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Preface

This book  grew  out o f experience gained in three decades o f developm ent o f m atrix  structural 
analysis, firstly  as a research  tool, then  as post g raduate  lecture  m ateria l and finally  as an 
in tegral part o f  the undergraduate curriculum . The basic build ing blocks o f  a unified theory  for 
structural analysis are to be found in m atrix  and linear algebra. It is w ith the use o f m atrix  
th eo ry  th a t the  d u a lity  o f  the  co n cep ts  o f  eq u ilib riu m  and  c o m p a tib ility  can  be b ro u g h t 
together v ia the princip les o f v irtual d isp lacem ents and virtual forces and expressed  as the 
contregred ien t law. For m any o f  these basic ideas the author is indebted to D r K. L iversley  o f 
C am bridge U niversity, M r J.C . D eC  H enderson form erly  o f  Im perial C ollege and the late M r 
R .S . Jen k in s  o f  O ve A rup  and  P artners. T he sp irit o f  the b ook  is to  look  firs tly  a t these  
underly ing  princip les o f  m echanics, developing them  as a coheren t and unified  theory  w hich 
can  then  be u sed  in  the app rox im ate  so lu tion  o f  the partia l d ifferen tia l equations o f  so lid  
m echanics, as applied  to various structural form s such as skeletal fram es, plates, shells and the 
solid continuum .

B ecause the line elem ent structure (truss, fram e and cable) plays an im portant role in the 
teaching o f  elem entary  structural m echanics, this form  has received a reasonable am ount o f  
attention  (C hapters 4, 5 and 6). The p lan  for the book  then is to start w ith an in troduction to 
vector, tensor and m atrix  notations in C hapter 1, together w ith a d iscussion o f the in terpolation 
theory  w hich form s a basic part o f  the finite elem ent m ethod. In C hapter 2, the fundam ental 
theorem s necessary  to apply the princip les o f virtual d isplacem ents and forces to both  d iscrete 
and continuous structures are fu lly  developed. It is found conven ien t to use the ub iquitous 
G auss divergence theorem  for the latter case. M aterial constitu tive law s are d iscussed and the 
increm ental elasto-plastic  constitu tive equations developed so that the reader w ill be able to 
apply the theory  to a variety  o f  m aterial m odels currently  available.

C hapter 3 in troduces the finite elem ent m ethod  in a num ber o f  its form s, and the use o f 
the contregred ien t law  in the developm ent o f  the finite elem ent stiffness m atrices explored for 
the displacem ent, hybrid  and equilibrium  types o f  elem ent. W ith nearly  40 000 papers now  
w ritten  on the finite elem ent m ethod  this C hapter m ust by its very briefness be one o f highly 
d istilled  m aterial.

C hap ter 4 deals w ith  the force m ethod  o f analysis in abbrev iated  form . A lthough  the 
stiffness m ethod  has gained ascendency in use in the num erous com puter softw are packages 
com m ercially  available for structural analysis, the principles o f statics, deflection  calculation  
etc., are still taught in the first instance via the force m ethod. Thus, there is still rationale for 
an understanding  o f  the force m ethod  and it is still valid  to observe that com puter softw are for 
b o th  th e  fo rce  and  the  d isp la c e m e n t m e th o d s can  be m ade  to  lo o k  id e n tic a l at the  u se r 
in te rfa c e . O n ly  fo r  la rg e  sca le  an a ly se s  does th e  d isp la c e m e n t m e th o d  h av e  s ig n if ic a n t 
advantages.
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In C hapter 5 the displacem ent m ethod is detailed  and in this context attention is focused 
on the d irect stiffness m ethod. It m ust be realized that the d irect stiffness m ethod is only the 
n am e g iv en  to  the  p ro cess  in  w h ich  the  v a rio u s  e lem en t s tiffn ess  p ro p e rtie s  are  f irs tly  
e x p ressed  in  the  co m m o n  g lo b a l co o rd in a te  sy stem  and th en  a ssem b led  v ia  u n it m a trix  
transform ations w hich reflect the structure connectiv ity  or topology.

In C hapter 6 som e attention has been give to the calculation o f elastic critical loads, not 
only because this is a useful exercise, but also because it now  proves to be a ra ther m inor yet 
elegant extension o f the sim ple linear theory. A  treatm ent has been given in this C hapter o f the 
geom etric non-linear analysis, both for line elem ents and m em brane shell structures, because 
these form s have an im portant application  to the shape finding, analysis and design, o f tension 
structures.

C hapter 7 deals w ith the finite elem ent analysis o f the solid continuum  w hich o f course 
can be d ivided into the planar situations (plane stress, plane strain  and axisym m etry), and the 
three-dim ensional stress state. A feature in this C hapter is the discussion o f the natural m ode 
m ethod  o f  P ro fe sso r J.H . A rgyris  w h ich  su cc in c tly  sep ara tes  the r ig id -b o d y  m o tio n  and 
straining m odes o f an elem ent. The St V enant’s torsion problem  is analysed by the use o f the 
cross section w arping displacem ent function, and the m eans given for location the shear centre 
o f those cross sections under St V enant’s torsion stress.

C hapter 8 in troduces a detailed d iscussion o f  the sm all deflection  plate bending analysis. 
B ecause o f its im portance in understanding the bending action associated  w ith shell behaviour 
m an y  e le m e n t ty p e s  are  g iv e n , in c lu d in g  th e  f la t fa c e t e le m e n ts  an d  th e  d e g e n e ra te d  
isoparam etric and heretosis elem ents. C om parisons o f elem ent com putational efficiency and 
accuracy are given. The D K L (D iscrete K irchoff w ith L oof nodes) is introduced as a possible 
contender for the inclusion o f plate elem ents in shell analysis via flat facet elem ents.

The analysis o f shells is given in C hapter 9. W ith over 4000 papers now  published on 
shell theory it becom es necessary to give a b rie f review  o f the literature. This is fo llow ed by a 
descrip tion  o f fla t facet a type elem ents (p lane stress plus p late e lem ent). A gain  the D K L 
elem ent is h igh ligh ted  for som e advantages it appears to possess for m om ent connections in 
box type structures as w ell as in general shell analysis. It is sim ilar to the M orley and sem i- 
L oof type elem ents in that it has the rotational nodal variables em bedded in the elem ent sides 
ra th er than  at the apex nodes. In  look ing  at cu rved  shell e lem ents one has to m ake som e 
com prom ise betw een  com putational efficiency and accuracy on the one hand and practical use 
on the other. It w ould  appear that those elem ents w hich require h igh order derivatives in their 
nodal variables have lim ited application. Thus the decision was m ade to give details o f the 
isoparam etric shell elem ent (A hm ad and Irons) and to give a reasonable discussion therein  o f 
the problem s o f m em brane and shear locking problem s and the m eans to avoid these troubles.

In  s tu d y in g  the  b o o k  the su g g es ted  o rd e r is to f irs t read  C h ap te rs  1 -3 , and  if  the  
in tention then is to pursue finite elem ent analysis, to m ove to C hapters 5, 7, 8 and 9, in that 
order. For a low er level o f study one m ay choose parts o f C hapters 1 and 2 and then m ove to 
C hapter 4 and 5 to obtain a know ledge o f m atrix  structural analysis as applied to line elem ent 
(skeletal) structures. It is strongly  recom m ended  that som e o f the m ateria l o f C hap ter 6 is 
included to extend the studen t’s capabilities to the calculation  o f fram e buckling loads.
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CHAPTER 1

Mathematical preliminaries

1.1 INTRODUCTION

In writing this book the intention is to assist the student in the learning process for structural and 
finite element analysis, in which he must master, not only the numerical techniques available, but 
also the mathematical skills necessary for the efficient description of the physics of the problem at 
hand. As such it is a teaching book. The format, then, is first to present a discussion on mathemati­
cal preliminaries in which the concepts of vectors, tensors and matrices are introduced. Which nota­
tion should be used? Vector, tensor or matrix? The answer is not simple, and the three notations are 
certainly not mutually exclusive. Following a discussion of the merits of the various notations, the 
reader is introduced to the ubiquitous Gauss’ divergence theorem. This theorem forms the basis of 
most descriptions of the integral of the rate of change of a variable over a region to its values on the 
surface of the region. In structural mechanics the relationship has been discovered independently 
and given such names as principle, of virtual displacements, principle of virtual forces, or simply 
virtual work. The advantage of the more general formulation by Gauss is in its adaptability to a 
variety of other physical situations where the concepts of static equilibrium are not available. In 
structural mechanics it is possible to extend the concept of virtual displacements (forces) to the con­
tragredient principle which succinctly describes the relationship between statically equivalent force 
systems and their compatible displacements. The contragredient principle can be loosely described 
as a reflective principle (for the purposes of memory only). That is, if the force systems (P ,Q ) are 
connected through the relationship,

{P}  = [B] {Q \

then the corresponding compatible displacements ( p , q)  are connected as follows:

W l = V B? {p }

Without the ability to apply both Gauss’ celebrated theorem and the contragredient principle, 
the student’s capabilities of analysis are seriously restricted. The finite element method can be 
classified as a means for the approximate solution of the partial differential equations of 
mathematical physics. It requires the subdivision of the region under consideration into a number of 
geometrically definable domains. In each domain, the unknown variables (for which the 
approximation is desired), are expressed in terms of certain values (either generalized coordinates or 
nodal values), by functions of the coordinate system. A study of this problem and the choice of 
nodal values rather than generalized coordinates lead to the definition and construction of orthogonal 
interpolation functions. The chapter concludes with a discussion of coordinate systems and the 
various element domains (isoparametric and triangular) and the calculation of function derivatives 
in, and integrals over, the domain. In subsequent chapters, the various physical situations 
encountered in both line structures and continuum mechanics are introduced and their finite element 
approximations discussed.

1
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2 MATHEMATICAL PRELIMINARIES

An attempt is made to give a fairly complete description of a wide selection of finite element 
types. In the first instance, attention is focused on small displacement, linear elasticity. In general 
the emphasis will be on the displacement element formulation with compatible displacements at the 
element interfaces. It will be shown that this approach may also be formulated as a Galerkin 
method of weighted residuals (again a useful concept in non-structural applications). The discus­
sion will, however, by no means be restricted only to displacement models, and sections will be 
reserved for discussions of the natural mode technique, developed by Argyris [1], and the hybrid 
stress elements of Pian [2]. It may be pertinent at this stage in the book to draw the reader’s atten­
tion to the work, Energy Theorems and Structural Analysis by Argyris and Kelsey [3], published in 
1959. The material in this work belies its title, and the work actually contains a very modem dis­
cussion of the matrix methods of structural analysis. Because the calculation of elastic critical loads 
is merely an extension of the linear theory to include the effects of axial forces when the equilibri­
um equations are written in the deformed rather than the initial position, it is natural that the book 
includes a chapter on critical load (or eigenvalue) calculation and the corresponding mode shapes. 
This is a break in tradition from classical texts in that the computer has made the calculation of the 
linear eigenvalue problem for the first critical load a simple extension of the first-order theory. Be­
cause the effectiveness of the finite element method lies in part in its successful application to 
non-linear analysis problems of both a material and geometric nature, the text concludes with some 
of the techniques currently available for these analyses. In particular a discussion is given of net 
and membrane structures and shape finding techniques and of the non-linear analysis of structures 
which may present rather mischievous behaviour in their load deflection relationships. The solution 
to the transient heat flow problem and the related elasto-plastic thermal stresses will be given as an 
example of the non-linear material behaviour.

1.2 NOTATION: VECTOR -  MATRIX -  INDEX

1.2.1 Vector notation

The concept of vectors arises from the geometrical representation of forces, displacements and their 
time derivatives and from the parallelogram law of addition of such quantities. A vector is defined 
as a quantity in space which has direction as well as magnitude, and it will be denoted by /?, 
etc. A point P  in space is defined by its position vector r*, as in Fig. 1.1(a). In Fig. 1.1(b), the vec­
tor addition of A and B is defined as

— A + B (1.1)
x.2

P

A

(a) Posit ion v e c t o r ?  

Fig. 1.1 Ve

(b) Addition of vectors

Vector components - vector addition.
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NOTATION: VECTOR -  MATRIX -  INDEX 3

It is soon found, however, that further operations are necessary for the satisfactory manipula­
tion of vector quantities; the two most commonly used are the dot and cross products. The first pro­
duces a scalar and the second a vector.

Dot product

^  • i?  = Ia lie  icos e ( i .2)

Cross product

X x  Z? = \A \\B Isin 0 n (1.3)

The sense of n in Fig. 1.2(b) is given by the right-hand screw rule from X  to P . The use of 
these two operators is illustrated in the examples which follow. Firstly, consider the position vector 
r* given as the vector sum of its three components in the directions of the Cartesian coordinates 
(x\, x 2, .*3), base unit vectors ( e h e 2, £ 3).

B

X

(a) D o t  p ro d u ct  (b) Cross p ro d u c t

F ig  1.2 Vector operations.

That is,

t  = x xe x + x 2e 2 + * 3^3 (1.4)

The i th component of r* is given by

Xi = t  -Si (1.5)

The magnitude of the vector P  is given by

\ F \ = ( P - P ) Vl (1.6)

Consider now, the force vector P  acting through the point P , position vector f .  It is required 
to calculate the moment vector A? 0 of P  about O . From Fig. 1.3(a), the magnitude of this moment 
is given by

\M0\ = \F\p (1.7)

where p  is the perpendicular distance from O to the line of P .  The moment A? 0 is perpendicular to 
the plane of P  and ~t and in the sense shown in Fig. 1.3(a). Thus,

lA?0l = f  x P  -  \F \ \r Isin 0 n = IF Ipn (1.8)
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MATHEMATICAL PRELIMINARIES

A seemingly unrelated problem is shown in Fig. 1.3(b). The point P (f )  is part of a rigid 
body that contains O . The rigid body is given an infinitesimal rotation (? about O . It is required to 
calculate the displacement vector it of P due to this rotation. From Fig. 1.3(b) it is seen that i t  is 
perpendicular to the plane of ]? and r* and has magnitude,

That is,

Iu I = 1(31 p — 1(311r Isin 0

(1.9)

(a) Moment of Force a bout a 
p o in t

Fig. 1.3

(b) Rotat ion  a b o u t  p o in t  0 

Moment and rotation vectors.

The similarity between eqns (1.8) and (1.9) is noted. This will be highlighted later as a sim­
ple example of the contragredient principle. The use of vector operators has a considerable advan­
tage in the development of theory. However, for computational purposes it is perhaps better to work 
in terms of the components of the vectors in their Cartesian coordinate system. That is,

A = A xe \ +  A 2e 2 +  A 3e 3, etc.

Then the dot product is given,

A ' B =  (A  \€ | +  A 2c 2 “I- A  3^ 3) (5 \ € 1 +  B 2c 2 +  B  3) =  A \B \ +  A 2B 2 +  A  3B  3

Since

e{ - i j  = 0 for / ^  7 ,

= 1 for / = j

The cross product of two vectors is

?  = A X  B =  (A \ +  A 2 ?  2 A 3 )  X. ( B \ €  [ +  B 2@2 +  B 3̂ 3)

( 1.10)

( 1.11)

(1.12)

— (A 2B 3 — A 3B 2)6 1 + (A 3B j A \B 2 + (A \B 2 A 2B \ )c 1 (1.13)

since

e*2 x and x = 0 , etc. (1.14)
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NOTATION: VECTOR -  MATRIX -  INDEX

The expression for C? is conveniently remembered as the value of the determinant with rows 
( e , A , B )  as follows:

e\ €2 e 3 

A \ A 2 A 3 

B \ B 2 B 3

(1.15)

Some useful geometric results can be deduced with the aid of the dot and cross products. 
Thus, the area of the triangle shown in Fig. 1.4(a) can be calculated from the magnitude of the cross 
product of vectors of direction and magnitude of two of its sides for example, A$  and A t . That is,

Area of triangle ABC = — IA& x  A& I = — \b£  x  bX  I = — \cX x d  I 
6 2 2 2

From Fig. 1.4(b), the volume of the parallelopiped is calculated as 

Volume = perpendicular distance EF x area of base (.ABDC)

=  Afc ' n lA §  x  A& I
That is,

Volume = A t  • (ATs x  A t )

(1.16)

(1.17)

AC

From eqn (1.15),

AB

(a )  

Fig. 1.4

(b)

Use of vectors to calculate areas and volumes.

Volume =

A x A x A 3 

B \ B 2 B 3 

C\ C 3

(1.18)

The expression for the volume is thus the scalar triple product of the three vectors 
Afc , A& , A& forming the sides of the parallelopiped.

One of the important relationships associated with vectors is the law of transformation of com­
ponents from one Cartesian set to a second, obtained from the first by a rotation of axes. The two 
sets of axes are shown in Fig. 1.5.
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6 MATHEMATICAL PRELIMINARIES

The vector A* may equally well be represented in either coordinate system as,

A = A j ^ | + A 2 ^ 2 ^ " ^ 3 ^ 3 = '^ \  ̂ 2^ (1*19)

Fig. 1.5 Base vectors -  original and rotated coordinate axes.

Suppose now that e ' t has components (/n , li2, //3) in the unprimed coordinate set. Since e'j 
is a unit vector, its components are, in fact, the direction cosines of the x ',-a x is  x relative to the 
*/-axes. Thence,

e'i = h\&\ + + li3$3 where i = 1, 2 or 3 (1-20)

and

\i'\ = e ’i ■ e'i = i A  + / ,22 + / ,23 = 1 (1.21)

and

e \  • e'j  = 0

Substitution in eqn (1.19) gives

A  =  A \ ( l n e 1 +  /12^2 +  ^13^3) +  A ' 2(12 \ i  1 +  / 22^2 +  ^23^3) +  A '2(13\e \ +  / 32^ 2 +  ^33^3)

Then,

A-i — A • itj = A ' i l u +  A y 2/ +  A '3/ 3/ (1.22)

Now, the components of e{ in the primed coordinate set are again the direction cosines of the 
ij set with respect to x ' 2, x '3. It is seen then that

= + hi £ '2  + hi £ '3  (1-23)

Hence,

A 'i = £ ' - g ' i  = A l li l + A 2 li 2 + A 3 li 3 (1.24)

The transformations in eqns (1.22) and (1.24) could be taken as the definition of a vector. 
That is, a physical quantity, Cartesian components ( Au A 2, A 3), is a vector if its components obey 
these rules of transformation for rotation of coordinate axes. The vector notation introduced thus far 
proves to be very useful. However, because its notation is based on operators rather than com­
ponents, it tends to be analysis rather than computation oriented.
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NOTATION: VECTOR -  MATRIX -  INDEX 7

Also when physical quantities such as stresses, strains and inertias are considered, their com­
ponents form matrices, and not vectors, and thus do not obey the simple rules of vector transforma­
tion. The vector operators may be extended to include these new quantities and their operators (see, 
for example, [4]), but herein it is considered preferable to change to either matrix or index notation.

1.2.2 M atrix  notation and theory

Matrix theory recognizes the fact that the components of the vector A* form either the column ma­
trix {A } or the row matrix <A>. Thus,

Now the rules must be established for matrix operations. The elementary operations are addi­
tion, subtraction and multiplication. Certain rules for compatibility of matrices for these operations 
must be observed. Thus, for addition or subtraction of two matrices, [A], [B],  their number of rows 
and columns must be the same; that is,

The multiplication rule is the sum of row into column multiplication of corresponding terms. Thus,

A\

{A} = \  A 2

A  3

(1.25)

and

<A > = [A j A 2 A 3]

These are, of course, only special cases of the general m x n matrix, [A ]

A\ \  A 12 ' A in 

A 21 A 22 ' A 2n

[A]= (1.26)

[C] = [ A ] ± [ B ] (1.27)

This implies term -by-term  operation, so that

(1.28)

[C] = [A][B] (1.29)

where by definition

Cu -  At \B ij + Ai2B 2j + • • • + A ipBpj (1.30)

Of course, the above notation is clumsy if the order of the matrices must be written along 
with each operation. In general, then, it will be assumed that the compatibility rule for the matrices 
is satisified a priori by the conditions of the problem.
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8 MATHEMATICAL PRELIMINARIES

A further useful matrix operation is that of transposition. Thus, [5 ] the transpose of [A],  is written,

[B] = [A]t (1.31)

where

B,j = Aji

Thus, the row and column vectors are given by <A>  = (A }r , and vice versa. It is seen that 
square matrices may possess symmetric or antisymmetric properties, defined as follows:

Symmetric property

[A]T = [ A ]  (1.32a)

Antisymmetric property

[A]1 -[A] (1.32b)

The diagonal terms of an antisymmetric matrix are zero. Any square matrix [A ] may be decom­
posed into the sum of a symmetric matrix [As ] and an antisymmetric matrix |/\ ( |. Thus, write

[A] = [As ] + [Aa ]

Then, from eqn (1.32),

[A]T = [A s ]r  + [ A a ]t = [As ] - [ A a ]

Addition and subtraction of these equations yields

[As ] =  '/2{[A] + [A]r !

[Aa ] = '/2 {[A] -  [A ]r  )

From the definition of the dot product of two vectors, eqn (1.11), it is seen that

X S  = 1A | t \B |

Thence the magnitude of the vector X  is given by

lA I = ({A \T {A })'/:

(1.33a)

(1.33b)

(1.34)

(1.35)

It is now possible to write the transformation of components of a vector due to coordinate 
axes rotation in matrix form. Thus, from eqn (1.24),

A,

a 2

A 3

(1.36)
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NOTATION: VECTOR -  MATRIX -  INDEX 9

For values of i = 1, 2, 3, the direction cosines /n , etc. form the rows of a matrix [L], such that

^11  ̂12  ̂13

[£] = h\  h i  h i  (1-37)

Using eqn (1.37),

3̂1 3̂2 3̂3

{A } '= [L ]{A (1.38)

An advantage of the matrix notation becomes apparent in the fact that all components are now 
treated simultaneously. The nature of the transformation is revealed further when the same substitu­
tion is made in eqn (1.22), in which case,

{A}  = [L]t {a v (1.39)

Evidently, there is a need for a further matrix operation, namely the inverse of a square ma­
trix, denoted by [A]-1, such that

[A ]-'[A] = [/] (1.40)

In eqn (1.40), [I] has the usual definition of the unit matrix, with unit diagonal terms and 
zeros elsewhere. From eqns (1.38) and (1.39) it is seen that, for the transformation to be reversible,

[ L f = [ L ] - '  (1.41)

The matrix [L] whose transpose is also its inverse is defined as an orthogonal matrix. The 
condition under which the inverse of a square matrix exists is that its determinant should be 
non-zero. If the matrix is of order n , then this is expressed that the rank of the matrix should be n 
([5] gives for further details of the properties of the inverse). It is now worthwhile to examine the 
expressions for the moment of a force about a point and the rigid-body rotation about the origin in 
matrix notation. Again, further properties of these transformations are revealed. Eqn (1.8) results in 
a moment vector A?0, {M0} whose components can be extracted from either eqn (1.13) or (1.15). 
That is,

(1.42)

The subscript P denotes that the force acts through the point P , coordinates <x xx 2 x 3>. 
Write eqn (1.42) as

M oi 0 -*3 *2 F

M 02 *3 0 -*1 < F

M q3 —*2 *1 0 F

{ M0} = [T]{FP \ (1.43)

The matrix [T ] is skew symmetric. Examine now the effect of the rigid-body rotation j? on 
the displacements at P , as given by eqns (1.9) and (1.15). Substitution of eqn (1.9) into eqn (1.15) 
gives
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10 MATHEMATICAL PRELIMINARIES

u i
u2>

u 3

0

-*3

*2

X 3

0

- x2

X\
0

Poi
Po2 * 

Po3

From eqns (1.42) and (1.43), this equation is written

{up } = [T]t { p0}

(1.44)

(1.45)

The contragredient nature of the transformation eqns (1.43) and (1.45) is thus revealed, i.e. the 
second transformation is the transpose of the first. The matrix notation of eqns (1.38) and (1.39) 
may be extended to tensor quantities. The most elementary example of such a quantity is the matrix 
formed by the post-multiplication of a position vector [ r } by its transpose. Thus, define the matrix 
[AZ]

(1.46)

X\ r 2x \ x xx 2 x xx 3

[AZ ] = { r \ { r \ T =1 *2 ■*2*3> = x xx 2 x I  x 2x 3

*1*3 1
*CO•A

The quantity [AZ'] is defined in the rotated coordinate set,

[ A Z ] ' =  { r Y { r ) 'T (1.47)

However, substitution of eqn (1.38) gives

[A Z ]'= [£]{/• H r }r [L]r  = [L][AZ][L]r  (1.48)

The transformation law for the matrix [AZ] has been established. The notation [AZ] is used 
because if eqns (1.46) and (1.47) are multiplied by the elementary mass mdV and integrated over 
the volume of the body, the resulting matrix [Z] is the inertia matrix of the body. In two dimen­
sions the same theory applies to the transformation of the matrix forming the second moment of 
area. The transformation in eqn (1.48) may be used as a definition of a tensor quantity. Alterna­
tively, returning to eqn (1.24), it is seen that a vector associates a scalar with each direction in space 
by means of an expression which is linear and homogeneous in the direction cosines. Generalizing 
this definition, a tensor associates a vector with each direction in space by means of an expression 
which is linear and homogeneous in the direction cosines. That is, a tensor T is specified in the 
(xi x 2 x 3) coordinate set by vectors, (T u T 2, T 3).

The vector T (a) associated with direction ( a ), ( /a l , l a2, / a3) is given

r<°> = T {l a\ + r 2l a2 + T3l a3 (1.49)

This definition will be expanded in section 1.2.3 to give the same result as in eqn (1.48). 
Given the tensor [T],  it is possible to find its components [ r 0] by a suitable rotation of axes such 
that [ r 0] is a diagonal matrix ( T0ij = 0, for i *  j ) .  That is,

[L][T][L}t = [T0] ; or [ T ] [ L f  = [L]t [T0]
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NOTATION: VECTOR -  MATRIX -  INDEX 11

Examine the multiplication of the first column of [L] , so that

Thus, for the i th column of [L ]

h\ ' / n

IT} 112 112

.  ̂13> .  ̂13.

{[T] ~ T 0U[I]\

//i

In

h  3

(1.50)

= 0 (1.51)

A solution to these equations exists if

(1.52)

Expanding this equation, the three values of T0ii can be obtained, and substitution in eqn 
(1.50) gives the corresponding directions. This theory may be used to calculate principal inertias 
and principal axes of beam cross sections, and of course principal stresses or strains and their direc­
tions. It should be realized from the above illustrations that matrix theory forms a very useful basis 
for the manipulation of the components of vector and tensor quantities. Not only this, but also some 
useful properties, such as orthogonality of transformations, the contragredient nature of moment and 
rotation transformations, and the calculation of principal values and directions are revealed. Matrix 
theory is, in a sense, however, based on a command notation. Its algebra depends on the definition 
of operations on the individual terms of the matrices. The idea of matrix algebra as a command 
structure can be conveyed into a computer program, both within the program structure itself and in 
the user instruction language. An example of such a matrix command language is CAL78, 
developed by Prof. E.L. Wilson at the University of California, Berkeley, [6].

The obvious commands are

LOAD A 6 6 Load a matrix A(6,6)
DELETE A Delete a matrix A
MULT A B C  Multiply two matrices A, B and store the result in C
INVERT A Invert a square matrix A previously defined

1.2.3 Index notation

The index notation chooses to refer to matrices and vectors by their general term, with the indices 
ranging over the dimensions of the matrix or vector. This range will be either 3 or 2, depending on 
whether the problem is in three- or two-dimensional space. Thus, for vectors the various 
equivalent notations are

vector
matrix {A j
index At
matrix [A]
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12 MATHEMATICAL PRELIMINARIES

The use of the index notation is greatly enhanced by the Einstein summation convention. This 
simple idea states that a repeated index in an expression implies a sum over the range of the index. 
For example, the expression A,#, for two three-dimensional vectors {A }, {B } is

Aj Bj -  A i B i + A 2 ^ 2 ~ ^ A 3 ^ 3

If the vector components are in the Cartesian coordinate axes, the result obtained is simply the 
dot product of the two vectors. The multiplication of two matrices [A ] and [B ] is now given as

0 /  = AikBkj (1.53)

The repeated index k implies that the number of columns of [A] must equal the number of 
rows of [B],  K is seen that the index notation in a fashion, carries its operation definitions in the 
expressions themselves. This is often a considerable benefit. The transformation rule for vector 
components under rotation of axes [see eqns (1.38) and (1.39)] is now given

A'i  = lijAj ; and A, = /y/A 'y (1.54)

In the index notation, two special quantities, the Kronecker delta (8/y ) and the permutation 
factor (ejjk), must be defined for use in the various operations on vectors and matrices.

The Kronecker delta is defined

8,7 = 1 if i = j

= 0 if 1 * 7  (1.55)

The Kronecker delta has the properties of the unit matrix [/].

The permutation factor (eijk) is defined as follows:

eijk = +1 if i , j , k is an even permutation of 1, 2, 3 (1.56a)

ejjk = -1  if i , j , k is an odd permutation of 1, 2, 3 (1.56b)

ejjk = 0 if any values are repeated (1.56c)

From the above definitions it is seen that

e  123 -  €  231 =  312 “  1 

 ̂321 = *213 = e 132 = “ I

and e n 2 = 0, etc.

The uses of these two operations will be illustrated in the examples that follow.

Exam ple 1.1 Replacement of an index

^ik^ij = § u A i y- + 8 2*A2y + 83*A37- = Akj

Exam ple 1.2 Repeated index in Kronecker delta

8// = Si i + S22 + 533 = 3
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Example 1.3 Repeated indices in permutation factor

NOTATION: VECTOR -  MATRIX -  INDEX 13

j k  ^ i l m  8y/ &k m ® j m  ®kl

îjk̂ ijk ~ 8 /j &kk ~ ĵk^kj — 9 _ 3 — 6

8/m 8/

îjk̂ ijm 8// &km ĵm̂ km ^8km 8,km 28,' km

The examples given previously in vector and matrix notations are now rephrased in the index 
notation. A matrix [A ] is symmetric if

and antisymmetric if

AP = Au

Aji ~

For a matrix A,, , the symmetric and antisymmetric components may be written A (/,) and A
respectively. Then,

A  ( i j )  x̂ A j j  +  A  jj  )

M/y] = V2(Au - A fi)

The magnitude of the vector A, is

U I = (A, A,)''

L [ i j ] '

(1.57a)

(1.57b)

(1.58)

To obtain the cross_product of two vectors, the permutation factor is used. From eqn (1.13), it 
is easily deduced that if D = then

di = eijkbjck (1.59)

The scalar triple product of three vectors X,  Z?, (? is given from eqns (1.17) and (1.59)

S = Qjdi = eijk a,bj ck (1.60)

It is easily shown that S is the value of the determinant

{A, l r  
{fi, Ir  
1 C , \ T

Examine now the expressions for the moment of a force about a point and the deflections due 
to a rotation about that point, in index notation.

Moment of a force P about origin

Using the definition given in eqns (1.8) and (1.59),

M()j — eijk / j Fk (1.61)

www.EngineeringEbooksPdf.com



14 MATHEMATICAL PRELIMINARIES

Define the matrix as follows:

Tik = eijkrj (1.62)

It is seen from the properties of eijk, that Tik is skew symmetric in {i-k}. Then eqn (1.61) is written

M 0i = TikFk (1.63)

Displacement at P due to a rotation at the origin 

From eqn (1.9),

u p i = e ijk%r k (1.64)

Interchange dummy indices j  and k so that

Upi — e[kj rj (3̂  (1.65)

Then, because eikj is skew symmetric in k and j ,

Upi = - e iJkr j$k (1.66)

It is seen now that

uPi ~ Tki P* (1.67)

The coefficient matrix in eqn (1.67) is simply the transpose of that in eqn (1.63). This is, of 
course, the identical result obtained in eqn (1.45). Now, however, the eqn (1.62) gives a convenient 
means for the definition of the [T ] matrix.

1.2.4 Transformation of tensor components

The index equivalent to eqn (1.48) is simply

AZ 'jj = likAZkmljm = likljmAZkm (1.68)

Again, as with vectors and matrices, it would be possible to extend the discussion of the index 
notation with further examples. However, the purpose here is one of comparison of the notations in 
common use. It can be seen that the index notation is particularly powerful. Operations expressed 
by equations are defined within the index notation, and thus the equations become transparent. This 
feature of the index notation can be useful when translating an expression into the equivalent com­
puter coding. For example, in eqns (1.48) and (1.68) two matrix multiplications are involved. 
However, eqn (1.68) allows the term AZ \ j  to be calculated by using loops on the indices k and m.  
The whole matrix [AZ] is calculated by allowing i and j  to range over their respective values. Un­
fortunately, this line of reasoning may produce very inefficient coding, as is easily seen by writing 
down the expression for the multiplication of several matrices in index notation and performing the 
operation in a single set of nested do loops.

1.3 THE GAUSS DIVERGENCE THEOREM

The Gauss divergence theorem is introduced at this eu ly  stage because of the fundamental role that 
it plays, not only as a basis of the virtual displacement (force) principles, but also in deriving 
theorems such as those of Green and Stoke with their well known application in continuum mechan­
ics.

www.EngineeringEbooksPdf.com



GAUSS DIVERGENCE THEOREM 15

Consider the function A , bounded and differentiable in the region V , as shown in Fig. 1.6. It
c)A

is required to express the integral of —— over the volume in terms of a surface integral of A . Con-
aX/

dA
sider firstly —— , and calculate / ,  such that

I = \ \ \ ^ - d x xdx7dx 3 (1.69)

Take the eleir jntary prism shown in Fig. 1.6(a), of cross section dx2, dx3, cutting the surface 
of V at L and R wh , the unit outward normals are nL and nR respectively. Firstly, it is required 
to calculate the relationship between the area ds and the cross-section of the prism <dx2, dx3>. 
From Fig. 1.6(b), it is seen that, for dx2, dx3 infinitesimally small, the vectors d l , ol are defined

dl  = <dx \ i \ ,  - dx2e 2, 0>

5) = < 8 ^ ^ !  , 0 , dx 3e 3>

(1.70)

(1.71)

Furthermore,

e \ e 2 ^3
Ids 1 n R  =  S )  x  d t  = 0 dx 3

d x x -dx  2 0

( a )

area ds

(b ) In te rs e c t io n  o f d x 2 d x 3 prism  
w ith  s u r fa c e

(1.72)

Fig. 1.6 Volume integration -  Gauss’ theorem.

By using eqn (1.60), or, alternatively, expanding the determinant and taking the dot product, it is 
shown that

I ds I nR • e j = dx2 dx3 (1-73)

By similar reasoning,

I ds I nL • i ]  = -dx  2 dx3

dA
Integrate the function ——  from L to R , so that,

ox j

D dA
— dx, dx2 dx3 = (Ar -  AL)dx2 dx3 

l  d x  l

(1.74)

(1-75)

www.EngineeringEbooksPdf.com



For all such prisms,

J [ f # U  dx2 dx3 = £(A,. -  Al )dx2 dx3 (1.76)
y  o X  1

However, from eqns (1.73) and (1.74),

ARdx2 dx% = ARnR e xds and ALdx2 dx3 = - A LnL e xds

Hence the summation on the right-hand side of eqn (1.76) may be replaced by the surface integral,

16 MATHEMATICAL PRELIMINARIES

|An • e i ds = jAn j ds

Substitution in eqn (1.76) gives the result,

By making / = j , the divergence of the vector P  written as divF is obtained:

Substitution in eqn (1.79) gives

= j Fini ds
V s

In vector notation,

^divf  dv = jF ■ n ds

(1.77)

J J N r ^ i  dx 2 dx 3 = Ja« ! ds ( 1.78)
v OX 1 s

dA dA
Similar expressions are obtained for —— ,—— , so that, in general for all terms,

u X  2 O X  3

dx2 dx 3 = Ja«/ ds ( 1.79)
v  ° x i s

Suppose now, that A is a component of the vector P ,  so that

A = F f

and use the notation to denote derivatives with respect to the independent variables,

dA
3*, = * v = ^  d-80)

3F , dF2 dF 3 ^
F,-j = - —  + - —  + - —  = divF (1.81)

O X  1 O X  3 O X  7

(1.82)

v  s

If matrix notation is used, it becomes necessary to define the differential operator [D ] such that,

d d d .

(1.83)

www.EngineeringEbooksPdf.com



INTERPOLATION 17

Then Gauss’ theorem becomes

\ { D \ T{ F \ d V  = \ { F \ r { n ] d s  (185)

Example 1.4 Green s theorem

Green’s theorem proves to be a simple and useful extension of Gauss’ theorem. Thus, let U , V be 
scalar point functions such that

W  = V 4 et (i)

Then it is easily shown that

divU W  = VU ■ W  + U V 2V (ii)

Apply Gauss’ theorem eqn (1.83) to eqn (ii), so that

J t / V K  • ndS =  J ( V t /  • W  +  U V 2V)dV
S V

or,

JU V 2VdV = J(l/V V  • n)dS -  J(V t/ • W ) d V  (iii)
V 5 V

This expression is useful in the application of weighted residuals to either Poisson’s or 
Laplace’s equations (Chapter 3, section 5).

1.4 INTERPOLATION

1.4.1 Element domains

A basic step in the finite element method is the subdivision of the region under consideration into a 
number of domains (or finite elements). In each domain the geometry, the displacements and the 
stress values may be interpolated in terms of either nodal values or certain generalized values which 
finally may be expressed in terms of nodal values. Usually the nodal values will be displacements 
and their first derivatives for displacement models, although in some cases second order derivatives 
may be required. It suffices to say that the integrals in eqns (1.82) or (1.85) become the summation 
of separate integrals over the various domains on the one hand, and of the surface integrals, on the 
other. Typical finite element families for linear, two-dimensional and three-dimensional space are 
shown in Fig. 1.7(a), (b), (c). For each element type with curved sides, there is a straight-sided 
equivalent. The common straight elements are

linear space : straight line

two dimensions 

three dimensions

triangle
quadrilateral
tetrahedron
polyhedron

Because the sides of curved elements are defined in terms of nodes within sides, the shape of 
a side must be consistent with the order of approximation available. For example, a quadratic shape 
requires one internal node in a side; a cubic shape, two per side.
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18 MATHEMATICAL PRELIMINARIES

The planar element types are shown in Figs. 1.7(a), and again with quadratic and cubic shapes 
in Fig. 1.8. Returning to Fig. 1.7(b), we see that, in the non-dimensional (^,r|,Q  space, every ele­
ment of a particular classification has the same size, being contained in unit space. The problem of 
interpolation can be considered as a one-to-one mapping of functions at each (^,r|,Q  point to the 
corresponding point in ( xx, x 2, x 3) space. Integrals and derivatives in ( xx, x 2, x 3) space must be 
related to interpolation functions given in (^,tj,Q space.

1.4.2 Polynomial interpolation

The space Pn of all polynomials of degree <n in the Euclidean space Es contains the independent 
functions,

For example, let s = 1, n -  1, m = 21 = 2. That is, for a line element,

f ( x ) = A  + B x

Again, let 5 = 2  and n = 2 ; this is a quadratic function in two-dimensional space.

m - £ ! > - =  6  (2! 2!)

Line T r ia n g le  Q u a d r i l a t e r a l  T e t r a h e d r o n  P o l y h e d r a

S T R A I G H T  S ID E S

C U R V E D  S I D E S  

( a )  E L E M E N T S  IN x 1- x 7 - x , S P A C E

-1 0 +1
(1,0,0 ) (0,1 ,0 ) 

( b )  E L E M E N T S  IN

(0,0,1)

( - 1,-1 )

n

SPA C E

(c) S H E L L  E L E M E N T S

Fig. 1.7 Finite element types -  global and interpolation space.
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INTERPOLATION 19

quadratic 
one intermediate node per side 
(optional internal node for quadrilateral)

one and four internal nodes for 
triangle and quadrilateral, respectively

Thence,

Fig. 1.8 Planar elements.

f  (x i , x 2) = A + Bx \ + Cx2 + Dx i + Ex xx 2 + Fx2

Call Pn a complete polynomial space of order n and then Pn contains all Pr (r < n ) as linear 
subspaces. Let X = (jtb x 2, ’ ’ ' , xs) denote a point in a bounded, simply connected domain D of 
Euclidean space Es . Consider the m -dimensional vector space T of functions f  (x) defined and 
differentiable in D and spanned by a basis,

«i>r = «t>,(X)4>2(X) • • •

By definition, any f  (X) contained in T can be expressed as a linear function of {<J)2} as follows:

f ( X )  = a \ § \ + a 2<St2+ ■■■ + a m(\>m

or,

/ ( X )  = {« }r {<t>(X)} = {<()(X))r {a} (1.86)

In eqn (1.86), {a )T = <a^a2 ■ ■ • am> are the generalized coordinates of f  (X) in the basis (j). 

Consider now a configuration (N ) of m distinct points of D ,

( W ) : ( X 1 # X 2 , • • •  , X m) ,

at which /  (X) takes the values / ,  = / (Xt ). Then let

U \ T ■ ■ • / „ >  (1.87)
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20 MATHEMATICAL PRELIMINARIES

The value / ,  is obtained by evaluating f  (X)  at the node value Xt . Then, from eqn (1.86),

/1  
/  2

fn

0i(*2) 02(^2)

0m U l) 

0m (X 2)

0m (-*m )

a 1 
a 2

( 1.88)

_0l(*m ) 02(^m ) '

The coefficient matrix on the right-hand side of eqn (1.88) will be defined such that

[ A] = Ai j  = tyi(Xj) (1.89)

Then eqn (1.88) is written

{ / } = [ A ] r {a l  (1.90)

If the determinant \A I ^  0, it is possible to obtain the generalized coordinates [a }, since then

{ a ) =  ([A f ) - ' { / ) (1.91)

An orthogonal basis, {3>}r  = <<t>i(.\ > 0 2(A') • • • Om(X)>, is defined as one for which the nodal 
parameters / ,  are also the generalized coordinates a t . That is,

i f ( X) \  = {<|)(X)}r {« } = {<D(X)}r {/ } (1.92)

Let [A] be the matrix constructed from {(()(jc)} in the same way as [A]; that is,

Au = [Oi(Xj)]

Then, from eqn (1.92),

{ / )  = [A]T{ f ]

Hence [A] = [I] and <t>/(X)y = 8,-y. It is now possible to construct the basis {O } if {cf>} is 
given by substitution for [ a]  from eqn (1.91) in eqn (1.92). That is,

{0(X)>r ( [ A ] V ( / )  = ( 0 ( X ) ) r {/}

Since the values of { / } are arbitrary, it follows that

(<D(X)1 = ( [ A l V ( < K X ) }  (1.93)

It should be noted that the nodal values { / } of the function can contain not only the function 
values but also values of its first and second derivatives, the only requirement being that lA I ^  0.

1.4.3 Examples of the construction of orthogonal base systems 

Example 1.5 Linear space, quadratic function

Consider the quadratic function in one dimension for which /  is known at a = 0, jc = 1/2, and x = 
1.
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INTERPOLATION 21

In this case,

(n + 5 )! 3! ~
‘  n  =  3

Thence take

W 1 \ l x  x 2\T

f i x ) = fa )T

Construct [A ] by substituting for x = 0, — , 1, so that

[A] =

Substitution in eqn (1.93) gives

1 1 0

1 1  i
2 4

1 1 1

and [A
1 0 0 

-3  4 -1  
2 - 4  2

"1 -3  2 "l " l - 3 x  + x 2
m x ) \  = 0 4 -4 X = 4 x ( \ - x )

0 -1  2 x 2 * 1

Exam ple 1.6 Linear space, quadratic function

In this example the quadratic function is required for the region X = 0 , 1, with the function values 
being given as

x = 0 , / o ,  \ x  = 1 , / ,
cko

Again, choose the polynomial {())}, as in example 1.5. Then,

"l
f ( X ) =  [ a } T = '“ 'r

In this case,

[A] =
1 0 0 ’  1 0 0
0 1 0 and [A ]"* = 0 1 0
1 1 1̂ -1 -1 1

Again, from eqn (1.93),

1 0 -1 1 " 1 - x 2 '
0>(X) = 0 1 -1 = x { l - X )

_0 o L x \ x 2
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22 MATHEMATICAL PRELIMINARIES

Example 1.7 Linear space, cubic function with end derivatives

The line element shown in Fig. 1.9 has a cubic function, interpolated in terms of derivatives at the 
ends of the element. Because it has been assumed that the function values are zero at the ends, only 
two cubic functions are required. Choose homogeneous polynomials for the {(()} functions. That is,

m>} =

Then,

Cubic fu nct io n  in te rp o la t io n  

Fig. 1.9 Beam displacements-cubic interpolation using end slopes.

V =

The derivative with respect to x is

dv_ _ dv 3Ci dv 3^2 _ 1 J dv dv
v ~ a* ~ + "  T j  a c T + ^

Then,

Substitution for i^, values at i and j  yields:

[A ]  =  y

Thence, substitution in eqn (1.93) yields

1 0 1 0
0 -1 ; and hence, [A] 1 = / 0 -1

I®} = /
< K :

As mentioned in section 1.4.1, it is advantageous to use interpolation functionsin the 
non-dimensional domains as given in Fig. 1.7(b), and to transform integrals and derivatives into 
(xx , x 2 , x 3) space. Interpolation may use either nodal values alone, or nodal values and nodal 
derivatives.
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INTERPOLATION 23

1.4.4 Common interpolation functions for line, quadrilateral and cubic elements

The line element interpolation functions for linear, quadratic and cubic interpolation are given in 
Fig. 1.10(a), (b), (c). Equally spaced node points have been used. If / ( t )  is the actual function, 
/(J ;)  is its approximation.

(a) Linear

f ( § )

y o  - $ )
f  — If  1 f  2)T 1 = f / ) r {AM

y d  + S )
-1
fi

+1
f.

(b) Quadratic

/ = { / i / 2 / 3 ) r  ( l - ^ 2) = { f ) T \ N 2 }

-1
t

0 +1
f:

(c) Cubic

-  3^)(1 -  £)(1 + £)
/  = f / l / 2 / 3 / 4 ) r  Q

-£-(1 +3$)(1 - $ ) ( 1  + $ )
ID

— (1 + ^ ) ( 3 § +  1 )(3 $ -  1) 
lo

-1 -v3 
f, f,

Fig. 1.10 Linear interpolation functions.
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24 MATHEMATICAL PRELIMINARIES

To obtain the interpolation functions in , r\) two-dimensional space, the simplest approach 
is to multiply together the corresponding shape functions in each of the two directions.

(a) Linear

[<&//] = W i W i f

(b) Quadratic

to ,,]  = [w2][N2f

(c) Cubic

[<*>,,] = [w3][N3r 12

1

10 9

+ + <
15 16

13 14» + + <

5 6

Fig. 1.11 Two-dimensional quadrilateral interpolation.
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In Fig. 1.11(a), for example,

0 „  = j ( l  -  S)(l -  Tl) , 0 21 = j ( l  + $)(1 -  T|) , etc.

In Fig. 1.11(b),

-  ^X 1 -  V) . ° 3i = + ^X 1 -  Vi) , etc.

In Fig. 1.11(c),

^  + ^  ~ W  ~ + ^ 3l1 "Z J O

and

$ 43 = ^ r d  + S)(3$ + 1)(3^ -  1)(1 -  3r|)(l -  r |)(l + T]) , etc.
Z J O

It is seen that interpolation functions obtained in this way contain internal node values, except 
in the simple case of the combination of linear functions. They are the Lagrange interpolation func­
tions. The polynomials so obtained are incomplete. However, along lines of £ or r| constant, the 
other variable follows the linear, quadratic or cubic variation as required for compatibility between 
elements. The internal nodes may be condensed out before the ‘stiffness’ matrix is assembled. The 
static condensation algorithm to achieve this effect will be discussed in Chapter 5. The use of the 
Lagrange elements has some advantages, not the least of which is the ease with which they can be 
incorporated in automatic mesh generation routines. The identical process may be used to construct 
Lagrange interpolation functions for the cube in (£ , r\ , Q space. The linear and quadratic elements 
are shown in Fig. 1.12. The cubic element contains 64 nodes and is not shown because it, probably 
too complicated in its connectivity for any practical application. Because the polynomials used in 
the interpolation are incomplete, the possibility exists for choosing functions which satisfy the neces­
sary conditions for inter-element compatibility on their boundaries, but contain no internal nodes.

(a) L inear (b )  Q uadratic

8 Nodes 27 or 20 Nodes
o = e x te r io r  node 
♦ = in te r io r  node

Fig. 1.12 Three-dimensional interpolation.
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26 MATHEMATICAL PRELIMINARIES

The interpolation functions thus formed have been named ‘serendipity functions’, and the gen­
eral class of element with curved sides in (jtj , x 2 , * 3), space ‘isoparametric elements’ [7]. The 
serendipity family for two dimensions (quadratic and cubic) is given in Fig. 1.13.

11

12

4 10 1 9 3
(i O

>8

■7

1 5 6 2

16 12

(a) Quadratic  
8 nodes

In all cases,

(b) Cubic 
12 nodes

(c) Quadratic  
2 0  nodes

Fig. 1.13 Isoparametric interpolation.

/  =  [W,JV2 . . .

f  1 
f  2

For the 8 -  node element in Fig. 1.13(a),

4Ni = (1 + £,•£)( 1 + T1;T1) ( ^  + r |,r | -  1) , for i = 1 to 4;

2Nj = (1 + ti ,ii)( l -  £2) , for i = 5, 7;

2N, = (1 + £ i$)(l -  t |2) , for i = 6, 8. (1.94)

In each case, (£,-, r |t ) signifies the (^, r|) coordinates of node i .

For the 12- node element in Fig. 1.13(b):

32Ni = (1 + ^ ) ( 1  + t), t|)[ -  10 + 9(E,2 + T|2)] (1.95a)

for nodes ^  -  ±1 r\t = ±1;

32Ni = 9(1 + ^ ) ( 1  -  r|2)(l + 911,11) (1.95b)

for nodes ^  = ±1, r|/ = ±1/3;

32Ni = 9(1 + r|/T|)( 1 -  £2)(1 + 9\t%) (1.95c)

for nodes = ±1/3, r|, = ±1.
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For the 20 - node solid brick:

comer nodes, (numbers 1, 2, 3, 4, 10, 11, 12, 13):

= (l + ^ ) ( i  + %T1)(1 -  C / Q & S  + T|,-Ti + c ,c  -  2);

m id-side nodes, (numbers 5, 7, 13, 15):

W i  = (1  - ^ 2)(1 +T1,11)(1 + C/C); 

m id-side nodes, (numbers 17, 18, 19, 20):

= a  +$,.$)(! + -  i;2)

INTERPOLATION

(1.96a)

(1.96b)

(1.96c)

27

1.4.5 Differentiation and integration using interpolation polynomials

1.4.5.1 Differentiation

The interpolation functions are used to obtain the approximate value of a function ( f )  at the point 
(£/) in the interpolation space, given the nodal values (f). In the use of the finite element method in 
the (Xj) domain, derivatives and integrals are required in this domain. It is necessary to relate these 
quantities to interpolated values expressed in the ^ domain. Firstly, it is observed that the interpola­
tion functions (£ space Fig. 1.7(b), may be used to map the x space, as in Fig. 1.7(a). Use is made 
of the following definitions, given for generality in the three-dimensional space. For two dimen­
sions, simply drop the third dimension.

(1.97a)

[X]

'■

* 1

* }  = 1 * 2 -

* 3

* 1 1 * 2 1 * 3 1

* 1 2 * 2 2 * 3 2

* 1 N  X 2N X 3N

(1.97b)

Note that { x } is the current coordinate point, and [X] is the matrix of nodal coordinates, 
where the element has N  node points. Then the mapping of £ space into x space is expressed as

{*! W T[X] (1.98)

This mapping of (x, y )  space into ( | ,  f )̂ space is shown in Fig. 1.14. Then the derivatives of 
the function /  are given:

^ space

{ / * } = ■

A ,  

f  't,2 

f t *

(1.99a)
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28 MATHEMATICAL PRELIMINARIES

x space,

f  1XX 

f , X2 

f  IX?

x-y domain

Fig. 1.14 Mapping in X - Y  and r\ space.

Then, from eqns (1.98) and (1.99),

{x,^}T =

The chain rule of differentiation is used to express ^ derivatives, in terms of jcz-,

df_ = d f  dxj 
dq, dxj dt ,

In matrix notation for all components,

I / * }  = [ ^ ^ ] T ( / , v )

Substituting from eqn (1.100), and noting that [ ] brackets now define a matrix,

{/,§) = [x ] { / , A }

Define the matrix [ /]  such that

[ /]  = [ ^ f [ X ]

Then the a  derivatives of /  are given by the inverse transformation to eqn (1.103),

(1.99b)

(1.100)

(1.101)

(1.102)

(1.103)

(1.104)

(1.105)

Suppose, for example, /  is equal to w,, the / th component of the displacement vector at a point 

Then,

jw,,v ) =  [■/]■'{«,,1=} (1.106)

1.4.5.2 Integration

The integration of the function /  (a, ) in the a* domain is calculated by transforming the integral 
/  (£/) in the ^ domain. Thus,
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I = J / (xu x 2, x 3)dxx dx2 dx3
vol 

+1+1+1

(1.107a)

(1.107b)

29

-l-i-i

It is necessary to express dV in ^ space and to obtain the relationship between the coordinate 
systems. The parametric lines, with increments d t , x, d^ 2, d \ 3 are shown in Fig. 1.15.

Van*
. ^ tons

Fig. 1.15 Parametric lines.

The vector,

= { x , * ) Td \ x
1 3$. ’ ’ K i .

with similar expressions for d^2 and <:/ Ci- Then, from eqn (1.17),

= Id%3 ■ {d%x x d%2)\ = x d f 3)l

(1.108)

(1.109)

That is,

dV =

d x x dx2

3 ^ 7 3 ^ 7

3^! dx2 dx3

3 ^

dx2

3 ^ 3 ^ 7

1, det 7 = 1/ 1, is

d ^ d & Z ,3 = = d e t /  d ^ d ^ d ^  (1.110)

two-dimensional case, the infinitesimal area is given by

dA = Id t i  x d t 2\ = l[x,^]r lc /^rf^2 = d e t/ d ^ d % 2

Thus, for three dimensions, from eqn (1.110),
+1+1+1

73  =  J l  \ f  det J  d t ,xd ^ 2d %3
- 1- 1-1

(1.111)

( 1.112)
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and for two dimensions, from eqn (1.111),
+1+1

11 = J J / ( $ ,& ) d e t /  d%,d%2 (1.113)
- 1 - 1

Finally, for one dimension:

+1 d x 1
/ .  = | / £ , ) l ^ l ^ ,  (1.H4)

In most cases det J  varies from point to point within the domain so that I  must be calculated 
numerically. Any numerical integration scheme may be used; however, Gauss integration appears to 
be not only the most popular but also the most powerful. Thus, the approximate values of / 3, 12 are 
expressed

h  = 'Ew>wj wk(f  det J )ijk (1.115)

12 = X h ',h V(/' det J )u (1.116)

In both cases, summation is implied on the repeated indices in this case over the range of the 
integration order. The notation ( f  det J ) iJk means the value calculated at the integration point (/ -  j
-  k), and wt , w j , wk are the corresponding weight factors. The ^  coordinates and the weight factors 
for integration orders 1 to 4 are given in Table 1.1.

Table 1.1

Numerical integration
n i wi
1 I 0 2

I -1/V3 +1

2
II +1/V3 +1

I -V 06 5/9

3 II 0 8/9

III +V06 5/9

Numerical integration
n i W j

I V3W 4T8 1 V30
2 36

4

II
V3-V^8

V7
1 V30 
2 + 36

III
V3-W4y8

V7
1 V30 
2 + 36

IV
V3+V4 8

V7
1 V30
2 36
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In Table 1.2 the polynomial functions x 3, x 4, x 5 have been integrated over the range of x , 0 to 
10, using the Gauss approximation of orders 1 to 4. The exact values are given for comparison.

Table 1.2

Comparison of Gauss integration 
with exact values

n x 3 x 4 x 5
1
2
3
4

exact

78.125
176.384
158.365
156.592
156.250

195.312
654.945
627.997
624.999
625.000

488.281
2387.281
2604.167
2604.167
2604.167

Example 1.8 Moments of inertia

It is required to calculate the first and second moments of area of a quadrilateral about the coordi­
nate axes. The quadrilateral is shown in Fig. 1.16 and is defined by apex coordinates, (xu , x 2i), i =
1, 2, 3, 4. In this case, [X], given in eqn (1.97), is

[X]

* 1 1 * 2 1

* 1 2 * 2 2

* 1 3 * 2 3

* 1 4 * 2 4

Fig 1.16 Arbitrary quadrilateral coordinates. 

The interpolation polynomial is simply {(j^}, given in Fig. 1.11(a); that is,

'(i -  5 ,)<i -  y
(1 +S,)(1 - k )  
(l + $,)(1 + $2) 
(l - $0(1 + $2)

The first moment of area of the quadrilateral is calculated as follows. For the quadrilateral, / ( $ b$2) 
is given by

f ( x u x 2) = [x1x 2] = { x } T = [ ^ ] ‘ [X]
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Hence, from eqn (1.113),
+1+1

h  =  J J [ < |> , ] d e t /  dl,xd%2 1X1
- 1-1

The area of the quadrilateral is simply
+1+1

A =  J J  det/ d ^ d t ,  2
- 1-1

Hence, the centroid of the quadrilateral is located at

I f  y ]  = ^
For the special case of a rectangle, it is easily shown from eqn (1.104) that det J  is constant over 
the rectangle, and thence

Hence,

I { = [ 1 1 1 l][X]det J  and, area = A = 4 det /

[x y ]  = —[1 1 1 l ][X]

The second moment of area of the quadrilateral is calculated as follows: The second moment 
of area has for its function, f ( x l, x 2)

f i x  |, x 2) = [ x , x 2] = [x ]T[(M [w r m

The integral is given by
+1+1

h =  m r J j[<t>,][0,]r d e t /  d ^ d & X ]

Again, for the rectangle, it is easily shown from eqn (1.114) that

det J =
j ( ( A ' i 2 -  X  i , ) +( A'  ] 3 — JC i4>)  ~ { U 22 ~  * 2 l )  +  ( * 2 3  “ * 2 4 ) 1

j l ( * 1 4 - * l l )  + (-V 13 — -V ,2)} j { ( x 24- A - 2l) +  (X23 - X 22)(

Thus, det J is constant, and, in this case,

fi+i

- 1-1

4 2 1 2
2 4 2 1 
1 2  4 2
2 1 2  4
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This gives the value of 12 as

4 2 1 2
2 4 2 1
1 2 4 2
2 1 2 4

[.X ] det J

For the special case when the origin is at the centre of the rectangle and the sides are parallel 

with the coordinate axes so that the comer nodes are ( ± y  ,± —), det J = Then,

/  - i i  
4 9

- a  - a  

- b  b
a a 

b - b

4 2 1 2
2 4 2 1
1 2 4 2
2 1 2 4

-a - b  
-a b 
a b 
a - b

ab
~ 4 ~

ab
12

0

b 2

Thus, 12 is simply the principal axes tensor for the second moment of area matrix.

L in e a r Qu a d ra t i c  
(a) S T RA IG HT  SI DES

Cubic

Q u a d r a t ic Cubic

Fig. 1.17
(b)  CURVED SIDES

Triangular domains. Straight and curved sides.

1.4.6 The triangular domain -  coordinate systems

The triangular domain with various configurations of node points is shown in Fig. 1.17(a), (b). The 
elements with curved sides are treated like the isoparametric elements in section 1.4.5. There are 
three types of coordinate systems used in the description of triangular element properties. These 
are:

1. The global coordinates of the total system. Input of data to the computer program is generally 
in this system, as is the calculation of nodal displacements. There may also be a local global 
system associated with each triangle and referenced to one of the triangle apices as origin.

2. The local coordinate systems associated with each side. There are three such sets. These coor­
dinates are particularly useful in the expression of derivatives normal to the sides of the trian­
gle.

3. The area or natural coordinates. These are useful for general polynomial interpolation over the 
triangle. Derivatives and integrals of polynomials are readily calculated in this system.

It is seen that the coordinate systems (1) and (2) express the Cartesian dimensions of the trian­
gle, whereas those in (3) will be shown to be non-dimensional in the range (0, 1).
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1.4.6.1 Global coordinates

A plane triangle 1 -2 -3  or (/, j, k) lies in the x {, x 2 plane of the global coordinate system. The apex 
coordinates are ( x u , x 2i ),  i = 1, 2, 3. The global dimensions of the triangle are taken parallel to 
the coordinate axes and are denoted b{, i = 1, 2, 3. Thus, for example, ( au b x) are the global 
dimensions of side 1. From Fig. 1.18 it is seen that

a i = x l k - x Xj  and b i = x j 2 - x k 2 (1.117)

The indices i J  ,k are cyclic permutations of 1, 2, 3. Thus, for example,

a \ = x \ 3 ~ x \2^ b  l = x 2 2 ~ x 23> e t c -

The sequence for at is anticlockwise and that for bt clockwise around the triangle. It is seen 
that the sums of the a and the b values are equal to zero. That is,

5 > / = S > =  o (1.H 8)

Fig. 1.18 Global dimensions of triangle.

The area of the triangle is easily calculated as half the magnitude of the cross product of two 
adjacent side vectors taken in anticlockwise sense. These side vectors are

t  = {a,j, —b j } (1.119)

So that

2 area = \T( x s) I = {ajbt -  atbj)  (1.120)

where / ,  j , k are cyclic permutations of 1, 2, 3. It is seen that the global dimensions describe the 
physical shape of the triangle as well as its orientation in space.

1.4.6.2 Local coordinates

There are three local or side coordinate systems (Sj, nt ), i = 1, 2, 3 (see Fig. 1.19a), with the s; axis 
along the side i in an anti clockwise sense, and with the origin at node j . The nt axis, taken as the 
inwards normal at node j , forms a right-handed coordinate set. In these coordinate axes, the coor­
dinates of the apices of the triangle are expressed in terms of the side lengths lt , the heights h( , and 
the projections of the apex i on side / ,  d{ . The quantities (/,, hx, ) are called the intrinsic dimen­
sions of the triangle and describe the physical shape of the triangle in the i th local set, but not its 
global disposition. The intrinsic dimensions are shown in Fig. 1.19(b).
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From Fig. 1.19(b), it is seen that in coordinate system (si9 nt ) the apex nodes have coordi­
nates.
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node Hi coordinates
i (d„■ hi)
j (0, 0)
k Hi ,0 )

Here again, i ,j ,k have the cyclic permutations on 1, 2, 3. 
*2

1 S 3

(a) Local c o o rd in a te  axes (b) In tr ins ic  dimensions
Fig. 1.19 Local coordinates and intrinsic dimensions of triangle. 

The area of the triangle is expressed by

2 A = l ihi

It is seen that

/, = f  [a,- ~bi]
H

d j

- b t

and

d, = — [at -bj ]
* i

1

Clk

h

(1.121)

(1.122)

(1.123)

1.4.6.3 Area or natural coordinates

Let P be an interior point of the triangle (Fig. 1.20). Then At is the area of the subtriangle, apex 
P , base side /, (nodes j - k ) .

(0,0,1) 3

A\ <*17°

/ A j  '^ > 2(0 ,1 ,01

o = constant
?3

( 1 , 0 ,0 )

N a t u r a l  or a rea  c oord ina tes  

Fig. 1.20 Natural or area coordinates.

www.EngineeringEbooksPdf.com



36 MATHEMATICAL PRELIMINARIES

It is seen that the sum of the subareas is the area of the triangle A , so that

A x + A 2 + A 3 = A 

The three area coordinates of P are defined by

A/
1, 2, 3 (1.124)

and hence,

Ci + C2 + c3 = 1 (1.125)

The triangle has now become non-dimensionalized since the apices of the triangle have coordinates, 

Apex 1: (1,0,0) Apex 2: (0,1,0) Apex 3: (0,0,1)

From Fig. 1.20 it is seen that side i has ^  = 0 and the line = constant is parallel with the 
side Sj. The natural coordinates will be used to construct the interpolation polynomials for functions 
whose nodal values (function, first or second derivatives) are assumed to be known. In the develop­
ment of the finite element theory it will be necessary to derive not only the relationships between 
the various coordinate systems but also those between the derivatives of the function in the various 
systems. The derivatives of functions may be calculated as:

(1) global derivatives with respect to the X\ coordinate axes;
(2) side derivatives with respect to the s, axis;
(3) normal derivatives with respect to the nt axis.

1.4.6.4 The relationships between the coordinate systems

(1 ) Global and local coordinates

These may given in trigonometric form by using the y, angles shown in Fig. 1.18, although the 
alternative form using the global dimensions is often more convenient. That is,

Si

_ n L

cos 7/ 

-s in  Y/

sin Y/ 

cos y)

x x - x { j  

X 2 - X 2 j .

and

Si 1 <*i ~ b i X X~ X X j

.  n L ‘  h . b i cii_
? 2- x 2 j .

(1.126)

(1.127)

Again, i, j, k have cyclic permutations on 1, 2, 3. The inverse transformation from local to 
global coordinates is obtained by solving eqn (1.127) for x u x 2; that is,

(1.128)
*1 1

'  h

V i b j Si X j  1

_*2_ - h i a i _ _ n L

+
.X J \

(2) Global and natural coordinates

From Figs. 1.18 and 1.20, it is seen that the x{ coordinates are obtained from the £,■ coordinates by 
the transformation,
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1 1 1 1
Cl '

* 1 = * 1 1  * 1 2  * 1 3 £ 2

* 2
* 2 1  * 2 2  * 2 3 k

(1.129)

On solving eqn (1.129) for £2, C3 anc* using eqn (1.117), it is seen that the inverse transfor­
mation is given by

1

2A

2A 23 b 1 a ]

2^31 Z?2 #2

2A12 ^3 <33

(1.130)

The area 2A is calculated from eqn (1.120). The term A/y in eqn (1.130) is the area subtended 
by the apices i-j and the origin of the coordinates. Thus, for example,

Aij = * 1 / * 2y - X i j X 2i 

Since ^  = constant is the equation of a line parallel to side i , so also is

2Ajk + bjX\  + atx 2 = constant 

In particular, the equation for side i of the triangle is

2Ajk + b(X j + atx 2 = 0

(1.131)

(3) Local and natural coordinates 

In this case, from Figs 1.19 and 1.20,

(1.132)

On solving eqn (1.132), for the £ values, it is seen that

2A -hi {di -  1^
1

2A
- d i (1.133)

1.4.6.5 Calculation of derivatives

From eqns (1.129) and (1.130), it is seen that

dxt
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The C derivatives with respect to .v, and /;, are defined by the matrices [D,j ] and | ] such that
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dSj

_1_

h

■77 0
_1_

/l

and

[C„] =
1

2A

11 - ^ 2  (d  3 -  / 3)

(dl -  / j) / 2 -^3

- d  1 (d2 -  12) h

From the above values, derivatives of a function / ( £ i ,  £2> £3) with respect to local or global 
Cartesian coordinates can be obtained by the chain rule of differentiation. Thus,

5 /

and

= —-----— /• + - ^ —(d - I )
a « ,  2 A  a c ,  '  a c / '  J

_ a £ _

a?*

Note in eqns (1.135) and (1.136) there is no sum on repeated indices.

3 /  1 , 3 /  . d f  1 3 /  
3.x! 2A dx2 2A 3î -

(1.135)

(1.136)

(1.137)

In eqns (1.136) and (1.137) sum in the usual way on the repeated index / ,  whereas in eqns
(1.134) and (1.135) no sum applies.

1.4.7 Polynomial interpolation and function integration for plane triangles

1.4.7.1 Polynomial interpolation

The triangular domain is attractive to use because of the relative ease with which complete polyno­
mials may be constructed. A complete polynomial Pn in two dimensions is spanned by coordinate 
functions (section 1.4.2),

{<!>/ } T  =  (1 , X U  X 2 , X \ X 2 , * 2 )

and has dimension,

{n +  2  ){n +  1)m (i)

Any polynomial Pn( x x x 2) of order n may also be expressed as a polynomial F r (Q ,r > n in 
triangular coordinates. Such a representation is not unique since each term may contain arbitrary 
factors (Ci + C2 + £3f  = 0.
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When all such factors have been removed, Pr (Q = Pn (Q has degree n and is said to be 
irreducible. The number of polynomial terms that can be formed in Pn from the three ^  variables 
is given by,

(" j , ? ~  =  U n  + 3 )(n + 2)(n + 1)
n\3l  6 (ii)

However, in the Euclidean space, s = 2 that is, in the x 2 plane, the number of independent 
functions is given by eqn (i). Hence from (i) and (ii) the number of dependent functions is

r — m — ~ { n  +  2)(n +  1 )n
6

(iii)

It is found in the triangle that for n > 3 a complete irreducible polynomial Pn(Q cannot be 
specified uniquely by boundary values. This is because terms of the type £3, with p, q, r > 1  
occur and these belong to the subspace of polynomials of order < n which have zero values on all 
sides. Similarly, for n > 6  a complete polynomial Pn (Q cannot be uniquely determined for values 
of Pn and the normal gradient dPn / dn on the boundary. In this case the arbitrary terms £3,
with p, q, r > 2  belonging to the subspace of all polynomials of order < n , may be added, whose 
values and normal derivatives are zero on the sides. Consider now the three important cases of 
linear, quadratic and cubic interpolation of a function over the triangle. The orthogonal interpolation 
functions will be obtained together with the requisite number of nodal values.

Case 1. Linear function

In this case n -  1 and s = 2, so that

(1 + 2)! „m = ----------- = 3
1 !2 !

That is, three nodes are required. A suitable choice for these will be the vertices (1,2,  3), as in Fig. 
1.21(a). The nodal configuration for the cubic interpolation is not unique, and other nodal 
configurations exist than that shown in Fig. 1.21(c). For example,

1. / ,  /  ,jcj» /  ,jc2 at nodes 1, 2, 3 and /  at the centroid.

2. / ,  /  ,X), /  ,X2 at nodes 1, 2, 3 and /  at node 4.

For the linear interpolation function, f  (xu x 2) may be expressed

f  (x 1, x 2) = a x + a 2 x\  + a 3 x 2 (1.138)

The a  coordinates are obtained from eqn (1.138) by substituting for x\  and x 2 at the nodes 1,
2 and 3. 3 (0,0,1)

(1/ 2 , 0, 1/ 2 )

(V3 ,0 ,2/3)
5(0,V2,V2) 8

2 (2/3,0,V3)9 

'2^,0)
M V '3.0)

7(0,
6(o A H )  
2

1 % . ° )

Fig. 1.21

Quadratic Cubic
(b) (c)

Triangle node configurations.
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Then the function values at the nodes are given:

1 * 1 1 * 2 1

/ 2 = 1 * 1 2 * 2 2

/  3 1 * 1 3 * 2 3

(1.139)

It is seen that the matrix in eqn (1.139) is simply the transpose of that in eqn (1.129) giving 
the transformation from ^  to xt coordinates. However, the concept of orthogonal interpolation 
functions has been introduced expressly to avoid the inversion needed in eqn (1.139) to obtain the 
a , values, even though in this case the inverse may be obtained by inspection. If f  is expressed as 
a function of the £ coordinates, then

/  -  a lCl +  a 2^>2 +  <*3^3 

When nodal coordinates are substituted in eqn (1.140), it is found that

(1.140)

/ ,

■©O
OCi

f  2 = 0 1 0 cc2
/ 3 0 0 1 oc3

That is, the interpolation polynomial {<t>i(r  = <Ci C2 C3> is the orthogonal linear interpolation set. 
Then,

/  -  tCi C2 C3] {<t>! } { / } = ( /  1 {<t>l} (1.141)

Case 2. Quadratic interpolation functions 

In this case n = 2 and s -  2 \ hence

(2 -+  2)! ,m = ----------- = 6
2 !2 !

Thus, six nodal values are required for the complete polynomial, and in the Cartesian coordi­
nates, /  is expressed as

/ ( a ' j ,  x 2) = ocj + a 2 X] + a 3 x 2 + ol4x x + a 5 x xx 2 + a 6 x 2

Again the a, values may be obtained by substituting (xb x 2) values at the six nodes. The 
nodes 4, 5, 6 will be taken at the midpoints of the sides. The quadratic polynomial in ^  coordi­
nates is given by the homogeneous functions,

{<!»'= < . 2 C22 Cl C2C3 C3C. C,C2> (1.142)

Now {(()} is not the orthogonal interpolation polynomial. The theory given in section 1.4.2 is 
now used to construct {O }, the orthogonal basis. The orthogonal basis is constructed by application 
of eqn (1.93).
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Thus, substituting nodal coordinates in {<()},

[A]T =

1 0  0 0
4 4

0  1 0  1  0  1  4 4

0 0  1 1  I  0
4 4

0 0 0 1  0 0 
4

o o o o ^ o4 -

0 0 0 0 0

This matrix may be inverted by partitioning into four (3 x 3) submatrices. Thence,

[A~l]T =

1 0 0 0 -1 -1
0 1 0 -1 0 -1
0 0 1 -1 -1 0
0 0 0 4 0 0
0 0 0 0 4 0
0 0 0 0 0 4

Then, using eqn (1.93),

[ A - ' f W  = {®2} =

M i - D

C 22 - ^ 3 - C l C 2 W - i )

C 32 - C 2 C 3 - C 3 C l M s - i )

4 ^ 3 4 C 2 C 3

4 ^ i

(N..................................i
'

4 C 1 C 2

In eqn (1.143) use has been made of relationships such as

C,2 -C.(C2 + Q  = M , i)

Case 3. Cubic interpolation polynomial

For n = 3, and 5 = 2 ,  the number of independent terms is

(3 + 2)!m
3!2!

= 10

(1.143)
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{ 0 3 } (1.144)

It has been shown that it is not possible to define the complete third-degree £ polynomial in 
terms of values on the boundary because of the bubble function, C1C2C3 = 0> on all sides. To define 
this function, a node (10 in Fig. 1.21(c)) must be used. It is convenient to use the centroid, coordi­
nates 1/3, 1/3, 1/3. The derivation of the orthogonal interpolation functions proceeds as outlined in 
case 2, and the result is given in eqn (1.144).

Ci(3C,—l)(3Ci—2)

C2(3C2-l)(3 C 2-2 )

C3(3C3-D(3C3-2)

9C2C3OC2- D  

9C2C3(3C3-1 )

9C3Ci(3C3-D 

9C3M 1- D

9C,C2(3C2-D 

5 4 ^ 3

An alternative (<I>3} polynomial, IO , ]. can be obtained, for the function given by 
( / > / « , » /  -.vJ at nodes 1, 2, and 3 and /  ,„ at node 4. In this case it can be shown that

C32(3 -  2C3)

1C2 —  ^ 2 ^ 1)

C3(a lC2 ~ q 2C1)

{ o 3(

C?(3 -  2 Q  +  6 ^ M 3)

Cl2( ^ 2^3 "  ^ 3 ^ 2 ) _  (^3M-3 _  ^  l)ClC2 C3  

^ h a 2̂ ,3 ~ ^ 3^2) _  (a 3M-3 -  a l)£,l 2̂ 3̂

t f ( 3  -  2Cz) +  6 X 3M 3

C2M  - & l C 3 ) - ( * 2

C22(« 3C

* 3 ^ )C l^ 3  

a lC3) _  (a 2 -  a 3^3)ClC2C3 

4 /2 3 ^ 1^ 2 ^ 3

(1.145)
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In eqn (1.145), from eqn (1.123),

INTERPOLATION

i
^3 -  ~r~ -  T V 3 “  b 3] 

h  / 3

- a  2  

b 2

(I3 -  1 -  -  y ^ [«3  _  ^ 3]
_1

l3

-a  1 

b\

43

(1.146a)

(1.146b)

1.4.7.2 Integration of £ functions over the area of the triangle

The use of the £ functions for interpolation leads to integrals o f the form,

12 = J cr #  c3c (1.147)

By making the substitution, ^  = (1 _  Ci “  C2)6» this integral is always reducible to an integral 
in and £2. It is now required to express dA in terms o f d d^2 and the coordinate transforma­
tions. The infinitesimal triangle i '  j '  k '  in Fig. 1.22 is bounded by the vectors dst , dsj , such 
that from eqn (1.132),

I ds, I = lj d C,t (1.148)

Now the components o f dst are

ds,

dxx 3 ^ !

ds;
ydSj = <

dsj

dx2 dx2

dsi dsi

l i d k

3(k)

Fig. 1.22 Infinitesimal triangle.

That is, from eqn (1.134),

ds; =
h

dx 1 dx 1 

dx2 dx2

^ T ^ 7

11 d C,k = ct;k dC,k, no sum on k (1.149)
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ds2 — 3\d \ ds 3 -  <f i2d £>2 

and the infinitesimal area is given by

dA = Ids2 x ds31 = l*f31 x ^ X2\d^xdL>2

Finally,

a  2 <2 3

dA = d £xd£2 = 2Ad£xd£2

(1.150)

(1.151)

Substitution in eqn (1.147) gives the integrals as

i K ,

/ 2 = 2A J J Cf Cl (1 -  C. -  k)c d ^2 d ^
0 0

Substitute t
c2

1 -  c,
then,

I 2 = 2 A p ( l - ^ +,d ^  \th( \ - t f d t
0 0

Each integral on the right-hand side o f this equation is in the form of a beta function where,

B(z ,w )  = Jr - 'O  -  t ) w~ldt =
T (z )r (w )
T ( z  + w )

and r ( «  + 1) = n ! for integers n > 0. Thence,

C! Cl dA = 2A
T(a + 1 )Tjb + l ) r (c  + 1) 

T(a + b + c + 3 )

so that

12 = 2A
a l b l c l

(a + b + c + 2)1
(1.152)

Fig. 1 .23 Linear and tetrahedron elements.

In a similar way the integrals may be calculated for linear and three-dimensional spaces (Fig. 
1.23) to be

 ̂i -  JCf C2 dl -
La \b!

(a + b + 1)!
(1.153)
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and for the tetrahedron,

,  [ y a r b r c r d j  T /  6Va\b\c\d\
h = j ( r  a  «  a  = ( a + i + c ^ + 3 ) , (i . i5 4 )

Example 1.9 Sample integrals o f  C, functions over the triangle

(1) Linear function,

/2 = p A = 2 A | -  = |

This integral gives the volume o f the prism with the triangle as base and o f height unity, as 
shown in Fig. 1.24(a).

(2) Quadratic function,

, 2 = = Z 4 f  = j -

INTERPOLATION 45

This function is shown in Fig. 1.24(b).

area A

f ( 9 ) =

Fig. 1.24 Examples o f polynomial integration over triangle.

The use o f eqns (1.152), and (1.154) makes the application o f the £ functions particularly 
powerful.

Example 1.10 First and second moments o f  area o f  triangle about the coordinate axes

This is a problem similar to that solved in example 1.8 for the quadrilateral. The results are simple 
because o f the unique geometric properties o f the triangle.

x,

2 (x19,x9;

(x1vx

Fig. 1.25 Triangular coordinates.

The triangle is shown in Fig. 1.25, and the matrix [ X ]  is given

* 1 1  * 2 1  

[X ]  = x X2 x 22

X 13 *2 3
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The interpolation polynomial is simply

|3>ilr = {Cl c2 Q

(1) First moment o f  area o f  the triangle about the coordinate axes 

In this case f  ( x x x 2) is given by

f ( x , x 2) = t x ,x 2] = {x}r = [0 1f [ X ]
Hence, from eqn (1.151),

I2= 2A JJJ[Ci C2 dUX]  = j [ l  1 UIX]

The area o f the triangle is given by

area = 2A J j]d ̂  d C,2 d C3 = A 

Hence, the coordinates o f the centroid are

[ X  y ] = !- j  = J [ l  1 l ] [ X ]  =

46 MATHEMATICAL PRELIMINARIES

*1 1  + * 1 2  +  *1 3  *2 1  + * 2 2  +  *2 3

3 3

Fig. 1.26 Six-node, curved-sided triangular domain.

(2) Second moment o f  the area o f  the triangle about the coordinate axes 

The function for the second moment o f the area is

f i x  I X2) = [* , = m i * } 7 =

Again, because this is a function o f C] C2 from eqn (1.152),

12 = 2A [ X ] t d^2 d ^ [ X ]

so that

2 1 1

i 2 = ^ [ x y 1 2 1
1 1 2

[X] (1.155)
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1.4.8 The isoparametric triangle

The isoparametric, or curved-sided, triangle is shown in Fig. 1.17(b). It is o f sufficient importance 
to devote this section to the derivation o f its properties; that is, the (.x̂  x 2) derivatives, and integrals 
o f functions over the triangle area when the interpolation functions are given in £ space as for the 
plane triangle. The curved-sided triangle differs from the plane triangle in that the dimensions of 
the infinitesimal triangle vary from point to point, and so integration must be performed numerically. 
In this case the quadratic interpolation polynomial is given by eqn (1.143), so that

= [<&2]r mi x l T (1.156)

In eqn (1.156),

[X] =

* 1 1 * 2 1

*  12 * 2 2

*1 3 *2 3

*1 4 *2 4

*1 5 *2 5

*1 6 *2 6

(1.157)

The local triangle

At any point within a curved triangle an infinitesimal local triangle (Fig. 1.25) can be constructed 
with side vectors given by the expression,

v I dx dx
(1.158)

This is a process identical to that in eqn (1.149). Then, as for the plane triangle, the area of 
the infinitesimal triangle is given by

2 area = dQ  = l<?31 x ^ l2\d^x dC,2, etc.

Define a matrix [JA ] such that

r M  , I r dx lTi _  r , d^ 2 ]7
U a  ] -  \ e  3 ' [ ] ]  -  l e  3 '

dt. dl;
■[X]]

The matrix [JA] is 3 x 3 and if eqns (1.159) and (1.160) are expanded it is proven that

dQ. = det JA d ^  d

(1.159)

(1.160)

(1.161)

This is, o f course, the corresponding expression to that obtained for the plane sided triangle 
where det JA = 2A The derivatives o f the function f ( x x , x 2) —» / (i^  î 2 £3) are obtained by the 
chain rule as,

{ / « }  =

3 ^

dxx dxi dxx

< K L
3 * 2 3 * 2 dx2

{ / * )
(1.162)
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However, {/  } is interpolated in terms o f its nodal values by

f = [4>2\T l f }  and { / I?} = [«t>2^ ]r {/ (1.163)

where,

l ® i d T =
3<D2r

3C2
3<Dr

(4C, -  1) 0 0 0 4̂ 3 4C2

0 (4^2 -1 ) o 4^3 o 4?, 

0 0 (4^3 -  1) 4C2 4C, 0

= [0 ] (1.164)

Substitute eqn (1.164) in eqn (1.162) so that

{ f s )  = [LR] [ D ] { f }

As yet, the terms o f [LR], in eqn (1.165) are unknown. To calculate [L^] proceed as follows:

dxv dxv 3i^ dxv 3£2 dxv 3£3

dx^ 3^  dx^ 3^2 dx^ 3^3 dxp
5vh

(1.165)

(1.166)

where x v = x { or x 2- Also,

3C, 3C2 _ n . „ „
— + — + — -  0 since, Ci + C2 + C3 -  1
C/X ̂  u X  ^  OX

(1.167)

Thence, from eqns (1.166) and (1.167),

1 i 1 ’^ L O k
dx\ 3jc2

3xj 3*! dx\ 3 ^ 3 ^

3C7 3^! dx2

3*2 3*2 dx2

3 ^ 3 ^ 3-Xj dx2

0 0 

1 0 

0 1
(1.168)

However, this is simply the equation,

Ua ]T[Lr ]t =

0 0 

1 0 

0 1

(1.169)

It is easily shown that

= u A r (1.170)

This gives the means to calculate [Ls ], and from eqn (1.165), derivatives o f the function {/ ) 
may be approximated at any point in the triangle.
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Integration o f  functions over the curved triangle area 

The function / ( x 1x 2) —» / (C 1C2C3) *s calculated as

I 2 ^ W i ( f  detJA\ (1.171)

The integration points are given in Table 1.3 for the seven-point integration scheme. See [8] 
for other integration formulae.

THE ISOPARAMETRIC TRIANGLE 49

Table 1.3

Numerical integration over triangle
Point Coordinates weight

a a a a 0.225
b p . ai P. 0.13239415 a  = 0.33333333
c p . P. a, 0.13239415 a, = 0.05971587
d « ! Pi P. 0.13239415 P, = 0.47014206
e P2 P2 a 2 0.12593918 a 2 = 0.60695079
f a 2 P2 P2 0.12593918 p2 = 0.19652460

g P2 a 2 P 2 0.12593918
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CHAPTER 2

Basis of solid mechanics-fundamental theorems

2.1 STRAIN

2.1.1 Introduction

In the application o f forces or displacements to a body, the effects are observed by the measurement 
o f displacements (or strains). To predict the behaviour, tests must be carried out on specimens o f the 
material to determine not only the elastic constants o f the material but also the laws for its 
behaviour in the inelastic range. The determination o f material properties can be an exacting task, 
particularly if they are required over the whole range o f temperatures up to the softening point o f 
the material. Such information is, o f course, vitally necessary in thermal stress analysis, e.g. in the 
calculation o f residual welding stresses where extremely high temperatures occur. Since all prob­
lems in the inelastic range may be treated as being composed o f linear steps, it is essential first to 
study elastic (or linear) behaviour. Linear elastic behaviour is characterized by a linear relationship 
between forces and the corresponding displacements. This study leads to the definitions o f strain 
and stress and the relationships (or constitutive laws), between these two quantities. Strain is the 
more natural phenomenon to study first because it is the observed quantity. With this in mind the 
concepts o f strain will be introduced, followed by those o f stress and the constitutive relationships 
which connect the two. In keeping with the spirit o f the text the theory is presented in index nota­
tion, but where results are also useful in matrix form from the viewpoint o f computational mechan­
ics, both will be given.

2.1.2 Definition of strain

When forces are applied to a body or there is a change in temperature, deformations occur. These 
deformations are not necessarily elastic in the Hookean sense. That is, the stress-strain curve may 
not be a straight line and the deformations not recoverable. It is usual to assume, however, in the 
classical theories o f elasticity and plasticity that the deformations are small. This requirement of 
small deformations ensures that the equations o f equilibrium written in terms o f the undistorted 
geometry will not be in serious error. In the theory developed in this section on strain, it is found 
that certain non-linear quadratic terms occur which together form a quadratic strain tensor. It is also 
discovered that the quadratic strain tensor is useful in the analysis o f bodies whose displacements 
are large and in the calculation o f the critical loads based on first-order theory. The displacements 
o f a body, general point P  in Fig. 2.1, are examined in the neighbourhood o f P  and the definitions 
o f strain developed. Let P  be the point xt and Q a neighbouring point (Xj + Axt ). The vector Axj is 
assumed small by the mathematical concept o f neighbouring point. When the body is deformed, let 
P  move to P D, defined by displacements ut from P . The coordinates o f P D are then xt + ux. Then 
Q will be displaced to QD by this same amount plus the vector which gives the variation in ut 
because o f the distance Axt from P  to Q . Notice that it will be implied that the displacement field 
and its first derivatives are continuous functions o f xt . Let 8u{ be the variation in the displacement 
field from P  to Q so that the coordinates o f QD are xt + Ax; + w, + 8u{ .
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The vector P&  is given by

Pfe = @  ~ P  = (Xi + AXi) -  xt = Axi 

After straining, the vector P q &d is given:

PD&D ~ Qd ~ P d ~ ^Xi + (2.2)

(2.1)

The difference between P o t t o  and P&  is a measure o f the deformation at P . Because P  and 
Q are neighbouring points, and because o f the continuity o f u{ and its derivatives, the variations 8wz 
may be written as linear functions o f Axj and the derivatives o f the displacements at P . That is, for 
Q close to P ,

8 Uj = UjjAxj (2.3)

Fig. 2.1 Initial and final states o f deformed body.

The tensor quantity u{ j may be decomposed into its symmetric and antisymmetric com 
ponents by defining

1

and

so that,

Write eqn (2.3), using eqn (2.6), as

It is seen then that

=  y ( « / , y  +  u j , i )

M j j  — U[ j  4- 0 /j

8 Ui = M tj Ax j

P n t> o  =  A x , +  M j j A x j  =  (8  u +  M j j ) A x j

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

The relationship between P D^ D and PQ  is shown graphically in Fig. 2.2. It is seen that 8 m , is 
a measure o f the total strain and rotation at P . The direct strain at P  along PQ  will be measured 
by the difference in magnitudes o f the vectors Pd&d and P& • Now,

\PQ\2 = AxjAxi (2.9)
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and

52

IP d Qd I2 = (5,7 + M u )Axj (Sik + M ik)Axk

=  (5,75,t. +  8 j jMik +  5 ikMij  +  MijMj^Axjbxi c

SOLID MECHANICS

(2 .10)

That is,

\Pd Qd |2 = (87* + M,* + M kj + M i jM ik)AxjAxk

= Axk Axk + 2Mjk Axj Axk + Af/;- Af,* A** (2.11)

Now At,-, the components o f P & , may be expressed in terms o f iPQl and the components of 
the unit vector f, and the direction P ^ , that is,

Ax, = P &  =  I PQ  11 = I PQ  If,

So that

AXj

f/ ~ I PQ  I

Thence, substituting in eqn (2.11),

1 P d Qd I2 = \PQ l2( l  + 2M jktjtk + M j j M j . t j t , )

For small strains,

\Pd Qd \ = \ P Q \ ( l + M jkt]tk + ViMjj M jk tj tk) 

so that the strain in the direction PQ, e, is

\Pp Qd I -  \PQ\
= I PQ

= t j h ( M jk + V2 M j jM ik)

(2.12)

(2.13)

(2.14)

(2.15)

Now express Mjk in terms of its symmetric and antisymmetric components, and define r\jk 
such that

1 1
%  = j M , j M ik = — UjjUU (2.16)
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e, =  t j tk(£jk +  ejk +  x\jk)

because djk is antisymmetric tj tk = 0, representing rotation without strain. Then,

Et — tj tk (&jk + jk )

I f  quadratic terms are neglected, as is the case in small strain elasticity,

—  0  ^

The matrix equations equivalent to eqns (2.18) and (2.19) are

STRAIN

Then, from eqn (2.15),

(2.17)

(2.18)

(2.19)

(2.20) 

(2.21)

53

(2.18): e, = {/ }r ([e] + | [M f [M ] )U }

(2.19): e, = {f }r [ e ] { f }

Examine the terms o f . It is seen that

e l l = M l,l> ^22 =  u 2, 2'  e 33 =  u 3,3

are the direct strains in the directions o f the coordinate axes. The terms such as £12 = £2i are associ­
ated with the change in the angle between the X\ and x 2 axes and are shear strains, as is explained 
below.

2.1.3 Shear strain at the point P

In Fig. 2.3 the displacements for P  and Q have been plotted for the two-dimensional x u x 2 space, 
so that the only strains occurring are en, 8^ and e12 = e21. It will be seen from the figure that* the 
change in the right angle from X xO X 2 to Q 'P Q  in the deformed state is given by, change in right 
angle = w12 + u2 X. However, this quantity is simply twice the strain e12 defined in eqn (2.4), and 
leads to the definition o f e12 as 1/2 change in the right angle X xO X 2. It is seen now that the shear 
strain at P, associated with the direction defined by t , will be half the change in the angle between t 
and its normal n . Let the components o f pfc be A x ' { , so that

A * ';
rii = ~rz~~r (2.22)

Then, because P& and Pfl are orthogonal,

P §  Pk

I PR I

A Xi Ax 'i (2.23)

Fig. 2.3 Shear strain defined as change in right angle.
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In the deformed state, the vector P d~&d has components

P d %  = (5 ij + M U )  A x ' j  

Furthermore, if P is the angle between the deformed vectors Pot^D and Pd&d » then

PD&D ' PD&D - \PD Qd I \Pd P d lcos P

However,

cos p = sin ( y - P )  = y ~ P  = 2e„,

Therefore,

\Pd Qd I 1 = (8/y + M j j ) A x ' j  (8ik + M ik)Axk

-  (&ij&ik + $ijMik + 8ikMij + M ij M ik)Ax ' jAxk

= (8jk + Mjk + M kj + (higher order terms))A x '} Axk

= Ax j Ax ' j  + (Mjk + M kj )Axk A x ' k 

The first term is zero (from eqn (2.23)), and, using eqns (2.12) and (2.23),

28 m =  (Mjk  +  M kj ) t krij (2.24)

Now express M jk in terms o f £jk and Qjk, so that now,

28nt ~ (&jk k̂j + ®jk + ^kj^k^j

Now because is symmetric and 0/7 is antisymmetric, it follows that

&nt ~ ^jk^k ĵ (2.25)

In matrix form,

e„, = { «  }r [e ]{? } (2.26)

2.1.4 Transformation of the strain tensor for rotation of axes

The transformation o f the strain tensor 8/y- to components 8 in the rotated coordinate set x \  fo l­
lows immediately from eqn (2.19), when it is recognized that the vector components t{ obey the 
usual transformation rule o f eqn (1.54). That is,

ti = l j i t ' j  (2.27)

Substitute in eqn (2.19), so that

~  Imjt m Ink t  n ^ jk

Rearranging terms,

—  ̂ m t n̂ mj n̂k̂ jk (2.28)

However, er may also be written directly in terms o f z' a n d  t ' t by following the same rea­
soning, leading to eqn (2.19), in which case,

e, = t'm t'ne'mn (2.29)

54 SOLID MECHANICS
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Because the direction o f t is arbitrary it follows that

£ mn ~  j  Ink ^ jk

and in matrix form,

{e ( '  = [L ] [e ] [L ]r (2.30)

Thus, the quantity 8/y obeys the same law o f transformation as the inertia tensor, eqns (1.48) 
and (1.68). The principal strain directions are defined as those directions for which the shear strains 
are zero. In this case, solutions o f the equations

E,jXj = xx,

yield the principal strains 8n , 822, £33 as the eigenvalues. The solutions for Xj corresponding to eu 
will be the principal axes’ direction cosines.

2.1.5 The strain quadratic

Associated with the strain et (direction t ) define the position vector P  whose components define the 
point P (R j ) such that

Ri = e r %  (2.31)

Then,

t, = t ' , %  (2.32)

Substitution of eqn (2.32) in eqn (2.19) leads to the quadratic function associated with the 
strain tensor 8. That is,

1 =RjRkZjk (2.33)
or in matrix notation,

1 = {/? } r [e ]{/?} (2.34)

Expand the terms in eqn (2.34); thence,

{ R  } r [8] { / ?  } =  * i 2 £ h  +  *2  e22 +  x 3 e33 +  2x  i X 2812 +  2x 2x 3823 +  2x 3* 1831 =  1 (2.35) 

A  suitable rotation o f axes reduces eqn (2.35) to

x \ 1̂1 + x 2 2̂2 + x 3 £33 = 1 (2.36)

The properties o f the ellipsoid in eqns (2.35) and (2.36) are discussed in further detail in sec­
tion 2.3, in relation to the stress tensor.

2.2 STRESS

2.2.1 Definition of stress

When forces or displacements are applied to a body, internal forces are induced. Thus, across an 
internal surface dA shown in Fig. 2.4, the force vector d P  is the influence o f the right portion on 
the left. This force d P  may be expressed in its components normal and tangential to the surface dA
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The stress components acting are then given as

= lim
dFn

and, for the shear stress,

n dA -̂ o dA

dFt
= hm ~77~ 

dA ->o dA

The shear stress component may be further decomposed into two orthogonal components, o t and

° !2

Fig. 2.4 Internal force components.

Thus, it is seen that on any internal section there are three stress components, one normal and 
two tangential to the section. When the stress components are written on the faces o f an 
infinitesimal cube dx b dx2, dx3, it is found that there are nine components, as shown in Fig. 2.5. It 
is noted that a stress component has two indices; the first index indicates the direction o f the normal 
to the plane on which it acts, and the second refers to the direction o f the stress component. A  
further convention is required; that positive stress acts on a positive face in the positive coordinate 
sense or on a negative face in a negative sense. This is the convention for direct stress, tension 
positive.
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The stress tensor a, , is defined as

011 a 12 013 

o 21 022 023

031 032 033

(2.37)

The fundamental problem associated with the stress tensor is, given its components in one 
coordinate set, find the components in a second set, obtained by a rotation o f axes. This is o f 
course the same problem that has been solved already in section 2.1.2 for the strain components. 
The stress matrix is symmetric, since by taking moments about axes through the centre o f the cube, 
it is easily shown that

or, in general,

012 -  02b 013 -  031’ 023

® i j  C j i

*32

(2.38)

In order to study the transformation o f stress, isolate an infinitesimal prism bounded by the 
sides dxu dx2, dx3 and the face ds whose outwards normal is rt, as shown in Fig. 2.6. Let the force 
per unit area acting on ds be p { in the coordinate direction xt . The stress components are shown in 
Fig. 2.6 acting on the faces o f the prism. It is then possible to write the equations o f equilibrium in 
the directions o f the coordinate axes. It has been shown in section 1.3, eqn (1.73) that

ds n{ = dxjdxk (2.39)

That is, dxj dxk is the projection o f ds parallel with the xt axis. Write the equation o f equilibrium 
for forces acting in the x x direction. Then,

p xds -  (On dx2 dx3 + o 21 dx3 dxx + o 31 dxx dx2) = 0

Substituting eqn (2.39) gives

P\ -  (011«1 + 021^2 + 031^3) = 0 

For all components, this equation is written

p i =<5ji nj (2.40)

Fig. 2.6 Stress components-prism element.
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2.2.2 Transformation of the stress tensor

In order to obtain the transformation for components o f G;y for the rotation o f axes, first express the 
components o f the vectors (p{ , nt) in terms o f their components in the rotated axes, using eqn 
(1.54). That is,

Im iP  m ~  ®  ji Ijn ft n

Multiply both sides o f this equation by lki, noting lmilki = bmk

8m kP m ~  lki Ijn ® j i  ft n

That is,

P  k ~  Iki I j n ^ j i  ft n ( 2 .41 )

However, starting with the Jt \ axes and the stress tensor o 'nk, the expression for p 'k is

P  k ~  ®  nk ft n 

Since the direction n '„ is arbitrary, it follows that

®  nk lki Ijn ®  ji

Since both c ' nk and o y/ are symmetric,

v 'k n  = l k i l j n G ij  (2.42a)

Again, from eqn (2.30), it is seen that this transformation is identical in form to that for the 
strain tensor components. In matrix form eqn (2.42a) is written

[c '] = [ L ] [ c ] [ L f  (2.42b)

2.2.3 The stress quadratic

The normal stress a n on the plane i, j , k in Fig. 2.6 may be found by resolving the force com­
ponents p tds on the plane in the direction o f the normal n, and dividing by the area ds . That is,

a„ = tijPi (2.43)

Substituting for p ( , from eqn (2.40),

<J„ = rij Itj Oji = {n\T [ o ] { n }  (2.44)

Consider the vector R\ whose components define the point P , coordinates (/?,) such that

Ri = a„” '/2n,

or,

n, = O^R, (2.45)

Substitute for nt in eqn (2.44),

On = R i R j O j i C n

Hence,

RiRjCj ,, = { f l ) r [a ]{/?) = 1 (2.46)
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When eqn (2.46) is expanded in terms o f o n , o 12, etc. and xi9 the expression obtained is the 
equation to an ellipsoid. That is,

Ri Rj Oji — R \  ( J n  +  R 2 o 2 2 “I- R 3 O 3 3  +  2R \R2 0 \ 2 +  2/?  2 ^  3 ^ 2 3  +  2R 3R 1 O31 — 1 (2.47)

STRESS 59

R2

Fig. 2.7 Ellipse o f stress.

I f  the vector Op = R* is plotted from the origin O (Fig. 2.7), P  lies on the quadratic surface 
given by eqn (2.47). The principal axes o f the quadratic surface are such that for these axes R is 
also normal to the surface. By a rotation o f axes, [a ] may be transformed to the principal axes for 
which the shear stresses are zero. The equation to the quadratic surface in the principal axes is 
given by

R\®  11 + R 2 o 22 + R 3 O3 3 — 1 (2.48)

Let lij be the rotation matrix for the transformation o f /?/ to the principal axes o f the conic. 
Then the vector R { in the principal axes is given by

Ri -  hjRj

and the inverse transformations by

R j  ~  lmjRm-> Ri  ~  IkiRk

Substitute in eqn (2.46) for the quadratic surface so that,

kilmjVjiRiRm = 1 (2-49)

From eqns (2.48) and (2.49), it is seen that for //y to be the required transformation matrix,

®km ~ Iki j  Oji

That is, the same transformation to transform the conic to principal axes also transforms the stress 
matrix to its principal axes. It is now o f interest to obtain the means by which to calculate the li} 
matrix and the principal stress values. It has been shown in section 2.1.3 that the principal stresses 
will be given by the solutions for X in the equation

G i j X j  = XX, (2.50)

and that the X { are the principal directions.
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The solution exists if the determinant,

ICij -  bijXl = 0

This determinant leads to the cubic equation in X,

X3 - J { K 2 + J 2\ - J t, = 0

(2.51)

(2.52)

The coefficients J X, J 2, J 3 are invariant under coordinate transformation (otherwise multiple 
solutions would exist for X). On expansion o f eqn (2.52) it is found that

J i O;;

G2 2 a 23 ° 1 1 ^13 <*11 G\2
J 2 = + +

<*32 ° 3 3 <*31 ^33 a 21 ° 2 2

(2.53a)

“  ^1 1 ^ 2 2  +  ^ 2 2 ^ 3 3  +  ^33^11  “  G \ 2  “  °*23 _  ^31 “  ^  ~

= l a l

(2.53b)

(2.53c)

2.3 THE INERTIA TENSOR -  INERTIA M ATR IX

2.3.1 The definition of the inertia tensor

The tensor transformations already presented in section 1.2.2 are further developed and applied 
herein to the important problem of the calculation o f the principal axes and principal moments o f 
inertia o f plane areas (that is, o f beam cross sections). For this presentation it is convenient to use 
matrix notation. The terminology moment o f inertia has been carried over from dynamics to 
describe the second moment o f area, i.e. o f the moment o f inertia o f a disc o f unit density and 
thickness.

