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Preface

Recent advances in genome sequencing (genomics) and protein identification
(proteomics) have given rise to challenging research problems that require
combined expertise from statistics, biology, computer science, and other fields.
Similar challenges arise dealing with modeling genetic data in the form of se-
quences of various types, e.g., SNIP, RAPD, and microsatellite data. The in-
terdisciplinary nature of bioinformatics presents many research challenges re-
lated to integrating concepts, methods, software, and multi-platform data. In
addition to new tools for investigating biological systems via high-throughput
genomic and proteomic measurements, statisticians face many novel method-
ological research questions generated by such data. The work in this volume
is dedicated to the development and application of Bayesian statistical meth-
ods in the analysis of high-throughput bioinformatics data that arise from
problems in medical research, in particular cancer and other disease related
research, molecular and structural biology.

This volume does not aim to be comprehensive in all areas of bioinformat-
ics. Rather, it presents a broad overview of statistical inference, clustering,
and classification problems related to two main high-throughput platforms:
microarray gene expression and phylogenic analysis. The volume’s main fo-
cus is on the design, statistical inference, and data analysis, from a Bayesian
perspective, of data sets arising from such high-throughput experiments. All
the chapters included in the volume focus on Bayesian methodologies, para-
metric as well as nonparametric, but each is self contained and independent.
There are topics closely related to each other, but we feel there is no need
to maintain any kind of sequencing for reading the chapters. The chapters
have been arranged purely in alphabetical order according to the last name
of the first author and, in no way, should it be taken to mean any preferential
order. Chapter 1 provides estimation and testing in time-course microarray
experiments. This chapter discusses a variety of recently developed Bayesian
techniques for detection of differentially expressed genes on the basis of time
series of microarray data. Chapter 2 considers classification for differential
gene expression using hierarchical Bayesian models. Chapter 3 deals with ap-
plications of mode-oriented stochastic search algorithms for discrete multi-way
data for genome wide studies. Chapter 4 develops novel Bayesian nonparamet-
ric approaches to bioinformatics problems. Dirichlet process mixture models
are introduced for multiple testing, high-dimensional regression, clustering,
and functional data analysis. Chapter 5 develops measurement error and sur-
vival models for cDNA microarrays. Chapter 6 focuses on robust Bayesian

xxiii
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inference for differential gene expression. Chapter 7 develops Bayesian hid-
den Markov modeling approach for CGH array data. Bayesian approaches
to phylogenic analysis are developed in Chapter 8. Chapter 9 is concerned
with gene selection for identification of biomarkers in high-throughput data.
Chapter 10 develops sparsity priors for protein—protein interaction predic-
tions. Chapter 11 describes Bayesian networks learning for gene expression
data. Chapter 12 describes in-vitro to in-vivo factor profiling in genomic ex-
pressions. Proportional hazards regression using Bayesian kernel machines is
considered in Chapter 13. Chapter 14 focuses on a Bayesian mixture model for
protein biomarker discovery using matrix-assisted laser desorption and ioniza-
tion mass spectrometry. Chapter 15 focuses on general Bayesian methodology
for detecting differentially expressed genes. Bayes and empirical Bayes meth-
ods for spotted microarray data analysis are considered in Chapter 16. Finally
Chapter 17 focuses on the Bayesian classification method for QTL mapping.

We thank all the collaborators for contributing their ideas and insights to-
ward this volume in a timely manner. We fail in our duties if we do not express
our sincere indebtedness to our referees, who were quite critical and unbiased
in giving their opinions. We do realize that despite of their busy schedules
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We thankfully acknowledge David Grubbs from Chapman & Hall, CRC, for
his continuous encouragement and support of this project. Our special thanks
go to our spouses, Rita, Amrita, and Mou, for their continuous support and
encouragement.
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the area of bioinformatics data analysis and modeling from a Bayesian point
of view. We hope our readers will join us in being engaged with changing
technologies and statistical development in this area of bioinformatics.
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1.1 Abstract

The paper discusses a variety of recently developed Bayesian techniques for
detection of differentially expressed genes on the basis of time series microar-
ray data. These techniques have different strengths and weaknesses and are
constructed for different kinds of experimental designs. However, the Bayesian
formulations, which the above described methodologies utilize, allow one to
explicitly use prior information that biologists may provide. The methods
successfully deal with various technical difficulties that arise in microarray
time-course experiments such as a large number of genes, a small number of
observations, non-uniform sampling intervals, missing or multiple data, and
temporal dependence between observations for each gene.

Several software packages that implement methodologies discussed in the
paper are described, and limited comparison between the techniques using a
real data example is provided.
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1.2 Introduction

Gene expression levels in a given cell can be influenced by different fac-
tors, namely pharmacological or medical treatments. The response to a given
stimulus is usually different for different genes and may depend on time. One
of the goals of modern molecular biology is the high-throughput identifica-
tion of genes associated with a particular treatment or biological process of
interest. The recently developed technology of microarrays allows one to si-
multaneously monitor the expression levels of thousands of genes. Although
microarray experiments can be designed to study different factors of interest,
in this paper, for simplicity, we consider experiments involving comparisons
between two biological conditions (for example, “control” and “treatment”)
made over the course of time.

The data may consist of measurements of the expression levels of N genes
in two distinct independently collected samples made over time [0,T] (the,
so called, “two-sample problem”), or measurements of differences in the ex-
pression levels between the two samples (the “one-sample problem”). In both
cases, the objective is first to identify the genes that are differentially ex-
pressed between the two biological samples and then to estimate the type of
response. Subsequently, the curves may undergo some kind of clustering in
order to group genes on the basis of their type of response to the treatment.

The problem represents a significant challenge since the number of genes
N is very large, while the number of time points n where the measurements
are made is rather small and, hence, no asymptotic method can be used. The
data is contaminated by usually non-Gaussian heavy-tailed noise. In addi-
tion, non-uniform sampling intervals and missing or multiple data makes time
series microarray experiments unsuitable to classical time-series and signal
processing algorithms.

In the last decades the statistical literature has mostly addressed static mi-
croarray experiments, see Efron et al. (2001), Lonnstedt and Speed (2002),
Dudoit et al. (2002), Kerr et al. (2000), Ishwaran and Rao (2003), among
many others. The analysis of time-course microarray was mainly carried out by
adapting some existing methodologies. For example, SAM version 3.0 software
package—originally proposed by Tusher et al. (2001) and later described in
Storey et al. (2003a, 2003b)—was adapted to handle time-course data by con-
sidering the time points as different groups. In a similar manner, the ANOVA
approach by Kerr et al. (2000) and Wu et al. (2003) was applied to time-course
experiments by treating the time variable as a particular experimental factor.
Similar approaches have been considered by Di Camillo et al. (2005) and the
Limma package by Smyth (2005), while the paper of Park et al. (2003) uses
linear model regression combined with ANOVA analysis. All these methods
can be useful when very short time-course experiments have to be analyzed
(3-4 time points), however they have the shortcoming of applying statistical
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techniques designed for static data to time-course data, so that the results
are invariant under permutation of the time points. The biological temporal
structure of data is ignored.

Although microarray technology has been developed quite recently, nowa-
days, time-course experiments are becoming increasingly popular: a decreasing
cost of manufacturing allows larger number of time points, moreover, it is well
recognized that the time variable plays a crucial role in the development of a
biological process. Indeed, Ernst and Bar-Joseph (2006) noted that currently
time-course microarray experiments constitute about 30% of all microarray
experiments (including both cell cycle and drug response studies). Neverthe-
less, there is still a shortage of statistical methods that are specifically designed
for time-course microarray experiments.

This realization led to new developments in the area of analysis of time-
course microarray data, see de Hoon et al. (2002), Bar-Joseph et al. (2003a,
2003b), and Bar-Joseph (2004). More recently, Storey et al. (2005), Conesa
et al. (2006), Hong and Li (2006), and Angelini et al. (2007, 2009) proposed
functional data approaches where gene expression profiles are expanded over
a set of basis functions and are represented by the vectors of their coeffi-
cients thereafter. Tai and Speed (2006, 2007) considered a multivariate empir-
ical Bayes approach, which applies statistical inference directly to the phys-
ical data itself. Another important class of methods which is based on the
hidden Markov model approaches, was pioneered by Yuan and Kendziorski
(2006).

The goal of the present chapter is to review the more recent techniques for
analysis of the time-course microarray data, as well as the software designed
for implementing them. The rest of the paper is organized as follows. Section
1.3 describes various possible designs of time-series microarray experiment
with particular focus on the one-sample and the two-sample (or multi-sample)
designs. Section 1.4 reviews the methods that are constructed specifically for
the one-sample setup, while Section 1.5 is devoted to the methods for the
two-sample and the multi-sample setups. Section 1.6 provides information
on several software packages that implement methodologies described above.
Section 1.7 reports results of the application of some recent techniques to a
real data set. Finally, Section 1.8 concludes the chapter with a discussion.

1.3 Data Structure

The goal of the present paper is to review statistical methods for the au-
tomatic detection of differentially expressed genes in time series microarray
experiments. However, the choice of the statistical methodology used for the
analysis of a particular data set strongly depends on the way in which the data
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have been collected since different experimental designs account for different
biological information and different assumptions.

First, one needs to distinguish longitudinal studies from independent and
factorial ones. Pure longitudinal data is obtained when the same sample is
monitored over a period of time, and different samples are separately and
distinguishably recorded in the course of the experiment. Independent (or
cross-sectional) experimental design takes place when at each time point inde-
pendent samples are recorded, and replicates are indistinguishable from each
other. Finally, factorial designs are those where two or more experimental
factors are involved in the study. Also, one needs to distinguish between tech-
nical replicates and biological replicates, since the latter introduce additional
variation in the data.

The choice of a statistical technique for data analysis is influenced by the
number of time points at which observations are available (usually, 6 or more
time points, or 3-5 time points for a “short” time series) and the grid design
(equispaced or irregular). The presence of missing data also affects the choice
of statistical methodology.

The objective of microarray experiments is to detect the differences in gene
expression profiles in the biological samples taken under two or more ex-
perimental conditions. The differences between gene expression levels can be
measured directly (usually, in logarithmic scale) leading to a “one-sample”
problem where the differences between profiles are compared to an identi-
cal zero curve. If the measurements on each sample are taken independently,
then one has a “two-sample” or a “multi-sample” problem where the goal is
to compare the gene expression profiles for different samples. For example, if
an experiment consists of a series of two-color microarrays, where the control
(untreated) sample is directly hybridized with treated samples after various
time intervals upon treatment, then one has the one-sample problem. On the
other hand, if the two samples are hybridized on one-color arrays or indepen-
dently hybridized with a reference on two color arrays, then it leads to the
two-sample problem.

In what follows, we review statistical methods for the one-sample, two-
sample, and multi-sample problems commenting on what types of experimen-
tal designs are accommodated by a particular statistical technique and how it
deals with an issue of irregular design and missing data. However, regardless
the type of experimental design, the microarray data are assumed to be al-
ready pre-processed to remove systematic sources of variation. For a detailed
discussion of the normalization procedures for microarray data we refer the
reader to, e.g., Yang et al. (2002), Cui et al. (2002), McLachlan et al. (2004),
or Wit and McClure (2004).

1.3.1 Data Structure in the One-Sample Case

In general, the problem can be formulated as follows. Consider microar-
ray data consisting of the records of N genes. The records are taken at n
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different time points in [0, 7] where the sampling grid ¢+, ¢ ... #(™) is not
necessarily uniformly spaced. For each array, the measurements consist of N
normalized log,y-ratios zf’k, where ¢ = 1,..., N, is the gene number, index j
corresponds to the time point ) and k =1,. .., kgj ), kfj ) > 0, accommodates
for possible technical or biological replicates at time t(). Note that usually,

by the structure of the experimental design, kl(j ) are independent of i, i.e.,

kgj) = k) with M = E?:l kW) being the total number of records. However,
since some observations may be missing due to technical errors in the experi-
ment, we let k;j ) to depend on ¢ so that the total number of records for gene
11is
M; =
J

k9. (1.1)
1

n

The number of time points is relatively small (n & 10) and very few replica-

tions are available at each time point (kgj) =0,1,... K where K =1, 2, or
3) while the number of genes is very large (INV = 10, 000).

1.3.2 Data Structure in the Multi-Sample Case

Consider data consisting of measurements of the expression levels of N
genes in two or more distinct independently collected samples made over time
[0,T].

We note that, when the number of samples is two, the objective is first to
identify the genes that are differentially expressed between the two samples
and then to estimate the type of response. On the other hand, when more
samples are considered one may be interested in detecting both genes that are
differentially expressed under at least one biological condition or some specific
contrasts, in a spirit that is similar to the multi-way ANOVA model and then

to estimate the type of effect. In general, the problem can be formulated
gk

as follows. For sample N, X = 1,--- , H, data consists of the records 2y, , i =
1,---, N, on N genes, which are taken at time points tgf) €[0,7],5=1,..,nx.

For gene ¢ at a time point tgzj), there are k}(gl) (with k}(gl) =0,1,...,K) records
available, making the total number of records for gene i in sample N to be

My = > k. (1.2)
j=1

Note that in this general setup it is required neither that the observations
for the H samples are made at the same time points nor that the number
of observations for different samples is the same. This model can be applied
when observations on the H samples are made completely separately: the only
requirement is that the samples are observed over the same period of time.
The orders of magnitude of NV, n, and K are the same as in the one-sample
case.
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1.4 Statistical Methods for the One-Sample Microarray
Experiments

In this section we present the more recent and important methods for the
one-sample microarray time-course experiments.

1.4.1 Multivariate Bayes Methodology

Tai and Speed (2006) suggest multivariate Bayes methodology for identifi-
cation of differentially expressed genes. Their approach is specifically designed
for longitudinal experiments where each replicate refers to one individual. The
technique requires that for each gene the number of replicates 3%

;77 is constant
for all time points kl@ ) = k;, so that for each gene i there are k; independent
n-dimensional observations z; ; = (zzlk, e z?’k)T €R", k=1,..., k. Each
vector is modeled using multivariate normal distribution z; ; ~ No(Lip;, 35)
where I; is the Bernoulli random variable, which is equal to 1 when gene 4
is differentially expressed and zero otherwise. For each gene ¢, the following

hierarchical Bayesian model is built:

Hi'ziv[i =1~ N(Oﬂnflzi)
3, ~ InverseWishart(v;, v; A 1)
P(I; =0) = mo.
Here v;, m; and A; are gene-specific parameters to be estimated from the

data, while m is a global user-defined parameter. To test whether a gene is
differentially expressed, Tai and Speed (2006) evaluate posterior odds of I; = 1
Pl =121, - ,2Zik,)

0; = . 1.3
P(I; =0|zi1, - ,Zik,) (13)

Denote by z; and S; the mean and the sample covariance matrix of the vectors
Zi1, " %k, and let

Si = [(ki — 1)Si + viAi]/(ki — 1+ 1) and & = /&S] /%2,

be the moderated sample covariance matrix and multivariate ¢-statistic. Then,
posterior odds (1.3) can be rewritten as

1—mp < i )n/2 ( ki—1+uv;+ E?El >(ki+w)/2
o ni + ks ki —14+uv; + (kl + 771')_177{?{1' '

(1.4)

Unknown gene specific parameters v;,7n; and A; are estimated using a ver-
sion of empirical Bayes approach described in Smyth (2004) and are plugged
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into expressions (1.4). After that, genes are ordered according to the values
of posterior odds (1.4), and genes with the higher values of O; are consid-
ered to be differentially expressed. Note that the user-defined parameter
does not modify the order in the list of differentially expressed genes. The au-
thors do not define the cut off point, so the number of differentially expressed
genes has to be chosen by a biologist. Tai and Speed (2006) also notice that
when all genes have the same number of replicates k; = k, then the posterior
odds is a monotonically increasing function of T? = t7't;. Therefore, in this
case they suggest to use the ’i‘%, 1 =1,---, N, statistics instead of posterior
odds since they do not require estimation of 7; and lead to the same ranking
as (1.4).

Since Tai and Speed (2006) apply Bayesian techniques directly to the vectors
of observations, the method is not flexible. The analysis can be carried out
only if the same number of replicates is present at every time point. If any
observation is absent, missing data techniques have to be applied. Moreover,
the results of analysis are completely independent of the time measurements,
so that it is preferable to apply the technique only when the grid is equispaced.
Finally, Tai and Speed (2006) do not provide estimators of the gene expression
profiles.

1.4.2 Functional Data Approach

Although approach of Storey et al. (2005) is not Bayesian, we present it
here since it is the first functional data approach to the time-series microar-
ray data. Storey et al. (2005) treat each record z] Fas a noisy measurement
of a function s;(t) at a time point (7). The objective of the analysis is to
identify and estimate the curves s;(t) that are different from the identical
zero.

Since the response curve for each gene is relatively simple and only a few
measurements for each gene are available, Storey et al. (2005) estimate each
curve s;(t) by expanding it over a polynomial or a B-spline basis

L;
sit) =Y e an(d). (1.5)
=0

The number of the basis functions is assumed to be the same for each gene:
L; = Lyi =1,---,N. Therefore, each function is described by its (L + 1)
dimensional vector of coefficients c;. The hypotheses to be tested are therefore
of the form Hy; : ¢; = 0 versus Hy; : ¢; Z 0.

The vector of coefficients is estimated using the penalized least squares
algorithm. In order to choose the dimension of the expansion (1.5), Storey
et al. (2005) apply “eigen-gene” technique suggested by Alter et al. (2000).
The basic idea of the approach is to take a singular value decomposition
of the data and extract the top few “eigen-genes,” which are vectors in the
gene space. For those genes the number of basis functions is determined by
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generalized cross-validation. After that, this estimated value of L is used to fit
the curves for all genes under investigation. The statistic for testing whether
gene i is differentially expressed is analogous to the ¢ or F' statistics, which
are commonly used in the static differential expression case:

F; = (88} - 857)/85;

where SSY is the sum of squares of the residuals obtained from the model
fit under the null hypothesis, and SS} is the analogous quantity under the
alternative hypothesis. The larger F; is, the better the alternative model fit
is over the null model fit. Therefore, it is reasonable to rank all the genes
by the size of Fj, i.e., gene ¢ is considered to be differentially expressed if
F; > ¢ for some cutoff point ¢. Since non-Gaussian heavy-tailed errors are
very common for microarray data, the distribution of statistics F; under the
null hypothesis is assumed to be unknown. For this reason, the p-value for
each gene is calculated using bootstrap resampling technique as the frequency
by which the null statistics exceed the observed statistic.

However, although the p-value is a useful measure of significance for testing
an individual hypothesis, it is difficult to interpret a p-value when thousands
of hypotheses Hy;, ¢ = 1,--- , N, are tested simultaneously. For this reason,
the authors estimate ¢g-values, which are the false discovery rate (FDR) related
measure of significance. The g-values are evaluated on the basis of the p-values
using an algorithm described in Storey and Tibshirani (2003a).

The approach of Storey et al. (2005) is very flexible: no parametric as-
sumptions are made about distributions of the errors, moreover, methodology
allows to take into account variations between individuals. However, this flex-
ibility comes at a price: the technique requires resampling methods, which
may be rather formidable to a practitioner.

1.4.3 Empirical Bayes Functional Data Approach

Angelini et al. (2007) propose an empirical Bayes functional data approach
to identification of the differentially expressed genes, which is a good com-
promise between a rather inflexible method of Tai and Speed (2006) and a
computationally expensive technique of Storey et al. (2005).

Similarly to Storey et al. (2005), in Angelini et al. (2007) each curve s;(t)
is expanded over an orthonormal basis (Legendre polynomials or Fourier) as
in (1.5) and is characterized by the vector of its coefficients c;, although the
lengths (L; + 1) of the vectors may be different for different genes.

The genes are assumed to be conditionally independent, so that for each i,
i=1,..., N the data is modeled as

z; = D;c; + ¢ (1.6)
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R S Y

P € RMi is the column vec-

tor of all measurements for gene i (see (1.1)), ¢; = (2,...,cl)T ¢

REi+1 i the column vector of the coefficients of s;(t) in the chosen basis,
e (n)

¢ = (gil’l,...,cil’ki o ,Ci”’l,...,Cf’k'i )T ¢ RMi is the column vector of

random errors and D; is the M; x (L; + 1) block design matrix the j-row of

which is the block vector [¢g(t)) ¢1(tW)) ... ¢r,(tV))] replicated kfj) times.
The following Bayesian model is imposed on the data:

where z; = (z

z; | L’ivci)a.Q ~ N(DZC’L)O.QIMI)a
L; ~ Pois*()\, Lmax), Poisson with parameter A truncated at Lyax ;
ci | Li,o®> ~ m8(0,...,0) 4+ (1 —m)N(0,0272Q; ).

Here, 7 is the prior probability that gene i is not differentially expressed.
Matrix Q; is a diagonal matrix that accounts for the decay of the coefficients
in the chosen basis and depends on 7 only through its dimension.

Parameter o2 is also assumed to be a random variable 02 ~ p(c?), which
allows to accommodate possibly non-Gaussian errors (quite common in mi-
croarray experiments), without sacrificing closed form expressions for estima-
tors and test statistics. In particular, the following three types of priors p(-)
are considered:

case 1: p(c?) = 6(0? — 02), the point mass at 03. The marginal distribution
of the error is normal.

case 2: p(0?) = IG(v,b), the Inverse Gamma distribution. The marginal
distribution of the error is Student T'.

case 3: p(02) = ¢,0™~De="1/2 where M is the total number of arrays
available in the experimental design setup. If the gene has no missing
data (M; = M), i.e. all replications at each time point are available,
then the marginal distribution of the error is double exponential.

The procedure proposed in Angelini et al. (2007) is carried out as follows.
The global parameters v, A and Ly, .x are defined by a user. The global pa-
rameters my and case-specific parameters, o7 for case 1, v and b for case 2,
and p for case 3 are estimated from the data using records on all the genes
that have no missing values. The gene-specific parameter 77 is estimated by
maximizing the marginal likelihood p(z;) while L; is estimated using the mode
or the mean of the posterior pdf p(L;|z;).

In order to test the hypotheses Hg; : ¢; = 0 versus Hy; @ ¢; # 0 for
t=1,..., N, and estimate the gene expression profiles, Angelini et al. (2007)
introduce, respectively, the conditional and the averaged Bayes factors

BFZ(fJZ) _ (1 — 7T())P(H0”Zf, Lz) : BE _ (1 - 7T0)P(H01‘|Zi)
WQP(H10i|Zi,Li) 7TOID(]LIIOi'Zi)
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Bayes factors can be evaluated explicitly using the following expressions

/ (1.7)

Lmax

Z g)\ AOZ z)

BF;(Li) = Aoi(Li)/Avi(Ly)

Lmax
X lz (L) Au(Ly)|  (1.8)
L;=0
where
Agi(Ly) = F(M;,zl'z;),  Ayi(Lg)
=7, CDIL, + )| Vi T2 R (M;, Hi(2:)),
V. =DI!D; +7,2Q;, Hi(z) =22 —2'D;V;'D]z,
and
oy e B/2% in case 1,
F(A,B) = W b=A(1+ %)’(AJW) in case 2,

B(M+1-2A)/4  (M+14+24)/4

2OT=D72 T((M+1)/2) K((M+172A)/2)(V Bp) in case 3,

Here Kp(-) is the Bessel function of degree h (see Gradshteyn and
Ryzhik [1980] for the definition and Angelini et al. [2007]) for additional de-
tails).

The authors note that the two Bayes factors defined in (1.7) lead to an al-
most identical list of selected genes with the selection on the basis of BF; being
more theoretically sound but also slightly more computationally expensive.

Bayes factors BF;, although useful for independent testing of the null hy-
potheses Hy;, ¢ = 1,..., N, do not account for the multiplicity when test-
ing a large number of hypotheses simultaneously. In order to take into ac-
count multiplicity, the authors apply a Bayesian multiple testing procedure of
Abramovich and Angelini (2006).

Finally, the coefficients c; for the differentially expressed genes are estimated
by the posterior means

(]. — 71'0)/71’0
BF;(Li) + (1 — mo)/mo

C;, =

(DTD; +4,2Q,) "' D'z,

Methodology of Angelini et al. (2007) is much more computationally effi-
cient than that of Storey et al. (2005): all Bayesian calculations use explicit
formulae and, hence, are easy to implement. In addition, by allowing a different
number of basis functions for each curve, it avoids the need to pre-determine
the group of the most significant genes in order to select the dimension of
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the fit. Also, by using hierarchical Bayes procedure for multiplicity control,
Angelini et al. (2007) avoid a somewhat ad-hoc evaluation of the p-values.
On the other hand, the algorithm of Angelini et al. (2007) is much more
flexible than that of Tai and Speed (2006): it takes into account the time
measurements allowing not necessarily equispaced time point and different
number of replicates per time point. It also avoids tiresome missing data
techniques and both ranks the genes and provides a cutoff point to determine
which genes are differentially expressed. However, we note that in Angelini et
al. (2007) the replicates are considered to be statistically indistinguishable, so
that the method cannot take advantage of a longitudinal experimental design.

1.5 Statistical Methods for the Multi-Sample Microar-
ray Experiments

Many of the procedures suggested in literature are specifically constructed
for the two-sample or multi-sample design, or can be easily adapted to it.
For example, the functional data approach of Conesa et al. (2006) is directly
applicable to the multi-sample design and Storey et al. (2005) accommodates
the two-sample design, requiring some changes for the extension to the multi-
sample design.

1.5.1 Multivariate Bayes Methodology in the Two-Sample
Case

Tai and Speed (2006) reduce the two-sample case to the one-sample case
by assuming that the number of time points in both samples is the same,
and also that the number of replications for each time point is constant, i.e.,
ny = ng = n and k}(gl) = kw;, N = 1,2. It is also supposed implicitly that
time measurements are the same on both samples, i.e., t:(Lj) = téj), j=1..,n.
Under these restrictions, Tai and Speed (2006) model the k-th time series for
gene i in sample R as 2}, ~ N (py;, i), R = 1,2. The prior imposed on the
vector p; = fo; — Hq; is identical to the prior in the Section 1.4.1, and the
results of the analysis are very similar too. This model does not easily adapt
to a general multi-sample setup.

1.5.2 Estimation and Testing in Empirical Bayes Functional
Data Model

Angelini et al. (2009) propose an extension of the empirical Bayes functional
data procedure of Section 1.4.3 to the case of the two-sample and multi-sample
experimental design. For a gene ¢ in the sample N, it is assumed that evolution
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in time of its expression level is governed by a function sy;(t) and each of
the measurements zilk involves some measurement error. For what concerns
the two-sample problem, the quantity of interest is the difference between
expression levels s;(t) = s1,(t) — s2;(¢). In particular, s;(¢) = 0 means that
gene i is not differentially expressed between the two samples, while s;(t) # 0
indicates that it is. In the case of a multi-sample setup, a variety of statistical
hypotheses can be tested. However, in the present paper we focus on the
problem of identification of the genes that are differentially expressed under
at least one biological condition.

Although mathematically the two-sample setup appears homogeneous, in
reality it is not. In fact, it may involve comparison between the cells under
different biological conditions (e.g., for the same species residing in different
parts of the habitat) or estimating an effect of a treatment (e.g., effect of
estrogen treatment on a breast cell). The difference between the two cases
is that, in the first situation, the two curves s1;(t) and so;(t) are truly in-
terchangeable, while in the second case they are not: so;(t) = s1;(t) + s:(¢),
where s;(t) is the effect of the treatment. In order to conveniently distinguish
between those cases, Angelini et al. (2009) refer to them as “interchangeable”
and “non-interchangeable” models. It is worth noting that which of the two
models is more appropriate should be decided rather by a biologist than a
statistician.

Similarly to the one-sample case, Angelini et al. (2009) expand each function
sni(t) over a standard orthogonal basis on the interval [0,T] (see eq. (1.5)),
characterizing each sy;(t) by the vector of its coefficients cy;. The number of
coeflicients L; +1 can vary from gene to gene but it is required to be the same
in all samples. Similarly to the one-sample case (see eq. (1.6)) one has

Zy; = DNiCNi + CNi (19)
(1) (n)
1.1 1,k 1 N,k .
where zy; = (2 - 25 N s 2y se e e 2 N )T € RM¥i s the column vector

of all measurements for gene 7 in sample R, cy; is the column vector of the
coefficients of sx;(t), Cy; is the column vector of random errors and Dy; is
the My; x (L; + 1) block design matrix the j-row of which is the block vector
[d)g(tg)) o1 (tg)) RRNGY (tg))] replicated kggz) times. The following Bayesian
model is imposed

zyi | Licni, 0~ N(Dyicni, 0%, )
L; ~ Pois*(\, Lmax), Poisson with parameter A truncated at Lyax -

The vectors of coefficients cy; are modeled differently in the interchangeable
and noninterchangeable cases.

Interchangeable setup

Since the choice of which sample is the first, which is the second and so
on, is completely arbitrary, it is reasonable to assume that a-priori vec-
tors of the coeflicients are either equal to each other or are independent
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and have identical distributions. The model naturally accommodates the
H-sample design by eliciting the following delta-contaminated prior on
the vectors ey, N=1,---  H

Ciis - ,cmi | Liyo? ~ mN(ci | 0,0272Q; ") 6(c1i = cos = - -cpi = ¢;)

+ (1= mo) TTiy Mewi | 0,0202Q;71).

where 0 = (0,---,0)7.

Gene i is considered to be differentially expressed if the null hypothesis
Hy; : ¢1; = ¢y = -+ = cp; is rejected.

Non-interchangeable setup

Consider the case when samples 1 and 2 are not interchangeable so that
one cannot assume gene expression levels to be the same a-priori in both
samples. It is intuitive to treat the expression level in sample 2 as the
sum of the expression level in sample 1 and the effect of the treatment
d;, i.e. co; = c1; + d; where d; = c9; — ¢q;. The prior imposed on the
coefficients are a normal prior on cy; and a delta contaminated prior
on d;:

C1; | Li,CT2 NN(CM | 0702T§Q;1)
d; | Li,0” ~ mod(d; = 0) + (1 — mo)N(d;]0, 0 A7Q; ).

Gene i is considered not to be differentially expressed if the null hy-
pothesis Hy; : d; = 0 is accepted. Of course, this setup does not allow a
straightforward extension to the case of H > 2 samples.

In both setups, parameter o2 is treated as a random variable o2 ~ p(co?)
with the same three choices for p(c?) that are considered in Section 1.4.3.
Parameter 7 is the prior probability that a gene is not affected by a particular
biological condition in the interchangeable model, or by a particular treatment
in the non-interchangeable model. Matrix Q; accounts for the decay of the
coefficients in the chosen basis.

In both setups, the method of Angelini et al. (2009) requires user-defined
parameters v, A and Ly,.x similarly to the one-sample situation. The authors
recommend some empirical procedures for the evaluation of global parameter
7o, and case specific parameters o2 for case 1, v and b for case 2 and pu for
case 3. The gene-specific parameters 77 and A\? are estimated by maximizing
(214 ...y Z2p;) (H = 2 in the non-interchangeable setup). The authors observe
that in the interchangeable case this maximization step can be done as two
independent one-dimensional optimization, while in the non-interchangeable
setup this step requires a two-variable maximization procedure and therefore
leads to a higher computational cost. Given the estimated values of 77 and A?,
L; is estimated by the mode or the mean of the posterior pdf p(L;|2z14, ..., Zm;)-
Similarly to the one-sample setup, Angelini et al. (2009) propose to use the
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Bayes factors BF; for testing hypotheses Hy; and again the two kinds of Bayes
factor are considered

. 1 — 7o) P(Hoilz1, ..., 2s, Ly
BE(Li):( mo) P(Hoi|z1 Zri )7
moP(H1o0i|214s -, 23, Li)
(1 — WQ)P(HQi|Z]_i, ...7ZH1‘)

BF, — , 1.10
moP(Huoi|213, .., 2Hi) (1.10)

with H = 2 in the non-interchangeable setup. The multiplicity control is car-
ried out similarly to the one-sample situation by using the Bayesian procedure
of Abramovich and Angelini (2006).

For brevity, we do not report the formulae since they are quite complex
mathematically and require some elaborate matrix manipulations, especially
in the non-interchangeable setup (they can be found in Angelini et al. [2009]).
Similarly to the one sample case, Angelini et al. (2009) also provide analytic
expressions for the estimators of the gene expression profiles in both inter-
changeable and non-interchangeable setups.

Empirical Bayes functional data approach was also considered in the papers
of Tai and Speed (2007) and Hong and Li (2006).

Tai and Speed (2008) extend their multivariate Bayes methodology to the
multi-sample cross-sectional design where the biological conditions under in-
vestigation are interchangeable. The authors consider a Bayesian functional
data approach. They expand the mean of the multivariate normal distribution,
which models the data over a splines basis, and assume the number of basis
functions to be a fixed constant chosen in advance. The model is similar to
that of Angelini et al. (2009) with p(c?) being Inverse Gamma (case 2 above).
Also, the procedure only ranks the genes without providing any automatic
cutoff point to select the differentially expressed genes.

Hong and Li (2006) propose a Bayesian functional data model for detect-
ing differentially expressed genes in the case of cross-sectional design and
non-interchangeable biological conditions. The model is somewhat similar
to the non-interchangeable setup of Angelini et al. (2009) described above.
Hong and Li (2006) expand the gene expression profiles over a polynomial
or B-spline basis of fixed degree, which is globally estimated by cross val-
idation. The authors impose a prior on d; similar to (1.5.2) and treat c¢y;
as unknown nuisance parameters. They also elicit an Inverse Gamma prior
on the error variance allowing experiment-specific, gene-specific, and time-
specific errors (02)55 )l The gene-specific parameters and the hyperparameters
of the model are estimated using computationally expensive Monte Carlo EM
algorithm.

In order to test hypotheses Hp;, Hong and Li (2006) evaluate posterior
probabilities that d; Z 0 and then rank the genes accordingly. Alternatively,
they provide an automatic cutoff point by controlling the false discovery rate
(FDR) with a procedure similar to Storey (2003c). Similarly to Angelini et
al. (2009), Hong and Li (2006) method does not require the measurements for
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the two samples to be taken at the same time points and provide estimators
for the gene expression profiles.

1.5.3 Bayesian Hierarchical Model with
Subject-Specific Effect

Chi et al. (2007) develop a Bayesian hierarchical model for identification
of temporally differentially expressed genes under multiple biological condi-
tions, which allows possible subjects-specific effects, i.e., the presence of bio-
logical replicates. In order to account for the subject-specific deviation from
the mean expression of the i-th gene in the N-th sample of the individual s,
s = 1,...,5, random effect ;x5 is added to the right-hand side of the eq.
(1.9). The subject-specific effect is considered to be common across the genes
to avoid overparametrization, so that y;xs = yrs for i =1,--- | N.

Therefore, the data structure in matrix form is as follows:

zy; = Do + sy, + Cins (1.11)

where 1pzg. is an Mg, x 1 vector of ones the length of which is determined
by the number of observations available and is allowed to differ across the
genes, the biological conditions, and the subjects to accommodate for possible
missing data. Note that if there is only one subject, i.e., S = 1, the structure
of the data is described by eq. (1.9).

Given the parameters, the data zf, is assumed to have a multivariate normal
distribution, i.e., C;ns ~ N(0,07 Ingg,) and yxs ~ N(0,7°) is independent from
Cins- The variances of the measurement errors are allowed to differ across the
genes. Then, a double-layer hierarchical prior is elicited over the set of param-
eters @ = {cw;, N = 1,...., H,i = 1,...N;02,i = 1,...N; 72}, and an empirical
Bayes approach is used to estimate the hyperparameters. The prior specifi-
cation leads to a conjugate posterior, which makes the computations more
efficient. In order to identify differentially expressed genes, first expectations
of the gene expression measurements zy; = E(z%,|0) given the parameters
0 are calculated. Then p-dimensional vectors 1, x = (DL, Dyi) DLz are
defined, where

— [pLT sT T * [ Lk s5x T
DNi_I:DN’L'7"'7DN'L-} and ZN’L-_I:ZN’U"'?zN’L'} .

and p is the number of covariates. For the ¢-th gene and the N-th biologi-
cal condition, each element of ¢; x represents the effect of the corresponding
covariate, and the ratio parameter based on these effects determines the max-
imum fold changes in the gene expression in response to each covariate. In
order to determine whether a gene is differentially expressed, a hypothesis
that a ratio parameter exceeds certain threshold (one, two, or three) is tested
using a version of the criterion proposed in Ibrahim et al. (2002).
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1.5.4 Hidden Markov Models

Yuan and Kendziorski (2006) introduce hidden Markov chain based
Bayesian models (HMM) for analysis of the time series microarray data. It
is assumed that the vector of expression levels for gene i at time ¢ under
the biological conditions X = 1,--- , H, is governed by an underlying state of
a hidden Markov chain, i.e., (zgt)|sgt) =1) ~ flt(zgt)) where [ is the possi-
ble state of the HMM, and the length of the vector is equal to the number
of measurements at time ¢ under all H biological conditions. In the case of
H = 2 biological conditions, the HMM has two states: genes are either equally
expressed (I = 1) or differentially expressed (I = 2). In a general situation, the
number of states of the HMM is equal to the number of nonempty subsets of
the set with H elements.

The vectors zgt) are assumed to have means ugt), which are distributed
according to some prior pdf. Unknown hyperparameters of the model are es-
timated by maximizing the marginal likelihood of the data on the basis of a
version of EM algorithm. In the case of H = 2, the decision on whether gene @
is differentially expressed is made by evaluating posterior odds of P(sgt) =2);
for general case, posterior probabilities can be evaluated for each configu-
ration. In the particular version of the HMM model described in Yuan and
Kendziorski (2006), the authors use Gamma distribution for both the data
and the underlying means.

The paper provides a paradigm for modeling time series microarray data,
which is very different from the methodologies described above. However,
the weakness of the approach is that it tests whether a gene is differentially
expressed at a particular time point not overall, thus, ignoring the temporal
dependence between the expressions.

1.6 Software

Microarray data analysis is a very active area of research and several soft-
ware packages have been recently released. Private companies who produce
microarray equipment have their proprietary software, and several commer-
cial software packages are now available. The use of the commercial software
systems is however often limited by the cost of the license and the delay
in incorporating innovative research techniques into the new releases. On
the other hand, there are also a number of open source software packages
for analysis of microarray data, the most widely used ones being distributed
by Bioconductor (http://www.bioconductor.org/), an open source software
project for the analysis and comprehension of genomic data (see Gentleman
et al. [2004] and Gentleman et al. [2005]), which is based on R (http://www.
r-project.org/).
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Several packages include tools for analysis of time course microarray ex-
periments; however, majority of them use methodology constructed for static
microarray experiments and for a specific experimental design (see, for exam-
ple, SAM version 3.0 software package originally proposed by Tusher et al.
[2001] and later described in Storey et al. [2003a, 2003b], MAANOVA by Kerr
et al. [2000] and Wu et al. [2003] and the Limma package by Smyth [2005]). On
the other hand, recently other software packages have been developed that are
specifically designed for analysis of time course microarray data. It should be
noted that when the time series are very short (n = 3 or 4), the functional data
analysis methodsm which are discussed in this review, are not recommended
since simpler methods are more advantageous in this case, e.g., MaSigPro, the
linear regression approach of Conesa et al. (2006), the STEM package by Ernst
and Bar-Joseph (2006), or the Timecourse package of Tai and Speed (2006).

In what follows, we briefly present the software packages that implement
some of the methodologies discussed in this review. We note that all these
software packages require data to be already pre-processed to remove system-
atic sources of variation (see Gentleman et al. [2005] or Parmigiani et al. [2003]
for discussion of the software).

EDGE

Software package EDGE (see Leek et al. [2006] for details) implements
the functional data approach proposed in Storey et al. (2005). The software
is distributed as a stand-alone package and can be freely downloaded from
http://wuw.genomine.org/edge/ for academic non-commercial users. It re-
lies on R language and Bioconductor in the background, however a user does
not need to know R to use it but only to interact with a graphical user friendly
interface.

Applications of EDGE are not limited to time-course microarray data:
EDGE can also be employed for static experiments. Moreover, it also has
some useful utilities that allow one to explore input data, such as drawing
boxplots, checking for the presence of missing data, and imputing them with
the “K nearest neighbor” (KNN) algorithm. In fact, EDGE does not allow
missing data in the course of statistical analysis.

The software requires a user to define a number of permutations to be
performed for evaluating the p-values. The shortcoming of this feature is
that a relatively small number of permutations lead to a granularity prob-
lem (the p-values are quantized), while increasing number of permutations
usually improves approximation of the p-values, but leads to a very high com-
putational cost.

TIMECOURSE

The package Timecourse implements the multivariate Bayesian approach
of Tai and Speed (2006) for both the one-sample and the two-sample
designs. Timecourse is distributed as contributed package within Bioconductor
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(http://bioconductor.org/packages/2.1/bioc/html/timecourse.html),
thus, its application requires the knowledge of the R-language. Although this
can be advantageous to R users since Timecourse allows them to interact with
other tools that are developed under Bioconductor project, this feature can
be rather intimidating for a biologist or a person unfamiliar with R language.
For example, the package neither allows missing data or unequal number of
replicates, nor it provides any tools for handling these problems, although
expert R users can import such tools from other R packages.

Since all calculations are based on explicit formulae, the computational cost
of Timecourse is very low. However, the package only ranks the genes in the
order of statistical significance without providing an automatic cutoff point
to identify which genes are differentially expressed. Finally, the results of the
analysis are completely independent of the actual time measurements, so that
it is preferable to apply the software only when the grid is equispaced. On
the other hand, the package can be successfully applied for short time-course
experiments.

Current version of Timecourse does not include the functional approach
described in Tai and Speed (2007), which we hope will be added in future
releases.

BATS

The software package BATS (see Angelini et al. [2008]) implements the
Bayesian functional approach proposed by Angelini et al. (2007). It is also
distributed as a stand-alone software that can be freely downloaded from
http://www.na.iac.cnr.it/bats/.

The software has a friendly graphical user interface. Although it is written
in MATLAB®, it does not require a user to know MATLAB®.

Similarly to EDGE, BATS also has some helpful utilities, which allow to plot
and filter the data, and compare the lists of differentially expressed genes ob-
tained under different options. Due to flexibility of the methodology, the issue
of missing data does not arise. Furthermore, by using the Bayesian methodol-
ogy in combination with the functional data approach, BATS can successfully
handle various other technical difficulties such as non-uniform sampling inter-
vals, presence of multiple data as well as temporal dependence between obser-
vations for each gene, which are not fully addressed by EDGE and Timecourse.
Since all calculations are based on explicit expressions, the computational cost
of BATS is very low and is comparable to that of Timecourse.

The current version of BATS can be applied to a one-sample case only. The
software allows different number of basis functions for each curve s;(t), thus
improving the fit and avoiding the need to pre-determine the most significant
genes to select the dimension of the approximation.

The two-sample and the multi-sample experimental designs will be accom-
modated in future releases by following methodology of Angelini et al. (2009)
described above.
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1.7 Comparisons between Techniques

Each of the methods presented above have been tested on simulated and
real data (see Storey et al. [2005], Tai and Speed [2006, 2007], Hong and
Li [2006] and Angelini et al. [2007, 2009]). However, each study considered
only a single technique and did not have an objective of comparison be-
tween competitive approaches. To the best of the authors’ knowledge, An-
gelini et al. (2007) and Mutarelli et al. (2008) are the only papers where
a comparative study for the one-sample problem was attempted between the
EDGE software, the R-package Timecourse and BATS software; in the follow-
ing this comparative study is briefly presented (see Angelini et al. [2007] for
details).

Since all three methods apply to different experimental designs, account for
different biological information, and are valid under different assumptions, the
methods were compared using a real data set that does not conform to specific
assumptions. For comparisons, the ¢cDNA microarray dataset of Cicatiello
et al. (2004) was chosen (the data are available on the GEO repository -
http://www.ncbi.nlm.nih.gov/geo/, accession number GSE1864) since it
provides a “biology-guided” selection of significant genes that can be used as
a “benchmark” in comparisons.

The objective of the experiment was to identify genes involved in the es-
trogen response in a human breast cancer cell line and to estimate the type
of the response. Estrogen has a known role in promoting cell proliferation
and thus in cancer development in hormone-responsive tissues such as breast
and ovary. In the original experiment, ZR-75.1 cells were stimulated with a
mitogenic dose of 173-estradiol, after 5 days of starvation on an hormone-
free medium, and samples were taken after t = 1,2,4,6,8,12, 16, 20, 24, 28, 32
hours, with a total of 11 time points covering the completion of a full mitotic
cycle in hormone-stimulated cells. For each time point at least two replicates
were available (three replicates at t = 2,8, 16).

The data was pre-processed and genes for which more than 20% of values
were missing were removed from further investigation. As a result, the total
number of analyzed genes was 8161 (among them about 350 contained at
least one missing value). Since the EDGE software does not automatically
account for missing values but only suggests a preliminary procedure (K-
nearest-neighbors) for filling them in, the authors repeated the analysis both
using this procedure and filtering out genes with missing values. Timecourse
neither allows missing values nor suggests a specific procedure for treating
them. Moreover, it requires that each time point has the same number of
replicates (different number of replicates are allowed between different genes).
In order to apply Timecourse, all the genes with missing observations were
filtered out, and then the third observations, which was available at time
points t = 2, 8,16, were discarded.
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TABLE 1.1: Total Number of Genes Declared Affected by the Treatment
and Overlap with Cicatiello et al. (2004)

Method Selected genes  Overlap
All of the Angelini et al. 28 methods 574 270
At least one of the Angelini et al. 28 methods 958 309
Angelini et al., case 1, A = 9 (default) 712 295
EDGE with default choices and q=0.05 767 186
EDGE with default choices and q=0.1 1178 219
Timecourse 500 174
Timecourse 1000 215

BATS was used with Ly.x = 6, v = 0 and \’s ranging between 6 and
12 (7 values total) and three choices of p(c?). In addition, in case 2, two
possible techniques for estimation of hyperparameters of the inverse Gamma
distribution were applied making the total of 28 combinations of techniques.

Table 1.1 displays the number of detected genes with different procedures
and the overlap with the 344 genes detected as significant in Cicatiello et al.
(2004).

It is evident that BATS has a noticeably wider overlap with the “biology
guided” selection of differentially expressed genes of Cicatiello et al. (2004)
than EDGE and Timecourse. In addition, BATS is the only software that al-
lows an user to estimate the effect of the treatment as it is shown in Figure 1.1.
Moreover, majority of genes selected by EDGE, R-package Timecourse and
Cicatiello et al. (2004) were also selected by BATS.

1.8 Discussion

In this paper we discussed a variety of recently developed Bayesian tech-
niques for detection of differentially expressed genes on the basis of time series
microarray data. These techniques have different strengths and weaknesses
and are constructed for different kinds of experimental designs. However, the
Bayesian formulations that the above described methodologies utilize, allow
one to explicitly use prior information that biologists may provide. The meth-
ods successfully deal with various technical difficulties that arise in microarray
time-course experiments such as a small number of observations, non-uniform
sampling intervals, missing or multiple data, and temporal dependence be-
tween observations for each gene.

We also describe several software packages that implement methodologies
discussed in the paper, and provide a limited comparison between the tech-
niques using a real data example. We hope that this paper provides a use-
ful introduction to Bayesian methods for analysis of time-series microarray
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FIGURE 1.1: (a) Gene6485 (TFF1, a well-known target of the estrogen
receptor) has been selected with rank 1 by BATS and included in the list of
574 genes selected by all the 28 combinations. This gene has been detected in
Cicatiello et al. (2004) and by Timecourse and EDGE as well. (b) Gene6155
(MKI67, a gene involved in cell-cycle control but with a less clear association
with estrogen action in literature) has been selected with rank 13 by BATS
and included in the list of 574 genes selected by all the 28 combinations.
This gene has not been detected by Cicatiello et al. (2004) or EDGE (with
g-value=0.1), while it has been detected by Timecourse with rank 2. Profile
showed here are obtained with BATS with choice case 1, A = 9, Lyjq: = 6
and v = 0.
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experiments, though, try as we might, it cannot be made comprehensive since
new statistical methodologies are coming up continuously as new microarray
technologies are being developed.

Acknowledgments

This research was supported in part by the NSF grants DMS-
0505133 and DMS-0652524, the CNR-Bioinformatics project, and the CNR
DG.RSTL.004.002 project.



References

Abramovich, F. and Angelini, C. 2006. Bayesian maximum a posteriori mul-
tiple testing procedure. Sankhya 68: 436-460.

Alter, O., Brown, P.O., Botstein, D. 2000. Singular value decomposition for
genome-wide expression data processing and modeling. Proceedings of the
National Academy of Sciences 97: 10101-10106.

Angelini, C., De Canditiis, D., Mutarelli, M., and Pensky, M. 2007. A Bayesian
Approach to Estimation and Testing in Time-course Microarray Experi-
ments. Statistical Applications in Genetics and Molecular Biology 6, Iss.1
(Art.24). http://www.bepress.com/sagmb/vol6/iss1/art24

Angelini, C., Cutillo, L., De Canditiis, D., Mutarelli, M., Pensky, M.
2008. BATS: a Bayesian user-friendly software for Analyzing Time
Series microarray experiments. BMC: Bioinformatics, 9, (Art. 415).
http://www.biomedcentral.com/1471-2105/9/415

Angelini, C., De Canditiis, D., Pensky, M. 2009. Bayesian models for the two-
sample time-course microarray experiments. Computational Statistics &
Data Analysis 53: 1547-1565.

Bar-Joseph, Z. 2004. Analyzing time series gene expression data. Bioinfor-
matics 20: 2493-2503.

Bar-Joseph, Z., Gerber, G., Jaakkila, T., Gifford, D., and Simon, 1. 2003a.
Comparing the continuous representation of time series expression profiles
to identify differentially expressed genes. Proc. Nat. Acad. Sci. USA 100:
10146-10151.

Bar-Joseph, Z., Gerber, G., Jaakkila, T., Gifford, D., and Simon, I. 2003b.
Continuous representation of time series gene expression data. J. Comput.
Biol. 3-4: 341-356.

Chi, Y-Y, Ibrahim, J. G., Bissahoyo, A., and Threadgill, D. W. 2007. Bayesian
Hierarchical Modeling for time course microarray experiments. Biomet-
rics 63: 496-504.

Cicatiello, L., Scarfoglio, C., Altucci, L., et al. 2004. A genomic view of es-
trogen actions in human breast cancer cells by expression profiling of
the hormone-responsive trascriptome. Journal of Molecular Endocrinol-
ogqy 32: 719-775.

23



24 Bayesian Modeling in Bioinformatics

Conesa, A., Nueda, M.J., Ferrer, A., and Talon, M. 2006. MaSigPro: a method
to identify significantly differential expression profiles in time-course
microarray-experiments. Bioinformatics 22: 1096-1102.

Cui, X., Kerr, M.K., and Churchill, G. A. 2003. Transformation for
cDNA Microarray Data. Statistical Applications in Genetics and Molec-
ular Biology 2, Iss.1 (Art.4). http://www.bepress.com/sagmb/vol2/
issl/art4

de Hoon, M.J.L., Imoto, S., and Miyano, S. 2002. Statistical analysis of a small
set of time-ordered gene expression data using linear splines. Bioinfor-
matics 18: 1477-1485.

Di Camillo, B., Sanchez-Cabo, F., Toffolo, G., Nair, S.K., Trajanosky, Z., and
Cobelli, C. 2005. A quantization method based on threshold optimization
for microarray short time series. BMC' Bioinformatics 6.

Dudoit, S., Yang, Y.H., Callow, M. J., and Speed, T. P. 2002. Statistical
methods for identifying differentially expressed genes in replicated cDNA
microarray experiments. Statistica Sinica 12: 111-140.

Efron, B., Tibshirani, R., Storey, J.D., and Tusher, V. 2001. Empirical Bayes
Analysis of a Microarray Experiment. J. Amer. Statist. Assoc. 96: 1151-
1160.

Ernst, J. and Bar-Joseph, Z. 2006. STEM: a tool for the analysis of short time
series gene expression data.BMC' Bioinformatics 7: 191-192.

Gentleman, R. C., Carey, V. J., Bates, D. M. et al. 2004. Bioconduc-
tor: open software development for computational biology and bioin-
formatics,Genome Biology. http://bioconductor.org/packages/release/
Software.html

Gentleman, R., Carey, V., Huber, W., Irizarry, R. and Dudoit, S. 2005. Bioin-
formatics and Computational Biology Solutions Using R and Bioconduc-
tor. Springer, series in Statistics for Biology and Health.

Hong, F. and Li, H. 2006. Functional hierarchical models for identifying genes
with different time-course expression profiles. Biometrics 62: 534-544.

Kerr, M.K., Martin, M., and Churchill, G.A. 2000. Analysis of variance for
gene expression microarray data. Journal of Computational Biology 7:
819-837.

Ibrahim, J.G., Chen, M.H., and Gray, R.J. 2002. Bayesian models for gene
expression with DNA microarray data. J. Amer. Statist. Assoc. 97: 88-99.



Estimation and Testing in Time-Course Microarray Experiments 25

Ishwaran, H., and Rao, J.S. 2003. Detecting differentially expressed genes in
microarrays using Bayesian model selection. J. Amer. Statist. Assoc. 98:
438-455.

Leek, J.T., Monsen, E., Dabney, A.R., and Storey, J.D. 2006. EDGE: ex-
traction and analysis of differential gene expression. Bioinformatics 22:
507-508.

Lonnstedt, 1., and Speed, T. 2002. Replicated microarray data. Statistica
Sinica, 12: 31-46.

McLachlan, G., Do, K.A., and Ambroise, C. 2004. Analyzing microarray gene
expression data. Wiley series in Probability and Statistics.

Mutarelli, M., Cicatiello, L., Ferraro, L. et al. 2008. Time-course analysis
of genome-wide gene expression data from hormone-responsive human
breast cancer cells. BMC' Bioinformatics 9: S12.

Park, T., Yi, S.G., Lee, S. et al. 2003. Statistical tests for identifying differen-
tially expressed genes in time course microarray experiments. Bioinfor-
matics 19: 694-703.

Parmigiani, G., Garrett, E.S., Irizarry, R., and Zeger, S.L. 2003. The analysis
of gene expression data: methods and software. Springer New York.

Smyth, G.K. 2004. Linear models and empirical Bayes methods for
assessing differential expression in microarray experiments. Statisti-
cal Applications in Genetics and Molecular Biology 3, Iss.1 (Art.3).
http://www.bepress.com/sagmb/vol3/issl/art3

Smyth, G.K. 2005. Limma: linear models for microarray data. In Bioinformat-
ics and Computational Biology Solutions using R and Bioconductor, eds.
R. Gentleman, V. Carey, S. Dudoit, R. Irizarry, and W. Huber, 397-420.
Springer New York.

Storey, J.D., and Tibshirani, R. 2003a. Statistical significance for genome wide
studies. Proc. Nat. Acad. Soc. 100: 9440-9445.

Storey, J.D., and Tibshirani, R. 2003b. SAM thresholding and false discovery
rates for detecting differential gene expression in DNA microarrays. In
The Analysis of Gene FExpression Data: Methods and Software, eds. G.
Parmigiani, E.S. Garrett, R. A. Irizarry, and S.L. Zeger, 272-290. Statis-
tics for Biology and Health, Springer.

Storey, J.D. 2003c. The positive false discovery rate: A Bayesian interpretation
and the g-value. Ann. Stat. 31: 2013-2035.

Storey, J.D., Xiao, W., Leek, J.T., Tompkins, R.G., and Davis, R.W. 2005.
Significance analysis of time course microarray experiments (with sup-
plementary material). Proc. Nat. Acad. Soc. 102: 12837-12842.



26 Bayesian Modeling in Bioinformatics

Tai, Y. C. and Speed, T.P. 2006. A multivariate empirical Bayes statistic for
replicated microarray time course data. Ann. Stat. 34: 2387-2412.

Tai, Y. C. and Speed, T.P. 2008. On gene ranking using replicated microarray
time course data. Biometrics.

Tusher, V., Tibshirani, R., and Chu, C. 2001. Significance analysis of microar-
rays applied to the ionizing radiation response. Proc. Nat. Acad. Soc. 98:
5116-5121.

Yang, Y.H., Dudoit, S., Luu, P. et al. 2002. Normalization for cDNA microar-
ray data: a robust composite method addressing single and multiple slide
systematic variation. Nucleic Acids Research 30, no. 4 (February).

Yuan, M. and Kendziorski, C. 2006. Hidden Markov Models for microarray
time course data in multiple biological conditions (with discussion). J.
Amer. Statist. Assoc. 101: 1323-1340.

Wit, E., and McClure, J. 2004. Statistics for Microarrays: Design, Analysis
and Inference. Wiley, Chichester, West Sussex, England.

Wu, H., Kerr, M. K., Cui, X., and Churchill, G.A. 2003. MAANOVA: A
software package for analysis of spotted cDNA microarray experiments.
In The Analysis of Gene Expression Data: Methods and Software, eds.
G. Parmigiani, E.S. Garrett, R. A. Irizarry, and S.L. Zeger, 313-341.
Statistics for Biology and Health. Springer.



Chapter 2

Classification for Differential Gene

Expression Using Bayesian
Hierarchical Models

Natalia Bochkina! and Alex Lewin?

LSchool of Mathematics, University of Edinburgh, Mayfield Road, Edinburgh
EH9 3JZ, UK; 2Dep artment of EpzdemzolKgy and Public Health Imperial
College, Norfolk Place London W2 1PG

2.1 Introduction ...........ioiniuini 27
2.2 Bayesian Hierarchical Model for Differential Expression ................ 30
2.3 Differential Expression between Two Conditions ....................... 33
2.4 Testing Hypotheses for Multiclass Data .................cocoiiiiia... 47
2.5 Predictive Model Checking ............cooiiiiiiiiiniiiiiiiiiniiiannan.s 50

AcCKNOwledgments . .......ouinii e 57

2.1 Introduction

High throughput DNA microarrays have become one of the main sources of
information for functional genomics. Microarrays permit researchers to cap-
ture one of the fundamental processes in molecular biology, the transcription
process from genes into mRNA (messenger RNA), that will be subsequently
translated to form proteins. This process is called gene expression. By quanti-
fying the amount of transcription, microarrays allow the identification of the
genes that are expressed in different types of cells, different tissues and to
understand the cellular processes in which they intervene.

Microarrays generally contain thousands of spots (or probes) at each of
which a particular gene or sequence is represented. The data from a given
array will share certain characteristics related to the manufacturing process
of the particular array used and the extraction and handling of the biological
sample hybridized to the array. The parallel structure of microarray exper-
iments makes them particularly suited to analysis using Bayesian hierarchi-
cal models. In the hierarchical model framework unobserved quantities are
organized into a small number of discrete levels with logically distinct and
scientifically interpretable functions. At each level of the model information
can be shared across parallel units. For example, gene expression experiments

27
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used by biologists to study fundamental processes of activation /suppression
frequently involve genetically modified animals or specific cell lines, and such
experiments are typically carried out only with a small number of biological
samples. It is clear that this amount of replication makes standard estimates
of gene variability unstable. By assuming exchangeability across the genes,
inference is strengthened by borrowing information from comparable units.

Another strength of the Bayesian framework is the propagation of uncer-
tainty through the model. Gene expression data is often processed through a
series of steps, each time ignoring the uncertainty associated with the previ-
ous step. The end result of this process can be overconfident inference. In a
Bayesian model it is straightforward to include each of these effects simulta-
neously, thus retaining the correct level of uncertainty on the final estimates.
Further, when including in the model structured priors that are associated
with classification, e.g. a mixture prior distribution, estimates of uncertainty
of the classification can be obtained along with the fit of the model.

One of the most widely studied problems involving microarray data is the
selection of groups of genes on the basis of their expression in mRNA samples
derived under different experimental conditions. Many Bayesian models have
been developed for differential expression between two conditions. We divide
these models in two groups, with respect to the type of the prior distribu-
tion used for modeling differential expression: firstly a prior using separate
distributions for data with and without differential expression, i.e. a mizture
prior, and secondly a prior distribution without any structure which we re-
fer to as an unstructured prior and which is also known as a noninformative
or objective prior. Since it can be argued that any prior can be either non-
informative or objective, we use the term unstructured instead. These are
fit by Empirical Bayes and employ various strategies to estimate posterior
probabilities of genes being differentially expressed or simply rank the genes
in order of differential expression. Fully Bayesian models which can estimate
the proportion of differentially expressed genes as part of the model include
Broét et al. (2002), Reilly et al. (2003), Do et al. (2005), Lonnstedt & Britton
(2005), Bhowmick et al. (2006) and Lewin et al. (2007). Baldi & Long (2001),
Bhattacharjee et al. (2004) and Lewin et al. (2006) use unstructured priors
on the differential expression parameters. A smaller number of models can
be used to find genes which are differentially expressed amongst several ex-
perimental conditions (Parmigiani et al., 2002; Kendziorski et al., 2003; Broét
et al., 2004; House et al., 2006; Gottardo et al., 2006; Bochkina & Richardson,
2007). These models have been reviewed in some detail in Lewin & Richardson
(2007).

In this chapter we review our work using Bayesian hierarchical models to
select groups of differentially expressed genes. We focus on different choices
of structure used to model the differences in expression between conditions,
and on several possible decision rules used to classify genes as differentially
expressed or otherwise.

Section 2.2 introduces the modeling framework used in Lewin et al. (2006),



Classification for Differential Gene Expression 29

Bochkina & Richardson (2007) and Lewin et al. (2007), including some discus-
sion of normalization between arrays and modeling gene variability. Section
2.3 discusses in detail several possible ways to infer differential expression. We
consider both mixture and unstructured priors on the differential expression
parameters. Bayesian inference in a mixture model is fairly straightforward,
using posterior probabilities for each gene of allocation into the various mix-
ture components. Different mixture components can be said to correspond to
different hypotheses on the level of differential expression. The unstructured
model does not provide a natural definition of the null hypothesis, therefore we
must define it. We consider both point and interval null hypotheses, including
the adaptive gene-dependent interval null proposed in Bochkina & Richard-
son (2007), as well as a fixed interval null. For classification in the mixture
model and for the approaches using interval null hypotheses, we use a simple
loss function defined in terms of misclassification between hypotheses. Conse-
quently we can give Bayesian estimates of the false discovery rate (FDR). In
other cases we use frequentist definitions of the FDR to define decision rules.

We use one particular data set to illustrate most of the methods in this
chapter. This is a set of mRNA measurements for five wildtype mice and six
mice with the gene IRS2 knocked out (Craig et al., 2007). The measurements
were made using Affymetrix arrays and the data was preprocessed using the
standard RMA algorithm (Irizarry et al., 2003). In Section 2.3.7 the advan-
tages and disadvantages of the different classification approaches are discussed
and illustrated on this data set.

Section 2.4 extends the problem to finding genes which are differentially
expressed across several experimental conditions. In this case the choice of
the null hypothesis is more complex, as it involves several comparisons of
interest. In practice, if the null hypothesis is rejected, it is important to dis-
tinguish between difference patterns of differential expression, e.g. whether a
gene is differentially expressed in all comparisons or in just one. We extend
the decision-theoretic approach for testing a simple hypothesis to this more
complex setup.

A major difference between the mixture and unstructured models priors is
that using a parametric mixture prior we must perform model checks. This
is often neglected in Bayesian analysis. Even when using the unstructured
model for differential expression, the priors on the gene variances should still
be checked. Section 2.5 describes predictive model checking for hierarchical
models, demonstrating how this is done for both gene variances and differential
expression parameters.
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2.2 Bayesian Hierarchical Model
for Differential Expression

We start with a linear model, in which log gene expression 4, for gene g,
experimental condition s and replicate r is modeled by a Normal distribution
with additive effects for gene and array:

Ygsr ™~ N(,Ugs + ﬂgsra U;S) (21)

where 114, is the underlying gene expression level of gene g in condition s, B¢s;
is the array effect, which depends on g through the overall expression level
(see below), and 038 is the gene-specific variance for condition s. We denote
the number of genes by n and the number of replicates in condition s by R.

2.2.1 Normalization

Microarray data usually exhibit systematic differences between mRNA lev-
els measured on different arrays. Very often the systematic effects for differ-
ent genes are seen to depend on the overall level of expression of the genes.
These effects can be accommodated in the linear model by the array effect
parameters Bys.. Ideally these should be estimated as part of the model, si-
multaneously with other model parameters. For example, Lewin et al. (2006)
model the array effect as a smooth function of the expression level oy =71 ,
that is Bgsr = fsr(ag). For flexibility, f,, is chosen to be a quadratic spline:

ﬁgsr=bi%+bii>o< — ag) + by (g — ao)?
+ strk aST’k)ZI[Oég > asrk] (22)

where the polynomial coefficients bgf,)k and knots ag. are unknown parameters

which are estimated as part of the model. The priors on the spline parameters
are intended to be non-informative. The knots as,; are Uniformly distributed
on (ag,ax+1) where ag and ax 41 are fixed lower and upper limits (chosen to
be wide enough not to affect the results). Polynomial coefficients bgf,)k have
independent N (0, 10%) priors.

An additive constraint is needed to identify the model given in equation
(2.1), since constants can be transferred between the gene and array effects.
Our choice is usually to normalize in a non-linear way within each condition
by setting Bgs, = 0 for all g, s, where the dot indicates that we are taking an
average over the index r. This fully identifies the model. Normalizing using
all genes within condition seems reasonable, as we do not expect systematic
differences between genes on replicate arrays. It is sometimes necessary to
further normalize between conditions by centering the differences between
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tigs for different s. Alternatively, many people normalize across all arrays in
one experiment, regardless of condition. This can be done in a similar manner
by requiring 3, = 0 for all g. In this case the model is not fully identified,
and the differences between 114, must be centered.

In practice the array effects often have low variability and it can be rea-
sonable to treat them as fixed. This can be done using spline functions or
locally weighted regression (loess), for example the loess estimates for the
array effects (normalizing within each condition) are

ﬁgsr = Z Wgj (yjsr - gjs) (23)
JEN (9)

where N(g) is a neighborhood of g with respect to expression level, and
the points are weighted by distance: wy; = (1 — (dgj/max;(dgy;))?)* and
dg; = |Uj.. — Yg..|- Model (2.1) can then be fit on data yge, —Bgsr, with no array
effect terms in the model. Algorithmic methods are also available for normal-
izing arrays (Workman et al., 2002; Bolstad et al., 2003). These perform a
transformation on the data without explicitly estimating array effects.

Since we used an algorithmic normalization for the main data set used in
this chapter, we here illustrate array effects using a data set consisting of gene
expression measures for three wildtype mice (Febbraio et al., 1999; Lewin
et al., 2006). Figure 2.1 shows both posterior mean array effects and loess
estimated array effects, as functions of expression level. The two estimating
methods agree very well, except at very low expression levels, where there is
very little data to estimate the curves.

2.2.2 Shrinkage of Gene Variances

Genes show wide variation in the amount of normal variability in expression,
therefore we cannot assume equal variances for all genes. Often microarray
experiments are performed with very small numbers of replicate arrays in each
experimental condition. As a consequence, simple sample variance estimates
can be very unstable. In a Bayesian hierarchical model, it is straightforward
to stabilize the estimates of gene variances by assuming they are exchangeable
within each condition.

Thus at the second level of our hierarchical model, the variances are assumed
to come from a common distribution. This is essentially a random effects
model for the variances, so we model variability around a “central” variance.
We use either a log Normal

035 ~ logNorm(as, bs) (2.4)
or an Inverse Gamma distribution:

0;52 ~ Gam(as, bs). (2.5)
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FIGURE 2.1: Array effects as a function of expression level, for a wildtype
mouse expression data set of 3 arrays, as presented in Lewin et al. (2006). Solid
lines represent the spline array effects found as part of the Bayesian model,
dashed lines represent the loess smoothed array effects. The histogram shows
the distribution of the observed gene expression levels. Differences between
the spline and loess curves are only apparent at low expression levels, where
there is very little data.

When using the log Normal, the hyperparameters as,bs have N(0,0.001)
and Gam(0.01,0.01) priors respectively; for the Inverse Gamma both have
Gam(0.01,0.01) priors. These distributions are proper approximations of im-
proper Jeffreys priors, with density functions f(z) = 1 for z € (—o0, +00) and
f(z) =1/x for x € (0,400) respectively.

Figure 2.2 compares the posterior mean gene variances found using the
exchangeable model with the raw sample variances. The sample variances
are each estimated using only 5 measurements (the number of wildtype mice)
whereas the exchangeable variances use information from all genes (5 x 22690
measurements). In the exchangeable model the variances are shrunk towards
the center of the variance distribution. The right hand plot of Figure 2.2
compares the posterior mean variances using the Inverse Gamma and log
Normal priors. There is some difference in the degree of smoothing. Model
checks can be used to assess the adequacy of the different choices of variance
prior (see Section 2.5).
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FIGURE 2.2: Left: sample variances and posterior mean variances (Inverse
Gamma prior) for the IRS2 mouse data (wildtype only). Right: posterior mean
variances from the Inverse Gamma and log Normal priors.

2.3 Differential Expression between Two Conditions
2.3.1 Classification Framework

It is useful to write the expression levels in two experimental conditions as

Hg1 = g — 64/2,
fg2 = Otg + 04 /2, (2.6)

where a4 represents the overall expression level for gene g and ¢, represents
the log differential expression. For two-color arrays the data can be given
as log fold changes between the conditions (the data is paired) and in that
case there is no o, parameter. When the data is given separately for the two
conditions, ag must be modeled. It is usually treated as a fixed effect, so no
information is shared between genes for this parameter.

In differential expression problems, the aim is to produce a list of genes
which are expressed at different levels between different experimental con-
ditions. Usually this corresponds to finding genes with sufficiently different
means ftg1 and pge of log expression, or, equivalently, with |§,| sufficiently
large.
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The fold change parameter d, can be given an unstructured prior 4 ~ 1
(e.g. Baldi & Long, 2001; Bhattacharjee et al., 2004; Lewin et al., 2006), which
assumes no prior information on d4, or alternatively it can be given a mixture
prior which aims to group genes into the categories differentially expressed
and not differentially expressed. The mixture prior is written

g ~ wo fo(:|¢o) + (1 —wo) f1(+|d1) (2.7)

with mixture component f; representing differentially expressed (DE) genes
and component fo representing non-differentially expressed (non-DE) genes
(Lonnstedt & Speed, 2003; Smyth, 2004). The weight wq is the prior prob-
ability of a gene being non-DE. We concentrate on these two types of prior
here.

The posterior distribution of §, is used to identify DE genes. This can be
formulated as a classification problem, using a loss function to quantify the
penalties for misclassification, or as a hypothesis testing problem. In the clas-
sification framework we aim to classify genes into two groups, differentially
expressed (DE) or not (non-DE), so there are two possible types of misclassi-
fication: genes that are truly not differentially expressed but are classified as
DE (false positives), and genes that are truly DE but are classified as non-DE
(false negatives). Thus there are two possible penalties for misclassification,
one for false positives, one for false negatives. If the ratio of these two penal-
ties is the same for all genes and is denoted by A, the corresponding expected
loss function given data is defined as

E(Lly) < 3 B(DE@]y) + 1 3 POEy), (2.8)
g€So geSL

where Sj is the set of genes classified as non-differentially expressed, S; is
the set of genes classified as differentially expressed. DE“ means gene ¢
is truly differentially expressed, DE® means it is not. The corresponding
optimal decision rule for classifying genes as differentially expressed (found
by minimizing the expected loss) is

P(DED[y) > peut, (2.9)

with pewt = A/(1+ A). This can be seen by considering that each gene con-
tributes exactly one term to the expected loss (2.8), either P(DEY|y) or

)\]P’(DE(g)|y). In order to minimize the expected loss, classify gene g into S;
it \P(DE?|y) < P(DE@|y), i.e. (1 — B(DE®|y)) < P(DE® |y), which is
equivalent to (2.9) with the specified p.:. This classification approach works
for the mixture model and in fact for any Bayesian model with non-zero prior
mass of genes being in either of the DE or non-DE groups.

We refer to a data summary used for classification (in this case the posterior
probability p, = P(DE|y)) as a decision function (as a function of data),
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and to an expression such as py < peut Or Pg > Peut as a decision rule. More
generally, other types of data summaries p, can be used as a decision function;
we shall see an example of a decision function of a different type in Section
2.3.6.

Bayesian estimates of the false discovery (FDR) and false non-discovery
(FNR) rates associated with the decision rule above are given (Newton et al.,
2004) by

=5 <q>
FDR = Z DE
|Sl| geS
FNR= — Y P(DE@[y), (2.10)
|SO| g€So

where FDR is the expected ratio of the number of false positives to total
number of declared positives, and FNR is the expected ratio of the num-
ber of false negatives to the total number of declared negatives (Benjamini
& Hochberg, 1995; Storey, 2002). The false discovery rate is widely used in
classical statistical analysis of gene expression data. It is useful to be able to
give this estimate when comparing with different analysis methods and it has
generally been found in simulation studies that (2.10) gives quite accurate
estimates of the true FDR.

When a mixture prior is used for d4, the DE and non-DE classes naturally
correspond to the different mixture components. With an unstructured prior,
there is no such natural definition. In this situation it can be useful to for-
mulate the problem in terms of hypothesis testing, where the null hypothesis

corresponds to the non-DE genes (thus Hé 9 corresponds to DEY and H,; (9)
to DE(g)). We consider both the usual point null hypothesis:

9D 5,=0 vs HY:5,#0, (2.11)
and also an interval null hypothesis:
D16, <0, vs HD : |6, > 0, (2.12)

considered, for instance, in Lewin et al. (2006) and Bochkina & Richardson
(2007). A decision function with fixed 8, = 6 uses prior information about the
threshold on 6, which separates DE and non-DE genes (Lewin et al., 2006).
If there is no a priori knowledge about the threshold, an adaptive variable-
dependent threshold 6, related to variability of gene g has been proposed
(Bochkina & Richardson, 2007).

The loss function (2.8) and the estimates of FDR and FNR (2.10) are
suitable for models with an unstructured prior on 6, and an interval null

hypothesis (with DEY — H ) and DEW@ — H, (g )). However they are not
applicable to models where the prior (and thus the posterior) distribution for



36 Bayesian Modeling in Bioinformatics

04 has a zero mass of null hypothesis, e.g. the unstructured prior and point
null hypothesis (2.11). In such cases, an appropriately chosen decision function
pg can be viewed as a test statistic from a frequentist point of view, and an
estimate of FDR based on frequentist ideas can be used instead.

Following different choices of prior, null hypothesis and decision rule, we
compare 5 setups:

1. Mixture prior, decision rule (2.9) (Lewin et al., 2007), i.e. with p, =
P(H" ly);

2. Unstructured prior, interval null hypothesis (2.12) with a fixed interval
[—0, 0] and decision rule (2.9) (Lewin et al., 2006), i.e. with p; = P(|d4| >
0ly);

3. Unstructured prior, interval null hypothesis (2.12) with adaptive gene-
dependent interval [—04,0,] and decision rule (2.9) (Bochkina &
Richardson, 2007), i.e. with p; = P(|d4| > b4]y);

4. Unstructured prior, point null hypothesis (2.11) and decision function
pg =P(|d4] > 04]y) (Bochkina & Richardson, 2007);

5. Unstructured prior, point null hypothesis (2.11) and decision function
pg = P(d; > 0]y) (Bochkina & Richardson, 2007).

The choice of the null hypothesis determines the estimate of FDR (and FNR
if possible) that we apply. For example, in the third and fourth setups we
have the same prior and the same type of the decision rule but different null
hypotheses and thus different estimates of FDR. The decision function in the
last setup is equivalent to one-sided p-values (Bochkina & Richardson, 2007)
which are considered in a particular (conjugate) case by Smyth (2004).

Below we describe these 5 setups in more detail. For illustration of the
methods in this section we will use IRS2 microarray data referred to in the
Introduction.

2.3.2 Mixture Model

A finite mixture distribution is a weighted sum of probability distributions,

K-1
Sg~ > wifr(-|on), (2.13)

k=0

where the weights sum to one (ZkK:_Ol wg = 1). Each mixture component has
a certain distribution fj, with parameters ¢;. The weight wy represents the
probability of d, being assigned to mixture component k. In the context of
differential expression, most mixture models used consist of two components
(K = 2), one of which (fy) can be thought of as representing the “null hy-
pothesis” of there being no differential expression (Lonnstedt & Speed, 2003;
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Parmigiani et al., 2002). The second component (f1) corresponds to the al-
ternative hypothesis that there is differential expression.

Two types of prior are usually considered for the non-DE genes. The first
uses a probability mass at zero with density function fo(z) = do(z). Here
do(z) stands for Dirac function, §o(0) = oo and do(x) = 0 for = # 0. This type
of mixture is often known as a spike and slab model. The second choice is a
“nugget” null, fo(z) = N(0,&2) with small values of ¢ > 0. The first type of
mixture corresponds to the point null hypothesis (2.11) and the second to the
null hypothesis which is an e-“neighborhood” of the point null (for discussion,
see e.g. Lonnstedt & Britton (2005)).

Usually, there is less information available to specify the density of the
alternative hypothesis. For computational reasons, it can be convenient to
choose a conjugate setup with equal variances in the two conditions (e.g.
Lonnstedt & Speed, 2003):

fi(z) = N(0,c0?), (2.14)

where 03 is the variance in each of the two groups and ¢ > 0. Alternatively,

one could choose a uniform prior corresponding to the case of equal weight
on all non-zero values of ¢, within chosen support:

fi(z) =Ul-n-,n4], n-,n+ >0. (2.15)

Another possible approach to choose the alternative distribution is to allow
for asymmetry in the prior distribution of the log fold change. For example,
Lewin et al. (2007) proposed to use a mixture with the following three com-
ponents: §; = 0 (non-DE) with prior density fo, 6, > 0 (DE, up regulated)
with prior probability density function fi(z | ¢4), and 64 < 0 (DE, down
regulated) with prior probability density function f_(x | ¢_). This mixture
model can be written as:

bg ~ wo fo(x) + wir fr(z | o) +worf-(z | ¢-). (2.16)

In addition to flexibility of modeling the prior distribution of d4, classifi-
cation into these components is important for biological interpretation as
the division of DE genes into up and down regulated which corresponds to
opposite relationships to a studied biological process. The two components
case, (2.13) with K = 2, can be viewed as a particular case of (2.16) with
wir f(z) = wifi(z | ¢1)I(z > 0) and wy f-(z) = wifi(z | ¢1)I(z < 0),
with weights w1 and w_1 such that fi and f_ are probability density func-
tions sharing common parameters ¢1. Lewin et al. (2007) proposed to use
gamma distributions for fi and f_:

Fi(alés) = Gam(alhe,ny),  f-(2lo_) = Gam(—z]A_,n_),  (2.17)

where ¢4 = (A4, n4) and ¢_ = (A_,n_). Since the choice of the parametric
families fj affects gene classification, mixed posterior predictive checks were
used to choose the mixture model best fitting the data (see Section 2.5).
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In the fully Bayesian mixture models described above, the decision whether
a gene is differentially expressed is usually made using the posterior proba-
bility of a gene being allocated to the null mixture component. The mixture
example given by (2.13) can also be written as

59|z9 ~ fzg(¢zg)a P(Zg = k) = Wk,

where z, are allocation variables which label the mixture component to which
gene g is assigned. Here the allocation variables z, take values 0 and 1 for the
two component mixture and values —1, 0 and +1 for the three component
mixture. The posterior probability of gene g being in component k is P(z, =
kly).

In the two-component mixture models, classification to the first component

zg = 0 corresponds to the event that hypothesis Hég ) holds, and classification

to the second component z;, = 1 corresponds to hypothesis Hég) rejected.

Thus, the loss function for the two component mixture

E(Lly) o< Y P(zg #0ly) + A Y Pz = 0ly) (2.18)

gEeSo geSt

is equivalent to the loss function (2.8) and thus is minimized by defining S
as the set of genes for which P(z4 # 0ly) > A/(1+ A), i.e. genes are classified
using a threshold on the posterior probabilities of classification in the mixture.
This is not the only possible choice of loss function. Miiller et al. (2007) discuss
different loss functions and the decision rules they lead to.

Thus the Bayesian estimate of FDR (2.10) can be used for mixture models,
based on the posterior probabilities of classification into components:

S 1
FDR= Y P(z, = 0ly), 2.19
geEST

(see Newton et al., 2004; Broét et al., 2004; Miiller et al., 2007). An estimate
of the false non-discovery rate can be defined similarly.

For mixtures of more than two components, one may consider different rules.
For the 3 component mixture (2.16), in addition to two penalty terms in (2.18),
an additional penalty term can be introduced which penalizes misclassification
between non-null components fy and f_:

E(Lly)oc D Pz #0]y)+A D> Pz =0]y) (2.20)

9€So0 9¢So
FA| D Plzyg=—1ly)+ > Plzg=+1]y)|, (221)
geS Y geS_

where S_, Sy and Sy are defined by the decision rule: the groups of genes
classified into the negative, zero and positive mixture components respectively,
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FIGURE 2.3: Decision areas for 3 component mixture in the (P(z, = —1 |
y),P(zy = +1 | y)) space for different combination of penalty ratios. All plots
(apart from Bayes rule) have B = 0.4.

labelled as —1,0,+1 (Lewin et al., 2007). The parameter X is, as before, the
ratio of the penalties for false positives and false negatives (for classifying genes
as null or non-null), and ) is the ratio of the third penalty (for misclassifying
between different non-null categories) to the penalty for false negatives.

The optimal decision rule can be written as:

1. dg =0if pgo > 1 — B — (A+ 1) min(pg +1,pg,—1);
2. dg =+11if pg.41 > max{py,—1,Apg—1 + B};
3. dg = —1if pg 1 > max{py 1, Apy,+1 + B},

where py; = P(z, = jlz), j € {~1,0,+1}, B=A/(A+1), A= /(A+1) - 1.
Different shapes of decision rules that arise from different values of A and B
are shown in Figure 2.3.
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When A = 0 (A = —1) the loss function (2.20) reduces to the usual loss
function for a 2-component mixture, leading to a simple rule classifying a gene
as differentially expressed if p; = P(z4 = 0| y) < 1/(A+ 1). This rule treats
the left and right hand mixture components as one alternative distribution.
This rule works well for genes which do not have high posterior probability
of belonging to both left and right hand components. For genes with either
P(zy = —1ly) or P(z, = +1|y) equal to zero, the 3-component rule also
reduces to the 2-component rule. When A = \ = 1 (A = -0.5, B =0.5,
bottom right plot in Figure 2.3), we obtain the Bayes rule, classifying each
gene into the component it has maximum posterior probability of belonging
to. When there are genes with non-negligible posterior probability of being in
both left and right components, it is of interest to use the more general loss
function. For example, consider a gene with posterior probabilities 1/3,1/3—¢
and 1/34 ¢ of being allocated into the under-expressed, null and overexpressed
components respectively (for small € > 0). The rule with A = 0 and the Bayes
rule would declare this as differentially expressed, but it could be argued
that this gene should be classified as non-differentially expressed, as it has
essentially equal evidence for under and over-expression. The contribution to
the loss function of this gene is (2/3 + €)I[g € So] + (A(1/3 —€) + A/3)I[g €
S 14 (M1/3 =€)+ A(1/3+€)I[g € S_]. This gene will never be classified in
S_, as the third term is always bigger than the second. It will be classified in
Sop rather than in S; when (1 — 3€)\ + A > 2 + 3e. Thus rules with A + X > 2
classify this gene as non-differentially expressed.

In Figure 2.3 we can see how the relationship between the penalty ratios
1, X and X affects the classification areas. If A > 1 — B | i.e. if the penalty
ratio A for the misclassification between components +1 and —1 is too large,
namely greater than twice the sum of the other two penalty ratios, there is no
possibility of jumping between the different alternative hypotheses (Figure 2.3,
top left; the intersection of the classification lines with the axes is at point
B=1/(A+1)).If A€ [0,1— B],ie. \is large but not as large as before,
then there is a possibility of jumping between the alternative components
(Figure 2.3, top right; intersection with the axes is again at point B). If A < 0,
fe if A< 1+ A, then more genes are classified into the alternative components
(Figure 2.3, bottom left; intersection with the axes is at point B/(1 — A)). In
all cases, the higher the value of A\, the more genes are classified into the null
component (this can be seen for example in Figure 2.3, top left).

2.3.3 Unstructured Prior, Fixed Interval Null

In this and the following sections, we consider the unstructured (noninfor-
mative) prior for the log fold change parameter d,:

Sy~ 1. (2.22)

Function f(x) =1, € (—o0,+00), is a density of the improper distribution
which is invariant to shifts. However, it is easy to show that the posterior
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FIGURE 2.4: Posterior mean of d, under the mixture prior (y-axis) and
under the unstructured prior (x-axis) for IRS2 data.

distribution of J, is proper under the likelihood (2.1) for a sufficient number
of observations. The posterior mean estimates of J; under a mixture and the
unstructured prior distributions are plotted in Figure 2.4. It can be shown
that the unstructured mean estimate coincides with the empirical mean, and
the mixture estimate shrinks small values towards zero. Suppose that the
genes of interest are those whose fold change is above a certain (a priori
fixed) value ¢, set according to a biologically interesting level of differential
expression. Then differential expression is defined as d, being greater than
log ¢, corresponding to an interval null hypothesis with the interval fixed a
priori (2.12) with # = logc. Loss function (2.8) implies the optimal decision
rule (2.9), namely P(|d4] > logc | y) > peus in this case. The corresponding
Bayesian estimates of FDR and FNR (2.10) in this case are given by

— 1

FDR = — Y P(|5,| < logcly),
151 =5,

— 1

FNR= — > P(§,] > logcly).
S0l =5,

This approach was proposed by Lewin et al. (2006) and it combines statistical
significance with biological significance, through the choice of c.
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2.3.4 Unstructured Prior, Adaptive Interval Null

When the interval for an interval null hypothesis is required not to be fixed
a priori, Bochkina & Richardson (2007) suggest to use an adaptive interval
null hypothesis where the cutoff depends on gene-specific variability. This can
be written as an interval null hypothesis (2.12) where the threshold 6 depends
on the variable-specific parameters o7, and oy:
A < 18,0 < 0(0%) vs H .6, > 6(02). (2.23)

Following the strategy described in Section 2.3.1, for the loss function (2.8)
corresponding to such a null hypothesis, the optimal decision rule for classi-
fying genes as DE is given by P(|0y| > 6(02;) | y) > peur and the Bayesian
estimates of the false discovery and non-discovery rates are given by

FDR— Z (104 < 8(ozr) | ¥),
qGS

FNR— Z (164 > 0(o3) | ).
‘7650

Threshold 6(02,) = ¢ \/ 021 /R1 + 07,/ Ry with some positive constant ¢; sug-

gested by Bochkina & Richardson (2007) is directly related to variability. It
depends explicitly on the variance parameters of the model and is propor-
tional to the conditional standard error of d,. The corresponding decision rule
is based on

P(ldg]/vg > ctly), (2.24)

where v = 07, /R1 + 075/ Ra. In the context of microarray data, this is the
posterlor probablhty of the between variability of |d4| exceeding the within
variability vy by ¢;. It can also be interpreted as a fixed interval hypothesis
for the standardized log fold change t, = d4/v, with a fixed threshold ¢;. The
authors suggest a default choice of ¢; = 2, i.e. that the between variability
|04] exceeds its conditional standard error v, by a factor of 2. Bochkina &
Richardson (2007) suggested a parametrization of the threshold ¢; by a pa-
rameter o € (0,1): ¢, = ®(1 — a/2) := t(®) where o can be interpreted as
the tail of the posterior distribution of J, if its observed value g, were zero.
Under the new parametrization, p, is called a tail posterior probability. The
authors also proposed an alternative type of threshold 6, that depends on the
variability of the data implicitly (not discussed here).

