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Preface

A large number of diverse problems concerning practically all the most important
areas of mathematical physics and various technical problems is connected with
applications of Bessel functions. References where these functions are present are
actually immense.

Different parts of Bessel function theory are widely used when solving problems
of acoustics, radio physics, hydrodynamics, atomic and nuclear physics and so on.

Apphcatlons of Bessel functions to heat conduction theory, including dynamical
and linked problems are very numerous.

In elasticity theory the solutions in Bessel functions are effective for all spatial
problems, which are solved in spherical or cylindrical coordinates; also for different
problems concerning the oscillations of plates and the equilibrium of plates on an
elastic foundation; for a series of questions of the theory of shells; for problems on
the concentration of the stresses near cracks and others.

In each of these areas there is a wide range of different applications of Bessel
functions.

Bessel functions are well studied and there are a large number of reference
books which contain the formulae and different tables.

The study of the theory of the Bessel function from the viewpoint of its appli-
cations has to be of interest for a large number of engineers and researchers. Special
parts of different courses of mathematical physics are devoted to the presentation
of the theory of Bessel functions (see the courses of R. Courant and D. Hilbert,
P.M. Morse and H. Feshbach, A.N. Tikhonov and A.A. Samarski and others). At
the same time, monographs devoted to the special functions also put an emphasis
on the study of the Bessel functions. It concerns, for instance, the second part
of “A course of modern analysis” by E. T. Whlttaker and G.N. Watson, the book
“Special functions and their apphcatlons” by N.N. Lebedev the book “Transcen-
dental functions” by A.N. Kratzer and V. Franz the monograph by N. Ya. Vllenkm
“Special functions and theory of group representatlons ‘and others.

There are several books concerning the theory of Bessel functions in Russmn
We mention two editions of the book by R.O. Kuz’ mui ’“Beééél funcuon , the
translation of the book by E. Grey and G.. Matyuse' “Bessel functions and !.helr
applicationsin physics and mechanics” as well as the translatlon of the most detal_led
course in the theory of Bessel functions, namely, the book By G N Watson “A
treatise on the theory of Bessel functions”. ;. .

This book contains a brief presentation of the elements ‘of the theory of Bessel
functions which is accompanied by examples of the applications of the theory to
the solution of various physical problems.
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The book is intended for the reader who is, basically, interested in the appli-
cations of the theory, not the theory itself. This fact determined the choice of the
topics as well as the style of the presentation. The author’s intention was to give the
reader the opportunities to find the most necessary information so that afterwards
the reader can consciously use the reference literature and can, all by himself or
herself, apply the Bessel functions to the solution of applied problems.

Applying the methods of the theory of Bessel functions, an engineer-researcher
must have a general notion of the foundation of the theory and clearly represent
the mutual connections between its different areas. This is the reason why the
deduction of the formulae, given in this book in a large number, are important for
the reader who is interested in applications. For the same reason, when choosing the
schemes of the deduction, we prefer those which use some properties of the Bessel
functions in order to clarify other properties. The mutual connections between
different parts of the theory can be seen more clearly by this approach.

Some short remarks or introductory sections of an heuristic nature are also
intended to clarify the connections of the theory with physical applications. This is
the viewpoint that should be used when considering some conclusions related, for
example, with the addition formulae, the Bessel integral, improper integrals and
others, as well as the applications of the Bessel functions considered in the second
part of the book.

The book consists of two parts.

The first part of the book contains the presentation of the foundation of the
theory of Bessel functions, the second part contains the applications. For the sake
of convenience of reading, the first part is divided into two chapters.

In the first chapter, which contains comparatively simple material, we first
consider the main properties of the solutions of the homogeneous Bessel equation,
which are based on the representation of the solutions in the form of series in
increasing powers of the argument. Then we give the Bessel integral, the Poisson
integral and, in Section 19, some their generalizations (which can be skipped in the
first reading because of their complexity). The Neumann addition theorems and the
foundation of the theory of products of Bessel functions are considered. Questions
concerning differential equations which can be reduced to the Bessel equation and
the inhomogeneous Bessel equations are considered in detail. In this connection we
consider here, in particular, the functions contiguous to Bessel functions. Moreover,
we consider some integrals here whose deduction immediately follows from the
properties of Bessel functions which are investigated in this chapter.

The second chapter can be skipped in the first reading. In this case one should
return to this chapter only as the case may require. It contains the theory of
definite and improper integrals as well as the elements of the theory of dual integral
equations. Then the representation of the functions by the series of Fourier—Bessel,
Dini and Schlomilch is presented. Before this group of sections we consider the roots
of Bessel functions. Then we consider problems concerning the inhomogeneous
Bessel equations which are more complicated than those considered in the first
chapter, which lead to Lommel functions in two variables. From the same viewpoint
we briefly discuss some facts concerning the partial cylindrical functions. In the
conclusion of the chapter, we consider very briefly the asymptotic expansions of
Bessel functions.

The second part of the book devoted to the applications also consists of two
chapters. In the first one we consider problems concerning plates and shells of
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rotation. Among them some problems on the oscillations of a circular plate and
on the equilibrium of a plate on a Winkler-type foundation are considered, as
well as problems which can be reduced to the use of the method of compensating
loadings. The method of initial parameters is considered in detail in the context of
the problem of the axially symmetrical deformation of a circular conic shell.

In the second chapter we collected comparatively different problems concern-
ing questions of the theory of oscillations, hydrodynamics, heat theory and others.
Section 11 of this chapter stands apart. In this section we consider the boundary
problems whose solution can be reduced to singular equations. Although we for-
mally consider plates and membranes here, the solution has a more general nature
and is less connected with concrete applications. If the reader wishes, he can read
the second part of the book independently of the first one. In this case the reader
can treat the second part as a continuation of the introduction, and look in the first
part only to make inquires.

The author conceives it his pleasant duty to express his deep gratitude to Pro-
fessor S.G. Mikhlin, who has attentively read the manuscript, for his very valuable
notes and, not least measure, for the great attention he dave this work and advice
given when discussing it.

The author sincerely thanks his disciples, A.lI. Tseitlin for the notes produced
after reading the manuscript, L.M. Reznikov and M.Ya. Volotski for help during the
preparation of the manuscript for publication and verifying the numerous formulae.

B. Korenev




Introduction

In many problems of mathematical physics, whose solution is connected with the
application of cylindrical and spherical coordinates, the process of separation of the
variables results in the differential equation

d2 du

s tig + (22 = 1v¥)u =0, (0.1)
which is called the Bessel equation, and its solutions are called cylindrical or Bessel
functions.

First, we shall show in some examples what kind of problems results in the
Bessel equation, and then we shall consider different properties of Bessel functions
and their applications.

- Consider small free oscillations of a thin homogeneous circular membrane. The

differential equation of the membrane oscillations has the form

18w 8w 16w 1 0%w

e e R R 0.2

c? ot? r? + r Or + r2 Jp2? (0.2)
where w is the membrane deflection; t is the time; r and ¢ are polar coordinates;
1/c? = p/N where p is the membrane mass relative to the unit of the area; N is
the membrane tension.

We apply the method of separation of the variables, setting

w = u(r)T()(¢); (0.3)
then from 0.2 we immediately obtain
T(t) = sin(at + A), &(p) =sin(np + B),

where a and A are the circular frequency and initial phase of the oscillations,
respectively; n is the number of nodal diameters: B is a constant which can easily
be expressed via the angle between the first nodal diameter and the polar axis; u(r)
is a function of the variable r to be determined.

After substituting (0.3) into (0.2), we obtain the following equation with respect

to u: :
d®u  1ldu a? n? '
bl Wit —_ - —Ju=0. 0.4
dr? + 1'd1'+ (c2 rz)uO L . ( )
If we introduce a new variable £ = ar/c, then-equation (0.4) takes the form"
£y 1du N,
—_— = 1——}u=0 " © (0.5
d£2+£dr+( 62)" - ©5)

1




2 INTRODUCTION

In the introduction we denote the function u = u,(§) and call £ the argument and
n the index. In the problem under consideration £ is a real number and the index
n is a natural number; non-integer indices will be denoted by v.

Further, we consider the problem of the oscillations of a membrane which has
the form of a circular sector with a central angle ¥ under the assumption that the
membrane is inflexibly fixed along the whole contour.

We shall seek the solution of equation (0.2) in the form

w = u,(r)sin(at + A)sin zr_(i'_y-tl_)(p, k=0,1,2,...,

where k is the number of nodal radii lying inside the sector. If v = m(k + 1)/yis a
non-integer, then the problem reduces to solving the Bessel equation

d?u, 1ldu, v?
ez +ET£—+(1 —) u, =90 (06)
with a non-integer index v.

As a next example of an application of the Bessel equation we consider the prob-
lem of integration of the Laplace equation in cylindrical coordinates. Such problems
occur very often in mathematical physics. For instance, considering the problem
of heat conduction theory in the case when the temperature field is stationary and
there are no heat sources, the temperature T'(r, ¢, z) satisfies the equation

a_zz+g2_§ 18T 1 8°T
0z2 5]

Ay A r ©)

If we seek a partial solution of equation (0.7) in the form
Tn = e~ **sin(np + Bu,(r), (0.8)
then, substituting (0.8) into (0.7), we obtain for the function u,(r) the equation

dzu,,_*_ldu,,+ o? n? —0
dr? r dr r2 Un =1

Let us consider the problem of the determination of the displacement w(r, ¢)
of a membrane which lies on an elastic Winkler-type foundation (this means that
along with the loading, the membrane is subjected to some reactive forces which
are proportional with a coefficient k¢ to its deflections).

The differential equation of the elastic surface of the unloaded part of the
membrane has the form

Viw-Aw=0, A=+ke/N, (0.9)
8 19 1 82
Vi=s =4 —— 4 ——
( 6r2+r6r+r26<p2)’
where N is the tension of the membrane; k¢ is called the bedding constant of the
foundation material. If we write equation (0.9) in the polar coordinate system

and assume that the membrane occupies a circular domain, then, seeking a partial

solution in the form w, = u,(§)sin(ny + B), we obtain for the function u, the
equation

d*u, 1du, n? _
g ()= (010

where £ = Ar.
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If we introduce a new variable z = i€, then equation (0.10) will be transformed
into the Bessel equation with an imaginary argument.

The problem of equilibrium of a floating plate which has been considered by
Hertz, can be reduced to the solution of the equation

VViw+ Xw=0, A= +/v/D, (0.11)
where 7 is the volumetric weight of the liquid, D is the flexural rigidity of the plate.
If we seek a partial solution of equation (0.11) in the form

Wy, = u, (€) sin(np + By),

then, as can be easily verified, the function u,(£) can be represented in the form

uﬂ(ﬁ) = Ul,n(f) + Uz,n(f),
where one of the functions in the right-hand side satisfies the first of equations
(0.12) and the second function satisfies the second equation’
d?u 1du n?
—dfT"+Ed—£‘— (E—z-d:i) u, = 0. (0.12)

Thus, the solution of this problem results in Bessel functions of a complex
argument £+/1.

One can find many other different applied problems whose solution connected
with integration of the Laplace equation, the wave equation, the heat equation, a
system of wave equations and so on, in cylindrical, spherical, and conic coordinates
results after the separation of variables in the Bessel equation. Some differential
equations of second order with variable coeflicients can also be reduced to this equa-
tion. In the cases when there are sources distributed over the volume, the problems
can often be reduced to integration of the inhomogeneous Bessel equations. A series
of such problems will be considered in the second part of this book.

IThis problem in detail will be considered in p. 155.







Part 1

Foundation of the theory of Bessel
functions







CHAPTER 1

The Bessel equation. Properties of Bessel
functions

‘1. The Bessel differential equation. Application of power series.
Cylindrical functions of the first kind

Consider the Bessel differential equation with the index v

,d%u  du

gu  ou 2 _ 2y —
zd22+zdz+(z vi)u=0. (1.1)

Equation (1.1) is a linear differential equation of second order; hence, its general
integral can be expressed in the form

u(z) = Ciui(z) + Caua(z),

where u;(z) and u3(z) are linearly independent partial solutions of equation (1.1).
Suppose that z and v can admit any complex values. In the cases when the index v
is an integer, we shall denote it by the letter n. If the argument z is a real number,
then we shall denote it by the letter z. We introduce the Bessel operator of index v

Y. d 2_ 2
Vo=2z atigp e v (1.2)

and we rewrite (1.1) in the following form: V,u = 0.
We shall seek a solution of equation (1.1) in the form of a generalized power
series in increasing powers of the argument z

u(z) = Z amz™%e, (1.3)

m=0

where ag # 0.
Let us determine a and the coefficients ay, of series (1.3) here. For this purpose
we find the first and the second derivatives of (1.3)

u'(z) = Z am(m + a)z™t 1,

m=0
o .
u(2) = Z am(m + a)(m+ a — 1)zm+e2
m=0 ) -

and substitute the series obtained into the left-hand side of equation (1.1) instead
of the function u(z). :




s 1. THE BESSEL EQUATION. PROPERTIES OF BESSEL FUNCTIONS

Collecting the terms containing equal powers of z, we obtain the following
series:
Vou=[ala - 1) + e~ v?aoz* + [(a+ Do+ (@ + 1) — v*]arz**
+ {[(a+2)(a+1) + (0 +2) — v?az + ag} 2"+ + ..
=ao(a® — v¥)z* + a1f(e + 1)% — v¥zoH!
o0
+ 2 {anl(a+ m)? = 7] + g} 4™, (1.4)
m=2

Since V,u = 0, it is evident that all of the coefficients of z**™ in (1.4) should
be equal to zero.
This condition gives us an infinite system

ao(a? —vY) =0, [(a+1)*-v¥a; =0,
amf(@+m)? =1 +am-2 =0, m=2,3,4,....

For even and odd values of m we obtain, respectively, the following two systems
of equation:

(a2 —vYag=0, [(a+2)%—-v?as+ap=0,
(e +4)2-v¥ag+a2=0,...,
[(a+1)?=vYay =0, [(a+3)°>—1vlas+a1=0,... (1.6)

(1.5)

Since ag # 0, the first equation of system (1.5) implies the equation a2 —-12=0,
which is called determining; this equation implies that a = %v.

The second and next equations of system (1.5) allow one to express the coeffi-
cients a,, with even subscripts via ag and result in the recurrence relations

an = ao da = az _ Qo
2T "4a+1) ' 8a+2)  4-8-(a+)(a+2)
Equations (1.6) are satisfied, if we set ay = az=as = ---=0.

Setting a = v, we formally obtain the first partial solution of equation (1.1) in
the form '

22 4

u1(2) = aoz” [1_ 11 (v+1) 2 At D+

26
T8 3w+ v+ 2)(v+3) + ] ;
for a = —v we obtain the second partial solution
22 24
SxD) T E v ) (v +2

uz(z) = apz™" [1 I

26
T 43 3 (v + 1)(~v+2)(-v +3) te ] '
Usually, the constants ag and ap are assigned the following values:

1 1

a4y = f—, 4y = —=7—— -
2T +1) 2-T(—v + 1)




1. THE BESSEL DIFFERENTIAL EQUATION 9
Using property (3) of gamma functions, one can rewrite the series obtained in
a more compact form!.

The first series u;(z) defines a function which is called the Bessel or cylindrical
function of the first kind of the Bessel function of index® v of the argument z

1)™(z/2)?™
Jv(z)z() Z ('r)u-(w/n)ﬂ) (1.7)

the second series defines the Bessel function of the negative index —v

-y 0

_(z m(z/2)

It can easily be shown that the power series obtained converge on the whole
plane of the complex variable z (except, may be, the point z = 0) and admit term
by term differentiation.

Actually, the series for J,,(z) converges absolutely and uniformly in any bounded
domain if variation of the index v and in any closed domain of variation of z (if
Rv < 0, then at z = 0 the function has a singularity of the type z®“; therefore the
origin is not included in the domain). The validity of this assertion follows from
the fact that for |v| < N and |z| < d the absolute value of the ratio of the next
term of the series to the previous one is less than one

| —2%/4 ‘( d?/4
|m u+m)| = m(m—N)

<1,

if m is greater than the positive root of the equation m®> —mN — d?/4 = 0, which
does not depend on v and .

The Weierstrass criterion proves the indicated property of the power series.
Hence, the Bessel function J, (z) is an analytical function for all values of v in a
neighbourhood of any value of z, except, may be, z = 0. This, in particular, implies
that the series obtained can be term by term differentiated and integrated.

Obviously, for a non-integer index the functions J,(z) and J_,(z) are linearly
independent. If v = n is an integer, then I'(n) = (n — 1)! and the function J,(2)
can be written in the following form:

2m+ﬂ

Z 22,,.+,,m.(n s (1.9)

m=0

Let us show that in this case there exists t;he following dependence between the
functions J,(z) and J_.(2): ;

Jon(z) = (- 1)"J (z) (1.10)

Indeed, if k is a positive integer or zero, then,.a.s it is mdlcated in the Appendix
(265), T(—k) = oco. Therefore, for the positive integer ¥ = n each of the first n
terms of series (1.8) vanishes; rewriting (1. 8) startmg 'from the (n + l)th t.erm we

et TR

!Information on gamma functions is given in the Appendlx. a.ll references on the formulae of
the Appendix contain a number consisting of one mteger, more detailed information - concermng
gamma functions can be found, for instance, in [4], [53]. T :

2Sometimes. one uses instead of the term “index” the equivalent term “order" ,
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obtain
(VP2 | (1)t (zfg)mianss
nl(—n+nt1) @ (nt D(-nfnt2 T

n [(2/2)  (2/2"+2 | (/2"
(-1) [O!n! "1!(n+1)!+2!(n+2)!"“]
(=1)*Ta(2). (1.11)

Jon(2z) =

2. Cylindrical functions of the second kind (Neumann functions)

In Section 1 we showed that for a non-integer index the general solution of the
Bessel equation can be written in the form

u= B1J,,(z) + BQJ_,,(Z).
Obviously, in this case the function
u = B3J,(z) + B4Z,(2),

where
Zy(z) = C1Ju(2) + Cod -, (2),

is also a solution of this equation. Here By, Bs, Bs, B4, Ci and C, do not depend
on the argument z; Cs # 0.

If we set C; = cotvmr and Cy = — csc v, then we obtain a function which has
been introduced by Weber and is denoted by Y, (z):

Ju(z)cosvm — J_,(2)
sinym '

In the literature this function is often called the Neumann function and is some-
times denoted by N, (z). The function Y, (2) is also called the Bessel or cylindrical
function of the second kind of the index v of the argument 2.

For an integer value v = n the right-hand side of (2.1) is an indeterminacy of
the type g. In order to find Y(z) we remove the indeterminacy by the L’Hospital

rule and we define

Yu(2) =

(2.1)

2 [Ju(z)cosvm — J_,(2)] .

Y, =1 2.2
n(z) = lim Z v (2.2)
As a result, we obtain the formula
2 z 1 &R (n=—m—1t """
%)= 2hi) (m5+C) -1 o 26)
1 & ()™ (/e (21 &1
wngo mi(m + n)! ,‘Z_:I‘E’LZ:I‘E : (2:3)

where C is the Euler constant; it is approximately equal to 0.5772157.
The Neumann function Y, (z) and the function J,, (z) form a fundamental system
of solutions to the Bessel equation for any, including integer, value of the index.
Let us deduce formula (2.3). It is sufficient to obtain this formula for the special
case n = 0 (then, using the recurrence relations considered below in Section 6, one
can obtain the result for any n).
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From (2.2) we have

Yo(z) = lim 22 wlJy(z) cosvm — I ()] = 2[3‘]"(2)] .
v—0 £ sinvw ml Ov j,_

differentiating (1.7) term by term with respect to v and using formulae (9), (11),
we obtain

Yo(z) = gJo(z
RSO ] e

3. Cylindrical functions of the third kind (Hankel functions)

g
—_
]
RS
+
Q
N’

Any linear combination of the solutions obtained in Sections 1, 2, is also an
integral of the Bessel equation.
Consider the functions

H{(z) = J,(2) +iY,(2),

H®(2) = J,(2) — iY,(2),
which are called cylindrical functions of the third kind. They are also called Hankel
functions of the first and second kind, respectively.

One can see from (3.1) that there exist dependencies between Hankel, Bessel,
and Neumann functions which are analogous to the connection between the expo-
nential function of an imaginary argument, cosine, and sine.

The Bessel function of a real argument in the problem of integration of the
wave equation is an image of a standing wave, and the Hankel functions give an
image of a spreading wave. Therefore, it is obvious, what important role is played

by Hankel functions in applications, especially, when studying wave processes in
unbounded domains.

(3.1)

4. Cylindrical functions of a pure imaginary argument

In this section we consider the Bessel functions of an imaginary argument 2z =
iz. After changing the variable in (1.1) by the formula z = iz, we obtain the
equation

d2u du :

=803 +zo — (=2 +1)u= . (41)
One of solutions of equation (4.1) is the Bessel function-of an imaginary argument
J,(iz) defined by expression (1.7) after replacing z by iz in this expression. The
function J,,(iz) is real for any even n and takes imaginary values for odd n. In

order to get rid of this inconvenience one mtroduces, usually, in consideration the
modified Bessel function

L(z) = e™v™/2 ], (iz), (4.2)

which is real for any v. The expansion of the function I,,(z) into a power series has
the following form

— _ (z/2)>™
L(z)= Zo mC(v+m+1)

(4.3)

m=




12 1. THE BESSEL EQUATION. PROPERTIES OF BESSEL FUNCTIONS

As the second integral of equation (4.1), usually, the following function is taken
1 .
K, (z)= §1rie"’"/2H,(,1)(ix), (4.4)

which is real for any real value of the index.
This function is called the Macdonald function; for integer v = n the power
series expansion of this function has the form

2\ "2 (= 1))
Ka(z) = (-1)"*, (z)ln— 22 (—) (n=m-1)

{
m.
m=0 2

z n42m m+n
s poF - coaiscy PR SE oL RO

where, as before, C is the Euler constant. This formula can easily be obtained, if
we introduce J,,(z) and Y, (2) into (4.4) with the help of the first of formulae (3.1)
and afterwards change the argument z by ix in formulae (1.9) and (2.3) and express
Jn(iz) via I,(z) using formula (4.2).

Note that the formulae given above for the modified functions can be applied, if
we replace z by a complex argument z; however, in this case the modified function
I,(z) is defined in the following way:

I(2) = e7¥™/2 ], (ze™/?), —nm<argz <

2| 3

L(z) = ™2 ], (ze~3i12), er_ <argz<m.

For large values of the argument z the functions I, (z) and K, () behave sim-
ilarly to the exponential function of a real positive and real negative argument,
respectively. Therefore, sometimes the functions ¢ K, (z) and e~*I,(z) are tabu-
lated.

5. Cylindrical functions of a complex argument

If we set v =0 and z = z+/—1 in (1.1), then this equation takes the form

d’u  1ldu
'&?-F;I;—iuzo. (5.1)
One of the two solutions of this equation is the function of the complex ar-
gument Io(z+/7), whose power series expansion consists of alternating real and
imaginary terms.
The real and imaginary parts of this equation are denoted by ber z and beiz
and are called, usually, the Thomson functions.

Replacing the argument z by z+v/i and setting v = 0 in (4.3), we obtain
Ip(zVi) = berz + ibeiz, (5.2)

where

berz = Z (= 1)'"(,,/2)4'", (5.3)

m—o (2m!)?
. 1™ z/2 am-2
beiz = Z (= %(2"1(_/1)')]2 . (5.4)

m=1
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Similarly, the function

Ip(zv/—1i) = berz — ibeiz (5.5)
is one of the solutions of the equation
d2u 1du
d.tz P +iu=0. (5.6)

Comparing (4.3) with (1.9), we obtain
Io t\/ Jg(x\/ )

Thus, the functions Jo(z+/—1) and Jo(x\/;) are solutions of equations (5.1) and
(5.6), respectively.
For the sake of brevity, we introduce the notation

up(z) = berz, wvo(z) = —beiz,
which is used in many papers.

As the second solution of equation (5.6) we can take the following function of
the complex argument

HM (zVi) = fo(z) + igo(2), (8.7)

where, by virtue of (1.9), (2.4), and (3. l) we have
fo(z) = u02 ) % [Rl( z) + v(z) In 12{] ’ (5-8)
go(z) = vogx) [R2(”) + uo(z)In —‘] (5.9)

and

0 z 4k+42 2k+1
Ry(z) =) _(-1)¥[(2k + 1)!]—2(2) 2 =

k°=°0 4k 44 2k+2
= (-1)¥[(2k + 1)!]-2(2) E —
k=0

vy =expC.
As the second solution of equation (5.1) we take the function
HP (zv/=i) = fo — igo(z). (5.10)
The solutions of the more general equation

(d2 1d u2> .
——Jutiu=90

dz?  zdzx z2

are, respectively, the following functions of a complex argument

J (zVED) = u, (z) + v, (z), (5.11)
HO (2% = f,(z) £ ig,(2). (5.12)

For an integer index, the expansions of the functions uy,, v,, fa, and g,, can be
obtained as before with the help of expressions (1.9), (2.3), and (3.1), if we replace
there z by z+/%7 and then divide the real and imaginary parts.

In various problems of physics and mechanics, in particular, in problems on
circular plates compressed or stretched by axial forces which are consndered m
Part 2, there occur some functions of the argument pe' = a + bi. '
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Let us introduce the notation
Jo(peti®) = @, (p) % i6, (p), (5.13)
H (pet™) = £, (p) % i3, (p), (5.14)

where ¢ is a constant, and i, 4, f.,, and g, are defined, as before, with the help
of formulae (1.9), (2.4), and (3.1) after substituting in them pet'® instead of z
and dividing then the real and imaginary parts; some formulae concerning these
functions are given in Section 6.

Let us note that as p — 0 we have

- 2

dolp) ~ = (n2 +C), (5.15)
£ 1 5 : 20

fo(p) oy Inpsin2¢p 41— - (5.16)

When ¢ = 7/4, expressions (5.13) and (5.14) are transformed into (5.11) and (5.12).

The cylindrical functions of a complex argument whose imaginary part is small
compared with the real one, i.e. when |tang| <« 1 are also of practical interest.
This case often occurs in problems of oscillation theory and acoustics and will be
considered in Section 6.

6. Formulae of differentiation, recurrence relations
Dividing (1.7) by z¥, we have

L(2) _ 1 & (=)™(z/2)*™
v v Z mil(v+m+1)’

m=0

differentiating this equality with respect to the argument z, we obtain the relation

P12 N N O G i 7l 31

dz zv 2 e (m-1)IT(v+m+1) - zv

which can be rewritten in the following form:
_l__d_JV(Z) - _JV+1(Z)

zdz zv = gvH! (6.1)
Similarly, we can obtain the formula
d ., -
;1;[2 Ju(2)} = 2710, _1(2). (6.2)

After differentiating the left-hand side of formulae (6.1) and (6.2) and simpli-
ficating the expressions obtained, we have the equalities

d vJ,(z
E;JV(Z) = —Jv+1(z) + Z( )) (63)
d _ vl,(z)
dzJ,,(z) = J‘,_l(z) - ——z—'—', (64)
which imply the following recurrence relations:
2vJ,
Toer(2) + Joaa(s) = 22208, (6.5)

z

J.,._l(z) - Jl,+1(z) = 2(—1‘1;.7‘,(2) (66)
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One can replace J,(z) in all these formulae by any of the functions: Y, (z),

H‘(,l)(z), H .(,2)(2). Repeatedly differentiating formulae (6.1) and (6.2), one can ob-
tain

d m
(;1;) (¥ J.(2)] = 2" Iy m(2), (6.7)
d m
(ﬁ-z—) (27 L(2)] = (1) 27" T 4m(2). (6.8)
For the modified cylindrical functions we have the following formulae of dif-

ferentiation, which are obtained as a result of the change of the argument z by iz

and representation of the functions J,,(z) and H, f,l)(z) via the functions I, (z) and
K, (z):

LL() = tlla(®) + L (@) (6.9)
%1{,(Z) = ~3[K1(2) + Ko (@) (6.10)

The corresponding recurrence relations have the form

La(@) = Loaa(8) = 2L, (z), (6.11)
Kyor(2) = Kyaa(z) = -?51{,,(:). (6.12)

For the complex argument z = z/i, the formulae of differentiation of the
functions u, v, f, and ¢ with respect to the absolute value of £ can be found,
replacing the argument z by z+/7 in expressions (6.3) and (6.4) and dividing the
real and imaginary parts in the expressions obtained:

() = —sles(s) = vma(a)) - Zan(a), (6.13)
v () = —}5(3_»_1(:) +o-1(2)] = (), (6.14)
(5) = Z5lfus(#) = gumr ()] = 21.0), (6.15)
d,(z) = 71§'U.u;—1(‘z.) +g;;‘;1(x_)] - 20.). . (6.16)

From the practical standpoint the folloWiilg functions are of interest, which can
be obtained from the Bessel differential equation by the change of the argument z

by zV1:
Ay, =0, Ay, =—uy, Aufv =9v Avgy = _'.fv, (6'17)
where

2 2
d  1d v (6.18)

sz;iﬁ zdz z2?
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For the functions of the complex argument z = p €*¥ the formulae of differen-
tiation with respect to the modulus p have the form

o V.

i,(p) = —;uu(p) + ti,-1(p) cos ¢ — B,—1(p) sin o, (6.19)
5(p) = =53.(p) + Bu-1(p) sin ¢ + 5,-1(p) cos g, (6.20)
Julo) = ==Ju(0) + Jo-1(p) 05 9 = Gu-a(p) sin o, (6.21)
(o) = —gmp) + fom1(p) sin g + Go—1(p) cos o. (6.22)
For v = 0 we have
tig(p) = —ti1(p) cos p + 1 (p) sin g, (6.23)
U(p) = —t1(p) sin ¢ — T1(p) cos . (6.24

We also give the formulae similar to (6.17) for v = 0

Aglig = —1g cos 2¢ + g sin 29, } (6.25)

AgUy = —1ig sin 2 — ¥p cos 2¢.

In (6.23)—(6.25) one can replace i and ¥ by f and §, respectively.
Consider functions of the complex argument z = z(1 + «1), where |x| < 1. Let
us introduce the following notation:

Z,[z(1 + ki) = uV(z) + ivV) (2), (6.26)

where Z, is the cylindrical function of index v.

If after changing the argument we only keep terms containing powers of =z no
higher than one in the appropriate power series, then as a result, we obtain the
following approximate formulae:

dzZ,(z)
T dz

which can be used in practice, however, only for relatively small values of |z|.

uM(z) ~ Z,(z), v (z)~ Kz (6.27)

7. Cylindrical functions with a half-integer index

Setting the index v = 1/2 in the expansion for J, (z) and replacing the gamma-
functions by their values according to formula (15), after elementary simplifications

we obtain
0o k 2k+1 92
Jiy2(2) = V-ﬂ—z—: 2k+1 =4/ sinz. (7.1)

Differentiating (7.1), we obtain

/2 1 /1
y _ .12 L R
1/2(2) = o C08z— /o —sinz. (7.2)

The we use formula (6.4); setting v = 1/2, one can easily obtain

1
zJy9(2) + §J1/2(z) = zJ_y72(z),
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Jo1y2(2) = \/;l-:cos 2. (7.3)

Using the recurrence relations given in Section 6, one can find the Bessel func-
tion for any index of the form n + 1/2, where n is an integer, and prove that for
any positive integer n the following formulae hold:

_ (=) (22)"*Y2 d* fsinz
et = S ()
(=1)*(22)"+/2 d*  (cosz
Ton-gle) = VT (dzz)"( z )

In the same way one can obtain formulae similar to (7.1)—(7.4) for the modified
functions; in particular,

[2 . /2
La(2) = Esmhz, Kyj2(2) = Tr—z-e". (7.5)

With the help of recurrence relations one can also easily obtain formulae for other
values of the half-integer index.

then we find that

(7.4)

8. Some notation for functions of half-integer and fractional index.
Airy integral

Functions of half-integer index occur often in applications, in particular, in
problems of mathematical physics solved in spherical coordinates. The method of
separation of variables in these problems gives, as a result, solutions which contain
as a term the product of the cylindrical function and the power function of the same
argument. In this connection, different authors gave different names to various
products of this kind. A review of these results can be found in [7]. We give there
the notation of Sommerfeld

1 \V?
Yn(2) = (‘2“”2) Jnt12(2),

1/2
Cn(2) = (%"z> Jng172(2) + (=1)"id_n_1/2(2)].

In many papers the functions

\/7n+1/2 \/7,,“/2(2:) \/—H(l)l/z(Z)

are called the spherical Bessel functzons of the ﬁrst second, and third kind, respec-
tively. -
Let us now consider the following differential equatlon

U"(s) + s"U(s) =0.- : : (8.1)

The solutions of equation (8.1) can be expressed3 in terms of so-called genemlzzed
Airy functions Uy(s,a) and Us(s, a)

U = C1U;(s,a) + CaUs(s, a). (8.2)

3See also p. 32
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These functions and their derivatives with respect to the argument s are connected
with the Bessel functions by the following relations:

1 2 )
Ur(s,0) = (a +2)7H/(+2T (a as )\/-J-xl(a+2) ( " 2s(a+2)/2) ,

2
Uio,0) = (o 9490 (S8 Vo (gt

}
U{(s,a) = - (a+ 2) 1/( +2)1‘(0+2>s( +1)/2J(a+1)/(a+2) (0 7 23( +2)/2> ,
/ 1/ (a+2)p (& + 3\ (a41)/2 2 (et2)/2
Uz(s, 0) (0 + 2) g s J_(a+1)/(a+2) o 28 . ‘
(8.3)
For a = 1 we obtain the functions which are called the Airy functions:
' F 2/3 )
Ul(s, (\//_)\/_J_ ( 3/2),
Uz(s, 1) = \ygr(g)\/g.h/a (333/2) , L
(8.4)
I'(2/3 2
Uite.1) = = S8 ey (2592),
Ui(s,1) = fr( )sJ 2/3 (§ 3/)
/

The name of the functions U; and U, is stipulated by the fact that they are
closely connected with the Airy integral

00

/ cos(t? + zt) dt, (8.5)

namely

= 13_’51{1,3 (2_;-%5) (8.6)

Zocos(ta —zt)dt = %w\/é [J—I/S (%._‘/;—.) + Ji/3 (%;)] _ 8.7)

In order to prove the validity of these formulae, we have to differentiate the
integral (8.5) twice with respect to the parameter z and remark that this integral
satisfies the following differential equation

v 1

22 + 3::1) =0,

which is a special case of equation (8.1).
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Let us give the following notation for the Airy integral

[> o]
1
-—/cos (tz + -l-ta) dt = Ai(z) (8.8)
™ 3
0
and the adjoint function

%fkw(n—%ﬁ41m0p+%ﬁ]m=3my (8.9)
0

9. Wronski determinant

If u3(z) and uy(z) are linearly independent solutions of the Bessel equation,
then they satisfy the relation
uyuy — vjur = C /2, (9.1)

where () is a constant.

Actually, introducing u; in the Bessel equation (1.1), then u; and multiplying
the first equation by u2 and the second one by u,, then subtracting the first equation
from the second one, we have after a simple transformation

d d
ulz(zu'z) ad uzz(zu'l) =0
or
d ! !
E[z(ulu2 —ujug)] =0

which immediately implies (9.1).
Note that the left-hand side of equation(9.1) which represents the determinant

Ui, U
up  uh|’

9-2)

is usually denoted by 20(u;,u2) and is called the Wronski determinant or the
Wronskian of the Bessel equation.

The value of the constant C) can easily be determined, if we pass to the limit
as z — 0 in formula (9.1) and use the expansions of the Bessel functions obtained
in Sections 1-3.

Suppose that the equation has an non—mteger index v a.nd let us find the Wron-
skian i
W, (2), J-u(2)) = Cifz. .. (9.3
Note that if v is non-integer, then
(2/2) -
J, = 14+0(=

(2/2)”'

o = 55 )

[1+0(%), -

as z — 0, where O(z?) denotes a quantity, whose ratio to 22 is bounded as z — 0.
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Introducing these expressions into (9.1), we obtain

, , 1 1 1
To(2)IZu(2) = S (2) - (8) = 5 [1‘(u+ DI(—v) T@)(—v+ 1)] +0(2)
1 -2
TN - v) +0(2)
= _287‘:;” +0(2); (9.4)

when deducing this formula, we used formula (3).

Multiplying {9.3) by z and using (9.4), after passing to the limit as z = 0, we
obtain

C, = _ 2sin 1ru’
m
hence,
L (2)JL,(2) = T (2)J=v(2) = (—2sinwv)/(7z2). (9-5)

Just in the same way, using relations (2.1) between the Bessel functions of the
first and second kind, one can obtain

ID)Y)(z) = TYoz) = 2/ (m2). (9.6)
The Wronski determinant for the functions I,,(z) and K, (z) is equal to
L (2)K](2) - I(2)K,(z) = —1/z, (8.7)

and for J,(2), H‘(,l)(z) and H.(,l)(z), .(,2)(2) we have, respectively,

dHM(2) dJ,(z) i
——V — (1) _——V - — -
In(2) dz B () dz 2 w2z’ (98)
dH) (2) dHM(z)  4i
W20y 12 _ gy efe (2) _ 4
H Y (2) . H}*)(z) = e (9.9)

Setting z = z+/1 in (9.8) and separating the real and imaginary parts, for the
functions u,(z), v,(z), fi.(z), and g.(z) we obtain

u,(2) £, (2) = vo(2)g,(z) = u () fu(2) - v (). (), (9-10)
v(2)9, (z) = w, ()9 (z) + v, (2) fu(2) + 2/ (72), (9-11)

(4
<
—
8
j
o
8
AT
+
[~

where the prime denotes differentiation with respect to the variable z.
In many problems the Basset formulae are also very convenient. In order to
obtain these formulae we need to use the Wronskian and the Bessel differential
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equation:
YD) = Yol () = — o (9.12)
YN - YD) = = (1- %), (9.13)
T2)Y"(2) = Yo (2) I (2) = % (":’; 2_ 1) , (9.14)
@YD) - Ve = 5 (B 1), (9.15)
FY(E) - Y (IE) = = (1 - 2”2,3 LY Z) , (9.16)
T (2)YWV)(2) = Y, (2)J)(2) = ;‘i—z (1 —~ 3"2: 3) , (9.17)
amwwqumnwwm=_%(”tfﬁ_2fjﬁu). (9.18)

A formula, which establishes a relationship between cylindrical functions whose
indices differ by one, has been obtained by Lommel and Hankel; this formula has
the form

Ju(2)Y,11(2) = Jo41(2)Y(2) = —2/(m2). (9.19)

Using the Wronski determinant and recurrence relations, one can immediately
obtain similar relations for cylindrical functions whose indices differ by an integer;
we shall call these formulae the Lommel-Hankel formulae. For example,

4(v+1
Ju(2)Yoq2(2) — u42(2)Yo(2) = — (1;22 ), (9.20)
8 1 2 2
J2)Yors(2) = Dugal(¥ole) = - DD | 2 (9.21)
16(v+1)(r+2)(v+3 8(v+2
Jo()Yorald) = hopale)Vu(e) = — BN AW +3) B 12) g 4
nz Tz
Denoting
J(2)Yim(2) = Jusem(2)Ye(2) = B(v,m; 2), (9.23)
m=1,2,3,...,
we can immediately establish the following recurrence relation
B(v,m +1;z) = 2gﬁ—-ﬂ—l—)B(u, m;z) — B(v,m -1, 2). (9.24)
z

With the help of (9.24) one can easily establish that the right-hand sides of the
Lommel-Hankel formulae are polynomials in 1/z, which can be represented in the
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form
1 A" 2\l
B(v,m;z)z;{—(i) H(V+k)+(m—2)(§) H(V+k)+...}
k=1 k=2
2 in ™"
- ';r; sin D)
1 r ‘m—i 2 -m4(i—1)2 i1 2 mr
== ;(—1) E (v +k) ('2‘) Crci = ——sin—=,  (9.25)
where
'_l _ (m - i)!
=i = (m—2i+1)1(i-1)"
. (m-1)/2, ifmisodd,
" m/e, if m is even.
Similar formulae can be obtained for the modified functions
1 ,
L(2) K1 (=) + L (@) Ku(2) = =, (9.26)
2 1
() Kua(2) — Toaa() Ku(e) = 21, (9.27)
4 1 2 1
L(2)Kosa(x) + Lya(z) Ko (2) = Lx)s("i_) S (9.28)
8 1 2 3) 4 2
() Kosa(®) ~ Lasl@) K (z) = FDEE @) 404D g 9

Furthermore, the functional equations of the Wronski determinant type, which
contain functions with different indices are of interest; they can also be easily
obtained with the help of recurrence relations. So, for instance,

T () Yos1(2) = Jar (2)YL(2) = "w_ii’ (9.30)
" " 2"(1 — V) 2
L/ (@Yo (2) = o (V) (2) = ——=—+ —, (9-31)
TUora(s) = Duaale)¥ile) = - 2D | 2 (9.32)
— 2 v
Bora(e) ~ daala¥i(n) = LA L A2 g gy

One can easily obtain similar dependencies for the modified functions, for in-
stance,

I(2)Kys1(z) + I (2) KL (z) = :—2 (9.34)

10. Bessel integral and Jacobi expansion
Consider the power series expansions of the functions exp(zt/2) and exp (—%) .
Since
k

o F4
expz = E T
k=0
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the product of these expansions gives
1) zr+t i
exp [ ( )] ZOZO AP (10.1)

Setting s = m, r = m+ n and recalling that ﬂm =0 for n < —m, we rewrite
(10.1) in the following form:

xp [ ( - _)] °° °° r(m+sz_41-);n);?::t,1‘)2"+2m

m=0n=-m

(_l)m zn+2mtn

= z_: E I'(m+n+ 1)T'(m + 1)27+2m

and by virtue of (1.7) we immediately obtain

exp [2 (t——)] Z Jn(2)t". (10.2)

n=-=00

Using relation (1.10), we represent (10.2) in the form

exp [-;— (t - %)] = Jo(2) + i[t» + (=)t (2).

n=1
Setting t = 4 exp 18 here, we obtain

exp(Fiz sin @) = Jo(z) + 2 E J2n(2) cos 2n6

n=1
+2i ) Joaq1(2)sin(2n + 1)6. (10.3)
n=0
This equality implies
o0
cos(zsin8) = Jo(z) +2 Y _ Jan(2) cos 2n, (10.4)
n=1
sin(zsinf) =2 Jan41(2) sin(2n + 1)6. (10.5)
n=0

If we replace @ by 7/2 — 7 in (10.4) and (10 5), then we obtain

cos(zcos ) = Jo(2z) +2 E 1)”J2n(z) cos 2n7, (10.6)
n=1 ,
sin(zcos 1) = 2 Z( 1) Jz,,fl,(z) cos(2n ¥hn ... (107)
n=0

These erpansions have been obtamed by Jacobz ,and are called by hls name.
They give a representation of a plane wave in cylindrical coordinates.

Replacing 6 by ¢ in (10.4), multiplying the left- and right-hand sides by cos ny
and integrating with respect to ¢ from 0 to 7, we obtain

[ . {7!‘.]"(2) for even n,

dp = - |
/COS(Z sin (P) cos np dy 0 * for odd n.
A e

(10.8)
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Similarly, from (10.5) we obtain

n
0 for even n
_ ) ] do = ’ 10.9
/S,n(ZSm ) sin np dy {,,-Jn(z) for odd n. ( )
0

~ Adding (10.8) to (10.9), we obtain that for any integer n

n

%/cos(zsincp —np)dp = Ju(2). (10.10)
0

The integral in the left-hand side of (10.10) is called the Bessel integral; Bessel
took this equality (more precisely, slightly different) as a definition of the function
Ja(z). Note that for a non-integer index this integral does not give the Bessel
function and is denoted by

n

-1—/cos(1/0 —zsinf)df = J,(z2). (10.11)
1r
0

where J, () is a function which is usually called the Anguer function; the properties
of this function will be discussed in Section 16.
For n = 0 integral (10.10) is called the Parseval integral

w

%Jcos(zsin 8) df = Jo(z). (10.12)

The deduction of the formulae given above illustrates in a sense the character of
applications of the Bessel integral. It arises naturally in cases when one should pass
from a solution of the Helmholtz equation in Cartesian coordinates to a solution
in polar coordinates. Below we shall show that integrals of the Bessel integral
type can also be obtained when passing from other coordinate systems to the polar
system. In applications the Bessel integral also appears when passing from polar
coordinates to Cartesian ones. One of typical problems associated with application
of the Bessel integral is given in the second part (see page 248).

Consider once again the Parseval integral. Let us take a partial solution of the
Helmholtz equation

0u + *u

02~ on?
in the form u = cos A( = cos(AR cos #); here R and @ are the polar coordinates of
the point with Cartesian coordinates £ and 7.

Let us form the superposition of such solutions for 0 < ¢ < 27, assuming that
the £-axis rotates around the origin

+XNu=0

27
u*(R) = /cos(ARcos 0)do.
0

Obviously, u*(R) is a solution of the axially symmetric problem for the Helmholtz
equation without a singularity at the origin; hence, u*(R) = BJo(AR). Let us set
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R = 0. Since Jo(0) = 1, we have B = fz’r df = 27 and

27
Jo(AR) = 17r[cos(/\Rcos0)d0 (10.13)
0
In the case when u = sin Af, we have
27
u*(R) = [sin(ARcos 0)dé = BJy(AR).
0

Setting here R = 0, we obtain B = 0.
One can also easily obtain a modified Parseval integral which only slightly
differs from integral (10.12).
Setting u = cos af cos B, where a? + 2 = A%, we have
27

BJo(AR) = /cos(aRcos 6) cos(BRsin 8)d6.
0
Obviously, B = 2m. Hence,
2n

Jo(Va? + B?R) = [cos(aRcos 8) cos(BRsin 8)d6. (10.14)
0

If we replace the function u(£,n) by an arbitrary function which is a solution
of the Helmholtz equation and has no singularities in the finite domain under con-

sideration, then rotating this function we also obtain up to a constant factor the
Bessel function of zero index.

So, if we use an elliptic coordinate system and set u(£,n) = ceo(£) Ceo(n) (see
[37]), then, obviously, we have

2%

BJo(R) = [ceo(Rcos 6) Ceo(Rsin 0)d6. (10.15)
0
One can continue the generalizations connected with the fact that one can inter-
change the arguments of the functions ceg and Ceq as well as introduce other indices
different from zero. o

Thus, the Parseval integral (10.13) can be considered as the superposition of
plane waves and integrals (10.14) and (10.15) can be considered as the superposition
of waves of a more complicated structure. .

It should be noted that, using the Parseval integral, one can expand the Bessel
function of zero index into a power series. For this purpose it is sufficient to repre-
sent the cosine in (10.13) in the form of a power series, denote AR = r and change
the order of integration and summation.

The Parseval integral can easily be generallzed to the case when A = iy is a
pure imaginary number.

Taking a partial solution of the equation -

A%y —y*u=0 (10.16)
in the form

u) (yr) = A cosh az cosh By = A cosh[ar cos ¢} cosh(Br sin p),
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where r = \/22 + 32, y/z = tangp, a’ + 2 = 4%, @ and B are parameters with real
values, we immediately obtain

27

Io(yr) = 2_11F [ cosh(ar cos ) cosh(Br sin @)dp. (10.17)
0

Now we go from the Parseval integral to the Bessel integral. In what follows the
restriction that the index n is an integer is essential.
Consider the integral

2x
[ A cos n(60 — ) cos(ar cos ¢) cos(Br sin p)dp
0

2%
= Acosnf / cos nyp cos(ar cos ) cos(frsin p)dp = u, (yr) cos nf.
0

The function u,(yr) cos(nf) satisfies the equation V2u + y2u = 0. Hence, up
to a constant factor, u,(vyr) is the Bessel function of the index n and the argument
~r. Thus, for an appropriate choice of the constant A, the following equality holds

2%
A / cos nyp cos(ar cos ) cos(fBrsin p)dp = Ju(yr).
0

The constant A can be obtained as a result of simple calculations and is equal to
A =1/(2ncosnd); & = arcsin(a/7).

It is convenient to mention another superposition of plane waves here which
can be used in order to represent the Bessel functions of non-integer index; its
distinction from the previous one consists in the assumption that the axis along
which the plane wave is moving rotates around the top of a circular cone and is
always situated on the surface of this cone. This result is given in the monograph
[50].

Another heuristic method is due to Weyrich [84], who considered a cylindrical
wave and its mathematical image — the appropriate Bessel function — as a su-
perposition of spherical waves symmetrical with respect to the center, if the center
moves along a straight line. The method of Weyrich admits obvious generalizations
such as, for instance, consideration of the problem on the movement of a dipole or
a source with abundance changing according to a sinusoidal law.

11. Addition theorems

The addition theorem for the Bessel function of zero index is defied as the
equality

o0
Jo(V/z? + 4 — 2zycosp) = 22' Im(2)Jm (y) cos my, (1L.1)

m=0

where the symbol Y’ differs from 3" by an additional factor equal to 1/2 for
m=0 m=0
m = 0.
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Equality (11.1) is called the Neumann addition the-
orem. We give its geometrical interpretation, assuming
that =, y, and ¢ are real numbers. The vertices O,,
0, and C of the triangle 0,0C (Fig. 1) are called the
first pole, the second pole, and the observation point,
respectively. The lengths of the sides 0,0, OC, and
0,C will be denoted z, y, and z, respectively. The an-
gles of the vertices O; and O will be denoted ¢ and
¢, respectively. Obviously, z = /22 + y2 — 2zycos . 0
The left-side of (11.1) represents a standing cylindri-
cal wave with the pole O;; each term in the right-hand
side describes a cylindrical wave with the second pole.
Thus, formula (11.1) allows one to solve the problem of
decomposition of a cylindrical wave into cylindrical waves with another pole. A
proof of the theorem can easily be obtained with the help of the Parseval integral.
We shall give a proof of a more general equality

Figure 1

o0
/
cos nJn(VE2 + 47 — 22ycos9) =2 Jmia(z)Jm (y) cos mp, (11.2)
m=0
where n 1s an integer. Obviously, this equality can be interpreted just in the same
way as (11.1).
Let us represent the Bessel function with the help of the Bessel mtegral

Jn(z) = [cos(z sin @ — n8)do

0
x

— l/ei(zsinﬂ—nO)dG

™
0

e—nou

= i[z sin(0+a)—né)
o / e de.

-%

This formula holds for arbitrary values of a. Let us take a equal to ZC0;0, then
zsiny = ysinp, 2cosy = z — ycos p, hence, zsin(d + ¢) = rsinb + ysin(p — ).

Using the Jacobi formulae (10.6) and (10.7), making elementary transforma-
tions and once again using the Bessel integral, we obtain

(z) _e-npm [ es'.z' sin L] sin(w—d)e—inadg

—"HII 0o

E f J (y)esm sln(qp—a)c—mv iz sin Odg

m=—00_

=e 'Y Z Jm(¥)Im4n (:l:)e"'"‘f’_. :

m=-—00

This immediately implies (11.2). s
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Let us note that for a non-integer index the Bessel integral on which the de-
duction is based transforms into integral representation of the Anguer function (see
16). Hence, for a non-integer index the above reasoning gives an addition formula
for the Anguer function, in the right-hand side of which the functions Jy 4, () are
replaced by the Anguer functions Jy 4. (2).

The addition theorems for the Bessel functions with an arbitrary index can
be deduced in a similar way. However, in this case we use instead of the Bessel
integral other integral representations (a proof of the addition theorems for the
Bessel functions with an arbitrary index is given in (7], [4]).

Now we formulate without proof the addition theorems for Bessel functions,
when the index v is an arbitrary number. The result which is due to Graaf, can be
written in the following way:

V()= Y Juam(z)Im(y)e™, (11.3)

m=-—-o00

where 1 = arccotan Z=£22F

ysin @

Changing the signs of ¢ and % in this formula, we obtain

eI ()= D Juim(@)Im(y)e ™. (11.4)

m=-—00

Formulae (11.3) and (11.4) imply that

L(@DEmve = ) Jmiw(z)Im(y)srme. (11.5)

m=-=00

If we change signs of ¥ and m in (11.5) and recall the relations between the cylin-
drical functions of the first, second, and third kinds, then we can obtain

Zo@)ve =Y Zuim(@)Im(y)eme, (11.6)

m=-—00

where Z,, (2) denotes a cylindrical function of the first, second or third kind. Re-
placing z, z, and y in (11.5) and (11.6) by iz, iz, iy, respectively, one can easily
obtain the following formulae:

[ o]

L@@ =Y, ()™ Lym(@)In(y)snme, (11.7)
K (2)mve= Y Koim(@)In(y)irme. (11.8)

Formulae (11.3)—(11.8) are valid under the condition that |ye*¥| < |z|.

One can easily deduce the addition formulae for the cylindrical functions of a
complex argument. Replacing z, z, and y in (11.6) by 2v/1, /1, and yVi, respec-
tively, setting v = 0 and Z,(z) = H(()l)(z) and separating the real and imaginary
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parts, we obtain

'2 g' [fm(¥)um(z) = gm(¥)vm(z)]cosme for z < y,
RHG (V) = fo(z) = { "5°

L2"§_10[fm(3)“m(y) — gm(z)vm(y))cosmp for z > y;

B (11.9)

'2 f' [vm (V) fm (2) + tm(Y)gm(z)] cosmp  for z < y,

SHM (2vi) = go(z) = { ™=°

2 5 [om (&) (4) + tm(2)gm(@] cos g for 2> .
i (11.10)

\

At the beginning of this section we indicated that formula (11.1) gives the
expansion of a solution of the Helmholtz equation in polar coordinates into a series
in solutions of the same equation but for another pole. The physical meaning of
the addition formulae consists in rebuilding the solution in polar coordinates under
the necessity of changing the location of the pole.

This point of view on the addition formulae can be well illustrated by a num-
ber of applications in which an axially non-symmetric solution of the Helmholtz
equation for a circular domain is considered (see §§1, 3 of Part II).

In order that the reasoning below is clearer from the physical standpoint, let
us consider as an example one such application, namely, the problem on a circular
membrane on an elastic foundation. Taking into account what was said above,
we give the deduction of the addition formulae based on using the expansion of a
point force into a series in trigonometric functions and on applying the Wronski
determinant of the Bessel equation.

Consider the test Green function of the equation V2u—u = 0, which represents
a solution of this equation bounded at infinity and with a singularity at the origin
of the point force type, 1.e. this function satisfies the condition

Obviously, the function considered has the form 2L’rKo(r).

Let us pass to another polar system and consider the observation point (R, 8).
Let

z=+/r2+ R2 — 2Rrcos(0 — ¢)
SR T e .

denote the distance between this point and t}ie\.‘pbinf;'(r",‘(p) at which the force is

applied. We represent the function Ko(z) in a form more convenient for problems

associated with application of the second coordinate system. Consider the circum-

ference of the radius r with the center at the origin of the second polar coordinate

system. The unit point force is applied at the point (r, i) of this circumference.
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We expand the force into a trigonometric series

1 (1
0 —p)=— = + cos[m(8 —
90 -9)=— m§=1: (2 os{m( w)])
::r cos[m(0 »)].

Accordingly, we represent the Green function in the form

had /

—Ko( )= wm(R)cos[m(d — p)].

m=0
Obviously, the function w,, (R) is a solution of the Bessel equation of an imaginary
argument with the index m. It should be analytic at the origin and tend to zero at
infinity. At R = r the derivative of this function should have a discontinuity such
that

dw,, dwp, 1
—_m - =, 11.11
dR lr—o dR |.,, #r ( )
We shall seek the solution n the form
wn (R) = Anln(R), R<r;
BnKm(R), R>r.
The condition of continuity of the function wy,(R) implies
Anln(r) — BnKm(r) =0.
Moreover, from (11.11) we have
1
Solving this system and using formula (9.7) for simplification, we obtain
Ap = %Km(r), B, = -—I (r),
hence,
2 Y In(R)Km(r) cos[m(8 — )], R<r,
Ko(z) ={ ™3° (11.12)
2 3 Ia(r)Km(R) cos[m(6 — ¢)], R>r.
m=0

Differentiating (11.12) with respect to the variable r, one can obtain a solution of
the problem on a membrane to which a point moment of force is applied.

At the conclusion of this section we give a formula which is called the Gegen-
bauer addition theorem, which can be obtained from (11.1) by differentiating this
equality n times with respect to cos :

Jn(Z) ! Jm4n(Z) Jmin(y) d® cos(m + n)p
=2y dete v sl

there are no restrictions here on the ratio z/y.

(11.13)

m=0
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The Gegenbauer theorem for the cylindrical function Z,(z) has the form

Z(Z) 2U1-\( )2 Zm+u (z) Jm;:: (y) C®

for |ye*'?| < |z|. Here C¥ (cos p) is the coefficient of the term which contains g™
in the expansion of (1 —28cosp + 8%)~".

' (CO8 ©) (11.14)

m=0

12. Lommel expansion

Let us expand the function (2+h)~*/2J,(v/z + k), which is an analytic function
of the argument (z + h) for any its value, into a series in the powers of k, using
formulae (6.8) when computing the derivatives. We obtain

(= + W) 2, (VE T R) = Z" T {21, (VD)

m! dz™

Z ( h/2 _(u+m)/2Ju+m (\/;) . (12.1)
m=0
The function (z + h)*/2J,(v/z + h) is analytic everywhere, except the point
h = —z. If |h| < |z|, then

(z+ h)ulzjl/(vz'*’h) = Z }rlnl :zm ulzJ ‘/—)}
=0

_ Z ("/2) ATy, (7). (12.2)

m=0
Setting ¥ = 1/2 and v = —1/2 in expansion (12.1), we, respectively, obtain

tm

(l)x/zcos (VZ—22) = Z —JTm1y2(2), (12.3)

Tz
m—O

9 1/2 ©_ym 1
— 1 2 —_- —_— —
(m) sin (\/z + 2zt) mX_:O —h2-m(2), It < 5lel. (12.4)
For |h| < |z| we can replace the functions of the first kind in formulae (12.1) and
(12.2) by the functions of the second or third kind. Both formulae are also valid in
the case when the index is integer. Some additional results concerning the Lommel
expansion are given in 14 and 16.

13. Differential equations reducible to the Bessel equation

In this section we consider the problem to which differential equations can be
reduced to the Bessel equation and how the necessary transformations should be
performed. This problem is treated from the practical standpoint and the presen-
tation which follows the settled tradition can hardly be called systematic. This
representation is more likely a collection of the most successful and interesting re-
sults ordered in increasing of their complexity. The most part of these results is
due to Lommel.