Consider the plane area shown in Fig. 2.8 lying in the X 2X 3 plane whose normal coincides 
with the X x axis. For a prismatic member whose centroidal axis coincides with the area will 
be the member cross-sectional area (Fig. 2.8). The moment o f inertia (or second moment o f area) 
about the axis O X 3 is defined by the integral,

and, similarly,

J 22 — f x 2 dA•area

j  33 -  [  x l  dA
<area

These terms alone are insufficient to define the quadratic functions o f the area associated with 
the OX 2, OX 3 axes, and it is necessary to introduce the product o f inertia defined by

J 23= J 32 ' J x 2x 3 dA

The four quantities so defined may be grouped in the (2 x 2) symmetric matrix defined as the 
moment o f inertia matrix [/].
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That is,

[/] =
J  22 J  23 

J  32 J  33

(2.54)

The construction o f [J ]  is, o f course, conveniently defined, as in section 1.2, as the integral o f 
the matrix product { Y } {Y }T, where,

{ Y }

Then,

[ J ] =  j  { Y } { Y } TdA

(2.55)

(2.56)

2.3.2 Transformation of the components of the inertia matrix

The transformation law o f the vectors )? and F*' for rotation o f axes about OX x is known, and it is 
thus possible to determine the transformation o f [/]. Now, from eqn (1.39),

\Y\ = [ L ] t \Y')  (2.57)

Substitute in eqn (2.56),

[ J ]  = [ L f  J {Y ' } \ Y ' }Td A [ L ]  (2.58)
area

The matrix [L ] is taken outside the integral because it is constant. Alternatively, if [/ '] is 
formed directly in the prime coordinate set,

Substitution in eqn (2.58) gives

[ / ' ]=  J \Y’ ]\Y’ )TdA

[/ ] = [ L ] t [ J ' ] [ L ]

(2.59)

(2.60)

The rule for transformation o f [ J]  components under rotation o f axes about O X } has been 
established, and, o f course, it is seen to be yet another example o f tensor transformations. From the 
properties o f [L ],

[ J' )  = [ L ] [ J ] [ L ] t (2.61)

In this particular case, [L ] may be written in terms o f 0X ,

COS 0V.x\ sin 0V.*i c s

- s in  0V- cos 0 rx\

G-1 

1 
,

[ L ]  =

where c = cos 0Vj, and 5 = sin 0Xj. Expansion o f eqn (2.61) then gives, for example,

^ 2 2  =  J 22 c 2  +  2/23  c s  +  J 33 S 2 (2.62a)
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J ' 23 ~  (^ 3 3  ~  J 22) sc + ^ 2 3  ( C 2 ~ S 2 )  (2.62b)

These are the familiar expressions found in the elementary texts on strength o f materials.

2.3.3 Principal axes -  principal moments of inertia

The principal axes o f the cross section are defined as those axes for which the product o f inertia 
vanishes. They are also the axes for which the moments o f inertia have maximum and minimum 
values. When the inertia matrix is expressed in principal axes it is a diagonal matrix; that is, [/] is 
o f the form,

[ J ]

J  22 0

0 J 3 3

The question then is how to establish the transformation which reduces [/] given in eqn (2.56) 
to diagonal form. This is achieved by using eqn (2.62b) and setting / '23 = 0. Then,

J ' 2 3  = 0 = (J 3 3  ~ J 22) SC  + J 2 3  (C2 ~ S2)

Thence,

2/23
tan 20 = --------—  (2.63)

J 2 2  ~ J 3 3

The solution of eqn (2.63) gives two values of 0, 90° apart. It is then possible to calculate 
J 22’ J 3 3 directly from eqn (2.61a). An interesting alternative approach is to use the properties o f the 
characteristic equation,

[ J ] { X } = X [ I ] { X ]

or,

( I J ] - U I ] ) { X }  = 0  (2.64)

These homogeneous equations may be solved only if the determinant o f the coefficient matrix 
o f { X}  is equal to zero; that is, if

l[/] - X [ I ] \  = 0  (2.65)

This is the identical mathematical problem encountered in the calculation of principal stresses. 
Here in two dimensions it leads to the solution of the quadratic eqn (2.66) in X. On expansion of 
eqn (2.65),

X2- X ( J 22+/ 33) -  J 2 3 + J 2 2  J 3 3  -  0 (2 .66)

Hence,

Xx 2 -  y  [ ( / 2 2  + ^ 33) -  V ( ^ 2 2  + J 3 3 ) 2 + 4(/23 ~ J 22J 33) ]  (2.67)

Corresponding to the roots Xli2, eqn (2.64) will yield solutions { X x} and {X 2}, which are now 
shown to be orthogonal; that is,
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{ X , } M X 21 = o (2.68)

63

From eqn (2.64) it is seen that only one o f the terms o f { X } is independent, so that solutions 
may be normalized, giving

{ X , } T { X 1| = { X2)t { X2} = 1 (2.69)

Substitute Xu X2 in eqn (2.64),

[ J ] { X l ) = X l [ I ] { X l ) (2.70a)

and

[ J ] { X2} = X 2[ I ] { X 2} (2.70b)

Premultiplication o f eqn (2.70a) by { X2)T, and o f eqn (2.70b) by { X ^ 7 gives

{ * 2 ) r [-/]{Xi) = ^ i ( X2} / (2.71a)

and

( X , ( r [ 7 ] {X 2} = \ 2{X,\t { X 2] (2.71b)

Transpose both sides o f this equation, and, remembering [/] is symmetric, subtract from eqn 
(2.71a) to obtain,

0 = (A., -  A,2) {X 2}r {X ,}

I f  *  \2, it follows that {X j}, {X 2} are orthogonal since, from eqn (2.72),

( X 2}r {X , )  = 0

Now form the matrix [Q ] composed o f {X , } ,  { X2} as columns:

[ Q]  = [ X xX  2]

Then,

r * n ' X\JXx X ] J X 2
[ Q ] t [ J ] [ Q]  =

i X

[/ ] [ X t X 2] =
_x \j x x x \j x 2

(2.72)

(2.73)

(2.74)

Fig. 2.8 Coordinates of member cross section.
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Hence, from eqns (2.71) and (2.73),

[ Q ] t [ J ] [ Q ]  =

X, 0

0 x2
(2.75)

It is seen that Xx and X2 are the principal moments o f inertia and [Q ] is the required rotation 
matrix necessary to define the principal axes.

2.3.4 The parallel axes theorem

The discussion on the inertia tensor o f plane areas is concluded with the proof o f the parallel axes 
shift theorem. That is, given [J ]  in the coordinate axes X U X 2 through the centroid o f the area, 
determine the value o f [/ '] for a set o f axes parallel to the first obtained by an origin shift:

{C l
X2c\

X3c\

Then coordinates in the primed set are related to those in the first via the transformation,

x ' 2 *2 Xlc

*3 X3c

Then, with the notation used in eqn (2.56),

For the axes through the new origin,

m  = c n  -  { c

[/ i  = j  i n  i Y ’ VdA

(2.76)

(2.77)

Substitute for \ Y ' )  from eqn (2.76) in this equation, so that

[/ '] = J{ F - C )  { Y -  C }T dA

On multiplication,

[/ '] = J m  \Y) TdA -  j { Y ) d A { C ) T - C ) j { Y } TdA + { C} \dA\C\T 

However, because the origin o f the X, coordinates is at the centroid,

j { Y} dA  = 0  and jdA = A 

the area o f the cross section. Hence,

[ j ' ]  = [y ] + I C \ \ C } TA

(2.78)

(2.79)

Equating terms o f the matrices on both sides o f eqn (2.79) gives the usual expressions for the 
inertias about parallel axes; for example,

J 22 — J 22 + Ax 2c (2.80)
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2.4 STRESS EQUILIBRIUM

2.4.1 The equations of infinitesimal equilibrium

Having defined stress, as in section 2.2.1, it is necessary to determine the conditions o f equilibrium 
which relate the stress components within a body to the body forces and at the surface to the exter­
nally applied pressures and tractions. The stress components may be expressed in any coordinate 
system, i.e. rectangular Cartesian, polar or general curvilinear. However, in the finite element ana­
lyses it is usual to use rectangular Cartesian coordinates to express stress and strain components. As 
set out in section 2.2.1, internal forces arise in a body when forces or displacements are applied 
which produce internal strain. These internal forces are described by the stress tensor o /y, with nine 
components given in eqn (2.37). In addition to the stress components acting on an infinitesimal ele­
ment o f the body, it will be assumed that body forces are also present and have intensity p, per unit 
volume in the coordinate direction xt . The stress components vary throughout the body, and it is 
assumed that these components and their first partial derivatives are continuous functions o f the 
coordinates. That is, if on the face dx2 dx3, the stress component is o 1; , then at the distance dxx

do u
away from this face the component now has the value, o u + —— dxx. In Fig. 2.9, the stress com-

oX ]
ponents acting on the infinitesimal cube dxx dx2 dx 3 which have resultants in the x x direction are 
shown. The remaining components have been omitted for clarity. From Fig. 2.9 write down the 
equation o f equilibrium in the x x direction; that is

2 F x . = 0  = - o „  dx3 dx2 + (On + o n ,i dxx)dx3 dx2 -  o 2X dxx dx3 + o 2X + o 2\,2 dx2)dxx dx3

—0 31 dx2 dxx + (o 31 + 0 3X3 dx3)dx2 dxx + pvX dxxdx2 dx3 

That is, on simplifying this equation,

<̂ 11,1 + a 2i,2 + cj31 j3 + pvX = 0 (2.81)

do n
In eqn (2.81), the notation ——  = o u i, adopted previously, has been used. When all three

ox j
equations have been developed, it is readily shown that they may be expressed in the single equa­
tion,

°/y,/ +Pvj  = 0 (2.82)

This is the equation o f equilibrium in index notation. It is often convenient to express the six 
independent components o f the stress tensor in vector form, and derive an equilibrium equation 
equivalent to eqn (2.82) in matrix form. Let { o } r = <Oj i o 22 o 33 o J2 o 23 o 3j> and define the 
differential operator [D ],
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Fig. 2.9 Stress components x x direction only.

and

{Pv }T = iPv\ P v l P v l f

In matrix form, the equations o f infinitesimal equilibrium are written (noting o 12 = 0 2\ etc-)

[ D ] { c ]  + {P v } =  0 (2.84)

It is interesting and also useful to define a strain vector { e } corresponding to o, such that

{e}r = {en 822 833 2e12 2e23 2831}r 
Then the relationship between {8 } and the displacements { u ) T = < u x u2 u3> is given by

\e} = [ D ] T { u ]  (2.85)

2.4.2 Stress boundary conditions

Conditions different from those expressed in eqn (2.82) or (2.85) exist on the boundary o f the 
domain where internal forces must equilibrate externally applied boundary tractions [ ps }. The situa­
tion is shown in Fig. 2.10. The situation in Fig. 2.10 is similar to that shown in Fig. 2.6, except that 
now ds is an external face, whereas previously it was an internal face acted upon by internal forces. 
As in eqn (2.39),

ds rij =dx jdxk (2.86)

Summing the force components in the x x direction (and noting pv(l/3)dxx dx2 dx3 is o f a 
higher order than force components involving stresses), the equation o f equilibrium is given by

- o u dx2 dx3 -  g 2 1 dx3 dxx -  o 31 dxx dx2 + psl ds = 0

Using eqn (2.86),

<5\\nx + o 2Xn2 + C3Xn 3 = psX

For all such equations,

GijHi ~ Psj (2.87)

In matrix notation, the operator [D ] is again used, and [(D n )] is defined such that all terms 
operate on the same scalar n . Then stress boundary conditions are written as

l o ] T {n}  = {Ps } (2.88)
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X

X

*3

Fig. 2.10 Stress boundary conditions.

2.5 APPLICATIO N OF GAUSS’ DIVERGENCE THEOREM

2.5.1 Principle o f virtual displacements

Once the relationships between strain and displacements have been established, and the internal and 
surface stress equilibrium conditions derived, it is possible to obtain the relationships between exter­
nal forces and displacements via Gauss’ divergence theorem. Historically, the resulting expressions 
have been derived independently, using the principles o f mechanics, and are known respectively, as 
the principle o f virtual displacements and the principle o f virtual forces. The term principle o f vir­
tual work is purposely avoided in this text because it is usually used in non-rigorous descriptions of 
either o f the principles. To derive the principle o f virtual displacements, proceed as follows. Let a 
body be in static equilibrium under the action o f specified body and surface forces. The boundary S 
shall be assumed to consist o f two parts, Sa, and Su.

Over SG the surface traction psi is specified.
Over Su the displacements u{ is specified.

Consider a set o f arbitrary displacements i7z such that u{ vanishes on Su and is arbitrary on 
Sa. Internal compatibility conditions are also satisfied by The body is in equilibrium under sur­
face forces psi and body forces pvi. Then the work done for an arbitrary displacement 8ut , equal to
Uj , is

a
(2.89)

a a
(2.90)

Now use Gauss’ divergence theorem, eqn (1.82), to express the right-hand side o f eqn (2.90) 
as a volume integral; that is,
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J (a jj ut )rij ds = J (a,-,- ut ),j dv
S <5 V

Expanding the derivative on the right-hand side,

J  (Gji )r i j  ds = Jo ,, j  Uj dv + j o ;, u, j  dv ( 2 9 ] )
S c  v v

However, the equations o f static equilibrium within the body are, from eqn (2.82),

Ojj J + Pvi ~ ^

so that the first integral on the right-hand side o f eqn (2.91) is equal to -JpviUidv. Furthermore,
V

strains are 

given

1
£// 2 J ^

68 SOLID MECHANICS

and because o,7 is symmetric,

1
2

— O/y ( l l j  j  +  U j  j  )  O j j E j j

With these substitutions, eqn (2.91) becomes

J  aji Uj tij ds = - J p v, tij dv +  J a ,y Ejj dv (2 92)
5a v v

Substitution in eqn (2.89) gives

8We = jp ri Uj dv + J psi Uj ds =  j a ,7 e,7 dv (2 93)
V sa

However, the right-hand side o f eqn (2.93) is simply the work done by the internal forces a,7, 
so the result follows as

5 We = 8 Wj  (2.94)

This is the principle o f virtual displacements. It is evidently an equilibrium principle in that a 
given set o f forces and stresses (o /; , p vi, psi) is tested by the virtual displacements (w,, £,7). Since

8W! - 8 W e = 0

The principle o f virtual displacements may be expressed, that for equilibrium o f the stress field o,7 
and the applied forces pvj, psj,

j o j j t j jdv - j p viHjdv -  J p Sj Uj ds = 0 (2 95)
V V 5a

2.5.2 Principle o f virtual forces

The principle o f virtual forces is established through reasoning similar that used to derive the princi­
ple o f virtual displacements. Suppose a virtual stress field o /y exists, and that it is assumed that psi 
is zero on Sa where external forces are specified. The virtual stress field is assumed to be in equili­
brium.
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Apply the actual displacements to this system. By the same reasoning by which eqn (2.95) 
was obtained, it is found that

joi jZi jdv -  fpviUjdv -  f p siUids = 0  (2 % )
v v S„

This principle evidently tests the compatibility o f the given strain field (e/y-, ut) by applying 
the virtual force field. The method o f calculating deflections called the ‘dummy unit load method’ 
is derived directly from the principle o f virtual forces. To this end, suppose p vi = 0 and psi is a unit 
load at a specified point. Then,

CONTRAGREDIENT PRINCIPLE 69

Hence, from eqn (2.96),

|psi ut ds -  Uj

Uj -  joj jEjjdv (2.97)

The stress field o /7 is, o f course, in equilibrium with the load psi = 1. Using the matrix nota­
tion developed in section 2.4.1, the expressions become:

Principle o f  virtual displacements

J{o)r {e}dv -  j { p v }T {u )dv -  _[{/?, }T {u }ds =  0 ^ .98)
v v sa

Principle o f  virtual forces

j { o } T {£}dv -  j { p v )T {u}dv -  j { p s f  {u}ds = 0  ^.99)
v v V

2.6 THE CONTRAGREDIENT PRINCIPLE

In other texts [9], the contragredient principle has been derived by using discrete force displacement 
systems and then generalizing these to the continuous domain. Herein the alternative approach has 
been used by deriving the principle via Gauss’ divergence theorem and the associated virtual dis­
placement and force principles. The first expression o f the contragredient principle is obtained from 
eqn (2.98), in which it is assumed that one o f the force systems (conveniently, {pv }) is equal to 
zero. Furthermore, it is assumed that the virtual strain {£ } at any point can be expressed in terms of 
the surface displacement parameters { r } by the transformation,

{£ } = (2.100)

Finally, it is assumed that the surface virtual displacements {u } are expressed in terms o f [ 7 } 
and {ps }, in terms of generalized forces }, by the expressions,

\u} = [ G ] { r ]  (2.101)

and

{ps } = [ L ] { P s } (2.102)
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With these substitutions,

s (2.103)

Because { r } is arbitrary, it follows that,

J [ G ] r [L ]  & {/>, }  = J [a]r { o }  dv (2 1Q4)
v

The more usual form o f this equation is obtained by assuming that {Ps } forces act at the { r } 
node points and in the same directions as the displacements. Then, [L ] and [G ] are both unit 
matrices, and the integral on the surface becomes a simple summation, to give

{Ps } = J[tf]r {<T} dv (2.105)

The eqns (2.100) and (2.105) form the contragredient principle, which states that if the strains 
{8 } within the body are related to the nodal displacements [ r } by the transformation matrix [a], i.e. 
eqn (2.100), then the equilibrium nodal forces corresponding to the internal stress field {a }  are 
given by eqn (2.105). Again, it is noted that the direct application o f the principle o f virtual dis­
placements leads to an expression for the equilibrium between internal and external forces. These 
equations are found to form the basis o f the displacement method o f structural analysis. The appli­
cation o f the principle o f virtual forces leads to the alternative force method o f structural analysis. 
The theory proceeds by assuming that the virtual stresses (eqn (2.99)), { a } ,  are related to the virtual 
node forces by the transformation,

m  = [ b ] { R }  (2.106)

Again, assume {pv } = 0, and that as in eqns (2.101) and (2.102),

{ps } = [ L ] { R } ;  and {u}  = [ G ] { r }  (2.107)

Then, substituting in eqn (2.99),

\R] T \[b] T {z\ dv = { / n r J [ L f [ G ]  <*{/-} (2108)
V Su

It follows, because {R } is arbitrary, that

\ [ L ] T [ G ] d s { r } = \ [ b ] T { t }  dV (21Q9)
S U

Furthermore, if  it is assumed that {/?} consists o f concentrated nodal forces and { r } the 
corresponding displacements, so that [L ], [G ] are unit matrices and the integral over the surface is a 
simple summation, then

{r| = \ [ b ] T \z} dv (2.110)

Eqns (2.106) and (2.110) give a second expression o f the contragredient principle, which states 
that i f  eqn (2.106) relates the stress system {a }  to the nodal forces {R }, then eqn (2.110) relates the 
corresponding nodal displacements { r } to the internal strains {8 } corresponding to {a }.  It should 
be realized that these equations form a powerful means to calculate deflections and are the basis o f 
the force method o f analysis.
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2.7 DISCRETE FORCE AND DISPLACEMENT SYSTEMS

2.7.1 Contragredient principle

The contragredient principle for discrete force and displacement systems is o f equal importance and 
is now proved independently o f the above theory. Thus, consider two statically equivalent force 
systems {Q } and {P } connected by the linear transformation,

{ Q}  = [ B ] { P }  (2.111)

In certain circumstances this may be a reversible transformation, that is, {P } = [B ]_1 {Q }. 
This is, however, an unnecessary restriction, and it will be assumed that in general there will be 
more terms in {Q } than in {P }. This implies that there are solutions to [ Q } for which [ P  } is zero. 
For example, in the truss shown in Fig. 2.11, there is a relationship connecting member forces 
<F  j F 2 F  3> = { Q } t  and <RX Ry> = {P }7 . However, there will be solutions for which 
<F \ F  2 F  3> have zero external force components since the three member forces alone may satisfy 
the conditions o f joint equilibrium, This corresponds, o f course, to a tempera­

ture change or lack o f fit o f one or more o f the members. Associated with the force systems {Q } 
and {P  } will be sets o f displacements { q } and {p }. These are compatible displacements, so that if 
the displacements in the directions o f {Q } are {q} ,  those in the directions {P  } are {/?}. I f  two 
statically equivalent force systems are given compatible displacements, the work done in each sys­
tem is the same (since both force and displacement systems have the same components when 
transformed to a common reference origin). That is,

[ P \ T {p\ = { Q\T \q\ (2.112)

However, from eqn (2.111),

[ Q } t = {P }t [B ] t

Hence,

\P} T { p)  = { P\T [ B}T \q)  (2.113)

The concept that [ P  } is arbitrary is now invoked, so it follows that,

{ p ) = [ B ] T {q\ (2.114)

Eqns (2.111) and (2.114) are equivalent to eqns (2.106) and (2.110) for discrete systems and 
are used to form the basis o f the force method o f structural analysis. The contragredient law 
appears in the second form in which {Q } and {P } are statically equivalent force systems, and the 
associated sets o f displacements {q } and {p }, are related by the linear transformation,

{ q}  = [ C ] { p }  (2.115)

Then, for equality o f work done, for compatible displacements,

\ P ) T { p )  = \Q\r \q\ = { Q\T [ C]\p\ (2.116)

Again, invoking the arbitrariness o f [p }, it follows that

\P)  = \C}t {Q\ (2.117)
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Under certain circumstances the transformation eqns (2.111) and (2.117) are the inverse o f one 
another. This occurs when { Q } and {P } are vectors o f the same dimension and [B ] is a 
non-singular square matrix. Then,

{/>) = [ f i ] - ' { e )  (2 .H 8)

and, hence,

[ C ] T = [# ] _1 ; or, alternatively, [ B]  = [ C T]~l (2.119)

It can be shown that the above reversible transformation occurs in the relationship between 
node and member forces and node and member displacements in statically determinate structures. 
The second expression o f the contragredient principle in eqns (2.114) and (2.116) is equivalent to 
that o f the eqns (2.100) and (2.105) and thus is based on the principle o f virtual displacements. 
These equations form the basis o f the displacement method o f structural analysis. It is now seen 
that eqns (1.43) and (1.45) are simple expressions o f the contragredient law, since { M 0} and { (30} 
are corresponding force and displacement quantities at the origin, and {FP } and {uP } the 
corresponding force and displacement quantities at P . The general use o f the contragredient princi­
ple is demonstrated here in its application to the calculation o f deflections o f structures and o f joint 
equilibrium. The formal presentation o f its application will be given in more detail in Chapters 4 
and 5.

< x 2

-F:3

(b) (c)

Fig. 2.11 Statically equivalent forces.

2.7.2 Deflections of structures

Suppose that for any structure, subdivided in some way into members, a force transformation exists 
relating member forces {S } to node forces {R }; that is,

{5 }  = [ b ] { R }  (2.120)

Then the contragredient principle (eqn (2.113)) shows that the deflections at {/? } caused by 
member distortions { v } are given simply by

I ' - 1 = [ b ] T { v )  (2.121)

The distortions { v ( may be totally independent o f {S ).
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2.7.3 Joint equilibrium equations of structures

Suppose that for any structure again subdivided in some way into members, a displacement transfor­
mation exists relating member distortions, { v }, to node displacements, { r }, such that

{ v }  = [ t f ] { r }  (2.122)

Then the joint node forces are again given by eqn (2.116)

{ ^ } = [ a ] r { 5 (  (2.123)

The use o f this equation becomes apparent when it is written

{ * }  - [ a ] r { 5 )  = 0

It is seen immediately that if  {/?} forces are defined in the global coordinate system, eqn 
(2.123) is an expression o f the joint equations o f equilibrium, in the global coordinates.

2.8 THE CONSTITUTIVE RELATIONSHIPS

2.8.1 Index notation

In the theory o f elasticity developed herein, attention is focused on materials which are homogene­
ous and isotropic and exhibit a linear relationship between stress and strain. Beyond the yield point 
o f the material the plastic behaviour will be characterized by the effective stress-strain curve deter­
mined by experiment. It can be shown [10] that the general constitutive equation o f a material 
relating strain and stress, is o f the form,

£ i j = C ij!mo,m (2.124)

This equation in which thirty six elastic constants appear, can be simplified so that for the 
homogeneous isotropic material only two independent elastic constants are required. Various combi­
nations o f the constants can be used; for example,

(.E v ) Young’s modulus and Poisson’s ratio;
(G ,K)  shear modulus and bulk modulus;
(^,v) Lame constants, being the commonly used sets.

Because only two constants are available, relationships must obviously exist between the vari­
ous groups above. In index notation, the relationship between the strain and the stress tensors for 
the homogeneous isotropic material is given by

£y = — g — a U ~ J akk 5,v (2.125)

This is a flexibility relationship because it relates strain to stresses. The basic components in 
eqn (2.125) are o f two types, namely:

Direct strain: en = -77 ( o n -  v o 22 -  v o 33), etc.; shear strain: e12 = * ^ V (Ti2 * etc- 
E E

To obtain the inverse, or stiffness relationship, proceed as follows. In eqn (2.125) put i = j

= k, so that 1 + v ^  3 v _ _ 1 - 2 v _  __ _  _  E
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Then, from eqn (2.125),

Finally,

where

v s _  1 + v
e<7 + ! _  2v -  E °U

<5jj = £ * ((  1 -  2v)e,7 + veu 8y)

* E
E -

(2.127)

(1 + v ) ( l  - 2 v )

The bulk modulus can be obtained from eqn (2.126), since the volume change o f a cube o f 
material dxx dx2 dx3 is given by

dV = (1 + £ji ) ( l  + e22) ( l  + £3 3 ) ^ 1  dx2 dx3 -  dxx dx2 dx3

so that

dV
y  ~  £ 11 +  e 22 +  e 33 “

Now the mean stress is given by

Gkk u dV 3(1 -  2v)
/? = -----  so that —  = zkk = -------------p

3 V kk E F

That is, the relationship between E and v is expressed

E
K

3(1 -  2v)

(2.128)

(2.129)

(2.130)

Example 2.1 Relationship between E , v, awi G

The derivation o f the relationship between the shear modulus (G ), Young’ s modulus (E ) and 
Poisson’s ratio (v ) is as follows. The stress state o n - - < 5 22 ~ P  is shown in Fig. 2.12(a). The 
stress state in coordinate axes at 45° to the global x x, x 2 axes is obtained by using eqn (2.42) with 
the transformation matrix [L ],

[L] = i

1 1 

-1 1

a22 = "P

a 11 =p

(a ) (b )

Fig. 2.12 Stress states for pure shear.
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The stress components in the rotated axes are then given

[a '] =
1 1 

-1 1

1 0 

0 -1

1 -1 

1 1 = P
0 -1 

-1 0

This is the shear stress state shown in Fig. 2.12(b). Using eqn (2.125),

e'i

In this case o ' kk = 0, so that

1 + v
p if i ^ j  ; = 0 if i = j

That is,

(a)

However, the shear strain state in Fig. 2.12(b) is also described in terms o f the shear stress 
and the shear modulus G ; that is,

8 12 = £ 21-  12 _  ~P
2 G 2G

Thus, comparing (a) and (b) gives the required relationship

E

(b)

G =
2(1 + v )

2.8.2 Matrix notation

The constitutive eqns (2.124), (2.125) etc. may be used in finite element formulations when the 
index notation is used. However, it is generally more convenient to use the vector notation, 
{ a } ,  {£}, for the stresses and strains and eqns (2.105), (2.110), etc. In this case the constitutive rela­
tionships must be expressed in matrix form. These are easily deduced from eqns (2.125) and
(2.128). However, it is usual to adopt the strength o f materials definition o f shear strain Y12 etc- such 
that Y12 = 2£j2 etc. With this definition, Y12 is the change in the right angle X xO X 2, when the body 
is deformed. Thus, the constitutive equations are written

Flexibility

www.EngineeringEbooksPdf.com



Stiffness

76 SOLID MECHANICS

r (1 -v ) v v • • r ^

<*11
V (1 -v ) V e l l

< *22 V V (1 -v ) £22
4 ° 3 3 l-2 v

£33
°12 2 >

a 23 l-2 v
2£ 12

C3l 2 2£23

l-2 v ^£ 3 1

2 *

(2.132)

Two special cases arise where the three-dimensional problem may be reduced to two dimen­
sions.

2.8.3 Plane stress

This case is typified by a thin sheet o f material loaded in the plane of the sheet. In this case,

°33 -  °3i -  a 32 = 0 

The stress and strain tensors are thus o f the form:

[a] =

^12 0

a 21 <*22 0

0 0 0

£ 1 1 e 12 0

£ 2 1 e22 0

0 0 £ 3 3

Stress (2.133a)

Strain (2.133b)

2.8.4 Plane strain

This situation is typified by a hole in a continuum parallel with the * 3-axis extending for a distance 
many times greater than the hole diameter, with all sections being subjected to the same loading 
(e.g. internal pressure). In this case the approximation may be made,

£33 = £31 — £3? = 0

[a] =
On <*12 0

G 21 G 22 0  

0 0 G33

Stress (2.134a)
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[e]

8n 612 0 

e 21 e 22 0  

0 0 0

Strain (2.134b)

In both cases the constitutive equation may be reduced to the two-dimensional form given in 
eqn (2.135); the constants Er , t , X are given in eqn (2.136a-b).

(*11 T V 0 £ n

a 22 > = Er V T 0 < e 22 '

°12 0 0 X 28 j2

(2.135)

For plane stress:

1 -  v r  _  E
1 ’ r 12 1 - v

t  = 1 , X = — —  , £ r = -— —  (2.136a)

For plane strain:

t = 1 - v . X  = 0 . 5 - v . E, = ( | + v ) ( i _ 2v) (2 .,36b)

The other important stress-strain state for which it is worthwhile to set down a specific consti­
tutive relationship occurs in continua possessing radial symmetry both in form and loading condi­
tions. For this situation, three direct strains (er , e^, 80) occur together with the single shear strain 

812 = 8r2. The circumferential (or hoop) strain at any point is related to the radial displacement at 
that point by the equation,

ur
8e = (2.137)

r

For the axisymmetric body the constitutive law is extracted from eqn (2.131) or (2.132). That is, for 
stiffness,

r > 1-V V V r
Err

a n

®22 > = E*
V 1-v V < e 22

a ee £ee

° ' 2
V V 1-v

2 e .
l - 2v ' 2

2

2.9 THEORIES OF FAILURE

2.9.1 Deviatoric stress and strain tensors

In the development o f the theories o f failure o f both ductile materials, for example, steel, and brittle 
materials, such as cast iron or rock, it is found beneficial to the understanding o f the failure 
phenomena to divide the stress tensor into two components.
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The first o f these is the mean stress, which represents a hydrostatic stress state, and the 
second, the deviatoric stress tensor, which is a measure o f the magnitude o f the shear stress. Thus, 
let Sij = [s] be the deviatoric stress tensor, such that

« y = O v - y 8 /yo tt (2.139)

In a similar way, the deviatoric strain tensor is defined

eU = £U -  ySyEtt (2.140)

It is easily shown, by substituting eqns (2.125) and (2.127) in eqn (2.139), that

78 SOLID MECHANICS

Alternatively, from s,, directly

1 +  V V 5 s ij
Sii — SbbOjj —

E lJ E kk lJ 2G

since skk = 0 from eqn (2.139). Now from eqn (2.139) the stress tensor o,-y is expressed as

Gij = Sij + j 8 i j C kk (2.142)

The constitutive relationship, obtained by substituting eqns (2.141), (2.127) and (2.130), is

<3ij = 2Gejj + 5j jKekk (2.143)

This alternative constitutive equation has divided the stress contribution into that from the 
deviatoric or shear strains etj , and that from the volume change £kk.

2.9.2 Invariants of the deviatoric stress tensor

In section 2.2.3 it has been shown that the principal stresses and directions arise from the solution o f 
the equation,

GijXJ = X X i (2.144)

The solution exists if the determinant,

I Gjj -  8/yAJ =  0  

The resulting cubic equation in X is given by

X3 -  J {k2 + J 2X -  J 3 = 0

in which,

J 1 = ®kk

J 2 ~ rs (9ii ®jj ®ij &ij )
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The coefficients / b / 2, J 3 must be invariant under coordinate transformation since the roots X 
o f eqn (2.145) are the principal stresses which are independent o f the coordinate axes used to 
describe the stress tensor. Similarly, the invariants o f the deviatoric stress tensor are

Je 1 ~ ~ 0

Je2= 'A s ijSij (2.145)

Je 3 — Cjjk S j /  S 2j S — Is1 I

It is found that J x and Je2 are expressions o f the stress tensor which are used to describe:

J j, the influence o f the mean stress on failure o f brittle materials 

Je 2, the influence o f shear stress on failure

2.9.3 The octahedral shear stress

Most modem theories o f failure are based on relating the octahedral shear stress in the complex 
stress state to that failure shear stress obtained by testing the material in simple tension or compres­
sion. The octahedral shear is the shear stress on the plane (octahedral plane) whose normal is 
equally inclined to the principal stress directions (Fig. 2.13). The normal to the octahedral plane, n

has direction cosines ( - ^ , - ^ , - L ) .
V3 V3 V3

Fig. 2.13 Principal stresses and directions.

From eqn (2.42), the normal stress on the plane whose normal is equally inclined to the prin­
cipal axes is given by

Gkn “  nkinjnGij = + °22 + °33) (2.146)

Furthermore, from eqn (2.40), the components o f the force on unit area of the octahedral plane
are

Pi = Gjifij

and hence the square o f the magnitude o f this force is

= Pi Pi = OjinjOkink = y (a ,2, + c 222 + <J323) (2.147)
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If the shear stress on the octahedral plane is Tu. then F 2 is also given by (Tf„ + i,:2. so that

<*1, + = y O n  + 5 f2 + SJ3) (2.148)

Substitution o f eqn (2.145) in eqn (2.148) gives the expression for Tq ,

-  y (5 ? i + o|2 + ct323) -  y ( a M + c 22 + c 33)2Xq

= y  K^i i ~ s 22)2 + ( o 22 -  a 33)2 + (a 33 -  a n)2) (2.149)

It is now shown that Je2 is a measure o f Tq. Consider the expression for Je2, and write it in 
terms of the principal stress components. That is, from eqn (2.144),

Je! ~ 2 SijSij ~ 2 ~ 3 ) (0 /y —  ̂8/y Qmm ) — ~(CJ/y O/y — ~G// ) (2.150)

Substitute the principal stress tensor in this equation, remembering that Jel is invariant 
under coordinate transformation. Then,

Je 2 = T  * 3(S n +  S 22 + S 323) ~ ( ° 11 + O22+033)2} (2.151)o

A  comparison o f eqns (2.149) and (2.151) gives

? 2 1
~  ~^Je! ~  ~^si j sij (2.152)

2.9.4 Effective stress -  effective strain

The effective stress concept arises when Tq in the simple tension or compression test is related to 
the direct stress a n (a22 = o 33 = 0). Then, from eqn (2.149), by definition o f Ge,

Xq = y ^ n  = y  o 2 (2.153)

That is,

2 ^ 2 
= y i n

Substituting eqn (2.152) gives the effective stress,
3

G e ~  ~ z s i j s i j  ~ ^  el  (2.154)

Having defined the effective stress c e , in the complex stress state, the effective strain is given 
simply by eqn (2.155),

e, = ^  <2-155)E

The effective strain is found also to be a function of the deviatoric strain tensor. Thus, the 
octahedral shear stress is given by

Tn =  y l ( a , ,  -  c 22)2 +  ( c 22 -  o 33)2 +  (o 33 -  a , , ) 2 } *
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Then the octahedral shear strain is given

t n  1 J  (S u  -  5 22)2 (S 22 -  5 33)2 (S 3 3  -  3 ] i)2 1 7'
Yn= — = —1---------;------+ ---------- ;------+ ----------;------ ) f  (2.156)

G 3 [  G 2 G 2 G 2 J

Now, x12 = (On -  022)/2 is the maximum shear stress in the X\, x 2 plane, and similarly for 
x23, t 31. However, t 12/G = y 12 is the maximum shear strain in the same plane. With these substitu­
tions eqn (2.156) becomes

Jq = j  I I n  + Y23 + 731 11/2 (2.157)

The shear strain y12 is related to the principal strains en , e22, e33, by (y i2)/2 = (8n -  e22)/2. Simi­
larly, for y23, y31, so that, combining with eqn (2.157), it is seen that

Yq = y  K 1̂1 ”  e22)2 + ( e22 -  e33)2 + ( e33 “  ^ ll)2|/2 (2.158)
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Squaring both sides o f this expression,

Yq ~ T t K  e ll -  e22)2 +  ( e22 “  e 33)2 + ( e33 “  e n ) 2 ( (2 .159)

Yn= - e t j e i j  (2.160)

By the same reasoning that led to eqn (2.152) for the octahedral shear stress, it is readily 
shown that eqn (2.159) leads to

_4
i

3

However, is related to Jq simply by

't£i = GYn

or,

E 2

Using eqn (2.153), it is seen that

Finally,

2_ 2 E 2 2 4E 2

9 ° e ~ [2(1 + v ) ]2Y£i“  3[2(1 + v ) ] 2e‘j e "

0,2 = £2 2(1 + v ) 2 eijeij (2J61)

Comparing eqns (2.155) and (2.161), it is seen that

e 2 = ----- ------ e e
" 2( 1 + v )2

Taking the square root o f both sides of this equation, the expression for ze is obtained

= V2(l + V) (e' i eii)/~ (2.162)
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2.9.5 Plastic strain

In the simple theory o f plasticity it is assumed that no volume change occurs as a result o f plastic 
straining. That is, from eqn (2.130),

1 _  3(1 -  2v) _
K E

This condition is satisfied for plastic strains if v  = 1/2. With v = 1/2, from eqn (2.162),

3 2
^ep = 2(3/2)2 6ij' ~  ~36ij€ij (2.163)

The plastic strain increment is related to the effective stress by replacing by dX, so that
E

82 SOLID MECHANICS

d 8,
deep = dX<3e or dX = ------- (2.164) 

o e

Now,

1

From eqn (2.141), substituting y = 1/2, dX -  ,
E

d £/ in — dEjjn ~ — hjidZkkn ~ d Z

1

jjp U  C/jp  ^ V j j  U  Ckfcp U  C/jp

Finally, from eqn (2.164),

3 d X
d ̂ ijp ~ dcjjp — Sjj (2.165)

3dzep
d ^Up = 2a S,J (2.166)

This equation relates the Cartesian components o f the plastic strain increment to the effective 
plastic strain increment d eep. It is known as the Prandtl-Reuss strain relationship. Developing eqn 
(2.166) further, take derivatives o f both sides o f eqn (2.154) with respect to g,7 , noting that

dSlm
Sim ~ $ij

Thence

3 <s,j

dop 3 Si,-
-  J (2.167)

dCjj 2a(

Substitution in eqn (2.166) gives the simple expression for dZjjp \

do, 

d a  a
dZjjp = - — deep (2.168)

2.9.6 Incremental stress -  strain relationships

It is now possible to derive a relationship between the incremental stress and strain values 
(dCj j ,  dEj j ) .  Firstly, assume that, as shown in Fig. 2.14, an experimental relationship has been esta­
blished between ae and eep. I f  the slope o f this curve at any point is //', then,
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d o P -  H 'dElep

83

(2.169)

For a material such as mild steel exhibiting perfect plasticity with no strain hardening, //' = 0 
over a considerable range o f plastic strain. Any change in stress components is related to an incre­
ment in the elastic strain component, which, in turn, is equal to the total strain component less the 
plastic strain component. That is,

d Ojj Cjjki d £̂ / £ Cjjki id d Efcip)

From eqn (2.168),

daP
-deep)

Using the chain rule for differentiation,

d<5P
doe

Then, from eqns (2.171) and (2.172),

d<3„ doe doe
d(5 a — ~ C jjki (d Efci — dEep) — H  dECi

d o ,  -  " dGij kl

Finally, the expression is obtained for d £,,,,,

de.

dae

do,,
-Cjjkid£ki

ep
d Ge

H ' + ———C,
da„

(2.170)

(2.171)

(2.172)

(2.173)

(2.174)

Fig. 2.14 Effective stress-plastic strain relationship.

Substitution for dEep in eqn (2.171) gives the required incremental stress-strain relationship in 
the elasto-plastic range:

doP doP
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Although the expression in eqn (2.175) is quite usable, it is really more convenient to express 
the above theory in matrix notation, as in eqn (2.132) et seq. The matrix notation is more useful 
from the point o f view o f writing computer software for elasto-plastic analysis. For example, it is 
unrealistic to work in terms o f C^/ when for a homogeneous, isotropic, material only the two elas­
tic constants E ,v are required. Thus, reconstitute eqn (2.166) in matrix form, using the notation for 
shear strain y12 = (£i2+e2iX etc. Then,

det i
de2 2 
de3 3 

d j n  
d Y23 
dy31

2

s \\

s22

*33

2s n

2 s  23  

2*31

From eqn (2.170),

{do}  = [ k ] { de} E = [ * ] [ { £ } - { e } P ] 

Writing eqn (2.167) in matrix form,

doP
do

3 J
2 o P

The flow rule, eqn (2.168), is now written

[ dz}p — d zep

and, from eqn (2.172),

5 1 1  

s22 

s 33 

2 * 12 

2*23 

2*31

dop
do

dOc =
doe
do

{ do}  = H ' d  e(eP

Then eqn (2.177) becomes

[ d o ]  = [Ar]({^/e} -  deep 

Combining eqns (2.180) and (2.181),

doP
do

doe
T

doe
T

doe
do

{ d o }  =
do

i m d e ] d &ep do

(2.176)

(2.177)

(2.178)

) =  H 'd E tep

(2.179)

(2.180)

(2.181)

(2.182)
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Simplifying eqn (2.182) gives

85

d £ep

d Op

do
[ k ] { dz }

doe
T

dae
H f + [k] do3o ^

(2.183)

Finally, eqn (2.175) in matrix form becomes (with the substitution above)

)T

{da}  =

[k]

[ * ] -

dop

do

do„

do [ * ]

doe
T

doe
H ’+ [ * ]do do

{de} (2.184)

In symbolic form,

{ do}  = [kT] {de) (2.185)

Fig. 2.15 Simple yield surfaces.

2.10 EXAMPLES OF YIELD SURFACES 

2.10.1 Maxwell-Mohr-Von Mises criterion

This is perhaps the most widely known yield criterion because it applies to ductile materials, such as 
mild steel, brass and copper, which have well-defined yield points. The yield is assumed to be con­
trolled by the shear stress on the octahedral plane, and the yield surface in the principal stress space 
is a cylinder equally inclined to the principal stress axes, as in Fig. 2.15(a). The stress in the 
material is assumed to be limited to lie within the surface defined by the yield function. For the 
Von Mises criterion,

F ( o ) <5yp = o

From eqn (2.154), V3/f 2 = Ge, the effective stress, so eqn (2.186) is written

F  = a„ ayp 0

(2.186)

(2.187)

Thus, the effective stress is limited to be less than or equal to the yield point stress, assumed 
to be the same in tension and compression. The criterion is the most simple to apply because the 
only strength parameter to measure is o v/7, and failure is independent o f the mean stress present. 
Before the yield surfaces in Fig. 2.15(b), (c) are examined in detail, the concept o f yield surface 
F  (o )  = 0 in eqn (2.187) is developed further, and the ideas o f associative and non-associative plas­
ticity are introduced.
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In the development o f eqn (2.184), the flow rule was assumed to be given by eqn (2.179)

do.
j dz}„ =de ,ep do

I f  the yield is based on the Von Mises criterion,

doe dF
do J do

and the components o f the vector on the right-hand side are normal to the yield surface; that is, the 
normality rule o f strain components applies. This flow rule can then be adapted for any yield sur­
face by replacing oe by F the yield criterion. Then eqn (2.184) becomes

[* ]

Ik]

dF
do

dF
do [ * ]

H '+
dF
do

[k]
dF
do

\dt ) (2.188)

This is the constitutive equation for stress strain increments in the plastic range for associative 
plasticity. Suppose^ however, that there are two surfaces, F and F , such that F is the usual stress 
space surface and F is a new surface to which the normality rule applies for the strain components. 
That is, it is non-associative plasticity because the strain components are no longer associated with 
the normal to the stress yield surface. The usual application o f non-associative plasticity occurs 
when the yield surface is given as in Fig. 2.15(b) or (c), and the plastic strains are normal to the 
Von Mises cylinder in Fig. 2.15(a). That is, the flow rule is given

{ d£}„ =de,ep
9F
do

(2.189)

Proceeding with identical reasoning used to obtain eqn (2.183), it is found that the equivalent 
plastic strain increment is

T

deeP -

H '+

8F 

do

K
do

[ * ]

[A]
dF_
do

f de]
(2.190)

Substitution in eqn (2.181) gives
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A  problem now arises in that if  eqn (2.191) is written

{<afo} = [kT ] {de}  (2.192)

the constitutive relationship [&r ] is no longer a symmetric matrix, and the resulting tangent stiffness 
matrix for the whole structure in the elasto-plastic range will also be non-symmetric.
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Fig. 2.16 Mohr-Coulomb c - §  strength relationship.

2.10.2 Linear Mohr-Coulomb or Drucker Prager yield criterion

This yield surface shown in Fig. 2.15(b) is a generalization o f the Mohr-Coulomb law in 
two-dimensional stress space, relating the shear failure stress to the internal cohesion, c, and the 
angle o f internal friction, <|>, by the expression,

t  = c + a  tan (j) (2.193)

where it is assumed that o  is compressive positive, c is the cohesion and (j) is the angle o f internal 
friction. The cone shown in Fig. 2.15(b) is defined by two o f the three parameters, c , p , <|>, given in 
the T- a  space o f plane strain analysis (Fig. 2.16). The yield surface in three-dimensional stress 
space is

V3
(2.194)

or,

V3a/1 + aP -  avn = 01 ' ŷp

The constants a  and c yp are related to c and through the expressions,

sin (|)

(9 + 3 sin2 <|>)'/2

and

c  vp = c {3(1 -  12a2) } 1/2

(2.195)

(2.196)

(2.197)

2.10.3 Parabolic Mohr-Coulomb yield criterion

The linear Mohr-Coulomb criterion suffers from two obvious deficiencies. The first o f these is the 
singular point at the apex of the cone where the normal to the yield surface is undefined. This prob­
lem is overcome by truncating the cone if J \ -  p ^5 , where 8 is an arbitrarily small value, and for 
this situation the normal is taken parallel with the cone axis.
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The second problem is that the permissible octahedral shear stress increases indefinitely as the 
mean stress increases in the compressive direction. The parabolic yield surface, Fig. 2.15(c) over­
comes these deficiencies to some extent. The plane strain condition is shown in Fig. 2.17.

Fig. 2.17 Parabolic Mohr-Coulomb yield surface. 

In this case the equation to the yield surface is

In this equation,

and

F  = (3 Je2 + V3P O y p J ^ 2 -  G y p  = 0

c 2/p

fiOyp

o 2, = 3 c 2 -

Some properties o f the above yield surfaces are given in the following sections.

2.10.4 Von Mises yield surface

dF V3

3o/y 2Jef U 2 0 , ' "

In matrix notation, this expression is written

- ^ 1 =  —  
da | 2o„

o  11 -  am 

<*22 ~
° 3 3  “  G m  

2 O j 2 
2023
2 o 31

(2.198)

(2.199)

(2.200)

(2.201)

(2.202)

In eqn (2.202), am -  J |/3 = mean stress.
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2.10.5 Drucker Prager criterion

In this case,

7)F S;; 'l3sii
=  (X8//+----- -77 -  <X8/;+-

dau 2J'A

In matrix notation,

= a

2.10.6 Parabolic Mohr-Coulomb criterion

The function derivative is given from eqn (2.198):

dF 1

1
1

O n  -

°22 -

1 a/3 CJ33 -

0 2 a e 2a,
0 20;
0 2 a i

<*n.
Gn

>\2

2/*
[3 Sjj + V3(3ov„S,7J

In matrix notation,

2/

Gji -  (5m 

a 22  ~

^33 ~ Grr.
2o12
2o 23
2a31

yp

2/’

In eqns (2.205) and (2.206),

/* = ( 3 J e2 + ^3poypJ ly/2

(2.203)

(2.204)

(2.205)

(2.206)

(2.207)

2.11 TEMPERATURE AND CREEP EFFECTS

In this final discussion on constitutive relationships the effects o f temperature on both the yield sur­
face and the modulus o f elasticity o f the material are taken into consideration. For example, when a 
weld is deposited across a steel plate, not only are thermal strains introduced but also,

1. The yield surface is contracted at the elevated temperatures to expand again as the material 
cools.

2. The material softens with increase o f temperature, so that Et < Et .

These effects when combined can produce both large residual stresses and unacceptable distor­
tions. To examine the problem, in so far as the modification to the constitutive law o f the material is 
concerned, suppose that eA is the total strain increment, given as the sum in eqn (2.208).

{ }  — ( ££aJ + {£t a \ + { £/>a} + { £CaI (2.208)
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In this equation, {££A} is the elastic strain increment, { }  is the thermal strain increment, 
{£/>A} is the plastic strain increment, and {£CA} is creeP strain increment. The assumed yield 

surface will have the form,

F  = c e (a)  - o yp < 0  (2.209)

It is now required to determine the plastic strain increment {£/> a 1 and from the conditions o f 
stress and strain on the yield surfaces deduce the relationship between the stress increment { cja } and 
the total strain increment £A. The relationship is found to be similar to that in eqn (2.191), compli­
cated now by the additional effects. Thus, for the determination o f the plastic strain increment, the 
yield criterion eqn (2.209) must be fulfilled not only at the beginning ( - )  but also at the end (+ ) o f 
an incremental change o f state. Notice that eqn (2.209) separates the stress terms from the strength 
terms. However, in practice, the yield surfaces such as that in eqn (2.198) do not satisfy this 
requirement. The yield conditions at the beginning ( - )  and end (+ ) o f the interval are given

<|>_ = (5e_ -  (5yp { E e P _ J _ )  < 0 (2.210a)

<t>+ = o e +  -  o yp ( E ep +J'+) < o (2.210b)

These two conditions are shown in Fig. 2.18, for both strain hardening (a) and strain softening
(b). These curves must be obtained by experimental observations.

(a) (b)

Fig. 2.18 Strain hardening and strain softening-effective stress-strain curves.

From Fig. 2.18, it is seen that

die+ — Oyp(&ep+,T+) — Oyp(£ep_,T+) + H  Eep ̂  (2.211)

Thence, the effective plastic strain increment is

*ePA = " 7 7 7 “  Oyp(Eep j r +)] , if  <)>+ is positive; otherwise, E epA = 0. (2.212)

£
Fig. 2.19 Variation in modulus of elasticity.
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In addition to the change in the strength parameter, o yp, the change in the elastic modulus 
from E_ to E + over the interval must be taken into account. This change may be a function o f tem­
perature and/or plastic strain. The situations are shown in Fig. 2.19, in which it has been assumed 
that there has been a decrease in the modulus o f elasticity. Referring to Fig. 2.19,

8£A = ~ t ° + "  £ ~ ° -  (2'213)

or,

1 / X / 1 1  ̂ 1 / 1 1 X
~ « - ) +  < 1 ;  -  ^ X > -  =  ^  -  < 1 7  -  r )a -

This equation can be written

£ E A = f +GA+df-<*- (2.214)

In this equation, /+ is the flexibility at the end o f the increment and d f , the change in flexi­
bility. The inverse, stiffness relationship is

o A = k+(eEA -  /_o_) (2.215)

In eqn (2.215), k+ = f + l . The eqn (2.215) has been developed for a single stress component 
from Fig. 2.19. For all stress components,

l o A} = [k+]HEEA} - [ d f _ ] { a _ } )  (2.216)

Now write,

{ ^ a !  = {£a} -  { ^ a }  -  { £ca! -  [dC. ] {a_}  (2.217)

so that, using eqn (2.208),

{ a A} = [ * +] ( {e rA} -  { £ / > a 1 )  (2.218)

The normality rule, eqn (2.179), will be written

{ £ / > a }  =  \a  + ) ^ e P A  (2.219)

where { a+} is the vector normal to the strain surface, and {a+} is the vector normal to the stress 
surface. With this definition, eqn (2.218) becomes

{ a A} = [k+] ({ErA} - { d +}eePA) (2.220)

dGe ^ , 1

u

o e+= { a +) M a +} = {a+ }7 ( (a_ )  + ( a A)) (2.221)

Thence, from eqn (2.211),

= ayp(eeP. ,T +) + H'f-ePA- { a +\T {o_}  (2.222)
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Now it is easily shown that since —---- = ----- — and fa+} = su + — 8/.-a**,
do a 2(5e 3
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Substitute in eqn (2.220) and collect terms in eePA to give

1 T
£epA = — ,7- n [{«a+} ((<U  + [^+]{erA}) -  ayp(eeP_,T+)] (2.223) 

(H +{a + Y [£+]{<*+})

The similarity between eqn (2.190) and eqn (2.223) should be noted. Given £ePA, it is now 
possible to develop the incremental tangent stiffness matrix including all effects. Remember, from 
eqns (2.217) and (2.218),

f a A} =  [&+]({£a 1 -  {£ta\ ~  { £ c a )  -  { £ / > a 1  -  WC_] {a_ } )

Define

E *=H'+  la+}T[k+][a+) (2.224)

Then, from eqn (2.220), substituting in eqn (2.223) for £,,/> A,

|oA) = [*+](|eA) -  (erA| -  {eCA}) (2-225)

- ^ - [ { a +}r ( { o -  } + [* +]{e rAl) -  ayp(etPj r +)] -  [d C _ ] { o_ }
E
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Now define [kT] as

[k+]\a+\{a+)T [k+]
[kT] = [ * J --------------i----------  (2.226)

E

Substitute for )e/ A} from eqn (2.217) and group terms, using the definition for [kT], so that 

{ a A( = [kT] [ feA} -  ( { e 7A( + {£Ca1 + [^C_] {o_} ) ]

[k+] { a +1 [k+]{a + } {a+)T
+ — r i ---- a Vp (£,/>-J + ) ----------- ----------- 1 o - ) (2.221)

E  E

Again, the similarity between eqns (2.227) and (2.188) should be noted, with the added terms in eqn 
(2.227) arising from the more complex physical situation being modelled.
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CHAPTER 3 

The formulation of the finite element method

3.1 DISPLACEMENT FORM ULATION

3.1.1 Introduction

Thus far, the text has been concerned with mathematical preliminaries and the fundamentals o f solid 
mechanics. These fundamentals are common to all the various aspects o f the finite element method, 
whether it be an application in planar or three-dimensional elasticity or in plates, shells, etc. In this 
chapter, however, it is the intention to describe briefly some o f the strategies which may be used to 
apply Gauss’ theorem to the approximate solution o f the solid mechanics problem. O f course, some 
o f these techniques have already been alluded to in Chapter 2, section 5, where the principle o f vir­
tual displacements and the principle o f virtual forces are extended to the contragredient principle. 
The principle o f virtual displacements leads naturally to the displacement formulation o f the finite 
element method, but this is by no means the only viable approach. It is the intention to deal with 
the specific topics as they arise. However, in this chapter individual examples will be taken more or 
less at random to illustrate the principles involved.

3.1.2 Basic concepts

The displacement formulation depends on the application o f the principle o f virtual displacements. 
The contragredient principle eqns (2.104) or (2.105) may be used immediately to discretize the ele­
ment surface and volume integrals. However, it is instructive to look first at the fundamental ques­
tion o f the application o f Gauss’ theorem, and also to develop certain element stiffness matrices 
from first principles in order to illustrate the difficulties which may be encountered in more 
advanced applications beyond simple linear elements and triangles in plane stress. Firstly, then, the 
principle o f virtual displacements eqn (2.98) is reexamined; that is,

Consider now the force residual {8 } obtained when { a } ,  an approximate solution, is substi­
tuted in the equilibrium eqn (2.84). Then the integral o f this residual over the volume is given by

Now the first integral on the right-hand side of eqn (3.2) is transformed via Gauss’ theorem that is,

\{C}T {H)dV -  \\pv ]T [u }dV  -  | [ps \T \u}dS = 0
V V S 0

(3.1)

J {«  }T {5 }^V = j ( w } r ( [£>] {o)  + {pv \)dV (3.2)
V

\{u\T[ D] { o\dV -  - J { a } r [£> ] T { u}dV + j {u  \T (Dn){a\dS (3.3)

93
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94 FINITE ELEMENT METHOD

Substituting the compatibility conditions in V for 
tions for {a }  on 5, eqn (2.88),

(eqn (2.85)), and the boundary condi-

[ DY { u \ {£}, in V ; and

CD n ) { o } = {ps }, on S ,

the principle o f virtual displacements has been obtained. That is, if, now, approximate functions are 
used for {u}  and the integration carried out over subregions o f the domain, the finite element 
approach can clearly be looked upon as simply an application o f weighted residuals, a Galerkin 
approach. It must be noted that on interelement boundaries, {ps } is replaced by ( D n ) { a },  and thus, 
for contiguous elements, the element surface integrals combine as

J{«)r [(D«){a,} -(Dn){Oj}]dS

Thus, if element displacements are compatible along the element boundaries and equilibrium 
is satisfied in the average, these integrals vanish, leaving only the integrals on the external surface, 
which must be set equal to the average applied tractions. The use o f the method o f weighted residu­
als technique will be explored in more detail later.

3.1.3 The direct formulation

Historically, the direct formulation was first used to develop the stiffness matrices o f many simple 
elements, including the planar elasticity triangular element shown in Fig. 3.1. The element displace­
ment field is assumed to be linear and is expressed as a function o f the ( x , y ) coordinates; that is,

(3.4)

The generalized displacements a x • a 6 may be expressed in terms o f the nodal displace­
ments Uj, V/, etc. by substituting nodal coordinate values into eqn (3.4a), (b). This equation will be 
written

a, a4
u = [1 X y] a 2 and v = [1 x y] a5

<*3 a 6

(3.5)

Inversion o f this equation gives

{a }  = [ B ]-' {/-}

Using the notation in Fig. 3.1 for the triangle geometry, we find

(3.6)

[B V  =
1

2A

2A 0

fj-fk fk 

k̂ ~^j ~^k

0

-fj

2 A 0  0

fj-fk fk ~fj

~ek

(3.7)
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Now the strain field in the triangle is given by

lejr.Ey.Yxyl

Using eqn (3.4a), (b),

{e } = [A]{cc}

Fig. 3.1 Triangle geometry.

In this case, from eqn (3.4),

[ A]  =

0 1 0 0 0 0 

0 0 0 0 0 1

0 0 1 0  1 0

Thence,

{e } = [ A ] [ f i ] - ' { r )  = [ N ] { r  

Combining eqns (3.7) and (3.9), the matrix [TV] is obtained

f j - f k  fk - f j  0 0 0
1

[ N]
1

2A
0 0 0 ek - e j  - e k ej 

k̂ ~ ^ j  ~^k f  j  ~ f  k f  k —f  j  

The constitutive relationship for the material is given by

{a }  = [C ]{8 }

where, for the isotropic material,

x v 0 
[C ] = E*  v T 0 

[0 0 X

See eqns (2.135) and (2.136) for details. Thus,

{a} = [C][A][B ]-'{/-]

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

Finally, statically equivalent node forces {R } are used to replace the surface tractions arising 
from (a ) .  The j a ) stress fields and their nodal forces are shown in Fig. 3.2. From Fig. 3.2(b),

{R} = [D]{c\ (3.13)
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where the matrix [ D ]  is defined in eqn (3.14),

[ D ] = 2

f j - f k 0 ek~ej

fk 0 -ek

- f j 0 eJ
0 ek ~ej f j - f k

0 - e k fk

0 ei ~f j

Fig. 3.2 Equivalent nodal forces for constant stress. 

Thus, finally combining eqns (3.12) and (3.13),

} = [D ][C ]D 4][B  r ' l /  )

(3.14)

(3.15)

The above procedure is cumbersome, to say the least, but nevertheless it retains some practical 
(as well as historical) interest, in certain special situations where the orthogonal interpolation 
functions introduced in section 1.4.2 are difficult to obtain. It will be the intention o f the theory 
developed in later sections to avoid the above formulation wherever possible by using the 
mathematical tools developed in Chapters 1 and 2. I f  the simple triangular element is examined in 
the light o f section 3.1.2, it will be seen that an assemblage of such elements will be able to 
approximate the Gauss’ divergence integrals because inter-element displacement compatibility is 
satisfied; that is, the elements are C 0 compatible. This concept o f element compatibility is 
fundamental to the theory o f displacement finite elements, being a condition necessary to ensure the 
convergence of the solution to analytic results. An element with compatibility o f the displacement 
functions and derivatives up to order n will be considered to possess Cn compatibility. Evidently, 
the higher the order o f derivative compatibility required, the more will be the difficulties which arise 
in the determination of the orthogonal interpolation functions. Hermitian polynomials are a good 
example o f such function construction [8], [11].
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3.1.4 The contragredient principle

In this approach the discretization process applied to the principle o f virtual displacements in eqns 
(2.98) and (2.99) is used directly in the integration process to obtain the relationship between nodal 
displacements and the lumped nodal (generalized) forces. That is, the virtual strain field { 8 } is 
taken to be the actual strain field, so that, from eqn (2 .10 0 ),

As yet, no indication o f how [a ] is formed is given; however, it is assumed that the element 
displacement field will be described in terms of orthogonal interpolation polynomials. For the simple 
triangle o f Fig 3.1, these are

Now the stresses {o }  may arise from the strains { e }, and in addition have an initial prestress 
value, { a 0}, so that, from eqn (3.11),

3.2 THE N ATU R AL MODE TECHNIQUE

3.2.1 Theory

This technique may be looked upon as a variation o f the displacement method with certain very 
special modifications. It has been developed largely by the research team at the University o f 
Stutgaart headed by Prof. J.H. Argyris [1]. It has some important applications and is o f particular 
value in non-linear, large displacement analysis. The appeal o f the method is in its strong link with 
physical reasoning and intitution. Here a summary o f the method is given, with further details later 
in the text.

{£} = [tf]{r}

Then the equivalent nodal forces are given from eqn (2.105) as

(3.16)

{R } = j [ a ] T \a\dV (3.17)
V

(3.18)

where {§\}T = {^i £3 } is the linear interpolation function in area coordinates (see sections 1.4.5 
and 1.4.6). Then

b\ b 2 b 3 0 0 0

(3.19)

a x a 2 a 3 b j b 2 b 3

{a } = [C ]{e } + {a 0| (3.20)

Thus, finally, substitution in eqn (3.17) gives

(/?} = \ [ a ] T [ C] [ a ]  d V { r )  + \[a}T [<s0)\dV (3.21)
V

In this case [a ] is constant over the triangle, so that, for thickness t ,

{R}  = ~^r la ]T [ C ] [ a ] \ r \ + A t [ a f  |o0} (3.22)

The eqn (3.21) forms the fundamental idea from which the major thrust o f the book is developed.
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The reasoning starts by considering the deflection o f an element to be composed o f

1. rigid-body motion;
2. natural modes describing the deformation (distortion) o f the element.

For an arbitrary element with q degrees o f freedom, and b rigid-body modes,

v = q -  b (3.23)

are the independent natural modes which describe pure deformation. A  general state o f 
displacements o f an element may then be described in two distinct but nevertheless equivalent 
manners.

1. A  displacement vector containing the individual degrees o f freedom at the nodal points with 
respect to a coordinate system. The minimum condition is that the displacements be uniquely given 
at each node point.

{ p l r = lpip2p3 • • P/ • • P9 l ( l x < ? )  (3-24)

The typical component p, may be a displacement, a first-order derivative (rotation, strain), or 
a higher-order derivative, e.g. curvature.

2. In a form which recognizes the division o f rigid-body and straining modes.

{p ' } r = (Po Pw) (1 x<?) (3.25)

In eqn (3.25), { p0} is the (b x 1) vector o f the allowable rigid body modes and {pN } is the 
(v x 1) vector o f the natural modes. Because the two representations are equivalent, it is possible to 
express the latter components in terms o f the former. That is,

98 FINITE ELEMENT METHOD

{p'} = [*J{p} =

and hence, o f course,

a0

aN
{p} (3.26)

(Pol = [tfo]{pl (3.27a)

and

{ P/v 1 — laN ] ( P t (3.27b)

Having selected (p0), {p/vh it may be straightforward to set up the submatrices [a0], [aN ]. 
On the other hand there are many situations in which it is more convenient to find the inverse 
relationship, which may be written

{ P } -  [Ao An ]

Expanding this equation,

Po

Pn
[ A J I p ' l ^ K T 1 {p'} (3.28)

{P } -  [A0]{poJ + [^ n IIP/vI (3.29)

Inversion o f eqn (3.28) is, as a rule, simple with many zero or integer terms in the matrix. 
Associated with the alternative definitions o f the deformation vectors { p } and {p ' }  will be the 
generalized force vectors {P } and {P' \.  Their selection corresponding to { p } and {p ' }  may be 
obtained from the contragredient principle (eqns (2.114) and (2.116)).
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The two vectors are again given

\p\T = {p, p 2p 3 ■■■ Pi P J  (1 x q )

and

[ P ' V  = \ P l  P tn \ (1 x ( b + v ) )

99

(3.30)

(3.31)

Applying the contragredient principle, the displacement relationship gives the corresponding 
force relationship,

|/> ) = [aef { P ' \  = [ a l  a £ ]j = [a0] T (/>„! + [aNf  \PN I (3-32)

Now the forces {Fq}  correspond to the rigid modes {p0} and thus must be zero for 
equilibrium, i.e. [ P 0 = 0}, so that

{ P )  = [aN]T {PN } (3.33)

3.2.2 Example of natural modes for beam elements

To illustrate the application o f the natural mode technique, the simple beam element given in Fig.
3.3 is used. The application to the triangular finite element is left to a more detailed discussion in 
Chapter 7. In Fig. 3.3(a) the element is referred to a set o f local J, _y coordinates. The choice o f 
rigid-body modes is shown in Fig. 3.3(c) and is taken with reference to a local global system, 
O X  F, set in the original, undeflected position.

K + ll)_i
(a)

v2 v2

♦Y,

Poi =

-

P  02 =

P 02 =

P  03 = 

Po3 =

I >2 |1/2

IM

Pm = 

=

P h 2 = 

P.2 = 

P .3  =

P  03 = ■Vi'2
I' (c)

Fig. 3.3 Beam member natural modes and forces.

Then, the rigid-body modes are

{ Po}r  — { uo v o Vo) (3.34)
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For the natural modes, the elongation and the symmetric and antisymmetric bending deforma­
tions are selected (Figs. 3.3(b) and 3.3(c)).

(P/V }T = (P/Vb Pn2 > P/V3 }

From Fig. 3.3(c), the matrices [A 0], [AN] can be written down by inspection;

1 0 0

0 , - i

0 0 1

1 0 0

0  , A

0 0 1

[A0] = and [A^] =

1

"  2
0 0

0

0 0

0
1
2

1
2

1

2
0 0

0 0 0

0
1
2

1

2

The order o f the global displacements is

{ p } 7

Inverting [Ac ] gives the matrix [ae],

lae ] =

= {«1 Vi \|/\ u 2 v 2 ¥ 2 !

1

2
0 0

1

2
0 0

0
1

2
0 0

1

2
0

0 -
J_

I
0 0

1

/
0

■]-* = -1 0 0 1 0 0

0 0 1 0 0 -1

0
2

/
1 0

2

I
1

[AeV  =

(3.35)

(3.36)

(3.37)

(3.38)

It is seen in the above that all displacements have been referred to the local coordinate axes 
and must be obtained by transformation from the global coordinate system. Thus if { p } is the vec­
tor o f nodal displacements in the global axes,

where,

[ T]  =

{p } = [ T ] { p ]

with [ T0]
cos a  sin a  

-sin a  cos a

Substituting from eqns (3.39) and (3.26),

i p ' i = K H T l i p ) = [fl,]|p}

(3.39)

(3.40)

(3.41)
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Multiplying the various matrices in eqn (3.42) gives
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[ae ] = [ae ][T] =

Cl S\
0

Cl S\
2 2 2 2

S\ C\
0

S\ C\
2 2 2 2

S\ C\
0

S\ c i

I I I T

~C\ - S\ 0 C\ S\

0 0 1 0 0

- T
1

’ T
- 2 —

/

(3.42)

0 

0

—  0

0 

-1

1

In eqn (3.42), c x = cos a x and s x = sin c^. Applying the eqn (3.42) for the generalized forces 
{P0 PN }, it is easy to verify the expressions given in Fig. 3.3(c). It is seen now that having defined 
the natural modes as {pN}, the integration of the virtual strains (or forces) over the element is 
reduced in dimension; in the present case, from six to three. This is further reduced here by the use 
of symmetric and antisymmetric bending modes. If the contragredient principle is now employed, 
the natural stiffness matrix [/ryv] is easily derived. Thus, let the strain, displacement transformation 
be given by

[«,v ] I Pa (3.43)

In this example {8} is the single term consisting of the axial strain {£*). The constitutive 
relationship is given by

{a} = [£]{8}

Thus, using eqn (3.17),

[ ^ ]  = J[aw]r [£ ][awW

Thence, the natural force displacement relationship is given by

{ Pn J = [kN ] { Pa/ }

(3.44)

(3.45)

(3.46)

To obtain the complete (q x q)  elastic stiffness matrix [kE], which is associated with the load 
displacement expression,

{ P}  = [kE]{ p}

It is seen that

[Ke ] = [d^]T[kN][aN]

For the beam in Fig. 3.3(a), the transverse deformation is given as the cubic equation,

<t>/
= /[c .d -Cl)  -C,(1-C,)2]

*j.

(3.47)

(3.48)

(3.49)
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Double differentiation with respect to a gives

^  = — [-1+3?, -2  + 3C,]

Now, from Fig. 3.3(c),

so that, finally,

1 1 
-1 1

v^  = 7 [ “ 1 3 S ] t e f ; where ^ = 1 - 2Ci

(3.50)

(3.51)

(3.52)

Thence, using the assumption that plane sections remain plane, the longitudinal strain is given by

e.v = y [ l  y  - 3 y $ \
Pn \
p N 2

P/V3
(3.53)

Finally, the expression on the right-hand side of eqn (3.46) is given

1 y  —3 y i

[aw]r [£][a/v] = — y y2 ~ 3 y %

[ - 3 y t  - 3 y 2̂  9 y % 2_

Noting that for axes through the centroid, jydA =  0 and Jv2dA = / ,  eqn (3.46) becomes

J[aw]r [£ ][awW  = y  \EA El  3El\

(3.54)

(3.55)

The simplicity of this expression must be clearly noted. The natural mode technique will be 
examined in more detail for triangular elements in Chapter 7.
3.3 THE METHOD OF WEIGHTED RESIDUALS
As alluded to in section 3.1.2, the application of the principle of virtual displacements is, in fact, a 
method of weighted residuals if the trial functions are themselves the weighting functions. The for­
mulation of the weighted residual technique is particularly useful in those applications where the 
force-displacement concept of work is not available. Thus, the method of weighted residuals 
presumes that a ‘trial’ function, e.g. a polynomial series which has been assumed to approximate 
the independent variable in a problem of mathemetical physics, does not in general satisfy the 
relevant differential equation. However, substitution into the differential equation will result in a 
residual e . To obtain the best fit solution, the integral of the residual throughout the domain under 
consideration is minimized. That is,

\e dV = minimum (3.56)

In the Galerkin method, it is assumed that this error is orthogonal to certain functions <|>. 
Orthogonality implies that

(3.57)
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In structural applications, e can be looked upon as being a force residual. Then the integral 
in eqn (3.57) represents the work done if <j), is a generalized displacement. That is, although equili­
brium may not be satisfied point by point throughout the continuum it is satisfied in the generalized 
modes. Hopefully, the more values taken for the shape functions (J),, the better will be the 
point-by-point, convergence to equilibrium. Thus, let the governing differential equation be 
represented by

D ( r )  = 0 (3.58)

Then the approximate function r does not satisfy this differential equation, so that the cri­
terion eqn (3.57) gives

j ^ D ( r ) d V =  0 (359)

The finite element approximation is now made, that r can be expressed in terms of nodal 
values by the interpolation functions { N }. Thence,

{r} = [W]r {r} (3.60)

Substitution in eqn (3.59) gives

j N i D d N f W D d V  = 0  (361)
V

When this approximation is integrated over the element region and the appropriate boundary 
conditions substituted, a finite element formulation is obtained. As an example, consider Poisson’s 
equation valid over a given domain,

v 2(|) = C (3.62)

METHOD OF WEIGHTED RESIDUALS 103

Choose the approximation § related to nodal values O, 

Then, from eqns (3.61) and (3.63),

W  = [W]r {4>| (3.63)

J (V2((> -  C ) N ( dA = 0  (3 64)

It is now possible to apply Gauss’ theorem to this expression, see eqn (1.85). Thus,

J V2̂ V,. dA = j Nj d j t y j )  d s  -  j  t y j Ni j  dA
c

In this equation substitute

(3.65)

^  = [ N] Tj m

Then the second term on the right-hand side of eqn (3.65) is written

j t y j N i j  dA = |  N j j [ N ] j  dA {®)
area area

For all Nj values, this expression becomes

J i M A O / d A  =  J  w i j m Tj d A { < & }  (3  6 6 )
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Similarly, for the contour integral,

pv, (/, ) d s  j  i n  ]ij m i d s m
c c

Thus, eqn (3.64), written for all the shape functions N t , becomes

[kn] m  = {Fn } + {Fc ] 

Making the substitutions above, it is seen that

(3.67)

[*„]=  j  W ] j  [N ] Tj dA (3.68)
area

{F„ \ = j m i j [ N ^ d S m  and \FC} = -  J [ N] CdA (3.69)
c area

This formulation is precisely that used in the application to the heat-transfer problem given in 
Chapter 7.
3.4 HYBRID ELEMENT FORMULATION
3.4.1 Theory
It has been shown in section 3.1 that the compatible displacement models, while maintaining dis­
placement compatibility across element boundaries, satisfy equilibrium only in the mean ât discrete 
points. It should be evident that this is, by no means, the only approximation possible between ele­
ments. Since the displacement elements are in general too stiff, any relaxation in the inter-element 
connectivity conditions has at least the possibility of producing more accurate results for a given 
mesh subdivision. For example, in the hybrid element approach, the stress fields are assumed within 
the element, so that the differential equations of equilibrium are satisfied exactly. The resulting ele­
ment deformations will no longer be simple functions along the boundaries. The choice is now 
made to define displacement patterns and corresponding generalized forces along the element boun­
daries. In this way compatibility is satisfied in the mean. For regular shapes, e.g. rectangles, these 
hybrid elements are easy to formulate and produce excellent results. They have also been used 
extensively in shell analysis (e.g. the semi-Loof element) with again high quality performance. 
However these particular semi-Loof elements are not easy to formulate, and practically the same 
result can be obtained by using a displacement model (discrete Kirchoff element with Loof nodes) 
which is detailed in Chapter 8. The theory for the hybrid models starts with the interpolation within 
the element,

The stresses {o } are chosen to satisfy the differential equations of equilibrium. The terms of 
{p} are generalized forces. The strain field in the element is given from the constitutive relationship
as

Applying the contragredient principle (principle of virtual forces in this case) to this strain 
field allows for the calculation of the generalized displacements {r p} corresponding to the forces

(3.70)

<£} = i f w m (3.71)

(P). That is,

{rp} = J[/»]r |e}dV = j [ P ] T[ f ] [ P ] d V { $ \ (3.72)
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This is the flexibility relationship,

frp} = [F]{p} (3.73)

This equation is now inverted to give a stiffness relationship, and the method reverts to the 
direct stiffness method of analysis. Inverting eqn (3.73),

(PI = [/r r 1{rp} =[£p]{rp} (3.74)
The problem is now how to match tractions and displacements along element interfaces. 

Firstly, the surface tractions {G5 } must be expressed in terms of the {(3} values by substitution of 
the boundary coordinates in eqn (3.70). That is,

{G,} = [ Q m  (3.75)

The surface displacements are now interpolated in terms of the nodal parameters by an 
independent approximation, expressed as

{u}  = [ L] { r }  (3.76)

The nodal forces corresponding to {Gs } are now given via the contragredient principle as

I/? I = j [ L ] T[Gs ] d S  = j [ L ] T[ Q]dS |p )  (3 77)

HYBRID ELEMENT FORMULATION 105

Write eqn (3.77) as

in which

{/?> = [7 'f{ p ) (3.78)

[ T ] = \ [ Q ] T[ L] d S (3.79)

Again applying the contragredient principle to eqn (3.78), the generalized displacements 
corresponding to (/?) are given by

kp} = [ n k )  (3.80)

f °y

-  O — „
- j -  T„

stress state

Fig. 3.4 Rectangular hybrid stress element.
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Hence,

I* )  = [ T ] T[kp] [T] { r ]  

The requisite force displacement relationship has been obtained

{ R}  = [ K] { r }

(3.81)

(3.82)

3.4.2 Example of the hybrid stress element formulation

The simple rectangular element dimensions (L, h)  in plane stress are shown in Fig. 3.4. The x - y -  
coordinate axes are chosen to coincide with the sides of the rectangle, as shown in the figure: The 
stress field is chosen to satisfy the equations of equilibrium, eqn (2.84), giving eqn (3.70),

a* 1 J 0 0 0 0 y 2 0 x 2'

°y ► = 0 0 1 X 0 0 j 0 X2 y2
\v 0 0 0 0 1 - y 0 0 2xyi

Jio

(3.83)

It is easily shown that, with the material body force {pv =0}, the stress field satisfies the 
equation of equilibrium, eqn (2.84). If only linear terms are retained, then only the (3 x 5) subma­
trix of the coefficient matrix in eqn (3.83) is used, and there are five (3 terms. In this case, the flexi­
bility matrix [F ] is given by

h L

[F ]= JJ
0 0

J 
0 
0 x 
0 0

I f ] 0 0
0 0 0

dx dy (3.84)

This integration is easily performed and the resulting (5 x 5) matrix inverted, giving [£p]. 
Next the [Q ] matrix in eqn (3.75) is constructed. The surface tractions are obtained from Fig. 
3.4(a), using the relevant faces of the infinitesimal cube in Fig. 3.4(b). The subscripts (1) to (4) 
indicate the four sides:
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It remains now to define the nodal displacement parameters, generate the matrix [L], of eqn 
(3.76), and perform the surface integration in eqn (3.77). In this simple model it is evidently satis­
factory to use only the apex nodes A, B, C and D  allowing a linear displacement variation along the 
sides (1) to (4). For example, let ( x/ L)  = £ then along side (1),

1 - ^ 0  0
0 0 1 - ^ (3.86)

Similarly, with r| = (y/h) ,  along side (2),

1 — rj rj 0 
0 0 1 - r j (3.87)

With similar expressions for sides (3) and (4), the [L] matrix is easily constructed. Integrating 
the product [L]T [Q] ,  around the element perimeter ABCDA , gives the following value for [T]:

[T] =

h
2

h
2

h
2

h
2

0 0 0 0

" 6
h 2
6

h 2 
3

h 2
3

0 0 0 0

0 0 0 0 l_
2

/
2

/
2

/
2

0 0 0 0 12 
6

I2
3

/ 2 
3

/ 2 
6

/ / / / h h h h
2 2 2 2 2 2 2 2

(3.88)

The calculation of [£p] and the pre- and post-multiplication with [T] t and [T ] in eqn (3.81) 
have been carried out, explicitly for this simple case, by Prezemieniecki [12]. Some of the compu­
tational aspects of the hybrid element can be observed from this simple example. Firstly, only in 
very simple cases can the flexibility matrix be inverted explicitly. As the order of this matrix 
increases in size (the number of (3 terms), the cost of forming the element stiffness matrix increases 
accordingly. The stress fields chosen in eqn (3.83) appear to be element oriented, and there is no 
apparent guarantee of the element efficiency if the shape is other than rectangular. Also, it is not 
obvious how to extend the element edge displacement to higher order functions (e.g. quadratic varia­
tion).

3.5 EQUILIBRIUM ELEMENTS
This class of elements extends the concept of element flexibility, solving for unknown stress com­
ponents and generalized edge displacements, simultaneously. Thus, suppose that the element stresses 
are interpolated

|5 } = {^(r {p) (3.89)
and also, the element displacements in terms of nodal parameters are expressed

{«} = m r <r} (3.90)
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From eqn (3.90), differentiation gives the expression for the relevent strain parameters:

{E) = [a]r lM (3.91)

Thus, for this strain field the generalized displacements are given (using the contragredient 
principle)

Irpl = j£ ] [ a ] r d V { r \  = [ Fn ] \ r ]  (3 92)

However, given the constitutive relationship,

{£} = [/]{a}  (3.93)

the expression for {r^} is given by

i/-pi = \ i w n f  d v m  = - [ £ ,,]  {pi (394)

where
= d v  (3 95)

Assuming that the values of {rp } are equal gives

[F„]{p} + [F 12]{ r} = 0  (3.96)

Furthermore, the generalized forces [R } for the (3 stress fields, corresponding to the nodal dis­
placements {/*}, are given by

{/?} = J [ a ] £ ] r JV{(3} = [£ 21]{|3} (3 97)

Combining eqns (3.96) and (3.97) for all elements gives the system of equations,

^11 F 12

108 FINITE ELEMENT METHOD

Fix 0 !-H * °  ( 3 -9 8 )

These equations are solved simultaneously for {(J) and {r ). If the variables are intermingled 
rather than partitioned as shown in eqn (3.98), care must be taken in the sequence in which these 
equations are solved. An example of the use of the equilibrium element is delayed until Chapter 8 
where the Anderhaagen plate bending equilibrium element is studied in some detail.

2 (w , 0X, 0y

Fig. 3.5 Triangular plate element-nodal variables.

3.6 CONVERGENCE OF FINITE ELEMENT SOLUTIONS
3.6.1 Basic requirements
It is probably true to say that at the present time no completely general means is yet available by 
which a finite element formulation can be deemed satisfactory in terms of accuracy of performance 
for all situations likely to be encountered. For example, an element may give satisfactory prediction 
of a function (e.g. displacement), but be quite inaccurate for its first or second derivatives (strain or 
curvature).
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A classic example of this is the Bazeley-Irons incompatible plate bending element which exhibits a 
large sawtooth effect in second derivatives (and hence bending moments). Alternatively, the ele­
ment may appear to be excellent when used on regular meshes but fail hopelessly when the mesh is 
irregular. Some of the stress elements with incompatible modes are known to behave in this way, as 
do some of the triangular hybrid plate bending elements. Such elements must be treated with the 
greatest caution. It should be evident too that the shape and aspect ratio (length/breadth) of ele­
ments will have a significant bearing on their performance. In general, the less needle-like triangles 
are made and the more regular quadrilaterals are made, the better their performance. The reader 
should take an available finite element package and try various aspect ratios for triangles and iso­
parametric elements, extending the ratios of dimensions until results become unstable or singularity 
occurs in the solution. There are three simple criteria which can be applied before any comparative 
testing of an element formulation is undertaken. These are:
1. The inclusion o f  constant strain terms

These terms must be included, because without them it becomes impossible to model the constant 
stress (strain) field. The classic example of a failure to satisfy this criteria is in the formulation of a 
9-node plate bending element using a quadratic displacement function in ( x , y ) coordinates, with 
(w, 0X, 0^) at the apices as the nodal values, as shown in Fig. 3.5. The complete cubic polynomial 
in two-dimensional space has ten terms

w  =  a§  +  a xx + a 1y + a 3x 1 +  a A x y + a f i y 1 +  a 1x h +  a% x 2y +  a 9 x y 2 +  a X0 y 3

An early formulation of this element simply deleted the term a Ax y , with disastrous conse­
quences because the element was unable to model the constant twist stress state. When £ coordinates 
are used (Chapter 1), it is seen that the cubic function cannot be interpolated correctly in this way 
because of the bubble function ^  2̂ 3̂ which has zero boundary values and requires either an inter­
nal node or a side node derivative for its specification. All displacement models using complete 
polynomials, elements using the natural mode technique and hybrid models should easily accommo­
date this requirement.
2. Rigid-body forces

The second requirement is that the generalized forces corresponding to rigid- body motion of the 
element must be zero. For elasticity elements the requirement is simply that the sums of rows 
(columns) of the element stiffness matrix should be zero. Unless this requirement is met, rigid-body 
motion will obviously induce stress in the element. It should be easily satisfied, except that when 
elements whose nodal degrees of freedom involve first and second derivatives are used, the contribu­
tions to rigid-body motion (translation and rotation) may not be so easily identified.
3. The patch test

The element should pass the patch test. The patch test provides a means of testing element shape 
efficiency. It reasons that if an infinitely fine subdivision could be made, then the four elements 
shown in Fig. 3.6 can be considered to be in a state of uniform stress. Since the subdivision is 
infinitely small, it must reproduce this exactly. If the internal node position is altered, then the 
stress field should still be reproduced exactly. The two subdivisions in Fig. 3.6 should give c x in 
all four elements. Failure to do so indicates that results will be unreliable when irregularly shaped 
elements are used.
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In the previous section, conditions which help in the evaluation of an element’s behaviour have been 
discussed. It remains now to examine practical implementation. Firstly, it must be remembered that 
the finite element method, in the final analysis, gives only an approximate solution. The resulting 
stress fields obtained are not exact and must be interpreted to give an approximate solution to the 
original continuum mechanics problem. The solution should satisfy in the mean the differential 
equations of equilibrium and compatibility.

3.6.2 Testing of finite element solutions

(a) (b)
Fig. 3.6 Patch test-four elements, regular and distorted.

Often, derivative smoothing techniques must be used to obtain satisfactory stress fields. For 
example, in isoparametric elements, stress fields should be sampled at a lower order of point density 
than that used for integration of the stiffness matrices. Other techniques of smoothing using 
weighted residuals may be employed. Practically, then, the finite element method can be shown to 
give satisfactory approximations to known analytic solutions which converge with the increase in the 
number of unknown degrees of freedom (i.e. mesh fineness) to these solutions. There has been a 
significant effort to develop more refined elements (and the process still continues), always with the 
intention of improving the approximation for a given degree of mesh fineness. The check should be 
for both displacements and stresses (derivatives), and in the latter case raw element data should be 
plotted to show within-element variation (the sawtooth effect). Convergence may be monotonic 
from above or below or oscillate as shown in Fig. 3.7. Various element groups usually fall in one or 
other of the catagories. The convergence characteristics shown in Fig. 3.7 are generally followed:
(A) by displacement compatible models, (B) by equilibrium (or flexibility models), (C) by 
hybrid element models. It will be expected from the nature of the finite element method that dis­
placements will perform better than their derivatives, so that, as already mentioned, the convergence 
plots on stresses should be as rigorous as for displacements.

FREEDOM (M ESH FIN E N E S S )

Fig. 3.7 Finite element convergence characteristics.
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CHAPTER 4

The force method-line element structures

4.1 INTRODUCTION
4.1.1 Structural idealization
Thus far it has been the intention to derive the fundamental relationships necessary for the analysis 
of continua via the finite element discretization procedure. For the continuum it will be shown that it 
is not necessary to invoke the analogy between element discretization and a physical element of the 
same shape, and that the finite element method may be looked upon as simply a piecewise applica­
tion of Gauss’ divergence theorem to the region. However, in the case of line element structures 
such as frames and trusses the discretization process does coincide with the physical dimensions of 
the structure. The choice to begin the discussions with line element structures is thus made, not only 
because in the first instance of linear analysis the transformations are deceptively simple, leading to 
an easy understanding of the underlying principles, but, in addition, the theory presented herein 
embodies all the basic principles of matrix structural analysis. In this category of structures are 
found trusses, beams, grids, frames and cable nets. This last group needs special attention because 
of the necessity to undertake non-linear analysis of the node force-deflection relationships. The 
structures are interesting too, because low connectivity between nodes can lead to statical deter- 
minacy, for which member forces may be obtained without a knowledge of the deformation charac­
teristics of the members. It is found, however, that even this simple class of structure is highly 
amenable to computer structural analysis. This inevitably leads to the possibilities of the introduction 
of computer methods as the very basis of structural mechanics. In this text, the emphasis will be on 
the stiffness analysis of structures based on the kinematic relationships between node displacements 
and member distortions. The reason for the choice of kinematic analysis in preference to static 
analysis is that the kinematic transformations of the form in eqn (2.122) are more readily determined 
than the force transformations in eqn (2.120). However, in this chapter a digression is made from 
the main theme of the book to examine statically determinate as well as statically indeterminate 
structures because of the usefulness of this class of structure in the study of elementary structural 
mechanics. It will be found that once the decision has been made to rely on the computer for the 
solution of the equilibrium equations it is expeditious to work always in terms of joints and joint 
equilibrium. This is in distinct contrast to hand methods of analysis, for example, in the analysis of 
determinate trusses where the equilibrium may be applied to either joints or sections depending on 
which is most advantageous for the analyst. Such arbitrary decisions are, of course, exceedingly 
difficult to incorporate into a general computer program.

4.1.2 Definition of structure

A structure is considered to be composed of rigid nodes connected by flexible members and sup­
ported from a rigid foundation so that the whole system is statically and geometrically stable. For a 
general discussion of the conditions of determinacy, indeterminacy and geometric instability, see [9].
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The definition implies that the model to be analysed is only a mathematical one, and, in fact, 
as mentioned earlier in Chapter 3, for continuum problems, the reliance on the association with a 
physical interpretation is found to be unnecessary. In the development of the present chapter the 
mathematical model is easily identified with the line element (truss or frame member) joining the 
nodes. The important property of the element is that its force-displacement relationships are 
known. That is, if the stress field for the element can be expressed in terms of several generalized 
forces, then the force-displacement relationships at the points of application of the forces are calcul­
able. Alternatively, the displacement fields in the element may be chosen. Then the member forces 
are calculable if the member displacements are known.
Example 4.1 Force and displacement fields for  linear elements

The simplest example is the truss member shown in Fig. 4.1(a). For the axial force field,

Thence it follows that the definition in (a) for the displacement field leads to an identical 
force-field definition for linear elastic behaviour.

Fig. 4.1 Truss and beam members-axial force, moment and displacement fields. 

Example 4.2 Beam element with linear moment field

For the beam element in Fig. 4.1(b), the moment and displacement field definitions are 
Moment

F = constant (a)

The corresponding displacement field is

Uf
«1 = [C. C2] „

_ u j.
(b)

Then, calculating F  from the strain field and Hooke’s law,

(c)

However, the extension of the member 8, is given by

8 = (uj -  Uj) (d)

(a) (b)

(e)

Note: The sign convention for M  is tension on the bottom fibre positive.
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Displacement

From Fig. 1.9, example 1.7, the cubic displacement interpolation is given by

. ^
u 2 = l &l ^2  —Cl C2 ] (f)

If now the relationship between moment and deflection is given,

2u 2
M  = EIu 2„ -

El  j d2u2 2d2u 2 d2u 2

Substitution in eqn (f) gives

- [(k  -  2Ci) (2^2 -  Ci)l|

(g)

(h)

The values of M, , My are given at (C,2 — 0, Ci = 1) and (C: = 1. si = 0)-

¥ ' 2

M,

Combining these two equations and inverting gives

Substitution of eqns (i) and (h) in (g) gives

1
M = j [(£2 -  2 C , )  ( 2 ^ 2  -  C i ) ]

2 -1 
-1  2

2 -1 
-1 2 = K i  &

(i)

0)

Thus, the cubic displacement field of eqn (f) produces the linear moment field (e) and 
vice-versa. This is true only for a prismatic member. If the member is tapered so that the flexural 
stiffness El varies along the member, the results will be different, with the cubic assumption being 
in error. The nodes of the idealized structure may be of infinitely small dimensions, in which case 
they are used in the mathematical sense of a point to write the equations of force equilibrium (or of 
displacement compatibility) at that point. However, such a definition is an unnecessary restriction, 
and finite dimensions may be used; for example, in the analysis of a very stiff headstock supported 
by slender, flexible piles; (Fig. 4.2). The headstock may be considered to be a single rigid node with 
six equations of equilibrium (or six displacement degrees of freedom).
4.2 LINE ELEMENTS -  MEMBER FORCES

The basis of the force method of analysis is the statically determinate structure in which the member 
forces (axial force, bending moments, shears and torque) can be calculated from the equations of 
statics alone. As mentioned in section 2.6, its basis is the establishment of eqn (2.120), written here 
as eqn (4.1), relating member forces {S } to the nodal loads {R }.
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In the form in which eqn (4.1) is used in computer structural analysis, the forces {/? } are usu­
ally stress resultants at the nodes. However, in applications in elementary mechanics, eqn (2.110) is 
extremely useful when the [b ] matrix may be a function of the variable along the length of the 
member; that is, it expresses the moment transformation for distributed loads.

The question now arises as to the means by which the [b] matrix may be calculated. Two 
methods come to mind (apart from non-automated versions). The first is the application of simple 
statics to the joint forces, and the second is the application of eqn (2.123), here eqn (4.2), to set up 
the equations of joint equilibrium.

In this introductory treatment of the force method of analysis, only truss and plane frame 
structures are considered, although the extension to other forms is then merely a matter of detail. 
These member types, together with their fundamental forces, are shown in Fig. 4.3. Notice that 
whereas the truss member has the single force { F }, the beam member in two dimensions has three 
basic forces, <Mt Mj F>.  For the member in Fig. 4.3(a), the transformation from {F } to global 
components at the ends i - j  of the member is

{S} = [£]{*} (4.1)

Flexible pi les

Fig. 4.2 Rigid headstock on flexible piles.

{ R } = [ a f { S ) (4.2)

cos a  -  sin a  0 
sin a  cos a  0

0 -1 
0 0

(4.3)
0
0

0 cos a  -s in  a  1 
0 sin a  cos a  0

F

Thus eqn (4.3) is written

{«} = [Ld ]t [ T] t { S\ (4.4)

Fig. 4.3
(a) (b)

Member forces-local and global axes components.
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This transformation has been made, firstly, from {S } to components {F' }  in the local coordi­
nate axes and, thence, from {F'} to { F }, the global components. It will be noticed that the premul­
tiplication of {F'} by [Ld ]t is a simple application of the transformation of vector components and 
has been given before in eqns (1.39) and (1.54). The transposed notation [LD]T is used because 
[Ld ] has rows which give direction cosines of the local coordinates of the member. When the 
frame element shown in Fig. 4.3(b) has its basic force components transformed to global com­
ponents, the form of the transformation is identical with eqn (4.4). The dimensions of the matrices 
are different, however, reflecting the additional basic member forces and global components. In full, 
the transformation is given in eqn (4.5).

F iy
M,

* jy 
Mj

cos a  -s in  a  0 0 0 0
sin a  cos a  0 0 0 0

0 0 1 0 0 0
0 0 0 cos a  -  sin a  0
0 0 0 sin a  cos a  0
0 0 0 0 0 1

0 0 -l
1 1 07 7
i 0 0
0 0 1
i i

~~ / ~~ / 0
0 i 0

Mj  

M : (4.5)

When the multiplications in eqn (4.4) are carried out, the partitioned equation is written

R i N A tv

_ R j N _
—

1
5.

\ s N (4.6)

The partitioning for member N  is according to the force quantities at its ends i-j. The indices
i, j  may be merely symbolic. In the computer program, however, they take the actual node numbers 
at the ends of the members in the sequence, 1 to NJNTS (the number of joints of the structure). 
These indices are then used to add the contribution of the forces of member N  to the total set of 
joint equilibrium equations for the whole structure. For the solution of these equilibrium equations 
by Gauss’ elimination (or in small problems by matrix inversion), the number of unknowns must 
equal the number of joint equilibrium equations. Thus, if NMBS is the number of members, NRCT 
the number of reaction components, and NJNTS the number of joints, a necessary condition for stat­
ical determinacy is

for planar trusses: NMBS + NRCT = 2 x NJNTS
for plane frames : 3 x NMBS + NCRT = 3 x NJNTS

The problem encountered when there are internal force releases (such as a pin) within a 
member, and, in fact, the general theory of statical determinacy, indeterminacy and geometric insta­
bility, are not developed herein, and the reader is referred to [9] for these details. In setting up the 
joint equilibrium equations, it is seen that the forces acting on the joint from the member are of 
opposite sign to those acting on the member in eqn (4.6). Thus, at a given joint,

member force components + reaction + applied force = 0; or, transposing,
2  member force components -  reaction = applied force

The addition of the coefficients of the member forces and reactions to the totality of equili­
brium equations is shown diagrammatically in Fig. 4.4 for a structure with three reaction com­
ponents.
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The student is urged to write the necessary computer coding to generate the equilibrium equa­
tions for both truss and plane frame structures. Alternatively, the subroutine ADDELT achieves this 
result, and is given below.

MEMBER'N'

R L ^ M R N

NODE' I -

NODE t -

-1

AiN

-1

AjN

-1

—  DOF 'L'

DOF 'M'

-DOF'N'

MEMBERS REACTIONS
Fig.  4.4 Member contribution to nodal stiffness matrix.

SUBROUTINE ADDELT(NN,FORCE,N,NDF,NCN,NMF,NEQ,EQUIL)
*
* DEFINITION OF VARIABLES
* NN(NCN) NODE NUMBERS OF ELEMENT
* FORCE(NCN*NDFMNMF) COEFFICIENTS OF MEMBER FORCES
* EQUIL(NEQ,NEQ) MATRIX OF JOINT EQUILIBRIUM EQUATIONS
* N MEMBER NUMBER
* NCN DEGREES OF FREEDOM PER MEMBER
* NMF NUMBER OF BASIC FORCES PER MEMBER
* NEQ TOTAL NUMBER OF EQUATIONS
*
DIMENSION EQUIL(NEQ,NEQ),FORCE(NCN*NDF,NMF),NN(NCN)

*
* LOOP ON NUMBER OF NODES PER ELEMENT
*
* COLUMN LOCATION IN EQUIL, ‘JC’
*
JC = INP (N,NMF)
DO 10 IA = 1, NCN
* ROW LOCATIONS: JA IN FORCE, JB IN EQUIL 
JA = INP (IA,NDF)
JB = INP (NN(IA),NDF)
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DO 5 IB = 1, NDF 
DO 5 IC = 1, NMF
* COLUMN LOCATION IC IN FORCE
EQUIL (JB+IB,JC+IC) = EQUIL (JB+IB,JC+IC) + FORCE (JA+ICJC)
5 CONTINUE 
10 CONTINUE 
RETURN 
END
* INTEGER FUNCTION TO GIVE SUBMATRIX START LOCATION 
FUNCTION INP (I,J)
INP = (1-1) * J
RETURN
END

The above subroutine is not complete in that it contains no bounds check on the indices of 
either EQUIL or FORCE. The student should complete the program by including these checks with 
suitable warning print out and transfer of control if they are violated. When the complete matrix 
has been thus assembled the solution for member forces and reactions can be obtained by elimina­
tion or inversion. Symbolically, write the totality of equations,

Finally, then, extracting the appropriate rows from the inverse in eqn (4.9), the eqn (4.1) is obtained:

The solution process shown symbolically in eqn (4.8) as matrix inversion must be carried out 
using pivotal search to locate the largest non-zero column member in the remaining equations to be 
reduced, because in the arrangement of the equations for member forces, zeros inevitably are placed 
on the diagonal. Failure to locate a non-zero term signals that the equations are singular and that 
the structure as input is geometrically unstable. It will be shown in section 4.3 that in obtaining eqn
(4.9) a great deal more has been deduced than simply the member forces for a given loading pattern. 
It will be shown that a powerful method is now available for the calculation of deflections of the 
nodes of the structure. Before proceeding to the calculation of deflections and the related topic of 
statical indeterminacy, it is both important and useful to examine the transformation from joint dis­
placements to member distortions. These member distortions correspond to the member forces {S). 
Using the contragredient principle eqns (2.111) and (2.113) together with eqn (4.4), member distor­
tions are given by

(4.7)

In eqn (4.7), {S } are member forces and {SR } the reactions. Thence, on inversion,

(4.8)

{£} = [£]{*} (4.9)

{v} = [T][LD]{r] (4.10)

Again, from eqn (4.6), for member N,
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It is an interesting exercise to verify eqn (4.10) for both truss and frame structures from first 
principles, drawing the various displacement patterns corresponding to each {rt } displacement taken 
in turn to be unity. To this end, the basic joint and member displacement patterns in local (or 
member) coordinates are shown in Fig. 4.5. From Fig. 4.5(a), for the truss member:

The matrices in eqns (4.12) and (4.13) are obviously the variants of the [T] matrix obtained 
from eqn (4.4). The transformation from global to local components follows directly from eqn 
(1.38) and is thus written

Eqn (4.10) has thus been verified from first principles. The power of the contragredient princi­
ple lies in the ability to reproduce eqn (4.10) from eqn (4.4), and vice versa, without having to 
resort to equilibrium equations on the one hand or displacement patterns on the other.

4.3 CALCULATION OF DEFLECTIONS

Once the transformation relating member forces to node forces has been obtained, the calculation of 
node deflections resulting from member distortions presents no further hazards and is a relatively 
simple task. Thus, the contragredient principle is invoked, and, using eqns (2.120) and (2.121), it 
follows that node deflections {r } are given by

8 = [-1 0 1 Of (4.12)

and from both Fig. 4.5(a) and (b), for the frame member,

(4.13)

- 1 0  0 1 0 Oj r ' jy 

0',

\ r ' } = [ L D] { r } (4.14)

(a)  T r us s  member (b) Frame member  
Frame member distortions.Fig. 4.5

\ r }  = [6]r {v) (4.15)
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It will be noticed that eqn (4.15) requires no connection to exist between {v } the member dis­
tortions and {S } the member forces, other than that {v } terms correspond with [S } directions. In 
general, it is possible to divide {v } into two components, namely {v5}, those member distortions 
produced by [S }, and {v* }, those member distortions from any other source (temperature, volume 
change, distributed loads between nodes, etc.). Making this substitution, eqn (4.15) becomes

i r )  = [ b] T \ vs + v * )  (4.16)

The concept of the flexibility matrix is now introduced. The flexibility coefficient f tj is the 
value of the distortion component v,- for a unit value of the member force Sj,  so that the aggregate 
of all such relationships (using the summation convention on index j) is

v, = f i j S j  (4.17)

Alternatively, in matrix notation,

{vN } = l f N]{SN } (4.18)

The subscript N  indicates that the relationship is for member N . If all member forces and dis­
tortions are grouped sequentially in arrays {5} and {V }, respectively, then the totality of all such 
relationships is,

{v} -  If U S ]  (4.19)

In eqn (4.19), [ f ]  is now a super-diagonal matrix with diagonal blocks given by the member 
flexibility matrices. Substitution of eqns (4.1) and (4.18) in (4.17) gives the nodal deflections {r } ,

\ r ) = [b]T\ f ] [ b ] { R  ) + [ b] T {v* ( (4.20)

The matrix [F ] will be defined as the flexibility matrix of the whole structure, and from eqn
(4.20) it is calculated

[F] = [ b] T[ f ] [ b ]  (4.21)

It should be noted that, although convenient to write the equations in the form of eqn (4.20), 
for practical purposes it is probably better to use the summation form of eqn (4.22).

no members no members

\ r  I = £  [bN]T[ f N][bN] { R)  + £  (4.22)
n =  1 N  = \

Using eqn (4.22) makes it unnecessary to form the matrices shown in eqn (4.20). Eqn (4.20) 
is generalized further by assuming that a second group of loads {R } has the force transformation

{ S}  = [ b ] { R}

Then the deflections in the directions of {/?} due to the {R } forces are given by

IF) = [b] T[ f ] [ b ] { R )  + [b]T {v*}  (4.23)

Eqn (4.23) embodies the dummy unit load concept of classical structural analysis.