2.3.5 Unstructured Prior, Bayesian Decision Rule, Point
Null

In this section we are interested in studying the frequentist performance of
decision functions based on Bayesian posterior probabilities, particularly those
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based on interval null hypotheses. We concentrate on the decision function
P(|64] > civg | y) based on the adaptive interval hypothesis defined in Section
2.3.4, which behaves as a frequentist test statistic in the sense that it has a
gene-independent distribution under the point null hypothesis (Bochkina &
Richardson, 2007).

We cannot estimate the FDR for the point null hypothesis using Bayesian
methods since under the unstructured prior P(6, = 0 | y) = 0 and thus the
Bayesian estimate of FDR is 0. However, if we treat p, = P(|dg]/vy > c]y)
as a test statistic, it has a gene-independent distribution under the point null
Hy: 6, =0, the frequentist FDR for the selection rule p; > pey: is given by

D P cut | H
FDR(peut) = — (Py > peut| Ho) (2.25)

P(pg > pcut)

where wy is the probability that a gene is not differentially expressed (Storey,
2002). The probability P(pg > peut) in the denominator can be estimated as
the proportion of genes whose posterior probability is above peu:, and P(pgy >
Peut|Ho) is estimated by 1 — Fy(py) where Fy(p) is the cumulative distribution
function of p, under the point null hypothesis. To estimate wo, the approach
of Storey (2002) can be adapted to obtain the following estimate:

_ Card{g:ge{l,...,n}&p, < \}

with small values of A € [0.1,0.2], where Card{S} is the number of elements
in set S.

FDR estimates under the point null and under the adaptive interval hy-
potheses for IRS2 data are compared in Section 2.3.7.

2.3.6 Unstructured Prior, Point Null and Marginal P-Values

Bochkina & Richardson (2007) also consider a one-sided rule with threshold
zero: p(dg4,0) = P(d; > 0 | y) under the unstructured prior for d,. It is shown to
be equivalent to the corresponding one-sided p-value based on the moderated
t-statistic of Smyth (2004) when the equal variance model is used.

More generally, p(dq,0) is the complement to the right-sided p-value based
on the marginal distribution of 9, = 42 — Y41 where ygr = % Sk Ygkr, for
any prior distribution for the variance parameters (Bochkina & Richardson,
2007). Similarly 1 — p(d4,0) and 2max{p(dy,0),1 — p(dy4,0)} — 1 are comple-
ments to the left- and two-sided p-value respectively. Thus, testing the null
hypothesis 6, = 0 against alternatives d, > 0, d4 < 0 or §, # 0 using the
posterior probabilities above is equivalent to testing the same hypotheses us-
ing corresponding p-values based on the marginal distribution of g, under the
null hypothesis.

This result is a consequence of a more general theorem given in Bochkina &
Richardson (2007), that for any error distribution, if the location parameter
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is given the unstructured prior and the prior distributions of the remaining
parameters and of the location parameter are independent, then we also have
the correspondence between the posterior probability that the location pa-
rameter is greater than zero and the right-sided p-value under the hypothesis
that the location parameter is zero.

This shows the equivalence between the frequentist testing using marginal p-
values and the Bayesian approach where we compare the parameter of interest
dg to its value under H.

2.3.7 Discussion

We compare the decision rules described in the sections above. We intro-
duce notation to summarize all the posterior probabilities with unstructured
distribution of d,4: we denote p(Ty,0) = P(|T,| > 6 | y), with the exclusion of
the case with § = 0 and T; = 64 where p(d4,0) = P(64 > 0| y). Then, denot-
ing t; = dy/wy the standardized difference parameter, we have that p(dy, ¢)
is the posterior probability corresponding to the interval null hypothesis with
fixed threshold ¢, p(t,, t(®) corresponds to the tail posterior probability. The
mixture model was fit with the 3-component mixture prior

8, ~ woN (0, (0.07)%) 4+ w1 Gam ™) (5,71) + w_1Gam ) (5,7_), (2.26)

which was found to be a good fit to the data (see Section 2.5.2).

The criterion with the fixed threshold divides genes in three biologically in-
terpretable groups (see Figure 2.5b): genes whose “true” fold change is greater
than the threshold ¢ = log2 with posterior probability close to 1 (differen-
tially expressed), a large group of genes with “true” fold change greater than
log 2 with posterior probability close to 0 (non-differentially expressed), and a
small group of genes (compared to the other approaches), where there is sub-
stantial uncertainty whether their “true” fold change is above or below the
threshold. Interestingly, the volcano plot for the posterior probability with
the fixed interval threshold looks similar to the volcano plot for the posterior
probability based on the mixture prior (Figure 2.5a).

In contrast, for the two-sided criterion p(dg4,0); (Figure 2.5d), the interval
of observed fold changes where the posterior probability to be differentially
expressed is close to zero, is very narrow, and genes with 7, around zero can
have high posterior probability. Hence this posterior probability, as well as
the corresponding p-value, is difficult to interpret on its own, and in practice
a joint criterion with cutoffs both on the corresponding p-value and on the
fold change is often applied.

On the other hand, the tail posterior probability p(tg, (@), Figure 2.5c¢, is
much less peaked around zero than p(dy, 0), taking small values for observed
differences around zero and values close to one for large absolute differences,
thus specifying groups of genes with low as well as high probability of differ-
ential expression, without relying on an arbitrary threshold. In addition, it
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FIGURE 2.5: Volcano plots (g4, pg) based on different posterior probabil-
ities py for IRS2 data (o = 0.05). In (d), 2max(pg, 1 — py) — 1 is plotted for
the corresponding posterior probability.
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FIGURE 2.6: FDR estimates corresponding to 5 scenarios as labeled in
Section 2.3.1, plotted against the number of genes in the list (IRS2 data).

varies less steeply as a function of g, between low and high probabilities com-
pared to p(dy,0), with a large proportion of genes in between, thus allowing
us to choose genes with the desired level of uncertainty about their differential
expression.

FDR estimates under the 5 setups introduced in Section 2.3.1 are plotted
in Figure 2.6. FDR estimates for the decision rules for the fixed interval null
and the mixture have a good separation between gene lists with a low number
of false positives and a higher number of false positives. This reflects the
shape of the volcano plots for these two decision functions which have a flat
part around zero difference values and then rapidly increase to high values of
the corresponding posterior probabilities. All considered decision rules, apart
from the fixed interval null, agree on the first approximately 100 genes to be
differentially expressed with high probability. Comparing Bayesian (setup 3)
and frequentist (setup 4) decision rules based on the posterior probability of
the adaptive interval hypothesis, the Bayesian FDR estimate is lower than the
corresponding frequentist FDR estimate under the point null hypothesis for
gene lists larger than 100, and they coincide at being close to 0 for the gene
lists of size less than 100. The number of differentially expressed genes at the
5 setups with a conservative choice of FDR = 1% are 191, 71, 306, 128 and
441 respectively.

Advantages and disadvantages of the mixture and unstructured priors are
given schematically in Table 2.1. Note that given decision rules are determined
by the chosen loss function (2.8), and a different choice of loss function would
result in different decision rules. The mixture prior imbeds an a priori belief
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TABLE 2.1: Comparison of Mixture and Unstructured Model for d,

Mixture prior Unstructured prior
Model need to specify simple: 04 ~ 1
specification priors f1 and fo
Null hypothesis corresponds to need to specify
null component
Decision P(zg #0[y) > peuts need to specify,
rule interpretation of Bayesian or frequentist

pcut/(l - pcut) as
posterior odds

Bayesian estimate if interval
FDR (FNR) Bayesian estimate null; frequentist estimate
of FDR under certain
conditions if point null

Model checks need to perform to choose no need

for prior of d, appropriate fy and fi

Applicability any cost of FP and FN usually high cost of FP,
can be accommodated low cost of FN

that there are (at least) two groups of genes: DE and non-DE (DE genes
can be divided into further groups), which becomes a part of the model. The
part of the information needed to fully specify the mixture prior and which
is not usually available is the distribution of d, for DE genes (and even the
distribution of non-DE genes, as we shall see later). Thus, mixture models
require model checks to choose the prior distributions best explaining given
data. If we take the unstructured prior approach, we do not need to perform
the model checks for the distribution of §, as in the mixture model approach.
However, in this case we need to specify a decision rule to classify genes,
which in the cases considered here corresponds to specifying the length of the
interval null hypothesis or appropriate choice of test statistic.

2.4 Testing Hypotheses for Multiclass Data

In this section we consider an approach suitable to discovering genes of in-
terest for data sets with more complex design than considered in the previous
section, for example to compare the actions of several drugs and a control
sample simultaneously, or to compare different tumor samples. As with the
mixture models described previously, it can be useful to describe the clas-
sification of genes in terms of null and alternative hypotheses. There are a
number of different choices of alternative hypothesis for multi-class data.
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Consider a data set with M conditions (classes):

ygST‘NN(,u/gs70'§S)7 S:].7...,]\47

and the contrasts 64 = (041, ..,0gm) Which we want to compare to zero are
given by the matrix C":

0g = Clyg,
where 11y = (f4g1,- - -, lgm) is a vector of means for gene g.

Suppose that we are interested in testing a compound hypothesis about two
parameters d41 and dgo ( or, more generally, about a subset of parameters d,;,
1€ S C{l,...,m}) for each gene g:

H 61 = 649 = 0. (2.27)

A common approach is to consider an ANOVA-type alternative, i.e. a negation
of Hég ) In this case, F-statistic can be applied (Smyth, 2004; Broét et al.,
2004). If the null hypothesis is rejected, one is left with a bouquet of differ-
ent types of rejections, i.e. rejected for different combinations of conditions
where a gene is differentially expressed. In practice, it is however of interest
to discover a pattern of differential expression for each gene, e.g. in which
conditions it is differentially expressed and in which conditions it is not. Sep-
arating these different types by taking the intersection of the single-hypothesis
decision rules, e.g. dg1 = 1 and dg2 = 1 for genes differentially expressed in
both comparisons, does not take into account possible dependence between
parameters which is commonly present in Bayesian hierarchical models.

For the compound null hypothesis (2.27), there are 3 available patterns
for rejecting the null hypothesis: a gene is differentially expressed only in
comparison 1 {641 # 0,d42 = 0}, only in comparison 2 {d41 = 0,042 # 0}, or
that a gene is differentially expressed in both comparisons {041 # 0,842 # 0}.
Thus, it would be useful to be able to make a decision to which pattern each
gene belongs to.

A simple way to take into account dependence is to consider a joint loss
function for several parameters of interest for each gene:

LGPy = 3 S Ar,(P)I{dg ~ Pr),

geEPy P

where Py stands for the decided (estimated) pattern of differential expression
(e.g. “DE, DE”), P, for the true pattern of the parameters, and I{dg ~ P;} is
the indicator which equals 1 if §, follows pattern P;, and 0 otherwise. Ap, (P;)
is the penalty for discovering pattern P; instead of true pattern P;; if the
patterns P; and P; match the penalty is zero.

Bochkina & Richardson (2007) performed structured testing of the interval
version of hypothesis (2.27) in a sequential way. First, for each comparison of
interest they tested the pairwise hypothesis (2.12) and thus identified com-
parisons with differentially expressed genes, two in their data set. The next
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FIGURE 2.7: False discovery (FDR) and non-discovery (FNR) rates for
different thresholds, simulated data, as presented in Bochkina & Richardson
(2007). Joint probability: light, minimum of pairwise probabilities: dark.

biological question, to find genes differentially in both comparisons, was an-
swered using the following loss function:

L(6,d%,0) =Y (1 —d)I{[551] > 0, & |[Sg2] > 0,}

g
+ )‘czdgl{wgﬂ < by or|dge| < by},
g

where dj = 1 if a gene is classified as differentially expressed in both com-
parisons, and dy = 0 otherwise. A is the relative penalty for false positives
in the compound hypothesis testing with respect to false negatives. This loss
function corresponds to testing structured alternative hypothesis:

HY) o 50 =00r 6, =0, vs HP" : 5,1 # 0 and 649 # 0,
with the optimal decision rule
p) = P{l6g1] > 0y &|[06g2] > by | y} > 1/(1+ ). (2.28)

The authors showed on simulated data that using the joint decision function
results in a lower FDR and a similar FNR compared to combining individual
gene lists if the parameters g, /6, are correlated (Figure 2.7). This may occur,
for instance, if an adaptive interval hypothesis is used with ¢, depending on
the variance parameter which is shared between the conditions compared.
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2.5 Predictive Model Checking

Since we are using a parametric modeling framework, we need to perform
some checks to ensure the model is an adequate fit to the data. The un-
structured priors used on the overall level of gene expression and differential
expression parameters impose very little on the data: posterior mean esti-
mates of these parameters are close to the simple estimates using means over
replicates. However, the exchangeable prior used on the gene variances and
the mixture prior for differential expression parameters do impose a structure
on the data, leading to shrinkage of the model parameters. The parametric
form chosen for these priors has an effect on the amount of shrinkage, and in
the case of the mixture distribution, effects the classification of genes into the
different mixture components. In this section we describe how to use predic-
tive model checks to assess these two parts of the model (the priors for the
gene variances and fold change parameters).

Our approach to model checking is to make predictions about new data
points using the fitted model. In order to do this, there are two issues to
consider. One is how to make the comparison between the predictions and the
observed data. The other is how to make predictions from the model in the
first place.

Checking Function

We want a measure of fit for each gene, rather than just one summarizing
the fit of the whole model. We can then look at the distribution of these
measures, which makes the checks much more sensitive to the shape of the
prior distribution compared to a single p-value per model. It also allows us to
consider some genes as outliers, rather than rejecting a model based on the
measures of fit for a handful of genes.

There are a number of ways to obtain a measure of fit for each gene (Gelman
et al., 1996). The most straightforward way is by using a Bayesian p-value.
This has the advantage that the distribution should be near Uniform if the
model fits the data well. We use the p-value as a convenient measure of differ-
ence between model and data. Departures from uniformity can give us useful
information about the way in which the model can be improved (as will be
seen in Section 2.5.2).

Prediction Scheme

Ideally we would like to perform cross-validation, in which part of the data
is left out whilst fitting the model and making predictions. The predictions
would then be compared with the data which was left out. However, with
thousands of genes this would not be practical, as the model would have to
be estimated thousands of times.

Instead we use a posterior predictive distribution (Gelman et al., 1996), for
which data points are not removed from the data set. This means that the
model can be run just once, and predictions made for each gene simultane-
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ously. However, care must be taken with this approach, as posterior predictive
p-values can be very conservative, as the predictions from the model have been
influenced by the data to be compared with. If the influence on the model of
one particular data point is large, a very small p-value can never be obtained
for that data point, so the distribution of p-values is not Uniform, even when
fitting the correct model (Bayarri & Berger, 2000).

The key here is the amount of influence the data for one gene has on the pre-
dictive distribution. We use the example of modeling variances exchangeably
to illustrate this point. Figure 2.8 shows a directed acyclic graph (DAG) for
the part of the model involving gene variances (here Sy, is the sample variance
(Rs—lfl) Er(ygsr — ggs,)Q and Ry is the number of replicate arrays for condition

s). The naive way to define a posterior predictive distribution in our hierar-

chical model would be to predict a new sample variance S Y for each gene
conditional on the model variance cr for that gene. However the predicted

Sgs (rred) il be strongly dependent on the observed sample variance Sgye {obs) , as

can be seen from the conditional independence structure of the DAG.
A better way is to use the so-called mized predictive distribution (Gelman

et al., 1996; Marshall & Spiegelhalter, 2003, 2006). This is found by predicting

(miz) conditional on the second level parameters

new first level parameters a?
as,bs, and predicting new data points S ™) conditional on the predicted first
level parameters, hence the name “mixed” predictive. The S{™) depend on
the observed sample variances only through the global parameters as, bs, and
thus the influence of each gene on the predicted sample variances is vastly
reduced. This is emphasized by the fact that the mixed predictive sample
variances do not have a g index. The mixed predictive distribution is in fact
a posterior predictive distribution, conditioned on different model parameters
from the naive posterior predictive distribution.

2.5.1 Checking Gene Variances

For the purposes of model checking (and fitting) it is convenient to write the
first level of the model in terms of the observed sample means and variances:

Ugs. |,ug5a Ugs ~ N(UgSv UZS/RS)

1
§(RS - 1)7

1 _
Sgslos, ~ Gam( 5 (Rs = 1o,?) (2.29)
As seen in the previous section, Sy is dependent on just one set of gene-

specific parameters, 0’28, and these are dependent on the hyperparameters
mlz)

as,bs. Therefore the mixed predictive density of S

F(Smin |yobs = / F(ST 0y, by (s, baly®)dasdbs,  (2.30)
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FIGURE 2.8: Directed acyclic graph for the part of the model involved in
predicting sum of squares data. Solid lines show the actual model being fitted,
while dotted lines show the predicted quantities.

where 7(as, bs|y°®) is the posterior density of as, bs and f(S§’””)|as, bs) can

be found by predicting new parameters crf (miz).

02 ") (0 M fag, by,

) ) 1 1 ;
S0 2 (m15)  Gigmy <§(Rs 1), 5(R, - 1>a;2<mw>) (2.31)

2
gs*

The S{™®) can be simulated from the same Monte Carlo Markov Chain
(MCMC) run as the model parameters. This is done by predicting a new

o (Mi®) 4t each MCMC iteration conditional on the current values of as, b,

and predicting 5™ conditional on o2 ™) as shown in (2.31). If the MCMC

where 7(.]as, bs) is the prior density on o

chain has converged, the simulated values of will be a sample from the
mixed predictive distribution. The Bayesian p-values are then defined as

P(S{mi) > Globs)|yobs), (2.32)

These can be calculated by averaging an indicator function over MCMC iter-
ations.

Figure 2.9 (left hand plot) shows the mixed predictive p-values for sample
variances for the model using the Inverse Gamma prior for exchangeable gene
variances given by equation 2.5 (with unstructured prior on the d4). This
model gives a reasonable fit for the sample variances. As a comparison, we
also show an example which does not fit well. The right hand plot shows the
predictive p-values for the same model except that all genes have the same

variances: o5, = oz with 672 ~ Gam(0.01,0.01).
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FIGURE 2.9: Bayesian predictive p-values for checking the gene variance
prior, for two models applied to the IRS2 data (wildtype data only). Left:
exchangeable variances, right: equal variances.

In this non-hierarchical model the predictive distribution is not called a
mixed predictive, but it is in fact a global distribution for the sample variances,
and so will suffer very little conservatism due to using the data to fit the
model and compare to predictions. When the ags are integrated out of the
hierarchical model the global distribution for the sample variances (Sys|as, bs)
is much wider than the global Inverse Gamma (Sys|02) used in the non-

hierarchical model. This is the reason for the better fit of the model.

2.5.2 Checking Mixture Prior

In this section we will use the notation g, to denote the sample log fold
change 42. — yg1.- These are the quantities which will be predicted from the
model in order to check the mixture prior. As before, we want to predict new
Jg from the global prior without using gene-specific parameters. However,
the situation is more complicated than for the sample variances as there are
several sets of gene-specific parameters which may affect the g,. Figure 2.10
shows the DAG for part of the model involving ;. The parameter oy is not
shown as it is a fixed effect and so re-predicting this parameter would have
negligible influence on §,. Our investigations have shown that re-predicting

the gene variances ags also has little effect on the Bayesian p-values for g,
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FIGURE 2.10: Directed acyclic graph for predicting the data means. Solid
lines show the actual model being fitted, while dotted lines show the predicted
quantities.

so we condition on these in all results shown here. Therefore we have left the
035 out of the DAG as well.

We are left with the gene-specific parameters d, and z,4. In the same way as
(i) in order to reduce the influence of the observed
sample variances on S’émim), here we will have to predict new ¢ in order to
reduce the influence of the observed fold changes on the predicted 7.

Looking at the DAG, it would seem that we would want to re-predict the
allocation parameters z as well, since this would take us back to the global

mixture distribution (with parameters wy and ¢). In this case we would
obtain the predicted quantities ggm“”““’) shown in the DAG. The predictive

miz.w)

we had to predict new o2

distribution for §§ can be written

F(am e y) = /f(z?ém”'“’)|¢>,w7y°bs)7f(¢>,WIyabS)dcbdw,

where 7(¢, w|y°"*) is the posterior density of ¢, w and f(gém”'w)@, w,y°)
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can be found by predicting new parameters:
) N " fr (- )
k

Gmie ) ~ Niag F 820 /2, 02, R,)

yémlz w) _ y;gnzw) o g;rlnizw) (233)

This prediction scheme enables us to assess whether the overall shape of the
mixture distribution is a good fit for the data. Note that gf,m”'“’) has a g
index only because of the dependence on oy and USS. There is no g index in
the mixture contribution to the log fold changes, thus individual genes will
have little influence on the predictions.

However, if we are using the mixture to classify genes into separate compo-
nents, it would be good to be able to predict from each component separately.
We can do this by choosing to go back only as far as the three separate dis-
tributions. This means using the predicted y(n(ng <) separately for each k,
where the index k = —1,0, 1 labels the mixture components. The predictive

distribution for y(n(ng ) g

( 77(7,;; SC)| ObS /f (m“: sc) |¢k; )W(¢k|y0bs)d¢ka

where 7(¢x[y**) is the posterior density of ¢, and f(g, (m” b1, y°b*) can
be found by predicting new parameters:

S o (o)
g(mw: .sc) ~ N(Oég == 5(mw:.sc)/2’ UZS/RS)

gs.(k)
~(miz.sc) __ —(miz.sc) _(miz.sc)
Y0 T Yg2.00 T Ygr.0) (2.34)

Agaln the g index in y(”(m)C 5) appears only because of the dependence on «y

and Ugs, thus individual genes will have little influence on the predictions for
each mixture component.

There is an additional issue when comparing the predictive distributions
for the separate mixture components with the observed data. At any given
MCMC iteration, the information for ¢; comes only from genes with z, = £
at that iteration. Therefore the comparison for each component should only
be made for genes which are classified with reasonably high probability to
that component. We define conditional Bayesian p-values:

Pk = PR > G5 |y, 2y = ) (2.35)
and look at the distributions of py, (separately for each k) only for genes allo-
cated with P(z, = k|y°*) above some threshold. This reduces the contribution
of the mis-classified genes.
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FIGURE 2.11: Bayesian mixed predictive p-values for checking separate
mixture components, for two models applied to the TRS2 data. The three
columns show histograms of the p-values for components z = —1,0,1 sep-
arately. Each histogram uses only genes allocated to that component with
posterior probability greater than 0.5. Top row shows results for the Gamma
model in Equation 2.36, bottom row shows results for the Uniform model in
Equation 2.37.

As an example, Figure 2.11 shows the mixed predictive p-values checking
separate mixture components for two different mixture models fitting the IRS2
data described in the introduction. The first model is the one used to produce
the results in Section 2.3.7, that uses the mixture prior

8y ~ woN (0, (0.07)%) 4+ w1 CGam ™) (5,71) + w_1Gam ) (5,7_). (2.36)

The variances have an exchangeable Inverse Gamma prior. This is a model we
consider to fit the data reasonably well. To compare, we also show an example
of a model which does not fit well. This is the same as the previous model,
but using the following mixture prior:

69 ~ ’wo(SQ + w+1Unif(0, 3) + U}flIJIlif(—?)7 0) (237)

The histograms of p-values are plotted separately for each mixture component.
Each histogram uses only genes allocated to that component with posterior
probability greater than 0.5.

In both cases the outside mixture components have a deficit of extreme
p-values (small values for the left-hand component, large values for the right).
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This is inevitable, due to the overlap between the mixture components. Genes
which would have extreme p-values for the outside components are those which
are more likely to be allocated to the central component, and hence do not
contribute to the histograms for the outside component p-values.

However, the shape of the p-value distributions can give us information
on how the model can be improved, since the shape indicates the difference
between the shapes of the ﬂggﬁ;'sc) and gngbS) distributions. For the Uniform
model the histograms for the outside components are skewed, suggesting that
any Uniform distribution would be the wrong shape for this data (indeed
we find this to be true for models with different parameters in the Uniform
distributions).

In addition, the Uniform model appears to have an excess of extreme p-
values for the central distribution. The Gamma model has flatter distributions
of p-values for all three components, suggesting this model is an adequate fit
to the data.
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Abstract  We present a Bayesian variable selection procedure that is ap-
plicable to genomewide studies involving a combination of clinical, gene ex-
pression and genotype information. We use the Mode Oriented Stochastic
Search (MOSS) algorithm of Dobra and Massam (2010) to explore regions of
high posterior probability for regression models involving discrete covariates
and to perform hierarchical log-linear model search to identify the most rele-
vant associations among the resulting subsets of regressors. We illustrate our
methodology with simulated data, expression data and SNP data.

Key words: Bayesian analysis; contingency tables; expression data; log-
linear models; model selecton; SNP data; stochastic search; variable selection.
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3.1 Introduction

High-throughput sequencing studies together with clinical and physiological
data produce large amounts of biological information that is used for molec-
ular phenotyping of many diseases. Due to the extremely small sample size
relative to the total number of possible covariates, it is imperative that the
key feature in the development of predictive models based on a combination
of gene expression, genotype and phenotype data should be the selection of
a small number of predictors. Many variable selection approaches proposed
in the literature involve using univariate rankings that individually measure
the dependency between each candidate predictor and the response — see, for
example, Golub et al. (1999); Nguyen and Rocke (2002); Dudoit et al. (2002);
Tusher et al. (2001). Besides the need to address complex issues related to
assessing the statistical significance of a huge number of null hypothesis tests
associated with each individual predictor (Benjamini and Hochberg (1995);
Efron and Tibshirani (2002); Storey and Tibshirani (2003)), there is no the-
oretical justification of the implicit claim that the resulting set of predictors
can be converted into a good classification model for two reasons: (i) the vari-
able selection criteria are not necessarily related to the actual classification
method; (ii) there is no clear way to include other candidate variables if the co-
variates already selected do not lead to the desired classification peformance.

The alternative is to take into consideration combinations of predictors,
that leads to an exponential increase of the number of candidate models.
Exhaustively enumerating all these models is computationally infeasible for
genomewide studies, thus a lot of efforts have been invested in finding stochas-
tic search algorithms that are capable of quickly discovering regions of interest
in the model space. In the context of linear regression, the stepwise meth-
ods of Furnival and Wilson (1974) can only be used for very small datasets
due to their inability to escape local modes created by complex patterns of
collinear predictors. A significant step forward were Markov chain Monte Carlo
(MCMC) algorithms that explore the models space by sampling from the joint
posterior distribution of the candidate models and regression parameters —
see, for example, George and McCulloch (1993, 1997); Green (1995); Raftery
et al. (1997); Nott and Green (2004). Excellent review papers about Bayesian
variable selection for Gaussian linear regression models are Carlin and Chib
(1995), Chipman et al. (2001) and Clyde and George (2004). Lee et al. (2003)
make use of MCMC techniques in the context of probit regression to develop
cancer classifiers based on expression data. Theoretical considerations related
to the choice of priors for regression parameters are discussed in Fernandez
et al. (2003) and Liang et al. (2008).

Of particular interest for us is the analysis of genomewide single-nucleodite
polymorphisms (SNPs) data — see, for example, Christensen and Murray
(2007). While some relative consensus seems to emerge on the design of such
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studies, emphasizing the advantage of multistage designs in terms of cost-
efficiency, their analysis raises many methodological questions, yet not an-
swered — see Thomas et al. (2005). Hoggart et al. (2008) address the problem
of multiple testing in SNP data arising from multiple studies and genotyping
platforms. Although Schaid (2004) points out that single-marker analysis ex-
ploits a fraction of the information that exists in multilocus genotype data,
only a few papers proposed analytic approaches that go beyond this exhaus-
tive single-marker association testing. Marchini et al. (2005); Zhang and Liu
(2007) showed the feasibility of genome-scale testing of the joint effect of two
markers, but their extension to higher dimensionality problems still needs
to be demonstrated. Wang and Abbott (2008) describe a multiple regression
approach in which the predictors are the principal components of the sample
covariance matrix of the SNP genotype scores. Clark et al. (2007) identify com-
binations of SNPs and environmental factors associated with disease status by
extending the logic trees of Ruczinski et al. (2003) to a Bayesian framework.
Swartz et al. (2007) discuss the use of model selection and Bayesian methods
in the context of genomewide association studies (GWAS, henceforth) with
the aim of selecting the best subsets of markers associated with the outcome
of interest. Cordell and Clayton (2002) give a stepwise logistic regression pro-
cedure applicable for small, tightly linked subsets of the genome, while Lunn
et al. (2006) extend this approach to a Bayesian framework that accounts
for uncertainty in variable selection and missing data. Verzilli et al. (2006)
proposed Bayesian graphical models for GWAS discrete data. Model selection
and fitting is based on the MCMC approach of Madigan and York (1995).
This methodology focused only on decomposable graphical models restricted
to SNPs physically close to each other, thereby potentially ignoring the com-
plex nature of association patterns in GWAS. Therefore there is a compelling
need for developing appropriate methodologies for GWAS, allowing an effi-
cient evaluation of a large number of multi-marker models, where the markers
can be linked or unlinked.

MCMC methods can have a slow convergence rate due to the high model
uncertainty resulting from the small number of available samples. This un-
certainty is readily apparent when there are many models each with a very
small posterior probability and the total posterior probability of these models
approches one. Any MCMC approach might fail to discover better models in
a reasonable number of iterations because it spends most of its time moving
around models that are ultimately not relevant. MCMC algorithms are re-
quired only if the model parameters cannot be integrated out. If the marginal
likelihood of each model can be evaluated exactly or at least approximated,
more efficient stochastic search methods that do not attempt to sample from
the posterior distribution over all candidate models can be developed. A very
good example is Yeung et al. (2005) who develop a multi-class classification
method by introducing a stochastic search algorithm called iterative Bayesian
model averaging. While this method performs very well in the context of gene
selection in microarray studies, it is still based on an univariate ordering of the
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candidate predictors. Hans et al. (2007) make another step forward and pro-
pose the shotgun stochastic search (SSS) algorithm that is capable of quickly
moving towards high-probable models while evaluating and recording com-
plete neighborhoods around the current most promising models.

The aim of this chapter is to describe the use of the Mode Oriented Stochas-
tic Search (MOSS, henceforth) algorithm of Dobra and Massam (2010) to per-
form variable selection in regression models involving discrete covariates. We
further employ MOSS to determine the most probable hierarchical log-linear
models associated with the small subsets of regressors identified at the vari-
able selection step. As such, our proposed methodology represents a unified
framework of the variable selection MCMC methods of Lunn et al. (2006) and
of the graphical models selection approach of Verzilli et al. (2006). However,
our model determination step is not restricted to a subset of decomposable
log-linear models as proposed in Verzilli et al. (2006). The use of MOSS makes
our methods scale to genomewide data due to its abilility to rapidly reach re-
gions of high posterior probability in the target models space.

Following the ideas in Pittman et al. (2004) and Hu et al. (2009), we trans-
form the observed data in multi-way contingency tables. While there is an
inherent loss of information associated with our proposed discretization, we
are able to treat covariates coming from various sources (e.g., expression lev-
els, SNPs or clinical data) in a coherent manner. In addition, we reduce the
influence of the particular choice of the normalization method employed for
the initial pre-processing of the available information.

The structure of this chapter is as follows. In Section 3.2 we recall MOSS
introduced by Dobra and Massam (2010) in the context of hierarchical log-
linear models. We show the connections between MOSS and SSS, and describe
how to use MOSS to perform small subsets regression selection. In Section 3.3
we briefly discuss the conjugate priors for log-linear parameters from Massam
et al. (2009) and give the formula for the marginal likelihood of a regression
involving the response variable and a reduced number of predictors. In Section
3.4 we show how to transform the observed data into a multi-way contingency
table. In Section 3.5 we describe our Bayesian model averaging algorithm for
performing variable selection and for developing efficient multi-class classi-
fiers. Sections 3.6, 3.7 and 3.8 illustrate the use of our proposed methods for
simulated datasets, expression data and SNP data, respectively. In Section
3.9 we make some concluding remarks.

3.2 MOSS

We denote by (n) the available data. The Bayesian paradigm to model
determination involves choosing models m with high posterior probability
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Pr(ml|(n)) selected from a set M of competing models. We associate with
each candidate model m € M a neighborhood nbd(m) C M. Any two models
m, m’ € M are connected through at least a path m = my,ma,...,m; = m’
such that m; € nbd(m;_1) for j = 2,...,1. The neighborhoods are defined
with respect to the class of models considered. There are two types of models
of interest for the development of our framework:

(i) Regressions. As described in Hans et al. (2007), the neighborhood of a
regression m containing k regressors is obtained by: (i) addition moves: indi-
vidually including in m any variable that is not in m. The resulting neighbors
contain k + 1 regressors; (ii) deletion moves: individually deleting from m any
variable that belongs to m. The resulting neighbors contain k — 1 regressors;
and (iii) replacement moves: replacing any one variable in m with any one
variable that is not in m. The resulting neighbors contain k regressors. Re-
placement moves are extremely important especially if we restrict the search
to models having at most k' regressors, where &’ is small (say, at most 5) with
respect to the total number of available predictors. Since a variable cannot be
added to a regression with k' predictors, a stochastic search algorithm would
have to move to a smaller dimensional model before being able to consider
a new covariate for inclusion in the current model. Here we assumed that no
interactions among two or more predictors are considered for inclusion in a
regression model. Since the search involves only main effects, each term can
be included or removed independently. The removal of a main effect involved
in an interaction requires the deletion of the corresponding interaction term,
hence other types of moves would have to be developed — see Hans et al.
(2007).

(i) Hierarchical log-linear models. The neighborhood of a hierarchical model
m consists of those hierarchical models obtained from m by adding one of its
dual generators (i.e., minimal interaction terms not present in the model) or
deleting one of its generators (i.e., maximal interaction terms present in the
model). For details see Edwards and Havranek (1985) and Dellaportas and
Forster (1999).

The MC? algorithm proposed by Madigan and York (1995) constructs an
irreducible Markov chain my, t = 1,2, ... with state space M and equilibrium
distribution {Pr(m|(n)) : m € M}. If the chain is in state m; at time ¢, a
candidate model m' is drawn from a uniform distribution on nbd(m;). The
chain moves in state m’ at time ¢ + 1, i.e. myy; = m’ with probability

min {1 Pr(miq1|(n))/#nbd(me41) }
" Pr(myl(n))/#nbd(me)  J7

where #nbd(m) denotes the number of neighbors of m. Otherwise the chain
does not move, i.e. we set my4; = my.

Jones et al. (2005) and Hans et al. (2007) build on the M C3 approach to
construct the shotgun stochastic search (SSS) algorithm specifically designed

(3.1)
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to explore regions of high posterior probability in the candidate model space.
SSS originates from earlier ideas proposed in Dobra et al. (2004). It visits
the space by evaluating the posterior probability Pr(m’|(n)) of each model m/
in the neighborhood of the current model m and by choosing a new current
model by sampling from these candidates with probabilities proportional with
Pr(m/|(n)). The efficiency of SSS comes from the fact that it focuses on rapidly
moving towards models that maximize Pr(m|(n)), m € M. As opposed to
SSS, MC? might spend most of its time exploring models with low posterior
probability if there are many such models and their total posterior probability
dominates the space. This is precisely what happens when the sample size
remains fixed while the number of candidate models increases rapidly which
leads to a high degree of model uncertainty.

Dobra and Massam (2010) define the mode oriented stochastic search
(MOSS, henceforth) algorithm that identifies models in

M(c) = {m € M :Pr(m|(n)) > c- max Pr(m’|(n))} , (3.2)
where ¢ € (0,1). As proposed in Madigan and Raftery (1994), models with a
low posterior probability compared to the highest posterior probability model
are discarded. This choice drastically reduces the size of the target space from
M to M(c). For suitable choices of ¢, M(c) can be exhaustively enumerated.
MOSS makes use of a current list S of models that is updated during the
search. Define the subset S(c¢) of S in the same way we defined M(c) based
on M. Define S(¢’) with 0 < ¢/ < ¢ so that S(¢) C S(¢). Let g be the prob-
ability of pruning the models in S\ S(¢). A model m is called explored if all
its neighbors m’ € nbd(m) have been visited. A model in S can be explored
or unexplored. MOSS proceeds as follows:

PROCEDURE M0SS(c,c,q)

(a) Initialize the starting list of models S. For each model m € S,
calculate and record its posterior probability Pr(m|(n)). Mark m as
unexplored.

(b) Let £ be the set of unexplored models in S. Sample a model m €
L according to probabilities proportional with Pr(m/|(n)) normalized
within £. Mark m as explored.

(c) For each m’ € nbd(m), check if m’ is currently in S. If it is not,
evaluate and record its posterior probability Pr(m/|(n)). If m' € S(¢),
include m’ in S and mark m’ as unexplored. If m’ is the model with
the highest posterior probability in S, eliminate from S the models in
S\ S().

(d) With probability ¢, eliminate from S the models in S\ S(¢).
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(e) If all the models in S are explored, eliminate from S the models in
S\ S(¢) and STOP. Otherwise go back to step (b).

END.

At step (c) the models m’ € nbd(m) can be considered in any possible order.
As opposed to M C? or SSS, MOSS edobra623652nds by itself without having
to specify a maximum number of iterations to run. In a MOSS search, the
model explored at each iteration is selected from the most promising models
identified so far. In M C? or SSS, this model is selected from the neighbors of
the model evaluated at the previous iteration. This feature allows MOSS to
move faster towards regions of high posterior probability in the models space.

Choosing c in the intervals (0, 0.01], (0.01,0.1], (0.1,1/3.2], (1/3.2,1] means
eliminating models having decisive, strong, substantial or “not worth more
than a bare mention” evidence against them with respect to the highest pos-
terior probability model — see Kass and Raftery (1995). We recommend using
a value for ¢’ as close to zero as possible. The role of the parameter ¢’ is to
limit the number of models that are included in S to a manageable number.
We also suggest running the algorithm with several choices of ¢, ¢/ and ¢ to
determine the sensitivity of the set of models selected.

3.3 Conjugate Priors for Hierarchical Log-Linear
Models

Massam et al. (2009) developed and studied the conjugate prior as defined
by Diaconis and Ylvisaker (1979) (henceforth abbreviated the DY conjugate
prior) for the log-linear parameters for the general class of discrete hierarchical
log-linear models. We outline the notation and most relevant results from
Massam et al. (2009). We also give a formula for the marginal likelihood of a
regression model induced by these conjugate priors.

3.3.1 Model Parameterization

Let V be the set of criteria defining the contingency table. Denote the power
set of V by &£ and take &, = & \ {0}. Let X = (X,, v € V) such that X,
takes its values (or levels) in the finite set I, of dimension |I,|. When a fixed
number of individuals are classified according to the |V| criteria, the data is
collected in a contingency table with cells indexed by combination of levels
for the |V| variables. We adopt the notation of Lauritzen (1996) and denote
a cell by i = (iy, ¥ € V) € T = XyevZy. The count in cell ¢ is denoted n(7)
and the probability of an individual falling in cell 4 is denoted p(7).

For E C V, cells in the F-marginal table are denoted ig € Igp = X erZ,.
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The marginal counts are denoted n(ig). For N =3, ;- n(i), (n) = (n(i), i €
T) follows a multinomial M(N,p(i), ¢ € Z) distribution with probability

density function
P((n)) - < (JX)) [ (3.3)
ieT

Let ¢* be a fixed but arbitrary cell that we take to be the cell indexed by the
“lowest levels” of each factor. We denote these lowest levels by 0. Therefore
i* can be thought to be the cell i* = (0,0,...,0). We define the log-linear
parameters to be

0(ip) = Z (=) og p(ip, i) (3.4)
FCE

which, by the Moebius inversion, is equivalent to

plin, i) =exp Y 0(ir) . (3.5)

FCE

Remark that 0y(i) = log p(i*), i € Z. We denote 0y(i*) = 6y and p(i*) = pg =
exp 0p. It is easy to see that the following lemma holds.

LEMMA 3.1
If forv € E,E CV we have i, =i} =0, then 0(ig) = 0.

3.3.2 The Multinomial for Hierarchical Log-Linear Models

Consider the hierarchical log-linear model m generated by the class A =
{A1,..., A} of subsets of V', which, without loss of generality, can be as-
sumed to be maximal with respect to inclusion. We write D = {F Cg A;,i =
1,...,k} for the indexing set of all possible interactions in the model, in-
cluding the main effects. It follows from the theory of log-linear models (for
example, see Darroch and Speed (1983)) and from Lemma 3.1 that the fol-
lowing constraints hold:

0(ig) =0, E¢D (3.6)

Therefore, in this case, for ig € I}, (3.5) becomes

log p(ip,ije) = logp(i(E)) = Oy + > 0ir). (3.7
FCE,FED,ir€l}

and after the change of variable (n) = (n(i),i € I*) — (n(ig), E € &),
the multinomial distribution for the hierarchical log-linear model becomes
the distribution for the random variable Y = (n(ip),D € D,ip € I}) with
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density

fo(y;0) cexp{ Y >~ 6(ip)nlin)

DeDipel},
~Nlog (1 Y e Y G(ip)) (3.8)
E€Eq i€} FCpE
with respect to a measure pioo(y). It is important to note here that
0p = (0(ip), D€ D, ip € Ip) (3.9)
is the canonical parameter and
pp = (p(i(D)), D€ D, ip €I}), (3.10)
is the cell probability parameter of the multinomial distribution of m. The

other cell probabilities p(i(F)), E ¢ D are not free and are a function of pp.

3.3.3 The Diaconis—Ylvisaker Conjugate Prior

The natural exponential family form of the distribution of the marginal
counts Y = (n(ig),E € D,ig € I}) of a contingency table with cell counts
n(7),t € T is given in Equation (3.8). The conjugate prior for 6 as introduced
by Diaconis and Ylvisaker (1979) is

7p(0pls,a) = Ip(s,a) " h(0p), (3.11)

where Ip(s,a) = fRdD h(6p)dfp is the normalizing constant of wp(0pls, a),

the dimension of the parameter space dp is 3 pcp [,ep(IZy] — 1) and
h(0p) =exp{ > > 0(ip)s(ip) (3.12)
DeDipeTs
_alog (1 + 3 Y e Y o(z'p)) . (3.13)
EcEq ip€T} FCpE
The corresponding hyper-parameters are:
(s,a) = (s(ip),D € D,ip € I},a), s € R®, aeR. (3.14)

Massam et al. (2009) give a necessary and sufficient condition for the dis-
tribution in Equation (3.11) to be proper as well as two methods to choose
hyper-parameters (s, «) such that Ip(s,a) < +o0.

From the similarity between the form (3.8) of the distribution of the
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marginal cell counts Y and the form (3.11) of the prior on #, one can think
of the hyper-parameters s as the marginal cell entries of a fictive contingency
table whose cells contain positive real numbers. Consequently, o can be taken
to be the grand total of this fictive table. The lack of prior information can be
expressed through a non-informative prior specified by taking all the fictive

cell entries to be equal to ‘% so that

slip)= Y % . (3.15)

JEZ,jp=ip

In the case of decomposable log-linear models, this approach to constructing
a conjugate prior is equivalent to eliciting hyper-Dirichlet priors — see, for
example, Dawid and Lauritzen (1993) and Madigan and York (1997). While
the hyper-Dirichlet priors are restricted to decomposable log-linear models,
the properties of the Diaconis—Ylvisaker conjugate priors extend naturally to
graphical and hierarchical log-linear models.

Given the prior 7p(fpls, @), from the form (3.8) of the distribution of
the marginal cell counts Y, the posterior distribution of 8p given ¥ =y =
(n(iD),D €D,ip € ZB) is

mo(Oply, s, a) = ! Z Z p)+n(ip))

Ip(s +y, a+N DeDipelpx

—(a+ N)log (1+ Z exp Z H(ZF)) . (3.16)

E€&s,ip€l} FCpE

If we look at the posterior mp(6ply, s, @) as a function of (s, ), s(ip) +n(ip)
represent the (ip)-counts in the D-marginal entries of a table having the same
structure as (n) and whose entries are obtained by augmenting the actual cell
counts in (n) with the fictive cell counts from the prior. The grand total of
this augmented table is o + N.

3.3.4 Computing the Marginal Likelihood of a Regression

Let Y = X,, r € V be a response variable and X4, A C V'\ {r} are a set of
explanatory variables. Denote by (n)au¢ry and (n)4 the marginals of the full
contingency table (n). Here (n), (n) au{r} and (n)a are cross-classifications in-
volving Xv, X 4uqr} and X 4, respectively. Dobra and Massam (2010) explored
the connection between log-linear models and the regressions derived from
them. They expressed the regression parameters of the conditional [Y|X 4]
as a function of a log-linear model for Y and X 4. To assure the consistency
of the distributions for regression parameters associated with various subsets
of explanatory variables, we assume a saturated log-linear model for the full
table (n). After collapsing across variables Xy (aufr}), We obtain a saturated
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log-linear model for (n) gu¢ry- This means that the DY conjugate prior for the
saturated log-linear model for (n) reduces to the DY conjugate prior for the
saturated log-linear model for (n) 4y by setting some of the 6 parameters
to zero. A similar statement can be made about the posterior distribution in
Equation (3.16).

The properties shared by the DY priors and posteriors imply that the
marginal likelihood of the regression [Y]|X 4] is the ratio between the marginal
likelihoods of the saturated models for (n)u(r} and (n)a — see Dawid and
Lauritzen (1993); Geiger and Heckerman (2002); Dobra and Massam (2010):

Ipaoi (s + )2 a4+ N) - Ipa(s4, Q)
Ipa((s+y)4, a+ N) Ipaviry (849} a)’

Pr(r|A) = (3.17)

Dobra and Massam (2010) show that, for any set B C V, we have
Ips (s, 0) =T(af) [ [] T@®(ip.ipe)),
DeDBip€ETy
where

o® (ip,ig) Z Z ‘F\Dl s(Jr),

BDOFDOD jp€elf
Ur)D=iD

af =a+ > (=D s(ip).

DCB €T},

3.4 Discretizing Ordered Variables

The methods developed in this chapter perform well for datasets involving
covariates of almost any type. The only constraints we impose on the nature of
the observed covariates is that they have to be either categorical or their val-
ues can be ordered. Variables of the latter type are transformed in categorical
variables as follows. Let {x1,2,...,2,} be the possible values of x. Denote
by 1 <12 <...<Tp_1 < Tp = 0 a set of levels of x called splits. Here 1,
is the minimum value of x and k > 3. We replace each value z;, 1 < i < n,
by j € {1,...,k =1} if 7; < x; < 7j41. This implies that x is transformed
in a categorical covariate with (k — 1) levels. A sequential discretization of all
the observed variables leads to a multi-way contingency table (n) with the
same dimension as the original data. The table (n) is invariant to monotonic
transformations of covariates — see Hu et al. (2009).

The splits used for discretization can be chosen either based on background
information that might be available or can be defined to maximize the individ-
ual predictive ability of each covariate with respect to a categorical response
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variable y. Let x, be the categorical version of a predictor x, where 7 are a
set of splits for x. Following Pittman et al. (2004) and Hu et al. (2009), we
use percentiles as a possible choice of splits for continuous covariates such as
gene expression levels. A segregating SNP site has three possible genotypes:
0/0, 0/1 and 1/1, where 0 is the wild type and 1 is the mutant allele. Dial-
lelic SNPs can be represented as three-category discrete variables, or can be
dichotomized as presence of 0 vs. absence of 0, or as presence of 1 vs. absence
of 1.

We choose the splits 7 having the largest marginal likelihood in Equation
(3.17) of the regression of y on z,. Ideally we would like to consider combi-
nations of choices of splits for all available predictors and choose those splits
that lead to large values of the marginal likelihood of regressions of y on one,
two or more categorical predictors. Each predictor will have several categor-
ical versions associated with various splits sets. Unfortunately the datasets
resulting from genomewide studies precludes us to perform such large scale
computations, and we need to choose splits sequentially for each covariate.

The conjugate priors of Massam et al. (2009) are appropriate for the anal-
ysis of general multi-way tables in which each variable is allowed to have any
number of categories. In order to increase the mean number of observations
per cell we make the constraint that the data needs to be transformed in a
dichotomous rather than a polychotomous contingency table. The response
variable y is either dichotomous by design or has been dichotomized based
on background information. Each predictor is replaced by a dichotomous ver-
sion constructed with respect to 20, 21, ..., 80-th percentiles. The smallest and
largest percentile to be used as a split candidate is chosen such that at least
one sample falls in each of the two categories. However, we emphasize that
our theoretical framework can be employed to develop multi-class predictive
models — see Yeung et al. (2005) for a related approach.

3.5 Bayesian Model Averaging

Let (n) be the multi-way contingency table obtained by discretizing the
observed covariates as described in Section 3.4. As before, the variables cross-
classified in (n) are X,, v € V. Denote by ¥ = X,, r € V, a response
variable of interest. We use MOSS to identify regressions [Y|X4], A C V'\
{r} that maximize the marginal likelihood Pr(r|A) in Equation (3.17). We
assume that all the models are apriori equally likely, so that the posterior
probability of each regression is proportional with its marginal likelihood.
However, we are only interested in regressions involving a relatively small
number of predictors (less than five) because the available number of samples
is usually small. One should evaluate the mean number of observations per
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cell in a marginal (n) sur}, where A has the maximum number of predictors
allowed. If the resulting mean is too low, the maximum number of predictors
should be decreased.

MOSS identifies a set of regressions S for some ¢ € (0,1). The cutoff ¢
is chosen so that & = S(c¢) can be exhaustively enumerated. A regression
my; € S(c) is [Y|X4,] with A; C V\{r} and j € B. Here B is a set of indices.
The regression of Y on the remaining variables is a weighted average of the
regressions in S, where the weights represent the posterior probability of each
regression (see, for example, Yeung et al. (2005)):

Pr(Y = y|(n)) = Y Pr(Y =y|(n)a,) - Pr(m;|(n)). (3.18)
jEB

Since we assumed that all models are apriori equally likely, the posterior
probability of each regression is equal to its marginal likelihood normalized
over all the models in S:

_ Pr(r|4y)
Pr(m,|(m) =

leB

Madigan and Raftery (1994) show that the weighted average of regressions in
(3.18) has a better predictive performance than any individual model in S.
The revelance of each predictor X; can be quantified by its posterior inclusion
probability defined as the sum of the posterior probabilities of all the models
that include Xj.

There is an additional step we perform to assure the most parsimonious
versions of regressions [Y|A;] are employed in Equation (3.18). Dobra and
Massam (2010) developed a version of MOSS for hierarchical log-linear mod-
els with the DY conjugate priors. We use their stochastic search procedure to
determine the hierarchical log-linear model with the highest posterior proba-
bility for each marginal (1) 4,1}, where A; identifies a regression in S. Dobra
and Massam (2010) also determine the regression induced by a hierarchical
log-linear model for a given response variable Y. It is possible that some vari-
ables X, v € A; interact with Y indirectly through other variables in A;
and in this case [Y'|X,] reduces to [Y|Xg,] for E; C A;. Each regression
[Y'|X4,] in Equation (3.18) is the regression induced by the highest posterior
probability log-linear model for the marginal (n) 4,u¢,}- Since the same choice
of conjugate priors is employed in the stochastic search for regressions and in
the subsequent stochastic search for log-linear models, the overall consistency
of our variable selection method coupled with log-linear model determination
is guaranteed.

Dobra and Massam (2010) describe an algorithm called the Bayesian it-
erate proportional fitting (Bayesian IPF, henceforth) for sampling from the
joint posterior in Equation (3.16) of parameters 6 corresponding with a log-
linear model. The resulting posterior samples can be used to estimate the
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coefficients of the regressions in S(¢). The coefficients for the Bayesian model
averaging regression Pr(Y = y|(n)) from Equation (3.18) are estimated by
sampling from the joint posterior of the coefficients for each individual re-
gression m; = [Y|X4,], j € B, for a number of iterations proportional with

Pr(m;(n)).

3.6 Simulated Examples
3.6.1 First Simulated Example

We apply the MOSS algorithm to perform model selection when the set
of potential predictors exhibit strong pairwise correlations. This is a varia-
tion of the example suggested by Nott and Green (2004). As in George and
McCulloch (1997), we generate Zy, ..., Z15,Z ~ N3go(0,I), where N3oo(0, 1)
is the 300-dimensional normal distribution with zero mean and identity co-
variance matrix. Let X; = Z; + 27, ¢« = 1,3,5,8,9,10,12,13,14,15 and
also X2 = Xl + 015Z2, X4 = X3 + 01524, X6 = X5 + 015Z6, X7 =
Xg+ Xg— X10+0.15Z7 and X171 = X4+ X15 — X192 — X313 +0.1577;. George
and McCulloch (1997) point out that this design matrix leads to correlations
of about 0.998 between X; and X;y; for ¢ = 1,3,5. There are also strong
linear associations between (X7, Xg, Xg, Xl()) and (Xlla X12, Xlg, X14, X15).
We let X = [X 1 X (3] be a 300 x 30 design matrix obtained by independently
simulating two instances X ) and X of the 300 x 15 design matrix X.

Consider the 30-dimensional vector of regression coefficients 3 defined by

1.5, ifj=1,3,5,7,11,12,13,
B; = ¢ —1.5, if j =8,
0, otherwise.

We generate Y = X 3. The binary response Y is obtained as YJ =1ifY; >0
and Y; = 0 if Y} < 0.

We would like to study whether predictors that belong to X are not se-
lected by MOSS. Note that some predictors in X)) might still be selected
even if their regression coefficients are zero because of the complex correlation
structure that exists in this block.

We employed MOSS with ¢ = 0.333, ¢ = 0.0001, a pruning probability of
0.25 and five different starting points. We allowed MOSS to explore regressions
containing at most five predictors. In order to reduce the sample variability,
we report the results we obtained by averaging across 100 replicates of this
experiment. The percentage of selected predictors that belong to the block
X® is 100% with a 95% confidence interval of [50%, 100%]. This implies
that MOSS almost never selects predictors from X (). The mean number of
predictors selected is 2 with a 95% confidence interval of [1,9]. The mean
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number of regressions evaluated by each instance of MOSS was 1403 with a
95% confidence interval of [957.2,2615.2]. The number of possible regressions
with 5 predictors or less is 174437 which is indicative of how fast our proposed
stochastic search method can move towards models with high posterior prob-
ability.

We employed Bayesian model averaging to construct classifiers for Y based
on the regressions in the sets §(0.333). The mean area below the corresponding
ROC curves was 0.996 with a 95% confidence interval of [0.979, 1]. Therefore
MOSS can construct excellent classifiers by identifying predictors that are
actually related to the binary response.

3.6.2 Second Simulated Example

The second example was suggested by George and McCulloch (1993). We
generate Z1,. .., Zgo, Z ~ N120(0, I) and construct the 120 x 60 design matrix
X =(X1,...,Xe0) with X; = Z; + Z for i = 1,...,60. The average pairwise
correlations in X is about 0.5 which makes variable selection difficult. Con-
sider the 60-dimensional vector of regression coefficients 3 given by 3; = 0 if
j=1,...,15,8;, =1if j =16,...,30, 8; =2if j =31,...,45 and 3; = 3
if j = 46,...,60. We take Y = X 3. The binary response Y is obtained as
Y; =1ifY; > 0and Y; = 0if Y; < 0. Here the goal is to see if we do not
select the first 15 variables.

We run MOSS with the same choice of parameters as in the first simulated
example and replicate the experiment 100 times to reduce the sample variabil-
ity of the results. The mean percentage of predictors that are among the first
15 variables is 20% with a 95% confidence interval of [0%,40%)]. This is very
close to 25% that represents the actual percentage of “unwanted” predictors in
X. We can explain these results by the large correlations among the candidate
predictors and by the loss of information that occurs during dichotomization
of the response variable and of the predictors themselves. The mean number
of predictors selected is 4 with a 95% confidence interval of [1,20]. The mean
number of regressions evaluated by each instance of MOSS was 3681 with a
95% confidence interval of [1841, 7370]. This is much smaller than 5985198 —
the number of all possible regressions with 5 variables or less. Again, this in-
dicates the computational efficiency achieved by MOSS. The Bayesian model
averaging classifiers for Y have excellent predictive accuracy. The mean area
below the corresponding ROC curves was 1 with a 95% confidence interval of
[0.997,1].



78 Bayesian Modeling in Bioinformatics

3.7 Real Examples: Gene Expression
3.7.1 Breast Cancer Data

We analyze the breast cancer prognosis dataset from van’t Veer et al. (2002).
Here the goal is to develop a gene expression classifier to predict which patients
are likely to develop metastases within 5 years. Yeung et al. (2005) identified
4919 significantly regulated genes in the training set of 76 samples. The test
set comprises 19 samples. van’t Veer et al. (2002) select 70 genes based on
their high correlation with the response and report that only two samples in
the test set were incorrectly classified based on the expression levels of these
genes. Yeung et al. (2005) used Bayesian model averaging to produce a clas-
sifier that involves only 6 genes. Their predictive model gives 3 classification
errors on the test set.

We employed MOSS with ¢ = 0.5, ¢/ = 0.0001, a pruning probability of 0.1
and five different starting points. We searched for regression models contain-
ing at most 3 predictors. The number of models evaluated by MOSS in each
of the five instances were: 368779, 368781, 486787, 565463, and 206521. These
counts are very small compared to the total number of possible regressions
19837151360.

Using the ordering of the genes of Yeung et al. (2005), we identify seven
regressions in the set S§(0.5). These regressions involve 11 genes as follows:
TSPYL5 (1), NM_021199 (0.88), Contig31010_.RC (0.44), Contigl6367_RC
(0.22), AA555029.RC (0.1), IFIT3 (0.07), PDIA4 (0.07), Contig1829 (0.06),
CASC3 (0.06), GDS1048 (0.05), NUP210 (0.05). The numbers of parenthe-
ses represent the posterior inclusion probabilities of each gene. Remark that
only gene TSPYL5 was also selected by van’t Veer et al. (2002) and Yeung
et al. (2005) and is the gene with the highest posterior probability in our
ranking. The remaining 10 genes do not appear in the list of Yeung et al.
(2005). We were not able to determine the actual overlap between our list and
the candidate genes of van’t Veer et al. (2002). It is likely that this overlap
is empty because van’t Veer et al. (2002) select genes based on a univariate
dependency measure (correlation), while we take into account combinations
of at most three genes and the response. Yeung et al. (2005) consider similar
combinations in their stochastic search algorithm.

Figure 3.1 shows the performance of the classifier we produced by employ-
ing MOSS for hierarchical log-linear models to determine the most relevant
models for the 2% contingency tables associated with the binary response and
the dichotomized expression levels of the genes in each regression. We chose
¢ = 0.01, ¢ = 0.0001, a pruning probability of 0.1 and five starting points. We
generated 10000 samples from the posterior distributions of the induced lo-
gistic regression parameters using Bayesian IPF. These samples are necessary
for parameter estimation and to quantify prediction uncertainty. Only two
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FIGURE 3.1: The left panel shows the performance of the 11 gene classifier
of disease-free patients after at least 5 years versus patients with metastases
within 5 years. The horizontal lines represent 80% confidence intervals. The
right panel shows the ROC curve associated with this classifier.

test samples are misclassified in Figure 3.1. The area below the ROC curve
in the right panel of Figure 3.1 is 0.98 which indicates an excellent predictive
performance. The Brier score is 1.73 with a standard deviation of 0.19. For
comparison, the Brier Score reported by Yeung et al. (2005) is 2.04. Smaller
values of the Brier score indicate a better performance.

3.7.2 Leukemia Data

The leukemia dataset of Golub et al. (1999) comprise samples from patients
with acute lymphoblastic leukemia (ALL) or acute myeloid leukemia (AML).
The initial pre-processing leaves the expression levels of 3051 genes on 38
training samples and 34 test samples — see Yeung et al. (2005). We employed
MOSS with ¢ = 0.5, ¢ = 0.0001, a pruning probability of 0.1 and five dif-
ferent starting points. We searched for regression models containing at most
2 predictors which gives a total number of possible regressions of 4655827.
The number of models evaluated by MOSS in each of the five instances were
considerably smaller: 115902, 323301, 189102, 176901, and 79302. The six re-
gressions in the resulting §(0.5) involve eight genes: MGST1 (0.67), APLP2
(0.33), CCND3 (0.17), TRAC (0.17), NCAPD2 (0.17), ACADM (0.17), MAX
(0.17) and PSME1 (0.16). As before, the posterior inclusion probabilities are
indicated in parentheses.

We used MOSS to identify relevant hierarchical log-linear models for the
corresponding 22 contingency tables. We chose ¢ = 0.01, ¢/ = 0.0001, a prun-
ing probability of 0.1 and five starting points. We generated 10000 samples
from the posterior distributions of the induced logistic regression parameters



80 Bayesian Modeling in Bioinformatics

0L curve.
! i R T
| | e R S e S o
: /
09 | A s
| ns | /
| d
08 : ool | /
/
07 : i : / P
|
06 | Los | 4
z I -2l /
g5 L 2 05t | ;
f | Bl /
.
). : s
04 | LN ok
I i
IE} | H i //
|
3l 7
02 : (X3 1 S
|
| oIt
0l | o
| | | of V
|
5 4 2 ] t [ o 02 04 [ 08 [
Linear Pradictor Felao pashive rale

FIGURE 3.2: The left panel shows the performance of the 8 gene classifier
for the 34 test samples in leukemia data. The horizontal lines represent 80%
confidence intervals. The right panel shows the ROC curve associated with
this classifier.

using Bayesian IPF. Figure 3.2 shows the prediction results for the test data
of the classifier obtained by Bayesian model averaging of the six logistic re-
gressions. Only one sample is incorrectly predicted. The Brier score is 0.7 with
a standard error of 0.48. The area below the ROC curve is almost 1. Yeung
et al. (2005) reports two classification erros based on 20 selected genes and
a Brier score of 1.5. Lee et al. (2003) misclassifies one sample based on the
expression levels of five genes, while Nguyen and Rocke (2002) reports 1 — 3
misclassified samples based on 50 — 1500 genes.

3.7.3 Lymph Node Data

We predict lymph node positivity status in human breast cancer based on
the expression levels of 4512 genes — see Hans et al. (2007); Pittman et al.
(2004). There are 100 low-risk (node-negative) samples and 48 high-risk (high
node-positive). There are two additional predictors: estimated tumor size (in
centimeters) and estrogen receptor status (binary variable determined by pro-
tein assays).

We employed MOSS with ¢ = 0.01, ¢/ = 0.0001, a pruning probability of 0.1
and five different starting points. We searched for regression models containing
at most 5 predictors due to the larger number of available samples. This choice
corresponds with a mean number of samples per cell in the corresponding 28
contingency tables of 2.31. The number of models evaluated by MOSS in each
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of the five instances (2896078, 1109722, 2057022 and 721769) are significantly
smaller than the total number of possible regressions 1.56 - 10'6. MOSS iden-
tifies 49 regressions in §(0.01). These regressions involve 69 predictors, but
only eight have posterior inclusion probabilities greater than 0.1: ENTPD4
(0.89), tumor size (0.62), ADD3 (0.34), MGLL (0.32), ST6GALNAC2 (0.32),
HEXA (0.18), MEGF9 (0.11) and FAM38A (0.1). Remark that tumor size is
identified as the second most important predictor. The tree models of Pittman
et al. (2004) also found tumor size to be one of the most relevant predictors,
in contrast with the logistic regressions of Hans et al. (2007) that place a
different set of eight genes at the top of their list.

We used MOSS to identify relevant hierarchical log-linear models for the 26
contingency tables corresponding with the 49 regressions. We chose ¢ = 0.01,
¢ = 0.0001, a pruning probability of 0.1 and five starting points. We gen-
erated 10000 samples from the posterior distributions of the induced logistic
regression parameters using Bayesian IPF. Figures 3.3 and 3.4 show the ex-
cellent predictive performance of our classifier. For the fitted values, the area
below the ROC curve is almost one, while the Brier score is 11.68 with a stan-
dard deviation of 2.27. Five samples were incorrectly predicted: 97% of the
positives are above 0.5, and 95.8% of the negatives are below 0.5. For compar-
ison, Hans et al. (2007) evaluate the fit of their model to 96% of the positives
above 0.5 and 89% of the negatives below 0.5. We also performed a five-fold
cross-validation check of our models. The area below the ROC curve is 0.98,
the Brier score increases slightly to 16.59 with a standard deviation of 2.64.
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FIGURE 3.3: Fitted prediction probabilities for the lymph node data. The
horizontal lines represent 80% confidence intervals. The right panel shows the
ROC curve associated with this classifier.
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FIGURE 3.4: Fivefold cross-validation prediction probabilities for the
lymph node data. The horizontal lines represent 80% confidence intervals.
The right panel shows the ROC curve associated with this classifier.

In this case six samples were incorrectly predicted which gives a prediction
accuracy of almost 96%.

3.8 Real Examples: Genome-Wide Analysis of Estrogen
Response with Dense SNP Array Data

A long-term goal of pharmacogenetics research is the accurate prediction
of patient response to drugs, as it would facilitate the individualization of
patient treatment. Such an approach is particularly needed in cancer ther-
apy, where currently used agents are ineffective in many patients, and side
effects are common. The recent development of genome-wide approaches such
as high-density SNP arrays enables the simultaneous measurement of thou-
sands of genes in a single experiment and raises the possibility of an unbiased
genome-wide approach to the genetic basis of drug response. To facilitate phar-
macogenetics research, a panel of 60 cancer cell lines has been used extensively
by the Development Therapeutics Program of the National Cancer Institute
(http://dtp.nci.nih.gov). These cell lines have been analyzed for their sensitiv-
ity and resistance to a broad range of chemical compounds and thus offer an
extensive source of information for testing prediction models of chemotherapy
response.
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Jarjanazi et al. (2008) focused on the chemosensitivity and resistance to es-
trogen response (one of the several compounds), which is extremely important
in the treatment of breast cancer by hormonal therapy. Determining a genetic
signature of estrogen response could help to tailor treatment programs based
on patient’s genetic background and thus reduce considerably the chance of
treatment failure. Each cell line was exposed to estrogen for 48 hours, and the
concentration of estrogen required for 50% growth inhibition (GI50 hence-
forth) was scored. The log;, of the GI50 values were retrieved and normalized
to obtain a mean of zero and standard deviation of one across the different cell
lines. Using a density estimation of the GI50 values (Wand and Jones (1995)),
we labeled 25 cell lines as resistant and 17 cell lines as sensitive. Drug sensi-
tivity tests for estrogen were performed. Genotypes of SNPs in these 42 cell
lines were obtained from the Affymetrix 125K chip data — see Garraway et al.
(2005) for more details. We retained only 25530 SNPs that were genotyped in
at least 90% of the cell lines and had a minimum allele frequency (MAF) of
at least 10%.

We employed MOSS with ¢ = 0.5, ¢/ = 0.0001, a pruning probability of
0.1 and a maximum number of predictors equal to three. We run MOSS one
hundred times starting from random regressions. The mean number of models
evaluated by MOSS was 2407299, while the minimum and maximum number
of models evaluated were 255288 and 9853813, respectively. These counts are
very small compared to 2.77 - 10'2 — the total number of regressions with at
most three variables. Seven regressions were identified in §(0.5). These regres-
sions involve 17 SNPs as follows: 1596 (0.39), 8823 (0.33), 5545 (0.33), 7357
(0.33), 14912 (0.25), 14303 (0.25), 7459 (0.18), 11684 (0.13), 23629 (0.12),
4062 (0.12), 9571 (0.12), 394 (0.11), 19083 (0.11), 19132 (0.06), 11103 (0.06),
17403 (0.06), 11775 (0.06). The first SNP is indexed with 1, while the last
SNP is indexed with 25530.

Figure 3.5 shows the fitted values of the model-averaged classifier. The area
below the ROC curve is one, the Brier score is 0.993 with a standard error
of 0.35. No samples were incorrectly predicted. Figure 3.6 shows the two-fold
cross-validation results of this classifier. The Brier score is 2.41 with a stan-
dard error of 1.67 and all samples are correctly predicted.

The description of the interesting SNPs found by MOSS and their physical
distance to known genes are summarized in Table 3.1. Three of these SNPs are
located within a known gene, whereas nine were very close to a known gene
locus (<150Kb). We also studied the extent of linkage disequilibrium (LD) for
the three SNPs that were located within less than 30kb from a known candi-
date gene region using the software Haploview — see Barrett et al. (2005). In
these three cases, we found evidence for LD, suggesting that the associated
gene could be implicated in estrogen response. Details about the LD results
are given in Tables 3.2, 3.3, and 3.4.

Among the genes identified by MOSS, Thrombospondin-1 (THBS1)
(also referred to as THBS, TSP, TSP1) has been the most studied in terms
of function and association to disease. THBS1 is a glycoprotein that is in-
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FIGURE 3.5: Fitted prediction probabilities for the SNP data when re-
gressions with at most three variables are considered. The horizontal lines
represent 80% confidence intervals. The right panel shows the ROC curve
associated with this classifier.

volved in various biological processes including the cell motility, cell adhesion,
inflammatory response and multicellular organismal development (Go ontol-
ogy). THBS1 regulates the activity of the estrogen in the cell — see Sarkar
et al. (2007); Sengupta et al. (2004); Slater et al. (1995). THBS1 is also
extensively implicated in cancer and metastasis in several reviews. Although
functionally characterized, the association of the two other candidate genes
(BLNK and NSF) with estrogen response is not well studied. The B cell
linker protein BLNK at 10q24.1 is a SH2/SH3 containing adaptor protein
which serves as a scaffold to assemble downstream targets of antigen activa-
tion. It is involved in the regulation of B cell receptor signaling during inflam-
matory and humoral immune response of the cell. It has been shown to be
associated with leukemia, lymphoma and solid tumors. N-ethylmaleimide-
sensitive factor (NSF) at 17q21 is required for vesicle-mediated transport,
from the endoplasmic reticulum to the Golgi stack. It is also involved in prote-
olysis. The functions of the transmembrane protein 26 (TMEM26) at 10q21.2
and other candidate genes in our study are not well studied.

While the identification of THBS1 has demonstrated that our method is
capable of identifying a gene that is extensively involved in estrogen response
and cancer development, the remaining genes with limited knowledge repre-
sent novel candidates to be further studied. Several important remarks about
the application of MOSS to this study are worth noting. First, THBS1, the
most functionally relevant SNP identified here, would not have been detected
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TABLE 3.2: Linkage Analysis of rs4923835 (marker 932558) with

THBS1 and FSIP1
Significant Markers Marker Location D’* LOD* ¢2* CIf Distance

Marker within Genes (Kb)

rs4923835 rs2228263 exon 18 - THBS1 1 15.31 0.92 (0.84, 1) 59232
rs4923835 rs1051442 3’-UTR - THBS1 1 16.27 0.925 (0.85, 1) 61580
rs4923835 rs17633107 3’-UTR - THBS1 1 16.27 0.925 (0.85, 1) 62212
rs4923835 rs6492905 3’-UTR - FSIP1 1 16.06 0.924 (0.85, 1) 66333
rs4923835 rs17633210 intron 1 - FSIP1 1 15.61 0.92 (0.84, 1) 74497
rs4923835 rs17705806 intron 1 - FSIP1 1 16.27 0.925 (0.85, 1) 74402
rs4923835 rs17706083 intron 1 - FSIP1 1 16.27 0.925 (0.85, 1) 85005

*

T Confidence

interval of r?

Measures of linkage disequilibrium (Devlin and Risch, 1995)

Note: LD was mapped using HapMap Caucasian Data (HapMap Data Release 22, NCBI B36
assembly, dbSNP build 126). The LD of rs4923835 was constructed with 7 markers within the
THBS1 and FSIP1. All the markers have shown strong LD (r2 > 0.9) indicating the linkage of
the significant marker to both THBs1 and FSIP1. The distance between the rs4923835 and the
other SNPs ranged between 59-85Kb.

TABLE 3.3: Linkage Analysis of rs7861199 with SNPs in HSDL2, EPF5,
and ROD1
Significant Markers Marker Location D’* LOD* r2* CIf Distance
Marker within Genes (Kb)
rs7861999 rs3813855 5" UTR - HSDL2 0.918 13.05 0.844 (0.75, 0.98) 18973
rs7861999 rs7852741 intron 1 - HSDL2 1 12.72 0.79 (0.81, 1) 33384
rs7861999 rs10759544  intron 6 - ROD1/EPF5 0.771 5.9 0.534 (0.51, 0.91) 100518

* Measures of linkage disequilibrium (Devlin and Risch, 1995)

T Confidence interval of 2
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TABLE 3.4: Linkage Analysis of rs1037182 with UGCG (linked to 5

sequences)

Significant Markers Marker Location D’* LOD* r2* CcI’ Distance
Marker within Genes (Kb)
rs1037182 rs10817244 ~10Kb 5-end of UGCG 1 18.75 0.718 (0.88, 1) 1022
rs1037182 rs7028129 ~20Kb 5’-end of UGCG 1 19.1  0.799 (0.88, 1) 286

* Measures of linkage disequilibrium (Devlin and Risch, 1995)
T Confidence interval of 2

using an exhaustive testing of all single markers. Indeed, the associated p-value
after correction for multiple testing is clearly non significant (p=0.35). Second,
the proportion of markers that are biological relevant (i.e. within or close to
known genes) is relatively large. This is somewhat unusual compared to other
GWAS that have found a substantial fraction of associations in regions that
do not contain annotated genes or that are outside of transcriptional units
of the genome — see Altshuler and Daly (2007). Third, the predictive ability
of the selected subset of SNPs on estrogen response is almost perfect, which
implies very promising applications of MOSS in predictive genetic testing. Fi-
nally, MOSS provides a unique and comprehensive statistical framework for
analyzing GWAS, filling an important gap in the search for combinations of
SNPs that have high predictive values in high-dimensional data problems.

3.9 Discussion

We summarize the key steps of our proposed methodology. The use of the
conjugate priors for log-linear parameters of Massam et al. (2009) make the
variable selection step and the log-linear model selection step coherent. The
variable selection step is needed to allow us to focus on the most important
covariates, while the model selection step is crucial to determine the most
parsimonious representation of the underlying interactions. The efficiency of
MOSS in identifying regions of high-posterior probability in the models space
allow our method to scale to genomewide studies with data on > 500K assayed
SNPs as well as gene expression and clinical information. Bayesian model aver-
aging is crucial to produce classifiers based on the most relevant small subsets
of regressors. These subsets embody complex interactions among covariates
of any type.

We allowed any combination of covariates as a possible candidate in our
variable selection step. The accuracy of our method can be improved by in-
corporating prior knowledge related to spatial dependencies among markers
or genes. Our methodology does not allow for the presence of missing data,
hence the individuals for whom complete information is not available would
have to be discarded. This could potentially lead to a significant decrease in
the total sample size, hence our ability to detect higher-order associations or
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more complex combinations of covariates might be severely diminished. One
alternative would be to use one time imputation methods such as the PHASE
software of Stephens et al. (2001); Stephens and Donnelly (2003) for missing
genotype/haplotype data. Another alternative that also takes into account the
uncertainty related to missing genotype data is the Bayesian model selection
and model averaging method proposed by Lunn et al. (2006). Unfortunately
their MCMC approach does not seem to scale to whole genome scans.

C++ and MATLAB® code implementing the methods described in this
chapter can be downloaded from

http://www.stat.washington.edu/adobra/software/largetables/
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4.1 Introduction

Modern biomedical studies routinely collect complex high-dimensional data,
so it is no longer possible for an applied biostatistician to avoid encountering
bioinformatics problems. In some ways, bioinformatics is a sub-field of bio-
statistics. However, due to the inherent challenges involved in analyzing and
searching for patterns in massive dimensional data sets, it is often the case
that statistical rigor is put aside in favor of practically-motivated algorithmic-
based approaches. This has naturally led to an increasing number of com-
puter scientists and machine learning experts with interests in bioinformatics.
Algorithmic-based methods have certainly led to valuable insights. However,
there are clear advantages to the use of coherent statistical model-based ap-
proaches that attempt to flexibly, yet sparsely characterize high dimensional
data. Such methods can be used to discover sparse latent structure, while
accounting for uncertainty. Given the enormous dimensional model spaces
that are routinely encountered in bioinformatics applications, it is crucial to
account for uncertainty in model selection in conducting inferences and pre-
dictions. Optimization-based strategies that search for the best model based
on some criterion have the intrinsic disadvantage that the selected model is
almost surely not the true model given that the sample size of the available
data is dwarfed by the size of the model space. Bayesian methods represent a
natural approach for dealing with uncertainty in model selection, while also
incorporating available prior information, which is crucial in addressing the

95
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large p small n problems in bioinformatics.

This chapter provides a review and commentary on the use of Bayesian
nonparametrics in bioinformatics, while also suggesting a number of promis-
ing areas for new research. By “Bayesian nonparametrics”, I am referring to
approaches utilizing random probability measures, such as the Dirichlet pro-
cess (Ferguson, 1973, 1974). Section 1.2 provides a brief review of Bayesian
nonparametrics, focusing on Dirichlet process mixture models and related ap-
proaches. Section 1.3 provides an overview of work on Bayesian nonparametric
approaches for multiple testing and high-dimensional regression. Section 1.4
considers clustering and functional data analysis applications. Section 1.5 pro-
vides an overview of recent work on using innovative nonparametric priors in
population genetics, EST library analyses and other areas. Section 1.6 con-
tains a discussion and commentary.

4.2 Dirichlet Process Mixture Models

A comprehensive review of Bayesian nonparametric methodology is well
beyond the scope of this chapter. For more comprehensive reviews of methods
for Bayesian nonparametric data analysis, refer to Miiller and Quintana (2004)
and Dunson (2009a). Here, I focus narrowly on Dirichlet process mixture
(DPM) models (Lo, 1984; Escobar and West, 1995), since DPMs have been
widely used in biostatistics and bioinformatics and provide a starting point
for much of the recent work proposing richer modeling frameworks. For a
comprehensive review of properties of the Dirichlet process, refer to Ghosal

(2008).
In introducing Dirichlet process mixture models, I focus initially on the
simple case in which we have observations yi,...,y, for different subjects

and want to estimate the density nonparametrically using hierarchical model

yi = i +e€i, €~ N(0,07),
(lu'ivaiz) ~ P, (4'1)

where N(u,0?) denotes the normal density with mean p and variance o2,

and P is a mixture distribution. In particular, instead of characterizing y; as
normally distributed, model (4.1) induces the following form for the density
of y;:

f(y) = / N(y: j,0%)dP(11,0%), (4.2)

which is a location-scale mixture of normals. A location mixture of normals
could instead be obtained by including a fixed, but unknown variance o2 in
the normal kernel, and letting P correspond to a mixture distribution for the
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mean. It is well known that mixtures of normals can approximate any smooth
density, but this flexibility relies on a flexible model for P.

Hence, the main question that arises is how to specify P. From a Bayesian
perspective, we can allow P to be an unknown distribution by choosing P ~ P,
where P is an appropriate prior. For illustration, consider the location mixture
case in which we have p; ~ P, with P ~ P an unknown mixture distribution.
Then, P should be chosen as a distribution on the space of distributions over
the real line (), so that each realization from P will correspond to a different
distribution over . The question is then how do we choose a distribution on
the space of distributions? One obvious strategy is to assume that P belongs
to some parametric family, meaning that P can be parameterized by finitely
many parameters. Then, by specifying a prior distribution for these parame-
ters (e.g., a normal inverse-gamma distribution for the mean and variance of
a Gaussian P), one can induce a prior P for the unknown distribution. Draws
from P are obtained by drawing from the prior distribution for the parameters
characterizing P, and then calculating the corresponding P.

Unfortunately, this type of approach induces a prior P that has support
on an extremely small subset of the space of distributions over R, and the
resulting approach for density estimation will do a poor job of approximat-
ing densities that are not close to normal. To motivate alternatives, let P(®)
denote an unknown true distribution, which can be any distribution over R.
Then, it is appealing to choose a prior with large support, meaning that sam-
ples from P have a positive probability of being within an arbitrarily small
neighborhood of P(9), as measured by a distance metric d(P, P(*)). Large sup-
port is a necessary condition for posterior consistency, which means that the
posterior distribution of P given the available data concentrates increasingly
in an arbitrarily small neighborhood of P() as n — oco.

To simplify the problem of specifying P, suppose that we divide the real
line into mutually exclusive subsets, By, ..., By, so that By, N By, = ) for all
h,h' and ® = U¥_, B),. Then, let m), = Pr(u; € By), for h = 1,..., k, denote
the probabilities assigned to each of the subsets. Conditionally on P, these
probabilities are fixed as @ = {P(By),..., P(By)}, where P(B) denotes the
probability assigned to u; € B by the distribution P. As P is unknown, the
probability vector 7 is a random variable with support on the k-dimensional
simplex. The conjugate prior for 7 is the Dirichlet distribution. Letting Py
denote an initial guess for the distribution P and « correspond to a precision
parameter controlling certainty in this guess, one could choose the prior, 7 ~
Dirichlet (aPo(Bl), e ,aPo(Bk)). Conditionally on realizations p; ~ P, for

i=1,...,n, we then obtain the posterior,
(7| i) ~ Dirichlet (aPO(Bl) + Z (i € B1),...,aPy(By) + Z 1(p; € Bk)>,
i=1 =1

where 1(pp € B) = 1 if p € B and 0 otherwise. It follows that the updated
precision parameter is « + n, while the updated probability assigned to set

By s E(mylu) = {Po(Bn) + X2, (i € By)}/(a +n).
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The Dirichlet prior is convenient in terms of ease of interpretation, prior
elicitation and the conjugacy property. However, instead of choosing a prior
for P, we have only chosen a prior for the probabilities that P allocates to the
finite collection of subsets (B, . . ., By). This may be used as an approximation
to P if the number of subsets k is large and the size of the partition sets is
sufficiently small. However, it is appealing to avoid sensitivity to the choice of
partition. With this goal in mind, Ferguson (1973; 1974) proposed to induce a
Dirichlet process (DP) prior for P by simply specifying a finite Dirichlet prior
for all possible partitions,

{P(By),...,P(By)} ~ Diti(aPy(B),...,aPy(By)), forall By,..., By,

where the “for all” statement refers also to any possible k. Ferguson proved
that a P exists, which satisfies these distributional assumptions. Denoting the
induced prior by P ~ DP(aP,), he also showed that the conjugacy property
is maintained with

(Pl 1) NDP<04P0+2”:5M>,

i=1

where J,, denotes a degenerate distribution with unit probability mass at p.

The Ferguson Dirichlet process prior has become routinely used in recent
years for density estimation, Bayesian clustering, mixture modeling and other
problems. In addition to appealing theoretical properties, such as large sup-
port and posterior consistency for a number of model classes, the DP prior is
very convenient computationally. Computational efficiency is a crucial issue
in nonparametric Bayes models, since it is clear that the random P must be
specified in terms of infinitely-many parameters in order to satisfy the large
support condition. In fact, the incorporation of infinitely-many parameters is
a distinguishing feature of the nonparametric approach. However, this would
seem to present insurmountable problems in conducting posterior computa-
tion, as we certainly cannot implement Markov chain Monte Carlo (MCMC)
update steps for infinitely many unknowns. Indeed, in bioinformatics appli-
cations, we are particularly motivated to consider approaches that scale well
in sample size and number of observations, so it would seem at first con-
sideration that nonparametric Bayes approaches may be impractical due to
computational considerations. The reason that this is very clearly not the case
is due to some amazing properties of Dirichlet processes, which also carry over
to generalizations and related nonparametric priors.

The first remarkable property is the Polya urn scheme of Blackwell and Mac-
Queen (1973). In particular, let pu; ~ P, for i =1,...,n, with P ~ DP(aPp).
Then, in order to bypass the need for computation of the infinitely-many pa-
rameters characterizing P, one can potentially marginalize out P to obtain
a prior for (p1,...,un) , the finitely-many realizations from P represented
in the sample. Blackwell and MacQueen showed that such a marginalization
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leads to

n—1
o} 1
bty eent) ~ (e ) Pyt () 6, (43
(i [ps - ) (a+n—1) O+<Oz+n—1)j_l b (43

so that p, is either set equal to one of the previous subject’s values or is
allocated to a new value drawn from Fy. It is clear from this specification that
the DP prior for P induces ties and hence clustering in the observations. Let
) = {1;,j # i} denote the set of p values excluding the value for the ith

subject, let p* = {u l)}k( ’denote the k¥ unique values in the vector z(?)
and let St = h denote that u; = ", with S® = {S"j # i}. Then, it
follows from (4.3) and exchangeability of the subjects, that

k(0 (z)

where "S) = Z#l (S’(l h) is the number of subjects with pu; = uz(l
excluding subject 1. The clustering properties of the DP are clear from (4.4).
In particular, as subjects are added, the probability of allocating a subject
to an existing cluster is proportional to the number of individuals in that
cluster, while the probability of allocating the subject to a new cluster is
proportional to the DP precision parameter a. The DP prior automatically
allows the number of clusters represented in a sample of n subjects to grow
at a rate proportional to alogn.

