of H. Then Y, |{Ten, eq)| < 00 and

THT) = (Tea,¢a)-

1

Proor. Let T = ¥ v;®w; where ¥ ||v:]]? < oo and 3 ||wi]|* < .
Then

(Tea: ea) = Z(em wi)('vis ea)'

1



4. TRACE CLASS OPERATORS 97

The Cauchy-Schwarz inequality implies

2 HTeasea)] < 3 [(eas wi) (v, €all

1/2 1/2
< (zuwi,eu):?) (Zuvi,eaw)
’ 1/2 ’ 1/2
=(Z_Hwin2) (ZIMH?) < o0

Moreover, since 3, , |[{€q, wi){vi, €a}| < 00,

Z Teme{, ZZ ea1w1 ’U”
[¢3
= Z Z Vi, €0 )€y W)
ZZ vi,w
i

= Tr(T).
0

ProPOSITION 111.9. Let T be a trace class operator on H.

(a) If A € B(H), then TA and AT are trace class operators.

(b) There exist orthonormal sequences {e;} and {e}} in H and
a sequence {N;} with A; > 0 such that >\ < oo and T =
E )\ie,- & é;

(¢) If T = Y Me; ® €, where {e;} and {e;} are orthonormal se-
quences, A; > 0 and >. \; < oo, then vI*T =3 \el®e; and
VIT* =35 he; ® e;. In particular, the nonzero eigenvalues
of VIT*T and vTT* are the A and their multiplicities are

7 A = A}

PrOOF. Suppose T = 3 v; @1; where 3 ||v;]* < ccand ¥ ||us|* <
. Then AT = Y (Av;)) ® @; and TA = Y v; ® A*w;; and since
N AvE < (AP T [lwl? < oo and 3| A | < [[ 4717 2l ]? <
o0, we see both AT and TA are trace class operators. This shows
(a).

Now for (b), if T is trace class, then by part (a), T*T is positive
and trace class. Hence T*T = 3 v; @ w; where > (Huvi||2 + |Jws]]?) <
co. This implies T*T is a compact linear operator. Indeed, let
{v vi} be a bounded sequence of vectors in H. Then for each i,
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j = (v}, w;) is a bounded sequence of complex numbers. Using the
Cantor diagonalization process, there is a subsequence v}, such that
k— (U;k,wi) converges for each i. Thus for each n, the sequence
k= i, v @ (v}, ) converges. Now if € > 0, choose n such that

_ _ 2, o 1/2
Y wealls ( 2 “""”2) (Z ”w"”Q) " dsu Tl

i=n+1 i=n+1l i=n+1

For this particular =, pick NV such that

n

i _ _ €
HZ;%' Rwiv],) — Y v @wi(v,)ll < 3

i=1
for k,I > N. Then for k,1 > N, one has

n

oo o0 n
1Y v @)~ > e @m@il SUD v @Blv),) = Y v @ wiley,)ll+
i=1 i=1 i=1

i=1

1Y weml) - Y wowms)l
i=n41 i=n-+t1
oo =}

€ —
SSHIY memEI I Y wew)l

i=n+l i=n+1
+20 Y weasupllvll

J

i=n+1

< £
2

IA
pal

+4-

= €.

B3| ™

Hence T*T is compact and positive. Theorem II.6 implies there
is a decreasing sequence {p;} of positive numbers and an orthonor-
mal sequence {e]} of vectors in H such that 7T = 3 ue; ® €.
Set A; = /i;. Then |T| = VvT*T = 3" \e; @ €. Define U on
the range of [T} by U|T|v = Tv, and extend U linearly to I by
requiring &/ = 0 on the orthogonal complement of the range of
|T'|. Then U is a partial isometry from Rang(/T|) onto Rang(T’),
and T = U|T| is the polar decomposition of T. Now U"T = |T7;
and thus by part (a), |T| is trace class. By Proposition IIL8, if
{e!} is extended to a complete orthonormal basis {e,} of H, then
Tr(|T) = L (X el @ e el el) =3 A Thus 35 A; < oo. Define
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e; = Ue}. For v € H, one has

Tv=UTv
=U()_ el @&
=U(D_ Alw,edel)
= Z)\'(U: €;)e;
=Y e ® ef(v).

This gives T = 3 \e; ® &}, and thus (b) holds.

For (c), suppose T =}~ \je; ® €, where ¢; and ¢} are orthonormal
sequences, A; > 0, and > A; < oo. Then T* = > \e, ® €. Thus
T*T=3Y Me;®€, and TT* =3 Me; ®¢;. Hence vT*T =3 el ®
e and VTT* = ) Me; ® €. Clearly the elements e} and e; are
eigenvectors for T*T and +/TT*, respectively with ); being their
corresponding eigenvalues. [

We have seen B;(H) is a two sided ideal in B(H). It is a * ideal
for the adjoint of 3" v; ®@w; is }_ w; @ 7;. We define a norm on B;(H)
by {[T} = Tr(|T).

THEOREM IIL.5. The mapping of Bi(H) into B.(H) defined by
T — f where f(A) = Tr(AT) is an isometry of B,(H) onto the
predual B,(H) of B(H). Moreover, ||T||; > ||T||.

Proor. Let T +— f be the natural linear isomorphism of B;(H)
onto B,(H). Hence if T = Y v; ® @; where 3 ||u|]*> < oo and
ilwil|? < oo, then f(A) = T(Av;,w;). But AT = 3 Av; @ w;.
Hence Tr(AT) = Y (Aw;,w;). This shows T — f where f(A) =
Tr(AT) is the natural isomorphism of B,(H) onto B, (H).

We show T — f is an isometry. By (b) and (¢) of Proposi-
tion IIL.9, T = 3 A;e; ® € where the )\, enumerate the eigenval-
ues of the operator |T| = vT*T according to their multiplicities.
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Thus Tr({T|) = 3 Ai. Now if A € B(H), we have
1f(A) = Tx(AT)]|
={Tr(>_ Mide; @ &)
= Z Ai(Aes, €}
< Y Al{de; el

<[l A

= 1Al Tx(|71),
and thus ||f]] < Tx(IT}). Let A be the operator 3_e; ® . Clearly
HA|l < 1, and since AT = ¥ \e; ® &, f(A) = X A This gives
171l = =\ = Te(IT), and thus ||| = 7]\

Note ||T]| < |\'T||, if T € Bi(H). Indeed, if T =3 Aie; ® €; where
{e;} and {e/} are orthonormal sequences, A; > 0 and 3 A < oo,
then Tv = 3 Ay{u, ¢t)e, implies | [Tul? = 3 X2|(v, €2 < [l 2 X2
Since all ); are positive,

TN < /DA <Y N =Tl

O

THEOREM IIL6. A bounded linear operator T on H is trace class
iff there is an orthonormal basis {e.} of H such that -, {|T'|€a; €a) <
00.

PROOF. Suppose Y. {|T|ea, ) < 0o. Define ¢ on B(H) by

¢’(A) = Z(AiTlem ea)'

Note ||@|] <€ S{IT|eas €). We claim ¢ € B,(H). Indeed, for each
finite subset F consisting of a’s, define ¢r(A4) = 3 er(A|T€a; €a)-
Clearly each ¢r € B,(H). Order the finite sets F' by inclusion. Note

liml|§— r|| = 0.

Indeed, ||¢ — ¢r|l < Y oer{lTlea,ea) — 0 as F increases. But by
Theorem I11.3, B,(H) is norm closed. Hence ¢ ¢ B,(H). Theorem
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II1.5 implies there is an operator § € B,(H) such that ¢(v ® w) =
{Sv,w) for v,1w € H. But

dvow) =) ((v ®’w)|T|6a, al
Z(| [€as W) (U, €4)

Z(e |T|w U, €4}
= Z (v,e,) {|Tw, eq)
= (v, T|w)
= {|T|v, w)

This implies |T| = S € B,(H). Now T = U|T| where U is a partial
isometry. By (a) of Proposition IT11.9, T is trace class.

Conversely, if T' € B,(H), then !T| is trace class. Proposition
I11.8 implies > {|T e, eo) = Tr(|T]) < oo for any orthonormal basis
{e.}. O

CorOLLARY IIL8. A linear operator T is trace class iff there is
o complete orthonormal basis {e,} such that for any complete or-
thonormal basis {€.}, one has

ZJ €ar € )] < 00.

Tl = r{gaitZJ(Tea,e;)l-

PRrOOF. Suppose T is trace class. Let f be the corresponding o-
weakly contimious linear functional on B(H). Thus f(A) = Tr(AT).
Choose ¢, with |¢,| = 1 and ca<TeD,, '} > 0. Let U be the unitary
operator defined by U = 3" ¢ e, ® €. Then

fU) =3 {UTeq,ea)
= i(Tem Ure,)
= Za:(Tea,aae;)
- ZC s €}
-T

We thus see Y2, [(Tea,e)| = | F(U)] < |If]] = [|T]x.

Moreover,
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Conversely, suppose 3 [(Te,, )| < oo for any basis {e,}. Let
T = U|T| be a polar decomposition of T where U is some unitary
operator. Define e/, = Ue, for each cv. Then

Y (Tlearea) = || Tlea, Uel)|
= Z! UiT[emeaH
= ZHTGC,,E'QH

< Q.

Theorem II1.6 implies T is trace class. Moreover,
1Tl —maXZI (Tea, €,)

O

COROLLARY II1.9. Let T be trace class, and let U be unitary.
Then

WUT = [|TU]]..

5. The Kaplansky Density Theorem

TeEOREM IIL.7. Let A be a von Neumann algebra on a Hilbert
space H. Suppose M is a * subalgebra of A which is strongly dense
in A. Then M NS is strongly dense in AN S where § is the unit
ball in B(H).

PROOF. Since the strong closure of M contains the norm closure
and the norm closure of M N S is the intersection of S and the norm
closure of M, we may assume M is norm closed. Hence M is a C*
algebra.

Consider the algebra A; = A® B(C?) which consists of all oper-
ators

Ay Ass

This is a von Neumann algebra on 2H = H® C* = H¢ H. Similarly,
we can form M, = M ® B(C?). It is a * subalgebra of A;. It
is strongly dense in A,. Indeed, if (A; ;) € A3, then there exist a
directed set of a's and nets By, which converge strongly to A;; for
i,J € {1,2}. It follows that

(B By Ly (A A
B§, BS,) T \Aan Ag

(Al’l Al’g) where A; ; € A.
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strongly on H ® C?. Moreover, since ||B..,|| < [|(B:;)|| < ||Bid]] +
[|B2!| + ||B21]| + [|B22| for each r and s, the algebra M is norm
closed and thus is a C* algebra.

Since M. is strongly dense in Aj,, it is weakly dense in 4,. Thus
every self adjoint operator in A; is a weak limit of a net in M,. Since
T— T+2T' is weakly continuous, every self adjoint operator in A, is
a weak limit of a net of self adjoint operators in M,. Since the set of
self adjoint operators form a convex set, it follows by Corollary II1.7
that every self adjoint element in A; is a strong limit of self adjoint
elements in M.

Now let A € AN S. Then the operator C' = (j* 61) is self

adjoint. Also

0 () 1F =1 (5 )17 = Bl ol < P = 1 () 1

Hence ¢’ is in the unit ball of B(2H).

Set h(t) = 27 for t € [-1,1]. his a strictly increasing mapping
of [-1,1] onto [-1,1]. Its inverse is A~'(t) = ;—t—5. In particular
C = h~'(C") is a self adjoint operator in A, and thus is a strong limit
of a net B € M of self adjoint operators Set B! = 2B,(I+B%)"!
Note B, € M,. Moreover, since |-2;| < 1 for all real t, 1B < 1

for all . Also

1+z'~’

C' ~ B!, = h(C) — h(Ba)
=2(I+B2)"Y({I+ B3)C - B,(I+C)YI+CH!
=2(I+ B3 HC - B)(I+CH!
+2(I + B2 Y By(Bo — C)YC) I+ CH?

=2(I+B3)"HC -B)I+CH " + %B;(Ba - o)
Hence for each v € 2H,

lim |0~ Bil| < 21l (€~ Ba)(I+C%) "0+ lim [(Ba ~O)C] =o0.

Ba o
Thus B!, converges strongly to €. But B!, = ( Lt BL’Z ) for
B3, B3,
Operators B, € M. It follows that Bf, converges to A strongly and
1Bl < 1BL < 1. O
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6. Boolean Algebras of Projections

If H is a separable Hilbert space, the family of all orthogonal pro-
jections on H form a lattice with operations PV @ being the orthog-
onal projection onto smallest closed subspace containing both the
range of P and @, P A @ being the orthogonal projection onto the
intersections of the ranges of P and @, and P’ = I — P. The reason
that this is not a Boolean algebra is that the distributive law fails.
Indeed, we note that a Boolean algebra of orthogonal projections on
a Hilbert space must contain commuting operators. More specifi-
cally, note that if P and @ are orthogonal projections in a Boolean
algebra, then P = (PAQ)V(PA(I-Q))=(PAQ)+(PA(I—Q))-
Thus PQ=(PAQ)Q=PAQ=Q(PrQ)=QP.

THEOREM IIL1.8. If B is a o-Boolean algebra of projections on a
separable Hilbert space H, then B is the range of a projection valued
measure P on a standard Borel space.

PRrOOF. Let {Q.} be the family of atoms in B. Since H is sep-
arable, this family is countable; and thus @ = v,Q, € B. Thus
the Boolean algebra B? on the Hilbert space QH consisting of all
projections of form QS where § € B is the range of a projection
valued measure based on a countable set. The ‘complementary’ al-
gebra B'~9 is clearly atom free. By using the notion of a direct sum
of projection valued measures based on the disjoint Borel union of
their base spaces, it follows that to prove the theorem we may assume
B is atom free.

The argument in the proof of Proposition II1.1 shows that the
Boolean algebra B has a separating vector v. Thus the function
defined on B by (@) = (Qv,v) is a measure on the o-algebra. By
Lemma IIL.3, B contains a countable set {Q;}:2, which is dense in B

in the strong operator topology. This set is also dense in the metric
p defined by g. Indeed,

p(Q.Q:) = QU — Qi) + (Q:(1 — Q)
= {Qu,v) — {QQyv, v} +{Qv,v) — {Q:iQu,v)
= {Q%v,v) — {QiQu,v) + (Qiv, v} — (Qu,v) + (Q%v,v) — (QiQu,v)
= 2{(Q - Q:)Qu,v) + {(Q; — Q)v,v)
< 3[I(Q — Qi)vlivl}

which is small if Q; is close to @ in the strong operator topology.
Hence A is a o-Boolean algebra with a separable atom free measure
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. Theorem 1.25 implies A is the range of an isomorphism P defined
on the measure algebra M(m). O

‘The notions of multiplicity, cyclic vectors, and cyclicly orthogonal
vectors depend only on the range of the projection valued measure
and not on the particular mapping P. Thus the results in Section
1 hold for any o-algebra of orthogonal projections on a separable
Hilbert space.

7. The Double Commutant Theorem

The commutant of a set W of bounded operators is the algebra
W’ consisting of those bounded operators which commute with every
member of W. If W is * closed, that is A* € W whenever 4 ¢ W,
then W' is a von Neumann algebra.

THEOREM II1.9 (VON NEUMANN). Let A be a o-strongly closed *
algebra of operators on a Hilbert space Hl. Then there is an orthogonal
projection P in AN A" with PA = A for all A € A and A" =
A®C(I — P). In particular, if A is a von Neumann algebra, then
A" = A. (Here P is the orthogonal projection onto the closure of the
linear span of all vectors Av where Ac A and v € H.)

PrOOF. Let P be the orthogonal projection of H onto the closure
of the linear span of all vectors Av where A € A and v € H. Thus
PAv = Av for all A and v. This gives PA= Aforall Ain A. Taking
adjoints gives AP = P for all A € A. Thus P € A’. But if B € A,
then BAv = ABv for all A € A and v € H. Hence PBAv = ABv.
This implies PBA = AB = BA = BPA. This gives PBPA = BPA
for all A € A, and hence PBP = BP for all B. Thus P ¢ A",

Let B € A”. Then PB € A”. Let vi,vy,... be a sequence in
H satisfying 3 [|vg|[? < oc. Let Ha be the Hilbert space of all
sequences (wy) of vectors in H satisfying 3 {lwi{]? < co. For A € A,
let A, be the operator on H.,, defined by Ay (vy) = (Avg). Then
Ao = {Aw : A € A} is a * algebra of operators. It is an easy matter
to check that (Aw)” = (A")e. Set Voo = (vg) € Hae.

The closure K of the collection of vectors (As + Al Jveo where
A€ Aand A € Cisinvariant under A_,. Hence if Q is the orthogonal
Projection onto K, @ € (A). Since P commutes with B, and
P and B are in A", we have QB P, = P B, G, and the vector
PoBov is in the range of Q. Hence there is a sequence A, € A
With (A, )ecVoo — P BooUoo. This implies 3, || Anve — PBu||? > 0
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as n — oo. Thus PB is in the o-strong closure of A. Since A is
o-strongly closed, PB € A. Taking B = I gives P € A.

Thus B = PB4 (I — P)B where PB € A. Consider (I - P)B. It
belongs to .A”. But all operators of form (I — P)C(I — P) commute
with A, for P is an identity in .A. Hence ({ — P)B(I — P) commutes
with all operators of form (I — P)C(I — P). This implies (/ -~ P)B =
A{ — P) for some scalar A. O

COROLLARY II1.10. Let A be a o-strongly closed * subalgebra of
B(H). Then A is strongly closed.

Proor. Let P be the identity orthogonal projection for .A. Then
A" = A@ C(I — P). Note A" is strongly closed. Thus if A; is
a met in .4 converging strongly to B in B(I), then B € A”. But
B = A+ A(I — P) for some scalar A and some A € A, and 4; = A;P
converges strongly to BP. Hence BP = B. This implies B = 4, and
thus A is strongly closed. O

LEMMA IIL7. If T commutes with all the orthogonal projections
in a von Neumann algebra A, then T € A'. If T commutes with all
the unitary operators in a von Neumann algebra A, then T € A'.

PROOF. Suppose T commutes with all the orthogonal projections
P in the von Neumann algebra .A. Let A be a self adjoint operator in
A. By the spectral theorem (Theorem IL5), A is in the norm closure
of the linear span of all the projections commuting with the bounded
operators commuting with 4. Thus A is in the strong closure of the
linear span of the orthogonal projections in .A”. A" = A implies A is
in the strong closure of the linear span of the orthogonal projections
in ,A. This implies T commutes with A; i.e., T commutes with every
self adjoint operator in A. Since every bounded linear operator is a
linear combination of two self adjoint operators, T is in A’.

The last statement follows from the first; for every orthogonal
projection P = (2P —I)+ 31, and 2P — I and I are unitary. [

We thus see every von Neumann algebra is the strong closure of
the linear span of its orthogonal projections.

THEOREM IIL.10. Let F be a directed set of positive operators in
B(H) and suppose supacr||Al] < co. Then limger A = Ap in the
strong operator topology. Moreover, Ap = sup ¢z A.
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PROOF. Theorem III.4 implies the weak topologies on balls in
B(#) are compact. Thus a subnet of F converges in the weak op-
erator topology to an operator Ay. Since F is a directed set of pos-
itive operators, this implies limz{Av,v} = {Ayv,v) for each vector
vin H. Thus Ay > 0 and (Av,v) < (Agv,v) for all v € H. Thus
Ag =supyr A. Also note

1(Ag — A)v[| = [|(A — 4)12(4p — A)V20||?
< 11(Ao — A2 {149 — A)V20])?
< M{(Ag— A)v,v) =0
as A increases. [J

PRrOPOSITION II1.10. Let A be a o-strongly = closed + algebra of
bounded linear operators on a Hilbert space H. Then A is strongly
closed.

PrOOF. By replacing H by the closure of AH, we may assume AH
is dense in H. N

Let H = L,(H) = {3 = {v.}2, : 3 |jvall* < o0}. Then H is
a Hilbert space with inner product {&,) = Z(vn,wn) For each
T € B(H), let T be the bounded operator on H defined by T% =
{Tv,}.,. Note A is a * algebra on H, and A is strongly # closed.
Indeed, suppose T; € A and T, converges strongly * to an operator
S on H. Then 1} converges pointwise to an operator T" on H and
S = T. Since T converges strongly # to T, one has T:% — T% and
T*v —T*5 in H for all # € H. In particular,

Z || Tiwn — Tval|* — 0 and
ST ve — T oaf2 = 0

for all & = (v,)2, with 3 ||va]|? < oo as i increases. Thus 7' is
the o-strong * limit of the 7}, and we see T € A. By _Corollary
L7, A is strongly closed. One also has AH is dense in H. Indeed,
if & | AH, then {(Wn, Av) = 0 for each n and every A € A and
every v € H. Since AH is dense in H, w, = 0 for all n; and thus
w = (. Theorem IT1.9 then 1mphes A is a von Neumann algebra.

Hence (A) = A. But (A) (A”). Indeed, (.A) consists of all
bounded operators having matrix [(Tn)mn where Ty, , € A’. Here

Tnnl(®) = {ETmpoa}iry Thus By = [6nibusl] € (A). Let
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A€ (/I)H. Then AE;; = E;;A for all ¢, 7. Hence A leaves each

of the subspaces Ej;H invariant; and if v — Uw = = {Oniv}ol, is
the natural unitary correspondence between H and E; tIHI we have
U AU = U AE; jUyv = U E, ;AU; = U AU; for all 4, j. Thus A
has form D where D is a bounded operator on H. Since D- [0, ,T] =
[Om. T - D for each m and n and T € A’, we see DT = TD for all

Te A. Thus D € A”, and we see (A) (A”). Since A = (A)”:

A= A". Since commutants are always strongly closed, A is strongly
closed. O

COROLLARY II1.11. Let A be a * algebra of bounded operators con-
taining the identity. The following are equivalent:

( ) A AH
(b) A is strongly closed
(c) A is weakly closed
(d) A is o-strongly = closed
(e) A is o-strongly closed
(f) A is o-weakly closed.

PROOF. These follow from the double commutant theorem, the
fact that A“ is o-strongly # closed, Corollary I11.6 and Corollary
I1.7. O

PROPOSITION I11.11. Let M be a von Neumann algebra, and let N
be a left ideal. Then there is a unigue orthogonal projection E € M
such that

A_/’w — ME — A_fcrw'
Moreover, there is an increasing net of positive operators Uy in N
such that U, converges strongly to E. If N is a two sided ideal, then
E is in the center of M.

Proor. By Corollary I1.4, there is an increasing net Uy in A with
0 < U, < I sothat X — XU, — 0 in norm for all X € /. Theorem
II1.10 implies U, converges strongly to a bounded operator £. Since
the net U, is bounded, we also have U, converges o-strongly to E.
Hence E belongs to the weak closure N and the o-weak closure Now
of N. Moreover, both N and N* are left ideals. Hence ME C N
and MFE C .N“”” Now if T € N, then TUy = T. Thus TE =T for
all T € N. Hence TE = T for all T € N and for all T € N°¥. In
particular E is a projection, and N¥ C ME and N°* C ME. Thus
N = ME = N°v. To see E is unique, suppose F' is another such
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orthogonal projection. Then BE = B and BF =F if B N¥. In
particular, F£ = F and EF = E. Hence K = E* = FE = F.

Suppose A is a two sided ideal. Corollary IIL7 implies N is
a two sided strongly closed ideal. Since M is strongly closed, it is
norm closed. By Corollary IL5, MFE is a * ideal. But then ¥ is the
identity in MFE. Thus KA = FAE —~ AE for all A € M, and £ is
central. O

8. Commutative von Neumann Algebras

THEOREM IIL.11. Let A be a commutative von Neumann algebra
on a Hibert space H with Gelfand spectrum A. Then there is a
regular projection valued measure P on A with values orthogonal
projections on H such that A consists of all operators [ f(z)dP(z)
where f is a bounded Borel function on A.

REMARK. We define the operator M; = [ f(z)dP(z) weakly as
follows:

(Myv,0) = [ @) d(P()o,w)

for f a bounded Borel function on A. Recall a projection valued
measure 1s regular if £+ gy, ,,(F) = (P(E)v,w) is a regular Borel
measure on A for each v and w.

PROOF. Let ¢ : C{A) — A be the inverse of the Gelfand trans-
form. Then @ is a representation of the commutative C* algebra
A. By Theorem IL4, there is a regular projection valued mea-
sure P on A such that ¢(f) = [ f(z)dP(z) for f € C(A). Thus
A={M;: fe C(A)}. Suppose f is a bounded Borel function on
A. We claim My € C(A). It suffices to show M; is in the dou-
ble commutant of .A. Let U be a unitary operator in .4’. Then
UMU! = M; for f € C(A). This implies

(UM;U™ v, w) = (M;U 0, U )
:[f(a:)duu-lv,u—lw(m)
- f £(x) ity ()
= (M;v,w)

for all f ¢ C(A). By regularity, tow(E) = py-1,u-1,(£) for all
Borel sets £ and all vectors v and w. Thus (P(EYU v, U w) =
{(P(E)v,w) for all v and w. Hence UP(E)U~! = P(E). By Lemma
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I11.2, P(E) belongs to A”. The double commutant theorem implies
P(E) € A for all E. Hence if T € A’ and f is a bounded Borel

function,
(M;Tv,w) = {T'v, Mfw)
= {Mzw, T)

- ‘/‘fdﬂw,T'u

for
o 7w (E) = (P(EYw, Tvy = (T" P(Eyw,v) = (P(EYT*w, v} = pirew,o(E).
Thus M; € A", and we have My € A. O

9. Hilbert Bundles and Direct Integrals

DEFINITION. A Hilbert bundle over a standard Borel space S
is Borel space ‘H and an onto Borel mapping p : H — & such that
the following are true:

(1) #, = p~'(s) is a Hilbert space with an Hermitian form (-, -),
for each s € S.
(2) There exists a sequence {fn}o2, of Borel functions from S
into H with po f,(s) = s for all s such that
(2a) the linear span of {f,(s)} is dense in #, for each s;
(2b) for each m and n, the function s v {(fin(s), fa(s)}s 18
Borel; and
(2¢) a function F from a Borel space X into H is Borel if
and only if the functions p o F' and the functions

x = (F(2), fu(P(F (@) pr@n
are Borel for all n.

We give some examples of Hilbert bundles. The first is a direct
sum of trivial Hilbert bundles. For n € {oco}UN, let S, be a standard
Borel space and let C, be the standard Hilbert space of dimension
n, i.e., of countable dimension in the infinite case. Set H, to be
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the standard Borel space 5, x C,, with the product Borel structure,
Let p,, be the projection onto the first coordinate and define f;(s) =
(s,e;) where e1,...,e, is an orthonormal basis of C,. p7l(s) =
{s} x C,, is naturally identified with the Hilbert space C,. (1), (2a),
and (2b) are clearly satisfied. Moreover, (2¢) follows from Lemma
111.5. Hence #,, is a Hilbert bundle.

Now set ‘H to be the disjoint Borel sum of the standard Borel
spaces H,,, and set S = U,S,. Let p be the projection onto S de-
fined by p = p, on S,,. Then H is a Hilbert bundle which is the
direct sum of the trivial bundles H,,. We shall see shortly that up to
isomorphism all Hilbert bundles are of this form.

A Borel section of a Hilbert bundle # is a mapping f from S into
H satisfying po f = ids and s v {f(s), fo(5)), is a Borel function
for each n. Two Hilbert bundles H and X over S are isomorphic
if there exists a mapping s — U(s), where each U(s) is a unitary
isomorphism from H, onto K,, satisfying s — U(s)f(s) is a Borel
section of K if and only if f is a Borel section of H.

THEOREM II1.12. Every Hilbert bundle H is isomorphic to a direct
sum of trivial Hilbert bundles. In particular, every Hilbert bundle is
a standard Borel space.

PrROOF. Let {f,} be the sequence of functions satisfying the con-
ditions of (2). By condition (2b), the set of s where f,,(s) = 0is a Bo-
rel set. Using cutting and pasting and the Gram-Schmidt orthonor-
malization process and the conditions of (2), one may replace the
functions f,, by functions e, that have the additional property that
em(s) # 0 and e,,11(s) = 0 implies e;(s),...,en(s) is a orthonormal
basis of H,. Thus S, = {s:e,(s) #0 and e, (s) = 0} is a Borel set,
and # is the Borel direct sum of the Hilbert bundles #,, = p~1(S,)
over S,,. We may therefore assume S = S,. Let uy,...,u, be an
orthonormal basis of C,. Define U(Y; a:es(s)) = (5,3, asu;). Con-
ditions (2b) and (2¢) along with Lemma IIL5 show U is a Borel
isomorphism of H,, onto S x C,,. Finally set U(s) = Ulp-1sy- O

DEFINITION. Let H be a Hilbert bundle over S. Suppose 4 is a
o-finite measure on S. The direct integral [ #, du(s) is the Hilbert
Space comsisting of all Borel sections f with [ {|f(s)|2 du(s) < oc.
It is called the direct integral of the Hilbert bundle X with
Iespect to u.

An important class of Hilbert bundles occurs when one considers
disintegrations of measures. Let X and $ be standard Borel spaces
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and suppose s — yu, is a Borel map into the space of finite measures
on X. Thus s — p,(E) is a Borel function for each Borel subset E of
X. Define px (X x C) to be the set consisting of all pairs (s, f) where
f € L*(u,). Set p to be the natural projection onto S. Then clearly
p~1(s) is isomorphic to L*(sz,) and hence is a Hilbert space. Let {A.}
be a countable algebra of sets on X which generate the Borel sets.
Set f.(s) = (s,14,). Then (2a) and (2b) are satisfied. Define a Borel
structure on u * (X x C) by taking it to be the smallest c-algebra
such that the mappings (s, f) — s and (s, f) — [4, flx)du(x),
n > 1 are Borel. In particular, a mapping y — (s(y), f,) is Borel
on a Borel space Y iff s is a Borel mapping from Y into S and
y — [4 fy(z)dps(x) is Borel for all n. This gives (2¢) and thus
u* (X x C) is a Hilbert bundle.

A slight generalization of this method can be defined in terms of
direct integrals of Hilbert bundles. Let H be a Hilbert bundle over X.
Let s — (, be as before. Define u * M to be the set consisting of all
pairs (s, f) where f € [ © 1, du,(x), and let p be the mapping sending
(s, f) to s. We note we may take the functions satisfying (1) and (2)
for the Hilbert bundle H to be bounded; that is || f.(z)||s < 1 for all
z € X. Define functions fmn on S by (fmn(8))(@) = 1a, (7) fu(z)
and give p * H the smallest Borel structure for which the mappings
(s,f) — s and (s, f) — [{f(z), fmn(2)} dits(x) are Borel for all m
and n. Again a function y — (s(y), f,) is Borel iff the functions
y — s(y) and y — [{F,(®), fmn(2)) ditsy(x) are all Borel, and p=#H
is a Hilbert bundle over S. We note that the o-algebra of Borel sets
on pu + H is the smallest o-algebra making the maps (s, f) — s and

(5, F) = f4_(f(z), fa(z)) dpes(z) all Borel.

Let H and K be Hilbert bundles over S. A Borel field of bounded
operators from 7 to K on § is a function s — A(s) where each A(s) is
a bounded operator from H, into X, such that if f is a Borel section
from § into H, then s — A(s)f(s) is a Borel section of S into K. It
is an easy matter to check that A is Borel whenever Af, is Borel for
the f, satisfying condition (2).

Suppose i is a o-finite measure on S and A is a Borel field of
bounded operators from H to X such that the essential supremum
of the operator norms |[A(s)||, with respect to u is finite. Then the
operator M, defined by (Maf)(s) = A(s) f(s) is a bounded operator
from the Hilbert space [ #, du(s) into the Hilbert space [ P K, du(s)
and is called the direct integral of A over § with respect to yu. It
is also denoted by [® A(s)du(s).
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We remark that if H and K are trivial, then A is Borel if and only if
s — A(s) is weakly Borel or equivalently strongly Borel as operators
from C,, into C,,,. Since all Hilbert bundles are isomorphic to a sum
of bundles isomorphic to trivial bundles, one can always consider the
trivial case when establishing results about direct integrals.

PROPOSITION III.12. Direct integrals of bounded Borel ficlds of
operators satisfy

(1) ||fGB A(s) du(s )U=|g/fA| =[|A|Jw—ess sup || A(s)]|,

(2) (/% A(s) 5)=fA() u(s),

(@) [2(A0) + B0 dule) = /2 A %du )+ 1% B(s) du(s)

(1) 1% A(s) duus) [* B(s) ) B(5) du(s),

(5) fe A(s)du(s) is the zdentzty opemtor iff A(s) =1 for a.e. s,
(6) [®U(s)du(s) is unitary iff U(s) is unitary for a.e. s, and
(7) [® Q(s)du(s) is an orthogonal projection iff Q(s) is an or-

thogonal projection for a.e. s.

Proor. We may assume the Hilbert bundles are trivial. It is
clear that ||Mal|l < ||Allw. Let € > 0. Then E = {s : ||A(s)|| >
|| Al|loc — €} has u positive measure. Moreover, since s +— A(s) weakly
Borel implies s +» A(s) is strongly Borel, the set {(s,v) : ||A(s)v|| >
(1Allc — €)|lv]|} is a Borel subset whose projection onto S is E.
The von Neumann selection lemma (see Theorem 1.13) implies there
is a subset Ey of E having positive measure and a strongly Borel
map f on Ey such that ||A(s) f(s)|| > (||Al|lec — €)]If(s)]| for s € Eq.
Define f(s) = 0 for s ¢ Ey. Then [[Maf]| > (||4]lee — €}/ |1F]]-
Hence ||M4|] > ||A||sc — €- The other statements follow from similar
arguments. [

DEFINITION, Let # be a Hilbert bundle over S, and let u be a
o-finite measure on S. The projection valued measure defined by
P(E) = 1g(s)f(s) is the canonical projection valued measure
for the direct integral of the Hilbert bundle H with respect to u.

If the Hilbert bundle # is trivial, then the canonical projection
valued measure is identified with the canonical projection valued
measure on L%(S, u, C*).

THrROREM II1.13. Let P be a projection valued measure on the
standard Borel space S which operates on the separable Hilbert space
H. Then there are a Hilbert Bundle H over S, a finite measure T
on S, and a unitary isomorphism of H onto [® H, du(s) such that
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E — UPgU™! is the canonical projection valued on this direct inte-
gral of Hilbert spaces. Moreover, the measure class of w1 is unique.

ProoF. This follows easily from Theorem IIL.1 and Theorem II1.2
and the fact that u(E) = 0 precisely when P(E) =0. O

THEOREM II1.14. Let P be the canonical projection valued mea-
sure on [© H.du(s). Let A be the smallest von Neumann algebra
containing all the operators P(E), E a Borel subset of S. Then:

(1) A={J® f(s)L,du(s) : f € L=(S)} and
(2) A = {J® A(s) du(s) : s — A(s) is any essentially bounded
Borel field of operators}.

Proor. Using Theorem II1.12 we may assume the Hilbert bun-
dle is trivial. Hence P is the projection valued measure defined on
L3(S, u, H) defined by Py f = 1f. We show (2) first. Since the oper-
ators M4 = f$ A(s) du(s) commute with the projections P(E), they
belong to A’. Suppose B € A'. Letw,v € H. Define a complex mea-
SUTe fu, O0 S by piuwo(E) = (PeBw,v). Here w and v are the con-
stant functions on § with value w and v, respectively. The measure
{two is absolutely continuous relative to u. Let s — {Bw,v)(s) be
the Radon-Nikodym derivative. Since |tiy(E)| < lwl|||ol|[| B E£)
for all F, it follows that

(1) |(Bw,v)(s)| < ||B[llwll|lvl] a-e. s.

Let W be a countable dense subset of Hl which is a linear space
over the ring consisting of the complex numbers with rational real
and imaginary components. Since ., is conjugate linear in w and
v, the a.e. uniqueness of Radon-Nikodym derivatives implies there
exists a conull Borel subset Sy of § such that (Bw,v)(s) is con-
jugate bilinear on W for each s € Sp. By (1), we may also as-
sume |(Bw,v}(s)| < [|Bl||lwl|||v]| for w,v € W and s € Sp. Thus
for s € Sp, the function (w,v) — (Bw,v)(s) is uniformly bicon-
tinuous on the dense subset W x W of H x H. It follows that
for s in Sp, one can extend this form to a conjugate linear form
on H with norm no larger than ||B||. Moreover, by the Lebesgue
dominated convergence theorem, (Bw,v)(s) is the Radon-Nikodym
derivative of p,,, for each w and v in H. Define {Bw,v)(s) = 0 for
s ¢ Sp. Hence for each s, there is a bounded linear operator B(s)
on H with ||B(s)!| < ||B}| such that (B(s)w,v) = {Bw,v)(s) for
all w,v, and 5. The mapping s — B(s) is weakly Borel. Note
(Ms(lgw),1pv) = [unp(B(s)w,v)du(s) = (P(E N F)Buw,v) =
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(BP(E)w, P(F)w). This implies (Mpf,g} = (Bf,g) for all simple
functions f, ¢ in L?(S, u, H). Thus Mp = B.

To prove (1), note that A is abelian, and thus 4" O A. Suppose
B € A Then B € A’ and hence by (2), B = [® B(s)du(s). But
since Mp is in A", (2) implies 9(AB(s)— B(s)A) du(s) = 0 for each
bounded operator A on H. By (1) of Proposition I11.12, AB(s) —
B(s)A =0 for ae. s. Let {A,} be a countable set which is strongly
operator dense in the unit ball of bounded operators. It follows that
there is a conull Borel subset Sy such that 4,B(s) = B(s)4,, for all
n and all s in Sp. This implies that for each s € S;, B(s) commutes
with all bounded operators and thus has form f(s)I. Define f(s) =0
for s ¢ Sy. Then B = [® f(s)Idu(s). O

PRrOPOSITION II1.13. Let H and K be Hilbert bundles over the
standard Borel space S. Let i be a o-finite measure on S and suppose
P and Q are the canonical projection valued measures on [ Y, di(s)
and [® K, du(s). Then if T is a unitary isomorphism of {© H, du(s)
onto [ K, du(s) satisfying TP(E)T™' = Q(E) for all Borel sets
E, then there is a bounded Borel field s — T(s) of operators such
that T(s) is a unitary isomorphism of H, onto K, for p a.e. s and
such that (Tf)(s) =T(s)f(s) a.e. s for each square integrable Borel
section f in [€ M, du(s).

PrROOF. We may assume the bundles H and K are trivial. Thus
H=S x H and X = § x K where H and K are Hilbert spaces. In
this case T is then a unitary isomorphism of L?(S, H) onto L?(S,K)
satisfying TP(E)T! = Q(F) for all E. It follows by Corollary
IT1.2 that dimH = dim K. We thus may assume using appropriate
isomorphisms that H = K. The result now follows by using Theorem
III.14 and applying Proposition II11.12. O

THEOREM II1.15. Let H be o Hilbert bundle over X, and let K be
a Hilbert bundle over Y where X and Y are standard Borel spaces
of the same cardinality. Suppose p is a o-finite measure on X
and v is a o-finite measure on Y. Suppose T is a unitary isomor-
phism of [®H, du(x) onto [® K, du(y) which carries the range of
the canonical projection valued measure on [© H, du(z) onto the
range of the canonical projection valued measure on [~ K, dv(y).
Then there exist a Borel isomorphism ¢ from X onto Y such that
it ~ v and o bounded Borel field of operators T(z) : H, — K, @)
such that T(x) is a unitary isomorphism p a.e. x and such that
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Tf(p(z)) = g‘“—':';:f;i(t,o(;i:))I/QT(:J:)f(J;) a.e. T for each square inte-
grable Borel section f for the bundle H.

ProOF. Let P be the canonical projection valued measure for
f ®H, du(z) and @ to be the canonical projection valued measure for
I K, dv(y). Define ® from the measure algebra defined by v to the
measure algebra defined by p by T-!Q(E)T = P(®(E)). Then @ is
a o-isomorphism between these two measure algebras. By Theorem
1.26, there exists a Borel isomorphism ¢ from X onto ¥ with p.p ~ v
satisfying ®(E) = ¢~ !(E) for all E. Let *K be the Hilbert bundle
over X with sections ¢*K, = K (4. Define a unitary isomorphism

W of %K, dv(y) onto f€ ¢*K, du(x) by
W (a) = 2 (@) (@)

This unitary transformation satisfies WQ(EYW ' = Q'(p ' (E))
where (@ is the canonical projection valued measure on [© X, du(z).
Thus the unitary transformation WT satisfles

WTP(ET W ' =WQ(@ (E)W
=Q(¢7 e H(E))
=Q(Pod'E)
=Q'(E)

for all Borel subsets £ of X. Proposition 111.13 implies there is a
Borel field of operators T'(z) such that T(z) is unitary from H, onto

9Ky = Koy ae. z and WTf(z) = T(z) f(z) for f € [*H, du(z).

Since J . P
fop” voy
ol i ]
7 (p(z)) i (z)

for almost all z, the result follows. [

10. Borel Fields of von Neumann Algebras

DEFINITION. Let H be a Hilbert bundle over S, and suppose s —
A(s) is a map such that each A(s) is a von Neumann algebra on #..
This map is said to be Borel if there exists a countable family {4, }
of Borel fields of bounded operators on H such that for each s, the
smallest von Neumann algebra containing the collection {A,(s)}51

is A(s).

ProrosiTionN 111.14. Suppose H is a trivial Hilbert bundle S x H.
Then:
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(a) If s — A(s) is Borel, then the set {(s,A):s€ 5, A Als)}
is a Borel set in the product space S x B(H) where B(H) is
the space of bounded operators on H with the strong operator
Borel structure.

(b) Conversely, if A is a Borel subset of § x B(H) such that
As = {A: (s, A) € A} is a von Neumann algebra for each s,
then s > A, is Borel on S.

PROOF. We prove (b). Assume A is a Borel set such that A, is a
von Neumann algebra for each s. By Theorem I11.4, the unit ball of
B(H) is a compact Polish space. Choose a compatible complete sep-
arable metric; and let Ey, & =1,2,... be the weak operator closures
of sets forming a countable basis for the weak operator topology on
the unit ball of B(H). Set W, = AN(S x E}). Then W} is a Borel set
whose vertical sections over S are weakly closed and hence weakly
compact subsets of the unit ball. Let pg be the coordinate projection
onto S. Then by Theorem 122, the set S, = ps(Wy) is Borel; and
there is a Borel function s — A;(s) on S, such that (s, Ac(s)) € W,
for all s € §;. Define A.(s) =0 for s ¢ S;. To see s — A, is Borel
on S, it suffices to show each A, is generated by the operators A, (s).
Let A € A, and suppose [|A|| < 1. Choose a sequence {k; }%21 such
that the diameters of the sets Ej, tend to 0 and Ny, B, = {A} Then
Ay, (s) converges to A in the weak operator topology Corollary II1.11
1mplles A is in the von Neumann algebra generated by the operators
{Aw(s) 121

To prove (a), first note that if s — A(s) are Borel and for each s
generate a von Neumann algebra A(s), then A = {(s, A) : AA,(s) =
Ax(s)A for all k} is a Borel set whose S sections are von Neumann
algebras. Thus by (b), there are Borel functions s — Al(s), k =
1,2,... such that the commutant .A(s) is generated by the operators
{A’ (s)}32,. Let A ={(s,A): A4;(s) = A¢(s)A for all k}. Then A
is a Borel set; and by the double commutant theorem, A, = Al(s) for
smS. 0

COROLLARY TIL12. If s ++ A(s) is @ von Neumann algebra valued
Borel function over o Hilbert bundle H, then the function s A(s)'
s also Borel on S.

Proor. We may assume the Hilbert bundle is trivial. The result
Was established in the proof of Proposition I11L14. [J
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COROLLARY I11.13. If s — A(s) is a Borel von Neumann algebra
valued function on the standard Borel space S, then the set {s :
A(s) = C 1} is a Borel set.

PROOF. We may assume the Hilbert bundle is trivial. Thus,
it suffices to note that if s — A(s) is a weakly Borel operator
valued function into B(H), then the set of s such that A(s) is a
scalar operator is a Borel set. To see this let {v;}32, be a countable
dense subset of H. Then the operator A(s) is scalar if and only if
{A(8)vs, v:){v;,v;) = (A(8)vy,vi){vs,v;) for all i and 5. O

Let A be a von Neumann algebra. By Lemma IIL.7, the set of
orthogonal projections in .4 has the same commutant as A. In par-
ticular, by the double commutant theorem, 4 is the von Neumann
algebra generated by its orthogonal projections.

Let A be a von Neumann algebra. The center of A is the von
Neumann algebra A N .4’. An orthogonal projection in the center is
called a central projection. If the only central projections are 0
and I, then A is said to be a factor. Since a von Neumann algebra
is generated by its orthogonal projections, this is equivalent to the
center being the set consisting of scalar multiples of the identity
operator.

COROLLARY I11.14. Suppose s — A(s) is Borel on S. Let Z(s) be
the center of A(s). Then the mapping s — Z(s) is Borel on S.

ProOOF. The result follows from Proposition I11.14 and the fact
that if A and B are Borel subsets of S x B(H) whose S sections are
von Neumann algebras, then the S sections of the Borel set AN B
are von Neumann algebras. O

THEOREM 111.16. Let s — A(s) be a Borel field of von Neumann
algebras on the Hilbert bundle H. If i is a o-finile measure on S, then
the collection of the direct integral operators My = [¥ A(s)du(s)
where A(s) € A(s) for all s is a von Neumann algebra. Its commu-
tant is the von Neumann algebra [ A(s)' du(s).

PrOOF. Let M_4 be the collection of all operators M4 where 5 —
A(s) is a bounded Borel field of operators with A(s) € A(s) for a.e.
5. This collection is a x-algebra for M} = M4., MaMp = Mg,
and M.4.p = eM4 + Mg. Since this algebra contams the range of
the canonical projection valued measure defined on [® H, du(s), by
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Theorem I11.14 we see that if B € My, then B = [® B(s)du(s) for
some essentially bounded Borel function s — B(s).

Let A,,, n=1,2,..., be operator valued Borel functions over the
Hilbert bundle H with the property that the operators A,(s) gener-
ate A(s) for each s. Since Mg € M/, Proposition II1.12 implies that
B(s)A,(s) = A,(s)B(s) a.e. s for each n. Therefore B(s) € A(s)’
a.e. s, and the commutant of M, is [® A(s) du(s). Applying this
result to the function s — A(s)’ shows the double commutant of M 4
is [P A(s)du(s). O

PROPOSITION II1.15. Let A be a von Neumann algebra on the di-
rect integral [ H, du(s) of the Hilbert bundle H, and suppose the
center of A contains the range of the canonical projection valued
measure on [® H,du(s). Then A = [® A(s)du(s) for some Borel
von Neumann algebra valued function s — A(s) on S.

Proor. Let {A,}°2, be a sequence of operators in 4 which is
strongly dense in the unit ball of 4. Then each A, is in the commu-
tant of the von Neumann algebra generated by the canonical projec-
tion valued measure. By Theorem IIL14, each A, = {® A,(s) du(s)
for some Borel function s — A,(s). Let A(s) be the von Neu-
mann algebra generated by the operators A,(s),n = 1,2,.... Clearly
1€ A(s)du(s) D A.

Next, suppose B € A’. Then since B commutes with the range of
the canonical projection valued measure, one has B = [® B(s) du(s).
Moreover, B commuting with .4 implies that B(s)A,(s) = A,(s)B(s)
a.e. s for each n. Therefore B(s) commutes with every member of

A(s) a.e. 5. Thus B e (f° A(s)dﬂ(s))' and [® A(s)du(s) C A .
The result follows by the double commutant theorem. O

Let H be a Hilbert bundle over the standard Borel space §. Sup-
Pose 5* is a standard Borel space and ¢ is a Borel mapping from S*
into S. Define ¢*H to be the Borel subset of $* x H consisting of all
Pairs (s*,v) where v € Hy(s+). Then this forms a Hilbert bundle over
the space S*.

ProposiTiON I11.16. Let H be a Hilbert bundle over S. Suppose
8 — A(s) is a Borel field of von Neumann algebras for H. Let
i be a o-finite measure on S, and let A be a o-finite measure on a
standard Borel space X . Suppose x — A(z) is a bounded weakly Borel
function from X into the von Neumann algebra [® A(s) du(s). Let q
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be the projection mapping from X x S onto S. Then there is a Borel
field (z,5) — Alzx,s) relative to the Hilbert bundle ¢*H such that
Az, s) € A(s) for all (z,s) and such that A(z) = [* Az, s) di(s)
for A ae =x.

PrOOF. We may assume H is trivial. Thus H, = H for all s, and
[®H, du(s) = L*(S,H). Denote this Hilbert space by H*. Recall
by Proposition I11.14, there is a Borel set A in § x H such that
A(s) ={T :(s,T) € A} for each s in S.

Consider the trivial Hilbert bundle H* over X defined by H} = H".
Then = — A(z) is a Borel field for this Hilbert bundle, and A =
1® A(z)dA(z) is a bounded operator on [¥H: dA(z) = L*(X,H*)
commuting with the natural projection valued measure on L*(X,H*).
But the mapping ® defined on the simple functions f in L?(X,H*) by
O(f)(z,s) = f(z)(s) is an isometry of a dense subspace of L*(X, H*)
onto a dense subspace of L?(X x §, A x p,H) which extends to an
onto isometry satisfying ®(f)(z,s) = f(z)(s) for pa.e. s for Aa.e. z.
Under this isomorphism, the operator A is carried to an operator that
commutes with the natural projection valued measure on L?(X x
§,H). Indeed, let E and ¥ be Borel subsets of X and S. Then, since
A(z)is in [¥ A(s) du(s), A(z) commutes with the natural projection
valued measure on L?(S,H), and hence

1pwr(z, s)2(Af) (2, 8) = Le(z)1p(s)(A(2) f(2))(s)
= 15(z)(A(2)(1rf(2))(s)
= A(x)(1g(z)(1pf(z))(s) a.e. s for ae. x.

Thus ].Equ)(Af) = (I)A@_l].g;xp‘I’(f) for all f = LZ(X, H*) By
Theorem I11.14, there exists a Borel field (z, s) — A(z, s) such that
®ADf(z,5) = A(z,s)f(s,z). In particular, for f € L*(S,H),
(A(z)f)(s) = A(z,5)f(s) a.e. z. Moreover, since A(x) belongs to
[® A(s) du(s), one has A(z,s) € A(s) ae. s for a.e. z. Redefine
A{z,s) to be 0if (s, A(z,s)) isnot in A. O

THEOREM I11.17. Suppose H is a Hilbert bundle over S and u is
a o-finite measure on S. Furthermore, assume s — A(s) is a Borel
field of von Neumann algebras over S. If = zs a representation of
a separable C* algebra A such that m(a) € [ A(s)du(s) for each
a € A, then for each s there exists a representation m, of A on H,
such that for each a € A, s — m,(a) is a Borel field over S and
7(a) = [¥n.(a)du(s). Moreover, the representations 7, are unique
Loa.e. s
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PrROOF. We may assume H is trivial. Let Q[i] be the ring of
complex numbers having rational real and imaginary parts. Since
A is separable, there exists a countable norm dense Q{i] * subal-
gebra B of A. By Corollary IL6, |lm(a)|] < ||ai| for each a € A.
Proposition II1.12 then implies for each b € B there is a Borel
field s — m,(b) of bounded operators satisfying |/m,(b)]] < {[bi| for
all s and 7(b) = [®r,(b)du(s). Since 7(d") = [¥m.(b)* du(s),
m(biby) = [ me(b1)me(be) du(s), and m(ridy + raby) = [O rimy(by) +
roms(ba) du(s) for b, by, and by in B and ry, 73 in Q[4], by Proposition
[11.12 one sees there exists a conull Borel subset Sy of & such that if
s € SO)

TTS(T'lbl + T'gbz) = Tlﬁs(bl) + Tgﬁs(bg)
7o(b1bs) = m,(by)7s(b2) and
7,(b}) = 7o(b1)* for r1,ro € Q[4] and by, b, € B.

Since B is norm dense in A and these algebra operations are all
norm continuous, there is for each s in S; a representation w, of A
extending the representation 7, on B. Define #,(a) = 0 for s ¢ So.
Since 7y(a) = lim, m,(b,) where b, is a sequence converging to a, one
has s — m,(a) is strongly Borel for each a € A, and thus 7(a) =
[®ry(a) du(s) for all a € A.

The a.e. uniqueness of the representations 7, follows from the a.e.
uniqueness of the decomposition 7(b) = [ ® 1y(b) du(s) for b € B
and the fact that two representations which are equal on a countable
dense subset of A are equal. [

11. Similar Projections in a von Neumann Algebra

Let A be a von Neumann algebra on a Hilbert space H. Define an
equivalence relation ~ on the orthogonal projections in A by P ~ @
if and only if there is a partial isometry U € A from P(H) onto Q(H).
Thus U is an operator in A satisfying U*U = P and UU* = Q. The
mapping PAP — U AU* can be shown to be an isomorphism between
the algebras PAP and QAQ. More specifically, Ap = PAP is a von
Neumann algebra on the Hilbert space P(H) and U|py is a unitary
isometry from P(H) onto Q(H) with UApU* = Ag. Note that if P
and Q are central, then P = U*UU*U = U*QU = QU*U = QP =
UU*pP = UPU* = UU*UU* = Q. In particular, similar central
Projections are equal.

The central cover Cp of an orthogonal projection P € A is the
smallest central projection @ € A satisfying QF = P.
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Let S be a subset of a Hilbert space H. In this section, {5} will
denote the closure of the linear span of §. A vector v is a cyclic
vector for a von Neumann algebra A if {Av) = H.

LEMMA IIL8. v is a cyclic vector for A iff v 1s a separating vector
for A'.

PRrooF. If v is a cyclic vector for A and if B is an operator in A’
satisfying Bv = 0, then BAv = 0 and thus B = 0. Conversely, if v
is a separating vector for .4’, then the orthogonal projection P onto
(Av} is in A'. Moreover, (I — P)u=0. Hence P=1. [

PRrROPOSITION II1.17. Let A be in a von Neumann algebra A. Then
the orthogonal projection onto {AH) is similar to the orthogonal pro-
jection onto (ker A)~*.

Proor. By the spectral theorem, there is a unique positive op-
erator B in the von Neumann algebra generated by A*A satisfying
B? = A*A. Define U on the range of B by UBv = Av. Then
(UBv,UBv) = {Av, Av) = (A*Av,v) = {B*v,v) = (Bv, Bv). Thus
U is well defined and is an isometry. Extend U to (BH) and set
U = 0 on the orthogonal complement of the range of B. Then U is a
partial isometry of (BH) onto {AH) whose kernel is the kernel of B.
Furthermore the kernel of A is the kernel of B. But ker B+ = (BH).
Thus the proof is complete once we show U is in A.

Suppose C commutes with A and A*. Then € commutes with B.
Hence UCBy = UBCv = ACv = CAv = CU Bv. Moreover, if v ig in
the kernel of B, Cv is in the kernel of B, and hence UCv = 0= CUw.
Since C and U commute on the range and kernel of B, we have
UC = CU. By the double commutant theorem, / is in the von
Neumann algebra generated by A and A*. Therefore U € A. [

CoRroLLARY I11.15. Orthogonal projections P and Q@ in a von Neu-
mann algebra A have equivalent subprojections if and only if PAQ #
0.

PrOOF. Suppose U is a partial isometry with U*U < @ and
UU* < P. Then U = PUQ € PAQ.

Conversely if PAQ # 0, then P and @ have equivalent subprojec-
tions by Proposition I11.17. O

LEMMA I11.9. Suppose Q is an orthogonal projection in A. Then
CoH = (AQ(H)).
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PrROOF. Consider K = {AA'QH). Since K is invariant under
both A and A’, the orthogonal projection P onto K is in both 4’
and A" and hence is central. Since PQ = Q and CoAA'Qy =
AACoQy = AA'Qy, it follows that P = C. But since I € A", K
equals (AQA'H) = (AQH). O

COROLLARY II1.16. If P and @ are orthogonal projections in A,
then P ~ @Q implies Cp = Cyp.

PROOF. Suppose U is a partial isometry in 4 and U*U = P and
UU* = Q. Then APH = AU*UH = AU*QH c AQH. Similarly
AQH C APH. O

CoOROLLARY IIL.17. P and Q have nonzero equivalent subprojec-
tions if and only if CpCq # 0.

ProOOF. If P and @ have equivalent nonzero subprojections, then
by Corollary III.16, one has CpCq # 0.

Suppose P and @ have no nonzero equivalent subprojections. It
follows by Corollary III.15 that PAQ = 0. Lemma II1.9 then implies
PCg = 0. Therefore CpCq =0. O

Suppose P and @ are orthogonal projections in a von Neumann
algebra A. Define P < Q if P ~ @; < @ for some projection ¢; in
A.

LEmma II1.10. Suppose P,< P, <Pand P, ~ F,. Then P~
P,

ProoF. Let U be a partial isometry satisfying U*U = F, and
UU* = P,. Let V =UP,. Forn =1,2,3,..., set Py, = UrU*™
and P, ., = V*V*", Since PoUU = U and VP = V, these are all
orthogonal projections. Furthermore,

PB>P >
>URU =P,
>UPRU" = P,
>UPRU" =F;

v
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Moreover,

(UPZH)*(UPZn) = Pon,
(UPZﬂ)(UPZn)* = Panta,
(UP2n+1)*(UP2ﬂ+1) = Py, and

(UP2n+1)(UP2n+1)* = Ponys.

Thus for n = 0,1,2,..., we see Py, ~ Papyp and Popy1 ~ Pany3. Set
Poo == /\Pn' Then PO - Poo+Z?=U((P2n’P2n+1)+(P2n+l_P2n+2)) ~
P + 52 ((Pans2 -~ Ponys) + (Pong1 — Py,0)=Ph. O

THEOREM II1.18 (SCHROEDER-BERNSTEIN). If P < @ and @) <
P, then P ~ Q).

PrOOF. Suppose P~ P' < @ and @ ~ Q" < P. Choose a partial
tsometry U with U*U = @ and UU* = Q. Set V = UF’ and
P'=VV*. Then V'V = P'QP' = P’ and P" =VV* < Q. Hence
P"< Q' < Pand P" ~ P ~ P. Lemma IIL10 implies @' ~ P.
Hence @ ~P. 0O

THEOREM I11.19 (COMPARISON THEOREM). Let P and Q be or-

thogonal projections in a von Neumenn algebra. Then there ezists a
central projection C such that CP < CQ and (I —C)Q < (I - C)P.

Proor. Choose a maximal family of pairs (P, @;) of projections
satisfying P, < P, Q; < Q, P, ~ Q;, and both families {F;} and
{Q:} are orthogonal. Set P, = VP; and Qo = V@Q;. Then F ~
Qo. Set P =P~ Pyand @ = Q — Qo. Then P and Q have no
equivalent nonzero subprojections. By Corollary IIL.17, CpCy = 0.
Take C = Cy. Then CPy, ~ CQp and (I — C)Py ~ (I = C)Qo.
Hence CP = CPy 4+ CP = CPy+ C3CpP = CPy ~ CQp < CQ,
and (I -C)Q=(I~C)Qu+ (I -C)R=(I-C)Qo+ (I -Cx)Q =
(I-CYQ~{I-CYR<(I-C)P. O

12. Abelian Subalgebras and Type I von Neumann
Algebras

An orthogonal projection P in a von Neumann algebra A is said
to be abelian if the von Neumann algebra Ap = PAP is abelian.

DEFINITION. A von Neumann algebra is type I if every nonzero
central projection contains a nonzero abelian projection.
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ProprOSITION II1.18. A won Neumann algebra is type I if and only
if there is an abelian projection whose central cover is I.

PRrROOF. Suppose P is abelian and Cp = I. Let (@ be a nonzero
central projection. Since @ < Cp, QP # 0; and thus Agp is abelian.

Conversely, suppose A is type I. Choose a maximal family {P;} of
nonzero abelian projections whose central covers Cp are orthogonal.
Set P = 3 P.. Then by maximality, Cp = > Cp, is the identity.
Moreover, the mapping PAP + {FP,AP,) is an isomorphism of Ap
into the direct product of the abelian algebras Ap. Therefore P is
abelian. O

COROLLARY III.18. Let ( be an orthogonal projection in a type I
von Neumann algebra A. Then there is an abelian projection P ¢
QAQ whose central cover is Cp.

Proo¥F. Apply Proposition III.18 to the type one von Neumann
algebra CoACy. O

ProrosITION II1.19. An abelian von Newmnann algebra possessing
a cyclic vector is mazimal abelian.

ProoF. Let v be a cyclic vector. Note that an operator A in A4
is 0iff AAv = AAv is 0. Hence A = 0 iff Av = 0, and thus v is a
separating vector for A. By Lemma III.8 and the double commutant
theorem, v is also a cyclic vector for A’

Define a mapping J on Av by JAv = A*v for A € A. Noteif Aand
B are in A, then (JAv,JJBv) = {A*v, B*v} = (Bv, Av}, for A and
B* commute. Therefore J is well defined and extends to a conjugate
linear isometry of H satisfying J? = I. In particular {Ja, Jb) = (b, a)
for all ¢ and b in H.

Suppose B ¢ A’. Then if A € A, one has {B*v, Av) = (v, BAv) =
(v, ABv) = {A*v, Bv) = {JAv, Bv) = {(JBv, Av). Since v is cyclic
for A, one has JBv = B*v for all B in A’

Now suppose A, B,C ¢ A’. Then

JAJB(Cv) = JAC*B v = BCA™v = BJAC"v = BJAJ(Cv).

Since A" is dense in H, JAJ is in the commutant of A’ and thus is
in A by the double commutant theorem. In particular, the algebra
JA'J is abelian. This implies A’ is abelian. Therefore A” > A’ O A
and hence A= A'. O

- THEOREM II1.20. If A is a type I von Neumann algebra, then A’
s type I
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PROOF. Assume first that A is abelian. Let @ be a central pro-
jection in A’ and take v to be a nonzero vector in the range of Q. Let
P be the projection onto the space {Av). Then P € A" and P < Q.
Moreover, the abelian von Neumann algebra Ap has a cyclic vector
and is therefore maximal abelian. Thus (Ap) = Ap. But an easy
argument shows that for P € A', the commutant of Ap is PA'P.
Hence P is abelian.

If A is not abelian, let P be an abelian projection in A whose
central cover is /. Then the mapping B — BP is a *-algebra
isomorphism of A’ onto PA'P. In fact if BP = 0, then since
BAP = ABP = 0 for all A in A, it follows by Lemma IIL9 that
B = BCp = 0. Thus A’ is isomorphic to the commutant of the
abelian von Neumann algebra Ap. O

LEMMA 1IL11. Two abelian projections are equivalent if and only
if their central covers are equal.

Proor. By Corollary I11.16, we know equivalent projections have
equal central covers.

For the other direction, let P and @ be abelian projections with
Cp = Cg. We show P < Q. By the comparison theorem, there exists
a central projection C with CP < CQ and (I — C)Q < (I — C)P.
Thus to show P < Q, we may assume @ < P. Moreover, since
equivalent projections have the same central covers, we may even
assume the stronger condition that @ < P. Thus @ is in the abelian
von Neumann algebra Ap. Hence if A € A, then QA(P —~ Q) =
QPAP(P — Q) = PAPQ(P - Q) = 0. By Corollary III.15 and
Corollary I11.17, CoCp_g = 0. Thus Co(P — Q) = 0, and hence
Q = CoP. Since Cp = Cy, @ = CpP = P. Hence Cp = Cj implies
P < Q. By symmetry, one also obtains @ < P. Thus P ~ @ by the
Schroeder—Bernstein Theorem. [

COROLLARY II1.19. If Q is a central projection in Ap, then Q@ =
CoP.

CoROLLARY II1.20. Let A be a von Neumann algebra. Suppose
Q is a nonzero abelian projection in A. Then CoA is a type I von
Neumann algebra on CoH.

PrOOF. Let P be a nonzero projection in Cg.A. We have P < Cq.
Hence CpCq = Cp. By Corollary I11.17, @ and P have equivalent
nonzero subprojections. Since ¢ is abelian, P contains a nonzero
abelian projection. Hence CoA is type I. O
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ProrOSITION I11.20. Let A be a von Neumann algebra. Then
there is a largest central projection C such that CA s type I. More-
over, CA' is type I, and if Q is any nonzero central projection with
Q<I-C, then QA and QA’ are nontype I.

ProoF. By the Hausdorff maximality principle, there is a max-
imal central projection C with CA type I. Since 4" = (CA)’ on
CH, Theorem II1.20 implies C A’ is type 1. Now if @ £ 0 is central
and Q < I —C, then QA is nontype I, for otherwise C + ¢ would be
a larger central projection with (C + @Q).A type I. Similarly, by the
double commutant theorem, QA" is nontype I. O

13. Homogeneous Projections of Degree n

DEFINITION. A type I von Neumann algebra A is homogeneous
of degree n if there exists an orthogonal collection { P} of equivalent
abelian projections whose cardinality is n and whose sum is the iden-
tity. A central projection P in A is homogeneous if the von Neumann
algebra 4p is homogeneous.

If the Hilbert space of the von Neumann algebra is separable, then
the only possible infinite degree is countable and this is denoted by
n = 00.

Let n be a cardinal number and .A be an abelian von Neumann
algebra on a Hilbert space H. Let H,, be a Hilbert space of dimension
n. The smallest von Neumann algebra on H @ H,, containing the
operators A® B for A € A and B € B(H,) is denoted by A® B(H,).
The Hilbert space H®H,, is isomorphic to nH, the Hilbert space sum
of n copies of H. Using this isomorphism, A ® B(H,) is isomorphic
to M,,(A), which is the collection of all bounded operators whose
matrices relative to the natural direct sum decomposition of nH have
entries in 4. It is easy to check that the commutant of A® B(H,,) is
A’ @ CI,, where CI, is the algebra of scalar operators on H,,. Using
the identification with nH, the commutant is D,(A’), the collection
of all diagonal operators {n4’ : A’ € A’} where nA" acts on nH
by (nA")(v;) = (A'v;). This algebra will also be denoted by n.A’.
In particular, nB(H) is the von Neumann algebra of all diagonal
Operators nA where A is a bounded operator on H.

THEOREM II1.21. If A is a homogeneous von Neumann algebra of
degree n on a Hilbert space H, then there exist a Hilbert space Hy and
@ unitary isomorphism U of H onto nHy such that UAU ! = M, (C)
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where C is an abelian von Neumann algebra acting on Hy isomorphic
to the center of A.

ProoF. Let { P} be a collection of n pairwise orthogonal abelian
projections satisfying P; ~ P; and Y P, = I. Let P be a fixed
element belonging to this collection, and set Hy = P(H). Choose
U; € A satisfying UyU; = P and U;U] = F,.

Define a unitary isomorphism of H onto nl, by

= W(ZRU) = (U Pw).

Then if A € A,
W (U AU YW ™ (vi) = (wn)
where wy = U U; AU; (3 Urve) = 81,40, P APy From this, one sees

W(U; AU*)W' is the operator M; ;(PAP) on nHg whose matrix
relative to the Hilbert sum decomposition nHp has nonzero entry
PAP in the ¢, j position.

Next note that A = 3, ; P;AP; in the strong operator topology.
But PAP; = UUr AU;U; = U;PU; AU; PU;. This 1mphes WAW™!
is in the algebra Mn(.Ap) It follows that WAW ™! = M (Ap).

To complete the proof, note that the mapping Z — ZP is a *-
algebra homomorphism of the center of A into the center of Ap. By
Corollary I11.19, its range, which is a von Neumann algebra, contains
every orthogonal projection in Ap. Therefore the mapping is onto.
Moreover, if ZP = 0, then ZAP = 0 which by Lemma II1.9 implies
ZC'p = 0. By Corollary I11.16, Cp, = Cp for every i. Since 3, P, =1,
Cp = I. Therefore Z = 0, and the center of A is *-isomorphic to
Ap. O

COROLLARY 1I1.21. The degree of a homogeneous central projec-
tion is unigue.

ProrosiTioN III1.21.

(a) Any sum of orthogonal homogeneous central projections of
degree n is homogeneous and has degree .

(b) Any nonzero central subprojection of a homogeneous projec-
tion of degree n is homogeneous and has degree n.

ProoF. (a) Let P, be orthogonal, homogeneous projections of de-
gree n. For each i, let {Q,;} be an orthogonal family of n equiva-
lent abelian projections whose sum is P;. Set Q; = 3, Q:;. Then
Co, =3;Cq,, = % Pi. Thus (a) will follow by Lemma III.11 if each
Ag, is abelian. But by the proof of Proposition I11.18, the mapping
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Q;AQ; — (Qi;AQ ;) is an algebra isomorphism into a direct prod-
uct of abelian algebras.

(b) Let P be a homogeneous projection of degree n and Q be
a nonzero central subprojection. Choose a family of cardinality n
consisting of equivalent orthogonal abelian projections P; whose sum
is P. Set @, = QP,. Fach @, is abelian and }_ @; = Q. Furthermore,
Cg. = QCp, = QCp, = Cy, for all i and j. Lemma III.11 implies all
the @; are equivalent. [

14. Structure Theorem for General Type I Algebras

THEOREM II1.22. Let A be a Type I von Neumann algebra. Then
for each cardinal number n, there exists a unique central projection
P, such that F,, =0 or P, is the maxtmum homogeneous projection
in A of degree n. Moreover, Y. P, = I.

PrROOF. By a maximality argument using Proposition II1.21 and
the uniqueness of degrees guaranteed by Corollary II1.21, it suf
fices to show every type I von Neumann algebra has a nonzero
homogeneous projection. Using Proposition III.18, one can find
a maximal orthogonal family of abelian projections P, satisfying
Cp, =1 Let P=3 P,. Then C;_p # I; for otherwise, by Corollary
ITI.18, the projection I — P contains an abelian projection whose
central cover is I. Let Z be the central projection I — Cy;_p. Then
Z # 0, and Czp, = ZCp, = Z for all i. The projections ZP; are
clearly abelian. Lemma III.11 implies they are all equivalent. Since
ZP =(I-C; p)P =P, ZP; = P and Z is homogeneous. []

15. Structure Theorem for Type I Algebras — Separable
Case

THEOREM II1.23. Let A be a type I von Neumann algebra on a
separable Hilbert space H. Then there are o Hilbert bundle H over
a standard Borel S, a finite measure p on S, a Borel function n
on § with values in {00,1,2,...}, and a unitary isomorphism of H
onto [® n(s)H, du(s) such that UAU ! is the von Neumann algebra
J# M (CYdu(s). In particular this isomorphism identifies the cen-
tral projections in A with the range of the canonical projection valued
measure on [© n(s)H,du(s). Moreover, if (S, 1, n!, ”H') defines an-
other such decomposition, and S and S’ are both uncountable, then
there exists a Borel isomorphism ¢ from S onto S’ with o, ~ u'
such that dimH, = dim H,,,, and n(s) = n'(p(s)) for p a.e. s.

w(s
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PROOF. We may assume the algebra 4 is homogeneous of degree
m. By Theorem II1.21, we may also assume A = M,(C) where C is
an abelian von Neumann algebra acting on a Hilbert space H which
is isomorphic to the center of A. Let B be the Boolean algebra
of projections in the algebra C. By Theorem IIL.8, B is the range
of a projection valued measure P based on a standard Borel space
S. By Theorem III.13, we may assume H = 4, du(s) and P is
the canonical projection vahied measure on [~ H,du(s). Since C is
generated by B, Theorem III.14 implies C == [ ® C, du(s) where C, is
the von Neumann algebra on H, consisting of all scalar multiples of
the identity. Moreover, it follows that M, (C) = Mn(f & C,du(s))
can be identified with [® M.,(C,) du(s) acting on the direct integral
¥ mH, du(s). By Theorem IIL16 and Corollary III.14, the center
of this algebra is [® Z(s)du(s) where Z(s) is the center of the von
Neumann algebra M,,(C). Therefore Z(s) is the algebra of scalar
operators, and the central projections in this algebra are in the range
of the canonical projection valued measure.

To see uniqueness, note that if A is a homogeneous von Neu-
mann algebra of degree m, and one has another decomposition given
by (8,1, n',H') whose central projections are given by the range
of the natural projection valued measure on f ® H'(s")dp' ('), then
C' = [®C, dw(s') where C, is the algebra of scalar operators act-
ing on H, is isomorphic to the center of .4 and thus isomorphic to
C. Moreover, if §, = {s' : #/(s') = k} has ' positive measure, the
canonical central projection defined by the set 5, is homogeneous of
degree k. By the uniqueness of the degree of homogeneity, it follows
that n'(s") = m a.e. p'.

Since the Boolean algebra of central projections in A can be iden-
tified with the ranges of the canonical projection valued measures
Pon S and P’ on S, there is a corresponding o-isomorphism from
the measure algebra M(y') onto the measure algebra M(u). The-
orem 1.23 implies there is a Borel isomorphism ¢ from S onto S’
such that if U is the unitary transformation identifying the von
Neumann algebras {€ M,,(C,) du(s) with € M (Cy) dif'(s"), then
UP(EYU* = P'(¢(E)) for all Borel subsets E of §. Thus if Ey =
{s: mdimH, = k}, a Borel subset that defines the largest projection
of multiplicity k for P, then ¢(E}) defines the largest projection of
multiplicity & for P’. Hence m dim H,(,) = k a.e. s on Ej. It follows
that dimH, = dimH ) for pae s. O

By Theorem III.16, Theorem II1.20, and Theorem I11.23, we obtain
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the following structure theorem for type I von Neumann algebras on
separable Hilbert spaces.

THEOREM I11.24 (STRUCTURE THEOREM). Let A be a type I von
Neumann algebra on a separable Hilbert space H. Then there are a
Hilbert bundle H over a standard Borel S, a finite measure 1 on S,
a Borel function n on § with values in {o0,1,2,...} and a unitary
isomorphism of H onto [® n(sYH, du(s) such that UAU! is the von
Neumann algebra [® n(s)B(H,)du(s). In particular, this isomor-
phism tdentifies the ceniral projections m .A with the range of the
canonical projection valued measure on f (sYH, dp(s). Moreover,
if S and S’ are uncountable and (S, /', n',H') gives another such
decomposition, then there erists a Borel isomorphism ¢ from S onto
8 with g ~ p' such that dimH, = dimH/,(,, and n(s) = n'(p(s))
for a.e. s.

CoROLLARY 111.22. Suppose A is a type I von Neumann algebra
on a separable Hilbert space. Then for each k = oc,1,2,--- there are
unique central projections Py, Qi in A such that whenever U is a uni-
tary operator from the Hilbert space of A onto [ n(s)H, du(z) which
carries the Boolean algebra of central projections of A onto the range
of the canonical projection valued measure P for [® n(s)H, du(z)
and carries A onto [€ n(s)B(H,) du(z), then UPU™! = P({s :
n(s) = k}) and UQ, U = P({s: n(s) dim(H,) = k}. In particular
P and Qi commute with every unitary operator on the Hilbert space
of A which normalizes A.

PROOF. P is a homogeneous projection of degree k. Proposition
I11.21 and Theorem I11.22 imply it is the unique maximum central
projection of degree k. Let B be the Boolean algebra of central
projections in A. Then @) is the largest projection in B having
multiplicity k. It is also unique. 0O

The next theorem is used extensively in showing von Neumann
algebras are type L.

THEOREM I11.25. If a von Neumann algebra is generated by com-
Pact operators, then it is type L

PROOF. Suppose A is generated by compact operators. It follows
by the spectral theorem for compact operators that A is generated by
Projections of finite rank. In particular if P is a nonzero projection in
A, then there exists a projection @ < P with smallest possible rank.
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Therefore QAQ is isomorphic to the algebra of scalar operators and
thus is abelian. O

"16. Primary Representations of a C* Algebra

We recall that a von Neumann algebra is a factor if its center is
trivial. A rtepresentation 7 of a C* algebra is primary if the von
Neumann algebra 7(A)” is a factor. A C* algebra A is type I if all
of its representations are type I.

PROPOSITION [I1.22. Let m; be type I representations of a C* al-
gebra A. Then m = &m; is a type I representation.

ProoF. Let H; be the Hilbert spaces for the representations ..
Set C to be the largest central type I projection for . If C # I, set
Q = I — C. Let P; be the orthogonal projection of H = &H; onto
H;. Then P, € n(A) for all i. Note QF; # 0 for some i. Since
is type I, m(A)’ is a type I von Neumann algebra; and thus there is
a nonzero abelian projection R in m;(4) with R < @F;. Define R’
to be 0 on H; for j # ¢ and to be R on H;. Then R’ is an abelian
projection in w(A) with B’ < Q. By Corollary I11.20, Crm(A)" is
type I and Cy < Q. Since Cg is nonzero, this is a contradiction to
Proposition I11.20. O

LEmMMA II1.12. Let A be a C* algebra, and let @ be a primary rep-
resentation of A on a Hilbert space H. Let P be a nonzero orthogonal
projection in m(A)'. Then w(a)P =0 iff w(a) = 0.

PRrOOF. Suppose m(a) # 0 and there are nonzero P in 7(.A)" with
Pn(a) = 0. By Zorn’s Lemma, there is a nonempty maximal family
F of nonzero orthogonal projections P in n(A)’ with Pr(a) = 0. We
claim Q@ = Y p. P = I. If not, then / — @ is a nonzero projection
in 7(.A)" which has central cover I in w{.A)". Since Cp = I, Corollary
I11.17 implies there is a nonzero partial isometry U in w(A)" such
that U*U < P and UU* < I — Q. Thus UUn(a) = Un(a)U* =
Un(a)PU* = 0. Thus F = FuU{UU*} is a larger family. Thus
@ = I and 7{a) = 0. This is a contradiction. O

PROPOSITION I11.23. Suppose A is a separable C* algebra. Let
be a primary representation equal to a direct integral [ m,(a)du(s)
of representations m, on a Hilbert bundle H over S. Then for u a.e.
s, kerm, — kerm.
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Proor. Let P be the canonical projection valued ineasure on
[¥Hsdu(s). Then P(E) ¢ w(A) for each Borel subset E of S. In
particular, Lemma III.12 and Proposition I1.4 imply |ix(a)P(E)|| =
[[w(e)]| for all @ € A if u(E) > 0. Thus by Proposition III.12,
[[x(a)l| = ess sup,ee||ms(a)|| for each Borel subset E of positive
measure. Let a; forn1 a countable dense subset of A. It follows
that for each ¢, {s : ||ms(a;)|| # ||m(a;)||} has measure 0. Thus
5o = {s : ||ms(a:)l| = [n(a;)|| for all i} is a conull Borel subset.
Since all representations of a C* algebra are norm continuous, one
has ||7s(a)|| = {|=(a)|| for all @ for all s € S;.

