SYSTEMS AND INDUSTRIAL ENGINEERING SERIES

Applied
Mechanical Design

Ammar Grous

SSie= WILEY






Cover
Thumbnails
Thumbnails.jpg

http://www.a-pdf.com/?tr-demo




Applied Mechanical Design






Applied Mechanical Design

Ammar Grous

SSle= WILEY




First published 2018 in Great Britain and the United States by ISTE Ltd and John Wiley & Sons, Inc.

Apart from any fair dealing for the purposes of research or private study, or criticism or review, as
permitted under the Copyright, Designs and Patents Act 1988, this publication may only be reproduced,
stored or transmitted, in any form or by any means, with the prior permission in writing of the publishers,
or in the case of reprographic reproduction in accordance with the terms and licenses issued by the
CLA. Enquiries concerning reproduction outside these terms should be sent to the publishers at the
undermentioned address:

ISTE Ltd John Wiley & Sons, Inc.
27-37 St George’s Road 111 River Street
London SW19 4EU Hoboken, NJ 07030

UK USA

www.iste.co.uk www.wiley.com
©ISTE Ltd 2018

The rights of Ammar Grous to be identified as the author of this work have been asserted by him in
accordance with the Copyright, Designs and Patents Act 1988.

Library of Congress Control Number: 2017962687

British Library Cataloguing-in-Publication Data
A CIP record for this book is available from the British Library
ISBN 978-1-84821-822-2




Contents

Preface . ... ... .. . . . . L Xiii
Introduction . . . . ... ... XV
Chapter 1. Case Study-based Design Methodology . . ... ... ... 1
1.1. Methodology for designing a project product. . . . . ... ........ 1
1.2. Main players involved in the design process . . . . .. ... ....... 2
1.3. Conceptualization and creativity . . . . ... ... ... .......... 4
1.4. Functional analysis in design: the FAST method. . . . .. ... ... .. 4
1.4.1. Decision-support tools indesign. . . . ... .............. 5
1.5. Functional specifications (FS). . . . .. ................... 7
1.5.1. Operational functions, using the APTE method
oroctopus diagram. . . . .. . ... ... 8
1.5.2. Linguistic (or syntactical) writing of the
functional specifications. . . . .. ... ... ... ........ ... .... 10
1.6. Failure Mode Effects and Criticality Analysis . . ... .......... 10
1.7.PERT method . ... ...... ... .. . . ... . . ... 13
1.7.1. Logic of construction of the graph per level of operations. . . . . . 14
1.7.2. Statistical approach to the PERT diagram using the
Gamma distribution . . . ... ... o o o o 16
1.8. The Gantt method (Henry Gantt’s graph, devised 1910) . . . .. .. .. 17
1.9. Principal functions of aproduct. . . . . ... ........ . ....... 20
1.10. Functional analysis in mechanical design . . . . ... ... ....... 21
1.10.1. Product cost in mechanical design . . . . .. ... .......... 22
1.10.2. Creation- and monitoring sheets in mechanical design . . . . . . . 22
1.11. Scientific writingon aproject . . . . . ... ... ... ... ... .. .. 28
LI1.1. Project process. . . . . oo v v v v vttt e e e 28

1.11.2. Development of the conceptual model. . . . . ... .. ....... 29



vi  Applied Mechanical Design

1.11.3. Development (recap) on a spiralmodel . . . ... ... .......
1.12. Esthetics of materials in mechanical design. . . . .. ..........
1.13. Conclusion . . .. ...

Chapter 2. Materials and Geometry in Applied Mechanical Design,
Followed by Case Studies . . . . .. .......................

2.1. Introduction to materials indesign . . . . ... ... ............
2.2. Optimization of mass in mechanical design. . . . .. ... ........
2.3. Case study of modeling based on the material-geometry couple . . . .
2.4. Geometry by standard sections in strength of materials. . . . ... ...
2.4.1. Choice of materials in design (airplanes and bikes). . . . ... ...
2.4.2. Form factors ¥ of some usual cross-sections . . . . .........
2.4.3. Form factors in mechanical design . . . ................
2.5. Case study of design of multi-purposeitems . . . ... ..........
2.6. Case study of superposed bimetallic materials . . . ... .........
2.7. Curving and incurvate elements by sweeping of sheet metals . . . . . .
2.7.1. Sensible choice of optimizing materials in Palmer micrometers . .
2.8.Conclusion . . .. ...

Chapter 3. Geometrical Specification of GPS and
ISO Products: Case Studies of Hertzian Contacts . . ... ..... ..

3.l Introduction. . . . ... ..
3.2. Dimensional and geometrical tolerances in design. . . . .. .......
3.2.1. Case study of a bicycle wheelhub. . . . .. ..............
3.3. Envelopes and cylinders under pressure (for R/e<20) . . ... ... ..
34.Casestudy . .. ...
3.5. Rotating cylinders with a full round cross-section: flywheel. . . . . . .
3.5.1. Materials used for flywheels with centrifugal effects. . . . ... ..
3.6. Press fit and thermal effects through bracing . . . ... ... .......
3.7. Case study applied tobolted tanks . . . . . ... ..............
3.8. Case studies applied to contact stresses (Hertz) in design . . . ... ..
3.8.1. First case: sphere-to-sphere contact . . . . . ..............
3.8.2. Second case: contact between two parallel cylinders. . . . ... ..
39.CoNClUSION . . . .o

Chapter 4. Design of Incurvate Geometries by Sweeping . . . . . ..

4.1.Introduction. . . . . . ...
42.Casestudies. . . . ..o
4.2.1. Case study 1: frame sweeping . . ... .................
4.2.2. Case study 2: frame sweeping . . . . ... ...............
4.2.3. Case study 3: frame sweeping . . . ... ................

30
30
31

33

33
38
39
42
46
49
50
51
55
58
59
60

63

63
65
67
72
76
76
78
80
83
89
90
93
96



Contents  vii

4.2.4. Case study 4: frame sweeping . . . . . ... ... ... ... .. ... 106
4.2.5. Case study 5: example of a connecting rod of SAE 8650 . ... .. 109
4.2.6. Case study 6: sweptdoubleelbow . . . . ... ... .......... 111
4.2.7. Case study 7: frame sweeping . . . . . ... ... ... ... ... .. 113
43.Conclusion . . . . ... 115

Chapter 5. Principles for Calculations in Mechanical
Design: Theory and Problems. Strength of Materials

inConstructions . . . .. ... ... ... . L 117
5.1. Essential criteria of constructions indesign. . . . ... .......... 117
5.1.1. Stress intensification in shafts and beams. . . . . ... ... .. ... 118
5.1.2. Homogeneous, solid, round sections . ... .............. 119
5.1.3. Homogeneous, solid, square sections with recessed section. . . . . 119
5.1.4. Homogeneous, hollow, square sections, with no
external variation. . . . . ... ... ... 120
5.1.5. Homogeneous, solid, round sections with a shoulder
(shouldered shaft) . ............... .. ... ... . ...... 121
5.1.6. Homogeneous, solid, rectangular or square sections,
Witha groove . . . . . . . . . 121
5.1.7. Homogeneous, hollow, round and flat sections
(pierced flat piece withanaxle) . . .. ..................... 122
5.1.8. Homogeneous, hollow, round sections (shaft with groove) . . . . . 122
5.2. Principles of calculations for constructions indesign . . . . . ...... 123
5.2.1. Example on stress intensifications. . . . ... ............. 124
5.2.2.Casestudy on torsionangles . . . .................... 126
5.2.3. Case study: Tresca and von Mises yield criteria. . . . ... ... .. 130
5.3. Pressurized recipients and/or containers. . . . ... ............ 133
5.4. Calculation principles and solution method for
compound loading . .. ... ... . ... . ... . ... ... 135
5.4.1. Case study: mechanical fit. . . . ..................... 138
5.4.2. Case study of a profiled piece stressed under
conditions of elasticity. . . . .. ....... ... ... ... .. ... 143
5.5. Buckling of elements of machines, beams, bars, shafts
and SteMS. . . . . .. 144
5.5.1. Case study: buckling of an I-beam according to
AlSI specifications. . . . . . ... ... 147
5.5.2. Case study: I-beams and U-beams, homogeneous
and 1SOtroPIC. . . . v v v o 149
5.6. Design of stationary and rotating shafts . . . . ............... 152
5.6.1. Design (dimensioning) of shafts subjected to rigidity . . ... ... 154

5.6.2.Casestudy 1,solution 1 . . . ..... ... ... ............. 156



viii  Applied Mechanical Design

5.6.3. Case study 2 with solution: shear, moments,

slope, elasticity deflection. Applied SOM in mechanics

and civil engineering. . . . . . .. ... ...
5.7. Power transmission elements: gear systems and pulleys . . .. ... ..

S70.Casestudy . . . ...

5.7.2. Case study: statement of problem2 . . . .. ... ...........

5.7.3. Case study: statement of problem 3 . . . ... .............
5.8. Sizing and design of couplings . . .. ... .................

5.8.1. Design of a universal coupling, known as a Hooke

coupling . . . . . ...
5.9. Design of beams and columns. . . ... ...................

5.9.1. Solved case study: bending and torsion of a shaft. . . .. ... ...

5.9.2. Case study 3: equivalent bending moment and ideal

momentonashaft . .. ... ... oo o

5.9.3. Case studies: maximum performance of pre-stressed

bi-materials . . . . . . ...

5.9.4. Case study: deflection and buckling of elements

ofmachines . . . .. ... ... ... ..
5.10. Case studies using the Castigliano method. . . . . . ... ... .. ...
SaA1.Conclusion . . ... ...

Chapter 6. Noise and Vibration in MachineParts . . . . . ........

6.1. Noise and vibration in mechanical systems . . . . ... ..........
6.1.1. Aerodynamism of moving mechanical bodies. . . . ... ......
6.2.Casestudy 1 . .. ... ... ...
6.2.1. Lightweight vehiclesand trucks . . . . . ... ... ... ........
622.Casestudy 1. .. ... . . ... ...
6.2.3. Case study of the rotor blade of a fire brigade helicopter . . . . . .
6.3. Vibration of machines in mechanical design . . . .. ... ........
6.4. Case studies with a numerical solution. . . . .. ... ... .........
6.4.1. Case study: input parameters: M = 1; k=1; gp =1
andc=2.25. . . ...
6.4.2. Case study: system with free vibrations. . . . .............
6.4.3. Case study: problem with solution and discussion . ... ......
6.4.4. Case study: problem 3 with solution. . . . . ..............
6.4.5. Case study: problem 2. Engine represented on two springs . . . . .
6.4.6. Case study based on a concrete problem with solution. . . . . . ..
6.5. Critical speeds of shafts in mechanical systems . . ............
6.5.1. Case study with solution and discussion . . . .............
6.5.2. Method of approximation using the Dunkerley equations . . . . . .
6.5.3. Method of approximation using the Rayleigh—Ritz equation . . . .



Contents  ix

6.5.4. Method of approximation using the equations of the

rotation frequencies . . . . . ... ... 224
6.5.5. Method for solving the function F(w,): roots = (rpand ry) . . . . . 224
6.6.Conclusion . . . ... ... 225
Chapter 7. Principles of Calculations for Fatigue and Failure . ... 227
7.1. Mechanical elements of failure through fatigue . ............. 227
7.2. Analysis of materials and sizing in applied design. . . . . ... ... .. 229
7.3. Sizing of pivot joints with bearings. . . . . ... .............. 232
7.3.1. Basic formulae for calculating lifetime . . . . ... .......... 233
7.3.2. Determination of the minimum viscosity necessary . .. ...... 238
7.4. Faults of form and position of ranges on the operating
clearance fit . . . . . ... ... 239
7.5. Friction and speed of bearings. . . . . ... ................. 240
7.6. Sizing of bearing pivot joints and lifetime. . . . ... ... ........ 241
7.7. Case study: statement of the problem . . . . ................ 243
7.7.1. Internal clearance fit of bearings. . . . ... ... ... ........ 244
7.8. Biaxial stresses combined with shear for ductile materials
in concrete application . . . . . ... ... ... 246
7.9. Fundaments of sizing in mechanical design. Soderberg equations
in fatigue of ductile materials. . . . .. ... ... ................ 248
7.9.1. Application of Soderberg equations . . . . . .............. 248
7.9.2. Stress intensification factors (SIFs) . . .. ... ... ......... 249
7.93.Casestudy . . .. ... 250
7.10. Welding and fatigue . . . . . ... ... ... . ...... . ... . .... 253
7.10.1. Case study: calculation of resistance of weld joints in design . . . 254
7.10.2. Real-world case study: welded cross-shaped structure . . . . . . . 256
7.10.3. Case study: fracture mechanics and stresses . . . . ... ...... 261
7.10.4. Case study in fatigue fracture mechanics . . . . ... ... ..... 262
7.11. Limits of performance and of strength in the elastic domain . . . . . . 267
7.12. Proposed project: outboard motor for a small boat. . . . .. ... ... 269
7.13.Conclusion . . ... 270
Chapter 8. Friction, Brakes and Gear Systems . . . . . ... ....... 271
8.1. Friction, materials and design of assembled systems . . . ... ... .. 271
8.2. Buttressing of mechanical connections . . . ... ............. 274
8.3. Case study: principles of calculations for brakes. . . . . ... ... ... 279
8.3.1. Design of a double brake block by calculation. . . . ... ...... 281
8.3.2. Design of inner double-shoe block brake. . . . .. ... ... .... 282
8.3.3. Design of aband brake block. . . . . ... ... .. ... ... 284

8.3.4. Examples of principles of calculations for brake design,
withsolutions. . . ... ... ... ... 287



x  Applied Mechanical Design

8.3.5. Case study: hypothesis of the design of a

double-shoebrake . . . ... ... .. ... . .. .. . 289
8.3.6. Case study: hypothesis of the band brake whose drum
hasaradiusR (mmandin)................. ... ......... 291
8.3.7. Case study: differential brake using a roller pressed
againstadrum. . . . ... ... 292
8.3.8. Symmetrical shoe brake pressed against a drum with radiusR . . . 294
8.4. Principles of calculations of a gear system or gear disc. . . .. ... .. 298
8.4.1. Case study: principles of calculations for gear systems . ... ... 299
8.4.2. Analysis and choice of the dimensions of the cam gear system. . . 300
8.4.3. Sizing of a cam gear systemand casestudy . . . ........... 301
8.4.4. Case study: principles of calculations for gear systems
INdesign. . . .. 304
8.4.5. Conical gearsystem . . .. ... .... ... ...t 307
8.5. Flywheels and rims (discsand rims) . . . . ... .............. 309
8.5.1. Flywheel forasoliddisc. . . .. ..................... 311
8.5.2. Flywheel system with rim and discs (internal and external)
made of castiron. . ... ... ... ... ... ... .. 312
8.5.3. Flywheel: numerical applications. Hypothesis I . . ... ... ... 314
8.6.Conclusion . . . .. ... .. 315
Chapter 9. Sizing of Creations . . . . .. ... ... ... .. ... ...... 317
9.1. Elastic machine elements and bolted assemblies. . . . ... ....... 317
9.2. Dimensions (sizing) of bolted assemblies . . . . . ... .......... 321
9.3. Fatigue, shocks and endurance of bolted assemblies. . . . .. ... ... 324
9.4. Springs in mechanical design . . . . . ... ... .. ... ... ..., 325
9.4.1. Materials and geometry of compression springs. . . . . .. ... .. 326
9.4.2. Case study of helical springs in mechanical design. . . . . ... .. 338
9.4.3. Case study of a spring in arocker switch. . . . . ........... 340
9.4.4. Verification of buckling of compression spring . . . . ........ 344
9.5. Simple blade and spiral blade springs . . . . . ... ............ 345
9.6. Main expressions of design calculations for Belleville washers . . . . . 346
9.7. Power transmission. Case study: hoist . . . . .. ....... ... ... 347
9.7.1. Power transmission and simple drum brake . . . ... ... ... .. 348
9.8.Casestudyoncouplings . . .......................... 350
9.8.1. Case study: analysis in design of brake elements . . . . . ... ... 351
9.9. Case study on power transmission: external spring clutch . . . . . . .. 352
9.9.1. Case studies: power transmission. Bolted assembly . . .. ... .. 353
9.9.2. Computer-assisted design of a hub (bolted assembly) . . ... ... 355
9.10. Couplings and machine elements subjected to stress at high speeds. . 356
9.10.1. Determination of the error in position of the shaft. . . . .. .. .. 357

9.10.2. Determination of the output velocity of the shaft . . . . ... ... 358



Contents  xi

9.11. Design of spring rings. . . . . . .. . .ttt 359
9.12. Principle of calculations for a Belleville washer: case study . . . . . . 361
9.13. Determination of the pressing moment for a bolted assembly . . . . . 362
9.14. Power transmission by epicyclic gearsystem . . . . ... ... ..... 363
9.15.Conclusion . . .. ... ... 365
Chapter 10. Design of Plastic Products . . . . . .. ............. 367
10.1. Calculations for the design of plasticparts. . . .. ... ......... 367
10.1.1. Mechanical parameters used during tractiontests . . . . ... ... 368
10.2. Jointing of a ball bearing in ametal casing . . ... ........... 370
10.3. Cylindrical clip of PP (e.g. blinds): force exerted. . . . ... ... ... 371
10.3.1. Spherical clip of a PP: forceexerted . . . . ... ........... 374
10.4. Types of clip fitting: counter-cylindrical cantilever . . ... ... ... 376
10.4.1. Conical cantilever. . . . . ... ... ... . . .. ... 378
10.4.2. Shortcantilever . . . ... ... ... ... .. 378
10.5. Configuration of strips: two-dimensional spline interpolation . . . . . 381
10.5.1. Graphs of the model of the original surface. . . . ... ....... 383
10.6. Pressassembly . . . . ... ... ... ... ... ... 383
10.7. Reduction of stress relaxation: bolts and self-tapping screws. . . . . . 385
10.8. Case study: piping link . . .. ... ... ...... ... .. ........ 386
10.9. Assembly by forced jointing . . . . . ... ...... ... ........ 388
10.10. Stress and thermal swelling in assembled materials . . ........ 391
10.10.1. Stress intensifications. . . . . . . ... ... ... ... 393
10.11. Capacity and reliability of roller bearings (plastic and otherwise) . . 395
10.12. Safe stress of the appropriate material for a plastic clutch system . . 396
10.13. Case study: plastic ball bearings . . . . .. ................ 398
10.13.1. Calculation of the lifetime of roller bearings . . . . .. ... ... 401
10.14. Limits of performances of polymer design. . . . . ... ........ 401
10.15. Case study: fan with plasticblades . . . ... .............. 402
10.16. Conclusion. . . . . ... ..o 404
Chapter 11. Mechanical Design Projects . . . . .. ... .......... 405
11.1. Proposed projects in mechanical design . . . . . ... .. ........ 405
11.2. Case studies of hoisting and handling devices. . . . .. ... ... ... 405
11.3. Projects design proposal for a liftingwinch . . . . . ... ... ..... 406
11.3.1. Case study: parameters in sketching a lifting hook . . . . ... .. 408
11.3.2. Principles of calculations of the resistance of a lifting hook . . . . 409
11.3.3. Calculation and design (choice) of the round-wire coil spring. . . 412
11.4. Calculation and design of a bolted assembly . . ... ... ....... 414
11.5. Yield of power transmission of a screw mechanism . . . . . ... ... 417

11.5.1. Calculations of stresses on the threads of a screw mechanism. . . 419



xii  Applied Mechanical Design

11.5.2. Calculations of stresses at the root of the thread in a

screw mechanism. . . . . ... ... . 420
11.5.3. Case study: numerical applications. . . . . .............. 420
11.6. Project 2: case studies: scooter. . . . . .. ..... ... ... ... 424
11.6.1. Presentation of the mainparts. . . . ... ............... 426
11.7. Project 3: dental hygienedummy . . . .. ................. 428
11.7.1. Support clamped to the lab bench in the dental
hygiene department . . . ... ... ... ... ... .. ... 435
11.7.2. Case studies of a complete block and crank link. . . .. ... ... 438
11.7.3. Explanatory photographic definition of the final product. . . . . . 439
Conclusion. . . .. ... ... ... . ... 443
Appendix . . . ... 445
Bibliography. . . . . .. ... ... 467



Preface

This book is designed for students in specialized schools and in science and
technology universities, and also for professionals in the industrial sector. Its content
is based on case studies with given solutions, which are targeted and discussed.
This content is drawn from the author’s own classes in applied mechanical design. It
gives an overview of all the necessary elements of knowledge, and the methods for
analyzing and selecting materials. The book is written as a didactic tool to guide
readers in their approach to design, making heavy reference to industry.

The construction of the book is founded primarily on intuition where Arts and
Industry are concerned. University courses in Technology offer solutions to the
problems arising in design, but do not always present an exhaustive list of the
numerous steps that need to be followed at the implementation stage. Sometimes,
solutions put forward in mechanical design refer to diagrams without saying
anything of the “how”, the “why” or the “where”... The thought process
surrounding design is far more subtle, much deeper and, in many respects,
considerably more complex than it might, at first glance, appear to be. The approach
to design must begin with concise methods which enable us to:

— clearly set out the problem (or problems) at hand;

— compare succinct analytical solutions;

— make informed, and duly documented, choices and selections.

In this book, we examine a protocol which qualifies and quantifies the

requirements, beginning with a clearly written set of Functional Specifications (FS).
The methods and analyses herein aim to satisfy the expressed need.

In particular, it is absolutely crucial to have, at our disposal, mathematical and
physical tools to calculate the mechanical resistance of materials. Knowledge of how
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materials behave is fundamentally important to enlightened design; in other words,
the results of calculations, even fairly accurate, constitute simple pedagogical
mathematical exercises which have no bearing on the final decision taken on a
project. The case studies presented here are the result of the author’s research and
targeted work in mechanical design. They are taken directly from the author’s
teaching materials which have, in turn, given rise to manuals and a wide range of
publications, including manufacturer catalogs on an international scale.

At the end of the book, readers will find case studies which have previously been
discussed in the author’s classes, with a view to finding solutions. They are invited
to make use of these materials for an appropriate illuminating study, in keeping with
the workshop tools and lab tools available to them. In applied mechanical design,
there is no single solution, but instead a range of possible solutions in view of the
means and methods being used.

Ammar GROUS
December 2017



Introduction

In design, modeling is an indispensable step. In the preliminary stages of a
design project, it is essential to make sketches (outlines), and combine these with a
rough graphic-analytical model. When the preliminary sketches appear viable, we
move on to other factors of progressive design. The principles of the calculations
include combinations of properties to find the best possible performances that the
project can deliver. The mathematical model is founded on exact values of the
stresses at work, and of the strains undergone by the components, bounded by the
operational limitations. In this book, we present concrete examples with different
geometrical properties, under stress from a variety of types of loading. Beams, bars,
discs and cylinders (to mention only a few classic forms) already have working
hypotheses concerning their use, set out in specialized publications. It is wise to
draw upon this pre-existing body of work in putting together real-world projects.
The important thing is to be aware that the information is out there, and that
judicious use can be made of it. The formulae presented herein are taken from the
specialist literature, cited in the bibliographies at the end of each chapter. The tables,
standards, formulae and other are presented here as an illustrative guide. Under no
circumstances should this book be thought of as exhaustive; readers must refer, for
more detailed information, to the aforementioned specialized publications.

Historically, the design of products such as mechanisms and machines has been
at the heart of engineering sciences and techniques. The development of computer
tools and computer-aided design (CAD) has greatly contributed, with the help of the
standards brought into force, to better presentation of the graphical results of
sketches of definitions and products. Optimization methods, new workflow schemes
and mathematical tools employed in mechanical construction can easily be used by
project designers. On the basis of a clear set of technical specifications, the designer
can achieve their objectives in the shortest possible time and with the lowest
possible material cost. A clearly presented preliminary project is a good guarantee
for the production of a safe, well-documented design.
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There is no reproducible, prefabricated “recipe” for a good design of mechanical
systems. Instead, there are step-by-step, incremental methods which are optimized to
deliver the desired results. The current book is founded on experience both in
industry and in teaching. It discusses indispensable tools which orientate and guide
designers in their search for solutions. It uses a skill-based pedagogical approach,
and thus presents the target vectors, including:

1) Methodology: Readers of this book will follow the steps, from needs analysis
to the hunt for mutually acceptable solutions (agreed between the client and the
designer), right through to the presentation of the documented preliminaries for the
project. Technical specifications, creative design methods (including FAST:
Function Analysis System Technique), Gantt charts and FMECA (Failure Modes,
Effects and Criticality Analysis) are used here.

2) Principles behind the calculations: The elements of analysis and calculations
traditionally employed in construction are the preserve of the mathematical and
applied physics tools. The novel aspect of this book is that it brings in a clearly
documented pedagogical approach. The analytical approach follows the principles of
the calculations. The materials and processes, which are subjects close to mechanical
systems, are clearly documented.

3) Graphical-analytical tools: The graphical and/or analytical methods discussed
herein are used in such a way that engineers, technicians and students can,
themselves, use them or draw inspiration from them for their own projects.
Logically, the fundamentals of computer-assisted design are examined using the
software tools recommended in the industry.

4) Pedagogical and industrial case studies: The solved examples given here are
taken from the author’s own experience in industry and in a university setting. These
examples cover a wide range of fields in manufacturing industry (recreational
equipment, lifting devices and forms of transport, pedagogical demonstrative
mechanisms, etc.). The studies also look at how to make the right choice of
materials and structures for the projects at hand.

This book, which is devoted to applied mechanical design, draws on case studies
taken from the author’s own experience in the professional and university spheres. It
is based on a methodology and pedagogical approach which are deliberately
painstaking, because they are being used instead of pure mathematics and applied
physics to present the subject. It is an arduous task to present a mechanical design
book, owing to the multidisciplinarity of the field and the computer tools which are
crucially important to run the design calculations quickly. Design is not a singular
subject: a complete design project will inevitably require the coming together of a
multitude of technical, scientific and technological disciplines, in addition to clarity
in the drafting of the dossiers making up the studies.
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The first chapter discusses the organization of workflow for projects. Its purpose
is to guide the projector—designer through the entire organizational process, from the
first general overview sketch to the launch of the idea based on the technical
specifications. This part tackles the search for practical solutions which can orientate
the projects. This, in a manner of speaking, is the art of conducting a design project.

Chapter 2 sets out the main design tasks, with emphasis being placed on the
judicious use of materials and geometric form. Throughout the book’s eleven
chapters, we present case studies with worked solutions as a didactic approach.

Next, the third chapter presents the principles underpinning the calculations for
the elements of machines, materials and structures. It is here that calculation tools
prove indispensable for the design analysis. This chapter discusses the need for
process analysis and materials analysis. It is also at this stage that the issue of sizing
comes into play, and that geometry (GPS: Geometrical Product Specifications) takes
on its demonstrative part. We also look at the theory of Hertz contact stress.

Chapter 4 is given over to the particular geometric forms used in applied
mechanical design: profiled and incurvate parts (we look at the NURBS method:
Non-Uniform Rational Basis Spline).

We move on, in our fifth chapter, to the appropriate use of the principles of
calculations for the elements of machines employed in mechanical construction.
We touch upon cases of material resistance and give further case studies, with
solutions, which can serve as concrete examples to be used in tutorials and other
applied mechanical design workshops.

The sixth chapter presents case studies devoted to the noise and vibrations
produced by mechanical elements and machine supports. The solution sets
demonstrated here could be used to devise other projected cases for tutorials.

Chapter 7 offers further context about a number of cases commonly encountered
in welded structures, and presents the calculations used to determine the fatigue of
stationary parts and bearings.

The eighth chapter then presents case studies on the brakes and clutch systems
used in applied mechanical design.

In the ninth chapter, we discuss bolted mechanical structures, such as spring
washers and axles.

Chapter 10 is devoted specifically to the principles underlying the calculations
for machine elements made of plastic materials.
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The eleventh chapter presents concrete projects that have actually been tackled in
the author’s classes and tutorials, and the resulting commentated sets of solutions
also offered.

The Conclusion and Appendix provide a brief summary, containing a glossary,
and tables of reference pertaining to the standards in force in construction and
mechanical design. Having come to the end of the above sections of the discussion,
this final chapter presents a number of recommendations regarding the drafting and
final presentation of projects.

This book is specifically targeted at problem-solving in mechanical design.
Its purpose is absolutely not to lay out the fundamental concepts used in mechanics,
but it does draw upon those concepts (discussed in depth in other works) to put
forward succinct, practical solutions. That is where its strength as a tool for teaching
and training lies. Users can refer to an illuminating set of commentated solutions.
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1.1. Methodology for designing a project product

“Methodology” should be taken to mean the preparation of an exhaustive file of
the steps that must be followed at a research center. That file will contain the data
defining the product, right down to the expression defining the need for it.

Knowledge about the
. —
product to be designed

“Mmmmucﬂl”“; A
Curiosity q Hypotheses < Collaborations and
. g )l . .
Intuition communications

*

Approval of
research project

Targeted analyses

If NOT, rework
the hypothesis and
follow the steps

Presentations with
demonstration of
analysis result

If the project is
GREEN-LIT

Figure 1.1. Scientific approach to design

The scientific approach is named as such because of the dissatisfactions
pertaining to fields not explored by the core sciences. If the subject is unique or
original, in collaboration between multiple disciplines, new hypotheses may be
formulated and patented. Thus, the state of the art will be enriched.

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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State of the art [«
__—

A Exploiting the product

T

Product
testing

Targeting and identifying the need

DESIGN (sketch)

A

If NO, re-examine the Feasibility If YES,
produce,
DESION study manufacture

Figure 1.2. Process of a design project

Given the multi-disciplinarity (fields of mechanics, pneumatics, hydraulics,
electronics, etc.) of subjects which encapsulate design and vast domains of
application (the manufacturing industry, agriculture, civil and/or military
construction, biomechanics, automotive engineering, aeronautics, etc.) in this book,
we present examples found in systems in mechanical and civil engineering. The
mathematical foundations are common to the two domains, but the behavior of the
materials and structures sometimes differ.

We can already see that design is hugely complex. A designer must have good
knowledge of numerous branches of science and technology, in addition to a keen
sense of the dual organization of good intuition. The project approach is less
stressful because the client will have clearly expressed their requirements at the
outset. Solutions will be put forward with the aim of satisfying the requirements, in
connection with the technical and economic feasibility. Once the designer has
accepted the project to conduct manufacturing studies, tests will be carried out.
If the result is a conclusive approval, then the product will be made and potentially
released to the public.

1.2. Main players involved in the design process
Design projects are studied in a research hub (RH). Thus, the RH is an entity

which is often complex, the size of which is subject to variation from one company
to another. The teams employed at RHs are multi-disciplinary, complementary and
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diverse. The tasks are often trivial and overseen by: the study engineer; the study
designer and the projector.

The research engineer is the head of the research project, but delegates some of
the work to the projector. In addition to the calculations for which s/he is responsible
for (graphic design, core sciences and applied sciences), the research engineer acts
as an interface between the administrative and financial management teams.

The study designer, despite what the title suggests, actually deals with more than
just designs. His/her role is to finalize the defining designs and drawings in the
preliminary stage of the project.

The projector, as the etymology indicates, assists the research engineer in
projecting technical tasks, including the defining design drawings. Depending on the
structural organization of each company, the projector may sometimes deal with
clients, with suppliers and with all the company’s separate departments. In addition
to the tasks of computer-aided design (CAD), the projector is indispensable in a
research center, because the research engineer trusts projector and relies upon
him/her for all the work needing to be done.

Specific publications on company structure offer fuller definitions of these
hierarchical roles. This book, for its part, is intended to be an instructional design-
support tool: sketches, calculations, tests, measurements and checks.

The design workspace evolves around the projector. The below diagram
illustrates what we mean by this:

Client, > Hierarchical
end user | organization
DESIGN

— ..-* Definition
-"""l A sheet

Client’s
stated wishes

Metrology and . | CAD
quality/eliability | Calculations and sketches ||  \upuusins

"""""" S ‘""M‘T ~ B

Figure 1.3. Diagram illustrating the work environment
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The projector is in charge of the needs analysis, the feasibility study for the
requirement and the execution of the preliminary (“pre-project”) stage. It is worth
bearing in mind that there are multiple possible combinations to create a product.
The organigrams offered here are simply a few illustrative examples. The staff at the
research hub, drawing upon their relevant experiences, would choose possibilities
which fit in with their own working methods.

1.3. Conceptualization and creativity
At the initial stage of the design, it is wise to begin with proposals of ideas to

help bring the product to life. The team then take an initial overall view of the
adopted solutions to lay the foundations for the task of design.

Criteria behind principles of construction
Human factors Production Reliability
Calibration function Standards Maintenance
Settings Materials Maintainability
Connections Recycling Environment
Setups Components Handling
Safety/security Applied quality control
Accessibility etc.... Applied metrology

Table 1.1. Main construction criteria in design

1.4. Functional analysis in design: the FAST method

The method known as FAST — Function Analysis System Technique — is a
workflow organization method which offers a logical and explicative diagram
illustrating the operational and technical functions.

— Why does the function need to be performed?
— How does the function need to be performed?

— When does the function need to be performed?

It is an interrogative method, the answers to which will guide a designer in their
choices and methods. Function Analysis System Technique, known by its acronym
FAST, is used in functional analysis either to describe (descriptive FAST) or to
create (creative FAST). FAST is said to be descriptive if the design solution already
exists. This method is used, for example, to carry out a critical study of how a
product’s technical and/or economic functions are served. The process is as follows:
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Prepare for the analysis — Gather and collate the technical functions — Sort the
technical functions — Construct a FAST diagram (How? and/or When?) — Write
up the technological adopted solution.

Creative FAST is used as follows: Prepare for the analysis — Search for and
collect ideas (brainstorming, or “Kaizen”) — Order the ideas — Construct a FAST

diagram (How? and/or When?) — Write up the technological adopted solution.

Simplified example of a FAST approach in manufacture by machining

WHEN? Simultaneously (AND) to Choosing the geometry
other functions such as — of the cutting tool
A \_/’_
. Choosing the right
» Increasing the cutting materials

cutting speed

To obtain a <::< WHY

smooth Respecting an isostatic
surface R, setup

:v\_/_

HOW

Respecting the cutting
parameters, etc.

»|  Reducing the
tool advancement per

revolution \_/_

Figure 1.4. FAST in machining manufacture

1.4.1. Decision-support tools in design

Although decision-support tools can be very helpful if used properly, it is
advisable not to blindly accept the accuracy of the proposed solutions. These tools
are used at the end of the creative sessions that are an integral part of the preliminary
design phase of a project. The purpose of using them is to stabilize the choice of
solutions — in other words, to check the validity of the decision and to create a
commentated decision dashboard.

Validity of the decision: The questionnaire is designed to extract the true
requirements of the product. It then becomes a question of explaining the advantages
and disadvantages weighing toward the maintaining of the solution.
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Technical function

rejected because...

Document all

Operational Technical function

function of lDI:> adopted because...
product P

A

responses

A

Technical function

rejected because. ..

y

Figure 1.5. Decision-support system (expert system)

For example: why use one material instead of another? Why choose that
environment? etc. The assessment criteria justify and support the characterization of
the product’s operational function. Of course, it is crucial to also take account of
criteria such as cost, maintenance and even esthetic appearance, etc.

A so-called Bayes table (named after the Scottish statistician Thomas Bayes,
1702-1761), is a multi-criterion table used to formalize a decision. To draw up a
Bayes table, we insert the factors contained in relation [1.1], below, in accordance
with the following seven steps:

1) Define the objective of the decision to be made
2) Collate the proposed solutions (Sol;; Soly; ... Sol;)

3) Collate the criteria (Criterion;; Criterion,; ... Criterion;), assigning each a
score between 1 and 3, depending on the case study

4) Weight the criteria (k;) with weight scores ranging from 1 to 5
5) Find the value structure for each criterion
6) Carry out an overall evaluation (calculate the total sum)

7) Analyze the results to produce the best solution(s) as a function of the highest
weighted score.

Decision dashboard relating to three solutions
K; is a weighting coefficient (1 <K SS)
Scoreg,; is the score for solution sol

n
Scoreg,; :ZNiX’(i where ' [1.1]

i1 N; is the criterion score (1< N; <3)

i is the criterion number (1 <j< n)
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Criteria K; coef. Solution 1 Solution 2 Solution 3
collected Pond.
Score Total Score | Total | Score Total
Criterion 1 5 3 5%3=15 1 5x1=5 3 5x3=15
Criterion 2 3 2 3x2=6 2 3x2=6 2 3x2=6
Criterion 3 4 1 4x1=4 2 4x2=8 2 4x2=8
Criterion 4 2 1 2x1=2 2 2x2=4 2 4x2=4
Criterion 5 3 1 3x1=3 1 3x1=3 2 3x2=6
Weighted total | X=30 ¥=26 z=39
Minimum score 1 1 2
Conclusion: Solution 3 is the most advantageous. Hence, it will be given priority.

Table 1.2. Example of a decision dashboard

1.5. Functional specifications (FS)

Before conducting any kind of design study, it is essential to know precisely
what the client is looking for. In some cases, the client’s expression of their needs
may be unclear, lacking detail and sometimes even incomplete. Working closely
alongside the client, it is crucial to clearly define the product that is to be designed.

Many methodological tools are put forward in the existing body of literature
[FRE 85]; such as the interaction diagram or the APTE method (4pplication aux
Techniques d’Entreprise — Application to Business Techniques — taking its name
from its parent company, APTE), to cite only those examples. The client may not
always be a designer. They will express a requirement, in their own words, which
the designer will then have to implement. In order to do so, the designer begins by
defining the operational functions of the product being designed.

As the FS cover the entire life cycle of a product, they must satisfy a number of
requirements, at the following distinct stages: design, manufacture, distribution, use,
maintenance and end of life — i.e. disposal, recycling or, sometimes, value creation
(upcycling). Thus, the definition of a product is a true reflection of the set of
constraints relating to the environment.
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PROJECT MANAGEMENT

ettt

FNA: Functional
Needs Analysis

Brief expression of the REQUIREMENT, clearly stating
the nature of the need to be conceptualized, then
manufactured and sold at a set value based on the market

Drafting of ¢

initial Func.

Specs. Consultations and
Communications
Designer—Client

Calls for tender, etc.

[
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______________ s
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Figure 1.6. General structure of functional specifications (Func. Specs).
GPS: Geometric Product Specification. VA: Value Analysis. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

1.5.1. Operational functions, using the APTE method or octopus
diagram

The operational functions describe the client’s requirement which the designer
must serve. To do so, the designer can use a variety of workflow organization
methods. For example, s’/he might use an octopus diagram in the case, primarily, of
designing mechanical systems. An example is given below.

— FP;: This is the principal function of the product (e.g. a bicycle). It enables the
cyclist to move over the ground (link between two media);

—FC,;: Constraint function: withstand disturbances on the cyclable track (road)
and be easy to pedal;
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— FC,: Respect the environment;

— FCs: Look attractive (esthetic value);

— FCy: Resist external attacking forces (rain, snow, salt, etc.);
—FCs: Be lightweight, safe and reliable;

— FC¢: Respect the standards and other codes in force;

— FC4: Be comfortable.

Rules and code User
(legislation) (cyclist)
FC, FP,
. FC,
S BIKE Road, track,
gy mountain
FC,
FC,
Outdoors
Environment

Figure 1.7. Octopus diagram or APTE principle for a bicycle

The steps to be taken are generally logical, including:

1) States: The states are operational, under construction and undergoing
maintenance;

2) Environment: Above all, it is important to think about the surroundings of
the product we are designing, such as: the physical elements, the user(s), the
environment, reliability/safety, energy, etc.

3) Principal functions: Hitherto, it has not been customary to insist on the
language to be used in technical documents. This, in the author’s view, is a mistake,
because the language and the expressions must be absolutely free of any ambiguity.
A set of functional specifications is a contract between the designer and the client,
where sentences need to be structured in such a way as to clearly show the elements
of logic: subject, verb and object.
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1.5.2. Linguistic (or syntactical) writing of the functional specifications

—the label “subject” obviously applies to the system to which the design
pertains. It needs to be concise, clear and unambiguous;

—the action verb (indicative and transitive) must be in the present indicative
tense. It is important to avoid verbs which render the statement of the function vague
or evasive;

— the direct object complement (direct, indirect, circumstantial) applies directly
to the user. An indirect object complement is a little different.

With the above completed, the FS can be drafted. The designer adds further
information about the characteristics of each function, along with its title. If using
an octopus diagram, the number of generated principal functions needs to be taken
into account by the designer. The client is free to interject on matters such as Fyy
(non-negotiable function), Fy (negotiable function) or even Fgy (fairly negotiable
function).

Characteristics Level Flexibility
Qualitative analysis Qualitative analysis Negotiations

= = = = = = .

Form of functional specifications: Label of function FP, or FC,

C

Figure 1.8. Form of FS

The designer presents the client with the FS, where all the functions are clearly
defined by their characteristics. The levels will be annotated by the client depending
on the operational needs for the product. The FS must be signed by both parties in
order to formalize the contract. The time allowed for the FS is limited to around half
a day’s work, and the document is distributed in electronic format. The drawing up
of FS constitutes a hugely important step. The design then becomes a matter for
specialists. We then seek solutions from a range of specialists with a view of
validating the pre-project, using the FMECA design tool.

1.6. Failure Mode Effects and Criticality Analysis

FMECA — Failure Mode Effects and Criticality Analysis — examines all the
different types of failure which impact the system’s ability to operate. This method,
developed by the US Army, has the reference MIL-P-1629 (1949). It is a reliability
method whereby failures are ranked on the basis of their impact on equipment
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(reliability) and on personnel (safety). For that reason, FMECA is employed widely
in aerospace engineering. By the 1970s, the automotive industry (including
companies such as Toyota, Nissan, Ford, BMW, Volvo and Peugeot) was using
FMECA widely. We can distinguish between different types of FMECA, depending
on the domain:

— product FMECA can be used from the design of the product to ensure it fulfills
the functions for which it was designed;

— process FMECA pertains to the realization phase, to verify the impact of the
manufacturing processes on the product’s conformity;

—procedural or machine FMECA relates to the equipment used in the
manufacture;

— design FMECA relates to the design of the product, with the aim being to
anticipate potential design failures at the pre-project stage.

We focus here on design FMECA, including the system (the derailleur in a
bicycle gear system) and the formation of a research group composed of the
maintenance manager, three maintenance agents and two technicians.

1) failure analysis: the detailed study of the work orders issued in the wake of the
breakdown revealed two modes of failure with their associated effects and causes
(see table below);

ii) criticality calculation: with the values adopted for F, D and G, it is possible to
calculate the criticality attached to each failure of the winder of a hoist;

iii) actions undertaken: the highest criticality value, 12, is associated with the
wear and tear on the components of the winder. The service decides on preventative
action by changing the components of the winder every year.

Ranking of potential failures
F for FREQUENCY
1 Max. failure per year (low)

2-3 | Max. failure per trimester (average)

4-5 | Frequent failures each week

8 Very frequent failures

10 Failure all the time

D for NON-DETECTION

1 Verification by an operator (naked eye)

2-3 | Easy detection by simple examination

4-5 | Easy detection by detailed examination
10 Undetectable to the naked eye
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G for GRAVITY or UNAVAILABILITY
1 No stoppage

2-3 | No stoppage but sometimes annoyance

4-5 | Stoppage > 1 day or nonstandard

8 Dangerous
10 Fatal

Definition of the terms used in Product FMECA (Bicycle)

System, FAILURES CRITICALITY
element or Modes Effects Causes
subset FID| G| C=FxDxG
Gear change | No gear Winder Failure of 4
of the hoist | change non gear changer | 1|2 |2
compliant
Idem Idem Idem Defective 4
mechanism | 1|2 |2
Idem Poor function Idem Worn parts of
of the winder the winder |2 |3 |2 12
ACTIONS UNDERTAKEN EVOLUTION
F D G C=FxDxG
Changing of the winder every year 1 3 2 6

The Risk Priority Number is written: C = NXRXP=FXDxG

Table 1.3. FMECA for the example of a hoist

—the criticality represents a mathematical product which evaluates the
occurrence and severity, giving us the product: C =0xS.

The checks in design and manufacturing processes constitute mechanisms which
prevent the causes at the root of failures. As in design, the clients are separate from
the functional specifications. It is manufacturing processes which are affected by
possible failures of the product.

—to evaluate the probability found by the check, we use the failure cause tool
Statistical Process Control (SPC) [GRO 13];

— when a mechanism, a component or even the whole system ceases to function,
failure occurs. It is possible that the system may not shut down completely. The
performances lack — hence the word “failure”.
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There are particular ways where failure manifests itself when a system deviates
from the specifications. Depending on the kind of failure (abnormal strain, wedging,
corrosion, buckling, surpassing of the dimensional tolerance values imposed, etc.),
we note a specific mode of failure.

— the causes of failure (upstream) relate to the design and/or manufacture. They
can be classified using the 5 M’s method [GRO 13] (Machine, Method, Material,
Man power/Mind power and Measurement/Medium);

—the effects of failure (downstream) are the symptoms of alteration of the
components. The so-called risk priority number (RPN = SxOXD) expresses the
severity (gravity) of the occurrence of detection. The RPN is used for high-quality
products.

Advantages of FMECA Drawbacks to FMECA

Managing the risks by | Requires profound knowledge inherent to the question
means of preventative | at hand, from design to delivery of the product. This
actions requires a pluridisciplinary team. Thus, FMECA is a
“cumbersome” method

1.7. PERT method

Program Evaluation and Review Technique (PERT — 1958) was initially
introduced in order to study the manufacture programs by ordering numerous tasks,
in the form of a grid. In view of their dependencies and chronology, these tasks lead
to the obtaining of a finished product. This method is limited, as it contains neither
the concepts of duration nor the date. PERT is constructed around the following
elements:

a) listing the main operations in the project, placing emphasis on the temporary
durations between them;

b) constructing a coherent, succinct graph;

¢) quantifying the “at the earliest” and the “at the latest” dates, based on the steps
inherent to each operation;

d) targeting the critical operational pathway, in connection with the above.

If necessary, it is possible to construct a Gantt chart. In order to gain a fuller
understanding of the logic of PERT, let us look at a simple illustrative example.
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Figure 1.9. PERT graph for the example (d = days)

1.7.1. Logic of construction of the graph per level of operations

Level I. (0. represents the starting point in constructing the network. As we have
no previous history to go on, the level I tasks — i.e. C and D — are barred to define
level II. Understandably, we first need to finish those steps before we can move onto
step F.

Level II: Tasks B, E and F are at level II. Thus, we have to complete them before
we are able to begin the final step (). Q represents the completion of the
construction of the grid, which corresponds to the last day.

i) we must create a fictitious task to model the condition of anteriority C and E,
which pre-date task B. The order of the tasks proceeds from left to right;

ii) “level” should be taken to mean the positions of each vertex illustrating the
start of the relative tasks — i.€. Tj051, Tpron2, €LC. ... Tpropi-

— the numbering proceeds from left to right (from — to ...) — see Figure 1.9;

— the “at the earliest” tasks are performed from left to right by adding together
the durations of each tasks. The highest value is considered to be at the intersections;

—the “at the latest” tasks are performed from right to left by successively
subtracting the durations of the tasks, beginning with the final task (€). The lowest
value is considered to be at the intersections.

iii) we read the critical pathway {a — C — F — Q}, going via those tasks
which correspond to the earliest realization date, which corresponds to the latest
realization date.

— Tprop indicates the probable duration of the task;

— 1, indicates the earliest possible date corresponding to the end of a task;
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— 7, indicates the latest possible date corresponding to the end of a task. Note
that if ever that duration were to surpass the value indicated by 7,4, the project would
suffer a serious delay. In that case, the subsequent steps would be automatically
shifted.

Figure 1.10. /dentification of the critical pathway {a — C — F— Q}

— ¥ represents the margin in days thus calculated. ¥ =7, _7,, is a tolerance

value (in terms of a delay) to represent any possible delay in carrying out a task.
For ¥ =7, _7,,=0, there is no delay tolerated in the project.

Tasks Previous Probable Earliest Latest possible | ¥, margin
tasks duration Ty possible date in days
(days) date T, (days) T, (days)
Listed at Stress Durations Durations Durations Duration
will history (days) (days) (days) ¥Y=1_1,
established calculated calculated
A -
B «— A 6 days 6 days 7 days 1 days
C «— A 4 days 4 days 4 days 0
D «— A 3 days 3 days 3+2 =5 days 2 days
E «C 4 days 4+4=8days | 7+3+2=12 4 days
days
F «D,C |6daysor7days 7+4= 7+4 =11 days 0
11 days
G «B,E,F [/Tdaysor2days | 7+4+3= T+4+3= 0
or 3 days 14 days 14 days

Table 1.4. PERT table explaining the reasoning with an example
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1.7.2. Statistical approach to the PERT diagram using the Gamma
distribution

There is a statistical approach to representing durations. The chronological order
proves to be identical to that which was presented above. To gain an idea of the
possible delay tolerance range, we determine an (optimistic) minimum value T_,;,.,
and a (pessimistic) maximum value T, Thus, the most probable duration ..
indicates the hope of achieving the total duration of the realization. We use 1., to
denote each expected task, with a statistical variance estimator (c”) whose statistical
relations are as follows. S is a form factor.

margm = td pza td _Z prob 5 exp ( min-a -41 prob ~ -7 max- b)/6

Gzz(rmax-b -Tmin-a)2/6 U= maxb /VZG 0<F <1

The graphical (statistical) imbrication of PERT is presented as follows:

[1.2]

Figure 1.11. PERT graph, for example, based on statistical durations

Statistical application to the Gamma distribution for A = 0.5 (form factor); k=5
(form factor) and T = 0.5, 0.1, ... 20 gives us:
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Figure 1.12. Typical distribution based on the
Erlang distribution (Gamma distribution). For a color version of
this figure, see www.iste.co.uk/grous/design.zip

1.8. The Gantt method (Henry Gantt’s graph, devised 1910)

This method shows the duration of a task, a manufacturing cycle, an intervention
or even expresses the workload of an operator (industrialist). This graph forms the
link between the predicted time for a task and the time that is actually spent on it.
The purpose is to improve workshop organization. The planning of tasks and
activities is followed by deadlines, supported by resources. The Gantt chart helps:

— adapt to the set of activities;
— structure and reference the order in which tasks are to be carried out;

— facilitate comprehension — which can sometimes be complex — by simple
visual representation;

— improve the organization of the workflow by offering an overall view of the
structure of the project;
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— plan the whole duration of the project;

— dynamize work by automating the calculations of the dates and durations for
the tasks.

A great many project scheduling tools offer models. These software packages
propose an approach that is more or less similar to that outlined below:

Step 1: Establish a list of the tasks whose subactivities will be attached, in a clear
hierarchical ranking. Any omission or oversight will have repercussions for the state
of advancement of the project.

Step 2: Assign the resources and manage the workload. The resources include
load-management elements such as production units guided by a simogram.

Step 3: Plan the field of action where the tasks follow the time spread, beginning
at the start dates. It is at this stage that the activities can be visually represented on
the diagram.

Step 4: At this level, we create the connections between the tasks (arrows
between the boxes). It is this connecting function which represents the program’s
real strong point.

Step 5: We insert the milestones (marking both upstream and downstream in the
process). A milestone corresponds to a given step (e.g. the signing of the contract, or
the publication of a project handbook). This is a crucially important period in the
project. Here, the project gains visibility. Unlike the others, this section has no pre-
determined duration.

Note that a task cannot begin if a previous one has not yet finished. Similarly, no
other task can commence if a previous one has not yet begun. Also remember that a
task may have several previous tasks (see Figure 1.8). In these scenarios, it is
imperative that all tasks be completed, so that the subsequent ones can then begin.

It may also be that a task has several subsequent tasks attached to it. In that case,
the end of the task conditions the start of the other, subsequent tasks.
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Figure 1.13. Gantt chart for the example. For a color version
of this figure, see www.iste.co.uk/grous/design.zip

Once the chart has been drawn up, it needs to be followed closely in order to
ensure good management of the project, over time. The critical pathway (see
Figure 1.10: Identification of the critical pathway {a - C — F— Q}) serves to give
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us a concrete visualization of the succession of tasks, giving an indication of the
overall length of the project. Any delay has an impact on the final date of the
project.

By clearly visualizing the state of advancement of the tasks, the Gantt chart
enables us to assign an appropriate state of advancement to each of the tasks.

Construct a Start: date Step 1 :
prototype ~ —»! End: date ’ J
........ Progress: xx% l
Step 2
Monitoring of «—— Step3
project with client L e— i
L - ="

Figure 1.14. Gantt chart for the example. For a color version
of this figure, see www.iste.co.uk/grous/design.zip

Of course, it is possible to modify the Gantt diagram by planning ahead: it is a
dynamic, alterable tool. If, for example, we were to change the duration of a task,
the diagram would recalculate the whole duration of the project. That adaptability is
useful, and takes account of the interdependence of the created functions. An Excel
spreadsheet is perfectly sufficient to create a professional Gantt chart (activity,
duration, milestones, resources, etc.).

In the literature specializing in workflow organization, there are numerous
interesting and beneficial methods to help save time and better organize the work
both at the design stage and at the manufacturing stage. In this book, we shall limit
ourselves to the main methods.

1.9. Principal functions of a product

A well-designed product is intended to satisfy the needs expressed by the client.
There are numerous methods for analyzing design and manufacture which can be
used alongside the FS. These methods are often used at the early stages of a project.
The aim is to analyze the optimal path to follow in order to bring a project to
fruition, and thus create a competitive finished product that conforms, as closely as
possible, to the characteristics included in the FS. In order to do this, it is helpful to
clearly define the functions of a product.
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A) Function of a product: By “function of a product”, we mean the action that
the product performs in order to achieve its purpose. The verb expressed is in the
gerund form. For example: Opening the patient’s mouth (separating their jaws)
using the mechanism (see case study in Chapter 11) enables the dental hygienist to
easily examine their teeth. A product (mechanism) usually serves a range of
functions. With this in mind, it is helpful to clearly classify or rank all the functions
in the FS and value analysis (VA).

B) Function of a service: This function pertains to the use we make of a product.
For example, the mechanism in case study 1 serves for (laboratory) demonstrations
of the jaws (dental hygiene). It is important not to confuse service function and
usage function. The usage function essentially pertains to the utilitarian aspect of the
product. In case study 1, the usage function might not be justified, as the hygienist
might be content to use the conventional way of manually separating a patient’s
jaws. The usage of the designed product is there to make the user’s task easy, thus
proving the usefulness of the product. There is also what is known as the esteem
function, which, for its part, is a service function inherent to esthetic beauty and
style.

C) Principal functions (of constraints): To begin with, the principal function is
the actual reason for creating the product. Additional functions could, as and when
needed, be added to the principal function — e.g. using a pneumatic actuator rather
than a mechanical one. Thus, the idea of a constraint comes into play at the level of
mechanical strength, weight, pressure, etc. The technical functions are related to the
design and manufacture of the product. Here, the client is not directly involved.

The criteria used to assess the aforementioned functions enable us to measure or
evaluate the way in which the product’s functions are fulfilled. These criteria define
the acceptability limits, such as tolerance intervals (see Chapter 3 on GPS), thus
proving flexibility, and determine whether a project is approved or rejected on the
basis of its metrological quality. For example, choosing H7/h6 quality of assembly
instead of H7/p6 could influence a product’s flexibility, and thus earn it a less
favorable assessment.

1.10. Functional analysis in mechanical design

In mechanical design, the main objective of conducting functional analysis is to:
collect, characterize, rank and finally value all the functions (in the FS) of a
product:

—to “collect” means to determine and identify the main functions of the product;
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—to “characterize” them is to list the assessment criteria and the flexibility of the
functions;

—“ranking” the functions means evaluating the order of importance of the
functions considered and adopted;

—To “value” a function is to assign a weighting value to its importance in the
project.

1) External functional needs analysis: the client (the user) obviously expresses
a requirement for a product for which they already have an idea of the function.
Thus, the client is best placed to flesh out the details of the product, in the form of
service functions and even constraints. The client defines the role of the product.
The idea resembles a sort of “black box™;

ii) Internal functional needs analysis: the client will have already expressed
their requirements by an external functional needs analysis. The internal counterpart
is a technical analysis which expresses the functional part. It contributes to the
formalism of the architecture (a sketch which becomes a drawing defining the
product), which expresses the technical functions of the components in the system. It
is at this level that the designer contributes his/her opinion of the product.

1.10.1. Product cost in mechanical design

Cost is a factor which heavily influences the quality of a product being designed
and manufactured. The cost of the product reflects the expenses incurred during the
design, manufacture and commercialization routes. In design, that cost is closely
related to the amount of time invested in studies (analyses, drawings, calculations,
simulations, etc.).

1.10.2. Creation- and monitoring sheets in mechanical design

These “sheets” are important, because they contain all the relevant information.

PRE-PROJECT PROPOSAL DOSSIER

Dossier manager: ................ Project manager: .......................

Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy
Documents by dossier # References by dossier #
Classification of solutions by dossier XXX -YY AG 01
Pre-project # 1 XXX -YY AG 02
Pre-project # 2 XXX -YY AG 03
Pre-project #J XXX-YY AG0J
Specific notes:
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In that “dossier”, the aim is to gather together all the salient ideas from the pre-
project stage to constitute an initial classification document.

Solution classification dossier — Calculation principles

Dossier manager: .................. Project manager: ...................
Reasons: RDM-TMM Calculations of moments: e.g. pivot shafts
Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy
Dossier Pb # 00 CALCULS 00 Dossier Solution # 00
Dossier Pb # 00 CALCULS 00 Dossier Solution # 00
Dossier Pb # 00 CALCULS 00 Dossier Solution # 00
Solution criteria:
Metrology/Quality/
GPS-Tolerance
Assembly
Other
Criterion used

Explanatory notes:

The aim of classifying the ideas, by problem, topic or discipline, is to more
clearly classify the interests at play in order to assign them to each specialized
department.

DOSSIER OF PRE-PROJECT #1

Dossier manager Project manager

Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy

Setting out the problem at hand and the associated calculation principles

Explanatory drawing with tolerance values, dimensional and geometric constraints

Drawbacks to the solution Advantages and relevance of the solution

10-point criteria Norms and standards

Accuracy-Metrology-Quality control

Assembly-disassembly

Materials, characterization

Points of ease (use, storage, etc.)

Other

Specific notes:
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DOSSIER OF PRE-PROJECT # 2

Dossier manager

Project manager

Date dossier created: dd/mm/yy

Dossier last updated: dd/mm/yy

Setting out the problem at hand and the as

sociated calculation principles

Explanatory drawing with tolerance values, dimensional and geometric constraints

Drawbacks to the solution

Advantages and relevance of the solution

10-point criteria (for example)

Norms and standards

Accuracy-Metrology

Assembly-disassembly

Materials

Points of ease (use, storage, etc.)

Other

Specific notes:

It is wise to ensure that the pre-project is very clearly documented.

DOSSIER OF PRE-PROJECT #3

Dossier manager

Project manager

Date dossier created: dd/mm/yy

Dossier last updated: dd/mm/yy

Setting out the problem at hand and the associated calculation principles

Explanatory drawing with tolerance values, dimensional and geometric constraints

Drawbacks to the solution

Advantages and relevance of the solution

10-point criteria (for example)

Norms and standards

Accuracy-Metrology

Assembly-disassembly

Materials

Points of ease (use, storage, etc.)

Other

Specific notes:




Case Study-based Design Methodology 25

This is a logical progression from the above.

Preliminary dossier defining the pre-project

| Dossier CODE |
Dossier manager Project manager
Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy
Exhaustive list of duly indexed documents
Documents by classification References
Brief description of the pre-project Dossier # ..........
Drawings (2D and 3D) of the pre- Dossier# ..........
project
Sketches of the adopted pre-project References # .......
Design FMECA Dossier# ..........
Operating instructions (if assembly) Dossier# ..........
Safety scores Dossier # ..........
Relevant scores (ranges) Dossier # ..........
Other
Specific notes:

| Dossier CODE |

From the preliminary dossier onwards, we begin to project the sketches and
drawings for the adopted pre-project.

FINAL SELECTION OF THE ADOPTED PRE-PROJECT

| Dossier CODE |

Dossier manager: .................. Project manager: .....................

Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy

Clearly documented reasons and explanations

Overall drawing with standard names of the components
Other

Specific notes:
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Once the final pre-project has been decided upon, it makes sense to present the
defining drawings, the assembly and the manufacturing process. This part is duly
documented, based on the norms and other design conventions.

FINAL DESIGN FMECA

| Dossier CODE |

Dossier manager: .................. Project manager: .......................

Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy

FUNCHON L oL
Failure mode 1: ...

S =T o1 oo
(011 T

FUNC I ON 2. Lo
Failure mode 2: ...

] § (<ol S PSPPI
(011 T PR

Etc. ...

Note:

The design FMECA must not contain significant uncertainties. We have
restricted ourselves to the example of two functions. The designer may have more
functions in mind than the project actually needs.

ASSEMBLY INSTRUCTIONS FOR THE ADOPTED PRE-PROJECT

| Dossier CODE |

Dossier manager: .................. Project manager: .......................

Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy

Clearly documented reasons and explanations

Detailed drawing
Assembly drawing

Other

Specific notes:
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Justification of the preliminary design

| Dossier CODE |
Dossier manager: ....................... Project manager: .......................
Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy

Clearly documented reasons and explanations

Schedule (Gantt, PERT)
Sizing (GPS) and precise calculations
Other

Specific notes:

The Gantt schedule clearly sets out the documented reasons for the preliminary
project.

Additional dossier(s), if needed

| Dossier CODE |

Dossier manager Project manager
Date dossier created: dd/mm/yy Dossier last updated: dd/mm/yy

Clearly documented reasons and explanations

Table 1.5. Design dossiers: all the tables are in order

It can quite easily be observed that the role of design in mechanics is crucially
important, on more than one level. Design is based on intuition, calculation and core
and applied sciences. It dictates the approach to production in the life cycle of a
product or mechanism.

The quick and accurate development of software tools suited for CAD has
enabled designers not only to draw better, but also to directly simulate the products
of their designs. This considerably reduces the amount of time spent on prototypes.
Prototypes make a valuable contribution to actually validating the choices made
initially at the design stage, and proving the accuracy of the simulation analyses and
calculations. However, for financial reasons, companies with powerful tools at their
disposal tend to forego costly prototypes, instead basing their decisions on robust
simulations. Powerful simulators yield conclusive results in terms of accidents,
failure thresholds, etc.
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1.11. Scientific writing on a project

Writing an exhaustive design dossier involves pulling together all the
documentation pertaining to the conceptual study. The product must clearly satisfy
all the issues raised in the functional specifications. The current chapter is focuses
on documentation techniques. It targets the salient points and organization of
workflow. As is the case in metrology [GRO 11], vocabulary is important in applied
mechanical design. Mechanical engineering techniques are not ones in which we
would use all our knowledge of mechanics. It is a domain of knowledge of
engineering techniques. The universal syllabus for engineer training includes a vast
domain of sciences of engineering. Science of Engineering includes solid
mechanics, materials, fluid mechanics and thermodynamics, but not necessarily
production techniques (Manufacturing), as suggested by the titles of many courses.
The author, in his classes in Mechanical Engineering Techniques, has noticed a
serious shortfall in Engineering. Sometimes, sadly, people confuse Machining and
Mechanical Engineering. In mechanical design, the projects must be the subject of
succinct reports, free of linguistic errors and properly documented. This means
presenting and following a product-development process whose objective is stated in
the FS from the client. Roughly speaking, the pathway is as follows:

1) Idea for the design project;

2) Study for the design of the project — FS;

3) Preliminary design (systems/subsystems) — pre-project;

4) Detailed design in distinct segments (calculations and drawings);
5) Production of a plan for the manufacture of working prototypes;
6) Validation of the prototype and WRITE-UP (of a report);

7) Confirmed realization of the idea.

1.11.1. Project process

The objectives of a development process consist of:

— defining the process: WHO does WHAT, WHEN and HOW to achieve the
objective;

— constructing models of one or more systems (sketches and calculations);
— clearly and methodically organizing the progression of the project;

— managing the life cycle of the project from start to finish;

— managing the risks and dangers of the design;

— repeatedly obtaining products of consistent quality.
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The activities of development consist of:

— planning and carrying out a feasibility study;

— specifying the theoretical and material needs;

— analyzing (with sketches and drawings based on succinct calculations);

— designing/creating (GPS/ISO technical specification);

— implementing (exact coding if the design is complex);

— testing (components, systems and subsystems);

— integrating and testing (metrology, quality control, esthetics, etc.);

— writing up and delivering;

— maintaining and providing after-sales services.

1.11.2. Development of the conceptual model

The development of the conceptual model starts with an idea and looks at how to

make it a reality.

AV~

Expression
of need

v

Design of
components

Needs analysis J

A

Idea of
project

V

VERIFY
BEFORE
VALIDATING

Design of the system

P

<

Validation
of needs

>

Functional validation

L

Component testing

.

IMPLEMENTATION OF THE PROJECT

Figure 1.15. Example of the conceptual model
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1.11.3. Development (recap) on a spiral model

There are various ways to present the development of an idea and its path
through mechanical design; below is a spiral-type diagram of it.

’ Specifications

la?rlll:l(;;?snal (GPS/ISO) LI
(scoring) of the p TI?CIII)IQS of
design calculations

(RDM)

Validation tests,
implementation

Figure 1.16. Example of the spiral design model

1.12. Esthetics of materials in mechanical design

In all future chapters of this book, we shall not touch on the esthetic aspect,
focusing instead on the materials. Nevertheless, esthetics plays a not-insignificant
role in design products. A well-designed mechanism, machine or even a simple
component is functional, because it delivers on its function. If we want to give it a
handsome and pleasant finish, we need to conform to the “fashion” in visually
pleasing, attractive things.

In this book, the materials will be chosen on the basis of rigorous calculations.
Designers are ordinarily fond of the esthetical dimension. They appeal to fashion
sense, where advertising has a definite role to play. It is not true that a mechanical
designer does not pay attention to the finish, to the touch and the equilibrium of the
products s/he designs. The topics stemming from surface topography (rugosity) and
surface treatment hold a twofold interest. Rugosity, for example, is an extremely
important requirement in tribology, machining and dimensional metrology
[GRO 11]. Surface treatments which are required for protection also produce
attractive colors (galvanization, anodizing).
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Designers are well-versed in the arts and industry. There is no question, here, of
fashioning a meaningless, unsafe or frustrating product. Instead, there is a certain
degree of advantage if the product is pleasing. An accomplished design involves an
inventive approach, because it serves a particular need, and the materials used are
undeniably a part of that accomplishment.

... MATERIALS AND TEXTURE

In mechanical design (manufacture, assembly and processes), there is an
intellectual insouciance in the belief that materials are simply chosen, and that,
automatically, their characteristics will conform to the requirements of the design.
New materials are fested, and often offer more advantageous possibilities (in terms
of weight, strength, etc.). Aviation and sports bicycles are enlightening examples of
this. From a simple table fork or plastic comb to gargantuan airplanes, it is wise to
remain curious and open to the use of new products.

... AND WHAT OF ENVIRONMENT IN DESIGN?

It is easy to think that the environment and manufacturing techniques can adjust
well to time requirements. Many societies are making progress in various
technologies and are able to take account of environmental conditions well. There is
no incompatibility as long as we remain aware of and receptive to the advantages of
methods which take account of the environmental parameter. Certainly, “wild”
developments cost us dearly, resulting in natural disasters, health crises and even
leading to exodes... All materials contain energy. That energy can be extracted in a
variety of ways, and we can even recover emissions and waste to turn them into
continuing energy as well. We simply need to remain humble, attentive and
imaginative. This is what certain people refer to as eco-energy [GOE 95]. Thus,
biodegradability (or its opposite, toxicity) necessitates a certain degree of isolation
during the recycling process.

What can a designer do? Alone, not a great deal, other than ponder, research
more fully and, above all, listen more closely in order to attempt to convince others
with powers of persuasion!

1.13. Conclusion
It seems an inalienable necessity that the design process is, first and foremost,

iterative: from concept to concretization, and to the details. The design is what links
parts to the shape, texture, etc. — in a word, the attraction for the consumer.
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The design steps [FRE 85] take place in accordance with a fundamental principle
of operation. The functional decomposition presents the system and subproducts
depending on the organization of the workflow [GRO 13], which is the subject of
this chapter.

Concretization involves the dimensioning (geometry, stresses and environment)
of the components. With the help of optimization techniques, we seek to maximize
performances to finally put numbers to the ultimate design. It is at this point that the
functional specifications (FS) are said to be concretized.
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Materials and Geometry
in Applied Mechanical Design,
Followed by Case Studies

2.1. Introduction to materials in design

Design begins with the idea of a need, and finishes with its succinct realization.
Each one of the steps in the design process involves choosing materials and
procedures. A designer who is not familiar with the materials is destined for failure.
He/she will overlook the greatest evolution of all time: the materials. Before the
Stone Age — i.e. around 10,000 BCE — wood, ceramic, glass and natural waste
products were used to make weapons (wood and flint). Stone bridges have stood the
test of time, and withstood the march of armies. The point is that materials are of
prime importance in design: designing and machining the parts without proper
appreciation of the materials is tantamount to doing nothing at all.

However material’s are not the only influential factor in design; rather, the
process of design is guided by the physical form, found by geometrical processes.
Nowadays, numerous materials are being “created” all the time. As their
characteristics are not well known, designers are wary of using them, or simply
refuse to. In this book, we shall use materials which are already well known in the
specialized literature [OBE 16]. We do not look at materials science, but rather at
the materials themselves. We will be using specialist design software tools, and will,
de facto, employ the characteristics found in the reference works and specialized
tables of the Appendix.

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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o GEOMETRY [ MATERIAL
Material- — Nuances: physical, thermal,
Geometry PROCESS mechanical, electrical,

Calculations and I economic, esthetic and
esthetic 4} environmental
MATERIAL > properties >

Figure 2.1. Interaction between material and geometry through the process

The mechanical components used in our case studies are subject to loads and
conduct energy. They are also exposed to wear and tear, fatigue and various types of
failure. The components are formed and/or machined to give them a geometry which
sometimes has normalized gaps for interchangeability. The question on the mind of
any designer catering for a particular set of functional specifications is: what is the
right choice out of the vast range of materials available [LEW 90] to serve the
expressed requirement? An engineer’s rational judgment leads him/her to make
multiple choices in connection with the material-geometry couple. The further the
engineer advances in his/her design, the more critical the criteria of choice become.
At the final stage, the options are fairly restricted, because they are guided by
considerations of price and environment. A worthy design requires an innovative use
of new materials in combination with intelligent exploitation of the technical and
esthetic properties.

Whilst design is an iterative process, it is, at the heart of it, intuition-based.
We invariably begin with a set of technical specifications — i.e. a definition of the
function (hence the requirement for the defining drawings), such as, say, a scooter or
even a rocket. Based on knowledge of the materials, physics and experimental data
(both successes and failures), we succinctly draw up a pre-project plan. That plan
needs to be improved by systematic methods until the project is finally ready to be
delivered.
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Design
Sarah Nadim Samy

L

Figure 2.2. Design of tables based on the material-geometry couple. For a
color version of this figure, see www.lste.co.uk/grous/design.zip
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CHOICE OF MATERIAL COMPUTER-AIDED DESIGN
— = | |
Temporary choice of a material (wood, Pre-project (FS dossier)

Various conditions (operation)

\_//‘I’_

steel, Aluminum, Polymer, etc.)

DATA COLLECTION DATA ANALYSIS

— Weight, cost, cumbersomeness — Stresses

— Physical properties: E, v, ... — Moments (bending, twisting)
— Elasticity limits R, — Loads (Buckling)

— Hardness (H) — Pressure (P) and Forces (F)
— Tenacity Kic — Deflections (f) acceptable
— Ductility A% — Fatigue (concentration of )

— Fatigue limit o

— Expansion coefficients A
— Conductivity (AT permal) — Temperature, hygrometry...
— Environment

Various forces such as:

— Creep factors
— Ogxidation and/or corrosion ESTHETIC VALUE

v v

PERFORMANCES OF THE MATERIAL-GEOMETRY COUPLE
— If needed, reconsider the choice of material and design
— Make the part thus designed viable and validate the pre-project

— =

PROJECT: DETAILED DESIGN
— Manufacture and Processes
— Metrology/Quality control

e —

TEST ON PROTOTYPE PRODUCTION DEVELOPMENTS

Figure 2.3. Design approach based on the material-geometry couple

The choice of materials [FAR 89] is highly important in design. The laws of
mechanics are already established. Each material exhibits different strengths and
weaknesses, and it is up to the designer to choose wisely in connection with the FS.
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For example, in order to sell a racing bike, it needs to look esthetically attractive and
lightweight, so requires optimum use of the materials in the design. The perfor-
mance of the standard section imposes practical quotas for the finesse of the
sections. For a given material, those quotas are as follows (Table 2.1).

Wood Wood
Name of Density p expressed in | Name of Density p expressed in
species kg/m’ species kg/m®
Acacia 780-820; 0.78—0.82 Maple 560-840; 0.56-0.84
Mahogany 560-850; 0.56—0.85 Ash 840; 0.84
Alder 460-550; 0.46-0.55 Guaiacum 1339; 1.339
Birch 520-730; 0.52-0.73 Beech 800; 0.8
Dry cedar 490 Larch 540-630; 0.54-0.63
Hornbeam 759-900; 0.759-0.9 Elm 540-630; 0.54-063
Chestnut 550-740; 0.55-0.74 Poplar 390; 0.39
White oak 610; 0.61 Red pine 660; 0.66
Holm oak 983; 0.983 Plane tree 650; 0.65
Ebony 1120-1200; 1.12-1.20 Fir tree 450; 0.45

Table 2.1. Performance of the standard section. Source: [ASH 99]

Published works dealing with design may seem vague, as they are sometimes
confused with publications in mechanical construction. An aptitude for design is
almost like Arts and Industry (intuition and technique) in a research hub (RH):
choice of material and drawings. We make an initial attempt with one material
(chosen on the basis of its strength, cost and sometimes aesthetic value), and we
garner the characteristics needed for the calculations in connection with the sketch.
We work by means of a functional breakdown, meaning that the product itself
constitutes a technical system. This aspect will be discussed in detail over the course
of the book, through the lens of our case studies. It must be remembered that the
data used here are taken from software packages, standards and handbooks
[OBE 16].
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2.2. Optimization of mass in mechanical design

In order to make the right choice of lightweight material to ensure the proper
stiffness of the structures, let us begin by examining a specific case study:

[ is the deflection in m or in

E is the Young’s modulus in GPa
F is the force in N

e is the thickness in m

/ is the length of the beam in m

p is the density in Mg/m3

Figure 2.4. Anchored beam of thickness (e) and
length (1), subjected to a force/load F. For a color version of this
figure, see www.iste.co.uk/grous/design.zip

For: /=0.5m; F =500 N; E =200 GPa; €4 =0.1 m; p=7.8 mg/m3
— Calculating the deflection (f) of the anchored beam:

Firoer = 4P°F [ Ee* =1.250x107° m = 4.921x107 in [2.1]

— Calculating the mass of the beam while ignoring self-weight:

M

<toc] =Ixe*xp=936x10"" Kg =8.598x107% Ib [2.2]

— Verification eg,, = ‘/Mstee,/(lxp) =0.1m — QED:

Using the expression of [€,jcuraea] 10 that of fy.., we can calculate the deflection
in linear elasticity

4 SF 2 .2
Foateutated = RN 1\;2 =1.25x107 m =4.921x10™* Ib <~ QED [2.3]

E

— Verifying the mass of the beam while ignoring self-weight:

AP F

M

calculated =

2
B =9.36x107 kg =8.598x10°" Ib « QED  [2.4]

steel

CONCLUSION.— To minimize the mass of the beam at a given stiffness F/deflection,
we need to choose a material with a minimal +/p?/E .
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1\?{2;1::[::;] 10° m in VN / m’s> | Density p in Kg/m® | E in GPa
Steel 17 7.8 200
Aluminum 10 2.7 69
Wood — —5.5 0.6 512
Concrete 12 25 47

Table 2.2. Main optimization values pertaining to a beam

DiScuUsSION.— In mechanical design, we always expect the structure to withstand a
load (a force, F in N) without bending or deforming over a given length (/, in m). In
cases where the structure is used for means of transport, for instance a car, an
airplane, a boat, a bike, a train, a rocket, or even a simple backpack, it is highly
advisable to reduce its weight as far as possible. In the example shown in the table
above we can see that wood offers a better alternative. Note that wood is used in
small constructions (tennis racket handles, vaulting poles, etc.).

2.3. Case study of modeling based on the material-geometry couple
Initial data for a design (modeling) for the legs of a table made of Canadian
birch, which has a density of p = (0.52-0.73) kg/m’ and a mass of m = (520-730) kg.
—r is the radius of the leg in m;
— [ is the length of the table leg in m;
— p is the density in Kg/m’®;
— J is the moment of inertia of the area of the column (table leg) in m*;
— E is the elasticity modulus (Young’s modulus) in GPa;
— P is the maximum load that can be applied to the table (four legs) in N;

— M (/) is the mass of the leg in kg or in mg.

Drawing upon the existing body of literature, we can say that this material has
the following physical properties:

Nominal | Density Hardness Bend strength, Elasticity/rigidity
density (kg/m) MPa modulus, MPa
0.571 640 4320 94.8 12900

Table 2.3. Physical properties
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PROJECT QUESTION FOR A TABLE.— For a garden table, we consider: r = 0.01 m,
/=0.35m0.40, ...,0.75 m; E =12.9 GPa; p = 0.571 Kg/m3. We wish to design a
table whose legs will not buckle with an optimum choice between the geometry and
the material.

ANSWER.— Calculate the minimized mass m (/) applied to the table supported by four
legs of length (/) in m.

M) =zxr2[Ixp [2.5]
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Figure 2.5. Weight supported by the four table legs. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

The table must be able to hold the critical elastic load P.; without the
legs buckling. J is the moment of inertia of the area of the column:

J =7 [4=7.854x10",m*,

By virtue of Euler’s law, we can state the expression of the critical load P,,; as
follows:

phuler = 22 EJ[1* = 2 Er* [41* [N] [2.6]

critical —
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Figure 2.6. Critical buckling load Pgi. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

Once we have isolated the variable (r) and substituted it back into the expression
M(/), we obtain an expression which verifies the weight initially calculated.
Otherwise the model is wrong:

M(l)= ﬂrz/ Lp or indeed M (1) > (4135;;’" /7)(1*)p/2VE [2.7]

DEMONSTRATION THROUGH CALCULATION.—

The properties of the material are expressed by p/ JE . Thus, we can minimize

the mass by choosing materials with the highest possible index: when
p=0.571 Kg/m® = 5.71x10° Mg/m’, we obtain the index M, as follows:

-1 -1
M, =%: 6.29x10° \/GPa (MyS) =6.29=6/GPa (Ky3) [2.8]
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Figure 2.7. Proof of calculation of the weight supported by four table legs.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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We can calculate the finesse of the table legs by isolating (#) in equation [2.6].
Thus, for an applied P of 56 N (arbitrary choice), we obtain:

r(1) = Y4P/ 7> xIX4IJE [m] [2.9]
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Figure 2.8. Radii of the four table legs as a function of the lengths chosen.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

The fineness of the legs is maximized by choosing the material with the highest
index. Let us set the expression for the fineness index M, =E = 12.9 GPa = QED

2.4. Geometry by standard sections in strength of materials

In order to achieve an optimized design, it is important to ensure a judicious
choice between the cross-sections (areas) and strength is adequately researched,
otherwise the design would be subject to caution. Ordinarily, the limits are imposed
by the manufacturing constraints and the properties of the material. Those ultimate
limits of performance of a given geometry are often twofold, meaning that:

—the limit is empirical (usual cross-section: square, rectangular, circular, etc.)
and depends on the geometry of the material;

— the mechanical stability of the geometric sections (see table below):

i) Prismatic forms, as standard sections for profiled parts, are often made by the

processes of lamination, stretching, sawing and extrusion. Strength of materials or
applied physics manuals will contain the usual relations with the corresponding
sections.
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it) In the elastic domain, where we operate, the geometric limits are often the

result of the maximum moment of inertia J,,, in m*as a function of the cross-section
(or area of the cross-section in m?). The mathematical expression of the calculations
is presented in this simplified form:

Log(J) = 1.5><L0g(A)+Log{‘{’geom (V4z )} [m*107]

- ¥

max

— J o 18 the maximum moment of inertia of the area in 107" m’

To recap with a simple example, here is an indicative table:

(%) is a form factor = 1; A is the area in 10°m’

[2.10]

4
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Table 2.4. Usual prismatic forms.""' The Finite Element
Method is used for the calculation
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Nuances of materials ¥ ax (?r) % max (ET) ¥ max ({*) ¥ max (;)
Structural steels 65 25 13 7
Aluminum, 6061 44 31 10 8
GFRP and CFRP 39 26 9 7
Nylons, PE (Polymers) 12 8 5 4
Wood 5 1 3 1
Elastomers <6 3 - -

Table 2.5. Upper bounds of the form factors. Source: [ASH 99]

Optimization of the principles of calculation in design is based on in-depth
knowledge of geometry and of the materials. The material-geometry couple
minimizes costs and improves the design, by making it easier. In mechanics, it is
typical to make an initial choice of prospective material in connection with the
geometry of the cross-section, and then proceed to shape it. The best geometry—
material couple is distinguished by the highest index. A number of examples are
given below.