The conditional prior distribution in (4.4) can be used to obtain a simple
Gibbs sampling algorithm for posterior computation in DP mixture (DPM)
models as proposed by Bush and MacEachern (1996). In particular, consider
the local mixture of normals model for Bayesian density estimation, with y; ~
N(u;, %), u; ~ P, P~ DP(aP,), 02 ~ gamma(a, b), and P, corresponding
to a normal distribution with mean po and precision (1/variance) 79. Then,
the Gibbs sampler proceeds by cycling through the following sampling steps,

1. Update p; from the conditional posterior distribution given u*(i?, S
and y; by first sampling the cluster allocation S; € {1,...,k® k® 41}
for subject i,

‘ . (1) (%) — (1)
L h® g0 n Ny, 0%), h=1,.. k7,
Pr(S; = h| ™, 8% y;) o { fN (yis 1, 0 )dPO(M)u h=Ek® +1

Then, if S; = & + 1 so that subject i is allocated to a new cluster,
generate the p value specific to this new cluster from N (i, Ei) with

f; = g Yi t Toto and &2 =

o241 booom 247

Also, [ N(yi; p, 0%)dPo(p) = N (yi50,0%)N (105 0,75 ') /N(0; iz, 52).
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2. Update the residual variance by sampling from the gamma conditional,

-2 * n 1 - 2
(0728, 1", y) Ngamma<a+ 5 b5 ;(y i) )

These steps are straightforward to implement, as they involve sampling from
a multinomial with probabilities that can easily be calculated analytically, as
well as sampling from normal and gamma distributions. The initial samples
should be discarded as a burn-in to allow time for convergence. After con-
vergence, the Gibbs sampler produces autocorrelated draws from the joint
posterior distribution of the subject-specific parameters p = {u;}?;, cluster
allocation indicators S = {S;}" ,, cluster-specific parameters u* = {up}¥_,,
with k& denoting the number of unique values of y, and residual variance o2.

Conducting inferences and predictions based on the Gibbs sampling output
involves a number of subtleties, which are worth discussing in detail. First,
suppose that interest focuses on density estimation. Then, note that condi-
tionally on (y1,...,yn), S = (S1,...,5.), p* = (u,...,pn}) and o? the
predictive density of y,,11 for a new subject is f(yn+1) =

k —1
np 2 N (100,79 ") 2
N (Ynt1; 1, = —~N(Yn+1;0, .
; (Oé ¥ TL) (y +15 Hpy O ) + (Oé + n)N(O;,Un—Q—laoﬁ) (y +1 o )

To obtain posterior summaries of f(y,+1), including the posterior mean and
95% pointwise credible intervals, one can pre-specify a dense grid of different
possible y,+1 values and then save f(y,11) at each Gibbs sampling iteration
after the burn-in for each y,1 value in the grid. By calculating the posterior
mean for each grid value and connecting the points with lines, one obtains a
Bayes estimate of the density. In my experience, this Bayes density estimator
performs better than typical frequentist estimators, such as the kernel esti-
mator with default bandwidth value used in R and other software packages.
Even better performance can be obtained by using a location-scale instead of
a location mixture. The above Gibbs sampling algorithm is straightforward
to modify to accommodate location-scale mixtures of Gaussians.

The allocation S = (S1,...,S,)" of the n subjects to k clusters varies across
the Gibbs iterations, with varying number of clusters k and sizes of clusters
ni,...,Nnk. This is appealing in fully accommodating uncertainty in the clus-
tering process in obtaining estimates of the density. In contrast, commonly
used approaches for model-based clustering and density estimation based on
finite mixture models fitted with the EM algorithm condition on an estimate
of the number of clusters, k. Such an estimate is typically obtained by fitting
the model for varying values of k and then using the BIC for selection, though
the development of appropriate model selection criteria in mixture models re-
mains an active research topic. For finite mixture models, one can instead
specify a prior for £ and use a reversible jump Markov chain Monte Carlo
(RIJIMCMCO) algorithm for posterior computation, as described in Richardson
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and Green (1997). The DPM model bypasses the need for RIMCMC and also
avoids selecting a single k that holds regardless of sample size. To obtain in-
ferences on the number of clusters represented in the sample, one can estimate
Pr(k = hly) as simply the proportion of Gibbs draws such that k& = h.

Although allowing uncertainty in k and S is appealing, challenges arise
when interest focuses on estimating the cluster-specific parameters based on
the Gibbs sampling draws. The main issue is the label switching problem
(Stephens, 2000; Jasra et al., 2005). In particular, there is nothing in the
prior or the model distinguishing mixture component i from component h'.
Hence, the marginal posterior distributions for xj and uj, should be identical,
with both being multimodal, and it is meaningless to estimate uj, or u;, based
on simple averages of the Gibbs samples of these parameters. In fact, unless
the mixture components are well separated and there is slow mixing between
the components, one commonly observes label switching behavior in trace
plots showing the Gibbs samples of uj for each iteration. For example, if the
truth is that f(y) is a two component mixture, with one component centered
at zero and one component centered at one, then the pj samples may initially
oscillate around one for hundreds or thousands of iterations and then suddenly
switch to oscillating around zero. If one averaged these samples, the estimated
values of p} and pd may both be similar, having values between zero and
one. To solve this problem, Stephens (2000) proposed a useful post-processing
approach, which can be implemented by running the Gibbs sampler described
above without considering the label switching problem and then re-labeling
the cluster-specific parameters prior to calculating posterior summaries. Jasra
et al. (2005) provide a more recent review of approaches for dealing with the
label switching problem.

Although the Polya urn scheme is useful in allowing straightforward pos-
terior computation through marginalizing out the mixture distribution P be-
fore conducting posterior computation, the disadvantage is that one looses
the ability to conduct inferences on P. In addition, the Ferguson (1973; 1974)
definition of the DP is quite indirect, so that it becomes difficult to obtain
a intuition for what realizations from P ~ DP(aP,) look like. A commonly
used alternative to the DP is to rely on a finite mixture model, which specifies
P as

k
P() =3 mnds, (). (4.5)
h=1

where (7y,...,m)" are probabilities summing to one, and dp is a degenerate
distribution with all its mass at 6. The prior P is then induced through pri-
ors for the mixture weights, 7 = (71,...,7)’, and atoms, 8 = (61,...,0k)".
Note that using (4.5) results in the finite mixture of normals, f(y) =
22:1 N (y; 01), where ), = (up,03), for h=1,... k.

Ishwaran and Zarepour (2002) show that (4.5) provides an approxima-
tion to P ~ DP(aP,) for large k in the special case in which 7= ~
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Dirichlet(a/k, ...,a/k) and 0, ~ Py independently. Hence, as a finite ap-
proximation to the Dirichlet process mixture model, one could use (4.5). The
Gibbs sampler described above can be easily modified in this case to alternate
between allocating subjects to one of the & components through sampling from
a multinomial full conditional, updating the component-specific parameters,
updating the weights from a conjugate Dirichlet distribution, and updating
the residual precision from an inverse-gamma.

In a ground-breaking article, Sethuraman (1994) showed that P ~ DP(aP,)
can be equivalently expressed as

P() = "mds, (), On~ Py, (4.6)
h=1

so that the DP prior generalizes the discrete finite mixture model in (4.5) to
incorporate infinitely-many components. If these components were treated as
exchangeable, then this result would not be as useful practically. However,
Sethuraman introduced a stick-breaking prior for the probabilities {m,}32 ,,
with this prior ensuring that 7, is stochastically larger than 7/, for h < h/.
Under the stick-breaking prior, the probability weight on the first component
is mp = Vi ~ beta(l, a). Removing a V; length piece from a unit probability
stick, 1 — V7 is left available to allocate to the remaining components. The
second component is then assigned my = Vo(1 — V1), with Vo ~ beta(l, a),
leaving (1 — V1)(1 — V3) to allocate to components h = {3,4,...,00}. This
process is continued so that m, = V,, [[,.,(1 — V), with V}, ~ beta(1, a) and
h =1,...,00. Because the expectation of Vj, is 1/(1 4+ «), the DP precision
parameter controls how rapidly the probability weights 7 decrease towards
close to zero as h increases.

Figure 4.1 shows realizations from (4.6) for varying values of «. In gen-
erating this plot, I only plot the first N components, with N chosen so that
1— HhN:1 (1—V4), the total probability allocated to components N+1, ..., oo,
is less than 0.0001. It is clear that for small « there tends to be a few dominant
components having probability weights much higher than the other compo-
nents. Hence, even though there are infinitely-many components that can be
used, it tends to be the case that only a small number of these (relative to the
sample size n) will be occupied by subjects in the sample. Therefore, the ef-
fective number of parameters to be estimated is often quite small even though
the number of parameters in the model is infinite. A key to the practical
performance of nonparametric Bayes methods is the ability to use only those
parameters that are needed and grow the effective model dimension adap-
tively to accommodate lack of fit in lower dimensional models. Due to the
Bayes intrinsic penalty on model complexity, this does not lead to overfitting
and the approaches tend to have good out of sample predictive performance.

In practice, one can assign a flat prior for «, since the data tend to be
highly informative. For example, suppose that y; is approximately normally
distributed. Then, the tendency will be to update the hyperprior for « to favor
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FIGURE 4.1: Realizations from a Dirichlet process prior for different
choices of the DP precision parameter «.

small values, so that the posterior for m; = V; is concentrated on values close
to one, subjects are allocated to a single component with high probability
and the posterior mean estimate for f(y) is close to normal. In contrast, if
the true density is heavy tailed and one allows unknown mean, variance and
degrees of freedom in Py, then the tendency will be to favor high values of o a
posteriori, allocate individuals to many clusters, and obtain a posterior mean
estimate for f(y) that resembles a t-distribution. If the true density is skewed
or multi-modal, then one will instead favor moderate values for «, allocate
subjects to a few dominate components, and obtain an accurate estimate of
f(y). These observations are based on my own experience in using DPMs for
density estimation in a variety of simulated data settings.

Truncations of stick-breaking priors were originally proposed in Muliere and
Tardella (1998) and were further considered by Ishwaran and James (2001)
who proposed a blocked Gibbs sampling algorithm for posterior computation.
The blocked Gibbs sampler relies on truncating the stick-breaking represen-
tation in (4.6) by letting Viy = 1 and hence m, = 0 for h = N +1,..., 0.
The algorithm proceeds by updating the allocation to components for each
subject by sampling from multinomial conditional posteriors, updating the
stick-breaking parameters V7, ..., Vy_1 from beta conditional posteriors, up-
dating the component-specific parameters, and updating the residual precision
from a gamma distribution. Although this algorithm is easy to implement and
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can be generalized to stick-breaking priors other than the DP, an unappealing
aspect is the reliance on a pre-specified truncation level N. To be conserva-
tive, this truncation level often needs to be chosen to be high (e.g., N = 50
or N = 100) to limit the possibility of non-neglible approximation error. To
avoid the need to truncate, Walker (2007) proposed a clever slice sampling
approach, while Papaspiliopoulos and Roberts (2008) developed a retrospec-
tive sampling algorithm. Papaspiliopoulos (2008) proposed an exact block
Gibbs sampler algorithm, which combines both these approaches. This algo-
rithm is no more difficult to implement than the blocked Gibbs sampler and
avoids truncation, potentially leading to substantial gains in computational
efficiency.

In this section, I have provided a brief review of Dirichlet process mixture
models focusing on density estimation through normal mixtures for concrete-
ness. DPMs and related models have become very widely used to address
problems in bioinformatics, and in the subsequent sections I will provide an
overview of some of this work.

4.3 Multiple Testing and High-Dimensional Regression

Multiple testing issues are one of the greatest challenges faced in bioinfor-
matics. To illustrate the usefulness of the Dirichlet process in this setting,
we start by considering an application to assessing equivalence in p treatment
groups. In particular, let y;; denote the response for the j subject in treatment
group %, for j =1,...,n; and ¢ = 1,...,p, and suppose that y;; ~ N(Mz‘,af),
so that the observations within a group are normally distributed but the mean
and variance can vary across groups. Then, following the approach proposed
by Gopalan and Berry (1998), let ¢; = (i, 02) ~ P, with P ~ DP(aP).
From (4.3) it is then clear that this approach induces a prior over the
model space corresponding to all possible groupings of equivalent treatment
groups. For example, the global null hypothesis that all groups are equivalent,
Hy: ¢1 = -+ = ¢p, is assigned probability Pr(Hy) = Hf;ll (a + i)~ while
the probability that treatment groups ¢ and i’ are equivalent is 1/(1+ ). Ap-
plying simple to implement Gibbs sampling algorithms, such as that proposed
by Bush and MacEachern (1996), one can estimate posterior probabilities of
equivalence in any two groups or sets of groups by simply averaging hypothe-
sis indicators across the MCMC iterations after discarding a burn-in to allow
convergence.

Dahl and Newton (2007) recently proposed a closely related idea as an
independent development that overlooked the article by Gopalan and Berry
(1998). As one application, they considered gene expression data, letting dgy,
denote a transformed expression level for gene ¢ replicate r and treatment
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condition ¢, with the gene-specific mean in an arbitrarily chosen reference
group subtracted to bypass modeling of an intercept. They then let dg: ~
N(7gt, Ag), with 74 a treatment effect, \; a gene-specific intercept, 7, = {74},
and (74, Ay) ~ P, with P assigned a Dirichlet process prior. Unlike Gopalan
and Berry (1998), who used the DP to cluster treatment groups directly,
the Dahl and Newton (2007) approach borrows information across the high-
dimensional vector of genes by using the DP to cluster genes. This is a very
effective strategy for flexibly reducing dimensionality through only requiring
estimation of a relatively small number of unique treatment effects and vari-
ances. Because clustering is soft and the allocation to clusters varies across
MCMC iterations, one still obtains gene-specific treatment effects and vari-
ances.

Do, Miiller and Tang (2005) proposed an alternative approach for mod-
eling of differential expression across two experimental conditions. The first
component corresponds to non-differentially expressed genes, while the sec-
ond component corresponds to differentially expressed genes. Hence, posterior
probabilities of allocation to the second component can be used as a weight
of evidence that a gene is differentially expressed. There is a rich literature
on using two component mixtures in this setting, with Efron et al. (2001)
proposing an empirical Bayes approach that avoids parametric assumptions
on the distributions within the two components. Do, Miiller and Tang (2005)
instead used a fully Bayes approach, which used Dirichlet process mixtures
of normals to characterize the distributions in each of the components, with
the base measure in the DP carefully chosen to avoid ambiguity in the two
components.

MacLehose et al. (2006) instead addressed the problem of modeling of the ef-
fects of a high dimensional vector of correlated predictors, x; = (%1, ..., Zip)’,
on a binary health outcome, y;. In particular, they considered the logistic re-
gression model

P
logitPr(yi =1 | Tily .- ,xip) = [+ Z 63‘2131']', (47)

j=1
where 3y is an intercept and 8 = (81, ..., 5p) is a high-dimensional vector of

regression coefficients. In large p settings, maximum likelihood estimation is
unreliable, and a common strategy is to use a shrinkage estimator, which pe-
nalizes large coefficients. Shrinkage estimators typically have a Bayesian inter-
pretation, with a prior for the coefficients inducing the penalty. In particular,
for the logistic regression model (4.7), one could let 3; ~ P, for j =1,...,p.
The prior P is often chosen to be centered on zero with a heavy tail. For
example, the Lasso procedure (Tibshirani, 1996; Genkin, Lewis and Madigan,
2007) corresponds to a double exponential prior, while the relevance vector
machine (Tipping, 2001) results from a ¢ prior. Mixture priors with one com-
ponent concentrated at zero and another more diffuse are also very commonly
used.
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MacLehose et al. (2006) noted that it seems overly restrictive to use a prior
that is unimodal and centered on zero. Instead, it would be appealing to allow
the prior P to be unknown in order to allow more flexible shrinkage. To ac-
complish this, they assigned P a prior consisting of a mixture of a point mass
at zero, corresponding to null predictors, and a Dirichlet process, allowing
clustering of the coefficients for non-null predictors. Predictors were assumed
to have the same measurement scale, which can be ensured by normaliza-
tion. Based on simulation studies, MacLehose et al. (2006) demonstrated that
the approach resulted in better performance in terms of hypothesis testing
and estimation compared to standard mixture priors. The idea of obtaining
improved performance through multiple shrinkage is not new, dating back
to George (1986), though earlier work did not consider nonparametric Bayes
approaches or variable selection.

A potential criticism of the approaches of Gopalan and Berry (1998), Dahl
and Newton (2007) and MacLehose et al. (2006) is the restriction that coeffi-
cients within a cluster are exactly identical. For example, in the gene expres-
sion application, it seems unlikely that treatment effects are exactly identical
for different genes, though this may provide a reasonable approximation. One
side effect of assuming exact equivalence within a cluster is that the number
of clusters tends to be larger than if one allowed deviations within a cluster.
As a more flexible approach motivated by applications to high dimensional
SNP data, MacLehose and Dunson (2007) proposed a Bayesian multiple Lasso
procedure, relying on a DP mixture of double exponential priors for P.

Motivated by case-control studies with massive numbers of candidate pre-
dictors, Pittman et al. (2004) proposed a Bayesian approach to prediction
using a binary tree model with Dirichlet process priors on the distributions of
meta genes underlying high-dimensional gene expression data. Using model
averaging over the trees, the approach was applied to predict breast tumor
status.

A limitation of all of the above approaches is the assumption of exchange-
ability of genes or predictors. In many bioinformatics applications, all predic-
tors are not equally likely to be important a priori, so it may be unappealing to
treat them exchangeably (Wacholder et al., 2004). For example, in attempting
to identify single nucleotide polymorphisms predictive of a disease phenotype
from among a large number of candidates, one may expect polymorphisms
in pathways involved in the development of disease to be more likely candi-
dates. The incorporation of gene functional annotation and other information
into the analysis can potentially decrease false discovery rates substantially.
In large p, small n settings it is particularly important to utilize all available
prior information. In addition to gene function, the location of the SNP may
be informative.

One possibility in terms of relaxing the exchangeability assumptions is to
group predictors a priori and borrow strength more strongly within a group
than across groups. For example, in applications with SNP predictors, a group
may correspond to SNPs within a gene or genes within a pathway. In such
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settings, the group Lasso for logistic regression approach of Meier, van de Geer
and Buehlmann (2008) can potentially be used. However, as discussed above,
the Lasso approach of shrinking all the coefficients towards zero instead of bor-
rowing information across the non-null predictors may not be ideal in certain
settings. Dunson, Herring and Engel (2008) proposed an alternative semi-
parametric Bayes approach that uses a hierarchical logistic regression model,
with zero-inflated Dirichlet process priors for the distributions of group- and
predictor-specific coefficients to borrow information within and across groups
in variable selection and clustering. This approach was particularly motivated
by applications to SNPs in functionally related genes.

It is appealing to consider more general approaches for accommodating
multiple discrete and continuous features of each predictor. In particular, if
we have a vector of predictors, x; = (zi1,. .., %) for subject ¢, then the jth
predictor could have an associated feature vector, w; = (wj1,...,wjp)". The
feature vector w; may consist of a single group index or it may include other
information, such as location of the SNP within a chromosome or multiple
group indices. Focusing on the logistic regression case in (4.7), we can gener-
alize the approach of MacLehose et al. (2007) through use of a hierarchical
structure of the form

B~ Py =Y ma(w;)ds,, j=1,....p, (4.8)
h=1
where 0), ~ Py, for h = 1,...,00, and 7, (w) is a probability weight on com-

ponent h, which is defined to be a function of features w. Note that this
formulation incorporates a common set of atoms, § = {6, }7° ;, while allowing
the weights on these atoms to vary with predictors. The base measure, P,
can be chosen to correspond to a mixture distribution with a mass at zero to
allow 8; = 0 with positive probability.

To allow the weight functions to be unknown, we can use the kernel stick-
breaking prior (KSBP) of Dunson and Park (2008). In particular, under the
KSBP, we have

mn(w) = VK (w,Ty) [T {1 = ViK (w,T)}, (4.9)
I<h

where V}, ~ beta(l, o) as in the stick-breaking representation of the DP in
(??), K(-) is a kernel bounded above by one, and 'y, ~ H, for h =1,..., 00,
are random kernel locations. This form assigns the atom, 65, to a location, 'y,
in the feature space. The weight 7, (w) is then a function of the distance from
w to T'y, with the distance metric depending on the choice of kernel, K(-). In
this manner, one obtains a higher probability of clustering §; and 8; if w;
and wj, are close together. For example, suppose that w is a scalar location
of SNP j on the chromosome and we choose a Gaussian kernel, K (w,I") =
exp{—(w — I')?}, with ¢ unknown. Then, in the limiting case as ¢ — 0, we
obtain 3; ~ P, with P ~ DP(aF,), and the location of the SNP does not



108 Bayesian Modeling in Bioinformatics

play a role in clustering. However, as 1 increases, the location is increasingly
important in forming the clusters, with only SNPs in small local regions having
identical coefficients if ¢ is large. For large number of SNPs, computation can
be made more efficient by choosing H to be a discrete grid of locations, so
that Gibbs sampling can be used (e.g., via a slice sampler).

4.4 Clustering and Functional Data Analysis

In additional to multiple testing and problems in variable selection for
massive dimensional regression models, bioinformatics research often involves
searching for low dimensional structure and patterns in complex and high di-
mensional data. Simple methods for exploratory data analysis used in lower
dimensional problems do not necessarily scale up to high dimensions, so a
number of innovative strategies have been developed. One tool for exploratory
analysis of high-dimensional data, which has been widely exploited, is clus-
tering. For example, it is commonly of interest to identify genes with similar
expression patterns. Bayesian methods for model-based clustering typically
rely on mixture models, which assume that data are drawn from one of k
components, with individuals drawn from the same component belonging to
the same cluster (refer, for example, to Yeung et al., 2001).

One issue that is unavoidable in clustering problems is how to choose an
appropriate number of clusters, k. This is the same issue that was used to
motivate the generalization from the finite mixture model in (1.3) to the
Dirichlet process-based infinite mixture model in (1.4). As further motivation
for use of an infinite mixture model instead of a finite mixture model in the
gene expression application, consider the following argument. Suppose that
we fit a finite mixture model to gene expression data for an initial set of pg
genes, and based on the BIC criteria estimate that there are k = 5 clusters in
these genes. Then, suppose we are interested in incorporating additional gene
expression data containing the expression measurements for the original pg
genes and an additional p; genes. Typical use of the finite mixture model would
require the p; new genes to be allocated to one of the k clusters estimated
from the initial py genes. This seems clearly inappropriate, since some of the p;
genes may have very different expression profiles. It would seem most realistic
biologically to allow clusters to be added as additional genes are added, but
at a slow rate so that we can obtain relative few clusters and hence sparser
and more interpretable results.

Motivated by these types of issues, Medvedovic and Sivaganesan (2002)
proposed an approach for identifying genes with similar expression patterns
through a Dirichlet process mixture model. In addition, to solve the label
switching problem in which the number and meaning of the clusters varies
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across the MCMC iterations, they proposed a simple and effective method for
identifying a single clustering of genes based on thresholding of the pairwise
posterior probabilities that two genes are grouped together. This approach
has been widely used in the literature, with Dahl (2006) and Lau and Green
(2007) providing alternative methods to estimate a single optimal clustering
based on the MCMC output. Xiang, Qin and He (2007) recently developed an
easy to use web server for clustering of gene expression data using a Dirichlet
process mixture model.

Note that many of the methods for multiple testing and massive dimen-
sional regression described in Section 1.3 also relied on a Dirichlet process
mixture model, with borrowing of information and equalities in genes, treat-
ment groups and regression coefficients obtained through flexible model-based
clustering. The approach described in expressions (1.7) and (1.8) to general-
ize DP clustering to include predictors through a kernel stick-breaking process
can also be used in settings in which the primary focus is not on hypothesis
testing or gene selection but instead on the clustering itself. For example, we
can include pathway information as gene-specific features to increase the prob-
ability that genes within a pathway are clustered together, without restricting
this to be the case. Even when it is reasonable to treat genes exchangeably
a priori, it is important to keep in mind that the Dirichlet process is not
the only nonparametric Bayes option available. The DP introduces clusters
at a rate proportional to alogn, which may be overly-restrictive in certain
applications. Hence, it is worth exploring more flexible alternatives instead of
always using the DP as the default. For example, Lijoi, Mena and Priinster
(2007b) recently developed nonparametric Bayes methodology for clustering
based on generalized gamma (GG) process priors. The GG-based clustering
is more flexible than the DP, introducing clusters at power law rate.

There are some issues that arise in basing inferences on an estimated clus-
tering that do not arise in using clustering as a flexible tool for borrowing
of information and dimensionality reduction. First, it is important to keep in
mind that the space of possible clusterings of genes is incredibly enormous for
large p. Due to this fact it is very hard to adequately explore the space of clus-
terings given current algorithms and computing resources. Hence, the optimal
clustering may never even be visited by an MCMC, simulated annealing or
population Monte Carlo algorithm. In addition, even if one could identify the
optimal clustering under some criteria, it is likely that there are a very large
number of clusterings that have essentially identical performance. For exam-
ple, in ranking clusterings based on posterior probabilities when p is large, the
probability assigned to any particular clustering is extremely small and there
may be thousands of clusterings within € of the highest posterior probabil-
ity clustering. Hence, one should try to avoid over-interpreting results of any
clustering analysis, and should try to focus inferences on quantities that can
be better estimated. For example, the marginal posterior probability that two
genes are clustered together accounting for uncertainty in the other genes in
the cluster provides a useful basis for inferences, which can be used to bypass
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focusing on a single estimated clustering in the guess. Optimization-based ap-
proaches to cluster analysis can produce misleading results, as one typically
does not have a measure of uncertainty in the estimate so may be likely to
over-interpret the results.

Until this point, I have focused on data consisting of a high-dimensional
vector of responses or predictors. However, there are increasing numbers of
applications that collect high-dimensional functional data. One example that
has received abundant focus in recent years in the statistical literature is mass
spectrometry data, which are often used as a tool in proteomics for identifying
proteins and searching for biomarkers. Ghosh et al. (2008) recently proposed
an innovative Bayesian semiparametric approach for identifying biomarkers
from mass spectrometry data motivated by an application to distinguishing
urinary metabolic profiles between trauma patients and healthy controls. The
Ghosh et al. (2008) approach used a Dirichlet mixture of beta distributions as
a prior for a density on [0,1], with this density used to construct a functional
profile from multiple measurements on a subject. Ghosh and Dey (2008) later
extended the methodology to incorporate covariates.

Another area that has received increasing attention is gene copy num-
ber data collected in comparative genomic hybridization (CGH) microarrays.
Broet and Richardson (2006) proposed a mixture model, with states corre-
sponding to unmodified, delete and amplified sequences. A spatial model was
then used to allow allocation to the three mixture components to depend on
location along the chromosome. Pique-Regi et al. (2008) proposed an alterna-
tive approach based on starting with a high-dimensional piecewise constant
model, with a sparse Bayesian learning algorithm used to estimate the knot
locations. Potentially, one can modify these approaches by using a nonpara-
metric Bayes approach in which the copy number variability along the chro-
mosome within an individual is viewed as functional data. Using a piecewise
constant basis representation, one can express the measured copy number at
location j within subject ¢ as

P
Yij = Zoilbl(tij) + ey, €5 ~N(0,0%)

=1
6, ~ P, (4.10)

where b = {b;}]_, correspond to a large number of piecewise constant basis
functions, ¢;; is the location of the jth measurement for individual i, §; =
(0i,-..,0;) are individual-specific basis coeflicients (random effects), and P
is a random effects distribution characterizing variability among individuals
in the copy number profile. One possibility for allowing flexible modeling and
borrowing of information across individuals, while accommodating differences
in the knot locations, would be to let P ~ DP(aFy), with Py corresponding to
a mixture of a point mass at zero, allowing knots to drop out, and a continuous
probability measure, such as a Gaussian. Note that this approach would allow
the knots to be different for each component of the DP.



Nonparametric Bayesian Bioinformatics 111

A disadvantage of using a Dirichlet process prior for P is that the DP in-
duces global functional clustering, so that two individuals allocated to the
same component by the DP will be required to have the same basis coefficient
vectors. This certainly seems overly-restrictive in the array CGH application,
since there may be particular regions of the chromosome for which multiple
subjects have similar profiles, but the entire profile is unlikely to be identical
everywhere for any two subjects. Hoff (2006) proposed a subspace clustering
approach, which used a DP to cluster individuals in terms of the locations
and magnitude of the deviation from a mean vector. He applied this method
to array CGH data. His approach does not entirely solve the problem of lo-
cal borrowing of information across individuals, allowing certain regions to
be more likely to have deleted or amplified genes. Potentially this can be ad-
dressed using recently proposed local generalizations of the Dirichlet process,
such as the matrix stick-breaking process (Dunson, Xue and Carin, 2008), the
hybrid functional Dirichlet process (Petrone, Guindani and Gelfand, 2008) or
the local partition process (LPP) (Dunson, 2009b).

Focusing on the local partition process, we let ; ~ P, with the random
effects distribution assigned the prior P ~ LPP(«, 3, Py). The LPP is a gen-
eralization of the DP that allows dependent local clustering. In particular,
local clustering allows 6;; = 0;/; for some j € {1,...,p}, while §;; # 0;/; for
other js. In the array CGH application, identical basis coefficients for two
subjects imply the same level of deletion or amplification in copy number in
a particular location of the genome. The LPP has the appealing properties of
being fully flexible in modeling of Pr(#;; = 6;/;) and the conditional proba-
bility Pr(6;; = 05| 0:5y = 6i7;). By allowing dependence in local clustering,
the approach allows learning of similarities between two subjects increasingly
as locations are added. In addition, choosing Py to have a mixture structure
with a mass at zero allows a different selection of knots for each subject,
while borrowing of information since each subject’s function is formed from
local selection of basis coefficients from the same basis coefficient vectors.
This structure tends to lead to a very sparse representation of complex func-
tional data, exploiting underlying commonalities while allowing each function
to differ.

4.5 Additional Topics

There are a number of additional application areas that fall under the broad
umbrella of bioinformatics for which Bayesian nonparametric methods can be
usefully applied. One area is analysis of expressed sequence tags (ESTs), which
provides a technology for gene discovery. In collecting EST data from a cDNA
library, the rate of discovery of new genes is a function of redundancy in the
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library. Hence, in deciding whether it is worthwhile to continue sequencing the
library and, if so, how many samples to take, one would like to estimate the
number of new genes in the library and the rate of discovery in a new sample
based on previous data obtained for the library. Lijoi et al. (2007a) proposed
an approach for addressing this problem based on the theoretical framework
developed in Lijoi et al. (2007¢) for nonparametric Bayesian estimation of the
probability of developing a new species.

The Lijoi et al. (2007¢) approach is based on a class of species sampling pri-
ors, which generalize the Dirichlet process to a broader class of priors, which
induce Gibbs-type random partition structure. In addressing the problem of
estimating a new species, it is particularly important to be flexible in charac-
terizing the prior on the partition of samples into clusters. The DP induces
a prior, which implies that species are discovered at a rate proportional to
the natural logarithm of the number of samples. In applications, there is no
guarantee that this rate is appropriate, so it is appealing to use a more flexible
prior that allows power law rate of discovery, with the power estimated based
on an initial sample from the EST library under consideration. The two pa-
rameter Poisson-Dirichlet process provides a generalization of the DP that has
this property and is convenient in terms of mathematical and computational
tractability. The Bayesian nonparametric approach has clear advantages over
frequentist estimators of species discovery rate, which tend to become unstable
as the number of new samples to be drawn increases.

Nonparametric Bayes methods have also been utilized increasingly in popu-
lation genetics. In Section 4.3 I mentioned some approaches for incorporating
high-dimensional SNP data as predictors in a regression analysis. There has
been an increasing focus on collecting very high-dimensional SNP data span-
ning the entire genome, with such data often referred to as whole genome
scans. Note that a single SNP corresponds to a pair of amino acids (nu-
cleotides) at a single location (loci), with one on the chromosome inherited
from the father and one on the chromosome inherited from the mother. Since
the chromosomes are inherited instead of the individual SNPs, there are ac-
tually two haplotypes, corresponding to the sequences of amino acids on each
chromosome, underlying the observed SNP sequence. It is well known that
the number of haplotypes occurring in a population tends to be extremely
small relative to the number possible, so one can potentially obtain a reduc-
tion in dimensionality in using haplotypes as the basis for analysis instead of
SNPs. However, this reduction in dimensionality is counter-balanced by the
fact that current widely used sequencing technology is un-phased, so only pro-
vides SNPs, with no information on chromosome of origin. For this reason,
haplotype-based analyses involve a missing data problem, with widely-used
approaches for inferring the unknown haplotypes recently shown to be inac-
curate (Andrés et al., 2007).

In addition to the inherent uncertainty involved in imputation of missing
data, one of the reasons for this inaccuracy may be use of an overly-simplified
model. Xing, Jordan and Sharan (2007) recently proposed a nonparametric
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Bayes approach, which improved upon standard finite mixture model-based
analyses by allowing an unknown number of haplotypes in the population
through a Dirichlet process mixture model. Often interest focuses on problems
of inferring population substructure and regions along the chromosome with
high rates of recombination (hotspots) on the basis of SNP data collected
for different individuals. Inferences of this type require a biologically-based
model of genetic recombinations among large numbers of founders followed
by a coalescence with mutation process applied to the genealogies across the
generations leading up to the current population. It is crucial that the model
characterizing this complex process is biologically realistic, as the inferences
require extrapolating backwards in time on the basis of modern day data,
with limited ability to check modeling assumptions given the lack of genetic
information for past generations. Given these inherent limitations, it is im-
portant that researchers are modest in making conclusions about population
structure and migration patterns in the distant past on the basis of statistical
methods applied to modern sequence data.

Xing and Sohn (2006) proposed a nonparametric Bayes model, referred to
as the hidden Markov Dirichlet process (HMDP), for flexible genetic inference.
The proposed model generates current haplotypes through a sequence of re-
combination events that proceeds via a first order Markov process starting
with an unlimited number of founder haplotypes, with mutation also allowed.
For a related approach, which was independently developed, refer to Sun et
al. (2007). Xing et al. (2006) proposed an alternative approach that allows
dependence within and between populations through a hierarchical Dirich-
let process (HDP) mixture model (Teh et al., 2006). The HDP allows for a
common set of haplotypes across the different populations, but with different
frequencies in the individual populations.

An additional area, which is understudied statistically, is molecular epidemi-
ology studies using single cell gel electrophoresis (comet assay) to measure
the frequency of DNA strand breaks on the level of individual cells. In these
studies, immortalized cell lines are first established for different individuals.
Samples of cells are then drawn and subjected to a variety of experimental
conditions, with the comet assay used to measure damage. For example, in
studies of polymorphisms predictive of DNA damage and repair rates, a sam-
ple of 100 cells could be drawn at baseline, with additional samples of 100
cells drawn immediately after exposure to a known genotoxic agent and after
some time has been allowed for repair. In addition, SNP data may be available
for each individual, so that the focus is on identifying genotypes predictive of
rates of baseline damage, sensitivity to induced damage, and repair. This is
a challenging problem, because the density of comet assay measures of DNA
damage across cells in a sample tends to be non-Gaussian, with the density
changing in shape across experimental conditions.

Dunson (2006) proposed a dynamic mixture of Dirichlet processes (DMDP)
framework, which allowed the distribution of latent DNA damage to change
nonparametrically across dose groups, while flexibly borrowing information.
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Pennell and Dunson (2008) adapted this framework to allow nonparametric
testing of equalities in the distributions between dose groups. In order to allow
heterogeneity in cells drawn from cell lines established for different individuals
due to measured genotypes and unknown factors, it is appealing to consider
general hierarchical regression models in which the natural response for an
individual is a collection of unknown distributions. This problem is concep-
tually related to functional data analysis, though functional data methods
are not directly applicable to this setting. De Iorio et al. (2004) proposed
an ANOVA framework for dependent collections of densities. This approach
can accommodate comet assay data from a single cell line with multiple cat-
egorical experimental conditions, such as dose level and repair time, but does
not accommodate variability among individuals and predictors impacting the
profile of DNA damage within an individual across experimental conditions.

To address these problems, Rodriguez, Dunson and Taylor (2009) proposed
a general hierarchically weighted finite mixture (HWFM) model framework.
Their proposed approach involves incorporation of a finite number of paramet-
ric basis distributions, consisting of Gaussian densities with unknown means
and variances, with the distribution specific to an individual under a partic-
ular condition modeled as a mixture of these bases. The mixture weights are
then characterized using a hierarchical probit model for computational con-
venience. A variable selection component can be incorporated in the mixture
weight model to allow selection of genotypes predictive of baseline damage,
sensitivity to exposure and repair rates. In future work, it will be interest-
ing to generalize these methods to infinite mixtures. A promising idea in this
regard is to rely on a probit stick-breaking process, which replaces the beta
stick-breaking weights in the Dirichlet process with an unknown Gaussian
framework that leads to more tractable generalizations to hierarchical model-
ing, variable selection and other complications. Using such an approach, one
can select predictors having any impact on the distribution of a response vari-
able. Such an approach can detect predictors that have no effect on the mean,
but impact distributional shape (Chung and Dunson, 2008).

4.6 Discussion

This chapter has provided a brief overview of recent work using nonpara-
metric Bayes approaches in bioinformatics, with the term “nonparametric
Bayes” used to refer to models incorporating random probability measures,
such as the Dirichlet process. The “nonparametric” terminology is somewhat
of a misnomer in that nonparametric Bayes methods are actually infinitely
parametric. The flexibility comes in through defining a prior with large sup-
port, which is flexible enough to characterize a very broad class of distributions
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and data generating mechanisms. The excellent performance often observed by
nonparametric Bayes methods in practice arises through the combination of
an infinite-dimensional and extremely flexible model with the intrinsic Bayes
penalty for model complexity. The result is that a very sparse structure tends
to be favored with additional components incorporated as the evidence builds
up in the data that these components are really needed. Hence, there does
not tend to be any problem with over-fitting. In bioinformatics, nonparamet-
ric Bayes methods provide an appealing black box for sparsely yet flexibly
characterizing very high-dimensional data, while allowing variable selection
and shrinkage through a full probabilistic framework for accommodating un-
certainty in a principal manner.

However, there are a number of challenges involved in the implementation
and interpretation of results from nonparametric Bayes analyses that moti-
vate additional research. The first issue is the prior specification. For example,
specification of a Dirichlet process prior involves choice of a total mass pa-
rameter, a, and a base probability measure, Py. The total mass parameter is
important in determining the posterior on the number of mixture components,
so it is appealing for flexibility to choose a hyperprior, such as a gamma. As
the data are highly informative in most cases, a flat prior can even be cho-
sen by letting the gamma parameters be close to zero. The choice of P, is
more challenging. Suppose a particular parametric choice is made, such as the
Gaussian or double-exponential. Then, the issue is how to choose the param-
eters characterizing Py. For robustness, one can choose a hyperprior, such as
a normal inverse-gamma for the mean and variance of the Gaussian. How-
ever, it is still necessary to choose the hyperparameters in the hyperprior.
It is important to keep in mind that it is not appropriate to choose a high
variance prior, because the posterior distribution on the partition of subjects
into clusters depends on a marginal likelihood. The tendency is to allocate all
the subjects into a single cluster with high probability if the variance of Py is
extremely high. Hence, it is important to be careful to choose Py to have an
appropriate scale. This can be done based on the application. For example,
if a DPM is being used for coefficients on binary genotype predictors in a
logistic regression model, choosing Py to correspond to a N(0,2) distribution
is reasonable as a default, since log odds ratios are quite unlikely to be very
far from 0. In the absence of such prior information, one can instead use an
empirical Bayes-type approach, which either standardizes the data prior to
analysis and chooses unit scale in the prior or uses the data in choosing Fp
(McAuliffe, Blei and Jordan, 2006).

A second issue is the computational implementation. For Dirichlet process
mixture models and other nonparametric Bayes models, there is a rich liter-
ature on simple and computationally efficient methods for posterior compu-
tation. MCMC analyses of a wide variety of nonparametric Bayes models can
be implemented in the R package, DPpackage (Jara, 2007), and WinBUGS
can also be used for many models (refer to Ghosh, Ghosh and Tiwari, 2008
for a recent example). For massive dimensional problems, MCMC algorithms
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may not scale appropriately, motivating a literature on fast approximations.
In the machine learning literature, variational Bayes methods have been in-
creasingly widely used to approximate the posterior in nonparametric Bayes
models (refer to Blei and Jordan, 2006, and Kurihara, Welling and Teh (2007)
for methodology articles and Qi, Paisley and Carin, 2007 for a recent appli-
cation). These methods can be implemented with a simple EM algorithm,
though it is important to use multiple starting points, since the posterior is
typically multimodal in mixture models and the EM will converge to a local
mode. Intelligent default choice of these starting points based on preliminary
analyses of the data is a good idea, since the number of modes may be large.

A third challenge in nonparametric Bayes inference in bioinformatics is in-
terpretability. For example, suppose that a highly flexible mixture model is
defined that allows the distribution of a health response to change nonpara-
metrically with a high-dimensional vector of candidate predictors, while also
allowing interactions. If predictions are the focus, then the nonparametric
Bayes mixture model may provide a useful blackbox that allows for a sparse
structure underlying the high-dimensional data without imposing restrictive
assumptions, such as normality and linearity. However, now suppose that in-
terest is in inferences on the impact of a particular predictor on the health
response. This tends to be more challenging, since the number of mixture
components and role of the predictor of interest can change across the MCMC
iterations, making it difficult to obtain a clearly interpretable summary of the
effect of the predictor. My general recommendation in this regard is to try to
avoid making cluster-specific inferences due to the problem of label switching
and to the inherent uncertainty in clustering. In most cases, the clustering
process in the mixture model can be viewed as a tool for building a flexible
model, with over-interpretation of the clusters as a dangerous and potentially
misleading exercise. Ideally, one can instead base inferences on a well-defined
quantity, obtained in averaging over the posterior distribution on the clusters.
For example, in assessing predictors effects, one can use the marginal pos-
terior probability of inclusion and summaries of the marginal impact of the
predictor on different summaries of the response density.
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5.1 Introduction

The discovery of associations between gene expression and patient outcome
relies on statistical models which typically use the expression measurement
directly as a predictor. A more accurate approach would assume that the
expression measurement is merely an indication of the underlying true ex-
pression level. The proposed model recognizes that gene expression has mea-
surement error. Experiments involving many tumors will often perform only
one microarray assay on each tumor because of cost limitations. Thus, the
distributions of measurement errors are not directly identifiable. This model
extends the additive error-in-variable survival model for Affymetrix data of
Tadesse et al. (2005) to two color microarrays with correlated multiplicative
errors. The error model is included within the framework of a piecewise ex-
ponential survival model. Robustness analyses are performed, and the model
is applied to a breast cancer study dataset.

DNA microarrays are assays that simultaneously measure the expression of
thousands of genes. Characterizing the association between time-to-event data
and gene expression is similar to the differential expression problem because
event data constitutes a biological state, although the state is complex in that
the state space is censored and infinite. The broader problem of differential
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expression requires that the gene expression for a particular gene on an array
is measured or computed. The aforementioned value of a gene’s expression is
often referred to as the gene expression index (GEI) (Li and Wong, 2001). The
GEI is computed in numerous ways depending on the type of array and the
model used. The probes or spots on an individual array have complementary
subsequences highly specific to the corresponding gene’s RNA in the samples.
The two major types of arrays in most common use are Affymetrix and cDNA
arrays. In cDNA two-color arrays, there is typically only one probe per gene,
and two samples that are dyed red and green are applied to each array. The
first is often a standardized reference used in some sense to calibrate the sen-
sitivity of the probe and to represent a standard level of gene expression. The
second sample is from the biological state of interest. Affymetrix arrays have
a very different design (Li and Wong, 2001) with sets of mismatch and match
pairs for each gene. The GEI is typically calculated as a function of the raw
array data whose parameters are derived from a model fit. Examples of this for
Affymetrix data are the Li and Wong model (Li and Wong, 2001) and Robust
Microarray Analysis (Irizarry et al., 2003a). For cDNA two color arrays with a
standardized reference, the log-ratio of the sample intensity over the reference
intensity is used. However, performance of model based estimates of GEI have
been shown superior to simpler ones at least for the case of Affymetrix data
(Trizarry et al., 2003b). Using the log-ratio for cDNA arrays is also problematic
in that information about the magnitude of the two channels is lost by taking
ratios. The magnitude of such measurements contains information regarding
reliability, and this reliability should be considered in the data analysis. Fur-
ther, the log-ratio has a dependence on the reference channel used which can
complicate comparisons between two experiments using different references.
Ideally, one would like to consider the variability due to microarray measure-
ment error in inferences. The microarrays are accepted as having significant
amounts of assay noise (Yang et al., 2002). The presence of noise is obvious in
the case of assay replication, but assay noise can be confounded with biological
variation depending on experimental design. In the case where the biological
state is finite (i.e. treatment and control), there is often biological replication
of the states. Here, the association between biological state and a gene’s ex-
pression may be done strictly on a gene by gene basis or may pool information
across genes. The assay noise in the presence of biological or technical replica-
tion is accounted for by estimating the variance within replicates in the man-
ner of t-statistics (Dudoit, Yang, Callow, and Speed, 2002). There are para-
metric models that relate the variance of measurements to their mean which
have been proposed by Ideker, Thorsson, Siegel, and Hood (2000) and Rocke
and Durbin (2001). There are also some models of microarray noise that use
semiparametric methods such as the mixture distribution method of Newton
et al. (2004) and a quasi-likelihood approach of Strimmer (2003). These semi-
parametric models were designed to identify differential expression between a
finite number of biological states, not for the type of biological variation and
lack of replication in tumor sample experiments with time-to-event being the
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biological state. Cho and Lee (2004) developed a Bayesian model for oligonu-
cleotide arrays which can apply a measurement error model to only one repli-
cation of a particular biological state, but this is developed in a very limited
context of differential expression, and it is not clear how to apply this to tumor
samples with time-to-event outcome. No two tumors constitute the same bio-
logical state. Unless the same tumor is assayed more than once, the assay noise
will be confounded with biological variation between tumors. The analysis of
noise in the absence of either biological or technical replication is not straight-
forward, but it is of interest to account for the effects of assay noise when deal-
ing with time-to-event data. It is a well known phenomena that failure to ac-
count for measurement error in covariates results in bias of the estimated effect
toward the null (Nakamura, 1992). This gives us motivation to develop a model
that includes assay noise and avoids biased inference. Tadesse et al. (2005)
have recently shown how inferences concerning microarrays and survival can
be affected by not accounting for measurement error in Affymetrix microar-
rays, and we would like to build a similar model for cDNA microarray data.

The aim is to construct a model that accounts for the effects measure-
ment error in ¢cDNA microarray experiments on the assessment of associa-
tions between gene expression and time-to-event data. We present a Bayesian
hierarchical latent variable model linked to a piecewise constant proportional
hazards model for the time-to-event data. The latent variable corresponds to
the gene expression index, and the hazard function is conditional upon this
latent GEI. The model is shown to have favorable properties such as robust-
ness to misspecification and GEIs that do not explicitly depend on platform
specific parameters. Platform specific parameters include the sensitivity of the
red probe compared to the green probe and the reference sample. We apply
the model to a particular breast cancer experiment that previously demon-
strated novel subtypes of breast cancer based on gene expression profiles. The
time-to-event of interest is time-to-death due to disease. It is important to
understand the influence of a particular gene’s influence on time-to-death for
the purposes of specifying treatment and identifying potential drug targets.
Further, more complex models for the prediction of survival involve a prelim-
inary selection of genes that are individually associated with survival (Bair
and Tibshirani, 2004).

Gene expression profiling of breast cancer has and will play an important
role in the understanding and treatment of the disease. Microarrays from
this dataset have already proven their usefulness in categorizing breast can-
cer into novel, biologically meaningful subtypes predictive of prognosis as in
Sorlie et al. (2001) and Perou et al. (2000). The subtypes of breast tumors
such as basal and luminal were confirmed to predict outcome by Sotiriou et al.
(2003). Van'’t Veer et al. (2002) demonstrated that a group of 70 genes expres-
sion values from ¢cDNA microarrays can be used to construct a classifier that
outperformed clinical and histopathological data in predicting metastasis. A
follow-up study done by Vijver et al. (2002) showed that the same 70 genes
were an effective predictor of outcome in 295 patients. In the Netherlands, a
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pilot study is underway in which the doctor and patient are given the tumor’s
profile of the 70 gene predictors (Tuma, 2004). This study’s goal is to char-
acterize what influence the microarrays will have on therapeutic decisions. A
prospective randomized trial called MINDACT (Microarray for Node Nega-
tive Disease may Avoid Chemotherapy Trial) will test if using microarrays to
affect treatment decisions improves outcome (Hampton, 2004).

The paper is organized as follows. Section 5.2 outlines the data structure
and some preliminary analyses. In Section 5.3, the general expression and
survival models are presented. The specification of priors is given in Section
5.4. Section 5.5 describes the two stage model fit procedure. The application
of the proposed model to the breast cancer dataset and comparisons with the
standard Cox proportional hazards model are given in Section 5.6. Operating
characteristics and a robustness analysis are given in Section 5.7. Section 5.8
summarizes the article with a brief discussion.

5.2 The Data Structure

The data analyzed were obtained from experiments performed on breast
cancer samples with similar types of cDNA microarrays. There were a total
of 85 microarrays of tumor (78), normal tissue (4), and other tissue (3) from
84 individuals, but clinical information was available from only 77 of the
individuals who corresponded to tumors. Of these 77 individuals, 75 had time-
to-event data available. This subset of the data is the focus of the paper.
There were six batches of microarrays, some arrays having 24k probes and
others having 8k probes. A common subset of 7,938 probes were selected. In
the green channel, one of three batches of standardized reference were used.
The red channel for each array consisted of the 75 tumor samples. It has
been reported that the differences in the array type and the batch effect due
to reference add some variability to the analysis (Sorlie et al., 2001), but
this noise is not considered here. The dataset is available from the Stanford
Microarray Database (http://genome-www.stanford.edu/microarray) which is
described in Gollub et al. (2003).

The endpoint studied was time to death due to disease in months. Survival
times were between 0 and 100 months (mean 35.43, median 30.0). Twenty-six
of the 75 patients experienced the event after time 0. A Kaplan—Meier curve
of the 75 patients is shown in Figure 5.1.
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FIGURE 5.1: Survival curve for breast cancer dataset.

5.3 The General Model

The goal is to characterize the association between gene expression of
particular genes and time-to-event data. The model proposed will integrate
both survival times and a measurement error model. The data is inherently
trivariate in that the red and green channels of any probe are potentially cor-
related with survival and jointly modeled. Some notation will be introduced
for this two color data. Each spot on the array will be described as Pg;,» which
are vectors of length two whose indices g, i and r refer to the g gene and
the i*" individual at the r* replicate respectively. The elements of P, are
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Rgir and Gg;r which are the red and green fluorescent measurements of the
Rgir
Ggir

The measurement error model is adapted from one proposed by Ideker et
al. (2000). Ideker’s model consists of a bivariate normal error with an additive
component and a multiplicative component. The multiplicative component
will be called the spot effect (spot = S). The spot effect is the motivation for
taking the ratio of Rgir/Ggir. By dividing R by G, the general assumption is
that the multiplicative error will cancel. The additive component is related to
the background effect (B). An examination of the data reveals the relationship
between the mean probe intensity and the variance of the probe. Figure 5.2
shows the log of the sample variance plotted against log of the sample mean
in the green and red channels of our dataset. There appears to be a strong

spot. Py, may be written as Probegi, = Py = [
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FIGURE 5.2: Variance vs. mean relationship with model fit lines.
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linear relationship between log(probe mean) and log(probe variance). Stating
the model in equation form we have

Pgir = Mqisgir + Bgir7 (51)
2

where Sgir ~ Ny (|:1:| , |: OmR meWéRamG]> 7

1 PmOmROMG oG

2
Bgir ~ Ny <|:8:| , |: Oar anaQRUaG:|) ’
Pa0aROaG (e

and My; = [M ggi ,uO ] . The diagonal elements of My, are interpreted as

Ggi )
the mean intensities for gene g and state ¢ since E[Py;.| = [trgi flcgi)’, and

. . 1 .
this is what motivates the mean vector of [ } for Sgi-. The covariance pa-

1
rameters for the multiplicative error are o2, 5, 02 ., and p,,, which represent
the variability due to a multiplicative effect in assay replication of biologi-
cally identical samples. Similarly, the covariance parameters for the additive
variability due to replication are o2 R UZG, and pg.

There are other models for cDNA data with both additive and multiplica-
tive components. Rocke and Durbin (2001) suggest a log-normal multiplicative
error with a normal additive error. This model presents major computational
challenges because P does not have a standard distribution, and the likeli-
hood cannot be written in closed form. Rocke and Durbin (2001) suggest an
iterative fitting procedure on different subsets of genes for the additive and
the multiplicative components separately. However, we do not choose this
model for three reasons. First, analysis of the residuals of the log transformed
data suggest that the log-transformation over-corrects for the relatively small
amount of skewness in the data. Second, the difficulty of dealing with a non-
standard distribution adds to an already heavy computational burden. Third,
we show in Section 1.8 that the estimation of survival parameters and GEI’s
with a model based on a normality assumption are robust to this type of mis-
specification of the multiplicative error distribution. However, even the Ideker
model is not identifiable unless there is technical replication in both the red
and green channels. In the dataset considered in this paper, we do not have
such replication except in a small number of duplicate probes on each array
(about 180). An analysis of these probe measurements was performed on the
green and the red channels separately, and the estimates of 02 , and o2, were
found to be approximately equal. With this justification, we set the constraint
02 n =02, =02 for the purpose of model identifiability. Also, the variance
parameters due to the additive components (UZR, UZG, and p,) were found
to be very small relative to the multiplicative error, so we set them to zero.
The parameters (1rg; and pugg; are the means within a biological state. When
a common reference is used, jigg; becomes gy and it represents the mean
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intensity of the reference channel, and gy is the mean of the sample chan-
nel. In experiments with biological replication within a channel, the means
of the intensities measured are often considered to be derived from the same
underlying population, so that prg = prg for replicates within a biological
state. We must account for the biological variability in tumor samples, and
thus we consider an additional hierarchical component to the model and take
URgi = HRrg(L + Bgi). The parameter Gy; is the latent GEI and represents the
it" tumor’s and the g'" gene’s deviation from mean of that gene (upy). Bgi
is taken to be a truncated normal variable with 3g; > —1 because 8¢; + 1 is
considered to be proportional to a concentration, and therefore, B4 + 1 must
be positive. The method of identifying the GEI as a latent variable is novel. It
is well suited for tumor samples because it gives a structure to the variation in
a gene’s expression. The structure of the truncated normal distribution acts
to resist outlying measurements so that the GEI’s have a regression to the
mean. The model can be restated in another equivalent form.

Rgi = urg(1 + Bgi)ergi (5.2)
Ggi = pageagi (5.3)
where
g = €Rgi | _ 1 U,Qn pmafn
97 | eagi 1] | pmo2, o2
and

Bgi ~ Nig,i>-13(0,0%,).

We have a simple physical model that assumes that the intensity of a probe (P)
is roughly proportional to product of the concentration ([mRNA]) of the target
mRNA in the sample and the sensitivity of the probe (¢). In equation form
we have P =~ [mRNA] x ¢. The physical model is motivated in part because
of the Li and Wong model for Affymetrix data which takes the following form
for a single gene:

Pij =v;+ 9i¢j + €55 (5.4)
Here, P;; represents the it" measurement j*"* probe with sensitivity ¢; and
background v;. 0; is the gene expression index and €;; is a normally distributed
error term. The difference between our model and models like that of Li and
Wong is that the GEI of individual ¢ is not a random effect. That is, in the Li
and Wong model, the biological variation of GEI’s is not modeled explicitly.
We extend the form of the Li and Wong model to cDNA data here for the
case of a standard reference in the green channel by taking

Pgir = @giq)gsgir, (55)

) 0 red] g 0
where &, = [ gg d)GJ and O = [[ O]g [g?“een]g]'

The parameters ¢r, and ¢g4 are the platform specific sensitivities of the
red and green channels respectively. The ©4; denotes a matrix whose diagonal
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elements [red|y; and [green], are the concentrations of RNA on the specified
array. This model statement is consistent with (5.1) if we let ©4,®, = My,
and set Byg; = 0. The problem of gene by dye interaction occurs for some
genes when the intensity of the red channel and the green channel respond
differently to the same concentration gradient. Using the language of this
model, gene by dye interaction can be stated as ¢rgy # ¢cg. The connection
with this model and the log-ratio can be seen by considering the special case
that p,, = 1. The log-ratio is given by

Vgir = 10g(Ryir /G gir) = 10g ((¢rg/Pcq)([red]yi/lgreen]y)) . (5.6)

The three deficiencies of 14 can be noticed. First, if the values in the red
or green channel are negative, then the log-ratio cannot be computed, and
this generates missing data despite the clear informativeness of low values.
Second, the platform specific parameters of ¢r, and ¢g, are contained in
the GEI. Third, the reference specific parameter gy is also affecting the
GEI, and these two problems complicate the interpretation and the cross
platform comparisons of the log-ratio. Now, consider the parameter Bg;.
The parameter can be stated in terms of the ratio of intensity parameters
as Bgi = (WRrgi/ltrg) — 1. According model (5.9), purgi = ¢rglred]y and
URg = PRrglredgy] then,

Bgi = (rgi/ 1rg) — 1 = ([redyi]/[red]y) — 1. (5.7)

Thus, B4 does not explicitly depend on platform or reference specific pa-
rameters for the reason that it is a function of the ratio of the mean intensi-
ties, and that ratio is not dependent on the probe sensitivity or the reference
channel.

The parameter 3y will also be linked to the following piecewise constant
hazards survival model. This model divides the survival time axis into J ad-
jacent disjoint intervals (so, s1], (s1, S2], ..., (S7-1, 5] where 0 = so < s5; < sjr
if (0<j<j)andj=1,...J. Within each interval is a constant baseline
hazard ho(y) = \; when y € (s;—1,s;]. We let v; = 1 be the failure indi-
cator for the i*" individual (1; = 0 otherwise), and let &;; = 1 if the i
individual was either censored or failed in the j* interval (§;; = 0 otherwise).
The survival component contribution of the likelihood for the " individual
becomes

J
y1|5qza"/c H Aj exp Oij V'iexp{ — 51']'

k=1

X [/\j (yi —sj-1) + Z_: k(8K — Sk—l)] eXP(Th')} (5.8)

where 1; = log(84i + 1)v4 + Z]7. is the linear predictor. Z; is the p x 1 vector
of clinical covariates for the i*" individual, and . is the corresponding p x 1
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vector of coefficients. Note that 34; has been log transformed for comparisons
with the log-ratio models.

In this paper, we consider only one gene’s (g = g’) association with survival
at a time so 3y refers to the vector of latent GEI's for the g gene, but P
refers to all probe data, that is all of the red and green channel measurements.
The model parameters are Q = {\;, Bgi, Vg, Yeks KRg> KGgs Tm Pms TBg }-

The dataset consists of D = {Py;,Y, v, 0i5, }. The full likelihood function is
the given by

(QID)
H H ¢2 ( i |:IURQ(1 + 691):| |: M%giafn pmo?nuRgiﬂGg]>
i=lg=1 " HGg " PmOT BRgitGy HesgOim
I — ’
X G1g,i>—13(Bgis 0,0%,) [f Wil Bgir ve)] lo=9'] 59)

where ¢3() is the bivariate normal density, and ¢ys,,~_13() is the left trun-
cated normal density. Again, 7; = log(Bg/i + 1)v4 + Zi7 is the linear predic-
tor for survival involving only one gene (¢’). Also, pgri = pgr(l + B4i) for
convenience.

The likelihood has two parts. The first part will pertain to the measurement
error model, and the second part is the survival model. This dichotomy of the
likelihood motivates the two stage fitting procedure described in Section 5.5.

5.4 Priors

Bayesian models involve the specification of priors as well as the likelihood,
therefore the specification of priors will complete our model. We do not have
information about parameters from previous studies, and therefore we choose
priors that are relatively non-informative or vague. We use the following priors
for the parameters

HrglHis e, ~ Nipug, >0y (Mg, o0 mys)  [meg = ZRSN (5.10)

uagluu N{#Gq>0}(M1mGg7aiszf]) [mag = ZGW (5.11)

a;2|ozm,wm ~ gamma(Qy, , W, (5.12)
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Pm ~ Unif(0, 1) (5.13)
oBglap,wp ~ gamma(apg,wp) (5.14)
Ajlao, wo ~ gamma(ag,wo/Aj—1) (Ao = 1) (5.15)
Yorlog ~ N(0,05,.) (5.16)

The gamma priors on the A;’s are chosen because they are strictly positive,
conjugate, and they induce correlation between adjacent \'s. Such correlated
priors create smoothness in the baseline hazard and were introduced by Arjas
and Gasbarra (1994). Such correlated priors are also discussed in Ibrahim,
Chen and Sinha (2001). The prior for o4 was chosen to be a vague gamma
prior; the prior was taken for on op, instead of the precision parameter agj
because the former is more easily interpreted, and the precision parameter of a
truncated normal does not have a conjugate gamma prior. The prior for o2 is
a vague gamma prior because this is the conjugate form. A vague normal prior
was selected for the survival coefficients v, and to let the likelihood drive the
inference and make the survival parameters comparable to the Cox model for
comparison. The u parameters in both models had priors that cover the range
of the measurements, and a vague prior is placed on ,uéé and u]_%; instead of
the reciprocal to take advantage of the log-concave posterior which facilitates
a more efficient Gibbs sampling scheme. See the appendix for computational
details. The array data is scaled to avoid numerical problems. This scaling by

meag and mpg results in the choice of p; = 1.

5.5 Model Fit

Our goal is to fit the model (5.9) on a gene by gene basis in a compu-
tationally efficient manner, and the parameter of interest is v, because v
determines the association between gene expression and time-to-event. We
could fit the full model likelihood for each gene, but doing so would be com-
putationally expensive because parameters such as (8¢, figr, andugq) relating
to other genes would then be estimated as well. The number of these nuisance
parameters is on the order of n *x G ~ 100,000. To facilitate a more feasible
fitting scheme, the model was fit using an MCMC method in two stages. These
two stages correspond to the two parts of the likelihood. In the full likelihood,
the first part contains information about the measurement error parameters
(O, pm,0Bg) for all genes, and the second part contains the parameters of
the survival model. One may notice that the measurement error parameters
are shared across all genes and that one individual gene’s contribution to the
likelihood should be relatively small. Further, our analysis has shown that
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these parameters can be estimated to a reasonably high precision by using a
large number of genes (> 500). Thus, in the first stage of the model fitting,
we will estimate the measurement error parameters with using likelihood

trg(1+ Bgi 102 PmO URgilG
L@D) = [[ Lo (P [Pro0+P00] [ b /g
=1 g=1 HgG PmOmHRgilGy HGgOm

X (8,51} (Bgi: 0,05) (5.17)

The biological variance parameter opg is chosen in this stage to be the same for
each gene for computational convenience and to borrow strength across genes.
Alternatively, one could select a subset of housekeeping genes thought to have
the same low biological variability, and use only these genes to estimate the
measurement error parameters. From this model fit, we will use the estimates
of the measurement error parameters ,, and p,, and substitute them into
(5.9) and this will constitute the second stage of the model fit:

L(QD) o
H¢2< » [NRg(l+ﬁgi):| 7 [ A;g%%gi&,%l ﬁm&mMR?uggD

Hg'G PmOmHRgi LGy MGg m

X ¢{B /»>—1}(ﬁ‘7,7;;0 U2Bg’)

J j—1
H (Ajexp(n ”"iexp{—éij [)\j(yi —sj-1) + Z A (8K — skl)]

k=1
X eXp(m)}- (5.18)

The second stage will be applied to each gene, and the parameters associated
with the measurement error (G, fm) remain fixed. Further, we found that
the model is weakly identifiable when op becomes large (o > 2). For large
oB, the parameters op and gy become confounded. So, for the second stage
of the analysis, we fixed pry = %Z?:l Rgy;. We found that this constraint
only had slight influence on the inferences regarding the parameter of interest
(7g)- In order to classify the genes as either significantly associated with a
survival or not, we will use the highest posterior density (HPD) intervals for
the 7, parameter. If and only if the interval does not contain 0, then the gene
will be included in the list of genes associated with survival. We will examine
both the 95% and the 99% HPD intervals.

5.6 Case Study in Breast Cancer

We use the model in the previous section to examine the breast cancer data
described in Section 5.2. As mentioned above, the model was in two stages,
measurement error parameter estimation and survival analysis.
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5.6.1 Estimating the Measurement Error Parameters

We normalized the microarrays before applying our model. There are many
normalization procedures available for cDNA (Yang et al., 2002; Quackenbush,
2002). However, most of these methods are applied to the log-ratio as opposed
to the red and green channel individually. For our purposes, we jointly model
the red and green channel instead of modeling log(R/G). Moreover, there is no
replication of samples that is an important component of many normalization
procedures. For normalization, we choose to perform a simple scaling proce-
dure as follows. One array without major problems such as poor green or red
dye measurements is chosen as the standard, and the red channel measure-
ments from that array are scaled so that the mean of the red channel is equal
to the mean of the green channel. Then, all other arrays are scaled so that the
means of each channel’s probes are equal to the mean of the green channel of
the first array. This method was chosen above quantile normalization because
it better preserved the correlation between the red and the green channels
across arrays. When we compare our method to one that uses the log-ratio,
we used the log-ratio normalization procedure used by Sorlie et al. (2001).

After the arrays were normalized, we estimated the measurement error pa-
rameters by sampling 500 probes at random from the original 7,938 probes.
Prior parameters were selected as follows: (ap,wp) = (2,0.1); (@m,wm) =
(2,0.1); (wi,0p,) = (1,100). The burn-in period of 10,000 Gibbs sample was
used to achieve convergence, and the number of samples used was 50,000. The
convergence of the Gibbs sampler was diagnosed with parallel chains by using

the Gelman and Rubin v/ R statistic (Gelman and Rubin, 1992). Convergence
diagnostics were computed with the R coda package (Plummer, Best, Cowles,
and Vines, 2004). See Figure 5.3 for trace plots. There was some autocorrela-
tion in the parameters that slowed convergence, but the effect on parameter
estimation was small as the mean of the posterior estimates were within 1% of
their final estimates very early in the chain (i.e. after a few hundred iterations).
The measurement error model then yielded estimates for these parameters as
follows: o = 0.5752(0.0062); o/, = 0.6082(0.0029); p,, = 0.9347(0.0021).

These parameters suggest a large amount of variation due to assay noise.
The coefficient of variation due to the multiplicative technical error is 6,, =
0.6082, and the correlation of the red and green components of this multi-
plicative effect is p,,, which suggests that the log-ratio has significant error.
These parameters will now be considered fixed in the gene by gene survival
analysis stage.

5.6.2 Data Preprocessing

Before survival models are fitted, there is some data preprocessing including
gene filtering and imputation of missing data. The large number of genes rel-
ative to the number of independent observations makes it beneficial to limit
the analysis to a subset of probes that meet some threshold of variability



136 Bayesian Modeling in Bioinformatics

Sigma_B: lag 1 acf = 0.829

!

!

Sigma_B

!

056 057 058 059 060
!

L

o 10000 20000 30000 40000 50000

Iteration

Sigma_m: lag 1 acf = 0.497

Sigma_m
1 1 1

L

0.600 0.605 0.610 0.615 0.620
!

0 10000 20000 30000 40000 50000

Iteration

Rho_m: lag 1 acf = 0.951

0.940 0.945
!

Rho_m
0,935
1

!

0.930

0.925
L

0 10000 20000 30000 40000 50000

Iteration

FIGURE 5.3: Trace plots of select parameters (o5, 0., and p,,) of mea-
surement error model with lag 1 autocorrelation.

across samples. We used a similar inclusion threshold to that of the original
analysis. We considered only probes that had at least 3 samples that were
a 4-fold change from the median log-ratio. From that list, we took a subset
of those probes which had missing data in the green or red channels for no
more than 10 out of the 75 arrays. This left 991 probes for examination, but
there were duplicated gene names in the probe list. All duplicate gene names
were removed for the survival analysis which left 942 genes. The missing data
in the reduced set was then imputed using the log-ratio. Specifically, impu-
tation was performed using the Statistical Analysis for Microarrays package
(Tusher, Tibshirani, and Chu, 2001) with a K-nearest neighbor algorithm in
which K=10.
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TABLE 5.1: Comparison of Lists of Significant Genes
for Gene Only Model 99% Cutoff

Proposed Model
Significant Not Significant Total

Cox Significant 65 18 83
Model Not Significant 13 846 859
Total 78 864 942

5.6.3 Results: Genes Identified by the Gene Only Model

Our goal is to find a list of genes that are associated with time-to-event in
breast cancer. We perform two types of analyses and compare the results with
a conventional Cox proportional hazards model. The analysis presented here
tests the gene’s survival association without additional clinical covariates. For
comparison, we fit a Cox proportional hazards model with standard software
(R package, 2004) using the log-ratio as the GEI covariate. When constructing
gene lists using the Cox model, the p-value of the corresponding regression
parameter was used to determine association. Specifically, lists with genes
having a p-value cutoff of < 0.05 and < 0.01 for the regression parameter will
be compared to lists including genes whose -y, parameters have 95% and 99%
HPDs that do not contain 0. The latent variable and the Cox models were fit to
the 942 genes. The prior hyperparameters for the survival model are as follows:
(ap,wp) =(2,0.1); (ap,wo) = (0.01,0.01); (Mz‘an) = (1,100); agme = 100.

The Gelman—Rubin statistic was again used to assess convergence, but be-
cause of the number of models (942), convergence could not be thoroughly
examined except for a few genes. Based on these models, conservative esti-
mates for the number of iterations needed to achieve convergence was used
for all genes. A burn-in of 5,000 cycles, and 10,000 samples were used to sum-
marize the posterior estimates. The results compare lists of genes selected to
have a significant association with survival by the proposed model and the
Cox model given in Table 5.1.

There is significant agreement between the two lists. For the sake of brevity,
we will focus on the lists of the 99% cutoff. The intersection of the two lists in-
cludes genes which have known associations with breast cancer such as the es-
trogen receptor (Perou et al., 2000), gamma glutamyl hydrolase (Rhee, Wang,
Nair, and Galivan 1993), and the angiotensin receptor 1 (AGTR1) gene (De
Paepe, Verstraeten, De Potter, Vakaet, and Bullock, 2001). Of the 13 genes
that were detected by the proposed model only, we have found that some of
them have associations with breast cancer such as estrogen regulated LIV-1
protein (Dressman et al., 2001) and the 5T4 oncofetal trophoblast glycopro-
tein gene (Kopreski, Benko, and Gocke, 2001).
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5.7 Robustness Analysis and Operating Characteristics
5.7.1 Deviation from Normality in the Data

According to the model, the array data in the green channel for a partic-
ular probe is normally distributed about the same mean so that greeng; ~
N(pga Hoqom,)- One may calculate the scaled residuals in a typical manner
of subtracting the sample mean and then dividing by the sample standard
deviation for each gene. To examine the validity of the distributional assump-
tion, we show a histogram of the scaled residuals in Figure 5.4a. The normal
density is overlaid. One can detect that the distribution is skewed to the right
with a heavier tail. One could consider a transformation, but transformations
dilute the relationship between the mean and the variance. The distribution
of the red channel is much more complicated under the model because it is the
product of a normal and a truncated normal random variable. The residuals
for the red channel are shown in Figure 5.4b.

5.7.2 Simulations Demonstrating Robustness
to Nonnormality

In order to characterize the effects of this deviation from normality, we
performed a robustness analysis with a simulation. We used the log-normal
model of Rocke and Durbin (2001) without the normal additive error to sim-
ulate a dataset and applied our two stage model fitting procedure to 200
different datasets with n = 75 individuals. The true measurement error pa-
rameters of the simulation were o, = 0.6, p,, = 0.9, and oy = 0.5. A
total of 500 genes were simulated with pgr = |Xg| and pge = pgrYy
where X, ~ N(10,000,3,000) and Y,; ~ gamma(2,2). The estimates (and
SD’s) from the model fit were (6, = 0.651 (0.005), p,, = 0.985 (0.001),
and 6gg = 0.59 (0.05)). Then, 200 survival datasets were generated with
the survival time y; being exponentially distributed with rate parameter
equal to exp[yglog(Byi + 1)] with a censoring probability of 0.7. The re-
gression coefficient v, was drawn uniformly from the interval [—2,2], and
Bgi ~ Nya,,>-13(0,25.0). The parameters jip, and pug, were simulated as
above. We are primarily interested in the 7, parameter, but we also show
results of By;. Figure 5.5 shows the 4, plotted against the true values. The
bars in the plot indicate the 95% HPD intervals. The 95% and 99% HPD
intervals contained the true values of v, 92.0% and 98.5% of the time respec-
tively, which indicates that the model is estimating v, fairly accurately. Also,
the log(ﬁgi + 1) were highly correlated with the true values, see Figure 5.6.
Another test of robustness of the ﬁgi as GEIs is the correlation that they have
with the conventional log-ratio GEI's. The mean and median correlation of
log(ﬁgi + 1) with the log-ratio estimates for each of the 942 genes of interest
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FIGURE 5.4: Scaled residuals with normal density curve.

are 0.90 and 0.97 respectively. These high correlations between the log-ratio
GEI and the latent GEI estimates suggests substantial agreement of the two
estimates of the biological variability present in the data.

An analysis of the operating characteristics of the model demonstrates that
the model has good type I and type II error rate control for inference regarding

TABLE 5.2: Operating Characteristics under True Model
Vg € Vg € 0¢ 0¢
N vy Estimate (SD) 95%HPD 99%HPD 95%HPD 99%HPD
950 0 0.0004 (0.18) 0.943 0.99 0.057 0.008
25 1 1.11 (0.24) 0.96 1.0 1.0 1.0
25 -1 -1.01 (0.22) 0.96 1.0 1.0 0.96
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Model Under Log—Normal Misspecification
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FIGURE 5.5: Estimation of regression parameter with 95% HPD under
misspecified error model.

the v, parameter. The Ideker model (Ideker et al., 2000) was used to simulate
the datasets, and the same measurement error parameters were used as above
with these parameters treated as known. A total of 1,000 datasets with n = 75
individuals were simulated with 950 genes under the null (v, = 0) and 50 genes
under the alternative (v, = 1 and vy, = —1, 25 times each). The results for the
simulation are given in Table 5.2. Table 5.2 shows that the properly specified
model has no strong evidence of type I error rate inflation and has good power
for moderate effect size. Also, the HPDs have accurate coverage probabilities,
and the estimated coefficients 7, show no indication of bias. For comparison,
we retested the operating characteristics using the log-normal multiplicative
error mentioned above and using same simulation parameters as well as the
same estimated measurement error parameters. Again, 1,000 datasets were
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Model Under Log—Normal Misspecification
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FIGURE 5.6: Estimation of latent expression under misspecified error
model.

simulated with n = 75, for fitting the survival model. Table 5.3 represents
the model fit under a grossly misspecified error structure, and this degree of
skewness in the error is greater than that of the observed data. Despite this
large deviation from normality, the model is seen to be quite robust to this
kind of misspecification. One can see a slight inflation of the type I error rate
(0.05—0.059 and 0.01—0.013). The power is not seen to decrease, and this

TABLE 5.3: Operating Characteristics under Misspecified Model

Vg € Vg € 0¢ 0¢
N vg Estimate (SD)  95%HPD 99%HPD 95%HPD 99%HPD
950 0  0.004 (0.15) 0.941 0.987 0.059 0.013
25 1 0.989 (0.19) 1.0 1.0 1.0 1.0
25 -1 -0.958 (0.16) 0.92 1.0 1.0 1.0
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may be surprising. However, one must remember that the measurement error
is not the same. The estimates of the v, coefficients are slightly biased towards
the null as would be the case for models that did not account for measurement
error, but this bias does not affect the HPD coverage probabilities. Overall, the
model shows good type I and type II error rate control under misspecification.

5.8 Discussion

This paper presents a model to find associations between a gene’s expression
and time-to-event data for cDNA microarrays that accounts for the substantial
measurement error. The model for the microarray probes is parametric and
creates a GEI which is latent instead using the log-ratio. The model for the
time-to-event data is a Bayesian semiparametric piecewise constant hazards
model. We fit the model using an MCMC algorithm in a two stage process.
The first stage estimates the measurement error parameters, and the second
stage uses these estimates in the survival model on a gene by gene basis.
There may be biases in such a two stage approach if the genes are vastly
non-homogenous in terms of their measurement accuracy, and a joint model
that estimates the measurement error simultaneously would be preferable in
that case. The two stage process and the assumption that all genes have the
same measurement error variance does offer the advantage of precise estimates
despite having no true replication of tumor samples. A case study with a breast
cancer dataset is performed with and without adjusting for clinical covariates.
The new model is shown to be generally consistent with a conventional model
that uses the log-ratios in a Cox proportional hazards model, and potentially
important genes selected by the proposed model only are found to have known
connections with breast cancer. That is, conventional models that do not
account for measurement error may fail to detect these genes’ associations
between event and gene expression. In addition to detecting associations, the
conventional models may underestimate the strength of these associations
because models not accounting for measurement error are known to be biased
towards the null, and this bias may be avoided in the proposed model. The
model was shown to be robust to some parametric assumptions for inference
about the parameter of interest, and the new GEI’s are found to be highly
correlated with the log-ratios. Further, the model is demonstrated to have
good operating characteristics concerning type I and type II error rates as
well as accurate coverage of the parameter values by the HPDs. However,
the issue of False Discovery Rates (FDR) is not addressed here. Conceivably,
permutation of the survival times could be applied to the data in order to
estimate the false discovery rate. Permutation is regularly applied in the case
of the Cox model and in other frequentist approaches in microarray data
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(Sorlie et al., 2001), yet such permutations would be not computationally
feasible for a Bayesian analysis using this model, and permutation is only
valid under exchangability which excludes more complex models with clinical
covariates. The problem of estimating FDR for Bayesian models is one of
current research (Efron, Tibshirani, Storey, and Tusher, 2001; Ibrahim, Chen,
and Gray, 2002; Tadesse, Ibrahim, and Mutter, 2003; Newton, 2004; Tadesse
et al., 2005), and the estimation of the FDR can be obtained by using the
mean posterior probability. If one is interested in which genes are most likely
to be associated with the time-to-event data, an ordering of the genes in terms
of association is required. In the frequentist setting, the p-values for the test
statistics can generate the ordering. One may easily derive such an ordering
from the model presented here by calculating the posterior probability that
vg = 0 as in Tadesse et al. (2005).

In our model, we assumed the independence of genes, but expression is
often correlated between genes due to involvement within a gene network or
metabolic pathway. This correlation between genes is quite difficult to estimate
in practice because of the small sample size given the larger of genes. However,
the model may be extended to include a structured correlation of the latent
gene expression values for a carefully chosen set of genes. For instance, one
might assume a compound symmetric covariance for a set of genes that are
known or estimated to be co-expressed. This can be implemented by adding a
layer to the hierarchical model so that the latent gene expressions of different
genes within the cluster are a function of a latent network activity level. One
might then link the latent level of network activity to survival probability.
Overall, this model has an important advantage over the conventional one in
that it accounts for measurement error which is a significant additional source
of variation.
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Appendix: Computational Details

We fit the models using a Gibbs sampling technique in which samples from
the joint posterior (L(D|Q)m(Q2)) are obtained by successively sampling from
the full conditionals for a number of iterations after convergence criteria are
met. Computation for the Gibbs sampler was performed using the C language.
The full conditionals of p,, o1, and Fg; were sampled using the Adaptive Re-
jection with Metropolis Sampling (ARMS) algorithm of Gilks, Best and Tan
(1995). The ! parameters have a log-concave density, and could be sampled
directly using Adaptive Rejection Sampling (ARS) (Gilks and Wild, 1992).
The parameter o,,? has a gamma distribution which could be sampled us-
ing standard statistical algorithms. The ordered overrelaxation technique of
Neal (1998) was used when sampling from the o2, u]_%; and ua; full condi-
tionals to reduce autocorrelation of the Gibbs sampler and improve conver-
gence. The v, parameters have full conditionals that are log-concave so that
the ARS algorithm is potentially applicable; however, numerical imprecision
sometimes yielded non-concave log-likelihood functions despite the analytical
log-concavity of the conditionals. Since ARMS is a more general sampling
method, it was used for these parameters.
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6.1 Introduction

Following the success of genome sequencing, DNA microarray technology
has emerged as a valuable tool in the exploration of genome functionality.
c¢DNA microarrays (Schena et al., 1995; Lockhart et al., 1996) consist of thou-
sands of individual DNA sequences printed on a high density array using a
robotic arrayer. A microarray works by exploiting the ability of a given la-
beled ¢cDNA molecule to bind specifically to, or hybridize to, a complemen-
tary sequence on the array. By using an array containing many DNA sam-
ples, scientists can measure—in a single experiment—the expression levels of
thousands of genes within a cell by measuring the amount of labeled cDNA
bound to each site on the array. A common task with microarrays is to deter-
mine which genes are differentially expressed under two or more experimental
conditions.

In recent years the problem of identifying differentially expressed genes has
received much attention; an early statistical treatment can be found in Chen
et al. (1997). A common approach is to test a hypothesis for each gene us-
ing variants of ¢t or F-statistics and then attempting to correct for multiple
testing (Tusher et al., 2001; Efron et al., 2001; Dudoit et al., 2002). Due to
the small number of replicates, variation in gene expression is often poorly
estimated. Tusher et al. (2001) and Baldi and Long (2001) suggested using a
modified t statistic where the denominator has been regularized by adding a
small constant to the gene specific variance estimate. Similar to an empirical
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Bayes approach, this results in shrinkage of the empirical variance estimates
towards a common estimate. Lonnstedt and Speed (2002) proposed an em-
pirical Bayes normal mixture model for gene expression data, which was later
extended to the two condition case by Gottardo et al. (2003) and to more
general linear models by Smyth (2004). Though Smyth (2004) did not use
mixture models but simply empirical Bayes normal models for variance reg-
ularization. In each case, the authors derived explicit gene specific statistics
and did not consider the problem of estimating p, the proportion of differen-
tially expressed genes. Newton et al. (2001) developed a method for detecting
changes in gene expression in a single two-channel cDNA slide using a hier-
archical gamma-gamma (GG) model. Kendziorski et al. (2003) extended this
to replicate chips with multiple conditions and provided the option of using a
hierarchical lognormal-normal (LNN) model. More recently, fully Bayesian ap-
proaches where “exact” estimation is carried out by Markov chain Monte Carlo
(MCMC) have also been proposed (Broét et al., 2004; Tadesse and Ibrahim,
2004; Lewin et al., 2006). These methods allow for more complex and realistic
models compared to empirical Bayes methods that often rely on unrealistic
assumptions.

In this chapter, we review a fully Bayesian framework named BRIDGE,
for Bayesian Robust Inference for Differential Gene Expression, that can be
used to test for differentially expressed genes in a robust way (Gottardo et al.,
2006b). Robustness is achieved by using a t distribution Besag and Higdon
(1999), which is more robust to outliers than the usual Gaussian model be-
cause of its heavier tails. The model allows each gene to have a different
variance while regularizing these using information from all genes. Inference
is based on the posterior probabilities of differential expression estimated us-
ing MCMC. The goal of this chapter is to concentrate on the application of
BRIDGE, showing novel results.

The chapter is organized as follows: We first introduce the methodology,
including the model and the parameter estimation procedure. We then present
results from applying BRIDGE to two experimental datasets as well as a
comparison of BRIDGE to four other commonly used methods using the same
two datasets. Finally, we discuss our results and possible extensions.

6.2 Model and Prior Distributions

In this section, we introduce the Bayesian hierarchical model that BRIDGE
uses to test for differentially expressed genes between two experimental condi-
tions. We will denote by yg4c the log expression value from the rth replicate of
gene g under experimental condition ¢ (= 1,2). BRIDGE models the measure-
ments from each gene as the sum of a condition effect and an error term. The
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condition effects and error variances are assumed to arise from a genomewide
distribution with hyperparameters specific to each condition. In other words,
the log expression values are modeled as follows,

€ CcT
Yger = Ygc + \/Zj_a (61)
ger

(Egcrp‘egc) ~ N(Oa A1 )7

€ge
(wgcr|7/cr) ~ ga(ycr/Qa Vcr/2)a

where wge, and ey, are independent. It follows that ege./ VWger has a t-
distribution with v.,. degrees of freedom and scale parameter )\; Note
that the degrees of freedom parameter is replicate specific. Assumlng that
each replicate is done on a different array (in each condition), this would
account for the fact that some arrays might contain more outliers than
others.

In (6.1), we model 7y, the effect of experimental condition ¢ on gene g, as a
random effect with a mixture of two mutually singular Gaussian distributions,
ie.

(Vg Ay. P) ~ (1= P)N(741]0, A7 1)1 (g1 = 7g2) (6.2)

+ PN(74110, A7 N (742(0, AL L (vg1 # g2),

where ¥4 = (741,792)", Ay = (Ay1, Ayas Ay, ) and 1(+) is an indicator function
equal to one if the expression between parentheses is true. The first compo-
nent corresponds to the genes that are not differentially expressed (v41 = 7V42),
while the second component corresponds to the genes that are differentially
expressed (741 # 742). Note that the formulation is not standard as it is not
absolutely continuous with respect to the two-dimensional Lebesgue measure.
However, it defines a proper distribution with respect to a more general dom-
inating measure, namely the sum of a one-dimensional Lebesgue measure on
the line 741 = 742 and the two-dimensional Lebesgue measure (Gottardo and
Raftery, 2008).

In terms of priors, we use an exchangeable prior for the precisions, so that
information is shared between genes, namely A, ~ Ga(a? /bc,,ac, /bc,), i.e. a
gamma distribution with mean a._, and variance b._. Similarly, we use a vague
but proper exponential prior with mean 200 for A,,,, Ay, Ay,, namely A, ~
Ga(1,0.005). For ac, and b, we use a vague uniform prior between 0 and 1000.
The prior for the mixing parameter, p, is uniform over [0, 1]. Finally, the prior
for the degrees of freedom, v, is uniform on the set {1,2,...,10,20,...,100}.
By using a prior that allows degrees of freedom between 1 and 100, we allow a
wide range of sampling errors from the heavy-tailed Cauchy (v = 1) to nearly
Gaussian (v = 100).
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6.3 Parameter Estimation

Realizations can be generated from the posterior distribution using Markov
chain Monte Carlo (MCMC) algorithms Gelfand and Smith (1990). All up-
dates are straightforward except for ~y, for which the update is nonstandard
since the distribution is formed by two mutually singular components. How-
ever, there is a common dominating measure and so the Metropolis-Hastings
algorithm can be used Gottardo and Raftery (2008). In our case, the full con-
ditional of ~ is available and the Gibbs sampler can be used. It can be shown
(see Gottardo and Raftery (2008)) that the full conditional of 7, is given by

(Ygl---) o (1 _p)ng('YglLUZa /\2_1)1('}@1 = Yg2) (6.3)
+ pkglngN(P)/gﬂM;la /\;1_1)N(792|M;2a )\;2_1)1(791 7é 792)7

where
* * *—1
/\g = § wgCT)\Egc + )‘7127 Hg = /\g E :wgcr/\fgcyg”’

T,C T,C

and
* * x —1
)\gc = Aegc § Wyer + /\'ch Hge = )\gc E wgcrAegcygcr-
r r

The constants kg, kg1 and kg are given by

2
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To update 7, one draws new pairs (41, 7v42) from the first component of
the full conditional with probability (1—py) = (1—p)ky/[pkg1kg2 + (1 —p)k,],
or from the other component with probability p.