Many differential equations can be reduced to the Bessel equation using trans-
formations of dependent and independent variables. We begin with the simplest
special case.
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Consider the equation

Sl =0PT ), (13.1)

Let us set v = z~1/2

form

u. With respect to this new variable v the equation takes the

Denoting p+ 1/2 = v and icz = z, we reduce this equation to the form

d*v dv
207V | dv 2_ 2y,
xd:c2+xd:c+(x vi)v =0,

i.e. we obtain the ordinary Bessel equation. Hence, v = Z,(z), where Z,(z) is the
cylindrical function of index v. As a result of the inverse substitution, we obtain

u= Z1/2Zp+1/2(i02).
Setting u = wz™? in (13.1), we obtain as a result of the substitution the

equation

- - ————cw=0, (13.2)
whose solution has the form
w=2Pu=2Pt12Z,,, (icz). (13.3)
Setting z = (9/¢ and ¢ = 1/(2p+ 1) in (13.2), we obtain the equation

2
‘;—J:— -2 2w = 0. (13.4)

We find the solution of this equation replacing the argument z by (/¢ in (13.3).
Thus,

w= Cl’2(1/9)l/(29)zx/(2q)(iCCq/Q)-

Equations of a larger class can also be reduced by a direct transformation to
the Bessel equation. In particular, Lommel has shown that the general solution of
the equation

2
2704 (20— 2y + 1)23—: +[8*7*2% + a(a - 2Bv)ju =0 (13.5)

is
u =27, (y2f). ' (13.6)

In order to obtain (13.6) we need to introduce new variables w = uz®~#* and

t = y2P. It can easily be shown that the function w(t) satisfies the Bessel equation
with index v.
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Let us give some special cases of equation (13.5):
2

d“u 2
2 +zu=0, u= z1/221/3 (523/2) , u= z1/2Z1/3 ( zz3/2)
(13.7

)
d’u 4 4.
) + 2z Y2y =0, u= z1/2Z2/3 (523/4) , u= z1/2Z2/3 (5123/4 ;
(13.8)
d?u du 1 .
szt -V -qu=0,  u=zZ,3Va); (13.9)
d’u  du 1 2
ZE;;“*T“‘LZ (1—52—)u=0, u = Z,(V7); (13.10)
d>u  1du v? 2
2;7+zdz+4( —;)u_o, w= 7,0 (13.11)
d? 1-2kd 2
Ez—g + __z—(—i—g + ﬂ2zu—2y =0, =2z Z2k/u ( p 0/2) ) (13-12)
d’y 1-2kdy c
22—2'4'—'—;—-&;4' (ﬂ2+;§)y=0, y:sz\/,—cr_—c(ﬂz). (13.13)

Now we shall deduce a more general result which is also due to Lommel. For
this purpose we consider equation (13.2). Replacing in this equation w by y/x(z),
z by ¥(z) and 2p by 2v — 1 and setting c = i, we obtain

2 " 1
Py L) oyl 4 oX 0] &

dz? Y (2) ¥(2) X(z)
{50 + v -0 EEXB] X X ypfy =0 s

"The solution of equation (13.14) is
y = x(2)[¥(2)]" 2 [9(2)]-

Introducing into the consideration a new function ¢(z) which is defined by the
equation

Pl _ WD), o P, X
e R E R bk e ¥ (13.15)

and eliminating the function x(z) from (13.14), we obtain

Py _¢(2)dy {3[<p'(z)]2_ 1p"(z) 3 w"(z)]’

2 " o) & @] “Te il
1!’I”( ) ‘pl _
+a5 o3 5] Jr=o aso
The solution of equation (13.16) has the form
PEWE 7 1y ()

v'(2)
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e

In the special case, when p(z) =1
Py [197(z) 3 [w"<z)]” [ 2;) =02 4
225+ {5 ¥'(2) T 4|y(2) -y
The solution of equation (13.17) is

/1/1(2
Y=\ ve )Z W(2)]-

Coming back to the initial equation (13.2) and considering the case x(z) =
[¥(z)]#~*, we find that the solution of the equation

22—y-_ [wu(z) 1pl( )
¥(2) ¥(2)

¥'(2)
¥(2)

¥'(2)
¥(2)

+@u-1)EE ] + [ - v2+¢2(z)1[ ]2y=o (13.18)

dz?
has the form
y = [ Z, [¥(2)].
A special case of (13.18) is the equation
d%y
dz2
whose solution is the function

Y+ (e -y =0, (13.19)

y=2,(e"). (13.20)

The following equations can be reduced to the Bessel equation with the help of the

Lommel transformations?:

2y ;
4z 2 [b2 exp(20i) — 1 y=0, y= Zl/zZp(bzep‘);
d’y ady [, a(a—2) ' b
b2ee* —'——d2 = — ,—a/2 P cz \ .
dZ + - Zd +[ € + 422 ) y 0, Y F4 Zd/ ce ;
d’y a dy  [a(a—2 1 ' . b
d2 " zdz + [ (4 2 ) + "4‘(5262"/' —p)|y=0, y=2z"22z,, (_c_ec/z) :
dzy 1 dy h?  h+ 2p2 2
dz N ( * h) + (T 2z {—13) y=0, y=exp[~hz/2] Z,(2bVz);
@y (a, Ndy [ h(a B (1-0)2
a?+(;+h)£+[bz +§(;+§)+ v ]y:(),
2b
= - (1-a)/2 m/241 ).
y = exp[—hz/2)z Zo (m+ 57 ) ’
d*y 2 dy p?
il 4 ay hezf1— _ — 7 (sich 2)-
dz? + sinh %7 smh 2z dz + cos (1 sinh2 Z) y 07 y P(sul z)’
d’y 2b dy b2 ?
dz? 2bz+c$+2bz+c(I“sz_*_c)y—oj Yy = Zp(V2bz +c).

4These eqhations are taken from [80], where Appendix contains a large and useful list of

similar equations.
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Now we are going to consideration of equations of the forth order. Note that
in many problems of mathematical physics the method of separation of variables
gives, as a result, ordinary differential equations of the following form:

d? 1d v?

A2u+ al,u + bu=0, A,,—_—E.*.

zdz 22
If the equation has the form
Au—2bhA,u+ Mu=0, (13.21)
then, passing to the variable § = Az and keeping the same notation for the operator
A, A,:di;;+%-&d?—--£‘f;),we obtain
ALA u—2bgA u+u=0, bg=b/)2. (13.22)

1

Let us note that A, = —V, — 1, where V, is the Bessel operator. We shall seek
z

a solution of the form

u=AZ,(EVs)
and we introduce this expression into equation (13.22). As a result, we obtain the
characteristic equation s 4+ 2bys + 1 = 0, whose roots are s1,2=—bot+/ bg —1.

If bg is equal to zero, then s; 3 = +i and the case occurs which is considered in
detail on page 162.

If by is non-zero but small with respect to one, then we can approximately
assume that s, 3 & —bg £ i. In the more general case, for 0 < by < 1, we have

51,2 =ax b,
where @ = ~bg, b = /1 — bg.
Setting £v/a £ ib = pe*i¥ and squaring this equation, we obtain
€%(a & ib) = p*(cos 2¢p + sin 2¢p).
Since |a| < 1 and |b] < 1, setting
E=p, a=cos2p, b=sin2p,

where ¢ = % arccotan §, we can write the solution in the following form

u=A7J,(p") + ASHD (pe'®) + A3, (pe™™%) + A HD (pe™),

or
u = Ayl (p) + A28 (p) + Asfu(p) + Aadu(p),
where
Ay = A} + A3, | Ay = i(A} - A3),
Az = A} + A3, L Ag = i(A3 — AY).

If by = 1, then the characteristic equation. has multiple roots.
If b2 > 1, then both roots of the characteristic equation are real and the solution
of equation (13.21) can be written in the following form:
for bg < -1 . )
u = AJ,(§v51) + AYL(§V/51) + Asdu(E4/52) + AdY, (€1/52),
for bo >1 ’ '

u = A L (Vo)) + A2K,(6/151]) + AsL(€V/1s2]) + AdKo (€V/]s2]).
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Now let us consider problems in which the transition to a system of Bessel
equations is less obvious.

We give a result which has been obtained by Lommel and afterwards generalized
by Watson.

Equation (13.5) can be written in the form

(D + a)(D + a — 2Bv)u = —%y*2%y, D= zad;. (13.23)
Let us write the equation
n-1
11D+ a—2r8)(D +a - 28 - 2rf)u = (-1)" " " 2*"u, (13.24)
r=0

which for n = 1 coincides with (13.23). It can easily be verified that a solution of
equation (13.24) has the form

u=2z"""Z,(v7"),
where
vy = cexp(rni/n), r=0,1, ..., n—1

Assigning to r the values 0, 1, ..., n—1 successively, we obtain n solutions which
form a fundamental system.

Setting n = 2 in (13.24), we obtain an equation of the fourth order
(D+a)(D+a—-28)(D+a-26)(D+a-23v - 20)u = *c*2Pu.  (13.25)
Kirchhoff has considered the equation

d? d%u
d—z’z. (2'47;—2') = 2211, (1326)

which describes the transverse vibrations of a conic rod. Introducing a new inde-

pendent variable § = 2,/z and denoting uf? = v, we reduce equation (13.26) to a
system of two equations

“mtzetr-m1=0,
which implies

u= ; [A1 J2(2\/;) + A2Y2(2\/;) + ASI2(2\/—Z_) + A4I{2(2\/—Z_)] . (13'27)

The equation considered by Mononobe

d? [ jd%u

- —_— ) = 13.

132 (z 57 2u (13.28)
has a solution which can be obtained, if we set the indices in (13.27) to be equal
to 1 and replace 1/z by 1/4/z. This equation can be encountered in problems on

vibration of a wedge. A more general problem has been studied by A.N. Dinnik
[12], who considered the differential equation of rod vibrations which has the form

d? m d2u m—2
'&';5 <Z 2;2—) -z u=0. (1329)
Obviously, the Mononobe and Kirchhoff problems can be obtained as special cases
of Dinnik’s problem. We write the solution of Dinnik’s equation in the form

u= 2" { Ay T 2(2V7) + A2Ym-2(2V2) + Aslm_2(2V2) + AaKm—2(2VZ)} -
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We also formulate a result recently published which is due to T. Lardner [32]
who has shown that a solution of the differential equation

d? ( ,.d*u
Ez‘ (Z E) —-pz"u =0 (1330)

can be expressed via Bessel functions, if m = P/Q, n = (P + 2)/Q — 4, where P
and @ are natural numbers and @ # 0; moreover, at least one of the numbers |P|
and |@Q]| is odd.

Lardner does not give the general solution in [32], emphasizing its complexity.
He considers only the special case P =9, @ = 2.

Setting z; = t= 1n(4z1/ ), we can rewrite equation (13.30) in the form

04 ’
[D1(D;y — 4)(D; + 6)(Dy + 10) — e*Ju(t) = 0, (13.31)
where D; = d/dt.
The solution of equation (13.31) has the following form
u(t) = e ¥ D}(Dy — 2)(Dy - 4)*(Dy — 8)*(D; — 12)@(2),
where ®(t) is the solution of the equation
[D}(Dy —2)* — e*]@(t) = 0
which can be expressed via the Bessel functions,
®(t) = ArJo(€') + A2Yo(e') + Aslp(e’) + AsKo(et).

The equations of the second and fourth orders considered are homogeneous.
Using the Cauchy functions given in Section 17, one can easily obtain the solutions
of the corresponding inhomogeneous equations.

14. The Poisson integral

Parallel with the Bessel integral in the theory of Bessel functions and its appli-
cations another integral representation plays an important role. This representation
is due to Poisson who in his papers on heat conduction considered integrals of the
type

/ cos(z cos §) sin?"*1 0 dg,

f cos(z cos 8) sin®” 0 d,
. . B

where n is a positive integer or zero.
Later on, similar integrals were considered by Lommel

Let us consider the Poisson integral T “‘é"
w e

_ (2/2)" cos(zcosdein® 0 db. .+
e} = F(u+1/2)r(1/2)0/ ( °§") in’* 9dl{- (14.1)
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In order to-prove (14.1) we replace the first factor of the integrand in the right-hand
by the series

cos(zcosf) = Z (—l)m(‘z—((:;%no))!l”-, (14.2)

then we change the order of summation and integration and use formulae (7), (8).
As a result, we obtain

(2/2)*
I +1/27(1/2) J

cos(z cos 8) sin®” 9 d@

x

(2/2)" = N o 2
I‘(u+l/2)I‘(1/2 230(—1) -P(m-_ﬁ-)-_o/‘cos2 fsin® 6 d6

_ m(z/2)*m+2?m (v +1/2)T(m+1/2)
- Z r(u+ 1/2 T(1/2T@m+1) T(m+v+1)

_ m(z/2)¥mtv
- Z I‘(m+1 )T(m+v+1) =Ju(2), (14.3)

that prove the validity of (14.1). In contrast to the Bessel integral, the result
obtained holds not only for an integer index n but also for any real v > —1/2 as
well as for complex v provided that Rv > —1/2.

Taking into account the equality

n

/ sin(z cos 8) sin® 8 d§ = 0, (14.4)

0

we can rewrite formula (14.1) in the following form:

Jo(z) = (u+(:g)r 75 ) ’”°’9s1n2”9d9 (14.5)

After making the change of the variable cos§ = t, we can write the Poisson integral
in the form

1
Jo(z) = r(u+(iﬁ;r(1/2 / e*t(1 — t2)v~ 124t (14.6)

In Section 19 we will consider some generalizations of this integral.

As an example of using the Poisson integral we give the deduction of the Lommel
expansion considered in Section 12 for v = 0. Let us note that before obtaining
the general solution given in Section 12, Lommel considered a special case of the
expansion when v = 1 (see, for instance, [7]). The deduction given below is based
on the obvious fact that the Poisson integral (10.12) does not change when the
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origin of the polar angle is shifted, hence, it can be written in the form

L4

Jo(r) = % / cos(r cos(8 — )] dp
0
1 n
== fcos[rcosﬂcostp + rsin@sin ] dy
0
T
1 . . . .
== /[cos(r cos @ cos ) cos(r sin 8 sin ) — sin(r cos @ cos ) sin(r sin @ sin p)] dp
0
1 [ '
== / cos(r cos 6 cos p) cos(rsinfsin p) dp, 2w >0 > 0.
0

Let us note that a similar formula was obtained before, in Section 10 by another
method (see (10.14)). Expanding the second factor of the integrand into a power
series, changing the order of integration and summation and using the Poisson
integral, we obtain

1 [ -~ in @ si 2m

m=0

0
o0 _ m . 2m LA
= % z:o =D (;::;1'10) fcos(r cos 0 cos ) sin?™ p dyp
m= 0
_1 i (=1)™(rsin8)*>™ T (m + -;—) I‘(%) Jom (r cos 6)
w e (2m)! (%)m (rcosf)™
1 = (=1)™(rsin)?>™ J,,(rcosf)
o ';) mi2m (rcos@)m™ (14.7)
Denoting rcos@ = \/z, rsinf = Vh, r = \/z + h, we find
R S Cl70) gy
Jo(Vz +h) = ”Z::o 2 Im(VZ). (14.8)

From this formula, using formula (6.8) and the formula for differentiations

d” _ (=1)"a(2)

2nzn

which can be easily deduced from formulae (6.2) and (1.10), we obtain for integer
values of n after simple transformations

(z+ k)™ (Vz+h) = i (=h/ 2)':!-(”'")/2 Jnim(VZ). (14.9)

m=0

Expansions of a similar type can also be constructed for the integral

n

/cos[z cos(8 — )] sin® p dyp, - (14.10)
0 , S
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which is an obvious generalization of the Poisson integral (14.1) and when v = 0
becomes the Parseval integral.

The Poisson integral multiplied by 2z can be considered as a superposition of
degree ¥ moments for the displacements of the plane waves type with respect to
the axis coinciding with the fixed radius.

The series expansion of integral (14.10) similar to the Lommel expansion can
be obtained in just the same way as we act when considering (14.1). Thus,

L3

f cos|r cos(d — ¢)]sin? p dp
0
n

= /cos(\/;cosq:) COS(\/;;Sin(p) sin? ¢ dp

0
n

= /cos(\/;coscp) i (=)™ (Vhsin p)m sin® p dyp
m=0

(2m)!

= 2T (%) i (CUP27R Jyem(V2) 1 (u +m+ 1) :
m=0

(2m)! (VZ)mtv 2
(14.11)

If # = 0, then, obviously, we obtain the Poisson integral because in this case h =0
and only the first term remains in the expansion.

15. Some indefinite integrals

First, we consider some indefinite integrals which are consequences of the dif-
ferentiation formulae and relations following from consideration of the Wronski
determinant and the Basset formulae.

Recurrence relations and the differentiation formulae allow one to obtain the
following indefinite integrals immediately:

fz”'HZ,,(z)dz =2"*1Z,,1(2), (15.1)
/z"’“Z,,(z)dz =—2"*1Z,_1(2), (15.2)

In the case when z = pe~*%, v = 0, we have

f pfo(p) dp = plf1(p) cos ¢ + g1 (p) sin¢], (15.3)
[ piote) do = bl ) cos — Falo)sin el (15.4)

One can replace f and § in these formulae by 4 and ¥, respectively.
The following integrals containing two Bessel functions or squared Bessel func-
tions are obtained by Lommel with the help of using the Wronskian of the Bessel
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equation:

/ zJ‘;z(z) =~ Semor JJ_((:)) (15.5)

/ zJu(z;l;_y(z) T .}I_((Z)) (15.6)

[ womm=1 2 (15.7)

/ zJ‘;z(z) = %’;Zf’; (15.8)

/ zY‘sz(z) = ;1%3 (15.9)

In order to prove the first of these formulae, we consider the derivative of the
fraction

d [J_.,(z) _ JL(2)dy(2) = T-u(2)J)(2) _  2sinvm
@ 1T J2) = T me2E)
(We have used formula (9.5) here.) Integrating with respect to z, we immediately

obtain (15.5); in this case we assume that v is non-integer. Let us note that we can
obtain similar formulae for other cylindrical functions in the same way.

Let us now consider the derivative of the logarithm of the fraction J{:zz .
i d [ln Ju(2) ] _ (&) J-u(2) = I (2)u(2) _ 2sin v
dz | J_.(2)] Ju(2)J-u(2) T wady(2)J-u(2)’

Integrating this relation with respect to z, we obtain for non-integer v

/ dz - " Ju(2)
2J,(2)J-u(z)  2sinvm J_,(2)’
that prove (15.6).

In the same way we can also prove formulae (15.7)—(15.9), where v is non-
integer. Let us also notice that

dz T 2)(z)
/ZHLI)(z)Hsz)(z) =_4 i (l)( ) (15.10)

where v can be integer as well as non-integer.
In the same way, but with the help of the Basset formula (9.13) we can obtain
indefinite integrals which contain derivatives of the cylindrical functions

/ (Vz/;, ;)1)«12 - ;1,:22 a5
[l e 0512
r/ zjé:z);Jl(L‘;z—l J’Ez; » (15.13)
%/ (11—(2;/1:2()‘1) = ?8 (15.14)
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The product of the right-hand sides of formulae (15.8) and (15.11) can be repre-
sented with the help of the Basset formula (9.13) and the Wronski determinant in
the following form:

2 [ L0, L LA
= EAEEE T LGV

(15.15)

Obviously, we can introduce the functions H, .(,1)(2), H‘(,z)(z), J-v(z) instead of the
functions J,(2) and Y, (z) in these integrals without any efforts. One can easily
obtain similar formulae for the modified functions I,,(z) and K, (z); for instance,

(V?/z? +1)dz _ K[ (2) :
[ =T (15.16)
LKL + (1 4+ ALEK() , _ LK (2)
/ (DR (AP Lok
Let us consider the integral
/Z"Jo(az) dz = -(l;/z"'ldj;[zh(az)] dz
" n-— n—1)2
= -a—Jl(aZ) + -——Oﬂ—lz""l.fo(az) —_ -(—(;2—1-)—/2"—2.]0((12)(12.
(15.18)

Obviously, repeatedly applying formulae (15.18) to the integral [ 2"Jy(az)dz,
for odd n we can obtain an expression containing only the functions Jo(az) and
Ji{az); if n is even, then the result contains one more summand containing
J Jo(az) dz.

Similar results can be obtained in the case when we have the functions 2"Y(az)
and z"H(gl) (arz) under the integral sign.

A more general formula

/ 212, (2) dz = 29 24 (2) + (1 — ¥)2# Zo(2) — ( ~vP) / 712, (2) dz

can easily be verified by differentiating and using formulae (6.3) and (6.4).

Let us consider very important indefinite integrals due to Lommel which can
be obtained as a result of using the different transformations of the Bessel equation
given in Section 13. If y and 7 are solutions of the equations

d%y
2 + P(z)y =0,
d%y
d22 + Q(Z)" - 0)

then the following formula holds

d
/(P - Qyndz = ya—} —n=. (15.19)
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Suppose that P(z) is defined by (13.17) for 1/1( )} = kz and v = y; respectively,
Q(z) is obtained, by setting ¥(z) = lz, v = p3, k # 1 in (13.17). Then

J02 =12 = 6 = /)2, (k2)Z;, (02) 5

23,01 42, (k2)

{Zm(k )— 7 (zz)T} . (15.20)

Assuming y; = ps = u, we obtain
. dZ'(lz) ery 8Zu(k2)
/zZ,,(kz)Z“(lz) dz = k2 {Z (k2) — Z“(lz)——';z—
= m{k2“+1 (kZ)Z;(IZ) - IZ“(ICZ)Z;‘_‘_I(IZ)}, (1521)
p#L

for I = k we have the indefiniteness of the type -g
With the help of the L’Hospital rule we can obtain

zZ
f 22,(k2) 23 (k2) dz = 2 {22, (K2) Z3(k2) = Zuo1 (K2) Zips (K2)
— Zu(k2) 25y (k2)). (15.22)

If we set P(z) = 22" and Q(z) = e2***’, then formulae (13.19) and (13.20)
imply that

/ (€27 = e +")Z, (%) Zuy (¢*)dz = Z,, (") =22

dZ,,,(e) L dZ,(e7)

(15.23)

One can easily obtain similar formulae for solutions of Inhomogeneous Bessel
equations (see Section 16).

16. Functions contiguous to Bessel functions. Particular solutions of
the inhomogeneous Bessel equation

In applications an essential role is played by functions which are particular
solutions of the inhomogeneous Bessel equation V, u = 2%¢(z).

The simplest of these functions are those which can be obtained from the Bessel
equation whose right-hand side is represented by a power or linear function of the
argument and which are called functions contiguous to Bessel functions. These
functions are considered in this section; in accordance with the type of the right-
hand side and relations between the index of the equation and the exponent they
are called the Lommel, Struve, Anguer and Weber functions. Below, in Section 27
we consider the Lommel functions in two variables and their particular cases: the
probability integral and the Fresnel integral. Section 28 is devoted to a significantly
more general and large class of functions — incomplete cylindrical functions; all
these functions can be considered as particular solutions of the inhomogeneous
Bessel equation whose right-hand side represents the product of a power function
and an exponential one.

In Section 17 we consider two simple classes of partlcular solutlons of the Bessel
equation:

1) when the right-hand side represents a step—functlon
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2) when the right-hand side represents a Bessel function.

It is expedient, before investigating different particular solutions of the inho-
mogeneous Bessel equation separately, to consider some general properties of these
solutions which can be established in a rather simple way. Subsection 1 of this
section is devoted to this question.

1. We consider here the following questions:

1) functional equations containing the Wronskian;

2) indefinite integrals;

3) the Lommel expansion,;

4) integral representations which can be obtained with the help of the Green
functions of the Bessel equation, the fundamental Cauchy functions with the
properties of unit matrix or by using the method of variations of arbitrary
variables.

First, we consider the Wronskians of the inhomogeneous Bessel equations. Let
u; and ug, respectively, denote solutions of the homogeneous and inhomogeneous
Bessel equations with index » and the argument z

d?u;  ldu v?
2 tra T (‘“72)“1—0’
d%u 1du V2

G (1 - '27) uz = ¢1(2).

After multiplying the first of these equations by us and the second one by u; and
subtracting the second equation from the first one, we obtain the following equation:

d

1
d—z[u'luz — ujuy]+ ;[u'luz — ujuh) = —uy01 (2).

Denoting t; = ujuy — uuj, we seek ¢; in the form ¢t; = p(z)/z. Then

P(2))z=—ne(z), plz)=— / urgr (2) dz,

hence,

2

1
(ujuz — ulu'z)lf) = —;/ZUHD](Z) dz.
0

If the function u; together with its first derivative vanish at z = 0, then we have

2

1
ujug — uyuy = - zuy01(2) dz.
0

Using the recurrence relations for the functions u; and u,, one can easily obtain
different modifications of this equality so that the left-hand side contains functions
of distinct indices which differ by an integer as well as to write the Basset and
Lommel-Hankel formulae for the ingomogeneous equation (see Section 9). Espe-
cially simple results can be obtained for the special case when the right-hand side
of the inhomogeneous equation represents a power function.

If both functions u; and u3 are particular solutions of the inhomogeneous equa-
tions V,u = 22p(z) whose right-hand sides are equal to z2p;(z) and z2¢p,(z),
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respectively, then we have
2
uyuz — u§u2|; = %/z[u;;(pz(z) — uap3(z)] dz.
0
In Section 15 we give some indefinite integrals whose integrand contains the

Bessel functions. Now we are going to show how one can obtain integrals containing
functions contiguous to the Bessel functions in a similar way.

Denoting
2
1
—;/zuﬂp(z) dz = A; (e, 2),
0
we have
dfw) _ ujup —ubuy  Ai(p, 2)
dz \uy/) u? T ou:
Hence,
Uy Ai(p,2)dz
U u? !
similarly,
uy; /A1(<p,z) dz
u u? ’
Furthermore,
4 [1,, ﬁ] - v~ vz,
dz Uy UH u;
hence,

/ Ailpz)dz

U2 us

Different integrals containing functions contiguous to the Bessel functions can
be obtained with the help of Lommel’s method.

Suppose that a function u, satisfies the homogeneous equation uf + Pu; = 0
and a function u, satisfies the inhomogeneous equation u5 + Quz = p(2) which can
be reduced to the Bessel equation. It can easily be verified that

dul

d
/(P - Quiupdz = Ul-f —uz = - /tu<p(z) dz.

From this equality one can easily obtain different integrals of products of cylindrical
functions and functions contiguous to Bessel functions. Just in the same way, as
the result of an obvious generalization one can obtain the corresponding integrals
of two different contiguous functions. '

Let us give without proof several definite integrals containing a function s, , (z)
which will be defined below by formulae (16.10)-(16.12). These integrals can be
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easily obtained by using Lommel’s method which was applied by Lommel for cylin-
drical functions and is presented at the beginning of Section 15:

2z

(0 +v—=1)N(2)su-10-1(2) — Jo-1(2)8u(2) .= suw(2)
/ 72() E0E sy

0
z

/ (8 +v —1)J,(2)8p-1,0-1(2) = Ju-1(2)8p,(2) dz = Ju(2)

0 8124,11(2) —S,‘,y(z) ’ (16.2)
z B+v-— I)Jv(z)su—l,u-l(z) - JV—I(Z)S“,V(Z) e In —Jv(z)
0/ Su,v(Z)Jv(Z) dz=1 [—-—-————s“'v(z) , (16.3)

z

/ 1], (2) dz
J (gt v =1DJ()su-1,-1(2) = Jo-1(2)s00(2)

=Inf(p + v — D)2y (2)sy-1,0-1(2) — 2Ju-1(2)suu(z)], (16.4)

/ [(1 —-ao?) + u%;uf] 2dy, (2)s4,(az)dz

= z{J,, (z)s;l,llg (@z) = 54,0, (O‘Z)JL, (2)]
— o 2[(p+ 11 = 1), (2)su-1,00-1(2) — Juy-1(2)8p, (2)]. (16.5)

An integral representation of the function ®,(z) which is a particular solution of
the differential equation

d2® 1dd V2
wriat(1-h)e=ee

according to the arbitrary variables variation method, can be sought in the form
®,(2) = A(2)Ju(2) + B(2)Y.(2).

It can be easily shown that
for an non-integer index

0,(:) = gome [ EUMOI-D) - LI O &, (16
N z > 29,
for an integer index
Ba(a) = T [ E1n(0)Yale) = Ja (@)Ya () (16.7)

z > Zp.
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In the cases when the right-hand side is a power function, the particular solution
contains the integrals

Anu (VZFR) = / (z + h)*J,(VZ FR) d(Vz D),
0

which can be expressed in the form of a series being an analogue of the Lommel
expansion:

Az# V( VZz ) Z h/2 Z k|(h nlk)!AZu—m—Zk,v—m(\/;)- (168)

m=0

Let us consider a partial solution of the inhomogeneous Bessel equation in some
cases.

In Subsection 2 a particular solution will be obtained in the case when the
right-hand side represents a power function. This solution can be expressed via the
Lommel functions. In Subsection 3 we consider a special case when the exponent is
greater by one than the index of the Bessel operator and the solution is expressed
via the Struve functions. In Subsection 4 the Anguer and Weber functions are
considered. These functions allow one to find a particular solution in the case when
the right-hand side represents a linear function of the argument z.

2. Consider a particular solution of the equation

V,u = k2t (16.9)

where k and u are constants. One can easily see that the particular solution of this
equation represented as a power series in increasing powers of the argument z, has

the form
=k[ Zht1 B 2413 N ]
(w+1)2 =02 {(p+1)2-2H{(p+3)?—v?} 7
R ™0 (= 4 DT (Gt bt ]
Gu-tv+m+ )T Gu+lvem+d)
= ks,,,,,(z). (16.10)

The function s, , (2) is called the Lommel function.

The expansion (16.10) is, obviously, ineligible, if y+v is a negative odd number.

In order to obtain another representation of the Lommel function, we apply
the method of arbitrary variables variation to equation (16.9).

According to formulae (16.6) and (16.7) we define the Lommel function s, (2)
in the following way:

_ T 4 _ u
u(s) = g J,,(z)/z J_y(2)dz J_,,(z)/z L()dz|  (16.11)
0 0
for non-integer v and
susl) = 3 |Y, / #J,(2) dz - I, (2) / AY,(2)d (16.12)
0

for integer v.
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If 4 + v is an odd positive number, then the particular solution of equation
(16.9) for k = 1 can be represented in the form of a Lommel function S, ,(2),
which for non-integer v has the form

20 (b= o+ DT (bt o+ )
x [cos (%(u - u)1r> J-u(z) — cos (-;—(p + u)n) J,,(z)] . (16.13)

If v is an integer, then we have

Suw(z) = suu(2) +

1 1 1 1 1 1
= p=ip(_, = - - il s
Suw(z) = spp(z) +2 I‘(2y 2y+2)1‘(2p+ u+2)

x [sin (%(,, - V)7r) Ju(2) — cos (%—(y - V)1r) Y,,(z)] . (16.14)

From (16.11) and (16.12) we can immediately obtain the recurrence relations
which are due to Lommel [7]:

sut2.(2) = ¥ — {(u+ 1)2 - uz}s,‘,,,(z), (16.15)

v
8w (2) + —sup(2) = (n+v — Dsu1,-1(2), (16.16)

v
Suw(2) = zsu,V(Z) =(-v-1si1,4(2). (16.17)

These formulae immediately imply that
2

—;sﬂ,v (2)=(u+v—1)su10-1(2) = (p = v — D)sp_1,041(2), (16.18)
28,,(2) = (4 +v = Dopcpet(d) + (5= v = Doyrpua(s).  (16.19)

Notice that the functions s, ,(z) in (16.15)-(16.19) can be replaced by S, . (z).

The case when g + v is an odd negative integer, requires rather complicated
reasoning which can be found in papers of Watson.

In the literature one can meet works where the integrals [ Ai(t) dt and [ Bi(t) dt
(see Section 8) are considered which can be easily expressed via the Lommel func-
tions.

From the practical viewpoint, the Lommel functions are very important special
functions, because a great number of problems of mathematical physics can be
reduced to the Bessel equation whose right-hand side represents a power function.

The Lommel functions allow one to obtain a particular solution in a convenient
form in the cases when the right-hand side of the inhomogeneous Bessel equation
is a piecewise continuous function representing a polynomial on every interval of
continuity.

3. The Struve function with index v is usually defined by the expression

R0 = s ey | 0 - s
202
T T +(1z//2))1“(1/2) / sin(z cos ) sin™ ¢ do, (16.20)

0
where t = cos 8.
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Under the condition ®v > —1/2 the function H, (z) can be represented by a
pOWeT series
oo
-1y (z/2 v+2m+1
et T(m+3/2)T(v + m +3/2)

(16.21)

We can easily prove this fact, by expanding sin(z cos §) in (16.20) into a series with
respect to increasing powers of z and then making the calculations similar to those
given in Section 14 where we considered the Poisson integral.

Using this expansion, we can obtain the following recurrence relations:

v (z/2)

Hoet(2)+ B (2) = TR0 + o e, (16.22)
Homr(2) ~ Hua(2) = 20,05) ~ 5 j;g;; oL (16.23)
(% + ;) H,(z) = H,_1(2), (16.24)
(- %) me) = i~ Hena o) (16.25)

which are, obviously, special cases of the corresponding recurrence relations for the
Lommel function.

These formulae imply that the Struve function satisfies the inhomogeneous
Bessel equation

a4y
V() = S 7172

where the right-hand side is a power function whose exponent exceeds the index
of the Bessel operator by one. Thus, the Struve function can be considered as a
special case of the Lommel function. If all terms in the expansions of H, (z) are
taken with the sign “plus”, then this series represents a function L,(z) which is
studied (in case v = 0) by Nikolson.

4. As a definition of the Anguer function we can take the Bessel integral

(16.26)

n

Ju(2) = -:F/cos(uﬂ — zsin0) df. (16.27)
0

If the value of v is an integer n, then the Anguer function coincides with the Bessel

function J,(z), and if v is non-integer, then J,(z) is different from the Bessel
function of the index v.
The function

E(z) = %/sin(ua — zsin ) df (16.28)
0

is called the Weber function.
As a result of transformations of the integrals associated with the expansion
of the integrand into a series in increasing powers of z we obtain the following
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equalities
15 (=1)™(z/2)>"
J = COS$ =VT
v(2) 2 ME_:OI‘(m—lu-}—l)I‘(m+lu+l)
™ (22
16.29
+ sin = Wrzl‘(m——u+3)l‘(m+ LTI (16.29)
)™ (2/2)%"
E,(z) = sin wr
v( mz_:ol‘(m—%u-}—l)l‘(m+ u+1)
— cos —u1r Z (=)™ (/2" -~ (16.30)
o T (m—3 -V+ HT(m+3v+3)
'The functions J, (z) and E, (z) satisfy the equations
V3, (z) = G ¥ismrT ",)rsm = (16.31)
U, E,(z) = =& "; v _ (= ”3:08 iy (16.32)

Thus, it is evident that both these functions are connected with the Lommel
functions because they represent the sum of solutions of the inhomogeneous equa-
tion for the cases when the exponent of the power function is equal to zero or one.
This fact implies the formulae

Julz) = sin Wrso,u(z) 3 Vsmmrs_l,v(z)’ (16.33)
E (2) = _l_'}"_(:zs_fls(),v(z) - Z(—1—-¥Elrls_1,,,(z). (16.34)

17. On integration of the inhomogeneous Bessel equation. Cauchy
functions

In solving inhomogeneous linear differential equations an important role is
played along with the Green functions, by the fundamental Cauchy functions whose
use facilitates the obtaining of the solutions.

In Subsection 1 the Cauchy functions for the Bessel equations and the system
of two Bessel equations are considered. In Subsection 2 we consider the solution
of the Bessel equation with a special right-hand side which is based on using the
fundamental Cauchy functions.

1. Consider the solution of the inhomogeneous equation

Aut+u= %Vyu = f(2) (17.1)
with the initial conditions
du
‘u(Zo) = Uup, —_— = vp. (172)
dz zZ=29

The particular solution which was sought in Section 16 (p. 46) has the form

2z

T [ @I @) - T (o) 2] d,

20

u'(z) =

2sinvr
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where v is non-integer. The general solution of equation (17.1) can be expressed in
the form

u(z) = A1Ju(2) + A= (2) + v*(2),

where A; and A, should be determined from initial conditions (17.2).
Let us introduce the Cauchy function

_ 0, z < x;

Yilnz) = {——— V(@) = @], 222 )
_Jo, z < z;

Ya(z,2) = {r”m Vo (@) -s(2) = Ju(@)du(2)], 22> 2. (17.4)

Obviously, each of these functions satisfies the Bessel equation with index v; more-

over, one can easily check that at z = z these functions and their derivatives have
the following values:

Yi(z,z) | Ya(z,z)
Y 1 0
Y’ 0 1

Let us give other expressions for the Cauchy functions, which can also be used
for integer values of the index:

_ )0, z < x;

iz 2) = {— V(&) Jn(z) = Jo@)Ya(2)], =2 2 (17.5)
_Jo, z < z;

Yale,2) = {— Un(2)Ya(2) = Ya@)dn(2)], 22 =. (17.6)

A solution of equation (17.1) which satisfies conditions (17.2) can now be writ-
ten in the form

u(z) = uoY1(z, 20) + voYa(z, z0) + /Yz(z,x)f(z) dz.

Consider a particular solution of the equation

d’u  1du v?

=tia (1‘;5)"4(’)'
whose right-hand side is a step function; thus, f(z) = 0 for z < z1, f(z) = q: for
21 <2< 29, ..., f(z2) = Z:‘:l gi for zx < z < 241, where ¢; are constant. One

can easily see that for z; < z < zx4; the particular solution has the following form:
k
u*(z) = EQi{sl,u(Z) ~ s1(2:)Y1(z, 2)
i=1

+ v 27 s1,0(2) — sop-1(2i)] Ya(z, z,-)}.

In [20] a similar problem for the Bessel equation of zero index whose right-hand
side is a step function is considered; in this case the particular solution obtained
by integration of the Green function contain only the Bessel functions.
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If the right-hand side of the equation considered represents a continuous func-
tion

k
f2)=) Bi(z—2) for m<z<zmyp, k=1,23,...,
i=1

then the particular solution can be written in the following form:

k
u'(z) = Zﬁ,-{sz,,(z) — 89,,(z:)Yi1(z, z)

i=1

+ ESz,u(Zi) -(1+ V)Sx,u-1(2i)] Yz(z,li)},

where f; are some constants.
Let us pass to the equation of the fourth order which can be reduced to a
system of two Bessel equations. First, we consider the inhomogeneous equation

L (u) —u= f(z), (17.7)
where L is a linear differential operator of the second order. One can easily show
that the general solution of equation (17.7) has the form

u = u; + uz,

where the functions u; and u; satisfy the equations

1
L) w2 =F51(2),
respectively.
If
2 1d 2
2t Ia T 2
dz zdz 2z
then we can obtain a particular solution to each of these two equations as has been

shown on page 35. Suppose that the index of the operator is an integer, then,
combining the particular solutions u} and uj, we obtain a formula of the form

L=A =

v =ul +up = /Y4(z,z)f(z) dz, (17.8)

20

where
Ya(z,2) = T {In(2)Ya(@) - Ya(2)Jalz) + = [1 (2)Ka(z) — Kn(2)n(2)]};

if the index is non-integer, then n should be replauced by v.
One can easily see that

Ya(z,2) =0, Y (z,2) =0, A,Y4(z,z)=0, ALY4(z,z)=1.
These equalities immediately imply that we can take Y; as one of the fundamental
Cauchy functions and the derivative of this function with respect to z, the result of
applying the operator A, and its derivative with respect to z can be taken as the
remaining three fundamental Cauchy functions. Thus, we shall express the solution

of the formulated problem as a sum of the particular solution u* and some linear
combination of the fundamental Cauchy functions

Yi(z,z), Ya(z,2), Ys(z,z), Yai(z,z),
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which vanish identically for z < z and satisfy the equation L?(u) — u = 0 for 2 >z,
at z = z the following conditions hold:

m | Ym | Y. | AnYm | ALY

[
OO O =
OO = O
o - O O
-0 O O

It can easily be shown that in the case considered these functions have the form
forz >z

Yi(z,2) = Z2{ — J(2)Ya(2) + Ya(2)Ja(2)

+ 21 (=) Kn(2) — Kr(@) (2},
Ya(2,2) = Z{Un(@)Ya(2) - Ya(2)Jn(2)

~ FUn)n(2) ~ Kat) (2]}, | ars)
Ya(z,2) = Z{UL(@)Ya(2) - Yi(2)Jn(2)

+ 21 (=) Kn(2) - Ko () (2},
Ya(z,z) = ’;i{ = Jn ()Y (2) + Yo (2)Jn(2)

2 L (@)Kn(z) ~ Knle)n(2)]}. |

Let us give the formulae for differentiation of the fundamental functions

m|Ym | Y2 | ALY | ALY,
1{nl|y| v Y!
2|Y, Y?f ' Y4 Y4’
3| va|Y| -vy | -V
4|, Y| -2 | =Y}

The solution of equation (17.7) with the initial conditions
u(z0) = up, u'(20) =vo, Anuo=C3, AlLug=Qp
can be written in the form
u(z) = uY1(z, 20) + voYa(z, z0) + CgYa(2, z0) + QoYa(z, z0) + u*(2).

In the monographs of the author [18), [20], the fundamental Cauchy functions
are used in problems on oscillations of rods with variable section, oscillations of a
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circular plate, equilibrium of a conic shell, the theory of heat waves, as well as in
problems on the bend of a circular plate on an elastic foundation and others.

The Cauchy functions for a half-integer index of the Bessel equation can be
expressed via elementary functions (see [24]).

When solving some physical problems, we have initial conditions defining the
form of the Cauchy functions which contain linear differential operators of the
second and third order different from the operators A, and A!, considered before;
however, this fact does not cause any essential difficulties (see, for example, [20]).

At the beginning of the section we mentioned the Green functions. There
exists a direct relation between the fundamental Cauchy functions and the Green
functions, which follows immediately from the definition of the Green function of a
differential operator.

Consider the solution of the equation

AoAou+u =0, (17.10)

which has no singularities at z = 0 and is continuous with the first derivative and
the operator A for z = z and such that

1 1
Aou;-+0 - Aouz..() =1

and u — 0 as z — oo. This solution is called the Green function of equation (17.10).
From formulae (11.9) we can immediately obtain (the notation ug, vo, fo, and go
see on pages 13)

—?[fo(:c)uo(Z) = 90(2)w(2)], =232

K(z,z) = (17.11)

7 lwo(2)fo(2) — vo(@)go(2)], 22z

Let us show that we can obtain the function Y4(z, z) from K(z, z) in a simple
way. We form the difference of the function K(z,z) and the expression which
represents the upper row of (17.11) without the restriction £ > z. Obviously, this
difference is the function Yy4(z,z) and it has the form

0, z >z

Yalz2) = { 5 [w0(2)fo(2) — v0(2)90(2) — fo(2)uo(2) + go(2)uo(2)], 2> =.

The formulae for the functions Y;(z, z), Ya2(z, z), and Y3(z, z), are given in {20].
Consider a particular solution of the inhomogeneous equation

A2y —u = f(2).
Assume that f(z) =0 for z # 2z, k=1,2,3,... . Moreover, let
u =u + uok;
2x+0 zx—0
u =u + Vg k3
zZx+0 Ze—0
Ayu =Au + Ga k)
zx+0 -0 7
Alu =Au + .
v zx+0 v zx—0- Qq'k
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Then the particular solution for zx < z < zx4, has the following form
k

u,:(z) = Z {uo_,-Yl (z, z.-) + vo,,-Yg(z, z;) + G;).-Ys(z, Z,') + Qo,.-Y4(z, z,-)} .
1=1
2. Consider the particular solutions of the inhomogeneous Bessel equation in
the cases when the right-hand side represents the product of a cylindrical function
and the squared argument. We begin with another simple problem.
Let the right-hand side of the Bessel equation represent a cylindrical function
whose index is different from the index of the operator:

d*v  1du 2 2
E;f+zdz+(1———)u—z Zy(2), n# v
A particular solution of this equation has the form
. 1
u* = p ,,22 (2)-

A particular solution of the inhomogeneous equation

d?u  1ldu v?
rFrl + - . dz (1 - —) u= Z,(Az) (17.12)
has the form
Z,(Az2)
u= T:F, A # 1

This result cannot be used when A = 1. The solution of equation (17.12) in this
case will be cailed the resonance solution; we use the limit passage to find this
solution.

The solution of equation (17.12) with the initial conditions u(z) = 0, u’(z9) = 0
can be written in the form

u= r_l—ﬁ {2, (A20)Y1(2, 20) = AZ,(Az0)Ya(2, 20) + Z,(A2)},

where prime denotes differentiation with respect to the argument Az. For A = 1 the
denominator and the expression in the braces are equal to zero; using the L’Hospital
rule, we obtain

u(z) = _.;. [—zoZ,',(zo)Yl(z, 20) + ( 20— —) 2, (20)Ya(z, 20) + 22! (z)]

Consider a simpler special case. The solution of the equation

d’u  1du
) + - po +u= AJo(Az)
with the initial conditions u(0) =0, 4'(0) =0, for A # 1 has the form

A
u= 1—_—_—?[]0(/\2) - Jo(2)}.

Applying the limit passage (A — 1), we obtain the resonance solution
Az

—2—.]1(2)




56 1. THE BESSEL EQUATION. PROPERTIES OF BESSEL FUNCTIONS

18. Products of Bessel functions

In this section we consider some properties of products of the Bessel functions
which we met before in Sections 11 and 17. We deduce the differential equations
which are satisfied by these products here and give integral representations of the
products. The problem concerning the expansion of the Bessel functions products
into power series is considered in [7].

At the beginning, following Watson [7], Orr and Appel, we consider two differ-
ential equations

d2
d 2 +R1( ) 0)
(18.1)
dw
e - + Rz(z)v =
Denoting the product vw by y, we obtain
= v"w+ 20w’ + vu” = —(Ry + Ry)y + 2v'v'
Hence,
y” + (R1 + Rz)y = 2'vw'
Differentiating this equation, we get
¥y’ +2(R1 + R2)y + (Ry + RY)y = (Ry — Ra)(v'w — vw'). (18.2)

The special case R; = Ry results in the differential equation of the third order
v + 4Ry + 2Ry = 0. (18.3)
If Ry # Ry, then

v +2(R; + Ro)y + (R} + RY)y\ _
dz{ R R, } = —(R1 — Ra)y. (18.4)

Consider in detail the case Ry = —Ry which results in the product containing
two functions whose arguments differ by the factor equal to the imaginary unit. We
have

d H
- (‘2%) =—2Ry or ¢V - 21 " 4+ 4R%y = 0. (18.5)
Suppose R; = c?22972. Then (18.5) takes the form
—2(q— 1) + 4cz4a- Dy = 0. (18.6)

For these representations of R, and Rg, equations (18.1) can be reduced, as is
shown in Section 13, to the Bessel equation. Hence, (see page 33), the solution of

(18.6) is
c2? ciz?
y= zZl/(2q)< )le(zq) ( )

Here Z* and Z can be two different cylindrical functions, for instance, Z* is the
Bessel function and Z is the Hankel function. For ¢ = 1 we have the trivial case
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y'V +4cty = 0. If ¢ = 3/2, then

yw———+4c 22y =0,
. [2c2'8 2icz!®
y: Zlea( 3 )lea( 3 )- (18.7)
For z = i{ and ¢ = 3/2 we have
dly 143
&~ gap =0 (188

261'\/'1: 1.5 20\/; 1.5
=823 | ———Zy 3| ———}.
()5 ()
Setting y = zt(z), we obtain for ¢ = 3/2
V43t" )z —3t" /2% + 4c%2%t = 0, t=y/z, (18.9)

where y is represented by formula (18.7).
If we assume R; = R, then for the case Ry = e — v? we have (see page 34)

v=Z4,(e*),
hence,
y = Zu(e") 2L, ().

The differential equation with this solution can be obtained immediately from

(18.3).
d dz 2 2z d- |

If the solution is represented by the product
y=2°Ze(e/*) 23, (e'/7),

then the corresponding equation has the form

d3 e2l? e2/z + 22 e2lz _ 2
Y pa o AL A is )y =o0. (18.11)
If Ry =kRy, k #1, then
d (24 +2(1+k)Riy + (1+k) Ry
or R
d
E{E—+2(1+k)y’+(1+k)—y}+(1—k)2R1y~0 (18.12)

Consider the problem of construction of the fundamental Cauchy functlons for
equation (18.5).
As before, we have

y=vw, v'4+Rv=0, v -Rw=0 . (18.13)
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We denote the fundamental Cauchy functions® of equations (18.1) by vy, va, w1,
and w,. In this case the functions vy, vy, wn, and wy vanish identically for z < a;
for z = a we have

vi(a) = 1; vi(a) =0; va(a) = 0; vy(a) = 1;
wi(a) =1, wi(a) =0; wa(a) = 0; wh(a) = 1.
First of all, we construct the function
Y = nw, z2a.
Obviously,
¥y = vyu + vywy,
¥ = vfwy + viwf + 20 w) = 2vjwi,
W' = 2R [~nw) + wiv}],
¥V = —4R v w, + 2R [—v, v} + wyv].
For z = a we have
n@=1 #@=0, %@ =0 y'(a)=0.
Let us introduce the following functions

vow) + viw?

h=—g
1
Yz = §v2w2y
_ VW — W2
Ya = 4R (a) for z>a,
Y2=y3=y4 =0 for z<a.

After differentiating these functions and determining the values of y,, ys, y4 and
their derivatives at 2 = a, we immediately obtain that y;, y2, y3, and y4 form a
system of fundamental Cauchy functions, i.e. for z = a we have

NDi|Y2iY3]ya

v [1]o]ojo
v [o]l1]lolo
v lolo]1lo
v'[o]|o]o]1

Let us go to the integral representations of the Bessel functions products. For
the reasoning below, it is essential to use the addition theorems for the Bessel
functions.

Let us formulate the Neumann addition theorem (see Section 11)

Yo(VaZ + € — 20fcosh) =23 Jm(@)Vm(€) cosmf, a <€ (18.14)

m=0

5These functions can be easily constructed with the help of the results of item 1. in Section 17.
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Let us set o = £. Then the left-hand side of (18.14) takes the form Y,(2asin %)

Denoting 6/2 by ¢, after multiplying the equality by cos 2n¢ and integrating, we
obtain

1 L
;‘/Yo(%zsimp) cos2npdyp = Y, (a)Jn(a). (18.15)
0

Similar formulae can also be immediately obtained for functions of a pure imag-
inary and complex argument from the appropriate addition theorems given in Sec-
tion 11.

Let us now use the generalization of the Neumann addition theorem (see Sec-
tion 11)

Z,(v/a? 4 €2 — 2a€ cos0) cosvyp = 22' Zy4m(&)JIm (@) cosmb, o <E.

m=0

Setting a = £, after multiplying both sides of the equality by cos nf and integrating,
we obtain

2%
1 .0 v(m —0) _
o / Zy (201 sin 5) cos [——5———] cosnfdl = Z,4p(a)Jn(a).
0

Similarly, we can obtain for a < ¢

2n
Zy4n(€)Jdn(a) = 2% / Z,,(\/;2 + £2 — 20 cos 0) cos Y cos nf df.
0

The formula

x/2
/ Ju4u(20 cos ) cos[(p — v)0] db = -;:J,,(a)J,‘(a), (18.16)
0

R(p+v)> -1,
can be obtained as a result of the representation of the Bessel functions present in
the product in the form of the power series [7].

For products of Bessel functions with different arguments the following formula
has been proven [7]°

(az/2)4(b2/2)" S (=1)* (b2/2)
Julaz)J, (b2) = =g =y {:z\!I‘(u+z\+1)

2F1(=A, —v = A p + 1;a%/b2).
(18.17)

19. Integral representations of Bessel functions

In Sections 11 and 14 above we considered two integral representations of the
Bessel function: the Bessel integral and the Poisson integral. In this section we
consider several contour integral which are generalizations of the Poisson integral,
with the help of the theory of functions of a complex variable. Then, without
deduction some results connected with similar generalizations of the Bessel integral
will be formulated.

6see also A. Kratzer and V. Franz Transcendental functions, 1L, 1963.
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Recall that the Poisson integral gives the following representation for the Bessel
function:

(2/2)11 A v—1/2 izt
Iu(z) = r(u+1/2)1“(1/2)_/1(1 - eyt

We shall try to generalize this result, by considering contour integrals of the form

v(z) = [ T(t)e'* dt. (19.1)
/

Let us find out what restrictions we should impose on the contour C and the
function T'(t) in order that the function z”v be a solution of the Bessel equation
with index v.

The function v(z) satisfies the equation

20" + (2v+ 1)V + zv=0. (19.2)

After differentiating (19.1), we substitute the expressions obtained into (19.2)
and integrate the products zv"’ and zv by parts. As a result, we obtain

[{®T(t) — iT(t)]e'*" |, — i / [T’ (t) + 2tT(t) — (2v + )tT(t) — T'(t)}e'* dt = 0.
C

(19.3)

Here the symbol I c denotes the increase of the quantity before the vertical rule
after going around the contour C in the positive direction.
In order that equality (19.3) holds, it is, obviously, sufficient that each of the

two terms in the left-hand side is equal to zero. By setting the first term equal to
zero, we obtain

[T - 1)e™ | =0,

and taking into account the fact that the second term vanishes if the expression in
the bracket is equal to zero, we have

d
;it—[T(t)(t2 = 1)] = (2v+ 1)T()t. (19.4)
Integrating (19.4), we obtain that up to a constant factor
T(t) = (£ - 1)V~ V2, (19.5)

We assume that the index v does not
accept the values v = n 4 1/2 (where n =
0,1,2,...), because in this case the integrand
is an analytic function at { = +1 and the in-
tegrals of type (19.1) vanish.

Under the conditions formulated, (19 5)
is a multifunction.

If the contour is a closed curve inside
which one of the points ¢t = %1 lies, then after going along the contour in the
positive direction, the argument increases by (v — 1/2)i.

Taking the contour C in the form presented in Fig. 2, we bypass both marked
points in different directions; therefore, the function does not change its value after
going around the whole contour. Hence, applying the integration along this closed

Figure 2




19. INTEGRAL REPRESENTATIONS OF BESSEL FUNCTIONS 61

contour, we can obtain the representation of the integral of the Bessel equation in
the form

u=z" /(t2 . l)v—l/Zezti dt. (19.6)
C

Giving one or another form to the contour, we can obtain dif-
ferent integral representations of the Bessel functions.

The second group of the integral representations can be ob-
tained, if the contour is a non-closed curve and at the infinite points
the product (t2 — 1)¥~1/2¢** tends to zero.

If the integration is performed along the contour presented in
Fig. 3, then for the point b 4+ iy of the contour, the exponential
function present in the integrand has the form

exp[iz(b + iy)], Rz > 0.

The integrand tends to zero as y — oo, and the integral (19.6)
converges absolutely.

We turn our attention to the case, where the contour has the
form shown in Fig. 2.

We agree to assign to the multifunction (2 — 1)*~1/2 for a contour of this form
the sign plus for t > 1.

Integral (19.6) converges for ®z > 0. Differentiation under the integral sign is
legitimate, and the integral is an analytic function of v for all values of v.

Let us show that for an appropriate choice of the constant factor, the integral
(19.6) represents the Bessel function J,(z). We shall prove below that the integral
along the figure eight curve, which is Hankel’s generalization of the Poisson integral,
can be reduced to the ordinary Poisson integral (considered in Section 14); hence,
it represents the Bessel function J, (z).

We integrate along the symmetrical contour’ shown in Fig. 4. It is sufficient to
consider the integral along the half-contour which lies in the right half-plane and
consists of two sloping segments OA and OF, two horizontal segments AB and ED
and the arc BCD with the center at the point ¢ (1,0). Let p denote the radius of
the arc, p < 1. Obviously, on the arc the following inequality holds:

< Cpu—1/2’

Figure 3

(t2 _ l)v—IIZCzti

where C is a constant.
This implies that the integral along the arc

cannot exceed Cp¥~1/22rp = 2nCp*+1/2, Thus, [tz =+/
for v +1/2 > 0, the integral along the arc tends R yi 26
to zero as p — 0. Obviously, as p tends to zero,

the lengths of the segments OF and OA simul-

taneously tend to zero, and on the segment AB Figure 4

the function T has the modulus (¢ — 1)v~1/2
and the argument —mi(v — 1/2).

The modulus of the function T'(t) on the segment ED remains equal to (¢2 —
1)¥~Y/2, and its argument on this segment is equal to —mi(v — 1/2). Obviously,
the modulus of the integrand on the sloping segments is less than one. Hence,
the integral along the right half-loop is equal to the sum of the integrals along the

7See (28).
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segments AB and CD, whose lengths tends to one as p — 0. Therefore,

1 1
u=2z" e-vr(v—l/2)|' /(1 _ t2)v—l/26|'tz dt — em’(u—l/‘z) /(1 _ t2)u—l/26itz dt
0 0

1
= 2zvisin(u — 1/2)7,-/(1 - t2)l/—l/2e|'tz dt.
-1

Comparing this result with the Poisson integral, we finally obtain

Ju(2) = -
W(2) = +li/mcosval (v +1/2)

_ (2/2)., ve— szt
~ 2i\/mcosvrl (v + 1/2) /(tz Syt (19-7)

C

which is Hankel’s generalization of the Poisson integral.

The restriction v+ 1/2 > 0 is not necessary, because both parts of the equality
are analytic functions of v and according to the principle of analytic continuation,
the result is valid for any v.