From eqn (2.131) it is seen that the constitutive matrix for an homogeneous isotrop~+~ 
material is symmetric; f t; = f p . Since all flexibility matrices may be calculated in the form of eqn
(4.12), it follows that [F ] = ( [bT] [ f  ] [b] )T = b T] [ f ] T[b]  = [ bT] [ f ] [ b] ,  and [F] is symmetric; that 
is, F {j = Fj j . This relationship of symmetry is known as Maxwell’s reciprocal theorem.

CALCULATION OF DEFLECTIONS 119
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4.4 EFFECTS ON MEMBERS
4.4.1 Flexibility matrices
The use of eqns (4.20) and(4.23) presupposes that the flexibility matrices [ f ]  for members can be 
generated. For prismatic members with simple force fields given above, these flexibility matrices are 
easily generated. Thus, for member length /, area of cross section A, moment of inertia / ,  and 
Young’s modulus of elasticity E,  these flexibility matrices are
1. Truss member

I
l f ]  = EA

2. Frame member

6El

(4.24)

2 -1 0
-1 2 0

0 0 6/
A

(4.25)

3. Grid member

l f ]  = 6 El

2 -1 0
-1 2 0

0 0 6 El  
GIP

(4.26)

Example 4.3 Calculation o f  beam deflections

The cantilever beam shown in Fig. 4.6(a) has applied forces R x, R 2• The [b]  matrix is generated 
not by computer solution of eqn (4.8), but by simple application of the unit values of R x and R 2, 
resulting in the bending moment diagrams shown in Fig. 4.6(b), (c). Thus, eqn (4.1) is given by

M  j,-" -6 -18
M \, 0 12
M  2/ — 0 -12

M 2/, 0 0

The matrix of member flexibilities is given b,

\ f ]  = 10“

1.0 -0.5 0 0
-0.5 1.0 0 0

0 0 2.0 - 1.0
0 0 - 1.0 2.0

Performing the multiplications of eqns (4.21), the beam flexibility for the loads R j and R 2 is given 
by

[ E ] =  10-
1.92 7.67 
7.67 51.84
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In the above theory and example 4.1, the joint sign convention has been used for member 
moments and rotations relative to the chord. This results in alternating positive and negative 
moments along beams, and the negative off-diagonal flexibility term in eqn (4.25). In elementary 
strength of materials where non-computerized solutions are used, it is probably better to use the 
engineer’s convention for signs of tension on the lower fibre positive. In this case the off-diagonal 
terms in the flexibility matrix of eqn (4.25) are positive.

R2
2

| l  E U 20 0 x 1 0 3 units

Fig. 4.6 Cantilever beam-dimensions and loads.

The use of eqn (4.20) without the {v * } term presupposes that loads are applied at the nodes 
of frame members so that the variation of member moment between nodes is linear. If such is not 
the case, as illustrated in Fig. 4.7(a), the term {v* } may be used to correct the member distortion 
terms for the variation from the linear diagram shown as the shaded area in Fig. 4.7(a).

w per unit length

n

(b) End rotat ions,  uniformly 
distr ibuted load

Fig. 4.7 Distributed load on member.

Because the effect of the bending moment diagrams is additive, in that to the end moments, 
the simply supported bending moment diagram for span / produces the variation from linearity, the 
values of {v * } for beam elements can be readily obtained from any text on the mechanics of 
materials, (for example, [1]). For the present illustration, for the uniformly distributed load w, 
shown in Fig. 4.7(b), the additional end rotations, {v* } (using engineer’s sign convention), are
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Example 4.4 Calculation o f  beam deflections-distributed loads

In this example, eqn (4.23) will be used in conjunction with eqn (4.26) to calculate the central 
deflection of the simply supported beam shown in Fig. 4.8, loaded with w per unit length over half 
the span.

w per u n i t  le ngth

' b'  d ia g r am  

' b ' d ia g r am

A yjlllip iJ k3Up|/V/I Ivvi L/V

From Fig. 4.8(b), using designer’s sign convention, 

{ S}  = [ b ] { R } ^

The matrix of member flexibilities, using de

[ f ]  =

From eqn (4.26), for both members,

\m u] 'o~ M u
\ 0 lM Xj

M 2i
OO 

OO
wl
T  ;

and {S } = [*]{/?}->
M \j
m 2i

= 1/4 
U 4

M v ,
L o J

m 2j
0

{R

12 El

2 1 0  0 
1 2  0 0 
0 0 2 1 
0 0 1 2

{v } =
96 El

wl
~2~

2 1 0 0

/ 1 2 0 0

12 El 0 0 2 1
0 0 1 2

Multiplying the various matrices in eqn (iv) gives

0 1
// 8 wl 12 1 wl
1/8

j
2 96El 0 2

0 0

5 w l 4 
768£/

(i)

(ii)

(iii)

(iv)

(v)
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A check from [14] shows that this is the correct result, being one-half the value expected if 
the whole beam were to be loaded.
4.4.2 Member distortions due to temperature change
Two simple cases will be considered.
Axial distortion

A member length, /, with coefficient of thermal expansion, a , undergoes a temperature change, t ,  
considered positive for an increase. Then the change in length of the member is, simply,

Flexural distortion o f  a beam member

The beam member shown in Fig. 4.9(a) undergoes a temperature change, t u on its upper side and t 2 
on its lower side, with an assumed linear variation through the section, as shown in Fig. 4.9(b). 
From Fig. 4.9(b), the temperature at distance y  from the centroidal axis, with ( c u c 2) both positive 
quantities, is

A / = v* = l o t (4.28)

Substituting _y = 0, gives the temperature at the centroid,
11 c 2 +  t 2 Ci

tc = ------- --------C\ + c 2

To calculate the end rotations {())*, <|)*}, use eqn (2.110); that is,

(2.110)

(aj Beam distortions (b) Linear temperature  
variation

Fig. 4.9 Beam member-temperature distortions.

In the present instance,
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[ b] 1 z L
I

i - C
c

and a t

Substituting in eqn (2.110) gives the rotations,

i - s \ t i  +
( h ~ 12) 
(c 1 + c 2)

(y +  c 2) r  dA IdC,

Now, J y dA = 0, because y is measured from the centroid of the cross section, and
_t'2

c 2

J y 2dA = I It follows that

-a /
-I

( l - O
cC l  +  C 2 0

Finally, the rotations due to the temperature change are

al

d t f j  1 -  t 2)

-1 1 
-1 1

(4.29)
2(c L + c 2)

4.4.3 Uncoupled member flexibility matrices
The member force-deflect ion relationship is given by eqn (4.17) as

V/ = f i j S j

Obviously, / f7^0, but also, in general, / , 7 ^ 0  for i ^ j .  That is, the off-diagonal terms are 
non-zero. The enquiry, then, is into the conditions for which these off-diagonal terms may be 
made to vanish. That is, / , 7 = 0, for i & j . It will be noticed that this is a problem similar to that of 
finding the principal values of either the stress or strain tensors and the principal inertia axes of a 
beam cross section. Thus, let [U]  be the eigenvectors of [ f ] :  that is, solutions of eqn (4.30)

Then let

i f ] { x \  = m :

{S) = [ U] { s ]

(4.30)

be a force transformation which is obviously reversible if the eigenvectors are linearly independent. 
By using the contragredient principle, the generalized displacements corresponding to {5 ) are given 
by

iC l= [ t / ] r |v (

Solving eqn (4.31) for {v },

|V) = [ U 7

Substitute for {v ) and {S } in eqn (4.19), so that
^ 1-1

‘( 0

[ t / 'r 'iC )  = [ f W ] { s )

(4.31)

(4.32)

(4.33)
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Premultiplying both sides of this equation by [£/]r  gives

{£} = [C/]r [/][£/]{*) = L/^]{*I

The flexibility matrix [ f  is now a diagonal matrix because, from eqn (4.30),

l f ] [ U]  = [U]X 

Premultiplying both sides of this equation by [ U] T gives

[ U] T[ f ] [ U]  = [ U] T[ U]X = X[I]

125

(4.34)

(4.35)

It is seen that [ f  ̂  \ = [X/], with the eigenvalues as diagonal terms. The eigenvectors [U]  will 
be generalized displacement shapes composed of linear combinations of the nodal displacements. 
The forces {s } = [f/]_1{5 } will be the natural forces for the member or structure, and the response 
to the force st will be given only in mode ^ . The general principle of uncoupled flexibility matrices 
is used in the dynamic analysis of structures in the mode superposition method and is also the basis 
of the theory for principal axes of beam cross sections.

Example 4.5 Natural modes for  beam element

Calculate the natural displacement modes and forces for the beam element shown in Fig. 4.10, given 
the end moments <M( M j>  and end rotations relative to the chord <())/ (J)y>. For the beam member 
the flexibility matrix is

[/1 = T77 6 El

2
-1

Eqn (4.26) becomes, in this instance,

/
6 El

2 1 
-1 2 {X }  = M X \

In order to solve these equations, the determinant given in eqn (iii) must vanish.

2 - X  -1 
-1 2 -  X = 0

On expansion of this equation, the resulting quadratic equation gives the values of X; that is

X2 -  AX + 3 = 0

Hence, Xx = 3 and X2 = 1. The matrix of eigenvectors is found to be

(i)

(ii)

(iii)

[U] =
1 1 

-1 1

Substituting in eqn (4.29) gives

If$ = I
6 El

2 - 1  
-1 2

1 1 
-1 1

/
3 El

3 0
0 1

(iv)

(v)
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(b) Displacements 

Natural modes of beam element.

It remains now to give a physical interpretation to {s } and {£}. Firstly, from eqn (4.27), the 
displacement modes are given

i c i =- [ U] 1
1 -1

H
<!>,• ~ $ j

1 1 U r _4>/ i
3̂-+

and, of course,

The generalized forces {s } are given by

1 1 
-1 1

:

l
1 1 -1 j M' L .

- { M f  ~ M j )

2 1 1 W +  M j )

Alternatively,

M;

M j
= l U] { s }  =

1 1 
-1 1

The usefulness of these natural modes will be demonstrated later with the calculation of 
non-linear effects produced by axial force on end rotations, and the effects of bowing on the axial 
shortening of members. In addition it forms the basis, in part, of the natural mode technique 
pioneered by Prof. J.H. Argyris [1], and given here in Chapter 7.

4.5 STATICALLY INDETERMINATE STRUCTURES

4.5.1 Introduction
Thus far, only stable, statically determinate structures have been discussed. For simple structures, 
stability may be assessed by inspection. However, if the analysis of an unstable structure is 
attempted, it will be found that in the generation of the force transformation matrix by inversion of 
the joint equilibrium coefficient matrix, singularity will be encountered.
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That is, a zero pivot will be found during the elimination process. This, in fact, forms a 
convenient means of testing for stability. For the statically indeterminate structure there are more 
unknowns than equations of joint equilibrium. That is, the equilibrium matrix [A ] which possesses 
full row rank, is an m x n matrix with m < n That is, rank A = m . The indeterminacy (or 
redundancy) of the structure may be classified as internal; that is, member forces are the unknowns 
(as in Fig. 4.11(a)): or as external (as in Fig. 4.11(b)), in which case the number of reaction 
components is in excess of that necessary for the equilibrium of the structure when considered in its 
entirety as a rigid body. If the redundant structure is to be analysed for member forces and node 
deflections due to applied loads, internal member strains, or settlement of supports, resort must be 
had to additional equations involving in some way the unknown force quantities independent of 
those already obtained from joint equilibrium. There will be, in fact, many independent ways in 
which these redundancies may be selected. The analysis of the structure may therefore be 
conceived in two stages. In the first stage, the structure is cut so that all the redundancies are 
removed; the structure remaining must, of course, be made stable as well as determinate. For the 
chosen determinate structure, deflections are calculated as functions of the external load system and 
the stress resultants at the cuts which have been selected as unknowns. From section 4.2, the [b ] 
force transformation matrices may now be generated for each of these force systems by using the 
joint equilibrium equations. In addition, from section 4.3, it is possible to calculate deflections 
throughout the structure for unit values of both force groups. Needless to say, in today’s computer 
environment the whole of the above process must be automatic if it is to be competitive with other 
computer methods of analysis. In the second stage of the analysis the requirement is introduced that 
the continuity of deflections must be maintained between the various parts of the structure at the cut 
sections. For each condition of continuity, one equation must be formed involving the external 
(applied) loads and the unknown forces. These equations are known historically as the 
Maxwell-Mohr superposition equations.

Fig. 4.11 Types of force redundancy: (a) member of redundancy, number of 
redundants = 2; (b) reaction redundancy, number of redundants = 3.

As an example, consider the continuous beam loaded as shown in Fig. 4.12. It has been made 
determinate by placing hinges at the two internal supports. The deflected shape for the determinate 
structure exhibits discontinuities of slopes at these two points (Fig. 4.12(b)), which may be removed 
by applying the unknown support moments X x and X 2. Notice that this type of slope discontinuity 
may be expressed in terms of the normals to member tangents and that when continuity is restored, 
these normals coincide or at least resume their original relative position. Before the general matrix 
theory for the calculation of the unknown forces is developed, a simple example is analysed with 
only one unknown.

www.EngineeringEbooksPdf.com



128 THE FORCE METHOD

The beam shown in Fig. 4.13 is a propped cantilever. That is, it is built in (or fixed) at end i and 
has a roller at end j . Since the beam has only three equations of static equilibrium 
( I f *  = 0, J f y  = 0, and = 0 about any point) and there are four reactions, three at i and one 
at j ,  it is statically indeterminate with one redundancy. The redundant force may be taken as the 
reaction at end j . It is required to calculate the reaction at j  for a distributed load w over the whole 
length / of the beam. In Fig. 4.13(b), it is seen that when the redundant support R , is removed, the 
vertical deflection at j  is, assuming w positive as shown,

X -  ~w l* r \0/ g£/ W

A unit value of Rj  applied in its positive sense (Fig. 4.13(c)) produces the deflection at j ,

5;7 “  3£7 (ll)

Example 4.6 Propped cantilever

De f lec te d  
/  shape

cm

(a)

113x1 &  ^  1113

(b)

Fig. 4.12 Statically indeterminate structure: (a) continuous structure deflections;
(b) discontinuity of normal slopes in cut structure.

The actual value of Rj  must be such that the net deflection at j  is zero, since the support is 
assumed to be unyielding and the deflected shape is as shown in Fig. 4.13(d). That is,

80; + Rj  5 jj =  a  (iii)

Substitute for the values of 80/ and S.; from eqns (i) and (ii). Then

+ s , A  = o

giving
8 El  1 3 El

R,  = ^ -j Q

4.5.2 Statical indeterminacy

The process given in example 4.6 may be generalized by using matrix notation for the calculation of 
deflections. In the first discussion of sign conventions, a force applied to a structure is considered 
positive in the direction given to it, and the deflection is positive when in the direction of the force. 
With this convention the forces applied on either side of a cut in a redundant structure are both 
considered positive.
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i i i:  l: i i i

i

m K wi
°°J“ 8 EI

(c) (d)
Fig. 4.13 Analysis of propped cantilever: (a) indeterminate structure;

(b) determinate structure; (c) deflection due to unit value of redundant;
(d) actual deflected shape.

This is in contrast with the sign convention in which forces and displacements in the direc­
tions of the positive coordinate axes are taken as positive. In programs which select the redundant 
force quantities automatically, this question of signs must be taken into account automatically. Con­
sider a statically indeterminate structure with degree of redundancy m and loaded with the force 
system {R )T = <R x R 2 • • * Rn>. It is required to calculate member forces and node deflections, 
in the first instance, in the directions 1, 2, . . . , n of the forces {/? }. The structure is cut in such a 
way that deflections for each component part of the structure may be calculated from the {/?} forces 
acting on that part and also from the unknown forces [X }T = < X x, X 2, ' ' ’ , Xm> acting to restore 
the continuity of the structure at the cuts. In general, the structure obtained by introducing the { X } 
forces will be statically determinate. This is, however, an unnecessary restriction since all that is 
required is that for each component part of the structure, b 0 and b x, the force transformation 
matrices due to {7?} and { X } should be known. Then,

(4.36)

The deflections of the structure may be partitioned into {r 0}, those deflections at {R }, and 
{rv}, the deflections at the cuts in the directions of { X} .  The deflections are calculated from eqn
(4.20),

rY l f ] [ b 0 b x]
b l

b \
(4.37)

When the multiplication of the [b]  and [ f ]  matrices on the right-hand side of eqn (4.37) is carried 
out, it is seen that

t > l f b 0 b l f b \  

b \ f b 0 b \ f b {

b To

bJ
(4.38)

The submatrices in eqn (4.38) are simply the deflection influence coefficients of the structure 
for the forces {7?} and { X} .  Since the { X}  values represent a pair of equal and opposite forces 
applied to the structure, the terms of [ b x]T[ f ] [ b x] give the relative deflection coefficients at the cuts. 
The following shorthand notation is introduced for the four submatrices in eqn (4.38)

[Doo\ = [b0]T[ f ] [ b 0]; [Z>01] = [ bQ}T[ f ] [ b \ ]

[ D l0] = [ b ]]T[ f ] [ b 0V, [£>,,] = [M r [/][/>,]
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^0 ^00 £>oi R b l

_ r D 10 D n X_ +
b [

[v*]

Thence,

k 0} = [£>oo](/U + [£>oi]m + [60]7

(r, ) = [D 10]{fl } + [£>,,i m  + t ^ ] 7

(4.39)

(4.40a)

(4.40b)

However, it has been specified that continuity must be restored at the cuts, and for this to be 
accomplished, the necessary condition is

[rx ] s 0 = [ D ,„]{/?} + [£>„]{*} + [ b l]T [ v* \ (4.41)

(4.42)

On solving eqn (4.41) for { X },

(X) = -[D  n ]-'([D ,„]{/?} + [ft , f{v*})

When this value for { X } is substituted in eqn (4.40a), the deflections {r 0} are calculated as

ko} = (Poo] -  [0 o i][0 iir '[0 ,o ]M *  ) + ( t t o V -  D u W n T ' l b r f n v * ) (4.43)

Member forces are calculated from eqn (4.33),

{s} = [60] m  + [ 6 , ] m  (4.44)

Again, substitution for { X } from eqn (4.42) gives

{S } =  ([fco] -  [ b ,][£>„]~'[Diq]){/? } -  [ 6 , ] [ D , ] r {v*} (4.45)

The matrices in eqns (4.43) and (4.45) may now be interpreted as deflection and force 
influence coefficient matrices for the indeterminate structure; that is,

and

[F] = [ D00] - [ D 0l] [ D u r l[ D l0]

[b] = [ b0] - [ b , ] [ D u T l[ D w]

(4.46)

(4.47)

It should be emphasized that eqns (4.40a) and (4.44) are the usual equations used in deflection 
and stress calculation. Eqns (4.46) and (4.47) are used if the transformation matrices for the com­
plete structure are required. For example, [F] may be used in the calculation of natural frequencies 
of the structure. That is, the [F]  matrix is the flexibility matrix of the structure for the {R } forces. 
In examples 4.7 and 4.8 which follow, designer’s sign convention will be used for moments, and 
member flexibility matrices reflect this with positive off-diagonal terms.

Example 4.7 Analysis o f  a portal  frame

The portal frame shown in Fig. 4.14(a) has fixed supports. In such a case there are six reaction 
components and only three equations of equilibrium. The portal frame is statically indeterminate 
with three unknown forces. These will be taken to be the moment at node l ' , X 2, the moment at 
node 4\ and X 3, the horizontal force at node 4.  The bending moment diagrams for unit values of 
each of these redundant forces are given in Fig. 4.14(b).
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The portal frame is loaded with a distributed force of 1 kN/m run vertically downwards on the 
top member (2). It is required to calculate bending moments in the frame (at member ends) when 
bending distortions only are considered in deflection calculations. For this structure, eqn (4.42) will 
be used to calculate the redundant forces. From Fig. 4.14(b), the force transformation matrix 
[Z?o, b x] is generated, connecting (Afz-, My) for each member to ( w , X i9 X 2, X 3). Notice that w pro­
duces no such member moments; that is,

[b0 b l] =

0 -1 0 0
0 -1 0 -1
0 -1 0 -1
0 0 -1 -1
0 0 -1 -1
0 0 -1 0

The force R = wl  = 1 x 20 = 20 kN, so that

50 
6 El

Note that, (j), = (|>,• wl '
24 El  2 24E( 2I )

-R

1KN/m

j i  , X 2 I 

©
E

©

2 0m

(a)

X? = 111A2

J-i i 1 L
'3

(b)

Fig. 4.14 Portal frame: (a) dimensions and loading; (b) moment diagrams 
for unit values of load and redundants.

The matrix of member flexibilities [ f  ] is given by

2 1 0 0 0 0
1 2 0 0 0 0
0 0 2 1 0 0
0 0 1 2 0 0
0 0 0 0 2 1
0 0 0 0 1 2
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On calculation,

[ D u ] = [b, ]T[ f ] [ b ]] =

Also,

8 1 6
j  m  i-l 6EI  

• and ID " ] = 1260

’ 44 26 -42
1 8 6 26 44 -42
6 6 10 -42 -42 63

[b i]r {50} =
50 
6 El

Then, since [b\]  [ f  ] [b0] = [Z) 10] = 0, because [b0] = 0

{X )= - [D llr l([D,0] + [fo1]Tj50))ii?!
giving,

-5
126

44 26 -42 
26 44 -42 

-42 -42 63
20

- 11.1

- 11.1

33.3

Then,

{S}  = [b0] { R} +[ b i ] { X}

-1 0 0
-1 0 -1
-1 0 -1

0 -1 -1
0 -1 -1
0 -1 0

- 11.1

- 11.1

33.3

11.1

- 22.2
- 22.2
- 22.2
- 22.2

11 . 1.

kN/m

Units in this equation are kN/m. These bending moments are plotted on the tension side of 
members in Fig. 4.15. The parabolic diagram with centre ordinate w l 2/8 has been added to the top 
member.
Example 4.8 Portal frame-alternative method o f  analysis

There exists an alternative method of calculating node deflections of structures to that employing the 
use of the {v* } matrix. Instead, the analysis proceeds rather as in the displacement method (Chapter 
5), by first fixing all joints and calculating the fixed end forces for the loads between the joints. 
When these fixed end forces with reversed sign are applied to the nodes, the effect achieved is the 
release of the joints. Thus, the portal frame in Fig. 4.16 is reanalysed with the use of release forces. 
The condition of all joints fixed is shown in Fig. 4.16(a). For the frame shown in Fig. 4.16(b), the 
node forces producing bending distortions are the two node moments so that { R } T =<33.33 33.33>. 
Then, by using the same release system as in Fig. 4.14, the [b0 b J  matrices are given

0 0 - 1 0 0  
0 0 - 1  0 - 1  
1 0 - 1  0 - 1  

[*o*il  = 0 1 0 - 1 - 1  
0 0 0 -1 -1 
0 0 0 - 1 0
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The member flexibility matrix |/ ]  and the [ b x] matrix are the same as in example 4.7, so that 
[£),,]“' is as given before.

Fig. 4.15 Portal frame-bending moments.

The [ D 10] matrix is given

[ D w] = [ b 1f [ f ] l b 0\ = - ^ -  
6EI

Then, from eqn (4.29), {X | = - \ D , J  X[D 10J{/? (, so that

1^1 126

44 26 -42 
26 44 -42 

-42 -42 63

2 1 
1 2 
3 3

-2  -1  
-1 -2  
-3  -3

33.33
.33.33

- 11.11

- 11.11

33.33

3 3 ,3 3 k N ^ '

1kN/m ' /  V 10kN 10kNi
_ I I I  1 1 T V'

v llO kN  10kN|

777 77 r  7. T

y

77T

)3 3 ,3 3 k N

Ik N /m

Fig. 4.16 Portal frame-node loads.

For the node-force solution,

That is,

M u
M \j
M 2,
m 2j

M y
M y

0 0
0 0
1 0
0 1
0 0
0 0

= [ b 0] [ R \  + [ b l] { X\

33.33
33.33

- 1 0  0 
-1 0 -1 
-1 0 -1 
0 -1 -1 
0 -1 -1 
0 - 1 0

-11.11
- 11.11

33.33

11.11
- 22.22

11.11
11.11

- 22.22
11.11
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To these moments must be added those fixed-end moments {S^}, which exist before the 
nodes are released. Finally, the moments are identical to those calculated in example 4.7.

IS}  = {SN } + {SF }

11.11 0.00 11.11
-22.22 0.00 -22.22

11.11 -33.33 -22.22
11.11 + -33.33 - -22.22

-22.22 0.00 -22.22
11.11 0.00 11.11

kN/m

4.6 ALGORITHMS SUITABLE FOR COMPUTER ANALYSIS
4.6.1 Introduction
In section 4.5 it has been shown that the analysis of statically indeterminate structures may be con­
sidered to be separated into two basic problems. The first of these is the analysis of statically deter­
minate structures as outlined in section 4.2. This process has been further complicated by the neces­
sity of generating both the [b0] and [ b x] matrices from the equilibrium equations, which now have 
more columns than rows. For the setting up of the equilibrium equations, it is required to know the 
structure geometry, the member-node connectivity (i.e. the structure’s topology) and the support 
conditions. The computer program must be organized in some way to separate out the redundant 
forces from the totality of the unknowns. The second phase requires a deflection analysis of the 
structure for both the external and redundant forces, the actual values of these latter forces being 
such as to enforce compatibility of deformations. Evidently, this process requires a knowledge of the 
member flexibilities (i.e. their distortion-force relationship). As outlined herein, the automatic 
selection of redundants is quite feasible. Now a second difficulty arises in the force method in that 
unless the selection of redundants is undertaken in a very special way, the [£>u ] matrix of eqn
(4.42) is fully populated and consequently involves not only large storage requirements but also 
significant CPU time for the solution of eqn (4.42). It must, of course, be realized that the formal 
inversion process of eqn (4.42) will not be carried out for large numbers of unknowns, but rather the 
equations will be solved by some elimination process. In this regard the force method has been 
rather neglected in its development because of the emphasis which has been placed on the direct 
stiffness method (Chapter 5, section 4). However, as shown herein, the possibility exists of arrang­
ing for the [D u ] to be a banded matrix with skyline properties such that the solution of eqn (4.42) 
becomes a practical reality even for large systems. Not only that, but the flexibility matrix [ f ]  for 
the element is more readily formed than the corresponding direct stiffness matrix [k],  and, as shown 
in example 4.5, may in many instances be arranged to be a diagonal matrix. There are several 
methods for the automatic selection of redundants, of which the Gauss-Jordan (structure-cutter 
method by Denke [15]) is the most long-standing. More recently, a modification of the Gauss LU 
method called the turn-back LU procedure has been developed which enables the [£>n] matrix to 
have the properties of bandedness mentioned above [16].

4.6.2 The structure-cutter method
Before dealing with the problem of the selection of redundants from a more mathematical point of 
view, the structure cutter-method is discussed because it introduces several interesting physical con­
cepts which are useful to the general understanding of the problem. As already mentioned at the 
beginning of this section, the structure-cutter approach starts the analysis by setting up all the equa­
tions of joint equilibrium.
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Both member forces and external reactions are included, and the resulting coefficient matrix 
has m rows and n columns, with (n -  m)  = p, expressing the degree of redundancy of the system. 
Each member will contribute forces to the joint equilibrium equations at its extremities, the type and 
number of independent member forces being dependent on the number of releases it contains. Since 
the arbitrary addition of releases in members may result in null joint equilibrium equations, a gen­
eral program should check all joints for such conditions and delete all such equations. For example, 
in a plane frame, if all members meeting at a joint have a moment release there, the equation 

= 0 can never be satisfied for an arbitrary applied external moment. In this case the equation 
should be deleted and only the forces } and {Ry } applied at the joint. The equations of joint 
equilibrium, including reaction components {R i), are written

{/?} + [A]{/?,} ~ [ a r ]{5) = 0  

That is, grouping { R x} and {S }, the unknown quantities

S
{R } -  [a•7 -A R = 0 (4.48)

Suppose now that a determinate system is chosen so that its forces {So) may be expressed in 
terms of {R } and the unknown quanties {Sx }. These forces { S0} and {Sx } are extracted from the 
vector [S R j]r , constituting this vector in rearranged form. With this notation, eqn (4.48) is now 
written

{ R } - [ a l  a \ ]
So

= 0

Thence,
T \ - l r

(4.49)

(4.50)

The inverse ([tf0]r )-1 exists if the { S0} forces constitute a stable determinate system. It is 
seen that ([a0]r )_1 = [b0], the matrix which transforms the {R } forces to member {S0} forces in the 
determinate structure. The product - ( [ a 0]T)~l[a X]T will be defined as b x and it transforms the {£*} 
to forces in the determinate structure. However, if the {^  } values are member forces, they also pro­
duce forces in the indeterminate sections, and, hence,

lb i
b i 
I

If these same sections are included in the {b 0} transformation, then

bo
[b 0] 0

(4.51)

(4.52)

With [b 0] and [ b x] determined, the analysis proceeds via eqns (4.42) et seq. It is convenient 
to use Gaussian elimination in the solution of eqn (4.50), rather than to use the formal inversion of 
[a0]T. Then [ a ^  is, in effect, reduced to a form in which the first square submatrix has non-zero 
terms in its upper triangle with unit diagonal terms. At each stage of the reduction, the remaining 
columns of the matrix to be reduced are searched for the largest term and the rows and columns 
interchanged so that this value may be the next pivot term.
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If instead of a load vector {R }, a series of unit loads is used such that [R] = [/], the back 
substitution process produces [b0]. The back substitution process operating on - [ a  X]T produces [b x]. 
If the elimination process is to produce a well-conditioned set of redundants, then the least flexible 
members should be chosen for their forces to be included in the determinate set. To achieve this, 
columns of [a] T may be weighted inversely to the member flexibility for the corresponding member 
force. In this way the largest terms will occur for members of greatest stiffness.
4.6.3 The Gauss-Jordan and LU procedures
The above structure cutter-procedure is now generalized and a method described in which the 
resulting [ b x] matrix is such that the product [bi ]T\ f ] [ b x] is both banded and of skyline profile. The 
joint equilibrium eqns (4.48) will be, for the present purposes, written as

[B] [S] = {R (4.53)

[B ] is an m x n matrix with m < n.  In the Gauss-Jordan procedure an m x m identity 
matrix is produced in the first m columns of [B].  Because [£] is a sparse matrix this will involve 
column changes as well as a sequence of m pivots. The process may be expressed as a series of 
matrix multiplications [16].

(4.54)

Where [Gy] is the yth pivot matrix and {V } is an (n x n ) column permutation matrix such that 
['VT] = [V],  Then,

[£] [V]  = [G-1,G-IM]

Thence,

[*o] = [V] b i = [V] - M
. /  _ (4.55)

since,

and

[ B] [ b0] = [ B] [V]

[ B] [ b l] = [B] [V] - M 
I _

= [G"1 , G "1 M]

[G~l , G -1 M] -M  
1 _ = 0

Alternatively, by using an LU decomposition algorithm [16], the following factorization of 
[B ] is obtained.

(4.56)

Fig. 4.17 Matrix decomposition.
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In these equations [W] is an (m x m ) row permutation matrix, [L ] is a non-singular, (n x n)  
lower triangular matrix with unit diagonals, and [U]  is an (m x m )  matrix whose columns can be 
rearranged, through an (n x n)  column permutation matrix [V], into [U x U 2] where [U x] is a non­
singular (m x m )  upper triangular matrix and [ U 2\ is an (raxp) matrix with zeros in its lower left 
comer. This is represented diagrammatically in Fig. 4.17 Then it follows that

[b0] = [V]
( U X L~[) W  

0 and, [ b l] = [V]
- t / r 1 u ,

It is seen that this is so because 

[ B] [ b0] = [ W] T[ L] [ U] [ V] = [ W] 1 [ L] [ UlU 2]
( u r lu 2) w

0 [/]

and

[ B] [ b l] = [ W ? [ L ] [ U lU 2]
< U V U d

I
= 0

(4.57)

(4.58)

(4.59)

It is now informative to examine the non-zero pattern of [ b x] (and thus also of [ b x] I f  ] [ b] x), 
obtained through the above procedures. In the LU decomposition of [B],  [U x] is upper triangular 
and [ U2] has zeros in its lower left comer. Thus, ~ [ U xlU 2] has the same non-zero pattern as [ U2]. 
The matrix [ b x] is obtained by inserting (n -  m)  rows of the identity matrix [/] between the rows 
of [ - U j\ XU 2], according to the row permutation [V].  It evolves that the permutation [V]  generated in 
the LU decomposition has the property that after the insertion of rows of [/] into [ ~UxlU 2\, the 
non-zero pattern is preserved, i.e. [ b x\ has zeros in its lower left comer. Unfortunately, when the 
product [ b x]T[ f  ] [ b x] is formed, the non-zero pattern tends to disappear. However, as shown later, a 
[ b x] matrix can be formed during the decomposition process, which has the desired property of also 
having zeros in the upper right comer of the matrix. It should be noted in passing that the [ b x] 
matrix produced in the structure-cutter method has no particular pattern, and thus [ b x]T[ f ] [ b x] will 
be a dense matrix.
4.6.4 The turn back procedure
Assume that the LU factorization of the equilibrium matrix [5] (eqn (4.57)) has been performed. 
Let [ b x] [L] [U]  be the redundant transformation matrix so obtained (eqn (4.57)). Thus, for 
j  + 1, • • • , p, let [bJ] denote theyth column of [ b x] [ L] [ U] y such that

1̂ 2[ b x] [L] [U]  = [ b lb b p] (4.60)

From the definition of [ b x] (eqn (4.59)), each column [bj ] is the solution of the homogeneous 
equations,

[ B ] { y } =  0 (4.61)

and the solutions [ b \  b 2, ..., b p] are linearly independent. For each [bj ], let k be the smallest index 
such that, [b/] = 0 for all i > k . This implies that the first k columns of [B ] are linearly depen­
dent; that is, [B x B 2 • • • Bk] since

[ B] [ bJ] -> = for / = 1 to m , bj  *  0 i < k (4.62)
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An attempt is now made to find a subset of eqn (4.61) which is still linearly dependent. The 
index k for each j  in (1, • • • p) is determined by looking at the column permutation [V]  in eqn
(4.56). In the turn-back procedure, the minimal linearly dependent set of columns of [5] is 
obtained in the form,

[Et ] = [Bk , B k_u • • • Bt l  1 < t  < k  (4.63)

such that Bk is linearly dependent on the others. That is, [E *] is the desired minimal set if [Bk] is 
not linearly dependent on [Bk_x] to [Bt*]. It is crucial to reducing the band width to notice that the 
columns in [Et ] are in the opposite order of the indices in [B].  Suppose that [Ef*] is the minimal 
dependent set. It follows, because [Bk ] is linearly dependent on columns (k -  1) to t * , there exist 
scalars ((3* • ■ • (3f*) such that [3* ^ 0 and

I f i i h  = 0
i=k

Let

ty  \T = to, o, o, o, pf., p(.+1, • • • , p*_„ p*. o, o, o]r

Then { y j } is a solution of eqn (4.61). This solution compares favourably with { b j }, since the 
forms of {bj  } and { y j } are

o'
0

; y J =
0
0_ 0.

If this turn-back procedure is applied to each j  contained in (2, • • • p) to obtain a solution 
{ y j } of eqn (4.61) (for j -  1, use { y 1} = { b 1}), the resulting self-stress matrix 
[bxTB ] -  Lv1 ’ ' * J p] tends to be sparse and banded. Diagrammatically the two matrices are 
represented thus:

Form of b XLU and b XTB

4.7 DEFLECTIONS OF CURVED MEMBERS
4.7.1 Introduction

The fundamentals of the force method of analysis have been developed in the preceding sections of 
this chapter. Members have been considered to be straight and prismatic and to exhibit only bending 
and axial distortions which are independent of the transverse deflection of the member (small dis­
placements). In section 4.7, curved members are considered, and, in section 4.8, non-uniform 
members, shear distortions and axial force effects are analysed.
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These topics extend the element library available to the analyst using the force method. A 
curved member may always be approximated by a series of straight members, the junction of two 
members becoming a node in the structure model, as shown in Fig. 4.18.

A c t u a l

Evidently, the more straight segments that are incorporated, the smaller their length and the 
closer the properties of the approximate structure approach those of the actual structure. The flexibil­
ity matrix of the structure for its terminal forces and moments can thus be approximated using eqn
(4.21). The above procedure may be useful if the member curve is of non-mathematical form and 
defined at a few discrete points. In what follows, however, it can be assumed that the curved 
member can be approximated by a quadratic curve and the flexibility matrix calculated by numerical 
integration. Herein, two classes of curved members are considered which fit into the categories of 
frame and grid structures. These two classes are:

1. Members curved in a plane and loaded in this plane. They possess a principal plane in the load 
plane and are usually referred to as arch structures.
2. Members curved in a plane and loaded perpendicular to this plane. Again a principal axis will 
be assumed to be parallel to the load plane. These members are often referred to as beams curved in 
plan.

There is an analogy between the forces and displacements of the two systems, and once one is 
analysed, the other follows very simply. The detailed discussion here is restricted to arch members 
for which displacements are considered to be small only the essential differences of beams curved in 
plan are given.
4.7.2 Arch members

The curved arch member is shown in Fig. 4.19. In the first instance the effects throughout the arch 
will be calculated for the forces <Rxo Ry o Mz0> acting at the free end. The calculation of the distri­
bution of forces throughout the arch becomes an application of the transformation eqns (1.38) and
(1.43). That is, transfer <Rx0 Ry0 M z0> first from O to P  in axes parallel to XOY , and rotate into the 
set X',  P , Y '  at right angles to the member cross section at P. Thence,
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V "l o o" Rx
Ry = 0 1 0 Ry (4.64)
Mz p y  ~x Mz 0

or, in shorthand notation,

{/?/>}= \ b x ]{*<,!

Now transfer {RP } to components in the local axes X' ,  Y'. From eqn (1.39),

{*',,} = [ L ] [ R P ) = [L][fc,]{fl0l

(4.65)

(4.66)

Here,

Fig. 4.19 Arch structure.

cos a  sin a  0 
[L ] = -  sin a  cos a  0

0 0 1_

In eqn (4.66), the relationship in eqn (4.68) has been developed.

{ R' p]  = [ b ] { R0}

(4.67)

(4.68)

For the element length ds at P,  the term {R' P } is the member force. The flexibility of the 
element is given by

[ df ]
ds ds ds

Lf ] d s
EA GAeff El  

For the element d s , the distortion is given by

{§vV } = \ f ] { R ' P )ds 

By the contragredient principle, the resulting deflection at 0  is given by

{8rol= [bT]\Sv'P }ds = [fcr ]|/][ft]{/?ol^

(4.69)

(4.70)

(4.71)
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For all such elements, integrate over the arch length from x = 0 to x = /. Therefore,
/

{r0» = j [ b ] T\ f ] [ b ] d s { R 0]
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(4.72)

It remains to carry out the integration by some satisfactory numerical method. For example, if 
numerical quadrature such as Simpson’s rule is used, coordinate values (x, y)  for equal arc lengths 
ds must be calculated and thence [ b] T[ f ] [ b ]  evaluated at each of these points. Then the approxima­
tion to eqn (4.72) will take the form,

J -  j W ] T[ f ] [ b ] h  + 4( [ b] Tl f ] [ b ] ) 2 + 2( [b] T[ f ] [ b ] h +  • • • +( [ b f \ f ] [ b ] ) n)] (4.73) 
o 3

When the deflection is required at O due to a load at another point on the arch, the eqn (4.73) is 
written,

{roil = \ [ b ] T\ f ] [ b } d s l R x (4.74)

The integral takes place only over the region common to the diagrams [b ] and [b].  It is con­
venient in arch analysis to subdivide the arch into an even number of intervals, and then limit the 
load {7?!} to the even points, so that no discontinuity occurs at {/?]} in the Simpson’s integration.

4.7.2.1 Member flexibility matrices
In eqn (4.72) the integral gives the flexibility matrix in global coordinates at end Q; that is,

lF0] = j [ b ? [ f ] [ b ] d s (4.75)

Transfer the force at the origin O to an equivalent force at Q.  Then,

V 1 0 0 V
Ry = 0 1 0 Ry (4.76)
M z Q h - I  1_ Mz 0

This equation is written

{Rq } = [ B] { R0} 

The flexibility matrix for end Q is then given by

[/re ] = [B]r [/7o][e]

(4.77)

(4.78)

It is seen that if the flexibility matrix at one end is known, then that at the other end may be 
calculated from the arch geometry using eqn (4.78).

4.7.3 Beams curved in plan

Only beams whose centroid and shear centre coincide are considered. The beam is curved in one of 
its principal planes and the loads applied in the other principal plane. The axes chosen are shown in 
Fig. 4.20. It is seen that the X-Y plane is the plane in which the beam is curved, and the load is 
applied as a force F.  and moments Mx and M y.
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For the beam the origin of coordinates O has been taken at the fixed end. The coordinates of 
the free end will be (.xE, yE), and those of the general point P,  (.xP , yP). Local and global coordi­
nates at P  are shown in Fig. 4.20(a) and (b). The distances a x and a y are defined by

a x = xE -  xP ; a y = yE -  yP (4.79)

The distribution of forces throughout the beam for the forces <FZ Mx My > on the free end is 
obtained by application of eqns (1.38) and (1.43). The transformation from E to P in global com­
ponents is given by eqn (4.80)

(4.80)
Fz 1 0 0 F:
Mx = a„ 1 0 M,
My

P

' 
i >P 

■
o

L

My

That is,

(4.81){FP } = [ b l] {FE }

The transformation from {FP } to local member components at P,  that is, { F' P }, is given by eqn
(4.82),

F '. l
M ’x

That is,

1 0 0 
0 cos 0 sin 0

{ F' P } = [ L] { FP

/
Mx
My

(4.82)

(4.83)

(a)

Fig. 4.20 Beam curved in plan.

Then, combined with eqn (4.81),

or,

{ F' p]  = [ L] [ b l] {FE )

{F' P } = [ b] { FE }

For the principal axes shown in Fig. 4.20 the flexibility matrix is given by

ds ds ds
l f ] d s  =

GAeff GIP EIX

(4.84)

(4.85)

(4.86)
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The torsion stiffness term, I p , may be calculated from St Venant’s torsion theory (Chapter 7, 
section 4). For the element ds at P,  the element distortions due to { F' P } are given by

For all elements, the deflection at E is obtained by integrating {SE } from x = 0, to x = xE. That is,

This equation may be integrated numerically in the same way as that for the arch problem.
4.8 MEMBER FLEXIBILITY MATRICES
4.8.1 Non-uniform members
For the general application of the equation { r } = [bT] [ f ] { R } to the calculation of deflections of 
structures, means must be devised to generate [ f  ] for members other than those simple cases 
already discussed in section 4.7. Thus, in section 4.8, the flexibility matrix has been developed for 
arches and beams curved in plan. In this section, the theory is extended by considering further cal­
culations of [ f  ] matrices. Perhaps the most common member form found in frame structures is that 
with non-uniform cross section and consequently with non-uniform moment of inertia. Three types 
of variable member inertia are shown in Fig. 4.21. Special note should be made of the type in Fig. 
4.21, if it is to be included in three-dimensional structures, because in this case the curved cen- 
troidai axis will cause extra complications for forces in the Z ' direction. However, in plane frame 
or grid structures, this difficulty generally does arise. In this section then, any variation in member 
properties will be assumed to be symmetrical about the member centroid when used in 
three-dimensional analyses.

f5vV) = \ f ] [ F' P]ds = | f ] [ b ] { F E }ds 

By the contragredient principle, the resulting displacement at E is given by

18 ',) = [ b]T[ f ] [ b ] d s { FE ) (4.87)

{rE \ =  j [ b ] T[ f ] [ b ] d s { FE \ (4.88)
0

M e m b e r  c e nt re  of  
Y'  gr av i t y  l ine

Me mbe r  p r o f i l e

Cover  Dlates M e m b e r  ce n t re  
/  of  g r a v i t y  

l i n e

M e mb e r  p r o f i l e

I n e r t i a  v a r i a t i o n  
Ic)

Fig. 4.21 Member types with variable inertia.
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4.8.1.1 Member with infinite end inertia
This type of member is typical of rigid-frame structures in which column and beam thicknesses are 
taken into consideration. The member is shown in Fig. 4.22 and is considered to be composed of 
three members (1), (2) and (3) of lengths A ,  I u and B , respectively. Members (1) and (3) have 
infinite inertias; member (2) has inertia I .

The structure forces (M,-, Mj )  applied at the ends i and j  produce member forces in (1), (2) 
and (3), of which those of member (2) alone produce distortions. From Fig. 4.22 the [b ] matrix for 
member (2) is given by

M 2i

M 2J,

The flexibility matrix for member (2) is

i - A
/

B_
I

/

Hence, for the whole member,

i n  = 6 El
/

B_
I

1
2

Mi

^ •J

" 7
A_
1

— 1 -  —
(4.89)

The multiplication of the matrices in eqn (4.89) may be undertaken explicitly; however, it is 
convenient in writing the software to retain the form of eqn (4.89).

4.8.1.2 Member with variable area and inertia
The member is shown in Fig. 4.23(a), and it will be assumed that the area and inertia values are 
continuous functions of a* . Discontinuities may be accommodated either by considering each region 
separately or, alternatively, by subdividing the span into a sufficiently large number of intervals to 
isolate the discontinuity in only one small region. The member flexibility is calculated by 
[F] = [ b]T\ f ] [ b] .

Now, however, [ f ]  is expressed for the infinitesimal element d x , so that [F] is calculated by 
matrix integration similar to that in eqn (4.74). Hence,

[F] = \ [ b ] T[ f ] [ b) dx
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Consider the axial force and moment terms independently. Simpson’s rule is used in the 
integration, although any of the accepted methods such as Gauss’ quadrature could be used. For pur­
poses of illustration the member is divided into four equal intervals. In practice, the interval of sub­
division may be finer for both the design process of the member and, of course, for the computer 
software. Then,

/ / ^

fa cia l l k ~ \ a  dX =  5 1
1 0 3 EA,

a

In eqn (4.90)

{ W T \ = <1 4 2 4 1> and a < a x a 2 a 3 a4 a5>

For moment flexibility,

Mx =

Then,

I f ]  momei

i - x n \  + M j x i i  = [i - x / i  x i i ]
Mi

7 n f  12 /
/• 1 - x / l r  -|

_/21 /  22_
= f MEI 1 -  x/ l  x/ lJ0 x/ l

[ b] \ R

dx

(4.90)

(4.91)

I F

A r e a s  
a ^ / A i  a, 
Simpson's 1 
I ne r t ios  I L, 
Pi=Vii p,=i

u n i t  
moment  
Mi = 1

a 2 ^3 ^5
a2 as a 4 a5
4 2 4 1

k I b h Is
Pb Ps

(a)

3/4 1/2 v , 0

un i t  
m o m e n t  

) Mj =1

Var i a b l e
m o m e n t
f i e l d

(c)
Fig. 4.23 Member with variable cross section.
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Let p = I X/I ; then substituting for /  in terms of p in the above equation and performing the matrix 
multiplications gives

I f  In

( i - x / i f  x i i ( \ - x i i )  

x l l ( l  -  x l l )  (x / l ) 2
dx

For sections 1 to 5,

Define the matrix multiplication,

[A]  * [B] =
a u b I, a n b n  

a 2\bl\  a 2lb 22
[C]

That is, a multiplication such that the terms of [C] are simply the products of corresponding terms 
of [A] and [B].  Then, evaluated at the five points,

( x/ i ) 2 = { C ,) * K , ) ; and (1 - * / / ) * =  {C2}*(C2 ! ; x / i ( i - x i i )  = 1C,}*

Then define [p] = Pi P2 P3 P4 P5 

[ f n )  = iW}r [p]{0)* 101 

l / , 2] = l/2i] = {W}T[p]fC2)*(Ci

t / 22] = { ^ r  }[p](Ci}* {CiJ 

Collectively, these results are written

/ 1 1  / 1 2

. Thence the flexibility matrix terms are

/  21 / 22

J .
El  1 L

S2H 2

0*C, Ci*S.
(4.92)

End rotations

If a variable moment field, mx, shown in Fig. 4.23(c), is applied to the member, the end rotations 
<()>/ <|>y> may be calculated by using eqn (4.75), in which case,

mx = [ b ] { R ]

Then the end rotations are calculated

P mxdx

Let the moments along the member be written, {m }T = < m x m 2 m 3 m 4 m 5>. Then, finally, the end 
rotations are given

1
1 f 1 -  x l l

£ / 10 Xll

h 
3 El,

W ‘ P •
W

C,2*m

L,\*m
(4.93)
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Example 4.9 Beam end rotations -  uniformly distributed load 

Let mx be produced by the constant load w per unit length, so that

m i = m 5 = 0; m 2 = m 4 = 

In this case, for the four intervals, h = 1/4, so that

/

3 w l 2 
32

m ~
w l 2

<!>/ 12 EI
. 3 3wl 2 „ 2 w l 2 ,1  3wl 2

4 -----— - + 2——  + 4
4 32 4 8 4 32

w l 2 
24 EI

Equations (4.9) and (4.93) are readily incorporated in computer programs either for direct deflection 
calculation, as in section 4.3, eqn (4.16), or later in Chapter 5, for calculation of fixed-end moments.

M' G -

* 1 1
V= V[ {- M i + M i)

Fig. 4.24 Beam end moments and shears.

4.8.2 Effect of shear distortions
Once again, for the calculation of the effects of shear distortion due to the end moments <M{ Mj >,  
eqn (2.110) is used. The beam is shown in Fig. 4.24, and the shear stress distribution due to the 
transverse stress resultant V is

T =
VQ
It

However, the shear is expressed in terms of the end moments by

M-
V =

Therefore, the shear stress is given by

/ /

M j  J

M j  J

For the infinitesimal element, the shear distortion is given as y = — . Thence,
G

\r = j  [ b] T[ f ] [ b ] d V { R }  =
vol vol

-1
Q

2
-1  1

i t r  /
dV {R

_L_LJL
G I 2 I2

1 -1 
-1 1

/ 2
|  J  Q—dy dx {/?
0 c, t
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Let Aef f  be the effective shear area considered for shear deflections, such that

Aef f  ~
I 1

c 2

*

With this notation,

<h' 1 1 1 -1 ~ M-

J i . “  GAeff I -1 1

That is, the shear flexibility contribution is

If  ]shear ~
1 1

GAe/ f  I

1 -1 
-1 1

Notice that f  shear is a singular matrix. This implies that a beam with shear resistance to defor­
mation alone cannot carry the moments (M,-, My). The complete member flexibility matrix, includ­
ing shear and bending distortions, is written

I f ]
I

6 EI

2 + a  I -  a  
I -  a  2 + a a 6 EI

GAef f l 2

4.8.3 Axial force effects
4.8.3.1 Axial compression
The effect of axial compression is clearly to increase bending flexibility, since the deflections pro­
duced by ( Mj , M j ) cause P to induce bending moments which further increase the deflections and 
thus (()),, <|>y). The prismatic member of length / and with moments (A/,-, My) and axial compression 
P is shown in Fig. 4.25.

Fig. 4.25 Prismatic member axial compression and end moments. 

The moment Mx along the member is given by

My = " 7 M,  + -rM:  + Pv
I

The differential equation to the deflected shape due to bending distortions is, thence,

E l \ ‘ -My - ( 1  -  y  W i j  M j -  Py
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Then,

i 7,2
(1 “  j )Mi + l Mi

with k 2 =  - L
El

The complementary function for eqn (4.94) is

y c = A cos kx + B sin kx

and the particular solution,

yp
-1

k El (1" f )Mi + f  mj
The complete solution is the sum of these two solutions, so that

J = yc + yp -  A cos kx + B sin kx
1

k El
(1 -  y)M , + ~ M j

149

(4.94)

(4.95)

The constants A and B are determined from the boundary conditions, (1) when x = 0, y  = 0, and, 
(2) when x = /, y  = 0 .

M; Mi
1. 0 = A -  ——  gives A

k El k El

Mi M
2. 0 = —— cos kl + B sin kl

k 2EI k 2EI
J ■ n 1gives B = — -— (M; -  Mj cos kl)  

sin kl k El

Substitute for A and B in eqn (4.95),

J =
1

k El
M ,cos kx + -  M, cos JW)sin kx -  (1 -  - ) M ,■ -

sin kl J I I 3
(4.96)

On differentiation of eqn (4.96) with respect to Jt, the equation to the slope of the deflected 
shape is obtained,

J
1

k El
k 1 1

- M ;k sin kx H----------(M, -  M.cos k l )cos kx H-----M { -  —M,
sin kl J I I J

(4.97)

(4.97).
The end slopes (j), and (j), are determined by substituting = 0 and x = I , respectively, in eqn

y \  o) = <1>,-
k lEI

. 1 kcos kl 1
M i ( ~  ~ ) - m j ( t/ sin kl I sin kl

(4.98a)

- y 'u )  = = k2El
1 k cos kl

I sin kl I sin kl
(4.98b)

The notation is now changed slightly, so write
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and, thus,

cos kl = cos 2(3 = c ; sin kl = sin 2(3 = s 

With this change in notation, eqn (4.98) is rewritten in matrix form

150 THE FORCE METHOD

<t>; _ J _ s - 2 p c - ( s - 2 p ) ' Mt

.*7. “  Pis _ -( i-2 p ) s — 2pc Mj
(4.99)

If now the 0 functions used in [13] are introduced,

<)>, = pcot P; <|>2 = 1 P2

, 3<t>2 (I),
^  -  ~ j ~ + T ; ^  “

After some algebra the end rotations are obtained

2

3 1 -  (3 cot (3

302 01
- y -  +  Y ; 05 =  0102

/
6 EI

3 1 3
4<t>, + 4<h^ 201

3 1 9 3
2<|>i 2<t>2

L
40i

1
202

1
402

Af;

MJA
(4.100)

4.8.3.2 Axial tension

When the member is subjected to axial tension, the effect is the reverse of that for axial compres­
sion; that is, the flexibility of the member is decreased. In this case, the equation for the deflected 
shape is

y " - k 2y  =
-1
EI

(4.101)

Now the solution to this equation is

M;  sinh JoC 1 Mi
y = ------cosh Joe + — - — ( M j cosh kl -  M f)x + -^ (-A f, + M f)x + —L

P P  smh kl PI P

and hence the equation for member slope is,

kMj b cosh kx 1
y '  = — ^ s in h  kx + p TT / / cosh kl - M j )  + —  (-M f + My)P P smh kl J PI J

Finally, let s = sinh k l , c = cosh kl and (3 = &/12. The end rotations are obtained from y  '0 and j '/,

(4.102)

(4.103)

0

07 J

Now, with the following definitions,

kc 1 1 A
s / /
1 k_ kc 1
/ s s /

(3; 02 =
1 (3: 
3 pcoth

Mi

" / J
(4.104)
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§3 “  + ^4-yC^l ~ 3(j)2)

After some algebra,

'♦ /

It should be noted that when eqn (4.100) and (4.105) are used, the effect of P  on bending 
flexibility has been taken into consideration, whereas the effects of (Mt Mj )  on axial flexibility have 
not. When the structure is statically determinate, the <|> functions in eqns (4.100) and (4.105) may be 
calculated directly from the external loads, provided that gross changes in the nodal geometry do not 
occur. This is not possible in statically indeterminate structures in which the member flexibilities 
influence the values of the indeterminate forces, which, in turn, affect member forces and hence 
member flexibilities.

4.9 DEFLECTION ALONG MEMBER
Deflections at any point of a statically determinate structure may be calculated by using eqn (4.20) 
or (4.23) and simply including that point as a node of the structure. Thus, for the portal frame 
shown in Fig. 4.26(a) the deflections at point B are calculated by using nodes 7 to 5 and members 
(1) to (4) as shown.

/
6 El

3 | 1
4(j>i 4(j)2

3 1
2<t>i 2<t>2

_3_____1_
2<h 2<|>2

3 t 1 
4<|>i 4(|>2

M;
(4.105)

2

©

1
7A7 -

4

©

1 2  3 4 5 6 7 8 9  10 11 1213 1 4 1 5

©

©

©

777
(a) (b)

Fig. 4.26 Member deflections.

However, it will be realized that every point added as a node will necessarily increase the size 
of the statics matrix to be solved and also the sizes of the [ f  ] and [b ] matrices in eqn (4.20) etc. 
Since the size of the matrix increases by three in plane frames and six in three-dimensional frames 
for each node added and the storage required for a matrix is a function of the square of its size, it 
will be appreciated that this process of adding podes soon becomes prohibitive in memory require­
ments. For example, in Fig. 4.26(b), the three members (1), (2) and (3) have 15 nodes for which 
deflections are required, and this necessitates a (45 x 45) matrix for these nodes alone. In addition, 
if member (2)-(3)-(4) in Fig. 4.26(a) is nonprismatic, it will be inconvenient to calculate inertias at 
equal intervals over (2)-(3) and over a different interval in member (3)-(4) for flexibility matrix 
generation. It is more practical to give inertias at equal intervals over the whole length (2) to (4). 
Members are then defined by their natural physical configuration. Thus, they may be terminated at 
changes in structure geometry as, for example, in Fig. 4.26(b), where the convenient number of 
members for the structure is five. When such a structure is analysed for node forces, node 
deflections and member bending moments are obtained.
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From the terminal member moments and loads on the member, bending moments may be cal­
culated at those sections for which the inertias are given. Deflections may be calculated at points 
along the member in the local member coordinates, given the node deflections, using numerical qua­
drature on the M l  El  diagram to obtain deflections relative to the end values. If Simpson’s rule is 
used as the quadrature formula, deflections will be calculated for every second point of the beam 
subdivision. Thus, for example, if MI  El  is given at the tenth points, it is necessary to interpolate 
M/ El  first to obtain values at the 20th points. In the development given here, quadratic interpola­
tion is used to obtain these half-interval values. Furthermore, special provision can be made for 
members which have a hinge release along their length. It is assumed, then, that displacements 
(Ui, V/, 0Z) and ( uj , vy, 07) have been obtained for member /, j  in local coordinates. This involves a 
transformation such as that in eqn (1.39) from the node displacements calculated in global coordi­
nates.

V+ve

^^C 9+ve C l  +ve^

Sign convent ion fo r  
d ef le c t io n s  & moment

(a) Bending moments 
6 v Final posit ion

k
Ini t i al  posit ion

Def lected shape  
(y component  o n ly )  "f  ^ 

(b)

Def lected at 
n + 2 r e l a t i v e  to ta n g e n t

Fig. 4.27
( c )

Member with hinge.

Since the displacements (w,, Uj) in the OX  member coordinates (Fig. 4.27) will generally 
differ by only a small amount (the member distortions being small in its axial direction), the dis­
placement ux at distance jc from i may be taken to be

Ux = U{ + (Uj -  Ui) —

The v displacements will be of larger magnitude, so that v v may differ significantly from 
V/, v j ), and are shown in Fig. 4.27(b) for a member with a hinge at the point A.  Notice that a slope 
discontinuity occurs at the hinge.
Interpolation for  deflections

Suppose that a  = M/ EI  is given at the intervals n, n + 1, n + 4,  etc. To calculate deflections at 
these points, the values of a  are interpolated at n + 1, n + J, etc. If a  is given at equally spaced 
intervals (n -  1), n, (n + 1), it easily shown that the half interval values (n -  1/2), (n + 1/2) are

in  -  1/2) 

•(// + 1/2)

1 3 6 - 1
- 1 6  3

a (

a (
'{n-1) 

in )

a,■(/j+n
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A small segment of the beam is shown in Fig. 4.27(c). It is seen that the slope and deflection 
at station n + 2 may be written in terms of the various quantities at n, n + 1, n + 2. Assuming 
that a  is parabolic in its variation over the interval n to n + 2, the slope at n + 2 is given by

h
0n+2 — 0ft + + oCft+2) (4.106)

The deflection is given by

vn +2 = vn + 8 n2h + y (a « 2  h + 4 an+lh)  (4.107)

By using these two equations it is possible to progress from the left-hand end, which has 
slope 0; and deflection v,, to the slope 07 and deflection v) at the right-hand end of the beam. Of 
course, because numerical quadrature has been used, v} will be, in general, slightly different from 
vj . However, when a hinge is present, v} will differ significantly from Vj because of the slope 
discontinuity there. Adjustment must then be made to the deflections for x > A ,  the quantity A 
being the distance from i to the hinge. The correction will be

x > A Vx = v x + (Vj -  V j ) (* _ ^  j  (4.108)

Finally, when all (ux, v*) have been calculated, they must be transformed back into global 
components (eqn (1.39)).

Example 4.10 Interpolation o f  deflections

Calculate deflections at the one-tenth points of member AC  shown in Fig. 4.28. The member is 
prismatic with I = 416 x 103mm4 and E = 206.8 GPa units. The deflections at A and C are calcu­
lated to be 0A = -0  .004586 rad; = 0; vc = 44.45 mm.

0,1 Kip in

\
1,27m

*
5,08 m

k B C /  
0,635m 

5,08 m 1,27m

Fig. 4.28 Deflection of structure member with hinge.

Using the above theory, the deflections at the one-tenth points in member AC  have been cal­
culated and are given in Table 4.1.
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Table 4.1
i x/l from A Deflection mm
0.0 0.0
0.1 2.04
0.2 -3.86
0.3 -11.99
0.4 -19.39
0.5 -25.82
0.6 -31.17
0.7 -35.47
0.8 -38.89
0.9 -  41.74
1.0 -  44.45

4.10 NON-LINEAR STRUCTURE BEHAVIOUR
4.10.1 Causes of non-linearity in the load deflection relationship
The linear elastic theory developed so far assumes that material properties are ideally elastic and 
that geometry changes do not alter member flexibility or overall structure behaviour. In section 4.8 
expressions have been developed for the non-linear effects of axial force in a frame member on its 
bending flexibility, (eqn (4.99)). The analytic expressions were obtained for this effect for both axial 
tension and compression. Since the axial forces to be determined enter into the deflection calcula­
tions of the analysis, the procedure will, in general, be an iterative one. When a structure, such as 
an arch or suspension cable, with a large dead load is given a load increment, it will be generally 
incorrect to base deflection calculations solely on the elastic properties of the structure, even though 
deflections are small and the behaviour over the load range is essentially linear. For example, the 
cable shown in Fig. 4.29(a) has axial tension, T , of such a magnitude that for practical purposes the 
cable may be considered to be straight.

IR
- f

[/ 2 1/2
-4-

Fig. 4.29

(a)

T T
(b)
Deflected cable.

In Fig. 4.29(b) the deflected shape required to carry the transverse load R is shown, and if the 
deflections are small, by considering the equilibrium in the deformed position,

8 =  - j - R  
AT

Thus, a linear relationship exists between deflection and transverse force even though the 
geometric configuration gives the elastic flexibility at A to be infinite. When the cable is as shown in 
Fig. 4.30(a), both elastic and geometric flexibility of finite magnitude are available at A. For load 
increments at A both flexibilities should be considered in order to obtain the increment of the 
deflection.
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Tangent  to 
I cu r ve ( F t )

W+ A W 
W

Shape under  
l oad W

□
<o

AW* h
DEFLECTION

(b)(a)

Fig. 4.30 Tangent flexibility.

From Fig. 4.30(b),

Av = FTAW

where FT is the tangent flexibility at load level W .

Changes in the geometry of the structure are manifested in ways other than modification of 
the member flexibility (stiffness) due to axial force. For example, suppose that the slender cantil­
ever beam in Fig. 4.31 is composed of a material with a high yield point so that when the load R is 
applied its deflected shape is that shown in Fig. 4.31. Evidently, in this case, it would be a gross 
error to assume that from Fig. 4.31(a),

Also from Fig. 4.31 it should be evident that to apply, in the case of large deflections v'/, v 'y 
eqn (4.13) for calculating the chord rotation, 0, will cause considerable error. That is, for large dis­
placements,

Mx = R (I -  x )

< M y ( v O  - v ' / )

_x

“X -------------
(a) Or ig ina l  posit ion

(b) De f lected  
posi t ion

(c)

Fig. 4.31 Non-linear beam deflection.

www.EngineeringEbooksPdf.com



156 THE FORCE METHOD

4.10.2 Non-linear analysis by the force method
The method used here [17] adopts the general linear equations by introducing initial member strains

In eqn (4.109), {R } and {//} are the applied forces and the initial member strains, respec­
tively; see eqn (4.34) in which {v} = {//}. The matrix [p] has been derived in eqn (4.39) and is 
given by

The matrices [p], [F], and [/?] are all obtained as for the small deflection theory. It should be 
noted, however, that they may not be based on the original geometry, but rather on the geometry 
existing prior to the current load increment. To allow for non-linear effects, the fictitious, or ersatz, 
[17] node forces {Rj }  and initial member strains {//,} are introduced. That is, the structure is 
analysed with the original geometry and loads together with { R j } and {//, }. However, { R j } and 
{ Hj } are functions of the member forces and the node displacements, so that the modified equations 
are non-linear. Thus, eqns (4.109) and (4.111) are written

The nature of { R j } and {//, } may be determined by considering the simple two-bar structure 
shown in Fig. 4.32. The first effect to be ascertained is that of the change in geometry on the equili-

R on the assumption of no geometry change) and that it remains constant as the member rotates 
through the angle A<j>, as shown in Fig. 4.32. The vector change AS0 in S 0 is shown in Fig. 4.32(c), 
and, hence,

and fictitious node forces to allow for non-linear effects. The general linear equations may be 
expressed for the following.
Member forces

{S}  = [ b ] [ R )  + m { H ) (4.109)

(4.110)

Node deflections

(4.111)

f S |  =  [ * ] ( { * }  +  ( * , } )  +  [ ? ] ( { / / }  +  ( / / , } )  

IM = [F]({*} + {/?,))+ [/>r ]({//) + {//,))

(4.112)

(4.113)

brium of the joint A . Suppose that S 0 is the member force in the original position (calculated from

AS o — S o A(j) —
S 0 r cos <|>

(4.114)

Let

cos (() = c ; sin (|) =  ̂ and — = p
J

Then, with these substitutions,

S 0 = —- R  : hence b -  —-

Substitution in eqn (4.114) gives

1 rc n 1
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The vertical component of AS0 is written ARt

1 9ARj = AS qCOs 0 = - ~ p c  R

Fig. 4.32 Large deflections-forces.

For both members,

R j = - p c 2R or Rj = 2p sc2S 0 (4.115)

In this derivation the same assumption has been made as in Fig. 4.32, that the deflection, r ,  is 
small, so that the above geometric approximations are valid. If large displacements occur for a 
given load, the structure must be analysed for a number of load increments when this type of 
approximation is used. Notice that in eqn (4.115) or (4.116), Rj is x a linear function of R or S 0 
and also of the geometry change, r . Consider now the shortening of the members in Fig. 4.32 and 
the effect on r when the small deflection transformation, [ r } = [b]T {v }, is no longer valid. In Fig. 
4.33 it is seen that when the member is shortened by the amount v, the vertical deflection r is pro­
duced by the rotation about end B.  In order that the small deflection equation may be used, the addi­
tional strain, / / ,,  must be added, so that

{/-) = [b ]r ({v) + {//,)) (4.116)

In Fig. 4.33, let the compressive strain H , = -X ,  so that

2(ld - X ) X  = (rc )2

or, solving for X ,

Then the initial strain is given by
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If the assumption ld = / is valid,

Hi  ~ - j l s 2p2c 2 (4.117)

It is seen now, that if the displacements {r } are relatively small when compared with the 
structure dimensions, the initial strains H{ are quadratic functions of the geometry change. In matrix 
form, eqn (4.116) will be written

{/?,} = [a,]r {S} (4.118)

Then eqn (4.112) becomes

{ S}  = [ b ] ( { R \ + [ a i ]T [ S} )  + [ m H }  + {//,}) (4.119)

Thence the member forces are

{S } = ([/] -  [6][fl,]V[&]{/? 1 + ([/] -  [6 ][a ,]V [p ]({// I + {Hi [) (4.120)

It is seen that

[bd ] = m -  [b][ai ]Tr l[b] (4.121)

is the force transformation matrix allowing for the {R; } forces.

{S } = [bd]{R } + ([/] -  [&][<!,]V [p ]({ //  } + [ H i }) (4.122)

Then, from eqn (4.118),

{*/ I = [ a i f ( [ bd]{R } + [ / ] -  [6 Ha,]1)"1 $ ]({ //)  + (#,))  (4.123)

The introduction of eqn (4.123) into eqn (4.113) leads to a non-linear matrix equation in the 
unknown displacement vector {r }:

{ r } = [ FUR } + [F ][a ,f ([/] -  [b][ai]Ty ' [ [ b] [ R }

+ m U H } + { ^  1)] + [bT]({H } + { Hi }) (4.124)

or, by using the expansion for the inverse of ([/] -  [/> ][i/; I ) 1.

{ r } = [ F ] { R  } + [ F ] [ a ,,][[/] + [6][af] + ([ft][a,])2 + • • • ]

x [[&]{* } + [p]({//} + {Hi ()] + [bT]( \H | + { ^  }) (4.125)
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In eqn (4.125), let

\a, ]T[b] = [<]>,.] and [a,]r [(3] = [<»„]

Substitution for (|)r and §H in eqn (4.125) give 

\ r }  = [F]([/] + [<M + M>r]2 + ••■ ){«} +

[ [b]T + [F]([/] + [<>„] + [ ^ ] 2 + • • • )]({//} + {//,}) (4.126)

Now {/?,} = [a, ] (S } and {5 } = [/?](/?), so that [a, J7 [b ] is a matrix of fictitious loads result- 
ing from the linear element forces produced by unit external loads. Furthermore, [tf/][p] is a matrix 
of fictitious loads resulting from the linear element forces produced by unit values of the element 
deformations. As an approximation, delete all powers of [(|)r ] higher than the first and all products 
[§r T  M>//L Then, from eqn (4.126),

{r ) = [F]([/] + [«>,]){* [ + ( [bT] + [F][4>„])({// ) + { ^  }) (4.127)

The matrices [(f>r ]{/?} and [())//]{//} involve the deflections [r }; therefore, for the first approx­
imation as in eqn (4.115), assume that they are linear in { r}, so that

M>r]{*} = [*ir]{'-} and WH] { H]  = [kiH] { r ]  (4.128)

Then, by making these substitutions in eqn (4.115),

{ r }  = [ F] { R}  + [F][kir] { r }  + [ b]T( { H )+{//, }) + [F][kiH]{r  } + [F ][<|>w]{//,■}

Collecting terms involving {r },

[[/] - F m ir] + [kiHm r }  = ( [F] {R } + [bT] { H\ )  + ([b T] + [F ] [^ ] ){ / / ( | (4.129)

For small deflections, {//,-} = 0, so that

{ r } = [[/] -  [F]([kir] + [ k t n W ' d F U R  ) + [ bT] { H }) (4.130)

When the matrix to be inverted tends to zero, the deflections tend to infinity. Hence, the 
small-deflection buckling conditions and modes are defined by the equation

l U ] - [ F m ir] + lkiHm r }  = 0 (4.131)

The condition,

( U ] ~ [ F ] [ k ir]) = 0 (4.132a)

governs the load buckling, and eqn (4.132b) the thermal buckling of the structure.

( U ] ~ [ F ] [ k lH] ) { r } =  0 (4.132b)

Example 4.11 Calculation o f  the critical load for  a column

The column of length / with EI constant is shown in Fig. 4.34. The load P  on the free end causes 
the member force S = P  in segments 1 and 2 of the column. The matrix [F ] is the influence 
coefficient matrix for transverse loads at nodes 1 and 2 , and it is easily shown that
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24 EI

8 5/2
5/2 1
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Now, [kir] is a matrix of fictitious loads resulting from unit deflections. From Fig. 4.34(b) it 
is seen that

2P
\ U  =

1 - l  
- 1  2

This expression is derived as follows:

R m _  2 r\ - r 2 ■*r _  2

15*. 1

R 2 i_ I _ ~ r  i 2r 2_ _ S  2_ I - r  x 2r 2_ 1

p

1
i l l2P/,

©
CXI

A2 y

©
(Ni

7? v — 1 7777

(a)

Fig. 4.34 Column buckling-ersatz forces.

Substitution for [F]  and [kir] in eqn (4.132) gives

f PI 2
I t ']

11 - 6

3 -1 0
24EI

For { r } * 0, the determinant of the coefficient matrix must be zero, so that

X -  11 6

where X = (24EI/ PI2) and the values of X are A- = 5 ± Vl8 . It is seen that the largest value of X 
gives the smallest value of P , so that

2.591EI
I2

(4.133)

A disadvantage of the force method of analysis is apparent in that the lowest buckling load is 
associated with the largest root of eqn (4.132). It is more convenient to work with the stiffness of 
the structure, in which case the critical load is associated with the lowest root (Chapter 6 section 6) 
of the tangent stiffness matrix.

Example 4.12 Fictitious node forces for  a truss member

In the truss example in Fig. 4.33, the force, R j , to be applied at joint A was found to be

Rj = -2 p  s c 2S 0
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When the member forms part of a truss system X and Y, force components will be generated 
at both ends of the member, owing to the rotation of the member (8a). Consider the member ij 
shown in Fig. 4.35 whose end displacements are

i>J  I = <rix riy rjx rjy> (4.134)

When rigid-body motions are subtracted from these displacements, the displacement of end j  rela­
tive to end i will be given by the components <8x dy >, such that

(4.135)
8x - 1 0  1 0

_ 8?_ 0 - 1 0 1 J*

rJy.

From Fig. 4.35, the rotation, 8a, measured in a anticlockwise direction, is found to be

8a [-  sin a  cos a]
8r
5y

P

> e
6a

Fig. 4.35

Combining eqns (4.135) and (4.136)

Member displacement and rotation: (a) end displacements of 
member; (b) rotation for displacements 8jc , 8y .

8a = y  [sin a  -co s  a  -s in  a  cos a]{r j

(4.136)

(4.137)

Let P be the axial force in the member. The components of 8P  at end j  for a rotation 8a are

AX -s in  a
AV = P  8a (4.138)
AY cos a

For ends i and j  of the member,
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When the value of 8a  is substituted from eqn (4.136), it is found that the the force increments 
are given by

’ax ,’
AF, _ P_
AX; I

l>

s 2 - c s - s 2

- c s c 2 cs

- s 2 cs s 2

cs - c 2 - c s

cs

-cs 
, ,  2 jy.

(4.139)

In eqn (4.139),

c = cos a

The general application of eqn (4.139) in eqns (4.127) etc. is not pursued further here. It should be 
noted that eqn (4.115) is obtained from eqn (4.138) by the extraction of the appropriate row and 
column value of the coefficient matrix. The above equations are used in the analysis of the free 
cable given in section 4.12.

4.11 Analysis of planar cable structure
The cable assumed, planar is shown in Fig. 4.36(a) under the influence of the loads and R 2. In 
the first instance the cable is assumed to be weightless. The self-weight may be accounted for by 
increasing the number of segments and applying segment dead loads as equivalent node forces.

(b)
Fig. 4.36 Cable analysis.

If the unstrained lengths / 10, /20 etc- are known, and the end forces H  and V are assumed, the posi­
tion at end 1 may be calculated. If this differs from the required location of the support A , H  and 
V must be modified in such a way as to bring 1 into coincidence with A . This is achieved in a 
manner which calculates flexibility coefficients at 1 including the effects of axial forces in the cable 
members. The first problem then is to calculate the tangent flexibility of the cable member with 
axial force P  and components <X Y>  for small variations <AX A Y >. The member is shown in Fig. 
4.36(b). That is, it is required to find [F ]r , the tangent-flexibility matrix, such that

Eqn (4.136) may be written

[-  sin a  cos a]

dx AX

_ fry = [ F h AY

-s in  a
8a = —[-sin  a  cos a]

Sx

_
cos a /

www.EngineeringEbooksPdf.com



PLANAR CABLE STRUCTURE 

Hence,

163

dx -s in  a

a
= / cos a 5a (4.140)

If both sides of eqn (4.138) are multiplied by [-sin  a  cos a], the expression is obtained for 
8a in terms of the changes in the components of P . That is,

8a = -^-[-sin a  cos a]
AX
AF

Substitution for 8a in eqn (4.140) gives

dx /

. 8? a "  P

sin2 a -co s asm a
-co s a  sin a cos2a

AX
AY

(4.141)

(4.142)

That is, if the cable rotates to cause [AX AY]  variation in the components of P , eqn (4.132) gives 
the [bx 8_y] changes in the member projections. The elastic flexibility may be calculated for the 
variation AP in P ,  caused by [AX AF] based on the original geometry. The variation in member 
force P  causes the change in length v :

IAP
EA

The X and Y components are

Now, the components of AP are

Sx cos a / cos a

. 8? e sin a v =
EA sin a AP (4.143)

AX = AP cos a; and AY = AP sin a

Substitution in eqn (4.143) gives

8x / AX J ___ l _ AX

_ 8 X.

ii

AF EA EA AF
(4.144)

The expression in eqn (4.144) is the elastic flexibility relationship. The total effect on the 
changes in projections of / is obtained by adding the results of eqns (4.142) and (4.144). That is,

8jc 8x 8x

_ 8>’_
—

. 8 _̂
+

a _ 8?_

1 . 2 I I— sin a  + ---- -------- cos a  sin a
P EA P

I I 2 I-----cos a  sm a  —cos a  + —
P P EA

AX
AF

(4.145)

If, then, H  and V are varied at node 1 and produce variations of components [AX AF] in the 
cable members, the displacements at 1 will be, from eqn (4.145), with N  = the number of members,

8 u dx

8v

H

_ 8?_
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If the cable values for H  and V are assumed, a recurrence relationship can be established to deter­
mine the cable tensions P . Note that H  is constant for every member of the cable.

From Figs. 4.36 and 4.37 it is seen that the vertical components of force in the cable members 
are given by

V } = V

and for i ^  1,

Cable force

y i = V l_x - R i = V  -  £  Rj
j = \ ,  i - i

The cable tension for member i is

Pi = (H 2 + V 2)'A

The member position is determined from
Vj / /

sin a, = — ; and cos a, = —  
Pi Pi

The strained length is calculated from

1 + Pi_
EA

The projections on the coordinate axes are

Xj = I cos a, and y { = I sin a, 

If H  and V are correctly chosen,

s = 5 ^ / and h = ^ y ,

(4.146)

(4.147)

(4.148)

(4.149)

(4.150)

If these equalities are not satisfied, an iteration procedure must be used to find the correct 
values of H  and V . That is, let

X = s -  Y / i  and y = h -  X>V

Apply increments AH and AV to produce displacements of the point 7, using the tangent 
flexibility at point 1.

[Ft ] = I

1 2 I 
P S + EA 

I

I----- cs
P

I 2 I-----CS — C H-------
P P EA

(4.151)

Then, for the first approximation,

Hence

A' AH

y
= [FT] AV

'

AH A'

AV = [Ft r>
_y_

(4.152)

(4.153)
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With the new H  and V values, the process is repeated by starting with a recalculation of 
member tensions.

R;'

Fig. 4.37 Forces at a cable node.
Example 4.13 Cable analysis

A 15.88-mm-diameter cable of 304.8 m span and unstrained length of 335.28m has an area of 
193.55 mm2, and a modulus of elasticity of 206.8 GPa. The cable is analysed for:
1. dead load of 292 kN/m.;

2. load of 8.9 kN applied in 20 equal increments of 0.445 kN, each vertically upwards at the 
centre of the cable.

In the analysis, the cable has been divided into 20 equal lengths of 16.76 m each, as shown in Fig. 
4.38, so that the node loads for the first part of the analysis are each equal to 0.489 kN. As an ini­
tial assumption, the trial values of H  and V are

H  = 1 A l k N ; V = 4.45 kN

The horizontal tension may be obtained by assuming the initial curve to be circular or parabolic, 
hence fixing the centre sag. When the load increment of AR u = 0.445kN is applied, the trial values 
of H  and V that are used are taken as those at the end of the previous analysis. The y  cable coor­
dinate of point 77 is tabulated in Table 4.2 for successive load cases, together with the y  cable coor­
dinates for the first and last load cases. The values in Table 4.2 have been plotted in Figs. 4.39 and 
4.40.

Fig. 4.38 Cable structure-node points and loads.

In Fig. 4.39 the central deflection is shown, and it should be noted that the curve is highly 
nonlinear; that is, the tangent flexibility at node 11 changes significantly over the range of load 
increments. The cable profiles are plotted in Fig. 4.40.
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Fig. 4.39 Deflection, in metres, of node 77 from dead-load position.

The above procedure provides a practical means of calculation of the deflected shapes of sin­
gle cables. The theory is readily developed for the case where the forces are non-coplanar. For 
cable nets, however, the use of the stiffness method in Chapter 5 is more attractive.

Table 4.2

(a) Cable deflections, metres
Deflection at Dead load Load case 20

1 0.0 0.0
2 10.468 0.674
3 20.222 -0.299
4 29.170 -2.890
5 37.215 -7.030
6 44.257 -12.612
7 50.193 -19.510
8 54.930 -27.587
9 58.380 -36.706

10 60.480 —46.736
11 61.185 -57.555

(b) Deflections at point 3.353 m
Load case Deflection measured

increment No. y  ordinate at 77 from dead-load position
Dead load 61.185 0.0

2 57.555 3.383
4 51.640 9.545
6 42.073 19.112
8 27.867 33.318

10 9.755 51.410
12 -9.775 70.655
14 -27.867 89.043
16 -42.073 103.258
18 -51.640 112.825
20 -57.555 118.740
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-200

£ - 1 0 0
c
•2 0

^  100 
a

200  -

- 2 kips — -yp
Load

“ increment 20

D e a d - lo a d

1 1 ! 1 J

pos it ion  

i i i i i
2 4 6 8 10

Problems

Fig. 4.40 Cable deflected shapes.

4.1 Use the force method to analyse the indeterminate structures shown in Fig. P4.1. 
member forces and deflections in terms of EI at the load points.

Fig. P4.1

/ = 8x106 m

E - 200 x 10MPa units

£ 7 * 2 0 0 x 1 0 ^ x 4 x 1 0 "  MPaxmm '*

Fig. P4.2

J .
■ ZI ft

. M  M
i

2 kN /m

h i m
/

/

7m

E I -- C onstant 

20m

Calculate
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4.2 The structures shown in Fig. P4.2 all have distributed loading. Calculate member forces and 
node deflections by the following methods:

a. initial strains;
b. analysis from a fixed-joint position.
4.3 Calculate the bending moments in the frame shown in Fig. P4.2 (3).
4.4 Calculate the bending moments induced in the frame shown in Fig. P4.2 (2) if support B set­

tles 25 mm. Express the answer in terms of EL

4.5 Analyse the frame and grid shown in Fig. P4.3 by tearing into suitable sub-structures as 
shown by the section A - A  in both figures.

1)

/ ( c r o s s  g i r d e r s ) 1
I  ( ma i n  g i r de rs )  = 1.0

(2) p l a n a r  g r i d

Fig. P4.3

4.6 Analyse structure (4) in Fig. P4.1, making allowance for the removal of member 7.
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CHAPTER 5

The displacement method-line element structures

5.1 STRUCTURE STIFFNESS

5.1.1 General concepts of structure stiffness
In eqns (4.21) and (4.43), the flexibility relationship expressed in eqn (5.1) has been obtained for a 
given elastic structure:

{ r }  = [ F] { R}  (5.1)

The reverse process to that in eqn (5.1) is always possible. That is, given a set of node dis­
placements, {r }, the node forces {R } may be expressed as linear functions of these displacements. 
Let the inverse of the flexibility matrix be [K],  defined as a stiffness matrix, i.e. a displacement to 
force relationship. Then,

[/n  = [ ^ r '  (5 .2 )

This [K ] matrix must be specified as the stiffness matrix of the structure for the displacements {r }. 
It should be noted that whereas the flexibility coefficients in [F] are independent of the number of 
loads chosen, those of [K]  will alter when the number of displacement points is changed. This will 
become apparent when the force-deflection relationship is examined in detail. The forces {/?} 
expressed as linear functions of the displacements { r } are given by eqn (5.3):

{ R}  = [ K] { r }  (5.3)

Expand the i th equation of this set, expressing the force Rj in terms of the displacements 
<r i r 2 • * • rn>.

Ri -  K i \r l + K i2r 2 + * ■ ■ + Kjjr;- + ■ ’ ■ + K inrn (5.4)

The coefficient K tj is the value of the force Rj for a displacement rj = 1 when all other dis­
placements are held equal to zero. When the number of points n is changed, the coefficients will 
change, because of the changed constraint conditions.

Example 5.1 The effect o f  constraints on stiffness terms

The cantilever beam shown in Fig. 5.1 has uniform inertia El and length /. The stiffness at end 1 
may be calculated for a displacement ry = 1, with the displacement 0Z either not constrained or con­
strained to be zero. These two displacement patterns are shown in Fig. 5.1(a) and (b), respectively. 
The stiffness terms for these two configurations are given by

3 El
13

1. K y =

and

2. K Y =
12 El

169

www.EngineeringEbooksPdf.com



170 DISPLACEMENT METHOD

The added constraint 0Z = 0 in the second case obviously has a very marked effect on the 
stiffness, K Y. It is noted that the structure flexibility matrix [F] is symmetric (Maxwell’s theorem). 
Then, so also, is the stiffness matrix [AT], since [ K ]7 [F J = [ K] T[ F] T = ([F ][/('])' = [/] = [K] [F] .  
Hence [ K] T = [ K ] .

1 > \

ry - 1

i d ) Ry--Ky-=12£7/Z 3

Fig. 5.1 Variation of stiffness with introduction of constraints.

In eqn (5.4) it has been shown that Kjj ,  the i j  th term of the stiffness matrix [K]  of a structure, 
is the value of the force Rj for a displacement = 1, all other specified displacements in {r } being 
set to zero. This could provide a means of generation of the terms of [K ]. Alternatively, they could 
be obtained by first calculating the flexibility matrix [F] and, inverting to produce [K].  Such a 
method is then, in fact, used in the hybrid element formulation of the finite element method 
(Chapter 3). For the structure composed of many members, it is most convenient to build up [K ] 
from member stiffness matrices in a manner similar to that in which [F]  may be generated from the 
individual member flexibilities through the transformation of eqn (4.12).

5.1.2 Displacement transformation matrices
It has been shown in Chapter 2, eqn (2.122), that if the member distortions are expressed in terms of 
node displacements through the equation

{v } = [ a] { r  } (5.5)

the equations of joint equilibrium may be expressed as

{ R } - [ a ] T {S } = 0  (5.6)

In the particular case of static determinacy,

{S}  = [ aT]~l \ R}  = [ b ] { R)  (5.7)

In this way a method was devised for the generation of the [b ] matrix, and displacement 
transformations were calculated (section 4.2) for member distortions in terms of node displacements. 
In the displacement method of analysis, eqns (5.5) and (5.6) are applied to the general structure for 
which determinacy has not been assumed. Eqn (5.6) has been obtained by application of the con­
tragredient principle, which states that when eqn (5.5) is true, then

{/?) = [a]T{S} (5.8)
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From eqns (5.5) and (5.6) it is evident that if a stiffness relationship relates member forces 
{S } to member distortions {v }, the {/?} forces may be related to {r }. That is, let

{S} = [*]{v} (5.9)

Then,

i R ]  = [a]T[ k ] \ v ]  = [ a ] T[ k] [ a] { r )  (5.10)

Before use is made of this equation in the generation of the structure stiffness matrix, further 
discussion is given to the displacement transformation matrix [a]  and the matrix of member 
stiffnesses [k].  Just as the force transformation matrix [b]  may be generated by successive applica­
tions of a unit load at various nodes in a structure, so the displacement transformation matrix [a]  
may be produced by unit values being given, in turn, to each node displacement. This process was 
used in Chapter 4, in which it was shown that for a statically determinate structure

[b] = ( [a]Tr l (5.11)

3 n  £

/  ©  j \ ©  j

, / ,  , * lz  *
( a )

Fig. 5.2

0 = 1

U n i t  jo in t d i s p l a c e m e n t s  

Of)

Node and member displacements.

For example, in Fig. 5.2, the displacements of node 1 will be {r } = <rx ry 0>. When unit 
values are given in turn to rx , ry and 0, the distortions of the members appear as in Fig. 5.2(b). If

<0, 0; 8>, the [a]  matrix is given in eqn (5.12), beingthe member distortions are taken as {v ] 
generated by inspection of Fig. 5.2(b).

01/

5,

^ 2  i 

02, 

82

0 -

0 -

1 

0

0 

-1

/1

'/ l
0
\_

h

h
0

1

0

1

0

0

(5.12)
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In section 4.2 the relationships between member distortions and node displacements have been 
developed for the plane frame element. Therein it is shown how node displacements at the member 
ends in global coordinates are transformed to those in local coordinates for the member and thence 
to member distortions. The transformations are given in the form

{v } = [T][LD ] { r ]  (5.13)

It will be found later that these [T ] and [LD] matrices will be used to transform member 
stiffness matrices in their basic force deformation modes to those for the forces and displacements 
of the member ends in global coordinates. These stiffness matrices are used in the method of 
analysis generally designated the direct stiffness method. Transformation equations such as eqn 
(5.13) will be found useful also in certain structures such as the rigid headstock on flexible piles. In 
this chapter the main concern will be with the general formulation of the displacement method, and 
in the examples given, the [a]  matrices will be developed from elementary displacement patterns. 
These will sometimes be complicated by the assumption of no change in the axial length of 
members. Consider the general structure, and let aiX, a j2, * * • , a ik be the values of the member dis­
tortion v, due to r x = 1, r 2 -  1, • • * , sk = 1, respectively. That is, for all displacements 
[r \T = < r x r 2 • • * rk>, the particular distortion v,- is given by the linear relationship,

v, = aixr x + a i2r 2 + • • • + a ikrk 

For all such member distortions and joint displacements,

(5.14)

a ii • * a \k

Vl a 2i • a 2k
v 2

V/
=

0/i * ' a ik

_v "_

V n l  * * a nk

(5.15)

Eqn (5.15) is, of course, simply,

fv) = [*]{/•} (5 .16)

For a typical member n of the structure with member forces Sn and member distortions v„, a 
stiffness relationship will exist which relates S„ to v„. This member stiffness matrix may be 
obtained from force or displacement patterns which have been assumed to exist in the member. It 
may be calculated from these directly or from inversion of the flexibility matrix [ f n], if vn includes 
only basic member distortions. It may be shown in such cases that

[*„] = or [k„] = [T]T[ f „ r ' [ T]

where rigid-body displacements are included in v„. Notice that [ f n ] always refers to a basic set of 
forces since the equations of equilibrium must be satisfied when unit forces are applied to a 
member. In either case,

{S„l = [A-J{v„| (5.17)
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All such equations for members 1, 2, 3, etc. may be combined, with the member stiffness 
matrices forming diagonal submatrices.

c22

l 33

This is the equation, 

Then, from eqn (5.16),

{ S}  = [ k] { v }  

{S}  = [ k] [ a] { r }

(5.18)

(5.19)

(5.20)

Eqn (5.20) provides a convenient method for determining member forces when the node dis­
placements are known. The relationship,

{ R}  = [ a Y { S \

may be obtained, as in eqn (4.9), as a direct application of the contragredient principle or, alterna­
tively, from the principle of virtual displacements. That is, the {/? } force system acting on the 
structure together with the member-node forces forms a system in equilibrium, and, hence, if the 
structure is given a set of compatible displacements,

= 2 X

e F; = A (a sr

5 X  = Ri = R >A

(5.21)

As a suitable virtual displacement, choose rj = A (a small quantity) with all other displacements 
zero,

To calculate consider the member distortions (vw, v2/» ’ ' * * ^m) associated with rj = A.
From eqn (5.15) it is seen that these distortions are simply A multiplied by the ith column of [a].  
That is,

V 1/ a u

v 2/ d 2l

v*/ Ctni

The work done by the member forces is

=  { a u S j + a 2iS 2 + ' ' * + a niSn )A

That is, ^ W j  = {<2, }T {S }A, where {<2, } is the i th column of [ a] .  Hence,

{/?;( = (5.22)

In the above case, the bar notation has been used to indicate that the formula rj = A need not 
be applied to the same constrained structure as the {r} deflections. However, it is generally con­
venient to make [a] = [a].  Finally,

\R \  = [a]T [ k ] [ a ] \ r \  (5.23)
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The stiffness matrix for the displacements {r } has been found to be

[K]  = [ a) T[k][a] (5.24)

The actual application of eqn (5.24) to the calculation of the structure stiffness matrix takes 
many forms, and it will be largely this topic which occupies the remainder of the present chapter. 
Generally, of course, the node forces {/?} are known, and the displacements {r} are the required 
unknowns. The solution of eqn (5.23) may be written formally as

[* ]- '{* }( r ) (5.25)

Some adjustment may be necessary to [K ] if it embodies the rigid-body displacements of the 
structure, before a solution may be obtained to eqn (5.25). Details of this will be given later.

5.1.3 Kinematically indeterminate structures
A structure is said to be kinematically determinate when all node displacements are known. Then 
node forces may be calculated directly from eqn (5.23). The condition of all joints fixed is a 
kinematically determinate state, since then {r } = 0. As has been demonstrated in Chapter 4 (Exam­
ple 4.7), this state is a convenient starting point in the analysis of structures for which loads appear 
on members between node points. In the more general case, suppose that only some of the nodes of 
an elastic structure are given specified displacements. Those at the remaining nodes will be unknown 
but may be calculated from the known displacements as follows. In the equation,

\ R }  = [ a] T[k][a]  {/-}

The vector {r } will be partitioned into {r0}, the known, and {rx }, the unknown, joint displacements. 
Partition {R } similarly into { R0} and {/?x }, and also [a]  into [a 0] and [ a x], so that

(5.26)
' R o

Ta 6 ro
— T

. a K
[ k\ [ a0 a{\

On multiplication of the partitioned matrices,

_ Rx_

a^hao a J)ka ] 

a \ k a 0 a \ k a x
(5.27)

The notation is introduced:

[Cool = [ao\T l k ] [ a 0\

[C0i] = [C 10]7' = [ a 0]T[ k] [ al\

[C „] = [a, ]T[k][a J

With this notation eqn (5.27) is written, omitting submatrix brackets in the combined matrices

R o Coo Coi 0̂

C 10 c „ .  r*_
(5.28)

In eqn (5.28), {r 0} are the known displacements. The nodes corresponding to {rx } may be 
unloaded, in w'hich case {/?*} = 0 or have known forces applied. It is seen that the unknown quan­
tities in eqn (5.28) are the forces {/?0} and the displacements {rx }.
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On expansion of eqn (5.28) two equations are obtained, and from the second of these the {r} 
displacements are given in terms of { R0} and {Rx }; that is,

{ r , }  = [CuF 'd /? ,  } - t C 10] { r 0|)
When \RX 1 = 0,

k x ) = - [ c 1, r 1[ c Io]ko}

The { Rol forces are obtained from eqn (5.28),

{^o} = [C0o]{r0} + [Coi]{rJC}

Substitution for {rx } from eqn (5.28) gives

{*ol = ([Coo] -  [Coi][C, j]-1 [C 10]){ro) + [CoiltCuFM/?, 

Again, when {/?x } = 0, 

[fio) = ([C00] - [C o J tC u r 'tC .o ] ) )^ }

(5.29)

(5.30)

(5.31)

(5.32)

The similarity between kinematic and static indeterminacy is shown when eqns (5.30) and (5.32) are 
compared with eqns (4.39) and (4.40). Member forces may be calculated from the expression,

{ S}  = [k] [ a] { r ]

In the partitioned form of eqn (5.26),

{ S}  = [k] [ a0 a J

That is,

{S } = [k] [([a0] -  [a i ][C UV [ C  w] ) { r0] (5.33)

An interesting class of problems arises in which both {r 0} and {rx } are unknown, but 
} = 0 . That is, how are the displacements at the unloaded joints related to those of the load 

points? As in eqn (5.30),

{r ,}  = - [ C , 1r 1[C ,0] ( r 0)
and from eqn (5.32),

Consider now eqn (5.28) in the form
r 01 = ([C00] -  [C o iH C u r'tC .o ir 'f tfo l

*0 ro

0 - - I K]

(5.34)

(5.35)

The flexibility matrix for the structure may be obtained from direct inversion of [K ], and in 
partitioned form,

F 12

^21 F  22
[F] = (5.36)

www.EngineeringEbooksPdf.com



Then deflections are given

176 DISPLACEMENT METHOD

o

> 1 , F l 2 R 0

_

II

J* 21 F  2 2_ i
O

L 
.

That is,

{ r 0} = U7 n] {Ro}  and {rx } = [F2l] { R0} 

A comparison of eqn (5.34) and (5.38) shows that

[ F i l l -  ([Coo] - [ C o . l t C n r ' f C ^ r 1

(5.37)

(5.38)

(5.39)

Eqn (5.39) is a useful result since it means that the stiffness matrix for the displacements {r 0} 
has been found with the displacements {rx } unconstrained; that is,

[^oo] = [/7n r l (5.40)

This procedure may be used in the analysis of a plane frame structure in which [Â 00] is 
required in the analysis for dynamic loading. The frame shown in Fig. 5.3 is analysed for the unit 
loads shown at each floor level. Deflections, calculated for these unit loads shown when partitioned 
correctly, give [F u ] and [F2j].

5.1.4
Fig. 5.3 Analysis to produce flexibility and stiffness matrices. 

Member stiffness matrices
For a prismatic member of length / and area A with Young’s modulus of elasticity £ ,  the stiffness 
is the inverse of the flexibility. That is,

(5.41)

For a beam element which is prismatic, of length /, and of bending stiffness E l , the sign con­
vention for end moments on the member is anticlockwise moments positive when looking at the 
beam with end / on the left. This corresponds to M.  positive in a clockwise sense and is the con­
vention used in the equilibrium equations in Chapter 4. The beam with end rotations <f), and (()y is 
shown in Fig. 5.4.

J \ Mi

Fig. 5.4 Beam-element sign convention for end rotations and moments.
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In this case the stiffness matrix is obtained as the inverse of the flexibility matrix given in eqn
(4.25); that is,

[*] =
2 EI

2 1 0
1 2 0

A0 0
~2I

(5.42)

Example 5.2 Analysis o f  a frame structure by the displacement method

The portal frame is shown in Fig. 5.5 and is analysed for a 10-kN horizontal force on node 1. Axial 
distortions are neglected, and the inertia values for members are shown in the figure. The analysis 
follows the sequence of operations:

1. Ascertain the relevant node displacements, and calculate the displacement transformation matrix.

{v } = [tf ] {r }

2. From member dimensions and properties, form the [k] matrix of member stiffnesses.

{ S}  = [ k ] { v }  = [ k] [ a] { r }

3. Generate the structure stiffness matrix for the displacements { r }.

1*1 = [a]T[k] [a] \ r }  = [ff]{r|

4. Calculate displacements.

{/•} = [*]->{*}

5. Calculate member forces. 

{5} = [ k] [ a] { r ]

10kN 1 /

Fig. 5.5 Portal frame dimensions, loads and sway displacement.

In this example eqns (5.30) and (5.32) will be used to reduce the amount of hand calculation. 
There are three possible displacements of the two free nodes 1 and 2. These are the two rotations 
0! and 02 and the displacement r l v. Notice that because the members are assumed inextensible,

r 2x = r lx and r Xy= r 2y =  0
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Thence,

r -1 • • 0 .1
Ct>i/

4>ly
1 • 0 .1

<>2/ 1 •

§ 2 j • 1

03/ • 1 0 .1

f o j • • 0 .1

The matrix of member stiffnesses is

[*1 =
2EI
10

2 1 • • • • 1 0 0.3
1 2 * • • • 2 0 0.3
• • 2 1 • • 2 El 2 1 0
• • 1 2 '  • and [k] [a]  = - ^ - 1 2 0
• • • • 2 1 0 2 0.3
. . . .  1 2 0 1 0.3

and the stiffness matrix is calculated

2 FI
[AT] = [ a f [ * ] [ a ]  = —

4 1 0.3
1 4 0.3

0.3 0.3 0.12

Then, from step 3 above,

0

0 _  2EJ_
10

10

4 1 0.3 
1 4 0.3 

0.3 0.3 0.12

0

e2
ru ­

4 11 or 0.3
{0} =

1 4J _ ®2_
+ 0.3

in this equation note that [C,,] appears as the first submatrix. Then

Solve for 0, and 02 in terms of r lv.

The second equation in (5.45) is written

2 E r

" e ; 3 1
e2 50 1

10
10

[0.3 0.3] + 0.12 r \ x

(5.43)

(5.44)

(5.45)

(5.46)
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Substitute for <0! 02> from eqn (5.46).

2  F I
10 = ——  ] -[0.3 0.3] 

10

0.06
0.06

Thence,

From eqn (5.46),

2 FI
+ 0.12frljc = —  (0.084)rljc

50000
84 EI

"e," 3 1 50000 -1000 1

@2 50 1 84£7 28 EI 1

Member moments are calculated from eqn (5.44):

M u
M\ j
M 2i
M 2j 
M 3/
M

V

2EI
10

1 0 0.3 28.5
2 0 0.3 21.4
2 1 0 1000

—1/28 -21.4
1 2 0 EI

-1/28 — -21.4
0 2 0.3 50/84 21.4
0 1 0.3 28.5

The bending moment diagram is drawn in Fig. 5.6.

Fig. 5.6 Bending moment diagram in kN/m units.

5.1.5 Displacement analysis -  loads on members between nodes
It has been shown in Chapter 4 that in the force method, loaded members may be treated by consid­
ering the structure to have all nodes fixed in space. For this condition the fixed-end forces are cal­
culated for each member, and when all these are applied as release forces at the nodes, the total 
structure behaviour is the sum of the two analyses. The actual calculation of fixed-end forces has 
been left to the present discussion because fixed-end moments have traditionally been associated 
with the displacement analyses (for example, in slope deflection and moment distribution).

It is noted that the joint-fixed condition is the kinematically determinate solution, {r } = 0 . It 
is most convenient to transform member forces into local coordinate components for the calculation 
of fixed- end moments and shears. When these forces are used in fully automated computer pro­
grams, it will be found necessary to transform back to global coordinates, just as in general force 
method programs.
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In this example the end deflection and rotation of the cantilever beam with uniformly distributed 
load are calculated by the displacement method. The loaded beam is shown in Fig. 5.7(a). The 
kinematically determinate situation { r } = 0 is shown in Fig. 5.7(b), and, from this, release forces are 
determined for node 1 in Fig. 5.7(c). The displacement transformation for node 1 to member (1) is 
given by

Example 5.3 Cantilever beam-uniformly distributed load

The member stiffness is

1-o1 -1/4 0

1 -1/4 1 i
a?