For each gene g, inference will be based on the marginal posterior probabil-
ity of differential expression. This probability, corresponding to the posterior
probability that v41 # 742 given the data, can easily be estimated from the
MCMC output. For a given posterlor sample S of size B we estimate the
posterior probability by % Yores1 (791 #+ ’y ), where 7( ) and ’y( )

values generated at the k' MCMC iteration and 1(Ayg1 #* ’y(k)) is the indi-
(k)

are the

cator function equal to one if vy,;" # 7;’;). In our case, when using the Gibbs
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sampler to update the pair (741, 742), Rao-Blackwelization can be used to im-
prove the estimates. One simply needs to replace the indicator function by
the conditional probability P(y41 # 42| ---) computed at each iteration, i.e.
the probability that 41 7# 742 given all the other parameters. Note this con-
ditional probability is available analytically and is simply given by py, which
is computed at each iteration of the MCMC when updating ~,. Thus, the
Rao-Blackwell estimates can be obtained at no extra cost.

For the datasets explored here, trace plots and autocorrelation plots were
used as convergence diagnostic tools. We found that a sample of 50,000 it-
erations with 1,000 burn-in iterations and storing every 10th iteration was
sufficient to produce reliable results. Guided by this, and leaving some mar-
gin, we used 100,000 iterations with 5,000 burn-in iterations, and storing every
10th iteration after the burn-in period. This took about 1 hour for the HIV
data and 4 hours for the spike-in data on an Intel Xeon processor at 3GHz.
An R software package called bridge implementing the method is available
from Bioconductor at www.bioconductor.org.

6.4 Application to Experimental Data
6.4.1 Data Description

To illustrate our methodology we use two publicly available microar-
ray datasets: one cDNA experiment and one Affymetrix spike-in experiment.
These two datasets have the advantage that in each case the true state (dif-
ferentially expressed or not) of all or some of the genes is known.

The HIV-1 data: The expression levels of 4608 cellular RNA transcripts were
measured one hour after infection with human immunodeficiency virus type
1 (HIV-1) using four replicates on four different slides. 13 HIV-1 genes have
been included in the set of RNA transcripts to serve as positive controls, i.e.,
genes known in advance to be differentially expressed. Meanwhile, 29 non-
human genes have also been included and act as negative controls, i.e., genes
known not to be differentially expressed. Another dataset was obtained by
repeating the four aforementioned experiments but with an RNA preparation
different from that for the first dataset. For easy reference, in this paper we
label the two datasets as HIV-1A and HIV-1B respectively. See van’t Wout
et al. (2003) for more details on the HIV-1 data. For both of these datasets,
BRIDGE can be run with the following command:

hivi<-bridge.2samples(C,T,B=60000,min.iter=10000,affy=FALSE)

where C corresponds to the matrix of raw intensity from the treatment (HIV
infected) condition and T corresponds to the matrix of raw intensity from
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the control (non HIV infected) condition. Note that by default, BRIDGE
takes the logarithm of the input data. The object hiv! would then contain the
MCMC output, including the posterior probabilities of differential expression.
The option B=60000 sets the number of MCMC iterations to 60,000 while
the min.iter=10000 option sets the number of burn-in iterations to 10,000.
Finally, the affy=FALSE tells bridge that the data correspond to cDNA mi-
croarray data, and thus the dimension of the C' and T matrices should be the
same.

The spike-in data: This dataset was obtained from a spike-in study done with
HGU133A arrays. 42 spiked-in genes were organized in 14 groups, and the
concentrations used were 0, 0.125, 0.25, 0.5, 1, 2, 4, 8, 16, 32, 64, 128, 256
and 512 pM. Each concentration was done in three replicates. The data were
preprocessed using GCRMA (Irizarry et al., 2003) resulting in a data set of
22300 genes across 42 samples (3 replicates x 14 concentrations). In addition
to the original 42 spiked-in genes, we claim that another 20 genes should
also be included in the spiked-in gene list as they consistently show significant
differential expression across the array groups in the exploratory data analysis.
Similar observations have been made by Sheffler et al. (2005). Moreover, the
probe sets of three genes contain probe sequences exactly matching those for
the spiked-ins. These probes should be hybridized by the spiked-ins as well.
As a result, our expanded spiked-in gene list contains 65 entries in total. To
evaluate BRIDGE on this data, we will compare the first array group to the
other array groups, leading to 13 comparisons with three replicates each. In
each of the comparisons, only the 65 spiked-in genes should be differentially
expressed. Similar to the HIV data, the following code can be used to run
bridge on the spike-in data:

spike.in<-bridge.2samples(C,T,B=60000,min.iter=10000,affy=TRUE)

where C corresponds to the matrix of raw intensity from the treatment (array
group i>1) sample and T corresponds to the matrix of raw intensity from
the control (array group 1) sample. The object spike-in would then contain
the MCMC output, including the posterior probabilities of differential ex-
pression. This time, the affy=TRUF tells bridge that the data corresponds to
Affymetrix (or more generally oligo based) data, and thus the dimensions of
the C' and T matrices need not be the same.

6.4.2 Results

We fitted model (6.1), described in Section 6.2, to both the HIV data and
the 13 comparisons of the spike-in data. The posterior modes of the degrees
of freedom of the t-distribution ranged from 2 to 4 for the spike-in data, in-
dicating that the sampling errors are clearly heavier-tailed than the Gaussian
distribution. For the HIV data, the degrees of freedom of the ¢-distribution
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ranged from 10 to 100, suggesting that the sampling errors are more Gaus-
sian. The proportion of differentially expressed genes is estimated to be 0.003
for both the HIV-1A and HIV-1B data, while it ranges from 0.0025 to 0.004
for the 13 comparisons of the spike-in data. In the case of the spike-in data,
the true number of differentially expressed (DE) genes is 65, and thus the
proportion of DE genes is 65/22300=0.003. This shows that the proportion of
DE genes is well estimated by BRIDGE. Figure 6.1(a) and 6.1(b) show plots
of the posterior probabilities against the posterior means of the log-ratios
computed from our model for the HIV-1A data and one of the 13 compar-
isons for the spike-in data. Most of the log-ratios are shrunk close to zero and
have very low posterior probabilities of differential expression. To evaluate
the effect of the t-distribution, we fitted the model given by (6.1) replacing
the ¢ errors with Gaussian errors. In the case of the spike-in data, the ¢-based
model clearly leads to a more powerful procedure than the Gaussian one as the
corresponding posterior probabilities are higher (Figure 6.1(b)). The model
with the t-distribution detects more spiked-in genes, 60, as against 57 for the
Gaussian model, at the 0.5 posterior threshold. In contrast, for the HIV data,
the posterior probabilities for the Gaussian and ¢ models are almost identical
(Figure 6.1(a)). This is not surprising as the estimated degrees of freedom
parameter for the HIV data is quite large. This shows that even if the errors
are more Gaussian, fitting a ¢ model with unknown degrees of freedom won’t
affect the overall performance. The converse is not true, however, as shown
by the spike-in data.

We now compare BRIDGE to four other methods: EBarrays, both gamma-
gamma (GG) and lognormal-normal (LNN) models (Newton et al., 2001;
Kendziorski et al., 2003), the popular Significance Analysis of Microarrays
(SAM) (Tusher et al., 2001) and Linear Models for Microarray (LIMMA)
data (Smyth, 2004). In addition, we have included the BRIDGE model with
Gaussian errors for comparison purposes. The results have been organized in
Tables 6.1-6.2.

In the analysis of the HIV-1 data, we obtain the number of genes called
differentially expressed (DE) for each method. Among those genes called DE,
we look at the number of true positives (TP), i.e., genes known to be DE in
advance, and the number of false positives (FP), i.e., genes known to be not
DE. Gottardo et al. (2006a) showed that one of the HIV genes, which was
expected to be highly differentially expressed, had a very small estimated log
ratio and did not properly hybridize in the second experiment (HIV-1B). We
removed the corresponding gene from the list of known differentially expressed
genes. Thus there are 13 genes known to be DE in the first experiment and
12 in the second. To compare the performance between the five methods, we
control the false discovery rate (FDR) at a fixed level of 0.1. In the literature,
FDR values between 5% and 10% are commonly used Tusher et al. (2001);
Efron (2004). This said, we have also tried other FDR cutoffs and the results
were similar (data not shown). Using our BRIDGE posterior probabilities, the
FDR cutoffs can be selected using a direct posterior probability calculation
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FIGURE 6.1: BRIDGE posterior probabilities with both Gaussian (A)
and t-errors (o) plotted against the posterior differences between ~; and s
(estimated log-ratios) from the model with ¢-distribution for the HIV-1A data
(a) and the spike-in data (b). Positive controls are shown in red while negative
controls are shown in black for the spike-in data and blue for the HIV data.
The use of the t-distribution increases the posterior probabilities of expression
for several of the known DE genes for the spike-in data whereas it does not
change much for the HIV data due to the large value for the estimated degrees
of freedom.
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TABLE 6.1: Analysis of Differential Expression with the HIV-1 Data

HIV-1A HIV-1B
Method DE TP FP DE TP FP
GG 24 13 0 18 11 1
LNN 18 13 1 18 11 1
LIMMA 13 13 0 11 11 0
SAM 13 13 0 13 11 0
BRIDGE Gaussian 14 13 0 14 11 0
BRIDGE 14 13 0 14 11 0

Note: The FDR is controlled at 0.1 for each method. The numbers of true
positives (TP) and false positives (FP) are based on the controls, namely, the
13 (resp. 12 in the second experiment) HIV-1 and the 29 non-human genes of
which the states are known in advance, only. They do not represent the true
numbers of TP and FP in the entire data.

as described in Newton et al. (2004). For the HIV-1A dataset, when the FDR
is controlled at 0.1, all methods can identify the 13 positive controls.

Meanwhile, EBarrays LNN has made one FP. Similar results are observed
when the HIV-1B dataset is considered. All methods detect 11 out of the 12
positive controls but both versions of EBarrays (GG and LNN) have made one
FP. Recall that both EBarrays model specifications rely on the assumption of
a constant coefficient of variation across genes and thus may be more likely to
incorrectly classify genes with high variances. This is not the case for the other
methods compared. Concluded from the HIV-1 datasets, along with LIMMA
and SAM, BRIDGE appears to perform the best as it recognizes the most
positive controls and does not find any FP. Finally, as suspected, BRIDGE
with Gaussian errors performs just as well because the estimated degrees of
freedom for this particular dataset is quite large indicating that the errors
might be more Gaussian. This is not the case for the spike-in data, as we will
see below.

For the spike-in data, since we know the actual status of each gene, we
can check the true FDR of each method against the desired FDR in addition
to the number of true and false positives. SAM has considerably more FP
cases than the other methods with an FDR over the desired 10%. LIMMA
exhibits similar FDR performance with less FPs but misses many spiked-
in genes. The FDRs for EBarrays GG and LNN methods are quite high,
demonstrating that the respective methods detect too many false positives, as
was seen with the HIV data. Finally, BRIDGE with Gaussian errors is clearly
inferior to BRIDGE with an underestimated FDR and misses more spiked-in
genes. Overall, BRIDGE performs the best with a true FDR of 0.11, closest
to the desired 0.10 and detects, on average, 59 of the 65 known DE genes.
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TABLE 6.2: Analysis of Differential Expression with the Spike-in Data

Method DE TP FP FDR
GG 75 99 16 0.21
LNN 75 59 16 0.20
LIMMA 37 25 12 0.16
SAM 73 52 21 0.16
BRIDGE Gaussian o7 54 3 0.03
BRIDGE 67 59 8 0.11

Note: The FDR is controlled at 0.1 for each method. The numbers of true posi-
tives (TP) and false positives (FP), and the true false discovery rate (FDR) are
based on the 65 differentially expressed genes (spiked-in). Here, the number
of differentially expressed (DE) genes is simply TP+FP and FDR=FP/DE.
The values of DE, TP, FP, and FDR shown are actually the averages across
the 13 comparisons.

6.5 Discussion

We have provided an overview of BRIDGE in the context of differential gene
expression with two conditions, but BRIDGE can also be used in situations
where there are more than two conditions and differences in expression of the
same gene between any two conditions may be of interest. Here the alternative
hypothesis is not as simply defined as before, because there are many possible
patterns of differential gene expression. In order to account for all possible
patterns, the prior for the ~’s in (6.3) needs to be modified. An example with
three conditions can be found in Gottardo et al. (2006b), and is implemented
in the bridge package.

In the HIV data, we have assumed that for each array the two experimental
conditions were independent. However, with cDNA microarrays, the two RNA
samples (corresponding to the two conditions) are usually spotted on the same
slide, which could induce some correlation. In this case, it is possible to model
such correlation; see Gottardo et al. (2006b) for an attempt. In our experience,
the improvement is marginal and this is why we have chosen not to present
the correlation model here. In addition, we assumed that normalization was
done as a preprocessing step but it is possible to include normalization effects
in the model as in Gottardo et al. (2006a).

In this chapter, we have compared our model with four alternatives, but
there are many other methods for detecting differentially expressed genes with
gene expression data. We chose these four because they are either obvious
baseline methods or widely used; they are also representative of other meth-
ods. For example, there are several other empirical Bayes methods that we
could have used. These include the lognormal-normal models of Lonnstedt and
Speed (2002) and Gottardo et al. (2003) and the less parametric approaches
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of Efron et al. (2001) and Newton et al. (2004). There are also several other
fully Bayesian methods we could have used (Broét et al., 2004; Do et al.,
2005; Hein and Richardson, 2006; Lewin et al., 2007). In particular, in the
Affymetrix dataset it would be interesting to compare BRIDGE to BGX (Hein
et al., 2005; Hein and Richardson, 2006), which directly models the available
probe intensities representing the gene in a condition. However, given the large
number of samples, such a comparison would be computationally intensive and
beyond the scope of this chapter. More comparisons between statistical tests
can be found in Cui and Churchill (2003), Gottardo et al. (2006b) and Lo and
Gottardo (2007).
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Symbol Description

Ly,

Yy
Sk
M1
M2
H3

|22

The k" mapped clone or
DNA fragment from the p-
telomere of a chromosome
The number of mapped
clones on a given chromo-
some

Normalized log, ratio ob-
served at clone Ly,

Copy number state associ-
ated with the clone Ly
Expected log, ratio of copy
number losses

Expected log, ratio of the
copy neutral state

Expected log, ratio of
single-copy gains
Expected log, ratio of

multiple-copy gains
Measurement error vari-
ance associated with the la-

tent state j where j =
1,...,4

Matrix of stationary transi-
tion probabilities

Element of matrix A on
row ¢ and column j where
i,j=1,...,4

Row i of matrix A for i =
1,...,4

Hidden Markov process
with parameter A
Parameter determining the
support of u; for j =
1,...,4

Prior variance of ;1; where
j=1,....,4

Constants determining the
prior distribution of row i
of the matrix A for 7,5 =
1,...,4
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7.1 Introduction

The normal genomic code of human females consists of 23 matched pairs of
chromosomes. The genomic code of human males consists of 22 matched pairs
of autosomal chromosomes and an unmatched pair of sex chromosomes. The
copy number of normal DNA is therefore 2 for the autosomal chromosomes.
The end of the chromosome, or telomere, corresponding to the short chromo-
somal arm is called the p telomere. The chromosomal end corresponding to
its long arm is called the g telomere. Human cells can be classified into body
and germ cells. The life cycle of most somatic cells includes a growth phase
followed by cell division through mitosis. In order to proceed to a subsequent
stage of the cell cycle, all cells must satisfy a regulation procedure that en-
sures that the cells develop normally, that DNA is correctly copied during cell
division, and that cell defects, if any, are repaired.

Two kinds of genes, proto-oncogenes and tumor suppressors, play key
roles in the cell regulation procedure. Proto-oncogenes tend to push the cells
through the quality control check points onto a subsequent stage of the cell
cycle. Tumor-suppressors tend to hold the cells back, inhibiting cell division
when there are defects and signaling the cells to die when their lifespans have
ended or when they have defects that cannot be repaired. Pasternak (1999)
provides an excellent overview of the relevant biology for this problem.

165
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Occasionally, proto-oncogenes mutate into oncogenes. New cells inherit the
mutations through mitosis and typically acquire multiple copies of oncogenes
after several stages of mitosis. Oncogenes cause cells to divide at a rapid
rate resulting in the development of tumors. Tumors may also develop due
to mutations in tumor suppressors that cause them to become nonfunctional,
allowing the proto-oncogenes to play a dominant role in the cell function and,
ultimately, resulting in the loss of one copy or both copies (i.e. deletion) of the
tumor suppressors. A person may eventually acquire a cancer phenotype after
a number of complex biological events. An example of such an event, although
not a necessary condition, is the ability of tumor cells to metastasize, making
the tumor malignant. In addition to individual variability, not all the cells in
a tumor specimen necessarily exhibit the same kind of genomic alteration. As
the disease progresses, there are larger scale changes in tumor DNA because
of the breakdown of the cell regulation procedure.

Copy number changes, or alterations in the number of copies in tumor
DNA, are therefore closely associated with the development and progression
of cancer. Comparative genomic hybridization (CGH) has emerged as a pow-
erful technique for detecting copy number change because it has fairly high
resolution of a few million bases (with the entire genome consisting of ap-
proximately 3 billion bases) and, additionally, has the ability to span the
entire genome in a single experiment (Kallioniemi et al. 1992). The method
is briefly described as follows. Fragmented DNA from a test sample is la-
beled with fluorochrome (typically Cy3) and mixed with normal DNA that is
identically fragmented but differentially labeled (typically using fluorochrome
Cy5). The normal and tumor DNA fragments are simultaneously hybridized
to a normal metaphase spread. Subsequent image analysis yields data con-
sisting of fluorescence intensity ratios along the test and reference DNA sam-
ple genomes. Array CGH techniques (Solinas-Toldo et al., 1997; Pinkel et
al., 1998; Snijders et al., 2001; Pinkel and Albertson, 2005) hybridize the
DNA fragments or “clones” to mapped array fragments. CGH arrays have a
resolution of the order of 1 Mb (1 million base pairs). Oligonucleotide and
c¢DNA arrays (Pollack et al., 1999; Brennan et al., 2004) have a higher res-
olution of 50-100 kb (1 kb = 1,000 base pairs). The fluorescence intensity
ratios are normalized as part of a pre-processing step to correct for non-
biological sources of error such as intensity fluctuations, background noise
and fabrication artifacts (Brown, Goodwin and Sorgeret, 2001; McLachlan,
Do, and Ambroise, 2004). For a review and comparison of different normaliza-
tion methods for array CGH, refer to Khojasteh, Lam, Ward, and MacAulay
(2005).

The intensity ratios of array CGH data (equivalently, their transformation
on the log, scale) are informative about genomic changes in copy number. In
an imaginary scenario where all tumor cells have identical genomic changes in
the absence of normalization errors, measurement errors and contamination
from surrounding normal tissue, the normal (or copy-neutral) clones corre-
spond to a log, ratio of 0 because the normal and tumor DNA fragments
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FIGURE 7.1: Normalized copy number ratios of a comparison of DNA
from cell strain S0034 (Snijders et al., 2001) with normal DNA. The BACs
are ordered by position in the genome beginning at 1p and ending at Xq. The
vertical bars indicate borders between chromosomes.

have two copies. In such a situation, the log, ratios of single-copy losses
would be log,1/2 = —1 and the log, ratios of single-copy gains would be
log, 3/2 = 0.58. Multiple-copy gains or amplifications associated with onco-
gene mutations would correspond to log, ratios belonging to the sequence
log, 4/2,10g5 5/2, ..., whereas loss of both copies or deletions, often associ-
ated with tumor-suppressor mutations, would correspond to a value of —oo.
In this hypothetical situation, the genomic alterations could be easily deduced
from array CGH data without the help of statistical techniques.

Fortunately for statisticians, this is not the case! Figure 7.1 plots the nor-
malized log, ratios of breast cancer specimen S0034 that were informally an-
alyzed by Snijders et al. (2001) and are available from table J at http://
www.nature.com /ng/journal/ v29/n3/suppinfo/ ng754_S1.html. Although it
represents very clean data, the graph highlights some of the key statistical
issues and departures from the idealized scenario. For example, even after
accounting for measurement error, the log, ratios of gains and losses differ
considerably from the theoretical values. In particular, the mean values are
shrunk toward 0. There are several reasons for this phenomenon, including
the contamination of the tumor sample with normal cells. There is also a
more subtle effect of the 0 changing slightly from chromosome to chromo-
some. Additionally, there is dependence among the log, ratios of neighboring
clones.
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As increasing amounts of array CGH data become available, there is a need
for automated algorithms for characterizing genomic profiles. A number of
techniques aim to fulfill this need. Hodgson et al. (2001) used a normal mixture
of three components to model the observed emissions. Pollack et al. (2002)
proposed a threshold method for identifying clones with extreme value of
emissions. Cheng, Kimmel, Neiman, and Zhao (2003) introduced a regression-
based test for altered copy numbers. Jong et al. (2003) relied on a break point
model. Fridlyand, Snijders, Pinkel, Albertson, and Jain (2004) applied an
unsupervised hidden Markov model. Hupe, Stransky, Thiery, Radvanyi, and
Barillot (2004) used a likelihood function with adaptively determined weights
based on a smoothed version of the data. Olshen, Venkatraman, Lucito, and
Wigler (2004) developed a variation of binary segmentation to identify chro-
mosomal segments with altered copy numbers. Myers et al. (2004) applied
an edge filter to detect the segments. Eilers and de Menezes (2005) applied
quantile smoothing, Huang, Wu, Lizardi, and Zhao (2005) used penalized
least squares regression, and Hsu et al. (2005) applied wavelets. Lingjaerde,
Baumbusch, Liestol, Glad, and Borresen-Dale (2005) performed smoothing
using the signs of neighboring data values, inspecting the width and magni-
tude of the segments to detect regions of copy number change. Picard, Robin,
Lavielle, Vaisse, and Daudin (2005) discussed a penalized likelihood function.
Wang, Kim, Pollack, Balasubramanian, and Tibshirani (2005) built hierar-
chical clustering-style trees along each chromosome and selected interesting
clusters by controlling the false discovery rate.

While comparing some of the above algorithms, Lai, Johnson, Kucherlap-
ati, and Park (2005) commented that “a particularly helpful feature for future
implementations of some algorithms would be to estimate the statistical signif-
icance of the detected copy number changes and then rank them accordingly.”
Lai and co-authors pointed out that only two of the algorithms (those of Wang
et al., 2005 and Lingjaerde et al., 2005) detected copy number changes based
on statistical significance and both relied on false discovery rates.

In this article, we present the statistical framework for detecting copy num-
ber gains and losses developed in Guha, Li and Neuberg (2008). Section 7.3
discusses a framework for simulation-based posterior inference. Section 7.4
demonstrates the performance of the technique using publicly available data.
Section 7.4.2 compares the proposed Bayesian HMM with some of the existing
algorithms using the framework of Lai et al. (2005). Section 7.5 uses simula-
tion studies to compare our Bayesian HMM with alternative techniques for
analyzing array CGH data.

Unlike the other statistical methods including the HMM approach of
Fridlyand et al. (2004), the proposed model allows the use of objective deci-
sion rules based on posterior probabilities to detect copy number alterations.
The biologist does not have to make a subjective decision about plausible
thresholds for identifying copy number change. The classification scheme of
Section 7.3.1 is motivated by biological considerations that facilitate the in-
terpretation of the algorithm’s output.
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7.2 A Bayesian Model

We model each chromosome separately because the propensity for genomic
alterations varies across chromosomes. Let Ly, ..., L, represent the clones on
the chromosome arranged from the p telomere to the ¢ telomere. Let Y}, denote
the normalized log, ratio observed at Ly where k = 1,...,n. Associated with
each clone is a latent variable called the copy number state. The copy number
state sy takes values in the set {1,2,3,4}. The value s = 1 corresponds to a
copy number loss at Ly that could either be a loss of one copy or a deletion;
the value s;, = 2 represents the copy-neutral state; the value s; = 3 represents
a single-copy gain; sy = 4 represents an amplification (i.e. multiple-copy gain).
An altered state refers to a copy number state that is different from 2. The
parameters of interest are then sq,...,s,.

The statistical dependence among adjacent clones is modeled using a hidden
Markov model (Rabiner, 1989; MacDonald and Zucchini, 1997; Durbin, Eddy,
Krogh, and Michison, 1998). For any m indices for which 1 <k < ... <k, <
n, a Markov model assumes that Pr sk, | s1,...,Sk,_,] =Pr[se, | Sk,._.]-
The hidden Markov model (HMM) assumes that the conditional probabilities
of neighboring clones is Pr [sg41 | sx] = as,s,,, Where A = ((a;)) is the ma-
trix of stationary transition probabilities. We assume that the elements of A
are strictly positive, which implies that the hidden Markov process is aperi-
odic and irreducible, and its four states are positive recurrent. The transition
matrix A then has a unique stationary distribution denoted by ma (Karlin
and Taylor, 1975). We assume that s;, the copy number state of the first
clone, is distributed as m4. This defines a stochastic process on the index set
of positive integers that we denote by H(A).

Let X ~ F-I(c < X < d) imply that X has the distribution F' restricted
to the interval (c,d) with the density suitably rescaled to make it a random
variable. Given a positive real number € and positive constants 60;;, with a;
representing row ¢ of the matrix A, we assume the following model:

inde Y_ S
Y, de( Lhs, » ) I(‘kaiuk

s ~H(A)

<3) k=1,....n (7.1)

pr~ N (=1,77) - I (11 < —e) (7.2)
Lo ~ (0 72)- (—e <z <e)

pz ~ N (0.58,73) - I (€ < pg < 0.58)

pa ~ N (1,73) - I (pa > pis + 303) (7.3)

a;2~gamma(1,1)-l(cr;2>6) J=123

o, % ~ gamma (1,1)

a; "L Dy (011,000, 053,0i4)  i=1,....4. (7.5)
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The normal likelihood in (7.1) is restricted to the interval [ps, — 305, , pis,, +
305, ] because a distribution with thinner tails often provides a better fit than
the unrestricted normal. Parameter p; is the expected log, ratio of all clones
for which s; = j. As mentioned in Section 7.1, the u;’s typically differ from
their theoretical values and are therefore regarded as random. The biological
interpretation associated with the copy number states allows us to assume
the ordering, p; < po < p3 < pa4, and our knowledge of array CGH allows
the specification of informative priors. For example, we know that some log,
ratios corresponding to copy number losses may be positive in noisy data sets,
although the mean g is never positive. Similar considerations for the other
t;’s motivate the truncated supports in (7.2) through (7.3), which also enforce
the relative ordering among the p;’s. The lower endpoint of the support of ji4
is chosen to be a distance of 303 units from pg so that only a small fraction
of single-copy gains are erroneously classified as multiple-copy gains. For puy
(14), the untruncated part of the prior is centered at the theoretical value for
a loss (gain) of one copy. For o and ps, the untruncated parts of the priors
are set equal to the theoretical values for pure samples.

The constant e determines the supports of the p;’s rather than bound-
aries for the log, ratios, unlike threshold-based approaches for detecting copy
number change. In fact, to match actual array CGH data, our model allows
positive log-intensity ratios for copy number losses especially with large mea-
surement error, although the mean p; does not exceed —e. As demonstrated
by simulation studies in Section 7.5.2, the results are robust to choices of € in
the range [0.05,0.15]. We set € = 0.1 for all our analyses. The results are also
not sensitive to choices of 71, 72 and 73 belonging to the interval [0.5,2]. Set-
ting 74 < 2 guarantees sufficiently high prior probability to large mean values
for high-level amplifications. In Sections 7.4 and 7.5, we set 71 = 7o =73 = 1
and 74 = 2.

The assumption crj_2 > 6 in (7.4) is equivalent to o; < 0.41 for j =1,2,3.
The restriction is mild because typical data sets exhibit much smaller within-
group variability for these copy number states. The prior support of o 2 s
not bounded below because state 4 is an aggregation of multiple-copy gains
resulting in large within-group variability. Independent Dirichlet priors on
R* are assumed for the rows of the stochastic matrix A in (7.5). As we see
in Section 7.5.2, the results are robust to choices of 0;; that are small in
comparison to n. We set the 6;;’s equal to 1 in Sections 7.4 and 7.5.

The informative priors are found to work consistently well for all kinds of
data. At the same time, they are flexible enough to allow Bayesian learning
and information sharing across the clones. We demonstrate in Sections 7.4 and
7.5 that posterior inference is reasonable and sensitive to the characteristics of
the data. The independent priors for the chromosomes result in independent
marginal posteriors of interest, [s1,...,s, | Y1,..., Y]

For latent class models like HMMs, a key issue is label switching (refer
to Scott, 2002 for a discussion), which is an identifiability problem where
the likelihood is invariant under permutations of the state space labels. This
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results in inefficient exploration of the posterior by simulation. Our model
avoids the problem because the condition p; < ps < pg < pg is violated on
permuting the labels.

7.3 Characterizing Array CGH Profiles

We rely on simulation-based methods for inference because the posterior
distribution cannot be investigated by mathematical analysis or numerical in-
tegration. Section 7.7 describes a Metropolis-within-Gibbs algorithm for gen-
erating posterior samples. The copy number states are simulated via a stochas-
tic version of the forward-backward algorithm (Chib, 1996; Robert, Ryden
and Titterington, 1999) since it mixes faster than a Gibbs sampler. (Refer to
Scott 2002 for a comparison of the two methods.) The transition matrix A is
generated using an independent-proposal Metropolis-Hastings algorithm. The
likelihood means and variances in (7.1) are generated via Gibbs sampling.

7.3.1 Classification Scheme

The post—burn-in copy number states generated by the MCMC proce-
dure represent draws from the marginal posterior of interest, [s1,...,5, |
Yi,...,Y,]. For each MCMC draw, the copy number states s1,..., s, are la-
beled as focal aberrations, transition points, amplifications, deletions or whole
chromosomal changes as described below. The classification scheme is neither
mutually exclusive nor exhaustive because a clone may belong to none, exactly
one, or more than one of the following categories.

1. Focal aberrations Focal aberrations (Fridlyand et al., 2004) repre-
sent localized regions of altered copy number. Specifically, a focal aber-
ration is one of the following:

(i) A single clone that does not belong to a telomere and has an altered
state different from its neighbors.

(i) Two end-clones of a telomere that share a common altered state
different from that of the third clone from the telomere. That is, the
clones L, and Lo belonging to the p-telomere are focal aberrations
if s = 89, o # 2 and sy # s3. Similarly, the clones L,_; and
L,, belonging to the g-telomere are focal aberrations if s,_1 = sy,
Sn—1 # 2 and 8,1 # Sp_2.

(i4i) Two or more adjacent clones mapped within a small region of the
genome (e.g. 5 Mb) and having a common altered copy number
state different from their neighbors.
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2. Transition points Transition points are associated with the (n — 1)
inter-clonal spaces. An inter-clonal space is a transition point if it bor-
ders on two large regions associated with different copy number states.
In contrast, focal aberrations represent small regions of altered copy
number. In particular, a transition point must satisfy two conditions:

(i) Tt should not be adjacent to a telomere.

(i) After excluding all focal aberrations on the chromosome, the neigh-
boring clones on both sides of the inter-clonal space have different
copy number states.

Transition points differ from the “segments” defined by the CBS algo-
rithm of Olshen et al. (2004). Whereas a transition point is associated
with large-scale regions of gains and losses, the CBS algorithm classi-
fies clones into segments regardless of their chromosomal distances. A
transition point is declared only when the width of the altered region
exceeds b Mb. For example, five contiguous clones that are highly am-
plified would generally be identified as a segment by the CBS algorithm
(although there are examples in Section 7.4 where the procedure ignores
obvious amplifications and deletions to control the false positive rate).
In contrast, if these five clones are all located within 5 Mb, we label them
as focal aberrations rather than identify them as a region bordered by
two transition points.

3. High-level amplifications A clone for which s, = 4.

4. Deletions Deletions are focal aberrations for which s = 1 and
(Yk — ul)/al < —2.5.

7.3.2 Posterior Inference

For k = 1,...,n, we declare the clone L to be a focal aberration if the
posterior probability that it is a focal aberration exceeds 0.5. This proba-
bility can be estimated using a post—burn-in MCMC sample as follows. The
classification scheme of Section 7.3.1 labels the clone Ly as “1” (i.e. focal
aberration) for some MCMC draws and as “0” for the remaining draws. The
average of these binary outcomes is a simulation-consistent estimate of the
posterior probability that Ly is a focal aberration. A similar method is used
to identify deletions and high-level amplifications.

We detect the transition points based on the configuration having the high-
est joint posterior probability. Formally, let v(s) = (g1,...,gn—1) represent
the configuration of transition points where g; equals 1 if the j* inter-clonal
gap is a change point, and equals 0 otherwise. The mapping from s to v(s)
is many-one. Let v* denote the global maximum of the posterior of v(s). A
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simulation-consistent estimate of v* is computed on the basis of the MCMC
sample and used to detect the transition points.

We can now construct summary tables and plots that are of direct interest
to the end-user. As the following examples illustrate, localized as well as large-
scale genomic regions of copy number change identified by the Bayesian HMM
can be important tools for identifying candidate genes associated with various
kinds of cancer.

7.4 Illustrations
7.4.1 Pancreatic Adenocarcinoma Data

Pancreatic adenocarcinoma is characterized by high levels of genomic insta-
bility from the earliest stages of the disease (Gisselsson et al., 2000 and 2001;
van Heek et al., 2002), including early-stage mutations in the oncogene K RAS
and later-stage losses of the tumor supressors pl6!NE44 p53 and SMAD4
(Bardeesy and DePinho, 2002). Frequent gains and losses have been mapped
to regions on chromosomes 3-13, 17, 18, 21 and 22 (Johansson et al., 1992;
Solinas-Toldo et al., 1997; Mahlamaki et al., 1997 and 2002; Seymour et al.,
1994, among many others).

Using the CBS algorithm of Olshen et al. (2004), Aguirre et al. (2004) in-
dividually analyzed 24 pancreatic adenocarcinoma cell lines and 13 primary
tumor specimens. The CBS algorithm segments the data and computes the
within-segment means. However, it does not detect copy number gains or
losses. The CBS algorithm was first run by Aguirre and co-authors on the
unnormalized log, ratios to plot the histogram of the within-segment means.
The tallest mode of the histogram was subtracted from the data to compute
the normalized data which are available at hitp://genomic.dfci.harvard.edu/
array_cgh.htm. Then, setting thresholds in an ad-hoc manner, Aguirre et al.
declared normalized log, ratios greater than 0.13 in absolute value as copy
number changes (gains or losses), greater than 0.52 as high-level amplifica-
tions, and less than —0.58 as deletions. Objective criteria were defined for
comparing the copy number alterations of the 37 array CGH profiles and for
identifying 54 frequently altered minimal common regions (MCRs) associated
with the disease. Candidate genes located within the MCRs were subsequently
confirmed by expression profile analysis.

The Bayesian HMM was applied to analyze these data. The algorithm was
found to compare very favorably with the CBS procedure. Some examples are
plotted in Figure 7.2. We discuss these in detail:

Upper left panel (Chromosome 8 of specimen 30): The vertical lines
correspond to the transition points identified by the Bayesian HMM. The
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FIGURE 7.2: Array CGH profiles of some pancreatic cancer specimens. In
each panel, the clonal distance in Mb from the p telomere has been plotted
on the x-axis. High-level amplifications and outliers are respectively indicated
by A and V. The broken vertical lines represent transition points. For com-
parison, the bold horizontal lines display the segment means computed by the
CBS algorithm. See Section 7.4.1 for further discussion.

bold horizontal lines represent the within-segment means computed by
the CBS algorithm. We find that both algorithms picked up the overall
trend in the data. However, while the end-user decides whether or not
the CBS algorithm’s within-segment means correspond to copy number
changes, the Bayesian HMM automatically identifies the first region as
primarily copy-neutral and the second region as primarily consisting of

single-copy gains.

Upper right panel (Chromosome 12 of specimen 6): The CBS proce-
dure declared the first group of high intensity ratios as two separate
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segments. In contrast, the Bayesian HMM is motivated from the per-
spective of detecting copy number change. It declared these clones as
a single region of high-level amplifications. The next set of clones with
lower log, ratios were identified as focal aberrations because they are
localized changes less than 2 Mb in width. The two amplified regions
detected by the Bayesian HMM correspond to the two minimal common
regions (MCRs) on chromosome 12 associated with copy number gains
(see Table 1 of Aguirre et al.). The first MCR contains the KRAS2 gene.
Point mutations on this gene occur in more than 75% of pancreatic can-
cer cases (Almoguera et al., 1988). The CBS algorithm failed to detect
the second MCR. The MCR has been verified by Aguirre et al. using
quantitative PCR techniques.

Bottom left panel (Chromosome 17 of specimen 13): The region from
17p13.3 to 17q11.1 (10.36 Mb to 12.8 Mb) contains the tumor supressors
p53 and M K K4. Mutations on the gene p53 occur in at least 50%
of pancreatic adenocarcinoma cases (Caldas et al., 1994). The single
probe corresponding to this region was easily detected by the Bayesian
HMM. In contrast, the CBS algorithm effectively declared the entire
chromosome as copy-neutral.

Bottom right panel (Chromosome 18 of specimen 2): At around 48 Mb,
the Bayesian HMM algorithm detected an outlier associated with a copy
number loss. This outlier corresponds to the SM AD4 tumor suppressor
gene located at 18q21. A mutation on this gene has a known association
with pancreatic cancer (Bardeesy and DePinho, 2002). Aguirre et al.
mention that the CBS procedure missed the well-established association
even though single-probe losses at this location were present in several
specimens of the data set.

The above examples show that the CBS procedure often ignores obvious
single-probe aberrations to control the False Discovery Rate. Single-probe
aberrations frequently observed across tumor specimens provide one of the
most cost-effective avenues for cancer research because subsequent gene vali-
dation studies are more expensive than CGH. There are many other instances
of this difference between the CBS and Bayesian HMM algorithms. For ex-
ample, the MCR from 68.27 to 68.85 Mb on chromosome 12 maps to highly
amplified clones in 34 out of 37 tumor specimens. In every case, the Bayesian
HMM declared the clones as high-level amplifications, but the CBS procedure
detected only the amplification in specimen 8.

The results demonstrate the effectiveness of the Bayesian HMM in detecting
global trends as well as localized changes in copy number. This feature is
important in identifying genes for which point mutations do not progressively
become large-scale genomic changes as the disease advances (e.g. SM AD4 in
the foregoing example). The Bayesian HMM has considerable potential as a
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FIGURE 7.3: Array CGH profile of chromosome 13 of GBM31. The clonal
distance in Mb from the p telomere is plotted on the x-axis. High-level ampli-
fications and outliers are respectively indicated using A and V. The broken
vertical line represents a transition point.

diagnostic tool during the early stage of cancer when genomic alterations are
localized to small parts of the genome.

7.4.2 Comparisons with Some Existing Methods

Using the Glioblastoma Multiforme data of Bredel el al. (2005), Lai et
al. (2005) evaluated 11 algorithms for array CGH data. The data were
normalized using the Limma package (Smyth, 2004) and are available at
http://www.chip.org/~ppark/ Supplements/Bioinformatics05b.html. Graphi-
cal summaries were presented in Lai et al. as Figures 3 and 4. Sample GBM31
(Figure 3 of Lai et al.) exhibits low signal-to-noise ratio. There is a large re-
gion of losses on chromosome 13. Lai and co-authors found that the algorithms
CBS of Olshen et al. (2004), CGHseg of Picard et al. (2005), GA of Jong et
al. (2003) and GLAD of Hupe et al. (2004) segmented chromosome 13 into
two regions and detected the region of copy number loss. Smoothing-based
methods like lowess, the quantreg algorithm of Eilers and de Menezes (2005)
and the wavelet method of Hsu et al. (2005) were sensitive to local trends but
less effective in detecting global trends. The HMM algorithm of Fridlyand et
al. (2004) did not detect any segment.

We used an identical evaluation procedure to evaluate the Bayesian HMM.
Figure 7.3 displays the result for sample GBM31. The partitioned regions are
the same as those identified by the CBS, CGHseg, GA and GLAD algorithms.
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FIGURE 7.4: Partial array CGH profile of chromosome 7 of GBM29. The
clonal distance in Mb from the p telomere is plotted on the x-axis. High-level
amplifications and outliers are respectively indicated using A and V.

Local changes in the copy number, identical to those collectively detected by
the CGHseg and GLAD algorithms, are marked as high-level amplifications
(a) and deletions (V).

The second example considered by Lai et al. (2005) is a fragment of chro-
mosome 7 from sample GBM29 (refer to Figure 4 of that paper). The data
reveal high log, intensity ratios around the EGFR locus. The algorithms CGH-
seg, GA, GLAD, quantreg and wavelet separated the data into three distinct
amplification regions. The algorithms ACE (Lingjaerde et al., 2005), CBS
and CLAC (Wang et al. 2005) detected two distinct regions instead of three.
ChARM (Myers et al., 2004) grouped all the high log, intensity ratios into a
single region. The HMM algorithm of Fridlyand et al. (2004) did not detect
the amplifications.

Figure 7.4 displays the results for the Bayesian HMM algorithm. The high
log, ratios are identified as high-level amplifications (a). Unlike the algorithms
investigated in Lai et al. (2005), the single clone having a highly negative value
is detected by our algorithm and marked as a deletion. The amplifications
are identified as focal aberrations rather than separate regions because both
clusters are less than 5 Mb in width.

We find that the Bayesian HMM algorithm combines the strength of the
smoothing-based algorithms in detecting local features with the strength of
the segmentation-based methods in detecting global trends. The success of
the technique is especially impressive with noisy data.
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7.5 Simulation Studies

7.5.1 Comparison with Non-Bayesian HMM
and CBS Algorithms

The frequentist equivalent of the above Bayesian procedure estimates the
hyperparameters using the Baum-Welch EM algorithm, iteratively increment-
ing the likelihood until relative changes in the hyperparameters become suf-
ficiently small. Conditional on the hyperparameters, the Viterbi algorithm
computes the aposteriori most likely sequence of states si,...,s,. This tech-
nique is different from the non-Bayesian HMM of Fridlyand et al. (2004). In
particular, the latter method regards the number of states as unknown and
the states as exchangeable. There is no biological meanings associated with
the latent states in Fridlyand et al. because of which the technique cannot
directly detect changes in copy number.

To find the global maximum in the 20-dimensional hyperparameter space,
the EM algorithm has to be run from several starting points. For typical array
CGH data, each run often requires hundreds of iterations to converge. Because
of this, the computational costs associated with the frequentist and Bayesian
analyses are comparable. When R is used as the computing platform, the
CBS algorithm is considerably faster than either method. However, all three
approaches are computationally feasible and have negligible costs compared
to the experimental resources necessary to process the tumor specimens and
produce the data.

A comparison of the Bayesian and non-Bayesian profiles reveals that the
two procedures often gave similar results. However, many profiles are notice-
ably different, including the chromosome-specimen pairs (5, 2), (5,7), (12, 10),
(7,13), (15,13), (5,19), (18,31) and (19, 34). Two profiles are displayed in Fig-
ure 7.5. In all these examples, the non-Bayesian hyperparameter estimates
correspond to a larger likelihood than the Bayes estimates. However, the
Bayesian profiles look more reasonable when we compare the smallest log,
ratios labeled as amplifications by the two methods.

We performed a simulation study of the differences between the methods.
For each of the afore-mentioned chromosome-specimen pairs, we obtained
signal-to-noise ratios that were typical of array CGH data by setting the
hyperparameters equal to their estimated values. Using the model described
in Section 7.2, we then generated the underlying copy number states and log-
ratios for n = 200 clones. The Bayesian and non-Bayesian HMMs were applied
to infer the latent copy number states. The procedure was independently
replicated 100 times. Table 7.1 displays the percentage of correctly labeled
copy number states for the two methods. The Bayesian HMM outperforms
the non-Bayesian HMM in all the cases.

Using eight randomly selected chromosome—specimen pairs, but an oth-
erwise identical simulation strategy, Table 7.2 compares the CBS algorithm
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TABLE 7.1: Estimated Percentages of Correctly Discovered Copy
Number States for the Bayesian and Non-Bayesian Methods, along with the
Estimated Standard Errors

Source Bayesian HMM  Non-Bayesian HMM
Chromosome Specimen | % accuracy  SE | % accuracy SE
5 2 94.81 0.789 86.89 1.685
5 7 91.99 1.188 81.44 1.942
12 10 95.22 0.390 89.08 1.378
7 13 92.41 1.019 80.09 2.333
15 13 92.42 1.322 82.55 1.649
5 19 88.02 2.189 73.09 2.873
18 31 84.95 2.512 71.17 2.448
19 34 88.13 2.000 72.10 2.124

Note: The estimates were based on 100 independently generated data sets.
The first two columns specify the chromosome and specimen numbers of the
Section 7.4.1 data set whose the estimated hyperparameters were used to
generate the data. See the text for an explanation.

TABLE 7.2: Estimated Percentages of Correctly Discovered Copy
Number States for the Bayesian and Non-Bayesian Methods

Source Bayesian Non-Bayesian CBS
HMM HMM
Chromosome Specimen % accuracy % accuracy % accuracy
13 33 9138 (1.203)  72.01 (2.634)  67.72 (3.512)
19 4 88.20 (1.129)  87.94 (0.534)  75.36 (1.726)
14 1 87.35 (1.893) 76.47 (1.834)  86.70 (0.426)
12 17 80.84 (1.736)  76.11 (1.453)  44.12 (1.791)
1 24 40.64 (2.512)  54.31 (1.460)  35.37 (2.470)
3 35 96.03 (0.239) 72.06 (2.509)  92.43 (0.488)
23 12 74.31 (3.417)  65.2 (2.420)  58.08 (3.311)
15 34 90.79 (2.164)  68.3 (2.798)  55.22 (4.175)

Note: The estimated standard errors are in parentheses. The estimates were
based on 100 independently generated data sets. The first two columns specify
the chromosome and specimen numbers of the Section 7.4.1 data set whose
the estimated hyperparameters were used to generate the data. See the text
for an explanation.
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with the Bayesian and non-Bayesian HMMs. The method used by Aguirre et
al. (2004) was applied to declare copy number gains and losses for the CBS
algorithm. The Bayesian HMM outperforms the CBS algorithm, often sub-
stantially, in seven cases. The difference is inconclusive in one case. In six out
of eight cases, the Bayesian HMM outperforms the non-Bayesian HMM, with
the difference being inconclusive in one case. These results provide significant
evidence in favor of the Bayesian HMM. We would like to emphasize here that
the simulated data were generated from the Section 7.2 model, a strategy that
is likely to favor the HMM-based methods. There may be alternative simu-
lation procedures where the reliability of the CBS algorithm is greater than
that of the proposed Bayesian HMM.

The Bayesian HMM benefits from the informative priors of Section 7.2.
Prior knowledge about array CGH helps the procedure distinguish between
competing sets of hyperparameter values that are equally plausible under the
likelihood but not under the posterior. For example, consider the frequently
encountered situation where very few log, ratios are assigned to one or more
copy number state. In such a situation, the likelihood alone may be unable
to distinguish between the matching non-Bayesian HMM and a model having
fewer than four states. This results in likelihood-based estimates where one or
more of the 11;’s are approximately equal. Because of the well-defined meanings
assigned to the four states of the HMM, the copy number states detected by
the non-Bayesian model often seem incorrect in such cases. The Bayesian
approach is more robust in such situations because the informative priors
prevent even states having very few probes and log, ratios having considerable
amount of overlap from being classified as a common state. While it may
be true that for some data a model with fewer than four states is better-
fitting from a statistical viewpoint, the states may not have a simple biological
interpretation. The detection of copy number gains and losses, which is one
of the main goals of the analysis, is also less straightforward.

Several examples in Section 7.4.1 suggest that our Bayesian HMM is better
than the CBS algorithm in detecting amplifications localized to a few probes.
This is a useful feature of our approach because single-probe amplifications
common to different specimens are often the focus of future, more expensive
gene validation studies. To investigate the difference between the two algo-
rithms by a controlled simulation, we independently generated 25 data sets
using the following strategy: (i) Fifty out of n = 200 clones were randomly
chosen and assigned as amplifications with a mean signal of 2 on the log, scale.
(#) The remaining clones were assumed to be copy-neutral with a mean sig-
nal of zero. (i) The data were generated by adding Gaussian noise with a
standard deviation of 0.1 to these mean values.

Figure 7.6 displays one of the 25 simulated data sets. The simulated data
are quite atypical because the signal-to-noise ratio of 20 and percentage of
amplified probes (25%) are uncharacteristically high. In spite of these features
that simplified the discovery of copy number change, the CBS algorithm failed
to detect amplifications in any of the 25 data sets. The Bayesian HMM on
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FIGURE 7.5: Examples from Section 7.4.1 where the Bayesian and non-
Bayesian array CGH profiles are different. The upper panels correspond to
chromosome 5 of sample 7 and the lower panels correspond to chromosome 19
of sample 34. The clonal distance in Mb from the p telomere has been plotted
on the x-axis. High-level amplifications and outliers are indicated using A and
V respectively. The broken vertical lines represent transition points.

the other hand, correctly identified all the amplifications. The false discovery
rate of our Bayesian HMM was zero for all the data sets and the average true
discovery rate exceeded 99%.

7.5.2 Prior Sensitivity

The preceding analyses assumed € = 0.1 for the prior supports of the u;’s
(refer to Section 7.2) and 6;; = 1 for the priors of the transition matrix rows,
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FIGURE 7.6: Simulated data set. The clonal distance in Mb from the p
telomere has been plotted on the x-axis.

where ¢ = 1,...,4 and 7 = 1,...,4. To alleviate concerns that the results
are sensitive to the choice of €, we generated 100 data sets with n = 500
clones each. For each data set, the true means u1, ..., s were uniformly gen-
erated from narrow intervals centered respectively at —0.5, 0, 0.5 and 1. The
standard deviations o; were uniformly generated from the interval [0.2, 0.25]
which is typical of noisy data. The true transition matrices A were simu-
lated as follows. For the matrix row 2 corresponding to transitions from the
copy-neutral state, the off-diagonal elements were uniformly generated from
[0.01,0.02]; for the remaining rows, the off-diagonal elements were uniformly
generated from [0.02,0.05]. These nine elements uniquely determined the row-

stochastic matrix. For £k = 1,...,500, the copy number states s; were then
generated and the artificial data computed by adding Gaussian noise to the
means [, -

For € belonging to a grid of points in the interval [0.05,0.15], the Bayesian
HMM was used to analyze each simulated data set. The posterior expectations
of the means p;, the true discovery rates and false discovery rates were all
robust to the choice of e. Figure 7.7 plots the estimates of 1, ..., g for three
randomly chosen data sets versus values of €. The flat lines are indicative of
the lack of sensitivity to €. Using a similar technique, the results were found
to be insensitive to choices of {6;;};; small in comparison to n.
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FIGURE 7.7: Estimated means E [1t;]Y] for three independently generated
data sets (shown by solid, dashed, and dotted lines) plotted against e.

7.6 Conclusion

We propose a Bayesian hierarchical approach for analyzing array CGH data
based on a hidden Markov model. The informative priors allow Bayesian learn-
ing from the data. One of the strengths of the fully automated approach is
the ability to detect copy number changes like gains, losses, amplifications,
outliers and transition points based on the posterior distribution. Summaries
of the array CGH profiles are then generated. The profiles can be compared
across individuals to identify the genomic alterations involved in the disease
pathogenesis.

Several examples presented in Section 7.4 demonstrate the reliability of
our Bayesian HMM. The sensitivity of the algorithm to individual probes
allows it to locate candidate genes that may be missed by other algorithms.
The performance of the algorithm is impressive for the Glioblastoma data
set of Bredel el al. (2005) having high measurement error. Combined with
the results presented in Lai et al. (2005), the latter analysis reveals a very
favorable comparison with such outstanding algorithms as those of Picard
et al. (2005) and Olshen et al. (2004). Section 7.5 compares our Bayesian
HMM with alternative algorithms using simulations. The results confirm the
accuracy of the approach.

The simulation study in Section 7.5.2 and our own experience with the
algorithm suggest that the output is robust to variations in the constant e
used in the prior specification of the means p; and in the constants 6;; used
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in the transition matrix priors of Section 7.2. Although the informative priors
for the means p; substantially influence the results, the order constraints on
the p;’s and the biological meanings associated with the copy number states
allow us to specify priors that work consistently well across different data sets.
In all our analyses, we have used the default parameterizations specified in
Section 2.2.

An advantage of our method is that it has virtually no tuning parameters.
Unlike other algorithms (see Lai et al., 2005), the user is only required to input
the normalized log, ratios to produce reliable array CGH profiles. This is a
convenient feature for an end-user with little or no statistical training. The
technique has been implemented by Bioinformatics Toolbox and is available
at hitp://www.mathworks.com.

Acknowledgment. Reprinted with permission from The Journal of the
American Statistical Association. Copyright 2008 by the American Statistical
Association. All rights reserved.

7.7 Appendix: An MCMC Algorithm

The following algorithm is independently run for each chromosome to gen-
erate an MCMC sample for the chromosomal parameters. We group the
model parameters into four blocks, namely, By = A, By = (s1,...,58n),
Bs = (u1, p2, i3, pta), and By = (0},03,03,0%). The starting values of the
parameters are generated from the priors. The algorithm iteratively generates
each of the four blocks conditional on the remaining blocks and the data. Let
BUY BV denote the values of the blocks at the (v — 1)t iteration.
In the next iteration, the blocks are generated as follows:

Updating block B;. The transition matrix is generated using a Metropolis-
Hastings step because the normalizing constant of the full conditional cannot
be computed in closed form. This step makes independent proposals from a
distribution that closely approximates the full conditional of the transition
matrix. The proposal is accepted or rejected with a probability that com-
pensates for the approximation. Typically, most of the Metropolis-Hastings
proposals are accepted. Using the copy number states generated at iteration
v — 1, we compute the number of transitions from state 7 to state j, denoted
ij
a proposal C for the transition matrix from the distributions [¢; | Y, B_1] ~
D3 (1 Ful? a1 a1+ uz(-z)) , where row ¢ = 1,...,4, and B_;
denotes the blocks, { Bz, Bs, B4}. The proposal ignores the marginal distri-
bution of state s; and so it differs from the full conditional of the transition

by ul? = Z;ll I (s,(:_l) = i,s,(;:ll) = j), where i,j = 1,...,4. We generate
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matrix. To compensate for this, we accept the proposal (in other words, set
AW =C) with probability 3, where 8 = min {1, wc(sgv_l))/wA(ufl) (sgv_l))},

and otherwise reject the proposal (in other words, set A =A®=1)) As de-
fined earlier, mp(s) denotes the probability of state s under the stationary
distribution of a given transition matrix D.

Updating block B;. The copy number states are generated by a stochastic
version of the forward-backward algorithm. We compute the distribution [s,, |
B_5,Y1,...,Y,] at the beginning of the backward step. We generate s,, from
this distribution. The backward step is continued to compute and generate
a draw from the distribution [s,_1 | Sn,B_2,Y1,...,Y,]. The sequence of
computing and generating a draw from [sy | sg41, B_2,Y1,...,Y,] is iterated
for k = n—2 down to k = 1. This produces a sample from the joint distribution
[81,...,Sn | B,Q,Yl,...,yn].

Updating block Bs. For s =1,...,4, let dgs be the center of the untrun-
cated normal distribution in the prior specification of ps. Compute the sums

ng =S g 1 (s](f) = s), averages Y, = n% Yopey Vi - I(SE:) = s), precisions
—2
02 =772+ (Ugv_l)/‘/ns) and weighted means

(v-1)\ 2

1 — o

s — 68' 2 Ys °
R (ﬁ)

S

For s = 1,...,4, generate [,ugv) | KB_3:| ~ N (7s, 052) - I5, where the inter-

vals I denotes the support of the us (see prior specification).

Updating block By. For j = 1,...,4, compute n; = > o, [ (s,(:) :j)

2
and V; = Y7, (Yk - ,ugz)) I (s,(cv) = j). Generate

n; vi\]*°
{aj(v) |Y, B,4} ~ [gamma <1 + Ej €+ EJ)] )
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A phylogenetic tree.
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logenetic tree.
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logenetic tree.

Root of a phylogenetic tree.
Expected number of se-
quence changes on a branch
of a phylogenetic tree.
Duration of branch ¢ of a
phylogenetic tree, in terms
of time.

Rate of sequence change on
branch i of a phylogenetic
tree.

Number of character state
changes on a branch i.

Set of ages or divergence
times of nodes.

Number of leaves in the
tree (leaves can represent
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Data matrix representation
of a sample of data.
Augmented data matrix la-
beling of internal nodes
and leaves with character
states.

Set of all possible labelings
of internal nodes and leaves
character states.

Character evolution model
parameters.

Instantaneous rate of
change matrix with param-
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Matrix of transition proba-
bilities for character states
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8.1 Background

A phylogeny is the set of genealogical relationships between species. There
are many definitions of what a species is and how we should recognize species
(Mayden, 1999). Nevertheless, there is general agreement among the differing
species concepts that a species will be made up of a lineage of populations
that are connected by ancestor-descendant relationships between the individu-
als. Significantly, different species do not represent independent samples from
some pool of possible species. Rather, species typically arise by a process of
diversification in which one ancestral species splits to form two or more de-
scendant species. Hybridization between existing species is another speciation
mechanism (see Mallet, 2007, for a recent review). In either case, different
species can be classified based on how closely they are related — how far back
in time one must go to find their common ancestor.

Virtually every analysis of biological data must confront the fact that the
individuals that we see today are the result of historical process of evolution
(e.g. see the analytical techniques reviewed by Harvey & Pagel, 1991). For ex-
ample, when comparing mouse, chimp, and human we must take into account
the fact human and chimp share a much more recent common ancestor with
each other than they do with rodents. Thus, the estimation of phylogenetic
relationships has become a crucial first step in the analysis of all types of
comparative data.
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8.1.1 Calculating the Likelihood for a Phylogenetic Model

In principle, any heritable property of an organism could be used as data for
phylogenetic inference. In the past two decades, however, molecular sequence
data have become the most widely-used source of data for phylogenetic anal-
yses. We will focus on the analysis of such data here (though much of what
is said is applicable to the analysis of any character data). As a result of mu-
tation, differences accumulate between alleles within a population, and, over
time, some mutations will be fixed within a population. Because the barrier
between different species prevents a new mutation from spreading from one
species into another, genetic differences accumulate between different species.
The sharing of novel sequence variants between species allows us to infer the
history of the species from genetic data.

On the basis of the simple comparison of DNA sequences (and often on
the basis of how the data are collected), we can usually be confident that we
have identified a comparable gene! among different species — thus we assume
that the copies of the gene from different species have all descended from a
single gene in a common ancestor of the current species. A more fine-grained
statement of homology is provided by the process of multiple sequence align-
ment (MSA). MSA procedures insert gaps in sequences such that the total
length of the sequences is identical for all species in the matrix. Typically
MSA is performed prior to phylogenetic inference, and for the purpose of tree
inference the alignment is considered to be a fixed statements of homology
of particular positions within a DNA sequence. We assume not only that the
genes in the analysis share a common ancestor, but that the residues in a
particular column of our data matrix are derived from the same nucleotide
within this ancestral gene. As will be discussed later, joint estimation of the
alignment and phylogeny should be a preferable to sequential alignment then
tree inference (Sankoff, 1975).

After alignment, our data can be expressed in a N x M table of sequences,
X, where N is the number of individuals in our sample, and M is the sum of
the number of nucleotides and the number of gaps for any sequence. This table
is frequently referred to as the data matrix. The columns of the matrix are
referred to as “characters” (in the general context) or “sites” (in the case of
sequence data). The phylogeny itself can be represented as a tree, T' = (V, E),
where V represents the set of nodes (also called vertices) in the graph, and F
is the set of branches (or “edges” in the mathematical literature). The leaves
of the graph correspond to the observed sequences. The branches of the tree
can be thought of as representing genealogical lineages; branch lengths are
often chosen to reflect opportunity for character change across that branch.
It is common to use a parameterization in which v; is the expected number of

IWe use typically use the term “gene” in a very loose way, to indicate a contiguous stretch
of DNA sequence. Phylogenetic analyses do not require that the input data come from
sequences that code for a protein.
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changes along branch ¢ under a particular model of character evolution. The
expected number of changes along branch ¢ is given by v; = r;t;, where r; is
the rate of change and ¢; is the duration of the branch (in terms of time). In
the most general case we are unwilling make any constraints on the rate of
evolution, and thus r; and ¢; are not identifiable.

To employ a Bayesian perspective to learning the evolutionary tree for a
set of sequences, we must specify a model which describes the probabilities of
different pattern of sequence substitution. For all but the simplest models (e.g.
the model of Jukes & Cantor, 1969), this calculation will be a function that
includes nuisance parameters, 1, that characterize the process of molecular
evolution. If we assume that the the process of evolution acts independently on
each site in our gene, then the probability of any particular set of sequences can
be calculated as a product over every column in the data matrix (denoted x):

M
Pr(X|T,v,¢) = [ [ Pr(x|T, v, %) (8.1)

J=1

The specification can be dramatically simplified by assuming that events on
one branch of the tree are independent of the process of character evolution
on other branches. In many cases the lineages of a gene tree will be evolving
in separate species for most of the duration of the phylogenetic history, thus
the assumption of independence across branches seems reasonable.

If we knew the ancestral sequence at every internal node in the tree then
we would have a full labeling of the nodes the tree with sequences. We can
think of working with such a node-labelled tree as having an augmented data
matrix, Y, that has size |V'| x M. In this matrix, y; ; = z; ; for all j whenever i
represents a leaf of the tree. When 7 indexes an internal node then y; ; can take
the value of any character state; for DNA data y; ; € {A,C,G,T}. We can use
a(b) to denote the row index in our augmented matrix that corresponds to the
node that is the ancestor of branch b, and we can use d(b) for the index of the
descendant node. Thus, in the context of a particular site, j, and a specific
labeling, Y, the sequence at site j changes from y4) ; to yaw),; across the
branch b. This allows us to express the likelihood of a labeling of the tree
for a site as a product over all branches, and the likelihood for an entire of a
labeling is a product over all sites:

M
Pr(Y|T,v, ) = H {Pf (Yp.il ) H Pr(yaw); — yd(b),j|7/ba"/]) (8.2)
j=1 beE

Here Pr(y, ;| ¥) represents the prior probability of a particular nucleotide at
the root of the tree, a node that will be denoted p.

In real data analyses, we do not know the ancestral sequences, so we must
sum over all possible internal node labelings. The set of all possible labellings,
YV(X), is large (4/VI=V for DNA data), but a dynamic programming routine
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known as the pruning algorithm of Felsenstein (1981) allows us to do the
summation in an amount of computation that is linear with respect to the
number of internal nodes. Thus, we can efficiently calculate the likelihood of
the observed data X by summing over all labelings that are consistent with
X (all labelings that agree with X on the sequences at the leaves of the tree):

Pr(X|T,v, 1) = H Z [ (Yp,il %) HPF (Ya(v).j — Yaw),jlve,¥)| (8.3)

j=1YeY(X) beE

To finish the specification of the likelihood function, we have to describe how
to calculate the probability of a particular state transition across a branch.
We usually express models of sequence evolution as a matrix consisting of the
instantaneous rates of change between the four states, Q(v). For a particular
branch length, we can calculate a transition probability matrix, P(v;,v) =
eQW)¥i The elements of this matrix give us the probabilities of the form
Pr(Ya(s),; — Yd(v),j1p, %) that we need to calculate equation (8.3). Often we
will use the equilibrium state frequencies for the process of character evolution
to give us the prior probabilities for the ancestral sequence at the root of the
tree.

8.1.2 Maximum Likelihood Approaches

The conceptual framework for calculating likelihoods on trees dates back to
the early 1970s and 1980s (Neyman, 1971; Felsenstein, 1981), but the usage of
likelihood-base phylogenetic techniques was not widely used by systematists
until the 1990s. For even a moderate number of species, the number of possi-
ble phylogenetic trees is enormous, so maximum likelihood (ML) estimation
under these models usually relies on heuristic searches that are not guaranteed
to find the tree with the highest likelihood. Typically, the maximum likelihood
estimate (MLE) of the tree topology is found by iteratively examining trees
within a small neighborhood of a current tree. For each tree considered, numer-
ical optimization routines can be used to approximate the MLE’s of U and w
Nonparametric bootstrapping Felsenstein (1985) is the most commonly-used
method of assessing the strength of support for different parts of the inferred
tree. Other means of assessing the support for phylogenetic hypothesis tests
have been developed (Goldman et al., 2000, provides a nice review of these),
and this area continues to be an area of active research (Shimodaira, 2002;
Anisimova & Gascuel, 2006). Recently new algorithms and implementations
(e.g. Stamatakis, 2006; Zwickl, 2006; Whelan, 2007) have made it feasible to
approximate the ML tree estimate for hundreds of taxa in a moderate amount
of time.

The flexibility and power of ML approaches to phylogenetic inference of-
fer significant advantages over non-statistical approaches to tree estimation
and inference procedures that rely on summary statistics rather than the full
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data matrix. Nevertheless, there are some notable weaknesses of the infer-
ence approach outlined above. For example: 1. accommodating uncertainty
in the phylogenetic estimates into subsequent comparative analyses can be
awkward if we cannot assign a probability of a tree being correct; 2. the
simple, widely-used models assume that different sites are independent, and
identically-distributed; 3. while systematists have long known that evolution-
ary tree for a particular gene may differ from the phylogeny of the species
sampled, the processes governing this source of error are not modeled in the
system depicted in equations above; 4. the model described above does not
distinguish between the rate of evolution and the duration of branches on the
tree — this make it impossible to assign times to nodes on the tree; and 5.
multiple sequence alignment should be performed jointly with tree inference
to more accurately account for the uncertainty in our tree estimates.

We will discuss developments toward addressing these weaknesses. In some
cases the advances have been aided by adopting a Bayesian approach to phy-
logenetics, but several of the improvements to models of sequence evolution
could be used in either Bayesian or ML estimation.

8.2 Bayesian Version of “Standard” Model-Based
Phylogenetics

Bayesian methods provide a helpful and intuitive method for summarizing
the uncertainty in phylogenetic estimates. A Bayesian phylogenetic analysis
can provide statements about the probability that a particular tree (or a por-
tion of the trees) are a correct representation of the true phylogeny. This
supplies evolutionary biologists with a well-justified weighting of trees for fur-
ther inference procedures. The review of Huelsenbeck et al. (2001) emphasized
this point and greatly increased the awareness of the benefits of Bayesian in-
ference to the community of evolutionary biologists, while the availability of
free software (see Table 8.1) was also crucial in the adoption of Bayesian tree
estimation.

Significant early work in developing a fully Bayesian approach to phyloge-
netics (Mau, 1996; Rannala & Yang, 1996; Mau & Newton, 1997; Li et al.,
2000; Mau et al., 1999; Newton et al., 1999; Larget & Simon, 1999) introduced
Markov chain Monte Carlo (MCMC) approaches for exploring a parameter
space that includes tree topologies as well as branch lengths and the parame-
ters of the model of sequence evolution. For example, Larget & Simon (1999)
introduced an MCMC proposal that changes the length of three branches in
the tree, can result in a local rearrangement in the tree topology referred to as
an nearest-neighbor interchange (see also Holder et al., 2005). Repeated appli-
cation of Metropolis-Hastings updates allow the posterior probability surface



198 Bayesian Modeling in Bioinformatics
TABLE 8.1: Software for Bayesian Phylogenetic Analyses
MrBayes Ronquist & Phylogeny estimation under a
Huelsenbeck (2003) variety of standard models for
sequence and morphological data
BEST Liu & Pearl (2007) Phylogeny estimation under a
hiearchical structured coalescent
model using multi-locus gene data
BEAST Drummond & Co-estimation of phylogeny,
Rambaut (2007a)  divergence time and evolutionary
rates using sequence data
SimulFold Meyer & Miklés Co-estimation of alignment, RNA
(2007) structure, and phylogeny using
RNA data
PhyloBayes Lartillot & Phillipe Phylogeny estimation with
(2004) site-specific mixture models using
sequence data
BayesPhylogenies Pagel & Meade Phylogeny estimation using
(2004) sequence and morphological data,
with standard or mixture models
PHASE Jow et al. (2002) Phylogeny estimation using RNA
data with conserved secondary
structure
P4 Foster (2004) Phylogeny estimation with variety
of models, including support for
non-homogenous mixture models
BAIli-Phy Suchard & Redel- Simultaneous alignment and

ings (2006) phylogeny estimation

to be explored by the MCMC simulation. Given the complexity of tree space,
it is not surprising that there have been many suggestions of Metropolis-
Hastings proposal mechanisms to explore the posterior probability surface.
Lakner et al. (2008) provide a helpful analysis of several of these MCMC
“moves” and conclude that the efficiency of an MCMC sample is improved by
using a mixture of moves that slightly perturb the tree and moves that make
more drastic changes to the topology.

Improving the efficiency of MCMC samplers for phylogenetic inference will
almost certainly continue to be an active area of research for several years.
Some recent promising work exploits the general framework of SAMC intro-
duced by Liang et al. (2007). Cheon & Liang (2008) introduced a sequential
stochastic approximation Monte Carlo (sequential SAMC) that avoids poor
mixing caused by local optima in the posterior distribution. The method sam-
ples incomplete trees (those that lack some of the leaves of the tree), as well as
the tree with the full leaf set. Extrapolation (addition of a leaf) and projection
(removal of a leaf) operators connect samplers with differing leaf sets. Experi-
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mental results indicate that the technique can outperform traditional MCMC
simulations. Rodrigue et al. (2008) have recently developed a sampler based
on data augmentation. Rather than use transition probabilities that consider
multiple substitutions across a branch of the tree, their MCMC sampler ex-
plores the state space of substitutional mappings (the complete specification
of every substitution on the tree). By constructing a uniformized rate matrix
which includes “self-substitutions” in addition to substitutions that change
the state, they are able to efficiently explore this state space. The technique
is particularly useful when analysing data that has a large number of states
(Rodrigue et al., 2008, applied it to codon models). Thus far the technique
has been used in contexts in which the tree is fixed, but the technique could
be used in conjunction with tree inference.

Of course, the adoption of a Bayesian perspective on the phylogenetic esti-
mation requires the specification of prior probability distributions over all pa-
rameters of the model. In most cases in phylogenetics, vague priors have been
used for the tree topology, branch lengths, and the parameters of the models
of character evolution. For example, many practitioners assume that all tree
topologies are equally likely and that the branch length can be assumed to
be independent of each other with each branch length assigned a exponential
distribution as the prior probability distribution (e.g. Li et al., 2000). Models
of diversification of species provide another possible source of prior probabil-
ity distributions over trees and branch lengths. For example, Rannala & Yang
(1996) used a prior on trees derived from considering the phylogeny to be the
result of a process of birth (speciation) and death (extinction); while Larget
& Simon (1999) used a pure-birth process as the source of prior probability
densities for different trees. As will be discussed later, when inferring trees of
genes within a population, then priors derived from the coalescent process of
population genetics have been used.

8.3 Current Directions in Model-Based Phylogenetics

Equation (8.3) was based an a very simple model of sequence evolution
in which each site evolves according to the same process, and all events are
treated as if they were independent of each other. Since the early 1990’s there
has been a dramatic expansion in the types of evolutionary processes that have
been modeled in phylogenetics. Much of this work has been enabled by the
relative ease of implementing models in the context of Bayesian MCMC. In
the next sections, we will briefly mention some important advances in models
used to infer trees from sequences.
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8.3.1 Modeling Variability in the Rate of Sequence
Substitution

The rate of sequence evolution is a crucial quantity in phylogenetics be-
cause it is a strong determinant of how much “noise” is predicted to occur
in the data. If rates of character evolution are very low, then models of se-
quence evolution will predict very little homoplasy (convergence, parallelism,
or reversion that leads to the same character state being acquired more than
one time over the evolutionary history of a group). If a character is associated
with a high rate of change, then evolutionary scenarios which imply repeated
acquisitions of the same nucleotide in different parts of the tree may only have
slightly lower likelihoods than more “parsimonious” scenarios (in phylogenet-
ics, the term parsimony refers to scoring trees based on the minimum number
of character state transitions required to fit the data). Thus, it is crucial that
inference accommodates the fact that different sites have differing rates of
substitution. Recognition of the nearly ubiquitous nature of among-site rate
variation was a crucial step in improving the fit of models of sequence evo-
lution(reviewed by Felsenstein, 2001). An important early contribution was
the development of a simple method for approximating gamma-distributed
among-site rate variation by using a discrete number of rate categories (Yang,
1994). However Yang’s gamma-distributed models are not rich enough to ac-
commodate the complexity of real data (Kosakovsky Pond & Frost, 2005, see).

Recently, Huelsenbeck & Suchard (2007) addressed among-site rate varia-
tion using a Dirichlet process prior model that views sequence data as having
arisen as a mixture of sites evolving at different rates. Their framework cre-
ates a posterior probability surface over all possible mixtures, encompassing a
range of model complexity from a simple model that assumes the all sites are
identically distributed up to a model in which each site has a different rate of
substitution. Their MCMC sampler considers mixtures with differing numbers
of components and also considers different assignments of sites to models.

In addition to extending the number of discrete rate categories in order to
analyze complex data sets, there has been some work towards exploiting more
sources of information about the rates of different sites. Yang (1995) extended
the discrete approximation to gamma-distributed rates of Yang (1994) by
allowing for correlations in rate at adjacent sites in a sequence. This model
was implemented using a first-order hidden Markov model to describe the rate
category assignments for sites in the sequence. This approach was recently
extended by Stern & Pupko (2006) to allow for more complex correlations
of rates among sites that are close to each other in the sequence. Stern &
Pupko (2006) were motivated to produce a model of rate variation that comes
closer to mimicking the patterns of rate variation that arise from constraints
on protein structure, and they found that their model fits most protein data
sets better.
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8.3.2 Modeling Variability in Rates of Different Types
of Substitution

In addition to variation in the overall rate of change, the types of substi-
tutions will often differ across sites as well. In recognition of this, one can
allow for multiple processes by inferring different sequence substitution mod-
els for different subsets of sites. An extreme example is the model presented
by Halpern & Bruno (1998); in their model each position in a sequence of
amino acids has a distinct set of equilibrium state frequencies.

If one is willing to assign different sites into different model categories based
on a priori considerations, then the mixture model becomes what is referred
to as a “partitioned model” in the phylogenetics literature (see MrBayes,
Ronquist & Huelsenbeck, 2003, for a software implementation). Partitioned
analyses have become a common method for phenomena such as differences
in base frequencies and transition/transversion rates when comparing the dif-
ferent codon positions of a coding sequence.

The phrase “mixture models” or “mixed model” is used in the phylogenetics
literature to refer to a model consisting of collection of models for a site in
the sequence. Each site is assumed to evolve according to a single model
(one that is constant over the tree), but not all sites are generated from a
model with the same parameter values and the assignment of a site to its
“submodel” is not known a priori. Instead, each site has a probability p,, of
being assigned to model m (where 1 = 3" pp,, and the vector p can be treated
as a free parameter). Thus, the entire sequence is viewed as a convoluted
mixture of sites, each of which is drawn from one of several processes. Pagel
& Meade (2004) introduce a method (and software) for allowing for multiple
instantaneous rates of change to explain a set of sites; they propose using
Bayes Factors to choose the number of mixture components to use.

In many cases, we expect their to be some form of spatial patterning to
the process of molecular evolution. For example, a transmembrane region
of a protein will span several sites each of which will be characterized by
hydrophobic amino acids. The evolutionary pattern of sites within this region
will reflect selective constraints which prevent the fixation of mutations that
lead to hydrophilic amino acids. So, a pattern of only hydrophobic amino
acids at one site in a protein sequence should increase the probability that
a neighboring site will evolve according to a similar, hydrophobic amino-acid
model. Lid et al. (1998) present a hidden Markov model that uses several
model of amino acid replacement to explain the data, but also takes into
account the spatial structuring of sites in a protein sequence into different
categories (see also Thorne et al., 1996; Goldman et al., 1996, 1998). While
the method of Lio et al. (1998) is implemented in the context of maximum
likelihood, it is clearly transferable to Bayesian context. One of the appealing
aspects of their approach is that it allows for complexity of the evolutionary
process (they use eight different matrices of replacement rates rather than a
single process) while exploiting prior knowledge — the parameter values for
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the eight matrices are drawn from a large database of sequences that are
independent of the sequences being studied. In a Bayesian implementation,
the rates of replacement that are applicable for different secondary structures
could be treated as random variables, but the parameters from analyses of
other sequences could serve as the basis for informative prior.

Recently Gowri-Shankar & Rattray (2006) introduced another model to ac-
commodate the spatial patterning of molecular forces within sequences, but
their approach is more descriptive than to the model of Lio et al. (1998). In
the model by Gowri-Shankar & Rattray (2006), sites fall into one of several
categories that vary with respect to rate of evolution and base composition.
They analyzed RNA sequences which fold into secondary structures. The re-
quirement to fold into a particular conformation constrains the evolution of
some sites (those that fall in the base-paired stems regions of the structure);
as a result, these sequences have strong spatial patterning with respect to
the rate of evolution — high rate sites are clustered in contiguous regions that
correspond to unpaired loops in the structure. The “clumping” of high-rate
sites leads to spatial pattern in the base composition parameters of the Gowri-
Shankar and Rattay’s (2006) model. To avoid overparameterization artifacts
associated with inferring multiple sets of base frequencies, they introduce a
Gaussian process prior to smooth the base frequency parameters in similar
rate categories.

8.3.3 Allowing Process of Molecular Evolution to Change
over the Tree

The previous sections have discussed some attempts to recognize the among-
site variability in the process of molecular evolution. It is widely recognized
that a particular site can change its rate of evolution over the course of the
phylogeny; Lopez et al. (2002) documented this process as a common phe-
nomenon and named it “heterotachy.” In the section on divergence time es-
timation, we will consider models that allow for the overall rate of substitu-
tion to change over the course of a phylogeny. If the phylogeny is the target
of inference (rather than the ages of the nodes in the tree), then it can be
helpful to consider models that attempt to prevent heterotachy from distort-
ing phylogenetic inference. The traditional approach (e.g. equations 8.2 and
8.3), parameterizes the branch lengths in terms of expected number of substi-
tutions, and treats each of these branch lengths as an independent parameters.
This makes tree inference robust to changes in the rate of evolution, if the
changes in rate affect all sites in the sequence equally. If different subsets of
the sequence (or even individual sites) change rate but do not do so in a con-
certed fashion, then methods that use a single branch length for all sites can
be misled by heterotachy.

Covarion models allow for interactions among sites leading to each site
changing rate; they can be formulated in a way that tries to determine the
interacting sites (Fitch & Markowitz, 1970), or with reference to a single site
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that changes its rate in response to an unknown factor (Tuffley & Steel, 1997;
Huelsenbeck, 2002). In the simplest version, a site toggles between “on” and
“off” states, but the covarion-style models has also been generalized (Galtier,
2001) to allow for a site that changes among several rates of evolution, or to
allow a site to change between models that differ by parameters other than
just the total rate of evolution (Whelan, 2008).

A more parameter-rich approach to inferring trees from data that may dis-
play heterotachy is to treat the data as a mixture generated from models
that share the same tree topology, but have different sets of branch lengths.
vStefankovive & Vigoda (2007) demonstrated that, under some relatively
simple models of sequence evolution, assuming a mixture of just two sets of
branch lengths can lead to non-identifiability of the tree topology. This re-
sult calls into question the prospects for inferring trees using general models
and mixture-of-branch-lengths approach. Interestingly, Zhou et al. (2007) have
compared the performance of the covarion and mixed branch length approach
to dealing with heterotachy, and found that the simpler covarion-style model
tends to outperform the mixed-branch length approach. In that study, perfor-
mance was assessed by the Bayesian Information Criterion (Schwarz, 1978)
and cross-validation to choose among alternative models.

Another interesting result in this area is the work of Wu et al. (2008). Their
model extends the discrete approximation to gamma-distributed among-site
rate variation (Yang, 1994), in which one uses a discrete number of rates of
evolution to explain the sites in a sequence. Simply by allowing sites to change
their rate categories on each branch of the tree, Wu et al. (2008) produce a
class of models for among-site rate variation that have significantly better fit
to sequences (as long as the model is not too simple — under a Jukes-Cantor
model with gamma-distributed rates, the model is unchanged by allowing
sites to switch categories). The result is intriguing because it suggests that
relatively simple approaches may adequately deal with heterotachy or at least
increase the robustness of phylogenetic analysis to some forms of heterotachy.

It can also be important to consider models which allow for the changes
over the tree of values of parameters other than just the overall rate of sub-
stitutions. For example, the base composition among taxa is a property of
sequences that differs among species. Failing to account for variability in the
base composition across species could mislead phylogenetic inference proce-
dures because two species that happen to evolve similar base compositions
may then acquire similar nucleotides at a large number of sites which are tol-
erant to new mutations. Thus, one change in the forces that drive molecular
evolution can lead to a large number of convergent changes among sequences.
This pitfall has long been recognized (see Foster & Hickey, 1999; Conant &
Lewis, 2001; Rosenberg & Kumar, 2003, for assessments of the severity of
the problem), leading to corrections to distance-based approaches (Lockhart
et al., 1994; Galtier & Gouy, 1995; Yang & Roberts, 1995). Methods for cal-
culating likelihoods under models of sequence evolution with nonhomogenous
nucleotide compositions have also been proposed (Galtier, 1998), but are not
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widely used. Overparameterization can be a concern in non-homogenous mod-
els. We do not know how many times the base compositions have changed over
the tree, nor do we observe the substitutions themselves leading to consider-
able uncertainty about the complexity of the process underlying the observed
sequences. Foster (2004) introduced Bayesian (and ML) approaches to mod-
eling changes in nucleotide composition over the tree, and showed that model
selection procedures could be used to select a model that is less parameter-rich
than a full model in which every branch has a separate vector of state frequen-
cies. Recent Bayesian approaches to this problem (Gowri-Shankar & Rattray,
2007) use a model space which allows the number of distinct sets of base com-
position parameters to be treated as a random variable. (Gowri-Shankar &
Rattray, 2007) use reversible-jump Markov chain Monte Carlo (Green, 1995)
to sample over this space of varying dimension. This approach is a promising
method for tuning the complexity of the model to the information in the data
at hand.

In another interesting application, Guindon et al. (2004) implemented a
mixture of models that differ in the value of the parameter w, the rate multi-
plier associated with nonsynonymous substitutions. Because nonsynonymous
changes are more likely to cause measurable phenotypic effects, this parameter
has an interpretation in the context of natural selection; w > 1.0 is interpreted
as evidence that selection favors amino acid substitutions at a site, while val-
ues less than 1.0 indicate purifying selection. In the approach of Guindon et al.
(2004) a codon is permitted to change its assignment to submodel within the
mixture. This models changes in the amount of selective constraint over the
course of the tree. They conclude that allowing w vary over the tree not only
improves the fit of the model (to the HIV sequences that they examined), but
is also important to correctly estimating the strength of selection.

8.3.4 Context-Dependent Models

One of the most exciting developments in the models of sequence evolution
for phylogenetic inference has been the creation of models that do not assume
that the evolution at a site is independent of neighboring sites. Assuming that
the evolutionary process is the same regardless of context greatly simplifies
calculation of the likelihood — it allows us to assume independence across
sites and write equation (8.1) as a product over all sites in a sequence. Un-
fortunately, neither the forces of natural selection nor mutation are thought
to occur in a manner that acts on one site alone; thus, the context of a site
matters in evolution and should be addressed in our models.

By treating the type and timing of each substitution as a latent variable that
can be varied during the course of an MCMC simulation, one can implement
a model that allows for context-dependence (Jensen & Pedersen, 2000). Thus
far, these techniques have been used to model the effects of secondary structure
on RNA evolution (Yu & Thorne, 2006); mutational context-dependence in
mutational processes (Hwang & Green, 2004; Siepel & Haussler, 2004; Hobolth
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FIGURE 8.1: Deep coalescence, with the contained gene tree (dashed line)
failing to coalesce in the ancestral population of species B and C, leading to
the allele sampled in B being more closely related to allele in A, rather than
the true sister species, C.

et al., 2006; Hobolth, 2008); and structural constraints on protein evolution
(Robinson et al., 2003; Rodrigue et al., 2005, 2006; Choi et al., 2007). Thorne
(2007) provides a more thorough review of these topics than we will attempt.