MATERIAL AND GEOMETRY (WEIGHT, VOLUME OR COST) "

Minimum calculation by the geometry—material couple in rigidity/strength

Mathematical links of Load Geometry
Stresses

Strength

Rigidity

Bar under traction (T)

O-bending / P

E/p

Beam under bending (F)

J#i <o, fo

J#ixE [p

Bar and/or tube under torsion (T)

13/5”;"><0'f/p

\/'PfxE/p

Column under compression (e) Oy / P /y/]g < E / p)
Energy calculation for minimum volume (or weight), case of springs
Load, geometry and stress Bending Twisting
2 2
. S f
Energy stored as a function of the (IPF X O-f) (BVT X 0/')
minimum volume, case of springs WexE WEXE
2 2
. S f
Energy stored as a function of the ('PF X0y ) ('{IT X0y )
minimum weight, case of springs W XEXp WEXEXp

Table 2.6. Indices for optimization of the geometry —material couple.
Source [ASH 99]. " We consider the density p by the expression
of cost in the index relation Cm(p)
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. E 1
Material E, modulus | 2, density we  form \/% > Lopt »
ateria in GPa in mg/m’ factor mod./density | oOptimization
index index
Balsa 42 —520 (0.17-5 024 | 01— 02 11 11— 15
Spruce 9.8 5119 (0365044 | 01— 02 09 09— 12
Steel 200 — 210 [7.80—7.84 | 25— 30 1.8 09— 10
Al 7075 | 71 = 730 [2.80— 2.82 1525 03 1215
T6
CFRP [*] |100 — 160 |1.50— 1.60 10—~ 15 07 2328

Table 2.7. Materials used in design. [*] CFRP = Carbon Fiber Reinforced Polymer

Design is an area in which we must find the best compromise between the
geometry of an object and the material from which it is made. The form index
intervals are based on the mean values of the properties. There are always
limitations to the use of the materials, related to the form factors. These limits are
related to the stresses caused by manufacturing and buckling. For instance, wood is
relatively inflexible in terms of being shaped. The form factors reach no higher than
5. This is a size restriction. For steels, we can achieve form factors of up to around
50. Thus, the modes of damage present a penalizing parameter, which is the general
plasticity (crushing due to the elastic limit and the geometry):
72 EJ /1 [2.11]

F}mckling—lacal =

J = m.e (mm?) is the moment of inertia, E the elasticity modulus (MPa) of the
material in the column (slender tube). The ratio of the buckling equation for F (N) to
the area A (mm?) enables us to isolate the ratio (J/A?) to express the form factor:

we —4n2lf 4> =rfe [2.12]

It is a dimensionless, so-called form factor. In the knowledge that 6 = F/A (MPa)
expresses the axial stress in the wall of the tube, we deduce the buckling stress:

O\ puckling = \lﬂzE‘l’F/4 I =71'x/E5”F/21 [MPa]

[2.13]
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In the design of bikes (suspension forks and frames), mechanical strength and
stiffness are two highly important factors to deliver. The forks are subjected to
bending forces. In addition, if it were a racing bike, it would need to be as light as
possible. Thus, the question of the appropriate choice of material [SHA 93] arises
(see table above).

2.4.1. Choice of materials in design (airplanes and bikes)

Normally, we look for a material which achieves an optimal combination of the
material-geometry couple to minimize weight alongside a specified bending
stiffness. The index value to be maximized, then, appears thus:

33
=51/;£ { N M} or [103 M} [2.14]

M 2
p | mm® Mg Mg

maximized

i (? ) is a form factor (given);

— E is the elasticity modulus in MPa or N/mm?’;

— p is the density (mass per volume of the material in mg/m’).

For bicycles, scooters and other similar vehicles (see previous figures), we can
model the design of the forks, for example, by choosing a material represented by a
beam of length (/) to withstand a maximum load P (in N) without failure or strain.
The tube can be considered a tube of thickness e (e in mm) and radius r (r in mm).
The objective is to minimize the weight on the fork. In order to do so, the optimized
couple to offer good strength is based on the best fit of the geometry—material
couple represented by an index expressed thus:

‘Q;plmaximized = \3/ l‘”g X0y X(/fl ) [2.15]

One of the most important parameters to consider in bike design is the strength
of the frame and the forks, which undergo bending stress. In professional racing
bikes, weight is extremely important. Readers need only refer to the published works
specializing in materials to find a wide variety thereof.
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Figure 2.9. Designed bike parts in 2D and 3D (Inventor Pro). For a color
version of this figure, see www.iste.co.uk/grous/design.zip

The usual forms of the quadratic moments are calculated using the well-known
formulae for material strength, some examples of which are given below.

T

J‘PS sin(g) , 257P?
2AeE 4A€E

[2.16]

77,'M2
E =IMd knowing that
M ) 24eE ¢ &

The following table represents a few examples of cross-sections. Readers may
refer to strength of materials publications to find lists of the usual cross-sections.
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3

. . 2
Usual cross- s K, W”,)”S o A, area in m
sections in m* in m* resistance Vs » volume in m®
moment
2r A=xxr?
ZA4 Z4 ar
a’ ' e it -it)
V=———==%2771"€
ZVO
”(rfx—’ii) ”(Vei—rzi) ﬂ(fo—Fiﬁ) n'(rei—riﬁ)zZﬂ're
4 2 41,
3
~zrle ~27r’e ~ rle V=nr /2
— . — .
4 4 3
12 0.14x
| a “ /6 V=021xa’
1
JW
e 3 4 =
ivha -4 243¢ a3t[1—fj 4a2e A=4ae
I a 3
% ¢ 3 V:2a22(1—e/a)2
A 3 3 A=hb
U S T
T 12 3 h bx b2
(h>b) 6 b2 x i
| L PR
3h+1.8b
ja A=rmx (a.b)
7ra3b 7m3b 7ra2b b P
2b 4 (a2+b2) 4 v=n224 (a<b)

Table 2.8. Moments of the main geometric cross-sections (see Chapter 12)

By way of example, the following is an illustrative table.
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1
oy strength | p, density 5”}{ , form %/07 - .Q(fpt g
Material in MPa in mg/m’ factor PRk mdex optimization
index
Al 6061 T6 240 — 260 2.69 —2.71 55563 15 47 — 51
Spruce 70 — 80 0.46 — 0.56 01 > 1.5 36 36 —> 50
Steel 770 5990 |7.82 — 7.83 78 12 44 — 48
CFRP [*] 300 — 450 1.50 - 1.60 4545 33 83 - 90

2.4.2. Form factors ¥ of some usual cross-sections

Here, we present a few values and expressions of form factors. However, it is
preferable to refer to specialized publications to find all the form factors, listed by

Table 2.9. Materials used in cycling (e.g. for

the suspension forks). Sources: [WHI 85] and [SHA 93]

cross-sectional geometry.

Usual cross- f S/ e 4
sections #r i r r
Cross-sectional Strength Stiffness
geometry
D =12r
1 1 1
V4
/ 103== 0.74 wWr 0.88
3
I
]A
h N
T N i NI b/h h @(1_0'58£J
=3 3 1+0.6b/h = 3h b
3b
i h>b h>b
ja a \/; <b a ZQ‘LbZ
fud —a -
b b b (a +b )
2b

Table 2.10. Form factors y. Source [ASH 99, ASH 00]
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2.4.3. Form factors in mechanical design [ROA 75]

The loading of components is axial, torsional (twisting) or flexural (bending).
Bars are often subjected to traction, beams to bending, columns to axial compression
and shafts to twisting. Here we present a few expressions of the calculations.

Elastic bending o = K, xEJ/I* [MPa] [2.17]

K, is a given constant. For example, in the case of simple bending, K; = 3 with
embedding at one end. E is the elasticity modulus in MPa, 1 is the length in mm and
J the moment of inertia. The form factor is dimensionless and is expressed thus:

'f’f;=4ﬂ><% where J = _[ y2dA [2.18]

section

Elastic torsion 07 = KXG/I [MPa] [2.19]

The angle of torsion (8, in degrees) depends on the torsion torque (M) as
follows:

0=MxJ/KxG [deg]and J= [ r*dA [2.20]

cross-section

In this case, the form factor ¥7 is dimensionless and is expressed as:

wi =2nK/) 4 [2.21]

[2.22]

Bend strength o, = M /W =My, |J
Twist strength 7, = M, /W =M r, |J

— M, is the bending moment in N.m;

— W is the resistance modulus Q = J/r,, (mm°);

—J is the moment of inertia of the surface in relation to the bending axis;
— A is the area of the cross-section in mm?;

— G is the shearing moment (rigidity in GPa);

— J is the polar moment of inertia of the circular sections (mm® or cm*).
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— K is a constant known as the torsion constant, K = A / 27 = vt / 2;

—Ym = 1/W is a section modulus;

Buckling of columns according to Euler F; = 7[ *EJ i X / 12 [2.23]

2.5. Case study of design of multi-purpose items

The time-consuming aspect of design is pluri-disciplinary work on the
specifications of the materials. We make drawings in accordance with the ISO/GPS
standards, the calculations, the dynamic system analyses and the behavior of the
environment. The esthetic quality is undeniably important to consider. Once we
have reached the design stage, we need to interact with the suppliers on the subject
of the materials. The choice of manufacturing process will be conditioned by the
judicious choice of the materials used.

Metrology and quality control have a crucially important role to play here. We
make a prototype product, test it repeatedly and assess its performances relative to
the markets. When this stage has been concluded, the product is launched on the
market. Thus, the task of the research hub (RH) is not limited to this period alone.
The RH will conduct its analyses in connection with retrospection. Obviously, the
failure of a moving rod is considerably damaging. With the aim of reducing the
forces of inertia and consequently the Hertzian pressures (contact), it is common to
use lightweight reds (6061), whose material is also strong, once subjected to its limit
stress.

ExXAMPLE.— Consider an aluminum 6061 (Canadian nuance) rod, which has a
density of p (Kg/m®). The area is represented by 4 = b x W, where b is the thickness
of the rod and w is its width. Ly, is the length (mm) from axis to axis. F is the
force (N) applied to the rod.

Mg = AXLstroke pr[ﬂ] [2.24]

— A is the rectangular area, given by the expression = b. ¥ (mm?);
— Lgyoke 18 the length of the rod (mm) = Stroke = 2xOA =2R = AB (mm);
— m rod is the mass of the rod in Kg;

— p is the density of the material in Kg/m’;
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— B is a factor to take account of the mass of the bore of the platform;

— 6(7) is inward motion §(7) = @ T.

In design projects, it is important to solve the two essential problems of analysis
and summary. The two represent a contrary dialectic unit: they are contrary because
they are mutual opposites, and united because the two problems need to be
addressed using the same mathematical model. Analysis and summary of the
mechanisms at play are generally conducted in a number of steps.

7 HHH

Rod and crank system

Figure 2.10. Example of a diagram of the rod and crank system

The rod is often designed to take account of the fatigue constraint [ROA 75],
which is presented as follows: Genqurance = F/A. The safety factor is not taken into
account. The mass which satisfies the fatigue constraint is then written:

L8] where M 1= Zend. [2.25]
o P

performance - —

mfatigue =F Lstroke

end

The rod is also subjected to buckling stress, which requires a maximum
compressive load P where F <P in N. By virtue of Euler’s buckling relation, we set:

Fonctiing = 7 EJ)Lyug N or Ibf;J =6*W/12, mm* —
where b=0W — Mg, g = \[12F/0m'2 L p[ﬁ]/«/f

— E is the elasticity modulus of the material (in MPa);

[2.26]

— J is the moment of inertia of a rectangular form (in mm®);

— a is a factor characterizing the transverse cross-section.
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We therefore note the expression of the material’s index: M ., mance 2 = JE / pP.

The table below indicates the parameters used for performance-oriented design

[ASH 99].
Nuance of | Elasticity P, o MPa m;mass | m;mass m, Kg
thq modulus E Mg/r.n3 End}lrgnce Kgino KginF, mass of
materials GPa density limit fatigue Buckling the rod
Cast iron, 178 7150 250 0.21 0.13 0.21
FGS ’ ' ’
Steel 4041 210 7850 590 0.10 0.13 0.13
ALSIC . 110 2880 230 0.09 0.07 0.09
composite
Ti-6-4 115 4400 530 0.06 0.10 0.10
USA
foundry, Al 70 2700 75 0.27 0.08 0.27

Table 2.11. Parameters for performance-oriented design

Example of calculations of performance for the rods based on the characteristics
owing to the peculiarities of the materials: Lpycuing, the length (150 mm) of the
steel rod; F the load (50 KN); the coefficients (dimensional aspect factors) a = 0.5;
B = 1; E the elasticity modulus of spheroidal graphite cast iron (178 GPa); and p the

density of the material (7150 Kg/m’).

SOLUTION.— In fatigue, the performing mass of the rod is calculated using the
following formula:

mﬁztigue =F Lstroke (pﬁ )/ Oend where M performancel =Ond / P

In buckling, the performing mass of the rod is calculated as follows with
equation [2.26]:

/ 2,42
mbuckling = 12F/0{7Z' XL Xpﬂ/\/f where Mpeljformance = \/E/p
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Figure 2.11. Evolution of mass (with fatigue) as a function of the stroke of the rod.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

m(Lbucklin§= _7
0 kg 1.4x10
0] 5.909-10°% N m{Lipyckling)
1| 6515108 113410
108 _
2| 71510 010"
3| 7.815-108
4| 8.509-108 e
i O033 10" Lbuckling
— 38
108 4x10
| 58710 T o1 0115 013 0145 016
7

Figure 2.12. Evolution of mass (with buckling) as a function of the stroke of the rod.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

To avoid fatigue and buckling, we consider the greatest mass between my,cxing
and My;e... By equalization two masses, we are able to write the following:

[12F , pB JVE PB
Mpuckling = FL ﬁ 5 Mpel‘f2 :7;mfatigue = FLstrok@E [227]

hence = M o1 =g [P and My 2= \[121[(aF 72 )M 1
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—the quantity \/12142/ aFr? is known as the coupling constant, and (F/ ? )

represents the structural load on the rod. Thus, the materials which exhibit the best
combination in Mpe, and My will be chosen for the final design project;

— in summary, performance 2 under fatigue is equivalent to performance 1 under

buckling, but adjusted by /122> / afFrn* .

NUANCE OF THE COMMENTS
MATERIAL
Magnesium alloys — Generally, offer good performances
Titanium alloys — Ti-6-4, which has a high (F/L?) ratio, is a good choice
Beryllium alloys — Procedure difficult to implement with (F/L?)
Aluminum alloys — Poor performances but are cheaper than Ti and Mg

Many designed rods are made with diverse materials. For example, aluminum
and magnesium are often used in recreational car construction. For race cars (with
ultra-high-performance engines), titanium and beryllium are the preferred materials.
However, rods are difficult to design with composites, for behavioral reasons, except
if we use continuous fibers.

2.6. Case study of superposed bimetallic materials [ROA 75]

PROBLEM.— Consider a smooth platform made of a bimetallic strip of steel alloyed
with titanium measuring Y4 inches in width and 0.030inches in thickness, superposed
on another strip of stainless steel 1/4in in width and 0.060 in thickness. Titanium:
Egtanium = 17%10PSI. () is the expansion coefficient of titanium = 5.7x10° in/in °F
(Fahrenheit). Stainless steel, Eiox=28%10°PSI. (1) is the expansion coefficient of
inox =9.6x10°in/in °F.

A

l

A 4

Steel alloy (titanium)

» &

Stainless steel material

AV

&
l

v
=

i

Figure 2.13. Diagram of the calculation of superposed bi-materials
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—width (/) and thickness (&) of the respective materials (Titanium, Inox): (/, &,
€inox) = (0.25, 0.03, 0.06) in = (6.35, 0.762, 1.524) mm =;

— elasticity moduli of the respective materials (Titanium, Inox): (17, 28) x10° PSI
=(1.172x10°, 1.931x10°) MPa;

— expansion coefficient of the materials: (5.7, 9.6).10) in/in or (5.7, 9.6).10)
mm/mmi

— temperature variation: AT = 50°F = 10°C.

QUESTION.— We wish to calculate the maximum bending stress and the required
length of bimetal which develops a reaction force of 0.142 (5 oz) of the two in the
support (see sketch). The temperature corresponds to 50°F = 10°C.

SOLUTION.— Width and thickness of the materials. Force of reaction on the side of
the left terminal (A) — {l Eiitanium mox} {0 32 0.042 0. 072} in=

[8.128 1.067 1.829} mm

The elasticity moduli of the materials [ROA 75] are calculated thus:

E

{E mox | =116.25 28.35]x10° PSI ={1.12 1.955}x10° MPa

titanium

Expansion coefficient: {A;inium  Ainox

1={5.7 9.6}x107° ={5.7 9.6}x10™°

The variation in temperature is: At = 54°F = 12.2225°C = 285.372°K. The
temperature difference begins at the left end, where 8 = 0 in = 0 mm. Let us begin by
finding the value of K; and then evaluating the equivalent rigidity:

E. £

tit tit

2 3
£, &, &, E, €, E
Kl =4+6 tit +46( tit ] +( tit J tit 4 inox inox 21137 [228]

inox ginox inox

NOTE.— The following relation is valid only for materials of the same width, as is the
case with our design here. The equivalent product of (EJ) would be:

g, E, .E
_ Lo i EinocEun K, =2,428x10° N.mm* =846.056 Ibfin*>  [2.29]
" 12¢,E.¢&, E,

tit ~tit “inox ~inox
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Along the entire length of the layers, the temperature of the bimetal, causing
incurvation of both layers of the strip thus formed. In order to do so, we first
calculate the temperature gradient [Tz- T1]/ 7 for the two metals together, by what we

shall call the equivalent temperature:

6 (Ainox = Auit ) AT (€4 = Einon )/ €2 Ky = 2.32227x107 in™" =9.1428x107 mm ™!

inox

RA = |:_3(L2 - 52 )/3L2j|EJX|:6(2’innx _/‘Llit )ATX(gtit ~ Einox ):|/€l$’mel Slmpllfy
—|-5 bf /16) = 0.3329.kg.m? /s’ L — L =9.431 in = 239,545 mm

This is equivalent to the calculation of L carried out manually:

—(9EJAth e +9EJATA, €, —OEJ ATA £ —9EJ ATA €
L= ( Aé % 22 hé & 2)=9.431in=239.545 mm
R, (&2 %K)

The dangerous section is situated at the point where the bending moment
is at its maximum value. Thus, we calculate the maximum Myending:

M 3™ =R L =-2.947 Ibfin = -332.984 Nmm.The bending stress is also at the top

of the composite (layer > Titanium):

_6><MmaX _
O-LI’IIIJaP)ér layer = / 2 +€_2+ﬂ + (_1) MATEI Koo
Ix€3K, g Ey K

[2.30]

2
E
x| 38 0| B _E2%2 3967103 PSI = 25,972MPa
& & Eg

The bending stress at the bottom of the composite (lower layer = inox steel)

_ M ax _
Olower layer == f (2 ) ]+(—(ﬂ2 4) ArEzjx...
le3K, &  Eg K

[2.31]

3
|38 Bl A | |2 5 151x103 PST = 21,727 MPa
& E)\ &

The upper layer of the bimetal is subjected to a positive load. It acts on the lower
layer — hence the negative sign of the stress, which means it bends downwards. In
both mechanical design and civil engineering construction, such cases are common.
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2.7. Curving and incurvate elements by sweeping of sheet metals

Case studies: hypothesis 1

R=422in=107.188 mm
Iin=3.25 in = 82.550 mm
h;,=0.5in=12.7 mm
Iex=4.25in=107.950 mm
hey = 0.62 in = 15.748 mm
h=1.125in=28.575 mm
F =180 /bf=800.68 N
L=4.751n=120.65 mm

Figure 2.14. Exhaust elbow designed with sweep function. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

r, =h/In(r, /1, ) =4.1936 in=106.518 mm and £ =R -7,
£=0.67 mm and M 4, = FL =9.66x10" Nmm

For the section of R = 3.56 in = 90.424 mm, the stress on the internal fiber
would be:

M, . h
Under compression — o, = —SlexionTn _ 3 696x10° psi=18.591 MPa

AXEXr,
[2.32]
Mﬂexionhex
Under traction (tension) — 0, =—————=12557.8psi =17.628 MPa
AxeXxr,

ex

HYPOTHESIS 2.— If r, 1 = 104.648 mm; r;,1= 79.248 mm and R; = 104.648 mm,;
L =120.65 mm

Ty = N =4.0465in > & =R, —r, =0.0735in
(701 /1) [2.33]

=1.868mm — M 4,,;,, = FL =950 Ibfin = 96600 Nmm

For the section of R = 88.9 mm, the stress on the internal fiber would be:
hin = 11.582 mm; hey = 14.122 mm; A 1.194x10° mm®
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NEW DATA .—

hy=0.95in=24.13 mm; b=1.75 in =44.45 mm; ¢ = 0.56 in =14.224 mm

Polar moment of inertia J = b /12 = 0.125 [in“] = 5.204x10* [mm4:| v/

Under simultaneous traction and compression and with the above data, we have:

The stress applied o =M 4,,,,,¢ / J =3.829%10° [ psi] =26.403[ MPa]

2.7.1. Sensible choice of optimizing materials in Palmer micrometers

Measuring devices [GRO 11] such as micrometers require absolute precision,
exactness and fidelity, and undeniable capability. Indubitably, the rigidity and the
uncontrollable dimensional variations limit the quality criteria, because of the
temperature gradients caused. Designers need to carefully control elastic strain by
correcting thermal expansion in normal thermal and environmental conditions
(At = 22°C and relative humidity RH = 55%).

Thimbl
fmoe Outside
Micrometer
Sleeve =
Scale L‘_E
Spindle ) ]

Measuring faces

Anvil

Figure 2.15. Micrometer with minimized thermal distortion. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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These instruments are often used in machining workshops, where neither the
temperature gradients nor the hygrometry are always respected. This causes changes
in shape (however minimal), causing distortions to the device [CEB 94]. This
distortion cannot be compensated, and results in sensitivity to shock. Excitation
engenders noise, which is the source of imprecision and inexactitude. Manufacturers
in the field of metrology are aware of the potential for such distortions [CHE 87].
Users are advised of acceptable tolerance intervals and a capability Cp > 1.33.
To make the best choice of the appropriate materials for high-precision instruments,
it is advisable to refer to the specialized works in the field and to manufacturers’
catalogs. In order for the micrometer, in our example, to be able to withstand the
flow of heat from the workshops, from the hands of the operator or indeed,
sometimes, the heat generated by the instrument itself, it is important to make wise
decisions in view of Fourier’s now-classic law.

Opeas =—Ax{07/0x] [2.34]

Q is the incoming heat per unit surface and A is the heat conductivity. dt/0x is
the temperature gradient. We then take note of a certain degree of deformation
(acceptable in metrology) assigned to an expansion coefficient (o), written
as e=aAr=af1)-7].

de a7 o
Let t —=a—= - 2.35
etus set: === 0= Ohear x[ /J [2.35]

To reduce thermal distortion, the performance index will therefore depend on:
iperjformance = {(X/ﬂ} [236]

Vibration is a real problem which can affect the device’s sensitivity. In design, it
is suggested to calculate the performance index, as follows:

if vt e} 2{NE/p] [2.37]
A number of specialized publications [ASH 99, LEW 90, FAR 89, ROA 75] put
forward formulae for performance indices, thus decreasing thermal distortion.
2.8. Conclusion

In this chapter, our focus has essentially been on the importance of the materials
in connection with the geometric forms. This duality is at the very heart of the
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principles of calculations in design. The drawing stage of the design process poses
no problems at all. Choosing the right material for a given application depends on
the prices, the environment, safety and lifespan of the product. The complexity of
the problem of choosing materials is attributable to the properties of the material,
with which it is important to try to find an optimal compromise between: strength,
tenacity, weight and geometric form(s). We shall offer further case studies in all the
chapters of this book, and specifically in Chapter 11.

The use of crystalline and solid materials (steel, cast iron and other lightweight
alloys) is still very widespread in industries such as car building, aviation, heavy
industry, etc. Little by little, certain industries, such as aviation and cycling, are
beginning to introduce new materials such as fiberglass composites, Kevlar, carbon
fibers, etc., and ceramics (benchmark metrology) whose advantageous
characteristics are linked to their low density (p), their high elasticity modulus (E),
their hardness and also their ability to withstand high temperatures, which
compensate for their fragility and lack of tenacity.

With such a hugely diverse range of choices of material available to designers,
they must be guided by intrinsic criteria such as strength, rigidity, resistance to wear,
fatigue, etc., and specific characteristics such as ageing, corrosion, electrical and/or
thermal conductivity, etc. Many other criteria, such as the manufacturing processes
(machining, press-forming, injection, welding, etc.) also need to be considered.

In particular, we must give consideration to scientific aspects, including the
social criteria and the decision-making structures inherent to the manufacture
locations (countries, tax arrangements, etc.). Those decision-making structures often
go hand in hand with an understanding of the technologies and the multiple
influences at play, which we shall not discuss here.






3

Geometrical Specification of GPS
and ISO Products: Case Studies
of Hertzian Contacts

3.1. Introduction

This book is not devoted specifically to functional scoring [GRO 11,
GRO 13] (GPS: Geometrical Product Specifications), but adheres to the ISO
recommendations on this subject — for example: ISO/TR 14638: 1995; ISO/TS
17450-2: 2005 and ISO 1101: 2012 (Tolerances of form, orientation, location and
run-out).

Furthermore, it is important to remember that a mechanism is not the same thing
as a machine, as it does not constitute an energy transformer, such as any kind of
engine. The best-known mechanism, in mechanism and machine theory (MMT) is
the crankshaft (piston) system, whose kinematic chain is characterized by a set of
interconnecting solid elements. Figure 3.1 illustrates the closed chain for this
system.

4 4

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Figure 3.1. Piston/crankshaft system

In MMT, we speak of the existence of a continuous open chain (which does not
constitute a mechanism as understood in MMT, because it does not carry out
transformation of motion) and of complex chains. A complex chain is made up of
several contiguous, interlocking closed chains. Ordinarily, we use the symbol (n) to
denote the number of solid elements in the mechanisms, and (/) for the number of
connections between those elements. Nc is the number of independent closed chains,

with N, ={L—n+1} . The degree of hyperstatism of the mechanism is written as

follows:

n
h=m,+m+» n —6(n-1) [3.1]
i=1
where:
— n is the number of solid elements in the mechanism, including the frame;
—m,, is the mechanism’s degree of mobility (useful mobility);
— m; is the internal mobility of individual elements;
— 2n, is the number of static unknowns in relation to the connections.
Note that if h = 0, the system is said to be isostatic (the number of unknowns is
the same as the number of equations formed). If h > 1, the system is said to be
hyperstatic of order h. This brief introduction to MMT is indicative of the

importance of studying the logic of the mechanical connections in a system before
sketching it out and connecting the solid parts to one another.
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3.2. Dimensional and geometrical tolerances in design

Fits for each | Assembly Tolerances Mean Tolerances | Tolerance
class method interference for bore for shaft
Clearance fit | Interchangeable 0.0025 d** 0.0025d" | 0.0025d"”
Free fit | Interchangeable 0.0014 d** 0.0013d"” | 0.0013d"
Medium fit | Interchangeable 0.0009 d** 0.0008 d”* | 0.0008 d'?
Normal fit | Selective 0.000 0.000 000 | 0.0006d"™ | 0.0004 d'?
Press fit | Selective 0.000 0.00025d | 0.0006d"™ | 0.0006 d"?
Medium- | Selective 0.000 0.00050d | 0.0006d"™ | 0.0006d"”
Forced fit
Bracing fit (*) | Selective 0.000 0.00100d | 0.0006d"™ | 0.0006 d"?
ISO: General GPS table. Main standards for fits of tolerances
# links 1 2 3 4 5 6
13385
10360
Size 463
3670
129 286 286 1938 3611 3650
ISO — 406 1829 8015 9493 1938
286 14660 3599 3670
1938 6906
9121
463
Distance 3599
406 286 6906
129 7863
ISO — 13385
10360

Table 3.1. Dimensional tolerances in mechanical design

In design, we use the contact law (Hertz) to determine the pressure on contact
between two mechanical assemblies [ROA 75]. The parameters are:

— P, is the pressure (Hertz pressure) exerted on the contact surface, in MPa or
psi;
— Tiuery 18 the total interference expressed in inches (in) or (mm);

— d;, is the internal diameter, in inches or mm (see Figures 3.2(a) and 3.2(b));

— de is the external diameter, expressed in in or in mm (see Figures 3.2(a) and

3.2(b));

—d, is the contact diameter, expressed in in or in mm (see Figures 3.2(a) and

3.2(b));
— Vin 1s the Poisson ratio for the internal diameter;

— V¢ 18 the Poisson ratio for the external diameter;
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— Eiy, is the elasticity modulus for the internal diameter;

— E is the elasticity modulus for the external diameter.

2 2 2 2
dc + d[n + dex + dc _ Vin Vex

total

Pcanmct = Linterference c
El-n(dcz—dl-zn) Eo(dezx—dcz) Ein Eex

[3.2]

If the diameters are made of the same material, this equation is
reduced to:

P __ mtotal 2x dg (dezx B dc2 )

contact — Timerference E(dcz —dz )X(dezx —df) [33]

in
The tangential stresses on the contact surfaces are determined using Lamé’s
equations. They tend to be used in situations of fracture under maximum shear:
— Oyn 18 the tangential stress on the surface at the dex in MPa or psi;
— Oex 18 the tangential stress on the surface at the d. for de;
— Oin 18 the tangential stress on the surface at the dy, for di,;

— Oj, is the tangential stress on the surface at the d..

2d? d> +d?
dex :Pcﬁ 5 O-dcex :Pc dez _ 62
[MPa] or [ psi] [3.4]
o —_p 24 d:+d,
din = te 5 5 > Oain ="te—5 7
¢ _din dc _di

Thus, the tangential stresses on the contact surfaces are determined using
Birnie’s equations. These equations are most often used in fracture mechanics:

2d? d> +d?
Oldex = Pcfcdz > O-dcex = Pc (ﬁ—i_vex

2
dex c ex c [3 5]
o —_p 2d> _[d’+d;
din c dg—dli > Yd in c df—dlz in
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Forces and moments

— pis the friction coefficient;

— L is the contact length of the outer element, expressed in mm or in;
—d, 1s the diameter of the shaft in mm or in;

— P, is the contact pressure (Hertz) in MPa or psi.

Fyu = 7ud, L, P, [N] or [Ibf],M = zud>L,.P/2 [3.6]

ax
Expansion and/or shrinkage of assemblies
AT =1,/axD,, °C or°F [3.7]
where:

— a, is the thermal expansion in °C or °F;
— 14 1s the diametral interference in mm or in;
— Dy, is the internal diameter of the bore prior to expansion, in mm or in;

— AT is the temperature variation in °C or °F.

3.2.1. Case study of a bicycle wheel hub

Typically, hubs are designed with almost twice the largest diameter of the bore.
Note must also be taken of the shrinkage (or expansion) of the materials while
the mechanism is in use. For example, class 8 (ISO) covers this type of system. The
issue often encountered here is how to determine the stress (psi or MPa) and
the force (N, Ibf) which allow for this phenomenon of shrinkage of the materials in
the system, as it moves:

— diameter of the shaft in contact d. = 1.25 in =31.75 mm;
— internal contact diameter d;, = 0.00 in = 0.00 mm;

— external diameter of hub, d; ;= 2.25 in = 57.15 mm;

— elasticity modulus E = 350x10° psi = 2.413x10° MPa;

— Poisson ratio of the two materials, v=10.3;

— TOlinterference = 1Oinert = 0.0004 in,  0.0005 in, ...,
0.0016 in.

Figure 3.2(a). Hub
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For the above data, we here propose the best solution. According to ISO, class 8,
the bore ranges between 1.000 in and 1.0006 in, and the shaft varies between
1.00010 in and 1.0016 in.

Figure 3.2(b). Design of a bicycle wheel hub — drawn in Inventor Pro. For a
color version of this figure, see www.iste.co.uk/grous/design.zip

PRE-PROJECT 1.— Before designing the mechanism of the hub, we need to calculate:
1) the contact pressure for a single material (hub, shaft/bore) with the Poisson
ratio of v=0.3;

2) for class 8§ mechanisms under the ISO system, determine the maximum and
minimum tangential stress of the system being designed, taking account of the
interferences;

3) calculate the axial force F, and the moment M in N.mm and /bf.in;

4) calculate the variation in temperature At of the hub, the shaft and the bore;

5) consider different materials and rerun the calculations for the system — i.e. the
maximum and minimum tangential stresses allowable in the final project design.

Sketch and assemble the parts to present the project to the client in graphic and
analytical form. Knowing the variation of the contact pressure: Pc = 5x10° psi,
1.25x10% psi to 1.8x10* psi, we calculate the tangential stress using the formula:



Geometrical Specification of GPS and ISO Products 69

Tintert : - P Tintert) = _ Pl Tintert) =
3.8716-103] -psi [ 26.6938| -MPa
0 0.0i 4.8305-103 33.3672
i Eg:; P.= _ 5.8074-103 40.0407
2] 0 0 -pst 6.7753-10 46.7141
3| oo 0 5-103 7.7432-103 3.3876
4 0-03 1| 125104 8.7111-103 60.0610
2 Egﬁ; 9.6790-103 66.7344
il ow 1.0647-10% 73.4079
7 0-03§ P.= 1.1615-10* 80.0813
8 0-?2 0 -MPa 1.2583-104 86.7548
9 0-023 0 34474 1.3551-104 93.4282
10| 0.036 1| 86.184 1.4519-104 100.1017
11| 0.038 1.5486-104 106.7751
2[ 0.041
s X E (02 ~ 3 (a2~ a2 2 +d?
From P.y,uei— i ; 5 ~ 5 ) we deduce o.(P.)=F. dezxﬂicz [3.8]
2xd; (dexfdc) doy —d;
o(B) = o (P) =
0 OMin = 0.4643.10°psi 0 O.xMin = 63254 MPa
0| 94643105 0f 65254

2 4 . 3 12
23661-10% | TrMax = 2366110 psi |1 163.135] TrMax = 163.137-MFa

[

SOLUTION TO QUESTION 3.—

—dx=3in=76.2mm; d;; =0in=0 mm; d,, = deontact = 1.5 in =38.1 mm;
—Lpw=4.4in=111.76 mm;

— friction coefficient u = 0.12;

— Poisson ratio v (steel) = v (cast iron) = 0.30;

— elasticity modulus, steel, Ej, = 25x10° psi = 1.724x10° psi;

— elasticity modulus, cast iron, E;, = 12x10° psi = 8.618x10" psi;

— Orcontact = 4800 psi = 33.095 MPa (cast iron).

1) Calculation of Ag, the maximum interference allowable on the & of contact:

d2 +d: d* +d>
From F.,..., =Ag/ d,, ° 5 ot ot mz "02 VY
Eint (d - din ) EO (dext - dco ) Eint Eext

co

v

int ext
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we isolate Ae. The maximum permissible diametral interference is:
Ae = 8.006x10" in = 0.020335 mm.

2) Axial force: F,. = unrd.,, L, P. =7.166x10° Ibf =3.188x10" N

Calculation of the transmitted moment M, in Ibf.in and N.mm. Put differently,
this is the work, in J:

M = pmd? L, P. [2 = 5.374x10° Ibf in = 6.072x10° N.mm

3) Calculation of the temperature variation due to shrinkage of the materials:

— dmax = 2.006 in = 50.952 mm;

— dpup = 3.26 in = 82.804 mm;

— expansion coefficient, a = 0.0000062 (1/A°F) = 1.116x10” (1/A°C);
— Poisson ratio, v (steel) = vy (cast iron) = 0.30;

— expansion (shrinkage) of the material = ¢ = 0.0078 in = 0.198 mm.
AT = ¢/ad,,, =385.9094 [A°F|=241,394 [A°C]

As T

workshop = 70 °C =38.889 4°C = 455.909 A°F =38.889 °K

AT, =AT+T,

workshop = 455.909 A°F =253.283 °AC =-19.867 °C

20°C =527.67A4°F and 70°F =294.261 A°C
N.B.
20°C =293.15 4°C =293.15 K and 70°F =294.261 K

CASE STUDY 2.— On a shaft made of SAE 1018 steel (see Figure 3.2 of the bicycle
wheel hub), with diameter d = 3.75 in = 95.25 mm is constructed using press fit, the
bore of the layer of thickness € = 0.54 in = 13.716 mm, with an elasticity modulus E
of 2x10° MPa=2.901x10"psi. The admissible stress on the steel hub is
[Glagm 155 MPa = 22480 psi. The device measures 82.55 mm = 3.25 in in length.
The friction between the shaft and the hub is W = 2/10. This is the peculiarity of the
two SAE 1018 materials.

1) What is the value of the interference between the shaft and the tape?
2) Given this press fit, what value of the moment (torque) will be needed?

3) What is the contact pressure of the setup?
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4) From the point of view of a designer, discuss the minimum and maximum
interferences.

For:

(6] =155 MPa=2.248x10" psi; Ell; = 2x10° MPa =2.901x107 psi

adm

d=9525mm=3.75in;£=13.716 mm=0.54 in; | =82.55 mm =3.25in; u=0.2

SOLUTION WITH DISCUSSION.— The interference resulting from the proposed fit gives
rise to the following admissible stress on the tape:

1l =[o] , x(d/E)=0.073819 mm = 0.002906 in

In view of the design of the fit (Figure 3.3), it is possible to calculate the min
max interference and carry out the calculations for the diameters of the shaft. Hence,
we are able to write the minimum interference of the order of I, = 0.015 mm =
0.0006 in (see the results on the fit sketch produced at the design stage). We
conclude that the admissible stress put forward in the FS during the preliminary
stage is amply sufficient for the device to last a long time. Let us see what the
minimum admissible stress, corresponding to /;,, would be.

[O_]min _ ot x(d/E) =32 MPa = 4,641><103psi

adm max

N.B. This minimum admissible stress is suggested solely for the purposes of
conceptual understanding. It need not be calculated, because when the FS is
submitted, the materials have already been chosen by the client.

Let us calculate the contact pressure of the press fit with interference (Peoy)-

Calculation of the moments generated by the press fit

M = [t exexIxp=1.05x10" Nanm = 92961 Ibf in

max

Mmin — Iﬁt

Imax min

XAXEXIX 1 =2.168x10° N.mm =19192 Ibf in
For: d;, =95.301 mm=3.752 in; d,. =95.324 mm =3.75290 in; d.=95.5 mm=3.75 in

The total interference 67" is verified by both methods:

tal
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P = (1)1, + 1

min max
total

) ==(0.002906 +0.0006) = ~3.506x 10~ in = ~0.089 mm

2xd}x(d2 —d;,)

) =0.321 MPa = 46.606 psi; in addition 1

contact —

E(d? -dp)x(d2 -d?)

Ir{li;xE(dcz _d; )(dez‘c _dcz)

press fit simplify — -1.6578722190534870907.
coel] Pconmct d: (dfr - dl%l )
(42 a3 (a2 ~2)
Pt =1 E =0.321 MPa = 46.606 psi where ¢ = —1.658

¢dc3 (de2x - dzi )

COMMENTS.— According to ANSI B4.1967 (R1974) standard, corresponding to ISO
286, the results obtained from a representation of the system using Inventor Pro
(Figure 3.3) enable us to write & 3.75H7/ts = & 95.25H7/r¢ or LN1 (H6/n5):
recommendation for press fit with interference, middle = -0.00175 in = -0.044 mm
(Press Fit: fit of the setup with forced tightening (-)). Given this observation, a
designer can consider a technique of construction with bracing. Thereby, the parts
are heated to begin with, and then allowed to cool in their desired configuration.
Finally, the fit will be locked in place (press fit).

3.3. Envelopes and cylinders under pressure (for R/e < 20)

Quite commonly, designers will work on mechanisms with thin or thick
envelopes. Unfortunately, confusion can sometimes arise, as the calculations for
these mechanisms are run without taking account of the thickness of the wall
[ROA 75]. However, it is precisely here that distinctive calculation is demonstrably
important. Hereinafter, we shall strictly limit ourselves to employing two cases,
which are used in mechanical design. The internal pressure alone, p;,:

0, = |:(pmrzi _pexrei)_(pin _pex)(rinrex/r)z/(rei _rzﬁ ):|

[3.9]
O-ray = |:(pin ii _pexrei)-'—(pin _pex)(rinrex/r)z/(rei —I”li ):|

o, and o, are the radial and circumferential stresses. The axial stress is:

Oy =pinxrﬁ/(re2x_’ﬁ) [3.10]
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6 > 0 corresponds to traction and 6 < 0 to compression. The generalized Hooke’s
law ¢, =6, /r=r(o, —vo,)/E can be used to calculate the radial strain:
} [3.11]

If we only look at the internal pressure, the formulae for the stresses at a given
point, at a distance » from the center (0), look like this:

1 r2r2
5r :Tr (l_v)(pin’ﬁz _pexregc)+(1+v)(pin _pax) e
E(rax_’;n) r

2 2 2 2 2
Din r DPinl r Dinli
O-r = 2ln ln2 l_ﬁ ; O-t — 2"’! 1n2 1+ﬁ ; O-xx — 2”1 l}'l2 [3'12]
Tex —Tin r Tox —Tin r Tex —Tin
O . .
Or Ot Circumferential
Traction
O'tmax
Otmin
Compression “Pin
O} radial

Figure 3.4. Internal pressure and stresses o; and o For a
color version of this figure, see www.iste.co.uk/grous/design.zip

External pressure alone, p,, [ROA 75]

2 2 2 2
Dol v Poxle v
o, =Lelec | I 1| gpg o, =~ Lees | lin [3.13]
rex —’;.}'l r r(:‘X _’%n r
. r r Gr r
Traction Traction /\\—1— pin  Traction

-Po

Compression Compression

Figure 3.5. External pressure and stresses o and o For a color
version of this figure, see www.iste.co.uk/grous/design.zip.
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NUMERICAL APPLICATION.— Consider a steel cylinder with a Poisson ratio of v =
3/10; elasticity modulus E = 200 GPa = 29010 psi; internal radius r;, = 120 mm =
4.724 in and 1, = 160 mm = 6.299 in. A circumferential stress Gy is imposed upon
it — i.e. an admissible circumferential stress [G.,gm = 200 MPa = 2.9x10’ psi. Our
aim is to determine the maximum pressure if only the external pressure is taken into
account. The radial displacement then creates an internal pressure, which is
evaluated as follows:

SOLUTION.— internal and external pressures [ROA 75]

2_ 2

P, =-[0] [rex fin J = 38.505917 MPa = -5.585%10° psi
2 adm 2]"2
ex

2
r. =

2 —_—
B, =+[o] [ o J = 48.984841 MPa =7.105x10° psi

2
Tox +Tin

If r =r — maximum radial displacement. Only the internal pressure is
considered.

Pr(r2er?
=g :Tr( Lex * T +vj=0.115 mm = 4.522x107 in

t'in 2 2
Tex —in
In industrial constructions, we often find ourselves facing calculations pertaining
to rotating cylinders with a centrifugal effect: flywheels. In these cases, there
are usually no notable pressure values (internal or external). The stresses are
circumferential and radial, and are expressed as follows:

3+ 252 143
Op =Y par | 2 vl o Ledin T2 [3.14]
8 r 3+v
2.2
o, =3+Tva2 (rei ok @—ﬂ} [3.15]
r

The radial strain is expressed thus:

_3+v
radl SE

2 2
pwzr[(r; +rl§)(1—v)+r6;2" (1—1/)—13++VV er [3.16]
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3.4. Case study

Two steel rods are fitted against one another, inside a cylinder. The Hertz
pressure (contact pressure) is approximately 80 MPa = 1.16x10* psi. As the parts are
made of carbon steel, the Poisson ratio is v = 3/10 and the density of the materials
p = 0.284 Ib/in’ = 7850 kg/m’.

QUESTION.— Explain the conceptual reason for using hollow cylinders to rotate parts
using centrifugal force, such as cement mixers, for example:

—stem 1: R,y =48 mm = 2.126 in; Ry;; =28 mm = 1.102 in;
—stem 2: R,,2 =28 mm =2.102 in; R;;, =32 mm = 1.417 in.
We can deduce that r = 0.04 mm, meaning that (0.048 + 0.032)/2 = 0.04 m =

1.575 in, as the two stems can be considered as one and the same part, because of
the press fit between them.

2 2

3+vy 7 2 2 R, XR;
ex in 2| _
- = Pyops-» WE

SOLUTION.— on the basis of 0, =g PO | Ry +R;y -
r
calculate:
34v o 2 2 Reky o 0.8206704.Kg.c° ;
O =g PO| Rex+ Rin - et~ | simplify » ———————>—=8x10"Pa
r m

Hence — o= |™-30000000Pa _ o ¢73561x10%| ™9 | = 9.428x10* [RPM]
0.8206704.Kg s

Justification of the use of the hollow cylinder (stem) for this design

When the mechanism achieves this extremely fast rotation, the pressure tends
toward 0 and does not impede the motion. In these cases of centrifugal effect, the
angular velocity has an almost negligible effect, or one which is limited to speeds of
under 10* rpm. In the case at hand, ® = 9873.261 rad/s, or 94280 rpm. This is the
reason that we choose to use hollow cylinders.

3.5. Rotating cylinders with a full round cross-section: flywheel

DESIGN PROBLEM.— We spin this setup at an unknown angular velocity (), but we
wish to find out the point beyond which the centrifugal effects disappear without
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causing notable anomalies in the system. The shaft experiences traction and the
wheel compression under the influence of the pressure exerted with 200 MPa. Let us
outline the approach taken:

— Dexternal O the flywheel: dgy = Eprotector
24.409 in = 620 mm, and therefore

Rp = 0.31 m;

— Dextemat Of the shaft: dg.qn =

4724 in = 120 mm and therefore c
Rgpari = 0.06 m;

— Pysy = Pressure of the assembly Riywheel

of the flywheel on the shaft: P, =
Peomp = 200 MPa = 29010 psi.

Figure 3.6. Flywheel with kinetic energy. For a color version of
this figure, see www.iste.co.uk/grous/design.zip

SOLUTION.— By virtue of the mathematical relations governing radial stress, we can
posit:

! 2 2 8
O, = Passy |: 3+v /S}prtteeegl X ayvy( Hol = Tshafi ) =2x10"Pa and
! 2 8
I: 3+V /ijpjtt:jl X assy( Hol _rshaft) =2x10"Pa — a)assembly

assy

200000000Pa = (299.5265625.kg 2,

P, = |200000000Pa _ g5 141611 49 | = 7.803128%10° [rpm]
" "1299.5265625 kg s

At that frequency = 7803.128 rpm, we can see that there is no noticeable
pressure on the shaft/flywheel setup, even at a high rotation frequency (®).

/ m, isolate @’

steel

i 1

A bl

@ Design = oL =817.141611--=7.803128x10" rpm
( 3+v /S)pvtee/ X( Tvol = rhaft)

To graphically show the limit beyond which centrifugal effects may be
experienced, we suggest varying the simulated pressures exerted on the assembly
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(Passy = Pcomp = Oripesign) between 3.5 MPa and 200 MPa to see the evolution of the
rotation frequencies (Wpesign) as follows:

mCo(GrlA) =
0 ‘rpm
P o
0 1.032:103
1 1.234-103 800
3 1.561-103
4 1.701-103 400
5 1.83-103 200 |
6 1.951:103 0 \ i
7 i 0 1x10° °rlA  2x10® Pa

Figure 3.7. Evolution of the rotation frequency as a function
of the exerted pressures. For a color version of this figure,
see www.iste.co.uk/grous/design.zip

3.5.1. Materials used for flywheels with centrifugal effects

Flywheels are used to store energy. Lead flywheels are found in children’s
buggies. In old steam engines, they are made of cast iron. Today, this technique has
become popular once more with a goal of storing and recovering energy. The choice
of materials is a relevant question.

Designers must consider the possibility of damage being done to the flywheels
because of the powerful centrifugal forces to which they are subjected. It is a classic
case which arises when the traction stress and/or fatigue exceeds the resistance of
the material. The flywheel becomes dislodged, causing additional damage. The
strategy is used in techniques of optimization of energy storage systems.

E[Mheel — Ja? [2 where J = mx pxexr* [2 [3.17]
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where:

—J is the moment of inertia of the disk (flywheel) in
m*;

— p is the density of the material used for the
flywheel in kg/cm?;

— r is the radius of the flywheel in mm,;

— o, is the resistance stress in MPa;

— Opax 18 the maximum stress in MPa;

— e is the thickness of the cross-section of the
flywheel in mm;

— m is the mass of the flywheel in kg;

— Ey is the kinetic energy in J;

—  is the rate of rotation in rad/s;

— v is the Poisson ratio = 1/3 for solids

Figure 3.8. Flywheel. For a color version of this
figure, see www.iste.co.uk/grous/design.zip

Eg;‘:meel =7rpr4ea)2/4 sm=mrlep — ElgrfWheel/m = r2w2/4 [3.18]

When the flywheel is spinning sufficiently quickly, the energy is stored, leading

to an increase in stress, resulting from the centrifugal forces. Drawing on the

specialized literature, we can therefore posit the following expression for the
maximum stress:

+ Eﬂywheel 2
ofiheel (—3 Vjprza)2 ; hence » ———=| —— /3 [3.19]
8 m 3+v) p

Among the best candidate materials for use in flywheel design, we choose that
which has the best performance index (kj/kg) — i.e. that which yields the most energy
for a given mass in kg.

perormance =10, 1P} in [k /kg] [3.20]

It is the designer who balances the parameters (r) and (®). Thus, for a constant
speed, at frequency (o), the energy per volume is written as follows:

{Ek/;lrfWhed/V} = pr2w2/4 hence — i{ Designmax } ={p} [3.21]

performance
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The table below presents a few performance indices [LEW 90].

. I . .

Material performance | Nyegioner’s observations
(kj/ke) £
High-resistance (HR) steel 100-200 | Inexpensive material
(HR) aluminum alloy 100-200 | Inexpensive material
(HR) Mg alloy 100-200 | Performance essentially
. equivalent to that of steels

Titanium alloy 100-200 and aluminum alloys
Cast iron 8-10 (p) high density but limited
Lead alloy =3 usage speed

Table 3.2. Performance indices as a function of the material

DESIGNER’S DECISION.— As the energy density in flywheels is considerable, we need
to avoid them suddenly becoming loose, which would be catastrophic. Thus, we can
surround the disk with a protective screen to contain the explosion and the debris.

3.6. Press fit and thermal effects through bracing

The pressure exerted on a press fit assembly is essentially applied to the
shaft/bore systems. Below, we present the formulae and applications relevant to
such systems. In children’s buggies, it is lead which is used, because it is heavy and
soft. Of course, gold, platinum or indeed uranium would work better, but these
materials are expensive, and can be quite rare.

-

Pr

SR
L

/\L/ Sr—A

o,
r1%
rex
T

or-A
ST - -
I'e . In
Rex
< /A Rex
7 %

Figure 3.9. Internal pressure and stresses o; and o press fit. For a
color version of this figure, see www.iste.co.uk/grous/design.zip
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The decrease of the radius of the shaft due to the bracing pressure, py, is:

2 2
- . rr\o,—V, O r r.+r
haft haft f( t a r) pf 1| Tex f
ja;tj':ts = gfa:iz{us X e = E =- E 5 5 vV, [3.22]
a a Tex =17

The increase in the radius of the container due to the bracing pressure, py, is:

re\o, —V,0, r + I"
bore bore _f ( t a bore) _ Prly f
5radlus = Eradius X rf - - > ~Viore [323]

Ebore Ebare Vor — rf

where:
— P is the bracing pressure (assembly);
— Ry is the contact radius in assembly;
— v, is the of the material from which the container (bore, casing) is made;
— Vv, is the Poisson ratio of the material from which the content (shaft) is made;
— Vv, is the friction coefficient between the two materials (shaft/bore);
— 9, is the dimensional increase of the radius of the shaft;
— 9y is the dimensional increase of the radius of the bore;
— [ is the length of the assembly;

— S is the safety factor.

We use the term “radial interference” to speak of the influence on the radius,
which is presented thus:

Srad _{ Shore _ gshatt } — ( ghore _ gshaﬁ ) [3.24]

radius radius radius radius radius

Bracing applies pressure after cooling, and the resulting press fit is expressed as:

2 4y 2

2
ry+r: V.
Sﬁ:sz/jis =20, radius — prrf 3 + ;bore + A 2m N Eshaft [325]
.shuft (re - rf ) bore Eshqft (rf - rm) shafi
The duality can be summed up as follows: either we know the value of the press
and deduce that of the bracing pressure needed, or the other way around. When the
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grade of the material is the same for the shaft and the bore, the calculations can be
summarized thus:

S =28 s =40, %17 (12 =17 ) [ E (12 rp-r2) [3.26]
When the shaft has a solid round cross-section, we set:
S =28, s =40 13 % / E(r2-17) [3.27]

To determine the transmissible forces on the transmission torque:
M =Fr, = Zﬂ'/,ll’j%lpf [N.m] because F =2mur;lp ;[ N] [3.28]

These formulae are conceived for evaluating the maximum bracing pressure.
When dealing with the preliminary design phase, it is common to begin by finding
the minimum bracing pressure in order to make wise and safe choices. This is the
reason for the introduction of the safety coefficient at this stage of the design project
[ROA 75].

pmin B FxS _ MxS
4 27X pxry X1 27r><,u><rf><l

[MPa or psi] [3.29]

{l‘my =125 mm=4.921in; dg,. =75 mm=2.953in = ry, =1, =ry =0.038 m; £ =0.1

dspai =120 mm = 4.724 in — 1y, =1, =0.06 mm; i = radial interference = 0.0545 mm

The radial interference is of the order of 5.45/100 mm.

Bracing pressure for a radial interference is 0.0545:

)

Y

s = 277 78 E (12 =1} ) simplify — 0.0000545xm =

..=9.846¢-13.m.p, /Pa — p, =55.351563 MPa = 8.028x10° psi
Py Py
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Axial force necessary for bracing for a radial interference:

F=2mX uxr; Xl X p,=1.63x10°[N]=3.665x10"[ibf ]

assy
We impose a pressure on the assembly Pjpo5eq Of the order of 554 MPa:

§ =25, and S =4ppxr,xrl[E(rk=r})= 0.109095 mm
§=28,=1.091x10m — &5, = /2 =5.454769x10° m

Axial force and moment, necessary for bracing:

F =277 Ly, P imposea =1.632x10° N =3.668x10° Ibf
M = Fr; =27Ur} 1, Dt imposea = 6-119%10* N.m =5.416x10° Ibf in

Calculation necessary for bracing for a radial interference:

The thermal effect of bracing on the assembly is evident on a press fit, with
interference. When the temperature rises in the room, the strains do likewise. This is
characterized by an expansion that is sometimes imperceptible, as it is so small, but
nevertheless, it still affects the fit. Each material [ROA 75] has its own expansion
value. The strain in directions (x, y, z) is expressed as follows:

Exy =€y, =E,, = QAT ; example for 1 €,, = 0, [F =0 AT [3.30]

The pressing or radial strain is written as: J, = axrxAr

where:
— oy is the linear coefficient of thermal expansion in 1/°C or 1/°F;
—r is the radius prior to expansion;
— Oy is the strain sometimes known as radial pressing;

— At is the temperature variation in °C or °F

3.7. Case study applied to bolted tanks

What follows is a real-world case study in mechanical design. It pertains to the
information that can be gleaned from calculations of resistance in connection with
the definition drawings and the assembly drawings. Thus, at the end, we need to
present a concrete analysis of the stress and resistance criteria in Von Mises’ terms.
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— l J, joint
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Figure 3.10. Pressurized tank assembled and locked with bolts. For a
color version of this figure, see www.iste.co.uk/grous/design.zip

OUTLINING THE PROBLEM.— Consider a pressurized cylinder such as a tank (vat)
assembled and locked by bolting at the edges of the articulated joints, as illustrated
above. It is suggested to use (n) locking bolts. The internal pressure in the tank is
exerted by the liquid and vapor contained therein. It ranges from 0 to 25 MPa.

QUESTIONS.—

What is the pressing force needed for each bolt (nut) to ensure complete
security — i.e. to ensure there can be no leaks?

What are the dimensions, under the ANSI-USA and ISO systems of norms, for
the bolts which can withstand the fatigue due to variable static loading?
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Method (Source: Product Engineering, USA) Coeg(c)ients
Pressing and electronic monitoring thereof 1.0to 1.5
Direct monitoring with a torque wrench 1.6to 1.8
Monitoring of power by measuring the elongation of the bolts 14t01.6
Pneumatic monitoring of power 1.7t02.5

Table 3.3. Factors of pressing moments by different methods

where:
— internal diameter, d;, = 200 mm = 7.874 in;
— maximum power in the vat, P =25 MPa = 3626 psi;

— elasticity modulus (Young’s modulus), E = 2x10° MPa = 2.901x10 psi.
SOLUTION WITH DISCUSSION.—

Calculating the area A of the cylinder of internal diameter of the cylinder d,,:

A=(7d}, /4)=3.142x10* mmi® =48.695 in”

n
Each bolt is subject to the action of the force F,, expressed thus:
F,=(PxA/nxg)=1.001x10* kg =2.207x10* 1b — s0 F,; =10* kg

The bolts are considered to have been tightened with a pneumatic wrench —
hence the corresponding press factor Ky, = 2.5 (from Table 3.3, above).

The load produced by the work on each bolt is:

Kior =2.5- P, =K,y X Fy =2.502x10* kg =5.517x10* ib,{
The yield 11=80% is then P,; = P, /n=3.128x10" kg =6.896x10* /b

The bolts suggested by the hypothesis adopted at the preliminary phase of the
project are grade 8. The limiting stress, therefore, is of the order of [6]i, =
1035 MPa = 1.501x105 psi.
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The area and nominal diameter of each bolt are:

Dbl)/t = "4Ab0/t/ﬂ- =19.434 mm =0.7651 in — From Olim = P;Al‘ig/Ab()lt »L
calculate the area of each bolt Ay, = P, [ O =296.616 mm?* = 0.4598 in’

In accordance with ANSI/ASME B.1.1, we choose the closest geometric
characteristics of bolts. Thus, for a nominal diameter of D = 0.5in, we choose: %2-13-
NC. (13 threads per inch). Thick threads are preferred, because of their high
resistance. Thus, each bolt is covered with a restrained spring. We calculate the
rigidity factor of that spring by this expression: K = 4-E/L

1=gx{0-4%n] [LHL—LHMDJ 3.31]
KB E Al A1 Amin Amin

Where:

— Dyom 18 the nominal diameter of the standardized bolt in (in) or (mm);
— Dinin 18 the minimum diameter (in) or (mm);
— A, is the area of the non-threaded section of the bolt;

— Aqin 18 the area of the threaded section of the bolt at the level of the minor
diameter;

— L, is the non-threaded length of the bolt; around % (0.75) in;
—L is the implantation length — i.e. the portion of the length which holds the
pieces together — at around 2.010 in (ANSI).

When dealing with plastic strain, on the head bolt, material tests (Europe and
USA) show that we can write 0.4D and 0.4D ;.

For:L;=0.75in=19.05 mmand L =2.010 in = 51.054 mm

For D=0.5in=12.7mm — 4 =(xD*[4)=126.677mm" =0.1963 in®

The smallest thread diameter of the 0.5-13 UNC thread (large-step series) which
is mainly used in nuts and bolts including non-ferrous metals, and particularly to
prevent vibrations, is, according to ANSI/ASME B.1.1 or UST (ABC = American-
British-Canadian). D,,;, = 0.4056 in, then:

mi

Digin = 0.4056 in =10.302 mm = Ay =(7D5, /4) =83.359 mm?® =0.1292 in”
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Finally, we obtain the value of Ky as follows:

Ky=1/ || %4Pnom | [ E| [ E=Lr | [ O4Dumin || 35600 K& _ g315106 2
E h 4 A Ain mm in

Calculation of the rigidity of the spring (rate): The calculations giving the rate of
rigidity of the spring at the joints are deliberately simplified and reduced at the bolt
heads and at the nut. As the bolt and nut are pressed, we see a cylindrical
distribution of stress in the vicinity of the head and the pressing nut. In order to carry
out calculations in this vicinity, we first need to bind the equivalent area. Then, the
design takes place in three distinct steps:

The following three scenarios are possible:

Case 2 (Figure 3.11b) arises when the joint’s external diameter is larger than the
diameter of the bolt head or the same as the washer, provided that diameter is no
greater than 3xD,. When the diameter of the joint D; is represented by the above
expression, (Case 2) or much larger than 3xD,.

CASE(a):AJ=%x(D§x—D§)
2
CASE (b):AJ:Z(DVZV_D'f)J"Z[gJ_IJ[DgL_lLOOJ [3.32]
T D,L 2
CASE (c): Ay ==x| =%=_D,
©:4 4{ 10 “j
~ D;>3Dy
L T] i -
- M T
Dj IR
Dy — Dy

[NREE 17 1

] CASE(a) CASE (b) CASE (c)

 ———

Figure 3.11. Bolts holding the pressurized tank together. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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where:
— D, 1s the external diameter in in or mm;

— D, is the diameter of the bore of the nut (receiving the bolt) in in or mm.

We suppose that Dy, is the diameter which supports the bolt to the head of the
nut. The design of this bolted assembly enables us to apply case 2, meaning that
Dy, =% in (0.75in) = 19.05mm, which supports the head of the bolt and the nut:

2
CASE b: 4, =%(va - Dﬁ) +Z[?-1](DSWL—]LOOJ =302.716 mm?* = 0.4692 in”

w

Substituting the value of Aj back into the expression of the degree of rigidity of
the spring, we deduce the coefficient for the joint, K;, as follows:

K, = A,E/Lg =1.209%10° kg /mm = 6.772x10° Ib/in
We now look to determine the part which is not affected by the load on the joint.
The load constant K;, which takes account of the elasticity of the bolt and of the

elastic joint, is:

K; =Kp/(Kz+K;)=0,2128, the portion of work not affected by the load on
the joint is presented thus: F, = F,,x K, =7880 kg =17372 Ib .

Loss of pressing force due to fixation with bolts:

Experiments have yielded a recommended value of 1,=10%. Thus, the loss of
load of the pressing force would be:

F

pressing

=1, X F, =1001 kg = 2207 b

Calculation of the fixation force (bolting) required for the joint:

Based on the fluctuation of the force from 0 /6 to 8000 /b, the minimum fixation
force required is 0 Ib. Thus, the maximum force would be:

F,,=01b and F{jim™ =K, (F, + F¢ +F,, ) =1890 kg =4167 Ib

ver bolting
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The bolt’s failure threshold is equivalent, depending on the steel used, to
20,000 Ib. It exhibits a static strength which is amply sufficient to hold the joints,
with no leaks:

R, = 20,000 [b - 4167 [b (actually applied)

3.8. Case studies applied to contact stresses (Hertz) in design

Crushing contact between two bodies gives rise to strains under loading. Stresses
are experienced in all three spatial directions [0y, Gy, G,]. In design (construction,
assembly, etc.), these facts are found at play in many elements of machines, such as
gear systems, bearings, cams, rails, and so on. In addition, we here present the
fundamental issues surrounding Hertzian contact mechanics. In discussing this
subject, we touch upon the following:

1) contact area and contact factors (tribology and environment);
2) stresses on contacts and in their vicinity;

3) the resulting strains.
Given Hertz’s theory on the subject, we can differentiate the following:

1) so-called point contact, e.g. two spheres in contact and a sphere in contact
with a flat surface;

2) lineal contact, e.g. two parallel cylinders and a cylinder in contact with a flat
surface, a cogwheel on a gear, a shaft (axle) in a sleeve bearing or roller bearing;

3) so-called surfacic contact, which is two flat surfaces in contact with one
another.

Contacts are held to be elastic, in Hertzian theory; the geometry is well known,
as a sphere with a given radius R. At the interface, the tribology is found to have no
influence, meaning that at the interface, the friction (p) is null.

Contact takes place with the normal force (F in N or in); the other, external
surface forces can be overlooked. In terms of the topography (roughness), the
surfaces of the bodies are reasonably smooth, and the materials are isotropic,
homogeneous and elastic. In the final analysis, contact is said to be non-conforming
when zone a (a <<R) is much smaller than the radius. We can clearly see that the
strain is very small to be deemed to have an influence.
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Figure 3.12. Sphere-to-sphere contact and typical

examples of Hertzian contact. For a color version of this figure,
see www.iste.co.uk/grous/design.zip

Below, we present the essentials of contacts between two spheres and two
cylinders; these are the cases to which almost all so-called Hertzian contacts relate.

3.8.1. First case: sphere-to-sphere contact

Consider two spheres pressed against one another by a force F (in N). Thus, one
sphere crushes the other, creating a circular zone, known as C, (see Figure 3.12).
The two spheres are deemed to have respective characteristics (1) and (2) [ROA 75]:

—d; and d, are respectively the diameters of each sphere;

—E, and E, are respectively the elasticity moduli of the materials from which
each sphere is made;
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— v and v, are respectively the Poisson ratios of materials (1) and (2);
— Fis the load, i.e. the axial force applied in N or /bf;

— C is the crushing (in mm or in) resulting from the contact under the influence
of the axial force F;

— a semi-axis (mm or in) of an ellipse. It is the dimension of the crushed zone.

13
1-vi 1-v; 1-vi 1-v; /
E E E E
C=33—F ! 2 = 3—F ! 2 [mm or in] [3.33]
1.1 g 1. 1
dy d, dy, d,

As illustrated above (2D and 3D), contact takes place in the plane (x, y). The
force of action passes through the normal (z). The maximum pressure is located in
the center. It engenders a semi-elliptical zone (ellipsis of semi-axis a) and is
expressed as follows:

Prax = 3F/27m2 [Mpa or psi] with a (mm or in) [3.34]

NUMERICAL APPLICATION.— For two identical spheres of molybdenum steel (SAE
4040), we have applied a force F =9.50 N =2.136 /bf on:

—d;=8mm=0.315inand d, = 12 mm = 0.472 in;
—E, =E, =2x10° MPa =2.901x10" psi and v, = v, = 3/10 (steel on steel).

1) Calculate the value of the depth of the crush zone C in mm and in.

2) The stress 6(a) as a function of the semi-ellipsis (a) formed, in MPa and psi.
3) The maximum pressure at the center of the contact zone (Hertz).

4) Plot the graph of (a) as a function of the depth C of crushing.

5) The value of crushing (8) which characterizes the deflection of the spheres.

SOLUTION.— By virtue of relations [3.33] and [3.34], we can posit the following:

c= g/(3F/8)><[(1—v12 )/E, +(1—V22)/E2J/(1/d1 +1/dy) =0.054 mm

Max pressure is Py, = 3F /2pa® = 1568 MPa
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In view of Mohr’s tricircle of the stresses, with respect to the two circles and the
coincident point oy = Oy, facilitates 7,, =0and 7\, =7,. = (O'x +0, )/2 = (oy +0, )/2 .

The shearing stresses become greatest below the surface at values of z = a/2 (see
results of simulated calculations below in Figure 3.13):

o, =Lax2, z=0— 0, =-1.568x107° MPa = -2.568x10° psi
1+(z/a)

o,(a)= o, (a)=—45.44 MPa and T, = p../3=522.619 MPa

By varying (a), which is the product of (C), we can calculate the values of the
stress o (a) as follows: z=a = - 0.025a, 0.12a, ... 5a. Let us calculate 6(a) and plot
its curve:

[3.35]

z/a

0.(a)=0,(a) =P (1 —gArctan[/Ln(l +V)_2(—

The value of the crushing (0) of the two spheres, according to Hertz’s theory, is
written as:

2
v 1,2 5
S=1040xap Vi Ve | ML ) 265 s 0% sl 67
E, E, d, " dy) 7726013401

oyfay)

0 ‘MPa 5x10° T

0| -1.176-103 0 Stresses
1| 910431
2| 597213 "x(av) i i
3] -379.592
4| 235147] @  _—1xa0’F L5
5| -142307 o o(z) = -1.568x 10°-MPa|

~1.5x10°F e ammmm -
6 -83.817 !

| Depth

7 -47.369 _ ol 0P ‘ 1
8 —1x10"* 1x10°* 3x10° ¢

Figure 3.13. Evolution of stresses as a function of (z) or (a). For a
color version of this figure, see www.iste.co.uk/grous/design.zip
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3.8.2. Second case: contact between two parallel cylinders
When dealing with two parallel cylinders, in Hertzian contact, we can make the
following hypotheses:
—d; and d, are the respective diameters of the cylinders;
—E, and E, are respectively the elasticity moduli of the materials of each sphere;
— v and v, are respectively the Poisson ratios of materials (1) and (2);
— Fis the load, i.e. the axial force applied in N or /bf;

— C is the crushing (in mm or in) resulting from the contact under the influence
of the axial force F;

— b is the semi-axis (mm or in) of an ellipsis. It is the dimension of the crushed
zone;

— Lc is the contact length of the two cylinders.

2 2
b:zzi 17‘/14_1 V) L+L :[mm or in] [3.36]
L\ E, E, d d,

As illustrated below, the contact takes place along L. The force passes along the
normal, i.e. along the (z) axis. The maximum pressure is located at the center. It
engenders a supposedly rectangular zone of width = 2 / and is expressed as follows:

= 2F/27r(bL) [MPa or psi] with b and L (mm or in) [3.37]

p max

The maximum normal stresses are along (z) in the direction of loading (F) and
are written as follows:

Pmax

Oy =~ Pmax
JI+(z/6)  [3.38]

1 2 2z _
2) 1+(z/b) Y and o, =

(1+()

2 z 3
o, =—2meax[ 1+(z/b) —z/bj Jor ;=27 T =T =0.3pmax

COMMENT.— Below the surface at the values of z = b/2 (see the results of our
simulated calculations below), the shear stresses become greatest. When we are
dealing with cases of the same materials, the Poisson ratios balance out, in view of
the symmetry of the three main stresses (o, 6y, 6,). For example, for (z/b) = %, we

have: 7,,, =7, =3/10Xp,.. (see Figure b: contact between parallel cylinders).
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NUMERICAL APPLICATION.— for two identical molybdenum steel cylinders (SAE
4040), we applied a load of F =300 N = 67.443 Ibfto:

-d;=d,=10mm=0.394inand Lc =18 mm=0.709 in,z=0.75 X b

—E, =E,=2.07x10° MPa = 3.002x10’ psi and v, = v, = 3/10 (steel on steel)
1) Calculate the value of the crush depth b in mm and in in.

2) The maximum pressure at the center of the contact zone (Hertz).

3) The stress o(a) as a function of the semi-ellipsis (a) formed, in MPa and psi.
4) Plot the graph of (a) as a function of the crush depth z.

5) The value of crushing (8) which characterizes the deflection of the spheres.
SOLUTION WITH DISCUSSION.—

1) Calculation of the value of the crush depth » in mm and in:

2 2
poo| 2E vl I=va (B L6022 m = 8.503%107 in
7L\ E, E, 4, d,

2) Calculation of the maximum pressure at the center of the contact zone (Hertz),
z=0.75x%b:

Poax = 2F/27bX L, =491.28 MPa =71250 psi

3) Calculation of the stresses ox(b), 6,(b), 0,(b) and T,.i in MPa and psi:

. (b) =P [(2—1/(1 +(z/bY ))./1+(z/b)2 —%} —147.384 MPa

0, () =2 P ( 1+(z/b) —z/bj = 147.384 MPa; z=0.75b

. (b)= —pmax/«/1+(z/b)2 =-314.419 MPa where z/b=3/4
T

b)=7.. =3Py /10 = 147.384 MPa, wherez[b=3/4=0.75
maX( ) zx pmax/ / /

By varying (b), which is the previous product, we calculate the values of the
stresses ox(D), 6y(b), 6,(b) and T4(b) = Tmax(b). From Mohr’s tri-circle, we set:
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z 2 z 3
Oy (bSim ) = Pmax (b . J(_ loj; O-y (bsim ) =~ Pmax (b_J(_Ej

z 8 z 3
o, (bb‘im ) = Pmax [b ](_ loj;Tyz (bsim ) = Tmax (bsim ) = ~Pmax (b_](_ﬁj

sim

— bgim 1s a simulated depth to plot the stress curves as a function of the maximum
exerted pressure.

Gx(bs) = Gy(bs) = c;z(bs) = Imaxi(bs) =
27.369-103| <] -1.105-104| -] -2.948-104| - 1.105-104| -MPa
-3.685-103 -5.527-103 -1.474-104 5.527-103
-2.456-103 -3.685-103 -9.826-103 3.685-103
-1.842-103 -2.763-103 -7.369-103 2.763-103
-1.474-103 -2.211-103 -5.895-103 2.211-103

lxlow T T T
cx(bs) — Stresses |

) Z = depth
e T R &
- Z =0

0.75b distance beneath the surface -

1 1

110> 1.5x107° 2x1073

Figure 3.14. Evolution of stresses as a function of the depth (Z). For a color
version of this figure, see www.iste.co.uk/grous/design.zip

We can see that the highest stress corresponds t0 T,(b) = Tumax(b). The case of
rollers is not greatly different from the former, because they slide, albeit only
slightly. We know from mechanics of moving bodies, when two cylinders roll over
one another, without sliding. The direction of the shear stresses, under the surface, is
reversed. The domain of critical fatigue due to contacts largely deals with this
physical phenomenon. In mechanical construction, in power transmission by a gear
system, especially, we see sliding which creates further friction, at the root of the
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superposed tangential and normal stresses. Owing to this phenomenon of forces of
friction, the load F is also affected.

3.9. Conclusion

In this chapter, we have presented class simulation case studies, to gain a clearer
idea of the issues of choice of materials in design, whilst respecting the GPS/ISO
standards. There are many examples which could be drawn from industries, but we
have deliberately targeted the most commonplace ones, which require calculations
of resistance of materials in connection with judicious choices of the performance
criteria.
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Design of Incurvate
Geometries by Sweeping

4.1. Introduction

Parts with an ordinary, skew curve (SC) present cases of unusual calculations in
strength of materials [OBE 16, ROA 75]. The 2D or 3D forms created by sweeping
(sweep, loft, coil, etc.) are often NURBS (Non-Uniform Rational B-Splines), also
known as Bézier curves (named for Pierre Bézier). This book is not intended to be a
course in complex surfaces. However, such surfaces and other unusual curves do
exist in real-world structures, so we cannot ignore the calculations they require.

Usual formulae for calculations on structures:

Axis of SC Axis of neutral fiber |

R=vr, +h2; h
e=R-p, o N V.
n S A S S
P Qoo o
g ///. //// ,// oy b |
=h/In(r, /r, A A NI A A
n ex/'in s SN K L
/ /'/ Fatal ,/// // /'l,
’ : Tin
g —=— —‘—— ———
‘ Lo S— pll -
R
rex

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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- Tex -
R=n, M; - h " T ]
3(by by )
i
£=R-r,
<]
(bin + bﬂx]
— 2 '
bi.nrex 7bzzxrin xIn Fex 7(bin *bﬂ) i bin
h Tin
Axis e » Cin
of SC '
e Neutral axis
| =3 Pn -
R —= —

0.5¢ =

2 2
E+E‘J(b—e)+(b—e)eex(h—]—emJ Tex =
B 2 2 2 L h - Ly
he+(b—e)+(e, +e.,) ! |
- (bfe)e(eereex)eeerhxe ) !
’ b[ln—'}”+ei”+ln Tex }+eln[r“76“J e b
tin Tex ~Cex Fin —€in EXF e; |
mn |t
£=R-p, | r 7 '
i e -——
0.5¢ _.. an :

Figure 4.1. Basic formula for usual geometric models in strength of materials.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

4.2. Case studies
4.2.1. Case study 1: frame sweeping

The initial data for a structure (a frame with a round cross-section) swept in
accordance with the design sketch are as follows: consider the structure illustrated
below (Figure 4.2) (round cross-section frame) with the 2D/3D sweep function on
the geometry whose parameters are:

— R is the radius (see figure below) R =4.75 in = 120.65 mm;

— Tj, 18 the internal radius r;, = 3.75 in = 95.25 mm;

— I 1S the external radius re, = 5.75 in = 146.05 mm;
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—d is the diameter =4 in = 101.6 mm;

— A is the area to be checked A = 12.5664 in> = 8.107x10° mm’;

— h;, is the height, to be calculated (?);

— ¢ is the excentricity (with respect to the centroid), to be calculated (?);
— L is the length; L = 18 in =457.2 mm;

—m is the mass = 1856 1b = 841.867 kg;

— F is the force applied (loading); F = 172 Ibf=765.094 N.

A

| ¥

0 4.00

ct ic

(//// YSCALE 15

Figure 4.2. Sweep function giving rise to an arm embedded at one end. For
a color version of this figure, see www.iste.co.uk/grous/design.zip

r, =3.75in=95.25 mm; R=4.75 in =120.65 mm; r,, =5.75 in =146.05 mm
For a round form, we set the following equations:
€=R-r, =0.0532 in=1.352 mmand h. =r. —€=3.6968 in=93.898 mm
in in " in
For: d =4 in=101.6 mm, the area A= (d*[4)=12.564 in® =8.107x10° mm
M poniing =M ; =1856[1bf xin] = 2.097x10° [N xmm]

For the section C-C:
m= 1856[lb] = 841.867[kg] —>P=mxg= 18560[lbf]
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In line with the formula for calculating the bending stress on the inner fiber, we
set:

Chending = Oy =M ;hy, [ Aer, = 2.735x10° | psi] = 18.86[ MPa|
oy =P[A4=147.696 psi=1.018 MPa ;[o] , =15600 psi =107.558 MPa
The bending stress of the tube plus the Pascal stress (P/A) means we can write:
Ot =0y +0y =(M by, [ Aer, )+ P/ A= 2883 psi =19.878 MPa
Given the simplified expression, we use the software Math CAD Prime to set:
(0], = Aot (M 1 [ €7, )+ P A simplify[10.498TM [ Ay, [mAE |
PROOF.— With the following expression, we can isolate the offset:

Aogiser =[O ]y — O} A€ [M  =20.8832 in = 530.433 mm — Proof |

A oo = (1.56><104 - 147.696) 12.5664x0.0532x3.75 =20.8832 in =530.433 mm
offset 1856

DESIGN DECISION.— On the basis of the above, we would tend to choose
calculated
offset

drawings, but instead a question of absolute, incontrovertible accuracy, founded on
clear calculations. A designer sketches, calculates and then draws, because drawing
is the graphic manifestation of what has been calculated and verified; it is the proof
and the product of this design decision.