Ik]

Thence,

[k][a]
2 EI  

4

-3/4 1 
-3/4 2

2EI
4

2 1 
1 2

FI
and [a] T[ k ] [ a ] =  —  

lo

3 - 6  
-6 16

In the equation {R } = [ a] T[ k ] [ a ] { r }, the forces {/?} are given by {/?r }= < -2 .00  4/3>. 
Solving for displacements,

ry 16 16 6 -2 _ _32_ -3

0 z 12 EI 6 3 4/3 ~ 3EI -1

Member forces are given as {S ) = [k][a ]{r }; that is,

' M- _ 2 E l -3/4 1 32 -3 _4_ 5

4 -3/4 2 3 EI -1 ” 3 1

-4 /3kN m cf

1 kN per unit length
r ~ r ~ r ~ r  r

EI  co n s ta n t^

( a )

1 kN per unit  length

1 i  1 I  \

[b) f  2kN

X

4 /3  kNm

©

ic)

2kN
) 4 /3 k N m

Fig. 5.7 Analysis for member loads: (a) cantilever beam;
(b) fixed-joint solution; (c) release forces.

The complete solution must include the fixed-end moments shown in Fig. 5.7(b), so that,

M,

M; total
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This result is to be expected since, for the statically determinate cantilever, it is seen by 
inspection that — w l1/2. It is noticed that in the displacement analysis, the equation 
{/? } = [ K ] { r } must be solved even when the structure is statically determinate. Of course, if the 
[a ] matrix had been checked, it would have been found to be square and non-singular, and the solu­
tion for member forces would follow directly from {/? } = [a ]T {S }. It was found in Chapter 4 that 
in order to produce automated force-method programs (or to solve joint equilibrium equations), it is 
necessary that the axial forces be considered in all members. In an analogous way it is found that, 
generally, axial strains must be considered in frame members in the displacement method when 
automatic analysis procedures are developed. The complexity which arises in producing displace­
ment patterns and equivalent node forces when bending distortions only are considered is illustrated 
in the analysis of the gable frame in example 5.4.

Example 5.4 Gable frame -  inextensible members

The gable frame is shown in Fig. 5.8 and is loaded on member (2) only with a distributed load of 2 
Kn of horizontal projection. The flexural properties E l  are the same for all members. The fixed-end 
forces for member (2) are shown in Fig. 5.8(b). Independent node displacements must be chosen, 
and the inextensibility of the members taken into consideration. Evidently there are three rotation 
displacements (0lz, 02z, 03Z). There are, however, only two independent sidesway displacement 
modes since if node 1 is to have a horizontal displacement, it is necessary for node 2 also to be dis­
placed, and similarly for node 3. The two independent sidesway displacement modes U \x = 1 and 
U 3x -  1 are shown in Fig. 5.9. It should be noted that any two independent patterns would suffice. 
For example, symmetric and antisymmetric patterns could be used to good advantage, and the reader 
should rework the problem, using these modes.

Fig. 5.8 Analysis of gable frame: (a) gable-frame dimensions and loading; 
(b) fixed-end forces for member (2); (c) release forces.
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From Fig. 5.9 and the rotation displacements, the displacement transformation {v 
found to be

0i*
0 2 z

@3 z

r \ x
r 3x

= [«]{'•) is

01/
0 U
02/
02)
03/
03./
04/

_ V

0 0 0 2/5 0
1 0 0 2/5 0
1 0 0 -1/6 1/6
0 1 0 -1/6 1/6
0 1 0 1/6 -1/6
0 0 1 1/6 -1/6
0 0 1 0 2/5
0 0 0 0 2/5

The matrix of member stiffnesses, is the 8 x 8 matrix [&]

4 2

[*] =
2 El

[k][a]  =

[k][a]  is found to be

" 2 12/5
4 12/5
2 1 -1/2 1/2

2EI 1 2 -1/2 1/2

5 2 1 1/2 -1/2
1 2 1/2 -1/2

4 12/5
2 12/5

Finally, the structure stiffness matrix (upper triangle only) is given:

6 1 0 19/10

(5.47)

[a) T[k][a]
2EI
5

0
1/2

169/75
symmetric

(5.48)

(5.49)

1/2
0

19/10
-1/3

169/75

(5.50)

Before the equations {R } = [ a]T[ k ] [ a ] { r } may be solved, the consequence of using the dis­
placement patterns in Fig. 5.9 must be evaluated in terms of the load vector {R }. The generalized 
force Qi  corresponding to the displacement r Xx = 1 must be such that for a virtual displacement 
8 r lx, the work done, 8r lxQ x must be equal to the work done by node forces.
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Fig. 5.9 Displacement patterns for horizontal node displacements.

It is seen that the displacement patterns are, in fact, producing side-sway type of equilibrium 
equations. That is, in the equations {/?} -  [a]T {S }, the particular rows in [a]T {S } corresponding 
to r Lx are applicable to several node forces. In this case, from Figs 5.8(c) and 5.9,

Q l = ( - 4  x 0.6667) = -8/3 kN 

q 2 = ( - 4  x -0.6667) = 8/3 kN

Thence, using these values in the load vector,

(7? }T = < -8 /3  8/3 0 -8 /3  8/3>

Solving the equations {/-} = [AT]-1 {7?} gives deflection values, to be multiplied by 5I2EI:

0 lz = -0.77904 rad ; 02jc = 1.06667 rad ; and 0J3x -0.82096 rad

\x = -  0.042293 m ; and 3 a- = 2.042293 m

The bending moments in kN-m are (from {S } = [k ] [a ] {r })

Mi-
-1.6595

1/
M ij
M 2i

-3.2175
0.5513

M 2j 2.3893
M y 0.2001
M y -1.6173
M « 1.6175
M 4j 3.2595

M 2/, total

M 2 j , total

= 0.5513 + 8/3 = 3.2177 

= 2.3973 -  8/3 = -0.2694 (5.51)
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The bending moment diagram is plotted in Fig. 5.10.

1,66 3,26
Fig. 5.10 Bending moment diagram in kN/m units.

5.2 INITIAL STRAINS -  MODIFICATION OF MEMBER STIFFNESS

5.2.1 Initial strains
Initial strains may arise from a variety of causes, such as loads between nodes of a member, tem­
perature change, lack of fit due to manufacture (either by chance or by intention), and by non-linear 
plastic strains. The last type will, of course, involve more detailed consideration at a latter stage, 
and it has been discussed in terms of yield surfaces etc. in Chapter 2. All these strains may be 
included in the analysis by starting from the kinematically determinate state {r } = 0 . Since 
{v } = [a ] {r }, this implies that all member distortions must be eliminated by applying fixed-end 
forces. The structure analysis (as distinct from the member analysis) consists in determining the 
effects of the release forces in the structure. For any member, the total forces will be the sum of the 
fixed-end and the release forces; that is, the forces in the state { r } = 0 together with those produc­
ing the deflections {r }. Suppose, then, that member i with stiffness [k, ] has a set of initial strains 
{0,}. For compatibility in the condition of all joints fixed, the displacements -{0/} must be applied 
to the member, and these will require forces,

{/,■} = -[* /]{0 /l
To produce {/,}, it will be necessary to apply joint forces,

[ R i ) F = [ a i ] T { J i }

The release forces are

{ R , ] = - [ R i ) F = [ a , ] T[ki }{ 6,

(5.52)

(5.53)

(5.54)

Area A
n

Fig. 5.11 Cantilever beam-unit displacement.

If {R ( is the vector of externally applied node loads, the structure is analysed for the loads,

\ R*}  = { R}  + {/?, } = {/?) + [ a , Y [*,-]( 9/ } (5.55)
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The member forces (5*) calculated from { R * } will be

{S* I = [*][a]{ r*} = } (5.56)

That is,

{S*} = [£][tf ][*]-'({/? I + {*,}) (5.57)

For the member /,

15,•} = {S,*} + {./,■} = {S*} -  [k, ]{Q,} (5.58)

Hence,

\ S i } = [k, ] [a, ] [K}- ' ( {R ) + [ c i i f ^ m  }) -  [kj ] j 0,}

Finally,

{ Si } = { k i ] [ a , m r [ { R } + -  [*,]){ e, j (5 .5 9 )

5.2.2 Removal of a member
The above theory may be used to calculate the effects of the removal of a member on the rest of the 
structure, since by suitable choice of initial strains, the forces in the member may be set to zero. 
Evidently, if the member has zero forces, it is not participating in the action of the structure and 
may be removed. For the whole structure with loads {/?}, the force in member i will be

{Si)  = [ki ][ai ] { r )

Apply initial strains {0,-} to the member i so that the new force in i , {S{}, is equal to zero. That is,

( U  = 0 = {S*} + V i )

Thence,

[*;][«/]{r 1 + (-[*/] + \ k, { l a, ] [ K] - ][a, }T[ k , m ,  ) = 0

Therefore,

(0/ ) = -(-[* ,] + [ * ; ] [ a / ] [ K r V ; f [ * j r U ][«/]{'-) (5-60)
The joint forces applied are

(** ! = (/?} + {/e,} = {*) + [ a i ]T[ki]{Qi)

The total node deflections with member removed will be

\r tolaI I = [* ] - ’({* ) + [f l/ftf/H Q i)) (5-61)

Substitution for (0, } from eqn (5.60) gives

{r,o,ai) = [ K] - ' [ {R I -  [a/]7-[*;]([-*/] + [4,][a/ ][ATr, [a/ ]r [*,■])-'[*,■ ][a,-]{r )] (5.62) 

Since {/• | = [K ]”'{/?) gives the deflections before modification, it follows that

I r ,o ra l I =  { r }  +  [ r  }

= fr )  -  [A T r 'fa f  [*,-](-[*,■] + [*,][a,][A :r,[a/ ]r [*,])-'[*,■ ][a,]{r}

INITIAL STRAINS 185
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186 DISPLACEMENT METHOD

or,

\ r \ =  —[ K ]-1 [a, ]r [kj](-[&,] + [*,-l[a,-][ATJ”1 [a ,] r [*,-]>"'[*,-][a,-J[AT]“*{/?}

From this it is seen that

{r,o,a, 1 = -[* ]■ '[[/] -  [ a / f  [*/](-[*/] + [k, ] [a, ] [A' ] ' 1 [a, ]7 [kj ])“1[A,][a, ][A" ]~1]{/?;

That is, the modified flexibility matrix for the structure is 

[Fmod] = [ A r t / ]  -  k f H ^ r 1 +

Member forces are calculated

[Stotai )  = [ k] [ a} { r total) = [ k] [ a] ( { r )  + \ r )

For member i ,

[S,o,al,i} = {5} + {SI -[*,■] {0,1 = 0

Example 5.5 Truss member

The pin-jointed truss member shown in Fig. 5.12 has an initial extension of a units. Calculate the 
fixed-end forces to restore the member to its original shape. The stiffness relationship between end 
displacements < r' ix r ' jx> in local coordinates and the forces <F 'ix E ' jx> is easily shown to be

(5.63)

(5.64)

(5.65)

(5.66)

F'1 IX _  EA 1 -1 r'ix

F '_ Jx . I -1 1 J ' j x .
For initial strains, let r ' ix = 0, and then r ' jx = a .  Applying eqn (5.53),

~ J 'u -E A 1 -1 0 _  EA a

_J 'jx_ I -1 1 a I - a

Example 5.6 Portal frame temperature strains

The rigid frame shown in Fig. 5.13 has uniform load of 1/2 kN on the beam member, which also 
suffers a temperature variation of 122.4°C on the outside and 61.2°C on the inside. The frame is 
composed of a steel I section, 610 x 229 mm, with I = 9.840 x 108mm4 and A = 1.592 x 104m m 2 
The coefficient of thermal expansion is taken to be 0.2 x 10"6mm/(mm)(C°), and Young’s 
modulus, E = 2.1 x 102 kN /m m 2. The end rotations due to the uniform load will be a measure of 
the lack of fit introduced from this source. The temperature variation will also cause end rotations 
and, in addition, an axial extension.

X'
Area A ,
E la stic  modulus E 
In itia l strain -a

j

j ,'Forces to remove initial strain J 
Fig. 5.12 Truss member with initial strain.
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1. Rotations due to uniform load

02/ w l3 -1 63 x (103)3 x 10~3 -1
= 2.177 x 10"5

-1

. 02/_ ~ 24£Y 1 _ 4.8 x 21 x 102 x 9.84 x 108 1 1

2. Rotations due to temperature strains

From eqn (4.29), noting the sign change in rotation <(>,• due to the different sign convention for posi­
tive end moments,

a l
2(c i -  c 2) 

Axial extension is given by

1 -1 
-1 1

0.2 x 10-6 x 6000
2 x 610

1
-1

50
25

2.46 x 10

Al 2t = 0.2 x 10 x 6000 x 75/2 = 0.045

The displacement transformation equation {v } = [a ] {r } is here given by

e,
02
u  i
u 2

fk . 0 0 1/2000 0
Yl /
♦  ly

1 0 1/2000 0

§2/ 1 0 0 0

<thj = 0 1 0 0
82 0 0 -1 1
^3/ 0 1 0 1/2000

0 0 0 1/2000

The member stiffnesses are

k\ -  k->
2 x 2.1 x W  x 9.84 x 10s

2 x 10,3

2 1 2 1
1 2 = 2.0663 x 108 1 2

k i  =
2 x 2.1 x 102 x 9.84 x 10s

6000

2 1 

1 2

0 0

0

0
1.594 x 104

6.888 x 107
2 1 
1 2

0
0

0 0 8.1 x 10“6
2 x 9.84 x 10s 

Using the theory for initial strains eqn (5.52) et seq.,

1.3762 x 10s 6.888 x 107 0
6.888 x 107 1.3762 x 108 0

0 0 557.98

"l 0 01
{ R8 t }  = afkj  0/ = 0 1 0

0 0 l j .

2.46 x 10“5 
-2.46 x 10“5 

4.5 x 10"2

1694.832
-1694.832

-25.108
-25.108

For the applied loads,

{RP }T = {-1500 1500 -1.5 1.5}r
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188 DISPLACEMENT METHOD

so that the total release forces are given

{R )T =  (194.832 194.832 -26.6085 26.6085)

The node displacements are calculated to be

The final member forces are given

M u -3775.570
M \j -796.418
M 2i 990.887
M 2j y ~ - -990.887

f 2 24.314

M 3i 796.418

LM U.
3775.566

r =

1.4415 X io-5
-1.4415 X 10~5

-2.179 X 10“2
2.179 X 10“2

M 2i «,<ai = 194.832 -  990.887 = -796.054 
M2j total =  -194.832 + 990.887 = 796.054

The bending moment diagram is shown in Fig. 5.13.

0 .5 k N /m ^  Temperature = 50°C 
1 I j  ^  j  \  j  | ..  i213.05 kN nr

© Temperature =25°C
~'/?//■ '?}//, 

6m

10,8 ' 13,05 kNm

7,20 7,20
(b)

Fig. 5.13 Frame analysis for distributed load and temperature strain.
5.2.3 Modified member stiffness
The removal of a member is simply a special case in which the member stiffness is altered by an 
amount [A/:,]. The variation of [K],  the structure stiffness, will be designated [AK] ,  and

[AT] + [AAT] = [AT] + [a, ]r [A ^ ][a, ] (5.67)

The Householder algorithm for the modified inverse of a matrix is

([B]  -  [ t / H s n v f r 1 = [ B r 1 + [ B r a u n s ] - '  -  [ v f t s r ' t t / i r W [ s r 1 (5.68)

In eqn (5.68), [B]  is an n x n matrix, [S ] is an r x r matrix, and [U]  and [V]  are n x r matrices. 
In the present case,

[ S ] = - [ A k i ]

[U]  = [a, ]T and [£/]r = [a,]

[V]r =[fl,-] and [V] = [fl,-]r
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MODIFIED MEMBER STIFFNESS 189

Hence the modified structure stiffness is

([AT] -  [a, ]J [[-Ak, ][a, ]])- '  = [A T1 + [ K T ' f a ? ( [ - A k j ] ) - '  -  M A T r W r ' f o M r 1 (5.69) 

Notice that this expression is identical with eqn (5.65) if [A&J = -[&/]
Example 5.7 Member modification

The portal frame in Fig. 5.5 will be modified so that member (3) has zero bending stiffness. That is 
(omitting the multiplier E l),

[M 3] = - [* 3] = 10

2 1 
1 2

Notice that member (3) is still assumed to have infinite axial stiffness so that the modified 
structure will be equivalent to that shown in Fig. 5.14. The matrices [K] ,  [a,], and [kt ] are given in 
example 5.2 and are listed for reference below. The constant term El  is omitted from the calcula­
tions.

0.4 0.1 0.03"
and [AT]-1 = \

3.0953 -0.2381 -7.1435
[K]  = 2 0.1 0.4 0.03 -0.2381 3.0953 -7.1435

0.03 0.03 0.012
z

-7.1435 -7.1435 119.0581

[a3] =

Then, following eqn (5.69),

0 1 0.1 

0 0 0.1
and [A k 3] 1 = [£3] 1 =

2 -1
-1  2

[ K ] [ a i ] T  =  -

-0.95245 -0.71435 
2.38095 -0.71435 
4.76231 11.90580

Then let [A ] be calculated,

[A]  = [A*,]'1 -  [a,][*]-'[«,■ f  =

Then,

[A ]-' =

Then the modified flexibility matrix is calculated to be

J_0 2 -1 J_ 2.85781 0.47623 1.90443 -1.90470

6 -1 2 2 0.47623 1.19058 -1.9047 2.73891

1.72085
1.20059

1.20059
1.20042

[Kmod I"1 = 1
3.0953 -0.2381 -7.1435

1
+ 7

1.9037 -2.2563 -17.8568
0.2381 3.0953 -7.1435 -2.2563 3.1420 19.6260
-7.1435 -7.1435 119.058

L
-17.8568 19.6760 172.665

4.99898 -2.4944 -25.003 
-2.2944 6.2373 12.4825 
-25.003 12.4825 291.723

The modified structure is as shown in Fig. 5.14. This structure may be analysed by using the 
matrices in example 5.2, simply by omitting the member (3) from the [a] and [ f ]  matrices.
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190 DISPLACEMENT METHOD

In that case,

[Kmod] = [ a] 1 [k] [a]  =
0 1 1 0  
0 0 0 1 

0.1 0.1 0 0

2 1 0  0 
1 2  0 0 
0 0 2 1 
0 0 1 2

0 0 0.1
1 0 0.1
1 0 0
0 1 0

2_
10

4 1 0.3 
1 2 0 

0.3 0 0.06

Finally, by inverting this matrix the modified flexibility matrix is obtained

12/100 - 6/100 - 6/ 100"

-6/100 15/100 30/100 
-60/100 30/100 700/100

These results agree within the precision of the calculations with those obtained via eqn (5.69).

1 / ©  j  2

j

©
Member 3 bending stiffness 
Set equal to zero

/■ W7/V/
20m

Fig. 5.14 Member modification.

5.3 MEMBER STIFFNESS MATRICES
So far, only two types of member stiffnesses have been used, namely, axial stiffness and bending 
stiffness of prismatic members. For the displacement method to be generally applicable, a variety of 
member stiffness matrices must be developed. In addition, a means of calculating fixed-end forces 
must now be introduced, since these exist in the kinematically determinate solution {r } = 0 .
5.3.1 Prismatic member in torsion
(a) Circular cross section:

(b) Rectangular cross section:

[k] = GIp/ l

r l l  7 G (2a )32b ,
[k ] = k 1 — -----  b >a

The value of k x taken from [18] is
192 a

*1 = T (1 "  IT 2  — tanh1̂ )  
3 n5 b n--7̂ 1,5 n 5

Calculated values of k j are

b la 1 1.2 1.5 2.0 3.0 4.0 5.0 10.0 00 

Jfcj 0.1406 0.166 0.196 0.229 0.263 0.281 0.291 0.302 0.333
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MEMBER STIFFNESS MATRICES 191

(c) For the general prismatic member of closed cross section, the St Venant’s torsion constant 
may be calculated by the finite element method (Chapter 7).

5.3.2 Inclusion of shear distortions in the bending stiffness
It has been shown in eqn (4.89) that the flexibility matrix for the prismatic member with end 
moments (M,, M j ) and including shear distortions is

2 + a 1 -  a  
1 -  a  2 + ai n

/
6 El

a = 6EI

GAef f l 2

In this expression the sign convention used for moments is that tension on one side is positive. 
When the convention that anticlockwise moment on the member ends is positive is used, the signs 
of the off-diagonal terms must be changed. To obtain the stiffness matrix, change the signs of these 
terms and invert. Thence the stiffness matrix with shear flexibility included is

[*] =
2 EI

/(I + 2a)
2 + a 1 -  a
1 -  a  2 + a

Fig. 5.15 Kinematic analysis of beam with infinite end inertias.

5.3.3 Bending stiffness of members with infinite end section inertias
The flexibility matrix for this member type was developed in eqn (4.96). The stiffness matrix could 
be obtained by inversion of this expression. However, it is an interesting and useful kinematic 
analysis to set up [k ] directly from eqn (5.24). Let «))/, (j)y > be the rotations of the member tangents 
relative to the chord over the length /.

It should be noted that the end rotation <)>,■ = 1 shown in Fig. 5.15 is possible by virtue of the 
flexibility of the centre section. From Fig. 5.15 it is seen that

, A B
V + I I ' e , '

A j. A  i + * A
/ i

The stiffness matrix for portion / of the member is of the form

k ii k n
[ k ]  =

C21 *22
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192 THE DISPLACEMENT METHOD

For the portion /, which is prismatic,

[*] =
2 El  

I

2 1

1 2

Then, for <0, 0y >, the stiffness matrix is given by the general expression,
A A

[K]  = [a]T[k][a]  =

1 +
/ /

B_

I
1 +

* 1 1  * 1 2  

*21 *22

■*f
A_
/

B_

I

1 +
(5.70)

By multiplication of the matrices in eqn (5.60), explicit values can be obtained for the terms 
of [K],  However, in computer programming it is probably more convenient to use eqn (5.60).

5.3.4 Bending stiffness -  member with intermediate hinge

In this case it is assumed that the stiffness matrix [k] for end rotations <$/ (|)y> and moments 
<Mj  M j >  of a member is known. It is required to ascertain the effect on [k] of a hinge placed in 
the span, as shown in Fig. 5.16(a). In addition the modification to fixed-end forces must be calcu­
lated. The usefulness of this type of transformation is in the fact that for non-prismatic members no 
special provisions need be made in the description of member properties. That is, the member with 
the hinge is treated as a normal member and is then modified. The member may be assumed to be 
non-prismatic and the stiffness matrix [k ] for the member calculated as in eqns (5.84) and (5.85).

Hinge
Mh  4,, Q l ------------ I ------------------------------- 1/ )  Mj, $ j

M:
4mh

H . ) M-

Fig. 5.16 Member with hinge.

The stiffness matrix will have the form:

[*] =
kn ku 2 El 2 1

_ h kn _

and [*] = — 1 2 for prismatic members

The choice of displacements «(>,■ (J)7> and moments <M, M j >  to express the stiffness relation­
ship of the member is an arbitrary one. Any two independent quantities may be used. In this case it 
will be convenient to use < M H VH>, the moment and shear at the release point. As yet, of course, 
the release has not been introduced. The transformation from end moments to the forces at the 
hinge is obtained by considering the equilibrium of forces on the portions A  and B  of the beam 
shown in Fig. 5.16(b). Then,

(5.71)
' M- -1 - a 'm h

Mj_ 1 - b V".
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This equation will be written

Solving for {SH } gives

The stiffness relationship for end forces and displacements will be

IS,, 1 = [ k ] { %  1

(5.72)

(5.73)

(5.74)

193

From the contragredient principle, the expression for displacements at the releases in terms of 
«|>, 0, > may be expressed

(Sw } = [ T)T \ % ]  (5.75)

Combining eqns (5.73) and (5.74), and the inverse of (5.75), the stiffness expressed in terms 
of {8//} and {SH } is given by

ikH] =  [7 T '[£ ][ r - ']T (5.76)

The reverse transformation also holds that

[k] = [T][kH][T]T

Let [kH] be of the form:

At the hinge MH = 0 hence,

From eqn (5.77),

[*w] =
ha hij 

hp hjj

0 '  hu hij

7 " _ hji hjj _
(5.77)

hn
%  = T ~ vhhi;

and hence the shear at the hinge is expressed by

VH =
hjj hjj 

jJ h
VH = h'n vH

The reduced stiffness matrix with the hinge introduced is

0 0
[* « ]  = 0  h';

Then the stiffness modified for the hinge is

[k'] = [T] [k'H][T]T

(5.78)

(5.79)
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Suppose that for a prismatic member, the hinge is at the midpoint of the member, so that a = b 
1/2. Then

Example 5.8 Hinge at centre o f beam

[ T] =
-1 - 1 12 

1 - 1 12
and the inverse [T ] 1 = y

- 1/ 2 112 

- 1  - 1

From eqn (5.76),

2EI
[*//] = [ T] - l [ k] [ T- lf  = —

- 1 12 112 

- 1  - 1

The reduced stiffness is simply

r t '  i 2EI
1 * » 1 = 7 T

2 1 
1 2

0 0 
0 6

- 1/2 - 1  
112 -1

2E1

13

I 212 0 

0 6

For the end forces and rotations the stiffness is given

3F1
[*'] = [T][k'H][T]r =

1 1 
1 1

Notice that now [ kf] is singular. This implies that a linear relationship exists between M i and 
M j . This must be the case since the bending moment diagram must always pass through the hinge.
5.3.5 The effect of the hinge on fixed-end moments
Suppose that the fixed-end moments <MiF MjF> have been calculated for the member without the 
hinge. The moment and shear at the hinge point will be a combination of these together with the 
simply supported values of <M0 V 0>. Then,

m h ' M iF M0

1

= [T T 1

1

sT +
_Vo

To introduce the hinge, apply - M H to the member, allowing distortions dH, but maintaining 
vH = 0. Then,

Hence,

'-M h ha h j j 0h"

1.................... J

i h J i .

©

“ h ~ > VHha hu

The effects of the release -M H on <M, M, > is given in eqn (5.80).
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Example 5.9 Beam with hinge

The beam shown in Fig. 5.17(a) has a hinge at the centre, a = b = 1/2 and is loaded there with a 
force P.  The effect of the hinge on the original fixed-end moments <M{ Mj >  = (PI/8)<1 -1> will 
be calculated by using eqn (5.80). The final condition is shown in Fig. 5.17(b).

From example 5.8,

and the transformation matrix [T],

[ n  =

Then,

l 212 0
0 6

-1 -1/ 2
[7 T 1 = j

- 1/ 2 112

1 - 1 12
and the inverse -1 -1

1 -112 1/2 1 PI 2
EL -

PI
8

.  V / -1 -1 -1 8 + 0 8 0

1 PI -1 - 1 /2 -1 PI  _ 1 PI__  i 1 PI  _ 1
M ' j _ -1

—  _l_ 
8 1 - 1 / 2 0 8 -1 ----  “h

8 -1 8 -1

In this case h^ = 0, so that

Pl_

_ 4

These moments are shown in Fig. 5.17(b).

5.3.6 Stiffness for non-uniform members
The same assumption is made here as was used in the calculation of flexibility matrices for 
non-uniform members. That is, the centroidal axis of the member is straight, and the material in the 
member is distributed symmetrically about the axis. The bending stiffness matrix could be obtained 
by inversion of the flexibility matrix. Herein eqn (2.110) will be used directly. The member with its 
area and inertia properties is shown in Fig. 5.18. These properties are given for four equal subdivi­
sions of the member and Simpson’s rule is used for the numerical quadrature.
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From eqn (4.87), with axial stiffness [kaxiai] = If  axial T \  in which
h

5.3.6.1 Axial stiffness

f  axial 3 EA

In the above expression the terms are defined by

[W  } = <1 4 2 4 1> and
M ;

a <oc! a2 a 3 a4 a5> ; a, = —

'J \ f 7

Fig. 5.18 Member properties with unit rotations of ends of member.

5.3.6.2 Bending stiffness
If a unit rotation is applied at end i while end j  is held clamped, the force at end i will be , and 
that at end j  will be kj{ . Similarly, when a unit rotation is given to end j , the force at end i will be 
kj j , and that at j  will be kj j . Then, using the load system,

rrij

Rv,

at the end / of the cantilever beam, fixed at end j , the moment m at x from / is given

m = [-1 xT
R vi

and the bending strains {£} are
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From eqn (2.110),

-  o - r

7 /1  / X
- h i I -  y )  + kj i—

EI
dx

197

(5.81)

Integrating numerically, using Simpson’s rule for which the integration intervals are shown in 
Fig. 5.17(a), the first equation in (5.81) becomes

1:
3£/i l

Write this equation in the form, 

As in section 4.9, let

ku [(3, + 4p2(3/4) + 2p3(2/4) + 4p4( 1/4)] - k„ [4p2( 1/4) + 2p3(2/4) + 4p4(3/4) + p5]

1 =  3j r (k“ A ' - kjiA2)

{£,}r = * = (0, 1/4, 2/4, 3/4, 1) and {t,2}T = 1 -  y  = (1, 3/4, 2/4, 1/4, 0)

Also

[p] = Pi P2 P3 P4 P5

In this notation

and A2 = [W]r [(3]{C,}

From the second equation in (5.81),

0 = k a B x -  kj i B2

where

B , = 4p2(3/4)(l/4) + 2p3(2/4)(2/4) + 4p4(l/4)(3/4)

and

B 2 = 4p2(l/4)(l/4) + 2p3(2/4)(2/4) + 4p4(3/4)(3/4) + P5 

That is, in a similar way to section 4.9,

5 ,  = [W]r [p]{C, 1* {C2} and B 2 = [W]r [p]{C,)*{Cil 

Thence, from eqn (5.83),
B | ku

kn =
" B,

Substitution for kj, in eqn 5.66 gives kn as
3 E I {B! 2

h ( A \ B 2 — A 2B |)

(5.82)

(5.83)

(5.84)

(5.85)

The process is repeated to obtain kp . Remember that = k;l because of the symmetric property of 
the stiffness matrix.
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Consider the case in which the load is a continuous function of x producing moments mx . End 
rotations are calculated in eqn (4.93). In the present case, the sign of (J), is changed because of the

5.3.6.3 Fixed-end moments and shears

(5.86)
3£7,

-[W]T 0 " {&}*{«}'
0 [W]T T[p][plJ {Ci}*\m 1.

It will be assumed that has been calculated at the same intervals as mx, as shown in Fig. 
5.18. The reactions are given by

That is,

R t = j [ Wl + 4w 2(3/4) + 2w 3(2/4) + 4w4(l/4)]

Ri  =  | [ W ] t [ w ] { ^ 2 } and Rj = (5.87)

In eqn (5.87) the matrix [w]  is defined

[w] = W\ W2 w 3 VV4 W5

From eqn (5.86) the fixed-end moments will be such that the rotations <())/ <\)j> are constrained to 
be zero. Then

’ M - ’ 4>,;

_ M j _
=  - [ * ]

F

These moments will cause reactions

' R i l

_ r j . F I

Mj  + M j  

~(Mi + M j )

1 1 
-1 - 1

M t

M j

(5.88)

(5.89)

5.3.7 The effects of axial force on the bending stiffness
When the bending moments produced by the interaction between the axial force in the member and 
the deflected shape are taken into account, the behaviour is non-linear and requires some type of 
iteration procedure to arrive at a solution. That is, the bending stiffness depends on the axial load in 
the member, which, in turn, is calculated by using the bending stiffness. The classical expressions 
for flexibility matrices were derived for straight prismatic members in section 4.9. If the same

(5.90)
Mi _  2 El 2<|>3 <t>4 <t>;

. Mj_ I . <l>4 2<)>3 J j .

For axial compression in the member, the (|) functions are defined

p2<1), = Pcot (3 ; (j)2 =
3(1 -  pcot p)

(t>3 = 1/4 (4>! + 3<()2) ; <|>4 = l/2(3<j)2 -  «!>,)

Then the remaining functions in eqn (5.90) are given:
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Similarly, for axial tension in the member,

0! = pcoth (3 ;
3((3coth p -  1)

and thence,

03 = l/4(0j + 302) ; 04 = -1/2(01 -  302)

The function P is defined

Notice that in this approach no account is made for the effect of the bending moments on

A useful alternative idea for the incorporation of the axial-force effects in the bending 
stiffness matrix assumes that the deflected shape is a given polynomial function. For example, if a 
cubic function is assumed, these effects are readily determined. The error in the method lies in the 
fact that the axial force will modify the assumed shape. This should not be a large source of error 
if the axial force is significantly less than the critical load. In Fig. 5.20 the member is shown with 
end rotations <0/ 07> and moments <Mt Mj >.  Instead of using a single coordinate x  to describe 
the position of a point on a beam, the two non-dimensional (natural) coordinates C)2> will t>e 
used.

axial stiffness; that is, the axial stiffness is expressed as kaxiai
EA

Load values W, W2 %

Fig. 5.19 Variable load intensity.

Y

Fig. 5.20 Assumed deflected shape v = / ( £ b £2).

These are defined

e, = l - k = l - f  and C2 = f

The deflected shape v may be expressed as a cubic function of <i^ £2>, so that
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The vector containing the £ functions in eqn (5.91) is an interpolation polynomial (Chapter 1), 
and will be designated {O }. It is seen that

V =  ( r ) r {<*>) = { ® r i r )
The slope of the curve v will be designated vx, and is given

Ci(Ci -  2 Q
vx = \ r Y

C2(C2 -  2 Q

In eqn (5.92) write {Ox } in terms of £2 only, using the relationship, = 1 -  £2> Then,

(4>, )T = <(1 -  Q  (1 -  3C2) y - 2  + 3 Q >

Also the derivative of the deflection v is given by

v,2 = ({ 0 ,} r {r})2 = {r}r { c & J { ^ )r {r}

The length / of the member is calculated by
/ -  A/ /

/ = J (1 + vx )Vldx ~ / -  A/ + ~ j v 2 dx

The shortening due to bowing is, thus,
/

A/ = y j v 2 dx
' 0

However, the integral in this equation is expressed as

fvA2 dx = l {r  | 7 f | 0 v 11<t>v \Jd ^ 2\r } =
0 0

4 -1 
-1 4 [ r ]

That is, performing the integration,

= ^(4<t>,2 -  2<t>,<t>/ + 4<>/)

Then the change in length due to bowing is
/

A/ = yjv/f/A- = ~y(2<J>r -  M j  + 2<>?)

The small deflection flexibility matrix is given as

0/ _  _ / _ 2 -1 ' M-

“  6 EI -1 2

(5.92)

(5.93)

With the deflected shape v given in terms of «)>,■ (j)7 >, the moments due to the axial force P 
(tension positive and hogging moment positive) are given (Fig. 5.21) by

MP = - P v  = - P { r ) T „ r;
_ ~l S1S2
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For end moments Mj ,  Mj ,

M  = K, -C J

Thence, using eqn (2.110), the increment in end rotations {A r }, due to M P is

M t

Mj }

P { r \ T ' K K i - p '  C.'
{Ar ( = —

< 2 .

x I ' I
El

% ii

£2 
■

_ ~^2_
Integrating from 0 to /,

60 El

3 -2  
-2  3

(5.94)

That is, given the deflected shape defined by {fy 0y}r , the axial force produces additional 
rotations {§iP § j p } T given by eqn (5.94). For the rotation to remain at {<(>/ 0y }r , additional 
moments must be applied to produce rotations -{0//> 07-/> }T. That is,

‘ M- _  2 El 2 1 i <l>; PI2 3 -2 <t>/
Mj_ I 1 2 1 A '. 60£7 -2  3

Finally, then, the total end moments are given

Mi 2EI
I

2 1 
1 2

0/

A

pi_
30

4 -1 
-1 4

0

0y j
(5.95)

It is seen that the first term on the right-hand side of eqn (5.95) is the normal small deflection 
stiffness matrix and that the second term gives the effect of the axial force. Eqn (5.95) will be used 
later in Chapter 6 in non-linear analysis of line element structures.

M,- = 1 i m ; )

M,= \ {m ■)

Fig. 5.21
j  ' j '

Calculation of end rotations due to axial force.

5.4 THE DIRECT STIFFNESS METHOD
5.4.1 Transformation of stiffness matrices
In section 5.1 it has been shown how displacement transformation matrices may be developed so 
that the eqn (5.23),

[*  ] = [a ]T[ * ] [ a ] = B « J T [*»][«»] (5.23)

can be used to generate the structure stiffness matrix. A subtle variation to to the use of eqn (5.23) 
occurs if Ikn ], for member n is not the stiffness matrix for the fundamental member distortions but 
has been expanded to be the stiffness matrix for the member in the global coordinate system.
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When the process in eqn (5.95) is carried out, rows of [an] contain only zero or unit values. 
This implies that instead of the formal multiplication in eqn (5.23), the structure stiffness matrix [K]  
may be generated by simply adding the element stiffness matrix terms to the appropriate 
row-column locations. Before the method can be used it is necessary to be able to obtain the 
member stiffness matrices in global coordinates. This requires a knowledge of how stiffness matrices 
transform. For example, consider the joint A of the plane structure shown in Fig. 5.22, and let the 
stiffness relationship between <rx rY> and <RX Ry >  be

[ R}  = [ K] { r ] (5.96)

It is required to calculate the stiffness matrix [K']  when the forces and displacements are 
expressed in the X ' F ' coordinate axes obtained by a positive rotation a  from X Y . The relationships 
between (R,  R' )  and (r, r')  have been established to be (eqn (1.39))

{R } = [ L]T {R' }  ; and, for displacement transformations, {r } = [L]r {r'}

The transformation matrix [ L]T is defined,

[ L f  =
cos a  -s in  a  
sin a  cos a

If these values are substituted in eqn (5.96), and it is noted that [L] 1 = [ L]T, then

{R' }  = [ L] [ K] [ L] T {r' }

That is, the stiffness matrix in the rotated coordinates is

[K'] =  [ L ] [ K ] [ L ?

(5.97)

(5.98)

(5.99)

5.4.2 The stiffness matrix for plane frame members in global coordinates
The planar line element i, j  is shown in Fig. 5.23 with components <rx ry 0Z> and force com­
ponents <RX Ry M z > at its ends. The fundamental member-force quantities <M, Mj  F >  and dis­
placement quantities <0, <|)j 5> are defined in Fig. 5.23(b). The fundamental stiffness relationship is 
of the form,

Mi

Mj =

F

Eqn (5.100) is written

K ii K n  0

K  21 K  22 0
0 0 K  33

{S } -  [k' ] [v }

(5.100)

(5.101)
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Fig. 5.23 Member forces and displacements. 
For prismatic members without shear distortion,

2 1 0

2 EI
[*'] = 1 2 0 

° o  A

The member distortions {v } are obtained by the transformation eqn (3.63); that is,

0 1
/

1 0 1
/

0

0 1
/

0 0 1
/

1

-1 0 0 1 0 0
JX

jy

This equation is written,

(5.102)

(5.103)

The transformation from {r } to {r '}  has been developed in Chapter 1, eqn (1.139), such that 
for the two ends of the member

{r' }  = [LD] { r }

The matrix [LD ] = fzj 2 is a super-diagonal matrix in which,

cos a sin a 0
[L] = -s in  a cos a 0

0 0 1

Combining eqns (5.102) and (5.103),

{v} = [T][LD] { r }

The relationship between {R } and {S } is given by the contragredient principle as

{/?} = [Ld ]t [T]t {S]

(5.104)

(5.105)

(5.106)

(5.107)
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Hence, combining eqns (5.101), (5.105), and (5.106), the expression is obtained for the 
member stiffness matrix in global force components. That is,

[ R]  = [ L D]T[T]T[k' ][T][LD] { r } (5.108)

or,

{ R}  = [k] { r }  

where the member stiffness matrix is given by

[k] = [LD ]T[ T]T[k' ][T][LD] (5.109)

Since the member forces {5} are of interest when the effects of stresses on the member 
material properties are being examined, they may be obtained from {r } through the equation

{ S}  = [k' ][T][LD] { r }  (5.110)

5.4.3 The stiffness matrix for grid members in global components
In this particular case the transformation matrices will be developed for components in the coordi­
nate axes shown in Fig. 5.24(a). The Z-axis will then coincide with the positive gravity force axis, 
and the grid structure will lie in the XY  plane. For the grid member the basic member forces are 
<Miy Mjy M t > and the corresponding displacements are <§iy §jy QT>. The force M T is the torque 
in the member, and 0r is the relative rotation between ends i and j . The stiffness relationship is 
then given by

M , y

M j y

II

5

K ii K i2 0 

K 2\ K 22 ^
0 0 K  33

<t>/v

*Jy
er

(5.111)

The term K 33 is the torsion stiffness of the member. Eqn (5.111) will be written as for the 
plane frame member

(5.112)

In this case the member distortions are related to the displacements <0V 0V rz> of ends i and 
j  of the member by eqn (5.113). That is,

0 1
01V

0 ./v = 0 0

0 , -1 0

I

J_ 
’ I

0 0

(5.113)

This is the equation

{v } = [ T ] [ r ' \ (5.114)

The transformation from global coordinate components to member coordinate components is 
identical with that in eqn (5.114) if the angle a  measures the rotation of the X 'Y '  set of axes from 
XY about the Z axis (Fig. 5.24(c)). Then,
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{v } = [T][LD ] { r }  (5.115)

The relationship between the forces { R}  for which

{R }T = <Mix M iy Rr_ Mjx Mjy Rjz > 

on the member ends and the member forces {S } is given by the contragredient principle to be

{*} = [L D]r [ r ] r {S}

Hence, finally, the stiffness relation is

{ R}  = [LD ]T[ T]T[k'][LD ] [ T] { r \  (5.116)

A matrix expression for the stiffness matrix is obtained indentical to that in eqn (5.108). that is,

l K]  = [LD]T[k'][LD]

THE DIRECT STIFFNESS METHOD 205

ML9\IX ’ W!X j  Mjx, 9 jx

\ Mjy , G jy

Kb)

^x

▼Z
( C )

KX'

Fig. 5.24 Grid structure: (a) grid structure cordinates; (b) rotations and
moment at member ends (local coordinates); (c) rotation of axes.

Because the transformations for the planar frame and grid members are identical in form, an 
analogy exists between the two, relating twisting moment and twist rotation, on the one hand, to 
axial force and axial extension, on the other. The analogy is easily extended to the forces and dis­
placements on the member ends but is not pursued further here.

5.4.4 The stiffness matrix for -  prismatic member in three-dimensional space
The procedures for the frame and grid structures may be extended to cover the general 
three-dimensional element. It is found that a certain amount of difficulty arises in defining the coor­
dinate axes of the member relative to the global system. The basic member distortions will be taken 
as the following

8
0^
<t>/z

<t>/>
<t>y;

0

axial change in length
relative twist of the ends of the member about the O X ' axis 

relative rotations of tangents at end i relative to chord

relative rotations of tangents at end j  relative to chord
jy
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The displacement vectors at ends i and j  in the local coordinates will be
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\ T  _  Ckf o '  c±f ^  . j T  _

Then the transformation to basic member distortions is given as

{ r ' i ) T = < r 'ix  r'iy r ' i2 0',c Q'iy 0',z> and (r }' = < r 'A r 'yz Q'jx Q'ly Q'jz>

-1 0 0 0 0 0 1 0 0 0 0 0

0
1
/

0 0 0 1 0 1
/

0 0 0 0

0 1
/

0 0 0 0 0 l_
I

0 0 0 1

0 0 0 -1 0 0 0 0 0 1 0 0

0 0
/

0 1 0 0 0 J_
/

0 0 0

0 0 J_
/

0 0 0 0 0 J_
/

0 1 0

(5.117)

6
<t>;z

Qjz
Qj

$iy

Pjy

This is the equation relating member distortions to local coordinate displacements eqn (5.114). The 
relationship between member forces {S } for which,

\ S ) T = < F  M iz Mj .  M T M iy M iy>

1
.<3

1

r  *

r ' i z

e ' i z

r  A

r ’ jy

r  j z  

0 A

O ' j y

e v

and the member distortions {v } is given by

{ S}  = [ k' ] { v} (5.118)

where the basic member stiffness is written

EA

[*']

/

0

0

0

0

0

0 0 

4EI7 2 EL

I I 

2EL AEL

I

0

0

0

/

0

0

0

0 0 0

0 0 0

0 0 0

GIp

~ T
0 0

0
4 Ely 2 Ely

I I

0
2 Ely AEly

I I

(5.119)

The member with its coordinate axes is shown in Fig. 5.25, and it is necessary (to transform 
the stiffness matrix to global coordinates) to construct the direction cosine matrix:

h \ 1 12 1 13

[ L ]  = h \ 1 22 1 23

h \ 1 32 1 33
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The member ij is, of course, simply the general directed line element. From the coordinates 
(jc,-, >>/, Z j )  and ( x j ,  y j ,  Z j ), the projections of ij, namely, (Ax, Ay, Az), on the coordinate axes are 
obtained. That is,

Ax = Xj — xt ; A_y = yj -  V/ ; and Az = z; -  z{

-X

Fig. 5.25 Member orientation in three-dimensional space.

The member length is calculated by

/ = 'l(Ax)2 + ( Ay) 2 +  (A z)2 

and the projected length on the XZ  plane is

/, = V(Ajc)2 + (A z)2

Hence the length / is also given by

/ = V/,2 + (Ay )2
The [L] matrix may be generated as the product of three transformation matrices which are defined 
by rotations about the axes O X \  O Y \  and OZ'. These three rotations are given by the Euler angles 
of the X ' , Y ' , Z '  axes. Only one of these three angles need be specified as data in addition to the 
coordinates of the ends i and j  of the member. It is seen in Fig. 5.26 that the X' ,  Y \  Z'  axes are 
completely specified when the X ' direction is known, together with the angle 03 measured from the 
XZ  plane to the axis Z '. Notice however, in Fig. 5.26 that a 03 angle can specify two positions for 
the Z 'Y '  axes. In order to use a consistent transformation only one of these sets of coordinate posi­
tions will be permissible. Thus, 03 is defined as the angle for which the projection of Y' on the OY 
axis is positive when the Z T ' axes are rotated about iX' through - 0 3 so that Z ' lies in the XZ  
plane. The axes Z 'b Y \  are, of course, quite acceptable but are defined by the rotation (180° + 03). 
Notice also in this derivation of [L] that 03 is measured positive in the positive sense about iX' 
from the XZ plane to iZ ' . For the first transformation (Fig. 5.26), let

CO S 0 3 sin 0a

[L3\ =

1 0 0

0 c 3 s 3

o ~ s 3 c 3

(5.120)
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Fig. 5.26 Alternative positions of coordinate axes.

- x

When Y',  Z ' have been rotated so that Z ' lies in the XZ  plane, let these new axes be desig­
nated Z , Y . The transformation of components of vectors in the X ', Y , Z system to those in 
X \ Y \ Z '  is given by

{U' }  = \L , \{u (5.121)

Fig. 5.28 Position of axes after second rotation.

The second rotation of the coordinate axes will be for X 'Y  about the Z axis so that Y coin­
cides with the iY axis. These axes will be designated ZYX and are shown in Fig. 5.26. For this 
transformation, it is seen from Fig. 5.25 that

/ i
COS 02 = c

I
and sin 02 = s 2 =
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Define the matrix

209

[L2] =

C 2 S 2 0

—S 2 C 2 0
0 0 1

(5.122)

The transformation of components of vectors in the XYZ system to those in the X'YZ  system is 
given by

{ U }  = [L2] { U } (5.123)

The third rotation of the axes (Fig. 5.28) will be for XZ  about the /F, axis defined by the 
angle 0j such that

n A* a • n -Azcos 0 ] -  C \ = —— and sin 0, = s x = ——
M M

Then,

Cl 0 s

[Zm1 = 0 1 0

- * i 0 c

(5.124)

_  The transformation of components of the vector { U } in the XYZ coordinate system to those of 
U in the XYZ axes is given by

{ U }  = [ LX] { U]  (5.125)

It is seen from eqns (5.121), (5.123), and (5.125), the transformation from { U } to {(/'} is given 
since

{£/'} = [L3] [L2] [ L, ] { U}  (5.126)

However, it is known from eqn (1.38) that

{ U' }  = [ L] { U}  (5.127)

where [L] is the matrix of direction cosines of the X 'Y 'Z '  axes with respect to XYZ.  Hence,

[L] = [L3] [L2] [ Ll] (5.128)

If the multiplication in eqn (5.128) is carried out, the explicit expression obtained for [L] is

C\C2 s 2 - S \ C 2

[ L ] =  - 5 1c 1c 2 + 5i^3 c 2c 3 s ]s 2c 3 + c ls 3 (5.129)

~ C \ S 2S 3 +  S \ C 3 ~ C 2S 3 —  ̂i ̂  3 +  c \ c  3

The terms of the first row of the [L] matrix are simply the direction cosines of the member axis 
i - j \  that is, (Ax/I,  Ay//, Az/ l ) .  Multiplication of the terms in eqn (5.128) produces these values. 
The above transformation matrices, [L3], [L2], [L J, are adequate except for the case when the 
member axis coincides with the global OY  axis (Fig. 5.29).
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Fig. 5.29 Member axis parallel to global OY  axis.

In this case 03 is taken to be the angle from the OZ  axis to OZ' , as shown in Fig. 5.29. Then, [L3] 
and [L2] are as defined in eqns (5.120) and (5.122), and [ L{\ is the unit matrix. The matrix [LD ] is 
now defined to be the (12 x 12) super-diagonal matrix with [L]  as submatrix diagonal blocks. That 
is,

[Ld ] = \ [L ] \4

The development of the global stiffness matrix now follows the identical steps given for the plane 
frame in eqns (5.86 f f ). That is, [A"] is now the (12 x 12) stiffness matrix,

[ K]  = [LD ]T[T]T[k][T][LD]

The stiffness matrix generations for the plane frame, grid and space frame members are identi­
cal in form. The plane frame and grid member matrices are only condensed special cases of the gen­
eral three-dimensional matrices and may be extracted from this. The stiffness matrices [/£] 
obtained above in all cases are singular since they have been expanded so that rigid-body displace­
ments are contained in the vector [ r }. Write the stiffness equation for the member

{ R}  = [ K] { r }

In partitioned form so that the vectors [R }, [ r } are subdivided into the components at each end of 
the member. Then,

1 1

ka

i

1

II
1 i

C"i

It is now shown that the submatrices ku , kj j , kjj are not independent, and, given any one of them, 
the other two may be determined. This gives a useful alternative method for calculating [K ] which 
may be used to good effect for curved members for which it is convenient to calculate the effects of 
forces at one end. The forces [ R j } and [ R j } acting on the member are in equilibrium. If, then, 
[ R j } is transformed to end j , the components are equal and opposite to [ Rj ] .  That is,

{Rj }  = - [ U ] ~ l {Ri } (5.131)
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The matrix [U ] for the three-dimensional case is

[U]
-l

1
1

1
A z -A_y 1 • 

-Az Ax ' I
Ay - Ax  • • •

(5.132)

The [U]  1 matrix for the plane frame and grid members is obtained by deletion of the 
appropriate rows and columns in eqn (5.132). Substitute for { R j } in eqn (5.132) so that

Ri

- U ~ xRi kji kjj

r,l
(5.133)

On expansion of eqn (5.116),

and

iRi }  = [kii] {ri } + [kij ] { r j }

lU] l kj j ] { r j .{Ri } = - [ U ] [ k j i ] [ r i 

Comparing the coefficients of {r, }, it is seen that

[*;/] = - l U ] - ' \ k u \

Hence, from symmetry,

[k,} ] = - [ k n ] [ U- l]T

Comparing coefficients of {ry },

[ki i ] = - [ u r i [kli ] = [ u r i [kli] [ u - 1]- U T

(5.134)

(5.135)

(5.136)

It is seen that basic member force and displacement quantities could be chosen as {/?/}, {rt }. 
It will be convenient to use the definitions in eqns (5.83), (5.94), etc. However, since these use the 
rotations (J),, < \re la tive  to the chord, these have been used extensively in the calculation of 
fixed-end forces when loads occur along the member or temperature strains are present. If, for 
example, the plane frame member shown in Fig. 5.28 has a distributed load w' y over its whole 
length, the end rotations are

W' yl 3
0/Z = -0/zrjz 24 El

The displacement vector for the member in the global coordinate system is thus given by
' 73

Ir \ T = [rix riy 0)2 rjx rjy 0,z] = <0 0
w' y l

0 0
W' y P

•y 12 JX ,y jzj "  ~ 24El  - - 24El  

The multiplication

{/?} = -[* ]{ r}

then gives the fixed-end forces acting to restrain the member, and the joint release forces are

\ R \  = m \ r \
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Fig. 5.30 Distributed load'on plane frame member.

5.5 CONDENSATION OF STIFFNESS MATRICES
Consider first the stiffness matrix for the frame member given in eqn (5.130). It has been shown 
that Rj and Rj  are dependent forces and that, consequently, [k ] can be generated from any one of its 
four submatrices. It is also found that [k ] is a singular matrix and that the submatrix of largest size 
that is non-singular is six for the three-dimensional member and three for the frame or grid 
member. This property can be demonstrated by calculating the stiffness at end j  when end i has 
been released. This stiffness must necessarily be zero, since any displacement at end j , the member 
being unrestrained at i ,  will simply cause rigid-body motion. Thus, in eqn (5.130), to release end /, 
set [Rj ]  = 0, so that

0 = [kii] {r i } + [ki j ]{rj }

Hence,

{ r,} = 4 M ' 1 [£„]!'',)
Substitute now for {r, } in the second equation in eqn (5.130). Then,

(R j ! = ([kjj] ~ [&j i ][kn]-1 [kjj]){rj | (5.137)

The reduced matrix in this case is a null matrix. This is proved by substituting for [kjj], [kjj], 
and [kjj] in terms of [kjj], and the [U]  matrix from eqn (5.134). That is,

nkj j ] -  [*;/][*,•/]■'[*/,■]) = [UY' i k„ \ ( [ u r ' ) T -  h u r 1 \kj,\)[k„ r '(-[£„ i([t/~']r )] = o
Condensation of stiffness matrices can be of importance when a structure is composed of 

substructures which may be separated, so that internal subsets of nodes can be isolated in such a 
way that they do not affect the connection of the substructures. This is shown diagrammatically in 
Fig. 5.31. In Fig. 5.31(a) there are three substructures, I, II and 111. The subsets A, B and C do not 
contribute stiffness at connection points between I, II and III, and, consequently their nodes may be 
released before the analysis proceeds from the kinematically determinate position {r } = 0. In this 
case, {/*} will be a subset of the total number of nodes which does not contain the released nodes. 
As the nodes in A, B and C are released their forces will produce modified fixed-end forces on the 
remaining nodes, and in addition within subsets deflections will occur. Finally, when the deflections 
{/*} are found, the extra deflections in A, B and C must be calculated. Similarly, the finite element 
in Fig. 5.31(b) has four internal nodes, and the same procedure may be followed. The problem is 
first discussed from a partitioning viewpoint and then from the expediency of practical calculations.
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■ * r k u k  1 2 r  l

. R 2 j _ k 2 \ k 2 i _ J 2 _

(a) Substructures (b) Element with internal
nodes

Fig. 5.31 Substructures and subsystems.

Consider one of the substructures, I with its subset A.  The node forces and deflections may be 
partitioned into groups 1 and 2, according to whether they are in A or in the set connecting I to the 
rest of the system. Then,

(5.138)

First determine deflections {r10} which occur when the forces { R x} act on A with [ r 2] held at 
zero. Evidently, from eqn (5.138),

{r,o) = [*„ r ‘{* il (5.139)

The forces { R x} now cause additional fixed-end forces at nodes {r 2}- With deflections {r10},

= [*2 l]k l0} = M * l l ] " l (* l)  (5-140)

The release forces are the negative of { R2f }• That is,

f ^ 2) = {*2) - M f c n r ' f t f i }  (5 .i4 i)

The reduced stiffness matrix [#22] is obtained by setting \R \ ] = 0 in eqn (5.138). Then,

0 = [*„](/•,} + [*i2]{r2}
3.

= - [ ^ 11] 2) (5.142)

This equation gives the deflections {r, |  when ( r2| occur, and the {/', j nodes are free to 
deflect. Substitution for (r , )  in the eqn (5.138) gives

or,
{*2} = ([^22] -  [*2l][^ll]_1[^12]){^2} 

|/?2} = 22] {r 2 J

(5.143)

(5.144)

The above process is conveniently carried out without resort to the formal inversion of the 
matrix [ ku ] by reducing the first submatrix [ ku ] to an upper triangular matrix by Gaussian 
reduction. That is, reduce eqn (5.138) to

* 1

R 2

12
(5.145)
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Then the deflections {r 10} are obtained by back substitution in the equation

{*i} = [*ii(,,)]{rio} (5.146)

The forces { R 2} are the required release forces; that is, the {/?21 in eqn (5.140) are the same 
as those in eqn (5.141). Finally, when {r 2} are known, then {rj}, the additional deflections of the 
released nodes, are calculated by back substitution in the equation,

[*iK«)]fr i) = - [ k n ] \ r 2\

This is actually back substitution applied to the first {r j } terms in the system,

r\

214 THE DISPLACEMENT METHOD

= [0] (5.147)

To examine the Gaussian reduction process in more detail, write the stiffness equation in full 
instead of the partitioned form.

Rx
r 2 
R 3

Rn

1 1 * 1 2  * *  In

21 * 2 2  ' *2/7

31 * 3 2  ' *3/7 (5.148)

The first step in the reduction divides row 1 by [*n], that is, multiplies by [ kxx\ 1 = 1/&U for 
a single term. The first row becomes

Rj_
k xx

•12 *13 *14

k 11 k 11 * 1 1

* 1 / 7

*11
(5.149)

It is seen that if all node deflections r 2, • • • , rn are held equal to zero,

the deflection of r x = r 10* 1
T ~ R \ f  \\ 
* 1 1

(5.150)

Note that {r10} is modified to produce {r 10} by the other deflections of nodes released. In 
addition if r 2, r 3, • • • , rn are known, then, from eqn (5.149),
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This is the equation

{r, } = - [* „ ] - '[*  ,2]<r2)
and is simply the back substitution process referred to in eqn (5.142). Continuing the reduction 
process, for / > 1.

ku
(5.152)

*11

Once again, this is seen to be

{/?2! = ( * 2)
For the ( n - 1) x ( n - 1) submatrix with [£22] as its leading terms,

ki\k\i
kjj = ^ ----- ------  1 = 2, n\ j  = 2, n (5.153)

Ml
This is the equation,

[*22] = t*22] — t*21][* 1 lJ_1[* 12]

When joint 1 has been released, then the process can proceed to joint 2, which is, in turn, 
released. Notice that the only effect that this and subsequent releases have on r x is to produce 
additional deflection that is accounted for in eqn (5.151).

5.6 THE DIRECT STIFFNESS METHOD
5.6.1 Application to line element structures
The direct stiffness method is one of the most useful tools of analysis to emerge from the current 
development of computer techniques. It has the advantage of being applicable to many areas of 
analysis, such as the finite element idealization of continua, as well as to the framed structures 
discussed in this chapter. It has been shown in Chapter 4 and at the beginning of the present 
chapter that the solution to the structures problem by the displacement method can be considered in 
the formal steps:

1 . {vj1= [«]{/-( displacement transformation

2. {5:1 =[*]{v) member forces in terms of member displacements

3. {* } = [a]r m joint equilibrium equations

4. k i = ( [ a f  » ] ) - '{ / - } member forces

5. {S!1 = [*][<!]{/•} member forces

In section 5.4, expressions have been developed for the member stiffness matrix [k],  which 
relates forces {£} and displacement components {v} of the member expressed in their global 
components. In such cases the displacement transformation matrix [a]  in equation 1 above will 
contain only unit or zero values. Moreover, if the member displacements are given in the same order 
as the node displacements (for example, in the plane frame, rx , ry , 0Z), then the unit values form 
unit submatrices in [a].  Consider a particular member N  connecting the nodes P  and Q, and write 
out that part of [ a] T[k][a]  concerned with member N.  Partition {r} and [a]  in blocks so that the 
transformation {vN } = [an ]{r } is as in eqn (5.154).
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0 0 0 0 I 0 0 0 0
V* =

„ r<7. 0 0 0 0 0 0 0 I 0 (5.154)

The member stiffness matrix is partitioned as in eqn (5.125) so that the contribution to the 
structure stiffness

[K]  = [ a] T[k][a]  

for member N  is given in eqn (5.155) by [A^].

[Kn ] =

0 0 
0 0 
0 0 
0 0 
I 0 
0 0 
0 0 
0 I 
0 0

Thence,

k  k  A,,, A,, , 0 0 0 0 / 0 0 0 0
0 0 0 0 0 0 0 / 0

IKn ] =

0 0
0 0
0 0
0 0
I 0
0 0
0 0
0 /
0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 ku 0 0 k ij 0

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

0 0 0 0 k Ji 0 0 k j j 0

0 0 0 0 0 0 0 0 0

0  0  0  0  kn 0  0  ki j  0  

0  0  0  0  kj i  0  0  k j j  0
(5.155)

(5.156)

In eqn (5.156) each term is, of course, a submatrix whose size will depend on the type of 
structure being analysed. For example, for planar truss structures, the size is 2 x 2 ,  whereas for 
plane frames and grids, it is 3 x 3, and for three-dimensional frames 6 x 6 .  From eqn (5.156) it is 
seen that it is not necessary to carry out the formation of the [a]  matrix in eqn (5.155). The blocks 
[ku],  [kjj], etc. can be added directly into [K]  by using the node numbers P and Q to locate the 
appropriate submatrix. If the order of [&,,] etc. is n x n,  then the row and column locations in [K]  
for the first terms are as given in Table 5.3. Suitable computer program coding will then add in all 
the additional terms of the [k  ] submatrices.
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Table 5.1

217

Row no. Column no.
1 (*») l n { p - 1)+ 1 n i p - 1)+1
2 (% ) i n i p - 1)+ 1 n ( q - l ) +  1
3 (kp) i n ( q - 1)+ 1 n i p - 1) + 1
4 (*//). n ( q - 1)+1 n ( q - 1)+ 1

This property of being able to add the member stiffness matrix directly into the structure 
stiffness matrix rather than the formal matrix multiplication leads to the definition of the direct 
stiffness method of analysis.

5.6.2 Calculation of member forces
For the member N , node numbers p  and q , the member displacements at ends i and j , are located 
in the n rows of { r } following the locations n ( p - 1) + 1 for /, and n (q -  1) + 1 for j . When these 
are loaded into the vector {rN }, basic member forces are calculated with equations such as (5.93) 
and (5.93). That is,

{SN } = [k'N][TN][LDN]{rN } (5.157)

Example 5.10 Structure stiffness matrix

The frame shown in Fig. 5.32 has six members and four free joints (nodes). Since the three support 
joints are fixed, they may be omitted from the stiffness calculation {r } = [^T]{r}. In Fig. 5.32 two 
different node numberings are shown, and the effect of this on the structure of [K] will be 
examined. For the plane frame, the member stiffness [kN ] is a 6  x 6  matrix composed of four 3 x 3  
blocks. From Fig. 5.32(a) the table of member/node numbering is given, with support nodes shown 
as zero.

Table 5.2

Member Node i Node j
1 0 1
2 1 2
3 2 3
4 3 0
5 3 4
6 4 0

2 4

Fig. 5.32 Frame node numbering.
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The structure stiffness matrix for the free joints 7, 2, 5, and 4 is obtained by adding in the 
contributions from the member kn. In this case [K] will be a 12 x 12 matrix composed of four 
3 x 3  blocks. It is seen that all diagonal blocks will have stiffness terms, whereas off-diagonal 
blocks are non-zero only if the row-column number combination represents a physical connection 
of two nodes by a member. The row and column numbers then give the member connectivity. 
With the node numbering given in Fig. 5.32(a) the [K] matrix will be as in eqn (5.158).

[K] =

K u K n  0 0

K  2i K  22 K 23 0

0  K  22 K  33 ^ 3 4

0 0 K  43 K  44

(5.158)

In this case, non-zero terms are packed closely on either side of the diagonal, and the matrix 
is banded. The same stiffness matrix is shown in eqn (5.159) for the different node numbering 
given in Fig. 5.32. Note that with this numbering the non-zero off-diagonal terms are dispersed 
through the matrix.

[ K ]

* 1 1 0 0 * 1 4

0 k 22 * 2 3 * 2 4

0 k 32 * 3 3 0

K 4l * 4 2 0 * 4 4

(5.159)

It will be a general feature of the direct stiffness method that the [K  ] matrix can be banded as 
in eqn (5.158) by a suitable node-numbering sequence. Since the stiffness matrix is symmetrical, 
only the upper half of the band may be stored if the equation solution is carried out with an efficient 
band solver. If the equation solution is carried out by iteration methods, then the band property 
need not be exploited. For efficient storage, however, only non-zero blocks should be stored so that 
advantage can be taken of the general spacity of terms in the stiffness matrix.
Example 5.11 Analysis of  a riveted or bolted joint connection

A typical joint detail is shown in Fig. 5.33. The load f ,  applied at the point (xP, y P), produces 
shear stresses in the joint fasteners. The coordinates of fastener number i are, (xRi, yRi), i = \ to N  
(the number of fasteners).

Fig. 5.33 Rivet group in under torque and shear.

www.EngineeringEbooksPdf.com



DIRECT STIFFNESS METHOD 219

The displacements of the rigid plate (A) to which the force P is applied has displacements 
and rotation r o = (u 0, v0, 0O) referred to the origin of coordinates O. Then the displacements at the 
centre of a typical fastener (i) are given

uRi ’ 1 0 wo

_ vRi_
— 0 1 *Ri ^0

(i)

This is eqn (5.7); that is,

(V,-) = [a ,])r01

Suppose also that a stiffness relationship at each fastener exists between fastener shears and 
displacements of the form,

(ii)
'  F x]

i
 ̂

I

URi

. p yi.

(Nl 2̂2_ _ vRi_

It is usual to assume that k n = k2X = 0, and that k u = k 22 = k. In all cases write eqn (ii) as

{Fi ] = [ki ]{vi }

Thence, using eqn (5.22), the equivalent forces at O for all fasteners are given

Rx 0 u0
RyO = ' Z [ a i ]T[ki ][ai ] Vo
Mz 0_ I = l ^ v 00

That is the displacement/force relationship,

{Ro) = [ K] { r0}

Now the applied forces at P transformed to O become

Rx o 1 0 0

RyO = 0 i 0
Mz0_ _~yp xP 1

R\P
Ryp
MP

or,

{R0} = [bp]{Rp}

Thence, finally, solving for {r 0},

k o l  =  t K 0r ' [ b P]{RP )

The shear force components in the ith fastener are given, using eqns. (iii) and (viii),

{Fi \ = [ki ][ai W 0T X[bP]{RP \

Suppose now that the fastener stiffnesses are k u = k 22 = k. Then, from (iv),

Thence, substituting in eqn (viii),

[ATo] = k £  [<?, ] > ,  ] = k [ K 0]
i = l V̂

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

(x)
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{Fj 1 = [<2,][*0r 1[M{fl/> I (xi)

It is seen from eqns (x) and (xi) that the usual expression for a rivet or bolted joint group in 
shear has been determined in matrix form. The process of analysis is automatic, and the maximum 
force is easily determined.

5.6.3 Support conditions
Fixed supports may be accounted for during the solution of the stiffness equations by simply delet­
ing the corresponding rows and columns of the stiffness matrix. Since these rows and columns never 
appear in the assembled stiffness matrix, the storage requirements can be reduced considerably if 
there are many reaction points. Alternatively, a very simple method of handling degrees of freedom 
with prescribed displacements is simply to add 1020 to the diagonal term of the stiffness matrix and 
1020 x 8, where 8 is the prescribed displacement, to the corresponding force term. This has the 
effect of having the structure supported by a set of very stiff springs, which are then elongated or 
compressed the required amounts.

and the i th member force components are, from eqn (ix),

Ri*=?
P1x =  1

R2x=100 
r?*= ?

Fig. 5.34 Applied displacements and forces.

Example 5.12 Support displacements-line element

The following very simple example illustrates the use of the spring supports. The cantilever 
member with two nodes 1, 2 has a force R 2x = 100 applied to node 2, as shown in Fig. 5.34. The 
stiffness equations are assumed to be

100 -100 

-100 100 Ri

The boundary conditions ar, r x = 1, R 2 = 100. Since r x = 1 is a known displacement, add 
1020 to the diagonal (1, 1) and 1.0 x 1020 to R b so that, now,

100 + 1020 -100 '*1 Ri + 1.0 x 1020
-100 100

-  r \ 100

1 0 '*1
0 100 _ >‘2_

Now solve the equations by Gauss reduction.

r x x i ( r 20+ i.o 

L 100 + R i x 100 x 10"2° + 100 

In this step, 100/1020—>0; R i 1 ()2n—>0. Back substitution now gives

, ,  =  2 . 0 ;  r,  =  1.0 

Substitution in the original equations gives the unknown node force,

R { = -100
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A more elegant approach is to treat the solution of equations as that of a mixed system and 
arrange the computer algorithm accordingly, using the ideas given in eqns. (5.148) ff.

5.6.4 Support conditions in skew (rotated) axes
A support such as a roller on an inclined plane (Fig. 5.32) is not allowed for in the previous discus­
sions, in which it has been assumed that the constraint condition rs = 0 applies to displacements in 
the global coordinates. Suppose that for the planar support shown in Fig. 5.32, R'y = 0 . Consider the 
stiffness equations at joints T and U in detail. Joint U is a neighbouring joint to T , and has a con­
nection to T . Then,

jRj = K j \ r  \ + K j 2^ 2 -I- ’ * * “f- KjyFt Ktu^u (5.160)

Transform RT and rT to the oblique coordinate axes, using eqns (5.160) and (5.161):

[R't ] = [L]{tfr ) and \RT } = [L]T\R'T |

{r'T } = [ L ] { r T } and \rT} = [L]T \ r 'T [ (5.161)

Substitute in eqn (5.159), so that

[L]t {R't } = KTXr x + KT2r 2 + * * • + K j j l L ] 7 {r'T } + • • • + KTUrv 

Finally, multiplying both sides of this equation by [L] and substituting [K '] = [L][£’/7T][L]7\

iR 'T } = [L][KTl] i r l } +  + [ ^ /7t]{^V } + - - -  + [ ^ ] [ ^ ] { % }  (5.162)

SUPPORT CONDITIONS 221

It is seen that all terms in the T th row must be premultiplied by [L], and, in addition, [K'j j ] 
must be formed with the extra postmultiplication by [L]T. Once the transformation has been made 
to eqn (5.162) for joint 7 \ the support condition r'y = 0 may be treated in any of the previously 
mentioned ways. Modification to all stiffness equations for joints such as U which are connected to 
T must be made. Write the equation for node U in full.

{Ru 1 = [Ku\]{r j } + [Ku2]{r2} + + [Kuu]{ru 1 + + [ ^ / r ] { rr } +  *** 

Substitution for rT gives

{ ^ 1  = [ t̂/,]{r,} +• ' + [ K uu]{ru \ + ■ ■ ■ + [KVT][L]T { r ' T ) + • • • (5.163)
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All terms in the T th column must therefore be postmultiplied by the rotation transformation 
matrix [L].

Example 5.13 Analysis of  a plane truss by the direct stiffness method

The stiffness matrix for force and displacement components of the member i - j  (Fig. 5.36), with 
axial force as the only basic force (that is, the member has pins at each end), is readily deduced in 
the same way as that in eqn (5.107). From eqn (5.101) the transformation from displacements of / 
and j  in member coordinates to member extension 8 is given by

8 = [-1 0 1 0] (5.164)

The transformation from global to local components is

0 0 
0 0

cos a  sin a
-sin a  cos a

0 0 cos a  sin a
0 0 -s in  a  cos a jy.

From (5.164) and (5.165),

8 = [- cos a  -  sin a  cos a  sin a  ]

(5.165)

(5.166)

Let c T = [cos a  sin a  ], the direction cosines of i - j ;  then, from (5.166),

8 = [ - c T c T]

The member stiffness is

[*'] =
EA

(5.167)

Hence,
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Example 5.14 Truss analysis

The truss to be analysed is shown in Fig. 5.34. Only node deflections and member forces will be 
calculated, so that equations related to the support conditions will be eliminated. Node and member 
numbering is given in Fig. 5.34. The area of all members will be taken to be 25 mm2, and 
E = 30 x 103kN/mm2 units. Hence EA/l  = 250 for horizontal and vertical members and 
EAU = 176.77 for diagonal members.

Fig. 5.37 Truss analysis-node and member numbers.

The positive member senses are shown in Fig. 5.37. Notice that they have been chosen so that 
node number j  is always greater than node number i . This is a useful convention which allows [k ] 
to be formed in the arrangment which is added directly into the stiffness matrix [K]. In eqn (5.167) 
it is seen that the four submatrices are numerically the same. The off-diagonal blocks simply have 
their signs changed.

Table 5.3

Member Node Number Direction cosines
number i j cos a sin a

1 1 3 1.0 0.0
2 3 6 1.0 0.0
3 1 2 0.0 1.0
4 2 3 0.707 -0.707
5 1 4 0.707 0.707
6 3 4 0.0 1.0
7 4 6 0.707 -0.707
8 3 5 0.707 0.707
9 5 6 0.0 -1.0

10 2 4 1.0 0.0
11 4 5 1.0 0.0

From eqn (5.168) and Table 5.3 of member properties, the stiffness matrices have been calcu­
lated for the members and listed below:
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stiffness matrix 
member number

(1, 2, 10, 11)

stiffness matrix 
member number

1 0 -1 0 0 0 0 0
0 0 0 0 0 1 0 -1

-1 0 1 0 (3, 6, 9) 250 0 0 0 0
0 0 0 0 0 -1 0 1

(5, 8) 250

(4, 7) 250

250

0.3535 0.3535 -0.3535 -0.3535
0.3535 0.3535 -0.3535 -0.3535

-0.3535 -0.3535 0.3535 0.3535
-0.3535 -0.3535 0.3535 0.3535

0.3535 -0.3535 -0.3535 0.3535
-0.3535 0.3535 0.3535 -0.3535
-0.3535 0.3535 0.3535 -0.3535

0.3535 -0.3535 -0.3535 0.3535

The total stiffness matrix, eqn (5.169), for the structure is constructed by the addition of the 
2 x 2  submatrices composing the member-stiffness matrices above into the locations indicated by 
the node numbers given in Table 5.3. (That is, Table 5.3 gives the topology of the structure.) The 
stiffness matrix [^f] for the free nodes is obtained from [Ktotai] by deleting those rows and columns 
for which displacements are zero; that is, for r lA = r Xy = r 6y = 0. These give the row and column 
values 1, 2, and 12 to be deleted. The load vector {R } is given by

{/? )T = <0 0 0 -10 0 0 0 0 0>

The node displacements are calculated by

Then, given in metric units, we have

[ K ]  =  250

1.3535
0.3535

0
0

-1
0

-0.3535
-0.3535

0
0
0
0

0.3535
1.3535

0
-1
0
0

-0.3535
-0.3535

0
0
0
0

0 0 
0 -1 

1.3535 -0.3535  
-0.3535 1.3535 
-0.3535 0.3535 
0.3535 -0.3535

-1
0
0
0
0
0

0
0
0
0
0
0

{/•} =  [ K J - ' { R }

- l 0 --0.3535 -0.3535 0 0 0 0
0 0 --0.3535 -0.3535 0 0 0 0

-0.3535 0.3535 -1 0 0 0 0 0
0.3535 -0.3535 0 0 0 0 0 0
2.7070 0 0 0 -0.3535 -0.3535 -1 0

0 1.7070 0 -1 -0.3535 -0.3535 0 0
0 0 2.7070 0 -1 0 --0.3535 0.3535
0 -1 0 1.707 0 0 0.3535 -0 .3535

-0.3535 -0.3535 -1 0 1.3535 0.3535 0 0
-0.3535 -0.3535 0 0 0.3535 1.3535 0 -1

-1 0 -0.3535 0.3535 0 0 1.3535 -0.3535
0 0 0.3535 -0.3535 0 -1 -0.3535 1.3535

— (5.169)

www.EngineeringEbooksPdf.com



SPECIAL ELEMENT STIFFNESS MATRICES 225

The node deflections are in millimetres, and the member forces are calculated, using eqn (5.166), by 
extracting the appropriate deflections, together with the zero values at the the supports.

deflections \ r \  =

2.265
0.02000 2.265

-0.01094 -2.734
0.00906 3.867

-0.05282 -3.203
0.00906 ; member forces {£ } = 4.530

-0.03469 -3.203
-0.00188 3.867
-0.01094 -2.734

0.01812 -2.734
-2.734

(5.170)

Notice that some rounding-off error has occurred in these member forces, most probably due 
to truncation of the {r } displacements. The above problem was worked using a matrix interpretative 
package. It is found that unless special assembly routines are incorporated in such interpretative 
packages, direct stiffness problems are not so conveniently worked in this way.

5.7 SPECIAL ELEMENT STIFFNESS MATRICES

In this section, two important topics relating to the calculation of member stiffness matrices are 
introduced. The first of these is the flexibile line element which has rigid links connecting it to the 
nodes of the structure. The second is that of the torsion stiffness of thin-walled, multi-cell closed 
tubes.

5.7.1 Line element with rigid end links
The flexible line element / '  -  / '  is shown in Fig. 5.33. The stiffness matrix for the member is calcu­
lated as in eqn (5.107) and will be denoted by \K']. The nodes I - J  are the nodes of the structure to 
which the member is attached through the rigid links / / '  and JJ'.

F le x ib le  member

Fig. 5.38 Offset line element-rigid links.

The member joints / ' ,  / '  have coordinates (.x'im, x 'jm), and the nodal joints / , /  havejm J
(.xim, xjm) m = 1, 2, 3. The nodal link coordinate components are, thus, (Axim, Axjm) where,

Axim = x ' im -  xit and, Acjm (5.171)
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Then using eqn (1.44), displacements at / '  and / '  can be related to those at /  and J  by con­
sidering the links to be rigid. For end I

1 3 A  3

where

{r' ,} =

[ A 3 ]

O3 1 3 

0

-Ax,-3 

Ax,-2

Axi3

0

-Ax,-1

-Ax,-2 

Ax/i 
0

Similarly, for end J',

Combining eqns (5.172) and (5.174),

That is,

{r ’i I = P j - j U r

j - j

{r'} = [T ] [ r \

Applying the contragredient principle, the corresponding nodal force relationship is

{/?} = m r { /n

Thus, if from eqn (5.107), the member stiffness relationship is

\R'}  = lK']{r'}

substitution of eqns (5.176), (5.177) gives

{/?} = [ T f l K ' W U r ]

That is, the required stiffness matrix at / - /  is

[*  ] = [T]t [K'][T]

(5.172)

(5.173)

(5.174)

(5.175)

(5.176)

(5.177)

(5.178)

The offsets may be provided by giving their actual values, Axim, Axjm, in which case 
are calculated, or, alternatively, both sets of coordinates for / ,  / ' ,  and J , J '  are given and2, r jm

then Axim, AXjm are calculated. The above procedure of catering for rigid links at the ends of 
members is better than the alternative of composing members with end sub-elements with large 
stiffnesses in the portions / / '  and / / '  and then removing the internal nodes by static condensation, 
because this process inevitably leads to numerical rounding-off errors.
5.7.2 Torsion stiffness of thin-walled closed tubes
The calculation of the St Venant’s torsion stiffness for thin-walled tubes is important for the 
analysis of grid type structures frequently used in bridge construction as well as all types of aircraft 
assemblages. If the walls are moderately thick, then the finite element method is best used, both to 
locate the shear centre and to calculate the torsion stiffness (Chapter 7, section 4 ).
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The thin walled closed tube is a special case of St Venant’s torsion in which the shear stress T 
due to a twisting moment can be considered to be constant across the wall thickness so that shear 
flow is equal to x8, where 8 is the wall thickness. Herein the theory is first developed for a single 
cell (Fig. 5.34) and then extended to a tube with two cells. This process is readily generalized to 
multi-celled tubes. The concept of the stress function § used in the St Venant’s torsion is taken 
from [18]. For the closed tube the (j) surface is constant across the inner void of the tube (Fig. 
5.34(b)), and because the wall thickness 8 is small compared with the other tube dimensions, the 
slope of the § surface from the inner to outer perimeter of the tube can be considered to be constant. 
The area A is that enclosed by the mean perimeter of the tube, shown by the dotted line in Fig. 
5.34(a). The longitudinal axis of the tube coincides with the x 3, axis.

Fig. 5.39 Closed tube torsion.

Thus, from the theory of St Venant’s torsion, MT, the twisting moment about the jc 3 , axis, is given 
by

The shear stress x is calculated from

Mt = 2 A (j) 

3(|) _ <f»
T = -

dn 8

Let G be the shear modulus of elasticity. Then shear strain is obtained from eqn (5.180)
T _  (|)

rzs = G G 8

(5.179)

(5.180)

(5.181)

Let v be the displacement along the tangent due to the twist per unit length 0, and w the 
corresponding longitudinal warping. Then, since the cross section shape is considered to be rigid in 
the plane, the v displacement is given by

v = 0 :  p

and w is an unknown function w(s) .  The tangential shear strain, yzs, is expressed in terms of 
derivatives of the (v, w)  displacements,

From eqn (5.181),

dv dw _ dw
*•= 37 + 17=e',+ 17

dw a § a
1 7  =  "  e p  =  G 8  “  e p

(5.182)
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From Fig. 5.34(b) it is seen that the relative longitudinal deflection of two adjacent points on 
the perimeter, A and B must be zero. That is, around the perimeter,

= 0
J ds

Integrating the right-hand side of eqn (5.182) gives
•ds = G $ \ p  ds = GQ2A

Thus, the magnitude of the stress function has been calculated to be

2AG0
r ds
J y

Substitution for § in eqn (5.179) gives the required stiffness relationship between MT and 0. 
That is,

4A 2GQMj =

and, hence,

[ k T ]  =
4A G 
r ds

(5.183)

(5.184)

The shear stress is calculated from eqns (5.179) and (5.180)
Mt

T =
2A5

5.7.3 The two -  celled closed tube
The above theory is now extended to a two-celled box tube whence it may be easily generalized for 
multi-celled tubes. The two-cell tube with the (|) surface, which now has two heights, ([>! and (J)2, is 
shown in Fig. 5.35. The wall thickness 8 is assumed to be constant.

T,
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Then, as in the previous example, the torque MT is given by
Mt = 2 x the volume under the (|) surface

That is,

MT = [2Al 2A2\ ^ (5.185)

For the three section perimeters, lengths s u s 2, s 3, assuming constant wall thickness, the shear 
stresses are

*1 1 0
1

< X2” ~ X 1 -1
u

P  !_
(5.186)

Again, as in the previous case around each closed loop, the relative w deflection must be zero. 
That is,

1. (0, -< M fy r  = G 9 \ p  ds = 2 A lGQ
1-2

2. -  W jy f+ 4 > 2 fy f  = G 0  j p  ds = 2 A 2G0
ds

2-3

For 8 constant,

Thence, from 1 and 2, 

3.

rds s 2
h r  = t - “ ■

( s , + s 2) - S 2 <I>1 " A ,8

- s 2 (s2 + s 3)_ . <t)2_
= 2G0 A 2 8

Inversion of (3) gives the expression for <j),, <J>2i in terms of 0 as

2G0 ( s2 +  s 3)

s 2 Os, + S2)

A ,8 

A 2 8S \ S  2 +  ^2^3 ^3^1

Substitution for these values of 0], <t>2 in eqn (5.185) gives the required stiffness relationship as

(5.187)

Mt = 2[A i A 2]
( s  2 +  ^ 3 )  s 2

s 2 ( S j + S 2 ) ^2 S } S 2 +  S 2S 3 +  S 3S 1
-2G0

That is,

where

kj —
2G bk

k = 2[A , A 2]

^1^2 S2$3 ^3^1

O 2 +  S 3 ) S 2 

S  2 ( s  1 +  S 2)

(5.188)

(5.189)

(5.190)
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Using eqns (5.186), (5.187) etc., the shear stresses are found to be

1
kb

( S 2 +  S 3 )  S 2

S2 (S, + S2)
MT (5.191)

The above expression for kT is readily incorporated in the member stiffness matrices of eqns 
(5.109) (£33) and (5.118) (for GIPll).

5.7.4 Thin-walled open sections -  stiffness matrix formulation
The theory is developed herein for a special class of structure which includes I sections, channels 
and angles. These have particular significance because in many instances it is required to be able to 
calculate the lateral torsional buckling characteristics of continuous beams composed of such sec­
tions. The elastic stiffness is developed so that the element may be incorporated in an appropriate 
direct stiffness computer program. The analysis of the thin-walled open-section beam under 
transverse and torsional loads is complicated by the fact that a statically indeterminate relationship 
exists between the St Venant’s and the warping torsion terms (see, for example the discussion in 
[19]). The problem has been studied very thoroughly in differential equation form by Vlasov [20] 
and from this work, for the beam referred to principal coordinates of its cross section, the fundamen­
tal differential equations are

EA £' = 0

EIxg v = q.,

0 (5.192)

qx i (5.193)

Qx2 (5.194)

0  = m (5.195)

£/*, r|'v =

E j ae iv -  g j d

Eqn (5.192) gives the longitudinal displacement (Q, and eqns (5.193) and (5.194) the 
transverse bending deflections (£, r\) in the (xx, x 2) directions, respectively, for a point A of the 
cross section. The superscripts in eqns (5.192-5.195) refer to differentiation with respect to the long­
itudinal axis variable jc3. The point A is such that for the cross section, the sectorial area 00(5 ) is 
orthogonal to the functions x x( s ), x 2(s). These orthogonality conditions are expressed by

s*2 = j x i d A  = S X[= j x 2 dA = Ix^ 2 = j x xx 2dA = 0
A A A

S m = JgmL4 = y 0K| = j x !CO dA = J m2 = Jx20)dA = 0

(5.196)

(5.197)

The functions x x(s), Jt2Cs), co(s) which satisfy the conditions of orthogonality are called the 
principal generalized coordinates of the cross section of a thin-walled open section. The fundamen­
tal generalized forces are

Axial force F = Jox dA (5.198)

Bending moments Mx = Jcix2dA (5.199)

MX2 = Joa j dA
A

(5.200)
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Bimoment B = Jo^co dA (5 201)
A

The bimoment on the section is statically equivalent to zero and is represented by a pair of 
equal and opposite moments. These are easily identified, in the case of the symmetric /  section, as 
moments in the flanges. The torque T is equal to the St Venant’s torque Ts plus the warping torque
T .

Ta = jxtdio  (5.202)
A

In the present application, in which a two-node beam element stiffness matrix is to be 
developed, only node loads and displacements are considered, so that qx  ̂ = qXl = m = 0 . The gen­
eral solution to eqn (5.195) is

_
0 = C i + C 2x 3 + C 3sinh y x 3 + C 4cosh —x 3 + 0(x3) (5.203)

SPECIAL ELEMENT STIFFNESS MATRICES 231

where
12

k_
I

GJp

E U

and 0(x3) is the particular integral. For terminal loads only, 0(x3) = 0. The torque T and bimoment 
B are expressed in terms of 0 by the expressions,

T = Ta + Ts = -EJJdui + GJd & (5.204)

and

B = -EJJd" (5.205)

Thus, from eqn (5.203),

i2 
k

and

T ( x 3 )  = GJd { C 2 + 0'(*3) -  — 0"7(*3)} (5.206)

k k I2 —
Z?(x3) = - G J d {C3sinh—x 3 + C 4cosh—x 3 + —- 0 " (x3)} (5.207)

/ / k

These expressions may be solved exactly for known end conditions and lead to an ‘exact’ 
expression for the element stiffness matrix. The element forces are shown in Fig. 5.41. Notice that 
whereas, BL = B ih the bimoment at x 3 = 0; BR = -Bi \ the bimoment at x 3 = I .

B|_ = Bo I  Br = - B l

Fig. 5.41 Open section twist and bimoment forces.
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The generalized forces and displacements at the ends of the member i - j  are {TL BL TR BR 
and {0L 0'L Qr Q'r }. From eqns (5.206) and (5.207), it is found that

Tl
Bl
Tr

Br

= EJ,

° 7  

0 0

„  k 2

0

0

0

0 0 -v sin M  —r cosh A:

In matrix notation write this equation as

{/? } = [B]{C

11

C x
C 2
C 3
c 4

Also, using eqns (5.203),

6/.
e'z.
0/?
e*

1 o

0 1  7

i

o

Write eqn (5.210) as

so that

1 / sinhA: ycosh k 

0 1 yCOsh£ ysinhA:

(6) =[A]{C} 

{C} = [ A r '|0 }

Ci
C2
C 3
c4

Substitution for (C } in eqn (5.209) gives

m  = [5 ][A r'{0}

That is, the required stiffness matrix [K] is given

[tf] = [B ][A r‘

(5.208)

(5.209)

(5.210)

(5.211)

(5.212)

(5.213)

Performing the inversion of the matrix [A ] and premultiplication by [B ] gives the symmetric matrix,

[* ] =
EJa
D

* 1 , *12 * 1 3 * 1 4

*21 *22 * 2 3 * 2 4

* 3 1 * 3 2 * 3 3 * 3 4

* 4 1 * 4 2 * 4 3 * 4 4

(5.214)
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In eqn (5.214), D = k sinh k -  2cosh k + 2, and

a:,, = k 33 = - K x3 = (£ //)3sinh k

K n  = K u  = — K 23 = - K 34 = (£ //)2(cosh k -  1)

K 22 = - K 24 = (k/l)(kcosh k -  sinh k )

£ 4 4  = ~(k/ l )(k  -  sinh k )

5.7.5 Approximation to stiffness matrix using cubic interpolation functions
An examination of the twist terms {0L 0'L 0'# } at the ends of the member shows that these 
terms will interpolate exactly a cubic function 0(x3) between nodes i —j . The required interpolation 
functions are

1 -  3^2 + 2^3 

1^(1 - 2 ^  + ? )

S2(3 -  2 0

Thence, derivatives of the cubic function are given

(5.215)

9'
0"

^ ■ ( - 1 + 0  (1 — 4^ + 3^2) - y d - O  ^(-2 + 3 ^

■ ^ ( -1 + 2 0  y ( - 2  + 3$) 4
2
r/ j '  / " /

This is eqn (5.15), {v } = [a]{r  }. The corresponding internal forces are given

or, {S} = [fc]{v}

1

V l

e y

T1 s g j d 0 0 '
B — 0 ~EJW 0 "

Application of eqn (2.105) gives

(/?} = \ [a ]T[k}[a}dx3 { r \

On multiplication of the matrices and integrating over the length of the beam, it is found that

[K] = [Ka + Ks ] (5.216)
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where,

[K J
-2  EJ(>

6 3 6 3
I2 / / 2 /
3
/

2
/

1

6 3 6 3_
/ 2 / / 2 I

3
/

1 3
/

2

(5.217)

and

[ K s ]
GJn

12 / -12 /

/ / / 2 
3

-12 I 12 - /

/ I2
3

- /
? ' 2

(5.218)

A comparison of eqns (5.214) and (5.216) shows that using a cubic approximation to the 
twisted curve decouples the warping and St Venant’s stiffness matrices. When the calculation of 
buckling loads is required, this cubic approximation is necessary for the calculation of the geometric 
stiffness matrix if a linear eigenvalue solution routine is used. There appears to be little reason to 
prefer eqn (5.216) to (5.214) for the calculation of the elastic stiffness.

Problems
5.1 Calculate node deflections and member forces for the truss shown in Fig. P5.1, using eqns 

(5.20), (5.23) and (5.25).

5.2

5.3

E= 206x106kNm"2

Fig. P5.1
Calculate the effect on node deflections and member forces if member (1) is removed from 
the structures b and c in Fig. P5.1.
Calculate the node deflections and member forces (bending moments only) for the frame 
structures shown in Figs P5.2 and P5.3.
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Fig P5.2

1 1 1
E

12kN/m
1 1 1

E

iur\N/m

. [ .n
 ̂1.5m5ma i $  ^  1m .| &

~^>m . i _ 3m . r_ 3m . i

Fig P5.3

—bi
I

^ 7  = 266x10 kNm units all members
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CHAPTER 6

The direct stiffness method-non-linear analysis

6.1 INTRODUCTION
In Chapter 4, section 11, some of the basic concepts of non-linear structural analysis were intro­
duced. Therein the force method was used, and it was found that, although it is practical, some 
difficulties can arise. However, the single most compelling reason for using the direct stiffness 
method is that suitable computer codes are so well developed that it is a natural step to include 
non-linear analysis in their repertoire. In this chapter three distinct types of problem are discussed:

1. The analysis of tension structures. This leads to the shape finding and design of net and fabric 
structures.

2. The calculation of small displacement elastic critical loads (and/or bifurcation points) and 
mode shapes. This is a relatively small extension of the elastic analysis already developed in 
Chapter 5.

3. The tracing of the whole equilibrium path of a structure through snap-through phenomena. 
These analyses are inextricably linked with no. 2, as they invariably follow primary equili­
brium paths. The load/deflection paths of various forms of behaviour are shown diagrammati-

Fig. 6.1 (a) Tension net structure; (b) bifrucation phenomema;
(c) snap-through phenomena.

All these classes of behaviour present special problems, but it is probably fair to comment that 
the level of difficulty increases from no. 1 to no. 3. The analyses will be concerned with two basi­
cally distinct problems. The first of these is the formulation of the structure equilibrium equations in 
their deflected configuration. The second is with the algorithms necessary for following the 
non-linear load/deflection path. It should be mentioned at the outset that all methods are incremen­
tally linear and that increments of loads iterate on a series of linear displacement increments or vice 
versa. One of the obstacles to the understanding of the problem is that the situations depicted in Fig.
6.1 are one-dimensional and only partially represent the multi-dimensional problem. Each of the 
three topics mentioned above will be discussed in considerable detail in what follows, as will the 
iterative solution strategies.

236
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6.2 TENSION STRUCTURES

6.2.1 Cable nets
Tension structures are particularly amenable to computer design in that the computer can be used in 
a creative sense in aiding the architect or engineer in the selection of a desired structural shape 
while starting with only a plan. Before giving details of analysis techniques, it is useful first to clas­
sify the basic types of tension structure. There are three categories:
1. simply suspended cable net systems;
2. double layer systems ;
3. cable nets.
1. Simply suspended cable net systems

Simply suspended cable systems are based on cables hanging in a catenary or similar shape, 
governed by the loads they support. The stiffness of such cables against upward forces and 
non-uniform loads depends on the applied dead loads. To provide sufficient stiffness of the struc­
ture, considerable dead weight, which is not provided by the cables alone, is required, and, as a 
consequence, roofs supported by cables in this way must be stiffened. This can be achieved by plac­
ing precast concrete panels (for example, 25 mm thick at 3-m intervals) during construction. Thus 
additional temporary dead load is applied, stretching the cables. The joints between the panels are 
concreted and the preload removed. The roof then, becomes, in effect, a precast concrete shell. 
Roofs of this type are really cable structures only until the insitu concrete is complete. After that 
they should be classified as precast concrete shells.

2. Double layer systems

An alternative method of providing stiffness to the cable system is to construct cable trusses such as 
those shown in Fig. 6.3. The ties can be tension or compression members, depending on whether 
the main cables are concave or convex outwards (Fig. 6.3(a) and (b)). The system shown in Fig. 
6.3(b) has the advantage of a smaller depth of truss. Diagonal ties provide greater stiffness against 
unsymmetrical loading than do vertical ties. Cable tensions must be such that no cable becomes 
slack under any load condition. Identical trusses may be positioned parallel to one another to form 
a roof surface of single curvature. Cables can be arranged at right angles to the trusses and pres­
tressed against them. Two sets of parallel trusses can be arranged at right angles to form a grid, or, 
alternatively, arranged radially between an inner tension and outer compression ring.
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Some outstanding structures have been built with pretensioned cable nets. Like cable trusses, cable 
nets have concave and convex cables stressed against each other, except that now these two sets of 
cables span in different directions.

3. Cable nets

Thus, prestressed cable nets always form anticlastic surfaces. Cables are joined where they 
intersect. They can be arranged to form a grid of quadrilaterals or triangles, as shown in Fig. 6.4. A 
net may be classified as doubly, triply or quadruply threaded, depending on whether two, three or 
four cables intersect at a joint. The doubly threaded net is the most popular. A grid consisting of 
quadrilaterals behaves differently from one consisting of triangles in that it has no stiffness against 
in-plane shear deformations. In practice, this enables an initially flat rectangular grid to take on a 
doubly curved shape without cable strains. The mesh size should be constant or nearly so, other­
wise the manufacture is unnecessarily complicated.

Fig. 6.4 (a) Doubly threaded net; (b) triply threaded net; 
(c) quadruply threaded net.
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Perhaps the most outstanding example of cable net structures is the Munich Olympic Stadium, 
in which 210 km of cable in a 3-m grid was used. Leonhardt and Schlaich [21] write, ’standardized 
prefabrication is a prior condition for the erection of a structure consisting of millions of individual 
members’. With this brief introduction we now turn to the practical analysis of such structures. 
The approach followed in the analysis is similar to that for the force method (section 4.11). That is, 
the non-linear effects are accounted for by the modification of the standard linear expressions. If 
the load is applied to the structure in small increments so that the displacements over any given load 
increment are small, the only effect to be considered will be the change in stiffness due to the axial 
forces in the members. In Fig. 6.5, for example, the tangent stiffness expression at the load level R 
may be written

{AR } = [KT ] {Ar } (6.1)

(A)

Fig. 6.5 Structure-load deflection curves.

In eqn (6.1), [KT] will be composed of two parts, an elastic stiffness [KE] and a geometric 
stiffness [KG] due to the presence of axial forces in the structure members at the load level at the 
beginning of the increment and the effects of the geometry changes on their components. Thus, the 
tangent stiffness [KT] may be written

[Kt ] = [Ke ] + [Kg ] (6.2)

and hence the relationship between displacement and load increments is expressed as

{AR } = ([Ke ] + [KG]){Ar } (6.3)

A simple illustration of elastic and geometric stiffness is given by the single element (Fig. 6.6) 
hinged at its base and with a transverse spring of stiffness k at its upper extremity. The member has 
an axial force S 0 and is loaded transversely with the force P as shown. When the force P is 
applied, the deflection at joint 2 is 8, so that the rotation of the member is 8//.
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So

t /
Spring  

stiffness 'K'

Jt

fnrrrrrcJfc 
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u
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Fig. 6.6 Concept of geometric stiffness.
Writing the equation of equilibrium in the deformed position,

P - & 8 - S 0a  = 0

That is, since 8 = a  /, ^
P = (k + -j-)  8

Thus, an additional stiffness kG = I exists at joint 2. The various situations which occur, 
depending on whether S 0 is tensile or compressive, are shown in Fig. 6.6(b). It is seen that compres­
sive forces decrease stiffness, leading to load deflection curves such as (A) in Fig. 6.5, whereas ten­
sile forces increase stiffness, giving rise to curves such as (B) in Fig. 6.5. The critical load evidently 
occurs when

So
k + - j -  = 0 ; that is, S G -kl

In the present context of tension structures, the situation (B) of Fig. 6.5 occurs. The important 
feature of all large displacement and critical load problems is that the equilibrium equations are 
written in the displaced position. For example, if the equilibrium equation at node 2 in Fig. 6.6(a) 
is written in the undisplaced position the small deflection equations necessarily result.
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6.2.2 Theory for the analysis of cable net structures
Expressions for the tangent stiffness

In the following theory, the expressions [KT] are developed in two distinct ways. In the first 
approach [22], the tangent stiffness matrix is calculated from the current deflected position, using the 
updated coordinates as the reference configuration. Member forces are calculated as the sum of the 
incremental contributions. In this updated approach, expressions for [KE] and [KG] are relatively 
simple. In the second approach [21], the displacements are summed and the member position 
defined with respect to a fixed set of local coordinates axes. Non-linear transformations result.

6.2.2.1 Method I
The theory for the analysis of cable structures in this method is based on small deflections from the 
current position.

Note in eqn (6.5), submatrices are left unbracketed. Then the member length is calculated 
(using the summation convention on repeated indices)

Fig. 6.7 Current position of tension net member. 

The vector coordinates of the member ends (shown in Fig. 6.7) are given by 

{x, \T = <xn , xn , xn > and \x} \T = <Xj ,, xJ2, xJ3> (6.4)

and, collectively, by
(6.5)

/ = {(.Xji -  X,i )(xj, -  xn ) } 1/2 

The member direction cosines (current position) are

T  1|c  1 =  — <  ( X j  1 -  X ,  j) ( X j 2 -  X , 2)  (X J 3  -  X , 3) >
r\-r 'or,

(6.7a)

(6.6)

c, = y t - x n) (6.7b)

The vector of member displacements is written
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where {v7} and I v7 } are defined in the same coordinate system as the coordinate vectors in eqn 
(6.4). Let {v ,} be the increment in {v ( at the / th iteration so that the updated coordinates at the 
ends of the member are

{ * ; + , }  =  {X, } +  { V/  )

Similarly, the force vectors at the member ends are given by

f> /‘
i p : Pj

; with {P, } = < P n , P, 2, Pn >, etc.

The member deformation, vN, for the displacement {v ) is given by

vN = [ - c T c T] = [aw] ( v ;

The member force is Pn and its global components are (using contragredience)

PN = [aN]TPN

The increment in member force is given in terms of v N i :

EA

' Pi - c

Pj_ c

Ni ~  v Ni ~  k N v Ni 
l 0

Thence,

That is,

{AP i } = [aNi]TkN[aNi]{Vi} =
EA

T T
CC - c c

T T
- C C  CC

[ k E ] =
EA
/o

T T
CC - c c

T T
- C C  CC

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

The stiffness matrix [kE ] is the elastic stiffness matrix for the member, for increments of dis­
placements from its position defined by the end coordinates {x }.
6.2.2.2 Geometric stiffness
The member displacement vectors vt , vj are resolved into components parallel and perpendicular to 
the member (Fig. 6.8). Let a  = /  or J , so that

(va l =  {Vall 1 +  {VoJ.} (6.16)

This is a vector equation at each end of the member. From eqn (6.11), the magnitude of van 
is given,

[ V a l l } = \c

Thence, the components of va || are given by

{Va ||} = {C ){C }7 {va }

(6.17)

(6.18)
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The expression for the component perpendicular to the member is thus given by

{Va |} = {va } -  k } { c } r {va | (6.19)

The vectors Vj\ and Vj\ at the two ends of the member are shown in Fig. 6.8(a). It is seen that 
a measure of the rotation of the member is given by {v }, such that

Substituting from eqn (6.19) gives
1

{v  } =  y i - [ / 3 -  } { c  }y ] [ / 3 -  k } { c } 7 ]

VJ1" Ml

(6.20)

(b)
Fig. 6.8 Rotation of member.