We now consider a contour in the form of a loop (see Fig. 3) and we shall
show that, by integrating along this loop, we obtain a representation of the Bessel
function J_,(z). Assume that the circle |t| = 1 lies inside the contour, then (t? —
1)V~1/2 can be expanded in a series in decreasing powers of ¢ which uniformly
converges on the contour:

2Tl -v+ m)
2 _ yw-l/2 - E : 2 2v=-1-2m
(-1 = ml(3-v) ¢ )

Here t is a complex variable with the argument ¢ (—37/2 < ¢ < 7/2), and its
modulus is greater than one. Then the termwise integration is admissible; therefore,

(=14,14) (-14+,14)

P / eizt(t2 _ 1)V—1/2dt — i 2T (% —v+ m) t2u—1—2meizt dt.
. mzo mT(z-v)
oot = oot

It is known [7], that

/tZV—2m—lezti dt — (*1)m27re"'”""z2m—2ui,
F2m-2v41)

C1

where C is the contour shown in Fig. 3; hence,

2Y / eizt(t2 _ 1)u—1/2dt — E ("‘1?"‘2:[‘12 v+2mp (’f —v+ m)
J “~ mT(}-v)T(2m—-2v+1)
9+ rie=v™iT (1/2)
= J_ . 19.8
T (% _ V) ,,(Z) ( )

This generalization of the Poisson integral is obtained under the following re-
strictions: ®2z > 0 and v 4 1/2 is not a positive integer.
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We can express the functions H,(,l)(z) and H.(,z)(z) via the functions J,(z) and
J_u(z). We write only the formulae without their deduction:

H.(,l)(z) _ (z/2) ) /(t2 _ l)u—l/2ezh’ dt, (19.9)
Ad

" iymcosval(v 4 1/2

MO = ety [ U (1010
As

here v is non-integer, and the contours Az and A4 are shown in Fig. 5 (the formulae
are also valid for non-integer indices).
From these formulae we can obtain the general-

xl .
ized Meler-Sonin integrals. Changing the contour of 0 o
integration in integrals (19.9) and (19.10), we obtain /
the integrals along the contours shown in Fig. 6. -7l —

Deforming these contours into the infinite half-
segments (—oo, —1] and [+1, o0}, respectively, of the
real axes, each of which is taken twice, we can obtain
the formulae

HM(z) = r“/fi;(?/(;;/?)"u _ e / S (2~ 1)V 2dy;  (19.11)
1

Figure 7

HP(2) = r(l/ji;(li)/;ﬂ)u[l — e2v=1/2)m) / e — 1) e (19.12)
1

Generalizations of the Bessel integral are obtained in papers of Schlafli and
Sonin. Without calculations, we write the formula

(04)
_ (2/2)* —v-1 _z2 "
Ju(2) = omi t exp | ¢ yn dt, |argz| < w/2. (19.13)
— 00

Setting t = }ze" in this formula, we obtain the expression
oo+ i
1 ersith = oy, (19.14)

2n1
00—

Ju(z) =
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In this case the contour of integration represents three sides of the rectangle shown
in Fig. 7 with the corners at the points (oo; —i), (0; —=i), (0; wi), and (oo; +i).




CHAPTER 2

Definite and improper integrals. Series in Bessel
functions

20. Definite integrals

In this section we consider the Sonin integrals and some of their generalizations.
Some very brief discussion concerning trigonometric Captain’s integrals is also given
here. .

The role of the definite Sonin integrals in the following part of the course is
essential. They are used in the theory of improper integrals (Section 21) as well as
in the study of dual integral equations (Section 22). The definite Sonin integrals
of the Struve and Lommel functions are also used in Section 21 in order to find
improper integrals of these functions. The reader can pay attention to the relation
of some computations given in this section with the contents of Section 14. This
connection is explained by the fact that the Poisson integral is a special case of the
first Sonin integral.

One can note that the heuristic approaches which were discussed when consider-
ing the Bessel integrals, can also be used, to a considerable extent, when explaining
the theory of the Sonin integrals. In particular, it is easy to show that in the
simplest case, the integral (20.1) considered below gives the image of a spherical
wave symmetrical with respect to the center as a superposition of axi-symmetrical
cylindrical waves.

First, consider the first Sonin integral

r/2

: v
/ J,(2sin 8) sin#*+! § cos® 1 0do = -2—112(-;%V—)J,,+.,+1 (2), (20.1)
0

Ru > —1, Rv > -1.

The deduction of this formula can be performed by the same method that
was used in Section 14 when the Poisson integral was considered. Expanding the

65
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integrand (20.1) into a series in powers of z and using formula (8), we obtain

x/2
/ Ju(zsin 8) sin#+1 g cos®+1 0 df

w/2

/ sin2#+2m+1 g og2v+1 g 4o

m,u+2m
Z m'P(p + m + 1)22m+s
0

2"I‘ l+v) E (-1)™(z/2)#+v+2m+1
v+l m'I‘(;A +rv+m+2)

2T(1+v
= _z(,,'_ﬁ'_)'J#+V+l(z)-

Obviously, if p = —1/2, then the first Sonin integral becomes the Poisson integral.
After a calculation similar to the one given above, we use the expansion of the
Lommel function s, (z) into a power series and obtain

xf2
1
. 1 2041 _
/ J‘,(Z sm()) sin H 0 cos v 0d0 = mjsn-}-u,u—“-pl(Z). (20.2)
0
For v = —1/2 the equality (20.2) takes the form

r/2

/ Ju(zsin0) sin'~# 0d6 = (m/(22))/*H,_1/2(2). (20.3)

0

Consider the first Sonin integral of the Struve functions. For this purpose, we
expand the following integral, using (16.21), into a series in powers of z:

r/2
/ H,, (zsin ) sin*+* 0 cos®*! 0 df
0
w/2

b m m
- § : (_1) (7-/2)“+2 +1 / Sinp+k+2m+2 0c052u+1 8do
= T'(m+3/2)T(p+ m +3/2) )

Z m (z/2)#+2m+1 r(£+m+"+3)r(u+1)
I‘(m+3/2)I‘(;A+m+3/2) A(b+v+m+i+3)

then, setting k = u, we obtain

n/2

/ H,(zsin0)sin**! fcos?*19d0 = L(v+1)

WH#+V+1 (2)- (20.4)
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If we set k = —pu, then after some simple transformations, denoting p = p+ v + 1
and vy = v — p+ 1, we have

w/2
/ H ,(zsinf) sin’~# § cos®*1 9 do

Z ~1)™(2/2)+*"HT(w + 1)
=224 T —w o 3)/2)T (s + 1 + 2m + 3)/2)
T(v+1)

2“1‘(;1 +1/2)T(v +3/2)° (20.5)

Let us deduce the Sonin integral for the Lommel functions, by expanding the
following integral into a series in powers of 2z

x/2
/ 84, (2 sin ) sin# 1451 g cos?+k 9 dg
0

_ f: (=1)™2# 1 (2/2)*™ 14D ((u — v + 1) /2T (2 + v + 1)/2)
T((p—v+2m+3)/2)T((p+ v +2m +3)/2)
x/2
X / sin?mt2a2tk g o204k g 4o

m=0

(- 1)"'(2)"’"‘“*“2"-‘1‘(“:;*‘)1“(“*;“)
E aTr (14 —V+22'n+3) r (#+V+22m+3)

Tlment 34T E454Y)
Pm+p+v+E4842) 7

Setting ky = v — u here, we obtain after some transformations

nf2
/ 8., (25in 0) sin”*! @ cosZ** 9 do
0

_Mp+v+1)/2)T((2v + k +1)/2) L-v—k[2-1/2
- L(Bv+u+k+2)/2)

X 84 4u4k/2+1/2,20+k/241/2(2).  (20.6)

The integrals, in which the argument of the Bessel function is proportional to
the squared sines, are of interest. One can easily show [73] that

/2

/ Ju(zsin?0)sin®*3 0 cos 0df = %J.,.H (2), (20.7)
0

x/2

/ H, (zsin?0)sin?**30cos0df = 2%[—1,,“ (2), (20.8)

R > —1.
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Now we give an important formula proven by Rutgers and afterwards by Wat-
son:
x/2

T+ 1/2)Jy,
/ J,(zsin%0)J, (z cos? 8) sin?*1 § cos?**+1 g df = W+ 1/2)Jov 41/2(2)
0

22u+3/21‘(,,+ 1)21/2 ?

(20.9)

Rv > -1/2.

For references to publications, which contain generalizations of this formula, see

[4].

Consider the second Sonin integral

x/2
n/ o Jugr41 (a /qz + zz)

; + Lsin?* o do =
/J,,(aqcosw)J.,(azsmcp) cos’t! psin’T pdp = . e
o (ve+7)

(20.10)

)

Ru>-1, Rv>-1.

In order to prove this formula, we expand the integrand into a series in powers of
ag, change the order of integration and summation and use the first Sonin integral.
The series obtained can be summed with the help of the Lommel expansion

m/2

/ Ju(ag cos ) J, (az sin ) cos*t! psin’*! pdp
0
w/2

+2

= f: e . (=1)" Ju(azsin @) sin”+! p cos?# 2+ o do
2 miT(p+m+1) v

0

m=0

m=0 2
quy JV+#+1 (a V q2 + 22)
= ) vip+l
N

Let us briefly consider some trigonometric Captain integrals.

The solution of the differential equation

PU = o(2) (20.11)
dz? = el )

with zero initial conditions has the form
z

u= /(p(t) sin(z — t) dt.
0
The computation of this integral in the case when the right-hand side of (20.11) is
expressed via Bessel functions, leads to the Captain integrals. Setting ¢(2) = Jo(z),
one can easily show that '

B 0 ; 2+P(p4+m+ 1) (-1)™ ag\#+m
= Z v+utm+1(az) (az)s+m+1 m!T'(p+m + 1) 2

/Jo(t) sin(z — t) dt = zJ,(2). (20.12)
0
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Setting ¢(z) = J1(z), when computing u we have the integral
/Jl(t) sin(z — t) dt = sin z — zJp(2). (20.13)
0

The validity of these equalities can easily be established by direct verification, after
introducing them into equation (20.11).
Let us give one more Captain integral

2
/ Jo(t) cos(z — t) dt = 2Jp(z). (20.14)
0
Now we shall write two Captain integrals containing the Struve functions
f . 2z
/Ho(t) sin(z — t) dt = zH, (2) — — (20.15)
0
z ' 4
H, (t)sin(z — t) dt = p— zHp(2)., (20.16)
o
whose verification does not lead to difficulties.
A very important integral obtained by Baternan
Jy+ +1(Z f da
_—plﬁ_) = [ Ju(z = a)Jp1(a)—, (20.17)
0

is given in [7]. Using this integral, Rutgers has obtained a great number (more
than four hundreds) of different definite integrals containing Bessel functions {81).

21. Improper integrals

In this section we consider improper integrals, whose integrands contain the
Bessel functions and contiguous functions. Many of these integrals can be encoun-
tered, when obtaining the integral Bessel transforms {5, 6, 13].

In Subsection 1 of this section we consider improper integrals of the Bessel
functions; in Subsection 2 we calculate integrals of the Struve and Lommel func-
tions. The question concerning the application of integral Bessel transforms to the
calculation of some integrals is briefly discussed in Subsection 3. In Subsection 4
we consider the integrals with respect to the index. Subsection 5 is devoted to the
problem of refinement of the convergence of some improper integrals.

1. First, consider the Lipschitz integral

oQ

1
=at Jo(bt) dt = ———e, 21.1
([C o( ) m ( )

where Ra > 0 and both the numbers R(a + ib) are positive.

The value of the root is chosen such that |a + v/aZ + b%| > |b|.

In order to prove equality (21.1) we replace the Bessel function under the inte-
gral sign by the Bessel integral, which in the case considered becomes the Parseval
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integral, and change the order of integration. Thus, we obtain

00 1 =] L3
/ ™" Jo(bt)dt = — / e dt f e’ ¢ dg
0 0 0

L)

_1/ o 1
" wJ a—ibcos® ~ \/aZ 402
0

Similarly, we can prove a more general formula

7 —at _ 1 \/m—a "
o/ Jn(bt) dt = { } , (21.2)

VaZ 4+ b2 b

where n is an integer (see [11]).
In order to prove this equality, we use the Bessel integral in the form

Ja(z) = (—-;—)- / '™ % cos np dyp,
0
and then change the order of integration Thus, we have
o0

o/ e % Jn(bt) d

—at dt cbt CO8Y ns nyp d‘P

— (_7:)” /Cos n¢d¢/e—(a—|bcos¢)t dt

0 0
L3

_ (—i)"/ cos np dp

© a—thcosp

[‘/m — “] . (21.3)

\/02 + b2
When deducing this formula, we assume that n is an integer; however, this
formula also holds for non-integer indices v, if v > —1.
Consider a generalization of the Lipschitz integral due to Hankel.
If we expand the Bessel function in a power series and change the order of

integration and summation, then, as a result of term-by-term integration, we obtain
o0

~at um1 g _ o (1™ (0/2)°*™ T(u+v+2m)
/C Ju(bt)t dt = Zo m!T(v 4+ m + 1) astv+zm
0 m=
_ (4/2a))’T(u+v) . (p4+v ptv+] b?
T aT(v+1) B 2’ 2 ’V+1’"'§ 3
(21.4)
R(v+p) > 0. '

The equality (21.4) holds under the condition that % < 1, because the term-
a

by-term integration is only admissible in this case. Moreover, for convergence of
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the integral in (21.4) it is necessary that the inequality ®(a) > 0 holds. With the

help of analytical continuation one can prove that (21.4) holds for a larger domain

of values of b, if the conditions ®(a + ib) hold simultaneously. Nielsen [76] has

called this integral the integral representation of the hypergeometric function.
Formula (21.4) can be rewritten in the form

[ ]
/ e % J, (bt)t+F 1 dt
0
/T +) ptv l-ptv B
T retn@emiem i\ vt b)) (219)

Similar results can also be obtained in the case when the cylindrical function
under the sign of integral is the Neumann function; for this purpose one should use
formula (2.1).

This general result contains many important special cases; some of them were
considered above.

Interesting results can be obtained for the cases, when the hypergeometric
function can be reduced to elementary ones; in particular, for ¢ equal to v+ 1 and
v + 2 we have the formulae which were obtained for the first time by Gegenbauer:

T ) W)T(v +1/2
O/e-a T, (bt)” dt = (flzlbz,()yiﬂ,/\/);, (21.6)
/e—atJy(bt)tV+l dt = 2(‘;?:);;(:;;3\//? (21.7)

0

Here v > —1/2 and Rv > —1, respectively. Let us write without deduction (see
[7]) the formula

arccos a

!e—“tKo(t) dt = ﬁ, (218)

where Ra > —1. If we set a = ib, |[Sb| < 1 in (21.8), then

[ ¢]

1 =
!COS bt Ko(t) dt = Eﬁ’ (21-9)
T ) arcsinh b
Let us go to consideration of the Weber integral
[~}
- T'(n/2)
v4ptl 3o
/J.,(bt)t dt = VR (y — /2 1)’ (21.11)
0

where b > 0, 0 < Ru < R(v) +3/2. Weber proved this result only for integer values
of n; for arbitrary values of v this result was generalized by N.Ya. Sonin. Formula
(21.11) can be obtained from (21.5) as a result of the passage to the limit, setting
a—0.
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Let us give the deduction of this formula, using the Poisson integral and change
of the order of integration and assuming that 0 < Ru < Rv + 1/2.

(o]
/ Jy(bt)t~vretide
0

00 ﬂ'/2

- V_F"_(%Ig(%)" / 1 gy 0/ cos(bt cos ) (sin @) dy

0
v n/2

iy () [ oo [

= - S v bt cos p) dt

7|3 (sinp)® dy / t*~* cos( 7
ﬁl‘ (V+ 2) 4 5

n/2
_ 2 1\ " T'(p) cos(mp/2) . ” -
=) e [

Using formulae (7) and (8) from the Appendix, we obtain (21.11).
Consider now the first ezponential Weber integral

00

/ Jo(at) exp(—p2ti)tdt = -2—11)—2 exp(a?/(4p?)). (21.12)
0

This integral converges only if | arg p| < 7/4.

In order to prove this formula, we should expand the Bessel function into a
power series and change the order of summation and integration.

A generalization of the Weber integral is the formula

220wl g @ a’
h/.].,(at) exp(—p t )t dt = Waxp (-—Z;z‘) ’ (21.13)

Rv > —-1.

This can be proved just in the same manner as (21.12), namely:

252\l g - (—1)*(a/2)"+2* -p7e 204 2k41 4
/Ju(at) exp(—p“t*)t dt_,;, Y Y e t
0 = 0

_ f: (=1)*(a/2)"*?* T(v+k+1)
T kT(w+k+1) 2p2vtR+)

k=0

_ @ N (=1)¥(a/2p)*
= @y g k!
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A more general formula, which can be proved similarly, has the form

o

/ Jy(at) exp(—p?t?)th=! dt
0

_ _a@T((u+v)/2) 1 —a?
v +1pr+vT(v + 1) 17 V+ 2I‘aV+1, 37 ) (21.14)

Let us give a special case of formula (21.14)

]OJz,,(at) exp(—p?t?) dt = 2£: exp (-g‘ip;) I, (ﬁ;) (21.15)
0

8p

Replacing v by —v and combining these two solutions, we obtain

[o.o]

/Yz.,(at) exp(—p*t?) dt

0
R4 a? ( a? ) ( a?
=-5 exp 82 I, &2 tanvw + K 852 sec ym (21.16)

for [Rv] < 1/2.
If we use the addition theorems (see Section 11), replacing a by

@ = v/a? + b2 — 2abcos ¢
in (21.14), and set g = 2, then we have, as it is shown in (7], that

i 1 ‘a? 4 b? ab
/ exp(—p°t?)Jy (at)J, (bt)t dt 557 P ( e ) Jy (2p2). (21.17)
0

This formula holds for |argp| < /4, Rv > ~1.
Consider now the Hankel integrals
1 z"‘lH.(,l)(az)d

omi ] (@@ - rpymi1™? (21.18)
L

The closed contour L is chosen so that is as shown
in Fig. 8. For z = z we have

2?7 HM (az) = 2" H{V(az).

For z = ze™, ie., on the left-hand horizontal

Figure 8 ..
semiaxis, we have
2" H ) az) = —z#~1eP™ H(D(aze™).
If R — oo, r; = 0, then
T zP~1[H{ (az) - e”'iH.(,l)(aa:e")]dz —9x 1 (d "'{ P~ (ar))
@ =y Tigmi\gr) 7T H ),

(21.19)

where the expression on the right-hand side is the residue at z = r multiplied by
2.
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From (21.19), using the equality H,(,l)(z) = J,(z) + 1Y, (2) and setting r = ik,
we obtain for £k > 0

zP~ldz

]o[cos [%(P - V)ﬂ] Jy(az) + sin [%(p - u)1r] Y,,(az)] T
0

= CO™ (4N o2k ay). (2120
—Wm)[ v(ak)]. (21.20)
Meler has indicated a particular case of this formula
[~}
zJo(az)dz '
/ T‘;% = Ko(ak). (21.21)
0
A great number of integrals, which are actually generalizations of (21.21), can
be obtained if we assume that the numerator is a product of two Bessel functions
and the denominator is an even polynomial of the fourth degree!. Here we can
use the following approach: first, without changing the numerator of (21.21) we
assume that the denominator contains an even polynomial of the fourth degree.
Here we can use the integration along the same contour. Then with the help of the
addition formulae we can obtain the solution for the case when the numerator of
the integrand is a product of two Bessel functions. Furthermore, we can introduce
power functions under the integral sign or replace one of the Bessel functions by the
Lommel, Struve or Anguer function. Notice that the author has actually calculated
some of these integrals by another method in [20]: all these integrals are solutions
of the problem of the integration of the equation

(A A, +bA, + 1w = ¢(€), (21.22)

where ¢(£) is either a delta-function or a finite function, for instance, a power
function on a segment and identically zero everywhere outside this segment.

Let us give only one of the integrals of this type, when the argument = and the
numbers a and b are real (see 156, 214):

o0
zJo(az)dz )
/ 14+bz2 421 2sin 2<p’f°(p)’ (21.23)
0

several integrals of this type are given in [20], as well as in the second part of this
book.

Now let us give the discontinuous integrals® of Weber-Sonin-Schafheitlin which
are important in applications

0
Ju(at)J, (bt)
—‘i—r\—"——dt. (21.24)
0
For some special cases these integrals were calculated by Weber; for all values of
the parameters ), u, v such that this integral converges it has been calculated by

Sonin; Schafheitlin in his investigation has noted that at a = b this integral has

1The question concerning the integrals (which are another generalization of (21.21)), when
the condition of the evenness of the polynomial which is the denominator of the integrand, does
not hold, is considered in Subsection 5 of this section.

2Watson calls them the integrals of Weber and Schafheitlin.
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a discontinuity. In the general case, the Weber-Sonin-Schafheitlin integral can be
expressed via the hypergeometric functions

o

/ Ju(at)d (b8) ., _ ¥T(3p+iv-32+3)
J ) e M (v + HF (A + - 3v+ 1)
+v—-A+1l v—=A-~ 1 b2
X 2F4 (” V2 ) 2”+ ;V+1;a—2) (21.25)
for 0 < b < a, and
T Julat) (bt , a#T (B£5211)
N T
+rv—A+1 -v—=A+1 a?
x o Fy (” 2 ) £ 2 s+ 1 'bg) (21.26)

for 0 < a < b. It is assumed that the integrals (21.25) and (21.26) converge
(convergence conditions see in {7]).

The proof of formulae (21.25) and (21.26) can be obtained, by using the in-
tegral representation of the product of Bessel functions with different indices and
arguments, which has the form

n/2
Ju(a2)J, (b2) = -17F(2az)“(2bz)" / e?(h=1)(cos 0)# (Az) "+ T4 (A7) dF,
-n/2
(21.27)

%(V'{"ﬂ) > —1, A= \/2c09(a2el'0+b2e_.'0)'

If we set z = t, put (21.27) into the integral (21.24), change the order of integration
and afterwards use the Weber integral (21.11), then, as a result, we obtain a definite
integral which can be expressed via the hypergeometric function® (see {4}).

Consider special cases of formulae (21.25) and (21.26), setting v = 1/2 and
A =-1/2 in them:

( sin{u arcsin(b/a)}

. Jat = b2 ) b<a,
/J,,(at) sin bt dt = ﬁ oo or 0, b=a,
: a* cos(um/2) o>
SVCErIOrev e T
R(p) > ~2; (21.28)
( cos{p arcsin(b/a)} b<a
o0 ﬁz—_—bz ] ’
/J,‘(at)cosbtdt= {oo or 0,‘ b=a,
A —a* sin(uw/2) Cb>a
(Vb2 — a?{b+ V/b? — a?}#
R(p) > -1. (21.29)

3Compare with page 70.
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Setting u = 0, we obtain

0 0, b < a,
/Jo(at) sinbt dt = 00, b=a, (2130)
I/Vbz—ai, b> a,

" YV, b<a,
/Jo(at) cosbt dt = < oo, b=a, (21.31)
0 0, b> a.

The last two integrals are called the discontinuous factors of Weber. At the

end of this section we will give a simple deduction for another special case of the
‘Weber-Sonin-Schafheitlin integral (see formula (21.43)).

Let us proceed to consider the improper Sonin integrals. First, we consnder the
Sonin integrals which contain one Bessel function under the mtegral sign, then we
consider the discontinuous Sonin integral whose integrand contains a product of
two Bessel functions of different arguments.

First consider the formula due to Sonin

J"(“Vt +7%) a1 2T (p+ 1)
(@ + 222 Eaanerm b dt= WT_fJU—u—I(az), (21.32)
a>0, ?R(;—'—%) >Rp > -1,

This formula can be proven, if we use the Lommel expansion (Section 12), with the
help of which the ratio under the integral sign

Jo(aV1? + 22)
(t2 + 22)"/2
can be represented in the form of a series, and then we use the Weber integral
(21 11). In this case we obtain

J (a\/ti'*'zi) 2641 (=)™ (= 2/2)'" -m 2u—v—m+1
gt = ) / Joam{at)t *

m=0
_$ CUrEa/gra I(1+p)
= P mla26+2—-v-m 2—1+m+v—2ur(u —p + m)
_ 2T(u+1) Z )™ (az/2)v—-1+2m
T gutlgy—u-1 m'I‘(u-—p+m-—l+l)
_ 2#F(p, + l) Jy.—"—l(az)-

- ab+lv—p-1
Consider another integral which is a generalization of the preceding one and
can be obtained in a similar manner:

o0
/ ((;h/t 2-)1-72)t2“+k dt = o H(E=1)/2 u-vt(k+1)/2 - n—(k+1)/2
12  22)v

x T(p+ (k+1)/2)Jy— e (k41)/2(a2),
where u > —(k+1)/2, v > 2u+ k- 1/2.
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Remembering that the Lommel expansion can easily be generalized to arbitrary
cylindrical function, including, obviously, the Hankel function, passing from a real
argument to imaginary one and repeating the calculations given in page 76, we
obtain the important formula

[ K, @V +2%) 5 2°T(p +1)
T+ 2T e b dt= ‘“+—12.7:“TKV -u-1(az), (21.33)

where a > 0, Ru > —1.
Consider the discontinuous Sonin integral

[ ]
J, [aviZ + 27
/J“(bt)_.f_[_a_.ﬂ_t#+1 dt

(t2 + 22)1//2

0, _ a<b
=< b (VaZ— B2 v-p-1 21.34
a—y{%—} Joeur{zV/aT =57}, a>b (2139
forRv>Ru>-1,a>0,0>0.

In order to prove this equality, we use the Lommel expansion (page 31), change
the order of integration and summation and use the discontinuous Weber-Sonin-
Schafheitlin integral (21.24) in the special case* A = v+ m —p—1. As a result, we
obtain

Jy [a t + 22 1
/J bty L2 v VAIVE TS et gy

00 m 2m
= Z a'"‘ulzm—(ﬂ—/.l“ bt)Jy 4m (at)th—v—m+1 di

m=

0
had 1)"' z2mou—v- m+1b“a"’_m(a _bz)u+m—p-1

) a>b!
= {Eo mi2™'(v — u+ m)

m=
0’ a< b’
b var = !
iy o “_l(z\/f?iTFf){ 2 } , a>b
o, a<b.

2. Consider improper integrals of the Struve functions. In order to obtain
these integrals, we can use (see [7]) the same methods which were applied before
in this section, namely, the expansion of the integrand into a power series, or using
an integral representation of the Poisson type (see Section 16) which is followed by
the change of the order of integration.

Here the result will be obtained with the help of the representation of the Struve
function given by formula (20.3), which is followed by the change of the order of
integration. First, we will, obviously, use the integrals of the Bessel functions
obtained before in this section, and then use the definite integrals considered in
Section 20.

4See formula (21.43).
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Let us set
/J,,(az)(b(bz)z“ dz = f(a, b, pu,v),
0

where the expressions ® and f should satisfy the conditions which guarantee the
convergence of the integrals and legitimacy of the change of the order of integration,
which follows the application of formula (20.3). Then, obviously,

/ H, (az)®(bz)z" dz
0

x/2

:// (202) Jy+1/2(az sin0)®(bz)z* (sin 0)1 =¥~/ 2 dz df
00

= ‘/27“ / f (asina, b, u+ %,u+ -21-) sin'/2-" 9 do. (21.35)
0

As the first example, we consider the Weber integral of the Struve function

};:_(.i)jz \/,//Ju+1/2(zsm0)sm1/2"”92""“‘ Y24y do

Tty L,
T Tw+1-pu/2)2v-* /x 0/ sin”™* 6 df |
'(p/2) tan(mru/2 3

In these calculations we used formulae (20.3), (21.11) and relation (6).
Consider now the integral

00 oo */2
/ Ju(at)H, _3,2(bt)t=1/2 d / (2“) t=12J,_,(btsinf)sin®"" 0 do dt
0 0 0
9 pv—1/2
= \/; = Rv >0, b/a< 1. (21.37)

In the calculations we used the formula
/J.,(at)J.,_l(bt) dt = b"‘l/a”, if Rv>0, b/la<1,
0

which is a special case of (21.25). This formula will be deduced below (page 80).
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Consider the Sonin integral for the Struve function

TH, (avt2 +22) dt
(VT 22) e

n/2

o0
2a Ju+1/2 (asin0v12 + 22) 12—
=4\f— Y sin*/“7v 0 do dt
m (ViZ+2?) 24
00

1
= 52""'1H.,(az). (21.38)

Similarly, we can calculate improper integrals whose integrands contain the
Lommel function. So, for instance, using formula (20.2), one can obtain after
simple transformations

o

22p—k-1r(p)av+k—u—l
/s,,.w, ,,_“+1(az).]k(az)z“"""‘dz = , (21.39)
k— p)T(k -
) (v+k—pl(k—p)
Rv> -1, Rp > Rk > 0.
In a special case
i 2+ T(u)a
/s#+U. v—p+l (az)J,,_,,_l(az)z dz = —m, (21.40)
o .

Rv>~-1, R(p—v-1)>0.

This approach can also be applied in order to obtain the integral of the product
of two Bessel functions of the first kind, which have the same arguments but different
indices. For this purpose we use the Neumann formula (18.16).

Using different generalizations of this formula, we can obtain integrals of the
product of two different cylindrical functions of the same argument. If the ar-

_guments of the cylindrical functions are different, then we can use the Neumann
formula (18.17).

The improper integral of the Lommel function of two variables (see page 116)
will be computed below in a similar manner, in Section 27.

3. Consider some examples of applications of the integral Bessel transforms to
problems of the computation of improper integrals.

If in an integral transform

)= / FO)K () dt
0

the kernel K(At) is a cylindrical function, then the transform is called the Bessel
transform. The most important among the Bessel transforms is the Hankel trans-
form .

[(u) = /tf(t).],,(ut) dt 0<u<+oo, p>-1/2, (21.41)

0
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which has the following inversion formula:

(=

f(t) = /uf‘(u).],‘(ut) du 0<t<+4oo. (21.47)
0

The properties of the integral Hankel transform are briefly formulated in {13] and
in more detail in [47]. Tables of the integral Hankel transforms are given in [47,
5, 6). Let us obtain, using the Hankel transforms and the definite Sonin integrals
considered in Section 20, some discontinuous improper integrals.

Consider the function

(a2 =t?)t4, 0<t<a,
0 = 21.42
1) {0, a<t<oo. ( )

The Hankel transform of the function f(t) has the form

a
)= f (a® — 2) ¢4+ J, (ut) dt.
)
Setting ¢t = asinf, we reduce the integral to the form
/2
)= / a2 +P+2 og? 1 ggin#+1 97, (ausin §) df.
)

Thus, the problem is reduced to computation of the Sonin integral (20.1), hence,

" 2Tw+1)
f (u) = g2vtut2 __(;_!(‘)m)..]”.‘.y...l (au)

PT(v + 1)’ +#+l
= uv+i JM+V+1 (a“)'

The inversion formula immediately gives the integral

00

/ ™ Sy (au)Ju(ut) du = f(t) T T i)a"‘“‘“ , (21.43)
0
which is a special case of the Weber-Sonin—Schafheitlin integral.
" As the second example, we consider the H-transform (see [6])
[~}
fo(u) = / H, (tu)(tu) /2f(t) dt (21.44)
0
and the corresponding inversion formula
[~}
f@t) = /Y,(tu)(tu)l/zf;(u) du. (21.45)
0

If we assume that f(t) is expressed by the formula

f(t) = (az-tz)“t""‘l/z, 0<t<a,
o, a<t< oo,
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then, using the first Sonin integral for the Struve function, we obtain

- — I‘(I‘ + 1) b vi+u+l
£o(u) = Hypppr (av)— oy 2ta”™
and from the inversion formula (21.45) we immediately obtain
oo tu(a2 _ t2)p
/HV+u+1 (auw)Y, (tu)u=#du = { T'(p + 1)av+utl’
0 0, a<t<oo.

0<t<a,
<itse (21.46)

This discontinuous integral is analogous to the Weber—Sonin—Schafheitlin integral.

4. Let us consider improper integrals with respect to the indez.

First, recall that the problem of free vibrations of the membrane of the form
of a circular sector is, usually, reduced to the determination of a function which
is represented by a series whose general term is the product of a Bessel function
by a trigonometric function of the angle #; making @ fixed, we obtain the Fourier-
Bessel series; passage to the limit allows one to go from the series to an integral
with infinite limits. If we make r fixed, then the function of the angle 8 will be
represented by a Fourier series whose coefficients are the Bessel function depending
on the index. Here one can also make the passage to the limit, which allows one
to pass to the integrals with respect to the indices. Obviously, when obtaining the
integrals with respect to the indices, the Fourier transform can be used in many
cases.

At present, the question concerning the integrals with respect to the index be-
came very important in connection with different applications of the Kontorovich—
Lebedev transformation. ‘

Consider several integrals with respect to the index. As the basis for obtaining
these integrals, we first, take the inversion formula of Fourier applied to different
definite integrals whose integrands contain as parameters the argument and the
index of the Bessel function. The idea of the calculations consists in the fact that
the integral is multiplied by an appropriate Fourier kernel, where the variable is
the index, then we integrate and use the inversion formula.

Let us use formula (18.16)

/2 .
[ Fevrin (25 080) cosl(n = 12)01d8 = FIu (@) (2),
o o .
R +m) > -1
We denote gy — vy =&, u; + v; = p and introduce the function
Jou(22co88), 0< 0] < n/2,
) =
f#(2ZCOS ) {0, "/2 S Ioi < 00

and rewrite the above integral in the form

/ fu(22cos 0) cos(2£0) dO = wJy4¢(2)Ju-¢(2).

- 00

Thus, up to a constant factor, the right-hand side is the cosine-transform of the
function f,(2zcos9).
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Using the inversion formula, we obtain
/ vt (2)Jurg () cos(260) dB = -;—Jz,, (22 cos), (21.47)
0

T
0 < —.
0<||<2

Quite a number of integrals of functions contiguous to the Bessel functions
can be obtained by using the generalizations of the Bessel integral (see formulae of
Section 16 as well as [4]).

As an example, let us consider the integral (see [3])

x
/ sin(z sin @) cos(v0) df = (1 + cos vrr)sq,.(2).
6
Using the inversion formula, we immediately obtain

/(1 + cos v7)sg ,(2) cos(v0) df = -12[ sin(z sin @), (21.48)
0

0.

Another method of obtaining the integrals with respect to the index is con-
nected with using the integral representations obtained as a result of the transfor-
mation of the Bessel integral (see Section 19).

For instance, if we take the integral

o0

K,(z) = /e“ coshf cosh(vt) dt, Rz >0,
o
then, setting v = iz and using the same inversion formula, we obtain

/K.-,(z) cos(zt)dz = ;e_“'“ht, 0<t< . (21.49)
0

Some more complicated integrals can be comparatively easy obtained as a result
of application of the inversion formula to improper integrals, whose integrands
contain the functions cosh(vz) or sinh(vx) as well as cosh(v+ u)z and sinh(v % u)=.
~ As an example, we can, for instance, take the following integral given in [4]:

(K, (z))?sin(v7) = = / Jo(2z sinh t) sinh(2vt) dt,
0

|Rv] < 3/4, z>0.

Using the change of the variable v = iz and the inversion formula, we obtain

/[K,-,,(z)]z sinh(vx) sin(2vt) dt = %2:]0 (2z sinht), (21.50)
0

0<t <.

The question concerning the integrals with respect to the index is considered
in detail in the book by N.N. Lebedev [34].
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5. Consider the question of the refinement of the convergence of some improper
integrals. For this purpose we use the method of contour integration here. As a
result of its application, the integral is represented as a sum of a simple expres-
sion containing the Bessel functions and another improper integral which converges
better than the original one [22].

Consider the improper integral

L(¢) =/Z'l%ﬂ, (21.51)
0

where F()) is a function which is analytic on the whole plane; the integrand rep-
resents an one-valued function of the argument A. With the help of the formula

Jo(z) = [H(l) (=) + HO(=)|

we represent the integral as the sum

L(€) = 5[12(6) + ()],

where

T HY HI () dr _ [ HPOE) A
Ta(¢) = / FO) ,13(5)—()/——”—”—.

We transform I2(€) and I3(£), by integrating in the plane
of the complex variable z = A+ it along the contours shown in
# r Fig. 9, and assuming the radius of the arc tending to infinity.

Furthermore, taking into account that the integral along the
arc vanishes and using the relation, given in Section 4, be-

—_— tween the Hankel function of an imaginary argument and the
Macdonald function, we obtain
+ 5 T Ka(t€) dt

L@ =2 “Fay +2mi Y rest(2),
0

(1)(2)
Figure 9 ¥1(2) = F(z) ’ (21.52)

the integral I3(£) should:be transformed in a similar way.
As a result, we obtain

Ka(t6)[F(it) + F(=it)] dt
hie)= / FOF
+ 21rines ¥1(2) + 21rines ¥a(z), (21.53)
(2)(2)
V)= TGy

Consider in more detail the calculation of this integral in the case, when F(z)
is a polynomial.

This problem is of interest in connection with the calculation of an unbounded
plate which lies on an elastic uniform isotropic half-space and loaded by a point
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force P. In this case the deflection w(r) and the reactive pressure p(r) are expressed
in the following form:

PP T (M) dA
w(§) = 2zD 14237
0

P / AJo(AE) dA (21.54)

P =5p T+A3
0

where £ = r/l; E and o are the modulus of elasticity and Poisson’s ratio of the
material of the plate; Ey and o( are, respectively, the modulus of elasticity and
. Poisson’s ratio of the foundation; h is the thickness of the plate; D is the flexical
rigidity;

l= D[k, k=E,/[2(1-0d3)].

We denote

Iiy(é) = ———J"l‘f;;’ a3 (21.55)

Using the formula
Jo(@) = 5[ @) + HEO (=),
we obtain

10y (6) = 31l ©) + Iy @) (21.56)

where

T HV(0¢) dx
I(2)(£ / 01 _('_ /\3 ’

T HD(A¢) d
Ii5)(§) = / 11,5\3 : (21.57)

In order to compute I3(£), we will integrate the function ¥(z) = H ((,1)(6 2)/(1+
2%) in the plane of the complex variable z = X + it along the closed contour T' (see
Fig. 9), going around it in the positive direction.

It can easily be seen that the integral along the arc vanishes as R — oo;

therefore

THPOG A | T HY(itg) at

/ e / ST@p =2mi ) resy. (21.58)
0

The function ¥ has only one pole at the point z; = 1/2+ z\/ﬁ/ 2 in the domain
bounded by the contour considered. Using simple calculations, one can show that

HM /2 + i\/§/2)]'

resy(z;) = -3/2+ i3/3/2
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Thus, from (21.58) we obtain

[ Kolte)dt , HP((1/2+iv3/2)8]
1(2)(6) 1+(tt)3 +4 3( 1+:\/_)/ ) *

Similarly, we transform the second integral (21.57), taking the contour I'; shown
in Fig. 9 as the path of integration and assuming the radius of the arc to be tending
to infinity. In contrast to the first case, we shall o around the contour in the
negative direction. As a result, using the relation H ( z) = H((, )(z), we obtain

(21.59)

Ko(te) dt HP[(1/2 - iv3/2)€) A
Iig)(€) = -Gy ™ i) (21.60)
Substituting (21.59) and (21.60) into (21.56) and (21.55), we find that
2 < 3
wl) = 21:1) { /K—f(ﬁ)# + % {fo(f)\/ﬁ+§o(€)] } : (21.61)

where
fole) = RE( [e(1/2+iv3/2)| = RE{ (€e™%),
3o(€) = SHE [e(1/2+iv3/2)| = SH( (€e),
wo =m/3.

From the computational viewpoint the solution obtained is more convenient
than the initial (21.54). Actually, (21.61) consists of the sum of two terms. One of
them represents a linear combination of tabulated Bessel functions. The second one
is an integral which converges much faster than the initial one. For the convenience
of the computations, the integral present in (21.61) can be represented as a sum
of two integrals with the limits from 0 to a and from a to oo, where a is small
compared to one. Then the first of these integrals can be expressed via the tabulated
function.

If, for instance, we take a = 0.2, then

Ko(t€) dt
o/ e f Ko(t€) dt.

In this case the maximal error in the value of the integrand is equal to 1/15625;
introducing the new variable z = t€, we reduce the integral to the form

o z=af
O/I{o(tf) dit = % 0/‘ Ko(.'L‘) dz

The integral obtained is tabulated in (7, Vol. 2]. Thus, it remains only to.calcu-
late the integral with the limits a, oo, using the formulae of mechanical quadratures.
The upper limit of this integral can be taken approximately equal to 3 + 4 because
of the very fast growth of the denominator and the even faster decrease of the
Macdonald function in the numerator.
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Let us note that, when differentiating (21.61) (with the purpose of obtaining the
slopes and internal forces in the plate), the integral in the right-hand side remains
sufficiently well convergent.

The method of the transformation of the integral which was described can
easily be generalized to the case when the numerator of the integrand contains a
more complicated function; the calculations in the case when the denominator of
the integrand is a polynomial of a more complicated form are more tedious.

As an example, we consider the problem of the calculation of the integral present
in the calculation of an unbounded plate which lies on elastic half-space and suppose
that the plate in the middle plane is stretched by a uniform effort pg. In this case,
the deflection and the reactive pressure have the form

P2 T Jo(&)dr ]

wlé) =355 1+a)+ 23’
0

PO=0m2 | T+ar+ 23
0
a = po/H. J

The determination of the first integral (21.62) is reduced to the calculation of
two integrals along the contours shown in Fig. 9.
We write only the final result

[ Jogax 2 [ Kotf)dt
/m- - m‘FG(E), (21.63)
0 0

where
8fo(€) — ¥§o(€)
~2 + 42
fol€) +i30(6) = He l(o +iB1)8] = HD (pe™™); p =€/,
tango = fi/o1, o1 =b/2, Bi=/1/b—b2/4,
y=b2/2-2/b, §=3bf;,

G(§) = 4r

Y

where b = —zq, 2o is the real root of the equation 22 +az+1=0.
Let us compute the integrals in the case when the loading is distributed on a
circular domain and can be represented in the form

q(,0) = ZF,,({) cos nf.

For the sake of brevity, we consider only integrals of the type (21.56). Let the
loading g, cos nf# be distributed along the circumference of the radius R.

Using the superposition principle, we find the deflection at the point with the
coordinates §; = R/l, ¢. The distance between the points in the accepted dimen-
sionless coordinate system (£, ¢) and §;,0) will be denoted by

¢ = /&2 + &1 — %€ cos(6 ~ ).




22. DUAL INTEGRAL EQUATIONS 87

Using the addition formulae for the Bessel functions, we can, integrating with re-
spect to @, immediately obtain for §; < ¢

oo

gnl3é: cosnso{2 / Kn(€)In(61t)

w(,p) = D ™ 1412

+ g’[\/ﬁ(fn(ﬁ)ﬁn«l) - §n(£)i}n(£1)) + §n(€)ﬁn(fl) + fn(é)";n(el)]}, f > 51;
(21.64)

where the notation @y (), 9 (£), fa(€), and §, (), is given on page 14; for £ < & the
expression for w is obtained from (21.64) by interchanging £ and £; in the brackets.

It should be noted that although the function I,(z) as £ — oo increases as
e® //x, the asymptotic representation of the product I,(t£)K,(t£;) contains the
exponential factor e~*(¢1-€) which provides the required decreasing of the numera-
tor for £y > £. The same is valid for £ > £;. It is clear that at £ = &; the advantages
caused by the presence of the exponential factor in the numerator, disappear.

For the loading ¢(£1) cosnf distributed on a circular ring, it is necessary to
integrate with respect to the argument &;. If ¢(§1) = A¢T (n = 1,2,3,...), then
the result will be expressed via the cylindrical functions. If ¢(£,) = A}, p # n,
then the result contains the Lommel functions of the complex argument.

22, Dual integral equations

It is known that many problems of mathematical physics can be reduced to
solving dual integral equations. Different contact problems of the theory of elas-
ticity, problems on strained states near cracks, some problems of electrostatics and
other topics are among them. The theory of dual equations recently became very
developed and is the subject of numerous investigations.

It is interesting to note that today, when solving dual integral equations with
Bessel kernels, different Sonin integrals and a series of other results of the Bessel
function theory are widely used,

First, consider the dual equations

oo

/ 1> A(t)J, (pt) dt = f(p), 0<p<d, (22.1a)
0
[ Attt at = a(o), p>d,  (22.1b)
(1]

where A(t) is the unknown function, f(p) and g(p) are known functions and a is a
given constant.

Equations (22.1a) and (22.1b) have been considered by many authors. We
should note the first works due to Titchmarsh and Basbridge. Titchmarsh’s results
were published in Russian in his monograph [51], and Basbridge’s results are pre-
sented in the book by Sneddon [47]. Both these authors obtained the solutions by
performing rather complicated calculations. Recently, some papers were published,
in which the solution was obtained in a simpler way.

Below, the method due to Noble [77] will be presented, which is based on using
the Sonin integrals.
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First, we write the first definite Sonin integral
x/2

LE+1
/ Ju(zs8in @) sin*! § cos**+! 0 d6,
0

Jure1(2) = FTE+D)

where v > -1, € > —1.
Substituting z = zt, p = zsin@ in this integral, we obtain

_e_y_

t™¢ " g (zt) = FTE+D)

/ L) - e dp. (22.2)

‘After multiplying both sides of the integral equation (22.1a) by
g—E-v-1
AT(E+1)
integrating with respect to p from 0 to z, changing the order of integration in the
left-hand side and using the transformed Sonin formula (22.2), we obtain

pu+1 (32 - p2)€’

00
r—€-v-1

[ A e @ b= g / P @ - ) dp,  (22.)
0
O<z<d, v> 1, £E> -1,

Now we formulate another Sonin’s result related with improper integrals:

zv—n-1

7-1 b —
T 1= = gr

/J,,[t(s +z )1/2](3 + z2)dvgPntl g,

where v/2 — 1/4 > > —1. Setting s2 + 2 = p? here, we obtain

n-1 z —v+le2 2y
1ot = s / I G - ) dp. (22.4)
After multiplying the left- and right-hand sides of equation (22.1b) by
zu—-n—l
—v+le 2 L2\

integrating with respect to p from z to oo, changing the order of integration and
using the improper Sonin integral (22.4), we obtain

[}
v—n~1

o o]
/t—"-lA(t)J —p—1(zt) dt = m/g(p)p—"+l(p2 -z%)"dp,  (22.5)
0 z
whered <z < o0, v/2—-1/4>n> ~1.

We shall try to make the index of the Bessel function and the exponent of ¢
in the left-hand sides of the equalities (22.3) and (22.5) equal. Then, combining
these two equalities, we can immediately obtain the Hankel transform of the desired
function. Thus, we obtain the following equations:

v+é+l=v—9g—-1,
a-€—-1=-9n-1,
hence, é = -1+ af2,np=—-1—-a/2.
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Since & + 7 = —2, it is impossible that £ and 7 are simultaneously greater than
—1. We shall go to further calculations, considering two special cases separately.

a) 0 < a < 2. The restrictions imposed on integrals (22.3) and (22.5) imply
that v > 1/2 — a. We set £ = —1+ a/2 and 7 = —a/2. Substituting the values of
¢ and 7 into the formulae obtained above, we find

[»] T
o : z—u-u/2
/t 12A(t)Jy 4ay2(xt) dt = m/f(p)pu+1(zz ~ p?)Mtel2 g,
0 0
(22.6)
' 0<z<d,
» zv+u/2—1

oc
/ t*12 1 A(), yaf2-1(t) dt = 9(p)p™+ (p* — z?) =/ dp,
0

2=2/21(1 - a/2)
(22.7)
z>d,

Multiplying the left- and right-hand sides of equation (22.7) by z~v—2/2+1 and
differentiating with respect to z, we obtain

o0

/t"/zA(t)J,,.,.a/g(zt) dt = —

1]

20/2zv+u/2—1 d P _ _
T a2 & a(p)p~ "1 (p? — z%) =%/ 2 dp,
z

(22.8)
z>d,

Using the fact that the left-hand sides of equations (22.6) and (22.8) are iden-
tical, we can rewrite these equations in the form of one equation

oo
/ 152 A1) ], yosa(zt) dt = P(z), 0 <z < o0, (22.9)
0
where
T
_ﬂ_/ﬂp)pwl (32 - p2)—1+a/2dp 0<z<d
2‘1+“/2I‘(a/2) ) > )
0
¥(z) = S

9a/24v+a/2-1 g 7

-WE g(P)P_H'I(P2 - 32)—0/2 dp, z>d.

One can easily see that, up to a factor /z, the function y(zx) represents the
Hankel transform of the unknown function A(t). Using the inversion theorem, we

immediately obtain the answer for the case v > 1/2—a, a > 0,
d

(2t)1—u/2 _—

Alt) = W g7V L a(xt) Fi(z) dz

o o]

2a/2t1—a/2 /2
T =a/2) / 2412, ap2(3t)Gi(2) dz, (22.10)
d
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where

Ri(@) = [10)p 46 - ) ol
° (22.11)
G’l(z) _ _%/g(p)p—u-ﬂ (p2 - 32)—01/2 dp.

Formula (22.10) gives the result by Titchmarsh [51], who considered the case
0<a<2

b) Let —2 < a < 0, ¥ < max(—3/2 ~ a,~1 — «/2). Suppose that & = a/2,
n = —1 — a/2. This implies that in (22.3) and (22.5) we should have ~2 < a < 0,
v > —3/2 — a. Replacing £ and 5 in (22.3) and (22.5) by their values, we obtain

[ A Lotz = T [ e - A
° ° (22.12)
0<z<d,
]ot"’ 2A(t)y4aga(at) dt = 2 rol? 79(/))/)“’“ (P — )71 dp
2-1-¢/21(—a/2) '
’ i (22.13)
r>d,

We transform the first of these equations. Multiplying both its sides by z¥+o/2+1
and differentiating with respect to x we obtain as a result

< —v-af2-1 g f
af2 dt = T __/ v4le 2 2\af2
[ A Dl = s [ 10 =,
0 0
(22.14)
0<z<d.

The left-hand side of equation (22.14) has the same form as the left-hand side of
equation (22.13). This has fulfilled the aim of the transformations.

It remains now, similarly to the preceding case, to make the inverse transfor-
mation. As a result, we obtain

9-a/2l-af2 4

Alt) = I(1+a/2) /

=V %2], L as2(xt) Fa(z) dx

00

21+a/2t1—-u/2
* T a2 / 23 ], paja(2t)Ga(z) dz, (22.15)
d
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where

Fi(e) = 57 [ 1060 = 1)Vap,
0

00

Gz(z) — /g(p)p—v+l(p2 _ zZ)—l-—a/2 dp.

z

Integrating by parts, we can reduce the result to the form, which coincides with
the solution obtained by Basbridge [52]. Here we finish consideration of equations
(22.1a) and (22.1b) and pass to another, more complicated problem.

Consider the dual equations

oo

[+ BB d = 1), 0<p<d, (22.16)
0

B(t)J, (pt) dt = g(p), p>d, (22.17)

9\8

where H(t) is a function decreasing at infinity.

In contrast to equations (22.1a) and (22.1b), we cannot obtain the solution here
in quadratures. The final aim is the reduction of the problem to a solution of an
integral Fredholm equation of the second kind. _

If 0 < a < 2, then equations (22.16) and (22.17) can be transformed in the
same way, which allowed us to obtain equations (22.6) and (22.8) from (22.1a) and
(22.1b):

oo
/2 _ I—u-—a/?
ft / [l + H(t)]B(t)Jy+a,2(:Bt) dt = Fﬁmlﬁ(t), (2218)
0
0<z<d,
oo
/ 1 B(t), pasa(et) dt =0, = >d, (22.19)
0

where F)(z) is defined by formula (22.11).
Let us denote

7 -1/2

a2 — z
/ (1B Joraa(o) dt = rrst(@), 0Sz<d (22.20)
0

Taking into account (22.19) and using the inverse Hankel transformation, we obtain

l—a/2

B) = s=varitiayy)

d
f E120(£)Jy pas2(Et) €. (22.21)

0

Substituting expression (22.21) instead of B(t) into the left-hand side of (22.17)
(assuming 0 < p < d), which we denote by h(p), and using the discontinuous
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improper Weber—Sonin-Schafheitlin integral
(02 . b2)p-—k—1bk

7.1“ at)Je(bt)e-mtige = § 27T —K)’ >0 (22.22)
o 0, a<b,
as a result, we obtain
u22 * 2 1 -
Wo) = e [ et E - M)l (22.09)

In order to obtain an equation with respect to 6(£), we substitute (22.20) into
(22.18)
(z) + /227 1+2/21(0/2) / t*/2H (t)B(t)J, 4a/2(zt) dt = /274~ */2F(z),

0
(22.24)

0<z<d.

Using (22.21) now, we reduce equation (22.24) to the Fredholm equation of the
second kind

d
)+ %/M (z,£)0(€) d¢ = £M/2~v—2/2F, (z), (22.25)
0
0<z<d,
with the kernel
Mz, €)= 1r(1:{)1/2/tH(t)J,,+a,2(zt)J,,+a,2(§t) dt. (22.26)

0

In order for the analysis above to be justified, the integral (22.26) should be con-
vergent.

Let us find what conditions the function H(t) should satisfy in order for M (z, £)
to be a convergent integral.

Obviously, it is necessary that H(t) tends to zero like t* as t — 0, where
A>—(2v+a+2)and H(t) - 0 ast — oo. If H(t) tends to zero like t7, < 0, as
t — 00, then in order for the kernel to have no singularity at z = £, it is necessary
that n < —1; if 0 > > —1, then the kernel has a singularity at z = €.

If -2 < a <0, then in the same way we obtain

d
6(z) + %/M z,£)0(8) dé = &>~ */2-12 py(z),
o e (22.27)
I2g LA
te 9 )ydt = —— (), .
/ (t)J -H/2(:c )d 2a/2r(1 + a/2) (x) 0 5 z<d J
0

The deduction of the solution of the dual integral equation with the Bessel
kernels described above is due to Noble [77]. Such a type of equations was also
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considered in a series of other papers®. Similar results for dual integral equations
with kernels in the form of a linear combination of cylindrical functions of the first
and second kinds are obtained by Srivastav [83]; dual equations with kernels in
the form of the Struve functions were considered by A.I. Tseitlin, who discovered
a method of solution of dual integral equations and equations with dual series of a
rather large class, based on the application of so-called operators of transformation
56, 57).

23. Roots of the Bessel functions

The problems of the determination of the roots of the Bessel functions play
a very important role in applications. As an example, we consider the displace-
ments of a circular membrane which performs free axi-symmetrical oscillations:
w = AJo(Ar)sin(wt + @), where w is the circular frequency of oscillations; A =
w+\/p/T, p is the surface density; T is the tension.

This solution should vanish on the contour of the membrane: w(R) = 0. This
implies that for the existence of a non-trivial solution it is necessary that

Jo(AR) = 0. (23.1)

It is well known that equation (23.1) has infinitely many simple real roots and
has neither multiple, nor complex roots. From physical reasonings, it is obvious
that, for sufficiently large numbers of the roots, the problem reduces to the consid-
eration of the oscillations of a membrane which has a rather large number of nodal
curves representing concentric circumferences whose center coincides with the cen-
ter of the contour. Therefore, we should expect some analogy with the problem of
oscillations of a string. Hence, we have reasons to assume that the large roots of
the Bessel function will be distant from one another by a distance which tends to
a constant equal to 7

Simultaneous solution of two and more Bessel equations leads to problems
with the roots of more complicated expressions, where Bessel functions of different
arguments are present. So, for instance, the problem of oscillations of a circular
plate without an aperture with a fixed border, which is one of the simplest problems
of this kind, leads to investigation of the roots of the function

In (@) (2) = Jn(2)In(2)-

Investigation of the properties of solutions of appropriate problems of math-
ematical physics allows one in some cases to facilitate the study of the roots of
the Bessel functions. This circumstance has been indicated, in particular, by G.N.
Watson, who writes that a very large part of the results related with the study
of the roots of Bessel functions, which are given in his monograph, can immedi-
ately be obtained from the results of Rayleigh associated with the solution of some
particular problems of mathematical physics.

In the book by G.N. Watson [7], the proofs of numerous theorems related with
the investigation of the properties of the Bessel functions are considered (pages
525-573 in the Russian edition). A series of interesting results is contained in the
monograph by A. Kratzer and V. Franz cited above (pages 374-416).

55ee Cooke J.C., A solution of Tranter’s dual integral equations problem, Quarterly Journ.
Mech. and Applied. Math. 9, no. 1 (1956); Lebedev N.N., The distribution of electricity on
a thin paraboloidal segment, DAN SSSR 114, no. 3 (1957); Lebedev N.N. and Ufland Ya.S.,
Axis-symmetrical contact problem for the elastic layer, PMM 22, no. 3 (1958).
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We give several very simple conclusions relating to the case, when the index »
is real.

THEOREM 1. If the index v > —1, then the function J,(z) has only real roots.

Since

v oo m 2m
1(2) = (—;—) > ,f,,rl(),, f,/,flr 1y
m=0
assuming that z = i, we obtain a series which contains only positive terms. Hence,
the function J, (z) cannot have pure imaginary roots.
Let us prove that J,(z) has no complex roots. Suppose that a is a complex

root of the function considered. Since J,(z) can be expanded into a power series
with real coefficients, @ should also be its root. Now we shall use the integral

dJ, (B:c)
dz

z
- z
0
whose proof is given in Section 15 [see (15.21)]. )
Setting z = 1 in formula (23.2) and taking into account that 3 and @ are roots
of the function J, (z), we obtain
1

ftJ,,(ﬂt)J,,(Bt) dt = 0.
0 .
However, this is impossible, because J, (8t) = J, (8t); hence,
1 1
/tJ.,(ﬂt)J,,(ﬁt) dt = /tlJ,,(ﬂt)|2 dt > 0.

1] 1]

- 252 2],z

This implies that J,(z) has no complex roots. Hence, for ¥ > —1 the function
Ju(2) has only real roots.

THEOREM 2. All roots of the function Z,(z), ezcept z = 0, are simple.

Consider the cylindrical function Z, (2). Suppose that zp is a root of order n >
1. Then Z,(zo) and Z/(20) are equal to zero. Using the differential Bessel equation,
we immediately obtain that Z!/(z) is equal to zero. Now differentiating the Bessel
equation and substituting the values Z//(z0) and Z/(z0), we obtain Z[/"(z) = 0.
In the same way we can show that all derivatives of the function Z,(z) vanish at
z = z9. This implies Z,(z) = 0, that is false. Hence, the function Z,(z) can have
only simple roots.

THEOREM 3. The roots of the functions Zp(z) and Z,41(z) alternate each
other.

Let us write the formula for the differentiation

d , _, _

= (57 2(2) =~ Zna (2) |
Consider two consecutive roots of the function Z,(z), which are, as has been

shown, real. Then, according to the Rolle theorem, at least one root of the derivative

should be located between these values; hence, a root of the function Z,4;(z) is

also located between these values.
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THEOREM 4. The roots of two cylindrical functions, which have one and the
same indez, alternate each other.

Consider two different cylindrical functions ZJ(z) and Z,(z). Since they are
linearly independent, their Wronski determinant is non-zero, i.e.,

L] L] c
ZVZu’ - Zl"ZV = ;)

where ¢ # 0.
Let z; and z; be two consecutive roots of the function Z,(x). As has been
proved, z; and z; are real and

Z(z) #0, Zy(z2) #0.

Assume that the function Z, (z) is positive in the interval z; < z < z,. Obviously,
we have

Z,(z1) >0,
Z:,(:Bz) < 0.

Using the Wronski determinant and consecutively setting z = z; and z = za,
we obtain

*(2) = ———

2o =y
c

z* = ——

This implies that the signs of Z} (z,) and Z}(z2) are distinct. One can easily deduce
that the same conclusion will be obtained, if Z,(z) < 0 for z; < £ < z3. Hence,
the function Z2(z) has at least one root between z; and 3.