ProprosITION II1.24. Let A be a separable C* algebra. Then A is
type I iff every primary representation of A on a separable Hilbert
space is type I

Proor. Note every representation is equivalent to a direct sum
of cyclic representations x;. In particular, if 4 is a separable C*
algebra and ; is a cyclic representation, the Hilbert space H; for «; is
separable. Thus by Proposition 111.22, to show every representation
is type I, it suffices to show representations on separable Hilbert
spaces are type I. Suppose every separable primary representation of
A is type 1. Let 7 be a representation on a separable Hilbert space
‘H. By Theorem IIL.8, there is a projection valued measure P based
on a standard Borel set S such that the range of P is the o-Boolean
algebra of central projections in 7(.A)”. By Theorem II1.13, we may
assume F is the canonical projection valued measure on the direct
integral [® 7, du(s) of a Hilbert bundle # over S. By Theorems
III.14 and II1.17, 7 = [ 7, dpu(s) where each 7, is a representation of
A on H,.

Now note s — m,(A)"” is a Borel field of von Neumann algebras.
Indeed if a; form a countable dense subset of A, then for each i the
mapping s — 7(a;) is a Borel field of bounded operators and m4{.A)"
is the von Neumann algebra generated by the operators I, 7(a;), ¢ =
1,2,--.. By Corollary I1I.14, s — Z(s) = m,(A)" N w,(A) is Borel;
and thus by Corollary II1.13, Sy = {s: 7, is not primary} is a Borel
set. We show 1t 1s null. Suppose not. For convenience, we assume the
Hilbert bundle 7 is trivial. It follows by Proposition III.14 that the
subset {(5,Q):5€ S8, Q#ITor0,Qe Z(s), Q*=Q, Q =
Q} of § x B(H) is Borel. Since the mapping (s, Q) — s maps this set
onto Sy, Theorem 1.14 implies there exists a Borel function s — Q(s)
on § such that Q(s) is a projection in Z(s) for all s and Q(s) # 0
and (s) # I on a set of positive measure. Hence the operator Q =
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12 Q(s)du(s) is a central projection in 7(A)”. But then Q@ = P(E)
for some Borel subset F of S. This gives Q(s) =0 a.e. for s ¢ E and
Q(s) =1 a.e. for s € F, a contradiction. Thus a.e. 7, is primary. By
redefining 7, = 0 if 7, is not primary, we have 7, is primary for all
5.

We next claim every nonzero projection P in #(A) contains a
nonzero abelian projection. Indeed, let P = [ ® P(s)du(s) where
P(s) ¢ m,(AY for all s. Consider {(5,Q) : P(s) # 0,Q # 0,Q <
P(s),Q is abelian}. This set is Borel. (To see this one may as-
sume the Hilbert bundle is trivial. One then need only note the
set {(s,Q) : @ is an abelian projection in 7,(A)'} is Borel.) Then
again by Theorem 1.14; there is a Borel mapping s — Q(s) with
Q(s) < P(s) such that Q(s) is abelian in w,(A) for all s and Q(s)
is not zero on a set of positive measure. Let Q = f@ Q(s) du(s).
Then @ < P and Q#a(AYQ = [ Q(s)w:{AYQ(s) du(s) is an abelian
algebra. Hence w(A) is type 1. By Theorem II1.20, w(A)" is type
I. O



CHAPTER IV
GROUPS AND GROUP ACTIONS

In group representation theory a group action by linear transforma-
tions is the fundamental notion. In this chapter we develop some
aspects related to this notion.

1. Polish Groups

A standard Borel group is a group &G with a standard Borel
structure with the additional property that the mapping (z,y) —
zy~! is a Borel function on G x G where G X G has the product
Borel structure. This is equivalent to both the mappings (z,y) — zy
and z — 27! being Borel. A Polish group is a topological group
whose topology is Polish. Of course, the Borel structure induced by
a Polish group makes the Polish group a standard Borel group. A
topological group is standard if the Borel structure induced by the
topology is standard.

An important example of a Polish group is the unitary group on
a separable Hilbert space. The topology on the unitary group is the
strong-* topology. It is the topology having the property that a net
A, converges to A iff A, converges strongly to A and A; converges
strongly to A*.

LemMA IV.1. Suppose A, and B, are nets of bounded operators
on a Hilbert space which converge strongly to the operators A and B.

Then if A, is uniformly norm bounded, then A, B, converges strongly
to AB.

Proor. Take M with [[4,|| < M for all n. Then ||(4,B, —
AB)z|} < ||[(AyBy— Ay B)z||+ (A B—AB)zl| < || A,]||[(By— B)zli+
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|I(4, — A)Bz||. Hence ||(4,B, — AB)z|| < M{|[(B, — B)z|| +[{(A; —
A)Bz|| which converges to 0 as n becomes large. [

PRrROPOSITION IV.1. The unitary group U(H) of a separable Hilbert
space H is a Polish group under the strong-+ operator topology.

PrOOF. The coutinuity of U — U~! is immediate since U* = U™*
and U — U™ is continuous in the strong-* topology.

Contimiity of multiplication (U, V) — UV follows from Lemma
IV.1. Indeed, if U, — U and V;, — V in the strong-x topology,
then U, — U, V, = V, U; = U and V;; — V’strongly. Hence
UV, = UV and VU — V*U" strongly. Thus UV, - UV in the
strong-+ topology.

By Lemma II1.3, the unit ball in B(H) is Polish in the strong-x
topology. Moreover, U{(H) is strongly-* closed. Indeed, if U, € U
converges strongly-+ to U € B(H), then U converges strongly- to
U=, and thus by Lemma IV.1, UU* = limU,U; = I =1limUU, =
v, O

A left invariant metric on a group is a metric p with the prop-
erty p(gz,gy) = p(z,y) for all z,3, and g in the group.

THEOREM IV.1. Every second countable locally compact group has
a complete left invariant metric which generates the topology.

ProOF. Let D be the set of positive rational dyadics. Every ele-
ment in D strictly between 0 and 1 can be expressed either as a finite
sum Y 5}7 or as .41ds - . . 4, Where a; is either 0 or 1.

Let {U,, }22, be a decreasing sequence of compact symmetric neigh-
borhoods of the identity satisfying

((I) U7:+1Uﬂ+1 C Un
() Moy Un = {e}

Set U? = {e} and U} = U,. Ifr = .bib2...b.D, set V. =
uhutr. Ut Ifr > 1, set V, = G. Note Vax = Uy, and if
r<l1<gs thenV,CV,. Ifr <s <1, thenr = .bib;...b,; and
$=0C.Cy...Cn where by = c¢y,...,bg1 = ck_1, and by =0 and ¢ = 1
for some k € {1,2,...,n}. Thus V, = U}* LLUBUR L U But
by (a) U,:j_*l‘ .U c Uy, Hence V, C Up... Ut Uy C V.. Hence
for any two positive dyadic rationals with r < s, one has V., C V..

The definition of V. implies V,.U;, = V,., o« Wheneverr = .a1as... d;
with & > [. Now suppose r = .ajaz...q; with & < [. Set r, =
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5"_— — .00...0arar4y - - - Then V.U, C Vr+1~1Uk C Vr+r1+2—k C
V. a-t-142-+. Hence in every case V,.Uy C Vi g-t-2.

Define a function ¢ on G with values between 0 and 1 by ¢(z) =
inf{r : z € V.}. Note ¢(z) = 0iff z = e. Set p(z,y) = sup,cq |¢(22)—
¢(zy)|- Then p is a left invariant metric on G.

Let © € U,. Then zx € V. implies zzu € V,_+_k_;
U, = U7', one has zzu € V; implies zz € Vi - Thus |¢(za:u)

#(zz)| < 38 for all u € Uy. This implies |p(mu, yv) plz, )} < 52
for w and v in U. Thus p is continuous, and the topology defined by
p is weaker than the locally compact topology on G.

Next Suppose p(;r: e) < . Then |¢(zz) — ¢(z )| < o for all z.
Hence ¢(z) < 5. This implies z € V, for some r < 5. But V, C U,
whenever 7 < F' Thus the topology defined by p 1s stronger than
the locally compact topology on G. Therefore p is a metric inducing
the topology.

To show p is complete, note that if {z,}° | is Cauchy, then there
exists an N with a:n;rsﬁl € U for n large. If follows that x, is in the

compact set Uyzy for n large. Thus {z,} converges. O

and since

CoOROLLARY IV.1. Let H be a closed subgroup of a second count-
able locally compact group G. Then the coset space H\G with the
quotient topology is a Polish space.

PROOF. Define a metric on H\G by d(Hz, Hy) = infyc g p(z, hy).
d is well defined by the left invariance of p. Moreover, d(Hz, Hy) =0
implies there is a sequence {h,} with h,y — x. Thus, since H is
closed, zy~! € H; and hence Hxr = Hy. It is an easy matter to
check that a set is d open in H\G if and only if its preimage in G is
p open in GG. To see that d is complete, note that if Hz, is Cauchy,
you could choose a subsequence Hyy with d{Hyy, Hys1) < 27D
for each k. Consequently, you can choose a sequence {h;} € H with
Py, i 1yes1) < 273+ This implies the sequence {hyyi} is
Cauchy in G and thus converges to some y. Hence Hz, — Hy and
d is complete. O

ProposiTION IV.2 (BOREL CROSS SECTION).
Let G be a Polish group, and suppose H is a closed subgroup of G.
Then there is a Borel function o : H\G — G satisfying Ho(Hg) =
Hg for all Hg.

PROOF. G is a complete metric space. The right cosets Hg are
closed and hence complete. They are the orbits under the left action
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of H on G defined by h-g = hg. Moreover, if U is an open subset
of G, then its saturation HU is also open in G. By Theorem I.15,
there is a Borel set B in G with BN Hg = {¢(Hg)} for each Hyg.

To see ¢ is Borel, note ¢ is the inverse of the Borel mapping
z v Hgz from B onto H\G. Since H\G and B are standard Borel
spaces, Kuratowski’s Theorem implies o is a Borel isomorphism of
H\G onto B. O

THEOREM IV.2. Let ¢ be a Borel homomorphism from a Polish
group G into a second countable topological group H. Then ¢ is
COntINUoUs.

Proor. By Proposition 1.7, there exists a meager subset P such
that ¢ is continuous on the set R = G — P. Suppose z, — ¢ asn —
oo. Theset PU(Unz ! P) is meager. By the Baire Category Theorem,
its complement RN{N,z,'R) is second category and consequentially
nonempty. Let y be in this set. Then y € R and z,y € R for each
n. Moreover, T,y — ¥ as n — oc. By the continuity of ¢ on R, it
follows that ¢(z,y) — ¢(y) as n — co. This implies ¢(xz,) converges
to e, and thus ¢ is continuous at the identity. O

2. Haar Integrals on Locally Compact Groups

Let G be a locally compact topological group. The support,
supp (f), of a function f on G is the closure of the set {g : f(g) # 0}.
Let C.(G) be the linear space consisting of all continuous real valued
functions f on G whose supports are compact. If f is a function on
G and g € G, then the right translate f, of f by g is the function
defined by f,(z) = f(zg) for z € G. A positive integral I on
G is a real valued linear functional on C,(G) with the additional
property that I(f) > O whenever f is nonzero and nonnegative. If
in addition I(f,) = I(f) for all f € C,(G) and g € G, then the
integral I is said to be right invariant. We note that if I is right
invariant, nonnegative and nonzero, then it is positive. Indeed if
f > 0and I{f) > 0, then if h is a nonzero, nonnegative continuous
function with compact support, there exist ¢; > 0 and g; € G for
which f(z) € Y0, c;h{xg:). By right invariance of I, we would have
I(f) < I(h)3 1, ¢; and thus I(h) > 0.

PRrRoPOSITION IV.3. Let f € C.(G) and suppose € > 0. Then there
ezists a neighborhood U of the identity such that |f(zy) — f(z)| <¢
and |f(yz) — f(z)| < € whenever z € G andy € U.
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Proor. Let K = suppf and W be a compact neighborhood of
e. For x € WKW, let NV, be an open neighborhood of e such that
if z € Ny U Npz, then |f(z) — f(z)| < & For each N, take an

2

open symlmetric neighborhood NI% of e with Na:% N.r% C N,.. The sets
eNZ NNZz for z € WKW cover the compact set WK W, and there
exist finitely many z; so that WKW C U(x; Nzi ﬂNr}i:ct) Let U bea
symmetric compact neighborhood of e contained in ﬁNI1 MV where
V is a neighborhood of e with VV C W. Let y e U. If z € UKU,
then zy and yz belong to WKW . Hence zy € :c,-Nj,. ﬂNi x; for some
i. Moreover,

|flzy) — f(@)] = |f(zzi zy) — flzi) + flz:) = flzie] z))|
< [flazw) = f(@)| + |f(z0) — fzw)]

< €

foru=z'zy € N:r%,‘ C Ng, and v = .r,-‘lw € Niy‘1 - NI%,.U C N,
Next suppose z ¢ UKU. Then zy ¢ UK for otherwise z = zyy~! €
UKy ' CUKU ! = UK U which is a contradiction. Hence f(zy) =
f(z) = 0 and |f(zy) — f(x)| < e. Hence |f(zy) — f(z)| < € for all
if y € U. By symmetry, |f(y:c) —flz)|<eifyelU. O

THEOREM IV.3 (HAAR INTEGRAL). Every locally compact group
G has a positive right invariant integral, Moreover, such an integral
s unique up to a positive scalar multiple.

ProOF. Let C}(G) denote the subset of C.{G) consisting of all
nonzero, nonnegative functions. For f and h in C/(G) define

(f;h):inf{Zcz- :3dzy,...,z, EG with h < Zcifra}

f=1 i=1
One can establish the following properties.

8) (fihg) = (Fi)

)(f h1+h2)_(f ha) + (f; ha)
) (f;ch) =c¢(f; h) whenever ¢ > 0
} hy < hy implies (f; k1) < (F; ha)
e) (fih) < (f, 9)(g; 1)

(a
(b
(¢
(d
(e) (f;
) (Fih) > where M), denotes the maximum value of h.
Each of these follows almost immediately from the definition of
(fih). For instance, (f) follows from the fact that if 3, ¢;f,, > h,

then -, e M; > M,.
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Next fix a function fp in CH{(G). Define J;(h) = L2L. Note (e)

(fifo)
implies
(f;h) (f;h)

(f; fo)(fos h)
(f; h)(h, fo) (.f: fo) (f; fo)

[
IA

and thus

(g) (hf.]) = ( ) (fO: )

The following along with (b) shows the almost linearity of J; for
f with small support.

(h) Let ¢, b, and h, be given. Then there exists a neighborhood
V of e such that J;(hy -+ h) > Js(h1) + Jg(h2) — € whenever

supp (f) C V.

To show this, first pick a nonnegative function g € C,(G) with
gz) >0forx € Supp hy Usupp hs. Set h = hy + hy + €,9. Then
temporarily using : 0 = 0, the functions & it and —hz are continuous with
compact support. By Proposition IV.3, there exists a neighborhood
V of e with the property that |%(yz) — %(x)| < ¢ for all z when
y € Vand 1 = 1 or 2. Now suppose suppf C V and h(z) <
S_c;f(zz;) for all z. Then h,(z) = Llz)z) < X%, cj%'(m)f(m:cj).
But if f(zz;) # 0, then za; € V; and hence % (z) = % (zz;27") <
b(27') + €1. Therefore hi(z) < 3, ;{8 (z;t) + e) f(zz;). Hence
(fih1) + (fih) € T2 (27") + 261). Thus (fiha) + (f1he) <
3., ¢;(1+2¢,). This implies (f; h1) + (fihe) < (f,h)(1+2¢). Thus
Tp(hy + he) + e1J5(g) = Jy(h) > ZEE02) Since Jy(g) < (fo; 9).
(h) follows by a proper choice of €.

Let T be [lheer @ lh; fo) ', (fo; h)] with the product topology.
T is compact, and (g) implies J; € T whenever f € CH(G). Let
V be a neighborhood of e. Set Ty to be the closure of the subset
{Jf : supp (f) C V} Since TV1 n Tv,z n---nN ’rv,/“~ = Tvlnv2m...nvn -',é 0,
the intersection of all the 7}'s is nonempty. Choose an I in this
intersection. It follows by (b), (¢), and (h) that I is linear on C(G).
Moreover, I(h) > (h” > 0 for all h € CH(G). Extend I to all of
CC(G) by deﬁning I(h.l hg) = I(hl) I(hg) for hl and h.g 1 C+(G)
Then I is a positive linear functional on C.{G) which by (a) is right
invariant.

Assume J is another positive right invariant linear functional on
C.(@) which is nonzero. We show J = cI for some c. Let f € C7(G).
Fix a symmetric compact neighborhood V; of €, and let F' € Cf(G)
satisfy F(z) = 1 on Vysuppf. For each open neighborhood V of ¢
contained in Vg, set My (f) = sup,cgyev |f(z) — flyz)|. For y in
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V, one has |f(z) — f(yz)] < F(z)My(f) for all z. By Proposition
IV.3, for each € > 0, there is a neighborhood V of e contained in V,
such that My-(f) < e. In particular. | f(wyz) — f(yz)| < eF(yz) for
w &€ V. This implies |J,(f(wyz)) — Jo(f(yx))| < eJo(F(yz)). Hence
y — Jo(f(yz)) is continuous.

Let h be a symmetric (h(z~!) = h(z)) function in C(G). Then

I(h)J(f) = I,(K(y))J=(f (=)
= I, J=(h(y)f(2))
= I Jeh(y)(F(2) = f(y2)) + I, Jo(h(y) f(y=)
= L, Jh(y)(F(2) = fyz)) + L Ja(hyx ') f(y)
= Iy Lh(y)(f(z) — fyz)) + I, T (R(zy ") f(y))
= 1, Jh(y)(f(x) — f(yx)) + I, Jo(h(2) f(y))
= IJh(y)(f () — f(yx)) + J(R)I()

This gives

1()I() = T < L (W1 (&) ~ Fwe).
Dividing by I(h)I(f) gives
J(f) _ Jh) 1
T S T i@ - f).
Again, let V be a neighborhood of e contained in V. If y €V,

then | f(z) — f(yx)| < F(z)My(f). Now, additionally, suppose h has
support in V. Then

S Iy 0

I(f)  I(h) I(f)y

Hence for any f and any € > 0, Proposition IV.3 implies there is a
neighborhood V' of e contained in V, satisfying that M (V) J E?) < €.
Hence for any f, and f, in CF(G), there is an h for which

‘J(fz) J(h)

I(f:)  1(h)

This gives

J(f1)  J(f)
I(h) 1)

Since this is true for all ¢ > 0 and fi and fy, one has J(f) =
G, o

< 2e.
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A measure g on a standard Borel group is right invariant if
i(Eg) = u(E) for every element g in G and every Borel subset E of
G. 1t is left invariant if u(gE) = p(E) for all g and E. A measure
which is both right and left invariant is said to be biinvariant. A
measure p which satisfies {Eg) = 0 if and only if u(E) = 0 is said
to be right quasi-invariant. If it satisfies u(gE) = 0 if and only if
p(E) = 0, then it is left quasi-invariant.

By the Riesz representation theorem, if J is a positive linear func-
tional on C.(G), there is a unique regular Borel measure 4 on G
satisfying I(f) = [ f(g) du(g). We recall that a measure p is regu-
lar if u(K) < oo for all compact sets K, 1(O) = supkco u(K) for
all open sets O, and u(E) = infgco p(0) for all Borel sets E.

THEOREM IV.4 (HAAR MEASURE).
Let G be a locally compact group. Then there ezists a reqular right in-
variant measure i on G. Moreover, any other regular right invariant
measure is a multiple of this one.

ProoF. Let I be a right invariant positive linear functional on
C.(G). By the Riesz representation theorem, there exists a unique
regular measure g such that 7(f) = [ f(g)du(g). Since the measure
1+ g defined by p - g(E) = p(Eg™") for Borel sets E is again regular
and I(f) = I(f,) = [ f(zg)du(z) = f f(z)du-g(z), one has p-g = p
and p is right invariant.

Suppose v is another nonzero right invariant regular Borel measure
on G. Then J(f) = [ f(z) dv(z) defines a nonnegative nonzero right
invariant linear functional on Cs(G). By Theorem IV.3, J = ¢l for
some ¢ > 0. Again by the Riesz representation theorem, v = ¢y and
we see & is unique up to a positive scalar multiple. [J

COROLLARY IV.2 (MoODULAR HOMOMORPHISM).
There exists a unique continuous homomorphism & from G into the
positive reals such that if i is a right invariant Haar measure on G,
then u(gE) = 6(g)u( E) for all Borel sets E and all g € G. Moreover:
(a) [ flgz)d(z) = [ f(z)dulg™'z) = d(g™") [ f(z)du(z) for
all integrable f and g € G and
(b) [ flz~)o(z " )du(z) = [ f(x)dp(z) for all integradle f.

PROOF. The measure E + p{gE) is a right invariant regular Bo-
rel measure. Thus there is a constant d(g) > 0 such that u(gE) =
5(g)(E). Since p(g19:E) = 8(gq1)u(g2E) = 8(g1)6(g2)p(E) and
w(g102E) = 6(gq1g2)u(E), we see 0(g192) = 8(g1)8(g2) and 4 is a
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homomorphism into the positive real numbers. To see 4 is continu-
ous, let f be a nonnegative nonzero function in C,(G). Fix a com-
pact symmetric neighborhood Vj of e, and let F(z) be a function in
C.(G) with 0 < F(z) < 1 and F = 1 on Vysuppf. Then if V ¢ Vj,
Fy2) — (@) < F(a)sup,ey | f(ye) ~ f(z)| for yin V and z € G.
Hence

Hence

1,1 =8y < [ 1f(ve) - 1@ du(e)
<I(F) sup |fye) - (@)

ceC yeVv

if y € V. Using Proposition IV.3, one sees |1 — 6{y~!)| < € for some
neighborhood V of e contained in V4. Thus é is continuous at e and
therefore is continuous.

Define 1/(E) = [ 1x(z~)6(z™*) du(z). Then
K (E) = [ 16((o)™)8(a™) du(e)
= [ 1a((og™2)™)6((g 1)) du(ga).
Hence by (a),

W (Eg) = 8(g™) [ 1a(a™)8((g72) ™) du(z) = (B).

Thus 1’ is right invariant, and there is a constant ¢ > 0 with g’ = cp.

Moreover,
/IE  Ydu(z —cle ) du(zx)

for Borel sets E implies

] Fle o) du(@) = ¢ [ f(z) dua)
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for simple functions f and hence for all integrable functions. In
particular,

[ 1@ dut@) = [y )i dut)
= ¢ [ f@™)3(a™) due)
=& [ f(@) du(a).
Therefore c =1. O

COROLLARY IV.3. G is compact if and only if u(G) < oc.

Proor. If G is compact, then u(G) = I(1) < oc. Conversely,
suppose G is not compact. Choose a compact neighborhood V .
Then u(V) > 0 and U = V'V is compact. Moreover, since finite
unions of compact sets are compact, there exists a sequence g, such
that g1 & UT,Ugi. Therefore Vg;NVg; =0 if i > j, for otherwise
g € VVg; = Ug;. Hence p(G) > ¥, u(Vga) = XnV) =
oo. [

We shall use the mnemonics
du(gz) = 6(g) dp(z) and du(z ™) = 6(z™") du(z)

to denote the change of variable formulas (a) and (b). Note that if v is
a left invariant o-finite measure, then v(Eg) = §(¢~')v(E) and thus
dv(zg) = 6(g~") dv(x). One can also show dv(x™}) = §(z) dv(z). We
let A(g) = d(g~*). Then for left Haar measures v, we have v(Eg) =
Algy(E), dv(zg) = Alg)dv(z) and dv(z ') = A(z™')dv(z). In
many instances we shall use the shortened notation dg for du(g)
where p is understood to be some right (left) invariant Haar measure
on G.

The next theorem relates the Haar measures of closed subgroups
of the group G to the Haar measure on G. We present it for second
countable groups only and in terms of their right Haar measures. For
general locally compact groups, see Bourbaki [45)].

Before giving the theorem, we present a useful lernma.

LEMMA IV.2. Let G be a locally compact group and let H be @
closed subgroup. Then fy(Hz) = [ f(hx)dh defines a mapping f
fu from C(G) onto C.(H\G).
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ProoF. Let p be the natural projection of G onto H\G. If C'is a
compact subset of H\G and if V is a nonempty open set in G whose
closure is compact, then since the sets HVz are open in H\(, there
exists a finite sequence xi,...,x, such that C is covered by the sets
HVz;,. Thus K = U, Vz; is compact and p(K) > C.

Hence if f € C.(H\G), then there exists an open set V in G
whose closure is compact and which satisfies p(V) D supp(f). Let
¢t € CH{G) be such that ¢ = 1 on V. Then ty € C}(H\G) satisfies
ty > 0 on HV. Hence if we define ¢ = 0, the function h(z) =

0
z)f{Hz) - -
L[ s in C.(G) and Ay = f. O

THEOREM IV.5. Let G be a locally compact second countable group.
Let X and Y be closed subgroups of G with X NY compact. Suppose
XY is a conull Borel subset of G. Then right Haar measures on X,
Y, and G can be normalized so that

[1@ds= [, s .

Proor. Define an action of X x ¥ on G by g- (z,y) = 2 ' gy.
Then the mapping ({z,¥),9) — ¢ - (z,y) is Borel. The stabilizer
of eis Z = {(z,z) : £ € X NY}, the orbit of e is XY, and
the mapping (z,y) — z~'y is a one-to-one Borel isomorphism of
Z\X xY) onto XY. Let ug be a right Haar measure on G re-
stricted to XY. Let ¢ be the inverse of the isomorphism from Z\(X x
Y) onto XY. Thus ¢(zy) = Z(z y). Then ¢uic(E(z,y))
(o (E(,9)) — etz 9 (E)y) = da(e= )pu (e (E). Now let
dz be the Haar measure on the compact subgroup X NY of G with
total measure 1. By Lemma IV.2, the mapping f — [ defined by
f(Z(z,y)) = [ f((z,2)(z,y))dz is a mapping from the continuous
functions on X x Y with compact support onto the continuous func-
tions on Z\(X x Y') with compact support. Define an integral I by
I(f) = [(6cf)dp.uc(z,y) for f a continuous function on X x ¥
Wwith compact support, where dg f is the function on X x Y defined
by (8¢ f)(z,y) = bc(z)f(z,y). We claim [ is a right Haar integral
on X x Y. Since .t is right invariant under {e¢} x ¥, we need only
show it is right invariant under X x {e}. Note if f,(z,y) = f(za,y),
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we see (6 fa)(Z(x,y)) = [ 8a(zx)f(2za, zy) dz. Thus
1(72) = [[ d(z0) f(zaa, ) dz dpopc(Z(a,0)
= [[ sotzau)f(ea, ) dz dponc(Zlaa 1)
= [[ sotaaa)f (e, 20) d2 bo(a) diopic(Z (1)

= /(5Gf5(z(:c,y))dso*#c(Z(fc,y))

Hence if dr and dy are right Haar measures on X and Y and are
normalized properly,

/f(ff,y) dr dy = /f Sc(zz) f (22, 2y) dz dp.pclZ(z, y))-
Thus [ f(z,y)dzdy = [(5cf) © w(e~'y) dug(z~'y). This gives

[ fedety = [(@as)o ¢l9) dualo).

Suppose h is a nonnegative Borel functlon on G. Set f(z,y) =

Sz~ HYh(z ™ y) Thenonehas(écf)( (z,y)) = [, Mz~ 2 zy)dz =
h(z 'y). This gives

/ ez h(z™'y) dydm=/(5cf50(p(g)d9-

But (de f) o p(z'y) = (da £3(Z(z,y)) = h{z1y) for all z,y. Thus
(8cf) o p(g) = h(g) a.e. g and we see

/ )dg—/ Se(z"Vh(z™ y)d:cdy—/ ba(x)8x(z™ ) h{zy) dx dy.

3. Standard Borel Groups with Quasi-invariant Measure

LEMMA IV.3. If i is a nonzero right quasi-invariant o-finite mea-
sure and v s a nonzero left quasi-invariant o-finite measure on @
standard Borel group, then i is equivalent to v.

PROOF. Since i and v are o-finite, we may replace them by equiv-
alent finite measures. Thus we may assume both are finite.

Now pu(E) = 0 iff u(Ey~*) = 0 iff [u(Ey” Ydy(y) = 0. Thus
u(E) = 0 is equivalent to ff 1p(zy) du(z) dv(y) = 0. So by Fubini's
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Theorem, p(E) = 0 iff ff 1e(zy) dv(y) du(z) = [v(z ™ E) du(z) =0
which occurs by the left quasi-invariance of v iff ¥(E) =0. O

PROPOSITION IV.4. All left and all right o-finite quasi-invariant
measures on a standard Borel group are equivalent. In particular,
any left quasi-invariant o-finite measure is right quasi-invariant.

PrOOF. By Lemma IV.3, it suffices to show a right quasi-invariant
measure & has to be left quasi-invariant. Define p=* by p='(E) =
u(E~Y). Clearly p=' is left quasi-invariant. By Lemma IV.3, u ~
p!. Thus u is also left quasi-invariant. O

A measure which is both right and left quasi-invariant is said to
be quasi-invariant.

COROLLARY IV.4. If u is a o-finite quasi-invariant measure on a
standard Borel group, then pu ~ pu™'.

COROLLARY IV.5. Let u be a o-finite right quasi-invariont mea-
sure on a standard Borel group G. If f is a real valued Borel function
on G which satisfies f(zg) = f(z) a-e. z for each g, then f is con-
stant a.e. on G.

PROOF. Assume f(zg) = f(x) for p a.e. x for each g. By Fubini’s
Theorem, there exists an x such that f(zeg) = f(xo) for i a.e. g.
Then {z : f(x) = f(20)} O ToGo where Gy is a conull Borel subset of
G. But by Proposition IV.4, z,Gy is conull in G. Thus f(z) = f(zq)
for pae z. O

The existence of invariant measures on locally compact groups
made possible the development of abstract representation theory for
these groups. The following theorem of André Weil shows these
groups are in this sense the largest class possible.

THEOREM IV.6 (WEIL). Let G be a standard Borel group with a
right invariant o-finite measure u. Then there is a second countable
locally compact topology which generates the Borel structure under
which G is a topological group.

Proor. Let H = L?(G,pu). Then H is a separable Hilbert space
and the unitary group U(H) is Polish in the strong-* operator to-
pology. Define a homomorphism U from G into U(H) by U, f(z) =
f(zg). This homomorphism is Borel. Indeed, by Lemma IIL.4, it
suffices to show it is weakly Borel. But g — (U, f, h) is Borel by
Fubini’s Theorem for each f and b in H. Thus U is strongly-» Borel.
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Suppose U, = I. Let E; be a countable generating sequence of
Borel subsets of G. Since y is o-finite, we may assume u(E;) < o0
for all 4. Since U,1g, = lg,, it follows that F; = {z:z € E; iff v €
E;g~'} is conull for every i. Thus N;F; is conull. Let = be in this
intersection. Choose i so that N E;, = {z}. Since z € F;, and
r € E;_implies zg ™! € E,,, it follows that zg~! € N,E,, . Therefore
zg~' = z. Thus g = ¢ and U is one-to-one. By Theorem 1.8, U is a
Borel isomorphism of G onto the Borel subgroup U(G) of U(H).

To finish the proof, we show that U(G) with the relative strong-=
operator topology is locally compact. To do this we use U as an
identification of G with U(G). In particular, 4 is a measure on ()
supported on U(G). By Theorem I.11, there exists a compact subset
K of U(G) with 0 < u(K) < oo. Let V = K'K. Clearly V is a
compact subset of U(G). If V does not contain a neighborhood of the
identity, then there is a sequence g,, in G such that U, converges to [
but U, & V for all n. But then U, 1x converges to lx in L*(G, ).
This implies since p(K) > 0 that Kg,' N K # 0 for n large. In
particular, U, € K~1K =V for these n. This contradiction shows
U(G) is locally compact. [

4. Standard Borel G Spaces

DEFINITION. Let G be a standard Borel group. A standard Bo-
rel G space is a standard Borel space X along with a Borel mapping
(x,9) — z - g from X x G into X which satisfies:

(a) z-e =z for all z and
(b) z-q1g2=(z 1) goforz e X and g; and g, in G.

A mapping satisfying (a) and (b) is called a right G action. Thus
a (right) Borel G space is a Borel space with a right Borel G action.
It is standard if the space X is standard.

A Borel measure g on X is quasi-invariant if u(E-g) = 0 when-
ever w(E) = 0. It is invariant if u(E - g) = p(E) for all E and
g.

A Borel subset E of X is almost invariant if 4(Ev Eg) = 0 for all
elements g. It is said to be invariant if Eg = E as sets for all g. The
following proposition shows these are essentially the same.

PROPOSITION IV.5. Suppose E is an almost invariant Borel set.
Then there ezists a G-invariant Borel set E' such that u(EVE') = 0.
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PROOF. Let B/ = {z : z- g € E for almost all g}. Then £’ is
the set of x such that the function

g — 1g(zg™)

is identically one almost everywhere g. Thus E’ is a Borel set. More-
over, E' is invariant, and since

1p(zg) = 1(z)

a.e. z for all g, we see by Fubini that for almost all z, - g € F for
almost all g iff z € E and hence u(E'VE) =0. O

Suppose 4 is a quasi-invariant measure on X. Then this measure
is said to be ergodic if each almost invariant Borel set has measure
0 or its complement has measure 0.

Suppose X is a Borel G space. Then X /G, the space consisting of
all orbits [z] = z - G, is a Borel space when given the quotient Borel
structure. In particular, a subset £ of X/G is Borel when Uj,cg[z]
is a Borel subset of X. This Borel space is called the orbit space
of the action of G on X.

PROPOSITION IV.6. Suppose X is a standard Borel G space and
X/G’s quotient Borel structure is countably separated. Then each
ergodic quasi-invariant o-finite measure on X is supported on an
orbit in X,

ProoF. We may assume u is finite. Let E;, i = 1,2,--- be a
countable separating family of Borel sets of X/G which is closed
under complementation. Then if p is the projection z — [z] from X
onto X/G, the sets F; = p~!(E;) are (7 invariant Borel subsets of X
having the property that [z} — Nisjeke, Fi for each z in X. Since p is
ergodic, u(F;) = 0or p(X - F;) = 0 for eachi. Let F = Ny x_p =0 Fi.
Then (X —F) = 0. To see that F is an orbit, note that if [.r]u[y] CF
and [z] # [y], then there is an F; with [z] C F; and [y]N F, = (. But
since u(F;) = 0 or u(X — F,) = 0, either [z] N F; or [y] N F, is the
empty set. This is a contradiction. [

A space X is a Polish (G space if both X and G are Polish and
the action of G on X is Polish.

An iniportant example of a Polish G space is the space H\G of
right cosets of a closed subgroup H of a secoud countable locally
Compact group G. Indeed, by Corollary IV.1, H\G is a Polish space
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when given the quotient topology, and it is an easy matter to show
the mapping (Hz, g) — Hzg is continuous on H\G x G into H\G.

PROPOSITION IV.7. Let G be a second countable locally compact
group, and let H be a closed subgroup. Then eny two quasi-inveriant
o-finite measures on H\G are equivalent. In fact, if u is such a
measure, then u(E) = 0 iff the preimage of E in G has Haar measure
0.

PROOF. Let u be a o-finite measure which is quasi-invariant. We
may replace u by an equivalent finite measure and hence may assume
it is finite. Let v be a probability measure on H equivalent to Haar
measure. Define u'(E) = f[ 1g(hz) dv(h) du(Hz) for Borel subsets
E of G. Then 4’ is a finite right quasi-invariant measure on &G. Thus
' is equivalent to Haar measure on G. But if W is a Borel subset of
H\G, then p'(p~*(W)) = u(W) where p is the natural projection of
G onto H\G. O

CoROLLARY IV.6. If u and v are o-finite invariant measures on
H\G, then there is a scalar ¢ > 0 such that u = cv.

PRrOOF. By Proposition IV.7 and the Radon-Nikodym Theorem,
there is a positive Borel function F on H\G such that p(E) =
[z F(Hz)dv(Hz) for Borel subsets £ in H\G. By the invariance
of and v and the a.e. uniqueness of Radon-Nikodym derivatives,
one has F(Hzg) = F(Hz) a.e. Hz for each g. Again by Proposi-
tion IV.7, f(z) = F(Hz) satisfies f(zg) = f(z) a.e. z for each g.
By Corollary IV.5, f(z) is constant a.e. z. Thus F' is essentially
constant. [

THEOREM 1V.7. Suppose G is a second countable locally compact
group and H is a closed subgroup. Then there is a nonzero invariant
measure on H\G which is finite on compact sets iff dg(h) = 6z (h)
for all h in H.

PROOF. Assume v is a nonzero o-finite invariant measure on H\G
which is finite on compact sets. Define I{f) = [f f(hz) dhdv(Hz)
for f € C,(G). Then I is right invariant. Thus by the Riesz rep-
resentation theorem and Theorem IV.4, I is a right invariant Haar
integral. Therefore, 8¢(h)I(f) = 6c(h1) f f(g)dg = [ f(h1'g)dg =
[] f(hT'hg) dhdv(Hg) = 65 (he)I(f); and we see 6g(h1) = du(h1).

Conversely, suppose the modular functions are equal on H. Sup—
pose f € C.(G) and fu(Hg) = [ f(hg)dh. Set J(fy) = [ f(g)dg
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To see this is well defined, it suffices to show [ f(g)dg = 0 when-
ever fg = 0. Then by Lemma IV.2, we would have a right invariant
positive linear functional J on C.(H\G). The Riesz representation
theorem would yield a nonzero invariant measure which is finite on
compact sets. Hence suppose fg(Hz) = [ f(hz)dh = 0 for all z.
Then [f ¢(z) f(hx) dhdz = 0for all ¢ € C.(G). By Fubini’s Theorem
and d(h~1z) = 6c(h™!) dx, we see [f ¢(h~'z)f(z)0c(h™?)dzdh = 0.
Again by Fubini and the fact that dh=! = §g(h~!) dh = §g(h™!) dh,
we have [[ ¢(hx)f(x)dhdz = 0. Therefore [ ¢y(Hz)f(x)dz = 0 for
all ¢ € C.(G). By Lemma IV.2, there is a ¢ with ¢x(Hz) = 1 for
z € supp (f). Hence [ f(z)dz=0. O

5. A Universal Borel G Space

Let G be a second countable locally compact group. We next
construct a universal G space. This concept was introduced by G.
Mackey.

Let i be a right invariant Haar measure on G. Set Uy to be the set
of all Borel measurable functions f : G — [0, 1] identified when they
are equal almost everywhere. For each compact subset K, define a
pseudometric px on Ug by px(f1, f2) = [ |filz) — f2(x)| du(g); and
let Ug have the topology generated by these pseudometrics. Define
an action of G on Ug by (f - ¢)(z) = f(zg™).

PrOPOSITION IV.8. Uy is a Polish (& space. Specifically, Ug 15 a
Polish space and the action (f,g) — [ g is continuous.

PROOF. To see Uy is Polish, take a sequence K,, of compact sets
whose interiors cover G. Define p =3, =-pk,. Then p is a metric
which defines the topology on Ug. To see that p is complete, note
that a sequence f,, is Cauchy if and only if f, is Cauchy in measure
on each compact set. It follows that there exists an f in Uz such
that f, converges in measure to f on every compact set K. We thus
see f, converges to f in U(G). To see that Us is separable, take
a countable generating algebra A of Borel subsets of G. Then the
collection of simple functions with rational values in [0,1] whose level
sets are in A is a countable dense set.

In order to see that the action is continuous, first note that if g,
Converges to g and K is a compact set, then there exists a compact set
K’ which contains all the sets K g;*. Hence if f, converges to f and
9n converges to g, then by the right invariance of i, px (fr-gn. f-9) <
pK(fn ) gmf ' gn) + pK(f ) gmf ’ g) < ng;I(fﬂ!f) + pK(f ! gﬂ‘.'f :
9) < prilfor ) + p(f - Gnr - 9). Thus fy - g converges to f - g if
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ex(f - gn, f-g) converges to 0. Hence it suffices to show g— f - g is
continuous and this we need only do at the identity.

Suppose g, converges to e. Choose a compact set K’ as before.
Pick a contimuous function ¢ € Ug such that pg.(f, ¢) is small. Then
pK(f'gna f) < pK(f'gm ¢'gn)+pK(¢'gna ¢)+PK(¢1 f) < QPK’(f? (P)"r
Pi (@ - gn, ), which is small if n is large, for g~ ¢ - g is continuous
by the dominated convergence theorem. [

LEMMA IV.4. A function ¢ from a Borel space X into Ug is Borel
if and only if z — [ d(x)(g)f(g)du(g) is Borel for all f in Ue and
all compact subsets K.

PRrROOF. Note h— [, h{g)f(g) du(g) is continuous on Ug for each
f. Thus if ¢ is Borel, the map = — [, ¢(x)(g)f(g)du(g) is Borel.

To prove the converse, it suffices by Proposition 1.4 to note that
there is a countable set of functions of the form h — [, A(g) f(g) du(g)
which separate the points of lg. O

THEOREM IV.8. Let X be a standard Borel G space. Then there
exists a Borel isomorphism © from X into Ug satisfying ®(z - g) =
@(x)-g for all x and g. In particular, there is a separable metric on
X which maokes the action continuous.

PROOF. Since X is standard, we may assume S is a Borel subset of
[0, 1] with the relative Borel structure. Define ®(x)(g) = z-g~'. Then
(z-g)(g1) =x-g-91 = z-(q1g7 )7 = (z)(g197") = (2(z) 9){(g1)-
Moreover, if ®(x,) = ®(x3), then z;-¢7> = z5- g a.e. g. Choose g
so that this equality holds. Then 2 =z, -7 - g=22-¢71 - g = 22.
Hence & is one- to-one Lemma IV.4 implies & is Borel. Indeed, z

[ B(2)(9)f(9) dn(g) = [x(z - g7')f(g)du(g) is Borel by Fubini’s
Theorem. The conclusmn now is a consequence of Theorem 1.8. [

COROLLARY IV.7. Suppose the group G 1s compact. Then there
exists a Borel set E meeting each G orbit in exactly one point, and
the space of orbits X/G with the quotient Borel structure is standard.

ProoF. We may assume the action of G is continuous. Then
the saturation of every open set is open, and each orbit is compact
and hence complete. By Theorem 1.15, there exists a Borel set F
meeting each orbit [z] = z - G in exactly one point. Moreover, if £ is
a Borel subset of E, then the saturations of £' and E — F are disjoint
complementary sets. But the saturation of any Borel sct W is the
image of W x G under the mapping (z, g) — 2-g. In particular these
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saturations are analytic. By Corollary 1.2, {F] is a Borel set. Using
Proposition 1.5, we see the space of G orbits is standard. []

6. Cocycles on Borel G Spaces

DEFINITION. Let X be a Borel G space and H be a standard Borel
group. A cocycle on X with values in H is a Borel mapping ¢ from
X x @ into H satisfying ¢(zx, g)é(zg,d') = ¢(z, gg') for all z, g, and

g-

THEOREM IV.9. Suppose X is a standard Borel G space with a
quasi-invariant measure ji. Then if ¢ 1s a Borel mapping from X xG
into a standard Borel group H satisfying ¢(z,g)¢(zg,9') = ¢(x, 99")
a.e. &, g, and ¢, then there exists a Borel cocycle v equal to ¢ a.e.
on X x G.

ProoF. Let F = {(x,g) : &(z, 991)¢(zg, 1)~ ! is constant a.e. g1}
By Proposition 1.8, F' is a Borel set. By Fubini’s Theorem, F' is
conull. Moreover, if (z,g) and (zg, ¢') are in F', then both

oz, g1 )d(zg, 91) 7" and ¢(zg,9'91)(zgg’, 91) "

are constant a.e. g;. Thus

&z, 99'01) (g, g o) (g, 9 91)d(zgg  g1) " = d(z, 99 91)B(zgg’, 1)

is constant a.e. g,. Hence if (z, g) and (zg, ¢') are in F', then (z, gg')
is in F'. Because of this property, we say that F is multiplicatively
closed.

Now let v be a probability measure on G equivalent to Haar mea-
sure. Redefine ¢ on F by letting ¢(z, g) be the a.e constant value of
the mapping g, v ¢(z, 99.)d(zg, g1)~'. Note ¢ remains Borel on F,
for

b(2,9) = [ 6(z.99:)8(zg,0)7 dv(g1)

is Borel by Fubini’s Theorem where here we have identified H Borel
isomorphically to a Borel subset of [0,1]. Moreover, the argument
showing that (z,gg’) € F when (z,g) and (zg, g') are in F' shows that
the redefined ¢ satisfies #(x, gg') = ¢(z, 9)d(zg,¢') when (x,g) and
(zg, ¢’} are in F. Furthermore, the redefined ¢ equals the original ¢
almost everywhere.

Since the Borel mapping (z,g) — (zg, ¢~*) preserves the measure
class of 4 x v, the set X, consisting of those z with (z,g) € F and
(‘I‘Eg:'gﬁl) € F for a.e. g is a conull Borel subset of X. We now note
that X, has the property that whenever z € X, and zg € X,, then
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(z,g) € F. In fact in this case note we can choose an h satisfying both
(z,gh) € F and (zgh,h™*) € F. Thus, since F' is multiplicatively
closed, (z,g9) € F.

Now by Theorem IV.8, we may assume that X is an invariant
Borel subset of Ug and that the action of G on X is the restriction
of the universal G action to X. By Theorem I1.11, there is a conull
o-compact subset W of Xj. Let f be the continuous function on the
o-compact set W x G defined by f(z,g) = zg. The image of this
map is the saturation [W] of W; that is, the smallest G invariant
set containing W. In this case [W] is o-compact and hence Borel.
By Corollary 1.8, the function f has a Borel right inverse. This right
Borel inverse of f must have form z — (z0(z)!,6(z)) where 0 is a
Borel function from [W] into G. In particular, z8(z) ! € W for all
z € [W]. We redefine 0 so that §(z) =e for z ¢ W.

Now define ¥ by ¥(z,g) = ¢(z0(x)~*,8(z)gb(xg)!) if x € [W]
and ¢(z,g9) = e if ¢ ¢ [W]. Note that ¥(z,g9) = ¢(z,9) f x € W
and hence ¥ equals ¢ a.e. To see that v is a cocycle, note that if
z € [W], then

Plz, 9)0(zg, g') =p(0(z) !, 0(z)g0(zg) d(zgb(zg) !, 0(zg)g' 0{zgg’) )
=¢(zf(x) ™", 0(x)z99'0(zg9') ")
=v(z, gg")

since z0(x)"!, zgf(zg)~!, and zgg'0(zgg’)~" are all in X,. That
Yz, 9)v(zg, ¢') = ¢¥(z,99') holds when = ¢ [W] is immediate. [

COROLLARY IV.8. Let G be a second countable locally compact
group and assume ¢ is a Borel mapping from G into o standard

Borel group satisfying ¢(g192) = &{g1)d(g2) a.e. g1 and go. Then
there exists a Borel homomorphism 1 which is equal to ¢ a.e. on G.

Cocycles equal almost everywhere do not need to be equal every-
where; but they are more than almost everywhere equal.

ProPOSITION IV.9. Let ¢ and v be cocycles on the standard Bo-
rel G space X. Assume p is a quasi-invariant measure on X. If

wlz,g) = Y(z,9) ae (x,9), then for all g, p(z,9) = ¥(x,g) for
almost all x.

PrOOF. Set Gy = {g : ¢(z,g9) = ¥(x,g) for almost all z}. Then
G, is conull. Moreover, if g; and g, are in Gy, then ¢(z, g;) = ¥{z, 1)
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for a.e. £ and @(x - g1,92) = (- g1, ¢2) for a.e. z. It follows from
the cocycle property that

o(z,g192) = wlz, g1)p(x - g1, g2) = ¥(x, g1 (- 91, 92) = ¥(z, 9192)

for a.e. . Thus Gy is closed under multiplication. Hence if g5 € G,
then since g3Gy "' and Gy are conull, there exist g, and g, in Gy such
that gsg7' = g1. Thus gs = qig2 € G} C Gy and hence Gp = G. O

7. Unitary Representations of Topological Groups

DEFINITION. A unitary representation of a topological group G is
a continuous homomorphism from G into the unitary group U(H) of
some Hilbert space H.

A unitary representation UV of a second countable locally compact
group & on a separable Hilbert space defines a unitary Borel action
of G on the Hilbert space of U/. Indeed, since the mappings g —
U(g~)v for v € H and the mappings v — U(g)v for g € G are
continuous, it follows by Proposition 1.19 that the mapping (v, g) —
U(g~')v is Borel on H x G. Conversely a unitary Borel right action
of a locally compact group G comes from a unitary representation of
G. In fact define U(g)v = v-g~'. Then U is a Borel homomorphism
of G into the Polish group U(H). It follows by Theorem IV.2 that U
is continuous.

A linear subspace W of H is said to be invariant under the rep-
resentation U if U(g)W C W for all ¢ € G. The representation U
is said to be irreducible if the only closed invariant subspaces of H
are (0 and H. Two unitary representations U/; and U; of G on Hilbert
spaces H; and Hy are unitarily equivalent if there exists a unitary
isomorphism T of H; onto H, satisfying TU,(g) = Uy(g)T for all
g € G. Notationally, we write U; = U,.

PRropPOSITION IV.10. A unitary representation U is irreducible iff
the von Neumann algebra generated by the set U(G) = {U(g) : g €
G} is B(H).

PRroOF. Suppose the von Neumann algebra generated by U(G) is
B(H). Then if P is the orthogonal projection onto a closed invariant
subspace W, then PU(g) = U(g)P for all g. This, by the double
Commutant theorem, implies that P commutes with every bounded
Operator. Thus P=0or P = 1.

Conversely, if U is irreducible, then the only orthogonal projec-
tions commuting with every operator U(g) are 0 and I. Thus the



156 IV. GROUPS AND GROUP ACTIONS

commutant of the von Neumann algebra generated by U(G) is the
algebra of scalar operators. By the double commutant theorem, the
von Neumann algebra generated by U(G) is B(H). O

Let U and V be unitary representations of G. Then an inter-
twining operator T between U and V is a bounded linear operator
from the Hilbert space for U into the Hilbert space for V satisfying

TU(g) =V (9T

for all g. Let R(U, V) denote the collection of all intertwining oper-
ators between U and V. Since R(U,U) = U(G)', Proposition IV.10
is equivalent to U being irreducible iff R(U,U) = CI.

PROPOSITION IV.11 (SCcHUR'S LEMMA). Let U and V be trreduc-
ible unitary representations of G. Then U is unitarily equivalent to V
iff R(U, V) # {0}. Moreover, if W is a unitary operator establishing
a unitary equivalence between U and V, then R(U,V) = CW.

ProoF. Suppose T is a nonzero intertwining operator between U
and V. Since TU(g™") = V(g~1)T, taking adjoints implies U(g)T™ =
TV (g). Since this hold for all g, T* € R(V,U). Thus TT* € R(V, V)
and T*T € R(U,U). Since R(V,V) = CI and R(U,U) = CI where [
denotes the identity operator on the appropriate Hilbert space, we see
T*T = ¢ and TT* = dI. Since T # 0, ¢ > 0 and d > 0. Moreover,
d*T = TT*TT* = TcT* = cdl implies ¢ = d. Hence W = \%T is a
unitary operator intertwining U and V', and U is unitarily equivalent
to V.

Suppose W is a unitary operator between the irreducible repre-
sentations U and V. Let T € R(U,V). Then TW* € R(V,V).
Hence TW* = ¢l for some c¢. This implies T = ¢W, and hence
R{U,Vy=CW. O

A unitary representation U is type I if the von Neumann algebra
Ay generated by the set U(G) is type I. The representation U is
said to be primary if the von Neumann algebra Ay is a factor. A
representation U is said to be locally simple if A is abelian.

PRrROPOSITION IV.12. Every primary type I unitary representation
U is unitarily equivalent to a unigue multiple of an irreducible uni-
tary representation. The equivalence class of this irreducible unitary
representation is unique.
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PROOF. Indeed, by the Theoreins I111.21 and I11.22 and the double
commutant theorem, the von Neumann algebra A; is unitarily iso-
morphic to nB(H) for a unique n and some Hilbert space H. Using
this isomorphism, we may assume U(g) € nB(H) for all g. Thus
U{g) = nn(g) where w(g) is a unitary operator on H. Moreover, 7
is a unitary representation on H; and since Ay = nB(H), we have
A, = B(H). Thus by Proposition IV.10, the representation 7 is
irreducible.

To see that the unitary equivalence class of @ is unique, assume
nm and na’ are unitarily equivalent. Let P; be the projection from
nH onto its i component and let @, be the projection of nH’ onto
its 7% component. Let T be a unitary operator from nH onto nH’
giving a unitary equivalence between nm and nz’. Then there are
an i and j such that M;; = Q,;TF; is a nonzero partial isometry
that establishes a unitary equivalence between the restriction of nw
to a nonzero invariant subspace of the representation nﬂ P, (nH) and
a nonzero invariant subspace of the representation ’I’LTI"'QJ (nH’). Since
n7| p, iy 18 unitarily equivalent to 7 and n7'|g, ¢y is unitarily equiv-
alent to 7', we see that M M;; = P, and M, ; M}, = @, and the
representations 7 and 7’ are unitarily equivalent. []

PROPOSITION IV.13. Every locally simple unitary representation
on a separable Hilbert space is cyclic.

PrROOF. By Lemma IIL.8, it suffices to show Ay has a separating
vector. But this follows from Proposition I11.1 and Theorem III.8
and the spectral theorem. [J

ProPOSITION IV.14. U is a primary locally simple representation
if it 1s irreducible.

Proor. If U is locally simple and primary, then A;; is the center
of A}, and hence is CI. Thus Ay = A}, = B(H). Hence U is
irreducible. Conversely, if U is irreducible, A}, = CI and thus U is
Primary and locally simple. [J

THEOREM IV.10. Let U be a type I unitary representation on a
Separable Hilbert space. Then there exist unique mazrimal central
Projections P*°, P, P?, ..., such that whenever P" is nonzero, the
Tepresentation U restricted to P*H is unitarily equivalent to nl/,, for
Some locally simple representation U,

PROOF. Let A = Ay. Then A’ is type I; and by Theorem II1.22,
there are unique maximum central projections P, such that the von
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Neumann algebras A}, are homogeneous of degree n. Since (Ap)’ =
A, for central projections P, the result will follow if we show that
a representation U is nV for some locally simple representation V' if
and only if A} is homogeneous of degree n. But this is clear for if
U =nV, then A = D,(Ay); and thus A" = M, (A}), and one sees
A’ is homogeneous of degree n when A;, is abelian. Conversely, if
A’ is homogeneous of degree n, then we may assume A" = M, (C)
where C is an abelian von Neumann algebra acting on a Hilbert
space Hy. Hence A = D, (C’) where the von Neumann algebra C’ has
abelian commutant. But then it follows that U = nV where the von
Neumann algebra generated by the representation V' is €. Thus V'
is locally simple. O

8. The Convolution Measure Algebra

Let G be a locally compact Hausdorff group. Let M(G) be the
space of complex Baire measures on G. (These are the complex
measures on the o-algebra generated by the compact G5 sets.) The
Riesz representation theorem says that if I is a bounded integral on
C.(G), then there is a unique Baire measure u with

= [ #(z) du2)

Every Baire measure has a unique extension to a regular Borel mea-
sure; and if G is second countable, the Baire sets are the same as the
Borel sets.

One can define a convolution of two complex measures y and v in

M(G). Namely
Lok ) = [[ $(ev) dutz) du(y).

Note this is bounded for |[...(f)] < ||f|lec|ul |V|. Hence there is a
measure 4 * i satisfying

ffi"ydii z) dv(y ff )du = v(x

This measure is called the convolution of i with ». One can show that
M (G) under addition and convolution is an algebra. Moreover, €, the
point mass at e is the identity in this algebra. Furthermore, M(G)
can be turned into a * algebra. Namely, define p*(E) = p(E-1).
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Then du*(z) = du(z—'). In particular one has

[ 1@ de@ = [ Fla) duta

One notes
|| =l
pt=p
(cp) =cu
(u+rv) =p +v°
(pxv) =v"*p.

To see the last equality, note

[ Koy = [T ot
_ f f Fl(zy)=") du(z) du(y)
=fff(y—lx—1)dp(a:)dV(y)
_ f f Flyz) du(z) dv* (y)
=ff flyz) du*(z) dv* (y)
- [[ 1@ a0 )@

Thus M(G) is a * algebra under convolution. Since |[,..(f)] <
911 {lo, ome has |1 v] < |u] w]; and clearly le.| = 1, [u*] = |1l
Thus M(G) is a normed * algebra. We also note it is complete under
the norm |ul. Indeed, if p, is Cauchy, then for each f € C.(G),
lim I, (f) exists and defines a bounded linear functional on C(G).
Moreover, by the Riesz Representation Theorem, this integral is
given by a unique Baire measure y, and one can show pu, — p.

In any case, M(G) is a Banach * algebra with identity and is called
the group measure algebra of G.

Note M(G) need not be a C* algebra. Indeed, suppose there is an
element z € G with ¢ # 2 1. Set 4 = €, +€,—€,-1. Then {u| = 3, and
thus |42 = 9. Now €% = €,-1. Thus p*p = —€.+2€,—2€,-1+ez2+e 2
Which has norm at most 7.
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9. The L' Algebra

Let dz be a right Haar measure on G. One can imbed L'(G)
as a subalgebra of M(Q@). Indeed, for f € L*(G) define a measure
5 € M(G) by dus(z) = f(x)de. Thus ps(E) = Jp f(z)dz. Then
{4y is a complex measure with total variation

sl = [ 1) dz = 1171

PROPOSITION IV.15. LY(G) is a closed two sided  ideal in M(G).
It is thus @ Banach * subalgebra of M(G). In particular f*(z) =
§(z~ 1) f(z™!) and

f*h(z /fa:y dy—/f Yh(yz) d

PrOOF. We calculate u}.

Thus p} = pj- where f* (z) = 8(z~*)f(z~!). We next calculate
tis * pi. Indeed

fF z)dpy * pan(z f F(zy) dug(z) dpn(y)

/ Flzy)f y) dydz

ffF (y)dy dx
/ /f xy Yh(y)dydz
I

(x) f = h(z) dz,
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and thus d{pus * pn)(z) = fxh(z)dz. Since gy > pr| < || fl1]|R]]1, we
see

[ Al < ALt ALL-

Furthermore || = |u| yields | f*|y = || fl1-
We now show it is an ideal. Consider f * u. It is the measure
which satisfies

f /h:r:y x) dx du(y
/fh Y de du(y)
=fh /fa:y ) duly

Thus
a5+ u)@ = ([ fay™ dutw)) do.
Hence
fru@)= [ foy)duty) and |If = plly < [ lLlu
Similarly
fh(ﬂi)d(#*f)( =ffh yx) du(y dx
= [[h@) d(y™"z) du(y)
= [ fa )y ) dpy) de
- f h(a) p* f(2) do
where

i fx fc? “Nf(y ) duly).

Again ||u « f| < il |Ifih- O
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PrOPOSITION 1V.16. The algebra L*(G) has an approrimate unit.

ProoF. Let A be the set of all compact neighborhoods of the
identity ordered by inclusion. Thus A < M if M ¢ A For each A, let
fx be a continuous positive function with support inside A for which
[ falz) dz = 1 and fa(z™?) = flz) for all z. We show Hfy xh —
hi|; — 0. First let ~ be a continuous function of compact support
K. Proposition IV.3 implies there exists a compact neighborhood U
of e so that |h(yz) — k(z)| < eif y € U. Suppose A > U. Then

Ufaeh=hil= [ 1fsxh(e) - @) do
= [1 [ 5@)npe) - w)) d e
< [[ s@intve) - @) dyde
= [ 1) [ Inw) = hiz) dady
v
< [ HmU- K)edy = mU K)e.
Now if k € LY(G), choose hy € C.(G) with || — h1j[1 < §. Then

fo*h—hll=Ilf,\*h—f,\*h1+fwh1—h1+h1—hll
< |1 AllllB = hall 4+ {1 £x = By = Bslls + [Py — Ry

2¢
<3+ |[fx * By = hal|

<e
for ) large. The argument for ||k = fy — h|| is similar. O

L}(G) is a Banach -algebra with an approximate unit. The uni-
versal enveloping C* algebra of L1{G) is denoted by C"(G) and is
called the group C* algebra of the G.

LemMa IV.5. The natural mapping T of L*(G) into C*(G) is one-
to-omne.

ProoF. Define a representation 7 of L*(G) on L*(G) formally by

r(f)h=(6"2f) «h.
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First note 7(f) is bounded. Indeed
(DR = | [ (820 @) B ()
=1 [[ sy s ) dy ) s
=1 [[ st sty 2k @) de
< [Irwisw™? [ o)k @)dray

Hence by the Cauchy-Schwarz inequality,

1/2 1/2
[(m( £k, BT < /If(z,r)lﬁty)'l/2 (/h(y_lI Izdﬂv) (flh' (=) zdm) dy
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—/If(y)lfi(y)‘m( /h(I Izdx) (/Ih’ (@) dr) dy

/if(y (fih(w)l2 ) (]Ih’($)2d:r) dy

= [1£ll2/1nl211A"]f2-

Thus {|w(f)[| < [If]]:-
Next, note 7 is a * representation of L!(G). Indeed,

(62 1) % (62 £2)(g ] 2y £ (™) 2 (yg) falyg) dy
= 612(g)(f1 * fo)(9),
and thus
w(fi % f2)(R) = (62 (fix f2)) ¥ h
= (82 A)x (817 f2) x h
= m(f)w(f2)h,
and since
(m(f* )R, K'Yy = (82 ) * h )
= [[ #4561 @ hiaok (o) dadg

/ §12(71)8(z) f(z)h(zg)F' (g) dz dg

- / §Y%(z) F(z)6(z ()R (z~1g) d dg
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= [y [ 82 @3( ) Fa) (ag) de dg

— [ bg) [ 8=y s21 (@)W (zg) de dg
= (@) 4 )
= (h,‘ﬂ'(f)h’),

w(f*) =m(f)".
Next note if f # 0, then n(f) # 0, for there is an h € C.(G)
with f* h # 0. Indeed, take h from an approximate nnit. Thus

Il (D1 = Ml (HI > 0. O

PROPOSITION IV.17. The following are equivalent:

(a) G is abelian.

(b) LY(G) is commutative.
(¢) M(G) is commutative.
(d) C*(G) is commutative.

ProoF. Clearly (c) implies (b} and (a) implies (c). We show (b)
implies (a). Consider  and y. Let f, h be in L*(G). Then
frhxe, =Ffrhxe, x¢,
=hxe,xfre
=frxe,vhxeg
=hxfxe, xe,
=fxh*ey.

Take f = u, to be an approximate nnit. By taking limits, we see
hoxegy =hxey,

for all h € L'(G). But hxe,(y) = [g(yz ) de.(z) = g(yx™"). Hence,
for each g € C.(G), we have

glzy 'z ) = glzz™y ™)
for all z. Thus g(y'z7') = g(z~'y™?) for all g. Thus y~'z~! =
z~1y~1, and hence zy = yz.
Finally (b) and (d) are equivalent, for T is one-to-one and has
dense range. [

Recall a mapping f from a topological space X into B(H) is
strongly contimious if for each vector v € H the mapping z — f(z)v
is continmous.
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Let 7 be a unitary representation of G. For each u € M(G), we
can define a bounded operator 7(u) on H by

(w(w,w) = [ (@), w) duts).

Note ||m(g)|| < |¢|. Moreover, if f € LY(G), then «=(f) will be used
to denote the operator w(u,) where u;(E) = [; f(z)dz

THEOREM IV.11. There is a one-to-one correspondence between
the unitary representations of G and the nondegenerate * represen-
tations of the Banach algebra L*(G). Moreover, each nondegenerate
x representation of L*(G) has a unique extension to M(G).

PROOF. Let m be a unitary representation of G. Extend = to
M(G). An easy argument shows w{u*) = m(u)*. To see m(p*v) =
() (¥), note

(w (v vyv,w) = [ w(ay)o,w) dute) dv(y)

= [[won@yjduty) duto)

/(()'uvr( Hw)du(z)
= /(71'(3:)71’(,!1)%111)‘1#(55)

= (m(p)m(w)e, w)

for all v,w. Hence n(uxv) = w(u)r(v). We show 7 is nondegenerate
on L'(G). Let uy be an approximate unit. Then 7(uy)v — v. Indeed,

|7 (ua) v—v||—\|/u;\ z)vdr — v||

< /U)\(.’JU)H?T(CE)U —v||dz

< sup |m(z)v —v]] =0
TESUPPU
as A increases.

Conversely, let 7 be a nondegenerate representation of the Banach
* algebra L'(G). Let u € M(G). Set
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To see this is well defined and can be extended to a bounded linear
operator on all of H, it suffices to show

m m

1wl fiduill < ul I Z’”(fz‘)vz“-

i=1
Let uy € L'(G) be an approximate unit. Then Corollary IL6 and
i *uy € LY(G) imply

m

1D wlp* fi)ull = lim || ZW(#*UA * fiul|

= lim |7 (gt * pax) (i "’r(fz‘)'”i) |

i=1

m
< limAsupH,u* uall1 || ZW(fi)viH

=1

< tim g e[| 2w £l
i=1

= 1o+ sl

Thus 7(p) extends to a bounded linear operator on H satisfying
[|7w()]] < |ue|. Since w{p)mw(¥)n( flv = a((pxv)+flvfor all f € L'(G)
and v € H, one has w(p)m(v) = n(p *v) for p and v in M(G).
Moreover,

{m(w)m(f)v, w(R)w) = (=(p * flo, 7 (hjw)
= (v, 7 (f* #pu* * hw)
= {7 (f)v, m(p*)m(h)w)

for f and h in L!(G) and v and w in H implies w(p*) = w{u)*. Thus
any nondegenerate representation of the Banach * algebra L!(G) ex-
tends to a representation of M(G). In particular, #(e.) = I. More-
over, since  — €, is a homomorphism of G into M(G), we see

m(z) = 7(ex)

defines a homomorphism of G into B(H). Since ¢} = ¢;!, n(z™!) =
w(es) = m(ey)*. Thus m(z)~' = m(z)*, and each operator n{z) is
unitary. We need to show 7 is strongly continuous on G. Since
7 is nondegenerate on L!(G) and C.(G) is L! dense, we see = is
nondegenerate on C.(G). Let x, converge to e and let f € C.(G).
We show #(z,)n(f)v — =»(flv. Indeed, n{x,)w(flv = w(e,, * flv
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and e, * f(y) = 6(z;1) f(z;'y). Thus by the Lebesgue dominated
convergence theorem, €, * f converges in L' to f. Hence

7w (@n)m(flo — (o]l < llex, = f = flLljvl} = 0.

Thus 7(z»)v — v for v in a dense subspace of H. But since #(z,) are
unitary, we see if € > 0 and w € H and v is chosen so that =(z,)v — v
and [|[v —w|| < £, then

Im(@aw — wlj < Im(za)w = w(za)ol] + {17 (z0)o = v + [fo — w]
< % +l|m(z)v —vjf < e

for n large.

To finish the proof, we need to show that if % is defined on M(G)
by (F{p)v,w) = [(r(z)v,w) du(z), then #(i) = n(y). Indeed, first
consider f,h € C.(G). Then f+h = [ f(z)e, * hdz, and this integral
in L'(G) is a limit of sums of terms of form f(z;)e,, * h{y) m(E;).
Thus

(r(S)m(h)v, w) = (7(f * h)v, w)
ff 7(e, * h) dz v, w)

ff h)v,w) dz

f)ﬂ(h)'v w)

for all v, w. Thus #(f)w(h)v = #(f)r(h)v for all f and A in C.(G).
Therefore, =(f) = #(f) for f € C.(G). Since 7 and # are continuous,
7(f) = #(f) for f € L*(G). Finally, m(p)r(flv = m{u* flo =
T(p+ flv = #pyn(f)v for all f € LY(G) and all v. This implies
m(p) =#(p). 4

REMARK. There are nondegenerate * representations of M (G)
Whose restrictions to L*(G) are zero. Indeed, if 7 is a unitary repre-
sentation of G, define # on M(G) by 7(u) = 3 p({z})n(z).

COROLLARY IV.9. The correspondence ™ — o +— 1" defined by
™(f) = [5 Hz)n(z)dz and = (7(f)) = 7'(f) is a natural identifica-
tion of the umtary representations m of G and the nondegenerate *
"epresentations 7' and 7" of L'(G) and C*(G). Moreover, the von
Neumann algebras m(G)", 7' (LYG))", and 7" (C*(G))" are oll equal.



168 IV, GROUPS AND GROUP ACTIONS

PrRooF. The identification of m, 7’ and =" follow from Theorem
IV.11 and Theoremn II1.9.

To see the final statement, first note 7(G)’ = #'(L}(G))". Indeed,
A e n(GY iff Ar(z)m(y)v = wlz)w(y)Av for all z,y € G, v € H
iff An(z)f f(y)n(y)vdy = =(z) [ fly)m(y)Avdy for all z, f and v
iff An{z)n'(flv = w(x)A7'(f)v for all z, f and v iff An'(e, * flv =
7'(e; *+ f1Av for all z and f iff An'(f) = 7'(f)A for all f iff A €
7' (LYG)). Hence w(G)” = n'(L*(G))”. Alsonote 7'(L*(G)) is norm
dense in 7”(C*(G)) siuce 7 : L*(G) — C*(G) has dense range and
7" is continuous. Hence n'(LY(G))” = =" (C*(G))". O

10. Positive Definite Functions

DEFINITION. Let G be a locally compact group. A continuous
function ¢ on G is said to be positive definite if for each finite se-
quence ,Zs, - ,Z, in G, the matrix [¢(z; 'z,)] is positive semi-
definite.

PROPOSITION IV.18. Suppose ¢ is a positive definite function on
G. Then

l¢(2)| < ¢le) and
¢(z7") = o(x)

forallz €G.

PROOF. Indeed, [ é‘ég‘i)l) ﬁ((ﬁ”;
mitian matrix. Thus ¢(z™!) = @&{z). Moreover ¢(e) > 0, and
¢le)’ — d(x)p(z71) = dle)’ — [d(z)* 2 0. O

Let M;(G) be the collection of all regular complex Borel measures
pon G with |u| < 1. Then M;(G) is a compact subset in the weak =*
topology. More specifically, we consider the Banach space Cy(G) of
bounded continuous real valued functions on G, and let M,(G) be the
subspace of the unit ball in C,(G)* defined by the complex regular
measures. Then M) (G) is a closed subset in the weak * topology.

The set M, (G) of positive measures in M(G) is closed in the weak
* topology in C,(G)* and hence is compact. Since it is convex, by
the Krein—-Milman Theorem, it is the closed linear hull of its extreme
points.

For pp € M(G) and h € C,(G), define {(h, u) = [ h(x)du(z). Note
[(hy )] < |Rlsolial-

a]

jL is a positive semi-definite Her-

1l
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LEMMA IV.6. Let i be an extreme point in M, (G). Then p =0
or |t = €, for some x. Moreover for each v € M(G), there is o net
wy in the linear span of the point measures e, with

11)1\'1’1(}!,, 4“*)\) = (hs U)
for each continuous bounded function b on G.

ProOF. Let u be a nonzero extreme point. We note [p| = pu(G) =
1, for otherwise p = (1 — p(G))0 + u(G) . We claim for any
Borel measurable set E, u(E) = 0 or u(F) = 1. Indeed, note if
p(E) € (0,1), then = p(E)u—“(% +u(G—-E) ”‘Eg’:g), a contradiction.
From this it follows there are compact sets K for which u(K) =
1. We claim the intersection of all such K contains at most one
point. Indeed, if ¢,y € NK and x # y, then there are compact
neighborhoods U, and U, of z and y with U,NU, = . Note u(U,) =
0 or u(U,) = 0, for otherwise u(U, UU,) = 2. Suppose u(U,) = 0.
Then there is a compact set K C G — U, with u(X) = 1 and thus
x ¢ Nux)—1K. If the intersection of all K with (K) = 1 were empty,
then there would be K, .-, K, with 4(K;) =1 and NK; = @. This
is impossible. Thus the intersection of all X' with u(K) = 1 consists
of one element z. We claim u({z}) = 1. If not, then p({z}) = 0;
and there is a compact set K in G — {z} with u(K) = 1. Hence z is
in K which again is impossible. Hence p = «,.

To see the last statement, we may assume v is positive and v(G) =
1. Using the Krein—-Milman Theorem, there is a net uy € M (G) in
the linear span of the point masses e, with (h, ux) — (h,v) for all
he Cy(G). O

THEOREM IV.12. Suppose ¢ is a continuous function on G. The
following are equivalent:
(1) ¢ is positive definite.
(2) (¢,p" = p) = [ () dp” = p(z) = [f ¢z~ "y) dfi(z) du(y) = 0
for each p € M(G).

B) (o f** £y = [f oz 'y)f(z)f(y)dedy > O for each f €
}G).

ProOF. We show (3) follows from (1). First assume f € C.(G)
and K = suppf. Let p be Haar measure restricted to K. Then u
Is finite. Hence i is a weak * limit of u; where each y; is a finite
real linear combination Y A je.. , of point masses. Then u; x p,
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converges weakly to g x u. (First check on products and then use
the Stone-Weierstrass Theorem.) Thus

(6.7 1) =tim [[ 6@ ) @)/ ) (s x 1) (2.9)
= llchﬁ) x; SCz k) 331 @ik A 2 0.

Thus (¢, f* * f) > 0 for f € C.(G). In general, take f, € C.(G)
converging in L' to f to see it holds for all f € L'(G).

Suppose (3) holds. Let y be a measure with compact support K.
Let f > 0 be in C.(G). Note

(0, f*rpu" xpuxf)= f du*(y) du(z ffqﬁ ayzt)f*(z) f(t)dz dt > 0.

Let € > 0. Then using the compactness of K ' x K, there is a
compact symmetric neighborhood A of e such that if z and ¢ belong
to A, then |p(zyzt) — #{yz)| < € for (y,2) € K~' x K. Hence if
[ A(z)de =1, suppfy, C Aand 0 < fy, then

[(ops® * ) — (b fx % ™+ g% f)]

'ff 4 (y) dulz) (ff Bly=) — leyaD) 5 (@) fx( )dwdt)
< [[ @ ania  [[ o) - stevani @iy asct)

< elu*[(K 1) [ul(K).

Takmg e =+ and A = A, and taking a limit as n — oo shows
(¢, u* * ,u) = 0 if (t is a measure with compact support. Because the
measures in M(G) are regular, each g € M(G) is a norm limit of a
sequence i, of measures having compact support. In particular,

[, p* + ) — (b, g * prnd| < 1y 1™ # 1) — (&, 1° * ptn)|
+ (b, 1™ * pan} — (s pir, * pin)|
()l“! ‘Ju Fin]"'qs ‘Ju ﬂ‘n”ﬂ‘nl_)o

as n — oo. Thus {¢, u* * ,u) > 0 for any ¢ € M(G), and (2) holds.

To see (2) implies (1), let ;,2;,-+- ,x, be a finite sequence in
G and let ¢; € C. Then u = 3 c¢ie,p, is in M({G). Since p* * u =
i Ci€j€ -1, one has

> Giesp(ai ay) = (6, u" ) > 0,

and consequently ¢ is a positive definite function. O
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Note the dual of L'(G) is L™=(G). Let ¢ € LOO(G). It defines a
linear functional w, on L'(G) by wy(f) = [ f(z)¢(z) da satisfying

6] = 1] oo.-

THEOREM IV.13. Suppose ¢ € L™(G). Then the following are
equivalent:
(a) The linear functional wy on LY(G) is positive.
(b) There is a positive definite function ¢ on G with ¢(z) = ¥(x)
for a.e. z.
(c) There is a unitary representation © of G with a cyclic vector

& with (n(g)¢, &) = ¢(z) for a.e. z in G.

PROOF. We show (a) implies (¢). By the GNS construction, there
is a nondegenerate *-representation = of L'(G) with a cyclic vector
£ satisfying wy(f) = (n(f)¢, &) for each f € L'(G). Theorem IV.11
implies there is a unitary representation 7 of G such that =(f) =
[ Hzyr(g)dg. Thus wo(f) = (x(£)E,6) = [ f(g)(n(g), &) dg =
[ f(9)¢(g) dg for each f € LL. Hence qb( ) = {x ( ), 5) for a.e. g.
We note { is a cyclic vector for the unitary representation m. In-
deed, if v L #(G)&, then {n(f = [ flg){n( }dg = 0 for all
f. Thus v is perpendicular to the dense subspace 7r( YG)), and v
must be 0.

(b) follows easily from (c), and (b) implies (a) is part of Theorem
V.12, O

COROLLARY IV.10. Let ¢ be a positive definite function on the lo-
cally compact group G. Then |¢(x)—d(y)I® < 2¢(e)(d(e)—Red(z )]
and [§(z) — d(y)* < 2¢(e)[¢(e) — Rea(yz ).

Proor. We may assume ¢(x) = (n(z)¢,£) where 7 is a unitary
representation of G. Thus |¢(x) — ¢(y)|* = |[(x(y)€ — 7()€, 62 <
(€12l (y)€ — m(z)¢] 2. Thus

[6(2) = p(W)I* < dle)m ()€ - w(2)E, 7 (y)€ — n(2)8)
(€) HIm(ElI* + lim(@)€l|* — 2Re(r(y)€, 7 (2)€))]

= ¢(e) [26(e) — 2Red(z'y)] ,

and the first result holds. Since p(z=') =
[b(z=1) — gy )] < gle) (26(e) — dlyz~1)]. O

I/\
S &

(), |¢(x) - o(y)| =
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THEOREM IV.14 (GELFAND-RAIKOV). Let G be a locally compact
group. Suppose e # g € G. Then there is an trreducible unitary
representation ™ of G with n(g) # 1.

ProoOF. Choose a compact neighborhood A of the identity satis-
fying Ag N A = 0. Let fy > 0 have support in A, be continuous, and
have integral one. Then z — fi(zg™') — fi(z) is a nonzero function
LY(G). Hence by Corollaries I1.13 and IV.9 and Lemma IV 5, there
is an irreducible unitary representation 7 of G' with

f(f,\(xg’l) - fa@))in(z)¢, &) do = /f,\(w)((?f(wg) ~m(z))§,¢) dz £ 0

for some £ and &'. Hence w(z)m(y) —=(z) # 0 for some x. This gives
n(g) #1. O

Let P(G) be the space of positive definite functions ¢ on G with
¢(e) = 1. Since |lwyl} = ||¢|lc = #(e), Theorem IV.13 implies the
mapping ¢ — w, is a one-to-one correspondence between P (G) and
the set of states for the Banach * algebra L(G). We give P(G) the
relative weal * topology from the unit ball of L=(G). The following
theorem shows this topology is the topology of uniform convergence
on compact sets.

THEOREM IV.15 (RATKOV). The weak * topology on P(G) is the
topology of uniform convergence on compact sets.

PROOF. Suppose ¢, — ¢ in the topology of uniform conver-
gence on compact sets. Let f € L'(G) and let € > 0. We assume
{1f(z),dz < 1. Choose a compact set K such that fo_g [f(z)]dx <
<. Choose ag such that & > ap implies |pa(2) — ()| < § forz € K.
Then

|[ $@)sute) do= [ f@pia) dal < [ 17@)l19ue) - o(a)|do
< [ 1@)lea() —s@Idz+2 [ 17(@)]ds
<;fKEf(a:)dx+%

<€

for a > ag.