The vectors {APIG }, {APJG } are the change in the global components due to the rotation 0, (Fig. 
6.8). Then

> / ' -v ~-h
A

Pj

II

V

II

h

Using eqns (6.20) and (6.21),

A
' p,~ P N ' (h  -  ccT) 1mT

1 = ~ T H h - c c T) ( h -

V//

V/i

This is the equation for the /th iteration:

{ A PG} = [kc ]{vi }
Combining eqns (6.14) and (6.23),

{AP} = {APe } + {APG } = [ k E +  k G ] { V i } =  [ k T ] { V i  

Finally, [ k T ] is written as the 6 x 6 partitioned matrix:

k\ - k x
lkT] = - k  i ^ 1

where,

[*,] =
EA Pn 

lo I
{ c H c T  + — [/3]

(6.21)

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)
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Simple Newton-Rhapson type iteration can be carried out as follows (Fig. 6.9). The total member 
force PN is given by

6.2.2.3 Iterative calculations

Pn = ~lo) 
l o

For the load {A/?0} calculate r lfA ,
Vyvo = [tfyvo]{Ar0}

In eqn (6.28) the increment of deflections is calculated from

{Ar0} = [ ^ 0r 1|A * 0}

Now update the nodal geometry

U /+1} = {xt } + {Ar,-} 

Calculate the out-of-balance node forces from

|A /?;+1) =  { /? }  - [ a N]J+,PN 

Repeat the process, calculating {Ar/+1} etc. at each step.

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

6.2.2.4 Method II
The theory is now based on the initial geometry and the total displacements. Before giving exam­
ples of the above process, an alternative approach [21] is given in which the tangent stiffness matrix 
is developed using the initial geometry and total displacements. Because large displacements are 
now being used, the transformations are non-linear, in contrast to those in Method I. The develop­
ment is particularly useful in that it leads to an understanding of the similar non-linear transforma­
tion matrices for framed structures (either planar or three-dimensional). A typical cable line ele­
ment is shown in Fig. 6.10. There are now two sets of coordinate systems for each element, namely 
the global set ( x ^ x 2, * 3) and a local set ( x \ ,  x ' 2, x ' 3). Both these coordinate sets are fixed in 
space. Note that the x 'j-axis coincides with the initial element location and that x ' 2, x ' 3 are arbi­
trary axes, so that ( x \ ,  x '2, x '3) form a right handed set. That is, the plane of x '2, x ' 3 is perpendicu­
lar to the initial direction I - J . The relative displacement of end J to end I in the local coordinate 
member axes is given by

(v'l = [-L L ]
V/

Vy
(6.32)
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where [L] is defined in eqn (1.37), and has as its rows the direction cosines of the primed
axes. Write eqn (6.32) as fv'} = [T]{v] (6.33)

In eqn (6.32), v \  = vN, as in eqn (6.11), and v '2, v '3 are relative sways of the member ends in 
the 2 and 3 axes directions, respectively. The member extension measured in the direction of the 
deformed member axes is given by

Vyv = V(  ̂ + v'\)^ + V '2  + V — I

That is, (/ + Vyy)2 -  (/ + V'i)2 + V'2  +

deformed position

-xi

Fig. 6.10 Global and local coordinate axes.
From eqn (6.34), the variation in vN, that is, Avyv, for a variation {Av'J is given by

dvN
Avw =

dv';
A V

In eqn (6.36), sum on / = 1 to 3. That is,

/ + v 'j v '2
Ava,

Write this equation as 

The total member force is

/  +  Vyy /  +  Vyy /  +

Avyv = [A ] {Av'}

Av', 
Av ’2 
Av'3

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)

(6.39)
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In order to be able to calculate the tangent stiffness matrix for the element, it is necessary to 
establish the relationship between {A/?} and {Av'}. The forces {/? } are simply the generalized 
forces corresponding to the displacements {v'}. Using the contragredient principle eqn (2.16), it is 
seen immediately that from eqn (6.38),

{R} = [A]tPn (6.41)

Now [A]TPN is a function of ( j r ') . F\ ): hence, the variation {AR ]  in {R } is given by partial 
differentiation as,

d\A ]T T{A/?} = Pyy —r ~—Av'i + [A] AP summing on the index i (6.42)
d v  i

246 NON-LINEAR ANALYSIS

d[A\T _  Pn
AV , -

3v'f ' (l + v N)3
{Av'} (6.43)

From the values of [A ] given in eqn (6.37),

v ' l  + y / 3 ~ v ' 2 ( /  + v / l )  ~ y / 3 ( I  +  v ' \ )

- v ' 2( l + v '  i) ( / + v '1)2 + v '32 - v ' 2v '3 

—v '3(/ + v 'i)  - v ^ v '3 (/ + V / 1) 2 + v '2

Write the expression in eqn (6.43) as [c?]A{v'), so that eqn (6.42) becomes

{AR'} =[d]{Av'} + [A]t APn (6.44)

From eqns (6.38) and (6.40), substitution in eqn 6.44 gives

{A/?'| = [d]{Av'} + [ A f k [ A } {  Av'} (6.45)

However, from eqn (6.33), because {Av'} is referred to fixed member axes,

{Av'} = [7]{Av} (6.46)

and, by contragredience,

{AR } = [T]t {AR'} (6.47)

Combining eqns (6.45) to (6.47),

{ A * }  =[T]T([A]Tk[A] + [d])[T]{Av} (6.48)

The tangent stiffness matrix [kT ] for the member calculated, using the original coordinates and 
the total displacements, is thus given by

[kT] =  [ r f  j[A  ]Tk[A ] +  [d ]j[r] (6.49)

Assuming that the PN0 forces are in equilibrium under zero external node forces (that is, they 
are self-equilibrating), it follows that the node forces are given by

FA

The iteration procedure is now similar to that outlined in Method I.

{/?} = [r]r [ A f —  vN (6.50)
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Example 6.1 Analysis of a catenary

Two examples are now given to demonstrate the validity of the above theory. The computer pro­
gram referred to herein uses Method I, [24]. A catenary of 100 m span, with a uniformly distributed 
load of 100 kN, is analysed using 20 equal members, with a load of 5 kN per node. The equation 
for an inextensible catenary is

_y = hcosh(x/h)  (i)

The constant h is calculated from

s = { b 2 - h 2}'/2 (ii)

where b is given in eqn (iii) and 5 is half the cable length.

b -  h cosh(/ lh ) (iii)

The analysis will not accept inextensible members (that is, infinite stiffness) however, using an 
elastic modulus of 108 kPa and a cable cross section area of 0.01 mm2, gives a cable strain with an 
average value of 0.01% and increases the cable length from 104.219 to 104.230 m. One-half of this 
value is used as s in the equation (ii) above for the theoretical shape calculation. In Table 6.1 the 
theoretical sag and the computed sag are given at the node points and also at the element midpoints. 
It is seen that the computer model approximates the catenary very closely, being below the curve at 
nodes, and above at the midpoints, (Fig. 6.11(b)). The theoretical reaction is 108. lkN, and the cal­
culated value 106.9kN.

Example 6.2 Analysis of an experimental cable truss

The experimental results are reported by Poskitt [25]. The comparison with the computed results is 
both interesting and informative because it shows the difficulties which arise in attempting such a 
correlation, experimental work on model cable structures is exacting because member lengths and 
node coordinates have to be measured with a high degree of precision. The experimental work 
reported in [25] is for the cable truss of dimensions shown in Fig. 6.12. Units in this investigation 
were originally in imperial units and have been converted to metric. The upper and lower cables 
are identical, each being 19-strand, 0.3048 mm diameter-cold-drawn cable, with EA = 25.434 x 104 
kN. The hangers are identical in area, being composed of 6.35 x 0.127 mm clock spring. The span 
is 3.0274 m and the depth at the supports, 0.810 m.

www.EngineeringEbooksPdf.com



248 NON-LINEAR ANALYSIS

Point Distance Computed Theoretical
from support sag sag (eqn(i))

11.0 15.240 3.900 3.895
11.5 14.446 3.879 3.885
12.0 13.652 3.858 3.854
12.5 12.860 3.796 3.802
13.0 12.069 13.734 3.730
13.5 11.281 3.631 3.637
14.0 10.493 3.529 3.524
14.5 9.712 3.386 3.392
15.0 8.931 3.243 3.239
15.5 8.158 3.061 3.068
16.0 7.385 2.879 2.876
16.5 6.621 2.660 2.667
17.0 5.858 2.441 2.438
17.5 5.106 2.185 2.193
18.0 4.354 1.930 1.928
18.5 3.614 1.640 1.648
19.0 2.875 1.351 1.349
19.5 2.149 1.028 1.037
20.0 1.423 0.706 0.705
20.5 0.711 0.353 0.362
21.0 0.000 0.000 0.000

Fig. 6.12 Poskitt’s experimental cable truss- 
node and member numbering.

Table 6.1

The span is 3.03458 m and the depth at the supports, 0.81026 m. The hangers were ‘equally 
spaced along the span’. This has been interpreted to mean that the unstressed length of cable 
between hangers was 203.2 mm. The horizontal component of tension in both cables is 0.6895 kN, 
and data related to the hangers in their initial positions is summarized in Table 6.2.
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Table 6.2
Hanger no. EA/Iq j  coordinate j  coordinate Force Force

bottom top measured computed
1 1390 76.962 733.04 44.171 15.480
2 1750 141.224 669.036 38.432 43.815
3 2180 194.056 616.204 34.296 37.498
4 2760 236.728 573.278 31.137 33.095
5 3280 270.510 539.750 45.372 46.973
6 3950 290.830 519.430 34.740 35.141
7 4370 300.990 508.270 28.068 28.335
8 4260 302.768 507.238 49.686 50.126
9 4030 290.068 519.938 23.887 24.198

10 3230 270.510 539.750 47.507 49.197
11 2750 236.728 573.278 32.027 34.029
12 2130 193.802 616.458 36.075 39.456
13 1770 140.208 670.052 38.788 44.482
14 1390 75.184 735.076 34.607 4.982

0.5

6  1.0 e
1.5

2,0

S  2.5 

3,0

3,5

HANGER NUMBER 
4 6 8 10 12 

1 — I— I— I— I— I— I— I— T

• Experimental
♦ Computed with given lengths  
x .. „ „ forces

T T i n u i i
a ll loads: 13.8N

Fig. 6.13 Poskitt’s truss-experimental and computed deflections.

For the purposes of analysis this data presented some problems. The unstressed lengths of the 
upper and lower cables were not given. Assuming that the unstressed lengths between the hangers 
are 203.2 mm leaves the lengths of the cables between the end hangers and the supports unknown. 
This problem was solved simply by analysing the structure with zero load, with the four end 
members being specified as variable initial length members, (section 6.4), with the required horizon­
tal force components of 0.68947 kN. When this adjustment was made to member lengths to pro­
duce the required cable tension, the hanger forces were no longer equal to the values given by 
Poskitt [25]. The values are compared in Table 6.2 and are significantly different in the two outside 
hangers. The deflections of the lower chord for the uniform load of 13.8 N per hanger node are 
plotted in Fig. 6.13.
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The discrepancy may well be due simply to the assumption that the unstressed cable lengths 
between hangers were 203.2 mm. Even if this assumption is correct, some discrepancy is to be 
expected because of the extreme accuracy required in measuring dimensions and properties of the 
structure. Measured and computed hanger unstressed lengths are given in Table 6.3.

(/)
<
cc.

7,10

U s

5.34

croLL.
crQJIDzz.
<

4,44

3.55

2,66

1,77

0,89

0

Experimental
Computed with given lengths  

.. forces

J____I____ I____I____I____I____L

x

a ll loads 13,8N

J___ I___ L
2 4 6 8 10 12 14

HANGER NUMBER

Fig. 6.14 Poskitt’s truss-experimental and computed forces.

-10 — +
X
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P= 5L_J
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a
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20

Fig. 6.15

Experimental
Computed with given lengths  

forces

JL.__L J _____L

HANGER
/  8 10 
NUMBER

12 14

115,41N

Poskitt’s truss-experimental and computed deflections.
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Table 6.3
Hanger Given hanger Computed hanger

unstressed lengths unstressed lengths
1 655.828 646.074
2 527.812 523.799
3 422.148 421.157
4 336.550 336.728
5 269.240 269.519
6 228.600 228.575
7 208.280 208.128
8 204.470 204.241
9 229.870 229.895

10 269.240 269.545
11 336.550 336.753
12 422.656 421.691
13 529.844 525.780
14 659.638 649.656

Fig. 6.16 Poskitt’s truss-experimental and computed forces.

For the structure response to vertical loads, these hanger forces should not play a large part, 
however, because, being vertical initially, they will produce no geometric stiffness in the vertical 
direction. This observation is verified by the results. Two sets of analyses were carried out; the first 
using the computed initial member forces as explained above, the second simply using those 
reported by Poskitt. In Fig. 6.14, the increases in the hanger forces for equal loads of 13.76 N on all 
lower nodes are plotted. The results show some variation and are in best agreement when Poskitt’s 
initial forces are used. In Figs. 6.15 and 6.16, the truss deflections and hanger forces increments for 
a vertical load of 115.41 N on node 5 are plotted. These results appear to be in excellent agreement.
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6.3 PRACTICAL SHAPE FINDING OF CABLE NETS
Several problems which must be overcome arise in the analysis of tension net structures. These are:
1. The initial member lengths are unknown.
2. The structure stiffness on the initial analysis will be zero if there are no tensions in the 

members.
3. Some portions of the net may become slack as the net is deformed to take up its required (or 

imagined) shape.
4. The load/deformation curve for the cables may be non-linear.
These problems are overcome as follows:

1. The initial position is considered to be a planar grid, so that the cable intersections and 
lengths are easily determined. This, however, leads directly to the second problem that for the initial 
run the transverse stiffness of the net is zero. This is overcome simply by supplying an initial, tem­
porary prestress, which may be applied for the first few cycles until the net has taken up sufficient 
shape to possess both KE and KG stiffnesses. When the required shape is obtained the member 
lengths will, in general, be so strained from the initial position that the member forces are too high. 
At this stage, new initial lengths are specified and the iteration process reactivated to obtain a 
corrected equilibrium position of the joints under the applied loads and displacements.

2. Variable initial length (VIL) members are very useful in adjusting cable forces to required 
values. The user specifies a member force, and the program adjusts the length of the member until 
it attains the required force. For the VIL member the calculated member force is replaced by the 
specified force, and the unstressed length of the member is changed to the value corresponding to its 
unstressed length and specified force. That is,

3. The third source of trouble arising from compressive strains in the cable members is 
potentially more serious, because it may indicate that the net shape and the prescribed support dis­
placements are incompatible. On the other hand, compressive strains may appear in the first few 
cycles of iterations and then disappear. The present algorithm used in connection with this text 
allows compressive strains for a prescribed number of cycles, after which if still present the program 
defaults to error termination. The cure in such cases may simply be to supply shorter initial lengths 
for the offending members. Alternately the whole configuration may have to be redesigned.
4 Finally the load/deformation curve for the cable members is actually non-linear. This curve 

may be approximated by the expression,

o - (6.51)

n
(6.52)

where 8 is the strain, o  the corresponding stress, E the initial elastic constant and n and B 
constants which describe the non-linearity and are to be obtained experimentally.
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Alternatively the curve, ((eqn (6.52)) may be approximated by a series of straight segments, as 
in Fig. 6.17, whose slopes E 0, E U E 2, etc. are supplied to the analysis as data. A further 
option is to approximate the curve with a B-spline function.

Fig. 6.17 Non-linear stress/strain curve.

Usually the analysis will be in the range E 0 of the curve. If the elasto-plastic analysis is used, 
the iteration process can be controlled by using a secant modulus of the form,

Es = CL\ET + a 2E 0

where ET is the current tangent modulus and Es an approximation to the secant modulus at the 
current stress level with a x + a 2 = 1. Values ocj = 2/3, and a 2 = 1/3 have been found near 
optimum. Further details may be found in [24].

6.4 CALCULATION OF ELASTIC CRITICAL LOADS
6.4.1 Introduction
Critical or buckling loads (and bifurcation points) have already been discussed briefly in section 6.2, 
where it was found for the simple beam-spring structure given in Fig. 6.6, that the tangent stiffness 
[Kt ] vanishes when the axial force in the column S 0 is equal to - k l . In this case the vanishing of 
the [KT] matrix (in fact, it is the single diagonal term) is easily observed. In principle, the theory is 
similar for a complex structure with many degrees of freedom. However, in such cases the singular­
ity in the stiffness matrix is not so readily detected. It is the purpose of this section first to develop 
the tangent stiffness matrices for beam type elements (planar, three-dimensional and torsional warp­
ing members), and then to give practical methods by which the critical load may be evaluated. It 
must be mentioned that in a multi-degree of freedom system there will be many load levels for 
which [Kt ] is singular. In general only the lowest load level is of interest. The exception is the 
situation (for example, in flat geodesic truss type structures) for which instability of both a local and 
general nature may be of importance. Again, the theory developed is only for the calculation of the 
bifurcation of the equilibrium path. If the nature of this path is required, then a complete non-linear 
analysis may be necessary. The tangent stiffness matrix for the truss element was developed in sec­
tion 6.2, eqns (6.26) and (6.49). This matrix could be incorporated immediately in any critical load 
program, remembering, however, that eqn (6.49) is for large displacements and would have to be 
linearized, returning presumably to an identical expression as in eqn (6.26).
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The bifurcation problem is then posed as follows:
Given a load pattern on a structure for which member forces can be calculated, what is the 
magnitude of the scalar multiplier of the load pattern necessary such that the structure 
tangent stiffness is singular?

Mathematically this is expressed as: the matrix [KE + KG] is singular. When this is the case, 
the determinant vanishes, leading to

I K f + XKg I = 0 (6.53)

There will be as many roots for X as there are degrees of freedom of the structure, although X 
values may occur in positive and negative pairs. Mathematically, eqn (6.53) is recognized as a linear 
eigenvalue problem. It is linear because X appears as a scalar multiplier of the [KG ] matrix. A situa­
tion different from this has already been encountered in section 5.3, eqn (5.74), in which the axial 
force in the member enters into the beam stiffness matrix through the transcendental functions, 
and (j)4. That is, from section 5.3,

Mj

Mi
2EI

I

2<t>3 <t>4

((>4 2(]>3
<t>i

4>;.
(6.54)

where the definitions of (j)2, <|>3 and (j)4 are given in section 5.3. The linearized expression 
equivalent to eqn (6.54) is (see eqn (5.94))

' M- _ 2 EI 2 1 L n PI2 3

I 1 2 { + 60EI -2
<t>/

(6.55)

Setting the determinant equal to zero, the transcendental eqn (6.54) has an infinite number of 
roots, the lowest of which is given by

n 2EI 9.86EI
Prr = —

I2 11

Similarly, from eqn (6.55), the one root is

P =j. rr
12 El
12

(6.56)

(6.57)

Obviously, this root is an inadequate approximation to 7i2, and ways must be devised to 
improve the value if the linearized eigenvalue analysis is to be used.

It would appear that the use of the transcendental stiffness expressions is superior to the use of 
the linearized expressions of eqn (6.57). There are, however, compelling reasons for using the linear­
ized stiffness matrix, not the least of which is that numerical techniques are well developed for solv­
ing this class of problem.

6.4.2 Plane frame stiffness
It was shown that for cable net structures it was necessary to add in the stiffness (or joint equili­
brium correction) for the rotation of the chord i - j  of the member. The same expressions could be 
used here for frame structure members, but it is instructive to look again at the problem and 
redevelop these expressions from a slightly different point of view.
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To this end, the plane frame member is shown in Fig. 6.18 in its local coordinate axes, with 
transverse displacements v', , v 'y of the ends i and j. From Fig. 6.18 the member rotation a  is given 
by

Fig. 6.18 Modification of node force components for rotation of member.

The generalized force for the displacement a , is Q a, and, to calculate its magnitude, give the 
member a virtual displacement 8a. Then, the work expressions are

Q a5a = (Pa)l  8a

Therefore,

Q a = P l a

The incremental relationship is found by taking differentials of this equation,

d Q a = PI d a

That is, K Gq  , the geometric stiffness,, is equal to PI for small deformations d a .

Kgq = PI (6.59)

Now apply contragredience to eqn (6.58) to obtain the force components in the X'Y'  coordi­
nates. That is,

' R'iy 1 - l i -1

R 'n. ~ 7 i Q a = J 1 C P / ) y H  1 ]

This simplifies to

'R'iy' _ P 1 -1 v ;

_R 'jyJ I —I lj . vy .
(6.60)
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Thus, for all three force components at each of the ends of the frame member, R'x , R'y , Mz,

R'i

R't

0 0 0 0 0 0 
0 1 0  0 - 1 0  
0 0 0 0 0 0 
0 0 0 0 0 0 
0 - 1 0 0  1 0  
0 0 0 0 0 0

J J

(6.61)

where

{r'i)  = <r' ix, r ' iy, 0/z>

and similarly for {/?',-} etc.
In addition, the effect of bowing on the moment terms has already been considered in eqn

I with eqn (6.61), so that

0 0 0 0 0 0

0 36 3 0 36 3
/ 2 / / 2 /

0 _3_ 4 0 3_ -1
_ Pl / I

~ 30 0 0 0 0 0 0

0 - 36 3 0 36 _3_
" / 2 / I2 /

0 3_
/

-1 0 3_
I

4

(6.62)

The elastic stiffness in the member coordinates is given from eqns (5.104) and (5.107):

[* £ ] = [ n r [ n [ r ]

and, hence,

[k'T} = [k'E} + [k'c\

Alternatively, if eqns (6.54) and (6.61) are combined, the expression for [k'T] is given, with

(6.63)

(6.64)

<7 =
2<t>3 + 04

/
2EI

I '
r = 2<h 2 El

I ’
t = <t>4 2 El 

I

[k'T] =

EMI  0 0 -EAII 0 0
0 (2q +  P )// q 0 -(2q + P )// q
0 q r  0 —q t

-EAII 0 0 EAII 0 0
0 - { 2 q  +  P )// - q  0 (2q +  P )// - q
0 q t 0 —q r

(6.65)
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When the stability functions and (j)4 are used, the chord rotation effect is completely 
described by eqn (6.65). There is no need to develop special sway function terms as given in many 
texts [13].

Finally, if the eqns (6.64) or (6.65) are to be used in a direct stiffness program, the member 
stiffness matrix must be transformed using eqn (5.107). That is,

[kT] = [LD}T[k'T][LD] (6.66)

Example 6.3 Cantilever column

This example calculates the critical load for the cantilever column loaded in uniform compression. 
Eqn (6.65) will be used to calculate Pcr for the column shown in Fig. 6.19. In this case the only 
free displacement variables of interest are r '2y, 02 at the end 2 of the column.

y'

2  Per
X'

I

Fig. 6.19 Cantilever column. 
From eqn (6.65) the stiffness relationship at joint 2 is written,

v2 

0,

V
M 2

(i)

In eqn (6.65), P is taken as tension positive, and for the stability functions, the values of 
<)>!, (j)2 and hence <|>3,(|>4 are calculated using the cot or coth functions, using ]P[ depending on whether 
the member is in compression or tension. At the critical load the determinant of the stiffness matrix 
in eqn (i) is equal to zero. That is,

(2 q + P )  — q = 0 (ii)

With (3 = k/4 in eqn (6.56),

P = -
k2EI

Thence,

a 71 j. 71 a 71 . ji(jc -  2)
<t>1 ”  4 ’ ^  ~ 12(4 -  Jt) ’ <t>3 "  2(4 -  jc) ’ ~ 2(4 -  ji)

Substitution for q , r and P using these values shows that eqn (ii) is indeed satisfied. The 
reader is urged to carry out the substitution, because it is found that even in this trivial example* the 
algebraic substitution is quite tedious.
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The theory is developed using eqns (6.54) or (6.57) applied independently to bending in each of the 
principal axes of the member cross section, just as was done for the simple elastic stiffness in eqn 
(5.118). Similarly, the effect of the chord rotation, as given for the plane frame member in eqn 
(6.61), is now applied independently to each of the principal axes chord rotations. Thus, [k'q ] is 
given by

6.4.3 Three-dimensional frame member geometric stiffness matrix

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 36
I 2

0 0 0 0 _3_
/

0 36
I 2

0 0 0 0 3
/

0 0 36
/ 2

0 0
/

0 0 0 0 36
/ 2

0 3
/

0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 3_
/

0 2
/

4 0 0 0 3
/

3
/

0 - 1 0

0 3
/

0 0 3_
/

0 4 0 3
/

3
/

0 0 0 - 1

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 36
/2

0 0 0 0
/

0 36 
/2

0 0 0 0 3
/

0 0 36 
/ 2

0 0
/

0 0 0 0 36
/ 2

0 3
/

0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 3
/

0 3
/

- 1 0 0 0 3
/

3
/

0 4 0

0 3
/

0 0 0 0 - 1 0 3
/

3
/

0 0 0 4

(6.67)

Again, using the same process as in eqn (6.63), with [T] now defined by eqn (5.115),

[k'E] = lT]T[k'][T]

and

[*V] = [ r £ ] + [ r G]

To transform the stiffness matrix to global coordinates, [LD] is defined in eqn (5.128), and, hence,

[kT] = [LD]T[k'T][LD] (6.68)

Example 6.4 Effect of beam subdivision on accuracy to critical load approximation

It was shown that use of the cubic approximation to the pin-ended column gives the eigenvalue,

P  =  l 2 E I
/ 2

When the member is further subdivided, and the effects of the chord rotations via eqn (6.61) 
included, the improvement in the approximation is quite marked. The values calculated are given in 
Table 6.4.
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Table 6.4
Number of 

subdivisions

1
2
3
4

Approximation 
to n2 for 

critical load 
12.00 
9.95 
9.89 
9.86

These values are plotted in Fig. 6.20.

Number of beam sub­
divisions

Fig. 6.20 Approximation to Pcr for beam subdivisions.

Example 6.5 Cantilever column under self-weight

The second example is for the cantilever column standing under its own weight, as shown in Fig. 
6.21. The subdivisions of the column into 8 and 12 elements and the approximate axial forces in 
each subelement are shown in Fig. 6.21. The calculated critical loads are shown in Table 6.5.

Table 6.5
Number of 

subdivisions 
8 

12 
[27]

(ql) critical load 
load

2920.0
2930.0
2939.0

;;— L E = 3 0  000 ,,Sj?

i  1 = 8 0  x j r

 ̂ 1 = 80  '

5,
7

18
3,

3

v q p e r  u n it  ^
v le n g th  ^

; y  '
400 1 4 00

8 s u b d iv is io n s  12 s u b d iv is io n s

Fig. 6.21 Cantilever column distributed axial force.

Example 6.6 is of interest because, as shown later in lateral torsional beam buckling problems, 
(section 6.5), the flange compression forces vary linearly along the beam. Then example 6.5 gives 
some indication as to the number of subelements required in such problems.
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An alternative derivation of the geometric stiffness matrix of a framed member is given in which the 
effect of transverse forces is included. In Fig. 6.15 the influence of the chord rotation on the x \  y '  
components of the axial force P in the member has been shown. However, the question arises as to 
the influence of the transverse shear S which is the result of node forces in the y '  direction at the 
ends of the member. The components of these forces in the X ' , Y '  coordinates will evidently 
change when the chord suffers a rotation Aa. To study this effect, consider the forces on ends i - j  
of the member in the local member axes. These will be

<F' F'  F'  F'  >^  ix 1 ly 1 jx 1 jy ^

For a rotation of axes from the X ' , Y '  axes to the X , Y axes through a small angle, Aa, 
cos Aa = 1, sin Aa ~ Aa, the transformation matrix for vector components is approximated by

6.4.4 Alternative derivation of geometric stiffness matrix

(6.69)
cos Aa -sin Aa 1 -A a

[L] = sin Aa cos Aa ~ Aa 1

In the local displacement components the increment in the angle a  is given by

Aa = y  [0 - 1 0  1] (6.70)

Assume now that under this transformation the _axial force P 0 and the transverse shear .S'() 
remain constant. Write the force components in the X , Y system, using the bar notation, so that

(6.71)

F '1 IX
F ix

-1 0

F 'iy F iy
0 1

F ' j * F J, 1 0

f ' j y . F jy
0 -1

The components of F in the X , Y axes are given by the transformation eqn (1.38),

{ - n  = [Ld ] {F \

That is, the change in components is

{AF'} = {F'\  -  {F'}

Simplifying eqn (6.72),

f AF'} =

1 - Br' 0 0
Br' 1 0 0

— 0 0 1 -Br '
0 0 Br 1

0 -1 0 0
1 0 0 0
0 0 0 -1 IF' }[£]{r

0 0 1 0

|F '}  -  |F '} (6.72)
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Substitution for {F'} from eqn (6.71) and [B] from egn (6.70) gives, separating terms in P 0 
and S 0,

{AF'}  =

0 0 0 0 0 1 0 -1
Po 0 1 0 -1 So 0 0 0 0
/ 0 0 0 0 + T 0 -1 0 1

0 -1 0 1 0 0 0 0
fir '} (6.73)

The first term is the expression already given in eqn (6.61) for the axial force effect. The 
second expression is seen to be unsymmetric. Symmetry can be restored if account is taken of the 
change in the length, of the member and of the fact that the moments Mt and My producing the 
shear S 0 are constant, rather than S 0 itself. That is, after the change in length 8 the product of shear 
times length is constant. If S 0 is the initial shear force and AS0 its variation, then

(So + AS0)(/ + §) = S 0 I

Neglecting the second-order term, AS0 8,

AS„
S0 5

NoW- S = [ - 1 0  1 0 ] |r ' l

The variation in F f force components due to AS0 will be AF's , and, hence,

{AF's } =

1 —Br'  0 0
Br'  1 0  0

0 0 1 —Br'
0 0 Br'  1

0

AS0
0

-AS0

(6.74)

Neglecting [B ] {r '} A.S 0 as a second-order term gives

0 0 0 0 0

S0 1 ^0 1 0 -1 0
1AF 5 } = j- 0 [-1 0 1 0] {r '}

~ ~T 0 0 0 0
-1 -1 0 1 0_

k '}

Adding the effect in eqn (6.75) to eqn (6.73) gives the now symmetric expression,

(6.75)

0 0 0 0 0 1 0 -1

^0 0 1 0 -1 So 1 0 -1 0

/ 0 0 0 0 + —  
/ 0 -1 0 1

0 -1 0 1 -1 0 1 0

S q Mi + M ;
Notice that the second term in eqn (6.76) with —  = ------ ------

* I
effect because S0 <  P 0.

(6.76)

will generally have only a minor
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In section 5.8 the theory was developed by which the elastic stiffness of the thin-walled open cross 
section line element i - j  can be calculated. This was achieved either by solving the indeterminate 
relationship between the St. Venant’s and warping torsion effects, (eqn (5.214)), or, alternatively, by 
using a cubic interpolation for the member twist, in which case the approximate elastic stiffness is 
expressed as the sum of the warping and St Venant’s stiffnesses (eqn (5.214)). The calculation of 
the geometric stiffness is best approximated by using the cubic interpolation functions. In section 5.8 
the theory was developed only for the twist variables (0L, 0'L, 0^, 0'^) at the ends of the member(0 
being the rotation about the member Z-axis and 0' its first derivative). In order to derive the 
geometric stiffness, the principle of virtual displacements is used to examine the equilibrium of the 
stresses in the beam in the deformed position. Continuum theory is adapted for the thin-walled 
beam, considering both the twist and the bending about the principal axes. When this general case 
has been developed, the appropriate terms can be extracted, if so desired, for the limited analysis 
associated only with the bending in one principal plane.

Z

6.5 GEOMETRIC STIFFNESS FOR THIN WALLED OPEN SECTIONS

A shear centre
C centroid of cross section
( X , Y ) principal axes through centroid
(X', Y') tangential and normal axes to element ds at P
a  direction of X ' to X

Fig. 6.22 Thin-walled beam cross section.

It can be shown [26] that the expression for the virtual work written in the displaced position is

J (t„ + At„ )8(Aun )dA0 -  J Sjj 8(Ae,7 )dV0 = J S,7 8(Ar) ,7 )dV0 + J AS,7 8(A£,V )dV0 ^
A q vol vol vol

In this equation the second term on the right-hand side leads to the elastic stiffness matrix 
calculation in the deformed position, if so required. The first term, however, is the correction for the 
displaced position and is used in the calculation of the initial tangent stiffness for the stability prob­
lem. The strain tensor is written

Eij = y ( M/ j  + uj j )  + J ukjUk,j (6.78)
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where the subscript (,) denotes differentiation with respect to the following index variable. That is,

Eij = Eij + t1<7
Taylor series expansion, including only first-order differentials and up to quadratic terms, gives

A e,7 = j ( A  Ujj + A uj j )  + ^ u kJAukJ + j A u kJukJ (6.79)

and j
A%  = —Auk'iAukJ (6.80)

For the continuum it is relatively easy to proceed from these expressions to the calculation of 
the tangent stiffness once simple interpolation functions have been chosen. The beam problem is 
more difficult because of the assumptions already made concerning the state of strain. In the 
thin-walled section the complication also arises that the shear stress is given in the local rather than 
the global coordinate axes. Consider, then, the open section shown in Fig. 6.22.

The displacement of a point P on the cross section is given as (u , v , w), the coordinates of P 
being (x , y , z ). The displacements of the centroid are (u , v , w ). Thence,

u = u -  v 0 (6.81)

v = v + x d  (6.82)

w = w -  xu z -  yv + 0 z (On (6.83)

where the subscript again denotes differentiation with respect to the variable following and (On is the 
normalized warping function. The stresses are given by

Mxy
(6.84)

(6.85)

The displacements at the ends of the member are now defined and their interpolation functions 
with respect to Z established. In what follows, the subscripts L and R refer to the left- and right- 
hand ends of the element, respectively.
1. Rotation about the Z , axis, 0

{re} = {0l 6 'l Qr S'* } (6.86)

The prime here denotes the derivative of the function with respect to Z .

2. Displacement in the X direction, u .
Assume a cubic variation as in no. 1, and the relevant end parameters are

{ru) = i uL ®YL UR 0J7? } (6.87)

Note that 0rL, 0r/? are the end rotations in the (X, Z) plane defined to correspond with MYL

and M Yr and thus 0yL = and 0r/? = .
dz dz
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3. Displacement in the Y direction, v .
Assume a cubic variation again as in no. 1 and the relevant end parameters are

{^ V  } =  \ VL ®XL VR ®XR } (6 .88)

Note, again, that QXl and are the end rotations in the (F, Z) plane defined to correspond with

Mxl and MyL, and thus QXL = ( ~ - ) L and 6XR =
dz dz

4. Displacement in the Z direction, w .
Assume a linear variation with relevant parameters,

{rw } = {wL, w R \ (6.89)

The cubic interpolation function <|) may now be used for the terms r e, ru and rv, and, noting 
the appropriate signs referred to above, it follows that

{0 ,1  =  (<t>e) =  I0v 1 =

1 -  3^2 + 2^3

m  - 2 ^ 2)

^2(3 -  2$)

1 + 5 )

(6.90)

I 02 I -  I0»

1 -  3^2 + 2£?

1 -  2£ + ^2) 

52(3 -  2$)

- l % \ - 1 + 5 )

(6.91)

where the displacement and rotation components are interpolated

U = {02)r l'-„) ; V = {0,)Tlrv } ; e = { ^ , ) r {re l (6.92)

and, in eqn (6.90), ^ is the non-dimensional coordinate £, = z //. Finally, for interpolation of w

(6.93)

Substitution of these interpolation functions into eqns (6.83) for u , v and w gives

(j) 2 0 0 - y § \

o (t>,r o x§!
-•'■02r .- - > ’ 0Kz 0 1

(6.94)
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and

~  /u

V  '

f
X

y ' _

cos a  sin a
-sin  a  cos a

cos a  sin a
-sin a  cos a

265

(6.95)

(6.96)

Use of these transformations in eqn (6.94) gives

U '
cos a  §2 sin a  (|)f 0 -y ' ty f r u

v ' = -sin a  §2 cos a  (()f 0 x'§J r v

rw
(6.97)

w '

i 4 -©
- s a i / e .

In the calculation of the first term on the right-hand side of eqn (6.79), eqns (6.94) and (6.97) 
will be used, as appropriate to the axes used for the stress tensor. The stress tensor is written as 
below, with the prime indicating local axes,

Sij =

o  o  x ' , 3

0 0 0 
x'31 0 c33

(6.98)

In eqn (6.80) it is necessary to examine the r\^ terms and evaluate them in terms of the nodal 
parameters {ru, rv , rw, r e}. The stresses in eqn (6.98) show that only r | '13, r | '31 and r |33 need be 
considered. Now, I

T |' i3  =  rfxz =  ^r(Uj'U,z +  y y y , z  +  (6.99)

In this expression, u y  -  0, from eqn (6.97), and the term in w derivatives is neglected in 
what follows. Further, j

1133 = Tlzz = y ( «  j  + VI  +  w j )  (6.100)

The procedure to be adopted is straightforward. Derivatives of r | '13, r | '31 and rj33 are obtained 
with respect to each of the components of {ru }, [rv } and {r e}, and the first term of the right-hand 
side of eqn (6.79) is used to yield the terms of the geometric stiffness matrix. Consider first r | '13, 
noting that r | '31 is identical. From eqn (6.97),

= [ 0  0 0<hr]{r )

where

This leads to

{ r \  = \ru rv rw r 0} 

v '^  = (<Mr ('-e)

(6.101)

(6.102)
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Also

Thence,

v 'z = [-sin a  (|)£z cos a  (j)£z 0 x'tyftZ ]{r }

1 1

(6.103)

-{r e}7 [^^[-sin  a  § 2 ,z cos a  0

After multiplication,

T |' l3  =  Tl'31 =  ~ y s in  a f /‘e ) r { (l) i ) l (t>2r z } l ' ‘« I

+ y co s  ) + Y l r e lr l<t>i}(<l>i,z l^ k e ) (6.104)

After derivatives are taken with respect to the components of { r }, substitution in the first term 
of eqn (6.79) gives the contributions to the member geometric stiffness as below, from rj '13 and r | '31.

V
Rv f /
R “ J 13v w vol

.R *.

0 0 0 —(t>2,z (|)irsin a

0 0 0 (Jjj^fcos a

0 0 0 0

-§2,z§\ sin a  a  0 2x'§i z§\

ru

dv rv
rw

(6.105)

The eqn (6.105) is then rewritten in terms of Vx and Vy , the shear forces at the shear centre. 
That is,

0 0 0
Ru
Rv

0 0 0

Rw 0 0 0
R e r Vy<t>A v ^ b 0

0

"

ru
rv
rw
_r Q_

(6.106)

In eqn (6.106),
/ /

= J(<t>2,z }{<t>i}T d z \  Ob = ){^,}r  dz ; and Q = 2 J x'l3x' dA (6.107)
0  0  area

Explicit results for eqns (6.107) are given later. Turning now to rj33, given by eqn (6.100),

U,z =[<t>2rz 0 O - y ^ l l r }  (6.108)

V,2 = [0  <t>irz o x<blz] {r )  (6.109)

These results are taken directly from eqn (6.94). After rearrangement, the following results 
emerge:

~ 2
K  = {'•«}r {^2,zH<t»2,z}r { ^ (

-  2y {ru )r {<t>2,z }{<l>i,z )r ('-e) + j V e l M ^ z  H4>i,z i V e ) (6.110)
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V? = kv .|r { ^ ,z )(^ ,z ) r kv(

+  2 * | r vr M < M { 4 > k H r e} +  x  l r e) { ‘t'l.z ! ! r e} (6.111)

Proceeding, as before, by taking derivatives of r)33 with respect to each of the components of 
and integrating the first term of eqn (6.77) over the volume leads to

r P<s>c 0
R u
R v

0 P & E

R»> 0 0
R e - m x q d ~ M y Oj

0 -M x<bD

0 -M y d>E

0 0

o ya>£

(6.112)

In eqn (6.112),

J«kz 1 {4*2,z )r  dz ; = J{<|>2>z}|$ ,,z }T dz
0 0

/
*&£ = Jl<t>i,z }{<(>i,z 1T dz ; 7 = J (x2 + y 2)G33 dA

(6.113a)

(6.113b)

In eqn (6.112), Mx and My are the average moments along the member. Eqs (6.106) and 
(6.112), when added, give the final statement of the geometric stiffness matrix for the member. An 
examination of the terms of eqns (6.107) and (6.113) is revealing. The following values of 

, 0 B, 0 C, &D and &E are easily obtained from eqns (6.90) and (6.91):

[«>*] =

[<*>B] =

1 J _ 1 /
" 2 10 2 10
_ /_ n / f _
10

u
10 60

1 J _ 1 J _
2 10 2 10

I2 n
10 60 10

u

1 J _ 1 j _
’ 2 10 2 10

n / I2
10

u
10 60

ti _l_ 1 I
~2 10 2 10
I / A

10 60 10
U

(6.114)

(6.115)
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[®c] =

[ O d ]

6 6
57 10 51 10

J _ 21 1 /
' 10 15 10 30

6 J _ 6 1
~ 51 10 5/ 10

1 / 1 2X_
’ 10 30 10 15

6 1 6_ 1
51 10 51 10
1 2 L J _ J _

10 15 10 30
6 j _ _6_ 1

' 51 10 5/ 10
1 1 A
10 30 10 15

(6.116)

(6.117)

[®e ] =

6 6 1
51 10 51 10

J _ 2 L 1 /
10 15 10 30
6 i 6 1

~ 51 10 51 10
1 / J _ 2 L

10 30 10 15

(6.118)

Finally, eqn (6.113d) is worthy of further investigation. If warping direct stresses are ignored, 
eqn (6.84) gives o 33 (o~z):

Po~ = — 
" A

Mxx M xy 
+

/, /,
where P is the tensile load in the section. Thus, in eqn 6.113(d) y is given by

(6.119)
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The terms (3, and |3: are defined as follows:

p, = J (x3 + ^ 2) dA ; P2 = J O'3 + y*2) dA (6.121)

It follows that pb p2 are zero f°r bisymmetric sections; eqns (6.106) and (6.112) show clearly 
the structure of the geometric stiffness matrices. The limited problem for lateral torsional buckling 
analysis is shown in Fig. 6.23, in which it is assumed that the YZ plane is a plane of symmetry. In 
this case the variables at the ends i - j  of the member entering into the problem are («, 0^, 0Z, 0'z). 
The resulting geometric stiffness matrix is an 8 x 8 matrix, and its terms may be extracted from 
eqns (6.106) and (6.112) with the aid of eqns (6.114) to (6.118) included. Note: in this case, 
y = PIX/ A .

Fig. 6.23 Torsional buckling-nodal variables. 

Now define the following constants.

A - ^ -  
51 '

; B =
p
10 ;

C = ^  .

2 ’

S
?|2II G =

2 PL 
15 ’

H  =
2 Mxl 

15

K  =
6 PIX

L =
Ph

5/A ’ 10A ’

D
6 Mx

51 ’

PL

V y l

l o ”

Vyl2
I = —  ; J = -JL-  

30 60

M =
2 P I J  
15 A

Then the [Kq ] matrix is written

(6 .122)

[ * g ]

A - B C  - D E + F - A - B C  + D - ( E  + F )

- B G E  +  F H B - I - ( E  + F ) J

C  - D E  + F K L D  -  C - ( E  + F ) - K L

E  +  F H L M - ( E  + F ) - J - B - I

- A B D  -  C - ( £  + F ) A B C  - D E +  F

- B - I - ( E  + F ) - J B G E  +  F H

C  + D - ( E  + F ) - K - B C  - D E + F K - L

- ( £  + F ) J L - I E  + F H - L M

(6.123)
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The effect of  load offset on the buckling load

If, in Fig. 6.24, the load in the YZ plane is applied at a distance yR from the centroidal axis, it has 
the effect of introducing a rigid truss member at the joint. However, the geometric stiffness for the 
rotation of such a member is given by eqn (6.59). In the present case, the term to be added to the 0 
term of [KG] is ±RyyR, the + or -  sign depending on whether RY acts away or towards the centroid. 
The beam shown in Fig. 6.24 was analysed for the various load conditions shown.

150"

u 300"

r j _
T c

i ' l _ r
7 “

—r 2 2 "

10"

M
beam cross-section

Fig. 6.24 Simply supported beam-lateral torsional buckling.

The values of the critical load values for the beam subdivided into 12 segments are given in 
Table 6.6 and are compared with those from [27] and [28].

Table 6.6
Timoshenko Powell Present Load Load

[27] [28] case bottom flange top flange
Concentrated load 198 200 201.7 172.3 232.2

uniform moment 11200 11200 11087 _ _

6.6 PRACTICAL EVALUATION OF EIGENVALUES AND EIGENVECTORS
6.6.1 Determinant search
It has been shown that the formulation of the bifurcation problem for small displacements from the 
initial position of the structure leads to an eigenvalue problem of the type, in the non-linear formu­
lation,

[Kt ] {r } = 0 (6.124a)

or, if the problem has been linearized,

[KE] { r } = - X [ K G]{r]  (6.124b)

If the problem size is small, then there are many standard computer subroutines available 
which can be used to obtain one or several of the eigenvalues and vectors of eqn (6.124b). It should 
be noted that the lowest value of X is required, and, hence, in any iteration scheme, convergence 
should be to this value. It will be seen that in eqn (6.124a), in which transcendental functions 
occur, an infinite number of eigenvalues are available. The general solution of eqn (6.124b) may be 
reduced to the standard form as follows. Thus, consider the equation,

&4]{*} =X[B]{*} (6.125)
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For stability problems [A] = [KE] and [6] = ~[KG]. The matrix [A] is positive definite, and 
[B ] is symmetric but not necessarily positive definite. The problem is then reversed to solve

=Q [A ]{x) ; with £2 = (6.126)
K

It is well known that if [A] is positive definite it may be decomposed into the product of an 
upper triangular matrix and its transpose. Thus,

[A] = [ L] [ D] [ L? = [ U ] T[U]  (6.127)

Then’ [U] = [ D f [ L ] r

Now the coordinate substitution is made

\ y )  = [£/]{*) (6.128a)

0r’ {*} = [£/]■'{)’ ) (6.128b) 

Substitution of eqns (6.127) and (6.128) in eqn (6.126) gives

[ S ] [ t / r ' { ^  } =Q. [ U] t [U] { x }

Hence,

[U-' ]T[B][U~l] {y}  =£!{>>)
Tliot ic .

’ = £ 2 ( j |  (6.129)

Where [B*] = [[ /- ‘]r [B ][(/-'] (6.130)

In eqn (6.129), it is seen that [£*] is a generalized flexibility matrix corresponding to the vari­
able {y }. Eqn (6.129) is now the standard linear eigenvalue problem. It is shown that the normal­
ized eigenvectors {7} of eqn (6.129) produce eigenvectors {X}  of eqn (6.125). That is, let the {F} 
vectors be normalized such that { Y} T {Y}  -  [/]

Then, from eqn (6.128a)

{F} = [£/]{*}

so that substitution for {Y} gives

{X |r [t/]r [t/]{X} = [/]

Thence, from eqn (6.127),

jX}r [A]{X| = [/] (6.131)

It is seen also from eqns (6.125) and (6.131) that

{X(r [A]{X) = {X ]{X }fAj = [/]

EVALUATION OF EIGENVALUES AND EIGENVECTORS 271
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Hence,

{X)r [5]{X} = (6.132)

In real applications, however, the size of the problem may be large, and {r } in eqn (6.124b) 
may be a vector of hundreds or thousands of variables. If only the lowest critical load value is 
required, the solution of either eqns (6.124a) or (b) is relatively straightforward. First an elastic 
analysis is carried out, and member forces for a given level of the applied load determined. A sim­
ple interval-halving routine is used in which the stiffness matrix,

[Ke + XKG]

is reduced by Gaussian, (or other) elimination for successive choices of X. To start the sequence, 
choose X = 1. If the matrix proves to be positive definite, that is, no zeros or negatives appear on 
the diagonal during the reduction, the value of X is doubled and the process is repeated, until such a 
value of X, say, Xn+l, is reached for which a negative does occur. The interval between the new Xn+x 
value and Xn is now halved, so that

K+2 =  y (^ /i +  ^/i+i)

This process of interval halving is now repeated. The interval to be halved is always chosen to 
be that for which the values Xn, Xn+x straddle the zero pivot point. The process may simply be con­
tinued until a tolerance limit on the accuracy of X is reached. The mode shape is now obtained with 
this load level (Xm) by recording which pivot term is approaching zero, and then finally applying a 
unit displacement to this degree of freedom with the tangent stiffness [KE + XmKG]. The resulting 
mode shape is then normalized so that the maximum displacement is unity. This method was used in 
all the given examples, for example, the frame shown in Fig. 6.25. For the arch bridge shown in 
Fig. 6.26, this process took 14 iterations to reach Xm = 7.9 x the base load.

Example 6.6 Critical load of frame

In this example the results are given for the calculation of the critical load of four-storey framed 
structure shown in Fig. 6.25(a). The axial compressive forces in the columns are 20, 40, 60 and 80 
x 103lb, from top to bottom. The members were subdivided, two subelements per member. The 

value of Pcr, as calculated, equalled 3.96 x base load, and compares favourably with the value 3.97 
quoted in [29]. The mode shape is shown in Fig. 6.25(b). This example shows that for framed 
structures with sway the two subdivisions per member give adequate approximation to the critical 
load when the eigenvalue problem has been linearized. Of course, if stability functions are used, no 
subdivision of members is required, but the penalty is incurred of having to solve a non-linear 
eigenvalue problem.

Example 6.7 Buckling analysis of arch bridge

In this last example the critical load and mode shape for a tied arch bridge are given. The structure 
and the mode shape are shown in Fig. 6.26. The member forces, compression in the arch, tension in 
the hangers and tie have been computed for the dead load of the bridge and the superimposed live 
load. The axial forces in the members are taken to be F 0 + XcrFj, where F 0 is the force due to 
dead load, Ft is the force due to base live load, and Xcr, is the live load scalar multiplier.
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Fig. 6.25 Four-storey frame-mode shape.

A xial force in Arch 2 659.0 kN at springing  
3723,0 kN a t crown 

Tied Arch members 223
jo in ts  101 D 0 F. 6 06

Buckled shape load factor r 8 .4 8 *base  
load p lo tted  showing to ta l  
d e fle c tio n   ̂(U,?* U / * U 1?)V?, ou t o f  
p lan e  of Arch

Fig. 6.26 Tied arch bridge-dimensions and mode shape.

The process may be accelerated by interpolation. During the reduction of the stiffness equa­
tions, the determinant D is evaluated by multiplying together the diagonal terms. For various X 
values, this determinant D will be as plotted in Fig. 6.27.
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Fig. 6.27 Quadratic interpolation.

Thus, in Fig. 6.27(a), if two successive X values are known, Xk_hXk, where Xk_x gives Dk_x 
positive and Dk, negative, and with only one negative pivot value, then the approximation to Xk+x is

Dk_{Xk + IDk l^_!
H+i Dk_x + \Dk I (6.133)

Alternatively, three consecutive points may be used with quadratic interpolation, as shown in 
Fig. 6.27(b). In this case, at least one, the Dk values, should be negative with only one negative 
pivot. Then, assuming the quadratic function,

D = A + B X  + CX2

the coefficients A, B, and C may be obtained,

1 Xk_2 Xk_2
-1

Dk-l
1 Xk_x Xk_\ Dk- i

K 1 Dk

is given by,

-B  + V(B2 -- 4 AC)
2A

These methods can reduce the number of trial X values dramatically if the criteria mentioned 
above are satisfied. In theory, the process can be extended to calculate several eigenvalues and 
eigenvectors and is really only the Sturm sequence process. It becomes inefficient if many eigen­
values are required because of the computational time taken to reduce the stiffness matrix.

6.6.2 M atrix iteration
Simple matrix iteration is also useful if only one (the dominant) eigenvalue is required. Then, if Pcr, 
the smallest critical load, is required, from the equations,

[Ke + X K G]{r]  = [R]

Iteration must take place on \ /Pcr. Thus, for {/?} = 0,

[KE] { r } = - [ K G]{r]
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Premultiplying by [KE]~l = [F], the structure flexibility matrix gives

MATRIX ITERATION

1

Prr
{r}  = - [ K Er l[KG]{r ]  = - [ F ] [ K G]{r]

275

(6.134)

This equation should be compared with eqn (4.141), and it will be seen that the method has 
been reduced to the flexibility method of calculation of critical loads where (~[KG ] {r } is now the 
matrix of fictitious joint forces. Thus, eqn (6.134) leads to the solution of the equations,

(6.135)

where [A] is now an unsymmetric matrix. The iteration process starts with a choice of a starting 
vector r 0, which approximates the first mode shape. Consider now the sequence of iterates,

ko}> ( n l  = [A]{r0|, ■■■ , { r k ) =  [A]*{r0} = [A]{r*_,) 

and also the transposed sequence,

koK {r',) = [A]r ( r0), • • • , {r'k } = ([A ]r )* | r 0 j = [A]T {rk_l }

Let a x, a 2, a 3, • • * , an be the coordinates of the vector r 0 with respect to the basis 
X U X 2, X 3, ’ - ’ , X n, and b \ , b 2, b 3, • • • , bn the coordinates of r 0 with respect to 
X 'j, X ' 2, X ' 3, • • • , X 'n . Form the scalar product,

(r'k, r k) ^ ( [ A Tf [ r 0\, [A ]* {r0}) = ({r0[, [A]2* (r0})

{ {bxX \ + b 2X ’2+ ■ ■ ■ +bnX \ ) ,  { a{ktkX x+a2U kX 2 + + anX f X n)}

Using the known orthogonal properties of the eigenvectors X x, X 2, • • • , Xn and those of 
X \ ,  X ' 2, • • , X' n of its transpose, it is seen from the above expression that

(r'k, rk) = ( a xb xX2k + a 2b 2X2k + • • • + anbnX2k)

= X2k( a xb x + a 2b 2
2k

) —̂ ci xb xX2k + O

Similarly, for the vectors r \ _ x and rk,

(r 'k-1 * rk) —> a xb xX2k 1 + O

^2

A

2 k - \

2k

Hence, combining these equations, the approximation to the dominant eigenvalue Xx is
"12 k

( r \ ,  rk) 

( r \ - i, rk)
+ O

(6.136)

(6.137)

(6.138)

The process can be implemented without calculating powers of [A ] by generating the succes­
sive vectors, . , ,

[rk K and {r {r k }

Each step requiring the multiplication of a vector by a matrix. The last vector {rk } is an approxi­
mation to the mode shape.
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In implementing the method it should be seen that if the matrix [A ] has not been normalized 
so that the maximum term in [A] is 1.0, overflow will soon occur in calculating the iteration vec­
tors. To overcome this problem, let a  = maximum term in [A],  and generate [C], such that

Then the approximation to Xx is

[C] = - [ A ]  
a

a([C r ]* k 0}, [C]MroD
(6.139)

The method is highly convergent if X2 is not close to Xj. If the number of degrees of freedom 
of the system is small, then perhaps it is convenient to calculate ([i^_1][G]) and to use the above 
iteration scheme. However, since the first method given should be able to calculate the lowest criti­
cal load in approximately ten reductions of the stiffness matrix, it is difficult to see that the power 
method competes well with the pivot search method, unless [F] has been formed directly.

6.6.3 Inverse iteration
Inverse iteration, as the name implies, is only a means by which the calculation of the inverse [K]~l 
in eqn (6.134) is circumvented. Clearly, in eqn (6.134), the inverse is not really required, but rather 
the solution of the equations for which the right-hand side is the vector [KG ] {rk }, where {rk } is the 
k th iteration vector. The convergence of this method is examined in detail because being a practi­
cal method for obtaining critical loads, the difficulty which arises with pairs of roots ±X must be 
overcome. To this end, consider the general equations,

[K]{ei } = X [ G ] { e i } (6.140)

Suppose that the lowest value of X, Xm is required. Again, as in the power method, a starting 
vector {xo} is generated, and the iteration scheme, based on the sequence is

[K]{xk } = {y*_j} (6.141)

Solve eqn (6.141) for xk, and generate yk from

iyk ] = [G]U*} (6.142)

On the first cycle,

[ K] { x l } = [G] {x0] (6.143)

From eqns (6.141) ff. it is seen that, symbolically,

{jri+1} = [AT'[G](.v* I

Proof of convergence of inverse iteration to the lowest eigenvalue of eqn (6.140)

As before, any vector a 0 in the a?-dimensional space spanned by the eigenvectors may be expressed 
by coordinates in this vector space. That is, let

U o ) = Z t f / k , |  (6.144)
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Then, from eqn (6.141),

However, from eqn (6.140), 

Therefore,

{X!} = [ K T l[G] {x0] = X a d K T ' l G M e i
i-l,n

1

{ * , }  =  X  ai
i=\,n X,

Repeated application of eqns (6.142) and (6.143) gives

i=\,n

1

That is, if Xm is the lowest eigenvalue,

I i Cn +  I* m  i  J 1 i ^ i  .

i= 1, n X,

so that, { }  OĈ {€m } + A*

{xk ) = a k (e„

With one more cycle of iteration
a k

{-*-£+1} 1 i^m }
Aw

277

(6.145)

To obtain an estimate of Xm, the ratio of any two terms of {a/: , j | and [xk } will suffice. That 
is, for example,

(**)i
7 7” ~ Km 
(Xk+1)1

A better mathematical approach is, of course, to take the scalar products,

{•** )T{xk ) = a l i em \T{em ) = a i

and
{xk+\ ) T \xk+i) = { - | - | ( e m }T \ em ) = ~

Kfy,

Thence, the best first approximation to A,„ is

XI =
{xk }T {xk } 

{xk+\}f  [Xk+\]
(6.146)
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6.6.4 Computational efficiencies in the calculation of Xm

Eqn (6.140) is modified slightly so that it is unnecessary to form {**+1} in order to obtain the esti­
mate of Xm. Firstly, it is seen from eqn (6.140), for the eigenvalue Xm, vector {em }, that

I e f [ K ] [ e m ) = ‘km{em )T[G]{em ) (6.147)

Now the kth iteration vector can be expressed eqn (6.145):

{xk } = a k {em } + {A*} (6.148)

where {A^} is the residual —> 0 as k becomes large. Then, from eqn (6.148), premultiplying both 
sides of the expression by [£],

[K]{xk } = a k[K]{em } + [K]{Ak ]

Thence,

( [K][xk })T {xk ) = {ak[K] \ em ) + [/n{A*})r (oc*km} + {A,})

or,

\xk \T[K] \xk ) = a i i e m }T[K]{em ] + {Ak }T[K]{Ak } + 2ak {em }T[K]{Ak )

= a k \ em \T[K] \ em ( + (O {A2} —» 0)

From eqn (6.147) ,  ^  ) r [ J . ] (^  =  ^  ^  |T[0]|^  ,

By a similar process it is shown that

\xk \T[G] \xk \ ~ Q-k {em }T[G]{em }

S°  that’ {xk \T[K) \xk | = Xm {xk \T[G]{xk )

Hence, the approximation to Xm is,

{xk }T[K]{xk }
Xm — ------------------  (6.149)

\xk )T[G]{xk }

However, in the iteration process, ((eqns (6.141) and (6.142)), expressions are given for 
[K]{xk } and [G] \ xk |, such that now eqn (6.149) is written

 ̂ \xk )T {yk- 1 (
^  = ~i— Tr~i— i~  (6 J 5 °){XkY b * )

Since the vectors {xk }, [yk }, { ^ - il  are calculated during the iteration process, this represents 
little extra effort, and eqn (6.150) is prefered, to eqn (6.149). The above process breaks down when 
the eigenvalues occur in equal and opposite pairs, for example, (±A,m), as will be shown below. In 
buckling problems, this phenomena is a common occurrence for example, a simply supported plate 
subjected to constant in-plane shear stress can have the shear either positive or negative. Thus, sup­
pose that (+Xm, {e+})  and (-Xm, {em}) are an eigenpair. Then, from eqn (6.140),

[K][e+]  = X m[G]{e+}
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and

[ K ] { e ~ } = - X m[G]{en 

Alternatively, dividing both sides of these equations by Xm,

279

= [ K Y x{ G ] \ e :
-m

- { « » }  = - [ K Y x[ G] { e m

(6.151)

(6.152)

As before, suppose the iteration commences with a starting iteration vector jt0, with x 0 
expressed as in eqn (6.144):

and, from eqn (6.143),

U o )  =

Using eqn (6.151), and assuming that Xm, -Xm have coefficients a 2,

1 + ^  a i 
{ ^ i } = T — ( a x{em \ -  a 2{em \) + Z J ^— {ei

^ m  i=3,n

After k cycles of iteration,

= + ( - 1  )ka 2[em) ) +  £ a ,-
Xrn { i=3,n

That is, writing this equation in the same form as eqn (6.148),

\xk } =  +  Pk\em\) + {A'k 1

Also, for the k 1 iteration,

a k
[xk+l] = -  $k { e - \ )  + {A'*}

(6.153a)

(6.153b)

It is now clear that eqn (6.146) cannot be used to calculate X2. However, there is now the 
possibility of using [xk+2], because, from eqn (6.153),

Oik
{X k + i \  = T T ( \ e : \  + $k {e~' ) )  + {Ak \

Using eqns (6.153) and (6.154),

4 _  ( U *  } T \ X k })

U W  l ^ +2 i)

Alternatively, proceeding in the same manner as to derive eqn (6.150), it is foun that, 

{** \T[K]{xk } = Xma i [ { e : \ T[ G] { e : }  -  & { e ^ ) T[G]{e~\ }

(6.154)

(6.155)
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and

fx*+1 )r [/n(**+,} = ^ - [ ( d r [G]{em+( -  $ 2k { e - \ T[ G] { e - } ]

Thus,

A 2 =
{xk )T[K]{xk \ {xk \T\yk_x)

{xk+l}T[K] \xk+l} \xk+x}T{yk }
(6.156)

Comparing eqns (6.156) and (6.150), it is seen that now { ^ +1} is required. The presence of 
negative eigenvalues is easily detected during the iteration process, in which case the algorithm 
automatically uses eqn (6.156) rather than eqn (6.150). To obtain mode shapes, eqns (6.153) and 
(6.154) may be used. That is, solving these equations for {e *) and {e ~}, it is found that

1

and

2 oĉ

1

2 a* P,

(\xk 1 +  K { x k+\}) 

~(U* 1 -  K , { x k+]})

Now, since {e *} and {em} are normalized, the factors 1

2 a *
and 1

and

I d  = ({**) + K  u * +l}) 

{em) =  ({xk } -  K { x k+i})

can be neglected hence,

(6.157(a))

6.6.5 The subspace iteration method
The subspace iteration method allows the simultaneous calculation of the approximations to several 
eigenvalues and eigenvectors of eqn (6.125), using a modified version of the inverse iteration. Its 
advantage lies in the ability to calculate a few dominant eigenvalues of systems with very large 
numbers of degrees of freedom. Its disadvantage lies in the possibility that because the iteration is 
started with a set of trial vectors, eigenvalues may be missed. This condition can always be 
detected, however, with a Sturm sequence check. The method has been used successfully in the cal­
culation both of buckling loads and natural frequencies. The ability to iterate simultaneously to 
eigenvalues other than the lowest one is based on the observation that if, in eqn (6.144), the 
coefficient am of the lowest eigenvector \em } is zero, the iteration will converge to the lowest but 
one value of X. A given vector (a '01 may always be chosen orthogonal to the approximation {jc0 } 
of (em }, by maintaining

U o l r i -v 'o)  =  o

The space is reduced from the original n dimensions of [K] and [G] matrices to a subspace 
of dimension q , where q is the number of iteration vectors. It is suggested that if p  accurate eigen­
vectors are required, then the subspace q should contain 2p vectors for p  < 8  and (p + 8 ) vectors 
for (p > 8 . Using a value of q higher than p gives improved convergence rates, especially to the 
higher modes. The actual eigenvalue and eigenvector determination is carried out in the q sub­
space. The theory is based on _the knowledge that similarity transformations [5], are used to obtain 
the reduced (q x q)  matrices [K] and [G].
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Similarity transformations are of the type,

[ / > r ' n ] [ / > ]

and, from eqn (6.125), it is evident that the eigenvalues of eqn (6.158),

(IP ]_1 [A ][P ])[/> r 1 {X } = A([F ]-'[£ ][P  ])[/> r 1 {x } (6.158)

are the same as for the original set. The eigenvectors { Y } are related by the transformation,

m  =[/>]-'{*} or {X} = [ /> ]m  (6.159)

Eqn (6.158) is written [ X] [ y ]  = } ( 6  16Q)

w n p f p  _ _
H ]  =  [ P r ' [ A ] [ /> ] ,  [ B ] =  [ ; > ] - ' [ £ ? ] [ /> ]  (6 . 161)

If the matrix [P ] is orthogonal, its transpose is also its inverse, so that, in this case,

[pf  = t/, r 1

and [/, f [ / >] = [/] (6.162)

However, this is the condition to be imposed on the iteration vectors in the subspace scheme. 
Hence, the eigenvalues of the subspace iteration are a subset of those of the total system. That_is, if 
[P] contains q vectors and eqn (6.162) still holds where [I] is now (q x q),  then [A] and [B] are 
(q x q)  matrices, and the solution of eqn (6.160) produces q approximations to the corresponding 
eigenvalues of the complete system. The calculation of the eigenvalues of eqn (6.160) also provides 
a means of ensuring that the iteration vectors are orthogonal. Thus, with the notation used in the 
description of the inverse iteration, let the reduced problem be written

[^][X] = [G][X]rQj (6.163)

where il_ is a diagonal matrix of the eigenvalues and [X] = <7 x q matrix whose columns are the 
eigenvalues of the system eqn (6.163). That is, if [Xk ] are a set of trial vectors of the complete sys­
tem, then the vectors [.X 'k] given by the transformation in eqn (6.164) are orthogonal with respect to 
[ K ] ,

[X*1] = [X*][X] (6.164)

This is so because, ^ [ K ] ^ ]  = [X]r [X,]r [^][X,][X] = [X]T[K][X] = [/]

Jn the iteration cycle, [Yk } is calculated prior to {X*1}. This is because it is required to calcu­
late [G]. Hence, rather than form {X̂ 1} from eqn (6.164) and then { Y \  } from

{Y'k } = lG] {Xk1}

it is more efficient to form { Y 'k } directly from [Yk } by

{ n }  =  { ^ } [ * ]

Then { Y \  } is used to calculate {X*+1} from

[*](**+! i = m i

THE SUBSPACE ITERATION METHOD 281
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The flow chart of the subspace iteration scheme is set out below.

1. Establish a set of starting vectors {F'0}.

2 . Calculate { X x}, {Fj}, and [Gj] by the following steps

[KMX, ]  = {Y'0}

[ Y l } = [ G] { X{ ]

[K,] = { X . f i Y ' o )

[G,] = {x,}r {r,}

3. Solve the system [ K{][X] = Q fG JtX ] for all eigenpairs
Q and [X] using a generalized Jacobi method.

4. Perform the transformation, {7'!} = {FjHX], to orthogonalize the matrix { Y \ }  
with respect to [K]  and [G ].

5. Repeat steps 2 to 4 with { l^}  instead of {F'0} 
until convergence is achieved.

6.7 NON-LINEAR TRANSFORMATION MATRICES

6.7.1 Plane frame elements
In the stiffness method of analysis of plane frames in small displacement theory, the transformation 
of displacement components of the joints required to calculate member deformations are
1 . from global coordinates to local member coordinate axes;
2 . from the local member axes to the straining modes of the member.

The first of these transformations is given by eqn (5.103). That is,
Displacements

[r'} = [L]{r]

Forces

{* '}  = [ L] { R] (6.165)

where, in eqn (6.165), the transformation matrix [L] is defined as

cos a  sin a  0  

[L] = -sin a  cos a  0 (6.166)
0 0 1
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The second transformation, for small displacements, is, from eqn (5.100),

-  > 0

*/■ 0

8
- 1

- 0 0 - -  1 
/ /

0 0 1 0 0

(6.167)

Eqn (6.165) is valid, regardless of the magnitude of the member displacements, if the original 
member position is always used as reference (and, as in two, dimensional problems, 0 Z appears as a 
scalar, rather than as a vector), eqn (6.167), however, requires that the displacements be small for 
the approximation in order that the member chord rotation increment may be expressed as

Aa
V2 ~ Vl 

/

r  2y ~  r i j

Referring to Fig. 6.28, define the variables (m, w ) as

(6.168)

(6.169a)

(6.169b)

Fig. 6.28 Large displacements of member. 

Then the deformation parameters (8 , (j),, (j>y-) are given

8  = >/(/ + u ) 2 + w2 — /

(j), = 0 , -  tan-1—- —

<(>,• = 0 ; -  tan

/ + u

H’

/  +  U

(6.170)

(6.171a)

(6.171b)

6.7.2 Incremental-force displacement relationships for a member

eqns (5.90) and (5.95) give, in turn, the non-linear relationship between the end rotations of a 
member and the corresponding moments for the ‘exact’ integration of the differential equation for 
the elastic curve of the member, on the one hand, and the value calculated, assuming a cubic 
approximation, on the other.
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That is,
Transcendental functions, eqn (5.90),

M i ]  

M :  I

Cubic approximation, eqn (6.55),

2 EI

2 EI 
I

2  1 

1 2

2<h ^4

^4 2(t>3
(6.172)

Pl_
30

4 -1 
-1 4

(6.173)

In these expressions, the change in bending stiffness is due to the presence of the axial force 
P . No account is taken, however, of the effect of the moments on the axial stiffness. To obtain the 
appropriate relationship, it is necessary first to obtain the change in length of the member due to the 
transverse deflection. For the cubic approximation this was calculated in eqn (5.93) as

A / =  -  M j  +  2<>?) (6.174)

The corresponding expression for eqn (6.172) will be developed in the following section (eqn 
(6.177)). Using eqn (6.174), the distance between the nodes i-j is (/ + 8 ) (Fig. 6.26), and is given 
as the original length, less the effect of the bowing plus the extension of the member due to the 
axial force P . That is,

PI
AI + = / + 8 

AE
(6.175)

8 AI
—  +  —  
/ /

or, solving for P ,

P -  EA

Writing this expression, using the value of AI given in eqn (6.174),

P = EA (6.176)

To obtain the incremental stiffness relationship it is necessary to differentiate eqns (6.173) and 
(6.176) partially, with respect to 8 , (|); and (J)7 , in turn. Thence,

AP
EA

I
EA . ..

[AS] = AMi = *fl,7
AMj symmetric

EA
30

In eqn (6.177),

1 Mi

(H>i + 4(|);)

A / /

'CAj j

4EI 4EA j  EAl  ,0 , 2 . . .  ,
----- + --------8 + ——-(8<b̂  -  4<b,<b; + 3§f)

I 30 300 J J

A8
A4>,
A*,.

(6.177)

(6.178a)
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CAij

AA/

2 El EA ~ £A/ 2 I I ^ , 2x-------------- 8  + ------(-26,- + 6 (b,6 , -  2 (bf)
/ 30 300 v v ,r / Y7

4£/ 4EA - EAl 2 /u. j. o^2x----- + ------- 8  + ------(3<b,- -  4<b;<b; + 8 <bf)
/ 30 300 Y' y<T/

The incremental stiffness eqn (6.177) will be written

\AS} = [kA]{Av)

(6.178c

(6.179)

285

(6.178b)

The expression corresponding to eqn (6.177) containing the transcendental functions is 
obtained as follows. Let, Dl2

q  =
PI z 

n2EJ
X 2 =  ^  

I

Firstly, write eqn (6.172) in a slightly modified form. That is,

M i  | 

Mil
EL

i

EA

c, c 2 

c 2 C,

~  cb

(6.180)

(6.181)

(6.182)

In eqn (6.182), ch is the effect of bowing of the member on the change in the distance 
between the nodes i and j. The functions Cj, c 2 and ch are given as follows:

1 . q > 0  (compression) (|)2 = n2q
c  i =

4>(sin ([) -  (|)cos 0 )

C l  =

2 (1  -  cos <|>) -  (|)sin (()

([)((|) -  sin (j))
2 (1  -  cos (|>) -  (|)sin 0

2 . q < 0  (tension) \ | / 2 = - n  q ^ ¥ (i|/cosh y  -  sinh y)
1 2(1  -  cosh \|/) + \|/sinh \|/)

c 2 =
y(sinh V}/ — V|/)

where
b, =

2( 1 -  cosh \|/) + V|/sinh \|/

Cb = M * . + <t,2)2 + ^ 2(4*1 _ <t)2)2 

(C ! +  c 2) ( c 2 ~  2 )

8rc <7
and bi c 2

8 (c 1 + c 2)

(6.183a)

(6.183b)

(6.184a)

(6.184b)

(6.185)

(6.186)

Notice that in the calculation of ch , the symmetric ((j)) + <t>2) and antisymmetric (<J>i -  <j)2) 
modes of the bending deformation have been used. It can also be proven that

- i c ' i  + c ' 2) 

4 K2
and b-> =

~ ( c ' , - c ' 2) 

4 n2
(6.187)
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Thus, the derivatives c \ ,  c ' 2 are found to be

c \  = - 2 n 2( b { + b 2) ; and c 2 -2n2( b , b 2)

d c
Note: c \  =  — — , etc. Finally, define G , . G 2 and H  as 

dq

G 1 = c'ltj)! + c \ § 2 

G 2 =  c ' 2(t>! +  c ' ^ 2

(6.188)

(6.189a)

(6.189b)

H  =  +  b \ ( 4), +  4>2) 2 +  b ' 2«>1 -  W 2 (6.189c)

Then, on differentiation of eqns (6.181) and (6.182) partially with respect to (J>!, (J)2 and 8 , noting 
that

dF
di

dF dF dq 
dq 3(1)! ’

AP

AM;

AM,

71

77
G\
~ w

Cl +
G 12

7t2/ /
C2 +

G 2

/ /

G \ G 2

symmetric c x +

K H

G]_

tc2H

A8

A<|>,

The derivatives b \  and b' 2 are calculated to be

[ -4n2b i ( c2 -  2) -  (c, + c 2) (bx -  b 2)]<\> -  (c, + c 2)(c2
b \  =

2)

and

6 ' , =

8(J)

7C [-(/?! -  ^ 2)(Ci + c 2) + 2c 2b 1]

(6.190)

(6.191a)

(6.191b)
4 (cj + c 2)2

for the case of <7 positive, with similar expressions for q negative (i.e. tensile).

6 . 8  LARGE DISPLACEMENT ANALYSIS OF FRAME STRUCTURES

6.8.1 Introduction
Thus far, the discussion of large displacement analysis has been confined, firstly, to tension struc­
tures which necessarily exhibit special characteristics and, secondly, to the calculation of bifurca­
tion points of ideal structures whose performance can be assumed perfectly linear up to the bifurca­
tion point. In this section the analysis techniques are extended so that the whole of the 
load/deflection path can be traced. This proves to be a daunting task, and it will be found that each 
structure presents its own particular difficulties. It is hoped, however, that the theory, together with 
the algorithm for tracing the equilibrium path presented here, is sufficiently general at least to sug­
gest solutions to the problems encountered in most situations.
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Because it is difficult to envisage situations in the postbifurcation range which are not 
three-dimensional in character, only the case of three dimensional structures will be considered, and 
then only those whose flexural properties can be specified in terms of the second moments of the 
area and the St Venant’s torsion constant. Apart from the problems associated with tracing equili­
brium paths, a further difficulty arises because joint rotations may become large and are no longer 
vector quantities, so that there is often a division of the topic into
1 . large displacements with small to moderate rotations;
2 . large displacements with large joint rotations.
An incremental approach presented by Oran [30] will be given to approximate the effects encoun­
tered in 2 .

DEFLECTION
(a) (b)

Fig. 6.29 Non-linear load deflection curve.

6.8.2 Basic theory for equilibrium iteration
As mentioned in section 6 .1 , there are several facets to the tracing of the non-linear equilibrium 
path. The simple situation is shown in Fig. 6.29(a). A load increment ARj produces the linear step 
Aqi , and in one dimensional space this represents the displacement from the equilibrium position A 
to C which is no longer on the equilibrium path.

The curve in Fig. 6.29 has been purposely drawn for a softening structure because the alterna­
tive stiffening structure has been discussed adequately in connection with tension nets. Examining 
Fig. 6.29(a), it is seen that it may be possible to return to the equilibrium path by iterating:
1. at constant load from C to B,

2 . at constant displacement from C to £,
3. along a spherical path or arc in both load and displacements from C to D.

A simplistic view of Fig. 6.29 may lead to the conclusion that the shortest of the paths CB, 
CD and CE will provide the best strategy for iteration. If the path C to B is chosen, then the tech­
nique reduces to one of the Newton-Raphson iteration techniques. The basic incremental stiffness 
equations for the /th iteration are written

{A?,) -  ) (6.192)

and
{<7/ ) = (<?/-! ) + I M i  ) (6.193)
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[KTi] is the tangent stiffness matrix and, hopefully, \|/{<?/} —>0 as / increases. As written, eqn 
(6.192) is the Newton-Raphson method. If the evaluation of [KTi] is considered expensive, a varia­
tion to eqn (6.192) is to use [KT0], the tangent stiffness at the beginning of the iteration cycle, i.e.

{A^l = [ ^ 0rV W /- i l  (6.194)

The calculation of {Aqt }, then involves a back substitution only. The penalty is, however, 
that convergence will be much slower. Various methods have been proposed to obtain a secant 
method [31]. In the present applications, this secant Newton-Raphson method has not proved to be 
very beneficial, particularly in structures where wide variations in increments to individual terms of 
Aq{ occur. A simple and effective means of improving convergence is to use a technique of 
stiffness matrix extrapolation. The iteration points are shown, i - 2, / - l ,  /, in Fig. 6.29(b). Evi­
dently, from Fig. 6.29(b), if the stiffness at (/ + 1/2) is known, then a much better first iteration step 
is calculated towards B. That is,

{A<7,1 = [^ r (/+1/2]_l(A/?,) (6.195)

If equal load increments have been used, then the terms of [KT] are extrapolated through the 
expression,

[KT]i+1/2 = 0315[KT]i_2 -  125[ KTl _ x + 1.875[KTl  (6.196)

In many instances iteration to the final value is achieved in two or three steps. Basic to the 
above theory is the calculation of both [KT] and \j/{#,}. These problems have been discussed in 
relation to cable structures and frame members in sections 6.2 and 6.4. The above theory breaks 
down at limit points and bifurcation points, as shown in Fig. 6.30. Because IKT I—>0 at A or perhaps 

at C iterations will diverge at such points, when either zero or negative stiffness is encountered on 
the diagonal during the reduction of KT. In the latter case the load should, of course, be decre­
mented rather than incremented. A simple approach is to determine the onset of the zero pivot con­
dition and, near A, simply stop iterations, allowing the solution to snap to B , where [KT] is again 
positive definite. Such a technique, then, fails to trace the path ACB, which may be important if 
some secondary bifurcation occurs in the region A-B.

limit point

DEFLECTION

Fig. 6.30 Limit points.
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Means are required to sense the approach of A. Two methods of doing this are by checking 
the magnitude of,
1. the determinate of [KT];

2 . the current stiffness parameter.
The current stiffness parameter (CSP) [32] is simply an estimate of the structure stiffness in its 
current lowest eigenmode. Thus, if the load factor X is close to an eigenvalue, the increment in the 
displacement vector approximates Xj the eigenmode. That is, let

I A<7, ) = p{X,)

where P is a scalar multiplier. Then,

{6q,  \T[Km {Aq, } - 4  p2 {X, }T \KT, } {X, ) ^ p 2a{X, }T {X,} = p2a  (6.197)

In eqn (6.197), {X/X, | has been normalized to equal unity. Then, when the load is close to a 
limit point, p2—>°°. Thus,

(A<7o}r |Xo]{A<7o)
CSP = — \ — ----- —  -> 0 (6.198) 

\Aqt }r [AVv]{A^/ }

Thus, the plots of CSP and the stiffness matrix determinant vary with X, as shown in Fig. 6.31.

LARGE DISPLACEMENT ANALYSIS 289

CL'

Fig. 6.31 Plots of CSP and determinant of stiffness matrix.

6.8.3 Tracing equilibrium paths -  control of iteration steps
A superficially simple technique [33] to analyse snap-through is obtained by augmenting [KT] with 
artificial springs so that the stiffness of the modified structure is always positive definite. Such a 
system for a two-bar toggle mechanism is shown in Fig. 6.32.

The process of addition of the spring in one-dimensional load/deflection space is shown in 
Fig. 6.33 For a structure with many nodes and loads, many springs are required, and the augmented 
matrix must be singular. The spring matrix can be generated from the load vector {0} as

[Ka] = ~ { Q } { Q } T (6.199)
0
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Fig. 6.32 Toggle mechanism-actual and modified structure.

In eqn (6.199), 0 is the norm of the load vector {0}, and k is a reference spring stiffness. The 
method is appealing for simple structures, but, on a little reflection, loses its attraction for complex 
structures because of the difficulty in handling bifurcation points as well as turning points.

DEFLECTION
Fig. 6.33 Load deflection curves-actual and augmented structure.

6.8.3.1 Iteration on load and displacement increments

From Fig. 6.29(a) it is seen that the distances CE, CD from the linear increment step AC , can be 
considerably less that the distance CB at constant load. One of the first useful attempts at utilizing 
this fact was formulated by Batoz & Dhatt [34]. In their approach the tangent stiffness [KT] is used 
to calculate {Aqr }, the incremental displacement due to the residual forces {M/(<7/-1) }, and also 
{Aqe }, which is that displacement increment produced by the external load vector {Q }. That is,

{A<7,-} = [A'r r'(v |/(i7,_i)l (6 .2 0 0 )

and

{A ^l = [KTr x[ Q) (6.201)
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The actual applied load increment is AX{Q }, and A^ is evaluated by constraining the displace­
ment increment at a particular degree of freedom k to be equal to 8 . Thus,

8  = A q k + AXqk (6 .2 0 2 )

The value of AX is given by

8  -  Aqk
AX = -------f -  (6.203)

A q k

The increment of the displacement vector is then

{Ag i } = {Aqr } + AX{Aqe } (6.204)

and

{*,-} = {<7/- i } + {A^l (6.205)

Eqns (6.202) and (6.203) apply for the first iteration cycle, and if the iteration has converged 
at the (/ — 1 )th load step, Aq k = 0. For subsequent cycles, 8  = 0, since the chosen point has fixed dis­
placements during the equilibrium iterations. Evidently, this approach follows the path CE in Fig. 
6.29(a). This algorithm works well if for the chosen degree of freedom, the load deflection path, is 
monotonically increasing. However, if the load deflection path exhibits snap-back characteristics, as 
illustrated by point C in Fig. 6.34, the displacement control method will diverge. The solution is to 
locate another point for which the equilibrium path is monotonically increasing.

Fig. 6.34 Load deflection path with snap-back characteristics.

6.8.3.2 Iteration on load and displacements
The difficulty encountered in the Batoz and Dhatt algorithm suggests that instead of using the dis­
placement at a single point as the control on the iteration on the load vector, it may be better to 
control the norm of the displacement vector in the same way. The method was suggested by Riks 
[35], Ramm [36] and Crisfield [37]. That is, the constraint equation employed is written

\ Aq } T{Aq] = A l 2 (6.206)
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Thus, A/ is the magnitude of the multi-degree of freedom vector {Aq ) .  It may be expected 
that the use of this constraint equation should have a smoothing effect and thus help avoid some of 
the difficulties encountered in the Batoz and Dhatt method. The process now follows the same steps 
as in eqns (6.200) and (6.201). That is, at the ith iteration,

I = [Kt Y x{Q ) (6.207)

and

(A<7,!} = [A V rV lO ?)''1} (6.208)

If [Kt ] is constant, eqn (6.207) is evaluated only once at the beginning of the load step. The 
actual iterative displacement is

{Aq l } =  AV {A q l } + {A /} (6.209)

The total of all increments up to the / th iteration is, thus,

| V |  = I V _1I + { V )  (6 -2 1 0 )

The constraint on the norm of the displacement vector is expressed as

{8 <7 ' }r  {5<7' ) = A/ 2 (6.211)

That is, substituting eqn (6.210) into eqn (6.211),

W " 1} + { A ^ l f W -1} + {Aqi }] = Al2 (6.212)

The value of the load multiplier A A.2 in eqn (6.209) is now determined by substitution for
[Aql ) in eqn (6.212). The constraint equation thus reduces to

a \ h} + a 2  ̂+ ci ̂  = 0 (6.213)

where

a x = {Aq'e \T\Aq'e ) (6.214)

a 2 = 2[{5<7' - 1) + {Aqi-}]r  {Aqj,} (6.215)

a 3 = [{8 <7 ,_i } + { A ^ l f t lS ? '- 1) + { A ^ - 'n - A / 2 (6.216)

There will be, in general, two real roots of eqn (6.213). The correct choice of AA, which will 
avoid doubling back on the solution path satisfies the condition,

{5^/ }r {8^/“1} > 0  (6.217)

This expresses the fact that the projection of { }  on (Sg'-1} should be positive. In the 
event that both roots satisfy eqn (6.217), the required root is the one nearest the linear solution,
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AX = (6.218)
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The arc length strategy, as the above process is now called, is robust, but will fail to converge 
if eqn (6.213) has only imaginary roots. That is, if

a 2 -  4 <2 xa 3 < 0 (6.219)

This problem will be discussed in more detail subsequently. Eqs (6.213) or (6.218) determine 
the magnitude of the load increment. They do not, however, determine the sign of AX; that is, if the 
load is to be incremented or decremented. A load deflection curve with limit point and snap back 
phenomena in the unloading path is shown in Fig. 6.34. Let AX, AS, and AW be the increments in 
the load factor X, 8  some measure of displacements, and W the work done. Then, for an increment 
in the path A to B,

AX = + v e , A8 = + ve , AW = +ve

Also the determinant of [KT] is positive. Proceeding from B, on applying a positive load 
increment,

AX = +v e , A8 = - v e , AW = -ve

Now, both the sign of the determinant of [KT], as measured by the sign count of negatives on 
the diagonal, and the sign of the incremental work have changed from those of the previous incre­
ment, and hence the actual values to be used are

AX = - v e , AS = +ve.

and the solution advances along the load path. At the increment from C to D,  a negative incremen­
tal load was initially applied (AX remaining -ve in the range B to C). Thence, in passing C,

AX = - v e , AS = - v e , AW = +ve. (6.220)

The sign of AW is different from that obtained for the previous increment. However, it will 
be found that the sign count of negatives on the diagonal of the reduced matrix will be the same as 
on that from B to C. Hence, the sign of AX will not be changed. Similarly, past the lower limit 
point D,  the stiffness matrix has again become positive definite and AX must now be positive.
The above criterion is robust and serves many situations well. However, special attention must be 
given to the situation in eqn (6.213) when imaginary roots occur. Better control is achieved by 
reducing the arc length AX and the arbitrary external load P proportionally. Thus, the imaginary 
roots occur at the yth increment, the tangent stiffness matrix is recomputed at the ( j - l)th increment 
from the stored relevant parameters. Both the arc length and the external load increment are 
reduced by half and the iteration continued. Once a solution is determined, the arc length and the 
external load are reset to their original values. This modification has proved to be a more stable, 
efficient and automatic strategy. Even with all the above mentioned devices to improve conver­
gence, it will not be found an easy task to trace the complete load deflection path. Oscillating solu­
tions still occur at points just before limit points. When the pivots of the factorized tangent 
stiffness matrix are examined, it is found that multiple negatives occur, indicating the possible pres­
ence of an eigenvalue cluster. When a point where the solution oscillates is reached, it is necessary 
to revert to an imperfect approach. The previously converged load point is used, and the eigen­
values and eigenvectors calculated from this point. These correspond to the multiple negative pivots 
on the diagonal of the reduced stiffness equations. It is then necessary to activate some or all of the 
relevant eigenmodes. This is achieved by applying small forces at the appropriate nodes and direc­
tions. An example will be given when such conditions occur.
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The idea of a variable arc length has been discussed in section 6 .8 .3.2. In this technique both the 
load reference vector and the length AI have been varied. In the present context a variable length is 
achieved by relating the step length to the number of iterations used in the previous increment, 
/ (z_1), to a desired value I d̂\  Following Ramm [36],

6.8.3.3 The variable arc length method

A/(/) = *
j ( d )

/(/-I)

| 1/2

(6.221)

Where A/(z) is the predicted increment and A/(z-1) is the step length used in the previous increment. 
An alternative to this scheme can be obtained by utilizing the current stiffness parameter as the indi­
cation of the non-linearity of the system. Thence,

Al{l) =
A S^d) 

A Sft~l)
(6.222)

In this equation, AS ft = Sp -  Sft~l\  and ASfid) is a desired change in SP per increment. It 
is noted in passing that these methods appear to have beneficial effects when applied to simple prob­
lems. However, in more complex situations with many nodes and members, they have not always 
proved satisfactory in overcoming the problems outlined above.

6.8.4 Application of theory to large displacement analysis of 3-D frames
It is necessary first to develop the tangent stiffness expressions for the 3-D frame member in a 
manner similar to that for the two-dimensional frame in section 6.4. The basic member force and 
displacement quantities are shown in vector form in Fig. 6.35.

I '13 M2 3 23 -Xi

M12, 012 M22,022

P 1
Mr

2 P

Fig. 6.35 Basic member forces-three dimensions.
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The coordinate axes shown in Fig. 6.35 are uch that OX x coincides with the chord connecting 
the ends 1-2 of the member, and the OX2, OX3 axes are the principal axes of the cross section. For 
this situation the basic member force/distortion relationship for bending moments is expressed in eqn 
(6.223).

M  13

M  2 3

M 12

M 2 2

IE
I

2 / 3 /  3 

/ 3 2 / 3

2 / 2  I 2 

I 2 2 / 2

I L
30

4 -1 
-1 4

4 -1 
-1 4

013
2̂3

012

022

(6.223)

In eqn (6.223), / 2, / 3  are the second moments of area about the X 3, X 2 principal axes, respec­
tively. The axial shortening due to bowing, assumed to be in the principal planes and to be calcu­
lated independently in each plane, is

Thence,

ub -  W {(20?2 -  012022 +  2022) +  ( 2 0 ?3 -  013023 +  2023)}

D E A ,P = — {e + uh)

where the distance between the nodes 1 and 2  after deformation is expressed as

6  — U 2 i — U i j

(6.224)

(6.225)

(6.226)

Finally, the torsion stiffness expressed simply in terms of J the St Venant’s torsion constant is 
given by

G J ,
(6.227)

Partial differentiation of eqn (6.223) with respect to member deformations gives the incremen­
tal stiffness relationship,

AM 13

AM 23

AM12

AM 22
—

AMt

AP

k n k X2 

k 22

k 13 

^23

£33  

symmetric

k 14 k 15

£  24 ^ 25 

k 34 k 35 

k44 k45 

k SS

A0J3
A023

A0j2

A0 22

A0 r

Ae

(6.228)

That is,

{AF e } = [ke]{Abe } (6.229)
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In eqn (6.228) the terms of the [ k' ] matrix are defined as follows:
FAI

k " = 900 ( 8 0 ' 2 “  4 0 1 2 0 2 2  + 8e“ }

k 12 =  2 0 ,23 -  6 9 ,3 0 2 3  +  2 0 223) : ^ - ( 2 0 , 22 -  e12 l  3 0  3 0 0 V 13 13 23 9 0 0

FAI
k \ 3 =  9 o o ( 1 6 e i30 12 _  4 0 13022 “  4 0 12023 +  023^ 22)

FAI
k \ 4 ~  4 0 130 i2  +  1 6 0 1 3 0 2 2  +  023^12 “  4 0 23 0 22)

^ 1 5 “ 0

FA
k \ 6 =  “3 0 " ^ 6 13 “  ^ 23)

k = Êll + Ml- + ML (302 _ 40 0 + 8023) + ^ ( 80,22 -
22  t  3 ( )  3 0 Q V 13 13 23  9 00 '

FAI
^23 “  ( “ 4 0 ! 2 0 13 +  ^  13^22 +  1^ 0 2 3 0 1 2  ”  4 0 2 3 0 2 2 )

FAJ
* 2 4  =  f ^ ( e i3 012 -  4 0 2 3 0 1 2  +  1 6 0 2 3 0 2 2 )

*25  =  0

FA
*2 6  =  "^q-  ̂ 0  i 3 +  4 0 2 3 )

k 33 = + —  (80,23 -  4 0 ,3 0 2 3  + 8023) + ^ - ( 8 0 , 2233 (  3 Q  9 0 Q V 13 13 23  3 0 ( ) v

k * = 2Jr - ^ -  t > > 3 - 0 ,3 0 2 3  + 2023) -  H ( 2 0 ’22  -

*  35 =  0
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FA
* 3 6  =  ^ ( 4 0 1 2  -  0 2 2 )

4El 2 EAe EAl 2 A , Qfi2 x . ^ A / n f t 2 
U  = —  + -3 Q - + ^ ( 80 13 -  4013023 + 8023) + 300 (3012

12022 + 2 0 22)
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4012022 + ^0 2 2)

-  40^022 3022) 

60^022 + 2 0 2 2 )

40J2022 + 8022)
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£45  =

k  55 =  

k  66 =

GJ
I

EA
I

FA
^ 4 6  = ~ ^ “( - 0 l2 + 4022) 

k 56 =  0

6.8.5 Transformation of member forces/displacements to nodal forces/displacements
From geometry and equilibrium considerations, the relationships between the local nodal forces and 
member basic forces are

Fi
Fi
F  3

Fa 
F 5 

^ 6  

F 1 

F 8 

F 9 

^ 1 0  

F 11 

F 12

0 0 0 0 0 - 1

1

/

1

/
0 0 0 0

0 0
1

/

1

/
0 0

0 0 0 0 - 1 0

0 0 1 0 0 0

1 0 0 0 0 0

0 0 0 0 0 1

1

/

1

/
0 0 0 0

0 0
J _

/

]_
I

0 0

0 0 0 0 1 0

0 0 0 1 0 0

0 1 0 0 0 0

M ,  3
M 2 3
W 12

m 22

M j

P

(6.230)

Fig. 6.36 Local and global coordinate force/displacement components.
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{F } = [M] {Fe } (6.231)

The local nodal forces {F} and the incremental displacements {Ao} are defined in Fig. 6.36. 
Use of the contragredient principle results in the following relation:

{A5e } = [M]r {A5( (6.232)

The incremental local nodal forces (A F } are obtained by differentiating equation (6.231) with 
respect to both [M] and {Fe }. That is,

{AF } = [M]{AFe } + [AM ] { F e } (6.233)

It is seen that [AM] relates {AF} to [Fe } when the member has been given an increment of 
displacements. That is, the member has been rotated slightly and has suffered an extension, 8 . 
Thus, for example, for small incremental displacements of the member A8 2, A8 3, A8 g, A8 9, as shown 
in Fig. 6.37

(A59 -  A53) (A8 g -  A52)
Pi =  0  ; p 2 = -------------:--------- ; P 3 = ----------------------

Fig. 6.37 Rigid-body rotations.

Thus, relative to the local coordinate axes, the displaced axes have the direction cosines,

1 ~P3 P2 

[ p ] =  P3 1 0  

- p 2 0  1

(6.234)

That is, if [ F } components are unchanged in the rotated position, these same components will 
have changed in the initial member axes. That is,

\ [ pV ■ '

{ n = [ W ] { F } ;  [N] =
■ [ p ] T •

(6.235)
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The change in components is, thus,

This gives

{AF'} = {F'} -  {F ]

{AF'} = [A/V]{AF } ; with [Ap] =

0  - p 3 p2 

p3 0  0  

- p 2 0  0

Furthermore, it is assumed that if S 0 is the transverse shear, then

Thence,

where

(S0 + AS0)(l + e )  = S 0l

Sge
AS n = -

/

e = A8 7 -  A5,

Combining eqn (6.237) with the effect in eqn (6.238), define the transformation matrix [Ap']:

0  - p 3 p2

[Ap'] = Ps - J  0 

-P2 0 - j

Then

Then, with,

{AF'} = [AN']{F]

[A/V'] =

[Ap' ]T 0 0 0
0  0  0  0

0 0 [Ap']T 0

0  0  0  0

it follows that {AF') = [AN' ] [M]{Fe 

The matrix [AM ] in eqn (6.233) is given as

[AM]

P
0

-P
0

(6.236)

(6.237)

(6.238)

(6.239)

(6.240)

(6.241)

(6.242)

(6.243)
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where

p i  = 7 2

-/p 3 - /  p3 - / p 3 - /  p2 0  0

le le 0  0  0  ~ /2p3

0  0  l 2e 12 0  / 2p2

Now, because [AM] involves the displacement increments {AS}, it follows that

[AM] \ Fe ) -> [0]{AS}

where [Q ] takes the more usual form,

Q w  Q 12

\ Q]  = Qix Q 22

The submatrices on the right-hand side of eqn (6.245) are defined, with SM 1 

M 12 M 22

M,

SM 2 =

[ G u l  =  [ G 22]

0 SM 1 - SM 2 0 0

p n 0 0 0

P!l 0 0

symmetric 0 0

0

0

and with SM 3 =
M 12 + M 23

0 - SM  3 SM 2 0 0 0

- SMI - p n 0 0 0 0

SM 2 0 - p n 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

[<2 ,2] = - [ ^ 2 |]r

Therefore, substituting eqns (6.229), (6.232) and (6.244) into eqn (6.233), the 
equilibrium equations in the convected coordinate system are

{AF} = [ M] [ k e ) { A V  } + [0]{A5} = [ M] [ k e ] [ M] T {A8} + [<2]{A5}

= ( [ M] [ k e ] [ M] T + [Q]){A8 | = [/: ] {A5}

That is, the tangent stiffness relationship in local coordinates is

{AF} = [Kr ]{ A8|

(6.244)

(6.245)

+ M 2$
- 7.------  and
I2

(6.246)

(6.247)

incremental

(6.248)

(6.249)
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The transformation from local to global components is now straightforward. To this end, 
define [L] as in eqn (5.127) and form [LD],

[LD] = \[L]J4

where [L] is the direction cosine matrix of the local axes:

{AF°  } = [Ld ][Kt ][Ld ]t (A 5 °  } (6.250)
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* 2

.... 
 ̂

<x> * 
J f

3<

05 ► =  « A co2

0 6 A co3

Fig. 6.38 Global rotation components.

It now remains to modify the analysis for large rotations. Consider end 1 of the member, Fig. 6.38. 
The increment in the rotation at the joint, is expressed as:

(6.251)

A set of axes ( Xu X2, X 3) is rigidly attached to a joint and initially these coincide with the 
global axes, but change position, however, as the joint rotates. The incremental joint rotation matrix 
[Aco] is written

0  -Aco3 Acd2

[Aco] = Aco3 0 -Aco! (6.252)

-Acd2 Aa*! 0

Eqn (6.257) for the matrix [r ] for principal axes direction cosines is developed as follows. 
Consider the incremental rotations, and because these are still small, superposition still applies. 
Hence apply the three rotations independently, as shown in Fig. 6.39(a) to (c). From Fig. 6.39,

( Xu X 2, X 3) axes (X'u X '2, X 3 ) axes such that 

X \  ~ (1  Aco3 -Aco2)

X 2 ~ (—Aco3 1 ACOj)

X '3 ~ (Acd2 -A coj 1)
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These give

[Aco]7
0  A co3 - A cd2 

-A co3 0  Acoj 

A co2 - A cO] 0

(6.253)

This matrix is now used to transform components of a vector in a set of axes, [a_] already 
rotated from the global set.

(a) Afi! (b) AQ:

Fig. 6.39 Incremental rotation components. 
The change in the global components of these axes themselves will be

[Aa] = [Aco][a_]

giving the new position direction cosines,

[a j  = [a_] + [Aa] (6.254)

The next concept concerns the principal axes of the cross section. The initial orientation of 
the member axes [r] = [L]T => [r_J. These axes maintain a constant relationship to the [a+] axes, 
except as modified below. The global components of [r_] for the end i , (/ = 1 or 2), will now be 
different. That is, the principal axes no longer coincide with the member axes. Define the ‘end sec­
tion orientation matrices’ [p(1)], [p(2)] such that

[p «'>] = [a(,)][r 0] (6.255)

That is, [p(,)] are global components of the principal axes for the matrix [r] in the deformed 
position, and the first column must represent the direction cosines of the chord. Thus, \ r \\
are the direction cosines of X u X 2 in rotated member coordinates. Now, for increments {rj}, close 
to I ' axis, so that it may be considered to be obtained from the ( X \ )  axes by a rotation about 
X '2 ,X ' 3 (Fig. 6.40). That is,

1

[p(' Y k , }  =■' 013
- 0,2

(6.256)
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1
/ * \ S

2

(a) (b)

Fig. 6.40 Rotation about 2' and 3' axes.

Define the rotation matrix [ e x\.
1 - 013 012 

[ e i ] =  e 13 i o 
- 012 0 1

(6.257)

Then the new average [r] is given by i
[r] = - \ l p (l)][e,] + [pi2)][e2l\  (6.258)

This theory will apply if the member is not excessively distorted. For example, as is shown in 
Fig. 6.39(b), it will be necessary to subdivide into shorter segments. Finally, then,

6.8.6 Examples of large displacement analyses
In this section two-examples are given. The first is a two hinged deep arch, which illustrates the 
point that unless a plane frame is restrained to prevent out-of-plane displacements, these mode 
shapes can and do occur. The second example, a shallow trussed dome, exhibits many of the prob­
lems mentioned above, before complete snap-through has taken place.
Example 6.9 Two-hinged deep arch

The hinged arch is shown in Fig. 6.40, and, is analysed using eight frame elements. The complete 
structure has been analysed because of the obvious possibility of unsymmetric bifurcation modes. In 
this example, both the perfect and imperfect approaches have been used to trace the primary and 
secondary bifurcation paths. The results from the perfect approach are shown in Fig. 6.41, and are 
labelled (1). On tracing the primary bifurcation path, the number of negatives on the diagonal in the 
factorized tangent stiffness matrix changes from zero to two at the limit point. It is noted in the 
analysis that if the determinant criterion only is employed in determining the direction of the arc 
length increment, the solution strategy will fail to converge and will not be able to continue the ris­
ing fundamental path. The incremental work concept overcomes this problem. After the occurrence 
of the symmetric snap-through point (or limit point), the number of negative pivots in the reduced 
stiffness matrix is three. The two negative pivots in the rising fundamental path show that two 
secondary path branches are possible.

[L] = [ r f (6.259)

www.EngineeringEbooksPdf.com



304 NON-LINEAR ANALYSIS

Radius,R 32,54m  
Thickness,t = 25,4mm 

Area, A = 645mm2 
E = 0,0688 m Pa

Fig. 6.41 Deep arch-dimensions, loads and properties.

The out-of-plane secondary path, labelled (2, 3, 4 or 5) in Fig. 6.41, was obtained by includ­
ing a small imperfection in geometry (2 ), or, applying a small force in the out-of-plane direction. 
The direction of this force (or the imperfection) can be obtained by an eigenvalue analysis just 
below the bifurcation point, and, using the resulting mode shape as an indication of the secondary 
path to be activated. Finally, the in-plane non-linear asymmetric buckling path was obtained by 
applying an out-of-plane moment at the crown. The curves so obtained for various values of this 
moment are shown in Fig. 6.41 nos. (6 , 7, 8 ).