Since at least one root of the function Z,(z) lies between two roots of the
function ZJ (z), this implies that Z;(z) has only one root between z, and zs.

Let us give some properties of roots of the cylindrical functions without proofs.
More detailed information is given in [7] and [4] (see also the footnote on page 59).

1. The functions J,(z) and J,4m(2), m = 1,2,3, ..., have no common roots
except z = 0 (the Bourger conjecture).

In this connection we note one result due to Siegel, who has proved that if v
is a rational number and z in a non-zero algebraic number, then J,(z) is not an
algebraic number.

2. For the smallest roots v,, v.,, and 4!/ of the functions J,(z), J.(z), and
JJ(z), we have

V(v +2) <1 < V2 + 1)(v +3), V>0,
Vv +2) <7, < Vor(p +1), v>0,
V(v —1) <+ < V2 -1, v>0.
3. The function
Ju(az)Y, (bz) — J, (bz)Y, (az), a >0, b> 0,

has only real simple roots. The set of these roots is infinite.
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4. For v > 0 the function K, (z) has no roots such that |argz| < w/2. It has
real roots for purely imaginary indices.

5. The Hankel functions with real indices have no positive roots.

6. Large roots of the function Z,(z) = J,(z) cos @ — Y, (z) sin « can be calcu-
lated with the help of the following asymptotic expansion

1 VIV |
("+ 27~ Z) T {21/ —a)
 (@-nes-31)
84{(n+v/2—-1/4)7r—0a)}®

7. Any positive root of the function Z,(z) can be considered as a continuous
increasing function of the real argument v.

8. Any positive root of the transcendental equation
Ju(k2)Y, (2) = Ju(2)Y, (kz) = 0

is a continuous increasing function of the real argument v under the condition that
v Is positive.

24. Series of Fourier—Bessel and Dini

In this section we consider the Fourier—Bessel series which plays an important
role in applications as well as some other similar series which are their natural
generalization.

If the functions u(z) and v(z) satisfy the equations

2 2
%;;+Pu=0, %;;+Qv=0,
then

(24.1)

Setting P = a? — (402 - 1)/2%, Q = §% — (4? - 1)/22, we have
u=2Y27,(az), v=2Y22,(82).
These relations can easily be checked by differentiating. From (24.1) we obtain

b
(a? - %) /zZ,,(az)Z,, (Bz)dz
= —|azZ,(az)2,(82) — B2Z.(B2) 2. (a2)|. (24.2)
Let us prove that the Bessel functions satisfy the orthogonality property which
can be written in the following form:
1
/:cJ,,(jm:c)J,,(jk:c) dr =0, k#tm, v>-1, (24.3)
0
where z is the real variable; j,, and jix are real roots of the Bessel function.
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Setting Z, (az) = J.(az), Z,(B2) = J,(Bz), a =0, b = 1in (24.2), we see that
the right-hand side of (24.2) vanishes at a = 0 for v > —1.
This implies [see also (15.21)] that
1

/:cJ,,(a:c)J,, (Bz)dz = oJu(B)Jp(@) = BJu(2)J, (B) . (24.4)

ﬂz_az

0
The right-hand side of (24.4) is ambiguous at § = a. Expanding it by the
L’Hospital rule and using (6.3), we obtain
1
/ zJ}(az)dz = J2,,(e)/2. (24.5)
0
If a and B are distinct roots of the Bessel function of index v, i.e.,

a=jﬂh ,B:jk: m¢k:

then the right-hand side of (24.4) vanishes. Hence, the Bessel functions are orthog-
onal with the weight z.
The functions

V2

—J(mz
Jv+1(]m) (Jm )
are normed on the interval (0, 1) as one can see from (24.5).
The functions Jy,(Ymz), m = 1,2,3,..., form a complete system. A proof of

this fact can be found in different courses, in particular, see [30], [7] and so on.
The properties of the Bessel functions formulated above allow one to obtain
the following expansion of the function

f(:l:) = Z amJu(jmz), (246)
m=1
where jm, m=1,2,3,..., are as before the roots of the Bessel function.

_ If, assuming that an expansion of this kind exists and admits a term-by-term
integration, we multiply the right- and left-hand sides of (24.6) by zJ, (jxx) and
integrate, then we obtain the following expression for the coefficient a:

1

2 )/:cf(:c).],,(jk:c)d:c. (24.7)

J2 41 Uk )

The series (24.6), whose coefficients are defined by the formula (24.7), is called
the Fourter-Bessel series. Let us formulate the following theorem without proof.

ax =

THEOREM. Let f(t) be an arbitrary function given on the interval (0,1) such
1

that the integral [t'/2f(t)dt erists and converges absolutely. Suppose that ai are
0

given by the formula (24.7), where v > —1/2. Let z be an internal point of the
interval (a,b), 0 < a < b < 1, and suppose that f(t) is of bounded total variation.

Then the sertes
oo

Z am-]u(jmx)

m=1
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1
converges and its sum is equal to i{f(:c +0) + f(z — 0)}.

This theorem was proven by Gobson and can be found in [7).

If f(z), satisfying the conditions formulated above, is a function continuous in
the interval (a, b), then the Fourier—Bessel expansion of the function f(z) converges
uniformly to the function f(z) in any interval (a+A, b—A), where A is an arbitrary
positive number [7].

For the uniform convergence near z = 1 it is necessary that f(1 —0) = 0.

The question on uniform convergence at = 0 requires a change in the expan-
sion, namely, it should be multiplied by /z (see [7]).

If =¥ f(t) is continuous in the interval (0,b) and t'/2f(t) is of bounded total
variation on (0, b), then [7] the series

> amz?J, (jme) (24.8)

m=1

converges uniformly on (0,b— A) and its sum is equal to z'/2f(z).
If A\, are the positive roots of the function zJ/(z) + HJ,(z), where H does
not depend on z and v, then the series

Y bmdu(Amz), (24.9)
m=1
where
1
by = 2 / tf(t)J, (Amt) dt (24.10)
T 0L = )2 0m) + AL () S e '

is called the Dini series.
The functions Jy, (Am ) satisfy the orthogonality property

1

/a:J,,(/\mx)J,,(/\kz) dz =0,
0
which immediately follows from (24.4) and the condition

Andt(Am) + HJ,(Am) = 0.

Setting a = B = A, in (24.4) and expanding the indeterminacy obtained, we
obtain the condition of the norming used in (24.10). If the series (24.9) converges
to the function f(z) at any point of the interval (0, 1), then it is called the Dini
ezpansion of the function f(z). If H = —v, then we should add to the Dini
expansion (24.10) the initial term

1
Bo(z) = 2(1 + v)z¥ / tr+if(t) dt.
0
If H < —v, then the initial term is equal to

Bo(z) =

1
221, (Aoz)
(A2 + v2)I2(ho) — A2LL% (Xo) 0/ tf(t)1, (Aot) dt,
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where +1i)¢ are purely imaginary roots of the function
z7V[zd)(2) + HJ.(2)).

As an example we give the expansion of the function z* into the Fourier—Bessel

series
o0

2.],,(]',,,1:) ' .
z¥ = —— <z .
Z JmJu+1(.7m) =% (24 11)

m=1

and into the Dini series
o0

:By — Z 2AmJy(Amz)Jy+1(Am)
A2 — 1) 2(Am) + AL T2 (Am)’
0<z<1 H+v>0. (24.12)

In order to expand the power function z* into the Fourier-Bessel and Dini
series, we should to calculate the integrals

m=1

1

1
/:c""'lJ,,(jk:c) dz and /z""’l.],,(,\k:c) dz
0 0
which can be expressed via the Lommel functions by the formulae given in Sec-
tion 168 for 4 # v; in some cases, when the right-hand side contains exponential
and trigonometric functions, the coefficients of these series can be expressed via
the Lommel functions of two variables and partial cylindrical functions (see Sec-
tions 27, 28). The series considered are a special case of series in eigenfunctions of
the Sturm-Liouville problem for the Bessel equation. '
Consider the expansions into the series in cylindrical functions which are suit-
able for positive finite integrals.
If the function f(z) is defined in the interval a < z < b, @ > 0, then the
expansion obtained by Titchmarsh is
o0
f@) =Y amld(1m2)Ye(3mb) = Yo (¥mz) o (ymb)]; (24.13)
m=1

here vy, is the mth positive root of the equation
Ju(a2)Y, (b2) — Y, (az)Ju(bz) =0,

ry2
' am = (U (ma)]? =~ [ (mb)]?}

b
< uma)l? [ omtYe (m) = Yoltmt) L (rm B 1) .

The boundary conditions of this problem are analogous to the boundary condi-
tions of the problem which generates the Fourier-Bessel series; from the physical
viewpoint they correspond, for instance, to the problem of free oscillations of a
membrane fixed along the contour, which occupies a domain in the form of a cir-
cular rectangle. '

In the membrane under consideration the curvilinear part of the contour is
represented by segments of arcs whose radii are equal to a and b, respectively. The

€In some cases (see page 42) they can be expressed via Bessel functions.
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segments of the radii which connects the ends of the arcs form an angle which is
equal to v7. Only such forms of oscillations are considered the nodal curves of which
are arcs of circumferences which are concentric to the circumferences containing the
arcs of the contour. The forms of these oscillations coincide up to the factor C'sin v/,
where C = const, with the expressions in the brackets in (24.13).

Let us formally obtain the Dini series for a segment. For this purpose we first
write the function which we have considered in Section 17:

Yi(aa, az) = [JL(aa)J..,, (az) — J. (aa)J, (az)),
Y2(aa,az) = —2;;;:‘:/"[],(010).]_,((1::) - J_y(aa)Jd, (az)];

forz=a
Yi=1, Y{=0, Y.=0, Y,=1.

Assume that the function w(z) which is a solution of the Bessel equation with
the index v and parameter «a, satisfies the following condition at z = a

dw
Hi— = 4.1
w+ Hy In 0, (2 4)
and at ¢ = b
dw
w+ Hy 72 =0, (24.15)
Obviously, the first boundary condition is satisfied by the function
®, (aa, az) = aH1Yi(ae, az) ~ Yy (aa, az). (24.16)

From the second boundary condition we obtain the following transcendental equa-
tion with respect to a:

aHslaH, Y/ (aa, ab) — Y;(aa, ab) + aH, 1Y) (aq, ab) — Ya(aa,ad) =0, (24.17)

whose roots are denoted by p,. Similarly to the reasoning above, in order to prove
the orthogonality of the functions ®,(pmz, uma) and ®,(uiz, uxa), k # m, we
consider the integral

b
(0 = 12) [ 28 (ims, pm) 8, (e, ) d

a

= (#mZ®, (Bma, pmz) D, (Hra, prz)
b
— piz®, (i, picz) By (Hma, pm)

a
= pmb®,, (pma, mb)®, (px a, picb)
— uib®, (pra, prb)®, (pma, tmb). (24.18)
The condition (24.15) implies that the right-hand side of (24.18) is equal to

zero.
In order to norm the functions obtained, we consider the integral

b

/b z[Z, (az))? dz = %2 {[z;(ax)]’ + (1 - a’;;) zf(az)} (24.19)

a

a
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Here Z,(az) is an arbitrary function which satisfies the Bessel equation with the
index v and parameter o.

The expression (24.19) can be obtained either by integration by parts or as a
result of the application of the L’Hospital rule [7].

For Z,(az = ®,(aa, az) we obtain

b
/z[@,,(aa, oz))?dz

2

- %{[@L(aa,ab)]z + (1 - a‘;%z) 2(aq, ab)}

a?

2 .
-5 [(1 - ;'2’?) H2o? + 1] . (24.20)

Taking into account (24.15), we transform (24.20) to the following form:

b
/z[@,,(aa, az)®dz

gz 14 1 V2 [HiaJ)(aa) + Jy(ca)]? H20?
2 H2ao?  a?b? ) [Haald!(ab) + J,(ab)]?2 2

—1- (1 - a—';:—z) leaz} = B(a). (24.21)

Denoting the right-hand side of (24.21) by B(a), we rewrite the expansion into
the Dini series in the following form:

@)= E%o,(,;mz,,‘ma), (24.22)

m=1
where
- b

Cm = / t£(£)®, (umt, pma) dt.

Consider the expansion into the series of eigenfunctions of the problem de-
scribed by the differential equation

AA L w, — otw, =0 (24.23)
and the boundary conditions

wy(aa) = 0,

w) (aa) = 0,
w, (ab) =0,
w,, (ab) =0,
where
a2 1d 2

Ay=

dz2  zdzr z%’
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The eigenfunctions of this problem are, in many senses, analogues of the beam
functions which are considered in the theory of oscillations of elastic systems in
connection with the investigation of free oscillations of a rod of constant cross-
section and are widely used in different applications.

We need to find the eigenvalues a and the eigenfunctions, which will be de-
noted by ®,(axa, axz).

In order to obtain the eigenfunctions, we will use the Cauchy functions con-
sidered above in Section 17, which satisfy the property of the identity matrix. In
order to satisfy the boundary conditions at r = a, we assume

&, (axa, oxz) = Ys(oxa, axz) + AYys(aka, axz),

where A is the value which should be determined.
From the boundary conditions at z = b we obtain a transcendental equation,
whose roots are the eigenvalues a;. Furthermore, from these conditions we find the
coefficient of the second term; thus, we obtain
Ya(aka, akb)

9. (aka, arz) = Ya(aka, axz) — Yy(axa, axb)

Y4(aka, akz). (2424)

We turn our attention to the proof of the orthogonality of the functions ob-
tained. For this purpose we multiply the equations which are satisfied by the func-
tions ®,(ama,amz) and ¥, (ana,anz), by z®,(ana, anz) and 2@, (ama, apz),
respectively, integrate with respect to z from a to b and subtract one equation from
the other one:

b
(a} - aﬁ)/z@,,(ama, amz)®(ana, anz) dz
a

b
=/z:(I),,(a,,.a,amz)A,,A,,Q(a,,a,a,,z) dz

b
-/zQV(ana,anz)A,,A,,Q(ama,amz) dz.
a

Integrating by parts, one can easily obtain

b
/z:<I>,,(ama,amz)A,,A,,Q(a,,a,a,.z) dz

a
b

d
= z®,(ama, am:c)a;A,,Q(a,.a, anT)
b

d
- z—;@.,(ama, amz)A,O(ana, anz)

d

a

b _
+/:t:A,,Q,,(ama,a,,.z:)A,,Q(a,,a,a,,z)dz.
a

For the given boundary conditions, the terms outside the integral vanish.
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Taking into account the relation which can be obtained from the previous one
by interchanging oy, and ay,, we obtain

b
(o} - af,) / 23, (ama, amz)®(ana, anz)dz =0, m#n.

When calculating the coefficients ax of the expansion

flz) =) o, (ara, oxz), (24.25)
k=1
where
fb zf(z)®, (ara, axz) dz
ax = - b ’
f z[®, (axa, axz)]? dz

a
the following formula can be useful
b

2
/‘:t:[w.,(oz:::)]2 dz = %{[wy(az)]z + [ALw, (az)]?

2
- %A, w, (az))' W, (az) + 2%wy(az)A,,wy(az)

b
, (24.26)

a

+ ;-2; [ALw,(az) — Aywll(az)w:l(az)]}

where the differentiation is fulfilled with respect to the argument az and, further-
more, we set in (24.26)

A, = _62_ + .l_ . _8_ — _i_
Y7 8(ax)? " az B(az) (az)?’
This equality is analogous to (24.1) and can be obtained in the same way.
Under the given boundary conditions we have
b ) b
/z[@,(aka, ajz)) dz = %[A,,Q,,(aka, axz))? dz (24.27)

a
a

Taking into account the relation
Ya(axa, axb)

Y4(aka, akb) Y2(aka’ akm)’

A,,<I>,,(aka, akz) = —-Yl(aka, akz:) +

we obtain after elementary simplifications
b
/-:I:[<I),,(o.rka,oq‘:t:)]2 dz
a

= .a_z{ 7r2b20zi_ [Jtlz(akb)-]—u(aka) - J'_,,(aka),]v(akb)]z

4 | 4sin’vn
" @ — 2Ax, sinvr 2
x |1-— - -1,
7 — 2By, sinvw |
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where
Ak — IL(akb)Ky(aka) — K{,(akb)Iy(aka)
Y T (axd) - (aka) - J', (axb)J,(aka)’
By, = I, (axb) K| (ara) — K! (axb) I (axa)

v J,’,(akb)J’_V(aka) - J’_,,(akb)J,’,(aka) )

The results of this section can be used without essential changes, when consid-
ering different particular problems on integrating differential equations which lead
to the Bessel equation or to a system of the Bessel equation (see Section 17)7.

25. Schlomlich series

Usually, a series of the form

ag/2 + f: amJy, (mz), (25.1)

m=1

where the index does not depend on the number and the argument is proportional
to the number, is called the Schiomlich series.

First, consider the Schlomlich series for zero index of the Bessel function. We
prove that a continuous function f(z) for 0 < z < n admits an expansion into the
series

fl=)= % + Y amJo(mz), (25.2)

m=1
where
[3 ‘l’/2 Y

a0=2f(0)+%//uf'(usincp)dquu,
0 o k (25.3)

x x/2
am = %//uf’(usimp)cosmudtpdu.
0 0

In this case it is required that f’(z) is continuous and of bounded total variation
for0<z <
' The proof is based on the fact that a solution of the integral equation

/2
ﬁﬂ:%/ﬂmmﬂw, (25.4)
0
which is called the integral Schiémlich equation, is the function
x/2
o(=)=1(0) + [ f(zsing)de. (25.5)
0

"See, for instance, B.G. Korenev, L.M. Reznikov On oscillations of constructions with dy-
namic absorbers under stationary random actions, Stroitel'naya mekhanika i raschet sooruzheniy,
no. 4 (1969).
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The equation (25.4) can easily be reduced to the Abel equation which has the
form

(y—t)

and is a special case of the integral Volterra equation of the first kind.. An equation
of the following form can easily be reduced to the Abel equation

y
/ u(t) dt — f(y), 0<a<l, o=const, (25-6)

y
.."_@(Q_E% = 1(»)- (25.7)

This equation has been considered, for instance, in [15] and [43].
The Schlomlich equation (25.4) can be transformed into the Abel equation
(25.7) as a result of the following changes:

2
t==zsind, z=y, u(t)=—g(t).
e
If we assume that the lower limit of the integration in the Schlémlich equation
is equal to a, then in the Abel equation (25.7) we have
a=ysinoa.

The solution of the Abel equation in this special case is given in [15]. It can
be obtained by replacing y by s and multiplying both sides of the equation by
2s(y? — s2)"Y/2. If we now integrate with respect to the variable s from a to z,
then we obtain as a result '

y :
_2d [ sf(s)ds

u(y) = s (25.8)
d 2 _ ¢2
Tay - VY s
Setting s = ysinf, we obtain fora > 0,a <y
( ) x/2
2y a /‘ '
=28 6)do o,
u(y) = — et J f'(ysind) (25.9)

b = arcsin(a/y).

Replacing y by z, after elementary transformations as a — 0 we come to (25.5).
The function g(z) which plays an important role in obtaining the expansion of
f(z), is continuous and of bounded total variation. For 0 < z < = it allows the
expansion
o0 9
g(z) = 52(1 + E amcosmz, 0<z<m,
m=1
n

am = Z/-_q(u) cos mu du
1r
0
1 x/2

:;/ f(O)+u!f’(usin<p)d<p cos mu du.

0

> (25.10)

/
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Taking into account (25.4), we obtain

x/2

f(z) = % /g(zsina) do

(=]

x/2
2 ag > f
= ;/ l:?+ E am cos(mz sin 0)] dé

m=1
2 o0
==+ - E am / cos(mz sin 6) df
=3+ Y amJo(mz). (25.11)

Obviously, the Parseval integral was used in this calculation.

A generalization of the Schlomlich series can be obtained if we replace the Bessel
function of zero index by the Bessel functions of an arbitrary index v. Furthermore,
we can replace the Bessel functions in the general term of the series by a linear
combination of the Bessel function and either the Neumann function or the Struve
function. These series can be written in the form

__8 . = 9mdy(mz) 4 bpnY, (m2)
agp N am J, (mz) + b, H, (mz) 1 1
2r(1+v) + 'g__:l (mz[2)* ) 5 <v<j3 (25.13)

The series (25.13), which are studied in more detail, can be obtained by expand-
ing a function f(z) in the interval (—m, ). These series are called the generalized
Schiomlich series. The theory of these series, which was considered in detail in the
book by Watson, has been developed and simplified by Cooke [63].

In order to expand the function f(z) into the generalized Schlémlich series, one
can use the integral equation of the Schlomlich equation type, which is given by
Watson and is contained in another form in the book by Nielsen [76]:

x/2
f(z) = Tt 1/22)1‘(1/2) / cos®” Gg(z sin 6) d6, O<v<1/2 (25.14)
0

The continuous solution of the equation (25.14) has the form

9(z) = (v +1)f(0)

I(1/2)
r/2-v)

x/2

ec2v+] 02‘%[sin2" 0{f(zsin8) — £(0)}} d6. (25.15)




25. SCHLOMLICH SERIES 107

The equation (25.14) can be reduced to the Abel equation (25.6) with the help
of the changes

g(z) = zu(zz),
f(z) = [C(v + 1/2)T(1/2)2™] f1(=?),
2v=1-2a,

2=y,

z2sin%0 =,

and in this case the lower bound in (25.14) can be assumed equal to 8 = arcsin \/a/y.
If the function g(z) allows the expansion (25.10), then, using (25.14) and
(25.15), we obtain
00
_ ao amJ,(mz) + by Hy (mz)
& =g+t 2 (mz/2) :

where
x w/2 3

e(.:2u+1 6 2
am = / / T(i/2 = )T (/) do[sn 0{f(usin 8) — f(0)}] cos mudé du,

x 7f2

e 0 e ] 0)}}sinmudé d
'"_/ / T(1/2 - v)I( 1/2)40[Sln {f(usin 8) — £(0)}]sin mu d6 du.

Y

(25.16)

We have used the Poisson integral here and the similar formula (16.20) which
is the integral representation of the Struve function.

Let us note that, following Cooke, one can directly obtain the expansions with-
out using the integral Schldmlich equations, on the basis of the Sonin integrals.
This approach will be used later, when considering some generalizations of the
Schlomlich series; the latter can easily be obtained in the following way:

e the expansion of the function g(z) in some other series in the functions gm (z)
such that the integrals

n/2
/ gm(z sin 8)p(6) db,
0

where ¢(f) does not depend on the number of the term of the series, can
easily enough be expressed via the cylindrical functions;

e the use of the Sonin integrals, with the help of which the expansion in the
Bessel functions of the argument zv/m? + k% can be obtained;

¢ the consideration with the help of solutions of the Abel equations with the
lower limit a # 0 of modified Schlomlich equations which results in expan-
sions into series in partial cylindrical functions.

All the calculations formulated above can be fulfilled separately or combined;
the latter, in turn, results in another modification of the Schlomlich series.
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First, assume® that the expansion of the function g(z) into the Fourier-Bessel
series has the form
00

9(2) = Y amJo(jmz), (25.17)

m=1

where

1
am_ n )]2/ug(u)Jo(jmu) du,
0

x/2

g(u) = 0)+u/f’(usin0) de.

Then from (25.4) we obtain

x/2

f(z) = / Jo(imz sin @) dep. (25.18)
m:l
Using the formula
x/2
. n z
/ Jo(zsin ) dp = -2-13 (5) ,
0

which can be obtained from the formula on page 59 after the substitutions v = 0,
n=0,27,(a) = J,(a), we finally find

©0 .
— 2f{ImZ
f(z) = m; amJ (—2—) : (25.19)
However, this expansion in squared Bessel functions which is obtained following
the method of Schlomlich, does not satisfy the main property of the Schlomlich
series, which consists in the fact that the argument is proportional to the number
of the terms of the series.
Let us introduce an auxiliary function

00
F(z) = a—; + E a,, cosmz, 0<z< . (25.20)
m=1

Then we construct the function g(z):

n/2
o(z) = % / F(zsinf) do, (25.21)
’ /2
F(z)=g(0) + = / g'(zsin @) dé. (25.22)
0

8See Thielmann H.P., Bull Amer. Math. Soc. 40 (1934).
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According to (25.10) and (25.11) the following expansion holds

g9(z) = 329- +Y amJo(ma).
m=1

Let the function f(z) be connected with g(z) by the relation

x/2

g9(z) = f(0) + = / f/(zsin¥d) dé. (25.23)
0

Using (25.4), we obtain the expansion, in which we find a,, from (25.3) after re-
placing f(usin ) by g(usin ) according to formula (25.33):

m=1

x/2
2 =~ :
= ;/ [?+ amJo(m:t:smﬂ)] do
0

9 0o x/2
_ 9 .
_?+;Zam / Jo(mz sin 0) df

00 .

Now suppose that the function g(z) can be expanded into the Fourier—Bessel
or Dini series on a segment [a, 8] (the formulae (24.13) or (24.22)). In this case
the function g(z) can be expanded into the series whose general term is a linear
combination of cylindrical functions of a common index. Restricting ourselves to
the case when this index is equal to zero, we obtain that if g(z) is expanded into a
series with the general term

CrnJo(jmz) + dmYo(imz), (25.25)

then the expansion of the function f(z) has the form

~ Jm% Jmz JmT
1&)= 3 [ons2 (22—) +dnYy (—';—)J (B]. e
m=1
Here we have used the formula
n/2

/ Yolzsing) dp = 3.Jo (g) Yo (%)

4]

which can be obtained from (18.15) at n = 0.

Consider the Schlémlich series in which the argument of the cylindrical function
is equal to z = Vk2 4+ m2z, where m is the number of the term of the series and k
is a non-zero constant.
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The expansion of the function f(z) into the series

flz) = —aoJo(kz) + E amJo (VA2 + miz), (25.27)

m=1
0<z<m,
where
2 x
m = ;/f(z)Gm(x,k) dz,
Gom(z, ) = (—=1)™z cosh(kv/n2 — 22) + f mz cosh(kv/12 — z?) sin mt dt

Vn? — g2 Vit — 22
E

has been obtained in [67]. The proof is analogous to the one given before when
obtaining the expansion (25.2), the difference consists in the fact that the Schlomlich
equation obtained in [67]
9 x/2 :
f(z) = =~ / g(z sin 0) cos(kz cos 6) df, (25.28)
0

which can also be reduced to the Abel equation, is considered instead of (25.4).

Representing the function g(z) in the form of a Fourier series in the cosines
and using the Parseval integral, we immediately obtain (25.27).

Let us give following Cooke’s method [4], another proof which is based on the
using of the Sonin integral.

Consider the Sonin integral (see Section 20).

x/2
/ Jm (asin 8)J, (bcos ) sin** 6 cos**1 ¢ do

= b (a® + 0Dy, (Va1 8)

Ru>-1, Rv>-1.

Let us set
a:zm, b=1ikz, v=—-p-1/2.
Then
/2

Ju |V'm? + k2zsin0| J_,_;/5(ik= cos 6) sin#+! § cos~#+1/2 9 df
d p-1/

= [22(m? + k)" (ikz)~#~Y2(mz) "2 ]y sy (mz).  (25.29)

Using the formulae
Jij2(mz) = /2/(xmz) sinmz,

J_u-1/2(ikz cos 6) = exp [—-tTTr (/4+ %)] I_,_y/2(kz cosf),
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we rewrite (25.29) in the following form
n/2
/ J“ [\/rmz sinB] J_,,_llz(k:ccoso) Sin“+1 0008_’”'1/2 0do

0

- [zz(mz_*_kz)]u/'l (kz)~#-1/2 %ﬂ‘r_‘n_':_’-' (25.30)

Suppose that we have the following expansion of the function f(z):

had Tmz(kz) +1/2 |
f(z) = mz_:l amJy (\/ m? + kzz) \/_\2/[;2(;52 :_)k2)];4/2’ (25.31)

0<z<

We replace z by z sin 8 in the general term of the series and multiply both the sides
by »

(sin 6)#~Y/2(cos )~ #*+Y/2I_,,_, 2(kz cos ).

After integrating from 0 to m/2 and applying the formula (25.30), we formally
obtain

x/2

/f(:csin9)(sin9)“"1/2(cosB)""“/zI_,,_l/z(kzcosB)d0

0 .
o0 .

= Z amsinmz, (25.32)
m=1
where
2 L 1I'/2
G = = / sin mt dt f f(tsin6)(sin 8)~1/2¥# (cos ) ~H+Y/2[_,_ 5(kt cos ) db.
0 0

Setting u = 0, we obtain the result which has, as can be shown, a sufficiently simple
form.

Nielsen [76] has considered different Schlomlich series whose sum is equal to
zero. The simplest of such series has the form

1, -
s+ Y (=1)"Jo(mz) =0, 0<z<m (25.33)
2
m=1
This series oscillates at £ = 0 and diverges at z = .

This fact shows that if a function given in the interval (w, 7) can be represented
by the Schlémlich series convergent in this interval (except, possibly, a finite number
of points), then this representation is not unique.

It is shown in [67] that the sum of the following series is also equal to zero

-;—Jo(k:c) + f:(—l)"‘Jo (\/m2 + k?z) : - (25.34)

m=1

O0<z<m,

where % is a real number.
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The proof of the formula (25.33) given by Watson can easily be generalized for
the sum of the series (25.34).

Let us return to the series (25.2). If we suppose that the lower limit a in the
integral, which is present in the Abel equation, is non-zero, hence, the lower limit
in the integral Schlomlich equation is equal to arcsin /a/z, then, expanding the
function g(z) into a series in cosines and afterward calculating the integrals

n/2
cos(mz sin 6) d6,
arcsin{a/z)

we .obtain the Bessel function as well as the partial Bessel functions (see Section
28) and the Schlomlich series takes the form

(o o]
f(z) = “7° + 3" am[Jo(mz) — Jo(wm, z)], (25.35)
m=1
where w,, = arcsin \/a/(mz); see the notation Jo(wy,, z) in Section 28.

Obviously, we also obtain the appropriate
partial cylindrical functions, introducing a non-
zero lower limit in other formulae considered
above, where the Parseval integrals or the Pois-
son integrals are present.

In applications we often meet series which
are very close to the Schlémlich series consid-
ered above, and which are obtained as a re-
sult of obvious physical reasoning. They arise
when considering the solutions of boundary-
value problems for the inhomogeneous Helm-
holtz equation with a periodic right-hand side which vanishes in a part of the
domain and the cells where it is non-zero, are small with respect to the periods of
the right-hand side of the equation (see Fig. 10). For definiteness, let us consider
an example.

Let a function w(§, n) satisfy the equation

V2w —w= 41(5, 7’)1
where g = 0, if the point lies ouiside the shaded circles,

2= gmn = frun (V=Y + (7 = mb)?) ,

where m and n are the numbers which characterize the number of the centre of the
circle whose coordinates are {mn = na, 1, = mb, if the point belongs to the circle
shaded. :

Let us find w((0°), using for this purpose the axially symmetric solutions which
correspond to the influence of all of the loadings gmpn. _

Obviously, the solution corresponding to the influence of the loading located on
the circle (m = 0, n = 0), has a form which is defined by the formulae given in [20)
and can be found as a result of the integration of the principal influence function.
For all other values of m and n, the contribution given by the loading located on
the corresponding circle is approximately equal to

Wman = Amn Ko (V m2a2 4 n2h2 , .

Figure 10
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In this case the numbers Agp and Am, should be calculated as is shown in
[20], where the influence of a point source is considered and the integration of the
corresponding influence function is fulfilled. Thus, the solution has the form

o0 o0
w(0,0)= Ao+ 3 3 AmnKo (VmiaT +nb?) .
m=1n=1
This problem can be interpreted as the determination of the deflection of a mem-
brane which lies on an elastic Winkler-type foundation.
The solution of a similar problem for a plate, which lies on an elastic Winkler-
type foundation, is also of interest (see [20]).

26. Neumann series

In Sections 24, 25 we considered the series which are in a sense analogous to
the Fourier series. Here we shall consider the series in Bessel functions, which are
in a sense analogous to the power series.

A series of the form

Y andiin(2) (26.1)

n=0
is called the Neumann series.
In fact, the reader has met the Neumann series, when considering the addition
formulae and deducing the Lommel expansion.
Let us give two examples of the expansion of functions into the Neumann series,
which are obtained from the addition formulae

J,,(Z +y) = E Ju—m(y)Jm(z)’ |z| S |y'

m=—00

Ko(z-y) =1 "o
/
2)  In(2)Km(y), y>z.
m=0
Let us give without deduction (see [7]) the expansion of a function f(z) for
which the representation in the form of a Maclaurin series is given

f(2) =) baz", |2l <R,

n=0
into the Neumann series. The coefficients of the Neurnann series (26.2) in this case
has the form

ap = bo;
<n/2
—_m =1}
an=n)y gn-am(n=m = ! b om.
m=0

In the case, when the function f(z) can be represented in the form of a Laurent
series

anz +Zb /*, r<|z|<R,

n=1
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the Neumann series has the form
[+ o] [+ o]
f(2) = anda(z) + D _ a4 0a(2), (26.2)
n=0 n=1
where O, (z) is the Neumann polynomial, which can be expressed by the formula

_ 1 & nl'(n/2+ m/2) cos?[(m + n)7/2]
Ona) =3 2. [(n/2-m/2+1)(z/2)m+ °

m=0

@, ...,a, have the same representation as for the Maclaurin series, and the coeffi-
c1ents a;, are defined by the formula

al — E ( l)m bl
n 2"+2mm|(m+n)| n42m41-

27. Lommel functions of two variables

The Lommel functions of two variables can be defined with the help of the
Neumann series by the following equalities:

Un(w, z) Z( 1™ (w/2)" ™ Iy am(2),

m=0 (27.1)
Va(w,2) = Y (-1)™(w/2) "> J_n_2m(2).

m=0

If the index v is non-integer, then

Us(w,2) = Y (~1)™(w/2)***™ Jyp2m(2). (27.2)

m=0

The following relations hold between the functions U and V when the index is
integer

2
Un(w, z) — V_p42(w, 2) = cos wyE _m ,
27 2w 2
w 22 (27.3)
Un41(w,2) — V_py1(w, 2) = sin ( + 5~ _2_) )
If the index v is non-integer, then we have
w z2  wv
Vo(w,z) = U_,42(w, ) + cos (—2- + 2w + T) ,
(27.4)

Uy (,2) + Ussa(w, 2) = (w/2)" Ju(2),
Vy(w, 2) + Visa(w, 2) = (w/2)* J_, (2)

These functions have been introduced by Lommel when investigating problems
of diffraction. They can be considered as some particular solutions of the inhomo-
geneous Bessel equation. One can establish some relations between these functions
and the functions contiguous to the Bessel functions which we considered above.

One can easily obtain the differential equation which is satisfied by the Lommel
functions of two variables.
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Using the formula

%[z—"zu(z)] =—2""Zy41(2)

and differentiating the series (27.2) with respect to z, we obtain

)
5-U(w,2) = —5Uy+,(w,z).

After differentiating once again, we have

&? 22 1
- '87Uy(w, Z) = FU‘,H(w, Z) - ;Uy*_l(w,Z). ] (27-5)
Using the first of the equations (27.1), these formulae allow one to obtain the
following result:
{8 18 2 22
{'87 - ;E + '10—2-} U,,(w, Z) = ;”—2{U.,+2(w, Z) + Uy(w, Z)}

w

= (-z-)u_zJ.,(z). (27.6)

The Lommel function U, (w, z) is a particular solution of the differential equa-
tion obtained, which with the help of the change of variable z = /2wt can be
rewritten in the form

d?y w\"?_ .,
ol 4 ={= -vi2y {/
az Ty (2) t J"( 2‘”)’
where y = U, (w, 2).

The general solution of the corresponding homogeneous equation has the form
22 22
— + Bsin —.
5w T 7 3

One can easily show that V, (w, z) is a particular solution of the equation

52 10 22 z\¥
52—-'2’ --5 ;22 = (—) J_y42(2). (27.7)

w
Let us write the integrals which give the representation of the Lommel functions in
the form

y = Acos

3\

1
U, (w,z) = ;:_1 f Ju—1(zt) cos { %w(l - t2)} t¥ dt,
0

b (27.8)

1
w” : 1 2 v
U.,+1(w,z) = v Jy._l(zt) sin iw(l -t ) t¥ dt.
0

s

These formulae hold for ®v > 0; the formulae for other values of v can be obtained
as a result of the integration in the plane of a complex variable. Combining the
two formulae given above, we find

1 .
v 1
Uo(w,2) £ iU, 41(w,2) = ;L_T f Ju—1(zt) exp {:hﬁiw(l - t2)} vdt.
0
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As a result of the integration in the plane of the complex variable, we obtain the
formulae

[o °]
w” cos {1 2 cos fw 22 wn
- -1 tV dt = —_—t — - — 27.
Z#=1 /J”“(’t)sin {2"’(1 )} sin (2 tow 2 ) (27.9)
0

which are valid for w > 0, z > 0, 3/2 > ®(v) > 0.
Let us give some other formulae, for the obtaining of which we should use
(27.9), (27.4), and (27.8), '

N

Vo(w,z) = - ;:__2 /Jl_y(zt) cos {%w(l - tz)} t2=v dt,
1 f (27.10)

[+ o]
v—-1
Vii(w,z) = _1—272 / J1—y(2t) sin {%w(l - t2)} 2 dt.
1

/

In the special case, when we set » = 1 in (27.9), we obtain

T cos {wt? 1 cos [ z2 :
/Jo(zt) sin (?)tdt = :D..Sin (ﬁ). (27.11)
0

This result is closely related with the first exponential Weber integral.

The formula of differentiation with respect to z given above is a recurrence
relation for U, (w, z). In order to obtain other formulae, we should calculate the
.derivative with respect to the argument w

%U,(w, 2) = % [U,,_l(w, 2) + (%)2Uu+1(w, Z)] :

One can obtain similar formulae for the function V, (w, z):

i

z .
8_zV"(w’ z) - _;v"/u—l(w) Z),
d Sy ey 2?2
Q%Vy(w.,\z) =Vosa(w, ) + 'u_,iv“"l(w’ z).
Consider the improper integral of the Lommel function of two variables, which is

analogous to the improper Weber integral of the Bessel function. For this purpose
we use the first of the formulae (27.8) and change the order of integration. We
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obtain

o0 o0 1

v
/Uu(w, z)z vtk dp = / ;:_1 vtk dz/ Jy-1(zt) cos {-;-w(l - tz)} tv dt
0 0 0

1
_ [ DUk =v+1)/2ureer-2 (y
= J 92 —T-kT(y — (k - v + 1)/2) cos {—2-1.0(1 - t2)} dt
_ T((k-v+1)/2u”
T w-1-k(y — (k — v +1)/2)
y 2(8v=k=3)/2D((3y — k — 1)/2)

w(Bv—k-1)/2 "Utsv—k-1)72(w, 0)
_ wY/2HRI2HID (R — v 4 1) /2) w
T ov/2-k[2417((3v — k — 3)/2) S(3v-k-4)/2,1/2 92/
Re 1
Rek+1>Rv> -2—+Z

Using the inversion formula for the Mellin transform [5), we can immediately express
a transform for the Lommel function of two variables in the form of an integral of
the Lommel function Sy,

o+ioo

W\ oy ((k = v +1)/2)uk 42002
s el PR
(Bv-k-4)/2,1/2] g T((3v — k — 3)/2)20-*+)/2

a—$00

=27iz""U,(w, 2),

where 2°71z7¥U, (w, z) € L(0,+00) (6 +2 > Rv > /2 + 3/4).

Let us turn our attention to some special cases of the Lommel functions of two
variables and their connection with other special functions.

First, consider the Lommel functions for w = ¢z, ¢ = const. In this case, the for-
mulae given above allow one to show that the functions U, (cz, z) and V_,42(cz, 2)
are particular solutions of the equation

d2

2
1
4—(—12—2 + (c+ z) y=c"Jy—a(z) + ¢~ 2, (2).

One can see from the integral representations of the Lommel functions of two
variables that at z = 0, using the expansion of the Bessel function into a power
series, we find (also see (27.17)) that this function differs only by a factor, which
has a simple form, from the Lommel function in one variable, which was considered
before in Section 16:

w/2)Y/ ' ;
Uy (w,0) = %sv_3/2,1/2 (%w) , (27.12)

(w/2)!/?

1
V_‘,+2(w, 0) = ms,,_llz'llz (iw) B (2713)
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For an integer positive index and w = z, the following simple relations hold,
for whose obtaining we used the Jacobi expansions (page 23):

Us(z,2) = Vo(z,2) = l(Jo(z) +cosz),

(27.14)
Uan(z, z) = Van(z,2) = —( " (cosz—2z sz(z))

m=0

Ui(z,z) = -Vi(z,z) = (sinz)/2,

Uzne1(2,2) = —Vanqi(z,2) = —( 1) (smz ~2 E( 1) J2m+1(z))

m=0

(27.15)

These relations hold under the condition that n > 1 in (27.14) and n > 0 in (27.15).
The formulae which connect the Lommel functions of the index 1/2 and 3/2
with the functions of the same index, whose second variable vanishes, are of interest

) | . )
U1/2(w, z) + 1U3/2(w, z) = §C:F {U1/2(20‘, 0) + 1U3/2(20', O)}

+ %e*“{Ul 12(26,0) £ iUs/2(26,0)},  (27.16)

where

Using the integral representation, we have for z =0

Uy (,0) = F_%jt”"cos{%w(l —t2)} azt,1

1
Uyspr(w,0) = 2”'1F ftz”'l sin {%w(l - t2)} dt
0

For v = 1/2, denoiing w = mu2, we obtain

u z 1/2
/cos (%wtz) dt = %f (7—r2t—) costdt
0 0

= [U1/2(22,0) cos z + Us2 (22, 0) sin z] /2

= % + [Vi/2(22,0) sin z + Va/2(2z, 0) cos 2] /V/2;

u z 1/2
fsin (-;-wtz) dt = %/ (%) sint dt
0 0

= [U1/2(2z, 0) sin z — U3/4(22, 0) cos 2)/V2

> (27.17)

1
= 5 = [Vi/2(22,0) cos z - V3/5(22,0) sin 2)/V2.
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These formulae establish a connection between the Lommel functions of two
variables and the Fresnel integrals

sint2dt,

S(z) =

BA

8 s

C(z) = cost? dt.

S

In applications one often meets the error function

®(z) = \/i;r.‘/z‘e""2 du,
0

which is connected with Fresnel integrals as well as, obviously, with the Lommel
functions of two variables.

It is interesting to note that Lommel functions of two variables have found a
wide application in the theory of passing of dynamic systems through resonance
with linear variation of the frequency of the disturbing action.-

In the problems on passing through resonance, the following integrals can be
met, which also arise when considering the Lommel functions of two variables with
the indices 3/2 and 1/2, if z is an imaginary number:

e~ cos (lwtz) dt,
2

Kt 2 1 2

e** sin iwt dt.

These integrals can be expressed via the functions S and T, where

o\“ 0\“

S = 27 1/mexp(z? — y*)(usin 2zy + v cos 3zy),
T = 27 /7 exp(z? — y®)(1 + vsin 2zy — ucos 3zy),

and u(z) and v(z) denote the real and imaginary parts of the error function in a
complex domain

u(z) + iv(z) = W(2).
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Let us write the following formulae:

t
At) = /e’“ cos (%wt"’) dt
0

= — w2{(sin B — cos B)[T(/—B) + T(r)
— (sin 8+ cosﬁ)[S(ﬁ) +S(7)]};

t
Ay(t) = /e"‘ sin (%wtz) dt
0

= w™H*{(sin § ~ cos B)[T(v/~B) + T(7)]
+ (sin 8 + cos B)[S(v/—B) + S(r)]},
where 8 = k2/(2w), T = \Jw/4(t — k/w) +i(t + £/w)].

28. On partial cylindrical functions

In the preceding sections we considered different particular solutions of the
inhomogeneous Bessel equation. Some of them, for instance, the Anguer and Weber
functions have been obtained in a natural way as a result of a generalization of the
Bessel integrals, the other have been obtained as a result of using the method of
the variation of arbitrary constants. In this section a large class of solutions of the
inhomogeneous Bessel equations will briefly be considered.

These solutions are called the partial cylindrical functions and are, usually,
defined from the integral representations of Bessel, Poisson and Sonin—Schlafli, in
which the limits of the integration are variable. In this case these functions are
defined so that they coincide for some values of the limits with ordinary cylindrical
functions. The partial cylindrical functions depend on three independent variables:
the index, the argument and a parameter of incompleteness, which is denoted by
w. This fact allows us to consider a very large class of solutions of ingomogeneous
equations in the context of the theory of partial cylindrical functions, which con-
tains, in particular, the particular solutions of the inhomogeneous Bessel equation,
which were considered before in Section 16. The theory of these functions has been
developed in detail in the monograph by A.A. Agrest and M.Z. Maksimov [2]. In
this section we give a very brief review of the theory of partial cylindrical functions,
which is based on the monograph cited.

Consider the function

2z¥

Ef(w,z) = -/—1——/6'z st sin ¢ dt, (28.1)
"o

A, =2T(v+1/2)T(1/2), R(r+1/2)>0,
which for w = 7/2 coincides with the usual Poisson integral; therefore,
EX(x/2,2) = J,(2).

Considering z as an argument and w as a parameter, we consecutively find the
first and the second derivatives of (28.1). Then we use the expressions obtained
when applying the Bessel operator of the index v to the function E} (w,z). As a
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result of simple calculations, we obtain the following differential equation for the
function E} (w, 2):

V.E} (w,z) = 2iz**!sin® ! wA Lei? <0 = ¥ (w, 2). (28.2)

The formulae, which were multiply used before (see, for instance, Section 16)
and are based, in fact, on the application of the Cauchy functions for equations
with a right-hand side, imply

B} (w,2) = 4, (w) [c.,(w) -3/ Y,,(t)\IlV(w,t)d?t-]
0

4
dt
+Y,(2) ':D,,(w) +3 / J,,(t)\Il,,(w,t)T:I , (28.3)
0
where, as the investigation of the asymptotic of EJ (w, z) shows, we have
F(V+ 1) [ o 2V
= 4 .
C,(w) 2F(V+ 2T (1/3) sin“’ t dt, (28.4)
0
D,(w) =0.

Using these results and replacing ¥, (w,t) by the expression (28.2), we obtain

Tw+l) [ 5
T+ 1/2)T(1/2) 0/ sin®¢ dt

EX(w,2z) =2J,(2) +

. sin?tl w f it
" V 3¢ cos w v t
+27"2V+11‘(u+ VOO [y (z)/J (t)e t¥ d
0

- J(2) / Y, (t)e't 2wt dt]. (28.5)

Let us also introduce the function
w

E;(w,2)= ?Tz-—/e"'"“" sin?” udu (28.6)
14
o

and give the expressions for the partial Bessel function J,(w,z2) and the partial

Struve function H, (w, z):

Jy(w, z) = Ej(w’ Z) + E; (‘U), Z)

=2— /cos(z cos 0) sin®” 0 d, (28.7)
0
w

_ Bl (w,2) - EJ (w,2)
2

= 2;— /sin(z cos ) sin2¥ 0do.
0

1 4
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Obviously,
J(7/2,2) = J,(2), 28.9)
H,(7/2,2) = H,(2). (28.
The change of the argument z by iz results in the following formulae:
Jo(w,iz,) = ™2, (w, 2),
( ) . (2) (28.9)
H, (v, iz,) = ie"*/?L, (w, 2),
where
/ h(z cos 6) sin? 8 d,
0
(28.10)

22¥ [ . . 9
L(w,2)= e smh(z cos §) sin®” 6 d6,

o
R +1/2) > 0.

P

The function I, (w, 2) is often called the partial Bessel function of the purely
imaginary argument, and L, (w, 2) is often called the partial Struve function of the
purely imaginary argument., and L, (w, 2)

The function E}(—iw,z) goes into the Hankel function of the first kind as
w — —ioo; for this reason the function

Hy(w, 2) = E} (—iw, 2) (28.11)
is called the partial Hankel function. Obviously,

21'6"'."'2”

H.(B,2) = g /e‘z cosht ginh® u du (28.12)
0

for real cosh 8 > 1 and R(v 4+ 1/2) > 0.
Then, passing to the complex argument iz, we come to the partial Macdonald
function

K, (w,z) = %ei"/zEj(—-iw, iz)

coshw
nZ

=z / et (8 — 1)~ V2 dt, (28.13)

R(v +1/2) > 0.

Let us now give the recurrence relations between the partial cylindrical functions.
For this purpose, we should act on the functions E} (w, z) by the following opera-
tors:

Lu(fu) = fu—-l +fv+l - 2_Vfu;
(28.14)

LY(f) = foor — fu+1*2 ~fo,
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which implies the following relations:

.2
LV[E:.('”, Z)] =2zYsin? 1w [cosw .51 w] iz cosw

+1
A.VZ Ay+1
cosw sin? w] iz cosw
-1 e .
A,,z Ay+1

(28.15)

L,[E} (w,2)] = 22¥sin® 1 w [
From these formulae we immediately obtain the ordinary recurrence relations
for the Hankel functions of the first kind for Sz > 0 and w - —ic0. We have
EX(w,z) = Ju(w, 2) + iH,(w, 2),
€'* €% = cos(z cos w) + isin(z cos w).

With the help of these formulae, we obtain from (28.15)
LlJu(w,2)] = g7 (w,2);

28.16
L (0w, 9] = g3 (v, 2), (28.16)
where
-2
g% (w,2) = 22¥ sin? 1 w [cosw cos(z cos w) an ° sin(z cos w)] .
zA, Avpa

Let us give similar formulae for the partial Struve functions

Ly[H, (w,2)] = [} (w, 2),
L, H,(w,2)] = f (w,2),

where

sin(zcos w) +

<2
+ v - 2y—1  |cosw sin® w
w, z) = 22V sin w
d ( , ) [ zA, Av+l
An analogue of the partial cylindrical functions of a half-integer argument are
the cylindrical functions of a half-integer argument, for instance:

Ei*,z(w, z) = 2/2/nz(e¥* — &2 <) /2i.

All the functions considered above are called the partial cylindrical functions
in the form of Poisson. One can also consider the partial cylindrical functions
associated with other integral representations of the Bessel functions.

The partial cylindrical functions in the form of Bessel are defined in the fol-
lowing way:

cos(z cosw)].

L[ ..
e (w,2) = E/e”‘“ht""‘ dt. (28.17)
°

Similarly to the ordinary cylindrical functions, these functions for w = 2w
coincide with the Bessel functions only for integer values of the index: &, (2n%, 2) =
2J,(z). This also implies that the partial functions in the form of Bessel and the
functions in the form of Poisson belong, as is considered in detail in [2], to different
classes of functions. In this case, one can also introduce the partial Bessel functions
of a purely imaginary argument in the form of Bessel, the partial Hankel functions
in the form of Bessel and so on.
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The partial cylindrical functions in the form of Bessel satisfy the inhomogeneous
differential equation

V.eu(w, 2) = [(v + z cosh w) exp(z sinh w — vw) — (v + 2)]/i. (28.18)

An one-to-one connection between the functions E}(w,z) and ¢,(w, z) only
exists for integer indices.

Consider the partial cylindrical functions in the Sonin-Schlafli form.

The Sonin-Schlafli integral representation has the form

c+ioo
v 2 )
Ju(2) = E}r;(%) / t~" lexp (t — i—t—) dt, (28.19)

where ¢ > 0, Rv > 1.

The contour of integration is open, its ends are two infinite points, located
in the right half-plane and whose abscissae are equal to each other®. If we fulfil
the integration along the contour, whose beginning and end is given by complex
numbers p and ¢, then, obviously, in the cases, when p = ¢ — 100, ¢ = ¢ + ioco, we
obtain, as before, the Bessel function; in all other cases this integral represents a
function, which can be called the partial cylindrical function in the Sonin-Schlafli

form
S0 = o () /( Na

Setting p = 2/2, ¢ = (z/2) exp w and making the change of the variable of integra-
tion ¢t = (z/2) exp u, we obtain

z _‘E w, __1_ r z sinh u—vu
Sy (5,26 ,z) = 2m,/e du
0
1
= Eey(w,z). (28.21)

This shows that the functions S, (p, ¢; z) are more general than the functions ¢, (w, z),
-which were considered above.

Acting on S, (p, ¢; 2) by the Bessel operator, we can obtain the inhomogeneous
Bessel equation

V.Su(p, ¢;2) = ¥(z,q) — ¥(z,p), (28.22)

v+1 2
z z z
Y(zz) =5 (5‘) exp ( - 4—) :

which is satisfied by the function S, (p, ¢; z).

where

9See [7], where the contour of integration, similar to (28.19), is a straight line parallel to the
imaginary axis.
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The integral representations of S, (p, ¢; z) directly allow one to obtain the re-
currence formulae:

2v 2
Sy-1+S,41 — 75., =3 [¢¥(2,9) — p¥(2,p)],

as, 2
Sp1—Sv1 — 2—6‘;’ = 23 [Q‘I’(Z,q) - P‘I’(Z,P)] .

The integral representations of S, (p, ¢; z), based on obtaining of a solution of the
inhomogeneous differential Bessel equation has the following form:

S (p)QVZ) Y (z)[QV q$ ) QV(p"z)]

+ 0 DPAG, D) = Pulp,2) (28.24

(28.23)

where
F 14

t2
Q.(z,t) = (2z)7v"1e” /t"+1Jy(t) exp (_Z—) dt,
T
0
o0 exp A 9
t
P,(z,t) = (2z)7¥ " 1e* / 1Y, (t) exp (—4—) dt,
2
Rv > —1; for a fixed z the inequality |2\ — arg z| < m/2 should hold.

The functions Q, (z, t) and P, (z,t) have independent significance and are called
the partial Weber integrals from the cylindrical functions of the first and the second
kind. A more detailed investigation of the properties of these integrals is given in
[2].

The representation of the partial cylindrical functions via the partial Weber
integrals intuitively shows a natural connection between the Lommel functions of
two variables and the partial cylindrical functions. Comparing the partial Weber
integral with the formulae for the Lommel functions given in Section 27, we can
obtain the following relations:

- 22 ) 22 22
Qu(z,z) =1 [Uu+1 (E}Z’Z) + iU, 42 (2_1';’ Z)] exp (-’L' - 4—2)
~ 22 22 22

Q,,(.’L‘, z) = [Vy+1 (-2—;,2) + Vy+2 (ﬂ,z)] exp (:L‘ - 4—2)

where

(28.25)

z

Qu(e,2) = @27 [0, 0) exp(—17/ (4) at

0
29. Asymptotic expansion of Bessel functions

As a rule, practical calculations connected with the application of Bessel func-
tions are based on the use of tables of these functions. In some cases, one can
perform calculations, based on using the generalized power series, which have been
given at the beginning of the book, as well as series containing the factor Inz in

some cases; these series in increasing powers of the argument are convenient for the
" calculations only for small values of the argument. If the argument is large enough,
then a question arises concerning the construction of approximate solutions to the
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Bessel equation, which are available for large values of the argument. The problem
formulated is connected with the construction of the asymptotic expansions; when
solving it, one should operate with divergent series, for which, however, the prop-
erty holds that they are convenient for the calculations in a certain domain of the
values and admit a simple estimate of the error.

From the beginning, we should emphasize the difference in the solution to
problems of different classes here, depending on the behavior of the argument and
the index v of the cylindrical function:

1. z— 0o, z is fixed (the Hankel expansion);

2. the argument and the index increase infinitely; moreover, z — v = v, where
v is a constant;

3. the ration z/v is fixed, 2 = 00, z/v = cosh b, b > 0.

There is most interest in the first problem, whose solution is the most simple.

In order to obtain the asymptotic expansions for large values of the argument
and a fixed index, one can use the generalization of the integral Poisson representa-
tion given by Hankel; these expansions are sometimes called the Hankel expansion.

Let us roughly describe the process of obtaining the asymptotic expansion,
which is given by Hankel and slightly modified by Watson.

The integral representation of the Hankel function of the first kind

HO - ( 2 )l/zexp i(z — nv[2—=x/4)

Tz T'(v+1/2)
0o expif i v-1/2
x / e—uyr-1/2 (1 + —) du (29.1)
: 2z
0
holds for
©f2> B> —xn/2,

—-n/2+ B <argz< 3r/2+ B,
R(r+1/2) > 0.
Obtaining the solution is based on the binomial expansion with the remainder
of the factor (1 + iu/(2z))*~1/2, which is present in the integrand. After introduc-

ing this expansion into the integral, integrating term-by-term and estimating the
remainder, we obtain

= (_l)m("v m)

HM(z) ~ (2/(r2)) /2 expi(z — 7v/2 — n/4) Zo B (29.2)
where i
(v,m) = mﬁ;‘;:_mm+.:{3)‘?), —7r < argz < 2.
The following formula can be obtained in a similar way
H®(2) ~ (2/(r2))/? exp[—i(z — v /2 — 7 /4)] f:o ((;’i’z')",l , (29.3)
m=

for —2r < argz < 7.
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Keeping only the first term of the asymptotic expansion, which is called the
asymptotic representation, we obtain

HM)(2) ~ (2/72) % expi(z — vx /2 — x/4),
H(2) ~ (2/72)Y? exp[~i(z — v7 /2 — x/4)].

Having the asymptotic expansions of the Hankel functions, one can by the
formulae of Section 3 easily obtain the expansions of the Bessel and Neumann
functions which are available for |arg z] < =:

00 )
~ 1/2 _ _ (=1)"(v,2m)
Ju(z) ~ (2/72) [cos(z vr[2 1r/4)mz=:0 222
0
T _ (-1)"(v,2m+1)
sin(z — v /2 1r/4)’§) @2y ,
o (1,2 S (29.4)
Y. (2) ~ (2/m2)"/? [sm(z vr[2 — 7 /4) Z ————Z—m)
m=0 )
(-)™(v,2m+1)
+ cos(z — v /2 — 7[4) ,;, (22)2m+1 J
Using the relation between the Hankel function and the Macdonald function,
we find
K, (z) ~ [— s f: (v, m) (29.5
v 2z = (2™ ) )
3r
|argz] < -

The dependence between the Bessel functions and the modified Bessel functions
implies the following formulae:

™ (v, expl—z + (v + 1/2)m1 v,m
Tulz) ~ (21rz )1/2 Z (2z )+ 2l (-2}-”(2)14/-2 2 ]Z 22),") (29.6)

m—O

for 3n/2 > argz > -—1r/2'

—1)" (v, —z — (v + 1/2)mi v,m
I,(z) ~ (2” e Z (= ()2z§m 4 exel z(%(zu l—l/»z /2)mi] < > (22)'3 (29.7)

m—'O
for —37/2 < argz < 1r/21°.

Just in the same way, one can obtain the asymptotic expansions for the real
and imaginary parts of functions of the complex argument.