Fairly simple, context-dependent processes of substitution can result in com-
plex evolutionary patterns. The rate of evolution at a particular site and the
types of mutations that fix at that site may change over the course of the tree
(if there are changes in the neighborhood of the site). In models that evaluate
mutants according to secondary and 3D structure (Yu & Thorne, 2006; Robin-
son et al., 2003; Rodrigue et al., 2005, 2006; Choi et al., 2007), the amount of
heterogeneity across sites can be very large. Thus, using context-dependent
models may simultaneously provide us with a tool that deals with spatial and
temporal variability in the evolutionary process. Significantly, this complexity
can be accomplished while adding relatively few parameters (e. g. the model
of Robinson et al., 2003, adds only two parameters to the independent-sites
codon model). Exploiting information from research on the determinants of
protein structure not only helps inform these phylogenetic methods, but also
provides the potential to allow evolutionary analyses to be used to enlighten
research into the constraints on protein folding. It is clear that there is still
a great deal of research to be done in this area. For example, Rodrigue et al.
(2006) found that while context-dependent models did improve the fit of se-
quences on a tree, the models still needed to be used in association with in-
formation from empirically-derived independent-sites models. Similarly, when
Thorne et al. (2007) examined context-dependent models as a bridge toward
uniting phylogenetic and population models, their analyses revealed noticeable
failures to predict enough sites with large deleterious effects. Clearly the use
of context-dependent models in evolutionary analyses is still at an early stage.
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8.4 Integration with Structured Coalescent

The methods described above can estimate a gene tree rather than a phy-
logeny (a tree depicting the evolutionary relationships between species). It is
common practice to use the estimated gene tree as a proxy for the species
tree. If the times between speciation events are long enough relative to the
population sizes, the topologies of the gene tree and species tree should be
identical and the relative error in the branch lengths (i.e., the difference in
ages between gene divergence and actual population divergence) are insignif-
icant. If, however, the duration between speciation events are short (or the
population sizes are large), then it is possible for polymorphism to be retained
through multiple episodes of speciation. This situation can result in a discor-
dance between the gene tree topology and species tree topology, and is called
deep coalescence? (see Figure 8.1). If we only have data from a single locus,
then we will not see evidence for deep coalescence even if it does occur. In such
cases we must be cautious about treating a gene tree as if it were identical to
the species tree. A further complication arises from the fact that we do not
observe the gene trees for our data, but must infer them. So, conflicting gene
trees can result from estimation error as well as biological processes. Recom-
bination within a locus can further complicate the situation because it can
lead to a different genealogical histories for opposite ends of the same gene
(see Chan et al., 2006; Fang et al., 2007; Paraskevis et al., 2005; Sinsheimer
et al., 2003; Suchard et al., 2002, for recent work on detecting recombination
using phylogenetic approaches). When we have data from multiple loci then
recombination can actually be helpful. Having multiple unlinked loci gives us
multiple samples of gene trees and this allows us to assess the impact of deep
coalescence on our species tree estimation.

The potential discordance between a gene tree and the phylogeny has long
been appreciated within phylogenetics (see discussion in Page & Holmes, 1998,
p31-33, for example). This discordance is typically assessed through sequen-
tial analysis: gene trees are produced, and then the researcher looks for well-
supported groupings that conflict with each other. If no such groupings are
found, then the gene trees are judged to be reliable estimates of the species
tree. Numerous approaches have been proposed to obtain a species tree when
there is conflict among gene trees. Unfortunately, these procedures do not
capture all of the relevant information about how deep coalescence occurs.
For example, gene tree parsimony (Slowinski & Page, 1999) selects a species
tree by finding the tree that minimizes the number of deep coalescences. The
assumption that deep coalescence is a rare event is not always justified, and,
even if deep coalescences are rare, they may occur more frequently in some

2The phrase “incomplete lineage sorting” is often used for the phenomenon that we will
call “deep coalescence.”
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parts of the phlyogeny (those with ancestral species that have large popu-
lations or short durations). This information is not adequately incorporated
into a gene tree parsimony analysis.

The concatenating of the sequence data then treating it as if it were single
linked locus, or, alternatively, basing the species tree on a majority-rule con-
sensus tree of a set of gene trees, are other ways to infer a phylogeny when esti-
mates of different gene trees conflict with each other(see Gadagkar et al., 2005,
for a comparison of the performance of the latter two methods). If the most
common gene tree topology always agreed with the species tree, then concate-
nation would converge to the species tree (given enough sequence data). How-
ever, Degnan & Rosenberg (2006) have recently demonstrated that in the case
of species trees of some shapes, the most common gene tree will not be iden-
tical in topology to the species tree shapes. This phenomenon is not just the
result of random errors associated with sampling too few gene trees — it persists
even when a large (even unbounded) number of independent loci are sampled.

The results of Degnan & Rosenberg (2006) argue for “coalescent-aware”
approaches to inferring the species tree from a set of gene sequences. Coa-
lescent theory is a branch of population genetics that is used to calculate a
probability distribution over the space of all possible genealogies for a given
sample of alleles within a population (see Ewens, 2004; Hein et al., 2005, for
much more thorough treatments than the brief overview that follows). As
the result of either genetic drift or selection, lineages of genes sweep through
populations until they become fixed. Depicting the ancestor-descendant re-
lationships of genes within a population over time results in a tree of gene
sequences. Kingman (1982a,b) made the crucial realization that one could
calculate a probability density for any gene tree shape by looking backwards
in time and viewing the problem as one of ancestors of the sampled genes coa-
lescing until they form one lineage. From the traditional perspective (looking
forward in time) the coalescent events are actually divergence points in the
gene tree caused by the same allele in a parent being passed on to multiple
offspring. Kingman demonstrated that the probability density for a tree can
be built up by considering the waiting time between coalescence events. The
size of the population is a crucial parameter — larger populations lead to larger
times to coalescence.

Coalescent theory becomes important in phylogenetic analysis when there
is a non-negligible probability of a polymorphism being maintained for the
duration of a branch of the phylogeny. In such a case, coalescence has not
completely occurred, and alleles in one species may be more closely related
to an allele in a different species than they are to another allele from the
same species. This can be modeled using a hierarchically-structured coales-
cent model in which the species phylogeny defines the boundaries for the
coalescent processes and specifies the timing of the splitting of gene pools
of a parent species into those of the daughter species (see Rannala & Yang,
2003). Edwards et al. (2007) and Liu & Pearl (2007) describe a method to es-
timate the joint posterior probability of species trees and contained gene trees,
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given data from multiple unlinked gene loci. They calculate posterior proba-
bility of a species phylogeny with branch lengths and vector populations sizes
(T,v,®), via the posterior probability of the set of genealogies for all of the
loci, G:

Pr(T, v, 0|X) o / Pr(T, v, 0|G) Pr(G|X)dG (8.4)
o<//Pr(T,V,®|G)Pr(G|1/),X)Pr(1/))dew (8.5)

where:

Pr(G|T,v,0)Pr(T,v,0)

Pr(T,v,0|G) = Pr(G)

(8.6)

Conditional on the set of genealogies, the posterior probability of the species
tree is independent of sequence data. This hierarchical nature of the for-
mulation allowed Edwards et al. (2007) and Liu & Pearl (2007) to imple-
ment an MCMC sampler for the posterior probability of the species tree
by using multiple layers of MCMC sampling. They make a slight change
to MrBayes (Ronquist & Huelsenbeck, 2003) to collect a sample of genealo-
gies from the posterior probability distribution, Pr(GT|¢, X), where the dag-
ger indicates that the prior distribution for used to collect this sample is
not the correct prior over genealogies. This is done because they can con-
struct an artificial prior, Pr(G'), that is easier to implement than the correct
prior, Pr(G). Given this set of sampled genealogies, they can use an MCMC
sampler similar to the one proposed by Rannala & Yang (2003), to sam-
ple a set of species trees Pr(T,v,©|GT). In the final step of their algorithm
they use importance sampling to correct for the previous use of an incorrect
prior; thus they obtain Pr(T,v,0|G) from Pr(T,v,0|G') using importance
weighting to subsample their collection of species trees. The method of Liu
& Pearl (2007) and Edwards et al. (2007) has been implemented in a pro-
gram called “BEST”, and the approach represents a significant advance in
estimating a species tree from sequence data from multiple unlinked gene
loci.

8.5 Divergence Time Estimation

For many evolutionary or systematic questions, it is of interest to estimate
a tree with branch lengths proportional to units of time. This allows one to
assign dates to ancestral nodes in the tree; because a node on a phylogeny
represents the point at which two species began to diverge, this procedure is
often referred to as divergence time estimation.
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The simplest model for assigning dates to a tree assumes a constant rate of
change across all branches of the tree. When dealing with molecular sequences,
this is commonly referred to as the “molecular clock” assumption (Zuckerland
& Pauling, 1965). To estimate the global rate of change of under a molecular
clock, calibration dates are used to specify the ages of at least one internal
nodes. Calibration points are based on external information, such as fossils
or geological events. Unfortunately, the molecular clock assumption is not a
biologically realistic. As mentioned in earlier sections, the rate of evolution
can vary over the tree.

If we allow the mean rate of evolution to assume any value on a branch,
then the rate and time parameters are not identifiable (recall that the rate
and time for a branch always occur together in the likelihood equation as the
product, v = rt). Thus, to estimate times on a tree, the rates of evolution on
each branch must be constrained in some way.

Several distinct approaches have been taken to relaxing the assumption of
a molecular clock but still estimating the divergence times of nodes on the
tree. “Local clock” models (see Yoder & Yang, 2000; Yang & Yoder, 2003)
allow for a small number of rates to be in effect on different parts of the tree.
These models shall not be discussed in any detail here. Instead, we will focus
on relaxed-clock models which use a prior on the rates of evolution to force
rates to be similar across the tree.

In autocorrelated rate models, rates of evolution on a branch depend on the
rates of neighboring branches in the tree; this structure embodies the idea that
the factors that control the rate of sequence evolution (for example the error
rates of DNA polymerases, or the effective population size) are themselves
heritable factors that can evolve on the tree. One of the earliest examples of
this approach was the nonparameteric rate-smoothing method of Sanderson
(1997). As input, this method takes a tree with estimates of number of changes
on each branch, c¢. Then one tries to find a set of times, h, for the nodes of
the tree. The duration (in time) of a branch can be obtained as the difference
in heights of the parent and child node for the branch. Thus, from h we
can obtain the set of branch durations, t. For the number of changes across a
branch and the duration, one can set the rate for a branch to be 7; = ¢;/(Mt;).
In nonparametric rate smoothing, we seek values of h that minimizes the
variation between rates in ancestral and descendent branches. If we interpret
the rate assigned to a node in the tree as the rate of preceding branch, then
we can express nonparametric rate smoothing as seeking rates that minimize:

Z (raqe) — ’"al(b))2 (8.7)

beE

(note that we do not have a number of changes or a rate for the branch leading
to the root of the tree; choosing a rate for this branch to minimize the changes
in rate is equivalent to adding variance of the rates of the branches that diverge
from the root of the tree). Sanderson (2002) later introduced a more flexible
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approach based on penalized likelihood. Changes in rates across the tree are
penalized, but the strength of the penalty can be tuned. In Sanderson’s penal-
ized likelihood approach the rates on the branches and the timing of the nodes
are parameters. The likelihood comes from assuming that ¢; ~ Poisson(r;t;).
As discussed by Sanderson (2002), the method could be extended to use a
negative binomial to calculate the likelihood (this may be more appropriate
when there is among-site rate variation). The penalty term is the squared dif-
ference in rates for an ancestor-descendant pair of branches plus the variance
of the rates for branches that are adjacent to the root. This penalty term is
scaled by a coefficient, A\, and subtracted from the log likelihood for a set of
rates. Thus, the method attempts to maximize:

Z [ln Pr(cb|rbtb) - A (Ta(b) — T‘d(b))z} (8.8)
beE

As )\ approaches oo, the model approaches a molecular clock model; the
penalty effectively forces the rates to be equal across all branches. As A ap-
proaches 0, the likelihood increases as rates are allowed to vary dramatically.
Cross-validation is used to find the optimal value of .

The approaches of Sanderson (2002, 1997) are elegant and very popular,
but they do have drawbacks. The calibration points are taken as point es-
timates, and there is no way to accommodate uncertainty or error in these
estimates. Sanderson (2002) allows for some calibration points to be specified
as boundary conditions (either a maximum or minimum age for a particular
node), but there is no mechanism for placing a probability distribution over
all plausible calibration points. As currently implemented, these methods do
not accommodate uncertainty in the estimation of topology or the error in
branch length estimates. The amount of rate variation across long branches
may be expected to be larger than across short branches; this suggests that the
penalty used in Sanderson (2002) may be improved by weighting the squared
difference in rate according to the branch duration.

Fully Bayesian approaches to divergence time estimation with autocorre-
lated rate variation were first introduced by Thorne et al. (1998), who present
a method that models the rate of evolution of the rate of evolution. The rate
of evolution is allowed to vary among branches in the tree, but the rate of evo-
lution along a descendant branch is assumed to be log-normally distributed
with mean equal to the rate of the ancestral branch and variance proportional
to the time difference between the midpoints of the ancestral and descendent
branches. Kishino et al. (2001) reparameterized this model to assign rates to
nodes rather than branches. This updated model better reflects the expected
correlations of rates across a tree if the factors that control the rate of evo-
lution were gradually changing within each species (see Thorne & Kishino,
2002, for extensions to multigene datasets). Kishino et al. (2001) also changed
the prior distribution on the rates of evolution at the end of a branch such
that the expectation of the rate for a descendant node is equal to the rate at
the ancestral node.
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Huelsenbeck et al. (2000) used a compound-Poisson process model in which
the rate of evolution “jumps” to a new rate at distinct points on the tree.
The number of changes in the rates of evolution are assumed to follow a
Poisson process. When a change in the rate of evolution occurs, the new
rate is obatained by multiplying the previous rate by a factor drawn from a
gamma distribution that has been tuned to keep the expectation of the rate
from tending toward 0 or co.

Aris-Brosou & Yang (2002) try a variety of a parameteric-distributions for
the prior of rates on a branch, and incorporate an Ornstein-Uhlenbeck process
to model changes in the means and variances of the distributions. Welch et al.
(2005) criticized the priors used for rates and divergence times as biologically
unreasonable and causing a systematic bias toward higher rates toward the
tail of the branch and younger dates being estimated for nodes. Lepage et al.
(2006) (also see Lepage et al., 2007) addressed these concerns by using a
Cox—Ingersoll-Ross process instead of the Ornstein—Uhlenbeck to model the
evolution of means and variances of the prior distribution of rates.

Many software implementations of divergence time estimation methods do
not allow for uncertainty in the timing of the calibration points on the tree.
This situation is unsatisfactory from a biological perspective, as there in-
evitably is some (often substantial) uncertainty in any given calibration. Yang
& Rannala (2006) address this by allowing the date of a calibrated node to
be described by a probability distribution.

Drummond et al. (2006) present a model in which the rates are drawn from
from a prior distribution, but rates are not assumed to be autocorrelated
along the tree. While many of the methods mentioned treat the tree topol-
ogy as fixed, the implementation of their method also allows for simultaneous
co-estimation of phylogeny and divergence times, as well as specification of
calibration times in terms of distributions rather than points, thus explicitly
accommodating uncertainty in both phylogeny and calibration times. Lepage
et al. (2007) introduce another uncorrelated relaxed clock model which they
term the “white-noise” model; as in the model of Drummond et al. (2006),
the rate for each branch is drawn from a prior distribution that is indepen-
dent of other rates on the tree. The variance of this prior distribution varies
between the models; in the white-noise model of Lepage et al. (2006) the vari-
ance is smaller for long branches (which is consistent with the action of an
uncorrelated process over a long period of time).

A simulation study by Ho et al. (2005) indicates that the divergence time
estimates are often quite sensitive to the priors chosen. They argue that, in
light of their results, the uncorrelated relaxed clock methods (Drummond
et al., 2006, e.g.) may offer a conservative method of estimating dates. Lepage
et al. (2007) use Bayes factors and real datasets to compare the behavior of
methods; they also examined the effects of using different prior probabilities
for the times associated with internal nodes of the tree. They also find that
divergence time estimates are quite sensitive to the model assumed, but their
results indicate that autocorrelated approaches outperform the uncorrelated
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relaxed clocks. The sensitivity of divergence time estimation to the details of
the models used and the priors is unsurprising in light of work by Britton
(2005) showing that when the molecular clock assumption does not hold,
estimation of divergence times of nodes is not consistent. Even as the length
of sequence data collected goes to oo, there some uncertainty about the ages
of the nodes will remain. This is true even if the process controlling the rate
of evolution of the rate of evolution is modeled accurately. Adding more loci
can help if each locus can be viewed as another sample from a process that
controls the evolution of the rates of molecular change; but if the changes in
rates across loci are strongly correlated, then even sequencing of the entire
genome may not provide a precise estimate of divergence times.

An intriguing recent study (Ho et al., 2007), found evidence for time-
dependency of the rates of evolution; rates of sequence evolution appear to
be faster when recently diverged sequences are compared. A proposed mecha-
nism for this phenomenon is the presence with slightly deleterious alleles; such
polymorphisms would contribute a great deal of the sequences differences be-
tween closely related sequences, but would be negligible for comparisons of
deeper divergences because they would rarely fix in the population. The im-
plications of this study are that researchers should be very cautious about
inferring dates on nodes of a tree when the dates of the calibration points are
very different from the node of interest (such inferences are also susceptible
to artifacts arising from lack of fit of the model of sequence substitution).

8.6 Simultaneous Alignment and Inference

A full discussion of statistical approaches to multiple sequence alignment
are beyond the scope of this chapter (we refer readers to the excellent review
by Lunter et al., 2005b, for more information). Nevertheless, it is important
to note that Bayesian approaches have made an enormous impact on the
state-of-the-art methods for simultaneous alignment and tree inference. Most
phylogenetic analysis is conducted after an alignment has been constructed,
and the alignment is treated as fixed for the purpose of tree estimation. This
is unfortunate because the data that we observe are unaligned, and the align-
ment is merely an estimate of the true alignment (see Sankoff, 1975, for an
early approach to this problem). Performing alignment then tree inference
sequentially makes it difficult to recognize the full amount of uncertainty in
our outcome. Even worse, many of the commonly used alignment procedures
use progressive alignment strategies that rely on a phylogenetic tree to some
extent. Thus there is the potential for overconfidence in the final tree esti-
mate arising from the fact that the input data for phylogenetic inference was
actually inferred assuming a particular guide tree.
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Alignment is necessary because during the course of sequence evolution nu-
cleotides are inserted and deleted in addition to undergoing replacement by
another nucleotide. It may appear that we could treat these insertion and
deletion events (often referred to as “indels”) as simply another type of evo-
lutionary event in the likelihood calculations that we outlined in equation
(8.3). Unfortunately, this is not the case (but see Rivas et al., 2008, for recent
progress in techniques that treat gaps as an extra state). When we cannot
confidently establish the homology of the nucleotides in our data then we
are unsure of which nucleotides should be placed in a column of in our data
matrix; so, we cannot break the likelihood calculation down into a product
over columns. The likelihood of the sequences should be a sum of probabilities
over all possible sequences for ancestral nodes in the tree. When insertions and
deletions are allowed, we do not even know the length of the sequences for an-
cestral species. The number of possible ancestral sequences becomes infinite.
Even if we crop this calculation by forcing ancestral sequences to be close the
length of the observed sequences the number of possible evolutionary scenarios
that could generate the leaf sequences is enormous. Much of the progress that
has been made in statistical alignment on phylogenies has been made possible
by reformulating models that include indels as hidden Markov Models that
emit possible alignments for an ancestral node and its descendants (see Durbin
et al., 1998; Lunter et al., 2005b, for more and discussion) We will mention
some of the advances that have been made in improving the richness and real-
ism of models of the indel process that can be analyzed in the context of a tree.

Thorne et al. (1991) presented the fundamental model for incorporating in-
dels events in a phylogenetic context; their “TKF91” model was restricted to
insertions and deletions of single bases, but it introduced methods for calcu-
lating the probability of a pair of sequences (ancestor and descendant) across a
single branch. Thorne et al. (1992) extended the model to allow for insertions
and deletions with the length of these events corresponding to a geometrical
distribution (rather than being fixed at a length of 1 base). Unfortunately,
for computational reasons, the model enforces the unrealistic restriction that
multiple indel events cannot overlap with each other. For pairwise alignment
approximations to a model that allows for overlapping indel events have been
developed (e.g. Knudsen & Miyamoto, 2003; Miklés et al., 2004).

While models of the indel process have been improved, there has also been
work on developing MCMC samplers that can jointly infer alignment and the
evolutionary tree. Lunter et al. (2005a) developed a method to infer trees
under the TKF91 model. Treating ancestral sequences as latent variables
and allowing an MCMC simulation to sample over all possible states can
ease the construction of a sampler over alignments and trees. Unfortunately,
increasing the state space in this way comes at the cost of increasing the
number of MCMC iterations that must be performed for accurate approxima-
tions. Lunter et al. (2005a) introduce recursions from dynamic programming
to avoid augmenting the state space of the MCMC sampler; they also imple-
ment a method of updating blocks of the alignment at a single time to improve
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mixing in their MCMC simulation.

Redelings & Suchard (2005) present method for inferring trees from un-
aligned data using a novel indel model that allows for multiple base indels
but does not consider the length of a branch when calculating the probabili-
ties of indel events. In later work (Redelings & Suchard, 2007), extend their
model to one in which the branch length does affect the probability of indel
events, but the distribution of lengths of a sequence is identical for the ancestor
and descendant of a branch. This allows them to continue to implement their
approach on unrooted trees. Redelings & Suchard (2007) also introduce more
drastic proposals for changing the tree topology in an alignment-aware way;
these improvements shorten the number of simulation iterations that must be
performed to accurately approximate the posterior probability distribution.

The recent work of Meyer & Miklés (2007) exemplifies many of the new
tools that are being used for phylogenetic modeling. They present a modeling
approach that exploits knowledge of the thermodynamic properties of RNA
folding to evaluate possible secondary structures for a set of RNA sequences.
Their approach treats the evolutionary tree relating the sequences and the
alignment as random variables to be estimated during the analysis.

8.7 Example Analysis

As an example application of Bayesian methods in phylogenetic inference,
we focus on frogs of the subfamily Raninae (Ranidae, Anura). While recent
studies of Anuran phylogeny have relied on nuclear gene fragments (San Mauro
et al., 2005; Roelants et al., 2007; Wiens, 2007; Wiens et al., In press), the
majority of the publically avaliable molecular data for frogs are small frag-
ments of mitochondrial DNA (mtDNA). Thus, we will use ~ 2500 base pairs of
mitochondrially-encoded DNA to estimate phylogenetic relationships within
this group.

Previous hypothesized relationships for the group have been based of mor-
phological analyses. Of particular interest are the phylogenetic placement of
Rana sanguinea, Rana macrops, and Rana tipanan. The Palawan wood frog,
Rana sanguinea is endemic to Palawan Island, Philippines, and has previously
been considered to be a “Papuan element” in Philippine herpetofauna (Inger,
1954; Brown, 2007). Thus, one would predict that this species would be related
to the Rana papua group (i.e. Papurana of Dubois (1992), Sylvirana of Frost
et al. (2006)). The rare central Sulawesi Masarang rock frog Rana macrops
exhibits a distinctive combination of habitat preference and morphology: it a
rocky stream species that is not arboreal and yet has widely expanded fin-
ger and toe disks. These characteristics have led to the hypothesis that it
is closely related to Asian stream frogs Rana chalconota, i.e., Chalcorana of
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Dubois (1992), Hydrophylax of Frost et al. (2006), or, by implication, Hylarana
of Che et al. (2007). Alternately, its conspicuous bright green coloration has
led others to suggest that it may be most closely related to the green rock
frogs of Indochina, the Rana livida complex (i.e., Odorrana of Stuart, 2008).
The bright and contrasting coloration of Rana tipanan (the Philippine Sierra
Madres frog), and microhabitat preference for high-gradient streams resemble
many of the torrent frogs of mainland Asia (genus Amolops). If Rana tipanan
is a member of this group, then it may represent an independent invasion of the
Philippine archipelago. Another possibility is that Rana tipanan is a member
of the Philippine stream frogs clade — the Rana everetti group, Hydrophylax
of Frost et al. (2006) or, by implication Hylarana of Che et al. (2007).

DNA sequences of the 12S and 16S mitochondrial genes were were assem-
bled for 178 ranine taxa. Sequences for 157 of these taxa were downloaded
from GenBank, where they were initially deposited as part of several large-
scale phylogenetic studies of frogs (Hillis & Wilcox, 2005; Bossuyt et al., 2006;
Frost et al., 2006; Roelants et al., 2007; Che et al., 2007; Wiens et al., In press).
Sequences for the remaining 21 taxa were original sequences from the collec-
tions of RMB at the University of Kansas Natural History Museum. Sequences
were aligned using MUSCLE (Edgar, 2004), and manually adjusted by RMB,
resulting in a final alignment of 2529 characters. We conducted phylogenetic
analyses under the general time reversible model of sequences evolution with
an unknown proportion of invariant sites and gamma-distributed rate het-
erogeneity among variable sites. We used MrBayes (Ronquist & Huelsenbeck,
2003) to conduct analyses in the absence of a molecular clock, and BEAST
(Drummond & Rambaut, 2007b) to examine effects of using a relaxed molec-
ular clock that uses a log-normal prior distribution for the rates of evolution
with no expectation of phylogenetic correlations in the rate of evolution Drum-
mond et al. (2006). Under this approach, branch lengths are proportional to
time, but we did not attempt to calibrate the clock. For each of the models, we
conducted four independent MCMC simulations of 200 million iterations each.
We verified that the effective sample size of the MCMC samples for each pa-
rameter in the model was greater than 150, and that the the average standard
deviation of the split frequencies betweens runs was less than 0.01 (Lakner,
2008). Samples from the initial 10% of each MCMC simulation discarded.

Figure 8.2 shows the majority-rule consensus tree summary for the analysis
with no molecular clock. Clades labelled A and B are composed of a diverse
group of mainly Asian and Eurasian frog taxa currently assigned to several
genera. Clade C is composed primarily of species now referred to the genus
Odorrana. Clade D contains frogs from the Americas and Clade E consists
of European and Asian species. Branch lengths are drawn in proportion to
the posterior mean of the length parameter for each branch. The tree shows
large apparent differences in the rate of evolution (the tip to root distances
are quite variable), but the phylogenetic relationships are quite robust to
differing assumptions about changes in the rate of evolution. The posterior
probabilities of splits based on the analysis without a molecular clock enforced
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FIGURE 8.2: Majority-rule consensus tree phylogeny of 178 species of true
frogs of the subfamily Raninae. Branches with posterior probability > 0.9 are
denoted by black dots at the descendant node. Empty circles denote nodes
on branches with posterior probability between 0.7 and 0.9. Stars indicate
three species of frogs endemic to the Indonesian island of Sulawesi. An arrow
indicates the only clade that was in the no-clock consensus tree but not in the
relaxed-clock consensus tree.
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FIGURE 8.3: Comparison of posterior probabilities of clades under the no-
clock and relaxed clock approaches, as estimated under 4 independent runs of
200 million generations each under each approach.

were tightly correlated with the estimates of the posterior probability for the
same split under the relaxed clock model (Figure 8.3). Only one split in the
no-clock majority-rule consensus tree conflicted with a split in relaxed-clock
majority-rule consensus tree. This split is indicated with an arrow in Figure
8.2, and these conflicting splits are responsible for the two points furthest
from the diagonal in Figure 8.3

Despite low support for some aspects of the phylogenetic relationships, we
are able to conclusively address the hypotheses about the three species men-
tioned above. First, the Palawan wood frog, Rana sanguinea, is not closely
related to the genus Papurana (the Rana papua Group of frogs from the
Papuan realm), but instead is part of the Rana everetti Group, a small radia-
tion endemic to the Philippines. Second, Rana macrops is clearly not related
to the morphologically similar Indochinese genus Odorrana, but may actually
be a lineage sister to the remaining ranines, consisting of southeast Asian taxa
referred to the genera Pulchrana (i.e., Rana signata Group) and Chalcorana
(i.e., Rana chalconota). Third, the Philippine Sierra Madre frog Rana tipanan
is clearly not related to members of the Indochinese genus Amolops but is
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instead a member of the Rana everetti Group as well. Finally, we note that
the three endemic ranine frogs from the Island of Sulawesi (Figure 8.2: Rana
macrops, Rana mocquardii, and Rana celebensis, denoted with stars) do not
constitute a monophyletic group. Instead these taxa are each closely related
to Asian species, suggesting three independent invasions of the island of Su-
lawesi, all from an Asian source, to the exclusion of lineages from the Papuan
realm.

Clearly other models of sequence evolution could be used to analyze this
data. The rapid growth of Bayesian approaches to phylogenetic inference has
made it relatively straightforward to conduct an analysis, such as this one, in
which specific evolutionary questions can be answered despite uncertainty in
many aspects of the evolutionary process. Simple comparison of the posterior
probabilities between different analyses are often sufficient to highlight what
aspects of the inference are sensitive to model choice.

8.8 Conclusions

Explicit statistical modeling of sequence evolution has dramatically im-
proved our knowledge of the phylogenetic history of life and the process of
molecular evolution. Despite the progress, there are many open questions and
areas of active research in the field of statistical phylogenetics. We have at-
tempted to summarize of some of these active areas. Bayesian approaches
promise to be at the center of much of this work. In many cases, progress
is being made by incorporating relatively weak information from a variety
of sources into a phylogenetic perspective. For example, insights from pro-
tein structure prediction provide some clues about the patterns of amino acid
replacement that we might expect to see, but these predictions are not so
specific that the information completely identifies the evolutionary history of
a sequence.

Biologists are interested in very complex evolutionary analyses. For exam-
ple, Maddison et al. (2007) discuss a new method for inferring whether or not
a characteristic of an organisms (such as carnivory vs omnivory) affects the
speciation or extinction rate of species that display that trait. A few years
ago, this sort of analysis would have been done by inferring a species tree,
mapping the carnivorous/omnivorous condition onto the tree to find the most
parsimonious explanation of how that trait evolved, and finally looking for
evidence that groups that are inferred to have been carnivorous have a lower
rate of diversification. This type of sequential analysis uses point estimates in
each step. Such a procedure may correctly identify the direction of an effect
and give a very coarse estimate of the magnitude, but it fails to yield the
appropriate statements about the degree of support for the hypotheses. This



Bayesian Approaches to Phylogenetic Analysis 219

was a particularly unsatisfying situation because in many cases the biologist
was already aware that there was some signal for a particular hypothesis —
the entire point of conducting an explicit statistical analysis was to assess the
magnitude of the effect and the strength of support for a hypothesis. A full
analysis of such a question would consider many sources of variability and
account for uncertainty in: how the character evolves on the tree; the topol-
ogy of the phylogeny (given that the gene trees that we sample to estimate
the species tree may not coincide with the species phylogeny); the gene tree
(given that complex patterns of sequence indels and substitutions may make
the gene tree difficult to reconstruct); and the depth (in time) of the internal
nodes of the species tree. The ability to use a Bayesian analysis to investi-
gate the joint posterior probability distribution of all unknowns means that
such an analysis may soon be feasible. The flexibility of Bayesian inference
in terms of model specification and use of external information promises to
make phylogenetic analyses an increasingly rich and collaborative discipline
at the core of bioinformatic analyses.
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9.1 Introduction

In this chapter we review our contribution to the development of Bayesian
methods for variable selection. In particular, we review linear regression set-
tings where the response variable is either continuous, categorical or a survival
time. We also briefly describe how some of the key ideas of the variable se-
lection method can be used in a different modeling context, i.e. model-based
sample clustering. In the linear settings, we use a latent variable selection indi-
cator to induce mixture priors on the regression coefficients. In the clustering
setting, the group structure in the data is uncovered by specifying mixture
models. In both the linear and the clustering settings, we specify conjugate
priors and integrate out some of the parameters to accelerate the model fit-
ting. We use Markov chain Monte Carlo (MCMC) techniques to identify the
high probability models. The methods we describe are particularly relevant
for the analysis of genomic studies, where high-throughput technologies allow
thousands of variables to be measured on individual samples. The amount of
measured variables in such data is in fact often substantially larger than the
sample size. A typical example with this characteristic, and one that we use
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to illustrate our methodologies, is DNA microarray data.

The practical utility of variable selection is well recognized and this topic
has been the focus of much research. Variable selection can help assess the
importance of explanatory variables, improve prediction accuracy, provide a
better understanding of the underlying mechanisms generating data, and re-
duce the cost of measurement and storage for future data. A comprehensive
account of widely used classical methods, such as stepwise regression with
forward and backward selection can be found in Miller.?? In recent years, pro-
cedures that specifically deal with very large number of variables have been
proposed. One such approach is the least absolute shrinkage and selection
operator (lasso) method of Tibshirani,3¢ which uses a penalized likelihood
approach to shrink to zero coefficient estimates associated with unimportant
covariates. For Bayesian variable selection methods, pioneering work in the
univariate linear model setting was done by Mitchell & Beauchamp,?® and
George & McCulloch,' and in the multivariate setting by Brown et al..® The
key idea of the Bayesian approach is to introduce a latent binary vector to
index possible subsets of variables. This indicator is used to induce a mixture
prior on the regression coefficients, and the variable selection is performed
based on the posterior model probabilities.

In high-throughput genomic and proteomic studies, there is often interest in
identifying markers that discriminate between different groups of tissues. The
distinct classes may correspond to different subtypes of a disease or to groups
of patients who respond differently to treatment. The problem of locating rel-
evant variables could arise in the context of a supervised or an unsupervised
analysis. In the supervised setting, a training data is available in which the
group membership of all samples is known. The goal of variable selection in
this case is to locate sets of variables that relate to the pre-specified groups,
so that the class membership of future samples can be predicted accurately.
Standard methods for classification include linear and quadratic discriminant
analyses. When dealing with high-dimensional data, where the sample size n
is smaller than the number p of variables, a dimension reduction step, such
as partial least squares?® or singular value decompositions,*! is often used.
Methods that directly perform variable selection in classification, such as sup-
port vector machines?® and the shrunken centroid approach,®” have also been
developed in recent years. The Bayesian methods reviewed here address the
selection and prediction problems in a unified manner.

Variable selection is a major goal in the unsupervised setting as well, where
the samples’ outcomes are not observed and the goal of the analysis is to iden-
tify variables with distinctive expression patterns while uncovering the latent
classes. In statistics this unsupervised framework is referred to as clustering.
The problem of variable selection is this setting is fundamentally different
from the supervised setting and requires different modeling strategies. Here we
adopt a model-based approach that views the data as coming from a mixture
of probability distributions.?! Diebolt & Robert? present MCMC strategies
when the number of mixture components is known. Richardson & Green?® &
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Stephens3? propose methods for handling finite mixture models with an un-
known number of components. We also look into infinite mixture models that
use Dirichlet process priors.%'2 A few procedures that combine the variable
selection and clustering tasks have been proposed. For instance, Fowlkes et
al.’® use a forward selection approach in the context of hierarchical cluster-
ing. Recently, Friedman, & Meulman'4 have proposed a hierarchical clustering
procedure that uncovers cluster structure on separate subsets of variables.

This chapter is organized as follows. In Section 9.2, we briefly review the
Bayesian variable selection methods for linear model settings. In Section 9.3
we discuss variable selection in the context of clustering, using both finite
mixture models with an unknown number of components and infinite mixture
models and Dirichlet process priors. We conclude the chapter in Section 9.4
with an application of the methods to a DNA microarray dataset.

9.2 Variable Selection in Linear Settings

Let us start from the classical linear regression setting with a continuous
response. Categorical responses and survival times will be addressed next.

9.2.1 Continuous Response

In the multivariate linear model setting an n X ¢ continuous response Y is
related to the n X p covariate matrix X via a model of the form

Y,=1d +XB+e, e~N(0,Y), i=1,...,n, (9.1)

where B is the p x ¢ matrix of regression coefficients and X;, Y; are px1, 1xq
vectors, respectively. Basically, there are two things we have to consider for
Bayesian analysis: Prior elicitation and posterior inference.

Often, not all the covariates in X play an important role of explaining
changes in Y and the goal is to identify the promising subset of predictors. For
instance, in DNA microarray studies where thousands of variables (genes) are
measured, a large number of them provide very little, if any, information about
the outcome. This is a problem of variable selection. In the Bayesian frame-
work, variable selection is accomplished by introducing a latent binary vector,
«, which is used to induce mixture priors on the regression coefficients!®°

Bj ~ N (0,77%) + (1 - ~;)To, (9.2)

where B; indicates the j-th row of B and Zy is a vector of point masses at 0.
If v; = 1, variable X is included in the model and is considered meaningful
in explaining the outcome; if 7; = 0, the corresponding vector of regression
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coefficients has a prior with point mass at 0 and variable X; is therefore
excluded from the model and deemed unimportant.
Suitable priors can be specified for -y, the simplest choice being independent

Bernoulli priors
P

p(v) =[[ova-ot, (93)
j=1
where 6 = |y|/pand || = ?:1 7; is the number of variables expected a priori

to be included in the model. This prior can be relaxed by using hyperprior.
For example, a beta distribution, Beta(a,b) can be used as a hyper prior for 6
where a, b are some constants. Conjugate normal and inverse-Wishart priors
can be specified for the parameters B and X, respectively.

9.2.2 Categorical Response

In classification, the observed outcome, Z; is a categorical variable that
takes one of K values identifying the group from which each sample arises. A
multinomial probit model can then be used to link the categorical outcome,
Z, to the linear predictors, X, by using a data augmentation approach, as in
Albert and Chib.! This approach introduces a latent matrix Y 5 (kx—1) Where
the row vector Y; = (yi1,- -+, ¥s,k—1) indicates the propensities of sample 4
to belong to one of the K classes. According to the type of response (nominal
or ordinal), there are two different mappings between the categorical outcome
and the latent continuous outcome. A correspondence between the nominal
categorical outcome, Z;, and the latent continuous outcome, Y;, is defined by

O g (ad =

gif | max 1{yz Kk} >0and j= argmax {yix}-

(9.4)

Zi =

Here we view the first category as a “baseline”. The data augmentation allows
us to express the classification problem as a multivariate regression model of
the form (9.1), in terms of the latent continuous outcome Y.

If Z is an ordered categorical outcome, such as the stage of a tumor, we
account for the ordering by introducing a latent continuous vector Y and
modifying the correspondence between y; and z; to

ZZZ_] if 5j<yi§5j+la jZO,"',K—l, (95)

where the boundaries d; are unknown and —oo = dp < §; < -+- < 0g—1 <
0 = oo. In this case the classification problem reduces to a linear regression
model that is univariate in the response.

Bayesian variable selection can then be implemented as described in Section
9.2.1 by introducing a latent binary vector < that induces mixture priors on
the regression coefficients, see Sha et al.3!:32



Gene Selection for the Identification of Biomarkers 237

9.2.3 Survival Time

In survival analysis, censored or real survival times are observed. We have
employed accelerated failure time (AFT) model, see Sha et al.,>* because of
their attractive linear setting. The AFT model is given by

log(T}) =a+x;B+e, i=1,---,n (9.6)

where T; is the survival time, x; is a px 1 covariate vector, # is a px 1 regression
parameter vector and €;s are iid random variables which may have parametric
distribution. For example, we obtain a log-normal model if €; follows a normal
distribution, log-t model with a t distribution, and a Weibull model with an
extreme value distribution. We focus on log-normal model throughout this
chapter. Let ¢; be the censored time which is independent of time ;. We
observe t;* = min(t;,¢;) and §; = I(t; < ¢;). Let’s define w; = log(t;). i.e.
w; = log(t;*) if 6; = 1 and w; > log(¢;*) otherwise. Suppose that €}s are
iid N'(0,0?%). Then

W|X,a,B,0% ~N(al, + XB,0°I,)

where 1,, = (1,---,1), and I, is identity matrix.

As for the previous modelling settings, Bayesian variable selection can be
implemented by introducing a latent binary vector  that induces mixture
priors on the regression coefficients and conjugate priors can be specified on
the model parameters o, 8 and o2.

9.2.4 Markov Chain Monte Carlo Algorithm

For posterior inference in the standard linear regression setting, fast and
efficient Markov chain Monte Carlo (MCMC) can be implemented by inte-
grating out B and X, so that 7 becomes the only parameter that needs to be
updated. In high-throughput experiments, the posterior space of v is too big
to be fully explored because there are many variables (genes) compared to the
number of sample. For this, the following stochastic search inspired by MCMC
is considered for exploration of a portion of the space that contains models
with high posterior probability. Posterior samples for «y can be obtained via
Gibbs sampling or a Metropolis algorithm. For instance, the latent vector can
be updated using a Metropolis algorithm that generates at each iteration a
new candidate y™¢* by randomly choosing one of these transition moves:

la. Add/Delete: randomly pick one of the indices in °¢

value.

and change its

old

1b. Swap: draw independently and at random a 0 and a 1 in ¢°** and switch

their values.
The new candidate is accepted with probability

: fOmerlY, X)
min {1, Fr Y, X) } . (9.7)



238 Bayesian Modeling in Bioinformatics

The model fitting in the classification setting is a bit more intricate because
the regression model is defined in terms of latent outcomes. The MCMC pro-
cedure needs to account for this and includes a step that updates the latent
values Y from their full conditionals. In particular the following step is added
to the MCMC:

2. Update Y from its marginal distribution f(Y|X, Z,y). For classification
into nominal categories this distribution is a truncated matrix-variate
t-distribution. For ordered classes it follows a multivariate truncated
normal distribution. In this latter setting we also need to update the
boundary parameters J; from their posterior densities, which are uni-
form on the interval

max{max{Y; : Z; = 5 — 1},d;_1}, min{min{Y; : Z; = j},d,41}]
withj=1,---, K — 1.

For log-normal AFT models, the additional step updates only the censored
elements of W from their marginal distribution:

2. Update the censored elements, w; with §; = 0, from f(w;|W _;), X,)
as univariate truncated t-distributions.

9.2.5 Posterior Inference

The MCMC procedure results in a list of visited models, 4, --- ,4(™) and
their corresponding posterior probabilities. Several criteria can be used for
posterior inference on the selected variables. A selection rule based on the y
vectors with largest joint posterior probabilities among the visited models is
given by

4 = argmaxp(y"|Y, X) (9.8)
1<t<T

where T is the number of iterations. From a marginal point of view, one can
estimate marginal posterior probabilities for inclusion of each ~y; by

Py =1UX,Y)~ > p(Y|X,v)p(y") (9.9)
Y®iy=1

and choose those 7;’s with marginals exceeding a given cut-off. In the exam-
ple below we choose the cut-off point arbitrarily. Methods based on expected
false discovery rates can also be employed, similarly to Newton et al.?® In
addition, the marginal posterior probabilities can also be estimated by sim-
ple frequencies, by counting how many times each gene is visited during the
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MCMC sampler after burn-in. The probability of inclusion of gene j is given
by
1 T
Py =UX.Y) = — > (3 =1) (9.10)

T-b t=b+1

where b is the burn-in.

As for prediction of future observations, this can be achieved via least
squares prediction based on a single “best” model or using Bayesian model
averaging (BMA), which accounts for the uncertainty in the selection process
by averaging over a set of a posteriori likely models to estimate Y ¢ as

Y= (10 + X0 B)) pr|Y, X) (9.11)
.

where X f(,) consists of the covariates selected by vy, & = Y, 37 = (X'AYXV +
H;l)_lX/VY and H is the prior row covariance matrix of B.

Similar inference can be performed in the probit model setting, where the
latent variables Y are first imputed using the corresponding MCMC averages,
and then the corresponding predicted categorical value for a future observation
can be computed via (9.4).

In survival, the censored failure times are imputed by the mean of their
sampled values, W = T Zt 1 W® . The log-survival times are estimated by
the posterior probabilities of the visited models:

Wi=3 Xjo)B, (v X W). (9.12)
v
A k _ x/ * x —1 ) v —1 « _
where B = (XYVX3+ %o, ) (XvW 0 '80) . X5 =

(1, X,), Bo, = (Ezﬁy) and Yoy =diag(ho, Xo(,)) and V = I in the log-normal
case.

Also, in the AFT model a sampling-based estimation approach can be im-
plemented for estimation of the predictive survivor function. Let ¢ be the
covariate vector of a new subject. Then, we have

P(T > tlz;, X, W) = P(W > wlz;, X, W)

= | PW > wlz;, X, W,7) p(vlzs, X, W
/( ey Jpaler XW)

T
~ ZP(W > w|zf,X,W,’Y(t)) p(’Y(t)|X7W)
t=1

where 4 is the model visited at the t-th iteration and p(y|X, W) is used as
importance sampling density for p(y|zs, X, W)

Applications of the methodologies described above to DNA microarray data
and to mass spectrometry data can be found in Sha et al.,3%3!32 Kwon et al.2°
and Vannucci et al.3*
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9.3 Model-Based Clustering

In recent years, there has been an increased interest in using DNA mi-
croarray technologies to uncover disease subtypes and identify discriminating
genes. There is a consensus that the existing disease classes for various malig-
nancies are too broad and need to be refined. Indeed, patients receiving the
same diagnosis often follow significantly different clinical courses and respond
differently to therapy. It is believed that gene expression profiles can capture
disease heterogeneities better than currently used clinical and morphological
diagnostics. The goal is to identify a subset of genes whose expression profiles
can help stratify samples into more homogeneous groups. This is a problem
of variable selection in the context of clustering samples.

From a statistical point of view, this is a more complicated problem than
variable selection for linear models or classification, where the outcomes are
observed. In clustering, the discriminating genes need to be selected and the
different classes need to be uncovered simultaneously. The appropriate statis-
tical approach therefore must identify genes with distinctive expression pat-
terns, estimate the number of clusters and allocate samples to the different
uncovered classes. We have proposed model-based methodologies that provide
a unified approach to this problem. In Tadesse et al.3® we formulate the clus-
tering problem in terms of finite mixture models with an unknown number of
components and use a reversible jump MCMC technique to allow creation and
deletion of clusters. In Kim et al.'® we propose an alternative approach that
uses infinite mixture models with Dirichlet process priors. In both models, for
the variable selection we introduce a latent binary vector v and use stochastic
search MCMC techniques to explore the space of variable subsets. The defi-
nition of this latent indicator and its inclusion into the models, however, are
inherently different from the regression settings. In this section we present the
basic intuitions behind the method. Readers are referred to the cited papers
for details, particularly on the MCMC strategies.

9.3.1 Finite Mixture Models

In model-based clustering, the data are viewed as coming from a mixture
of distributions:

K
fl@ilw, ¢) = wif(zil ), (9.14)

k=1

where f(z;|¢,) is the density of sample z; from group k and w =
(w1, ,wi)T are the cluster weights (3, wy = 1,wy > 0).2! We assume
that K is finite but unknown. In order to identify the cluster from which each
observation is drawn, we introduce latent variables ¢ = (c1,- -+ ,¢,)T, where
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¢; = k if the i-th sample comes from group k. The sample allocations, ¢;,
are assumed to be independently and identically distributed with probability
mass function p(¢; = k) = wy. We assume that the mixture distributions
are multivariate normal with component parameters ¢, = (p, Xr). Thus, for
sample 7, we have

Tilei = k,w, ¢ ~ N(py, Xk). (9.15)

When dealing with high-dimensional data, it is often the case that a large
number of collected variables provide no information about the group struc-
ture of the observations. The inclusion of too many unnecessary variables in
the model could mask the true grouping of the samples. The discriminating
variables therefore need to be identified in order to successfully uncover the
clusters. For this, we introduce a latent binary vector -y to identify relevant
variables

{'yj = 1 if variable j defines a mixture distribution,

7v; = 0 otherwise. (9.16)

In particular, < is used to index the contribution of the variables to the like-
lihood. The set of variables indexed by a v; = 1, denoted X ,), define the
mixture distribution, while the variables indexed by 7; = 0, X (4¢), favor one
multivariate normal distribution across all samples. The distribution of sample
i is then given by

“’i(v)|ci =k,w, ¢,y ~ N(Nkwp 21@(7))
Titye) |, 7 ~ N((yeys Qiae)), (9.17)

where ¥ = (9, Q). Notice that the use of the variable selection indicator here
is different from the linear model context, where y was used to induce mixture
priors on the regression coefficients. In clustering, the outcome is not observed
and the elements of the matrix X are viewed as random variables.

9.3.2 Dirichlet Process Mixture Models

Dirichlet process mixture (DPM) models have gained a lot of popularity
in nonparametric Bayesian analysis and have particularly been successful in
cluster analysis. Samples from a Dirichlet process are discrete with probability
one and can therefore produce a number of ties, i.e., form clusters.

A general DPM model is written as

-'L'i|0i ~ F(OZ)
;|G ~ G (9.18)
G ~ DP(Gy, ),

where 0 is a vector of sample-specific parameters and DP is the Dirichlet
process with concentration parameter o and base distribution Gy. Due to
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properties of the Dirichlet process, some of the 6;’s will be identical and can
be set to 0; = ¢, where ¢; represents the latent class associated with sample
i, see Antoniak,* Ferguson.'?

Mixture distributions with a countably infinite number of components can
be defined in terms of finite mixture models by taking the limit as the number
of components K goes to infinity

zilc; =k, ¢ ~ F(o,,)
c¢ilw ~ Discrete(ws, -+ , wk)
w ~ Dirichlet(a/K, -+, a/K).

As shown in Neal,?* integrating over the mixing proportions w and letting K
go to infinity leads to the following priors for the sample allocations:

; n—g,
p(c; = ¢ for some [ #ile_;) = ﬁf—a
p(c; # ¢ for all | #£ile_;) = ﬁ7 (9.20)

where c_; is the allocation vector ¢ without the i-th element and n_; j is the
number of ¢; = k for [ # 4. Thus, sample 7 is assigned to an existing cluster
with probability proportional to the cluster size and it is allocated to a new
cluster with probability proportional to «. As in the finite mixture case, we
assume that samples in group k arise from a multivariate normal distribution
with component parameters ¢, = (pu;, Xx) and we use the latent indicator vy
to identify discriminating variables as in (9.16).

9.3.3 Prior Setting

The elements of v can be taken to be independent Bernoulli random vari-
ables. Conjugate priors can be specified for the component parameters and the
weights. In the finite mixture case, we impose a prior on the number of compo-
nents, K, as a truncated Poisson or a discrete Uniform prior on [1, ..., Knax|,
where K.« is chosen arbitrarily large.

For inference, we are interested in estimating the variable selection vector
v and the sample allocations. The other model parameters can be integrated
out from the likelihood leading to a more efficient MCMC algorithm. Some
care is needed in the choice of the hyperparameters. In particular, the variance
parameters need to be specified within the range of variability of the data.
An extensive discussion on the prior specification and the MCMC procedure
can be found in Tadesse et al.

9.3.4 MCMC Implementation

In the finite mixture case the MCMC procedure iterates between the fol-
lowing steps:
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1. Update =y using a Metropolis algorithm. The transition moves previously
described for the linear setting can be used.

2. Update the component weights, w, from their full conditionals.
3. Update the sample allocation vector, ¢, from its full conditional.

4. Split/merge moves to create/delete clusters. We make a random choice
between attempting to divide or combine clusters. The number of com-
ponents may therefore increase or decrease by 1, and the necessary cor-
responding changes need to be made for the sample allocations and the
component parameters. These moves require a sampler that jumps be-
tween different dimensional spaces, which is not a trivial task in the
multivariate setting.

5. Birth/death of empty components.

In the infinite mixture case, the variable selection indicator 7y and the cluster
allocation vector ¢ are updated using the following MCMC steps:

(i) Update - using the Metropolis algorithm.

(ii) Update ¢ via Gibbs sampling using the following conditional posterior
probabilities to assign each sample to an existing cluster or to a newly
created one:

. N—ik . ]
p(ei = c for 1 # ile—i, i, y) o " ita /F(ﬂ"iyf/’k(fy))dHﬂ,k(%(fy))

(0%

p(e; # ¢ for 1 # ile—i, i, y) x —ia

/F(zi;¢k(7))dG0(¢k(7)) (9~21)

where H_; ;. is the posterior distribution of ¢ based on the prior Gy and all
observations x; for which [ # ¢ and ¢; = k.

At each MCMC iteration, the number of clusters may decrease as com-
ponents become empty, it may remain the same with possible changes in
the sample allocations, or it may increase if new clusters are formed. The
Gibbs sampler often exhibits poor mixing when dealing with mixture models.
This can be improved by combining the MCMC algorithm with a split-merge
method that essentially avoids local modes by separating or combining groups
of observations based on a Metropolis-Hastings algorithm (see for example
Jain & Neal'®). In addition, parallel tempering can be used to further im-
prove the performance of the sampler. Details on the MCMC implementation
can be found in Kim et al.'®

9.3.5 Posterior Inference

The MCMC output can then be used to draw posterior inference for the
sample allocations and the variable selection. Posterior inference for the clus-
ter structure is complicated by the varying number of components. A simple
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approach for estimating the most probable cluster structure ¢ is to use the
maximum a posteriori (MAP) configuration, which corresponds to the vec-
tor with highest conditional posterior probability among those visited by the
MCMC sampler. An alternative is to estimate the number of clusters, K,
by the value most frequently visited by the MCMC sampler then draw in-
ference conditional on K. With this approach, we first need to address the
label switching problem using for instance Stephens’ relabeling algorithm.3*
The sample allocation vector, ¢, can then be estimated by the mode of the
marginal posterior probabilities given by

¢; = argmax{p(c; = k| X, K)}. (9.22)
1<k<K
Several other inferential approaches are possible. An alternative estimator, for
example, is the one proposed by Dahl,” which relies on the posterior pairwise
probabilities of allocating samples to the same cluster.
For the variable selection, inference can be based on the v vectors with
highest posterior probability among the visited models or on the «;’s with
largest marginal posterior probabilities.

9.4 Breast Cancer DN A Microarrays

Here we illustrate the Bayesian method for classification using a breast
cancer DNA microarray dataset from collaborators at the M.D. Anderson
Cancer Center in Houston, Texas.

9.4.1 Experimental Design

Breast cancers are characterized by their active “receptors”: The estrogen
receptor, the progesterone receptor, and the human epidermal growth factor
receptor 2. Approximately 15% of breast cancers lack all three of these recep-
tors, and are thus called triple negative. Triple negative breast cancers do not
generally respond to endocrine therapies that target one of these receptors, al-
though they do respond to chemotherapy. Compared to other breast cancers,
triple negative breast cancers can be particularly aggressive, and are more
likely to recur. As a group, patients with triple negative breast cancer have
much lower five year survival rates than patients with other subtypes. Some
patients, however, respond particularly well to therapy with no pathologically
detectable tumor remaining, while in others the tumor does not shrink or even
grows.

The variable of interest in this study is a binary response variable that de-
scribes the patient response to the treatment as pathologic complete response
(pCR) and residual disease (RD). There is also an interest in finding markers
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TABLE 9.1: MDACC285 and USOS88 Datasets

MDACC294 US088
pCR RD NA | Total | pCR RD | Total
TN 17 54 2 73 12 13 25
Others | 52 162 7 221 23 40 63
69 216 9 204 35 53 88

for the subgroup of the triple negative breast cancers. We have available data
from two different sources. One set of data (MDACC294 in the sequel) was
collected at the MD Anderson Cancer Center. 294 breast cancer patients were
treated with neoadjuvant chemotherapy. The gene expression profiling of these
patients (fine needle aspiration speciments) was performed using Affymetrix
U133A GeneChips. Patients were recruited from MDACC, Lyndon B Johnson
Hospital in Houston, Mexico, and Peru. For the other dataset (USO88) US
Oncology provided pretreatment fine needle aspiration (FNA) specimens to
the MDACC breast cancer pharmacogenomic laboratory. The gene expression
profiling of all these samples was performed at MD Anderson Cancer Center
using Affymetrix U133A GeneChips. Table 9.1 shows the details on the two
datasets. Excluding the 9 samples in the MDACC294 dataset for which we
have no information available, there is a total of 285 samples for analysis.

9.4.2 Pre-Processing

Quality control (QC) checks were performed at three levels: (1) total RNA
yield had to be at least 0.8 pug and OD260/280 ratio at least 1.8, (2) cRNA
yield had to be at least 10 pg, and (3) after completion of the hybridiza-
tion procedure, every array had to have at least 30% of present calls, scal-
ing factors within 3-fold of each other, HSAC07 and GAPDH 3’/5’ signal
ratios less than 3, less than 15% array outliers and less than 5% single out-
liers. These metrics were calculated in Bioconductor and dChip V1.3. All
arrays passed QC were then normalized to one standard array (University
of Texas MD Anderson Cancer Center. Bioinformatics: publicly available
data. http://bioinformatics.mdanderson.org/pubdata.html) in dChip V1.3.
The model-based gene expression data were exported from dChip and log-
transformed for further analysis. The triple negative (TN) breast cancer was
defined based on mRNA expression values for ESR1 and HER2/neu receptor
probesets (205225-at and 216836-s-at), and immunohistochemistry for PR.

Modern DNA microarrays obtain thousands of quantitative gene expres-
sion measurements simultaneously. The U133-A array, for example, provides
22283 gene expression measurements (probesets) for each sample. However,
many of these genes are not active in the tissue of interest, so their gene ex-
pression measurements have very low values across nearly all samples, and
are almost all noise. At best, the presence of these variables merely increases
the computation needed to analyze an experiment, but, more likely, the noise
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TABLE 9.2: MDACC285: Training and Test

Training Test

pCR RD | Total | pCR RD [ Total
TN 11 36 47 6 18 24

Others | 34 108 | 142 18 54 72

45 144 ] 189 24 72 96

in thousands of such variables will increase the error rate of any model. A
gene screening or filtering procedure should therefore be applied before any
sophisticated statistical model. Here, we used a two step procedure to exclude
uninteresting probesets. We first selected only those probesets whose value
was in its sample’s top quartile of expression levels in at least one quarter of
the MDACC294 samples and in at least one quarter of the USO88 samples.
This first step selected 6612 probesets. We then logged the data and selected
the 4000 probesets with the largest variance.

9.4.3 Classification via Bayesian Variable Selection

We first focused on the MDACC285 data only and divided the samples into
a training and a test set, using a ratio 2 to 1, as shown in Table 9.2.

We applied our Bayesian variable selection procedure for multinomial probit
models with K = 2. In order to induce parsimonious models we set the prior
expected number of discriminating genes to 10. We chose ¥ ~ IW (4§, Q) with
Q = cl. Sha et al.3? provide insights on the choice of the hyperparameter
c. Here we report the results for ¢ = 1 and § = 3. Two MCMC chains were
run for 100,000 iterations and the first 50,000 iterations were used as burn-in.
Inference was done by calculating posterior probabilities based on the pooled
set of visited models by the two chains. Results on the “best” model, i.e. the
model with the highest posterior probability, and on the marginal model are
provided below.

By marginal frequency five genes were selected. These are reported in Table
9.3, together with some summary statistics. Least squares prediction results
calculated on the test set are given in Table 9.4 as percentages of correctly
classified samples in the two groups of samples, the TN and the “other” sub-
groups. Prediction performances in the two subgroups are comparable. By
best model five genes were selected. These are reported in Table 9.5 and least
squares prediction results calculated on the test set are given in Table 9.4. The
prediction results we obtained are similar to those reported by other investiga-
tors in the biomedical literature. Genomic predictors show overall accuracies
between 75-85% in most reports, see for example Andre et al.2 However, al-
most all previous studies generated chemotherapy response predictors for all
breast cancer patients considered together without any attempt to separate
the estrogen receptor-positive cases from the receptor-negative cases. Because
hormone receptor status itself is associated with response (i.e. estrogen re-
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TABLE 9.3: MDACC285: Selected Genes by Marginal Model
Gene ID/Probeset ID RD pCR Description
(mean/var) (mean/var)

ERBB2/216836-s-at | 2.8506/0.2085 3.1583/0.4192 | v-erb-b2
erythroblastic
leukemia viral
oncogene
homolog 2,
neuro/
glioblastoma

derived oncogene
homolog (avian)
insulin-like
growth factor
binding protein 4
TIMP
metallopeptidase
inhibitor 1
CD44 molecule
(Indian blood
group)
microtubule-
associated
protein tau

IGFBP4/201508-at | 2.6701/0.1109 2.4455/0.0710

TIMP1/201666-at | 3.1172/0.0920 2.9001/0.0884

CD44/212063-at 3.1096/0.0728 2.9257/0.0858

MAPT/203928-x-at | 2.5863/0.0440 2.4271/0.0250

ceptor negative cancers have a higher chance of pCR), the clinically most
useful predictors will need to adjust for this known association. Our attempt
to develop predictors separately for these two types of breast cancers is an
important step in this direction.

We also considered a second scenario, where we used the entire MDACC285
data as training set and the USOS88 samples for validation. This is a partic-
ularly challenging problem because subtle and sometimes seemingly trivial
variations in processing, such as the batch of chemicals used, the particular
habits of different technicians and the precise calibrations of the processing
machines, can have effects that are far more easily detected than the biological
condition in which we are interested.

We used the same hyperparameter setting as before. Table 9.6 presents
some statistic values for six genes selected by the marginal model with a

TABLE 9.4: MDACC285: LS
Prediction (% Correct)

Model TN Others | Total
Marginal | 70%  76% | 75%
Best 83%  76% 78%
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TABLE 9.5: MDACC285: Selected Genes by Best Model

Gene ID /Probeset ID RD pCR Description
(mean/var) (mean/var)
IGFBP4/201508-at | 2.6701/0.1109 2.4455/0.0710 | insulin-like
growth factor
binding protein
4
RAB31/217764-s-at | 2.7671/0.0782 2.5813/0.0427 | RAB31,
member RAS
oncogene
family
LISCH7/208190-s-at | 2.5158/0.0424 2.5886/0.0445 | lipolysis
stimulated
lipoprotein
receptor
FXYD5/218084-x-at | 2.7902/0.0399 2.7757/0.0391 | FXYD domain
containing ion
transport
regulator 5
HNRPH3/208990-s-at | 2.5134/0.0313 2.4551/0.0260 | heterogeneous
nuclear ribonu-
cleoprotein H3
(2H9)

cutoff probability of .1. Least squares predictions are reported in Table 9.7.
By best model five genes were selected. These are reported in Table 9.8 and
the least squares prediction results calculated on the test set are given in
Table 9.7. As expected, the prediction performances worsen considerably.

It was reassuring to see that our method identified two of the most im-
portant previously known predictors of response to chemotherapy. Increased
expression of the ERBB2 gene, also called HER2, is associated with increased
rates of pCR to chemotherapy in both Estrogen receptor-positive and estrogen
receptor negative cancers.® High expression of HER2 is almost always caused
by amplification of the chromosome region where this gene is located. The gene
GRBY7 that is listed in Table 9.6 is located adjacent to the HER2 gene on chro-
mosome 17, they are invariably amplified together, and it is considered to be
a marker of HER2 amplification status. Similarly, low MAPT expression was
discovered from gene expression data as an important predictor and mediator
of increased sensitivity to paclitaxel chemotherapy (one of the components
of the therapy that these patients received. Experiments in cell lines showed
that MAPT protects microtubules from the deleterious effects of paclitaxel.?”
The other genes have not previously been linked to chemotherapy response.
However, CD44 is a membrane protein that regulates growth factor signaling
and RAB31 is also a component of the signal transduction pathways that
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TABLE 9.6: MDACC285: Selected Genes by Marginal Model
Gene ID/Probeset ID RD pCR Description
(mean/var) (mean/var)
IGKC/216401-x-at | 2.4236/0.2692 2.6944/0.2934 | immunoglobulin

ERBB2/216836-s-at

TPBG/203476-at

GRB7/210761-s-at

RAB31/217762-s-at

NFBL/203961-at

2.8506,/0.2085

2.9093/0.1008

2.5596/0.0789

2.6454/0.0718

2.6354,/0.0547

3.1583/0.4192

2.7329/0.0843

2.7649/0.1346

2.4634/0.0408

2.4887/0.0458

kappa variable
1-37

v-erb-b2
erythroblastic
leukemia viral
oncogene
homolog 2,
neuro/
glioblastoma
derived oncogene
homolog (avian)
trophoblast
glycoprotein
growth factor
receptor-bound
protein 7
RAB31, member
RAS oncogene
family
nebulette

TABLE 9.7:

US088: LS

Prediction (% Correct)

Model | TN Others | Total
Marginal | 48%  71% | 60%
Best 52%  68% 63%

induce cells to proliferate. A mechanistic link between these 2 molecules and
increased proliferation and increased sensitivity to chemotherapy is plausible.

9.5 Conclusion

Bayesian variable selection techniques for gene selection with high-
throughput data have been briefly reviewed in this chapter. In particular,
we have described methods to integrate the variable selection task into mod-
els for classification and clustering. The methodologies were briefly illustrated
on a DNA microarray data example.
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TABLE 9.8: MDACC285: Selected Genes by Best Model

Gene ID /Probeset ID RD pCR Description
(mean/var) (mean/var)
ERBB2/216836-s-at | 2.8506/0.2085 3.1583/0.4192 | v-erb-b2
erythroblastic

leukemia viral
oncogene ho-
molog 2, neuro/
glioblastoma de-
rived oncogene
homolog (avian)
—-/217281-x-at 2.4475/0.1870 2.6742/0.2528
TPBG/203476-at 2.9093/0.1008 2.7329/0.0843 | trophoblast
glycoprotein
AZIN1/212461-at 2.8639/0.0448 2.8297/0.0381 | antizyme
inhibitor 1
MCM2/202107-s-at | 2.5611/0.0297 2.6383/0.0338 | minichromosome
maintenance
complex compo-
nent 2

The Bayesian approaches we have described offer a coherent framework in
which variable selection and clustering or classification of the samples are
performed simultaneously. Bayesian variable selection techniques can cope
with a large number of regressors and have the flexibility of allowing us to
handle data where the number of covariates is larger than the sample size.
In addition, these methods allow the evaluation of the joint effect of sets
of variables and the use of stochastic search techniques to explore the high-
dimensional variable space. They provide joint posterior probabilities of sets
of variables, as well as marginal posterior probabilities for the inclusion of
single variables.
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Protein—protein interactions play important roles in most fundamental cel-
lular processes. It is important to develop effective statistical approaches to
predicting protein interactions based on recently available high throughput
experimental data. Since protein domains are the functional units of proteins
and protein—protein interactions are mostly achieved through domain-domain
interactions, the modeling and analysis of protein interactions at the domain
level may be more informative. However, due to the large number of domains,
the number of parameters to be estimated is very large, whereas the number
of observed protein—protein interactions is relatively small. Hence the amount
of information for statistical inference is quite limited. In this chapter we
describe a Bayesian method for simultaneously estimating domain-domain in-
teraction probabilities, the false positive rate, and the false negative rate of
high-throughput data through integrating data from several organisms. Since
we expect the domain and protein interaction networks to be sparse, a point-
mass mixture prior is applied to incorporate network sparsity. We compare
the prediction results between models with and without sparsity prior using
high throughput yeast two-hybrid data from different organisms. Our results
clearly demonstrate the advantages of the Bayesian approach with a sparsity
prior in modeling and predicting protein interaction data.

Keywords: Bayesian method; Domain-domain interaction; Expectation Max-
imization algorithm; Point-mass mixture prior; Protein—protein interaction.
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10.1 Introduction

Because protein—protein interactions are critical in many biological pro-
cesses, various high-throughput experimental approaches have been developed
and enormous amounts of data have been generated to identify interacting
proteins. The protein interaction data used in our study are generated by
genome-wide yeast two-hybrid assays. In this method, one protein is fused to
a DNA-binding domain, and the other is fused to a transcription activation
domain. The interaction between the protein pair can be detected by the for-
mation of a transcription activator that activates a reporter construct (Uetz
et al., 2000). However, this experimental approach suffers from high false neg-
ative and false positive rates due to a number of limitations in this approach
(Mrowka et al., 2001; von Mering et al., 2002). For example, a self-activating
protein being tested in the experiment can lead to a false positive result, and
a protein that cannot be targeted to the yeast nucleus may not yield positive
results though it may potentially interact with other proteins, which leads to
false negative results. It is reported that the false negative rate of the yeast
two-hybrid assay used to construct S.cerevisiae interaction maps is larger
than 70% (Deng et al., 2002).

Complementary to experimental approaches, a number of computational
methods have been proposed to predict protein—protein interactions (Enright
et al., 1999; Marcotte et al., 2001; Pazos et al., 2001; Tsoka et al., 2000; Goh
et al., 2002; Ramani et al., 2003; Jansen et al., 2003; Lu et al., 2003; Aloy
et al., 2004). However, most methods do not consider the fact that domains
are the functional units of proteins and protein—protein interactions (PPIs)
are achieved mostly through domain-domain interactions (DDIs). Protein do-
mains are the basic modules of the overall protein structure and are mostly
conserved during evolution. Some proteins consist of only a single domain, but
many proteins contain more than one domain to perform multiple functions.
For example, the protein DNA-directed RNA polymerase II subunit 9 is a
multi-domain protein that contains two domains, the TFIIS domain for DNA
binding and the RNA polymerase M domain for RNA synthesis. Protein do-
mains serve as the units for PPIs and the specificity of PPIs is achieved from
the binding of a modular domain to another in proteins (Pawson et al., 2003).
Therefore, the modeling and analysis of protein interactions at the domain
level may be more informative and insightful.

Several methods have been proposed for PPI predictions based on protein
domains (Sprinzak and Margalit, 2001; Gomez et al., 2001, 2003; Deng et
al., 2002). The likelihood based approach (Deng et al., 2002) has been com-
pared with three other methods (Sprinzak and Margalit, 2001; Gomez et al.,
2001, 2003) and was shown to be among the best performing methods (Liu
et al., 2005). Liu et al. (2005) further extended the likelihood based approach
to improve PPI predictions by pooling information from three organisms:
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S. cerevisiae, C.elegans and D.melanogaster. In the likelihood based ap-
proach, all DDIs and PPIs are treated as missing data. For a given specified
set of false negative and false positive rates, DDI probabilities are estimated
using the Expectation Maximization (EM) algorithm (Dempster et al., 1977)
and the estimated DDI probabilities are used to infer PPI probabilities.

However, in general, the false negative rate (f,,) and the false positive rate
(fp) of PPI data are not known and may depend on many factors, e.g., data-set
specific. Therefore it is more appropriate to estimate f, and f, together with
DDI probabilities and PPI probabilities. In addition, the number of domains
in many proteins is more than one. When we infer PPIs using DDIs, it is
important to take into account the varying numbers of domains across different
proteins. Furthermore, the number of parameters is very large but the number
of observed PPIs is relatively small, limiting the amount of information for
statistical inference. Hence, Kim et al. (2007) proposed a full Bayesian method
as well as a semi-Bayesian method for simultaneously estimating f,, fp, and
DDI probabilities from high-throughput yeast two hybrid data from several
organisms. A new model was also proposed to associate PPI probabilities with
DDI probabilities that reflects the number of domains in each protein. It was
found that the Bayesian approaches yielded more accurate predictions than
the likelihood-based approach.

We note that the number of parameters to be estimated is very large in this
context. For example, if there are more than 2000 annotated domains within
an organism, the number of domain pairs is in the order of millions. However
the number of protein—protein interactions to be observed is relatively very
small. On the other hand, we do expect the true DDI and PPI networks are
sparse. From real data analysis, we did observe that many of our estimated
DDI probabilities were very close to zero. But this underlying sparsity was not
explicitly modeled in our previous work. The sparsity assumption also com-
plements the statistical view of parsimony in modelling - that is, we aim to use
as few parameters as possible to adequately represent the observed patterns
in data set. Several groups have used this approach in functional expression
genomics studies (Ishwaran et al., 2003; Ishwara and Rao, 2005, Muller et
al., 2005, Lucas et al., 2006) where a point mass mixture prior was used to
model the sparsity. This line of thinking has recently been extended with new
hierarchical specifications for such “point-mass mixture” priors (Lucas et al.,
2006).

This chapter is organized as follows. In Section 10.2, we introduce a model
to relate PPI probabilities with DDI probabilities that reflects the number of
domains in each protein and describe the modeling of PPI using DDI infor-
mation proposed by Kim et al. (2007). In Section 10.3, we discuss the sparsity
specification based on a point-mass mixture and the Bayesian methods for
PPI predictions. In Section 10.4, we apply our approaches to large-scale PPI
data obtained from high throughput yeast two-hybrid experiments analyzed
by Liu et al. (2005) and compare the prediction results of a Beta prior with
that of a point-mass Beta mixture prior. Section 10.5 concludes this chapter.



258 Bayesian Modeling in Bioinformatics

10.2 Model

This section describes our model to estimate PPI probabilities using DDI
probabilities (Kim et al., 2007). Before we explain our model in detail, we
define some notations and briefly describe the model proposed by Deng et al.
(2002) and Liu et al. (2005). The model proposed by Deng et al. (2002) has
two assumptions: A1) DDIs are independent, so whether two domains interact
or not does not depend on the interactions among other domain pairs; A2)
two proteins P; and P; interact if and only if at least one domain pair from
the two proteins interact. To pool information across different organism, Liu
et al. (2005) made another assumption: A3) the probability that two domains
interact is the same among all organisms. This assumption is biologically
meaningful because domains are evolutionally conserved across different or-
ganisms (Shin et al., 2005; Napetschning et al., 2009). This assumption allows
the integration of large-scale PPI data from different organisms to estimate
DDI probabilities. By considering each protein as a collection of domains, we
can then estimate PPI probabilities in any organism based on the inferred DDI
probabilities. More specifically, let A, represent the probability that domain
D, interacts with domain D,,. Define fofn) = 1if Dy, and D, interact in
protein pair P; and P; and D,%) = 0 otherwise. Let (Dsrzfn) € P;ji) denote all
pairs of domains from protein pair P; and P; in organism k, where k =1, ..., K
and K is the number of organisms. Let Pj;; represent the interaction event
between P; and P; in organism k, with P;;; = 1 if they interact in organism
k and Pjj, = 0 otherwise. Further let O, = 1 if P; and P; are observed to
interact in organism k, and O;j, = 0 otherwise. In our example, we focus on
K = 3 organisms, where k = 1,2, 3 represents S. cerevisiae, C. elegans, and
D.melanogaster, respectively.

The false negative (f,) and false positive rates (fp) are defined as

fo = Pr(Oiji = 1| Py, = 0),
.fn = P’I"(Oijk = O|P1]k = 1)

We further define O = {Oyjx = 0ijk, Vi < j}, A = {Amn; DS € Pyp,¥Vm <
n, Vi < j}. With the above assumptions and notation, we have

Pr(Py=1) = 1— [ (=)
(DT(A,%)EPuk)
=det. hj(A) (10.1)

and

Pr(Oyk = 1) = Pr(Pyx = 1)(1 — fu) + {1 = Pr(Pyr = 1)} fp.  (10.2)
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The likelihood for the observed PPI data across all K organisms is then
L(fu, fp,MO) = ] Pr(Oiji, = 1)?9{1 = Pr(Oij = 1)} =",

ijk
which is a function of (Apn, fn, fp). Deng et al. (2002) and Liu et al. (2005)
specified values for f,, and f,, and then A, were estimated using the EM
algorithm by treating all DDIs and PPIs as missing data.

Although these methods have seen successes, f, and f, are generally un-
known and they are also likely organism/dataset dependent. In our earlier
work (Kim et al., 2007), we allowed different organisms to have different f,, and
fp values. That is, we have organism specific rates f,, and f,,, k=1,..., K.
In this case, equation 10.2 is replaced by

Pr(Oijx = 1) = Pr(Pijr = 1)(1 = fn,) + {1 = Pr(Pyr. = 1)} f,-

We also extended equation (10.1) to incorporate varying numbers of domains
across different proteins. This extension is motivated from observing that the
value of equation (10.1) increases as the number of domains increases. For
example, if all domain pairs have 1/2 chance to interact, the PPI probability
approaches 1 when the number of domain pairs is large. Therefore, we for-
mulate function h;;(A), where hi;(A) = Pr(P;r = 1), to satisfy the following
four conditions:

C1: If A\, = 1 for at least one domain pair, h;(A) = 1;

C2: If A\, = 0 for all domain pairs, h;j(A) = 0;

C3: If A\, = 1/2 for all domain pairs, h;;(A) = 1/2;

C4: (Strictly increasing condition) If A\, < A and all other As are the
same, h”(A) < h”(A/)

We note that h}j (A) in equation (10.1) does not satisfy C3. In this paper, we
consider one possible function for h;;(A) in the following form:

hG) =1- T =),
(D%Jn) €Pijk)
where a can be derived from condition C3 as,
1
_ log{1—(1/2)™}
T Te(1/2)
and M;; represents the total number of domain pairs between P; and P;. It

is easy to see that h;(A) is the same as h%j(A) when P; and P; each has only
one domain, i.e, M;; = 1.

10.2.1 Example

Suppose there are 5 proteins, Py, ..., Ps; in organism S. cerevisiae, and the
protein interaction data are generated by genome-wide yeast two-hybrid as-
says. If two proteins are interacted, the observed PPI is 1 and otherwise 0.
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TABLE 10.1: Example of Observed
Protein—Protein Interaction Obtained from
Fenome-Wide Yeast Two-Hybrid Assays and
Protein Domain Annotation Obtained from
PFAM and SMART

P; P; | O;; | Protein domain annotation
P P| 1 | P ={Di,Ds, D3}

P, Ps| 0 | P,={Dy,Ds}

P, Ps| 0 | Ps={D1,D, Dy}

P, Py| 1 | Pi={D1,Ds}

The domain annotation for each protein is obtained from PFAM and SMART.
For protein P;, the domain annotations are D, D5, and D3, We denote
these information as Py = {Dy, Dy, D3}, Py = {D2, D5}, P3 = {D1, D2, D4},
P, ={D;, D3}. The data can be summarized as the Table 10.1.

We note that there are two missing data, O14 and Os4. Since the probability
of PP1 is the probability of that at least one domain pair from the two proteins
interact based on A2), the probability of interaction between two proteins Py
and Ps is calculated as

P’I"(Plg = 1) = 1 — (1 — )\12)(1 — /\15)(1 — /\22)(1 — /\25)(1 — )\32)(1 — )\35),

where Ay = Pr(Dpn = 1) = Ay is the probability of interaction between
two domains, D,, and D,, which can be estimated using the Bayesian ap-
proach explained in Section 10.3, m = 1,2,3 and n = 2, 5.

The PPI probabilites, Pr(Pis = 1), Pr(Pyy = 1), Pr(Pas = 1), Pr(Pay =
1), and Pr(Ps4 = 1) can be calculated by the similar way.

10.3 A Bayesian Approach

In this section, we discuss the Bayesian approaches to inferring DDIs and
PPIs. Define (PZ;) to be all pairs of proteins in organism k, where k =1, ..., K.
We assume that M, has a prior distribution: Ay, ~ 7T8(Amn) + (1 —
m)Beta(a, 3), where do(-) is a point mass at zero. We treat f,, and fp, as
unknown but are within a reasonable range that can be established from prior
knowledge. We also assume that f,,, ~ unifu,,,v,,] and f,, ~ unif[uy, , vp,]-
The hyperprior parameters are chosen to be proper but vague; We set a
fn > 0.5 and f, < 0.5 because Deng et al. (2002) was reported that the false
negative rate of the yeast two-hybrid assay used to construct S. cerevisiae
(yeast) interaction maps is larger than 70%. We choose u,, ~ Unif(0,0.3)
and vy, ~ Unif(0.5,1) or we can choose them to be mean equal to 0.7 and
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prior standard deviation equal to 0.2. The o and (3 can be chosen to be mean
equal to 0.5 and prior standard deviation 0.2.

We have varied («, 3) in our analysis without appreciable changes in results.
The full conditional distributions of A, are proportional to

[Alrest] o< L(O| fuys fors M) F (Al frrs for)
oc [T1his (M) (X = fa) + {1 = hig (M)} £, 10"
ijk
[1— {Rij(A) (L = fu) + {1 = hij(A)} fp 0%
FA fas For)-

The full conditional distributions of f,, and f,, are proportional to

[Fnilrest] o L(ONfuss Fyes M) F (FuilAs fn) £ (F 1)
oc [T [hag ()X = fr) + {1 = hig(A)} f )7
(PE)
[1 = {Ris (A1 = fu,) + (1= hig(A)) f 700"
f(fnk|Avak)§
[fpr|rest] o< L(O| frys foes N) f(fpi|As frn ) f(Fri |A)
o T hig (M)A = far) + {1 = hig(A)} f, ]
(PE)
(1= {hig (A)(1 = fu,) + (1= hi(A) f }]' 700

The full conditional distributions of Ay, fn,, and f,, have the following
properties:

(P.1) Under h}j (A), the full conditional distribution of A,,, is a log-concave
function.

(P.2) Under h{;(A), the full conditional distribution of A, is not a log-
concave function but the behavior of the mean and tails is the same as that
of hi;(A).

(P.3) Under both hj;(A) and hg;(A), the full conditional distributions of f,,
and f,, are log-concave functions.

The proofs of these properties were given in Kim et al. (2007). In order to gen-
erate the posterior samples, we use the adaptive rejection Metropolis sampling
(Gilks et. al, 1995) methods to generate sample from the posterior distribu-
tions.

10.4 Real Data Analysis

We used large-scale PPI data from three organisms, S.cerevisiae,
C.elegans, and D.melanogaster, obtained from high throughput yeast two-
hybrid experiments to infer DDI probabilities. For S.cerevisiae, we used
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5,295 interactions from two independent studies (Ito et al., 2001; Utez et
al., 2000). For C. elegans and D.melanogaster, 4,714 and 20,349 interactions
were extracted from yeast two-hybrid experiments (Li et al., 2004; Giot et al.,
2003), respectively. The domain annotation for each protein in S. cerevisiae,
C.elegans, and D.melanogaster was obtained from PFAM (Bateman et al.,
2004) and SMART (Letunic et al., 2004). Using these data sets, we first esti-
mated DDI probabilities. We considered the following six cases of prior and
model specification:

e Case 1: Use only one organism, S.cerevisiae (K = 1) and h;;j(A) =
h}j (A), with prior distributions f,, ~ Unif(ug,1), fp, ~ Unif(0,vy),
Amn ~ Beta(2,2), uy ~ Unif(0,0.3), and vy ~ Unif(0.5, 1).

e Case 2: The same setting as Case 1 except that we considered all three
organisms (K = 3).

e Case 3: The same setting as Case 2 except h;;(A) = h{;(A).

e Case 4: The same setting as Case 1 except Apn ~ moo(Amn) + (1 —
m)Beta(2, 2).

e Case 5: The same setting as Case 4 except that we considered all three
organisms (K = 3).

e Case 6: The same setting as Case 5 except h;(A) = h{;(A).

For sparsity priors, we varied the value of m between 0.5 and 0.9 with 0.1
increments. Based on Case 4 with m = 0.5, the estimated false negative rate for
the three organisms was about 0.60, 0.80, and 0.56, respectively. The estimated
false positive rate was about 0.00018, 0.00012, and 0.00008, respectively. These
estimated rates were almost same when 0.5 < 7w < 0.7. With 0.8 < 7 < 0.9,
the estimated false negative rate for the three organisms was about 0.60,
0.75, and 0.55, respectively, and the estimated false positive rate was about
0.00017, 0.00014, and 0.00008, respectively. We observed that these estimated
rates for S. cerevisiae and D. melanogaster were not sensitive to the value of
7. For Cases 5 and 6 with w = 0.5, the results are shown in Table 10.2. We
note that the results based on Case 5 were similar to those of Case 4. However
these values were different from those of Case 2 and Case 3 which did not use
sparsity prior. We also note that Deng et al. (2002) and Liu et al. (2005) fixed
fn=10.8 and f, = 0.0003 for all organisms.

We compared the ROC curves among the Bayesian methods as well as the
likelihood approach based on the above six cases. For the ROC curves, we used
the 3,543 experimentally verified physical interactions in S. cerevisiae at the
Munich Information Center for Protein Sequences (MIPS) (http://mips.gsf.de
/genre/proj/yeast/) as positive examples and the other 6,895,215 pairs as
negative examples. We calculated the true positive rate and the false positive
rate for different thresholds. The true positive rate was calculated as the
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TABLE 10.2: The Estimated False Negative Rate and
False Positive Rate Using the Bayesian Method Based on Three
Organisms Data for the Large-Scale Protein—Protein Interaction
Data

Method Organism e fox

S. cerevisiae 0.912 0.000026
C. elegans 0.950 0.000018
D. melanogaster 0.931 0.000031
S. cerevisiae 0.901 0.000027
C. elegans 0.946 0.000020
D. melanogaster 0.929 0.000033
S. cerevisiae 0.592  0.00018
C. elegans 0.800 0.00012
D. melanogaster 0.556  0.00008
S. cerevisiae 0.590 0.00019
C. elegans 0.800 0.00015
D. melanogaster 0.553  0.00008

Bayesian with case 2

Bayesian with case 3

Bayesian with case 5

Bayesian with case 6

N WD WM W = 3

These are obtained from high throughput yeast two-hybrid experiments. Cases
2-3 are based on non-sparsity prior Beta(2,2). The estimated values of Cases
5-6 are based on sparsity prior, mdo(A) + (1 — 7m)Beta(2, 2), with = = 0.5.

number of predicted protein pairs that were included in the positive examples
divided by 3,543 (the total number of positives) and the false positive rate
was calculated as the number of predicted protein pairs that were included in
the negative examples divided by 6,895,215 (the total number of negatives).
The ROC curves are shown in Figure 10.1.

Based on a thorough comparison of true positive rate and false negative
rate in Figure 10.1, we first notice that the Bayesian approaches without the
sparsity prior are more effective in borrowing information from multiple or-
ganisms than the likelihood-based approach by Liu et al. (2005). Second, we
note that the Bayesian approach based on Case 2 and Case 3 can further im-
prove PPI predictions. This is likely achieved by allowing different organisms
having different false negative and false positive rates and using our model
h{;(A) to relate PPI probabilities with DDI probabilities. Third, the Bayesian
approaches with sparsity prior yielded more accurate predictions than those
without sparsity prior to predict PPI probabilities. However, the ROC curves
based on sparsity prior using data from all three organisms are only slightly
higher than that based on this prior using data from S. cerevisiae alone. Hence
the performance of the Bayesian approach with sparsity and all three organ-
isms did not show a significant improvement. Lastly, we found that the ROC
curves almost did not change with different values of 7 although ROC curve
with 7 = 0.8 gave the best performance among them (data not shown).

We further examined that the correlation between the inferred PPI prob-
abilities based on the sparsity priors for S. cerevisiae alone and for all three
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organisms is 0.74, which is larger than the correlation, 0.69, between the spar-
sity prior for all three organisms and the non-sparsity for all three organisms.

10.5 Conclusion and Discussion

In this chapter, we have described a Bayesian method for simultaneously es-
timating DDI probabilities, false positive rates, and false negative rates, from
high-throughput yeast two hybrid data. Sparsity priors for protein interaction
prediction are incorporated in the analysis through a Bayesian method. We
have compared the prediction results between with and without sparsity prior.

Compared to previous methods by Deng et al. (2002) and Liu et al. (2005),
our methods using non-sparsity prior may be more efficient in dealing with a
large number of parameters using some prior information, more effective to
allow for different false positive and false negative rates across different data
sets, and more appropriate when the proportion of proteins having more than
three domains increases. Compared to the prediction results between with and
without sparsity prior, the results of Bayesian approaches with sparsity prior
give much more improvement than those without sparsity prior to predict
PPI probabilities. However we found that the performance of the Bayesian
approach with sparsity and all three organisms did not show a significant
improvement compared to that with only one organism S. cerevisiae, although
the ROC curve based on sparsity prior and all three organism is slightly higher
than that of the other case.