Suppose w,, — w, in the weak * topology. We simplify nota-
tion by letting ¢(f) denote wy(f). The functionals ¢ for ¢ € P(G)
are uniformly bounded on norm compact subsets of L'(G). More-
over, they are equicontinuous. Indeed, if ||fi — fall1 < €, then
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6a(f1) — @alf2)] < e By equicontimity, if the net ¢, converges
pointwise on a compact subset of L!(G), then it couverges uniformly
on this set. Now let K be a compact subset of G. For f & LYG)
and y € G, set f,(z) = f(zy!). Each mapping y - f, is continu-
ous. (Check first for f € C.{G)). In particular, the set of functions
{fs 1y € K} is a compact subset of L*(G). Thus ¢.(f,) converges
uniformly to ¢(f,) on K. Then by right invariance of Haar measure,
[ f(@)palzy) dz — [ flx)d(zy) dz uniformly for y € K. Let V be a
compact neighborhood of e so that |¢(y) — ¢(e)] < eif y € V. Set
f= , and choose aq so that a > ag implies [¢,(f) — o(f)] < e
’\Iote

504 = 0(0)| = | [ (@aan) = al)te (@) e
1
< —@f baly) — d0ly)| da.

By Corollary IV.10, |¢4(zy) — ¢4 (y)] < v2|¢0(e) —Re ¢o(2)|2. Thus

19a(fy) — daly)] < /|¢Q ~Redo () Tdz

7??,
1 1

< ‘(f) ([ teate )= Reon(onds ) ( [1v(o i)

| w2

Now

/V(m IRegn (@) dr = m(V) [ (/) - Redu(e) () da
m(V) = (Ve () + (VR (1) ~ m(V)Re ()

)

) )
—m(V)((l—Recﬁ(f)HRe( (f)—oc.( i)
= m(VI (L= ()l + 6(f) — da(F))

< /L lo(e) — oly)l dy + m(V)|$(f) = dalf)]
<m(Vie+m(Ve = 2m(V)e

for a > ovy. Hence

i@f’u(fy) - QScr(y)l < 2\/E for yexn
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if @ > ay. Furthermore,

9(7,) - #(w)| ~ | f ($(zy) - o) (@) dai

Since ¢,(f,) converges uniformly to ¢(fy) on K, we can choose a; >
g such that a > o, implies |@,(f,) — @(f,)| < € for ally € K. Thus
for a > a; and for y € K, we see

|6 (y) — $(@)] < 16aly) — u(F)l + ¢alfy) — ¢(F5)l + 16(fy) — o(y)]
< /e + e+ V2.

Thus ¢, converges uniformly on compact sets to ¢. I

11. Borel Structures on Spaces of Representations

Our next topic will be to show that there are natural Borel struc-
tures on collections of representations. Here and in the remaming
sections of this chapter, we take G to be a second countable locally
compact group and all Hilbert spaces to be separable. Fix p to be
a right invariant Haar measure on G. Since G is o-compact, ¢ is
o-finite. For each m, let H, be a fixed Hilbert space of dimension
n. Let U, be the unitary group on H, with the strong * topology-
By Theorem 1.28, M(G, it,U,,) is a Polish space when equipped with
the topology of convergence in measure on sets of finite measure. Let
Hom(G, U, be the set of all continuous homomorphisms from G into
I4,,. This set can be imbedded into M(G, p,Uy), for two continuous
homomorphisms which are equal a.e. are equal everywhere. This
follows, for the set where they are equal is a conull Borel subgroup
of G and hence is G. Give Hom(G,U,,) the relative topology from
M(G, i, Uy,).

PROPOSITION IV.19. Hom(G,U,) is a closed subset of M(G, 1, Un)
and hence 15 a Polish space.

ProoF. Let Uy converge in measure to a function U on each set
of finite measure. By using a countable cover of G by sets of finite
measure and using the Cantor diagonalization process, we may by
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taking the proper subsequence assume that Ui(g) converges point-
wise to U(g) a.e. g. Then U(g.9:) = U(g1)U(g2) a.e. g1, go. By
Corollary IV.8, IV may be redefined on a set of measure 0 in such a
way that U becomes a Borel homomorphism. By Theorem IV.2, U/
is continuous and thus U € Hom(G,i,,). O

PROPOSITION TV.20. Uy converges to U in Hom(G,U,,) if and only
if Ux(f) converges strongly to U(f) for each f in LY{G) iff Ui(g)
converges strongly to U(g) for each g in G.

PROOF. Suppose U, converges to Uy in Hom(G,U,,). Then for f
in LY(G),

i |[U(F)0 = Uae(£)el] < lim [ 1) [Vs(2)o ~ U@l dz = 0

by the Lebesgue dominated convergence theorem.

Suppose Uy (f)v converges to U, (f)v for each v ¢ H,, and each
f in L'(G). Note for any unitary representation V of G, one has
V(g)V(f) = 6(¢g ")V (,f) where ,f is the L' function on G defined

by ,f(¢") = f(g7'g’). Indeed, note

ff Vigg") dulg ff g g du(g") = (g~ )WV (e f).

Hence
Im Ui (g)Us(flv = im U (9)Uno (f)v
for all v. Thus

1U:(9)Ueo(£)v — Usolg)Uss (f)2]| <
1Ue(9)Uos (£)v = Ui(@) U (F)vl| + || Un(@)Un{f S0 ~ Uno (9) Use( f)ol} <
1Uso (£)o = U (£l + 1Uk(9)Uk(F)v = Uno (9)Usc(£)v]| = 0.

Hence Uy(g)v converges to U,(g)v for all v in a dense subspace of
Hp. Since all Ui(g)’s and U..(g) are unitary, this convergence holds
for all v.

Finally suppose Uy(g) converges strongly to Us(g) for each g € G.
Since Ux(g)* = Uk(g™"), U(g) converges in the strong * topol-
ogy to U(g) for each g. It follows that U, converges in measure
to U, on each set of finite measure. But this is the topology on
Hom(G,u,). O

PROPOSITION 1V .21. Suppose X is a Borel space. A function xz —
U, from X into Hom(G,U,) is Borel if and only if x — (U.(9)v, w)
is Borel for each v and w.
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Proor. Assume each function x — (U, (g)v,w) is Borel. Let v
be a countable dense subset of H,. Define functions h;; on U, by
hi;(V) = (Vu,v;). These functions are Borel and separate the
points of 4,. Furthermore, the functions (z,g) — (U.(g)v,w) are
Borel by Proposition I1.19. Thus by Fubini’s Theorem. the functions
z — [ flg)h.;(U:(g)) dg are Borel. Tt follows by Proposition 1.17
that the mapping z — U, is Borel from X into Hom(G, i) is Borel.

Conversely, suppose the mapping  — U, is Borel. By Proposition
IV.20, the map sending U to U(g) is continuous from Hom(G,U,)
into U,. This map is thus weakly Borel. It follows that =
(U, (g)v,w) is Borel, for it is a composition of Borel functions. O

PropPoSITION IV.22. Let X be a Borel space. Then a mapping
U: X — Hom{G,U,) is Borel if and only if x — U,(gx) is Borel for
a countable dense subset {gi} of G.

Proor. Note by the strong continuity of the representations in
Hom(G,U,,) and by Proposition IV.20 that the functions U — U(gy)
are continuous and separate the points of Hom(G,i,). It follows by
Proposition 1.4 that a function U from X into Hown(G, U, ) is Borel
iff 2 — U,(gx) is Borel for each k. [

PROPOSITION IV.23. A mapping U from X into Hom(G,U,) is
Borel iff x — U(fi) is Borel for f, in a countable dense subset of
LNG).

ProoF. The same argunient in the proof of Proposition IV.22 may
be applied. O

Let G¢ be the subset of irreducible representations in Hom(G, iUy ).

THEOREM IV.16. G¢ is a Borel subset of Hom(G,U,) and hence
is a standard Borel space.

Proor. Consider the von Neumann algebra valued mapping on
Hom(G,U,) defined by Ay = U(G)". This mapping is Borel for
Ay = {Ulgy) + k € N} where g, form a countable dense subset of
G. Corollaries IT11.12 and I11.13 imply the set of U € Hom(G,Ux)
with Ay = B(H) is Borel. O

The unitary group I, acts continuously on the Borel space G¢, by
U-Vig) = VU(g9)V. The space of orbits is denoted by G, and
with the quotient Borel structure is called the n-dimensional unitary
dual of . In the case when n is finite, then since the group i, is
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compact, it follows by Corollary IV.7 that G, is a standard Borel
space. In the case where n = oo, G, may be countably separated in
which case it is standard or nonanalytic in which case Mackey uses
the terminology nonsmooth.

We shall need the following lemma.

LEMMA IV.7. The natural mapping U — [U] from G¢ into G has
the property that one-to-one images of Borel sets are Borel.

PROOF. Since G¢ is standard when n is finite, we see in using
Kuratowski’s Theorem that we may assume that we have a Borel
subset E in G, which is mapped injectively into the dual by the
natural projection. Thus F C Hom(G,U(H)) where dimH = oo
and no two distinct representations in F are unitarily equivalent.
Moreover, by the definition of the quotient Borel structure, the image
of E in G is Borel iff the saturation [E] = E - U(H) is a Borel set
in Hom(G,U(H)). Let T be the subgroup of U(H) consisting of the
operators ¢l where |¢| = 1. Then T is compact and by Corollary
IV.7, there is a Borel set U, of U (H) which meets each coset T'L in
exactly one point. This implies the Borel mapping (U, L) — U - L
from E x Uy onto [F] is one-to-one. Indeed, if Uy - Ly = U, - Ly, then
Uy =U; and L L3' € Ay, - Since U is irreducible, Ay, = CI, and
thus L, L;! is in 7. Since U, meets each T’ coset in U (H) exactly
once, L, = L,. Thus the mapping is one-to-one. By Kuratowski’s
Theorem, its image [E] is Borel.

12. Direct Integrals for Representations

We next consider direct integral decompositions for unitary rep-
resentations of a second countable locally compact group G on a
separable Hilbert space.

THEOREM IV.17. Suppose H is a Hilbert bundle over S and u
i a o-finite measure on S. Furthermore, assume s — A(s) is a
Borel field of von Neumann algebras over 8. Then if U is a unitary
representation of G such that Ay C © A(s) du(s), then there exists
for each s a unitary representation U, of G on H, such that for each
9€ G, s U,(g) is a Borel field over S and U(g) = [® U,(g) du(s).
Moreover, the representations U, are unique for p a.e. s.

PROOF. We may assume H is trivial. Since U(g) is Borel in
9, it follows by Proposition II1.16 that there exists a Borel field
(s,9) — Ul(s, g) satisfying U(g) = [T U(s,g)du(s) for ae. g in G.
By Proposition I11.12, we may assume U(s, ¢) is unitary for all s and
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g. Moreover, by a.e. uniqueness, we see U(s,9192) = U(s,g1)U(s, g2)
ae. (s,1,02)- Thus take Sy to be a conull Borel subset of S such
that Ul(s, g)U (s, g2) = U(s,9:9:) for a.e. (g1, g2) for each s € Sp. By
Corollary IV.8, there is for each s € Sy a unitary representation U,
of G with U, (g) = U(s,g) a.e. g. Define U,(g) = I for s ¢ Sy. Propo-
sition V.23 implies s — U, € Hom(G,U(H)) is Borel, for s — U f)
is Borel for each f € L(G). It follows by Proposition IV.22 that
s — U,(g) is Borel for each g. The a.e. uniqueness of the represen-
tations U, follows from the fact that two representations which are
equal a.e. on G are equal. O

COROLLARY IV.11. Suppose H = 8§ x H is a trivial Hilbert bundle
over S. Furthermore, suppose that U, is a unitary representation of
G for each s. Then s — U,(g) is a Borel field for each g iff s = U,
is Borel from S into Hom(G,U(H)).

TueoreM IV.18. IfU is a representation with Ay C fEB A(s) du(s),
then in the direct integral decomposition U = [ S U, du(s), U, is ir-
reducible for p a.e. s iff the range of the canonical projection valued

measure for [ H, du(s) is a mazimal Boolean algebra of projections
in A

ProOF. We may assume the bundle is trivial. Suppose the range
of the canonical projection valued measure is maximal. Set A(s) =
Ay.. Then s — A(s) is a Borel field of Von Neumann algebras.
Let Sp be the set consisting of those s for which A(s) = B(H). By
Corollaries 111.12 and II1.13 and the double commutant theorem,
S, is a Borel subset of S. Proposition I1I.14 and Corollary II1.12
imply the set E consisting of the pairs (s,Q) where 5 1s in S and
Q is a nontrivial orthogonal projection in A(s) is a Borel subset of
S x B(H). If not almost all of the representations U, are irreducible,
then S, has u positive measure. By Theorem I.13, there exists a
Borel function Q on So such that (s,Q(s)) € E for ¢ a.e. s. Define
Q(s) = Ifors ¢ Sy. Then P = 1% Q(s) du(s) isin Aj; and commutes
with the canonical projection valued measure. Since the range of
this projection valued measure is maximal in Ay, it follows that P
belongs to the range. But this is a contradiction for in this case Q($)
must be either 0 or [ for a.e. s.

Conversely suppose U, is irreducible for y a.e. s. Let P be a
projection in A;, which commutes with the range of the canonical
projection valued measure for [ ® U, du(s). By Theorem 1I1.14 and
Proposition 111.12, P = [® Q(s) dj(s) for some projection valued



12. DIRECT INTEGRALS 179

Borel function Q on S. Since P € A}, it follows that for almost all s
one has Q(s)U,(gx) = U,{(g:)Q(s) for g, in a countable dense subset
of G. Therefore, by the continuity of the representations U,, we see
that Q(s)U,(g) = U,(g)Q(s) for all g for almost all s. But since a.e.
[/, is irreducible, Q(s) = 0 or Q(s) = I for almost all s. Thus P is in
the range of the canonical projection valued measure for the direct
integral [® L, du(s). O

COROLLARY IV.12. Suppose w is a * representation of a separa-
ble C* algebra A such that w(a) = [® 7.(a) du(s) relative to a direct
integral decomposition of the Hilbert space of m where each @, is a *
representation of the C* algebra A on H,. Then u a.e. ms is irre-
ducible iff the range of the canonical projection valued measure for
[®H,du(s) is a mazimal abelian algebra of projections in w(A).

ProoF. The proof follows the same argument as above. The only
change is in the converse direction where one replaces Q(s)Us(gx) =
U,(gx)Q(s) a-e. s for a dense set of g’s with Q(s)m,(a;) = 7,(a;)Q(s)
a.e. s for a sequence a; which is dense in .A. Then the continuity of
7, implies Q(s) € m(A) for almost all 5, and thus Q(s) = 0 or
Q(s)=Tae s. [

PROPOSITION IV.24. Suppose P is the canonical projection valued
measure on [T H, du(s). If U is a representation on [© H,du(s)
such that each U(g) commutes with every projection in the range of
P, then U(g) = [~ Us(g) du(s) where each U, is a unitary represen-
tation of G.

PrOOF. By Theorem IV.17, it is sufficient to note that A4y C
[® B(H,) du(s). But this follows from Theorem IIL.14. [

The next result shows the essential uniqueness of a decomposition
of a unitary representation of a second countable locally compact
group G relative to a given projection valued measure P.

THEOREM IV.19. Let H be a Hilbert bundle over X and K be a
Hilbert bundle over Y where X and Y are standard Borel spaces of
the same cardinality. Suppose ji is a o-finite measure on X and
v is a o-finite measure on Y. Let P be the canonical projection
valued measure on [ H,du(s) and Q be the canonical projection
valued measure on f@ K, dv(y). If U is a unitary representation of
G on [®H, du(z) of form U = [TU.du(z) and V is a unitary
Tepresentation of G on [ K, dv(y) of form V = [®V, du(y) and T
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is o unitary intertwining operator between U and V which carries
the range of the canonical projection valued measure on & H, du(z)
onto the range of the projection valued measure for [ K, dv(y), then
there exist a Borel isomorphism ¢ of X onto Y Such that p. i ~
v and a hounded Borel field of operators T(x) such that T(z) is a
unitary isomorphism of H, onto Ky for almost all © satisfying
T(x)U(g)T(z) ' = V) (g) for all g a.e. .

Proor. This is a direct application of Theorem II1.15. Indeed,
the existence of T'(z) follows immediately from this theorem, and an
easy calculation shows T(z)U,(¢:)T(z)™! = Vi (x)(g:) on a conull set
of X for all g; in a countable dense subset of G. That the equality

holds for all g is a consequence of the continuity of the representations
U, and V5. O

COROLLARY IV.13. Let H and K be Hilbert bundles over X. Sup-
pose y 1s a o-finite measure on X. Let P be the canonical projection
valued measure on f H.du(s) and Q be the canonical projection val-
ued measure on f Kedu(z ) IfU is a unitary representation of G on
O H, du(z) ofform U= [°U,du(z) cmd V 1s a unitary representa-
tion of G onf K. du(z) of formV = f V. du(z) and T is a unitary
intertwining operator between U and V satisfying TP(EYT ™! = Q(E)
for every Borel subset E of X, then there exists a hounded Borel field
z — T(z) of unitary operators T(z) from the Hilbert bundle H to
the Hilbert bundle K such that T(z) is a unitary isomorphism of H.
onto K, for almost all x satisfying T(x)U,(g)T(z) ! = Vo (g) for
all g a.e. x.

PROOF. Note in this case ® is the identity, and ¢ is the identity
on X. O

Suppose I = f L*dv(z) is a direct integral of unitary represen-
tations on the Hilbert space f H.du(z). Let P be the canonical
projection valued measure on this Hilbert space, and let W be a
Borel subset of X. Then LY is the unitary representation on the
range of P(W) defined by LY (¢)P(W)v = P(W)L(g)v. Clearly this
representation is f;ﬁ L* du(x).

PRrROPOSITION IV.25. Suppose L is a locally simple representation
on [®H, du(z) having form [® L®du(x) where almost oll L® are
irreducible. Then LY and LYV have equivalent nontrivial subrepre-
sentations iff wW(W NV) > 0. Moreover, L' and LV are unitarily
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equivalent iff W and V' define the same element in the measure al-
gebra of 1.

PrOOF. If u(W N V) > 0, then L™ is a nontrivial subrepresen-
tation of both L™ and LY. Conversely, suppose L' and L' have
nontrivial equivalent subrepresentations. Since the von Neumann al-
gebra of operators commuting with the representation L is abelian,
Theorem IV.18 implies the range of the canonical projection valued
nieasure P for this direct integral consists of all projections commut-
ing with L. Consequentially, every subrepresentation of L has form
LY for some Borel subset 7. Thus we may assume LY is unitarily
equivalent to LY where both W and V have positive measure. The
proof will then be complete if we show (W A V) = 0. Suppose not.
Then we may assume by symmetry that p(V — W) > 0. It then
follows that LY is unitarily equivalent to a subrepresentation of
LY. Thus by making W and V smaller, we may assume WNV = ().
Let U be a unitary intertwining operator between the representation
LV and LY. Define a unitary operator T on [ H, du(z) by Tv = v
if v is not in the range of P(W U V), Tw = Uv if v is in the range of
P(W) and Tv = U 'v if v is in the range of P(V). Then T belongs
to A7: and since this is a commutative von Neumann algebra con-
taining the range of P, it follows that 7" commutes with the range of
P. In particular P(W)T = TP(W). But TP(W) = P(V)T. This is
a contradiction. [

THEOREM IV.20. Let L be a locally simple representation of G.
Suppose L is unitarily equivalent fo ff L, dp(z) and unitarily equiv-
alent to [ M, du(y) where almost all the representations L, are ir-
reducible and almost all of the representations M, are irreducible.
Suppose X and Y have the same cardinality. Then there exists an
almost everywhere p uniquely defined Borel isomorphism ¢ from X
onto Y with @.pu ~ v such that L, is unitarily equivalent to M,
Jor almost all x.

ProoOF. By Theorem IV.18, the ranges of the canonical projection
valued measures on ¥ H, du(z) and on [ K, dv(y) are maximal
abelian algebras of projections commuting with the representations
"L, du(z) and [¥ M, dv(y). But since these representations are
locally simple, the von Neumann algebras of operators commuting
With these representations are abelian. Thus these maximal algebras
of projection consist of all the projections commuting with these two
representations. respectively. Since [ L, du(z) and [® M, dv(y) are
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unitarily equivalent, any unitary operator T establishing the equiva-
lence carries the range of the canonical projection valued measure
for f€ L, du(x) isomorphically onto the range of the canonical pro-
jection valued measure for [® M, dv(y). The result now follows by
Theorem IV.19.

To see the almost everywhere uniqueness of ¢, we first note that
any such ¢ gives an intertwining operator T between the representa-
tions f¥ L, du(x) and [¥ M, dv(y) satisfying T-'Q(E)T = P(p (E))
where P and () are the canonical projection valued measures associ-
ated with these direct integrals. Indeed, by removing a null set, we
may assume L, is unitarily equivalent to M, for all . Then using
the von Neumann selection Theorem 1.14, one can obtain a Borel
field of unitary operators x — T'(z) satisfying TL,T~! = My for
1+ a.e. x. Define T by

-1
Tf(p(a) = 7 (o) T (@) ().

Thus, to see the uniqueness of ¢, it suffices by Theorem 1.26 to
show that the isomorphism established between the Boolean alge-
bra of projections commuting with the representation [® M, dv(y)
and the Boolean algebra of projections commuting with f ®L, du(z)
is independent of the unitary transformation T giving the equiva-
lence. Thus, suppose T and U are unitary operators intertwining
[®L.du(z) and [® M, du(y). Then TU ! commutes with the lo-
cally simple representation f® M, dv(y). Since the von Neumann al-
gebra of all bounded operators commuting with this representation
is abelian, one has TU'Q(EYUT ! = Q(FE) for all Borel subsets E
of Y. Therefore U 'Q(E)U = T-'Q(E)T for all E, and the result
is established. O

Let M +— [M] denote the natural projection of G¢ into G.

THEOREM IV.21. Let L be a locally simple representation and sup-
pose L = f)? L,du(z) is o direct integral decomposition of L into
irreducible representations where p is a finite measure on o standard
Borel space X. Define [i;, to be the measure on the Borel sets in G
given by fir(E) = u({z : (L, € E}). Then the measure class of ji
depends only on L and not the particular direct integral decomposi-
tion. Moreover, if iy is a standard measure on G, then z — [L.] € G
s one-to-one on a conull Borel subset of X .
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PROOF. Suppose L = ff,e M, dv(y) where Y is a standard Borel
space, V i$ a finite measure, and the M, are irreducible. By Theorem
V.20, there are conull subsets X, and Y3 of X and Y and a Borel
ijsomorphism ¢ : X, — Y, satisfying ¢, ~ v and L, is unitarily
equivalent to My, for all € Xp. Thus a.(E) = 0 iff u(Xo N {z:
(L] € E}) =0iff v(Yon{y: [M,] € E}) = 0iff 0.(E) = 0. Thus 7,
and 'y, are equivalent measures.

Suppose now the measure i = fi, is standard. Take a Borel subset
@, of G which is conull and standard. Then without loss, we may
replace X by the conull Borel subset {z : [L,] € Go}. Since we wish
to show = — [L_] is essentially one-to-one, we may suppose G’g C G,
for some n; and accordingly we may replace the Hilbert bundle z —
%, by the trivial bundle z — H, where dimH, = n. By Theorem
1.27, one can disintegrate p on X over fi. Thus u = [ u, di(vy), and
each p., is measure on ¢ '(vy) where ¢ : X — G, is the Borel mapping
g{z) = [L,). Foreachm € Z, let Y, = {7y € Gy : py is type m}. By
Proposition 1.14, each Y;, is a Borel subset of (5. Moreover, to show
z — q(z) is essentially one-to-one, it suffices to show = — g(z) is
essentially one-to-one on X,, = ¢ }(¥n). By replacing X by Xn,
we may assume /iy 1S type m for all v € Go. Let T be a standard
Borel space, and let 7 be a measure of type m on T. By Corollary
1.22, there is an essential Borel isomorphism ¢ : X — Y¥,, x T such
that ¢.u is equivalent to 4 x 7 and such that for 4 almost all =,
¢:q7 () = {7} x T is an essential Borel isomorphism relative to the
measures u. and e, x 7. Thus, again using Theorem IV.20, we may
replace X by Y;, x T, s by €, X7 and assume L = ire L, dr(t)dply)
where [L,,| €y fory € Y, C G. The result will follow if we show
m = 1.

Suppose m # 1. Then we can find two disjoint Borel sets A and B
in T having positive 7 measure for which there is a Borel isomorphism
¥ : A — B with 1,7|4 equivalent to 7|g. Let E be the set of all
triples (v, t,U), where t € A, and U is a nonzero operator in B(H,,)
satisfying i|U]] < 1 and UL(~,t)(g) = L(v,¥(t)}(g)U for all g € G,
t € A. Eis a Borel subset of (Y, x A) x B(H,,) and its projection into
Y. x A is onto. By Theorem 1.14 (the von Neumann selection theo-
Tem), there is a Borel function U(y, t) on Y;, X A such that U(v,t) # 0

a.e. (v,t) and for which U(v,£)L(7,8)(g) = L(7,%(t))(g)U(v,1) for
all g and |{U(7,t}|| < 1. Define a bounded nonzero operator A on
2(Y'm X Taﬁ X TaIHIn) b}’

dro 'gb_l
dr

Af(y,t) = 15(t) 20Uy, o7 ) (T (R).
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Then
drog=t . ,
AL 1) = 1) T E— OV 200, 6T N 47 (1)
d pmt ’ L= — —
= LT — (02U G T L T M) T ()

w—l

= 10— 2L, U Gy O e )

d pt / _ _
= L{v, (@) Lp 0 T — (02U e T O e )
= L(g}(Af) (7, 1).

Thus A belongs to A}, the commutant of the von Neumann alge-
bra generated by L. But since L = [[® L(v,t) di(y) dr(¢) and the
range of the canocnical projection valued measure for this decompo-
sition is contained in A} and A} is commutative, we see A com-
mutes with the canonical projection valued measure. By Theorem
.14, A = [[® A(v,t) dji(y) d7(t) for some bounded Borel function
(v,t) = A(v,t) € B(H,). In particular, ¢(t) = f a.e. on A. This
gives a contradiction. Thus m = 1 and = — [L.] is essentially one-
to-one. [0

PROPOSITION IV.26. Let L be a direct integral [ L, dp(y) of irre-
ducible representations over a standard Borel space Y. If L 15 unitar-
ily equivalent to nM where M is an irreducible representation, then
L, is unitarily equivalent to M for p a.e. y.

ProoOF. We may suppose u is atom free. Indced, if u({y}) > 0
and if U is a unitary operator with I/L{g)U~! = nM(g) for all g and
if Py is the orthogonal projection of the Hilbert space of nA{ onto
the k" swinmand, then P,U is nonzero for at lcast one k and is an
intertwining operator between the irreducible unitary representation
L, and the irreducible unitary representation M. By Schur's Lemma,
L, = M whenever u({y}) > 0.

We may now suppose g is atom free. Let K be a Hilbert space of
dimension n. Then nM = M ® I on the Hilbert space H ® K, and
Al o= IT® B(K). In particular if B is the range of the canonical
projection valued measure on [ H, dp(y), then by Theorem IV.18,
B is a maximal Boolean atom free algebra of projections in A} ,,; and
thus UBU % = I©B where B is a maximal atom free Boolean algebra
of projections in B(K). Theorems II1.8 and Corollary II1.4 imply K
may be taken to be f[g),q Cdm(z) where m is Lebesgue measure on

0,1] and B is the range of the canonical projection for this direct
integral. In particular, I/ is a unitary isomorphism from [ ® H, du(y)
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onto [®(H&C) dm(y) which carries the range of the projection valued
measure for [~ H, du(y) onto the range of the projection valued mea-
sure for [®(H ® C)dm(y) and satisfies UL(g)U ! = % M (g)dm(y)
for each g. By Theorem IV.19, L, is unitarily equivalent to M for u
ae y O

DEFINITION. A locally simple representation L is said to have
standard support in G if there is a direct integral decomposition
_[X L. du(z) of L into irreducible unitary representations such that

the measure fi on G is standard.

We note by Theorem IV.21, that if L has standard Support in G,
then every decomposition of L into a direct integral [ < Lz du(z) of
irreducible representations is such that i is standard.

PROPOSITION IV.27. Let L be a type I representation and sup-
pose L = ¥ L, du(x) relative to the direct integral [® M, du(z) over
the standard Borel space X. Then if each L, is irreducible and the
mapping  — [L.] is one-to-one into G, then L is a locally sim-
ple representation with standard support m G, and the range of the
canonical projection valued measure for f H. du{z) is the Boolean
algebra of projections commuting with L.

PROOF. Let P be the canonical projection valued measure for
the direct integral [® H, du(z). By Theorem IV.18, the range of
P is a maximal Boolean algebra of orthogonal projections in the
von Neumann algebra A7. By Theorem IV.10, there is for each n
a maximal central projection P™ in A; with the property that L
restricted to P™H is unitarily equivalent to nU, where U,, is a locally
simple representation. Moreover 3 P* = I. We show P! = [.

Indeed, suppose P" # 0 for some n > 1. Then since P" is central
and the range of P is maximal, it follows that there is a Borel set E,, of
positive Borel measure with P" = P(E,). By replacing X by E,,, we
may suppose P(X) = P™ = I, and hence L has uniform multiplicity
n for some n > 1. The von Neumann algebra A,y is type I and has
form [ nB(H,)dv(y) where the canonical projection valued measure
Q for the corresponding direct integral decomposition [, nlt, dv(y)
has range the Boolean algebra of central projections in Any.. By
Theorem V.18, we may write U, = [y U, dv(y) where each U, is an
irreducible unitary representation.

Let T be a unitary equivalence between L and nU,. If Eis a
Borel subset of Y, then T-1Q(£)T is in the range of P for it is cen-
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tral. Hence there is a o-homomorphism @ from the measure algebra
given by (Y,v) into the measure algebra given by (X, u) satisfying

“1Q(E)T = P(®(E)). Theorem 1.26 implies there is a Borel map-
ping ¢ : X = Y with ¢.p < v satisfying ¢ }(E) = ®(E) for all
Borel subsets E. By Theorem 127, u = [u,dv(y) and as seen
in Section 9, there is a corresponding decomposition of the direct
integral H = f;f K. du(z) into f? ff_l(y) H . duy(2) dv(y) where un-
der the corresponding isomorphism, the representation L becomes
f}e,a ff_l(y) L, du,(z) dv(y). Moreover, if K, = ff“(y) H, dy(z), then

the projection valued measure @' for the decomposition ff,e K, dv(y)
has range the central projections in the von Neumann algebra. gen-
erated by L, and the unitary ma.ppmg T between fy K, dv(y) and
fy nHl, dv(y) satisfies TQ'(E)T " = Q(E) for all Borel sets E. By
Corollary IV.13, we see nlU, is unitarily equivalent to f f_l(y) L, du,(z)
for v a.e. y. Proposition IV.26 implies L, is unitarily equivalent to
U, for u, ae. z for v a.e. y. But since z — [L,] is one-to-one off a
null set, this implies for v a.e. y, y, is concentrated at a point. In
particular, n must be 1. i

By Lemma IV.7, the Borel mapping x + [L,] from X into G
carries Borel subset of X to Borel subsets of G. Set ¥ = {[L:] :
z € X}. Then Y is a Borel subset of G and z — [L,] is a Borel
isomorphism of X onto Y. Hence Y is a standard Borel space when
given the relative Borel structure from G; and since ,uL(G Y)=0,
i is a standard measure.

Since L is locally simple, the only maximal Boolean algebra of
projections in the commuting ring A} is the algebra of all projections
in this algebra. [

LEMMA IV.8. Let L = [® L. du(z) on the Hilbert space [ H, du(x)
and M = [® M, dv(y) on the space [ K,du(y). Then if there is
a Borel isomorphism ¢ from X onto Y with the property that L.
is unitarily equivalent to My for all x and @.u ~ v, then L 1s
unitarily equivalent fo M.

PROOF. We may assume both Hilbert bundles are trivial having
the same Hilbert space as fibers. Thus L acts on L*(X, p1, H) and M
acts on L*(Y, v, H). Let g, i = 1,2,... be a dense subset of G. Let A
be the set consisting of all pairs (z, T') where T is a unitary operator
satisfying TL,(g:)T ! = My()(g:) for all i. Then A is a Borel set,
and its projection into the first coordinate has range X. By Theorem
I.14, there is a Borel map T : X — U(H) with T(x)L.(¢:)T(z)~" =
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Mz)(gi) for all i for a.e. z. But by continuity of representations
and the density of the set {g:}, we see T(2)Lo(g)T(x)™" = M )(g)
for all g for a.e. x.

Define a unitary transformation T from L*(X,H) onto L*(Y,H)

by »

duo
(TF)(e(2) = FF—(0(@)T(@)f ().
Then 1" is a unitary equivalence between L and M. O

Suppose 4 is a standard Borel o-finite measure on G. Choose a
conull Borel subset Gq which with the relative Borel structure is a
standard Borel space. Let ég be the preimage of this set in G°.
Theorem 1.13 implies there is a Borel function ® on a conull subset
of Gy on which [®()] =~. Set 1. = ®.u. Then [ B(v) du.(v) is a
unitary representation of G depending on yx and the selection ®. It
will be denoted by L[y, ®].

PropPOSITION IV.28. Suppose u and v are equivalent standard Bo-
rel measures on G. Then for any selections ® and ¥’ for these mea-
sures, the unitary representations L{u, ®] and L{v, ®'] are unitarily
equivalent.

PROOF. This is an application of Lemma IV.8 after the removal
of appropriate sets of measure 0. O

13. Type I Measures on G

DEFINITION. A standard Borel measure ¢ on G is type I if each
representation L[y, ®] is type .

LEMMA IV.9. Let p be a standard measure on G, and SUppose
there is a Borel function ® on G such that [¢(v)] = v for p a.e vy
and the representation L{u, ®] is type I. Then u is a type I measure.

PROOF. Apply Lemma IV.8 using the function ¢(v) = - on an
appropriate standard conull Borel subset Gy of G. O

_ ProprosITION 1V.29. Suppose 1 and py are type I measures on
G. Then Ll ,®,] is unitarily equivalent to Llug, @) iff 1 and s
are equivelent megsures.

PROOF. Suppose the measures are equivalent. Then the identity
mapping restricted to an appropriate conull standard Borel subset
of G is a Borel isomorphism with the property ®, () is unitarily
equivalent to ®,(-y) for all v in this conull subset. Since the measures
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are equivalent, it follows by Lemma IV.8 that the representations
Lipy, ®41 and Lip,, o] are unitarily equivalent.

Conversely, if the type I representations Lip,, @] and L{u,, $4]
are unitarily equivalent, then by Proposition IV.27, both of these
representations are locally simple. Hence by Theorem IV.20, there
is on appropriate conull standard Borel subsets G ; and G5 a Borel
isomorphism ¢ satisfying ®;(¢(v)) is unitarily equivalent to ®,(¥)
and Y. ~ 2. But [21(7))] = 7 and [@2(v(v))] = ¥(v) for u, ae.
~. Thus ¥(v) = v a.e. v, and u, is equivalent to u,. O

THEOREM 1V.22. Let puy and py be two type I measures on G.
Then nyL[py, @] is uniterily equivalent to naLius, @y iff ny = ny
and py ~ .

Proor. Let Uy = n) L[y, ®1] and U, = naL[us, 4. Then the
von Neumann algebra generated by U; is A; = [~ n;B(H:(v)) dps (%)
where v — H;(7) is the Hilbert bundle defined by H;(v) = H(®:(v)).

Now let T be a unitary operator giving a unitary equivalence be-
tween the representations U) and U;. Let X be a standard Bo-
rel subset of G such that 1,(G — X) = u2(G — X) = 0. Then
A = [ nB(Hi(7)) dui(y) for i = 1,2. Since T provides a unitary
spatial isomorphism between 4; and A, we know by Theorem III.15
that there are a Borel isomorphism ¢ of X such that ¢.u ~ ps and
a Borel field T(7) : nyH, (y) = naHa((7)) of unitary isomorphisms
such that

Tip) = P T ()P T() 1)

for each f in {& nyH,(v) duy (7). In particular, since TU; (9)T! =
Us(g) and U,(g) = [ ni®:(7)(g) ds(v) for i = 1,2, one has

T(Y)m® () (@)T() ™" = na®2((7))(9)

for each g for u; a.e. v. Since n;®;(7y) and na®2(p(7y)) are unitary
representations and hence strongly continuous, we can conclude that
11®1(7) and na®2(p(y)) are unitarily equivalent p, a.e. v. By Propo-
sition IV.12, one has n; = n; and ®,(v) and ®2(p(v)) are unitarily
equivalent for p; a.e. v. Thus v = [®,(v)] = [P2(())] = () for
1 ae. v. Thus o.puy = pp and uy ~ ps. By Proposition IV.29,
Lluy, ®,] is unitarily equivalent to L[y, ®y).
The converse follows immediately by Proposition IV.29. O
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COROLLARY IV.14. Suppose T is o unitary equivalence between
the representations nL[u,, ®] and nL{us, 2] where 1 and p, are
type I measures on G. Then if P, and P, are the canonical projection
valued measures for nL[p,, ®1] and nL[us, ®,], then TP(EYT! =
P,(E) for all Borel subsets E of G.

ProoOF. In the proof of Theorem IV.22, we saw T has form

TF(v) = s

™ S(WPT () f() for v € X,
Ha

where X is a conull standard Borel subset of G and T(~) is a Borel
field of unitary operators between the Hilbert bundles v > nH;(7)
and v — nHa(y) over X. (H;(7) is the Hilbert space for the repre-
sentation ®,(y).) Since P;(E) = fE ~v) du;(y) where I;(7y) is the
identity operator on n#, (), a direct calculatlon shows TP, (E)T™* =
R(E). O

DEFINITION. Two unitary representations I and M are disjoint
if there are no nonzero bounded intertwining operators T between
these two representations.

PROPOSITION IV.30. Let y; and us be two type I measures on G.
Then the representations Llu,, ®,] and L{uz, ®;] are disjoint iff u;
and pa are mutually singular measures.

PROOF. Suppose u; and u, are not mutually singular. Then there
Is a Borel set W with positive measure relative to both y; and p»
with the property that 4 and g, are equivalent when restricted to the
subset W. Proposition IV.28 implies the representations L{u;, ®,]"
and L[p,, ®4]" are unitarily equivalent. But any unitary intertwining
operator between these two representations extends to a nonzero
bounded intertwining operator between L[u;,®;] and L[uz, ®,] by
defining the extension to be zero on the orthogonal complement of
the closed subspace which defines the subrepresentation L[y, ®,]"
Thus L[y, ] and L[uz, ®2] are not disjoint.

Suppose the measures y; and g, are mutually singular and T is a
nonzero bounded operator intertwining the representations L[u,, ;]
and Lluy,®,). Since these representations are locally simple, the
ranges of the canonical projection valued measures for each of these
Tepresentations consist of all the projections commuting with the
representations. It follows that every subrepresentation for these
Tepresentations has form L[y;, ®;]" for some standard Borel subset
W of @, Thus by restricting T to the orthogonal complement of
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the null space of T and the representation L{u,, ®2] to the closure of
the range of T, we may assume, since both of these closed subspaces
define subrepresentations, that the null space of T is trivial and the
closure of the range of 7" is the Hilbert space [* Ha,(y) dia(y). The
operator T*T is a positive operator with positive square root S. The
mapping Sv — Tv is unitary for

(Tv,Tv) = (T*Tv,v) = (5%,v) = (Sv, Sv),

and thus is well defined on the range of S onto the range of T'. It also
intertwines. Indeed, note the operator 77T commutes with L{u;, ®4];
and since S is in the smallest C* algebra containing 7*7T, S commutes
with every L[u:,®:1](g). Thus L{u:, ®:](g)Sv = SL{, ¥1]{g)v =
T L[, 21](g)v = L[z, ©2](g)Tv. But the range of S is dense since its
closure is the orthogonal complement of the kernel of 5*, the kernel of
S* being 0 for it is contained in the kernel of 7. Thus since the range
of 7" is dense, this operator extends to a unitary intertwining operator
between the representations L[y, ®1] and L{uz, ®,|. By Proposition
IV.29, the measures y; and u; are equivalent. This contradicts our
assumptions and completes the proof. [

THEOREM IV.23. There 13 a one-to-one onto correspondence be-
tween equivalence classes of unitarily equivalent locally simple repre-
sentations of G with standard support in G and the type I measure
classes on G. The inverse of this correspondence is the mapping
(1] = [L [, D]

Proor., Using Propositions IV.27, IV.28, and IV.29, one sees it
suffices to show that if L is locally simple with standard support
in G, then there exists a type I measure g such that L is unitarily
equivalent to L{u, ®].

Let L = [® L, d\(z) be a direct integral decomposition of L into
irreducible unitary representations over the standard Borel space X.
Using Theorem IV.21 and removing a null set if necessary, we may
assume that the mapping z +» [L,] is one-to-none into G. It follows
by Lemma IV.7 that the images of Borel subsets of X under this map-
ping are Borel subsets of G. Since G has the quotient Borel structure,
the mapping ¢ defined by = — [L,] is a Borel isomorphism of X onto
[Lx]. We denote the range by Go; and note that if we let u denote
the measure ¢, A, then p is a standard measure on &. Moreover, de-
fine & on G by ®([L,]) = L,. Then L[i, ®] = [ L. d\(z), and thus
is locally simple. It follows that u is type I and L = Lip, ®]. O
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Whether every locally simple unitary representation of G has stan-
dard support in G is a highly delicate and measure theoretically dif-
ficult question; it remains unsettled.






CHAPTER V
INDUCED ACTIONS AND REPRESENTATIONS

In this chapter we will discuss a natural method of inducing an action
of a subgroup to an action of the whole group. When the action is
a unitary action, the induced action is a unitary action on a homo-
geneous Hilbert bundle. When one forms the corresponding unitary
action on the direct integral of this Hilbert bundle, one obtains the
usual notion of induced unitary representation.

ProprosITION V.1. Let G be a second countable locally compact
group and suppose X and Y are standard right Borel G spaces. Let
v be o quasi-invariant finite measure on Y. Suppose y — Ay is a
Borel map from Y into M(X) satisfying A, - g ~ Ay, for almost all
(v, g) where M, -g(E) = A\(Eg™"). Then there exists a Borel mapping
3(; H))\’y € M(X) with X, = A\, a.e. y satisfying A, - g = X, ; for all
Y,9).

ProoF. Let W = {{y,9) : A\, .67 ~ A\, }. Using Theorem IV.8,
we may assume the action of G on X is continuous. If f is a bounded
continuous function on X, the mapping (y, ) — [ f(zg)dh,(z) is
Borel in y for fixed g and continuous in g for fixed y. Proposition
1.19 implies these functions are Borel on Y x G. Hence the collection
M of sets E with (y,g) — A, - g(E) Borel contains the closed sets.
Indeed, if d is a compatible metric and E is a closed set, then the
function f(z) =1 lf_if(fg) is continuous and satisfies lim, f*(z) =
lg(z). Thus (y,9) = [1g(zg) d\,(z) = A, (Eg ') is Borel. By the
monotone convergence theorem, M is a monotone class. Moreover,
since open sets are F,’s, every intersection of a closed set with an
open set is in M. Thus M contains the algebra of finite disjoint
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unions of intersections of open and closed sets. Since M is monotone,
this implies M contains the ¢-algebra of Borel sets.

Moreover, if (y,g) € W and (y - g,h) € W, then Ay, - (gh)* =
(Aygnh 1)g7 ! ~ Ayeg™t ~ Ay and thus (y,gh) € W. Next, let ¥,
be the set of y such that (y,¢9) € W and (yg,¢7') € W for a.e.
g. Since v is quasi-invariant, Y is comull. Furthermore, note if
y and y - g are both in Y, one can choose an h such that both
(y,gh) and (ygh, h™') are in W and thus (y, g) € W. Again applying
Theorem IV.8, we may assume Y is an invariant Borel subset of
the universal G space Ug. By Theorem 1.11, there is a conull o-
compact subset F' of Y. It follows that the saturation [F] = F' - G
is a Borel set for it is a countable union of compact sets; and using
Corollary 1.8, one sees the mapping (y,¢) — vy - g from F onto [F]
has a Borel inverse z — (26(2)"%,6(z)) where 8 : [F] — G. Note
we may take 6(z) = e if z € ¥{. Define A, = 0 if y ¢ [F], and
set N, = Aupz)-r - 0(2) for z € [F]. Thus A, = A, for z € F and
thus A, = A, for a.e. y. Furthermore, if z ¢ [F}], then z6(z)~! and
2g6(zg)~! both belong to Y. Thus (260(z)7,8(z)gb(zg)~") € W.
Hence A.-g = Aso¢)-19(2)-g = Xop()-10(2)g6(29) 7' 6(2g) is equivalent
to A, = Azgo(zg)-18(29). Since A, g = A, fory ¢ [F], we have
Ayrg~ A, forallyinY. O

1. The Point Transformation Group

Let X be a Polish space with a o-finite measure p. Recall Z(X, 1)
is defined to be the subset of M(X, i, X) consisting of those elements
given by transformations ¢ which are Borel isomorphisms of X and
satisfy w.u ~ u. By Proposition 1.24, this subset with the relative
Borel structure is a standard Borel group. This group we call the
point transformation group of the measure space (X, u). It will
play a role in the definition of induced representations.

ProrosiTiON V.2. Let X and Y be Polish spaces. Suppose p i3 a
o-finite measure on X. Then the mapping (f, ) — f o d is a Borel
mapping from M(X, 11,Y) x T(X, u) into M(X, 1, Y).

Proor. This is an immediate consequence of Proposition 1.23. O

Next let H be a separable Hilbert space. Set H = L*(X,u,H)
and let P be the canonical projection valued measure on this space.
L>(X, u) will denote the abelian von Neumann algebra of operators
generated by all the operators P(FE). Since # = L*(X, u,H) is the
direct integral of the trivial Hilbert bundle x — H over X, Theorem
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I11.14 implies L>(X, 1) consists of all operators M;h = fh for f €
L=(X, u). For each ¢ in Z(X, i), define a unitary operator L,, acting
on H by
dpo ! _
Lof(@) =" 5 () f(¢'2).
1L
Note that L,, o L,, = L, o4, for ¢1 and s in Z(X, p1).

THBEOREM V.1. Suppose U is a unitary operator on L*(X, u, H)
satisfying
UL®(X, )U™" = L®(X, ).
Then there exist a unique A € L*(X, u,U(H)) and a unigue ¢ in
I(X, ) satisfying U = MsL,,. Thus

-1
Uf(e) = BT @) a)f (07 o),

PROOF. Suppose U normalizes L>(X, ). Conjugation by U car-
ries the range of the canonical projection valued measure P onto
itself. Theorem III.15 implies the existence of A and ¢. One shows
uniqueness of ¢ by using the fact that ¢ is determined almost every-
where by the measure algebra homomorphism ¢ ! and UP(E)U ! =
P(p~Y(E)) for all Borel sets E. Uniqueness of A then follows from
(5) of Proposition II1.12. J

2. Unitary Extensions of G Spaces and Induced
Representations

Let X be a standard Borel G space. A Borel cocycle L of the
G space X into the unitary group U(H) of a separable Hilbert H is
called a unitary representation of the Borel G space X. If u is
a g-finite measure on X, then the unitary representation ind L of G
induced by L is the representation on L*(X, u, H) defined by

_ %—f(a:)”%(x,g)f(w 9)

where - g(E) = u(Eqg ') for each Borel subset E of X. To see
this defines a unitary representation of &, note if we set we(z) =
zg~', then g — ¢, is a Borel homomorphism of G into Z(X, j)
and L, f(z) = g“‘T;IQ‘JE_—l(:::)1/2f(a:g'). Moreover, the mapping g — M,,
Where A,(z) = L(z,g) is a Borel mapping into Z4(H). By Theo-
fem V.1 and Proposition IV.1 and since ind L(g) = M, L, , we
see that ind L is a Borel function from G into U (H). To see that

ind L(g) f ()
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ind L is a representation, first note by the cocycle property of L that
Ma, M, =M, . Thus

—1
9209091 2192

ind L(g,)ind L(g;) = Ma, L,, Mas, L,
=Ma,, LsoglMAgg L;:, L
=My, M,

= M,

L
g2C®Pgy  Poioz

9192 ¥a192

= ind L(9192)

Hence ind L is a Borel homomorphism of G into ¢{H); it is continu-
ous by Theorem IV.2.

Let X be a standard Borel G space. An extension of G space X is
a standard Borel & space W and an onto Borel mapping p: W — X
satisfying p(z - g) = p(z) - g for all x and g. This is said to be
a unitary extension if W is a Hilbert bundle over X and each
mapping g : W, — W, is unitary. If X = H\G for some closed
subgroup H of G, then W is said to be a homogeneous extension.

In the case when G acts unitarily on a trivial Hilbert bundle X x H
over X, one sees there is a Borel mapping L from X x G into i (H)
satisfying (x,v) g = (z - ¢, L{z,g) 'v). An easy calculation shows
that L is a unitary representation of the G space X. Furthermore,
in general, if H is a unitary extension of the standard Borel G space
X, then using Theorem I11.12 and the argument given in its proof,
there exist G invariant Borel sets Xo, X1, Xg, -+ such that H|x,
is isomorphic to the trivial Hilbert bundle X, x H, where H, is an
n-dimensional Hilbert space. In particular, the action of G on H can
be realized on X, x H,, by (z,v)- g = (z - g, L.(z, g)"'v) where L,
is a unitary representation of the G space X,,.

The correspondence between unitary representations L of Borel
G spaces and unitary extensions suggests the following more general
definition for an induced representation. Indeed, one can induce a
unitary G bundle extension over X to a unitary G bundle extension
over G space Y provided there is a Borel family A, of finite measures
on X satisfying A, - g ~ Ay, for all y and g.

Specifically, suppose H is a unitary extension of a standard Borel
G space X and Y is a standard Borel G space and y — A, is a Borel
function from Y into M(X) satisfying A, - g ~ A, for all ¥ and g-
As seen in Section 9 of Chapter III, one may define a Hilbert bundle
H * X over Y having sections (H * A), = [~ H. d),(z). We define a
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G action on H * X by
(v.f)- 9= gf 9)
where

dA, - ,
frg@) = @) i@ g7

for f € (% *A),. This map is unitary from (H * A), to (H * \),,,
and it defines an action on the Hilbert bundle A * A\. We check that
this action is Borel. To simplify matters, we may assume H is a
trivial Hilbert bundle X x H and the action of G on H is defined
by (zg,v) - 97! = (z, L(z, g)v) where L is a unitary representation
of the G space X on the Hilbert space H. In this case, the Hilbert
bundle H * A consists of all pairs (y, f) where f € L*(X, ), H).
Moreover, if {A,,} is a countable generating algebra for the Borel
subsets of X and the vectors e, are an orthonormal basis of H, then
the standard Borel structure on A = A is the smallest Borel structure
for which the mappings (y, f) — y and (y, f) — [, {f, e} d)\, are
Borel. Let & be the unitary group on H. Let C be a countable
subgroup of U which is dense in the strong + operator topology. For
each U/ in C, let U be the conjugate linear mapping of H defined by
U(X anen) = 3 @,Uen. Then the functions (y, f) — [, (Uf, f)dX,
for U € CUC are Borel. Indeed, it suffices to note (y, f)—= (y,Uf)
and (y, f) = (y,Uf) are Borel mappings from H * X into H = \.
Moreover, for each e;, define a function G; on H * A by G; ..(y, f) =
Ji YaRe(fia)en>01 () (f(z), €:)2 dA,. We show these functions are

Borel. The rational valued functions of form Zf;l r;14, are countable
in number and form a dense subspace of L? ()) for any finite measure
Aon X. Let fi, fa, --- enumerate this subspace. For each (y, f)e
H « A, define F,(y,f) = (y, f;) where f, is the first term in the
sequence fy, fo, - satisfying ||f — fi|| < L. We note there are Borel
subsets Wi, Wa,--- of HxY such that if (y, f) € W), then F,(y, f) =
(y, fi). In particular the F, are Borel functions on H * A converging
pointwise to the identity function. Consequently G, ,, o F,, converges
Pointwise to G, ,.. Hence G;,, is Borel if each G;im o F, is Borel.
But the restriction of this function to W; is the function (y, f) —
fAm LzRetfi(a),enr >0 (2){ filz), €;)® dA,(z) which is Borel. Finally, we
note the countable collection of Borel functions (y, f) — y, (y, f) —
Lo UL YA, UeCUC (3, f) = Gimly, /) separate the points
of H + A\. In fact suppose [, (Uf, fid\, = fa, (Uh,h)dA, for all
moand U € C. Then (Uf(z), f(z)) = (Uh(z),h(z)) for A, ae. =
for each U € C. This implies (U f(z), f(z)} = (Uh(z), h(z)} for all
Unitary operators U on H for A, a.e. . An easy argument then
shows f(z) = a(z)h(z) ae. z for some measurable function a(z)
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satlsfymg |_a (z)| = or )\y a.e. . Usmg U, one then sees that
Ja, oz z)*{Uh(z), h(z ) = fa! ( )) dAy(z) for all m.
This implies a(z)? = 1 a.e. Where h{z ) % 0 Thus we may assume
a(z) =1 or a(z) = —1. Finally,

f 1(Re(a(z)f (z)e >0} (B)a(2)? (F (@), )" dAy () =

m

f 1 Ret o ey >0} (@) (F(@)s )20 ()

for each i implies a(z) > 0 for A, a.e. z where f(z) # 0. This gives
f=h.

Since (v, f,9) — ¥ g is Borel, Proposmon 1.4 implies the action is
Borel if the mappings (f,9,9) — [, ({U(f-9),f-9)d ., UE cuc
and the functions (f,y,g) — G”n(y g,f - g) are Borel. First note
since L(zg™',¢)~! = L(z,¢™*") that for U € CUC one has

[ wi-g.1-91dx

m

- f b 2 (@)(UL (2,67 f(zg™): Lz, ) flag™ ) dhy(2)

= [ 14, (00) U L(zg,07)1 (=), L(zg, g7 f(@) A @)

To see this is Borel on H * A x G, we will show it is a pointwise
limit of Borel functions. Indeed, we use the Sequence of functions F,.
Using the composition of the function (y, f) = [, {U(f-9), - Q)dAy.q
with F,, we see the above functions are pointwise limits of functions

H.(y.f.9) =
S 1w, 1) [ Lan(eg) UL,67) f(x). Lwg g™ M@ Ny ()

But each H,, is Borel if (y, f,9) = [ 1a..(2g)(L{z, g)U L{z, g} " f1, fi) dAy
are Borel. Since these functions are constant in the second coordi-
nate of the triple (y, f, g), it suffices to note by Proposition 1.15 that
[ h(z,g) dA\,(z) is Borel on ¥ x G for any bounded Borel function
on X x G.
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Finally the functions G, .(y - g, f - g) are given by
Gi,m(y "0 f : g) =

[ netrneason (@) - gle),* dhy,

dA, -
= / ]-{Re(f-g,el)>0}($) d; _ g(m)(L('T:'g_l)f(wgkl)’ei>2 d)\y!}(:c)

/1A )L {Re(s-g,.e001(€) (L2, g1 flzg ™), €)%, - g()

=/]'Am(m‘g)I{Re(f-g,ez-)>0}(mg)(L(mg:g_l)f(w):ei>2d)\y(m)

which again is a limit of a sum of functions of form

Lw,(y, f) / 1Am(:r:g)I{Rﬁ(ﬂ'g(z},ei)>0} {(L(zg, gnl)fz(i"),ei)z d)\y(fﬂ)-

These functions are Borel by Proposition 1.15.

The wmitary extension H * A for G space Y is denoted by indH
and is called the unitary extension induced by H from X to Y. We
note that if ¥ consists of one point, then A, = p where ¥ = {y} and
is a quasi-invariant measure on X. Moreover, we denote the induced
representation on the corresponding Hilbert space [ ® U du(z) by
ind H and note one has

(id 1), /() = () () - 47"

In particular, if # = X x H and the action is given by

(z,0) - g = (zg,L(z,9)"),
then
: dpug~!
(ind #), f(z) = W(m)l/zfd(fﬂ,g)f(iﬂ - 9)
which is just the representation ind I described earlier.

PROPOSITION V.3. Let H be a Hilbert bundle over X and suppose
Y= A, and y v X, are Borel finite measure valued maps on standard
Borel space Y. Suppose Ay ~ A, for ally. Then H X\ and H + X
are isomorphic Hilbert bundles over Y. In partzcular if these are
unitary extensions, and A, - g ~ Ay, and A, g~ A, forally and
9, then H x X and H x X' are isomorphic umtary e:r;tenswns of Y.
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ProoF. We may assume H is trivial. Define a mapping ¢ from
1/2
H + X into H * N by ®(y, f) = (v, (ﬁi) f). We show ® is Borel.

dA!

As seen in the prior discussion, it is sufficient to show the functions
1/2 172
(v, f)—= [ U (‘“ ) £, (gi) f)dX, for U a unitary or antiuni-

tary operator on H and A a Borel subset of X and the functions

(y,f)HfA 1{R6(f(w).e!>>0}(3)<(%) f(x), €)% dX; (@)

are Borel. But these are the functions

(5, /) = ] (U, fydr,

and
(v, f) = ] Lietseyens0y (2) (F (@), €6)2 ANy (@)

which we showed to be Borel.

The inverse of the map ® by symmetry is also seen to be Borel. If
these are unitary extensions, one notes these mappings preserve the
G actions. O

3. Inducing in Stages

Suppose X, Y and Z are standard Borel spacesandp: X — Y and
g:Y — Z are Borel mappings. Suppose y — i, is a Borel map mnto
the space of probability measures on X satisfying s, (X —p~ Hy) =0
for all y and v is a finite measure on Y. Let z — v, be a Borel
function into the finite measures on Y with the property that v(E) =
[ 1,(E)dg.v(z) for all Borel subsets E of Y and v,(Y —¢7'(2)) =0
for all z. Define

A (B) = [ B} dv.)

for Borel subsets F of X. By Proposition 1.15, z +— A is a Borel
function into the space M(X) of finite measures on X.

PROPOSITION V.4. Let H be a Hilbert bundle over X. Then H x A
is isomorphic to (H * u) *v.

Proor. We may assume H is trivial. Thus H = X x H. Hence
(H * p), = L*(X, py, H) and (K * A}, = L*(X,A;,H). Define a
mapping ® from H * A into (H * ) + v by

Pz, f) = (2, y =~ (¥ flaa))-
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It is a direct argument to show this isomorphism is Borel. []

THEOREM V.2 (INDUCING IN STAGES). Assume X, Y, and Z are
standard Borel G spaces andp: X =Y and q:Y — Z are onto Bo-
rel equivariant functions. Furthermore, assume y — i, is a bounded
Borel function into M(X) and z — v, is a Borel function into M(Y)
satisfying (X —p~(y)) = 0 for ally, v.(Y —q*(2)) =0 for all z,
and jly g ~ fyg; V2§ ~ Vog forally, z, and g. Let H be a G unitary
Hilbert bundle over X. Set A, = [, dv,(y). Then the unitary G
Hilbert bundle indZindy M is G isomorphic to the G unitary Hilbert
bundle ind%H.

Proor. By Proposition V.4, these are isomorphic as Hilbert bun-
dles. A calculation using the isomorphism given in the proof of
Proposition V.4 shows this isomorphism preserves the G actions. [

4. Induced Group Actions

We now present the notion of an induced group action. This pro-
cess constructs actions of a larger group in terms of the actions of a
subgroup. More specifically an action of a subgroup H produces an
extension of the natural action of G on H\G.

Suppose H is a closed subgroup of G and Y is a right standard
Borel H space. Consider the set Y X G with equivalence relation
defined by (y-h, g} ~ (y,hg). Let Y x G be the space of equivalence
classes under this equivalence relation with the quotient Borel struc-
ture. Define an action of G on Y x G by (y,41) - ¢2 = (3, 9192). This
actlon preserves the equivalence classes and thus defines an action of
G onY xy G. Moreover, the map p : ¥ x5y G — H\G defined by
(v,9) — Hg is G equivariant.

PROPOSITION V.5. Y xy G is a standard Borel space.

PROOF. By Proposition 1V.2, there is a Borel cross section ¢ of
the right coset space H\G. Thus ¢ : H\G — G is a Borel func-
tion and Ho(z) = z for all z € H\G. Define a mapping F from
YxH\G - Y xy G by F(y,z) = [(y,o(x))] where the square bracket
1nd1cates the equlvalence class. F'is one- to—one and onto. Moreover,
Fi(ly, g] v, 90(Hg)o(Hg)]) = F*([ygo(Hg)~*, o(Hg))).
Thus F-1([y, g] (ygo(Hg)™', Hg). But thlS as a functlon of y and
9 is Borel. Since Y Xy G has the quotient Borel structure, it follows
that F'-! is a Borel function. Hence F(E) is a Borel subset of ¥ x ;G
for every Borel subset E of Y x H\G. In particular, since ¥ x H\G
s a countably separated Borel space, Y x 5 (7 is countably separated.
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By Theorem 1.10, the Borel space Y x 4 G is analytic. From Theorem
1.9, we obtain the conclusion. O

Note: A simple consequence of the above argument is that a
function f from a Borel space X into Y xy G is Borel iff it has
form f(z) = [(y(z), g(z))] for some Borel functions y : X — ¥ and
g: X >G.

The isomorphism F' can be used to move the actionof Gon Y x5 G
to an isomorphic action on Y x H\G. Indeed, F~*([y,o(x)g]) =
(y-o(x)go(zg)~t, zg). In particular, the action of G on' Y x5 G and
the natural projection map p from Y xy G onto H\G are Borel.
Hence we have the following theorem.

THEOREM V.3. Y x yG is a homogeneous Borel extension of H\G.
Moreover, every Borel G space ertension of H\G is isomorphic to
Y xy G for some standard Borel H space Y.

PROOF. Let p: X — H\G be an extension. Then ¥ = p~*(He)
is a standard Borel H space. Moreover, the mapping (y,g9) — y-g is
a Borel mapping which is constant on the equivalence classes defined
by the action (y,¢)-h = (y-h, h~'g). This mapping factors to a Borel
mapping G space isomorphism from ¥ xy G onto X. 0O

Suppose now that K is a Hilbert space and H acts on K as a unitary
representation. Then K x g G is a Hilbert bundle over H\G and the
induced G action on this space is unitary. To see this note if p is the
natural projection onto H\G and {e,} form an orthonormal basis of
K and ¢ is a Borel cross section from H\G into (7, then the functions
fo(Hg) = (e, o(Hg))] satisfy the conditions for a Hilbert bundle.
Indeed, note that a mapping f from a standard Borel space X into
K x gy G is Borel iff it has form f(z) = [(v(z), g(z))] for some Borel
functions v(-) and g(-) on X. Hence f is Borel iff {f(z), fu(p(f(2))))
are Borel for all n and p(f(z)) = Hg(x) is Borel.

Moreover, if one uses the isomorphism F from K x H\G onto
K X 4 G defined by F(v,z) = [(v,o(x))], then F~* is an isomorphism
of K xyz G onto the trivial bundle over H\G with fibers isomor-
phic to K. Moreover, if v - h = L{h ')v where L is the continuous
homomorphism of H into U/(K) defining the unitary action, then
(v,z) g = (L(o(z)go(zg) 1) v, zg).

The same argument as used in the proof of Theorem V.3 can be
used to establish the following corollary.
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COROLLARY V.1. Let H be a Hilbert bundle over the homogeneous
space H\G and suppose H is a unitary Borel G space over H \G.
Then there exists a unitary Borel H action on a Hilbert space K such
that H is isomorphic to the homogeneous Hilbert bundle K x 5 G with
its natural G action.

5. Inducing Group Actions in Stages

We next consider inducing in stages.

PROPOSITION V.6. Assume H and K are closed subgroups of G
and H C K C G. Furthermore, assume thatY is a standard Borel H
space. Then there is a natural Borel G space isomorphism of Y x5 G
onto (Y xyg K) xx G.

ProoF. Consider the Borel space ¥ x K x G equipped with an
equivalence relation defined by:

(Y, k. 9) ~ (yh, h "kk;, kTtg)

for all (h,k;) in H x K. Then the equivalence classes under this
action are isomorphic to the equivalence classes in (Y xg K) xx G
under the identification [([(y, k)], g)] = [(v, k, g)]. Moreover, they are
isomorphic to the equivalence classes of ¥ X g G under the identi-
fication [(,9)] — [(v,€,9)]. Tt is easy to check that the resulting
isomorphism from Y x5 G onto (Y xy K ) Xk G preserves the G
actions.

REMARK. Suppose # is a unitary Hilbert bundle over H space Y.
Let p:H — Y be the corresponding H equivariant projection. Then
one may consider the collection of all points (v, g) where v € H, with
eéquivalence relation (v,g) ~ (v-h, h~1g). The space H x 1 G of equi-
valence classes with the quotient Borel stritcture is a standard Borel
G space and the mapping (v, g) — [(p(v),g)] factors to a G equiv-
ariant projection mapping P : H xy G — Y x g G. Moreover, the
Space becomes a Hilbert bundie over Y x 5 G if one defines addition
and a Hermitian structure on the equivalence classes by

e[, 9)] + exl(w, g)] = [(1v + caw, g)] for v, w € ' (y) and

([’U, g]ﬂ [‘U), g]) = (Ui w)?(y)'

_In the case when # is a trivial Hilbert bundle, one can show H x5 G
1S isomorphic to a trivial Hilbert bundle over ¥ x u G.
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We also note that if H € K C G are closed subgroups of G and
Y is a Borel H space, then by Proposition V.6, the G space Y x5 G
is naturally isomorphic to (Y x g K) xx G. Again using Proposition
V.6, if K is a unitary Hilbert bundle over an H space Y, then the
G unitary Hilbert bundle K xx G is isomorphic as a G space to
(K x i K} x ¢ G; and using the natural identification of Y x gy G with
(I xi K) xx G, this can easily be checked to be a Hilbert bundie
isomorphism over G spaces. In particular if ¥ is trivial, then £ =K
is a Hilbert space and K x z K is a K unitary Hilbert bundle over
H\K. Thus (K xg K) xgx G is a unitary G Hilbert bundle over
H\K xx G. We hence have the following two Corollaries.

COROLLARY V.2. Suppose K is a unitary Hilbert bundle over H
space Y. Then the G unitary Hilbert bundle K xy G over Y xg G
is G unitary Borel isomorphic to the Hilbert bundle (K xxg K) xx G
over (Y xug K) xx G.

COROLLARY V.3. Suppose K is a unitary H space and H C K C
G are closed subgroups of G. Then the G unitary Hilbert bundie (Kx g
K)x kG over H\K x G is G unitary Borel isomorphic to the Hilbert
bundle K x y G over H\G.

PROPOSITION V.7. Suppose H and K are H unitary Hilbert bun-
dles over a standard Borel H space X. Then the induced unitary G
bundles H x5 G and K xg G are isomorphic over X xg G if and
only if the unitary H bundles " and K are isomorphic over X .

ProoOF. Assume the induced G unitary Hilbert bundles are iso-
morphic over X xg G. Note each vector over the element [(z,e)]
in X g G has a unique representative of form (v,e), v € p~!(x).
Hence if ¥ is a G space isomorphism of the induced unitary Hilbert
bundles, then ¥([{v,e)]) = [(v',e)] for a unique vector v’ over &
in K for each vector v over z in H. The mapping ® defined by
W([(v, e)]) = [(B(v), )] is Borel and since ¥([(v-h,e)]) = ¥([(v, h)] =
Y([(v, )] - h)—[( ( ),e)]-h = [(2(v), h)] = [(B(v)h, €)), Weseethat
®(v - h) = ®(v)-h. Thus preserves the unitary H action. ®~*
Borel by the same argument. O

COROLLARY V.4. Let H and K be unitary H spaces. Then the
unitary G bundles H xg G and K x y G are isomorphic over H\G
iff the corresponding unitary representations of H on H and K are
equivalent.
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6. Mackey’s Imprimitivity Theorem

In our discussion thus far we have mainly considered Borel actions
with no quasi-invariant measure. To consider group actions with
quasi-invariant measure, we need a different notion of equivalence.
Two G spaces X and Y with respective quasi-invariant measures I
and v are said to be essentially isomorphic if there exists an essen-
tially one-to-one Borel function ¢ : X — ¥ such that go ™! ~ v
and

plz-g) =) g
a.e. x for each g.

If U denotes the representation ind % on [¥ H, du(z) and P is
the associated canonical projection valued measure on ¥ H, du(z),
then

Uy-1 P(E)U, = P(Eg)

for all Borel subsets E of X and each element g in G. Mackey calls
a unitary representation I/ and a projection valued measure P based
on a Borel & space X which satisfy the above condition a system of
imprimitivity. Mackey’s celebrated imprimitivity theorem states
the above construction is the way all such systems arise.

THEOREM V4. Let (U, P) be a system of imprimitivity based on
the standard Borel G space X. Then there is a unitary ertension H
of the G space X and o quasi-invariant measure ioon X such that
the pair (U, P) is unitarily equivalent to the pair (indH, Q) where Q
is the canonical projection valued measure on [ N, du(z).

PROOF. For k = o0,1,2,---, let P(E,) be the largest projection
of multiplicity k. By Theorem IIL.2, these are orthogonal and sum
to be the identity. Using Proposition I11.2, we mnay assume the E)’s
are disjoint and have union X. Theorem III.1 implies there is for
€ach k a probability measure p; on Ej such that P(E) = 0 for
a Borel subset E of E; iff ux(E) = 0. Letting g be the disjoint
Sum of these measures on X, we obtain a e-finitc measure [ooll
X with the property that P(E) = 0 iff 4(E) = 0. The measure
418 quasi-invariant. By Proposition IIL3, U 'P(E U, = P(Ey)
for all ¢ for each k. Thus P(Ey) = P(E.g) for all g. Proposition
IV.5 implies there is for each & a G-invariant Borel set E, such that
#(Ey 57 EL) = 0. The sets E}. may be taken to be disjoint with union

- Thus we may assume that the projection valued measure P on X
has uniforin muitiplicity. Again rcferring to Theorem IIL1, we may
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also assume the Hilbert space for the representation U is L*(X, y1, H)
and the projection valued measure P is given by
P(E)f =1sf.

Set w,(z) = zg™". Then @, 0@y, = g4, and the mapping g — ¢,
is Borel from G into Z(X,u). Thus g — L, is a strongly Borel
mapping into the unitary group of L*(X, u, ) which satisfies

L, P(E)L,! = P(py(E)) = P(Eg™").
Thus g — A(g) = U,L,} is a strongly Borel map into the unitary
group of L*(X, u, H) satisfying
A(g)P(E)A(g)™" = P(E)
for all £ and g.

By Proposition II1.13, for each g there is a unitary Borel field
z — A{g,z) acting on H such that

A(g)f(z) = Alg,2)f ()

for f € L*(X,u,H). In particular, g — [(A(g, ( ), h(z)) du(zx) is
Borel for all f,h € L?(X, u,H). Hence, since A = f Alg, z) du(z),
Proposition I11.16 implies there is a Borel field (:c g) — R(z, g) from
X x G into B(H) such that R(x,g) = A(g,x) ae. z ae g By
redefining R on a set of measure 0, we may assume R(z, g) € U(H)
for all z and g.

Next note since Uy, Uy, = Uy, 4, that

A(glgz)Lﬂoglgg = A( )L‘qu A(g )L‘sz
= Alg) Ly, A92)L;) L

Yor92’

Thus since

nglA(QQ)Lpglf( ) (92:33 gl)f( )
we see
A(gi1ge,x) = Algr, ) A(g2,2 - 91)
a.e. r for each g; and go. This implies
R(z,g192) = R(z, 1) R(z - 91,92)

a.e. (2,91, 92). By Theorem IV.9, there exists a Borel cocycle repre-
sentation L(z, g) on the Borel G space X such that

A{g,z) = L(z,9) ae. z a.e. g.
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Since U(g) = A(g)L,,, one sees U(g) = ind L, for almost all g.
Proposition IV.9 then yields I/ = ind L; and since trivial Hilbert
bundle unitary extensions of X are defined by unitary cocycle repre-
sentations, the result is established. [

COROLLARY V.5. Suppose X is a standard Borel G space with
a o-finite quasi-invariant measure u. Let H be a separable Hilbert
space and suppose P is the canonical projection valued measure on
L*(X,pu, H). Then if U is a unitary representation of G on L2 (X, u, H)
such that the pair (U, P) form a system of imprimitivity, then there
is @ unitary cocycle representation L of the Borel G space X such
that U = ind%, o L. More specifically

Ug)f(z) = d“d'—j"(w)%(x, 9)f(z-g)

for all f € L*(X, 4, H) and all g € G.

7. The Subgroup Theorem

The following theorem is a generalization of Mackey’s subgroup
Theorem. We suppose X is a standard Borel G space with a o-finite
quasi-invariant measure ;1. Let L be a unitary representation of the G
space X on the separable Hilbert space H and suppose H is a closed
subgroup of . We are interested in the restriction of ind$, oL to
H. We first note the following obvious fact:

(ind5x6L) | = ind, g (L]x)

where L|z is the unitary representation of the space X defined by
LIH(E: h) = L(Ea h’)

We next assume Y is a standard Borel space and p is a Borel
function from X into ¥ which is H invariant. Hence each P y)
18 a standard Borel H space. Moreover, if v is a ¢-finite measure
on Y equivalent to the measure Pxjt, Theorem I1.27 implies there is
a disintegration [ u,dv(y) of the measure of 4 over the fibers of 7
Satisfying u, (X —p~'(y)) = 0 for all y. Moreover, 1,-h ~ ty a.e. y for
€ach h. Indeed, since y-h ~ y, there is a positive Borel function fon
X such that 4 - h(E) = f,, f(x) di(z) = [ [ f(2) Lp(x) duy (z) diy)
for all Borel sets E. Since ph(E) = [p,(EL~')dv(y), Theorem
127 (3) implies

ty - h(E) = fE f(2) dpy ()
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for all E for a.e. y. Since f(x) > 0 for g ae. x, one has f(x) > 0
for g, a.e. x for v a.e. y. This implies p1, - A ~ p, for v ae. y for all
h. By Fubini’s theorem, there is a conull Borel subset Yq of Y such
that u, -k ~ u, a.e. b for each y € Yy. Since the set {h rpy-hm~p,t
is a group, we see g, is quasi-invariant under H for y € Y;. By
redefining g, = 0 for y ¢ Y;, we see there is a disintegration of 4
into H quasi-invariant measures g, on p~'(y) and these measure are
unigue a.e. y.

THEOREM V.5 (SUBGROUP THEOREM). Let L be a unitary rep-
resentation of the standard Borel G space X on the Hilbert space H.
Suppose u is a G quasi-invariant measure on X and H is a closed
subgroup of G. Then ifp: X — Y is a Borel H invariant mapping of
X into a standard Borel space Y and [ u, dv{y) is a disintegration of
4 into H quasi-invariant measures where v is a o-finite measure on
Y equivalent to p.v, then relative to the direct integral decomnposition
LA X,H) = [® L (p ' (y), 4y, H) dv(y), one has

®
md)chGLIH:/ indf—l(y)xﬂﬂ’ dv(y)

where LY is the unitary representation of the H space p~'(y) defined
by L¥(x, h) = Lz, h).

Recall if L is a unitary representation of I on the Hilbert space
H and ¢ is a Borel cross section from H\G into G, then the map-
ping Rp(z,g) = L{o(x)ga{xg)™") is a unitary representation of the
G space H\G. Let u be a o-finite measure on H\G which is quasi-
invariant under right translation by G. Then ind Ry, is called a uni-
tary representation of G induced by the representation L on the sub-
group H. We denote it by ind$ L or more precisely by ind% (L, o, u)-
One has the following uniqueness property for induction.

THEOREM V.6. Suppose R and R’ are unitary representations of
the standard Borel G space X. Suppose j and u' are o-finite quasi-
invariant measures on X. Let P and P’ be the canonical projec-
tion valued measures on L*(X,p, H) and L*(X, )/, H'). Then there
is a unitary operator U from L*(X, p,H) onto L*(X, ', ') such that
Uind(R, p)(g)U ! = ind(R', ') (g) for all g and UP(EYU ™" = P'(E)
for all E iff ju ~ y' and there is a Borel field A(x) of unitary operators
fromH to H' with A(z)R(z,g) = R'(x, g)A(z-g) for p a.e. z for all 9.

PROOF. Suppose such a U exists. Since u(E) = 0 iff P(E) = 0 iff
P'(E) = 0iff 4/(E) = 0, the measure j is equivalent to the mcasure
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. Thus the operator W from L*(X,u,H') to L*(X, u, H') defined
by W(f)(z) = %%(:c)lmf(m) is a unitary isomorphism satisfying

WP(E)W™' = P'(E),

where P” is the canonical projection valued measure on L2(X, i, H').
Thus the operator T = WU is a unitary isomorphism of L?(X, y, H)
onto L*(X, 1, H') which satisfies TP(E)T~' = P"(E). By Proposi-
tion II1.13, there is a strongly Borel field A(z) of unitary operators
from H onto H' with T f(z) = A(z)f(z) a.e. z for each f. In partic-
ular, Uf(z) = f‘%(m)l/zA(;c)f(:c) for all f in L*(X,u,H). But since
Uind(R, u)(g)U~! = ind(R’, 1t')(g) for each g, one has

Uind(R, 1) (@)U @) = L7 (02 4@ R, ) Al ) e )

_dy-g7?

dp’ (@)?R(z,9)f(z-9) ae =

for each f. From this one can conclude that A(z)R(z,g)A(z-g)" =
R'(z,g) a.e & for each g. To see the converse, define U by Uf(z) =
L @) A@) f(z). O

LEMMA V.1. Suppose R and R’ are unitary representations of
H\G x G and R(z,g9) = R'(z,9) a.e.  for each g. Then there
is a go such that

R(Hgo, 95 hgo) = R'(Hgo, g5 *hgo) for all h.

PROOF. Let M = {(z,9) : R(z,g) = R'(z,9)}. Then if (z,¢) and
(z-g,¢') are in M, then (z,g¢') is in M. Let X be the set of all
in H\G such that (z, g) and (zg,g™") are in M a.e. g. X is a conull
Borel subset of H\G. Moreover, suppose z and z - g are in X. Then
there is a g; such that both (z, gg:) and (xgg1,; ') are in M. Thus
(2,g)is in M. Let Hgy € X. Then Hgo(gs "hgo) is also in X. Hence
(Hgo, g5 "hgo) € M for all h and the result follows. [

COROLLARY V.6. Suppose I and L' are unitary representations
of a closed subgroup H of G on Hilbert spaces H and H'. Let i
and 4’ be o-finite quasi-invariant measures on H\G and let o and
o’ be Borel cross sections. Then there is a unitary isomorphism U
from L2(H\G, u,H) onto L*(H\G, 1/, ") such that UP(E)U! =
PYE) and Uind(L,o,u)(g9)U" = indG (L', 0, ')g) for all g iff the
Tepresentation L 15 unitarily equivalent to L.
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PROOF. Assume such a U exists. By Theorem V.6, there is a
Borel field A(z) of unitary operators from H onto H' satisfying

A(z)L{o(z)go(zg) " A(z-g)" = L'(o'(z)go’' (zg) ")

a.e z for each g. Set R(z,g) = A(z)L(o(z)go(zg) " )A(x - 9)~*
and R'(z,g) = L'(o'(z)go’(zg)""). Then these are unitary rep-
resentations of the G space H\G. By Lemma V.1, there is a gp
such that R(Hgo, 95 hgo) = R'(Hgo, gy hgo) for all h. Furthermore,
o(Hgo) = hoo'(Hgo) for some hy. Combining these one sees
A(HQO)L(hD)L(U'(HQO)QalhQOO'I(Hgo)_I)L(ho)élA(Hgo)_l =

L(o'(Hgo)go  hgoo'(Hgo) ™)
for all h. But since o' (Hgo)gy* € H, every clement in H has form
o'(Hgo)ge " hgoo' (Hgo)
and thus
A(Hgo)L(ho)L(k)L(ho) ™ A(Hgo)™ = L'(h) for all h.