The order of the remainder term of the expansion for the Hankel functions is
the same as that of the first terms neglected. For the cylindrical functions of the
first and the second kind some sharper estimates hold: for positive z and real v,
the remainder is numerically less that the first term neglected and has the same
sign; if for real v and z the value 2z — m 4 1/2 is small with respect to z (m is the
number of the first term neglected), then the remainder is approximately equal to
half of the first term neglected.

10T¢ seems that the formulae (29.6) and (29.7) for —7/2 < argz < 7/2 are contradictory;
this is connected with the Stokes Phenomenon considered in-[7].
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The asymptotic expansions can immediately be obtained from consideration of
the differential Bessel equation.

If for large values of the argument 2 we introduce the asymptotic expansion of
the Bessel functions into the integral representations of the functions contiguous
to the Bessel functions, then the integration immediately gives the asymptotic
expansions for the functions indicated.

30. On Bessel functions with a large index

Before passing to a brief exposition of the properties of the Bessel functions
for large indices, we make several remarks connected with physical representations,
which in a sense clarify the statement of the problem.

First, we restrict ourselves by consideration of Bessel functions J,(z) assuming
that the index is a positive integer and z is a real number. As was shown in the
introduction, the problem of free oscillations of a circular uniform membrane with
a fixed contour leads to consideration of the transcendental equation J, (At R) = 0.
Here n is the index of the Bessel function which is equal to the number of the nodal
diameters of the form of the eigen-oscillations; k is the ordinal number of the root,
which is equal to the number of nodal circumferences, including the boundary one;
R is the radius of this circumference, which, without loss of generality, can be taken
equal to one.

First, suppose that n is small enough, and k is a large number, and consider
the domain bounded by two adjacent nodal circumferences with the radii p; and
pi+1 (n € 141 < k) and two adjacent nodal radii of the membrane.

Obviously, the form of the oscillations of the mem-
4 {\ brane for such a domain is, except for the regions adja-

. cent tp the radii, close to the form of the oscillations of
a membrane, whose nodal lines are parallel straight lines,
~ the distance between which is equal to pi41 — pi. Thus,
" the z-coordinates of the form of the oscillations vary along
the radius according to a nearly sinusoidal law. If we take
the opposite case, assuming that k is small with respect
to n, then the part of the membrane under consideration
- will be extended in the direction of the radii and the form
of the oscillations in this case is such that along AB (Fig.
11) its z-coordinates only vary fast near the points A and
B; in the remaining part of the segment they vary suffi-
ciently slowly. Obviously, in the case which is considered
in this section (along with the cases when the difference
between the index and the argument is small), we should
start from the asymptotic representations which are dif-
ferent from those obtained in Section 29. For non-integer
values of the index, we should consider a membrane which
has the form of a circular sector. The problem of a membrane with a hole leads to
similar problems for a function of the second kind.
Here we shall only give the isolated, bare facts related with this rather compli-
cated question, which is considered in detail in the monograph by Watson {7].
The simplest form has the solution of Meissel. .

T

NIRRT

Figure 11
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We transform the Bessel equation with the help of the change

z

J(vz) = —I;E’Tl—)exp {/ u(2) dz}

2*[w'(2) + {u(2)}] + 2u(2) - (1 - 2) = 0,

We represent the solutions of this equation in the form of a series in decreasing
powers of v .

to the form

U2 Us .
u=vupt+um+-—+—5+...;
v v .

here ug, u;,us, ... are functions of z. After substituting the series into the equa-
tion, comparing the coefficients of the same powers and integrating, we obtain the
following result:

(v2)” exp{rV1 — 22} exp(-V,)

Iulvz) = eT(v+1)(1 — 22)/4{1 + V1 — 22} ’

(30.1)

where

9 2 2, .4
V,,:l{( + 3z } 42° 4+ 2

20 | (1= 2232 °f ~ 1602(1 — 22)3
1 16 — 151222 — 365424 — 37526 '
_ — 163 +...
576003 (1 - z2)%/2

The first approximation, obtained from (30.1),

Jo(v2) z¥ exp [V\/l - zil
vz) ~
Y @2m)12(1 - 22) V4 [14+ V1 - 22)"

_is the Carlini formula.

If z is real and greater than one, then the expansion (30.1) is invalid. In this
case, the second Meissel expansion (see [7]) is used; keeping only the principal terms
in it, we obtain the following approximate formulae for J, (z) and Y, (z):

2 1/2 W
Jy(l') ~ (_1r_g;\/_2—_——_7) cos 0,,,

2 1z > 30.2
Y,,(.z‘) ~ (;r—zﬁ) sin ey, ( )
0, ~ Vz?—v?2—vr[2+ varcsin(v/z)— 7/4.)

Let us go to the asymptotic expansions for the cylindrical functions such that
the difference between the argument and the index is a constant number.
Let us give a result related to the case z — 0o, 2— v = ¥, where v is a constant.

1 X [141) (6 5., \V° (141
T
=0
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l l .
(%1) = —j_—3sin y(—;——l—), B,(vy) is a polynomial of degree I; By(z) = 1,
1 11

Bi(z) = z, B(z) = £?/2 — 1/20, Bs(z) = %23 — =,
If the difference z — v is a quantity of order z1/3 or »'/2 as z — oo, then we
can use the approximate Nickolson formulae

1/2 3/2
—xifsg ) o (20) T g ((29)
e~™/°H, " (2) (32) Hl/a( 3,177 )

i 2 22\ (24)%/2
IHE ) ~ (5) 7 i)

(30.4)

The problem on asymptotic representations of the cylindrical functions has
been considered in detail by Schébe [82].
In conclusion of this section we give the following formula:
P,(cotanh® b)
(2v tanh b)!+1/2

2J, (vsech b) ~ -j—,_re"““hb—b) > (30.5)
=0

as ¥ — 00, b > 0, and

PO(&) = 11
1
Pl(f) = l_g£’
s 13 ,
Pa(8) = 7555 + 12606
_ 983 o 463 . 1 .
Ps(©) = 5572000 * 226800° T 900"

The series (30.3) and (30.5) are called the Debye series.

The theory of asymptotic expansions of Bessel functions for large values of the
index is expounded in detail in [7]. A summary of different asymptotic expansions
is given in[4]; a rather detailed information concerning the asymptotic expansion is
also contained in the reference book by Janke, Emde, and Lesch [61].

1jn [82] the question concerning the construction of the polynomials By() has been consid-
ered in detail and tables of these polynomials have been given.
12The construction of the polynomials P;(¢) is considered in [82].
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CHAPTER 3

Problems of the theory of plates and shells

31. Oscillations and stability of a circular plate

1. Consider the problem of oscillations of a circular plate. We assume that the
deflection of the plate w is small with respect to its thickness h and the thickness, in
turn, is small with respect to the radius of the plate. We locate the polar coordinate
system r, ¢ in the median plane and take the center of the circumference along
which the side surface of the plate intersect the median plane as the origin.

Let D denote the flexural rigidity of the plate, h denote its thickness and ¥
denote its density.

First, we consider free oscillations of the plate. Suppose that the plate is fixed
along the contour whose radius will be denoted by b.

For r = b we have W = 0 and -83—‘:' = 0, where W(r,¢,t) is the dynamic
deflection of the plate.

The differential equation of the deflection surface of the plate has the following
form

2w _
otz

In order to integrate the equation (31.1) we use the method of separation of
variables, taking a particular solution in the form

DVV2W + vh 0. (31.1)

W(r,¢,t) = w(r, ) F (). (31.2)
Substituting (31.2) into the equation (31.1), we obtain

D ViV d*F

= = — . 1.

vh  w di? /F (31.3)

Since the left-hand side of the equation (31.3) represents a function only of the
variables r, , and the right-hand side depends only on the time ¢, it is obvious that

each of the quantities DV2V2w/yhw and —‘f:tF / F should be constant. Denoting
this constant by w2, we have :

hence,
F= Asin(wt + (Po).

Thus, w is the angular frequency of the oscillations. The function w is called the
form of the oscillations. It satisfies the following differential equation

VIViw - Mw =0, o - (314)
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where
A = wlyh/D.

Let us pass from the variable r to the dimensionless quantity £ = Ar (below we will
call £ by the reduced distance), then the equation (31.4) takes the form

2 2\ 2
(5(96—2+%3-6E+£l25(1—2> w—w=0. (31.5)
Let us denote
2 2
We seek a solution of the equation (31.5) in the form
w(r, ) = wi(r, p) + w2(r, ),
where the functions w1 (r, ¢) and wy(r, ¢) satisfy the equations
Viw, + w =0, (31.6)
Viw; — wy =0. (31.7)

We again use the method of separation of variables, assuming that the particular
solutions of the equation (31.6) and (31.7) have the form

w = R]_(T)(D]_(<p), (318)
wz = Ry(r)P2(p). (31.9)

Introducing (31.8) and (31.9) into (31.6) and (31.7), respectively, we obtain, omit-
ting the indices of the functions R(r) and ®(¢),

(R 4+ ER' £ €?R)/R = -3" /.

Since the left-hand side depends only on £ and the right-hand side depends only on
o, we have

2 p! / 2 — 22
(E2R" + (R £ €R)/R=¢ } (8110

-3"/® = €2,

2

where ¢° is a constant. From the equation (31.10) we have

® = sin(ep + a),

where o is a constant. Since the value of a function should not be changed after
adding an angle which is an integer multiple of 27 to ¢, £ can only be equal to an
integer n. Thus, we have the following equations for the function R:

ER'+ER —(n21EH)R=0. (31.11)
Each of the equations (31.11) represents the Bessel equation, hence,
Rin + Ran = C1nJa(€) + CanYn(€) + C2nln(€) + CanKn(§).
The form of the oscillations can be represented in the following form
wn(r, #) = [Cinn(€) + Can¥a(€) + Canla (€) + CanKn(€)]sin(ne + o).

The constants C and a as well as the angular frequency w, on which A, hence, and
€ = Ar depend, should be determined.
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First, consider in great detail the most important special case: the axially
symmetric oscillations of a circular plate. The form of the oscillations will have the
form

w = C1Jo(€) + CaYo(€) + Calo(€) + C4Ko(£).

If the plate is solid and there is no support at the center of the plate, then
the deflection at £ = 0 should be finite. The expansions of the functions Yp(¢) and
Ko () into power series imply that these functions are infinite as £ — 0. However,
this fact does not imply that C3 = 0 and C4 = 0. In the vicinity of the point £ =0,
these functions can be represented in the following form?!

2

Yo(§)=%(1—%)ln§+%r1+..., (31.12)
2

I{o(§)=—(1+%)ln£—7+.... (31.13)

The ellipses denote the omitted terms which as well as their derivatives which
appear in the result of the fulfilled differentiation tend to zero as £ — 0. Hence,
after omitting these terms, the results of the calculation will not be changed. Let
us set C4 = 2C3/~ and form the sum of the second and the fourth terms

wy = Ca[Yo({) + 21{0({)/#] (31.14)

For £ close to zero, this sum has the form
wo = —C3&2Inéfm+....

Thus, this part of the solution also tends to zero as £ — 0.
Let us show that from the mechanical viewpoint the solution F
(31.14) contains a singularity of the type of a concentrated
load. r= 5

For this purpose we find the transversal force along a cir- !
cumference of a small radius £, calculate the sum of the trans-
versal forces along this circumference and pass to the limit as
& — 0. Obviously, the conditions of the equilibrium of the
part of the plate which is bounded by the circumference of the
radius £/);, imply that this limit is equal to the concentrated
load P, acting on the plate (Fig. 12), taken with the opposite Figure 12
sign. Thus, in order to determine the constant, we need to
introduce the expression (31.14) into the following equation:

d (d*w 1dw £ , . .
. 3 0 0
- — (=242 > —_p. 1.1
£ll_r'1})[ Dl\ld{( TS +€ pr: )]2#,\1 | P (3‘ 5)
When making the calculation, it is useful to use;the relati(_ms{_

EYo(e) | 14%ol6) _

PKo(€) | 1dKolE) _ o o0 -
de? + AT —-’_“K_o(E)- (31.17)

!See pages 11, 12.
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After introducing the expression (31.14) into the equation (31.15) and using the
equations (31.16) and (31.17), we obtain

hm { DC3)\? [—Yo (€) + —Ko(g)] 2«5} P. (31.18)

Using the expressions (31.12) and (31.13), after differentiating and passing to the
limit, for the determination of C3 we obtain the relation —8DC3)3 = P, hence
Cs = —P/(8DA%).

Thus, the expression (31.14) can be written in the following form:

Wy = 85/\2 [Yo(f)-i- 2Ko(§)] (31.19)

If the plate has a support at the center, then the function w(¢) should be written
in the form

w= CuJu(E) +Calol®) - g7z %O + 2Kate)] . (3120

where P is the support reaction.
In the case, when there is neither a support, nor a concentrated load at the
center, we have

w() = C1Jo(€) + C20p(§).

Since the plate is fixed along the contour, we have w = 0 and dw/df = 0 at
E=0F=2Xb.

From the boundary conditions we obtain the following equations which are
homogeneous with respect to C; and Cj:

C1Jo(B) + C21o(B) = 0,
C1J5(B) + CoI5(B) = 0.

This system has a non-trivial solution only if the determinant composed of the
coeflicients of the indeterminates is equal to zero.
From this fact we obtain the following equation:

Jo(B) 1o (B) ~ Jo(B}o(B) = 0. (31.21)

Obviously, if the general case of the oscillations is considered, then with each
form, which has n nodal diameters, the following expression is associated:

wn (€, ) = [C1nJn(€) + ConIn(€)]sin(np + a).
In this case we have
In(B)I(B) — Jn(B)1n(B) = 0. (31.22)

The roots of the equations (31.21) and (31.22) define the values of 8. Knowing
these values, we can easily determine the frequencies of the oscillations.

If Bin denotes the root of the transcendental equation (31.22), where i is the
ordinal number of the root, then

win = \/ DX /(vh) = B /DI (71) /.

The roots of the equation (31.22) are given in different reference books.
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One can easily consider the oscillations of a simply supported plate. In this
case the boundary conditions for r = b have the form: w =0,

Pw odw o dw

Or2  ror  r?0p?

where ¢ is Poisson’s ratio. The second of these boundary conditions can be written
in the following form:

8w 4 o dw 42 ?w

Or2 " rOr  r?dp?

=0,

=V2w+ (0 - 1)1%'r£=0. (31.23)

Since

V2[Jn(Ant) cos np] = —AZ Jn(Anr) cos nep,

V2, (Anr) cosng] = A2 I, (M) cosngp,
from (31.23) we have

~Xin[C1Jn (Ainb) — Caa(Minb)] = (1 = 0) {IC1T; (Ainb + Ca L (Xind)] /b} = 0.
Considering this equation together with the equation
ClJn(Ainb) - C2In(Ainb) =0,

we obtain a transcendental equation, which determines the frequencies of the free
oscillations.

Let us consider the problem of free oscillations of a circular plate with a point
support at the center. We shall use the method, which is called the method of forces
in structural mechanics,, assuming the amplitude of the reaction of the support by
an indeterminate X. We imagine the support to be omitted and its action to be
replaced by the force X sinwt. We consider the forced oscillations which are induced
by this force. Suppose that the circular plate is fixed along the contour. Then, with

the help of the results obtained above and using the formula (31.20), we obtain the
equation of the form of the oscillations in the following form:

85\3 [YO(O + Ko(f)]

where A* = w?9h/D, and Ay and By are determined by the boundary conditions
on the contour. Let us write the formula for the amplitude of the deflection at the
center of the plate

w = wo + wix = Cr10Jo(€) + Ca0lo(€) ~

wo(O) = CloJo(O) + CzoIo(O)' Sg)ﬁ [Yo(f) + — Ko(f)]l . (31.24)

£—0

Since the plate has a support at the center, w(0) = 0. We simplify the expression
(31.24), takmg into account that Jo(0) = 1, Io(0) = 1 and that, as has been shown,
the sum 2Ko(£) + Yo(€) vanishes at § = 0. ‘Using 'these facts, we rewrite (31.24)
and from the boundary conditions for the fixed edge ‘we find’ Cm and Cho. After
cancelmg out the factor X/(8DA?) from the expresmon obtamed we reduce the
expression to the form '

L(B) + Yo(B) + L(B)Y1(B) + 2/(p)
Jo(B) 11 (B) + J1(B) L) (B) S
4 2[1(8)Ko(B) = Jo(B) K1 (B))/7 +2/(=B) _
Jo(B)11(B) +J1(B)1o(B) - :
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Finally, we deduce from this the following transcendental equation:

2 2 4
L(B)Yo(B) + Io(A)Y1(B) + —J1(B) Ko (B) — =~ Jo(B)K1(B) + i 0. (31.25)
Having found the roots g; of this transcendental equation, we also determine the
frequencies of the eigenoscillations

wi=B D
T\ yh

whose forms are such that the reactions at the support arise there.

Let us consider the problem of the forced
oscillations of a circular plate fixed along the
contour, which are stipulated by a loading
which is uniformly distributed on a circum-
ference of the radius a which is concentric
with the contour. Let ¢ denote the ampli-
tude of the loading ¢ sin pt.

Let us represent the oscillations in the
form of a sum of a basic solution wy and a
compensating solution wy,.

The basic solution can be sought as the
solution of the problem of loading a plate which is not bounded, i.e. an infinite
plate. Of course, the basic solution, as a rule, cannot also satisfy the boundary
conditions, if the problem on the plates bounded in the plane are considered.

In order to satisfy these conditions, the so-called compensating solution is in-
troduced.

From the above-said it is clear that the compensating solution must satisfy
the homogeneous differential equation of the problem (hence, it must contain no
singularities in the domain occupied by the plate), and together with the basic
solution must satisfy the boundary conditions of the problem.

Suppose, for instance, the deflection and the slopes on the contour of the plate
should be equal to zero. The basic solution does not satisfy this condition; therefore,
non-zero deflections wp and slopes of the deflected plate surface pg corresponding to
the basic solution arise on the contour of the plate. The problem can be treated as
solved, if we managed to find a compensating solution, which satisfies the conditions
wy = —wg and a;,‘:, = —po on the contour of the plate. Then the sum of the basic
solution and the compensating one gives us the required solution of the problem
formulated.

First, we consider the search for the basic solution in detail. For this purpose,
we imagine dividing the loading into a series of elementary forces and sum the result
of the actions of these elementary loadings. Let us take a point with the coordinates
(a,6) on the circumference, on which the loading is acting. The elementary loading
corresponding to a segment of the arc of the length e df is equal to

gadd = gadf/\1, X = /p?*yh/D. (31.26)

Let us find w at the point with the coordinates r = £,/A,, ¢ (Fig. 13). For this
purpose we use the formula (31.19), replacing P by the expression (31.26) and ¢ by
the reduced distance from the point of application of the elementary force to the

Figure 13
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point of the plate under consideration, which is equal to

z=va?+§£2 - 2afcos(f — ),

and then we integrate the expression obtained. Thus, we have

2x

wo = — / é-%? [Yo(z)+ %Ko(z)] do

0
2%

= — gqﬁ%[/Yo(\/az + §2 — 2af cos(0 — ¢)) db
0
2 7
+ - / Ko(\a? + €2 ~ 2a€ cos(0 — ¢)) dﬂ]. (31.27)
0

In order to calculate the integrals in the expression (31.27), we use the addition
formulae for the cylindrical functions, which in the case considered have the form:
for( <a

Yo(va® + € — 2afcos(0 - 9)) =23 Ju(€)Ya(e@)cosn(0—¢),  (31.28)
0

Ko(v/a? + €2 — 2a cos(0 — o)) = 22' L () Kn(a) cosn(f — ¢); (31.29)
0

for{ > a

Yo(v/a? + € — 2afcos(0—9)) =25 Ju(e)Ya(E)cosn(0 —¢),  (31.30)

Ko(V/o? + € — 2afcos(0 = 9)) =25 In(@)Ka(€)cosn(0 —¢).  (31.31)

After introducing the relations (31.28)—(31.31) into (31.27) and integrating,
we note that all the terms of the series, which contain a cosine, vanish after the

integration. Thus, the solution only contains the result of the integration of the
constant term; therefore,

for{ <a
: . :
wo = =533 |J0(€)Yo(@) + ZIo(€)Ko()| (31.32)
for€ > a
[ 2 ]
wo = —72g Yo(6)Jo(@) + ZKo(E) o(a)| - (31.33)
1 J

Adding the compensating solution to the basic one, we obtain the solution of the
problem formulated o

w = wo+ A()Jo(f) + B()I()(f) "‘f
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The boundary conditions have the form

wo(B) + wi(B) =0,
wp(B) + wy(8) = 0.

We now determine Ap and By from the boundary conditions. For the fixed edge
we have the following equations:

Tqo

Aoo(P) + Bolo) = 735% [Ya(8) o) + ZKo()a(e)] =,
~Aoh(8) + Bola(8) + 7 [(8)n(e) + 2 B)ia(e)] =0,

Solving these equations and using the Wronskian?, we obtain

Ay = 92 Jo(@)[11(A)Yo(B) + To(B5)Y1 (B)] + 2Lo()/(nB)

4DX3 L(B)J1(B) + L(8) o (B) ’
Bo = 92 Jo(@)/B + Io(@)[)1 (8)Ko(B) = Jo(B)K:(8)]
°~ 2DX3 Io(8)J1(B) + 11(B)Jo(B)

Let us note that a variation of the boundary condition only changes the equations for
the determination of the constants Ag and By which are present in the compensating
solution.

Now consider the forced oscillations stipulated by the loading ¢; sin pt which is
uniformly distributed on the ring whose internal reduced radius is equal to a; and
where external one is equal to as.

In order to determine the basic solution we divide the ring into concentric
elementary rings. The a denote the reduced internal radius of the elementary ring
and a + da denote its reduced external radius. The loading per unit length of the
ring is equal to ¢ = ¢ dar/A;, where the dimension of ¢; is kg/cm?. The solution
corresponding to the action of this elementary loading is given by the formulae
(31.32) and (31.33), in which we should replace ¢ by ¢; da/);. By integrating these
expressions with respect to a from a; to as, we obtain the solution of the problem
formulated. If £ < oy, i.e. the cross-section lies in the internal circle which is free
of the external loading, then we should integrate (31.32), therefore,

oz

mq

oy

Using the formulae

T

/:L'Yo(:c) dz = zY1(z),

/zKo(z) dz = —z K, (z),
we can rewrite (31.34) in the following form:

wo = —Z%{-f{[azYl(az) - a1Yi(o))Jo(§) - %[azKl(az) - K, (01)110(5)}-

2See page 20.
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For £ > a; we must integrate (31.33) and should use the formulae

/zJo(z) dz = zJy(z),
/zIo(:c) dz = zI,(z).

Thus, for £ > a; we have

wp = — %}1@ / [Jo(a)Yo(f) + %IO(Q)KO(E)] ada

- 4_’*132;\_,1,.{[(,2& () — a1 ()]Yo(£)

+ —;?F[azh(az) - 0111(0‘1)]1{0(5)}-

If the considered point of the plate lies in the domain occupied by the loading, i.e.
ag 2> € > aj, then in order to solve the problem for a; < a < £ we should integrate
(31.33) and for £ < a < ay we should integrate (31.32), after replacing there, as
before, ¢ by g1 da/A;. In this case we obtain the following result for a; > £ > a;:

wn == T {I61(6) - ana(al¥o(e)
+ %[511(5) — anh1(a1)]Ko(€) + [@aY1(a2) — £Y1(€))J0(€)

—_ -12—1_[(121{1 (02) - gKl(f)]IO(g)}

Rearranging some terms in this formula, we obtain

Tq

wn = - F L LAY ~ V(€ o(@)]
+ 200 Ko(©) + (€ K (6)] - en s (1)¥olE)

- Lasts () Ka(e) + asa(an)do(®) ~ Zaski(an) o))

The terms in the square brackets can be simplified, by using the Wronski determi-
nant. After this simplification we obtain

T 4 2

s 3 - a1 (@¥e(6) ~ Zaui e (e

Wo =
T

+ aa¥i(a)o(€) ~ Zanks () Ioe)].

After summing the basic solution obtained with the conipensating one, we have
w = wo + wx = wo + AoJo(§) + Bolo(€),

where Ag and By are determined by the boundary conditions. -

Now consider the problem on the forced oscillations of a circular plate, on
which a concentrated force Psin pt is acting, which is applied at a point A whose
reduced distance from the center of the plate is equal to @ = Ayz. Let 0 denote
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the angle between the straight line OA and the fixed radius. We write the basic

solution which, in fact, has been determined above. For this purpose we replace
the argument ¢ by z in the formula (31.15)

wp = — 811;\2 [Yo(z)+~—Ko(z)] (31.35)

where z = \/a? + €2 — 2a€ cos(§ — p). With the help of the addition formulae we
rewrite (31.35) for £ > a in the form :

P 2
wo =~z Y |Yal(€)Jn(a) + =Ka(€)In(a)] cos n(8 — p). (31.36)
4D} ~—~ T
We represent the compensating solution wg in the form »
hod /
wk = Y [AnJa(€) + Bala(€)] cosn(f — o). (31.37)
n=0

The coefficients A,, and B,, can be found from the conditions on the contour of the
plate. Suppose that the plate is fixed along the contour whose reduced radius is
equal to . Then for € = § we have

Ow

— =0, =0, 31.38
=0 v (31.38)
where w = wg + wig.

After replacing w in the conditions (31.38) by the sums (31.36) and (31.37)
and making the coefficients of the cosines of equal arguments equal, we obtain the

following equations with respect to the unknown A, and B,:

57 [P0 (@ + 2Ea(PIn(@)] + Ansa(8) + Ban(8) =0,

7 [OVa(@) + 2O )] + 40 (8) + BuTy(8) =0

Solving this system of equations, after simple transformations associated with using
of the Wronskian, we obtain

4, = P _In(@) [=Ya(BL(B) + Ya ()1 (B)] — 2Un()/(nB)

"= D% AFIA GRERLIAY (31.39)
_ P ) B0~ OGO = 2a (o) ()
b = 1o 1n(8) 7 (8) — Jn ()T (B) - (3140)

Let us give a numerical example. Consider forced oscillations of a circular plate
fixed along the contour and loaded with a force P sinpt applied at the distance
a = 0.5b from the center, where b is the radius of the contour (Fig. 14).

We take the following main data, assuming the plate made of reinforced con-
crete: the modulus of elasticity is E =2-10° t/m?, Poisson’s ratio is ¢ = 1/6, the
specific weight is 41 = 2.41/m3, the density is v = v, /g, the frequency of the forced
oscillations is p = 480 - 27 /60 ~ 10 1/sec, the thickness of the plate is A = 0.2 m,
the radius of the plate is b = 3 m.

Let us determine the flexural rigidity

D = ER¥/[12(1 — ¢2)] = 2-10° - (0.2)3/{12(1 — (1/6)?)] = 1370 tm.
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Calculate

A1 = V7ihp?/(Dg) = ¥/2.4-0.2-502/(1370 - 9.81) = 0.69 1/m,

B=XM2b=069-3~2,
a=A1a~1,

the factor P/8DA? is assumed equal to 1 in the calculation.

The calculation is fulfilled by the formulae
(31.35), (31.37), (31.39), and (31.40). We are
interested in the process of obtaining of the so-
lution as well as in the convergence rate of the
series. Therefore, below we give the y-coordinate
of the elastic surface (Fig. 15) as well as the sum-
mary table of the calculation.

The first column of Table 31 contains the
coordinates of the points for which the deflec-
tion was computed; wy denotes the basic so-
lution; wi_ denotes the nth term of the series
(31.37) which represents the compensating solu-
tion, where A, and B,, are computed according
to the formulae (31.39)—(31.40). The intermedi-

Figure 14

ate obvious results, obtained by substituting numerical values into the formulae,
are omitted. The factor P/8DAZ is also omitted in the table.

Let us note that a small error occurs for the points of the contour, i.e. for
¢ = 2, for the considered method of obtaining of the solution. One can see from

o000
302990 /4 The point
Qo of application
Q646 ! of the force
450368 SRS
038942 Ng 3
q4131 S §§ §
40613 SSSN8\ s
g SSS8\S
78, S S
v i‘
30740 S
26396
q21872
017613 ~
Q73488 1
Q09732 I
qo6396 3
{03865
qo1632 -
000558
-000330

Figure 15
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.
point wo Wk Wk, Wk, Wy Wk, w
&%)

(0.2;0) | —0.2731 | 0.6603 | —0.0185 | —0.00126 | —0.00000385 0.00000156 | 0.34761
(0.4;0) { —0.1860 | 0.6504 | —0.0358 | —0.00491 | —0.000290 —0.0000204 | 0.38236
(0.6;0) | —0.1035 { 0.6345 | —0.0507 | —0.0107 | —-0.000950 —0.0000850 | 0.40613
(0.8;0) | —0.0350 | 0.6136 | —0.0621 —0.0182 —0.00215 —0.000258 0.41318
(1.2;0) 0 0.5892 | —0.0688 | —0.0266 | —0.0039 —0.000590 0.38942
(1.2;0) | —0.0350 | 0.5627 | —0.0696 | —0.0352 | —0.00612 —0.00109 0.30368
(1.4;0) | —0.1035 { 0.5363 | —0.0638 | —0.0429 | —0.00970 —0.00177 0.19646
(1.6;0) { —0.1860 | 0.5123 | —0.0503 | —0.0486 | —0.0111 —0.00249 0.10132
(1.8;0) | —0.2731 | 0.4934 | —0.0282 | —0.0510 | —0.0129 —0.00310 0.02990
(2.0;0) | —0.3563 | 0.48224 | 4+0.00304 | —0.04890 | —0.01330 —0.00311 0.00140
(0.2; Z) | —0.3642 | 0.6603 0 0.00126 0 0.00000156 | 0.29262
(0.4; %) —0.3873 | 0.6504 0 0.00491 0 0.0000204 | 0.27288
(0.6; ) | —0.4204 | 0.6345 0 0.0107 0 —0.0000850 | 0.23533
(0.8; 12"-) —0.4574 | 0.6136 0 0.0182 0 —0.000258 0.19208
(1.2; g —0.4958 | 0.5892 0 0.0266 0 —0.000590 0.14542
(1.2; 7)1 —0.5220 | 0.5627 0 0.0352 0 —-0.00109 0.10892
(1.4; %) | —0.5603 | 0.5363 0 0.0429 0 —0.00177 0.05826
(1.6; 3) | —0.5782 | 0.5123 0 0.0486 0 —0.00249 0.02632
(1.8; Z) | —0.5832 | 0.4934 0 0.0510 0 —0.00310 0.00600
(2.0 %) | —0.5745 | 0.4823 0 0.0489 0 -0.00310 0.00080
(0.2;7) | —0.4309 | 0.6603 0.0185 —0.00126 0.0000385 0.00000156 | 0.26393
(0.4;7) | —0.4930 | 0.6504 0.0358 | —0.00491 0.000290 —0.0000204 | 0.21972
(0.6;7) | —0.5401 | 0.6345 0.0507 | —0.0107 0.000950 —0.0000850 | 0.17613
(0.8;7) | —0.5703 | 0.6136 0.0621 —0.0182 0.00215 —0.000258 0.13488
(1.2;7) | —0.5829 | 0.5892 0.0688 | —0.0266 0.0039 —0.000590 0.09732
(1.2;7) | —~0.5776 | 0.5627 0.0696 | —0.0352 0.00612 —0.00109 0.06396
(1.4;7) | —0.5551 { 0.5363 0.0638 | —0.0429 0.00970 —0.00177 0.03886
(1.6;7) | —0.5166 | 0.5123 0.0503 —0.0486 0.0111 —0.00249 0.01632
(1.8;7) | —0.4638 | 0.4934 0.0282 —0.0510 0.0129 —0.00310 0.00358
(2.0;w) | —0.3990 { 0.4823 | —0.0031 —0.0489 0.0133 —0.00310 0.00030
(0;0) —0.3563 | 0.6637 0.0000 | —0.0000 | —0.0000 0.0000 0.3974
") When computing the deflection w, the terms wy,, , wy,, Wi, , w,, should be doubled; in

the notation of the points, the first number shows the reduced distance from the center,

and the second one shows the angle in radians.

the table that we have obtained a non-zero deflection on the contour; however, its
greatest value is approximately %% of the maximal deflection, which is at the point
(0.8;0).

It should be noted that the function w becomes infinite for

In(B)Jn(B) — I (B)Ja(B) = 0. (31.41)

Thus, we have the phenomenon of the resonance corresponding to the frequency of

the forced oscillations
_ . |Dg
P=A\ R B2
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where the (3, are the roots of the equation (31.41).

We now pass to consideration of the free oscillations of a plate with several
additional masses (n = 1,2,3,...,1), which are concentrated at the points an, 0.
After reasoning similar to those used in Section 4, one can obtain the following
frequency equation:

WwMiw(a, b 01,05w)—1 ... wWMuw(e,6:;0,6;w)
szlw(az,Gz;al,Ol;w) e sz,w(ag,Gz;a,,ol;w)

0. (31.42)
wMiw(ay, 05 04, 01;w) cer WEMw(ay, 0500, 050) = 1
The frequency equation also has the same form after replacing the additional

masses by elastic supports of the point type. In this case, we must set M,, = Cn

Y]
w
in the frequency equation, where C, is the stiffness of the support.
The frequency equation for a plate which has an additional mass M at the
point (a, 0), has the following form:

ww(a,0;a,0) = —1\1/7 (31.43)

Replacing w here by the expression obtained at the beginning of this section,
when we considered the problem on the forced oscillations, we can obtain the ap-
propriate frequency equation. Making the right-hand side of this equation equal
to zero, we obtain the frequency equation for the case, when the additional mass
is infinitely large, or, which is equivalent, for a plate with one stiff support of the
point type.

2. Consider a girderless floor, which represents a plate of reinforced concrete,
supported by columns located on a square or rectangular frame. The columns
are enlarged at the point of contact with the plate and form capitals. As a first
approximation, the girderless floor can be considered as a plate with supports of
the point type.

First, consider the problem on the forced oscillations of a circular plate with
supports of the point type, which is subject to the action of a concentrated force,

applied at the center and varied according to the harmonic rule. We set

P —
8D)?
1 and give the corresponding reduced distances in Fig. 16. First, we find the

deflections at points 1 and 2 of the plates loaded by unit forces as is shown in
Fig. 16.

Let us find w1, and wq,3. For this purpose we represent the solution as a sum
of the basic solution and the compensating one

P 2
w = AoJo(§) + Bolo(§) — 8DX [Yo(ﬁ) + ;Ko(f)] ) (31.44)
where Ay and By are given by the formulae page 140.

Using these formulae, we find

By = -0.0181. -

3Here, as. below, the first index denotes the number of the point, at which the deflection is
determined, and the second one denotes the group of the forces, which lead to the deflection.
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44

“—
b)

Figure 16

We find the deflection at point 1, by substituting £ = 1.41 into (31.20). Note
that the last term is the basic solution and the sum of the first two terms is the
compensating solution

w1a = —(0.3427 + 0.1531) — 0.381 - 0.5614 — 0.0181 - 1.562 = —0.738 ;

the numerical values of the Bessel functions present in these formulae are taken
from the appropriate tables.

In order to find the deflection at point 2, we substitute £ = 3.16 into (31.20)
and then we find in just the same manner:

Woq = —0.323.

Now consider the case, when the loading of the plate is fulfilled by four equal
forces applied at the points 1 and varying in time according to the harmonic rule
(Fig. 16b). As before, we find the deflections at the point 1 and 2 as the sums of the
basic solution and the compensating one. In this case the basic solution is defined
with the help of the principle of composition of forces as the sum of four solutions
of the type (31.19)

4
2
wp = Z [Yo()\lrn) + ;I{O()‘lrn)] )
n=1

where r,, is the distance from the point, at which the deflection is determined, to
the corresponding force.

When determining the compensating solution wg, we restrict ourselves only by
the constant term of the series (31.20), because the coefficients A,, B, Az, By, As,
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B3 of the series vanish in the considered case from the symmetry conditions, and
the influence of the term with the index n = 4 on the result is small.

Thus, we find that for the loading according to the scheme of Fig. 16b, the
deflections at the points 1 and 2 are equal to

wie = wo + wk = —1.624 — 0.585 = —2.209,
wop = wo + wi = —0.849 — 0.059 = —-0.790.

Just in the same way, we find that for the loading according to the scheme of
Fig. 16c, the deflections at the points 1 and 2 are equal to

Wie = 1.581 ,
Woe = —0.351.

We now pass to calculation of the reaction X; of the support at the points 1
and X3 at the points 2, using the method of forces. In our case the equations have
the form

wia + X1wis + Xowyc = 0,
woa + X1wop + Xowy = 0.
Solving these equations, we obtain

X; = —0.380,
Xz = 0.064.

Thus, following the usual scheme
of the method of forces, we reduce
the problem on the calculation of a
plate with supports to the calcula-
tion of a plate which is loaded by
the given force as well as by the re-
actions of the supports X, and X,
defined
above. Then, using the principle of
addition of actions, we find the de-
flections at the points I-VIII and I-
V' (see Fig. 17), which are caused by -
the forces mentioned. The calcula-
tions are collected in Table 31, where
w,, wp and w, denote the deflections
caused by the elementary forces ap-
plied as i1s shown in schemes a, b and
c of Fig. 16 (see Table 31).

For the plate shown in Fig. 18
the problem has been solved in the
same way. The force X; in this case does almost not differ from the force calculated
in the previous example, the deflections at the center differ by 1%. We will return
to the problem on circular plates as the basic system and, in this connection, to
the problem on girderless floors in Section 35.

Obviously, when solving the problem on forced oscillations of a girderless floor,
the refinement of the numerical scheme, which allows one to represent the real

Figure 17-
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point wq wy Xiwp We Xow, w
1] —-0.39913 | —2.95184 1.12126 0.74878 | —0.16522 0.55691
II{ —0.52081 | —2.85958 1.08622 0.59122 | —0.15559 0.40982
I | —0.67072 | —2.62284 0.99643 0.34925 | —0.12892 0.19679
IV | —0.74334 | —2.33440 0.88740 0.16446 | —0.09031 0.05375
VI —-0.70939 | —1.96782 0.74940 0.05586 | —0.04567 | —0.00566
VI| —057874 | —1.41140 0.54014 | —0.02987 | —0.00575 | —0.04435
VII | —0.38802 | —0.97440 | —0.37696 | —0.00910 0.01967 | 4+0.00851
VIII | —0.04294] 0.08233 | —0.02024 | —0.07496 0.01676 | —0.04642

conditions of the work of construction better, is of interest. First of all, in this case
we should take into account that the reaction of the support is not applied at a point
but distributed on some area. If we assume the reaction of a support distributed
along a circumference, then the basic solution for such loading should be found by
the formulae (31.32) and (31.33). If the loading is distributed uniformly on the
area of a ring and, in a special case, on the area of a circle, then we should use the
formulae (31.46), (31.51), (31.54). On the basis of Saint-Venant’s principle we can,
when constructing the compensating solution, as before assume the reactions to
be concentrated forces, applied at the centers of the corresponding circumferences
or circles. Moreover, when calculating the deflections corresponding to the basic
solution, we can replace the reactions of the supports which are sufficiently distant

from the point under consideration, by concentrated forces. Then, we construct the
canonical equations as before.

Let us note that we can find the compensating
solution with higher accuracy (although, in fact, it is
not needed). For this purpose we should expand the
basic solution on the contour into the trigonometric
series, using the addition formulae.

3. Consider the problem on oscillations of a cir-
cular plate compressed by a constant radial pressure
po which acts in the median plane. This problem is
more general than the problems considered in previ-
ous sections. As before, we begin with considering
the problem on a concentrated force. The differential
equation of the deflection surface has the form

2

Po P
AAw 4+ 2DAw pr.—O.

After passing to dimensionless coordinates, the differential equation takes the form

.

-

\P}_-u Iy

Figure 18 (3145)

AfAfw + 2boA£‘w -w=10 (3146)

where

_ PP’

—F, f=/\1‘.
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Let s; and s» be the roots of the characteristic equation. They are equal to

s1=—bo + /b3 + 1,
§g9 = —‘bo-—\/b%-i-l.

Let us note that the signs of s; and sy are always distinct. Denoting A\\/5; = A;

and A,/s; = i)y, we can write the general integral of the equation (31.46) in the
following form:

w= Y Ja(M7)[An cosng + A, sinng]
+ Z In(A2r)[Bn cos np + B:. éin n¢j
+ 2 Yn(M17)[Cn cos np + Cy, sinng] ' _
+3 Kn(22r)[Dn cos ng + D, sinn]. (31.47)

Let us denote Ajr = £;, A2r = £, Aja = a1, A2a = a3. The solution, which has é
singularity of the type of a concentrated force at (a, ), is of the form
1 1 2
=—— | =Y — .
Wy 8D [A% 0(21) + WA% 1{0(22)] , (31 48)

where

71 = A1 \/r2 + a2 — 2arcos(d — ),
z2 = A2\/r2 + a? — 2ar cos(d — o).

Consider the oscillations of a circular plate of the radius b, fixed along the contour,
which are caused by the force 1 -sinpt applied at the point with the coordinates
(a,8). For this purpose we should first expand the values of the function wy and
its normal derivative on the contour into the trigonometric series. Note that
forr<a

1 |1 2
wo = y;) 2_;0 [/\—%Jn(gl)Yn(al) + ﬂ-_,\%K"(az)I" (52)] cosn(f — ), (31.49)

forr > a

wp = — 4DZ [)\2 (1)Yn(&r) + 2,\2 n(ﬁz)In(az)] cosn(d — ). (31.50)

We represent the required solution in the form w = wg + wx, where

we= Z’ [22an(er) + JIn(ea)] couno =), @151)

The coefficients A, and B,, are determined by the conditions on the contour For
the plates with the fixed edge these equation have the form '

~ [ (@)¥al0) + Sy n(en) Kn(6)] + S0 (8) + FETa(B) =0, (3152

4, ) B, N
- [X:Jn(al)y.f(ﬂl) + ﬂ_—/\zln (az)K:.(ﬂz)] + jl‘Jn (ﬂl) + ”-X;In(ﬂZ) =0, (31-53)
where A]b = ﬂl and /\2b = ﬂz.
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After some simplifications connected with using the Wronskian of the Bessel
equation, we obtain:

~ 225 T (@1) + Jn(01) [FHYa(B1)I4(8) + s T (B2) i (61)]

_ . (315
An 3290 (BOIL(B2) + 5557 4 (B1) I (B2) -
=g da(@) + 2ha(eo) (A Ka(Ba)Ja(81) = £ T4 (8) K (B2) (31.55)

3 Jn (B (B2) + 3355 T4 (B1) 1n (B2)

If the denominator of the expressions (31.54) and (31.55) vanish, then we have the
phenomenon of resonance. In this case we must take into account the damping.
For this purpose we should introduce the imaginary part of the determinant A into
the denominator, in accordance with the discussion in Section 43 of Part 2. The
expansion of the basic solution into a series in cosn(§ — @) allows us to obtain
functions which have the property of the unit matrix.

4. The differential equation of this problem has the form

DAAw+ p, Aw =0, (31.56)

where, as before, po is the compressing radial pressure which acts in the middle
plane.

One can easily show that, by introducing the dimensionless coordinate £ = Ar,
we can reduce the equation (31.56) to the system of two equations

Agwr + A%w; =0, (31.57)
Aewz =0, w=w + ws, (31.58)
where the operator is
d 1d
St
and
2_Po
A= ik (31.59)

In order to obtain the basic solution of the problem formulated, we need to find the
integral of the system which has the singularity of the concentrated force type. As
has been shown, this means that the solution wp of the system of equations (31.57)
and (31.58) must satisfy the condition

lim [— D)3 %Afwo] -21r§— = -P. (31.60)

£—0

It has been shown that the function CoYy(€) is one of solutions of the equation
(31.57). The solution of the equation (31.58) has the form

w=Ag ln({) + By.

The solution of the system of equations (31.57) and (31.58) which satisfies the
conditions (31.60) and w(0) = 0, can be represented in the form

wy = CoYo({) + Ap 1!1{ + By. (3161)
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The constants Cy, Ag and By must be chosen such that these conditions hold. One
can easily show that

___P 2 2y
where v = 1.781072--- = €€ (C is the Euler constant). Let us note that the

constant term in the square brackets can be, broadly speaking, omitted, because in

this case it will be automatically present in the boundary conditions, if we consider
the plates bounded in the plane.

The second term of the expression (31.62), i.e. —L-.z In €, can be interpreted

from the mechanical viewpoint as the basic solution of the problem on the membrane
which is extended by the forces DA? and loaded by the concentrated force P. If we

denote the reduced distance from the point of application of the force to the point
under consideration by

z = /€2 — a? — 2af cos(6 — ¢),
then we can represent the basic solution as a series in cosn(f — ¢).
Thus, it remains only to expand the function In z into a similar series. We only
mention, without making the calculations, that such an expansion can be easily
obtained, if, using the remark made above concerning the static interpretation

of the expression ——Inz, we expand the concentrated force into a series in
T

cosn(f — ) and find the solution (i.e. the deflection of the membrane), which
corresponds to every term of this series.
Finally, we obtain in this way:

for £ < a
wo = wn = = g [Jo(@¥a(a) + 2;Jn (6)Ya () cosn(0 ~ )
_ %lna— %—H %g%cosn(a—p)], (31.63)
for € > a
wo = =~ g [Jo@¥4(6) + 23 I (Yo (©) cosn(0 — 0

n=1

2

- -lnf -7 +— E ———cosn(0 qp)] (31.64)
n—l

One can easily construct the functions which have the property of the unit

matrix. For this purpose we should apply the method given in Section 37, which

consists in constructing the functions of the direct ‘direction by formulae of the type

wyr — wi-

After making the calculations described in Section 32, we obtain the formula for
the fundamental function in the following form: |

Vo= -2 [n@h@ -a@no+ 25250 @)

rnf” Tna"
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Consider several examples connected with using the formulae (31.63) and (31.64).

Consider the stability of a circular plate of a p‘
constant thickness, which is fixed along the contour !
and has a stiff ring support (Fig. 19). We will cal-
culate the smallest critical force, by considering the
losses of stability which are symmetric with respect
to the center of the form. As before, let pg be the
intensivity of the radial pressure, D be the flexural

rigidity, A = P_Do_, & = Ar. The solution, which has

the singularity corresponding to the action of a load-
ing perpendicular to the middle plane and uniformly |
distributed along the circumference at § = \a = o,

has the following form, as can be seen from (31.68) Figure 19
and (31.69):
foré < a

wo = Jo(€)Yo(a) - ;2r—ln a, (31.66)
for€ > o

2
Wg = Jo(a)YO(f) - -1—r- ln{ (3167)
The boundary conditions for £ = A\b = 8 have the form
dw
w=0, E:O. (31.68)

The solution, which satisfies the boundary conditions and has the required
singularity at £ = a, can be written in the following form:

w = wo + AoJo(€) + Bo. (31.69)
Using the conditions (31.68), we find the coefficients Ay and By:
Jo(e)1(B) + &

0=

22 e el (G170)
Bo= SIng+ = 20F) — Jola)
o=Fnbr g J1(8)
Taking into account the fact that at £ = a we have
w=0, (31.71)

we obtain the following transcendental equation for the determination of the critical
loading;: .
Jo@)Ya(@) + 212+~ { 2 170(8) - 20o(@)] - @1 (B)} = 0. (31.72)

orTe = a Ju(B) =B " ° A IR

If we set & = 0 in equation (31.72), then the transcendental equation obtained
gives the solution to the problem of the stability of a plate which has a support
at the center and is fixed along the contour. This problem has been considered by
Nadai. If @ = 1, then we obtain the problem on a circular plate which has been
considered by A.N. Dinnik.
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Let us give the values of the smallest root of the equation (31 72) for different
values of the ratio %4 .

S=01 02 03 04 05 06 07 08 09; 10

B = 6.77; 596; 6.99; 6.66; 6.07; 547; 4.95, 451; 5.15; - 3.83.
The critical loading py is defined by the formula
2p
Pr = ﬂ_:z__ (31.73)

Consider the problem on stability of a plate which is simply supported along
the contour and has an intermediate ring support.

This problem differs from the preceding one only in one of the boundary con-
ditions. The condition of equality to zero of the slopes on the contour should be
replaced by the condition that the intensivity of the bending moments G; on the
contour is equal to zero, i.e.

for { = B,
w=0,
2 ’w
G, = —DA a‘Aw+(1—a')—-a—£—2— =0, (31.74)

where o is Poisson’s ratio.
These conditions lead to the following expressions for the constants Ag and Bq:

_ Jo(@)[(1 = )Yi(8) = BYa(B)) + F(1 - o)
BIo(B)— (1~ I (H) |

- %mp — Jo(@)Ya(B) — Ao Jo(8). (31.76)

Making the deflection at £ = a equal to zero, we obtain the transcendental
equation

(31.75)

Jo(@)l¥a(a) — Yo(B)] + Z1n 2

Jo(@)[(1 - o)1 (B) - BYo(B)] + (1 ~ o)
BJo(B) — (1 — 0)J1(B)

Let us give the obtained values of the least root of thls equatlon for dlﬁerent
values of the ratio a/b for o = 1/3:

+ [Jo(a) — Jo(B)]

=0. (31.77)

—b- =0.2; 0.4; 0.6; . 0.8; 1.0;

B, =4.79; 5.13; 518 . 442, 3.0

We now pass to investigating the stability of plates whi¢ch have point supports
constraining the vertical displacement. The reactions at such supports can be
reduced to concentrated forces.

Consider a plate with a fixed edge. As before, we divide the solution into two
parts: the basic solution and the compensating one. We set £ = £ in the basic

1As far as we know, other authors did not make the calculations for the ratio a/b different
from 0 and 1.
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solution (31.64). In this case we obtain that the deflection on the edge of the plate,
which corresponds to the basic solution, is equal to

Jo(@)Yo(B) + 22J (a)Ya(B) cos n(8 — p) — -lnﬁ

n=1

wo(F) = 4D,\2 [

—""Y

] (31.78)

n-'l
Differentiating (31.780 with respect to £ and setting £ = 3, one can obtain the
values of the slopes on the edge of the plate, which corresponds to the basic solution

dw) ~ _ P a ()Y (B) cos -——2—
-(Ti,&.)‘@‘_ DN [Jo( )Yo( ﬁ)+2ZJ,. JYa(B)cosn(0—¢) — =5

-= 2_:1 B%*T cosn(d — qp)] . (31.79)

We seek the compensating solution in the form of the series

we = Y _[AnJn(€) + Ba€™) cosn(0 — ). (31.80)
n=0

Then we have the following equations for the determination of the coefficients A,
and B, for n # 0:

-P
2D)? [J"(“)Y"( ﬁn] + AnJn(B) + B =0, (31.81)
-P 4 ’ -
' 2DA? [J,,(a)Y (8) - ﬂn+1] +AnJ(8) + 0B = 0 (31.82)
hence, -
_ P Ja(@)Yan(B) + B
An = 2DA2 Tn11(8) ) (31.83)
_ P () - Jn—l(ﬁ)n—l_;%r
Bﬂ - 2DA2 . 1rﬂ"+1Jn+l(ﬁ) (3184)

For n = 0 the constants Ag and By can be obtained from the formulae (31.70),
after mtroducmg the additional factor — ;17 into their right-hand side.
Thus, we have

W=wy+ wg = —— [Yo( )—%lnr——%’] + wyg. (31.85)

-P
4D)\2
For a circular plate with a stiff point support, we obtain the critical loading,

by making the deflection at the support equal to zero
w(a,8;a,8) =0, - (31.86)

or
[ 0]

> [AnJn(a) + Bra®] =0, (31.87)

n=0
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because
U)o(O) = 0.

Suppose that a circular plate fixed along the contour and loaded by a radial
pressure has [ supports of the point type. We take off the supports, by replacing
their action by the forces. The critical loading can be obtained, by vanishing the de-

terminant of the system of equations which express the fact that the displacements
at the supports are equal to zero

w(ay,b1;01,615p) ... w(ai,0i;01,0,;p)
w(az,82;01,01;p) ... w(ag,b0,0;p

_ ( 2 o (31.88)
w(ay,0i;01,61;p) ... w(au,bi;a:,6:;p)

32. Equilibrium of a circular plate lying on an elastic foundation.
Axially symmetrical deformation

In this section we consider the problems on a circular plate, which lies on
an elastic Winkler-type foundation, when the reactive pressure p at a point is
proportional to the deflection of the plate at the same point:

pP= kow.

The coefficient of proportionality kg is called the bedding constant of the founda-
tion material. Moreover, we suppose that radial forces are applied to the plate,
compressing or stretching it.
Such problems arise, when calculating a plate which is compressed or stretched
due to the temperature effect as well as when calculating prestressed coatings.
The differential equation of the deflection surface of a plate which lies on a

Winkler-type foundation has the following form, if we take into account the influ-
ence of the radial forces:

DV?V%w — poViw + kow = g, (32.1)

where D is the flexural rigidity, ko is the bedding constant of the foundation ma-
terial, ¢ is the intensivity of the external loading, py are the radial forces which
are assumed positive in the case of stretching. In this section we only consider
the axially symmetrical problem; therefore, the Laplace operator has the form

d? d

vi= ) + l-d— We denote I = {/Dfko, £ = r/l and rewrite (32.1) in the
r rdr

following form:

a2 1d\° 2 1d gl
(o) o=@t im) =5

bo = pol?/(2D).

Consider the homogeneous differential equation

&2 1d\’ @ 1d
— + == -2 | =+ =0. 32.2
(1) v (G tig) wre=o (322)
We shall seek a solution of this equation in the form

w = AZo (V3€) (32.3)

where
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where Zg is the cylindrical function with zero index. We substitute expression
(32.3) into equation (32.2) and use the relation

P20(V5) | 1420 (30) _ _ p

d¢? f d¢
After cancelling by AZo (1/5€), we obtain the characteristic equation
s% 4+ 2bps+1=0. (32.4)

Let s; and s; denote the roots of this equation. Suppose that s; # s3. Then the
solution of the differential equation (32.2) can be written in the following form:

w = A]Jo (§V/51) + A3Y0 (§V/51) + A3Jo (6v/52) + AlYo (6v52) - (32.5)

Consider in more detail the roots of the characteristic equation (32.4), which are
equal to 51,2 = —bo £ \/b% — 1. Assume that |bg| < 1. Denoting

Vs =petf®, t=p o= [a.rctan (—bo/ 1- b%)] /2,
we rewrite (32.5) in the following form:

w = A}Jo (pe'®) + A;Hél) (pe"”) + A3Jo (pe™*%) + A4H(2) (pe=*¢).  (32.6)

Let us use the notation
W A

Jo (pe***) = iio(p) = ito (p),
HY (pe*®) = fo(p) + ido(p),

andb,s._gat.=

R Ay = A7 + 45,

o Ay = i(A} — A3),
Az = Aj + A},

A4 =i(A5 — AD).
Then (32 6) takes the form

w = Arfio(p) + Azio(p) + Asfo(p) + Asdo(p)- (32.7)

When stretchmg the plate, we have b, > 0 and ¢ > 7/4; when compressing it, we
havé by < 0 and ¢ < x/4. If by = 1, then the characteristic equation has multiple
roots.

Consider the problem on a plate of an infinite radius which is loaded by a
concentrated force. We take the point at which the force is applied as the origin.

If the characteristic equation has complex roots, then we should set A; and
Az in the solution (32.7) of the homogeneous differential equation equal to zero,
because the linearly independent functions ug and v also become infinite as p — oo.
The functions fo and go which are present in this solution tend to zero at infinity.
In order to find the coefficients of these functions, we should consider the conditions
at the origin.

There are two such conditions. The first one asserts that the deflections of the
plate are bounded. The second condition has a static character and consists in the
fact that the sum of transversal forces which act on a circumference whose center
is at the origin, tends to a given force, if the reduced radius of the circumference
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tends to zero. Thus, the second condition can, just as in the previous section, be
written 1n the form

Dd_, P
B dPV T 2xlp’
d? 1d

2
=4 —== A,
dp? " pdp~ "

We give the expansions of the real and imaginary parts of the Hankel function of
a complex argument, keeping only the terms which are essential for the calculations
connected with passing to the limit as p — 0:

- 2 o
go(p) ~ —(ln£+C)+...,

1 2
fO(P)"’ —P lnpsm2<p+1-— —¢+

where C is the Euler constant. Sni

The first of these formulae shows that the coefficient of go(p) must be assumed
to be equal to zero, because the solut.lon should not become infinite as p — 0. Thus,
w= Az fo(p). One can easily see® that as p — 0

d
dp

Hence, A3 = PI2/(4Dsin2¢); if p = 1r/4 "then Az = PI2/(4D).

Consider an unbounded plate whlch is loaded by forces uniformly distributed
along the circumference of a radlus a; the reduced radius of this circumference is
a=afl
" In order to obtain the solution” of t.hls problem, we use the equation of the
deflection surface of the plate which is  Toaded by a concentrated force P. Consider
the element of the arc of the circumference, which has the length ds = adf. The
force, which acts on this element, is equal to ¢ ds. Let us find the deflection which is
caused by this force at a point B whose polar coordinates will be denoted by (r, ;).
The distance between the point at which the elementary force is applied and the
point at which we calculate the deflection, is equal to \/r2 + a2 — 2ar cos(8 — 6,),
and the deflection caused by the elementary'loading is equal to

gal? M e
dw = 4Dsm2<p§RH ( \/r +a —2ar cos(6 — 6,)

In order to find the deflection caused’ by the gwen loadmg, we should integrate the
expression obtained @0 o '

Aofo 1% sin 2<p

Tyl u'- . Miges tuage wilte
5 i sRocan rEe

2w

o= gt () o

4Dsin 2¢

In order to calculate this integral, we should, as before, use the addition formulae
. for the cylindrical functions. These formulae have the form
fora<r

(1) ( \Vr? + a2 — 2arcos(f — 01)) = QZ Jn a/l)H(l) "/l) cosn(0 61),

5See pages 14, 16.
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fora>r

Hél) (%\ﬁ.z + a? — 2ar cos(f — 01)) =2 E' H,(,l)(a/l)Jn(r/l) cosn(d — 6y).

After integrating and separating the real and imaginary parts, we obtain the solu-
tion of the problem in the following form:

forr<a
rgad®  _ _ _
w=w = m[fO(a)“O(P) = Jo(a)To(p)); (32.8)
forr >a
nqad® = _ -
w=wy = m[uo(a)fo(l’) — Bo(a)Jo(p)}, (32.9)

where p=r/l, a = a/l.

As a check shows, the functions w(r), w'(r) and Aow(r) are continuous at
r = a. Hence, the moments G; and G; are also continuous; the function Agw’
is discontinuous with the break ¢/D; hence, the transversal force has the required
break equal to gq.