We note that the interacting protein pairs we use as gold standard are
incomplete because the number of protein interactions verified by experiments
is limited. As the number of annotated interactions increases the values of the
false positive rate and false negative rate will certainly change.

In our study, we have assumed that the domains are independent of each
other. However, domains may be classified into different super families based
on structural or functional evidence for a common evolutionary ancestor
(Gough and Chothis, 2002). Domains within the same super family would
have similar interaction profiles due to the similarity of their structures. We
can further develop our Bayesian approach to handle this dependence struc-
ture. In addition, in our example considered in this chapter, we have only used
yeast two-hybrid data to make PPI predictions. We may further improve our
predictions by integrating multiple data sources, e.g., gene expression data
and Gene Ontology information (Lee et al., 2004; Lee et al., 2006).
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FIGURE 10.1: ROC curves of the Bayesian methods. We use MIPS pro-
teins interactions as a golden standard: EM+Yeast(S. cerevisiae)= the like-
lihood based approach using S. cerevisiae organism and using f,, = 0.8 and
fp = 0.0003; EM+AII3= the likelihood based approach using all three organ-
isms and using f, = 0.8 and f, = 0.0003; Bay+Yeast(S cerevisiae)= the
Bayesian method with the estimated fnk and fpk using S. cerevisiae organ-
ism alone; Bay+All3= the Bayesian method with the estimated fnk and fpk
using all three organisms; Bay+All3+Ha= the Bayesian method with the esti-
mated f,, and fp,, using all three organisms with h{;(A); BaySpike+ Yeast(S.
cerevisiae)= the Bayesian method with sparsity prior, the estimated fnk
and fpk using S. cerevisiae organism alone; BaySpike+All3= the Bayesian
method with sparsity prior, the estimated fnk and fpk using all three or-
ganisms; BaySpike+All3+Ha= the Bayesian method with sparsity prior, the
estimated f,, and fp, using all three organisms with h¢;(A).



266 Bayesian Modeling in Bioinformatics

Acknowledgments

This study was supported in part by the National Science Foundation grant
DMS0714817 and the National Institutes of Health grant GM59507.



References

Aloy, P., Bottcher, B., Ceulemans, H., Leutwein, C., Mellwig, C., Fischer, S.,
Gavin, A. C., Bork, P., Superti-Furga, G., Serrano, L., and Russell, R. B.
2004. Structure-based assembly of protein complexes in yeast. Science 302:
2026-2029.

Bateman, A., Coin, L., Durbin, R., Finn, R. D., Hollich, V., Griffiths-Jones,
S., Khanna, A., Marshall, M., Moxon, S., Sonnhammer, E. L., Syudholme,
D. J., Yeasts, C., and Eddy, S. R. 2004. The Pfam protein families database.
Nucleic Acids Research 32: D138-141.

Dempster, A. P., Laird, N. M., and Rubin, D. B. 1977. Maximum likeliood
from incomplete data via the EM algorithm. Journal of the Royal Statistical
Society, Ser. B 39: 1-38.

Deng, M., Mehta, S., Sun, F. and Chen, T. 2002. Inferring domain-domain
interactions from protein—protein interactions. Genome Research 12: 1504-
1508.

Enright, A. J., Hiopoulos, 1., Kyrpides, N.C., and Quzounis, C. A. 1999. Pro-
tein interaction maps for complete genomes based on gene fusion events Nature
402: 86-90.

Giot, L. Bader, J. S., Brouwer, C., Chaudhuri, A., Kuang, B., Li, Y., Hao, Y.
L., Ooi, C. E., Godwin, B., Vitols, E., et al. 2003. A protein interaction map
of Drosophila melanogaster. Science 302: 1727-1736.

Goh, C. S. and Cohen, F. E. 2002. Co-evolutionary analysis reveals insights
into protein—protein interactions. Journal of Molecular Biology 324: 177-179.

Gomez, S. M., Lo, S. H., and Rzhetsky, A. 2001. Probabilistic prediction of
unknown metabolic and signal-transduction networks. Genetics 159: 1291-
1298.

Gomez, S. M., Noble, W. S., and Rzhetsky, A. 2003. Learning to predict
protein—protein interactions from protein sequences. Bioinformatics 19: 1875-
1881.

Gough, J. and Chothis, C. 2002. SUPERFAMILY: HMMs representing all
proteins of known structure. SCOP sequence searches, alignments and genome
assignments. Nucleic Acids Research 30: 268-72.

Gilks, W. R., Best, N. G., and Tan, K. K. C. 1995. Adaptive rejection Metropo-

267



268 Bayesian Modeling in Bioinformatics

lis sampling. Applied Statistics 44: 455-472.

Ishwaran, H. and Rao, J. 2003. Detecting differentially expressed genes in
microarray using Bayesian model selection. Journal of the American Statistical
Association 98: 438-455.

Ishwaran, H. and Rao, J. 2005. Spike and slab gene selection for multigroup
microarray data. Journal of the American Statistical Association 100: 764-780.

Ito, T., Chiba, T., Ozawa, R., Yoshidam, M., Hattori, M. et al. 2001. A com-
prehensive two-hybrid analysis to explore the yeast protein interactome. Pro-
ceedings of the National Academy of Sciences 98: 4569-4574.

Jansen, R., Yu, H., Greenbaum, D., Kluger, Y., Krogan, N. J., Chung, S.,
Emili, A.; Snyder, M., Greenblatt, J. F., and Gerstein, M. 2003. A Bayesian
networks approach for predicting protein—protein interactions from genomic
data. Science 302: 449-453.

Lee, H., Deng, M., Sun, F., and Chen, T. 2006. An integrated approach to
the prediction of domain-domain interactions. BMC Bioinformatics 7: 269.

Lee, 1., Date, S., Adai, A., and Marcotte, E. 2004. A probabilistic functional
network of yeast genes. Science 306: 1555-1558.

Letunic, I., Copley, R. R., Schmidt, S., Ciccarelli, F. D., Doerks, T., Schultz,
J., Ponting, C. P., and Bork, P. 2004. SMART 4.0: Nucleic Acids Research
32: D142-144.

Li, S., Armstrong, C. M., Bertin, N., Ge, H., Milstein, S., Boxem, M., Vidalain,
P. O., Han, J. D., Chesneau, A., Hao, T. et al. 2004. A map of the interactome
network of the metazoan C. elegans. Science 303: 540-543.

Lin, N., Wu, B., Jansen, R., Gerstein, M., and Zhao, H. 2004. Information
assessment on predicting protein—protein interactions. BMC Bioinformatics
5: 154.

Liu, Y., Liu, N., and Zhao, H. 2005. Inferring protein—protein interactions
through high-throughput interaction data from diverse organisms. Bioinfor-
matics 21: 3279-3285.

Lu, L., Arakaki, A. K., Lu, H., and Skolnic, J. 2003. Multimeric threading-
based prediction of protein—protein interactions on a genomic scale: applica-
tion to the Saccharomyces cerevisiae proteome. Genome Research 13: 1146-
1154.

Lucas, J., Carvalho, C., Wang, A. B, Nevins, J. R., and West, M. 2006. Sparse
statistical modelling in gene expression genomics. Bayesian Inference for Gene
Expression and Proteomics, 155-176, ed. Kim-Anh Do, Peter Mueller, Marina
Vannucci, 155-176, Cambridge, Cambridge University Press.

Kim, I., Liu, Y., and Zhao, H. 2007. Bayesian methods for predicting inter-



Sparsity Priors for Protein—Protein Interaction Predictions 269

acting protein pairs using domain information, Biometrics 63: 824-833.

Marcotte, E. M., Xenarios, I., and Eisenberg, D. 2001. Mining literature for
protein—protein interactions. Bioinformatics 17: 357-363.

Mrowka, R., Patzak, A., and Herzel, H. 2001. Is there a bias in proteome
research 7 Genome Research 11: 1971-1973.

Muller, P., Do, K. A., and Tang, F. 2005. A Bayesian mixture model for
differential gene expression. Journal of the Royal Statistical Society, Ser. C
(Applied Statistics) 54: 627-644.

Napetschnig, J., Kassube, S. A., Debler, E. W., Wong, R. W., Blobel, G.,
Hoelz, A. 2009. Structural and functional analysis of the interaction between
the nucleoporin Nup214 and the DEAD-box helicase Ddx19. Proceedings of
the National Academy of Sciences 106: 3089-3094.

Pazos, F. and Valencia, A. 2001. Similarity of phylogenetic trees as indicator
of protein—protein interaction. Protein Engineering 14: 609-614.

Pawson, T. and Nash, P. 2003. Assembly of cell regulatory systems through
protein interaction domains. Science 300: 445-452.

Ramani, A. K. and Marcotte, E. M. 2003. Exploiting the co-evolution of inter-
acting proteins to discover interaction specificity. Journal of Molecular Biology
327: 273-284.

Shin, O. H., Han, W., Wang, Y., Stidhof, T. C. 2005. Evolutionarily conserved
multiple C2 domain proteins with two transmembrane regions (MCTPs) and
unusual Ca2+ binding properties. The Journal of Biological Chemistry 280:
1641-1651.

Sprinzak, E. and Margalit, H. 2001. Correlated sequence-signatures as markers
of protein—protein interaction. Journal of Molecular Biology 311: 681-692.

Tsoka, S., and Ouzounis, C. A. 2000. Prediction of protein interactions:
metabolic enzymes are frequently involved in gene fusion. Nature Genetics
26: 141-142.

Uetz, P., Giot, L., Cagney, G., Mansfield, T. A., Judson, R. S., Knight, J.
R., et al. 2000. A comprehensive analysis of protein—protein interactiona in
Saccharomyces cerevisiae. Nature 403: 623-627.

von Mering, C., Krause, R., Snel, B., Cornell, M., Oliver, S. G., Fields, S.,
and Bork, P. 2002. Comparative assessment of large-scale data sets of protein—
protein interactions. Nature 417: 399-403.



270

Bayesian Modeling in Bioinformatics

Symbol Description

(07

abe

To solve the generator
maintenance scheduling, in
the past, several math-
ematical techniques have
been applied.

These include integer pro-
gramming, integer linear
programming, dynamic
programming, branch and
bound etc.

Several heuristic search al-
gorithms have also been de-
veloped. In recent years ex-
pert systems,

fuzzy approaches, simu-
lated annealing and genetic

0+ abc

sdf

ewq

bven

algorithms have also been
tested.

This paper presents a sur-
vey of the literature

over the past fifteen years
in the generator
maintenance  scheduling.
The objective is to

present a clear picture of
the available recent litera-
ture

of the problem, the con-
straints and the other as-
pects of

the generator maintenance
schedule.



Chapter 11

Learning Bayesian Networks for
Gene Expression Data

Faming Liang
Degartment of Statistics, Texas AEM University, College Station, TX
77845, USA

11.1 Introduction . .......c.o.iuininini e 271
11.2 Bayesian Networks ....... ..o 274
11.3 Learning Bayesian Networks Using SAMC ..o, 275
11.4 Numerical Examples ..........o. s 280
11,5 DISCUSSION vttt et ettt e 286

AcCKNowledgment ...........iiiii e 287

References . ......oo.oi i 287

11.1 Introduction

DNA microarray experiments simultaneously measure the expression levels
of thousands of genes. An important problem in computational biology is to
discover, from such measurements, gene interaction networks and key biolog-
ical features of cellular systems. One of the most used approaches for this
problem is to learn a Bayesian network (Pearl, 1988; Cowell, 1999) from the
gene expression data. The Bayesian network is a powerful knowledge repre-
sentation and reasoning tool under conditions of uncertainty that is typical
of real-life applications. The Bayesian network, as illustrated by Figure 11.1,
is a directed acyclic graph (DAG) in which the nodes represent the variables
in the domain and the edges correspond to direct probabilistic dependencies
between them. In a Bayesian network of gene interaction, the nodes represent
different genes.

During the past decade, many approaches have been developed for learning
of Bayesian networks. These approaches can be grouped into three categories:
the approaches based on conditional independence tests, the approaches based
on an optimization procedure, and the approaches based on MCMC simula-
tions.

The approaches in the first category perform a qualitative study of depen-
dence relationships between the nodes, and generate a network that repre-
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FIGURE 11.1: An example of Bayesian networks.

sents most of the relationships. The approaches described in Spirtes et al.
(1993), Wermuth and Lauritzen (1983) and de Campos and Huete (2000)
belong to this category. The networks constructed by these approaches are
usually asymptotically correct, but as pointed out by Cooper and Herskovits
(1992) that the conditional independence tests with large condition-sets may
be unreliable unless the volume of data is enormous. Due to limited research
resources, the sample size of gene expression data is usually small, ranging
from 3 to 20, and thus the approaches included in this category are usually
not suitable for gene expression data.

The approaches in the second category attempt to find a network that op-
timizes a selected scoring function, which evaluates the fitness of each feasible
network to the data. The scoring functions can be formulated based on differ-
ent principles, such as entropy (Herskovits and Cooper, 1990), the minimum
description length (Lam and Bacchus, 1994), and Bayesian scores (Cooper
and Herskovits, 1992; Heckerman et al., 1995). The optimization procedures
are usually heuristic, such as Tabu search (Bouckaert, 1995) and evolution-
ary computation (de Campos and Huete, 2000; Neil and Korb, 1999). Unfor-
tunately, the task of finding a network structure that optimizes the scoring
function is a combinatorial optimization problem, and is known to be NP-hard
(Chickering, 1996). Hence, the optimization process often stops at a local op-
timal structure. On the other hand, for most gene expression datasets, the
sample size is usually small relative to the network size. In this case, there are
usually a large number of high scoring networks with quite different structures,
so the inference of network features, such as presence/absence of a particular
edge, based on a single network is of high risk.

The approaches in the third category work by simulating a Markov chain
over the space of feasible network structures, whose stationary distribution is
the posterior distribution of the network. A non-exhaustive list of the work
in this category include Madigan and Raftery (1994), Madigan and York
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(1995), and Giudici and Green (1999), where the simulation is done using
the Metropolis-Hastings (MH) algorithm (Metropolis et al., 1953; Hastings,
1970), and the network features are inferred by averaging over a large number
of networks simulated from the posterior distribution. Averaging over different
networks significantly can reduce the risk suffered by the single model-based
inference procedure. Although the approaches seem attractive, they can only
work well for the problems with a very small number of variables. This is
because the energy landscape of the Bayesian network can be quite rugged,
with a multitude of local energy minima separated by high energy barriers,
especially when the network size is large. Here, the energy function refers
to the negative log-posterior distribution function of the Bayesian network.
As known by many researchers, the MH algorithm is prone to get trapped
into a local energy minimum indefinitely in simulations from a system for
which the energy landscape is rugged. To alleviate this difficulty, Friedman
and Koller (2003) introduce a two-stage algorithm: use the MH algorithm to
sample a temporal order of the nodes, and then sample a network structure
compatible with the given order. As discussed in Friedman and Koller (2003),
for any Bayesian network, there exists a temporal order of the nodes such
that for any two nodes X and Y, if there is an edge from X and Y, then
X must be preceding to Y in the order. For example, for the network shown
in Figure 11.1, a temporal order compatible with the network is ACDFBGE.
The two-stage algorithm does improve the mixing over the space of network
structures, however, the structures sampled by it does not follow the correct
posterior distribution, because the temporal order does not induce a partition
of the space of network structures. A network may be compatible with more
than one order. For example, the network shown in Figure 11.1 is compatible
with at least three orders ACDFBGE, ADCFBGE, and DACFBGE. Refer to
Ellis and Wong (2008) for more discussions on this issue.

Based on Liang and Zhang (2009), we describe in this chapter how to learn
Bayesian networks using the stochastic approximation Monte Carlo (SAMC)
algorithm (Liang et al., 2007). A remarkable feature of the SAMC algorithm is
that it possesses the self-adjusting mechanism and is thus not trapped by local
energy minima. This is very important for learning of Bayesian networks. In
addition, SAMC belongs to the class of dynamic weighting algorithms (Wong
and Liang, 1997; Liu et al., 2001), and the samples generated by it can be used
to evaluate the network features via a dynamically weighted estimator. Like
Bayesian model averaging estimators, the dynamically weighted estimator can
have a much lower risk than the single model-based estimator.

The remainder of this chapter is organized as follows. In Section 11.2, we
give the formulation of Bayesian networks. In Section 11.3, we first give a
brief review of the SAMC algorithm and then describe its implementation
for Bayesian networks. In Section 11.4, we present the numerical results on a
simulated example and a real gene expression data example. In Section 11.5,
we conclude the chapter with a brief discussion.
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11.2 Bayesian Networks

A Bayesian network model can be defined as a pair B = (G, p). Here,
G = (V,€) is a directed acyclic graph that represents the structure of the
network, V denotes the set of nodes, and £ denotes the set of edges. For a
node V € V, a parent of V is a node from which there is a directed link to
V. The set of parents of V' is denoted by pa(V'). In this article, we study only
the discrete case where V is a categorical variable taking values in a finite
set {v1,..., vy, }. There are ¢; = [y, c,q(v;) 75 Possible values for the joint
state of the parents of V;. Each element of the parameter vector p represents
a conditional probability. For example, p;;r is the probability of variable V;
in state j conditioned on that pa(%) is in state k. Naturally, p is restricted
by the constraints p;;r > 0 and Z 1 pijk = 1. The joint distribution of the
variables V' = {V7, ..., V4} can be spemﬁed by the decomposition

P(V)

d
_HP(%lpa(m)). (11.1)

Let D = {Vq,...,Vx} denote a set of independently and identically dis-
tributed (éid) samples drawn from (11.1). Let n;;; denote the number of sam-
ples for which V; is in state j and pa(V;) is in state k. Then, the counts

(nitk, - - -, Nir, k) follow a multinomial distribution, i.e.,
T
(Mitky ooy Migyk) ~ Multinomial(z Nijks Pik)s (11.2)
j=1

where p,;. = (pik,-- -, pir,k). Thus, the likelihood function of the Bayesian
network model can be written as

d g
Nijk n; Nir;
P(D|G, p) HH< j=1 e _k)pil,;k...pmk’“. (11.3)

Nilky -+

To carry out a Bayesian analysis for the model, we have the following prior
specification for the network structure and parameters. Since a network with
a large number of edges is often less interpretable and there is a risk of over-
fitting, it is important to use priors over the network space that encourage
sparsity. For this reason, we let G be subject to the prior:

( B
1-p
where 0 < 8 < 1 is a user-specified parameter. To force the network to be

as simple as possible, a small value of 3 is usually specified in practice. In
this article, we set § = 0.1 for all examples. If the network size is not a big

P(G|B) « )Z?:1 ‘PG(V«LH’ (11.4)
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concern and one wants to avoid an explicit specification for the value of 3,
a hierarchical prior can also be specified here for 3, say, assuming (§ follows
a uniform distribution on (0,1). The parameters p is subject to a product
Dirichlet distribution

1o‘wk) Qirk— irg—1
P(pl9) = HH J Pit" 1"'pmkk ) (11.5)

i1 ke1 allk (Oém“lk)

where oy, = 1/(r;q;) as suggested by Ellis and Wong (2008). Combining with
the likelihood function and the prior distributions, and integrating out p, we
get the posterior distribution (up to a multiplicative constant):

d Ti
\pa V)] g 1 Qijk) T D(ayjn + nijr)
P(GID) g( H s H1 e,
(11.6)
which contains all the information of the network structure provided by the
data.

We note that the Bayesian network is conceptually different from the causal
Bayesian network. In the causal Bayesian network, each edge can be inter-
preted as a direct causal relation between a parent node and a child node,
relative to the other nodes in the network (Pearl, 1988). The formulation of
Bayesian networks, as described above, is also not sufficient for causal in-
ference. To learn a causal Bayesian network, one needs a dataset obtained
through experimental interventions. In general, one can not learn a causal
Bayesian network from the observational data alone. Refer to Cooper and
Yoo (1999) and Ellis and Wong (2008) for more discussions on this issue.

11.3 Learning Bayesian Networks Using SAMC
11.3.1 A Review of the SAMC Algorithm

Suppose that we are working with the following Boltzmann distribution,

Fz) = %exp{—U(aZ)/T}, vex, (11.7)
where Z is the normalizing constant, 7 is the temperature, X is the sam-
ple space, and U(z) is called the energy function in terms of physics. In the
context of Bayesian networks, U(x) corresponds to —log P(G|D), the nega-
tive logarithm of the posterior distribution (11.6), and the sample space X
is finite and thus compact. Furthermore, we suppose that the sample space
has been partitioned according to the energy function into m disjoint sub-
regions denoted by F1 = {x : U(z) < w1}, By = {x : u1 < U(z) < us},
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coy o1 = {x o < U(x) < upp—1}, and E,, = {z : U(z) > Um-1},
where uq, ..., u;,—1 are real numbers specified by the user. Let 1(x) be a non-
negative function defined on the sample space with 0 < [, 9 (x)dz < co, and
0; = log(fEi ¥ (x)dx). In practice, we often set (z) = exp{—U(z)/7}.
SAMC seeks to draw samples from each of the subregions with a pre-
specified frequency. If this goal can be achieved, then the local-trap problem
can be avoided essentially. Let 2(**1) denote a sample drawn from a MH ker-
nel Ky (z®,-) with the proposal distribution g(z(*),.) and the stationary
distribution

— U()
fow (z) o Zl oo (@ € B, (11.8)
where (1) = (0@, e ,0,(,?) is an m-vector in a space O.
Let w = (71,...,mm) be an m-vector with 0 < 7; < 1 and >.", m = 1,

which defines a desired sampling frequency for the subregions. Henceforth,
7 will be called the desired sampling distribution. Define H(8®), z(*+1)) =
(et — 1), where e = () 8Dy and €'Y = 1 if 20+ ¢ E;
and 0 otherwise. Let {v:} be a positive, non-decreasing sequence satisfying
the conditions,

() Ywm=co, (i) Sof <o, (11.9)
t=0 t=0

for some § € (1,2). In the context of stochastic approximation (Robbins and

Monro, 1951), {~;} is called the gain factor sequence. In this article, we set
to

- % +=01,2,... 11.10

i max(tg, t) ( )

for a pre-specified value of ty > 1. A large value of ¢y will allow the sampler to

reach all subregions very quickly even for a large system. Let J(z) denote the

index of the subregion that the sample = belongs to. With above notations,

one iteration of SAMC can be described as follows.
The SAMC algorithm:

(i) Generate z(*t1) ~ Ky (z®,-) with a single MH step.
(i) Set 0* = 0®) 4+ 4, H(O®, z(t+D).

(iii) If 0* € O, set 81+ = g*; otherwise, set 81T = 9* 4 ¢*, where ¢* =
(c*,...,c*) and ¢* is chosen such that 6* + c* € ©.

The self-adjusting mechanism of the SAMC algorithm is obvious: If a pro-
posal is rejected, the weight of the subregion that the current sample belongs
to will be adjusted to a larger value, and thus the proposal of jumping out
from the current subregion will less likely be rejected in the next iteration.
This mechanism warrants that the algorithm will not be trapped by local
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minima. The SAMC algorithm represents a significant advance in simulations
of complex systems for which the energy landscape is rugged.

The parameter space O is set to [—Be, Be|™ with Bg being a huge number,
e.g., 10190 which, as a practical matter, is equivalent to setting © = R™. In
theory, this is also fine. As implied by Theorem 5.4 of Andrieu et al. (2005),
the varying truncation of 8* can only occur a finite number of times, and thus
{#®} can be kept in a compact space during simulations. Note that fy ()
is invariant with respect to a location transformation of () —that is, adding
to or subtracting a constant vector from ) will not change fyc ().

The proposal distribution used in the Metropolis-Hastings moves satisfies
the following condition: For every x € X, there exist €; > 0 and €2 > 0 such
that

|z —y| < e = q(z,y) > e, (11.11)

where ¢(z, y) is the proposal distribution, and |x—y| denotes a certain distance
measure between x and y. This is a natural condition in study of MCMC
theory (Roberts and Tweedie, 1996). In practice, this kind of proposals can
be easily designed for both discrete and continuum systems, as discussed in
Liang et al. (2007). Since, for Bayesian networks both © and X’ are compact,
it is easy to verify that the proposal distributions described in §11.3.2 satisfies
the condition (11.11).

SAMC falls into the category of stochastic approximation algorithms (Rob-
bins and Monro, 1951; Benveniste, Métivier and Priouret, 1990; Andrieu,
Moulines and Priouret, 2005). Under conditions (11.9) and (11.11), Liang
et al. (2007) showed that

ORI {C + log (fE w(x)dac) —log (m; +mo), if E; #0,

11.12

as t — oo, where C'is an arbitrary constant, mo = ;¢ ;. —gy T/ (m — mo),
and mg = #{i : E; = (0} is the number of empty subregions. A subregion
E; is called empty if fE Y(x)dx = 0. In SAMC, the sample space partition
can be made blindly by simply specifying some values of ui, ..., umn—1. This
may lead to some empty subregions. The constant C' can be determined by

@ .
9" is equal to a known number.

imposing a constraint on 0®), say, 7" | e

Let %P = P(zY) € E;) be the probability of sampling from the subregion
E; at iteration t. Equation (11.12) implies that as t — oo, 7?§t) will converge
to m; + mg if E; # () and 0 otherwise. With an appropriate specification of r,
sampling can be biased to the low energy subregions to increase the chance
of locating the global energy optimizer.

Let (21,61),. .., (Zn,0,) denote a set of samples generated by SAMC. Let
Y1, ---,Yn denote the distinct samples among x4, ..., z,. Generate a random

variable/vector Y such that

Sy €0 Iy = yi)
S P ’
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where I(-) is the indicator function, and J(z;) denote the index of the sub-
region to which the sample z; belongs. Since © has been restricted to a
compact set, 0;;(,,) is finite. By calling some results from the literature of
non-homogeneous Markov chains, Liang (2009) showed that the random vari-
able/vector Y generated in (11.13) is asymptotically distributed as f(-). Note
that the samples (z1,61),. .., (2, 0,) form a non-homogeneous Markov chain.
Therefore, for an integrable function h(z), the expectation Erh(z) can be es-
timated by

Byifa) = S bl

thl e’tI(xt)

Asn — oo, Efh(z) — Efh(z) for the same reason that the usual importance
sampling estimate converges (Geweke, 1989).

(11.14)

11.3.2 Learning Bayesian Networks Using SAMC

In this subsection, we first describe how to make the MH moves over the
space of feasible Bayesian networks, and then discuss some practical issues
on implementation of SAMC. Let G denote a feasible Bayesian network for
the data D. At each iteration of SAMC, the MH moves can be performed as
follows:

(a) Uniformly randomly choose between the following possible changes to
the current network G producing G':

(a.1) Temporal order change: Swap the order of two neighboring models.
If there is an edge between them, reverse its direction.

(a.2) Skeletal change: Add (or delete) an edge between a pair of randomly
selected nodes.

(a.3) Double skeletal change: Randomly choose two different pairs of
nodes, and add (or delete) edges between each pair of the nodes.

(b) Calculate the ratio

0 (G T(G —TGY)
¢(g(t)) T(g(t) — G ’

where ¥(G) is defined as the right hand side of (11.6), and the ratio of
the proposal probabilities T(G' — T(G")/T(G") — G') = 1 for all of
the three types of the changes. Accept the new network structure G’
with probability min(1,7). If it is accepted, set G+ = G; otherwise,
set G+ = g®),

It is easy to see that this proposal satisfies the condition (11.11). We note
that a similar proposal has also been used by Wallace and Korb (1999) in
a Metropolis sampling process of Bayesian networks. Later we will show by
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numerical examples that the SAMC sampling process can mix much faster
over the space of Bayesian networks than the Metropolis sampling process.
Note that the double changes are not necessary for the algorithm to work, but
are included to help accelerate the sampling process.

Let h(G) denote a quantity of interest for a Bayesian network, such as the
presence/absence of an edge or a future observation. It follows from (11.14)
that E,h(G), the expectation of h(G) with respect to the posterior (11.6), can
be estimated by

n ok
oh(G) = Zk:no+l h(Gr)e 7w

Eph(G) —® , (11.15)
e 1 €
where (Gpno+1, 95?g+111)), ooy (G, G(J% )) denotes a set of samples generated
no n

by SAMC, and ng denotes the number of burn-in iterations.
For an effective implementation of SAMC, several issues need to be consid-
ered.

e Sample space partitioning. For learning Bayesian networks, the sam-
ple space is usually partitioned according to the energy function. The
maximum energy difference in each subregion should be bounded by a
reasonable number, say, 2, which ensures that the MH moves within the
same subregion have a reasonable acceptance rate. Note that within the
same subregion, the SAMC move is reduced to the conventional MH
move.

e Choice of the desired sampling distribution 7. Since 7 controls the sam-
pling frequency of each subregion, intuitively, one may choose it to bias
sampling to the low energy subregions to increase the chance of finding
the global energy minima. In this article, we set in all computations.

mioc(m—i+1)% i=1,2,...,m, (11.16)

e Choice of ty and N, where N denotes the total number of iterations.
Since a large value of ¢ty will force the sampler to reach all subregions
quickly, even in the presence of multiple local energy minima, ¢¢ should
be set to a large value for a complex problem. The appropriateness of
the choice of ty and N can be diagnosed by checking the convergence of
multiple runs (starting with different points) through an examination for
the variation of & or 7, where 0 and 7 denote, respectively, the estimates
of 0 and 7 obtained at the end of a run. A rough examination for ¢ is to
see visually whether the 8 vectors produced in the multiple runs follow
the same pattern or not. Existence of different patterns implies that
the gain factor is still large at the end of the runs or some parts of the
sample space are not visited in all runs.
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TABLE 11.1: The Definition of
the Distribution P;

X Z PZIX)|[X Z P(Z|X)
0 0 08 |0 1 02
1 0 02 |1 1 08

An examination for 7 can base on the following statistic

() = 71+d x 100%, if E; is visited, (11.17)
0, otherwise,

which measures the deviation of the realized sampling distribution from
the desired one, where d = Z]E{z E; is not visited} 7 /(m—my) and my,
is the number of subregions not visited in the run. It is said {e;(E;)},
output from all runs and for all subregions, matches well if the following
two conditions are satisfied: (i) there does not exist such a subregion
which is visited in some runs but not in others, and (ii) max}", |es(E;)|
is less than a threshold value, say, 10%, for all runs. A group of {e;(E;)}
which does not match well implies that some parts of the sample space
are not visited in all runs, g is too small, or the number of iterations is
too small.

If a run is diagnosed as unconverged, SAMC should be re-run with a
large value of N or a larger value of ¢g.

11.4 Numerical Examples
11.4.1 A Simulated Example

Consider the Bayesian network shown in Figure 11.1 again. Suppose that a
dataset consisting of 500 independent observations has been generated from
the network according to the following distributions: V4 ~ Bernoulli(0.7),
VD ~ Bernoulli(0.5), V0|VA ~ Pl, VF|Vc,VD ~ Pg, VB|VA,VF ~ Pg, Vg|VB,
Vo ~ P, and Vg|Ve ~ Pi, where P; and P, are defined as in Tables 11.1 and
11.2, respectively.

SAMC was first applied to this example, where we partitioned the sample
space into 501 subregions with an equal energy bandwidth, By = {z : U(z) <
2000}, Fy = {x : 2000 < U(xz) < 2001}, ..., Esgo = {x : 2498 < U(x) <
2499}, and Esp1 = {2z : U(z) > 2499}, and set other parameters as follows:
P(z) = e U™ and ty = 5000. SAMC was run for 10° iterations, and 10,000
samples were collected at equally spaced time points. Each run costs about 90
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TABLE 11.2: The Definition of the
Distribution P»

X Y Z PZIX,Y)|X Y Z P(ZX,Y)
0 0 0 0.9 0 0 1 0.1
0 1 0 0.5 0 1 1 0.5
1 0 0 0.5 1 0 1 0.5
1 1 0 0.1 1 1 1 0.9

seconds CPU time on a 2.8GHZ personal computer (all computations reported
in this article were done on the same computer). The overall acceptance rate
of the SAMC moves is about 0.18. For comparison, MH was also applied
to this example. MH was run for 10° iterations with the same proposal as
used by SAMC, and 10,000 samples were collected at equally spaced time
points. Each run costs about 81s CPU time. The overall acceptance rate of
the MH moves is 0.006, which is extremely low. Figures 11.2 (a)& (b) show,
respectively, the sample paths (in the space of energy) produced by SAMC
and MH. The sample paths indicate that SAMC can move very fast over the
space of Bayesian networks, while MH tends to get trapped in a local energy
minimum. The minimum energy values found by SAMC and MH are 2052.88
and 2099.19, respectively. The corresponding network structures are shown in
Figure 11.3. It is easy to see that the network produced by SAMC has the
same skeleton with the true network, but with the directions of three edges
reversed; while the network structure produced by MH is quite different from
the true one. We call the network produced by SAMC the putative maximum a
posteriori (MAP) network. We note that the energy value of the true network
is 2106.6, which is much higher than that of the MAP network.

Regarding the edge direction of Bayesian networks, we note again that
the direction of an edge, in our formulation, does not necessarily imply the
causal relation between the parent node and the child node. Therefore, for
Bayesian networks, inference of the direction of an edge is far less important
than inference of presence/absence of the edge.

Later, SAMC was re-run 5 times, but each run was lengthened to 2.5 x 10°
iterations. In each of the five runs, the MAP network shown in Figure 11.3(a)
was re-located, but no networks with lower energy values were found. For
the purpose of estimation, in each of the five runs, we discarded the first
5x 10° iterations for the burn-in process, and retained the remaining iterations
for the network inference. Table 11.3 shows the estimates of the presence
probabilities of all possible edges of the Bayesian network, which are calculated
using (11.15) based on five independent runs. Table 11.3 can be viewed as
a random graph. Further inference of the Bayesian network, for example,
prediction for a future observation, can then be made from the random graph
based on its Markov property.

For comparison, MH was also run 5 times with each run consisting of 2.5 x
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(a) Evolving path of SAMC samples
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(b) Evolving path of MH samples
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FIGURE 11.2: The sample paths (in the space of energy) produced by
SAMC (upper panel) and MH (lower panel).

FIGURE 11.3: The maximum a posteriori network structures learned by
SAMC (left panel) and MH (right panel) for the simulated example.



Learning Bayesian Networks for Gene Expression Data 283

TABLE 11.3: Estimates of the Presence Probabilities of the Edges for
the Bayesian Network Shown in Figure 11.1

A B C D E F G

0 0.9997 0 0 0 0

Al 0 (000) () () (0 (0

1 0 0 0.0046 0.4313 1

Bl o (0) (0)  (0.0009) (0.0552)  (0)

0.0003 0 0 0 0 0.9843

¢ (0.0001) () B (0) (0) (0)  (0.0036)

0 0 0 0.0002 0.0476 0

P o (0) (0) — () (0.0233)  (0)

0 0 0 0 0 0.0044

b (0) (0) 0 (0) o (0) (0.0009)

0 0.5687 1 0.9524 0.1638 0

FLoo) 0052 (0 (0.0233) (0.0184) (0)
0 0 0.0003 0 0.9956 0
S0 (0)  (0.0001)  (0)  (0.0009)  (0)

Note: The numbers in parentheses show the standard errors of the estimates.

106 iterations. Figure 11.4 compares the progression paths of minimum energy
values produced by SAMC and MH. It indicates again that SAMC is superior
to MH for learning of Bayesian networks. SAMC can locate the MAP network
in each of the five runs, while the MH algorithm failed to locate the MAP
network in all of the five runs.

For this example, SAMC costs a little more time than MH in each iteration.
For larger networks, e.g., the network studied in the next example, SAMC and
MH will cost about the same CPU time, because in this case the CPU time
cost by each algorithm is dominated by the part used for energy evaluation,
and the part used for weight updating in SAMC is ignorable.

11.4.2 The Yeast Cell Cycle Data

The yeast cell cycle dataset (Cho et al., 1998) shows the fluctuation of
expression levels of approximately 6000 genes over two cell cycles (17 time
points). Cho el al. (1998) identified 384 genes which have only one phase and
peak at different time points. The normalized expression data of the 384 one-
phase genes are available at http://faculty.washington.edu/kayee/model. The
data have been used by many authors to test various clustering methods. In
this paper, we use a subset of the data as one example to illustrate learning of
Bayesian networks for gene expression data. The sub-dataset was generated
as follows: Randomly select 50 genes from the set of 384 genes, and then
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FIGURE 11.4: Progression paths of minimum energy values produced in
the five runs of SAMC (solid lines) and in the five runs of MH (dashed lines)
for the simulated example.

discretize the data into three categories by setting

1, if Xy < Qy1/3,
Vij =192 if Qi3 < Xij <Qigys, (11.18)
3, if Xij > Qi2/3,

fori=1,...,50 and j = 1,...,17, where X;; denotes the expression level of
gene i at time j, and Q; 1,3 and Q; 2,3 denote, respectively, the 1/3 and 2/3
quantiles of the expression values of gene i. The names of the genes included
in the sub-dataset are given in Table 11.4.

SAMC was applied to this example. We partitioned the sample space into
301 subregions with an equal energy bandwidth, £y = {z : U(z) < 900},
Ey = {x:900 < U(x) <901}, ..., E300 = {z : 1198 < U(x) < 1199}, and
Es01 = {z : U(z) > 1200}, and set other parameters as follows: 1(z) = e~V (®)
and ty = 5000. In addition, to make the sample space smaller, we restricted
the number of parent nodes of each node to be no more than 5. SAMC was run
5 times. Each run consisted of 2 x 107 iterations, and cost about 29 minutes
CPU time. For comparison, MH was also run 5 times for this example with
the same proposal as used by SAMC. Each run consisted of 2 x 107 iterations,
and cost about 27 minutes CPU time. Figure 11.5 compares the progression
paths of minimum energy values produced by SAMC and MH in the respective
runs. It indicates that SAMC outperforms MH for this example; the minimum
energy value produced by SAMC in any of the five runs is lower than that
produced by MH in all of the five runs.

Later, a run of SAMC was lengthened to 5 x 107 iterations, and a network
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TABLE 11.4: Genes Included in the Sub-Dataset for Bayesian
Network Learning

No. Name No. Name No. Name No. Name
1 YGRO044c¢ 2 YLR273c 3 YCRO005¢ 4 YBRO067¢c
5 YPLO58¢ 6 YGLO55w 7 YMR254c | 8 YDRbG11lw
9 YBR231c | 10 YJL187c 11  YLR313c | 12 YJL173c
13 YDL164c | 14 YNLO82w | 15 YML021C | 16 YJL196¢
17 YHRI153c | 18 YLRI121c | 19 YHRI110w | 20 YPLOl4w
21  YHRO039c | 22 YOR144c | 23 YDRI113c | 24 YELO61c
25 YGRI140w | 26 YBLO63w | 27 YDR356w | 28 YMRI190c
29 YDL093w [ 30 YERO17c¢ | 31 YBR276c | 32 YFRO38w
33 YORI188w | 34 YJL099w | 35 YOR274w | 36 YDR464w
37 YCRO8w | 38 YMRO003w | 39 YORO73w | 40 YJRI110w
41 YOLO12c¢ | 42 YBLO032w | 43 YGLO21w | 44 YCRO042¢
45 YDR146¢c | 46 YNLO53w | 47 YIL162w | 48 YDL138W
49 YPL186¢c | 50 YPRI157w
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FIGURE 11.5: Progression paths of minimum energy values produced in
the five runs of SAMC (solid lines) and in the five runs of MH (dashed lines)
for the yeast cell cycle example.
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FIGURE 11.6: The maximum a posteriori Bayesian network learned by
SAMC for a subset of the yeast cell cycle data.

with the energy value 997.68 was found. Figure 11.6 shows the major part of
the network, which consists of 37 genes. The other genes not shown in Figure
11.6 form a number of small networks disconnected from the major part of
the network.

11.5 Discussion

In this article, we have applied the SAMC algorithm to learning of Bayesian
networks. The numerical results indicate that SAMC can outperform signifi-
cantly the MH algorithm for this problem. In our study of the yeast cell cycle
data, the data are discretized into three categories. We note that the resulting
networks may depend on the discretization scheme. In general, discretization
with a small number of categories can lead to poor accuracy, while discretiza-
tion with a large number of states can lead to excessive computation efforts.
Recently, some researchers seek to discretize the data non-uniformly accord-
ing to a certain criterion, such as the conditional entropy (Fayyad and Irani,
1993) and the minimum description length (Wang et al., 2006).

In this article, the inference of Bayesian networks is done via the dynamic
importance estimator (11.15) for which the weights of many terms are very
low. Alternatively, the inference can be done using the Occam’s window
approach as described in Madigan and Raftery (1994). That is, estimating
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Eph(G) by
P E/_};(/g) _ > geas MG)P(GID) (11.19)
P 2geas P(9ID) | |

where

A:{gk:wq},

P(Gr[D)

for some constant c, say, a value between 10 and 100 as suggested by Jeffreys
(1961, app. B); and

— . 1 P(gl|D)
B = {gk 3G e A,G C gk,ip(gkm) > 1}.

Two basic principles underly the estimator (11.19). First, if a model predicts
the data far less well than the best model in the class, it should be discarded,
so the models not belonging to the set A should be excluded from estimation.
Second, appealing to Occam’s razor, a model receiving less support from the
data than any of its simpler sub-models should no longer be considered, so
the models belonging to B should also be excluded. The estimator (11.19) is
potentially less variable than the estimator (11.15).
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Symbol Description

Lg,i

An index for the list of sam-
ples from a microarray ex-
periment (e.g. a particular
microarray).

An index for the list of
probe IDs — i.e., genes — on
the expression array.

(log base 2) Gene expres-
sion for gene g and sample
7.

p—vector of the zg ;.

p X n matrix whose columns
are the z;.

Transpose of the n x r de-
sign matrix in a designed
experiment.

The ith column of H corre-
sponding to the ith sample.
A p X r matrix of regres-
sion coefficients, where r is
the number of elements in

Learning Bayesian Networks for Gene Expression Data 291

the design matrix and p is
the number of genes — or,
more properly, probe sets —
on the array.

k X n matrix of latent fac-
tors.

The ith column A.

A p x k matrix of factor
loadings, where k is the
number of latent factors.
Residual variance of the ex-
pression measurement error
for gene g.

Sparsity probability gov-
erning non-zero values of
(9,7) elements of A and B.
For any quantity o, the
MCMC-based approxima-

tion to the posterior mean
E(o|X).
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12.1 Introduction

The widespread use of DNA microarray gene expression technology offers
the potential to substantially increase our understanding of cellular pathways
and apply that knowledge in clinical as well as basic biological studies. In
human biology, there are two common types of study performed with expres-
sion arrays. The first involves samples derived from cloned cells in a highly
controlled environment, subject to some designed experimental intervention,
such as up/down regulation of a particular target gene (Huang, West and
Nevis , 2003; Huang, et al., 2003; Bild, et al. , 2006) or manipulation of the
pH level of the growing environment (Chen, et al. , 2008). Such experiments
are useful in that they are designed to minimize all sources of gene expression
variability except that of the experimental intervention. One result generated
by this type of experiment is the identification of a subset of genes that are
differentially expressed when subject to a given intervention. A list of such
genes, together with the magnitudes by which those genes are differentially
over /under-expressed and additional numerical summaries are said to com-
prise the signature of the intervention. The second, common type of study
involves samples derived from tissue removed from living subjects, such as
tumor tissue obtained via biopsy (Perou, et al., 2000; West, et al. , 2001;
Huang, et al., 2002, 2003; Pittman, et al. , 2004; Seo, et al., 2004; Miller, et
al. , 2005; Riech, et al., 2005). A central goal of this second type of study is to

293
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find statistical associations between the measured expression levels in a tissue
sample and clinical variables associated with the subject, e.g. survival time or
metastasis.

Much of our interest in recent and current studies lies in relating these
two types of experiments. We concentrate in this chapter on studies in cancer
genomics, though the general questions of cross-study projection of genomic
markers, and the more general questions of trans-study and trans-platform
integration of genomic data and analysis results, are central to all human
disease studies with genomic methodologies (e.g., Seo, et al., 2007). In cancer
genomics, for example, a designed in vitro experiment in cultured cells may
identify a list of genes that are differentially expressed in the presence of an
up-regulated oncogene; we might then focus on data on the same genes in
a collection of tumor tissue samples to determine the extent to which each
tumor exhibits signs of de-regulation of that oncogene. One way to accomplish
this is to make use of the oncogene signature derived from the controlled study
to compute an appropriately weighted average of the relevant gene expression
levels observed in the tumor tissue samples. This technique has been shown
to be useful for quantifying pathway activity in a variety of different settings
(e.g., Bild, et al. , 2006).

However, there are at least two difficulties with this approach. First, it
is exceedingly rare to find that the exact patterns of differential expression
discovered in the designed experiment are conserved in the tissue samples.
Second, the highly controlled setting of the designed experiment results in
a very limited representation of the various sources of variability in gene ex-
pression that are likely to affect expression in tissues grown in vivo. Returning
to the example of up-regulation of a particular gene, consider an example of
the MYC gene (myelocytomatosis viral oncogene homolog) in mammalian cell
developmental processes. MYC is a transcription factor that is well-known to
be involved in programmed cell death, cellular differentiation, proliferation,
and potentially a number of other biological pathways. MYC is not, however,
the only gene associated with each of these pathways, and therefore a tis-
sue sample which exhibits high levels of expression of MYC may not exhibit
high levels of activity of all of its associated downstream pathways due to the
activity of other genes, especially other transcription factors. For the same
reason, there will be genes in the MYC pathways that are not discovered by
the simple MYC upregulation experiment due to low levels of expression of
co-regulators. In short, the designed experiment lacks information pertaining
to possible synergistic or antagonistic activity between MYC and other genes
of the sort likely to be encountered in vivo.

Translation of patterns of differential gene expression derived from in vitro
experiments to in vivo tissue studies therefore requires a methodology for
decomposing an experimental signature into functional sub-units, each re-
flecting modular but interacting components of a larger cellular process. This
chapter overviews and exemplifies our approach to this general problem area
using sparse factor models, an approach that has been used effectively in a



In-Vitro to In-Vivo Factor Profiling in Expression Genomics 295

number of applications in cancer genomics and other contexts. Here we fo-
cus on the application to trans-study analyses connecting in vitro expression
discovery to in wvivo contexts in cancer. Based on formal Bayesian models
for both contexts, we describe methodology for projection and then evolving
experimentally derived signatures into sets of interacting sub-signatures, as
represented by multiple latent factors in formal latent factor models of obser-
vational human cancer data. We demonstrate how latent factors can be linked
to components of known cellular pathways, as well as how latent factors can
be predictively related to clinical outcomes. Issues of data calibration and
other practicalities are also addressed in this formal factor model framework
for in witro to in vivo translation of biological markers. A flow chart showing
the overall process for the use of sparse factor modeling in the context of
microarrays is shown in Figure 12.9.

12.2 Modeling Gene Expression

In general, for experiments performed on cloned cells under strictly con-
trolled conditions, our models utilize multivariate regression and analysis of
variance with a fixed, known design to describe observed expression patterns.
We use the notation of (Carvalho, et al., 2008). Suppose gene expression assay
has p genes (probe sets on a DNA microarray) and we perform the experiment
on n samples, and let X be the pxn data matrix of observed expression values
with elements x4 ;. Let the » x n matrix H be the transpose of the design ma-
trix; so H has elements h;; running over treatments/factors j = 1 : r (rows)
and expression array samples ¢ = 1 : n (columns). We model the measured
expression values (on a log base 2, or fold-change scale) as:

T
Tgi = Mg + Z Bg.ihii + vg.is vg,i 1L N(vg,i]0,9,)
j=1

or, in vector form,
x; = u+ Bh; + v, (i=1:n),

where p is the p—vector of baseline average expression levels i, for all genes,
B is the p x r matrix of regression coefficients with elements 3, ;, h; is the
r—vector column ¢ of H, v; is the p—vector of gene-specific experimental noise
terms v, ; with individual normal error variances ¢, and ¥ = diag(¢1.4). In
matrix form,

X=pl'"+BH+ N

where 1 is the n—vector of 1s and N the p X n error matrix with columns v;.
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Depending on the experimental context, the rows of H will include 0/1 en-
tries reflecting main effects and interactions of treatment factors, genetic or
environmental interventions and so forth, with the corresponding 3, ; values
representing the changes in average expression for each gene g as a func-
tion of design factor j. The design matrix may also include measured values
of regressor variables. In most of our studies, we generally include values of
sample-specific control information constructed from housekeeping probe sets
on the array; these covariates carry assay artifact information reflecting ex-
perimental bias and errors that are often reflected at least sporadically, if not
in some cases substantially, across the samples. Ignoring the potential for such
assay artifacts to corrupt expression on a gene-sample specific level can lead
to false discovery and/or obscure biological variation, and our approach to
gene-sample specific normalisation using housekeeping gene data is generally
applicable to at least partially address this in the automatic analysis (Lucas
et al., 2006; Carvalho, et al., 2008; Wang, et al. , 2007). These references also
describe model fitting and evaluation under specified priors, and describe —
with a number of examples — the MCMC implementation in the Bayesian Fac-
tor Regression Models (BFRM) software, available at the Duke Department
of Statistical Science software web page.

12.2.1 Sparsity Priors

In the case of very high-dimensional genomic assays, we expect that most
genes will not show differential expression in association with any particular
design factor - biology is complex, but not that complex. That is, any column
j of B will be sparse, with typically many, many zeros. Our studies over the
last several years have demonstrated the importance of sparsity prior modeling
utilising the class of prior distributions (Lucas et al., 2006) that reflect this
inherent biological view that, in parallel for all j = 1 : r, many genes g have
zero probability of a non-zero B, ;. That is, the priors utilise the standard
Bayesian zero point-mass/mixture form in which each g, ; has an individual
probability 7y ; = Pr(8,,; # 0), but now the extension allows some (typically
many) of the 7, ; themselves to be zero, inducing a more aggressive shrinkage
of the 8, ; to zero. Specifically, the hierarchical sparsity prior model is (see
(Lucas et al., 2006))

Bg.j ~ (1 —74,5)00(Bg,5) + 74,; N (Bg,310,75),
mg,j ~ (1= p;)0o(mg,;) + pjBe(my, jlam;, a;(1 —m;)),

with hyper-priors on the elements p; and 7;. We refer to such distributions
interchangeably as sparsity priors and variable selection priors. Our assump-
tion is that the probability of any particular probe associating with a given
design factor is quite low, so that we assign the priors Be(p;|st, s(1 —t)) with
s is large and t is small. The priors on the 7;, conditionally conjugate inverse
gamma priors, are specified in context of the design and, critically, the know
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range of (log base 2) expression data (see many details and examples in (Lu-
cas et al., 2006; Carvalho, et al., 2008; Wang, et al. , 2007) and the BFRM
software web site linked to the latter paper, under the Duke Department of
Statistical Science software web page).

12.2.2 Signature Scores

Assume a model has been fitted to a given experimental data set, gener-
ating posterior summaries from the MCMC computations. We can explore,
characterize and summarise significant aspects of changes in gene expression
expression with respect to design factors in a number of ways. Of particular
interest in studies that aim to connect the results of such in vitro studies
to data from human observational studies is the definition and evaluation of
a summary numerical signature score for any set of genes that are taken as
defining a signature of one of the design factors.

Suppose that for the design variable j there are a number of genes with
very high values of 7 ;; one typical approach is to threshold the probabilities
to identify a set of most highly significant genes, and then define a weighted
average of expression on those genes as a signature score. In a number of
studies we have used this approach with the weightings defined as follows.

Consider a potential future sample X, with a fixed and known value
hnew- For each g, and conditional on all model parameters, the likelihood
ratio p(Tg newl|By,; # 0)/P(Tg,newlBy,; = 0) depends on x4 ey monotonically
and only through the term

. 3 . — _1 .
Sg,jTgmew With sg; —¢g Bg,;-

Hence the future observation will be more consistent with non-zero effects on
design factor j for larger values of the sum of these terms over all genes g, the
sum being implied by the conditional independence of the x,,. given all model
parameters. This leads to the obvious signature score for design factor j as

p
- !/
S19j,new = § Sg,iLgnew = ijnew
g9=1

for the signature j weight vector s; = (s1j,...,5p ). In practice, we can
estimate the signature weight vectors s; by posterior estimates based on the
MCMC samples of the observed data, and use these to evaluate the score
on any future samples — i.e., to project the signature measure of the activity
levels of genes related to design factor j onto the new sample, predictively.
This can be done within the MCMC analysis by saving and summarizing pos-
terior samples of the set of s;, or as an approximation after the analysis by
substituting posterior estimates for the parameters in the expression for s, ;,
such as by plugging-in posterior means 7 ; = Pr(f, ; # 0[X), posterior esti-
mates of residual variance ¢}, for each gene g, and posterior estimates of effects
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B* = (B ;) where 3 ; = E(B,,;|X, 3,5 # 0). This latter approach leads to

the defined signature scores sig; ., used here, in which s, ; is estimated by
* % * *
S9.0 = Tg.iP9./Vg-

Further, we may modify this definition to sum over just a selected set of
signature genes for which T, ; exceeds some specified, high threshold. This is
important for communication and transfer to other studies, as it generates a
more manageable subset of signature genes rather than requiring the full set.

12.2.3 Sparse, Semi-Parametric Latent Factor Models

Some of our major applications in recent studies of observational data sets
in cancer, as in other areas, have utilized large-scale Bayesian latent factor
models (Lopes and West , 2003; West , 2003), either alone or as components of
more elaborate latent factor regression models (Lucas et al., 2006; Carvalho,
et al., 2008). The value of latent factor models to reflect multiple intersecting
patterns underlying observed variations in gene expression data across samples
of, for example, lung cancers is clear. It is also relevant in some experimental
contexts. The model as described above assumes that all sources of variation in
expression are known and represented by the fixed design, though imprecision
in the design specification and other aspects of biological activity may lead to
influences on expression reflected in common patterns in multiple subsets of
genes that may be captured by latent factors.

The extension of the model to include latent factors is simply

X=upul"+BH+ AN+ N

where the kxn matrix A represents the realized values of k latent factors across
the n samples, having elements \;; for factor j = 1: k on sample ¢ = 1 : n.
A is a now uncertain analogue to the known matrix H from the design. The
columns of the p x k factor loadings matrix A = oy ; are the weights or
coefficients of genes on factors (analogous to the regression coefficients in B).
In observational cancer studies with known covariates, we will generally use
the full model above; in other studies, either of the design or factor component
may be absent, depending on context.

The elements of A are given sparsity priors as described for 34 ;. Our models
for latent factor space utilize non-parametric components to allow for what
may be quite non-Gaussian patterns in these common, underlying patterns
that reflect underlying “gene pathway” activities influencing gene expression.
It is common to observe genes in subsets that are unexpressed in some sam-
ples but clearly expressed at possibly various sets of levels across others, for
example; subtle examples include expression in the presence/absence of a ge-
netic mutation, in diseased versus non-diseased patients, or before and after
treatment. In these situations, and others, a standard normal latent factor
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model would be lacking. Our models assume a Dirichlet process component
for this. With \; representing the k—vector column of A, we have

F ~ DP(aFy),
Fo(X) = N(A0,1)

with total mass o > 0. This encourages latent factor-space clustering of the
samples with relation to gene expression patterns and can lead to cleaner
separation when expression differences are due to binary or categorical phe-
notypes when appropriate, as well as allowing for adaptation to multiple other
non-Gaussian aspects. The model and MCMC computational extensions are
routine and implemented in BFRM (Wang, et al. , 2007).

Consider now a potential future observation, T, at a known design vector
Rpnew, and set zZpew = Tnew — BH. Conditional on all model parameters and
any realized A values (the full set of conditioning values being simply denoted
by o below) it then routinely follows that

(/\new |Znew; O) ~ CTLG’LUN()\TLG’LU|d7 D) + Z Ci(ski (/\new)a

i=1
where d.(+) is the Dirac delta function representing a point mass at e; the ¢,
are probabilities given by

Cnew = AQCON (Zpew|0, AA" + W),
CN (zpew|AN;, ), i=1:n

¢
where C' is a constant of normalization; and
d=DAV 'z,., and D '=T+ AV 1A

We know, incidentally, that the A; cluster into subsets of common values, and
hence the sum above collapses to a simpler sum over the distinct values; that
fact and its implications is central to efficient MCMC computation though
not immediately relevant for this specific theoretical discussion.

As with in wvitro defined signature projection, we are often interested in
predicting factor variability in a new sample, and the above distributions show
how this is done. Given full posterior samples of the model parameters — now
including A — based on the observed data X, we can at least approximately
evaluate the terms defining the predictive distribution for A,e.. Plugging-in
posterior estimates of model quantities as a practicable approximation leads
to the ability to simulate A, and also to generate point estimates such as
those used in our examples below, viz.

Mrew = Crewd” + Y G (12.1)
=1
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where )\j; are the MCMC posterior means of the A; and the the terms ¢* and
d* are as theoretically defined above but now evaluated at posterior estimates
of the model parameters and latent factors set at posterior means.

12.3 Signature Factor Profiling Analysis

Signature Factor Profiling Analysis (SFPA) refers to the overall enterprise
of evaluating in vitro defined gene expression signatures of biological or envi-
ronmental interventions, projecting those signatures into observational data
sets — such as a sample of arrays from breast cancer tissues — and then using
latent factor models to explore and evaluate the expression patterns of signa-
ture genes, and other related genes, in the cancer data set. The complexity
of in wvivo biology compared to controlled experiments on cultured cells in-
evitably means that projected signatures involve genes that are simply not
expressed in the cancer samples, and others that show far more complex and
intricate patterns in the cancer samples. Thus factor analysis of a signature
gene set can generate multiple (k) factors that reflect this increased complex-
ity; this represents the k—dimensional in vivo profile of the one-dimensional
wn vitro signature.

Our factor modeling uses the evolutionary computational method for model
search and gene inclusion that was introduced and described in (Carvalho, et
al., 2008). Beginning with a small set of signature genes, MCMC analysis is
used to fit an initial factor model, evolving the model in terms of the number
of latent factors included. At the next step the model predicts outside that
initial set of genes to evaluate all other (thousands of) genes on the array to
assess concordance in expression of each of these genes with estimated latent
factors in the “current” model. Of those genes showing high concordance, we
can then select a subset to add to the initial set of genes and refit the fac-
tor model, potentially increasing the number of factors. Many examples are
given in the references. In the current context, the biological focus is perfectly
reflected in this evolutionary analysis: we are initally concerned with the “sim-
ple” expression signature of intervention on a single biological pathway — the
design factor in question elicits that pathway response in vitro. When moving
into observational cancer samples, biological action involving multiple other,
intersecting pathways will generally be evident in the tumor data set. Thus
(i) we will be interested in identifying other genes that seem to show pat-
terns of related expression; and (ii) as we add in such additional genes, we are
moving out of the initial signature pathway into intersecting pathways that
will lead to the need for additional latent factors to reflect the increasingly
rich and complex patterns observed. Operationally, this evolutionary process
is allowed to continue until a certain number of factors has been found, until
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a certain number of genes have been added, or until no more factors or genes
can be added based on thresholds on estimated posterior gene-factor load-
ing probabilities (for details, see (Carvalho, et al., 2008)). By restricting the
termination requirements, we can control how closely the final list of factors
remains to the initial set of probes, or how rich it can in principle become by
exploring the biological neighborhood of the original in wvitro response.

12.4 The E2F3 Signature in Ovarian, Lung, and Breast
Cancer

The E2F family of transcription factors is central to cell cycle regulation and
synthesis of DNA in mammalian cells, playing roles in multiple aspects of cell
growth, proliferation and fate (Harbour and Dean , 2000; Zhu, et al., 2004).
Deregulation of E2F family members is a feature of many human cancers
(Nevis, et al., 2001). Two of the family members, E2F1 and E2F3, are among
the genes investigated in experiments defining in vitro signatures of oncogene
deregulation in human mammary epithelial cells (HMEC) (Bild, et al. , 2006).
In these oncogene experiments, expression profiles were collected from cloned
HMECs with each experimental group consisting of replicate observations
from the same cloned HMECs after transfection with a viral plasmid contain-
ing a known oncogene. A series of control samples were also generated; see
(Lucas et al., 2006) for additional insights and examples using one-way Anova
models under sparsity priors, as well as for discussion of the extension of this
analysis to include assay artifact control regression variables. The nine onco-
genes transfected were MYC, Src, Akt, P110, E2F1, E2F3, Ras, [-catenin,
and p63. From among these, we focus here on E2F3 and explore the E2F3
signature projection to human cancers to exemplify signature factor profiling.
The analysis generates biological connections in the E2F pathways consonant
with known biology, as well as new and novel biological insights relevant to
the oncogenic role of E2F3 when deregulated.

To define our initial signature gene set for evolutionary factor analysis, we
reanalyzed the full set of oncogene expression data (Affymetrix ul33) in a
one-way Anova design under sparsity priors. For design factor j = E2F3, the
Bg,m2r3 then represent the average changes in expression on genes g due to
upregulation of E2F3. We identify those probe sets g for which 7} 5953 > 0.99
in this analysis.

Our interest here is in projecting the E2F3 signature to three different
human cancer data sets: lung cancer (Bild, et al. , 2006), ovarian cancer
(Dressman, et al. , 2007), and breast cancer (Miller, et al. , 2005), also all
on Affymetrix arrays. Of the initially screened genes, we first identified all of
those probsets on the Affymetrix arrays used in each of the cancer studies;
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from among these, we then selected the 100 genes with the largest positive
expression changes ] pops in the experimental context. This defined our in
vitro E2F 3 signature gene set and the corresponding signature weight vector
SpaF

Evolutionary factor analysis was applied to each of the three cancer data
sets separately, initializing based on this signature gene set. The analyses
evolved through a series of iterations, at each stage bringing in at most 25 ad-
ditional genes most highly related to the “current” estimates of latent factors,
and then exploring whether or not to add additional latent factors re-fitting
the model and evaluating the estimated gene-factor loadings Ty for all genes
g and factors j in the model. Thresholding these probabilities at 0.75 was
used for both new gene inclusion and adding factors; an additional factor was
added to the model only when at least 15 genes showed 7 ; > 0.75. The evolu-
tionary analysis was run in the context of allowing expansion to no more than
1000 genes and 20 factors. The analyses terminated with (p = 1000, k = 15)
for lung, (p = 1000, k = 14) for ovarian and (p = 1000, k = 13) for breast can-
cer. Consistent with our strong belief that factors represent small collections
of genes, the prior on p; was a beta distribution with mean .001 and prior
observations 1000. Both 7; and ¥; were given diffuse inverse gamma priors.

In the remaining discussion, we describe some aspects of the resulting factor
analyses of the three data sets and explore how these signature factor profiles
relate across cancers and also relate to some underlying biological pathway
interconnections. We refer to posterior means AJ; as, simply, factor j or, the
value of factor j, on sample ¢ in any data set. Referring to the full vector
of factors on sample ¢ implicitly denotes the approximate posterior mean
Af. Further, in discussing genes related to a specific factor we refer to genes
being involved in the factor, or significantly loaded on the factor, based on
7, ; > 0.99 in the corresponding analysis.

12.4.1 Indications of E2F3 Co-Regulation with NF-Y

To begin, Figure 12.1 shows the high correlation between the first factor
discovered in the ovarian cancer data (x-axis) compared to projections into
the ovarian data of the first factors from each of the lung and breast analyses.
This is done, according to equation (12.1), by projection of the estimated
factor loadings of lung and breast factor 1 into the ovarian data set.

The first factor can be expected to represent the in vitro instantiation of key
aspects of the projected E2F3 signature, suggesting that at least some, key
aspects of E2F3 pathway activation across the cancer types is reflective of that
seen in the experimental context. The consonance of the structure across the
three cancers suggests a strong and meaningful biological underlying function
is picked up in this component of the projected signature factor profile. This
can be explored by simply looking at the names of genes identified as being
highly loaded on factor 1 in each analysis.

If we look more closely at the three factors 1 in the different cancer types
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FIGURE 12.1: Scatter plot of estimated values A} ; in the ovarian cancer
data set (x-axis) against scores on the ovarian tumors of the lung and breast
cancer factors 1; these two sets of scores are constructed by projection of the
estimated factor loadings of lung and breast factor 1 into the ovarian data set,
as described in Section 12.2.3.

we see that, while the lung cancer data set yields a factor that highly loads
substantially more genes than those discovered in breast and ovarian cancer,
there is substantial overlap in highly loaded genes (Figure 12.2). If we look
at the standardized expression levels of the genes in the intersection of these
three factors in each of the three data sets, we see that there is a clear, shared
pattern of expression across cancer types (Figure 12.3).

With the strongly conserved nature of the first factor across all three data
sets, it is natural to ask whether there is a coherent biological structure one
might attach to the associated genes. We used GATHER (Chang and Nevins |
2006) to search for significant association between the 109 probes (representing
83 genes) in the intersection of the three factors and other known gene lists.
All E2F’s are involved in cell cycle regulation, so it is of no surprise that
this factor shows a strong association with the cell cycle pathway (38 of the
83 genes, GATHER Bayes’ factor of 65). More remarkable is the fact that
50 of the 83 genes are in a list of 178 genes known to have binding sites for
the transcription factor NF-Y in their promoter region (Mantonavi , 1998).
There is strong evidence for the association between NF-Y and E2F; there is
known to be a high correspondence between the presence of E2F3 and NF-Y
binding sites in the promoter regions of many genes (Zhu, et al., 2005). These
two genes are also known to work in concert to regulate Cyclin B and the
beginning of G3/M phase of cell proliferation (Zhu, et al., 2004; Hu, et al.,
2006). Thus there is strong evidence that this factor represents co-regulation
of the cell cycle by E2F3 and NF-Y.
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1794 total lung probes

FIGURE 12.2: A Venn diagram depicting intersections of the gene lists of
factor 1 from breast, lung, and ovarian cancers (total number of genes in each
factor listed outside the circles, the number of genes in each intersection listed
inside). Although the ovarian cancer factor 1 involves a significantly smaller
number of genes than the other cancers, almost all of these (109 of 124) are
common with those in the lung and breast factors.

12.4.2 Adenocarcinoma versus Squamous Cell Carcinoma

The lung cancer data set (from (Bild, et al. , 2006)) is comprised of some
tissues from patients with squamous cell carcinoma, and some from patients
with adenocarcinoma. These are significantly different types of non-small cell
lung carcinoma (as defined histologically) and we expect that many pathways
would show differential expression between these two groups. To explore this,
we generated binary regression models with the lung cancer sub-type as re-
sponse and the 15 estimate factors A} in lung cancer as candidate predictors.
Bayesian model fitting and exploration of subset regressions on these factors
used Shotgun Stochastic Search (SSS) of (Hans, et al., 2007a; Hans, et al. |
2007b) — following previous uses of SSS methodology in “large p” regression
in genomics (Riech, et al., 2005; Blackwell, et al., 2006; Hans and West , 2006)
— to search over models involving factors which distinguish between squamous
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FIGURE 12.3: Patterns of expression of the 109 genes in the intersection
group in Figure 12.2. The genes are ordered the same in the three heat-map
images, and the patterns of expression across samples are evidently preserved
across genes in this set.

cell and adenocarcinoma.

A model involving lung cancer E2F3 profiled factors 4 and 5 shows a clear
ability to distinguish between the expression patterns of squamous cell car-
cinoma and adenocarcinoma (Figure 12.4). Given that there is no such dis-
tinction among the patients in the ovarian or breast cancer data sets, it is
gratifying to note that the expression pattern exhibited by these genes is not
conserved across the other two cancer data sets (Figure 12.5). This is a nice
example of the use of factor profiling to identify clinically relevant predictive
factor structure, one of the key reasons for interest in these models and the
overall approach and is being used in other applications (e.g., Chen, et al. ,
2008; Seo, et al., 2007; Carvalho, et al., 2008).

12.4.3 Survival and the E2F3 Pathway

The same general strategy was explored to assess whether the E2F3 pro-
filed factors relate at all to tumor malignancy and aggressiveness, proxied by
survival data available in all three cancer studies. Again we used SSS for re-
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FIGURE 12.4: Factors 4 and 5 from the E2F3 signature factor profile
in the lung cancer data set show a clear ability to distinguish between ade-
nocarcinoma and squamous cell carcinoma. The figure displays probabilities
of squamous versus adenocarcinoma from binary regression models identified

using SSS.

gression model evaluation, this time using Weibull survival models that draw
on the set of estimated factors as candidate predictors (Hans, et al., 2007a;
Hans, et al. , 2007b). From each of the three separate analyses, we then iden-
tified those factors with the highest posterior probabilities of being included
in the survival regression across many models explored and evaluated on sub-
sets of factors. To exemplify the immediate clinical relevance of these “top
survival factors” and their connections back to the underlying E2F3 pathway
related biology, we mention here one of the top factors from each of the three
analyses.

First, it is a measure of the importance of the E2F3/NF-Y pathway that
the long term survival of breast cancer patients depends significantly on the
E2F/NF-Y factor (Figure 12.6), the factor earlier discussed as being highly
consonant across cancer types. Interestingly, from the survival regressions and
follow-on exploration of survival curves, this pathway factor appears to be
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FIGURE 12.5: Patterns of expression of the genes in factor 4 in lung can-
cer. This factor shows differential expression of 350 genes that distinguish
between squamous cell carcinoma and adenocarcinoma. It is therefore appro-
priate that the pattern of expression is clearly not conserved in the ovarian
and breast cancers.

only mildly important in connection with ovarian cancer survival and really
unimportant in lung cancer survival.

Survival in ovarian cancer is strongly and most heavily associated with
ovarian factor 5 (Figure 12.7), though 1, 5, and 12 in combination produced
the most probable individual survival model candidate in SSS. Factor 5 sig-
nificantly loads on 129 probe ID’s representing 113 genes. We again utilized
GATHER to identify that 47 of these genes contain known binding sites for
Transcription Factor DP-2 in their promoter region. While this factor does
not share a strong correlation with any factor discovered in the breast or lung
tissues, it is true that the expression pattern of the genes in the factor are
conserved in the other data sets. Transcription Factor DP-2 is a known dimer-
ization partner of the E2F family (Rogers, et al., 1996), and is important in
cell cycle regulation via this interaction and perhaps other roles, and so this
suggests a plausible interpretation of factor 5 as related to the interactions of
E2Fs with DP-2. Again, this factor naturally emerges in the factor analysis
as reflecting key aspects of variation of genes in the E2F3 related pathways,
and this very strong linkage to survival outcomes is novel and a starting point
for further biological investigation.

The most probable Weibull survival model in the lung cancer analysis in-
volved lung cancer factor 9, and some of the strength of association of factor
9 is illustrated in Figure 12.8. This factor contains significant 80 probes rep-
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FIGURE 12.6: Kaplan—Meyer curves representing survival in breast cancer
patients with above/below median scores for the E2F/NF-Y factor. Suppres-
sion of the E2F/NF-Y pathway appears to be associated with the decreased
probability of long-term survival.

resenting 66 genes. Of these, 44 contain a known binding motif for E74-like
factor 1 (ELF1) (Nishiyama, et al., 2000), a gene known to be important in the
interleukin-2 immune response pathway. Additionally, ELF1 binds to the key
Retinoblastoma protein (Wang, et al., 1993). Rb is a central checkpoint in the
Rb/E2F network controlling cell proliferation, and is also bound by the mem-
bers of the E2F family (Harbour and Dean , 2000; Nevis, et al., 2001). This
factor seems specific to lung cancer, and the genes it involves do not appear
to show consistent expression in either breast or ovarian samples. A possible
explanation of this is that the lung tumor tissue may have a higher level of in-
vasion by immune cells than the other tissues. This possibility is corroborated
by factor 8, which shows a high degree of relatedness (GATHER Bayes factor
>18) to the biologically annotated pathways representing response to biotic
stimulus, defense response and immune response as calculated by GATHER.
If we examine the expression patterns of lung factor 8 genes in the other two
tumor tissue types, we find that the signature is visibly preserved, but the
pattern is weaker and contains a higher noise level than in lung cancers.
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FIGURE 12.7: Kaplan—-Meyer curves representing survival in ovarian can-
cer patients with above/below median scores for the E2F /TFDP2 factor. Sup-
pression of the E2F /TFDP2 pathway appears to be associated with decreased
probability of long-term survival.

12.5 Closing Comments

Much recent and current expression genomics research has been devoted
to the discovery of lists of genes showing differential expression across some
known phenotypes, or that demonstrate an ability to stratify patients into
different risk groups. While studies of this type have been shown to be useful
in many applications, they have typically relied on the use of clustering and
other simple methods to make the transition between in witro and in vivo
studies. The overall framework of Bayesian factor regression modeling utilizing
sparsity priors, as implemented in the BFRM software and exemplified in a
range of recent studies, provides a formal, encompassing framework for such
trans-study analysis.

The in vivo factor model profiling of in vitro defined expression signatures
of controlled biological perturbations or environmental changes is a powerful
and statistically sound approach that we have further explored and exem-
plified in the current chapter. Multiple current studies in cancer genomics,
and other areas of both basic and human disease related biology, are using
this approach (Lucas et al., 2009a,b; Merl et al., 2010a,b). The example of
the E2F3 signature factor profiling across three distinct cancer types and
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FIGURE 12.8: Kaplan-Meyer curves representing survival in lung can-
cer patients with above/below median scores for the E2F /ELF1 factor. Sup-
pression of the E2F/ELF1 pathway appears to be associated with decreased
probability of long-term survival.

sample data sets is a vivid illustration of the kinds of results that can be ex-
pected: factor model refinements of in vitro signatures define multiple factors
that relate to underlying biological pathway interconnections, generating sug-
gestions for interpretation of factors, biologically interesting contrasts across
cancer types, and suggesting novel directions for functional evaluation as well
as identifying clinically useful predictive factors as potential biomarkers of
cancer subtypes, survival, and other outcomes. Critically, the methodological
framework of Bayesian regression factor modeling under sparsity priors for
both designed experiments and observational samples enables and drives the
overall strategy.
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13.1 Introduction

One of the main goals of survival analysis is to predict patient survival from
the available medical information. In general, suppose T" denotes a lifetime or
time to certain event of interest and a set of covariates or risk factors denoted
by @ of dimension p x 1 are available. We develop survival distribution which
aids to predict the survival time of a new patient with covariates @, e .

Survival distributions are usually characterized by their hazard function
which is the conditional density function at time ¢ given survival up to time
t. In customary modeling, the hazard of an individual is assumed to be a
function of the covariates & as well as ¢. To accommodate censored survival
time we also require the survivor function which is the upper tail probability
function of the survival distribution. A well known way to conduct such an
analysis is Cox’s proportional hazards model (Cox, 1972). In brief, if T is
the survival time, subject to possible right censorship, and X = (X1,...,X,)
is the vector of explanatory variables then the Cox model can be written
as A(t|X) = Ao(t) exp(B.X) where ¢ is a realization of T', Ay is the unknown
baseline hazard function and 3 is the vector of unknown regression coefficients.
The integrated hazard associated with A(t) is A(t) = Ag(t)g(X ) where Ag(t) =
fot Ao (u)du. The survivor function is F(t) = exp {—Ao(t)g(x)} and the density
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for t takes the form f(t) = Ao(t)g(X)e 2 ®9X) where g(X) = exp(B8.X)
is the regression function. The unknown baseline hazard function Ag is the
nonparametric part and the unknown 3 is the parametric part of this model,
which together create a semiparametric model.

There are two steps in the modeling approach (i) modeling the baseline
hazard function A, (ii) modeling the regression function g. Various semipara-
metric Bayesian methods have been developed to model A. These require some
prior random process which generates a distribution function, A(t), or a haz-
ard function, A(¢), and then involves modeling either A(t) or —logF(t). Note
that if F is not differentiable then these are not the same (Hjort, 1990). Then
A(t), or —logF(t), is viewed as a random sample path from a Levy process,
i.e., a nonnegative nondecreasing process on [0, co] which starts at 0 and has
independent increments. For example, Kalbfleisch (1978) models —logF (¢) as
a draw from Gamma process while Hjort (1990) models A(t) as a draw from a
Beta process. Note that the earliest work, which modeled 1—F(t) by a Dirich-
let process (Ferguson, 1973), implies that —logF(t) is a Levy process. Arjas
and Gasberra (1994) introduced correlated Gamma process likewise Sinha and
Dey (1997), Sinha (1998) developed autocorrelated process to model the base
line hazard. A detailed discussion of these procedures has been presented in
Ibrahim et al. (2002).

On the contrary, the Bayesian literature on modeling the regression function
g is sparse. Standard Bayesian nonlinear regression models based on spline,
wavelet or other basis functions (Denison et al., 2002; Smith and Kohn, 1996;
Shively et al., 1999) are convenient to use under a conjugate structure of the
likelihood and the prior distributions which does not exist in the proportional
hazards model setup. Gelfand and Mallick (1995) extended these models by
introducing a random finite mixture process prior and modifying the usual
proportional hazard form as A(t|X) = A(t)g(8.X) where g is an unknown
link function. More general version of this model is A(¢|X) = Ao (t)exp[f(x)]
where f is an unknown function of the covariates. Mallick et al. (1999) utilized
multivariate adaptive regression spline (MARS) to model f and to predict the
future survival curves.

Machine learning techniques have received considerable attention to con-
struct nonlinear prediction models. Even if they have wide range of applica-
tions in the field of classification and regression, their application to survival
analysis is limited. Recently, the machine learning community has developed
some tools that have been successfully used in the construction of classifica-
tion models, including medical prognostic models (Lavrac et al., 1997; Lucas
et al., 1999). Street (1999) built neural networks for predicting recurrence or
survival time. Friedman and Meulman (2003) used additive regression trees to
distinguish between different cervical dysplasia. Delen et al. (2005) empirically
compared neural networks, decision trees and logistic regression for the task
of predicting 60 months breast cancer survival. Zupan et al. (2000) modified
Cox proportional hazards model using machine learning approaches.

All these methods including neural nets, decision trees and multivariate
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adaptive regression spline (MARS) are suitable when the sample size n is much
larger than the number of covariates p in the model. The problem becomes
much more complex when p, the dimension of x is very large, possibly larger
than the sample size n. This is known as the “large p, small n” problem
(West, 2003). In this situation, dimension reduction is needed to reduce the
high-dimensional covariate space; existing techniques like variable selection,
principal component regression or partial least squares can be utilized for this
purpose. However, these methods are based on linear relationship between
the response and the covariate which may not be very realistic. If actual f is
nonlinear, these models may fail to produce reasonable prediction due to lack
of flexibility.

To avoid this difficulty, we propose to use the reproducing kernel Hilbert
space (RKHS) methodology (Aronszajn, 1950; Parzen, 1970) for these prob-
lems. One nice property of RKHS methods is they allow us to project the
prediction problem into a space which is of dimension n < p. That way, di-
mension reduction is inherent within this method. One of the models which
we will consider for this purpose is support vector machine (SVM). The classi-
cal support vector machine (SVM) algorithm, despite its success in regression
and classification, suffers from a serious disadvantage: it cannot provide any
probabilistic outputs. Law and Kwok (2001) introduced a Bayesian formula-
tion of SVM for regression, but they did not carry out a full Bayesian analysis
and used instead certain approximations for the posterior. A similar remark
applies to Sollich (2001) who considered SVM in the classification context.
More recently, Mallick et al. (2005) considered a Markov chain Monte Carlo
(MCMC) based full Bayesian analysis for classification where the number of
covariates was far greater than the sample size.

As an alternative to SVM, Tipping (2000, 2001) and Bishop and Tipping
(2000) introduced relevance vector machines (RVMs). RVMs are suitable for
both regression and classification, and are amenable to probabilistic interpre-
tation. However, these authors did not perform a full Bayesian analysis. They
obtained type II maximum likelihood (Good, 1965) estimates of the prior
parameters, which do not provide predictive distribution of the future obser-
vations. Also, their procedure cannot provide measures of precision associated
with the estimates.

The present article addresses a full Bayesian analysis of proportional haz-
ards (PH) regression problem when p, the number of covariates far outnumber
n, the sample size. The SVM approach is based on reproducing kernel Hilbert
spaces (RKHS) as well as Vapnik’s (1995) e-insensitive loss function. We also
consider the RVM-based analysis in this context, once again by using RKHS.
All existing RKHS based approaches are developed for regression and classi-
fication problems. Our present approach extends them to cope with censored
survival data. This is a significant extension of the existing methods as the
survival data distribution is not at all Gaussian so least squares theory (or
Gaussian likelihood method) is no more valid here. In the Cox model con-
text, we consider a nonparametric prior for the baseline hazards which make
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the survival distribution nonstandard and complex. Moreover, the presence
of censored observations make this problem more challenging than standard
regression or classification problems. In this non-conjugate problem, explicit
calculation of the marginal likelihood is not possible so type II MLE method
is a daunting task. Instead of relying on the type II maximum likelihood esti-
mates of the prior parameters, we assign distributions to these parameters. In
this way, we can capture the uncertainty in estimating these parameters, and
consequently get more reliable measures of precision associated with the Bayes
estimates. A key feature of our method is to treat the kernel parameter in the
model as unknown and infer about it with all other parameters. We obtain
a more accurate prediction by the mixing of several RVM (or SVM) models
through the kernel parameter. Due to analytical intractability of posteriors,
we use the MCMC numerical integration technique for implementation of the
Bayes procedure.

As with other regularization methods, there are smoothing or regularization
parameter(s) which need to be tuned for efficient classification. One popular
approach is to use generalized approximate cross validation (GACV) to tune
the smoothing parameters. In this article we take a different approach, by de-
veloping a hierarchical model where the unknown smoothing parameter will
be interpreted as a shrinkage parameter (Denison et al., 2002). We assign a
prior distribution to it and obtain its posterior distribution via the Bayesian
paradigm. In this way, we obtain not only the point predictors but also the
associated measures of uncertainty. Furthermore, we extend the model to in-
corporate multiple smoothing parameters, leading to significant improvements
in prediction for the examples considered.

We utilize our method to analyze gene expression data. The advent of mi-
croarrays makes it possible to provide thousands of gene expression at once
(Duggan et al., 1999; Schena et al., 1999). In recent years, several microarray
studies with time-to-event outcomes have been collected. The major challenge
here is to predict the survival time of a patient observing his gene expression
profiles and other phenotypes. The models proposed in this article are applied
to the Breast-carcinomas data set (Sgrlie et al. 2001) and the Diffuse Large
B-cell lymphoma (DLBCL) data set (Alizadeh et al., 2000). Both of these
data sets contain very large numbers of predictors compared to the number of
samples: the Breast-carcinomas data set contains 76 samples and 2300 genes
per sample and the DLBCL data set consists of survival times of 40 patients
and expression level measurement of 4513 genes for each patient. The rele-
vant survival curves are estimated. Also we compare the two methods to the
classical proportional hazards model which assumes linearity of covariates.

The article is organized as follows. A brief overview of the Reproducing
Kernel Hilbert Space (RKHS), and SVM and RVM regression is presented
in Section 13.2. Section 13.3 introduces proportional hazards model based on
kernel regression. The hierarchical relevance vector machine for PH regression
is introduced in Section 13.4 and has been extended to support vector machine
in Section 13.5. In Section 13.6, the prediction method has been explained.
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Section 14.2 contains real data analysis. We present our analysis of the Breast-
carcinomas data set and the Diffuse Large B-cell lymphoma (DLBCL) data
set and also the comparison of the methods.

13.2 Background and Framework

In this section we provide brief overview of the support vector machine
(SVM) and relevance vector machine (RVM), the two main methods we will
use in later sections. For the sake of completeness we also present a brief
overview of the reproducing kernel Hilbert space (RKHS) setup.

13.2.1 Reproducing Kernel Hilbert Space

A Hilbert space H is a vector space endowed with an inner product (f, g)
and the corresponding norm || f|| = (f, f)'/2. A Hilbert space can be finite di-
mensional or infinite dimensional. Example of finite dimensional Hilbert space
is R™ with inner product (x,y) = 2Ty and example of infinite dimensional
Hilbert space is Lo, the space of all square integrable functions, with inner
product (f,g) = [ f(t)g(t)dt.

However, we will use the so called Reproducing Kernel Hilbert Space
(RKHS), which are widely used in machine learning. A formal definition of
RKHS is given in Aronszajn (1950), see also Parzen (1970) and Wahba (1990).
Let I be any general index set. For example, I = {1,2,..., N} or I could be
any d—dimensional Euclidean space. Let H be a Hilbert space of functions
on the set I. A complex valued function K(z,y), =,y € I is said to be a re-
producing kernel of H if (i) for every x € I, K,(y) as a function of y belongs
to H and (ii) for every z € I and every f € H, f(z) = (f, K.). If such a
reproducing kernel K (-,-) exists for H then H is called a reproducing kernel
Hilbert space (RKHS).

A real symmetric function K (y,z) is said to be positive definite on I x [
if for every n = 1,2,... and every set of real numbers {a1,as,...,a,} and
{z1,29,...2,}, ¥; € I, we have szzl a;a; K (z;,x;) > 0. By the Moore-
Aronszajn theorem (Aronszajn, 1950), for every positive definite K on I x I,
there exists a corresponding unique RKHS Hg of real-valued functions on I
and vice-versa. If K is the reproducing kernel for the Hilbert space H, then
the family of functions {K (y,x) : y € I} spans H.

13.2.2 Support Vector Machine

The support vector machine (SVM) is a highly sophisticated tool for clas-
sification and regression. As such it is firmly grounded in the framework of
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statistical learning theory, or VC theory, see Vapnik (1995). We will present a
overview of SVM in the regression context. Let (y1,21), ..., (Yn,Tn) € R X H
be n independently and identically distributed observations where y;’s are
the responses and x;’s are the predictors, commonly known as input patterns
in machine learning theory. In the classical e—SV regression (Vapnik, 1995)
the main goal is to find a function f(z) that has at most € deviation from
the actually obtained targets y; for all the observed data but at the same
time is as “flat” as possible. For example, in the linear regression case (f is a
linear function), the basic SVM regression algorithm seeks to estimate linear
functions of the form

fx) = (. 8) +0,

where 5,2 € H and b € R. Here, H is a dot product space in which the
covariates x; reside. “Flatness” in this case means that one seeks small 3. In
this case, SVM minimizes ||3]|?/2 subject to |y; — (z;, 3) — b| < €. In a more
general formulation, SVM seeks to minimize the regularized risk functional
(Scholkopf and Smola, 2002)

181 +Cn Y Jyi = fl@i)le,

=1

where |y — f(x)]e = max{0, |y — f(z)| — €} is called the Vapnik’s e—insensitive
loss function and C is a constant determining the trade-off with the complexity
penalizer.