Conversely, suppose L and L' are cquivalent unitary representa-
tions of H. Choose a unitary operator A from H to H' such that
AL(R) = I’(h)A. Note o'(z) = h(z)o(z) where h is a Borel function
from H\G into H. Define A(z) = AL(h(xz)). Then

A(x) Ry (2, 9) = AL(h(z))L(0(z)g0(zg) ")
= AL(h(z)o(z)go(zg)  h(zg)™ ) L(h(zg))
= L'(h(z)o(x)go(zg)  hlzg) ™ )AL(h(zg))
= L'(o'(x)go’ (zg) ") Alzg)
= RL-‘(.’L‘,Q)A(SUQ)

holds everywhere. Since all o-finite quasi-invariant measures ol H\G
are equivalent, the result follows by Theorem V.6. O

COROLLARY V.7. Suppose R is a unitary representation of the G
space H\G and p is a o-finite G quasi-invariant measure on I \G.
Then L(h) = R(He, h) is a unitary representation of H and indj L =
indR.

PRrOOF. Let o be a Borel cross section for H\G. Define A by
A(z) = R(z,0(z)"")-
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Then
A(z)Ri(z, 9) = R(z,0(z)™")L(o(2)go(zg)™")
= R(z,o(z) " )R(H,0(z)go(xg) ")
= R(z,g0(zg)"")
= R(z,9)R(zg,0(zg)™")
= R(z,9)A(zg)-
CI

Assume H and K are closed subgroups of G. Then H x K acts
on G by g- (h, k) = h7'gk. This action is continuous and the orbits
are the H : K double cosets HgK. Denote the space of orbits with
the quotient Borel structure by H\G/K.

THEOREM V.7 (MACKEY’S SUBGROUP THEOREM).
Suppose H\G/K is a standard Borel space and ¢ is a G quasi-
invariant o-finite measure on H\G. Let p be the natural projection
of H\G onto H\G/K and let v be a o-finite measure on H\G/K
equivalent to p.u. If one disintegrates p into | H\G/K tydv(y) where
each p, is o K quasi-invariant o-finite measure on p~'(y) = HgK
where g € y, then in the direct integral decomposition of indgL|x =
;’Lnd?{(L,J,uHK = indgoxoBLlk = fﬁ\G/K indl. ) B dv(y), one
as
ndy 1k BY 2 indioi g L ace y
where L9 is defined on g~ HgN K by L9(k) = L(gkg™"). Hence

D
indS Ll = f ind . ;e L9 dv(HgK).
H\G/K

ProOF. Welet y = HgK. We may assumne y, is nonzero. We note
that the K orbit of Hg in H\G is H¢gK and that the stabilizer of Hg
is K, = g"'HgN K and thus the mapping ¥ : Hgk — (97" HgN K)k
is a Borel space K equivariant isomorphism of this /X orbit onto the
K space K,\K. In particular, ty, = Uufty is a K quasi-invariant o-
finite measure on K,\K. Now the representation R} on p~'(y) x K
is defined by

RY(Hgk' k) = L(o(Hgk')ko(Hgk'k)™).

Since ¢ is a K equivariant Borel isomorphism from HgK onto K,\K
Carrying the measure 1, to the measure i, ¢ yields a unitary iso-

morphism U from L% HgK, p,, H) onto L*(K,\K, 1, H)) defined by
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Uf(K,k) = f(Hgk). Under this isomorphism the representation
ind;". )« nRY 1s equivalent to the representation W¥ defined by

dpy, - k™t
dps,
Hence W, is equivalent to the representation induced by the uni-
tary representation Ry of K space K,\K defined by RE’(Kyk’, k)=
L{o(Hgk")ka(Hgk'k)™'). By Corollary V.7, we see W, is unitarily
equivalent to the representation induced from K, by the represen-
tation L'V(k) = L{o(Hg)ko(Hg)™!). Since this representation has
form k — L(h)L(gkg')L(h)~', we see by Corollary V.6 that W¥ is
unitarily equivalent to ind;{_1 moni LY. This completes the proof. [

Wy (k) F(R ) = ( )2 (KK )L (o (Hgk' ko (Hgk'k)™) f (KK k).

8. Multiplier Representations

Let (G be a locally compact second countable group. Then a Borel
mapping  — U, from G into i, the unitary group of some sepa-
rable Hilbert space, is said to be a multiplier representation or a
projective representation if U, = I and

Upy = o(z,y)UU,

for some function 0 : G x G — T where T = {2 € C : |2| = 1}. The
function o is called the multiplier of the representation U.

PROPOSITION V.8. Suppose ¢ is a multiplier of a projective rep-

resentation of G. Then ¢ is a Borel function which satisfies:
(a) ole,z) =o(z,e) =1 for all x and
(b) o(zy, z)o(z,y) = o(z,yz)o(y, z) for all x, y, 2.

PRrROOF. o is Borel since U is Borel and U is a Polish group. Since
U, = U, = ole,z)U.U, = ole,x)U,, we see g(e,z) = 1. Similarly
o(x,e) = 1. Moreover, since (zy)z = z(yz), we see

Ulay)e = ofzy, z)o(z, U, UU, = o(z,yz)o(y, 2) LUV, = Usgya)-
This gives (b). O

THEOREM V.8. Suppose ¢ is a Borel function of G x G into T
satisfying (o) and (b). Then G° =T x G with multiplication defined
by

(Zla :C)(ZQ! y) = (z1z20($? y)a my)
is a standard Borel group. Moreover, if X is Lebesgue measure on T

and m is e right Haar measure on G, then A x m is a right invariant
o-finite measure on G®; and thus G° has a unique second countable
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locally compact topology for which G7 s a topological group. Further-
more, the correspondence U — U|g is a one-to-one correspondence
between the unitary representations of G7 satisfying U,y = ZI and
the multiplier representations of G having multiplier o.

Proo¥r. That G? is a group follows immediately from (a) and
(b). Moreover, G” with the product Borel structure is standard
and the functions (z,2),(22,y) — (Z120(2,y),2y) and (z,z) —
(z,z)"! = (Z5(x,z~1),27") are Borel. Hence G° is a standard Borel
group. Moreover, m” = X x m is a right invariant measure; and
hence by Theoremn IV.6, we know there is a locally compact second
countable topology on (¢ making G” into a topological group. An
easy calculation shows that g — U(1,g) is a ¢ representation of &
if U/ is a unitary representation of G7 satisfying U(z,¢) = ZI. Next
note that if W is a multiplier representation of G with multiplier o,
then U(z,g) = 2W, is a Borel homomorphism of G” into 4 (H) and
thus is a unitary representation of G7. O

Suppose o is a Borel function on G x G satistying (a) and (b). To
see that ¢ is a multiplier, we exhibit a multiplier representation of &
with multiplier 0. Let U be the operator valued function defined by
U, fly) = a(y,z) f(yz) for f € L?*(G). Then

U.ryf(z) =

Thus the multipliers on a group G are precisely the Borel functions
on G x G into T satisfying (a) and (h) of Proposition V.6.

DEFINITION. Two multipliers ¢ and ¢’ on G x G are said to be
equivalent if there is a Borel function b: G — T with

o' (2, y) = blay)b(x)b(y)o (e, y).

REMARK. z + U, is a multiplier representation with multiplier o
f 2 — b(x)U, is a multiplier representation with multiplier (db)(o)
Where db(z,y) = b(xy)b(x)b(y). Moreover, a nultiplier o is said to
be trivial if ¢ = db for some b.
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9. Extensions of Representations to Multiplier
Representations

THEOREM V.9. Suppose U is an irreductble unitary representation
of the closed normal subgroup N of G such that for each g € G the
representations n — U, and n v Ugng-1 are unitarily equivalent.
Then there is a multiplier representation U of G such that Uly = U
and I}gUnffg‘l = Uppg-r forn € N and g € G. In particular, U
extends to a multiplier representation of G.

Proor. Let X = {(g,A4) : A € U(H) and AU, A" = Uypg—1 for
all n}. We first note that X is a Borel subset of G x /(). Indeed,
if n; form a dense countable subset of N, then (g, A) belongs to X
iff AU,,A™! = Ugy,g-1 for all j. Moreover, the projection p send-
ing (g, A) to g is onto and Borel. Furthermore, by Schur’s Lemma,
pHg) = {g} x TA, where A, is any unitary operator satisfying
AU AGY = Ugng for all n. In particular, p~!(g) is compact for each
g. Thus by Theorem 1.22 (one could also use Theorem 1.14), there
is a Borel function W : G — U(H) satisfying WgUnt“l = Ugng—+
for all n and g. Define U, = W, for g ¢ N and U, = U, other-
wise. Clearly U is a Borel function. To see that it is a multiplier
representation, note that the operator Uy, nglU commutes with
irreducible representation U. By Schur’s Lemma, there is a scalar
(g1, g2) such that U, o, U0 = 0(g1,92)]. O

Note if W is a projective representation of G with WgUnt*I =
U,ng-1 for all n and g, then W, 0 ;! centralizes U; and thus by Schur’s
Lemma, there is a function b : G — T such that W, = b(g)U,. In
particular, the multiplier of W is equivalent to the multiplier of U.
Hence the collection of all multipliers obtained this way forms an
equivalence class of multipliers on 7, and this equivalence class is
known as the Mackey obstruction to extending the representation U
on N to G. In particular one has:

COROLLARY V.8. Let U be an irreducible unitary representation
of N where N is a closed normal subgroup of G. Suppose the rep-
resentations U%(n) = U(gng™") are all unitarily equivalent to Ulx.
Then U ezxtends to a unitary representation of G iff the Mackey ob-
struction is trivial (i.e., contains the identically 1 multiplier).

COROLLARY V.9. Assume U is a multiplier representation of G
and N is a closed normal subgroup on which U is a unifary repre-
sentation. Furthermore, suppose UgUnUg‘1 = Upng—1 forn € N and
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g € G. Then there is a multiplier o on G/N such the Mackey ob-
struction for U|n is the equivalence class of the multiplier (z,y) —
o(zN,yN).

PROOF. Proposition IV.2 implies there is a Borel subset B of G
containing e meeting each coset N exactly once. Define Uy, = U, U,.
Note U, = U,. Then since the mapping (n,b) — nb is one-to-one
and Borel from the standard Borel space N x B onto G, the function
{7 is Borel. Moreover, it has the property that U,U,U; ! = Ugpg
and thus is a_multiplier representation of G. Moreover if g = nb,
then Ung = Unpmnp = Un nU[, = U U Ub = UnfU Thus if ¢ is the
multiplier of U, we have o(n’,g) = 1. Similarly

Ug f = YUnbn' — U Ubn’ = U UbU Ubn’b—lb
= UgUb_ Ubn'b—lUb = UgUnt

and thus o{g,n') = 1. Hence, if ny = go 111 gan,, then

o{g1m1, gany) = o{gini, gana)o (g1, m1) = o(g1, 1 gena)o(n, gana)
= o(g1, g2n3) = o(g1, g2n3)o(g2,n3) = o(g192,n3)a (g1, g2)
= o(g1, 92)-

Thus o{g:N,g2N) = 0(g1,92) is well defined. This function on
G/N x G/N is easily seen to be a multiplier. [0

10. The Action of a Group on the Dual of a Normal
Subgroup

Let G be a locally compact second countable group and let N
be a closed normal subgroup. Let m be a right Haar measure on
N and n € {0,1,2,3,...}. Then the set Hom(N,U,) of unitary
representations of N on the Hilbert space H, is a closed subset of
M(N, m,U(H,)) and hence is a Polish space. Moreover, the mapping
g = ¢, where ¢,(n) = gng~! is a Borel group homomorphism of G
into Z(N,m). Indeed, to see this mapping is Borel, it suffices by
Proposition 1.17 to note the mapping g — [ g(n)h(gng=') dm(n) is
Borel if g € L'(N, m) and & is a bounded Borel function on N. This,
however, follows from Fubini’s Theorem. Hence by Theorem IV.16
and Proposition V.2, we may conclude:

PROPOSITION V.9. Under the action (f,g) — f-g where f-g(n) =
flgng™"), the spaces M(N, m,U,), Hom(N,U,), and N are stan-
dard Borel G spaces.
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Cororrary V.10. For each g € G, the mapping v — ¥ - g is g
Borel mapping of N.

PROOF. Let £ be a Borel subset of N. Then its preimage under
the mapping y+— y-g is E. g . But this set is Borel since the union
of its elements is the Borel set in N¢ consisting of those L such that
L. g is in the Borel set obtained by taking the union of the clements
inE. O

COROLLARY V.11. Suppose N is standard. Then the mapping
(IL], 9) — [L-g] is Borel; in particular N is a standard Borel G space.

Proor. Clearly this mapping defines an action. Let E be a Borel
subset of N. Hence E = J,eg7Y Is a Borel subset of N°. Define a
mapping of N¢ x ( into N x G by W(L,g) = ([L-g],97"). This
mapping is Borel and onto. Hence W(E x () is an analytic set.
But if £ is the complement of E, W(E x G) is the complement to

W(E x ). Since this set is also analytic, we see by Corollary 1.2
that the set W(E x G) must be a Borel subset of N x G. But the
{(v,g) e NxG:v-g € E} = W(E x ). Thus the mapping
(v,g) — v - g is Borel from N x G into N. [J

11. Restrictions of Representations to Normal Subgroups

Suppose U is a primary unitary representation of G. Then the
von Neumann algebra A4y has trivial center. Suppose in addition
Uln is a type I representation of N. Thus the von Neumann algebra
Ay = U(N)" is type L. Let P, be the largest central projection in Ay
which is homogeneous of degree k, and let () be the largest projec-
tion of multiplicity k in the Boolean algebra of central projections in
Anr. Note that the von Neumann algebra Ay is normalized by each
unitary operator U, since U, U U‘ = U,,,-+. By Corollary III.22,
Uy P U, =P, and U,Qcl7;" = Qx for all g. This implies there
exist. a unique n and a unique m with P, = I and Q,, = I. Heuce,
by Corollary I11.22 and Theorem I11.24, we may assume the Hilbert
space for U is L%(S, u,nH) for some standard Borel space S and o-
finite measure p and Ay = [& nB(H)du(s) where ndim(H) = m.
Theorem IV.17 implies there 1s a weakly Borel function s ~ L, of 5
into the unitary group ¢/(H) such that U(n) = fs nL,(n)dp(s). By
Theorem 11116, U(N)" = [§nL (N)"du(s); and hence L,(N)” =
B(H) for a.e. s. In particular, by Proposition IV.10, L, is an ir-
reducible representation of N ou H for a.e. s. The representation
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L= fSEB L. du(s) is locally simple. Indeed Ay = L>=(5, u,CI) and
thus is abelian.

In order to insure L has standard support in the dual of N, we
now assume N is a standard Borel space. By Theorem IV.21, by
removing a set of measure 0 from S if necessary, we may assume the
map s + [L,] from S into N is one-to-one. By Lemma IV.7, its
range is a Borel subset of N forming a standard Borel space, for it
is Borel isomorphic to §. Hence the mapping ®[L,] = L, is a Borel
selection for the measure ., defined on N by . (E) = u(®(EN[Lg))).
Moreover, L = [® ®(¥) du.(v). Hence we may conclude:

PROPOSITION V.10. Let N be a closed normal subgroup of G with
N standard. Suppose U is a primary unitary representation of G
such that the representation Uly is type I. Then there are unique
nonnegative integers n and m and a o-finite measure y on N such
that if H is a Hilbert space of dimension n and ® is a Borel function
from N into Hom{G,U(H)) satisfying [B(7)] =~ for u a.e. 7, then
Uly is unitarily equivalent to nL{u, ®|.

We now suppose U|y = nL[u, ®] where p is a o-finite measure on
N and & is a cross section from N into Hom(G,U(H)). Thus the
Hilbert space of U is (N, u,nH). Let P be the canonical projection
valued measure on L2(N, u, nH).

The following theorems assume that N is a standard Borel space
and that the representation U|y is type 1. In the next chapter, we
show that N is a standard Borel space iff every unitary representa-
tion of N is type I. This was first proven by Glimm using C* algebras.
A simplified proof based on the behavior of the action of the unitary
group on the dual space was later given by Effros. Hence the hy-
potheses in the following results can all be modified to reflect this
equivalence.

THEOREM V.10. Let U be a unitary representation of G, and let
N be a closed normal subgroup. Assume N is a standard Borel space.
Suppose U|y = nL[u,®] where u is a type I measure on N. Then
if P is the canonical projection valued measure on LZ(N,,u,n]HI), the
pair (U, P) forms a system of imprimitivity on the GG space N. In
Particular, pu is a quasi-inveriant measure on N.
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PROOF. Let L = Ul|y. Then L - g(z) = L(gzg ') is a unitary
representation of N and U,L(z)U;' = L{gzg™'). But L is the
unitary representation on ff? nH(vy)d ( ) = L*(N,u,nH) defined
by L = [Pn®(v)du(y). Thus L - g(z) = [ nd(y)(gzg™") du(v).
Define ®'(y) = ®(y-g ') -g. Then <I>’ is a Borel function from
N into Hom(N,U(H)) satisfying [@(v)] = v. Thus L - g(z) =
I®n® (v - g)(x) du(7). Let u- g be the measure on N defined by
pog(E) = WE g~ !). Define a unitary transformation W from
LA(N, p, nH) = fN n%,.g dp(y) onto LA(N, - g,nH) = [ nH, du -
g9(v) by

WE(y) = flv-g7").

Then WL- g(z)W ' = [®n®' (v)(z)du- g(v) = nLu- g, ®(z). Let
P’ be the canonical projection valued measure on LZ(N o 14 - g, nH).
We know that the unitary operator WU, is a unitary equivalence
between the representations nL|u, ®| and nL{y - g, ®']. By Theorem
IV.22, the measure g - ¢ is equivalent to y; and by Corollary IV.14,
one has WU, P(E)U,'W~! = P'(E) for all Borel subsets E. Thus
U,P(EYU,' = W IP/(E)W for all E. But WP (E)YW = P(E -
¢~ !). Hence u is quasi-invariant, and the pair (U, P) form a system
of imprimitivity. [

Before we continue the analysis of the representation U of G in
terms of U|y, we need to establish some relationships between the
representations R of a G space X with a quasi-invariant measure u
and the representations ind$, R of G. It is easiest to do this in
terms of the von Neumann algebras they generate.

Let (X, i) be a standard Borel G space where p is a quasi-invariant
o-finite measure. Let R be a unitary representation of G space X
on Hilbert space H. Let A% be the set of all strongly Borel es-
sentially bounded mappings z — A(z) from X into B(H) satisfy-
ing A(z)R(z,g) = R(z,9)A(z - g) for u a.e. = for each g, identified
if they are equal almost everywhere. Since bounded Borel fields
of operators are in one-to-one correspondence with operators A on
LA(X, u, H) = f® Hdu(z) which commute with the canonical projec-
tion valued measure for this direct integral decomposition, we may
1dent1fy .A with the von Neumann algebra of all operators of form
f A(z) du(z) satisfying A(z)R(z, g) = R(z,g)A(x-g) a.e. z for each

DEFINITION. Let R be a unitary representation of a standard Bo-
rel G space X equipped with a o-finite quasi-invariant measure p.
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Then the von Neumann algebra Ag generated by R is defined to be
the commutant of the von Neumann algebra A%,. The representa-
tion R is said to be type I, primary, irreducible, or locally simple if
Ar is type 1, a factor, B(L?*(X, u, H)), or has abelian commutant,
respectively.

An easy consequence of the definition is that R is irreducible iff
the only Borel fields in A, are the essentially constant scalar fields.
Indeed, suppose R is irreducible. Thus Ay = A = B(L*(X, u, H)Y
is the collection of all scalar operators. Hence if A(z)R(z,g) =
R(z,g9)A(z - g) ae. x for each g, then A(z) = ¢l a.e. z for some
scalar c.

DEFINITION. Two representations R and R’ of a standard Borel G
space (X, i) are said to be unitarily equivalent if there is a strongly
Borel field U(z) of unitary operators between H and H' satisfying
U(z)R(z,g9) = R'(z,g)U(x - g) for u a.e. x for each g.

Note that if R and R’ are equivalent uynitary representations of ¢
space (X, ), then R is type I, irreducible, locally simple or primary
iff R’ is type I, irreducible, locally simple or primary, respectively.
Indeed, their von Neumann algebras are isomorphic under the spatial

isometry (U f)(z) = U(z) f(x).

PROPOSITION V.11. Suppose X = H\G and p is o o-finite quasi-
invariant measure on H\G. Let 0 : H\G — G be a Borel cross
section. For each unitary representation L of H, let Ry be the
unitary representation of the G space H\G defined by Ry(z,g) =
L(o(z)go(z - g)~1). Then every unitary representation of H\G x G
is unitarily equivalent to Ry for some L. Furthermore, Ry is type I,
primary, irreducible or locally simple iff L is type I, primary, irre-
ducible or locally simple, respectively. In addition, Ry, is unitarily
equivalent to Ry, iff L1 and L2 are unitarily equivalent.

ProoOF. The argument in the proof of Corollary V.7 shows that
if R is a unitary representation of H\G x G, then R is unitarily
equivalent to R; where L(h) = R(H, h).

Next we show there is a natural isomorphism of A} onto A%. In-
deed, define ®(A)(z) = A for A € A’,. A straightforward calculation
shows ®(A)(z)R.(x,9) = Rr(z,g)®(A)(x - g) for all x and g. This
map is clearly one-to-one and into. Next suppose A(zx)Rp(z,g) =
RL(:B,g)A(ﬂ: - g) a.e. z for each g. We now argue as in the proof of
Lemma V.1. Let M = {(z,9) : A(z)R.(z,9) = R.(z,9)A(z - g)}.
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Then if (x,g9) € M and (z-g,¢’) € M, then (z,gg') € M; and as seen
in Lemma V.1’s proof, there is a go with A(Hgo)Rr(Hgo, g5 'hago) =
Ry (Hgo, go *hge) A(Hg,) for all h € H. Furthermore, this go may be
chosen so that A(Hgo)Rr(Hgo,9) = RL(Hgo,9)A(Hgog) for ae. g
Thus A(Hgo)Ly, = Ly A(Hgo) for all h; and if zo = Hgo, then Az, -

g9) = Ri(z0,9) " A(zo)Ri(x0,9) = A(sr:o)a.e g- Thus (A(xo))(z) =
A(z) for p a.e. z. This shows & is onto. Hence Ry, is type I, locally
simple or irreducible iff L is. To see that L is primary iff R is pri-
mary, we show ® restricted to Ay N A} is onto Ag N A%. Indeed,
suppose z — A(z) is in Agr N A;. We know A(z) = A ae z for
some A in A,. But [ A(z)du(x) commutes with all the opera-
tors [® B(z)du(z) where B(x) = B for all z and B € A}. Thus
AB = BA for all B € A} and A € AL N A}. Thus L is primary iff
R is primary.

Finally, suppose Ry, is unitarily equivalent to Hy,. Thus there
is a Borel field of unitary operators U(z) from H to H’ satisfying
Uz)Ry, (z,9) = R, (z,9)U(x - g) ae. z for each g. The same argu-
ment as above shows there is an zo = H gy satisfying

U(zo) Rz, (%0, 95 hgo) = Rei, (2, 95 hgo)U (o)

for all . Thus U(ﬂﬂo)Ll(h) = Lg(h)U(ﬁ'Io) for all h, and Ll and L2
are unitarily equivalent. The converse is immediate. [

THEOREM V.11. Suppose N is a standard Borel space and i is @
type I quasi-invariant measure on N. Let ® be a Borel mapping from
N into Hom(G,U(H)) satisfying [B(7]) = v for p a.e. v. Identify
representations R of N x G if they are equal px m¢ a.e. (v,g). Then
the mapping R — indR is a one-to-one correspondence between the
representations R of N x G such that R(v,z) = n®(v)(z) for all
z € N for u a.e. v and the unitary representations U of G such that
Uly = nL[i,®]. Moreover, R is type I, locally simple, irreducible
or primary iff indR is type I, locally simple, irreducible or primary.
Furthermore, if indR i3 primary, the measure yt is ergodic.

Proor. Let U = indR. Then U(g)f(7) = %2 (v)R(v,9)f (7 9)

du
for f € L¥*(N,pu,nH). Hence Uly = nL[u, ®] iff R(v,z) = n®(v)(z)
a.e. v for each z € N. By Fubini’s Theorem, this occurs if R(y,x) =
n®(y)(z) a.e. x for y1 a.e. . But since each function x — R(y,z) s a
unitary representation of N, we would then have R{vy,z) = nd(v)(x)
for all z a.e. v. Note the mapping R — U = indR is one-to-one. We
show it is onto. Suppose U|y = nL[u, ®]. Let P be the canonical
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projection valued measure on L2(N , 4, ). Then since p is a type
I ineasure, Proposition IV.27 implies the range of P is the Boolean
algebra of central projections in the type I von Neumann algebra
Ay = U(N)". Moreover, by Theorem V.10 and Corollary V.5, there
is a unitary cocycle representation R of N x G such that I = indR.
This shows the 1map is onto.

To prove the remaining statements, we first note that Ay = Ag
and A; = Aj. Indeed, since each projection P(E) belongs to
Ay, it belongs to A;. By Theorem III.14, if T € A}, then T =
[ T(v) du(y) where v — T(7) is an essentially bounded Borel func-
tion from & into B(nH). A direct calculation shows TU(g) = U(g)T
for all ¢ iff T(v)R(v,9) = R(v,g)T(v - g) for p a.e. v for each g.
Hence A;; = A%. The double commutant Theorem then implies
Ay = A, = A}, = Ag. Thus U is type I, locally simple, irreduci-
ble or primary iff R is type I, locally simple, irreducible, or primary,
respectively.

Finally, note that if U is a primary representation and E is an al-
most invariant Borel subset of N, then U (g)~! P(E)U(g) = P(Eq) =
P(E) for all g. Thus P(E) € Ay N Ay, = CI. Hence P(E) = 0
or P(E) = I. This implies u(E) = 0 or (N — E) = 0, and p is
ergodic. O

We summarize these results in the following Theorem.

THEOREM V.12. Suppose N is a standard Borel space. Let U be
a primary unitary representation of G such that Uly is type I. Then
there are a type I quasi-invariant ergodic measure 4 and an n €
{o0,1,2, -} such that for any selection ® : N — N¢ with [®(v)] = v
for 4 a.e. v, there exists a representation R ofoG’ on nH satisfying
R(v.z) = n®(y)(x) for allz in N for i a.e. v for which U is unitarily
equivalent to indR. Moreover, if i is a o-finite measure on N and
R is o representation satisfying R'(v,z) = n'®'(y)(z) for allz ¢ N
for 1 a.e. v for some selection ® and U is unitarily equivalent to
indR'| then i’ is equivalent to p, n' = n, and the representations R
and R' are unitarily equivalent. Furthermore, the representation U
i irreducible or type I iff R is irreducible or type I.

Proor. This result follows from Theorem V.10, Theorem IV.22,
Theorem V.6 and Theorem V.11. O
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12. Transitive Quasi-orbits and Mackey’s Subgroup
Method

DEFINITION. Let N be a closed normal subgroup of G. Suppose
U is a primary unitary representation of G and U|y is type I. The
unique ergodic measure class [i] for which there is an n such that
Uty = nL(u, ®] is called the quasi-orbit of the representation U.

Since we are assuming NV is standard, N is a standard Borel @
space. In particular, Theorem IV.8 implies the stabilizer H = {g:
~4-g = v} is a closed subgroup of G containing V. Moreover, by Kura-
towski’s Theorem, since H\G is standard and the mapping Hg — ~-g
is one-to-one and Borel, the orbit vG is a Borel subset of N which
is Borel isomorphic to H\G. Furthermore, by Proposition IV.7, any
two quasi-invariant o-finite measures based on ¥G are equivalent.
Hence there is exactly one quasi-orbit based on vG. These quasi-
orbits are called the transitive quasi-orbits and as G spaces with
quasi-invariant measures H\G and G are isomorphic.

With these preliminaries we conclude with the following Theorem.

THEOREM V.13. Let N be standard. Let v € N. Assume the
quasi-orbit vG is type I. Let o : H\G — G be a Borel cross section
for the right cosets of the closed subgroup H = {g : v-g = 7},
and let 1 be a o-finite quasi-invariant measure on H\G. Then the
mapping L — nd$ (L, o, 1) is a correspondence between the unitary
representations of H whose restriction to N is unitarily equivalent to
a multiple of the representation v and representations U of G whose
restrictions to N are type I and have quasi-orbit vG. Moreover,
any primary representation U of G whose restriction to N is type I
and which has quasi-orbit ¥G is unitarily equivalent to ind%(L, o, 1)
for some such L. Furthermore, ind%,(L, o, ) is type I or irreducible
precisely when L is type I or irreducible; and ind% (L, 0, p) is unitarily
equivalent to ind% (L', o, 1) iff L is unitarily equivalent to L'.

PROOF. Let U be a primary representation of G whose restric-
tion to N is type I with quasi-orbit vG. Let ¢ : H\G — G be
the isomorphism @(Hg) = vg. Let I' € v and define ¢ on N by
B(19)(z) = [(o(Hg)eo(Hg)™) and #(y') =T for v/ ¢ vG. Then
[@(¥)] = 7 for w.us ae. 4. By Theorem V.12, we know there
is a unique n and a primary representation R’ of N x G satisfy-
ing R'(vg,z) = nT'(c(Hg)zo(Hg) ') for all z € N for a.e. g for
which U = indR’. Let R be the representation on H\G xG defined
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by R(Hg,9') = R'(vg,9'). Then R(Hg,z) = nT(c(Hg)zo(Hg)™")
for all z in N for a.e. g. By Proposition V.11, there is a unitary
representation L of H such that R; is unitarily equivalent to R.
Hence the representation R} on G x G defined by R} (vg,¢') =
Ri(Hg,g') is unitarily equivalent to the representation (vy,g) —
R'(vg,¢'). In particular, U is unitarily equivalent to indR;. An
eagy argument, using the Borel measure preserving equivariant iso-
morphism ¢ from H\G onto 4G, shows indR} is unitarily equiv-
alent to indL = indR;. Thus U is unitarily equivalent to indL.
Since R is unitarily equivalent to R, there is a Borel map A from
H\G into U(nH) satisfying A(Hg)R(Hg,g')A(Hgg')~™! = Rp(Hg,q')
ae g for p ae. Hg. By Lemma V.1, there is a gy such that
A(Hgg)R(Hgg, go_lhgg)A(Hgg)_l = RL(HQU, go_lhgo) for all h. Thus
ifx € N, we see

A(Hgo)(nT (o (Hgo)wo(Hgo) ")) A(Hgo)™ = L{o(Hgo)zo(Hgo)™");

and thus L restricted to NV is unitarily equivalent to nI'. Moreover, by
Theorem V.11, U is type I or irreducible iff R' is type I or irreducible.
But R’ is type I or irreducible iff R} is type I or irreducible which
occurs iff Ry is type I or irreducible. Thus by Proposition V.11, U/
is type I or irreducible iff L is type I or irreducible, respectively.

Suppose L|y = nl where T' € v, A easy argument shows indL
is unitarily equivalent to the representation indR; where R} is the
representation defined ¢,p X mg ae. on N x G by R, (vg,g) =
L{o(Hg)g'a(Hgg')™!). In particular,

Ry (vg,z) = nT(o(Hg)zo(Hg)™") = n®(vg)(x)

for z € N. Hence indL|y is unitarily equivalent to nL[p,u, @] and
hence is type I, and indL has quasi-orbit 4G.

Finally suppose that the representations indL and indL' are uni-
tarily equivalent, By Theorem V.12, R; and R}, are unitarily equiv-
alent, Hence R; and R are unitarily equivalent representations of
H\G x G. By Proposition V.11, we conclude that L and L’ are uni-
tarily equivalent. If L and L’ are unitarily equivalent, then by Propo-
sition V.11, the representations R; and Ry are unitarily equivalent.
By Theorem V.6, the representations indL and indL’ are unitarily
equivalent. O

Suppose N is standard and T’ € v where v € N, Corollary V.9 and
Theorem V.9 imply there are a multiplier & on H/N and a multiplier
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representation [ on H with multiplier (hy, ha) v o (Nhy, Nha) such
that [(n) =I'(n) for n € N.

THEOREM V.14, Suppose I' is an irreducible unitary representa-
tion of N where N is standard. Let H be the stabilizer of [U']. Then
each unitary representation L of H whose restriction to N is unitarily
equivalent to a multiple of I is unitarily equivalent to a representa-
tion of form U @ r where U 1s a multiplier representation of H/N
with multiplier & and U @1 is the representation on the tensor prod-
uct of the Hilbert space of U with the Hilbert space of I defined by
(U &T)(h) = U(Nh) ®T(h). Moreover, U®T is irreducible iff U is
irreductble, type Iiff U is type I, primary iff U is primary, and locally
simple iff U 1is locally simple. Finally Uy @ T is unitarily equivalent
to Us @ T iff Uy and U, are unitarily equivalent.

Proor. Suppose L|y = mI'. Hence the Hilbert space for L is
mH where H is the Hilbert space for I'. There is a unitary iso-
morphism T from Hilbert space mH onto the Hilbert space K @ H
where K is a Hilbert space of dimension m satisfying T(mA)T ™' =
I® A for any bounded linear operator A on H. In particular,
T(mB(MH))T ' = I® B(H) and T((mB(H))" )T~ = B(K)®I. Define
Wi(h) = L(h)(mf(h))*l. Then since L(h)L{n)L{h)™* = L(hnh™1)
and [(R)I(n)L(h)=* = ['(hnh=1) for n € N, we see W (h) commutes
with mmI(n) for all n in N. Since the von Neumann algebra generated
by the operators mI'(n) for n € N is mB(H), one has W(h) is in
(mB(H))’; and we see TW (h)T ' = U(h)@f for some operator U (h).
This implies TL(R)T~" = U(h) @ ['(h) for each h € H. Hence we
may assume L(h) = U(h) @ T(h) for h € H. Since L(n) = I ® ['(n),
we see UU(n) = I for n € N. Moreover, since L is a unitary represen-
tation having trivial multiplier and I is a multiplier representation
with multiplier o, one has

U(hyhs) @ T(hyhy) = ((7(h ) @ T(hy)(U (he) © T'(hs))
U (hy)U(ha) @ T(hy)T ()
= &(Nhy, Nhy)U(h))U (hs) ® T (hihy).
Thus U (hihs) = &(Nhy, Nhy)U (h,)U (hs). Moreover U(n) = I since
L(n) = I ®I'(n) for n € N. Hence U(Nh) = U(h) is a unitary
multiplier representation of H with multiplier 7. But since the com-
mutant of the set of operators L(N) = (I @ ')(N) is B(K) ® I, the

commutant of the set of operators L(H) is U(H)' ® I; thus L is pri-
mary or locally simple precisely when U is primary or locally simple.
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Moreover, L is irreducible iff I'(H) = CI iff U is irreducible. In ad-
dition, the von Neumann algebra generated by L is type L iff L{H)
is type Liff U(H)' is type I iff the representation U is type I.

Finally suppose L; = U, @I and L, = U, @ T are unitarily equiv-
alent. We clearly may assume that Uy and U, are representations on
the same Hilbert space K. If T' is a unitary equivalence between L,
and L, we see TL;(n)T ! = La(n); and thus T is in the commutant
of I®T(N) which is B(K)®I. Hence T = S®I where S is a unitary
operator on K. From this it follows that SU(Nh)S™! = Us(Nh),
and the representations U} and U, are unitarily equivalent. [J

As stated earlier, we shall show in the next chapter that the Borel
structure on N is standard iff every unitary representation of N is
type I. Hence again, every o-finite measure on &V is type I and the
type I conditions in the following theorems are superfluous.

THEOREM V.15. Let N be a closed normal subgroup of G. Suppose
N is a standard Borel space and the quasi-orbit G in N is type I.
Then the mapping U — indG (U ® ') is a correspondence between
the primary & representations of H/N and primary representations
of G having quasi-orbit vG. Moreover, ind5(U @ T) is type I or
erreduceble iff U is type I or irreducible, respectively. Furthermore,
every primary representation of G with quasi-orbit ¥G is unitarily
equivalent to indS, (U ®F) for some primary & representation of H/N;
and this correspondence is one-to-one in that indS, (U, QT) is unitarily
equivalent to indG (U, @ T) iff Uy and U are unitarily equivalent.

Finally we have the following celebrated Theorem of G. Mackey.

THEOREM V.16. Suppose every representation of N is type I, N
is a standard Borel space, and the quotient Borel orbit space NC i
countably separated. Then if U is an irreducible unitary represen-
tation of G, there exist a unique transitive quasi-orbit vG and an
rreducible & representation W of H/N, where H is the stabilizer of
Y in G, such that U is unitarily equivalent to indS,(W®T). Moreover,
W is uniquely determined up to unitary equivalence.

PRroOOF. This result follows from the previous Theorem, Proposi-
tion IV.6, Theorem V.12 and Theorem V.13. O






CHAPTER VI
DUAL TOPOLOGIES

1. The Primitive Ideal Space

Let A be a C* algebra. The primitive ideal space of A is the
collection Prim(.A) consisting of the ideals ker# where = is an ir-
reducible * representation of .A. The elements of Prim(.A) are the
primitive ideals; they are closed two sided * ideals. Let E be a subset
of Prim(.4). The kernel, ker E, is the closed * ideal of A defined by
ker £ = mIEEI-

LEMMA VI.1. Let T be a closed two sided ideal. Then I = ker E
for some subset E of Prim(A). Moreover, if J € Prim(A) and if I
and Iy are two sided ideals in A and I, NIy C J, then I, C J or
I, C J. Thus primitive ideals are prime.

Proor. By Corollary I1.5, A/Z is a C* algebra. By Theorem
I1.10 and Proposition I1.16, for each z ¢ T there is an irreducible
representation 7’ of A/T with 7'(z + ) # 0. Set w(a) = n'(a + I).
Then 7 is an irreducible representation of A with kerm 2 T and
z ¢ kerm. Thus Z = ker E where £ = {ker 7 : n(Z) = 0}.

Let J = kerm where 7 is an irreducible * representation of .A.
Then if I, and I; are ideals with I; N I; € J, then #n(I})n(l) C
7(I N I,) = {0}. But if () is nonzero, m(l;)H is dense in H; for =
18 irreducible and #(A)#(L;)H C 7(I,)H. Hence either 7(l3) = 0 or
7(I,) = 0 on the dense subspace m()H. Thus L, c Jor I, CJ. O

LEMMA VI.2. Let B be a nonzero C* subalgebra of C* algebra A.
Every continuous positive linear functional w on B has an extension
to a positive linear functional w' on A with the same norm.

A7
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PRrROOF. We may assume w # 0. We add an identity to A if A has
no identity. Let e be the identity of A. Now e may or may not be
in B. If e € B, then by Corollary IL.8, w(e) = ||w||. Otherwise, we
consider the subalgebra B, = Ce + B. It is a C* subalgebra. To see
this, note if A,e + b,, converges in A, then A, is bounded. Indeed,
if not, then e — A, b,, — 0 for some subsequence, and then e & B.
Replacing A.e + b, by a subsequence, we may assume A, converges.
This implies b, converges in B. Thus the limit of A,e + b, is in B..

By Proposition I11.7, B has an approximate identity. Hence by
Corollary 119, w satisfies w(b)* = w(b) and |w(b)|* < ||w!w(b*b).
Proposition I1.13 implies ' defined on B, by w'(Ae+b) = Aj|w||-+w(b)
is a positive linear functional on B, extending w with norm w’'(e).
Thus we have returned to the first case where B contains the identity
of A.

Let A, be the Hermitian elements in ,A. This is a real Banach
space. Let P be the collection of all # with z > 0. By Corollary IL.3,
P is normed closed. Moreover, (a) of Proposition IL5 implies the
elements ¢ € A, with ||(||z|le—z)|| < |jz]| are interior to P and every
element in P is a limit of such z. Proposition II1.5 shows the interior
Int(P) is an open convex set. Furthermore, Int(P)Mker w = §. By the
Hahn-Banach Theorem, there is a closed hyperplane H containing
kerw with H NInt(P) = . Now choose a positive element p € B,
with w(p) = 1 and [|(||p|lle — p)|| < L. Define «'(h + Ap) = A if
he H and A € C. Note w’ extends w and «’ is continuous. Suppose
z € Int(P) and z = Ap+h. If A <0, then h = z— Ap € Int(P) which
is a contradiction. Thus w'(z) > 0 if x € Int(P). Hence &'(z) 2 0
forz ¢ P.

Define w'(a;+ia;) = w'(a;)+iw'(az) for a; and a; in A,. Thenw' is
a positive linear functional on A which extends w. Since w'(e) = w(e),
lw'l] = llwll. O

COROLLARY VI.1. Let B be a C* subalgebra of C* algebra A.
Then every pure state w on B has an extension to a pure state w' on

A.

PROOF. Let W be the set of all states on 4 which extend w. Then
W is a closed convex compact set in the weak * topology. Thus
by the Krein-Milman Theorem, W has an extreme point ' We
claim «' is an extreme point in the closed convex subset of positive
linear functionals in the unit ball of the dual of .A. Indeed, suppose
W' = rw) + swh where r + s = 1; r, 5 > 0. Then w = rw, + swy where
wj = wj|p. Clearly w; and w; are in positive linear functionals iu the
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unit ball of the dual of B. Since w is pure, Lemma I1.6 implies r = 0
ors=0. O

Recall by Corollary II.5 that two sided closed ideals in a C* algebra
are * ideals.

PROPOSITION VI.1. Let H be a Hilbert space. Suppose A is a C*
algebra and T s a closed two sided ideal in A.

(a) Then the mapping m — & from the irreducible = representa-
tions of A on H with kerm O T into the collection of irreduc-
tble x representations of A/T on H defined by

(e +7I) = n(a)

s one-to-one and onto.

(b) The mapping @ — nlr defined on the set of irreducible *
representations of A on H with 7|1 # 0 is one-to-one and
onto the set of irreducible x representations of T on H.

PROOF. Note (a) is obvious. For (b) we first note it is one-to-
one. Indeed, suppose = and 7’ are irreducible * representations of A4
agreeing and nonzero on Z. Then since 7 is an ideal, we see

w(a)w(b)¢ = m(ab)§ = 7'(ab)é = n’(a)7' (b)€ = 7' (a)m(b)¢

iftec A becZ Thus n(a) = 7'(a) on 7(Z)H. Moreover, =(Z)H is
invariant under both 7 and 7'. Since these are irreducible, #(Z7)H
15 dense in H and n(a) = ='(a) for all a. Also note if Hy is a
closed nonzero invariant subspace for |z, then 7(Z)H, 2 =(Z.A)H, =
m(ZL)m(A)Ho # 0 since n(.A)H, is dense in H and 7(Z) # {0}. But
then Hy > m(A)=(Z)He and n(A)n(Z)H, is dense since it is invariant
under w. Hence H = H. Thus the mapping is one-to-one into the
set of irreducible * representations of 7.

To see this mapping is onto, let s be an irreducible * representation
of T on H. Let £ be a unit vector in H and set w(b) = (p(b)¢, £).
Then by Theorem IL.7 and Proposition 11.14, w is a pure state on
the closed ideal 7 of A. But 7 is a C* subalgebra of .4, Thus by
Corollary V1.1, w has an extension to a pure state w’ of A. Do
the GNS construction to form a Hilbert space H' and an irreducible
Tepresentation 7' of A on H' having cyclic vector &' of length one
S0 that w'(a) = (7'(a)¢’,&'). Thus w(b) = {x'(b)¢’,&). In particular
7’|z is nonzero and thus irreducible and #'(Z)¢ is dense in H'. Hence
by the uniqueness of the GNS construction given in Theorem I1.7,



230 V1. DUAL TOPOLOGIES

we may assume H = H and & = £. This gives (7'(b)€,£) = (p(b)§, €)
for all b€ 7, and thus 7'(b) = p(b) forallbe Z. O

PROPOSITION V1.2, Let T be a closed two sided ideal of the C*
algebra A. Then

(a) the mapping J — J + T defined on {J € Prim(A): J D I}
is a bijection onto Prim{A/I) and

(b) the mapping J v JNT defined on {J € Prim(A) . JNT # I}
is a bijection onto Prim(I).

PROOF. Again (a) is clear. For (b) we know by Proposition VI.1
that if J' is in Prim(Z), then there is an irreducible representation
of A such that kerw NZ = J'. Thus the mapping is onto.

To see it is one-to-one, suppose J;NZ = JoNZ # L. But J; 2 JoNZ,
Since J; is prime, either J; € J; or T C J;. But T is not a subset of
J1. Hence J, C J;. By symmetry, J; € . O

2. The Hull-Kernel Topology

The dual space A of a C* algebra A is the collection of all classes of
unitarily equivalent irreducible * representations of .A. More specif-
ically for each cardinal number n, let H, be a Hilbert space of di-
mension n and let A% be the set of all irreducible * representations
of A on H,. Then A, = {{x]: = € AL} where [r] is the collection of
all 7’ € A’ unitarily equivalent to 7. Then A= Un<| A|./i,n.

There is a natural action of U4(H,) on A%, namely 7 g(a) =
g~'n(a)g. Thus we see A, = A" /U(H,) is the space of orbits under
this action. Since equivalent representations of A have the same

kernels, the mapping [7] > ker = is a well defined mapping of A onto
Prim(.A).

DEFINITION. Let I be a closed two sided * ideal of .A. The hull,
hull(7), of  is the collection of all J &€ Prim(.A) such that J 2 1.

DEFINITION. Let E be a subset of Prim(.A). Then the hull-kernel
closure F of E is the set hull(ker(E)).

LEmmMa VL3, ﬁ=w, EQE, EZE, and E1UE2=_E1 UE2

ProOF. Note ker¢ = A and hull(A) = @ and thus § = §. Next
note if J € E, then J D ker F and thus J € E. Hence E C E. Also

note ker E = ker E and thus E = hull(ker E) = hull(ker(E)) = E.
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Next note ker E; DO ker( E, UE;) and thus E,UFE, CE,UEL U FEs.
Also note if J € E; U E,, then J 2 ker £, N ker E,. But since J is
prime, either J D ker E; or J D ker E. Thus J € E, UE,. O

__Note that N, E C E, and thus N;E; C E E; for each ¢. Thus
nE C N;E; CI"‘IE Hence N;E; —ﬂE From this and Lemma
VL3, it is easy to see the subsets Prim(A) — E where F C Prim(.A4)
form a topology on Prim(.A). It is called the hull-kernel topology.

PROPOSITION VL.3. The hull-kernel topology on Prim(A) is T,.
Moreover, if J € Prim(A), then {J} is closed iff J is a mazimal
closed ideal.

PrOOF. Suppose I; # I; in Prim(.A). Then either I, doesn’t con-
tain /; or I) doesn’t contain I5. Hence I ¢ hull(J;) = hull(ker({I,}))
which equals {7} or J; ¢ hull(/,) which equals {12} Hence Prlm(A)
is Tg.

Note {J} is closed iff the only primitive ideal containing J is J iff
J is primitive and J is a maximal closed ideal (since by Lemma V1.1,
every proper closed ideal is contained in a primitive ideal). [

PROPOSITION VI.4. Suppose A has an identity e. Then Prim(A)
s compact.

PROOF. Suppose 4 has identity e. Let {F;} be a family of closed
subsets of Prim(.A) having an empty intersection. This implies the
algebraic sum ) ker F; = A, for if not this would be a proper ideal
not containing e. Since the interior of the unit ball about e consists of
invertible elements, it would follow that the closure of 3" ker F}, would
be a proper closed ideal and thus would be contained in a primitive
ideal J. But then J € hull(ker F}) = F; for all i and NF;, # 0.
Hence there is a finite set S of indices 7 for which e = > icg € where
e; € ker F;. Thus 4 = > .cker F;. This implies N;csF; = @, for
there is no primitive ideal containing 4. [

DEFINITION. The hull-kernel topology on A is the smallest topol-
ogy on A for which the mapping [7] ~ ker = is continuous; i.e., the
open sets of A are the sets of form {[] : kerm € V} where V is an
open set of Prim(A4).

LEMMA VI.4. Let A be a C* algebra without identity. Then if f is
o continuous function with compact support on R and f(0) = 0, there
is for each self adjoint element a € A an element f(a) in A such that
for every representation m of A, one has n(f(a)) = f(n(a)).
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Proor. Consider A., the extension of A to a C* algebra with
identity. Then f(a) exists in .4.. Moreover, by the Stone-Weierstrass
Theorem, there is a sequence of polynomials p,(A) with p,(0) = 0 so
that p, converges uniformly to f. It follows that p.(a) converges in
norm to f(a). But p.(a) € A Thus f(a) € A since A is norm closed
in A.. O

LEMMA VI.5. Let A be a C* algebra and suppose a 15 an Hermi-
tian element in A. Let F' be a closed subset of R. Then

(a) if A has an identity, {{r] € A : o(n(a)) C F} is closed in the
hull-kernel topology;

(b) if A has no identity, then {(n] € A o(n(a)) € Fu{0}} is
closed in the hull-kernel topology.

ProoF. We do case (b). The argument for (a) is similar. Let
E = {lx] € A : o(x(a)) € FU{0}} and suppose [p] € E. Then
ker p D ker E = Nipepkerm. Let A € o(p(a)). We claim A € FU{0}
and consequentially [p] € E. If not, there is a continuous function f
with compact support such that f =0 on FU {0} and f(A\) #0. In
particular f(p(a)) # 0 and thus p(f(a)) # 0. However, if [7] € E|
we have f(m(a)) = 0. Thus n(f(a)) = 0 for all [7] ¢ E and thus
f(a) € ker E. Hence p(f(a)) = 0. But p(f(a)) # 0 which is a
contradiction. [

PRrROPOSITION VL5. The map (7] — ||x(z)|] is lower semicontin-
uous on A in the hull-kernel topology.

Proor. It suffices to show ||7(z*z)|| is lower semicontinuous. Let
a > 0. Then {|x(z*z)|| < a iff o(m(z"z)) C [0, a]. Hence by Lemma
VL5, the set {[7] : [|7(z*z)|| < a}isclosed. O

PROPOSITION VL6. Let A be a separable C* algebra. Then the
hull-kernel topology on A is second countable.

PROOF Let ;131- be a countable dense subset of A. For each ¢, let

= {[m] : ||=(z;)|| > 1}. These are open sets. Let U be an open set
and let [r] € U. Thus 7 is not in the hull of the kernel of A-U. Thus
there is an a with 7(a) # 0 and 7'(a) = 0 for all [x'] € A—U. We may
assume ||7(a)|| = 2. Choose x; With ||z; —al| < 1. Then ||n(z;)|| > 1
and thus 7 € V,. Moreover, if [x'] ¢ U, then #'(a) = 0 and thus
|7 (z)]| = ||="(z; — a)|| < 1. Thus [#'] ¢ V;. Thus V, CU. O
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LEMMA VI.6. Suppose for each i € I, A; is a bounded invertible
operator on H; and sup ||4;|| < co. Then ®A; has a bounded jnverse
operator on &H,.

PROOF. Let B; = A;'. Define a densely defined operator on
@H; by dom(B) = {(v;) € H; : (Bv;) € ©H;} and set B(v;) =
(Biv;). We claim B is a closed operator. Indeed, suppose v/ — v
and B(v/) — w in @H;. Then v! — v, for each i and Bl(vf) — w; for
each . Hence A4;B;(v]) — A;(w;) for each i and we see v} — A, (w;).
Hence A;(w;) = v; and this implies B; A;(w;) = w; = By, for all 4.
Thus the operator B is closed. By the Closed Graph Theorem, B is
continuous. Clearly B = A-!. O

PROPOSITION VL7. Let A be a C* algebra and let x € A. Then
there is a w € A with ||x(z)|| = ||z||.

PROOF. By considering z*z instead of z, we may assume z is
Hermitian. Moreover, by Corollary I1.13, there is a collection ; of
irreducible representations 7; of A such that p = @m; is a faithful rep-
resentation of A. Thus {|p(z)]| = [|z||. In particular ||z|| € o(p(x)).
However, if {|z|| ¢ o(mi(z)) for all 4, then by Lemma VL6, |lz]| ¢
o{dm;(z)) and thus ||z|| ¢ o(p(z)). Hence ||z|| € o(m;(x)) for some
i Thus jlzf] < |[m(z)]] < [lzl]. O

THEOREM VL1. The hull-kernel topology on A is locally compact.

Proor. By Proposition VL5, it suffices to show that if x € A
and r > 0, then the set K = {{r] € A : ||n(z)|| > r} is compact
in its relative topology. Let F be a decreasing filter of relatively
closed nonempty subsets of K. For each F' € F, let J = ker F'.
Then Jp C Jp if F C F'. Thus the set {Jp : F € F} is an
increasing filter of closed # ideals in A. Set J = UJp. Then J is
a closed two sided « ideal in 4. But since ||z + Jp|| > ||n(z)|| for
T € F, we see ||z + Jpl| > r for all F' and thus ||z + Ji| > r. By
Propositions V1.2 and V1.7, there is an irreducible representation
™ of A such that #(J) = 0 and l|x(z)|| = |z + J|| = r. Hence
r] € K and since n(Jp) = 0, [n] € hull{(Jz) = F for all F. Thus
T € Nper(FNK) = NgerF and K is compact. [

COROLLARY VI1.2. If A is Hausdorff, then for each x € A, the
mapping 7] — ||7(z)|| is continuous.
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ProOOF. For each r > 0, the set {[x] : ||7{z)|| = r} is compact and
thus is a closed set. Hence for each r > 0, {[n] : {|x(z)!| < r} is open.
Since the mapping is already known to be lower semicontinuous, we
also know for each r > 0, the set {[n] : ||={z)|| > r} is open. O

CoROLLARY VI.3. Prim{A) is locally compact with the hull-kernel
topology.

ProOF. Let I € Prim(A). Choose an irreducible # representa-
tion 7 with kerm = I. Since A is locally compact, there is a com-
pact neighborhood V of [m]. Since the open sets in .4 are the sets
{[r'] : kern’ € W} where W is an open set in Prim(.A), we see that
ker'(V) = {J € Prim(A) : J =kern’,[7'] € V} is a neighborhood of
I. Moreover, it is compact. Indeed, if ker' V C UaU, where U, are
open sets in Prim(.A), then

V C Ua{[n] : ker' € Uy},

and since V is compact, there are oy, ag, -+ , &, With V covered by
the sets {[7'] : kern’ € U,,}. Hence ker' V C U,,UU,,U---UU,,. O

Suppose A is a C* algebra with no identity. We have seen in
Proposition I1.2 how to extend A to a C* algebra A, with identity.
Moreover, it is easy to see that if 0 is the 0 representation of A on
a one dimensional Hilbert space, 0.(a + re) = r is an irreducible *
representation of A,.

PROPOSITION VL8, Suppose A is a C* algebra with no identity.
Then Prim{A.) = Prim{ A)U{A} and the relative topology of Prim(A)
on Prim(A) is the hull-kernel topology. Moreover, Prim(A) is an
open subset of Prim{A,).

ProoF. Note the mapping 7 — 7, defined by m.(a+re) = m(a) +
rI is a one-to-one correspondence between the irreducible represen-
tations of A and the irreducible representations «' of A, whose re-
strictions to A are nonzero. Since all irreducible representations of
A, whose restrictions to A are 0 are all equivalent to 0, and since
ker 7, = kerm, we see Prim(A.) = Prim(A) U {A}. It follows from
the definition of hull-kernel topology that Prim(.A) with the hull-
kernel topology is the relative topology of the hull-kernel topology
on Prim(A,). Since {A} = hull(ker({.A})), we see {.A} is closed in
Prim(.A,); and thus Prim(.A) is open in Prim(A,). O
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COROLLARY VL4. The mapping [x] — (x|, defined by [7} — [m.]
from A z'ntq (Ae) 15 a homeomorphism of A onto the open subset
(A)e of (A.).

3. Finite Dimensional Representations

LEMMA VL.7. For each n > 1, there is a smallest positive integer
r such that if V,, is an n-dimensional vector space and T}, T, ... | T,
are linear transformations on V,, then

Z €clo1Thg - I, =0.

cES,

Moreover, if r(n) denotes this r, then r(ly <r(2)< ...
PROOF. First we note that if A ¢ Vi and v € V,, then

(T11T25 B yTn2+I) — )\( Z eaTaITJZ e To(n2+l)v)

cES 2.,

is an alternating n* + 1 form on an n? dimensional space and thus is
identically 0 for all A and v. Thus

Z EoTaITGZ e Ta‘(nz-y-l) =0
O‘Esn'3+1

for all T7, Ty, ... , Thh24y. Hence r exists and r(n) <n?+1.
Now suppose there is 7}, Ty,--- ,T. € L(V,, V) such that

T=> €Tl - Tp #0.
oesS,
Let V,,, = V, ® Cepnyr. Set T/ = T, P 0 for 4 = 1,2,...,r and
T"=T®0. Set T, to be an operator which is 0 on V.. and sends
€ni1 to a vector v, in V, where Tw, # 0 and set T .,=00L
Consider the sum

Z GTT-:IT';Z -1, ';(1“+1)T~;(r+2)‘
TES
Note that each term in the sum where T (reg) # T/, is 0, for every
Other transformation has range in V, and 77 +2 vanishes on V,,. But
Since T,T! +2 = 0 for i < r, we see all terms are 0 except those for
Which 7(r + 1) = r + 1 and 7(r 4+ 2) =r + 2. Thus

Z CTT':IT;2 o 'TT’TTT’(MI)TT’(;"M) = Z ETT;IT‘:Q e 'T;rq-:+lq-:-+—2'

TES, 4 rES,
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Eence Soresin el Tl T Ty Ty = T, T/.,. Apply-
ing this to 0®en .1, we obtain "1}, T ,eny1 = T'T.  jeny1 = T, #
0. Thus

1 '
Z 67T71T1-2 T‘Tf‘ T(r+1) T(r+2 #0
TES 42

Hence r(n+1) > r(n)+2. O

THEOREM V1.2. Let A be a C* algebra and let A have the hull-
kernel topology. Let n be a posztwe integer. Set A<n ={m € A
dimz < n} and set A, ={r € A:dimn =n}. Then

(a) Ac, is a closed subset of A, and A, is an open subset of Acy.
(b) Let I, = ker(.A<n) Then Ac, is canonically homeomnorphic
to (A/I.n), and A, is canonically homeomorphic to (I—1/ I, )

PRoOF. We prove (a). We show hull(ker(Ac,)) = A< Indeed,
suppose ™ € A and w(ker(A<,)) = 0. Suppose dimm > n. By
taking a subspace of H{m) of dimension n and using Lemma VL7,
we can obtain bounded transformations T3, T%,... , Tr@ny In B(H(=))
such that

Z EJT01T02 o 'Tar(n) # 0.
TES (n)
Since 7(.A) is strongly dense in B(H(x)), we may assume T; = m{a;)
for some a; ¢ A. Thusifx = Eaesr(n) €0la1802 * ** Gor(n), then m(z) #
0. But by Lemma VL7, ='(z) = 0 for all #' € Ac,. Thus 7 ¢
hull(ker(A<n)) and .A<n is closed. Since .A<n_1 is closed, A, =
_Agn .A<ﬂ 1 is open in .A<n

Note (b) follows from Proposition VI.1. That the topologies corre-

spond can be shown using the fact that the topologies are defined in

terms of kernels and hulls of representations and these are algebraic
definitions. 0O

4. Dual Pairings

Let FE and F' be vector spaces over R or C, and let {,-) be a
nondegenerate bilinear form on E x F. Then (E,F) form a dual
pairing. The weak topology on E determined by (-, -} is the topology
defined by the pseudonorms p,(z) = |{z,y)| where y € F. It is
a locally convex topology and is the smallest for which the linear
functions z — {(z,y) are continuous. It is called the o(F, F') topology
or the weak topology determined by the pairing. Analogously, the
o(F, E) topology is the topology defined on F' by the pseudonorms
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p:(¥) = [{z,y)| where = ¢ E. We recall that a set A is balanced
if rA C A whenever Pl < 1. Aset Ais absolutely convex if it is
balanced and convex.

PROPOSITION V1.9, Let ¢ be a linear functional on E. Then ¢ is
o(E,F) continuous iff there is a y € F such that () = {z,y).

PROOF. Suppose ¢ is ¢(E, F) continuous. Then there exist y;,
i=12,---,n, such that

o(e)| < Vif [z, )] < 1for i =1,2,--- .

In particular, ¢(z) = 0 if {z,9;) = 0 for i = 1,2,--- ,n. Hence
the mapping ({z,y.), (z,ya), ... AT ) = @(2) is a well defined
linear functional which has an extension to a linear function L on
n dimensional space. But then L(ey, ey, ... yCn) = Y. asc;. This
gives

¢(T) = L(<$:y1>: (ﬂf-,yz): c- . 7<$:yn>) = (‘T:alyl + axya A+ + an?}n)-
0

We recall the following fact about locally convex topological vector
spaces (this is a form of the Hahn—Banach Theorem).

THEOREM VI.3. Let A be a closed convex subset in a real locally
convex topological vector space X. If0 € A and z ¢ A, then there is
a continuous linear functional ¢ on X such that Ply)<lforyc A
and ¢(x) > 1. If X is real or complez and A is absolutely conver,
then there is a continuous linear functional ¢ such that l[o(y)] <1
on A and |p(z)] > 1.

DEFINITION (POLAR SETS). Let (E, F) be a dual pairing. Let
A C E. Then the absolute polar set A% to A is {y : sup, . , |(x,y}| <
1} while the polar set to A is A9 = {y : (z.y) < lforz € A}
Similarly one has the notion of polar and absolute polar for subsets

of F'

PROPOSITION VL.10. Let A° be the {absolute) polar of the set A.

(1) A° is (absolutely) convexr and o(F,E) closed in F.
(2) A C B implies B® © A9,

(3) If A # 0 then (A4)® = 2 A0,

(4) (UA,)" =nA9,
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(5) The absolute bipolar A% of the set A is the smallest o(E, F)
closed absolutely conver set containing A in E. The bipolar
of a set A is the smallest 0 (E, F') closed conver set containing
Au{o}.

(6) Let A; be a family of o(E, F) closed (absolutely) convez sets
each containing 0. Then (NA;)° is the smallest o(F, E) closed
(absolutely) conver set containing AY for alli.

Proor. We only do the polar case; the absolute polar case is
argued similarly. Note 0 € A°. Since A° = Neea{y: (,y) < 1} is an
intersection of o( F, E) closed convex sets, (1) holds. Straightforward
arguments give (2), (3) and (4). For (5), let B be the smallest o(E,F)
convex set containing 4 and 0. Then B C A™. Suppose z € A%~ B.
Then by Theorem V1.3, there is a continuous linear functional ¢
such that ¢(z) > 1 and ¢(z') < 1 for z' € B. By Proposition VL9,
#(-) = (-,y) for some y. Hence y € B® and thus y € A°, But then
(z,y) = ¢(x) < 1 which is a contradiction. Hence B = A%,

For (6), suppose B is a closed convex set containing A? for all
i. Then B® C A% for all i gives B® C N(AY). Hence B® = B D
(N(A®)) = (AP, O

5. Weak Containment and Hull-Kernel Closures

Let X be a real separated locally convex vector space, and let X'
be its dual space, i.e., the space of all continuous linear functionals on
X. Set {(z,z') = ¢'(z) for € X and 2’ € X'. Theorem VI.3 implies
(z,2') — {z,z') is a dual pairing between X and X'. In particular, if
A is a subset of X (or of X'), then A% is the smallest weakly closed
convex subset of X (or X') containing A U {0}.

LEMMA VL8. Let A be a C* subalgebra of B(H). Let w be a stole
on A. Then there is a net w; of states on A each having form
wila) = 8 {a€;, &) which converges to w in the weak * topology;
i.e., limw;(a) = w(a) for all a.

PROOF. By Lemma VL2, we may assume .4 contains the identity
I of B(H). Let E = {¢. : ||€]| = 1} where ¢¢(a) = {a,£). We show
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the bipolar E® of E contains all states. Note

a c E°iff

¢e(a) <1 for all ||¢]| =1 iff

(a€,€) < 1 for all [|¢]) = 1 iff
a<I1iff
0<[I-ain B(H) iff
0<I—-gin Aiff
a <1,

Hence E% = {w € A’ : w(a) < 1 for @ < I}. By Corollary IL8, E%®
contains all the states of A. In particular, if w is a state on A, there
exists a net w; = Z?;l ri,j¢g,; where r;; > 0, Y7, ; < 1 such that
wi{a) — w(a) for each a. Thus w; > 0 for each ¢ and wi(1) = w(I) =
1. Thus ﬁ(:’)wi are states having the desired property. O

THEOREM VI4. Let A be a C* algebra, and let E be a set of
representations. Let w be a x representation of A. Then the following
are equivalent:

(1) kerm Dker E =N cpkern’

(2) Given & € H. Then there is a net w; of positive linear funec-
tionals on A having form w;(a) = S5 (m; k(@) 4, & ) where
Tix € £ and §p € H(m k) satisfying lim; w,(a) = (x(a)¢, &)
for each a. Moreover, this net may be chosen with ;]| <
[[])? for alli.

PROOF. We show (2) implies (1). To see this suppose a ¢ ker E.
Then 7;4(a) = 0 for all ¢ and k. Thus wi(a) = 0 for all . Hence
(m(a)¢,€) = 0 for all €. This implies 7m(a) =0, and thus a € ker 7.

To do the converse, we may suppose €]l = 1. Hence w(a) =
{m(a)¢,€) is a state on .A. Now suppose ker £ C ker . Let T = ker E.
Then by Corollary IL5, A/T is a C* algebra; and 7 factors to a rep-
resentation 7 of .A/Z. Moreover, the mapping a + 7 — Ywer ™ (a)
is a faithful representation of .4/7 on @H(7’). Since this is an iso-
Metric isomorphism of .A/7 with a C* subalgebra A of B(@H(#"),
Lemma VI8 implies there is a net w; of states of A of form w;(a) =
L1 (7(a)ER, £°) where &° € DregH(r') with wifa) — wla) for
all . Now £° = (& )mwep. For each 7, there is a finite sub-
%€t F; of E such that if wj(a) = S0 3 .o (m'(a)&Rer 1 €25}, then
[lwi — || = 0. Since w; —w; 2 0 and w; = (w; —w]) +w!, we see that
i) < JJwsft =1 = II€11%. Indeed, if wy = wy + ws and w, and w; are
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positive and continuous, then |jw|| = ||w2|| + [|ws||: this follows by
Corollary I1.8, Proposition 1.2, and Proposition I1.13. [

DEFINITION. Let E be a collection of % representations on a (*
algebra A. Let w be a * representation of A. We say 7 is weakly
contained in E if either (1) or (2) of Theorem VI.4 hold.

Note if 7 is irreducible and E is a subset of A, then = is weakly
contained in E iff 7 is in the hull-kernel closure of E.

LEMMA VI.9. Let X be a normed linear space, and let K be a weok
% compact subspace of the dual space X*. Let C be the smallest weak
* closed conver set containing K. Then the extreme points of C' are
in K.

ProoOF. Give X* the weak # topology. Let B{K) be the collection
of all regular probability measures on K. For each 1 € B(K ), define
an element ¢, in X* by ¢.(x) = [ ¢(z)du(¢). Note B(K) is a
compact subset of C(K)* when equipped with the weak  topology.
Moreover, p ++ ¢, is continuous in the weak * topology of C(K)" to
the weak * topology of X*. Thus ¢a(x) is & weak * compact subset
of X*. Clearly it is convex. It also contains K. Indeed, if ¢ € K
and €, is the point mass at ¢, then ¢., = ¢. Hence dgx; D C.
We claim they are equal. Hence, we need to show each ¢, is a
weak # limit of some net of points in the convex hull of K. Let A/ be
the collection of all tuples (Ey, Ea, -+ , By, 1, P2, -+ , ¢y) where P =
{E\,Es, - ,Ey} is a partition of K and ¢; € E; for i = 1,2,- k.
Order the pairs by (P, ¢;) > (P, ¢) if P is a refinement of P’ Deﬁne
bipey = 2 w{E;)¢i. This defines a net in the algebraic convex hull of
K. We claim it converges in the weak = topology to ¢,,. Indeed, note
if z € X, then ¢,(z) = [ ¢{x) du(@) is the integral of a continuous
function over a compact subset of X*. Using uniform continuity, for
each ¢ > 0 there is a neigliborhood V of 0 in X* such that if ¢, and
¢, are in K and ¢, — ¢, € V, then |¢1(z) — ¢2(x)| < ¢. Hence take a
partition P = {El,Eg, -, E} where E; — E; C V for each i. Then
o ony(z) — @u(x)] < e if P'is a refinement of P. Thus ¢px) = =C.

Let ¢, be an extreme point of C. We claim ¢, € K. Indeed,
let ¢ be in the support of the measure p. Then for any open set
U of K Containing ¢, we have p(U) > 0. If w(U) < 1, then p =
p(U) 2 + (K = U) 55 slie=u_sand thus ¢, = p(U)d. + (K — U)ow

w(K—1)

where v = #l2. € B(K) and v/ = -l¥=U" ¢ B(K). But since ¢, is

w(t) W(K—1)
an extreme point, ¢, = ¢, = P.. Now ¢, converges to ¢, in the
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weak + topology as U converges to {¢}. Hence . =¢ € K. If no
open subset U of K containing ¢ satisfies u(U) < 1, then regularity

implies {#} =1 and ¢, = ¢. O

THEOREM VL.5. Let n be an irreducible * representation of a C*
algebra A on H. Let E C A. Then the following are egquivalent.

(a) = is in the hull-kernel closure of E.

(b) There is a nonzero & € H for which there is a net w; of positive
linear functionals on A with form w,( a) = 3t o(miw(@)ik, & k)
where m, € E and &, € H(m:,) satisfying lim, wila) =
{m(a)£, &) for each a.

(c) For any € € H, there is a net (m;,&;) withx; € E and & € H;
where |16 < €] such that (m(a)é, &) — (n(a)€,£) for all

a.

PROOF. By Theorem V1.4, (a) implies (b). Suppose (b). Hence
there 1s a nonzero £ with (m(a)¢, &) = limw;(a) where

ng

Z &k:‘g‘zk

and m; . € E. Suppose a € kerE. Since kerE is a two sided * ideal,
b*a"ab € ker FE for all b € A. Thus wi(b*a*ab) = 0 for all i. Hence
(m(b*a*ab)¢, &) = 0, and we see w(a)w(b)é = 0 for all b € A. Since
m is irreducible, the nonzero invariant collection {#(b)¢ : b € A} is
dense in H. Consequently x(a) = 0; ie., @ € kerx. Thus (b) implies
(a).

Clearly (c) implies (b). We show (a) implies (c). By Proposition
V1.8, we may assume 4 has an identity. Note it is sufficient to show
(c) for unit vectors £. Hence assume |[¢|| = 1. Let w(a) = (n(a)¢, £).
Then w is a positive linear functional on A with norm 1. Set K to
be the weak + closure of the set of all functionals w’ where w "(a) =
{r'(a)¢’,&') with ||¢']| < 1 and n’ € E. Then K is weak » compact.

oreover, by Theorem V1.4, there is a net w; of form

wi(@) = SO(m (@) Eor)
k=1
Satisfying |jw;|| < 1 for all ¢ and lim, w;(a) = w(a) for all a. But then
lwsl] = wi(e) = 5, |é.xl|* < 1 for each z This implies w; is in the
algebraic convex hull of K. Indeed, set % = ||w;||. Then 2 < 1 and

e, .o
=2 g e
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Since wi(a) — w(a) for all a, w is in the weak * closed convex hull
C of K. Since 7 is irreducible, Theorem II.7 and Proposition I1.14
imply w is a pure state. By Lemma IL6, w is an extreme point of C.
Lemma VI.9 implies w is in K. This proves (c). O

6. The Simple-Strong Topology on Hom (A, B(H))

Let A be a separable C* algebra, and let H be a fixed separable
Hilbert space. Let Hom(A, B(H)) be the collection of all * repre-
centations 7 of A on H. Define a topology on Hom(A, B(H)) by =,
converges to w iff 7, (a) converges weakly to 7(a) for each a € A.

REMARK. 7,(a) converges weakly to m(a) for all a € A iff m,(a)
converges strongly to m(a) for all a.

PROOF. Let 7,(a) converge weakly to m(a) for all a. Then

lra(a)e —m(a)l|® = (mala)v — m(a)v, ma(a)v — m(a)v)
= (ma(a*a)v,v) — (mp(a)v, wla)v) — (r{a)v, mp(a)v} + (7(a)y, m(a)v}
— (m(a*a)v,v) — {w(a)v,w(a)v) — {(m(a)v, {a)v) + {w(a)v, m(a}v)
=0asn — co.

O

PROPOSITION VI.11. Hom(A, B(H)) is a complete separable met-
ric space.

ProOF. Let {¢,} be a complete orthonormal basis of H. Let
{ax} be a countable dense subset of the unit ball of A. Let m,m €
Hom(.A, B(H)). Define d(m,m2) = 3, 27|y (@ Yn — T2 (@ )|
Then d is a metric defining the topology of pointwise strong conver-
gence on Hom(A, B(H)). It is complete, for if m, € Hom(A, B(H))
and 7,(a) — w(a) strongly for each a, then 7 € Hom(A, B(H)).
Indeed, since ||m.(a)|] < ||al|, we see

|Imn(ab)y — m(a)m(bol| <
(|7 (@)mn(b)v — maia)m(b)o]| + l|Ta(@)m(b)y — w(a)m(B)v]
< la|| ||mn(byr — m(b)vl] + ||ma(a)m(blv — m{a)m(b)v|| = 0 as n — oo

Thus 7(ab) = m(a)w(b). A similar argument works for sums and
scalar products. For adjoints note

lImn(a*yo — (@) vl* = ({rafa) — (@)} v, (mala) — 7{a})"v)
= (v, (ma(a) — m(a))(mnla) — w(a))"v)
= (v, Tn (02" )v) — (v, Tala)m(a)"v) — (v, m(a)mu(a)v) + (v, m(a)m(a)*)v}
— (v,w(a)w(a“)v)—(v,w(a}w(a)*v)—(v,ﬂ'(a)ﬂ(a“)v)Jr(U,w(a)fr(a)*v) =0
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asn — 0.

With the product topology, HY*N is a separable metric space,
and the mapping © — {m(a,.)¢,} is a bicontinuous mapping from
Hom(A, B(H)) into H¥*N. Thus Hom(A, B(H)) is a complete sepa-
rable metric space. O

We know by Theorem IIL3 that the space B,(H) of o weakly
continuous linear functionals on B(H) is a predual of B(H). In fact, if
w € B (H), then w = Y w,, , where v;,w, € H, w,, 1, (T) = (Tv;, w;)
and 3 ([Jws]|* + [|wilf?) < o0

Define a function F' from Hom(A, B(H)) x B(H) into I..(N?) by

F(m,T) = {{(w(a:)T — Tw(a:))o; du) }ivjik

Note that F' is continuous in the product topology and is a linear
mapping in T for fixed «.

LeMMA VI.10. There exists o continuous mapping F, from
Hom(A, B(H))x1;(N*) into B,(H) such that F,(n,-)} is a linear trans-
formation on [;(N3) for each m and (F. (7, ))* = F(x,).

PRrROOF. Define F, by

F, (ﬂ—’ {)\i,j,k}) = Z )\isjvk (w¢jaﬂ(ﬂ:)¢k — Wrai)dy ,¢k)‘

F, is continuous and linear in A = {A\;;x} € L(N®). Fix 7 €
Hom(A, B(H)) and set G(A\) = F.(m,A). We calculate G*(T) for
T € B(H).
G (T)A) ={G"(T),\)
=(T,G(N))

=D Nk (W, mianan(T) — wraijs;on(T))

= Z)\zjk a: T¢3’¢k> {T"T(ai)(ﬁja ¢‘k>)

= Z)\i’j’kF "T)T)i,j,k-
Hence G*(T) = F(#,T). O

THEOREM V1.6, The set Hom(A, B(H))* of irreducible represen-
tations = in Hom(A, B(H)) is a G;s set in Hom{A, B(H)) and hence
is a Polish space in the relative topology.
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ProoOF. Note the set of T with F(w,T) = 0 is exactly the von
Neumann algebra of all operators commuting with the representa-
tion 7. But ker F(r,-) = range(F.,(m,-))". Hence dim(ker F(x, ")) =
dim(B, (H)/M (r)) where M (m) = F.(m, [;(N3)). Letwy,waq, - ,wy &
B.(H). Letry,ry,--- ,7, be an arbitrary k sequence of complex num-
bers with rational real and imaginary parts. Let {\,} be a countable
dense subset of {;(N*). Then F' = {w;,wy, -+ ,wi} is a linearly de-
pendent subset of B.(H) modulo M(r) iff # € SF where Sr is the
set

1
ﬂ.,?,,?=1 U%SZVWPSI U?Lo:l{ﬂ' : “T'lwl +Trowg 4+ T — F,(TI', /\ﬂ)H < R}

Let C be a countable dense subset of B,(H). Then dim(ker F'(r,)) <
niff 7 € Noos|F|>n,FcoSF. Since each S is a Gs, we see the set of all
representations of A with dim(ker F'(m,-)) <1 is a G5 set and thus
by Proposition 1.1 is a Polish space in the relative topology. But this
space is the space of irreducible representations of A on H. O

7. The Dual Space Topology on A

We let A} = Hom(.A, B(H))* be the space of irreducible * repre-
sentations of the C* algebra A on H. Equipped with the topology
of pointwise convergence in the weak or equivalently strong operator
topology, this is a Polish space. Let G = U(H) be the Polish group
of unitary operators on H. (See Proposition 1V.1.) Define an action
of G on A} by

7-g(a) =g 'w(a)g.

LEMMA VL.11. The mapping (7, g) +> 7 - g is a conlinuous from
Al x U(H) into Ay, and thus (Al U(H)) is a Polish transformation
space.