♦ N o im p e rfe c tio n  -  p e r fe c t  
a p p ro a c h

*  G e o m e tric  im p e rfe c t io n  
a t c ro w n

Fig. 6.42 Load deflection curves for two-hinged deep arch.
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v = 0,3

G = 2 ,6 5 2 x 1 0 10 N /m 2

E = 6,895 x 1010 N /m 2

A = 6,5 x  10'V

a = 6,0 m

f = 0 , 6  m

t = 0,75 m

Equation of surface: 
x,2 *  x ^ ( x 3 ♦ 7 ,2 )2 = 60,64

Fig. 6.43 Geometry of shallow geodesic dome.

Example 6.10 Shallow geodesic dome

The dome topology and geometry are shown in Fig. 6.43. This dome with a 1:10 rise to span ratio 
has been analysed by Noor and Peters [38] as a truss structure. In the present analysis the dome is 
idealized, with 156 frame elements with a concentrated load acting at its apex. When analysing this 
structure, the various numerical difficulties mentioned in the previous section were encountered. 
Oscillating solutions occurred either just before or just after the limit points. The load/vertical 
deflection curves for nodes 1 , 2 , 8  and 20 are plotted in Fig. 6.44, (a) to (d). The displacement pat­
tern is symmetrical about the apex and, multiple snap-through phenomena occur as the various sym­
metric rings of the structure snap-through. Convergence difficulties occurred at or near points such 
as 1, 2 and 3 in Fig. 6.44(a). These were relatively easy to overcome using the technique in the 
arch length strategy of simply decreasing the arc length and initial load step size. However, at 
points such as near 5 and 6 , difficulties arose which were unresolved by this strategy. It was then 
necessary to revert to the imperfect approach mentioned in section 6.8.4, and to calculate the eigen­
values at the geometric configuration just prior to the point of difficulty. This, of course, necessi­
tates the continuous storage of the current stiffness as the solution proceeds. Then the appropriate 
mode can be activated with a small force imperfection, and the solution continues without oscilla­
tion. It was found necessary to determine a sign reversal for the arc length increment based on both 
the change in sign of the determinant and incremental work sign change from the previous incre­
ment. The deflected shapes of the structure at points 1 , 2 , 3 ,  4, 5, 6 and 7 of the load/deflection 
curve, (Fig. 6.44(a)), are shown in Fig. 6.45(a) to (g). It is seen that the major computational 
difficulty associated with this structure occurs with the snap-through of the outer ring of nodes.
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Fig. 6.44(c)
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Fig. 6.44(d) Load deflection curves.

Fig. 6.45(b)
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Fig. 6.45(e)
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Fig. 6.45(f)
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CHAPTER 7

The solid continuum

7.1 PLANE ELASTICITY
7.1.1 Introduction

Thus far, the development of the theory in Chapters 4 to 6  has been confined to line element sys­
tems (trusses, frames and grids). These are restricted classes of structure in which, for the purpose 
of simplicity, the assumption of beam bending, that is, plane sections remain plane in the deformed 
state, has been invoked, so that the generalized forces of axial load, moment and torque can be used 
to describe the load deformation characteristics of the member. This is essentially a 
strength-of-materials approach. In their immediate use (that is, for elementary small deflection ana­
lyses), the assumption appears to be a simplification; however, in the event of complications in the 
spatial and deflection geometry, it may have to be modified extensively, or the general theory of 
continuum mechanics may have to be resorted to. It was shown, for example, that if warping is 
included in the behaviour of cross sections of thin walled members (section 6.7), the concept of the 
bimoment as a generalized force becomes necessary. The present chapter develops the general 
theory for the approximate solution to elasticity problems involving either plane stress, plane strain, 
axisymmetry or general three-dimensional elasticity. The St Venant’s torsion problem is also dis­
cussed as a useful special class of restricted elasticity problem. The chapter concludes with a brief 
introduction to heat transfer because the topic is intimately connected with thermal stress analysis. 
This, in turn, introduces the concept of finite elements in space and time, that is, transient analysis. 
The basic mathematical preliminaries have been given in detail in Chapters 1 and 2, and in Chapter
3 the various approaches to the finite element method have been delineated. Herein, only the compa­
tible displacement models will be studied. There will be, however, a parallel development of the 
conventional theory (using the contragredient principle and orthogonal interpolation functions (sec­
tion 3.3), and the natural mode technique (section 3.4). Elements can be broadly classified (in so far 
as computations are concerned), into the categories of

1 . those which can have their stiffness matrices calculated explicitly;
2 . those which require numerical integration.

These various domains were illustrated in some detail in sections 1.4.4 and 1.4.6. It is seen 
that it is only for simple domains, that is, straight-sided triangles, tetrahedra, and rectangles, that the 
integration of the interpolation polynomials is of sufficient simplicity to warrant pursuing the task of 
explicit integration. In such cases the integrals of the products of the interpolation polynomials are 
given in eqns (1.152) to (1.154). The fundamental domains to be studied are shown in Chapter 1, 
Fig. 1.7.
7.1.2 Plane stress-plane strain and axisymmetry
These three situations are grouped together because, with minor modifications, software written for 
one situation can be adapted for the other two. The three physical representations are shown in Fig. 
7.1.

310

www.EngineeringEbooksPdf.com



PLANE ELASTICITY 311

The first is a thin disc loaded in its plane; the second, the slice of an infinitely long prism 
whose load conditions do not vary in the longitudinal direction. The axisymmetric case, in Fig. 
7.1(c), is such that there is no stress or strain variation in the circumferential direction, and strains in 
this direction are then related to the radial displacements (eqn (7.1)). The problem remains as to 
how to incorporate the volume of revolution in the integration.

Fig. 7.1 Plane stress-plane strain-axisymmetry.

It is found that in all situations certain recurring themes arise, namely 
the expression for the constitutive law for the material;

the integration of the work equations to generate the element stiffness matrix relating nodal 
quantities, here generalized forces and nodal displacements;
the calculation of statically equivalent nodal forces, for applied surface pressures and body 
forces and the inclusion of thermal or shrinkage initial stresses.

7.1.3 Constitutive laws
The constitutive laws were given in section 2.7. It has been shown there that for the three situations 
shown in Fig. 7.1, the relevant tensor quantities for stress and strain are as follows:

plane strainplane stress

o n g 12 0

stress: o 2i O22 0

0  0  0

strain:
e l l  e 12 0  

e21 8 22 0  

0  0  833

<*n ° 1 2 0

a 21 ®22 0

0 0 G

£ 11 e 12 0

e 21 e 22 0

0 0 0

33

axisymmetry 

On o 12 0

O21 o 22 0

0  0  a ee

8 u 8 12 0  

e 21 e 22 0  

0  0  899

It is seen that for the axisymmetric case, both Gee and 899  appear. However, eee, is simply 
related to the radial displacements ur , by the expression,

ur
eee = r

(7.1)

www.EngineeringEbooksPdf.com



312 THE SOLID CONTINUUM

In eqn (7.1), r is the radial distance from the axis of symmetry. For both plane stress and 
strain, the constitutive law, relating stress and strain, is given (eqn (2.135)):

On ri < o
,

en

° 2 2 = Er V T 0 e 22

°2 1
0  0  X 2^21

where, for plane stress,

and for plane strain,

T = l ,  X = ^ —^~, Er =

X = l -  V, X = 0.5 -  v, Er

1 - v 2

E
(1 + v)(l -  2 v)

(7.2)

(7.3)

(7.4)

The axisymmetric case must include the third direct stress-strain relationship, so that, from 
eqn (2.138),

a rr
® 2 2

°ee
c r2

1 - V  V V

V 1 - v  V

V V 1 - v

0 0 0

0

0

0

1 - 2 v

Err 

e 22 

£ 00 

2  er2

(7.5)

In the plane stress (strain) material model, the description given in eqn (7.2) may not be ade­
quate when anisotropic material properties are encountered. The axes associated with these proper­
ties may be inclined at an angle 0 with the global X u X 2 axes. Eqn (7.2) can be written for the 
material constitutive relationship in the X \ ,  X ' 2 axes as

<^11

a 22 =
a ' 21

ii 12 13

That is, symbolically,

c  21 c  22 c  23 

^31 c 'l2 <̂ 33

{CJ'} = [C']{£'}

e n 
£ '22 

2e'12
(7 .6 )

(7.7)

The corresponding relationship in the global X \ , X 2 coordinates is obtained from eqns (2.30) 
and (2.42). From eqn (2.30), it can be shown that

r
On
a 22 =

Gi2

2 2 C S
s 2 c 2

That is,

- 2  cs 

2 cs
2 2 cs - cs  c -  s

i a |  = [7 ] (o ) '

o  11 

0 ' 2 2 

0 'i 2

(7.8)

(7.9)

www.EngineeringEbooksPdf.com



and, furthermore, from eqn (2.113), for the strain components,

{£)' = [ r f { e (  (7.10)

Substitution of eqn (7.10) in eqn (7.7) and premultiplication by [T ] gives

{ o } = [T][C'][T]t [e } (7.11)

That is, the constitutive matrix in the X x, X 2 global coordinate system is given by

[C] = [T][C'][T]t (7.12)

Presumably, the coefficients in the [C'] matrix will be found by experiment.
7.2.1 The triangle element family -  straight sides
The two elements considered here in detail are the CST (constant strain triangle) and the LST 
(linear strain triangle). These have three and six nodes, respectively. They are shown in Fig. 7.2 
together with the QST (quadratic strain triangle), which is given for reference only.

THE TRIANGLE ELEMENT FAMILY 313

1

(a) CST (b) LST Ic) Q ST

Fig. 7.2 Triangular elements.

The interpolation polynomials for the two elements are simply § x and (j)2, as given in eqns 
(1.141) and (1.143), respectively. That is,

and
{̂ 1 } r  -  { C l  C 2 ^ 3

«l>2 } 7 = f M l  -  1) -  1) M 3  -  1) 4 ^ 3  4 ^ 1  4 ^ 2 }

(7.13a)

(7.13b)

The theory is developed generally and then applied, in turn, to both the CST and the LST. It 
is convenient for the integration of the interpolation functions to group nodal values of each variable 
(displacements in this case) together. Thus,

{U}T = [ u l  u t2i}

is the vector of the nodal displacements, / = 1 , to the number of nodes, and

{u \T = {M ! U2\

is the displacement vector at any point within the triangle. Then, because u , and ii 2 components are 
interpolated independently,

{«} = M U I k ! (7.14)
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[<M =
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(7.15)

is a (2 x 2) supermatrix with the {§u }T matrices as diagonal submatrix blocks. Because the strains 
are obtained from the displacement functions as first derivatives, they also can be interpolated in 
terms of their own nodal values, by polynomial functions of one degree lower than those for the dis­
placements. That is, for strains, write

[<l>e] tec
For example, for the LST,

[<y =

(7.16)

(7.17)

and, is a (3 x 9) matrix, the values of {ec } being {exl e x 2  ex3}, etc. at the apices 7, 2, 3 of the trian­
gle (Fig. 7.2 (b)). To obtain {ec }, the nodal strains, it is necessary simply to look for the nodal 
points of one lower order than those for the displacement polynomial interpolation. Thus, the nodal 
points for the strain interpolation for the LST are the nodal points for, displacement interpolation of 
the CST. The nodal strains are now related to the nodal displacements via the transformation,

{ec } = [®c]{u (7.18)

The matrix [Oc] is obtained by differentiating eqn (7.14), with respect to x x, x 2, and 
remembering, from eqn (2.4), that

1 ,—  ( U i j  +  Uj j ) (7.19)

The generalized stiffness matrix [kc ] corresponding to the nodal strains is evaluated, using section
3.3, as

vol
(7.20)

Finally, again applying the contragredient principle and using eqn (7.18), the element stiffness 
matrix, relating nodal displacements to nodal generalized forces, is given by

[< tV J7 [Av][<t>,J (7.21)

For the CST, these matrices have already been evaluated, (eqns (3.19) and (3.22)). For the 
LST, from eqn (7.16),

{ 1  — I &x 1 2 &x 3 £>’ 1 2 3 Yxy 1 Yxv 2 Yxy 3 1 (7.22)

Integrating eqn (7.20), using the expression for the integral of £ functions over the triangle 
given in eqn (1.152),

At Av 0

[kc
AtEr

12
Av At 0
0 0 AA,

(7.23)
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In eqn (7.23), the submatrix A is defined by

2  1 1 
[A] = 1 2 1 

.1 1 2_

Now, the expression for {ec } in terms of [u }, given in eqn (7.18), is written

Tb 0 

[<J>,] = 0 ta 

ta tb

where I IA ] and \ l)t ] are defined as follows, using the general matrix: [ ]

3f ! 12 13 4^2 0 4f 3

(7.24)

(7.25)

“ *1 3 t 2 -^3 4 / !  4^3 0 
Z’i 12 3r3 0  4/^ 4 / j

(7.26)

To obtain [TA ] and [7^] simply substitute a ’s and b 's for z, as defined in eqn (1.117). It has 
thus been demonstrated that for the straight-sided triangular element, the element stiffness matrices 
for the planar elasticity can be integrated explicitly. These provide a useful function, not only for 
incorporation in computer software, but also as a check on the numerical accuracy of the numeri­
cally integrated elements.
7.2.2 Numerically integrated elements
The elements developed in section 7.2.1 have the advantage of simplicity of formulation and explicit 
integration. However, in the more general situation the element may have curved sides, so that, not 
only the displacement fields, but also the spatial coordinates must be interpolated over the element 
domain. It is, in general, better practice to use straight-sided elements wherever possible because 
excessive deviation from linearity along an element side will lead to negative stiffness and loss of 
element stiffness matrix rank, with consequently disastrous results. In practice, a solution algorithm 
which aborts when a negative pivot is encountered during the reduction process soon isolates the 
offending node, and a correction to its coordinates is easily made. In the formulation of the com­
puter coding for the calculation of the element stiffness matrices it is most likely that the practical 
expediency is to integrate all elements numerically, simply to avoid the necessity of having to dis­
tinguish between possible alternative element types.

Triangle
Fig. 7.3

O
serendipity  

(4 ,8,12) nodes
Q u adr i la tera ls  

Isoparametric element types.

Lagrange  
(9,16) nodes
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The basic elements discussed herein are shown in Fig. 7.3, where it is seen that the four-node 
quadrilateral with straight sides falls into the isoparametric family of numerically integrated ele­
ments. The basis of the mathematical formulation for the numerical integration of these elements 
has been laid down in section 1.4.5. The isoparametric and Lagrange elements are considered first 
because the triangular domain has certain special features worthy of individual attention. From eqn 
(1.98), the coordinates are interpolated:

u r  =

The displacement vector {u } is similarily interpolated, so that

[U\T = W r [£/] 

The Jacobian of the transformation is given (eqn (1.104)) as

m

(7.27)

(7.28)

(7.29)

Thence, using the chain rule of differentiation, the derivatives of the displacements with 
respect to x u x 2 coordinates are given by

{ « ,  }T = [ J T ][ua ]t  =  = [<Mr [f7] (7.30)

The strain transformation is given by

du d<\>T
0

dxi dx{

e} = £x2 =
dv
dx2

= 0
d$T
dx2

Yx ,x2

i

1

i

d$T
dx2 i

■ 
£

 
ro

(7.31)

9(br tIn eqn (7.31), is the first row of [<K], and
uX  \

8 (j)r
dx7

the second. It must be noted that,

whereas in eqn (7.30), the nodal displacement variables are grouped in matrix form, [U]  = [U V],  
in eqn (7.31), they are now grouped in vector form, again with all x x values together in [£/], and all 
x 2 values in [V], Eqn (7.31) is, thus, written

(7.32)

The grouping of the terms in {r } in eqn (7.32) allows the [a] matrix to be arranged in subma­
trix form, which greatly facilitates the calculation of the element stiffness matrix. The evaluation of 
the element stiffness matrix is now straightforward and follows directly from section 3.3. Thus, if 
the stress state in the element is given by

{a} = [C]{e} + {o0} 

using eqn (3.21), the nodal forces are given by

{ * ) =  J [a]T[C][a] d A \ r \  + J [ a ?  {o0\ dA

(7.33)

(7.34)
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The first term on the right-hand side of eqn (7.34) gives the stiffness matrix, which, integrated 
numerically, is approximated

[k] = 'ZiZ,wi wj [aiJ]T [C,7 ][a,7 ]det/ j7 (7.35)

The number of integration points for the elements shown in Fig. 7.3(b) is given in Table 7.1.

Table 7.1
Number of nodes Integration order

4 2 x 2
8  or 9 3 x 3

1 2  or 16 4 x 4

The Gauss quadrature points at which the function has to be evaluated, and the corresponding 
weight functions wtj , are given in Chapter 1 for orders up to 4. By careful programming of the sum­
mations in eqn 7.35, making use of repetition of submatrix terms, constant multipliers taken outside 
the integration loops and so forth, there can be a significant reduction in the CPU time necessary to 
form the stiffness matrix as compared to that taken simply by programming the matrix multiplica­
tions of eqn (7.35) in full. This is discussed in further detail for three-dimensional elements. The 
numerical integration scheme can easily be extended to accommodate the axisymmetric situation 
shown in Fig. 7.1(c). In this case, the element actually forms a toroid, as shown in Fig. 7.4.

'M • axis of symmetry

elemental 
area

Fig. 7.4 Axisymmetric element volume.

To adapt the planar elasticity type of analysis to axisymmetry, the following modifications are 
necessary:

1 . Include in the strain transformation the term for hoop strains,

^0  - l i i r i y  i (7.36)

In eqn (7.36), w is the x x component of displacements at the radial distance x x.

2. Use the constitutive equation, as given in eqn (7.5), for isotropic material.
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Replace the volume of the element, detJ d \  dr\ t ,  by

dV = 2 n x xdetJ d^dr\

That is,

dV = 2n{<\))T{ X x}detJ dfyiT\ (7.37)

4, Replace the nodal forces, {/?} by the generalized forces which have been integrated over the 
surface area by including the term,

2 tu ,  = 2 ji(<()(7'(X 1)

Thus, using eqn (7.36) for the hoop strain, the strain transformation matrix (eqn (7.31)) now 
becomes

du

dx i

e*. dv

e '2 d x 2

ee u

dv du  

d x 1 d x 2

d<$>T
d x \

0

0 d $ T
d x 2

4>r
<t)r X i

0

d $ T 3(j)7

d x 2 3 * !

(7.38)

The coefficient matrix on the right-hand side of eqn (7.38) now defines the [a] matrix in the 
axisymmetric element. Thence, eqn (7.35) now becomes

[k] = 2 j i X 5 > ,  W j  [ f l y  ] r [ C j j ] [ a j j ]{b j  \T {X \detJjj (7.39)

The calculation of generalized nodal forces is left until section 7.3.2.
7.2.3 The triangular domain
The triangular domain, its interpolation functions, differentiation and integration thereof, has been 
treated in sections 1.4.6, 1.4.7 and 1.4.8. It was explained therein that special questions arise 
because of the use of the (£b £2, £3) coordinates. From section 1.4.7, the Jacobian of the transforma­
tion between the (xh x 2) and the (£1? £2, C3) coordinates is given by eqn (1.159),

VA] = [ e 3 \ ^ r [ X ] ]

The infinitesimal area is then given by

d D, = detJA d d  ̂

Finally, from eqn (1.165), the x h x 2 derivatives are given by

\ u rX\T = [ L r ] [D][U]

(7.40)

(7.41)

(7.42)
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It is noted that the form is similar to that of eqn (7.30); however, now the matrices [LR] and 
[D ] require special definition. In the notation of eqn (7.30),

3G.
d$T
ac2

34>r

(7.43)

and from eqn (1.170),

=  U a  I
-l (7.44)

This expression shows that [LR ] is the lower (2 x 3) submatrix of the inverse of the Jacobian 
matrix. Given the x u x 2 derivatives of the displacements, the procedure now follows directly that 
given in eqn (7.35) (or (7.36) for the axisymmetric case), except that now one of the integration 
schemas suitable for the triangular domain given in Table 1.3 (page 48), should be used. Thence,

[k ] = 5>,- [a, ]T [Ci ] [a, ]detJj (7.45)

For the calculation of the elastic stiffness of the LST, the seven-point integration scheme is 
adopted.
7.2.4 The natural mode method-constant strain triangle
In section 3.4 it was explained how the displacements of an element domain can be separated into,

1 . rigid body motion;

2 . natural modes describing the deformation of the element.

In Chapter 3 this idea was applied to a straight beam segment. The concept is now further 
developed for the triangular element in planar elasticity. The discussion is introduced with reference 
to the three-node CST, Fig. 7.5(a).

(k) 3

(b) N atura l  forces (c) A n g le  defin it ion  

Triangular element-natural mode method.

Using the notation of section 3.2.4, for p, choose

{ P } ~  { P xi Pyi Pxj Pyj P.il PyA: I (7.46)

www.EngineeringEbooksPdf.com



320 THE SOLID CONTINUUM

Now, there are three rigid body modes in the plane, leaving three natural straining modes. For 
these natural modes, the changes in the lengths of the triangle sides are used. The strain field in the 
element is constant, and so also is the stress field. The stress field chosen is designated {o T}, 
defined by

{0 7 }T = < G U. C>2c- Glc> (7-47)

' 3C

Fig. 7.6 Stress field o 3c.

These stress fields are parallel to the sides of the triangle. It is important to realize that these 
are natural stresses and not total stresses. The equivalent nodal forces are shown in Fig. 7.5(b). 
These are the equal and opposite pairs (P 12’ P 2 l)> etc. If the length matrix [lD ] is defined

Ud ] = 123 h\  h i

then, the nodal forces P 32, P u, P 2\ are defined by Fig. 7.6,

= Cit[lD r ' l a r l
P  32 P  23

[ P  T 1 = P l 3 P  31

P 2X P  12

(7.48)

(7.49)

It is now necessary to derive the constitutive law relating the total strains parallel to the element 
sides with the natural stress fields { oT }. To do this, use the second-order tensor transformation eqn

[£'] = [L][e][L]T(2.30). That is,

The transformation matrix [L ] is defined by

[L]--

(2.30)

cos 0  sin 0  

-sin 0  cos 0

and the values of 0, from Fig. 7.5 (c), are (180 -  y), (180 + (3), and 0, for the sides 23, 31 and 12, 
respectively for the local coordinate axes shown. Thence, from eqn (2.30), the strain parallel with a 
triangle side is given by

= cos 20  ex + sin 20  e, + cos 0  sin 0 y ^

giving finally, for all three sides,

e „

e2, III £ y

II

i no i no p

cos2 y sin2 y -sin ycos y 
cos2 p sin2 p sin (Jcos P 

1 0  0 yx]x2

(7.50)
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Write this equation as

{eT} = } (7.51)

Contragredience gives the corresponding stress transformation as

= [T]t \ o t \ (7.52)

Now, for the local XY coordinate system,

E'

Then

NATURAL MODE METHOD 321

{£xy) = - \ f ] { o xy\ (7.53)

{£7-) = U ](-prl/])[T ]r {ar ) (7.54)
E

The flexibility matrix in the natural coordinate system is thus given by

[ f T] = [ T ] ( ^ [ f ] ) [ T ] T (7.55)
E

Multiplication of the matrices in eqn (7.55) for the plane stress, isotropic elasticity gives

1 cos2 a - v s in 2 a  cos2 y -v s in 2 y
cos2 a - v s in 2 a  1 cos2 p -v s in 2 p
cos2 y -v sin 2 y cos2 p -v s in 2 p 1

(7.56)

To obtain the stiffness relationship, it is necessary to invert the matrix expression in eqn (7.56):

[kT] = [ fTr l (7.57)

Thus, the constitutive law becomes i i n - . i i{ oT } = [kT]{zT } (7.58)

It now remains to calculate the relationship between { /^ l and {pr }, and finally that between 
the global force and displacement nodal values. To this end, first define the changes in the lengths 
of the element sides,

{pr | T =A{/ 23/ 31 l n \ (7.59)

Then, because the strains are constant along the element sides, it follows that

{£rl -  Ud ] Mprl  (7.60)

Combining eqns (7.49), (7.58) and (7.60) gives

{ ^ 1  = Q r[/D]-| [^ ] [ /D]-1(p r l  (7.61)

The natural (3 x 3) stiffness matrix for the triangle is thus given by

[ ^ ]  = Qr[/D]-'[/:r ]t/Dr l (7.62)

so that eqn (7.61) is written

{^Yl = [*/v]{prl (7.63)
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It now only remains, to relate the natural {PT} forces to the nodal global forces, [Pxy ) so that 
the nodal global equations of equilibrium can be formed. The various nodal force components are 
shown in Fig. 7.7.

From Fig. 7.7, the direction cosines of side i are given by {c, .v,), and, thence, by projection 
and using eqn (7.49),

r  I.v

P I V

Pi ,
p iy
P  3 , 

P  3v

0

0

-Cl

- s \  

c i

S\

C2 

S 2 
0 

0

- c i

-*2

~ C  3 

3 

C 3 

^ 3 

0  

0

P 32 

P  13

P 21

(7.64)

Write this equation symbolically as,

{Pxy} = [aNf { P T ]

Thence, again using contragredience, the corresponding displacement transformation is given

{pT } = [aN ] {pxy }

Combining eqns (7.63), (7.65) and (7.66),

{Pxy 1 “  laN]T \-kN][aN]{ pA>, }

The global stiffness matrix is thus obtained as,

[kXy] = [^]^[^/v][% ]

(7.65)

(7.66)

(7.67)

(7.68)

Before discussing the merits of the natural approach, it is worthwhile to reflect on the physical 
significance of the above formulation. Examination of the three sets of stress fields shown in Figs 
7.5(b) and 7.6 shows that each is equivalent to the stress in a simple link member. However, the 
evaluation of the deformation of the element is complicated by two facts:
1 . the material is in a state of plane stress (or strain);
2 . the cross section of the element is variable because of the triangular shape.
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In addition, there are three force components instead of one, as is the case for the two-node 
link element. All these considerations lead to the derivation given above. The formulation may, at 
first sight, appear to be cumbersome. However, it should be noted that in forming [ ^ ] ,  only (3 x 3) 
matrices have to be manipulated, with the expansion to the ( 6  x 6 ) global stiffness matrix taking 
place in the last step. The advantages of the natural approach become more apparent and compel­
ling when large displacement analyses are undertaken. An examination of an element in its unde­
formed and deformed configurations Fig. 7.8 shows that filaments parallel to the sides of the element 
can have their natural stress components added directly, even though displacements are large. This 
circumvents the problems associated with having to transform stress components.

23 d = a 2 3 °  + ^ a 23

Fig. 7.8 Large displacements-addition of stress components.

Before proceeding to develop the ideas of the natural mode technique further to accommodate 
higher-order elements with curved sides, it is worth examining the stress fields in Fig. 7.5(b) to 
show how easily they may be used to generate the geometric stiffness matrix [kG ] for the CST, from 
the corresponding theory for the two-node link element (section 6.2, eqn (6.22)). In eqn (6.22), it 
was shown that the increments in force components in the global coordinate axes for given node dis­
placements are

?! _  Fj l A - A V

C I -A A A
The submatrix [A ] is defined

[A] = [ /3] -  {c }{c }T

(6 .22)

(7.69)

In the present situation, for the triangle in Fig. 7.5(b), it is seen that [ P 32, F 23}, etc. form 
three sets of such forces, so that the geometric stiffness matrix for the triangle is given by the sum­
mation,

where

and, for j  = 2, / = 1,

[Kg ]
i'=l,3

[KguI M , }

Pn AU

Y

lu I 1

[ M „ ]

/ 3 0 0

0 / 3 0

(7.70)

(7.71)

(7.72)
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In eqn (7.72), [AfyJ varies cyclically for the permutations of i and j . In eqns (7.70) and (7.72), it 
has been assumed that the triangular element is in three-dimensional space. The restriction to planar 
elasticity is simply one of detail.
7.2.5 Higher order triangular elements -  natural formulation -  ur-elements
For the straight-sided triangular elements, it is a relatively simple task to extend the reasoning in 
section 7.2.4 to higher-order interpolation, for example, the LST. In this element there will be 12 
nodal degrees of freedom, and, with three rigid body modes, the number of natural straining modes 
is equal to nine. The three straining modes parallel to side 1-2 of the element are shown in Fig. 7.9.

'26

Fig. 7.9 Straining modes in LST parallel to side 1-2.
The derivation of the (9 x 9) natural stiffness matrix is relatively straightforward and is left to the 
reader as an exercise. It is of considerable interest, however, to extend the numerical integration 
techniques developed in section 7.2.4 for use with the natural mode method. To this end, the con­
cept of the ur-element is introduced [40]. In this application of planar elasticity, the ur-element is 
simply a CST as given in section 7.2.4, with its sides now oriented parallel with the triangle 
filament directions, ^  = constant, = constant, = constant, as shown in Fig. 7.10.

\
" ^ 3

n

A ■ W
.s'-

y 1

(a) (b) 'u r '  element
Fig. 7.10 Curved triangle-local element.

As mentioned, the ur-element is simply a CST, and hence, although its dimensions are 
infinitesimally small, the derivation of its stiffness matrix must follow directly from section 7.2.4. 
Herein this is modified slightly to follow the derivation in [40], Firstly, the Cartesian flexibility 
matrix is written

e.v

e,

Yvv
V2

1 -v  0
-v 1 0
0 0 1 + v

O.v
Oy

<2x„
(7.73)
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(7.74)

The transformation between global and natural strains at any point in the triangle (i.e. for the 
ur-element) is given

e23 (*,23)2 (*.23 f V2 (jc^ 3  )(x 223 )

e31 = [ mT 2 (*,31 ) 2 (*,31 )2 ) (x23l) e, (7.75)
£ 12 U .12 ) 2 (* ,1 2  ) 2 V2(xj 2)(x2n ) Yxy

. ^2

This equation is obtained by application of eqn (2.30) to each of the directions, = constant. 
The matrix [m] is simply the matrix [Id ] for the local triangle, and is written

[m] = ^23 h\  h i (7.76)

The value //y is referred to the side i - j  of the local triangle, and will be defined below. The 
transformation in eqn (7.75) is written

•xy

Then, the natural flexibility matrix for the local triangle is calculated as

\ fN] = [B]T\ f ] [B]

and, thence,

The stiffness matrix [EN] = [fN] \  so that

The operator

{ }  — [En ] { }  — E [kn ] {en ] 

has been defined in section 1.4.8, eqn (1.157), as

d d d 

dt<j dC, + K j
Thence, the local derivative vector is given by

and, from eqns (1.158) and (7.27),

d{x } 

= ^ -  = ^ ^ [ X ]  = i ^ j } T[X] 
<Kij <Ki,

(7.77)

(7.78)

(7.79)

(7.80)

(7.81)

(7.82)

(7.83)

Since ai} is the local derivative in the direction i, j,  it follows that the square of its magnitude is cal­
culated from
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This defines the terms of the matrix [m]. As before, from eqn (1.160), the Jacobian is given by

[JA] = [e3 I DX]  (7.85)

and the infinitesimal ur-element area is

d£l  = det/A d  £,■ d  (7.86)

Similarly, the displacement vector in the filament direction along the element side i - j  is given by

d{u }\u
U

The terms of {u ̂  } are collected into a ( 6  x 1 ) supervector:

a , 23 

^  ,31

u , \2

Then the natural deformations, as defined in eqn (7.59), are given by
i - i  rI Pn 1 — [m ] 1 (u y  1

(7.87)

(7.88)

(7.89)

The matrix [m ] is defined in eqn (7.76), and \AN ] is the superdiagonal matrix, obtained, using eqn 
(7.82), as

T T T 
a  23 0 3 1  « 1 2

Note that

[ ^ i  =

[m]2 = [An ][An ]t

(7.90)

For example, then,
Pyv3 = m \2 {^12}̂  {^,12)

expresses the projection of the Cartesian vector components {w 12} onto <z12. Now form the column 
matrix,

[A£] =

T
a  23 

T031
Ta 12

M l L r v[X] = [D][X]

The matrix [De ] is defined, via the resh operator 2\ such that

[De ] = 2] [ D 1

(7.91)

(7.92)

The resh operator 2] makes a (2 x 2) supermatrix in [De ] from the corresponding single term 
of [D].  If {uj} is the vector of node point displacements grouped in the order {uix, uiy) at each 
node, then, from eqn 7.88,

{uj , }  = [De]{uI } (7.93)

and, thence, from eqn (7.89),
Ipyv ) = [aN]\u, } = [m] x[AN][De]{u, (7.94)
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Finally, the natural strains are given by

{eN ) = [mr 1 {pN } = [m}~2[AN}{De}{u, ) (7.95)

Thus the nodal stiffness matrix is calculated:

[kxy] =  j  [De]T[AN]T[m]-2[EN][m]-2[AN][De]dQ. (7  %)
area

Now, the infinitesimal area is given, by

d Q  = detJA d Q d  ̂  = Q Nd ̂  d  ̂  (7.97)

Defining,

[kN] =

and

[aN] = [ m r X[AN][De]

then, eqn (7.96) is written simply as

1 —■ J l^vl ][^v C/d C/ (7.98)
area

The elegance of the above formulation lies in the fact that it can be adapted so readily to 
large displacement analysis, with the direct addition of the increments of the {oN } filament stress 
components at any point. These natural stresses may be transformed to Cauchy stresses by using 
contragredience in conjunction with eqn (7.75)

{oxy} = [B] {oN } (7.99)

7.2.6 Geometric stiffness
It remains now to follow the ur-element concept for the geometric stiffness matrix given in section 
7.2.4. Thus, from eqn (6.22), the geometric stiffness for the component o /y of the ur-element 
stresses is given by

Ui rr. TA, A - A  M/
(7.100)
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Ui GijVN A - A W,

rtij2 - A A
_ u i .

In eqn (7.100), VN = t£lN is the infinitesimal area of the ur-element, so that

From eqn (7.100),

It is seen that

CijVN o u t hijiiijj PN
- J - r -  = - ~  2— = ----- <see ecln (7-71»m,j 2 m? mu

°ijAh. = — j [A][uj -  Uj]VN (7.101)
m ij
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and, hence,
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8 u = Uj -  Ui =
du

In the limit, ds{; = and VN = d£l,  so that

A Ui  =  ^ r [ A ]
du

d Q
m;

Now, from eqn (7.93), du
^ 7

i je ]  { ^ /

(7.102)

(7.103)

so that applying the contragredient principle gives the increment in the nodal force components
5ARjjj as,

iSARlii} = [Diie]T {Auj\  = [Diie]T [Dije]dQ.{u,

To obtain the effects of all three components of the ur-element stresses, define the matrix [S]

where

Thence,

[S ] -  2̂3 2̂3 3̂1 3̂1 s 12 5 12

{ S i j } =  (c,7m,72)[A]

(7.104)

]

(7.105)

(7.106)

} = [£>L D ] u, D \ 2e)[S]
^23e 
£*31e 
D I2e

d Q { U j } = [Def [ S ] [ D e}dQ{u,

Integrating over the area of the triangular element gives

{A/?/) = j [De]T{S][De ] n Nd ^ d ^  (7.107)

Thus, the elegant expression has been obtained for the element geometric stiffness matrix [kG ]

lkc ] = \ {De]T{S]{De {ilNd ^ d ^  = £ w i [D„]r [5,][De,]Q Wi (7.108)

It should be noted that stresses may be calculated at the midside nodes, and three-point 
integration used in the calculation of [kG].

7.3 GENERALIZED (KINEMATICALLY EQUIVALENT) FORCE SYSTEMS

7.3.1 Introduction
Thus far, the theory has been concerned only with the generation of element stiffness matrices 
which, when assembled, form the global stiffness matrix [^ ]  which enters into the nodal force dis­
placement relationship, [ K ] { r } = [R }.
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In practice, the forces applied to the body will usually be distributed in nature, either on the 
surface or throughout the body (gravity and initial strain restraint forces), and it is necessary to 
determine the equivalent concentrated, generalized nodal forces. The most common effects to be 
considered are

distributed surface forces, both pressures and tractions;
distributed body forces, which may be due to gravity or, in dynamics, to the D ’Alembert iner-

1 .
2.

3.

tia forces;
restraint release forces due to the temperature variation in the kinematically determinate state 
r = 0 .
For all these force systems, the basic concept for determining the nodal forces is that the two 

force systems are both kinematically and statically equivalent. That is, the work done by the gen­
eralized nodal force for a corresponding perturbation of its shape function must equal the integral 
over the element domain (surface or volume) of the corresponding distributed force and the interpo­
lated shape function. Again, as with the stiffness matrix formulation, the discussion can be divided 
into those domains or surfaces with regular geometry which is amenable to direct integration and 
those which are not and thus require numerical integration. Each will be considered separately, 
although in computer software it is probably convenient to rely simply on numerical integration to 
avoid repetitive coding.
7.3.2 Surface forces
The inplane surface loading is the variable p ( ^ )  acting on a given boundary (B), and is considered 
to have been integrated through the element thickness (0 so that it is a force per unit length. Let 
{/?/>} be the node forces which are both statically and kinematically equivalent to p(C/>)- Then, 
according to the principle of virtual displacements, the work done by these node forces must be 
equal to that done by the distributed surface forces p  ( i^ ). This, of course, leads naturally to a direct 
application of the contragredient principle, as is demonstrated in this section.

Thus, let the distributed force /?(£#) vary as a pth-order polynomial. The number of node 
values needed to specify p(C,B) will be (section 1.4.2)

(np + 1 )!
= np + 1

lp •
since, along the boundary, the variable p(^B) ls a function of a single variable. 
Then

Av(Cb) r _ _ Px IP x & b )
r

Px
p (£,b ) =

P y (Cfl )
— $P §P

_ P y .

(7.109)

In eqn (7.109), />, (£,« ). p., (CB > are the X and Y components of the distributed force, and px 
and py the values specified at the (np + 1) node points. For convenience it is usual to restrict the 
order of mp to the same as that of the number of node points in the element side. Thus, for end 
points only, a linear variation of p  (C,B) is possible, while the addition of a mid-side node allows for 
quadratic variation. The displacement of the boundary BP for a compatible displacement model 
depends only on the nodal points located within that boundary, and hence the boundary displace­
ment is given by

u (£>b ) r ~ U B

h & B )  = _ v ^ b )_
= §B §B

- V B_
= [®B]T{rB (7.110)
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Applying the contragredient principle, the contribution A{/?B } to the nodal forces statically 
equivalent to p  {L)B) is given by

Integrating over BP ,

1 = [<Dfi \p <̂ h )ds = [®B}[\vB\f ds | p

I R b ) = (7.111)

Substitution for [<J>5 ], [\|fB] and {p } gives the components,

\RBx ( =  J \P.x ( ; and [RBy } =  J [<)>B ][<)>,> ]T ds {py } (7.112)
Bp

Example 7.1 Linear and parabolic variation

I. Suppose that both [§B] and [§P] are linear functions for the surface shown in Fig. 7.11(a).

Then,

Thence,

Fig. 7.11 Surface forces.

[ < t a f  = [ < t v f  = h r ( i  -  0  + 0 ] ;  with c =

[(1  -  0  (i+C)]

2s ds = ~ d  £ 
2 *

Rx ,
/ + f (1 - 0

. R xJ. ■ s i , . ( 1 + o _

Pxi 1 2 1 Px,

„Px j . ~  6 1 2 . Pxj.
0)

II. The surface in Fig. 7.11(b) has a parabolic variation in p(£fi), for an element whose polyno­
mial variation for displacement interpolation in the side is quadratic (three nodes, i - j - k ) .  Using 
the polynomial as f°r the triangular element, varying from 0  at i to 1 at k , the interpolation poly­
nomials are given by

w *  -  D
M>«] = [«>,]= 4^2(1 - C 2)

(1 -  Q (1 -  2 Q
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Substituting into eqn (7.103) and noting that

\ds = I ]dt ,2

gives, finally,

R 30

4 2 - 1  
2  16 2  

- 1 2  4

Pxi

Pxj

Pxk

(ii)

In both no. I. and II., similar expressions apply for py . It is seen from these examples that for 
a straight-sided element, it is a relatively simple task to calculate the statically equivalent nodal 
forces for the distributed pressure px or py . It must be noted, however, that the specification for 
px(py ) in Fig. 7.11 is a little unusual, being specified as a force per unit length on a skew dimension
5 . It is more usual to specify surface forces in terms of pressure and traction; that is, in terms of 
normal and tangential components in the local coordinate axes associated with the surface. This 
definition of surface forces is used in the following derivation for the numerical evaluation of the 
node forces. A surface element i - j —k is shown in Fig. 7.12 and is assumed to be curved, being 
specified in this instance by the three node points i - j - k .  A single coordinate, r), is used to measure 
distance along the curve. Both ds and dr\ are measured as positive in the anticlockwise sense. Pres­
sures are taken to be positive when in the coordinate directions shown in Fig. 7.12. The interpola­
tion for the (x , y ) coordinates in the side will be

= \ N ) T[X Y ] (7.113)

where {N }T are the shape functions, here given, in terms of the single parameter q. as

= {y il(r| -  1 ) (1  - r | 2) |- r |(r | + 1)}

Rxy

(7.114)

'kx py Ps

fx
dx

u

(b)

F ig . 7 .1 2  Surface pressures-local coordinate systems.

The length vector ds along the side is given, in terms of its x and v components, as

d t -

dx [ f * ldx 3rt 011

dy — dy
d  r| =

Q
J

3r| 9r|

dr\ (7.115)
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The transformation matrix [L] relating the ( jcj )  m d  (s ,n) coordinate systems can now be cal­
culated from eqn (7.115):

[ L ]  =
aIdetJ

dNT x  dNT y  
8 ri 

dNT

9r|

r  x
9ri 9r|

(7.116)

In eqn (7.116), the rows of the matrix on the right-hand side are the direction numbers of the 
( s , n)  axes, and detJ is the determinant of this matrix, or alternatively ds 2, so that the rows of the 
[L] matrix are the direction cosines of the ( s , n)  axes, (eqn (1.38)). Thence, the x,  y  components 
of the {px , py } pressures at the points /, j  and k can be expressed as

(7.117)
Px Ps

=  [ L f
.Py. i,j or k . Pn_ ij or k

The stress resultants in the x and y directions are then given by

dNT

and

fx = Px \dy I = px

f y  =  P y  I d X  I =  P y

0 T1

dNT
9ri

X

d t|

d  T|

(7.118a)

(7.118b)

In eqn (7.118) it is seen that the infinitesimal lengths Irfyl Vlx are unsigned values, so that the 
sense of f  x or f  , is obtained from that of px or py, respectively. Applying the contragredient prin­
ciple to eqn (7.118), with the displacements being interpolated using the same functions as in eqn 
(7.113), gives the nodal force components,

and

W x 1 = [N] fx = [N]px

{ARy ) = [N \ fx = [N]py

dN1
dr|

dN1

dr\

dr\

Interpolating px and p, in terms of their nodal values,

I Px Py\ =  [N]T {Px Py 1 

and integrating from - 1  to + 1  on r\ gives, finally, the expressions for the nodal forces as

dNT
iv jl/v j'

- i
I* ,!  = j [ N] [ N] T dr\{Px (7.119a)
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and

' d N T
+i

1 ^ 1  = \ [N][N]7
5r|

d r \ { p

333

(7.119b)

The similarity should be noticed between eqns (7.119) and (7.113). In eqn (7.119), the Jaco- 
bian of the transformation varies along the surface arc, and thus necessitates the use of numerical 
integration. Alternatively, {ps ,p„ } may be interpolated::

1 P s , P n  I = [N]T {ps ,p„ }

Then, calculating the transformation matrix [L ] at the integration point give

= [ L f
Ps

Pn

The expressions for the numerical integration of eqn (7.119) then become

d N j

and

dr\

d N ^

3ri Pyi

(7.120a)

(7.120b)

The three-point Gauss integration rule will suffice in this instance.

Example 7.2 Surface force calculation
Eqn (7.120) has been incorporated in a planar elasticity finite element program, and the results 
printed for the calculation of the equivalent nodal forces on the semicircular opening shown in Fig. 
7.13. Two surface load conditions are given:
1. internal pressure of 10 units;
2. clockwise traction of 10 units.

Four surface elements of equal length have been used, with the node numbering 1 to 9, as 
shown in Fig. 7.13. From the summation of nodal forces, it is seen that the resultants are (0, 100) 
for the internal pressure, and (100, 0) for the traction.

Fig. 7.13

10 = p internal pressure

Surface loading-pressure and traction.
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Table 7.2

THE SOLID CONTINUUM

Load case 1 Load case 2
Node Rx Ry Rx Ry

1 -6.864 0.096 0.096 6.864
side 1 2 -23.570 9.763 9.763 23.570

3 -4.922 4.785 4.785 4.992

3 -4.785 4.922 4.922 4.785
side 2 4 -9.763 23.570 23.570 9.763

5 -0.096 6.864 6.864 0.096
Antisymmetric Symmetric Symmetric Antisymmetric

about 5 about 5 about 5 about 5

7.3.3 Body forces
The calculation of the generalized nodal forces to replace distributed body forces is similar to that 
for surface forces, except that now the volume of the element must be considered rather than the 
surface area. Thus, define the nodal system Nf  for the body force interpolation. That is, body force 
components at the nodes are

l f ]  = l fX f y ]  (7.121)

Then, at any point ^  in the body, the value of the body force /  ( ^ ) is given by the interpola­
tion formula,

l fx f y l  = h W f ] T[fx f y ]  (7.122)

In eqn (7.122), h is the variable thickness, which itself may be interpolated in terms of nodal 
values:

h =[<MM h] (7.123)

Then, again assuming that the element displacement functions are given by the interpolation 
similar to eqn (7.113),, allows the application of the contragredient principle to the force system, 
giving the increment to the nodal forces,

A[Rxf Ryf ] = {N } \ f  x J\ ]dA = h { N m f ]TdA [/', f y

Integrating over the area,

[Rx f Ryf ] =  j  h { N m f ]Td A[ f x f y (7.124)

For the axisymmetric case, h is replaced by the volume of revolution 2nx; that is, 
2k [N]t {X}.

Thence, for axisymmetry,

[Rxf Ry f ] = 271 J [N] [ N] t [X m f ]Td A [ f x / , ]  ( 7  125)
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Example 7.3 Body forces CST

Calculate the equivalent nodal forces for the CST with constant body forces and constant thickness

so that f x, f y will be integrated at a single point, for example, the centroid with values f xc, f yc. 
Substitution into eqn (7.124) gives

That is, one-third of the body force is distributed to each of the apex nodes, an expected result. 

Example 7.4 Body forces LST

Calculate the equivalent nodal forces for the LST with constant body force and constant thickness h . 
In this case,

Again, as in example 7.3, <|>/ = 1 and substitution into eqn (7.124), using eqn (1.152) to evalu­
ate the integrals, gives the interesting result:

In this case one-third of the total body force is concentrated at each of the mid-side nodes of 
the triangle.

7.3.4 Initial strains
Initial strains within the continuum arise from a variety of causes, the most common being tempera­
ture variation from the ambient state, and the volume changes due to change in moisture content in 
materials such as timber, soil and concrete. These strains are, in general, transient in nature, and if 
the time span is short, it may be necessary to consider the time domain in the analysis. Herein, only 
the steady state will be considered. Temperature strains have been discussed in some detail for 
framed structure members in section 5.2, and the basic theory developed therein applies in the 
present discussion of the two-dimensional continuum. The concept of initial stresses was also men­
tioned briefly in section 3.3. The fundamental concept is that the analysis must start from the 
kinematically determinate strain state, which implies that {£/} the strain vector, must everywhere be 
equal to zero. Now, since, from eqn (7.32),

strains may be induced by nodal displacements, according to the assumed displacement fields within 
the element. If, then, {£,•} is the initial strain field at any point within the element, the restraint 
stress necessary to prevent this strain is

(i)

p v f  = K,(2C, -  1) C2(2C2 -  1) C3(2C3 -  1) 4 ^ 2  4C,C3 4CaC.]

0 
0

h A  n
[Rxf Ry f ] = —  y U,c f yc ] (ii)

{e} =  [ a ] { r }

(a ,)  =-[*]{£,■} (7.126)
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In eqn (7.126), [k ] is, of course, simply the constitutive matrix for the material, and, should 
include the third direct stress component for plane strain problems. Using eqn (7.32), together with 
the contragredient principle, gives the restraint nodal forces as

( / ? , } =  j [ a ] T { O i W
vol

(7.127)

The forces which must be applied to release these nodal restraints are the negative of {Rt }, so 
that, if {/?r } are the release forces,

{tfr } = J [a ]T[*]{e,}</V
vol

(7.128)

The analysis now proceeds in the usual way. Finally, when the stress distribution due to {Rt } 
has been determined, it must be remembered that the initial state given by eqn (7.126) must be 
included in the solution.

(a) (b)

Fig. 7.14 Torsion of prismatic shaft.

7.4 TORSION OF PRISMATIC SHAFTS
7.4.1 Introduction -S t  Venant’s theory
The St Venant’s torsion solution is included at this stage because the planar discretization of the 
member cross section has many similarities to the planar elasticity problem, in so far as the develop­
ment of its computer software is concerned. It is well known from the elementary strength of 
materials that, in the torsion of a prismatic shaft of circular cross section, the assumption that cross 
sections remain plane and rotate rigidly with respect to one another leads to a valid solution for the 
shear stress distribution. The shear stress at any point of the cross section is then directed at right 
angles to the radius vector from the centroid of the cross section. It is easily shown that this 
assumption is invalid for members of non-circular cross section (such as the rectangle, shown in 
Fig. 7.14). From Fig. 7.14(a), the shear stress %r has components xs and x„, and, since %n is 
non-zero, for equilibrium at the surface, longitudinal traction forces are necessary. The St Venant’s 
torsion problem can, however, be solved as a type of initial strain situation, by first making the 
assumption for the calculation of the displacements ( u , v ) that the elementary assumption remains 
valid, and that the surface stresses so induced are removed by allowing the cross sections to warp in 
the z direction. All sections are assumed to warp alike, so that longitudinal a z stresses are not 
induced. Thus, if 0 is the twist per unit length of the shaft at the cross sectional distance z from the 
fixed end, the three components of the displacements are given by

u = - y  0z v = xOz; and w = 0\|/ (x , y ) (7.129)
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The function \|f (x, y ) must be determined by the analysis. Given the displacement assump­
tions in eqn (7.129), the in-plane shear strains are

yxz = Wj  + u z = -  J 0  (7.130a)

Yyz = w ,y + v ,z =  W,y + * ® (7.130b)

triangular element 

Fig. 7.15 Cross section idealization.

7.4.2 Torsion-finite element approximation
The cross section is now subdivided into finite elements, shown in Fig. 7.15 (in this case of triangu­
lar shape). Within the finite elements as shown in Fig. 7.15(a), express the longitudinal warping 
function w in terms of its nodal values, using , the interpolation polynomial,

w = {0}r {w} (7.131)

*

1 
" 

■ 

1

Thence, from eqn (7.130), the shear strains are expressed as

Yvz 0  - 0 X

. Tvz_
— { w  } +

1 CD , o _y_

(7.132)

(7.133)

Evidently, x , y can also be interpolated in terms of nodal values, and for the straight-sided triangle,

*i

* = Ki *2 =(4>iir m  (7.134)

 ̂X3

and, similarly, for y = (<|)l )r {y Substituting these values in eqn (7.133) gives

Yvz <t>J

1
0 1 CD X

. Tv--.
—

_fv.
{w } + <X> o Y

Eqn (7.135) is written
e = [r]{w-| + (e0l

(7.135)

(7.136)
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It is noted that the second term on the right-hand side of this equation is independent of the 
warped shape and that £0 is the initial strain produced by the distortions which violate the stress 
boundary conditions. The constitutive equation relating shear stresses and strains is, simply,

(7.137)
LX>"J Lu °JLTyzJ 

or, symbolically,

{t} = [G]{e} (7.138)

Thence, combining eqns (7.136) and (7.138),

{x} = [G][r]{w} + [G]{£0} (7.139)

The nodal forces which are to be considered are the shears complementary to those on the XY 
plane of the cross section, and, for a single element, they are shown in Fig. 7.15(b). The contribu­
tion to these nodal forces for an infinitesimal area is (applying contragredience)

A{R | = [ r ] r { t| (7.140

For the whole element,

1 * 1 =  \ [ T f [ G ] [ T ] d A { w } +  j  [T]T[G]{e0}dA (7 141)

338 THE SOLID CONTINUUM

area

For the whole finite element configuration, all contributions to the node forces from each tri­
angle must be added. At an internal node or at a free boundary, Rz forces must vanish. The solu­
tion of eqn (7.141) for all elements thus takes the form,

[ K ] { w } = - { R 0} (7.142)

where

[K] = 'Zj [T]T[G][T]dA (7.143a)

and

{flol = E j [ n r [G][eo]dA (7.143b)

For the general cross section without axes of symmetry, one value of { w } is set to zero. On 
axes of symmetry {w } = 0 and only a portion of the cross section need be considered.

The above theory is based on the approximation to the Laplace equation,

V2w = -2G  0 (i)

An alternative approach to the solution to the St Venant’s torsion problem is to use a stress function,
0, which leads to Poisson’s equation,

V2(|) = 0 (ii)

In the finite element analysis, the solution to (i) is much to be preferred to (ii) because, in the latter 
case, voids must be discretized, whereas, in the former, they do not.
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7.4.3 Calculation of the shear constant and shear stress distribution
From eqn (7.142) written for all node points, the solution is obtained for w, the warping function, in 
terms of the twist per unit length 0. It is seen from eqn (7.129c), that \|/(x, y )  = w for 0 = 1. Once 
w has been approximated, the element shear stresses are calculated from eqn (7.139). That is,

"o
= G 9 1  1 T |  { ^ 1 } + r\ \ T

. V x ^ y ) _0(>i
*

\ y \

The twisting moment MT may be obtained as a function of 0, since

MT = j  (1%.- - y \ xz)dA

(7.144)

(7.145)

For a given finite element the contribution to MT is

AMt = J \y x]
area

Now,

dA

y

o1
X

X 1
o

Y

and the shear stresses have been calculated in eqn (7.144) thence,

a m t  = [x T Yt ]G J
0 <|>,7 
*ir o ^ j e { w ' ] +

0 

4>?

x\ e dA (7.146)

In eqn (7.146), w x is the warping surface calculated for 0 = 1. For all triangles, eqn (7.146) becomes

Mt = K sQ (7.147)

so that, for a given torque MT,
0 =

Mt

~K~<
(7.148)

Thus, if Mt is given, 0 is calculated from eqn (7.148) and, thence, eqn (7.144) gives the ele­
mental stress values.

Example 7.5 Cross section modelled with three-node triangles 

In this case,

¥  = o r = tCi c2 y
Hence the x and y derivatives are given by

(i)

(Ol.j V = a2 «3( = )T
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[T] = —  
J 2A

b i b 2 b 3

02 03

THE SOLID CONTINUUM

(ii)

[T]t [G][T] =
4AZ

b i a i

Z? 2 0 2 
&3 a 3

*1 ^2 *3

a , a 2 «3

Integrating over the area of the triangle,

J [T]t [G][T] dA = - ~ [ b  a]
area

The term, J[T]t [G ]{e0|<i4, is given by

4A
[bbT + a a T]

J [ T f l G ^ d A  = ~  J [b a]
0 - * r X CT - y

.♦r 0 Y
dAB = ^ - [ b  a]  

2A X

In eqn (iv),
y = yCvi + J 2 + J 3) and X = -j(x , + x 2 + x 3)

(iii)

(iv)

are the coordinates of the triangle centroid. Thence, the nodal force vector {R ) is given by

R,i

IR

ik

~ [ b b T + a a T] { w , \ %+  ^ j . [ b  a] (v)

Example 7.6 Cross section modelled with six-node triangles

The St Venant’s torsion problem responds well to analysis using the six-node triangle, and accurate 
results are obtained for quite coarse element subdivision. In this case,

{<Mr = (<i>2}r = I M i - 1 )  M 2 - I )  W - l )  4 ^ 3  4 ^ ,  4 ^ ]  (i)

Then define the matrix [V ], such that

3vj —V jV 2 ~V jV 3 0 4V!V3 4VjV2

—v ]v2 3 v | -V2V3 4v2v3 0 4V]V2

—v 1 v3 - v 2v3 3v32 4v2v3 4v!v3 0

0 4v2v 3 4v2v3 8a] 8v!v2 8v jv 3

4v!v3 0 4v!v3 8v!v2 8a2 8v2v3

4v!v2 4vjv2 0 8v!v3 8v2v3 8 a3

[V] = (ii)
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When i , j , k are cyclic permutations of 1, 2, 3, a, is defined by 

Then, from eqn (7.143),

a, = v f  + vk1 + vjvk

[kel , ] =  J [ r ] r [G ][r]dA 12A [Va + V„]

where Va and Vh are obtained from (ii) by substituting v, = at and V/ = 6/, respectively. 

Similarly, define the matrix [E],

[E] =

e\ 0 0

0 e i 0

0 0 ^3
e 2 + e 3 *>2 + 2e3 £>3 + l e 2

2e3 + e j e 3 + e x e 3 + 2 e x

e x + l e 2 2 e x + e 2 e x + e 2

Then,

j  [T]T[G]{eo}dA = ^ r - [ -E „ Y  + EaX]
i

r ' '  Ea

.“OiOj,
dA j w ,}0 = -f-[X T Yt ] 

6 r El
{wjie (vii)

(iii)

(iv)

(v)

(vi)

where [Ea] and [Eh] are obtained by substituting e, = cij and = bj , respectively, in eqn (v).
In eqn (7.147), the first term now become

AMt = [XT Yt ]G J
arec

The program strategy is to set up the stiffness matrix and the [E] matrices, element by ele­
ment. The initial strain matrices with sign changed are loaded into the load vector. The torsion con­
stant is obtained from eqn (7.148) as the applied torque for 0 = 1. The stress distribution for MT = 1 
is obtained, element, by element using eqns (7.144) and (7.149).

Fig. 7.16 Rotations of XY  plane.
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7.4.4 Centre of twist-shear centre
The displacements of the member cross section were calculated (eqn (7.129)):

u -  — 0zv and v = Qzx

In these equations the assumption was made that the displacement of the origin was zero. In 
fact, the displacement is zero at the shear center or center of twist, (coordinates (.xT, >y)). Then the 
cross section displacements are given by

u = - Q z ( y  -  yT) and v = 0~(x -  xT) (7.149)

Now examine the expressions, see (Fig. 7.16),

u -  &zyT and v = -QzxT

From Fig. 7.16, for 0X,

V = - G x z

and, for 0^,

u = 0yz

Thus, the above terms represent rotations about the y -  and x -  axes respectively. Thus, write 
the warping displacement w

w = 0\j/(x,_y) + QxTy -  QyTx (7.150)

To locate xT, y T, reason as follows. The w function should be such that if a o z stress exists 
representing pure bending about either the x -  or the y -  axis, the generalized force corresponding to 
the w displacement produced by pure twist should be zero. For example, for an Mx generalized 
force (i.e. a moment), the stress distribution is

o z = ry

and the only generalized force is Mx . Thus, give the cross section the generalized displacement of 
eqn (7.150). Then,

Rz = J<JzwdA = JVy(0\|/(x,_y) + 0xr _y -  dyTx)  dA (7.151)

If the origin is at the centroid and principal axes are used,

j y 2dA = Ix and JxydA = 0 

and eqn (7.151) locates xT, since, then,

|_v Vj/(x ,y )dA

342 THE SOLID CONTINUUM

xT -  -

Similarly,

jx i|/(x ,y )dA

(7.152a)

yT = -̂--------------  (7.152b)
/,
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If non-principal axes are used, then eqn (7.151) and the corresponding equation for yT result 
in two simultaneous equations to be solved for xT, yT in terms of \|/(x,y), Ix , Iy , and Ixy. The func­
tion \|/(jc , y ) has been approximated in the finite element analysis as the warped shape for 0 = 1. In 
this case, and for principal axes, let

\|f(x,;y) = {<>}r {w }

and, as before,

It follows that

and

X T

yr

Z { Y \ T j ^ d A  IY }

x i x  { x }

1*----- 2
(D

Straight-s ided family of 3-D. bricks

/Kip
8/ A ^ > 3
U K / s

1 ^ 2

( 4 ) 

Fig. 7.17
(5) (6)

Curved-sided family of three-dimensional bricks.

(7.153(a))

(7.153(b))

7.5 THE THREE-DIMENSIONAL SOLID
7.5.1 Introduction
The various element configurations are shown in Fig. 7.17. The element family in Fig. 7.17(a) has 
apex nodes only, and so their sides are straight, whereas, in Fig. 7.17(b), the additional mid-side 
nodes have been added. The element number (6) in Fig. 7.17(b) is the 20-node isoparametric brick. 
There are other versions possible here, for example, a 27-node Lagrange type element with a centre 
node and nodes in the centre of each face. The details of such elements are not provided because 
they require simple routine modifications of the element given herein. In three-dimensional prob­
lems, it is found that the magnitude of solving the nodal equations of equilibrium quickly becomes 
an overwhelming task as the mesh dimensions are increased. For example, a cube of 10 eight-node 
bricks contains 1331 nodes or 3993 degrees of freedom, and the corresponding mesh of 20-node 
bricks contains 5082 nodes or 15246 degrees of freedom.
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Clearly, the size of the problem has become nearly intractable if all three dimensions require 
the same degree of mesh fineness. Considerable attention to programming design, both in element 
stiffness generation and the out-of-core equation solver is necessary to avoid excessive computer 
CPU times. Nevertheless, it may become apparent that for such three-dimensional solids, the boun­
dary element method becomes a viable alternative to the finite element method, because, with this 
technique, the discretization process is confined to the surface of the domain so that the number of 
node points (and hence the number of equations to be solved) increases only as the square of the 
dimensions of the problem, and not as the cube.

With the finite element method in three dimensions, data preparation becomes a serious prob­
lem, and automatic mesh generation with graphical display of data, containing such features as par­
tial mesh display and the option for hidden line removal, becomes an absolute necessity if error-free 
data files are to be produced. Complex structural shapes may be difficult to model with the iso­
parametric bricks alone, and the element library should contain both the tetrahedron and triangular 
prismatic bricks (1, 2, 3, 4 in Fig. 7.17). The calculation of element stiffness matrices is along lines 
very similar to those for the planar element counterparts. For example, for the straight-sided 
tetrahedra (4, 6, or 8) nodes, the integration of the zeta functions over the volume can be obtained 
explicitly, whereas for the isoparametric bricks (or any of the elements with curved sides), numerical 
integration is again required. Because the integration extends over the third dimension, care must be 
taken to use the minimum order sufficient for the accurate calculation of the stiffness matrix. The 
minimum requirements are second-order integration for the 8-node brick, and third-order integra­
tion for the 20-node brick. Following the same principles as for the two-dimensional elements, it is 
seen that stress values may be calculated at the centre point of the 8-node brick, and at the 
( 2 x 2 x 2 )  Gauss points for the 20-node brick. Evidently, the display of stress values and stress 
contouring will require considerable ingenuity, and again it will be demonstrated how well the boun­
dary element formulation addresses this problem.
7.5.2 Stiffness matrix formulation
The various element types, like their two-dimensional counterparts, are sufficiently distinct in their 
properties to warrant individual development. The tetrahedron family is discussed first, because, like 
the triangle, it allows a very simple explicit formulation.
The tetrahedron

Constant strain
The stiffness matrix for the tetrahedron can be obtained by using the interpolation functions 
(Cb 3̂» £4)- The transformations for the derivatives of the displacement functions expressed in 
these coordinates and the global (jtz- ) set are obtained in a similar way as for the triangular element. 
Alternatively, the natural mode technique can be used again, as for the triangle, adopting the con­
cept of the ur-element [39] (which in this case is an elementary tetrahedron) and all the 
ramifications thereof. The non-dimensional coordinates (i^) are defined in terms of the volume 
ratios Vj/V,  where V,- is the volume contained between the side area whose opposite apex is node i 
and the interior point. The apex nodes thus have the non-dimensional coordinates (1, 0, 0, 0), (0, 1,
0, 0), etc., and

The integral of the C, polynomials over the volume of the tetrahedron has been given in eqn

(7.154)

(1.153)
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The coordinate transformations are established by noting that x, within the element can be 
interpolated by

Xj = } (7.155)

where

That is, for all three coordinates,

1 1

* 1 * 1 1

* 2
—

* 2 1

* 3
*31

= [Cl C2 Cs W

1 1 1

* 1 2  *13 * 1 4

*2 2  *2 3  * 2 4

*3 2  *33 *3 4

(7.156)

The determinant of this coefficient matrix is easily calculated to be 6 V . This can be proven 
by calculating the volume V of the tetrahedron as the scalar triple product,

6 V = X - l f x ( ?  (7.157)

In this equation the vectors X,  Z? and ( ’ correspond to three sides of the tetrahedron, such that 

A>= { x i 4 - x n };  & = { x i 2 - x n };  <? = U ,3 -  x n )

This result will be found to agree with the determinant of the coefficient matrix in eqn
(7.156). The scalar triple product in eqn (7.157) gives the Jacobian of the transformation between 
the coordinate systems as

[J] = 6V =
*41 - * 1 1  *4 2  ~ * 1 2  *43 “ *13 

*21 - * 1 1  *2 2  “ *12 *23 " * 1 3  

*31 — *11 * 3 2  ~  *  12 *33 —  *  13

(7.158)

The inverse transformation to eqn (7.156) relates C coordinates to the global coordinates 
within the tetrahedron and is written

Cl A  11

C2 _ J _ A2i

C3 “  6V A  31

C4
A41

b \  c ,  d l

b  2 c 2 d 2

b  3 C 3 d  3 

b  4 C4 d  4

(7.159)

Note that

'L t>j = Ci = £ 4 = °
/ = 1,4 /'=1,4 / = 1,4

(7.160)

The terms /?,, c ,, d { are the cofactors of the second, third and fourth columns of the tran­
sposed coefficient matrix in eqn (7.156).
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Then the derivatives with respect to to the global coordinates are given by the chain rule as

f  jc -  ~ bj f  r , sum i = 1,4 
1 6V

= ^ ( M r ( / , d (7.161)

with similar expressions for the derivatives with respect to x 2, x 3 replacing {&} by {c}  and {d }, 
respectively. The strain displacement transformation is now given in eqn (7.162) and is constant 
throughout the tetrahedron. That is, it is a constant stress element.

7*1*2

2X 3

Ycyr,

1
6V

b T 0 0
0 c T 0
0 0 d

c T b T 0
0 d T c

d T 0 b

U , 
U 2
U 3

(7.162)

This is the expression:

{£} = [0]{r}

The constitutive equation for homogeneous isotropic material is, from eqn (2.132), expressed by

{a} = [*]{e} (7.163)

Using eqn (3.21), the element stiffness matrix is calculated:

[ * , ] = /  [ a f [ k ] [ a ]  dV = ~ ^ - l a ] T[k][a] (7.164)

The linear strain tetrahedron

The linear strain tetrahedron has quadratic displacement interpolation, and, using the nodal point 
system in Fig. 7.17(b), the interpolation polynomial {(j>2} is given by

I M  = < M i  - ! ) • • •  W *  -  1), 4 ^ 2 ,  4 ^ 3 .  4 ^ 1 ,  4 ^  4 ^ 4 >  (7.165)

Again, the similarity with {<|)2} for the LST should be noted. The strains are interpolated 
linearly, being first derivatives of the displacements, so that, if {e6 } is the vector of nodal strains,

\ T  _  To o o ^  “/ ^{e(. V = [ex e. ex yxx %
lx 2 l x 2x 3 l x 3x l

where

Then,

I , I 1 I Â 12 Â ,3 ,4! > etc.

(7.166)

(7.167)

e = ♦r (8C (7.168)
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The notation |~-J 6 implies a matrix with six diagonal blocks each equal to the enclosed matrix. 
The generalized stiffness matrix [kc ] relating the nodal stresses to the nodal strains is calculated as

[ k A =  jt<l>]r lA-][4>] dV
vol

(7.169)

noting that

2 1 1 1  
1 2  1 1  
1 1 2  1 
1 1 1 2

The matrix [kc] is written

VE
1 ^ — l k V W (7.170)

The terms in [Ic] and £* are defined in eqn (2.132), and the notation [£]* [A] implies that each term 
of [k ] is to be replaced by the 4 x 4 submatrix ktj x [A], thus making [kc] into a 24 x 24 matrix. 
The nodal strains are expressed in terms of the nodal displacements, using the transformation matrix 
[Oc]. To this end, the derivative transformation matrix [Tt ] is defined by

[ ^ ]  =  7 77
1

6V

31\ 12 1 3 1 4 4^2 0 4^3 At 4 0 0

t\ 3t 2 1 3 1 4 At i At 3 0 0 At4 0

~~t\ - t 2 3 t3 - t 4 0 4 ^  Ati 0 0 4r4

- t x - t 2 - t 3 3t4 0 0 0 Atx At2 At3

(7.171)

Then, for example, the relationship between the nodal X\ strains { i} and nodal displace­
ments X\ is given, using replacement in [Tt ], t - > b :

= [Th] { U x} (7.172)

For all components,

{ec } = [®c]{r} (7.173)

The matrix [®c] is a 24 x 30 matrix similar in form to that in eqn (7.162). Now, however, 
[b }T is replaced by [Tb] etc. The nodal displacement vector {r } has been grouped as

[ r ) T = < U \  U t2 U t3>

where

{ U , } T = < £ / . !  UXi2 (7.174)

Thence (as in eqn (7.21) for the triangular element), the 30 x 30 linear strain tetrahedron 
stiffness matrix is given by

[ke ] = [®c]r [*< ][<*>,] (7.175
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The three-dimensional isoparametric family is given in Fig. 7.17, element numbers 3 and 6, 
representing the 8 - and 20-node bricks, respectively, whose shape functions have been given in sec­
tion 1.4.4. The theory for these elements is identical to that given in section 7.2.3 except that now 
integration must be performed over the three dimensions x u x 2, The equation corresponding to 
the two-dimensional case (eqn 7.31), relating strains at a point within the element to the nodal dis­
placements, is written

7.5.3 The three-dimensional isoparametric family

e =

Ell
e 22

e 33

Yl2
723

Y31

r 4>,T 0 0

^  1,1 0 0,5 0

W 2,2

^  3,3
0 0 0,3

^  1,2 +  ^2,1 0.2 O.T 0

^  2,3 +  ^  3,2 0 OS
U 31  +  U j 3

0,3 0 0,1.

U 1

u2
U  3

(7.176)

where u lti, (J) , etc., denote differentiation with respect to xt . This is the equation:

{e} = [a]{r}

The constitutive relationship eqn (2.132) is written

{a} = [k]{e}

Thence the element stiffness matrix is calculated as

[**] = P i  W j wk [aijk ]r [k][a,jk ]detJijk
j k

(7.177)

If the matrix multiplication in eqn (7.177), [a]T[k][a],  is carried out for the 20-node brick 
and a 27 point integration rule used, then 27 (60 x 60) matrices will be calculated in order to gen­
erate [ke ]. Approximately three-quarters of a million multiplications are required. However, if the 
[a] matrix in eqn (7.176) is written

[ a ]  =

The matrix product [a]T [k][a] is written, using the notation v l = (1 + v) and v2 = (1 -  2v)/2,

VIA7 A + v 2  (Bt B + C r C)  vA t B + v2 B t A v A TC + v2 C T A

vl B t B + v2 (At A + C TC)  vB t C + v2 C T B 

symmetric v l C T C + v 2 ( B TB + A T A )

A 0 0
0 B 0
0 0 c
B A 0
0 C B
c 0 A

(7.178)

Now it is seen that integration involves the (20 x 1) vectors [A }, {B } and { C }, and that their 
products, {A }T {A ), { B ) t {B }, (C}T{C), (A) 7̂ ) ,  (A}r {C(, \ B ) T[ C) ,  {C ) T{ A }, {C}r {B}; 
are required; in all only eight, 20 x20 matrices.
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It is found that only about one-tenth of the number of operations are required as in the direct use of 
eqn (7.177). This is reflected in a corresponding reduction in CPU time necessary to calculate an 
element stiffness matrix. It should be noted that a reduction in time can be achieved by similar pro­
gramming in the two-dimensional case. However, the result there is nowhere as spectacular as for 
the threedimensional case because the problem of CPU time is not as critical.

(a) Pressure definition
node

Fig. 7.18 Surface force definition.

7.5.4 Surface forces
The simple case of normal or hydrostatic pressure loading acting on the surface is considered. The 
nodal pressures p t are given at the the surface can be interpolated, using eqn (1.108):

P Q =  {4>lr {p(Q} (7.179)

To obtain the direction of the normal, and hence its x{ components at (£, rj), the vectors in the 
isoparametric directions (£, rj) must first be calculated. Thus, let

[X] = [ {xx U 3 H (7.180)

be the matrix with nodal coordinate components as columns. Then the vectors in the parametric 
directions are >

= [X] I t?)

= [X ]' ((j)̂  I

(7.181)

(7.182)

Hence the normal is obtained by the cross product,

and the unit normal is

dt^ = d?  ̂ x ds*̂

\dsA
(7.183)

Thus, a normal pressure p ( Q  on the surface acting on the elemental area ds ̂  d sn, has force 
components, in the x{ coordinate directions,

{Ap } = p Q { n  }lds \d^dr\ = {n } {§}T { p Q }  \ds \d^dr\ (7.184)

www.EngineeringEbooksPdf.com



350 THE SOLID CONTINUUM

Now the displacements at a point on the surface are interpolated from nodal values, using the 
same interpolation polynomial, as

ui = W T{ui ] (7.185)

Contragredience thus gives the contribution to the kinematically equivalent node forces as

{ a/?,- } =  {< h 4 p / =  w w Tn j \dS \ d ^ d m p ^

Integration over the surface gives

{/?,-} = J {<>} {<)}r «, Ids \dt,dr\{pi\  (7.186)
area

Using numerical quadrature,

{Rj } — (3f 0a(31 (0a(3) niafi^dsap \ { p (7.187)

In this case a (3 x 3) integration order will be adequate to generate the nodal loads.

7.6 HEAT TRANSFER-FINITE ELEMENT APPROXIMATION
7.6.1 Introduction
It has been shown (section 7.3.4) that initial strains within an elastic body, in general, produce inter­
nal stresses and perhaps external reactions. These external reactions will necessarily be self- 
equilibrating and so have zero external resultant force. Initial strains may occur from a variety of 
causes, such as shrinkage and creep in concrete. However, perhaps the most common occurrence is 
due to a variation in temperature from the ambient condition. Temperature variation is caused by 
many effects, the most obvious of which is the daily and seasonal thermal cycles produced by the 
sun. Other potentially more significant effects can be produced by heat of hydration in concrete con­
struction, local heat sources in welding, skin friction heat in high-speed aircraft, and a multitude of 
other sources associated with manufacturing processes. All of these effects will cause internal 
strains and hence stresses in the structure in which they occur, thus having an influence on the per­
formance and integrity thereof. There are fundamentally two types of heat transfer problem:
1. the steady state, in which conditions are considered stable and the temperature at any point in 

the body is constant;
2. the transient state, in which conditions are time dependent, and the temperature at any point in 

the body is changing.
7.6.2 Fourier’s law for heat conduction
The basis for the calculation of temperature throughout a body is the conduction ent eof heat law, 
which is a statement of the observation that the rate of flow of heat depends on the inverse tempera­
ture gradient; that is, heat flows from a high-temperature region to a lower-temperature region. The 
rate of flow, Q n is given by the equation,

G f, = - k A T j  (7.188)

From Fig. 7.19 it is seen that A is the area through which the heat energy flows, / is the 
direction of its normal, Q is the quantity of heat, and k is a constant for the material called the 
thermal conductivity.
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T

Q • —
1 2

Q
x

(a)

The expression in eqn (7.188) is generalized for heat flow within a three-dimensional body, 
and the differential equation for heat transfer by conduction is obtained. From Fig. 7.19(b), the heat 
flows in the x h x 2, x 3 coordinate directions are Q u Q 2, Q 3, respectively, and the body is considered 
to be homogeneous and isotropic, with the conductivity k the same in all directions. Considering 
first the xi  direction, the heat flow on the (1) face is

Similar expressions may be written for the x 2 and x 3 directions. Heat may be stored or taken 
from the infinitesimal element, depending on the temperature change, and the change in stored 
energy is given by

where p is the material density, CP is the specific heat for the material, and T td t , the temperature 
change in the time interval dt. (Note the subscript ,t denotes differentiation with respect to time.) 
The balance of energy is expressed as

dQ\ \ t  = ~kdx2dx3—— dt
ox 1

and, on the (2) face,

dQv = pCP dx {dx2dx3T tdt

pCPdVT tdt = % ( d Q iU -  dQi2t )
1=1,3

Substituting for dQiU etc. gives the differential equation,

(7.189)

In this equation the summation convention is used on the repeated index.

www.EngineeringEbooksPdf.com



352 THE SOLID CONTINUUM

The solution of eqn (7.189) is controlled by the boundary conditions of the problem. If k( t )  
varies with temperature, then the expression corresponding to eqn (7.189) is

d T _ J _
P p dt dx,

, /  ̂ a r  £ ( 0 —
OX;

(7.190)

7.6.3 Boundary conditions for heat flow at a free surface
Three effects may be present, namely:

1. convection to or from the surrounding fluid medium;

2. radiation to or absorption from the surrounding bodies;
3. heat input from a given source.

The heat flow will be in the direction n , the normal to the surface. Each of these conditions 
will be considered in turn.

1. Convection

The expression for qc , the heat flux per unit area across the boundary due to convection, is

qc = hc (T -  Ta) (7.191)

where (7\ Ta) are the temperatures of the body surface and the surrounding fluid, and hc is the con­
vection coefficient of heat transfer.
2. heat radiation

The heat flux per unit area qr for radiation to the surrounding environment is again expressed by

qr = hr(T - T a) (7.192)

However, now the radiation constant hr is expressed

hr = eo(7^ + T l  )(Tks + Tka) (7.193)

In eqn (7.193), Tka, Tks are the temperatures of the body surface and the surrounding environ­
ment, respectively, measured in degrees Kelvin, and a  is the Stefan-Boltzmann constant.
3. Heat input

This will be a given parameter, a heat flux q( per unit area. Thus, for all three effects,
dT

- k — = q i + q c + q r (7.194)
dn

That is,
r)T

q, + k —  + ( T  - T a)(h, + h , )  = 0 (7.195)
dn

This equation may be written in simplified form:
dT
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where

q = q i  ~ h T a (7.197)

and

h = h r + h c (7.198)

7.6.4 Finite element approximation
The solution to a given problem must satisfy the differential equation (eqn (7.189)) subject to the 
boundary conditions eqns (7.196) to (7.198). The method of weighted residuals, as outlined in sec­
tion 3.3, will be used herein to make the finite element approximation. For convenience, only the 
two-dimensional, case is considered, as the extension to three dimensions is one of detail and not of 
concept. Thus, if T is an approximate solution to eqn (7.189), it is required that the residual e be 
orthogonal to the shape functions Nt within the element. That is,

J (k V2f  -  pCP f , )Ni dA = 0  (? 199)
area

The approximate solution T is interpolated in terms of the element nodal temperatures by the 
expression,

f = { A M r {r} (7.200)

Using Gauss’ theorem (eqn (1.82)),

HEAT TRANSFER 353

I T ~ N i T ~ d A =  JCN, ~ n kdS
area ° Xk [  ° Xk J OXk

Differentiating the left-hand side of this equation, and transposing terms gives

r d2f  J . f d f  Jr [ , dNi  d f  JA kNj—— -— dA = IkN, —— nk dS -  k—— —— dA 
a L  °xkdxk 3C dxk J ea dxk dxk

f r dNj 07
= \kNi ^ - d S -  k ~ ^ ~ d A  (7.201)

c dn a L  k dxk

Now, from eqn (7.196), on the boundary,

?)T —
A—  = - ( h T  + q )  = - ( h \ N \ T\ T\  + q)  (7.202)

an

Hence substitution in eqn (7.201) gives (using eqn (7.200))

f k dN‘ dV | T | + f pc FW,.(/V)r ^ ^ P -  + f ^ | N } r * ( n  + f qN,dS = 0 (7.203)
a L  d x t  a L  C C

For all shape functions, /V, / = 1 to n ,

J k d ^ n _ M j L dV {T }  + J pCP { N } { N } Td A ^ P -  + j k { N ) [ N \ TdS + \q \N  \dS = 0 (7.204)
arm area C C

dT dT
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That is, in symbolic matrix notation,

[ke ] { T } + [ C e ] a m
dt

+ {Fe \ = o

where

and

and

[ke ] =  [ k d[ N  1 + \ k { N } { N \ TdS
J e a  d x k M k  JC

[Ce] = J pCP { N } { N f d A
area

[Fe] = j q \ N } d S

(7.205)

(7.206)

(7.207)

(7.208)

The boundary conditions in the heat transfer problem are many and varied and quite demand­
ing to satisfy exactly. Some typical situations are given:

1. h -  0 on a non-conducting surface. An axis of symmetry both of the body and of the heat 
boundary conditions is a non-conducting surface.

2. qi = 0 on a boundary not subjected to any heat input.
3. T = T0 on a boundary on which the temperature is prescribed.

In thin plates, two special situations must also be considered:

1. Heat flow only in the x u x 2 plane (the plane of the plate). This is a true two-dimensional 
case, and surface integrals become line integrals on the boundary.

2. The thin plate problem in which T is constant in the x 3 direction, but the surface has heat 
transference in the x 3 direction.

dTTerms in —  are deleted from the volume integral. It is seen from Fig. 7.20 that heat flow
dx3

now occurs across the x 2, surfaces of the plate.
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If the steady state condition is being analysed in eqn (7.205), the time derivatives a m
dt

are

zero by virtue of the fact that the only boundary conditions are the temperatures specified on the 
surface, and the problem reverts to a simple finite element analysis involving only the spatial coordi­
nates (xu x 2) as the independent variables. However, the transient state is of more interest because it 
allows the calculation of strains which vary with time in problems where the heat source is not con­
stant. A typical practical example is in the welding of structural elements for which an intense local 
heat source obviously produces large local strains and distortions. For this transient type of problem 
it is thus necessary to approximate in the time domain as well as the spatial domain.

7.6.5 Solution in the time domain
From eqn (7.205) it is seen that in the time domain only a first-order differential equation has to be 
solved, and, this is readily amenable to approximate solutions, here developed in terms of the time 
shape functions. Thus, suppose, as shown in Fig. 7.21, that the solution in the time domain interval 
At is Ta , given as a linear function,

(7.209)
'To > 0

Ta ! = [ ( ! — 0  Q
J k

= [N0 N  J
J l

and

From Fig 7.21,

so that,

|F„ I = I fo l  + ClAFi

dTa dTa 1
— -  = — = —  r- i  1 1 

dt d£ dt A t 1 J

(7.210)

T0

Ti
(7.211)

This temperature function does not satisfy eqn (7.205) exactly, so that, now, not only is the 
spatial distribution approximated, but also that with respect to time. There are many time-marching 
algorithms which may be used to solve the problem. For example, it can be assumed that the 
integral of the weighted residual error of the differential equation is zero.

(a) Temperature (b) Boundary function 

Fig. 7.21 Interpolation in the time domain.
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That is
At

jw D (T a)dt = 0 (7.212)

Several weight factors are possible and have been used. For example:

1. w = 1 at some point and zero elsewhere;
2. w = 1 over the whole time sub-domain;

3. w = N i (the Galerkin method applied in the time domain).
These three strategies will be developed.

1. Suppose, in the first instance, w = 1 at the beginning of the interval, and t -  0, and is zero 
elsewhere. Then, substitution in eqn (7.203) gives

[ K] {T0\ + ^- f [C]({r ,} -  {T0) ) + { F 0} =  0 (7.213)

Given the conditions {T0} at the beginning of the interval, those {7^} at the end may be 
determined.

2. Suppose w = 1 over the whole time subdomain. Then, using eqn (7.213),

Atd^ = 0
1 > 0 1 > 0 '

10
+ —  [C ][-l 1] 

At r i_
+ {F0} +CIAF.)

In eqn (7.214), let

{A?} = {r, ) - { r 0|

(7.214)

Then, integrating eqn (7.214),

[ * ] - T 7  [C] At
{ A T } + 2[k] {T0] + 2{ F0) + {A F j} = 0 (7.215)

This equation may be solved directly for {AT \ , except that {AF j } is dependent on {T j }. It 
may be approximated by setting {AF j } = 0 .

3. Finally, the third approximation, the Galerkin approach, assumes that w = N\ over the inter­
val 0 to 1, so that eqn (7.205) becomes

jt
> o 1 > o

[*][( 1 - 0  C ]
T\

+ —  [ C ] [ - l  1 ] 
At + \F  }

OIIŷ
n"S<1

On integration, this gives

[ k ] ( \ { T o \  + l i r . D  + t C l ^ - d r , }  -  {T{)\ ) + \ [ F 0} + {{AF,}  = 0  
6 3 2Ar 2 3

Finally, using the same form as in eqn (7.215),

( [ * ] +  [ C ] 2 a 7 M ~ F  1 +  +  I { F o 1  +  | ( A F l 1  =  0
(7.216)
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Again, this may be solved for {A7}, but the method is again no longer explicit, in that ( AF ,) 
depends on the temperatures {T ,}.
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CHAPTER 8

Plate bending

8.1 INTRODUCTION TO PLATE THEORY

8.1.1 Curvature tensor of plate surface
The assumption is made that distortion of a thin plate loaded transversely to the plane of the middle 
surface of the plate can be described in terms of the curvatures of the middle surface. These curva­
tures are given as second derivatives of the transverse deflection w3, and it is thus important to the 
understanding of plate theory to establish the transformation laws for the components of the curva­
ture tensor under rotation of the axes about the * 3-axis. The axes chosen are shown in Fig. 8.1. 
The x u x 2-axes lie in the middle plane of the plate, and the (x' {, x '2) set are obtained from (jcb x 2) 
by a positive rotation about x 3.

Fig. 8.1 Coordinate axes for plate middle surface.

The radii of curvature r n , r 22, r l2 and the curvature and the twist of the surface %22 and %12, 
respectively, are defined such that

1 1 1
Xll -  ~ ~ 3,11 » %22 -  “  -  —̂  3,22 > %12 “  “  ~ ~ u 3, \2  (8.1)

r\\ 22 12

It is seen from these definitions that the curvatures are positive when the plate surface is con­
cave when looked at from above (that is, from the negative x 3 direction). For small rotations, the 
rotation vector <0b 02> obeys the law of vector transformation of components, such that

That is, following eqn (1.38),

cos a  sin a  
-sin a  cos a

{0' 1  = [ L ] |0 }

(8.2)

(8.3)

358
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The slopes are related to positive rotations (Fig. 8.1(b)) by the expressions,

=  w 3,2 J @2 =  ~ u 3,l (8.4)

With similar expressions for the primed axes. Substituting these values in eqn (8.2) and interchang­
ing rows and columns gives

u  3 ,11 

W'3,2j

That is,

cos a  sin a  
-sin a  cos a

{w'3 } = [L] {ux ]

M 3 ,11

Uw \
(8.5)

(8.6)

where the comma subscript u 3 implies differentiation with respect to x\  and x 2 of the displacement 
w3. The curvature tensor whose components are the second derivatives of u 3 is defined by

M  = -

The operator V is defined by

1 1
f  d 1

^ 3,11 w 3,12 H i r\2

3,21 w 3,22 1 1 d

^21 r  22 3 *2 ,

"[“ 3,1 «3,2l = -VVr M2 (8.7)

V = 3
dx?

Alternatively, in index notation,

X ij  =  ~ u 3,ij

In the x \ ,  x '2, axes, the same definition applies, so that

ex'] = -v'V '^3
Then, from eqn (8.5),

{V'l = [L]{V} 

so that, substituting eqns (8.1) and (8.7) in eqn (8.10),

EX'] = [L]{V|{V}r M3[L]r = [L][X] [ L f  

This establishes the tensor character of the [%] matrix. The inverse transformation is given by

[X] = [L]T[x'][L]

(8.8)

(8.9)

(8.10)

(8.11)

(8.12)

(8.13)

If eqn (8.12) is expanded, the Mohr’s circle type of expressions is obtained, relating individual 
components. That is, for example,

X'n = w'3,11 = Xn c°s2 a  + X22 sin2 a  -  2%u  cos a  sin a  (8.14)
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X'12  =  « ' 3,12 =  - ( X 22 -  Xn)sin a  cos a  + %12(cos2 a  -  sin2 a) (8.15)

The principal directions at a point on the surface are the directions for which there is no twist, 
and the corresponding curvatures are the principal curvatures. The principal directions are obtained 
by setting %'12 = 0 in eqn (8.15), so that, if the angle is a 0,

_
tan 2 a0 = --------—  (8.16)

X2 2 - X 11

The magnitudes of Xn0, X220* the principal curvatures, can be obtained by substituting the 
value of a 0 in eqn (8.12).

360 PLATE BENDING

Fig. 8.2 Plate displacements and stress resultants.

8.1.2 Small deflection plate theory
The Kirchoff hypothesis

The Kirchoff hypothesis for plates is similar to the Navier hypothesis for the bending of beams 
(plane sections remain plane), and simply states that normals to the undeformed middle surface 
remain normal in the bent plate. Thence, from Fig. 8.2(a), it is seen that the displacements (w1? u2) 
of the point P, a distance x 3 from the middle surface of the plate, are

Ui = - x 3w31 i -  1 or 2 (8.17)

From Chapter 2, eqn (2.4), it follows that the strain tensor at the point P in the bent plate 
(based on the Kirchoff hypothesis) is given in index notation as

1 /
Eij =  - y * 3 ( « 3 , . 7  +  «3Ji) =  -*3«3,ij (8.18)

or, in matrix notation, as

[e] =
e l l  e 12 

e 21 e 22
=  - x 3( V V t u 2) (8.19)

Since the assumption is made that there is no stress in the normal direction of the plate, and 
that transverse shear strains are zero, it follows that a state of plane stress exists at the point P.
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Stress resultants

The moment tensor [M ] for the plate is defined by

[M] =
M u m 12 m u -m  12

M 21 M 22_ m 21 m 22
(8.20)

The negative sign occurs in the term -m 12, because of the nature of the twist moments being 
caused by the complementary shears, t12, t21. It is seen that [M] is related to the stress tensor [a] 
in the plate by the integral expression,

or, in index notation,

[M] = J x 3[a]dx 3

Mi, J x 3a , j d x 3

(8.21)

(8.22)

Constitutive laws

The constitutive law for the homogeneous isotropic material in a state of plane stress is
E

On = -{(1 -  v)e,7 + vet t 8,-. (8.23)

and, substituting eqns (8.21) and (8.19) in eqn (8.22), the expression for the moments in terms of 
derivatives of the transverse deflection is obtained as

M,j = - £ ) { ( ! -  v )u3Jj + v u 3M$j j } j  x 3 dx3

That is,

Mjj — —D {(1 — V)w 3jj + VW 3 kf-bjj } 

where D is the flexural rigidity of the plate defined as

£/?3D =
12(1 - v 2)

(8.24)

(8.25)

Since u3 jj is a rank-two tensor, so also is Mijy so that the components of [M], in eqn (8.20), 
transform in a way identical to those of [%]. Thus,

[M'] = [ L] [ M] [ L] t (8.26)
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For the finite element formulation, it is convenient to express the constitutive eqn (8.24) in 
matrix form, and this gives

' m u

m 22 > = £>

m 2.

1 v 0 
v 1 0 

1 -  v0 0

In symbolic form, eqn (8.27) will be written

where

{ M } = [&]{%}

{%} =

Xn

X22

2%12

—^ 3,11 

~ u  3,22

-111 3,21

(8.27)

(8.28)

Fig. 8.3 Laminate plate.

Example 8.1 Constitutive law for laminated plates

An important class of plates is that of laminated plywood, in which the properties vary from lamina­
tion to lamination. It is usually assumed, however, that in a plywood plate the properties of layers 
alternate, odd layers having one value and even layers a second value, as shown in Fig. 8.3. The 
axes in Fig. 8.3 are labelled ( x \ ,  x '2) since they correspond to the material axes of the laminations, 
which may not correspond to the global axes of the plate. Within a layer of the material the consti­
tutive law of plane stress for the material with orthotropic properties will be given by

° 'n

a '22

r

<3
v t

o

c  11 C \ 2 0

C 21 C 22 0
0 0 C 3 3

e ii 

£/22 
2e'i2

(i)

That is,

{o'} = [C ] {e') (ii)
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where the c/y terms are defined by

c 11

363

1 -  V}V2

£ 2v ,  E jV2

c 22 ~

=  C

1 -

c 33 -  G211 -  V!V2 1 -  VjV2

The global (xu x 2) axes are related to the material ( x \ ,  x '2) axes by a rotation 0, so that

{o'} = [r]{o}

where

cos2 0 sin2 0 2 sin 0 cos 0

[T] = sin2 0 cos2 0 -2  sin 0 cos 0
2 sin 0 cos 0 - 2  sin 0 cos 0 cos2 0 -  sin2 0

and similarly, for strains, 

Thence, in the (xb x 2) axes,

{£'} = [ r f { e }  = tr]{e}

(a) = t r r ' t a m f e }  = [C]{e} 

For n layers, layer k of thickness hk, the stress resultants are given

3dx 3

' M u 0,1

M 22 II ^22

M 21 (J2i

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

Using the Kirchoff assumption, eqn (8.19), and the constitutive equations (vii) gives these moment 
resultants as

(ix)

' M u <*11

m 22 II a 22

CJ21

where the general term k,: of [k ] is defined as

(X )
h = \ K

If the layers of the plywood are symmetrically placed in pairs around the centre layer so that 
each pair is placed with its grain perpendicular to the previous layer, a standard plywood 
configuration results. If the coordinates are chosen so that the xj-axis is parallel to the exterior 
grain and the jc2-axis perpendicular to it, then 0 = 0° for odd layers and 90° for the even layers. 
This gives c 13 = c 23 = 0 in eqn (vii), with the corresponding simplification in (x).
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364 PLATE BENDING

The differential equation for the deflected shape u3 of the bent plate is obtained by substituting the 
compatibility conditions (Kirchoff assumptions) and the constitutive equations in the differential 
equation of equilibrium for transverse load and moment stress resultants. The stress resultants and 
their variations are shown in Fig. 8.4.

8.1.3 The differential equation of equilibrium for the bent plate

Fig. 8.4 Plate stress resultants.

From Fig. 8.4(a) and (b) it follows that for moment equilibrium about the x u jt2-axes,

M<j.i = Qj  ( E o n ;  = 1 , 2 ) (8.29)

and, for transverse force equilibrium,

Q j J = ~ P  (X  on 7 = 1 , 2 ) (8.30)

Differentiating eqn (8.29), and substituting in eqn (8.30),

MU J j = - P  (Z  on ,/ = 1 , 2 ) (8.31)

Expanding eqn (8.31) gives

^  11,11 + M ! 2,12 + ^ 21,21 + M 22,22 = ~P (8.32)

Since M X2 = M 2\ and the order of the differentiation can be reversed, this equation may be 
written

M n il -I- 2M2i,2i + M 22,22 = ~P (8.33)

To obtain eqn (8.31) in terms of displacement derivatives, it is only necessary to substitute eqn 
(8.24) in eqn (8.31). That is,

Replacing dummy index k by i in the second term gives

0  ~V)U3,iijj ^^3,kkjj ~ (8.34)
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On expanding eqn (8.35),

d 4 u 3 2 d 4 u 3 d 4 u 3 n

+ <8'3«  

Alternatively, defining the operator V as in eqn (8 .8)/eqn (8.35) (or (8.36)) may be written

Vr VVTVM3 =-g-  (8.37)

8.1.4 The Mindlin plate theory
The Mindlin theory of plate bending is a plate theory which allows for shear distortions in a manner 
that is applicable to moderately thick plates. As will be shown later in this chapter, the theory has 
application in some finite element formulations. The Mindlin theory makes the assumption that the 
slope at a point on the middle surface of the plate arises from two effects, namely:

1. The rotation caused by the bending distortions;

2. The transverse shear distortions which violate the plane section (or Kirchoff hypothesis) on the 
normals.
These effects are shown in Fig. 8.4, for the distortion in the x x direction.

Fig. 8.5 Rotation and shear distortion of plate.

From Fig. 8.5 it is seen that the direct and shear strains en , e22 and e 12 are still given by eqn 
(8.17). The transverse shear distortions e 13 and e23 are given, from Fig. 8.5:

e 13 =  y  f 02  +  w 3,l t

e 23 “  2  { “ ^1 +  W3,2 1 (8.38)

The transverse stress resultants Q { and Q 2 are calculated from the transverse shear stresses:
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and, in terms of the shear strains,

The coefficient a  ~ 5/6 is used to allow for the parabolic distribution of shear stress through 
the plate thickness. Thence, finally, using eqn (8.38),

366 PLATE BENDING

It should be noted that in the Kirchoff assumptions <2i> Q i  follow from eqn (8.29). The 
Mindlin theory is used in the present text for plate elements where the plate rotations 0j, 02 are 
interpolated independently to the transverse deflection u3.

Example 8.2 Constitutive equations for sandwich plates

A section of a sandwich plate is shown in Fig. 8.6.

Q\
Qi

= ahG
1 0 
0 1

09 + u 3,1

-01 + U 3?2J
(8.40)

4 3

X23J
= aG

1 0 
0 1

(8.39)

ZZZZZZZZZZZ2

zzzzzzzzzzz

Fig. 8.6 Sandwich plate cross section. 

The constitutive equations are now given from eqn (8.28):

[M] = [*]{*} 

where the stiffness of the plate element is given by

[*] =
Et(c + t f
2(1 -  v2)

1 V 0

V 1 0

0 0
1 -  V

(i)

Here, in eqn (i), E , v are the properties of the sandwich plates. If the core has the elastic 
constant G , the shear force resultants are given in terms of the shear strains:

G(c  + t f 1 0 
0 1 (ii)

8.2 THE FINITE ELEMENT FORMULATION
Plate bending problems lend themselves to a great variety of elements and methods of solution. 
Displacement, equilibrium and hybrid elements have all been used with varying degrees of success.
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Results for any particular element should be examined carefully because many give good dis­
placement results (particularly for distributed loads), but poor moment fields (i.e. second deriva­
tives). The complexity of the plate bending problem arises from various causes, for example:
1. It would appear that C x as well as C 0 compatibility is required for elements to be conforming 

displacement models. This C j compatibility between two elements is shown in Fig. 8.7 where 
the normals n 2 to the surface must coincide.

2. Finite element configurations made up of plates are highly redundant compared with planar 
elasticity elements, and hence there is a great variety of ways in which it is possible to select 
these redundants.

8.2.1 Displacement models-triangular elements
As shown in section 8.1.2, bending moments in a plate are related to curvatures given as second 
derivatives of deflections. Hence, if the constant strain (curvature) condition is to be satisfied, the 
deflection function must be at least cubic. The complete cubic in two-dimensional space contains 
ten terms. If this is used for the triangle, the term ^  £3 occurs in the interpolation polynomial, 
and this must be activated in some other way than by the deflections of node points located on the 
sides of the triangle. Possible combinations are shown in Fig. 8.8, and all look unpromising at first 
appraisal.

It would appear that:

1. The Fig. 8.8(a) element is unsatisfactory because no rotation or moment terms appear, and 
hence there is no possibility of C i compatibility.

Fig. 8.7 C j compatibility of matching normals.

Fig. 8.8 Triangular elements node configurations.
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2. If the element in Fig. 8.8(b) is used, it is found to be too flexible, because C i compatibility is
not achieved. That is, rotations of normals are not compatible between adjacent elements.

3. The element in Fig. 8.8(c) has an odd node (4), with one rotation degree of freedom in side 1.
All these elements do not give C { compatibility measured here by normal slopes along adjoin­

ing element sides. For example, in Fig. 8.8(b) along side 2-3, the deflection is a cubic curve and is 
completely defined by u3(2), 0̂ (2), w3(3), 05(3). However, the normal slope u3n, being a first deriva­
tive of w3, is a quadratic curve and cannot be completely specified by 05(2), 05(3). Hence C x compati­
bility is violated, and the element is too flexible. If a quintic polynomial is used, it is found that 
both C o and C ! compatibilities can be satisfied. However, a heavy penalty is incurred, in that 
second derivatives must be used as nodal parameters. See Fig 8.9 for the nodal variable 
configuration.

Fig. 8.9 Quintic element nodal parameters.

In two dimensions the quintic polynomial has 21 terms and is interpolated using the following 
function values:

at nodes 1 , 2 , 3  « 3, u 3 ?1, w3>2, u 3U, u 3̂  w3,i2 
at nodes 4 , 6  05 (normal slope)

It is possible to delete the mid-side nodes by using constraint equations, such as eqn (8.41) 
which force a linear variation of slope along the sides.

9 ,l4l= - ^ ^ 2 >  (8.41)

This gives an element with 18 degrees of freedom without the mid-side nodes. The simplest 
of the three triangular elements have six moment values, defining three linear varying moment fields 
in M n , M 22, M 12. These must be chosen in such a way that constant strain terms are included. 
This may be achieved in at least two ways, which will be described in the following sections.

8.2.2 The Bazeley-Irons element
The deformation of the triangular element [74] can be derived in terms of six relative nodal slopes, 
which, in turn, can be expressed in terms of nine nodal values, namely:

(u3i u 3j u 3k) deflections
(01/ ©2, 01j 02J 01* 02*) slopes

The deformed position is shown in Fig. 8.10. The plate distortion u 3 is measured relative to 
the plane through the nodes i, j , k. That is, the displacement of the plate from the unloaded position 
*'o> 7o> t0 jf k is a rigid body motion only.
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The deflection to the plane i j  k will be thus denoted wf and,

U 3/

u 3 =  { § \ } T i u 3c } =  [Cl ^2 ^  u 3j

u 3k

Thus, the deflection at any point on the middle surface of the plate will be
R *

U 3 =  U 3 +  U 3

i 0 o rig in a l position

FINITE ELEMENT FORMULATION 369

(8.42)

(8.43)

Fig. 8.10 Plate deformations-Bazeley-Irons element.