In general, one is not restricted to the case where f is linear. For general
nonlinear functions, SVM makes prediction based on a function of the form

f@)=Bo+ > BuK(x,2m),
=1

where 3 = (B, ..., 0,)T is the vector of model weights and K (-,-) is a kernel
function, see Tipping (2000). The basic idea is that instead of working with
the original inputs {z;}, one first maps them into a feature space using the
kernel K and constructs the target function using these mapped features. In
this formulation, one minimizes

n! Zﬁ{yi, f(@a)} + Al
=1

where L{y, f(z)} is a loss function determining how one will penalize the
estimation errors based on the empirical data. From the point of view of
the RKHS theory, f(z) is assumed to belong to a RKHS H with kernel K. In
practice, many different kernel functions are used; some wide known examples
are (1) polynomial kernel K (z,z') = ({x,2’)+¢)?, where p is a positive integer,
(2) Gaussian kernel K (z,2") = exp{—||z—2'||?/(20?)} and (3) the hyperbolic
tangent kernel K (z,z’) = tanh(¢{x,z’) + ).
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13.2.3 Relevance Vector Machine

Despite the widespread success of the classical SVM, it exhibits some sig-
nificant disadvantages. One of the most important disadvantages is that SVM
only produces point predictions rather than generating predictive distribu-
tions. To remedy this situation, Tipping (2000) proposed the so-called Rel-
evance Vector Machine (RVM), a probabilistic model whose functional form
is equivalent to SVM. The main idea of RVM is that a prior distribution is
introduced on the model weights 3y, . . ., 3, governed by a set of hyperparame-
ters, one for each weight, whose most probable values are iteratively estimated
from the data.

Following Tipping (2000) and assuming that y follows Normal{ f(x), 0%},
the function f(z) is represented as f(z) = By + >,y BnK(x,2,) and the
likelihood of the data is written as

L = (2m0®)~"" exp{lly — Kf||/(20°)},

where y = (y1,.--,Yn), B8 = (Bo,...,0n) and K is an n x (n + 1) design
matrix with the (4, j)-th element being K;; = K(x;,2j-1),7 = 2,...,n+1
and K;; = 1. The models weights are then assigned a Gaussian prior

n

p(Bla) ~ [T N (0. a5,

=0

where o = (v, ..., a,) are a set of hyper parameters. The resulting posterior
distribution of 3 is given by

p(Bly, o, 0%) o< |52 exp{ (8 — )T (B - w)},

where 0 = (KTBK + A)~! and p = SKT By with A = diag(ao,...,a,) and
B = 07 2I,. It is interesting to note that o? is treated as a hyperparameter
as well. To obtain o and o2, Tipping (2000) used type II maximum likelihood
(Good, 1965) estimates. However, one can also perform a full Bayesian analysis
where priors are assigned on « and o2 as well, see Chakraborty, Ghosh and
Mallick (2007) for example.

13.3 Proportional Hazards Model Based on Kernel Re-
gression

For the survival analysis problem, we have n patients and let the survival
time of the ith patient be denoted by 7; with censoring indicators ¢; (0 if
data is right censored, 1 otherwise), and X; = [X;1, Xi2, ...,Xl-p]T be the p
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covariates associated with it. So our combined data is given by

D = (n,t,0);
X = [Xy,..., X",

where t = (t1,...,t,) are conditionally independently distributed survival
times and § = (d1,...,0,). One of the objectives is to predict the survival
probabilities given a set of new covariates, based on the training data. We
utilize the training data ¢ and X to fit a model p(¢|X) and use it to obtain
the survival distribution P(7%|t, X.) for a future patient with covariate X..
The proportional hazards (PH) model (Cox, 1972) is a frequently used
model in survival analysis. Under this model the hazard function is given by

h(ti X;) = ho(t:) exp(X' ), (13.1)

where hq(t) is baseline hazard function. For added flexibility, we introduce the
latent variables W = (W1, ..., W, ) and extend the PH model as

h(t1|$1) = h()(ti) exp(Wi).

In the next stage, the latent variables W; are modeled as W; = f(X;) + €,
i =1,...,n, where f is not necessarily a linear function, and ¢;, the random
residual effects, are independent and identically distributed. The use of a
residual component is consistent with the belief that there may be unexplained
sources of variation in the data. To develop the complete model, we need to

specify p(t|W), p(W|f) and f.

13.3.1 Modeling of p(t|{W) and the Baseline Hazard Function

To model p(¢|W), we have to specify the distribution of hg in the PH setup
as in (13.1). We followed the nonparametric Bayesian method for PH model
which was suggested by Kalbfleisch (1978). In the PH regression model, T;
has a conditional survival function

P(TZ > ti|W1‘, A) = eXp[—A()(ti) exp(Wl-)],

where Ag is the baseline cumulative hazard function. A Gamma process prior
was suggested by Kalbfleisch (1978)

Ao ~ GP(aA*,a),

where A* is the mean process and a is a weight parameter about the mean
(Ibrahim et al. 2001). Kalbfleisch (1978) showed that if a & 0 then the likeli-
hood is approximately proportional to the partial likelihood whereas a — oo,
the limit of likelihood is the same as the likelihood when the Gamma process
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is replaced by A*. Since we have for given ¢, Ay(t) ~ Gamma(aA*(t),a), the
marginal survival function (after integrating out Ag) is given by

a al™(t)

The joint survival function conditional on A is
P(Ty > ty, ..., Ty > tn|[W,A) = exp{— > _ A(t;) exp(W;)}.

Kalbfleisch (1978) showed that the likelihood with some right censoring is
given by

Lt/W) = exp{— Y _aBiA*(t;)} | [{aX"(t:)B:}*,

with A; = 375 cpr,) €xp(Wi), where R(t;) is the set of individuals at risk at
time ¢; — 0 and B = —log{l — exp(W;)/(a + A;)}.

13.3.2 Modeling of p(W|f) and f Using RKHS

We can consider this part as a latent regression problem with the training
set {W;, X;},i=1,...,n; where W; is the latent response variable and X; is
the vector of covariate of size p corresponding to the ith subject. To obtain
an estimate of f, we can use a regularization framework with

min ZE(Wi,f(wi))+/\J(f) : (13.2)

where L(W, f(X)) is a loss function, J(f) is a penalty functional, A > 0 is the
smoothing parameter, and H is a space of functions on which J(f) is defined.
In this article, we consider H to be a reproducing kernel Hilbert space (RKHS)
with kernel K, and we denote it by Hg. A formal definition of RKHS in given
in Aronszajn (1950), Parzen (1970), and Wahba (1990).

For an h € Hg, if f(X) = Bo + h(X), we take J(f) =|| h [|7,,. and rewrite
(13.2) as

. 2
Jrin ;E(Wi,f(wi)) T AN | - (13.3)

The estimate of h is obtained as a solution of Equation 13.3. It can be shown
that the solution is finite-dimensional (Wahba, 1990) and leads to a represen-
tation of f (Kimeldorf and Wahba, 1971; Wahba 2002) as

= Bo + Zﬂl T, ;). (13.4)
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It is also a property of RKHS that

5 Fe= D BiBi K (m, ;).

ij=1

Representation of f in above form is of special interest to us, because cases
when the number of covariates p is much larger than the number of data points,
we effectively reduce the dimension of covariates from p to n. To obtain the
estimate of fy we substitute (13.3) and (13.4) in (13.2) and then minimize it
with respect to 3 = (B, ..., [n) and the smoothing parameter A. The other
parameters inside the kernel K may be chosen by generalized approximate
cross validation (GACV).

One can view the loss function £L(W, f(X)) as the negative of the log-
likelihood. For example, the squared error loss L(W, f(X)) = {W — f(x)}?
corresponds to the Gaussian negative log-likelihood and the absolute error loss
LW, f(X)) = |W — f(z)| corresponds to the Laplace negative log-likelihood.
Using this formulation, our problem is equivalent to maximization of the pe-
nalized log-likelihood

=Y _LWi (X)) = A bl - (13.5)
i=1
This duality between “loss” and “likelihood”, particularly viewing the loss as
the negative of the log-likelihood, is referred in the Bayesian literature as the
“logarithmic scoring rule” (Bernardo and Smith, 1994, p. 688).

13.4 Relevance Vector Machine-Based PH Regression

For different choices of £ in (13.3), we can obtain varieties of kernel machine
regression. Two most popular choices are relevance vector machine (RVM)
and Support vector machine (SVM). In RVM, we use squared error loss as
L, so that the corresponding likelihood becomes Gaussian in (13.5). In this
framework the distribution of W is given by

W; ~ N(KIB,0%). (13.6)

We assign hierarchical prior to unknown parameters 3, 6 and o2. For 3 a
conjugate prior is assigned

Blo? ~ N(0,02571),

where S = diag(Mo, A1, - .., \n) is a diagonal matrix with precision parameters.
Here )\ is fixed at a small value and other \’s are given Gamma priors

Ai ~ Gammal(c,d).
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An inverse gamma prior is assigned to o2
02 ~ IG(71,72).
The parameter 6 in the kernel K is assigned a uniform prior
0~ Unif(ar,ay).

The matrix with (¢,7)th element K;; = K(x;,2;|0) is called the kernel
matrix. The usual choices are

(i) Gaussian kernel : K (x;,2;|0) = exp(||=5=2|),

(ii) Polynomial kernel : K (z;,z;|0) = (zFz; + 1)7.
In the RVM model, the joint posterior is given by
(Wi — K?5)2>

202

2 L _
(B, A, 0%, 0|W) o XD Z

" 1 grsp
025—1[1/2 exp 902
x exp(—72/0%)(0%) 7
n
X H exp(—dX\)ASh
i=1
Due to the complexity of the posterior distribution, Bayesian procedure re-

quires MCMC sampling techniques such as Gibbs sampling (Gelfand and
Smith, 1990) and Metropolis-Hastings algorithm (Metropolis, 1953).

13.4.1 Conditional Distribution and Posterior Sampling
The full conditional distribution of W is

p(WID, 8,07, 0) < exp{— Y _ aBiA*(t;)} | [{ar" (t:) B:}"
Wi — K" B)?
< exp (_ T %) .

Also the prior distribution specified for 8 and ¢? are conjugate whose pos-
terior distribution is Normal-Inverse Gamma:

p(B,0%|W, A, 0) = N(im,0*V)IG(1,72),
where
m = (Kg Ko+ S~ (Kg W);
V= (K{Ko+S ™%
1 =m+n/2;
Yo + %(W’W — T Vim);

N
S
Il
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and K = [K1,...,K,).

The conditional distribution of the precision parameter \; given 3 is Gamma
and given by

1 1
p(A\i|Bi) = Gamma(c + 3 d-+ 5@).

Now we use these conditional distributions to construct a Gibbs sampler.
The steps are given below

Update W

Update 3 and o2

Update K

Update A

Updating of W is done by updating each W; in turn conditional on the rest.
As the conditional distribution does not have any explicit form, Metropolis-
Hastings procedure can be used with a symmetric proposal density 7.

Updating K is equivalent to updating 6. Here also we need a Metropolis-
Hastings procedure. Here the marginal distribution of §|W is needed. We can
write

p(O|W) = p(W10)p(6).

Let 6* be the proposed change to the parameter. Then we accept this change
with acceptance probability

o= min (1,260,

The ratio of marginal likelihoods is given by

p(Wor) _ [V (7_ )
oW~ e \5)

where V* and 75 are similar to V* and 7, with 6 is replaced by 6*. Updating
3, 02 and ) is easy as they are coming from standard distributions.

13.5 Support Vector Machine-Based PH Regression

In this section, we develop a support vector machine (SVM) based model for
PH regression. The basic setup is similar to that of relevance vector machine
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but the main difference is in the relation between W; and f(z;). In Bayesian
relevance vector machine W; and f(z;) are connected through the squared
error loss function : L(Wj, f(z;)) = (W; — f(;))? and hence the likelihood
induced by this loss function becomes proportional to a Gaussian density.

In support vector machine (SVM) model, we relate W; and f(z;) by a
general loss function: Vapnik’s e-insensitive loss function,

(Wi, fi)le = (Wi = f ()] = I(IWi = f(:)] > e).

This loss function ignores errors of size less than e but penalizes in a linear
fashion when the function deviates more than e amount. This makes fitting
less sensitive to outliers.

Now as before we assume that f(z) is generated from a RKHS with re-
producing kernel K and hence, for i = 1,...,n, f(z;) can be written as K3
where K = [1, K(z;,71|0), ..., K (7, 2,]0)].

The likelihood corresponding to Vapnik’s loss function is given by

p(Wi|B, K) o exp{—p|W; — K" B]}.

This likelihood can be written as a mixture of a truncated Laplace distribution
and a uniform distribution as follows:

P T
Wi 7K = - Wl_K’L €
p(WilB, K) Z(HEp)exp{ pl Ble}
P T T
=P exp{—p[|W; — KXB| — JI(|W; — K.
ST el IWs = KT8] — d1(W; = K| > o)
- P KT _ - KTg —
— S U We = K81 > expl—plIW; ~ K161~ ]
+I(W; — K| < o)}
= p1(Truncated Laplace(K} 3, p))
+ po(Uniform(K} 8 — €, K 3+ ¢)), (13.7)
where p; = ﬁ and py = 1ip€p.

We assign priors on unknown parameters 3,0, p, \; as follows
BlS ~ N(0,571)

where S = diag(Ao, A1, ..., A,) is a diagonal matrix with Ag fixed to a small
value and

Ai ~ Gammal(c, d);
6 ~ Uniform(ar, ay);

p ~ Uniform(rg, ry).
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The joint posterior is given by

ﬂ-(ﬂv)‘aaap“}[/) o8 exp{_pz |Wl - K1T5|6}

i=1
1 T
X m exp (—ﬂ Sﬂ)
X H exp(—d\)ASTE.

i=1

The full conditional distribution of W is

p(W|D, 3,0% X, 0) x exp{— i aB; N (t;)} ﬁ{a)\* (t;) B}
i=1

i=1

P - T
x —L  oxp|—p>S Wi— KT8 | .
e (o3 w7

Due to its complex form, we can not use this posterior distribution to generate
samples. So Metropolis-Hastings procedure is applied to draw samples from

G and .

13.6 Prediction

It is often of great interest to predict the survival time when the corre-
sponding gene expressions are given. Due to the non-linearity of our model it
is not obvious how to do prediction. In this section a prediction procedure is
outlined.

Using results from previous section we see that the conditional survival
curve is given by,

“ aA* (t)

Hence the conditional density of T is given by

dA* (t)
dt

Jr@tW) = —[a log{

al*(t)

o )
a + exp(W) (a + exp(W)) '
So the algorithm of the prediction procedure can be given as follows:

e Compute estimates of parameters from MCMC samples.
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e From the observed gene expressions, s, create the vector M =
(My,...,M,)" with

Mi = K(xobsa Xi)7
where K (-) is the kernel function.

e Generate samples of W using (13.6) for RVM or (13.7) for SVM, where
posterior estimates are plugged in place of parameters.

e Compute the conditional density fr(¢t|WW).

e Take the median of the density as the predicted value,

Tprea = Median{ fr(-|W)}.

To form a (1 —«)% confidence interval for the predicted value, we can use the
interval: (Qa/2, Q100—a/2), Where Q¢ denotes the ("™ quantile of fr(-|W).

13.7 Application
13.7.1 Breast Carcinomas Data Set

Methods proposed in this article are applied to breast carcinomas data set
discussed in Serlie et al. (2001). The purpose of their study was to classify
breast carcinomas based on variations in gene expression patterns derived
from ¢cDNA microarray. Serlie et al. found some novel sub-classes of breast
carcinomas based on gene expression patterns and proved robustness of sub-
classes using separate gene sets. The data set consisted of survival times of
76 samples and expression levels of 2300 genes per sample. There are addi-
tional subgroup information: Basal-like, ERBB2+, Normal Breast-like, Lumi-
nal subtype A, B or C. In this demonstration, the main goal of our analysis is
to investigate whether the survival functions for the different classes of cancer
(Luminal subtype A, B or C versus rest) are different or not. For this purpose,
we consider the binary covariate Xy as: X;o = 1 if the ¢th sample is Luminal
subtype A, B or C and 0 otherwise. We choose 200 genes out of the 2300
genes provided using two-sample t-test. Specifically, we construct t-statistic
for each gene using the two classes of samples (Xo = 1 vs. Xo = 0) and select
the top 200 genes having largest values of the t-statistic. This selection is done
to choose the genes which are most differentially expressed between the two
classes considered in the example and to increase the numerical stability of
our computations. Lee and Mallick (2004) analyzed this data set in the con-
text of gene selection. However they pre-selected 1000 genes using two-sample
t-test.
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Survival curves for breast carcinomas data
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FIGURE 13.1: Estimated survival function for breast carcinomas data us-
ing RVM model(thin line = group 1 and thick line = group 2). Plotted are
the Kaplan-Meier estimates (dashed line) and our estimate (dotted line) with
95% credible interval (solid line).

To develop the semi-parametric model, the baseline function A*(-) is chosen
as Weibull distribution for the Gamma process on the cumulative hazard
function, that is A*(t) = notko, where 19 and kg are estimated for the data.
Following Lee and Mallick (2004), a moderate value of hyperparameter is
chosen as a = 10. We chose a tight inverse gamma prior for o2 choosing v; = 1
and 2 = 10. For prior of A we choose ¢ = 1 and d = 1000. Also, a Gaussian
kernel was used for K. The survival function in the Cox proportional hazards
model is

st = ()

The algorithm was run for 80,000 times and the first 30,000 samples were
discarded as burn-in. We used the samples from the posterior distribution to
obtain the MCMC estimates of the function. The posterior estimates of the
survival curves are given in Figure 13.1 and Figure 13.2 and it is evident that
RVM and SVM models are good fit for this data set.
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Survival curves for breast carcinomas data
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FIGURE 13.2: Estimated survival function for breast carcinomas data us-
ing SVM model(thin line = group 1 and thick line = group 2). Plotted are
the Kaplan-Meier estimates (dashed line) and our estimate (dotted line) with
95% credible interval (solid line).
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FIGURE 13.3: Estimated survival function for DLBCL data using RVM
model (thin line = activated B-like and thick line = GC B-like). Plotted are
the Kaplan-Meier estimates (dashed line) and our estimate (dotted line) with
95% credible interval (solid line).

13.7.2 Diffuse Large B-cell Lymphoma (DLBCL) Data Set

Diffuse Large B-cell lymphoma (DLBCL) data set is described by Alizadeh
et al. (2000). Diffuse large B-cell lymphoma is one of the subtypes on non-
Hodgkin’s lymphoma. Using DNA microarray experiment and hierarchical
clustering Alizadeh et al. (2000) discovered two distinct forms of DLBCL,
namely activated B-like and GC-B like DLBCL and showed that these two
subgroups of DLBCL had different survival time patterns and they can be
distinguished by distinct gene expression of hundreds of different genes.

The data set consists of survival times of 40 patients and expression level
measurement of 4513 genes for each patient. To incorporate grouping a indi-
cator variable X is introduced as X;o = 1 if the ith sample is Activated B-like
and Xj;o = 0 otherwise for ¢ = 1,...,40. Also we have X;; as the normalized
log scale measurement of the expression level of the jth gene in the ¢th sample
where i =1,...,40 and j =1,...,4513.

Prior and hyper-parameters specifications are as in the earlier example.
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FIGURE 13.4: Estimated survival function for DLBCL data using SVM
model (thin line = activated B-like and thick line = GC B-like). Plotted are
the Kaplan-Meier estimates (dashed line) and our estimate (dotted line) with
95% credible interval (solid line).
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TABLE 13.1: Predictive Mean Square Errors
for the Proportional Cox Hazard (CPH) Model,
Relevance Vector Machine (RVM) Model, and
Support Vector Machine (SVM) Model for the
Breast Carcinomas Data and DLBCL Data

Model | Breast carcinomas data | DLBCL data
CPH 7.24 7.03
RVM 1.49 1.97
SVM 1.67 2.11

The algorithm was run for 80,000 times and the first 30,000 samples were
discarded as burn-in. We exploited the posterior samples to get the MC esti-
mates of the function. The posterior estimates of the survival curves are given
in Figure 13.3 and Figure 13.4. We can see that, for this data set too, our
methods provide good estimates for the two groups.

13.7.3 Model Comparison

Finally, we compare methods proposed in this paper to the classical propor-
tional hazards model (CPH) which assumes linearity of covariates. To compare
the methods, we divide our data, for each of the two data sets, into a training
set consisting of 75% of the samples and a test set consisting of the remain-
ing 25% samples. After we train the procedure with the training set, survival
times are predicted using the test data set and prediction mean square er-
rors (PMSE) are computed. This has been done 20 times and the average
PMSE values are computed. The results are shown in Table 13.1. It can be
noted that the PMSE for RVM and SVM based regression are much smaller
than the PMSE for CPH, for both the data sets. In view of results it is clear
that non-linear methods are performing better than the classical method in
the sense of reduced prediction mean square error. RVM performed the best
among these three procedures.

13.8 Discussion

In this article, we have introduced kernel based proportional hazards re-
gression models for relating covariates to censored survival data. The method
is particularly useful when the number of covariates exceeds the sample size.
The methods developed here generalize the idea of kernel regression for binary
or multi-category data to censored survival data. Specifically, we propose rele-
vance vector machine based fully Bayesian framework for proportional hazard
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regression with censored data. The main idea is to start from the likelihood
arising from standard proportional hazard regression but model the joint ef-
fect of the covariates using a unknown nonparametric function f(-). Next, f(+)
is assumed to belong to a RKHS with reproducing kernel K(-,-) and f(-) is
expressed using the kernel representation. This representation automatically
reduces the dimension of the design matrix to n from p >> n. Using this
formulation, we then build a fully Bayesian model and draw inference using
the posterior sample.

There are various advantages of this method. One important advantage is
that it enables the user to create predictive distributions for future observa-
tions. In addition, there is no computational or methodological limitation in
terms of number of covariates.

One important possible future research is to examine how different number
of covariates used in model affects the results of prediction, extending this
method for multivariate survival data is another.
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Abstract

Early detection is critical in disease control and prevention. Molecular
biomarkers provide valuable information about the status of a cell at any
given time point. Biomarker research has benefited from recent advances in
technologies such as gene expression microarrays, and more recently, pro-
teomics. Motivated by specific problems involving proteomic profiles gener-
ated using Matrix-Assisted Laser Desorption and Ionization (MALDI-TOF)
mass spectrometry, we propose model-based inference with mixtures of beta
distributions for real-time discrimination in the context of protein biomarker
discovery. Most biomarker discovery projects aim at identifying features in the
biological proteomic profiles that distinguish cancers from normals, between
different stages of disease development, or between experimental conditions
(such as different treatment arms). The key to our approach is the use of a
fully model-based approach, with coherent joint inference across most steps
of the analysis. The end product of the proposed approach is a probability
model over a list of protein masses corresponding to peaks in the observed
spectra, and a probability model on indicators of differential expression for
these proteins. The probability model provides a single coherent summary
of the uncertainties in multiple steps of the data analysis, including baseline
subtraction, smoothing and peak identification. Some ad-hoc choices remain,
including some pre-processing and the solution of the label switching problem
when summarizing the simulation output.
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14.1 Introduction

We propose a model-based approach to analyze data from Matrix-Assisted
Laser Desorption and Ionization — Time of Flight (MALDI-TOF) experiments.
We construct a mixture of Beta model to represent protein peaks in the spec-
tra. An important feature of the proposed model is a hierarchical prior with
indicators for differential expression for each protein peak. The posterior dis-
tribution on the number of peaks, the locations of the peaks and the indicators
for differential expression summarizes (almost) all relevant uncertainty related
to the experiment. This is made possible by using one coherent model to im-
plement joint inference for multiple steps in the inference, including baseline
subtraction, noise removal, peak detection and comparison across biologic
conditions.

Molecular biologists and geneticists have been guided by the central dogma
that DNA produces RNA, which makes proteins, the actual agents that per-
form the cellular biologic functions (Alberts et al., 1994). Researchers are in-
terested in seeking both genetic and protein biomarkers of disease. Advances
in genomics have given scientists the ability to assess the simultaneous expres-
sion of thousands of genes commonly collected from ¢cDNA microarrays and
oligonucleotide gene chips. More recent advances in mass spectrometry have
generated new data analytic challenges in proteomics, similar to those created
by gene expression array technologies. Proteomics is valuable in the discovery
of biomarkers because the proteome reflects both the intrinsic genetic program
of the cell and the impact of its immediate environment (Srinivas et al., 2001).
Specifically, in the context of medical and cancer research, the clinician’s ul-
timate aim of finding new targets for diagnosis and therapeutic strategies can
benefit from a better understanding of the molecular circuitry. Valuable infor-
mation can be obtained by investigating protein profiles over a wide range of
molecular weights in small biological specimens collected from different patho-
logical groups, such as different disease stages, different treatment arms, or
normal versus cancer subjects. See, for example, Baggerly et al. (2006) for a
review of the experimental setup. In this paper, motivated by specific cancer
research challenges involving Matrix- Assisted Laser Desorption and Ionization
(MALDI) proteomic spectra, we suggest techniques based on density estima-
tion for purposes of discrimination, classification, and prediction.
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14.1.1 Background

Proteomics was originally defined to represent the analysis of the entire
protein component of a cell or tissue. Proteomics now encompasses the study
of expressed proteins; specifically, this refers to a group of technologies that
attempt to separate, identify and characterize a global set of proteins, as dis-
cussed in Arthur (2003). Proteomic methods may be used to simultaneously
quantify the expression levels of many proteins, thus providing information
on biological cell activity such as the structure-function relationship under
healthy conditions and disease conditions, for example cancer. Proteomic tech-
nologies can be employed to identify markers for cancer diagnosis, to monitor
disease progression, and to identify therapeutic targets. These methods may
be applied to easily obtained samples from the body (blood serum, saliva,
urine, breast nipple aspirate fluid) in order to measure the distribution of
proteins in that sample. Among the most important proteomic methods are
2D gel electrophoresis, and mass spectrometry. Mass spectrometry (MS) mea-
sures the relative amounts of individual molecules in a sample, converted to
ions. The quantity that is actually measured is the mass-to-charge, or the m/z
ratio. Masses of atoms and molecules are usually measured in a unit called
the Dalton, which is defined as 1/12 the mass of 2C. The unit of charge 2
is that present on an electron or a proton. The m/z ratio therefore refers to
the number of Daltons per unit charge. In the case of singly charged ions,
such as (most of) those generated in MALDI, this ratio is numerically equal
to the ionic mass of the ions (in Daltons), plus one, due to the added mass
of the unbalanced proton. In general, MS works by converting molecules to
ions and measuring the proportions of the resulting ions in the mixture, after
sorting them by the m/z ratio. This results in a histogram of m/z values,
usually termed as a mass spectrum. Two common MS technologies are the
Surface Enhanced Laser Desorption and Ionization (SELDI) technique and
the MALDI method. MS, especially using the MALDI technique, has been
very successfully applied to determine the molecular weight of both peptides
and proteins, as well as to obtain structural information. This procedure has
the advantages of rapid setup, high sensitivity, and tolerance for heteroge-
neous samples. Details of the experimental setup are described, for example,
in Baggerly et al. (2003) or Baggerly et al. (2006). Briefly, the biological sam-
ple for which we wish to determine protein abundance is fixed in a matrix. A
laser beam is used to break free and ionize individual protein molecules. The
experiment is arranged such that ionized proteins are exposed to an electric
field that accelerates molecules along a flight tube. On the other end of the
flight tube molecules hit a detector that records a histogram of the number of
molecules that hit over time. Assuming that all ionized molecules carry a unit
charge, the time of flight is deterministically related to the molecule mass.
The histogram of detector events over time can therefore be changed to a his-
togram of detector events over protein masses. Allowing for multiple charges,
the mass scale is replaced by a scale of mass/charge ratios. The histogram
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FIGURE 14.1: Raw data. The left panel shows the recorded spectra for
normal samples. The right panel shows the spectra for tumor samples. The X
axis are the m/z values.

of detector events is known as mass/charge spectrum. More technical details
are available, for example, in Siuzdak (2003) or de Hoffman and Stroobant
(2002). Our motivating data set was generated using the MALDI technique.

Figure 14.1 shows typical mass spectra, plotted against mass/charge ratios.
Ideally, one would expect a mass spectrum to be mostly flat, with spikes at the
masses of proteins in the mixture. However, that is not the case. Firstly, each
charged particle, on being energized by the laser, has a random initial velocity,
before being accelerated by the electromagnetic field. These phenomena lead
to the existence of a fairly smooth peak around the mass of the protein con-
cerned. For lower m/z molecules, the peak is very narrow, and it gets broader
with increasing m/z. Moreover, the ions generated may have slightly different
masses, due to addition or removal of charged particles. In order to improve
the resolution of the mass spectrometer, the sample is usually fractionated.
This is achieved, for example, by running the sample through a gel, which
separates out different molecules according to their pH values. The gel is then
divided into pieces or fractions. Ideally, each fraction should contain a definite
and distinct subset of proteins in the sample. The portion of the sample from
each fraction is isolated and analyzed by the mass spectrometer. In practice,
however, we find that the fractions do not separate as cleanly as expected.
In some cases, the same protein may be found in multiple fractions, and the
fractions may not be consistent across samples. This is the case, for example,
for the motivating data set described later. Various other sources of noise ex-
ist in mass spectrometry. In MALDI, noise may arise from ionized molecules
from the underlying matrix. This usually occurs at the lower end of the m/z
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spectrum. Also, electrical noise may interfere, particularly if the sensitivity is
low or extremely small proportions of samples are used. This noise may give
rise to spurious peaks. At very low m/z values, large numbers of particles can
saturate the detector and introduce additional artifacts.

14.1.2 Statistical Methods for Classification of Mass Spec-
trometry Data

Recent literature in the cancer classification arena that used MS generated
data focused mainly on identifying biomarkers in serum to discriminate can-
cer from normal samples. Often the process involves a split of the data into
a training set and a validation set. The training set is used to identify a sub-
set of interesting biomarkers; the validation set is used to assess the selected
biomarkers either individually or simultaneously by their ability to classify
samples accurately in the separate test set. A number of statistical methods
have been discussed for biomarker selection, including t—statistics by Chen
et al. (2002), tree-based classification methods by Adam et al. (2002), genetic
algorithms and self-organizing maps by Petricoin et al. (2002) and Baggerly
et al. (2003), and artificial neural networks by Ball et al. (2002). The common
classification methods used include the classical approaches such as linear dis-
criminant analysis, quadratic discriminant analysis and k-nearest neighbors.
More recent publications have discussed the use of bagging and boosting to
the construction of a classifier, see Yasui et al. (2003) and Wu et al. (2003).
Moreover, Wu et al. (2003) also compared the performance of random forest
to other methods of classification and variable selection.

14.2 The Data

We consider the data set used as part of the First Annual Conference on
Proteomics and Data Mining at Duke University. The ultimate goal is to
identify protein biomarkers that distinguish between lung cancer and normal
subjects. Assuming that the up- (or down-) regulation of certain proteins is
the consequence of a transformed cancerous cell and its clonal expansion, an
early detection research project may focus on the identification of such early
molecular signs of lung cancer via the assessment of protein profiles from
specific biological specimens. Researchers can thus analyze the collected pro-
tein profiles and identify signature fingerprints for the classification between
lung cancer and normal samples. Based on the identified signature profiles,
researchers can ultimately study the biological significance of those specific
proteins or peptides. Such advances can potentially lead to clinical detection
tools. Different research groups have attempted to develop techniques to clas-
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sify or cluster this data set. Our analysis initially employs the preprocessing
steps described in Baggerly et al. (2003). This motivating data set consists
of MALDI-MS spectra of serum for 24 individuals with lung cancer and 17
normal individuals (without cancer). For each subject (sample), the raw data
contained recordings of 20 fractions. Each such spectrum had readings for
60831 m/z values.

Traditional inference for mass/charge spectra proceeds in a step-wise fash-
ion, often ignoring uncertainties involved in each step of the process. For
example, Baggerly et al. (2003) analyzed this data set using the following
steps.

First, a baseline, computed using a windowed local minimum technique,
is subtracted from the data. This baseline correction has to be performed
separately for each spectrum in each sample. It is a crucial step in the pre-
processing, as we cannot combine the spectra otherwise in a meaningful man-
ner. Next, using a Fourier transform, periodic noise most likely associated
with electrical activity is removed. Next, the spectra are scaled by dividing by
the total current over all the readings. Next, exploratory data analysis showed
that several peaks were scattered across fractions, appearing in different frac-
tions for different samples. Therefore, the normalized fractions were combined
to generate one spectrum per sample. In a final pre-processing step, the di-
mensionality of the data was drastically reduced by carrying out a windowed
peak identification. Taking the maximum intensity in each window (of 200
readings) and taking windows in which at least 8 of the samples contained
a peak, using an ad-hoc definition of peaks, the dimensionality was reduced
from 60381 to 506. The combined result of these pre-processing steps is a
506 x 41 peak matrix.

Baggerly et al. (2003) combined a genetic algorithm and an exhaustive
search to extract a small subset of peaks which were good discriminators
between cancers and normals. Perfect classification was achieved with a set
of 5 peaks with intensities at the following M/Z values: 3077, 12886, 74263,
2476, and 6966 Dalton.

14.3 Likelihood Based Inference for Proteomic Spectra

A common feature of currently used methods is the use of some form of
smoothing to separate the observed mass/charge spectrum into noise and sig-
nal, by directly smoothing the raw spectrum, by considering principal com-
ponents, or by using reasonable exploratory data analysis tools like the win-
dowing of the raw data described before. Also, most methods involve multiple
steps, including separate steps related to noise removal, baseline subtraction,
peak identification, and finally identification of differentially expressed peaks.
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Such methods are highly appropriate when the focus of inference is the search
for peaks corresponding to specific proteins and the identification of peaks
that are correlated with the biologic condition of interest. A critical limita-
tion, however, is the lack of a joint probability model that characterizes the
combined uncertainty across all steps, and can be the basis for probability
statements related to the desired inference. As an alternative we propose a
likelihood-based approach that allows us to implement joint inference across
all steps. The estimated peaks differ little from what is obtained with other
methods. The main difference is in the full probabilistic description of all rele-
vant uncertainties. Instead of a point estimate we report a posterior distribu-
tion on the unknown true spectrum of mass/charge ratios. All uncertainties
related to denoising and baseline substraction are appropriately propagated
and accounted for. The proposed approach proceeds as follows. We treat the
spectrum as a histogram of observed detector events. We assume that the
original time-of-flight scale has been transformed to counts on a mass/charge
scale. Let pr(m) denote the frequency of mass/charge ratios m in the k-th
sample. We treat the recorded data as an i.i.d. sample of draws from py. This
naturally turns the inference problem into a density estimation problem of
inference on the unknown distribution pg, conditional on a random sample
summarized by the observed spectrum. The problem differs from traditional
density estimation problems due to the nature of the prior information. The
spectrum pg is known to be multimodal with sharp peaks corresponding to
different proteins, plus a smooth baseline. We are thus lead to consider models
for random distributions pi on a compact interval, allowing for relatively nar-
row peaks corresponding to different proteins. Without loss of generality we
assume that the range of mass/charge ratios is rescaled to the interval [0, 1].
A convenient model for random distributions on the unit interval that allows
for the desired features is a mixture of Beta distributions. Restricting the
Beta distributions in the mixture to integer parameters over a certain range
leads to Bernstein priors discussed in Petrone (1999a). We follow Robert and
Rousseau (2003) who argue for the use of Beta mixtures with unconstrained
parameters to achieve more parsimonious models. We introduce an additional
level of mixture to deconvolve the random distribution into one part, fx,
corresponding to the peaks arising from specific proteins and one part, By,
corresponding to a non-zero baseline arising from background noise in the
detector, the matrix used to fix the probe on the sample plate and other
unspecified sources unrelated to the biologic effects of interest. A hierarchical
prior distribution completes the model. In words, the hierarchical prior proba-
bility model is described as follows. We start with a distribution for a random
number J of peaks, continue with a prior for the location and scale of the
J peaks, and weights for each peak in each of the biologic samples. Samples
collected under different biologic conditions, for example, tumor and normal,
might require different weights, corresponding to different abundance of the
respective protein in the samples. In addition to the peaks related to specific
proteins in the probes the mixture also includes terms to represent a smooth
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baseline. Inference about the baseline is usually not of interest in itself. It is
a nuisance parameter. We use Ji to denote the number of Beta terms that
constitute the baseline, allowing for a different size mixture for each sample
k. Details of the prior are described below. In the context of this hierarchical
Beta mixture the desired inference about relative abundance of proteins in
the probes reduces to inference about the weights in the Beta mixtures. We
implement inference with a reasonably straightforward Markov chain Monte
Carlo (MCMC) posterior simulation. The random number J and Jj, of terms
in the mixtures complicates inference by introducing a variable dimension pa-
rameter space. We use a reversible jump MCMC implementation to achieve
the desired posterior simulation.

14.4 A Hierarchical Beta Mixture Model

We assume that the mass/charge spectrum is recorded on a grid m;, i =
1,...,I. For convenience we rescale to m; € [0,1]. Let yp(m;), k =1,..., K
denote the observed count in sample k for mass/charge ratio m;. Due to the
nonlinear nature of the transformation from time-of-flight to mass/charge,
the grid on the mass/charge scale is not equally spaced. Sample k is observed
under biologic condition x. For example, z; € {0,1} for a comparison of
normal versus tumor tissue samples. We write yx = (yp(m1), ..., yr(mr)) for
the data from the k-th sample, y = (y1,...,yx) for the entire data set, and
0 to generically indicate all unknown parameters in the model. We use an
unconventional parametrization of Beta distributions, letting Be(m, s) denote
a Beta distribution with mean m and standard deviation s (with an appro-
priate constraint on the variance). This notation simplifies the description of
reversible jump moves and other technical details below. Finally, we generi-
cally use p(a) and p(a | b) to denote the distribution of a random variable a
and the conditional distribution of a given b. We use notation like Be(x; m, s)
to denote a Beta distribution with parameters (m, s) for the random variable
. We assume the following sampling model:

I
plyr | 0) = [ [ e (mi)”* ", pr(m) = pox Bi(m) + (1 — pok) fr(m). (14.1)
=1

In words, we assume i.i.d. sampling from an unknown distribution pj. The
distribution py, is assumed to arise as a convolution of a baseline By (m) and
a spectrum fi(m). We refer to the data y, as the empirical spectrum, fi
as the unknown true spectrum, Bj as the baseline, and pj as baseline plus
spectrum, or the unknown distribution of mass/charge ratios. Both baseline
and spectrum, are represented as mixtures of beta distributions. The means
of the Beta kernels in the mixture for fj, are the mass/charge ratios of the
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detected proteins. Specifically we define

J

felm) = wa; Be(m; €5, 0;), (14.2)
j=1

where © = x denotes the biologic condition of sample k. We assume that
0o = (J,€j,5, j =1,...,J), the number and location and scale of the Beta
terms, is common across all samples. The weights w,; are specific to each
biologic condition. This is consistent with the interpretation of the peaks in
the spectrum as arising from proteins in the sample. The weights are the
abundance of protein j in the k-th sample. For the baseline we use a similar
mixture of Beta model:

Jk

Bi(m) = vk Be(m; nij, Br)- (14.3)
j=1

Here J, is the size of the mixture, vx; are the weights, and (nx;, Bx;) are the
parameters of the j-th term in the mixture for the baseline of sample k. The
parameters 0, = (Ji, Vkj, Mkj, Brj, § = 1,..., i) describe the Beta mixture
model for the baseline in the k-th sample. The choice of the mixture of Beta
representation for the baseline is for convenience of the implementation. Any
alternative non-linear regression model, such as regression splines, could be
used with little change in the remaining discussion.

The likelihood (14.1) describes the assumed sampling model, conditional
on the unknown parameters 6 = (6, 0y, wg, k = 1,..., K), with (14.2) and
(14.3) defining how the parameters determine the sampling model. The model
is completed with a hierarchical prior. Let Poi' ()\) denote a Poisson distribu-
tion with parameter A, constrained to non-zero values, let Ga(a,b) denote a
Gamma distribution with expectation a/b, and let U(a,b) denote a uniform
distribution on [a, b]. For the baseline mixture we assume

Jx ~Poi™ (Ro),mk; ~ U(0,1), Br; ~ U(B,B), and vy ~ Dir(1,...,1).
(14.4)

Here Ry, 8 and 3 are fixed hyperparameters. For the peaks in the spectra we
assume

J ~Poit(Ry),e; ~U(0,1), aj ~ U(a, @), (14.5)

with fixed hyperparameters Ry, « and @. A constraint @ < 3 ensures identifi-
ability by uniquely identifying any given Beta kernel as a term in either the
baseline mixture (14.4) or a peak in (14.5).

Finally, for the weights w,; we assume common values for all samples un-
der the same biologic condition. Thus the weights are indexed by biologic
condition z and peak j. The prior model includes positive prior probability
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for ties wo; = wij. Let A\; = I(wo; = wi;) be an indicator for a tie and let
I'={j: A\j=1} and L = A; denote the set of indices and the number of
peaks with \; = 1 and Wy = >, wo;. Let w*t and w’, x = 0,1, denote
the (standardized) subvectors of the weights w,; defined by A; as follows:

1
w = (wil, .. wit) = W(woj; jer)and
1
*| *| 1 .
wzo = (wzgﬂ"'7w;?J—L) = 1— W, (wwj; Jj&r).
We assume

Priyj=0)=mj=1,....J
w*t ~ Dir(Cu,...,Cy), and wi’ ~ Dir(Cy,...,Cy), x=0,1, (14.6)

and p(W1 | A) = Be(L Cy, (J — L) Cy). In words, we assume that the weights
wo = (wo1,---,woys) and wy; = (wi1,...,wiy) are generated as product of
independent rescaled Dirichlet distributions on the subsets of differentially
and non-differentially expressed peaks, with positive prior probability 7w of
any of the peaks j = 1,...,J being identical across x = 0,1. The model
is completed with a hyper prior 7 ~ Be(Ay, By) (using the conventional
parametrization of a Beta distribution).

We recognize that the model specification includes several simplifying as-
sumptions. For example, we assume equal weights w,; across all samples under
the same biologic condition. A more realistic prior would require a hierarchical
extension with sample specific weights, centered at distinct means under each
biologic condition. Instead, we chose to use the simplified model and subsume
the model misspecification error in the multinomial sampling model. Another
simplification is the uniform prior on the peak locations €; and peak widths
a;j. A more informative prior might formalize the fact that peaks at higher
masses tend to be wider, for reasons related to physics of the experimental
arrangement. Such dependent priors could easily be substituted for (14.5).

14.5 Posterior Inference

Inference in the proposed mixture of Beta model is implemented by Markov
chain Monte Carlo (MCMC) simulation. Most details of the implementation
are straightforward applications of standard MCMC algorithms. See, for ex-
ample Tierney (1994). We describe the outline of the algorithm by indicating
for each step the random variables that are updated, and the random quanti-
ties that are conditioned upon their currently imputed values. We use notation
like [z | y, 2] to indicate that x is being updated, conditional on the known or
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currently imputed values of y and z. We generically use 8~ to indicate all pa-
rameters, except the parameter on the left side of the conditioning bar. Each
iteration of the MCMC simulation includes the following steps: [vx | 67, y],
[/\j | 6‘773/*]7 [Wl | eij*]j [w*l | eivy*]v [wio | eivy*]v [7T | gij*]’ [pOk | y*]7
[Jk | 977y]7 [J | 977y]7 [ﬁkj | eivy]v [nkj | aij]’ [aj | aij]’ and [Ej | aij]'

All steps except for the steps that update J and Ji are carried out with
Metropolis-Hastings transition probabilities. We considered the use of im-
puted latent variables to replace the mixtures with conditionally conjugate
hierarchical models, but found this to be computationally inferior. The tran-
sition probabilities used to update J and Jj require more attention. Changing
the size J and Ji, respectively, of the mixtures implies a change in dimension
of the parameter vector. We implement this by an application of reversible
jump MCMC (RJ) transitions (Green, 1995).

The reversible jump moves for changing J and J; use split/merge and
birth/death proposals. The construction of the moves follows Richardson and
Green (1997) who define RJ for mixture of normal models. However, the
nature of the spectra with multipe highly peaked local modes requires a careful
implementation. Below we explain the moves to update J. The moves for
Ji are similar. The nature of By as relatively smooth baseline makes the
transition probabilities to change J; computationally easier to carry out.

We introduce a matching pair of split and merge moves to propose incre-
ments and decrements in J. The split move implements a proposal to replace
a currently imputed peak j in fi by two daughter peaks j; and jo, main-
taining the first two moments, and restricting the move such that the two
new peaks are each others’ nearest neighbors. The latter restriction simpli-
fies the matching merge move. To select the peak to be split we pick with
equal probabilty any of the current peaks. Without loss of generality as-
sume j = J, j1 = J and jo = J + 1, and we assume A; = 0, i.e., the
selected peak is imputed to be differentially expressed across biologic con-
ditions = 0,1. The modifications for \; = 1 are straightforward. Also,
in the following description we mark parameter values for the proposal with
tilde, as in 6. To propose new weights we generate two auxiliary variable
U1y ~ Be(2,2), x = 0,1 and define Wy 5 = U1, Wey and Wy, j41 = (1—u1y) We .
To propose location and scale for the two new daughter peaks we generate
two auxiliary variables ug ~ Be(2,2) and us ~ Ga(5,5) and define €; =

€7 + Ua\/Wy, g41/Wyg and €541 = €5 — Ua\/ Wy /Wy, s41 for the locations and

ay = /(1 —u3)(1 —ud)a2wy /.y and a1 = Jusz(l —ud)adwyy /g
With the appropriate RIMCMC acceptance probability we accept the pro-
posal as the new state of the MCMC simulation. Otherwise we discard the
proposal. The matching merge proposal starts by selecting a pair of adjacent
peaks, (j1,Jj2) and uses the inverse transformation to propose a merge.
Another pair of transition probabilities to change J are birth and death
moves. To prepare a birth proposal it is important to slightly modify tradi-
tional birth/death proposals as used, for example, in Richardson and Green
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(1997). Because of the extremely narrow nature of the peaks in the spectrum,
a randomly proposed new peak would have practically zero chance of of being
accepted when evaluating the ratio of likelihood values in the RJ acceptance
probability. Instead we exploit the availability of reasonable ad-hoc solutions.
Let A= {a8, e}, we,,x=0,1,7%; h=1,...,H} denote a list of peaks iden-
tified by a preliminary data analysis step, using for example the approach
outlined in Section 14.2. We refer to A as the reference solution. In words, the
birth move proceeds by proposing a new peak as a slightly jittered copy of one
of the reference peaks. The new peak is restricted to be, among all currently
imputed peaks, the closest neighbor to the identified reference peak. The ad-
ditional randomness and the restriction to nearest neighbors is important to
facilitate the matching death move. Specifically, we start by randomly selecting
anindex h € {1,..., H} to identify a peak in the reference solution. Then eval-
uate A = min {|e) —¢;|,j =1...J, S|ef — ol g # h} and o = min{A,ag}
and generate auxiliary variables u, s, vg, v1,7

u~ N(0, 02) I(Ju| < A), s~ Galep,cp), Pr(r=1)=mp,v, ~ Be(cp, cp).

Again we use 6, etc., to mark proposed parameter values. We propose € J+1 =
€ +u, jp1 = ay s and /\J+1 = r. We define weights for the newly proposed
peak as Wy, j+1 = Wo, Ve, With = 0,1 if )\J+]_ =0and z =0 if )\J+]_ =1.
Finally, we re-standardize the weights @,; to sum to Wy over {j : \; = 1}
and to (1 — W) over {j: A\; =0}.

The matching death move proceeds by identifying one of the reference peaks,
again by h ~ U{1,..., H}, and finding the currently imputed peak j that is
closest to €j. When evaluating the appropriate RJ acceptance probability we
keep in mind that ¢; might be nearest neighbor to more than one reference
peak.

14.6 Results

We implemented the proposed algorithm to analyze the lung cancer data
set described in Section 14.2. We exclude the very low part of the m/z scale to
avoid saturation artifacts. Figures 14.2 through 14.8 summarize the inference.
We use Y to generically indicate the observed data. Figure 14.2 shows the
estimated size of the beta mixtures. The baseline is adequately modeled with
mixtures of between 1 and 4 beta kernels. Although the baseline is not of
interest by itself, appropriate modeling of the baseline is critical for meaningful
inference on the spectrum fr. The number of distinct proteins seen in the
spectrum is a posteriori estimated between 15 and 29 (Figure 14.2). The
raw spectra include many more local peaks. But only a subset of these are
a posteriori identified as protein peaks. Others are attributed to noise, or
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FIGURE 14.2: p(J | Y) and p(Ji | Y). The histogram in the left panel
shows the posterior probabilities for the number of distinct peaks. We find
the posterior mode around 18 peaks. The boxplots (right panel) summarize
the posterior distributions p(J; | Y). The number of terms in the baseline
mixtures was constrained at Jp < 5.

included in the estimated baseline. Figure 14.3 shows the estimated mean
spectra. The figure plots E[fx(m) | Y,z = z] for a future, & = (K + 1)-
st sample of normal (z = 0) and cancer (x = 1) tissue, respectively. The
posterior mean is evaluated as

Elfe(m) | Y, 2] = waJBem € a;) | Y]
j=1

The posterior expectation is approximated as the ergodic average over the
iterations of the MCMC simulation. The model includes the unknown distri-
butions f; as random quantities, parametrized by 6y. Thus, in addition to
point estimates, posterior inference provides a full probabilistic description of
uncertainties. Figure 14.4 illustrates the posterior distribution p(fi | V) by
showing 10 random draws for the random distributions.

Posterior probabilities for any event of interest related to fr can be re-
ported. In particular, we find posterior probabilities for differential expression
across the two biologic conditions. This is shown in Figure 14.5 which summa-
rizes posterior inference on the indicators for differential expression, 1 — A;.
(Recall that A; is defined as indicator for wg; = wyj, i.e., non-differential
expression). The figure shows estimated marginal probabilities of differential
expression for all distinct peaks. A minor complication arises in reporting and
summarizing posterior inference about distinct proteins. The mixture fi only
includes exchangeable indices j, leading to the complication that the Beta
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FIGURE 14.4: Posterior inference defines a probability model on the un-
known spectra. The two panels show ten draws from p(f | V) for zx = 0
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FIGURE 14.6: Detected proteins. The figure plots the posterior estimated
weights E(w,; | Y) against mass/charge ratios E(e; | Y'). Panel (a) plots
the average weight E(w,; | Y), averaging over all iterations that reported
a protein peak at €;. Panel (b) scales the average weight by the probability
of a peak being detected at €; (i.e., no detection is counted as w = 0). For
genes with E(); | Y) > 0.5 we plot the posterior expectation of wp;. For
differentially expressed genes we plot posterior expectations for w,; for both
conditions, x = 0, 1, linked with a line segment. Only proteins with posterior
expected weight greater or equal to 0.05 are shown.
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kernel corresponding to a given protein might have different indices at differ-
ent iterations of the posterior MCMC simulation. In other words, the protein
identity is not part of the probability model. To report posterior inference
on specific proteins requires additional post-processing to match Beta kernels
that correspond to the same protein across iterations. We use an ad-hoc rule.
Assume two peaks, j and h are recorded in the MCMC simulations and as-
sume that the j-th peak occurred first in the MCMC output. The two peaks j
and h are counted as arising from the same protein if the difference in masses
is below a certain threshold. Specifically, we use |e; — €| < 0.5a; to match
peaks. Alternatively to this ad-hoc choice one could use a threshold related to
the nominal mass accuracy of the instrument. The problem of reporting infer-
ence related to the terms in a mixture is known as the label switching problem.
Figure 14.5 shows unique peaks using this rule. Also, only proteins that occur
in at least 5% of the MCMC simulations are reported. Different sets of peaks
appear in different iterations of the MCMC, i.e., the number of peaks shown
in Figure 14.5 does not match J. All proteins with Pr(\; =0 |Y) > 50% are
considered differentially expressed and are are marked as solid dots. Figure
14.6 shows the estimated relative abundance E(w,; | Y') for all detected pro-
teins. For peaks corresponding to differentially expressed proteins we plot the
estimated abundance for z = 0 and z = 1, connected by a short line segment.
Table 14.1 gives a brief description of known proteins with mass close to the
identified peaks.

Inference on A allows evaluation of posterior expected false discovery rates
(FDR). The notion of FDRs is a useful generalization of frequentist type-
I error rates to multiple hypothesis testing, introduced in Benjamini and
Hochberg (1995). Let §; denote an indicator for rejecting the j-th compar-
ison in a multiple comparison problem, i.e., deciding A\; = 0 (no tie), in
our example. FDR is defined as FDR = ) \;d,/>J;, the fraction of false
rejections, relative to the total number of rejections. Applications of FDR
to high throughput gene expression data are discussed, among others, by
Storey and Tibshirani (2003). Posterior expectated FDR is easily evaluated
as FDR= E(FDR | Y) =Y E()\; | Y)§;]/>.6;. Let A; = E(\; | Y) denote
the marginal posterior probability of non-differential expression for peak j.
Consider now decision rules that classify a protein as differentially expressed
if 1 —); > 4*. In analogy to classical hypothesis testing, we fix v* as the
minimum value that achieves a certain pre-set false discovery rate, FDR < a.
It can be shown (Miiller et al., 2004) that under several loss functions that
combine false negative and false discovery counts and/or rates the optimal
decision rule is of this form. Newton et al. (2004) comment on the dual role of
), in decision rules like §; = I(1 — X; > ~*). It determines the decision, and
at the same time already reports the probability of a false discovery as Xj for
0; = 1 and the probability of a false negative as 1 — Xj for §; = 0.

An important feature of the proposed model is the multilevel nature of the
hierarchical probability model defined in (14.1) through (14.6). The posterior
on the indicators A\; contains all relevant information about differential levels
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of protein expression. Thus any inference about patterns of protein expres-
sion across different biologic conditions can be derived from p(A | Y) only. The
discussed inference for the multiple comparison is one example. Another im-
portant decision problem related to the A; indicators is the identification of a
minimal set of of proteins to classify samples according to biologic condition.
In contrast to the multiple comparison decision the goal now is to select a
small number of differentially expressed proteins. A convenient formalization
of this question is to find locations m; with maximum posterior probability
P(\j =1|Y) for peaks located at m;. Figure 14.7 shows the optimal sets of
peak locations as a function of the desired size of the set.

Finally, Figure 14.8 shows some aspects of the posterior MCMC, plotting
the trajectory of imputed values for .J, and for the unique peak locations ¢;
against iterations.

14.7 Discussion

We have proposed a likelihood-based approach to inference about differ-
ential expression of proteins in mass/charge spectra from SELDI or MALDI
experiments. We argued that the appropriate likelihood is based on random
sampling. The usual approach of smoothing the raw spectrum is reasonable
and leads to almost identical point estimates.

An important advantage of the proposed model is the easy generalization
to more complicated experimental setups. Conditional on the A indicators the
rest of the model is independent of the biologic conditions for each sample.
Consider, for example, an experiment with more than two biologic condi-
tions (more than two tumor types, etc.). For more than two conditions it is
convenient to describe ties by configuration indicators s;, € {1,...,S5,}. For
example, for four conditions a configuration of s; = (1,1,1,2) would indi-
cate that the first three conditions share the same peak, whereas expression
is different under the fourth condition.

Our approach allows added flexibility in addressing a number of statistical
challenges presented by MALDI-TOF mass spectra, including the interpreta-
tion of multiple tests, modelling and overfitting, and inadequate covariance
in estimation, as well as substantial autocorrelation within a spectrum. In
particular, a typical characteristic of MS data is that variance (and higher
moments) appear to be related to mean intensity, resulting in measured in-
tensities at the highest protein “peaks” exhibiting greater variability than do
less abundant species. This property makes the magnitude of high intensity
peaks less reliable for ensuing inference.
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TABLE 14.1:

Mass

Name

Detected Proteins

Description

361

11662
13016

13018

15126

15864

15867

15989
29383
29937

35010
35049
35055

35844

65369

65418

S10AE
MAGA5

MAGB5

HBA
ERG28

HBB

PA2GE
FA5TA
LAPM5

GPR3
PLS1
MAGA2

SPON2

SEPT9

IL1AP

Expressed at moderate level in lung

Expressed in many tumors of several types, such as
melanoma,

head and neck squamous cell carcinoma, lung car-
cinoma and

breast carcinoma, but not in normal tissues except
for testes

Expressed in testis. Not expressed in other normal
tissues,

but is expressed in tumors of different histological
origins

Involved in oxygen transport from the lung;
Defects cause thalassemia

Ubiquitous; strongly expressed in testis and some
cancer cell lines

Involved in oxygen transport from the lung; Defects
cause

sickle-cell anemia

Present in lung

Not detected in normal lung

High levels in lymphoid and myeloid tissues. Highly
expressed in peripheral blood leukocytes, thymus,
spleen and lung

Expressed in lung at low level

Expressed in lung

Expressed in many tumors of several types, such as
melanoma,

head and neck squamous cell carcinoma, lung car-
cinoma and

breast carcinoma, but not in normal tissues except
for testes

Expressed in normal lung tissues but not in lung
carcinoma

cell lines

Chromosomal aberration involving SEPT9/MSF is
found

in therapy-related acute myeloid leukemia
Detected in lung

Note: The table reports all human proteins within 0.1% of the reported masses
€; and with Swissprot entries reporting terms “tumor, cancer, lung,” or “car-

cinoma.”
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15.1 Introduction

An important and common task in microarray analysis is to detect differ-
entially expressed genes by comparing the expression levels of thousands of
genes in samples collected at two different conditions. The microarray data
usually contain thousands of genes, but only a very limited number of sam-
ples on each gene. Thus, the microarray experiments present statisticians a big
challenge with its “large p small n” paradigm (West et al., 2000). To solve this
issue, many researches have been conducted from both the frequentist and the
Bayesian framework, to propose powerful models for analyzing the microarray
data, and efficient model selection algorithms for identifying the best subset
of genes to be differentially expressed (DE). The detailed descriptions of the
existing methods are available in several review articles and books, including
Pan (2002), Kuo et al. (2008), Parmigiani et al. (2003), Speed (2003), Wit
and McClure (2004), and Lee (2004).

In the frequentist framework, Schena et al. (1996), DeRisi et al. (1997),
Chen et al. (1997), and Draghici (2002) proposed to use simple fold change
methods for identifying DE genes. An earlier method for detecting DE genes
was purely based on the size of the mean fold change ratio between the treat-
ment and control. Specifically, when the mean fold change ratio is at least 2
or at most 1/2; then the gene is called to be a DE gene. This method is not
adopted anymore, because it ignores the variability of the expression levels

365
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over replicates, and is biased toward genes with low expression levels. Dudoit
et al. (2002) applied ¢ statistics in assessing DE genes. However, it is com-
mon to observe a number of large ¢ statistics driven by very small standard
deviations given in the denominator. Even though the numerators in the t
statistics measure the differences in the gene expressions between two biologi-
cal conditions, the sizes of the differences may also be small. To overcome these
shortcomings, a variety of approaches have been proposed to adjust standard
t statistics with more reliable variance estimates. For example, Rocke and
Durbin (2001), Huber et al. (2002), and Jain et al. (2003) proposed models to
fit the variance of the expression of a gene as a function of the mean expression
of the gene. Tusher et al. (2001) and Storey and Tibshirani (2003) proposed
SAM (significant analysis of microarray) to add a variance stabilizing fudge
factor to the denominator for each ¢ statistics. Microarray ANOVA methods
were also proposed by Kerr et al. (2000) under multiple biological conditions.

In the Bayesian framework, Baldi and Long (2001) proposed Cyber-T, which
is a Bayesian version of ¢ test that uses the posterior variance. Other ap-
proaches based on t statistics via either Bayesian or empirical Bayesian were
proposed by Wright and Simon (2003), Newton et al. (2001), and Lonnstedt
and Speed (2002). Smyth (2004) extended the method of Lonnstedt and Speed
(2002) by considering the hierarchical Bayesian model in the context of gen-
eral linear models, and used the moderated t or F' statistics for identifying
DE genes. There are several other Bayesian approaches built in the context of
ANOVA or linear models, including Kerr et al. (2000), Wolfinger et al. (2001),
Smyth(2004), Gottardo et al. (2006a, 2006b), and McLachlan et al. (2006).
Considering that the same gene may be either expressed or not expressed
even under the same biological condition, Ibrahim et al. (2002) and Chen
et al. (2008) proposed mixture distributions to model the expression data at
gene expression levels. We note that the mixture models are more commonly
used to model gene-specific summary statistics or parameters in the models
for gene expression levels. In the latter case, the components in the mixture
model represent the status of the genes (equally expressed (EE) or DE, some-
times split into up-regulated (UP) and down-regulated (DN)). The literature
on this development is quite rich, including Efron et al. (2001), Lee et al.
(2000), Pan et al. (2002), Allison et al. (2002), Ghosh (2004), Kendziorski et
al. (2003), Newton et al. (2004), Liu et al. (2004), and Yu et al. (2008).

The multiple comparison issue arises when the tests need to be conducted
simultaneously for tens of thousands of genes. It is important to find good gene
selection algorithms to determine which genes are differentially expressed and
to control the overall error rates at the same time. Westfall and Young (1993)
controlled FWER (family-wise error rate) via step-down maxT permutation
adjusted p-values. Benjamini and Hochberg (BH) (1995, 2000) provided a well
known approach to control the FDR (false discovery rate), which equals the
false positive rate among the rejected hypotheses. Efron and Tibshirani (2002)
provided an empirical Bayes justification for the BH procedure. Efron (2004,
2005, 2007a, 2007b) provided a gene-specific measure called local FDR to
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bound the global FDR and to estimate the false negative rate. Newton et
al. (2004) proposed a Bayesian false discovery rate. Ibrahim et al. (2002)
and Chen et al. (2008) proposed Bayesian criteria to declare a gene to be
DE based on the size of posterior probability that the change in means of raw
intensities across two conditions exceeds a certain threshold. Chen et al. (2008)
empirically observed that the Bayesian criterion based algorithm yields good
false positive and negative rates. Yu et al. (2008) proposed a calibrated Bayes
factor approach, which weights two types of prior predictive error probabilities
differently for each gene and at the same time controls the overall error rate for
all genes. Dudoit et al. (2003) provided guidance over the multiple comparison
methods through simulation. More discussions on multiple comparison issues
can be found in Dudoit et al. (2004) and van der Laan et al. (2004a, 2004b).

The rest of the chapter is organized as follows. In Section 15.2, we present
several models used for gene expression data. Section 15.3 addresses the prior
elicitation for the models discussed in Section 15.2. Several recently developed
gene selection algorithms are given in Section 15.4. A simulation study is pre-
sented in Section 15.5 to evaluate and compare the performances of the seven
methods, including SAM (Tusher et al., 2001), linear models for microarray
data (LIMMA) (Smyth, 2004), a semiparametric hierarchical Bayes (SHB) ap-
proach based on mixtures of gamma models (Newton et al., 2004), parametric
empirical Bayes (EBarrays) approach for microarray data (Kendziorski et al.,
2003), the calibrated Bayes factor approach (Yu et al., 2008), the ordered
Bayes factor approach (Liu et al., 2004), and the two-criterion (Chen et al.,
2008). Section 15.6 provides an analysis of a real data set from an affymetrix
chip experiment. We conclude the chapter with a brief discussion in Section
15.7.

15.2 Models for Microarray Gene Expression Data

Log-normal, linear, and gamma models are frequently used to fit gene ex-
pression data. In this section, we discuss each of these three types of models
in detail.

We assume that the data have already been properly normalized and con-
verted to gene expression matrix. Let X14; and Xy4; denote the expression
intensities of the ¢** gene in the j** sample under the first and second condi-
tions, respectively. We also assume that there are a total of G genes and there
are n1, and ng, replicates under conditions 1 and 2 for the g* gene. Thus,
the data on gene g can be summarized in two vectors: X14 = (2141, .-, T1gn,, )
and Xy, = (2241, -+, T2gn,,) under the two conditions, respectively.

To detect whether the ¢ gene is DE or not, we consider two hypotheses
for each gene: Hy,: gene g is EE and Hy,4: gene g is DE. The problem then
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becomes to determine which hypothesis is more supported by the data.

15.2.1 Normal Model

Normal distributions have been widely used for modeling the large scale
gene expression data. Based on whether the variances are the same or not for
the expression level across different biological conditions, equal variance and
unequal variance normal distributions can be constructed.

Equal Variance. The simplest form of the normal model assumes that the
log-scale intensities from different biological conditions share the same vari-
ance on each gene. For example, in Liu et al. (2004) and Yu et al. (2008),
they assumed equal replication numbers, say ng, from both conditions. Then
they further assumed that the observed expression measurements z14; and
Z2g; come from independent normal distributions with

2 iid 1 2 2 iid 1 2 .

gclgjmgvaga‘sg ~ N(Ng - 55%%)79529”/‘9’%759 ~ N(Ng + §5gvag)a V.
(15.1)

Under Model 15.1, gene g is EE if §; = 0 and DE if §, # 0.
A similar model is assumed in EBarrays (Kendziorski et al., 2003). However,
in EBarrays, all genes are assumed to share the same variance with:

2 iid
Tigjlprg, o ~

(11, 0%) s T2g5 |29, 7 % N(ping, 02). (15.2)
EBarrays conducts a test on comparison between Hog: p1g = p2g and Hygy:
Mg # H2g-

Unequal Variances. A more complex normal model allows the intensities
under two conditions to have different variances. In Yu et al. (2008), the
intensities are assumed to have

iid
Hog: 2195, T245| g5 UZ ~ N(pg, 02)7
iid iid
Hig: 1gjlpng, o1y ~ N(pig, 0%,), Tagjliag, 05y ~ N(uag,05,).  (15.3)

Yu et al. (2008) used the Bayes factor approach to compare the distributions
of intensities under Ho, and Hyg,.

15.2.2 Linear Model

In LIMMA (Smyth, 2004), a hierarchical linear model is assumed for log-
scale intensities from multiple conditions. In this chapter, we consider its
special case with only two conditions, i.e. control and treatment.

Let the column vector X, contain the log intensities from X, and Xy,
in order. Assume that X, is modeled via a normal linear regression, and the
corresponding expectation E(X,) and variance Var(X,) are given by

E(X,) = Zgay,, Var(X,) = W02 (15.4)

g*
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The matrix Zg in Equation 15.4 is a design matrix of full rank with

Zg':(l'” 10---0

0---01--- 1)2*(n19+nzg)

The vector o = (a1g, azg). Its elements represent the effects of the control
and treatment groups, respectively, for gene g. Also, in Equation 15.4, W,
is a known non-negative definite weight matrix. Under this linear model, we
have

Xy~ N(Zgog, Wyo?).
LIMMA conducts a test on hypotheses whether the difference a1y — ang is
zero or not. Let C' = (—1,1) and 3, = C'ayy, then LIMMA tests hypotheses
Hog: Bg =0 vs. Hig: By #0.

15.2.3 Gamma Model

In SHB (Newton et al., 2004), the intensities on the raw scale are assumed
to follow gamma distributions for both conditions. Specifically, we have

exp(rg; ) iikg = Glag, —2), k= 1,2. (15.5)
Hkg
Note that x4 is the mean of raw intensity exp(xxg;), and the shape parameter
ar measures the variations within the replicated experiments under the k"
condition across all genes. SHB tests on whether the means of raw intensities
are the same, i.e., Hoy: p1g = pog. The same form of the gamma model with
different priors is also implemented in EBarrays (Kendziorski et al., 2003).

15.3 Prior Elicitation

Prior specification is a very important aspect of Bayesian analysis. Based on
the setting of the gene-level models, in this section, we discuss three interesting
types of priors, namely, the traditional conjugate prior, the power prior and
the mixture of non-parametric priors.

15.3.1 Traditional Conjugate Prior

To ease computation, many methods adopt traditional conjugate priors.
For example, EBarrays (Kendziorski et al., 2003) assumes that in Equation
15.2, 02 is an unknown but fixed parameter and as apriori, Hig, M2g, and pg
are assumed to follow from the prior distribution N (ug,7¢), independently.
Under the gamma models given by Equation 15.5, EBarrays assumes that ax
is a fixed constant, and ;—L ~ G(ap,v) for k=1, 2.
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In EBarrays, empirical Bayesian is used to obtain the estimates, denoted by
flo, 6% and 7¢, for hyperparameters 10, 02 and 7¢. Then the value of posterior
odds in favor of a gene being DE on each gene is calculated using the formula:

|En gtn q| 1
oddsy = ﬁ exp{ - 5{;( Emngran)ﬁg}, (15.6)

where £g = (X197X29)I _ﬂOa En1g+nzg = a'2-[111ng1129 +7A—(?Jn1g+nzga In1g+n2g is
the n1g+ngy identity matrix, and Jy, , yn,, is the square matrix of size ny4+nay
with all ones. X, is a block-diagonal square matrix of dimension 714 4 nag, its
upper left block is ¥, and its lower right block is ¥, . EBarrays declare a
gene with a large posterior odds value to be DE.

LIMMA (Smyth, 2004) is another method using the traditional conjugate
prior. First it fits the linear model on each gene to obtain the estimates for
the parameters defined in Equation 15.4. The estimates are denoted as oy,
for the vector of coefficients, s? for variances o7, and Var(ozg) = 52V, for
the covariance matrix. Vg is a posmve definite matrix independent of 52 So

the estimator for the contrast is given by ﬁg =CT Qg = Qgg — G4 and its

estimated variance Var(gg) = vys2 with vy, = C'V,C. The distributions of Bg
and the random element in its variance have:

Bg|5‘770 NN(ﬂgavg )and 82|0' N—Xd’

where d, is the residual degrees of freedom for the linear model on gene g.

LIMMA specifies prior distributions on the parameters ﬁq and Ug as follows:

P(ﬁg #0)=p, ﬂg|agaﬁg # 0 ~ N(0, Vo0 ) and dolngi)-

Under this hierarchical model, the posterior mean of Ug given sg is

2 dos3 + dgsg
9 do + dg

LIMMA assesses the evidence of being DE based on a large moderated ¢
statistics

15.3.2 Power Prior

The power prior proposed by Chen and Ibrahim (2003) is constructed based
on prior predictive data. For the models discussed in Section 15.2.1, the power
priors are conjugate. Compared to the traditional conjugate prior, it has a
more general setting by allowing the incorporation of information from his-
torical data or expert’s knowledge. The power prior was firstly considered in
microarray data analysis in Yu et al. (2008).
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We discuss how to construct power priors for parameters (p14, o7 90 H2g, o3 -
Hg, Oy ) in the models defined by Equation 15.3. For models defined under Hy g,
we take

_201g

Pl aol _
m(p1g.pizg, 014, 05,) (0%9) eXp{ - 2,,20 [(11g — To1g)” + 5319]}

lg
x (agg)

@029

aop2 —
GXP{ - ﬁ[(mg — Tozg)” + 8329]} T0(H1g, H2gs Orgr O5y)-

(15.7)
For models defined under Hyg, we specify
_ %0g ao _
(g, Ug) X (US) 2 eXp(_ﬁ[(Mg - x019)2 + 5(2)19])
g
aop _
x exp(=55[(1tg = Tozg)” + s62g]) 0 (119, 77)- (15.8)
g

Here, To14 and To24 are the prior predlctive means, 501q and 502q are the
prior predictive variances, (14, phag, 07 pr O'2q) and 7o (g, 2) are initial pri-
ors. The positive scalar parameters agiq, Go2g and aoqg quantify one’s belief
on the prior predictors denoted by (Zo14, ZTozg, s%lg, sggg) under each hypoth-
esis. When ag1y — 0, ag2g — 0, and apy — 0, the prior defined in Equations
15.7 and 15.8 reduce to the initial priors mo (1, fizg, 014, 03,) and mo (g, o5).
Note that when 7y o< 1, both Equations 15.7 and 15.8 reduce to a traditional
normal-inverse gamma conjugate prior. In the power prior, the hyperparame-
ters (Toig, Tozg: 514> S024) are simply summary statistics of the historical data.
Also the initial prior is added in case there is no prior predictive information
available.

For simplicity, Yu et al. (2008) specified the initial priors separately as
mo(K1gs H2gs Ulqa 0'25) X WO(U%ga Ugg) x IG(aig, Big) x IG(azg,Pag), and
o , ;) o mo(oy) o< ZG(ay, By). The hyperparameters aiy, agg, ag, Big,
B2g and ﬁg are chosen to ensure the existence of the prior moments for 03,
U%g and 02g They claimed that (8,4, 814, 824) are the variance-stabilized pa-
rameters and play a role similar to the “fudge” factor in SAM. In Yu et al.
(2008), the Bayes factor values are used to assess the evidence of DE on each
gene.

Denoting the prior predictive distributions by moq(X14, Xog) under Hyg and
mi1g(Xi1g, Xay) under Hyg, the Bayes factor for Hy, against Hy4 is calculated
as
mog(Xig, Xog)
mig(Xig, Xog)
Note that the more evidence for the gene to be DE, the smaller the BFy;(g)

is. Define c1y = 3(ao1g + nig + 2a1g — 1), c2g = 3(ao2g + nog + 2az4 — 1) and
cog = (aog + n1g + n2g) + g — 1. Under the given model, the Bayes factor

BFyi(g) = (15.9)
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is given by
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15.3.3 Mixture Non-Parametric Prior

Consider that the gene expression can be classified into three states: EE,
DN (under-expressed in the first condition) and UP (over-expressed in the
first condition), different from all other methods, SHB (Newton et al., 2004)
conducts a test on three hypotheses: Hog: p11g = pi2g, Hig: pt1g < pi2g, and Hay:
H1g > pag. Accordingly, SHB defines a mixture prior for parameters 14, ftog
of Equation 15.5 in a form of:

f(M197M2g) = pOfO(Mlga N2g) +p1fi (N197M2g) +p2f2(ﬂlgvﬂ29)v (15.11)

where fy, f1, and fo are the joint densities evaluating the fluctuations of
the means fi14, 24 under each hypothesis. Values pg, p; and ps measure the
marginal proportions of genes supporting each of the three hypotheses. To
make sure all components are estimable, SHB relates the joint densities f,
f1, and fs with a univariate density 7, which represents a probability vector
on the support of equally spaced finite grids of log mean intensities. So the
densities are rewritten as:

foluig, pi2g) = m(p1g)p1g = pagl,
fi(pags piag) = 27 (p1g)m(p2g)pt1g < prag],
fapirg, pog) = 21 (pag) T (pi2g)ping > pag), (15.12)

here 1 is an indicator function, for example, 1[u1g = pog] = 1 if p1g = pag.
Otherwise, it equals 0.

In SHB, the marginal proportions of the hypotheses (pg,p1,p2) and the
density 7 are estimated using a non-parametric EM algorithm to obtain the
densities fo, fi1, and fo given by Equation 15.12. Let p(Xpg|prg), k& = 1,2
be the density of observing intensities x4, under condition £ on gene g, as
defined in Equation 15.5. Then the posterior probabilities P(Hg|x14,X2g)
with [ = 0,1, 2 are calculated using

PT(ng|Xlga XQg) = plp(X1g, X29|Hgl)/p(xlgv XZQ)a (15.13)
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where

P(X1g,X2g|Hig) ://P(Xlg|Mlg)P(X2g|M2g)fl(Mlg,u2g)dulgdu2g7

and the marginal density of the data p(x14,%X24) = >, Pip(X14, X2¢|Hig).

Different from the other methods, SHB evaluates the evidence of DE on
each gene through the posterior probabilities given in Equation 15.13. More
specifically, the smaller the posterior probability P(Hog|X14, X24), the stronger
evidence for the gene being DE.

15.4 Gene Selection Algorithms

It is important but difficult to develop an efficient gene selection algorithm
to identify DE genes with a good control of overall error rate. Towards this
goal, several gene selection algorithms have been developed in the Bayesian
framework. In this section, we discuss six of those algorithms.

15.4.1 Ordered Bayes Factor

Assume that the Bayes factor values BFp1(g) have been calculated on all
genes g = 1,--- ,G based on Equation 15.9. Denote these calculated Bayes
factor values by BF (g). The smaller the BF; y(g) is, the stronger evi-
dence for gene g being DE. A simple approach proposed by Liu et al. (2004) is
to order the calculated Bayes factors in a non-decreasing order and to declare
top genes with small Bayes factors as DE genes. We call this approach as the
ordered Bayes factor approach.

15.4.2 Calibrated Bayes Factor

Note that the ordered Bayes factor approach requires that the distribution
of Bayes factors is exchangeable, which means that the distributions of Bayes
factor are not gene dependent. We observe that the exchangeability usually
is not satisfied. For example, in Figure 15.1, the data is assumed to follow
the equal variance normal model defined by Equation 15.1, 03 = o2, 0g ~
N (ps,2?), and pg ~ N(0,72). We set ny, = 20, \* = 10, s = 0, and p = 0.05,
then 10000 Bayes factor values were sampled from its mixture distribution
for each o2 value. Figure 15.1 shows that the median of the Bayes factors
monotonically decreases as a function of 02 and the inter quartile range (IQR)
increases as a function of o2. Note that as the variance of intensities varies
greatly from gene to gene in the real data, the exchangeability does not hold.
It is very crucial to find a good gene selection algorithm that does not require
the assumption of exchangeability.
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FIGURE 15.1: Plots of medians and inter quartile ranges (IQR) of 10,000
Bayes factors with the variance o2 of each gene ranging from 0.5 to 10.

The Bayes factor based calibrated method (Yu et al., 2008) is a new gene
selection algorithm that protects against the violation of exchangeability on
the distribution of Bayes factors across different genes. First, the Bayes factor
based calibrated method assumes that all genes have the same probability of
being DE, more specifically, it defines H, = 1 if the g'" gene is DE, Hy;=0
if the g'" gene is EE, and H, ~ Bernoulli (p) for g = 1,...,G (Storey, 2002).
With an expectation to declare a p proportion of genes to be DE, it chooses
the p'" percentile of the Bayes factor on each gene, denoted as c,, to be the
threshold. The calibrated method claims the gene g to be DE if BFy:1(g) < ¢q,
and EE otherwise. The threshold ¢, is also named as the calibration value.
Note that ¢, has a few attractive characteristics: (1) ¢, defines different cut-off
values on different genes and always uniquely exists. (2) When all genes are
DE (p = 1), ¢4 will be so large that BF(;‘lIX(g) < ¢g. All genes will be declared
as DE genes. When all genes are EE (p = 0), ¢, will be very small so that
BFy, +(g9) > ¢4 and all genes are not declared as DE genes.

Since the calibration value ¢, ensures

Pr(BFyi(g) > cglHg =1) xp= Pr(BFpi(g) <cglHy =0) x (1—p),
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where Pr(BFpi(g) < ¢g|Hy = 0) and Pr(BFyi(g) > ¢g|Hy = 1) are the prior
predictive probabilities of making wrong decisions under Hy, = 0 and H, =1,
respectively. So the calibration value weighs two types of prior predictive error
probabilities differently for each gene and at the same time controls the overall
error rate for all genes.

Note that it is very computationally expensive to compute ¢4, especially
when the distributions of Bayes factors are not analytically tractable. To lessen
the burden due to the calculation of ¢4 on each gene, Yu et al. (2008) proposed
an alternative but equivalent gene selection algorithm based on py, which is
calculated via

Pr(BFpi(g) < BFJ”X(QHHg =0)

Pr(BFu(g) < BFg, x(9)[Hy = 0) + Pr(BFoi(g) > BFg, x(9)|Hg = 1)
(15.14)
Then, a gene is claimed to be DE if and only if the calculated py < p. Observe
that py behaves like the traditional p-value, and it measures the relative prob-
ability of making a mistake in declaring gene g to be DE against the mistake
in declaring gene g to be EE. Yu et al. (2008) also proposed two methods to

determine a guide value for p to control the overall error rate.

*

Pyg

Method 1. Control the type I error at some pre-specified level a.
First ¢, is calculated using Pr(BFpi(g) < cg|Hy = 0) = . Then p, is calcu-
lated via Equation 15.14 by replacing BFS‘HX(Q) with ¢,. Finally we find the
first quartile of the calculated p, values across all genes as the guide value for
p. Denote the quartile as p*, then gene g is declared to be DE if and only if
Py < p*

Method 2. Use SAM to determine the number of genes selected to
be DE. First use SAM to select genes by controlling the FDR rate at some
pre-specified level v. Denote the number of DE genes by SAM as k.. Then
the guide value equals the kfyh smallest ordered value of the py, g =1,---, G,
calculated based on Equation 15.14.

15.4.3 Two-Criterion

To identify genes with differential gene expressions between two biological
conditions, Ibrahim et al. (2002) applied a gene selection algorithm, named
as one-criterion, to compare the averages of raw scale intensities from differ-
ent biological conditions given the observed data. Under the one-criterion, a
gene is declared to be DE if the posterior probability that the gene has at
least one fold change in means of raw intensities is larger than a pre-specified
threshold value. To obtain a better control over the false positive and false
negative rates, Chen et al. (2008) extended the one-criterion method to the
two-criterion. Under the two-criterion, we calculate the posterior probabil-
ity of having at least two fold changes in means of raw intensities across
two biological conditions on each gene. This posterior probability measures
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the evidence of a gene being DE. The false negative rate is the proportion
of wrongly detected DE genes. The false positive rate is the proportion of
wrongly declared EE genes. We use the normal model with unequal variances
as an example to illustrate this criterion based gene selection algorithm. The
model is described by Equation 15.3 and the priors are given by Equations
15.7 and 15.8. The posterior densities for the parameters ji14, fi2g, crfg and

2 .
o5, are:

_ _ 2
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(15.15)

Denote fig, fizg, 01, and G5, as sampled values of parameters fi14, fizg,
U%g and Ugg from their posterior distributions, respectively. Then the poste-
rior sampled mean of the raw intensities ¢y = Eg[exp(zig;)| for k = 1,2
can be written as: 11y = exp(fi1g + 3071,), and oy = exp(fizg + 503,). The
two-criterion focuses on 4 to select DE genes since the means of raw in-
tensities 1, provide combined information on both the location and scale
parameters in the normal distribution model for intensities xx4. So the two-
criterion is more informative than gene selection criteria that focus on only
the comparison between the mean parameters u, of the log-intensities.

To compare the means of raw gene expression levels from two biological
conditions, according to Ibrahim et al. (2002) and Chen et al. (2008), a log-
ratio (4 is defined with

1
Cg = log(1hag) —log(¥1g) = p1g — pizg + §(U%g _Ugg)7 g=12,...,G. (15.16)
Let 7, be the posterior probability of having at least two fold changes in
means of raw intensities across two biological conditions on each gene. Math-
ematically, 7, is of the form

vy = P(I¢g| > 1og2 |D), ¥V g. (15.17)

Under the two-criterion, the larger the ~,, the stronger evidence for gene
g being DE. Specifically, the two-criterion claims a gene to be DE if v, >
Yo, where vy is a pre-specified cut-off value for -, obtained from all genes.
Common choices of vy are 0.7, 0.8, and 0.9.
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15.4.4 BH Method

BH procedure (Benjamini and Hochberg, 1995) controls the FDR, on the
average to be no more than some pre-specified o based on a sequence of p
values. First, a list of p-values from gene-wise tests have been obtained to
present the evidence of each gene being DE. Then the p values are sorted in
an increasing order. Denote p,., as the i'" gene in the sorted gene list. Let k be
the largest integer ¢ for which p,, < éa for all . Then we declare all the genes
with labels rq,...,7; to be DE. We call the value p”% for each i as the BH
adjusted p-value. Observe that the BH method controls FDR at a quite low
level by a factor of Go/G, where Gy and G are number of truly EE genes and
total number of genes respectively, an adaptive BH procedure by Benjamini
and Hochberg (2000) estimates Gy and use o* = a(%) instead as the target
FDR level to gain more power. Compared to the 1995 BH procedure, the
adaptive procedure performs better as the prevalence of DE increases. Both
BH methods can be applied to the methods producing test statistics and

p-values, as done in LIMMA (Smyth, 2004).

15.4.5 Bayesian FDR

Bayesian FDR proposed in Newton et al. (2004) captures wide attention and
great popularity since it provides a method of evaluating a Bayesian version
of FDR. Assume that the posterior probabilities defined by Equation 15.13
have been calculated. Recall that the smaller P(Hyg|X14,X24), the stronger
evidence the gene being DE. Therefore, genes are selected as DE genes if
they are located on the top of the sorted gene list sorted in an increasing
order of P(Hoy|X14X24). Note that when gene g gets selected as a DE gene,
P(Hog4|X14,X24) can be interpreted as the conditional probability of wrongly
placing gene g on the DE gene list. The expected FDR given the data can be
estimated by the average of conditional probabilities P(Hyy|X14, X24) in the
selected DE gene list. We can decide the number of DE genes by including
as many top genes in the sorted gene list as possible with a control of the
expected FDR to be bounded at the target level of a.

15.4.6 Posterior Odds

The posterior odds for differential expressions is used in EBarrays
(Kendziorski et al., 2003) to detect DE genes. The values of the posterior
odds can be calculated via Equation 15.6. The larger the odds,, the stronger
evidence the gene g being DE. To reduce the type I error, Kendziorski et al.
(2003) suggested that a gene is declared to be DE if the posterior odds is
larger than 1.
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15.5 A Simulation Study

We use a simulation study to evaluate the performance of seven methods
mentioned above for detecting differential gene expressions: Calibrated Bayes
factor approach (CBF), ordered Bayes factor approach (BF), two-criterion,
SAM, SHB, LIMMA, and EBarrays. Except for the ordered Bayes factor ap-
proach, each of the remaining six methods has certain control of overall error
rate. For the ordered Bayes factor approach, the number of DE genes to be
declared must be pre-specified. For the two-criterion method, the genes are
declared to be DE if its posterior probability defined by Equation 15.17 is no
more than some pre-specified value v9. SAM, SHB, and LIMMA allow us to
calculate the realized false discovery rate associated with different numbers
of selected DE genes. However, the false discovery rates appear in different
forms. For example, SAM provides the median FDR, SHB provides Bayesian
FDR, and LIMMA provides BH adjusted FDR. Under EBarrays, we calcu-
late the values of posterior odds and choose the genes with values of posterior
odds larger than some chosen value (say 1) to be DE. Those chosen values are
denoted as “Cut-Off” values.

The performances of the methods are compared via four estimated different
error rates: false negative rate, false positive rate, false discovery rate (FDR),
and false non-discovery rate (FNDR). FNDR is the realized rate of false non-
detections in the non-detected genes. We expect a good method will have
smaller error rates than the others.