=21 in=533 mm —. Design, remember, is in no way a matter of isolated

4.2.2. Case study 2: frame sweeping

PROBLEM.— We wish to calculate the following functions to enable the frame to
safely serve its purpose:

1) The bending moment in all the sections;
2) The compressive stress at the radius r;;
3) The traction (tension) stress at the radius r., (external fiber);

4) Where will the maximum tension be found? Calculate it.
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where:
— R is the radius (see Figure 4.3 below): R =3.55 in =90.17 mm;
— Ty, 18 the internal radius rj, = 3.15 in = 80.01 mm;
— I'ex 18 the external radius re = 4.15 in = 105.41 mm;
—d is the diameter =4 in = 101.6 mm;
— A is the area, to be verified A = 2 in®> = 1.297x10°> mm?;
—h is the height; h=0.85 in =21.59 mm;
— ¢ is the excentricity (with respect to the centroid), to be calculated (?);
— L is the length; L = 6.15 in=156.21 mm;
— F is the force applied (loading); F = 172 Ibf=765.094 N.

2.0

At ' A

SECTION A-A

2

Y
x:;
z

fss0 LB~ | SEcTIONBB

Figure 4.3. Sweep function giving rise to an arm attached at one end. For a
color version of this figure, see www.iste.co.uk/grous/design.zip

SOLUTION WITH DISCUSSION.—

From r,, = h/ln(rex/rl-n ); €=R-r,; and R=r, +h/2, we calculate |
CASE 1.
r, =3.0830[in] = 78.308[ mm|; &€ =0.4670[in]=11.862[mm|
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Calculation of the bending moment: Mpg=FxL= 1058x10° Ibf in= 1.195x10° N.mm.

For the cross-section of R = 3.55 in, the stress on the internal fiber would be:
hiy =0.485 in =12.319 mm; h,, =0.515 in=13.081 mm; A=2 in> =1.29%10° mm?

The internal fiber is subjected to the tension, and the external one to
compression:

Internal fiber under tension oy, =M ghy, / Aery, =174.375 psi =1.202 MPa

External fiber under compression O =M ghy, / Aery, =140.544 psi = 0.969 MPa

CASE 2.— Calculation of the bending moment for F; = 190 /bf'= 845.162 N.mm:
— L is the length; L = 5.56 in = 141.224 mm;
—F is the force applied (loading); F = 190 /bf'= 845.162 N.

Tox =4.12in=104.648 mm; 1,

m

=3.12in=79.248 mm;R =3.54 in=89.916 mm

/

=3.0573in="78.308 mm = £=R~— p,, =0.4827 in =12.26 mm
7y /1)

Pn =

Bending moment: Mlﬂ =FxXL= 1056x10° Ibfin= 1.194x10° N.mm

hiy =0.485 in=12.319 mm; h,, =0.515 in=13.081 mm; A=2 in> =1.29%10° mm?

For the cross-section of R = 3.54 in, the internal and external fibers will be
subject to traction and compression, respectively:

Internal fiber under traction: o;,7 = M }th / Aery,, =136.792 psi=0.943 MPa
External fiber under compression: o, =M }‘lhex / Aer,,, =170.113 psi=1.173 MPa

For hy = 1 in = 254 mm; b = 2 in = 50.8 mm, calculate the polar moment of
inertia J:

J=bi3[12=0.167 in* =6.937x10* mm*,

and for ¢ = 0.5in = 12.7 mm, calculate the normal stress — i.e. the stress of
simultaneous compression and traction:

oy = MYy xc /7 =3.169%10° psi]=21.851 MPa]
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COMMENT.— The above calculation supports the sketch initially projected at the pre-
project stage. To prove the sustainability of the design, it is important to respect the
geometry in connection with the loads with which we are dealing.

4.2.3. Case study 3: frame sweeping

PROBLEM.— Consider a U-shaped flare-fitted die-cut piece (2D-3D), made by
sweeping

Figure 4.4. 2D and 3D of a swept flared-U piece, with the load concentrated at the
center. For a color version of this figure, see www.iste.co.uk/grous/design.zip

Initial data
—A=6.10 in=154.94 mm Middle lever arm
—¢=0.511in=12.954 mm 4 diameter
—R=5.25in=133.35mm Radius
—b=28.10in =205.74 mm Length of section of shaped piece
—h=1.101in=27.94 mm Thickness of section of shaped piece
—1;,=4.10 in = 104.14 mm Internal radius of section of piece
— T = 5.10 in = 129.54 mm External radius of section of piece
—L=22.25in=565.15 mm Demi-length (lever arm)

— Feoncentrated = 450 Ibf=2.002x10> N Force concentrated at the middle of the U
— Fapp=225 Ibf=1.001x10° N Force applied on each side of middle
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SOLUTION WITH DISCUSSION OF THE PROBLEM.—

Polar moment of inertia of the section [0—a!] at the level (j-k):
Jo = 12=0.898% in* =3.74x10° mm*
— 1" section or—ax: calculation of the bending moment and its stress at the level j-k:

MG % = F,p, L =5.006x10° Ibf .in = 5.656X10° N.mm

oF =K = MG =2842 psi=19.594 MPa
NOTE.— At point j, the piece is under tension, and at £ it is under compression. The
shear stress (transverse bending) is zero and points j and k.

— 2" section f-f: calculation of the bending moment and its stress at level m-n.
Calculation of the useful geometric dimensions and the relative bending moment:

Lh=L-a=16.15 in=410.21 mm;p, =h/ln(rex/rm)=5.040 in=128.016 mm
£=R-p, =0.210 in=5.334 mm;h;, =c—£=0.30 in="7.62 mm;

>7n

A=bh=5748 in®> =5748 mm* > My = F, Iy =3634 Ibf in=4.106x10° N.m
At point (m), we set: O‘% = M% Xhl-n/Axgxrm =142.111| psi] = 0.98[ MPa|
For: h,. =c+¢&=0.720 in =18.288 mm — we calculate the stress at (n) .

At point (), we set: Gl =M [ Aer,, =274.1789 psi =1.890 MPa ¢ tension

— 3™ section y-y: at point (w), note that there is a compressive stress resulting
from the bending moment. There is also a direction traction stress. The combination
of the two stresses is then calculated by the bending stress, at point (®), as follows:

ly=(L—a—R)=10.9 in=276.86 mm; for r,. =4.02 in=102.108 mm < (y—y)

iy =3.02in="76.708 mm < (y—y) and R=4in=101.60 mm — Calculate :
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Pn = h/ln(rex/rin) =3.8458 in =97.684 mm;€ = R— p,, =0.1542 in =3.916 mm

By =c+€=0.664in=16.87 mm = Oyyction = M.?;hex/AErex =185.0495 psi =1.276 MPa

The normal stress and the traction stress thus give us the total stress:

ON = Fypp | A=252525 psi|=0.174 MPa]

oc =0y —0; =159.797] psi |=1.102] MPa |
At the point (¢), we would have:

(y—7) > Level ¢ — Iy, =(c+¢€)=0.664 in=16.87 mm
The traction stress would be: of = M ?lhin / Aer,, =392.6223 psi =1.276 MPa

The total traction stress would be: 6y = Oy —0F = 417.875] psi] =1.102[ MPd]

COMMENT AT PRE-PROJECT STAGE.— The maximum stress occurs on the straight
portion — that is, the section a-a — and its value is 2842 psi = 19.594 MPa. There is
traction at point (k) and compression at point (j). The maximum value under
shearing (transverse bending) at points (j) and (k), which gives a stress of (2842/2) =
1421 psi =9.797 MPa.

4.2.4. Case study 4: frame sweeping

Consider a cold-forged torsion bar of SAE 1018 steel, with a homogeneous
circular cross-section (Figure 4.5), subject to loading represented by -1F to 3F, and
with a safety factor S =15/4. The stress intensification factor K; = 2, with notch
sensitivity. The threads on this shaft are: r = (7/5) in=1.3607 mm:

— S is the safety factor, S = (5/4) = 1.25;

—d is the diameter of the bar d = (3/4) in = 19.05 mm, so R, is its radius
R,=(d/2) =0.375 in = 9.525 mm;

— Tihreads 18 the radius of the threads ryyeaqs = (1/7) R, in = 0.0536 in = 1.3607 mm,;

— lever arms made to specifications: L = 3.937 in = 100 mm and B = 3.346 in =
85 mm;

— load correction factor other than bending: o= 0.75;



Design of Incurvate Geometries by Sweeping 107

— endurance limit size correction factor: B = 0.85 (d >1/2);

— geometry correction factor, relative to the polished surface state: y = 0.9, for
parts between (1/2 <d <2) in.

‘ B L LEFT PROFILE VIEW
dn2

o [
e %{ v
WA v
Y\ VW
DETAIL A

Figure 4.5. Torsion bar, embedded at one end. For a color version of
this figure, see www.iste.co.uk/grous/design.zip

A
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Olim = 78%10° psi = 537.791 MPa and G,y = 69%10° psi = 475.738 MPa

The stress intensification factor (SIF), Ky at the level of the notch sensitivity is
K;=1.15. For a theoretical (fi.c), K, =2 [ROA 75]:

For tyyeaqs =(2/5) Ry =(2/5)(d/2) =(2/5)(0.375) = 0.1500 in = 3.810 mm —

K =14 Fppoaas (K, =1)=140.15(2—1)=1.15 > OK because 1<K, <3or+

Note that for a diameter greater than (2) in = 12.7mm, we make this
assumption:

opi > 32/7m13 = 32/7{(1/2)3 =81.4873 psi =0.5618 MPa
Put differently, in relation to the applied forces, F, and Fg:
aﬁin >81.48733086305041 1914(Mﬂ): 81.487330863050411914(12F,) psi

=0.56183536876884010(12F,, ) MPa: Simplify — -325.94932345220164766F,
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Gﬁax =>81.48733086305041 1914(Mﬂ): 81.48733086305041 1914(12Fa) psi

= 0.56183536876884010(12Fa) MPa : Simplify — -977.84797035660494297F,,

(977.84797035660494297) F,, +
Moy _

o, = simplify — 325.94932345220164765F,,

1
2 (-325.94932345220164766F,)

Gy = otas =6.9%10% psis 6, = ZIm = 3.9x10* psi = 268.869 MPa
Remember: 2
N =0 =81.487330863050411914x M 5y and K, =1.15

. . . 1 o, o )
Let us substitute this expression thus: {— =| —2< +—N | to isolate F,:
o, o.ofy

5 _|[325.94932345220164765xF,, _ (1.15)814.87330863050411913xF, |
4 6.9x10* 3.9x10%x(0.75)x(0.85)%(0.9)

4660332025089867311841x F, =£—>Fa =17.166159[lbf:|= 76.358880[N]
100000000000000000000000 4

Following the same logic of analysis as for point a, point § has the following
effect of Fg:

o'in > 81.48733086305041 1914(-4Fp)= -325.94932345220164766(Fﬁ) psi

o™ 281.48733086305041 1914(12F )= 977.84797035660494297 Fg ) psi

| [977.84797035660494297 F +

= simplify — 325.94932345220164765F 5 —
2

(-325.94932345220164766Fﬂ)

5 | 325.94932345220164765xF, N (1.15)814.87330863050411913x F,,

4 6.9x10* 3.9x10%x(0.75)x(0.85)x(0.9)

4660332025089867311841xF, =£—>Fa=Fﬂ —76.359 N =17.166 Ibf

100000000000000000000000 4
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4.2.5. Case study 5: example of a connecting rod of SAE 8650

A rod of steel alloy 8650, tempered at 1500°F = 815.556°C and cooled to
1010°F = 543.333°C is subjected to the actions of axially reversible loads of
F,=35,000 /bf = 1.557x10° N. What is the safety diameter of the rod if the safety

coefficient S = 1.75 = 7/4?

where:

— geometry correction factor for F,

o =0.70 [ROA 75];

—endurance limit size correction
factor, = 0.85 for d > (3/2) in;

— endurance limit correction factor, y =
0.8;

-F, is the axial force applied to the
rod = 35x10° Ibf = 1.557x10° N;

— Teooling= 1010°F = 543.333°C;
—Tiempering = 1500°F = 815.556°C.

Figure 4.6. 3D drawing of design of SAE 8650 connecting rod. For a
color version of this figure, see www.iste.co.uk/grous/design.zip

Looking at the properties of the material [ROA 75] SAE 8650, we see:
— Oim= 67x10° psi = 461.949 MPa;
— Gelastic limit = O = 45x10° psi = 310.264 MPa.

The endurance limit corresponds to half the elastic limit (lim):
oy =0, /2:3.35><104 psi=230.974 MPa. The average stress G, = 0. The projected

area for: d > (3/2) would be 4, - 7zd2/4 =1.767 in® =38.10 mm* . The normal stress

on is then non-zero, and hence: O'NzFa/A=4Fa4/7rd2=1.981><104[psi]=
136.557[MPa].

The equation is presented in simplified form using Math CAD Prime:

x.(4F, | zd®
l=o-”"’e+ c( ¢ )simplify—>l:O+—4Fa 3
S Olim ooy S oofyrd Proof L
oo
1 Lz Solve —>d = |-*Ea¥e _ 678 in=42.467 mm
S | o,ofymd ooy
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d= \/4(35><103 )(1)/ﬁ(O.S)(O.85)(O.7)33500 =1.678 in = 42.468 mm « cqfd

Thus, we shall choose a diameter of 1.75 in: dgjpsen = 1.75 in = 44.45 mm, and
hence A = Tt posen /4 = 2.405 in> = 1552 mm?. Therefore, we move on to the design
phase with a diameter of (1+3/4) = 1.75 in = 44.45 mm. If the rod rotated at a rate of
RPM = 960 rpm, then ® = 2n RPM/60 = 10.528 rad/s, the yield 1 = 80 %, and by
varying the axial force, then Fy = 15x10° Ibf, 16x10° Ibf, ..., 25x10° Ibf, we obtain
the following plots:

d{Fax}:\/4FaKc/o-saﬁW ; M{Fax}:Fade/ZQP{Fax}zwaxn [4.1]

Presentation and discussion of results:

0.036 2x10°
0.034]
oosak ~1.5x10°
dch(Fax) M (FaX)
0.03f 3 mee
~1x10
0.028}
0.026 : : 500
6x10"  8x10'  1x10° 12x10°
Fax
1.8x10" 2x10°
1.6x10°F
L to? 41.5x10°
A4X [~
P(Fq . M(Fqy)
—_— 1.2x10°F 3 aseas
1x10
1x10°F
8x10° 500
6x10°  8x10*  1x10°  1.2x10°
Fax

Figure 4.7. Calculations and graphs of the diameter, moment and power. For
a color version of this figure, see www.iste.co.uk/grous/design.zip
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COMMENT.— We can see that the axial loading chosen has a considerable influence
on the choice of the diameter (the bore of the rod), the torque (moment) and the
power.

den(Fax) donlFax) M(Fax) = M(Fy) = PFy) =
1.094 27.798 || 8208-103(| 9274-105|| 8.299-103 W
1.130 28709 || 9.042-103 || 1.022-106|| 9.142-103
1.165 20593 | 9.903-103 || 1.119-105|| 1.001-104
1.199 30451 1.079-104|[ 1.219-106|| 1.091-10¢
1232 31.285 1.17-104 || 1.322-105|| 1.183-10¢
1.264 32.008 || 1.264-104|[ 1.428-108]| 1.273-10¢
1.205 32.891 136-104 || 1.536-105|| 1.375-10¢
1.323 33.665 | 1458-104|[ 1.647-108|| 1.474-10¢4
1.333 34421 | 1.538-10¢|| 1.761-106|| 1.576-10¢
1.384 35.162|| 1.661-104|| 1.877-106 1.68-104
1.413 35887 1.766-104|[ 1.995-106|| 1.786-10¢

n mm Ibf-in N-mm W

4.2.6. Case study 6: swept double elbow

Initial data for design of spring clip:

—Tex =4.251n=107.95 mm and r;;, = 3.25 in = 82.55 mm;

—-R=4.75in=120.65mm and d =% in=0.75 in = 19.05 mm.

1) The maximum normal stress is important to know. The maximum bending
stress occurs at the level of the internal fiber of the section with a radius r;, = 3.25 in

from (o) toward (B) and from (y) toward (). Calculation of the radius of curvature
of the internal fiber gives us:

P = (\/a+\/r,-7)2 /4 =3.733[in] = 94.825[mm|

2) Calculation of the distance from the axis of the neutral fiber to the internal
fiber:

hy, = P, =1, =0.483 in =12.275 mm
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3) Calculation of the distance from the axis of the center of gravity to the neutral
axis of the neutral fiber:

Excentricity — &£ =R — p, =1.017[in|=25.825 mm |

4) Caleulation of the area (4) of the section: A= rd>[4=0.442 in® = 285.023 mm?.
5) Calculation of the bending moment and the stress applied to the neutral fiber:

M =925 Ibf in=1.045X10° N.mm — O g, i = M gihyiy | A€y, =306.2069 psi =2.111 MPa

6) From (o) to (B): traction and from (y) to (®): compression.

7) The maximum shear stress is applied at all points from (o) to (B) and from (y)
to (). As the section is symmetrical, the maximum stress at the level of the external
fiber also needs to be verified:

Tiax = 0.50 gy i = 0.5(M ghy, [ A, ) =153.1035] psi] = 1.056[ MPa]

I R,
X A X
A Nd
I ‘
L
A \ V
2 T, o
LR
i s
sd ° L, "
BED .3 \ 4 F
® i 3
L
z £ F
a) b)

Figure 4.8. Spring clip: incurvate profiled piece by sweeping and inflection.
Sketch and 3D design drawing of the spring clip. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
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Design drawing of spring clip and discussion of the results.

Looking at the results and the design diagram, we note the following:

— the maximum stress applied to the neutral fiber is fairly low for these data;

—the design of incurvate surfaces requires sustained observation of the
curvatures with the aforementioned sweep software functions.

4.2.7. Case study 7: frame sweeping
The C-Clamp described below must firmly hold a dummy (head and shoulders)

to a table. Considering the geometry, calculate the force exerted on the screw if the
maximum tension stress in the clamp is limited to 18,000 psi = 124.106 MPa.

1 Modes 5545
Initial data el
Type: VYon Mises Stoess
Unit: ksi
—Ijp=1.05 in =26.67 mm; 2017-02-10, 20:18:09

310,8 Max

— I =2.05 in=52.07 mm;
—h=1.051in=26.67 mm,;
—¢9=0.175 in =4.445 mm;
—¢e;, = 0.175 in = 4.445 mm;

248,65

—b;, =0.8 in=20.32 mm; 186,5
—B=0.925 in = 23.495 mm;
—L=2.05in=52.07 mm; 124,3

— Cupp = 18x10° psi=124.106 MPa.

0 Min ‘

Figure 4.9. Incurvate profiled piece with sweeping and inflection —. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

SOLUTION WITH DISCUSSION.—

1) The distance R from the center of curvature of the axis of the center of
gravity is:

2 2
_ h=ey | Cin _ P
R=riy+| = +7(bin—e0) heg +(by, —e0)e;, |=1.411745 in=35.859 mm
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2) Using the following formula, we set the expression of the radius of curvature
Pnt

(bin —eo)ein +hxe

=1.373415 in =34.885 mm
(bin —eO)Xln((rl-n +el-n)/rl-n)+eo><ln(rex/rm)

pn=

3) We can set the expression of the excentricity ¢, of hj, and of the area 4 of the

section:

e=R-p =0.038339 in=0974 mm et h,, = p_—r, =0.323415 in=8.215 mm
n m n mn

Calculation of the area (4) of the section:A:(eOB)+(eObl. ):

0.302 in> =195 mm>

4) Calculation of the bending moment with respect to the center of gravity
(C-G):

max max

M = Fg (L +R) = simplify — M , = 0.0879285447761194 mF,
As (L+R)=3.461754 in, we set — M = Fy,, x3.461754

5) Calculation of the fotal stress (bending stress + normal stress) using Math
CAD Prime:

M 4 xh; F
O otal =( A J+( TZ"‘ ]factor -

AXEXr,

81203245281101407977000M , +256729291926492755677 mF,

max

%

50000000000000000% °
M,h F M ,h, +F_ €r
i max - . fin max < "in
As o, = + "% simplify > ———
total ASI’,«,, 4 p fy ( ASI’;«n ]

Frou X(0.301875)(0.323415) j{ F,

18 103 = max
§ ((O.301875)><(0.038339)><(0.323415) 0.301875jfacwr%

_18000x20000000000000000000

hax =612.333829/bf =2724 N
587914603172083068249
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6) Calculation of the bending moment with respect to the center of gravity:

M = F, (L+R)=2.12x10° [Ibf in] = 2.395x10° [ N.mm|

max

First verification of the maximum force F,,.

Finax X(0.301875)(0.323415) o B g _ 18000 24/ =80070 N
(0.301875)x(0.038339)x(0.323415) ~ 0.301875 ~ ™% -

Calculation of the fotal stress applied to the clamp:
Oror = (M i+ Fra €73, ) /Aé‘rin =5.844x10* [ psi| = 402.948[ MPa|

Second verification of the total compressive stress — Software:

1944813412674069219515.J +69927836577249908123 N.m
5000000000000

70T =
=5.844x10* [ psi| = 402.948 MPa| « QED

Third verification of proof on the maximum force in connection with the total
compressive stress:

Mphi | F

Oror =0p+0y =—- —IaX = 5.844x10%[ psi = 402.948] MPa ]« QED
m

COMMENT.— The stress applied to the external fiber of the section may be greater
than that applied to the internal fiber. Hence, we are dealing with a compressive
stress.

4.3. Conclusion

There are a variety of ways to transform 2D sketches into 3D objects by
sweeping (sweep, loft, spline, etc.) to extrude the parts. With regard to the present
chapter, we can take away the fact that a graphic design, no matter how elegant,
must not be limited to the graphic sciences (2D and 3D). The calculations form the
solid backbone of any worthy design in engineering.






5

Principles for Calculations in Mechanical
Design: Theory and Problems. Strength of
Materials in Constructions

5.1. Essential criteria of constructions in design

The elements of machines, of construction of structures (shafts, connecting rods,
etc.) and the support pieces (profiled parts) are not always regular in form. They are
not always homogenecous, which poses a significant problem in terms of the
reliability of the results of calculations. It is important to fully comprehend the
morphologies of the materials which influence the accuracy and faithfulness of the
results. Thus, there is an often-found conceptual duality between a material and its
geometry. Ultimately, it is wise to make the choice which is optimal for the purposes
of the design project at hand. We may find ourselves dealing with cases where
structures are expressed in terms of non-uniform geometric forms (e.g. NURBS).
The conventional calculation principles, in such cases, would prove overly simplistic
and limiting. For that reason, we turn to the infinitesimal models employed in
continuum mechanics. The mathematical tool necessitates minutely detailed
representation using the finite element method (FEM), so we use von Mises and/or
Tresca yield criteria. Here, we use pre-existing formulae whose homogeneity and
consistency have long been established. A formula may be homogeneous, but it may
nevertheless be unfit for use, depending on the case. Hence, a thorough designer
must first check that the formulae used are consistent. One of the standard methods
for doing so is to examine the units of measurement.

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Figure 5.1. Diagram of a “Cirta” suspension bridge: materials and profiles.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

5.1.1. Stress intensification in shafts and beams

When a part (a shaft, a bolt, a beam, etc.) exhibits sudden variations in profile
(such as holes, grooves or rounded sections), the relations used in strength of
materials (SOM) mean we can write:

Omax = Ky X 0y; with 0, =[F/ A= N/ A] <[ 0] [5.1]

adm

where:
— Omax 1S the maximum applied stress in psi or MPa;
— A is the area of the section in in? or mm?;
— Oy is the applied stress in psi or MPa;

— F (or N) is the load applied (force in N or Ibf).

In the vicinity (see Figure 5.2) of the variation of the section (threads, rounded
parts, grooves, etc.), the stresses are not evenly distributed. Rather, there is a
maximum and a minimum point, written [Gy;, and Gy,]. Only the points nearest to
the geometric variation reach the maximum stress, which is known as stress
intensification, often represented by the (K; = SIF) stress intensification factor
[ROA 75]. It is dependent on the form of the section and the type of change in form.
Here is what the above means for each of the standard geometric forms.
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5.1.2. Homogeneous, solid, round sections

Example:

r=10mm; d =2r =20 mm=0.787 in; D =30 mm;R =15 mm =0.591 in

Fy=54x10° N =1.214x10* Ibf; A=7R* =706.856 mm*; K, = D/d =1.5

/0d
A

——

Fa

r
—~ ad
. o
uniform
Fa
Fa
0D
Diagram of SIFs
T
- ad
6real r ~
I \\
- - Fa
F. |
0D
A

Figure 5.2. Diagram of stress intensification factors. Round-shouldered shatft.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

—Without taking account of the SIF: o, =F,/A=76.394 MPa = 1.108x10* psi

—Taking account of the SIF: G, =0yK, =114.592 MPa =1 662x10% psi

K is read from the specialized Wohler curves (S-N). We find K = f'(D/d).

5.1.3. Homogeneous, solid, square sections with recessed section

Example:

d; =16 mm =0.63 in;ly =20 mm; & =10 mm =0.394 in; F}; = 54x10° N
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Fai hl / | Fa

Figure 5.3. Diagram of stress intensification. Flat piece with recessed section.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

5.1.4. Homogeneous, hollow, square sections, with no external
variation

dy =8 mm=0472";hy =18 mm=0.709";&; =10 mm = 0.394 ; F; = 54000 N

Example:
K _Is 667 -0 =KT3L=1215 MPa=1.762x10° psi
ds (hy—ds)es
1
1
Fa i \‘ &2
N
ds
LV rd
a
o h2 —
F,

Figure 5.4. Diagram of stress intensification. Pierced flat piece. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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5.1.5. Homogeneous, solid, round sections with a shoulder (shouldered
shaft)

dy =20 mm=0.4787";D, =25 mm=0.984'; F, = 54000 N =12140 Ibf

Example:
K4 =&=1.25 —Oyra =4KT—4F4=241.859 MPa=3.116x10* psi
ds d;

—

A

0D, \Z;C Iy
=4
La I . F,

Figure 5.5. Diagram of stress intensification: flat piece with bottleneck. For a
color version of this figure, see www.iste.co.uk/grous/design.zip

5.1.6. Homogeneous, solid, rectangular or square sections, with a
groove

SECTION
A-A

Figure 5.6. Diagram of stress intensification: flat piece with constriction.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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5.1.7. Homogeneous, hollow, round and flat sections (pierced flat piece
with an axle)

dg =16 mm;hg =6 mm; Fy = 54000 Nl =18 mm = 0.709 ;&5 =10 mm
Example:
K _Je 333 — Oy = KeoXFs 941859 MPa=31160 psi
6 (I —dg )
l
NI
F F/2 /\\/ . Ad
. | [
F/2 ¢ - = F
&8%

Figure 5.7. Diagram of stress intensification. Pierced flat piece with an axle.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

5.1.8. Homogeneous, hollow, round sections (shaft with groove)

o -

Groove Fa
d | Z /LA

Figure 5.8. Diagram of stress intensification. Shaft with groove. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

dy =18 mm=0.709"; F; = 54000 N;D; =25 mm = 0.984"
Example:

K7 =Dy /dy =1389 = 047 = 4K ;7 F, [ 7d3 = 294.731 MPa = 42750 psi
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Calculations and plotted diagrams: let d = [10 mm, 11 mm, ...,18 mm]; and D =
8 mm, F=54,000, N=1214x10" Ibf. Using the formula, let us set:

o4y (d) = KT(4F/7rd2).

1.2x10°

~
]

1x10° s T

al|lo

8x10"
61t

4x10 M d d

210"
095 115 135 155 175 195

Figure 5.9. Evolution of stress as a function of the SIF. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

5.2. Principles of calculations for constructions in design

The torsion is sometimes more difficult to calculate than the shear, traction or
compression. The calculations bring into play the quadratic moments (J, mm* or in*),
depending on the geometric form. The most commonly encountered real-world case
is that of a screwdriver. The tangential torsion stress (T, MPa):

— @G is the transverse elasticity modulus (also known as the stiffness modulus) in
MPa or psi;

— p is the radius (distance between the point and the middle line) in mm or in;
— 0 is the unit torsion angle (rad/mm or rad/in);

— N is Poisson’s ratio;

— E is the elasticity modulus;

— S is the safety coefficient;

— R, is the elastic shear limit of the material.



124  Applied Mechanical Design

7=Gxpx(6) [ MPa or psi | where G=E/[2(1+V)
M M admissible
G F Tmax = Pmax [J_(:) = Pmax (?/Tc] = I:T:I r:ax "

[T] max :Rpg;pmax =¢ ;Rpg = Eg/S’Reg ER@/Q

Figure 5.10. Stress distribution

5.2.1. Example on stress intensifications

Consider the following: D =28 mm; d =20 mm; K, = K;=(D/d)=1.4 and M, =
25x10* N.mm

W, =Joc=md> [16=1.571X10° mni® —7, =M, /W, =159.155 MPa=2.308x10" psi

Hence 7,

=7y %K, =(159.155)x(1.4) = 222.817 MPa=3.232x10* psi

In the case of walls, the following formulae are used for calculation [ROA 75]:

lex

lmean

Figure 5.11. Example: cross-sections of a slender tube and a rectangular beam.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Tean = Tmea = M., [(24€) [MPa] or | psil [5.2]

mean
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where:

— A is the internal area to the median line of the section;

— 0 is the unit torsion angle;

— o is also a torsion angle (straight section);

— G is the modulus of stiffness;

— L is the length of the beam (bar);

— ¢ is the thickness of the wall at the point of the mean stress Tyean = Tmedian;

- qsﬁ is the integral on the contour of the median line.
e

Form Cross-section Timaxi 6=a/L
Square I a 4.81M, 7.10M,
Side (a) a Ga*
<+“—>
l;/e;tjlngle I 2 MT MT
idt,
idth () b Kab* K,Gab®
Length (b) “—>
Triangle f 20M , 46M ,
Side (a) a Ga*
<+“—>
. M, (a2 +b? )
Ellipse M, —
2a short axis +—> zab® nGa'b
2b long axis 2b long axis/x
2a short axis/y

Figure 5.12. Stresses and torsion angles for a number of standard forms
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Values of the coefficients K, and K as a function of the geometric ratio (a/b):

a/b 1.0 1.2 1.5 2.0 2.5
K, 0.208 0.219 0.231 0.246 0.258
K, 0.1406 0.1661 0.1958 0.229 0.249
a/b 3.0 4.0 5.0 10 oo
K, 0.267 0.282 0.291 0.312 0.333
K, 0.263 0.281 0.291 0.312 0.33

Table 5.1. Coefficients K1 and Ko. Source: [FAN 14]

We can see that beyond the ratio (a/b) > 5—K; =K.

By linear interpolation, we are able to write:[a/b = 5 — K= K, =
0.33(1-063xb/a)].

Certain cross-sections with unusual forms necessitate the use of an appropriate
forming process, such as folding or rolling. Ultimately, the various cross-sections
can be assimilated to a rectangular bar of width (@) and length (b), a simple
application of which is shown below:

. M M
Using < 7. =— and 6=——-2—1 , letus find |7, and ;="
{ ™ Kab? Kzab3G} e j

5.2.2. Case study on torsion angles

ay=a,=120mm=4724in;a=a; +a,=240mm; b=8mm; L =256 m =
100.787 in. [T]oam =45 MPa = 6527 psi; G = 68 GPa = 9.863x10° psi. For (a/b) =
0.033 and K = K,. Find the unit torsion angle 6 = F (Lyc,n) and the torsion angle of

the beam, o0 = F (Lyeam). Plot the two graphs separately.

SOLUTION.—

K1=3(1—0.633j=0.032633—> T =2 and 9=—r_L_»
b a Klab Kzab G
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From M| Kiab® < 7, — M, < Ty xKjab® — M, <22.556 Nm =199.639 Ibfin

T <45000000.Pa v

M, /K]ab2 = TpaxSimplify — 1.995¢6.M, '995636'M
m

M, <22.556 Nm =199.639 Ibfin = with the manual calculations <~ QED

Calculation of the torsion angles (o) and (6) as a function of the length of the
beam.

By deliberately varying L., between 2 m and 2.5 m with an increment of 1/10 m,
let us plot the curves for (o) and (0):

6=M,/K,ab’G =8.272x107> rad/mm = 2.201x10~> rad/in — or ="
— For L=constant =2.5m — a(L)=0x L =12.133224" =0.211765 rad
—For L, =2 m,2.10 m,...,2.50 m: from a(Lvar) =6xL,, and g(Lva_r) =L,
We can clearly see from the graph that the unit torsion angle is inversely

proportional to the length of the beam. However, the torsion angle (o), for its part,
increases in direct proportion to the same variation in length.

RESULTS AND GRAPHS.—

For: a=12277667 — 6(Lyy ) = @/ Ly » We have:

B(L"ar) _ 0.11

1
L 8(Lygy)
0| 0.107| m 0.1025
1| o.102
0.095
2| 0.097
3| 0.093 0.0875
4| 0.089 . Lyar
5| 0.086 "2 215 23 245 26
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For a=12277667 — 0/(Lyy ) = 0X Ly, we have:

o) =
(L) 0.22
0 deg (I(L)
o] 993 0.21
1| 10.426 0.2
2| 10.923 0.19
3] 11.419 0.18 .
41 11.916
0.17
5 12.412 2 2.15 23 2.45 2.6

Figure 5.13. Plots of the torsion angles (a and 6). For a color
version of this figure, see www.iste.co.uk/grous/design.zip

The main formulae used, depending on the form are:

Form Tmaxi 0=o/L
Flattened 3 4
N M, /Ky M, K,Gr

Doubly
flattened M, / K5r3 M, / K6Gr4
circle
3M, 3M,
Slotted tube = 3 = 3
2rre 2rre’G
Thin-walled M, M (a+b-2¢)
rectangle 2e(a—¢)(b-¢) 2€(a—8)2(b—€)2
R = radius; a = width; b = length, € = thickness, K;; K; Kj;
... K¢ = form factors and M = moment.

Table 5.2. Stress and torsion angles for various forms
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V. ocCc R C—
% 8 ) I
an . 0
0 L Tank ‘
w /4
Pressure p

Figure 5.14. Stress in the envelopes (tanks) under pressure. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

0= p,R/2e=M,[24e [MPa]or | psi] [5.3]
where:

— A is the area inside the median line of the section in mm? or in’;
— g is the thickness of the wall in mm or in;
— R is the external radius R = D/2, in mm or in;

— p is the pressure exerted from the inside (see Figure 5.14) in MPa or psi.

pinR _ MT .
Ae -~ Ade [MPa] or [psz].

. . o
The maximum stress is calculated as: 7, = 5
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The triaxial case where pressure exercises an additional stress would therefore
be:

Toax = (0'+ Din )/2 = pin/2+ piR[4E [MPa] or [psi] [5.4]
The stress at a given external point (m) shows that we are dealing with a state of

bi-axial stresses where: 6 = 6| = G,. Mohr’s circle contains it in a single circle, as
illustrated by Figure 5.15.

Figure 5.15. Mohr’s circles. For a color version of
this figure, see www.iste.co.uk/grous/design.zip

5.2.3. Case study: Tresca and von Mises yield criteria

Calculate  the  stress exerted by  pressure on the  wall,
Pin= 54 bars = 5.4 MPa = 783.204. The radius of the tank R = 1000 mm = 39.37 in
over a thickness (¢) = 6 mm = 1.772 in. R, = 520 MPa = 75420 psi and S = 2. This
time, we wish to determine the thickness (¢, mm and in) of the wall required to
withstand the exerted pressure. We bring the two design criteria — von Mises and
Tresca — into play.
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Py, [ PR

o =| = |+ =—
() ( 2 j ( 2¢
— simplify — 83.83p,

Figure 5.16. Stresses at internal points. Body for internal pressure (jack, vat).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

SOLUTION.—

By calculating the stresses, we are able to write:

0, = p;,R/€ =900 MPa =130,500 psi and o, =0,/2=450 MPa=65270 psi
The maximum pressure appears thus at a point inside the tank (pipe/jack):

Tonax = (pm/2) + (me/2g)= 452.7 MPa =6 5658.58 psi

Here is the evolution of the maximum stress at a point inside the tank, as a
function of the upward variation in pressure exerted between P, iup. = py = 2 MPa,
2.5MPa, ..., 5MPa. The manual calculation and the calculation done by the
software give the same result.

Tresca criterion: according to Tresca’s criterion, we see a flow — i.e. plastic
deformation — if we have the thickness &ryesc, to design:

Calculation 1: 0, =0,,, = Piy R/ Eresca 2 Ro|S = Eppesea = 20.7697 mm = 0.8177 in

R _R .
o =a, =Lnf s Be Gty - 2300000Pam 5 C0000000.Pa

Tresca Tresca

=5 €700 = 5400000.Pa.m/260000000.Pa = 20.769231 mm = 0.817686 in
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Deduce the stress from this, using Tresca’s criterion as follows:
01 =0y = 011 = PinR )/ €1r050a = 260 MPa=3.771x10* psi

Von Mises criterion: according to the von Mises criterion, a flow (plastic strain)

will take place if we have the thickness €, VonMises 1© design:
R R 2 Pa.
01=0,, = PR3 =< simplify — 2700000V3-Pam ) ¢1000000.Pa
2€V0nMises EvonMises

= o ntises = 2700000~/3.Pa.m/260000000.Pa =17.986681 mm = 0.708137 in
Manual caleulation: — ¢, = (P, R\3) (2R, /S)=17.986681 mm = 0.708137 in
Let us then deduce the stress, using the Von Mises criterion, Gy, as follows:

O flow =\|OF +03 =00, =779.422863 MPa =1.13x10° psi

Knowing R,/S =260.000000 MPa=3.771x10* psi, we can deduce that the
resistance condition is broadly met because, according to the von Mises criterion:

tot

O fiow = ot = Pin B3 /26 mises ) 2 R, /S = Proof: 779.422863 MPa - 260 MPa

83.833333333333333333-p,, = Calculation run using Math CAD

0 |ofp,) = sx10°
0| 167.667 0 -psi °{Pv}
1| 209583 Mg 2432100 4<10°
3 2515 :
1| 3.04010¢ 310°
3| 203417 (1> 3648104
4| 335333|[3 223610° 2<10° i
A
5| 37725 .
4| 4864-10¢ lxlos -
6 419167 |5 s5472-10¢ 1x106 1x10’
MPa [6[ 6.079-10¢

Figure 5.17. Maximum stress as a function of increasing pressure (semi-log).
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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DECISION.— It is precisely at this point that a designer truly comes into their own
role, in determining the geometric and loading parameters so that by at least one of
the two criteria, the design is completely safe. In terms of shear, the strains manifest
themselves in slippage, written in (y, rad), of the straight sections of the part.

EXAMPLE.— Consider a parallelepiped with the dimensions (o.p.n.p). For the sides
B=0p=44 mmand C = off = 84 mm, T, = 1200 N and the stiffness G = 1.2 MPa.
Let us calculate (a) in mm and in, and the slip angle (y), knowing that:

tan() = y/a;7,,, =Gy, and G=E[2(1+V).

7 =)
G b ] X
a c d
Ty zone subject
o Y o to shear
T Y
? % ‘ b +F
SRIAE b
\ Tx P & c \‘ ;
T 7 d
n
Block slip at -F 4
angle'y sheared zone

Figure 5.18. Slip angle (y in rad or degrees). For a color version
of this figure, see www.iste.co.uk/grous/design.zip

7=T,/BC=0.325 MPa, htan(}/) —a=13.024 mm —y=1/G=0.271 rad =15.527°

5.3. Pressurized recipients and/or containers

To analyze the characteristics of pressurized recipients, containers and tanks, we
can use the shell theorem, in view of their form and the symmetrical application of
the loads. We merely need to take the ratio between the thickness of the wall (e) and
the radius (7) to establish the distinction between shells or cylinders with thin or
thick walls. If:

— 10e <1, thin wall theory applies;
— 10e > r, thick wall theory applies.
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Internal pressure

In the present book, we shall only look at pressurized recipients, whose internal
pressures create failures under traction forces. External pressures giving rise to
buckling are not studied, in view of the rarity of this type of incident. The equations
are as follows.

1) Thin walls: circular tensions only.

The maximum stress at the circumference is:

ocireumf =P><rm/e [5.5]

max

P represents the internal pressure, 7 is the internal radius and ¢ the thickness of
the wall.

2) Thick walls: radial and circular tensions (traction)

The maximum stress at the circumference is:

2 2
4
a=P{r€x F'"J [5.6]

Figure 5.19. Internal pressure in a cylindrical shell. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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The local stresses on the joint result from intensifications, which may be linked
to SIFs. The more sudden the change, the higher the stress will be. For this reason,
spherical covers are the best suited.

Example of application to pressurized recipients

Suppose we are designing a recipient whose diameter is d = 300 mm, designed to
withstand an internal pressure of P = 3 bars. The material chosen for it is polyamide
6, reinforced with 33 % fiberglass. For reasons of effectiveness of casing, the walls
must have a maximum thickness of e = 6 mm. Should the walls be thin or thick?

Initial data: 10xe = 10x6 = 60mm, and r = 300/2 = 150 mm, e.,=
10x€=10x6 = 60 mm and r = 300/2 = 150 mm — 60 mm < 150 mm. It is therefore
possible to envisage thin walls:

oo =(Pxr,)/e=(0,3x150)/6=7.5 MPa

With regard to long-term effects, it is necessary to check that 7.5 MPa are
compatible with the material’s traction resistance. This pressure of 7.5 MPa is,
fortunately, much lower than the material’s traction tolerance values (130 MPa at
50 % RH). Hence, this concept can be used for short-term applications. It is helpful
to check its suitability to long-term conditions, if necessary. The stress of the
spherical form is:

oliramf — pxr, [2xe=0.3x150/2x6=3.75 MPa

The spherical form is the best suited for the extremity (cover). Small pressurized
tanks are ordinarily monitored by X-rays, or by an overload test. The aim is to
ensure fissuration defaults with diameters equivalent to 2a. The acceptable fissure
size is an optimization, choosing the material with the best toughness/stress

performance index: i{ 2z} =Ky, [o,.

5.4. Calculation principles and solution method for compound loading

In advanced design, we are often dealing with complex loading — i.e. compound
stresses engendered by the hazards of the construction, materials and the
environment. To determine the resulting stresses, we use the principle of
superposition of forces and work (moments). The stresses resulting from each of the
forces are calculated separately, then added together and, finally, verified using
specific yield criteria. The aim is to find the stress equivalent to the system being
designed. For solid materials, we bring the relative extensions into play: A % and
€imit- Note that, by way of example, for ductile and malleable materials (Alu 6061),
we use: A % > 5 and ggmi > 5 %.
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For other materials which are even very slightly ductile, or which are less
inclined to be malleable, we employ the Tresca and von Mises yield criteria. For
fragile materials including A % < 5 and g, < 5 %, such as concretes and ceramics,
we use the Mohr—Cacquot or Mohr—Coulomb criteria. Specialized publications in
SOM offer many more explicit case studies. We shall use pre-existing formulae in
SOM without going into the details of their explicative origins. Let us simply note
that this book is not, a priori, a construction book, although it deliberately does
touch on the subject. After all, design is at the heart of all constructions. Design
provides the practical tool for the calculation and the organization which goes along
with it.

Choice of loading criteria in statics
—

Biaxial, triaxial mode ... .|  Uniaxial mode

- = = >

A
A

o= O'Ia[]u,e/S, fragile material
A%>5 '
Ejimit < 5% O < Oasiic | S, ductile material
Conservative If yes — »  OcTraction = O-eCompression
choice " Mohr -
Coulomb ReT raction = ReCompression
A 4
A 4
Ifno — Y \ 4
Ifno — Mohr - If yes - If yes —
Mohr - Cacquot Coulomb Von Mises Tresca
ﬁ } |

Figure 5.20. Information on the choice of criteria for the elastic limit

For ductile materials, we use the Tresca criterion, which is more accurate than
the von Mises criterion. In the context with which we are dealing, both criteria yield
accurate results. To differentiate between the two, experimental checks must be
performed on a case-by-case basis. Certainly, the Tresca criterion is much simpler,
which is why it is so frequently used. It allows for a broad safety margin. In the
majority of finite-eclement stress analysis programs, the von Mises criterion is
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frequently employed, as attested by the software package used in this book (Inventor
Pro). As we see it, this tendency to use only the von Mises criterion is rather
limiting, because it is imposed/suggested by the program. The von Mises criterion
focuses on the flow of ductile materials, although it does not differ greatly from the
criterion put forward by Tresca. For instance, to best analyze all the stresses, it
would be wise to analyze a regular octahedral element (with eight identical faces).
The reason is that the eight faces of an octahedron tend to compress and thereby
distort the volume, thus skewing it. In conditions of shear, T, the eight faces tend
to better withstand the stress without influencing the volume.

Superpositions of simple forces

Calculations of ¢ Calculations of T Direction/Analysis
Traction Bending Torsion Shear Bending Nature/stress
N Mg, | Mg, M, Ty Tz T Forces/section
Giraction ny G, Ttorsion Ty T, Tr Stresses/Point
O=04u+0p+0p T =Ty + T, + T, + 77 . N
Grouping/addition of
M M . M T, T
0_=E+ o ME LS iy R, stresses [0, 1] of the
4 J, J, Jo A A same nature
Superposition of planar stresses of different natures: — It is always important
[c#0 t20] to determine the stress
equivalent to the
Von Mises: Oy, = V372 + 02 <[O‘] i stresses (O, 7). Then,

it would be wise to

metals I:O.:Iadm [ employ the most
: = + 2 . . o
Tresea [T]ad’" 2 and 7, s G/ [T]adm suitable yield criterion

(von Mises or

. Tresca?) to compare
Superposition of planar stresses of the same nature: — them with the

[c=0and T # 0] or indeed [6 # 0 and T = 0]. Stresses applied | appropriate

in the same direction are written thus: Opq = O'SI:O':Ia am O admissible stress [G]

or [1]
indeed Tpy =T S[T]adm

Table 5.3. SOM problem-solving method



138 Applied Mechanical Design

In mechanical design, this is a major advantage, as all eight faces are identical,
leading us to use the von Mises criterion relative to the elasticity limit. Equilibrium
in the octahedral element is modeled as follows:

Ooct =(o-x+0-y +O'Z)/3=(O'1+O'2 +O'3)/3 and
[5.7]

2

Ty :\/(0'] —0'2)2 +(0oy —0'3)2+(G3 -0y)

We witness plastic strain — i.e. the flow of the material — when the effective
stress (von Mises) is greater than or equal to the elastic limit of the material Re.
Given that, in design, it is preferable to stay within the safe zone, we use a value
which is within the safety margin, and set:

Oeffective = \/("1 —0'2)2 +(0y-03 )2 +(03 -0 )2 /*/5 <[ Retas /S ]

[5.8]
Oeffective = {\/(0'1 ~0,)’ +(0y—03) +(03 —51)2 /\5} 2 Rejas

5.4.1. Case study: mechanical fit
STATEMENT OF THE PROBLEM.—

Consider a swept stem in the form of an (L), embedded at the point (A) on the
lever arm (L) =162 mm = 6.378 in, and with the free length Lpc = 456 mm
= 17.953 in; diameter d = 26 mm = 1.024 in. The force F = 2.8x10° N = 629.465 Ibf
is applied at point (C). At point (A), we can envisage using a bearing, represented by
the embedment (E). The aim here is to calculate the forces and stresses on the
torsion bar and use the Tresca and von Mises criteria, knowing R, = 850 MPa =
1.233x10° psi. At the pre-project phase of design, we choose a safety factor S = 1.75
relative to the imposed limit R.. To do so, let us look at an example, simulated
through calculations and modeled with the finite element method.

SOLUTION WITH DISCUSSION.—
1) Calculation of the forces at the anchored point (A). Torsion torque M.
M, = F,x Ly =1277x10% Nomm=1.13x10* Ibf in

2) Calculation of the maximum forsion stress applied T ;55 = T i at point (A):

From W, =ﬂ'd3/16 =3451 mn® =0.211in> we calculate T, :Mr/Wx.x N
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This enables us to calculate the maximum torsion stress:
T =M [Wo=Myc|Jy= 16MT/7£013 =369.975478 MPa =5.366041x10* psi

3) Calculation of the maximum bending moment My = My, with respect to (A):
M =M™ = F,x Ly, = 4.536x10° N.mm = 4.015x10° Ibf .in

4) Calculation of the maximum bending stress 0 e~ Ofl = Ol point (A):

W, =J,)c=rd[32=1.726x10° mm’® = 0.105 in’

]F%

B C Twisting
O S —
A ! A 4
o 4o

Figure 5.21. Case study of a stem subject to torsion. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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Maximum bending stress 0, =0y =M ; [W.. =262,877313 MPa
5) Maximum main stresses 6; and G, at embedment point (E):

o= 524.068221 MPa =7.600967x10* psi

2
O 2 O
%(1.2) ZTXXi e +(_xx] - 4
O(2) = -261.190908 MPa =-3.788254x10" psi

Calculation run with MathCAD Prime:

Xz

2
o = %+ 2+ [%J =524.068221 MPa = 7.600967x10* psi

simplify — 01 =1.3143865668909¢8 x Pa+3.9262956442242¢8 Pa?

2
o, = GT’“— 72 +(%@Cj =-261.190908 MPa =-3.788254x10* psi ./

simplify — 0, =1.31438656689092e8 x Pa - 3.926295644224203e8 Pd*

We see perfect agreement between the two ways of calculating the stresses.

6) Comparison of the Tresca and von Mises yield criteria:

O flow =\ OF + OF — 0y X &, simplifyy = 6.9263991008882152072e8y Pa*

O flow = 0.9263991008882152072e8 Pa’ =692.639910 MPa =1.004589%x10° psi

By manual calculation:

O flow =\ O} + O} — 01X 0y =692.639910 MPa =1.004589x10° psi

Application of the Tresca criterion in conditions of flow (distortion) of the
material. In fact, the stresses are of opposite signs — that is, 6; has the opposite sign
to 0, and:

{0y -0, }=785.259129 MPa =1.138922x10° psi , or with MathCAD Prime
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{0'1 - 0'2} Simplify —=7.8525912884484e8Pa =785.259129 MPa = 1.138922x10° psi

Knowing that: R, = 850 MPa = 1.233x10° psi and S = 1.75, in view of the
material SAE 1018 steel (0.18 % carbon) of which the part is made, we verify the
von Mises criterion as follows:

850
1.75

flow

oon Mises > RS explicit & 692.639910 MPa > 485.714 MPa, because R; =

Confirmation of the von Mises criterion: 692.639910 MPa > 485.714 MPa

R,
Verify the Tresca criterion: O'/TZ’”‘“ >—< g explicit = 785.3 MPa >485.7 MPa

Confirmation of the Tresca criterion: 785.259129 MPa > 485.714 MPa

COMMENTS.— The results, for both the von Mises and Tresca criteria, indicate that
there is no distortion of the material with the particular composition (SAE 1018 =
0.18 % carbon) used to manufacture the part. In our case study, we shall simulate the
increase in load to over 2.8 x 10° N, to locate the exact point where distortion would
occur, and then compare that result to the one found by our FEM model.

7) Calculation of the limit diameters in view of both the von Mises and Tresca
yield criteria, to machine the part with the appropriate levels. This is the advantage
of assisted mechanical design:

Let us state the problem thus:

0'(1,2) = O-xx/zi\/m ={O'(1) =? and 0'(2) :?}

2 oMy [teM, >
%(1,2) XX+ 72 + Gax 3 3 f 3 Mﬂ+,/Mﬂ+MT)
d d 7z'd
2
16M 16M
sz+ ”‘ z_ LA Mﬂ ‘,Mﬂ+M2j
nd zd? 3 d3k

Hence, for the von Mises criterion, there is a risk of failure if:

From o™ = \Joi + 03 —0,x0y =———\[AM ;; +3M

von Mises

we deduct d,,,, vices = 3 LJ4M% +4M? <29.265025 mm =1.152 in
- TR,/S '

e
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Confirmation of the limit of the diameter according to the von Mises criterion:

d =29.265025 mm which is > than the 26 mm prescribed by the hypothesis in
the technical specifications (TS). If we were to machine the part to the diameter
stated in the TS, we would lose around 3 mm worth of material. The same is true for
the Tresca criterion. Thus, for the Tresca criterion, there is a risk of failure if:

From ol =|0' -0 |=L M?%+ M? 2£—> we deduce
Sflow 1 2 7d3 S/ S

Tresca

Aryosea = {/(32/;:(&/5))1 [M? + M2 <30.515282 mm=1.201 in

Confirmation of the limit of the diameter according to the Tresca criterion:

d = 30.515282 mm = 1.201 in, which is much > than 26 mm, as prescribed by
the hypothesis in the TS. Were we to machine the part to 26 mm diameter in
accordance with the TS, we would lose around 4.5 mm of material.

8) Value of the ratio between the two criteria:

Tresca g e =1.042722

on Mises

9) In conditions of pure bending (M, = 0), we would have the equivalent
diameterS: dTrcsca = dvon Mises

10) In conditions of pure torsion, Mg = 0, the diameter, according to von Mises,

would be:
16§\/f—1ﬁ K g = 3{M: 28.516151 mm =1.226831in
ﬂdvon Mises S ”Re/S

11) Under pure torsion, when Mg = 0, the diameter according to Tresca would
be:

32M, S&—MZ =3 32M, =29.916724 mm =1.1778241in
3 S Tresca R /S
ﬂ-dTresca a e/

12) Observations: considering this result to be proof of the accuracy of our
calculations, we can machine the torsion bar quite safely because, in both cases, the
hypothesis stated by the TS is comfortably satisfied.



Principles for Calculations in Mechanical Design: Theory and Problems 143

Value of the ratio between the two  criteria: RI/%¢ =

Aresca/ von mises =1.049115. Note that there is a difference of around 5 % (4.9 %)

between the two criteria.

5.4.2. Case study of a profiled piece stressed under conditions of
elasticity

Calculations of the deflection and the maximum bending moment

Consider the profiled piece with the following design (L, a, € 1) such that:
—{L a € 1}={880 680 55.5 44.5} mm ={880 680 55.5 44.5} mm;

—F is the force applied in N, F = 7250 N = 16300 Ibf;
— E is the material's elasticity modulus, E = 10° MPa = 1.455x10” psi;

— moment of inertia of the area of the cross-section, J = 7.2x10° mm* = 1.73 in*.
Reactions at the level of the support (4):
R,=F(L-a)/L=1.648N.M ,;=0and y, =0
6,= —F(a/6EJL)(2L —a)(L —a) =-2.80114%10% rad =— 0.16°

0y = F(a/6EJL)x(L* —a® | =—4.04609x10° rad = 0.232°

The displacements along (OY) would therefore be:

3 2
{y(x) =6+ 1;/261 —%(x—afif(x ~a,1,0)=0,+ Iz’g —%(}c—a)2 if (x> a,1,0)

The shortening of the neutral surface of the piece is calculated using the
following relation. From the initial length, length L1 = 0 mm, let us calculate AL as

follows:

3 a 2
2’;;] de+lj[0Ax+RAx il (x—a)szx

1ot 17 R
AL=—I y(x)dx=—j 6,x+ =
24 2l1 2L 2EJ] 2EJ

1

— AL = simplify —{0.000002477772.N°/ Pa® my } = 2.477772x10° mm
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A is the shortening for positive values of (AL), greater than 0. Remember that the
distance (c) represents the distance from the neutral fiber, and is therefore written:
¢ = (€/2). In addition, the shortening of the neutral surface engenders a displacement
which is formulated as follows:

{Side 4 — |0,4|xc=0.077732 mm and side A — |0|xc=0.112279 mm]

Evaluation of the movement of the lower edges is equivalent to solving the total
tension in the bottom fibers of the radius (of the beam) —i.e.:

LMﬂXC

M 5 =FxL=638x10° N.mm — Ae =I dx =2.168 mm or indeed

Ly

A — simpliﬁ/{3.39l 6666666666666667e-7.M ; | Pa.Nz} =2.168 mm (OK)

The total relative motion of the lower edges of the relative sections is
therefore shifted sideways by the following value: |0 7 +HB|><c—L =0.187533 mm =
7.383%107 in. This is certainly a small difference, but for a canny designer, it is

worth noting it in the technical specifications, and monitoring it closely.

5.5. Buckling of elements of machines, beams, bars, shafts and stems

The specific calculation for power transmission by screwing or bolting obeys the
ANSI standards (USA) for English-language standards, and ISO for metric ones.
The main parameters which come into play in the design process are presented
below.

==
=

n=0.7

o

n=1

v 7/

Figure 5.22. Terminal forms of a threaded stem subject to a force F in (N)
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We have:

—F, the maximum axial force in [N, 1b];

— M, the maximum moment in [N.m, 1bf.ft];

- S., = R,, the threshold of the elastic limit [MPa, psi];
— E, the elasticity modulus in [MPa, psi];

— [P],, the admissible pressure in [MPa, psi];

— A,,in, the minimum area in mm?® or inz;

—d, the nominal diameter of the thread in [mm, in];
—d;;, the diameter on the side of the thread in [mm, in];
— dpin, the minimum thread diameter in [mm, in];

— H, the height of the screw in [mm, in];

— p, the interval of the thread in [mm, in];

— L, the total length subject to the load along the thread in [mm, in];
— K, the safety factor [dimensionless];

— 1, the coefficient of friction between the bolt and the screw [dimensionless],
depending on the materials in contact;

— n, the factor determining the form of the ending of the thread (see Figure 5.22).

Reduced length L,; minimum cross-section of the area S,,;,, and the helix angle o

{Lrcticed =1XLs Spin = 7d 3y [4; @ =arctan(p/zd, )] [5.9]

min
For a quarter turn (fast rotation), the yield is expressed as follows:

B tan (o) -y xtan(a)
tan(a+ arctan(,ul)) 1+ 1 x cotan (o)

, n#0if o< arctan((;)

[5.10]

tan(or —arctan(s))  1- gycotan(a)
—n=0then n= =

tan() 1+ M tan()
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Calculation of the force and maximum output moment.

; 2M . 2
{F axial =M; M pux = Fp/271, Nmm or Ibfin < output

max
p

Slenderness ratio:
Astenderness = *Lreduced / d s
Calculation of the pressure stress:
O pessire = P, = F Ay
Calculation of the torsion stress:
Tiorsion = LOM tor5ion / (” driin )

Calculation of the equivalent reduced stress:

— 2 2 .
O'reduced = \/O-pressure +3Ttorsion MPa or pst

ls

Calculation of the Rankine critical stress:
O kantine =S, / (1+(5,%2%) /7B ) MPa or psi
Euler critical stress:
Cter = A XE/ A* MPa or psi
Johnson critical stress:
otmson =S, (1 -(#s, [an’E))
Calculation of the pressure applied to the threads:

Bhreads = F/0'75”ds (d_ds)%

[5.11]

[5.12]

[5.13]

[5.14]

[5.15]

[5.16]

[5.17]

[5.18]

[5.19]
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5.5.1. Case study: buckling of an I-beam according to AISI
specifications

STATEMENT OF THE PROBLEM.—

The profiled part (I-shaped column) illustrated below is subject to axial
compression (x-x and y-y) from the load (P):

— effective length factor, n = 1;

— length along (x-x) axis, Ly =9 m;

— length along (y-y) axis, Ly = 4.5 m;

— load applied, P = 7,25 x10° N;

— stress threshold, 6, = 250 MPa;

— elasticity modulus, E = 2x 10° MPa;

— area of the cross-section, A = 7.5%10° mm?;

—radius of gyration (gyradius) along the y-y axis, Ry = 50 mm;

—ratio between the gyradii along the x-x and y-y axes; 1, = 2.

Buckled part , o
If Ky.Ly/ry %é ETQMSS;:;& (b) %V P, MPa
‘ Articulation of / I A
( A and B /
g ‘ ‘ Ly Bending / (X
\‘ ‘ and Y) “s/
BN | JC || -
Y \\
\ \
(a) /\ Ly If articulation |\
in the middle
‘ | ‘ / Bending / Y \ | B
%\: Form of potential ‘K\
P/y-y buckling if K/r, P/xx

Figure 5.23. I-beam (or double-T-beam), subject to buckling. For a
color version of this figure, see www.iste.co.uk/grous/design.zip
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Step 1. According to the AISC standards, columns under the load P subject to
buckling, we need to find the dangerous cross-section (low), as a function of P and
the product nL,: P = 7.25x10° N— nLy = 4.5 m and choose a cross-section and its

properties thus:

Calculation of the gyradii along the X-X axis r, = [rxy X ryJ =100 mm

Step 2. Calculation of the column’s slenderness ratio Cgenderness:

2
Cslenderness =27 E/Fy =125.664

Step 3. Equations for the stress threshold at the point of application of the
buckling load (elastic) Fepas:

Elastic buckling: F,_,; {n,L,r}=122°E/23(nL/r)’ =127.145 MPa

Local buckling: F,_j,.y {n,L,r,C,} = =93.386 MPa
5

3 8C, 8C3,

If we need to use springs, let us calculate the local or elastic buckling to control
the admissible stress F,x with respect to the X-X axis:

Along X : If {Fpex < Fyelax - "local " elastic},= along X ="local"
FuX = ]f {along X ="local", FalacX’FaelaX} =98.386 MPa

Step 4. Calculation of the local buckling stress F,,.y and elastic buckling stress
Faelay> With respect to the Y-Y axis:

Local buckling : F;,.y = Fype (n,Ly,ry,Cel) =98.386 MPa

Elastic buckling : F 1,y = Fhol4 (n,Ly,ry) =127.145 MPa
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If we need to use springs, let us calculate the local or elastic buckling to control
the admissible stress F,x with respect to the X-X and Y-Y axes:

Along Y: If {F ey < Fy,"local " elastic}, = along Y ="local"
F,y =1If {along Y ="local",F .y, Fy}=98.386 MPa

Step 5. If we need to use springs, let us calculate the local buckling or the
buckling threshold, F,, to choose the minimum admissible stress F,x with respect to
the X-X and Y-Y axes: F, =If {F,x < F,y,F,x,F,y}=98.386 MPa.

Step 6. Calculation of the real stress f,: F, = P/4=96.667 MPa . If we use springs

to confirm or invalidate the choice of admissible stress, let us set:
Choice of selection = If {Fa >Fay,"OK","NG"} choose="0OK"

Calculation of the percentage over-design (+) or indeed under-design (-).
% =(F,y — Fa)/F,, =1.748% = 0.017— We choose this profiled piece for the

design. If the selection is not acceptable or if the column (profile) is over-designed,
we repeat the process from step 1, repeating the calculations, and so on.

5.5.2. Case study: I-beams and U-beams, homogeneous and isotropic

Initial data for the I-beam

b=12 in = 3048 mm; d = 6in = 1524 mm; ¢ = 1 in = 254 mm,
A=2b.e+e,d=28.5in’ = 18390 mm’.

Distance from the centroid to the endpoints of the beam:
yi=(d/2)+e=4in= 101.6 mm

vy =(d/2)=6in=152.4 mm

' D n Il —— yl - A
i
1
Miending o i
. sc ‘
o
Yr Y
d I 1
Cw —
!
2-J‘l,( B 1 It C

Figure 5.24. U beam and I-beam (also known as a double-T-beam). For
a color version of this figure, see www.iste.co.uk/grous/design.zip
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Moments of inertia:
Jy=b(d +2¢) 12— (d =2e,)d [12=309.5 in* =1.288x10° mm*
Jy =bef6+e3d 12=288211.5in* = 1.200x10° mm*
Gyradii with respect to the main central axes:
{ n=+J;/A=3295in=80.703 mm ; r, =./J, /4 =3.180 in =80.773 mm

Yield modulus of the elastic section:

d2
W, = eW4 +be(d +¢)=90.75 in® = 1.487x10° mm’

2 2
W, =%+%=7z.884 in’ = 1.194x10° mm’

. . /4 W-
Form factors of the elastic section: {Fﬂ =}—yl =1.173; Fyp = jyz =1.516
‘ 1 ' 2

Case study of an I- or double-T-beam (see Figure 5.26)

We have changed the data in this case in order to perform the calculations
differently for the purpose of further educational benefit. [z, = y,/2= 50 and

Ya= }’1/2]3

Ve =+120mm  y,=-120mm  y,=-120mm  y; =+120 mm
Z,=-50 mm Z, =+50 mm Z.=-50 mm Z; =+50 mm

M ;4 =5400 Nm 6=18° Jy=121em*  J, =2225cm®
The respective stresses in (A, B, C and D) are arranged thus:
0y =My )J,)2Z, (M T, )y, ==96,652 MPa =~14020 psi

=(My/7,)2, = (M 1 )J.) 9, =96,652 MPa =14020 psi

c

oy )
o.=(My/)J))Z. = (M) )y, =-41,256 MPa =—-5984 psi
04=(My[J,)2s (M [J.)ys = 41,256 MPa =5984 psi

80
Fiber / plane n-n: 3= arctan|(J./J, )x tan(6)] =1.405 rad =84.59°=| 30 |DMS
2.053
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COMMENTS.— The stresses situated to the right of the neutral plane (n-n) are
compression stresses, because the results are negative (-96.652 MPa and
-41.256 MPa). The stresses situated to the left of the plane n-n are traction stresses
(+), (96.652 Mpa and 41.256 MPa). The angle (B) goes from the neutral fiber to the
(z) axis.

Case study 2: U beam

The bending moments and the respective stresses in (A and D) are arranged thus:

Jy=20456em* 7 |
P 3988.56cm* M;= 1884Nm B
/1256
oa=1225°F—_,
oc°/
58.6
CG /
_ 778 - Neutral
a=56.54 | ) _ plan U-U
Y - - - N
- 21.56 7
_ {
} — 118 118 B
U L=236 | z

[y, =-118.00 mm |
¥y, =+118.00 mm
J, =294.560 cm*
J, =3988.56 cm*
Z, =+56.540 mm

Z, =-21.560 mm
M g, =1884 Nm

a=10.027deg |

Figure 5.25. U-beams subject to bending. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
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M ;. =M g xcos(a) =1.8411x10° Nm =1.63x10* ibfin
M 4, = M g, xsin (o) =399.7430 Nm =3.538x10° Ibfin

0, =(Mp)J,) 20 —(M ) J.) v, =+13.119793 MPa =1903 psi

04 =(Mg/J,)2Z, = (M )T, )y, =—8.372709 MPa =~1214 psi

Neutral fiber along the u-u plane:

71
a=arctan(tan(6)(J./J,))=1.243rad =| 13" |DMS
7.154"

COMMENTS.— The stresses to the right of the neutral plane (u-u) correspond to
compression stresses and og = ( —8.37270'5 MPa) = G,,«. The stresses to the left of
the neutral plane (u-u) correspond to traction stresses and o, =( 13.11979

MPa) = Gppax.

5.6. Design of stationary and rotating shafts

The design of shafts (profiled pieces) is at the heart of mechanical design. It
conforms to very precise calculation requirements. The shaft must satisfy the
conditions of resistance and stiffness in the pre-established, clearly defined
conditions. As shafts are circular, the usual geometry poses no problem, and it is
unnecessary to bring in often-complicated structural calculations, such as the FEM.
Ductile materials are governed by the maximum shear stress (stiffness). Here we
present the fundamental formulae, knowing that often, the shafts are subject to
bending, torsion and sometimes both:

— Ty, 1s the shear stress (torsion) in psi or MPa (SI);

— ois the bending stress in psi or MPa (SI);

— M, is the torsion moment in inch.lb or N.mm (SI);
— My is the bending moment in inch.lb or N.mm (SI);
— Fy,is the axial load in 1b or N (SI);

—dy 1s the external diameter in inch or mm;

— d; is the internal diameter in inch or mm;
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— K =d,;/ dyis the ratio between the diameters;
— Kyis the combined bending load factor (shock and fatigue);

— K, is the combined torsion load factor (shock and fatigue);

Loads | K, | K,
Stationary shaft
Load gradually applied 1.0 1.0
Load suddenly applied 1.5t02.0 1.5t02.0
Rotating shaft
Load gradually applied 1.5 1.0
Load suddenly applied (minor shock) 1.5t02.0 [ 1.0to 1.5
Load suddenly applied (major shock) 2.0t0 3.0 1.5t0 3.0

Table 5.4. Table of load correction factors

—n = 1: free end; n = 2.25: anchored end; n = 1.6: partially limited end (e.g.
bearings);

— k is the radius of gyration, k = (J/A)"?, inch or mm;
— J is the quadratic moment of inertia, inch* or mm* or cm*;
— A is the area of the cross-section of the shaft, inch? or mm?;

— o, 1s the compression threshold (stress), psi or MPa.

Under the ASME Code, for shafts of construction steel:
— [o4], admissible stress 8000 psi or MPa for an unkeyed shaft;
— [o4], admissible stress 6000 psi or MPa for a keyed shaft.

Under bending or compression, the admissible stress is increased by 30 % of the
elasticity limit, but never beyond the limit stress for keyed shafts. The value is
increased by 25 % for a keyed shaft, in our case. For columns (or profile pieces), the
ASME Code describes a factor (a) called the column-action factor to express the
loading tension:

ar=1/(1-44x107* (L/k)) for (L/k) <115
[5.20]
=0, (L/k) [Z*nE for (L/k)>115; k=[J]4
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Solid shaft — 7, =M,r|J = 16M, [ nd?
Under torsion: [5.21]
Hollow shaft = 7,,, = 16M ,d, / x(dg -d;)

Solid shaft — oy :Mfr/J: 32Mf/7rd3
Under bending: [5.22]
g
Hollow shafi = 6, =32M ,d, / x(dg —d})

Under axial loads (traction or compression):

Solid shaft = ©,,,, =4F, /7z'a’2 [psi or MPa]

axial

[5.23]
Hollow shaft — o,

il = 4Fa/7r(d02 —diZ) [ psi or MPal]

The codes set out by ASME (American Society of Mechanical Engineers) offer
an undeniable advantage when it comes to professional design calculations. These
codes introduce shock factors and fatigue factors. These important factors affect the
constitution of the classic equations employed in strength of materials. According to

the ASME code, the design of a shaft must be:

a3-— 18 | J (Kf.Mf+(a.Fa.de(1+K2) /8))2+(Kt.Mt)2 [5.24]

oy (1-k*

With no axial load (or with a negligible axial load), the ASME code allows us to
write:

&3 =(16/7r.0'S)\/ (Kf.Mf)2+(Kt.Mt)2 [5.25]

5.6.1. Design (dimensioning) of shafts subjected to rigidity

These calculations, in general, are run when designing the torsion angle (0). The
calculation of this angle depends particularly on the application at hand. It varies by
0.08 per foot. For tool machines, it varies by 1.0° per foot. It is also calculated using
the following expressions:

Solid shaft — 6 =584xM,L/Gd*,
[5.26]
Hollow shaft — 6 = 584><M,L/G(d5‘ ~d})
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where:
—(0) is the torsion angle, in degrees;
— L is the length of the shaft, in inches or mm;
— M, is the torsion moment, in inch.lb or N.mm;
— G is the rigidity modulus (elasticity) in psi or MPa;

— d is the diameter of the shaft in inches or mm.

Standard shaft dimension in accordance with the ASCE (American Society of
Civil Engineers) code: power transmission shafts in inches:

15/16; 1 3/16; 1 7/16; 1 11/16; 1 15/16; 2 3/6; 2 7/16; 2 15/16; 3 7/16; 3 15/16;
47/16;4 15/16; 5 7/16; 5 15/16

Shafts for machines (tooling machines) in inches:

— from 1/2 inch to 2 1/2 inches in increments of 1/16 inch;

— from 2 5/8 inches to 4 inches in increments of 1/8 inch;

— from 4 1/4 inches to 6 inches in increments of 1/4 inch;

— the standard lengths in case of shock are: 16, 20 and 24 feet (f?).
Torsion- and bending moments of transmission shafts

The main parameters which characterize the mechanical design (dimensioning)
of the elements of machines are the various moments (torque values). Often, we
begin by plotting the graph of the moments (see exercises below) for the shaft under
stress. Then, we calculate the dangerous cross-sections where the moment is
greatest. For rotating shafts, we determine the rotating moment (torque) thus:

M, = h,33000x12/27zrpm = h,,63000 /rpm [ Ibf in | [5.27]

For belt transmissions, the moment M, =(T, =T, )R , Nmm:

— T is the tension applied to the belt (side 1);

— T, is the tension applied to the belt (side 2);

— R is the radius of the pulley.

For gear transmissions, the moment M, =FxR (Nm). F; is the tangential force

applied to the primitive radius, R, = (m«Z/2) of the gear system in /b. Z is the
number of teeth and m the modulus of the gear system (normalized). Having
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presented the fundamental relations of the formulae used in SOM, we shall now
present some examples of problems with solutions and discussion, to make the
user’s task easier.

5.6.2. Case study 1, solution 1

Consider a steel shaft with the maximum moment of 6,327,150 N.mm
(5600 [b.in). The torque of forces applied is T = 271,164 N.mm. (2400 Ibf.in). Is the
shaft safe if the bending stress applied is of the order of 66 MPa (i.e. 9600 psi. =
9600 Ibf/in’)? What is the ideal torque to make the shaft safe using this material?

1) Equivalent bending moment M, = (M +\M? +T? ) / 2=6330054 Nmm.

2) Stress applied to the shaft Gjenaine = Mc/J where (c¢) is the lever arm
¢ =(d/2) mm. J is the polar moment of inertia for a circular form (shaft). J = nd4/
64 mm®. For the shaft, the moment is M = M,:

O fiox = Mc/J =53 MPa =7672 psi — 0 4, =53 MPa <[ 0 4, | =66 MPa
The bending stress o, is lesser than the admissible stress [o4.]. The shaft is

therefore safe for this application. The calculation of the maximum equivalent
bending moment gives us:

M = 6. )c=826,584 N.mm and MEIX — M =166,039 N.mm=1470 Ibf in

This is greater than the current bending moment. Therefore, the shaft is safe. For
M = 632,715 N.mm (5600 Ibf.in), the ideal torque for the shaft would be:

Tgear = M +M? +T? =1,321,089 N.mm =11,693 Ibf .in

idea

This is a case which is applicable to the homogeneous sections of a shaft, for
various materials such as steel, aluminum 6061, bronze, brass, etc.

5.6.3. Case study 2 with solution: shear, moments, slope, elasticity
deflection. Applied SOM in mechanics and civil engineering

Consider:

— the quadratic moment of inertia J=3.33x10* mm* (so J = 800 inch?);

— the length of the piece L =8.534x10° mm (so L = 28 f?);
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— the elasticity modulus E =2.068%10° MPa (so E = 30x10° Ibf/in’);
— the moment applied M = 2.305x10* N.mm (so M, = 17x10* Ibff?);

— the distance between the load a = 2.438x10° mm (a = 8 ff) and the left
extremity.

SOLUTION.—

Boundary conditions, i.e. reactions (R in N), moments (M in N.mm), slope (0 in
degrees) and deflection (y, in mm):

1) Reactions on the left of the cantilever at the free end:
Ry =0,N =01bf; M 4 =0 Nmm =0 Ibfin; Slope 6, =[~M(L—a)]/EJ.1

8,=—1.169 and y, = —MO(L2 —az)/2EJ =11.923 mm = 4.406 in

2) Reactions on the right of the cantilever at the fixed end:
Rp=0Nand Mp=M, = 2.305%10% Nimm ; 05 =0°; slope and yg =0 mm;deflection
3) Transverse shear, bending moment, slope and deflection as a function of (x).

Graph. (x) is the total length of the piece. It varies thus: x = 0L; 0.1 L, ... L. For
example, for x = 3.658x10° mm, i.e. 12 ft.

1) Transverse shear: V(x;): V' (x)=R, so V(x)=0N =0 Ibf

2) Bending moment: M(x;) M(x)=M ;+R x+My(x>a =2.305x10° Nmm
) g A+ Ry 0

o

|
!

Figure 5.26. Intensification of moments and cantilever. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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Mx Rpx* M, 0
3) Slope, 0(x;): 6(x)=6,+ E./; + 2AEJ +E—Jo(x—a)(x>-a)%@(x1)=—0.935

2

Mgx* Ry M 2
= +6 4 +A—+_0 — X —
4) Deflection, y(x/): (3)=ra+ O 2E]  6EJ 2EJ(x a) x(x>a)

= y(%)=39.795 mm =1.567 inch

5) Recap of maximum values of the moments and strains: the (-) signs
correspond to the direction — that is, the orientation of the vector. The subscript
(max) corresponds to the maximum magnitude of the parameters:

M =My =2.305x10° Nomm =17x10° Ibf .t
Omax =04 =—1.169"and y,, =y, =111.923 mm = 4.406 inch

For a =0, “val” corresponds to the maximum achievable values:

—ML 2

. ML
= —1.636" Yyuimax = OJ =121.871 mm = 4.798 inch

valmax —

6) Plots, V(x); M(x); 6(x) and y(x)

The application to the round, solid sections for these data will give us:

1 T

8
. 2881x10
st .
Z 8 : i
vw Mgy L7210 Ty
——= N.mm 7
-05F E T 3.762x10 7
-1 — " -5.762¢10" :
0 4267x10° 8534x10 0 4267107 8.534x10°
= x
mm e
0 T T 15 T -
Slope Defection
—osf . 1000 .
o(x) w(x)
deg mm
= 4 iy 8 g
-lj 1 1 1 1
0 2845x1075.69x10°8.534x10° 0 2.845x10°5.69x10°8.534x10°
x x
mm mm

Figure 5.27. Respective graphs: traverse shear, bending moment, slope and
deflection. For a color version of this figure, see www.iste.co.uk/grous/design.zip
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Consider:

— the radius of the bar r=1.181 in =29.997 mm;

— the length of the bar L=5ft=1.524 m;

— G is the stiffness modulus G = 12x10° psi = 8.274 x10° MPa;
— the torsion moment M = 540 Ibf.in = 732.142 N.m.

Calculation of the stiffness coefficient K and the maximum torsion stress
K =mr*[2=3.056 in* =1.272x10° mm* and 7, =2M/7r® =17.267 MPa =2504 psi

Calculation of the torsion angle 6

0=M_,L/KG =0.608°=0.011rad

Plots of K(r1) and t,,,x(r) forr1 = (0 in, 1 in, ..., 12 in)

28.443 T T T 1.5 x 10'°
21.332r _ 10
Tmax(r1) 1x10 K(rl)
(M—P)14.221 —

a i 9 mm
—  7anf Shal | g
0 ! L L 0
254 9525 165.1 23495 304.8
rl
mm

Figure 5.28. Maximum torsion stress. For a color version
of this figure, see www.iste.co.uk/grous/design.zip

5.7. Power transmission elements: gear systems and pulleys
5.7.1. Case study

Mounted on a pulley whose mass is 225 1b, consider a shaft having a diameter of @
26 inches, spinning at 450 rpm. The pulley turns at a power of 22 hp. On the shaft is
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a 22-inch gear system, with a homogeneous mass of 200 lb. The gear system
supplies 25 hp of power. What is the load concentrated in the shaft by the pulley and
the cogwheel?

Pulley
Frequence of rotation of the shaft ® =450 rot/min;
Radius of the pulley 1, = 13 inch = 330.2 mm;
Power supplied by the pulley h, =22 HP = 1.641x 10°W;
Mass of the pulley m, =2201b=113.398 kg.
Cogwheel
Primitive radius of the wheel r, = 12 inch = 304.8 mm;
Power supplied by the wheel h, =22 Hp = 1.864x 10° W;
Mass of the pulley m, = 1751b=79.379 kg.

Solution: calculations, method and discussions

1) We begin by calculating the concentrated load of the pulley. The concentrated
load on the pulley is caused by the pulley itself during the vertical (top to bottom)
motions of the belt. We deduce from this that the total concentrated load of the
pulley is the sum of the load on the belt and the pulley’s own mass. The tension on
the pulley on the side where the belt is taut is twice as high as on the loose side of
the belt. Thus, the maximum load on the belt is:

F,= 3T/r tension of force produced by the load of the belt, so themoment applied to the

pulley T, = hp/Zﬂ'R, and hence the force F, = 3Tp/rp =711.055 Ibf
The concentrated load of the pulley is F, =m,g =961.055 Ibf.