PROOF. Let g, converge to g * strongly and m,(a) converge to
7(a) strongly for each a. Since g7 = ¢ and g7 = ¢*, g, ' converges
strongly to ¢g~'. Lemma IV.1 implies g;'7,.(a)g, converges strongly
to g~'m(a)g, for |[m.(a)|| < {|a|| for all n and ||g,|| =1 for all n. O3

DEFINITION. Let » = dimH. Then n € {00,1,2,3,---}. Set
Aﬂ AL /U (H). Equip each A, with the quotient topology. Set
A=A UA UA,U--- and give A the disjoint union topology-
Then A is called the dual space of A4, and the topology on A is
called the dual space topology.

THEOREM VL7. The relative hull-kernel topology ts identical to
the dual space topology on A,.
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Proor. Let F be a closed subset of An in the relative hull-kernel
topology. Let [7] be in the closure of F' in the dual space topology.
Thus 7 is the limit in Hom(A, H)" of a sequence of representations
7, where [m,] € F. In particular, if ¢ is a nonzero vector in H, then
{(me(a)¥, ) — (m{a)y, ¢ for all @ € A. By Theorem VL5, [x] is in
the relative hull-kernel closure of F. Thus [7] € F, and F is closed
in the dual space topology.

Let F' be closed in the dual space topology. Let 7 be in the hull-
kernel closure of F'. By Corollary V1.4, we see 7, is in the hull-kernel
closure of F. if A has no unit. We know by Theorem VI.5 that if
¢ € Hand [[¢|| = 1, there exist nets {, € Hand m, € F with||¢,]| < 1
such that (m,(a)¢,,€&,) — (7(a)€, &) for a € A. If 4 has no unit. we
may thus assune {m, .(e)&,, &) — (£,€) = 1. In any case, we sec we
may assume A has a unit and {m,(a),,£,) — {(7(a)&,€) for all a in
A.

We next show that if S is a finite subset of A containing e, then
for large v there is a unitary operator U” on H such that ||7,(a), -
U'r(a)f|| —» 0 for a € S as v increases. First, let Hy be the finite
dimensional subspace of H spanned by the vectors m(a)¢ for a € S.
Let e;, e, -+, e, be an orthonormal basis of Hy. Now for each ¢ € S,
we have m(a) = 331°, Aj(a)e; where Aj(a) = (m(a), ¢;). Moreover,
we can choose 7;{a) € Cso that e; = Y. 75(a)w(a)€. Define a,; =
Y..cs Ti(a)a. Note m(a. ;)¢ = e, and thus

(W-r(aﬂj)g‘yv Ty (aT,k)Ef»,) = <7T’r (a:,ka‘nj)f”rr Ev)
— (m(a}  )m(ar,;)8, 6)
= (m(ar )€, m(arx)E)
= (e, ex)

as 7y increases. Hence, by taking v large, we see the vectors 7. (a. )¢,

forj = 1,2,---,m are linearly independent. In fact, for ~ large, using
Gramm-Schmidt orthonormalization, we can form an orthonornal
basis e/, 3 = 1,2,--+ ,m, of the linear span of 7 (a,;)&, such that

~

€; —m{a, ;)€ — 0 as v increases. Take U7 to be a unitary operator
on i satisfying U%e; = e]. Then for a € S, we see, since ||¢,|| < 1,
that

7 ()8, — UTn(a)¢]* =
{mya)dy, my(a)ey) ~ 2Re(ms (a)E,, UVn{a)é) + (U7 m(a)e, UTr(a))

= {my(a”a)g,, &) — 2Re(m, (), D Aj(@)U7e;) + (m{a*a)g, £).

Jj=1
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Hence
llmy{a)y — UM n(a)€]|®
= (my(a"a),. &) — 2Re{m, (a)ty, Z Aj(@)e]) + {m(a*a)¢, €)

i=

= (m,(a*a)é, &) — 2Re(m. (a) @,ZA a)my(ar,5)y) + {w(a”a)t, &)

i=1

—2Re(m,(a)éy, Z A{a)(e] — my(ar5)E))

('.'T-y (a a)g‘r’ ‘E‘r Z W’)‘ aT Ja’)é’}’! §7> (ﬂ'(a*a)‘ga ‘E)

—2Re{m(a)éy, Z Aj(a)(e] = my(r,)6r)
i=1

— 2(m(a’a)¢, €) — Z {m(a} ;a)&,€)

= 2{m(a*a)¢, £) — 2{m(a)é, ZA (@) (ar,;)E)

j=1
= 2(m(a"a)¢, &) — 2Am a)s,ZA
= 2{r(a)§, m(a)§) — 2(m (a)é, (a)§) =0
as < increases. In particular, since

7y (€)y = UMm(e)é]| = 11§, — U7E]| - 0,

one has
[l (@)U7E — U m(a)g|} <
||y (@)U7E — (@) - &4|] + ||y (a) - & — U'm(a)g]|
< el U7 — &1t + [|my(@)ey — UMn(a)é]| — 0.
Now let € > 0 and vectors §,&2, -+ ,&, and a;,a,,- - ,a, be given.

Since = is irreducible, 7(A)¢ is dense in H. Hence there exist by € A
such that ||#(be )€ — & || < for k=1,2,--- ,r. Take

Zmax A

S={ebi,by, - by a1b,a2by, -+ ,a.b,}.
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Then

I (ar)U7& — Um(ar)éil| < |17, (an)U 7€ — my (@)U m (b )] +
|l (@)U (b )€ — U m(ax)mw(bi)E]| +
U7 (ar)m (b )€ — U (ax)érl|
< 2faxll &k — 7 (B)E]] + |y (@)U R (b )€ — 7y (ax)my (be)UE]] +
Hry (an) ey (0e)U 6 — UV (g )m(bi )|
< 2liae] 1€ — 7 (be)Ell + Harll U 7 (br)E — . (be )UE| +
17y (akbi)U7E — U n(axbi )|
<e

for -y large. Thus for ~ large,
1U) ™ my (@)U, — m(ar )il < e,

for k=1,2,--- ,r. Thus [] is in the closure of F in the dual space
topology. O

CoroLLARY VL5. Suppose the dual space topology on A, is Tp.
Then two irreducible representations of A on H,, are unitarily equiv-
alent iff they have the same kernels.

PROOF. Suppose m; and w, have the same kernel. Then the hull-
kernel closures of the sets {[m|} and {[ma]} are equal. Since the duyal
topology and the hull-kernel topology agree on A, and A, is 1o,
[m]=[m]. O

COROLLARY V1.6. The hull-kernel topology and the dual space to-
pology on A generate the same Borel sets.

ProoOF. From Theorem VI.2, the sets .fln are Borel sets in the
hull-kernel topology. Hence the Borel structures are the same if the
relative Borel structures on the sets A, are the same. But this follows
from Theorem VI.7. O

8. Ergodic Measures on Hom(.A4, B(H))

We have seen Hom(A,H)' is a Polish (¢ space where G is the
unitary group of H and & acts on Hom({A, H)' by 7-g(a) = ¢~ '=(a)g.
In section 4, we defined the notion of ergodicity for quasi-invariant
Measure. Here we need the more general notion of an ergodic measure
Which may not be quasi-invariant. Specifically, a Borel measure 4 on
Hom(A, H)* is ergodic under the action of the unitary group if every
Invariant set measurable with respect to the completion of u is null
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or conull. (Note any nonzero measure on a transitive Borel G space
S would be ergodic.)

We first remark that orbits are measurable relative to the com.
pletion of . Indeed, since Hom(A, H)! is a Polish G space, an orbit
-G is the image of a Borel set under a continuous mapping g — -4
and thus is an analytic set. But Theorem 1.12 states analytic sets
are universally measurable.

LemMA VI12. Let s — m, be a Borel field of representations of a
separable C* algebra A over the Hilbert bundle H. If 75 are j a.e.
equivalent to my, then m = ff 7o du(s) is unitarily equivalent to nmy,
where n = dim L*(S, u).

Proor. By Theorem II1.i2, we may assume the Hilbert bundle
is trivial. Hence H, = {s} x H for all s. Moreover, by removing
a null set from S, we may assume 7w, = 7 for all s. Let U be
the unitary group of H. Set £ = {(s,U) : 7o - U = m,}. Since A is
separable, the set F is a Borel subset of § <. Moreover, each section
E,={U: (s,U) € E} is nonempty. Theorem 1.14 implies there is a
conull Borel subset Sy of S and a Borel function s —» U, € i on S,
satisfying 7o - /s = m,. Define a unitary mapping T on L?(Sj, u, H)
by Tf(s) =U*f(s). Then

T 'w(a)Tf(s) = Um(a)Tf(s)
= U,my(a)T f(s)
U (@)U (s)

= (ms(a) - U") f(s)
= mg(a) f(s) for s & 8.

Thus T 'w(a)T f(s) = (me(a)@I) f(s) where I is the identity operator
on L*(S, 1, H). Hence 7 is unitarily equivalent to nmy. O

THEOREM VI.8. Suppose u is an ergodic Borel o-finite measure
on Hom(AH). Let # = Sttomiam: 7Au(Y). Then m is a primary
representation of A. Moreover, © is Type I iff the completion of u
vanishes off some orbit.

ProOOF. Set X = Hom(A, H)!. One may assume the measure y on
X is finite. Indeed, if v is a finite measure equivalent to u, then the
representations 7, = [% ydu(y) and 7, = f@fydv(’y) are unitarily
equivalent.

Now note the strong closure B of 7(A4) is a von Neumann algebra.
Indeed, Corollary II1.7 shows that the closure is a * closed subalgebra
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of B(H). Thus we need only show B contains the identity operator.
By Theorem 111.9, the projection @ onto the closure of the subspace
BH is in B’ N B”. Since in the direct integral [®du(y), each v is
irreducible, it follows by Corollary I1V.12 that the range M of the
canonical projection valued measure on f ®Hdu(y) = L3H(X, 1, H) is
a maximal Boolean algebra of projections in =(.A). Thus there is a
Borel subset F' of X such that Qf = 15f for all f € L2(X, 4, H).
But then Qn(a)f(v) = v(a)f(v) = lr(v)¥(a)f(7) for u a.e. v for
each a. Thus for each a € A, one has y(a) = 0 for 4 a.e. v not in
F. Let a; be a countable dense subset of A. Then ~(a;) = 0 for all
i for 4 a.e. v ¢ F. Since each v is continuous, we see v = 0 for T
a.e. ¥ ¢ F. But no irreducible representation of A on H is 0. Thus
pu(X — F)=0and @ =1, and B contains the identity operator.

Now let P be a nonzero orthogonal projection in the center of the
von Neumann algebra B generated by n(A). To show 7 is primary,
we need to show P = I. Again, since the range of the canonical
projection value measure on X is maximal, there is a Borel subset
E of X having positive 4 measure such that Pf = lpf for f €
LA(X, u, H).

Now the operator P is in the unit ball of B. By the Kaplansky den-
sity theorem P is in the strong closure of the unit ball of 7(.A). But
L?(X,H) is separable. Thus by Lemma IIL.3, the unit ball of bounded
operators on L*(X,H) is Polish with the strong operator topology.
This implies there exists a sequence a,, with ||7(a,)|| < 1 such that
m(a,) — P strongly as n — co. Now w(a,)f(y) = ¥(an) f(v) for
all f € L*(X,H). Hence [||¥(an)f(7) — 1e(v)F(¥)||? du(y) -+ 0 for
all f. Taking f = v gives [ ||¥(ax)v — 1g(¥)v|[? du(y) - 0 for each
vector v € H. Thus for any v € H, [|v(a,)v — 1g(¥)v|| converges
In measure to 0. Hence if {v;}{2, is a countable dense subset of H,
there is a subsequence a,, of a, such that Y@, Jvi — 1g(y)v: = 0
for all i for 4 ae. v. But ||y(a,)|| < 1 ae. ~ since m(a.)]| < 1.
Thus y(an, )v — 1g(y)v — 0 for all v for p a.e. . Hence except
for a null set N of ~'s, ¥{@n,) converges strongly to 1g(y)I. Now
(E-N)-GCEUN. Indeed, if y € E — N, then 7(a.,) — I as
k — oo, Hence v g(a,,) = g-'(an )g — I as k — oco. Hence if
9 Y¢EN,v-g€ Efory-gla,) = le(y-g)if v g ¢ N. Hence
E'is conull if (E — N)-Gis conull. But (£ — N)-G is a measurable
invariant set which contains the set £ — N which has positive mea-
Sure. Since w is ergodic, (E — N) - @ is conull, and thus £ = I and
T iS primary.

Suppose u vanishes off the orbit 4o-G. Then there is a Borel subset
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E of v - G such that (X — E) = 0. Thus L*(X,H) = L*(E,H), and
all the representations in £ are unitarily equivalent. Lemma VI 19
implies 7 is unitarily equivalent to ny, where n = dim L2(E, ). Thus
the von Neumann algebra generated by 7 is unitarily isomorphic to
nY(A)" = nB(H) which is type L.

Conversely, suppose the von Neumann algebra generated by 7 is
type I. Then #(.A)’ is a type I von Neumann algebra with no nontriv.
ial central projections. It follows by Theorem II1.22 that n(A4) is a
homogeneous Neumann algebra. Let n be the degree of homogeneity.
By Theorem II1.21, there is a unitary operator U from L*(X, u, H)
onto nlH’ for some Hilbert space H' such that Ur(A4)'U~! = M, (CI).
Hence if B = 7{A)", one has UBU™! = nB(H').

Realizing nH = H' @ H” where H" is a Hilbert space of dimension
n, we see UBU ™! consists of all operators on H' @ H” having form
A® I for some A € B(H'). In particular, Un{a)U ™ = p{a) & I for
an irreducible representation p of A on H'. Since the commutant of
p(AY&@ I is I® B(H"), UMU~! = I ® M, for some Boolean algebra
of projections Mg on L*(X,v), and I ® M, is a maximal Boolean
algebra of projections in the commutant of p(A) @ I. In particular,
M, is a maximal o-algebra of projections on H” isomorphic to M.

Since Mg is maximal, Corollary I11.4 implies any separating vector
is cyclic. In particular M, has multiplicity one. By Theorems III.1
and II1.8, we may assume My is the range of the canonical projection

valued measure on L*(X,v) where v is an appropriate finite measure
on X.

In particular, we would now have p(a) ® I = [® p(a) dv(v). This
is a direct integral decomposition of the representation p @ I into
irreducible representations on '@ H” = H'®Q L*(X,v) = fe H' dv(y),
and the canonical projection valued measure for this decomposition
has range isomorphic to My. Moreover, U is a unitary operator from
L*(X, u,H) onto L?(X, v, 11') satisfying Un(a)U~! = p(a) ® I for all
a € A, and UMU™! is the range of the canonical projection valued
measure on L*(X, v, H').

By Theorem II1.15, there is a Borel isomorphism ¢ of X such
that ¢,i ~ v and a strongly Borel mapping v — U(y) from X
into the bounded linear operators from H to H’ such that U(v) is
a unitary operator for p a.e. v and Uf(¢(v)) = ﬂ%f‘ﬁ('y)I/‘?U(')/)f('y)
for f € L*(X, u,H). An easy calculation using Un{a)f(v) = (p(a) ®

DU f(v) shows U(y)v(a)f(v) = p(@)U(¥)f(7) for p a.e. v for each
f € L*(X, u, H). Taking constant functions fi{y) = v; where v; form
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a countable dense subset of H gives U(y)y(a)v; = p(a)U(y)wv; for all
i for ¢ a.e. v. Hence v(a) = U(y) " p(a)U(v) for i a.e. v for each a.
Using the separability of .4, one then sees by the continuity of v and
p that v(a) = U(y)'p(a)U(v) for all a for  a.e 7. Fix 4 where
U(v) is a unitary equivalence of o and p. Set g(v) = U(v) ' U(y).
We see v = v - g(v) for u a.e. v, and hence the measure u vanishes
off the orbit of v. O

9. Orbit Spaces of a Polish Action

THEOREM V1.9. Let X be a Polish G space. Then the following
are equivalent:

(a) For each z, the mapping G.g — x - g is a topological isomor-
phism of G,\G onto z - G.

(b) Each orbit z - G is second category in itself.

(c) Each orbit is a G set.

(d) X/G is a1, space.

PROOF. Suppose G,g — z - g is a topological isomorphism. To
show (b), we need only show G, \G is second category. Indeed, sup-
pose F; are a countable family of closed sets whose union is G;\G.
Then these are closed sets in G which are left G, invariant having
union 7. But since G is second category, F; has interior in & for some
i. But the projection mapping from G to G,.\G is an open mapping.
Therefore, F; has interior in G,\G for some i. This implies G, \G is
second category. Hence (a) implies (b).

We claim (b) implies (a). Suppose we show for each x and each
open set U of G containing e, the set z - U has interior in =z - G
where z - G has the relative topology. Then the mapping g — z-g¢
is an open mapping. Indeed, let V be an open set in G and g, € V.
Choose W an open set containing e with ggWW~! ¢ V. Then z-g,W
contains an nonempty open subset A. Since the mappingy — y-gisa
homeomorphism for each g, z-go is an interior point in z-ggWW ™!
Zz-V. Thus = -V is open. This implies the natural mapping from
G:\G onto z-G is an open mapping. Since it is continuous, we could
then conclude that this mapping is a homeomorphism.

Hence suppose U is an open subset of G containing e. Let V be an
open subset of GG containing e with VV~! ¢ U. By Proposition IV.2,
there is a Borel mapping ¢ : G.\G — G such that G,o(z) = z. Thus
z-V is the image of G,V under the Borel mapping z — z-0(z). Since
this mapping is one-to-one, the Kuratowski Theorem implies z-V is a
Borel set. Moreover, the set z -V is second category in z - G. Indeed,
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if not, we know there is a sequence g; such that G = UVg; and if -V
were first category in z-G, then -G = Uz Vg, would be first category
in z-G. By Proposition 1.9, we know every Borel set is Baire. Hence
there is an open set A in z - G whose symmetric difference with z -V
is meager in z - G. Since z - V is second category, 4 is nonemipty.
Moreover AV~ C z-VV 1. Indeed, suppose z-g ¢ - VV~'. Then
(x-gV)Nz -V = 0. Thus (- gV) N A is meager, for it is a subset
of A—x-V. Let W be the set of elements ¢ € G with z- ¢ € A,
Then Wisopenand - W = Aand z-gVNA =z-(gVnWw),
But since g¥V N W is an open set, we know by the argument above
that z - (¢V N W) is either nonmeager in z - G or empty. Thus, since
z - (gV N W) is meager, we have z - gV N A = §; and we conclude
that z-¢ ¢ AV~Y. Thus z- VV ! has interior points. Thus for each
x and any open set U containing e, the set z- U has interior in z - G,

We show (b) implies (d). For each z € X, let F, be the closure
in X/G of the singleton set {z - G}. Let p be the natural projection
of X onto X/G. Then p™'(F,) is a closed subset of X containing
p Yz - G). Thus the closure of p~'(z - G) is contained in p~'(F,).
Moreover if p(z) € F, and U is an open set containing z, then p(U)
is an open set containing p(z) and hence z - G € p(U). This implies
UNnp=(z-G) # 0, and thus z is in the closure of p~'(z - G), and we
see p~1(F},) is the closure in X of theset -G =p~(z - G).

Suppose X/G is not T;. Hence there are distinct orbits z - G and
y-G with F;, = F,. Since z - G is second category in z -G and y - G
is second category in y - GG, they are second category in their closure
C=p ' (F,)=p ' (F,)=z-G=y G But z-G is a Borel subset
of C and hence is Baire. Thus there is an open set A in C with
(A—z-G)U(z-G — A) meager in C. Clearly A is nonempty; and
since the topology on C is second countable, and the union A* of
all such sets is a countable union of such sets and is &G invariant, we
see that (A* —z-G)U (z - G — A*) is meager in C. Finally, p(A*)
is a nonempty open set in p(C) = F,, and thus contains p(y). This
implies y - G is a subset of the meager subset A* — 2z -G of C. In
particular, y - G is meager in C, and this gives a contradiction.

To see (d) implies (¢), we choose a countable base U for the topol-
ogy on X and set V; = p(U;). Then the V; form a countable base for
the topology on X/G. Let ¢ = z-G € X/G. Set B; = U; if ¢ ¢ V; and
B; = X — U, if ¢ ¢ V;. Each set p~'(B;) is either open or closed, and
thus each p~1(B;) is a Gy setin X. Thus p~'(q) =z - G = Np~(By)
isa Gssetin X,

Lastly (c) implies (b) since by Proposition I.1, a subset in X with
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the relative topology is Polish iff it is a G set and all Polish spaces are
second category in themselves by the Baire Category Theorem. []

10. Condition C and the Orbit Space

Condition C: Suppose G is a Polish group and G acts topolog-
ically on a Polish space X. This action is said to satisfy Condition
C if for each neighborhood N of e, there is a neighborhood 3M of ¢
such that M C zN for all z € X.

REMARK. If G islocally compact and X is Hausdorff, then (X, G)
satisfies condition C; for one can take M to be a compact neighbor-
hood of e contained in N.

LemMa VI.13. Condition C implies orbits - G are F, sets in X
and thus are Borel subsets of X.

PROOF. Suppose M is a neighborhood of e with M C z( for all
z € X. Since G is second countable, there is a sequence g; in G such
that G = UM g;. Hence xG C UzMg;, ¢ UzMg; C zG. Thus zG is
an F, set. O

Another consequence of condition C is the following:

LEMMA VIL.14. Each neighborhood N of € in G contains a neigh-

borhood M of e such that for any z and any countable decreasing
neighborhood base {U,} at x, one has NU, M C zN.

Proor. Let M; and M be neighborhoods of e such that =M, C
zN for any z and yM-T C yM;! for any y. Suppose y € NU, M.
Then y = u,g, where u, € U, and g, € M. Thus u, = Yo,
converges to x and thus x € yM 1 < yM;'. This gives y € zM,.
Thus NU, M C zM; C zN. O

DEFINITION. A subset E of a topological space is locally closed
if for each z € E, there is an open neighborhood N, of z such that
EN N, is relatively closed in N,. Equivalently, E is the intersection
of an open and closed set. Indeed, E = (U.N,)NEFE and, in particular,
E is relatively open in its closure.

The quotient Borel striicture on X/G consists of all subsets E of
X/G for which Uoer( is a Borel set in X. In general this is larger
than the o algebra generated by the open sets in X/G.
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THEOREM VI.10. Let (G, X) be a Polish transformation group sat-
isfying condition C. Then (a)-(d) of Theorem V1.9 are equivalent tqo
each of the following.

(e) Each orbit is locally closed.

(f) The quotient topology on X/G generates the quotient Bore]
structure.

(g) The guotient Borel structure on X/G is countably separated.

(h) X/G has no nontrivial atomic measures.

(i) Every ergodic probability measure on X is supported on an
orbit.

ProOF. We show (b) implies (e). Let p € X/G. To see p is locally
closed, it suffices to show m~!(p) is open in 7~1(p) = =~ ({p}). Hence
we may suppose X/G = {p} and X = #~1(p). Thus since n~'(p) is
second category in itself, it is second category in X. But by Lemma
VI.13, =~ !(p) is an F, set. This implies 7~ !(p) contains an open set
W of X. Thus 7~ !(p) = WG is an open set in X. Hence p is locally
closed.

Note every locally closed set is the intersection of an open and
closed set and thus is a G set. Hence (e) implies (c).

Suppose (d) holds. Let V,, be a countable base of open sets for the
quotient topology on X/G. Such a base was shown to exist in the
proof of Theorem VI.9. Since X/G is T}, they separate the points of
X/G. Hence X/G is countably separated. Thus (d) implies (g).

We show (g) implies (h). Since X/G is countably separated, by
Theorem 1.1, we may thus suppose X/G C [0, 1] with the relative
Borel structure. Let g be an atomic probability measure on X/G.
Since [0,1] is countably separated, u{{p}) = 1 for some p. Thus
every atom on X/G is a point mass and thus trivial.

Assume p is an ergodic probability measure on X. Define i on
X/G by p(E) = p(r~'(E)). Then f is an atom on X/G. Hence if
(h) holds, f is a point mass. Thus p is concentrated on an orbit, and
thus (h) implies (i).

To complete the circle of equivalence of (d) with (g), (h), and (i),
we show (i) implies (d). Suppose X/G is not T. Hence there are
distinct orbits p and ¢ in X/G with ¢ € {p} and p € {g}. Set X, =
7~!(p). Then (X4, G) is a Polish transformation group satisfying
property C. To show (i) implies (d), it will suffice to construct an
ergodic measure on X, whose support is not on an orbit. Thus we
may assume X = m—!(p), and X contains two distinct orbits 7! (p)
and 7 '(g¢), each which have closure X. Let 7 !(p) = zG.
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By Lemma VI.14, there is a symmetric open set M containing e in
G such that ﬂQmM C yG for any decreasing base of open sets Q,,
at y for any y € X. We define inductively for each w € U,,50{0, 1}"
an open set P(w) and for each n an element g(n) € G such that

(1) PMNP, =0 ifw#w and w,o’ € {0,1}7;

(2) = € Py, where O, = (0,---,0) € {0,1}" for all n;
(3) P, C P,,_, ifw e {0, 1}"’ andw{n 1= (41,42, , 1) where
W = (311@27 . 1171)7

(4) diameter(P,) < I if w € {0,1}"; and
(5) P0,0, 0yt ee i) 9(R) = P00, 0,Lins1, ix) -
We construct F,, and g(n) inductively on n. For n = 0, set P =

and g(0) = e. Suppose P, and g(k) have been defined for 0 < k < n.
Ifn=0,set N =M; else set

N = U15k1<k2<~--<kr5n9(kr) ot 'g(kl)Mg(kl)_l Tt g(kr)_l-

Thus N = Ui_, M, where M; = h; Mh;! and the h; list the elements
glkr) - - g(kr).

Let R, be a neighborhood base of open sets for the point z. Then
Ry, h; is a base of open sets for the point zh;. Hence NR,h,M C
zh,G = G. Also NR,h;Mh;* C NR MR C zh,GR]' = 2G.
Since N = U{_ | M; where M; = h;Mh; !, this implies N, R,,N =
Uky kg Nim B My, where 1 < k; < s. Thus each such sequence k;
assumes some value ¢ infinitely many times. Therefore, Uy, 4. Ny
R, M, C UL, (NRnMM;). This gives NR,N C U (N R.M;) C
U N Ry b MAT! C 2G.

The open sets R,,N cannot all be dense in B, for otherwise their
intersection would be dense in P, by the Baire Category Theorem
(Fy, is an open subset of X and thus is Polish); and this would give
R, = P,,NNwR,,N C zG, and thus 2G = 7~ (p) would be an open
set missing 7~1(¢). Hence g ¢ {p}, a contradiction.

Hence we can choose m with Py — R, N # §. As zG is dense
and the group operations are continuous, we can find a g(n + 1) with

z-g(n+1) € Ry, — R, N and an open neighborhood Py, ,, of z such
that

}_90n+1 - PDn N R,
Po,., - g(n+1) C Py, — RmN,and

: 1
dlameter(Py, ,, g(k1) - - g{k.)) < e forany 1<k < - <k, <n+1l.
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Define P('i]vi‘2.'“sin-g—1) = P(}n+1g(kr)g(kr—1)"'g(kl) where k‘l < kQ <
-+~ < k, are the positions of the 1's in (4y,72, - ,7,41).
Clearly (2), (4), and (5) are satisfied. Note Py__,

i = (21,42, -+ ,i,) is given and w = (4, 1), then since

P, = Py, g(ks)gks1) -~ - g(k1)

where 1 < ky < ky < - < k; < n are the positions of the 1's in 4,
we have P, = Py g(k,)---g(k1) D Py, g(n+ 1)g(k,)- - g(ks) = P;
and thus (3) holds.

To see (1) holds, suppose i = (i1, ,8nt1) F J = (J1: " Fnsr)-
If ¢, # ji for some k < n+ 1, then PM NP, C P MNP, =40
Hence we may assume 7, = jp for k <n+1and i, =0, juy1 = 1.
Let 1 < ky < ka < -+ < ky < n be the positions of the 1's in i,.
Then

PM = Py, (k) - g(ky) Mg(ky)™" - g (k)T g(ks) - g(k1)
C P07|+1Ng(ks) " g(kl) Whlle
PJ = Pﬂ1i+lg(n + 1)g(k3) -t g(k’l)

and these are disjoint, for Py, g(n+1) and B, N are disjoint since
P0n+1 C .P()ﬂ ﬂRm and P()7!+lg(ﬂ‘+‘1) (- Pgﬂ —RmN

Define a mapping 8 from Z = {0,1}" into X by setting 6(i) to
be the unique element in N,#;,. Then # is a one-to-one mapping
of Z into X. Moreover, 8({i : 44 = ky,---,4, = k. }) = 6(Z)N
Py oz k). Since diamP, i,k < ©, we see 8 is continuous.
Note if 7 and j are in {0,1}" and disagree at only finitely many
entries, then #(i) and #(j) are in the same orbit. This follows from
P, = Py glks)glks 1) ---g{k1) where 0 < k) < ky < -+ < ky; < n are
the positions of the 1's in w € {0, 1}".

Let v = [] e where € is counting measure on {0,1}. Then v is a
probability measure on Z which satisfies v({i : ¢|,, = (k1, - ,k.)} =
27, If {0,1} is given addition mod 2 group structure, then Z is a
compact group, and v is a Haar measure on Z. Define p = f,v. We
show u is an ergodic measure on X.

If w € {0,1}", we let & be the element in Z having form w x
(0,0,...). Suppose E' is an invariant subset of X of positive measure.
Set E = 671(E'). Let 0 < ¢ < 1. Choose an open set @ with
ECQcC Zandv(E) > (1—e)p(Q). For each n and eachw ¢ {0, 1}",
let C,, be the cylinder set C, = {i € Z :i; =w, for j =1,2,--- ,n}.
These are open sets and form a base of open closed sets for the
topology on Z. Hence Q = ;C,,, for some pairwise disjoint collection

_ P()n and lf



10. CONDITION C AND THE ORBIT SPACE 257

C.,- Since v(E) > (1 — €)v(Q), there is a j with »(E N C.,) >
(1 -ew(C,,)- Note C,, = Co,@;.

Let w be any other tuple in {0,1}". Note ENC,, = (ENC,, )0
Indeed, ¢ € ENC,, iff 6(i) € E' and 1|, = w iff 8(iow;) € £ and
(i0&5)|a = w; iff i = j&;@ where j € ENC,,,. Thus y(ENC,) =
v((ENC,,)ow) =v(ENC,,) > (1 - e)v(C,,) = (1 — e)pv(C,) for
all w € {0,1}". Since the C.'s for w € {0,1}" partition Z, we see
v(E) 2 1 — e. This being true for all ¢ > 0 implies »(E) = 1. Thus
w(E') = 1.

To finish we need to show u is not concentrated on an orbit. First
note points in Z have measure 0. Hence to show orbits have measure
0, it suffices to show orbits in X intersect §(Z) in countably many
points. Fix z € X. Let M; be an open neighborhood of ¢ with
MT'M; € M. As G is second countable, there are by, k =1,2,. .-
with G = Uk M,. Hence G N0(Z) = U(zhM, N 6(Z)). Let xhig
and zhpg’ be distinct elements of zh, M, N 0(Z). Thus there is an n
and w, ' € {0,1}" with w # w' and zhg € P, and zh g € P,j.
Hence zhyg' = zhig(g7'¢’) € P.(g7'¢)N P, Cc PMNP, = {§
which is a contradiction. Hence 2G M #(Z) is countable.

To see (g) implies (f), suppose X/G is countably separated. By
Theorem 1.10, X/ is an analytic space. In the proof of Theorem
VL9, we saw the topology on X /G has a countable base. Moreover,
the topology on X/G is T, since (g) implies (d). Hence the Borel
structure generated by the quotient topology is countably separated.
By Corollary 1.7, the quotient Borel structure is generated by any
countable separating family of Borel sets. Hence the quotient topol-
ogy generates the quotient Borel structure.

To finish we show (f) implies (d). If X/G were not T}, then the
quotient topology would not separate points. Hence the Borel struc-
ture it generates would not separate points. However, the quotient
Borel structure separates points by Lemma VI.13 since orbits are
Borel sets. [J

DEFINITION. A topological space Y is almost Hausdorff if each
lonempty closed subset of Y contains a relatively open nonempty
set that is Hausdorff in the relative topology.

REMARK. Y is almost Hausdorff iff there is an ordinal oo and a
collection R, of open sets, o < &y, such that

(a) a<'B =» R, C Ry R.#Ry

(b) @ < ay => R.,1 — R, is HausdorfT
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(c) if A < oy is a limit ordinal, then By = Uac» R,
(d) Ro=0and R,, =Y.

PROOF. Suppose Y is almost Hausdorff. Let a’ be an ordinal such
that the set of @ < o' has cardinality larger than the cardinality of
the collection of all open subsets of Y. Define Ry = 0. Suppose
R, have been defined for all a < A. If A is a successor ordinal, i.e.,
A=a+1,then Y — R, is closed. If Y = R, we are done. So we
may assume Y — R, # 0. Thus there is an open set G such that
GN (Y — R,) is nonempty and Hausdorff. Set Ry = GU R,. If ) is
not a successor ordinal, set By = U,y R,. Clearly by a cardinality
argument, there is an oy < o with B,, =Y.

Conversely, suppose such a collection R, exists. Let S be any
nonempty subset of Y. Take the smallest ordinal § with BgN S # 0.
Clearly g is not a limit ordinal, for otherwise B, N S # § for some
a < 3. Thus § = a+ 1. Hence SN KRy = SN (Ray1 — Ry) is
Hausdorff. O

We note that if ¥ is second countable and R,, o < ag, 18 a col-
lection satisfying (a)-(d), then ap is countable. Indeed, let G,, be a
base for the topology of Y. For each a, let n{a) be the first n for
which G, C Ret1 and G, N (K1 — Ry) # 0. Then a — n(a) is
one-to-one; for if 3 < a« and G,, C Ry.y, then G, N(Rayr) — Hy) = 0.

LEmMMa VI15. Let R be an equivalence relation on X. Give X/R
the quotient topology. Then if X/R is Hausdorff, R is a closed subset
of X x X. Conversely, if the natural projection = from X onto X/R
is an open mapping and if R is a closed set, then space X/R is
Hausdorff.

ProoF. Assume X/R is Hausdorff. Let (x,y) ¢ R. Thus #{z) #
7(y). Hence there are open sets U,V in X/R with UNV = § and
7(z) € U, w(y) € V. Hence 7} {U) x #~}(V) is an open set in X x X
which contains (z,y) but does not meet K. Thus R is closed.

Suppose 7 is an open mapping and R is closed in X x X. Suppose
7(x) # m(y). Then (zx,y) ¢ R. Hence there exist open sets U and V
containing = and y, respectively, such that (U x V)N R = 0. Then
(U} and #(V') are disjoint open sets in X/R with m(z) € 7 (U) and
n(y) € m(V). Thus X/R is Hausdorff. O
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11. Condition D and the Orbit Space

DEFINITION. A topological transformation group (X, G) satisfies
Condition D if X is first countable and each open neighborhood N
of e contains an open neighborhood M of e such that

N@mM C N

for any  and any decreasing neighborhood base {Qn}_, at = con-
sisting of open sets.

Note Condition D implies Condition C for zM ¢ zN.

THEOREM VI11. Let (X, G) be a Polish transformation group sat-
isfying Condition D. Then (a)-(i) of Theorems V19 and VL.10 are
equivalent to each of the following:

() X/G is almost Hausdorff.
(k) X/G is standard.
() The quotient mapping 7 : X — X /G has a Borel transversal;
i.e., a Borel mapping ¢ : X/G — X satisfying = o ¢ = id.
(m) The quotient mapping m has a Borel cross section,
(n) For each closed set F in X /G and each neighborhood N of
€ in G, there is a nonempty relatively open set U in 71 F)
such that forx e U, xGNU = zNNU.

PROOF. We show (a) implies (n). Hence suppose (7, — g is a
homeomorphism of G:\G onto z -G for any z. Let F be a closed set
in X/G. Let N be an open neighborhood of ¢ in G. Replacing X by
71 (F) which is closed in X, we need only show there is an open set
UwitheGNU=gNNU forall z € U.

Suppose such an open set U does not exist. Let M be an open
neighborhood of e in G such that NQ=M C zN for all z and any
decreasing neighborhood base of open sets @, at z.

Set I = X. Suppose Fo, Pr,- P, and gy, ¢, - , On have been
defined so that

(1) Pipy C P,

(2) diameter(P) <! fori=1,2,..- ,n

(3) P1gisa C P — P M for i = L,2,-- ,n—1

(4) each P, is an open set.
By our assumption zG N P, # aN N P, for some z € B, let
@m be an open neighborhood base at z. Since NWQ M C aN ,

there is an m such that G N P, # QmM N0 P,. Hence choose g,.,,

With £g,11 € P, — QM and an open neighborhood P, ., of z with



260 VI. DUAL TOPOLOGIES

diameter smaller than %_H such that P, 19,41 C P, — Q.M and
Poy1 C PN Q.. Inductively, we see we may assume (1)-(4) for all
n.

Since X is complete N,, P, contains exactly one point z,. But
Zogn+1 € P, for all n. Thus zogn, converges to xzo. However. (3)
implies xgg,+1 & oM for all n. Thus zoM is not a neighborhood of
zg in oG which is a contraction, for g — G.g is an open mapping.

To see (n) implies (j), suppose (X,() satisfies (n). Let F be
a closed subset of X/(7. We need to find a nonempty relatively
open subset of ' such that the relative topology on this subset is
Hausdorff. Replacing X by 7~ !(F), we may suppose 7~ }(F) = X.
(Condition D and (n) are still satisfied.) Hence we need only show
X/G has a nonempty open Hausdorff subspace.

Let M be an open neighborhood of e in G such that N, Q..M C 2G
for any x and any decreasing neighborhood base @,, at z consisting

of open sets. Let I/ be a nonempty open set in X such that
sGNU=axcMnNU

for all z € UU. Let R be the relative equivalence relation defined by
the action of (G on the open set U/. Since the mapping 7 : U — U/R is
open, to show 7(U) is Hausdorf, it suffices by Lemma VI.15 to show
R is a closed subset of U x U. Suppose (z,,,x,9) € R and converges
to (z,y) e UxU. As 2, GNU = z,MNU for all n, we may assume
gn € M for each n. Let @}, be a decreasing neighborhood base of
open sets at z. Then y € @,, M foreach m. Thus y € N, QM C zG
and thus (z,y) € R.

We next show (j) implies (m). If X/G is almost Hausdorff, there
exist open sets R,, o < oy, satisfying conditions (a)-(d). We know
X/G has a countable base for its topology; and thus as remarked
earlier, the ordinal o is a countable. Set F, = 77! (R,4; — R,) for
a < a. Since F, is the intersection of an open and closed set, F, is
a G set for all & < ay. Thus by Proposition 1.1 of Chapter 1, F, is
Polish in the relative topology. Moreover, since the sets R,y — Ea
are Hausdorff, the orbits in F, are closed sets in F,. Moreover, the
saturation of any relatively open subset of F,, is relatively open in
F,. By Theorem 1.15, there is a Borel set £, meeting each orbit in
F, in exactly one point. Let £ = UE,. Then E is a Borel cross
section for X/G.

To see (m) implies (k), let £ be a Borel cross-section for X/G.
Then the mapping =|g is one-to-one, Borel and onto. Moreover, the
saturation of any Borel subset W of E is analytic and coanalytic,
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for its complement is the saturation of E — W. By Corollary 1.2.
7 Hm(W)) = W - G is Borel. Hence (W) is Borel in the quotient
Borel structure. Thus E and X /G are Borel isomorphic, and hence
X/G is standard.

Next we show (m) implies (1). Assuming (m), we know X /G is
standard. Let E be a Borel cross-section for X/G and define ¢ :
X/G - E by ¢(n(z)) = y if y € E and n(z) = 7(y). Note ¢ is Borel
for ¢! is Borel since ¢~!(y) = n(y) is a Borel isomorphism from £
onto X/G.

Note (1) implies (g), for if ¢ : X/G — X is a Borel transversal,
then since X is countably separated and ¢ is one-to-one, X /G is
countably separated.

Finally (k) implies (g) for standard spaces are always countably
generated. [

PROPOSITION VI.12. Let A be a separable C* algebra, and let H
be a separable Hilbert space. Then the action of U(H]) on A} satisfies
condition D.

PROOF. We need to show for each open neighborhood N of I
in U(H), there is an open neighborhood M of I such that for any
decreasing neighborhood base Q,, of open sets at 7 ¢ At one has
NGmM C 7+ N. But the weak topology on /(H) is the same as
the strong * topology on ¢{(H). Indeed, suppose g, — g weakly as
n — 00. Then

gnv — gl = (a0, 9av) — (gav, gv) — (¥, gav) + (gu, gv)
= (v,v) = (gav, gv) = (g, gnv) + (v,v) = 0
and
llgne — g*vl1* = (gnv, gav) — (g5v, 0"0) — (g0, g20) + (g"v, g™v)
= (v,0) = (v, 6.9"0) = (gng" v, v) + (v,%) = 0

asn — 00. Hence we may suppose N = N (vy, - ,v,,wy, - - JWy) =
{g € UH) : |{(g — Dvy,wi)] < e for i = 1,2,---,n} where ¢ > 0 and
[o:l] = J|wy|] = 1 for i = 1,2,--- , n. Set

€
M = N%(Ulr"' yUpy W, - :wn)m{g . ‘(g'UhUl) > 1- g}

Let #' € NQ,.M. Since A}, is Polish, it is first countable; and
thus we may select 7, € Q,, and 9m € M such that 7, - g,, — 7
In Aj;. Since the unit ball in B(H) is weakly compact, by taking
4 subsequence we may suppose that g, converges weakly toa T ¢
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B(H),. We have g;.!7,.(a)¢. converges strongly to n'(a) for each
a € A. Since the sequence g, is bounded and converges weakly to
T, one has

[{mm{@)gmv, w) — (T:rr'(a,)v, w)| = |(9m9;;177m(a)9mva w) ~ (T (a)v, w)|
< Hgmm ®m (@) gm¥, W) — (gmT (@), w)| + |{gm™ (a)v, w) — |{T=’ (@)v, w)]

< lgml (g 7m{@)gm — 7' (@})v]] [[wl] + {gmn' (@)v, w) — (T (a}v, w)]
— 0 asn — oo.

Similarly, since m,,(a) converges to #(a) strongly and |[g..!| = 1,
Tm(@)gm converges to w(a)T weakly. Hence

w(a)T = T7'(a)

for all a. Since m and 7’ are irreducible and [(Tw;,v1)| > 1 - &,
Proposition 11.11 implies T*T = TT* = ¢*I where 1 > ¢ = [|T|| >
0. Hence T = ¢V where V is a unitary operator on H; and since
[(Tvi,v1)] =2 1 - §, we see ¢ > 1 — £. This implies Vfl'fr(a)V =
m-V(a) = #(a). Smce gm € M,

(V= Doy wd] < {(V = Ty ws)| + (T — Do, w)|
IV =TIl + Xim {((gm — Iverws)

2
S]l—c|+§ﬁ-§<ef0rz'z:1,2,...,n.

ThusVeNandnen-N. O

12. The Equivalence of Smooth and Type I

THEOREM VI.12. Suppose G is a second countable locally compact
group. Then the following are eguivalent:

(a) G is countably separated

(b) G is a standard Borel space

(c) C*(G) is a type I C* algebra

(d) C*(G) is Ty in the dual space topology.

Proor. Let H be a separable Hilbert. Let A = C*(G) and
set A, = A4y = Hom(A, B(H))* where A%  has the topology of
pointwise convergence in the weak operator topology. By Corollary
V.9, the mapping 7 — 7 from Gt into A’ defined by #'(7(f)) =
[ f(g) =(g)dg is a one-to-one onto mapping. Also the inverse map-
plng 7’ i—> 7 satisfies 7’ — 7w (f) is strongly Borel for each f € LY(G).
By Proposition IV.23, the inverse mapping is Borel. Kuratowski's
Theorem implies the mapping 7 — #’ is a Borel isomorphism from
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G., onto A% . This isomorphism preserves the action of the unitary
group U = U(H). Since these are both Borel actions, it follows that
the quotient Borel structures on Go, = GL_/Uf and A, = At /U are
Borel isomorphic. For finite n, we know by the remarks after Theo-
rem IV.16 that G,, is a standard Borel space. By Proposition VI.12
and Theorems VI.10 and VL11, A, is countably separated iff 4__ is
a standard Borel space. Thus G is a standard Borel space iff it is a
countably separated Borel space. Hence (a) and (b) are equivalent.

To see (b) implies (d), first note by Corollary IV.7 that A, =
A: /U, has a Borel cross section when n is finite, for the unitary
group of a finite dimensional Hilbert space is compact. It follows
by Theorems V1.9 and VI.11 that A, is T for n < oo. Hence A is
Ty in the dual space topology iff A, is 7). But (b) implies G, is
standard, and thus 4, is standard and hence To by Theorem VI.11.

To see (d) implies (c), it suffices by Proposition I11.24 to show
all primary representations 7 of .4 on a separable Hilbert space are
type I. Let 7 = [, dp(s) be a direct integral decomposition into
irreducible representations. Using Theorem II1.12 and Proposition
II1.22, we may assume the Hilbert bundle is trivial, and hence all s
live on the same Hilbert space H. By Proposition 111.23, kerm, =
kerm for 1 a.e. s. Since A is 1o, it follows from Corollary VL5
that there is an irreducible representation 7, with 7, = =, for 7
a.e. s. By Lemma VI12, r is unitarily equivalent to nmy where
n = dim L?(S, u). Thus 7 is type I

Finally to see (c) implies (b), it suffices to show A, is countably
separated. Suppose not. Then by Theorem VI.10, A’  has a non-
trivial ergodic measure z. Theorem VI.8 implies the representation
f 4:_ Y du(7) is not type L. This is a contradiction. [

THEOREM VI.13. Let A be a separable C* algebra. Then the fol-
lowing are equivalent:

(a) Ao is countably separated

(b) A is a standard Borel space

(¢) Aisa typel

(d) A is Ty with the dual space topology.

13. Representations of Separable Type I C* Algebras

Let A be a separable type I C* algebra. We note that the results on
unitary representations of second countable locally compact groups
and their direct integrals hold for nondegenerate * representations
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of A on separable Hilbert spaces. The arguments are almost carbon
copies of those presented in Sections 7 and 12 of Chapter IV. In
particular, Theorems IV.10, IV.22 and IV.23 imply the following
theorem.

THEOREM VI.14. Let A be a separable C* algebra which is type I,
and let m be a nondegenerate * representation of A on a_separable
Hilbert space H. Then there exist a finile measure p on A, a Borel
function n : A — {00,1,2,...}, a Hilbert bundle v — M, over A,
and a Borel field of irreducible x-representations v — m, with m, € ¥y
for 1t a.e. v such that w is unilarily equivalent to

@
/ n(y)my dp(v).

Moreover, the measure class of p is uniquely determined by m, and
the function v — n(vy) is unique a.e. 7.



CHAPTER VII
LEFT HILBERT ALGEBRAS

1. Hilbert—Schmidt Operators

DEFINITION. Let H and K be Hilbert spaces. A linear operator
T from H into K is said to be Hilbert—Schmidt if there is an
orthonormal basis e, of H such that " ||Te4|1? < .

PropoSITION VIL1. Let T be a Hilbert-Schmidt operator. Then
Y |[Teall* is independent of orthonormal basis. Moreover, if f5 s
an orthonormal basis of K, then 3" ||Te,||? = Sap Teq, fa)]2.

PROOF. Let f;3 be an orthonormal basis of K. Then

D olITeal? =3 (Tea fo)* = 3 [ea, T f5) 2 = ST fol [
e af

8
0

DEFINITION. Let T be a Hilbert-Schmidt operator from I into K.

Define [[T[2 = 5, ||Teal P = Yoy |(Tea, fo)? = S |[T* fo/ . Then
[|T]]z is called the Hilbert-Schmidt norm of T.

CororLARY VILL. LetT be a Hilbert-Schmidt operator from H to
K. Then T* is a Hilbert-Schmidt operator from K to H and ||T"||, =
T'|lo- Moreover, if U is a bounded linear operator on K and V is
a bounded linear operator on H, then UTV is Hilbert-Schmidt and
IUTV 2 < [[UI|T ]}l V-

PrROOF. We only need to prove the last statement. First note

IUTIE = [lUTea|* < IUIP Y |[Teal?,
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and thus ||[UTl; < ||U}||T)];. Furthermore, [|TV|]z = [[V*T*i;
HV*I T2 = ||V IT]]2- Putting these together gives ||[UTV ||,
UIHITLIV]. O

THEOREM VIIL.1. Let HS(H,K) be the set of Hilbert-Schmadt op-
erators from H into K. Then HS(H, K) s a Banach space under the
Hilbert-Schmidt norm. Moreover, ||T|} < ||T..

PROOF. ||T!j; = 0 iff T = 0. Also
T2 + T3 = > [IThea + Taeal
<D (Theall” + 2l Theall [ Toeall + || Teall?)
< T2 + 20| Tulol | T2 -+ || Tl

by the Cauchy-Schwarz inequality. Thus ||T1+T3/lz < ||T1|l2+! T3]z,
and HS(H, K) is a normed linear space.

Let v be a vector in H with |[v|| == 1. Then ||T||» > ||T%||. Hence
|TH2 > IT||. In particular, if T, is Cauchy in HS(H, K), then there
is a bounded operator T from H into K such that T, -+ T in norm.
We claim T,, — T in HS(H, K). Indeed, let € > 0. Choose N such
that m,n > N imply ||T;, — Tu||2 < €. Let e, be a orthonormal
basis of H. Let F be any finite subset of the . Thus for m,n > N,
we have

<
=

Z [|[Tmes — Tneall® < €2,

ack
Let n — co. Then for m > N we see 3 cp ||/ Tmea — Teo|* < €,
and thus 3 ||Timeq — Tea||* < €. Hence for m > N, we see T,,, —
T € HS(H,K); and since T, € HS(H,K), we have T € HS(H, K).
Moreover, ||T, — Tl]s <eforn > N. O

LeEmMa VIL1. Let B be a Banach space. Suppose the norm sat-
18fies
|z + yi|* + llz — gl = 2(||]|* + lyi|*) (the parallelogram law).

Then B is a Hilbert space with inner product

I
2.y} = 7 D _#llz + Pyl
i=0
Proor. First note {z,y) = (y,z) for
3

Yo (=il +#yl? =D (i ll(=i)z + gl

i=0 §=0

[
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Also
lz+z' + 9l - llz+ 2’ —ulf* =
1
glle+2' +ylP +llz+y 217+ llz + ' +y/* +|lz — 2’ - y|?
e ta =yl -l -2 —yl? —lz + 2’ gl ~ |z +y - 2)2).
Hence using the parallelogram law, one sees
g P g
lle +2' +y|® = |lz + 2"~ y* =
= [lz+yll® + |2’ [1> + |2 + yI* + l|z||?
=l = gll® = [121* — ||z’ — ylf® - (|||
= llz +uil® + Iz + 9l — Il — yl|* — ||z’ - y|)>
Thus

3
e+, y) = Zz’j||a?+ T + 7y |2
j=0

= (lz+2" +ylI* ~ lz + 2" —yl*) + i}z + 2’ + iy|]? - |l + &' — iy]|?)
= (lle + ylI* = [lz = gI1*) + i([Jx + iy]|* ||z —iy||?)
+(ll2" + yl? = [l —y|?) +i(|]2’ + iyl — [l — iyl]?)
= dlz,y) + 4{z',y).

Together these imply {-, -} is sesquilinear. Also from the second line
in the above steps, one notes by taking ' = 0 and y = z that

4Re(z, z) = ||22]]* = 4||z[|*.
But {x,z) is real since {z,z) = {(z,z). Thus {z,z) = ||z/|2. O

THEOREM VIL.2. HS(H,K) is a Hilbert space, and the inner prod-
uct is defined by

(T1,Tp) = 3 (T Tieaea) = D (TVT5 fo, fo)-

PROOF. Apply Lemma VIL.1 to each of the following forms for the
Hilbert-Schmidt norm.

TG =D l|Teal ?
and

T3 = 31T fall™.
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We recall a continuous linear operator T from H into K is finite
rank if the range of T is a finite dimensional subspace of K.

ProPOSITION VIL2. The finite rank operators in HS(H,K) form
a dense subspace of HS(H, K).

ProoF. Let € > 0 and suppose T' € HS(H,K). Let e, be an
orthonormal basis of H. Choose a finite set F' of « such that one has
Y oer |ITes|[> < €. Define Ty = T on the span of the e, for a in
F, and set T, = 0 on the orthogonal complement of this span. Then
HT*T@“Q(E. O

ProrosiTiON VIL3. T € HS(H,K) f T*T € Bi(H) iff TT" €
B\(K). Moreover, ||Tl|; = |IT*T||. = ||TT*|]:.

Proor. Suppose T*T € B (H). Let {e.} be a complete orthonor-
mal basis of H. By Proposition IIL8, > (T"Te,, eq) < . Hence
Y |Teall? < ¢ and T € HS(H,K). Also ||T| = Y. ||Te|* =
S (T Tes. e0) = Te(T*T) = ||T°T}|,. Conversely, if T € HS(I, K),
then 3. (T*Teq, €a) = 3 ||Te,|* < o0, and thus by Theorem IIL.6,
T*T is trace class.

Note T € HS(H,K) iff T* ¢ HS(K,H); and by what has just
been demonstrated, T* ¢ HS(K,H) f TT* € B,(K). Moreover,
TR = T8 = [Tl O

Now suppose 7 is a unitary representation of G on H. Let H* be
the dual space of H. If v € H and ¢, is the element in H* defined
by ¢, (w) = {(w,v}, then v — ¢, is a conjugate linear isomorphism
of H onto H*; and H* equipped with inner product {¢,, ¢.,) = {w,v)
is the Hilbert space H described in Section 2 of Chapter III. De-
fine a representation © of G on the conjugate Hilbert space H by
7(g)du(w) = ¢y (m(g)w). We see using the identification of H with
H under the isomorphism ¢, — v that 7(g)v = m(g)v. Indeed:

T{g)du(w) = ¢u(m(g™" w)
= {w(g~ Yw, )
= (wvﬂ(g)w
= Pr(gy (W)

7 is called the conjugate representation of .
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2. Tensor Products

Let H and K be Hilbert spaces. Let HS(KK, H) be the Hilbert space
of Hilbert-Schmidt operators 7' from K to H. We denote this space
by H® K and call it a tensor product of H and K. By Proposition
VIL2, the finite rank operators in HS(IK, H) forms a dense subspace
of HRK. For v € H and w € KK, define finite rank operator v ® w in
HeK by (v@w)(w') = (w',wigv = {w, w')xv.

Suppose T is a Hilbert-Schmidt operator from H to K with finite
dimensional range. Let e;,e;,---,e, be an orthonormal set span-
ning the range of . Then Tw = Y {Tw, e;)e; = S {w, T e;dge; =
S e @ T e;(w). Hence

T = Zei ®T*85

for any orthonormal set e; spanning the range of T. In particular,
the linear span of the elementary tensors v@w form a dense subspace
of Hg K.

THEOREM VIIL.3. The mapping ® from H x K into H® K sending
(v,w) to v @ w is a continuous bilinear function such that the linear
span of @(H x K) is dense in H® K. Additionally, (v@w,v' @ w') =
(v,v"){w,w'). Moreover, if e, is a complete orthonormal basis of H
and fs is a complete orthonormal basis of K, then the vectors ea® fa
form a complete orthonormal basis of H ® K.

PROOF. Let vy, v2 € H and let wy,ws € K. By Theorem VIL2,
(U1 ® wy, vz © w2) = Tr((v) @ w1)(v2 ® ws)*).

But note the operator T = (v, ® w; )(v2 @ ws)* is zero on the orthog-
onal complement of v, and has range in the linear span of v, In
fact

{{wa, wyxva, V)i
<(U2: v)uws, W)k
(w5 <U2a U>Hw2>
(

{({(ve @ wn)w, vy =
= X
w, wy 'UQ(U) o)

Thus

Ty = (v @ wi)({v2, vinwse) = (v, v2)ulvy @ w) )wy = {vyvo)plwy, we gy,
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Let W be the linear span of v; and v,. Then Tv; = {v1, va){w1, wa)u,
and Ty = [|vg||*(wy,w2)vr. Thus Tr(T) = (v1,v2){w1, ws), and this
gives

(v1 @ wa, 11 @ wy) = (w1, v2) (wr, wa).
In particular |jv ® w||? = ||[v||?||w||?, and the bilinear mapping & is
continuous.

Since the linear span of the vectors v ® w are the finite rank op-
erators, the linear span of the range of ® is dense. Moreover, if e,
form an orthonormal basis of H and f3 form an orthonormal basis of
K, the closure of the linear span of the vectors e, ® fz contains all
vectors v ® w. But then the span of the vectors e, ® f3 is dense in
H ® K. Since these vectors are orthonormal, they form a complete
orthonormal basis of H@ K. O

CororLLaRry VIL2. If T is a bounded linear operator on H and S
is a bounded linear operator on K, then there is a unique bounded
linear operator T® S on HQ K satisfying TR S(v@w) =Tv @ Sw
for all v and w. It is defined by T ® S(L) = TLS"

_ PROOF. Define T® .5 on HS(K,H) by T @ S(U) = TUS* where
S is the operator on K defined by Sw = w. By Corollary VILI,
T @ S| < |iT|I 18] = |!T}| 18]l Thus it is bounded. Moreover,
(T® S)(vew)(w)=Tvewsw

- T((S'*wl’w)ﬂiv)

= (w', Sw)gTv

= (Sw,w)gTv

= (Tv ® Sw)(w').

a

REMARK. The space H® K is the set of all bounded continuous
operators T from K into H such that TT™ is a trace class operator
on H. H® H is the set of Hilbert—Schmidt operators on H.

DEFNITION. Let 7 and «' be unitary representations of G on
Hilbert spaces H and K respectively. Define a unitary representa-
tionm@r on HQK by (7 @ 7')(g) = w(g) @ n'(g) for g € G.

Note each operator m ® n'(g) is unitary, for it preserves the inner
product and has inverse = @ n'(¢~!). They are also strongly con-
tinuous since g — w(g)v ® n'(g)v’ is continuous for each v € H and
v’ € K'. (The span of the v ® v forms a dense subspace.)
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3. Left Hilbert Algebras and Examples

DEFINITION. Let H be a Hilbert space. Let A C H be an associa-
tive # algebra over C which is a dense subspace of H. Then A is a
left Hilbert algebra if the following hold:

(a) & — n& is a bounded linear operator on A for all n € A,

(b) (n€,&') = (&, n*¢’) for all n,&,¢' € A,

(c) A% the linear span of the set {n¢ : ,£ € A}, is H dense in
A, and

(d) &€ — &7 has a closed extension in H.

EXAMPLE (THE HILBERT-SCHMIDT OPERATORS).

Let H be a Hilbert space. Let Hj be the Hilbert space of all Hilbert—
Schmidt operators on H. Set .4 = H, and for T € H,, let T# = T*.
Take multiplication to be a composition of operators. By Corollary
VIL.Y, § = TS is bounded on H, for each T € H, and § — §#
is an isometry. An easy computation using Theorem VII.2 shows
(ST, T nswy = (T, S*T" Jusgn. Finally note A? contains all finite
rank operators. Indeed, suppose T is a finite rank operator and P
is the orthogonal projection onto the range of T. Then P,T € A
and T = PT ¢ A% Hence Proposition VIL.2 shows A? is dense
in A = H,. Concluding we see HS(H) is a left Hilbert algebra in
HS(H).

EXAMPLE (C.(G)). Let G be a locally compact group. Take H to
be L*(G) where G has left Haar measure. Set A = C,(G), and set
f#(z) = flz=HA(z ). To see (a), let f,g € C.(G). Then

1 *glls = [1f » gw)? s

—[}ff gy 'z) dy dz
[ f oo’ e
- |/ 1) a| [l9(z)? do

< [1rwray [ls@)

= |I£112 1911z,
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and hence || f * g|la < |ifil2[|gll2- For (b) note

(Fra.h) = [ Frol@h(e)dr
= [[ sty i) dy da
= [[ s hiyz) dz ay
= [[ s £ AR ) dyda
= [[ )Tl ARl ) dy iz

= / o(2) ] £ ()hly) dy de
= (ga .f# * h>

Since A has approximate units, (c) is true. To see (d), define * to
be the involution with domain D = {f € L*G) : f* € L?} where
fi(x) = f(z7HA(z™). Clearly * extends #. and if f; — f in L* and
fr — g in L2, then f~ = g. Thus " is closed.

ExAMPLE. Let H be a finite dimensional Hilbert space. Let £(H)
be the space of linear transformations of H. Set $(A) = Tr(A) =
S a;; for A ¢ L(H). Note ¢ is a faithful finite trace for A > 0
and ¢(A4) = 0 implies A = 0. For each positive invertible operator
K in L(H), define ¢x(A) = ¢(KA). Then ¢x is a positive linear
functional. Indeed if A > 0, then ¢x(A) = ¢(K/?AK'/?) = 0. Note
$r is not a trace; however it is faithful since KY2AKYVEA£0ifA#0.
Now let 19 be any positive faithful functional on £(H). Let m,, be the
representation of £(H) obtained by the GNS construction, and let &y
be the corresponding cyclic vector satisfying ¥(4) = {my(A4)&,,¢ e
Note 7y is finite dimensional and N = {X : (X' X) = 0} = {0}
Thus &, = I + {0} and H,, = L£(H)/{0} = £L(H). Hence dimF, =
(dimT)?. Hence 7, is an isomorphisni. Indecd, A my(A)y isa
linear onto mapping between vector spaces of the same dinension.
Hence A = 0 iff 7,(4)€, = 0. Thus 7, (A) = 0 implies A =0, and £y
is a separating vector for 7,(L(H)). In particular A = 7, (L(F))Ew
is a Hilbert space with algebra structure copied from L(H). Define
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(m(A)€y)* = w(A")E,. (a) is obvious. For (b) note

(m(A)epm(B)ey, m(C)ey) = (m(B)Ey, m(A")m(C)ey)
= (m(B)y, 7(A")Eum(C)Sy)
= (m(B)&y, (r(A)&,) m(C)&y).
Clearly (c) holds since A% = A, and (d) follows by finite dimension-

ality. Hence every faithful positive linear functional ¢ of L(H) where
H is finite dimensional makes H,, into a left Hilbert algebra.

EXAMPLE. Let M be a nondegenerate von Neumann algebra on
a Hilbert space H. Let & be a separating cyclic vector for M. Set
A= {T& : T ¢ M}. Define multiplication by

T&o S& = TSE and # by

(Tfo)# = T".
These are well defined for & is a separating vector. Since [T, S&|| =
[TS&|| < [T !|S&]|, (a) holds. Note (b) is clear, and (c) follows
from I € M. For (d), it suffices to show the adjoint of # is densely
defined. By Lemma III.8, since &, is a separating vector for M, it is
a cyclic vector for M’. Hence M'&; is dense in H. Define " on AM’¢,
by (T'¢,)* = T"*&. Then the adjoint of # extends °. Indeed,

(Té)", 8'&) = (T"&, S'6o)
= (£, T5'%)

= (&0, 5'T%o)

= {5"&o, Téo)-

Thus A is a left Hilbert algebra.

EXAMPLE. Let G be a discrete group. Set H = L?(G) and M =
L(GY)” where L is the left regular representation. Set & = l¢ey. Then
M’ = R(G)” where R is the right regular representation. We claim
& is a separating cyclic vector for the von Neumann algebra M. First
note f * & = f for f € L(G). Thus & is cyclic for M. Similarly
&+ f = f, and thus & is cyclic for R(G)”. Thus &, is separating for
M.

DEFINITION. A weight ¢ on a von Neumann algebra M is a func-
tion ¢ : M* — [0, co| satisfying

&S +T) = ¢(S) + ¢(T)
H(AS) = Ap(S) for A > 0.
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The weight ¢ is faithful if ¢(A) = 0 implies 4 = 0. It is semifinite if
the linear span of all A > 0 with ¢(A4) < co is weakly dense in M.

One can do the Gelfand-Naimark-Segal construction with weights
on von Neumann algebras. Namely, set My = {X : #(X*X) < oo}
and Ny = {X : ¢(X*X) = 0}. Then My /Ny is a pre-Hilbert space,
and one can define a representation 7, on this space by m(X)(Y +
N;) = XY + N,. Define a multiplication and an adjoint by (X +
N¢.)(Y +N¢) =XY +N¢ and (X +N¢)# = X" +N¢. We shall see
this will give a left Hilbert algebra. If ¢ is faithful, one will have M
as the von Neumann algebra generated by this left Hilbert algebra.

4. Properties of Left Hilbert Algebras

DEFINITION. Let A be a left Hilbert algebra. For each £ in A, let
m(¢) be the bounded operator on H extending n — ¢n. Since A” is
dense in H, we know w(A)H is dense in Hj i.e., 7 is nondegenerate.
The left ring £(A) of A is the von Neumann algebra generated by

m(A); i.e., 7(A) = m(A)".

PROPOSITION VIL4. 7 is o faithful nondegenerate x-representa-
tion of A.

PrOOF. We note 7 is linear. To see w(a¥) = 7(a)”, note

{(7(a)b,c) = (ab,c)
= (b,a*c)
= (baﬂ-(a#)C)

for a,b,¢ € A. Since A is dense in H and 7(a) is a bounded linear
operator, m(a)* = w(a*). Finally to see 7 is faithful, suppose 7{a) =
0. Then ab = 0 for all b € A. Taking adjoints implies b#a#* = ( for
all b. Hence {a*,bc) = (b¥a*,c) = 0 for all b,c € A. Since A% is
dense in H, a = (a*)* =0. O

DEFINITION. Let S, denote the map & = £# on A. Let Soo =
So|.az. (Recall A? is the linear span of all products £n where &, 71 € A.)
Let S be the closure of Sg. It exists since Sg has closure.

REMARK. It is not clear that A is a subset of the domain of S.
This will be established later.
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Let T be a conjugate linear transformation of a Hilbert space H.
Then T™ is defined by n € DomT* if £ — (n,TE) is continuous
(linear). Moreover, T*7 is the vector satisfying {n, T¢) = (¢,T*n).
Note T* is conjugate linear.

LEMMA VIL2. Define F = 5*. (F is for “flat” and S is for
“sharp”.) Set A = S*S = FS. ( A is the modular operator.) Then
A is a positive self adjoint linear (generally unbounded) operator.
Furthermore

(i) F°=1,5"=1;ie,{ € DomF = F¢ e DomF and
FF¢=¢.
(ii) {(Fn,&) = (S¢,n) if n € DomF and € € DomS.

PROOF. (ii} is immediate. We show (i). Let n € Dom F. Since §
is closed, 5™ = §; and thus F* = 5. Now if £ € A%, then

(Fna Sf) = (Sg‘EJﬁ = (GJI)

since S¢ € A%, Hence Fnp € DomF and F’n=1.

Also by (ii), we have (Fn,S¢ = (£,F?np) if p € DomF and
£ € DomS. Thus (Frn,S¢ = {£,n). Hence S¢ € Dom F* and
{(F*S&,m) = (§,m). Hence F*S¢ = £, This gives §%¢ = €.

Finally recall §*S is self adjoint and positive.

COROLLARY VIL3. 01is notin the point spectrum of A, and A1 =
SF.

Proor. A{ = 0 implies 5*S¢ = 0. Hence FS¢ = 0. Thus
FFS¢ = 0. Hence S¢ = 0. Thus & = SS¢ = 0. Let £ € Dom A. Then
Af = FS¢. Thus FFS¢ = S¢ € DomS. Therefore SFFSE = ¢,
Thus SFA{ = & Let £ € DomSF. Then SF¢ € DomA for
SFE € DomS. Also ASF¢ = FSSFE=FF¢=¢. 0O

THEOREM VIL.4. There exists a conjugate linear unitary operator
J on H such that
(1) J*=1
(i) JAY?2 =8 = A-V2g
(iii) JA-12 = = AV2g
(iv) JA*JT =A% foraeC
(v) JSJ =F.

PROOF. A = §*5 is a closed positive operator on H; and since S
is closed, there is a unique partial isometry J : RangS* -» RangS
such that JA'/? = §. (Note in this case since S is antilinear, so is
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J.) Since RangS and RangF are dense in H and F = 5", we see
J is unitary. Since § = S, we see § = (JAYZ)t = A~V o
A~Y2J . Thus JAY? = A-Y2J*. Hence JAY2J = A~'2, Now
JJJ*AY2] = JAY2] = A~Y2_ Since the polar decomposition of
AY? is unique, J? = I and J*AY?J = A~Y2, Thus A~/ =
JAY2J. Thus A™' = JAJ.

Let E, be the resolution of the identity for A. Thus A = [ AdE,.
Now JAJ = A~ = [FATNdE, = [;° AdE,-+. But since JAJ =
[ Ad(JE,J), one has dEy- = JdE,J. Now A® = [ A>dE,. There-
fore

JAT = f)\_"‘JdEAJ = fA&dEAAl = /)\75 dE, — A%,
Finally, note § = JAY2 = A~Y2] implies F = §* = AY?J =
JAY2 Also J§J = JPAVRJ =JATYV2 2 =FJ*=F. O
ExampPLE (C.(G) CONTINUED). We have A = C.(G) and
£#(z) = Afz™)é(z ™).

Set £(z) = £(z~"). Then Dom(S) = {f € L*G) : A~lf e I2(G)}
and Sf = A~'f. Now (Ff,g) = (Sg,f) for ¢ € Dom(S) and f €
Dom(F'). Hence

= {f: f € I}G)}
). 1nally for J, note
= A@) HAA ) (o)

Thus Ff(z) = f(z*). Moreover, Dom(F
Now since A = F'S, we see Af(z) = ( ) f
JAY? = S Hence J(Alﬂf)( )= A(z ) f(z~
Thus

)
(x
Y
Jh(z) = A(x)"2h(z).
REMARK. 7 is a * representation of the # algebra A.
ProoF. First note w(¢n)¢’ = &n¢’ = n(€)n(n)€’ and
(&), &) = (&n, &)
= (n,£%¢’)
= (n, m{(§")¢)-
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Thus 7(¢)" = x(€%). O
5. The Right Hilbert Algebra

DEFINITION. A', the right Hilbert algebra of A, is defined as {ne
Dom(F) : & v 7(&)n, £ € A is bounded]}.

PROPOSITION VILS. 5 is in A’ iff there is a bounded operator A ©
L(H) and an element ' ¢ H such that AS = n()n and A*E = (&)
for &€ A. If this is the case, then Fn = 1.

PROOF. Assume n € A’. Set 7' = F5. Let A be the extension of
£ w(€)n. Thus AL = n(¢)n for £ € A Now for £, € A

(A& &) = (n(&n, &)
= (n, w(")¢")
(n, €%
= (n, S(é’*‘*é))
= {n

= (¢

= (&,

il

7, Soo(§ ))
#E Fap)
w(§)Fn).
Thus A*¢' = = (&) F.
Now assume n € H and A € £(H) and A = n(£)y, A*€ = w(&)n'.
We claim n € Dom(F) and £ =7/. Recall F' = §* = S;,. Thus
(n,ﬂ#é Y= {n,m(1)"&)
= (m(&)n, &)
<A£1r§2>
= (&, A7)
= (&, (&)
( élr >
Therefore, (n, S(e¥£1)) = (¢#¢,, 7). Hence n € Dom(S5f,) = Dom(S*)
and Fnp=S*n=y¢". O
COROLLARY VIL4. Let n; be a net in A such that
sup ||n:|| < o0 and sup [|Fn|| < .

Then if 7'(n.) converges weakly to a bounded operator A, there is o
1€ A" such that |[5]] < sup, {|mill, ©'(n) = A and &/ (Fn) = A*.
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PrROOF. We claim lim{£, ;) exists for all £ € H. Indeed, since
7; is bounded, it suffices to show this limit exists for £ € A%, Let
a,b € A. Then

lizm(a,#b, Ny = lilm('fr(a#)b,ni}
= li{n b, w{a)n;)
= lim{b, 7'(n:)a)
= (b, Aa).
Hence lim;{£,n;) exists. Similarly, lim, (£, Fn;) exists for all £, and
htm(a#b,Fn,) (Ab, a).

Since these are bounded linear functionals, there are 77 and 7’ with
{(a*b,n) = (b, Aa) and (a*b,n') = (Ab,a) for all a,b € A Thus
(b,w(a)n) = (b, Aa) and (b,w(a)yy}) = {b,A"a}. This implies Aa =
7(a)n and A*a = w(a)y’. Hence A = «'(n) and Fn = »'. Clearly
lInl| < sup, [Imill. O

DEFINITION. For n € A’, define 7'(n) to be the unique bounded
linear operator extending & +» w(&)n to all of H.

COROLLARY VIL5. F maps A’ onto A’ and 7' (Fn) = n'(n)*.
PrOOF. Let n € A. By Proposition VIL5, the operators 7'(n)
and 7' (n)* satisfy 7'(n)¢ = 7(&)n and 7'(n)"€ = w(§)Fn for £ € A
Proposition VIL5 yields Fp € A’ and «'(Fy) = n'(n)*. O
We will turn A’ into a left Hilbert algebra with F' as the involution.
All we need to do is define multiplication.
LeMMA VIL3. Let A be a left Hilbert algebra.
(i) Forn e A, 7'(n) € L(A) = n(A) where L{A) is the left
ring of A
(i) Ifm,m € A, thena'(m)nz € A and F(n'(m)n2) = n'(Fre) Fm-
(iif) For m,ny € A, @' (n'(m)me) = n'(m)m'(m2)-

ProorF. For (i) note

w(mw(€)E = 7' (e = 7(€&)n = () (&)n = w()n' (M)’
if€,& € A Thus o/ (m)n(€) = w(&)n'(n) for all &. Thus «'(n) € n(A)"
To see (ii), we apply Proposition VIL5. Set A = #'(m )’ (1),
ns = 7 (m)nz, and 0 = 7' (Frp)Fm. We show AL = w(5)ms and
A*E = n(&)ny;. First



6. OPERATORS AFFILIATED WITH AN ALGEBRA 279

()7 (12)€ = 7' (m)m(§)me = 7(E)7' (m)m2 = 7(€)ms
and second

()" (m)*§ = 7' (Fmp)n’ (Fu)§ = o' (Fp)w(€) Fry
= m(§)n'(Fn2)Fm = 7 (&)n;.
This establishes (ii). It also shows 7'(n3)€ = 7'(m )7’ (12)€ and hence
(i), O
REMARK. We define a multiplication on A" by mm, = 7'(m)n..
Then A’ is an F algebra. We shall show later that .4’ is a left Hilbert
algebra —“the right Hilbert algebra of A”. One can form .4”. It will

be shown that A" 5 A and A" = A, Note A" = {£ € Dom(5) :
n— 7' (n)€ is bounded}.

EXAMPLE (C.(G) CONTINUED). Here A = C,(G) and
A" = {f € Dom(F): h— h* f is bounded}
={f: [ € L*G),h — hx f is bounded}.

Note A" 2 C,(G). Therefore, A" consists of all f € L?(G) such that
f € Dom(S) and i — fxh is bounded on C.(G). Recall f € Dom(S)
iff A=1f e L2

6. Operators Affiliated with a von Neumann Algebra

DEFINITION. Let M be a von Neumann algebra, T' an operator
on H, possibly unbounded. Then T is affiliated with M iff for every
Ae M| TA > AT (ie., ADom (T) C Dom(T) and T Az = ATz for
all z € Dom(T)).

PROPOSITION VIL6. Let T be a closed operator on H. Set |T| =
(T*T)Y/2, and let T = U|T| be its left polar decomposition. (Here U
i a partial isometry with initial domain Rang(T*) and final domain
Rang(T).) Let E be the resolution of the identity for |T|. Then T is
affiliated with M iff U € M and E(S) € M for every Borel subset
S of Rt U {0}.

PROOF. Assume T is affiliated with M. Then T'A = AT for every
unitary operator A € M’. To see this suppose Az is in the domain
of . We need to show « is in the domain of 7. But TA~! >
A™IT, and thus Az is in the domain of TA~!. Hence z is in the
domain of T. Thus if A is unitary, AU|T| = U|T|A = UAA*|T|A.
Setting T = AT, we have two polar decompositions of T”; namely
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AU|T| and UA(A*|T|A). Thus AU = UA and |T| = A*|T|A for al
unitary A € M’. By uniqueness of the resolution of the identity,
A*E(8)A = E(8) for all Borel sets S and all unitary 4 in M’. This
gives U € M and E(S) € M by the double commutant theorem
(unitaries generate M weakly).

Conversely, assume U € M and FE(S) € M for all Borel sub-
sets S of Rt U {0}. Let A € M'. We show TA > AT. Sup-
pose z is in the domain of 7. Then [ X d{F\z,z) < oc and Tz =
Ulim, o0 fy AdEyz = lim, U fy AdE\x. Now

f)\2(dEAAw,Aa:) < \|AH2fA2 (dEsz, ©)
< 20,
for
(F(S) Az, Az) = (E(S)Az, E(S)Az) = (AE(S)x, AE(S)x)
< ||A|*{E(S)z, ).
Thus Az ¢ Dom(7') and

TAz =1limU | AdFE\ Az =lim AU | AdF\z = AU|T|z = ATz.
" T o

4]

Thus TA > AT.

LEMMA VIL4. Let n € Dom(F). Then & — n(€)n is defined on A
and has closure as an operator on H. Denote the closure by 7'(n).
Then 7' (n) is affiliated with L{A)" and ©'(n)* = #'(Fn).

PrROOF. Let 5 € Dom(F). Set A = w(£)n and B¢ = n(§)Fy for
¢ € A. To show A has closure, we show A* is densely defined. We
do this by showing A* > B. (Note by symmetry, B* > A; and thus
7'(Fn)* > ='(n). Taking adjoints gives #'(n)" = 7'(Fn).) Indeed, for
£ and & in A

(A€, &) = (m(&)n. &) = (0, &7 &) = (1, S(67&1)) = (&1, F)

= {1, (&) F) = (61, B
Thus A* > B. We now show ='(n) is associated to £{A)’. We need
to show 7'(n)A > Ax'(n) for all A € £(A). Now L({A) is the strong
closure of m(A). Let £ € A and 7, € Dom(w'(n)). Then there is

a sequence £, — 71 with &, € A and 7' (n)&, = w(&.)n — 7' (n)m-
Thus 7 (£)£, = &€, — (&) and 7(€)m(£,)n — =(€)n'(n)m. Hence

)7
7(&)m € Dom(x'(n)) and 7' (n)7(&)m = 7(§)' ()1

,_»_
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This shows 7'(n)A > An'(n) for all A € 7(A). Now let A be the
strong limit of a net 7(§;). Let m € Dom(n'(n)). Then =(&)m ¢

Dom(ﬂ’(n)) and ©'(n)m{(&)m = #n(&)n'(n)m. Now w(&)n — Am
and 7' (n)m(&)m — Anx'(n)m. Thus one has An, € Dom(n'(n)) and
7' (n)Am = An'{(n)m. Hence n'{(n)A > An'(n) for all A € L(A). O

7. The Resolvent of the Modular Function A

We know A is a positive self adjoint unbounded operator on H.
Hence for A ¢ [0,00), (A — A)7! is a bounded operator on H. The
same is true of (A™! — A)~%.