We used two different simulation settings. In each setting, 50 simulations
were generated with 250 DE genes set among 5000 genes in total. Ten repli-
cations were generated under each condition.

Simulation I. We borrowed the simulation setting from Yu et al. (2008).
For j = 1,...,10, we independently generated z14; ~ N (g — 0.5,0.3%) and
Tag; ~ N(pg +0.5,1.22) for g = 1,--+,125; 21455 ~ N(uy + 0.5,0.3%) and
Tag; ~ N(ug — 0.5,1.2%) for g = 126,---,250; T14;,Tag; ~ N(pg,0.72) for
g = 251,---,5000; and py ~ U(5,11) for all g. The normal setting with un-
equal variance power prior was used for the calibrated Bayes factor approach,
the ordered Bayes factor approach, and the two-criterion approach. The pa-
rameters involved in the power prior were set to be: Zoig = Zozg = 0, and
s01g = S02¢g = 0.5 or 6 for every 50 genes alternatively. agig = ao2g = aognog,
where ngy = ng and agy = 0.05 when the gene index g is a multiple of 8, and
0.005 otherwise. Since there are in total 250 true DE genes, we allowed each
method to select 250 DE genes in the first analysis to compare the ranking
of DE genes among all methods. Then each method was allowed to have two
choices of their own for the cut-off value in the second analysis, whose purpose
is to compare the performance of each method as well as the relevant gene
selection algorithm.
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TABLE 15.1: Method Comparison on Selecting 250 DE
Genes under Simulation I

False False
Method CCDE CCEE Neg. Pos. FDR FNDR

CBF 209.0 4709.0 0.164 0.009 0.164 0.009
BF 174.9 46749 0.300 0.016 0.300 0.016
SAM 156.9 4657.1 0.372 0.020 0.372 0.020
SHB 138.9 46389 0.444 0.023 0.444 0.024

LIMMA 179.7 4679.7 0.281 0.015 0.281 0.015
EBarrays 178.9 46789 0.285 0.015 0.285 0.015

Table 15.1 summarizes the analysis result of each method from the first anal-
ysis, including the number of correctly claimed DE genes (CCDE), the number
of correctly claimed EE genes (CCEE), and all four error rates. Among all
six methods, the calibrated Bayes factor approach selects the largest number
of true DE genes and the smallest values for all error rates. So the calibrated
Bayes factor performs the best in this analysis. LIMMA, EBarrays and the
ordered Bayes factor approach follow immediately after the calibrated Bayes
factor approach, and performs similarly well. SHB performs the worst. The
possible reason is that SHB requires the assumption of constant coefficient of
variation (CV) across genes within the same condition.

TABLE 15.2: Method Comparison with Error Control under
Simulation I

False False
Method Cut-Off CDE CCDE CCEE Neg. Pos. FDR FNDR
CBF 0.01 80.4 79.9 4749.4 0.681 0.000 0.007 0.035
0.05 169.8 162.1 4742.3 0.352 0.002 0.045 0.018
Two-Crit. 0.9 81.8 81.3 4749.5 0.675 0.000 0.006 0.034
0.8 188.8 116.9 4678.0 0.532 0.015 0.380 0.028

SAM 0.05 65.1 61.7 4746.6 0.753 0.001 0.052 0.040
0.1 95.1 85.1 4739.9 0.660 0.002 0.104 0.035
SHB 0.05 97.2 95.1 47479 0.620 0.000 0.021 0.033

0.1 110.8 105.0 4744.2 0.580 0.001 0.051 0.031
LIMMA 0.05 115.1  111.0 47459 0.556 0.001 0.035 0.029
0.1 145.5 133.7 4738.2 0.465 0.002 0.081 0.025
EBarrays 1 108.2 105.3 4747.1 0.579 0.001 0.027 0.030
0.5 128.8 122.3 4743.6 0.511 0.001 0.050 0.027

In the second analysis, different gene selection algorithms are applied for
each method, therefore different number of DE genes are selected accordingly.
So when we summarized the results using Table 15.2, we also include the
number of genes claimed to be DE (CDE). All methods except for the two-



380 Bayesian Modeling in Bioinformatics

TABLE 15.3: Method Comparison on Selecting 250 DE
Genes under Simulation II

False False
Method CCDE CCEE Neg. Pos. FDR FNDR

CBF 213.9 47139 0.144 0.008 0.144 0.008
BF 184.7 4684.7 0.261 0.014 0.261 0.014
SAM 181.0 4681.3 0.2v6 0.014 0.275 0.015
SHB 2224 47224 0.110 0.006 0.110 0.006

LIMMA 168.8 4668.8 0.325 0.017 0.325 0.017
EBarrays  177.9 46779 0.289 0.015 0.289 0.015

criterion with vy set to be 0.8 provide a small FDR, that is, when a gene is
selected to be DE, it has a very large chance to be true DE. We also observe
that all methods are more conservative compared to themselves in the first
analysis by selecting less numbers of genes to be DE. Among all methods,
the calibrated Bayes factor approach with its Type I error controlled to be
no more than 0.05 performs the best by providing the smallest false positive,
false negative, FNDR rates, and simultaneously controlling FDR rate to be
less than 0.05. SAM selects the smallest number of genes to be DE. When the
type I error are controlled to be less than 0.01, the calibrated Bayes factor
performs similar to SAM with the FDR controlled at 0.05.

Simulation II. In this setting, we set both means and variances of the
log-scale intensities to be larger under the first condition compared to the
second condition on each gene. Particularly, we independently generated
Z1g; ~ N(ug — 0.5,0.25) and zag; ~ N(ug + 0.5,4) for g = 1,---,250;
and 2145, 225 ~ N(ug,1) for g = 251,---,5000. pg still were generated via
tg ~ Unif(5,11) for all g. All methods were applied to the simulated data
in the same way as Simulation I. Two analysis were carried out the same as
before by either letting all methods select 250 DE genes, or by setting the
cut-off values the same as Simulation I.

Simulation results for the first analysis are summarized by Table 15.3. SHB
performs better in this setting compared to Simulation I. Both SHB and the
calibrated Bayes factor approach perform better than all other four methods.

Table 15.4 summarizes the results from the second analysis. Again, all meth-
ods have good controls of the FDR rate except for the two-criterion method
with 7o set to be 0.8. SHB performs the best with the FDR controlled at
either 0.05 or 0.1 among all methods. The calibrated Bayes factor approach
with the type I error controlled at 0.05 takes the third place. When the type
I error is controlled to be no more than 0.01, the calibrated Bayes factor ap-
proach selects a similar number of genes as SAM with FDR controlled at 0.05.
Therefore, under this scenario, the two methods providing guide value for p
discussed in Section 15.4.2 for the calibrated Bayes factor approach agree well
with each other.
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TABLE 15.4: Method Comparison with Error Control under Simulation II

False False
Method Cut-Off CDE CCDE CCEE Neg. Pos. FDR FNDR

CBF 0.01 915 91.0 4749.5 0.636 0.000 0.005 0.032
0.06 181.9 174.6 47427 0.302 0.002 0.040 0.016

Two-Crit. 0.9 160.0 159.4 47494 0.362 0.000 0.004 0.019
0.8 2874 215.1 4677.7 0.139 0.015 0.251 0.007

SAM 0.06 106.2 101.4 4745.2 0.594 0.001 0.044 0.031
0.1 1434 130.0 4736.5 0.480 0.003 0.093 0.025

SHB 0.06 204.9 199.3 47444 0.203 0.001 0.027 0.011
0.1 230.3 214.7 47345 0.141 0.003 0.067 0.007

LIMMA 0.05 98.8 94.5 47457 0.622 0.001 0.042 0.033
0.1 129.9 117.7 4737.8 0.529 0.003 0.092 0.028

EBarrays 1 1073 104.2 4746.9 0.583 0.001 0.028 0.031

0.5 128.2 121.0 47429 0.484 0.001 0.055 0.027

15.6 Real Data Example

We consider a data set from Kalajzic et al. (2005) based on all methods
mentioned in the simulation study. The dataset includes samples from mouse
calvarial cultures at day 17 with Affymetrix microarray experiment to un-
derstand the gene expression profile of osteoblast lineage at defined stages
of differentiation. collal promoter-GFP transgenic mouse lines are used to
demonstrate the feasibilities of generating more homogeneous populations of
cells at distinct stages of osteoprogenitor maturation and obtain valid mi-
croarray interpretations. As a result, the expression of genes are compared
between cells cultured with 2.3GFPP°® and cells cultured with 2.3GFP"°&.

Before the application of each method, we observed the characteristics of
the data through the summary statistics for the ratios of the sample standard
deviations across two conditions for all the genes. We observed that the ratios
range from 1 to 1.289e+5. We also observed that the distribution of the ratio
is strongly right-skewed, with the median ratio equal to 2.844, and the mean
ratio equal to 42.4. Therefore, we adopted the normal model with unequal
variances of intensities between the two conditions and used the calibrated
Bayes factor approach, the two-criterion and the order Bayes factor approach
to select DE genes. The values of ag14 and agay were chosen to be agng, with
ap = 0.5 and ngy = 3. To use a moderate informative prior in the analysis,
we set a1y = agg = 1.0 and 814 = B2y = 1.0 in the initial prior WQ(U%Q,Ugg).
Both guidance methods discussed by Section 15.4.2 were used for p* for the
calibrated Bayes factor approach. Accordingly, two analysis were conducted
under each method by either letting each method select the same number of
DE genes as SAM with a control of FDR at 0.05; or allowing each method
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TABLE 15.5: Number of Genes Shared between 253 DE
Genes Selected by Two Methods

CBF BF SAM SHB LIMMA EBarrays

CBF 253 229 223 194 180 178
BF 229 253 226 185 180 162
SAM 223 226 253 196 173 177
SHB 194 185 196 253 171 214
LIMMA 180 180 173 171 253 156
EBarrays 178 162 177 214 156 253

have their own cut-off values.

Since SAM selects 253 DE genes with the FDR controlled at 0.05, we first
let each method detect 253 DE genes. A summary of the results are shown in
Table 15.5, which uses the diagonal elements to record the numbers of genes
claimed to be DE by each method, and the off-diagonal element to record
the number of commonly claimed DE genes by both methods recorded by
the relevant row and the relevant column. Since all methods select 253 DE
genes, the diagonal entries all share a value of 253. Note that the calibrated
Bayes factor approach, the ordered Bayes factor approach, and SAM make
very similar decisions. Any two methods of these three methods select at least
223 genes to be DE in common, and all three methods detect 212 DE genes
in common. We also note that SHB and EBarrays detect 214 genes to be DE
in common.

In the second analysis, we detected DE genes by using different cut-off value
for different methods. Specifically, we controlled the type I error at 0.01 for
the calibrated method, vy at 0.8 for the two-criterion, false discovery rate to
be no more than 0.05 for SAM, SHB and LIMMA, and posterior odds to be
larger than 1 for EBarrays. The summary of the analysis results is presented
by Table 15.6 in the same form as Table 15.5. Table 15.6 shows that the
calibrated Bayes factor approach selects 292 genes, LIMMA selects 295 genes,
and EBarrays selects 294 genes to be DE, while SHB selects 247 genes and
SAM selects 253 genes, to be DE. The same 237 genes are selected to be DE

TABLE 15.6: Number of DE Genes Selected by Two Methods
with Error Control

CBF Two-Crit. SAM SHB LIMMA EBarrays

CBF 292 233 243 204 207 216
Two-Crit. 233 262 209 167 198 169
SAM 243 209 253 191 189 198
SHB 204 167 191 247 182 237
LIMMA 207 198 189 182 295 188

EBarrays 216 169 198 237 188 294
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by both SHB and EBarrays. The calibrated Bayes factor approach, SAM and
the two-criterion make similar decisions and they select 205 genes as DE genes
in common. Note that the gene list identified by the calibrated Bayes factor
approach overlaps more with another paired method compared to all other
methods. Therefore the genes selected by the calibrated Bayes factor approach
have larger chances to be picked by other methods, and are expected to be
true DE genes with larger probabilities.

15.7 Discussion

In this chapter, we considered seven methods for detecting DE genes across
two biological conditions. SAM is the only approach proposed in the frequen-
tist framework. The calibrated Bayes factor approach is very attractive and
flexible in evaluating evidence for a gene to be DE as it allows us to compare
not only two population means but also two population distributions. When
the means and variances change in different directions across two conditions,
the calibrated Bayes factor approach performs better than all other consid-
ered methods based on the simulation I. SHB shows great performance when
the means and standard deviations of intensities change in the same direc-
tion across conditions. Compared the results obtained from two simulation
settings in Table 15.1 and Table 15.3, 24 more genes are correctly declared
as DE by SAM under Simulation II compared to that under Simulation I.
So there is a larger difference in the numbers of correctly claimed DE genes
by SAM under these two simulation settings compared to all other methods
except SHB. Note that almost the same number of genes are correctly claimed
by EBarrays under the two simulation settings.

Sometimes gene expression data can have very complex characteristics. We
discuss two such types of data and the related literature.

15.7.1 Bimodal Data

Chen et al. (2003) published a typical dataset, in which cDNA samples were
collected to study gastric cancer. More specifically, sample mRNA and refer-
ence mRNA were first labeled with Cy5-dUTP and Cy3-dUTP (Amersham,
Piscataway, NJ), respectively. Then the two labeled ¢cDNA samples were fil-
tered, mixed and hybridized to microarray. The gene expression is measured
by the logarithm of the red to green channel log(R/G). The dataset contains
90 tumor samples and 22 normal samples on 6688 genes. The objective of the
project is to determine which genes are DE between the tumor samples and
the normal samples. Figure 15.2 includes two sub-figures, which draw the non-
parametric density estimates of log(R/G) for two selected genes respectively
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FIGURE 15.2: Densities of gene expressions for selected genes.

in the tumor sample group. The horizontal axis in Figure 15.2 measures the
value of log(R/G). The vertical axis measures the density value. All 90 tumors
sampled are used for the estimator. The distributions of the gene expression
drawn in Figure 15.2 are shown to have bimodality.

Chen et al. (2008) considered such data and proposed a bimodal normal
model for the log-scale intensities for each group on each gene. As discussed
in Chen et al. (2008), the bimodality may be due to the fact that certain
genes are expressed for certain subjects and not expressed for other subjects.
Since the gene can be either expressed or not expressed under the same bi-
ological condition, a mixture distribution with two components is fit on the
log-scale gene intensities under each biological condition. Let x4; denote the
log-scale gene intensity for the j** subject and ¢*" gene under condition k.
Mathematically, the distribution of the intensity zxq; are written as:

2 2 2 2

P(ThgjlOhg: Tiogs kg, Tiog) = PhgP1(Thgs| kg, Tig) + (1 — Prg)P2(Thgj kg Thg):
(15.18)

where prg represents the probability that the g'" gene is not expressed for
condition k, p1(kgj|ang, 7i,) and pa(Trgj|pirg, of,) ave the probability density
functions of zy4; for the unexpressed and expressed genes, respectively. As-
sume that h(zyg;) is a known differentiable transformation of z4; to achieve
normality, the probability density functions pi(zxg; |y, ’7']39) and pa(Trgj | g,

o%,) are written, respectively, as p1(Trg;lang, 77,) = (20) 2|1/ (21 )| T,;gl

exp { — 52 (h(igs) = rg)? | and pa(@ngg g, 0F,) = (20) 721 (g o
exp { - ﬁ(h(xkgj) —ng)z}' In Chen et al. (2008), prior elicitation is carried

out using empirical Bayes methodology due to the complexity of the mixture
model.
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15.7.2 Time Course Data

Time course microarray data is another type of frequently studied microar-
ray data. Different from the above dataset, the gene expression levels in the
time course data are observed at different time points on each gene. The goal
of time course data analysis is to identify DE genes over time among differ-
ent biological conditions. The time course data adds complexity to the study
due to its time dependency of the gene expression measurements over time
and its unbalanced design, which is caused by missing of follow-up at some
time points. There is an extensive literature on time course data analysis. In
the frequentist framework, Park et al. (2003) proposed to fit ANOVA model
with both time and biological conditions as factors on the log-scale intensi-
ties. Then they applied a permutation test on the residuals of the ANOVA
model with only time effects to identify DE genes among different biological
conditions.

In the Bayesian framework, Storey et al. (2005) proposed a Bayesian hi-
erarchical model based on basis in the linear space. Denote wy; as the
expression level of gene g obtained on individual j under condition k, at
time point [ observed at time ty;, for g =1,--- ,G, k=1,2, 1 =1,---,L,
and j = 1,--- ,ngg. Storey et al. (2005) modeled the expression values by
Trigi = Pg(trij) + Vhgj + €kigj- Here pg(tr;) measures the population average
time curve, with individual j deviated by ~1¢;. The y14; and €xg; are assumed
to have gene dependent normal distributions with zero mean and their own
variances. The population time curve f4(tg;;) is written in a linear form with
tg(trij) = g + By X s(tri;). The s(try;) is a pre-specified vector acting like
the basis in the linear space. Tests are conducted on whether every element
of ,6':7 is zero for each gene. The evidence of the gene being DE is evaluated
using an analogue of F test statistics based on the sum square of the resid-
uals from models with or without the time effect. Chi et al. (2007) proposed
another Bayesian hierarchical model for time course data to characterize gene
expression patterns with time and experimental factors, and simultaneously
account for the correlation among the gene expressions within the same sub-
ject. Denote xx4; as a vector including all myy; log-scale expression levels of
gene g obtained on individual j under condition k for g =1,--- |G, k=1,2,
and j = 1,--- ,ng. The vector size mygq; is the total number of replications
observed over time on individual j and gene g under condition k. Let zgg;
be the design matrix with dimension myg; X p including both baseline and
time-varying covariates. Chi et al. (2007) fit the vector of gene expressions
Xkgj Via Xkgj = ZkgjBry + Vkjlmy,; + €kgj- The 1y, . is a vector of myg;
ones. The coefficient 7;; represents correlation between gene expression levels

within the same subject j in the k" biological condition, and 7 N (0, 72).
The vector € ind migs (05 0oL, ), here L, is an myg; X myg; identity
matrix. Denote ﬁAkgl as the estimator for the I*" covariate defined by 3 kg- Chi

et al. (2007) calculated and used max(ﬁ:kgl s k#£k*=1, -+ p) to evalu-
k* gl
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ate the differences in gene expression levels on gene g corresponding to the
Ith covariate between the biological conditions k and k*. The two-criterion is
applied in Chi et al. (2007) to identify DE genes.

Note that the methods discussed in this chapter can be used or be ex-
tended to the analysis of the bimodal data or time-course data. SAM, SHB,
LIMMA, and EBarrays have been implemented in R and they are avail-
able for download from Web sites http://www-stat.stanford.edu/~tibs/SAM,
http://www.stat.wisc.edu/~newton/research/arrays.html and http://www.bio
conductor.org/packages/devel /Software.html, respectively. Currently, the R
package for the calibrated Bayes factor approach is under development and it
will be available to public in the near future.
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16.1 Introduction

With a two-color competitive hybridization process, spotted microarrays
provide a genome-wide measure of differential gene expression levels in two
or more samples as well as controlling for undesirable effects (Schena et al.;**
Brown and Botstein®). While the microarray experiment is powerful in pro-
filing thousands or even millions of genes simultaneously, it holds challenges
in technology as presenting reliable reading for each gene, and in statistics
as extracting useful information and essentially making sensible conclusions
from the enormous amount of data.

The microarray technology has been rapidly evolving and advancing, with
the endeavor of a better platform to study gene expression, and therefore
understand functions of genes in biological activities. Spotted microarrays,
privileged with easily customized designs, allow researchers to spot project-
specific probes (e.g., oligonucleotides, cDNA, and small fragments of PCR
products corresponding to mRNAs) on the array surface. The most popular
spotted microarrays are designed with two channels where cDNAs from the
two samples are labeled with two different fluorophores, i.e., Cy3 and Cy5, re-
spectively. In two-channel spotted microarray experiments, the cDNA samples
labeled with two dyes are mixed together and then hybridized to an identical
microarray to compare the gene expressions under two different conditions.

In this chapter, we focus on statistical analysis of data from two-channel
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spotted microarray experiments. Typically, statistical issues arise in ex-
perimental design (Yang and Speed;*! Kerr and Churchill;** Kerr and
Churchill,'®) image analysis (Yang et al.,?®) normalization and inference for
differential expression on a probe-by-probe basis (Chen et al.;* Kepler et al.;*?
Kerr et al.;'® Finkelstein et al.;'® Newton et al.;'® Tseng et al.;?® Wolfinger
et al.;?" Yang et al.;3° Shadt et al.;?® Yang et al.;*° Dudoit et al.,”) and fi-
nally, the information on regulatory network of genes (Friedman et al.''; Pe’er
et al.?!). While each issue has been addressed by statisticians, difficulties in
background correction and normalization remain the major barriers for an-
alysts to set up routine statistical analyses. The lack of reliable statistical
protocol may endanger the validity of subsequent analyses. We suggest taking
the multiplicative background correction (MBC) approach proposed by Zhang
et al.*, and then normalize the microarray data via an empirical Bayesian
inference with a semi-parametric measurement-error model (Zhang et al.??).

The MBC is a simple but effective solution to a perplexing problem in
spotted microarray data analysis. As a conventional approach, the additive
background correction (ABC) directly subtracts the background intensities
from the foreground ones, which may provide unreliable estimates of the dif-
ferential gene expression levels, especially for those probes with overwhelming
background noises. As foreground intensities of many probes marginally dom-
inate the background intensities, the ABC approach presents M — A plots
with “fishtails” or “fans”. As a result, it is preferred to ignore the background
noise, which will increase the number of false positives. On the basis of the
more realistic multiplicative assumption, the MBC minimizes the skewness
of the intensity by logarithmically transforming the intensity readings before
background correction. This approach not only precludes the “fishtails” and
“fans” in the M — A plots, but also provides highly reproducible background-
corrected intensities for both strongly and weakly expressed genes.

Intensity-dependent normalization is commonly employed to remove sys-
tematic measurement errors occurred in the differential expression ratios. To
remove the patterns in M-A plots, conventional normalization takes account of
measurement errors in the differential expression ratio but ignores measure-
ment errors in the total intensity. We propose a measurement-error model
for intensity-dependent normalization that accounts for the measurement er-
rors in both total intensities and differential expression ratios. A Bayesian
inference for the measurement-error model will provide intensity-dependent
normalization and identification of differentially expressed genes in the case
of single-array experiment.

If multiple microarrays are available to identify differentially expressed
genes, the Bayesian normalization provides the posterior means to estimate
the differential gene expression levels within each array. To identify differen-
tially expressed genes with the multiple microarrays, we need to analyze high
dimensional data and simultaneously make inference on many parameters.
Shrinkage and thresholding methods have been quite successful in improv-
ing various component-wise estimators. Zhang et al.3° developed a class of
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generalized thresholding estimators, which are adaptive to both sparsity and
asymmetry of the parameter space. The proposed estimators have bounded
shrinkage property under a slightly broader condition than the one proposed
by Johnstone and Silverman.'? An empirical Bayes construction of the gen-
eralized thresholding estimators is suggested to estimate the differential gene
expression levels and identify differentially expressed genes.

Chromatin immunoprecipitation coupled with DNA microarray (ChIP-
chip) is a powerful technique to scan the whole genome for binding sites of
specific proteins of interest. However, the high-dimensionality of ChIP-chip
data challenges the statistical modeling and the downstream identification of
binding sites. Reducing ChIP-chip data is equivalent to estimating nonnega-
tive location parameters in high-dimensional yet sparse spaces. Generalized
thresholding estimators are developed via setting the lower thresholds at —oo
and optimizing upper thresholds on the basis of empirical Bayes approaches.
The priors are chosen to account for the special properties of ChIP-chip data,
i.e., nonnegativity of all location parameters and sparsity of these parameters.
Unlike naive extensions of classical thresholding estimators which need pre-
specifying certain parameters, the empirical Bayes-based estimators provide
data-driven hyperparameters, a characteristic appealing to reducing ChIP-
chip data. These estimators’ adaptability to sparsity and asymmetry of pa-
rameter spaces provides effective reduction of ChIP-chip data.

16.2 Multiplicative Background Correction

Spotted microarrays are quantified into image files, with each pixel seg-
mented into either the spotted or unspotted regions. As shown in Figure 16.1,
for each probe on the array surface, pixel intensities of the spotted region are
summarized into the median feature intensities for the two channels (tradition-
ally red and green), say Ry and Gy, while pixel intensities of the unspotted
region are summarized into the median background intensities, say R and
Gyp. The feature intensities Ry and Gy measure the fluorescence intensities
caused by specific hybridization of the mRNA samples to the spotted probe,
the background intensities R, and G measure the fluorescence intensities of
the background noise. The goal of background correction is to correct the fore-
ground intensities for the background noise within the spotted region. With
Ry and Gy, being estimates of the background noise within Ry and Gy, it is
appropriate to correct Ry and Gy with Ry and Gy, respectively.

While empirical observations reveal a nonadditive relationship between the
foreground and background intensities (Brown et al.?), the principles of fluo-
rescence spectroscopy indicate that the background noise affects the feature in-
tensities multiplicatively. Therefore, instead of subtracting the background in-
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FIGURE 16.1: Image analysis of microarray experiment. Each probe will
provide at least four readings: a pair of statistics Ry and R; indicating the
feature and background intensities in the red channel, and a pair of summary
statistics Gy and G indicating the feature and background intensities in the
green channel, respectively.

tensities directly from the feature intensities as ABC, we propose MBC to sub-
tract the estimates of the logarithmic background intensities from the logarith-
mic feature intensities. First, because the median is invariant to any monotonic
transformation, we suggest summarizing the feature (or background) intensi-
ties of a probe with the median of the corresponding spotted (or unspotted)
region for each channel, i.e., Ry (or R;) for the traditional red channel and G
(or Gy) for the traditional green channel. Second, we assume that the logarith-
mic intensity medians 7y = logy(Rys) and gy = log,(G¢) have additive noise
effects 7, = 1og2(Rb) and g, = logQ(Gb), respectively, where R, and G, are the
unobservable median background intensities of the spotted region for the two
distinct channels. Third, it is reasonable to estimate 7, by 7, = logs(Rp) and
gv by g» = logy(Gp). Consequently, the background-corrected logarithmic spot
intensities are calculated as » = r¢—r, and g = gf —gp. Therefore, the log-ratio
M (the logarithm of the ratio between the background-corrected spot intensi-
ties) and log-intensity A (the average of the logarithmic background-corrected
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spot intensities) are calculated as follows,

Rf/Rb)
M=r—g=lo ,
g g2 <Gf/Gb

"9 e B G
A= 5 = logs beGb.

The immediate advantage of MBC is that the background-corrected log-
ratio and log-intensity for each spot are well defined. In addition, the loga-
rithmic transformation roughly symmetrizes the background intensities, since
background intensities are skewed to the right (Kim et al.l”) and are ap-
proximately distributed lognormally (Zhang et al.>*). Obviously, for genes ex-
pressed weakly or not at all, we have background-corrected logarithmic spot
intensities fluctuating around zero due to the facts that the paired r; and ry,
gr and g, have similar values and that both r and g will stay close to zero even
before any normalization. Negative A implies that the corresponding gene is
expressed weakly or not at all in both mRNA samples.

Assuming the feature intensities are affected additively by the background
noise, the conventional additive background correction (ABC) directly sub-
tract Ry and Gy from Ry and Gy, respectively. For genes expressed very
weakly (or not at all) in either channel, the feature intensities of the corre-
sponding probes are overwhelmed by the background intensities. Henceforth,
missing log-ratios and missing log-intensities will be reported for such spots
in all downstream analyses. The differential expression information of these
genes is essentially lost by discarding non-positive background-corrected spot
intensities, even though these genes may be highly differentially expressed or
their expression patterns may change significantly across time. Furthermore,
those probes with small positive background-corrected intensities usually have
unreliable estimates of M and A, which manifest as “fishtails” or “fans” in
M-A plots and challenge the subsequent analyses.

16.3 Bayesian Normalization
16.3.1 Measurement-Error Models

Normalization intends to remove effects of systematic measurement errors
in a microarray experiment. The two most important effects are the dye effect
and the print-tip effect. The dye effect comes from the labeling efficiencies and
scanning properties of the two fluors, and it may be complicated by the use of
different scanner settings. When two identical mRNA samples are labeled with
different dyes and hybridized to the same slide in a self-self experiment, the
red intensities often tend to be lower than the green intensities even though
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there is no differential expression and it is expected that the red and green
intensities are equal (Smyth et al.?®). Furthermore, the imbalance between the
red and green intensities is usually not constant across the spots within and
between arrays, and can vary according to the overall spot intensity, location
on the array, slide origin, and other variables. The print-tip effect originates
from the differences between the print-tips on the array printer and variations
over the course of the print run.

Although normalizing microarray data is partially processed in the image
analysis of the data by removing background noises, the resultant data of
image analysis need to be further normalized to remove other systematic
measurement errors, such as the dye and print-tip effects. Normalization of
differential gene expression data usually refers to the normalization after im-
age analysis of the data and assumes that some genes, such as housekeeping
genes, are not differentially expressed. Global normalization by adjusting all
differential gene expression values with a constant for each array is considered
and may be incorporated into the model to identify differentially expressed
genes (Chen et al.;* Newton et al.;'° Kerr et al.'%).

Dudoit et al.” treated the normalization as a procedure independent of iden-
tifying differentially expressed genes. Instead of global normalization, they
consider within-print-tip-group local normalization (intensity-dependent nor-
malization). Observing the obvious nonlinear relationship between the log-
differential expression ratio M and the log-intensity A for each print-tip group,
Dudoit et al. (2002) suggest to use a LOWESS (LOcally WEighted Scatterplot
Smoothing) approach (Cleveland;® Cleveland and Devlin®) for each print-tip
group to remove the effect of log-intensity A from M. The residuals of M
are therefore employed to identify differentially expressed genes by possibly
using models proposed by Chen et al.,* Newton et al.,'® Efron et al.,® or
Lonnstedt and Speed.'® As the LOWESS smoother is available in many sta-
tistical packages, the ideas of Dudoit et al.” can be easily implemented. In
addition, the two-step procedure for taking normalization and identification
separately has been commonly accepted although the results are biased due
to ignoring measurement errors in log-intensity A.

For the j-th replication of the i-th gene, assume log,R;; = 7i; + €,4; and
log,Gi; = gij + €gi5, Where r;; and g;; are the ideal log-intensities for indi-
vidual channels, €,;; and €4;; represent the measurement errors. We further
assume that €.;; and €g;; are normally distributed with var(e;;;) = var(egij;).
Therefore, we have A;; = (rij + gi;)/2 + &j; and M;; = rij — gij + €;5, where
&ij = (erij + €gij)/2 is independent of €;; = €45 — €4i; even though €,;; and
€4i; May be correlated.

With the true abundance ¢;; = (7i; +¢i;)/2, a measurement-error model for
normalizing a specific array can be taken as, following the intensity-dependent
normalization by Dudoit et al.,”

Mij = h(Gij) + i + €5
16.1
{Aij = Gij + &ij> (16.1)
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where the measurement errors €;; and §;; are assumed to be independently
and identically distributed as N (0, 02) and N(0,02/4), respectively. Note that
we can preprocess the array by averaging out the differences between print-tip
groups.

A likelihood approach to estimate the gene effects in the above measure-
ment error model is difficult since the dimension of parameter space is in
the magnitude of thousands and h(-) is an unknown nonlinear function. We
therefore develop a Bayesian framework to fit the measurement error model
(16.1). Bayesian approach is a natural choice since it not only enables us to
consider the above measurement error model by using some appropriate prior
distributions, but also enables us to efficiently draw valid conclusions from
small number of samples relative to the large number of parameters.

16.3.2 Bayesian Framework

Model (16.1) is a semiparametric measurement-error model. We use pe-
nalized splines (or simply P-splines) approach to approximate the unknown
nonparametric function h(). See Eilers and Marx? for a discussion on the
benefits of this method. A convenient basis (the truncated power basis), with

given knots (¢1,t, - ,tx), is chosen as
B(gy) = (1,$,.’E2,"' 7xd7($_tl)ia"' 7(96—t,1)fl,_)T.
If h(-) is a smooth function, with appropriately chosen knots (t1,--- ,tx),

spline degree d, and coefficients 3 = (B0, 81, , Basx) ", B(x)T 3 can approx-
imate h(z) well enough to ignore the estimation error. Therefore, we can focus
on developing a Bayesian inference procedure for the following model,

{Mij = B(Gij) "B+ vi+ ey, €i; ~N(0,02),

Aij = Cij + &y, &;j ~ N(0,02/4), (16.2)

where 1 < j < m;, and 1 <4 < n. Full Bayesian inference on nonparametric
measurement-error models was considered by Berry et al.' Here, we will estab-
lish the full Bayesian inference on our proposed semiparametric measurement-
error model to simultaneously normalize the microarray data and identify the
differentially expressed genes.

Prior Distributions: Let 8 = (87, 81)7, where 3; includes the first d+ 1
coefficients for the polynomial part and G5 includes the last x coeflicients for
the non-polynomial part of the spline regression. We therefore set up the prior
distributions,

Bi ~ N (O@s1)x(@+1)s A Liar1)x(a+1))s
62 ~ N(Onxm A?L—mn%

where A\ = a1/02, and Ay = ag/c?. This prior is related to a penalized
least squares (or penalized likelihood) estimation with the penalty term as



400 Bayesian Modeling in Bioinformatics

SBLBL + %283 B2 (N is the total number of observations). For Bayesian
inference with nonparametric measurement-error models, Berry et al.! suggest
a diffuse prior on the polynomial coefficients 3; by setting oy = 0, however,
it performs better to use a non-diffuse prior on (; for the semiparametric
measurement-error models based on our experience in microarray studies.

Note that ~; is the effect of the i-th gene and our primary interest is to test
whether an individual gene effect is significantly different from zero, i.e., the
following hypothesis,

Hy:v =0, vs. Hy:v #0,

for each 7. Since most genes are not differentially expressed, we therefore
assume Hj can be true with a nonzero probability 1 — w, i.e., a priori P(~; #
0) = 1— P(v; = 0) = w. Although an appropriate heavy-tailed prior for
nonzero y; may make the Bayes estimator of ; to be minimax, we assume that
it follows a normal distribution for convenience. Hence, the distribution of ~;
is assumed to be a mixture of a point mass at zero and a normal distribution,

7 " (1 = w)do + wN(0,02), (16.3)

where dg is the Dirac delta function at zero. This prior is previously used by
Lonnstedt and Speed!® to construct an empirical Bayes approach to identify
differentially expressed genes. Apparently, +; corresponding to each house-
keeping gene should be set to zero.

Since the true abundance ( is the location parameter of the distribution of
the observed abundance, the observed abundance A;; is distributed as normal
with mean (;; under the usual normality assumption of the measurement
errors. We therefore suggest using Jeffrey’s reference prior for ¢;;, i.e., m(;;)
1, which is an improper non-informative prior. Although Berry et al.! suggest a
fixed proper prior for this uncontaminated latent variable, the true abundance
here varies too widely to use a fixed prior.

For simplicity, conjugate priors are selected for parameters w and o2, and
hyperparameters 03, A1, A2 and @5, s = 1,2,---, 5. For example, the prior
of w is set as Beta(f,pw), and the priors of 072, 072, A1, A2 and ¢
are set as Gamma distributions with parameters (6c, ¢c), (6, ¢~), (B1x, P11),
(O2x, P2x) and (Ose, dsp), s = 1,2,---, S, respectively. Without loss of gen-
erality, Gamma(0, 0o0) is defined as the improper density function of positive
7 proportional to 1/7, which is Jeffrey’s reference prior for the variance of a
normal distribution.

Implementation of the Gibbs Sampler: Although only w and v =
(71, ,Yn)T are of our primary interest, their posterior distributions are dif-
ficult to calculate due to many nuisance parameters involved. With the avail-
able full conditional distributions, we therefore use the Gibbs sampling algo-
rithm. All parameters and hyperparameters, except (;;, have full conditional
distributions. Therefore, it is straightforward to get random draws of these
parameters (except (;;) from their full conditional distributions. However, the
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Metropolis-Hastings algorithm nested in Gibbs samplers can be developed to
get random draws of (;; from its full conditional distribution.

Setting the number of knots, &, to be at most 8 usually provides an excellent
approximation of cubic spline functions (i.e., d = 3) to the nonlinear function
h in microarray studies. The knots can then be chosen at equally spaced
quantiles of the observed log-intensities A;;.

While it is feasible to choose 0,, = ¢, to be either 0.5 or even smaller values,
all other unspecified hyperparameters can be set as 0. = 0, = 01\ = 62y =
0j, = 0, and ¢ = ¢ = P1n = ¢P2xn = ¢;, = 00 by using non-informative
priors for the corresponding parameters, j = 1,2,---,.5. The hyperparameter
values can be adjusted accordingly whenever prior information is available.

Choosing a; = 1 and az = 0.1, we can then roughly estimate (3, v, o
and 02 by assuming no measurement errors on log-intensities A;;. We suggest
using this estimation to set up the initial values 3(9), () () &2 (O) »QY(O) and
)\go) 20) )\(0) 0[2/0'5 %) The initial value ©© can be chosen based

on 0 and p 0) can be set as the proportion of 7”

larger than SUSJ). Finally, the initial values of ¢;; are set as Ci(j(-)) = max(0, 4;;).

ay/0¢
whose absolute values are

16.3.3 Identifying Differentially Expressed Genes

For each gene in model (16.2), one parameter is used to identify whether
it is differentially expressed under different conditions. It is, for the i-th gene,
the posterior probability w; = P(y; # 0|M, A). Note that the above Gibbs
sampler provides the stationary Markov chain for +; by sampling from

St (Mi; — BLB)  o%o?
m; +o2/c?

[7i|ﬂ7Man7<70527U33p] ~ 1D150+ (1 _ﬁ)l)N <

where the weight w; is updated as
pr— 1 —
t K 2 _1/2 ML B i, Tﬁ
oty ( mggw) exp { 10 U;+U4</<;2> )2 }

When identification of differentially expressed genes is concerned, the median
value of the stationary ~; chain serves as a natural estimate of 7;. The chain
of w; updated along the stationary chain of «; provides a natural estimate w;
of w;, following

w; = E[U~}1|M,A]

Obviously, 1 — w; is the local false discovery rate (FDR) at gene ¢ in the
sense of Efron et al.,® and 1 — ); is an estimate of this local FDR. Due to the
measurement-error model (16.2), this local FDR is not a monotone function



402 Bayesian Modeling in Bioinformatics

of ;. Within the Bayesian framework, we can estimate the FDR with the
direct posterior probability approach suggested by Newton et al.,?° that is,
S (=) x I[w; > o

i1 Ilwi > af 7

ﬁ(a) =

which is a monotone function of . If none of the variables is selected at level
«, the corresponding FDR is defined to be zero.

It is natural to identify differentially expressed genes on the basis of the
Bayes factor, which, for gene i, is defined as

Wy

B, = .
1—wi

When choosing genes with the levels of Bayes factor higher than b, we can
estimate the FDR as,

> I[Bi > b)/(1+ Bi)
Yin IBizb

FDR(b) =

which is a decreasing function of b, and is set to zero if none of the genes is
selected at level b. This calculation is valid for all b € (0, o), however, it is too
liberal to use b < 1. Therefore, we suggest plotting ﬁ(b) (1 < b < 1000)
to help control FDR.

16.4 Generalized Empirical Bayes Method for Multiple
Arrays

When identifying differentially expressed genes using multiple microarrays,
the estimate of v; for the i-th gene can be output from the above Bayesian
normalization on each array. Averaging the estimated values across arrays,
we can get a new set of data Y, = (y1,¥2, - ,¥p), with y; representing
the i-th gene. We then need to estimate a high-dimensional parameter pu =
(t1, p2, - -, fbp), assuming that

iid
yi — i ~ o(), (16.4)
where () is a symmetric log-concave density function. Given that a large
number of the components in p are zero, p resides in a relatively sparse
subspace.

Johnstone and Silverman'? proposed an empirical Bayes method that is
adaptive to the high-dimensional sparse parameter space, and they also
demonstrated some nice theoretical properties and numerical advantages of
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their estimator. Zhang et al.3> introduced and developed a class of generalized
shrinkage and thresholding estimators, which are adaptive to both sparsity
and asymmetry of the parameter space. They used the Bayesian approach
merely as a tool to place a measure on the sparse and asymmetric parameter
space, and therefore construct better decision rules adaptive to the scenario at
hand. The proposed estimators have the bounded shrinkage property under a
slightly broader condition than the one given by Johnstone and Silverman!2.
An empirical Bayes construction is presented for estimating multivariate nor-
mal mean.

16.4.1 Generalized Empirical Bayes Estimators

Formally, as defined in Zhang et al.,>® a function §(y,7_,7y) is called
a generalized shrinkage estimator if and only if (i) §(y,7) = o(y,—7,7) is
antisymmetric for any 7 > 0 (i.e., symmetric but with opposite sign); (ii)
d(y, 7—,74) is increasing on y € R for each pair of non-negative (7_, 7 ); and
(iil) —|y| < 6(y,7—,74) < |y|, for all y € R. The shrinkage estimator d(y, 7) is
further called a generalized thresholding estimator with thresholds (7—,7) if
and only if

Sy, ) =0 T <y <7

Zhang et al.3° investigated construction of generalized shrinkage and thresh-
olding estimators for g in model (16.4) using a Bayesian approach. With
a unimodal and symmetric distribution function ~(-), we denote ~y(u) =
2y(1) 10,00y (1) and y— (1) = 27()1(—s0,0(14). Consider a Bayesian estimator
of p by assuming that the components of pu have the following prior,

iid
pri ~ (1= w_ —wy)do(p) +w-ry— (1) +wiys (), (16.5)
where Jo(+) is Dirac’s delta function. Here w_ and w; are the weights for
the negative and positive parts with density distributions v_(u) and 4 (),
respectively.

Given the model and prior specifications, we can obtain the posterior distri-
bution of each parameter. Let w_ and w4 denote the posterior probabilities
of u; being negative and positive respectively. Let f_ and f; denote the pos-
terior conditional densities for the negative and positive parts respectively.
Then the posterior distribution of the parameter p;, given the observed value
Yi, is

iy, w— wy ~ {1 — W (y;w—, wy ) — W (yis w—, w4 ) oo (ki)
F4 (Y5 w—, wi ) fo (el yis w—, wy)
FW— (yis w—, wg ) f— (pi|ys; w—, w ).

For fixed w_ and wy, a Bayesian estimator of y; (under componentwise ab-
solute error loss) is its posterior median, i.e.,

i w—, wy) = median (g |y; w—, wy). (16.6)
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Let g4(y;) = fooo o(yi — w)y+(w)dp. Then define the constant a =

g+(0@)(722p(0) € [0,1], and the simplex,

S(a) = {(w_,wy) €[0,1]*: 2a — Dw_ +wy < a,w_ + (2a — Nw,; < a}.

Then, Zhang et al.3® proved the following theorem.

THEOREM 16.1

For the model (16.4), (i) fi(y;w—,wy) is a generalized shrinkage estimator
if and only if (w—,w4) € S(a); (%) f(y; w—,wy) is a generalized thresholding
estimator if and only if (w—,w4) € S(a).

This theorem states a sufficient and necessary condition for our proposed
Bayesian estimator fi(y;w—,w+) to be a generalized shrinkage/thresholding
estimator, i.e., (w_,wy) € S(a). However, the antisymmetric Bayesian
estimator developed by Johnstone and Silverman'? essentially requires
(w_,wy) € 8(0), ie., w— = wy € [0,1]. Obviously, the Bayesian estima-
tor developed here gains more flexibility by offering a much larger space for
(’LU_ ) w+)'

We can construct the generalized shrinkage /thresholding estimators with a
quasi-Cauchy prior, i.e., taking

Y (ul0+) = 2(5- — 1) 2P(7=7) 10,00y (1), O+ ~ Beta(0.5,1), 16.7)
Y- (ulf-) = 2(% - 1)71/2(;5( 1/9li_1)1(—00,0] (1), 60— ~ Beta(0.5, 1§7 '

or equivalently,

Y+ (p) = ﬁ (1 - W) Lio,00) (14);
() = 2 (14 51 ) 1o (),

which have tails similar to those of Cauchy densities, i.e., much heavier than
Gaussian distribution as desired.
Assuming that ¢(-) = ¢(-) in model (16.4), we then have,

N V(g2 /o) 2Yiexp(—yi/2)
9 (0) = e (w(y» p(-y2/2) - 2T )

Since ¢(0) = 1/v27 and g4+(0) = limy)0 g+ (y) = 1/v/8n, we have a = 2/3,
and S(a) is defined by

{w++3w_§2 (16.8)

3wy +w_ < 2.

Maximizing the marginal distribution of Y, for (w_,w4) € §(2/3), we then
construct a generalized thresholding estimator with the posterior median,
which is essentially an empirical Bayes estimator.
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16.4.2 Identifying Differentially Expressed Genes

With (w_,wy) € S(2/3) maximizing the marginal distribution of Y,, we
can calculate the posterior probabilities w_ (y;; w—_, w4 ) and Wy (y;; Ww—, W4).
The local false discovery rate at gene i in the sense of Efron et al.® can be esti-
mated by 1 —w_(y;; W—, w4 ) — W4 (ys;W—, Wy ), which is a monotone function
of Yi-

Let w; = w_ (ys; W—, W4 ) + Wy (ys;W—_, w4 ). Then we can estimate the FDR,
using the method by Newton et al.?° and detect differentially expressed genes
with Bayes factor using similar procedure described in Section 16.3.3.

16.4.3 Reducing ChIP-Chip Data

The ChIP-chip experiment has been described in detail by Ren et al.2? In
summary, after cross-linked to the protein, the DNA fragments are enriched
by immunoprecipitation, namely IP-enriched. Then both the IP-enriched and
unenriched DNA samples are amplified using ligation-mediated-polymerase
chain reaction (LM-PCR), and dyed with Cy5 and Cy3 respectively before
hybridizing to DNA microarray. Finally, the ratio of fluorescence intensities
between these two samples are utilized to identify the genomic binding sites
for the protein of interest. Because of its high-throughput nature, ChIP-chip
data share some similarities with regular microarray data, such as high di-
mensionality. In addition, a unique property of ChIP-chip data is that there
are only two possibilities for each DNA fragment, it is either enriched or not.
Such characteristic motivated the development of data reduction method in
order to identify binding sites more effectively and efficiently.

For each arrayed element on the microarrays, its precise genomic location
is known and a summary statistic is calculated as the difference between the
logarithmic intensities of the IP-enriched and unenriched channels. Let y; be
the summary statistic for the i-th arrayed element. With appropriate nor-
malization and transformation, we can assume the model (16.4). In a perfect
ChIP-chip experiment, p; > 0 if the i-th arrayed element corresponds to a
binding site, and p; = 0 otherwise. However, technical limitations may result
in p; > 0 at certain arrayed elements that are not related to any binding sites.
Nonetheless, when the whole genome tiling arrays are employed for ChIP-chip
experiments, the high-throughput biotechnology presents high-dimensional
data Y, = (y1,¥2, - ,¥yp) with the mean vector p = (u1, pt2,- - , ftp) hav-
ing sparse non-zero components, i.e., g lies in a high-dimensional but sparse
parameter space. This sparse parameter space is characterized by asymmetry
since all the nonzero components of p are positive.

A well-understood distribution of y; in model (16.4) certainly helps identi-
fying the binding sites. However, as shown by Zheng et al.,¢ it is computa-
tionally intensive to implement the corresponding algorithm if a fine proba-
bility model is developed for the ChIP-chip data. Henceforth we propose to
use the above generalized empirical Bayes estimator to effectively reduce the
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dimension of ChIP-chip data by efficiently estimating all non-zero u; before
further models are utilized to identify the binding sites of interest (Zhang and
Zhang®?).

Specifically, we assume the prior of p in (16.5) with w_ = 0, where v (u) is
specified in (16.7). As the simplex S(a) defined in (16.8) reduces to wy < 2/3,
we propose to maximize the marginal likelihood function for an optimal w, €
[0,2/3], and therefore construct an empirical Bayes estimator fi(y;;0,wy),
which is a generalized shrinkage/thresholding estimator. Here the optimal
w4 describes the degree of sparsity in p, i.e., the degree of sparsity for the
underlying parameter space. In practice, o2 can be estimated independently
either through control probes or certain robust estimators by taking advantage
of the characteristics of ChIP-chip data (i.e., most probes are not related to
binding sites).

16.5 Software Packages
16.5.1 MicroBayes

Package MicroBayes can be downloaded at
http://www.stat.purdue.edu/~zhangdb/MicroBayes/

and run under MATLAB®. It implements the Bayesian inference on spotted
microarray data, proposed by Zhang et al.3? It also provides the multiple
background correction of Zhang et al.3* The local FDR will be reported for

each gene, and the fD\R(b) will also be calculated for different levels of b. The
main function is

MATLAB>> MicroBayes(config) .

Here the input argument config is an array containing the following struc-
tures to specify the input file and its data structure,

DataFile: the name of the input file;

bBGCorrect: 1 if MBC should be applied, 0 otherwise;

GIDIdx: indicates the column of gene ID;

MIdx: indicates the column of M;

AIdx: indicates the column of A;

Cy3Fgldx: indicates the foreground reading column of Cy3 channel;

Cy3BgIdx: indicates the background reading column of Cy3 channel,
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Cy5FgIdx: indicates the foreground reading column of Cy5 channel;
Cy5BgIdx: indicates the background reading column of Cy5 channel;

Note that a structure may not be specified if the input file does not include
the corresponding records. The input data should be put in a plain text file,
with each row representing one probe.

The input argument of MicroBayes can also be used to specify other op-
tional settings, with default ones specified in the function MBDefault. For
example, the structure nMCMCBurnIns sets the number of burn-in samples,
and nMCMCSamples sets the number of samples for the Gibbs sampler after
the burn-in period, both with default values being set at 5,000. The structure
ResPrefix of config, together with the name of the input file, specifies the
folder name containing parameter chains from the Gibbs sampler.

A text file will be created including the final report on each gene, the
estimates of «;, Bayes factor, and local FDR. A plot will be presented for
ﬁ(b) against b.

16.5.2 GEBCauchy

Package GEBCauchy can be downloaded at
http://wuw.stat.purdue.edu/ ~zhangdb/GEBCauchy/

and run under MATLAB®. It implements the generalized empirical Bayes
estimator, proposed by Zhang et al.?®> The local FDR will be reported for

each gene, and the ﬁ(b) will also be calculated for different levels of b.
The main function is

MATLAB>> retRes = GEBCauchy(inX,inSD,inPatt).

Here the input argument inX should be a column vector including the data Y,
and inSD specifies the standard deviation with the default value calculated
using the median absolute deviation (MAD). The input argument inPatt
specifies the possible patterns of (w_, w4 ),

[-1,1,1]: (w_,w4) € S(2/3) as in (16.8);
[1,1,1): w_ = wy € [0,0.5];
[1,0,1]: w_ = w4 = 0.5;
[0,1,1]: w_ = 0 and wy € [0,2/3];
[-1,1,0]: wy =0 and w_ € [0,2/3].
The output retRes is a structure containing the following structures,

mu: a vector of the estimator fi;
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sd: the estimator of |o|;
priorp: the estimator of (w_,w4);
postp: a matrix of (ﬁ)_ (yi; W—, Wy ), Wy (ys; W—, 1I)+)>;
A plot will be presented for FD\R(b) against b. A text file will be created

including the final report on each gene, as well as the estimates of ;, Bayes
factor, and local FDR.
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17.1 Introduction

Variation in quantitative traits is due to the combination of genetic and
non-genetic factors. Identifying such genetic factors by associating the trait
variation with genotypic differences at certain loci is referred to as quantitative
trait loci (QTL) mapping. In other words, the goal of QTL mapping is to
identify regions of the chromosome that are associated with the phenotype
of interest. More specifically, we would like to estimate the total number of
QTL, their locations on the chromosomes, and the magnitude of their effects
on the phenotypic value. It has been widely accepted that genetic markers can
be used to study QTL (Sax 1923, Thoday 1960, Jayakar 1970), where such
markers are identifiable and presumably closely linked to genes that affect the
trait under investigation. QTL mapping holds the promise of locating genes
underlying quantitative traits which help further investigate and manipulate
the genes to improve the trait, and thus, it has attracted considerable attention
in the research community recently.

17.1.1 Non-Bayesian Methods

Traditional non-Bayesian approaches have been prevalently employed in
QTL mapping for the past two decades. Such approaches map QTL on the
basis of univariate or multiple regression models, and maximum likelihood
methods are used to detect QTL and estimate their effects. After the earlier
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years of single marker analyses using t-test and regression models, Lander
and Botstein (1989) proposed one of the most popular approaches in QTL
mapping, namely interval mapping (IM), where the chromosomes are densely
gridded using available marker information and likelihood ratio tests are per-
formed at each of these grid points to detect QTL. As an extension of the
single-QTL model assumed in IM, Zeng (1993, 1994) proposed composite in-
terval mapping (CIM) by incorporating the markers outside the interval that
may also affect the trait of interest, and similarly, Jansen (1993) and Jansen
and Stam (1994) introduced multiple QTL mapping (or marker-QTL-marker,
MQM). By including multiple intervals simultaneously, Kao et al. (1999) pre-
sented multiple interval mapping (MIM) to directly regress the trait on a
number of markers. MIM allows the investigation of epistasis (i.e., the inter-
action of genes or QTL) and provides the estimates of variance components
as well as heritabilities. A detailed review on the background of QTL map-
ping and statistical issues involved is available from Doerge et al. (1997) and
Jansen (2007). Here we will give a brief overview on MIM which will be used
to provide locations of the pseudomarkers prior to mapping QTL with the
newly developed Bayesian method.

On the basis of Cockerham’s genetic model, Kao et al. (1999) proposed
MIM to identify QTL from multiple intervals simultaneously via a multi-
ple regression model that includes m pseudomarkers located in m different
marker intervals, and the digenic epistasis between these m pseudomarkers.
Maximum likelihood method is employed to make inference on the locations
and effects of the detected QTL. More specifically, model selection procedures
(e.g., stepwise selection, chunkwise selection) using likelihood ratio test (LRT)
statistic are employed, and significance is evaluated by comparing the LRT
statistic with the critical value from IM (or CIM) obtained after Bonferroni
adjustment. MIM can estimate the number of significant QTL as well as their
locations on the chromosomes, separate linked QTL, and identify significant
epistasis between a pair of pseudomarkers (Kao et al. 1999). These infor-
mation, combined with the estimated heritability and variance components,
provide information for marker assisted selection to further improve the trait
of interest.

17.1.2 Bayesian Methods

The utility of Bayesian approaches in QTL mapping has been recognized
only recently, which is largely attributed to the increasing power of modern
computers and the advent of Markov chain Monte Carlo (MCMC) methods
(Shoemaker et al., 1999). In addition to the general characteristics of Bayesian
statistical methods described in Berger (1985) and Gelman et al. (1995), the
Bayesian framework offers specific advantages in QTL mapping, such as ac-
commodating missing genotypic and phenotypic values and handling a large
number of parameters in the model. Missing genotype information is common
in QTL mapping, either due to failure to genotype or selective genotyping.
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Using MCMC, Bayesian methods provide a natural framework to impute the
missing genotypic value based on the available flanking markers at each it-
eration of the Markov chain. As a result of the development of technologies
that enable fast and cost-effective genotyping of thousands of individuals and
hundreds or thousands of markers per individual, the total number of mark-
ers on the genetic map is getting larger and larger. Furthermore, the desire to
simultaneously modeling main and epistatic effects across the entire genome
further challenge the statistical analysis of QTL data. Therefore, the ability
to include large number of markers in the model, as provided by Bayesian
methods, is essential for the success of QTL mapping.

Earlier considerations of Bayesian methods in QTL mapping include
Thomas and Cortessis (1992), Hoeschele and VanRaden (1993a, 1993b), and
later, a series of Bayesian approaches proposed to map QTL. Among them,
some methods are developed to estimate the number of QTL as well as their
effects on the trait by using reversible-jump MCMC algorithm (Green 1995),
such as Satagopan et al., (1996), Sillanpidd and Arjas (1998), Stephens and
Fisch (1998), and Yi and Xu (2002). To further improve the performance of
MCMC mixing, Yi et al. (2003) proposed a Bayesian approach to identify
multiple QTL on the basis of stochastic search variable selection methodol-
ogy (George and McCulloch 1993). This method considers all markers of the
entire genome simultaneously, and a mixture of two normal distributions is
specified for the effect of each marker. Both normal distributions are centered
at zero with one variance being small and the other variance being large, in
order to capture the small effects and large effects respectively (Yi et al. 2003).

17.2 Bayesian Classification to Map QTL

The existence of epistasis has been recognized for over a decade (Bateson,
1909), however, lack of efficient statistical tools is still the major barrier to
identifying the epistatic effects. The statistical challenge is “large p small
n”, i.e., we have a huge number of predictors but relatively small number of
subjects. As shown by Broman and Speed (2002), Kao et al. (1999), Zeng et al.
(1999), and Ball (2001), QTL mapping can be considered as a model selection
process. A number of methods have been proposed to identify epistatic effects,
such as Kao and Zeng (2002), Yi and Xu (2002), Yi et al. (2005, 2007), Bogdan
(2004), Cui and Wu (2005), Zak et al. (2007), and Shi et al. (2007), among
others.

To break the curse of dimensionality for models with epistases in QTL map-
ping, we propose a new Bayesian framework with a two-stage procedure to
simultaneously investigate the main effects of each candidate marker and the
epistatic effects between all possible pairs of candidate markers across the
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whole genome. The candidate markers can be observed markers or pseudo-
markers (e.g., imputed genotypes). Here and thereafter, we will use markers
to represent both markers and pseudomarkers and assume that QTL are lo-
cated at the markers. With the proposed Bayesian approach, all candidates
are classified into three groups, the positive-effect group that includes all QTL
with positive effects on the phenotype, the negative-effect group that includes
all QTL with negative effects on the phenotype, and the zero-effect group
that includes all QTL with negligible effects. Therefore, the method we pro-
posed for QTL mapping is called Bayesian classification. Taking advantage of
the Bayesian framework, a mixture-of-three-components prior distribution is
specified for each candidate marker on the genome. More specifically, we use
positive and negative truncated normal distributions for the positive-effect
and negative-effect groups respectively, and the different parameters of these
two normal distributions allow the asymmetric effects between the two groups
in terms of the number of QTL and the sizes of their effects. After the prior
information being updated by the observed data, the posterior probabilities
will be used to infer the group membership of each marker. The inference is
carried out using Bayesian framework via Gibbs sampling.

17.2.1 Model and Prior Specification

We will focus the discussion on continuous phenotypes in populations with
binary genotypes, such as backcross, double haploid and recombinant inbred
lines. With a multiple regression model including up to digenic epistasis, the
relationship between phenotypic value (Y;) and the genetic/non-genetic fac-
tors of the i-th individual can be written as

d my mg
Yi=p+ ZajZij + Zﬂinj + Z’ijij +€, t=1,...,n. (171)

j=1 j=1 j=1

where p is the overall mean, Z;; represents the j-th non-genetic covariate of
subject ¢ and o is its corresponding effect, X;; is the genotypic value for the
j-th marker of subject i, W;; = X, Xy with X, and X representing the
genotypes of the k-th and the [-th marker of the i-th individual respectively,
B; is the additive effect of the j-th marker, ; represents the j-th epistasis
between the k-th and [-th marker, and ¢; is the residual error which follows
N(0,02). Finally, d is the total number of non-genetic factors, m; and my are
the total numbers of main and epistatic effects respectively. Note that, if all
pairwise epistases are considered, we have mg, = my, x (mp — 1)/2.

First, a mixture-of-three-component prior distribution is specified for the
main effect of each marker and for the epistatic effect of each pair of markers
as follows,

iid

B ~ (L =ppy —pp-)00y +Pp+ s, +ps-Fa_
iid

Y~ (L=pyt — p'y—)(s{o} + Pyt Fyg +py—Fy—s
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where pgy and pg_ are the probabilities for a marker to have positive and
negative effect respectively, d;¢y is a Dirac function which equals one at zero
and equals zero otherwise, then Fj3; and Fj_ refer to the population distri-
butions of the positive and negative groups. Similarly, p,4 and p,_ represent
the probabilities for a pair of markers to have positive and negative epistatic
effect respectively, and F,; (or F,_) is the population distribution of the pos-
itive (or negative) epistasis. Let Ny (m,s) and N_(m,s) denote the normal
distribution with moments (m, s) restricted to the positive and negative half
line respectively. We choose Fzy = N4 (0, U%Jr) and Fz_ = N_(0, U%i). Then
F, . and F,_ are defined in a similar manner as Fjg; and Fg_ by just replacing
B with ~.

The priors for other parameters are selected as the standard non-informative
priors for location and scale parameters, i.e., g oc 1, and 02  1/02. Given
a set of non-genetic covariates Z, the corresponding a; can be partitioned
into homogeneous groups with «; from the k-th group, a priori, following iid
normal distribution N(0,02,). In addition, we have 02, o 1/02,.

For the hyperparameters, we choose the following priors,

pg+ + pg— ~ Uniform(0, cy/n/my),
Py+ + py— ~ Uniform(0, cv/n/my), (17.2)

and

0%4_ ~ Inverse Gamma(ng4, (s+), 0?;_ ~ Inverse Gamma(ng_, (3—)

crfﬁ ~ Inverse Gamma(7+4, (y+), cri_ ~ Inverse Gamma(n,—, (y—).

17.2.2 Bayesian Inference and the Two-Stage Procedure

On the basis of the observed data (Y;, X;, Z;) for i = 1,...,n, and prior
specifications for each parameter in model (17.1), the joint posterior density
function of the parameters conditional on the observed data can be obtained.
Then we can construct a Gibbs sampler to iteratively draw samples of the
missing genotypic and/or phenotypic values, as well as the model parameters
from their full conditional posterior distributions.

The starting value for each parameter is obtained as follows. The overall
mean g and o2 are initialized with the sample mean and variance of the
phenotypic values, the genetic effects of all markers {8; : j = 1,...,ms}
and {v; : j = 1,...,mgy} are initialized using the values from the univariate
regression, the initial values for variance components (03, ,05_, 02,02 )
and prior probabilities of each marker and pair of markers having positive or
negative effect (psy, ps— and py4+, py—) are calculated based on the initial
values of 8; and v;, 7 = 1,...,n. Given these initial values, we update each
of them (i.e., p, oj, Bj, 7js 0527 P+, P3—» Py+» Dy—» U§+a Ug_v 0$+7 03—) by
sampling from its corresponding posterior distributions. Details of the Gibbs
sampler are reported in Zhang et al. (2005) and Zhang et al. (2008).
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Bayesian inference can be carried out by calculating the statistics using
the marginal distributions of the underlying parameters. New samples will be
obtained at each iteration of the Markov chain. After discarding the initial
iterations (i.e., burn-in samples), the subsequent parameter samples will ap-
proximately follow the posterior distributions. Let K be the total number of
iterations after the burn-in period, and the Bayesian inference can be made
on the basis of the K samples from the Markov chain of each parameter. Let
B—; denotes all components in § except the j-th component (3;). On the basis
of the following probabilities,

ﬁﬁj— = P(ﬁj < 0|Yn7Xn7va,uaﬂ—jaa.gva'??-&-va??—)a
ﬁﬁjJr = P(ﬂj > 0|Yn7YTL7va/hﬁfjaagvag-y—aag—)a

we can obtain two chains, i.e., {]5(6];)7 :k=1,...,K} and {ﬁ(ﬁ?r k=
1,..., K}, to check whether or not marker j has a significant effect (negative
or positive) on the phenotype. More specifically, we can calculate the posterior
probabilities P(3; > Oly,,, €, 2,) and P(5; < 0|y,,, Tn, zn) using these two
chains. The posterior probabilities for epistatic effects can be estimated in a
similar manner by simply replacing 8 with ~.

As the total number of predictors is much larger than that of individuals
in model (17.1), we employ a two-stage procedure to improve the efficiency
and accuracy of the inference. In the first stage, we screen all the main and
epistatic effects in model (17.1), and select the top ¢y/n out of m; additive
effects and the top ¢y/n out of my epistatic effects using a restrictive prior
distribution for each coefficient (for example, ¢ = 2), as shown in (17.2). Then,
with a much smaller number of candidates selected from the first stage, we
rerun the same algorithm in the second stage and stochastically search the
significant main and epistatic effects out of the pool of candidates chosen from
the first stage. The only difference between the two stages is that, the priors
used in the second stage are non-restrictive, i.e.,

Pa+ + Pa— ~ Uniform(0, 1), pa+ + pg— ~ Uniform(0,1). (17.3)

Let the posterior probabilities of marker j (j = 1,...,m;p) having non-
zero additive effect be pgj = P(B; > Oly,,,%n,2,) and pgj— = P(B; <
0ly,,, n, 2n). Similarly, we have p,;+ = P(vy; > 0|y, ®n, 2n) and py— =
P(7v; <O0ly,, n, z,) for the posterior probabilities of the j-th epistatic effect
being significantly different from zero. After estimating these quantities using
the samples drawn by Gibbs samplers in the second stage, we can calculate
the Bayes factor (BF) to test whether each marker has statistically significant
additive effect or involved in non-zero epistatic effect. More specifically,

BF(8;) = Pt TPB= g BF(y;) = 2wt T Pus 17y

L —ppj+ — Ppj- L= pyjr = Prj-
As proposed by Jeffreys (1961), “a bare mention” evidence is provided if BF
is between 1 and 3.2, “substantial” evidence is provided if BF is between 3.2
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and 10, “strong” evidence for BF between 10 and 100, and “decisive” evidence
is provided if BF is greater than 100. On the basis of the two Bayes factors,
we can select markers that have non-zero main and epistatic effects on the
phenotype.

For each marker with non-zero effect, we can further estimate the magnitude
of its effect on the basis of its corresponding Markov chain. Usually the median
value of the chain is utilized to estimate the size of the main (or epistatic)
effects.

17.3 QTLBayes: Software for QTL Mapping with
Bayesian Classification

The Bayesian classification method for QTL mapping has been implemented
in QTLBayes that allows simultaneous analysis of the additive and epistatic
effects of all markers across the whole genome. QTLBayes can be used to
analyze data from experimental crosses, and data from natural populations
where inbreeding can not be controlled. For example, QTLBayes has been em-
ployed to analyze data from several collaborative projects, including barley
and Drosophila (Zhang et al., 2005), tomato (with S. Tanksley, Cornell Uni-
versity), rice (with D. Salt, Purdue University), and human (with A. Clark,
Cornell University).

17.3.1 Availability

The algorithms and functions have been developed and tested in
MATLAB® for Windows and Unix. QTLBayes can be freely downloaded from
http://wuw.stat.purdue.edu/~zhangdb/QTLBayes/. The example datasets
and an information file about the package (‘ReadMe.txt’) are also provided
at this web site.

17.3.2 Model, Bayesian Inference, and Algorithm

Considering the main effects of each marker, digenic epistasis between mark-
ers, and the effects from other non-genetic variables, QTLBayes maps QTL on
the basis of the multiple regression model (17.1). As discussed in Section
17.2.1, the homogeneity among the non-genetic variables is acknowledged and
can be built into the analysis with QTLBayes.

Bayesian classification method is used to estimate parameters in model
(17.1). Details of the Gibbs sampling algorithm are described in Zhang et al.
(2005).



420 Bayesian Modeling in Bioinformatics

17.3.3 Input Data and Format

One dataset is required if only the observed markers are included in model
(17.1) and no missing genotypic values are involved. However, if one also wants
to impute the genotypic values of pseudomarkers between flanking markers
and include them in model (17.1), a separate genetic map file is necessary
for the imputation. Both data files should be provided in text format (e.g.,
“txt”).

e “config.CTMFile”: This is the name of the file which includes a matrix
of dimension n x C. Here n is the total number of subjects in the data
and thus, each row collects the genetic and non-genetic information for
each subject. The C' columns include the genetic line index for each indi-
vidual, the phenotypic value, the values for non-genetic covariates, and
all the genotypic values of each marker. Note that the only requirement
here is that each row is the data for each individual, and the columns can
be organized freely as long as they match the specifications in Section
17.3.4. The genotypic values for binary markers can be represented with
any two numbers, and they will be transformed into —0.5 or 0.5 in the
algorithm to avoid correlation between main and epistatic effects. For F2
populations, the input of genotypic values can be any three consecutive
numbers representing the three possible genotypes, i.e., gg, Gg, or GG,
respectively. By default, the program will use -0.5, 0, and 0.5 to code
the additive effect and use 0, 1, and 0 to code the dominant effect of
gg, Gg, and GG respectively. Consequently, the corresponding epistatic
effects, additive x additive, additive X dominant, dominant x additive,
dominant x dominant, will be included in the model if the user would
like to identify epistatic effects as well.

e “config.MPosFile”: The name of the file which includes a column
vector to specify the genetic map of all markers. This is required if
there is missing genotypic value in the dataset or one would like to
add pseudomarkers between flanking markers. In this file, the order of
the markers should be the same as the order of the genotypic values
in “config.MrksIdx”. Note that QTLBays could not impute the miss-
ing genotypic values for F2 populations yet, so one needs to use other
packages, such as fastPHASE (Scheet et al. 2006), to get the complete
genotype information for F2 data.

17.3.4 Specifications and Default Setting

The current version only offers standardization of the trait variables or non-
genetic covariates, so if other types of transformation is necessary, users need
to transform the data first before running the program. In addition to the
input data described in Section 17.3.3, users have the option to specify the
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following variables. The data structure is specified by the following structures
of array config,

e “config.ChLens”: The total number of markers on each chromosome.
This is a row vector with dimension equals to the total number of chro-
mosomes, and each component of this vector represents the number of
markers on each chromosome ordered from the first to the last chromo-
some.

e “config.LIDIdx”: The column index of genetic line ID for each obser-
vation. Observations from the same line should share an identical ID.

e “config.TraitIdx”: The column index of the trait value for each indi-
vidual.

e “config.MrksIdx”: A row vector specifying the markers’ column in-
dexes in the file “config.CTMFile”.

e “config.CovIdx”: The column indexes of non-genetic variables in the
file config.CTMFile. There is no non-genetic variables by default.

e “config.ZGrps”: This specifies the homogeneous groups of non-genetic
covariates. Users can group the similar covariates together by this spec-
ification. Each non-genetic covariate forms a homogeneous group by de-
fault.

e “config.EpiFile”: The name of the file which specifies epistatic effects
in the model. If only main effects are of interest, the user does not need to
define it or let it be an empty character, i.e., config.EpiFile = ;. If
all pairwise interactions are considered, one can use config.EpiFile =
‘ALL’. If only a subset of epistases are considered, they can be specified
in the corresponding file which is a matrix with dimension equals to
mg x 2. Bach row is a pair of indexes indicating the two markers.

e “config.bNormT”: This equals to 0 if no standardization of the pheno-
typic values is required, and equals to 1 if the phenotypic values need
to be standardized. The default value is 0.

e “config.bNormZ”: This equals to 1 if the non-genetic covariates need to
be standardized and equals to 0 otherwise. The default value is 0.

e “cnofig.bF2”: This equals to 1 if the data are from F2 population, and
0 otherwise.

e “config.nCstCov”: This specifies the cut-off value for highly unbal-
anced markers to stay in the model. For example, the two genotypes of
a marker are coded as —0.5 and 0.5, if the genotypes of most individuals
in the population are 0.5, then ¢ ‘config.nCstCov’’ = 4 means that
at least 4 individuals need to have genotype —0.5 in order to keep this
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marker in the model. Otherwise, this marker will be removed from the
model after the initial screening of all available markers in the dataset
prior to analysis. The default value is 0.

e “config.nMCMCBurnIns”: This specifies the total number of burn-in
samples of the Markov chain. Since the chains usually converge after
5,000 iterations based on our experience, the default value is 5,000.

e “config.nMCMCSamples”: This specifies the total number of samples of
the Markov chain used to make inference. The default value is 5,000.
On the basis of our experience, we can keep all samples after the burn-
in period and there is no thinning procedure necessary. Therefore, all
samples after burn-in will be saved, however, users can still thin it later
if necessary.

e “config.MapFunc”: This specifies the mapping function used to impute
the genotypic values for pseudomarkers. “config.MapFunc = 0” corre-
sponds to Haldane’s mapping function (1919), “config.MapFunc = 1”
indicates Kosambi’s mapping function (1944), and “config.MapFunc =
2”7 corresponds to Morgan mapping function. The default value is 1.

17.3.5 Output and Results

For each parameter in model (17.1), we have the corresponding Markov
chains from the Gibbs sampler which consist of a reasonable large number of
samples. The number specified in “config.nMCMCSamples” should be large
enough such that there is a relative small Monte Carlo error while estimating
the summary statistics, such as the posterior mean or median, the variance,
and the posterior distribution etc. The algorithm will create two folders that
save the Markov chains for each parameter generated from the first and second
stages respectively. Results from the second stage will be used to estimate the
parameters in model (17.1).

Before making inference on the basis of these Markov chains, users need
to check the convergence of the chain by using diagnostic tools described
in Cowles and Carlin (1996). There are some available packages specially
designed for convergence assessment and posterior inference of MCMC output,
such as boa in R (Smith 2007).

Users can obtain the results for QTL with significant main and epistatic
effects on phenotype by using the two functions, “ReportMainEffects” and
“ReportEpiEffects”. The input for both functions is the value specified for
thinning. For example, thin = 5 means that every 5-th sample will be used for
estimation. On the basis of our experience, the estimates from different values
of thinning are similar to those without thinning (i.e., thin = 1). The default
value for both functions is 1. “ReportMainEffects” provides the information
of the markers with significant main effects, which includes: the marker in-
dex, the point estimate of the magnitude of the effect as well as its standard
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deviation, and the corresponding Bayes factor. “ReportEpiEffects” reports
similar information for the identified significant epistatic effects.

With the standardized phenotypic values and no non-genetic covariates in
model (17.1), one can estimate the heritability by using 1 — 62 where 62 can

be obtained from the chain of o?2.

17.3.6 Summary

QTLBayes is still under continuous development. We are trying to develop
a user friendly interface and adding other features to make it more widely
applicable. Please contact Dabao Zhang (zhangdb@stat.purdue.edu) or Min
Zhang (minzhang@stat.purdue.edu) for the most recent version.

17.4 An Example of Data Analysis Using QTLBayes
17.4.1 The Data

The example dataset is originally presented in Liu et al. (1996) and Zeng et
al. (2000), and the phenotype as well as genotype information are made pub-
licly available at the QTL Cartographer web site (http://statgen.nscu.edu
/qtlcart/cartographer.html). In summary, four backcross populations
were generated from two inbred lines, Drosophila simulans and Drosophila
mauritiana. The phenotype is the morphometric of the posterior lobe and
there are 45 markers across all 3 chromosomes. Liu et al. (1996) has more
details about this dataset. Here we take the mauritiana backcross II data as
an example.

17.4.2 QTL Analysis

First, we select 9 putative markers based on the results from multiple inter-
val mapping (Zeng et al., 2000) and the genotypes of these pseudomarkers will
be imputed on the basis of their flanking markers. Then, we put all 54 main
effects (45 markers and 9 pseudomarkers), and 1431 epistasis (all pairwise
interactions between 54 markers/pseudomarkers) into the model. The pheno-
type and genotype information of all 54 markers/pseudomarkers are organized
into a matrix, where the genotypes of all 9 pseudomarkers are missing and in-
dicated by ‘NaN’ in the dataset. The name of the file containing this matrix is
specified in “config.CTMFile”. The standardized phenotypic values are used
in the analysis. The genetic map estimated from the gametes is available (Liu
et al. 1996, Zeng et al. 2000) and the corresponding file name is specified by
“config.MPosFile”. We analyze the data by using the following command
in MATLAB®
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TABLE 17.1: Partial List of the QTL
with Main Effect BF>1 for BM2 Dataset

Index: beta: sd: bf:

1 -0.2180 0.1448 4.5036e+-015
15 -0.0561 0.1071 1.2878e4-000
16 -0.1473 0.1161 1.7689e+4-003
25 -0.1145 0.0879 7.9064e+-001
33 -0.1749 0.1357 4.9999e+4-004

> (QBRunBM2;
where the function QBRunBM2 is written as follows,

config.CTMFile = ’BM2.txt’;
config.MPosFile = ’BM2MPos.txt’;
config.ChLens = [6 19 29];
config.LIDIdx = 1;
config.TraitIdx = 56;
config.MrksIdx = 2:55;
config.EpiFile = ’ALL’;
config.bNormT = 1;

QTLBayes (config) ;

After the algorithm is done at each stage, a folder will be created under
the current directory where all the parameter chains are saved. For exam-
ple, ‘patlp.txt’ and ‘patln.txt’ will save the posterior probabilities of each
marker having positive and negative main effects respectively, ‘pepip.txt’
and ‘pepin.txt’ correspond to the posterior probabilities of each pair of mark-
ers having positive and negative effects respectively. Users can make inference
about any parameter of interest on the basis of these chains.

To check which marker/pseudomarker has significant positive or negative

effect on the phenotype, one can use
> ReportMainEffects;
There are 20 markers with BF>1 in the output, and a partial list of these QTL
are given in Table 17.1. The first column of Table 17.1 is the marker index that
corresponds to the order specified by “config.MrksIdx”. The second column
(beta) is the estimated magnitude of the effect, and the third column (sd) is
the standard deviation of the estimate. The last column is the BF calculated
using (17.4).

Similarly, for epistatic effects, one can use
> ReportEpiEffects;
to list all pairs of markers whose BF for epistatic effects are greater than 1.
Part of the list is shown in Table 17.2. Table 17.2 is similar to Table 17.1 except
that there are two indexes for the marker, Index 1 and Index 2, representing
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TABLE 17.2: Partial List of the Pairs of QTL with
Epistatic Effect BF>1 for BM2 Dataset

Index 1: Index 2: gamma: sd: bf:
3 47 0.2231 0.1533 1.1630e+4-002
9 50 0.3304 0.0750 5.0000e+004
12 42 0.2688 0.0964 1.0461e+4-003
25 30 0.0896 0.0926 2.6083e+4-000

49 23 0.1678  0.0921 1.2229e+001

the two markers involved in epistasis. Note that the values of BF vary a lot
in both tables, ranging from 1 to 10*°. On the basis of these BF, users can be
more or less conservative when selecting the total number of significant main
and epistatic effects. Finally, the heritability can be estimated by using

> sigmae = load(‘sigmae.txt’);

> 1- median(sigmae)

and the estimated heritability is 0.9023 for this dataset.

17.5 Conclusion

We focus our discussion on the trait that follows a normal distribution. For
other types of traits, such as categorical or limited traits, similar Bayesian clas-
sification strategy can be proposed for the generalized linear model framework.
In addition, the gene by environment interactions can be easily incorporated
into the model if the user is interested in modeling phenotype plasticity. Al-
though the method is developed for QTL mapping, it can be easily extended
to other applications of large p small n with minimal modifications. The disad-
vantage of Baysian methods is the intensive computation as the computation
burden is much heavier than non-bayesian methods, however, the gain can be
significant and thus make it worthwhile in practice.
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ion charging, 345

likelihood-based inferences, 348—
350

model-based approach to analy-
sis of, 344

noise, 346-347

posterior inference, 352-353, 359

protein biomarker classfication,
347-348

MC3 algorithm, 67-68
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Metropolis-Hastings algorithm, 273,
278, 283, 327
Microarray for Node Negative Dis-
ease (MINDACT), 126
Microarrays
comparative genomic hybridiza-
tion (CGH) (see Compara-
tive genomic hybridization
(CGH) microarrays)
comparison of software types,
19-20
data analysis, 16
description of technique, 2
DNA (see DNA microarrays)
experiments, parallel structure
of, 27-28
mRNA levels, 30
multi-sample method, 4, 6, 11
normalizing, 135
one-sample method, 3-5, 12
open source software, 16
research, use in, 27
software for analysis (see specific
software)
spotted (see Spotted microar-
rays)
time course microarrays (see
Time course microarrays)
two-sample method, 4, 11, 12
usage, 149
Microarrrays
HIV-1 dataset (see HIV-1 dataset)
MicroBayes, 406-407
MINDACT, 126
Mixture models, 46-47
finite, 240-241
hierarchical beta mixture model,
350-352
mixture prior, checking, 53-57
phylogenetic modeling, use in,
201
Oriented Stochastic Search
(MOSS) algorithm
breast cancer diagnosis dataset,
use in (see Breast cancer di-

Mode
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agnosis dataset)
defining, 68-69
efficiency, 77
estrogen response with dense
SNP array data study, use
in (see Estrogen response
with dense SNP array data
study)
hierarchical log-linear models,
67, 70-71, 75, 78 (see also
DY conjugate priors)
leukemia gene expression dataset,
use in (see Leukemia dataset)
model selection, used in, 76
overview, 66—67
predictor selections, 76-77
regressions, 67, 74-76
shotgun stochastic search, ver-
sus, 66
simulated examples, 7677
use of, 63, 66
Modeling gene expression
Dirichlet process component, 209
latent factor-space clustering,
209
overview, 295-296
Signature Factor Profiling Anal-
ysis (SFPA) (see Signature
Factor Profiling Analysis
(SFPA))
signature scores, 297-298
sparse, semi-parametric latent
factor models, 298-300
sparsity priors, 296-297
Molecular clock, concept of, 209
Molecular evolution, 201-202
divergence time estimation, 208
212
tree, change over the, 202-204
Monte Carlo Markov Chain (MCMC)
simulations, 52
algorithm for chromosomal pa-
rameters, 184-185
algorithms for gene selection
for identification of bio-
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markers in high-throughput
data, 237-238
beta mixture model implemen-
tation, 352-353
convergence rates, 65
disadvantages of, 65, 116-117
reversible jump, 100-101
sampling, 64, 65
use with BRIDGE, 152
Multiple sequence alignment, 194—
195
Multivariate adaptive regression spline
(MARS) method, 319
Multivariate Bayes approach
time course microarrays, 3, 67
two-sample case, 11
Munich Information Center for Pro-
tein Sequences, 262

N
Neural nets method, 318-319
Nonparametric Bayes models, 98,
110
challenges to use, 115
MCMC analyses of, 115-116

0)
Oncogenes, 294. See also specific
cancer types
behavior of, 166
creation of, 166
E2F3 signature (see E2F3 signa-
ture)
Ovarian cancer. see E2F3 signature

P
Pancreatic adenocarcinoma data
Bayesian HMM application, 173~
175
Bayesian HMM application ver-
sus other methods, 176-177
CBS algorithm of, 173, 175
copy number gains, 173
copy number losses, 173
genomic instability, 173
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Phylogenetic models

Bayesian phylogenetic analysis,
197-199, 214

coalescence, deep, 206-207

complexity, 218-219

divergence time estimation, 208—
212

DNA sequences, comparisons of,
194

frog (Ranidae, Anura) analysis,
214-215, 217-218

gene tree estimation, 206

gene tree, discordance between,
206207

inference, 212

labelings, 195-196

maximum likelihood approaches,
196-197

MCMC approaches to, 197-198,
213-214

molecular evolution (see Molec-
ular evolution)

multiple sequence alignment, 194
195

rate of sequence substitution,
200

SAMC approaches to, 197-198

sequence-dependent models, 204—
205

simultaneous alignment, 212,
213

species tree inferences, 207
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overview of usage, 50
posterior predictive distribution,
50-51

Proportional hazards model based

on kernel regression

baseline modeling, 318, 324-325

breast carcinoma data set exam-
ple, 333-334

decision trees method, 318-319

Diffuse Large B-cell Lymphoma
(DLBCL) data set exam-
ple, 334, 336

machine learning approaches,
318

multivariate adaptive regression
spline (MARS) method, 319

neural nets method, 318-319

overview, survival distributions,
317-321

regression function modeling,
318

relevance vector machine (RVM),
use of, 323, 326327

reproducing kernel Hilbert space
(RKHS) methodology, 319,
321

support vector machine (SVM),
use of, 319, 321-322, 328-
330

survival analysis model, 323-
324

survival predictions, 330-331

TKF91 model, 213
Phylogeny

Protein-protein interactions
cellular processes, role in, 255
definition of, 193 Protemics, 345
model of (see Phylogenetic mod- Proto-oncogenes, 165
els) mutations of, 166
relationship analysis, 193
Population genetics Q
nonparametric Bayes methods, QTLBayes, 419-423
use with, 112 Quantitative trait loci (QTL) map-
Predictive model checking ping
checking function, 50 Bayesian classification, 415-416
cross-validation, 50 Bayesian inference, 417-419
gene variances, checking, 51-53 Bayesian methods, 414-415
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dimensionality issues, 415

non-Bayesian methods of, 413—
414

overview, 413

potential use, 413

prior specification, 417-417

R

Relevance vector machine (RVM),
use of, 323, 326-327

Reversible jump Markov Chain Monte
Carlo algorithm, 100-101

S
SELDI. see Surface Enhanced Laser
Desorption and Ionization
(SELDI)
Shotgun stochastic search
efficiency of, 68
MC3 algorithm, building on,
67-68
Mode Oriented Stochastic Search
(MOSS) algorithm, versus,
66
origins of, 68
Shotgun stochastic search (SSS) al-
gorithm, 66
Shrinkage estimators, 105
Signature Factor Profiling Analysis
(SFPA)
description, 300
in vivo profiling of in vitro sig-
nature, 300-301
Somatic cells, life cycle of, 165
Species tree topology, 206, 207-208
Spotted microarrays
Bayesian framework for, 399-
401
image files, 395
measurement-error models, 397—
399
multiplicative background cor-
rection, 395-397
overview, 393-395
Squamous cell carcinoma, 305
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Stochastic approximation Monte Carlo
(SAMC), 198
Bayesian networks, relationship
between (see Bayesian net-
works)
differential gene expression, used
in, 375
overview, 275-278
self-adjusting mechanism, 273
Support vector machine (SVM), 319,
321-322, 328-330
Surface Enhanced Laser Desorption
and Tonization (SELDI),
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T
Tabu search, 272
Time course microarrays, 385-386
analyses, 2
ANOVA approach to analysis,
2-3
Bayesian hierarchical model with
subject-specific effect (see
Bayesian hierarchical model
with subject-specific effect)
empirical Bayes functional data
approach (see Empirical Bayes
functional data approach)
functional data approach, 7-8
longitudinal experiments, 6
multivariate Bayes approach, 3,
6-7
popularity of, 3
Timecourse software, 17-18, 19, 21f
Tumor suppressor genes, 165
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Yeast cell cycle data, 283284, 286
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