2) The concentrated load of the cogwheel. The acting force is exercised at the
level of the primitive diameter. Thus, the belt drives motion normally. Knowing the
moment (torque) and the radius, calculate the force Fg— F, =7/r.

The moment on the cogwheel: T, =h, /2R Hence the force F, =T, [r, =
292 Ibf.

Thus, the concentrated load on the cogwheel is written: F, =m, x g =467 Ibf.
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5.7.2. Case study: statement of problem 2

Consider a section of a shaft 5.10 f# long, upon which are mounted two bearings
supporting a pulley with a load of 220 /b in the very center. The 20 HP motion is
transmitted from the shaft to the pulley by a key way with an angular speed of
1500 rpm. The belt conveys a force composed of T =T, + T, = 1500 /b. T, = 200 /5.
We shall agree, in accordance with the ASME code (USA) that the combined shock
and fatigue factors — bending and torsion — K, = K, = 1.5. The stiffness modulus G
of the material is 12x10° psi. What would be the diameter Oy, and the torsion
angle 6 between the bearings?

We have:

— the rotation speed (RPM) RPM = 150 rpm;
— the power delivered by the pulley h, 20 HP;

— the shaft length L =20 inches;

— the torsion modulus in elasticity, psi G = 12x10° psi;
— the bending stress for a keyed shaft 6 =6x10° psi;

— the force applied vertically F, =120 1b;

— the force applied horizontally F, =120 Ip;

—the correction factor due to shocks and fatigue, combined, under bending,
Kb = 15,

—the correction factor due to shocks and fatigue, combined, under torsion,
K,=1.5.

SOLUTION WITH DISCUSSION.—
Bending moments applied to the shaft (vertically and horizontally), M, and M,;:

M, =F,xL hence the moment M, = 3.36x10° lb.in

M, =F, XL hence the moment M, =1.624x10* Ib.in

Maximum bending and torsion moments applied to the shaft (vertically and
horizontally), Mymax and Mpmax:

M ¢ pax = \/Mf + M,% hence the moment M y s, = 1.658x10% Ib.in

M, ptax = h,,-33000x12/27RPM = h,.63000/RPM =8.4x10° Ib.in
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16

Diameter of the shaft d°> = ———
f 4 776000

2 2
\/(Kfo.Max) (KM, ppa) —d =2.870in

0= 584><M,_maXL/GD4 hence the torsion angle 8 =0.141°

Torsion angle, 0
Proof of calculations: 6 =584(8400x28/12x10°x3*) =0.141°

. | .
Bearing Pulley Bearing
}
o o ‘ Th
-
<«— 2% 28 ———pt
T,=180 /b | Vertical loading
'y 3360 in.lb — -
120 1b * 120 b
} Graph of
vertical
______________ f\__._____.______ moment
Ti+T>= 1400/ Horizontal loading
v .
A A g
16 240 in.lb
580 Ib 580 Ib Graph of
T horizontal
W moment

Figure 5.29. Graph of calculations of moments acting on the shaft.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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DiscussION. — The design of mechanical elements is a question which requires great
rigorousness. The reason is not always mathematical. It is important not to produce
“over-quality” by increasing the value of the diameter.

5.7.3. Case study: statement of problem 3

Consider a pulley 24 inches in diameter, mounted on a shaft-pinion 10 inches in
diameter. The pulley is driven horizontally by a belt. The pulley’s own weight is
300 Ib (see Figure 5.30). The tensions on the belt are distributed thus: T, = 1200 /b
and T, =400 /b. We accept, in accordance with the ASME code (USA), that the
fatigue and combined shock factor under torsion K. = 1.5 and bending K;= 2.0. The
material’s stiffness modulus G is 12x10° psi:

— rotation speed (RPM) RPM = 150 rpm;

— power delivered by the pulley h, 22 HP;

— shaft length L =40 inch;

—lever arm (L), see Figure 5. 30 L, =9 inch =228.6 mm;

— torsion modulus under elasticity, psi G = 12x10° psi;

— bending stress for a keyed shaft 0 =6x10° psi;

— force applied vertically F,=F, = 1324 Ibf =5.889x10° N;
— force applied horizontally F,=F, =985 Ibf=4.381x10° N;

— correction factor (ASME), shocks and fatigue, combined, under torsion,
K,=1.5;

— correction due to shocks and fatigue, combined, under bending, K;=2 (ASME
Code).

What would @ g, and the torsion angle 0 be if the length of the diameter is
L =40 inches?

DOCUMENTED SOLUTION.—

1) Determination of the bending moments (M, and M,) acting on the shaft:
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Bearing Pulley Pulley Bearing
[ — _ |
I ————— ==
€ 9’ ) >e— 15 v — plg 10’ s >
132416 Vertical force 300 206 Ib
\ A 4 A 4 T,
A
1920
Graph of
A i vertical
I s
N e »\ moment
h ‘i} 11916 2 960
700 y Horizontal force 1600 /b
A A
985 13151b Graph of
horizontal
moment
\‘ 8 865 in.lb 13%50 o b
\/ o Graph of
resulting
moment
v v

14 850 in.lb (max)

14 850 in.lb (max)

Figure 5.30. Graph of calculations of the moments acting on the shaft.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

M, =F/xL, =1324 Ibf x9 in=1.192% 10" in.Ibf = 1.346 x10° N.mm

M, =F,xL, = 9851 Ibf x9 in=8.865%10° in.Ibf = 1.002x10° N.mm
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2) Determination of the maximum bending and torsion moment acting on the
shaft:

M, =M2+M,> :\/(1.192><104)2+(8.865><103)2=1.678><106 Nmm
M, =( —Tz)Rp = (1200-400)12 = 9.6x10° Ibfin =1.0085x10° Nmm

3) Determination of the shaft diameter in accordance with the ASME calculation
code:

d= |10 x\/(K-M» )2+(KM )> =3.037 inch="77.148 mm
7[><O'S S fmax 7" Tmax . .

In accordance with the ASME code, we choose a diameter of 3 in and thus
calculate the torsion angle:

M ;o L ) 3
6 =584—L™1___0,052° = Proof 6 = sgax 2 0x107X9 6X160 X94 = 0.052°
G(DASMECode) 12x10 ><(3)
CONCLUSION.—

The diameter of the shaft conforms to the requirements of this calculation code.
Hence, these dimensions are suitable to proceed to design and manufacture.

5.8. Sizing and design of couplings

The design of the mechanical elements — specifically, the shafts, beams and other
columns — is at the heart of mechanical design and civil engineering. As is the case
with shafts, the design of beams and columns is subject to precise calculation codes
attached to the standards in force. As the geometric forms are not usual, the problem
of which formulae to use for the calculations for such structures (sometimes
complex) poses the question of the stressed geometry.

Case study, solved problem: consider a stiff steel coupling. The two parts of the
coupling are held together by six bolts, subject to shearing. We can overlook the fit
of the bolts, because it is a coupling which conveys power with the least possible
friction. However, friction does, of course, occur, and it is important to take account
of it in all mechanical designs.
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Grade of the material: SAE 1045 annealed steel. Limit traction stress o, =
8.557x10" psi (600 MPa); failure threshold under traction (tension) op=4.5 % 10* psi
(315 MPa).

Diameter of the transmission shaft,
dshaﬂ =21in=50.8 mm.

Grade of the material SAE 1045
Heat treatment: annealing.

Number of bolts in the mechanism:
N, = 6 bolts

Rotation speed (RPM)

RPM =150 rpm.

Power delivered by the pulley,

h, 22 HP.

Limit traction stress

o, = ? and moment = (torque).

A

Figure 5.31. Drawing defining a stiff coupling. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

DOCUMENTED SOLUTION.—

1) Calculation of the contact radius (friction):

2(R-R) 2(4°-35°
friction = 7| —3——5 |7 | T3 352 =3.756 in =95.391 mm
3\R-R?) 3\ 4%-35

2) Calculation of the moment M.:

M, = MR ey = 30000%0.15%3.756 = 1.69x10* Ibfin =1.909x10° Nmm
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3) Calculation of the power on the shaft:

P =M,a,,, /Coeff.=1.69x10* x300/63000 = 81.476 hp = 59.95 KW

7

4) Calculation of the torque on the shaft:

Oys =30%0 rehora =1.371x10* psi and 6, =18%0y, =1.54x10* psi

sys

shaft

=0.7570), (dfhm ) /16 =0.7571.371x10* =1.54x10* Ibf in

5) Calculation of the power on the shaft:

Popapy = Topagi@eoup | Coeff =1.59%10* x300/63000 = 75.685 ip = 56.44 KW

N S

5.8.1. Design of a universal coupling, known as a Hooke coupling

In this problem, our aim is to design and size Hooke joints as shown in
Figure 5.32. These universal joints are so called because they are able to link at least
two shafts which need not necessarily run along the same line. The angular velocity
(,) of the output shaft is different to that developed by the input shaft (w;).
Consider a universal Hooke coupling, made of steel. The torque applied to the drive
shaft (A,) is T; = 360 in./b. Calculate:

1) the torque on the output shaft T, (driven shaft, Figure 5.32);

2) the diameter of the cotter pin of the crosspieces, subject to bending. The
bending stress applied to the bearings is of the order of 2000 psi. The admissible
stress is 2x10* psi and the shear stress is 10* psi;

3) the maximum shear stress along the section E-E (2 in) along the Y-Y axis.

where:
— the grade of the material SAE 1045 annealed;
— the number of bolts in the mechanism n=7?;
— the rotation speed (RPM) RPM = 150 rpm;
— the power delivered by the pulley h, 22 HP;
— the grade of the material: SAE 1045 annealed;
— the limit traction stress G, = 8.557x 10* psi (600 MPa);

— the failure threshold under traction (tension) G, =4.5 % 10* psi (315 MPa).
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Figure 5.32. Drawing of definition of a Hooke coupling. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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SOLUTION.—

The transmission ratio is expressed by the following relation:
i=o/a, =(cos(9)/(1—cosz(a)sinz(é’))) [5.28]

where:
— 0 is the angle formed between the axes of the shafts;
— a is the angle formed by the drive shaft, measured from the cotter pin;
— () is the angular velocity of the output shaft;

— (w,) is the angular velocity of the input shaft.
Calculation of the contact radius (friction):

cos(6)
1-cos” (6)xsin” ()

Taxwy _ T X,

s T Xy =T,
63024 63024

[5.29]

INITIAL DATA.—

Cardan joints (named after Jérome Cardan) or Hooke joints:

— angle of rotation formed by the axes of the two shafts: 6 = 12 deg; 15 deg ...
90 deg;

— angle formed by the axes of the two shafts: a = 12 deg; 15 deg ... 90 deg;
— angular velocity at input of the motion: ©S1;
— angular velocity at output of the motion: ®S2;

— power transmission ratio: R = wg,/ogyand n = 1.

= D2 o indeed R, (a,0)= cos(@)
,

R
2 1-sin”(e)sin*(6)

[5.30]
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Rir(0,0) =
0
0.980
0.969
0.955
0.939 1.
0920 Rir(e.0)
0899
0.875
0.850
0.821
0.791

O Q | n|H|WIN—O

erc. ...

—
o

Figure 5.33. Fluctuation of the velocity w s> as a function of the angle of rotation (6).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

5.9. Design of beams and columns

The design of mechanical elements — specifically, shafts, beams and other
columns — is at the heart of mechanical design and civil engineering. The design of
shafts is subject to precise calculation codes attached to the standards employed by
the designers. As the geometric forms are not usual, the problem of which formulae
to use for the calculations for such structures (sometimes complex) raises the
question of the stressed geometry.

SOLVED PROBLEM 1.—

Consider a shaft of diameter & = 1.98 inch (50 mm), made of steel, subject to a
maximum bending moment M, = 5600 Ibf.in (M, = (632715 N.mm). The torque
applied is of the order of T = 2400 Ibf.in ((T = (271164 N.mm).

1) Does this shaft conform to the safety requirements if the maximum admissible
stress for the material is 6,4, = 9600 1bf/in® (Cadm = 66 MPa)?

2) What is the ideal torque (in psi and MPa) for this shaft to operate safely?

We have:
— the maximum moment applied to the shaft: M., = 5600 Ibf.in = 632715 N.mm;

—the rotating moment (torque) applied to the shaft: 77 = 2400 Ibfin =
271164 N.mm;
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— the diameter of the shaft & =d=1.98 inch = 50 mm;

— the maximum admissible stress of the material: 6,4, = 9600 1bf/in® = 66 MPa.
SOLUTION WITH DISCUSSION.—

1) Let us first calculate the equivalent bending moment of the shaft:

u My +|Mjy +T%  5600+1/5600° +2400°

equivalent = ) 5

= 5846 Ibfin = 660544 Nmm

2) Calculate the stress applied to the shaft: o, .., =M Xc/J:

‘PP

c = (d/2) is the lever arm. It is the distance from the axis of the shaft (neutral
fiber) to the generator of the shaft (r). J =7rd4/ 64 mm®, for a homogenous, round,
solid cross-section. By applying the above relation, we are able to write:

O-applie

4 =Mc|J= 5846(1.98/2)/7(1.98"64) = 7672 psi =53 MPa

We deduce that the stress applied to the shaft (53 MPa) is less than the maximum
admissible stress (66 MPa). The shaft is therefore safe. In addition, by calculating
the equivalent maximum bending moment, we can write:

76727r1.98* /64
1.98/2

M, =Mc/J= =660544.25 Nmm = 5846.309 lbfin

equivalent—Max

M M,

équivalent = (

5846.309) - (5846.309) = 0 Ibf in = 0 Nmm

equivalent—Max —

Thus, we declared the safety of the shaft to be proven. Hence, the ideal torque
would be:

Tgos =M +NM? +T? =5600+1/5600% +2400% =11693 Ibfin =1321 089 Nmm

CONCLUSION AND COMMENTS.—

We are within a safe range of operation even towards 11,693 Ibf.in. The initial
torque (given) is underestimated (T = 2400 Ibf.in), because according to our SOM
calculations, it is possible to apply an ideal torque of the order of 11,693 1bf.in, and
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still remain within the safe zone. Therefore, we need to conceptualize the choice of
material for the shaft in order to preserve ideal optimization between the material
and the stress to which it is subjected. This calculation procedure is valid for any
shaft (subject to similar stresses), with a homogeneous cross-section, made of steel,
aluminum, brass, bronze, etc.

5.9.1. Solved case study: bending and torsion of a shaft

Consider a steel shaft with the diameter = 1.98 inch (50 mm), subject to a
maximum bending moment M, = 5600 Ibf.in = 632715 N.mm. The torque (moment)
applied is T = 2400 Ibf.in (T = 271164 N.mm). Does the shaft illustrated below
conform to the safety requirements if the maximum admissible stress for the
material is Gygm = 9600 psi = 66 MPa?
where:

— length of the shaft, L =1.75 ft =4.8 m;

— relative weight (kg/m) of the shaft, Ws= 94.5 1b/in = 140.63 kg/m;

— RPM of the shaft, RPM = 500 rpm;

—radius of the pulley, r, = 20 in = 508 mm;

— weight of the pulley, W, =150 1b = 68.04 kg;

—radius of the wheel (pinion), r, = 10 in = 254 mm;

— weight of the wheel, W, =48 1b =21.77 kg;

— power applied to the gear system (wheel) h =75 HP = 55927.49 Watts;

— admissible stress for the material [6] = 8200 1bf/in* = 56.54 MPa.

Pulley, & 50in Cogwheel &20in
F,= 800 /b : F,=80/b

I -

|

"""" JL""""""” A
{ 1 ‘,’
R, 4 R,
6 v 18 v 10°
2500 /b 1500 Ib

Figure 5.34. Solid shaft subject to bending
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Calculations of the respective loads on the pulley and the gear system
From the below relation, we calculate the moment applied to the wheel of the

pulley:

Tppiicd = h/27TR= 9454 Ibf in=1068136 N.mm

We admit that the maximum tension (tight side) on the belt is twice that of the
loose side. Therefore, let us set R, = 3T/r, =1418 Ibf = 6308 N. The total
concentrated load on the pulley is then calculated as follows:

Tootal — pulley =Ry ¥ W, % g = 156807 lbf =6975.13 N

Total concentrated load (gear system) Fg =T / o = Flormyheer = 945.38 Ibf =

4205.26 N.

The total concentrated load on the gear and the pulley is thus calculated
depending on the application of the forces: Fg +Wyxg = Fppy = 99338 Ibf =

4418.78 N.

Calculations of the reactions on the horizontal axis (x-x) RA and RB

Lever arm (8+10) =28 in and 10 in —
L XRB - (FI?otal,p X 28)_ Wg Xg(LX (L/Z)) _(F‘tota/Ag Xlo) =0.

Isolate Rg and R, by solving the following system of equations with two
unknowns:

2
Ry= (48%&,‘ L, +Wegl 4 +20F 01 j /2L =3764.35 Ibf =167744.65 N

Ry =(12F i + Wol? +43F, )/2L = 2855 Ibf =12701.00 N

tal.g
In summary: Rp +R =6619.62 Ibf =29445.52 N

This increases the forces to: F; +Wy x gx L=4049.83 [bf =18014.52.

otal.g +Frotal, D
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Calculations of the reactions on the vertical axis (y-y) VA and VB

Lever arm (108+10) = 28 in and 10 in. Similarly to the method applied above,
we calculate the vertical reactions. The load of the pulley being 6 (ff) from the left
side: Vep =Rp =3764.35 Ibf =16744.65 N.

On the right-hand side of the pulley, we set:
Vg =Ry —(6XW, xg)=3291.85 Ibf =14642.86 N.
On the right side, we would have: Vg p =V 4 — Fjy0 , =1723.78 Ibf =7667.74 N.
The gear system is loaded from the lever arm (24 in) with L = 15.75 in.
Voag =V~ L—(64+10")|x I, x g =1463.9 Ibf =6511.75 N.
On the right-hand side of the load, we have:
Vaap =V244~ Froal g =470.52 Ibf =2092.98 N.
On the left-hand side of the load, we have:
Vaa g =Vaap —10%W, x g =-285.48 Ibf =—1269.88 N.

On the right-hand side of the load (shaft), we have:

Vaag =V3a,4+ Rs =3000.00 Ibf =11430.99 N.

Calculations of the maximum bending moment of the shaft: Pp is on the positive
side of the equilibrium condition. Vg, in that shaft and x the lever arm (imagined)
from V¢, where the shear is null (= 0). Reading from the graph of the maximum

bending moment, let us set: pPp — x ( Wg g) =0.
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Cogwheel,

Pulley @50 in, @20in, F,=80Ib
| F=8001b £ p
@ i *
1 | '
. | | A
V4
R : / Ry
A /
6’ 18’ 10°
v 4
TS~L 25000 1500 7

Graph of maximum
bending moment

Figure 5.35. Graph of bending moment of the main shaft
Pp=Vs,; at V, = 6 ft, we would therefore have x = Pp/ng =18.24 fi=5.56 m

Thus, the expression of the maximum bending moment is written as:

V. +
M yeniing max = VAme,_px—ng(Vz +x) 22 T 34883 Ibf. ft =47295 Nm

Required diameter of the shaft

By virtue of the relation of the equivalent moment, in conditions of shear and
bending, we set:

M eguivatent =\ Miending + Toorsion = 34891.90 Ibf . fi = 47307.06 N.m
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The required diameter iS: d, ., req =1.720X M opivatons /[ & | = 6.4 in =162.08 mm

— We consider a diameter of 6.5 in or 165 mm.

COMMENT.— This approach can be used for any homogeneous solid with a uniform
cross-section (steel, lightweight alloys, etc.). Upon reading the graph, we see that the
dangerous section (0) is around the middle, where the maximum shear (torsion)
moment applies. The results clearly confirm the intuitive hypothesis made. The
choice of material, in design, is extremely important, as it affects the value of the
admissible stress [o].

— Choosing a higher stress is tantamount to a needless investment, because the
value used in our calculations is chosen from established SOM tables used by
manufacturers (metallurgy).

— Choosing a lowing admissible stress would leave our shaft at risk of premature
failure, which is to be avoided.

It is not always necessary to build a prototype, as that would drive up the cost of
the design. Robust finite-element simulation software packages are sufficiently
reliable to confirm or invalidate our calculations.

5.9.2. Case study 3: equivalent bending moment and ideal moment on a
shaft

Initial data Imperial unit ST unit

— d, diameter of steel shaft 2 in 50 mm;

— [o], admissible stress for the material 9000 lbf/in2 62 MPa;

— T, maximum moment (torque) on the shaft 2000 Ibf.in 225970 N.mm;

— M, maximum bending moment on the shaft 5600 Ibf.in M,= 632715.

QUESTIONS.—

Calculate the “ideal” moment of the shaft to perform the required task.

1) The equivalent bending moment, applied to a solid shatft, is:

M gguivatent = O.S[Mbendmg + M 4T? } =5773.2 Ibf in = 652285,6 N.mm

bending
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2) Calculation of the stress applied in psi and MPa. J is the quadratic moment.
o=M.c/J=M(d/2)]J ,round solid section, J = md*[64=1in* =31 cm*

o=M(d/2)/J =75761bf [in* (psi)=52N/mm* <62 [MPa]

3) The calculated stress is less than the admissible stress (52 MPa < 62 MPa), so
the shaft is reliable and will work safely. Calculate the equivalent maximum
moment M,qvi-equiv- M yax = 652285.6 Nmm — M M =0.00 Ibfin = 0.0 Nmm

max max ~— " equiv

The shaft is therefore reliable and the state is safe.

4) The ideal moment on the solid shaft is M, = 5600 /bf.in = 632715 Nmm

Tideas = Mpeng +/M” +T* = 11546 Ibfin = 1304571 Nmm

This is valid for any shaft with a round, solid cross-section, made of steel or
lightweight alloys.

5.9.3. Case studies: maximum performance of pre-stressed bi-materials

Consider a compound of material (steel and aluminum 6061). A steel stem
passing through a steel tube of the same length attaches the two parts together at
both ends. The attachment is made with adjustable nuts, holding the stem and tube
together. The steel is subject to the initial tension, and the aluminum to initial
compression. The initial loading is such that both parts reach their admissible
tensions at the same time. A and E are respectively the area of the cross-section and
the elasticity modulus.

Parameter Imperial unit in® ST unit mm*
A, area of the cross-section of the steel bearing | Agee =2 Ageet = 1.29%10°
E, elasticity modulus of the steel bearing E gee = 25%10° Ibf/in? 1.724x10° MPa
[o] stress admissible of the steel bearing [6]scer = 25%10° 1bf/in’ 124.106 MPa
A, area of the cross-section of the aluminum Ay =25 in? 1.613x10° mm?
stem
E, elasticity modulus of the aluminum stem E .. = 12x10° Ibf/in’ 8.274x10* MPa
[o], stress admissible of the 6061 stem [6]au= 15x10° Ibf/in’ 103.421 MPa

Table 5.5. Results of calculations of the design
parameters, both in imperial and S| units
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When [6].qm 18 reached, the force P in the aluminum 6061 and the steel is written
as:

Pyeet = Ao X[ 0], =3-6x10* Ibf =1.601x10° N

N

P,

alum

= A <0 ] =375 x10* Ibf =1.668x10° N

Total load on the components: F,,,; = Pype; + Pypyn = 3.269x10° N.

Calculate the initial tension or compression in the components and consider the
tension (+) and the compression (-). The initial tension on the steel bearing is:

A xXE 3 4
Pinitial/steel = Psteel - Ptotal ( 4 Esteel N AsteelE J =-9.937x10" [bf =— 4.42x10" N
! alum

steel = steel alum
The initial compression on the 6061 aluminum tube is:

AutumEatum Jz_ 9937x10° Ibf =— 442x10* N

Esteel +4 E

alum™alum

Pinitial/alum = Lalum — Ptotal(A

steel

If the bi-material were not pre-stressed, the stress in the steel would still be just
three times that in the aluminum, because it would withstand the same strain. Its
elasticity modulus is three times as high.

5.9.4. Case study: deflection and buckling of elements of machines
PROBLEM.—

Calculate the horizontal deflection of the point A/OJX, if diameter of a steel piece
Dex = 2 in with an internal radius r;, = 4 in, as shown by the data in Figure 5.36. At
any angle ¢, the bending moment, with respect to the axis of the center of gravity of
the given form (CG) is calculated below. Ey is the energy due to the bending
moment My,,4.
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—P=1851bf=822.921 N

- Aponion.l =T

—Iin = 3.56 in = 90.424 mm

—rex =5.56 in = 141.224 mm
—Dex=2.25in=57.15mm

— Rinean = 4.56 in = 115.824 mm
—&=1in and mm, to be calculated

— Eqeal = 28%10° psi = 1.931x10° MPa

V =P.cos.(p)

Figure 5.36. Diagram and 3D drawing of calculations. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

SOLUTION.—

Let us symbolically evaluate the expression of the energy E, created by the
bending moment My,ying M pe,q = P X 5sin(@) and deduce E,,

T a2 ~ .
M2, . P 257P°
—Ey =J.md¢ knowing that J. ><551n((0)d - o [5.31]
0 24AeE AeE 4A4eE

For a round, solid cross-section, the excentricity (€) is the distance from the axis

2
of the centroid. &= R, (72 /7 ) /4 =0.055500 in =1.409701 mm.

Knowing that the differential of the energy with respect to P gives the expression
of the deflection (f, mm), let us set:

OE )y JOP = 25T P/2 A ppy110 € E o = 1.488%107 in =0.037798 mm  [5.32]

We can see that the deflection found by this method of calculation is controllable
in terms of mechanical design (around 4/100 of a mm or 1/1000 of an inch).
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5.10. Case studies using the Castigliano method
STATEMENT OF PROBLEM 1 .—

Consider the frame illustrated below (Figure 5.37). Our goal is to calculate the
horizontal displacement over the entire time the load is applied, considering that the
form is identical on the three sides, so the moments of inertia in each section are the
same. The resulting deflection is related exclusively to the bending moment.

02
h 03
01 F
e @ ¥ T |
'<7L4> y
|
Th 02
L 03 01 F
(b) x —=
P

Figure 5.37. Diagrams and 3D drawings of the frame to be calculated.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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SOLUTION.—

Using Castigliano’s theorem, the energy of strain of the frame corresponds to the
sum of the energies of the three component parts of the structure.

The energies of members (1, 2, 3) E, E2 and E3, and the total energy on the
frame. The sum of the energies is therefore written:

h 2 h FX 2 213
E{Vf_’g}=2 M dy=2j l( y) dy=Fh
02 EJ 02 EJ 3ET

[5.33]

“Jo2 EJ 2E]

Ehori .[L 1 M? JL 1 (Fxh)zdx= FPhL

b T E

2.3 2,2
The total energy would be: E, ,; = 2F_y+ FhL =AL="? [5.34]
6EJ 2EJ
The horizontal displacement, in the direction of the force F, is:

3 2
Af = O _ {EXFL+ FgJL} in the direction of F [5.35]

oF 3 EJ

APPLICATION.—

F = 156 Ibf = 693.923 N; E = 3x10” psi = 2.068x10° MPa; b = 0.5in =
12.7 mm; h =2 in = 50.08 mm; J,,= bh*/12 =033 in* = 1.387x10°mm*; L=h =2 in
=50.08 mm.

Calculation of the total energy in Joules

2
h F 2,3
£ = 1 (Fy) dy - g 33x107
3ET

=702 B

= Epprar = Efy 3, + E{hz} =1.833x107 J

2
L1 (Fh 2p?
By =J' LUFR) e S EPRL 00107 g
02 EJ J

Calculation of the deflection with respect to OX

_2F'R | FRL

= 4 =5.283%x107> mm
3EJ]  EJ

Af
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Considering the horizontal and vertical deflections at the level of the operated
layer, as shown in Figure 5.37b:

=120 Ibf=533.787 N; a= 0.5 in = 12.7 mm, and therefore A = a, = 0.25 in> =
161.29 mm®.

Energies of members (1, 2 and 3) E, E2 and E3, and the total energy on the
frame: the energy distributed across each component member of the frame (b) is:

2
h1(F h1 p? F*n*  p?
0= (77) dy + dy PR s g3svi07t g
02 EJ 02 AE " 6EJ  2EA

1 (Px+FR)? L1 F? PL  PPFh FWL FL|_
E{Z} = J‘ dx + J‘ dx —
EJ 02 AE 6EJ | 2EJ | 2E] @ 24E

=y L[3F2h2 +3FLPh+ P |

=2.529%x107J or indeed E{z} 2 A T =2.529x107 J

h (PLxFy) 1 p? P*I’h  PLFR* _F’1*  P*h

{3} dy + J dy — + + + =
EJ 02 AE 2E]  2E]  G6EJ 24E

h(F?h* +3FLPh+31°P?) P

6EJ 24E

=2.08x107J or indeed Epy = =2.08x107 J

2
1 (F h
jimdyjl_dy
02 EJ 02 AE

dxb=5.193x107 J

J‘Ll (Px+Fh)2dx+J‘L1 P>

Bioa =By + By + By =94) 575 0 2 4E

dy

2
h1 (PLxF) k1 p?
+J- 1( ) i+ 1P
02 EJ 02 AE
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Written differently, these equations still produce the same result:

F’ P P’} PI’Fh F?H*L F°L
+ + + + + +
6E] GAE 6EJ 2EJ]  2EJ 2AE

= 5.193x107 J

total =

P?I*h  PLFR* F*W* P
+ + + +
2E]  2EJ  6EJ 2AE

The horizontal deflection is determined by the partial differential of E,,, with
respect to F. The vertical deflection is determined by the partial differential of E,,,
with respect to P, as follows:

2
AfFM: Fhf2h ) e I U 496%10™ in=634%107° mm
OF EJ\ 3 AE
Afy:M: F—Lh(h+L) =1.248x107* in=3.17x10" mm
oP  |2EJ

5.11. Conclusion

In this chapter, we have presented case studies focusing specifically on machine
elements and civil engineering. The dilemma which constantly arises is between the
choices of materials [HER 89] to respect the admissible stresses which must not be
exceeded, and the imposed geometry. Designers often need to make choices based
on the needs of the technical specifications. Note that a design which is valid at one
point in time may not necessarily be so in the future, in the same conditions, owing
to the evolution of the characteristics of the materials and manufacturing processes.






6

Noise and Vibration in Machine Parts

6.1. Noise and vibration in mechanical systems

In theorizing about vibrations, there is a tendency to treat them as a deterministic
process, as opposed to random vibrations (which are, in fact, a closer representation
of reality). It is obvious that the calculations are most meaningful in mechanical
systems involving dynamic processes. It is therefore of crucial importance to
determine the random displacement factors in order to extract information on a
system’s reliability using its statistical properties [GRO 13]. Elastic suspensions are
used to study noises in solids, such as soil structures. They are also of interest in
suspensions for machines, and for this reason, we also measure vibration isolation,
expressed in decibels, and referred to as gain. In metrology, vibration isolation is
expressed [GRO 11] by the gain (db) = 100/[100-g] of non-aerial and solid
substances. In the area of machines, we speak of the shock (Q), which represents a
variation of the applied force, also known as excitation over time (). The maximum
force (Fyy) is inversely proportional to the displacement (course). Thus, shock causes
a displacement (U or stiffness) in terms of variation of velocity AV, whose
differential gives rise to an acceleration () of the mass M subject to the shock. In
design, we closely study the energy absorbed by the shock absorber to limit its
intensity by decreasing the acceleration. Let us express the energy E (work) in
equation form:

E :%QHU2 = %FMU with the stiffness :U = \|2E/Q, [6.1]

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Shocks give rise to rebounds. For designers, ) .
choosing elastic suspension means the F, effort (N) applied at time (1)
machine will move more smoothly. In this
case, we use rebound travel limiters which
would not gemerate too much normal

oscillation in a given suspension system. The

case studies presented here discuss examples

of models with one or more degrees of
freedom (dof).

" Time (1)

The acceleration (y) resulting from the shock is harmful, and can even be
destructive, and vibrations inevitably cause the eventual failure of machine parts.
Designers need to choose the right damping mechanism to use in order to reduce
rebounds and their successive amplitudes. In dynamic processes, we study possible
influencing factors; sometimes the nature of such factors is less than obvious, such
as unexpected, uncontrolled (i.e. random) external disturbances. For example, we
could cite the state of the road surface or runway surfaces, which give rise to
vibrations in the machines driving on those surfaces. We could also point to the
numerous examples of vibrations in the transmissions even of stationary
installations.

o’ Thrust of engines

Horizontal

Airplane in
Sflight
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Trailer isolated from
towing vehicle

L ECO | [ [
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U]
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/10 “Real road”

- a (mm, in) ISE— b

|
Atp"\\\ ‘

Ballistic Wind V
launch
. 0, Support
—_— anchored
— in concrete

spring

Figure 6.1. Examples of sources of random, “uncontrolled” vibrations.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

In many cases, there is a need to calculate the probability that the random
function will surpass a given level, as is the case of movement of vehicles along a
road whose surface exhibits random irregularities. It is common for the suspension
to suddenly snap. This results in shocks.

For example, if we consider a vertical relative displacement, y(t), as a random
function, the point affecting the suspension is proportional to the probability of
surpassing yo(T), so y(T) = yo(T), which represents free motion of the suspension:
exceeding the given levels. Beginning with the vehicle’s stationary oscillations, we
set the relation between the spectral density yo(t) and the relative displacement
Di(w). This expression includes |W,|, which is a modulus of the transfer function
between the input H(t) and the relative displacement corresponding to the
suspension. The state of the road surface can be simply formulated as:
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D, (@) =|W,| x D, () [m]  vehicie [6.2]

If, for example, the distribution of y, were Gaussian (Weibull or log-normal,
etc.), the probability that the relative displacement y, will exceed the value yo(T) —
i.e. the probability that y(T) = yo(T) — is written as follows:

w -T2
P{y(z) 2y0}=$><.|; Exp  dr=®(0)—D(7y), where J [6.3]

O-VV Yo

, = standard deviation and reduced centered value 7; = ( Yo =My (7 ) / o

In this book, we shall not discuss the random vibrations to which mechanical
systems are subject. Instead, we limit ourselves to the aspects pertaining purely to
the design of such systems.

6.1.1. Aerodynamism of moving mechanical bodies

It is tricky to measure the parameters which characterize a body’s air resistance,
in view of random factors such as wind and pressure. In supposedly “still” air,
objects flying at a velocity (v) encounter an opposing force (F). This is known as air
resistance in motion. In aviation, ballistics and vehicle manufacture, the
acrodynamism of objects plays a crucially important role, as the form has a
considerable influence on the force to which the object is subject. Experience has
demonstrated the advantage of so-called aerodynamic forms, which offer less
resistance to their air penetration. These forms help reduce the amount of power
needed to maintain their displacements. Here, we shall quite deliberately limit the
discussion to basic applications, where P/T = Cz/Cx is the fineness of the plane in
terms of breadth and depth:

R= Cprv2/2 or R=Kdv [N or Ibf | < vehicles

[6.4]
P:CZpAv2/2; T:Cprv2/2 [N or Ibf | < aviation

The fineness depends solely on the angle of incidence, for a plan with a given
breadth and depth.

Incidence in degrees C, Cy Fineness
(- 2.50)° 10.50x1072 1.01x107 10.3
(+ 0.60)° 32.20%107 1.46x10 22.0
(+3.60)° 54.40x107 2.37x107 22.9

Table 6.1. Fineness of the plane of breadth and depth
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— R is the air resistance in N;

— C, is the body’s drag coefficient (air penetration), dependent on the form;

— p is the air density in the specific temperature and pressure conditions, kg/m’;
— A is the area of the cross-section (frontal area) in m?;

— v is the velocity in m/s;

—« is a coefficient which depends on the form of the body and the density of the
air. Therefore, in aviation — or in ballistics — k depends on the altitude, temperature
and water content of the air;

—T is the drag (N) and P the lift (N). C; is the drag coefficient of the wing in
question.

Design is a compromise between choice and calculations, which is often difficult
to strike. In aviation, for example, in the design of machines propelled by enormous
forces, the structure must be as lightweight as possible, but at the same time stiff, so
as to preserve the aerodynamics of the wings. Safety, strength and sometimes even
cost are of little importance in relation to previous records. The transverse longeron
supports the wings. The longitudinal longeron supports the tail. Both longerons are
subject to bending stress. Torsion (twisting) is less than the bending stress. Latest-
generation airplanes use epoxide—carbon-fiber composites, shaped by casting.

Once again, in aviation just as in other areas, the choice of material is of critical
importance for the next stages of modeling. Thus, we attempt to find an optimal
compromise between the material and the geometry, with a view to minimizing
weight whilst retaining stiffness and bending capability which will withstand the
hazards the machine will encounter. This balance is formulated thus:

exp. | 3 exp.
-[ airplanes _ \P{ stiffiess | £ di airplanes _ \P{ reszstance} E 6.5
l{ perfbrmance} - P an l{ perfbrmance} - P [ . ]

Woods (such as balsa wood and spruce) are excellent candidates in terms of
performance index for reduced-scale models.

6.2. Case study 1
6.2.1. Lightweight vehicles and trucks

Consider a vehicle moving at a variable velocity v = between 50 and 120 km/h.
The air resistance coefficient is C, = % and the air density is p = 1.225 kg/m’.
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The frontal area is A = 3 m?. Using R(v) = [C\.r.4.17]/2, in (N), let us calculate the
air resistance for v = 50 kph, 60 kph, ..., 120 kph.

127.013

800
182.899
248.946 600
325.154 R(v) 400[
R(v) = N
411.523 b
508.054
1 l l 1
0
614.745 10 15 20 25 30 35
731.597 v

Figure 6.2. Evolution of the resistance (power consumed) as a function of the
velocity. For a color version of this figure, see www.iste.co.uk/grous/design.zip

The velocity of displacement has an exponential influence on the resistance, and
therefore considerable energy consumption. Every second at the velocity v =30 m/s,
the resistance force R produces resistance work which absorbs the powers:

R()=C,xpx AxV?[2 and P(v)=R(v)xV [W] [6.6]

In airplanes flying at very great speeds, the fuselage and the rest of the projecting
parts must have a profile which is adapted to offer the least resistance during flight
which will therefore save on fuel. In the solved problem below, we examine a
simple case of aviation.

APPLICATION.— Consider a vehicle moving at a variable velocity v = (225-625) km/h.
The air resistance coefficient is C, = % and the density of the air p = 1.225 kg/m’. The
frontal area is A = 3 m”.

ALBATROS

SAM _DESIGN
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R(v) = .

0 N 3x10 T T

R

0] 3580910 J 5O
1| 375108 =107 i
2| 3915108 |
3| 4083108 107 g
4| 4255108 . . v
3 50 100 150 200

Figure 6.3. Evolution of the resistance for an airplane (Inventor Pro 2017).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

6.2.2. Case study 1

Consider an airplane during its ascent at a constant velocity.

ol Thrust of engines

Angle
of attack

Horizontal

Airplane in
flight

Figure 6.4. Approximate simulation of stress zones.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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The thrust P, of the reactors at [p], where the polygonal representation of
forces in action gives rise to the action of the air resistance R, of the order of

5.54x10" N = 1.145x10" [bf. This is the air resistance (including Cx) of the whole
structure. That structure is irregular, because of the required aecrodynamics, which is
why sweep diagrams are used. At the wings, @ is the resultant of the forces of lift,

while S is the resultant of the stabilizing forces.
Here:

— @ = 5.54° is the angle of the airplane’s flight;

— B =73°=(w/2 -17°) is the complementary angle of the airplane in flight;

— C, is the air penetration coefficient (aerodynamism);

— Pppqc 18 the thrust of the reactors of the hydroplane in N or /bf;

— R is the air resistance across the whole structure = 5.54x 10°N = 1.245x10" Ibf:

— 0,7 1 the resultant of the forces of lift on the wings of the hydroplane;

—Agsqp is the resultant of the forces of stabilization on the hydroplane’s rear
aileron;

— W is the weight of the hydroplane when loaded = 2.54x10° N = 5.71x10" Ibf;

—a=1m=23937in; b=15.52m=206.693 in and ¢ = 10 m = 393.701 in.

The diagram of the vectors represents the respective forces: {cf)ws,, Agyap» Preac} .In

this context, let us present the solution approach using the classic graphic-analytical
method (vectors) known as the Culmann method, which is also based on the
polygonal representation of the vectors to find the unknown forces, in the (XYZ)
frame of reference. Looking at the diagram below, we see that the hydroplane is
subject to five separate external forces:

{Wweight ’ Rair ’ @rust s Astab > P)‘eac}

For ease of calculation, let us set out the main equations governing the condition
of equilibrium of the system in flight, or the total equilibrium equation:

{Wweight ’ Razr ’ a)sust ’ Astab > “reac } 0 ‘l’
N [6.7]
Wweight + R + Dyt + Avta reac =0
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Calculation method in comparison to Culmann graphical-analytical method:

+ 4

stai

Condition of equilibrium in flight : W,

weight + Rair + @,

sust bt Pr

eac —

0 [00]
With respect to 0x axis : Wyygiqn, €08 (B) + Ryjp +0 = Fygye cos(9) +0 =0 [o1]

With respect to 0y axis :=W,pign, i (B) + 0+ @y + B SN (@) = Ay =0 [02

+ MCGAstab =0

G (CG) : MCGWweight + MCGRair + MCG@sust + MCGPI‘eac
From equation [6.8-01], with respect to the (OX) axis, we set:

Woveight €08(B) + Ryir +0+ Py c08(0) +0=0— let us deduce the value of Preg:

Wreight cos(f)+R

wei air

+ Py c08(9) =12966N -1.0F,

reac

cos(5.54deg)) =0

Hence: P,

reac

=129662.41299N/cos(5.54deg)) =1.303x10° [N]=2.929x10* [If]
From equation [6.8-02], with respect to the (OY) axis, we set:

Wiveight SN (B) = Proge sin (9) = 2.303x10° N =5.178x10° Ibf
Knowing that:

(Oust = Asiad) = Wiweighy SN (B) — Proge sin(9) = 2.126x10° N = 4.779x10* iof

or from equation [6.8-03], we set: a®y,, +(a+b) By sin(@)—(a+b) Ayy =0

(aWweight Sin(ﬂ)_ Beqe SIN (¢) + A.vtab)+(a +b)Preac Sin(¢) - (a +b)Asmb =0 — simplify

—242901.40801461101292 Nim - 5.25 mA,,,, +683922.23972868075 Nimsin (5.54deg) =0
Aggp =[ 242901 Nm + 683922 Nmsin (5.54deg) | /5.25 m=5.884x10* N =1.323x10* ibf

In addition: @yg =Wiyeigne SIN(B) = Broge S (@) + Ay factor —

301744780083780612917 N 130270902805463 N xsin (277 deg/50)

a)sust - '/
1000000000000000 1000000000
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W, =2.892x10° N =6.501x10* If, or using the following manual calculation:

sust

st =Wrseighy SN (B) = Proge Sin (@) + Ay =2.892x10° N =6.501x10* Ibf — QED

On a simulated example, we have calculated the resultant of the stabilizing
forces on the hydroplane’s rear aileron: A ,p; the resultant of the forces of lift on

the wings: gz, and the thrust of the reactors in N and /bf> P -

A, =5.884x10° N =1.323x10* Ibf
Overview: | @, =2.892x10° N = 6.501x10* Ibf
P =1303x10° N =2.929x10* Ibf

reac

6.2.3. Case study of the rotor blade of a fire brigade helicopter

STATEMENT OF THE PROBLEM.— Consider a helicopter whose rotor blade spins at an
RPM of 1200 (rpm; revolutions = rotations = 1); Ry = 0B = 0a = 1.25 m and
08 =R,/2 =0.625 m. We wish to find the respective velocities V,, Vp and V; and to
analyze the movements of the rotor blade, in order to steer the helicopter with
greater efficiency.

SOLUTION WITH DISCUSSION.—

Angular velocity : @=27w RPM = x1200/30=125.664 rad /s
Linear velocities : V,, =V = @R =157.08 m/s and V5= (R, /2)="78.54 m[s

Velocities distributed
along (o) |’

horizontal
Rotor blade

Figure 6.5. Representation of a fire brigade helicopter in flight (lab simulation).
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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For o = constant = 0, thus ¢ = 0, so the acceleration is written as: y;= 0:

Ve =pxR =0 and yy = 0’'R =1.974x10*[ m/s* |,

A5 Pup =7 =T = Vs =@ R [2=9.87x10° | m/s’ ]

@ =27x60=(p—py); @, =0 equation of motion —

2 @’ =a +20(p—py)=0— 9, =—(a)2—a)g)/[Z(p—po)}=—20.944(1/s2)

The deceleration is: J, =@ xR =-26.18 m/sz. The equation of motion is
written thus:

Y =(7./2)7 + wr and @y, = y,7), + @, where @y =017, =7

Vo Ty + @=0, simplify —125.66s - 26.18.m.T7.M / s> 7, =125.66.5/26.18 =4,8s

COoMMENTS.— During flight, the velocity V and acceleration apy, do not vary

as a function of the deceleration. Therefore, we can write: 0<V, <157.08 and

0<y, <l .974x10° . If the helicopter’s rotor blade were spinning at 60 rpm to begin
with and then climbed to 1200 rpm, the results would simply be reversed —i.e. ¢ =
20.9445 rad/s’ anda, =26.18 m/s*, 15 =4.8 s.

6.3. Vibration of machines in mechanical design

There are numerous published works on vibrations in machines [SVE 76]. In this
book, we shall limit our discussion to case studies with their solutions, to present the
main points that are inherent to mechanical design. Vibrations in machines are
practically unavoidable, especially in tooled machines, such as transporter-conveyor
belts, to cite only a few examples. The design of their parts, in terms of elasticity,
must take account of all the forces generated by the system itself in operation. It is
not at all problematic to sketch out a machine part, but once those parts have been
designed, assembled and are in motion, the real problem manifests itself. If the
effects of these forces are not taken into account, this is a simple technical drawing,
rather than actual design, which is our focus in this book. The vibrations in
machines, undesirable as they are, have to be damped, or at least attenuated for each
of the functions. In mechanical design, vibration analysis requires exact conditions:
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—assessment of the masses and understanding of the elastic properties of the
parts;

— estimation (i.e. calculation) of the effects of the induced friction (tribology);

—idealized (diagramatically represented) design using a mechanic device,
representing it as an equivalent system of masses, springs, dampers, guide pins, etc.;

— differential equation of the motion of the “idealized system”, taken to be
homogeneous;

— solving of the differential equations and correct interpretation of the results.

We shall now set out the theoretical basis of machine vibrations, beginning with
the differential equation of the mechanical system’s displacement over time:

92X (7)
372 a7

O(T)=mi+cx+kx=m

where:
—x is the displacement measured from the position of static equilibrium;
—m is the mass in kg;
—k is the constant of the spring, or its damping stiffness in 1b/in or kg/mm;
— c is the damping constant (coefficient of friction between the materials);

— ¥ is the second differential or the acceleration with respect to time, and is
measured from the position of static equilibrium;

—x is the velocity/time measured from the position of static equilibrium;

— (x) is the displacement over time, and is measured from the position of static
equilibrium;

— .7 is the angle of rotation of the non-balanced mass about the horizontal axis;
— ¢(1) is the external force as a function of time;

—m,, ¢ and k, are, respectively, the equivalent mass, the damping constant and

the stiffness of the spring. The displacement x(t) may be either linear or angular;
— o is the rotation frequency of the engine in rad/min or rad/s;

— oy, is the natural frequency in rad/min or rad/s.
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Figure 6.6. /dealization of the vibrational system with one degree of freedom

Any system with one degree of freedom is represented in equation form as
follows:

oy ?x(r), X(r)
o(T)=mi+c,x+k,x=m, +ec, +k,x [6.10]
or o7

The function of forced oscillation (vibration) ¢(t) may take any shape (/inear or
sinusoidal). Therefore, we posit: ¢(7) = @ xsin(wr) . Here, ¢ is the amplitude of the

external force applied and o is its frequency. Free oscillation takes place after an
initial excitation with no external force —i.e. ¢(T) = 0. Let us set that at the start time
T=0—m,X+c,x+k,x =0, which has the following as a solution:

2
where A = — e, [ Ce ] —(ke]
2m, 2m, m,
2
and Ay =— Ce _ [ Ce ] _(k@J
2m, 2m, m,

A, and A, are constants determined by the initial conditions. In special cases —
i.e. with critical damping — we set: (c,/2m,)=(k,/m,); A;=A,= A and the solution

x=A1><exp’11><r+ 4, Xexplﬁxr - [6.11]

emerges: x = (4, +Br)Exp{-Ar}. Thus, critical damping for a free vibration is

presented as:

Ce_

2m

e

2
x=exp ¥x Xsin(@,7+¢), where o= (ZCEJ ,and @, = (‘fj —[ ] [6.12]
m@
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The expression of the damping frequency of the equivalent system is: ®, = k/m,
(natural frequency). X and y are determined by the initial conditions. For forced
oscillations, the solution to the differential equation is written thus:

xz{expfaxr}{Xsin[a)ar+¢]} where azzc—e and @, = k‘)—[

m, m,

2
Ce J [6.13]

2m,

We know that dampers reduce high-amplitude so-called transient vibrations and
as well as permanent ones. Part / represents the transient vibration. Such is the case
with aircraft propellers receiving a vibration signal from the propeller system, which
attenuates (completely dies out) over time. The second part (¥) corresponds to the
stable state of the system. It is this part which is of interest to us in mechanical
design, given the influence it has. The amplitude of the stable state (Y) is written
thus:

V=g (=m0 + (o)’ =(/i)] (1= +(2x 0y

r= 7 frequency ratio, p=(%/j damping ratio
w, Co ;

The magnification factor @, is written as:

2
q>a=¢oy/k=1/,/(1—r2) +(2pr)? [6.15]

In the so-called stable-state phase, the magnification factor @, is a ratio between
the amplitude of displacement and the displacement caused by the static force @,.
The phase angle is expressed by tan(y) and is written:

[6.14]

tan(y) =k"’e—“’2 or indeed sin(y) @ [6.16]

e — M, \/(ke_mewz )2+(Ce(0)2

The force transmitted to the base of the mechanical system would be: k,x+c,%:

[ 2
Ftransmission = FT =@ ke2 + (cew)z /\/(ke - mewz) + (Cew)z [617]

By virtue of the above, the ratio of the force transmission to the base, particularly
with bolted assemblies — e.g. setups with no intermediary springs, dampers or guide
pins — is written as:
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2 2 2
R _Fr _ ks +(c,m) _ 1+(2pr) [6.18]

% \/(ke —mewz)2 +(c,m)° \/(1 -r2)2 +(2pr)?

R

transmission

In case of forced oscillations such as in Figure 6.7 below:

VA VA
/U
p, VWA m,
|

& & G D
A /v

Figure 6.7. Vibration system with periodic force applied

The periodic motion is induced by the masses. This is idealized by a spring
and/or a given damper. The mass is then reduced by the amplitude of the motion.
Considering the sinusoidal motion U(7), let us set: U(T) = u.sin(w7). Similarly to the
above, the differential equation of the motion of mass is:

mi e i+ ke = +(6,0)" sin(w7 ), y = phase angle

cos(y) = ke/«[kez + (cea))2 and sin(y)= —cea)/dke2 +(cea))2

From the academic literature on vibrations of systems, the amplitude of the
stable state of mass is presented, similarly to above, as follows:

K2+ a)2 K>+ coz
yo MEre®) g Yo e *lee@) [6.20]

\/(ke —m, @’ )2 +(cea))2 ! \/(ke —mea)z)2 +(cea))2

[6.19]

These systems cannot be solved with the I-order differential equation, as
developed above. The solution requires the use of the II-order differential equations
with (n) degrees of freedom (dof) in the system. Systems with more than one dof
exhibit two modes of vibrations. Finally, mechanical systems with more than one
dof are represented thus:
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v/ VA

Ax U=
A m A
<)

kK O
===

Figure 6.8. /dealization of the vibrational system with more than one dof

In vibrational mode I, the masses constitute the primary phase, reaching the
maximum displacement in the same direction. In mode II, the two masses are in an
opposing phase, reaching the maximum displacements in the opposite direction.
In addition, the energy method for calculating the vibrations is worthy of interest.
We shall present the salient points of this method later on. We ignore the friction
and set the expression of the energy balance of the system, represented by the
kinetic and potential energy values. X; and X, are, respectively, the displacements of
the respective masses m; and m,. Suppose that the system’s motion is sinusoidal,
with the frequency (®), and set:

1 1
Energy balance = [6.21]

1 2 1 2
E =5k1X1 +5k2 xX(X,-X)

Without taking the friction into account, the kinetic energy would be equivalent
to the potential energy:

k1X12+k2(X2—X1)2 or w:\/k1+k2X2/(X2—X1)2 [6.22]

E;nax:EmaX% a):
! m1+m2(X2/X1)2

2 2
lel +m2X2

If we know the ratio between the amplitudes (X,/X), the above equation for (®)
gives us the natural frequency of vibration. When there is resonance, (®,) is

presented thus: @, =/k,/m, . In the case of an idealized viscous system, the forced

damping is written: ¢,xsin(wr) with the following maximum frequency:

OpaxY = O\1-2p* Hence @, = w,\1- p* [6.23]
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6.4. Case studies with a numerical solution

Consider a moving machine of mass M, attached to the wall by a spring which
exerts a recall force in the sense of Hooke’s law F(x) = |k.x| in a viscous medium
with a damping force F(7)=-c¢x(dx/d7).

Recall spring, with k, stiffness

Mass, M ‘ D B

S

’ @
Wall, attachments...
M’K/

Figure 6.9. Model of a free-oscillating mechanical system

The system is drawn in the equilibrium position, meaning that X = 0. Let us set
the differential equation of the mechanical system as follows:

2
an—zX(r)+c><iX(r)+k><X(r)=0
o7 a7 [6.24]

For X (0)=X, %%X(z'):m-m 7=0

6.4.1. Case study: input parameters: M=1; k=1; ¢, =1and c =2.25

By transforming the system into standard form, we can write: a=+/k/M and
b=\c/2M

— Set up solve block ¢, =7 and N, =14

—t. =7 is the rightmost endpoint criterion, and N, = 14 Number of time steps:

2
90°X (1) +2b8)((r)
972 o7

For X (0)=X, and X, (0)— +a2X(2')=O [6.25]

— ODEsolve — Ordinary Differential Equation,

—disp = Odesolve{z,T,},exact solution for m; =—b +b* —a* and my = —b—~b* —a?
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X(7)= if{b =a, XgXExp~“* (1+art) , Xo (mlExp_’"ZT - szxp_m‘T)} [6.26]
m —ny

Forn =0, 0.3 ... T, let us plot the exact solution and the approximate solution of
the mechanical system. We can see that there is a near perfect match between the
two solutions.

1
x(t) - Exact solution
0.8
X(t) 06
disp(n)o 4 disp(n),J approximate solution
ooo Y-
0.2|-Mechanical
system
0
0 2 4 6

T,n

Figure 6.10. Model of a free-oscillating mechanical system.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

6.4.2. Case study: system with free vibrations

QUESTIONS.— Write the differential equation of the free vibrations in the system.
The force generated by the spring is equal to [- (k.x)]. The same principle applies to
the damping force, written as [-c.(dx/dt)]. By virtue of Newton’s second law, we
can write:

miX=—-cx—kx =>mi+cx+kx=0

m(82/872)X(p(x)+c(8/az')x(p(x)+kx:O [6.27]

Fictitious data: t=5; k=k.=1.25; m.=20;¢c.=10; A, =1; A,=1and B=1

o v
Fy=- ke o 7 x
—— ZJ\/\/FVK m,
D D -

F,= - cdx/drc ////c//

Figure 6.11. Ideal representation of a freely-vibrating system
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Let us prove that: (k,/m,) = (ce/zme)2 — 1.25/20= (10/2><20)2 =0.063 « QED

k— =-0.25 and
m
Let us first prove that: [6.28]
[k =-0.25
m
= | e =025 0 ke
a= 2me a)dampmg - wdampmg mi 6 29]
Oapural =025 > \Jk,/m, =0.25 QED and ¢, =10 — 0 QED

For s; =s, =5 =-0.25 set > x(t) = (A+ Bx7) Exp™*" because ./’
X(7) ={ 4 Exp™" + 4, Exp™"} — at time =5 x(7) = 6.981

x( Var) {AlExp_sl var +A Exp ‘a‘} at times T=O to 10 4 X(T)

o(ry) = 30

o| 2000| 24

1| 2568] 18

2| 3297 12

3| 4234  ——— e

4| 5437

5 % 2 4 6 8 10

Ty

Figure 6.12. Representation of the function x (7 v) at time (tv).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

For Fy =1, the unit force of initial excitation and w varying between 0.01, 0.02
and 1 gives us the expression of Y ().

From Y(w)=F, / \/ m o’ (mea))2 , we obtain the following graph on

the state of the vibrational amphtudes as a function of the velocities (®):
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¥(w) =
0

0| oss
1] 0842
2| o788
3 [ 0728
4 [ 0667
5[ o6t
6

Figure 6.13. Representation of amplitudes as a function of the variation
of speed (w). For a color version of this figure, see www.iste.co.uk/grous/design.zip

At the angular velocity (mgs) = 0.5, the transmissibility ratio of the forces Rrg
would be:

2 2
R — F;ramissible =R — (ke) +(cea)0_5) =4 6] [6 30]
" Fo " 2 2 2 . -
ke _(mea)O.S ) +(cea)0.5)
FoJ(ke)” +(cens)°
tramissible — . - =4.61

Jke ~(man ) +(cewo.5 ) [6.31]

Y(ays) Fo/\/k mons) +(as) = 0115

6.4.3. Case study: problem with solution and discussion

In the model of the design sketch below (Figure 6.14), we wish to write the
differential equation of the vibrational system, without taking account of the lever’s
own mass (L). We also wish to determine:

— o, is the natural frequency, and m, the damping frequency;

— the critical value of the damping factor (c).
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The moment of the forces expressed above is fairly small in relation to the
angular displacement (0°). The moment created by the forces is written:
My =Lxsin(e)=Lx(e) . As the angle, i.e. the displacement, is small, we treat the
argument and the function as being identical, and set: M = Lx(a). The moment of
inertia is J,, = M x I* .

[
.z.7772
@)
o
L [
k
-cldo/dr
M, concentrated mass P =Mg

Figure 6.14. Sketch of the calculation model with angular vibration.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

The inertia system for the equilibrium is then presented as:

MI? (3205/812) =—{cIx(0a/oT)}1 - (Klat)l - Mg (lx) 6321
O=ML2(820(/812)+c><12><(aa/87)+(k12+MgL)a .

Parameters and equations used when designing vibration with one dof:

2
x=a;i= a“ a;z":a“—a M, =M%, ¢, =cl% k, =kI* + MgL

2 2
+MgL kl +A2/[gL cl . [6.33]
2M ML 2ML

[e.], =[ ]12 2k,M, =2 (k12+MgL)ML2[ = = (k12+MgL)ML2
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6.4.4. Case study: problem 3 with solution

The parameters Mg, ¢, and k, are, respectively, the equivalent mass, the

damping constant and the stiffness of the spring. The displacement (x) as a function
of time may be linear or angular. Consider a platform subjected to stress at a
frequency of 7 cycles/s at an amplitude of 0.039 in.

—M = Mg is the equivalent mass of the support platform;

— P is the weight of the platform = 50 kg = 110.213 1b or M = P/32.2 = 3.423 Ib;
— k is the constant of the spring — stiffness — in 1b/in or kg/mm;

— c is the damping constant. In other words, it is the friction coefficient;

— o is the frequency of rotation of the engine in rad/min or rad/s;

— oy, is the natural frequency in rad/min or rad/s;

— fis the frequency in cycles per second = 7 cycles/s;

—A =0.039 in = 1 mm is the target amplitude for the system.

Evaluating the vibration @0 (wvar) in conditions of resonance

Evaluation of the real vibration: P = Mg — hence M = P/g = 50/9.81 = 5.09 kg
or else M=P/32.2 = 3.423 1b = 50/9.81 = 5.09 kg. The frequency is 7 cycles/s.

We calculate: ® =2xnf=43.982 rad/s k= Ma)2/2 =276.054 Ib/in = 4.93x10> kg/m . The
system is idealized by two springs: k, = 2k = 552.109 Ib/in =9.86x10° kg /m .

ke. Ib.
=c=0.05¢, —2,Jk,M =448.341-8 =988 424 2%
m m

Cofiective Will therefore be ¢, =0.05¢, = 22417585 _ 49 42105

m m

Ce

We calculate c:

On condition of resonance, the amplitude A is calculated as a solenoid:
A=g@,/cow Hence — @, =cxwxA=2.174lb= 0.986><103kg

To clearly see the evolution of @y (@), let us vary the frequency ® between 0
and 50 and construct the semi-log plot. The results @ () are shown below.
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kg-s LpO(“’va.r}

0| 0.000

1| o112

2] 0224

3] 0336

4| 0448

5| 0360

6| 0673 T B

3 1 10 100

Figure 6.15. Influence of frequency on the vibration of a mechanical system.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

This expression is known as the natural frequency:
@, = k] M, [6.34]
By damping, we are able to keep the frequency at the natural value — that is:

@, =k, /M, =43.982[1/s] For c = c,, let us calculate the system’s frequency:

@ = (ko /M)~ (co/2M, ) =43.927]1]s] [6.35]

We can see that there is practically no difference between the frequency of the
system and the damping frequency for a system with one dof-

6.4.5. Case study: problem 2. Engine represented on two springs

—M = M, is the equivalent mass of the engine;

—m, represents the disequilibrium of the rotor (mass of the rotor not at
equilibrium);

— k is the constant of the spring — stiffness — in Ib/in or kg/mm;

— ¢ is the damping constant. In other words, it is the friction coefficient;



208 Applied Mechanical Design

— o is the frequency of rotation of the engine in rad/min or rad/s;
— (®.7) is the angle of rotation of the non-equilibrated mass (horizontal plane);
—f'is the frequency in cycles per second = 7 cycles/s;

—x is the (vertical) displacement of the engine measured from the position when
the system is at static equilibrium.

Evaluating the vibration @0 (wvar) in conditions of resonance

Consider an engine mounted on two springs. The rotor causes vibrations when
the engine is in operation, because it is not equilibrated. We wish to perform a
conceptual analysis of the system in order to choose the appropriate characteristics
for the spring, considering only the vertical plane, as illustrated below.

DESIGN SOLUTION WITH DISCUSSION.— The engine has an acceleration (X ). The non-
equilibrated mass M has a vertical acceleration expressed by [-e.0’sin(wr)]. The
external forces applied are the forces of the spring (-kx) and the damping force cx in
addition to the weight in Mg. In conditions of equilibrium, therefore, we can write:

—cfc—loc—Mg+Mg:]\[x'—Meco2 sin(@7) [6.36]
Condition of equilibrium MX + cx + kx = Mew® sin(@r7) -
L X =Ywcos(wt — @)
In the state of equilibrium: x =Y sin(wr —¢) — 5 [6.37]
X=-Yo sin(wr - ¢)

After substitution into the differential equation, we have:
M [—Ya)2 sin(w7 — ¢)J +[cYwcos(wr —¢)]|+[kY sin(wr — ¢)] = mew® sin(wr) [6.38]
This expression can also be written as:

—MY &’ x [sin(an’) xcos(@) - cos(@r)x sin((b)] +
+ ckax [ cos(wr)x cos () +sin(wr) xsin(g) | + [6.39]

+kY x [sin(an') xcos (@) —cos(@w7) sin(¢)] = mew” sin(w1)
We equalize the coefficients of sin (®t) and set:

-MYa? xcos(@)+cYwxsin(@)+ kY xcos(p) = mew*

[6.40]
—~MY@* xsin (@) +cYwx cos(¢) — kY xsin(g) =0
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When we solve the above system of equations, we can write:

e m )/
Nm
N
M
§ Ce & m.e.@’.sin (1)
k Eﬁ‘ k |
X
-c.dx/dt J L -kx-Mg

cos(g)= (k-ma?)
2 \/(k—sz)2+(ca))2

\/(k—Ma)z)2 +(ca))2 sin(¢) = (cw)
!

NN

[6.41]

2

(k—Mw2)2+(ca))

Figure 6.16. Platform subject to vibrations and engine mounted on two springs.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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On the condition of equilibrium, the function of state of the differential equation
is written:

={(mew2)/\/(k—Mw2)2 +(cw)2}><sin(m-¢) [6.42]

The forces transmitted to the base come from the spring and the damping forces:

6.43
=Y\k* + +(c ) sin(wr - ¢+ ), (¢+ )= Phase [6.43]

The angle [-0 + o] is the phase between the excitation force M, ea)z sin(wr) and

{cx + kx or indeed kY sin(wt — @)+ cYwcos(wt — @) =...

the force transmitted Fp —i.e.:

Frp = Y[k + (coo) = M,a* k2 + (cor)? / \/k -(Mo? )2 +(co)’ [6.44]

Remember that: ®, is the natural frequency, and c. the critical damping factor:

@ 10} c c F, 1+ (221{)2
=—= dAl=—=——— and hence — R = 6.45
4 ®, Jk/M o ¢, kM M,0° [6.43]

\/(1—f2)2 +(241)

The ratio of the amplitudes of the transmission force and the applied force is
expressed by the transmissibility ratio, written:

< =\1+(221) /\/1 1) +(2Af) [6.46]

NUMERICAL APPLICATION.— For = 2.75 and A = 0.035, n = 4 springs; P = 351b =
15.876 kg; RPM = 960(1/s) and Ryr = 0.16; therefore, let us prove that:

Rpg =y/1+(241) /\/1— +(2A1)

f=0/w,=275; 1=0.035; P= Mg=351b=15876 kg > M = P/g =1.619 kg.sz/m

RPM =960 rad /s — @=2x RPM /60 =100.531 rad [s From \[k/M =@ f
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—Sk=Ma?/f? =1.454x10% Ib/ ft =121.148 Ib/in =2.163 kg/mm

For four springs, we have: &, ,.i,q = k/n=k/4=30.287 Ib] ft = 0.541 kg /mm

For =0.035 — c = Ax(2JkM ) = 4.143[kg.s /m] = 0.2321b.s/in]

Rbroiected _ g 16— Rialculated =\/(1 +(2f/1)2)/((1 —f2)2 +(2f/1)2j =0.155

6.4.5.1. Design of elastic supports

The support illustrated below matches the platform in Figure 6.16, above, for
which the slice A-A shows the following dimensions.

Ut T U F— Uy us
; \ ; ST Fol
h,
. h
A Y A
! ,r N N | -
/ L | L L  E—
] n
~ L+ a -
10 THROUGH J ‘
HOLES ad L, ‘ Ao
| L |
\ total \ SECTION A-A

VAV ZAVAT AVAT 2 semsn
o o fe Qo 3 0F

Figure 6.17. “Ideal” representation of loading of the platform subject to vibrations.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Data P n

a; L.
a,=05m=1.64 ft ; ' ; '
L,=0.35m=1.148 ft O=——1=— Pand R=

—_— P
P n

ZnZ a; + 2pz L;
i=1 i=1

-— -
L,=1m=3.281ft my a+2 L
P =62x10° N = 1.394x10* Ibf Z:l: ’ p; ’
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0O, Load (N or Ibf)
6000 ‘ ‘ ‘ ‘

4800 - - - - -

3600 - - y - -

2400 N T I N
A | ‘

1200 N I N

Deflection, f (mm, in

O'0000 5 10 15 20 25 30 35

Figure 6.18. Representation of loading as a function of the deflection.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

9

=— 1 xP=659x10> N =1.483x10> b
o day+2(L + Ly) 4

Solution: —>

- hth L po1781x10° N = 4.004x10° by
4a1 +2(L1 +L2)

The deflection, under the imposed load, exhibits an almost linear slight curve, in
the zones of static loading (0n), which corresponds to the static load stated by the
manufacturer. (4B) represents the zone of dynamic loading, where there are repeated
shocks at a normal cadence. (BC) represents the zone of exceptional or harmful
shocks, where the Hooke stiffness increases with the deflection. To attenuate
undesired vibrations, we opt for the compromise of an elastic suspension.

6.4.6. Case study based on a concrete problem with solution

Appropriate choice of springs and damping of the vibrations of the drum in a
clothes dryer:

Data:
— total weight of the dryer drum P = 45 1b=20.412 kg;
— speed of rotation of the dryer drum, RPM 560 rpm;
— placement angle (&) between the springs o=33%
— supposed acceptable moment of disequilibrium P.= 18 lin.in = 0.207 m.kg;
(including excentricity) of the dryer drum
— amplitude of the vibration of the dryer drum, in all Y=0.5in=12.7 mm.

directions, before resonance
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SOLUTION WITH DISCUSSION.— Consider a frame of reference (X0Y), with a slight
deflection (x) with respect to the center of the dryer drum. As we can see in
Figure 6.19 for the design, spring (1) is stretched and spring (3) remains
compressed. Spring (2) exhibits no notable change, so its length remains constant.
The forces applied to the springs shown in Figure (a), along the OX axis, would be:
Fpyings =—2¢08( ) Xk xxcos( @) =—1.5k X x [6.47]
The effective work of the springs corresponds, along the 0X axis, to [.5%.
Similarly, we can make the same observation along the OY axis. By strict analysis of
the damping forces, in the Cartesian space XOY, we can find the expression of the
effective damping factor: /.5¢:

—x is the displacement in mm or in;
— the first differential of the displacement with respect to time (t), V = (dx/d7);

—the second differential of the displacement with respect to time (7),
y = (d*x/dt).

Differential equation of the system of vibrations mea)2 sin(@r) = Mx +1.5¢x = —1.5kx

The amplitude of the displacement is written:

¥ = m? / \/(I.Sk ~M@?) +15c0 [6.48]

spring 3

spring 2 Angles between adjacent

springs and dampers

Figures 6.19. /deal representation of the springs under stress.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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F,

springl

F,

spring2| =0and

F:vpring3| = kxcos (a)

= kxcos(a);

The transmission function (factor):

my@?+(1.5k)* +1.5co

Frp = [6.49]
" \/(I.Sk—Ma)z)2+(1.5cw)2

In design, we suggest the following: (o /®,,) = 3 and therefore:
@, =J1.5(k/M) [6.50]
where: =27(N,,, /60)=58.643[rad/s] and o], =3 w, = /3=19.548rads]

M=P,,/g= 5.589|:S2.lb/m} = 2.081[52.kg/m} and thus deduce the value of (k):

2 2
“’] XM — k =[“’] x% = 29.691[@} = 530.221[’5}

w, w, in m

1.5k=a)3><M=(

Damping factor c, to limit the amplitude of displacement Y, to (1/2) in
conditions of resonance. Limitation imposed by the hypothesis Y = 0.5 in =
12.7 mm.

me=P/g=0047[s1b|=0.021] s kg | and c = % = 1.215{%} = 21.7{%}

Assured stability and controlled vibration

2
yaleutated mea)z/\/(l.Sk—Ma)z) +(1.5cw)’ =0.5in=12.7 mm  [6.51]
Resonance: The peak of the force of the solenoid required is Fy:
. =0.05¢, Y=Fy/co— Fy=Y xcw=0.808 kg =1.781 b [6.52]

Let us calculate the differential equation for the system: m,@”sin(@,7)= M+

1.5¢cx =—-1.5kx —
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m,@” sin(@,7) = Mi+1.5c =—1.5kv=F(7). The transmissibility factor of the

vibration forces is written:

Frg = m,@?(1.5k) +(1.5co) /\/(1 Sk—Mao? )2 +(1.5co)’ =49.91[Ib] = 22.639[kg]

At times T between 0°s, 0.5 s and 30 s, we have:

F(T) =
100 . .
0|kg
-24.873 s0-
46.747 1 ] i l
| l ,

62982  F(m) 0 o
ne| | I ‘ ” I ] ‘
71162 - 5or
62.982

—100 1 1
0 10 20 30

Figure 6.20. /deal representation of F(1). For a color version
of this figure, see www.iste.co.uk/grous/design.zip

6.5. Critical speeds of shafts in mechanical systems

All rotating shafts, even without any loading, undergo deflection due to the
influence of their own weight. The extent of the deflection depends on their
stiffness. The notations used in talking about such matters are as follows:

— m 1s the mass in kg or Ib;

— k is the constant of the spring of the shaft;

— f'is the static deflection localized to the attached mass in mm or in;

— Y= A is desired amplitude in mm or in;

— w 1is the frequency of rotation (angular velocity) in rad/s;

— w, is the so-called natural frequency, in rad/s;

— . 1s the critical frequency, in rad/s;

— P =mg is the force (the weight) in N or /bf;

— g is the gravitational constant, 9.81 m/s* (SI) or 32.2 ft/s”* = 386 in/s’.
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CASE 1.— At the first critical velocity — i.e. at the natural frequency (®,) — the shaft
simply flexes. At its second critical velocity, the shaft flexes again to the degree II,
and so on. This is illustrated below.

A m; m, / A
a)
/) W
()]
X m, 77
b)
m
7 2 77
®
W 7 A | A |
\ X . ¢)
4 v
« m

Figure 6.21. Representation of masses on shafts rotating at critical velocities.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

CASE 2.— When the shaft’s own mass is reasonably small in comparison to the
attached mass, the critical frequency is calculated thus:

Oupiticas =k/m [rads] [6.53]

This expression holds true regardless of the orientation of the shaft, whether the
inclination is vertical, horizontal or even between the two. The critical velocity is
expressed thus:
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),

critical = g/fstat [md/s] [654]

The action of the masses is similar to the phenomenon of a gyroscope, which
explains the very slight (negligible, even) difference between the two cases.

CASE 3.— When the shaft is subjected to loading only at the endpoints — i.e. without
any additional masses — the critical velocity is written as follows:

5
Ouiical =, f§a¥ [rad/s] [6.55]

max
static

shaft (P = mg), when the mass of the shaft is supposedly negligible but it supports
several other concentrated masses, as in the cases illustrated below.

is the maximum static deflection resulting from the uniform loading of the

v iz

\ my 4] A 43

Figure 6.22. /deal representation of a mass attached to a rotating shaft.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

These cases are handled by what is known as the Rayleigh—Ritz equation:

J J
wcritical:\/gxzpnxfn zpnxfn2 [rad/s] [656]

i=1 i=1
where:

— j represents the total number of masses forming the load;
— P, represents the weight of the n masses forming the load;

— f, represents the deflection of the #» masses forming the load.
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There are a variety of experimental and theoretical methods to distribute the
masses around every part of the system. We shall not detail these methods here, but
present the following example of the so-called Dunkerley equation:

—:L+L+L+ ..... — [6.57]

where:
— .. 1s the first critical velocity of rotation, of the multi-system illustrated above;

— w is the first critical velocity of rotation, linked to mass 1, etc., ®,.

Note simply that the equations used here (Rayleigh—Ritz and Dunkerley) are
approximations of the natural frequency of vibrations. At the highest critical velocity
of the shaft, note the loading of two masses:

1 1
E—;[allml +ayymy|+mmylagay —apay]=0 [6.58]

This is a quadratic form (1/0*) of positive roots with ®,; and , respectively
representing the first and second critical velocity — i.e. the natural critical velocities
of the vibration. Linked to the respective masses, we present the formulation as a
matrix, where a; and a, are the constants (coefficients). In this matrix, a;, is the
deflection located on the mass m;, caused by the localized mass my; a;; is the
deflection 1 caused by the mass m,, etc. The reciprocal work theorem is known as
Maxwell’s theorem in states a;, = a,;. For a multi-mass system, the equation of the
frequency is the result of the matrix calculation with a null determinant (A = 0):

1
[allml—ﬁj aypny ajzms
W
1
ar1m Ay My — — aHym
211 2™ 5 233 [6.59]
1
aszim Ay 033’"3—;

6.5.1. Case study with solution and discussion

Consider a rotating shaft where two gears are attached to it at the masses m;
and m, (see Figure 6.23). The pinion represents m; = 35 /b = 15.876 kg, and the
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gear wheel represents m,=751b = 34.019 kg. The respective deflections are
/1 = 0.0010in = 0.025 mm and f;=0.0002 in = 0.026 mm. We wish to find the
appropriate value of d and test the shaft by calculating its critical velocity of
rotation.

my =35 1b=15.876 kg; f; =0.001 in =0.025 mm — B, = m, f; =155.688 N =35 Ibf
my =75 1b=34.019 kg; f> =0.00025 in = 6.35x107> mm — P, =m, f, =333.617 N =75 Ibf

Calculating the moments

M, = Z{Plfl +Pfy)= 2(35 x0.001+75%0.00025) = 6.073 N.mm = 0.054 Ibf .in

M, = Zplff +Pff = Z35>< 0.001% +75%0.00025% = 0.114 N.mm? =3.969x10™> Ibf .in*

Calculating the critical velocity

[ BXxfi+PXf.
Dcritical = % =18 Z{ : 1 2 2} =723.029 [ﬂ}=6904 [me]

My Z{Plelz“LPzszz} s

\ i

Figure 6.23. Masses attached to a rotating shaft. For a color version
of this figure, see www.iste.co.uk/grous/design.zip

The shaft with the two masses (wheel—pinion) is capable of spinning at a critical
frequency of around 6904 rpm (rad/s). This design helps achieve equilibrium in the
system to prevent:

— pronounced deflection, and therefore an abnormal excentricity (g);

—loss of energy, noise and vibration, lack of safety, premature wearing out of
the bearings.

As ¢ is the excentricity resulting from the above, let us set:

— k.x is the force idealized by the spring (Hooke vibrations);

— (X+ &).0” is the acceleration of the center of gravity of the mass.
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X =m(X + &)’ [6.60]

Solving this equation gives us X, which would be the deflection of the shaft of
mass (m):

kX:m(X+£)a)2—>X(k—ma)2):m£a)2/(k—ma)2) [6.61]

WX W
\ meoo o e [ ]
4
W x4
-kX
Center of cG

Y A gravity (CG)

Figure 6.24. Masses attached to a rotating shaft. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

The deflection then becomes important, because it is quite significant when

k=maP;.q - The critical velocity is written: @, =yk/m . On the basis of

m=P/g , we can state k/m=k(g/P)=g/f . The static deflection f is caused by the
force P, so we set P/k , and hence: @00 =2/ f -

o () = | f := 0.00025in,0.00030in .. 0.001in
0
0| 1243103|s B
1| 1134103 Z
2| 1.05103 o f) = o
3| 982344 1.167x10°
4| o926.163
5| 878.635
833333
6| 837.746
71 802081 "
8 50

5x10°°  1333x107°2.167x107°  3x107°

Figure 6.25. Evolution of the critical velocity with respect to the deflection.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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If we were to calculate the critical velocity at all the simulated deflections, we
would clearly see how the deflection decreases in a manner inversely proportional to
the critical velocity of rotation. Therefore, we can see that the critical velocity of the
shaft is dependent upon the ratio of the gravitation to the deflection. It is also
possible to use the energy method to validate the expression of the critical velocity:

Max _1 o 1 2, _1 2
Elinetic = Elel +§m2V2 +e. _EmnVn
_ pmax max
Etatal - Ekinetic + Epotential -

[6.62]
1 1 1

Mo 2 2 2

Epo‘gntial :Elel +Ek2X2 +~":5ann

Each (k) represents the stiffness (Hooke’s constant) of a spring. The forces
applied are therefore Fy, F,, ... F,, giving rise to the respective deflections X, X,, ...
X,. The motion of mass is considered to be sinusoidal in form. The maximum
velocity of mass for a displacement of amplitude X, takes the form ®.X:

n
M 1 .1 5 1 5 2
Effeie =5 ma 4 mo@3 4= apx Y Xom, [6.63]
i=1

The work supplied by each force applied, with the slope (k), is represented
below.

| \ 0 -—X; Y

/ X.sin (wr) f
,’/ X2
g -

Figure 6.26. Evolution of the critical velocity with respect to the deflection.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

X

The equilibrium condition equalizes the kinetic energy E. and the potential
energy E, to give us the angular velocity of the system. The form of each vibrating
shaft is supposed to be identical in static deflection of the curvature, i.e. X; = cAj;
X, = cAy; X, = cA,. This approximation gives rise to the equation of the angular
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velocity (o). Ay, A2, ..., A, are the damping values in the system. Its own weight
P, =m,g = k,A,, and therefore m,= P, /g:

n

Siz (Yhg [oxY e,
— i=l _ i=1

= |—=t [6.64]

- n - n n
2ok \ 2 mar | 2 nA
i=1 i=1 i=1

When the natural frequency of rotation () is equal to the critical frequency (w,),
we write:

vritical =\ €% PA/S PA> [6.65]

4]

a,

NUMERICAL APPLICATIONS.— The masses m; and m, represent the pinion and the gear
wheel mounted to the shaft. The respective weights are P; and P,. In keeping with
the deflections noted during the motions of masses, we have written the influence of
the coefficients of the shaft as follows:

ay, = 1.5><10*6%= 8.4x1075 mm/kg

in

{PW}’“’I A -1 ay =10x107° I 5.6x107* mm/kg

P =60 Ibf =25401kg

pinion

a4y =ay, =3.25><10*6%=1.82x1041

(aj1) corresponds to the deflection of shaft 1, caused by the respective force.
To determine the critical frequency (velocity), we shall use the approximations of
the Rayleigh—Ritz equations, the Dunkerley equations, and the approximations
derived from the Dunkerley method, discussed below.