ExAMPLE {C,(G) CONTINUED).
Here A= C,(G), Af(z) = A(z)f(x), and

A ={fecL¥G): fe L? and h s h* f is bounded on L?}.

Nowlet g € Co(G) = A. Let r > 0. Then (A~ +r)~1g(x) = Hi(—f?(@
which is in C.(G) C A"

THEOREM VILS5. Letr > 0. Then (A7 ' +r) tAC A,

PROOF. Let n = (A~ 4r)~L¢ where £ € A. Thenn € Dom(A~1/2)
for
1

B _ -1 _ —1/2 _ —1 _
Al/z(A 1+T‘) l_jA 1/ (/\ 1_+_'r) dE)\m'/de)\

which is a bounded operator. Since, by Theorem VIL4, F = JA~1/2,
n € Dom(F'). We thus need only show 7'(n) is bounded. Now 7'(n)
is a closed operator and has a polar decomposition UK where K > 0.
We need to show K is bounded. Let K = [;° AdE,. Set P = E[n,m]
where 0 <n < m < 00. Let £ € A. Then

(WP PFn|i* > (n(§)PFn, n(§)PFn) = (Px(§)Fn, Pr(£)Fn)

since 7'(n) is affiliated to £{A)". Now n(§)Fn = #'(Fn)¢. Therefore
by Lemma VIL4,

IO PFRl|* > (Pr'(Fn)¢, Pr'(Fn)€) = (Pa'(n)"€, Pr'(n)"€).
Since #'(n) = UK, one has n'(n)* = KU*; and thus
= (P PFnl|* > (PKU*, PKU*).
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Now & = (A" + r)n. Therefore,

= (©)IIPIIPFnl]? =2 (PKU(A™ +r)n, PKU"(A™ +r)n)
= |[PKU*(A™" + r)nl)?
> |[|[PKU (A7 +7)nll ~ [|[PEUT (AT = r)pj]?
= 4rRe(PKU*A™'n, PKU*n)
= 4rRe(A™ ', UKPKU*n)
= 4rRe(A~'n, UPK*U ).

We will show UPK?U*n € A and F(UPK?*U*n) = PK?Fn. To
do this we use Proposition VIL5. First note '
T UPK*U*n = UPK*U*n(&)n = UPK?U*x'(n)¢

=UPK*U*UK¢
=UPK3
= At
where A = UPK? is a bounded operator since P = E[n,m|. Now
by Lemma VIL4,
A€ = K*PU¢ = PKYKU"¢ = PK*n'(n)*¢
= PK*r'(Fn)¢ = PK*n(§)Fn = n(§)(PK*Fy).
Hence by Proposition VILS, UPK*U*n € A" and F(UPK?U*n) =
PK?Fn. Therefore
Im()II*| PFn||* > 4rRe(A™'n, UPK*Un)
= 4rRe{SFn,UPK*U*n)
= 4rRe{Fn, FUPK*U*n)
= 4rRe{Fn, PK*Fn)
= 4r||PK Fn||*.
Now PKFn = [T AdE\Fn and thus ||PK Fn|| > n||PFn||. This
gives
1=(I*|PFnl[* > 4rn||PFy||*

for all P = E[n,m|. Hence if E[n,c0)Fn # 0, then ||7(§)|| > 4rn-
Since m(€) is bounded, we have Eln,oc)Fn = 0 for some n. This
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implies for each £ € A,

En, oc)r(§)Fn

ﬁE[ﬂ oo}’ (F'n)é
= Eln,o0)r’'(n)*¢
= E[n,c0)KU"¢

since 7'(n)” > 7'(Fn). Since U is a partial isometry from RangK
onto Rangz'(n), U* is a partial isometry onto RangK = ker K+ since
K is self adjoint. Hence E[n,c0)K = 0. Thus K = E[0,n)K, and K
is bounded. O

LEMMA VILS. Let m1,m. € Dom{AY?) N Dom(A~Y2). Then for
£€A r>0and§ = (A +r)7 ¢ € A, one has (m(&)m,m) =
(Ja' (&) A2y, A=V + p (0 (&) TA=Y 20, AV2p,),

REMARK. Let A = [ AdE,. Since A~" exists, the point spec-
trum does not contain 0. Hence if P,, = E[%,n], then UP,H is dense
in H. Now P,H C Dom(A#) for all real s. Thus NserDom(A®) is
dense in H. Hence Dom(A?/2) N Dom(A~!/2) is dense in H.

PRrROOF. Let m,m € A'. Now & € A’ by Theorem VIL5. Hence
using Lemma VIL.2 and Lemma VIL3, one has

(m)&mah = (& 7' (m) m2)
(A7 )y, 7' () 2
SF&, 7' (Frma) + i€, ' (m) na)

( ( )ﬂiaTIz) (
{
=
= (F'n'(Fm)m, F&) + r{€, ' (m) n2)
= (n
= (

"(F)ny, Fé) + r{n' (m)61,m2)
M, 7 () F&L) + (' (m ), ma)
= (m, F(n' (&) Frp)} + r{F(x'(F& ) Fy), ma).
Now take n1,m € (A™! +1)"142 C A'. Since A2 C Dom(S) and

S = JAY2, A* C Dom(AY?). Hence 7, € (A~ +1)~'Dom(AY?).
This 1mp11es M, 72 are in Dom(A/?), Indeed, one has

AYVHAT 4+ 1)y = (A 4 1) A2y

for v € Dom(AY2). Also my,7m. € Dom(A~12) for n, € A C
Dom(F). Hence n1,7; € Dom(A?) NDom(A~Y?). Therefore, con-
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tinuing from above, and using F = JA™Y/2 = A2 ], we see
((Em ) = (g, AVTR (60) AT ) + (AT (61)" TAT 2y mg)
= (Jx' (£ TAY 2y, AT ) (T n (€0)7 TAT 2y, A 2y).

Hence we have shown the result for n,m2 € (A7 +1)A4A* C A'n
Dom(A"Y?) N Dom(A~1/2).

To finish the proof we show if 7 € Dom(AY2)NDom(A~'/2), there
is a sequence &, € (A~! +1)7'4% such that lim§], = n, lim A'Y/2¢, =
Al and lim A=172¢0 = A2, Now AV2ZA? = JSA? = JA? is
dense in M. Hence there is a sequence &, € A% such that A'?p 4+
A-1/27 = lim, AY2€,. Set &, = (A1 +1)~1€,. Now (A~! +1)71,
A Y2(A714+1)"' and A~'(A~'+1)"! are bounded operators. Hence

£ =" +1)7%
— Aw1/2(A—l + 1)_1A1/2€n
_ A-1/2(A—1 + 1)—1(&1/2 +A41/2)T’
=1

AVEE, = AVHAT 1),
= (AT +1)7IA%,
— (ATH 1) (AVE 4+ ATV
— A1/2n

and
A-1/2€; =A—1/2(A_1 +1)71§n

:A_I(A—1+1)_1A1/2§n
AT AT ) THAYE ATy
— A_l/zT]

asn — oo, O

8. A Conjugate Isomorphism of A and A’

DEFINITION. Let A be a closed, positive, nonsingular operator on
H. Let X € B(H). Define #,.(X) by

oo Tit—1/2 " )
AX) = — A" XAt
l“b( ) ~/_m6"t+67”t ¢
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LEMMA VILG. Let r > 0. Then if X,Y € B(H) satisfy
(Xm,m) = (YA A7 Png) + (Y A™Yon AV i)
for all m,m € Dom(Alm) A Dom(A_l/z), then Y = ,(X).

PROOF. Let E be the resolution of the identity for A. Let P =
E[%,n]. Set f(z) = ===~ A*PXA~**P. Then f is analytic except
atz—kzwherekeZ Setz-t+zv Then if t # 0,

Ierrt “ e—rrt| < ‘e'in. _ e—ﬂte—z'iﬂ'ui — [errt+ifru _ e—‘rrf,—i'rrl/‘

for rotating e~ ™" results in something further from e™. Thus

it-u

r
err(i+i1/) _ e—fr(t-i-iy)

”Ait—VPXA—iH—yPH

IF G <

- — Vv

|[PATH[| X [[AY Pl < n |1 X,

L — o
|efrt o e*‘ﬂ’f| ‘ewrt _ efwrtl

Hence if —1/2 < v < 1/2, then f(z) converges uniformly to 0 as
t — . Therefore

/D:O f(t—%z) dt—f:: f(t-i—%z) dt = 2mi Z Res f = 2miRes,—f.

—1/2<lm z<1/2
Now
. . —izrt®
Res,_of = lim zf(2) = lim ———PXP
z—0 z—0 g% — g~ T2

i ) PLEP e i

Hence [ f(t — 34)dt — [ f(t + 1i)dt = PXP. This yields

> —arttt/2 it+1/2 it—1/2
— 127 —1t—1
PXP = f = 7O PXA Pdt

. /m —arttl? A-2px A-HHL2p gt

. erttuif2 _ p—wt—mi/2

oc T?,t+l/2 ) )
=P [ AATXATAT P

oo ent + efnt

pit—1/2 _ ‘
+P f ATIPARXATAY GEP

oo errt + e—rrt

= rPAM2 (X)A™Y2P 4 PA™ Yy (X)AV2P.
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Thus PXP = PA~Y2y (X)AV2P 4 rPAY24 (X)A-12P, From
the hypothesis, one can see

PXP = PATVRYAYIP 4 rPAY2Y ATI2P
for PH C Dom(AY2)NDom(A~"2) and PA*'/? are bounded opera-
tors. Set A = ¢,.(X) Y. Thus PA~Y2AAY2P = pPAVZAA-2D
This gives

PA'AVEP(PATY?AAY?P) = —rPAAY2P(AV2ANTY2P)
= —rPA'APAATVP,
Therefore, PA*PAAY?P = —rPA*APAA-Y2P, Hence
PA"PAAP = —rPA*PAPAP <.

But PA*PA(AP) = (PA*PPAP)PA is a product of two positive
operators, and this product is self adjoint for it is a negative operator.
Thus they commute, and PA*PAAP > 0. This gives PA*PAAP =
0. Thus PA*PAP = 0. This gives PAP = 0. Letting n — oo gives
A=0,and thus Y = ¢,.(X). O

LEMMA VIL7. Ifr > Q, then

—1/2¢ A -1 -1 I it
A2(A 4 ) =f T Atgr

o ewt + ef‘.‘Tt

e—Tz

argument as in the proof of Lemma VII.6 shows

PROOF. Set f(z) = 2" A*P where P = E[},n]. The same

oo _ipitt1/2 _
p= Pj w A2 g p

ermt—mij2 _ e—‘kt-&-m’/Z

pit— 1/2 1/2
it—
- P] e?rH»m/Z — e Tt— 1rz/2A dp.

Therefore, one sees P = rPAY?R.P + PA~Y2R.P where R, =
[l e,:;g‘ﬁm dt. Hence rAY?R, P+A~Y2R,P = P and so (A~ +
T)AY2R.P = P. Letting n — oo, we see (A~'4-r)AY2R, = I. Thus
R. =AY A4+t O

COROLLARY VIL6. For £ € A, one has

P (m(€)) = Ir' (A + 1) 1)
PROOF. This follows from Lemmas VIL5 and VIL6. O
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REMARK. The following were some of the motivating ideas in the
development of the theory; namely
(1) L(A) = m(A)"
(2) JAC A
(3) JA' = A"
(4) JL{A)T = L{A).
Now knowing #,(7(£)) = Jx'((A~1+7)~1¢)*J, one would suspect,
since Jr'((A™' 4 7)71¢)*J € L(A), that it is a function of x(¢).

ExaMPLE (C.(G) CONTINUED). Here A = C.(G). Set

p=(A"1+r)7lE

Then
(o) In = A ()" I
= ATV (x (Fp) Jn)
= A7Y?(Jn « Fp)
= ATVH(AT5) )
= A3 (p s (A7)
for

(A~Y27 « p(z~ /A Yi(y)p(y—tz—t) dy
= f AT 2 (y)n(y " )p(ey) dy
= [swa 2y dy
= fp(y)A”z(y“ﬂf)n(y‘lw) dy
= p* (A?n)(z).
Therefore J7'(p)*J = A~12(p » (A1/?p)). Now
ATV o (A P0))(a) = [ o)Ay nly ™ 2) dy = (A7) ().

Hence Jn'(p)*Jn = (A=1/2p) x 7). This suggests
T (A 1)) T = m(AYHAT 4 1) g),
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As seen earlier it was useful to determine a formula for A~'/2(A-1 4.
7)~! in terms of A*. This approach can be motivated. Consider

A I/Q(A— + ?,, / f'r A” dt = / f itln)\ dt = fr(ln A)

Then f, = F~'(e7*?(e~*+r)) where F is the Fourier transform. The
main ideas were to use contour integrals and residues to evaluate this
integral.

THEOREM VILG. Let t € R and £ € A. Then JA"E € A" and
T (JARE) = JAYT(E)A™"T and F(JAUE) = JAMEH,

Proor. By Corollary VIL6, o, (7(£)) = Jn' (A=t +r)"1€)*J. By
Theorems VII.4 and VILS, if n € A4, then

JY(m(E))In =7 (A +r) ) =7 (FA™ +7)7 &)y
=n(F(AT + 1) = w(m)JATY (AT + )7

Using Lemma VIL7, the definition of #.(x(£)), and the conjugate
linearity of J, we see

12 /m r—it it ' 1/2 ] 'r_it .
r ﬁ.}.&z ‘,‘T(sE)A-l Jndt =17 / — ‘.'T(’rj).]‘ﬁ1 Edt
7006 t+e t “weﬂt+e wt

for all » > 0. Taking r = e® where s € R gives

/ T JAm(E) ATy — n(n) JATE) dt = 0.

—eo €Tt 7T

Since the Fourier transform is one-to-one, we see
JA*T(E)AT* Ty = w(n) JA™E

for all £, € A. But this also holds for £#. Hence we have both

r(n)JAYE = (JA*R(E)A™ Ty and

m(n(JA*ER) = (JA m(eF)A™ T)y = (JA* (AT T)n

By Proposition VIL5, JA¥¢ ¢ A’ and F(JA™S) = JA*(#F. Also
7 (JAME) = JAYm(HATT. O

CoRroLLARY VIL7. JA C A, ='(J€) = Jx(&)J, and F(JE) =
JE&# for £ € A.

CoroLLARY VIL8. A C Dom(S) and S is the closure of *.

PROOF. By Theorem VI1.4, § = JFJ. Since JA C A’ C Dom(F),
we see A C Dom(S). O
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Using Lemma VII.3 and n'(n) € L{A) for n € A’, one obtains the
following corollary.
COROLLARY VILY. JL(A)J C L(A).
LEMMA VIL8. Let &,1 € A'. Then Jr'(¢")Jy = ' () J€'.
PROOF. Let £ € A. Then by Corollary VIL?7,
(7' (n)JE &%) = (J€ 7' (n)"€%) = (JE& , w'(Fn')&*)
= {JE, (& )Fn) = (n(£)JE, Frf)
= (JJIn(§)JE, Fry')
= (Jn'(JE)E, F).
Using Lemma VIL.3 and Theorem VII.4, we obtain
(Jn'(JE)E', Fny = (JFw'(FE)FJE, F)
= (JFw'(&) FJ§ Ff) = (ST’ (€') JSE, Fry)
= (FFy, Jn'(£) JE*) = (o, Jn' (&) T ™)
= (Jn'(€) I, &%)
Thus (#'(n')JE, %) = (Jn'(€)Jn',&#) for all € € A. From this
7' (1) JE = Jn' (&) follows. [
9. A’ is a Left Hilbert Algebra

By Lemma VIL.3, we define mn; by mmn, = m'(mmn, € A for
N, M2 € A’-

PROPOSITION VIL7. A’ is a left Hilbert algebra. The adjoint in
A is F.

Proor. By Theorem VIL5, (A~! 4 ¢)~14 C A’, and thus A’ is
dense in H. We check properties (a), (b), (c), and (d) in the definition
of a left Hilbert algebra. Indeed, clearly (a) holds. For (b), note

(6, €7) = (w' (&, &) = (&, 7" (Fm)€') = (&, (Fn)¢’)
for n,€,€ € A'. To see (c), note if £ and n are in A, then
(JE)(In) = 7'(J€)Jn = J=(E)n.
Hence (A')? 2 (JA)? = J(A?). Hence A? is dense in H and conse-
quentially dense in A’. Clearly (d) holds for F| 4 has closure. [
THEOREM VIL7. If A is a left Hilbert algebra, then
(1) JL(A)T = L(A') = L(A) and
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(i) A*L{A)A™" = L(A) for allt € R.
Proor. We know JL(A)J C L(A) and L(A) = ' (A} C

L{A)'. Next note if £, £ and %' are in A, then using Lemmas
VIL.8 and VII.3, one has

Jn'(€)Im'(n )é;—ﬂ’(ﬂ’(n) )
= (n'§)J
’( 7’ El JE
() I (€)IE

Thus JC(A)J € L(A'Y. We now show £{A") = L(A). Let X' ¢
L(AY. Then for &', € A’, we have for £ € A,

(€N X'w' ()¢ = 7' ()X n(E)n' = 7' (€)m(§) X"
= (€)' (§') X'y and
(=" (€) X7 (1)) = ' (F) X" (FE)E
= 7' (Fp) X"z (§)F¢
= m(§)m (Fy) X" F¢',

By Proposition VIL5, one has n'(£)X'y € A" and F(7'(§)X'7y') =
' (Fp' )X FE. Also m'(€)YX'n'(n') = »'(#' (&) X') € 7#’(A’). Hence
7 (ENVL(AYT (') C L(A') for all &',/ € A'. Now 7'(A’) is dense in
the von Neumann algebra £{A’) and I € £{A’). By the Kaplansky
density theorem II1.7, there is a net 7'(£]) in the unit ball of #'(A’)
converging strongly to I. Hence =/ (/) X'#'(£!) converges strongly to
X' for X' € L(A). Hence X' € L(A’). Thus £{A") = L{A)'.

Now JL{AYJ C £(A"Y by Corollary VIL9. So £(A) C JL(AYJ
JL(A)J. But JL(A)J C L(A') by Corollary VIL.7. Hence L£(A’)
JL{A)J. This finishes (i).

For (ii), note by Theorem VII.6 that JA®r(A)A~*J C L(A').
Hence

o

AtT(AA™ C JL(A)T = L(A).
This gives A*L(A)A™ = L(A). O

ExaMPLE (C.(G) CONTINUED). Let A be the left regular repre-
sentation on G and A’ be the right regular representation. Hence
for £ € L*(G) and g € G, A(g)(s) = &(g~'z) and N(g)E(a) =
A(g)/*¢(zg). Let M()) and M(X') be the von Neumann algebras
generated by A(G) and XN (G), respectively. Then M()\) and M(X')
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are commutants. Indeed, note for f € C.(G), n(f)¢ = f x €. Thus
M) = L(CAG)). Now if f € C.(G),

2)= [ 1(9)A(9)6(rg) dg = [e@r@gamrdg
= f& (9)f (g~ T) A2 (g z) dg

=4 (A2 ) = €5 J(f)
=n'(Jf)E.

This implies, since Jf A 1/2f € CG) iff f € C.(G), that
XN(Ce(G)) = n'(JC.(G)) = Jn(C.(G))J, and thus

M(X) = N (C(G))"
= (Ir(CG)T)"
= Jn(C.(G))Y'J
= JL(CUG))T

= L(C.(G)Y

= M(\).

10. The Double Left Hilbert Algebra

Since A’ is a left Hilbert algebra, one may form A”. Now A" =
{€€EDom(Fl ) i — 7 #'(n)€ is continuous}. We now show F| 4 =
F and consequentially (F|,,)* = F* = S. Since F| 4 < F, it suffices
to show Dom(F|A,) 2 Dom(F). Now S = JFJ. Hence if €
Dom(F), n = J€ where £ € Dom(S). Now § is the closure of S|a.
Hence there is a sequence &, — £ with S¢, — S¢, ¢, € A. Since
5S¢, € A, J¢, and JS¢, are in A’ and JE, — JE and JS¢, -
JSE. Now F(JE,) = JSJJE, — JSE = JSJJE = FJE. Thus
n € Dom(F}A,) Hence F' = (F|4). Therefore, A” = {¢ € Dom(S) :
n—7'(n)§, n € A is continuous}.

DEFINITION. For £ € A", set 7(£) to be the natural extension of
= 7 (7)€ to all of H.

Note A C A" and for £ € A, 7(€) is the same as the original
operator. Indeed, if £ € A, then £ € Dom(S) and #'(n)¢ = 7 (€)n for
neA.
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TaHEOREM VII.8. One has

(i) A" is a left Hilbert algebra with involution S and product
(€,7) — 7(E)n and left von Neumann algebra £(A).
(il) (Ah’)f p— .Af) (A”)” — AH-

PrOOF. We show the left von Neumann algebra of A" is L£(A).
Since A" O A, £L{A) C L(A"). Now L(A) = JL(A)T = L{A") by
Theorem VIL.7. This proves (i).

We show (A") = A". Let & € (A"). Hence ¢ € Dom(F) and
the mapping n — w(n)¢', n € A", is continuous. Since A C A",
we see £ € A'. Conversely, if £ € A', then J§ € A" and therefore
£ =JJE € JA" C (A”). Hence (A") = A". From this follows
(A")" = A". This completes (ii). O

11. Achieved Left Hilbert Algebras

DEFINITION. A left Hilbert algebra A is achieved (fulfilled) if
Aﬂ — A

ExAMPLE (C.(G) CONTINUED). The achievement of A = C.(G)
consists of all f € L?(G) satisfying Sf = A"'f € L and g = f*g
is continuous on L.

THEOREM VILY. Let A be an achieved left Hilbert algebra. Then

(@) JA = A, 7/(JE) = Ju(€)d forE € A
(i) A*A = A and 7(A"E) = A'r(E)A for € A, t€R.

Proor. By Corollary VIL.7, JAC A’ and JA' C A" = A. There-
fore JA = A’. Theorem VIIL.6 implies J{A*¢) ¢ A’ for £ € A. Hence
At € JA'= Afor all t € R and for £ € A. So A*A = A for all
t. Again by Theorem VIL6, n'(JA"E) = JA®x(§)A™J. Since
Atte ¢ Afor ¢ € A, we see Jrn(A"€)J = JA*x(¢)A™*J. Hence
TT(Aitg) — Aitﬂ.(g)A—it' D

12. The Subalgebra £(.A),

Let z — A(z) be a mapping from C into B(H). Recall A is strongly
entire if for each v € H, z — A(z)v is an entire function into H. We
note that a strongly continuous function A(z) is strongly entire iff it
is weakly entire.

DEFINITION. Let A be a left Hilbert algebra in a Hilbert space
H. Define £(A), to be the collection of all operators A € £(.A) such
that it — A*AA™" and it — A*®A*A~* both have strongly entire
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extensions which are uniformnly bounded on all vertical strips —§ <
Rez < 4.

Suppose F(z) is an entire extension of i — A* AA~* where A4 ¢
L({A). Then F(z) € L({A) for all z. Indeed, if T is in the commutant
of £(A) and v € H, then by Theorem VIL7, the entire functions
F{z)Tv and TF(z)v agree on iR. Hence F(z)Tv = TF(z)v for all v
and z. This gives F(z) € L{A)’" = L(A).

LEMMA VILY. Suppose F(z) and F(Z)* are strongly entire B(H)
valued functions which are uniformly bounded on all vertical strips
—0 < Rez < 6. If z — G(2) is a continuous bounded H valued
function on a strip a < Rez < 3 which is holomorphic on o < Rez <
3, then z v F(2)(G(z) is continuous and bounded on the closed strip
a < Rez < 3 and holomorphic on o < Rez < 3.

PROOF. Set H(z) = F(z)G(z). Then H(z) is defined on the strip
a < Rez < 3 and has values in H. Moreover, since both F(2)
and G/(z) are bounded on the strip o < Rez < 3, one sees H(z) is
bounded on this strip. Moreover, H(z) is continuous. Indeed,

1H(2) = H(z0)|| = ||F(2)G(2) — F(20)G (z@)H
< ||F(2)G(2) — F(2)G(z HHIFZ)G() G(Z !
< IF@ING(2) = Glzo)|| + [|F(2)G(20) — F(20)G (o)
—0

as 2 —» Zp in the strip o < Rez < 3, for F(z) is uniformly bounded
there, G(z) is continuous on this strip, and F(z)G(z) is holomorphic.
Thus, to see H(z) is holomorphic in the open strip o < Rez < 3, it
suffices to show it is weakly holomorphic there. But

(H(z2),w) = (F(2)G(2),w)
= (G(2), F(z)"w).

Since (G(z) is holomorphic inside the strip and z — F(z)"w is anti-
holomorphic inside the strip, H(z) is weakly holomorphic and hence
strongly holomorphic on a < Rez < 3. O

LEMMA VIL10. Let A € L(A)y. Let F(z) be the strongly entire
extension of it — AYAAT. Then z v F(—Z)* is the strongly entire
extension of it — ATA*AH
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PROOF. Let G(z) be the strongly entire extension of the mapping
it — A" A*A~% Then G, ., (z) = {(G(z)v,w) isentire, and G, ,,(it) =
(A A* A *y w) = (v, A"AA"w) = F, ,(it) where F,,, is defined
by F, .(z) = (F(z)w,v). Since F, ,(—Z) is entire, we have

G,w(2) = Fyu.(—2)
for all z. Hence (G(z)v,w) = (F(—2)w,v) = {v, F(—Z)w). Hence
G(z)=F(-z)*. O
ProPOSITION VIL8. L{A)y is a x subalgebra of L{A).

PRrOOF. It is clearly closed under addition and scalar multiplica-
tion and adjoints.

We show L{A)y is closed under multiplication. Suppose A and B
are in L£(A)g and F(z) and G(z) are the strongly entire extensions
of it — A®AA™® and it — A®BA~" to C which are bounded on
vertical strips. Set H(z) = F(z)G(z). Note H(z) is strongly en-
tire for if v € H, then H(z)v = F(z)G(z)v; and thus since G(z)
is bounded on vertical strips, Lemma VIL9 implies z — H(z)v
is strongly holomorphic on all vertical strips. Thus z — H{z) is
strongly entire and extends H(it) = AYABA™™. A similar argu-
ment shows it — A" B*A*A~" has a strongly entire extension that
is bounded on vertical strips. O

LEmMMA VIL11. Let A be a positive unbounded self adjoint op-
erator on a Hilbert space H. Then & € Dom(A®) iff the function
it = A% has a continuous bounded extension to the vertical strip
0 < Rez < & such that this extension is holomorphic within the
strip. When this is the case, z — A€ is the extension. Moreover,
Dom{A*) C Dom(In A A*) 4f 0 < Rez < 0 and
iAZE = (In A)A?E,

dz

PROOF. Let £ € Dom(A?) and let P be the resolution of the iden-
tity for A. Hence [;° A% d(PA€,€) < co. Thus since A < A if 1 <
Aand 0 < s < &, wesee [y~ [ATH2 (P&, &) =[5 A2 d{PA&, &) < 005
and thus £ € Dom(A*+™), Set F(z) = A*¢ for 0 < Rez < 6. Note
I = [ 3R dPE,E) < [P0, gl + [ 3 d(P,€, ). Thus
F(z) is uniformly bounded on the strip. To see F'(z) is contimious,
note if z, — z in the strip, then since

lAzn _ Az|2 S (|A|Rezﬂ + |A|Rez)2 S 4X[0'1}(A) +4A25 c Ll(d(P)\E,g)),
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the Lebesgue dominated convergence theorem implies
1A% = A% = |t [0 = X) dUPE QI
= [ - NP

— 0asn— oo.

Hence F(z) is continuous. We next show F(z) is holomorphic
within the strip. First let z = s 4+ if where 0 < s < §. Note that
(InA)*X* — 0 as A — 0+. Thus £ € Dom(In A A?) iff

f TR AN d(PE ) < 0o

1

But (In A)2A2-% 3 0 as A — o0. Hence

[ maDape e = [T dlp ) < oo
1 1

Next for each n, set F,(z) = P[0,n]F(z) = A*P[0,n](. Then
F.(z) = Joq A" dPE for Rez > 0 and F(2) = Jom IMANZAPAE
for Rez > 0. In particular, each F,(z) is holomorphlc on the open
right half plane Rez > 0. We claim F,(z) converges uniformly to
F(z) on the strip 0 < Rez < 4. Indeed, note

MM@N@W=£ R d P
< ]( N AIBER -0

as n — oc. This implies F(z) is holomorphic on the open strip
0 < Rez < § and F'(2) = lim, F/(2) = fInAN*dP,¢. Hence ¢ €
Dom(ln AA%) and F'(z) = lnAAZE

Conversely, suppose it — A®"¢ has an extension F(z) which is
continuous and bounded on the closed strip 0 < Rez < 4 and holo-
morphic on the open strip 0 < Rez < 6. Let n € Dom(A?%). By
what has already been shown, z — A%y is defined, continuous and
bounded on the closed strip 0 < Rez < § and holomorphic within.
Hence the function z — {€, A} is continuous and bonnded on this
closed strip and holomorphic within the strip. We note that for
z = i, this function gives (§,A~"n) = (A%f,n). But (F(2),7) is
continuous and bounded on the strip 0 < Rez < § and holomorphic
on its interior. It also gives (A™€,n) for 2 = {¢t. By uniqueness of
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holomorphic extensions, we see (F(z),n) = (£, A*n) for 0 < Rez < §.
Taking z = &, we obtain

(F(8),m) = (&, A%).
Since this holds for all n € A and A? is self adjoint, £ € Dom(A?). 3

ProrosiTiON VIL9. Let A be an achieved left Hilbert algebra.
Suppose a € A and A € L(A)y. Then Aa € A and n(Aa) = An(a).

Proor. We first note that n — 7'(n)Aa = An'(n)a is bounded
on A. Indeed, it is the operator Aw(a) restricted to .A". Hence
to show Aa € A”, we need only show Ae € Dom(S). Since S =
JAY? this is equivalent to showing Aa € Dom{A'?). Let F(z)
be the strongly entire extension of A(it)AA(—it) which is bounded
on vertical strips. Since a € Dom(S) = Dom(A!/?), Lemma VII.11
implies there is bounded continuous function G(z) on 0 < Rez < %
such that G(it) = A%a and G(z) is holomorphic on 0 < Rez < 3.
Set H(z) = F(2)G(z). Lemma VIL9 implies H(z) is bounded and
continuous on the strip 0 < Rez < % and is holomorphic in the open
strip 0 < Rez < 1. Moreover, H(it) = (A*AA™")A% = A" Aq.
Thus using Lemma VIL11 again, we see Aa € Dom(A'?). Thus
Aa € Dom(S) and 7 — 7'(n)Aa = An(a)y is bounded. This gives
Ag € A" = A and n(Aa) = Ar(a). O

13. Tomita Algebras

DEFINITION. A Tomita algebra A is a left Hilbert algebra such
that A(a) = A%, a € C, is a one parameter group of operators on
Ag such that

Ala)(én) = (A(@)é)(A(a)n) and

(a) a A( )5 is entire for each £ € A

(b) (A(a A(-a)*

(c) (A(e)€,n) = (& Al@)n) for §,n € Ay

(d) (A(l)ﬁ# #) = (n,€) for &1 € Ag

(e) (1+ A(t))AO is dense in A, for each ¢t € R.

DEFMNITION. Two left Hilbert algebras A, and A; are said to be
equivalent if £(A,) = L(Ay).

For each achieved left Hilbert algebra .4, it will be shown there
exists an equivalent Tomita subalgebra of A.



13. TOMITA ALGEBRAS 297

ExAMPLE (C.(G) CONTINUED). Let Ay = C.(G). Then A; is a
Tomita algebra, for A*f(z) = A(z)*f(z) is entire in . Easy cal-
culations show A(a)(f *g) = (Ala)f) * (A(a)g) and (A{a)f)* =
A(—a)f#. For (d) note

The rest follows easily.
REMARK. Let A be a left Hilbert algebra. Then
NaecDom(A%) = NyerDom(A*) = N,czDom(A™).
PROOF. Note A = A¥A! and A® is unitary. Also for n > 0,
£ € Dom(A®) Hf [[° AT d(E\E, §) < oo iff f{° A d(E\E,E) < oo for
0<t<niff £ € Dom{A*) for 0 < t < m; and forn < 0, £ € Dom(A")

iff [ A d(ENE,€) < ooxfffo)\ztdEAf £y <ooforn <t <0iff
£ € Dom(A*) for n <t < 0. Thus N;Dom A* = N,Dom A™. []

DEFINITION. Let A be a left Hilbert algebra. Define A4, to be the
space of £ € A such that £ € Dom(A*) and A%f € A4 for all o € C.

ProOPOSITION VIL.10. If £ € Ay, then a — A(a)f is an H valued
entire function.

PRrOOF. £ € Dom(A?) for all § € R. Hence by Lemma VIL11
applied to A and A~!, the result is obtained. More specifically, A*¢
and A~*¢ are holomorphic on 0 < Rez < oo and are continuous and
bounded on the strips 0 < Rez < r for r > 0. Hence f(z) = A*¢
is holomorphic except possibly on the line Rez = 0. But #. f(v) dv
for every closed piecewise smooth curve T' in C., Therefore, f is
entire. O

LEmMA VIL12. Let A be an achieved left Hilbert algebra. Then
A¥(gn) = A™(E) A(n) for all §,n € A.

PrROOF. By Theorem VIL9, A4 C A and
R(A%(En) — Atr(EmA = A(EAFA r(n)A
= 7(A"E)m(A"n) = n(A%E A¥p).
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By Proposition VIL4, 7 is faithful. Hence A*(én) = (A¥E){(A%n). O
We next show Ay is dense in A.

LEMMA VIL13. Let f be a continuous positive definite function on
R. Then if A is an achieved left Hilbert algebra, f(In A) is a bounded
operator, F(InA)AC A, and if £ € A, (f(InA)E)* = f(ln A)E*.

PROOF. Since f is positive definite, there is by Bochner’s theorem
a finite positive Borel measure x4 on R such that

£ = [ e du(o).

Hence f(lnA) = [ Atdu(t) for A > 0. Thus one has f(InA) =
[ A*du(t). Hence if £ € A, f(InA) = [ A™Edu(t). Since
A is achieved, to show f(lnA) € A, it suffices to show '
7 (7)f(In A)¢ is continuous on A’ and f(lnA)¢ € Dom(S). First
note by Theorem VIL9 that

7 () F AL = [ ) f _atedun) = | [ R A duto))

o f (At dut)]| = | f Aftr(E) A~ du(t)]|
< Il I |s(®).

Since § = JAYZ f(lnA)¢ is the domain of § if AY2f(InA)¢ is
defined. But this is f(In A)A'/2¢. Hence f(InA)¢ € A. Finally
using JA®J = A* from Theorem VIIL.4, we see

S(F(In AY) = JAYf(ln A)E
= Jf(In A)AY%¢

— 7 f A¥ du(t)J TAY2E
. f TA®T du(t) S

- f A du(t) S€
— f(nA)E*,
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CoroLLary VIL10. Let A be an achieved left Hilbert algebra. For

n € N, set
1
= A X(-nn)* —n,n}-
Fn = 5 X(=nim) ¥ X(-n,m)

Then fn is a continuous positive definite function and

fa(inA)A C A,
PRrROOF. Note

1 1
fn(w) = 57"1' j l(ﬁn,n) (y)l(—n,n)(m - y) dy - %(A;cl(—n,n)s ]-(—n,n))

where A is the left regular representation on R. By Theorem 1V.13,
fn 1s continuous and positive definite. To finish we need to show
for £ € A A°f.(InAY € Aforall o € C. Let a = s+ it
where s and ¢ are real. By Theorem VIL9, since A% A4 C A it
suffices to show A°*f.(InA) C A. Set e,(z) = e**. Then (e, -
Fa)(@) = 5= (As(€sl(—nmy), €s1(_n,n)) and thus is continuous and pos-
itive definite. By Lemma VIL13, e,{(InA)f,(InA)¢ € A. Hence
A% fo(InA) € A for all a and f,(InA) € 4,. O

PROPOSITION VIL.11. Suppose A is an achieved left Hilbert alge-
bra. Then A is dense in A.

Proor. We calculate f,. Namely f,(y) = [ L (y—2) dz.
Thus

Faly) = %(2" ~lyl) if jyl < 2n
" 0 if |y| > 2n.

Hence as n — o0, f, — 1 uniformly on compact sets. Since each
fa £1, fu(InA) converges strongly to I. Indeed, if () = f.(in A),
then

14 (im A — €11 = llga(A)€ = €1 = I [ gu(NdEE — el
2B+ 1 [ | an(VAEE — EI0. kel + 21 B(k o)l - 0

forn so0ask—ocande— 0+. O
LEMMA VIL14. Ay € AN A" if A is achieved.

PROOF. By the definition of Ay, A®A4; C A, for all . Since
SA4y C A, JAV2 A, C A. Hence JEAYV2 Ay C JA = A, by Theo-
rem VIL9. Hence A'24, C A'. But then A4, = AV2A-Y2 4, C
AI/ZAO EAJ 0
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COROLLARY VIL.11. If A is achieved, JA, = A

ProOF. Let £ € Ag. Then A®JE =JA € JAC JA = A by
Theorems VII.4 and VII.9. O

COROLLARY VIL.12. Suppose A is achieved. Then FA; = Ay and
SAy = Ap.

PROOF. These follow from F = JA™Y2 = A2 Jand § = JAVZ -
ATV21 0O

PROPOSITION VIL12. Let A be an achieved left Hilbert algebra.
Then m(Ag) C L(A)o. In particular, £L{A)o i5 o strongly operator
dense x subalgebra of L(A).

PROOF. Let ay € Ap. By Proposition VIL10, z — A(z)ap is
entire. Set F(z) = m(A(2)ap); and for £, € Ao, set Fin(2) =
(n(A(z)ao)€,n). We first note Fy, is an entire function. Indeed, by
Lemma VIL14, Ay € AN A, and thus

Fe(2) = {(A(2)a0)é, )

= {n'(€)(A(2)a0), M)

= (A(2)a, w'(§) )
is an entire function. Moreover, since A(s + it)ag = A(it)A(8)ao,
one has

|Fe (s +it)] < l|A(s)aol| 1w (€) nlls
and thus F; ,(z) is bounded on any vertical strip a < Rez < b.
Set M(s) = sup,eg |Fe(s + it)|. By the Phragmen-Lindelof The-

orem, M(s) < M(a)s== M (b)% for a < 5 < b. Now since Fenl(s+
it) = (m(A(s + it)ao)é,n) = (A(it)m(A(s)ag) A(—it)E, 7), we see

M(s) < lim(A(s)aol 1€1} linll-

Hence

(B (54 6] < ([1n(A@)ao)li €l 1l (il A®)a)l gl )T -

This implies there is a constant K depending only on a and b such
that

P q(2)) < K€ Imll
for z in the strip a < Rez < b. Thus ||r(A(2)ao)|| < K when
a < Rez < b. Hence if & and 1; are sequences in Ay converging to
¢ and 7 in H, then F,,, converges uniformly on vertical strips to
z — {m(A(2)ao),n). Hence the functions z — (r(A(2)ao)é,n) are
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entire for all £ and n and z — 7(A(z)ag) is bounded on vertical strips
a < Rez < b. Moreover, if n € A", 7(A(2)ag)n = 7' (n)(A(2)ao) is
contimious in z. Thus z — w(A(2)ag)n is continuous for all 5 in a
dense subspace of H. Since z — =w(A(z)ag) is uniformly bounded
on compact sets, z — w(A(z)ag)f is continuous everywhere for all
£ € H. Hence z — m(A(2)ag) is both strongly continuous and weakly
holomorphic. Thus z — =(A(z)ag) is strongly holomorphic. It
clearly extends it — w(A(it)ag) = A'mw(ag)A . The same argu-

ment gives z — 7(A(z)ad ) is strongly entire and bounded vertical

strips. Also m(A(it)ad ) = A'm(af)A " = Ax(ay)*A~*. Hence
m(ag) € L{A)g. O

COROLLARY VIL13. If a € Ay, then the strongly entire extension
of it = A'w(ag)A™" is z = w(A%ay).

LemMmA VIL15. If &,n € Ag, where A is achieved, then £n € Ay
and A(a)(€n) = (A(@)€)(Aa)n).

PrOOF. Set F'(z) = n(A*E). By Corollary VII.13 and Proposition
VIL.10, F(z) is strongly entire and uniformly bounded on vertical
strips —¢ < Rez < 4. Moreover, by Lemma VII.10, since =(£) €
L{A)o, F(Z)* is strongly entire. Set G(z) = A*n. G(z) is continuous
and bounded on strips —0 < Rez < ¢ and and is entire. By Lemma
VILY, H(z) = F(z)G(z) is entire everywhere and is bounded on
vertical strips —¢ < Rez < 4. Using Lemma VIL.11, we see, since
H(it) = m(A*)Ay = A*EAYy = A™(¢n) has an entire extension
which is bounded and continuous on vertical strips —d < Rez < 4,
that £7 € Dom(A?) for all § € R. Also A*(&n) = F(2)G(z) =
T(A*E)A%n = A*EA*n € A for all 2. Hence £n € Ay. O

LeMMA VIL16. Let A be an achieved left Hilbert algebra. Then
(A(a)§)* = A(~a)E” for € € As.
ProoF. By Theorem VII.4,
(A()&)* = SA(a)€ = JAYPA(Q)E = JA(a)JJAY2E = A(—a)SE.
O

LEMMA VIL17. Let A be achieved. Then (A(a)€,n) = (&, Ala)n)
for&,ne A,
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PROOF. Let £ = s +4t. Then A" = A*A%*. Hence
(A(s +it)e,m) = (AA™E, n) = ({, AT*An) = (€, As ~ it)n)
for £,me€ Ag. O
Let T be a closed operator on H. Define

(6! U)T = (6! 77) + (TgvTTn

This turns Dom T into a Hilbert space. Let T' = UH, H = (T"T)'/?
be the left polar decomposition of T. Then DomT = Dom H as
Hilbert spaces. Note a sequence &, is Cauchy in Dom(T) iff the
sequences &, and T, are both Cauchy in H.

Lemma VIL18. A subset M of Dom(T) is dense in Dom(T) iff
(1+ H)M is dense in H.

ProoF. Set K = (14 H?)Y?(1+ H)™'. K is a bounded invertible
self adjoint operator on H. For £ € Dom(T), set = (1 + H)¢. Since
IT€|| = |[HE]|, one has

€117 = [1€I* + |T¢1
= i€l + [|HE)?
=1+ H) 'gll* + [HQ + H) 'l }?
= {(1+ H*)(L + H)n,7)
= [|[K7ll* = |[K(1 + H)¢|)*.

Thus £ — K(1 + H)¢ is an isometry of Dom(7") onto H. (It is onto
H since (1 + H)Dom(T) is dense in H.) Therefore M is T dense in
Dom(T) iff 1+ H)M is densein H. O

LEMMA VIL.19. Let A be an achieved left Hilbert algebra. Then
(1-+A(s)) Ay is dense in Ao for every real s and the closure of A(a)| 4,
is Ala) for allax € C.

ProoF. We first show (1 + A(s))Ay is dense in Ay for all real
5. Clearly (1 + A(s))Ay C Ay. Take {f,} to be the sequence
of functions defined in Corollary VIL.10. Then f.{lnA)A, C Ao
and f,(In A) is bounded and (1 + A(s))Ag 2 (1 + A(s)) f.(In A) Ao
Thus if £ 1 (1 + A(s)).Ap, then ({1 + A(3))f,(InA)A4,, & = 0. But
since f, has compact support, (1+ A(s))f-(In A) is bounded. Hence
{Ao, (1 + A(5)) fa{In A)E) = 0. Hence (1 + A(s))fn(In A){ = 0. This
gives f,(In A)¢ = 0 for all n. By the proof of Proposition VIL11,
fa{ln A) — I strongly. Thus £ = 0.
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We claim the closure of A(a)ls, is A(a). First note Ala) =
A(s)A(it) where o = s + it is the polar decomposition of Afa).
Since (1 + A(s)).A, is dense in H, Lemma VTI.18 implies .4, is dense
in the Hilbert space Dom(A(«)). Hence if £ € Dom(A(w)), there is
a sequence &, in Ay with &, — £ and A(a)¢, — A(a)f. Thus the
closure of A{a)|a, is Ala). O

14. The Maximum Tomita Subalgebra

THEOREM VIIL.10. Let A be an achieved left Hilbert algebra. Then
A, te., {€: Ala)f € A for all e € C}, is the mazimum Tomita
subalgebra of A. Also Agy is equivalent to A, Ay = A, and Af =
Au — A

PROOF. Proposition VIL10, Lemmas VIL15, VIL.16, VIL.17, and
VIL.19, and

(AL, m) = (FSEm) = (F'n, S€) = (S, S€) = (n*, &#)

show A4, satisfies a, b, ¢, d, and e in the definition of 2 Tomita algebra.
To finish showing .4, is a Tomita algebra, we need to insure Ay is a
left Hilbert algebra. This will be done if A? is dense in A;. We first
show A4, is dense in H. By Proposition VIL11, 4, is dense in A.
Choose &, € Ap converging to £ where ¢ € A. Then n¢, — né for all
n € A. Since A® is dense, it follows that A4, is dense in H.

Now we see A7 is dense in H. Let &, € 4, with £, — & where
£ € A Thus &1 — &n for every n € A since A, C A’. Since AAg
Is dense and everything in A can be approximated in A4y, we see Az
is dense.

Clearly A, is the maximum Tomita subalgebra. _To finish the
Proof, it suffices to show Aj = A", This will follow if S| 4, = 5. But

SlAD = JA(]/?)[AG = JA(]'/?)lAu = JA(]_/2) =58
by Lemma VIL19. [

15. Continuous Linear Functionals on Various Topologies

There is a natural pairing between a Banach space X and its dual
X* defined by (z,z*) = z*(z). By the Hahn-Banach Theorem, this
bairing is nondegenerate. The o{X*, X) topology on X* is the weak
* topology on X*.

There is a stronger locally convex topology on X* called the bound-
ed X topology which is denoted by BX. A set E ¢ X* will be BX



304 VII. LEFT HILBERT ALGEBRAS

open iff EN X is relatively weak % open in X = {z* : [lz*[| < r}
for r > Q.

Let X be a Banach space. For each sequence s = {z:}3, in X
which converges to 0, define a seminorm || - ||, on X* by

12715 = sup|z” (zi)] = sup (s, 2"},

DEFINITION. The locally convex topology defined on X* by all the
seminorms || - [, where s is a sequence in X converging to 0 is called
the BX topology or the bounded X topology on X~.

Note the bounded X topology on X* is stronger than the weak
* topology. Also note that if s1,2,... ,5, are sequences in X con-
verging to 0, then there is a sequence s in X converging to 0 whose
range is the union of the ranges of the s;. In particular,

l2*]], = max{|lz*|ls,, - - o1l [lse }-

THEOREM VIL.11. A subset K of X* is BX closed iff K N X is
closed in the weak * topology for all v > 0.

PROOF. We know X = {z* : ||z"|| < r} is compact in the weak *
topology for r > 0. Assume K is BX closed. Let z* € X — KN X[
Then there is a sequence s in X converging to 0 such that if l[y™ —
z*||, < 1, theny* ¢ K. Let s = {x,}72,. Choose N such that n > N
implies ||z.|! < &. Suppose |(y" —z")(z))| < 1for k=1,2,... ,N.
Since |(z,, 3" 21| < [y (@) 2 (el < 1y ||zl flasl] <1
if [|[y*]] < rand k> N, {y € X; : [{z,y" —27)| < Lfork =
1,2,..., N} has trivial intersection with K N X. Thus =* is not a
weak * limit point of KN X*. Hence K N X* is weak * closed in X7.

Conversely, suppose K M X is weakly = closed for all r > 0. For
each finite subset F' in X, let F° = {z* : |z*(2)} < lforz € F}.
Suppose z* ¢ K and a finite subset F,, has been obtained satisfying

(x"+ FPNX))NK =0

We claim there is a finite set F in X satisfying ||z|| < & for z € F
and (z* + (F, UF)°N X7, )N K ={. Suppose not. Then the sets
(" + (F,UFYN X!, )N K with {|z]] < £ for € F have the finite
intersection property. Since these sets are weakly = compact, there
is a * in their intersection. Hence y* € K and [{z,y* —a"}| <1 for
all = satisfying either ||z]| < % or € F,. Hence ||y* —z"{| < n and
y* —z* ¢ F%. Thus y* € (z* + F) N X;) N K, a contradiction.
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Set F..1 = F,, UF, and repeat. Enumerating the union of the F),
gives a sequence s in X converging to 0 satisfying

(z*+{y" : Iyl <1HNK =0.
Hence K is BX bounded. O

THEOREM VIIL.12. A linear functional on X* is weak * continuous
iff it is BX continuous.

PROOF. Since the BX topology is stronger than the weak # topol-
ogy on X ™, it suffices to show every BX continuous linear functional
is weak * continuous.

Suppose f is BX continuous. Then there is a sequence s =
{z}2, in X converging to 0 satisfying

|f(z™) < 1if {|z7]]s < 1.

This implies f(z*) = 0 if ||z*||ls = 0. Let ¢y be the Banach space
of sequences converging to 0. Define ® : X* —» ¢ by ®(z*) =
{z*(24)}32,. Define F' on ®(X*) by F(®(z*)) = f(z*). Note F is
well defined. Moreover, F' is continuous. Indeed, if ®(z},) — 0, then
ilzx]ls — 0 as n — o0 and consequently f(z;) — 0. By the Hahn-
Banach Theorem, F' has a continuous extension to ¢y. But cj =
I1, the space of summable sequences. Thus there exists a sequence
{Ae}22, with 3 |Ax| < oo satisfying

F(®(z™)) =3 ez’ (k).
This implies
fla")y =z (D Aew)-

Thus f is weak * continuous. O

CorOLLARY VIL.14. A convex subset of X* is weak * closed iff it
18 BX closed.

ProoOF. By the Hahn—Banach Theorem on locally convex spaces,
a point x not in the closure of a convex set can be separated from
the convex set by a continuous linear functional. O

LEmMmA VIL20. Let M be a o-weakly closed subspace of B(H).
Let M, be the space of o-weakly continuous linear functionals on M.
Then M, is isometricly isomorphic to B,(H)/M~* where M+ = {f €
B,(H) : f(M) = 0}. In particular, M, is closed in M* in the norm
topology.
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PrRooOF. By Theorem I11.3, B,(H) is a normed closed subspace in
B*(H), and the mapping A — L4 defined by La(f) = f(A) is an
isometry of B(H) onto B, (H)*.

Define a mapping ¢ from B,(H) into M, by ¢(f) = fixr. By
the Hahn-Banach Theorem, each h € M, has a o-weakly continuous
extension to B(H). Thus the mapping ¢ is onto. Moreover, ||¢(f)|| <
{|fIl. Hence if M+ = {f € B.(H) : f(M) = 0}, the mapping f +
Mt — $(f) is an isomorphism from B(H)./M* onto M,. Callit &.
We show ® is an isometry. To do this, we note (B(H),/M*)" = M.
Indeed, if I is a norm continuous linear functional on B(H),/M*,
then L(f + M*) = f(A) for a unique A € B(H). Since f(A) =
for all f € ML, A € M; for otherwise the Hahn-Banach Theorem
implies there is a o-weakly continuous linear functional f on B(H)
vanishing on M with f(A4) # 0. Moreover, this is an isometry, for
L] == suppyaraper [F(A)] = 511P\|f\|<1 |f(A)] = ||All. Hence ||f +
M| = sap gepsan<n (AN = [18(F)il = || 2( (f + M)l

Since B, (H) is norm closed in B(IHI)*, M, = B,(H)/M" is a Ba-
nach space, and thus must be norm closed in M*. OO

COROLLARY VIIL.15. Let M be a o-weakly closed subspace of B(H),
and let M, be the space of o-weakly continuous linear functionals on
M. Then M, is a Banach subspace of B(H)*, and the mapping
A~ La from M to (M.)* defined by L4(f) = f(A) is an isometry
from M onto (M.)*.

THEOREM VIL13. Let M be a o-weakly closed subspace of B(H).
Let M., be the weakly continuous linear functionals on M, and M.
be the o-weakly continuous linear functionals on M. Then

(i) The following are equivalent for a linear functional f on M:
(i1) f is weakly continuous
(i2) f is strongly continuous

(i3) f is strongly * continuous

(14) f = E?:l Wa, i

(i) The following are equivalent:

iil) f is o-weakly continuous

f is o-strongly continuous

)
ii2)
) [ is o-strongly * continuous
)
)

(

(i

(ii
(114) F = Ywe,y, where 3 [l + Il < o

(ii5) fla, is o-weakly continuous {equivalently weakly con-
tinuous)

(ii6) flar, is o-strongly continuous (or strongly continuous)

3
ii4
ith
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(ii7) flar, is o-strongly * continuous (or strongly * continu-
ous)

(iii) The norm closure of M. is M., and M is the dual of M,
under the natural pairing on M, x M. (This is an isometric
isomorphism.)

(iv) Let K be a convex set in M. The following are equivalent:
(ivl) K is o-weakly closed

(iv2) K is a-strongly closed

(iv3) K is g-strongly * closed

(iv4) KNM, is o-weakly closed for r > 0 (equivalently weakly
closed)

(ivd) K N M, is o-strongly closed for r > 0 (equivalently

strongly closed)

(ive) K N M, is g-strongly = closed for v > 0 (equivalently

strongly = closed).

Proor. For (i), note (i4) implies (i1) implies (i2) implies (i3). We
claim (i3) implies (i4). Let f be strongly * continuous on M. By the
Hahn-Banach Theorem, f has a strongly * continuous extension to
B(H). Then Proposition II1.6 implies (i4).

The equivalence of (iil), (ii2), (ii3) and (ii4) is proved exactly the
same way using Corollary II1.5 instead of Proposition I11.6. We finish
(ii) later.

For (iii), we first show M.. = M,. Note M. is norm dense in
M, by (ii1)-(ii4) and the fact that 7)., w,, ,, converges in norm to
PoWa,y, if 3 ||7]|? < 00 and 37 |}y]|? < co. Now by Lemma VII.20,
M, is norm closed in M*. Thus M., = M,. The rest of (iii) follows
by Corollary VIL.15.

The equivalence of (iil), (ii2) and (ii3) imply the equivalence of
(ivl), (iv2) and (iv3) and the equivalence of (iv4), (iv5) and (iv6).

To finish (iv), it suffices to show the equivalence of (ivl) and (iv4).
Note (M.)* = M under the natural dual pairing between M, and M
defined by (f, A) = f(A). Proposition V1.9 implies the o(M, M.)
topology on M is the o-weak topology on M. Since M is the Banach
space dual of M., this is the weak * topology on M. By Corollary
VIL.14, a convex subset of M is weak * closed iff it is bounded A,
closed. Hence a convex set K is closed in the o-weak topology iff
K N M, is g-weakly closed for all r > 0.

To finish the proof, we complete (ii). Note any one of the equiva-
lent statements (iil), (ii2), (ii3) imply (ii5), (ii6), (ii7) all hold. Thus
(i) is finished if we show (ii5) implies (iil). Suppose f is a linear
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functional on M such that fla, is o-weakly continuous. Since f ig
linear, f|as, is o-weakly continuous for all 7 > 0. Hence f~'(0) N M,
is o-weakly closed for all 7 > 0. By the equivalence of (ivl) and
(ivd), f71(0) is o-weakly closed. Thus f is o-weakly continuous. [

16. Positive Linear Mappings Between von Neumann
Algebras

DEFINITION. Let A and B be von Neumann algebras. Let &
A — B be a linear mapping. Then & is positive if $(A") C BT, A
positive @ is called normal if for each upper bounded directed subset
F of A", one has ®(sup F) = sup (F).

In particular, a positive linear functional f on a von Neumann
algebra A is normal if for any increasing net T} in .4 which converges
strongly to T, then f(T;) converges to f(T).

ProrosiTION VILL13. Let f be a positive linear functional on a
von Neumann algebra A. Then the following are equivalent:

(a) f is o-strongly % continuous.
(b) fis o-weakly continuous.
(c) There is a sequence v; in H with 3 |[v||* < oo such that

f = Zi wvuvi'
(d) f is normal.

PRrROOF. The equivalence of (a) and (b) follows from Proposition
111.4 and the Hahn-Banach Theorem (extend the linear functional
f to a continuous linear functional on B(H)). Also (c) implies (b)
implies (d).

We establish (b) implies (c). By Corollary IIL5, there exist w:
and w) such that f(T) = ¥ ,(Tw;,w}) where ¥ |jwi||* < o0 and
T ||wi||? < oo. Hence w(T) = S {T(wi + w}),w; + w}) is a positive
linear functional on A and 0 < f < w. Consider the representation
7 of A on Iy @ H defined by #(T)(&)2, = (T&):2,. Then o(T) =
(m(T)(w + w'),w +w'). It follows by Corollary 1110 that there is a
positive linear operator § on I ® H such that f(T) = (x(T)S(w +
w'), S(w + w')) for T € A. Set v; = S(w + w');. Then ¥ [fvi]|* < 0
and f(T) = Zi(TUiuUi>- Hence f = Zi Wo, v -

To finish the proof, we show (d) implies (b). Suppose f is normal-
Let C be the collection of all positive operators P in A with P < I
having the property that fp defined by fp(T) = f(TP) is o-weakly
continuous. We claim C has a maximal member. Indeed, let {Pa} b€
a linearly ordered subset of C.
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Note (F,v,v) converges for each v. Thus

13 .
ligl(Pav, w) = liin 1 ;)ik(Pa('u + ifw), v 4+ Fw)

exists for all v and w. This implies there is a positive linear operator
P with [|P|| <1 and (Pv,w) = lim, (P,v,w) for all v and w. Hence

the net F, converges weakly to . We claim P, converges strongly
to P. Indeed, note

(P = Pu)vl* = (P — Pa)v, (P — Pa)v)
(P P (P P
<{(P = Pa)Y2u, (P = P,)?0)V2|(P - P)¥*(w)||
< {(P - P,)u,v)"?|jv|]] = 0 as a increases.

Now by Lemma II.5,

[£p(T) = fp.(T)* = |[{(T(P — P))f?
= |f(T(P — P,)/*(P - P)'?)?
< f(P = P)F((P = P)VP*T"T(P — P,)'/%)
<SP = PISIINTI? =0

since f is normal. Moreover, this limit is uniform for 7 in the unit ball
of A. Hence fp is o-weakly contimuous on the unit ball. By Theorem
VIL13 (ii), fp is o-weakly continuous. The Hausdorff maximality
principle implies there is a maximal element P in C.

We claim P = I. Suppose not. Set Q@ =7 — P. Then @ # 0, and
there is a vector v with f(Q) < w,,(Q). Suppose T, is an increasing
net of positive operators in A satisfying T; < Q and f(T}) > w,.(T}).
Then f(supT;) > wyy(supT;). Again by the Hansdorff maximality
brinciple, there is a maximal @' < @ with f{Q") > w,.(Q'). Set

=@ — Q. Note P # 0. Then because @’ is maximal, we see
J(A) <w,,(A) forall Ac A with0< A< P,

By Lemma IL3, P*T*TP" < [|[T|?P*P" < |[|T||?||P'||P" < ||P||.

This implies

e (T = | /(TP

< f)f(P*T*TP)
< f(Dw, (P*T*TP).
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Hence |fp(T)|* < f(I){TP'v,TP'v). One concludes fp is strongly
continuous and thus ¢-strongly * continuous. By Theorem VII.13
(i), fpr is o-weakly continmous on 4. Hence P+ P' < [ and fp. p is
o-weakly continuous. This contradicts the maximality of P. Hence
P =1 and f = f; is o-weakly contimmous. O

LEMMA VIL.21. If ® is positive, then ®(T") = ®(T)*.

ProoF. Let H be the Hilbert space for B. Let v € H. Then w, ,|g
is a positive linear functional on B. Thus w, , o ® is a positive linear
functional on A. By Corollary IL8, w, ,(®(T*)) = w, (®(T)) =
Wy (P(T)*) for all v. Using the polarization formula w, ,,(®(T)) =
Ly 0 1F Wyt ibap it (B(T)), We obtain w, ,,(B(T*)) = w, ., (S(T)")
for all v, w. This gives ®(T*) = ®(T)*. O

THEOREM VII.14. Let A, B be von Neurnann algebras, and let ®
be a positive normal linear mapping from A to B. Then ® is o-weakly
continuous. Moreover, if there is a constant K with ®(T*)®(T) <
K&(T*T), then ® 1s o-strongly continuous. Conversely, if ® is a
o-weakly continuous positive linear mapping from A to B, then ® is
normal.

PROOF. Let ¢ be a positive linear normal functional on B. Then
¢ o ® is a positive normal functional on A. By Proposition VII.13,
¢ o ® is o-weakly continuous. But as seen in Section 2 of Chapter
III, the o-weak topology on B(H) where H is the Hilbert space for
B is defined by the seminorms T +— |[¢(T')| where ¢(T) = Y- (Tz;, ;)
and Y ||#;]|* < co. Thus @ is continuous from the o-weak topology
on A into the o-weak topology on B.

Now assume there is a K > 0 with ®(7)*®(T) < K®(T*T). Let
T, — 0 o-strongly. Then T;T, converges o-weakly to 0. Thus
®(T:T.) converges o-weakly to 0. Since &(7T,)*®(7,) < K®(T?T,),
O(T,)*O(T,) converges o-weakly to 0. (Again use the seminorms
T = | ¥ (T, x;)| where Y |[z:]|* < 0o.) But then ®(T,) — 0 o-
strongly.

Suppose ® is o-weakly continuous. Let F be a directed upper
bounded set of positive elements in A. Let T = supF. Then
limsex S = T strongly and since F is norm bounded, F converges
to T o-strongly and thus o-weakly. Thus limger ®(S) = ®(T) o-
weakly. Hence sup ®(F) = ®(supF). O

REMARK. If B is commutative, there is a K with ®(T)*®(T) <
K&(T"T).
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PROOF. Let x be a character of B, i.e., x € B, and suppose ® is
positive. Then y o ® is positive on A. Since x(b*) = x(b), we see by
the Cauchy-Schwarz inequality that

X((T*SNx(B(T*S)") < x(B(TT))x(®(5"S)).
Since this is true for all x, one has by the Gelfand transform that
Q(T*S)(T*S)" < B(T"T)®(S"S).
Now take S =T and K = ||®(])|]. O

COROLLARY VIL16. Let A and B be von Neumann algebras. Let
® : A — B be a x isomorphism of A onto B. Then ® is o-weakly
continuous.

PROOF. ®(A*) = B since the positive elements have form X*X.
Thus
®(sup F) = sup ®(F)

for positive directed bounded sets F. O

LEMMA VIL22. Let A and B be von Neumann algebras, and sup-
pose ® : A — B is a positive linear mapping. Then ® is norm
continuous.

PROOF. Note if 0 < A < I, then 0 < &(A) < ®(I). But if
|4]] < 1, then A= (P, — P,) +i(P; -~ P;) where 0 < P; < I. Thus
le(4)]| < 4)j®(D). O

PROPOSITION VII.14. Let A be a von Neumann algebra on a Hil-
bert space H. If M is a o-weakly closed left sided ideal in A, then
there is a unique orthogonal projection E € A with M = AE. More-
over, if M is a two sided ideal, then E € ANA' = Z(A); and M is
o * ideal.

PROOF. Let N = MNM". Then N is a o-weakly closed * algebra
and hence is a von Neumann algebra on the range of its identity
projection E.

St M ={T € A: TE =T}. Since E € M and M is a left
ideal, M C M. Next suppose T € M. Then T = W|T| where |T| =
VT*T and W is a partial isometry. Take p,(A) to be a sequence of
Polynomials without constant terms converging uniformly to v/A on
[0,]|T|?]. Note since T*T € N, that |T| = VI*T = limp,(T"T) €
N. Hence |T|E = |T|, and since T = W|T|, we see TE = T. Thus
M = M. This gives M = AE. To see E is unique, suppose M = AF
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where F' is an orthogonal projection in A. Then F is also an identity
for N, and hence F = E.

If M is two sided, then M = AE = AFEA; and hence M is a
ideal and £ is the unit in M. Hence AE = (AE)E = E(AE) =
(FA)E=FAforal Ac A. Thus E€ AN A". O

THEOREM VIL15. Let & : A — B be a normal homomorphism
between von Neumann algebros A and B. Then ®(A) is o strongly
closed » subalgebra of B. Hence, if ®(A) contains the identity oper-
ator, ®(A) is a von Neumann algebra.

PRrROOF. Since ® is a positive linear transformation, ®(I) is an
orthogonal projection in the Hilbert space for B. Moreover, ®(A)(7 -
&(I)) = (I — ©(1))®(A) for all A in 4. Thus by replacing B by B
where £ = ®(f) and where the Hilbert space for By is the range of
E, we may assume ®(I) = I.

We claim it suffices to show ®(.A), is weakly (equivalently strongly)
closed. Indeed, if this is shown, then ®{A); is strongly closed in the
von Neumann algebra (—A)w. Since mw = ws, the Kaplansky
density theorem would then imply ®(A); is (mw)l. Using Theo-
rem VIIL.13 (iv), we would see ®(.A4) is o-strongly closed. By Corollary
I11.10, ®#(A) is strongly closed; and ®(.A) is a von Neumann algebra.

We now show ®(A); is weakly closed. Note .4, is weakly {equiv-
alently o-weakly) compact. By Theorem VIL14, ® is g-weakly con-
tinuous. Thus ®(A;) is o-weakly compact. Lemma VIL22 implies
®(.A;) is bounded; and since it is o-weakly closed, it is weakly closed.
Set J={A € A: ®(A) = 0}. Then J is a o-weakly closed + ideal in
A. Proposition VII.14 implies J has an identity orthogonal projec-
tion Fin AN A'.

Thus R = A(I — F) is a von Neumann algebra on the range of
I—F, and ® is one-to-one on R. By Proposition I1.4, ® is an isometry
on R. Thus #(A4,) = &(R;) = ®(R), = &(A),, and B(A), is weakly
closed. O

17. Weights on a von Neumann Algebra

DEFINITION. A weight on a von Newmann algebra M is a function
¢ : Mt — [0,00] such that

(a) &(A+ B) = #(A) + ¢(B)
(b) ¢(AA) = Ap{A) for A > 0 where 0- o0 = 0.
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The weight ¢ is said to be normal if there is a family ¢; of positive
normal linear functionals ¢; such that

¢=2 ¢

¢ is said to be finite if ¢(A) < oo for all A > 0 and faithful if
#(A) = 0 implies 4 = 0. It is semifinite if the linear span of all
A > 0 with ¢(A4) < oo is weakly dense in M.

For a weight ¢ on a von Neumann algebra M, we set

Ny ={T:(T*T) < 00, T € M}
M, = ({T € M* : §(T) < oc})
Ny={T e M: ¢(T"T) =0}
M, = ({T € M* : (T) = O})

where symbol {-) means the linear span. In particular, ¢ is finite if
My = M; it is semifinite if My is weakly dense in M; and it is
faithful if M, = {0}.

REMARK. Let ¢ be a normal weight on a von Neumann algebra
M. Then ¢ = 3~ ¢; where ¢; are normal positive linear functionals on
M. By Propositions VII.13 and IIL5, there are sequences of vectors
&332, with ¢(T) = Y(Té&: ;,& ;). Combining these, we see ¢ is
normal iff there is a set of vectors & such that ¢(T) = 3, {T&:, & ).

PrROPOSITION VIL.15. Let ¢ be a weight on a von Neumann al-
gebra M. Suppose ¢ is lower o-weakly continuous. Then for any
bounded increasing net A; in MY, lim; ¢(A4;) = ¢(lim; A;).

PROOF. Let ¢ be lower o-weakly continuous. Let 4; A/ A in M*.
By Theorem II1.10, A; converges strongly and hence weakly to A.
Since this net is uniformly bounded, it converges o-weakly. Thus
$(A) < liminf; ¢(A;) < limsup; ¢(4;) < ¢(4). O

PROPOSITION VIL16. Let ¢ be o normal weight on a von Neu-
mann algebra M. Then ¢ is lower o-weekly continuous; i.e., if
T; > 0 is a net converging o-weakly to T, then ¢(T) < lim inf ¢(7}).

PROOF. Since ¢ is normal, there is a family of vectors & in H
such that ¢(A4) = (A&, &). Let F be a finite subset of the is.
Clearly, since (T;&;,&) — (T&:,&) for each i, liminf; 3, (T3&, &) >
>ier({T&,&). Since this is true for all F, we have Y (T&, &) <
liminf; }°,(T;&, &) = liminf; ¢(7}). O
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LEMMA VII.23. Let A be a C* algebra with identity. Let P C A+,
Assume P+ P C P and P is hereditary; ie.,a € P, 0 <b<a =
beP. Then

(i) N ={z:z*z € P} is a left ideal;

(i) M = NN = {Cxjy: : 20,y € N} is a ™ subalgebra of A,
MnNA* = P, and M is the linear span of P,

(iii) the norm closure of M is the norm closure of N NAN™;

(iv) M is an ideal iff w"Mu C M for every unitary v in A iff
u'zu € P for all z € P and all unitary u in A ff N is an
ideal;

(v) M is an ideal iff e € P = zz* € P.

ProoF. Note nP C P forn = 1,2,--- and the hereditary prop-
erty implies P C P for r € RT. Suppose z is in A and y is in A.
Lemma I1.3 implies (yz)*(yz) = z"y*yz < ||ly||*z*z € P. Thus A
is a left ideal if it is a linear subspace. Clearly rP C P for r € R*
implies A is closed under scalar multiplication. To see A is closed
under addition, note

0<(z—y)(z—y)
=2z z+yy) —(2+y)(z+y)
<2(z'z+y'y)e P

Thus A is a left ideal; consequentially M is a * subalgebra of A.
Let M+t = M N AT. We show Mt = P. Let a € M*. Then
a = Y iy, where z; and yj are in NV. Since a = a”,

a=; Z((Zk +yr ) (x + ye) — (Te — Ye) " (Tr — yx))
49

< 3 Xk:(ﬂfk +ye)"(zk + )
Thus a is in P by hereditarity. Conversely, let a € P. Then a'/? € N.
So a = a'/?a'/? € M. To see the linear span of P is M, note a can
be written in form 137, Z _o P (@r + Py) (mx + P yi)-

We now show the norm closure of M is the norm closure of N NA”.
Note N AN~ is a C* subalgebra of 4. Let z > 0 be in N AN*.
Then V2 € NN A*. Hence 2'/? = limy, where 3, € NNA*. Thus
z = limy? € M. This implies M 2 N NN~ But M C N NN™.
Hence M =N NN~

Now suppose u*Mu C M for all unitary v in A. Since M
is the linear span of P, this is equivalent to u*Pu = P for all
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w. Thus both imply w*Nu C N for all u; for if z € A, then
(w'zu)*(w zu) = u'z*zu € P. Conversely, suppose u'"Nu C A
for all u; and let @ be in P. Then a!/2 € A and u*a'/?u € N. Hence
wrou = (u*e'?u)(u*a'?u) € M.

Since N is aleft ideal, u*ANu = N for all u is equivalent to N'u = N
for all u. This is equivalent to N\A = A for every element of A is a
finite linear span of unitaries. To see this, let a € A be self adjoint.
By scaling, we may assume {la|| < 1. Then u = a -+ iy1—a? is
unitary and e = }(u +u*). Thus u*Mu =M for all u if NA =N,
This implies M is a two sided ideal.

Finally, if M is an ideal and z*z € P, then & = u*y’* where
"z = y. Thus zz* = u*yu € w*Mty = M*. Hence if M is an
ideal, then z*z € P implies zz* € P. Conversely, suppose z*z € P
implies zz* € P. For y € P and unitary u € A, set z = u*y'/2. Then
z*zx = y and w*yu = zz* € P. Thus w*Pu = P for all u, and N is
an ideal. O

1/2

COROLLARY VIL.17. Let ¢ be a weight on o von Neumann algebra
M. Then N is a left ideal in M and My = NN, is a * subalgebra.
Simalarly, Ny is a left ideal and My = NNy is a * subalgebra.
Moreover,

(M)t ={T>0:¢(T) < x} and
(My)* = {T'> 0 §(T) = 0}.

Furthermore, there ezist a linear functional ¢y on M, such that

¢y = on M} = MyN MY, ¢ satisfies ¢5(A*) = ¢p(A).

Proor. Define ¢; on My by ¢;(A — B +i(C — D)) = ¢(4) —
#(B) +ip(C) —i¢(D) if A,B,C. D € M*NM,. We need only show
¢y is well defined and has the stated properties. To see ¢y is well
defined, note if A— B+ 4(C — D) = 0, then A = B and C = D;
and thus ¢(A) — ¢(B) + i¢(C) — i¢(D) = 0. ¢; is clearly linear
and ¢; = ¢ on M+ N M,. Moreover, ¢;((A — B +i(C — D))*) =
$i(A—B+i(D-C))=¢;(A-B+ilC-D). O

LeEMMA VIL24. Let ¢ be a weight on a von Neumann algebra M.
Then ¢ is semifinite if there is an increasing net I of orthogonal
projections converging strongly to I with ¢(E,) < oo.

Proor. Note E, € Ny NN;. Hence if A > 0, VAE, € N, and
E\WAce Nj. Thus E\AE, € My, Moreover EyAE, — A strongly.
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Thus M; is strongly dense in M*. Thus M, is weakly dense in
M. O

COROLLARY VIL18. Let ¢ be a weight on a von Neumann algebra
M. Then if for each B > 0 there exists an A > 0 with A < B and
d(A) < oo, then ¢ is semifinite.

ProOOF. Choose 2 maximal orthogonal family of projections E,
with ¢(E,) < cc. We claim Y E, = I. Indeed, if not, let £ =
I-Y. E,. If E #0, then there is a nonzero A € M"* with ¢(4) < 0o
and A < E. By the spectral theorem, there is a nonzero projection
F e Mand a A > 0 such that AF < A. Thus AF < F and
¢(F) < oc. This implies F' < E, and thus the family {E,} was
not maximal. Hence there is a net I, (finite sums of projections
in the family {E,}) of orthogonal projections with ¢(1,) < cc and
I, = I strongly.

PROPOSITION VIL.17. Let M be a von Neumann algebra. Then
there exists a faithful normal semifinite weight on M.

Proor. We claim there is a maximal family of nonzero normal
linear functionals of the form we(X) = (X¢, ) so that the subspaces
M€ are orthogonal. Let C be a chain of such families ordered by
inclusion. Then UC is an upperbound. Hence by the Hausdorff max-
imality principle, & maximal family exists. Let {w,, : i € I} be such
a family. Set E; to be the orthogonal projection with range M’€;. If
®F; < I, then M’E; # H. Choose a nonzero vector & € EB?CI’—&L-
Then M'€ C AT for (A€, B'e) = (£, A"B'E) = 0. Thus we
could be added to the family C, and C would not be maximal. Hence
DF; = I.

Set ¢ = Y we,. Then ¢ is normal. Moreover, if A > 0, then
AV?E; # 0 for some i, and thus A2, # 0. Therefore we (A) =
(AV2¢,, AV2E) # 0, and ¢ is faithful.

To see that ¢ is semifinite, let F be the set of all finite subsets
F of I ordered by inclusion. For A € F, set E) = 3. E;. The
E, are orthogonal projections converging strongly to I. Moreover,
¢(Ey) < oo for Eif; = E;E,;€; = 0 for i # j. Lemma VII.24 implies
¢ is semifinite. [

18. The GNS Theorem for Normal Semifinite Weights

Let ¢ be a weight on a von Neumann algebra M. By Lemma
VIL.23 and Corollary VIL17, M, = NjN, is a = algebra satistying
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Mo ={({T >20:¢(T) < x}} = {(M,)"). Moreover, ¢ has a unique
linear extension ¢y to M,. Now M, C A,NA; and M, C N, nN;.
Define

(X + Ny, Y + Ny) = ¢4(Y"X) where X, Y € N,

Note if (X + N,, X + N,) = 0, then ¢(X*X) =0 and X ¢ Ny,
The Cauchy-Schwarz inequality for the positive definite form {-,}
on Ny /Ny x Ny/N, implies Ny /N, is a pre-Hilbert space. Let H,
be its completion. Set Ay(X) = X + Ny for X € N,. There is a
representation 7, of M on Hy satisfying 7,(X)A4(Y) = A,(XY) for
X e Mand Y € N,. Indeed, since Y*X*XY < || X||?Y"Y,

IA(XY)I]* = ¢(Y" X" XY)
= IXIPe(¥"Y)
< XA
and thus m4(X) is a bounded operator on N;/N,. Clearly, one has
Te( X1)7g(X2) = 74( X1 X2) and from
(Ta(X)Ag(Y), A4(2))s = 65 (2" XY)
= ¢;((X*2)Y)
= (Ae(Y), mo(X7) Ay (2)),

one sees Ty(X*) = my(X)*.

REMARK. If ¢ is faithful and semifinite, one obtains a faithful

representation of M on H,. This representation will be used to form
a left Hilbert algebra.

Let ¢ be a faithful normal semifinite weight on a von Neumann
algebra M. We shall show that there is a natural embedding of
NpNN; into H such that V;NA} considered as a subset of H,, is an
achieved left Hilbert algebra. First note N, = {0} for if ¢(T*T) = 0,
then 7' = 0. In particular, N, is a dense subspace of H,.

LEMMA VIL25. Let ¢ be a normal weight on a von Neumann al-
gebra M. Let B € N,. Then ¢p defined by ¢p(X) = ¢s(B*XB) isa
normal positive linear functional on M and |¢5(X)| < || X||¢(B” B).

Proor. B*XB ¢ NgNQg = M, and thus ¢g is well defined.
Moreover,

¢s(X"X) > 0for BX*BX e M} ={T>0: ¢(T) < c}.
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By Corollary I1.8, ¢5 is continuous and has norm ¢ (1) = ¢(B*B).
Finally, ¢ is normal; for if ¢ = > w; where w; are positive norma]
linear functionals on M, then ¢g = > w;,, and the w;, are positive
normal functionals on M. O

LEMMA VIIL.26. A representation m of a von Neumann algebra A
is normal iff for each € in a dense subspace of the Hilbert space of m,
the linear functional wg ¢ o m is weakly continuous on the unit ball of
A. In particular, w(A) is a von Neumann algebra.

PROOF. Suppose 7 is normal. Now wg ¢ is a positive normal linear
functional on B(H). Thus we o7 is a normal linear functional on A,
By Proposition VIL.13, we ¢ o7 is o-weakly continuous. Thus we¢ o
is weakly continuous on A;, the unit ball of A.