The solution of the problem on a plate loaded along the circumference of the
radius a by the moments g,,, whose vectors are directed along the tangent to the
circumference, can be obtained by applying two loadings, equal in value and directed
in opposite directions, to the circumferences, whose reduced radii are equal to a
and a +¢, setting ¢, = g¢ and calculating the limit to which the solution tends as
€ — 0. The equation of the deflection surface, obtained in this way, has the form
forp<a

- 213;1;:12 [Fal@)io(p) — do(@)olo)];

forp>a

Tgmal?

= 5D oin 2 H0(0fo(p) = 5(a)o(p))-

This solution together with w'(p) and Agw’(p) remain continuous at p = a.
The function Agw(r) and the radial moment G; are discontinuous.

Let us consider the problem on loading a plate by the angular deformation 6.
The solution, having a break in the slope of the given value 8 at p = « should
remain continuous at p = a together with the moment G; and the transversal force
N.

This solution has the form:.
fora > p

_ 7ra001

Sein2p { [fo(a) cos 2¢ + go(a) sin 2¢p — 1- Uf(,(a)] %o (p)

+ [ yo(a)cos2¢+fo(a)sm2¢+ = a( ")] "0(”)}
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fora<p
1ra001 - _ . ) R " -
w= Sem2p ig(a) c?os 2¢ + v () sin 2¢p — ag(a)| fo(p)

+ [—170(0) cos 2¢ + tip(e) sin2¢p + U%(a)] EO(p)} '

For a = p, Agqw as well as the circular moment G, are discontinuous.

5. The problem on the loading of a plate by the deflection f has the following
solution:

fora>p

w= =21 {[50(@) + fo() cotan 2plan(p) + [Fo(a) — () cotan 2¢l5a(s)} ;
fora<p

w= "L ((50(@) + (o) cotan 261 olp) + [E5(a) — 50(a) cotan 2eli(p)}

For a = p this solution has a break of the value f. The first derivative, the
bending moment G; and the transversal force N; remain continuous.
In conclusion we consider the problem

of the calculation of a plate of an infinite 4 v “
radius, which is subjected to the loading go
uniformly distributed along the circle of the A

reduced radius 8 (Fig. 20).
In order to obtain the solution, we use Figure 20

the principle of addition of the actions, by

integrating formulae (32.8) and (32.9). Thus, we have

[ )

Wy da-l—/w;da,
’ \ (32.10)

forp< B w=

forp>p w= | wida,

|
[

where wy and wy are expressed by the formulae (32.8) and (32.9), respectively, in
which the value ¢ should be replaced by the value lgg, taking into account that the
dimension of gq is kg/cm?.

Introducing the expressions for w; and wy; into (32.10), we obtain

p
7rq - - - -
w= g | 0[ aio(@)o(0) ~ Fo(@)7ole)] da
B
+ [ atfo(@ials) - go(@)7u(e)] da}.

In order to calculate these integrals, we use the elementary formula

a‘—i;[zZI(z)] = ZZ()(Z),
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where Z denotes an arbitrary cylindrical function. By integrating this equality, we
obtain

szo(z) dz = 22,(z). (32.11)

Setting z = pe'?, Zy = Jo and taking into account the obvious equalities
z = p(cos ¢ + isin p);
Jo = g + 17p;
dz = dp(cos ¢ + isin @),
we rewrite (32.11) in the following form:

/zJo(z) dz = /p(cosgo + isin p)?[@o(p) + ivo(p)] dp

= (cosgp -+ ising)? [ plia(p) + ito(p)] dp.
On the other hand, setting
J1(pe*®) = @1(p) + it (p)

and

HM(pe") = filp) + ig1 (p),

we obtain
2J1(z) = p(cos ¢ + isin @) (1) + ith).

Thus, we have
ploossp +isin ) (i + i01) = (cosyp -+ isinp)? [ plalp) + o0(p)] dp.
Cancelling by cos ¢ +isin ¢ and separating the real and imaginary parts, we obtain
pliy = cosyp / pio(p) dp — sin p / pio(p) dp,
pUL = singp / piio(p) dp + cos ¢ / po(p) dp;
therefore,
f puo(p) dp = p(it1 cos o + By sin p),
/ pYo(p) dp = p(9 cos ¢ — &y sin ).
Without giving the obvious calculations, we write
fpfo (p) dp = p(f1 cos ¢ + g1 sin ),

f p3o(p) dp = p(— f1 sin ¢ + g1 cos ).

Using these formulae and noting that #;(0) = 0, #;(0) = 0, we transform
(32.10), applying the Wronski determinant for necessary simplifications. As a result,
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we obtain
forp< B
wqof3 2sin2¢p = _ . _
= gotel {220 4 1u(8)cos i + 5 (8) sin glils)

— [31(B) cos ¢ — f1(B)sin tp]f)o(p)}. (32.12)

Just in the same way we obtain:
forp>p

- 2k::1°f %0 {+['71(ﬂ) cos ¢ + 91(6) sin ¢] fo(p)

- [1(8)cosp — () sinlaolp) ). (32.13)
For p = 0, i.e. at the center of the plate we have

2
= 2k::i0nﬂ2<p_ [ ﬂsm2‘P+f1(ﬂ) cos ¢ + §1(B) sm<p]

The bending moment at the center of the plate can be obtained by differen-
tiating the expression (32.12). However, we use another approach, by calculating
the moment at the center for the loading on the circumference and integrating the
result obtained.

For loading by the force g uniformly distributed along the circumference of the
reduced radius a, we have:

forp<a w=s ;;g;;(p [fo(@)io() — do(@)io()]
The bending moment G, is expressed by the following formula:
D 1dw
GL=—— [Aw
1 (1-0)- > dp
Let us give the formulae of the differentiation
Atig = —1ig(p) cos 2¢ + o (p) sin 2¢p,
At = —ug(p) sin 2p — i (p) cos 2¢,

hence,

_ —mqla
" 2sin2p

{[-uo(p)cos2¢+uo(p)mn?¢ (1 )°(p)]f(a)

+ [ﬁo(p) sin 2¢ + 6o(p)sc§§>2;p'+;(:'1\—.a).-.°l()—”?] ‘g‘o_(a)}. (32.14)

Setting p = 0, we can determine the moment at the center of the circumference
from the expression (32.14). In this case we should take into account that

4(0) =1,
vp(0) =
Taking into account the equality
dJo(pe'?)
et dp

= —Ji(pe™),
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we obtain that as p — 0
ag(p) + ivg(p) ~ —g(cos 2¢ + isin 2¢)
or
- P
(p) e —2 cos2p,
%(p) ~ — 3 sin 2¢),

hence,

i5(p) o 0520

p 2’
Uo(p) ., _sin2y
p 2

Thus, the bending moment at the center of the circle is equal to

G1(0) = "-4255' [1 3 Jol@) cotan2p ~ = "ﬁo(a)]
= —w:ola (1 + 0)[go(a) — fo(a) cotan 2¢). (32.15)

In order to obtain the bending moment at the center of the circle of the reduced
radius S for the loading which is uniformly distributed on the area of the circle,
we should integrate the expression (32.15) with respect to o from 0 to 8. After
integrating, we obtain

—_ 2 _
G1(0) = L1 4 ) (—[cotan2p 008 + sin 41 (6)

+ [cos p - cotan 2 sin p]gy (B)}, (32.16)

where go denotes the loading per the unit of the area.

33. Equilibrium of a circular plate lying on an elastic foundation.
Non-axially symmetrical deformation

In this section, in contrast to the previous one, we consider a plate which lies
on an elastic Winkler-type foundation which is not loaded, however, by axial forces.
Therefore, po should be assumed equal to zero, and we should take ¢ = /4 in the
argument of pe'?. In the notation for the real and imaginary parts of the Bessel
functions we should omit the bars over the letters u, v, f and g in this case.

It follows from Section 32 that the solution of the problem on an unbounded
plate which is loaded by a concentrated force P has the form

w= PIfo(£)/(4D).

By integrating this expression, which is the basic influence function for P = 1,
we obtain the basic solutions for some special problems.

Consider a plate which is loaded by the forces gcosné distributed along the
circumference whose reduced radius is denoted by a.
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Using the principle of addition of the actions, we represent the deflection at a
point with the coordinates &, ¢ in the following form:

qal /fo \/CTZ+ €2 — 20£ cos(0 — go)) cosnf df.

In order to compute this integral, we use, as before, the addition formula for the
cylindrical functions

Zo (Vo@ +& —2afcos(f—¢)) =2 Jn(@)Zu(f)cosn(d0—p),  (33.1)
n=0

where the sign ' means that we should introduce the coefficient 1/2 for n = 0. This

formula holds for @ < §. If & > £, then we should interchange a and £ in the
right-hand side of (33 1). Setting

2o = H§Y (Viva? + € — 208 cos(0 — 9)) ,

after integrating and taking the real part, we obtain
for{ <a

w = wy = 7agl®[un(€)fa(a) — va(€)gn(a)] cosnp/(2D), (33.2)
for§ > a

w = wyir = 7aql®[un (@) fn(€) — va(a)gn(€)] cos np/(2D). (33.3)

Setting n = 0 in the expressions (33.2) and (33.3), we obtain the formulae for the
axially symmetric problem.

Using the Wronskian of the Bessel equation, one can show that the solutions
obtained satisfy the conditions of the conjunction at £ = a.

By integrating the expressions (33.2) and (33.3), we can solve the problem on
an unbounded plate, which is loaded accordmg the law ¥(£) cos nf, where ¥(§) is
a given function.

If a loading ¢(¢) distributed along the circumference of the reduced radius o
acts on the plate, then, expanding this loading into the Fourier series, we have

o0

q= Z(a,. cos nf + by, sin nf)

n=0

and, using the formulae (33.2) and (33. 3) we obtam the solutlon
fora <¢

Tal

w= -{ > anfun(w)n(6) - in(@)sn @l sin e

+an[u,.(a)fn(£)—vn(a)g,.(&]cosmp}; (33.9)
n=0 o ' .
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foro > ¢

mald

w= TI__)—{ E anftn(€)fa(a) — vy, (§)gn(a)] sinnp
n=0

+ 3 baltn(€)Fn () = 5 E)an )] cos i} (33.5)

n=0

With the help of the formulae (33.4) and (33.5) it is convenient to construct
the basic solution for the loading represented in the form of the series

qg= Z ¥y (€)[an cos n@ 4 by, sin nd).

n=0

If the loading applied to the plate can be represented in the form

o0
qg= Z £"(a, cosnb + b, sin nd) (33.6)
n=1
or
q= Z{'"(an cos nd + by, sin nf), (33.7)
n=1

where n is a positive integer, then the integration is especially simple®.
Remember the formulae of differentiation of the Bessel functions

d n — n
d—z-[z Ja(2)] = 2" Jn-1(2),

d n n
Zl HV(2)] = 22 HY, ().

Setting z = £/, integrating and dividing the real and imaginary parts, we obtain
the following formulae:

[ un-1©) d = €un() + m(@/V2,
[ € n-1(0) de = € lune) ~ val@/VE
[ 11O de = €1a6) + sm(EVE,
[ €11 de = ~€"14al) - sm(E/VE

The solution for the loading which is varied according to the rule (33.6) and
is distributed on the area of a circular ring, can be obtained after integrating the
expressions (33.2) and (33.3). For this purpose we should firstly replace the loading
¢ in these expressions by the elementary loading goa™dz = goa™lda, where qq
has the dimension kg/cm?. Let us note that in this case the factor I*/D = 1/k,
appears. Then we integrate these expressions from a = a; to o = ajs.

SIf the exponent of £ in (33.6) and (33.7) is different from +n, then the solution can be
obtained via the Lommel functions of a complex argument.
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Figure 21

For £ < a; < a3 the solution has the form

az

w= /71'(10‘1 [un(f)fn(a)-*v,.(f)g,.(a)]cosngoda |

o)

Tqo

({ag“[fn-kl (a2) + gns1(a2)]
2ko\/2

— ! fas1(on) + gnir(ea)]Jun(€)
+ {3 [fas1(a2) = gnia(a2)]

— af ' fag1(@1) = gnt1(@1))}n(€)) cos nyp;
For{ > a; > a

- %({agﬁ[unu(az) + vns1(a2)]
— o [unpa(@1) + vas1(a1)]} fn (€)
+ {5+ [un1(@2) = Vni1(aa)]
— a} P Mupp1(en) = vas1(a1)]}gn(€)) cosnep.
For as > £ > a; the solution can be written in the form

w= 2:9\0/_({ Hfn+1(a2) + gnsr(@2)] — € [fas1(E) + gna1(E)}ualé)

+ {a5  fat1(a2) = gnsi(@2)] = €2 [Fns1(€) — gn41(EN}va(6)
+ {€n+l[un+l(£) + 'Un+1(§ ] _ a1+l[un+1(al) + vn+1(01)]}fn(§)
+ (6" [un41(€) = vns1(8)] — @PF [tng1(e1) — vns1(@1)]}gn (£)) cos np

Tqo

2k0\/—{ ay [ fatr(o2) + gnsr(e2)]un(€)

+ a5 [fasa(@2) — gnis1(az)lva(€)
— o uny1(0n) + vny1(en)]fn(€)
— a7 fun41(@1) = vngr(@1)]gn(€) + 26" V2/7} cos np.

These formulae give the expression of the nth term of the series, which repre-
sents the deflection for the loading given by (33.6).

The case n = 1, i.e. the loading by the forces varying according to the rule
q(€) cos§ (Fig. 21a,b), has an independent practical value. Such a loading can
appear when calculating the foundations, on which circular cylinders rest which are
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subjected to the action of horizontal forces; with such a loading the circumferences
with the center at origin remain plane, rotating one with respect to another.

The work [21] contains tables of the functions,
the use of which enables one to obtain numerical
results for the case n = 1.

Consider the problem of the calculation of a
circular plate with the free edge, which is loaded by
a concentrated force P. Let 8 denote the reduced
radius of the plate, and o denote the reduced dis-
e o tance from the point at which the concentrated
force is applied to the center of the circle. The ba-

/Z\ sic solution for the loading by a concentrated force
¢ ¢ has the form

2
wy = %fo (\/a2 + €2 — 2af cos <p) , (33.8)

where §, ¢ are the polar coordinates of the point
Figure 22 considered (Fig. 22). In this case ¢ is calculated

from the radius which passes through the point at
which the force is applied.

In order to obtain the compensating solution, we first, using the addition for-
mula, write the basic solution wq for £ > o in the form of the series

2
wo = T o 3" un(@)£2(€) ~ va(@)ga ()] cosne. (33.9)

On the circumference of the radius 8, when deforming the plate on the surface
wp, the bending moments arise, which can be calculated

6= -5 3wt [t - 15 (1100 - 22020

n=0

+onla) [ 1al8) + 157 (gi.(ﬂ)—i‘q;—@>]}cosn¢- (33.10)

The reduced transversal forces will be defined with the help of the formulae

M- G = =g et [aaim - L (0 - 2]
+v,.(a)[ ' (8) + (_._L( '(B) — g"(ﬂ))]}cosmp. (33.11)

p?

We seek the compensating solution in the form of a series

P2
) Zo[a,,un(f) + bnvn (£)] cos ne. (33.12)
n
In order to determine the unknown coefficients a,, and b,, we use the conditions on
the contour. Since the plate has the free edge, for £ = § the bending moment and
the reduced transversal force are equal to zero.

We have determined the values of the moments and transversal forces on the
contour, which appear as a result of the deformation described by the basic solution.
We now find the moments and the transversal forces caused by the compensating
solution.
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Substituting the expression (33.5) into formula (32.10) and setting £ = B, we

obtain:
——nz_o{an wn(0) - 5= (sa(0) - )]

b, u,.(ﬁ)+1"" ot () = 2O cosn. (38.13)
B B

Just in the same way we obtain

M= Gk = = 5 Y o [0 - 22 () - 222)]
[ (ﬂ)+-2(—lp——)(,.(ﬂ) ""("))]}cow. (33.14)

It follows from the boundary conditions that at £ = 8 we have

Gy + Gl =0;
8H, .. OH;: (33.15)
Ny — 851 +N7 - =L =0

Making the coefficients of the cosines with equal n equal and solving the systems
of the equations, which are obtained in this case, we find:

k) (ﬁ) B, uE.”‘(ﬁ)

—A,,vLQ’ (8) + Ba vLMl(p) -

"= )9 6) — o (5)u(5)’
where
An = un(a)g™M(B) — va () FM(B),
B, = un(a)g [‘”(ﬂ) — va(a) 719(p),

-l n? ]
ulM(B) = —un(B) - “(ﬂ)—?vn(ﬁ) :

,,[M](ﬂ) =,

n2
[u,. 8) - Fun(ﬁ)] ,
M) = —fa(B) -

7 eu(®) - %g,. 8| .

n2
0 = gnl0) - 15 [f’(ﬁ)——fn(ﬂ)]

Un(ﬂ)
B

n2 Uy,
49(B) = v (8) - (1= )35 [u,.(ﬂ) ‘ﬂ)] ,
) n? [ ' gn ()G)1

uIB) =~ (6) ~ (1~ )37 [h(6) -

fﬁol(ﬂ)=—fé(ﬂ)—(1-dﬁLg,.(ﬁ) =5 |
A9(6) = 6,(6) ~ (1~ 0) 33 [f,.w f"‘ﬂ’]
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Figure 23

Now consider the problem of the calculation of a circular plate with the free
edge, which is loaded by a loading g¢o uniformly distributed on the circle of the
radius o) whose center is located on the distance a from the center of the plate
(Fig. 23). We assume that o + a; < f, i.e. the whole circle lies inside the contour
of the plate.

Consider a point with the coordinates (£, ). Its distance from the center of
the circle, on which the loading acts, is equal to

z= a2 + €2 — 2af cos .

The basic solution represents an deflection surface of an unbounded plate which
is loaded by the loading uniformly distributed on the circle. From the formulae of
Chapter II we see that

for z < a3
goma 2
wo = I |-t gh(anuale) + ifanua(s)]|, (3318)
and for z > m
m
wo = % [vh(e1) fo(z) + ub(ar)go(2)] - (33.19)

In order to obtain the compensating solution, we should first represent the basic
solution as a series in cos ny.

The basic solution can be considered as the sum of two terms, the first of which
contains fo(z) and the second one contains go(z).

We have used the expansion of fo(z) many times. Therefore, we now consider
only the representation of the function g¢(z) in the form of a series. By definition

90(z) = SH((,l)(z\/zT).

After replacing z in the addition formula by its value and setting £ < a, we have

1§ (Vive + 8 —2afeosp) =23 n(aVi)HP (EVE) cosnp.  (33.20)
n=0
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Introducing in accordance with Section 1 the notation
HO(EVE) = fa(€) + ign(8),
In(€V) = un(£) + iva(€),

and separating the imaginary part, we obtain

go(2) =2 Zl[vn(a)f,,({') + Un(a)gn(g)] cos ny.

n=0

Thus, for £ > o the basic solution can be represented in the form of the following
series:

Qo0

wo = P {vﬁ(al) Z’[un(a)fn(f) — -;J;(a)g,,(ﬂ] cos ny

+ug(ai) Zl[v,.(a)f,. (&) + un(a)gn(€)] cos ntp}. (33.21)

The bending moments and the reduced transversal forces on the contour of the
plate for the deformation which is described by the basic solution, have the form

61 = - T2 1h(00) Y- lun @D ~ wn (@ N B cos
+ ug(e) Z,[vn (a)gM(B) + un () fIM)(B)] cos ntp}. (33.22)
M= O = TR o) Tun(@)d(6) — vale) A @) oo

+ () 3 [on (@19 (B) + (@) £19(8)] cos mp}- (33.23)

As before, we seek the compensating solution in

the form
P12 g% ””!””””’”!M!& ’
wi [anun(€) + ban (§)] cos ny, g

~ 2D
where P is the total loading which is equal to goma?i?.

Then by formulae (32.10) and (32.13) we obtain
the expressions for the bending moment Gx and the

transversal force N;x which correspond to the com- KDW
pensating solution. The coefficients a, and b, can
easily be found by solving the system of equations \V
GI + G =0,
N+ Ny =0.

The problem can now be treated as solved.

Let us note that the result obtained can easily be
generalized to the case of an arbitrary loading, which
is distributed on the circle of the radius a; and is
symmetrical with respect to the center of the circle. The reason is that for any
such loading, the basic solution has for z > a; the form

wo = Afo(z) + Bgo(z).

Figure 24
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qoTmay f

L1 vh(0s) and uh(on)
2ko

0

Thus, in this case we should only replace the values

by A and B, respectively.
Consider the problem for the special case, when the loading is varied according
to the rule

g=azcosy

(the notation is given in Fig. 24).
The basic solution has the form

wo = [Af1(2) + Bg1(2)] cos ¥,

where A and B are defined by the formulae of this section. For a > ¢ the following
formula holds ' '

Zy (\/cv2 + &2 - 2af cos <p) cosip =2 ZI Zm1(a)Jm(€) cos mep.

m=0

Replacing o and £ by av/i and £V, respectively, setting Z; = Hfl)(&/;) and
separating the real and imaginary parts, we obtain

RZcos Y =2 [frnt1 () m(€) — gmt1 ()0 (€)] cO8 mip,

m=0

SZycosp =2 Zl[fm_,.l(a)v,,. (&) + gmsr1(@)um(€)) cos me.

m=0

Using these expansions, we can easily obtain the compensating solution.

34. Calculation of a circular conic shell under the action of axially
symmetrical loadings and non-uniform heating

Consider the calculation of a circular conic shell of constant thickness, which
is under the action of axially symmetrical forces and non-uniform heating. For
the sake of simplifying the calculations, we apply the method which is known in
structural mechanics as the method of initial parameters.

This method is developed in detail in connection with problems on the bending
of a beam, on the bending of a beam on an elastic Winkler-type foundation and
on the oscillations of a beam, which can be reduced to the solution of differential
equations of the fourth order

d4

&2 = /(@)
d4
Ex—g‘ +y= fl(z))
d4
Bzi V= 1),

Its foundation is presented, for instance, in the books by A.N. Krylov [25, 26].
It is known that the essential feature of this method is the special choice of the
fundamental system of the solutions Y, Y2, Ys, Yy, which satisfy the following
conditions at z = 0:




34. CALCULATION OF A CIRCULAR CONIC SHELL 171

Yl Yz Y3 Y4
Y 1{0]0}]0
Y 10]11010
Y"1ojoj1¢0
Y"1rofojoli1

This allows us to simplify the fulfillment of the conditions of conjunction in the
process of finding a particular solution for discontinuous right-hand side and of
determination the constants present in the expression for the general solution of
the homogeneous equation. The application of this method to the problems which
are described by a system of two Bessel equations, has been presented in {18]-{20].

It is most fruitful to apply the method of the initial parameters to shells of
a small length or which have a large angle at the top. The basis of the method
of initial parameters in connection with the problem on a conic shell has been
considered in the work [20]. ‘

Let us first give the main formulae of the calculations.

B[-‘;—:+a(—-——rt:n7)], (34.1)
=B a-‘;—’: o= Y wr/ ta"’] : (34.2)
_D dz rdr) (34.3)
Gy =-~-D (o’% + f—;”;) , (34.4)
N = ~Tj cotany. ' (34.5)

In accordance with Fig. 25, T3, G; and N; here
denote, respectively, the normal force, the bend-
ing moment and the transversal force in the cross-
sections normal to the generator; and T2 and Gy are
the normal force and the bending moment in the -
cross-sections along the generator. Let u and w de-
note the components of the displacement along the
generator and normal to the surface; r denote the
distance from the point considered of the median
surface to the top of the cone, 2y denote the angle
at the top of the cone. Let D denote the flexural
rigidity of the shell, and, finally, B = Eh/(1 ~ o?).

Figure 25
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It is known that from the equations of equilibrium and of consistency, as well as
from (34.1)—(34.5) (see, for instance, [36]), one can obtain the differential equations

d’¢  1df 46 24
T ANl
d?n  1ldp 479 2(1-0?)

TR Tty 0 G

0, (34.6)

where £ = dw/dr, n = Nr/B, { = 2r.
Setting k* = 48(1 — 02)/(h%?tan?v) and passing to the argument z = k¢, we
obtain the equations

¢ 1de 4€+2\/_tan7 0,
dz? =z dzx h\/1_02

dz? " zdr 1?2 2/3tany

. . . d? 1d 4 .
which , after introducing the operator L = — + —— — —, can be concisely
. . . dz?  zdz 12
written in the following form:

2\/_tan—y

L(¢) + ——— " =0, (34.8)
hm

L(n) — 5 ftan7§_o. (34.9)

Eliminating the indeterminate 5 from the equations (34.8) and (34.9), we obtain
the equation

L*(€) +£=0. (34.10)

The integral of this equation can be written in the following form (see Section 13,
Part I):

€ = C1Ja(zV9) + CaJ2(zvV=i) + CaYa(zVi) + CsYa(z V=),

where J; is the cylindrical function of the first kind of the second order, and Y, is
the cylindrical function of the second kind of the second order.

We represent { and 7 as a linear combination of the four functions Y;(z, a),
Y2(z, a), Y3(z,a) Y4(z, a), which satisfy equation (34.10) as well as some relations
written below, which simplify the fulfillment of the conjunction conditions. These
functions are formed from the Bessel function Jz (zV/i) = u(z) + iv2(z) and the
Hankel function of the first kind Hz(,l) (Vi) = fa(z) + ig2(x). For this purpose we
set that
forz <a

Yn(z,a) =0 (n=1,2,3,4),
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forz >a
Yi(e,0) = T [-uy(@)gs(e) + £5(@)0a(z) - vh(a) o () + g5(a)uale)],
Ya(z,0) = - [~ua(a)ea(=) + fa(a)va(z) - va(a)fa(a) + g2(a)ua(=)],
Ya(z,a) = g—a[u'z(a)fz(z) — fr(a)uz(z) — vy(a)ga(z) + g5(a)va()],
Ya(z,a) = T [u(@)fa(=) - fala)ua(z) - va(@)aale) + ga(@)oa2)].

(34.11)

The functions Y, (z, a) are chosen such that they satisfy at £ = a the following
conditions:

n | Y, | Y| =LY, | —L'(Y,)

(34.12)

PSRN
OO O -
OO - O
O OO
-0 O O

There exist the following dependences between the functions us(z), va(z),
f2(z), and g2(z):

L(ug) = vy,  L(va)=—uy, L(f2)=g2,  L(g2) = —fo, (34.13)
u(z) f(z) — v2(z)g3(2) — v3(z) f2(z) + v3(z)g2(z) = 0, (34.14)
v2(2) f3(Z) + u2(z)93(z) — un(z)g2(z) — v3(z) f2(2) = 2/(nz). (34.15)

The formulae (34.13) can easily be checked directly. The formulae (34.14) and
(34.15) are obtained from consideration of the Wronski determinant.

There also exist the differential dependences between the functions Y;, Yz, Y3,
and Ys:

L(Yl) = Y3, L(Yz) = Y4, L(Ya) = —-Yl, L(Y4) = -
We now write the solutions of equat.ioﬁs (34.8) and (34.9) in the following form:

£=AY: + A2Y2 + AgYa + A4Y4, 4 (34.16)
hv1
N = (A1Y3 +.AgYq — A3Y1 AqYr). (34.17)
2f 3 tan ‘
Knowing 7, we can obtain the expressxons for the forces _
N = BI’. = Eh%k? (A1Y3 + A2Y4 - A3Y1 ‘ :44)’2\). j (34.18)
r z2,/3(1 — %) tany ’
1 Eh%k?
- = (A1Y3 + A2Y4 ~ AzY1 — Aqu) _ (3419)
cotan 7y z2 3(1_0.2) o
d Eh2k2 " . ! . . . [
T:——Tr:———-————AY+AY—AY - A4Ys -’i34.20
2= 7-(Tir) = o 3(1—02)( 1Y3 24 AaY] - 42). | :(:.. .)
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The bending moments should be determined from the formulae (34.3) and
(34.4) which, with the help of the notation for £ and z given above, take the form

2
6= -2 (%, 22),

z dz " =
Dk? dé 2
Ge=~—- ("z;‘* ;*‘) -
Hence,
Eh? [ ( 20 ) ( 20
G, =— A Y+ TN +A|Ys + —Y;
' z4/3(1 — 02) tany M\ P\
+As (Ya' + 2?"}’3) 'y (Y,; + %‘-’-n)], (34.21)
ER? [ ( 2 2
Gy =— A aY'+—Y)+A (UY'+—Y)
? z/3(1 — o?) tany ' 1T ? 2 ?

2
+As (aY;,’ + %Ys) + A4 (aY,{ + ;Y.;)]. (34.22)

Thus, all the internal forces can be determined, if we know one of the forces
N or T1. In the latter case, we find N and hence 7 by formula (34.5), then by
comparing (34.16) and (34.17) we determine £ as well as the bending moments.

The displacements u and v can be defined from the equalities (34.1), (34.2) and
(34.19) and (34.20).

However, for our aims we do not need to find these displacements, because below
we need to determine the absolute elongations of the radii of parallel circumferences
which are obtained as a result of a section of the conic shell by the planes which
are perpendicular to its axis. We call these elongations transversal displacements

and we denote them by the letter 4. In order to determine them we can use the
formula

d = usiny — wcos 7. (34.23)
Equality (34.23) implies that

é u w

rsiny r rtany’
According to formulae (34.1) and (34.2) we obtain from this equality that

rsiny(T; — oT1)

§= B = o2) (34.24)
From formulae (34.1) and (34.2) we also obtain
du Ty ~oTy
B (34.25)

Let us give some examples of the use of the method of initial parameters when
calculating a conic shell under the action of different loadings.

1. First, consider a conical shell (Fig. 26) whose smaller base is clamped, and
a radial force Q) uniformly distributed is applied to the greater base.
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The boundary conditions have the following form:

for r=rp, -d£=0, §=0,
dr
forr=rc, Ty = @y sinvy, G, =0.
4 The solution of the proBlem consists in the de-

termination of the constants A,, A, A3z and As.

Suppose that the origin is taken on the clamped end.

i.e. a = k/2rg. Since at £ = a we have Y; = 1,

c Y2 = Y3 =Yy = 0, formula (34.16) and the condition

of the vanishing of the slope in the cross-section B
imply that A1 =0.

From the second condition on the cross-section

B we obtain that T, — 0T} = 0 at z = a. At the

Figure 26 same time, according to (34. 19) (34.20) and (34.12),

we haveat z =a -
Ehi’k2 :
T — —— _A ,
1= \/m.( i3)
ER%:
T = ——e - ——(—A .
= e A
hence, A4 = 20A3/a. S o
Thus, the principal unknown functions £ and 7 take the form

€ = A3Ys + Ag(Ys + 20Y4/a),
hv o2 20
= AxYy — Y + Y- .
" 2\/‘1‘,:111'7[24 A3(l+a 2)]

In order to determine the constants A2 and As, which are until now unknown,

we use the conditions in the cross—sectlon C Setting b = k/2rc, we obtain the
following equations:

ERE [ 4y¥a(ab)— As b"32"Y B) ¢ = Qusi 2
CacErs 1 S S R

Eh?

; mtaM[Az {Yz(a b)+ Yz(a b)}

+ As {Ya(a b) + -—Y3(a b)+ Y.,( b)+ Y4(a b)}] =0. (34.27)

By solving (34.26) and (34.27), we find A2 and Aa If we do not use the method
of initial parameters, then in order to determme the arblt.tary constants we should
solve a system which consists of four equations, .

Consider other cases of fixing the cross-sectlon B. If B is c\mply supported
then we have Gi =0 and § =0 at z = a.

The first condition implies that 20A4;/a + A2 = 0 and the second condition
implies, as is shown in the previous example, that A4 = 2643 Ja.’

If we have supporting fastening in the cross-section B, which prevents only the
turning, then we have £ =0 and n = 0 at = = a, hence, A; =0 and A3 =
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At last, if the shell is free in the cross-section B, then we have G; = 0 and
n=0at z = a, hence, 2041 /a+ A2 =0 and A3 = 0.

2. We pass now to the calculation of a shell
loaded by radial forces which act in the planes
of transversal cross-sections and are uniformly
distributed on the cross-section (Fig. 27).

Let Py, P3, P3 denote the intensity of these
forces, By, Bz, B3 denote the cross-section in
which these forces are applied, and a,, a3, a3
be the corresponding values of the argument z.

Suppose that the smaller base of the cone is Figure 27
fixed against the turning. Consider the interval

ay > z > a. For the sake of brevity, we denote the value for T} on this interval by
T

Eh2k?
Tl,l = m [A2Y4(a, 1.‘) - A4Y2(a, 1.‘)] . (3428)

Let us go to the second interval, where az > z > a;. The normal force T} on
this interval will be denoted by Tj ;1. We add such a solution to T1,1 which gives
the required break of the transversal force and of the force T3 | without spoiling the
continuity of the bending moment G, and the displacements u and €.

We try to satisfy these requirements, by adding the expression A3Yi(z,a1) to
(34.28), where a; denotes the reduced distance from the top of the cone to the
cross-section By, l.e. ay = k\/2rp,.

From expressions (34.18)-(34.20) and (34.11) we see that in this case we have
breaks in N, T} and T3; G; and G, remain continuous, as well as €. However, the
discontinuity of T3 results in the discontinuity of the displacement §. In order to
evade this effect, we seck an additional solution in the following form:

T1,11 — Tl,[ = A;Yl (1:, al) + A;Yg(z, al).
and in accordance with (34.20) we obtain
z -
Ten = Top = 5 [A3Y{ (2, 1) + ALY; (2, a1)].

We now require that Ty y1 — To1 — o(Ty,1 — Th1) = 0 at £ = ;. This implies
Al =20A3/a; and

T — T = A3[Ya(z,a1) + 20Yy(z,a1)/ay].

In order to determine A} we note that Tou — T3 = Pysiny at £ = a;. Hence
A3 = Pysinvy.
Thus, we finally obtain

Tu=T1+ Pysiny [Yl(z:, a) + i—jY.‘(z, a1)/ax] .
For the next interval az > z > a; we have

Thanu =T+ Ppsiny [Yl(-‘b‘, az) + %S-Y.;(I,az)/az] :
For the last interval z > a3z we have

. 2
Tl,IV = Tl,lll + P53 sin vy [Yl(l‘, a3) + :{Y4(x,a3)/as] .
3
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Obviously, the arbitrary constants A; and A4 which are present in expression
(34.28) can be determined from the boundary conditions in the cross-section C' of
the shell.

With the help of formulae (34.20), (34.21), (34.22), (34.24), and (34.25) we can
immediately obtain all the forces and displacements.

We now pass to the construction of solutions

»
which are discontinuous in G;. Let a moment 6, A
whose intensity is equal to G} be applied to the
cross-section B; of the shell (Fig. 28). Suppose 8 L]

that the moment 1s uniformly distributed on the -
cross-section. Let the index I denote the forces —<" —
and the displacements for ¢ < aj, i.e. to the
left from the cross-section B;, and the index 11 Figure 28
denote the same for z > a;. As before, we seek an
additional solution, which is equal to the difference of the forces or displacements
with the indices II and I in the form of a linear combination of the functions
A;Yn (1.‘, a1) .
In order to find the constants A], we use the conditions (34.12). Since £ and
n must be continuous in the cross-section B), the conditions (34.16) and (34.18)
imply that A} = 0, A = 0, and, finally, from the condition of continuity of the
transversal displacement we find, using (34.19), (34.20), and (34.24), that A* = 0.
Thus, it only remains to find A2. For this purpose we use formula (34.21),
which implies the following equation

Eh?A;

a11/3(1 —o?)tany

Gi=-

Therefore,

. Gi/3(1—o2)atany
Ay =-— 7 .

Hence, if Ty = Ty 1 for z < a,, then, taking into account (34.19), we obtain for
T>a

(34.29)

Eh2k?
Tin = Tt + — e ALY4(2, a1),
=T+ Ao 4(z,a1)
or, using (34.29), we have :
Tin=T,;~ Gl tan'y Y4(:c a;).

One can construct solutions whxch are dlscontmuous in the slope or in the
transversal displacement in the same way. These. solutlons are xmport.a.nt in con-
nection with the calculation of non-uniform heating. - <

3. Let us briefly consider the problem on non—umform heatmg of a conic shell.
We assume that the temperature ¢ is constant wnth respect to the width of the shell
and varies along the generator. In this case we should modify the right-hand sides
of formulae (34.1) and (34.2) so that they express the elongations which are caused
only by the stresses.

For this purpose we should replace the total elongatlons in formulae (34. 1) and

du u,
(34.2), which areequal toe; = - andey = ;'—rtan'y

, respectively, by €] = €; —at
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and €5 = €3 — at, where a is the coefficient of the temperature lengthening. After
this substitution the normal forces will be expressed via the displacements in the

following way:
w
[— (-— - rtan'y)] ~ B(1 + 0)at, (34.30)

d w/t
u, U /an‘y]

T»=B|e — B(1 4 o)at. (34.31)

dr
This modification of the expressions for the normal forces results in a right-hand
side arising in equation (34.7), and equation (34.6) remains without changes.

Actually, equation (34.6) is a consequence of the equilibrium conditions and
formulae (34.3) and (34.4), which were not changed after taking into account the
temperature.

Equation (34.7) has been obtained from the consistency condition, in which
the relative elongations are replaced by the expressions given by formulae (34.1)
and (34.2). It is natural that as a result of the replacement of formulae (34.1) and
(34.2) by (34.30) and (34.31) the right-hand side appears.

Thus, instead of equations (34.8) and (34.9) we have the following system of
equations:

2v/3tan 7

L) + P, pi =0,
L() - hv1 - o2 hv1 —o? d(at)

2\/_tan7€_r 2V/3 dr

After eliminating 7, we obtain the inhomogeneous equation

L&)+ ¢ = —r-q%.;t—) tan 7.

It is convenient to solve this equation, by using the method of initial parameters,
particularly, if the right-hand side is discontinuous.

The method of initial parameters can also be used in all the problems of the
three previous sections. In this case, one can show (see, for instance, [20]) that
the particular solution of the equations obtained is determined, by applying the
method of initial parameters, up to a constant factor, as an integral of the form

£
| 2t e

where g is the right-hand side and Z, is the fourth function of the method of initial
parameters.

4. Consider a conic shell whose end B is fastened against the turning and the
end C is free, Let the shell be heated so that the temperature is a step function.
For the sake of determinacy we assume that the temperature on the intervals BB,
B) B3, B2B3, B3C (Fig. 29) is equal to ¢, t, t3, t4, respectively.

In this case the forces G1, T;, N and the slope should be continuous at the ends
of the intervals. The transversal displacements should also be continuous. These
displacements are defined by the formula

§ = rsin 7% + atrsiny, (34.32)
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where the first term represents the elastic part of the displacement, and the second
part can be called the free temperature displacement.

Since t has breaks at the ends of the intervals,
it is necessary for the continuity of the transver-
sal displacement that the first term of (34.32)
also has a break. All these condition can be sat-
isfied, by using the functions which have a break
only in T3. We can verxfy by direct checking
that the required discontinuous solution has the
form (34 12) and (34.17), where we should set
A = A3 0 and replace the argument a
by a;. : .

Figure 29 We now pass to the 1mmedxate determination
of the forces and displacements which appear in
the shell under consideration.

On the first interval, 1.e. for z < a1 the normal forces are exprwsed in the
following way:

Eh2k2 ‘;.,_"):\ Top e et . 1, ;, '
21.2 E’ AR
T = ——Eh—k—-F—[AgY'(a .1:) A4Y2(a )], (34.34)
3(1 - ) ;
and the transversal dlsplacement. has the form Y
DAY BTNy S AN o
_ hsinvy o
51 = m———-[Az {Y4(a z) -—Y.;(a 1:)}
v A4 {Yz(a,z) - --—Y2(a z)}] + atirsiny. (34.35)
i " Hr &§
On the second interval we seek the solutlon in the form
Ehzkz i SR N .-
T T; —_——— AYY5 (a1, 2), 34.36
=Tt = 5y A 2(01 z) ( )

(34.37)

then the transversal displacement can be expresééd‘in the following form:

hsin‘y g R sy
8y =8y — — oY _ Ay [Y' a1,z —-Y2 al,:c) + Car(ts — th)siny. (34.38
N (o 2 ( ), . ( ‘ ) (34.38)
Since the transversal displacement in the crosgsectlon B is continuous, setting
'z = a; in (34.38) we obtain the equation, which allows to determine Aj:

hsiny a?
—_——— ta —1 =0. - 4.39
N i 1)2'°st"y e A

‘Hence

A* = aa‘(tg —tl)\/3(1 —0‘2 KO TR,
4 - e e

T " (34.40)
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In the same way we construct the solution for the third and fourth intervals,
For the sake of brevity, we only write the expression for the force T} I

Eha%a(ta —t3)
z2

Nim=Tu- Y2(az, ). (34.41)

On the fourth interval we have

Eha%a(t4 - t3)
z2

As before, A; and A4 can be determined from the boundary conditions on the right

edge of the shell.

Thywv=Tm- Yz(as, z). (34.42)

5. Let us now consider a shell in which the temper-
ature along the generator varies according to the rule of
a polygonal line (Fig. 30). In this case the right-hand
side of the equation has the form

— W= o?

. T3
-
.clll"““ﬂlﬂ““ﬂﬂ]l“" where m,, = dglt) is the angular coefficient of the curve
r

of variation of the temperature, which is constant on
Figure 30 each part of the polygonal line.
The question here arises concerning the solution
with a break in the slope.

Suppose that we have obtained a solution for the first part as the sum of the
general integral and a particular solution. When passing to the second interval, the
conditions of continuity of the forces Ny, T1, G, and of the transversal displacement
should hold. Because of the break in the angular coefficient of the curve of variation
of the temperature, the continuity of the slope only remains in this case, if the
elastic part of the slope has a break of the same value but of the opposite sign.
This solution can be obtained, by setting in (34.18) and (34.19)

N
‘\i
—-—dn

[ SRS
- —— e - - —
L

A= Ag=0;  Ap=-2Z 4=-2gu
a) ay

and taking the point of discontinuity B as the origin, i.e. introducing a, instead
of a.

The constant Aj can be found from the condition of continuity of the slope.
For z = a, the slope obtained from the additional solution, is equal to Aj. On the
other hand, the variation of the difference between the slope and its elastic part for
z = a; is equal to arg,(ma — m; ) tan+, hence,

a?(my — my)a
2k2

Let us write the expression for the normal force on the second interval, using (34.43)
and (34.19):

A} = tan . (34.43)

Tyn=T o} Y: 2% ya(ar 34.44
1,11 = 1,I+m(m2"ml) 3(0.1,23)—"1—1‘ 4(01,1‘) . ( . )
6. If the length of the generator is large and the angle 4 is small, then it may

be fruitful to apply the method of compensating loadings. In this case, which is
more important than the one above considered, we should use the basic influence
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functions in order to construct the solution. There exists a close connection between

the influence functions and the fundamental functions, which is emphasized in the
previous chapters.

Therefore, we only give for example the equations of the four basic influence
functions. First, we write the equation of the influence function T4(z, a), which is

. . . dL
discontinuous in —.

T i
We impose the condition that the influence function remains finite at z = 0,
does not become infinite at z = oo and satisfies equation (34.10) as well as the

condition
[dL(m] N L . (34.45)
dz r=a+0 dz £=—a-0 o - '

Obviously, this influence function is connected with the fundamental function
Yy. It has the following form: '
forr<a

Lie,0) = B-h@wE +a@uE],  (440)
forz > a _ el | I.
Pa(z,0) = F[-uz(@)fa(x) + va(a)ga(=)] (34.47)

We give, without details, the formulae for calculations of the three remaining
influence functions.

The influence function I's which gives the unit break in the operator L at z = a,
has the form:
forz<a

Is(x,a) = [~ f3(a)uz() + gh(a)va(2)], (34.48)
forz>a :
Ty(e,4) = T-{-u3(a) f2(2) + v (a)ga(2)] (34.49)

The influence function I'; which glves the break in the first derivative at z = q,
has the form:

forz<a o

Pa(z, 0) = = [ga(a)uz(2) + fo(a)oa()], (34.50)
forx>a o

Ty(z,a) = -fﬂ[éz(a) fz‘(;)iuz(a)g,(x)]. (34.51)
Finally, the function I'; which is dnscontmuous at z=a is:
forz<a . o

iz, ) = - lsh(a)ua() '+'f;'(€z)isz‘(x)1, (34.52)
forz > a : s

[y(z, @) = —Z-[v3(a) fala) + vy (@)g2(=)] (34.53)

Having these influence functions, one can easily obtain the so called main solu-
tion, which has all the required breaks and quickly decreases a IOng way from the
place where the loading is applied. Since the forces in shells of this type decreases
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sufficiently quickly, one can mainly confine oneself by considering only the main so-
lution. In the cases when the influence of the ends cannot be neglected, we should
add a linear combination of the integrals of the homogeneous equation influence of
the to the main solution. Generally, the influence of the conditions at each of the
ends can be taken into account separately. The estimate of the influence at the
internal end, i.e. for the points located nearest to the top of the cone is reduced to
the addition of the solution

C1f2(z) + Cag2(z);

the influence of the external end is reduced to the addition of the solution
Ca‘u-_)(ﬂ:) + C4‘l)2(.’£).

If C; and C; cannot be determined independently of C3 and Cy4, then we should
solve four equations with four indeterminates.

In this case the method of initial parameters becomes much more effective than
the method of compensating loadings; therefore, one should use the formulae given
at the beginning of this section here.

Let us make some additional remarks concerning the calculation of a conic shell
under the action of an axially symmetrical loading or a heating. All these problem
have much in common with the calculation of a circular plate which lies on an
elastic foundation and is subjected to the action of the loading ¢(£) cos 20. In fact,
this problem was studied in the third chapter. In the cases when the loading is
varied according to the exponential rule, so that the corresponding integrals cannot
be expressed via the cylindrical functions, they can be expressed via the Lommel
functions, just as was done in the problems on rods which will be considered in the
fifth chapter. .

At the present time, asymptotic integration is widely used in problems con-
cerning shells. Similar results, which however allow a wide range variation in the
accuracy of the approximate formulae, can be obtained, by taking the explicit so-
lutions of the problems considered here, and then using the asymptotic formulae.
Note that in some cases, for comparatively small, more exact “medium” values of
the argument, there are reasons to think that the asymptotic formulae do not give
the accuracy required for practical calculations.

Using the asymptotic formulae for the cylindrical functions and substituting
the corresponding expressions into the influence functions, we obtain the solutions
required. In connection with the fact that the tables of the Bessel functions for the
argument x+/7 contain only the Bessel functions of order zero and one, we give the
recurrence relations for the determination of the functions us, fa, vo, g2 as well as
the asymptotic formulae for the calculation of the functions for the values of the
argument, which lay outside the tabulations.

First we give the asymptotic formulae.

Let

Un(2) + i (2) = Jo (zVi),
fal(®) + ign(z) = H(2Vi);
as z — 0 we _have

Uy = &g cos 4, vg = by sin §, u; = agpsindg, v; = ag cos 4§,
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where
1 z/V?2 z m
= € y = ——
%o V2rz v2 8’
as £ — oo we have
fo = bgsinge, go = —bg cos o, J1 = —bg coso,
where
2 z T
b =‘/—— "/‘/5, = —= 4 —.
0 1r:1:‘3 7 V2 + 8

With the help of the recurrence relation

2n
Zn+l = —z“Zn — Lln-1

we can write that for z = zv/7 we have

. 2 . .
Uy + 1 = ;——\/{(‘ul + 11)1) - (’Uo + 11)0).

Using the equality

1t
vi= V2

and separating the real and imaginary parts, we obtain

ug = _x‘(ul + v1) — uo,

V2

vy = T(vl — uy) — vg.

By analogy we write

fa= ‘\Z—i(.fl + 91) — fo,

V2

g2 = jz—(yl - f1) = go.

With the help of the formula for differentiation

dZ, n_ . .
t = —=Zn + Zn—ia
dz z .
substituting z = zv/7 and setting n = 2, we obtain

2

ul, = ——us + —1—(111 - vl),il
2 z ﬁ P

2 1 .
’——--— ——
=gt gl e
.2 1, o
f=—=fa+—=(fi —9n),

z 2

2 1

g5 = -—9+ —E(fl + g1)-

g1 = —bQ sin ag,

183
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35. The method of compensating loadings in problems on membranes
and plates

In this section we consider some problems of the theory of membranes and
plates which can be solved with the help of the method of compensating loadings.
In this case the solution is divided into the sum of two solutions: the basic one and
the compensating one. When constructing both solutions, we consider an extended
domain, which is generally unbounded, instead of the given domain. It has been
noted that the basic solution satisfies the inhomogeneous differential equation and
the boundary conditions for the extended domain.

The compensating solution must satisfy the homogeneous differential equation
and, together with the basic solution, the boundary conditions. The compensating
solution is treated as a result of the action of some loadings which are chosen in
a special way and are applied to the plate or the membrane, which occupies the
extended domain. Obviously, the compensating loadings must be applied to the
part of the extended domain which is outside of the given domain.

The choice of the line or the system of lines along which the compensating
loadings are distributed gives many opportunities in order to use the simplification
suggested by the character of the problem under consideration. Moreover, the
arbitrariness in the choice of the type of the loadings, namely, the possibility to
choose the loading as a force, a moment or breaks in deflections and in slopes also
extends the possibilities of constructing effective methods of calculation.

Practically, in order to solve the problem we should, depending on the type of
the boundary conditions, make the total deflections or the slopes or make the forces
on the contour equal to zero or to a given function. We obtain either an integral
equation or a system of integral Fredholm equation of the first kind in this way. By
solving these equations, we find the compensating loading, and then we find the
total solution of the problem. The integral equations mentioned should be solved
approximately. In one way or another, they are replaced by a system of linear
equations with respect to the parameters, via which the compensating loadings can
be expressed.

In the problems considered here, the basic influence functions are represented
via Bessel functions; therefore, all kernels of the integral equations obtained are
also expressed via these functions.

The calculations presented in this section show the effectiveness of the method
applied.

1. Consider the problem on oscillations of a membrane. Suppose that the
membrane has a constant thickness h and the special weight 4; and is stretched by

a constant force Tp. The differential equation of free oscillations of the membrane
has the form

[

= 1hPW

T0V2w 512

(35.1)

where V2 = 88—:2 + 3%:;.
We denote v1h/(Tog) = 1/c® and seek the solution of equation (35.1) in the
form

W(z,y;t) = w(z, y) sin(wt),
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where w is the circular” frequency of the free oscillations, and the function w(z, y)
satisfies the differential equation

Viw+ 2w =0, (35.2)

where A = w/ec.

It is known that a lot of problems of the mathematical physics can be reduced
to the integration of this equation.

In order to see the effectiveness of the method of compensating loadings, we
first apply this equation to problems which have an explicit solution.

Let us compute the frequencies and the forms of the free oscillations of the
membrane. In this case the basic solution vanishes identically, and the boundary
conditions are homogeneous. We represent the solution of the problem in the form

= [do) K we ) do,
C

where C is the line along which the compensating loading is distributed (this line
will be called singular), o is the arc coordinate on this line; z, y are the coordinates
of the considered point of the membrane; £, 7 are the coordinates of a point of
the singular line; the function K represents the basic influence function. In the
case considered it expresses the form of the oscillations of an unbounded membrane
which are caused by the unit force 1-sinwt. Up to a constant factor the function K
represents a Bessel function of the second kind with zero index of the real argument
r = A/(z — €)2+ (y — 1)?2, where r is the reduced distance between the point of
the singular line and the considered point of the membrane. This can easily be
checked, by making calculations similar to those which are necessary for obtaining
formula (31.14). Since the deflections on the contour of the membrane are equal to
zero, for any point of the contour we have

/ g(0)Yo(r) do = 0. (35.3)

C

If we apply the moments instead of the forces, then 4
the kernels represent Bessel functions of the first order %5
1

kR

multiplied by the cosines of the corresponding angles. The
problem is reduced to the determination of the values of
the parameter A for which equation (35.3) has a non-
trivial solution. The integral in-the calculations will be
approximately replaced by the sum, and the problem will
be reduced to the determination of the root of a system
of transcendental equations.

As a numerical example, let us consider the problem |
on free oscillations of a square membrane which is pulled a o
on a rigid contour. By the way we note that this problem
in fact, coincides with the problem of the detétinination of Figure 31
the critical pressure which is uniformly distributed along ;
the simply supported contour of a square plate as Well as with the problem on free
oscillations of the same plate. e

Let us find the fundamental frequency of the oscﬂlatlons It is known that this
problem has an explicit solution. We will show that, using the polar coordinate

2 I

7For the sake of brevity the word “circular” will sometimes be omitted.




1s6 3. PROBLEMS OF THE THEORY OF PLATES AND SHELLS

17/ V4 Va4
n 2 m s
1.7 \\J:" /7
Ir I” ' e o
S r=,
/ /s
i 7 s
i 7
/ /7 s )
/s \
! 7 - =~"“ ﬂﬂ
1 .};’ a2
/r 1
Iz %::\Lg:zgﬁsr }%
a
Figure 32 Figure 33

system and starting from the method of compensating loadings, we can obtain an
approximate solution which has a sufficiently high accuracy from the practical view-
point comparatively easily. Moreover, we will illustrate the possibility of applying
different versions of computing the first eigenvalue.

Let a singular line be a circumference. Suppose that the compensating loadings
q(o) are represented as a series which from the symmetry conditions has the form

oo
q(o) = Z Byp cos4np,
n=0
where ¢ is the polar angle whose vertex is at th e center of the square (Fig. 31).
Using the addition theorem, we can write equation (35.3) in the form

AoJo(AR,) + AsJs(AR,) cosdp +--- =0, (35.4)

where R, is the polar coordinate of a point of the contour. If we keep the three
terms in (35.4) and require that the boundary condition holds at the three points
(1, 2, 3) of the contour, which are shown in Fig. 31, then, as a result, we obtain a
system of three equations. In these equations, the angles ¢ are given and all the
values R, can be expressed via the length of a side of the square a or via its reduced
length @’ = Aa. Making the determinant of the system equal to zero, we obtain

Jo(kia') Js(kia')cos4py Jg(kia') cos 8¢y
Jo(kaa') Js(k2a')cosdp,  Jg(kaa') cos8paf = 0.
Jo(kaa') Js(kaa')cosdps Jg(kaa')cos8ps

As we can see in Fig.31

% =VI+/67,  2ke=VI+(/D%  2ks=VI+ (/67

¢1 = arcsec(2ky), 2 = arcsec(2kz), p3 = arcsec(2k3).

Expanding the determinant and computing the smallest root of the transcendental
equation obtained, we find the reduced length a’; therefore, we immediately obtain
A = a'/a and the frequency of the eigenoscillations w. We obtain the result, cal-
culated with three significant digits, which coincides with the exact solution with
sufficient accuracy for practical usage. The obtained solution approximately sat-

isfies the boundary conditions and it is interesting to estimate the error which is
present in the result.
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The nodal line, i.e. the line along which all the deflections are equal to zero,
passes through the points 1, 2, § as well as through the points symmetrical to these
ones. In total, it has 24 points in common with the points of the contour (Fig. 32).
In order to find out how much the nodal line deviates from the contour, we draw
the radius-vectors through the equidistant points of the contour I, II, III which
are situated at equal distances from the nodes of the interpolation and through the
point IV which is the vertex of the square. Then we find the location of the points
of intersection for these straight lines and the nodal line. For the exact solution,
these points denoted by I', II', III', and IV’ should lie on the contour of the
membrane. In order that the nodal line does not fuse with the contour, we need to
increase the difference between the radius-vectors AR and the radius-vectors of the
appropriate points of the contour (in Fig. 32 this difference is enla,rged 25 times).
Similar calculations were performed by keeping two terms of the series. In both
cases a good coincidence has been obtained for the frequencies of the oscillations
as well as for the coordinates of the nodal lme L

Similar calculations have been made for ; a, membrane in the form of an equilat-
eral triangle. In this case the frequency is deﬁned\by the condition that the form of
the oscillations which correspond to the basic tone, has a nodal line passing through
the points 1, 2, 8 of the contour which are equidistant from each other (Fig. 33).

The solution can be approximately represented as the sum

w = AgJo(AR) + A3J3(AR) cos 3p + Ag Js(AR) cos 6p. (35.5)

The reduced length a’ of the side of the triangle can be determined from the
equation

Jo(kja’') Ja(kja')cos3py Je(kia')cosbyp,
Jo(k3a’') Ja(k3a')cos3yp, Js(k3a') cosbpa| = 0.
Jo(k3a’') Ja(k3a’')cos3ps Je(k3a') cosbyps

Just as in the previous example, the coefficients k; and the angles ¢} are
determined from geometrical reasonings here. Knowing a’, we define the frequency
of the basic tone, which almost coincides with the exact solution (the exact value
of the parameter is a’ = 7.25 and the approximate one is a’ = 7.29).

By keeping only the first two terms of expression (35.5), we obtain an error
equal to 0.2%.

The approximate compensating solution can be represented as a linear combi-
nation of two Bessel functions of zero order; for this purpose we should specify the
singularities which are of the type of a concentrated force at different points which
lie outside the domain under consideration.

Consider forced oscillations of the membrane. In this case the frequency of the
oscillations is prescribed. The integral equation whlch is used for constructing the
compensating solution, has the form

/ q(a)K(s,o’)d;'_:’-ff1\.(;), “ (35.6)
J AN

where f1(s) is the value of the basic solution on the contour. -

Just as in the previous example, we replace the integral equation (35.6) by a
system of linear equations, by assuming that the singular line is a circumference and
the compensating loading can be expanded into a series in cosines. Then we deter-
mine the coefficients of the sum Y AnJa(AR) cos nyp, which gives an approximate
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solution of the problem on forced oscillations of square and triangular membranes

loaded with forces of intensity ¢, sinwt applied along the circumference as is shown
in Figs. 34, 35.

The basic solution has the form
for \R < q, wo = Jo(AR)Yp(a),
for AR > a, wo = Jo(a)Yo(AR).

Keeping the three first terms in the compensating solution fixed, we obtain the
following system of linear algebraic equations for a square membrane

AoJo(ARm) + AqJs(ARm) cos 4pm + AgJs(ARm) cos 8¢ + wom = 0,

where m = 1, 2, 3 are the indices which show the points of the contour at which the
boundary conditions hold, wq,, are the values of the basic solution at these points.
The results of the calculations for a square membrane are given in Fig. 36,

where the plan in the horizontals is shown and the graph of the function w on the
contour is given.
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Figure 37

The results of the calculations for a membrane in the form of an equilateral
triangle are presented in Fig. 37.

It should be noted that from the computational viewpoint these problems are
less labour-consuming than the problems on eigenvalues which were considered
above.

In fact, in all the examples considered above the solution was found by the
method of point-wise interpolation.