6.5.2. Method of approximation using the Dunkerley equations

According to the approximation derived from the Dunkerley equation, we can set:

g g 3 | rad
.., = == =1.381x10 e
whee VA \ Ray { s }
g g rad
.. = [=—= =830.328 [—}
PO Ay \ Pyagy s
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The frequency of rotation derived from Dunkerley’s approximation is:

{12:[ 21 + 21 ]:X:1.975x10_6%chunkerley:a)c =\g=711.58l [6.66]

@ Diyheel wpinion S

6.5.3. Method of approximation using the Rayleigh—Ritz equation

According to the approximation derived from the Rayleigh—Ritz equations, we
can set the expression of the deflections (f) as follows:

Frvteet = Puneet@1 + Ppinion@iz =3.845x10™ [in] =9.766x107 [mm]

4 7.
fpinion = Ppiniona22 + Pwheela21 =9.987x10 [m] =0.025 [mm]

Balance of the [wheel] and | pinion] — Px f2 =1
Pueet et =1.996x107°  1bin® | =5.841x10™ [ kg.mm® |

Prinion % [ 2heet =5-586x107° [lb.mﬂ =0.016 [kg.mmﬂ
> =P.f2 +P, [} =7.581852x107° Ibin® =0.022 kg.mm*
(V) wheel/ pinion = rfr + pfr =/ X an- =0. g.mm

Balance of the [wheel] and the [pim’on]%ngz l
Pooer X froneet =0.052 [1b.in]=0.598 [kg.mm)]
Pyinion > pinion = 0.056 [Ib.in]=0.644 [kg.mm]

D ot pinion=Fr 1y + By Sy = 0.107867[1b.in] =1.242 [ kg.mm]

The frequency of rotation stemming from the RR (Rayleigh—Ritz) approximation is:

@cRayleigh—Ritz = PcRR = \/g2(1)Pf/z (2)Pf2 =741.038 [rad/s]
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6.5.4. Method of approximation using the equations of the rotation
frequencies

a1 Mypheel + A20M pinion = 411 (Pwheel/g) +ay (Ppinion /g) = 1-975X10_6 [SZ:|
(al 1922 —dj24y] )mpmr = (all (Pwheel /g) Tay (Ppim'on /g))PwheeIPpinian =

_ 2 13 4
_(a11a22_a12a21)PwheelXPpinion/g =2.251x10 [S}

F(@,)=(1/@})-1.975x107 (/@ ) +2.251x10™" rad/s

... and let us prove for which values of (®,)— F(@,)=0

6.5.5. Method for solving the function F(w.): roots — (r, and r,)

We enter a hypothetical value for the solution, and modify it gradually until we
obtain: F(w,) = 0, which is the condition of equilibrium, in our design. The solver
that was used then demonstrates good convergence of the solution. We can
represent, on a graph, the function to find a value which is reasonably close to the
root corresponding to the solution adopted in the initial hypothesis F(w.) = 0, and
then present the proof. For example, for ®,= 711.58 rad/s, we find the roots of
Flw,)=0:

[ro = root(F(a)C),wc)J{ and {rl =root[F(q),q.—750,—7OOJ
[6.67]
1y =734.5087 and 1 =-734.509

We have just proved that ry and r; are the roots which return a zero value of
F(w,) =0. rp=734.5087 rad/s and r; = 734.509 1/s are the precise values of the
critical velocity ®cequat-Frequenciess found by the frequency method. We can deduce that
the approximation using the Dunkerley equation o.p = 711.580 1/s is better than the
Rayleigh—Ritz approximation w.gg = 741.038 1/s.

In the case of complex roots, only the real part (rp) is shown in the f(z) graph
below, and encapsulates the root 1.
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1x107°) / \ : =
1x107" \ :
: Proof

1x10” ! / :

(@) 1x10™" /. N\ bieth =0
0 1x10‘13/ L1 =0
1><10‘”|J Cafd

1x10” 12

- 500 0 500

z

f(-734.509) = 0 f(734.5087) = 0

Figure 6.27. Graphical solution of the roots of the function F(wc) = 0.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Comparison between the two approximations

Dunkerley! and Rayleigh-Ritz |
Rayleigh-Ritz _ 741.038 _1

Dunkerley S 711580

@,p =711.58(rad/s| and @.pp =741.038[rad/s]

Note that the Dunkerley equation underestimates the approximation. The
Rayleigh—Ritz equation overestimates it. There is an interval of (1.048 rad/s)
between the two.

COMMENTS ON THE DESIGN.— The TRUE value lies partway between the two
approximations. It can quite easily be shown that the design without preliminary
calculation is doomed to fail if the pre-project phase relies on it. Design is not a
matter of “sketching”, but rather of careful mathematical calculation.

6.6. Conclusion

Of the various methods available to provide long-lasting solutions to the
problems of vibrations, noise and shocks, the principle of conservation of energy is a
potent tool to help better understand the vibrations occurring in complex systems.
Systems which have slight damping generate errors due to the calculations of the
natural frequencies. The natural frequency tends to be treated as being zero, but in
our view, this is a mistake. The Rayleigh method, though, is readily applicable to
formed pieces and other shafts with associated masses. This method is based on the
observation that the systems (shaft-pulleys — masses — shaft-bearings, etc.) reach
their maximum deflections simultaneously at the lowest natural frequency (m,).
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Principles of Calculations
for Fatigue and Failure

7.1. Mechanical elements of failure through fatigue

Here we present the concept of safety coefficients. For a given structure, such as
a vehicle, hydroplane or even a tooling machine, to safely fulfill its mission
(purpose) in light of the loads to which it is subjected, it needs to be able to
withstand those loads for the set periods of time. Thus, a reassuring-sounding factor
known as the safety coefficient represents that ratio of strengths, written as:

[7.1]

S _ { Admissible loads } _ { Real strength }

strueture ™| = A polied loads Necessary strength

For fragile materials such as concrete, wood and composites, it is recommended
to consider the failure limit as equivalent to the material’s elastic limit:

S — Relastic _ Rﬁlilure [7 2]
structure in practice R’" practice .

tolerated tolerated

The value, often written as [S;], is dependent upon numerous phenomena acting
on the structure, such as shocks, fatigue, repeated loads, stress intensifications, the
morphology (nuance) of the material, the environment, the surface state, etc.
When choosing a safety coefficient, designers often find themselves facing
needlessly high costs. It would be very wise to have multidisciplinary experts
choose that coefficient. In addition, it is codified, and only legislation can govern the
choice. For example, a low (and therefore cheap) safety coefficient would expose
the designer and manufacturer to the danger of failure — often prematurely.

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Conversely, a high, and therefore expensive, safety coefficient could mean
overloading the structure beyond that allowed for in the technical specifications.

Many researchers prefer to make statements on the basis of reliability, or the
likelihood of destruction in relation to a safety zone, also probabilistic. This is what
appears to be favored by fracture mechanics. In many areas of mechanics, we also
use the load factor, defined thus:

[7.3]

sual Usual load during operation

s :{[F ]adml-ssib,e}z { Maximal admissible load }
' F,

In civil engineering, aviation, offshore structures, fatigue fracture mechanics
[GRO 94, GRO 13], it is common to allow a safety margin:
Safety margin = M, ={S, -1} [7.4]

This author’s own previous work has focused in great depth on the above
[GRO 94, GRO 13]. This book is dedicated primarily to design, so we shall limit
ourselves, here, to presenting a few values as illustrative examples of typical safety

coefficients. However, it is the responsibility of the designer to ensure a suitable
value of [S] is chosen.

[S] Loads exerted on the Stresses in the Behavior of the
coefficient structure structure material
1<S<2 Known and regular Known Known after test
2<5<3 Regular or well Fairly well known Average knowledge
known even after a test
3<5<4 Averages kngwn, or Averages kngwn, or Known without a test
uncertain uncertain

Table 7.1. Indicative values of the safety coefficient
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This table is merely indicative. In the real world, it is important to refer to the
specialized tables attached to standards and/or legislation. In the case studies in all
chapters of this book, we refer to a “homogeneous and isotropic” material. At this
juncture, it is worthwhile recapping the definition of these two important concepts.

A material is referred to as homogeneous when all of its component crystals are
identical (surface state, grains, internal structure, etc.). A material is said to be
isotropic when, within its own structure, all points (atoms) exhibit the same
mechanical characteristics along the three axes (xyz). For example, we made no
mention of this concept when presenting the case studies on the wooden platform, as
wood is not isotropic. It exhibits better resistance in the direction of the fibers and
poorer resistance perpendicularly to it. The starting assumption for many discussions
is that metals are homogeneous and isotropic. In our view, this hypothesis should be
treated with a degree of caution. Indeed, it is the typical trap into which certain
designers cannot avoid falling.

7.2. Analysis of materials and sizing in applied design

Mechanical design must, unavoidably, be based on the materials used for the
product. The calculations of stresses in a material are based on the six components
along (x, y, z). By direct application, we shall find the value of the stresses along the
three axes of the frame of reference. The axial stresses under longitudinal tension,
vertical and lateral compression, are as follows:

Traction {0, 0, 0,}={44.816-17.237 51.711} MPa ={6500~ 2500 7500} psi

Shear —{z,, 7., 7,.} = {~1000 4000 -2000} psi ={-6.895 27.579 -13.79} MPa

xy

Note that the (-) signs correspond to anticlockwise directions. The three stresses
{00, 01, 02} are written thus:

c, o, to, to,
C |= o.0, ‘0,0 ‘to.0. 12 12 -7? [7.5]
1|17 Xy yrz xYz xy Xz yz .
C 2 2 2
0 0,.0,0,+21,,7,.7, —-0,7, —0,T,~0,T,
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After solving the above equation, we find:

o, [-& S ={79.29-344.648-3.257x10*} MPa, or/
MPa) \ MP4*

[7.6]
C, [Cl] C—Oz ={1.15x10" ~7.250x10° ~9.937x10"°} psi
psit psi
The main stresses are the result of the function f(c), written as:
f(o)=0’-C,x0? +Cx0-C, [7.7]

Given the range of variables, which may take negative values, we assign (o) a
range o, from 1 to 27, and set: ©; = i(psi) or i(MPa). The fitting of the main root is
obtained by shifting (o) to see the negative regions of the function. Thus, at the scale
700, we have:

Shift; = {O‘i —10><(lbf/in2 )} at a scale =700, we set]
[7.8]

S = (scalex shift; )3 — C,(scalex shift; )2 +C (scalex shift;) — Cg

The graph of the function fl; with respect to (0) shows the variation of stresses
(+o) and (—o). After fitting the ¢ axis, we are able to state the appropriate values of
the stresses on the three axes:

{oy o, 03} =(12000 2400—-4600) psi =(82.737 16.547-31.716) MPa
0'={ root(f(0y),01) root(f(0,),0) root(f(0'3),0'3)}

[7.9]
o= (1.137><104 3.023x10° —2.892x103) psi =(78.385 20.842-19.937) MPa

The precise value of the primary longitudinal stress is then written as:

o ={1.137x10* 3.023x10° - 2.892x10° | psi ={78.385 20.842-19.937} MPa

After a second adjustment (fitting) using the following equation, we set:

f(aT)O f(oj)lf(aT)z:{—7.678><10’5 0 o} psi3={—z.517><10*“ 0 0} MP&®
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---- - 2x10
fl;

(MPa)?
— 1.4x10°

—2x10°
—1x10® —sx10® 0 sxa0t 1x10° 1.5x10°

shift;

Figure 7.1. Function fl; with respect to (0). Variation of stresses (+0) and (-0).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Therefore, the maximum stress is written:

{maxa =if (|max o]) - |min(6)|,|max 6,min(0‘)| =1.113x10* psi = 78.385 MPa

With the three primary stresses o, let us find the maximum stress C:

; (G o, 7o) [1137x10* —2.5x10°  4x10° .
C=0" - = 3 5 3 pst
Oy Ty Ty 6.5x10°  —1x10° —2x10
Cx i 14200 psi 7-10]
0 Oy Ty psi O, Ty,
o=C" - = ’
Oy Ty Ty [ o, Ty Ty
Cceol - G 0y Ty =(78.385 -17.237 27.579j
o, 7, 7, \44816 -6.895 —-13.79
Cx ny ry 97.906 MPa o, T [7.11]
Z N a v4
o=cl 5| * 77 |- Y MPa
Oy 7'.xy 7’.yz Oy Txy Tyz

The direction cosines enable us to write ([lx I, Ilz)z (0.5 0.5 0.5). Given

that:

[o-x —(O'T)O}xllx + 7, X1}, + T, XTI}, =0 psi
[7.12]

T, %1, +[0y —(O'T)O}Xlly +7,, %1, =0 psi
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+0.646
I> +1° +17 =1 — Find (I, Iy, I, ) =| -0.154 [7.13]
+0.748

Finally, let us write the direction cosines along the three primary directions and
the maximum shear stress at the greatest magnitude of stress m:

a)={(0'1 -0,) (0,-03) (0'2_0'3)}/2

[7.14]
0={4.8x10" 83x10° 3.5x10°} psi={33.095 57.226 24.132} MPa

The maximum shear stress is:

Max (1) :if‘max(a))‘ - ‘min(a)) ,max (@), min (@) =8.3%10° psi=57.226 MPa  [7.15]

7.3. Sizing of pivot joints with bearings

The performance of a bearing is based on its lifetime, which is dependent upon
the number of rotations the bearing carries out before showing signs of wear.
“Jamming” may also occur due to an insufficient supply of lubrication. The bearing
has contact between rolling bodies and rings, which are the site of specific types of
stresses. In this book, we shall not discuss the phenomena of wear and tear. Let us
simply remind readers that it is important to take account of these phenomena during
a live project. Little by little, designers (particularly in the field of aeronautics) are
coming to use quite advanced calculations to optimize the performances of the
mechanical systems they create. For instance, in industries where the weight-to-
power ratio needs to be as low as possible, in the design calculations, CAD software
offers calculation tools in line with the drawings made. Evidently, for a designer, a
bearing is one of the most frequently used mechanical components in connections
between rotating sub-systems. The catalogues from bearing manufacturers (such as
SKF, among others), supported by ISO standards, help in choosing and installing the
right components for the mechanism at hand.

Methods for sizing of bearings are not all covered by ISO 281: 2007 [ISO 07],
which applies only to constructions where the rolling parts transfer power to the
shaft, not to the bore, unless the surface area is equivalent to the inner ring. We then
calculate the clearance fit, as illustrated by Stribeck’s work [STR 07], where the link
with Hertz’s theory (contact between the ball bearing and the track) applies. The
work of Lundberg and Palmgren [LUN 07] constitutes the basis for Norm 76
[NOR 76]. By studying the fatigue behavior of bearings, it is possible to put forward
a sizing criterion.
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7.3.1. Basic formulae for calculating lifetime

The below formulae are inspired by manufacturers’ documentation. The lifetime
of a bearing can be calculated in a number of different ways depending on the
operating conditions. The simple method based on ISO 281: 2007 can be used to
calculate the lifetime achieved by 90 % of bearings working under dynamic loading.
It is linked to the phenomenon of fatigue of the material as a cause of failure. To
determine the lifetime in accordance with ISO 281: 2007, we calculate the following.

1) The equivalent dynamic radial load P

P=XXF.+YXF,, [7.16]

where:
— X and Y are load factors defined in a table provided by the manufacturer;

—F, and F, are the axial and radial forces applied. The nominal lifetime L, is
calculated thus:

n n 6
L= < x10°; turns or indeed L= gj X 10 hours [7.17]
P P 60N

for: P = C; L10 = 106 rotations, which is the dynamic load capacity (in N). n = 3
constant for ball bearings and n = 10/3 for roller bearings.

2) Basic dynamic load of the bearing

The basic dynamic load of the bearing is calculated using ISO 281: 2007:

Ball bearing, dp,;; < 25.4 mm,C = f, (i><cos(0{)7“0 x 2?3 x DL;S)
Ball bearing, dp, s <254 mm a = 90°,C = f, (005(01)2/3 XD&VB) [7.18]

Roller bearing, C = f, (i><1>< 005(0()7/9 x 734 x szvg/n)

— Dy, is the diameter of the rolling part, which is big;

— Z is the number of rolling parts.

3) Load capacity of double bearings

Double bearings are ones with two sets of rolling parts (i = 2) or indeed sets
made up of two identical bearings. The capacity (C.) of the whole system is that of one
set (C), multiplied by the number of sets of balls {2”'° = 1.625 and 2"° =1.715}.



234  Applied Mechanical Design

According to documentation published by SNR and SKF, doubling a bearing improves
the platform’s load capacity by around 70 %, depending on the type used:

—axial load factor Y: the axial load factor Y, which depends on the contact
angle, is calculated differently depending on the type of bearing:

- radial-contact ball bearings: the contact angle (a) is zero, with a single radial
load. The axial load creates local deformations at the point of contact between the
balls and the bearing tracks. This leads to a relative axial displacement of the two
rings. Thus, (o) increases as a function of the axial force applied. A ratio F,/Cy is
used to calculate Y. It takes account of the modification of (o) due to the axial force;

- angular-contact bearings: the contact angle () varies little depending on the
combined loads. The axial load factor Y for a given (o) is roughly constant. Oblique-
contact ball bearings, with an identical value of (o) for all the bearings, are
calculated with the same (Y). Conical roller bearings have a Y which varies
depending on series and size.

4) Static capacity

The dimensions of the bearing are chosen on the basis of the static load when the
bearing is at rest, or undergoing slight oscillations, and subject to continuous or
intermittent loads. Owing to the stresses in the contacts of the rolling bodies with the
tracks, the application of a static load causes permanent local deformations. When
rotating, these deformations are damaging to the proper function of the bearing.
A maximum admissible radial load is imposed. The stress resulting from that load
can be tolerated for the majority of applications. The basic static capacity Cy is also
its maximum admissible load. The basis static capacity of a bearing C, is defined by
ISO 76: 2006 [ISO 06]. The same is true for the radial load (or axial load in the case
of stops) which creates a Hertz pressure in the contact under greatest load.
Manufacturers suggest:

— 4000 MPa for roller bearings and roller stops (all types of bearings);
— 4200 MPa for ball bearings and ball stops (except roller hinges on balls);
— 4600 MPa for roller hinges on balls.

5) Equivalent static load P, and safety factor

When the bearing is subject to combined static loads of which F; is the radial
component and F, the axial component, an equivalent static load is calculated and
compared to the bearing’s static capacity. The safety factor f; is important in the case
of bearings operating in harsh conditions:

F,

vty = Co/ Py » dimensionless [7.19]



Principles of Calculations for Fatigue and Failure 235

Here are a few minimal values, in principle, for the safety factor Fi:
— 1.5-3 for severe requirements;
— 1.0-1.5 for normal conditions;
— 0.5-1 for operations without requirements in terms of noise or accuracy.
6) Equivalent static load
The equivalent static load is the larger of the two values:
o Z{XO xF.+Y, XFa}, F,=0 —>f0r{PO = F,} or negligible [7.20]

Coefficients Xy and Y from SKF or SRN tables. F, and F,, are the static forces applied

7) Variable loads or speeds

When a bearing operates under variable loads or at variable speeds, an equivalent
load and speed are determined in order to calculate the lifetime.

8) Constant load and variable speed of rotation
k
Equivalent speed: N, ={7;N, + 7, N, +...+ T, N} }; Z 7, =1 [7.21]
i=1

9) Constant load and speed of rotation

1/n
Equivalent load: P, = (rlPl” +7,B" +...+TkPk”) ; Zrk =1 [7.22]
i=1
10) Periodic load and constant speed of rotation
— Equivalent sinusoidal load: P, ={(0.32x B,;,)+(0.68x B, )} [7.23]
— Equivalent linear load: P, ={P,,,/3+2P,,.} [7.24]

If the speed and load are variable, we calculate the lifetime for each rate of use,
and then the weighted lifetime for the whole of the cycle.

11) Variable load and speed of rotation

—1 k
o T T
Weighted lifetime: Lyygignieq =(L—1+L—2+...+L—kJ ; Zrk =1 [7.25]
() k i
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where:

— Ty usage rate;

— Ni: rotation speed for usage rate Ty;

— Py: load for usage rate Ty;
— L lifetime for usage rate Ty;

—n = 3: bearings and ball stops;

—n = 10/3: bearings and roller bearings.

12) Axial equilibrium of the shaft

As the paths of angular-contact bearings are inclined, the radial loads F;; and Fy,
produce an axial reaction force, known as the induced axial force. RxQ,; and RxQ,,
are the axial loads applied to the bearings. If the bearing is that whose induced axial
force is in the direction of the external axial force A, the equilibrium of the shaft is

calculated as follows:

F
Case of loading: A+ {—’1 -

2y,

L

7

21,

}

[7.26]

Bearing 1 operating with
CLEARANCE FIT

Bearing 1

Bearing 2

Applied axial load

RxQ, ={F,1/2Y%}

RXQ, = A+{F, 2]}

Axial load used in calculation of the
equivalent dynamic load

F, ={0}

Fp ={Rx0,}

Table 7.2. Axial equilibrium

rl

E
Case of loading: A+ {( 3

1

F
< r2
(2Y2

)

[7.27]

Bearing 2 operating with
CLEARANCE FIT

Bearing 1

Bearing 2

Applied axial load

RxQ ={F,/2} -4

RxQun ={F1/21,}

Axial load used in calculation of the

equivalent dynamic load

Fal :{RXQal}

FaZ :{0}

Table 7.3. Axial equilibrium. Case of loading
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The required lifetime for the bearing is set by the manufacturer of the machine.

13) Corrected nominal lifetime and reliability of bearings

The basic nominal lifetime L, is a satisfactory estimate of the performances of
a bearing. It represents 90 % reliability, in normal operating conditions. Beyond a
certain level of loading C,, a quality bearing could achieve a very long lifetime, in
favorable lubrication conditions. ISO 281: 2007 introduces a lifetime correction
factor, a 150, which can be used to calculate a nominal lifetime as follows:

Ly = ayXazso X Ly [7.28]

The coefficient L,, represents the estimated influence of the lubrication and
contamination of the bearing. It takes account of the fatigue limit of the materials,
with which the bearing may begin to exhibit deterioration at a random time. The
reliability value F for an operational lifetime L is expressed in mathematical form as
a function of the reference lifetime L,:

Vi 1
F=exp {[lnng] } and a =[L]:( In# j/ﬁ [7.29]

The correction coefficient a; is calculated with a slope of the Weibull line;
B = 1.5 (mean value for all bearings and stops). These reliability values demonstrate
the great dispersion characteristic of the lifetime of bearings:

—30 % of bearings in a given batch achieve a lifetime that is five times the
nominal lifetime L,g;

—10 % have a lifetime equal to eight times the nominal lifetime L,y. Bearing
performance can only be analysed by means of multiple identical tests. Based on the
statistical results, it is possible to draw meaningful conclusions.

Unlike what is expressed by the above formulae (employed in ISO 281: 2007 to
calculate the coefficient a,), there is a certain value of operating time below which
the bearings exhibit no risk of failure (reliability 100 %). This value is roughly equal
to 5% of the lifetime (axLj). In reliability calculations for short periods of
operation, we use the above formula, but with a correcting factor a = 0.05:

9( L ’
F=exp [ln—(—j—aJ x(l—a)_ﬂ and D={1-F} [7.30]
101 Z;,
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For every value of reliability F (or R), there is a corresponding likelihood of
failure D =[1-F]. This is illustrated on a Weibull plot (log-log scale) by a line
having the slope B. The values of (a;) and of reliability for a chosen duration are read
as follows:

Reliability | L,, a Reliability L, a Reliability L, a
90 L10m 1 99 Llm | 0.25 99.9 L0.1m | 0.093
95 L5m | 0.64 99.2 L0.8m | 0.22 99.92 L0.08m | 0.087
96 L4m | 0.55 99.4 L0.6m | 0.19 99.94 L0.06m | 0.080
97 L3m | 047 99.6 L0.4m | 0.16 99.95 L0.05m | 0.077
98 L2m | 0.37 99.8 L0.2m | 0.12

Table 7.4. Reliability 100 %, L.m, as. Sourced from manufacturer SNR

According to the theory of compound probability, the reliability of a set of
bearings is the product of the reliability values for its individual components:
F =F,xF,x...xF,. We can deduce the lifetime of a set on the basis of the lifetime L,
of each of the bearings:

N

Le=((ym)"* + (L)' .t (yL, ) [7.31]

The probability of failure of a set is, roughly speaking, the sum of the
probabilities of failure of each bearing (for small failures): D=D; + D, + ... +D,.
The reliability of a mechanical system will be greater, in terms of its bearings, when
the individual bearings have longer lifetimes. The lubricant separates the active
metal surfaces in the bearing by maintaining a film of oil between the rolling parts
and their tracks. This helps prevent wear and tear, limits abnormal stresses and
limits the buildup of heat. The lubrication of the bearing is characterized by the ratio
of the thickness 4 of the film of oil to the equivalent roughness of the surfaces in

contact: R, =+ R} +R2, .Here, R, is the mean roughness of the bearing tracks and

R,; is the mean roughness of the rolling bodies. The efficiency of the lubrication
defined by the ratio h/Ra has a great influence on the effective lifetime of the
bearings.

7.3.2. Determination of the minimum viscosity necessary
The oils used are often mineral oils with a viscosity index close to 90. Oil is

characterized by its nominal viscosity (in centistokes) at the nominal temperature of
40°C. From this, we deduce the viscosity at the operating temperature. The normal
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operating temperature of the bearing is between —20°C and +120°C. Beyond these
operational limits, it has an impact on:

— the characteristics of the steel;
— the internal operational clearance fit;
— the toughness of the joints and cages made of synthetic material.

The operational conditions of bearings outside of “normal” temperature ranges
are presented thus:

Ope}%téonal 40 20 0 40 80 | 120 160 200 240
Steel alloyed . .
with Cr. Standard Fatigue resistance. Therml
(100 Cr6)
CLE/}T{} NCE Normal operation Increased CLEARANCE FIT
Grease Low .T Standard Loss of High .T Dry lubrication
special performance special
Joint Standard, acrylic nitrite
| Special (fluoride elastomer) |
Cagzs(itr’l"re) [ Polyamide 6/6 |
& Metal

Table 7.5. Continuous operational temperature in °C. Source SNR

7.4. Faults of form and position of ranges on the operating clearance fit

The basic dynamic load of a bearing is defined supposing that the operational
radial clearance fit (clearance fit of the bearing after construction) is zero; that
means that half of the rolling parts bear a load. In practice, the operational clearance
fit is never zero. Faults of alignment on stiff bearings (without ball joints) are
expressed by an angle between the axis of the inner ring and that of the outer ring.
The bearing is a precision part, and in calculating its fatigue resistance, we assume a
homogeneous and steady distribution of the load amongst the rolling parts. It is
necessary to calculate the stresses using the finite element method when the
distribution is non-homogeneous. Faults may stem from a lack of:

— concentricity between the two ranges of the shaft or casings;

— alignment between the axis of the shaft and that of the casing of a given
bearing;

— linearity of the shaft and perpendicularity between the shoulders and ranges.



240 Applied Mechanical Design

The maximum value of the admissible alignment faults, without significantly
impacting the lifetime for a normal operating clearance fit, would be as follows.

Calculation formulae (Fu/F)=e | (F/F)-e

Bearing with one set of balls 0.17° 0.09°

Stiff bearing with two sets of balls

0.06° 0.06°
Bearing with cylindrical or conical rollers

Table 7.6. Alignment faults. Source SKF

7.5. Friction and speed of bearings

The friction of a bearing and its increase in temperature depend on numerous
parameters such as the applied load, the friction of the cage, the lubrication, etc. For
most applications below the limit speed and without an excessive amount of
lubrication, the friction in the bearings is calculated thus:

My =(u/2)xFxD,, [N.mm] and Pp = M r@/9550 [W] [7.32]

where:
— Mg, resistant moment (N.mm);
— Py, absorbed power (W);
—F, radial load for bearings and axial load for stops (N);
— Dy, mean diameter of bearing. D,,= (d + D) / 2 (mm);
— o, rotation speed (min™");

— , friction coefficient.

Friction coefficient u Friction coefficient u
Radial contact ball bearing 0.0015 Ball stop 0.0013
Ball joint bearing on balls 0.0010 Cyl”{)d“c.al roller 0.0050
earing
Oblique contact ball bearing Conical roller bearing 0.0018
One set of balls 0.0020 | Balljointbearingon | 4 5 ¢
rollers
Two sets of balls 0.0024

Table 7.7. Bearings without watertight joints. Source SKF
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ISO 15312 introduces the concepts regarding the velocities of bearings such as
the reference thermal velocity, the maximum admissible velocity and the limiting
velocity. The reference thermal velocity is the speed of rotation of the inner ring
where thermal equilibrium is achieved between the heat produced by friction in the
bearing (N,) and the heat flow emitted through the site (shaft and casing) of the
bearing (®r). It operates in reference conditions, such that the heat generated by
friction (N; = ®r) in a bearing at the reference thermal velocity in the reference
conditions is written thus:

N, =7r><n0r/(30><103)><N0r XNy, [7.33]

where:
— M,: moment of friction independent of the load;

— M;;: moment of friction dependent on the load.
N, = xn,, [30x10° {107 £y, 3v,ng, xd5, + £, R, d,, } [7.34]

where:
— Py, is the reference load;

— o 1s a correction factor for the moment of friction independent of the load but
dependent on the velocity in the reference conditions;

— dy, is the mean diameter of the bearing d,,, = (D + d)/2;

— 1), is a correction factor for the moment of friction dependent on the load.

According to ISO 15312, a bearing in operation may attain a maximum
admissible thermal velocity, which depends on the reference thermal velocity.

7.6. Sizing of bearing pivot joints and lifetime

The sizing of bearings is assumed to be known in manufacturers’ mechanical
specifications. In mechanical design, the bearings are chosen so as to conform to
requirements relating to the conditions of bulk, speed, precision, metrology, setup,
etc. The same is true when calculating the tolerances (clearance fits). The range of
available bearings is clearly set out in manufacturers’ manuals, which offer tables
and exact grids to reliably calculate lifetimes. The dynamic criteria are dependent
upon phenomena of fatigue due to the cyclic stresses to which the material is
subjected. ISO 281: 2007 is in force in this field. Crack propagation leads to the
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appearance of chips in the “bearing paths”. These phenomena are detected by noise
analysis (see Chapter 6), by analyzing the temperature or the increase in the resistant
moment on the shaft. According to ISO 281: 2007, the bearing shows signs of
fatigue after a series of cycles, of greater or lesser length. In design, we cater to the
desire for reliability: the probability of reaching, or even surpassing, a certain
lifetime (L in hours of rotation or Ly in 10° rotations) at a load P (N). Two bearings,
even if they are identical, may behave differently when mounted in the designed
mechanism. To resolve the question of reliability, we use statistical methods. Taken
from the manufacturer SKF, below are a few values of lifetimes based on experience.

Lifetime L in hours
Velocity reducers 20,000-50,000
Tooling machines 20,000-80,000
Textile machines 50,000—-65,000

Automobiles 900-10,000
Machines such as tractors 500-16,000

Table 7.8. Indicative examples of lifetimes. Source SKF

Data for calculation of the reliability of a bearing using Weibull’s law:
— L is the lifetime of the bearing in hours of work;

— Ly is the lifetime of the bearing in millions of rotations (10° rot.);

— F is the reliability of the bearing according to Weibull’s law;

— D = 1-F is the probability of failure (D %);

— o is a position parameter, o. = 0.025;

— B is a form parameter, § = 1.5;

—1 is a scale parameter, n = 1.

The reliability F in % of the bearing is expressed thus:

B 1

9 L InF \g
F=exp|In— |x| — | ;B =slopeand L= XL
p[ 10] [Llo] p = slop (1110.9) 10

[7.35]

B
L/Liy—
With (ot and B) we set — F:exp(lnﬁ)jx[(/]loa)]
-
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The probability of failure D in % is expressed thus:

B

L/Li,—

D:1_F:1_exp(1n190j{(/lma)] , Low D=0 —for L < arly [7.36]
-

7.7. Case study: statement of the problem

The results below confirm those presented in the technical literature published by
SKF and SNR, where the reliability during the warranty period is F, = 99.75 % for a
reliability of 95 % with D = 5 %, oo = 0.025 and § = 1.5. L = 24 hours, 48 hours up
to 24,000 hours.

Probability of failure D% or cumulated % of deteriorated bearing

1

1SO 281
| e -
0.011-
0.96
D(L) 1x10 °F F(L)
4 3 0.4
1x10 i D=1-For
' Weibull line
- 2
1x10"°F 052
110 ° — ' 0.9
100 1x10° 1x10* 1x10°

I lifetime

Figure 7.2. Calculation of the lifetime in accordance with ISO 281: 2007. For a
color version of this figure, see www.iste.co.uk/grous/design.zip

For L=0.62XL;, = 1.488%x10* h and arx L) =0.025x24000=600 2, we can see
that at the 401* iteration of our calculations, F = 97.50 %.
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7.7.1. Internal clearance fit of bearings

Bearing manufacturers publish tables guiding the choice of fits of the rings in
typical conditions. It is wise to closely study the influence of pressing on the internal
clearance fit of the bearings.

Shaft Bore
Load
C/P>5 C/P <5 C/P>5 C/P <5
ORrot./load g6 J6 M7-N7 N7-P7
IR rot./load J6-k6 M6-p6 J7 H7 or Rollers: M7-P4

Table 7.9. Representation of shaft/bore clearance fits. Source SNR

ISO 5753 describes the radial clearance fit J, for the different types of bearings.
For that purpose, the manufacturer SNR has published the table below.

Type of bearing, R Jmean (LM) J/Jr
Stiff ball bearing 103d J(D=d)/20
Oblique contact ball bearing - =0.83
Cylindrical roller bearing 4x1073d -

Ball joint bearing, balls 2x1073d Y,/0.44
Ball joint bearing, rollers 5%1073d Y,/0.44
Conical roller bearing - Y, /0.8

Table 7.10. Representation of a number of shaft/bore clearance fits. Source SNR

Measured in a static position with no load, the internal clearance fit in bearings
represents the dimension of displacement of the ring with respect to the other. This
gives us J, and Jr, and therefore the initial mean radial clearance fit (J;pean) and the
residual mean radial clearance fit (Jimo).
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B - Radial clearance ﬁ
Bal
\

Axial
clearance

|

N \
SECTION B-B +
B <!
A
, Load line —
, ]
=0 I —
Y Radial L
clearance ]
. J/r::::i
Reference I —
. \
7 Axial ‘::::j
———
w clearance 7?[ /??i
/77 —
SECTION A-A A

Figure 7.3. Representations of clearance fits on bearings. Figure (a): bearing with
radial and axial clearance fit (radial contact) and figure (b): Axial clearance fit for
oblique contact. For a color version of this figure, see www.iste.co.uk/grous/
design.zip

Shaft d = 25k5 Bore =62 N6
+2 um +11 um =33 um +14 um
-2 um —11.5 um —21 pm —1pum —17 pm -33 um
-5 um —18 um —5.5 um —28.5 um

Table 7.11. Representation of gaps, clearance fits and press fits. Source: SNR


www.iste.co.uk/grous/design.zip
www.iste.co.uk/grous/design.zip
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Elements of bearing Range At, Repercussion rate
Solid shaft Ati=8/10
IR, Inner ring
Hollow shaft Ati=6/10
Steel/Cast iron Ato=7/10
OR, Outer ring - -
Lightweight Ato=5/10
alloys

Table 7.12. Repercussion rate. At,. Source SNR

Class C2 C0 C3 C4 cs
Jomn | Jomw |1 [ 10 ] 5 J20 [ 13 [28 [23 [41 [30 |33
Jomean [Hm] 6 125 20.5 32 415

Table 7.13. Classes of clearance fit for the shaft (d) of 24-30 mm. Az,. Source SNR

7.8. Biaxial stresses combined with shear for ductile materials in
concrete application

Consider:

— stress in direction (ox), o, =220 psi= 1.517 MPa;

— stress in direction (0y), oy, = 120 psi = 0.827 MPa;

— shear stress, Ty, = 200 psi= 1.379 MPa;

— variation of the angle (8) = 0°, 5° ... 180°. Target angle: (6,) = 15°.

Ox

Figure 7.4. Representation of stresses in the frame of reference
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QUESTIONS.— Calculate the normal and shear stresses and, on two different
plots, show the evolution of the stresses as a function of the variation of the angle
(0). The calculations must be shown both in SI and imperial units.

— Respective calculations of the normal stress o(6) and shear stress 7(6)

a(8) =%(0'X +cry)+%(crx 0, )cos(26) +1,,sin(26) = 313.301 psi = 2.16 MPa
7(6) = %(ar ~0, )sin(26) - 7,,, cos(20) =~148.205 psi =—1.022 MPa

[7.37]

— Expressions of maximum normal and shear stresses

For @=arctan(2r,, /(0, —ay))/z =37.982°, then o ="... !

o, =(0o, +O'y)/2+\/((ax —ay)2/4j+rfy =376.155 psi =2.593 MPa

ZTx /4
For 6 =1arctan L |+5 0 /2=127.982°, then o, —
o,—0o,) 2

0,=(0,+0, )/2—\/(0'x -0, )2/4+r§y =-36.155 psi=-0.249 MPa

In the same conditions but with shear, T,

%

2
Tonax =\/(0'x -o,) /4+r§y =206.155 psi =1.421 MPa

— Graph plots of the stresses

deg

Figures 7.5. Representation of stresses as a function of the angle (6). For a
color version of this figure, see www.iste.co.uk/grous/design.zip
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7.9. Fundaments of sizing in mechanical design. Soderberg equations
in fatigue of ductile materials

Numerous factors come into play in the sizing and specifications of elements of
machines. They are very often connected to the movements, the forces, the geometry
and the materials. Solutions may be reached in many case studies without the
equations introduced being absolutely exact. Particular attention must be paid to the
formulation of the problem at hand, in terms of stresses, to calculate the safety factor
[SOD 30, SOD 35]. We set:

Ko
__DE =% in termes of stresses e A T l
OC-0D 04 0,/fs =04 O,
X [7.38]
o, o
Hence iz 27 Gay - fi= Y
1 o, o, O +(0,/0,)K 0,

The term in the denominator is simply the side OC.

Se B Soderberg triangle for ductile
materials
DE | _[OB
K&E {OC—OD}_{a}
Se/f.A T
o A
Sav L— D C Sy

S,/f.s

Figure 7.6. Representation of Soderberg triangle for ductile materials

7.9.1. Application of Soderberg equations

Axial load: 0=F/A where F is the load in N and A4 the area of the cross-section

in mm®.
Ao Fav+(GY/ae)KfFr 2 2
Sfs= J —> A= [mm or in J [7.39]
Fo+(0)/0,)KfF, oy/fs
Pure bending: 0 =M xc/J, in psi or MPa [7.40]
J M, + KM,
fo= ( /C)O-y N J/C= a (O-J//O-e) S [741]

M, +(0, /0, )K M, o,/fs
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where:
— c is the radius to the furthest fiber in mm or in;

— M is the bending moment;

4

b

— J is the polar quadratic moment of inertia in mm* or in

— W =J/c is the resistant moment (or resistance modulus).

Case of a shaft subject to simple shear T=Txl/J psi or MPa [7.42]
J/c)o, T, t\0g, /0. KT,
fo= (J/c)oy, N %: a ( w/ Se) ~ [7.43]
Tav + (QYy/5ye)K_/§7; O-Sy/fS
where:

— T is the torsion moment (or torque) in N.mm or Ibf.in;
— J is the polar moment of inertia of the section of the area A in mm* or in”;
— [ is the length of the radius to the furthest fiber in mm or in;

— Ky is the torsion-fatigue notch factor.

Shafts and pulleys are often subjected to combined forces of bending and torsion.
For cases where the material is a ductile steel o, and c,, we set:

oo We)x(,2) _)L%:TaV‘L(O-y/GE)KfsTr

- 7.44
T, +(0, )0 KT, (0,/2) s 744

7.9.2. Stress intensification factors (SIFs)

The term “stress intensification” refers to the result of changes in geometric
form, of shoulders, bores, notches, grooves, etc. The nominal stress is sometimes
calculated for the minimum cross-section. This is not always the case, because the
designer needs to take account of the exact geometry.
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Figure 7.7. Theoretical stress intensification factor for a bending bar. For a
color version of this figure, see www.iste.co.uk/grous/design.zip

The maximum stress (Gy,y) is ordinarily calculated on the basis of the geometry:

Applied stress 0, a
o...=(2a/b)+1|x0 K, =————————="1X | 7 4] 7.45
max [( /b) ] *  Nominal stress o ( b j [7.45]

For plates (sheet metal) [TIM 51], when the geometric ratio (a/b) is large, the
ellipse moves closer to the transverse crack, and the SIF then becomes fairly high.
Conversely, when the geometric ratio shrinks, the ellipse approaches the
longitudinal notch, and the decrease in stress is slight. For “circular” holes, the
geometric ratio (a/b) = 1, giving rise to a maximum stress three times as great

(3%Cuma)-

7.9.3. Case study

Consider a centrifugal fan, spinning at 560 rpm. The main shaft is made
from machined SAE 1018 steel. The drive belt is subjected to a moment
M,pp=2.560 lbfiin = 289.241 N.mm, given that the force F = 620 /bf'= 2758 N. As
illustrated below from the preliminary stages of the design project, the ratio of the
diameters D/d = 1.2, and the threads are presented as: r=(D —d) /2 = 0.1xd.
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QUESTION.— The designer must clearly specify the sizing [d, D and 1] in inches and
mm for a safety factor f; supposed to be no greater than 2.75.

Here:
— Ogcc is the endurance limit without stress intensification;
— Oycc 18 the endurance limit with stress intensification;
-K_=1.62 is the correction factor for the torsion-fatigue notch;
—F <2.75 is the safety coefficient;

—R is the radius of the shaft (D/2, lever arm of moment) = 1.969 in =
50.013 mm;

— F is the applied force = 620 Ibf = 2758 N;

—M,,, is the applied moment of force (given torque) = 2.5600 Ibf.in
289.241 N.mm;

—¢ = MxK; is the correction of the torque at the level of the cotter pin
(see diagram);

— C4q =0 is the radius of the external fiber furthest from the axis of the shaft;
— 6, = 54,000 psi = 0.372 MPa is the traction resistance stress;
— 0. = 25,000 psi = 0.172 MPa is the elasticity stress;

— Oy = 75,000 psi = 0.517 MPa is the ultimate traction stress.

a | Cotter pin groove
>> * ) 1
- D |
|

% N | d
R
Plane of application of forces in belts

Figure 7.8. Main shaft of fan. For a color version of this
figure, see www.iste.co.uk/grous/design.zip

SOLUTIONS WITH DISCUSSION.— Calculation of the moment applied to the shaft, M,

M ppeutased = F X R =620x1.969 =1221 Ibf in =1,379x10° N.mm [7.46]
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The correction factor for the geometry of the notch is given:

endurance limit without stress intensification O
Kg = i =3¢ =162 [7.47]

endurance limit with stress intensification O pee

Estimation of correction coefficient for the calculated moment, ¢ = (M,xKo):

¢=KgM,,, =2.5600x1.62 = 4.147 Ibf.in = 468.571 N.mm [7.48]

In the knowledge that Cy; = 0, let us set Cd:d,«/d:(ﬁd3/16)(l—cg):0 and

calculate the resistant moment (W,,), also known as the resistance modulus of the
cross-section in question:

2
_ s oy _ .3 3
W =——= —oM.;) | +M,, =0474in" =T7775 mm [7.49]
4 ca app

O-y (1_Cd) O-e

In addition, for d = 1.969 in = 50.013 mm, we calculate the resistance modulus
(resistant moment) Wyy,. The resistance modulus Wyy is written with respect to the

xx' (or yy') axis. We read the expressions of these moduli as a function of the
geometry of the cross-section. If dgepes=1.969 in = 50.013 mm, then:

Wy = B Yeeq [32 = 0.749 in® = 12281 mm’ [7.50]

The verified radius (r) and (D) are written as:

Fooriod = 0-1d gorepog = 0.1969 in = 5.0013 mm
{ ified ketched [7.51]

Dyoriied =12 g0sepeq = 2:3628 in = 60.0151 mm

sketche

From Wyyv = ﬂ-dSSketched /32 , WC draw dveri/"ied = 3[32Wyyv/7[ =1.6907 in =42.9436 mm .

As (r) is now defined by the standard calculations used in strength of materials, it is
possible to verify K using the notch sensitivity factor ¢ = 0.93, as follows:

For q=0.93 and K; =1.62 = K iriviry = 1+ q (K, —1)=1.5766 [7.52]

RECAP.— If necessary, in the interests of exact design, it is helpful to recalculate (d)
using the calculated value of Kyeusinmin. We suggest keeping the value of K= 1.62
instead of Kgensiniviry and choosing the appropriate diameters for the design, i.e.:
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d9esien —(d g 0)=1.9690 in = 50.1260 mm

project

raet = 0.1(dy g ) = 0.0197 in = 0.50013 mm [7.53]

project

DI —1.2(d yrepea ) = 2-3628 in = 60.0151 mm

project

The safety factor is kept at around 2.75, by the optimization of the design based
on the principles of stringent calculations.

7.10. Welding and fatigue

Welding always creates internal tensions, which are often quite close to the
elastic limit. They are usually dealt with thermally by relaxation. Designers try,
wherever possible, to minimize costs by avoiding the critical deformations that
occur because of welds. Welded joints must be rigorous and governed by very clear
norms. In mechanical design, welded structures are built in accordance with
established codes and standards, such as ASW, ASME, AISC (USA), the Canadian
Welding Bureau (CWB) — an example is CSA W 47.1-2009.

©
0.35x0.35 \a—mnunu

croix soudé par
SMAW 67

StruCture en

0.35x0.35 \)C 6-Continue

]
-
2
nz
E-3

BE

,Ff

™~

Structure en

Figure 7.9. Elements of welded cross-shaped structure [GRO 94, GRO 13].
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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7.10.1. Case study: calculation of resistance of weld joints in design

Calculate the length (L) required for a weld which conveys a load
Q =12000 Ib = 5443 kg, if the thickness of the metal to be welded is e = 0.5 in =
12.7 mm (parallel weld) as illustrated below. The stress intensification factor (SIF)
K¢= 2.7 [JEN 36]. Calculate the area A of the welded joint (in* and mm?) and prove
that the design calculations account for the load P at the preliminary phase of the
project.

SOLUTION.— Based on the literature, the expression of the loading is written as
follows:

Q:Ax(aa/Kf), [N or Ibf] [7.54]

where:
—Q =12000 1b = 5443 kg;
— 0, = 5000 psi = 34.474 MPa, from the reference [JEN 36];
— K¢=2.7 (tabulated) of 7 from [JEN 36].

Let us calculate the area of the double weld — hence the factor (2) in the equation
of the area:

4=2x(0.707)X(0.5)X Ly gy | in® and mm’ |
Initial approximation for the transverse weld:
0 =(0,/K)0.707 L — 12000 = (5000/2.7)0.707 L —

L=9.165 in=0.233 m = 6480/707
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0.347x0.347 /G

Figure 7.10. Elements of welded structure. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

From relation [7.54] and where K; = 1.5, let us deduce the length of the weld
required to transmit the load Q as follows:

0=(0,/K;)0.707L - L=0xK ;/0.7070, =5.092 in =0.129 m,

or indeed:

0=(0,/K;)0.707L — simplify — L =5.0919377652050919378 in =5.092 in =0.129 m

The area A will therefore be:

A=2x(0.707)%(0.5)X L,y — simplify, A= ?
A =3.5999999999999999733 in’ =2.323x107> m?

or indeed: A =2(0.707)(0.5) L, 3-600000 in* =2.323x107> m* < QED
Verification of load Q (Ib and kg) which is transferred by the length L (in and m):

0=0.707L(0, /K ;) = simplify —11999.9999 Ib — 5.443x10° kg « QED
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7.10.2. Real-world case study: welded cross-shaped structure

Consider a welded cross-shaped structure [GRO 94, GRO 13] for which we need
to sketch the design and calculate the parameters below.

0= 45°
H \\\\\ FCAW /\ { ~ :)_\‘
| 025:025  5.00-pich | 5 &
| g ‘ F, \\\-‘.\ Y . e
-~ AWS&CWS YE, N4
'\ e ¢ T ‘45° A LN ase
L L 9 |
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Type : Von Mises Stress
[}

8,156 MAX Von Mises Stress 2F

3
=
g
8

20,86
15,65

10,43
5,22

0 MIN
6,525
4,894
3,263
1,631
0 MIN

i
i

Figure 7.11. Stress analysis by the finite element method.
Welded cross-shaped structure. For a color version of this
figure, see www.iste.co.uk/grous/design.zip

Estimate the admissible force on the weld line for the following data:

— Oghear = Shear stress in psi and MPa;

— F = force applied in N or Ibf (2F applied along y-y — i.e. horizontally);
— e = side (length of foot of the weld line) at 45°; ey = (throat);

— A = area of weld in mm? or in’;
— 0 =45 deg angle of weld;
— L = total length of weld (mm or in);

— Flaam; = admissible force per inch (or mm) of the weld.

EXERCISE 1.— Calculate the admissible force on the cross-shaped weld line.

SOLUTION.— A= ¢ XL,y =967.74 mm* =1.5 in*; sin(6)=cos(8)
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F = Tshear % Luela X _ 5 90510 N =132 260 1 and

sin(6)+cos(0)

Wstear I [co5(6)~sin(6)]=0 = 7,0y = —— = 60.0042 MPa
20 Lweldel Lweldel

Verification: B aim) = Toheart Leta Xe/«/i =5.898x10% N =13 260 Ibf « QED

EXERCISE 2.— Declaration of variables (2F applied along x-x — i.e. vertically):

where:

—0, .= shear stress 12500 psi = 86.184 MPa;

she
—F = applied force N or Ibf;

— e = side (length of foot of weld line) at 65°; e;= (throat);
— A = area of weld in mm? or in%;

— 0, =65° weld angle;

— L = total length of weld (mm or in);

— Flagm) = admissible force per inch (or mm) of the weld.

SOLUTION.— The two welds share the same load (exercises 1 and 2); only the angle
changes.

Equilibrium : 2F —2F, —sin(6,) - 2F, cos(6,) =0, and

F
Tshear = —>F= Ts
weld €l

X Lyyq€ =13 260 Ibf =58 980 N

hear

If we suppose that the resultant of F; and F, is vertical, the horizontal
components are identical and have opposite signs. Therefore, we set:

2, cos(61)—cos(6)

2F -2F, —sin(6,) 5n(8)

=0->F,=H sin(@l) =12020 /bf =53450 N
The maximum shear stress on the weld at 65° would therefore be:

T = e%[sin(ﬁl)xcos(@l)—sin(&l)]+...

CL

. +[ cos(6))+sin(6)xsin(6)xcos(6;) | =1089 psi=7511 MPa
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We can clearly see that the weld angle has an important role to play with regard
to the strength. These two examples are simply enlightening.

b - D
Nx \ (
X X
o ,,_. L
C-G /
N l F (N, Ibf)

F,= vertical force = 72000 Ib

L =length 7.5 in

L+N, = distance to diameter = Lw 10.25 in
N, distance from symmetry = 5.25 in

b = distance between vertical wall and horizontal
axis of CG of the weld joint=5.2 5 in

A = surface of weld =? =20.75 in

C = linear distance between point A (or B) and
the CG (center of gravity) = 6.25 in

Flaam) = admissible force = 10025 Ib

Cp, = horizontal distance between point A (or B)
and the vertical axis of the CG =4 in

Plates welded together

C, = vertical distance between point A (or B) and
the vertical axis of the CG =5.25 in

D =d = diameter = 12 in

r = distance between the CG of the weld and
the point of application of the vertical load
(F)=24.5in

Figure 7.12. Assembly welded together. For a color version of this
figure, see www.iste.co.uk/grous/design.zip
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SOLUTION.—
Center of gravity Ny: Ny=b/(2b+d)=1.225in=31.115 mm.
The torsion moment: M = rx F, =1.764x10° Ib.in =20320 kg.m.
The force applied to the weld joint: F, = F}, /4 =3470 Ib/in=61960 kg/m.
Resistant moment of the structure due to torsion:
Jo=((2b+a) 12)=(b2(b+d)’ (2b+d)) = 584705 in® =9.58210° s’
The maximum load due to torsion (e) F, =M xC/Jw=18860 Ib/in=336700 kg/m

Vertical and horizontal direction:

Ch

F,=———— £=2.041x10 kg/m =1.143x10* Ib /in
OV +Ch?
Fy=——Y 1 =2.678x10%kg/m=1.5x10* Ib/in

JOV? +Ch?

The components in the horizontal and vertical directions give us:

F,

combined —

Fl2+(F,+F,) =3.775x10° kg/m=2.114x10* b /in
Size of weld (factual = Feomy) ' = Factual| Fj,g, =2.109 in™' =0.083 mm™

The shear force per (in or mm) is therefore:

W = 2h = 1.054><104& =1.882x10° kg , so the size of the real weld would be:
3Llw in m

W = facuiat | Flaam) =181 in™" =0.074 mm™; where £ = f ucquan [7.55]
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7.10.3. Case study: fracture mechanics and stresses

STATEMENT OF THE PROBLEM.— Calculate the thickness (e) of a circular bar of
38 mm = 1.496 in in diameter. The plate withstands uniformly distributed pressure
P =1.5 MPa =217.557 psi. The plate is made of gray cast iron; the ultimate stress of
the material 6, = 350 MPa = 50760 psi. Also, v is Poisson’s ratio, v =0.3.

SOLUTION.— The applied stress is calculated as follows: G, = 0.15 6y = 52.5 MPa =
7614 psi — From the specialized strength-of-materials literature, we consider the
maximum stress G = 52 MPa, and set the expression:

O e = (30, [87x €% )x(3+V) =52 MPa [7.56]
The maximum load applied to the plate is: W, =zpd/2=1701 N =382.439 Ibf

3P
Thickness (e) of the plate:e = [————(3+v) =3.59 mm=0.141in  [7.57]
8rxo

max

Let us choose a safety factor f; = 6.75. Thus, the design of the plate means it will
only fracture after surpassing the following: fxW, = 11347 N = 2551 Ibf. Now let us
apply the above in terms of safety to the design. For fragile materials such as gray
cast iron, the concept of calculating plasticity moments does not apply.

2 v,

Figure 7.13. Skefch of calculations in strength of materials. For a
color version of this figure, see www.iste.co.uk/grous/design.zip
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As the failure factor is an experimental result, we consult the following table:

Ratio of G, and the

Kpirasa fail ]
Form and type of loading of the plate function of the ailure modulus K
material under bending and

torsion

. . Cast iron and .
Rectangular piece with support at ends. steel Cast iron and carbon

Central load = //d = 8 and + Ko = 1.70 steel = 1
Circular plate, support at ends with Ko =1.9 Cast iron and carbon
uniform load fail = 2 steel = 1.07

Concentric circular load. Circular plate
supported at ends. The area is localized
atx = (ro/A)"°

K it = 24— % Cast iron and carbon
steel [1.40 — x/3]

Table 7.14. Values of failure factors for fragile materials

In the specific case of interest to us here, the failure factor corresponds to gray
cast iron. Therefore, we can recalculate the applied stress:
Oy =190, =665 MPa =96 450 psi (ky,; =1.9). Using the above SOM for-
mulae, we set:
3fW
o = Sy

max ~— 2
8re,

31,7,

8o

max

(3+v) weisolate e, =

, (3+v)=2.593=0.102 in [7.58]

The solution, under maximum stress, depends essentially on the accuracy of the
failure factor found experimentally. In many cases, we employ the failure modulus:

+ failure modulus = K ,,,, X0, = 665 MPa =96 450 psi [7.59]

7.10.4. Case study in fatigue fracture mechanics

In terms of multi-stresses, the design of rods for high-performance engines is a
crucially important mechanical element because, should a failure occur, it could be
very damaging.

To optimize the calculations of the forces of inertia and the Hertz pressures
(contact), we design lightweight rods. Thus, we are guided toward choosing
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materials which are both strong and light. The rods examined up until now, made of
inexpensive materials such as cast iron or certain ordinary grades of steel, are chosen

for economic reasons.

In terms of modeling, it tends to be modern materials, which are capable of
withstanding stress beyond the fatigue limits and prevent elastic buckling, which are
chosen. With that goal in mind, the appropriate geometric characteristics need to be
selected. The figure below shows a rod which has been deliberately represented as a
“rectangle”, with area 4 = axb [mm?].

Figure 7.14. Rod designed to act on a piston (designed with Inventor Pro).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

DESIGNER REQUIREMENTS.— Minimal weight, without damage due to fatigue or to
elastic buckling, and satisfactory course (L) — i.e. the distance between the two axes
of the rod. For minimal weight, we set:

o el = F,, | A with m, =aAL,p, [kg]

fai _ p [7.60]
Hence m{ saaltll'sgjt';ection} - aFappr endurance) ’ [kg]
O-{fatigue }

where:
—m,,y is the mass of the rod in kg (or mg) or Ib;
2

— A is the area of the section in mm~;

— L,,q 1s the interaxial distance of the rod in mm;
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— p is the density of the material from which the rod is made in kg/cm’ or Ib/in’;

— o is a coefficient reflecting the bores of platforms;

— A is a coefficient dependent upon the proportions of the transverse section;

— O, is the limit stress or endurance limit of the material (MPa or psi).

It is plain to see that the performance index of the rod is dependent upon the
endurance limit (MPa) and the density of the material (kg/cm’®). It is therefore

possible to write an Eulerian equation to estimate the maximum buckling load under
compression, as that is the main form of stress to which the rod is subjected:

F{E‘jﬁr}ﬁﬂzEJ/Li in N or Ibf, with J = ab’ 12, cm*

[7.61]
sl
T

We can see that the material’s performance index depends on the elasticity
modulus and the density of the material. The existing body of literature suggests the
following:

Nuance Density 6., MPa _
he E, MPa in endurance | Mpgigue | Mpuckiin mp =
USA p gue buekling | g ALpp

mg/m’ limit b

FGS 1.78x10° 7150 250 2.21 0.13 0.21
4140 2.10x10° 7850 590 0.10 0.13 0.13
AL-Si-C | 2.10x10° 2880 230 0.09 0.07 0.09
Ti-6-4 1.15x10° 4400 530 0.06 0.10 0.10

Table 7.15. Choice of materials for the rod

CALCULATED PROOF.— For: L, = 132 mm; Exgi.c = 1.10x10° MPa; Fypp = 1.5%10°N;
A=0.5and parsic=2880 mg/m3; and o =1[0.75,0.8, ...1].
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my () = _
5] mg  1x10 " -
0| 0.069 910”8 911070
1| 0073
2| 0.078 8x107°
3| 0082 ——"
4| 0087
5| 0091 S R 8§ 11

Figure 7.15. Mass of the material of the rod made of Al-Si-C m = f(L and o).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Consider a rod machined and straightened by SAM, with the ultimate stress,
Oy = 689.476 MPa (100,000 psi). The elastic limit of the material is o, = 372.317
MPa (54,000 psi). It has a stress intensification factor (SIF) K¢ = 1.5 from [JEN 36].
The loads are respectively listed below:

— from 68.948 MPa to 413.685 MPa for 0.5 % of cycle time;

— from 137.895 MPa to 344.738 MPa  for 9.5 % of cycle time;

— from 137.895 MPa to 310.264 MPa  for 20 % of cycle time;

— from 206.843 MPa to 275.790 MPa  for 30 % of cycle time;

— from 206.843 MPa to 241.317 MPa  for 40 % of cycle time.
QUESTION.— Calculate the lifetime (Nycies) of that rod.
SOLUTION.— First let us calculate the endurance limit of the material for an ultimate
stress of G, = 689.476 MPa. Reading the grid below, we find the value of the

endurance limit 6, = 45000 psi = 310.264 MPa for a machined, straightened fluted
bar.

For 6, = 689.476 MPa = 100,000 psi, we read: . = 45000 psi = 310.264 MPa.
For each cycle (Ngycie), the equivalent bending stress gives us:

0,;= (o‘e/o'y) meanK ¢ (difference/2) where K ; =1.5 [7.62]

1) 0,,=[0,/0, |x(234.422 MPa)+ K ; (165.474 MPa) = 443.563 MPa = 64 333 psi
2) 0,,=[0./0, |x(234.422 MPa)+ K ;(96.527 MPa) = 340.142 MPa = 49 333 psi

3) 6,3 =[0./0, |x(206.843 MPa)+ K ; (68.948 MPa) = 275.791 MPa = 40 000 psi
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4) 0,4 =0,/0, |x(234.422 MPa)+ K ;(33.095 MPa) = 244.994 MPa =35 533 psi

5) 0,5=[0./0, |*x(206.843 MPa)+ K / (155.132 MPa) = 405.067 MPa =58 750 psi

The fatigue lifetime, for the initial cycle, is 6,; = G, ;. According to the literature
published by Product Engineering, the lifetime corresponding to that cycle would be:

Nbyere =10° (0, /O'V’,«)B/ 1°“{%J = 45414 cycles [7.63]
6;32‘;11)_‘;’5;4; GuGy | ovilovl 72406 | i ovi /ov1 7.2406
60,830 1.0000 1.00000 0.005 0.00500
45,830 1.3273 0.12873 0.095 0.01223
40,420 1.5051 0.05179 0.200 0.01036
30,830 1.9730 0.007296 0.300 0.00219
25,420 2.3934 0.001802 0.400 0.00072
Fatigue life cycle analysis values Mean = 0.03050
Table 7.16. Fatigue life cycle analysis values
For an exponential law, the fatigue lifetime would be:
N{Entow} =2.55/log(0,, /0, ) = 73532 [7.64]
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The fatigue lifetime is generally calculated by the following equation:

Exp I 2.55/ log| Jut
N(c;cl;ec;iv/v’e)l O-vl /og( o, J
—_—+n, 1/ —— +
771 O-v,2
- 2.55/ log[o;”] - 2.55/ log(o(;’_‘”]
773 / v,1 e + o+ 77;‘ 1/ v,1 e
O-v,2 O-v,2

For each application of a bending load, this equation is updated with 1y, 15, etc.,
which are the percentages of the lifetimes under the various loads. For example,
looking at Table 7.16, we could write the following:

[7.65]

Nclycle e =N /0.03050 =1 488.977 life cycles [7.66]

The data reproduced here are taken from the tables published in Marks’ Standard
Handbook for Mechanical Engineers [AVA 06]. The equations we are using here
take account of simple and compound loading.

7.11. Limits of performance and of strength in the elastic domain

Beams, columns and even shafts often have standard revolving or prismatic
sections. Whether solid or hollow, these sections are of varying states, of which
certain performances are expected. There are limits to the performances. We can cite
two such limits: the elastic limit and the strength limit.

Here are two case studies: two materials — wood and steel — are used in design,
where A = the area of the section in m” and Qmaterial 1 the form factor drawn from
the specialized literature [GER 85, ASH 91]. Let us vary the areas between
A = {0.25x10%, 0.5x10%, ... 5x10*} m® for two simulated materials. By way of
example, we shall use Qy000= 4 and Qgee = 62.

CASE 1.— Elastic performance limit (J) presented thus:

steel

J (DIWOOd ; o
Jivr‘;zratia(A)zzlog(A)"_log[ iz jandJisntgftia(A)=210g(A)+log[ ] [7.67]

ar
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tog(T00d(A)) 1og(JTgteer(A)) = Acier SAE and Wood T, = f(A)

0.361 0.543 i

0.6 0.785
0.739 0.824 ‘
0.765 0846 | o J00d(A))
0.783 0861| . S
0.797 0872 ,1?%'{".‘[“"*1(&)"
0.808 0.881
0.816 0.889 o1

. 10
log(A)

Figure 7.16. Performance indices of wood and steel in terms of elasticity (J).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

CASE 2.— Strength performance limit (W) presented thus:

steel

oo 3 wood stee 3
mne,tii(A):Elog(A)Hog[ﬁ &]and Wi (4)= log(A>+log[‘j ﬁ] 17681

2
log(W00q(A)) log(W o) (A)) Steel SAE and Wood  Wia = f(A)
0.267 0.483 0
0.58 0.698
0.627 0.734
0.653 0755|  log( W, 4(4))
0.67 0.769 1
/
0.683 o] oW aea(®)
0.694 0.787
0.702 0.794
0.1
1 10

log(A)

Figure 7.17. Strength performance of wood and steel (W). For a
color version of this figure, see www.iste.co.uk/grous/design.zip
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It is clear, from reading the two simulated graphs for wood and steel that the
performance depends on the materials. It is precisely there that the informed
designer must make the right choice of materials and their geometric features. The
objective is to minimize the wear of the materials [BEE 14, ROA 11].

7.12. Proposed project: outboard motor for a small boat

NOTE.— Subsidiary proposal

As part of our projects as an initiation
to mechanical design, we redesigned an
outboard boat motor.

In order to do that, we obtained a real
motor (from a junkyard). Having taken
it apart completely, we measured and
drew each component (both in 2D and
3D). The assembly with the software
(Inventor Pro) gave rise to what is
represented in Figure 7.18.

In addition, we exploited the true
dimensions and surface states of the
materials in the real motor to run the
calculations for the machine elements.
The case studies presented here
represent examples which readers could
employ in their own laboratories.

This is an example of a project which is
useful from a pedagogical standpoint,
because it includes all of the
components of calculations in the
training programs for design and
calculating strength.
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Figure 7.18. Example of a project for an outboard motor. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

7.13. Conclusion

This chapter essentially discusses a number of aspects of machine elements
assembled by welding, and fatigue. The aim here was not to present the theory of
these topics, but a variety of case studies relevant to the calculations. The design of
such topics, in and of itself, requires whole books, examining the matter in depth.
Therefore, we chose to present some very specific, relevant case studies here.
Besides the considerations of price, esthetics and the environment, good designers
must be conscious of the questions of:

— the extreme limits of efficiency of the form factors of the materials (Qpacerial);
— clearly establishing the dependence of that link (Qyueria1) between the materials;

— finding the best possible compromise, in terms of performance, between the
geometry and the material.

Readers able to succinctly answer the above three questions prove themselves to
be well-qualified designers. Indeed, that knowledge is the primary goal of this book.
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Friction, Brakes and Gear Systems

8.1. Friction, materials and design of assembled systems

In this chapter, we present the principles of calculations of design of braking
systems and other gear systems. In addition, a sizeable portion of the chapter focuses
on the materials used in braking and gear systems.

Friction on an inclined plane

The term “friction” is used to denote the force of resistance to the motion and
displacement of one solid with respect to another, if they are pressed together. In
terms of slip, the following is the simple tribological representation:

FZﬂXN[N] where 1 =tan(p) [8.1]

Theoretically, the coefficient (angle) of friction (1) depends on the materials
(grades SAE 1018, ANSI 4012), the surface states (Ra, roughness in mm or min),
the specific pressure (Ps, in MPa) and the rate of displacement (V in m/s). N is the
normal reaction to the displacement in (N):

If a-p— P=Stan(p) Hence F= Su=S.tan(p),p > u and >0
8.2]
If o <p—> P<Fa=<0,lf a=p—>P=F and V =Const.and a=0

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Friction cone

R N

/
F N o/ v

folee NN/ P

Fig. (b) N
F(orS) RN

Figure 8.1. Graphical illustrations of the components of tribology calculations.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

For a uniform motion, as illustrated by Figure 8.1c, let us set the equilibrium
equations:

ZFX =0; Pcos(f)-F-Qsin(a) (1)

S F, =0 N+Psin(a)-Ocos(a) (2) )
From (2), we can derive the expression of N. as follows:
N =g.cos(&)— P.sin(f3), hence F = uN = ugcos(a)— uPsin( ) [8.4]
We substitute the expression of F into (1) and deduce the expression of P:
Pcos(f)— pgcos(er)+ uPsin(f)—QOsin(a) =0 —
P[cos(B)+usin(B)] = Q[ ucos(cx)+sin(a) | Hence [8.5]

pcos(er)+sin(a)

(
————~————~ in the knowledge th =t
cos( )+/1$1n(ﬂ) in the knowledge that u an(,B)

After trigonometric transformation, we obtain the expression of P as follows:

Cos(a) C;S((‘; )) + Sin(a)x Cos(p)
in(p

Cos(f)+

Sin(a+ p)

8.6
Cos(B-p) [8.6]

=0

P=0

) j X Cos
Cos(p)Sm(b’) Cos(p)
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Three distinct scenarios then arise, as follows:

— case I: on the horizontal plane, a = 0, we have the expression of P as follows:

_ u _,_ Sin(p)
P Cos By +usin(B) ~ ¢ Cos(p=p) 1871

— case 2: on the horizontal plane, b = 0, we have the expression of P as follows:

Sin(o+ f3)

P=Q[ﬂ.Cos(a)+Sin(a)]=QT(ﬂ) [8.8]
—case 3: on the horizontal plane, b = — o0 we have the expression of P as

follows:
pe uCos(a)+Sin(a)  u.Cos(x)+Sin(er) 0 Sin(o+p) (8.9]

Cos (o) B Cos(ﬁ)+,u.Sin(ﬂ)_ Cos(fB-p)
Numerical applications

With:

— friction coefficient (brakes) u = 0.4;

— for a load varying between Q = [0 N and 25 NJ;

—case 3: a3 =45 deg; B3=— a3 =—45 deg and p; = 15 deg (Figure 8.1(a));
—case 2: ap =45 deg; B, =0 deg and p, =45 deg (Figure 8.1(b)).

Py(Q) = P3(Q) =
50
0 0.000
4
37.5 P 0.707 1.732
P5(Q) ,7 1.414 3.464
rd
—_— 25 Vi 2.121 5.196
P3(Q) o 2.828 6.928
12.5 72 3.536 8.660
rd
. 4.243 10.392
0
0 75 15 225 30 4.95 12.124
Q 5.657 13.856
6.364 15.588
Influence of friction coefficient and setup angles
(a, B and p) on the pressure exerted (N)

Figure 8.2. Graphic illustration of the pressures, P=F {Q, u, a, Band p}.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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It is rare to deal with buttressing in sliding connections, and the phenomenon
of stick-slip due to the jerky motion of the slide.

8.2. Buttressing of mechanical connections

There is a particular type of equilibrium, in cases of buttressing [RAB 95,
POP 10], dependent on the forces applied (sliding connections) as illustrated below
in Figure 8.3. The cross-section may be round or even prismatic. There is a guide at
the points of contact (a and ) for which we calculate the location of the force F
parallel to the guiding axis (x-x’). The guiding occurs over the length (b), E = b/2,
and we deduce N, = Ny = F,;,,/2l1. We enforce that there is slippage if E <b/2, and
there is buttressing if E > b/2. The system is then locked. Such is the case in
“systems” of clamps, certain jacks, platforms of tooling machines, etc.

7@*
b

i Y If u is the friction coefficient of
UNg E—= the materials in Hertzian contact,
‘ the slight horizontal disruption
N o ‘ facilitates the following:
‘ Fam)
i“N[&\ Aﬁ —Na+Nﬁ=O
-
X
‘ . #X(Ny+Ng)=F,, =0
A N
P G ~FyppXE+L(Ng+Ng)/2=0

Figure 8.3. Guiding of a slider in a sliding connection. Contact location.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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E < b/2tan(p) —>{If tan(@)=0.5— E< b} . If E is the guide length (mm); (W)

the adherence between the surfaces in contact, (d) is the distance between the
direction of the force and the axis of the connection, the condition of non-buttressing

as a function of the friction (1) is §<b/2tan(¢)=b/2u. If b =540 mm = 21.26 in
and pu = 0.12, buttressing can only be avoided if E <b/2p = 2250 mm = 88.583 in.

The forces of friction are strong, as a function of the slip rate. Were we to add a
slight stiffness to the mechanical components, we would see more of a jerky or
stick-slip type of movement. This phenomenon takes place in dynamics, where
friction comes into play. In connection with the velocity, when there is a significant
variation in the friction, the poor rigidity accentuates the stick-slip motion of the
slide. In terms of vibrational modeling, the parameters of stick-slip are written as
follows:

{{X'a = X} = Xy = X7~ X 4 = Calibration: Oc = X, X and Off = X.X}
(k) is the stiffness of the spring; aff = Eg = Ly; length of the spring at rest Xgr,

represents the tangential component of the friction, which depends on the velocity
X?):

Xpr ={-pX '+ X,}; [8.10]
Sprin
) Ye pring X
k
0 X B=p A=o
[ [ 1 [ T T 1 T 1 \ —
@ P=-mg x
X
Xa

Figure 8.4. Stick-slip model, represented as vibrational calibration.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Xo corresponds to the tangential component at equilibrium. From the
fundamental law of dynamics, (1/0) in projection with respect to X. Building on
Chapter 6, where we discussed case studies relating to noise and vibration, let us set
the equation:

m(0X'/07)=mX"=kx(X, - X —Ly)—(pX '+ X;) [8.11]
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At the limit of the condition of static equilibrium, i.e. [X =0, X’ =0 and X’ =
0], we set the equilibrium condition k(X0 —Ly)—(Xy)=0. We can then feed that

equation back into equation [8.11], above, which would become:

m‘%:m)(":k(xa ~ X0 = X) =X, where Xo = (X7 = Xy
[8.12]
X' | ,
ma—=mX"=k(XaT—X)—(pX'; thus mX "+ X'+ kX = kX,
T
The differential equation, for [(¢*/4) <k], is written thus:
X = Exp™ (arcoswr + Bsin o)+ X, (77 +6): a=—2— ; 0= 4km—;(p
2m 4m [8.13]

X = Exp“{ Acos(ax)+ Bsin(ax)} + X, (Ct+D); C=1—> D=9k

We have simulated a case to demonstrate the graph of the slider exhibiting stick-
slip behavior. We can see that the slider sticks at time t;, and the motion only
resumes (begins to slip once more) at time tp, etc. In certain cases, this behavior
may even be desired, such as in the case of clamps. A helpful example is that of a
drawer which sticks and catches when we try to close it. For this reason, where
possible, roller guides are used when constructing drawers. The action of the applied
force (F,yp) is off-center in relation to the axis of slip. As it tends to upset the
carriage of the guiding path, the drawer cannot slide.

X(T) = mm

15
6.571 T Ty

8.717
10.677
12.421

13.93
15.188

100
X(1)
50

0 10 20 30
T

Figure 8.5. Displacement of slider exhibiting stick-slip behavior. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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To prevent buttressing, it is useful to choose a sufficient guide length (Figure
8.3), for a clearance (J = D-d—H7/f8 and/or H7/g6), defined, and an appropriate
degree of adherence between the materials in contact, to avoid juddering (stick-slip).
If (D) is the diameter of the bore, and (d) that of the shaft whose slip fit is H7/g6, we
can show the general rule of the guiding ratio (k), in connection with the diameters
or the angular deviation (¢°). The condition of non-buttressing is presented in the
following form as a clearance:

clearance fit = D—d; ¢ = clearance fit/b and k =b|d — condition {1.5 < k< 4}

The jack modeled below using the finite element method, on its own, could fill
an entire chapter on friction. However, we shall limit ourselves to presenting the 3D
drawings below.

clearance fit = D—d; @ = clearance fit/b and k =b/d — condition {1 S< k< 4}
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Figure 8.6. Design of shoes and jacks. For a color version of this figure,
see www.iste.co.uk/grous/design.zip

8.3. Case study: principles of calculations for brakes

Machine elements such as brakes and gear systems absorb both potential and
kinetic energy. They can either slow or completely halt the machine’s motion. Of
course, the energy absorbed is dissipated as heat. Braking depends on the pressure
exerted between the parts in contact with one another, such as the shoe and brake
drum. The friction coefficient is a function of which materials are in contact. Below
are some examples of case studies on braking systems.

Brake system with an external shoe, known as a block brake system

Design of a simple brake block by calculation: here, the design is based on the
braking force and the moment applied to a brake block with a freely rotating shoe, as
in Figure 8.7.

/ : / :
o Drum ® Drum \<
J N
<

N
Ne

Z 7

T c Fapp
i =
SN
~——g ﬁ<P1voted
é% Rigid shoe shoe
b

Figure 8.7. lllustration of the elements involved in calculations relating to braking.
For a color version of this figure, see www.iste.co.uk/grous/design.zip



280 Applied Mechanical Design

where:
— N is the normal force in (N);
— uN is the force of friction (N);
— u is the friction coefficient;
— p is the contact angle formed by the drum on the shoe in degrees;
— R is the radius of the brake drum.

To avoid significant errors, let us consider the angle p > 60°. Thus, we can form
the equilibrium equation around the pivot (O):

(N+Q)a—uNe—Fb=0—F =[(N+Q)a-uNe|/b [8.14]

The partially automatic mechanism includes a physical component with at least
one surface of the vehicle, and an actuator. Taking the friction coefficient into
account, the braking block can also be designed in such a way that braking occurs
when F = 0 N or indeed (F = negative). The previous equation would then be written
as:

F =(Na—pNc)/b<0 — Auto-braking occurs for: {a/c} < u [8.15]

The braking moment (work) to prevent autobraking is formulated thus:

M =uxNxR [Ibfin]or | N.mm] [8.16]
o R
0°
BN ‘NA
i 5 SH ?
C

Fo

Figure 8.8. lllustrated design of brake system components
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When the contact angle p becomes greater than 60°, errors can result from the
friction coefficient u and the acting forces (N and Q) at the median point (pivot O).
A brief illustration shows that the force 4N is drawn from the drum to the shoe at the
point denoted by (), at a distance (%) from the pivot (O) (Figure 8.8). In mechanical
design, the construction is finalized when the external shoes are “long”. The braking
moment (work) is then expressed thus:

4Rsin(p/2) hence - he 4Rsin(p/2)

M = uNh=uN —— 777
a # p+sin(p/2) p+sin(p/2)

[8.17]

This expression assumes that the wear and tear taken in the direction of the force
(N) is normal. Therefore, we are able to write the expression of the normal pressure
P, which varies as a function of cosine (0) —i.e.:

P, =Cxcos(8) [N]or [Ibf] [8.18]

C =k, is a constant equivalent to the specific pressure; | is the width of the brake
shoe in (in or mm). In design, its expression is:

2N N
2

C= = MP j 8.19
lxRx[p+sin(p)J a} o [8.19]

mm

A good design integrates the height (%) as the proper location of the pivot. Thus,
two main design conditions are met:

— the shoe is made up of two forces; the resultant of the normal force (V) and the
force of friction inevitably passed through the pivot;

— the pressure is then normally distributed, as per the hypothesis.