Conversely, suppose wg¢ © T are weakly continuous on the unit
ball A, for each £ in a dense subspace D of H,. Then, by Theorem
VIIL.13, these functionals are strongly continuous on the unit ball of
A. But any wg ¢ om on the unit ball of A is a uniform limit of we com
where £ € D. Hence wg o7 are strongly continuous on the unit ball
of A for all £ € H,. Since [{1(A)&,n)| < (w(A)E, V3 (x(A)n, )2,
it follows that we , o m are weakly continuous on the umit ball 4, for
all £,7 ¢ H.. This implies A — #w(A) is continuous on the unit ball
A, with the strong operator topology into B(H,) with the strong
operator topology. Indeed, ||m(A)£||? = (w(A*A)E, €} > 0as A =0
strongly; for A*A converges weakly to 0 as A converges strongly to 0
since (A*An,n) = ||An||* = 0. By Theorem VII.13(ii) and Theorem
VII.14, strong continuity on the unit ball of 4 implies 7 is normal.

The last statement follows from Theorem VIL.15. O

COROLLARY VIIL.19. Suppose © is a normal representation of a
von Neumann algebra M. Then m 15 weakly continuous on the unit

ball of M.

ProPOSITION VIL.18. Suppose ¢ is a normal weight on a von Neu-
mann algebra M. Then the representation m, of M is normal, and
thus ms(M) is a von Newmann algebra on Hy. Moreover, if ¢ 18
faithful and semifinite, then w, is faithful.

PrOOF. The positive linear functionals ¢g, B € N, are normal.
But (,'bB(X) WA L(B),AL(B) (X) for X € M. In pa.rticula.r, Wg g O, are
normal positive linear functionals for all £ € N;/N,. By Proposition
VII.13 and Theorem VII.13, these functionals are weakly continuous
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on the unit ball of M. Lemma VIL26 implies , is normal, and
7s(M) is a von Neumann algebra.

Suppose ¢ is faithful and semifinite. Then N; = {0}, and M,
is weakly dense in M. Hence M, is strongly dense in M. Thus if
A€ Mand my(A) =0, then AB = 0 for all B € M,, for M, C Np.
Hence AB =0 for all B € M. Thus A =0, and 7, is faithful. [

Define U = N, N N;. Then U is a star algebra contained in M.

PROPOSITION VIL19. Let ¢ be a faithful normal semifinite weight
on a von Neumann algebra M. Then U is weakly dense in M, and
To(U) is weakly dense in the Von Neumann algebra 7e(M).

PROOF. We know M, is weakly dense in M; and thus, since
My C U, U is weakly dense in M. The Kaplansky density theorem
implies U; is weakly dense in M,;. By Corollary VII.19, Ty 1s weakly
continuous on the unit ball M;. Thus 7,(U4,) is weakly dense in
my(M1). Since 7, is faithful, Proposition IL4 implies it is an isom-
etry; and thus m,(M,) = m,(M),. Hence my(U) is weakly dense in
Tl'd,(M). O

PROPOSITION VII.20. Let ¢ be a faithful normal semifinite weight
on von Neumann algebra M. Then U = Ny NN C Ny + N, C H,
is a left Hilbert algebra where (A+ Ny)(B + Ny) = AB = AB + N,
and (A+ N@)# = A* + Ntb = A*.

PROOF. First note ||AB||s = ||m,(A}B+Ny)i| < || Al || B4 Nyllo,
and thus B + AB is bounded on H, for each A € I. Also note

(AB,C)s = (my(A)(B + Ny),C + Ny
= (B + Ny, ms(A")(C + N,
- (B,A*C>¢

for A, B and C in U.

To see U? is Hy dense in I, we know by Propositions VII.18 and
VIL19 that 7, is an isometry of I onto a weakly dense * subalgebra
of m3( MF). By the Kaplansky Density Theorem, (U1 ) is strongly
dense in m4(M);. Hence there is a net I, in If; such that ol L)
converges strongly in my(M), to the identity on H,. Thus m4(I,)?
converges strongly. Thus if A € Ny, ITA € UNZNNZIN, CUN,N
Ng) = UP. Moreover, ||I2A — Al|; = ||7(L,)*A — Aljs — 0 as 7
increases. Thus U? is H, dense in N, Since N, is dense in H,, we
see U? is Hy dense in U.
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Finally assume A, € I/, A,, —» 0 in Hy and A}, is Cauchy in Hy.
To show (A + Ny) — (A* + N,) extends to a closed operator. we
show A} — 0 in H,.

Since ¢ is normal, there is a collection {v;} of vectors in H such
that ¢ = 2 Wo, v, Since ¢(A7A,) — 0, lim, Yi{Anyy, Anrs) = 0.
Now [IA;, — Ar[[Z — 0 for large m and n means for any € > 0, one has
a natural number N(e) such that 37 (( Az, — A%)v,, (A7, —An)v;) < €2
for m,n > N(e). Thus for each j, lim, A,v; =0, and Arv; is Cauchy
in H. Let wy; = hmn A:I'UJ

Next note, since ¢ is faithful, that the vectors v; are separating
for the von Neumann algebra M. Indeed, if Av; = 0 for all 7, then
#(A*A) = 0; and thus A = 0. This implies the collection {v;} is
generating for the commutant M’ (i.e., the linear span of the vectors
Bu; for B ¢ M’ is dense in H). But if B € M’

(wj:, BUJ) = nlLr{é(A;U-"" B'Uj>
= JL%(Ujr, BAnt>
=0Q.

Hence w; = 0 for all j'. Thus A}v; — 0 as n — oo for each j. Now
for each finite set F of §’s, one has

245w — Al 2 < € if myn > N(e),

JEF

Letting m — oo, we see 3, [|A%v;|[> < € for n > N(e). Since
this is true for all finite subsets F, ¢(4,A4%) < € for n > N(e).
Consequently A7 — 0 in H, as n — o0, and the operator 4 — A*
on I{ is closeable. []

Let M be a von Neumann algebra of operators on a Hilbert space
H. Let ¢ be a faithful normal semifinite weight on M. Then by
Proposition VIL.20, I is a left Hilbert algebra on the Hilbert space
Hy. Moreover, by Proposition VIL.19, 7, : M - B(H,) is a normal
isomorphism of M into B(H,) and 74(M) is the left ring £(2/) of
the left Hilbert algebra 4.

We use the following two lemmas to show If is an achieved left
Hilbert algebra.

LEMMA VIL27. Let & be a vector in Hy satisfying (m,(A)E, €4 <
¢(A) for A€ M*. Then there is a £ € U' such that F€ = £ and
(mo(A)E', €Yy = (my(A)E, &)y for all Ac M.
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PROOF. The operator 4 — m,(A4)¢’ is bounded on Ny for

17 (A)E11G = (my (A7 A)E', €'}y < p(A"4) = || 42

and thus extends to a bounded operator 7,(€") on Hy. Moreover, on
N, one has

To(§)my(A)B = Wfp(ﬁ’)

= W«z»(A)%( )¢’

= my(A)my(§)B.
Since U is dense in H, and 74(U4) is strongly dense in Ts( M), we see
T, (£') € my(M)'. Now T4(£') has a polar decomposition /P where
U and P are in 74(M)’ and U is a partial isometry from the closure
of the range of m4(£¢')* onto the closure of the range of 7,(£'). Now
the linear subspaces m(¢)H, mo(€ U = m4U)E', and (ma(M)E"

have the same closures in H,. Hence the projection UU™* contains
the vector £ in its range. Thus

(ma(A)', &)y = (m4(A)E,UUEY s = (ms(A)UE, U &y

for A € M. Set ¢ = "¢ Since T(AYU*E = Urny(A)E and U* is
bounded on Hy, A — 7,(A)¢ is bounded on N, into H,. Moreover,
§ € Dom(F) and F¢ == ¢ for if A, B € U, then

<SOD(AB)?§)¢ (B*A*:§>¢

(P
=(U"UPA", B),
= (UTmy(§)A%, B),
= {U'ms(A")¢', B,
s(A)U¢, B)y
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Since F' = S, and Dom(Sy) = U?, we see £ € Dom F and F¢ = ¢,
Since A — my(A) is bounded, £ e U'. O

LeMMa VIL.28. There is a family of vectors {§; : j € J} in U
such that F§; = & and

#(5) = Z(W¢(3)§j,§j)¢ for S e MT.

J

PROOF. ¢ o, is a faithful normal semifinite weight on 74(M).
As seen in the remark before the proof of Proposition VII.15, there
is a family of vectors &; in H, such that

gom; (8) =D (S &y
¥
Thus ¢(S5) = 3°;{my(5)E;,&5)¢- By Lemma VII.27, for each j there
is a vector §; € U’ such that F§; = ¢; and

(ms(8)E;, €5)g = (my(S)E;5, 50 for all § € M.
The result now follows. 3

We conclude with the following theorem.

THEOREM VIL16. Let ¢ be a faithful normal semifinite weight on
a von Neumann algebra M. Then 7y is a normal isomorphism of
M into B(H,). Moreover, if U = N NNy, then U is an achieved
left Hilbert algebra in M N H,.

PrROOF. We need to show If is an achieved left Hilbert algebra.
This would follow if Jif = 14’. Indeed, by Theorem VIL.8, U’ is an
achieved left Hilbert algebra; and thus by Theorem VIL9, Ji’' = 4",

We have Jif C U, and thus we must show U’ C JU. Let &' € U'.
Since £ = §+—F§— + zg—‘f-, we may assume F§& = ¢'. By Corollary
VIL5, 7, (£") 1s self adpmt Thus Jr4(£')J is a self adjoint operator
in my(M) and so must have form 7,(S) for some self adjoint S € M.
By Lemma VIL8, 74(8)n' = Jrj(£')Jn' = (') JE for all ' € U

We show S € U. By Lemma VII.28, there is a family {£;},cs of
vectors in U’ with F§; = §; and

$(A) = D (my(A)E, €5)e

i
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for A € M*. Thus for each finite subset /" C J and each A € U, one
has

|All7 = ¢(A™A)
2D (me(A), (AN g
JEF
= |Im () Al
jeF

Since i is dense in Hy, we have
Inll3 > > lima(€)mll3
jEF
for any i € IE-]I¢ and any finite subset /' of J. Consequently one has
25 175 (&5)mlty < Inl[3 for all n € Hy. Hence

$(5%) = Z(%(S)Eja%(s)‘fj)qs
= {mp(€)TE my(6)T€ )
=2 lIms (&) I€ 113

< g5 < 0.

Since S is self adjoint, § € N} NN, = U. Moreover, as seen earlier
() = Jn(€) Iy = 7, (n )J{ for o € U', and thus 7,(/)S =
m,(n')J€'. This implies J&' = S, and finally & = JS € JU. O

19. The Natural Weight on £(.4)

LEMMA VIL29. Let A be an achieved left Hilbert algebra in a
Hilbert space H. Let a € A and suppose A € L(A) satisfies An(a) =
w(a)A. Then Aa € A, 7(Aa) = n(a)A and S(Aa) = A*Sa. Further-
more, if P is an orthogonal projection in L{A) and Pr(a) = n(a),
then Pa = a.

ProOF. Let np € A’. Then since #'(A') C L{A),

7'(n)Aa = Ax'()a
= An(a)n
= m({a)An.
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Furthermore

(n(@)d)'n = A"x(a)"n
= A"n(Sa)n
= A"7'(n)Sa
=7n'(n)A" Sa.

By Proposition VIL3, Aa € A” = A and S§A4a = A*Sa.
In the case when P7{a) = m(a), one has

7' (n)Pa= Pr'(n)a = Pr{a)n ==(a)y

and

w(a)'n = x'(n)Sa
for n € A’. By Proposition VIL5, Pa € A and 7(Pa) = w(a). Thus
#(Pa)n = w(a)y for all n € A'. Equivalently, #'(n)Pa = n'(n)a for
all n, and thus since 7'(.A’) generates L(A), Pa =a. [

LEMMA VIL.30. Suppose R and S are positive operators in a von
Neumann algebra M on a Hilbert space H. If R < S, then there is
a unique operator A such that R'/? = AS'? and A = 0 on ker(S).
Furthermore, A€ M and ||A]| < 1.

ProoF. Consider the mapping on the range of $*/2? defined by
§Y%€ — R2E. Note ||[RV%¢||” = (RE, €) < (S¢,€) = |ISV/%¢]*, and
thus this mapping is well defined and bounded. Use A to denote
the linear operator on ker(S) @ Rang(5'/?) which is 0 on ker(S)
and which on Rang(57/?) is the continuous extension of the operator
S1/26 — RY?¢. Since kerS = kerS'? and §/? is self adjoint, 4
is defined on all of H for ker(5'/2)* @ Rang(S*/2) = H. Clearly
RY? — ASY? and A is unique.

Let T € M’, the commutant to M. Then ATSY2¢ = ASY2T¢ =
R\?T¢ = TRV = TASY?¢. Thus AT = TA on the Rang(S1/2).
For £ € kerS, TAE = 0 = ATE for ST, = TSE = 0. Hence AT = TA
on kerS. Thus A is in M”. ([

DEFINITION. Let A be an achieved left Hilbert algebra in a Hilbert
space H. For A ¢ L{A)*t define

llal]? if A2 =n{a), ac A
o0 otherwise.

Pa(A) = {
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We shall show ¢ 4 is a faithful normal semifinite weight on L(A).
For convenience, we shall write ¢ = ¢4 when the meaning iz unam-
biguous.

LEMMA VIL3L. For 0 < A < B in L(A), $(A) < ¢(B).

PROOF. We may assume B'/? = ¢(b) for some b € A. By Lemma
VIL30, there is an operator R € £(A) with [|R|| < 1 and A/? =
RB'?. Set a = Rb. Then for n € A’,

' (n)a = n'(n)Rb
= Rr'(n)b
— Ra(bn
= RBY?p
= Al/zn.

By Proposition VIL5, since A'/? is self adjoint, o € A" = A, Sa = q,
and 7(a) = AY2. Hence ¢(A) = ||a||* = ||Rb|[> < ]b]> = ¢(B). O

LEMMA VIL32. ¢ is additive, and $(AA) = Ap(A4) if A > 0 and
Ae L(A)T.

PROOF. Since ¢ is increasing, ¢(4) = oo or ¢(B) = oo implies
#{ A+ B) = co. Hence we may suppose ¢(4) < oo and $(B) <
0. Choose a,b € A such that ¢(a) = AY2 and ¢(b) = B2, By
Lemma VIL30, there are R,S ¢ L(A) with |R|| < 1, 1S <1
and R(A+ B)/2 = A2 S(A+B)? =B aqnd R= 8 = 0 on
ker(A + B)'/?. Set P = R*R + §*S. Then

A+ B= ‘,_11/21,_11/2+ Bl/QBl/z

= (A+ B)*R*"R(A+ B)"? + (A + B)/25*5(A + B)'/*
= (A+ B)//*P(A+ B)'/2,

Hence
(P(A+ B)'/%, (A+ B)'/*¢') = ((A+ B)'*¢, (A + B)1/*%¢)

for all £ and ¢'. Since P vanishes on the orthogonal complement of
the range of (A+ B)'/2, P is the orthogonal projection of H onto the
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closure of the range of (A + B)Y/2. Hence
(A+B)1/2 — P(A-}-B)lﬂ
= R'R(A + B)"/* 4+ 8*S(A + B)'/?
= R*AY? 4 S*BY,
Thus if £ = R*a + 5*b and n € A’, one has
m'(n)§ = 7'(n)(R*a + 5b)

= R'r'(n)a + 5*n'(m)b

= R*w(a)n + S*w(b)n

— (R*A1/2 + S#B}./Q)n

=(A+B)!*n.
Proposition VIL5 gives £ € A” = A and 7(£) = (A + B)'/%2. More-
over, since Pr(&) = w(€) = ()P, Lemma VIL.29 implies P = £,
Furthermore,

T () RE = Ba'(n)§
= R(A+ B)'/*y
=AY forne A,
Thus again by Proposition VIL5, Rf € A” = A and w(RE) = AY2,
Since w(a) = AY?, @ = R{. Similarly, b = S¢. Now
#(A+ B) = ()
= (P§,¢)
((R"R+ S"8)£,8)

= (R¢
(

RE) + (5¢, 5¢)
—a,a) + (b, b)

= ¢(A4) + #(B).
The last statement is obvious. O

LEMMA VIL.33. ¢ is faithful.

PROOF. Suppose ¢(A) = 0. Thus AY? = n(a) and ¢(4) = ||al|*.
Hence a =0, and thus A = #{a)* =0. O

PROPOSITION VIIL.21. The weight ¢ is lower o-weakly continuous.
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PROOF. Let a > 0. We show {A € L(A)" : ¢(A4) < a} is o-weakly
closed. Since this is a convex set in £(A) and L£(A)* = L{A) under
the natural pairing (f, A) ~ f(4), it suffices by Theorem VII.13
to show C.. = {A € L(A)* : ||4]] < r¢(A) < a} is o-weakly
closed for all »,a > 0. But since this a bounded convex set, it is
equivalent to show that C.. , is strongly closed. Let A; be a net in Cra
converging strongly to A. Clearly A > 0 and ||A|| < ». Since #(A;) <
a, there are a; € A with m(a;) > 0 and m{a;)* = A;. Moreover,
lla:|]* = ¢(A;) < a. Since #(a;) = 7(a;)* = m(a¥) and = is faithful,
a¥ = a;. Now note if A; - A strongly, then A} /25 A2 strongly.
(Approximate /Z uniformly on [0, sup, [14;]|] by polynomials P(x)
and use fact P(A;) — P(A) strongly as i increases.) This implies
7{a;) converges strongly to A2, Moreover, since a; is bounded and
of =g, Corollary VIL.4 implies there is a a € A” with Sa = a such
that 7(a) = A'/? and [|a|| < a'/?. Hence ¢(4) =|[al? < a. O

PROPOSITION VIL22. Let A € L(A). Then there exists an o €
A with A = w(a) iff A € N, NN}, Moreover, if a,b € A, then
7(6)°n(a) € My and ¢y(n(b)n(a)) = (a,b).

PROOF. Let A € L(A). Let A = U|A| be its polar decomposition.
Then A* = U*|A*| is the polar decomposition of A*. By Proposition
VILG6, U, |A|, and [A*| are in £(A).

Assume A = 7(a) for some a € A. Then for n € A, we have

©' (M) (Ua) = U't'(n)a
=U"w(a)n
=U"An
=|Aln.
By Proposition VIL5, U*a € A" = A, n(U*a) = |A| and SU*a =
U*a. Similarly
7 (M(USa) = Un'(n)Sa
= Un(Sa)n
=Un(a)™n

and thus again USa € A, n(USa) = |4*| and SUSe = USa.
Hence ¢(A*A) = ¢(|A]?) = (U*a,U*a) = (UU*q, a) = {a,a}, for
UUm(a) = UU*A = UU*U|A| = U|4] = A = m(e); and thus by
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Lemma VIL29, UU*a = a. Similarly, one has ¢{AA™) = ¢(|A"|*) =
{USa,USa) = (U*USa, Sa) = (Sa, Sa), for
U*Ur(Sa) = U Un(a)
=UUA”
— U Ut AT
=U*|AY
= A"
= w(Sa).
Thus A = w{a) € Ny NN, and ¢(4*A) = {q, a).
Conversely, suppose A € N, N AN;. Thus ¢(A"A) < oo and

H{AA") < co. Hence there are a and b in A such that w(a) = |A|
and w(b) = |A*|. Hence

7' (m)(Ua) = Un'(n)a
= Un(a)y
=Ul|A|n
— An

and

' (m)(U*b) = Urn'(m)b
— U*n(b)y
= U*|A%|n
— A*n

for n € A". By Proposition VIL.5, Ua € A and w(Ua) = A.
Finally if a,b € A, then =(a), 7(b) € Ny NN;. Hence

m(a+ i'b)"w(a +i'h))

Mw

bz (m(b)

'=0

3
:ZZ {a+ 1D, a +i'b)

j=0
= (a,b).
]

COROLLARY VIL20. The weight ¢ = ¢4 is semifinite.
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PRrROOF. By Proposition VIL22, 7(b#)n(a) € M, for a,b € A.
Thus My 2 m(A)?. Since n(.A) is strongly dense in £(.A), there is a
net in 7(A) converging strongly to I. This implies the strong closure
of m(A)? equals the strong closure of 7(.4). Thus the strong closure
of M, equals £(A). Hence M, is weakly dense in £(A). O

20. Normality of the Natural Weight

PROPOSITION VIL.23. Let A, be an increasing sequence of posi-
tive operators in B(H). Set T, = (2 + A,)"'A,. Then T, is an
increasing sequence of bounded operators which converges strongly to
the orthogonal projection E whose range is the closure of the linear
span of the union of the ranges of A,,.

ProOF. Clearly T,, < [ for all n. We claim T, is increasing.
Indeed, note if n < m, ‘then 1 x +4, <= + A,,. Hence by Lemma

1.4, ( 4 A ) (n + A") . Now the functional calculus implies

1 /1 -1 1 -1
m T T n

for n < m. Hencei(%+Am)71§%(i+An) for n < m. Thus
1/1 -1 1 -t
n\n m\m

Factoring yields

1 -1 1 -1
n m

Hence T, < T,, < I for n < m. By Theorem II1.10, T, converges
strongly to an operator E. E 1s self adjoint for each T, is self adjoint.
Moreover, if v € (RangA,)" for all n, then A,v = 0 for all n; and
thus Ev = 0.

Next note |[(1—T,,)A4,,(1 — )[| < i follows from the functional
calculus. Indeed, if A, = [ AdP(}), then

(1= To) Am(1 - T,) = f(l ~ (MNP
=f( \/E) %dP()\).

1+ mi
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This gives ||(1 — Tn)An(1 = T.,)| <
one has

. By Lemma IL.3, for n < m

L
m

(1 = To) An(1 = Tl < [|(1 = Ton) A (1 = T)l <

g~

Thus lim,, ||(1 — T )v'A,|! = 0. Hence for each v, we see

lim (\/A_n— Tm\/A_n) VA =0.

m—o0

Consequently, T,,A,v — A,v for each v as m — oo. Thus E is the
projection onto the closure of the linear span of the union of the
ranges of A,,. O

LEMMA VIL.34. Let A be an achieved left Hilbert algebra, and let
¢ be the natural weight on L{A). Then

L(A)oMgL(A) = M.

ProoF. It suffices to show L{A)oM] C M,, for M, is a * algebra
and M, is the linear span of M. Suppose T € M]. Then ¢(T) <
co. Hence T = n(a?) where m(a) > 0 and ¢(T) = ||a|[2. According to
Proposition VILY, if A € £L({A),, then Aa € A and An(a) = w(Aa).
By Proposition VIL.22, Am(a) € Ny NN, Thus AT = An(a)n(a) €
N;th, = M¢. O

LEMMA VIL.35. Let A be a left Hilbert algebra. Then there is
a family of pairwise orthogonal projections E; in L(A") such that
S E; =1, A(it)E;A(—it) = E; for allt € R, and for each j there is
o sequence a;, in A with 7'(a;,) € M}, such that
(a) n'(a;n) > 0 for alln
(b) 7'(a;,) 7 E; strongly for each j
(¢) for each rational number r and each n there is an m such.
that
Alir)m' (a; ) A(—ir) < 7' (ajm)-

PROOF. Let ¢’ be the natural weight on the achieved left Hilbert
algebra A’. Choose a maximal family E; of pairwise orthogonal
projections satisfying

A(it)E;A(—it) = E;
for all ¢ and for which there is a sequence a;, in A’ with #'(a;.) €
My, and (a), (b) and {c) hold. We suppose F' = I — 3 E; # 0.

We note A(it)FA(—it) = F for all ¢. Hence F' € £(A")o. There
is a c € A such that Fa'(¢®) # 0. Hence Fr'(c"c)F # 0. Set
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¢’ = c’c. By Proposition VIL22, n'(¢) € M3,. Lemma VI1.34 implies
Fr'(¢')F € M7, Hence, there is an a € A’ with 7'(a) = Fr'(c)F.
Let {r;}32, enumerate the rational numbers. For each n, set

A, = (% + Zn: A(irj)w’(a)ﬂ(—irj)) Zj: Airy)w (—ir;).

We note since 7'(a) € M, that there is a b in A’ with 7'(b) =

v/ (a). Hence

Hence each A, € Mg,. Moreover, Proposition VII.23 implies 4, is
an increasing sequence of positive operators which converges strongly
to the orthogonal projection E of H onto the closure of the lin-
ear span of the union of the ranges of A(ir;)n'(a)A(—ir;). Hence
A(it)EA(—it) = E for all £.

Since A, € M, 4> there is an a, € A’ with 7(a,) = A,. Hence

m(a,) >0 and 7 ( n) / E strongly. Clearly E < F.

Finally, let r be a rational number and n > 1. Choose 7 so that
T+r; €{r,ro, ..., 7} for j =1,2,... ,n. Now

Alir) An A(—ir) =

Alir (— -+ ZA ir;)n’ (@) A(—iry) ) Z (ir;)x' (@) A(~ir; )A{—ir)

j=1
-1

= (%-{-ZA(;‘(T-&-”))ﬂ a)A{—i(r 4+ r;)) ) ZA(E(Tﬁ-T‘} ' (@)A(—i(r +15))
(— + ZA(ZT‘J)?‘T a)A(—ir;) ) Zﬂ(zrj. a)A(—iry) =

for Proposition VII.23 implies if 0 < A < B and n < m, then

1 -1 1 -1
(w——i—A) AS(*-F-B) B.
n m

2
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Hence adding E to the family F; contradicts maximality. This gives

COROLLARY VIL.21. Let A be an achieved left Hilbert algebra with
natural weight ¢. Suppose I is a nonzero orthogonal projection in

L{A) with
A()FPA(—it) = F
for all t. Then there is a nonzero A € M} with A<F.

Let E; be the family of projections given in Lemma VIL35. For
each j, let a, , be the sequence in A’ with properties (a), (b) and (c).
Since 7'(a;,.) € M}, and 7'(a;n-1) < 7'(a5n), T'(as0) — 7' (@jn-1) €
My, Thus for each n and j, there is a ;. € A’ such that 7' (€n) =

\/W’(ﬂj’n) — m'(a;n_1). Hence for each j, 35, #'(€2,) = E; in the
strong operator topology. In particular

> on'(& ) =L
S
Define a normal weight ¥ on £{A)* by

%[J(T) = Z(ng,n: Ej,n)'

imn

PROPOSITION VIL24. (1) < ¢(T) for all T > 0, and ¢(T) =
$(T) for all T € M. Moreover, Y(A(i)TA(—it)) = y(T) for all
T>0andteR.

Proor. Let T € M}. Hence T'/? = 7(a) for some a € A and

Y(T) =3 (Tjmr Ein) = D_{1(0) 650, &) = D _(m(@)5, (@)Em)

= Z(’}T’(Ej‘n)a, W’(Ej,n)ﬂ'> = Z(W’(Ej,n)zﬂ'g G,)
= Y (€l )a,) = (n.0) = H(D).

Since ¢(T) = 00 if T > 0 and T' ¢ M}, we have (T') < ¢(T) for all
T € L{A)T.

Let r € . We first show ¢(A(ir)TA(—ir)) < ¥(T). Let N >
0 and let F be a finite subset of the j’s. Lemma VIL35 implies
there is an integer M > 0 such that for j € F and n < N then
A(—ir)w'(a;n)A(ir) < ©'(a;m) for some m < M.
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Set e n(T) = Y iernen {Tm: &n). UT = m(a)? where m(a) >0,
then by Theorem VIL.9, we see

Yrn(AGEr)TA(—ir) = Z (AGr)TA(—ir)E 0, E.0)
JEFnLN

= Z (A(ir)ym(a)A(=ir)€; n, Alir)m(a)A(—ir)E; )

jeFngN

= > (m(A@Er)a)E 0, T(Ar)a)E; )

- lg(;j;fr’(fj,n)A(ir)a, 7 (6, )A(ir)a)
_ ’.E;Zn:w(ﬁf(gj‘ﬂ)m(ir)a, Air)a)
- ;N@(% 4y ) A(ir)a, Air)a)
j = 3 (¥les Al Alr)

= g(A(*i?‘)ﬂ'(aj,N)A(iT)a: a)

Since the a; x have the properties listed in Lemma, VIL.35, one has
Afir)m'(a; N)A(—ir) < 7'(a;a1).
Thus

Ve (A(ir)TA(—ir)) < Z(Wl(aj,m')a,a)
- Z (W’(aj,m - aj,mﬁl)a,a)

JeFm<M

= Y (7(&m)a,a)

JeEF,m<M

= > (@)

JEFm<M

= Z (Tr(a)fjm,?’r(a)fj,m)

FJEFm<M

= Z (ng.ma gj,m >

FJEF m<M
= ¢F,M(T)-
Thus ¢p n (A(ir)TA(—ir)) < pp(T) for T' € M.
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Since M, is weakly dense in £({.A) and My C N, by Proposition
II1.11, there is a net V) in N such that Vi /‘ I strongly. Set
Uy =VZ Then 0 < U, < { for each AU, € M , and U, converges
strongly to I. Hence Uy = 7(a,)* where a, € A and m(ay) = 0. Now
by the note in the proof of Proposition VII.21, we have m{ay) —
I strongly. Thus m(ay)Tw(ay) — T strongly for any T € L{A)*.
Moreover, w(ax)Tm(ax) < ||T|| m{ax)? € M. This gives

Yr v (A(ir)m(aa)Tr{a ) A(—ir)) < Y u(m(ar)Tm(ayr)).

Taking limits one obtains

PN (AT A(=ir)) < Ypu(T)
for all T € £{A)*. Hence

P(A3r)TA(—ir)) < ¢(T)

for T > 0 and all rational 7.
By Proposition VII.16, 1 is lower o-weakly continuous. Thus

P(Ar)TA(=ir)) < Y(T)
for all 7 € R and all T € £(A)*. This yields the invariance of ¢». [

LEMMA VIL36. ¥ is a faithful normal semifinite weight on the
von Neumann algebra £(A).

Proor. Clearly 1 is positive and normal. We claim it is semifi-
nite. Note My 2 M, for 9 < ¢. Also by Proposition VII.22,
m(A?) C M,. But the strong closure of m(A)m(A) contains m(A)
and thus is £(A). Hence My, is strongly and hence weakly dense in
L(A).

Now suppose ¢(T) = 0 and T # 0. Again let r; enumerate the
rationals. Proposition VII.23 implies the operators

1

T, = (—— + i A(iTj)TA(—irj)) iA (ir;) )T A(—iry)

n i=1

are in £(A) and converge strongly upward to a nonzero projection
E satisfying A(it)EA(—it) = E for all ¢. Also

0 < (T, Z Aliry)TA(-ir;)) = 0 for all n.

By Proposition VII. 16 3 is lower o-weakly continuous and thus
strongly continuous on bounded sets. Consequently ¢(E) = 0. But,
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by Corollary VIL.21, if E # 0, there is a nonzero 4 ¢ M7 with

A<E. By Proposmon VIL.24, $(A) = (A) = 0. Finally, Lemma
VIL33 implies A =0, a contradlctlon Thus ¥ is faithful. [

Using the faithful normal semifinite weight ¥ on L{A) and the
GNS construction, we may form A, My, H,, and a normal faithful
representation 1L, on H,.

LEMMA VIL37. Let A > 0 be in L(A). For each n, define

A=/ f e A(it) AN (—it) dt.
T J—oo

Then each A, € L{A)g, and A, — A strongly.

PROOF. We first show the mapping is — A(is)A,A(—is) has an
entire extension which is uniformly bounded on vertical strips —¢ <

Rez < 6. Indeed, set F(z \/" I e A G AN (—it) db. Tt
is easy to see F'(z) is holomorphlc. Also

|F(r +is)]| = \/EH e A (i) A (—it) dt||

\fuf MO At + is) AA(—it — is) |
<24l [ e g
™ -oo

= ||Alle™"

is bounded on the strip —§ < r < 4.
Moreover,

F(is) = \/ﬁ/m e ™ A(it) AN (—it) dt
= Alis ([/ e A(it) AA(—it) dt) A(—is)

= A(is) A, A(—i
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To see A, converges strongly to A, note

1 Ane — Av|] = ||\/§f’o e (A(it) AA{—it)v — Av)dtl|
< \/2/30 e (| Afit) AA(—it)v — Av)|dt

s X 2
< \/ﬁ/ e 1A(it)AA(—it)v»A*u!dt+2\/E|IA|||iv{/ e dt
T J_s T |t|>4

< maxyyesl| A AA(=it)y = Avl| + 2\/§Au it [ e
[t]>6

(s =)

any 0 > 0, we see A,u - Avasn — oo, [

for \/% © e=nt® gt = 1. Since \/Eflwr? e dt — 0 as n — oo for

THEOREM VIL.17. ¢ is normal.

ProoF. Now let A € M}. As seen in the proof of Proposition
VIL.24, there is a net U in M satisfying 0 < Uy <1 and Uy — T

strongly. Set
A, = ,/Ef e~ A(it) AA(—it) dt.
TS

Lemma VIL37 gives A, € L£(A)y and A, — A strongly. By Lemma
VIL34, 4,U5 A, € M/. Thus

B(AnUrAn) = Y(AUAL) < U(AL) < {|Au][$(A4n) < || A H(A);

for A, UsA, < ||Us]|4%2 < A2, [|A;]| < ||All, and by lower o-weak
continuity,

w(An)g:\/g/ e*”f”w(A(it)AA(—it))dt:\/gj e~ gAY dt = w{A)-

Now A,U,A, converges strongly to A2 as X increases. Since this
is a bounded net, we have o-weak convergence. Hence Proposition
VII.21 implies ¢(A?) < ||A]|¢¥(A). Again using the lower o-weak
continuity of ¢, the boundedness of the sequence A, and the strong
convergence of 4, to A, we see that

G(A%) < [|Alf(A).

We show ¢ — 1. To do this it suffices by Proposition VII.24 to
show M C M;. We have shown if A € M$, then A% € M;‘ Thus

every projection in M is in M; Now let A € M}, and let P be
the resolution of the identity for A. Note if ¢ > 0, then cPlc,d] < A
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for any d > ¢. Thus ¢(Ple, d]) < 1¢¥(A), and we see Ple,d] € M.
Choose a sequence P.. of partitions where P, is a partition of (£, ||AH]
containing [1, — —L-), every element in P, except [;, ﬁ) is a subset
of an element in P,_;, and each subset of P, is an interval of length
at most L. Set A, = Sgcp, inf S - P(S). Note each A, € M, for
all P(S) E M+ Also A, 7 A strongly. Since ¢ = 1 on M, we see

by Proposmons VIL.15, VII.16 and VIL.21 that
P(A) = limy(A,) = lim ¢(A,) = $(A).
Thus M;ﬁ = M;{, and ¢ = . O

Lemmas VII.32 and VIIL.33, Corollary VII.20, and Theorem VII.17
establish that ¢4 is a normal faithful semifinite weight on the von
Neumann algebra £(.A). It is called the natural weight on the left
ring of the achieved left Hilbert algebra A.

Combining these with Proposition VII.22 and Theorem VIIL.16, we
obtain the following theorem.

THEOREM VII.18. Let A be an achieved left Hilbert algebra in a
Hilbert space H. Let ¢ = ¢4 be the natural weight on L(A). Then
¢ is faithful, normal, and semifinite. Moreover, the linear mapping
U from A to Ny NN defined by Ua = n(a) is one-to-one and onto
and is a left Hilbert algebra isometry from the achieved left Hilbert
algebra A onto the achieved left Hilbert algebra Ny NN .

21. Traces on a C* Algebra

DEFINITION. Let A be a C* algebra. A trace on A is a function
w: At — [0, c0] satisfying
(8) wlz +y) = w(z) +w(y)
(b) w(Az) = Aw(z) if A > 0 where 0-00 =10
(c) wlyy) = wlyy’) fory € A.
The trace w is said to be finite if w(z) < oo for z € A* and semifinite
if w(z) = sup{w(y) : y < z,w(y) < oo}

PrROPOSITION VIL.25. Let w be a trace on C* algebra A. Then the
following hold:

(a) If N is the set of all z € A with w(z*z) < oo, then N is

a self adjoint ideal in A; and if M = (N?), the linear span

of products of two elements of N, then M is the linear span
of M* = A* N M and MT is the set of all © € AT where
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w(zr) < oo. Moreover, the closures of M and N in A are the
same.

(b) There exists a unique linear form wy on M such that wy = w
on M*.

(c) One has wy(z*) = wy(z) for x € M, wp(zz) = wy(zz) for
x € M and 2 € A, and wy(uv) = wy(vu) for u,v e N.

PRrOOF. Lemma VII.23 gives (a) while (b) and wy(z*) = wy(x)
follow from the argument given in Corollary VII.17.

Let z be in N. Then w,(z*z) = w(r*z) = wlzz*) = we(zz*).
Now if u,v € N, then uv = %ZLO “(u+ v u + Pv*) and vu =
iZLO P (u + Fv*) (u + Fv*). Thus wy(uv) = wy(vu). Next note
if z € A and u,v € N, then w;(zuv) = wp(v(zu)) = we((vz)u) =
wg(uvz) since N is an ideal. This implies wy(zz) = wy(zz) forz € M
and z€e A. 0O

We shall denote the ideal M by M,,. Note if w is finite, then
M, = A

ProPOSITION VIL.26. Let A be a C* algebra, and let m be a non-
degenerate representation of A. Let U be the von Neumann algebra
generated by w(A), and let t be a normal trace on UT. Let M be
a self adjoint ideal in A, and suppose (M) C M, and is strongly
dense in U. Then f = to w4+ is semifinite, lower semicontinu-
ous; and if uy is an increasing approzimate unit for M, one has
f(x) = lim f(z'2u z/?) for all z € A,

PROOF. Since w(M) is strongly dense in U, m|x; is nondegen-
erate. Therefore m(u,) converges strongly to I on H. Let z € A™.
Then the increasing net 7 (x!/?)x(uy)w(z'/?) in U* converges strongly
to m(x). Since ¢ is normal, Propositions VIL.15 and VIL.16 imply
t(m(ziunzt)) — t(n(z)) = flz); ie, f(ziusz?) — f(z). To see
f is semifinite, we may by Proposition 11.7 take u, € M. Thus
w(ziurz?) € m(M) C M, and f(ziusz?) < co. Hence f is semifi-
nite. By Proposition VIL16, ¢ is lower o-weakly continuous. Thus ¢
is norm lower semicontinuous. Hence f is lower semicontinuous. [

22. Unimodular Left Hilbert Algebras

Suppose A is a left Hilbert algebra in a Hilbert space H. Then A
is unimodular when the modular operator A is the identity. In this
case, by Theorem VIL4, J = § = F. We shall use # for the isometric
conjugate linear involution obtained by closing the operator a a*.
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Next note A C A", Indeed, {a = (a"€*)" = Jw(a*)JE for € and a in
A, and thus £ = 7(€)e is a bounded operator. This gives a € A’
for a € A and 7'(a) = J=(e*)J. In particular A’ C 4”7, and thus
A = A" if Ais an achieved left Hilbert algebra. Moreover, when
A is achieved, w(A) is an ideal in £(A). Indeed, let T € £(.A) and
a € A. Then b — w(b)a = 7'(a)b is bounded. Thus b — Tr(b)a =
Tr'(a)b = 7'(a)Th is bounded. Thus Th € A”. Hence Th € A, and
m(T'b) = Tr(b). Note m(b)T = (T w(b"))* = w(T*b*)* = n((T*b*)*).

THEOREM VII.19. Let A be an achieved left unimodular Hilbert
algebra tn a Hilbert space H. Define ¢ on L{A)* by

0 otherwise.

o(T) = {(a, a) ifr(a)=TY?, ac A

Then ¢ is a faithful, normal, semifinite trace on L£{A); and
{T € LLA) : o(T*T) < o0} = w(A).
Moreover, (a,b) = ¢¢(m(b)*n(a)) for a,b € A.

ProOF. By Theorem VII.18, the natural weight on the von Neu-
mann algebra £(.A) is faithful, normal and semifinite; and the map-
ping U defined by Ua = #(a) is an isometry of A onto N NN* =
{A € L(A): ¢p(A*A) < 0o and ¢{AA*) < o).

We now show ¢ is a trace. Suppose T € £({A) and ¢(T"T) < .
Let 7' = U|T| be its polar decomposition. Recall U is a partial isom-
etry of the closure of the range of 7™ (which is also the closure of
the range of |T'|) onto the closure of the range of T and || = vT+T.
By Proposition VIL6, U is in £L(.A). Choose a € A with m(a) = |T|.
Then ¢(T°T) = (a,a). Next note n(U*Ua) = U*Uxn(a) = |T| =
7{a). This implies U*Ua = a; for by Proposition VII.4, = is faithful.
Since |T| = U|T|U", |T*] = Un(a)U* = Ur(a*)U* = Un((Ua)*) =
7(UJUa). Furthermore, n(JUa) = x(Ua)* = n(a)*U* = |T|U* =
UUITIU* = U*Un(a)*U* = U*Ur(Ua)* = UUn(JUa) = #(U*UJUa),
and thus JUe = U*U JUa. Hence

HTT") = ¢(|T" %)
= (UJUa,UJUa)
= (U"UJUaq, JUa)
= (JUa, JUq)
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= {Ua,Ua)
= (U'Uaq,a)

= (a,q)
— §(T"T).
Replacing T by T*, we see ¢(T*T) = ¢(TT*) if ¢(TT*) < oo. Thus
¢ is a trace. In particular A* = A, This implies 7(A) = {T ¢
L(A) : $(T*T) < oo},
The last statement follows by Proposition VII.22. O

REMARK. The semifiniteness of ¢ is a consequence of Corollary
VII.20. A slightly stronger condition holds; namely for each T > 0
in £{A), thereis an § > 0 of form #(b)*n(b), b € A with § < T holds.
Indeed, since 7(A) is strongly dense in £{A), there is an a € A with
7(a)TY? £ 0. Since n(A) is a * ideal in L{A), w(a)T"? € =(A).
Moreover, T'?n(a)*n(a)T"? < ||m(a)|*T. Thus if n(b) = %‘:3(:—;;'2,
then #(b)*w(b) < T and @(mw(b)*m(b)) = (b,b). Semifiniteness then
follows from Corollary VII.18.

23. Bitraces

DEFINITION. Let A be a C* algebra, A bitrace on A is a function
s: N x N — C where NV is a self adjoint ideal in A satisfying

(a) sisa complex Hermitian nonnegative form

(b} s(y,z) = s(z*,y7)

(c) (z:cy y=s(z,z*y) forz,ye N, z€ A

(d) for each z € A, z — 2z is continuous in the pre-Hilbert
structure defined by s, and

{e) the linear span of all products zy, z,y € N, is dense in N
under the pre-Hilbert structure defined by s.

The ideal A is called the ideal of definition of s and is denoted by
N,. The Cauchy-Schwarz inequality along with (b) and (c) imply the
set N, of all z € N with s(z, z) = 0is a self adjoint ideal in .A. Hence
N,/N, is a pre-Hilbert space whose completion is denoted by Hs.
N, /N, is also a # algebra with operations (z+ N, )(y+N,) = zy+Ns
and (z + N)* = z* + N,.

PROPOSITION VIL27. N /N, is a left unimodular Hilbert algebra
in H,. Moreover, for a € A, Ma)(z + N,) = azx + N, and p(a)(z +
N,) = za + N, extend to bounded operators on Hy making A into &
* representation of A and p into a * anti-representation of A.
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PROOF. Clearly N,/N, is dense in H, and is a # algebra. More-
over, b > ab + N, is bounded by (d); and thus A(a) is a bounded
operator on N, /N, having a unique extension to H,. By (e), the
linear span of (N,/N,)? is dense in A/, /N, Next note

{a(b+ N),c+ N,) = s{ab,¢)
= s(b,a’c)
={b+ N, (a+ N)*(c+ N,)),.
Also a+ N, = o" + N, is an isometry of N,/N, and thus extends to

a conjugate linear isometry S of Il,. In particular, # is a closeable
operator. We next note F = S* = S, Indeed,

{b+ N, S(a+ N,)), = s(b,a")
= s(a,b")
== (ﬂ, + Ns,b* + Ns)

for all a € N,. Hence F(b+ N,) =b" + N,. This gives F = §* = §.
Since A = F'S, we see A = I; and thus N, [N, is a left unimodular
Hilbert algebra. Finally JA(a*)J = p(a) implies p(a) is a bounded
operator for all a € A. That A is a * representation (equivalently p
is a * anti-representation) follows easily. [J

LEmma VIL38. Let U be o left unimodular Hilbert algebra in a
Hilbert space H. Then 7'(U)" = ="(UL") .

ProoF. We know f C U/’ and J = § = F. By Theorem VII.T,
JLU)T = L{U'). Hence Ja(Ud)"J = #'(U')". From this, one obtains
(JrU)J)" = #'(L')". But by Corollary VIL7, we have Jr)yJ =
m(JU) = 7' (U*) = 7' (U). This gives = ()" = 7' (U')". Taking
commutants gives 7' () = =" ('Y,

PROPOSITION VIL.28. Let s be a bitrace on a C* algebra A. Let
Us be the von Neumann algebra generated by A(A) and V, be the
von Neumann algebra generated by p(A). Then U, = L{N/N,) and
Vi = LING/NLY). In particular, U, and V, are commutants.

PrROOF. Let 7w and 7’ be the natural representations of the uni-
modular Hilbert algebras A/,/N, and (N,/N,) on H,. Let o be in N,
Clearly, m(a+ N,) = A{a). Furthermore, since NN, C(N,/N,), we
have 7'(a + N,) (b + N,) = (b-+N:)(a+N,) = ba+ N, = pa)(b+ N,).
In particular, 7(AL/N,) C A(A) and ' (N, /N,) C p(A). By Lemma
VIL38, o' (N, /N,) = 7' ((N/N.Y). Thus

TNG/N3) ©ACA) € p(AY C 7' (Na/ N = 7/ ((No/NSY') = LN /NL)'Y.
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Taking commutants we obtain
L(NINL)) € p(A)" S AAY € 7(N/NL) = LINL/N.).
But by Theorem VIL7, LN, /N, = L((N,/N,Y). Hence
LNL/N,) = p(A)" = MA).
Thus U, = V, = L(N,/N,)’, and the result follows. [

By Theorem VIIL.19, there is a natural faithful normal semifinite
trace t, on L(N,/N,) such that AV}, 2 A(N,). By Proposition VII.20,
Theorem VIL16, and the fact that M, = N since ¢, is a trace, A},
is an achieved unimodular Hilbert algebra in H,,. We recall the trace
ts on L{N,/N,) satisfies

ts(Ala) A(a)) = s(a,a) for a € N,.

LEMMA VIL39. Let A be a C* algebre, and let s be a bitrace on A.
Form the corresponding unimodular left Hilbert algebra Ay = N, /N,
in H,, and let t, be the natural normal semifinite trace on L({Ap).
Then there is a unitary mapping U from H, onto H,, defined on the
dense subspace Ay of H, by U(a + N,) = Ma) + N,,. Moreover, U
satisfies UN(a)U ! = w(\(a)) for a € A where w is the representation
of the von Neumann algebra £L(Ag) obtained by the GNS construction
on the trace t,.

PrOOF. Let A, be the achieved left Hilbert algebra in H, consist-
ing of the elements a € H, where ay — p{ag)e is bounded on H,.
We call the extension of this operator A(a). By Theorem VII.19,
N, consists of all operators T € L(Ag) such that T = A(a) for
some a € Ay. Moreover, {a,b)n, = (Ma) + N,,, A(b) + N¢,},,. Thus
if AABe N, A+ NNyB+ N, ¢ Ay and {A+ N,,B + Ny)u, =
(MA)+ N, M(B)+ N, )4,. Hence U is an isometry from N, /N, into
Hl;, which extends to an isometry from H, into H,,. To see U is onto,
it suffices to note that the range of U contains A, /N,,. Let T € N,
Then T =A(e) for some a € A;. Choose a sequence a; + N, in N,/N,
which converges to a in H,. Then A(a—a;)+ N, converges to 0 in H, .
Indeed, (Aa — a;) + Ni,, Ma — a;) + N, e, = lla — (a = N,)|[3, = 0
as 1 -+ oo. Hence U(H,) 2 N, /N,,, and thus U(H,) = H,,.
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Finally, let ¢ € A and b € N,. Then

UM(a)(b+ N,) = U(ab+ N;)

= Aab) + N,
A(a)(A(b) + N,)
m(A(@))(A(b) + V., )
w(Ma))U(b+ N,).

Thus UMa)U™! = n(A(a)) forace A. O

il

i

Using the isomorphism U* to carry all operators back to H,, we
have the following theorem.

TueorReEM VIL.20. Let A be o C* algebra, and let s be a bitrace
on a self adjoint ideal N,. Then there is an achieved left unimodular
Hilbert algebra A in H, containing N,/N,. It consists precisely of
the elements § € H, such that a + Ny — A(e)§ and a + N, — pla)
are continuous on the pre-Hilbert space N,/N,.

LemMa VIL40. Suppose s and s’ are bitraces on a C* algebra A
with Ny C Ny and 8'|n, v, = 5. Let T be the isometry of H, into H,,
satisfying T(z + N,) = ¢ + Ny for z € N, with range H.. Then the
orthogonal projection P onto H is in the center of Uy, = L(Ny /Ny );
and if t, and t, are the natural traces on U, and Uy, then t,(X) =
to(TXT*).

PrOOF. Note T is well defined since N, € N,. Moreover, T
is an isometry since |y, xn, = $. Since TA(a)(z + N,) = az +
Ny = N(a)T(z + N,), we see TA(a) = N(a)T on H, for each a € A.
Similarly, Tp(a) = p’(a)T for all a. Thus the range of T is invariant
under all X (a) and all p'(a). This implies P € X (A)' N p'(A), and
thus P is in the center of U, = N (A)”. Now i, is defined on U, by

LX) = {<£,£> if p(@)g = X2z + N,) for 2 € N,

00 otherwise.

A similar definition holds for ¢,,. Now note T*X(a) = A(a)T* and
T*p'(a) = p(a)T™ for all a. Thus if X € U,, then TXT* € p'(A) =

If z+ N, — p(z)€ is a bounded operator on A, /N,, we shall use
the notation A(£) for its bounded extension rather than the standard
notation (). Similarly we use X (¢') for N, /N,
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Now suppose A(£) is bounded for a £ € H,. Then if x € N,
p(@)T€ = #(z)PTE — Pyl(2)T€, and thus (I — P)o/(2)T¢ = 0.
This gives X' (T€)(I — P){(x+ Ny)=0forallz e N,.. Butif z € AV,
we see N(T€)(z + Ny) = pl(2)T€ = Tp(x)f = TAE)z + N =
TNET*(z + N,). Combining these, we see if A(£) is bounded,
then X (7€) is bounded and N (T¢) = TAE)T™. In particular, if
ME) = XV2) then N(T€) = TXY*T". Hence t,(X) = (§,§); and
to (TXT") = (T€,T¢) s = (£, &)s. This gives t,(X) =t (TXT").

Now suppose £ is bounded in Hy. Thus z+ Ny — p'(z)£ extends
to a bounded operator X (£). Hence z + N, — T*p'(z)¢" = p(x)I*¢’
is bounded on N, /N,. Hence z + N, — p(z)T*¢ is bounded. Hence
ATE') exists and

MT* Yz + N,) = TN () (z + No) = T*N(E)T(z + N)

for z ¢ N,. This gives A(T*£') = T*X(&)T for any bounded £’ in H,..
In particular, if TX/2T* = N(€"), then N(T*¢) = T*TXV?1"T =
XY2 Thus t,(X) < oo iff t.(TXT") < oo, and then t,(X) =
£ (TXT"). O

COROLLARY VIL.22. Let s be a bitrace on a C* algebra A. Let ¢,
be the standard faithful normal semifinite trace on the von Neumann
algebra L(N,/N,) generated by the left unimodular Hilbert algebra
N,/N, on H,. Thent o) is a semifinite, lower semicontinuous trace
on the C* algebra A. Moreover, if s' is any bitrace with N, C Ny
and 8'|x.xn, = 5, then Ny, S Ny C N on © N one

PRrOOF. N, is a self adjoint ideal in A; and by Proposition VIL.28,
A(N,) generates the von Neumann algebra L(N/N,) = A(A)". In
particular, A(N,) is strongly dense in L{A/N,). Moreover, by The-
orem VIL19, ¢, is a faithful normal semifinite trace on L{N,/N,)-
Hence Proposition VIL.26 implies ¢, 0 A| 4+ is a semifinite, norm lower
semicontinuous trace on A.

Now note that A, C N since MN,) C N,,. Thus if " ex-
tends s, we need only show .’Vz,,,ox C Niox Leta € Ms,ox. Then
M(a) € N,,. Hence to(N(a"a)) < oc, and there is a § € Ho
such that N(a*a)*? = XN(¢). But then T*X(§)T = AI"¢)
T*N(a*a)/*T = Ma*a)/? for T* N ()T = Aa). Thus t.(A(a*)a))
(T8, T*g), < {¢,8)e = to(N(a")X(a)) <. O

PROPOSITION VIL29. Let Ao be a self adjoint dense subalgebra of
a C* algebra A, and let so : Ao x Ay — C be a mapping satisfying

Wl

(a) so is a complez Hermitian nonnegative form;
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(b) so(y,z) = so(z",9");

(c) solzz,y) = solz, 27y) for x,y,2 € Ay,

(d) for each z € Ay, so(zz,2z) < ||2||*so(z,z) for all x € Ay;
and

(e) the elements xy, z,y € Ay, span a dense subspace of Ay under
the pre-Hilbert structure defined by so.

Set N = {a € Ap: so{a,a) = 0}. Then N is a x ideal in Ay, and
Ay /N with involution defined by (a + N)* = a* + N is a unimod-
ular left Hilbert algebra in the completion H of Ag/N equipped with
Hermitian inner product {a + N,b+ N) = so(a,b). Moreover, the
natural representation Ao of As on H extends to a *-representation
X of A; and if t is the natural normal faithful semifinite trace on
L{Ag/N), then s defined on Ny x N by s(a,b) = t(A(a)A(b")) where
N, = XYM extends s; and is a mazimal bitrace on A.

PROOF. N is a * closed since so{a*,a*) = sp(a,a). It is a left ideal
in Ay, for 0 < s(ab,ab) < ||a||*s(b,b) =0ifa € Ay and b€ N. Thus
Ag/N is a pre-Hilbert space and has involution (a + N)* =a” + N.
Moreover, by {(d} and {c), X(a)(b + N) = ab + N has a natural
extension to a * representation of A, on H satisfying (| Ao (a)|| < ljal|
for a € Ap. Since A is dense in A, Ay has a unique continuous
extension to a *-representation A of A on H.

Now a + N — a* + N is an isometry of Ag/N. Thus it has a
unique extension to a conjugate linear isometry S of H. That Aq/N
is a left Hilbert algebra in H now follows from (c) and (e). A/N is
unimodular since A = §*§ = 1.

Let ¢ be the natural normal semifinite faithful trace on L£L(Ag/N).
Then N, is a * ideal in £(A4y/N), and N, = A7'(N,) is a  ideal in
A. Moreover, since AMa) = n{a + N) for a € Ay and t{A(a)*Aa)) =
{a+N,a+N) for a € Ay, we see t{A{a)A(b)*) = so(a,d) for a,b € A,.
Hence s extends so. Next note the Hilbert space structure defined by
s on N, /N, has the same completion as the Hilbert space structure
obtained by completing .Ay/N. Indeed, the completion of Ag/N is
H; and by Theorem VIIL.18, the mapping U : Ap/N +— H, defined by
Ula + N) = Aa) extends to a unitary isometry of H onto H, which
carries the achieved left Hilbert algebra (Ay/N)" onto A;. Now the
mapping a + N — a + N, is an isometry from Ap/N into A /N,
and the mapping a + N, — A{a) is an isometry of N;/N; into H,
and these compose to give U. Hence Ay/N — N,/N, — N,/N,
are isometries which extend to the completions. In particular, A7
contains AZ; and thus A2 is dense in pre-Hilbert structure on A /N,.
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Thus s is a bitrace.

We finally note that s is maximal. Indeed, suppose N, is a * ideal
in A with N; C N,y and s(a,b) = s'(a,b) for a,b € N,. By Corollary
VII221 N; g Ns’ g MsroA’ g -Nrt,oAS- But -Aft,o,\, g -Afto,\, for the
mapping a + N, — A(a) + N, from N, /N, to N;/N, extends to an
isometry V from H, onto H, carrying N,/N, into the achieved left
Hilbert algebra N, satisfying Va,(As(a))V" = m(Ae)) for a € N,.
Thus N, CNy CNoa =N,,and s=35" O

EXAMPLE, Let GG be a unimodular locally compact second count-
able group. Let 4 be C*(G), and let 4y = C.(G). Then A; is a
dense * subalgebra of A. Define s on A4, X Ay by

9= [ @) da

where dz is a left Haar measure on (7. Then s satisfies

a) § is a positive sesquilinear Hermitian form;

b) s(f,9) = s(g™, f);

c) s(f+g,h)=slg, f" *h);

d) s(f*g,f+g) < ||f|lé*(c)5(ga9); and

e) the elements f * ¢ span a dense linear subspace of Ay relative to
the inner product s.

(
(
(
(
(

PROOF. We check the statements. (a) is clear. For (b), note
[ #@3@)dz = [ £ AE) ds

Afg (z) dx

= s(g", f)

this is where we must have unimodularity. For (c), we have
fegh f f *g(z)h(z

_/ff (z)dydz
_fff zy)g (z)dydz
=ffg y)f(zy Ay Dh(z)dyde
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= [ o) [ Flh@)AE ") dedy
:/gy /Wda:dy
—/g ff y) dz dy

= s(g, f" * h).
For (d), A(f)§ = f * £ defines a nondegenerate representation of
Ce(G) on L*(G). . Thus IAHI < [I£lle-(6)- Hence

)
s(f+g, f+g) = IMHlz < IMDIPIgIE < 11£11En (6 5(9: 9)-

Thus (a), (b), (c) and (d) hold. The nondegeneracy of A implies (e)
holds. O

For this example N = N, = {0}. Thus 4y = C.(G) is a uni-
modular left Hilbert algebra in L*(G), and its completion H under
{-,-}s is L*(G). Thus for each f € Ay, there is a unique bounded
operator A(f) on H extending g — f +g¢. (Note A\(f)¢ = f+£.) Also
A < [Iflle+()- Thus A extends to a representation of C*(G) on
H. Moreover, A(C*(G)) and A(Ap) generate the same von Neumann
algebra 4.

Furthermore, if ¢ is the natural normal faithful semifinite trace on
U = L(Ap), then s defined on A7 (N;) by s{a,b) = t{(AMa)A(b")) is
a maximal bitrace on C*(G). Also, for each ¢ € L*G), one may
consider the mappings f — f*€and f — &+ f for f € Ay =
C.(G). If the first is bounded, we call it p(¢) and if the second is
bounded we call it A({). Then p(¢) and A(£) are both bounded or
both unbounded. If they are both bounded, then £ is said to be
a bounded element in the Hilbert space. The set 4’ of bounded
elements form an achieved left unimodular Hilbert algebra which is

isomorphic to the achieved left Hilbert algebra A} in the completion
Of (M/Nta ('7 '>t)‘

24. Disintegration of Positive Linear Functionals

PROPOSITION VIL.30. Let A be a separable C* algebra and 7 be a
*-representation of A on a separable Hilbert space H. Suppose 7 has
cyclic vector £, and m decomposes into a direct integral [® m, du(s)
of representations m, relative to a direct integral decomposition H =
J®H, du(s) of a standard Borel Hilbert bundle H. Let s — &(s) be a
Borel section of the Hilbert bundle with € = [® £(s) du(s). Then for
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a.e. s, £(5) is a cyclic vector for the representation n,; and for each

a €A,
(r(@).€) = [ (me(a)6(2), €D duts).

PrOOF. We may assume the Hilbert bundle is trivial. Thus H, =
Hy, for all 5. Let Ay = {a;}$2; be a countable dense complex rational
* subalgebra of A. Using a Gram-Schmidt like process there exists
a sequence of Borel functions f; from S into A so that for each i,
s — w(fi(s)) is a Borel field of operators; and

(@) (ms(fi(5))E(s), ma(£3(3))€(5))s = 0 for i # j;
(b) 7,(fi(s))E(s) is either O or a unit vector;
(c) the linear span of m,(f:(s))¢(s) is dense in =,(A)£(s).

We indicate the inductive construction. Set

fi(s) = ey 7sta)é(s) £ 0
1 et &
0 otherwise.

Suppose fi, fa,* - , fn have been defined. For each s, set
a(8) = ant1 — 3 _{Ta(@ns1)E(s), M £i(8))E(8))s fil5)-
i=1

Then define f.,; by

fanils) = {ITaE—s;ﬂ i als) 72 °
0 otherwise.
Note the linear span of m,(f;(s))é(s) contains m,(A¢)é(s) and thus is
dense in 7,(A)¢(s).
Let P(s) be the orthogonal projection of H, onto the closure of
m:(A)E(s). We note s — P(s) is a Borel field of operators for the
Hilbert bundle H. Indeed,

P(5)E'(s) = D_(€'(8), mo( fi(8))&(8))sma(£:(5))(5)
i=1

is a Borel section of the Hilbert bundle H for each Borel section &'(s)
of H.

Let S = {s : P(s) # I,}. Then S, is Borel. Moreover, {(s,v) :
s € So,||v|lo = 1, P(s)v = 0} is a Borel subset of S, x Hy. By the
von Neumann Selection Theorem 1.15, there is a Borel function &’ on
S such that £'(s) = 0 for s ¢ Sy and P(s)¢'(s) = 0 and |}€'(s)||o = 1
for 1 a.e. s € Sy. This implies {m{a)£,£&’) = 0 for all a € A. Since &



25. TRACES ON TYPE I AL.GEBRAS 349

is cyclic, {’ = 0; and S, has measure 0. Hence £(s) is a cyclic vector
for 7, for almost all s.
Finally, note

(r(@8.) = [ (r(@)(o). €. duls)

s
for all ¢ follows from 7 = [® 7, du(s). 0O

COROLLARY VIL.23. Let w be a positive bounded linear functional
on o separable C* algebra A. Let m, be the representation of A
obtained on H, by the GNS construction. Suppose x,, — [ r, du(s)
s a direct integral decomposition of w, relative to a Hilbert bundle
H. Ife, = [° §.(s) du(s) is the canonical cyclic vector for 7, then
for almost all s, £.(s) is the canonical cyclic vector for w, relative to
positive bounded linear functional w,(a) = (my(a)é,(s), £.(s))s.

Proov. This follows easily from Theorem IL.7. []

25. Traces on Type I von Neumann Algebras

PROPOSITION VIL31. Let H be a Hilbert space, and let t be a nor-
mal semifinite trace on B(H). Then N, = HS(H,H), and M, is the
space of trace class operators on H. Moreover, there is o A > 0 such
that t(A) = XTr(A) for A > 0.

PROOF. Let v be a unit vector in H. Then E,(w) = (w,v)v is
a rank one projection in B(H). Note the positive operators smaller
than E, have form rE, where 0 < r < 1. Hence oo > t(E,)=XA>0
since ¢ is faithful and semifinite. Moreover, if ¢’ is any other unit vec-
tor, there is a unitary operator U/ with Uv = v’. Hence UE,U* = E,,.
Thus t(E,) = t(UE,U*) = t(E,U*U) = t(E,) = \. Hence t(P) = \
for all rank one orthogonal projections. Thus ¢(P) = ATr(P) for
all finite rank orthogonal projections P. Moreover, any orthogonal
projection P is the strong limit of an increasing net of finite rank
projections. Indeed, let {e;};c; be an complete orthonormal basis of
P(H). Order the finite subsets F of I by inclusion; and for each F,
set Pr to be the orthogonal projection onto the linear span of F.
Then for each v € H, Prv — Pu strongly. Hence Pr » P strongly
as F increases. By normality, ¢{(P) = ATr(P) for any orthogonal
projection P.

Now let A be any positive operator. By the spectral theorem,
for any € > 0, there is a positive operator A, with finite spectrum
satisfying A > A, and |[A — A.|l < e. Indeed, if A = Jocay AdP(N)
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and Ey, E,, -+, E, is a partition of o(A) into disjoint Borel subsets
with sup,.z A — infacg, A < ¢, then take A, = 377, M P(E;) where
X; = infyeg, A. By doing refinements, we may assume Az 7 A as
n — 0o. Hence t{A) = ATr(A) for all A > 0.

Since M, is the linear span of A > 0 with ¢(A) < oo, we see M, is
the space of trace class operators on H. Clearly, N, is HS(H,H). 0

REMARK. Tr is a faithful normal semifinite trace on the von Ney-
mann algebra B(H). Moreover, Hy, = HS(H, H); and HS(H, H)
is an achieved left unimodular Hilbert algebra in the Hilbert space
HS(H, H).

PROPOSITION VIL.32. Suppose v is a o-finite measure on a stan-
dard Borel space S and H is a separable Hilbert space. Let A be
the type I von Neumann algebra L°°(S,v, B(H)). Ift is a normal,
semifinite trace on A, then there is a unique o-finite measure y < v
satisfying

t(4) = [ T(A()) du(s)

for each positive operator A € L*(S,v, B(H)). Conversely, if it is a
o-finite measure with u < v, then

Avs [ THA@) du(s)
is a normal semifinite trace. It is faithful iff i1 ~ v.

ProOF. Let E, be the operator w — (w,v)v. Then if v is a
unit vector, E, is a rank 1 orthogonal projection in B(H). For each
Borel subset F of S, the operator {1zE,)(s) = 1p(s)E, is in A*.
Moreover, if v and w are unit vectors in H and 7' is a unitary operator
on H carrying v to w, then 157 is a unitary operator on L2(S,H)
satisfying (1sT)(1pE,)(1sT)* = 1pE,. In particular, since ¢ is a
trace, t(1rE,) = t{(1pE,). Hence u(F) = t(1pE,) where v is a unit
vector in H is well defined. Moreover, using the normality of t and
Propositions VIL.16 and VIL15, one sees that p is a measure on 5.
We further note this measure is absolutely continuous with respect
to v.

To see that p is o-finite, we exploit the semifiniteness of the trace
t. Consider the operator 1sE, where v is a unit vector. It is in At
By the semifiniteness of ¢ and the strong separability of A, there i3
a sequence of elements A, in the linear span of all positive elements
P € A* with t{P) < oo satisfying 4,, — 1gFE, in the strong operator
topology. In particular, there is a countable family {P;} of positive
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projections in A with v(S — U{s : Ps) # 0}) = 0 and ¢(P,) < o
for all <. Since g < v, we see U;{s : Pi(s) # 0} is p-conull in S.
Thus to see u is o-finite, it suffices to show {s : P(s) # 0} has finite
i measure for each projection P € A with ¢{(P) < oc. Since P is
a projection in L*(S, v, B(H)), Proposition II1.12 implies we may
assume P(s) is an orthogonal projection in B(H) for each s.

Let {e;}:2, be a complete orthonormal basis of H. Thus for each i,
s — P(s)e; is Borel. We do a Gram-Schmidt type orthonormalization
process. Namely define f; by

fils) = {Ti?ﬁ if P(s)ey # 0

0 otherwise.

Suppose fi,..., f, have been defined. For each s, let

m

p(s) = P(s)ents - Z(P(s)en+la Fe(8)) fi(s)-

k=1
Define f,4+; by

frra(8) = {ﬁgﬁ if p(s) # 0

0 otherwise.

Then for each s, the range of P(s) is the closure of the linear span
of the set of vectors {f;(s) : ¢ = 1,2,...}. Define f by f(s) =
Yo 127" fu(s). Set
Hs) s
w(s) = { TG if f(s) #0
0 otherwise.
Then P(s) # 0 iff v(s) = P(s)v(s) # 0.
Pick a unit vector vg. The set
{(s,T): T € U(H), Tvo = v(s) where v(s) # 0}

is a Borel subset of & x B(H) whose projection into S is the set of
s’s with P(s) # 0. By the von Neumann Selection Theorem (see
Theorem 1.14), there is a strongly Borel function s — T(s) such that
T(s) € U(H) and T(s)vy = v(s) for v a.e. s where v(s) # 0. In
particular, T(s)* P(s)T(s)vo = v(s) for v a.e. s where P(s) # 0. This
implies T*PT > 1¢..p(s)0} Ev,. Thus

p{{s: P(s) # 0}) = t(1(s:p(s)20y Euy) < HT*PT) = t(P) < oc;

and we see p is o-finite.
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Next note A — f Tr(A(s)) du(s) defines a normal trace. Indeed,
we have | T(A(s)) diu(s) = £, J (A(s)ei,e.) du(s) = 2y eir.er(A)
where ¢;(-) is the element in L2(S, v, H) with e;(s) = e, for all s.

We show this trace is t. Let A € L>=(S,v, B(H))" have spectral
resolution A = f[o‘m] AdP()\). By Theorem IL.5, each projection
P(E) where E is a Borel subset of S commutes with all the operators
in L=(8, v, B(H))'; and thus each P{E) belongs to L>(5, v, B(H)).
As seen in the proof of Proposition VII.31, there is a sequence A,
of positive operators such that A, 7~ A strongly; and each A, is a
finite positive linear combination of projections of form P(£;). Thus
by Propositions VII.16 and VII.15, it suffices to show

UP) = [ Te(P(s)) du(s)

for all orthogonal projections P in L=(S, v, B(H)). As seen earlier,
there are Borel functions f; on S such that each fi(s) is either a unit
vector or 0, the f;(s) are orthogonal, and the range of P(s) is the clo-
sure of the linear span of the fi(s). Set P.(s)v =31, {v, fi(s)) fi(s).
Then P, € L*=(S,v, B(H)), and P, ,/ P strongly. Thus since both
t(P,) ~ t(P) and [Tr(P,(s))du(s) ./ fTr(P(s))du(s), we need
only show

(P = [ Te(Pu(s)) du(s)

But each P,(s) is a finite sum of the orthogonal projections E;(s)
defined by E;(s)(v) = (v, f:(s)) fi(s). Hence we need only check that
tQ) = [ Tr(Q(s)) du(s) where Q satisfies Q(s) = E,( for some
Borel function s — »(s) € H with ||v(s)!| = 0 or 1. The argument
above for o-finiteness shows there is a unitary T in L*=(S,v, B(H))
such that T(s)EyT(s)* = L{sw(s)20) (8)Ey,. Hence

HQ) = t(TQT")
= t{1{s0(5)20) Evo )
= u({s:v(s) #0})

= [ 1@ duts)

Uniqueness of the measure u follows from the fact that if

A) = [ Te(A() i (o)
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for positive operators A, then
W(F) = f Tr(1p(s)E,) dit'(s) = t(Lr E,) = u(F)

for any unit vector v € H.

Conversely, suppose u is a o-finite measure with o < v. We have
seen that t(A) = [Tr(A(s))du(s) is a normal trace. Moreover, if
A > 0, we have seen there is a nonzero projection P of form P(s) =
E,(s) and a A > 0 such that AP < A. Using the o-finiteness of 1, we
may assume u{s : v(s) # 0} < co. Hence B = AP satisfies B > 0,
B < A, and #(B) < co. Semifiniteness now follows by Corollary
VIIL.18.

Clearly, i ~ v iff ¢ is faithful. ]

THEOREM VI1.21. Let H be a Hilbert bundle over the standard
Borel space S. Suppose n(s) is a Borel function on S with values
in {00,1,2,3,...} and v is a o-finite measure on S. Then if t is a
normal semifinite trace on the separable type I von Neumann algebra
A = [®n(s)B(H,)dv(s), then there is a unique o-finite measure
u < v such that

o[ i) A du() = [ (A au)

for any Borel field of positive operators s — A(s) relative to the
Hilbert bundle H. Conversely, if u < v and p is o-finite, then A —
[ Try(A(s)) du(s) for A = [®n(s)A(s)du(s) € A* defines a normal
sernifinite trace.

ProoF. By Theorem II1.12, we may assume H is a direct sum of
trivial Hilbert bundles H, where H;, — S, x Hi and dimH, = k.
Forl=00,1,2,..., set Si; = n~!(I)N S. Using this decomposition,
one sees A = ©A;; where Ay, = L™(S,v,[B(H;)). By normal-
ity, the result will follow if for any normal semifinite trace ¢,, on
Ay, there is a unique o-finite measure u on Sk, such that £, has
form tk,;(fgz 1A(s)dv(s)) = [5, Tre(A(s)) du(s) for any strongly Bo-
rel function s — A(s) € B(H)*. But if ¢, is a normal semifinite
trace on L>(Sy, v, IB(Hy)), t,, defined by t; ,(A) = t;,(IA) for A €
L*(8g,,v, B(H)™) is a normal semifinite trace on L=(Sy,;, v, B(Hy)).
The existence and uniqueness of i now follows Proposition VII.32.

Conversely, let u be a o-finite measure on § absolutely continuous
relative to v. Again we may assume # is a direct sum of trivial
Hilbert bundles. By Proposition VIL.32, ¢y, on L®(S; ,, v, [B(H}))
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defined by t:(A4) = [, Tre(A(s)) du(s) is a normal semifinite trace,
Thus ¢ = @y te, is normal and semifinite. O

26. Bitraces on Separable Type I C* Algebras

LEMMA VIL41. Let s be a bitrace on a C* algebra A. Suppose S is
a norm dense subset in A and S C N,. Then the set {zy+N, :z,y €
S} spans a dense subspace in H,. In particular, if A is separable,
then H, is separable.

Proor. By the definition of a bitrace, the elements zy+ N, where
z,y € N, span a dense subpsace of H,. Now X and p are continuous
representations of A on H,. Thus if #; and y; are nets in S which
converge in norm to x and y, then

Hxiyj —zy + Nil|s < Hwiyj —zy + No||s + |zmy — 2y + Nsl|s
< Hlo(y; — y) (@i + Nolls + (| — ) (y + No)|ls
< ilys — yllallz: + Nolls + ||z — zl]ally + Nl

which can be made small by fixing z; near z and then choosing y;
near y. O

REMARK. Let 7 be a *-representation of a »-algebra A on a Hilbert
space H. Then a — w(a*) is a * anti-representation of A on H. We
denote it by 7*.

THEOREM VIL22. Let A be a separable type I C* algebra, and let
s be a bitrace on A. Suppose N, is norm dense in A. Let X and p
be the associated left and right representations of A on the separable
Hilbert space H,. Let J, be the natural conjugation on H, obtained
by extending the isometry a + N, — a* + N, on N,/N, to H,. Then
there is a o-finite measure u on A such that if [0] — o is a Borel
cross section of A into the irreducible x-representations of A and
[o] — H, is the corresponding Hilbert bundle, then:

(a) H, = [*H, @ H, du([o]) = [® HS(H,) du([o]);

(b) for eacha € A*, [g] = Tr(c(a)) is Borel; and for eacha € A,
[0] = 0(a) & T and [o] — I ®5(a) are Borel fields of bounded
operators relative to the Hilbert bundle [o] — H,;

(c) for eacho, let J, denote the conjugate linear involutive isom-
etry on H, @ H,, satisfying J,(v® W) = w@ 7, then [o] = J»
is Borel;

(d) t(Ma)) = [ Tr{o(a)) du([o]) fora 2 0, A = [T o @ T du([o]),
p= fI ®a” d,u([o]), and J; = fEB Jo du([a]),‘
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(e) Moreover, y is uniquely determined by the condition

3(a,b) = / Tr(o(ab™)) du([o]) for a,bc N,.

Also if U and V are the von Neumann algebras genemted by )\(.A) and
p(A), then U = [® B(H )®Id,u([a] and v [® I® B(H,)du(]o]).
In particular, the center of U is [ C(I, ® I,) du(o).

PROOF. Form the Hilbert space H, and the representations A =
As; p = ps, and the operator J = J; on H,. Let t = ¢, be the
natural normal semifinite trace defined on the von Neumann alge-
bra U = A(A)". Since A is type I and A is a representation of A,
Theorem VI.14 implies there is a finite measure v on the standard
Borel space A and a Borel function n : 4 — {o0,1,2,...} such
that A = [®n([o])o dv(s). In particular, the Hilbert space for A is
I®n([o))H, dv([o]); and

= [ n(lo]) B8, du(lo).

By Theorem III.16, the commutant of ¢/ is given by

V= [ Moo ©) d(lo)

Applying Theorem VIL.21, we see there is a unique o-finite mea-
sure g < v such that if A > 0, then

[ o) AloD av(io)) = [ TH(AoD) dulo).

For notational convenience, we write n(s), A(o), etc. for n{[o]),
A(lo]), etc.

We now carefully construct the Hilbert space H,. N, consists of all
bounded Borel fields n(o)A(o) such that [ Tr(A(c)*A(c))du(s) <
o0, and N, consists of all such fields such that Tr(A(c)* A(e)) = 0 for
K a.e. 0. For each g, we consider the Hilbert space HS(H,, ). We give
a Borel structure that makes o — HS(H,) into a Hilbert bundle.
Indeed, let H = {{5,4) : 4 € HS(H,)}, and let f, be a countable
family of Borel sections of the Hilbert bundle ¢ ++ H, satisfying (1)
and (2) from Section 9 of Chapter III in the definition of a Hilbert
bundle. As seen in the argument of the proof of Theorem III.12,
we may assume {f;(c),... yIne(o) fry(o) #0, In@ya(o) = 0}
is a complete orthonormal basis of H, for all o. Define E; (o) €
HS(H,) by E;;(o)(v) = (v, fj(o))fi(c). Then an easy argument



356 VII. LEFT HILBERT ALGEBRAS

shows {E,;(0) : i,7 < n{o)} is a complete orthonormal basis of
HS(H,). These sections define a standard Borel structure on .
Indeed, take the smallest Borel structure on H such that (o, 4} — o
and (o, A) = (A, E; ;(6))us,) is Borel for all ¢ and j. To see this is
standard, usual arguments using a Borel isomorphism of the Hilbert
bundle ¢ — H, onto a Borel direct sum of trivial Hilbert bundles
allow one to consider the special case where the bundle o — H, is the
trivial bundle S x H where S C A. In this case the bundle H is § x
HS(H), and the Borel structure is the smallest that makes (s, A) — 5
and (s, A) — (4, E, ;) Borel for all i and j. Since the E;; form an
orthonormal basis of HS(H), it follows that this Borel structure is
the product Borel structure of S and the Borel structure from the
Hilbert vector space topology on HS(H). Thus this structure is
standard. Moreover, this implies a mapping f from a Borel space
X into HS is Borel iff & — p(f(z)) where p(c, A) = o is Borel and
z = {f(z), Ei ;(p(£(2))))p(s(x)) is Borel for all { and j. In particular, a
mapping o — (o, A(o)) where A(o) € HS(H,) is Borel iff ¢ — A(o)
is a Borel field of operators relative to the Hilbert bundle ¢ — H,.
Indeed, this follows from the fact that

{Afo), Eis(o ))HS(H)- Tr(A(0)E; ;(0)")
Tr(A(0)E;:(a))
= (A(0)E;(0) filo), filo))

k

= (A(o) fi(a), fi(@))n, -

In particular, the mapping N;/N; — [ ® HS(H,)du(o) given by
A (0 — A(0)) where A(0) is set to 0 if Tr(A(0)A(0)*) = oo is anl
isometry. Moreover, its range is dense. Indeed the range contains all
sections o — A(g) where A{o) € HS(H f||A Nism,) dnlo) <
oo, and ess sup, ||A(d)!|sm,) < oo, for ZA' = [®n(o)B(H,)dv(s). In
particular, the range contains all the sections 1 FEi,j where I is a
Borel subset of A and E; ; are the basis sections given earlier. Since
the linear span of the 17E; ; are dense in [® HS(H,)du(a), we see
A~ (¢ — A(c)) mapping N;/N, into [®HS(H,)du(o) extends to
a unitary isomorphism U,

We now return to the proof. By Lemma VIL.39, the mapping 14
defined on N, /N, by V(a + N,} = /\( ) + N, extends to a unitary
mapping of H, onto H, satisfyln% 7(Aa))V. Hence UV is
a unitary mapping of H, onto [~ H d,u( @) satisfying UV (e +

a

a
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Ng) = U(Ma) + N,) = (0 = o(a)) € [® HS(H,) du(o). Moreover, if
a € A7, then A(a) € A'; and t{A(a)) = [ Tr(a(a)) du(c).