One can easily indicate other methods of approximate numerical solution of
the integral equation. We are going to consider one such method. We will seek the
solution of the problem on oscillations of a membrane by the method of Trefftz.
This method can be treated as one of the versions of approximating the integral in
equation (35.3). ’

As before, we approximately represent the compensating solution as the sum

wp =Y bii(z, ), (35.7)
=1

where the ;(z,y) satisfy equation (35.2). Let wi be the required solution; let us
introduce the following notation for the difference wy ~ w; = wyq.
Let us find the coefficients b; such that the functional

_ Bwka\?  [(Owka\’ ¢ 2 o )
F_//[(az)Jr(ay) s, | dzay;
D
where D is the domain occupied by the membrane, is minimal.

In connection with the fact that wx, is represented with the help of formula
(35.7), the variational problem is reduced to the usual problem on the minimum
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whose solution leads us to the system of linear equations

oF
ab;
Let us pass from the integral over the domain D occupied by the membrane to
the integral along the contour C.

In this case, applying Gauss’ theorem, we obtain that the system (35.8) is
equivalent to the system

=0, i=1,...,m (35.8)

/(wk - wz)% ds=0 (35.9)
C

where n is the external normal to the contour. Introducing the values w} from
expression (35.7 into equation (35.9), we obtain

; - 0Y;
/w(s)%—ds—ij/%?}des:O,
c =1 ¢

where the index i =1,...,m.

Let us emphasize one feature of the considered method which is very important
for the practical aims and which has been demonstrated by Trefftz for problems de-
scribed by the Laplace equation and by Friedrichs [65] for a larger class of problems.
This method gives values of the functional considered which are too small.

In accordance with the scheme of calculations given above, let us once again
consider the problem on the eigenoscillations of a square membrane.

We determine the frequency, by making the determinant of system (35.8) equal
to zero for w(s) = 0.

If we set
w,: = leo(AR) + b2J4(AR) CcOos 4<p + baJs(AR) CcoS 8<P, (3510)
then the equation for the frequencies takes the form
z=a/2 aw r=af2 5 r=af2 5
1 V2 Y3
/ 1 On dz / ¢1—6—n— dz / i On dz
z=0 =0 z=0
rz=a/2 6¢ r=af2 6¢ r=af2 3¢
1 2 3
bl e - =0. 35.11
[ wipra [ wie [ wPe (35.11)
z=0 z=0 z=0
T=a/2 a¢ rz=af2 a¢ z=af2 a¢
1 2 3
/ ¢3—é; dz / 1&3% dz / ¢33;- dz
z=0 r= z=0

In this equation we use the notation
¢1 = JO(AR)v
Y2 = J4(AR) cos 4,
¥3 = Jg(AR) cos 8¢.

The integrals which are present in this equation are computed approximately.
As a result of the calculations, the value Aa = 4.42 was obtained.
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When continuing the calculations, we restrict ourselves only to the first term
of (35.10). In this case equation (35.11) takes the form

r=af2
/ Jo(AR)J1(AR) cos(n, R) dz = 0, (35.12)
z=0
where R = \/m.

Let us collect the values of the integral which is in the left-hand side of equation
(35.12) in a table. For different values of a’ = Aa we have

Aa 4.1 4.2 4.3 4.4

af2
/ ¢l%dz 0.053 | —0.027 | —0.0042 | 0.0175
0

We can see from the table that the root of the transcendental equation (35.12)
is less than the root obtained from the exact solution which is equal, as has just
been noted, to 4.42 and the approximation is sufficiently good.

Let us give the table of the calculations fulfilled for a membrane in the form of
an equilateral triangle:

Aa 7.1 7.2 7.3 7.4

/1/J1aainldz —0.0177 | —0.0068 | 0.006 | 0.0159

The differential equation for the problem on the equilibrium of a membrane
which lies on an elastic foundation has the form V2w—A2w = 0, where A = \/ko/T,
ko is the coefficient of subgrade reaction of the elastic foundation, T is the stretching
of the membrane.

Suppose that the contour of the membrane cannot be displaced. In this case, the
basic influence function is, up to a constant factor, the Macdonald function of oxrder
zero, which represents the solution of the problem on an unbounded membrane
which lies on an elastic foundation and is loaded by a concentrated force.

2. Consider the problem on a plate which is subjected to the action of forces
uniformly distributed along a contour, which lie in the plane of the plate and are
directed along the normal to the contour. Moreover, the plate can be exposed to
the action of any other loadings directed perpendicular to the median plane.

It is known that the differential equation of the deflection surface of the plate
in this case has the form

DV*V?w + pVw = g, (35.13)
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where p is the intensity of the forces applied to the contour and lying in its plane,
q is the loading perpendicular of the median plane, w is the deflection, D is the
flexural rigidity of the plate.

Beforehand, we obtain the solution of equation (35.13) which has a singularity
of the type of a concentrated force for an unbounded domain. If we assume this
force to be equal to one, then this solution gives the basic influence function. The
solution has the form

. 1 2. 2
I{l (l‘, ¥ €, f’) 4D/\2 [Yo(f) - ;I'- In —] » (3514)

yr
where r = A\/(z - €)2 + (y—1)%, A = /p/D.

This solution can easily be obtalned by making calculations similar to those
given in Section 31, when considering the problem on oscillations of the plate.

The solution whlch has an isolated singularity of the type of a concentrated
moment, has the following form:

K3 (z,4:€,1) = ! [Yl(r) + 1"] CoSs ¥,

2D | 2

where ¢; is the angle between the direction of the segment r and the plane of the
action of the moment.
It has been noted that the basic solution can be ob-
tained by integrating the basic influence function. This
c approach is especially fruitful for loadings which are dis-
tributed on a circular domain. In this case the basic so-
G lution can be represented, using the addition formulae,
as well-convergent series, or, in some cases, be obtained
in closed form. We will not consider this question here.
Let us immediately go to constructing the compensat-
ing solution.
We write the equations of the method of compen-
sating loadings for a plate with a clamped edge in gen-
Figure 38 eral form. Suppose that the deflection and the angular
displacement of the normal to the contour C, which are
obtained from the basic solution, are represented in the form fi(s) and fa(s), re-
spectively. We represent the compensating solution, by selecting the compensating
loadings ¢; and g2 on two non-coinciding singular lines C, and C, (Fig. 38). The
intensities of these loadings can be found from the condition that the sum of the
compensating solution and the basic one should satisfy the conditions on the con-
tour, namely, the deflection and the angular displacement of the normal to the
contour being equal to zero.

/ql(UI)I{; (s, 0’1) do, + /QQ(O’z)I{; (8,0’2) doy = —fl(s), (3515)
C, Ca
/ ql(al)——(%l doy + / qz(az)f‘-'f—g%"z—) doy = —fy(s). (35.16)
(o} C:

Here K7 (s,0) is obtained from solution (35.14) after replacing z, y in this
formula by the coordinates of the point of the contour, and £, 5 by the coordinates
of the point of the corresponding singular line.
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For a plate with a free edge, the equations of the method of compensating
loadings take the following form:

[ql(al)LgM)(s, o1)doy + /qz(ag)LgM)(s,a'g) doy = —fa(s),
C, C;

[ql(a'l)Lgm(s, o1)doy + / qz(ag)LgQ)(s,o'g) doy = —f4(s),
Cl C?

where f3(s) and f4(s) are the values of the bending moments and reduced transver-
sal forces on the contour of the plate, which are taken from the basic solution; L(M)
and L(Q), respectively, are computed as the bending moments and reduced transver-
sal forces on the contour caused by the unit force applied to a point of the singular

line. In order to determine L(M) we should execute the operation of the calculation
of the moment over the function K}

M) _ 0’K; 1 (18K} 0°Kj3
v ’-‘D[E:z‘*fa(;‘a‘r:* 557 )|
where p is the radius of curvature of the contour, 1/m is Poisson’s ratio. For the
rectilinear segments of the contour, we should align the side of the plate with one
of the axes of the Cartesian coordinates; in this case, assuming n,, directed along
the z-axis, we obtain the well-known formula

K3 1 82K}
M) . _pl|ll=2r 4 21
L D[ 32 Tm dy? ] '

In order to calculate L(Q) we should execute the following operation over the func-

tion Kj:
o _, 1\ 8 [ &
_D{an,,v + (1 - E) x(an,, 651)}’

where n,,, s; are fixed axes which coincide with the normal and the tangent at the
point of the contour considered.

If the plate is simply supported along the contour, then the solution is given
by the system of equations (35.15) and the first of equations (35.17).

It has been noted that there exist different versions of constructing the equa-
tions of the method of compensating loadings. For instance, one can prescribe the
forces along one of the singular lines and the moments along the other singular line.
In this case we can also make both the singular lines coincident by prescribing the
forces and the moments along the same line. Lastly, one can specify the type of
one loading and seek its intensity and the equation of the corresponding singular
line. However, in this case the calculations become more complicated; therefore, in
the examples we always prescribe the equation of the singular line.

Let us pass to the approximate solutions of problems with the help of the
method of compensating loadings.

Consider the problem on the stability of a square plate clamped along the
contour. Let us determine the value of the critical pressure p from the system of
equations of the type (35.15) and (35.16) for fi =0, f =0.

Consider the solution which has singularities on the circumference whose center
is at the intersection point of the diagonals of the square and whose radius is not less
than half the length of the diagonal. We expand the intensity of these singularities

(35.17)
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Into a trigonometric series. We restrict ourselves to the two first terms, using
the symmetry. As a result, the deflection at an arbitrary point F of the plate is
represented by an approximate expression

w = AoJo(AR) + AsJs(AR) cos4yp + Bo + B4(AR)* cos 4¢p. (35.18)

The notations are clear from Fig. 39.
Consider the first numerical example.
We require that the deflection and its first derivative with respect to the radius

vanish at the points I, 2 of the contour (and at the points symmetrical to these
ones). This leads to the following transcendental equation:

Jo(kia')  Ja(kia'Ycosdp: 1 (kia')* cos 4y
Jo(kaa')  Ja(kaa')cosdp, 1 (kaa')? cos 4, —0 35.19
—Ji(k1a')  J4(kia')cosdpr 0 4(kia’)3cosdpy| (35.19)
—J1(kaa') J4(kza')cosdpa 0 4(k2a')3 cosdyps

where ki1, k2, p1 and 2 can be found from elementary geometrical reasoning.

From here we fiud a’'/2 = Aa/2 = 3.58.

Let us pass to the second example, by changing the points of interpolation
and taking them according to Fig. 40. As a result of the calculations, we obtain
Aa/2 =3.62. )

In the third example, the same problem will be solved, using the following

approach: as before, setting w in the form (35.18), we find the critical pressure
from the transcendental equation

0 012 a'/4 bia
0y 022 ad'/4 O34
031 032 0 da4
041 042 0 O4a
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611 =/Jo(/\R) dz, 612= /J4(AR)COS4(de,
014 = /(AR)4c0s4<pdz, by = / Jo(AR) dz
BC
892 = / Ja(AR) cos 4p dz, 024 = /(,\R)4 cosdpdz,
AB
631 / —Jo AR) d:l:, 632 = / ai[.h(/\R) COS4(,0] dz,
834 = / —[,\4R4cos4<p] dz, 041 = / —Jo{AR) dz,
042 = / —[J4(AR) cos 4¢)] dz, 040 = / —[\*R* cos 4¢) dz,

which is obtained from the condition of the vanishing of all the integrals of the
deflection and its normal derivative, taken along the segments AB and BC of the
contour (Fig. 41). The computation gives the value a’/2 = Aa/2 = 3.62 which is
close to the ones obtained before. _

Thus, values of the critical pressure which are sufficiently close to each other
have been obtained, as a result of the computations which have been performed by
different methods.

A numerical solution of this problem has been obtained before by other authors
with the help of some methods which are different, from those applied in this section.

a2
Let us introduce the quantity g = }; HE , where a is the length of the side of

the square. Note that the value a’, which we have found is connected with the
critical force by the relation P, = a’ D/a2 We now give a summary table of the
values obtained by different authors®.

8This table as well as the references are given in [20].
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Author
Taylor | Sezava | Faxen | Trefftz | Igushi | Example | Example | Example
1 2 3
between between
5.30 5.30
and 5.61 | 5.304 and 5.3036 5.18 5.31 5.31
5.33 5.32

One can see from this table that the results obtained by different authors are
reasonably close (the exception is the inexact result by Sezava).

In conclusion, we present an approximate solution of the problem on the calcu-
lation of a plate which is compressed by an uniform pressure p, clamped along the
contour and, moreover, loaded by a concentrated force P at the center (Fig.42). Let
P/(4DA?) = 1, Aa = 6. Then, satisfying the boundary conditions of Example 1,
l.e., the deflections and their derivatives in the radial direction vanish at the points
1, 2 (Fig. 39), we obtain a system of four equations with respect to Ao, As, By,
B,. The coefficients of the indeterminates in these equations are the appropriate
elements of the rows of the determinant in the left-hand side of (35.19), and their
right-hand sides are obtained with the help of formula (35.14). After solving the
system of equations, we obtain the values of the deflections which are shown in
Fig. 43.

Consider - the problem on stability of a semicircular plate clamped along the
contour and compressed by the hydrostatic pressure (Fig. 44). This problem can
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be reduced to the consideration of a question concerning the stability of a circular
plate with additional supports (Fig. 45).

Let us construct a transcendental equation for the determination of the critical
pressure in the plate shown in Fig. 45:

du 612 ... du
021 022 ... O

. =0, (35.20)
on &2 ... du

where 8;x is the deflection under the force P; caused by the force P = 1. The
values of d;x can be determined with the help of formulae presented in the second
chapter.

Since equation (35.20) corresponds to the solution of the problem which differs
from the initial one only by weakening the connections against a linear shift along
the straight line AB, the value of the critical pressure obtained is too small.

The initial problem can also be replaced by an-
other problem, by considering a circular plate which
is loaded by moments as is shown in Fig. 46. We obtain
an equation for the determination of the critical force
by the vanishing determinant (35.20), where §;x are the
turns of the cross-sections at the points of the appli-
cation of the moments in the directions of the action
of these moments. It is useful to note that the terms
along the principal diagonal should be computed by ap-
proximately replacing the concentrated moments by the
forces which are distributed along circumferences of a
sufficiently small radius so that the slope at the point Figure 46
of application of the corresponding moment becomes
infinite. '

In connection with the fact that the problem on the stability of a circular plate
with supports can be solved easily enough, it is natural to use the circular plate

as the basic system, i.e. take the circle (as well as a sector of the circle) as the
extended domain.
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Figure 47 Figure 48

In this case, placing the supports and directing the reactive forces as is shown
in Fig. 47, we can obtain an approximate solution of the problem on stability of a
square plate clamped along the contour, which has been considered in this section
by another method. Since this solution is obtained as a result of rejecting the
connections on the contour, the approximation in the critical force is obtained from
below.

Let us perform the calculation for the case, when the supports are placed
according to Fig. 48. We obtain the equation for determination of the critical force
by the vanishing of the determinant

011 012 613
A =8y &2 b2,
031 632 633

where §;; are the deflections at the points of application of the forces in the circular
plate which is loaded by a compressing radial pressure. The computation of these
values was performed by the formulae given in Section 31. By restricting ourselves
in the computation of almost all d;x (except only one) to only one term of the
series, which corresponds to a rather rough approximation of the conditions on the
circumference which bounds the extended domain, we obtain a value of P which is
too small; the difference in the root of the transcendental equation is equal to 4.1%
(the root obtained is 3.46, and its exact value is 3.61).

For a square plate which is simply supported along two adjacent sides and are
clamped along the other two sides, the approximation in the compressing critical
pressure from below can easily be obtained, by considering the plate shown in
Fig. 49. The solution of this problem can be obtained, by using the formulae given
in Section 31.

3. Let us apply the method of compensating loading to the solution of the
problem on the calculation of a plate on an elastic foundation. The basic influence
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function in the considered case has the form
. 1
I{l (zy .%f: 77) = mf()(r))

where A = {/ko/D, fo(r) = RH ((,1) (rV/7) is the real part of the Hankel function of
the first kind of zero order of the complex argument r/i. Here

r=,\\/(z—£)2+(y—1))2.

In order to obtain the basic solution we should integrate the influence function. If
the loadings are distributed over the circular domains, then we can use the formulae
for calculation of an unbounded plate in order to obtain the basic solution.

Let us give the solution for a plate of an infinite dimension which is loaded by
a unit concentrated moment. It has the form

K3() = s L) = a1 ()} cosio, (35.21)
where
fi(r) +iq1(r) = Hl(l) (r\/;) .
As an example, let us write the integral equations of the method of compensat-
ing loadings for a plate with the clamped edge. Outside the domain occupied by the

plate we apply the loadings ¢,(¢) and g2(o) which are distributed along the curves
C,; and C,;. The necessary condition in order that the sum of the basic solution
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and the compensating one satisfies the boundary conditions on the contour, is

/q1 (o)Ki(r1)do + / q2(0) K7 (ra) do = —f,(s), (35.22)
C, Ca
/ql (o) ;ﬁ:Kl‘ (r1)do+ / q2(0) 6?1, K3 (r2)do = —f,(s), (35.23)
C Ca

where r; is the distance from the point of the contour to a point of the singular line
C,, r2 is the distance from the point of the contour to a point of the singular line
C2, f5(s) and fe¢(s) are the deflections and the slope of the normal to the contour
taken from the basic solution.

Let us pass to the problem on the equilibrium of a semi-infinite plate with the
clamped edge which is loaded by a unit concentrated force (Fig. 50a).

Consider the extended domain, i.e., a plate of infinite dimension. We apply,
in addition to the given force, another force whose value is equal to the given one
and which is located symmetrically with respect to the edge. Moreover, we apply
a distributed loading along the border for the present indeterminate (Fig. 50b). As
a result of the symmetry, one of the boundary conditions holds, since the slopes of
the cross-sections, which are located on the straight line whihc coincides with the
boundary of the semi-infinite plate are equal to zero.

When making the calculation, we replace the unknown intensity of the com-
pensating loading by a piecewise linear function, whose ordinates are determined
by the condition of vanishing deflections at the points of the straight line bounding
the plate, which are located under the vertices of the polygonal line. Thus, the
number of the equations is defined by the number of the points; in our case we have
eight equations. Solving these equations, we obtain the values of the ordinates for
the special case under consideration, which determine the compensating loading.
The character of this loading is shown in Fig. 51.

Numerical checking shows that the deflections at intermediate points of the line
indicated constitute less than 2% of the value of the deflection at the same point
before compensation.

The plan in the horizontals of the deflection surface of the plate is presented in
Fig. 52.

The same problem can be solved in another way, namely, by applying an ad-
ditional inversely symmetric force P to the extended domain, i.e. to the plate of
infinite dimension, (in a more general case of the loadings, an additional system
of inversely symmetric loadings). In this case the deflections on the axis of the
inverse symmetry vanish; this solution corresponds to the case of a semi-infinite
plate which is simply supported along the rectilinear boundary.

In order for the slopes of the normal to the contour to vanish, we should apply
the moments, whose vectors are directed along AB, along the straight line AB. In
this case we again come to one integral equation.

Consider a square plate with a clamped edge, which is loaded by a force P
concentrated at the center (Fig. 53a).

Let us note that the simplifications, which will be discussed below, can be
carried over to the case of a rectangular plate and an arbitrary loading.

It is useful for us in the example being considered to introduce a loading by the
forces distributed on a square frame, which is considered in the theory of girderless
floor constructions. The solution of this problem is given by many authors in terms
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of Fourier series. However, for a plate on an elastic foundation it is convenient to
represent the solution in the following form:

oo k=8(j+1)
w=P |y, Y., Ki(r)+Ki(ro)|, (35.24)
i= k=1

where ri is the distance of the kth force from the point considered.
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This formula represents the sum of the solutions for a plate of infinite dimen-
sion which is loaded by the concentrated forces applied at the nodes of a square
frame. The accepted order of summing is the following one: every term of the
series represents the result of the action of the loading applied to the domain which
should be added to the square with the length of the side (2j + 1)a in order to
obtain a square with the side (25 + 1)a + 2a.

The series converges for any finite a.

In order to make sure of this fact, we find the deflection under the load. For
this purpose we consider a general term of the following series:

k=8(j+1)

D> folre). (35.25)
k=1

Using the asymptotic formula for the function fo(r) for large values of the

argument
2 r 'y
Lt Vign( T
Jo(r) = \/ —e sin (\/§+ 8) ,

we obtain for sufficiently large ;

4D k=8(j+1) 9
0 . ; - 55U+1) _
7 E Ki(re) < 8(j +1) / G (35.26)

This inequality proves the formulated statement and proves the good convergence
of the series (35.25).

Let us go to the solution of the formulated problem.

Instead of the given construction (Fig. 53a) we consider a plate of infinite
dimension, which is loaded by equal forces applied at the nodes of a square frame
(Fig. 54a). In this case one of the boundary conditions holds, because the slopes of
the normal to the contour are equal to zero from the symmetry conditions.

In order to make the deflection on the contour vanish, we apply distributed
loadings to the sides of the square (Fig. 54b). The intensity of these loadings
can be determined from an integral equation; when making the computation, we
replaced the compensating loading by a system of concentrated forces. One can

easily see that this results in the superposition of the solutions which are expressed
by a series of type (35.25).
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Figure 54

In the calculation we obtained the linear equations which express the conditions
for the deflections vanishing at some points of the contour equidistant from each
other. Let us note that, by summing the forces applied to the plate according to
Fig. 55, we obtain the solution of the problem on the equilibrium of a plate simply
supported along the four sides. This solution can be represented in the form of a
series similar to (33.5). Such a plate can be considered as another basic system for
the solution of the problem just considered on the equilibrium of a plate with the
clamped edge. In order for the slopes to vanish, we should apply the distributed
moments along the straight lines shown in Fig. 55 by dashed lines. The result of
the computation is presented in Fig. 56.

Consider the equilibrium of a rectangular plate whose two opposite sides are
simply supported (Fig. 57a). The plate is loaded by a concentrated force at the
point of the intersection of the diagonals. 'We attach the plate to the strip as is
shown in Fig. 57b. In this case, the boundary conditions will hold along the simply
supported sides of the rectangular plate which are perpendicular to the sides of the
strip. In order to make the calculation of the strip, we consider a plate of infinite
dimension which is loaded by forces as is shown in Fig. 57b. The solution will be
given in the form of a series similar to (35.24). .

In order to satisfy the boundary conditions on the straight lines which corre-
spond to the edges of the strip, we expand the values of the basic solution on the
contour into a trigonometric series. For instance, for a strip with simply supported
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Figure 55 Figure 56

edges we should expand the values of the deflection and its normal derivative into
the series. Then, applying the loadings which are varied according to the periodic
rule, along straight lines parallel to the edges of the strip and located outside the
domain occupied by the strip, we obtain the compensating solution.

The method which was used when simply

considering this example, is connected supporting

with separating the singularity and leads / x . . i .

to quickly convergent series. ]
Consider a plate which is bounded a) b)

by two half-lines which form a right an-

gle and is loaded by a loading distributed I A | A i

on the rectangular located non-symme- 7y 70 7V 71 7 4 /']

trically with respect to the bisectrix of [J/ / S J L

the angle (Fig. 58). c)

For the calculation, we first com-
plete the angle to 180° and obtain a )
semi-infinite plate which is loaded by Figure 57
the given loading. We also apply a sys-
tem of concentrated forces to the semi-infinite plate and make the calculation of
the semi-infinite plate with respect to the action of each of these loadings. In this
case the semi-infinite plate plays the role of a specific “statically undefinable basic
system”. . :

We applied the concentrated forces at six points. They were determined by the
condition that the bending moments and the transversal forces vanish at the points
1, 2, 8 (Fig. 58). .

Omitting the intermediate calculations, we only present the final results.

The diagrams of the bending moments in kg cm/cm and of transversal forces in
kg/cm, which arise in the semi-infinite plate on the straight line AB corresponding
to the boundary of the angle, are shown in Fig. 59a.
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Figure 58

175 2 2 A2 PAWEY

Figure 59

The same diagrams with regard to the influence of the compensating forces are
shown in Fig. 59b. One can see in the figure that the transversal forces, which
play an essential role in this problem when determining the moments under the
loading, are sharply reduced and practically vanished. The decrease of the absolute
value of the maximal bending moment in the cutting line did not occur. However,
in this special case the influence of the moments which act in the cutting line,
onto the value of the bending moments under the loading is rather small. Passing
to the diagram of the moments with altematmg signs shows that the influence of
the moments on the edge on the value of the calculated moments is significantly
reduced.

4. Consider some problems on bendmg oscﬂlatlons of a plate, which are very
close to the problems considered in the previous sections. As is known, the differ-
ential equation of free oscillations of a plgte has the form

AAw—Mw =0, (35.27)
where .

b
Dg

M=
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The solution which has a singularity of the type of a concentrated force and
which satisfies the differential equation (35.27) has the form

Ki(r)= —51;—,\% [Yo(r) + %Ko(r)] : (35.28)

We will not consider the construction of the equations for the determination of
the compensating loadings in detail. We only give two examples: in the first one
we investigate the free oscillations of a plate, and in the second one we investigate
the forced oscillations of the plate.

Consider the problem on'free oscillations of a circular plate clamped along
the contour. The exact solution of this problem is known. We will construct the
compensating solution, by applying a system of concentrated periodically varying
forces and moments to the contour, whose vectors are directed along the tangent
to the contour. The disposition of the forces and the moments is shown in Fig. 60.
It has been noted that the slope at the point of application of the concentrated
moment becomes infinite. The deflections and the slopes at the points of application
of the forces and moments should vanish. Therefore, in place of application of the
concentrated moments applied at the points, we introduce the loadings go cos®,
which are distributed along the circumferences of a sufficiently small radius. It is
natural that when calculating we assume all the forces P and loadings go to be
equal. By the deflection and the slope of the normal vanishing at the indicated
points, we obtain a transcendental equation with respect to the reduced radius
a. In this case the smallest root of the transcendental equation is equal to 3.15,
whereas the exact solution of the problem gives the root equal to 3.19.

Of course, this example is of interest only from the viewpoint of illustrating the
effectiveness of the approximate solution under consideration.

Consider the problem on the forced oscillations of the girderless floor construc-
tion. We assume that the floor has equidistant point supports which are located on
a square frame. The concentrated force Psinwt is applied to the floor at the center
of the middle panel. One can see in Fig. 61 that the floor consists of 25 panels which
are supported by 16 columns and the walls located along the external contour of
the floor. We assume that the plate is clamped along the contour. It is clear from
physical considerations that the influence of the boundary conditions on the exter-
nal contour onto the work of the middle field is not essential. The fixings by point
supports play the main role. Therefore, we satisfy the boundary conditions on the
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external contour in a rough way, by requiring that the deflection and the slope on
the contour are equal to zero on average. The conditions at the point supports and
at the point of application of the concentrated force will be satisfied strictly. It is
clear from the symmetry. conditions that the reactions at the four columns which
border the middle field, are equal to each other. The reactions at the four other
columns which are located on the diagonal of the square are also equal to each
other, as well as the forces at all the other eight supports. Thus, we shall make

the calculation for one known force at the center, setting v 1, and we will
1

calculate the plate for three systems of equal unit forces, each of which combines

the equal reactions at the point supports. These three schemes are presented in

Fig. 62a, b, ¢, d. Without numerical calculations we only describe the scheme of

the calculation followed by a numerical result.

- The solution for each of the schemes indicated will be

- 4}__1__4_ &  obtained in the form of a sum of a basic solution and a
i d compensating one. The basic solution for the first scheme

J—

P-_,}-_ &~ 15 (3521) for éﬁ?
% maining schemes will be obtained as a sum of such solu-

= 1. The basic solution for the re-

® tions, assuming the origin for each of them is at the point
S —— where the corresponding support is located. We seek the
reTeTmeTeTe compensating solution in the form
Figure 61 wy = AgJo(Arr) + BoIo(/\l‘r).

It has been noted that we find the coefficients Ag and By,
by setting the average values of the deflection and the slope on the contour equal
to zero.

If we have the four solutions which have been indicated, then we can easily ob-
tain a system of canonical equations for the method of forces for the determination
of the bearing reactions at the point supports; each of these equations means that
the deflection over the corresponding support is equal to zero.

Then, knowing the bearing reactions and using the calculation for the unit
forces, we can find the deflections with the help of the principle of addition of the
actions.

In order to show that the influence of the conditions on the external contour
is insignificant, we also calculate, as well as the square floor, two other girderless
floors, circular in the plan, with the same reduced step of the columns (see Fig. 62e
and f). One of these calculations is presented in Section 31, where a series of
problem on the oscillations of circular plates is considered in detail.

points | Floor Floor Floor
Fig. 62e | Fig. 62f | Fig. 62a

I| 0.55691 | 0.55284 | 0.55164
IT | 0.40982 | 0.40841 | 0.40756 -
III | 0.19679 | 0.19433 | 0.19981
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Figure 62

One can see in the table above that the deflection at the center of a girderless
floor construction in all three cases are very close, as well as the deflections at the
other points of the middle panel which were considered.

The description of the calculation implies that we can extend these scheme of
the calculation onto the solution of the problem on forced oscillations of a three-
dimensional frame with pillars of the circular transversal cross-section and a cross-
plate in the construction of a girderless floor.

For this purpose, we should write the solution of the problem on the loading
of a plate on the circular domains in closed form, using the formulae given in the
first chapter. Then, we should construct the equations concerning linear as well as
angular displacements of the capitals. In this case we should: a) set the average
value of the deflection in the domain of support and the deflection at some place
of the support equal to zero and b) set the slope of the pillar and the slope of the
plate equal to each other.

Obviously, the same scheme of the calculation can be applied to the solution
of the problem on the eigenoscillations of a girderless floor construction.

36. The problem on equilibrium of an unbounded plate which lies on a
uniform elastic foundation whose model has a circular symmetry

Consider a plate which lies on a solid foundation. We assume that the upper
bound of the foundation is the horizontal plane. If the vertical unit force acts on
this plane, then, as a result of deforming the upper bound of the foundation, a
surface will be formed, whose z-coordinate can be called the kernel of the model
of the elastic foundation. Suppose that the equation of this surface, written in
a system of coordinates with the origin at the point of application of the force,
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remains the same while varying the position of the force. Such a foundation will be
called uniform.

In order to pass to the study of the bending of beams and plates which lie on
a linearly deformable uniform foundation, we first consider an important auxiliary
problem on the dependence between the vertical forces acting on the foundation
and the deflections of the foundation.

We will consider the kernels which can be graphically represented as a surface
of rotation here, i.e_, the kernel of the form

Kz-&y-n)=K (VE— 67+ - n)’)
These are the most important in applications.

Many important properties of elastic uniform foundatlons with circular sym-
metry are related to a more general type of kernel.

K@-&y-n) =K (V-0 +@—-17),

where u is a constant. The appropriate models of the foundation can play an im-
portant role for anisotropy in the plane ory as well as for the solution of some
dynamical problems. With the help of the kernel of the elastic foundation we can
easily write the integro-differential system of equations of the problem under con-
sideration, which has a simple solution based on using the Fourier transformation
in the case of an unbounded domain. However, we present this solution in another
form which is more descriptive from the mechanical viewpoint. As a basis, we use
the problem on the loading of the foundation by the pressure which is varied ac-
cording to the rule ¢ = asinazsinfy. Let us show that the settling for such a
loading is given, for any uniform elastic foundation, by the expression

w = besin az sin By, (36.1)

where ¢(a, 8) is a function whose form depends on the chosen model of the foun-
dation.

Let us denote az = z;, By = y1, af = £ and Bn = ;. After the change of the
variable z, y, £, n by z1, y1, &1, and n;, the kernel K(z — £,y — n) takes the form
Ky(z1 - &1, 01— m).

Applying the principle of addition of the a.ctlons we obtain

o0

w= / / bin( az)sm(ﬂy)K(x—s y— n)dz dy
b o
=38 / /sm:clsmlel(zl =&,y —m)dzydy. (36.2)

-0 —0
Introducing the variables ; —&; = z; and y1 — M = (1, we rewrite expression (36.2)
in the following form:

[o o B @ o]

b / [ din(es + s2)sintm + K (s /o0, G/8) s ey

" of

-0 =00

:Ebﬁsinflsinnl/ /COSZICOSCIK(21/0,¢1/ﬁ)d21dCl.

—00 —00
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Hence, w = besin &) sinny, where

—% / / cos z; cos (L K(z /a, (1 /B) dz1 dGy, (36.3)

c =
a

QED.

In order to solve the problem concerning the motion for the periodic loading
considered here, we should determine ¢ with the help of formula (36.3). Let us pass
to these computations for different types of the foundation.

Firstly, we consider the most widespread model, namely, we consider an elastic
uniform isotropic half-space. From the theory of elasticity it is known that in this
case

- o? 1

B [z -2+ (y—n)?

where E is the modulus of elasticity, o is Poisson’s ratio.
Let us denote

K(z—£&y—n)="

(36.4)

E
A=
Computing ¢ by formula (36.3), one can obtain [19]
1
T

hence

= m:_———-f_ﬂ—z sin a.z sin fy.

This result is well known in the theory of bending a plate which lies on an
elastic half-space (Woinowsky-Krieger [85]).

For different applications, it is convenient to transform formula (36.4), by pass-
ing from Cartesian coordinates to polar ones. We shall first do this for the special
case of a kernel with an axial symmetry.

Let us write the formula which is a consequence of the Bessel integral:

/ / cos(az) cos(By) K (\/1:2 + y2) dzdy = 211'/ rK(r)Jo(yr) dr, (36.5)
=00 —00 0

where v* = a? + %, r? = 22 + y?. Thus, formula (36.3) can be written in the
following form:

c= 27r/ rK(r)Jo(yr) dr; (36.6)
0

i.e. as the Hankel transform.

In the cases, when the kernel has no axial symmetry, it can nevertheless be
represented in the form

K=K (VE-07+r2ly—n)?).
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We obtain

27 T
c(y) = :/7‘11{(7‘1)%(717‘1)517‘1,

0
where

n=vz2+y?,
N =Val+pp
With the help of (36.6) we can find the function c(v) for the problems in which

the kernel K is known.

Let us give a table containing several types of the kernels K, for which one can
obtain rather simple expressions of the function ¢(v), by using well-known improper
integrals. ' '

K(r) c(7)
B 2nB
wrE, | e
B r? 2 2
552 P |~ 352 27 B exp(—4°+¢)
27 B
BBKQ(JT) _—72—3;—37
—— exp(—dr) —_—
2nr B V2 + 42
_———21r(r2+62) BKo('YJ)

Thus, we have obtained several kernels, which can, in particular, be used in
order to approximate the surfaces of the settlings obtained experimentally. In this
table, B and é are the parameters which can be varied, Ko is the Macdonald
function. ,

If the kernel K has the form BKy(dr), then it corresponds to a foundation with
two elastic characteristics. R

For the half-space, whose modulus of elasticity is varied with the depth accord-
ing to the exponential rule, G.K. Krein has obtained [17] the kernel

1
K(z—-&y—n) = FDar
where D,, is a constant; n is a number which characterizes the rule of the variation
of the modulus of elasticity with respect to the depth,

r=(z-€)?+ (y—n)*
In this case, the theory of improper integrals with Bessel functions implies (see
page 72) that for 0.5 < n < 1 we have

21—n
e f) = -

where T is the gamma function.

= I((=n)/2)
e T my
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Let us pass directly to the problem of the calculation of an unbounded plate.
First we consider an auxiliary problem on the bending of an unbounded plate,
on which the loading

¢ = acos az cos By

acts.
The differential equation for the elastic surface of the plate has the form

DV?V2w =g ~p,
where V2 = 52, + 3%,. We suppose that the reactive pressure is
p = bcos azr cos By, (36.7)
and represent the deflection of the plate in the form
w = bc* cos az cos By,
c* =c+ 1/ko.
Introducing (36.7) and (36.8) into the differential equation for the elastic surface
of the plate, we obtain the equation
be* D(a? + f2)2 = a — b,
therefore, b = a/[1 + ¢*D(a? + $2)2].

If we consider the problem on a plate which is subjected to the action of the
loading

(36.8)

oo oo
9= Z Zamn €OS Ay T Cos By,

m=0n=0

then, using the formulae given above, we obtain

Gmn
p= Z Z T+ D(aZ ¥ AL) COS Qyn X €08 Pny,

m=0n=0

GmnCh,
w= €OS Qyn X COS B, .
,;,,;,Hc‘ (a?, +l:7;~’,.)2

If we pass to the problem on a plate uniformly loaded over rectanglar surfaces
with the sides 2a and 2b which are located so that their axes of symmetry form
a rectangular frame, and if we assume that the distance between the rectangles
becomes infinite, and moreover, we assume that 4gab = P as ¢ = 0 and b — 0,
then after the limiting passage®, we obtain the required solution in the following
form:

aQ 0Q

ﬁ/‘/ c* cos ax cos fyda df

w2 1+ poc*{a? + B?) + c*D(a? + §2)2°
00

This formula can easily be transformed, if we introduce the notation

a2+ﬂ2:72, :2+y2.:1‘2, a/ﬂ:tango.
Then we have

a = vsingyp, B =~cosp, dadf = ydydp.

90ne can use the integral representation of the delta function instead of the limiting passage.
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Applying once again the formula
1 Vid
Jo (\/3:2 + y’) = o / cos(z cos p) cos(ysin ) dyp,

0
we obtain

oo
_ P c*yJo(yr) dy
2r ] 14 poc*y2 + c* Dyt
0

Consider some special cases, assuming that po = 0 (pg is the stretching force
in the median plane).

1. The foundation is an elastic half-space. In this case ¢® = ¢ = /
where k = E/(2(1 — 0%)). We introduce the following notation: | = /D
A = vy/D/k, v/l = §. The reactive pressures and deflections are given by the

expressions

p(§) = (36.9)

P 7,\Jo(,\.g) d
2nl? 1+2A3

0

P2 [ Jo(A€E) dA

v=55] Tie
0

(36.10)

where [ has the same dimension as the length.

Formulae (36.9) and {36.10) were obtained in 1932 in another way by S. Woinow-
sky-Krieger, who, however, considered only the problem on an elastic half-space.
This problem as well as a series of important and more complicated problems on a
plate on an elastic layer and so on have been solved by O.Ya. Shekhter [59], who
has also composed the tables necessary for the calculation.

2. The Winkler-type foundation (the model of the coefficient of

subgrade reaction). In this case we have ¢* = 1/ko. Denoting I} = /D/ko,
A1 =794, v/l =€, we obtain

(e +}
_ P M Jo(M€) d)y
w(a”zwkor;’/ T+

0

One can easily verify that this solution coincides with the one given in Section 32
of Part I, if po =0, 1.e.

2
w(§) = !lfo(ﬁ)-

For this purpose we should refer to Section 21 (page 74), where we considered
improper integrals.

Using the addition theorem (page 26), one can easily show that if the solution
of the problem on an unbounded plate which is loaded by a concentrated force has

the form
Jo(AE) dA
w(e) = A / e
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then for the loading which is distributed along the circumference (of the reduced
radius p) according the rule ¢ cosnf, we have

w = 2nglApcos n()/ In(A2) Jn (A d . (36.11)
0

F()

Let us pass to the solution of the problem on the bending of a plate which is
loaded by a distributed loading which is varied according to the rule ¢ = Bp™ cos né,
and acts on the area of the circular ring whose radii are equal to p, and p;, where
p2 > p1. Using the principle of addition of the actions, we integrate (36.11)

P2 [
w= 2ABlz1rcosn0/p"+1 dp/ In(Ap)In(A€) dX )
0

F(\)
(4}
Changing the order of integration, we rewrite the integral obtained in the following
form:

2

[ p

w = 2ABI?x cos nf / In(36) dA / Pt . () dp.
F(})

0

(4]

With the help of (15.1) we obtain

w = 2ABI?r cos nO/ Jn(’\f)[PgHJnH(’\Pz) - P?+1Jn+1 (’\Pl)] d/\'
0

AF())

For n = 0 we have the solution for the case, when the loading is uniformly dis-
tributed on the area of a circular ring
o0

w = 2ABI*r / JO("f)[PM(’\;’;)(;)Plh(f\px)l dX

0

If py = 0, then the ring becomes the circle of the radius p, = p and the solution
takes the form

e [ Jo(AE)J1 (Ap) dA
w = 2ABI p7r/ SYa0)) ;
o




CHAPTER 4

Problems of the theory of oscillations,
hydrodynamics and heat transfer

37. On the oscillations of a thread

In this section we consider the Bernoulli problem on free oscillations of a sus-
pended thread, as well as the problem on the forced oscillations of the thread. The
case, when the thread has a variable density is also considered.

Consider free oscillations of a flexible heavy uniform thread. Suppose that the
lower end of the thread is free; the z-axis will be directed up along the vertical
straight line passing through the axis of the thread in the equilibrium state; the
origin will be taken at the end of the thread. Let p denote the mass of the thread
per unit length, g be the acceleration of gravity. The movement of a point of the
thread in the direction perpendicular to the z-axis will be denoted by y. Only small
oscillations are considered.

Consider the element of the length dz. The transversal force in the cross-section
is Q. = N dy/dz, where N is the normal force. From the equilibrium condition for
the element of the length of the thread, we obtain by projecting the forces applied

to the element onto the y-axis,
d dy
— (N2 ) =y,
dz ( dx) 1

where ¢ is the loading per unit length which is directed parallel to the y-axis.
In the case, when the thread performs free oscillations, we have

5 d (oY &y
If we set y(z,y) = w(z)sin(wt + ¢o), then -

d dw l 2

If the density p is constant, then the threac;lﬂis'stretched by the force N = pgz.
In this case we have R

[RRNES WP

d ( dw\ ;w’i.
— | z— —w="0.
dz (z dx) + g e .

Setting z = gs2/(4w?), we reduce the equation obtained to the Bessel equation of
zero index with the argument s

dw ldw
2 T 5 ds

215

+w=0.
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Hence
w(s) = AJy(s) + BY,(s)

=AlJ, (2w\/f_) + BY, (m\/f_) ;
g g

The constant B is equal to zero because the function w cannot become infinite
at £ = 0. Thus, we obtain the solution

y(z,t) = AJo (2w@ sin(wt + ).
g

The boundary condition at the place of fixation implies that for z = [ we have
y(i,t) =0.

Hence, Jo [Qw\/l/_g] =0.

Denoting the roots of the Bessel function of zero index by a;, a3, ..., ax, we

a9/l

immediately obtain the frequencies of the eigenoscillations wy = ; the coef-

ficients Ay and the initial phases @gx can be determined from the initial conditions.
If the initial form of the curving of the thread and the initial velocities are equal
to fi(z) and fa(z), respectively, then, seeking the general solution in the form

y(z,t) = EAkJo (ka\/g) sin{wkt + ok ).

k=1
we obtain for t = 0

EAI:JO (ka\/§> sin ok = fi{z),

k=1
b T
ZAkwao (2wk\/:> COS Yok = fg(:l:).
k=1 g

From these equalities we can easily determine A, and gk, using the orthogonality
of the Bessel functions.

If the fixing of the thread is elastic, then the boundary condition at z =1 has
the form

ay(l,t
Na::l ya(: ) = cy(l,t),
where c is the so-called quasielastic coefficient of fixing, and if N,—; = gpl, then

_ 99 Qn 1 g)r cJo(2wkV1/g)-
Vig
In this case the problem can be reduced to the Dini series.

It should be noted that in problems of dynamics and seismic stability of build-
ings at the present time the so-called shear vibrations of the buildings are consid-
ered, for which the differential equation is similar to the equation of the oscillations
of a thread. One often assumes that p depends on z and is usually an exponential
function.

Consider the oscillations of the thread, assuming that N is variable and de-
noting it by N.. Suppose that the density p is a given function of the coordinate
T
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Then the differential equation of the form of the free oscillations takes the form

d dw
— | N,
iz ( iz ) +ola)w’w =0,
where the normal force, which is equal to the sum of external forces applied to the
rod on the interval (0, z), is equal to

Tz

Ng =g/p(z)dz'. '
2 .
Hence,

d dw. 5
de_:;_; +yp(z)—w +w?p(z)w = 0.
Consider the simplest rule of varying of p(z) p(z) = po (az)*. Then
z .
e
N, =g/po(a::)“ dz = ypo gpo (az)*7

a p+1°
0

Hence,

2w d 1
= D4 +1)l—"'-+ 2‘“: w=0. (37.1)

The last equation is a special case of the equation
2

d*w dw
12-552- + (201 — 2Bv + 1)z + (62422 + (a1 — 2Bv)oy] w =0,

whose solution has the form w = xﬂ""‘""Z,,('y::p ) (as can be seen in Section 13,
page 32). Setting

200 —20v+1=pu+1, o) —20v =0,

28=1 _.'1‘32—72_‘—_12&_'_"_1)‘
. R i g9
we obtain the solution of the problem considered in the form

w= Cud (ol Dgz7) 2417+ Ca, (2o ) z*17) o412

Assuming, as before, the origin to be at the lower end of the
rod, we immediately obtain C; = 0, and for determination of
the frequency of the free osc1lla.tlons we have the transcenden-
tal equation

Ja (w\/(p T, 1)/ Vi ) =0.

Consider in more detall the question concerning the os-
cillations of a thread -of constant density, which has a con-
centrated mass M at'the end.-The limiting cases lead to the
problem on the mathematical pendulum and to the problem
on the thread in the classical formulation which was consid-

Figure 63 ered at the beginning of this section. If we take, as before, the
origin at the end of the thread, then N; = Mg+ pgz. Let us
carry over the origin into the point A; (Fig. 63), where-a = M/p.

-—— -

i
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w(z) = Al (mﬁ) + BY, (Qw\/—g) .

The first boundary condition of the problem is: at z = a we have Q = —Mw?y.
Hence,

In this case

dy _ 2
Ndz z=a - —MU y|z=a
or
dy 2
Mga + Mw yll=¢ =0. (372)

The second boundary condition is not changed compared to the problems considered

before, and if the thread has a stiff support, then the second boundary condition
has the form

Yezaps = 0. (37.3)

Both the boundary conditions are homogeneous. For the existence of a non-
trivial solution it is necessary that the following transcendental equation holds

(o 55) o (of3) o ()
o (f55) o o) o ()] -

which can be obtained from (37.2) and (37.3).

One cannot always assume that the nor-
mal force is caused only by the self-weight of
the thread. Obviously, a problem can arise in
which an additional compression or stretch-
ing of the rod is caused by other causes, for
instance, by the influence of the tension of the
cables (Fig. 64). Thus, the necessity arises
to consider the influence of a normal force
which does not depend on the mass per unit

7 length. The simplest example is a pillar of

a constant cross-section working on the shift

Figure 64 which is compressed at the end by cables; we

neglect the mass of the cables in the oscilla-

tions. In this case we have N = —Nj — gpz.

By analogy with the previous example, we should move the origin to the point A

which is located at the distance a = Ny /gp from the end of the pillar, and introduce
the coordinate z = r + a.

In conclusion, we consider the problem on the forced harmonic oscillations of a
thread in more detail, which are caused by the action of the loading ¢ = ¢(t) sin pt.
In this case we assume that the frequency of the disturbing loading p does not
coincide with any of the frequencies of the free oscillations of the thread.
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Then the differential equation takes the form

oz (Nax) ~ Pz =p(z,t) = so(::) sin pt.

Setting y(z,t) = w(z)sin pt, we obtain an inhomogeneous ordinary differential
equation

d dw 2
iz (V) +me= ).
First, we consider in detail the forced oscillations of a thread with a constant density.

Then, passing to the independent variable s = 2p\/z/g, we obtain the following
inhomogeneous equation:

d*w + 1dw 4w 92| 7
ds?  sdzx 2‘P 4p?
If the right-hand side represents a power function ¢ = A*z#, then we have
d?w 1dw §2 g sl 9\
—_— _ A" — 9=2p( 2 L 2;4.
d? Tsdz TV A(4p ) 2 pz) A

A partial solution of the problem can be expressed in this case via the Lommel
functions s, , .

The general solution of the problem under the boundary conditions considered
above has the form

w = AJy(s) + 272#(g/p*) ** A% s2441,0(s).

Let us note that the given frequency p is present here in the variable s and the
constant A is determined from the boundary condition at z = I. Thus, denoting
the value of s at £ =1 by 3, we obtain

A=— (pi) A% s3u41,0(8)
-\ 24Jo(B)

Note that if p is constant and N(z) is varying according to a rule which is
different from a linear one, then we can take N(z) dw/dx = Q. as an independent
variable. Then the equation with respect to the function Q. takes the form

’Q
dz ; +PP2N_ ( )Qa: =0.

In the conclusion of this section we note that a lot of problems which are
described by second order differential equations which can be reduced as a result
of a change of variables to the Bessel equation, arises in very different applications.
The problems of the stability of rods of variable cross-sections which can be reduced
to the Bessel equation, have been considered in greaat detail by A.N. Dinnik [12].

38. Stability and transverse-longitudinal bénding of a rectilinear rod;
stability of the plane form of the bending of a strip

It is known that some problems of the theory: of stability of rods have an exact
solution in special, mostly Bessel, functions. The works devoted to the search for
exact solutions are rather numerous. The expedience of continuing the work in
this area has not diminished hitherto. The progress in studying and tabulating
special functions, including Bessel, reveals a series of new opportunities, unused up
to now, which allow one to bring to the number of exact solutions the exact solution
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of many problems concerning longitudinal bending which had not been considered
before. In this section we consider some problems of the theory of stability of rods,
which allow one to obtain an exact solution in the Bessel functions.

Stability of a rod compressed by forces applied at the ends. Consider
the problem on stability of rods of a variable cross-section which are compressed
by a longitudinal force P which is constant along the length of the rod. For a rod
simply supported at the end as well as for a cantilever rod, these problems allow
solutions in Bessel functions in a number of cases.

In particular, one can most simply obtain the solution, when the stiffness varies
according to the exponential law. These problems have been considered in detail by
A.N. Dinnik. Dinnik has also considered the longitudinal bending of a rod whose
stiffness varies according to the sinusoidal law.

One can extend the circle of the problem on transverse bending which can be
solved in Bessel functions. On the one hand, one can obtain the solution for some
laws of the variation of the stiffness, which are not considered hitherto. Moreover,
even for the laws investigated by other authors, the appearance of new tables of
Bessel functions and functions close to them allow one to obtain numerical solu-
tions for much larger domains of the variation of the principal parameters which
characterize the change of the stiffness of the rod.

On the other hand, one can consider boundary conditions which result in a
more complicated statement of the problem: the fixing of both ends, the fixing of
one end and the simply supporting of the other end, the elastic supporting. In these
cases the solution contains the Bessel functions as well as the contiguous functions,
in particular, the Lommel functions.

The problem on the longitudinal bending of a rod of a variable cross-section
which is compressed by a longitudinal force P and is simply supported at the ends,
can be reduced to the integration of the differential equation

d%y
E‘J-dm—2 +Py=0 (38.1)
under the boundary conditions
=0, y=0;
=l y=0,

where [ is the length of the rod.
Suppose that EJ = EJo(1 4+ 8z)™. Denoting 1 + fz = z, we rewrite (38.1) in
the following form:
d? P
dy P
dz2 ~ B2:mE],
The boundary conditions take the form

y=0. (38.2)

at z = 1, y= 01
at 2 =1+ 3!, y=0.
. P
Denoting m = by, we can rewrite (38.2) in the following form:
0

d?y —m
2 +bz7"y=0. (38.3)
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In order to reduce (38.3) to the Bessel equation, we should use a transformation
of the variables. For this purpose we should introduce the new variable
v=2z"1 2y,

and pass from the independent variable 2 to the variable

2
t = — 1-3. 38.4
2_m\/b1z : ‘ (38.4)

Then, we obtain the Bessel equation of the index 1/(2 — m) with respect to the
function v from equation (38.3).

Thus, for an integer index we have

v = A1y 2-m) () + A2Y1/(2-m) (£)- (38.5)
If the index is fractional, then we have o .
v= A1J1/(2_m)(t) + Azy_j_/(z_m)(t). (38.6)

The final result for an integer index is:

2 ™ 2
y= \/; [AIJI/(2—m) (m\/ blzl—T) + Azyl/(z_m) (m\/blz_l—%)]
(38.7)

If the index is non-integer, then the term Y, in the second term should be replaced
by J_,. A.N. Dinnik has made the calculation for the cases m = 1,2,3,4.

Let us show how the critical force can be computed.

The general approach consists in the fact that, substituting the solution (38.7)
which was found into the boundary conditions, we obtain two linear homogeneous
algebraic equations with respect to the coefficients A; and Az. The case A, = 0,
Ay = 0 represents the trivial solution, which is of no interest for us.

The necessary condition for at least one of the two quantities A; and A3 to be
non-zero, is the vanishing of the determinant of the system obtained. This gives a
transcendental equation. By solving this equation, we determine the eigenvalues of
the problem under consideration. Then we easily compute the critical force.

As an example, we find the critical force for a rod, whose stiffness is varying
according the linear law.

Suppose that

EJ = EJy(1 + Bz).

1
Then 5 = ~1 and the solution of equation (38.1) takes the form

m_
v= A]_Jl(t) + A2Y1 (t), (38.8)
where
z:1+ﬁx’ tz_é_z_n—l\/-b:zl—%:2ﬂzll2.
Thus,

y=wv/i=12 [A,J, (2 blz) + AYy (2 blz)] . (38.9)
The boundary conditions imply that
y=0atz=1.
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Therefore, we obtain the equation
0=A,J; (2\/57) + AsY, (2\/13) . (38.10)
For z = 1+ Bl we have y = 0, and we obtain the second equation
0= Ais; (2v/bi(1+BD) + AV (evaa+m). (38.11)
Equations (38.10) and (38.11) imply the equation
Ji()Y1 (&) - 1(&)Ya(€) =0, (38.12)

where
2vhi=€ V1+pl=6 E5=¢.
From this equation we find £, and then we compute b;. The critical force P is

defined by the formula

2
Pee = (*EJoby = B EJo>. (38.13)

T3 T T a3 T 3 —2, using the tables of generalized
Airy functions. The calculation of the critical forces for these cases of varying the
stiffness was not hitherto performed.

According to the notation used in the tables mentioned, the generalized Airy
functions satisfy the equation

U"(s) + s*U(s) =0, (38.14)
whose solution has the form
U = AUi(s) + AxUs(s). (38.15)

The functions U;(s), Uz(s) and their first derivatives have been tabulated. Com-
paring (38.2) and (38.14), we obtain

- _ a+$2 ﬂzEJO
m= o, Z=S5 v P -

When the ends of the rod are hinged, equations (38.10) and (38.11) take the fol-

lowing form:
[ P ) / P
at2 at2 = .
AUy ( ﬂzEJo + AU, ( ﬂzEJo) 0, (38 16)
AU, | % L 1+ 8] + AUz | °¥ ‘L(l +pl)| =0. (38.17)
B2EJ, B2EJ, '

From these equations we obtain the following transcendental equation:

2 P a+2 P
Uy ( % m) U, [ K _ﬂ-zE_Jo(l +ﬂl)]
(e ] o
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which can be solved with the help of the tables mentioned above.
Let us make one more remark concerning the use of the tables mentioned. The

derivatives of the functions Uy and Uz can also be expressed via the Bessel functions
of a fractional order with the help of the formulae

1
U{(s,a) =—(a+ 2)—1/(a+2)r(a + 2)S(a+1)/2J$ (

o+

. (at2)/2 8.19
o + 2 s ) H (3 )

T a2

Us(s,a) = (a + 2)/(e+21 (Z : g) PRAREN S ( . s(°’+2)/2) . (38.20)

a+2
Therefore, using these tables, we can obtain the solutions for all cases, when

1 a+l . a+2 .
“mo2 - ax2 ® form = 2 — pornt for instance, for a = 1/4 we have
m = 0.2; for a = —3/4 we have m = —3 and so on.

The question can arise concerning the practical importance of the solution of
problems for fractional values of the number m. In our opinion, the importance of
these solutions as well as other new solutions is connected with consideration of the
elasto-plastic problems of the transverse bending, which can lead to very different
laws of the variation of the stiffness along the length of the rod.

Let us pass to consideration of other laws of variation of the stiffness. If in the
equation

EJy'+ Py=0
the stiffness is varying so that
BI____a
P b2z —02) + ¥’
then we obtain, using an appropriate change of \;ariables, the solution for non-
integer v (for b # 0, ¢ # 0) in the form
y = vz [A1dy(cz®) + AzJ_, (cz?)] (38.22)

Now consider some more complicated laws of variation ‘df the stiffness of the rod,
which require more complicated changes of variables with the help of the Lommel
method. It is shown that the solution of the equation ™ =~

(38.21)

@ - [ﬂi)_ _ '/’I(z)] fg 2_ 2 2 ['l"(z)]z _
2w TNy T e G v=0 (3829)
has the form
y = [$(2)]*Z,[¥(2)]- (38.24)
Therefore, we find that the equation ‘
%::—Z + (e - vy = 0 | (38.25)

can be transformed with the help of the change of the variable t = e into the
Bessel equation

d?y 1dy VZ)‘ -
—J4 22 -—=Jy=0. 38.26
wtia’t (1 iz )Y (38.26)
Therefore,

y= Z,(e%). (38.27)
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We use this solution in order to consider the problem on the longitudinal bending
of a rod, whose stiffness is varying according to the exponential law or a law close
to this one.

Suppose that in equation (38.1) we have

P

'Ej = Blekz — B,. (38‘28)
Let us introduce a new variable z = ax + b, where ¢ and b are unknown values
which should be determined. Introducing (38.28) into equation (38.1), we obtain

d2y kx
Introducing the new variable z = ax + b, we obtain
d’y z—b)/a
02 . '&;5 + [B]Ck( b)/a _ Bg] y= 0 (3830)

In order that (38.30) coincides with (38.25) we should set

By, B, _ k
ﬁ—l/ , m = 1, ;-—-2 (38.31)

Therefore, we obtain
k = 2a,
a
b= Z(ln By —2na),
vBy 2B,
—

a

Thus, in this case the index v depends on the relation between the physical
constants By and k. Taking into account what has been said about the tables of
the generalized Airy functions, we see that the solutions can be obtained in a very
large range of the ratios By /k. This allows one to investigate a much larger number
of the problems than the exponential law of variation of the stiffness gives, when
By = 0 and the index v = 0. However, it should be noted that the solution of
the transcendental equations for B # 0 is, in fact, more difficult than in the cases
considered before, because the unknown quantity P is present in the argument as
well as in the index of the Bessel function. This requires interpolation with respect
to the argument as well as with respect to the index.

We are now going to the investigation of the problems with other boundary
conditions. Consider the case, when the stiffness is varied according to the power
law. Suppose that both the ends of the rod are fixed. The rod is symmetric with
respect to its middle which will be taken as the origin. Consider the symmetric
forms of the loss of stability. The form which gives the calculated value of the
critical force will be among them.