If the pivot of the shoe were located at another distance different to (%), the
resulting moment would take a value of zero (M = 0). The ideal is to position the
pivot (O) along the normal resultant, and the friction so that the pressure is
distributed without affecting the design. The mean pressure suggested by the
technical literature is written as:

P

mean

= 2C><sin(p/2)/p I:MPa:I or indeed I:psi:I [8.20]

8.3.1. Design of a double brake block by calculation
In mechanical design, we invariably use double shoe brakes to decrease the loads

on the shafts and bearings. To obtain a better yield and decrease the heat generated
per unit surface area (mm?):

M = (N + Ny )X R [8.21]
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If the contact angle p of the shoe is greater than 60°, [p = 60°], the exact design
can be derived from the following equation:

M = (N + N, ) ¥ 4Rsin (p/2) /(o +sin (p)) [8.22]
|
uNg [0} o Fapp Nies 18 the normal force in (N) on
i ad R the left side.
S > . .
\\/ o NRgigne is the normal force in (N) on
Ng o Pair of the right side.
g% | brake
\/ Nd j shoes 4 is the friction coefficient; p is the
\//\ 5 contact angle < 60 °.
Drum uNd Y R is the radius of the brake drum.
4

Figure 8.9. Graphic illustration of design of components of shoe braking system.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

8.3.2. Design of inner double-shoe block brake

Block brakes are used for the reasons discussed above. However, their design
differs, in accordance with the equations set out below. The moment M is calculated
using the following relation:

. cos(p,)—cos(p,)

M =
e Sin(pmax )

[leax +P2max:| [823]

where:
— u is the friction coefficient;

— a is the distance from the center of the drum to the pivot of the shoe in mm or
in in;

— R is the radius of the brake drum in mm or in;

— p; is the angle at the center, from the pivot of the shoe to the line of contact
with the drum,;

— p» is the angle at the center in (°), which runs from the pivot of the shoe to the
line of contact with the tread of the drum;
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— Pmax 18 the angle at the center in (°), which runs from the pivot of the shoe to
the maximum line where the pressure is applied, in MPa or psi;

— Pnar 18 the maximum pressure applied to the right shoe;

— Py 18 the maximum pressure applied to the left shoe.

Pronar = CXFX Py (M, + M ;) [8.24]

Suppose we have a uniformly distributed pressure, which is modeled thus:

P=R, . xsin(p)/sin( ) [8.25]

Figure 8.10. Graphic design of components of internal shoe brakes

AS pua 1s the angle at the center which goes from the pivot of the shoe to the
maximum line where the pressure, in MPa (or psi), is applied, we exercise the
following reasoning in design:

{]f I1%Ra 90° — Pmax = 90° and lf P2 = 90° — Pmax = P2

Because of the forces of friction on the shoe in contact with the drum, we
respectively write the friction moments M and the normal moments M,;:

P P2

:Mjsin(p)[R—acos(p)Jdp and M, :%—Xamjsinz(p)dp [8.26]
() (P
1 1

U
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The fitting force is the expression of the difference between the above moments
in reference to the height (H is the lever arm in mm or in). Considering a clockwise
rotation of the drum ( in rad/sec), the right shoe self-activates by drive. Thus, we

set:
Right shoe —> F (Mn—Mﬂ)/HandLeftshoe—)F:(M:l M! /H [8.27]

The moments are also calculated by the respective expressions of the pressures
[8.28]

1 1 1
Manax/ max and M,u :M,quax/Pmax

The above equations are based on three main hypotheses

1) The shoe is rigidly mounted to the braking system
2) The friction coefficient (#) does not vary as a function of the pressure or of
, is directly

the velocity.
3) The normal pressure, at all points of contact of the shoe
proportional to the vertical distances with respect to the pivot points.

The annexes contain a table of friction coefficients p
Materials Max temperature W, frict'ion Pmax 1 MPa.:
1°F =-17.222°C coefficient 145.038 psi
Metal on metal 315.5556°C 0.25 200 psi =1.379 MPa
Wood on metal 65.55556°C 0.25 70 psi = 0.483 MPa
Leather on metal 65.55556°C 0.35 25psi =0.172 MPa
1°C = 33.8° Fahrenheit 1°C =274.15 Kelvin 1°C = 493.47°Rankine

Table 8.1. Friction coefficients as a function of the materials in contact

8.3.3. Design of a band brake block
Band brakes are flexible. They consist of a band wrapped around the drum
These braking systems are usually driven by a pulley. The brake power is therefore a
function of the angle of wrap, the friction coefficient and the tension on the band.
The design of such systems is simple, using Euler’s relation, which is written as:
The tension ratio is written: T, /T, = Exp(”a)
[8.29]

The braking moment is written: M,, =(T; -T,) R
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These models of brake systems do not have auto-braking, with the exception of
the diagram (Figure 8.11c¢) below.

Figure 8.11. Diagrams of band brakes

where:
— T, is the tension on the tight side of the roller;
— T, is the tension on the loose side of the roller;
— u is the friction coefficient, which is dimensionless;
— a is the angle of wrap in [°];
— M is the braking moment in N.mm or 1b.in;
— a is the distance from the pivot to the tangent of the drum, left side, mm,;
— b is the distance from the pivot to the tangent of the drum, right side, mm;
— c is the lever arm (from the pivot to the origin of the applied force, mm;

— R is the radius of the brake drum (R =a + b) in mm or in.

(Tyb - Tia) o ) (b—ExPWa)
Te-Ta-Thh=0— T=-——":T; = Thexp"* thus T=————=

4 4

[8.30]

In mechanical design, we often find ourselves dealing with sketches as follows.
We observe that for 7' = 0 or negative, auto-braking occurs. In design, we need to
estimate the expression of (b) or (b/a):

{bSaxExp(#Xa) or indeed %SExp(ﬂxa) } [8.31]
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Auto-brake systems accept unidirectional rotation. This prevents the reversal of
the direction of rotation. Such is the case with distribution conveyors, winches and
other hoists. The expression of the maximum pressure is written: P, =7, /@R . The

mean pressure between the band and the drum is presented as follows:

P

mean

:n/wRyax(En£”“”-4)/Eg%”“” [8.32]

The heat generated by braking must be dissipated via a calorific transfer if we
want to prevent the system from overheating. The ratio of generated heat, E,, is:

E = p AC,UV _ Epotential kinetic
g = Y mean 778 - 778

absorbed absorbed
+E
[Bm} (8.33]

min
The generated heat is also expressed by means of the following energy balance:

AEg =Eabsorbed +Eabsorbed [J] [834]

potential kinetic

where:
— 1Btu = 1055.056 Joules and 1 BTU/min = 17.584 watts;
— A, is the contact area in (mm? or in%);
— V is the linear velocity of the drum in m/min ft/min;
— u is the friction coefficient;
— Ponean 18 the mean constant pressure in MPa or psi;
— Ep is the total potential energy absorbed in fi-Ib/min or J;
— Ek is the total kinetic energy absorbed in ft-Ib/min or J.

The dissipated heat is written as:

Cdissipated =CxAl'x Ama’ialion [B l u/ IIlll’l] [8 3 5]

where:
— Cq is a specific heat transfer coefficient;

— AT is the temperature difference between the surface exposed to the heat
(thermal radiation) and the ambient air in °C or K;

— A, is the area of the part irradiated with heat in in® or mm®.
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It is worthwhile paying close attention to the expressions of the dissipated heat,
which are approximate. A careful designer will conduct tests to better determine the
thermal parameters. In mechanical design, we usually refer to the calculations of the
brake forces, according to the design sketched in [hp/ld], which corresponds to the
power (hp = horse power) in relation to the area (A,) of the part irradiated with heat.
In this ratio, (1) is the width of contact of the band (or shoe) in mm (in) and d the
diameter of the drum in mm or in. With continuous loads, the product of the mean
power Py.., and the velocity (V) must be limited to Py, V < 28,000.

8.3.4. Examples of principles of calculations for brake design, with
solutions

The examples are offered as a guide to the calculations dedicated to the
mechanical design of braking systems [ROA 75], found in numerous industries.

Example 1. Design hypothesis for a single-shoe brake

R = 350 mm = 13.78" is the radius for a single-shoe braking system. The
moment M (force torque) is 2.5x10° N.mm = 2213 Ibf.in. The system turns at a
rotation frequency of 60 rad/s = 572.958 (rpm). Considering the materials in contact,
we choose a friction coefficient (n) = 0.35 (leather/metal). The design illustrated
below has the following dimensions: a=350 mm=13.78in; b = 900 mm =
35.433 in and ¢ = 40 mm =1.575 in.

1) What is the normal force N (N) applied to the shoe, to be sketched in design?

2) What is the brake force required F (N) to be applied to the brake for a
clockwise rotation?

3) What is the force F (N) required on the brake for an anticlockwise rotation?

4) What are the dimensions (C, in mm and in) required to allow the braking
system to automatically lock if the measurements are as follows: a = 350 mm =
13.78 in; b =900 mm = 35.433 in and ¢ = 40 mm = 1.575 in?

5) What is the rate of heat generated (thermal transfer) E in BTU/min and in J?
SOLUTION WITH DISCUSSION.—

1) The expression of the moment M, depending on the design, can be employed
to deduce N,, as follows:

From M = N, R, we deduce N,, = M 1R =2.5x10°/0.35x350 = 2041 N =458.794 Ibf
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2) The force of friction:  Fe, =N, =035x2.041x10° =714.286
N=160.578 Ibf

e

o @{&/p

\\
\

uN ¥‘ = ram /m/
40 mm /ﬁ R 72 Z
i TN ? .
%9 o 3 Y Qup = Ny

1 900 b

/N

Figure 8.12. a) Single shoe brake, b) double shoe brake

3a) With clockwise rotation, the equilibrium expression is written as follows,
along the OX axis. As Q =0, we set:

clockwise _ aNn - CIUNn —

{C/UNn +bF clockwise _ aNn} =0 — Fequilibrium - b

equilibrium

J

= (350><2.5><1o5 —40x0.35x2.5x105)/900 =761.905 N =171.283 Ibf

3b) With anticlockwise rotation, the equilibrium condition is written thus:

{aNn +CﬂNn —bF anticlockwise} =0 _)Fanticlockwise — (aNn +C,UNn )/b

equilibrium equilibrium

F e = (350><2.5><1o5 +40%0.35%2.5%10° )/900 =825.395 N =185.557 Ibf

4) In auto-braking: Condition>a/u hence C =2(350/0.35)=39.37 in=1000 mm

This condition does not exist with anticlockwise rotation, so will not be
calculated.
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5) The calculation of the generated thermal energy is written as follows:

Eatorific = UNw/778 [ Buu/min J(USA) — for N = 458.794 Ibf and RPM = 572.958
728572958 UN®  0.35x458.794 128 % 572.958/12
where @ =——— — calorific = =
12 778 778

866.87{3—’,"} = 867.23[CBT } = 756.89[IBT } =7.98x10° {L} =1.91x10° {ﬂ}

min min min min min

IBTU = according to international standard; CBTU = according to Canadian
standard.
8.3.5. Case study: hypothesis of the design of a double-shoe brake

Consider a design of a double-shoe brake as illustrated below (Figure 8.13).
We read the following essential dimensions:

h, € by
30in | 30in sin | 127mm 20in | 508 mm
h, H=h h, B=2b, car b,=b,
32in | 32in 62in | 1575mm 40in | 1575 mm
a F,,, (see diagram) R, friction coefficient
7in | 177.8mm | 224.809 1bf | 1000 N 035 %\e/[aetféﬁ

Table 8.2. Dimensions and coefficients

QUESTIONS.— Calculate the braking moment (M = torque in N.m and Ibf.ft)
considering an anticlockwise motion of the system if the friction coefficient (n) =
0.35. The sizing is presented in the design sketch (leather/metal). What are the
normal forces Fy in N and Ibf applied to the shoe on the right and left sides, and the
total moment applied in N.m, Ibf.ft applied to both sides of the shoe?

SOLUTION WITH DISCUSSION.— Consider the system to calculate the reactions on the
horizontal and vertical planes to joints A and B, and set the equilibrium equations:

Based on the equilibrium condition we set — Ff = Féf and Ff - Ff —Fyp, =0

D)

Fypphy =aF' — F3' = F,,h [a=(224.809%30/7) = 963.467 Ibf = 4286 N
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2) Consider the system at the joints of the lever BC and set the equilibrium
equations on the vertical plane:

From the equilibrium condition : Féf =FCH; Fg = FCV and F};/B =Fl§1a

FY = Fa/B =(963.467x7/40) =168.607 Ibf =750 N

3) Consider the right and left sides of the system with free levers, and set the
equilibrium equations of the normal forces in light of the equilibrium conditions:

3a) Left side of shoe 3b) Left side of shoe
Nghy —uaNg — Ff ' H = Fjj e, =0 Nphy +uaNp — Fi H+ Fj e, =0

e y e 4
chngﬁgllbfzzlggj\/ NDzngon Ibf =1815 N

h — ua hy + ua

Figure 8.13. Sketch of the proposed brake design (double shoe). For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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4) Calculation of the moment

M =pu(Ng+Np)(e/2)=0.35%x(2199 +1815)x(5/2) =292.665 Ibf. ft =396.8 Nm

8.3.6. Case study: hypothesis of the band brake whose drum has a
radius R (mm and in)

We wish to calculate the tensions 7 and T applied to the band wrapped around
a drum if the angle of wrap a = 260 ° at a distance a of 10 in (¢ = 254 mm) from the
diameter of the drum. The moment applied is M = 1345 Ibf.in (1.52x10° N.mm). The
mechanism is driven at 1000 rpm. The materials in contact (cast iron in a humid
environment) require a friction coefficient of p = 0.2. The yield of the system 1 is
75 %.

SOLUTION WITH DISCUSSION.— By virtue of Euler’s relation, we begin by writing:

T,/T, = Exp™™* where o =7280/180=280°. The ratio of the forces is written
thus:

T, /Ty = Exp"® =¥ = " =2.657 rad =152.263°
The condition of equilibrium (inertia) enables us to set: M =a(T; —T;) = Exp***
From 7, /T, = Exp"™®* , we deduce T;: T, = (E)qn"x‘”)xT2

We then substitute this expression into the expression of M. We obtain:

M= a(Exp'”X“xTz —Tz) = Tza(Exp"“—l) -1, = a(EprZw _1) - 10(21.23—1)

T, =81.146 Ibf =360.958 N and T, = Exp"“T, =2.657x81.146 =215.646 Ibf =959.243 N

Knowing the rate of rotation N, the angular velocity (® in 1/S) would be:
2nN/60 = 10.966 [1/S]. From the power relation, we can set: P =M xaoxn [W ],

where 1 represents the yield = 75 %:

P=Man =1345x10.966x75% =71.078 [ Btu/min |=1.25x10° ]
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8.3.7. Case study: differential brake using a roller pressed against
a drum

Consider the design of a double-shoe brake (also see Figure 8.14).

where:
—Fapp=56Ihf=249.1 N
// =RPM R — u =0.35 Friction coefficient
, _ — M = 5000 Ibf.in =5.649x10° N.mm
VARG —a=1.5 in=38.1 mm, b=3.5 in=88.9 mm
—C=7.5in=190.5 mm
— R=D/2=5.5in=139.7 mm
ol a ~ C7] 1. Determine the maximum and minimum
b forces.
F(N) 2. Determine the maximum moment.
o 01 B 3. Determine the power in watts.

Figure 8.14. Sketch of the design of a differential roller brake. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

With clockwise rotation, let us first check whether the brake can automatically
lock. (@) is the angle of wrap on the drum in degrees o =180x7/180=180°. The

condition justifying this is written:

(b/a)<¥, knowing ¥ = Exp™® = Exp"*¥" =3.003 and (b/a)<3.003

From ¥ =3.003 and from bja =2.43 =¥ <b/a because 2.43 < 3.003

The maximum and minimum forces are calculated on the basis of this system
of equilibrium:

M:RX(Fi—FZ):3600 Ibf RxF, —RxF, =3600 [bf
=
axF +c><Fapp—b><F2=O bXFz—aXFi:chapp

Case 1: clockwise rotation (CW — -) unauthorized — non-self-locking brake:

By writing it in matrix form, we are able to solve the system with two unknowns:

-b —cXF 1.185%10% 2.665x10°
A [a ], V:[ app]:solnzlsolve(A,V)z N = Ibf
R -R M 6.029%103 1.355%10°
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e | EE=1.185%10* , EY =2.665x10°
Fon = [N] or indeed [lbf]
F =6.029x10° FA =1355x10°

min min

Case 2: anticlockwise rotation (ACW — +) the brake is self-locking: by writing
it in matrix form, we can easily solve the system with two unknowns. The maximum
and minimum forces are calculated on the basis of this system of equilibrium:

Al
¥ =——=Exp"* =3.003 FM —wx T =0
2 = =

bF, —aF —cF,,, =0

b —cF,,, —aF" =0

1 =¥ 0 589.866 132.607
A= and V = = soln = Zsolve(A,V) = N =
b a Fopp 196.426 44,158

v | FiH — 589.8661 , FAT =132.6072
Fon = N or indeed Ibf
FAT =196.4266 FAT = 44158

min min
Results from substitution:

cXF

FM = %P — 44158 Ibf =196.426 N
¥Yxb—-a <« QOED

' =@ x "™ =132.607 Ibf =589.866 N

Calculation of the force moment (torque) in N.mm and in Ibf.in

M.

wp = R(ﬂfn’jx —sz{l{n) :5;25(132.607 —44.158) =243.235 Ibf .in = 2.748x10* N.mm
Calculation of the power (in W and Btu/min) necessary for the applied moment:

for N=960 RPM, we calculate the frequency of rotation, ® = 2nN/60 = 10.528

[1/S]. The power in watts and Btu/min, if the yield (n) of the system is 70 %, is:

Py = My, x@x1 =243.235x10.528%0.7 = 202.522 [Watt]=11.517 [ Btu/min]

syst
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8.3.8. Symmetrical shoe brake pressed against a drum with radius R

Consider the design of a symmetrical external shoe brake (Figure 8.15). We wish
to determine the resultant of the normal forces, the force of friction and the precise
location of the applied forces. We determine the moment with respect to the center
of the drum, taking account of the phenomenon of wear and tear. The wear is
considered to be uniform. In other words, the diameter of the drum must remain
circular (we impose a tolerance interval on the circularity [IT] circularity, O).

I »

‘ >
A Fop C T

2
m
0 N

J—

G
R

po
R 2
€ hl
f €]
|

HX]"*X]" ﬁ

7,
—— a a ﬂD

Figure 8.15. Sketches of the proposed brake design (double symmetrical shoe).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

=

The radial wear and tear is: F,;, = K, Xx(B,XxV) [8.36]

After the motion and the radial wear and tear, the point & moves to &;. The
purpose of this is to maintain contact between the rigidly mounted shoe and the
drum. The horizontal displacement (Ay) of the point (8) is expressed thus:

Ahvrizontal = KX R’l X V/COS((/’) [837]

where:

— K is a coefficient of the material, equivalent to the P, when the angle is zero
(p=0°;
— P, is the normal pressure and V is the linear velocity;

— A, 1s a displacement (equal shift), constant at every point.

Normal pressure — P, = k, Xcos(¢), where k, = A/kV [8.38]
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The shoe is symmetrical, and therefore the normal pressure is also symmetrical.
We conclude that the outcome of the forces is equivalent to the sum of the
horizontal components. The same is true for the outcome of the vertical forces of the
differential of the forces of friction, as illustrated below (Figure 8.16).

A
R
HN F P() - P[ =A R
ﬂk
o
fa d ¢
[ ® 1 p°/2
N e 1P Py
A p°r2 =
| =T
S LR o i _—
il p°/2 i L
Ltt R 1A Rs
| N\ °
C pe/2
Fig.(a) Amplified wear
Fig. (b)

/ . N By N
Fay i o
D L p/zo (e} L L d(p p/zo (e]
Ll ¢ Ul ¢
R, Lo L A
ol ~
L Ll
L K UL \
L\ . I .
L L p/2 Ty p/2
L L
R R )
(©

e
Figure 8.16. lllustrations of the proposed brake design (symmetrical double shoe).
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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i3 K,RA
RE=N=2 J Apoyiz €08 (@) &, cos((o)quoz“Tmcost)

0
[8.39]

P2
Ry =2 j Uk, cos(@)Rcos(@)dp = uN
0

The position of the resultant force is found in relation to the load (Figure 8.16a
and b). N passes through the center of the rod of the shoe along the horizontal axis
of symmetry (Figure 8.16¢). The position of the vertical force represented by (uN) is
calculated by the principle of equilibrium of the moment applied and the forces
resulting from the forces of friction. The center of the drum is considered the
reference point. (h)is the distance from the center of the drum to the point of
application of the force of friction (uN). Hence:

P2
/UNh =2 J. |:/u’(v COS(¢)]‘RAhor[zd¢ = 2IURZAhoriz SIH(%) [840]
0
. 2N
The maximum pressure K, for p =0°: x, = - [8.41]
RA,,,.sin(p)+p
The length would then be: /=4R sin(p/2)/(sin(p) +p) [8.42]

The moment of the resultant of the friction forces (uN) with respect to the center
of the drum constitutes the brake force of the system and is written as follows:

M,, =nyxh=ﬂN[4Rsin(p/2)/(sin(p)+p)] [8.43]

ng'[]érential = Fd@[]' = P,, X RX @X d¢

Fig(c) — [8.44]
resultan 7 K Ro
Niovizomtal = Niori = —Yz [Sm (p)+ P}
Fferentiat = Fiigt = WX By X Rxoxd
Fig(d) — 4Rsin(p/2 [8.45]
RIS~ 1% = N where 1= 2850 (P12)

sin(p)+p
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COMMENTS AND DESIGN ANALYSIS OF THE SYSTEM.— The rod is situated at the
distance (/) from the center of the drum, as a free-moving body. It is represented by
the normal force (V) passing through the center of the pin and the force of friction
(u.N). Tt also passes through the center of the pin of the shoe in order to
appropriately satisfy the pressure distribution P, = x.cos(¢). The analysis of the
forces is conducted without reference to the pressures distributed on the shoe. If the
pin were situated at a distance different to (#) as expressed above, the result of the
forces would still have to pass through the center of the pin. The above assumption
[P, = K;.cos(@)] is no longer valid, and does not deliver equilibrium of the system.
It is therefore useful to consider the components of the forces and (uN) to
unfailingly act at the center of the pin. Remember that the pivot can be positioned
along the resultant of the forces (V) and (uN) without affecting the distribution of
pressures on the drum from the relative shoe. For example, if a shoe with a
symmetrical pivot were positioned in such a way that it subtends a right angle (90 °)
around a drum 304.8 mm = 25in in diameter, what would be the distance (h)
between the center of the drum and the pivot in order to avoid a moment of rotation
due to the forces of friction, if we assume that the wear and tear is uniformly
distributed? We assume that the pivot is thus situated along the normal force (N).
The distance (h) from the pivot to the center of the drum is:

l=4Rsin(%)/(sin(p)+p) =4><24sin(%)/(sin(%)+%) =13.203 in =335.345 mm

In the above figure, the radius has a linear influence on the height at which the
forces are applied to the internal symmetrical shoes. We must take account of the
uniformity of the wear and of the specific pressure ;. Without taking account of the
above, the designed system would be rather unsatisfactory (in terms of safety,
lifetime, etc.). For different diameters ranging from 12 to 26 in, for R,izpes (12 in,
..., 26 in)/2 and for the same angle (p), let us plot the evolution of h(R,4iapzes)-

h(Rvariable) = 4'Rvariable'sm(£)
0 h(RV ) ) - —2
0| 13.203 ariable sin(p) + p
1 14.303
2| 15403 30
3| 16503 25
4 17.603
5] 18704 h( Rvariablg20
6| 19.804 15
7 20.904
8| 22.004 1% | 15 20 25 30
9 Continuous Rvariable

Figure 8.17. lllustration of the proposed brake design (external symmetrical double
shoe). For a color version of this figure, see www.iste.co.uk/grous/design.zip
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8.4. Principles of calculations of a gear system or gear disc

Gear systems, like couplings, are adherence power transmitters. Thus, they are
temporary relays between a motor and a power receiver. The following are the main
operational phases:

— transient slip phase: during gear shifting, power transmission is progressively
engaged. The input and output shafts do not spin at the same speed. Slip occurs
between the discs, giving rise to wear and tear, and therefore the dissipation of
energy in the form of heat. Over a limited period of time, this phase gradually unites
the engine with the gearbox;

—engaged position: the gear system transmits a// of the power supplied to the
bearing. This is the stable position with lack of command,

— disengaged position (dead point): the transmission is interrupted, the wheel is
free and the vehicle stopped. The engine can continue to run without driving the
wheels.

Consider an internal shoe brake, as illustrated below.

/ Hypothesis of calculations relative to

LI -
o B T R the design:

| C - q  —F=force applied (load);
F F — H = height;

— R = external radius;

— a = internal radius;

— e = excentricity;

P — p° = angle;

— p;° =small angle;

A Pre — py° = winding angle;

- b A — p = friction coefficient;

— o = rate of rotation.

L

o

P2

e

Figure 8.18. Internal symmetrical shoe brake. For a color version
of this figure, see www.iste.co.uk/grous/design.zip

The transmission torque delivered by a gear system depends on the material used
for the brake linings, the number and dimensions of surfaces of friction between
discs, and the forces exerted by the springs. The disc is the element associated with
the output shaft. It is pinched between two elements linked to the engine shaft. It
carries the friction /inings, and is therefore subject to wear and tear. There is an even
number of contact surfaces.
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The contact surfaces may operate dry or be lubricated in an oil bath. The control
may be mechanical, hydraulic or electric, with electronic command. The temperature
increases as the discs spin. The performances are dependent on the temperature.
Cooling is needed, because the linings are made of synthetic materials. The
dimensions are dictated by the slip phase, which determines the maximum
transmissible torque.

Multidisc gear systems (Figure 8.19b) work on the principle of a stack of discs.
One out of every two discs is notched (grooved) around its circumference, meaning
it can be connected in rotation to the bell of the gear system. The other, non-notched
discs are connected to the arm of the gear system. The stack is kept under pressure
by springs. The force is almost identical for each disc. This configuration, for the
same value of the transmissible torque, is much more compact radially than that with
a single disc. Multidisc gear systems are drawn in 3D.

Disc Spring

T Shaft (engine),
| | |

VA cain ﬁ \ Z

(a)

Pressure plate

Figure 8.19. Single-disc gear system (a). Multidisc gear system (b).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

8.4.1. Case study: principles of calculations for gear systems

CAM GEAR SYSTEM.— Design a cam gear system to run a centrifugal pump. The gear
system must transmit 117 hp at 1662 rpm to the pump, which starts up and shuts
down 36 times an hour for 12 hours, 360 days per period. The pump's lifetime is
estimated at 12 years.

With:

— power of the gear system, P, = 117 hp = 8.725%x10* W;
— frequency of rotation of the gear system, @em, = 1662 rpm;
—number of cycles per hour, Cy;, = 42 Cycles/hr;

— number of hours per day, Hd = 1 h/d = 1 hr/day;

— number of days per year, Dy = 360 d/y = 360 day/yr.
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Calculation of the maximum moment (torque) acting on the cam gear system:

M ax = Poty | @ty = Pty |27N 4y = 501.291 N.m = 4437 Ibf in [8.46]

ANALYSIS OF THE MOMENT (WORK) OF TORQUE ACTING ON THE GEAR SYSTEM.— For
installations without shock loads (no-load installations) from start to finish, we write
the maximum torsion moment which acts on the gear system. However, there may
be a shock load at startup and cutoff. In other words, the shock torsion moment must
be added to the torsion moment to determine the action of the total torsion moment.
Calculate the shock torsion moment using the relation from step 1 and the true
power (hp) and the velocity developed by the shock load.

Calculation of the total load (annual number of cycles):

N,

cycles

=C xXH;xJ, =1.512x10* [Cycles/year|

cy.year

[8.47]

In 12 years, the gear system would perform this number of cycles before failing:

12 years
N cycles

= (Ccy. year

xHija)x12=1.814><105 [Cycles) [8.48]

8.4.2. Analysis and choice of the dimensions of the cam gear system

Using the grid in Figure 8.20, the maximum torsion moment, 365 /bf'ft, is on the
left and the number of loading cycles, 1,728,000, is at the bottom. By horizontal and
vertical projection to the point of intersection, we are able to choose the represented
gear system by reading the next indicator above the curve. Thus, a type of gear
system would be used for that particular load. (Note that the capacity of the gear
system could be tabulated instead of read off a graph).

500 Max. moment, /bf.ft 6780
400 542.4
Tune C //)\ —  Type A
P 300 \z/ 406.8
Type D /)\ -~ TypeB
200 \< 2712 Moment
135.6 Max.,
T E
e 0.00 Nm
00
0.0 05 10 15 20 25 Cyclespermillionload

applications

Figure 8.20. Grid of choices for cam gear systems. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
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8.4.3. Sizing of a cam gear system and case study

As illustrated below, if the bore is too small, we must choose a larger bore and
verify that the gear can fit in the available space. In order to do this, we usually use
the general procedure for choosing cam gears (see the above grid) for compressors,
transporters, cranes, ventilators, airplanes, 3D printers, pumps, punching machines,
speed reducers, looms, etc.

41730
S |
i S E— 6 HOLES
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SECTION B-B
SCALE 1:1

o )
Support Y | . 00  Outer ring

angl

Overload 01
speed

;
(©) )

Figure 8.21. Components of gear system: bearing, cam, springs and cages. (a) Cam
stationary; (b) inner and outer rings locked, during rotation of the mechanism; and
(c) only the inner ring is rotating. R = reduced shrinkage; e = reduced gap and ¢ is a
slight inclination. For a color version of this figure, see ww.iste.co.uk/grous/design.zip

Consider a mechanism with a cam gear system, made by the manufacturer
Tsubaki [TSU 16], having a moment (M, work) required per service factor. The
capacity of the moment of the gear system cam must be greater than the moment of
the cam designed, in order to better withstand the overload in speed. This is
formulated as follows:
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—S = Clamping moment (%) is always > 100 %, and chosen from the
manufacturers’ catalogues;

—the service factor Fs = 1.5/day (numerous stops) and Fs = 2.0/day (sudden
stops);

— pis the friction coefficient of the bearing = 0.03;
— h is the total lift in m;
— [ is the distance between the tail and the head of the pulley;

— 1y is the distance corrected by the length (/). The manufacturer suggests
l() =49 m;

— Q is the maximum load in metric tons/h;
— F; is the service factor (see manufacturer’s coefficients);
— V is the velocity of the mechanism used — for instance, a conveyor — in m/min;

— W is the weight of the parts driven by the conveyor in a no-load situation
(kg/m);

— N is the rate of rotation of the drive shaft of the gear system (rpm).

According to the manufacturer’s documentation: Nimperiat = 5252 and Mo = 9550:

me _ Fhp XMimperial S M
Mg = e =l < [ Ml ]
[8.49]
i P X n S M.
or Mtorque — Penglne — kW ISO X < |:M ax torque:|
engine kw RP, Mshaﬁ 100 engine
Belt width, mm 400 450 500 600 750 900

Estimated relative weight, kg/m 22.4 28 30 35.5 53 63

Belt width, mm 1050 1200 | 1400 | 1600 | 1800 | 2000

Estimated relative weight, kg/m 80 90 112 125 150 160

Table 8.3. Estimated values of a conveyor belt. Source [TSU 16]
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Expressions of calculation of the powers, according to the manufacturer

Parasitic pinion and no-load belt:

Py = Pyrioeded Pelt = (6/100)x urx W xV x((1+1,) /367) [kW] [8.50]
Active pinion and belt loaded — horizontal motion.:

Py = P = ux 0, x((1+1,)/367) [#] [8.51]

Active pinion and belt loaded — vertical motion:

Pay = Pogne =hx Q0 x(1/367) [k1] [8.52]
Backstop power:
PBackstop = P]H _(7/10)X(P] +P[I) [kW] [853]

BACKSTOP TORQUE (FORCE TORQUE).— It is important to select the appropriate gear
cam which delivers the required backstop torque:

M =(9550/ RPM )X Pyyepiop X Fs [ N.m] [8.54]

The principle behind a cam gear system is simple and astute. There are many
different spring cams. Here is one example, inspired by Tsubaki [TSU 16].

8.4.4. Case study: principles of calculations for gear systems in design

The principles of calculations of gear systems are based on the force of friction
between the materials in the mechanism, the exerted pressure and the geometry of
the essential parts, such as their diameters. The figure below illustrates this.

<« Hypothesis of calculations
relating to the design here
illustrated:

—Fapp =7
—R;,=3.5in=88.9 mm;
—R,=3.0in=76.2 mm;
—n=10.30;

— o =960 rad/s.

app /

Figure 8.22. Gear system with uniform pressure. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
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The expression of the total moment, in Ibf.in or N.mm, is:

M, = 2;;;1P_[ R2dR = muP> (ij -R}) [8.55]
RIVI
2 Fapp
Based on F,, = P(R -R; )we write the pressure P = ————— [8.56]
(Rezx - Rl%l )

After substitution of the equation of pressure P into the equation of the moment,
we find:

R,
Fupp2t 2( R -R3, 2( RS -R}
M, =T J. R%*dR = quP=| Zex—"in | =y Z| Zex”Tin | yF
total - R2 R2 app 3 Rezx —R,% app ,u

mn

The friction radii are expressed by R,,,; under uniform pressure, we have:

[8.57]

_2(R.-R;
5 otal — /u app ,up

w =3 R~ ’”J hence = M,

The pressure is not always uniform when the gear system is new. The friction
radii are also expressed by R,y. With uniform wear and tear, we have:

Uniform wear — Ry, = (Rey — /2 hence = M 441 = UEF 4, Ry [8.58]

NUMERICAL APPLICATION.— For: R;,= 3.0 in=76.2 mm and R = 3.5 in = 88.9 mm:

2( R -R)  2(35-3.0°
Uniform pressure — R, =— ezx ’; == 5 5 |=82.713 mm
3\R2-R2 ) 3(3.5%-30

[8.59]

Uniform wear — R, = [REX —Rin j = (3'5 _3'0j =82.55 mm
2 2

The graphic plots of the respective forces of friction in relation to the respective
external radii illustrate the behavior:

: Ry, 2[R -R}, _[Rex—ij/
{f(Rm)— X =3 7R2 2 R, and g(Rm)— R = R, [8.60]
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By varying the respective internal radii R;, from 0 in to 3.5 in and R., = 3.75 in,

we obtain the respective friction radii:

1 T T T T
Uniform pressure
3 3
097 2| Tex ~Flin ! 1
2 2
Tex ~Tin
0.8 -
f(rin)
L aad
g(rin)
0.7 -
Uniform wear
0.6 -
? in T Tex
2
05 1 1 1 1
0 0.2 0.4 0.6 0.8
Tin
Tex
Uniform pressure | Ru (rin) =
— 2 [ Rgx - Ri:; J 0
“p T 3| 2 _p2 2.
3 REZX _ Ri%l 0 500
1| 2510
Uniform wear 21 2339
R, = (uj 3| 258
Uy
2 4
Uniform pressure

f(rin): g(rin):
0.667 0.500
0.669 0.533
0.677 0.567
0.689 0.600
0.704 0.633
0.722 0.667
0.743 0.700
0.766 0.733
0.790 0.767
0.800
0.817
0.833

0.844

y 0.867
0.8

’ 0.900
0.904 0.933
0.935 0967
0.967
Ruu(rin)=

0
o| 1875
1| 2.000
2| 2125
3| 2250
4
Uniform wear

Figure 8.23. Radii of friction of a gear system with uniform pressure
and uniform wear. For a color version of this figure,
see www.iste.co.uk/grous/design.zip



Friction, Brakes and Gear Systems 307

8.4.5. Conical gear system

In the case of conical gear systems, the problem of conicity is a serious one,
unlike with cylindrical gear systems. The force of engagement is important in order
to engage the two conjugal parts. This fact is attributable to the force required to
rotate the cone and its conjugal part.

; Gear engaged Uniform pressure
ot N uF (2B, -
\/ Fax Mpu = 2 2
s1n(0() k 3R, -R;,
h [8.61]
Fax ! l Other formulation 1
9 Mpu:/uF RSX_R?}'I =

3R pean! sin (@)

Figure 8.24. Principle of conical gear systems with uniform pressure.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

where:
— M is the moment (torque) of forces in Ib.in or N.m;
— Faye 1s the axial force in 1b or N;
— w is the friction coefficient;
— R is the external radius (large) in in or mm;
— R;, is the internal radius (small) in in or mm;
— Rinean 18 the mean radius in in or mm;
— [ is the width in in or mm,;

— (o) is the angle of the cone (in our case, a = 45°).

. 2 R~ R,
As. Fn = 27[Rmean XPXI[— Mpu Z‘UFn T2 o [862]
3 Rex_Rin

If the wear and tear is uniform, the force torque of the conical gear system is
written:

M, = UF i Rpeqn [sin () or indeed M ,, = ftF, R,y [8.63]
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Thus, the pressure variation, when the wear and tear is uniform, is written as:

P

uu

=(F/2m)X (R, — R, )X R [8.64]

The maximum pressure acts on R;, (small radius) and the minimum pressure on
Rex (large):

F
Maximum pressure — P, ., = ——— & ——
e 2”(Rex - Rin )Rin Fax
- Pmean = 2 2\ [865]
E Fax ”(Rex_Rin)
Minimum pressure — B, =
2”(Rex - Rin )R X

The analysis of design, in view of conicity, is tricky or complicated if using
conventional means, given the orientation of the forces of friction, which are
dependent upon the way in which the cones engage and interlock with one another.
Considering the classic method whereby we mask the relative motion of rotation at
the time of engagements, we introduce the axial force at its maximum value, which
is modeled as follows:

Fyejmax = F, X[ sin () + pcos (er) | [8.66]

This force represents the maximum force required to obtain the normal force F,
which, whilst rotating, generates friction, which gives rise to the resistance moment.

The axial force which supports and keeps the conical part engaged in its site varies
between:

F =F,xsin(&) and / or F =F, x[ﬂcos(a)—sin(a)] [8.67]

This is due to the vibrations giving rise to the forces of friction: F = F,.sin(a).
Thus, to disengage the two conical parts, we calculate the axial retraction force
(disengagement) F, as follows:

F, = F,[ urcos(a)—sin(2) | 8.68]
It is not necessary to consider special forces for the retraction of the two parts of
the gear system. It is even possible that pcos(a) > sin(a), in which case the force F,

is sufficient and necessary to retract the two pieces out of contact with one another

F, = F,[ urcos(a)—sin(a) | 8.69]
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Figure 8.25. Engagement and retraction of the gear system with uniform
pressure and wear. For a color version of this figure,
see www.iste.co.uk/grous/design.zip

The power necessary for the conical gear system is expressed as follows:

Uniform pressure, P= Hp =

MXN _ )2 R-R| N
63000 "3

- 2 2 BT
R —R2 | 63000

3 _R3
(N is the RPM) — .= — s Tutt 2| Rex = Riy
63000 sin(a) 3| R% -R?

D
NF. mean
MxN — nk 2 N % Fn:URmean

63000 63000 63000 sin(cr)

Uniform wear, P= Hp =

[8.70]

The normal force F,,, once we know the mean pressure, is calculated as follows:

F X27TR x1

nr = Pmean mean

8.5. Flywheels and rims (discs and rims)
The weight of the rim is expressed by the following relation:

K E 2K, XyE 2K, XYvE
pj=—1><y—2: 21 }/2 = 21 2}/ 3 [kgorlb]
K, v (V1 —Vz) (a)l —a)Z)R

0 -,

K2: I/II;VZZCOI_&)Z’V’": Vl_
a

m m

v,
2 and @, =

[8.71]

[8.72]
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Numerical applications of the principles of calculations for the designed rim

Where:

—E is the energy supplied to the quarter turn of the flywheel, E = 1500 ft.Ib =
207.382 kg.m;

—N; and N, are the frequencies of rotation. N; is 200 rpm = 200 (1/s). If it
decreases by =13 %, then N, becomes N, = 139.200 rpm = 139.2 (1/s);

— maximum radius, R,csn = 35 in = 0.889 m;
— acceleration due to gravity y = 32.2 ft/s*= 9.81 m/s*
— K is the empirical coefficient or the velocity ratio, K; = 0.90;

— ( is the increase of the real weight of the rim {=1.117 ({ = 1.15);

— P; is the weight of the rim in kg or Ib;

—K; = 0.90 is an empirical coefficient due to the
effect of the hub, the shaft, etc.;

—K, is the ratio (coefficient) of wvariations of
velocity;

— v is the acceleration in m/s?;

— E is the storage energy of the flywheel in kg.m;
—V, is the maximum linear velocity in m/s at the
point where R is average;

—V, is the minimum linear velocity in m/s at the
point where R is average;

— V,, mean velocity in m/s at the point where the
radius R is average ;

— o is the maximum angular velocity in rad/s;

— m, is the minimum angular velocity in rad/s;

— oy, is the mean angular velocity in rad/s.

Figure 8.26. Car wheel rim drawn with Inventor 3D. For a color version
of this figure, see www.iste.co.uk/grous/design.zip

2K, VE 2x0.9x9.815x207.382
prim:( =7 - 2OPOBIXATI__ 65 095 4 = 149.749 11

U = Opin ) B (16755 ~14.5777}0.889?

E=1.117 — popproximate _ )« & =67.925x1.117 = 75.872 kg =167.270 Ib

rim

For a mean velocity ®p..,, found here, we calculate the fluctuation of velocities,
represented by the coefficient K, as follows:

i _ 16. 14. - 16.755-14.
a)meanzwmax+a)mm= 6.755 + 577:16.666;1(2:@ @ _ 6.755 577=0'139
2 2 [ 16.666

mean
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8.5.1. Flywheel for a solid disc

The kinetic energy is written:

J
Ekinetic = l']0 (a)lflax - wr%lin ) = l 2 0 (Rr%tean a)r%lax - Rr%lean a)élin ) [873]
2 2 Rmean
2yE 4yE 4yE ( o~ V220)
Pd=— B e I [kg |and Ky= ~——— [8.74]
VmeanK2 (Vlo_VZD) (a)l _a)Z)Ro Vn
where:
— Ry is the external radius of the disc in mm or in;
— V|, is the maximum linear velocity in m/s at the
external point of the radius of the disc;
— V), is the minimum linear velocity in m/s at the
external point of radius of the disc;
— Vy, is the mean velocity in m/s at the point in
relation to the external radius R;
— o is the maximum angular velocity in rad/s;
— , is the minimum angular velocity in rad/s;
— oy, is the mean angular velocity in rad/s;
— o is the angular velocity of the disc in rad/s;
— Jy is the moment of inertia of the disc and the
shaft combined in b.ft/s’ or kg.m/s’;
— Rijean 18 the mean radius.
Figure 8.27. Flywheel drawn with Inventor 3D. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
Efinetic = %(Vnzlax - Vnzlin) = %(Vmax +Vinin )(Vmax - Vmin)
mean mean
[8.75]
(Vmax B Vmin) (

J
Elinetic = TOZVszV2 where K, =

mean

uctuation
% Vi )

The moment of inertia J, is made up of two distinct parts (the disc and the shaft):
Jo = (Bin X P2 [ 7)+(Pras X P [7) [8.76]

where:

— pj is the radius of gyration of the flywheel in m or ft;
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— Pm 1s the radius of gyration of the hub in m or ft;

— v is the acceleration (9.81) in m/s”or (32.2) ft/s”.

If we consider that the radius of the rim is fairly small in comparison with the
mean radius, p; is assimilated to the mean radius (Rpyen). Thus, by dividing
equation [8.76] by Ryean and setting (Rpean) > = (pj)z, we find the expression of the
strength modulus as follows:

J, P. P, Xp? J,
20 =—"c+ e thub - Ekinetic = V2K2 20 [877]
Rmean /4 rx Rmean mean
P Py X P
Ekinetic = [ fonhee J-’-( e 2 ph“b (V2K2 )‘J
4 7Rmean
[8.78]

2
— Pﬂywheel — [ Ec ]_(Phub X Phub ]
: 2 2
v 4 KZ ;/Rmean

The value of the coefficient of velocity fluctuation takes the following form:

Pt ™ P 12
K, =1-—2"22V"K, and P; will therefore be written \2
YR E

[8.79]

PZ ool = }/E I_Phubxpl%ub V2K2 ZKI}/E
fmhee =y YR E | vk,

ean

where:

—C, adjustment of the real weight of the rim { = 1.15.

We have already anticipated that the value of K is essentially equivalent to 1
(0.90), and we often need to adjust the result by 10 %, supposing that the energy is
distributed over 90 %. Experience tells us that the weight of the flywheel therefore
needs to be adjusted with a coefficient of around 1.15 times — i.e. (Pjx {) =

Papproximate~

8.5.2. Flywheel system with rim and discs (internal and external) made
of cast iron

Consider the following:

— radius of outer cylinder, R., =29 in =0.737 m;



Friction, Brakes and Gear Systems 313

—radius of inner cylinder, R;,= 25 in =0.635 m;

— thickness of rim € = 6.25 in = 0.159 m;

— width of rim of the corona: 1 = 8.25 in=0.210 m;

— acceleration (zero gravity): y = 32.2 ft/s* = 9.815 m/s’;
— density of cast iron: p = 0.255 Ib/in’ = 7.0585 kb/m’.

QUESTIONS.— With the aim of optimizing the design, calculate the following:

1) The weight of the outer cylinder, P, (in kg and Ib).
2) The weight of the inner cylinder, P;, (in kg and 1b).

3) From the moment of inertia of the two cylinders, deduce an approximate
moment and the resulting error.

4) The kinetic energy of the rim Ej in ft.Ib or kg.m.
5) The coefficient of fluctuation of the angular velocities, if the adjustment is C.

6) The output energy per rotational cycle M x0 in 1b.ft or kg.m if K; = 0.95,
which is the effect of the hub and the arms on the rim.

SOLUTION WITH DISCUSSION.—

Weight of outer cylinder P, = iR}, =2.521x10 kg = 5.558x10°Ib

in lpcast iron

Weight of inner cylinder P, = 7R’

mlpcast iron

=1.874x10* kg = 4.131x10°Ib

Moments of inertia J,yuqrs Of the two cylinders together in the constructed
system:

m 2 ;/

Jer _ (1 Py,
ex 2 }/

R> j—(l P g2 ] =31.201x10° [mkgsz] = 225.675[1bﬁs2]

The approximation of the moment of inertia (J;, ), on the basis of the initial

hypothesis that it is a fine rim where the thickness of the corona is: € = 6.25 in =
0.159 m, would be:

mean in

P=(P, ~P,)=647.54 kg =1.43%10° Ib; Ry, =(Rex +R;,)[2=0.687 m=27 in
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Thus, we can calculate: Jé';‘;fr’;iimm =(P/ 7)><R,%lean =31.03x10° mkgs* =

224 44 Ibfis*

The error in the approximation would be:

J _Jinertia
Error % = cylinders approximate =0.546 %
chlinders
. . . . . . _ chl 2 2
The kinetic energy of the cylinders is written: Ey;,,,;. = 5 ><(a)l - ) [8.80]
The weight of the cylinders is: P, = 4;/Ekm/R62x (a)l2 -3 ) [8.81]
. . . . _ Pcyl/ex 2
Knowing the expression of the moment of inertia: J , —Z—Rex , let us
calculate Ey;, as follows:
Fyytrex 4yE,,
Eyyy =22 R2 (0 3 ), the total weight: Py =— 7" [8.82]

2y R (of —a3)

8.5.3. Flywheel: numerical applications. Hypothesis Il

Consider:

— the kinetic energy of the rim is Ej in ft.Ib or kg.m;

— the output energy per rotation cycle is M;x0 in Ib.ft or kg.m.
SOLUTION WITH DISCUSSION.— Let K; be a coefficient of velocity fluctuation,
Ki = 90 % and K,gusmen = 1.15. The kinetic energy supplied E, = 1878 Ib.ft =

259.643 kg.m. The RPM,; is the rotational frequency = 250 rad/s at startup and is
reduced by 10 %, i.e. by 25 rad/s, so that RPM, = RPM, — 25 rad/s = 225 rad/s.

The respective speeds of rotation are therefore , and w,, as follows:

RPM RPM
{a)l — o FPMy 56187 iy =27 RO =23.562ﬂ}
S S
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Knowing that: R,.,, =(R., +R;,)/2=0.686 m, the weight of the two cylinders is

written as:
P = 2K % 7% gy | R (@0~ 03 ) | = 74892 ke

We hypothesize that the weight of the rim is 1.15 times less than that of the
corona (Cylinder) and we set Padjusted = Padjusted XKadjustment =86.125 kg =189.874 Ib.

The velocity fluctuation coefficient K5 is therefore:

{ Drean z(a)l—'—ab)/z and KZ :(a)l+a)2)/a)mean ZOIOSFQED}

8.6. Conclusion

The machine elements for power transmission are numerous and varied. Their
designs evolve with the progress of research, and manufacturers offer brake systems,
gear systems and other connecting material that are both reliable and lightweight.
The materials used are undergoing considerable development, and drawing
inspiration from this for design studies is worthwhile. What we have presented is a
condensed series of examples useful for mechanical design. However, whilst these
calculations are helpful, they are no substitutes for a detailed, targeted study of each
stage of the design process.






9

Sizing of Creations

9.1. Elastic machine elements and bolted assemblies

Elastic supports are used to damp the vibrations and shocks in machines placed
on and bolted one another machine, as in the 3D illustration below. The illustration
includes profile pieces and supports, where four compression springs are placed.

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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Figure 9.1. Bolted assemblies and supports on compression springs.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

The mathematical design of nut and bolt elements is governed by the ANSI
standards, in the English-speaking world [ROA 75] and ISO standards using metric
units. The parameters which come into play in the design are the following:

— P, fitting factor (prestressed bolted assembly). Contact between the materials is
not recommended because of the surface states;

—k = (1+¥) where ¥ = 0.5 to 1.5 is a fitting factor, with a recommended value
of 1.2;

—F, is the maximum axial force imposed;

—n is the force input factor, which determines the shape of the end of the thread;
— F, is the maximum tangential force imposed;

— z is the number of bolts;

— p is the step of the thread;

— d, is the pitch diameter (&) of the thread,;

— dpin 1 the minimum diameter of the bolt thread;

—d is the nominal diameter of the thread in [mm or in];

— dyis the pitch diameter of the thread in [mm or in];

— 0, is the elastic limit;

—k, is the safety factor;

— P, is the acceptable (allowable) pressure on the nut thread;
— f'is the friction coefficient of the assembly joint;

— f is the friction coefficient of the threads on the bolt and nut (Table 9.1);
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— f> is the friction coefficient between the bolt and the nut (Table 9.2);

— E, is the elasticity modulus of the materials from which the assembly is made;
— E, is the elasticity modulus of the bolt;

— F is the maximum axial force in [N or 1b];

— M is the maximum moment in [N.m or Ibf.ft];

— 0, S, is the threshold of the elastic limit [MPa or psi];

— A,,in 18 the minimum area in [mm2 or inz];

— H is the height of the screw vis in [mm or in];

— L is the total length subjected to the load on the thread in [mm or in];

— K is the safety factor [dimensionless];

— p is the friction coefficient between the bolt and the metal plate.

Reduced length L,; minimum section of the area S,,;, and the helix angle a:
{Lreduced = I’lXL; Smin = ﬂ’-dr%lin /4’ o = arctan (P/ﬂ'ds )} [91]

For a quarter turn (rapid rotation), the yield is written:

tan () _1—ytan()

- = , N#058 t 1
tan[a+arctan(yl)] 1+ gcotan () n#0:if o <arctan(4)

[9.2]

tan| o —arctan 1- tan( o

...then > 1= [ ('ul)]z #aco an( ) or n=0
tan () 1+ tan (o)
Force and maximum output moment:

F i =2M 0 270/ p and Ma?™ = Fx p[27 [9.3]
Slenderness coefficient: Aqugemess = 4Lyeduced / d [9.4]
Pressure stress: 0,oq00 = Pt =F/ A [9.5]
Torsion stress: 7,00 = 10M ,p,5i0n / rd>, [9.6]
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Reduced equivalent stress: O,.,z,ceq = \/ o

pressure

Rankine critical stress: o pime =S 1+

v
Euler critical stress: 0, = A> ><E/ A2

Johnson critical stress: 0,50, =S, | 1=

2
+3 Ttorsion

2
Syxﬂ

T2 XE

2
A xS,
An’E

Pressure on the threads: F, =(F/0.75)xzxd,(d—d,)(H]/p)

hreads

Materials Transmission per
screw of Pressure

in psi

Transmission per
screw of Pressure
in Pa

Steel-cast iron 700-1000

5-7

Steel-bronze 700-2200

5-15

Steel-steel 1100-1450

7.5-10

1 = fi, Friction coefficient per thread

ACME thread

= 1=0.1-0.2

Thread, power transmission per bearing

Sizpn=

0.01

Table 9.1. Power transmission factors

[9.7]

[9.8]

[9.9]

[9.10]

[9.11]

Of the various methods of constructing an assembly, bolting is frequently used,
because the structures can be dismantled when needed, but are also robust while

standing. Below are a few examples of the friction coefficients.

Surface of threads in contact Table 1 Non-lubricated Lubricated
surface surface
Covered with black powder (matt, fl —0.14-0.21 fl —~0.12-0.15
anti-UV) and phosphate plating
Zinc galvanization f1=013-0.18 f1=012-0.17
Platinum cadmium plating fl — 0.08-0.12 fl — 0.08-0.11
Non-lubricated Lubricated
surface surface
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Materials in contact Table 2 /= friction COEfﬁC.i ent
of bolted assemblies

Steel on steel 0.8 0.16

Steel on cast iron 0.4 0.21

Steel on brass 0.35 0.19

Cast iron on bronze 0.25 0.08

Bronze on bronze 0.25 0.10

Aluminum on aluminum 1.35 0.30

Copper on copper 1 0.08

Plexiglass on plexiglass 0.8 0.8
Steel on plexiglass 0.4-0.5 0.4-0.5

Table 9.2. Table of the main friction coefficients for various materials

9.2. Dimensions (sizing) of bolted assemblies

We use the parameters defined above to calculate the dimensions. It is helpful to
refer to published works in mechanical construction and metrology [GRO 11,
GRO 13] to find the formulae used for the threads:

preads of mt by = 4 —1.082531x p [ in mm or in]

[9.12]

dz;;fzds of mut _ dy=d —0.649519% p [in mm or in |

The calculations for the bolted assembly take account of the aforementioned
parameters.

Fassembly :%[ Fa + i ] , F()Prestressed — Fm F, a [ C2 ]

max f ax_7 C]+C2
L+0. L
where Cg=—-08_ ¢, = — L  and [9.13]
E7% L, Q(I.Sd+—j—l.05d2
4 4 a

C=Cyg+Cy(1-n) and Cy =Cyyn; a = coef ., [ (materials)

steels, a = 10; cast irons, a = 10; lightweight alloys, a = 6.

The pressing moment, after a prestress force, in light of the friction on the
threads between the bolt and the nut, is written as follows:
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7d, cos(30°)

M,=F, %tan PN ogaxy,

[9.14]

Thus, the respective applied stresses of traction and torsion are expressed:

_ 2
O'raction = 4FZ)/ u dml and Ttorsion,k

The equivalent stress would therefore be:

— 2 2 .
o-equivalent - \/O-traction +3Tk,torsion MPa or pst

Consider the following:

— F force applied in N or /bf;

— v press coefficient of the joint (bolt—nut);

— F prestress force in N or in /bf;

— Fax pressing force applied to the bolt in N;

— AF| increase of the prestress force on the bolt;

— AF, reduction of pressing due to the force applied
to the bolt;

— AL, degree of elongation of the screw or bolt;

— AL, degree of compression of the materials in
contact, mm or in;

— C, constant (of the spring) of the bolt;

— L is the width of the part subjected to the force.

AF,

=16M, / zd>,. MPa or psi

[9.15]

[9.16]

AL,

AL,

Assembly n=
\2 Lp=L
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Figure 9.2. Outline sketches of the forces-elongations modeled using Inventor. For a
color version of this figure, see www.iste.co.uk/grous/design.zip

The friction coefficients can be read from Table 9.2. The maximum force (F,,.,
load) applied to the bolt imposes a maximum stress and a pressure:

4Fmax 4F;T13.X 2
O =5 and P. = > > MPa or psi [9.17]
7d?, 7z’(0.8d/p).(d -D )

The calculation [ROA 75] to verifying the sizing of the assembly, in connection
with the safety coefficient, enables us to write and plot the resulting diagram:

{pc < Py O.max < Sy/ks and O-equivalent < y/ks } [918]

By way of example, below are a few references regarding the grades of forces of
the bolts as a function of the materials used, in Canada and the United States.

Grades of forces of bolts for each material according to
ISO and CSN standards (USA and Canada)
Material used | 4A |4D|4S |5D|5S| 6S | 6G | 8G, 8E | 10K, 10G | 12K
for bolt |
3.6(46(48(56|58|68[69]| 838 10.9 12.9
p-a [MPa] or [psi]

Steel — 40 |50 75(70 |90 |110(120]| 150 200 250K
Gray castiron | 25 | 30|45 (40 ([55| 70 | 80 90 125 150
Lightweight | ¢ 150 130 [27 35| 45 [ 50 | 60 80 90

alloys

Table 9.3. Grades of bolts for different categories of material
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9.3. Fatigue, shocks and endurance of bolted assemblies

Loading causes fatigue in bolted structures. There are also repeated blows
(shocks) which affect the joints of bolted assemblys. Therefore, we need to take
account of the endurance limits, the lifetimes per cycle of fatigue and the loading
factors. We use the Woéhler curve (load/elongation, S-N). The mean values of the
loads per cycle are typically calculated as follows:

(= + B2 a0d By = (5o B2 | ¥ o by 919)

We use dynamic shocks because of the working movements of the structure.
Thus, we write the expression of the maximum loading as follows:

Finax = Fp 11X F, [9.20]

The mean stress (0,,) and the stress corresponding to the upper cycle (o) are
calculated in reference to the mean force (F,,) and maximum force (Fyy), in static
conditions:

Omax =103, — 0y} MPa or psi [9.21]

The security of the structure can be checked using the relationn. ={o,/o,}. The
so-called safety condition must satisfy {nf = nc} . The corrected endurance limit is

found at the stress o.. This limit takes account of the design conditions, in
connection with the materials and loading:

0, =0,Xk,Xk; ; MPa or psi [9.22]
where:
-0, or 7, amplitude of the normal stress or (in shear) in MPa or psi;
—0, or 7, endurance limits subject to a constant force in MPa or psi;
-0, or7, Mean stress cycles in MPa or psi;

—0p or 7 Virtual meanstress Oy =0, /Y or Tp =T, [Y ;

Haigh diagram coefficient;

-V
—v in traction and bending 0.15-0.3 or over;
—y in shear 0.10-0.25 or over;

-5, basic endurance limit (found by endurance testing of the material);
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—k is the modified stress intensification factor;

— k¢ is the factor of differents effects (root, inclusions etc.).

The basic endurance limit o, is ordinarily expressed as {o’e = 0.4><0'M} , where o,

is the ultimate traction stress. The fatigue safety factor for bolted assemblies is:
{nf <o ,/0, orindeed ny <17, /Ta}. The recommended design value for such

structure is between n, = [1.5 to 3]. The fatigue curve can be plotted using the
following equations:

o O, T T
(—”Jr ij =1 or indeed (—“Jr —m] =1 [9.23]
O-e O-F e Z-F

On the basis of the endurance limit, we calculate the maximum stress G,,,. The
calculation procedure may be graphical or grapho-analytical. The Haigh diagram

represents the normal stress for different stress ratios {o,/0,,} .

9.4. Springs in mechanical design

Under the influence of a load, the spring deforms. It restores the stored energy as
it returns to its initial form. The spring can be curved, elongated, compressed or
stretched. Once the force is removed, the spring returns to its initial configuration.
This is what is known as elasticity. Hooke showed that many materials deform
proportionally to the applied force. This applies to linearly elastic materials, known
as Hookean materials, such as steel bars, springs or springboards. The law is written
as follows: F = k.|S|, where & is a constant based on the characteristics of the spring
(length, wire diameter) and S is the displacement. There are numerous types of
springs. We can distinguish between compression-, traction- and torsion springs:

— compression springs are the most commonly used. The stress is primarily
axial, and directed towards the spring. To facilitate the application of the force, the
extremities of the springs are often brought closer together and milled;

—traction springs are subjected to longitudinal stress which increases their
length. They are found in windshield wiper blades and even in clothes pegs. The
most common method of attaching them is to deform the end spires of the spring to
form a hooked loop;

— torsion springs, also rolled up in helix form, have the essential role of restoring
a force torque. They have a vast range of applications.
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FullLoop d|? |

@=0=08=11D2 —

Hooke length 0,=0.718 in
Input length n 0L,
Length 5.500 in L, of released spring L, = 5.250 in
Direction of Right Total Hooke length = 0 [0,+0,] 1.436 in
spires
D of wire D=0.244 in Number of active spires, n =10 ul
@ outside D, =1.264 in Pitch, step | t=p=0.357in

Figure 9.3. States of a traction spring, drawn with Inventor Pro. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

9.4.1. Materials and geometry of compression springs

The function of the spring is to store and then restore energy. In order for the
spring to perform well, the material of which it is made must combine a high elastic
limit, good fatigue resistance and good corrosion resistance. Often, such springs are
made of steel:

— drawn steels have good fatigue resistance. Their elastic limit is increased when
the forming of a spring is followed by a heat treatment (tempering);

—these steels have poor corrosion resistance. They can be given a protective
coating. They are able to work at low temperatures, between —80°C and 150°C, and
are liable to relaxation at high temperatures;

—tempered steels exhibit good fatigue resistance. They are less vulnerable to
relaxation than drawn steels. Depending on the degree of relaxation allowed, the
operational range varies between —20°C and 160°C. These steels have poor
corrosion resistance.

Springs can also be distinguished on the basis of their use: we have axial springs,
blade springs, helical springs, spiral springs, torsion bars. We require materials for a
spring with a:

Minimal volume with a high value index : O'} /E
[9.24]
Minimal weight with a high value index : O'}/Ep

The main diagrams used highlight the elasticity modulus as a function of the
resistance E = f(oy) and E/p = f(c¢/p). As the primary function of a spring is to store
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the potential elastic energy and then release it for the purposes of operation, its
energy is expressed by the ratio based on the maximum energy density, written as:
Qenergy = o*/2E. Here, E represents the elasticity modulus and o its stress. The ratio is
therefore a dimensionless coefficient y.. Damage to, or failure of, the spring will
occur when the ¢ goes beyond the resistance (strength) of the material o. We

therefore set: @,,¢,.q, = {o-} /ZE} foro<soy.

Recommendation for specifying the design of springs:

Aims: To store the maximum possible amount of elastic energy per volume.
To store the maximum possible amount of elastic energy per mass.

Constraints:  No plastic deformation and absence of cracks (no fatigue).
Choose a sufficiently high failure energy: U > 1 kJ/m”.

Technical documentation indicates that torsion bars and blade springs offer less
in the way of performance than do axial springs. This is due, amongst other things,
to the less pronounced loading. We can see that the neutral fiber is never subjected
to any loading at all. For example:

Torsion bar : @pepg, = {O'}/SE} Jor o<o;
[9.25]
. 2
Blade bar : @014, ={O'/»/4E} Joro<sog

Thus, in mechanical design [HAY 90], the best choice of material is guided by
the best material with the largest value of the index:
(pT

volume

={ O'%/E } — volume criterion
[9.26]
(pjt:eight ={ 0'/% / pPE }—) weight criterion

The index rolling ratio (i) is the ratio between the mean diameter of the spring
and the diameter of the wire. A value between 8 and 10 is recommended to facilitate
the manufacture of the spring. The DIN standard (German Institute for
Standardization) states that the rolling ratio must always be between 4 and 20. For
large values of i, the wire is very slightly deformed, leading to significant
dispersions in the geometry of the spring. A very low rolling ratio gives rise to
powerful inside stresses and increases the stress intensifications during use.

The minimum functional length L, is based on geometric considerations. The
dispersions occurring during the manufacture of the spring mean that certain spires
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touch before the theoretical length with joining spires (Lc) leading to an increase in
stiffness and forces. The characteristic curve for the spring is therefore no longer
linear. In case of dynamic application (N > 104), S, is multiplied by 1.5. Thus, we
have: L, = [L+0.15 (Lo-L.)]. In special cases where we do not wish to impose any
particular maximum force value, we simply have: L, = L.:

L, ={S,+Lc}where S, =n{0.1xd +0.0015(D, /d )} [9.27]

The angle of twist of the spires: there are numerous possible considerations for
determining the angle of twist of the spires. The general method is to base our
reasoning on springs with tightly wound spires. The upper limit often used is 7.5°.
An approximate value of this limit can be obtained when we consider that the step of
the spring must not be greater than the mean diameter divided by 2.5 > m <D /2.5:

—d, D, diameter of the wire in mm or in;

— D, = d,, is the mean diameter;

— D, is the outside diameter of the spring in mm or in;

— D, is the inside diameter of the spring in mm or in;

— p (step): mean distance between two successive active spires of a spring;
— @, transverse elasticity modulus or (rigidity) of the spring in MPa;
— 1o s the stress in the spring in the free state, in MPa;

— 1 1s the torsion stress, in MPa;

— W is the energy of deformation in J or /b.f;

— S = spit of the spring =S, =f=H, , H=L, — Lg (mm);

— Sy is the spit of the spring under full loading in mm or in;

— S, is the spit of the prestressed spring in mm or in;

—n, =t =number of active spires and n,, total number of spires;

—F, load applied (N);

— Fy is the workload of the fully stressed spring in MPa;

—F, is the workload of the spring under minimum stress in MPa;

—R or k, the stiffness determines the spring’s compression resistance. It is
measured as 10 N/mm. The tolerance for this parameter is + 15 %;

—K,, is Wahl’s correction factor;
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—L,; Ly maximum authorized length of a spring after torsion. If the spit is
greater, there is a risk of plastic deformation (irreversible alteration). There is no risk
of deformation of the spring. Ln = [L¢ + S,], where S, is the sum of the minimum
authorized distances between active spires;

— L, (block length, unstressed): maximum length of the spring after complete
blocking. This parameter is on the right of the diagram. The tolerance in relation to
this parameter is £ 15 % (an indicative value). F, is the force of work exerted by the
spring;

—L; and F, (loaded length F=P)): the force F, at length L, is F = Rx [L, + L],
which gives us the equation of the length L; = Rx [L,-F/R],

— L, the free length is measured in the non-compressed state of the spring after
initial blocking (if necessary). The tolerance in relation to this parameter is +2 %;

— i is the index of the spring i = C = D/d;
— o is the loop (hooked end part) in mm or in.
Hereinafter, we discuss springs in extension and compression. An extended

spring is illustrated below. The springs are identified by a unique reference. With
compression springs, the type corresponds to the letter C.

ere?s and Article code “C” Article code “D”
strings
. . DIN 17223 or JIS G4314
Piano wire ASTM A228 or AMS 5112 SWP-A/B or AMS 5112
Springs made of Not recommended for applications where the temperature
piano wire exceeds 121°C (250°F)
Dour- between 1.45 and 2.24 Wire up to 0.8 mm, brought
Extreme values brought together (non-milled) together (non-milled)
per article code Dour- > 2.24, brought together Wire thicker than 1.0 mm,
(milled) brought together and milled.
Dimensions — forces Level 2: DIN 2095
& outside, mm Tolerance mm Code “C”
1.45-3.02 +0.08
3.05-6.10 +0.13
6.12-12.70 +0.20
12.73-25.40 +0.38
25.43-31.12 +0.51
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31.14-37.08 +0.76
37.11-50.08 +1.02
Load P +10 %
Stiffness R (k) +10 %

Table 9.4. Tolerances and article codes according to manufacturer data

Ordinarily, the spires are on the right. If they are on the left, it is important to
take note of this. A non-stressed spring has an index of (0). If it is prestressed, its
index is (1). If it is fully loaded, meaning that a maximum work load is applied, it
has an index of (8). The limit means that the spring is released at the point where the
spires touch, giving an index of (9). The calculation of the spring’s inside diameter
is D, = (D-d). The hooked part hooked of the spring is calculated by @ = (Ly-L,) / 2.

Ly is the free length of the spring and L is the length of the spires.

Figure 9.4. Dimensional characteristics of an extension spring. For a color version of

Applying Wahl’s theory to the spring, we introduce the so-called Wahl factor:
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this figure, see www.iste.co.uk/grous/design.zip
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4C-1 0615
Ky = RAALE] 9.28
W {4C—4+ C } 19-28]

The material usage factor for compression springs is important when making the
relevant choices, because it expresses the relation which exists between the torsion
stress in the fully loaded state and the admissible torsion stress: the initial tension
exerted on the spring is expressed thus:

Fy=nd®x1, /8D Ky, N or Ibf [9.29]

In general, the force exerted by the spring is calculated by the following relation:

3 4
[ md” Xt ]: GxSxd +Fy , N or Ibf [9.30]

8D X Ky, 8Dn

The stiffness (k or R, which is a constant of the spring) is expressed thus:

4 .
F-K
Gxd' Xt s—F N or ll';f

k= = , 9.31
8Dn H mm in [ ]
ELRSIECRREL I
l l l
{0} = [9.32]
(435.00 + 4350} N (435.00 <7y 435.00 + 8700Jpsi
1 l l

When the spring has no initial tension, the design value of the step is [step = ¢ =
0.35.D, mm]. If the designed spring is not suitable with that step, we must proceed
using the relation [0.3 %D < ¢ < 0.4xD]. The design of the spring is based on thus
condition [tg < ug Ta]. Thus, the sizing is as follows: [L ¢ <D and L ( <31.5 in and
[4 <D/d <16 and n > 2]. In a free state, the length L, is expressed by:

Ly= [I4(Fy-Ry) - Ls (R~ Fy) | /(Fs = R) mm or in [9.33]

The hook, in the form of a fish hook, of the spring must be between [d < ® <
30d]. For a fully loaded spring, the diameter of the wire is calculated by:

d = 2x3|FyDKy, | xty mm or in under torsion {7y =0.85x7,} [9.34]
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It is desirable that these calculations should “fall” on normalized values.
Unfortunately, it is not always the case. The role of the designer is to get as close as
possible to the normalized values. Thus, the lengths of a preloaded spring L, and a
fully loaded spring Lg are expressed as follows. The same is true for the applied
forces (F; min and Fg max in N):

8nD*(F - F, 8nD*(Fy — I
L= L0+—( 14 0) ; Lg = L0+—( 84 0) mm or in
Gd Gd
[9.35]
Gd*(L - L Gd*(Lg - L
F= Fo*'M; Fy= FO+MNorlbf
3 3
8nD nD

The spring’s output parameters are calculated using Hooke’s theory on the
subject. Thus, the Hooke factor k, and the stiffness k are expressed by:

{ko = /D, dimensionless and k = G><d4/8nD3 in N/mm } [9.36]

The length of the spring L; with no initial tension, the spit of the preloaded
spring S;, and the total spit Sg are calculated respectively by:

Ly=tm+d and Ly = 1.03(n+1)d
mm or in [9.37]
Si=(Li—1Ly) and Sg=(Ls - Ly)

The resistance is calculated as follows:

7, =8 F, DKy, /71'd3 <« Torsion in prestressed state
MPa or psi  [9.38]

Ty =8 F; DKy, /n’d3 <« Torsion in prestressed state

Knowing that k is a Hooke factor, also known as the constant of the spring, Fy
the force of work of the loaded spring in the limit state and F the initial force of
tension in N, by analogy, Fy and the spit Sg are calculated, respectively, as follows:

Fy=rd’t, / DKy, , N or Ibf <« Force on the spring in the limit state
[9.39]
Sy =(Fy —Fy)/k, mm or in « Deflection on the spring in the limit state

We can see that the limit length L of the spring is expressed as Lo = (Lo +Sg) mm.

The deformation energy resulting from the stresses is expressed by this relation:
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Wg = Sg X(Fé +F) / 2x10° [J ]: Energy of deformation of the spring [9.40]

where:

M ;  Torque from the preloading of the spring [Nm, Ibf ft]

Mg Torque due to total preloading of the spring [Nm, Ibf ft]
W  Energy of deformation of the fully loaded spring [J, ft 1bf]
& Deflection angle of the work lever in the preloaded state [°]
s Deflection angle of the work lever in the fully preloaded state [°]
. Angle of the working course (stroke) [°]

Po Working angle in the free state [°]

F Force of work induced by the lever R; [N, 1bf]

o, Loop (hooked end part) in mm or in [mm, in])

Ly Length of the spires of the spring mm or in

/ Length of the spires developed in mm or in

F, Force exerted by the spring in N or Ibf

|/ Energy of deformation in J or Ibf.ft

Dimensions of a Hooke spring Diagrams

AR
Half-hook, » = 0.55 t0 0.8 D, \ﬂ 1/ |J 119
@

d<63mm,D>3.15mm,i>9
Complete loop, ® = 0.8 to 1.1 D,

Complete loop on one side, ® =~ D,

With no force and without reference to the axis ﬁ ﬁ I‘ i U;N

of the spring Complete inside loop, ® = 1.05 to w g_ﬁ] c}_/)’j
12D, ©

d<10mm,i>7
Hook, ®=1.2D, to 30d

Double torsion
Complete loop on one side, ® =~ D,
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Figure 9.5. Usual relations used for the design of the looped part (hook, w). For a
color version of this figure, see www.iste.co.uk/grous/design.zip

For a developed length of wire:{/=3.2xDxn+1l,} mm, we consider the

following cases:

Hook affixed at the halfway point (1/2) {ly=72D+4x0-2D -2d}
For one length of the integral loops {10 = 2(71'D -2d )}
For an integral loop on only one side {lo = 2(71'D -2d )}
For an integral loop on only one interior side {lo =2(zD-d )}
For a loop (hook) raised to {ly=n2D+2x0-D+3d}
Double twisted hook {ly =47D}

Table 9.5. Calculation of the Iy values as a function of the
designed of the loops (hooks)

Calculation of the mass m of the spring in kg and its frequency fin Hz:
m =(7z><af2 ><l></o)/4><109 kg, Mass of spring and

[9.41]
f= (d/ZEnDz)JG/Zp x10® Hz, its specific frequency

If the calculation is performed in imperial units — i.e. Ibf, Ib, in, etc., we set:
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m= (7[)( d? ><l><p)/4><123 [lb], mass of spring and f its specific frequency 1

., G e [9.42]
= [ |2 =816.7056—— |-~ [Hz ]
2znD\ 2p12” 2znD*\ 2p

According to the data produced by the software “Inventor”, the load resistance
condition of the spring is: [Tg < Us«Ta], for the free length Ly and L, the length of the
spires. For a height of extension of the recoil spring, we set @ = (Lo-L,)/2. The
torque of a preloaded spring M, and the total preload torque of the spring Mg in N.m
are calculated as follows:

{M, = #Fl X Ry and Mg = #Fg XRy } [N.m ] or [Ibf.in] [9.43]

where:

— F; is the force applied to the spring in N or /bf and R, the lever arm in mm;
— Fyg is the force applied to the spring in full preloading in N or /bf;

— C=1i1is the index (dimensionless) of the spring C = D/d;

— D, is the mean diameter of the spring and d the diameter of the wire;

— r is the radius of flexion of the lever arm (inside) of the spring;

—d is the diameter of the spring;

— M is the (torque) moment on the spring in N.m;

—k; is the stress intensification factor of the spring (SIF);

— M is the torque of the spring in N.m or Ibf.in;

— R; is the lever arm of the working force in mm or in;

— R, is the support lever arm in mm or in;

— M, is the torque on the preloaded spring in N.m;

— Mgy is the torque on the fully loaded spring in N.m;

— ¢g is the angle of deflection of the lever arm of the fully loaded spring;
— ¢y is the angle of deflection of the lever arm of the preloaded spring;

— ¢ is the angle of deflection of the lever arm.
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The angle of the working course ¢y, is expressed thus:¢, = (¢ —¢;) . The

respective minimum and maximum deflection of the angle of the lever arm are:

ppin = M MXO g e - My M X0y e [9.44]
k><¢) MS_MI k)(¢ M8_M1

The stress intensification factor (SIF):
K, ={(4i2 —i—l)/4i(i—1)} «{ dimensionless }

i={D/d} « for the bending stress in the active spires [9.45]

i={(2r/d)+1} « for the bending stress on the lever arm
The stress applied to the spring, in general, is calculated thus:

0 =32/nd’> x(Mxk; )x10° MPa [9.46]
The number of active spires (r) of the spring is calculated as:

n= [;r(pEd“ —1220M (R, +R,)10° ] / 36607DM10° [9.47]

The minimum load is used to calculate the assembly by: M, = Mg x @, /¢, . The
minimum deflection angle of the lever arm would be:

1SO R 3 4 o
P50 =3660M,| 7Dn+ 0 |10% /2D*E
1( 3+(R2/3)] / ] [9.48]

P = M, [kp = My, (Mg — M, )[°]

The working angle of the course is ¢, =(¢& —¢) . The moment M, of the

minimum load and the preloading force F; are respectively expressed as follows:
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X x Exd* M10° M10°
M= 8 R +R = }2 8 ia (V]
3660[7mD+(132D103 ! !
[9.49]
Exd* FyR
My =—TXBXEXT [y My = 23X [1bfn]
3660[;an + %)103

The output parameters of all springs obey this order of calculations. For
example, the ratio (rate) of torsion in the spring would be:

g =M Mg My=M,

N.m/\ " The spacing of the spires would be:
o ow o v

Ly=1.05(n+1) [mm or in |« for wrapped spires

[9.50]
Ly=txXn+d [mm or in](— for unwrapped spires

The bending stress of the active spires, under a minimum load, o, and at the
lever arm for a minimum load, o, is written:

01 =(32/7d* | MK s x10°, The SIF K ; caleulated with i =5/

] [9.51]

_ 3 Lo 2r
oy = (32/7rd )Mle x10 ,K ; calculated with l_[d+l

When the spring is fully loaded, the stress oy is also calculated as follows:

32M¢K
oy =#3f103 {MPa or psi}, The SIF K calculated with i = %
[9.52]
32MgK
Tsr =—83f103 {MPa or psi},Kf calculated with i:[ 2r
i d+1

The length of the spires L, of the spring in the fully loaded state for wrapped
spires, D3 and Do, are respectively the outside and inside diameters (mm)
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Lyg=1L, +—d(p8 {mm}; Dlagut”de I and ng”de =D {mm}  [9.53]
360 -5 145
360n 360n

The test limit of the deflection angle of the lever arm @, and the energy of
deformation Wy of the spring are, respectively:

T4 (o b4
= 4 T We=—— M. {J 9.54
{(/max @+ oy ( ) 8 360 Py X Mg { } [ ]

The length / and the mass m of the spring are:

L, = R? —(D/2)2 +2d {mm}, Lever arm under simple torsion
I, = R—(D/2)+2d {mm}, Hooke lever arm [9.55]

{1=3.2Dn+1} and m=zxIxd*x p/4x10° kg,mass

(11 ;

The condition of verification of the loaded spring’s resistance “- is:

0y <Ugx0, and 0y, <Ugx 0, [dimensionless | [9.56]

[1] This is a safety factor (stress ratio) which guides the choice of appropriate
materials for the resistance condition. If that calculated ratio is greater than that chosen in
the specialized tables, we deduce that we will need less material than chosen in the
design, which suggests the following: oy <Ugxo 4 and oy, <Ugxo 4 <> Ug =0.75 to 0.95.

We can also choose a smaller value of Us for springs in a less harmful environment at a
high temperature or for springs subjected to repeated shocks.
9.4.2. Case study of helical springs in mechanical design

Helical compression springs [BAU 67, WAL 63] often have rounded cross-
sections. They are characterized by the force—deflection ratio.
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(@

SECTION B-B B SECTION A-A

din

Figure 9.6. Characteristics of the helical compression spring.
Load (P) and deflection (¢). For a color version of this figure, see
www.iste.co.uk/grous/design.zip

The maximum stress on such springs is expressed by the sum of the two types of
stresses — namely:

— Mt is the twisting moment of the spring;
—J is the moment of inertia of the cross-section;

— [, is the practical slip resistance stress of the material.

M P 8P, D,
- (TJ[TJ wnd 1 (TJ <[7], 957
T
4 4
k= G na AP =kxar =k G4 [9.58]
8nD’ 8nD?