The six nodal values of rotation {0* 02*}/, / = /, j , k are required to specify the relative dis­
placement field. Assuming a cubic interpolation function but omitting the £2 ^3 term in the first 
instance, relative rotations are given by

0* = u 3,2 = 01 ”  u3,2 ; an^ 02 = -w 3,l = 02 + w3,l (8.44)

From eqn 8.42 (using eqns 1.136 and (1.137)) to obtain global coordinate derivatives,

«?,ij ~~ 2A

- a  j —<z 2 —a 3 

b\ bj  b ?

w3/

U 3j

u 3k

(8.45)

Define the displacement vector {r * } such that

{r* }r = <0]*, 02* 0,*- 02/' 0,1 02>

Thence from eqns (8.43), (8.44),

- a \ 2A 0 - 0  2 0 0 - 0  3 0 0

b i 0 2A b 2 0 0 b 3 0 0

1 - 0 i 0 0 - 0  2 2A 0 - 0  3 0 0
n

2A 0 0 b 2 0 2A b 3 0 0
* ri >

- 0 i 0 0 - 0  2 0 0 " 0  3 2A 0 . Yk.
0 0 b 2 0 0 b 3 0 2A

(8.46)
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«3/

i n )  = ■

where the displacement subvectors on the right-hand side are

0i/
02/

/ = i,  j ,  k

Write eqn 8.46,

{r*) = [T]{r}

Nodal forces obey the contragredient transformation, so that

{*} = [rf{j?*)

(8.47)

(8.48)

(8.49)

It is evident that 

and

If the stiffness relationship, 

is known, it follows that 

and

{r ; \ t = <m u m 21> i = i j , k

{ R t f  = < F 3I M u M 2I> l = i j , k  

1**1 = {k*) { r* \

\R } = [T]T[k*][T] \ r]

(8.50)

(8.51)

(8.52)

(8.53)[k] = [T]r {k*}[T]

is a (9 x 9) symmetric matrix. To determine {r *}, proceed as follows. Write the interpolation for*
« 3

«3 = (<h}Tk* 1 (8.54)

where {(j)3} is as yet undetermined. Choose the non-orthogonal interpolation polynomial

(Vlr  = < K i  Ci2C3 CIS. C &  & 2 >  (8.55)
Then the orthogonal polynomial for node slopes is obtained by using section 1.4.2:

+ £3^ 2)

Cl2(-0 « 3  + ^ 2 )

C2(Cl^3 -  ^3^l)

^2(Cl«3 -  ^ l )

C3(~Cl^2 + £2̂ 1)

C32K l « 2  + £2* 1)

{<M (8.56)
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Unfortunately, the function u3 thus obtained does not satisfy the constant strain criterion 
necessary for convergence. It may be modified, however, by adding the function (3^ C3 t0 ea°h 
term. It can be proven that p = 1/2. For example, with (3 = 1/2 the first term in eqn (8.56) becomes

§31 ~ “ (Cl2C2 + + (C?C3 + yClC2^3)^2 (8.57)

Thus, given {<{>3}, the generation of [kc ] follows the same procedure as for any finite element 
analysis. Thus, differentiate {^J twice with respect to x 2 and once with respect to (xh x 2) and 
obtain nodal values {ec }, expressed as

Then,

and

{ec } = [Oc]{r*}

[*c] = J {<|>£}[£]{<|>e)r <i4

[ * * ]  = [©c]r [*c][<Dc]
In eqn (8.59), {(|>e} = {((>!}, so that for an element of constant thickness t ,

A vA 0
F t 6 A

[kc] = 144(1 _ v2)
vA A 

0 0

0
1 -  v A

(8.58)

(8.59)

(8.60)

(8.61)

Thus, [k *] is a 9 x 9 matrix with the submatrix [A] defined as

2 1 1~
[A] = 1 2 1 

1 1 2
(8.62)

Examine now why (3 = 1/2 in eqn (8.57); That is

<t>31 =  +  PC l^3)^3 +  (tf?2 +  PC1C2C3 ) M  (8-63)

To include constant curvature terms, that is, second derivatives of u 3 , it should be possible to 
express M3 as

u 3 =  [C2 C1 ^3^1 ^2

^3

(8.64)

Then,

\—u
2A\

3,1

l 3 , 2 j

“ (^2^3 + ^3^2) “ (^3^1 + ^ 1C3) “ (^1^3 + ^2^l) ^  1

(^2^3 + 0 3̂ 2) (a 3^1 + a 1^3) (a ^ 2  + 0 2C1)
<a 2 (8.65)
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Thence,

2A lr 2A

e ,*

e i

e 0

0 2,* 
S 

CD

e i
J

0 «3 a 2

0 - b 3 - b 2

0 a x

- b 3 0 - b i
a 2 a x 0

~b i - b \ 0

A\  

A 2

A 3

[U]{A (8.66)

Therefore,

2Au3 = {((h }T[U] {A}  =
§ 3 3 a 3 ~  ^ 34^ 3  +  $ 3 5 a 2 “  ^ 36^ 2

{A

Now, for the first term,

^33^3 ”  ^34^3 + 035^2 ~~ ^36^2 = 2A ^ 3 (^ 3  + ^2 + 2p£l)

If P = 1/2, this gives, as required,

2AC2C3CC1 + C2 + Cs) = 2 AC2C3

Fig. 8.11 Natural mode moment field.

8.2.3 The natural mode approach
Non-compatible plate bending element (Argyris [1])

The element is considered to have three linear moment fields parallel with the sides 1, 2, 3 of the 
triangle. Obviously, then, <m u m 22m X2> vary linearly over the triangle, as do <m^ m^ m^>.  
The element is shown in Fig. 8.11 with a set of local Cartesian axes, such that is coincident 
with side 1 of the triangle. The bending moment field shown in Fig. 8.11(a) or (b) is consistent 
with the convention concave positive when viewed from the negative x 3-axis. n keeping with the 
philosophy of the natural mode method, the moment field <m2 m 3>, will be expressed in terms of 
its symmetric and antisymmetric components <msx mAX> respectively. These moment fields 
together with their displacement modes are shown in Fig. 8.12.
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M2=MA1 M3 =MA1

«2=-V2 5si 

Fig. 8.12

I

f>7  =  / ?  I  A1

A1

'2 = / 2 5a1
Symmetric and antisymmetric moment fields.

From Fig. 8.12 the rotations «t>2 <t>3> are expressed in terms of the symmetric and antisymmetric 
components as

% ] i - i  i
= — i iO3J

(8.67)

Solving for < Si

Cs.l 

Ca 1J
-1 1 
1 1

(8.68)

The relationship between the moments <M2 M 3> and the symmetric and antisymmetric com­
ponents <MS! Ma !> is found, by contragredience from eqn (8.68), to be

M 2\

m 3\

-1 1 
1 1

Msi\  

Max j
(8.69)

[Af ] =

Within the element the bending moment at any point may be described by
1. the moment tensor;

r m 11 - m X2

m 2\ m 2 2

In this case 1 and 2 axes are related to side 1 of the triangle.
2. by moments .

{m^)T = <m 1 m 2 m 3>

These are the components of the linear moment fields parallel with the sides 1, 2 and 3 of the 
triangle. Following section 1.4.6 and using contragredience, it can be shown that

{vc} = [ f $ { m ^ \ (8.70)
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{/?} =
12

12 Eh~

1 cos2 a - v s in 2 a  cos2 y -v s in 2 y

cos2 a - v s in 2 a 1 cos2 p -v s in 2 P

cos2 y -v s in 2 y cos2 P -v s in 2 p 1

In eqn (8.70),

(8.71)

(8.72){ V^}  =  < v 1m v 2„ v 3>>

are the curvatures along sides 1, 2 and 3 of the triangle. The moment vector, 
[m^}T = < m x m 2 m 3>, is now expressed in terms of the natural modes Ms , MA, so that

[ Ms]
[m^] = {Ms } + ^{Ma } = [ /3 (8.73)

The matrix [^] is calculated from the modes shown in Fig. 8.12, using the three sets of local 
coordinates (si9 nt ), i = 1, 2, 3. For example, consider side 1, and express local coordinates, in 
terms of natural coordinates, as

(8.74)

r 1 1 1 ^ 2

S\ 0 l x d x < Cs
0 0

Then,

mA \ = M/a  n

Substituting for s x, from eqn (8.74), gives

Max
mAl = —r ^ H i  h  (2d x - l x)]\

11

Similar expressions for the other two sides give the expression for [£],

2d, d 2 2d 3 
K ^ - i K  1- C 2+C3 I (C .+ ( 2 ^ - i ) C 2 - C 3 )  I-C.+C2+C-J— DC3}

11 h  *3

Mm

Ma 2

M a  3

(8.75)

Statically equivalent forces at the nodes to the distributed moment fields <MS\MA]> may be 
calculated to be

T<

Tax

s i| h\ Afsil A l MSi \

2 [ Ma jJ /, I Ma
(8.76)
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For all three components,

375

"
Tsi Ms i

Ts2 MS2

Ts3 /■' 0 MS3< " = A ■<
ta{ 0 /- ' m ax

Ta 2 m a2

TA3 Ma 3
s.

Inverting this expression,

where the diagonal matrix [/] = h h h

Ms I 

Ma\

, and

/ 0 
0 / {Pnb

f P nb)T -  <Ts\Ts2^S 3 ^ 4 \Ta 2?A 3>  

Corresponding to the nodal forces { PNB } are the natural displacements,

{ p  NB }T =  < P s i  PS2 P s 3  Pa 1 Pa 2 p A 3 >  

The flexibility is calculated to be

{pyVfi } ~ i f  NB]{f>NB I

where
II nB] =  J [ b ? \ f $ [ b ] d A

It is seen from eqns (8.73) and (8.78) that

[b] = j [ I 3 QU  ll

For constant thickness,

j
/ 0 I 0

0 / /
area

* 3 [ f * ] U3 \\dA 0 /

The integrals are given by 

1. j [ f * ] d A = A \ f * ]

2. J \ f * m d A = ^ L

2 J , - / ,  0 0

0 l d 2 - h  0
0 0 2d 3 -  l 3

where [V] is defined as the diagonal matrix,

i-i

[V] = (2d i -  li)  (2d2 -  l 2) (2d3 - l 3)

(8.77)

(8.78)

(8.79)

(8.80)

(8.81)

(8.82)

(8.83)

(8.84)

(8.85)

(8.86)
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areaT

To calculate this integral, write [i;] =

376 PLATE BENDING

11 t 2 t 3 . Then,

J f & A  = |/*]* J [ t } { t } TdA

where **’ implies term-by-term multiplication, and

{ t ) T = < t x t 2 13> 

On integration of the terms in eqn (8.87), it is found that

a  V r
( d \ —l\)2 + d\  d 2(d i “  / 1) d \ ( d 3 - l 3) 

d 2(d i — / 1) (d2 - l 2)2 + d 2 d 3(d2 — l 2) 

d t(d3 -  l 3) d 3(d2 -  l 2) (d3 -  l 3f  + d'3

[ /] '

(8.87)

(8 .88)

A [ i r l[ u ] [ i r l
3

(8.89)

Thence,

[fNB] = J [bfu^mdA = 12
Eh3A

[/][f
1

m u  w ]
(8.90)

Fig. 8.13 Nodal rotations and moments.
Given a 6 x 6 flexibility matrix, the stiffness matrix is obtained by inversion; that is

[**!>] = [/>»]■' (8-91)

and

{ / W  = [*m»HPa b) (8-92)
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The stiffness matrix in global (rotation and moment) components is given

[k] = [aN]T [kNB][aN] 

where [aN] is calculated from the following:

{ PNB } =  Va N  ] { Pb } a n d  { P b  ) =  Va N  ] T { P N B  }

From Fig. 8.13,

Ps 1

P S 2

COCO
Q

_
V >>_

Pa i

Pa 2

Pa 3

0 - 1  0 0 1 0  
0 0 -1  0 0 1

-1
0

0 
1

0 0 
1 0

0 1 0  0 
0 0 1 0  
1 0  0 1 

0 1 0  0

013

012

021

023

032

031

That is,

and, hence, using contragredience,

(P/V£ } -  [C]{0/j

{Mu ) = [C]T{pm

Projection of the moments {M/ ; } onto the x u x 2 coordinate axes in Fig. 8.13(b) gives
'

-sin 03 -sin 02 0 0 0 0 M  13

M n cos 03 cos 02 0 0 0 0 m  12

M 2\ 0 0 -sin 0j -sin 03 0 0 m 21

M 22 — 0 0 C O S 0 j cos 03 0 0 m 22

A#31 0 0 0 0 -sin 02 -sin 03 m 31

m 32 0 0 0 0 cos 02 cos 03 ^ 3 2

That is,

and, hence, by contragredience, 

Thence, finally,

l M l2} = [ B] { ml2}

{<{>12} = [S]r {0,2)

[k] = [B][C]T[kNB][C][B]T

(8.93)

(8.94)

(8.95)

(8.96)

(8.97)

(8.98)

(8.99)

The stiffness [k] is still only a 6 x 6 matrix. To expand to a 9 x9 matrix including reactions, 
use eqn (8.100), in which [T ] has been defined in eqns (8.46) and (8.48):

{5;i = [71{8f (8 .1 0 0 )
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The two examples given so far for the simple three-node triangle show an important 
difference in the philosophy of finite element applications. The first, using the global coordinate 
system in its formulation, requires considerable adaptation if large displacements are to be con­
sidered. The second, when combined with the natural mode formulation for the plane stress trian­
gle, easily adapts to large displacements since the linear moment fields are associated with the 
deformed directions of the triangle sides. The natural mode formulation highlights a second 
interesting feature of plate bending element formulation, the moment fields being parallel to the ele­
ment sides. Since it is the intention to attempt to enforce C j compatibility on elements, it would 
appear to be a superior strategy to attempt slope connections through ds type variables located in 
the element sides rather than type variables. Examples are given later of these types of elements.

Fig. 8.14 The C i compatible plate bending triangular element.

8.2.4 The 12- d.o.f. compatible plate bending triangular element
8.2.4.1 Element configuration
The previous two elements, as already mentioned, are C 0 compatible only. As such, their deflection 
calculations converge from above; that is, they are too flexible. If attempts are made to enforce C j 
compatibility on such elements, they tend to become too stiff. They also have another defect, in 
that the second derivatives (and, hence, moment fields) tend to have a saw-tooth pattern which, 
unfortunately, does not disappear as the mesh is refined. The best estimate of the moment fields in 
an element is probably that at the centroid. The 12-d.o.f. element first presented by Felippa and 
Clough [40] overcomes both of these deficiencies. That is, it is a C com patib le  element and 
possesses much better-controlled second derivatives of the displacements. The basis of the element 
is the complete ten-term cubic interpolation polynomial in which the nodal parameters are taken as 
(w, 0b 02) at nodes 7, 2, 3 and 05 the normal slope at node 4 as shown in Fig. 8.14(a). This ele­
ment alone appears to be an unpromising candidate for a plate bending element. However, if the 
single triangular element is divided into three subtriangles with their common apex at the centroid, 
the (054) variable can then be employed in each of the external triangle sides to produce an element 
which becomes C x compatible, as shown in Fig. 8.14(b). These sub-triangles also have the internal 
nodes 0, 7, 8 , 9 as shown in Fig. 8.14(b). If the triangle in Fig. 8.14(b) is examined in detail it is 
seen (excluding, for the present, the nodes 7, 8, 9) that the three cubic polynomials spanning the 
subtriangles have 15 degrees of freedom. They are evidently, as yet, C x incompatible along sides 1- 
0, 2-0 and 3-0. However, the nodes 7, 8, 9, are introduced to enforce this internal normal slope 
compatibility. This provides three equations of constraint from which the three degrees of freedom 
at the centroid can be expressed in terms of the 12 external degrees of freedom. This will be 
explained in further detail below.
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To this end the geometry of the subtriangle (2) is shown in Fig. 8.15. Thus the triangle 1, 2,
3 is subdivided into three elements, 1-0-3, 2-0-1, and 3-0-1 where 0 is the internal point. The mid­
points of the external sides are numbered 4, 5, 6, and the midpoints of the internal sides 7, 8, 9. 
The subelement number corresponds to the opposite comer number of the main triangle.

Fig. 8.15 Subtriangle geometry.

Quantities associated with a specific subelement are identified by a superscript in parentheses. 
The usual £ notation applies to the whole triangle. For each subtriangle, the same conventions hold 
if its three apex nodes are renumbered 1-2-3 with node 3 always being the internal point 0. Thus, 
for the subelements, the global dimensions are given by

a i <3II a (i)l + = 0

a 2 = 0 3(2); a (2)1 + = 0

a 3 _  n (3). -  ^3 * a (3)1 + a P = 0 (8.101)

and similarly for the b dimensions.
For the whole triangle, the intrinsic dimensions and their ratios are related to the global 

dimensions ai9 b{ (section 1.4.6) as follows:

I 2 = a-2 + b;2

u 2A
hi = ~ TLi

idt = + b,bk)

di
X' = T

n, = 1 - 1, =

(a, ak + b, bk) 

a,2 + bj2

-ci i cij +  b j  b j  

a 2 + b 2

(8.102a)

(8.102b)

(8.102c)

(8.102d)

(8.102e)
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In eqn (8.102), /, j , k permute 1 , 2 , 3  in cyclic order. For each subtriangle, simply substitute 
the appropriate subtriangle dimensions. With 0 at the centroid of the triangle,

A m = A(2) = A(3) = y  (8.103)

Many simple relationships exist between the whole triangle and its three subtriangles. Thus,

(a; — a ;)
af'* = = -  ■ 1 (8.104a) 

b V  = - b  2( j ) = ~ (8.104b) 

alS° ’ jif> + = - 1  (8.105a) 

+ A,}*'= 3 (8.105b) 

Â i) = j ( l + X , - )  (8.105c) 

Hl') = y ( l + ^ - )  (8.105d)

380 PLATE BENDING

3

Fig. 8.16 Subtriangle nodes.

The subelement nodal system (N {) is given in Fig. 8.16. The nodal variables consist of the 
transverse deflection w3 and global rotations 0 b 02 at each comer, plus the side rotation 05 at the 
midpoint of the external side. For subelement (1):

{r(1)}7 = <W 32 012 O22 u 33 013 023 u 30 010 020 0^5> (8.106)

The deflection of its surface is given

u i ' } = f<t>(3)}r ('-<1)) (8.107)

The interpolation polynomial is given in eqn (8.108), and for this the dimensions and triangular 
coordinates of the subelement must be used.
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0 
0 
0

tf(3  -  2C,) +
(i)Q i b ( b P i i ^ - b ^  C1C2C3)

^ i2(3 -  2 Q  + 6MnCiC2C3

(1)

C W ' O  -  M % )  -

O W ’O «,(% ) - (a 2 

0

^ ’’O O O
0

C32(3 -  2 0 ) 

^ 2(^i(1>0  _ b ^ t , \ )  

ClfaP 'O  _ a 2 ) ŝ\)

(8.108)

It follows that the complete kinematic field for triangle 1-2-3 can be specified in terms of 15 
degrees of freedom arranged as follows:

{r }T -  <W31 0 n 021 u 32 012 022 u 33 @13 2̂3 @s4 ®s5 ®j6 ^30 @10 ^20> ~ <rT lr 0 >

For subelement k (k = 1 ,2 ,3)

where ((t>a 1} has the same structure as in eqn (8.108), as follows:
for (1), nodes 1 , 4 , 6 , not present 
for (2), nodes 2, 4, 5, not present 
for (3), nodes 3, 5, 6 , not present

For all three triangles, the interpolation polynomials form a 15 x 15 matrix,

0 2 1

1 0 2
2 1 0

0 0 4
4 0 0
0 4 0
3 3 3

(8.109)

(8.110)

(8 .1 1 1 )

www.EngineeringEbooksPdf.com



382 PLATE BENDING

In eqn (8.111) each column is calculated by using the global dimensions of the corresponding trian­
gle.

Fig. 8.17 Matching internal subtriangle normal slopes.

8.2.4.2 Internal compatibility conditions
As mentioned previously, the normal slopes (side rotations) of the adjacent subelements are matched 
at the nodal points 7-8-9. This provides three equations of constraint from which the three degrees 
of freedom at the centroid are expressed, in terms of the 12 external degrees of freedom, as

{r0} = [ G] { r ] (8.112)

To achieve this use is made of the expression for the derivative of / ( £ i ,  £2* £3) i*1 the direc­
tion of the internal normals (section 1.4.6):

1

and

/ .« 2  = ^ ^  + /,S2

where the subscripted variable /   ̂ implies differentiation with respect to . Consider, for example, 
subelement (3). Differentiate the interpolation vector in eqn (8.110) with respect to ^ (3), i^3), £3(3), 
and evaluate at the midpoints:

CP = ^ = l / 2 ,  Ci(3) = 0

and

cp> =  c p  =  1/ 2 , & 3 ) = 0

to obtain

0j3) = ( < ) 7  = < r M >
q?)

and

093) = (“ 3%)9 = <rT r o> *7 90̂

(8.113a)

(8.113b)
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Similarly, Oj1 Ĝ 1 0 |2), 0^2) can be evaluated. The positive sense of normal rotations is shown in 
Fig. 8.16. Thence, from Fig. 8.17,

e f )  = - e y )

e*(1) = -e P

e ^  = - e j 3)

Using eqn (8.113),

+  ^ \n  <3> <?7 +  *

* 8 ? { r 0 ) + n  0 )

n  (2) 
tf  9 +  ^

[r ) = {0}

(8.114a)

(8.114b)

(8.114c)

(8.115)

This equation may be written

Thence,

so that

[G o ^ o l + [ Q] { r }  = 10} 

{r0} = [G ]{ r}

[ G ]  =  - [ < 2 or 1[ 0 ]

(8.116)

(8.117)

(8.118)

Thus, the interpolation functions eqn (8.110) plus the kinematic constraints eqn (8.116) 
uniquely define the displacement field of the flat triangular element with 12 external degrees of free­
dom satisfying both external and internal C x compatibility. Symbolically,

| m3( = {<t>}r { r }

where {(j)} has a different expression over each subtriangle. That is,

u ^ = { ^ Y { r ]

where

{ ^ }}7 = { &k)}T + {0oV[G] (8.119)

Felippa has obtained the following closed form expression for {(j)^} by given in eqn (8.120).
For sublement 3, the expression for {(|)(3)}is given b

{♦0 ,i = i*S ' *£>, *il>, + $  4 ®  +S? + $  ♦£’ ♦£> ♦£>
in which (in terms of the dimensions and coordinates of the complete triangle)

(8.120)

<|>P = C?(3 -  2£,) + 6VL&&& + C32[3(^2 -  R3)Ci + (2ji3 -  ^  -  3 ^ 1 (8.121)
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^11 “  Cl2(^2^3 “  b 3̂ 2) + (^1 ”

+ ~^3[3(^2^2 + ^ 3^3 ~ 2b\)^\ + 3(b3VL3 -  b\)C,2 + Qb i -  b 2X2 -  2b3\i3)^3] (8.122)o

4>$ = Q o  -  2 Q  + 6 ^ C i^ 3  + C32[3(jLti -  X3%2 + (2^3 -  v X i  ~ 3 ^ ]  (8.123) 

^ 0̂ 2 = C2 3 C1 ~ b\C,2) + (b3X3 -  £2^3 +

^ i [ 3 ( 2 b 2 -  b 3X3 -  b ^ X i  + X b 2 -  b 3X3)^  + (~3b2 + b l[Ll + 2b3l 3)^3] (8.124)

^  = ^3 [3(1 + |^2)Ci + 3(1 + X.,)C2 + (1 -  M2 -  ^ )C 31 (8-125)

0̂ 13 = 'g'C3 P(3fei + b 2 + b{k\)^2 + {b2\l2 — b\k\)^3 — 3 (b, + 3b2 + £>2Mo)Ci] (8.126) 

4>$ = ^ - [ 6 0 0 0  + 02(5 0  -  3)] (8.127)
~>l 3

H f  = ^-[C 32(3C2 -  Cs)J (8.128)51 x

4>$ = T7-[C32(3 0  -  Cs)] (8.129)
512

For (J)̂ 2/ , change all bt in (^ )  to a{. The above expressions apply to subelement 3 where 
(^  > £3>  ̂ £3)- In subelement 1 (where  ̂ £1, £3 ^ Ci) iR subelement 2 (where
£3 -  £>2> Ci -  £2) permute cyclically all subscripts and superscripts (1-2-3 permutes to 2-3-1, and 4- 
5-6 to 5-6-4). For example:

4>fi> = C2[3(l + |I3)C2 + 3(1 + A2)C3 + o  -  Ji3 -  ^)C i] (8.130)

8.2.4.3 Generation of the element stiffness matrix
Curvature displacement relationships

Since u\k) is expressed in terms of a cubic polynomial, the three curvature components vary linearly 
over each subregion. This variation may be specified by the curvatures at the three subtriangle 
apices, and nine values would thus be required for each subelement (27 for the complete triangle). 
However the internal compatibility requirements impose equal curvatures at the centroid for the 
three adjacent subelements. Therefore, only seven values are required to specify fully the variation 
of a curvature component. For example,

(Xn )r = <Xw Xuj  xfi} Xilit xlu xfi) Xuo> (8-131)

In eqn (8.131), i, j , k are the whole triangle nodes 1, 2, 3. In a similar way the curvature terms 
{%22} and {%i2)  ̂ may be expressed in terms of their nodal values.
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That is, 21 values are sufficient to determine the complete curvature field.

{%)r  = <{%ii)r (X22)r (2x21 )r > (8-132)

The curvature variation in terms of the nodal displacements can be obtained by differentiating 
the interpolation vector with respect to the global coordinates:

lxff)} = l f <fi))r { n  (8.133)

and, similarly, for {%22}K jdiH- Note:

{0,(n} = }bm )b*k) * sum m, n = 1, 2, 3 (8.134)

On substituting the triangular coordinates of the subtriangle apices, the nodal curvatures are 
obtained r

{%} = [B]{r}  = [Be \B0/ \  (8.135)

Finally, using the constraint condition eqn (8.117),

{%} = [Be + B 0G ] { r }  = [B]{r}  (8.136)

Note: It is important to realize that {%0} should be evaluated once only, because it is constant in all 
the triangles. The remainder of the stiffness matrix generation follows the standard procedure using 
orthogonal interpolation functions, here linear {c^} functions, for the curvatures. Thus, for subele­
ment (&),

IX(*>r = < { X n >lr (X^2) lr 2{%2i)lr >

where

( X n ' r  = <Xn; Xll] Xno> , etc. (8.137)

In eqn (8.137), /, j, k are cyclic permutations of 1, 2, 3. Because of the linear variation of each 
component %(k\  write

COMPATIBLE PLATE BENDING TRIANGULAR ELEMENT 385

(k)\ _

y(*)
A ll

IX ^ l  (8.138)

The constitutive matrix [C] is assumed constant over the whole triangle, see eqn (8.27), while 
the thickness may vary according to the interpolation,

h = [ ^ } { l ) )hr (8.139)

The reference thickness is hr , {C} is the vector of relative thickness nodal values, and |6= | is 
the interpolation polynomial. For the triangle apex nodes 1 , 2 , 3 , {(ĵ } will usually be linear; that is, 
{0^1 = {0i }• Thence, using the equation,

[*x] =  J [ax}T[ C] [ ax]dA (8.140)
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it is found that

[Iv<*>] =
A ik)h;

12

c ii Q c u Q c  13*2

c 2\Q c 2lQ c 23 Q

? 3 \ Q c  3 l Q c 33Q

(8.141)

In eqn (8.141),

Q = ^ i T J {<t>il[{^}r {^}]3l ‘t),}r ^A = j -
2 1 1 
1 2 1 
1 1 2

for constant thickness (8.142)

Once [N(k)] has been calculated from eqn (8.145), it can be assembled into the 21 x 21 nodal 
curvature stiffness matrix, [kx]. Then to obtain the 12 x 12 nodal stiffness matrix [kr], the [B] 
matrix of eqn (8.141) is used:

[kr ] = [B]T[ky][B] (8.143)

The 12 d.o.f. compatible triangular plate element is a highly successful element, producing 
curvature fields which tend to be free of the saw-tooth effects experienced by the incompatible ele­
ments discussed previously. Evidently, the combination of the three cubic interpolation functions 
together with the C t compatibility has beneficial effects. It may possibly be considered a disadvan­
tage to have to accomodate the midside rotational degree of freedom nodes. These nodes can be 
constrained out by imposing a linear variation of normal slopes. For example, along side 2-3 of the 
triangle (Fig. 8.14(b)), set

0, y ( 0 52 + 0^3) (8.144)

Fig. 8.18 Q19 arbitrary quadrilateral.

This may have the effect of stiffening the element excessively. A better approach is to con­
struct an arbitrary quadrilateral of four triangular elements, as shown in Fig. 8.18. In the quadrila­
teral nodes 9 to 13 are internal nodes, and, can be removed from the global stiffness matrix by static 
condensation before assembly. Nodes 5 to 8 have 05 degrees of freedom only and can be con­
densed out by the same process as in eqn (8.144). That is, for example,
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eJ5- - ( e si + eJ2) etc. (8.145)

The resulting element is a quadrilateral with comer nodes only, and with 12 d.o.f. It is possi­
bly the best plate element available for incorporation in standard finite element packages. It would 
thus appear that the discussion of triangular plate bending elements has been exhausted from the 
point of view of utility. It will be shown that such is, however, not the case, and that there are at 
least two strong contenders which are useful not only as plate elements, but also for their incorpora­
tion in flat facit shell elements. Before discussing these elements, the hybrid approach and an 
equilibrium element are outlined.
8.2.5 A hybrid triangular element
Remember, from section 3.6, the basic steps of the hybrid element approach. Firstly, the stress 
assumption is made:

|a }  = [/»]{p} (8.146)

where {(3) are a set of generalized forces with no direct physical interpretation. In the plate prob­
lem,

M u

M  22

{a | = W 2ij* (8.147)

0 i

02

The deformation (strains) in the plate are calculated as

X .ii 

1,22  

2%,21 

Yi 

72

or, in shorthand notation, 

Where, for sandwich plates,

CB 0

o Cs

[/]{<?)

a (8.148)

rc*] = -
1 - v 0

- V 1 0 ; B
_ 0 0 2 (1  +  v)_

Et (c + t )

(8.149)

(8.150)

and, (example 8.2 and Fig. 8 .6 ).
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IP) as
Applying contragredience to eqn (8.146) gives the generalized displacements corresponding to

kp} = J [ P f { e } d A  = J [P]T\ f ] [ P] dA{ $}

Write this equation as

k p} = [F]{P) 

Inversion gives the equivalent stiffness relationship as

{P} = [*p]{/-p}

(8.152)

(8.153)

(8.154)

It now remains to obtain nodal forces which are statically equivalent to the moment and shear 
fields along the element sides. The surface forces are calculated from the stress field,

[Gs ] = [ R m  (8.155)

The nodal displacements {u } are chosen to give displacements along the sides corresponding
to {Gs

[L]{u

Using contragredience, the nodal forces are:

{fl„} =J [L ]r { G J *  = J [L ]7 [ f l ] ^ { p }

[ T ] = j [ R ? [ L ] d s
S

kp} = [ r ]{M)

Define the matrix |7 ]

Again applying contragredience,

Thence, finally, , D ,
{/?„}= [T][kp][T]{u

The stiffness matrix for the nodal forces is, thus,

[tf] = [ T f i k ^ T ]

(8.156)

(8.157)

(8.158)

(8.159)

(8.160)

(8.161)

These equations (8.148) to (8.154) are, of course, the standard application of the hybrid ele­
ment method. Various moment and shear fields can be chosen to satisfy the differential equations of 
equilibrium eqn (8.29). For example, a nine, stress mode element is given by

M x l 0 0 *1 0 0 *2 0 0

m 2 0 1 0 0 *1 0 0 *2 0

m 12 0 0 1 0 0 *1 0 0 *2

Qx 0 0 0 1 0 0 0 0 1

Q i 0 0 0 0 0 1 0 1 0

(8.162)
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Alternatively, a five, stress mode element is obtained by simply dropping columns 5, 6, 7 and 
9 from eqn (8.162) and retaining only five p terms. In this case the matrix multiplication in eqn 
(8.151) gives the integrand of [F] as

[F] =

[C]

x xc n

*1^21
X XC 3X

X 2 C 12 

X 2C 22

x 2 ? 3 2

x \c \\ x \c i\ x \c 3\ (x \ C \ \ + d n ) (x\X2c X 2 d n ) 

X 2C 12 *2^ 22  ^3^32 (^1^2^12 +  ^ 12) ( ^ 2^22  +  ^ 22)

(8.163)

Constant terms are integrated by multiplying them by the triangle area. Linear terms in x u x 2 
disappear if, for the local coordinates, the origin at the triangle centroid is used, and

(x\  ̂ +x?j  + x ? k)A
J x\dA  =

12
etc. (8.164)

Probably the most intricate part of the hybrid formulation is in the calculation of the [L] and 
[G] matrices and the subsequent line integration around the element perimeter. Herein, (Qi, (2 2) 
are chosen as linear functions, whereas w3 is chosen to have a linear term from the end displace­
ments of a side plus a quadratic variation due to the end rotations.

22 ° i J

xi

(a)
Fig. 8.19

(b)

Hybrid moment element side forces.

The force fields on side (i-ni) are shown in Fig. 8.19(a), and the corresponding displacement 
fields in Fig. 8.19(b).

C; = cos 0/ =

0/ = x \m ~ x \I

bi = x 21 -  x 2m

x 2m ~ x 21

(8.165)

± i _
Li
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Sj = sine))/ ^ 1 / % 1 m
l , = 77

Thus, choose

ew

01m 

02/ 

02 m

and

That is,

u,  = [(1 -  £)
u3l

u 3m
+ -:^ \  ® (em - e ; )

« 3 = [(1 -  $) £]

That is, for all three components,

u v

U 3m
+ ^(1— ^  [~bi bi - a, a, rj

e„
01m

02/

02m

0i
0 ( 1 - 5 ) 0 0 5 0 1

02 = 0 0 (1 -% ) 0 0

u \
( 1 - 5 ) 1u/* 

-cT | 04 
1 a;

- 5) 5
bi
f m - s >

a}
f § a - § ) J

(8.168)

«3/
0i/

02/

W 3m

01 m 

02m

This is eqn (8.156). The generalized forces corresponding to <0! 02 u 3> on side /, m will be desig­
nated <F i F 2 F 3 . From Fig. 8.19(a),

(8.169)

(8.166)

(8.167a)

(8.167b)

M u

0 a,- bi 0 0 M 22

F 2 ~bi 0 -a; 0 0 <M 2\ *

0 0 0 ~bi -tff Qx

Q i
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Since <M, M 2 M 2\> vary linearly on the side /, m, whereas <Q i Q 2> are constant, it follows that

M u/

M  221 

M 2 \t

HYBRID TRIANGULAR ELEMENT 391

Af„ a -  § 0 0 % 0 0 0 0

M 22 0 ( 1  - S ) 0 0 % 0 0 0

m21 = 0 0 ( 1  - S ) 0 0 s 0 0

Qx 0 0 0 0 0 0 1 0

Q i 0 0 0 0 0 0 0 1

M  22 m 

M 2\m 

Qx 

Q 2

Thus, combining eqns (8.169) and (8.170),

Fx

F 2

F  3

0  a , ( l  - 5 )  * / ( ! - $ )  0  a& b,q 

-b,-( 1 - 0  0  - 0 , ( 1  - q )  - /> ,q  0  - a , £ ,

0

0

0 0 0 0 0 0 -bj —dj

Now, from eqn (8.163), for five (3 terms,

M n  / x u 0

M 221 h 0 x 2l

M 2\i 0 0

M  i \m x 1 m 0

M 22m — h 0 x 2 m

M 2\m 0 0

Qx 0 0 0 1 0

0 2 0 0 0 0 1

(P)

M, i, 

M  221

M 2 xi 

M  Urn 

M  22m  

M  2Xm

Qx

Q 2

(8.170)

(8.171)

(8.172)

Hence, on multiplication of the matrices in eqns (8.170) and (8.177), the matrix [/?] in eqn
(8.156) has been obtained for side I, m of the triangle. That is,

[R] =

0  ai bj 0  cijLxj, -  b f y

-bj 0 -a , - b j ( x ,/ +%cij) 0

0  0  0  —b j —<jj

(8.173)
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To form the [T ] matrix, it is necessary to calculate [i?]r [L] and integrate from 0 to /, and 
then sum the contributions for the three sides of the triangle as follows, (Fig. 8.20)

( j ) n  ( / ) /  U)m  
[7] = + + + (8.174)

(k )n (k ) /  ( / ) /

m

n
Fig. 8.20

®
Triangle node numbers.

The computer coding for this process is given in [41], for either five or nine (3 terms. The 
above hybrid element is of interest because of the insight it gives into this type of formulation. It 
remains now to look at an equilibrium element formulation for the triangle, in order to examine this 
potential avenue for the solution to the plate problem.
8.2.6 An equilibrium plate bending element
The following element was formulated by Anderhagen [42]. The basic element is the six-node trian­
gle. However, four of these may be combined to make an arbitrary quadrilateral, similar to the 
12-d.o.f. displacement element. The element node system is shown in Fig. 8.21.

Fig. 8.21 Triangle node numbering.

The equilibrium element formulation starts by specifying the moment field, which varies qua- 
dratically, thus requiring the six node points shown in Fig. 8.21. That is,

I m

m u 

fh22 

fh2\

2̂ ^2 2̂

mu 

m 22> 

m 21

(8.175)
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where the interpolation polynomial is given by

{<|>2r  = < i (2 C i  -  1) C2CC 2 -  1) C3(2C3 -  1) 4C2C3 4 ^ ,  4 ^ 2>  (8.176)
Eqn (8.175) will be written

{m} = m { m }  (8.177)

Let {%) be the plate curvatures, related to the moments [fh } through the constitutive relationship:

EQUILIBRIUM PLATE BENDING ELEMENT 393

Xn 1 - v 0 fh n

%22 ► =
12

Et3
- v 1 0 <fh22

_ 0 0 2(1 +v)_ fh2X
I5C)

That is,

Then, if {%m ) are the generalized curvatures corresponding to {m\,

(%m } =  j  m T\f]mdA
area

Let the integral of the product of the interpolation polynomial be expressed by

j  i<th \Tm d A  = - ^ - m

where

m  =

Then write eqn (8.180) as 

where, now,

6 - 1 - 1 4
- 1 6 - 1 4
- 1 - 1 6 4

4 32 16 16
4 16 32 16

-
4 16 16 32

{ %mi } = [F i ]{ra, }

[Fi] 15 Et 3

0
0

0 0 2(1 + v )^

(8.178)

(8.179)

(8.180)

(8.181)

(8.182)

(8.183)

(8.184)

The flexibility of the whole system can be assembled in the usual way, noting that at any node 
point the moments are the same for all elements incident thereon. That is,

tX} = [F]\M } (8.185)
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Now, however, the nodal values of the moments {m xx, m 22, m 2\] which compose { M } are not 
free variables. They may be chosen only in such a way that equilibrium conditions are satisfied. 
These equilibrium equations are written

[U]{M } -  {P } =  0 (8.186)

The matrix [U ] is a rectangular equilibrium matrix with more columns than rows for all stati­
cally indeterminate structures, and {P } is a vector of applied loads.

There are two types of equilibrium conditions. The first of these involves the differential 
equation of equilibrium, and the second the moment and shear equilibrium across element interfaces.

1. Differential equation of equilibrium 

From eqn (8.33),

M u j!  + 2M2i,2i + M 22,22 -  P 

Thus, for a specific element, /, using eqn (8.177),

m \\
32(hr d2§2 2d2§2

< ---------  ---------  ------------- X
d x 2 dxi  d x xdx2

m 22

m 21

- P i  =  o

Write this equation as

<Vi>{mi} -  pi = 0 

Now, from section 1.4.6, the second derivatives are expressed

a V 1 [bf b l  b f  2b 2b 3 2b 3b { 2 b xb 2]
d x 11

,2^ T3 02 1 7 9 ?— T- = —j l a (  a 2 a 3Z 2a 1a ?> 2a 3a } 2a ^ 2] 
dx4 A

(8.187)

(8.188)

(8.189)

(8.190)

2 3 2(j)J 

dx^dx2

2
— r[axb x a 2b 2 a 3b 3 (a2b 3 + a 3b 2) (a3b x + a xb 3) (axb 2 + a 2b x)] 
A

(8.191)

It is seen that <v/>{m/ } has a constant value, so that for the chosen interpolation of the 
moment fields only a constant can be accommodated over the element.

2. Moment and shear continuity across element interfaces
Moment continuity is satisfied by choice ol the quadratic functions and node points. Shear force 
continuity must still be satisfied. Shear forces are obtained as first derivatives of moments, and so 
they vary linearly. Continuity between adjacent elements is assured when, at the end points along 
the common side, the shear forces acting on the interface are the same for both elements. A given 
side l-m is shown in Fig. 8.22.
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Then, from the equation of equilibrium (eqn (8.29)),

d
d x x

0
d 

dx 2
' m u

r

O

a a 1 m 22

dx2 dx\

Then,

dx, 0 dx2 

d d
0

dx2 dx]

m ii 

m 22 

m 2\

- T - ibi  at ]
Th 0 Ta 

0 Ta Th

m ii 

m 22 

m 21

To calculate [Th], [Ta], substitute t = b, t = a,  respectively, in the expression: 

[Tt ] = ~ [ { 2 ^ - \ ) t ,  ( 2 ^ 2 - l ) r 2 (2C 3 - 1  ) t3 4 ( t £ 2 + t 2t;3) +  4 ( f ,C 2  +  r 2C i)]

(8.192)

(8.193)

(8.194)
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Thus, for nodes i-j-k in Fig. 8.22,

= m
m 11
m 22 
m 2 j

(8.195)

To ensure shear force continuity, two equilibrium equations for each side, relating the shear 
forces of the element on the right with those of the element on the left, must be written:

(8.196)

(8.197)

The ‘+’ sign occurs as a consequence of the direction of the normal n for the side being 
reversed in the two triangles. It should also be evident that the zeros on the right-hand side can be 
replaced with a linearly varing line load. The curvature continuity is now enforced as follows. Sup­
pose that Xp , Xv are the average element displacement and the average side of element displacement 
respectively. Then eqns (8.188) and (8.196) give, applying the contragredient principle,

The continuity requirement is, thus,

lz„,l = [v,]7 R /, 

lXv, = I Q i f  ( V

Xm + Xp + Xv = 0

(8.198)

(8.199)

That is,

t F]{m} + [ v f X P +[Q]t Xv = 0  

This equation must be solved subject to the equilibrium constraints,

[v]{m) = {/>)

and

These equations clearly can be rearranged in partitioned form

(8.200)

(8.201)

(8.202)

[Z7] [v] 
[v] 0

m  0

T [ Q V  
0 
0

”Kp

Xy

(8.203)
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Obviously, this is a mixed system of equations in which moments and displacements are 
evaluated simultaneously. It is interesting to note the various boundary conditions which arise, and 
a summary is shown in Table 8.1.

Table 8.1

Variable Fixity
Boundary
condition

Mn M s Mns X q

Free X X

Simply
supported

X X

Clamped X

Symmetric X

Continuous
support

X

Column X

It would appear that, with so many examples thus given, the quest for the most useful plate 
triangular element must have been exhausted. Because of the peculiar nature of the plate bending 
problem with its C j compatibility requirements, and also the role these elements play in facet shell 
element combinations, such is not the case. It will be observed that the C { compatibility require­
ment involves the 0,? variables, in the element sides, and it would thus seem appropriate to make 
better use of these variables as was done in the 12-d.o.f. compatible cubic triangle element.

The two further elements are thus reviewed: the Morley constant moment element, and the 
DKL (discrete Kirchoff with loof nodes) element family. Both of these are strong contenders, not 
only for small deflection plate analysis, but also for small and large deflection analysis of shells.

8.2.7 The Morley constant moment element
This is a non-conforming element [48] derived from quadratic variation of the transverse deflection 
expressed in terms of apex deflections and mid-side normal rotations. The nodal configuration is 
thus shown in Fig. 8.23. As with the previous elements, the transverse deflections are expressed by

u3 = w 3 + u3 (8.204)
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The superscripts r , R refer to the relative and rigid-body deflections, respectively. The inter­
polation for is linear and is given simply by

where

M3 {<>1 }r { !  

j  Ue }T =  < M 31 U 32 u 33>

(8.205)

(8.206)

The local side coordinates are (sz, rij) i = 1, 2, 3 and the derivatives of the rigid-body deflections 
are given by

^ 3 ,n- ~  } { Me 1

Using the expression for the normal derivatives,

= —  { - ^ - /  + ~^—(d -  I ) — — d- 
dnf 2 A [ d ^  ^ j

the derivatives of the relative deflections are given by

where, from eqns (8.204) and (8.208),

t G ] = ^

- / 1 I \ -  d \ d

d 2 - 1 2

/ 3 -  d 3 d 3 - I

The quadratic function for u 3 is given by

c 1

{ 11$ } =  ̂ [^2^3 W C 2 * 

C3

2A 0 0

0 0 2A

W l c ;

(8.207)

(8.208)

r { u e }

u  34,n ,
U 34,A7 J

I W35,«2 ► = [ < ? ] <
u 3 5 , n 2

(8.209)

^  36, n 3
u 3 6 , n 3

(8.210)

(8 .211)

The vector {c } is composed of undetermined generalized displacements. It is thus convenient 
to develop from eqn (8.211), a set of orthogonal interpolation functions involving w34̂  etc. Thus,
evaluate u3n. at nodes 4, 5, 6, using eqn (8.207). This gives

{c} = m - 1 (8.212)

*36 ,n.
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where

In eqn (8.211),

and

m  = ^ - r / J

|7J = d iagonal(/1 / 2 / 3)

399

(8.213)

(8.214)

a 1 1

[/„,.] = 1 a 1 (8.215)
1 1 a

The inverse of [O] is then calculated to be

[O] - 1 = 2A [/0,i]r/J- 1 (8.216)

Substitution of eqns (8.215) and (8.212) in eqn (8.211) gives the required orthogonal functions:

\ u r3 } = 2a  < (c ,d  -  Co c2d  -  q  c3d  -  1 (8-2 1 7 )

Thence, the curvature matrix {%h } is calculated by differentiating eqn (8.217). Thus,

- w 3 , l l

( & M  - u h l \ = ^ ^ X n \
- 2  u 3,12

(8.218)

where the [B ] matrix has been calculated to be

The constitutive equation is, as before, in eqn (8.27),

E t 3

b i2 b 2 b l
2 2 2a x a 2 a i

a\b\ a 2 b 2 a 3 b

r/j -l (8.219)

[D] =
12(1 -  v 2)

1 V 0

V 1 0

0 0
1 -  V

Thus, firstly, 

and, finally,

[*„]= J [Bf[D][B]dA

[k] = [G]T[kn][G]

In eqn (8.221), all matrices are constant, so that the integration gives, simply,

[kn] = A [ B f [ D ] [ B ]

(8.220)

(8.221)

(8.222)

(8.223)
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It is seen that [kn ] is a (6 x 6) matrix, and the structure stiffness matrix must be assembled 
with apex nodes for transverse deflection, and mid-side nodes for normal (0n) moments. The above 
simple element passes the patch test, and is a suitable element to combine with the CST elasticity 
element for a flat facit shell formulation. Its stiffness matrix has been derived in at least two other 
independent ways:

1. By using a mixed variational principle (Herrmann [43]);
2. By the DKL (discrete Kirchoff with Loof nodes) approach, which is developed in the next 

section.

Fig. 8.25

8.2.8 The DKL family of plate elements
The presentation of triangular element stiffness matrices concludes with that for the DKL family of 
elements, the two members of which are shown in Fig. 8.24. These elements, like the Morley con­
stant moment element, start from the premise that to satisfy moment continuity across element boun­
daries it is better to use the normal rotations, (05) variables, (as was, for example, the approach with 
the natural mode element (Fig. 8.11). The method of formulation is, however, quite distinct from 
all elements discussed previously, in that deflections and rotations are interpolated independently (as 
in the Ahmad type of isoparametric plate and shell elements). The Mindlin plate theory is used, 
and, to connect the deflections and rotations, the Kirchoff assumption of zero shear strain is invoked. 
(See section 8.1.4 for further details of the Mindlin plate theory.) The positive sense of the rotation 
and slope terms is shown in Fig. 8.26.

Fig. 8.26 Coordinate systems-signs of rotations and slopes.

Thus following the Mindlin theory, the deflections of the point P, distance x 3 from the middle sur­
face, are given by

U ] — -^ 3 0 2  ? u  2 — —^  3 0 1 (8.224)
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Thence the strains are calculated to be

e l l  -  M 1,1 =  *3 0 2 ,1  =  * 3 X l l

e 22 =  u 2,2 =  “ * 3 0 1 ,2  =  *3%22

Y12 =  * 3 ( 0 2 ,2  -  01,1 } =  * 3X 12 (8.225)

with these definitions of rotations,

{e*} = * 3(X} (8.226)

The transverse shear strains are (eqn (8.38)),

f  Yb ]  j w 3,l +  02  I

THE DKL FAMILY OF PLATE ELEMENTS 401

| £ s l  I  Y23J  [ - 0 1  +  “ 3,2,1
(8.227)

The plane strain assumption gives

{a*} = [£>]{£„) (8.228)

{0 j } = [G]{es } (8.229)

Integrating eqns (8.226) and (8.228) through the plate thickness gives the usual assumption:

IM ) = -^[D]{%)  (8.230)

and, for transverse shear strains

' s ‘'  t i
To formulate the element stiffness matrix, a linear basis is employed to interpolate both the 

transverse deflections w3 and the normal rotations (0b 02). Thus, transverse deflections are

w3 = I4Mt {«3! (8.232)
where

{w3}r = <w31 w32 w33> (8.233)

The shape functions for the rotations <0! 02> at the mid-side nodes are

fa♦ r <>r (8.234)

In this case,
l<i>i lr = <(_Ci + C2 + C3) (Ci _ C2 + C3) (Ci + C2 - C3)> (8.235)

where, in eqn (8.231),
<e,)r =< e , 4 0,5 0/6>i' = U 2 (8.236)
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To link the transverse displacements to the side rotations, as well as constrain the element to 
model thin plate behaviour, the Kirchoff hypothesis is invoked at the mid-side nodes. That is, 
ys3 = 0, or, using the second of eqns (8.227) in (n , s)  axes,

(8.237)

These provide three constraint equations which reduce the original nine d.o.f. to six, resulting in the 
(6 x 6) stiffness matrix with nodal displacements:

(w3/), i = 1, 2, 3 

(esj) J  = 4 , 5 , 6

With the (n, s) axes chosen in Fig. 8.26 the following transformations hold:

1 . global to local

n{ 1 ~t>i - a t

.  si. “  h a{ ~bi.

J i ~
1*2 -  X2j

(8.238)

2 . local to natural

2A ~(di - h ) 1

c*
1

2A
0 dj ht •Hj (8.239)

Ci 0 -/, 0

Thence the side derivatives are given by

(8.240)

Using eqn (8.232), with |7J = h h h

6 /1 (4 ) ’  0 - 1 l"

0 « ( 5 ) ^  [/j"1 1 0 - 1 {u3} = \l\-l[Q]{u3} (8.241)

. 0 " (6 l
- 1 1 0_

Now, using eqn (8.238) to express local rotations in terms of global rotations, it follows, for 
example at node 4 , that

0 « ( 4 )  -  T " M m ® i ( 4 )  ~ ^ 1 0 2 ( 4 ) ]  (8.242)
L i

Thus, using the two similar expressions for 0W (5), 0w(6), the following relationship relating 

{ 02) = - [ /„  r 1 Ub ] {011 -  Va r '  [O] { u 3} (8.243)

{e , ! = -Ubr 'Va 11e2) -  u b (8.244)

02, 0i at nodes 4, 5, 6 , is obtained: 

or, alternatively,
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where

with p  = a or b,  and

VP]

a  =

P 1 P 2 P 3

0 - 1  1

1 0 - 1  

- 1  1 0

The side rotations are given from the second of eqns (8.238):

'® il{ 0 , i  =  r / j - u  - /„ ] 07

Substitute for {02}, from eqn (8.243), to give

u 3\

where

{©I} = f / j - 't - r / j -1/ , ^ ]  / j  e f = [ c j { 5 e

Alternatively, substitute for {0 j} from eqn (8.244) in eqn (8.246); thence,

u 3

0, [C,]{5e

where

[cy] = - r / j - i[f/j-i/ fl[Q] ib]

The interpolation functions for 0 1; 02 in eqn (8.234) have now been obtained, since

Cr
<t>r <>r cv {5e

Now, from eqn (8.225),

{ E j,  )  -  X  3

{ 4 M r [C,]

-{^ i,2}T[C J {5-} = jc3[£f*]{5"

403

(8.245)

(8.246)

(8.247)

(8.248)

(8.249)

(8.250)

(8.251)

(8.252)

Thence the element stiffness matrix is given (integrating first through the thickness):

[ke] = Ĵ j [ B h]T[D][Bh]dA (8.253)
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The element is shown in its local coordinate system in Fig. 8.27. It is referred to as a six-node ele­
ment, because the rotational (or bending) nodes (i) to (vi) can be grouped with the mid-side dis­
placement nodes 4 to 6  in so far as the assembly of the global stiffness matrix is concerned. This 
gives nodes with 1 and 3 degrees of freedom at the apices and mid-sides, respectively. It will be 
seen that for plate bending analysis no transformation is required from local to global coordinates, 
except for the rotation terms, which will be multiplied by ±1 according to the apex nodes (I-J) in 
the side being in ascending or descending order as the nodes are traversed in an anticlockwise direc­
tion.

8.2.9 The six-node DKL plate bending element

Fig. 8.27 The six-node DKL plate element.

In this case the interpolation function for u 3 displacements is given by {(|)2}, in section 1.4.6. 
That is,

1 u 3) = {(j)2} {u3} (8.254)

In eqn (8.254), {u3) is the 6 x 1 vector of nodal point displacements. Then the x x and x 2 
derivatives are, simply,

"
"3,1

j*  3,2
= $2, 2 [u 3} (8.255)

In evaluating the shape functions for the normal rotations {0b 02}, it is found that a quadratic 
basis cannot be formed from the nodal values at (i) to (vi). This is due to the presence of neutral 
functions [44]. The problem is overcome by adding an additional higher-order term to the quadratic 
basis, necessitating the inclusion of the centroidal node (c). Thus, in evaluating the shape functions 
for p! and P2, the basis used is

{ L f  =  { 1, C„ C2, C12. C.C2, C22, (2C3 +  3C,2C2 -  3C,C22 -  2C23)) (8-256)

If {a} is the (7 x 1) vector of generalized displacements, the rotation of the normal about the 
local x !-axis is

0 , = \ L ] T {a (8.257)
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On substituting the area coordinates of the Loof and centroidal nodes into eqn (8.257), the following 
transformation results:

°KO
31(H) 
*1(1/0
*1 (iv )
9i(v)
* 1 (V 0

9 1(C)

1.0 0.00000
1.0 0.00000
1.0 0.21132
1.0 0.78867
1.0 0.78867
1.0 0.21132
1.0 0.33333

0.78867
0.21132
0.00000
0.00000
0.21132
0.78867
0.33333

0.00000

0.00000

0.04465
0.62201
0.62201
0.04466
0 . 1 1 1 1 1

0.00000

0.00000

0.00000

0.00000

0.16667
0.16667
0.11111

0.62201
0.04466
0.00000

0.00000

0.04466
0.62201
0.11111

a x

a 2

a  3

Cl 4

a 5

1
a  7

_

(8.258)

Write this eqn (8.258) as,

Inverting,

The inverse of [A], [,4 ] 1 is evaluated as

{0} = [A]{a\  

{o} = [A]-, {0 }

(8.259)

(8.260)

[A] ' 1 =

-0.24402 0.91068 0.91068 -0.24402 0.33333 0.33333 - 1.0

2.04145 -6.04145 1.57735 0.42265 -1.42265 -2.57735 6.0

0.42265 1.57735 -6.04105 2.04145 -2.57735 -1.42265 6.0

-4.92820 8.92820 -6.19615 4.19615 -1.46410 5.46410 - 6.0

-4.46410 2.46410 2.46410 -4.46410 5.00000 5.00000 - 6.0

4.19615 8.92820 8.92820 -4.92820 5.46410 -1.46410 - 6.0

1.73205 1.73205 1.73205 -1.73205 -1.73205 -1.73205 0.0

(8.261)

Note that [A ] 1 is invariant and may be formed in the computer software as a data statement. 
Substituting eqn (8.260) into eqn (8.257) gives the orthogonal interpolation functions as

m T = |L l r [A]-' (8.262)
so that

0 i
<J>T <£>7

0:
(8.263)

It is now necessary to apply the shear constraints so that 0„(/) to 0„(vi) can be expressed in 
terms of 0VI, , to 0u n The Kirchoff assumptions are imposed at the discrete points (i) to (vi). That 
is,

Yj3 = 0 ( / ) tO(v/)

This is the same condition as that in eqn (8.233). That is,

0/j<j ) + « 3,s = 0  ; ' = ( / )  to (vi) (8.264)

www.EngineeringEbooksPdf.com



406 PLATE BENDING

Again, as with the first member of the DKL family, the choice of the constraints in eqn 
(8.264) enables the rotations parallel to the sides of the element to be retained as nodal parameters. 
Various possibilities exist for eliminating the two centroidal rotations.

It is found that the application of the areal constraints (eqn (8.265)) produces the best results:

The first of these yields the condition,

and, the second,

J Yl3 “  0 » J 723  -  0
■ea area

J  ( 0 2  " 3 l )  d A  — 0
area

J ( —0 2  ^ 3,2) d A  =  0

(8.265)

(8.266)

(8.267)

On application of eqns (8.264), (8.266) and (8.267), the original d.o.f. of the bending element are 
reduced to 12. That is,

(8.268)

3J(V/)1 (8.269)

where, now,

{8 } — { W 31 , W32 , ' , W36 , ^s(i) ’ ^s(ii)

The matrices [C }], [C2], are as follows:

[CJ -

0 -*23
Cl / 2 *23

*23
~Cll 223

0 -*23
l23

0 J7 23 
2̂3

0 0 0 0 0

0 *23
C27 ^l23

*23
Ci7 i"23

0 -*23 
123

0 0 .y 23

123 0 0 0 0

*  13
C21M̂3

0 *13
Cl / 2 M3

0 0 -*13
-C37 2~M3

0 0 Jl3 
 ̂13

0 0 0

*  13 
113

0 *13
_C2/ 2M3

0 0 *13
C3 / 2 M3

0 0 0 ?13 
 ̂13

0 0

*  12
Cl / 2 M2

-*12
C2 / 2 M2

0 *12
C37 ^  1 12

0 0 0 0 0 0 y 12 
hi

0

*12
C2 / 2 M2

-*12
Cl / 2 1 12

0
-*12 
Z12

0 0 0 0 0 0 0 y 12 
hi

a, a 2 a3 Jl2
c^ r

■V 12 ?13
' C4T

J23
C57 “l23

y 23
C5T~l23

y 13
~c5 y —*13

y 13 
~C5T~M3

y 12 
C57 I

y 12 
1̂2

where,

a i = y
•* 12 •* 13 ^ y 23 
1 12 I 13 A

1 T -*12 *23 > 13OC2 = — ----z-- 1--- r-- 1---—
3 [  /12 123 A

a 3 = - -*12 x 13 J 12
1 2  j 2  A112 M3 ^

C! = 2.1547004 ; c 2 = 0.1547004 ; c 3 = 2.3094008 ; c 4= y  ; c 5=-1
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\ c 2 \ =

0 y 23
Cl / 223

•V 23 

l23

0
/  23

"C37 ^l23
0 *23

l23
0 0 0 0 0

0
-V 23 

~ C2~  *23

y 23
C1 / 2 *23

0
y 23 

C31 2”l23
0 0

*23

2̂3
0 0 0 0

>13

~C21M̂3
0

>13

~C{ I2M3

0 0 ^13
C37 i~l \3

0 0 *13

*13
0 0 0

y 13
M3

0 >* 13
C27 T

M3

0 0 y 13 
- C37 T113

0 0 0 *13 

 ̂13
0 0

>12
Cl7 TM2

>12

C27^~M2
0

y 12

“ C37M̂2
0 0 0 0 0 0

*12

l \2
0

>12

~C21 ^ 112

3̂ 12

"Cl7M̂2
0

Jl2

^ T 2”M2
0 0 0 0 0 0 0 *12 

 ̂12

a 4 «5 «6
* 12

C^ T

* 12 *13 *23

C 5'23

*23 
C5 , 

l23

* 1 3

■*’ 7 7

* 1 3

M3

* 1 2

C57 7

* 1 2

where,

a 4 =  —  3
y 12 yn  *23 

/?2 /?3 A
; cc5 = - yn y 23 •* 13

" 12 / 2 + A
M 2  <23

; ot6= -- y 12 y 13 12 
/ 2 / 2 a
M 2  M 3

c 1=2.1547004 ; c 2=0.1547004 ; c3 = 2.3094008 ; c4= - | ;  c5= - |

Thus, finally, the normal rotations {0j , 02( can be interpolated in terms of {8* ), using eqns
(8.263) and (8.268). That is,

Or C,
{8ft

It is seen in eqn (8.270):

4>t C 2

(4>lr [Ci] = [L }T[A ]“'[C J  etc.

(8.270)

(8.271)

The matrix [A] 1 is constant, and [C J, [C2] are constant for each element. The strain nodal 
displacement relationship is given (eqn (8.225)) by

{ ^ . i r ^ r ' i c d

That is,

In eqn (8.272),

where,

{E} = * 3  -{Z.j2 }T[ A r 1[C l]

{L'2 }t [ A Y {[C2} -  \ L 2 \[A]~'[C,] 

{£} = x 3[BhW  )

{ L ' ] T = 2A [0 bl b l  2b^ X <6 i52 + 6 26i) 2M 2 i-7.ll

" 7,1 -  3Q)  + b 2(3C,2 -  6 ^ 2  -  6 C22)

(8.272)

(8.273)

(8.274)

(8.275)
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Similarly,

= 2^ ^  ax ai  (a 1^2 + a 2^\) ^a i ^2 ^ 7,2] (8.276)

where

Lv,2 = a ,(6 C,2 + 6 ^ 2  -  b  + «'2(3Ci2 -  6 C1S2 -  ^ 2 ) (8-277)

Finally, the element stiffness matrix is calculated, using eqn (8.278)

t/2 2 3 1 1- l̂
& ] =  J J 7 7 2 - [ ^ ] r [ ^ ] [ ^ ] ^  = ^ j j  J (8-278)area -t/2 ^A Q 0

The presence of fourth-order terms in eqn (8.278) entails the use of a seven-point quadrature 
rule (Chapter 1, Table 1.2), to integrate numerically the stiffness matrix.

8.3 QUADRILATERAL PLATE BENDING ELEMENTS
In this final section on plate bending, two element types are detailed. The first of these, the rec­
tangular element family, obviously has wide application in regular structures. When combined with 
a planar elasticity element to form a flat facet shell element, it has obvious application for box type 
structures. The second group, quadrilateral elements, are based on isoparametric concepts and form 
an introduction to the curved Ahmad shell elements.

8.3.1 Rectangular plate elements
Because the polynomials used in the interpolation of the transverse displacement u 3 are incomplete, 
a variety of formulations is possible. Some of these are detailed in what follows.
Type I Elements
These elements are based on three d.o.f. per node, namely (w3, 0xl, Qx2), giving a 12 x 12 stiffness 
matrix. Elements with common sides have compatible displacements expressed in their common 
interface as a cubic function. The linear cubic requires four terms, and the constants along an ele­
ment side are supplied by the displacement and slope terms in that side. If, for example, side i-j is 
parallel with the O Xx- axis, the displacements (w3/, u 3J) and slopes (02z, 02y) Fig- 8.28, are used in 
the expression,

u 3 — A ] + A 2-X i A yx \ + A f  (8.279)

408 PLATE BENDING
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For the rectangle with (w3, 0b 02) specified at each node, a total of 12 displacement unknowns 
occur. Since the complete cubic function in (xx, x 2) has ten terms, two additional quartic terms are 
used which must:
1. retain x u x 2 symmetry;
2. reduce to cubic expressions along the lines, X\ = constant, x 2 = constant.

Suitable terms are obviously x f x 2, x xx 3. For example, the term a x f  x 2 is cubic in x\  along 
lines x 2 = constant, and, similarly, $ xx x 2 is linear along the same line. A variety of elements can 
be chosen to fulfil the above requirements.
1. Based on modes derived from the polynomial,

« 3 = a i + a 2x j + a 4x f  + a 5x {x 2 + a^pc2 + a 1x \ x 2

+ a%X\X 2 +<29X2 + a \ox 2 + a nx f x 2 + a nx {x 2 (8.280)

2. Based on Hermitian polynomials [11] denoted H 0i, H u , etc. , defined such that

where (N) is the degree of the derivative up to which the function can interpolate. Similarly,

H f t X s j )  =  5 ij 

d NH $ X s j )  _ q

(8.281)

(8.282)

(8.283)

(8.284)

3. Based on mode functions such as those given by Melosh [45], Argyris [1], Dawe [46], Holand 
[47], and others. For example, assume a cubic function along one side with linear variation to 
zero on the opposite edge as shown in Fig. 8.29.
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410 PLATE BENDING

In addition, a twist term, (eqn (8.285)), is added:

u 3 “  a l + a 2x \ + a 3x 2 + &<4X \X 2 (8.285)

This ensures that constant twist modes are included in the displacement patterns for the ele­
ment. Thus nine straining modes give the required element deformation. Rigid-body motions 
expand the stiffness matrix to 12 x 12. It has been found that type (1) and (3) elements give results 
which converge reasonably well to analytic (or Fourier series) solutions. Element (2) does not con­
verge to the correct result, however, because the Hermitian polynomials, as given, are unable to 
represent the constant strain state. In all these elements it is seen that although four constants are 
available in a side to specify displacements completely, only two are available to specify normal 
slopes (Cx compatibility) whose variation is quadratic, and an extra displacement parameter is 
required in each side. These four parameters must either
1. give the normal slope at another point in the side; or

2. give the normal slope derivative at one of the apices, e.g. the twist terms (w 3,12) maY SUP_ 
plied as extra nodal parameters.
Then in the side i - j ,  parallel with the xj-axis, the quadratic variation of normal slope is 

specified as

(02/> 02j-> 012/)

These functions, depending on the twist terms, may be added to any one of the above sets, e.g. extra 
Hermitian polynomials in no. 2. When this is done, the Hermitian elements give convergent results. 
These will be termed type II elements.

Type 11 elements
These have 16 degrees of freedom, 4 per node, and results give better convergence for a given 
number of elements than the 12-d.o.f. elements. Two possibilities for type II elements are shown in 
Fig. 8.30.

(u3,e,  , e 2 , e12) (u3,e, , e 2) at
at 1,2, 3,4 nodes 1 - 4

0S at nodes 5-8
Fig. 8.30 Sixteen-d.o.f. rectangular element node configuration.

It is doubtful if the improvement in the convergence characteristics of the type II elements 
warrents the additional complexity of their formulation or their inclusion in finite element codes. In 
this text only one version of the simple 12 x 12 element stiffness matrix is reproduced. In this ele­
ment, orthogonal interpolation functions are obtained by first defining a set of simple mode shapes. 
The rectangular element dimensions (2a, 2b) are shown in Fig. 8.31.

www.EngineeringEbooksPdf.com



RECTANGULAR PLATE ELEMENTS 411

(-1 .1 )

( - 1,-1 

Fig. 8.31

( 1, 1 )

b 

b

(1, - 1)

Rectangular element-dimensions. 

From Fig. 8.31, non-dimensional coordinates are, simply,

*,= -

Thence, first derivatives of the function f ( x \ ,  x 2) are given by

f  A

(8.286)

(8.287)

As noted previously, 12 shape functions are chosen, with two fourth order-terms, isotropic with 
respect to the coordinate axes. Write the plate deflection as

u 3 = {<J>}r {a} (8.288)

In eqn (8.286) the a  parameters are, as yet, undefined, generalized coordinates. First the displace­
ments of the nodes are grouped:

{u 3}

"  3(1) 

"  3(2) 

u 3(3) 

M 3(4)

’no
*1(2)
*1(3)

*1(4),

; ie 2

2(1)
h (2 )

32(3)

h ( 4 )

(8.289)

The procedure outlined in section 1.4.2, eqn (1.93), is used to obtain a set of orthogonal interpola­
tion functions. Thus, if [r } is the vector of nodal displacements, evaluate [r } in terms of {a} from 
eqn (8.288). That is,

Thence,

That is, from eqn (8.286),

{r} = [A]{a}

(a) -  [A]-'{/■]

w3 =

so that the orthogonal functions {O} are given by

(8.290)

(8.291)

(8.292)

(8.293)
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In the present instance, choose {(j)}:

PLATE BENDING

(8.294)

2

^(3 -  £2) 

ri(3 -  n 2) 

fyr\(4 -  Z? -  ri2) 

a%{%2 -  1) 

a i l 2 -  1) 

a ^ - l )  

ari(^2 -  1) 

fcr|(r|2 -  1) 

bl,r|(r|2 -  1) 

b(ri2 -  1)

H ( i l2 -  1)

These functions have been chosen by drawing independent shape functions, as shown in Fig. 
8.32. Thus, for example, consider the group (II) displacements and note

(8.295)

Thence,

i ///

3t,2 -  1 

2$

ri(3^2 -  1) 

2r|£

(8.296)

Evaluate these slopes at the nodes:
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2. (1,-D  j

3- ( - U )  -

( - 1, - 1)

Fig. 8.32 Rectangular element-mode shapes. 

When [A~l]T is evaluated, it is found to have the very simple form,

co 0 0
[B] = [A~l]T =

where [co] is defined,

0 co 0 

0 0 co

1 1 1 1  
1 1 - 1 - 1  
1 - 1  1 - 1  
1 - 1 - 1  1

The constitutive equation is, as in eqn (8.27), [m } = [£]{£}, where, now,

<t>n 4>.n

|E | =[*](/•} = - <t>,22 { ; • ( = - .̂22

(8.297)

(8.298)

(8.299)
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The element stiffness matrix follows from

[K] = J [a]T[k][a]dV = [B ] J {(|>e}r [/:]|<j)e}dA[fi]r
area area

In eqn (8.300),

414 PLATE BENDING

(8.300)

0 0 3^ri _1_ 3^r| 0 0 0
a 2 a 2 a a a

2{^£} = 0 0 3rj
b 2

3^r|
b 2

0 0 0 0 3r|
b

1
b

1
b

(8.301)

0 0 0 (4 -  3$ -  3r|2) 0 0 (3^2 -  1) 3$ (3r)2 -  1)
0 3r[

ab a ft a a
Let [kc] be defined such that

[*<•]= J I W r [*]!<y</A and D =
Et

12(1 -  v2)
(8.302)

Then the integration in eqn (8.302) is easily carried out, giving [kc], with the following non-zero 
terms (upper triangle only is given; the remaining terms are obtained from symmetry):

= 0

/  —  ^  j —  u u  i  —  ~ vk 22 ~ T \ *25 ~ i '■> k2,\2 ~a
3A
, 3

-V
a

i  _  3a _  -v  _  3a_
^ 3 3  -  T T  ’ ^ 3 8  -  , 5 * 3 9  “  “  2 b 3 b b l

*44 = (5a 4 + 5b* + 14a 2b 2 -  4v a 2b 2)
5a3 b 3

5 a 2b
(5b2 + 2a2 + 3 v a 2)

k 4,10 - 5 a lb
(5a2 + 2b 2 + 3vb )

k 17 = - ± - ( 5 b 2 + 2a2 -  2va2) ; k 7J0 = v 
5 ab

k u = — - ( 2a 2 + b 2 - 2v a 2) \ k %9 = v 
3ab
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. 3 ak 99 -  ——

* 10.10 =  7 ^ r ( 5 a 2 +  2b 2 -  2v b 2) 5 ab

* 12,12 3ab
(2b 2 + a 2 • 2 v b 2) (8.303)

8.3.2 Quadrilateral elements based on the isoparametric concept
The term isoparametric is used here loosely to mean those elements for which the same interpolation 
for the spatial coordinates within the element is used for the displacement (and/or) rotation func­
tions. These elements also form an introduction to the isoparametric family of curved-shell ele­
ments. The isoparametric plate elements attempt to model the plate theory in a way similar to the 
DKL elements except that the shear constraints are not applied. Other means must be used, (e.g. 
reduced integration or the ‘heterosis concept’), aimed at reducing the consequences of shear locking, 
which occurs in these elements when the thickness becomes small relative to the span of the plate. 
Although this may be of minor consequence in plates, because deflection control will usually 
prevent plate thicknesses becoming excessively thin, such is not the case with shells, where 
thickness-to-span ratios of 1/200 are often encountered. In such situations care must be taken to 
avoid locking. The concept of shear locking in plates is discussed further in this section. In the ele­
ment it is assumed that at any point the displacement vector is controlled by three parameters, 
namely, (u 3,0b 02), such that

r = N Ar„. (8.304)

In eqn (8.304), [rn } is a (3 x n) vector, where n is the number of node points in the element
N 1 is the matrixgrouped with all u 3 nodal values together followed by all 0] values etc., and 

with the shape functions {7Vr } as diagonal submatrices. As with the elasticity isoparametric ele­
ments, the grouping of variables in eqn (8.304) expedites the computation of the element stiffness 
matrix. The basic force displacement stiffness relationships have been derived in eqns (8.27) and 
(8.40), where now, however, 0j j replaces w3 n etc. That is,

’ M u 1 V 0
02,1

M 22 = D V 1 0 1 —01,2

_m 21_ 0 0
1 - v  

2

“ (01,1 “  02 ,2)

and, D
12(1 - v 2) (8.305)
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For shear forces,

= ahG
1 0
0 1

"  3,1 +

(8.306)

It follows from eqns (8.304) and (8.305) that the bending and shear strain transformation 
matrices are given by

bending

02,1 
“ 01,2

02,2 -  0 1,1

shear

0 0 - N Ti
0 N T2 0 1 r„ !I = [aB]{r„

0 H a - n t2

1J2 0 n t ~

6 - n t 0 = favll'n 1
I u 3l + 62!
[ w 3,2 0  lj

It follows that the bending stiffness is calculated

[kh] = J [ah]r [kh][ah]dA

(8.307)

(8.308)

(8.309)

[*,] = j  \as]r [ks][as\dA (8.310)

The integration in eqns (8.304) and (8.305) can be carried out numerically, using eqn (1.213). 
It is seen that because rotations and displacements are interpolated independently, different node 
point schemes may be used for each (heretosis concept). Also, either selective or reduced integra­
tion can be used to improve the element performance with regard to shear locking. The 
phenomenon of shear locking will be discussed with reference to the simple element shown in Fig. 
8.33 which is a degenerate form of the linear displacement plate element.

Fig. 8.33 Linear element rotations.
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Excluding rigid-body displacements, the two rotations 0 b 02 can be used as the only degrees 
of freedom of the element. The shape functions are

{/V,)r = (1 (1  - $ )  1 ( 1 + $ ) }

Substituting in eqns (8.309) and (8.310) and noting

< v ,  = T [-l 1]

it follows that

[kh ]
Et3
12L

[M  =
aGIt

-1 1

2 1 
1 2

(8.311)

(8.312)

(8.313)

(8.314)

For constant bending distortions the rotations 0 = 0j = -0 2 are the appropriate nodal displace­
ments, and since the bending moment is constant the shear force should be zero. In the present 
approximation,

Et3 aGLt /rk. EI .....
Af, = — (20) + - — (0) = — 2̂0) + -rGL(Q)  11L o L o

(8.315)

The first term of eqn (8.315) is the correct bending moment the second term is the extra moment 
caused by the extraneous shear strain. Write eqn (8.315) as;

M, = Et 
6 L

oc G
10 (8.316)

It is seen that the error in eqn (8.316) propagates as the square of the ratio (L/t); hence the 
reason for locking as the thickness decreases. The source of the error is easily understood by exa­
mining the deformation of the element, as shown in Fig. 8.34. Due to the kinematic assumptions 
used, the resulting deformations are as shown by the full lines in Fig. 8.34, whereas they should be 
as given by the dotted line for pure bending.

t ru e  bending mode

zero shear 
strain

' in terpolated mode 

Fig. 8.34 Member deformation for constant moment.

♦
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The assumed deformations (solid lines in Fig. 8.34) obviously require a great deal more shear 
strain energy. It is possible to improve the efficiency of the element by a suitable choice of the 
integration order. From Fig. 8.33, it is seen that at £ = 0, the shear strain is zero for constant bend­
ing modes. Therefore, since £ = 0 is the position required for one-point integration, if adopted for 
[ks], in the £, direction the extraneous shear energy for pure bending will be zero. Since the shear 
energy contribution to the bending mode is now zero, the effective deformation can now be thought 
of as being the true bending deformation. The quadratic displacement element suffers from a defect 
similar to that to the linear displacement element. The shear strains developed in this element vary 
quadratically, an unnecessarily high-order variation for a secondary effect. Again, the beam with 
quadratic variation of displacements is examined in the light of spurious shear strain energy. The 
beam element with three nodes is shown in Fig. 8.35.

Mi

n

.. . V s ■3'

1 +1

de

(a) (b)

Fig. 8.35 Quadratic beam element. 

The shape functions are given by

/V,

I I

n 2 - (l -  ^2)
n 3

i K
>|

-
iPr

* +

(8.317)

For a linearly varying bending moment, the shear force distribution is constant. Therefore, the 
rotations due to shear are constant along the beam that is,

dQ _ dd  6
d £ d £ 5GA

If Q = constant, 0 = constant = 0,.
Similarly, for rotation,

(for a rectangular section) (8.318)

dd M 
d \  ~~ El

- | ( 1  -%)M\  + y d  + ^ W ,

El
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Therefore,

M £ 2e = ——  + c
2 EI

Antisymmetry of deformation is maintained by taking the integration constant C:

M \
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That is,

Thus, at

C 6 EI

MiE M,
0 = — ------------- (8.319)

2EI 6EI

node 1 0i = 0*
node 2 02 = - 0 „ / 2
node 3 03 = %

The deflected shape is now as shown in Fig. 8.36.

6s +9b 6b + 6s
T  s

Fig. 8.36 Rotation modes.

Substitute these values into the first term of eqn (8.308):

0, + 0 ,

y .3  =  [ - { ^ ( i - $ ) ( 1 - $ 2)  y $ ( l + S ) ]
e*

+ Or
2
0, + 0 ,

( - - Y  + e j  + f e ^ 2 (8.320)

Now, evidently, in this case, the correction value for y13 is 05. Substituting this value of y,3 
in eqn (8.320) gives the coordinates for which this holds true. That is,

$ = (8.321)

These are the coordinates for the two-point Gauss integration scheme. This implies that if the 
shear strain energy is intergrated at these points the energy computed by the integration is that for 
linear moments, so that the element represents this state correctly.
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Zero energy modes associated with numerical intergration
For C 0 elements, Gaussian integration gives exact values for the integral of polynomials of degree 
2(p - 1) where p is the order of the complete polynomial present. Therefore, provided the integra­
tion is exact to the order 2(p -1 ) , no loss of convergence will occur. The rate of convergence 
which would result if exact integration were used is preserved. The minimum integration formulae 
should be as follows:

order linear quadratic cubic 
n>: 1 2 3

Table 8.2

Numerical
integration

Estimated 
number of 

zero energy 
modes

Computed 
number of 

energy modes 
(eigenvalues)

13 bending 1 x 1 4 4
shear l x l

-j, 9 bending 2 x 2 2L shear 1 x 1
Linear

4< 7 3 bending 2 x 2 1

8< '6 shear 2 x 2
bending 3 x 3 0 0

5 L shear 2 x 2
Quadratic

serendipity

41
7 3 bending 2 x 2 4 4

8-■ *9 ' 6 shear 2 x 2

1 i bending 3 x 3 0 1I 1 5 2̂ shear 2 x 2
Quadratic
Lagrange

4 7 3

8<> 09 <>6 bending 3 x 3 0 0
shear 2 x 2

1 ' 5 2

Heretosis
10 9^1 

11'
1 J 
'8 bending 3 x 3 0 n.a.

12' 7 shear 2 x 2
1< 5 6 2

Serendipity
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However, it cannot be automatically assumed that stiffness matrices computed using these 
minimum integration rules will be non-singular. Numerical integration replaces the integrals by a 
weighted sum of independent linear relations between the nodal parameters {r }. If the number of 
unknowns in {r } exceeds the number of independent relations supplied at all the integration points, 
then the stiffness matrix must be singular. That is, let

S = j  -  r -  bk (8.322)

where
j  = the total number of available degrees of freedom 
r = the number of rigid-body modes 
b = the total number of integration points
k = the number of strains at the integration points used in the formulation of the stiffness 
matrix
If S is greater than zero, the stiffness matrix is singular. A more rigorous method of deter­

mining the singularity of the stiffness matrix is by determining the number of zero-valued eigen­
values. These zero values correspond to rigid-body motion or zero energy modes associated with 
the element mechanisms detected in a single element may propagate in a group of elements, but 
more probably they will disappear due to the incompatibility of the associated zero energy modes or 
the prescription of boundary conditions which suppress their formation. It is seen in Table 8.2 that 
there are at least three contenders for the quadratic element types of the isoparametric family, the 
difference between the Lagrange and serendipity elements being that in the former an internal node 
is required for use of the full Lagrange interpolation functions. These internal nodes require the use 
of static condensation to reduce the element stiffness matrix from 27 x 27 to 24 x 24, before incor­
porating it in the global system.

8.3.3 The heretosis concept
The heretosis element is simply the description which means the improvement in the characteristics 
exhibited in hybrids over those of the parents. The element has the same nodal configuration as the 
Lagrange element. However, now the the full Lagrange interpolation scheme is applied to the rota­
tion terms (centre node included), but only the serendipity interpolation is applied to the transverse 
displacement terms (centre node excluded).

For the heretosis element shown in Table 8.2, let {N }T = {Nx N 2 N 3 • • • Â 8}, denote the 
serendipity, and [P }T = {P x P 2 P 3 * • • P 9} the Lagrange shape functions. Then the element 
stiffness matrix is calculated as the sum of the bending and shear contributions. That is,

[*] = [**] + [* '] (8.323)
where

[A/’] =  j  [Bhf [ D h][Bh]dA (bending stiffness) (8.324)

and

[it1] = J [Bs ]T[Ds ][Bs]flA (shear stiffness) (8 3?5)
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In eqns (8.324) and (8.325) the matrices [B b], [Bs] are defined

[Bb] = [B\ B \ B \  • • • B b9] (8.326)

and

[Bs] = [B\ B s2 B\\ • ■ • Bi]  (8.327)

The submatrices of eqns (8.326) and (8.327) can be found in eqns (8.307) and (8.308), so that

0 0 P Tr  a,  1

[ B a \  =  ~ 0 P l l 0

0 P l \
P Tr a ,2

1 < a < (8.328)

and

0 B  9,1

P Tr  9,2 0

P Tr  9,1 P Tr  9,2

(8.329)

For the shear strain transformation matrices,

[Bl
NT,

N,

and

a, 2

[Bs9]

- P i  0

0 p \

- P i  0

\<a <8 (8.330)

(8.331)

The [D ] and [D^] matrices have been given previously in eqns (8.305) and (8.306).
8.4 SOME COMPARATIVE STUDIES ON PLATE BENDING ELEMENTS
8.4.1 Scope of studies
It is impossible to include all test results on convergence studies for all elements, simply because 
the scope is too broad. However, a cross section of results will be given for selected elements fal­
ling into various catagories. From these the reader should be able to classify the results of any other 
particular element for which data is available.
8.4.2 The Morley constant moment element and the DKL(l) element
It will be remembered in the discussion on the DKL(l) element that its stiffness matrix is identical 
with the constant moment element. Hence, results will be the same. The results taken from [48] are 
for a square plate with either simply supported or clamped edges. In Tables 8.3 and 8.4, results are 
compared with the series solution, and the non-conforming (Bazeley-Irons) linear moment element. 
It is seen from the results that in terms of the accuracy of the deflection calculations the linear 
moment element clearly outperforms the constant moment element. For the cases shown, the bend­
ing moments in the constant moment element appear to be a lower bound on the solution, whereas 
in the linear moment case there is a pronounced saw-tooth effect in the second derivatives (moment 
values). These observations lead to the conclusion that care must be exercised in the interpretation 
of the results of the moment fields of both these elements. It would appear that for the constant 
moment case, moments should be taken at the triangle centroids, and, similarly, for the 
Bazeley-Irons element they should be sampled at the midpoints of the sides.
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q 0L

0,06

0,04

0,02

0

“ 0,02 

-0,04 

0,0 6

Non-conforming element 
E x a c t/  i

Constant moment  
elem ent

Simply supported  
edges

0,125 a,25 0,37 5 0,5 x/L

Clamped
edges

Fig. 8.37 Distribution of Mx along centre line of
square plate under uniformly distributed load.

Table 8.3

Central deflection of square plate
Constant-moment

element
Non-conforming

element
Exact Multiplier

Uniformly distributed load 
(simply supported)

0.00432
0.00412*

0.00405 0.00406 ql4/D

Uniformly distributed load 
(clamped)

0.00170
0.00138*

0.00134 0.00126 c/ / 4/D

Concentrated load 
(simply supported) 
Concentrated load 
(clamped)

0.01351
0.01219*
0.00776
0.00628*

0.01165

0.00572

0.01160

0.00560

PI2/D 

PI2 ID

Finer elemental mesh where the side lengths are half those shown in Fig. 8.37

It should be seen clearly from the results plotted in Fig. 8.38 that the shape of the triangular 
elements is of importance and that irregular shapes should be avoided at all costs. Because these 
elements are non-conforming their convergence on deflections should be from above as is illustrated 
in Table 8.3.
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Table 8.4

PLATE BENDING

Moments in the square plate from the constant-moment element
Centre of side 

Mn
Centre of plate 

Mx
Comer reaction 

My
Multiplier

12MXy I
Uniformly distributed load 

(simply supported)

0.0447

0.0471*
(0.0479)

0.0471

0.0477*
(0.0479)

0.060

0.065*
(0.065)

qL

Uniformly distributed load 

(clamped)
-0.0443
-0.0488*

(-0.0513)

0.0206
0.0224*

(0.0231)

0.0235
0.0231*

(0.0231)
qL2

Concentrated load 

(simply supported)

0.124

0.122*
(0.122)

P

Concentrated load 

(clamped)

-0.1065

-0.1184*
(-0.1257)

P

* Finer elemental mesh where the side lengths are half those in Fig. 8.37 
The values in parentheses are exact.

mesh A1 A2 A4

1 * Pi

A«

Fig. 8.38 Mesh layouts for LCCT12 and Q19 studies.
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8.4.3 The BI9, LCCT12 triangle and Q19 quadrilateral elements
These elements are shown in Figs. 8.10, 8.14 and 8.17 respectively. The LCCT12 triangular ele­
ment is based on cubic interpolation functions (three per triangle Fig. 8.14(b)), and has 12-extemal 
degrees of freedom, two rotations and transverse displacement at the apices, and normal rotations at 
the mid-side nodes. The Q19 is composed of four of these LCCT12 triangles. Again, the square 
plate is studied, this time with simply supported edge conditions. The various mesh sizes are shown 
in Fig. 8.38. Each small square is taken as one Q19 element or two triangular elements in the case 
of the LCCT12. For comparison, the Bazeley-Irons element (BI9) has also been plotted. The 
values of the central deflections for the various mesh grids in Fig. 8.38 are given in Table 8.5.

Table 8.5

mesh BI9 LCCT12 Q19

AI 4436(12) 3370(17) 3540(12)
A2 4600(27) 3954(43) 3930(27)
A4 4243(75) 4057(131) 4036(75)
A8 4125(243) 4062(243)

analytical 4062
solution

multiplier i o - y 4/z>

Values of bending moments at the centre point (a), and twisting moments at the comer point 
(c) are shown in Table 8.6.

Table 8.6

mesh
Bending moment 

Mx = Af v 
at centre (pt. c)

Twisting moment
Mxy

at comer (pt. a)

BI9 LCCT12 Q19 BI9 LCCT12 Q19

AI 8007 3115 4229 1991 2530 2202
A2 7595 4177 4441 2905 2851 2935
A4 7054 4621 4695 3149 3114 3166
A8 6896 4770 3222 3237

analytical 4789 3246
solution

multiplier io ~ V 2 - i o - t y 2

Finally, the bending moment Mx has been plotted along the centre line AB (Fig. 8.39) of the 
plate for both the BI9 and the Q19 elements.
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Fig. 8.39 Bending moments along axis of symmetry for the simply
supported square plate, (mesh A8, BI9 elements, Q19 elements).

It is seen from Table 8.5 that both the LCCT12 and Q19 elements, being C b compatible ele­
ments, converge from below, being too stiff. Their accuracy, both in the determination of 
deflections and in the moment fields within elements, is excellent. This last point is demonstrated 
clearly in Fig. 8.39 for the plot of the Mx moment. This accuracy is at the expense of internal 
degrees of freedom of the element, rather than of the total number of global degrees of freedom. 
Stiffness matrix generation is time consuming and could be lessened by the recognition of elements 
of the same dimensions, either in the data file by the user or internally by the computer software.
8.4.4 Rectangular plates
In this case a comparison of deflection calculations for simply supported plates for type I (12-dof.) 
elements is taken from [49] (Fig 8.40). It is seen that the incompatible 12-dof. element converges 
from above while the 16-dof. element, being C { compatible, converges from below. The grid sizes
1, 2, 4, in Fig. 8.40 are A l, A2 and A4 as given in Fig. 8.40. From Table 8.4, it is seen that the 
percentage errors in the central deflection for the LCCT12 and Q19 elements are as given in Table 
8.7:

Table 8.7

Mesh A2 A4
LCCT12 2.7 0.1
Q19 3.2 0.6

Comparing the values given in Table 8.7 with the data in Fig. 8.38, it is seen that both the LCCT12 
and Q19 elements outperform the rectangular elements based on single polynomial expansions.
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30

20

10

_  \

so -1 0

12 term polynomial 
( type I )

MESH SIZE 
j _______ |_______ (see f ig .  2 )

/  16 term function
f> * (type I I )

Fig. 8.40 Numerical comparisons-rectangular 
plate element formulation.

8.4.5 The DKL element
As mentioned previously, the first member of the DKL family is the same as the Morley constant 
moment element, and these results have been given in Fig. 8.37 and Tables 8.3 and 8.4. It remains 
now to give the results for the second member of the family with 12 dof. (Fig. 8.25 and section
8.2.8 present the theory). It is considered that this element has considerable potential for applica­
tions in both plate and shell analyses, and so results are given in some detail.

The patch test
The patch test problem, as presented in [44], is used to test the validity of the element formulation. 
Four elements are used to model the rectangular plate shown in Fig. 8.41.

The boundary conditions, material properties geometry and loading system shown in Fig. 8.41 will 
lead to a theoretical solution of Mx = My = Mxy = 1.0 everywhere in the plate. For the DKL ele­
ment, moments can be evaluated at the comer mid-side and Loof nodes as well as at the centroid of 
the element. For this problem the moments M r , Mv and M xFor this problem the moments Mx, My 
of 1.0, correct to five significant figures at all these points.

were each computed to have a value
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According to [50], the critical test for a single quadrilateral element (or in the case of triangular ele­
ments, two elements), is the case of a cantilever plate under twist moments. Thus, twist moment 
results in differential bending. In this example, the differential bending is activated by using 
differential loads at the two free comers. The element meshes employed, the element properties and 
the plots of the deflection at a free comer against the increasing length L of the plate are illustrated 
in Fig 8.42. Since the element width is kept constant at unity, the length L is, effectively, the ele­
ment aspect ratio. Results for the non-conforming elements BCIZ [74], HCT [147], DKT [119] and 
the hybrid element HSM, as obtained from ref. [49], are also plotted in Fig. 8.42. For the first 
mesh pattern the performance of the DKL element is excellent being indistinguishable from the 
benchmark curve obtained using 16 compatible 16-d.o.f. rectangular elements based on Kirchoff 
plate theory [49]. Results for the second mesh pattern are also very good, being closer to the bench­
mark curve than other elements.

Rectangular cantilever plate under twisting loads

Fig. 8.42 Plot of h'9 verses aspect ratio for rectangular 
cantilever plate subjected to differential loads.
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Square plates
The convergence characteristics of the present DKL element are investigated by analysing a square 
plate with either simply supported or clamped edges subjected to uniform and concentrated loads. 
Due to symmetry, only one-quarter of the plate is analysed, and the meshes used are shown in Fig. 
8.43 together with a table of symbols for the various triangular elements used for comparison.

Legend

Element ref. symbol mesh
DKL element 148 • (b)

Discrete-Kirchoff (DKT) 86 X (a )
Hybrid (HSM) 86 0 (a )

Non-conforming (BCIZ) 74 □ (a )
Clough (HCT) 147 v (b)

Derivative-smoothed (A9) 75 A (a )

Fig. 8.43 Mesh orientations of square plate.

From Figs 8.44 and 8.47 it is observed that monotonic convergence to the exact value is exhibited 
by the present element for all the load and boundary support cases considered. Its performance 
under uniformly distributed loading is particularly good. However, its behaviour under concentrated 
loads is less satisfying, but it is still acceptable relative to the elements compared.
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F ig . 8.44 Clamped square plate with uniformly distributed load- 
convergence of central displacement.
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+ ------l -  ~ t -------/  50 o_____ 100-----------^5 0 -j7 — " 2 0 P J T ~ I I a2B0
J —  —  •—   ̂ NO. OF EQUATIONS

<- f  /
HSM, /urT

A9 I / HCT
L  I /
^  /

/A

-30

Fig. 8.45 Clamped square plate with concentrated central load- 
convergence of central deflection.
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The distribution of the moment M , along the plate centre line for a 3 x 3 mesh of the DKL 
element is plotted in Fig. 8.48. The computed stresses at the comer, mid-side and loof nodes exhi­
bit a reasonably smooth distribution close to the exact solution. This performance is markedly 
better than that for the 4 x 4 mesh of the non-conforming element, also plotted on the same figure 
with its typical sawtooth distribution about the analytic curve.

n:

<ce
-10

-15

DKL
NO. OF EQUATIONS 

100 150 200 250

A9

/O'
I /  
/HSM /
I / h c t

i/
11 

u  i I

i

Fig

■2 0 1—

8.46 Simply supported square plate with uniformly 
distributed load-convergence of central displacement.
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o£ -20

\
\D K L

V \

V  -  4 .1 ^ 1 1 1 -J --- -  T
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if° //H C T
/▲

A / " '  NO. OF EQUATIONS

-30
Fig . 8.47 Simply supported square plate with concentrated 

central load-convergence of central displacement.
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Acute skew plate
The meshes used in analysing this problem and the results for the displacement and principal 
moments at the plate centre, are given in Fig. 8.49 and Table 8.8 respectively. This is a difficult 
problem to model due to the existence of singular moments at the obtuse comer. A thin plate solu­
tion, obtained analytically by Morley [51], is available. Results from both the mesh divisions are 
good, the centre displacement being out by less than 5%, and the principal moment at the plate 
center also being in error by less than 5% of Morley’s results. The bending moments Mx and My 
along the plate centre lines are plotted in Fig. 8.50.

Fig. 8.50 Bending moments along center line of acute skew plate.
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The geometric data and mesh subdivisions used in this problem are illustrated in Fig. 8.51. The 
plate subjected to uniformly distributed load, has clamped edges. This problem is included to show 
the ability or otherwise of the straight sided element to model curved boundaries, in Table 8.9. 
The plate subjected to uniformly distributed load has clamped edges. This problem is included to 
show the ability or otherwise of the straight sided element to model curved boundaries. Results for 
the maximum displacements and bending moments at the plate boundary are tabulated in Fig. 8.51. 
The geometric idealization adopted will lead to stiffer solutions. As pointed out by Crisfield [52], it 
would be better to adopt ‘best-fit’ straight lines to the perimeter. Nevertheless, this method of put­
ting all comer nodes on the boundary is simple. The results indicate that at least four elements are 
required to idealize the perimeter of the quarter plate, if reasonable results are to be obtained. That 
is, results which give displacements and stresses within 5% of their maximum value.

Clamped circular plate

Fig. 8.51 Mesh orientations and computed displacements and 
bending moments for clamped circular plate.

Table 8.9

centre Bending moments at plate
displacement boundary

Mr M,
(a ) 0.07789 -2.9095 -0.7896
(b) 0.08812 -3.0159 -0.8087
(c ) 0.09232 -3.0293 -0.8314
(d ) 0.09287 -3.1250 -0.9375

8.4.6 Isoparametric elements

Square plate
In this set of results, two isoparametric elements, IS08 and ISO 12, using serendipity functions have 
been compared with the Q19 element. The various meshes are shown in Fig. 8.52. In these meshes 
the nodal point density has been kept approximately constant along the sides. Such a comparison 
will probably favour the Q19 element with its large number of internal degrees of freedom.
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The plate is 10 units square and 1 unit thick, and the two load cases considered are;
1. a concentrated load of 100 units;
2. a distributed load of 100 units over the whole plate.

Concentrated load

IS08
—  IS012 

— o—  QUADPB

Distributed load

Theoretical'
(no shear load)

OL _L _L J
8 10

Fig. 8.52

NODE SPACING ALONG SIDE

Elements for square plates-isoparametric elements.

(a) QUADPB >

(b) ISOS

(c) IS012

Fig. 8.53 IS08, IS012, Q19 deflection convergence.
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The comparative studies of deflection convergence are shown in Fig. 8.53. It is seen that the 
isoparametric elements converge to higher deflection values than the Q19 element used herein 
because this latter element was formulated without transverse shear strains, whereas in the former 
they are automatically included.

Fig. 8.54 Circular plate-mesh details.

Circular plate
One analysis for each type of element (IS08, IS012, and Q19) is presented in Fig. 8.55 for a circular 
plate 10 units in diameter and 1 unit thick. (Fig. 8.54) gives details of the meshes. Again, because 
the plate is moderately thick, transverse shear distortions can be expected to be significant. The 
plate is clamped at its outer circumference and carries a unit-distributed load.

o
x

z
o
t—
LJ

theoretical including 
shear  

theoretical bending 
distortions only

Fig. 8.55

0 QUADPB  
a  IS 0 8  
° IS012

1 2  3 4 
DISTANCE ALONG R A D IU S  

Circular plate-transverse Deflection.
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11,25 ( th e o re t ic a l)

2 3 c 4 DISTANCE ALONG i

Fig. 8.56 Circular plate-radial extreme fibre stress.

In Fig. 8.56 the radial stress a r has been plotted, this time from averaged nodal point values. 
All element types give values which agree well with the analytic solution.

8.4.7 Heretosis, Lagrange and isoparametric elements
In this last study, three 8-node elements based on the isoparametric, Lagrange and heretosis con­
cepts, as enunciated in section 8.2.2, are compared. Three plate types have been analysed;

1. square plate;
2. rhombic plate;
3. circular plate.

/. Square plate
The basic data for the square plate in these studies is as follows:
/ = 10 length of side 
t = 0.1 thickness 
v = 0.3 Poisson’s ratio
E = 10.92 x 105 Young’s modulus of elasticity

Figs 8.57 and 8.58 show the deflections for the various element configurations given in the same 
figures and are convergence studies for deflection. Results are normalized with respect to the central 
deflection series solution. From these results it is seen that the Lagrange and heretosis elements 
both perform better than the isoparametric element. In these former elements the direction of the 
convergence is not fixed, being either from above or below, or even oscillatory.
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t  i  q.
—t f—[ -f-t nr I I 1 l

NUMBER OF ELEMENTS

NUMBER OF ELEMENTS

Fig. 8.57 Heretosis, Lagrange and isoparametric plate element deflections.

t  <L (I

-1 -<L

NUMBER OF ELEMENTS

-------------  Lagrange
------------ S eredip ity

NUMBER OF ELEMENTS

Fig. 8.58 Heretosis, Lagrange and isoparametric plate element deflections.
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CHAPTER 9

Analysis of shells

9.1 INTRODUCTION

The analysis of shells from a purely computational point of view may be divided into:

1. membrane analysis;
2. analysis based on the interaction between membrane and flexural actions.

Of course, this division also applies to analysis based on the theory of elasticity in which various 
shell theories have been proposed for the inclusion of the bending deformations in the shell. In this 
theory, the membrane action is superficially simple, in that it entails the integration of the three 
equations of static equilibrium. For specific cases, e.g. spherical shells, hyperbolic paraboloids, 
under uniformly distributed loads, analytic solutions are available, and thus the straight application 
of the finite element method to membrane analysis has limited application. However, it does have 
special application to tensile fabric structures which are so thin that bending action is negligible and 
transverse stiffness is imparted to the shell surface by the tensile membrane stresses. This important 
application is discussed in some detail in section 9.2, and, follows from the study of tensile net 
structures given in Chapter 6. The formulation of finite elements for the analysis of shells (bending 
and membrane action), parallels the development of plate bending elements, and many of the prob­
lems found in that topic are exacerbated in the shell formulation. As with the plate bending ele­
ments, the derivation of effective shell elements has been limited by the requirement of C x con­
tinuity; that is, continuity in the displacement field derivatives, as well as in the displacement field 
itself, in the shell model adopting the Kirchoff assumptions to simplify the displacements across the 
element thickness. The fundamental difference between shell and plate action is that, in the former, 
there is coupling between the membrane and flexural actions as a result of the shell curvatures. The 
development of an effective curved-shell element is thus complicated by the necessity to incorporate 
the effects of the curvature into the element behaviour. The first application (and perhaps the most 
simplistic approach) of the finite element method to the analysis of shells consisted of replacing the 
curved shape with an assemblage of flat elements.

X

Fig. 9.1 Flat facet triangular element in 3-dimensional space.
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440 ANALYSIS OF SHELLS

For example, if a simple membrane analysis is required, the CST plane stress element can 
have its nodes located on the shell surface, and its in-plane stiffness is then transformed into the 
global coordinate system so that the equilibrium equations (three per node), may be solved at each 
node point. It should be noted that a curved surface can be approximated only by triangular ele­
ments, if the elements themselves are not to be curved or warped.