We now recall that #S(H) = H®H; and under this identification,
A®I(T) = AT and I @ A(T) = TA* where A is an operator in
B(H) and v® 1w — w® 7 on H®H gives the mapping J(T) = T* on
HS(H). (See Section 2.)

Next note o — o(a) @ I is a bounded Borel field of operators
on the Hilbert bundle ¢ — HS(H,). Indeed, it suffices to note
o = {o(a) ® I(E; ;(0)), Exi(0)) us@,) is Borel for all 4, j,k and [.
But this mapping is

o = Tr(o(a)E,;(0) Eri(0)") = T'T(U(G)Ei,j(U)Et.k(U))
=4, Tr(o(a)E; 1 (o))
suto(a)fi(o), filo))
which is Borel in ¢ since ¢ — o(a) is Borel relative to Hilbert bundle

o — H,. Similarly ¢ — I'®&(a) is Borel for each ¢ € 4. To see that
o — .J, is Borel, note

{(Jo By (o), Ekl(g)>HS(Ha) = (E;;(0)", Exi(0))
= (Eji(0), Exi(o))
= Tr(E; (o) Era(0))
= Tr(E;:(0)Ex(0))
=0, Tr(E; 1 (o)

- Jz,léj,k
which is constant in o.
Now for b € N,

UVA(a)(b+ N,) =UV(ab+ N,)
= U(A(ab))
=0 — oab)
=g+ o(a)o(b)

& -

= [ 0@ @ Do) du(o)

_ (/@ ola) ® fd,u(o)) UV(b+ N.).
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Similarly,

UVp(a)(b+ N,) = (0 — o(b)o(a))
=0 (I®ao(a))o(h)
=0 — (I®d"(a))o(h)

(/ I1®5 )) UV(b+ N,)

for & is the x-representation on H defined by &(a)? = o(a)v.
Next note

UVJ(b+ N,) = UV +N,)
=0~ o(b")
=o—o(b)
=0 — J (o(b))

_ (je 7, d,u(a)) UV(b+ N,).

We have just seen that UV is a unitary ma.ppmg carrying the rep-
resentation A and p to f o @ Idu(o) and fA I ® o* du(o), respec-
tlvely Since p{A)' = MA) and A(A)" = p(.A) we see UVUV*U* =
I5 B(H,) ® I du(o) and UVVV*U* = J$1® B(H,)du(c). In par-
ticular, the center of these two von Neumann algebras is I iCI®
Idu(o).

Finally we show the uniqueness of the o-finite measure u. We have
already seen that t{A(a)) = f; Tr(o(a)) du(c) for a € A*. Let i be
another measure Sa.tlsfylng

s(a,b) = jTr(cr(ob*)) diz(o) for a,b € N,.

First consider the von Neumann a.lgebra U= fj—'f B(H,) dfi{o) and
the representation A of A on W = [§ D H, dfi(¢) given by Aa) =
f o(a) dji{o). By Theorem VII.21, t(A) = [;Tr(A A(c)) dis(o) for
A > 0, defines a normal trace # on L{ Moreover, by assumption, if
a,be .N‘s, Ma) and A(b) belong to U, and #(A(ab*)) = s(a, b).

Now, since A is a dense * ideal in A, the proof of Proposition
I1.7 shows there is an increasing sequence 0 < u; < up < --- in the
linear span of A2 such that the u; form an approximate unit for .A.
By Proposition VII.26, o A| 4+ and o M 4+ are lower semicontinuous
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semifinite traces on A satisfying #(A(a)) = limf(j\(alfzuialfz)) and
t(Ma)) = lim t(A(a'/?u;0'/?) for @ ¢ At.

But #(A(a}?u;a/?)) = t(Ma'/?w;0'/?)) if w; is in the linear span
of NZ2. Indeed, suppose 1 = 3 ,_, axb where ay, b, € N,. Then

tMa?ual’?)) =Y {(Ma'*axbral’?))
k
=Y s(a'*ar,a'/?b})
k

= Z t()\(al/2akbka1/2))
k

= t(Ma'?ua'?)).

Thus t(A\a)) = £(A(a)), and we see

[ Tro(@) du(o) = [ Tr(o(2)) (o)
for all @ € AT,

Next suppose E is a closed subset of A in the hull-kernel topology.
Then E = Hull(J) where I is a closed two sided ideal in 4. Thus
o(z)=0ifcc Eandze I, and o(l) #0ifoc ¢ E.

Now let u; be an increasing sequence in It that is an approximate
unit for the C* algebra I. Then o(a!/?ua'/?) =0ifc € E. If 0 ¢ E,
the subspace ¢(I)H, is nonzero and invariant under the irreducible
representation 0. Hence it is dense in H,. But o(a'/2u;a'/?)a(b)v
converges to o{ab)v = o(a)o(b)v for a € AT, b € I and v € H,.
Thus o(a'/?u;a'/?) increases strongly to o(a) for ¢ ¢ E and is 0 for
o € E. Hence if @ is a positive element in A, we see Tr(o(a!/2u;a'/?))
increases monotonically to 1; z(¢)Tr{o(a)); and thus

[ o@)due) = [ Tr(o(a)di(o)
A-E A-E
for all closed subsets E of A.

Consider N,y. As seen by Proposition VIL.25, the linear span M
of (Mia)? is norm dense in N,» and since N, 2 N, we see M
is norm dense in 4. Moreover, Mt = {a : a > 0and t(\(a)) <
oc}; and the linear span of M* is M. Now if a € Mt W
Jw Tr(o (@) du(o) and W — [, Tr(c(a)) dji(c) are finite measures
on the standard Borel space .A that agree on the hull-kernel open sub-
sets of A. But by Corollary V1.6, these generate the Borel structure.
Hence these measures are equal for a € M*. In particular, since
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Tr(o(a)) > 0 if o(a) > 0, the measures |(s:s(a)20y a0d Al{o:0(a)0)
are equal.
But since M is dense in .4, the linear span of M™* is M, and 4
is separable, there is a sequence a, in M7 such that if o € .A then
o(a;) > O for some i. Thus U;{g : o(a;) > 0} = A, and p=ji. O

27. The Plancherel Theorem

THEOREM VIL.23. Let G be a second countable, unimodular, lo-
cally compact, type I group; and let m be a Haar measure on G.

Then there is a unique o-finite measure @ on G such that for f €
LA(G)n LYG),

[ @ dm() = [ Tro(/ « 1) du(o).

Moreover, if A and n are the left and right regular representations
of G on L3G) and J is the conjugate linear isometry J(f) = f*
of L*(G), then there is a unitary tsomorphism W of LG ) onto
[*H, ® H, du([o]) where [0] — o is a Borel cross section of G and
[o] = H, is the correspondmg Hilbert bundle with
() WA(g)W™ = %o ®Id,u lo]) and
Wn(g ) =[® I® g)du([o]) for all g € G;
(b) WJW~" 'f J, du([o]) where J(v@1) = w®T onHa®Ha;
(c) if U = MG)Y" and V = p(G)", then WUIW* = [®B(H
Tdu([o]) and WYW* = [¥ I @ B(H,) du([o]); moreover,
WU n W = [°C(I ®I)du([s}).

ProoF. By Corollary IV.9, there is a natural correspondence 7 —
7' — 7" between the unitary representations 7 of G, the nondegener-
ate * representations #’ of L' (), and the nondegenerate * represen-
tations 7 of C(G)*. Moreover, the von Neumann algebras generated
by the corresponding representations are all equal. We shall use 7
and context to denote T, Tr’, or 7.

Now A()f(z) = f(y-'z) and n(y)f(x) = flay) for [ € L¥(G)
and y € G. Hence if f and g are in C.(G), Mf)g = f*g and
n(7)(g) = 9= f = p(f)g where f(z) = f(z ).

Now by the example in Section 23 and Proposition VII.29, there is
a maximal bitrace s on C(G)" extending (f,¢) — [ f(z)g(z) dm(z)
on C.(Q) x Co(G) C C(G)* x C(G)". Moreover, N, 2 C(G) and
by Proposition VIL.29, N,/N; is a left unimodular Hilbert algebra
in |, = L*(G) and A(f)§ = f € and p(f)€ = & + f for | € Ce(G)
and £ € L2(G). Using the natural Borel isomorphism from G onto
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C’*(G), Theorem VII.22 implies the existence of a o-finite measure p
on G and a unitary isomorphism W for L*(G) onto f®H ®1HI d,u([or])
such that WA(e)W ! = [£ 0(a)®1 du([o]) and Wp( W= [2ie
o*(a) du([o]) for @ € C*(G). Moreover, t,(A(a)) = [ Tr(o(a )) du([o])
fora € C*(G)*, J = [£ J, du([o]), WUW ! = f B(H,)®1 du(jo]),
WVYW™! = [®I® B(H,)du(lo]), and WU NV)W™! = [°CI ®
1 dp([o]).

In particular, if ¢ € G, then W)\v(g)W‘1 ® Idu 6g[a]
and since n(f) = p(f) = f®I® *(f)du([o]), then n =["I®
@(g) du([c]), for the representation & on  integrated to LY(G) is
&*(f). Indeed,

F(f)p=a(f)o=0(f)o = o(f*)0
(9)o(g)vdm(g) = ] F)rgvdm(g)

for f € LY(G).

We now note that if f € L*(G)n L'(G), then § € A,. Indeed, by
Proposition VIL29, f € N iff A(f) € A;,; and since ¢, is the natural
normal, faithful, semifinite trace on & = L(H,,), N, is an achieved
left von Neumann algebra. In particular, an element f € H,, is in
N, iff A(f) is bounded. But A(f) is bounded for f € L¥(G)NLHG).
Now s(a,b) = [ Tr(c(a)o(b)*) duflo]) for @ and b in N;; and if f,g €
L¥G) N LYG), then f,g € N,. Thus

]G £(2)3(z) dmz) = / Te(o(f)o(9)") du([o]).

Finally we show the uniqueness of i. Suppose i is another o-finite
measure such that

[ f@at)dmiz) = [ Te(o(ate)) da(io)

for f,g € L*(G) N L'(G). Let A be the set of all a € C*(G) such
that

[, Tlo@oa)) di(lo]) = [, To(@)ata)) du(lo]) < oo

Then A is a two sided ideal in C*(@) containing C.(G). Moreover,
as seen in the proof of Theorem VII.22, there is a nondegenerate rep-
resentation X and a normal trace { such that ¢ is defined on C*(G)*
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by #(a) = [ Tr(co(a)) di(lo ]). Hence Proposition VIL.26 applies to
both )\ and A and 1f u; used in the proof of Theorem VIL.22 are taken
to be in the linear span of A? instead of N7, we obtain

) = t(\@)
for all a € C*(G)™. This gives
[, Trt0(@)) dule) = [ Te(o(@) di(io)

for @ > 0; and again following the proof of Theorem VII1.22, we have
p=p 0O



CHAPTER VIII
THE FOURIER-STIELTJES ALGEBRA

1. Introduction

In this chapter we shall use several of the topologies on B(H) to
put a Banach algebra structure on the space of matrix coefficients of
unitary representations of G.

Namely, let G be a locally compact group. Then L!(G) is a Banach
*-algebra with an approximate ynit. The universal enveloping C*
algebra C*(G) of L'(G) is known as the C* algebra of the group
G. Let r be the natural mapping of L'(G) into C*(G) defined in
Section 7 of Chapter II. Lemma IV.5 shows 7 is an inclusion of
LY(G) into C*(G). Let R be the collection of unitary representations
of G. Then Corollary TV.9 implies this may be thought of both as the
collection of nondegenerate *-representations of the * algebra L'(G)
and as the collection of nondegenerate * representations of C*(G). By
Theorem IV.13, the continuous positive linear functionals w on L' (G)
are in one-to-one correspondence with the positive definite functions
¢ on G. This correspondence is given by wy(f) = [ f(x)d(z) dx
for f € LY(G). Moreover, the positive definite functions on G are
defined in terms of matrix coefficients having form ¢(g) = {(x(g)v, v}
for some © € R. Using Corollary 11.12, we summarize the situation
in the following remark.

REMARK. If w is a continuous positive linear functional on C*(G),
then w is the unique extension of a continuous positive linear func-
tional w on L'(G), and thus w = w, for some positive definite func-
tion ¢ on G. Also, if 7 is a nondegenerate *-representation of C*(G),
then 7 is the unique extension of a nondegenerate *-representation
of L'(G) and thus satisfies 7(7(f)) = [ f(z)#(z) dzx for some unique
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unitary representation m of G.

Thus the positive continuous linear functionals of C*(G) are iden-
tifiable with the positive definite matrix coefficients ¢(g) = {(x(g)v, v)
where ™ € R. ' .

DEFINITION. The Fourier-Stieltjes algebra B(G) of G is defined
to be the space {(x(g)v,w) : v,w € H(x) where 7 € R}.

We shall see that B(G) is the dual space of C*(G) under the
identification

w(r(f)) = ] F(g)b(g) dg

where 7 : LY(G) — C*(G) is the natural inclusion. Using the norm
from the dual space, B(G) is a Banach * algebra which will be shown
to be a predual of the universal enveloping von Neumann algebra
W* (@) of G. This will take most of this chapter.

In particular, using this norm, one has {[bl| = jlws|| if b € B(G).
Thus one would have | [ £(9)b(g) dg| < ()] ljl] < [711[6ll for al
F € LY(@). This implies ||b||o < |[8]] = |lwsj|, and thus convergence

in B(G) will force uniform convergence.
Multiplication and an adjoint operation on B(G) are defined by

(b1b2)(g) = b1(g)b2(g) and b*(g) = b(g)-
To see B(G) is closed under multiplication and adjoints, one uses
tensor products and conjugate representations of unitary represen-
tations in R.

PrROPOSITION VIIL1. B(G) is a * algebra with identity.

PrOOF. We first note it is closed under summation. Indeed, let
bi(g) = {(m(g)v,v') and ba(g) = (m3(g)w,w’) where 7, is a unitary
representation on H and =, is a unitary representation on K. Then
define m; @ on HG K by m @ ma(g) = m1(g) € m2(g). Then bi(g)+
by(g) = {(m1 & 72)(9)(v,w), (v, w')). Also note bi(g)bz(g) = {(m &
) (g)v ® w,v’ ®w'). Since chi(g) = (mi(g)cv,v’), we see B(G) is an
algebra. Moreover, bi(g) = {m(g)v,v') = {m(g)v,vya. O

2. The Hahn Decomposition

DEFINITION. A linear functional w on a  algebra A is said to be
Hermitian if w(z*) = w(z) for all z € A.

REMARK. Every linear function w on a + algebra A is a unique
linear combination w; + &w» where w; and wy are Hermitian.
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PROOF. wy(z) = M and wy(z) = ﬁ)%”) are the unique

Hermitian linear functionals satisfying w = w, +iw,. 0O

THEOREM VIIL.1 (THE HAHN DECOMPOSITION). Suppose ¢ is a
continuous Hermitian linear functional on a C* algebra A. Then
there exist continuous positive linear functionals p, and p_ such that

¢ =ps+ —p- and ||9l] = [jp.[| + |Ip-]|.

PRrROOF. Note if z € A, then z = 2, + iz> where z; = x; for
i = 1,2. Hence any Hermitian ¢ is determined by its restriction to
A = {x:2* = z}. But ¢ on A4, is real valued.

Let € = A7 ., be the set of positive linear functionals on A with
norm bounded above by 1. Then £ is compact and Hausdorff in the
weak x topology.

Each z € A, defines a continuous real valued function f, on 0
given by fi(w) = (z,w) = w(z). Note ||f.|l«c = ||z|]. Indeed, by
Corollary 11.14,

||} = S H{m(z)u, u)|

= sup |w(z)|
weN

= sup | f(w)| = | folloe-
weQ

The collection V' = {f, : © € A} forms a vector subspace of
C(Q). Define F on this subspace by F(f,) = ¢(z). F is lin-
ear. Moreover, |F(f.)| = |¢(x)|; and thus the norm of F on V
s [|F|| = SUP|| 1, |1 19(2)] = SUDyjy(j=1.0e, |2(Z)] < ||¢]]. By the
Hahn-Banach Theorem, /' has a continuous extension G on C{f)
with ||G]| = ||F||. The Riesz representation theorem implies there
is a real finite measure uy with [u| = ||F|| < [|¢|| satisfying ¢(z) =
[ felw) di{w). The measure u on £ has Hahn decomposition u =
py — M- where py are positive finite measures on @ and u,(Q) +
p—(2) = |pl. Definep,(z) = [ f.du, andp (z) = [ f, du_. Extend
p= to all of A by py () + iz2) = pe(x)) — ipi(z2). Note pi(z) >0
fz >0and ¢ =p, —p_. Note also that [p(2)] < ||follelttz] =
[z}l [#¢2|- Thus using [|p|][ = sup, <, p(z*x) from Corollary I1.9,
we see |lpy|l < [pxl. Note o] = lpy — p_|| < [lp+ll + {lp-I] <
el + | = lul = IGI] < o], and so ||¢l| = [|p. /| + |lp-Il. O

REMARK. This decomposition of Hermitian continuous linear func-
tionals on a C'* algebra can be shown to be unique. In the case when
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A = C(X), the decomposition of a real linear functional of A" corre-
sponds to the Hahn decomposition of the corresponding measure .
This uniqueness argument is measure theoretic and not topological,
The study of von Neumann algebras is the analog of the measure the-
ory on X. The uniqueness of the decomposition will be shown using
arguments concerning Hermitian linear functionals on von Neumann
algebras.

3. A Predual of B(G)

LEMMA VIIL1. Suppose f € L'(G) and p is a positive definite
Junction on G. Then ||pfllc-cy < |Ipll I flle-(@)-

Proor. Let p(z) = (r(z)v,v} where 7 is a unitary representation.
Note ||p||le = ||v]|?, and thus pf isin L'. Now if ¢ is a positive definite

function with g(e) < 1, then ¢(z) = {p{z)w, w) where p is a unitary
representation and ||w|| < 1. Hence

A(er) = o) = [ae) [@h e ) dyda
~ [[ s e Dety s e dyda
= f f g{=)p(y) f(w)plyz) f(ye) dy dw

- [[ v 2w Fwne) @)y e
=f(pwmpr@m@Wh@MWﬂﬂﬂw@@

f [ (otayu @@ @y, pow @ ) @ )/ @)F(6) dady
{(pelem{(fluerev,{(p@rN{flw v v)ds dy
<Hp@I@ )N Ie ®w @ DA wlPlvlP|v]

< il llvil®.
Using Theorem I1.8, Corollary 11.12, and Theorem IV.13, we see
IpfllE ) < IfllE(@)liplle
U

TuEOREM VIIL2. Let B(QG) be the Fourier-Stieltjes algebra of the
group G. Then B(G) is the dual space of C*(G).
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PrROOF. Note L'(G) < C*(G), and C*(G) is the completion of
LYG) when L*(G) is equipped with the norm

£~y = supw(f*f)'/* = sup ||=(£)]].
weEFP TCR

By Corollary I1.12, we know that every continuous positive linear
functional on C*(G) is the unique extension of a continuous posi-
tive linear functional w on Z'(G). But by Theorem IV.13, we have
w = wy for some positive definite function ¢ on G. Thus if w is a
continuous positive linear functional on C*(G), there is a positive
definite function ¢ € B(G) such that

) = [ H@)(z) do

for f € L'(G) ¢ C*(G). Now by the Hahn decomposition theorem,
we know if w € C*(G)", then w = w' +iw? = w} — W +i(w? —w?)

where w¥ are positive linear functionals on C*(G). Thus w is defined

by the clement b(g) = ¢! (9) — ¢4 () +i(¢2 (9) — 6% () where the
¢k are the positive definite functions defining the continuous positive
linear functionals wi. 0O

REMARK. The space B((7) has a natural norm; namely [|b|| =
[|lws|| as a continuous linear functional on C*(G). With this norm
B(G) is a Banach space. One can show this makes B(G) into a
Banach * algebra. However to do this, we will need a finer analysis
of the linear functionals on a C* algebra. This analysis involves
an analysis of the ¢ weakly continuous linear functionals on a von
Neumann algebra.

4. The Dual of the C* Algebra of Compact Operators

REMARK (DISCRETE NONCOMMUTATIVE MEASURE THEORY).
Let X be a set with the discrete topology. Let Co(X) be the com-
mutative C* algebra of all continuous functions on X which vanish
at oo. Thus f € Co(X) iff lim,_,, f(z) = 0. More specifically,

Co(X) = {; Anliz,} T}Lr& Ap = 0} .
Let H be a Hilbert space with the same cardinality as X. Set kC(H)
to be the noncommutative C* algebra consisting of all compact op-
erators on H.

There is an analogy between the dual space of the commuta-
tive € algebra Co(X) and the dual space of X(H). In fact, by
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Corollary I1.7, X(H) consists of all operators > A&, ® 7, where
£, and 7, are orthonormal sequences of vectors, lim, A, = 0, and
£ ® 7} is the operator defined by £ ® #(v) = {v,m§ for v € H.
Note the dual of Co(X) is L:(X), and the double dual Cy(X)*™ is
given by C(X)5* = Li(X)" = L.(X). We shall see shortly that
K(H)* = B,(H), the space of trace class operators on H; and thus
by Theorem I11.5, K(H)** = B(H). Furthermore, by Theorem IIL5,
the natural identification between the ¢ weakly continuous linear
functionals on B(H) and the space B, (1) of trace class operators is
the mapping ¥ Aiwe, ¢ — 3. Aie; @ € where {e,} and {e;} are or-
thonormal sequences and {);} is a summable sequence of positive
real numbers. One has || f]] = 2 A = Tr(| 3 Aies ® €]]).

Let w ¢ K(H)*. Thus w is a norm continuous linear functional on
the space of compact operators. In particular, the mapping

(&;m = wiEen)

is a bounded sesquilinear form. Hence there is a bounded operator
t(w) on H such that

w( ®7) = {Hw)sn).
We note t(we,) = £ ® 7. Indeed

£ R7 (&),

(&n¢ m)

{&,m&n’)
(€).'

The mapping w ~ t(w) will give the natural isometric linear isomor-
phism of B(H), with By{H).

w£n€®n =

{
{
{(€
= (¢

THEOREM VIIL3. The mapping w — T where T is the unique
bounded operator on H satisfying

w(¢®n) = (TEn)
is a linear isometry of K(H)* onto By (H).

PROOF. Note if w ¢ K(H)*, then T = t(w). We claimm T is trace
class. Iudeed, if {e,} and {e.} are complete orthonormal bases of
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H, choose for each a a ¢, in C with |c,| = 1 and eq(t(w)e,, €)) > 0.
Then if F is a finite set of a’s,

Z |({t(w)ea, e Z(t(w‘)caea,e:})

acF
= Zw(caea ®e)
F

=W} Cata ®E,)
< |wlf

for || 20 cata ® EL|l = 1. Thus 3, |(Teq, €.)| < |lw||. Corollary IIL8
mplies T is trace class, and ||T||, < ||w]|.

Conversely, suppose T is trace class. Define a linear functional
w on X(H) by w(A) = Tr(AT). Note Theorem IIL5 implies w is
bounded on K(H), and ||| < [|T|j;. Also w{¢é ® 7) = Tr((¢ ®
MT) = Te(e @ Ton) = (&,T"n) = (T&n). Thus t(w) = T, and
il <117 O

5. Polar Decompositions

In Theorem VIII.1, we showed every Hermitian continuous linear
functional on a C* algebra A has a decomposition of form f = p; —
p: where p; > 0 and |[f|| = [lp1]| + [lpo]|. Our intent is to show
the uniqueness of this decomposition. The major tool is a polar
decomposition theorem for continuous linear functionals analogous
to polar decompositions of measures in the abelian case.

More specifically we will show that if A is a von Neumann algebra
of operators on H and f € A., that is f is ¢ weakly continuous and
linear, then there is a partial isometry U € A and an |f| € (A4,),
with

f&) =z, f) = Uz, |f) = [fl(Uz).
DEFINITION. Let f be a linear functional on an algebra .A. For
a € A, define f-a and a- f by
{(f-a,3)=f-a(z) = flax) = (f,a z)
(@ fiz)=a f(z) = f(za) = (za, f).

Note if A is a Banach algebra, then ||f-a|| < ||f||||al| and ||a- f]| <
all [1£1]-
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LEMMA VIIL2. Let A be a C* algebra with identity. IfT is an
extreme point in the unit ball Ay of A, then 1"T and TT" are pro-
jections.

PROOF. Note 0 < T*T < I. Also [{T*T]| = ||T|* = 1. Let B be
the commutative C* algebra generated by T*T and I. Let A be its
compact spectrum. Set f to be the Gelfand transform of T*T. Then
0 < f <1, and f has value 1 somewhere on A. Suppose there is an
z € A with 0 < f(z) < 1. Choose a continuous function g on A with
1>g¢>0,¢%#0nearz, f(1+9)* <1, and g = 0 wherever f = L.
Then sup f(1 + g)* = sup f(1 - g =1 Letg= U where U € B.
Then U = 0 and

T T(1 + UY|| = 1T (I - U] =

Since (I + U) and T*T commute, we see T'(I +U) and T(I - U) are
in A,. But T = }(T(I +U) +T(I —U)). Clearly T(I +U) # T.
This is a contradiction to extremeness. Finally note if T' is extreme,
then 7™ is also extreme. [

REMARK. The following are equivalent:

) T is a partial isometry
T*T is a projection

(a
(b)
o) TT*T =T
(d;

TT* is a projection
— T*

(
(e) T
Proo¥. To see (b) implies (c), note

\TTT - T\ = |[(TT"T = T)* (CT"T = T)|

— [T*TT*TT"T — T*TT"T = T*TT*T + T"T|
= (.

Clearly (c) implies (d), for T7*T = 71" implies TT*TT* = TT". The
rest follow by similar arguments. O

LEMMA VIIL3. Let A be a von Neumann algebra on o Hilbert
space H. Let f € A,. Let E be an orthogonal projection in A.
Then

@) 1A= f-ElP + 1If - (= E)P
(i) IFlIfll = if - Ell, then f=f - E.
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Proor. Clearly (1) implies (2). For (1), we first note we may
assume A = B(H). Indeed by Lemma VIL.20, A, is isometricly
isomorphic to B(H), /At. Hence given an € > 0, there is a g € B(H]),
with gl = f and |[£1] < ||g]] < ||ll+e. If we show ||g]* > |lg- E|l* +
lg- (1= E)|?, we would have (||fl|+€)? > ||f-E|i2+ |f-(I —E)|[ for
all € > 0. This would give (1). Note the norms for f are supremums

over the unit ball of A while those for g are supremums on the unit
ball of B(H).

Hence we may assume A = B(H). Now by Theorem III.3, B(H).. =
B(H),; and since ||g- a|| < i|g||||a|!, we may by taking limits assume
f € B(H).. By Lemma II1.2, f = 370, Aw,, o Where the e;, ¢ are
orthonormal sequences, A; > 0, and ||f|| = >_ A, Now

If - El* = up |F(EX)

= sup | Y A(EXe, e

X<

< sup ( Z)\|X€1,E6)|)

Ix)<1

< (32 Ml B
Using a similar inequality for f . (I — E), we see
- BIP + 11f - (= B)? < (MBI + (AU = B)E I
=Y XlB + X NN - Bl
+2 3 (Bl [EEN + U - Byl - E)ll)

1<i<j<n

<Y NiEel® + AU - Bl

’ /2 ' ’ 172
+2 3 A, (1B + 11T = B)ell?)* (B¢ P + 11(1 = E)e|?)

i<g

= STl + 23 A€l el

= (TN)
= 1fl1%
a

LEMMA VIIL4. Let A be a C* algebra of operators on H. Suppose
I'c Aand f € A,. Let ¢ € A} with ||f]]| = ||¢||. Suppose f =¢-s



372 VIII. THE FOURIER-STIELTJES ALGEBRA

for some s € A with ||s|| < 1 and ||f|| = ||f-t|| for somet € A where
lit]| <1 and f-t>0. Then f-t =¢.

PROOF. Do the GNS construction for (A, ¢) letting m; be the
corresponding * representation of A on Hj with cyclic vector &, sat-
isfying ¢(a) = {m4(a)és,&,). Using Corollary IL8, one sees ||f - t|| =
(f-t,I). Hence

But [{£1, &) = [|&1]] ||&!] iff & and &; are linearly dependent. Thus
m(t*s*)€, = & Hence for r € A, we have

f- t(T‘) = (f,tT‘)
= (QS S,tT‘)

(str)éss€s)
= (mp(r)Es, o (t75")E0)
= (T (r)€s: €o)

= ¢(r).
(]

LEMMA VIIL5. Let A be a von Neumann algebra. Let ¢ € Auy-
Then there exists a largest orthogonal projection E € A with H(E) =
0. I — E is called the support of ¢.

ProoF. Let N = {T : ¢(T*T) = 0}. By Lemma IL5, Nis
a loft ideal in A. Note N = {T € A : ¢(ST) = 0for § € A}.
Indeed, if T € N, then |¢(ST)| < H(SS Y2 H(TT)/? = 0. N is
o weakly closed; for if T, converges to T in the o weak topology:
then ST, converges to ST in this topology; and since ¢ is 0 weakly
continuous, we see if T, € N for all a, then $(ST) = 0 for all
S € A. By Proposition 1I11.11, A/ contains an orthogonal projectiol
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E with N = AE. Clearly E is the largest orthogonal projection
with ¢(E) = 0. E is unique; for if F' is an orthogonal projection
and ¢{F) = 0, then F € N for F*F = F; and thus F = FE and
F<E O

PROPOSITION VIIL.2. Let ¢ be a positive o weakly continuous lin-
ear functional on a von Neumann algebra A having support E. Then
Olear is faithful; ie., if X € EAE and X > 0, then ¢(X) = 0
implies X = 0.

ProOOF. Suppose X € EAE and ¢(X) = 0. Then EXE = X
implies EXY?E = XV/2, Hence ¢(XV/*X"/?) = ¢(X) = 0. Thus
X'Y? € N;. Hence X'/2 = X¥*(] — E) since Ny = A(I — E). Thus
(I - E)X'? = XY2 Hence EX'Y?E = 0. Thus X!/? = 0, and
consequentially X =0. 0O

Recall if A is a von Neumann algebra on the Hilbert space H and
E is an orthogonal projection in A, then FEAFE is a von Neumann
algebra on EH called Ag.

LEMMA VIIL6. Let A be a von Neumann algebra with identily I.
Let p € A, .. Let E be the support of . Thendp =FE-¢ = ¢-E, and

loli = S(E).
PROOF. ‘
(I -E)-¢(Y)| = le(Y(I - E))|
< @YY )21 - Ey2 =0
and
|¢- (I — EXY)| = |¢(({ - E)Y)
< oI - E)'*$(Y"Y) = 0.
Thus ¢ = E-¢ = ¢- E and ||¢]| = ¢(I) = ¢(E). O
THEOREM VIIL4 (POLAR DECOMPOSITION). Suppose A is a von

Neumann algebra on a Hilbert space H. Let f € A,.

(i) There is a pair (¢,U) where ¢ € (A.); and U is a partial
isometry in A such that f = ¢ - U and UU* = supp . Also
f-Ur=¢.

(ii) Suppose (¢',U’) is another pair with ¢ € (A,)y, U'U™ <
suppd’, f =o' - U, and f-U™ = ¢'. Then ¢ = ¢' and
Uv=u'.
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Proor. (Existence) We start by finding a U such that f U *( )=

|| f]|. Note we may assume ||f|| =1. Let A, ={X € A, : f -1}
Now the unit ball A; of A is weakly compact, and X — (X f)is
weakly continuous. Hence there is an X, € A; with |f(X,)| = 1.
Thus A, # 0. A; is a weakly compact convex subset of A, and so
must have an extreme point V. An easy argument shows ext 4,
ext.A;. Lemma VIIL.2 implies V*V is a projection. Thus V is
partial isometry. Now f-V(I) =1=||f V|| for ||f- V|| < 1. By
Corollary I1.8, we see f-V > 0. Set ¢ = f-V, and let E be the
support of ¢. Define U/ by U = EV*. Note V*V > E. Indeed,
p(V*V) = f(VV*V) = f(V) = 1 since V is a partial isometry. Thus
by Lemma VIILS, [ — V*V < I - E, and we see V*V > E. Hence
E=FEV*VE=UU". Moreover, f-U* = ¢. Indeed,

(f'U*:'

)

Next note ¢-U = f. Indeed, set F = U*lJ. Then ¢-U/ = f-U*-U =
[+ F. Clearly ||f - F|| < 1. Note also that
f-F f-uu Uty
£ U*UU

={
= {
={/,
={f-U%1)
=

¢~
=1.

Thus ||f - F|| = 1 = |{f||, and (ii) of Lemma VIIL.3 implies f =
f-F=¢-U.

(Uniqueness) Suppose f-U"™ = ¢/, ¢/- U’ = f, and U'U"* < supp ¢
First note ||f|| = ||¢'|]. Indeed,

'l =117 - U™ < WAl =Nl - U7l < {l¢Il-

Thus ¢ = ¢/, Indeed, f-U" = 6 > 0, llgll = |Ifll, /- U™ > 0, and
[If - U™|| = 1|f]|. Hence Lemma VIIL4 gives ¢/ = f - U™ = ¢.
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We show U = U’. Set X = UU"™. Note ¢(X) = 1. Indeed,
#(X) = (6, UU")

Also ||¢|| = ¢(I) = ¢ - E(I) = ¢(E), for E is the support of ¢.
Since ¢ = ¢', E = supp(¢’). Hence E > U'U™ by hypothesis.
Since UU* = E, we have EXFE = EUU*FE = UU’" == X. Hence
EX=X=XE, and EX* = X* = X*E.

Now note

o
A

(£ - X)E - X))
H(E) — (X) — d(X") + (X X7)
HX"X) - $(X7)

< gl - o(X) =0,

for ¢(E) = 1 and ¢(X) = 1.

But ¢|g.4g is faithful by Proposition VIII.2. Hence (F — X)(E —
X)* =0, and thus E — X = 0. Hence E = X. Now U is a partial
isometry. Thus UU* = E=UU"™,

Suppose € € EH. Then

[Tl = 11E€H = 1¢]I-

Since [[U7€]] < [[€]l, we see UE]l = II¢]l; and U™ belongs to
the initial domain of U. Thus U*UU*§ = U*E, and consequently
U*XE =U"¢ for € € EH. Since X = E, we have U* = U™ on the
range of E. But U*(I — E)=U*(I —UU*) = 0. Since U'U™ < E,
Ev = 0 implies U”v = 0. Thus on the range of I — E, we see both
U and U* vanish. Thus U” =U"*. This gives U =U’". O

I

DEFINITION. Let .4 be a von Neumann algebra on H. Let f € A,.
Define |f| = ¢ if ¢ > 0 and there is a partial isometry U such that
f=¢-U,¢=f-U*and UU* < supp ¢.

ProposiTiON VIIL3. Let f € A, where A is a von Neumann
algebra. Then |f*|=U*-|fi-U=U*"f and supp|f*| =U"U.
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PROOF. We have f = |f|- U, = f-U~", and UU" = supp|f|.
Now f*(X) = f(X7) — JJT-UX) = FIUX) — |FI(XT™)
U |fl(X) for X € A. Thus f* =U*-|fi=U"-|fl-U-U" since
UU* = supp|f|. This gives U* - |f|-U = f*-U. Furthermore, note
U-|fiUu = 0.

We need to show U*U < suppU*|f|U. First note if £ is a pro-
jection in A, then (U*|f|U, EY = {|f|,UEU*) = 0 implies UEU* <
I—supp |f|- This implies U(I—supp U*|f|U)U* < I—supp|f|. Thus
if G = suppU*|f]U, we see U(I — G)U* = 0, for UU* = supp|f|.
This gives (I — G)U* = 0, and thus (I — G)U"U = 0. Hence
UU < G =suppU* - |f|-U, and by Theorem VIIL4 (ii), we see
|f|=U*-|f]-Uand supp|f*[=U"U. O

Compare the following theorem with Theorem VIII.1 for C* alge-
bras.

THEOREM VIIL5. Suppose f is an Hermitian o weakly continuous
linear functional on a von Neumann algebra A. There exist positive o
weakly continuous linear functionals ¢t and ¢ with disjoint supports
so that f = ¢*—¢~. Moreover, |f| = ¢* +¢ ; and this decomposition
s unique.

ProorF. Since f = f*, Theorem VIIL.4 and Proposition VIIL.3
imply U = U* and U*|f|U = |f|. Since U? is a projection, one has

Uy c {-1,0,1}. Hence U = E, — E_ where E, are orthogonal
projections and E,E_ = 0. Also U? = supp|f| = Ey + E_. Thus
fl = (B, — E_)| fl(E; — E_). Also by Lemma VIIL6, |f| = (E} +
E_))fI(Ey + E_), for (Ey + E_) is the support of |f|. Combining
these give

fl=E [fl-E.+E_-|fl-E_.

This implies | f|- By = Ei|f|Ex = Ey-|f|, and hence |f| = |f|- £+ +
/|- E-and f=|f|-U=|f|- By —|f|- E_. Define ¢* = E.[f|Ex.
These are clearly positive and ¢ weakly continuous on 4. We have
f=¢"—¢ and |f| = ¢ +¢~. Clearly the supp ¢* = (supp|f!) E=-

To see uniqueness, suppose [ = ¢ — ¢, where ¢;, j = 1,2, are
positive o weakly continuous and have disjoint supports. We claim
f = (¢ + &) - (F1 — E,) is the polar decomposition of f. Here
E; — supp ¢;. Cleariy ¢ + ¢ is positive, and the support of ¢, + @2
ts By + Fo. Thus if V = E, — E,, we have VV* = supp|f| and

=|f|-V and |f| = f - V*. Thus, using the uniqueness of the polar
decomposition, we see V = U aud ¢, + ¢, = [f] = ¢t + ¢~ Also
E +E,=supp|fl=E,+E_. Since £, —E,=V=U=EF, - E_,
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wesee By =E, and E, = E_. Thus ¢y = f - Ey = f-E, = ¢7.
Similarly, ¢z = ¢~. O

REMARK. Let ¢, and ¢, be positive ¢ weakly continuous linear
functionals. Then ||¢1 — ¢2l| = {|¢1]| + |i2|| iff the supports of ¢,
and ¢, are disjoint.

PROOF. Suppose the supports are disjoint. Let E; be the support
of ¢;, 7 = 1,2. By Lemma VIIL6, {|¢;|| = ¢:(Ej). Set U = E) —
E; € A. Then ||U|! < 1 and |(¢1 — 2)(U)| = ¢1(Er) + ¢2(En) =

lull + Hlell. Thus [lg1 — daf| = ll@nl] + 2l Z lId1 — o[-
Conversely, suppose ||¢; — @z|| = ||¢1]| + ||¢2}]- Let E; = supp ¢;.
Set f = ¢, —¢y. Now f = ¢+ — ¢~ where ¢= have disjoints supports

Ey,and [if|] = f(Ey—E_) = ¢1(Ey ) +¢2(E-) — 1 (E-) — o Ey) =
||@1]] + ||p2]|. Hence ¢ (E.) = 0 and ¢2(E.) = 0. Hence |i¢:]| +
lgo|| = F(E+ — E_) = (¢1 — ¢2)(E4 — E_). Thus

¢1(Ey) + ¢2(E-) = |l + |1 ¢2]l-

Hence ¢1(Ey) = ||¢n]] = ¢1(1) and ¢2(E_) = |l¢o|| = ¢2(]). This
gives E, > supp¢; = E; and E_ > supp¢. = E,. Thus E\E, <
E+E_ = 0. D

6. The Arens’ Construction

Let A be a normed * algebra. Let A* and A** be the first and
second dual spaces. For z € A** and f € A*, define z - f € A* by

z- fla) =z(f - a)-
Recall f-a(b) = {f-a,b) = {f,ab) = f(ab). The Arens’ multiplication
is defined on A** by

(zy, f) = (@, ¥y f)
Note

[y, £ < lellily - £l < il HyliFLL
and thus [|zy|| < ||z||||y||. Define z* ¢ A* for z € A™ by

(@, f) = (= f*).

We will show later A** with these operations is isomorphic to a von
Neumann algebra.
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7. Bidual of a C* Algebra

PROPOSITION VIIL4. Let A be a C* subalgebra of B(H). Let B be
the weak closure of A, and suppose I € B. Furthermore, assume each
norm continuous linear functional f on A is o strongly continuous
and has o-strongly continuous extension f to B. Then

(i) f — f is an isometric isomorphism of A* onto the predual
B, of B. N

(i) For each y € B, define § € A™* by 4(f) = f(y) for f € A*.
Theny — 7 is an isometric isomorphism of B onto A*. This
map is the transpose i* : B} = B — A*™. Iis restriction to A
is the natural inclusion of A into A™".

PROOF. By the Kaplansky density theorem, A; is ¢ strongly dense
in B;. Hence each extension f, if it exists, is unique. Note if f
is ¢ strongly continuous, then by Theorem VIL13, it is o weakly
contimious. Hence f € B,. Also ||f|| = supg, |f{ )| = sup,, |f(z)]
since f is o strongly continuous and A, is o strongly dense in B;.
Thus i : A* — B, is an isometry. It is onto since i(f|4) = f. This
concludes (i). ) )

Note ¢*(y) is defined by i*(y)(f) = y(i(f)) = ¥(f) = f(y) = 4(f)
for y € B, f € A*. In particular, if y € A C B, then (f) = f(y)
f(y); and ¢ is the natural imbedding of A into 4**. We claim *
an isometry. Note

& ()| = sup |f ()|
FeA;

1

= sup |f(y)|
feB.L

= [yl

since B, contains the functionals wg ,,. Clearly ¢ is onto, for ¢ is one-
to-one and Rang (i*) = (Ker¢)* by the Hahn-Banach Theorem. [I

COROLLARY VIIL1. Let A be the C* algebra of compact operators
on a Hilbert space H. Then

(i) Each f € A* is o strongly continuous on A and has a unique
o strongly continuous extension f to B = A* = B(H).
(i) The map f — i(f) = f is an isometric isomorphism of A’
onto the predual B(H). of B(I). :
(iii) The map from B(H) to A™ given by y — § where j(f) = f(y)
s an isomeiric isomorphism extending the canonical mapping

of A into A*".
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PRrROOF. By Lemma IIL.1, the finite rank operators are weakly
dense in B(H). Since they are in A, we see A¥ = B(H). Now let f €
A*. Then, by Theorem VIIL3, f is given by a trace class operator,
and f(C) =3, hwe, . (C) where the {¢;} and {r;} are orthonormal
sequences and A; > 0 with 3. A; < oo. Thus f= Do Wt /s 1S A
o weakly and hence ¢ strongly continuous linear functional on B(H)
extending f. O

COROLLARY VIIL2. Lei A be a C* algebra. Let m be the univer-
sal representation @yca: 7y of A, Let B = w(A) . Then I € B.
Moreover,

(i) Any positive normal linear form f on B is of form f = we,.
Each o strongly continuous linear functional on B is weakly
continuous, and the o weak topology on B is the weak topology
on B.

(ii) If f € A*, then there emists a o weakly continuous linear
functional f on B such that f(w(x)) = f(z) for x € A.

(iii) The mapping f < f is an isometric isomorphism of A* onto

the predual B, of B which takes A% onto (B.);; also (f)* =

(7).
(iv) For each y € B, define § € A™ by g(f) = f(y) Then
g = i*(y) and ¢* : B — A™ is an isometric isomorphism.
Moreover, if y € A, then i*(r(y))(f) = F(r(y)) = f(), and
thus t*om is the natural inclusion of A into A**. This isomor-
phism makes A** isometricly isomorphic to the von Neumann
algebra B. With this algebraic structure, A** is called the uni-
versal enveloping von Neumann algebra of the C* algebra A.
(v) The isomorphism it : B — A™ is bicontinuous between the
weak topology on B and the o(A**, A*) topology on A**.

PrOOF. We first show I € B. By Theorem IIL9, we need only
show 7 is nondegenerate. Suppose v L Rangn(a) for all a € A.
But v = Y vy where vy € H,,. Since (v,m(a"ae)v) = 0, we see
(ms(a)vy, me(a)vs) = 0 for all f and a. Thus m¢(a)v; = 0 for all f and
a. Thus vy L Rangms(a) for all f. Since the 7; are nondegenerate,
we see vy = 0 for all f and so v =0. Thus [ € B.

(i) Let f be a positive normal form on B. By Proposition VIL.13, f
is o strongly and thus norm continuous. Hence the norm continuity
of the representation 7 implies f o 7 is a continuous positive linear
functional on A. Thus there is a &; with f(n{a)) = (7{a)s, &y}

—_—

Therefore f is weakly continuous on 7{4), and since 7(A) = B, we
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see f(b) = (b€y, &) = we, ¢, (b) for all bin B. Now let f be a o strongly
continuous linear functional on B. Then f is a linear combination
of four positive normal forms. Indeed, f is ¢ weakly continuous and
can be written as a linear combination of two self adjoint o weakly
continuous linear functionals and these using the Hahn decomposi-
tion may be written as the sum of two elements in (B.).. But, by
Proposition VII.13, ¢ weakly continuous positive linear functionals
are normal. Hence each ¢ strongly continuous linear functional on
B is weakly continuous. Now the ¢ weak topology on B contains the
weak topology, and since every o weakly continuous linear functional
is weakly continnous and the ¢ weakly continuous linear functionals
determine the ¢ weak topology (recall the semi-norms for the o weak
topology have form ||T|| = | S we, 4. (T)} where ¥ |/€.]|* < 0o and
S |mal[* < o0), we see the o weak topology on B is the weak topology
on B. This shows (i).

(ii) Let f € A*. We may suppose that f > 0 by Theorem VIII.1
(the Hahn decomposition). But then f(a) = (w(a)s, &s) for some &
Define f(b) = (b&;,&;). Then f is weakly continuous and forx = f.

(iii) All of (iii) follows from Proposition VIII.4 except that we must
check the image of A% is (B,); and () = ) Let f > 0in A*.
Then f(b) = (bg;,g). Therefore F > 0. Suppose f > 0. Then f =
fom > 0. Finally if f € A*, then f = fi— fa+i(fs— f1) where f; > 0

and (f,)*(b) = (b*&5., &) = (0*&pr &sr) = (bépn &57) = (f7)(B)-

(iv) follows from Proposition VIII.4.

(v) By (i) the weak topology on B is the ¢ weak topology. Thus
To - ¢ 0 weakly in Biff (za, f) — (&, f) for all f € B, iff (za,i(f)} —
(z,3(f)) for all f € A" iff (i'(za), f) = (*(z), f) for all f € A*iff
it(z,) — i'(x) in the o(A™, A*) topology. O

ProprosITION VIILS. The Arens’ multiplication and adjoint on
A** are precisely the universal enveloping von Neumann algebra mul-
tiplication and adjoint in A**. Hence A** with the Arens’ structure
is = isometricly isomorphic to the universal enveloping von Neumann

algebra of A.

Proor. Let z,y € A**. We need to show if i* X = z and 'Y =¥,
then #(XY) = zy and i*(X~) = z*. Since i'X =z and i'Y =y, we
have z(f) = F(X)and y(f) = f(Y). Wefirst calculate (y-f). Indeed,
since (f - a(n(a')) = - a(a’) — f(aa’) = flr(aa’)) = f - n(a)(x(a")
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and 7(A) is weakly dense in B, we have (f-a) = f-m(a). This gives

and since both sides are strongly continuous and 7(.A) is weakly and
hence strongly dense in B, we see (y - f) Y . f. Thus

zy(f) = z(y- f)
= (y- /)(X)
=Y f(X)
= f(XY).

This shows i'(XY) = zy, and i' preserves multiplication.
For adjoints, using (iii) of Corollary VIIL.2, note

#(C)f) = ((X), f)

8. Some Properties of the Universal Enveloping
Representation

ProposITION VIIL6. Let A be a C* algebra. Let w be the uni-
versal representation of A on H,. Let p be any representation of A
on B, LetB = w(A)" be the universal enveloping von Neumann
algebm. Then there is a unigue normal representation p of B on H,
such that p(B) = p(A) in B(H,) and pw(a)) = pla) for a € A.
(Recall A** = B when A** has the Arens’ structure.)
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PRrROOF. w(A) is ¢ weakly dense in B. Thus if g, and 5, are
normal representations, Theorem VII.14 implies they are o weakly
continuous; and hence if they agree on w(A), they agree on B. Hence
one has uniqueness. Let p be a representation of A. Then p =
@®resmy where § C A} (the space on which p = 0 can be excluded).
Hence p is a subrepresentation of w. Define K, to be the projection

of H., onto H, = ®sesHa,. Set s(b) = K,bK,. Then p(A) = 5(B)
and 7(w(a)) = (@)l 00 = p(@). O

We are now able to show the uniqueness in the Hahn decomposi-
tion for self adjoint continuous linear functionals on a C* algebra.

THEOREM VIIL6 (UNIQUENESS-HAHN DECOMPOSITION). Let A
be a C* algebra, and let ¢ be a continuous Hermitian linear functional
on A. Then there erist unique py and p_ in (A*). such that ¢ =

p+ — p- and [|¢]| = [[p+]] + |lp-1].

_ ProOF. Set B = w(A) . By Corollary VIIL2, there is a unique
¢ € B, such that ¢(a) = ¢(w(a)), where w is the universal repre-
sentation of A. Since the correspondence ¢ — ¢ i is an isometry, we
have {|@|| = ||¢!|- Moreover, by Corollary VIII. 2, é* = ¢. By The-
orem VIIL5, there is a unique decomposition ¢ = Py — D_ where
py are ¢ weakly positive continuous linear functionals on B with
1ol = ||P+]] + [|p-]|- The isometric * isomorphism f +— f of Corol-
lary VIIL.2 from A* onto B, gives the result. O

REMARK. Suppose A is a C* algebra, and w : A — B is a rep-
resentation of A into a von Neumann algebra such that for every
representation p of A, there is a unique normal representation g of B
with gow = p. This is a universal property that uniquely determines
the universal enveloping von Neumann algebra of A up to a ¢ weakly
continuous isomorphism. To argue this, one can invoke the unique-
ness of the Hahn decomposition and the GNS construction to show
for each linear functional f in A%, there is a unique o-weakly contin-
wous linear function f € B, such that fow = f. Indeed, it suffices,
by the uniqueness of the Hahn decomposition, to show each positive
linear functional p has a unique extension p where p is o-weakly con-
tinuous. The GNS construction and the universal property of w can
be used to give an extension; and uniqueness follows from Proposi-
tion VII.18, for o-weakly continuous positive functionals are normal
and give normal representations via the GNS construction. Using
the Hahn-Banach Theorem, one then sees w(A) is o-weakly dense in
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B. Theorem VII.14 would then imply any two von Neumann alge-
bras with the universal property of Proposition VIIL.6 are o-weakly
isomorphic.

Let W*(G) be the universal enveloping von Neumann algebra of
the universal enveloping C* algebra C*(G) of L}(G), where G is a
locally compact group.

Let 7 be a unitary representation of G on H,. Then, by Theorem
IV.11, = lifts to a representation of the space M(G) of regular Borel
measures on G by

w(n) = [ 7(@) dul).

The representation 7' has nondegenerate restriction to L*(G). More-
over, '{u) € =(G)", for by Corollary 1.10, discrete measures are
weakly dense in M(G). By Corollary IV.9, we know 7' lifts from
a nondegenerate representation of L'(G) to a representation n” of
C*(GY; ie., ™ (1(f)) = 7'(f), where 7 : LY(G) — C*(G) is the natu-
ral injection. By Proposition VIIL.6, there is a unique normal repre-
sentation 7 on W*(G) with 7" o¢ = n”, where ¢ : C*(G) - W*(G)
is the natural injection of C*(G) into W*(G) = C*(G)** and C*(G)**
has the Arens’ structure. We no longer use the primes; we use 7 to
denote all three of these representations, identifying them by context.

Let w be the natural representation of C*(G) given by
W= Drec=(G);Tf-

Then W*(G) = w(C*(G))**, and the natural extension of w to W*(G)
is the identity representation; i.e., @ = Id.

Note w is nondegenerate on C*(G), for each representation s is
nondegenerate on Hy. Hence the corresponding representation of
L'(G) is nondegenerate. This implies w comes from a nondegenerate
representation of L'(G). Thus by Theorem IV.11, there is a unitary
representation w of G which corresponds to the representation w on
LYG), w on C*(G), and Id on W*(G). Namely w = @ycp(e)7s, for
the positive linear functionals on C*(G) correspond to the positive
definite functions on G. This can be summarized using the identifi-
cations given by the correspondences in Corollary I1.12 and Theorem
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IV.13 by
w(C* (@) (G)) =W*(G)
WLI(G)) T =w(CH(G))
CHG)y = (LYG) ),
LY(G); = P(C).

Using the proper context for 7 and w, we have the following propo-
sitiom.

ProposiTioN VIIL7. Let 7 be a unitary representation of G on a
Hilbert space H. Then for g € G, w(g) = w(w(g)).

ProoF. Let f € L'{G) and let g € G. Let ¢, be the point mass
measure at g. Note e,#f = A(g) f where A(g) is defined by A(g) f(z) =
f(g7'z). (We are using a left invariant Haar measure on G.) Hence

w(g)m(f) = =leg)m(f)

In the argument above, we are using the fact that 7 and « in each
context is a representation of G, of L}(G), of C*(G), and W*(G)
along with

rlw(r(£)) = m(r(£)) = 7(f) = [ f(e)n(w)da and
w(r(£)) = w(w(r() :wf:ffwwwww

Since the representation 7 on L!(G) is nondegenerate, we see m(g) =
mlwle,)). O
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By definition, B(G) is the linear span of P(G), and by Theorem
VIII.2 can be identified with C*(G)*. Now B{G) has a natural point-
wise * algebra structure. We shall show B{G) with this * algebra
structure and with norm from C*(G)* is a Banach * algebra.

Let CRB(G) denote the space of bounded uniformly right continu-
ous functions on G. Thus f € CRB(G) iff f is bounded and for each
€ > 0, there is a neighborhood U of e such that |f(zy) — f(z)| < e if
yel.

LEMMA VIIL7. Let u, € C.{G) be an approrimate unit in L'(G)
satisfying ua{z ™) = u,(z). Let u € M(G). Then

(i) f(u=ua)z)k{z)de — [ k(z)du(z) for all k € CRB(G).
(i) w(u*u,) converges strongly to w(u) where w is the universal
representation of G.

PRrROOF. (i) Let k € CRB(G). Then

(uriark) = [ [ K)oty dute) dy

—ffkscyua Y)dy du(x)

= fk:*ua z) du(z)

—y / k(z)du(x)

b+ ta(a) = (@) = | [(k(zy) ~ k@)ualy™) dyl 0

for

uniformly since k is right uniformly continuous and suppu, — {e}.

(ii) Note w(ug)w(f) — w(f) for each f in L'(G), for uy * f —
f. Since w is a nondegenerate representation of L!(G), the span of
the ranges of all the w(f) is dense. Thus ||w(u,)|| < 1 for all
implies w(u,) — I strongly. Hence w(i * u,) = w(p)w(us) — wip)
strongly. O

PROPOSITION VIIL.8. Let w be the universal unitary represento-
tion ofG Then for ,u e M(G), b € B(G) = C*(G)*, we have
(b,w(u)) = [blz)du(z) (Recall each b ¢ C*(G)" has a natural ¢
weakly contmuous eastenszon bon C*(G)" =w(G) =W*(G).)
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PrOOF. We may assume b € P(G). We first take u = f(z)dz

Then
Gl = b.f) = [ S(@)b(a) da
Next note, by Corollary IV.10, that b is in CRB(G). Now let u, be
as in Lemma VIIL7. Then
(byw(p* a)) = (b, w(p * ua))
= (b,w(u)),

since bis o weakly and hence strongly continuous on bounded subsets
of W*(G). But

by wa)) = [ prale)ie)dz - [ b(a) du(z)
by (i) of Lemma VIIL7. [

9. Imbedding G into W*(G)

Note the ¢ weak topology on W*(G) is precisely the o(W*(G), B(G))
topology. Indeed, the correspondence & — b is one-to-one and onto
between B(G) and W*(G),, the space of o weakly continuous linear
functionals, with the latter defining the o weak topology on W*(G).

THEOREM VIIL7. The mapping w : G — W*(() is a topological
isomorphism of G into W*(G), where W*(G) has the o weak (equiv-
alently the o(W*(G), B(())) topology.

PROOF. w is continuous for (b, w(g)) = = [ b{z)de,(x
b(g). Now let U be a symmetric compact nelghborhood of e. Then
1y + 1y € P(G). Indeed, an easy calculation shows

1U * 1{;'(.17) = (A(.’L‘)].U, IU)

where )\ is the left regular representation of G. Hence suppose
w(ga) — wle) in o(W*(G), B(G)). Then if g, doesn’t converge to e,
we may assume we have a neighborhood V of e such that g, ¢ V for
all &. Choose U as above with U? ¢ V. Then if b = 1;; * 1y, we have

(b,w(ga)) = (b,wle)) = be) = m(U) > 0,

while (b, w(ga)) = b(ga) = 0, since b = 1y * 1y vanishes off U?. This
is a contradiction. 0O
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10. Invariant Sets in B(G)

Each b € B(G) is identified with an element b of W*(G).. Hence
if X € W*(G), X -band b- X are defined.

LEMMA VIIL8. Let X, — X strongly in W*(G). Let b € B(G).
Then Xo-b — X b in W*(G)* norm. If X7 — X2, thenb-X, — b-X
in W*(G)* norm.

Proor. By Theorem VIII4, b= p -V where p € (W*(G).), and
VV* = supp ¢. Now using Lemma I1.5,

Xo-b—X-bll= sup [XopV-X-p-Vy)
yew=(G).Iyll<]

= sup [{p, Vy(X. — X)}|

lyil<l

< sup p((Vy)(Vy)) 7 p((Xa ~ X)" (X, - X))

[yl <1
< Hle/?p((Xa — X)"(Xo — X))1/2 -0

for if X, — X strongly, then (X, — X)*(X, — X) — 0 weakly, and
by (i) of Corollary VIIL2, p is weakly continuous, for the o-weak
topology is the same as the weak topology. The argument for the
other case is similar. J

Using Theorem VIIL.2 and (iii) of Corollary VIIL.2, we isomet-
ricly identify B(G), C*(G)* and W*(G),. For b € B(G), we use b
and if necessary for clarity b to denote the corresponding element in

W (G)..

ProposITION VIILY. Let S be a normed closed subspace of B(G).
The following are equivalent:

(i) S- X ¢ 8X for all X € W*(G)

(ii) S- XCSforallXEC*(G)

(iii) S-w(g)C S forallge G

(iv) S is left invariant in B(G) under the left reqular representa-
tion

(v) 8 =P B(G) where P is a projection in W*(G).

Prook. (i) implies (iii) is clear. (i) implies (ii) for b- X = b-w(X)
for X € C*(G). (il) implies (i) follows from Lemma VIIL.8 and the
fact that w(C~(G)) is strongly dense in W*((). Similarly (iii) implies
(i) since the strong closure of the linear span of w{G) is W*(G). To
see (v) implies (i), note B(G) - X C B(QG); for B(G) = W*(G).
and ¥ — XY is o weakly continuous. To show (i) implies (v),
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we use the notion of polar sets. Since B(G) = W*(G)., we have
B(G)* = W*(G). We note S° = 5+, since S is a subspace. We
note S° is o weakly closed, for §° = Nyegkerb. Also if X € S+ and
Y € W*(@), then b(YX) = b-Y(X) = 0, since §- W*(G) C S.
By Proposition VIL14, there is a unique projection @ € S° with
SV = W(G)Q. Now (W*(G).,W*(G)) is a dual pair; and thus by
Proposition VL.10, (8°)° is the o(B(G), W*(G)) closed convex hull
of §. But S is o(B(G),W*(@)) closed; for by the Hahn-Banach
Theorem, if  is not in S, then there is an X € B(G)* such that
X =0on S and (X,b) = 1. Hence, since S is convex, we have
(8°)° = S. But then

S=(58={b:{h,X)=0 for all X € 5°
={b:{b,XQ)=0forall X € W*(G)}
={b: (b, X(I-Q)) = {,X) forall X € W™ (G)}
—{b:(I—Qpb=b)
— (1-Q)B(C)

Finally we show (iii) and (iv) are equivalent. For f € L'(G), one
has A(g)f = €, * f; and thus

(b-w(g), f) = {b,w(g)w(f))
= (b, w(eg * f))
bw(/\(g)f))

=fb(ga: flz)dz

This gives b- w(g) = A(g~')b which implies the equivalence. [

REMARK. Let Z be a central projection in W*(G). Then B(G) -
Z = Z-B((G) is a two sided invariant subspace of B(G). By Proposi-
tion VI1.14 and the above proof, each norm closed two sided invariant
subspace is of this form.

11. The Support of a Representation

Let = be a unitary representation of G on H,. Then 7 integrates
to a representation L'(G) which extends to C*(G). The result-
ing = factors through C*(G); and by Proposition VIIL6, this rep-
resentation extends to a normal representation m of W*(G). Let
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N={X e W*G) : 7(X) = 0}. Then N is a two sided * ideal. By
Proposition VII.14, there is a central projection Z(#) n W*(G) such
that N = W*(G)(I — Z(xr)). Z(x) is called the {central) support of
7. Again using Proposition VIIL.6, 7(W*(G)) is a von Neumann alge-
bra on H,; and 7 factors uniquely through W*(G)/N = Z{x|W*(G).
The resulting homomorphism from W*(G)Z(x) to =(W*(G)) is nor-
mal and hence a ¢ weak isometry.

LEMMA VIILO. Let b € B((). Then there is a p € P(G) and
a partial isometry V € W*(G) such that b = p -V where VV* =
supp(p) = E. Moreover, if m, is the cyclic unitary representation

of G with cyclic vector &, satisfying p(g) = (7,(9)¢,, &) forg € G
and 7 is the corresponding normal representation of W*(G), then
p(X) = (n(X)Ep, &) for X € W*(G). Also E < Z(m,).

PRroOOF. By Proposition VIILS,

plw(eg)) = p(g) = {mp(9)ps &)

Thus (7,(3" Aigi)ep, &) = p(3- Mw(ey,)). But both sides are normal

and hence o-weakly continuous on w(G)"” = W*(G), and thus they

are equal on W*(G). This gives (m(X)E,,&,) = p(X) for X € W*(G).
Let E be the support of p. Note

p(I — Z(mp)) = (I = Z(mp))&p, &) = 0.
Thus I — Z(m,) < I — E, and hence E < Z(m,). O

Let Z be a central projection in W*(G) = w(W*(G)) where w
is the universal representation. Then ZW*((G) is a von Neumann
algebra in B(ZH,,).

LEmMA VIIL10. If Z is a central projection in W*(G), then
(ZW*(G)), = Z- W*(G)..

PrOOF. Each Z - b € (ZW*(G)), if b € W*(G),. By the Hahn—
Banach Theorem, each b € (ZW*((G)). has an extension to a b’ €
W*(G)., for ZW*(G) is o weakly closed in W*(G). But then b =
Z-¥. O

DEFINITION. Let M be a von Neumann algebra, and let £ € M
be an orthogonal projection. Then the mapping M — EME ¢
B(EH) is called an induction. If £ € M| it is called a reduction.
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Let Z be a central projection in W*(G). Then wz(X) = XZ is
a representation of W*(G) on ZH, with support Z. We shall show
all normal representations of W*(G) are ‘quasi-equivalent’ to one of
this form.

LEMMA VIIL11. Let b € B(G). Supposeb=p-V wherep € P(G)
and V is a partial isomelry in W*(G) with VV* = suppp. Then
be Z(rm,) - B(G).

PROOF. Since p(X) = (m,(X)&,, &), we have

b(X)={p V,X)
={p,VX)
= (m,(VX)&, &)
= (mp(X)&p, (V) &p)
= (mp(X )Epanp)

where 7, = m,(V)*§,. Now m, is normal, and
7, ¢ WH(G) = m(W*(G)) C B(H,,).
Thus the pretranspose 'm, : m,(W*(G)). = W*(G), is given by
(tmpf)(X) = F(mp(X)).

Note Theorem VII.14 implies *m,(f) is o weakly continuous, for f is
o-weakly continuous and m, is normal. But m, : Z(m,)W*(G) —
m,(W*(G)) is a o weak topological isomorphism. Therefore, us-
ing Lemma VIIL10, ', : mp(W*(G)). = (Z(m,)W*(G))s = Z(mp) -
W*(G). = Z(n,) - B(G) is an isomorphism; i.e., *r, has range the
set of all b € B(G) such that b = 0 on (I — Z(7,))W*(G). But
if b = p-V where VV* = suppp, then by Lemma VIIL.9, one has
suppp < Z(m,). Thus b € Z(mp) - B(G). O

12. The Norm on B(&)

LeMMA VIIL12. Let b € B(G) = W*(G), = C*(G)*, and suppose
b=p-V where VV* = suppp and p > 0. Then

il = | [ ba)f@) ol
feLl(G') Hw(f =1
= s | f b(a)f (@) dai
FELMG)|Im(FHlowiar St
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= su b, A (g;
”Z'\MEJL)HQN Z (g:)]

= |[b- Z(mp)||
= sup l(b,Zx\iw(gi))l-

1132 A2 Jw(a)l <1

PRrOOF. Let (w(G)) denote the linear span of w(G). Then

W(G))" =w(ING))" =w(C*(@)" = W"(&).
Also w is an isometry of C*(G) into W*(@), and LY(G)) =
C*(G). By the Kaplansky density theorem, the unit balls of (w(G)),
Ww(LY(G)), and w(C*(G)) are dense in the o weak topology in the
unit ball of W*(G). These facts together with Lemma VIIL.11 and
Proposition VIIL.8 give the result. [

COROLLARY VIIL3. Let b = (=(:)¢,m) € B(G). Then ||| <
1Tl

PRrOOF. Let 7 : L'(G) — C*(G) be the inclusion mapping. Since
(A = [ (Al = supreg |7 (£)]], one has

Bll=  swp | [ f@)inE )
feL (Ghllw(HIIL
= sup {{m(f)¢,n)]
llw(£)1<1
< sup_|im(o)1 el 1)
[lw{flil<1
< el fall

O

In Section 1, we noted |{b||oc < [{b]]. The following is another
argument for this result.

CoROLLARY VIIL4. |blincy = {[bl|oc-
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PRrRoOOF. By Proposition VIIL.8, b{(g) = {b,w(g)}. Now, by Lemma
VIIL.12,

b = u b, Y wl(g;
bl HZSM&HSII(,Z (911

> sup (b, w(9))]
= sup 1b(g)I
= |16]] oo-

O

LEMMA VIILI3. Ifp(z) = {n(z)¢,£) wheren € R, then |pllp@) =
p(€) = |[Plloc-

PrOOF. By Corollary VIIL4, we have ||p|| < ||p||; and Proposi-
tion IV.18 gives p(e) = ||p|le- Also, by Lemma VIIL12,

pll =  sup [ p(z) f(2) da

FeL@hlln{NIIZL

= s @@ e

feLHG)lIT{fII£1

= SUp [{m(£)E, &)1

FeLH@)JI7(fHl]=t

< sup = (OITIEN

T feLV@G) II(HIIST
< IEN? < |1Pl]oos

for ljr(f)|l = sup,.cr |7 (I = lI=(Hl. O

LEMMA VIIL.14. Letb=p-V wherep > 0, V is a partial isomelry
in W*(G), and VV™ = suppp. Let §, be a cyclic vector satisfying
p(z) = (mp(x)6p,6,). Set mp = wp(V*)E. Then b(z) = (7 (T)Eps M)
and ||b]] = [i&|||Iml]-

PrROOF. By Lemma VIILY, (m(X)&,,&) = (p,X) for all X €
W*(@); and by Proposition VIIL7, mp(g) = mp{w(g)) for all g € G.
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Hence, we see

By Corollary VIIL3, {[b]} < [I&]/]|7%,]l; and by Theorem VIIL4,
o] = |lpll. But Lemma VIIL13 gives |[b]] = |[pi] = [I&]I* >
all 1 (V)Epll = 1ipll [Implf = [I]] since V' is a partial isometry
and ||m (V)| < |IV[| <1. O

LEMMA VIIL15. Let b,by,ba € B(G). Then {|bybs|| < ||by]]|Ibe]!.
Ifb(g) = b(g™*), b(g) = b{g), and b- z(g) = b(zg) for z € G, then
b— b, b b, and b — bz are isometric linear or antilinear isometric
automorphisms of B(G).

ProoF. By Lemma VIII.14, we can select §;,7;, 7 = 1,2 so that
bi(g) = (m3(9)&;,m) and ||bs]j = [I& |} i|ms1}-

Now by (g)ba(g) = (m ® m2(g)é, ® &, ® m). Thus by Corollary
VIIL3, [[bbe|| < {|&l[11& | ilm ] [me]l = [ouli [b2]i.

Note if b = (x(-){,n) where |[bl] = [|£]| ||7]], then b{g) = (£, w(g)n) =
(*la)n. &) and b(g) = (F(g)€,m). Thus 1Bl < ll€l[|[all = |Io] and
1 < [l il < [1ol. But b = b and b = b Hence [Jo} = B <
1] < [}bf] and {[b]] = [[b]| < |[b] < [ib]].

Finally b z(g) = b(zg) = (7(g)¢, w(z™*)n). Hence

lb- 2| < [l Im(e )i = 1Bl
But then [[bl] = b~z 2| < ||b-2/| < [[bl]. O

TueoREM VIIL8. B(G) equipped with norm from C*(G)" is a Ba-
nach * algebra.

Proor. This is a combination of Proposition VIII,1, Theorem
VIIL.2, and Lemma VIIL.15, [
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13. Quasi-equivalence of Representations

DEFINITION. Let A be a * algebra, and let m; and 75 be * repre-
sentations of A. Then m is quasi-equivalent to 7o (written m; =~ ;) if
there is an isomorphism ® : 71 (A)" — m(A)" satisfying ®(m;(e)) =
7a(a) for all @ € A. If m; and 7, are unitary representations of a
locally compact group, they are quasi-equivalent if there is an iso-
morphism @ : m(G) — m(G)" satisfying ®(m(g)) = ma(g) for
gEeG.

PRrRoOPOSITION VIIL10. If m; and ® are unitary representations of
G, then m, =~ my, ™, = wh, wf =75, and ©{" = 7" are equivalent.

Proovr. First, recall by Theorem VII.14 that any * representa-
tion of a von Neumann algebra is normal iff it is o-weakly contin-
wous. In particular, by Corollary VII.16, any isomorphism between
two von Neumann algebras is both normal and bi-¢ weakly contin-
uous. We also recall if {m;(G)) denotes the linear span of the ele-
ments 7;{g) for g € G, then all three of the * subalgebras (m;(G)),
wi(L'(G)), and 77(C*(G)) are o-weakly dense in 7 (WH(G)) =
‘TI'J'(G)” f(Ll(G))ﬂ — ’.TH(C‘(G))H

First suppose 7}’ ~ Wé”, and ® is the implementing isomorphism.

Then 7' (w(a)) = &(x}(w(a))) for a € C*(G). But 7"(w(a)) =
Tr’-’( ) when a € C*(G). Thus n{ = n5. Similarly, if = ~ 73 on
C~(G) and & satisfies 5(a) = ®(n}(a)) for a € C*(G), then if
f € LYG) and 7 is the inclusion of LY(G) into C*(G), one has
7 (r(f)) = ®(x{(r(f))) for f € L'. Since 7} o7 = m;, we see
oA 7r§ Also, 1f 7! ~ 7, one would have ®(x|(f)) = =5(f) for
F'e L'(C). But then ®(m (g)mi(f)) = 2(rl(Mg))) = HNO)S) =
malg)my(f) where Ag)f(z) = f(g'z). Thus ®(m(9))@(m(f)) =
mo(g)®(m (f)) for all f € L'(G). Now since P is a bi-c weakly
continuous homeomorphism, ®(x}(L*(G))) is o-weakly dense. Since
I € wh(L}(G))", the o-weak closure of @(m{(L'(G))), one would then
have ®(m(g)) = m2(g) for g € G.

Suppose w; =~ m,. We show #{" = m’. Note we have an iso-
morphism & satisfying ®(m;(g)) = m(g) for g € G. Let w be the
universal representation of G. Now w(G)” = W*(G), and hence
(w(@)) is o-weakly dense in W*((). Thus if X € W*(G), there is
a net X; € {w(G)) such that X; converges o-weakly to X. Since ®
is o-weakly continuous, one has () (X;)) — ®(x{"(X)). But by
Proposition VIIL?, 7" (w(g)) = m;(g) for g € G. Thus (r(X;)) =
m4'(X;) for each i. Hence Wé”(X) — ®(x{’(X)). But since 73’ is
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o-weakly continuous, 75'(X;) — m)’'(X). Thus ®(n{"(X)) = m5'(X)
for all X € W*(({). This gives #{" = «}'. O

THEOREM VIIL.9. There is a bijection between quasi-equivalence
classes of unitary representations on G and central projections in
W*(G) given by m & Z(r) where Z(r) is the support of & in W*(G).

PROOF. Suppose 7, = m;. Using Proposition VIII.10, we see one
has ®(7]"(X)) = #y(X) for some x isomorphism @ from =, (G)"
onto m3(G)"”. In particular X € kern}” iff X € kern”. Thus Z(m) =
Z(ms).

Suppose Z is a central projection in W*(G). Let =" be the
representation of W*(G) given by 7"(X) == X|zu where H is the
Hilbert space for W*(G). Note #"” is normal and nondegenerate,
and ker(7'") = (I — Z)W*(G). Set 7(g) = 7" (w(g)) for g € G. Then
Z(m)=Z.

Now assume Z(m ) = Z(m,). (We again discontinue the use of the
primes.) Then 7, is an isomorphism of Z(m, )W*(G) onto 7, (W*(G)),
and 7 is an isomorphism of Z(m,)W*(G) onto m(W*(G)). Since
Z(m) = Z(my), ® = my oy is an isomorphism of m; (W*(G)) onto
7w (W*(G)). By Proposition VIIL6, 7;(W*(G)) = n;(G)". More-
over, if X € W*(G), then &(m (X)) = m(X). Indeed, = (X) =
m{Z(m1)X), and thus m7'(m (X)) = Z{m)X. Hence ®(m (X)) =
o Z(m ) X) = mo(Z(79) X) = mo(X). Thus my = m,. 0O

REMARK. Let m; and m be unitary representations of G, and
m" and 73" be their normal extensions to W*(G). Set m ® m,
to be the tensor product unitary representation of G. Let 7 be
its normal extension to W*(G). Then n" # n}" @ nl)’, for X
' (X) ® 73'(X) is not linear. Set S = {S € W*(G) : n"(8) =
71" (8) ® wy’(S) for all 7, and m2}. Then § C o(B(G)), the spec-
trum of B(G). Indeed, if S € 8, define hs on B(G) by hg(b) =
{6,8). Then if b;(g) = (m;(g)¢;,m;) for j = 1 and j = 2, we
have b16,(g) = (m1 ® ma(g)é1 ® &, m @ 12), and hence hg(byby) =
(7" (5)61 & £2.m @ ma) = (m]"(8)er, m){(73' ()2, m2) = hs(br)hs(bo).
In particular, w(G) C o(B(G)).

14. The Fourier Algebra

PROPOSITION VIII.11. Let w be a unitary representation of G.
Then Z[r] - B(G) is the B(G) norm closure of the linear span of
all matrix coefficients « — (w(x)§,n) where £ and n are in H,.
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ProoOF. First note Z[n]- B{(G) is closed in B(G). Indeed, Lemma
VIII.12 shows norm convergence in B(G) with C*(G)” norm is the
same as convergence in norm in W*(G),. Thus if Z[n]b, — b, we
have b(Z[r]X) = lim, Z[x] - b.(Z[7]X) = lim, Z[r] - b,(X) = b(X).
Thus b € Zx| - B(G).

Set A to be the B(G) closure of the linear span of all matrix
coefficients z +» (x(x)¢,n), and let b(z) = {m(x),n) for some { and
n in H,. We claim b(z) € Z[n] - B(G). Indeed,

Z[x]-b(Y) = b(Z[n]Y)

= (m(Z[7]Y)¢,m)

= (r((I - Z[x] + Z[x])Y )&, m)
(Y)&,m)
= b(Y),

for ker 1 = W*(G)(I — Z[x]). This gives A C Z(x) - B(G).
But A is a closed two sided invariant subspace of B(G). Indeed,

(m(zy)&, ) = (7 (y)€, 7 (z71)E)
= (W(-’E)W(y)fﬂi),

and by Lemma VIIL15, both left and right translations are isometries
of B(G). By Proposition VIIL9 and its following remark, there is a
central projection Z € W*(G) such that A = Z - B(G). Hence, if
be B(G), we see Z[r]-Z -b= Z-b. This gives b(Z[r]ZX) = b(ZX)
for all X € B(G) and b € B(G) = W*(G).. Hence Z[r]ZX = ZX
for all X € W*(G). Taking X = I, we see Z < Z[x].

Now note if ¢ is a matrix coeflicient of w, we have Z - ¢ = ¢. Thus
(Z[#] = Z)-¢ = 0. Hence {n(Z[x] — Z){,n) = 0 for all { and 7. Thus
Z[r}— Z € kerr = (I - Z[x])W*(G), and we see Z[z]|-Z < I-Z[x].
This gives Z = Z[n]. O

=

=5

DEFINITION. The Fourier algebra, A(G), where G is a locally com-

pact group is defined to be
B(G)

B(G)NC.(G)

LEMMA VIIL16. A(G) is a closed translation invariant two sided
ideal in B(G).

Proor. Clearly B(G)NC.(G) is a translation invariant two sided
+ ideal. By Lemma VIIL.15, translation, conjugation and multiplica-
tion are B(G) norm continuous. (]
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REMARK. There are several equivalent definitions for the Fourier
algebra. Namely
(a) A(G) = L¥(G) = ( )
(b) A(G) = BC)NC(C)
(c) A(G)=2Z [z\} ( ) where A is the left regular representation
of G on L*(().

REMARK. In the case when G is abelian, the spectrum of the com-
mutative C* algebra C*(G) is G, the character group of GG. Hence
C*(G) is isometric to Co(G), and thus B(G) = C*(G)* is isomet-
ricly isomorphic to M(G) = Co(G)*. The isomorphism from M(G)
onto B(G) is given by the Fourier transform. Moreover, the Fourier
algebra is the Fourier transform of L!(G).

Where flx) = f(z™Y)
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