From Hooke’s law, AL is the elongation of the spring. (k) is the stiffness of the
spring. For steel, G = 8x10* MPa is the rigidity and D the mean diameter. (n) is
the number of usable spires. If we introduce the index of the spring which represents
the ratio of the diameters i = C = D/d, the previous equation is rewritten as follows:
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Tshear -

8P D 8P D 8P C
——‘WS’" £1+ ! j:[(w "pp3m =K, ”ppz [9.59]
rd rd rd
This, which is known as Wahl’s equation [WAH 29] was developed in 1929. K,,

is the so-called Wahl stress intensification factor, illustrated below. For a certain
number of active spires (), we propose the equation of the deflection of the spring f,

(f=H=29):

§=Gd* /8P, D*n=Gd[8C*n [9.60]

app

“Some time” passes before the spring exhibits a deflection of some spires. We
must consider the wave which progresses in the surface of the fit created between
the spires because of buckling. The frequency of the applied loads coincides with the
natural frequency (see Chapter 6).

Curvature

O Pascal considered

MC(J Comprqssion

) '

T shear

Curvature
eglected

T shear Tshear + Gcomp =

Figure 9.7. Buckling conditions, taken from the Handbook of
Mechanical Spring Design. Bristol. For a color version
of this figure, see www.iste.co.uk/grous/design.zip

9.4.3. Case study of a spring in a rocker switch

DESIGN QUESTION.— Design and determine the dimensions for a spring with medium
use, made of galvanized steel. It is strongly recommended to consult manufacturer
data. We suggest La Cie Bristol (USA) or Vanel (Europe).

SOLUTION WITH DISCUSSION.— Having read the design data, we set out the first
choices made by the manufacturers (Bristol and Vanel):
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— Pypp = 2.2487151b = 1.02 kg is the force
exerted on the rocker switch and therefore
on the compression spring;

—Lpax = 0492in = 125mm is the
maximum working length of the spring;

— Ppax = 4409 1b = 2 kg is the force that
must not be exceeded on the rocker switch,
and therefore on the compression spring;

— Leomp = 0.399in = 10.125mm is the
compressed working length of the spring —
i.e. in normal conditions of being switched
on.

Lights switched off

Figure 9.8. Diagrams of the spring mechanism of the rocker switch. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

where:

—material: C10 Cr Ni 18-09 (Europe, Canada and USA) or stainless steel
17/7PH (Europe). Data from the European manufacturer Vanel. Avoid galvanization
of the steel springs. Slightly magnetic in the initial state;

— characteristics of the material chosen: [T],gm = 500 MPa = 72520 psi;

—in operation for typical use, the rigidity of the spring would be: G =
75500 MPa;
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— Wahl stress intensification factor, K., = 1.2 and with index C = 7;

— the operating conditions are typically between N = (1000 and 100,000) cycles
under the maximum load. The loads and the deflections are illustrated in Figure 9.8,

above.

The switch mechanism illustrated below (Figure 9.9(a)) enables us to calculate
the force ratio (Q/F) as follows:

|

[ cos(9) _ cotan () _ 1 [9.61]
F  2sin(p) 2 2tan(p) '

I8 “ K, Wahl’s stress intensification factor

1.6

1.4 \ @

12 || 1

b
1.0 —

0 2 4 6 7 8 10 11 12 14 16
K,=12forC=7 i=C = D/d;index of the spring

Figure 9.9. Wahl’s stress intensification factor (Ky) (a) and load—elongation
diagram for the helical spring under compression (b). For a color version of this
figure, see www.iste.co.uk/grous/design.zip
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Based on the mechanical formulae applying to compression springs, we set the
expression of the deflection & = Linax — Leomp = 2.375 mm = 0.094 in. The load is
expressed by P = Ppu— Py, = 0.98kg = 2.16Ib. The load in relation to the
deflection is expressed by: (P/9) is: (P/6) = 0.413 kg/mm = 23.104 1b/in. The
deflection and its verification are as follows:

P, P
6, =—2 =2.472 mm=0.097 in and S, =22 =2.472 mm =4.847 mm
P/6 P/S

The free length of the spring is: L., = Ly, +6; =14.972 mm =0.589 in

The dimensions of the spring are chosen by calculations based on the tables
published by the manufacturers. The choice of dimensions of the spring was made at
the start of the project. Here is the confirmation of the chosen dimensions:

— characteristics of the chosen material: [T],4m = 500 MPa = 72,520 psi;

—in operation for a typical use, the rigidity of the spring would be G =
75,500 MPa;

— Wahl’s stress intensification factor, K, = 1,2 and with the index C =7,

— the average operating conditions are between: N = (1000 and 100,000) cycles
at the maximum load. The loads and deflections are illustrated above;

— block Tt =850 MPa = 1.233x10° psi.

8P C 8P C
From T, =Kw[m—a’;jg[r] —d>= |K,—2%— 5d=?
! d adm ﬂ'dz

d= [12338OXT 036062 in = 0.916 mm — dyyy =041 in =1.0414 mm
77.252%10

Number of active spires of the spring: n

Based on the material (stainless steel) G = 75500 MPa = 1.095x10 psi (Cie
Vanel), we set:

d, 1.095x107 x(0.0410
From —= _ X aposen = ( ) =7.081523 spires

n=
5 8C*xn 8C*(P/9) 8x7°(23.104)

chosen
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From the manufacturers’ recommendations, we choose nine spires (number
rounded up):

Mgy =N+1.75=7.081523+1.75=8.831523 spires — 9 spires
The calculation of the free length of the spring is then reviewed as follows:

Ldesign = {Lsolid - (dch()sen /2)} =0.348 in =8.852 mm

Sesian =1L ree — Luesign } = 0-241 in =6.12 Siwsien_ 1 562645
design — | free design in= mm — —-—— S :

u

The shock of the spires does not come into question. We can design a smaller
diameter and employ an index i = C =7, or C = 8.

9.4.4. Verification of buckling of compression spring

Condy,crjing = {5 /Lﬁeej =0.323748 =0.324 — Hence no buckling

Verifications : D = Cd ey = (Lo |D) = 2.054= (Lo [ Cllgen ) = 2.054

chosen

Non-buckling condition verified : (Dmean/Lfree) - 0.2;(Dmean/Lﬁee) =2.054>0.2

Non-buckling condition verified :(d, ;.. / Dyean ) = 0.1;(d posen /D) = 0.143 - 0.1

Recap of the choice of spring for the rocker switch: based on the specification
documentation of the chosen manufacturer, we set:

d =0.041in=1.041 mm=1mm and d

ire utside = Arire + D =0.328 in =8.331=8.5 mm

outside

Proven verification — d{ 716k = d. ;. x(C+1) = 0.328 000 in =8,331= 8.5 mm

The total number of spires (without buckling) N, = 9 spires, so the step P
would be, for a designed free length L. = 0.589 in =14.4972 mm (in design).

CONCLUSION.— There is neither shock nor percussion between the spires, which do
not buckle. The design calculated above is therefore used.
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9.5. Simple blade and spiral blade springs

CASE STUDY 1.— Consider a simple blade spring anchored in its place, as illustrated
by Figure 9.10. The maximum admissible load on the free part of the spring and its
maximum deflection are taken from the mechanical construction documentation.

EEmEEE L E =2x10° MPa =2.901x10’ psi
G0 =156 MPa =22340 psi

Py = 12.25 N =2.754 Ibf
b=12mm=0.472 in
h=3mm=0.117 in
L=125mm=4921 in

A — * Section C-C

Figure 9.10. Diagram of a simple blade spring

Calculate the maximum load in N and /bf'and the corresponding deflection:

bh?
=20 9 92464 N and f,,, = ;h% =1.477 mm = 0.058 in [9.62]

adm

[P]max

CASE STUDY 2.— Spiral blade spring. For the following data, calculate the applied

load and the respective angles of deviation for the rectangular and circular sections.
We know that the moment M = P,,, R (N.mm):

where:
2 — E=2x10° MPa;
adm bh o, ?
[P]max = 6R . ;Lactive = ””(R + r) — 0, =25 MPa;
—Pypp = 15N;
-b=12 ;
we | 12ML  [uey  64ML b _ o
{rect}_ 3 {circ}_ 4 —h=1.25mm;
brE wd"E —n = 8 spires.

SOLUTION.— For a rectangular cross-section we set the following:

bh’c,,

max

M =F,,,xR=308.4 N.mm

=622 N ; L, e

[9.63]
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9.6. Main expressions of design calculations for Belleville washers

The main expressions of design calculations for Belleville washers for springs
are valid for both the metric and imperial (ANSI) systems. The parameters used
below are presented in the tables given in the appendices. The respective
calculations of the no-load height, the (finite) cone, truncated on the free side of the
spring and the diameter ratio D/d = 6 and h = H — ¢ (mm) are:

irfllpirrli(;l Description of parameter Formula

X [ad] Total number of springs defined at x=nXxi
Z [mm, in] Course or deflection of the spring raised to Z=8Xi
Lo[mm, in] Length of spring raised with no load Ly=i(h—nxe)
L [mm, in] Length of loaded spring set L=(Ly-2Z)
F [N, Ibf] Force exerted by the spring F=nxH

Table 9.6. Relations of calculations for the spring

If Weibull’s law is applicable, below is how to calculate the parameters (a, § and
v) in that law, respectively of form, scale and position:

oo (5_1)2 ”(ﬁj _iﬂ: 6 5—1_1J =3(6—1)
5 5-1) ms "’ " Zmo\me S 7T zme

The force and limiting deflection F,,,, [N, Ibf]; v is Poisson’s ratio:

For S,, =h, we have > F_,, = 4Ee3Sm/05D2 (1 —V2)

The force (load) applied by the spring to the spit S is written as:

F=

s O

The maximum pressure stress of the spring at the spit S would be:

e

LS)V(E;M [MP]or [psi]

_0(><D2(1—,uz

[9.64]

[9.65]

[9.66]

[9.67]
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9.7. Power transmission. Case study: hoist
b-b axis
Cogwheel
a-a axis
Motor
0=25x10°N
I/liﬂing =1.25m/s
Rium = 180 mm
theel =30 teeth
Figure 9.11. Technological diagram of a hoist
Consider:
— the yield between the drum and the engine ni=70% n1=70%;
— the yield between the drum and the brake No=70% Mo =70%;
— the yield between the engine and the brake n2=100% n1=70%;
— the reduction ratio between the drum and Uy =1/15 Uy =1/15;
the engine
— the reduction ratio between the drum and Up=1/15 Uo = 1/15;
the brake
— the reduction ratio between the engine and Uy =1/1 Uy =115
the brake
_ the load in N Q= 25,000N Q=5.62x10° Ibf:
— the radius of wrap of the drum R, =180 mm R, =7.087 in;
— Viiting is the speed of lifting Viiting = 1.5m/s Vijiping = 59.055 in/s;
— h, hoist height h;=0.5m h; =19.685 in.

Calculation of the load when the hoist is stopped: the minimum resistant torque

opposed by the brake is expressed as follows:

M, =nU;xQOR = (70%/15)(25.103 ><180) =210 Nim =1.859.10% Ibfin

[9.68]

Calculation of the rising load at constant velocity: the driving torque delivered

by the engine during rise is written:
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ME! = (QRU) [ =428.571[N.m |=3.793x10°[Ibf.in | [9.69]

engine

On startup, the driving torque delivered by the engine is written:

Mstartup = l(Q>< RX U) + ZMinertia I:Nm] or [1bf1n] [970]
n

engine
i=1

n
ZM imeriia 18 the sum of the resistant torque values due to the forces of inertia.

i=1

As the uniformly accelerated motion is expressed thus by the time 1,, we can set:

For hy= 0.5m Il =Viing 1 /2 =7 =28 [Viissing = 0.6675 [9.71]

Calculation of the forces F; of inertia and Mi,eia reduced at the axis of the engine

(a-a):

F,

inertia

= mXVipising [2h =2.551x10° N =573.59 Ibf 072

M =F

inertia

X Ryyum XU =3.062 N.mm = 270.988 Ibf in

inertia

9.7.1. Power transmission and simple drum brake

CASE STUDY.— Below are the initial data for a case study of a drum brake:

Consider the following:

— W.N is the force of friction in N. Leather/metal at the temperature of 150°C;

— 1. = 0.35 (leather on metal);

— N is the normal force 10 N = 2.248 1bf;

— P, is the maximum pressure exerted =120 MPa, with P, < P, gmissiblc;

— b is the width of the jaw 10 mm = 0.394 in;

—r is the inside radius of the drum, 10 mm = 0.394 in;

— pa 1s the angle at 90 degrees for (p,-p;) > 90 deg p, = 1 deg, 5 deg, ..., 90 deg;
— p; is the angle at 90 degrees for (p,-p;) > 90 deg; in our case 15 deg;

— p; is the angle at 90 degrees for (py-p;) > 90 d°—115 deg; (p2-p1) = 100° > 90°;

— p is the angle corresponding to the pressure = 45 deg.
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Braking moment and normal (radial) contact pressure

P.br? sin(p)
Mbrake (pa ) = ﬂ.a—COS(pl )COS(pZ );PNorm (pa ) = El IREY [973]
sin(p, ) sin(p,)
10 Mbmh'ng(pa) =
! ! 3342-10°| -N-mm
| Mpraking(Pa) 6691-104| o B
3x10° TR Nm:m(PaJ =
o] [436210°] MPa
x10° 2"93‘104 973577
e 155 '104 542.418
1x1 X 1.627»104 —
a 1.380-1 i
0 05 1 15 2 1'203'12: 236.776
sl 200.779
510 F——— 9'690'1$ 175.023
sl PNomi(Pa) S8l 155.796
8.248-10°
= 140.995
3x109 1.727 103 120337
d? ?.302—103 —
el 12431
1x10°) o] T
% o5 1 15 2
1x10'° — 4x10°
:; PNom(PaJ
\ \\\ "3 103
1107
'\‘ -
2x10°
Ty
lxlOs —== I‘%F======:E
£ 1x10°
i ~ Mpraking(Pa) |
7 | 1 11ill
<10, o1 0.1 1 10

Figure 9.12. Numerical and graphical results for the moments
and normal pressure. For a color version of this figure, see
www.iste.co.uk/grous/design.zip
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9.8. Case study on couplings

Consider the following:

— ultimate traction stress o; = 520 MPa for a coated SAE 1045 steel;

— failure threshold due to traction o, = 4.641x10* psi;

— diameter of shaft d;,. = 1.7575 in = 40 mm;

—number of bolts Ny, = 4 bolts;

— diameter of bolts d, = 0.56 in = 14.224 mm;

— inside contact diameter d;, = 7.25 in = 184,15 mm;

— outside contact diameter dgy. = 8.25 in = 209.55 mm;

— friction coefficient, p = 0.15;

— load on each bolt F, = 7000 /b = 3175 kg;

— speed of rotation of the coupling w,.. = 360 rpm, Coefficient = 63024;

— axial force of the coupling, due to the loading of the bolts F,, = 30000 /b =
13610 kg.

SOLUTION WITH DISCUSSION.—

outside

3 5~ =3.88in=98.562 mm (radius of friction)
3 Routside_Rin [974]

3 3
_ 2R3 RS,

friction —
Moment — M, = R ;o100 1F,, =1.746x10% Ibin =201.17 kg.m

We accept the hypothesis that the pressure is uniformly distributed and calculate
the power Py

Ra,,., 360
P, :MTC—(ILL: 1746()@: 99.733 hp =T74370 W — O, = ultimatelg%

oef [9.75]
= O preshord X 30% =1.392x10* psi =93 MPa

T

0, =93.6 MPa, finally oy,

Torque and power on the shaft Py

M g = 0750, X T d 37 /16 = 8008 lbfin = 9048 Nimm

[9.76]
Puai =M gt (@uee | Coeff) =8008(360/63024) = 45.743 hp =34110 W
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9.8.1. Case study: analysis in design of brake elements

STATEMENT OF THE PROBLEM.— Consider a drum brake, made of cast iron, weighing
94.42 Ibf = 420 N, designed to absorb 18 hp. It must not experience a temperature
increase greater than 280°F =137.778°C, during its normal operating cycle.
We wish to come up with a design such that the radiation relative to the surface can
be absorbed within the working limits, i.e. 18 hp. How much time would it take for
the drum brake to return to its original temperature if it is installed in a space where
the normal temperature is 68°F = 20°C?

where:
— power absorbed by the brake, E = 18 hp. Brake load factor, fj,,q = ¥2;

— temperature increase (Tinerease) i °F = 280°F and °C = 137.778°C;

—specific heat of the cast iron drum, Cs = 0.13 (in’/Ib)xmin = 01.849™
(m*/kg).min;
g

— specific weight of the cast iron drum, P = 94.42 [bf= 420 N;

— constant K¢ = 0.4.

Radiation factor § C F
0.00060 55.6 100
0.00075 111.1 200
0.00083 166.7 300
0.00090 2222 400

Table 9.7. Increase in brake temperature

SOLUTION.— From the table published by the drum brake manufacturer, we can read
the referenced value of the radiation factor (§ = 0.00083). The factor of heat increase
in the brakes is calculated by the following relation: constant = &.Tiprease = 0.232.
Knowing, from our initial hypothesis, that the temperature increase (Tincrease) 1S Of the
order of 280°F = 137.778°C, let us return to the table above, read the value of the
thermal radiation and calculate the area (A) affected by the heat as follows:

A, =(42.4xi0% [hp) EX fipua /Constant =1.059 m? = 1642 in* [9.77]

The cooling time for the brake will be given by the following:

T,

rooling = CsPIn )/ K A=61.962 m/s=2439 in/s [9.78]

(Tincrease
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COMMENT.— We use the results calculated above to better assess the friction, with a
view to reducing energy losses, and controlling the normal operation of the brake, as
is often the case in vehicles, hoist systems and handling systems.

9.9. Case study on power transmission: external spring clutch

Consider a clutch mechanism with an external steel spring, whose characteristics
are as follows:

— the diameter of the spring, d, is = 1.25 mm = 0.049 (= 0.5 in);

— the diameter of the shaft, d, =28 mm =1.102 in;

— the elasticity modulus of the spring, E = 2x10° MPa = 29.01x10° psi;

— the number of spires per shaft, Ny=7;

—the diametral interference between the helix of the spring and the shaft, i =
[1in to 0.985 in].

Calculation of the moment (torque) transmitted by the clutch:

M, (i) =| nEd}i] /32d§ (Exp®™ =1)=302.799 N.m=2680 ibfin  [9.79]

M;(i) is the moment transmitted by the clutch. It indicates the work of the spring.
The influence of friction is considerable, as we can see from the following formula,
where the exponential term (Euler’s law) contains the friction coefficient ([t). In
design, it is quite commonplace to overlook the considerable influence of springs in
clutch systems, even when they are small springs. In the majority of cases, both
modes of operation involve the springs.

Figure 9.13. Inside spring wrapping the clutch. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
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Slippage moment of the clutch, by virtue of Euler’s law

4.
Mg (i)= ”Edrzl( iﬂ % —1]=—1.545 N.m=-13.677 Ibf in [9.80]
32d; \ Exp™™"

The negative sign of the slippage moment indicates slip, which must be taken
into account. The diameter of the helix is slightly larger than the inside diameter, to
allow for insertion of the steel coils which remain in constant contact. The design
inside the system is important: when the engine is spinning in the same direction as
the helix, under torsion, the rotational motion tends to unwind the inside spring, and
the coils stretch it out. This produces more energy. During gear changes, in relative
rotation, the motion tends to wind up the spring, whose spires become more tightly
pressed together. The inside spring is then stopped or slowed, allowing the system to
rotate freely. The helix is unwound. The residual friction is negligible, because it is
largely reduced. The rate of wear of the lining is also reduced, which makes the
system fairly reliable. This design is highly advantageous, preventing wear and tear
on the system by the centrifugal forces. Unlike the system with external springs, this
design is capable of operating at very high rotation frequencies without unwinding
the spring. By varying the dimensions of the spring and the surface state of the
material, we gain a good understanding of the drag force generated by the work.
This drag offers us better control of clutch failures, because the end of the spring is
arched on one side and pressed on the other to prevent energy loss.

9.9.1. Case studies: power transmission. Bolted assembly

Design a steel coupling with flange to transmit a twisting moment of
15%x10° N.mm, using a steel shaft 62 mm in diameter. The load is uniform, without
shocks. Let us determine how many bolts are needed in the coupling if the
admissible shear stress on the bolts is 25 MPa. Quickly calculate the thickness of the
flange on the coupling, the length, the center of the coupling at the hub if the
admissible stress of the material for the center is 150 MPa. The permissible shear
stress in the wrench is 90 MPa. There is no thrust imposed on the coupling:

— the diameter of the shaft, d, is = 62 mm = 2.441 in;

— the moment (torque) M = T = 15x10° N.mm = 1.328x10" Ibf.in;
— the stress on the wrench 6, = 90 MPa = 1.305x10* psi;

— the shear stress on the bolts, T, = 25 MPa = 3.626x10° psi;

— the shear stress on the wall, T, = 150 MPa = 2.176x 10* psi;

— the number of bolts, N = ?
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Choice of diameter of the bolts used to hold the coupling: we suppose a circle
diameter of the bolt for the coupling. As an initial choice, suppose that the diameter
of the bolt circle is three times the diameter of the wall: d, = 3d, = 7.323 in =
186 mm. This is a reasonable assumption, given the couplings available on the
market. The radius r, will therefore be: 1, = d,/2 =93 mm = 3.661 in.

Determine the shear force acting on the bolts:

F,

shear

=T/n, =M/(db/2) =1.613x10* N =3.626x10° Ibf [9.81]
Determine the number of bolts needed to fit the coupling:

N, =8F,; | md} X 7,5, =10.186 = 10 bolts [9.82]

The diameter of the bolts for a rigid coupling varies between (1/4 and 2) in. For
our purposes, let us choose: d, = /2 in, and calculate the number of bolts required.
Rigid couplings are often held together by two to eight bolts, depending on the
moment they are required to transmit. A coupling held with fourteen bolts represents
a design that needs to be re-examined. To reduce the number of bolts, we can work
with a larger diameter, such as: d = 3/4 in (0.75 in), and recalculate the number of
bolts needed. The number of bolts chosen is N = 8 bolts, each 0.75 in (19.05 mm) in
diameter. It is rare for an odd number of bolts to be used in flange couplings. We
calculate the shear stress on each bolt in the knowledge that the admissible stress is
25 MPa. The bolts are therefore capable of withstanding the stress:
:SFshea,/;z'dfob =14.147 MPa = 2052 psi [9.83]

Tshear

The thickness of the flange is: &=2F,,, /7d,T; =1.108 mm=0.0436in.

The required length of the hub will be calculated as a function of the key, as follows:
Db = 2Fpagi | EkeyTwan » Where the inside radius of the hub is the same as that of the

diameter of the shaft — i.e. r,, = da/2 = 31 mm = 1.22 in. The force acting on the
shaft is therefore: Fa = M/rp,,, = 48390 N = 10880 Ibf.

Considering a square key with a side length of % in = 19.01 mm, we set:
Ekey- = 0.75 in = 19.01 mm and calculate the length of the hub:

Dty = 2F g /Skey X Ty =33.867 mm =1.333 in [9.84]

The stress of the material initially chosen was 150 MPa (21760 psi). The
calculated stress on the wall of the protruding hub is barely 14 MPa (14.147 MPa =
2052 psi). This means that the system’s operation is very stable. For an optimized
and economical design, it is helpful to reconsider the choice of the initial material to
choose another affordable and safe material. It is also important to calculate the
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necessary length of the hub (/) and its thickness (€). In fact, it is the duality between
geometry and stress which is at the very heart of design. We must examine the
geometry to offer safe resistance to the coupling, and vice versa. To do so, we
recalculate the force acting on the coupling at the hub:

Fp = M/ 1, =4.839%10* N =1.088x10* Ibf [9.85]

Next, we calculate the necessary thickness of the hub &:

Fhub

shaft
a dhub X Tshear

Dy = 2y = Enee = =10.361 mm = 0.408 in [9.86]

The dimensions of couplings are normalized (standardized) to facilitate
interchangeability. Therefore, they are fairly reliable.

9.9.2. Computer-assisted design of a hub (bolted assembly)

In this section, we present a concrete example of a coupling hub, assembled with
four bolts. We shall calculate the parameters set out below. Computer-assisted
design is indubitably reliable, fast and elegant. However, for purely pedagogical
reasons, in this author’s publications, he has tended to set out his own calculations,
step by step.

Hub of a coupling designed with Inventor Pro

Consider a coupling hub (see results below) and the results of the calculations.

Design of the length of the hub
Torque (Moment) T 40,000 Ibf.ft
Axial force, F, 300,000 1bf £
Dimensions =

Shaft diameter d=1in
Hub length L = 1.500 in %

Joint Properties ;
Loading Static load
Material Steel gr. 37; 42 N
Properties of bolts Steel SAE 1015
Admissible pressure 0.25x0, =11375 psi
Number of joints Bolts N =4 E P E
Admissible pressure P, = 12800psi Intin = 0.469 in; My, = 0.438 in
Press factor v=0.080 PAc=4001.1885 psi
Safety factor K,=1.500 F =1500.707 1bf; d s = 0.55 in

Figure 9.14. Results of calculations of computer-assisted design. For a color version
of this figure, see www.iste.co.uk/grous/design.zip



356  Applied Mechanical Design

Below, we present a series of case studies. For pedagogical purposes, the
calculations are set out manually.

CASE STUDY.— What is the necessary length of a helical spring having a mean
diameter d;, = 20 mm wrapped in n = 7 spires? That spring, made of chrome-

vanadium, has been heat tempered and coated with a thickness € = 0.056 in = 0.056
mm in diameter. The constant K of the spring is K == 1.55 x 10 kg/mm”:

— mean diameter du spring, d,, =25 mm =0.984 in;

— number of spires, n = 7 spires;

— diameter of the spring (solid tube), d, = 1.422 mm = 0.056 in;

— constant of the material (density) for the spring, p = 1.56x10° kg/mm’
=0.056 Ib/in’.

SOLUTION.— Calculation of the length of the spring: /,_, /. = 7d,,n = 549.8 mm =21.645 in.
The load (weight) on the spring, P will be:

P.=pxl xd?=1.724x107 kg =0.0038 b.

9.10. Couplings and machine elements subjected to stress at high
speeds

STATEMENT OF THE PROBLEM.— To determine the power transmitted in machine
elements such as couplings, let us say: P = 50 hp at an RPM = 200 rpm, accepting
that there is an angular disalignment varying from the minimum to 45°, i.e. a = [0°
to 45°]. What would be the effect of that angular disalignment on the localization of
the shaft, its speed, its acceleration, if we noted a disalignment varying between [30°
and 45°]? The shaft rotates at 200 rpm.

From the table below, drawn from the work of N.B. Rothfuss [ROT 73], we
choose the appropriate characteristics for the type of coupling.

Characteristics Characteristics of couplings *
. . Profiled Axial Laminated | Universal
Main characteristics . . . .
diaphragm spring disc joint
Speed range, rpm 0-60,000 0-8,000 0-20,000 0-8,000

Power, kW/100 1-500 1-9,000 1-100 1-100
Angular disalignment [°] 0-8.0 0-2.0 0-1.5 0-45
Parallel disalignment, mm 0-2.5 0-2.5 0-2.5 None
Axial displacement, cm 0-0.5 0-2.5 0-0.5 None
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Ambient temperature, °C 900 Variable 900 variable
* Product Engineering Rods Pinion Chain Elastomer
Angular velocity rpm 0-8,000 0-25,000 0-6,300 0-6,000
Power kW/100 rpm 1-100 1-2,000 1-200 0-400
Angular disalignment, [°] 0-40 0-3 0-2 0-4
Parallel disalignment, mm None 0-2.5 0-2.5 0-2.5
Axial displacement, cm None 0-5.1 0-2.5 0-0.8
Ambient temperature, °C variable Variable variable variable
Ambient pressure, kPa variable Variable variable variable

Table 9.8. Working characteristics of couplings

9.10.1. Determination of the error in position of the shaft

From the specialized documentation (Handbook, Shaft Alignment) [P1O 06], we
have pulled together our own tables, showing the variations caused by disalignment
between the coupling and the shaft. For example, a fault of 30° in the angular
alignment leads to an error in position of the shaft [from — 4° 6' 42" to + 4° 6' 42"].
This means that the position of the shaft undergoes that error, every two revolutions.
Thus, at a 45° alignment error, the error in position of the shaft in relation to the
coupling, gives us a fault of 9° 52' 26" (Table 9.10), etc.

Table 9.9. Characteristics of couplings
Main characteristics Proﬁled Ax‘ial Lam@nated Unjyersal
diaphragm spring disc joint
No lubrication v v
No clearance v v v *
Constant velocity ratio v v ok
Confinement *
Angular v v v
Axial and angular v v
Axial and parallel v v v
High temperature v v
High rate of torsion of the v
spring
Low bending moment v v v v
No relative motion 4
Main characteristics Rods Clutch Chain Elastomer
No lubrication * v
No clearance v ok ok v
Constant velocity ratio * v
Confinement 4 v
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Axial and angular v v v
Axial and parallel v v
Axial, angular, parallel
High rate of torsion of the v v v v
spring
Low bending moment v

* No clearance. Confinement can be achieved by special design
** Constant velocity ratio with approximate angles

Table 9.9. Working characteristics of the couplings

Table 9.10, below, shows that at 30°, the alignment error of the shaft in relation
to the coupling is = 15.47 %. The output speed is 200 rpm. The fault corresponds to
(1.00° 0.1547) = 230.94 and 169.06 rpm. This variation in velocity occurs every two
rotations. For example, at a 45° alignment default, the rotation velocity would range
from 117.16 to 282.84 rpm every two rotations of the shaft.

Table 9.10 Variation of output velocity from universal joints !

Alignment M_a?iimum (1;04?/);21;?; Ratio

angle fault position error error Alo?
05° 0° 06' 34" 0.382 0.011747
10° 0°26' 18" 1.543 0.030626
15° 0° 59' 36" 3.526 0.069409
20° 1°46' 54" 6.418 0.124966
25° 2°48' 42" 10.338 0.198965
30° 3°06' 42" 15.470 0.294571
35° 4°42' 20" 22.077 0.417232
40° 5°36'43" 30.541 0.576215
45° 6° 52' 26" 41.421 0.787200

* Caused by the alignment of the shaft.

Table 9.10. Machine elements in mechanical design. Universal joints

9.10.2. Determination of the output velocity of the shaft

We can easily read the maximum acceleration ratio. By conventional calculation,
this can be written as: ® = 2nR (rad/s). For an angular alignment fault of 30°, we
read: A/’ = 0.294571. Thus, for a constant angular velocity of 200 rpm, an
acceleration ranging [from -129.2 to + 129.2 ] rad/sec? is produced, at a frequency of
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2x200 rpm = 400 cycles/minute. For an angular alignment fault of 45°, we read
[-346 to +346] rad/sec?. The range of the acceleration allows for a shaft alignment
fault 2.67 times smaller than if we had a 30° angular alignment fault. The values
contained in the tables are absolutely not limitative. It is even possible to use them
for couplings with shock loads, by assigning corrective coefficients to them.

9.11. Design of spring rings

CASE STUDY 1.— What is the maximum dimension of the ring of the spring if the
admissible stress is [6]um = 1.5%10° MPa = 2.176x10° psi? The elasticity modulus
of the material, E = 1.5x10° MPa = 2.176x10° psi. The friction coefficient p = 0.12
and the outside diameter dgyiq. = 225 mm = 8.858 (= 9 in); the inside diameter d;, =
180 mm = 7.087 in. The angle of the conicity is 6 = 14°, and the axial load applied
to the spring is F, = 50,000 kg =110,200 Ib.

Initial
position
Axis Piy
e Sg M
8 Py
h
l \
(h/g)/2 AT Ar
h/2 0°
W, |
| ] X Final
d,/2 position
Wo dy2 o

Figure 9.15. Ring/spring positions and their dimensions. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

SOLUTION.— The inside dimensions of the ring, for an ordinary spring, correspond to
15 % of the outside diameter, meaning:

By =15%Xd 100 = 33.75 mm,we set AT =d,(S;, + Somide)/ZE [9.87]
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The calculation of K¢ confirms our reading of the above table, meaning that:

K, =[sin (0)+ﬂcos(¢9)}/[cos(0)—,usin (6)]=0.38072 « QED

Calculation of the inside area A;, of the ring and its width 1;;:

Ay = F"g/ﬂKc [O-]udm =273.303 mm” = 0.424 in’

ly = [A,,, ~(n tan(ﬁ)/4)}/hin =5.994 mm = 0.236 in

[9.88]

[9.89]

The axial clearance between the rings is usually 25 % of the product of the
height. To find the area Ain of the ring, we begin by finding the constant K. = 0.38
on the figure below, where, for an angle 8 = /4° we read a friction value of
M =0.12. To calculate the dimensions of the outer ring, we use a rule of three which

takes account of the stress in accordance with the requirements of the TS:

{houtsideE hyy =33.75 mm=1.329 in,],

30
28
26
24
22
20
18
16
14
12
10

0 = 14deg, angle

1n=0.10
u=0.12 | >/
u=014 |

1=0.16 by

p=0.18
Kc
02 03 04 05 06 07 08 09

2 .
outside = (Aoutside — Moutside tan (6)/4)/houtside =9.6 mm=0.378 in

Apurside =395 mm® =0.612 in> and 0 pyysige = Fug |7 ApussideK e = 1038 MPa =150529 psi

Figure 9.16. Constant K. of the ring/compression spring. For a color version

of this figure, see www.iste.co.uk/grous/design.zip
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The outside diameter of the ring including the clearance would be:

{For a clearance = h;,, x25% =8.438 mm = 0.332 in — we have: v [9.90]

Doutside = din + 2loutside + 2loutstde (hin - gap)tan(ﬁ) =217.499 mm =8.563 in

This result is close to the maximum dimensions allowed for the &yiq. 0f around
228.6 mm = 9 in. This is acceptable. To calculate the number of rings required for
this design, we must first calculate the mean diameter of the spring, as follows:

Dean = 05X (Dyutside = 2lousiae )+ (dy +21,,) | =195.144 mm =7.683 in [9.91]
The axial deflection per ring would be:
[ = dpean | (O0 + O pussiar ) 2E |cotan (8) = 6.621 mm = 0.261 in [9.92]

As the deflection is no more than 203.2 mm = 8 in, the number of rings required
would be:

Nyings =67/ =30.206=31 rings [9.93]

COMMENTS.— The rings for springs are designed to damp vibrations and absorb
shocks. Their sizing is based on the compressed height of around four times the
deflection of the spring. The height of the ring corresponds to 15 % or 25 % of the
outside diameter (of the ring). The friction coefficients range between 0.10 and 0.18.

9.12. Principle of calculations for a Belleville washer: case study

Design the sizing of a Belleville washer for springs for AISI 1074 steel — high
carbon content (ASTM A 684, AMS 5120H).

S N i L I (/\;ﬁfg\\

< ;d%J Y

F F

Figure 9.17. Belleville washer for compression springs. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
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Constants in design of Constants in design of
Belleville washers for stresses on Belleville .
. . Data for the exercise
springs washers for springs
RousiaeTin — 1.75 F = 4500 N = 1012 /bf
- 12
h/e R= routside/rin K routside'cc/l‘ Compression stress, G, =
1.00 1.25 -3.2455 -1346 150 MPa = 21760 psi
1.25 1.50 -4.3734 -1622 Elasticity modulus, E =
1.50 1.75 -5.6279 -1905 2x10° MPa=2.9 x10" psi
1.75 2.00 ~7.0090 -2197 Poisson’s ratio v = 0.3
2.00 2.50

Table 9.11. Constants in design of Belleville washers for springs

From the above table, the ratio of the radii R= 2. The outside radius r,s. would be:

Poutsi eo-com 0] . . 2197.4/1b
% =—2197% L simplify — 100000.Pa.r, ., /3N=+f [9.94]
mn mn

Let us isolate ryysiqe as follows:

Touside =—2197(\JIbf [in)x[F [=0..,,, =81.584 mm =321 in.

The sign (-) indicates that the spring is compressed. The inside radius of the washer
(rin) is calculated as follows: +7,,ize/in =Ry = Ty = Fouiside/ R = 40.792 =1.606 in.
From the above table, we can read the value of K = -7.0090 (stress constant), for
(h/e) = 1.75 and R = 2. Then, we set the expression of the thickness of the washer ()
as follows:

e= \/—awmp (side ) /KX E = 0.844 mm = 0.03323 in [9.95]

From the ratio (#/e) = 1.75, we deduce the height: 7 =1.75xe=1.477 mm =0.058 in.

9.13. Determination of the pressing moment for a bolted assembly

CASE STUDY.— Suppose we wish to calculate the moment (torque) required to press
an 11-NC bolt of diameter D, = 15.875 mm (i.e. 0.625 in). The bolt is pre-stressed
with 80,000 N (17980 1bf). The friction coefficient between the threads is py = 0.10,
and that between the nut and the washer p., = 0.12. From the standard tables
[OBE 16] for threads (USA), we can read:
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— the minor diameter, Dy; = 13.043 mm = 0.51135 in;
— the angular pitch diameter Dy, = 14.376 mm = 0.5660 in;
— the mean diameter, D,, = 1.25xDy, = 19.844 mm = 0.781 in.

Calculation of the helix angle () of the 11-NC threads: knowing the value of the
friction coefficient, we set: tan(@)=u, — ¢ = arctan( yri f) =5.711°. The helix angle

would be:
sin( ) =1(in) /112D ., — B = arcsin(1(in) /117D ;. ) = 2.931°
To find the pressing moment (torque), it is necessary first to find the angle factor
of the threads, as follows:
{0{ =30° = f,,y =tan(B+¢)/cos(a)=0.2 — Hence the moment M ,,,

M., =0.5xF,,(D,

0

wiside X o + FangD piren ) =196.161 N.m =1736 Ibf .in

The combined stress between the nut and the bolted joint (washer) would

therefore be:
D .
0.89+1.66,[5.2F,, "
DM
T M

comb = app 2
DM (Iue.rDoutside + fangDpitch )

=762.863 MPa =110644 psi [9.97]

From the specialized literature, we can see that 68 % of the ultimate stress affects
the combined stress. Therefore, we can set:

1/68% =1.4706 — 7,, =1.47x7,,,, =1122 MPa =162713 psi

com.

COMMENTS.— The approach employed here can be used to calculate the pressing
moment of the bolts with joints and other articulations, such as washers. We have
chosen to use the formulae found in the Product Engineering manual.

9.14. Power transmission by epicyclic gear system
HYPOTHESIS 1.—

— RPM of the driving wheel: RPMgy = 50 rpm;
— number of teeth of the steady wheel Zg, = 80 teeth;
— number of teeth of the driving wheel, Z4, = 18 teeth.
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Driving wheel

71 = 18teeth 7

/: N //zfsmeeth \\\

Lever arm
AN RPM 50 rpm
e

( ) \ _

Epicyclic gear

Steady wheel

T~

\

\
/
/

Figure 9.18. Straight-toothed epicyclic cogwheels. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

Steady wheel

=20 teeth ,/ ‘

Selector wheel

(sliding gear)

7, = 80 teeth

ﬂL

Lever arm
RPM =50 rpm

Hypothesis 2:
—RPM of driving
wheel: RPMpy =
50 rpm;

—number of teeth
of steady wheel,
Zg, = 20 teeth;
—number of teeth
of driving wheel
Zap = 40 teeth;

7Zm =40 dents  — selector rod

(sliding gear)
Z¢= 80 teeth.

Figure 9.19. Intermediary straight-toothed wheel. For a color version of this figure,

Steady wheel

=20teeth /

[

\

Inner driving wheel\

\ I
A
Z, = 80 teeth -

see www.iste.co.uk/grous/design.zip

RPM =50 rpm

Hypothesis 3:

—RPM  of driving
wheel: RPMpw
=50 rpm,

—number of teeth of
steady wheel, Z;, = 20
teeth;
—number of teeth of
driving wheel, Zy4. = 80
teeth.

Figure 9.20. Internal straight-toothed wheel. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
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SCENARIO 1.— With the configuration shown in Figure 9.18, the driving wheel
rotates at an RPMg,(1+Z,/Z4,) = 272.222 rpm. The side gear transmission ratio of
the steady mechanism is Z,/Z4, = 4.444. Turning axially with a ratio of 4.444, the
mechanism carries out an additional, steady rotation. Its total axial and side-gear
rotation will be (4+1)/rpm of the arm. We have ig = Z4,/Z4=0.184 = 1:5.

SCENARIO 2.— With the configuration in Figure 9.19, the sliding wheel spins at the
following RPM: RPMypx(1-Zg, /Zgy) = 25 rpm.

SCENARIO 3.— With the configuration shown in Figure 9.20, the steady wheel rotates
at an RPM as follows: RPMy.x(1-Zs. /Z4.) = 37.5 rpm. The inner wheel drives the
gear system, which turns the lever arm at the ratio of: iy = Z;xNg/(Ng+Nj).

9.15. Conclusion

The case studies presented here pertain to bolted assemblies, springs, washers
and gear systems. We have seen that the calculations are not problematic, because
we have effective formulae developed previously in the specialized literature
[HAY 90, ROT 73, RIC 70, ROA 75]. The question remains of choosing the right
materials to serve the functions prescribed by the calculations.

When designing parts to make a machine, or even a simple mechanism, it is
always advisable to optimize their performances. This is done by adapting the
properties of the material and its geometry (often its cross-section). In this book, we
have presented case-studies where the macroscopic geometry is the primary focus.
Microscopic geometry, although it is highly important, is dealt with by the choice of
materials (isotropy, homogeneities, etc.).
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Design of Plastic Products

10.1. Calculations for the design of plastic parts

As synthetic products, plastic materials are made of long chains of large
molecules. Each molecule is made up of numerous organic chemical units, and thus
the material is referred to as a polymer (multiple units), or a macromolecule. The
material is solid and rigid. At ambient temperature, it is capable of withstanding
considerable structural loading. Plastic materials are classified as follows:

Thermoplastics Heat-hart.lemng
materials
Crystalline Amorphous Epoxy
PP, PE, PET, PBT, | PC, PS, PPS, PPO, PVC, Melamine
PA (Polyamide), ABS, SAN, Polysulfone, Phenolic
POM (Actal) Polyacrylate, Polyetheremide, | Unsaturated
Acrylic PMMA polyesters
Butyl elastomers

When designing plastic products, the methodology used can sometimes be rather
complex, because these materials behave differently to metals due to the internal
morphologies. In this chapter, we examine the principles behind the calculations
used when designing with thermoplastics and heat-hardening materials. The design
methodology of these products focuses on the choice of material, which determines
the quality of the part, the process used to make it, its recycling and therefore its
environmental impact. The computational method is founded on the definition of the
design based on a set of functional specifications (FS) hinging on the choice of
material:

— estimated drawing and rendering, forming a virtual prototype;

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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—choice of material to be used for the design, which takes account of its
rheological properties;

— esthetic choice made, its adjustment and ultimately its approval;

— machining by computer-aided manufacturing (CAM) and tests;

— conditioning and delivery.

The Technical Specifications (TS) of materials, in plastic design, must be most
rigorous indeed. A mistake in choosing the right material would lead to

manufacturing failure. There are numerous criteria which need to be optimized,
including:

— flexibility, hardness, fatigue, stiffness and Mohs scratchability, and wear;
— physical properties such as its density, moldability and permeability;

— chemical properties determine the material’s stability in its environment;
— thermal properties such as fire resistance and swelling;

— electrical properties like insulation;

— feel, hardness, appearance, hygiene, heat, cold and radiation;

—the way in which the elements are assembled, such as gluing, screwing,
clamping and welding;

—recycling (reuse), ageing, degradation, etc.;
— likelihood of deforming when in use;

— conformity to the applicable standards in terms of health, medical standards,
toxicity, etc.;

— silkscreen printing, painting and other types of marking or metallicization;

— storage, hygrometric properties, radiation, etc.

10.1.1. Mechanical parameters used during traction tests

In accordance with ISO 527 (DIN527), traction tests are conducted to determine
the behavior of plastic materials when subjected to short-term uni-axial stresses.

The parameters are as follows:
— oy 1s the maximum tension in MPa;
— o, is the failure resistance in MPa;

— oy is the traction stress in MPa;
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— ¢, is the swelling (relative elongation) in mm due to the maximum traction
force;

— ¢, is the swelling (relative elongation) in mm due to failure;
— g7 is the traction force;

- the relative traction stress (o) corresponds to the smallest initial cross-section
measured for the part at any time during the test;

- the traction resistance stress (o},) corresponds to the most powerful load;

- the failure resistance stress (o,) corresponds to the strongest traction load at
the time of failure (tearing) of the material;

- the elastic stress to failure (or) corresponds to the strongest traction load. It is
equal to the slope of the force—clongation plot when it first touches zero;

- E is the elasticity modulus of the plastic material. Hooke’s law is applicable
in the linear part of the curve, so E = o/¢ in MPa;

- £ is the elongation or swelling in mm. L, measured relatively to the test piece
gives us the value of AL at any time during the test. The failure swelling when
subjected to the greatest force is characterized by €, under the traction force.

In order to choose more appropriate plastic materials in mechanical design,
it is wise to take account of the behavior under traction, swelling, temperature,
environment and also the duration of the test.

s A Traction forces in MPa on plastics
o Brittle plastics (very hard)
T
Op 7 7‘\ .
o/
Or y /N -
Hard plastics
NS Ny
A
o 1 Soft plastics ‘
{ / i
% |
| Ag €, €7 €y €, €.

Figure 10.1. Force—elongation test graphs. Source: ENSINGER UK-USA.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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10.2. Jointing of a ball bearing in a metal casing

The forced jointing of ball bearings is an important part in mechanical
assemblies. Aside from calculating the classic fits, we focus here on calculating the
resistance as the duality between load and geometry. Designers of plastic products
are then faced with environmental issues, questions of form and dimensions. This
duality is at the heart of the calculations and the tolerance values are tricky,
depending on the dimensions. By applying relation [10.1], we find an assembly
pressure as a function of the defined over-dimensioning (= 1.67). Below is a solved
example:

PZ(S)=E£elaxationXKform (S/dl) [101]

where:

— E'telaxation 18 the material’s relaxation modulus over time, POM = 3800 MPa;

—S=3mm, 3.5mm, ..., 6 mm. S is the over-dimensioning as a function of the
material and the & d;;

—d; =25 mm, dy = 21 mm, ¢ = d,/dy is the ratio between the diameters > 1.2
for plastic ball bearings assembled by force in a metal bore &=
(di/dg) = (25/21) = 1.19 > 1.29 (source of documentation: Hoechst);

— Ky 1s the form coefficient = 1.670 (POM according to Hoechst);

— the assembly pressure P,(S) as a function of the over-dimensioning S.

2.00 , Keom =form coefficient

N 4
.60 — 717 T | 71T ]
A
|
P A 1.20
1T 5 ] 1.
p \ 4 0.80 o7
do
& 0.40
Ratio of @ d,;/dy= o=
A/ 0.00 1 1 1 1

1.0 15 20 25 30 35 4.0
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P5(S) = MPa
0
0 781.56
1 911.82
2 | 1.042:103
3| 1.172-103
4 | 1.303-103
5| 1.433-103
6 | 1.563-103

1.6x10°
1.4x10°
1.2x10°

1x10°

8x10°

Py (S)

B’

1x1 0—3 S over-dimensioning, mm () ]

Figure 10.2. Results of the assembly pressure as a function
of the over-dimensioning. For a color version of this figure,
see www.iste.co.uk/grous/design.zip

10.3. Cylindrical clip of PP (e.g. blinds): force exerted

According to the documentation from the manufacturer Hoechst, if the strain of
the components is imperfectly known, it is difficult to devise the calculations of a
cylindrical clip. We present the calculations of the forces F,, (N and /bf) and

pressure (P, in MPa and psi):

—E is the elasticity modulus of the material under stress (pp) = 3600 MPa

=5.221 x 10’ psi;

— €agm = (0.01 to 0.04) is the maximum admissible strain to the housing (pp);

— n= 0.4 is the pp to pp friction coefficient;

—K= 3.0 is the form coefficient (below table inspired by Hoechst for

the pp values);

—1; = 1.25 mm is the click width;

— [, = is the total click width (?);

—d, =12 mm is the external & of the axis;

—d; is the minimum & of the click fitting (?);

— H is the click height (?).
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7 Fy K¢, Form coefficient
T ds F, 7.00 \
ey 6.00
L, Y
Lo ‘ 5.00
|
. ‘ 4.00
Ke=3
‘dz L300 =t

2.00

I
4 W7
x 1.00
D, /D,
F F, 0.00
1.0 15 2.0 25

Figure 10.3. Assembly forces for a cylindrical clip. Form coefficient K.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Indicative characteristics of (o) and (g) according to data from Hoechst

Angle, () 8° 11.5° 14° 16.3° 20° 23°

Strain (g) 1/100 | 2/100 | 3/100 | 4/100 | 6/100 | 8/100

Table 10.1. Indicative characteristics of (¢) and (€) (source: Hoechst)

SOLUTION.— From Table 10.1 for (o) = 14° — we read € =3/100 > e =?
a) Calculation of the real aperture diameter (d;) (mm, in):

e=[1-(di/dy)]|=3% —>dy = dy (3%+1)=12(3%+1) =12.36 mm =0.472in [10.2]

b) Calculation of the click height, H:

d—d, 12.36—
Hoyy = =% 1230712 10 0 2 7087510 n [10.3]
2 2
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¢) Calculation of the click width, I, ():

dysin(@) 12sin(14°)
2

b e (@) = =1.452 mm =0.057 in [10.4]

d) Strain (¢) initially chosen as a function of (0):

_4
2

2H

=0.03 and gde/brmation (H,dz) = p =0.03 QED [105]

8deformation (0{) =
2

e) Second proof of confirmation of choice of strain (¢):
Edeformation (&) =1—cos(ar) =1—cos(14°) = 0.03 - QED [10.6]
21, (@) =dyxsin(a) = Iy () = dysin(@) /2 =1.452 mm =0.0057 in

) Calculation of the pressure exerted on the assembly p:

2HXE  2x0.18x3600
d, xK 12.36x3.0

2, = =34.951 MPa = 5.069x10° psi [10.7]

g) Calculation of the clipping assembly force, F

pi+tan (o), )

N or Ibf — ... [10.8]
l—luxtan(al/z)

By =(”Xdzxp><2[1)>{

Fyj =(mx12x34.951x2x1.25)x[ 0.4+ tan (ez,, ) | /[ 1-0.4x tan (e, ) ] 4

Let us vary oy, from [8° to 23°] and calculate the retention force for the series of
assembly angles (retention values) the result of which are shown below. We can see
how the retention force increases in proportion to the assembly angle. It depends, in
fact, on the angle, pressure and clipping width.
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hleg) =

Fiolo) =

gyloyy) =
0 0 0
0| 003| [0 0s35|[0] 1887108
1| 003| [1| 0939| [1]| 1964103
2| 003| [2] roa2| [2] 2043108
3| 003| [3] 1185|[3| 2123108
4| 003| [4] 1247 [4] 2205108
5| 003| [5] 135|[5] 220108
6| 003| [6] 1452|[6] 2376108
7| 003| [7| 1553| [T 2464105
8| 003| [8| 1654|[8| 2555108
9| 003| [9[ 1754| [9] 2649108
10| 003| [10] 1854 [10] 2745108
11| 003| [11| 1953 [11] 284810
2| 003| [12] 2052 [12] 2945108
13| 003| [13] 215 [13] 3051108
14| 003| [18] 2248] [18] 3150108
15| 003| [15] 2344 [15] 3271108

'
N Fi»‘1= [fdjpl&)l K+ m{“lﬂ)}
%

1-ptan(ay ;)
Consider: 1y{ay,) = 1.452mm

1-"12{0.12:], Retention force ( N)

T
3510 3?&5 Zjdeg
3107
2510 —————111;
AR L B R B & 1
2107
1.5x10° E |
~ o1 1

047 , angle of inclination

Figure 10.4. Retention force fi, as a function of the
angle of inclination. For a color version of this figure, see

www.iste.co.uk/grous/design.zip

10.3.1. Spherical clip of a PP: force exerted

On a spherical clip in the form of a ball joint made of PP (polypropylene) we
impose a force of F=120 N = 26.977 Ibf; E = 4400 MPa = 6.382.10° psi; d, =
10 mm = 0.394 in; d; = 14 mm = 0.551 in and o = 8 degrees and u = 0.4 is the
friction coefficient (also see Chapter 11, case study in dental hygiene).

a) Calculation of the retention diameter d; in mm and in:

Dy =dyx(1-£)=9.9 mm =039 in [10.9]
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b) Retention pressure in MPa and psi:
P=(E/k)x(d, - D, )/D1 =10.582 MPa =1.535x10° psi

c) Retention force F (N, Ibf) where (1.;.1) is the click width in (mm, in):

Ly = dy Xsin(e)/2=0.696 mm =0.027 in

clic

U+tan(@)

F,  =nd,x2l, XP
click 2 click ( 1— Ux tan(a)

j =264.99 N =59.572 Ibf

Figure 10.5. Assembly forces for a spherical clip. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

[10.10]

[10.11]

[10.12]
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d) By varying d, between 2 and 10 mm, we plot the graph of F = f (d,):

F(d2) =
e R
=200
2| -318.3%4
3| -397.992 — 400
4| -477.59
5| -557.189 - 60
6| -636.787
7| -716.386 - 80 -
8| -795.984 1x10 d20.01

Figure 10.6. /llustration of the clipping force as a function of the diameter d,.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

10.4. Types of clip fitting: counter-cylindrical cantilever

Among the simple and less costly methods for holding two parts together, it is
quite common to use clips. These clips can be repeatedly placed and removed
without damaging the whole assembly. Such assembly methods are environmentally
friendly. It is simply important to be conscious of the limitations of these attachment
systems. We must check the clearance fit, due to the accumulation of the
tolerances of the two elements of the clip and an insufficient traction force.
The majority of applications use the cantilever configuration (e.g. blinds). The
cylindrical config-uration is used on non-reinforced plastic materials. The diagrams
below illustrate some types of clip.

Hyy-y

T

Reinforced and non-reinforced
cantilever (PE or Nylon)
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With respect to Y-Y'

Cylindrical clip with
non-reinforced material

Figure 10.7. Diagrams of clips (also see Chapter 11, Project for an HD
spherical clip). For a color version of this figure, see www.iste.co.uk/grous/design.zip

In the design of a cantilever attachment, designers need to carry out numerous
procedures, such as adjusting the length, thickness, size of the deformations, etc., in
order to produce a clip where the stresses are lower than those tolerated by the
material.

€

UNIFORM CRos]s-\\/> B CONICAL CROSS-

SECTION A-A SECTION A-A
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Type : Von Mises Stress
Unit : Ksi

61,44Max

49,15

1229

0Min

Figure 10.8. Cantilever compared to the cylindrical clip.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

10.4.1. Conical cantilever

The configuration with a uniform cross-section is sufficient in most applications
for cantilever clips (see Figure 10.9). It is useful to include a conical element when
greater deformation is needed:

Uniform cross-section — H = Ei ,1 Conical cross-section — H = 2i [10.13]
2 2 100 72

10.4.2. Short cantilever

Conventional cantilever clips are designed for lesser strains (deformations) than
those observed in the area of short cantilevers. In the conventional formulae, the
wall from which the fixation strip is projected is supposed to be rigid. The same is
also true for long cantilevers, but the principle does not actually hold true with short
ones. The intersecting wall actually deforms under the load of short cantilevers. The
formulae designed to calculate the maximum stress, deformation and force required
to assemble the parts are also indicated. There is a dedicated manual for clips.
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10.4.2.1. Configuration of strips and factor (Q). Maximum deformation
(Figure 10.9c)

Emext Ema = (3/2)%(£H/ Q) [10.14]

where:
— €max, Maximum deformation at the base, mm;
— E, thickness of the strip;
—H, deformation in mm;
— L, Length of the strip, mm;

— A, coefficient of strain amplification (manufacturers’ tables).

Thin wall
mounted on a clip plate

(a) ()

Solid wall mounte on a block (clip)
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P load (N, Ibf)

Figure 10.9. (a) Solid wall. (b) Thin wall. (c) Influence of factor Q. Ribs. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

Consider a PET plastic. Determine the maximum deformation of the strip and the
coupling force on it (Figure 10.9c).

Maximum deformation of the — Q =F force of thrust;

strip (in mm or in i
p ( ) — Q'=F, force of traction;

— P = perpendicular force;

& _3 gHmzax 4 [10.15] — w = friction coefficient = 0.2;
2 AL — o = pitch angle = 30°;
B 80/1L2 L1 — oy = return angle;

"X 56 Te 2 — B = width of strip = 6 mm;

Aap =2 = Hypox = — & = thickness of strip = 3 mm;
— E = bending modulus = 9000 MPa;

0.015x15°x2.0 o .

=——=1.5mm — Opmax = Maximum stress;
1.5%3

— L = length of strip = 15 mm;
— A = amplification of deformation;

— g, =relative elongation = 1.5 %.

SOLUTION.— In a real design, we need to choose a lower deformation value (Y) in
order to maintain a greater safety margin. The coupling force (F) is:

+tan (o Be*E
{F _p (@) o where p= S0BEE

=40.5N [10.15]
1-ptan (@) 6LA

Thus, we need a force of F = 35.6 N to drive the pressure in the assembled
position.
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10.5. Configuration of strips: two-dimensional spline interpolation

The strip illustrated below was actually designed and built in the modular tool
design lab by the author. Then, in the metrology lab, the author used spline
modeling to carry out an interpolation of 2D functions to obtain “copying”, over the
chosen section of the original surface, before attempting to juxtapose it with the strip
manufactured by machining (of 6061 steel).

Figure 10.10. Strip drawn with Inventor Pro by “loft and sweep”.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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This photograph shows our actual machining setup. On a CMM (3D Coordinate
Measuring Machine), we scanned numerous points on the surface of the original
piece (made of carbon fiber). To facilitate the case study, below we present a matrix
Mz specifying the scanned surface:

Mz = mesh matrix (real scan) X 1Y
3.99490 | 6.52920 | 7.38410 | 7.67590 | 0 0
4.07870 | 6.97300 | 7.18870 | 7.74430 | 1 1
4.93630 | 7.30500 | 7.36520 | 7.63890 | 2 2
5.81910 | 7.48230 | 7.51090 | 7.58730 | 3 3

Table 10.2. Points scanned on CMM using the KT1000 software
published by Mitutoyo

The number of rows in the matrix must be equal to the number of columns: 4
by 4. We used our mathematical program as follows: we specify X and Y and (n)
vectors which determine the mesh of the matrix drawn from our measures in

metrology [GRO 11, GRO 13].

fit(2.5,3.9)=9.434 fir(0.1,1.7)=7.218

{rows(Mz)=4 cols(Mz)=4 n = rows(Mx)}

Values of interpolated samples: — 1 xlow = Mxy o

Mesh density of the interpolation: {xn = 4nn}

i=0,..xn—=1 xind; = xlow+ix

J=0,..yn—1 yind; = ylow+

yiow = Mxy, |

. Yhigh — ylow
J——
yn—1

xhigh — xlow
xn—1

Mxy = augment[sort(X), sort(Y)J - rows(Mxy) =4

Computed spline coefficients — coef = cspline(Mxy, Mz)

x
Fitting function for surface — ﬁt(x,y) =interpi:coef,Mxy,Mz,[ H
y

xhigh = Mxy,_, o

yhigh = Mxy,_;

and FIT;; =ﬁt(xindl-, yindj)
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10.5.1. Graphs of the model of the original surface

Surface Plot of 2D Spline Interpolated Surface Original Surface

FIT Mz

Figure 10.11. Results of the mathematical interpolation to find the original surface.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

10.6. Press assembly

It is possible to assemble two parts by pressure. This method, which is tried,
tested and trusted in assembling metals, is trickier with thermoplastics. The creep of
the plastic materials (or relaxation of the stresses) leads the designer to take account
of a significant reduction in the initial pressing forces of the pressure system.
A good design will minimize the stresses imposed on the plastic. It takes account of
the accumulation of the tolerances and estimates the residual pressing force resulting
from the relaxation of the stresses.

Press fitting for two identical materials (radial deformation):

— the radial deformation () is doubled to adapt to the interference of a &J;
—(a), (b), and (c) are radii, rather than diameters, &J;
— the formula is valid only if the shaft and the housing are of the same material;
— a full analysis of the creep is needed.

28><b3(c2—a2) 2eh3c2

5=Wya=o%s=m [10.16]
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Plastic
Cork
Glass

Figure 10.12. System for press fitting of an axle into a housing. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

Press fitting for two different materials (radial deformation):

— the radial deformation & must be doubled to fully adapt to the interference &,
— (b) and (c) are radii, rather than diameters, &J;

—the formula is value only if the shaft and housing are made of the same
material;

—a full creep analysis is needed.

%\S ) ¢ is deformation
Plastic 4 is radial deformation
C v is Poisson’s ratio

Figure 10.13. System for press fitting an axle into a housing. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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NUMERICAL APPLICATION.— Consider a metal insert (O.D. = 12.5 mm), which needs to
be affixed to an embossment made of PA 6/6 (O.D.=20 mm). Determine the
maximum interference in the setup using an acceptable stress of 2 % for the PA 6.

2 2 2 2
§=b£c +b [c +b

—_ —2+Vplakt 625)(00 5 02 +6 52
c b C +b D

+0.35 | =0.144 mm
10% +6.25% { 107 +6.25 J

COMMENT.— The PA 6 embossment must be identified by a maximum interference
0f 0.29 mm (2d) or 12.21 mm minimum diameter.

10.7. Reduction of stress relaxation: bolts and self-tapping screws

Although self-tapping screws are the most commonly used, it is also common to
use metal fixings to assemble thermoplastic components. In doing so, we must be
careful not to apply too much compressive stress to the plastic material:

— the assembly must remain within controlled torque limits;

—high temperatures will exacerbate the problem of relaxation. A powerful
moment increases the compressive stresses. This results in a rapid initial relaxation
of the stresses, followed by stabilization. The relaxation is very significant in the
case of high stress levels;

—a large-diameter screw head, plus a large-diameter metal washer under the
screw head and/or the nut increases the load-bearing surface area and decreases the
stresses;

— flathead screws and rivets are to be avoided with plastics. These conical fixings
act as vertices, and can break or tear the part;

—when the stresses are relaxed, the force of pressing and retention of the
moment decrease. The fixation is unpressed. An elastic or spring washer enables the
system to maintain acceptable levels of pressure and torque. The majority of the
pressing is metal on metal, although a lesser force is exerted on the plastic.

We have designed a fishing reel and noticed that the reduction of relaxation
stresses has a not-insignificant role to play, depending on the materials used.



386 Applied Mechanical Design

Figure 10.14. Fishing reel designed to reduce the relaxation of the stresses.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

10.8. Case study: piping link

According to ISO 1043, POM (Poly-Oxy-Methylene, or poly-formaldehyde) is a
polymer in the poly-acetyl family. It is used in many industries (automobile,
aeronautics, sports, etc.). Its structure and high crystallinity give it excellent physical
characteristics:

— good dimensional stability;

— high traction resistance, shock resistance and fatigue resistance;
— good operational temperature range;

— good resistance to chemical agents and to creep;

— good electrical insulation characteristics;

— good abrasion resistance with a low friction coefficient;

— POM cannot be used as a permanent medical implant;

— POM is unstable when exposed to oxidants and to organic and inorganic acids.
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Average physical properties of POM Values
Failure resistance under traction 70 MPa
Failure resistance under bending 110 MPa
Continuous heat resistance (° C) [-40 to 115]°C
Traction resistance DIN 53455 68 to 700 MPa
Cold resistance temperatures <[40-50]°C
Elongation to failure according to DIN 53455 [12—40] %
Limiting bending tension according to DIN 53452 97 MPa
Failure resistance under compression 110 MPa
Elasticity modulus under traction, E 3100 MPa
Elasticity modulus under bending, E DIN 53457 2950 MPa
Poisson’s ratio, v 0.35
Linear thermal expansion coefficient, DIN 52328 9 [1/K]
Dry friction coefficient p [0.25 t0 0.32]
Index of wear through slip 4.6 pm/km
Creep modulus 1400 MPa
Molding shrinkage, L/T (%) [1.4 to 1.3]
Specific weight according to DIN 53479 1.42 g/em®
Resilience according to DIN 53453 6.5 J/m*
Shore hardness Scale D
Rockwell hardness with a pressure from the H358 Scale R 120
bearing in accordance with DIN 53456 130 MPa
&=/, . Admissible
for material (POM) for deformation
casings ratio
d;<5mm— 0.050
Smm<d; £ 30 mm — 0.030
d; >30 mm 0.005
Clip in with hook 0.080
Cylindrical assemblies 0.040

Table 10.3. Average physical properties of POM. DIN standards
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STATEMENT OF THE PROBLEM.— Consider a connecting pipe made of POM, used in
simple piping, of diameter d = 75 mm, at a pressure p = 1| MPa over the course of
ten years, at the average temperature of 20°C. Tables and other breakdowns of
experimental results show that the resistance over ten years at 20°C is 16 MPa with
a safety coefficient of S = 2.5. Knowing the maximum stress G,,x of 7 MPa applied
to the pipe, calculate the thickness (¢) needed for it to withstand the ravages of time
and the environmental conditions:

—d =70 mm = 2.756 in is the internal diameter;
— S =2.5 is the safety coefficient;
—p=1MPa=145.038 psi at a pressure p, over ten years at 20°C;

— Gpax = 7 MPa = 1.015x10° psi is the maximum stress applied.

gy(dy) = 6x10 >
2.857( -mn _3 gt(dv)
3.429 5x10
4.000 410°2
4.571 )
5.143 3x107°
3 dv
5.714 Sl

0.05 0.06 0.07 0.08 0.09 0.1

Figure 10.15. Thickness of connecting pipe (mm) of POM (garden sprinkler system).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

The thickness (g) is written: ¢,,, = (pd)/(S0,,,)=(1x75)/(2.5%7) =4 mm =0.157 in

tube

orindeed: &,(d,yie) = Plyiae /S[0] 3 JOr d e =50 mm t0 100 mm .

10.9. Assembly by forced jointing

STATEMENT OF THE PROBLEM.— In the design of forced jointing structures, it is
important to take account of the axial force. Thus, the maximum axial force is
expressed as follows:

max

Maximum axial force F™™ =7z'><,u><D1 XLXp [N] [10.17]



Design of Plastic Products 389

Over-dimensioning coefficient of a forced joint

1.0
Ko ver-dim.

0.8 |
0.71

0.6

04 0.54

0.2

0.0
1.0 15

‘ Ratio of @, D, /D,
_I_’
20 25 3.0 3.5 4.0

f-

4

‘\L_M
Iz |

p

2

F

D,

Lmax

Figure 10.16. Over-dimensioning coefficient on a forced joint. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

where:

— W is the friction factor (POM) = 0.3;

— L is the width in mm or in= 15 mm = 0.519 in;

— D, is the diameter of the inserted element in mm or in, 12 mm = 0.472 in;

— p is the assembly pressure for two products in MPa or psi, (to be calculated);

— Fnax 18 the maximum force applied in N or Ibf, (to be calculated);

— M is the torque (of forces) applied in N.m or Ibf.in (to be calculated);

— S is the over-dimensioning in mm or in (see Figure 10.16 = D,-D;) (to be
calculated or deduced);

— Eyelax is the relaxation modulus of the POM = 800 MPa = 1.16x10° psi over

ten years.

Maximum torque: M =71'></1><(D12/2)><L><p [Nm]

Pressure as a function of the over-dimensioning:

p= Ethar K

relax™ > over-dimensioning (

/D)

[10.18]

[10.19]

In joints formed of plastic parts, it is suggested to take the ratio of the diameters
as follows: D,/D;>1.6. Over the course of around ten years, a torque of 5N is
transmitted to a forced joint (POM) from the axle of an engine. D; = 12 mm and
Liax = 18 mm. We wish to devise the dimensions of the joint in such a way that the
design is viable.
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SOLUTION.— Calculation of the diameter ratio gives us: (D, /D,) =1.667, so:

—[Dy/Dq] > 1.6; as Dy = 12 mm = 0.472 in, we isolate D, as follows;
—[Dy/Dy] > 1.6 - D, > 1.6x12) »D; > 19.2 mm = 0.756 in;
— from [D,/D;] =1.667— we read K = 0.4 (see Figure 10.17).

The deformation € of the POM is 3 %, while the over-dimensioning is estimated
atS=036 mm=0.014in. e=3 % — S =D;.e = 0.36 mm = 0.014 in. The thermal
relaxation modulus E, of POM over ten years of operation is
800 MPa = 1.16x10° psi. The jointing pressure Pjop is:

p=E.xKyx(S/D,)=9.6MPa=1392.10" psi .

The friction coefficient p = 0.3. The static friction coefficient, of plastic on
metal = (0.25 to 0.4) and plastic on plastic is (0.3 to 0.4). Over ten years of
operation, according to the hypothesis, the force torque must be greater than or equal
to 5 N.m. Let us verify this condition for L, = 15 mm = 0.591 in, and calculate the
force torque.

Calculation of the moment: M = x (D]2 /2)>< L. XpXu=9.772 N.m=286.486 Ibf in

This torque M = 9.772 N.m is almost twice its hypothetical value (5 N.m). The
structure will therefore be able to survive for longer. Hence, the joint is safe to use.
Finally, the maximum force, F,.«, exerted on the structure would be:

Calculation of the maximum force: F, =nL , D pu=1.629 N=366.124 Ibf.

max

As the length increases (L), the maximum force does too. Let us vary (L,)
from 10 mm to 18 mm and calculate: F,, (L,)=axL,xD,xpxu [N] and [Ibf] .

max

1.2x10°

110° 1 1 1
001 0012 0014 0.016 0.018

1.52-108

Fvan'.able[r'v) = 3
= N 2x10
3
0| 1.086103 1.8x10
1| 1194103 1.6x10°
3| 1411108
4
5

Figure 10.17. Forces as a function of the L, and the forced jointing pressure.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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10.10. Stress and thermal swelling in assembled materials

Ordinarily, thermal stresses are not cause for concern, except in the case of
dismountable materials forming a structure to withstand variations in temperature,
such as a thermoplastic affixed to metal.

100
~ 20 T L=60 M10 x 45
A
CT1T] [T
I
BRI
I
712.00 43
60
1] 50
- 08.65 2
= A
Thermoplastic
C T C T
T w ‘ Vd W }\ T
AL | AL
| — |
\ o |
Metal SECTION A-A ™ ~ MI10xL.5
where: y
— O, 1s the critical compression stress; b
— A, is the area of the transverse cross-section of

the material of surface state nuance 1;

—J is the moment of inertia of material 1;

—E is the elasticity modulus;

—A; = coefficient of thermal expansion of
material 1;

—A, = coefficient of thermal expansion of
material 2;

— AL = change of length;

— L is the length between the two tips;

— AT = is the temperature variation.

Figure 10.18. Thermal stress and expansion. For a color version
of this figure, see www.iste.co.uk/grous/design.zip
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The material whose expansion rate is higher tends to buckle, because of
compression. The resistance tolerance values of the material with the higher
expansion rate must be less than the compression loads resulting from the swelling.
According to Euler’s law, the critical buckling load is written:

Pauer =(47°EJ) [ 1 we set 0, = Py ) 4= [(471'2EJ) /r J /A [10.20]

The difference in thermal expansion between two different materials (1 and 2)
is: AL=(4 -4 )ArL . The thermal stress is expressed as follows:

Cpperm = (4 =4 ) ATXE [10.21]

COMMENT.— Buckling occurs if 6. > ... To prevent it, the designer must add bolts
or increase the modulus of the cross-section (J/c) of material (1). Sometimes, if a
clearance is left between the bolts and the perforations, this can allow for the
possibility of some motion. The effects of relaxation of the stresses on plastic parts
are, typically, represented in the documentation published by manufacturers. It is
wise to take certain precautions when it comes to shocks. This situation of stress is
applied to the piece for a very short period of time. One of the most important
factors is to reduce stress intensifications. Even embossments cause stress
intensifications and lead to failures due to shocks. If (%) is a height of the drop and
(v) is the static deformation, we can prevent warping by calculating the static
deformation, with a view to deducing an amplification factor:

Ky =1+ 14+ 2h/ y e [10.22]

The next example is the simulation of a shock of P = 6.678 N (m = 0.681 kg)
falling from a height of h = 1.25 m at the center of a circular disc of 80 mm, entirely
maintained, of thickness e = 5.56 mm. We need to determine the static deformation
and the stress using the formulae applied to flat plates, shown below:

—3P(m2—1)r2 3P
=T . 23 and O static =5
167Em~e 4rre [10.23]

Ystatic

ydynamic = Kdynystatic and O-dynam[c = Kdyno-stat[c
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h=125m P=0.62kg

' v

Circular disc

Figure 10.19. Effect of shock. For a color version of this figure,
see www.iste.co.uk/grous/design.zip

This method is approximate. All the calculations must be verified by tests.

10.10.1. Stress intensifications [ROA 75]

Irregularities in a structure are likely to engender rather localized stresses, known
as stress intensifications [GRO 94, GRO 09, GRO 13]. These zones include
perforations, acute angles, nicks, sudden changes in thickness of the walls and
numerous geometric irregularities:

— before probable failure Figure 10.20, part (a), the acute angles concentrate and
intensify the stresses;

— after stresses Figure 10.20, part (b) (F or P), the stresses cause the probable
failure.

When the curve of an angle is fairly small in comparison to the thickness of the
wall, this gives a large (SIF) K. In many cases, it is tricky to precisely calculate the
real stresses, unless we introduce robust moduli by the finite element method. It is
now easy to predict the real stress by multiplying the stress thus calculated by the
factor K [ROA 75].
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{Zones of stress intensification = Sources of stress intensifications }
Example: M = F xd =50x50=2.5 Nm; €=b/2=3.125 mm,

J=hb3/12 =(5x625°/12)=101.725 mm*; R/b=125/625=02 > K, =25

Incorrect method Correct method K = 2.5
o= Mxe _ 2500x3.125 o=k, XX _25x768 [10.24]
J 101.725 -

0 =76.8 MPa — to be rejected 0 =192 MPa — to be used

61,44 Max

49,15
36,86 A ;
@ 24,58

12,29
Nodes = 6988
Elements = 4060
Type : Von Mises

@ 0Min  Unit = Ksi ()

Figure 10.20. Stress intensifications in the particular zones [Ks, SIF]. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

The designs and the indicated load data must be able to withstand a stress of
192 MPa = 27850 psi. Modifying the radius to 6.25 mm alters the predictable stress
intensifications to 96 MPa = 13920 psi.
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i
7y

SIF = K¢ P, load Trar}sverse
b section

2.5
2.0 Z\R / P, load

1.5

R/e

1.0 -— H=d
00 02 04 06 08 1.0 1.2

Figure 10.21. Stress intensifications in the particular zones [K;, SIF]. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

10.11. Capacity and reliability of roller bearings (plastic and otherwise)

Consider a case in which:
— equivalent radial load Lcq,; = 3000 Ibf = 13340 N;
— lifetime in millions of turns of the bearing = R; = 400;

— reliability, R, = 0.92.

If the equivalent radial load on a bearing is 3000 /bf'= 13340 N and that bearing
is predestined to operate for 400 million turns with a reliability R =0.92, what
would be the required load ratio? The ratio of the mean lifetime is 5.0. Explain how,
in design, we draw the connection between the load ratio, if it happens that the two-
parameter Weibull distribution [GRO 94, GRO 13] is the most appropriate law to
apply to this case?

SOLUTION WITH DISCUSSION.— The ratio of the base load, using the two-parameter
Weibull distribution, if the ratio is 5.0, is calculated as follows:

0.285
L, 1,898 1
=22 x|In| — || solve —104852,40927084132092 N [10.25]
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Lg is the base load required (C = Lg) which delivers the desired reliability
[MIS 65]:

RO.333 1
L,=L, —* =1.05x10° N = 23594 Ibf [10.26]

= X
B eq 1.898 1Il (1/RC )0.285

The bearing must have at least 23,594 [bf'= 104.951 N, for a reliability of 0.92.
Typically, we choose the bearing made by the closest manufacturer. The base load
ratio of the bearing, by virtue of the two-parameter Weibull distribution, is
calculated thus:

0.257
L
0 LT8O | L] somve—0.156 [10.27]
LB RL. Re

COMMENT.— Here, the Weibull distribution is used when the lifetime of the bearings
is within the reliability range of 0.9 and over. The ratio of the mean lifetimes is 5 for
the set of bearings.

10.12. Safe stress of the appropriate material for a plastic clutch
system

CASE STUDY.— For these data, let us determine the safe stress, the linear velocity and
the appropriate material to convey 100 W (0.134 hp) of power at an angular
frequency of 360 rpm, for ten hours of loaded work:

— transmission power, Hp = 100 W = 0.134 hp;

— angular velocity, Wypee; = 360 rpm;

—number of teeth, Z = 75 teeth;

— diametral pitch, p = 625 mm = 24,606 in;

— pressure angle, a = 20 deg;

— pitch diameter, D, = 65 mm = 2.559 in;

— tooth width, B =28 mm = 1.102 in.

SOLUTION.— Calculation of the velocity at the point of application of the contact of
the power transmission, i.e. on contact with the pitch diameter:

V=w

wheel

XD, =73.513[m/min] = 241[ ft/min] [10.28]
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The calculation of the safe stress o is subject to the load factor (C,) and the
factor taken from the following experimental table (see manufacturer catalogs).

Type of loads Intermittent Occasional
8-10h/d | 24h/d | 3 h/d 0.5 h/d
Regular (stable) 1.00 1.25 0.80 0.50
Light shock 1.25 1.50 1.00 0.80
Medium shock 1.50 1.75 1.25 1.00
Powerful shock 1.75 2.00 1.50 1.25

Table 10.4. Service factor Cg4 for the equations to calculate the power

Number 14}5° 20° Full 20° Stub- o
of teeth Involute tooth tooth (USA) Full tooth o =20
Z cycloid involute involute pinion wheel
50 0.352 0.408 0.474 0.437 0.613
75 0.364 0.434 0.496 0.452 0.581
100 0.371 0.446 0.506 0.462 0.581
150 0.377 0.459 0.518 0.468 0.565
300 0.383 0.471 0.534 0.478 0.534
Rack 0.390 0.484 0.550

Table 10.5. Form factor Y for the equations to calculate the power

Without Glass
Plastics reinforcement reinforcement
psi psi
ABS 3,000 6,000
Nylon 6,000 12,000
Polycarbonate 6,000 9,000
Polyester 3,500 8,000

Table 10.6. Safe stresses os. Source: Product Engineering

From Table 10.4, we choose C; = 1.25 and Y = 0.446, and then calculate the safe
stress (with light shocks) as follows:

J 600[ﬁ + VijsHp

min
BxYxV

0, = —| =11.096 MPa =1609 psi  [10.29]
S 10\ ftin
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We then choose nylon 6/6 or polycarbonate, without reinforcement, to design the
plastic gear system. The safe stress is 6000 psi, although our calculations give us a
value of 1609 psi: this is amply sufficient. Lubricating the parts involves adding a
substance between the two surfaces of pieces in contact to influence the tribology,
i.e. the nature of the friction. The parameters which characterize the phenomenon of
lubrications are:

— Tenear 1S the shear stress of the fluid in psi or MPa;

— A is the area of the element in contact in in® or mm?®;

— P is the pressure exerted in psi or MPa;

— K is the viscosity of the fluid in centipoises. It is the proportionality constant;
— V is the linear velocity in m/s or in/s;

— ¢ is the thickness of the (liquid) lubricating film in in or mm;

— Vv is the absolute viscosity (in Reynolds’ sense) in centipoises;

— p is the density of the lubricant used, in g/cm’;

—1 is the kinematic viscosity in centistokes.