In Fig. 9.1, for nodes / ,  / ,  K the geometry and displacements are given:

1. coordinates (x\, x 2, x 3)lr[ K\
2. displacements (u b u 2, u 3)/?K j .
The in-plane geometry of the flat facet triangle is calculated, firstly, by taking a local global coordi­
nate set parallel to x h x 2, x 3, through node / .  In this system,

Then, let unit vector along ( / - / )  be e \  and its direction cosines l u relative to the global axes. 
Then from the Fig. 9.1, since xn = 0,

In these expressions, sum on the lower-case indices only. If a is the unit vector along the side 
I - K ,  by similar reasoning,

The unit vector normal to the plane I - J - K  will be e '3, with direction cosines, l 3i, and these are 
obtained from the cross product of e \  and a , normalizing the resulting vector. That is,

Xj Xqi Xq/( (9.1)

lu  = T ~  O ' " 1’ 2’ 3> 
L k

(9.2)

and the side length,
(9.3)

x K i

Lj
(9.4)

and

L j  -  V x K i x K i (9.5)

l \ 12 l 3

k = e \  x a = e n e l2 e 13

a \ a 2 a 3

(9.6)

and

(9.7)

Finally, the unit vector e '2 is calculated as the cross product of e '3 and e ' u

e f2 = e ' 3 x e'j 

Then the local coordinates of the triangle are given by

Y ' ■ ■=. 1 X

(9.8)

(9.9)
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INTRODUCTION 441

or, in matrix notation,
{*'} = [L]{x] (9.10)

This transformation will be found useful in obtaining triangle properties in the plane of the flat 
facet. The same transformation applies, of course, to the tangent plane coordinates at any point in a 
curved-shell element. The assemblage of elements produces the total stiffness relationship,

{R} = [K]{r} (9.11)

It will be realized that problems arise with such membrane structure idealizations if flat sections 
occur such that the normal elastic stiffness at a node is zero. In general shell behaviour in which 
bending action occurs, it is possible to superpose the independent membrane and flexural (plate 
bending) behaviour with the appropriate spatial transformation to the global coordinate axes. Sub­
stantial difficulties exist in deriving the stiffness relationships of curved-shell elements, among which 
are
1. the choice of an appropriate shell theory which is consistent with the principles of compatibil­

ity and equilibrium;
2. the description of the element geometry (particularly its curvature);
3. the representation of rigid-body modes of behaviour by the assumed displacement fields;

4. retention of sufficient nodal variables to give the required degree of inter-element compatibil­
ity.
Derivation of a completely general, doubly curved-shell element requires an analytic descrip­

tion of the shell geometry as well as high-order representation of the displacements (see, for exam­
ple, the Sheba element formulation Argyris [53]). Problems relating to the geometry representation 
of the shell surface are reduced somewhat by formulating the curved element in terms of a shallow 
shell theory. The necessary mathematical manipulations are then performed in a base reference 
plane, and it is sufficient to assume constant geometric curvature over the element. This, however, 
introduces geometric discontinuities into the approximation to the shell surface because adjacent ele­
ments are portions of different parabolic surfaces which will not match exactly. To ensure that shal­
low shell finite element approximations converge to the deep shell solution, it is essential that the 
shallowness assumption be enforced relative to a local base plane, rather than to the global horizon­
tal plane. Regardless of whether or not the shallowness assumption is used, a proper description of 
the rigid-body modes in elements based on curvilinear shell theory is possible only with the inclu­
sion of transcendental functions in the assumed displacement expressions, thus violating 
inter-element compatibility, or by specifying higher-order polynomials for the displacement fields, 
which leads to the introduction of additional nodal degrees of freedom, namely second-order deriva­
tives. This complicates not only shell intersections but also skew boundaries in which the transfor­
mation of the stress-free boundary condition into these coordinates is not straightforward. In classi­
cal shell theory, assumptions are imposed on the three-dimensional equations of elasticity, and, 
these together with integration through the shell thickness reduce the problem from three to two 
dimensions. Due to the various assumptions and approximations that have been devised there are a 
variety of shell theories [54] to [58]. Thus, a shell theory combined with additional assumptions of 
geometry and the discretization of the field variables forms the basis of the curved elements in finite 
element approximations to shells. The isoparametric formulation, which has been so successfully 
applied to both two- and three- dimensional analysis (Chapter 7), obviously has the potential to pro­
vide an alternative approach to analysing shells. It was shown that the degenerated isoparametric 
concept was successful in the application to the analysis of plates (section 8.2.2). In historical 
sequence the degenerated isoparametric concept was actually first introduced by Ahmad [59] for the 
analysis of shells.
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442 ANALYSIS OF SHELLS

The three-dimensional field equations are discretized in terms of the mid-surface nodal vari­
ables from the outset. The constraint of straight normals is introduced, and the strain corresponding 
to stress perpendicular to the middle surface is neglected. The important distinction with shell 
theories is made, however, that normals while remaining straight are not constrained to remain nor­
mal to the mid-surface after the deformation. This allows the degenerated shell to experience shear 
deformations of the same type as those encountered in plate analysis (section 8.2.2 for a detailed 
discussion of this problem). It thus soon became apparent that unsatisfactory results are obtained 
when the fully integrated degenerated elements are applied in the thin-shell regime. The model is 
too stiff, and exhibits locking phenomena, and the the rate of convergence is too slow. Since thin 
shells are a more common occurrence than thin plates, the effect of locking is a serious problem 
which can destroy the solution through the build-up of computer rounding off errors. As with the 
isoparametric plate elements, shear locking is due to the inability of the assumed displacements 
effectively to model the zero shear strain condition in the limit as the thickness of the shell tends to 
zero. A distinguishing feature of the curved elements, as compared to the flat shell elements, is the 
presence of membrane-flexural coupling within each element. This coupling is achieved in the ele­
ments based on shell theory through the explicit presence of the curvature terms in the 
strain-displacement relationships, while for the degenerated element this is effected through the 
variation in the Jacobian. The presence of membrane flexural coupling, although desirable, again 
leads to the phenomena of membrane locking, in which a bending-dominated response is replaced 
with a membrane-dominated response. As will be shown later, this membrane locking can be 
alleviated in the quadratic isoparametric element by reduced integration. It is noted that the 
phenomenon is not present in the cubic (12 node) isoparametric element. A discussion on the rela­
tive merits of each of the above formulations for analysing these shells can also be found in the sur­
vey paper by Gallagher [49]. It is a fair comment, however, to suggest that no one particular 
approach is pre-eminent. However, it would appear that for non-linear analysis of shells where 
computational cost-effectiveness is paramount, there is considerable appeal in the flat facet formula­
tion, due to its simplicity and, low cost of element stiffness matrix generation. The advantages in 
using an assemblage of flat facet elements to model a shell are
1. we have simplicity and ease of formulation.
2. The rigid-body motions are correctly represented.
3. Convergence to the deep shell solution is obtained.

In this text the faceted shells will be discussed, and the advantages associated with the use of 
the DKL family (or similar element types) for the bending simulation outlined. Because the degen­
erated isoparametric shell elements appear to give the best compromise between geometric model­
ling of the curved shell on the one hand, and simplicity of formulation, on the other, these elements 
will also be given in some detail. First, however, membrane shell analysis and its application to the 
shape finding of tension membrane forms will be studied.
9.2 MEMBRANE ANALYSIS OF SHELLS

9.2.1 Introduction
The simple membrane analysis of shells, in which the finite element model is used to approximate 
the differential equations of equilibrium of the shell by discretizing the field variables at the node 
points, probably has very limited application, for a number of reasons. As mentioned in section 9.1, 
for regular shell shapes, such as spherical shells, paraboloids, etc., a wide variety of analytic solu­
tions is already
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MEMBRANE ANALYSIS OF SHELLS 443

available, and it is most probably the deviation of the shell behaviour from the membrane solutions 
because of bending action produced by such effects as concentrated loads and restrained boundary 
conditions which are of primary interest. However, membrane shell analysis finds a very useful 
application in the shape finding of tension structures (similar to that used for cable net structures), 
and it is for this reason that the topic is given special consideration in this text. In the treatment 
given herein, only the CST (constant strain triangle) will be discussed for the following reasons:
1. The CST nodes can conform to the actual shell surface with the element being a flat facet of the

2. The element formulation is particularly simple, and this allows an efficient application to 
non-linear analysis.
3. In non-linear analysis, the CST remains a planar element, whereas other elements such as the 
LST will assume parabolic (or higher-order polynomial shapes).

4. The geometric stiffness is particularly easy to incorporate, being derived from that of the linear 
cable elements in Chapter 6, for each of the stress fields taken parallel with the sides of the triangle.

Fig. 9.2 CST triangular membrane element.

9.2.2 Elastic stiffness
The elastic stiffness of the CST is obtained using the natural mode method given in section 7.2.4. 
For convenience, the triangle (1-2-3) is shown in Fig. 9.2(a) in which the natural components 
{.P  3 2 , P 13 , P 2 \ } are defined, and in Fig. 9.2(b), the corresponding three-dimensional global com­
ponents are shown. From section 7.2.3 the (3 x 3) stiffness relationship between the natural forces 
{P32> P 13’ ^ 2 11 and the elongations of the sides of the triangle A{/32, / i3, l 2\) is given (eqn (7.61)):

surface.

y

Area ft 
Thickness f 

(a) Natural components (b) Global components

\ p T } = o / [ /Dr ,[*7-][/Dr 1ipr} (9.12)

which is written

\PT ) = [kN]{pT } (9.13)

In eqn (9.12),

[kT] = E cos2a  -  vsin2a  1
cos2y -  vsin2y cos2(i -  vsin2p

cos2a  -  vsin2a  cos2y -  vsin2y 
1 cos2p -  vsin2p (9.14)
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444 ANALYSIS OF SHELLS

and, using the lengths of the triangle sides l ]2 etc.,

Ud ] = ^32^13^21 (9.15)

If, in Fig. 9.2(b), the direction cosines of the sides ( /)  /  = 1, 2, 3 are given by the vector, 
{Cj}T = {CJx, CJy, CJz], the components of the planar forces in Fig. 9.2(a) are transformed into 
their global components via the relationship,

p  1 0 C 2 -C  3 P 32

< P 2 Cl 0 C 3 - P 13

Pi C, - C l 0 p  11

(9.16)

In eqn (9.16),

Pj

Write eqn (9.16) as

xyz .

r  Ix

p iy
Piz

[G]{Pt j

(9.17)

(9.18)

Application of contragredience gives the relationship between the corresponding displacements

(9.19)

(9.20)

(9.21)

{ p r ) =  [ G]  { pxyz} 

so that, in global components, the stiffness relationship is given, by

( I = [ G f M G ] { p x>,z )

The (3 x 3) natural stiffness matrix is thus transformed into the (9 x 9) global stiffness:

[ * e !  =  [G]T[kn][G]

This matrix can then be used for the addition of the particular element’s stiffness to the global 
stiffness equations of the whole membrane shell.
Example 9.1 Membrane shell analysis for a dome

A simple example of a dome of 100 in. (2540mm) radius is subjected to a uniform pressure of 
100 lb/sq. ft. (4.778 kN/m2). From radial symmetry, only a small slice of the dome need be con­
sidered, provided that the sides of the slice are allowed to roll on radial planes (Fig. 9.3).
The membrane stresses are given by

~ap

AJQ = ap

(1  +  COS(|)) 

1
1 -I- COS (|)

COS(|)

(i)

(ii)

Stresses and displacements are plotted along line AB. The finite element stresses are averaged for 
elements (2-3), (6-7), etc. and plotted at the centroidal level along AB.
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The results in Fig. 9.3(b) are compared with the solutions given in eqns (i) and (ii). In Fig. 
9.9(c), jc and y displacements have been plotted. These are of interest because they show, for exam­
ple, that, if the jc displacements are constrained at the springing line B , bending stresses will result 
in the shell.

Finite  e le m e n t  
A n aly tica l soln.

ANGLE FROM 
VERTICAL, deg. / J  

9 18 27 36 l& S A Z  72 81-I---1---1---1 1 --H

M e rid io n a l,  
stre ss  (N^ 

Dome stress  
Y f

Positive displacements  

0 9 18 27 36

X displacement

• *  Y displacement

Dome d isp lacem en ts

0,04 (A
C

0,02 V)

0 o

-0 ,02 *—

-0 ,0 4
LU

LL

-0 ,0 6 LU
o

-0 ,0 8

Fig. 9.3 Membrane stresses in spherical shell.

9.2.3 Geometric stiffness
The geometric stiffness of the element represents the effect which the displacements of the element 
have on the global force components while the member stresses remain constant. The geometric 
stiffness for the link element is given in Chapter 6, eqn (6.22), and the idea expressed there is 
extended to the generalized force fields of the CST in Chapter 7, eqn (7.70). To recapitulate, the 
geometric stiffness matrix for the link element I - J  in Fig. 9.3(a) is defined (eqn (6.22)) as follows:

I  ^ 71  ? n fA  - a \ [" V/1  [ v7
*L  - f  _  „ ,, - K >1 *
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The submatrix [A ] in eqn (9.22) is defined in terms of the direction cosines of the triangle sides:

[A] = [[/3] -  {C}{C)T]] 

in which the direction cosine matrix is defined

446 ANALYSIS OF SHELLS

{Ci {CX Cy Cz

(9.23)

(9.24)

(a) Link member (b) C S T

Fig. 9.4 Member forces-link element and CST 

As was shown in section 7.2.4, the above relationship applies in turn for each of the sides (1-2),
(2-3), (3-1) of the triangle, so that

I 'M  -\A,j 

-[An 1 I-'./
(9.25)

In this equation, [A,y] has been defined in eqn (9.23), with now the subscripts (ij) referring to (1-2) 
etc. For the whole triangle the displacements of the sides are obtained as follows:

Write this equation 

Then, using contragredience,

Vl ^3 0 0

v 2 0 h 0

v 2 0 h 0

v 3 0 0 h

v 3 0 0 h

V1 h 0 0

{V  } [M]{r

(9.26)

[Kg ] = [MJ7 K g  12 K g 23 ^ G 3 i [M]

As shown in eqn (7.70), this expression may also be written as the sum,

\Kg \ = 'Z [ M i i ? l K Gij][Mij ]
i = 1,3

(9.27)

(9.28)

(9.29)
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where, for example,

[M12] =
I 3 0 0 

0 I 3 0

with cyclic permutations on 1, 2, 3 for the other two matrices. It is also recalled from eqn (6.15) 
that the elastic stiffness matrix for the link member I - J  is given by

CCT - C C T

-CCT CCT
(9.30)

Combining eqns (9.21), (9.28) or (9.22) and (9.30), the tangent stiffness matrix for the CST or the 
link member may be expressed as

[Kt ] = [Ke ] + \Kg ] (9.31)

This expression may then be used in the direct stiffness analysis of a structure composed of a com­
bination of membrane and link members to determine the increment of displacements for a load 
increment. Of course, the process is an iterative one since [KT] depends on the displaced 
configuration. In section 6.8 a discussion was given on the methods for the non-linear analysis of 
framed structures. Therein the treatment was given to deal with those structures which exhibit 
geometric softening. In the present application the structures are usually geometric stiffening in the 
range of displacements considered, and this fact leads to stable iteration methods to obtain the 
equilibrium position. A brief resume of such methods and some experience thereof is given herein.
9.2.4 Iteration schemes for tension structure analysis
Of the iterative schemes discussed, those based on the Newton-Raphson technique are most widely 
known, whereas the arc length method appears to be the most highly convergent, and the dynamic 
relaxation approach is a special technique which has the ability to find the correct equilibrium posi­
tion even when the initial configuration is far from the correct location. Firstly variations on the 
Newton-Raphson method are given. The arc length method was discussed in Chapter 6.

Newton-Raphson method (NR)
In the NR method, at any iteration, j  the force unbalance is given by

{*„;} = m  -  {.*/;} (9.32)
where {/?} is the applied load vector and } the internal member node force vector at iteration j . 
This vector is calculated from displacement increments at iteration ( j - 1), and the element forces 
calculated using the updated geometry. Then the displacement increment is calculated:

{A rj} = [KTj] - l[Ruj}  (9.33)

and the updated displacement vector is

{rj+l) = {!>}+{ Ar,-) (9.34)

A new member force vector is calculated from

[R nj+i)} -  f  (rj+i) (9.35)
and the updated tangent stiffness expressed as

[^ro'+i)] -  S (ro+n) (9.36)
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The method suffers in convergence rate if {ry+1} is not a close approximation to the correct dis­
placements, and then [KT(j +̂ ] will be inaccurate.
Modified Newton-Raphson (MNR)
In the MNR the inaccuracy with [KTj ] is recognized, and instead [KT0], the tangent stiffness at the 
equilibrium position before the current load or displacement step, is used throughout the iteration.
Newton secant method (NS)
Starting with the BFGS update [31], this method, introduced by Crisfield [60], is a modification of 
the Mathie and Strang vectorized version. The essence of the method is to project forward a better 
approximation to the displacement increment {8j } than that given in the NR method. In the NS 
method the y'th displacement is given by

(ry} =  [rM ] +  {5, . ) (9.37)

(9.38)

(9.39)

(9.40)

and

aj  = \ 8 M ]T { RuU. l)) ; bj = [bM )T{Ruj -  R ^ ] (9.41)

Then e} and Cj are defined by

(9.42)

and

The method is based on the secant relationship obtained from Fig. 9.5 for a single degree of free­
dom system.

■o
O

R

6.
6

Deflection

Fig. 9.5 Secant relationship.
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From similar triangles in Fig. 9.5,
5; _ Rj-x 

V i  R j-1 ~~ Rj
That is,

f y ( R j  ~  R j ~ l )  =

This equation is obtained in vector form if both sides of eqn (9.38) are transposed and postmulti­
plied by {y, } = {Rui} -  {/?M(/_i)}.
Modified Newton secant method (MNS)

The displacements are again given by eqn (9.47) except that now {8/} is calculated by

= gj&j (9-44)

where gj is the scalar,

gj = (fi -  1)—  (9.45)
CJ

It will be found in deriving the single parameter accelerator in eqn (9.45) that the MNS is not 
obtained directly from the BFGS formula.
The arc length method

The arc length method has been given in detail in section 6.8.3, eqns (6.205) et seq. A disadvan­
tage of the arc length method is that the load increment factor corresponding to the equilibrium 
configuration is unknown at the outset of the iterations, as the initial load increment factor is 
different from the converged value. In the present application the equilibrium position correspond­
ing to a particular load level or a particular set of support displacements is required. In such cases 
it may be better to proceed with one of the Newton methods, or, alternatively, make use of the arc 
length method over the major part of the required range converging to the prescribed values (loads 
or displacements) in the final step.

9.2.5 Convergence criteria
There are three basic classifications used to identify the various convergence criteria used for the 
nonlinear analysis of tension membrane structures. Because of the peculiar nature of tension mem­
branes it is important that the most appropriate criterion be used.
9.2.5.1 Force criteria
These criteria are based on the comparison of the norms of the out-of-balance force vector {Ru } 
and the external loads {R }. They are expressed

l|{ /U I<  AlH^HI (9.46)

In eqn (9.46) the convergence factor f c is chosen of the order 10-2 to 10“4, depending on the class 
of problem and also on the accuracy required. The Euclidean norm is taken as

||{/?)|| = ( { / ? ) r {/?})'/2 (9.47)

Care should be taken in the calculation of the inner product of {R } to prevent overflow, and the 
load vectors may be normalized to prevent this. Other force norms may be chosen, for example, the 
maximum value of {/̂ w} to be less than a factor of the maximum value of {R }. As these maxima 
may occur at different node points, it is difficult to see the justification for this approach.
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9.2.5.2 Displacement criteria
A non-dimensional vector {E } may be defined such that its / th term is given by

8 r,
Ei = -------  (9.48)

r i , ref

Here, if (1 /ri ref) is set equal to KTii, the scaling then converts the criterion to an out-of-balance 
force vector. The possible displacement norms are
1. modified absolute norm:

II £  Hi = (9.49)

450 ANALYSIS OF SHELLS

2. modified Euclidean norm:

3. maximum value norm:

\E\\2 = j i ( \E } T{E ) )m  (9.50)

IIfib = max Ei (9.51)

In applying any of the above criteria, the value of R j^ f  is required. For simplicity it is convenient 
to compare the Euclidean norms of the present and the past iteration cycles of the displacements. 
That is,

||{A/-}||y+1 < /J{ A r )||y (9.52)

Table 9.1

Structure
No. of 

load steps
Method

CPU ‘n’ 
(sec.-)

CPU ‘n ’ 
(sec.-)

CPU ‘n ’ 
(sec.-)

CPU ‘n’ 
(sec.-)

1. Square plate (10 x 10) mesh
(a) point load at 
centre -  10 kN
(b) u.d.l. -  1.25
kN/m2

9

10

71.36 8(+l) 

74.66 9(+l)

154.96 42 

201.52 56

148.35 41 

177.61 51

264.05 34 

259.25 32

2. Rectangular panel (10 x 20) mesh
hydrostatic load -  
10Kn /m 2

10 158.43 9(+l) 531.61 76 475.50 66 611.82 39

3. Circular dome (15 x 15) mesh
non-conservative 
load -  10 kN/ m 2

10 99.62 9(+l) 257.97 62 235.45 58 347.57 35

www.EngineeringEbooksPdf.com



SHAPE FINDING FOR MEMBRANE SHELLS 451

If the norm used is simply the maximum expression in eqn (9.47), with displacements replacing 
forces, then care should now be taken to prevent underflow (such as the use of eqn (9.50)). The dis­
placement norm criteria and, in particular, eqn (9.52) are useful in the membrane shape finding pro­
cess because the smooth shape of the membrane is defined by displacements perpendicular to the 
membrane, whereas the force norm is determined largely by the out-of-balance in-plane stresses. 
In such cases the control on the force norm is not so critical, and using the displacement norm, in 
effect, relaxes this condition.
9.2.5.3 A comparison of non-linear solution techniques in shape finding
The general techniques involved in the shape finding process will be discussed further in section 9.3. 
In that section an additional technique for non-linear analysis, the dynamic relaxation method, will 
be introduced in connection with the location of geodesic string lines on the membrane surface. It 
is, however, a general technique and can be used for non-linear analysis of shells. In the present 
discussion several finite element meshes have been analysed (Table 9.1) with a number of load 
steps, starting from an initial position which is planar. In all these examples, the arc length method 
is clearly superior. It should be noted that the penalty incurred in reforming and reducing the 
tangent stiffness matrix in the NR method outweighs the increased accuracy obtained. In Table 9.2 
a further comparison is made of the vector storage requirements for the various methods. In this it 
is seen that the NR and MNR require the least storage, with ARC being intermediate.

9.2.6 Shape finding procedures for membrane shells
In this section the discussion is centred on how the methods introduced in sections 9.2.4 and 9.2.5 
are used in the practical application to the determination of membrane shapes. First the transverse 
equilibrium of a membrane subjected to a distributed load is examined to extract some general prin­
ciples as to the types of shapes which are to be expected.

Table 9.2

Name N-R MNR NSC MNS ARC
DISP IMy+i , k},' { r } j+1 , [ r ) j (My+i , { r \ j (r  };+i A r \ j 1 r } j+i
DISN (Aru }j {«}; , {Ar„ }j {S)y , {Aru }, {8r }j , | Aru }j
DITT - - - - {A re )

STODIS - - IS);-. -
STOLOD - - {Ru \Ru ly-i -

Legend

DISP Incremental displacement vector
DISN Iterative change in displacement vector
DITT Tangential displacement vector
STODIS Out-of-balance force vector from previous iteration
STOLOD Out-of-balance force vector from previous iteration
j Iteration number
N-R Newton-Raphson method
MNR Modified Newton-Raphson method
NSC Newton secant method
MNS Modified secant method
ARC Arc-length method

www.EngineeringEbooksPdf.com



452 ANALYSIS OF SHELLS

An element of the membrane surface (d  a , d  (3) bounded by the planes parallel to the XZ and YZ 
planes is shown in Fig. 9.6. As drawn, the Z direction has been taken approximately normal to the 
shell surface so that the load wz also represents a pressure normal to the shell surface. The force 
components (Nx, Ny, Nyx = Nxy) are stress resultants per unit length of the shell surface in the shell 
tangent plane, and parallel to the X, Y, Y and X  directions, respectively (Fig. 9.6).

General equilibrium principles o f membrane shapes

In Fig. 9.6 the following quantities are defined:
dz dzp = —  = tan 0 ; q = —  = tan (j) 
ox ay

dp dq dp dq
r ~ Ih  S ~ dy ’’ 1 ~ dy ~ dx 

Then the area d Q is found by taking the cross product of the vectors A& and A t , such that
d Q

dxdy
= Vl + p 2 + q 2

Define the stress resultants:

Na = NxS^  ’ N * = Ny m ^  ; W«3 = W; cos <p

and, for the distributed load,

p " " c o s e  

w7d Q

xy

dxdy

(i)

(ii)

(iii)

(iv)

(v)

The equilibrium equations of the element are easily obtained by projecting the forces onto and at 
right angles to the XY plane and then writing their summations in the coordinate directions to be 
zero. In the present discussion only that in the Z direction is of interest, and, carrying out the above 
procedure it is found that,

N ar + Nps + 2Na$t = —w 'z (vi)
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If the X and Y directions are chosen to be the principal directions in the surface, then t -  0, and the 
principal curvatures of the surface can be used to describe the shape which has been generated. 
There are two broad classifications of fabric structures, namely:
1. those stretched between supports (the tent type);
2 . those supported by air pressure (the baloon type);

These may be further divided into:
1. air supported -  low pressure;

2 . air inflated -  high pressure.
Returning to a discussion of eqn (vi), with t -  0 and w 'z = 0 (a membrane produced by sup­

port displacements), then with N a and Np both positive (tensile), it follows that for equilibrium r 
and s must have opposite signs, so that the membrane has an anticlastic shape. A hyperbolic para­
boloid is a typical example. On the other hand, if w 'z is negative, (outwards pressure), then with r 
and 5 both positive, N a and N$ can both be positive and the surface will be synclastic. A balloon is 
a typical example; a parachute another. These two simple ideas divide the membrane structures into 
the two types mentioned above. Of course, tensile stress is essential to the intregity of the shell 
shape because of the nature of the membrane fabric and its inability to carry any bending stress. 
Thus, any compressive strain will immediately cause the fabric to wrinkle in the zone where it 
occurs. In Fig. 9.7 some possible structural forms are shown, in which both regular and irregular 
plan forms have been covered.

Fabric joints

Fabric
joints

Support Jt- 
mast

(a) (b)

Arch edge
CaKp,r joints Joint lines

Edge cables

(c) (d) Air support 

Fig. 9.7 Types of membrane structures.

It is seen from Fig. 9.7 that the support structural system (cables, beams, columns, support 
anchors), is an integral part of the whole design concept, which must be included when the total 
behaviour is being considered (e.g. dynamic wind or earthquake loading).
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However, in the present context the interest is focused simply on the determination of the 
form of the membrane shell and its subsequent fabrication from strips of material of given width. 
From the various shapes illustrated in Fig. 9.7, it should be seen that the process of finding a suit­
able shape is no minor task. It will be approached herein as a problem of non-linear analysis of 
membrane shells, idealized by the CST finite elements with edge cables wherever necessary as part 
of the support structure. It should be noted that the non-linear analysis is simply a vehicle for 
forming the shape of the structure and does not represent a physical stretching of the material from 
its initial position.

Details of the shape finding process

From the discussions above, the design of membrane structures may be divided into three distinct 
stages, namely:
1. shape finding for the initial equilibrium geometry;
2 . determination of the patterns from which the fabric strips are cut;
3. evaluation of the structure performance under service loads (usually static wind loading).

As implied by the name, shape finding involves the selection of a suitable shape for the mem­
brane shell, obtained in the present instance by the non-linear finite element analysis outlined in 
section 9.2.4. There is no unique solution to this statically indeterminate problem, as any of a 
number of shapes can be adopted for a particular shell plan form. The criteria which are applied to 
select admissible shapes are:

1. They must conform to the form specified (plan, height, clearance, etc.).
2. The stress levels in the membrane must be acceptable for the fabric properties.

3. Sufficient prestress must be available to ensure adequate stiffness to carry wind loads.
As a result the designer has considerable scope to exercise judgement in the determination of 

the shape, and this makes shape finding subjective in nature. Once the initial equilibrium shape has 
been chosen, the response of the structure, at least to static loading, poses little difficulty if the 
material properties have been idealized. Realistic analysis at this stage which accounts for 
geometric non-linearity due to the large deformations encountered falls easily into the finite element 
solution techniques (section 9.2.4).

Fig. 9.8 Membrane shell cross sections.
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Material non-linearity caused by the different material response in the warp and weft direc­
tions of the woven cloth is a far more demanding problem, and exact analysis is probably not yet 
available. In the construction phase the choice of cutting patterns for the manufacture of the fabric 
strips is also subjective in nature. Seams are important because the translucency of the fabric accen­
tuates their presence, which, in turn, highlights, the geometric form of the shell. Thus, the aesthetics 
of the cutting pattern is a factor requiring careful examination. Fabrics of the membrane material 
come in rolls of constant width. For maximum efficiency of fabric use (least wastage), strips should 
be identified on the structure which when developed onto a plane have the straightest possible edges. 
This leads to the search for geodesic lines on the membrane surface. In comparison with traditional 
structural design, shape finding of membranes is unorthodox in that it is free from the consideration 
of material constitutive properties. Shapes can be chosen in a wide range between full geometric 
stiffness and zero elasticity and vice versa. The cross sections of three shape possibilities for a sim­
ple membrane over a circular plan are shown in Fig. 9.8. Any of the shapes in Fig. 9.8 may be 
obtained from the initial flat plan form D. A method of arriving at suitable shapes is as follows.

A finite element mesh is first established within the specified boundaries of the structure, pro­
jected onto a plane. This finite element mesh should, as far as possible, mirror the symmetries in 
the real structure (e.g. radial symmetry for the cone in Fig. 9.8). In the flat position, a uniform pres­
tress is assigned. This is necessary because in the flat position the membrane has zero transverse 
stiffness. A fictitious elastic modulus is chosen to be artificially low so that the stress variations due 
to the elastic increments will be small when compared with the initially specified values. The eleva­
tions of the various support points are now produced by giving them displacement increments. As 
many as ten increments may be necessary. After each increment of specified displacements, equili­
brium iterations are performed so that both compatibility of displacements and static equilibrium are 
satisfied. Since the critical attribute of the membrane (apart from structural adequacy) is its visual 
form, the equilibrated shape is examined on graphics output to ascertain that the desired surface 
form is being produced.

This is usually unnecessary until approximately half of the total specified displacement has 
been implemented. At each stage the analysis is continued, with the next increment of specified 
nodal displacements using the current configuration as the starting unstressed datum. In this way the 
accumulation of stresses or undesired elastic strains (curve C in Fig. 9.8) is avoided.

Fig. 9.9 Hyperbolic paraboloid type membrane.
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The shape and stress distribution may be tailored in the later displacement steps by varying 
the assigned elastic modulus. A minimal surface is obtained by using zero elastic modulus for 
which strains are not accompanied by change in stress. Convergence of the analysis in this case 
will depend on the geometric stiffness derived from the level of prestress. Three shapes produced 
by the above procedures are shown in Figs 9.9, 9.10 and 9.11. The structures in Figs 9.9 and 9.10 
are typical of those produced by the displacement of supports and the use of edge cables, whereas 
that in Fig. 9.11 is typical of a pneumatic structure- in this case for the cover of an Olympic 
sized-swimming pool.

456 ANALYSIS OF SHELLS

Fig. 9.11 Pneumatic membrane for pool cover.
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9.2.7 Geodesic cutting patterning
Geodesics on the shell surface are curves of zero geodesic curvature, where the geodesic curvature 
at any point on the surface is defined as the orthogonal projection of the curvature vector onto the 
tangent plane at that point. When an enveloping developable surface of a geodesic is unrolled onto 
a plane, the geodesic becomes a straight line. Although tensile membrane structures generally do 
not have developable surfaces, the use of geodesics to define strip edges results, in practice, in strips 
which do not exhibit excessive bowing, thus economizing on material cut from a constant-width 
sheet. For a shell surface composed of a number of flat facet elements, a simple geometrical 
method is available for determining the geodesic line from a point such as A in the direction AB in 
Fig. 9.12. In Fig. 9.12, three triangular elements LNM, NOM, OPM are shown. The geodesic starts 
with the direction AB, and to determine the continuation BC , the angle MBC is chosen equal to 
ABN, and, similarly, for CD, angle BCD equals angle MCD. The reasoning is quite simple when 
the three triangles are flattened to be planar; the equalities above now mean that ABCD is a straight 
line in the plane and hence is a geodesic on the surface. Although the above procedure is simple, it 
suffers, in practice, because it is usual in the design of the cutting patterns to define the end points 
of the fabric strips. Since the starting directon AB is unknown, to achieve a specified end point, the 
process above must be an interative one. An alternative procedure is to use the tangent concept that 
the geodesic on the surface is the line of shortest distance between two points which are connected 
by the geodesic.

P

Fig. 9.12 A patch of surface elements.

If a cable is stretched on the surface and constant tension maintained, it will take up this shor­
test distance. Thus, consider a single such element with a prestress force F spanning between two 
fixed-end points. The element (or cable) lies on the surface, and the length L is composed of 
number of individual lengths Lt in each of the flat facets which contain the cable. Then the strain 
energy is given by

u  = (9.53)

Because the reactions to the cable are at right angles to the surface, and the cable moves in the 
planes of the elements, this strain energy is also the potential energy of the system, which for equili­
brium is a minimum. It follows that

= a minimum

and the cable on the frictionless surface will take up the shortest distance between the end points. 
Thus, if the cable is set up on the surface connecting the two end points, iteration such that the 
cable is allowed to slide over the surface, will converge to the geodesic as the equilibrium position. 
Since the cable has to slide over the surface the residual forces are modified so that only motion 
tangential to the surface occurs.
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J

Fig. 9.13 Elements of a geodesic string on surface.

Fig. 9.13 shows two elements IJ and IK  in the geodesic cable. To constrain the motion to be 
tangential to the surface, it is necessary to determine the tangent plane at I , which is perpendicular 
to the principal surface normal. The principal normal vector fi? can be determined by taking the 
cross product of the two vectors directed from a surface node along the two adjacent edges of that 
surface element. The principal normal will be the average of the two normals to the two surfaces 
containing IK  and / / .  The direction of the tangent vector f  to the cable at I is approximated by 
using the vector between the midpoints of the segments IJ and I K . The binormal is thus given by

i? = f t  x f

The residual force at node I is calculated to be

ltfr l =  \B }r { / ? }

The global components of this force are

|tfr ) = (9.54)

This force vector is now used in the DR method to iterate to the equilibrium position.
9.2.8 The dynamic relaxation (DR) method
The dynamic relaxation method (DR) is a pseudodynamic analysis which allows iteration of the stat­
ics situation to the correct equilibrium position. It is particularly well suited to the geodesic string 
determination in which an NR method may not converge because the initial position chosen is too 
far from the correct position. Thus, the equation of dynamic equilibrium is written

[M]{8 } + [C]{8 } = P ( t ) -  [ff]{8 } = R ( t)  (9.55)

Because this is a pseudodynamic problem both the mass matrix and the damping matrix [C ] may be 
assumed to be diagonal. Eqn (9.55) is approximated at time t ,  by considering the values of the

velocity V at times t -  -y- = t~, and t + = t+. Thus, the expressions for velocity and accelera­

tion at time t are approximated
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Substitution in eqn (9.55) gives

[M]

Solving for V+,

V ~ -  V  
At

+ [C]
v~ + y+

= R (t)

[ + | [ C ] ) V + 
At 2

(9.56)

Now, since both [M] and [C] are diagonal matrices, eqn (9.56) may be written for the j  th term, in 
the / th iteration,

Vn
At --------/?/; +C A r  lJ

1
CAt

1 +
CAt

Vn

Write this equation

v u = A j r Ru + B Vi]

(9.57)

(9.58)

The definition of A and B follow directly from eqn (9.57). Using the velocity so obtained, the coor­
dinate at node j  at time t + At is obtained as

x ;;A' = xij + A tv j (9.59)

In the DR method the response of the system is traced in small increments of time At until the 
motion is damped to the static equilibrium position. New node velocities are evaluated to give new 
updated coordinates. The residual force vector is then determined as the sum of the internal forces 
and any applied external forces. An altemativive approach to using the damping matrix [C] is to 
use kinematic damping.

Kinematic damping

The concept of kinematic damping is based on the simple idea of a swinging pendulum. As the 
pendulum swings, there is an exchange between potential energy, and kinetic energy with the kinetic 
energy being a maximum when the system passes through the equilibrium position. This can be 
generalized to apply for the various modes in a multidegree of freedom system. In introducing 
kinetic damping into the DR analysis, viscous damping is dispensed with. The kinetic energy (KE) 
is traced for the free vibration of the system. At each increment after the nodal velocities have been 
determined, the kinetic energy is obtained as

KE = ^ \ V +\t [M }{V +] (9.60)

When a local peak in the KE is detected, the vector of nodal velocities is set to zero and the 
analysis restarted from the current configuration. This has the effect of extracting the KE associated 
with the mode which produces the current peak. Continuing, furthur peaks of decreasing magnitude 
are encountered a,nd the procedure is repeated until the energy in all modes is dissipated. The 
nodal mass components are chosen by

Mjj  > (9.61)
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In eqn (9.61). 5,-y equals the row sum of the absolute values of the stiffness components for 
the /th node in the yth direction. When the mass components are thus chosen, every d.o.f. in the 
structure will have similar stiffness-to-mass ratio, and consequently all periods of vibration are 
similar (or equal). This avoids the undesirable situation where the motion of each node is out of 
phase with all adjacent nodes, and so also allows the mass components to be chosen automatically. 
It is seen that the DR method has some advantage in that the stiffness matrix for the whole structure 
need not be assembled. When used in the determination of geodesic string lines, eqn (9.54) should 
be used to calculate the residual force component at the string nodes.
9.3 MEMBRANE AND BENDING SHELL ELEMENTS
9.3.1 Flat facet elements
The concept of using flat facet elements for analysing the behaviour of shell structures was sug­
gested by Greene et al. [61] as early as 1960. Satisfactory bending stiffness matrices were first 
developed for the rectangular element. They were utilized in deriving the earliest successful flat 
shell elements for the analysis of arch dams and cylindrical roofs [62]. Gallagher et al. [63], by 
using an assumed stress field for the membrane action and a non-conforming 12-term polynomial 
for the transverse displacement, derived the first flat quadrilateral shell element. Another quadrila­
teral faceted shell element was formulated by Johnson [64] using the subdomain approach. Each of 
the four triangular elements consists of a superposition of a partly constrained LST with the HCT 
bending element. An improved version of this quadrilateral was later proposed by Yeh [65]. Both 
the rectangular and quadrilateral faceted shell elements are, however, restricted in use due to the 
need for all the four nodes to lie in the same plane. To model an arbitrary doubly curved shell with 
flat elements would require the use of triangular elements. Initial attempts at formulating faceted tri­
angular shell elements by Clough and Tocher [66], Petyt [67] and Argyris [68] were not particularly 
satisfactory due to the lack of suitable triangular bending elements. This situation was rectified with 
the development of the HCT and BCIZ plate bending elements. These plate bending elements could 
then be combined with the plane stress elements to yield suitable triangular faceted shell elements. 
This was accomplished by Clough and Johnson [69] where the CST was used in conjunction with 
HCT bending element, and by Zienkiewicz et al. [70] with the non-conforming BCIZ plate bending 
element. The membrane approximation of the faceted shell proposed by Clough and Johnson [69] 
was improved on by Carr [71] by using the quadratic strain triangle with the resultant element hav­
ing a total of 27 d.o.f. Another higher-order element with 27 d.o.f., which utilizes the LST to 
represent the membrane action, and a quartic plate bending element has been formulated by Chu and 
Schnobrich [72]. Razzaque [73] presented a faceted shell element where subcubic functions of the 
Zienkiewicz type [74] were used to describe the in-plane displacements. The derivative smoothed 
bending element [75] was employed to model the at mid-side nodes, exhibits good convergence 
characteristics. However, the generation of the shape functions for the faceted element is somewhat 
tedious. In an attempt to incorporate the rotational stiffeness about the normal to the shell, Olsen 
and Bearden [76] employed a 9-d.o.f. plane stress element with the in-plane rotation as a nodal 
parameter. This was combined with the BCIZ bending element to yield an 18-d.o.f. flat shell ele­
ment. Care should be exercised when using this element, as convergence to the exact solution for 
the plane stress element is not guaranteed, due to the use of incomplete interpolation polynomials. 
The simplest formulation of a faceted shell element is due, (Dawe [77]), where the CST is combined 
with the Morley constant moment triangle [48] to yield a 12-d.o.f. constant stress shell element. 
This particular element was originally derived by Herrmann and Campbell [78] through the applica­
tion of a mixed variational principle. Dungar et al. [79] developed a flat shell element using the 
hybrid stress model, by assuming a linear variation of the in-plane forces and a quadratic moment 
variation.
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The in-plane displacements are assumed to vary linearly along an edge and cubically normal to it, 
while the transverse displacements possess a cubic variation. In another paper [80], the membrane 
approximation was improved on by using second-order polynomials for all interior stress fields. A 
similar type of element but with linearly varying equilibrium stress fields was presented by Yoshida
[81]. The hybrid stress elements described utilize the in-plane rotation as a nodal parameter. The 
motivation for this, as is also the case with the displacement-based element presented by Olsen and 
Bearden [76], is to prevent a singularity arising in the global stiffness matrix when adjacent faceted 
elements meeting at a node are coplanar. Sander and Becker [82] have also suggested the use of a 
new family of triangular faceted shell elements based on a combination of compatible displacement 
elements for membrane action and equilibrium stress elements for the bending action. Recent 
impetus towards the non-linear analysis of shell structures has regenerated interest in the relatively 
simple and economical faceted formulation. The faceted Trump shell element with 18 d.o.f. formu­
lated by Argyris et al. [83] through physical lumping ideas was proposed to solve non-linear plate 
and shell problems. Another element formulated with non-linear applications in mind is the tri­
angular element presented by Horrigmoe [84]. A constant stress hybrid element was employed to 
represent the membrane action, while a hybrid stress model utilizing a modified form of Reissner’s 
variational principle was used to derive the bending stiffness. A quadrilateral version of this hybrid 
flat shell element was also presented in [85]. The three node triangular discrete Kirchoff element 
formulated by Batoz et al. [86] was employed by Bathe and Ho [87] to represent the bending action 
in their flat shell element, with the CST modelling the membrane behaviour.

9.3.2 Curved elements based on a shell theory
9.3.2.1 Deep-shell theory
It is suggested by Morris [88] that the only suitable element for analysing deep shells satisfying the 
rigid-body, inter-element compatibility and satisfactory modelling of sensitive solutions, is one that 
is embedded in the curved-shell surface and formulated in terms of the surface coordinates. The 
formulation of such an element is complicated, and the existing literature on finite elements based 
on deep-shell theory is relatively sparse. Gallagher and Yang [89] presented a rectangular, doubly 
curved-shell element formulated using Norozhilov shell theory. Bilinear approximations were 
employed for the tangential displacements, while the 16-term polynomial initially proposed by 
Bogner et al. [11] for plate bending was used to model the normal displacements. Due to the 
low-order tangential displacements, the rigid body modes are not adequately approximated. A simi­
lar element was also proposed by Oden [90]. This doubly curved element was improved on by 
Greene et al. [91] and Gallagher [92] by using the same bicubic expressions employed for the nor­
mal displacements to approximate the tangential displacements, resulting in a 48-d.o.f. element. It 
is important that the shell theory employed satisfy the requirements of consistency, strain-free-rigid 
body displacements and coordinate invariance. Satisfactory compliance with these conditions is not 
achieved by the shell theory of Novozhilov, and the previously described, doubly curved rectangular 
elements were reformulated by Morris [88] using Naghdi’s shell theory. The first successful deriva­
tion of a triangular-deep-shell element can be attributed to Argyris and Scharpf [53]. The Sheba 
element is formulated using the natural strain concept, and inter-element continuity is obtained, by 
the use of complete quintic polynomials for all three displacement components. Satisfaction of 
strain-free rigid-body motion is achieved by using the same displacement interpolation functions for 
the geometry of the surface. A 36-d.o.f. triangular element using cubic tangential displacements 
and an incomplete quintic polynomial for the normal displacements was proposed by Cowper et al.
[93]. Inter-element continuity is satisfied by imposing a cubic variation of the normal rotations at 
the edges.
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The centroidal displacements are statically condensed out, and different versions of the ele­
ment based on Koiter-Sanders, Donnell-Vlasov or shallow-shell theory for the strain displacement 
relations are possible. A family of triangular and quadrilateral deep-shell elements have also been 
derived, using the subdomain approach, by Sander and Idelsohn [94]. The tangential displacements 
in each subregion are assumed to vary linearly, quadratically, or cubically and the normal displace­
ment is modelled using a cubic polynomial. The elements are formulated so as to remain conform­
ing even in the presence of a discontinuity in the radius of curvature. A consistent, first-order 
approximation, thin-shell theory is employed. Dupius and Goel [96], by expressing the strain tensor 
obtained from Koiter’s thin-shell theory as a function of the Cartesian components, were able to for­
mulate a doubly curved-shell element exactly satisfying the strain-free, rigid-body motion criterion. 
Two sets of rational functions, yielding a 54-d.o.f. and a 27-d.o.f. doubly curved, triangular ele­
ment, respectively, were used to describe the Cartesian displacement components and the position of 
the shell above a datum line. Alternative variational principles have also been employed in formu­
lating double curved, deep-shell elements. Thomas and Gallagher [97], through the use of the gen­
eralized potential energy principle, developed a 27-d.o.f. triangular element. Complete cubic poly­
nomials were used for all the displacement components, and continuity of normal slopes was 
enforced at the element boundaries using Lagrange multipliers. A triangular element with 45 gen­
eralized d.o.f. was proposed by Gellert and Laursen [98] using a complementary energy expression 
and Naghdi’s shell equations. A quadrilateral mixed element was proposed by Talaslides and Wun­
derlich [99] using a linear approximation for the geometry and field equations. The derivation of a 
non-linear, deep-shell element is computationally more difficult than the linear case. This, in part, 
is due to the difficulty in deriving a consistent non-linear shell theory. Nevertheless, a 36-d.o.f. 
non-linear, doubly curved quadrilateral element has been proposed by Matsui and Matsuoka [100]. 
The discrete Kirchoff approach is employed for the translational displacements, while the normal 
rotations are defined using biquadratic polynomials. Application of the Sheba element to geometri­
cally non-linear problems is presented by Stein et al. [101], in which a moderate-rotation 
non-linear shell theory was used [102]. This particular large-displacement, moderate-rotation, 
non-linear shell theory was also employed by Kratzig et al. [103] to derive various doubly curved 
triangular elements. The accuracy obtained by using these non-linear, deep-shell elements is good; 
however, their practical application is complicated and, computationaly, rather expensive.
9.3.2.2 Shallow-shell theory
The formulation of curved-shell elements is simplified if the shallowness assumptions are used. 
One of the first shell elements so developed is the rectangular element proposed by Connor and 
Brebbia [104], using Reissner’s shell theory specialised for the shallow Cartesian case. This element 
is modelled using bilinear tangential displacements, and a non-conforming, 12-term polynomial for 
the normal displacements. The same displacement assumptions were employed by Sabir and 
Ashwell [105], but using instead the analogy between doubly curved shells and plates on elastic 
foundations to obtain the strain displacement relations. These two elements do satisfy the 
rigid-body and compatibility requirements. Another rectangular planform element was presented by 
Yang [106], who used bicubic polynomials to approximate all three displacement components. An 
eigenvalue analysis reveals that all six rigid-body motions are present in the element. The same 
bicubic functions were also used by Jones [107] who used Marguerre shallow- shell theory, to for­
mulate a curved quadrilateral element. Pecknold and Schnobrich [108] describe a parallelogram 
planform curved element, with bilinear tangential displacements and a spline interpolation function 
for the transverse displacements. The rigid-body modes are exactly included in the displacement 
functions, resulting in small inter-element discontinuities in the in-plane displacements. Doubly 
curved-shallow-shell elements of triangular planform are more versatile than the rectangular ones 
just described, due to their ability more accurately to model any given shape.
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The first attempt to derive a triangular doubly curved element by Utku [109], using a 
shallow-shell theory admitting transverse shear deformations, was not particularly successful. 
Strickland and Loden [110], assuming linear tangential displacements and a non-conforming cubic 
variation due to Bazeley et al. [74] for the normal displacements, derived a 15-d.o.f. triangular ele­
ment using Novozhilov’s shallow-shell theory. Due to the low-order tangential displacements, this 
element does not satisfactorily reproduce the rigid-body modes. Bonnes et al. [ I l l ] ,  employing 
Reissner’s shell theory and the subdomain approach, presented a 36-.o.f. triangular element. On 
eliminating the mid-side nodes, a 27-d.o.f. version was obtained. A complete cubic polynomial 
was used to model the displacements in each subdomain. Cowper et al. [112], using Nozvozhilov’s 
shallow-shell theory, with cubic tangential displacements and quintic normal displacements, derived 
a 36-d.o.f. triangular element. A series of triangular elements employing the displacement func­
tions proposed by Bazeley et al. [75], Clough and Fellipa [40] and the Tuba formulation of Argyris 
et al. [113], for each displacement component was proposed by Vos [114]. Marguerre shallow-shell 
theory is used and a tensorial formulation employed in the stiffness generation. Dawe [115] pro­
posed a very refined, doubly curved, triangular shell element using a constrained quintic for each 
displacement field. Koiter’s shell theory, specialized for the shallow shell is used. The motivation 
for the use of such high-order in-plane displacements was to achieve a better approximation to the 
rigid-body modes. Mohr [116], using quadratic tangential displacements and a non-conforming 
quartic for the normal displacements, derived a 27-d.o.f. triangular element through the use of the 
Argyris natural-strain approach and the strain-displacement reactions of Koiter. An alternative 
approach to formulating displacement based curved elements is to use a linear shear theory of shells, 
and then impose discrete shear constraints to achieve a thin-shell solution. Various such triangular 
elements were formulated by Dhatt [117] using the subdomain approach. A quadratic variation is 
assumed for the normal rotations, and the tangential displacements are approximated by complete 
cubic polynomials. The various elements differ in whether a cubic or linear variation is used for the 
normal displacements, and whether the shear strain energy is included in the potential energy func­
tional.

Another discrete Kirchoff element was proposed by Dhatt [118], using single-field representa­
tions, in which quadratic normal rotations and an incomplete cubic polynomial for the translational 
displacements are assumed. Linear tangential displacements with the rigid-body motions explicitly 
added, together with an incomplete 9 term-cubic variation of the normal displacements and qua­
dratic normal rotations, are employed for the 15-d.o.f. triangular element presented in [119]. By 
assembling four of these 15-d.o.f. elements, and condensing out the internal d.o.f., a 
20-d.o.f.-curved quadrilateral was obtained. Alternative variational principles have also been used 
to formulate shallow-shell elements. Tabarrok and Hoa [120], using a hybrid stress approach and 
Novozhilov shallow-shell theory, formulated both a triangular and rectangular planform, 
double-curved element. The field variables were assumed to vary linearly for the in-plane stress 
resultants and edge displacements, while the out-of-plane moments and edge displacements vary 
quadratically. A rectangular element with 6 d.o.f. per node, also formulated using a hybrid stress 
functional and Novozhilov shallow-shell theory, was proposed by Alayloiglu and Ali [121]. The 
tangential edge displacements vary linearly, while the normal displacements are approximated by a 
16-term Hermitian polynomial. The resultant forces and moments were initially assumed to possess 
a cubic variation. After satisfying the equilibrium equations, those higher-order terms found to 
cause unnecessary duplication and cross-coupling were eliminated, to yield a 21-coefficient stress 
function. The assumed stress hybrid model entails the selection of an equilibrating stress field, 
which is not easily achieved for curved elements. Wolf [122], by using a functional suggested by 
Washizu [123], formulated a triangular shell element in which the stress field need not a priori 
satisfy the equilibrium conditions. Cubic in-plane stress resultants and quadratic moments were 
assumed. The in-plane edge displacements are linear with quadratic edge normal displacements.

Using a hybrid stress model which does not require a priori assumptions of equilibrating stress 
fields, Pian and Chen [124] proposed a 24-d.o.f. triangular and 32-d.o.f. quadrilateral semi-Loof
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type of element, using Marguerre shallow-shell theory. The stresses for the triangular and quadrila­
teral elements were described using 37 and 59 generalized parameters respectively. Unlike the dis­
placement semi-Loof element proposed by Irons [125], the Loof nodes here are located at the third 
points along the edges, instead of the Gauss points. Mixed shallow-shell elements derived from the 
Hellinger-Reissner variational principle were first developed by Prato [126]. Marguerre’s 
shallow-shell theory was used. Both a triangular and a quadrilateral element are derived, with 
linear interpolation functions employed for the kinematic and static field variables. The same 
approach was used by Connor and Will [127] to derive several triangular shell elements based on 
various combinations of linear and quadratic interpolation functions for the displacement and stress 
fields. Both three-node and six-node triangular elements were derived by Tahiani and Lachance
[128] using the mixed method, with linear and quadratic interpolation, respectively, for the field 
variables.

9.3.3 Degenerated shell elements
The first degenerated shell element was proposed by Ahmad et al. [59]. Using the process described 
in that paper, any of the three-dimensional isoparametric elements can be degenerated to yield a 
corresponding shell element. As was previously discussed in relation to plate bending (section 
8.3.2), this model is too stiff in the thin-shell regime, and it was observed by Ahmad et al. [59] that 
in such situations it is necessary to use the element with cubic interpolation functions. An improve­
ment to the basic model was achieved by Zienkiewicz et al. [129] through the use of uniformly 
reduced integration and by Pawsey and Clough [130] through the use of selective reduced integra­
tion. A remarkable improvement in the performance of the eight-node parabolic element in 
thin-shell applications was observed. The eight-node parabolic element is reformulated by Lee and 
Pian [131] through the Hellinger-Reissner variational principle, where, in addition to the displace­
ments, the strain field is also assumed to vary independently. This elements’ performance was 
observed to be insensitive to the thickness of the shell without the need to use the uniformly or 
selective reduced integration techniques. In fact, the stiffness matrix of certain of the plane stress 
and plate bending elements presented in that study were found to be identical to the reduced integra­
tion element. Mixed formulations thus appear to provide an alternative means for reducing the 
severe constraints due to the condition of zero transverse shear strain in the thin-shell limit of the 
degenerated model.

The equivalence of some mixed models to reduced/selective integration displacement models 
is further established by Hughes et al. [132, 133] and Noor and Anderson [134]. The heretosis con­
cept [135], discussed previously in relation to plate bending in Chapter 8 , have also been general­
ized to derive shell elements and will be developed in the present chapter. Talha [136] noted that 
when a flat quadrilateral element with a particular local-global coordinate relation in the x-y plane 
is given a quadratic transverse deflection, one of the terms encountered is not present among the 
shape functions of the eight-node parabolic shell element. A central node with only a deflection nor­
mal to the mid-surface of the element is added to introduce the missing term. This internal node is 
then eliminated by constraining the integral of the boundary shear to be zero. Reduced integration 
is used and, unlike the normal parabolic element, it passes the patch test for quadrilaterals. One 
spurious mechanism is, however, associated with this element. The accuracy of the four-noded iso­
parametric shell element is very poor it is, in fact, non-convergent unless the thickness is larger 
than the other dimensions. By introducing modifications which relax the excessive constraints in the 
original element, MacNeal [137] was able to derive a 20-d.o.f., four-noded element which is both 
accurate and economical to compute. The modifications employed are the enforcement of curvature 
compatibility, a selective integration technique on the the membrane stiffness, a special reduced 
integration on shear stiffness and the augmentation of the transverse shear terms by the addition of a 
residual bending flexibility. These modifications were motivated by the results of a study on a beam 
element formulated using the isoparametric concept and an exact analysis. Another four node 
degenerated quadrilateral shell element but, with 6 d.o.f. at each node, was proposed by
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Kanok-Nukulchai [138]. This element is a generalisation of the bilinear plate bending element of 
Hughes et al. [139]. Selective reduced integration was employed, with analytic integration per­
formed over the thickness. Due to the use of 6 global d.o.f., a torsional stiffness is added to the ele­
ment to prevent convergence problems when adjacent elements at a node become coplanar.

Wempner et al. [140], using the Hu-Washizu variational principle, which admits independent 
assumptions of stresses, strains and displacements, formulated another four-noded quadrilateral 
degenerated shell element. The displacements are bilinear, and the strains are described by the sim­
plest possible expressions consistent with the criterion of homogeneous states of strain. This 
requires the identification of the 20 deformation modes associated with the element. The stresses 
are approximated following the form of the conjugate strains. Due to the orthogonality of the func­
tions, the stress-strain and strain-displacement relations are uncoupled, and the final result of the 
formulation is thus a system of equations in terms of the displacement parameters only. The 
stiffness matrix is symmetrical and positive definite. The analysis of practical engineering shells is 
a difficult problem, and it is specially so in the presence of sharp comers and multiple junctions. A 
competitive thin-shell element should be able to model these without any additional complications. 
It should also be mixable with other triangular and quadrilateral elements while passing the patch 
test. The strain-free, rigid-body motion criterion must be satisfied, and it should not give rise to 
spurious low-energy modes. These desirable features described by Irons [125], epitomize the 
semi-Loof degenerated shell element. The element initially possesses 43 d.o.f., which are reduced 
to 32 d.o.f. with the introduction of 11 shear constraints. The shape function derivatives in terms 
of the 32 nodal parameters are then substituted into the strain expressions presented in [125]. This 
element has been found to provide accurate results even with relatively coarse meshes. A quadrila­
teral element with 16. d.o.f., similar to the semi-Loof element but based on lower-order interpola­
tion functions, was proposed by Nagtegaal and Slater [141]. The element is integrated using a 2 x 2 
Gauss rule with the modification that the shear stresses are constant throughout the element, to 
prevent it from being too stiff to in-plane bending. Due to judicious choice of the interpolation 
functions, the element converges well and does not exhibit spurious mechanisms.
9.3.4 Faceted shell elements
Apart from the obvious shortcoming of the inability to incorporate flexural membrane coupling 
within the element, flat facet elements have a number of deficiencies associated with their use. 
Thus, for example, most of the faceted elements presently developed possess only two in-plane 
comer rotational d.o.f. This is because the out-of-plane rotation (about an axis normal to the facet) 
is missing in available compatible, displacement-based, plane stress elements. Therefore, if the ele­
ments meeting at a node are coplanar, a singularity will arise in the global stiffness equations unless 
this d.o.f. is suppressed. This problem was overcome by Zienkiewicz et al. [70] using the artifice of 
applying a fictitious but consistent rotational stiffness to the out-of-plane rotation. The value of the 
stiffness added, however, depends on the precision of the computer and has no theoretical 
justification. If used, its influence should thus be kept to a mimimum. Clough and Johnston’s [69] 
solution to the problem was to define a tangent plane to the normal (^3) of the shell at a vertex. 
The local rotational d.o.f. are then transformed to a set of surface coordinates ( ^ ,  ^2) in the princi­
pal directions. This will then serve as the base coordinates for the rotations, with the consequence 
that only two rotational d.o.f. are defined for each node in the global stiffness equations. Difficulties 
occur, however, with shell branches, as the normal here cannot readily be specified. In addition, the 
transformed local rotations will then have a significant component about the normal £3, which can­
not really be ignored, as is the case with this approach.
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Olson and Beardon [76] and several hybrid elements [80], [81], [82] use a plane stress ele­
ment with the in-plane rotation as a nodal parameter. This, however, introduces the added con­
straint that the included angle between the sides must remain constant throughout the deformation. 
As pointed out by Irons [7], serious errors are introduced if an extended patch of such coplanar ele­
ments is subjected to a horizontal tensile force. In modelling an arbitrary, doubly curved shell with 
flat elements, only triangular elements can be used. This leads to the CST and LST being possible 
contenders to model the membrane stress components.

CST
u, v at 1, 2, 3

any 3 node plate element 
w, 0*, 0  ̂ at 1, 2, 3

(a)

3
3

2
4

LST
u, v at nodes 1 to 6

LCCT12
05 at 4 to 6 (w, 0*, 0^) at 1 to 3

(b)
3 3

3 3

CST
u, v at 1, 2, 3

w at 1, 2, 3 
05 at 4, 5, 6

(c)

Fig. 9.14 Triangular element combinations.
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Experience with the CST in plane stress situations indicates that it is a relatively poor performer. It 
is thus to be expected that a faceted shell element employing the CST will require fine mesh subdi­
vision to analyse a shell with significant membrane action, regardless of the bending approximation. 
A rather common reason put forward to explain the relatively fine mesh required by most faceted 
shell elements to analyse the various shell examples in the literature is the approximation of the 
curved surface by the flat elements. Although it is difficult to generalize over a wide range of prob­
lems one may suspect that this is not so much the result of the inherent geometric approximation as 
a consequence of the poor membrane approximation. A further deficiency associated with 
displacement-based flat shell elements is the discontinuity of the element displacements in the shell 
assemblage. This is due to the different polynomial approximation orders of the displacement fields 
in available plane stress and plate bending elements, and thus continuity of the translational dis­
placements is not maintained when the elements are assembled together, as the adjacent elements 
are not coplanar. This discontinuity between the in-plane and transverse displacements in most 
faceted shell elements does not appear to affect their behaviour in linear analysis. The existing facet 
elements are thus composed of a plane stress element plus a plate bending element. It is usually 
sound practice to combine four triangular elements into a single quadrilateral element. This has the 
two following major advantages:
1. The symmetry in the structure is retained in the finite element model.
2. Static condensation applied to the interior nodes of the quadrilateral element reduces the 

inter-element global degrees of freedom.

Possible element combinations are shown in Fig. 9.14. In Fig. 9.14, various combinations of plane 
stress and plate bending triangular elements are given. These may be grouped as follows:

1. CST or LST with global in-plane rotations at the apices;

2. LST with LCCT12 (a refined plate element which requires 05 at mid-side nodes, as well as 
0X', 0^ ' at apices)

3. CST or LST combined with the DKL family, in which case rotation nodes are embedded in 
the triangle sides. Rotation terms (05) are defined along the triangle sides (either one rotation 
in the side with the CST, or two rotations in the side for the LST).

four CST four three-node plate elements
u,v at nodes 1 to 5 ( ,0 ^ ,0 ^ ) at nodes 1 to 5

(a)
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four CST
u,v nodes 1 to 4 and 13

four LST 
u,v nodes 1 to 9

(b)

(c)

Morley plate, w , nodes 1 to 4 and 13 
0? nodes 5 to 12

four LCCT12 w, nodes 1 to 9 
0* ,0  ̂ 1 to 4 and 9 

0C 5 to 8

» > «

four LST 
u,v at nodes 1 to 13

(d)

DKL plate element w at nodes 1 to 13 
0̂  at Loof nodes lumped at 5 to 12

Fig. 9.15 Quadrilateral elements with four triangle subdomains.

In Fig. 9.15 various combinations of triangles into quadrilaterals are given as follows:
CST plus any three-node plate element 
Node 5, u, v, w, 0 'v, Q'y condensed out 
Global d.o.f. w, v, w, 0X, 0  ̂ at nodes 1 to 4 
Total external d.o.f. 20 
Internal d.o.f. 5
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b. CST plus Morley plate element 
Nodes 10 to 13, 0̂  condensed out 
Node 14, u, v, w condensed out 
Global d.o.f. u, v, w at nodes 1 to 4 
Local d.o.f. 05 at nodes 6 to 9 
Total external d.o.f. 16 
Internal d.o.f. 7

c. LST plus LCCT12
Nodes 5 to 8 Qs condensed out 
Node 9 u, v, w, 0*, 0  ̂ condensed out
(u, v, 0^) constrained to be linear along external sides 1-2  etc.
Total external d.o.f. 20 
Internal d.o.f. 17

d. LST plus DKL
Nodes 9 to 12, u, v, w, 0/, 0/+1 condensed out 
Node 13 u, v, w condensed out 
Total external d.o.f. 32 
Internal d.o.f. 23

If the membrane stresses vary significantly then (c) and (d) should perform better than (a) or
(2) for a given mesh subdivision. Element (c) depends on its internal degrees of freedom to produce 
its flexibility, whereas element (d) retains the mid-side nodes on the external boundaries at the 
expense of the extra global degrees of freedom (and hence bandwidth in the solution of the equa­
tions). Comparisons of some results for various elements are given in examples 9.2 and 9.3.

Example 9.2 Cylindrical shell roof

The shell geometry is given in Fig. 9.16. This shell has been analysed by using many shell ele­
ments, and a summary of those plotted in Fig. 9.17 is given in Table 9.3. In Table 9.3, the DKL 
element, the two triangles combined as in Fig. 9.14(d), is given for comparison. The theory for the 
component parts of this element are given in Chapter 7 (membrane) and Chapter 8 (DKL plate 
bending).

s e lf  wt.= 56,621 k N /m 3 

L = 15,24 m 

R = 7,62m

Fig. 9.16 Geometry of cylindrical shell roof.
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Table 9.3

Shell elements used for cylindrical shell analysis
Element Ref. d.o.f. / 

element
Symbol

DKL element (flat) - 24 -

Carr (flat) [71] 27 *
Clough and Johnson (flat) [69] 15 X

Olson and Beardon (flat) [76] 18 -

Bonnes and Dhatt (curved) [H I] 36 -

Brebbia and Connor (curved) [104] 20 -

Cowper et al. (curved) [112] 36 -

Dawe (curved) [115] 54
MacNeal (4-node, degenerated) [137] 20 -
Nukulchai (4-node, degenerated) [138] 24 -
Lagrange 9, (node full integration) [145] 45 -
Lagrange 9, (node reduced integration) [145] 45 -

TOTAL NO. OF D.O.F. PER QUADRANT  

Fig. 9.17 Convergence of central deflection for cylindrical shell.
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From Fig. 9.17 it is seen that elements converge to either the deep- or the shallow- shell solu­
tions, but some elements appear to be excessively stiff. In Fig. 9.18 and 9.19, the plots are given 
for the longitudinal force Nx and bending moments Mx , My along the line CB shown in Fig. 9.16, in 
this case for the DKL element only.
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Example 9.3 Pinched cylinder

As a second example, the pinched cylinder shown in Fig. 9.20 is analysed. The various results are 
shown in Table 9.4. These results have been normalized with respect to the results presented by 
Dawe [115] for a (5 x 5) refined element analysis.
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Fig. 9.20 Geometry of cylindrical shell under pinching loads.

Dimensions
t = 2.3876 mm (0.094 in.)
R = 125.806 mm (4.953 in.)
L = 262.89 mm (10.35 in.)
E = 72.4815 kN/m2 (1.05 x 107 p.s.i.)
v = 0.3125
P = 0.4454 kN (100.34 lb)

The computation times for this analysis are available only for the supershell and Morley elements. 
For the results given for these two elements, the CPU times for the stiffness matrix generation and 
solution of equations are as follows:

Stiffness generation Equation solution Active d.o.f.
Morley (10 x 10) 2.59 11.64 620
supershell (4 x 4) 5.21 8.04 271

It is seen from this comparison that the Morley element with the simple stiffness matrix generation 
plus the narrow bandwidth competes favourably with CPU time in this example.

Table 9.4

Finite element Deflection under 
point load P (100 lb)

DKL (4 x 4) 0.9680
DKL (6 x 6) 0.9920
Cantin [143] 1.0030
Ashwell and Sabir [143] (8 x 8) 1.0010
Dawe [115] (5 x 5) 1.000)
Timoshenko [144] 0.9540
supershell (4 x 4) 0.9738
Morley (77) 1.0097
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9.4 ISOPARAMETRIC DEGENERATED THREE-DIMENSIONAL SHELL ELEMENTS

9.4.1 Geometric definitions
The degenerated shell element family is shown in Fig. 9.21. The geometry of the shell is described 
by the node points 1 to 8 in the middle surface using the interpolation functions <(>! to given in 
section 1.4.4 (N = number of node points), and normals to this surface which are straight and when 
the element is deformed rotate about two axes in the middle surface. This is a similar assumption 
to that made in the analysis of plates using the isoparametric (heretosis) concept in section 8 .2 .2 . 
The geometry of the shell may be described in either of two ways.
1. By defining the middle surface nodes and the shell thickness at these points. Assuming the 

geometric shape of the middle surface, normals may then be calculated from the cross product 
of vectors tangent to the parametric lines in the middle surface.

2. By using the node points on the inner and outer shell surface and calculating the mid-surface 
nodes as the mean between these nodes. In this case, the geometry lines through the thickness 
may not be perpendicular to the mid-surface.

( a)  Four  node

Fig. 9.21 Degenerated isoparametric shell element family.

This difference in the definition of shell geometry is shown in Fig. 9.22(a). It is seen that no .1 is 
normal to the mid-surface, but no. 2 is not. For all the elements in Fig. 9.21, the geometric 
definition within the element is given by

m m y
{X } = [X , X 2 X }]T = 5 > fX(. + 2 > , H  (9.62)

/=1 /=1 z
In eqn (9.63) the normal vector may be defined in terms of the unit normal and the shell thickness.

ni = t i ni (9.63)

From Fig. 9.22(a), /?, may not be normal to the mid-surface and is defined in eqn (9.64).

— X j y o p )  — (bottom)  (9.64)

If the normals to the individual element mid-surfaces are used, the actual geometrical modelling is 
as shown in Fig. 9.23. Evidently, as the size of element decreases, this approximation decreases 
and, in addition, is not present if the 8-  or 12-  node quadratic and cubic elements are used to model 
shells defined by second-order curves. It is, of course, an approximation inherent to all flat facet 
modelling of curved shells.
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M i d - s u r f a c e ^  i i jI * I iw I
1 top

(a)  ( b ) ( c )

Fig. 9.22 Element idealization showing overlap of normals.

Returning to eqn (9.62) the derivatives of X  with respect to the (^, rj, Q coordinates are given
by

In Fig. 9.22(c) various quantities are defined at node point i as follows:
{u, v, w}: local displacements 
{a, P): rotation about axes
{r,,, rx2, rx^}\ global translation
[ p , q , h }: local orthogonal unit vectors 
{ p , q , h }: local orthogonal vectors

The assumption is now made that the effects of the node displacements and rotations can be interpo­
lated independently. This is the same assumption made in the plate bending elements in section 
8.2.2. Thus, the displacement vector at (£, rj, Q is expressed in the standard isoparametric formula­
tion:

If the heretosis concept is used for the quadratic element in Fig. 9.21(b), the centre node (9) is used 
with Lagrange interpolation of the nodal rotations, so that, now,

In eqn (9.68), tyf' are the serendipity and Lagrange shape functions, respectively. Displacement 
derivatives of eqn (9.68) with respect to (£, rj, Q are hence given (for the heretosis element) by

(9.66)

(9.65)

(9.67)

(9.68)
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' , P  = +  p  j  P = a ,  p
a,-

and

r ,p =  2 > /  y f o  ~tf>  11 p ( r  

The eqns (9.69), (9.70) can be grouped in matrix form as (for nodes 1 to 8)

[< M  M>2,f

In eqn (9.71), the nodal displacement vectors are

r i X ,

k ,}
{ r2)

{ r9}

[<M7V !

r iX ,

r iX

a,

P,

i = 1 to 8; {r 9) = '
a 9

and the interpolation submatrices,

[<M =

4>*p
0 0 C

l

1

0 0
1

§ i , p ^ l ^ P i X 2

0 0 < t f p
J. L y

- * U j ‘

and, for node 9,

§9,p£>~YP9Xl -§9^~Y<i9Xx

, L  y f 9 , L  y  h
<KpS ~^rP9x1 -§9,pt>^rq9x0

r tg

§ 9 ,p ^ > ~ ^ P  9 X 3 9 X 3

(9.69)

(9.70)

475

(9.71)

(9.72)

(9.73)

(9.74)

The displacements r p and r p are expressed in the global coordinate system, and it is necessary to 
obtain these values and their derivatives in the local coordinates at each point in the element (and, 
of course, at the Gauss points for numerical evaluation of the element stiffness matrix). The direc­
tions of the local coordinates system are defined by the three unit vectors T u T2, T3.
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h = X ^ x
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(9.75)

in which the surface vectors are calculated in eqn (9.66). Thence,

f 3 = —
I h I

The vector T j is obtained by normalizing X^ such that

X*
Ti =

IX^I

Finally, the cross product of T j and T 3 gives T 2 as

f 2 = f 3 x f 2

The transformation between global coordinates {X} and local coordinates {jc } is given,

m  = m r m

(9.76)

(9.77)

(9.78)

(9.79)

where the columns of [T ] are defined in eqns (9.76), to (9.78),

[T] = [Tl T2 T3] (9.80)

9.4.2 Derivation of the strain transformation matrix
Displacement derivative transformation

The usual isoparametric derivative transformation between (£, rj, Q and (X l5 X2, X 3) coordinates is 
used. That is,

r>x, dry dX .i
d$ dXj 3$ 

This equation may be written in matrix form,

sum 1 to 3 on j (9.81)

1 r ^ T I ' * /
= f* ,n lT

_ { r ^ \ _{Xe}r _

1 1

9.82

or, in shorthand notation,

[r £r\$ -  [ /]  ir ^ ^ 2X3] (9.83)

The matrix [/]  is the Jacobian of the transformation, and the inverse relation gives {Xb X2, X 3) 
derivatives:

(9.84)
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The Jacobian is written:

477

[ /]  = !
/= 1

Write eqn (9.84) as

t h

0 ^

M*] = [ / r ' t f ]

X?

t j f i ]
(9.85)

(9.86)

To transform from global to local displacement derivatives, the tensor transformation in eqn (1.48) 
is used:

M>*] =

Ur V y W V-

The tensor transformation in eqn (9.87) may be cast in vector form as follows. Let

[ T f ur 1 = [A] =

~ T  d !
~ Ta 2
~ T
a 3

and

[T] =
t\\ r 12 ^ 13

r 2l f 22 r 23 

h \  r 32 133

The eqn (9.87) is now rearranged in vector formas

 ̂11 ] 121 ] 3̂1 \A ]
(5P) = <r 4nd^12^1 ^22^] ^32^]

113^ ] ^23^] ^33^1 

where, now, the vectors in eqn (9.90) are defined by

( 8 , p ) r  =  [ « . V ,  W.v,  V rV| V_>2 H’_V| W rX}]

l ' '4 n S )T =  [fxv\  '> ,.n  rx2A rx2-n rx 2t  rxy% ''xyr\

and

(9.87)

(9.88)

(9.89)

(9.90)
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b\  0 0 p xx c\  ~<l\xCx P 9 X xc 9 —Q 9X 9

o b x 0 p \ x f \  ~Q \x^\ (2- 8) p 9x £ 9 ~Q9x ^ 9

o o b x p x x ~cx - q xxc x P 9 X 3c 9 ~ ^ 9 X 3c 9

(9.91)

In this equation,

'r-
ĉ

t i/̂
c

II

*j,n > ; c ' =  rO
j r

; i = 1,9 J  = 1, 9.92

In the element stiffness matrix formulation, the transformation from nodal point displacements to 
integration point strains is required (eqn (3.16)). That is,

Here the strain terms are,

{£} = [^]{r

x i

x 2 v ^ 2

Z x \x 2
► = < U Y +  V  r  I

Z x 2x i
v  v + W v-

w x + u x ̂1 **3

{^} — totj <**2 ®x\x2 ^ X2X3

(9.93)

(9.94)

(9.95)

and the constitutive equation, is then, 

The elastic constitutive matrix is

[D]

{ Gx } =  [ D ] { E x

1 -  v1

1 V 0 0 0

V 1 0 0 0

0 0
1 - v  

2
0 0

0 0 0
1 - v  

2.4
0

0 0 0 0
1 -  V

2.4

(9.96)

\Dltfhx3 [0]3x2 

[0]2x3 \Dshx2 (9.97)
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For the general material write this equation

[D] =

479

d  n d  12 0 0 0

^21 ^22 0 0 0

0 0 ^33 0 0

0 0 0 d  44 0

0 0 0 0 ^55

(9.98)

In this expression it is seen that the plane stress condition oX3 has been assumed, and the factor 
1/ 1.2 has been used on the out-of-plane shear strains because of their assumed parabolic distribu­
tion.
Strain displacement relationship

It is now possible, from eqns (9.78) and (9.81) etc., to form the strain displacement matrix,

{£* } = [B]{r } = [[B i](5x5)[^ 2] (5x5) * ’ ' [^ 9](5x5)](r 1(42x1) (9.99)

The [Bi ] submatrices are defined by

* 1 1 / 1  * 2 1 / 1  h \ f  \ e \ \ g \  e 2 \ g i  e 2 \ g \

* \ l f  2 t 22f 2 h l f  2 e \2&2 e 22g2 e 22g 2 

Wi] = t uf 2 + t\2 f \  ^2l/ 2  + ̂ 22/ l  ^3l/2 + ^32/l e \\g2 + e \2g\ e 2\g2 + e 22g\ e 2\g2 + e 22g\ (9.100)

^1 2 /3  +  ^1 3 /2  2̂ 2 /3  +  2̂ 3 /2  3̂ 2 /3  +  3̂ 3 /2  ^ 12^3 +  ^ 13^2 ^ 22^3 +  ^ 23^2  ^ 22^3 +  ^ 23<^2 

^ 1 3 / l + ^ l l / 3  * 2 3 / l + * 2 l / 3  * 3 3 / l + * 3 l / 3  e \ ? > g \ + e \\g?> ^ 2 3 ^ 1 + ^ 2 1 ^ 3  ^ 2 3 ^ 1 + ^ 2 1 ^ 3

Where i = 1 to 8 , and if i = 9 only the last two columns are required. In eqn (9.100), the various 
terms are obtained from

f i = a j b i \  gj = ajcj', e 1; = f j p , ; e 2 j = f j q i  (9.101)

Element stiffness matrix

Having obtained the strain transformation matrix, the element stiffness matrix can be calculated by 
the isoparametric integration:

+1+1+1

[K]e = J [B]T[D][B]dv  = j  J f [B ]T[D][B]detJd?, dr] d £ (9.102)
vol - 1- 1-1

For integration through the thickness £, two-point Gauss integration is used. The integration with 
respect to £ and r\ will be discussed further in the following. For the heretosis formulation, the ele­
ment stiffness matrix thus generated has dimensions (42 x 42), and the interior node rotations may 
be condensed out to give the final size (40 x 40). The strain displacement matrix may be parti­
tioned to reflect the contribution from membrane, rotation and shear effects. Thus, write [£ J  in the 
partitioned form of eqn (9.103):

Wi ]5x5 -
[Bmt ] 3x 3 Wmr ] 3x 2

[Brm hx3 [Bsr hx2
(9.103)

where the submatrices in eqn (9.103) are defined as follows

[Bm t]: relates the membrane strain due to translation 
[Bm r]: relates the strain due to rotation 
[Bs t ]: relates the shear strain due to translation 
[£5/?]: relates the shear strain due to rotation
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Using this partitioned form, the stiffness matrix can be generated from
T

[ku] = J
vol  -

Bmt Bmr 

Bst Bsr

[Dm] 0 

o [Ds ]

& M T  B m R

B st  & sr
dv

Carrying out the multiplication of the submatrices in this equation,

[kij] = J
vol

B m t P m B m T j + B s t P s B s T j  B m t P m B m R . + B I t D s B s r . 

B m r .D m B mt + B J r  D s B s j  B m r  D m B m r . +  B jp  D s B^SRiLJS D SR;
dv (9.104)

where i < 8 and j  < 8 . If / < 8 and j = 9, only the last column of the j  block in eqn (9.104) is 
formed, whereas for i - j  -  9, only the last partitioned block is required in both i and j. The 
volume integral in eqn (9.104) will be calculated numerically as

m | m2

[*], = {[B (^ r \,0 ]T[D ][B (^r\,0 ]detJ  ),jk (9.105)
i = \ j  = \k = \

It was shown in section 8.2.2. that for the plate element, reduced (2 x 2) integration was necessary 
to minimize the effect of excessive shear stiffness when the plate becomes thin. This situation will 
also occur in the shell elements. In addition, membrane locking will occur for the eight-node ele­
ment, and a discussion is given of this problem and how selective integration will reduce this effect.
9.4.3 Membrane locking and its elimination
For the flat parabola shown in Fig. 9.23 under the uniform bending moment M , it is easily shown 
that if the difference between the member length ds, and it’s horizontal projection dx, is ignored 
then the displacement of the middle surface may be calculated as

u = -

and

2 M r 
3El l 2'

M
2 E l'

(i)

(ii)

Fig. 9.23 Shallow arch element.
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The quadratic element cannot represent the cubic power of x and hence cannot represent this 
simple constant moment state. For example, under the moment field shown, let (+a, -a) be the dis­
placements of nodes 1 and 3 in the x direction. Then,

h  = -  i)a + + i ) ( - a ) = -k<*

When x = \,

2M . .
u{ -  -a  = fr°m equation (i)

and, since £> = it follows that

2M
U  ̂= ~~3ElrX

(iii)

Similarly for v^. In this case (b, b) are the displacements of 1 and 3 in the y direction

M l2With b = it follows that 
2 El

M x2
2 El (iv)

It is seen that the finite element models correctly but not u The effect of this assumption on 
the flat element can be ascertained by considering the transformation of derivatives in Fig. 9.21 in 
which the angle a  is small, so that cos a  ~ 1, sin a  ~ a.

P2

(b)

Fig. 9.24 Deformation of flat arch element. 

For the flat parabola in Fig. 9.24(b),

. x 2 dy 2 rx 

For the transformation matrix, P \P 2 to P \ P ' 2,

cos a sin a 1 a
-sin a cos a - a 1
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Thence the strain in the direction P \ P ' y .

Therefore,

du'
~ d7

du dv
dx + a ~dx

du + dy dv 
dx dx dx (v)

Substitute the correct relations eqns (i) and (ii), in this expression, such that

du'___ __ 2 M rx2 2 rx Mx
dx' ~ ~  El 12 + / 2 EI

0

and so no membrane strain occurs. However, if the finite element expressions, eqns (iii) and (iv), 
are used,

d u ' _  2M 2rx Mx 
ax7 _ _ 3E i r + I2 EI

2Mr . 1  x 2 .
£  v- '  v- '  —  { -----------+  --------—  }

EI 3 / 2

As the size of the element decreases, this term decreases because r II 0. It is seen that ex 
zero, however, when the term in braces in eqn (vi) is zero. That is, when

1 * 2 n —— H----r- = 0
3 / 2

(vi)

is

Solving for x gives the values,

% = - =  ± 4 -/ V3
(9.106)

These values are, of course the (2 x 2) Gauss integration point coordinates found to be suitable for 
removing the spurious shear strain in the isoparametric plate bending elements.
Reduced and selective integration

For the quadratic element, a minimum of (3 x 3) integration points in the (£, T|, Q surface is neces­
sary for a complete integration of the stiffness matrix. As the geometric variation in the £ direction 
is linear, a two-point integration is sufficient through the thickness. Therefore, to evaluate the ele­
ment exactly ( 3 x 3 x 2 )  integration points in the rj, £ directions, respectively, are required. 
However, this produces the spurious shear and membrane stiffness which, when the length/thickness 
ratio is large, can destroy the solution. The remedy is to introduce either reduced or selectively 
reduced integration techniques. Since the two-point integration in the £ direction is considered a 
mimimum, modification to the integration order applies to the reduction in the £ and r\ directions 
only. Four schemes for reduced integration are suggested and their results discussed. These are as 
follows.
URI (uniform reduced integration)
A uniform reduced integration of order (2 x 2) is applied to the complete stiffness matrix. Besides 
improved convergence, this scheme provides the incentive of a reduction in computational cost in 
stiffness matrix generation.
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MEMBRANE LOCKING AND ITS ELIMINATION 483

SRIA (selective reduced integration A)
This scheme involves using either two or three integration points in each of the ^ and rj directions 
to evaluate the contribution to the element-strain energy. The integration order is given in Table 
9.5.

Table 9.5

Selective and reduced integration order
Energy term Integration order (£ x rj)

£ x ]d \ \ £ X l 2 x 3

£ x 2d  22£ x 2 3 x 2

\ d  1 2 ^ 2 2 x 2

&x jx2̂ 33^x j*2 2 x 2

&x 2* ̂ d  44&x 2x 2 3 x 2

&x jjt3̂ 55^x 3 2 x 3

The implementation of this scheme requires formulation of the element stiffness matrix [kjj] in eqn 
(9.105) in three seperate parts. Let [BM ] (M = 1 to 5 ) be the row vector of the strain displacement 
matrix [Bt ] (/ = 1 to 9) in eqn (9.103). Hence, for (2 x 2) order, i and j  =1 to 9:

[*y]=  \ [ B \  B l  #3  ],
vol

d 12 0 

0 d  12 

0 0

For 3 x 2  order,

and, for the ( 2 x 3 )  order:

[*y]=  \ [ B T2 B T4 ]
vol

[k, j ]= j [ B [ B T5]
vol

d  22 

0

d\ \

0

0

d 4 4

o"

d 55

0

0

dyb 

B 2

B 4

B x 

B «

B i 
B 2
*3

dv

dv

dv (9.107)

(9.108)

(9.109)

Evidently, this scheme requires considerable computer time in the element stiffness matrix evalua­
tion.
SRIB (selective reduced integration B)
In this scheme the reduced integration is applied to the shear energy as well as the membrane 
effects. Referring to eqn (9.104), the integration order of the partitioned matrices is as follows:

(2 x 2) + (2 x 2) (2 x 2) + (2 x 2) 
(2 x 2) + (2 x 2) ( 3 x 3 )  + (2 x 2)

The use of the (3 x 3) order is to ensure that the bending contribution is not underintegrated. 

UNI3 (full integration)
Uniform (3 x 3) integration order is included to compare its accuracy with the above schemes.
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9.4.4 Equivalent nodal forces
To conform to the element nodal displacement vector given in eqn (9.71), the element nodal force 
vector is defined as

i/?}t = [{ /? ,r  {*2}t • • • {*9}r ] (9 .iio )

where the individual submatrices are

{Ri }r = [RiXl R,Xl RiXi M ,a M,p] i = 1 to 8 (9.111a)

and

\ R9} = [M9a M 9p] (9.111b)

For the body-force vector,

{ P }T = [px, Px2 px}]

being the density vector in the global directions; the equivalent nodal force vector {/^ } can be 
obtained via contragredience. Thence,

+ 1+ 1+1

{ Rb ) =  J Wf l P l d v  = \ \ l m P \ d e t J  d $ d r \  d C (9.112)
vol - 1 - 1 - 1

where [()>] is the shape function matrix (eqn (9.67)). For a surface traction of uniform pressure 
{P 1 = lPxj Px2Px3\> equivalent element nodal force vector is evaluated from eqn (9.112). That is,

+1+1

{Rs)  = = H W T {pu } \ n\ d^dr \  (9.113)
A - 1 - 1

where h is the normal vector evaluated at the Gauss points, and dA = \pxq \ = Ih I dr\. For a 
normal pressure p n, the pressure vector p u in eqn (9.113) is replaced by p n n , where ft is the unit 
normal vector evaluated at the Gauss points. Thus, the equivalent nodal force vector {/?„ } is 
expressed,

+1+1
{Rn ) = \ W T {pn }hdA = j  j w Tp „ n \ n \ d ^ d ^  (9.114)

A - 1 - 1

If the pressure is hydrostatic, then it’s interpolated value is given

Ph =  {<t>H/? 1

In this equation {p } are the nodal values and p h is calculated at the Gauss points, so that from eqn 
(9.114) the expression for the noadal forces becomes

+1+1

I/?*} = J J d f  }T [ p m ] Tf i \ n \ d$d i \  (9.115)
- 1-1

Evaluation of element stresses

From eqns (9.94) and (9.97) the element stresses are obtained from

{ox } = [D] [ B] { r }  (9.116)

where the strain displacement matrix [B ] is evaluated at the top (£ = 1) and middle (£ = 0) surfaces 
of the shell.

484 ANALYSIS OF SHELLS
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ELEMENT STRESSES 485

The stresses \o } mid correspond to the membrane action, whereas the bending stresses 

[o}bending are calculated from the difference of the top surface and mid-surface values. That is,

{ ^ } bending J top

For the quadratic element, the optimum position for calculating the stresses is at the 2 x 2 Gauss 
points % = r) = At these points the displacement derivatives (and hence the stresses) acquire

the same degree of accuracy as the nodal displacements. The nodal stresses may be then obtained 
by extrapolation, using a local least square smoothing technique. Thus, let the stresses at the 2 x 2 
Gauss points be

[CT/ O/f G/i/ o fV]T

Considering the two-dimensional r\ interpolation, the variation of stresses is written

o(£, ri) =  [1 £ ri fyf\l

Substituting for (£, r\ = and inverting gives the [a } coefficients as

1 1 1 1

-V3 V3 V3 -V3 
-V3 -V3 V3 V3 

3 - 3  3 - 3

Gil

a ///
O / v

(9.117)

The element nodal stresses [Oj o 2 ^3 o4]r are found by substituting (£, r\) = ±1, in eqn (9.115), so 
that using, eqn (9.116),

■4
symm

~ ~  1 -

1 +

1
2
V3

V3 
2 

J_
2

■4
1 +

2

a
2

J_
2
V3

cJ/ 

<*//
G///
a /v

(9.118)

The nodal stresses obtained in this way are not unique between adjacent elements. To overcome 
this, a simple averaging is required. In order to show the influence of the various integration 
schemes (URI, SRIA, SRIB, UNI3), two examples are given. The first is a cylindrical shell shown 
in Fig. 9.16 with uniform loading and the second a pinched cylinder with symmetrical point loading. 
The first example combines bending with membrane action, whereas the second experiences a stress 
singularity at the load point.
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The dimensions of the shell are shown in Fig. 9.16. The deflection is plotted for the points A and B 
shown in Fig. 9.16, for various mesh sizes. It is seen from the results plotted in Fig. 9.25 (point B) 
and Fig. 9.26 (point C) that results converge to the deep-shell solution [144] and that UNI3 exhibits 
a very slow convergence rate. The CPU ( x sec.) required for stiffness matrix formulation and 
assembly are shown for the various integration schemes. It is seen from this figure that SRI A is the 
least efficient and that in comparing results from Figs 9.25 to 9.27, for the cylindrical shell, the con­
clusion may be drawn that the URI (2 x 2) integration scheme gives the best combination of accu­
racy and computational cost-effectiveness.

Example 9.4 Cylindrical shell

Fig. 9.25 Cylindrical shell -  vertical displacement of point C (Fig. 9.16).

Fig. 9.26 Cylindrical shell -  horizontal displacement of point B (Fig. 9.16).
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MESH SI ZE

Fig. 9.27 Cylindrical shell -  comparison of efficiencies of various integration schemes.
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INDEX

A

arc length method, 293
arc length: variable, 294
arbitrary quadrilateral coordinates, 31
arch bridge, 272
arch members,  139
area coordinates, 35

area of triangle, 5

Argyris plate element, 371
axial compression,  148
axial tension, 150
axisymmetry, 311, 317

B
base vectors, 6
Batoz and Dhatt, 291
Bazeley–Irons plate element, 368
beam displacements, 22

beam elements: linear moment field,  112

beams curved in plan,  141
beam elements (natural modes), 99
beam sign convention,  177
beta function, 44

bifurcation problem, 254

bimoment, 231

body forces, 334

C
C 0 , Cj compatibility, 96, 367 
cable (deflected),  154 
cable force,  164

cable nets, 237

cable nets: double layer system, 237
cable structures: force method,  162

cable truss, 238
calculation of derivatives, 37
cantilever column, 257

Cartesian coordinates, 3

cable truss: experimental, 247
catenary, 247
centre of twist, 342
closed tube, thin–walled, 226
closed tube, two celled, 228
common interpolation functions, 23

comparative plate studies, 422

compatible plate triangular element, 378
complete polynomial, 39
computational efficiencies (eigenvalues), 278
computer analysis,  134
condensation: stiffness matrix, 212

constant curvature terms, 370
constant moment element, 396
constant strain terms,  109

constitutive laws: 
elastic, 311 
plate, 361

constitutive relationship, 73
constraints: effect on stiffness,  170
contragredient principle, 69
convergence,  108
convergence criterion,  110, 449
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coordinates:
area, 35 
local, 34 
natural, 35 
original, 6 
rotated, 6 
systems, 33

creep effects, 89
Crisfield, 291
critical load, (column),  159 

critical loads: elastic, 253 
cross product, 3
CST (constant strain triangle), 314

cubic element, 25
cubic intepolation function, 42
current position, 241

current stiffness parameter (CSP), 289
curvature displacement relationships, 384
curvature tensor, 359
curved members,  138
curved triangle, 324
cylindrical shell, 469
D

deep arch, 303
deep shell theory, 461
deflection: force method,  118
deflections:

member,  151 
of structures, 72

degenerated shell element, 464
determinant search, 270
deviatoric stress and strain tensors, 78
differential operator,  16
differential equation of equilibrium: 

elasticity, 65 
plate, 364

differentiation, 27

direct formulation, 94

INDEX

direction cosines, 9

direct stiffness, 201

discrete force/displacement systems, 71
discrete Kirchoff element, 400
displacement:

analysis,  169 
formulation, 93 
patterns,  183 
transformation,  170

distortion: temperature,  123
distributed load,  121

divergence of vector,  16

DKL family of plate elments, 400

dome: geodesic, 305
dot product, 3
double layer system, 237
Drucker Prager yield criterion, 87

Dulles Passenger Terminal, 237
dummy indices,  14
dummy unit load,  119

dynamic relaxation, 458

E

effective stress/strain, 80
Einstein summation convention,  12
elastic critical load, 253
element domains,  17
elements: line, 113
end links: rigid, 225
end rotations,  146
equilibrium element,  107
equilibrium iteration, 287
equilibrium paths, 289
equilibrium plate element, 392
equivalent nodal forces: 

shell, 484 
triangle, 96

ersatz forces,  160

experimental cable truss, 247
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F
faceted shell elements, 465
first moment of area, 46
fixed–end moments,  198
fixed–joint solution,  180

fictitious forces,  160
fixed–joint solution,  180

fiat facet shell element, 439, 460, 465
flexible piles,  114
flexibility:

coefficient,  119
for stress/strain, 73
constitutive equation, 75
effect of axial compression on,  148
effect of axial tension on, 150
infinite end inertia,  144
matrices,  120
non–uniform members,  144 
shear distortion,  147

force redundancy,  127
forces:

ersatz,  160 
fictitious, 160 
incremental, 283 
member,  113 
rigid body,  109

Fourier’s Law of heat conduction, 350 

G
gable frame,  181 
Galerkin method,  102 

hybrid element,  104 

Gauss–Jordan,  136 
Gauss divergence theorem,  14 
Gauss quadrature, 317 

generalized coordinates,  19 

generalized displacements, 104 
geodesic cutting patterning, 457

geometric stiffness:
concept of, 240 
flat facet, 445
thin walled open section, 262 
three dimensional member, 242, 258 
triangular element, 327

global:
coordinates, 34 
derivatives, 37 
dimensions, 34 
space,  18

Green’s theorem, 17
grid member,  120

grid structure, 204

H
heat:

convection, 352 
flow, 351 
input, 351 
radiation, 351 
transfer, 350

heretosis plate element, 421
Hermitian polynomials, 409
higher order triangular elements, 324
hinge in member,  152
Householder algorithm,  188
hybrid element formulation,  104
hybrid plate element, 387
hybrid stress element,  106
I

idealization: structural,  111 

incremental force, 283 
incremental rotation components, 302 
incremental stress–strain, 82 

indeterminacy: kinematic,  174 

indeterminate structures,  126 
index notation,  11, 73
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inertia:
matrix, 60
parallel axes theorem, 64 
principal axes, 62 
principle moments of, 62 
tensor, 60
transformation of components, 61

inextensible members,  181

infinite end inertia,  144

infinitesimal area, 29
infinitesimal rotation, 4
initial strains, 184, 335

infinitesimal triangle, 43
integration, 28
integration:

Gauss, 31 
numerical, 30 
triangle, 43 
zeta functions, 43

interative calculation, 244

internal compatibility conditions (plate), 382
internal force components, 56
interpolation, 17

interpolation:
cubic, 22, 23 
line, 23
quadrilateral, 23 
space,  18
three dimensional, 25

intrinsic dimensions, 35
invariants of deviatoric stress tensor, 78
inverse iteration, 276
irreducible polynomial, 39
isoparametric elements, 315
isoparametric:

family (three dimensional), 348 
interpolation, 26 
plate elements, 415 
shell element, 473 
triangle, 47

iteration:
equilibrium, 287 
inverse, 276 
matrix, 274 
Newton–Rhapson, 244 
sub–space, 280

J
joint equilibrium equations, 73 
K

kinematically equivalent forces, 328 

kinematic damping, 459 
kinemetic indeterminacy,  174 
Kirchoff hypothesis, 360 
Kronecker delta,  12

L

laminated plate, 362

Laplace equation, 338

large deflections–forces,  157

large displacement analysis, 286
large displacements, 323
limit points, 288
linear function, 39

linear Mohr–Coulomb, 87
linear moment field,  112

linear space, 20

line elements, 113
loads: distributed,  122

local coordinates, 34
local triangle, 47
Loof nodes, 400
LST (linear strain triangle), 314

LU procedures,  136
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M

matrix:
addition, 7 
antisymmetric, 8 
components, 7 
definition,  7 
iteration, 274 
multiplication, 7 
notation, 7 
subtraction, 7 
symmetric, 8 
transposition, 8

matrix theory, 7

Maxwell–Mohr, 85

member:
deflections,  151 
deformation parameters, 283 
extension, 245 
force components,  115 
forces,  113 
length, 207
modified stiffness,  188 
orientation, 207 
removal,  185 
stiffness matrices,  176 
uncoupled flexibility,  124

members:
arch,  139 
curved,  138 
inextensible,  181

membrane analysis of shells, 442
membrane locking, 480
Mindlin plate theory, 365

mode shapes: (rectangular plate element), 409
modified member stiffness, 184

modified Newton–Raphson, 448
Mohr Coulomb yield criterion, 87

moment of force,  13

moments of inertia, 60

moment vector, 3
Morley constant moment plate element, 397

N

natural and global forces, 322 
natural coordinates, 35 

natural mode, 97 

natural modes (beams),  125 

natural mode method (CST), 319 
neighbouring point, 50 

Newton–Raphson, 245, 287, 447 
Newton secant method, 448 
nodal forces: equivalent,  160, 484 
non–linear stress/strain curve, 253 
non–uniform members,  143 

numerical integrated elements, 315 
numerical integration, over triangle, 49

O
octahedral shear stress, 79 
open section (thin walled), 230 
orthogonal bases, 20 

orthogonal matrix, 9

P
parabolic Mohr–Coulomb yield criterion, 87
parallel axes theorem, 64
parallelogram law of addition, 2
parametric lines, 29
patch test,  109
pinched cylinder, 471
planar cable,  162
planar elements,  19

plane:
elasticity, 310 
frame stiffness, 254 
strain, 76, 310 
stress, 76, 310

plastic strain, 82
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plate:
bending, 358
differential equation of equilibrium, 364
middle surface, 360
natural mode approach, 372
stress resultants, 364
studies, 422
theory, 360

Poisson’s ratio, 74
polynomial integration, 45
polynomial interpolation, 18

polynomial interpolation for triangle, 38

polynomial space,  19

portal frame,  130
position vector,  10

Poskitt’s experimental truss, 247
principal axes, 62
principal moments of inertia, 62
principle of virtual displacements, 67
principle of virtual forces, 68

principal strain, 55
principal stress, 59
prismatic member (torsion),  190
propped cantilever,  128

Q
Q19 arbitrary quadrilateral, 386
quadratic interpolation functions, 40
quadrilateral plate element, 408
quadrilateral elements,  isoparametric concepts, 
415

R

rectangular plate elements, 408 
rectangular plate mode shapes, 413 

reduced and selective integration, 482 
release forces,  180

removal of member,  185 
repeated index, 12 

replacement of index, 12 

rigid body rotation, 9, 298 
rigid end links, 225 
rigid headstock, 114 
rivet group, 218 
rotation of coordinate axes, 6 

rotation of member, 243

S
sandwich plate, 366

scalar triple product, 5
secant modulus, 253
second moment of area, 46
shallow geodesic dome, 305
shallow shell theory, 462
shape finding: membrane shells, 454
shear centre, 342
shear constant, 339

shear distortion,  147
shear locking, 417
shear modulus, 74

shear strain, 53
shear strain: octahedral, 81
shear stress distribution, 339
shells, 439
shells: dome, 444
shells: membrane, 442
shell, strain transformation matrix, 476
similarity transformations, 281
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six node DKL element, 404 
skew axes, 221 

snap back, 291

statically equivalent forces, 72 
stiffness:

geometric, 242, 258, 260, 262, 327 
grid member, 204 
relationship for stress/strain, 76 
structure, 169

stiffness matrix:
axial force effects,  196 
grid members, 204 
infinite end sections, 191 
intermediate hinge in member,  192 
non–uniform members, 195 
effect of shear distortion on, 191 
three dimensional member, 205 
transformation of, 201 
plane frame member, 202 
torsion, 190

strain tensor, 54

strain:
creep, 89 
definition of, 50 
hardening, 90 
plastic, 82 
quadratic, 55 
shear, 53 
tensor, 54 
initial,  184 
temperature, 89,  187 
transformation, 54, 316

strain softening, 90

stress, 55

stress:
boundary conditions, 66 
components, 56 
definition of, 55 
effective, 83 
ellipse, 59 
equilibrium, 65 
quadratic, 58 
tensor, 58 
transformation, 58

structure idealization,  111

structure cutter,  134
structure: definition of,  111

structure: redundancy,  127
structure stiffness,  169
Sturm sequence check, 280
sub–space iteration, 280
sub–structures, 213

sub–triangle:
geometry, 379 
nodes, 380

support conditions, 220

surface forces, 329, 349
surface pressure, 331
St Venant’s torsion theory, 336
St Venant’s torsion constant,  190
symmetric strain components, 52

T

tangent flexibility,  155 
tangent stiffness, 239, 241, 246 
temperature effects, 89 
temperature strain,  123 
tension net structures, 236 
tension structure analysis, 447 
tensor:

components,  14 
definition of, 10 
curvature, 359

tetrahedron, 344

thin–walled closed tubes, 226
thin–walled open sections, 230
three dimensional: 

brick, 343 
interpolation, 25 
solids, 343
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time domain, 355
triangle domains, 33
toggle mechanism, 290
torsional buckling–nodal variables, 269
torsion of prismatic shafts, 336

transcendental functions, 284
transformation of tensor components,  14
transformation matrices: non–linear, 281
transformations: displacement,  170

triangle:
CST (constant strain), 313 
curved, 324 
derivatives, 37 
family, 313 
integration, 43 
isoparametric, 47 
local, 47
LST (linear strain), 314 
polynomial interpolation in, 38 
domain, 33, 318

triangular domain, 318
truss member,  120

turn back procedure,  137

two–celled closed tube, 228
two dimensional quadrilateral interpolation, 24
two–hinged deep arch, 303
U
uncoupled member flexibility matrices, 124 
ur elements, 324
V
variable arc length, 294
variable inertia,  143

INDEX

variable initial length members, 252

vector:
base, 6 
addition, 2 
components, 7 
magnitude, 8 
moment, 4 
notation, 2 
operations, 3 
rotation, 4

virtual displacements: principle of, 67
virtual forces: principle of, 68

Von Mises yield criterion, 85
volume, 5
W

warping function, 263 

weighted residuals,  102

Y
yield criterion:

Drucker Prager, 87 
Mohr Coulomb, 87 
Von Mises, 85

yield surface, 85
Young’s modulus, 74
Z

zero energy modes, 420 

zeta functions, 43
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