Thear :£; r. K—>£=K><K where K =M [10.30]
‘ A A € A £ Vie

In the imperial system, the absolute viscosity is expressed by the Reynolds
number:

{VReynolds = K/6.9><106 centipoises or Mypomaiic = K/ 1 centistokes} [10.31]

10.13. Case study: plastic ball bearings

Consider a case in which:
— R and R, are respectively the loads on the bearings in N or /bf;

— 1, and [, are respectively the lever arms (distances from the applications of
loads to the bearings in mm or in);

— P is the equivalent radial load in N;

— o is the nominal contact angle (between the line of action of the balls) in °;
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— Z is the number of balls;

— i is the number of sets of balls in the bearing;
— C is the base load in N or Ibf;

— D is the diameter of the ball bearing;

— D, is the pitch diameter in mm or in;

— f. is a constant given by the manufacturers as a function of Dcos(a)/d,.
CASE 1.— We wish to calculate R; and R,, in both cases if L; = 0.20 m and L,= 0.30 m.

CASE 2.— We wish to calculate R; and R,, in both cases if L; =0.50 m and L,= 0.30 m.

Ry =4P/(l+1;) Ry =14P[(h~1,)
[10.32] [10.33]
R =LP/(l+1,) R =LP/(l,-1,)
P i Ry P
[+] [+] [+ [+]
+ + + +
Case 1 (b)
R\l—ﬁ szJ @ T—ICase 2 R, L
L, L, L,
a) Radial load between the bearings b) Radial load in cantilever

d,=(4+B)/2
A= Dbex n
-q L :(C/P)
(c) Dcos(a)/dp « tableau suivant
B = Dyin C=fc[icos(oz)T/IOZzBDl‘8

c) Plastic bearings

Figure 10.22. Plastic bearings. For a color version of this figure,
see www.iste.co.uk/grous/design.zip
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The following table is essentially based on the (Hertzian) contact calculations.

Single set, radial contact, Double set of A
single and double sets balls (contact uto-
Dcos (0{) ’ aligned
angular contact groove)
d
p
mm * in * mm In mm in

0.05 46.7 3550 422 3360 17.3 | 1310
0.06 49.1 3740 46.5 3530 28.6 | 1420
0.07 51.1 3880 48.4 3680 29.9 | 1510
0.08 52.8 4020 50.0 3810 21.1 | 1600
0.09 54.3 4130 51.4 3900 22.3 | 1690
0.10 55.5 4220 52.6 4000 234 | 1770
0.12 57.5 4370 54.5 4140 25.6 | 1940
0.14 58.8 4470 55.7 4230 27.7 | 2100
0.16 59.6 4530 56.5 4290 29.7 | 2260
0.18 59.9 4550 56.8 4310 31.7 | 1940
0.20 59.9 4550 56.8 4310 33.5 | 2100
0.22 59.6 4530 56.5 4290 35.2 | 2680
2.24 59.0 4480 55.9 4250 36.8 | 2790
0.26 58.2 4420 55.1 4190 38.2 | 2910
0.28 57.1 4340 54.1 4110 39.4 | 3000
0.30 56.0 4250 53.0 4030 40.3 | 3060
0.32 54.6 4160 51.8 3950 40.9 | 3110
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0.34 53.2 4050 50.4 3840 41.2 | 3130
0.36 51.7 3930 48.9 3730 41.3 | 3140
0.36 50.0 3800 47.4 3610 41.0 | 3110
0.40 48.4 3670 45.8 3480 40.4 | 3070

Table 10.7. Ball bearings. Source: Quality Bearing & Components

10.13.1. Calculation of the lifetime of roller bearings

Consider the following conventional relations, which express the lifetime of a
bearing in millions of rotations and hours of operation:

—n is an exponent of the lifetime as a function of the type of bearing (n = 3 for
ball bearings and n = 10/3 for roller bearings);

— Crye 18 the rate of dynamic loading of the bearing in (N or Ibf) = 1560 N;
— R;is a reliability factor valued at 90 % (dimensionless), R;= 1;

— L is the stroke length of the bearing in (mm or in) = 420 mm;

— o is the rotation frequency of the bearing in (rad/s) = 30 rad/s;

— HRC is the hardness of the material of the stroke path (rotation) = 58;

— T is the operating temperature in °C or °F;

—8.33 is a factor derived from the calculations suggested by the manufacturer
(source QBC).

The application of these relations gives us the following results:

Jire =R/ (Crate/Can) X10° = 63.554x10%, in milli tati
Millions of rotations — ~* f rate/ dyn - > N mitiions Of rotations
[10.34]
1 life 3 . .
Hours of operation = [/t{]?llions of rotations (8.33/Lw) =42.016x10°, in hours of operation

10.14. Limits of performances of polymer design

Frequently, and incorrectly, materials with a low toughness such as Kjc <
15 MPa m'”? have been cited as examples of the limitations of polymer design.
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This is linked, to a degree, with the metals that have hitherto been used in the
industry, where the toughness values are almost Kic = [15 to 105] MPa m”. Cast

irons exhibit a K;c = 10 MPa m”, while ceramics never achieve more than a K;c < 7

MPa m”, not to mention polymers, whose K¢ values are around (1 to 3) MPa m”,

From the laws of fracture mechanics, we can set:

o, =¥xK,/[\ra, [10.34]

where:
— Y¥is a factor (constant), intrinsic to the material,
— a is the size of the largest crack in um, mm or in;

— K. is the toughness relative to the type of loading.

In design, we are limited by the load or sometimes by the energy and/or
deformation. Let us present these three cases, as follows:

i Energy
Load Deformation
2 2 g2
K, gzg;g’ﬂzﬂ E,=%-2 g = ¥ Kic [10.35]
E Jra E 2 2F 2ra, E
iperf = Kc ) ) ) 2
iperfEKlzc/E lpeljfEK[c/EEGr[kJ/m :|

10.15. Case study: fan with plastic blades

Homes, vehicles, airplanes and running machines are all equipped with fans to
cool down the radiators when their movements and the environment are not
sufficient for that task. Fan blades are often made of plastic or lightweight materials
which, sometimes, have to withstand powerful centrifugal forces. Bending stresses
are due to the sudden accelerations of the motors. There is even the risk of
disintegration of the fan as a result of sudden runaway. Safety is therefore a primary
concern for designers, and it is important to choose the materials very astutely. The
author has carried out numerous design projects; some of the results are shown
below.
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Nodes : 7747

Elements : 3798

Type : Von Mises Stress
Unit : Ksi (ou MPa)

41.3 Max

33,04

16,52

8.26

3holes
dia. (d)

blad
al //

Figure 10.23. Simulation of the bending of plastic fan blades. For a color

version of this figure, see www.iste.co.uk/grous/design.zip

24,78

0 Min

The material chosen must be safe, inexpensive and environmentally friendly.
The objective, then, is to control the angular velocity with a predetermined blade
radius. If A is the surface area of the blade of length L = @.R, (@) is the radius of the
fan where the blades are spread out, because the rest of the surface is occupied by
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the hub (center with three radiating blades, in our case). Thus, the volume of the fan
is expressed by: V = [@RA]. The centrifugal force is as follows:

PVR®* = pRw’ [@RA], N or Ibf [10.36]

F'cen trifugal =

The stress (our models use the Von Mises criterion in our fan project case
studies) will therefore be:

0 =F|A=pVRa&’ = goR*@*, MPa or psi [10.37]

In order to respect the required safety, this stress must not exceed G, expressed
in relation to a safety factor (s = 3). In our designs, this coefficient does not have a
significant role to play, because the expression of the angular velocity is as follows:

o= (/JoR )x\Jor [p. [rad/s] [10.38]

Reading this equation, we observe that the importance is attached to the material
(p and of) used for the fan (blades) and to its geometry (¢ and R). By enlightened
design, by setting (¢ and R), the rate of rotation which ensures and optimizes safety,
we now simply need to choose the appropriate material — i.e. the material which has
the best values of the ratio between (p and of). Fans are designed with heavy or
lightweight metal, polymer or by plastic injection. It is not the fans which are costly,
but the sudden variations in speed:

M <oy /p}, MPaxm®[mg [10.39]

10.16. Conclusion

Having come to the end of this chapter, what must be noted is the peculiarity
of the design of products based on the materials, and specifically plastics.
The calculation principles include specific coefficients which take account of the
rheology of the materials, and these must be observed. In mechanical design, the
scant interest paid to materials such as ceramics is attributable to their (lack of)
toughness.
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Mechanical Design Projects

11.1. Proposed projects in mechanical design

In design, modeling is an absolutely unavoidable key step. In the preliminary
stages of the project, it is imperative to make sketches, along with a rough graphic-
analytical model. If the design sketched at the preliminary stage is found to be
viable, we would continue to the other factors of progressive design. The principles
behind the calculations involve combinations of properties to achieve the best
possible performances of the project: the surface states of the materials, the sizing in
connection with the intervals of values for the forces and other loads.

Multi-criterion design: throughout the chapters of this book, we have constantly
reiterated the importance of the material-geometry couple. The choices made in
designs are a compromise, struck in order to satisfy numerous constraints: weight,
restrictions on stiffness and strength, fatigue toughness, esthetic beauty, cost, price,
etc. These are multi-criterion — or multi-objective — designs. Examples might
include crank/rod systems and vehicle motors. The lectures on mechanical design
have looked at numerous cases of machines and other mechanisms. A few similar
examples are examined in this chapter. The idea of performance indicators seems
helpful, but closer attention must be paid to the given mathematical expressions
[ROA 75]. It is not always possible to model everything, because qualifying factors
(shape, colors and esthetic aspect) also play a crucial role in the delivery of the
product.

11.2. Case studies of hoisting and handling devices

In this chapter, we present three mechanical design projects. Given the enormous
range of subjects touched upon, we have selected the salient points dealt with in
supervised projects and workshops. The project to which we first turn our attention
to is a simulated case concerning the design of hoisting apparatus, used in civil

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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engineering, workshop mechanics and construction, for example. The parameters
have a major influence on cranes, winches and other hoists with a lifting hook.

——

Pendant A : Track
ki - = =

-

Pl v v v W A A

Trolley

= o pulley
— Hoisting cable— * gygtem
4 Control cab

Counter-deflection [5¢
::#: Hoisting

Counterweight ﬁ winch

Ll
’:‘ I'tl ln'l‘l

Tower (structure) g )
:A: Hoisting
Rt hook

Ballast __._ s\t
P

Figure 11.1. 3D sketch of the principles of calculations for a lifting hook
made of SAE 1010 or 1018 steel. For a color version of this figure,
see www.iste.co.uk/grous/design.zip

11.3. Projects design proposal for a lifting winch

The problem at hand is to cater for the usage needs of a winch. The machine
elements to which the design will pertain are the winch mechanism itself and the
lifting hook. To succinctly examine the project, it is worthwhile using the same
approach as presented in Chapter 1.
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Pre-project proposal

Subject

Design of a crane-mounted winch

Client

Deépartement de Techniques de Génie Mécanique (TGM —
Mechanical Engineering Techniques Dept.)

Initial data

Just the idea developed when examining the problem

End goal Support that is enlightening for TGM
Creationdate | ....oooiiie i e Obs.
Delivery date | ..ooiiiiiit s Obs.

Project manager

Mechanical design

Requirements specification

Requirements

Raise the mold from the injection machine

Technical specifications

Validation of requirement

Client

Département de TGM

Date of expression

Validation of requirement

Requirement(s)

Technical specifications

Validation of requirement

Client

Département de TGM

Date of expression

Date of expression

Dossier #: 00 11 22

Table 11.1. Dossiers for analysis of the project
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11.3.1. Case study: parameters in sketching a lifting hook

102
3 3,

B 52 / o
h)

O central ’ /
EQ v | X/% }j\ ”
B oy )< o R 25

Q h=134

Figure 11.2. Diagram of calculation of the moment of inertia. For a color
version of this figure, see www.iste.co.uk/grous/design.zip
Where:
-l B is the modulus (moment) of inertia of the hook;
— 981 is the distance between the center of inertia yp and the inside right
extremity of the circle of the hook’s concave part (inside neutral fiber);

— 89 is the distance between the center of inertia y3 and the outside right-hand
extremity;

— 3 is the area of the trapezoidal form;
— 0, and O, are the diameters of the sections y; and y»;

— A is the distance between the center of inertia w5 and the center of the concave
section of the hook;

— Q is the suspended load, in N;

- Mbending is the bending moment, in N.mm;

— Gexeension 1 the traction stress applied in MPa;

— Meompression 18 the compression moment, in N.mm;

— Gcompression 1S the compressive stress, in MPa;

— Myending 18 the calculated bending moment, in N.mm.
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Calculation and verification of the sections y | and y of the lifting hook

The load Q, in N, applies stress to the lifting hook at point y, along the axis {o.-
o'} located on the threaded stem {y-y'}. We observe that the section vy is subject to
shear. The section v, for its part, is subjected to traction. Thus, we can calculate the
cross-section with the diameter &, found from the cross-section v, of the threaded

stem.

11.3.2. Principles of calculations of the resistance of a lifting hook

o5 =400 mm*; 8, =20 mm 8, = 24 mm yry = 600 mm?
Initial data:

0=4x10" N; A=45 mm ; d, =30 mm ; d2 =40 mm

Calculate the center of gravity G and the distances v and v’ from G to the end
fibers.

2 2
J,, :L a”+4xab+b” <3 [11.1]
36 a+b

For A= 9 cm = 3.543 in, b =3.6 cm = 1.417 in and h = {$;+8,} = 13.4 cm =
5.276 in, the moment of inertia would be: J,5 =1.186x10° cm* =28.491 in” .

QUESTION 1.— Calculate:

o,

extension 1 MPa; dy in mm and in; My, 4., in NXmm and Ibxin .
SOLUTION.— The fiber (A) is in extension 8, = 0.6 d; — d1 = &, /0.6 = 33.33 mm =
1.212 in. The bending moment is the product of the force over the distance of the
lever arm. With the bending moment, we can calculate the traction stress by
applying the following formula. The ratio (Q/y3) must be added, because the weight
exerts a further force of traction beyond the real load (to be calculated) [ROA 75]:

_ _ 3 _ 4 ,
Mbending =AxQ=1.8%x10" N.m =1.593%10" Ibf.in

11.2
_ Mbendingal i 2 _ [ ]

M = 90070 MPa =1.306x10" psi
extension Jaﬁ 1/13
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SOLUTION WITH DISCUSSION.— The fiber (A”) is under compression: the compression

moment is the same as the bending moment, because it is the same load that the
hook has to support.

Load-lifting hook on a crane and/or winch

@, size of base

’

x h - 102
2 o, 3,
S o P 52 % p=3s
o) x| N7
it k Vo \\L ?\
) Pl azo0 - A

§ - B Load
Yy’ _7Q — A @ section Q, load

Figure 11.3. lllustration of the principle of calculations for a lifting hook
made of SAE 1010 or 1018 steel. For a color version of this
figure, see www.iste.co.uk/grous/design.zip

= AxQ =1.8x10°> N.m =1.593x10* Ibf .in

Compression

[11.3]
— — _ 7 .
O ompression =M 19 [Jap =~ Q/¥s =89930 MPa =1304x10" psi

STRENGTH CONDITION.— For this formula, the O/y; must be subtracted, because the
weight is counter to the force we wish to calculate.

M ;(0, -6 J,
—'ﬂ( 2 1)=22 HenceMﬂ=2—Q>< o
’ ‘/’3(52—51)

=1.333 Nm=118.01 Ibfin [11.4]
Jaﬁ V3

Plotting the bending moment of the hook as a function of the lifting load:

Consider the section {A-A’}, taken from a trapezoidal form (Figure 11.3) whose
dimensions are a = 90 mm, b =36 mm, h = 120 mm. We can ignore the rounded end
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sections, because this is not a finite-element calculation. The cross-section S of {A-
A’} is 7500 mm®. Under the influence of the work exerted by the hook, we consider
traction under normal force to be 12x10* N; the bending stress is 6, = 16 MPa and
the bending moment: Q<OG.

(d) is the dimension of the base, calculated below. It is helpful, when
determining the dimension (d), to consider that the core of the screw opposes a
safety traction resistance of around 56 MPa. Plot the dimensions of the hook which
satisfy the resistance criteria in different sections. To do this, let us perform the
calculation with the following initial data: by varying Q from 0 N to 104° N, we
produce the plot below.

NOTE.— The material (SAE 1010 or SAE 1018) must be handled rationally. The
relation shows that the section (8,) must be greater than (8,). It is for this reason that
we see dissymmetry in the cross-section on the two sides of the axis.

M e (QVaria) =
0 ‘N'm M aieu (QVaria)

0 0.000 10’

T | 33333

2 | 66.667 4

3 | 100.000 3x10

4 | 133333

5 166.667 2x10*

6 | 200.000

7| 233333 _

8 | 266.667

9 | 300.000

10]] 333.333 100 1100 1x10°  1x10°
. etc. ... Qvaria

Figure 11.4. Plot for the lifting hook of SAE 1010 or 1018 (forged) steel.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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11.3.3. Calculation and design (choice) of the round-wire coil spring

With the following data:

— I'mean, Mean radius 5 mm or 0.197 in;

— dypring, diameter of spring 3 mm or 0.118 in;

— n,, number of useful spires = 7, step = 3.25 mm = 0.128 in;

— Guams practical applied resistance stress 340 MPa or 4.931x10" psi;

— G, practical applied stiffness stress (total deflection considered for the
spring) 8 x10*MPa or 1.16 x107 psi.

Figure 11.5. Calculating the resistance of the spring.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Calculate the maximum compression load that can be safely applied, Wy, By virtue
of the law of SOM, the torsion modulus is written as follows: Jo/v = 0.2d*; which enables

us to verify the resistance condition: Jo/v = 02xd> < M,,qon / [o]

admissible”
The total load W is calculated as follows:
3 —_— p—
Wogas <0253 X[0] /Rmean —13.6 N =3.057 Ibf [11.5]

The deflection of the spring, per useful spire, is expressed thus:

_ 3 _ _ -
Fteftection =W sqfeRcan / (6], =136 mm=0.0535 in [11.6]
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Calculate the total deflection (ng,, = 7) experienced by the spring, f;,; Note that
the step is always measured when the spring is in the free state:

Frotal = Faeection ¥ gy =1.36X7 =9.52 mm =0.3748 in [11.7]

f(Ry) = W(Ry) = 0.012 14

136 136
181 | 12364 BB y
235| [ 11333 12

2088 10.462 7 21072

10W(Ry)

3732| [ 9ma4| £(Ry)
459 9067 = 48x107°

5.571 8.5
6.682 8 2.4x107° P
7932 7.556

9328 7.158 0— . 6
10.88 68 4x10 8x10 0.012
mm N R"

Figure 11.6. /llustration of the force W (N, Ibf) and deflection f (mm, in).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Two consecutive spires are spaced a distance (3.25 — 1) = 2.25 mm apart. Thus,
contact between the spires is prevented by the fact that two spires sit 2.25 mm
(0.0535 in) apart. The graph below is plotted with a deliberate variation of R,
between 5 mm and 10 mm, to clearly show the evolution of the deflection (mm) and
the load (N).

COMMENTS.— The spring has tightly wound spires. The load W (N) follows the
direction of the geometric axis. It tends to squash the spring. At the point (G), the
reduction of the straight section of a single spire gives rise to a force W1 equivalent

to W and a torque (t and T,). The latter tends to make the spring slip within that area,
by rotation, around G. That moment is M; = R . Ordinarily, the shear force has
very little effect in comparison to the twisting moment M;. The calculation

condition is satisfied, by the M;, whose resistant modulus is written as: (Jo/v) =
0.2d*, and must satisfy the resistance condition: 0.2d> <M, /[Clagm.
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11.4. Calculation and design of a bolted assembly

Vyariavles and statement of the problem of stress intensification at the root:

Ty is the initial traction applied directly to

the threaded stem — bolt
T, is the outside traction caused by the load

T applied to the supporting metal (gusset

plates)
m =2 m.; is the sum of the deflections —

displacements in in.1b or kg.mm — of the
assembled components, including the
washer or any joint between the
components

f is the deflection corresponding to the
displacement of the threaded stem (bolt)

- A T SECTION A-A

f——————— 1.504>
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T, Resulting traction
[m'm+f]1=1.0

(§
ab [m'm+£]=0.5
d

Separating line at
[m'm+f1=0

Figure 11.7. lllustration of the assemblies connected by threading

Type: Displacement
Unit: inch
7.8E-006 Max

6,243E-006
4,682E-006
3,12E-006

1,561E-006

000 Min

Figure 11.8. Simulation of the displacement of bolted assemblies.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

The relation used to calculate the total traction is written as:

my + My + ...+ m;
T=T+T 1= 2 ‘ Ib or k 11.8
b2 [f+(ml+m2+...+mi)J [1b or ke] [118]
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The initial traction on the threaded stem (bolt or stud) would generate (a force of
work) a moment. This fact is confirmed by experimental observations, so we can
set:

T, =+Axxd [lbin or kg.mm] [11.9]

A « is the range of the traction forces. For instance, from [9000 1b =
4.082X103kg to 18,000/b = 8165 kg], d is the nominal thread diameter.
Experimentally, we find that if the moment is employed to tighten the bolt, then the
above expression of T is rewritten as:

T(M)=M[0.2xd, [Ibf or N] [11.10]

M is the moment applied to tighten the bolt. Equation [11.9] is considerably
condensed, given that we have neglected a, the helix angle of the thread. We
suppose that the friction is roughly 0.15 for the thread of the stem and for the bolt.
We suppose that the radius of the spires of the bolt is around 2/3 the pitch diameter
of the bolt.

5x10°—— Ty ) = TyM) =

L3 L3
5-310 TI(AK )SvElO 2.04-106 6.774-103 [N

2.176-106 (| 7.338-103
2.312-106(| 7.903-103
2.448-105 (| 8.467-103
2.584-106(| 9.032-103
il 2.719-108 || 9.596-103

410° 6x10° 8x10° 2.855-106(| 1.016-104
2.991-106 (| 1.073-104

4x10°

3x10°

AKE

4
1.6x10 3.127-108 || 1.129-104
1 i _ 3.263-106|| 1.185-104
2 3.399-106 || 1.242-104
1.2x10° ]
3.535-106|| 1.298-104
4 -
1x10 3.671-106|| 1.355-104
8x10°F . 3.807-106 || 1.411-104
-106
o 3.943-10
10 15 20 25 30 4.079-106

Figure 11.9. Results of calculations of T1(AK) and T1(M). For a color
version of this figure, see www.iste.co.uk/grous/design.zip
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The lubrication is also accepted to be normal (appropriate grease), for: M = 120
Ibfiin =13.558 Nm, [130 to 250] Ibf.in = [14.688 to 28.246] Nm and d = 0.394 in = 8.865 mm,
we calculate T;: the moment applied to turn the screw or the bolt is then expressed
thus:

— Iy mean radius of the thread, in or mm = 0.4617;
—r.g radius of the spires in frictional contact, in or mm;

— p is the friction coefficient of the threads;

— lL.g is the friction coefficient of the spires;

— a is the helix angle in degrees;

— 0, is the helix half-angle in degrees;
=T, 1s the initial pressing load of the thread in 1b or kg.

The moment may be (+) or (-), meaning that it is (+) if the work drives the screw
forward and (-) if the work delays (slows) the rotation. This also explains the
equilibrium. For example, which the axial load, alone, causes rotation, we say that
there is overhauling of the motion. The moment required to advance the screw — as
is the case with bolting — the bolt, stud or any stem threaded in the direction of the
load (lowering or slowing). As this moment may be negative, we set the following:

ositive tan(x
Mtzreatd = 761 X1, |:(+) tan(a) +,U/COS(0H );/(1 —HU COS((Q ))J + U XT

[11.11]
tan(c)
cos(8,)

MBe =Ty, xr,, [ (=) tan(@) + 1/ cos(6),) | / (1 + U j + 4L, X
11.5. Yield of power transmission of a screw mechanism

There is sometimes a tendency to overlook the yield in academic calculations.
The yield, in fact, is the ratio of work on output of the motion to the work on input:

1007y, 100 tan(?) + 41/ cos (6, ) % [11.12]

77 = =
2xM
M thread tan(a)+ M 1_# tan(a) + KTy
cos(8,) cos(8,) -
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Steel screw and bronze .
or cast-iron bolt Contact bush ring
WORKING p is the mean friction L, mean friction
S9
CONDITIONS coefficient Materials coefficient
Startup Motion Startup Motion
Good .
{ransmission 0.14 0.10 Mild steelon |, |7 0.12
.. cast iron
condition
Aver Tempered
crage 0.18 0.13 steel on cast 0.15 0.09
conditions .
iron
Poor conditions: 1 Mild steel on 0.10 0.08
Newly machined part before final grinding bronze ) )
Tempered
0.21 0.15 steel on 0.08 0.06
bronze

Table 11.2. Experimental data for friction coefficients of the threads

This expression can also be written as follows:
M. = tan(A)[ (cos(er) - u tan(2)) /(cos(@) tan(A) + ) | % [11.13]

For the pressure angle a = 14.5° (20°, ISO). A is the directional angle and p is
the friction coefficient. We find the influence of the yield by varying the directional
angle A between [0° and 90°]. We have plotted four curves with different friction
coefficients to observe the evolution of the yield as a function of the materials in
contact.

n(h.uy) =
0.000] % ! =
7784
n(l’ul) S
14430 —— j 3
1 :
2oam0| (k) 0 SE
----- | it
25175 () i
29577 ===- !
0.01 i
33.478 ”(7“’”4) :
36.957 i
40.078 1x1072 y 1 L
continue . 2 .

Figure 11.10. Yield of a screw power transmission (ACME).
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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11.5.1. Calculations of stresses on the threads of a screw mechanism

Our calculations can be assimilated to a short beam. The beam is subjected to
loading along the axis of the screw. The loads here are concentrated around the
middle radius, i.e. over half the depth of the thread (h/2). The width corresponds to
the length of the thread.

Median line of
pitch O

Figure 11.11. Diagram of a thread subjected to loading. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

The bending and shear stresses due to the transverse force are:
Cvending = 3To1h/ 27001, b% and G, = Ty, [2707,, b [11.14]

where:
— Iy 18 the mean thread radius, in or mm = 0.4617;
— Minreaq 18 the moment applied to the screw in N.mm or Ibf.in;
—h is the height of the threads in mm or in. # is the number of threads engaged,;
— b is the width of the threads in mm or in (section at the root);

— Ty is the initial load of pressure on the thread in Ib or kg.

Between the surface of the screw and the nut (Figures 11.7 and 11.8), there is a
critical factor which must be taken into account in designing screw power
transmissions. The estimation of this background factor of the thread is not taken
into account by the total height. It must be taken into account when conducting the
design work. The other reason is that the load is not distributed along the full length
of the thread:

F

critical

=Ty, /27nr,h [11.15]
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11.5.2. Calculations of stresses at the root of the thread in a screw
mechanism

If r; is the radius at the root of the thread, and Myyising 1S the twisting moment
applied to the loaded area of the screw. The twisting and compression stresses are:

3 2.
{Ttwisting = 2Mrw[sting /ﬂ-ri and Tcompression = TOl/”r[ 1 } [11.16]

11.5.3. Case study: numerical applications

The kinematic diagram of the winch studied here is a real diagram.

Crank R 272 mm

1 —
1 Z,=10
R 16.75 mm

: T

Drum R 31.75 mm

A

— [
|

jl
J

75 =18 teeth

R 36 mm ;T; i

-+ Z;=>51teeth ; R 80.5 mm

Figure 11.12. Kinematic diagram of the winch. For a color version
of this figure, see www.iste.co.uk/grous/design.zip

We can draw inspiration from this diagram to design another winch if needed, in
pedagogical case studies. The mold of the injection machine is lifted by a simple
winch, illustrated by the below three photographs.
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S~

Figure 11.13. Photographs1 of the winch project, and diagrams of I-beams and T-
beams. For a color version of this figure, see www.iste.co.uk/grous/design.zip

1 This is a real case encountered in our manufacturing processes workshop.
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QUESTIONS.— Completely dismantle a winch. Draw all the parts, including the
standard ones (springs, screws, bolts, etc.). Devise a set of technical specifications,
calculate the strengths, geometries and assemble the winch once the design is
completed. What is the maximum acceptable load the beam can withstand for the
winch to be able to lift and deposit the mold (see real photographs from construction
process) and the safety coefficient (s)?

The mold is lifted by hook, as
photographs

shown in
(Figure 11.13)

— I-beam (or double-T-beam)

— L-beam

Effective length, Le =4 m |

the

Fapp

Area of the cross-section, A = J/

149.1 cm? A\
. \/

J, = 8563 cm L

W, = [, /Vx]1=571 cm’ BV,

J,=25166 cm®

W, = [J, /V, 1= 1680 cm’

6. = 160 MPa

E = 180x10° MPa
Fexcenlered = Fapp = 22X105 N ‘ Al

Excentricity € =250 mm

Figure 11.14. U-beam. For a color version of this figure,

see www.iste.co.uk/grous/design.zip

SOLUTION WITH DISCUSSION.—

The effective length L is Leguivalens = 2 L = 8 m = 26.247 ft.

The radius r,is . r, = lJy/A =0129918 m=5.115in

y

y

(L. /2r,) =30.789; Degree of excentricity =(V, [r} ) =(e4/W, ) =2.21875

From (gVy/rj ) =(e4/w,) >V, = (gA/Wy)x(rj/g) =0.15 m=5.898 in

K = [F,JE], =6.969x10™ (m™") =1.77x10°° (in”")

The applied stress will therefore be: o

app

=F,/A=14.755198 MPa =2140 psi :
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max

Mpeniing <V _ F JFre (KL
J A J 2

z z

o, =§+ j=? MPa and psi  [11.17]

The maximum acceptable load must be calculated by the so-called secant
formula. Thus, it is important not to use ¢.e/c max, because of the lack of linearity
between the effective load (F,) and the stress oe o,. We therefore apply the following
equation:

2ry

. L, F L F
Recap of trigonometry: sec X, |[— |=1/ cos| =X, [—
2ry EA 2ry EA

Condition of strength is satisfied if 0y <[ 0], —47.493294 MPa <160 MPa — OK

L, |
— sec[ € %J =47.493294 MPa=6888 psi  [11.18]

We then deduce that we need to calculate the maximum force which respects the

stress Ge:
1+ E><1 cos L"X Foax = F ="
Wy Zry EA

From this, we deduce F= 741.158x10°N = 1.666x10° Ibf. In fifteen years'
work, we have never exceeded that load to lift the mold in the workshop. The
verification for F..x = 741158 N must prove the veracity of the stress initially

F,
— ax
O-max - A X

applied:
F
o, = Tmax | A€ 1] cos| Lo [Fmax | | 160,000 MPa  QED
Wy 2ry EA

The safety coefficient is:

S = Fyyy [ F, =(741.158x10°/2.2x10%) = 3368900

For an I-beam (also known as a double-T-beam) of the type HE 250B, the
structure is used, at most, ten times per study session. The load simulated here is
actually exaggerated. We have never exceeded a load of F,,, = 500 N. Thus, the
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safety coefficient should never exceed 2 instead of the calculated value of
S =3.3689, which is around 3.5.

NOTE.— This case study, like many more presented herein, is a real-world scenario
modeled in the author's workshops. The above calculations still hold true, and the
mold-winch is still in very good working order. We have presented only a tiny part
of the project. However, readers can draw inspiration from this to inform their own
designs. The other results will be made available online on our website, if readers
wish to consult them. The same is true for all the design projects discussed in this
book, including the scooter presented below. In fact, this book is a condensed
version of all our case studies in applied mechanical design.

11.6. Project 2: case studies: scooter

DESCRIPTION OF THE SITUATION.— The summer is a time to take advantage of the
weather and leave the car at home. Samy is very aware of that. He chooses a
different means of transport to get around between his home and his friends’ houses.
Samy is not heavily built. His scooter must respect certain conditions, such as safety,
stability, lifetime, esthetic beauty and easy storage. Here is a brief rundown of the
technical specifications.

General functions Main functions Assessment criteria
Wheel diameter
Be able to drive safely Non-skid platform
Safety Conform to the safety standards Materials: handles
Safety-durability Height and width of steering
Be suited to its user column

Maintain balance while moving

Educational value .
Steer easily

Stability

Withstand intensive use Choice of materials

Lifetime Withstand the loads Principle of design
Esthetic Be lightweight and elegant
Easy to store Compact and foldable Design
Purchase conditions Acceptable price Materials — Design

Table 11.3. Technical specifications of Samy G’s scooter
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In order to satisfy the request, we proposed an electric scooter as a means of
transport. The scooter conforms to the selection criteria on all points.

PURCHASE CONDITIONS.— In view of the financial limitations, the electric scooter is
an excellent choice. The new price is around $200. If we consider the price of a new
bicycle, which is around $400, we can see that there is a good quality-to-cost ratio.
The scooter does not require a great investment in terms of energy, because it has an
electric motor.

Safety: for getting around, Samy is looking for something solid, which performs
well on the road and conforms to the safety standards. The parts are welded together.
Both tires are made of rubber to ensure good grip on the asphalt. Their width allows
good adherence on turns. The handles play an important role in safety. For that
reason, they are of adjustable height to ensure a safe stance. It is a safe, ergonomic
means of transport.

Educational value: whilst getting around, Samy wants to have fun. The aim is to
take advantage of the good weather. The scooter will represent an easy-to-handle
means of transport. Thus, it is crucial that he be able to operate the vehicle whilst
maintaining reasonably easy balance. In order to ensure this stability, the handles are
adjustable, the standing platform is fairly wide so the rider can fit both feet on, and
thus be able to maintain good bodily balance.

Lifetime: Samy wants to buy a durable product which he can reuse. The welds
and bearings can support loads up to a weight of 140 lbs. The axial forces exerted on
the bearings and the shear forces and cracking inflicted on the welds can support
Samy’s slight weight, because the limit is 140 lbs.

Esthetic: to facilitate his movements and limit the effort required, Samy's means
of transport must be lightweight. The use of hollow steel greatly lessens the weight
of the scooter. In terms of esthetics, the scooter is handsome, with visible and
attractive color. Thus, Samy can be proud of the way his scooter looks.

Easy to store: as it is compact, the scooter is an easy-to-store means of transport.

Initial data: the scooter will achieve a speed of 18 km/h whilst supporting a
weight of up to 160 Ib. The bearings for the wheels will need to have a lifetime of
over 200 hours of use.
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Figure 11.15. Drawing of a scooter (Inventor Pro).
For a color version of this figure, see www.iste.co.uk/grous/design.zip

11.6.1. Presentation of the main parts

Introduction: The project is to make improvements to an electric scooter in order
to satisfy the technical specification. We wish to design the strongest, best-
performing scooter possible.

Presentation of the mechanism: The scooter involves two mechanisms to be
analyzed. The electrical system is reasonably simple. The motion is transmitted by a
belt linking a cogwheel (at the rear) to the cogwheel of a motor which runs the
mechanism. It also has a braking mechanism. The handbrakes are activated from the
handlebars, comprising a wire which pulls the braking system onto the front wheel.
This wire reduces the distance between the two pads that press against the wheel to
immobilize it.

Materials: To make the scooter as light as possible, we change the chassis to
aluminum. However, the fork must be made of steel, given the forces of pressure
exerted by steering, the resultant of the ground and Samy’s weight.
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Increasing the power of the motor will mean that Samy can quickly get around,
from home, to school and to his friends’ houses. Increasing the admissible load will
prevent premature wear on the /ot rod. The braking distance we determined is that

which we judge to be safest.

Design: SAMY’s scooter Parts Materials
Wheels Rubber
Bearings 1040 steel
Handlebar Aluminum
Battery casing Plastic
Fork 1040 steel
Shaft 1040 steel
Cogwheel Rubber
Drive belt Rubber
Screw 1040 steel
Washer 1040 steel
Nut 1040 steel
Handle Rubber
Brake spring Aluminum
Brake pad Rubber

Figure 11.16. Design of the assembled scooter. For a color
version of this figure, see www.iste.co.uk/grous/design.zip

NOTE.— We conducted the scooter project from start to finish (design, sketches and
calculations), but in view of the volume of results which would need to be presented
and explained, we shall limit this discussion to the bare bones. Readers can draw
inspiration from the guidelines presented here, or contact the author to download the

results.
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Figure 11.17. Exploded diagram of the scooter designed for G. SAMY.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

11.7. Project 3: dental hygiene dummy

This project is a real one, which caters to a pedagogical need expressed by the
dental hygiene department. The goal was to design and create a system which the
professors and students can use to imitate the skull and the jawbone (Figures 11.19

and 11.20).
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Technical specifications

The below files are an overview of the steps required to bring the project to
completion — i.e. from sketching/design and definition drawings to final production.
Calculations of geometric specifications support the elements of the system’s
assembly.

Pre-project proposal dossier
Subject: design and production of a dummy (Figure 11.20) used for demonstrative teaching
to benefit both teachers and students in dental hygiene.

Client Dental hygiene department
Initial data A simple idea developed in response to the problem
End goal Teaching prop for dental hygiene (DH)
Creation date Obs. .... .....
Delivery date Obs. ... cce ..
Project manager veee wwecand oo Teacher in DH Lab.
Dossier # 05

Table 11.4. Pre-project proposal

In this mechanical system, the goal is to be able to, precisely and with stability,
manipulate the jaws as part of the skull (Figure 11.18). The objective for the dental
hygienists is to mount jaws on stem number 3 so that this sort of 360° manipulation
can easily be done. The system is a mechanism for educational demonstrations in
their workshops and other DH labs. The problem at hand was dealt with by the
department of mechanical engineering techniques.

Client requirement analysis

Client requirement (s) Dossier #
Definition of technical
specifications
Client DH department
Date of expression e e e | Dossier 10
Analysis and validation of requirement
Requirement(s) Dossier # (see technical specifications)

Requirement validated after consultations with the client
(DH)
Client Dental hygiene department
Date of expression e e e | Dossier 15

Validation of requirement

Table 11.5. Project analysis
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Stem holding the
skull and jaw
together

Figure 11.18. Skull and jaws drawn in 3D with Inventor Pro

Teachers and students in the DH department often use educational
demonstrations in their lab activities. To use the support presented above, they
manipulate the patients’ jaws to demonstrate activities in the area of dental hygiene.
The system is conditioned by:

— the flexibility of the setup and the ability to remove the jaws from the stem (3);
— the system’s light weight (total mass);

— its versatility and the ease with which it can be transported (this system will be
lent to students to take home). The system must be able to adapt to represent patients
of different sizes.

Similar mechanical systems are already in place in the circles of industrial
dentistry. For purely pedagogical and economic reasons, we decided to design a
simple mechanical system, suited to the requirements of the DH department. These



Mechanical Design Projects 431

requirements could evolve over time based on new usage conditions expressed by
the client. For example, we can imagine more versatile manipulation with pneumatic
controls. It is helpful to follow this organigram.

Client Dpt. DH

y

Expression of Analysis of client requirement Validation
requirement by client "| Design-Manufacture-Quality of t. specs

To satisfy the requirement expressed above, we use PERT (Program Evaluation
and Review Technique) — i.e. the spider chart shown below. The service functions
describe the client’s requirements, for which the designer needs to cater.

Rules and code User DH

(legislation)
SUPPORT DH #

Manual
energy

dossier 15 Laboratory
workshops
Indoors
Versatility of pivots Environment

Figure 11.19. Spider diagram based on the APTE principle of jaw support

Where:

— FP, is the primary function of the support: to enable the hygienist to perform
demonstrations by mounting the jaws on stem 3 (between two media);

—FC;: the first corollary function is to withstand the manipulation (guidance)
around nylon 6/6 spheres, and thus easily pivot the skull and jaws as required for the
demonstrations (see Figure 11.19);
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— FC,: to respect the environment and the total mass of the mechanical system;
— FC;: to be able to easily maneuver the jaws (versatility) of different sizes;

— FC,: to withstand the forces of friction and wedging (jamming);

— FCs: to be lightweight, malleable, safe and reliable;

— FCg: to conform to the applicable norms and other codes;

— FC5: to be comfortable and ergonomic.

B

Figure 11.20. Skull and jaws scanned and drawn in 3D.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

Figure 11.21. Pivoting support: mechanical jaw system.
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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The jaws shown in Figure 11.19, which fit to the skull, are affixed to the
stem (3). The rod (1) holds a sheet of metal which fits perfectly to the shape of its
housing. The intermediary stem (2), which fits to the sphere (nylon 6/6), is free to
pivot however the user deems fit. The same is true for the sphere on stem (3). The
principle is similar to the use of a support for the dial-type comparators used in
machining metrology. The jaws can be opened and closed by the dental hygienist.

The logical steps in the process are:
— states: the states correspond to the operation, assembly and maintenance;

— environment: the elements orbiting the system (the support mechanism) are
functional because their tolerance values are designed in keeping with the materials
and standards of GPS (geometrical product specifications). The energy used is
manual, and an appropriate choice of materials for the mechanism optimizes the
friction, for greater reliability/quality;

— primary functions: the dummy is easy and ergonomically safe to operate. The
system is versatile, because different size jaws can be fitted to it, depending on the
needs of the DH labs and workshops.

Client: Hierarchical
DH dept. process

\

Brief
technical

Definitions of
support service

functions specs
'
A
y A 4 \ 4 A 4
Dossier Dossier Quality/ Dossier
# # reliability #

Figure 11.22. Detail of dossier # 15. Technical specifications

The needs analysis, here, feeds into the technical specifications, approved by the
dental hygiene department (the client). Thus, we move on to the feasibility study.
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Feasibility study
Feasibility Dossier XX
Client Department .........c.ouiuiuiniiiiii e
Date of expression e e e Dossier 25

Table 11.6. Dossier for feasibility study

There is no “recipe” or book to guide designers in realizing a project. In the
specific case of interest to us here, rather than setting out to “reinvent” an already-
existing mechanism, we need to follow the client’s requests in order to cater
adequately to their needs, with emphasis placed on the specific details inherent to
the use of the system by the students and their teachers. The aim, at this stage, is to
put forward usable solutions. Tables 11.7 and 11.8 also show a part of the proposed
solution which was not accepted, for the support.

Before seeking to create any solutions, we define the assessment criteria.

Proposed solution(s) dossier

Technical specifications Dossier #

Client DH department

Computer-aided drawing —

Date of expression | ..oiociiien i )
Dossier 25-1

Computer-aided design —

Selection criteria .
Dossier 25-2

FAST method Graphs — Dossier 25-3

FAST Calculations — Dossier 25-4

Dossier of solutions not adopted

Application 1 Reason: too heavy for the proposed materials...
Application 2 Reason: lightweight (plastic) but not reliable ...
Date of expression | ... iiiiiiiii Dossier 30

Table 11.7. Proposed solution dossiers
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11.7.1. Support clamped to the lab bench in the dental hygiene
department

A user could quite easily apply a force of 20 1bf on the end of the handle:

1) What would the torsion stress on the clamp be, and where would it be
applied?

2) What is the pressure P that can be handled by the internal thread?
Initial data:

Outside diameter D, = 0.5 in

Root diameter R,=0.4001 in

Root surface Sr = 0.1257 in’
Friction coefficient, f= 0.120
Friction coefficient of f; = 0.250
Mean radius of press spires — collar:
R.=0.251in

Outside-manual load W = 1000 /b
The thread is in accordance with US
standard:

13 threads per inch (single-threaded)

Figure 11.23. Clamp to hold the dental hygiene dummy.
For a color version of this figure, see www.iste.co.uk/grous/design.zip

SOLUTION.— Calculation of the mean radius, R,,, = [0.50 + 0.4001] /4 = 0.225 in.

Calculation of the helix angle if the step of the helix is p = 1/13; then —
tan(a) = step/27R,, =0.0544 — then o =arctan(0.0544) =3.114°

We consider 6, = 30 deg, because the helix angle a is reasonably small, so Cos
(6,) = 0.866. For: W = 1000 [b; tan (a) = 0.544; f = 0.120; f. = 0.25; R, = 0.25 and
R, =0.225:

Torque(W) = —[R tan () + f/cos(6),)

"1-[ ftan(a)/cos(6,)] +f”RC} =114.308 Ibfin=12.915 Nm

Tsz 0.225( 0.544+ 212 | /(12 012x0.053413 55 0,25 |=108.622 itfin
2 0.866 0.866
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To develop that moment with the load of 20 Ib, we need L? Let the radius be
r=0.200 in, and calculate the quadratic moment of inertia .J:

J=mr*[2=2.513x107 [ in* ]

Calculate the torsion stress for: / = 6 in 7 = Torquexr/J = 8.644x10° [psi] .

Calculate the bending stress for: /=6 in; r = 0.2 in.

The bending moment is: M = F x/ =120 inlb . Knowing the quadratic moment of
inertia J; = 1.257x107 in*, calculate the bending stress as follows:

For: J, =zr*[4=1257x107 in* then M = Mr/J, =19100 psi =131.69 MPa

The maximum torsion Stress: Ty, = (0/2)2 +7% =12880 MPa =12.88 psi.

Consider the cross-section subject to a twisting moment, calculated as follows
forr=0.2 in:

M =Wf.r.]J =19890 MPa = 4970 psi

The compressive stress for the area A = 0.1257 in* would be M = W/A = 7955
psi. Thus, we conclude that the maximum stress on the section A-A is:

n=13threads; R, =0.225in; h=0.050 in — P = W/Z/Zanh =1088 psi="7.5 MPa

The length of the threaded stem = 1 in; the pitch = 1/13. This proves that the
number of threads per inch (N) is indeed 13.

N = Ny of threads per inch/pitch = 1[1/3] = 13 threads per inch (QED) —
For: 1y =0.25 in; r; = 0.2 in, the height of the thread would be: h=r —r, =0.05in
(QED).

CONCLUSION.— The clamp is well suited for the required forces of pressure, and the

characteristics of the threading (material) are tried and tested, and subject to rigorous
standards. For reasons of efficiency, the solutions not used are not discussed here.
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This skull, scanned and then simulated
by Inventor Pro, must be fitted to the
stem shown opposite without breaking.

Figure 11.24. System for clamping the dummy, designed by the author
and his team. For a color version of this figure, see www.iste.co.uk/grous/design.zip

Dossier of rejected solutions

Solution 1 rejected

All parts made of 6061 steel and brass (?) — Heavy

Reasons: system heavy and costly. Expensive machining
process. Activity chart shows lengthy hours, etc.

If actuators were pneumatic: system would perform well but

Solution 2 would be cumbersome. Costly to maintain. Added weight,
actuator less easy to use. High price. Less machining.
Present version adopted (assembly illustrated in Figure 11.25)
Solution 3

Reasons: client approved the technical specifications of the
design

Date of expression

Dossier 30

Application 1

Mechanical system — simple, flexible, versatile and
lightweight

Principles of calculations

Calculation dossier (CAD): GPS and SOM

Plan and definition

CAD dossier (parts and assembly)

Manufacture

Machining dossier

Quality/Reliability

Dimensional metrology dossier

Date of expression

Dossier 35
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Mechanical production dossier

Machining 1 Dossier #

Metrology/Quality

Date of expression Dossier 40

Test array dossier — Assembly and Quality/Reliability

Application Dossier # assembly of manufactured elements

Date of expression Dossier 45

Development and final delivery of the project

Project development Dossier #

Demonstration

Delivery of project

Date of expression Dossier 50

Table 11.8. Dossiers for the design of a dummy for use in a dental hygiene lab

11.7.2. Case studies of a complete block and crank link

A crank, as a cylinder (sphere) excentered from its rotational axis, can act either
as a power transmission system or a tightening system. It is the latter scenario on
which this case study focuses.

STATEMENT OF THE PROBLEM.— Consider a sphere of nylon 66 and another sphere of
brass. It acts as a multiplier of the pressing force, the equation for which is given
below:

Figure 11.25. Nylon 66 sphere and its housing (also see Figure 11.25).
For a color version of this figure, see www.iste.co.uk/grous/design.zip
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For: I = 4mm = 0.157 in; L = 12 mm = 0472 in; d = 8§ mm = 0.315 in;
Fmi =5 N=1.124 Ibf: E, = 16 MPa =2.321x10" and E; = 9 MPa = 1.305x10".

SOLUTION.— From the equilibrium condition, we isolate the reaction Rj; as follows:

Ryl =F, L — Ry, = Fy, (L)1) =15 N =3.372 Ibf

The result is conclusive. The resistance condition is ensured by: Rj; > Fy,
meaning that: 15N > 5 N. From Hertz’s law, we derive the maximum contact
pressure:

Py = 0815 [Ry B\ E; [ Ld (E, + Ey) =0.768 MPa =111.452 psi

The P.,.x found does not exceed the elastic limit, the blocking is reliable and will
take place:

From 2xe < uxd ; fort=0.25—¢e< ud/2=1mm=0.039 in

11.7.3. Explanatory photographic definition of the final product

It would take an entire book to present all the graphical and numerical results
found in this project. For that reason, we choose only to present the graphical
results, with a few accompanying examples of the calculation, in order to spur on
the users (students and teachers) in reproducing similar project models. The dummy
was designed and built in the TGM department, and was shown on the television
channel of radio Canada Ottawa-Gatineau in 2015 — the link to watch the video is
below (French language):

http://ici.radio-canada.ca/regions/ottawa/2015/12/03/009-innovation-capitale-cegep-
outaouais-genie-mecanique-hygiene-dentaire-mannequins.shtml
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Figure 11.26. Real photographs of the dummy in a dental hygiene lab class.
Dummy designed with Inventor Pro, used in the dental hygiene department.
For a color version of this figure, see www.iste.co.uk/grous/design.zip






Conclusion

Recap and Reflections
on Applied Mechanical Design

Parallels could be drawn between summarizing a book on mechanical design
and summarizing a wide array of disciplines relating to engineering sciences. In this
case, we would see a series of brief and digestible overviews of subjects such as
applied physics; materials science; strength of materials; dimensional and geometric
specifications of machine elements; theory of mechanisms and machines; applied
metrology; drafting and assembly techniques; etc.

In writing this book, I made practical choices based on my own introductory
classes to mechanical design, which also provided the case studies presented, along
with their solutions. Thus, the book opened with the methodology, consisting of
presenting the steps of design, from an analysis of the client’s requirements to the
constitutive dossiers of the project preliminaries. Then, we chose industrial case
studies where solved problems are linked to the techniques of mechanical
engineering, and sometimes civil engineering, with a significant role also given to
the materials. Whether it is a question of a power transmission mechanism, a piece
of equipment (shaft, beam, gear system, pulley, etc.), a good grasp of materials
sciences is at the very heart of designers’ needs.

The problems discussed here involve calculations to find quantitative solutions.
In many cases, design students have to make qualitative judgments based on the
technical specifications. The primary goal was to better equip learners and teachers
by offering examples with solutions. This strategy is aimed at instilling a formative
virtue in the teaching of the elements of applied mechanical design. The secondary
goal was to delve deep into the choice of materials and the physical and mechanical
characteristics to optimize the design.

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.



444  Applied Mechanical Design

Without materials science, mechanical design would be nothing more than a
mathematical exercise, devoid of structural analysis. It often happens that the
question relates to the best choice of materials, rather than to the mathematical
approach taken to solve an algebraic search. The laws of strength of materials and of
mechanism and machine theory have been solidly established in the specialized
literature. The computational methods are well known.

It is sometimes hard to predict how materials will respond to the stresses of
assembly and natural stresses, or environmental pressures. For this reason, it is
absolutely crucial to gather all possible data about the behavior of the materials used
in design. The usage conditions of the materials need to be duly and clearly set out.
It is uncommon for one material alone to guarantee all the optimal properties we
want. Take the simple example of a material which is strong but not ductile: we need
to find an acceptable compromise in order to choose the best properties to serve the
objective of the design — i.e. the client’s objective.

Nowadays, design software packages are very well-equipped with calculation
tools. Therefore, students focus more on grasping the concepts of mechanical
assembly and simulation of stress analysis. For example, when we choose a material
(however simple the choice may be), the software tells us all about that material’s
physical and mechanical properties. It is the designer’s duty to have a good grasp of
these characteristics in order to bring the design project to fruition for a reasonably
low cost.

In many engineering schools, designs are presented as assembled drafts and
drawings. In my humble opinion, this approach is over-simplistic, because design is,
first and foremost, a noble question of art and genuine craft. It should not —
indeed must not — be squeezed into the domain of simple graphic representation. In
the final analysis, it must be remembered that the field of design is so vast that it is
difficult — and sometimes over-simplistic — to present the best solution to a given
project. Besides, there is no single right solution; there are many solutions.
Therefore, this design book must be viewed as a guide, rather than an encyclopedic
coverage of the subject.



Appendix

Lexicon, Glossary and Standards

A.1. Introduction

The calculation principles include combinations of properties to achieve the best
possible performances from a project. Modeling gives us exact values for the
stresses, strains and component failures, which are taken into account in the
operational limits. In this book, we have given concrete examples with geometric
forms subjected to various types of loading. The formulae presented herein are
drawn from the specialized literature, cited throughout the chapters. The tables,
standards, formulae and other examples are presented here to serve as guidelines.
Under no circumstances should what follows be viewed as an exhaustive guide.
Readers are encouraged to refer to other, more specialized publications.

A.2. Abbreviations used in this book

CSA Canadian Standards Association

SAE Society of Automotive Engineers

AISI American Iron and Steel Institute

ASME American Society of Mechanical Engineers
ASTM American Society of Testing Materials
CAD Computer-Aided Design and Drafting
CAM Computer-Aided Manufacturing

CAD/CAM Computer-Aided Design and Manufacturing

Applied Mechanical Design, First Edition. Ammar Grous.
© ISTE Ltd 2018. Published by ISTE Ltd and John Wiley & Sons, Inc.
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A.3. A few international standards on surface state and metrology

ISO standards on this subject are frequently updated. For a fuller understanding,
it is advisable to refer to the latest version of the following.

Meéthode du profil ISO 25178 Techniques de filtrage. See
ISO standards | http://www.digitalsurf.fr/en/guide-metrology-standards.html, replaced by
EN https://www.iso.org/standard/50176.html

Geometrical Product Specifications (GPS) — Surface texture: Profile

327148.(1)998 method — Nominal characteristics of contact (stylus) devices
’ https://www.iso.org/obp/ui/#iso:std:is0:3274:ed-2:v1:cor:1:v1l:en
Geometrical Product Specifications (GPS) — Surface texture: Profile
IS0 method — Motif parameters
12085:1998

https://www.iso.org/obp/ui/#iso:std:is0:12085:ed-1:v1:cor:1:v1:en
Geometrical Product Specifications (GPS) — Standard reference
ISO 1:2002 temperature for geometrical product specification and verification
https://www.iso.org/standard/28086.html
Geometrical product specifications (GPS) — Geometrical tolerancing —

11 OIIS' (2)013 Tolerar_lces of form, .ori.entatiop, location and run-out
' https://www.iso.org/obp/ui/#iso:std:iso:1101:ed-3:v1:cor:1:vl:en
Geometrical Product Specification (GPS) — Surface imperfections —
ISO »
8785:1999 Terms, dqﬁmtlons and parameters
https://www.iso.org/standard/16210.html
Geometrical product specifications (GPS) — Inspection by measurement
ISO 14253- of workpieces and measuring equipment — Part 1: Decision rules for
1:2013 verifying conformity or nonconformity with specifications
https://www.iso.org/standard/70137.html
ISO/IEC Uncertainty of measurement — Part 3: Guide to the expression of
Guide 98- uncertainty in measurement (GUM:1995)
3:2014 https://www.iso.org/standard/50461.html
ISO/IEC . .
Guide Internano'nal vocabulary of metrology —‘Basw and general concepts and
99:2011 associated terms (VIM) https://www.iso.org/standard/45324.html

Table A.1. ISO standards on surface texture employed in this book

A.3.1. Standard SAE grades of steel (ASTM- SAE, USA, Canada)

Grade number Standard SAE labels
1xxx Carbon steels
2XXX Nickel steels
3XXX Nickel-chromium steels
4xXX Molybdenum steels
5xxx Chromium steels
6XXX Chromium-vanadium steels
7TXXX Tungsten steels
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Nickel-chromium-molybdenum
8xxx

steels
9XXX Silicon-manganese steels

Representative example: SAE 1040 — 1 = Carbon
steel. 0 = No significant content of other elements
besides carbon. 40 = 0.45 % carbon content.

Table A.2. Material grades according to the SAE

A.3.2. Reference table giving some friction coefficients (u)

. . Greased friction
Material 1 Material 2 Dry friction coefficient coefficient
Static Slip Static Slip
Aluminum Aluminum 1.05-1.35 1.4 0.3
Brake .
(leather) Cast iron 0.4
Brass Cast iron 0.3
Bronze Steel 0.16
Cast iron Cast iron 1.1 0.15 0.07
Copper Copper 1.0 0.08
Copper Mild steel 0.53 0.36 0.18
Leather Wood 0.3-0.4
Polystyrene Steel 0.3-0.35 0.3-0.35
Steel Aluminum 0.45
Steel Cast iron 0.4 0.21
Teflon Steel 0.04 0.04 0.04
Table A.3. Friction coefficients (u)
A.3.3. Mechanical properties of wood
S E, [MPa] x 10° o, [MPa] oc [MPa]
ource o : .
(Material) Elasticity modulus for Compressive Traction
bending strength strength
Birch 13300 —16200 42 ...60 130 ... 140
Cherry tree 9500 —11000 44 .55 98
Chestnut 8200 — 8800 40 ...52 115... 142
Oak 10500 — 14500 52 ...64 88 ... 110
Spruce 10000 — 12000 40 ... 50 80...90
Maple 9100 — 12000 46 ... 62 80 ... 140
Elm 10800 45...55 78
Tc [MPa]
or [MPa] OShock 5 Brinell hardness
Source P Tc [MPa] Nm/cm o o
. Bending Tpan = 10-12%
(Material) Shear strength Shock
strength . // to Lto
resistance
fibers | fibers
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Birch 120-144 11.8-14.2 7.5-10 48 21-34
Cherry tree 83-110 - - 51-58 | 28-31
Chestnut 63-79 7.8-9.3 5.5-5.9 32-37 | 15-23
Oak 86-108 9.3-11.5 5-7.4 50-65 | 23-42
Spruce 65-77 5-7.5 4-5 31 12-14
Maple 85-135 8.5-11 6.2-6.6 48-61 | 27-34
Elm 72-105 6.8 59 58-63 37

Table A.4. Examples of mechanical properties of wood. Source: Sell and Kropf

We measure the shock resistance by the work needed to break a bar with the
cross-section area (A). It is characteristic of the resilience. The fragility of a wood is
an important property. This parameter is influenced by irregularities in the growing
of the wood. This is the main reason for the broad range of averages observed. The
hardness of a wood surface, subjected to local compressive stress, is often
determined by the Brinell method.

A.4. Recap of some calculation formulae used in design

In design, mathematical modeling and properly scaled sketches are two
complementary parts of the process, and are absolutely ineluctable.

Ref. Elastic deformation Plastic deformation
Uni-axial &=0/E O 2R,
o) =0y » 0'3

Tresca criterion — 01 —03 =R,

O; v|(o, + O . o
General &= El—% von Mises criterion —

ol = (o1 —0'3)2+(0'2—‘73)2+(0'3—0'1)2
2

Creep Fracture mechanics
n
axi & _&| O _ CrerKic rac _y. ~Comp _
Uni-axial 5_5(0_—0] oy —T, pr:rff = 1,Cp;?1’ =15
-1
& _&| 0" j[ 0'2“"3} CperrKic
General | —, =~ (% o =L, O -0 >0
dt dt[ oy 2 1 Jra (01~ 0, - 03)

Table A.5. Stresses and strains (deformations). Source: [ASH 13]
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A.4.1. Contact stresses according to Hertzian theory

Contact theory (Hertz) comes into play when surfaces come into contact by
touching at one or more discrete points. Depending on the loads applied to the
components, the points of contact are flattened elastically. The areas of contact may
increase, to the extent that failures sometimes occur. Plastic failure occurs under
shear stress. R is the radius of the contact zone and () is the deformation.

Descriptions

Contact radius

Displacement, 8 (m)

F is the force (load) in N
¢ is the contact radius in (m)
(9) is the displacement in (m)
o is the applied stress in MPa
o, 1s the elastic limit in MPa
v are the Poisson ratios
R, and R, are the radii of the
spheres in m
E,, E, are the elastic moduli in
MPa

Equations [A.1]

£=7/103[FR/E
=1/3

Vpoisson

5=1.0x3F*/E*R
=1/3

V Poisson

3 FXR XR

1772

1

VT (aem,)

3F

cmax =

2ra

7> O

Table A.6. Contact stresses according to Hertzian theory

2
E'= 1= l/1+1 "2 and 30, = F/ﬂ'a
E £y

R F

8!

.

-

ek v ]

o, —Contact

[A.2]

RN

— 6144
Ot = O traction
Os

e
NN

Q\k 0%\&9
Fl low

Figure A.1. Diagrams of calculations of the contact stresses (Hertz)
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A.4.2. Buckling of columns (Euler) and other homogeneous plates

For slender forms, an elastic column under compressive stress is represented by
F. iicar- The expressions are as follows:

2 2
) EJrx . , Ex

Pcrit = Fcritical =n 2 or indeed — Fcritical /A =n (l/ )2
r

[A.3]
2 2 2 2
EJrs M 2 EJrm xl 3EJ
it =3 qpy Fopyy =n 2 +n—2 and Fpy =———

where:

— (n) is the constant assimilable to a half wavelength in conditions of buckling;
— i is the stiffness per unit depth in N/m* = Pa;

— y is the local lateral deformation in m or in mm;

— J is the moment of inertia of the section in m* or in mm®*;

— P is the pressure exerted (see figures below) — P = x'x y in N/m® = Pa;

— E is the elasticity modulus (Young’s modulus) in Pa;

— M is the moment in N.m;

—ris the gyradius r = \/J/7 in m or mm;

— F'is the force in (N) and A is the area in m”.

The effect of () is to increase the critical force F... The stresses considered
for each couple (2 by 2) are presented below.

N
ZMF ) ﬁT
T T
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‘ i p //\\Pf,-,
) P R

Figure A.2. Diagrams of calculations for buckling columns and plates

A.4.3. Shafts subject to torsion (twisting)

The twisting torque, applied to the extremities of an isofropic material having a
uniform cross-section, acting perpendicular to the axis of the bar (shaft), produces a
torsion angle (0). In conditions of torsion, it is the stiffness (G) which is considered.
It is represented by its shear modulus (G). In the case of circular pipes, K replaces
the polar moment of inertia (J). In other cases, K is significantly less than J. Here are
the main expressions of the calculations:

0=IxT,/KG <« torsion angle in degrees = 6° v (A4]
start of plasticity Ty =Ko, [dy; in fragile failure 7, =2K0, [d,

In cases where there is absolutely no elasticity, we say that there is failure of the
shaft, because the maximum stress is higher than the elastic limit (R,) of the
material:

t=(C,r)/K =(GOr)[l and Ty, = 0oy =(Crdy) /2K = (GO, ) /21 [A.5]

The Tresca criterion applies if Ty, is higher than R./2. The same is true if 6,y 1S
higher than R./2:

— (T;) is the twisting torque in N.m;
— @ is the torsion angle in degrees. / is the length in m;
— oyis the failure modulus in Pa = N/mz;

— o,1s the elastic limit in Pa;

— G is the stiffness modulus (shear) in Pa.
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———

(o)
[=)

-

do

avE

?
¢

Elastic deformation

_IXT,
KG

-0

Failure |

[A.6]

Ko,

Start of plasticity T, = 4
0

2Ko,

Fragile failure T, =

Figure A.3. Diagrams of calculations for shafts under torsion

A.4.4. Static and rotating discs: consider a homogeneous disc

Simple discs — & =%

4
()%

Pressed discs — 0 = i

16(1—1/2)

7zpea)R4

A pR4
Ee

Discs — 0 = and o,

max

Annuli — & = ipe* R*x and o,

O A

and o,

and o

:%(3+v)

%(3+V)

B ApR?
62

max

[A.7]

3

2
2(3+) ApR

e

max

pa)sz

62

[A.8]

- pR?

EEBERE

F 7 d

Figure A.4. Diagrams of calculations

H

Lo

for static and rotating discs
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A.4.5. Stress intensification factor (SIF)

In mechanical design, we often find ourselves dealing with stresses and
deformations which are intensified around holes, grooves, cracks, etc. This occurs
on variations of area in the elastic body. In the vicinity of these sections, we see sites
of cracking under fatigue, which grow over time. The stress ratio is expressed as:

. O /e, oristic
Stress ratio; —M8X = |4 oy x | —Characteristic [A.9]
O.nOm p

The stress intensification resulting from the variation of the section “tapers off” —
indeed sometimes disappears altogether — over distances according to Saint-Venant's
principle. The maximum intensification is limited to plastic failure. The increase in
deformation goes hand in hand with thestart of plasticity. The stress
intensification remains essentially constant. At a medium distance, the deformation
intensification becomes a very considerable value. Then, Saint-Venant's principle no
longer applies:

—F is the force in N;
— Apin is @ minimum area in m%;
— €characteristic 1S @ characteristic distance in m;

— p is the radius of curvature in m and a = 2.00 under torsion and a = 0.5 under
traction;

— Gpom 18 the nominal stress = F/A n;

— Oy 18 the maximum stress = F/A jax.

e AT
P AT i

[ TG

Figure A.5. Diagrams of calculations of stress intensification factors
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A.4.6. Cracking. Penetrating cracks

Local stress: o; = CX(O' za )/\/Zﬂ'r,ﬁc K =Cora [A.10]
Failure occurs when: K| 2K [%},Kl =Covra:

Local loading— o = F/2ab
Stress — ¢ =6M /be [A.11]

Bending at three different points— o = 3FI/2be

A.4.7. Cracking: pressurized tanks (or vats)

Membranes and thin walls under pressure are modeled in the same way as tanks.
It should, however, be noted that this approximation is made for a
thickness ¢ < (a/4). In the case of thick walls, the stresses vary depending on the
radial distance (r). These stresses are all the more intense between the inside and
outside surfaces. They are stronger on the inside (see the equations below). When
the von Mises stresses surpass the elastic limit R., the plasticity is predominant in
pressurized tanks. Failure occurs when the greatest traction stress surpasses the
failure stress:

o 0y =C(Kic/\a) [A.12]

where:
— a is the outside radius in m and b is the inside radius in m;
—r is the radial coordinate in m and e is the thickness of the wall in m;
—p is the pressure in N/m” = Pa;

— K¢ is the toughness of the material. C is a constant.

Cylinder :—p = 0g =0, K
; failure stress: o, = C—< [A.13]
Sphere:—p =04 =0,=0, N7a

— Cylinder: {0'9 = p—b; o, = %; o, = g—b} [A.14]
e e
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_ Sphere: {ag 0= ’2’—’) ot G, = %} [A.15]
e

Thin walls - &

0,=-p/2 [A16]
o, =pal2e

Oy =04 = pal2e
and o, =-p/2

e[
r-\a" —b
[A.17]
o_rzp_l;2 a§+riJ
r“ \a” —b

o _pb3 @ +2°
O3 B Thick wall
b (=13 ST
a,:r_3 e | 77 pr 77 V
N R S I B ;
2b | 2a —

Figures A.6. Diagrams of calculations for pressurized tanks

A.4.8. Creep, and creep fracture mechanics

The phenomenon of creep and creep fracture is dependent on the temperatures,
occurring at a third of the melting temperature of the materials in question. Creep is
encountered when materials are under stress, at a given temperature T. The
evolution of the strain rate, in the permanent regime, obeys an exponential power
law as a function of the temperature.



456  Applied Mechanical Design

n
Strain rate — € = 4 [i] Exp - [gj

) RT [A.18]

Const. temperature =&, (/0 )" ; with prolonged creep & = Cmaterial / 17

Q is the activation energy and A4 is the kinetic energy. R is taken
from ideal gases. It is a constant, sometimes referred to as the Mendeleev—Clapeyron
constant. At a constant temperature, we read the previous equation of & where

(é‘, o, and n) are constants pertaining to creep. In cases of prolonged creep, we see

the accumulation of damage, leading to failure after a period of creep expressed
thus:

rfxg'=C [A.19]

C is a constant of the material. For ductile materials experiencing creep, C ranges
between 0.1 and 0.5. For fragile materials, the constants are smaller than 0.01.

Variables used in creep:

— ois the applied stress, in N/m” or Pa. F is the force applied in N;
—a and B are the respective radii (inside and outside) in m;

— [, b and e are the dimensions represented in the figures;

— C, and C, are constants;

— pis the relative density;

—é,6and u are the strain rates in n/S;

—n, & and O, are constants pertaining to creep.

The equations drawn from the existing body of literature, expressing the strain
gradients, are as follows:

é=€'o[iJn and u:Cléox/Z[ﬁ]n;pzzéo pi=p) (2(pm_pim)]”
oy Aoy (1_ l—(l—p))nk noy

[A.20]

s 26 (o) EY (o V' (1Y 3. p(i-p) (S(pext_pint)]n
o n+2[ noy be] (0-0] l(e] P 0(1_m)nk 2noy
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— The relative density (p) is expressed by: (b3 -d ) / b=p

- - Strain rate, 8’

V' F
V'

2r

Figure A.7. Diagrams of calculations for pipes and spheres
experiencing creep failure

A.5. Properties of regular sections

WARNING.— The formulae for the properties of sections presented here are
reproduced from published documentation. We shall recap the main sections which
have been studied thus far.
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Diagram

Description — unit — formula [t = €]

Area of the section in?or mm® A= 7zR>

Distance from the centroid to the extremities ); =R

Moment of inertia in* or mm* J; = 7rR4/ 4

Gyradius with respect to the central axes in or mm
n=R/2

Solid circle section

Plastic section modulus W, =W, , W, =1.333R*

Form factor ¢ =1.698

Area of the section in® or mm? 4 =27zRe

Distance from the centroid to the extremities )} =R

Moment of inertia in* or mm* J; = R

Thin annulus

Gyradius with respect to the central axes in or mm
1 =0.707R

Diagram

Description — unit — formula

Area of the section in>or mm® A = 7 R2 — R?
ex m

Distance from the centroid to the extremities y; = R,

Moment of inertia in* or mm* J; = (Rgx - Rl-%l )72'/4

Gyradius with respect to the central axes in or mm

=R+ B2 2

N/

Hollow circle

Plastic section modulus

W, =1.333(RZ, - R},

Form factor: ¢y =1.698(R3, — R} R, ) /(R — )
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Diagram

Description — unit — formula

[
t
o |9 1
ST
¥1
] t
2
-+ b b
—Db ——

Hollow rectangle

Area of the section in” or mm® A4 =b,.d,, —b,,d;,

Distance from the centroid to the extremities y; =d/2
¥, =b/2

Moment of inertia in* or mm*

Iy = (b =By, ) 12 1y = (b — i) 12

Gyradius with respect to the central axes in or mm

n=yh/A4 ;5 =4J,/4

Plastic section modulus

I/Vl = (bexdezx _bindizn )/4 W2 = (dexbezx - dinbtiz )/4

Form factor: @ =Wd,,[2J; ; ¢ =Wsb,. /2],

Diagram Description — unit — formula
Area of the section in” or mm® 4 = 27zRe
Distance from the centroid to the extremities
¥3=0.707acos(45°—a) y, =y y1=a/2
’(g : o4 4 4
T ,‘3 y-3 Moment of inertia in* ormm® J3 =J, =J;; J,=a /12
D = e
l 31 ; % Gyradius with respect to the central axes in or mm
-‘J*Yz"' rn=nr=rn; r=02887a
Plastic section modulus W, =W,
Square W, =0.254°

Form factor: @, =¢; @ =1.5
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Diagram Description — unit — formula [t = €] and [t,, = €]

Area of the section in” or mm? 4 =be+¢&,d

Distance from the centroid to the extremities

be* +e,d(2e+d
NE ( );yz=b/2
2(eb+e,d)
3 3
Moment of inertia in* or mm* J, = e + ae,
12 12
b d? 2
Ji :§(d+€)—?(b—sw)—A(d+€—y1)
2 o Gyradius with respect to the central axes in or mm
|—|| — . = A ry=\Ty]A
1
! fo __I]_ T Plastic section modulus W, =W,b/2J,
s 2 2,2
- be(d +
—l yp b— W, =(e,d < be) dey be e(d+2) +
2 4 4, 2
2
be(d+e-de,/2
et (8,d - be)[d w4 e( 82 £/ )J
Form factor: @y =Wy (d +&—-y)/J, @, =Wyb/2J,
Tee section Position of axis of the neutral fiber:
be d de ¢
=(e,d<beg)| —+—|+(dg, ~be)| —+—
3y =t <be)| 252 e, - 24
Diagram Description — unit — formula
Area of the section in® or mm® 4 =bxd
9 Distance from the centroid to the extremities y; = d/2
Y2 |+~ vy =b/2
T Moment of inertia in* or mm*
d 1+t If d=b—J,=bd>12;J, =db>/12
l | j1_ Gyradius with respect to the central axes in or mm
? 1 =0.288d ; r, =0.288b
b Plastic section modulus
Rectangle W, =0.25bd* ; W, = 0.25db*

Form factor: ¢ =¢, =1.5
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Diagram

Description — unit — formula [t = €]

Stresses

2< & <5
10 b,

Semi-axes (a;,,d,, ) and (b;,,b,,)

m>

Qg = +E[2 b, =b;, +€/2

Thickness in ormm ¢ =€=a,, —qg;

2 2
Emax = [ber > lj 2bex + { Zex < 1] zbaex
ex Aex ex ex

Hollow ellipse;

constant wall
thickness

Constants K;.

=0.2464+0. 002222[ exr 4 ex ]

K, =0.1349+0. 1279 ex _ ), 01284[2)

)

Ky =0.1835+0.895- < er _0.00978 (‘;j

K5 =0.1349+0. 1279 Dex —0.01284 [

Q‘b-

b |

K5=0.1835+0. 895 ex -0. 00978{
a

ex

Area of the section in® or mm?>

2
A=71E(ag +byy) 1+K1{a""_l)e"}
aex be\:

Distance from the centroid to the extremities

_ & _ €
yl_aex+5>y2_bex+5

Moment of inertia in* or mm*

J1=%€aezx(aex+3bex) 1+K2{zj +

2
T 3 -b

ot—&€"(3a,, +b 1+ K, —&—¢*
2 ) 1 0
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b

2
—a

ex ex j +

bex T Aoy

2
T 3 b, —a
AT (Bbyy + apy) 1+K2[bexexj

ex ex

J, =%eb3x(b+3aex) 1+1<3(

Plastic section modulus

2 3
W) =1.3338a,, (o +2b,, )| 1+ Ky Eaexber] + &
an b@x 3
bo—a V| &
Wy =1333¢b,, (by +2ap, )| 1+ K| 25— | |+—
be.x + ae,‘( 3
Diagram Description — unit — formula [t = €]

Area of the section in® or mm? 4 = 2be + e d

Distance from the centroid to the extremities

— b o n=b/2+e; y,=b/2
1 Moment of inertia in* or mm*
= | j— by 3 3
i : : b(d+2¢e,) (b-¢,)d e ed
Ji = - B
f 12 12 6 12
L T Gyradius with respect to the central axes in or mm
t
Jl n=yhi/4;rn=\),/4

Plastic section modulus

I-beam 2 2 2
£ eb” de,
Wide-flange beam with W= Z +be(d+e); Wy = Y + 4W
equal flanges

Form factor: @ =Wy, /J, @, =Wyy,/J,

Table A.7. Parameters in geometric sections: [BEE 14, OBE 16, ROA 11]

A.6. Glossary and definitions of mechanical characteristics of plastic
materials

Notches: notches or acute angles lead to stress intensification, which can cause
the fracture and premature failure of the part.
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Notch sensitivity: notch sensitivity refers to the propensity for propagation of a
crack through a plastic material from a pre-existing area of stress intensification
(acute angles, grooves, perforations, sudden changes in transverse sections).

Thermal ageing: plastic materials deteriorate after prolonged exposure to high
temperatures.

Isotropy: an isotropic material retains all of its characteristics irrespective of the
direction in which they are measured.

Ductility: the characteristic of plastic materials whereby they can be stretched,
tensed or rolled without compromising their integrity.

Slip: typical failure of plastic materials results from slip, where their molecules
slip past one another. Materials with a high slip coefficient tend to exhibit a low
friction coefficient, either with themselves or with a different material, and have no
propensity for scuffing. The slip capacity applies to the characteristics of resistance
to loads in relative motion.

Plasticity: the plasticity of a material is its ability to keep its shape and original
size after its first transformation. Plasticity is seen when the stress exceeds the
plastic resistance threshold on the stress/strain curve for the plastic material.

Warping: warping is the deformation of plastic parts, resulting from internal
stresses. The complexities of the configuration of the finished parts mean they have
different contraction rates depending on the dimensions of the molded part.

A.7. Glossary for metrology and quality control

Here we present the fundamentals of interest pertaining to design, control and
processes. The VIM (Vocabulaire international de métrologie — Internal Metrology
Lexicon) is an absolutely invaluable, and ineluctable reference [GRO 11, GRO 13].

Meaning in the context of project management for a

Terms or acronyms . .
y design/manufacture project

An activity corresponds to the tasks needing to be done for a

ACTIVITY .
project.
The advancement/status represents the progress of the activity. For
ADVANCEMENT instance, 100 % indicates that the project has been completed.
The capability is a system’s ability to make products which
CAPABILITY conform to the pre-established requirements. The aim is to stay

abreast of the quality of the products, keeping them free of faults
outside the tolerance range.
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The path, constituting a series of activities which, ultimately,

CRITICAL PATH determines the length of the project. Any delay encountered will
have an impact on the final duration of the project.
Function Analysis System Technique is a method aimed at
FAST method ordering functions and breaking down tasks into chunks according
to a logic which produces the appropriate technical solutions.
FMECA Failure mode, effects, and criticality analysis
GANTT chart Representation over time, with an equivalent segment
GPS, in metro}logy and Geometrical Product Specifications
tolerancing
In Japanese, KANBAN = label. Circulation of labels representing
KANBAN . .
the automated triggering of orders (flow)
KAIZEN In Japanese, KAI = to study and ZEN = to improve
LOAD The load conditions the duration of the project.
The milestone corresponds to an important deadline (key date) for
MILESTONE the project. It has no duration as such. It is represented in graphs

by a lozenge symbol.

NON-CONFORMITY

Failure to satisfy the specified requirements

Program Evaluation and Review Technique defines the critical

PERT paths of tasks for a project
In Japanese, POKA = error and YOKERY = to avoid or ERROR—
POKA YOKE PROOFING system
PROCEDURE Reference dqcuments determlr}mg the planning, oversight or
improvement of different processes.
PROCESS Mode of technology-based transformations
PROCESSES Activity system: handhng 1.nput functions to obtain the output
functions, by giving them an added value.
SPECIFIC methodological approach, whereby users can
PROJECT PROGRESSIVELY monitor a REALITY which has no equivalent
prior model (control)
PSM Problem-Solving Methodology
SIMOGRAM Graph of times taken for the production of the final products
SPC Statistical Process Control
Production time is the amount of time having passed between the
expression of the requirement and the actual date of delivery of
the finished product.
TIME Manufacturing time expresses the technical component of the

production time including the amounts of time given over to each
phase.
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Productive time is the time when we are actually producing
(machining) and also performing checks (metrology).

NON-productive time is the time given over to the blips in the
production process, such as unforeseen stoppages, repairs or
changeover.

Preparation time is the execution time, including the following:

— T, = technology time — time when the machine is operating,
depending on the slice conditions chosen (Taylor);

— T,,= manual time — general human work;
— T, = hidden time — additional time invested in another activity
during the normal operation of the machine;
— Ty = technical-manual time — joint time between the machine
and the human operator;
— Tg = serial time — establishment of the phases of manufacture,
assembly/disassembly and cleaning.

TRACEABILITY

Method (not an enquiry) for historically locating an entity using
recorded means to identify the plot.

WILSON method

Mathematical simplifying method used to calculate the
economical quantity for product orders for manufacture.

Table A.8. Lexicon of terms employed in this book [GRO 11, GRO 13]
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