Let us write the differential equation and the boundary conditions for the right-
hand half of the rod

EJy' + Py = —Mo, (38.32)
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where My is the supporting moment,

at =0, ?:0,
z (38.33)
atx—l— =0 dy—O
"2) y‘- ’ d:c— -

From these three conditions we find the two constants of the integration and the
supporting moment Mj.

The right-hand side of equation (38.32) is constant and its particular solution
also represents a constant. Since the equation has variable coefficients, the deter-
mination of the particular solution in the case, when the right-hand side represents
a power function whose exponent is different from one, is connected with additional
calculations.

We proceed from the previous scheme of the solution, which consists in the fact
that after an appropriate change of variable the equation without the right-hand
side becomes the Bessel equation. In this case the right-hand side is transformed
into a power function. Therefore, we will seek a particular solution for the equation

22u” + zu' + (2% — v¥)u = f(z), ‘ (38.34)

where f(z) is a power function.

We can use two methods in order to solve the equation with the right-hand
side.

The first one consists in the fact that the particular solution for the right-
hand side which represents a power function, is expressed by the Lommel formula.
The second method consists in the representation of the particular solution in the
form of an integral, whose integrand contains the Bessel function multiplied by a
power function. However, it is known that these integrals can be expressed via the
Lommel functions. This question will be considered below in more detail. Now we
are going to problems on rods which are compressed by a longitudinal force whose
value varies along the length of the rod.

Stability of a rod compressed by a distributed loading. First, consider
the Greenhill problem on the stability of a rod with a constant cross-section under
the action of a longitudinal force, which is a linear function of the coordinates of
the cross-section. .

T Suppose that the rod is fixed at one end; the second end is free.

s We take the origin at the fixed end, the z-axis will be directed along

the axis of the rod (Fig. 65). We investigate the case of the longitu-

dinal bending for a constant uniformly distributed loading ¢. In this

case the longitudinal force is N = ¢(I — z), where [ is the length of

the rod. Suppose that when losing.the stability, the rod bends along
' . . .

a curve y(z). The bending moment in the cross-section £ = z; can

be expressed in the form of the following definite integral:

i
7 M=- f a(n — v) dz, (38.395)

Figure 65
where 1 = y(z1).




226 4. PROBLEMS OF THE THEORY OF OSCILLATIONS

It is known that the equation of the elastic line of the bent rod has the following
form:

d?y
EJHE =-M; (38.36)
therefore,
dy —dM
EJZ':—2 =g = -Q. (38.37)

In our case, the forces ¢ remain vertical under the bending. The value of the
main vector of the forces located above the cross-section comsidered is equal to
R = ¢(l — z) and this vector is directed vertically. In order to find the transverse
force, we should project the main vector onto the normal to the elastic line. Thus,
we have

d d
Q:R-a%:q(l—z)gf—:. (38.38)

Since we are considering small deflections, we replace the sine by the tangent.
Hence, the differential equation can be written in the following form:

dy dy
= —q(l — z)—. .
Edes g( x)dz: (38.39)
Denoting -Z—Z =u,l—z =, we have
d2
EJEZ +qé1u =0, (38.40)

Let us denote & = “"/ -E?—J and set k€ = €. Then the differential equation (38.40)
takes the form

d?u

—d_£7 + {u = 0. (38.41)
As is known, the Airy integral which can be reduced to the Bessel function of the
order 1/3 satisfies this equation.

The integral of equation (38.41) has the following form:

2 2
u= A2 Jy5 (553/2) + BEY2J_ys (553/2) : (38.42)

In order to determine the constants of integration, we should consider the
boundary conditions.
From the condition of sealing the lower end, we have:

dy

—_ = t z=0.

iz 0 atz=0
Hence u = 0 for £ = xl. At the upper end we have

d%y

H‘F =0 atz= l,
or, what is the same

ili =0 for&=0.

d¢
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Expanding the function (38.42) into a power series and keeping the first terms of
this series, we obtain

u=

1/3)3¢ - %€
Al /4) +B(l/?’)2 -

I'(3) I'(3)
After differentiating this expression and introducing u' into the second boundary

condition, we obtain A = 0. Then the first boundary condition can be written in
the following form:

(38.43)

2 [ql3
BJ_ =\/ =] =0. .
Jo1/3 (3 57 0 (38.44)

Hence, the critical value of ¢ can be expressed via the roots of the Bessel
function J_,,3(z). The smallest root of this function is z ~ 1.87. This corresponds
to

7.87TEJ
Qor & 3 - (3845)

Let us generalize this known solution and consider more complicated prob-
lems, whose solution will be sought in Bessel functions and some other functions
contiguous to these functions.

Suppose that the stiffness of the rod B and the weight of a unit of its length ¢

are varied along the rod according the following law:
B=bl==)", 38.46
g= C(l — 2)". ( ° )

Moreover, let a transverse loading g, act on the rod, by causing a transverse force
in 1ts cross-sections which is equal to

~Q2 = f(2).
The differential equation of the elastic line can be written in the form
d d%y
— — | =- 38.47
dz (B dz’) Q (38.47)
or
d3y dB d?y (=) 0
A Wil A 8.48
Bd:c3 * iz dz? @ +Qs (38.48)

where Q(lz) = % le gdz. Substituting the expressions for B, g, Q(lz) into the
differential equation, we obtain

0
mo_ M ¢ _ pyrmtl _L = 38.49
I—zY +b(n+1)(l ?) Y=o . ( :
After denoting y' = z, equation (38.49) takes the form
w_m € g nemti,_ @z _ 38.50
T v ) L T (38.50)

Let us reduce equation (38.50) to the Bessel equation. Applying the substitutions
l—z=At",  &=2", (38.51)
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we obtain
dz dz d§ d d¢
e = — .2 = (gP - —_ 8.2
dr df dz d£(£ ®) dz (38.52)
By virtue of (38.51) we have
= Ak£ , (38.53)
dz gk oy dd
= = - —1: .54
dz Ak ( {q’ d{)' (38.54)
therefore,
Sz d (45 d
dz?  dé\dz) dz
_EPAI 429 1 -2p—kd®  p(p+k)
= 52 a2 + ¢ 3 + & ®f . (38.55)
s . dz d’z . .
Substituting the values obtained for z, o and o2 into equation (38.50), we
have
d2<I>+ 1—2p—k+mkd_<l>
dg? 3 d¢
p(p + k) — mkP ck? —m+3k(n—m+3)—2
n—m n-—-m Q
+ [P .

0
= W%; - A%k? . gr+2-2 (38.56)

In order that equation (38.56) becomes the Bessel equation, the coefficients A, k

and p should be chosen in such a way that the following equalities hold
1-2p—k+mk=1,
kn-m+3)-2=0,

(38.57)
Ck2 An—m+3 =1
b(n+1) '
Therefore,
_ 2
n—m+43’
. m-1
| ——L (38.58)
Ae [ 4 —1/(n—m+3)
b(n+1)(n—m+3)2
As a result, equation (38.56) takes the form
d’® 1d® 2 k2A%2-m m—3n-
ezt (-h)e= TR e

where @ is the value of Q? after replacing |-z by £ in accordance with expressions
(38.51).
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Suppose that Q2 varies according to the rule
Q% =D(l —z)". (38.60)
Then
Q! = D(A¢*)" = DAT¢=="n7s, (38.61)
and the right-hand side of equation (38.59) is equal to

k2DA2"™+"  moan-syar

3 § ==+ = RE (38.62)
where
R= EDi:‘_"_‘_‘:, (38.63)
g mon=342r (38.64)
n—m+3

If Q% = 0, then the solution of the corresponding homogeneous equation has the
form

®=C1Jp(8) + CaJ_p(£), (38.65)

where p is given by formula (38.58). Then by virtue of expressions (38.51), we
obtain

z=£P0=£"P[C1Jp(£) + Cad-p(£)]. (38.66)

Expression (38.66) can be used for the determination of the critical parameters of
the longitudinal loading for different boundary conditions.

One can show that the expression (38.66) can be reduced to the form (38.42)
for m = 0.

If the right-hand side of equation (38.56) is not equal to zero, which corresponds
to the presence of a transversal loading or to the case when there is a transversal
force which varies according the linear law, then a question arises concerning how
to obtain a particular solution of the inhomogeneous equation

d’® 1dd ( p2)
— +-—+|1-% )@= Re. 38.67
&t e g)t="% (38.67)
If we introduce the operator
o[£ 1d (1 PY] e
v = [d§2+£d£+ 1-&)| & (38.68)

then equation (38.67) can be rewritten in the form

v = RetH?. (38.69)

It is known from the theory of the Bessel functions that the solution of this equation
can be obtained in terms of Lommel functions.

In the special case, when p = t+ 1, the solution can be expressed via the Struve
functions H,, (z), which are particular solutions of the inhomogeneous equation

1(3)"
QT+

VIH, (z) = (38.70)
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Comparing (38.9) and (38.70), we see that, by virtue of linearity of the operator
V) the particular solution of equation (38.69) for ¢ + 1 = p has the form

r@)-r(p+3)

—‘1(;)—,;1—2—13'*1;;(6)- - @8y
Adding (38.71) to the solution of the homogeneous equation, we find the general
solution up to the constants which are determined by the boundary conditions. If
p # t+1, then the integral of the homogeneous equation (38.69) can be expressed via
the Lommel function of one variable, which is a particular solution of the equation

(&) =

VIS, (z) = z#HL. (38.72)
Thus, the particular solution of equation (38.69) has the form
3(6) = RS, (6), (38.73)
where S, ,(£) is the Lommel function, and the index
p=t+1. (38.74)

Let us study several problems of the theory of the longitudinal bending, which
can be reduced to these functions. Assume that n = m = 0. In this case we have
the problem on a rod of constant cross-section, which is compressed by an uniformly
distributed longitudinal loading ¢. The transversal loading is assumed up to now
to be arbitrary.

From expressions (38.51), (38.58), (38.64) and (38.74) we can see that in this

case

4c
52 = %(’ - 2)3’

_ 1
p - 3 )
2
t=-—1+4 -
,‘ - 3 .
The solution in the Struve functions will be obtained for
p=t+l=y,
i.e. for
et
=-3

Hence, a solution in the Struve functions can only be obtained in the rather unnat-
ural case, when

D
Vi=z

One can easily see that the intensity of the corresponding transversal loading is
" equal to

Q=D(—=z)"'?= (38.75)

_dQ; 1 D
h= dz = 2 (1—2)3.
Now consider the inverse problem, namely, we assume the law of the variation of the
transversal loading to be given. First, we assume that Q% = const. This problem
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can be met, for instance, when considering the transverse-longitudinal bending of
a rod, which is fixed at one end and is loaded at the other end by a horizontal
force Q2. Moreover, let the rod be loaded by an uniformly distributed longitudinal
loading g. In this case r = 0. Hence, t = —1, gy = t + 1 = 0. Thus, the particular
solution of equation (38.69) has the form

®(€) = 2673 = RSy _1/3(€),

or
z= R385, _143(€). (38.76)
The constants C) and C, should be determined from the boundary conditions:
dy
t =0 —_——z =
at z s z=0,
d’y dz
{t = —_—_—— = — =
atz=1 dz2 dz

The solution of this problem has been obtained by Engelhardt [92). This author
has obtained numerical results by expanding the Lommel and Bessel functions into
power series. Now suppose that Q9 is a linear function

Q% = Do + Dy (I - ). (38.77)
The particular solution, which corresponds to the term Dy has been considered

above. Thus, it remains to consider the case, when the right-hand side of the
differential equation has the following form:

Q) =Q1 =Dyl -2). (38.78)
Using, as before, the general solution, we have in this case
r=1 p= %; (38.79)
and the particular solution of equation (38.69) is
®(§) = R- Sy/3,-1/3()- (38.80)

This problem can also be solved in terms of functions which are integrals of the
Airy integrals. Consider in detail the special case, which has been investigated
by Rothman [96]). Suppose that the rod is simply supported at the ends, has a
constant cross-section and is loaded by a loading q uniformly distributed along
its length, whose vector forms a constant angle 8 with the direction of the axis
of the rod (Fig. 66). In this case the normal component of the loading as well
as its tangent component are constant. Hence, in this case, the integral of the
homogeneous equation has, as before, the form

z = [ChJy/3(€) + Cad_yys] €13, (38.81)
The transversal force in this case is equal to
Q=4 (% —~ z) sinf. (38.82)

Hence, the corresponding particular solution can be written as a linear combination
of the Lommel functions written above. However, this solution can be written in
another form, given by Rothman.

Before passing to the construction of the solution due to Rothman, we give
some data concerning Airy integrals.
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Let us denote the Airy integral
T 1
/cos (tz + §t3) dt = Ai(z) (38.83)
0
and the adjoint function
1 1
- / [e”"s‘" + sin (tz + §t”)] dt = Bi(z). (38.84)
0
Moreover, we introduce the notation
17 1
p / sin (tz + 513) dt = Gi(z), (38.85)
0

o

1 1, .

= | exp tz — §t dt = Hi(z). (38.86)
0

In the book of G.N. Watson there are formulae concerning these functions.
Let us now give the solution of Rothman.

As we can see in Fig. 66, the differential equation of the elastic line of the rod
has the form

d®y dy _
EJ5+X o-=Y, (38.87)
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where .
X =gqzcosf + S,
Y = ¢gzsinf — %qlsin() =-Q.,
Setting
z =, ‘ v
we can rewrite equation (38.87) in the form sy y
Py SRR EISIR.
d£3+A€d€ "B€+C . -::-'-' 'I‘ [
Where " T S :,‘: TR
= (EJg%cos? §)71, T A N S

1.0,

B = (EJg®cos®0)~ tand, . _ .
C=- (-;-ql sinf + Stan 0) (BEJg3 cos®0)~2.
Now, denoting )

dy

="

we reduce (38.90) to the form
d*w
“de?

The solution of the corresponding homogeneous equa.tlon has the form

w =g/ [ClJl/a (2A1/2£3/2) +CaJ 13 GA"’&”’)]

+AE-W = BE4 C.
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(38.88)

(38.89)

- (38.90)

Ce

(38.91)

(38.92)

(38.93)

(38.94)

This solution can also be expressed via the functions Ai‘and Bi, which are given by

expressions (38.83) and (38.84) Sy
W = C} Ai(—€) + C3 Bi(—€).
The particular solution of equation (38.90) has th'é form’ \

€3r+3

+ CZ( 34) - (3r @real

r=0

a

One can show that the series present in this expression is equal to

+

)
—l/Gi(t)dt,'
m
0

where the function Gi(t) is given by expression (38.85). Thus, we obtain

—¢ .6
y= —c;/Ai(t) dt_c;/Bi(t) dt—g /Bi(t) dt+%+F,
0 .0

0

(38.95)

(38.96)

(38.97)

(38.98)
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where C}, C3, and F are arbitrary constants. The corresponding boundary condi-
tion have the form

dz
y=—%=0 forz=0 andforz=t
dz
or, what is the same (38.99)
d%y

yzmzo for§ =S andfor { =qlcosf+S.

Rothman gives tables of the integrals of the functions Ai(+z) and Bi(+z) which
allows one to solve the problem formulated numerically.

One can see from what is said above that the particular solution which can be
represented in the form of the Lommel function, can also, as was done by Rothman,
be represented in the form of the integral of the functions, which give the solution
of the homogeneous equation, multiplied by a polynomial. In order to clarify the
connection between the particular solution obtained by Rothman and the Lommel
functions S, . (z) and s,.(z), we give the known representation of the Lommel
function s, (z) via the integrals of Bessel functions, namely,

Suw(2) =

/z"[J,,(z)J_,,(z) — Jou(2)J(2)) dz, (38.100)

0

sinvm

for non-integer v, or
1 2
spu(2) = Er/z"[Y,,(z)J,,(z) - Y, (z)J,(2)] d= (38.101)
0

if v is an integer.

One can easily see that the expressions in the square brackets differ only by
a constant factor from the functions which have the property of the unit matrix
and which are given in different chapters of this book. This implies that in all
the cases, when the solution can be expressed as the integral of the product of a
power function and an appropriate fundamental function, it can also be represented
directly via the Lommel functions.

Stability of the plane form of the bending of a strip. The problem of the
stability of the plane form of the bending of a strip of a rectangular cross-section
was investigated by many authors, including L. Prandtl, A. Michell, A.N. Dinnik,
A.P. Korobov. S.P. Tomoshenko and others.

We shall consider several such problems, where the solution can be obtained in
closed form in the cylindrical functions.

First, consider the relatively simple problem on the stability of a strip of a
rectangular cross-section, which is simply supported at the ends and loaded at the
end cross-sections by unequal moments M; and M,, which lie in the plane passing
through the axis of the strip and is parallel to the bigger side of the rectangle h.
The smaller side will be denoted by b. Let us introduce the following notation
(Fig. 67): u, v are the displacements of the axis of the rod in the direction of the z
and y axes; § is the twist angle, B; and Bj are the stiffness in the direction of the
z and y axes, C is the twist stiffness, £, , { are the moving axes.

We give the deduction of the main equations obtained by L. Prandtl.
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1

Figure 67

Let us construct the differential equation of the bending

Byu" = M,, (38.102)
By = - Mg, (38.103)

and of the twisting
Ccp = M, (38.104)

where the prime denotes differentiation with respect to z and M,, Mg M are the
projections on the €, 7, { axes of the main moment of the forces which act from
one and the same side of the cross-section. Let

M, = Mg,
M, =0, (38.105)
M, = —Qu,

where Q is the transversal force, and M? is the bending moment in the direction
of the greater stiffness. We give the values of the direction cosines of the angles

formed by the z, y, z and €, 5, ¢ axes, under the assumption that the deformations
are small

_u’

L2,
Pk
®»
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We replace Mg, M, and M in the differential equations by their values, negleccting
the small quantities of higher orders everywhere:

Mg =M, = M, (38.106)
M, = —pM?, (38.107)
M = M2y’ — Qu. (38.108)
Thus, we have
Byju" = —-gM?, (38.109)
Byv" = -MJ, (38.110)
Cp = M2y’ - Qu. S : (38.111)

Equations (38.109) and (38.111) form a system, which is used in the theory of
stability of the plane form of the bending in order to determine the critical loading.
In our case

My -M; M,

Q= T *T("—l),

MY=M +Qz=M, [r +(1— r)ﬂ , (38.112)
_M
= 30

and the system of equations, which allows one to determine the critical loadings,
takes the form

Biu" = —M, [r +(1- r)ﬂ , (38.113)

Cp =M, [r+ (l—r)%] u + Q—:%u.

Let us differentiate the second equation with respect to z:

E] u’ + My(r — l)ul + (r—1)M, o

(38.114)

CB" = My [r+ (1-7)

l l l
= M, [r+(1—r)ﬂ u”, (38.115)
Eliminating u” from equations (38.113) and (38.115), we obtain
8" + gf&c [r+(1—r)§]2ﬁ= 0, (38.116)
under the following boundary conditions
B(0) =0, B(l) = 0. (38.117)
Let us now introduce a new independent variable
2 =,.+(1_,); (38.118)
and denote
k? = M (38.119)

1- 1‘)2310.
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Then equation (38.116) and the boundary conditions (38.117) can be written in the
following form

d?
a2 °h v K2a2p=0, (38.120)
B(r)=0, B()=0. (38.121)
The general solution of this equation has the form
kz? kz?
B(z1) = 21 [C1J1/4( 2 ) + CzJ.1/4( ;l)] . (38.122)

. Substituting this solution into the boundary conditions, we obtain the transcen-
dental equation with respect to k:

kr? k k kr?
J1/4( ) )J_1/4(2) - J1/4(‘2-) J_1/4('-§—) = 0, for r Z 0, (38123)

k k k k
11/4( ; )J—1/4(2> + 11/4(2) J_1/4( ; ) =0, forr<0. (38.124)

A.N. Dinnik [25] has shown that the problem of stability of the plane form
of the bending in a more general case can be reduced to the integration of the
differential equation

M2

"
B +Blc

B=0, (38.125)

where £ is the bending momentum.

A .N. Dinnik, mainly, considered problems, whose solution can be obtained in
Bessel functions of the order 1/4. Later, the investigation of such problems was
continued by Salvadory [97].

Let us note that Dinnik also considered problems of stability of a strip under
loadings which are uniformly distributed and vary over a triangle.

Let us pass to consideration of the problem of the stability of a cantilever
of a variable cross-section, which is loaded by a concentrated force at the end.
Suppose that the transversal cross-section represents a narrow rectangle, whose

height is varied according to a power la.w This problem has been considered by
K. Federhofer {93]. In this case

b3h . 2B,
12’ T 1+
where o is the Poisson coefficient. Let the height of the rectangle be

=no(i-3)"

Bl-:

where 0 < n < 1. Then
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Replacing B; and C in equations (38.109) and (38.111) by their expressions, elim-

-z . .
= z9, we obtain the equation

l
¢ ndp (P
dz:f 29 d22

BoCo
Introducing the new variables

inating u and introducing the new variable

20-mg . (38.126)

ko o
z3 = 2_nz§ " (38.127)

& = A", (38.128)

[ P
k=)o 38.129
BoCo’ (38.129)

we reduce equation (38.126) to the Bessel equation

d2® 1 do p?
£§’+'z§d—z3+ (1_—2) =0, (38.130)

where

23
where
l1—n
= 131
P=22=n) (38.131)
If p is not an integer, then
d = ClJp(Za) + CgJ_p(Za), (38.132)
and, passing to the main variables, we obtain
1-n)/2 k —-n k -n
g =" [clJ,, (2 — nzg ) +CaJ_, (ng )] ) (38.133)
The boundary conditions of the problem have the following form:
=0 atzy;=1,
d 38.134
—E =0 atz=0. ( )
d22

Consider in more detail the case, when the value n satisfies the condition 0 <
n < 1 which also corresponds to the condition 1/4 > p > 0. In order to use

conditions (38.134), we represent the function g—é- in the form
22

4B _dpdn_ds, ..
dzg ~ dzzgdzy  dzzg 2

Replacing z; in (38.133) by its expression via 23 in accordance with formula (38.127)
and taking into account (38.131), we obtain

— p
gz—i = (2 - "23) [C1Jp-1(23) = CaJ - (p-1)(23))- (38.136)

At the same time
2—-n \?— 2—n \”
l-n __ —
2, = ( i z3) = ( E z;;) . (38.137)

(38.135)
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Thus,

B (2=n
dZQ_ k

Note that z3 also tends to zero as z; — 0. Therefore, it is sufficient to study the

behaviour of the function g;ﬂ— as z3 = 0.
3

After expanding the functions J;_1(23) and J_(p_1)(23) in expression (38.138)
into a power series in z3, we obtain

dp 9 —n\°F 5 { Pt 22
=k /4 3 _ 3
dz ( k ) & 21T (p) (1 725+ )

? 22
— Czal—';ri(f:_p)— [1 - 5{‘4—;3—2-}—75 +.. ]} (38139)

Thus, up to the higher powers of the arguments z we have
dg 2 - n\* -1 Z§P+1

in (%) ["W “Crore-p) O

The second term in this expression also tends to zero as z3 — 0. Since 4p—~1 < 0,

the condition

3p
23) [CIJ -1(23) —-CzJ_(P_l)(Z3)]. (38.138)

—‘-i—@—~)0 as zz3 > 0
dzg

can only be satisfied if we set
C,=0.

The critical loading can now be determined, using the first boundary condition
(38.134), which leads to the transcendental equation

J_p (2 _'f n) =0. (38.141)
Ifn=1, then p =0 and
B = C1Jo + C2Np. (38.142)
In this case the transcendental equation (38.141) takes the form
Jo(k) = 0.

The table below contains the two first roots of equation (38.139) for different values
of n:

n P k1 k2

0 | 1/4 |4.013 | 10.246
1/4|3/14 | 3.614 | 9.066
1/2| 1/6 |3.214 | 7.885
3/4|1/10 | 2.811 | 6.703
1| 0 [2405] 5.520
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Briefly consider the problem of stability of the plane form of pure bending of
a cantilever by the moment M in the case, when the stiffnesses B; and C vary
according to the exponential law

Bl = Boe'”, C= Coe'".

This problem can be met when considering the bending of the strip whose transver-
sal cross-section is a narrow rectangle, whose height is varying according to the
exponential law.

The differential equations of the problem have the form

d?u

193 = —BM, (38.143)
df _ du
w5 —M. (38.144)

. e . . . d%u
After differentiating the second equation with respect to z and replacing ) by

its value from the first equation, we obtain as a result

&’  dcdp _ M?
Comtoo =-gF (38.145)

Replacing C and B; in this equation by their representations, we obtain
d2 g ds M?

Kz Kz —_ —K2z
Coe 7 + &Coe %= B e " g, (38.146)
or
d?p g = M? o252
rr il won B =0. (38.147)

Let us reduce this equation to the Bessel equation, by applying the method of
Lommel.

As a basis, we take the fact that the general solution of the equation

2 "y (2 'z 2
Z—zg - [% +(2u— '/’ ( ) + (1?2 — 12 + ¢?%(2)) ['fb((z))] B=0 (38.148)
has the form
B =W(2)"Z.[¥(2)], (38.149)
where Z is a cylindrical function. In our case we have
¥v'(z) ¥'(2)
P + ( ) = —K,
¥(z) ¥(2) (38.150)
[# y +¢2( )][ I(z)] M2 ~2Kz
¥(2) BoCo
Let us set
¥(z) = Ae*? (38.151)

and check, whether the formulated conditions can hold in this case. For this purpose
we substitute expression (38.151) into equations (38.150). Then we obtain

k+(2u — 1)k = —x, (38.152)
M2

2_ 2, A2.2kz132
[b® —v® + A%e**)k B.Co

e~ 2%, (38.153)
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The first condition implies that

2uk = —x.
The second condition can be satisfied, by setting
/“2 _ V2 — 0’
M?
A2k2 = .
BoCy’
k=—«.
Thus, we have _
1 1 M 1
k=— = - =4- = — .
K, b= 3 v :t2, A x TBeCe (38.154)
and the solution of equation (38.147 has the form
B =Ci1Ve *2Jy5(Ae™" ) + CaVe " 2 J_y/2(Ae™"%). (38.155)

It 1s known that Bessel functions whose index is equal to a half integer, can be
expressed via elementary functions. Thus the solution obtained can be written
using the symbols of elementary functions.

39. Plane heat waves in a half-space and a layer; heat waves in a rod

In this section we consider some one-dimensional problems of the theory of
heat waves, which are described by differential equations with variable coefficients,
which can be reduced to the Bessel equations.

Let us place the plane ozy in one of the two parallel planes which bound the
layer. The z-axis is directed inside the layer whose thickness is equal to h. We only
consider the problem on plane waves, i.e., we suppose that the temperature of a
point of the layer is T(z, y, z,t) = f(z,1).

The problems concerning plane heat waves in a layer are considered in detail in
heat engineering in connection with the study of the influence of periodic variations
of external temperatures onto the heat fields in the cladding — walls and coverings
of buildings. These problems are also of interest in other techmical questions as
well as in problems of geophysics. For instance, when studying the heat fields
in the upper layer of soil which arise as a result of the diurnal variations of the
temperature, we have to solve a problem on heat waves.

In problems on heat waves in the soil, one usually assumes that the heat ca-
pacity per unit volume is constant, and the coeflicient of thermal conductivity is
assumed to be a given function of the z-coordinate, i.e., one assumes that A = A(z)
depends on the depth. The case, when A(z) is a linear function of the depth, has
been considered by A.F. Chudnovski [58]. The solution of this problem is obtained
in terms of Bessel functions of zero index. A more difficult problem on heat waves
in a layer with variable thermal physics characteristics has been investigated by
A.A. Dorodnitsyn [14].

We will consider several problems here on heat waves for different laws of the
variation of the coefficient of thermal conductivity A(z) with respect to the depth
of the layer. The differential equation of the heat conduction in the case considered
has the form

T d oT
<5 = 7 [,\(z)g; : (39.1)
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The boundary conditions of problems on heat waves must contain the given func-
tions of the time of the type D,, sin xt and Ds.l) cos kt in the right-hand side, where
x is the angular frequency of the variation of the heat effect. As an example, we
write the boundary conditions of the first and the second kind for the problem on
the layer considered below.

In the first case the temperature should be given

T = D, sin xt + Dy cos «t, for z =0, (39.2)
T = D3sinxt 4+ D4cosxt, for z = h. (39.3)
In the second case the quantity of the heat flow through the boundaries of the
layer is given by:
¢ = Dj sin xt 4 Dj cos «t, for 2 =0,
¢ = D3 sin «t + Dj cos «t, forz=nh
where ¢ is the heat flow.

When solving problems on heat waves, we assume that the temperature in the
layer is equal to

T(2,t) = ¢1(z) sin &t + pa(z) cos «t, (39.4)
and the heat flow in the direction of the z-axis is equal to

9(z,t) = ¥1(2) sin kt + t2(2) cos it.
Obviously,

W(z) = -2z 2L,

¥a(2) = —A(z )d‘Pz(z)_

Substituting expression (39.4) into (39.1) and making the coefficients of sin xt and
cos kt equal, we obtain the following system of equations

i [/\(z)dm(Z)] = ckpr(z), (39.5)
[ (z )d%(z ] = —ckps(2). (39.6)

Multiplying equation (39.5) by i and adding equation (39.6) to it, we obtain
24; { A(2) [d‘P;jz) + idpjfz)]} = ck(ip1 — 2). (39.7)

Using the notation ®(z) = 1(z) + ip2(z), we can rewrite (39.7) in the following
form:

d a®(z)] .
o [/\(z) . ] = ick®(2). (39.8)
In some cases it is convenient to consider the function
. de
W(2) = ¥1(2) + i2(z) = —/\(z) . (39.9)
Heat flow ¢(z) for a constant c satisfies the equation
8%q ¢ Jdq

F il TP YT
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From the dependences given above we can easily obtain the following equations for
the functions ¢, ¥9:

2
kY = /\(z)-a—a%, (39.10)
2
ek = ,\(z)a V2. (39.11)

Using the notation of (39.9), we find from (39.10) and (39.11)

d®¥(z) $(2).
dz? /\( )
Let us pass to the consideration of various laws of variation of the coefficient
of heat conductivity.
First, consider the problem on heat waves, when the coefficient of heat conduc-
tivity is varying according to a power law: let A(z) = Ao(1 + doz)™™.
In this case the differential equation (39.8) takes the form 2‘% (( ""%) = i§2Q,

where ¢ = 1 4 dgz, 62 = ck/)Aod2. Note that § and ¢ are dimensionless quantities.
We rewrite the equation obtained in the form

d’® mdd .,
which is a special case of the equation
2_ 2.2
yll+ 1 2Cly, + [(ﬁ737_1)2 + ﬁ__ﬁ’_’_'r_] y= 0. (39,13)

With the help of the change of the variables y = z%v, z = fz7 (see page 32),
equation (39.13) can be reduced to the Bessel equation with respect to the function
v. Hence, it has solutions of the form y = z%Z,(B8z7). In our case we have
1— 20 = —m, o? = p?92, 2(y — 1) = m, i§%2 = B242; therefore, for non-integer
(m 4 1)/)m + 2) the solution of equation (39.12) can be written in the following
form:

@ = ¢t+m)/ 2{A1J(m+1)/(m+2) (m V=i )

+A2J_(mt1)/(m+2) (mC(m+2)/zv—i) } (39.14)

If (m + 1)/(m + 2) is an integer, then

@ = ((am)/ 2{AlJ(m+1)/(m+z) ( ———(m+2D/2, /] )

m+ 2
(2) +2)/2 /3
+A2H(m+1)/(m+2) (m + 2(('" M )} (39.15)

Let us note that taking ¥ as the function to be determined, we obtain the
differential equation

d>v

© — i6’¢™¥ = 0.
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If 1/(m + 2) is non-integer, then the solution of this equation has the following
form:

v=/( A1J1/(m+2)( T+m/2 )+A2J—1/(m+2) (——1—+—;n72—
(39.16)

dy/=i(sm/2+1 5\/—7‘@"‘/“1)]

if 1/(m + 2) is an integer, then we have

5\/__icsm/2+1 9 5\/:(8'”/2+1

Let us show how one can find the real functions ¢, @3, ¥1, and %3, which are
present in the solution of the problem on heat waves. )

As an example we consider the determination of ¢; and ¢, in the case, when
® is defined by formula (39.15). Let us denote A; = B; + iB;, Ay = B3 + iBy,
where B;, By, B3 and B, are real numbers.

Let us denote

Ju (Z\/--—‘l) = u,(2) — v, (2),
H® (z —i) = fu(z) — ig.(2).

After replacing A, and Aj3 in expression (39.15) by their values, and substituting

the right-hand sides of equalities (39.11) and (39.12) instead of J,(z) and H,Sz)(z),
we obtain by separating the real and imaginary parts

. 2
1 =0+ )/Z{Blu(m+l)/(m+2) (—C(m+2)/2)

m+ 2
+ BavY(m41)/(m+2) (m2—i2C("‘+2)/2) + B3 f(m+41)/(m+2) (;2{—2-(('"“)/2)
+ Bag(m+1)/(m+2) (;—2{—2-(('"”)/2) }, (39.18)
oo = ((1+m)/2{_ Bttty /(ms2) (_25__((m+2)/2)
m+ 2
+ BaU(m41)/(m+2) (;2{_—2(("‘”)/2) — B3g(m+1)/(m+2) (m—2_-i-§ (m+2)/2)
+ Baf(m+1)/(m+2) (%2- ("‘”)/2) } (39.19)

The solution of problems on heat waves in the layer is expressed here via Bessel
functions of a complex argument. Obviously, from the practical point of view we
should first of all use solutions which can be expressed via tabulated functions.

It 1s known that the functions of the complex argument z+/i are tabulated for
three values of the index: 0; 1 and 1/3.

Consider three cases in detail.

1. In the first case we have v = (m +1)/(m + 2) = 0. Thus, m = —1. This
means that the coefficient of heat conductivity varies according to a linear law. We

have the problem here which was mentioned above and which was investigated by
A F. Chudnovsky [58].
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In this case
@ = AyJo (260/2/=7) + A Y (26¢177/) (39.20)
Denoting 26/ = &, for the sake of brevity, we obtain

1 = Biuo(§) + Bavo(€) + Bafo(€) + Bago(£). (39.21)

The function ¢, can be expressed with the help of formula (39.6) via ¢, ; there-
fore,

p2 = —Byvg(§) + Bauo(€) — Bago(§) + Bafo(£). (39.22)

The functions ug, vo, fo, go and the constants B;, Bs, B3, By are real.

In order to determine B;, B, B3, By we should take the boundary conditions
into account. Let us consider the case, when the boundary conditions of the first
kind are given. By substituting ¢; and ¢ from expressions (39.21) and (39.22) into
(39.4) and afterwards into (39.3) and making the coefficients of sines and cosines
equal, we obtain

¢1(£0))
= p2(éo),
D3 = p1(&n),
Dy = pa(€s)-

At z = 0 we have ¢ = 1, hence, §; = 2J; at z = h we have { = 1 + doh, hence,
£, = 26+/1+ doh. Let us rewrite the system obtained in the expanded form:
Byug(§o) + Bavo(&o) + Bafo(€o) + Bago(&o) = Di,
Bivo(&o) — Bauo(&o) + Bago(&o) — Bafo(éa) = —Da,
Byug(€r) + Bavo(&n) + Bafo(én) + Bago(&n) = Ds,
Bivo(En) — Bauo(€n) + Bago(én) — Bafo(én) = —Da.

When we have determined B;, By, B3z, and B4 from this system of equations, the
problem can be treated as solved.

In the special case when h — oo, we should set B; = 0, B, = 0, because the
functions ug and vg increase infinitely as £ — oo.

In this case we have

¢1 = B3 fo(£) + Bago(£), (39.23)

p2 = —Bago(§) + Bafo(§). (39.24)

2. Let us pass to consideration of a law of variation of the coefficient of heat

conductivity, when the solution can be expressed via the functions of the index 1.

Let (m + 1)/(m + 2) = —1; then m = —3/2 and A = Ao(1 + dg2)*/2. The solution
of the problem which is given by formula (39.15) for m = —3/2, has the form

=4 {40, (V=) + 4% (48v=icH) ) (39.25)
Let us pass to the functions of a positive index with the help of the formulae
u_1(z) = —uy(2),

v-1(2z) = —v1(2),
f-1(z2) = —fi(2),
9-1(2) = —1(2).
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Thus, the functions ¢; and ¢2 can be written in the following form:
o1 = ¢4 Biui(n) + Byvi(1) + Bsfi(n) + Bam (n)}, (39.26)
@2 = ¢"*{—Bivi(n) + Baus(n) — Bagi(n) + Bsfr(n)}, (39.27)

where n = 461/4.
3. Consider the case of the variation of the coefficient of heat conductivity,
when

m+1 1
m+2 3
This implies that m = —1/2; hence, in this case we have

A=AV +dpz.

It is convenient for us to write the solution in the form
44 é
& =¢H* {AJI}}L (—3—\/—1‘63’4) + AH{}) (%-\/—ic:*’/‘*)} : (39.28)

The solution of the formulated problem on heat waves in a layer with a co-
efficient of the heat conductivity which varies according to a power law, can be
expressed via elementary functions in the case, when Bessel functions of a half-
integer index are present in (39.19). Let us find values of m, for which the index of
the Bessel function, which is equal to v = (m + 1)/(m + 2) is a half-integer.

Suppose that (m+1)/(m+2) = n+1/2, where n is an integer. We successively
assign to n the following values: n = 0, 1, 2, 3. In this case we respectively obtain
m =0, —4, —8/3, —12/5. The case m = 0 is of no interest, because it corresponds
to the problem on the layer with a constant coefficient of heat conductivity.

As an example we consider the case n = 1 roughly. In this case m = —4, hence,
A = Xg(1 + doz)*. The function ®(z) can be written in the following form:
& = (2 { A, 33y (8¢ V=3) + Agd_spa (8¢1V=E) } (39.29)

Let us denote

J-sy2 (2VE) = u_syal2) £ iv_sp(2),
J3/2 (z\/;;) = ugy2(z) % dvgya(2).

Moreover, denoting §¢(~! = £, we can rewrite the solution of the problem in the
form ® = ¢; + 19, where

¢1 = ("3 Bru_3/a(1) + Bav_s5(61) + Baugya(61) + Bavasa(&1)),

‘2 = ("3 —Byv_32(€1) + Bau_3/2(61) — Bavaya(€1) + Baugya(61))

The temperature in the layer is, as before, expressed by the formula T =
@1 8in &kt + @3 cos kt.
In order to compute the functions u3;, u_3/2, va/2, v_3/2 We can use (see (7.4))

the formulae
2 1/2 sin z
J3j2(2) = (E) ( ~ —cosz) ,

2\Y? (—cosz .
J_3/2(2) = (;;) ( —— —sin z) .
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We should substitute z = /i in these formulae and then separate the imaginary
and real parts of the expression obtained. We have

sin (/i) = sin [% + %]
() on ().

cos (z\/;) = cos [-% + %]

con () (3) o () (3
therefore,
o) = ()" {BED s ()

One can easily obtain the solution of a similar problem, if A(z) varies according to
the exponential law (see [20]).

40. A die which lies on an elastic half-space whose modulus of
elasticity is a power function of the depth

The problem on the distribution of the pressure on the foot of the die which
is pressed in an elastic half-space, has attracted the attention of numerous re-
searchers. A series of important problems concerning the dies has been solved by
N.I. Muskhelishvili, A I. Lurier and others. This problem has been studied in detail
in the monographs by 1.Ya. Staerman [60] and L.A. Galin [9]. In most cases these
works are devoted to a die which lies on an elastic uniform half-space.

In this section we formulate the problem on a die which lies on a foundation
with a homogeneous axially symmetric kernel, i.e., we assume that the settling
of a point (z,y) of the foundation, caused by the unit vertical force applied at
the point (¢,7), is a function only of the distance between these points K(r) =
K (VE-87+ - 7).

This problem is solved for the case, when the modulus of elasticity of the
foundation varies with the depth according to a power law.

If the surface of the foundation is exposed to the loading p(z, y) (for the sake

of brevity of the calculation, we assume that p is an even function with respect to
each of the coordinates), then

00 00
w(z,y) = //c (\/zf + z%) a(zy, z2) cos 2y z cos zay dz; dz3,
0 0

plz,y) =

0\8

[s 0]
/ a(2, z3) cos 23z cos zgy dz; dzg,
0
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where

4 0 X0
a(z1,22) = -—2//p(z y) cos z; T cos zay dz dy,
0 0

6(21,22)‘:/ /K(z,y)coszwcoszwdydz.

—0Q —00

If we suppose that for the points B(z,y) which lie inside the domain F, the settling
is w = ¢(z, y), and for the points outside this domain we have p(z, y), where p(z, y)
is a known function and p(z,y) is an unknown function, then the problem on the
die can be formulated in the following form:

inside the domain occupied by the die we have

/ / ¢(z1, z2)a(21, 22) cos 2z cos 22y dzy dzp = ¢(z, y),
00
and outside this domain we have

//a(zl, 23) cos 21z cos 2y dz; dzg = 0.

By solving these equations with respect to the function a(z;, z2), we can easily find

p(z,y).
In the axially symmetric case we obtain, using the Parseval integral,

/ / ::2 + y cos 21z cos zay dz dy = /rp(r)Jo('yr) dr = p(y), (40.1)

—-00 =00 (]

1=1v/7+73,
r=+vz2+4y2.

where

Thus, we have

a(y) = 2p()/m, (40.2)

and the problem on the die of the radius R, which has the settling wo(r), will be
formulated in the following way:

[+ ]
2
[etatm )y dy = 22, r<®
1}
[ ety dr =0, r>R,
1}

where

c(y) =2n / rK(r)Jo(yr) dr
0
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Denoting r/R = p and YR = 3, we have a(y) = a(8/R) = a1(B), ¢(7) = ¢(B/R) =
c1(8), wolr) = wa() and

/ Bes(B)as (6) Jo (Bp) dp = 2E2BE), o<1, (40.3)
0
[ pas8rsatonr a8 =0, p>1 (404)
(1]

The solution of this system of equations for the case, when c;(8) is a power
function, is well known (see Section 22). It will be used below when considering
the die which lies on a foundation whose modulus of elasticity is varying according
to the power law.

In this case the kernel has the form

1
K (1‘) = ;E—'.‘F_ET.
Suppose that the modulus of elasticity increases with the depth, i.e., n > 0.

In this case "

-0 I(i52)
E. T(4%)"

n-1

c(y) = 21r/ rK(r)Jo(qr) dr =
0

For the sake of brevity, we denote

poer(se) _
o i
2, RrH
2 up = 9lo) pas(9) = £(9)
Then equations (40.3) and (40.4) take the form
[ 2 58)30(60)d8 = 5(0), 0<p<,
0
[ 1@r00 a8 =0, 1<p<oo.
0

If weset 1 > n > 0, then a < 0 and the solution of the problem can be obtained,
using the result formulated on page 90. Taking into account the fact that the right-
hand side of the second integral equation vanishes, and the index of the Bessel
function is equal to zero, we obtain the formula

—af2g-a 1
16) = T a7 {ﬂ”“”h/z(ﬂ) o/ u(1 - ) g(u) dy

1 1
+ / u(l — w?)*? du / o) (B9 Ty sy 2(BY) dy] .
0 (1]

If we set g = go = const, i.e., we assume that the die has a plane lower boundary,
then as a result of the calculation, which can be reduced to the determination of
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equalities

- (=)™ (z/2"
J(z) = cos gvm Y Tm-Lr+ DI (m+ o+ 1)

m=0

- (=1)™m(2/2)¥m+!
+ sin —vw , 16.29
) mEﬂI‘(m—%u-i—%)I‘(m+%u+%) (16.29)

e (1™ (/2
E,(z) = sm2 F'nzz:()r(m_%u+l)r(m+%u+l)

1 (=)™ (/2
- st . 16.
cos2erI‘(m—%u+%)I‘(m+%u+%) (16.30)

m=0

The functions J,.(z) and E, (z) satisfy the equations

Vi, (z) = iz_‘_";)rﬂ’l'ﬂ (16.31)
V,E, (2) = (= —:r- v) (z— uzrcos va (16.32)

Thus, it is evident that both these functions are connected with the Lommel
functions because they represent the sum of solutions of the inhomogeneous equa-
tion for the cases when the exponent of the power function is equal to zero or one.
This fact implies the formulae

3 (z) = sin szo’u(z) _ usmmrs_l,u(z), (16.33)
E.(2) = —LJr—‘;‘-’i'-’lso,,,(z) - K(_l_“_fsi’l)s_l,,(z). (16.34)

17. On integration of the inhomogeneous Bessel equation. Cauchy
functions

In solving inhomogeneous linear differential equations an important role is
played along with the Green functions, by the fundamental Cauchy functions whose
use facilitates the obtaining of the solutions.

In Subsection 1 the Cauchy functions for the Bessel equations and the system
of two Bessel equations are considered. In Subsection 2 we consider the solution
of the Bessel equation with a special right-hand side which is based on using the
fundamental Cauchy functions.

1. Consider the solution of the inhomogeneous equation

Ajut+u= 2—12V,,u = f(z) (17.1)
with the initial conditions
du
u(zo) = uo, — = vg. (17.2)
dz Z2=zq

The particular solution which was sought in Section 16 (p. 46) has the form

z

/zf(z)[Ju(z)J_y(z) —Jou(z) o (2)] dz,

20

u*(2) = T

2sinvrw
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determination of yu(s)

2u(o) +/y(s)K{(s, o,\)ds = f(0).
c

The uniqueness of the solution of this equation follows from the fact that the
kernel (41.1) is the imaginary part of the potential which satisfies the Sommerfeld
principle of radiation. The investigation of the existence and uniqueness of the
solution can be performed in the usual way.

By introducing the kernel K3 = Yp(r), we can obtain integral equations for the
Neumann problem.

The problem of obtaining, investigating and solving equations of this kind in
problems of the propagation of plane waves is discussed in the literature in detail
and repeatedly. First of all, we should mention the work by V.D. Kupradze [32]
here. The kernels of the integral equations for an unbounded domain contain Hankel
functions of the second kind, which allow one to satisfy the conditions at infinity
which represent the Sommerfeld principle of radiation.

Let us pass to the problem in which the kernel of the integral equation is a
modified Bessel function.

Consider the equilibrium of a membrane which lies on an elastic Winkler-type
foundation. This problem can be reduced to the integration of the equation

Viw - Aw = 0. (41.3)

Consider the internal problem, assuming that w = f on the contour. We
represent the solution of the problem in the form

w= /#(S)Kf(z,y,f,n) ds, (41.4)
[0}

where K} = Kj(r)cos(n,,r)2/m; Ki(r) is the Macdonald function of the first
kind. Noting that a formula similar to (41.2) also holds for the kernel Ky, we
obtain a Fredholm equation for the determination of u:

~2p(e) + [ W(e)Ki(s,0)ds = f(o).

C

Obviously, the solution of equation (41.3), which is represented by integral the
(41.4) for an infinite domain under the condition that w = 0 or dw/dn = 0 on C,
is identically zero. This fact irnmediately follows from the asymptotic expansion of
the Macdonald function K, (r) for large values of the argument

Ka(r) ~ \/ge" > o

r m+1/2
m!;‘tz:— m++4/)2)' In our case we set Kn(r) ~ /e ™".
One can now easily prove that the integral equation of this problem has a
solution and this solution is unique.
In problems of the theory of heat conductivity, in particular, in the investigation
of the plane problem of the theory of heat waves, problems arise which are similar
to the considered ones, but which differ from those by the fact that the kernels

where (p,m) =
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are expressed via cylindrical functions of the complex argument; they have been
considered in [20].

Let us pass to the consideration of plane problems which can be reduced to
the system of two Helmholtz equations. Such problems arise, in particular, in
the theory of diffraction of plane waves. They have been considered in detail by
V.D. Kupradze [29]. These problems can be reduced to the solution of a system
of two singular integral equations whose kernels can be expressed via cylindrical
functions. As a result of regularization these equations are transformed into integral
Fredholm equations of the second kind. We shall here consider problems on plates
with a clamped edge; the boundary conditions of these problems are foundamentally
different from those considered in the problems of diffraction. We will largely use the
paper by Lauricella [70] here, who, with the help of introducing special potentials
has reduced the first basic problem of the biharmonic equation to the integral
Fredholm equations of the second kind. It is interesting to note that the potentials
introduced by Lauricella are closely connected with the basic Green function for
the biharmonic equation which, up to a constant factor, has the form K(r) =
r’Inr, r = \/(z — €)> + (y — n)2. The potentials introduced by him can easily be
expressed via the function K(r) in the following way
K f _.u_ OPK , 0K
B2’ TN T gy 0T By

Consider the problem on a plate which lies on a Winkler-type elastic foundation
which occupies a finite simply connected domain and is bounded by a simple contour
with a continuously rotating tangent. In has been noted in the previous examples
that the problem of the equilibrium of a plate which lies on an elastic foundation
can be reduced to the integration of the differential equation V2V?w+ A w = ¢/D,
where A is a positive constant.

In our case the boundary condition on the contour have the form w = 0, %',% =0.
Let us denote

up =

ow ow
= — = = 41.5
=%z v dy (41.5)
We will seek the solution, by reducing the problem to the solution of a homo-
geneous differential equation with inhomogeneous boundary conditions, which we

write in the following form:

. dw
w= fi(s), an = fa(s).
Note that (41.5) implies that §% = £¥.
Let M(z,y) be a point of the domain; P(¢, ) a point of the contour,

10r 10r

= — £)2 —n)2 —_ = ——— =8l
r Vi(z —€)2 + (y—9)?, S = cosg, > 3y sin ¢,
where ¢ is the angle between the radius-vector r and the z-axis.

Let us introduce the functions (the notation go(r), g2(r) see on page 13):

ug = ga(r) cos 2 — go(r),
ug = ga(r) sin 2¢,

v = g2(r)sin 2¢p,

vo = —g2(r) cos 2 — go(r).
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There are the following relations between these functions

! ! "
6“0 _ avo auo - avg

dy Oz an 8y ~ ozr

The functions uy, vp, uj, and vg can be written in the form

1 .1 2 Y m .
uh = __;r-+¢1_ cos2<p——;[lnr+1n§—z+¢2],
1 b
v{,: —‘ﬂ‘_+¢; sin 2p,
3 1 3
up = —;+¢;.] sin 2¢,

where

00 00
Y] = Z Apr®™ + Z Bn,r*"Inr,
m=1 =

m=1
;=) Cmr®™+ ) Dur’™lnr
m=1 m=
We form the functions u = %8—';’ and v = %%—‘!‘” with the help of the expressions
duj duy
u= /p(s)a—n—a- ds+ /p(s) dn. ds, (41.6)
c c
vy dvf
= —d —d 41.7
v= [t ds+ [ oG s (41.7)
c c

which satisfy the homogeneous differential equation and relation (41.5); n, denotes
the external normal here.

Let us rewrite the kernels of expressions (41.6) and (41.7) in the form

duyg 2 . 2 cos(n, )
an—d' = (bl - ;sm 2<psm(n,r) - ;r'-——-'r—-—,
d !

Do P, + 2 cos 2¢sin(n, 1),
dn, r
dug .
d'r:z =®, + —7?; cos 2¢sin(n, r),
dv" ) ) ,
d:):, =®;+ %sin?gosm(n, r) — ;2‘1-(-:—:1

Here, ®,, ®;, ®3 are regular functions.
Suppose that the point M of the domain tends from inside to the contour.
Then, taking into account formulae of the theory of logarithmic potential, we obtain
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integral equations for the determination of s and p

u(o) = — 2p(0) + v.p./p(s) [—%Sin 2¢sin(n,r) + <I>1] ds
C

2 .
+ v.p.C/p(s) [;; cos 2psin(n, r) + <I>2] ds, (41.8)
v(o) = — 2u(o) + v.p./p(s) [;2; cos 2psin(n, r) + <I>2] ds
c

2 .
+v.p.C/y(s) [;;sm&p in(n, )+(I>3] ds. (41.9)

The integrals in equations (41.8) and (41.9) are understood in the sense of their
principal values.

These equations form a system of singular integral equations. Let us transform
these systems into a regular one. We will perform the regularization process fol-
lowing S.G. Mikhlin who in [38] reduced the system of singular integral equations
for the plane problem of elasticity theory of an anisotropic medium to a regular
system.

For this purpose we first of all note that the expressions sin(n, r)/r, which have
a singularity of a simple pole type, can be written in the form

sin(n, r) ds = % cotan T~ t

" dr + p(t, 7),

where 7,t are parameters, which are varied from 0 to 2x; p(t, ) is a continuous
function. For the regularization we can use the Hilbert formula

1 27 27 . 2n
ypes /cotan T—;—t {/cotan z ; Tp(S) ds} dr = —p(t) + o /P(‘r) dr.
0

0 0

Let us rewrite the system, which was obtained before, in the form

Ly = -2p(0) + v.p./p(s) [—%sin?gosin(n,r) + <I>1] ds
c

2
+ v.p./p(s) [; cos 2¢sin(n,r) + <I>2] ds = uy (o),
C

Ly = —2u(o) + v.p./p(s) [;2; cos 2psin(n,r) + <I>2] ds
C

2 . .
+ v.p./p(s) [;; sin 2psin(n,r) + (I>3] ds = v1(0).
c
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Let us set

2 . .
LG, 1) = 21(0) +vep. [ pa(e) [—;sm 2psin(n, ) + @1] ds
C

+ v.p./pl(s) [% cos 2psin(n,r) + <I>2] ds,

L =2p (o) + v.p./ p1(s) [% cos 2psin(n, r) + <I>2] ds
c

2 . )
+ v.p./pl(s) [;; sin 2psin(n, r) + <I>3] ds.
C

After forming the system of integral equations
Li(L1, L2} = Li(w, n),
L;(LI) L2) = L;(“l, vl))
and using the Hilbert formula, we obtain the regular system of equations
2p(0) + ... = Li(u1, 1),
2u(e) + ... = L3(u1,vn).

The dots here denote regular integrals.
The problem on stabilized oscillations of a plate clamped along the contour can
be reduced to the integration of the equation

V22w — Mw = 0.
In this case the functions ug, vg, ug, vg should be taken in the following form:

ug = — |Y2(r) + %Kz(r) sin 2,

vy = [Yz(r) + %Kz(r)] cos2¢ + Yo(r) — %Ko(r),

[ 2 1 2
ug = — |Yao(r) + -;Kz(r) cos 2¢ + Yo(r) — ;r-Ko(r),

o

- 1
vy = — |Yo(r) + %Kz(r) sin 2¢.
One can easily verify that
Ouy _ Ovg Oug _ Ovy
dy = Oz’ dy ~ Oz

The problem on the bending of a plate compressed by a hydrostatical pressure
p can be reduced to the integration of the differential equation DV?V2w +pV32w =
q(z,y)-

For a plate clamped along the contour, the problem can be reduced to the inte-
gration of this equation without the right-hand side under the following conditions

on the contour: u(s) = fi(s), v(s) = f2(s), where as before u= 42, v = %1";.
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In order to solve this problem we should introduce the functions

41 .
u(, = - [Yz(f)-f- '1"_2] s1n2<p,
' 4
Vg = Yz(")'f"ﬂ_r—? COS2§D+Y0(7‘),
1= Y + | cos 20 + ¥;
U = 2(r) + —5 | cos2¢ + o(r),

4 | .
vy = — [Yz(r) + m] sin 2¢.

Obtaining the integral equations in the last two problems can be performed just
in the same way as in the previous problem on a plate on an elastic foundation.

42. On wave propagation in electric power lines

Consider the problem on wave propagation in electric power lines [55].

Let v and 1, respectively, denote the voltage and the current in the single-wire
system; moreover, let L, C, R and G, respectively, denote the inductance, the
capacity, the resistance and the conductivity. It is known that the voltage and the
current satisfy the following system of equations:

v o1 .

__az - LE + Rz’ (42.1)
i dv

——az = C_at + G‘v, (42.2)

if R =0, G =0, then the line is called non-corrupting, and the system of equations
(42.1), (42.2) leads to the well studied one-dimensional wave equation
2 2
oo
O0x? ot2
In the general case the system of equations (42.1), (42.2) leads to a differential
equation of the second order, which is sometimes called the telegraphers equation
2 2
v _ o0 _
Oz ot?
A similar equation can also be written with respect to the function i.

Exactly the same equation can be obtained when considering the problem on
the oscillations of a string which has a viscous resistance and is supported by an
elastic foundation. In this case the deflection of the string w satisfies the equation

0w 3w Ow

%z " "o Vo
where ko is the coefficient of subgrade reaction, T is the tension, m is the mass per
unit length, v is a number which characterizes the dependence of the dissipative
force on the velocity.

Obviously, in both cases we assume that all the physical characteristics are
constant and the perturbations are applied only at the ends of the power line or
the string.

Since the reader may wish to consider some analogies between the problem
formulated and the problems of mechanics which were considered before, we will
base our presentation on equation (42.3). Moreover, the physical interpretation will

(RC + LG)% ~ RGv = 0.

— kow =0, (42.3)
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be presented for the problem on the longitudinal oscillations of a rod of a constant
cross-section which is situated in an elastic medium. We should only assume that in
equation (42.3) w is the longitudinal displacement and replace T' by EF, where E is
the modulus of elasticity, T is the area of the transversal cross-section and kg is the
coefficient of subgrade reaction related to the whole perimeter of the cross-section.
Note that the derivative of the required function w with respect to the coordinate
z is connected with the normal force by the relation N = EF I;—';’. First, we make
the necessary calculations in the case, when the attenuation is absent. Consider a
semi-infinite rod. Let the origin be at its end and the z-axis be directed to the rod.
Suppose that the end of the rod is exposed to the action of the force 1-e —wt Then
for v = 0 the solution of equatlon (42.3) takes the form

where p = —wi, p = \/ko/T, c = /T/m.

Consider the problem on the action of a unit instantaneous impulse. From
the physical point of view we should consider a superposition of harmonics whose
sum gives the instantaneous impulse. If we use the terminology of the operational
calculus and consider the factor of (42.4), which does not depend on the time

- ___°¢ _E /2 22]
Vep) = p e LV

as the representation of a function ¢(z,t), i.e. if we assume that 1(z,t) satisfies
the relation

Y(z,p) = | eP*¢P(z, 1) dt,
[

then v(z,t) is the solution required.
The calculation of the signal gives

0, t<z/e,
w(z,t
(=.8)= FJo (pc\/t2 (z/c)z) , t>z/ec
In the case, when equation (42.3) contains the first derivative with respect to
the time, we can write the solution, setting v = bk, in the form

1 _—nct 2 _n2p2 2 _ p2/n2
P

0, t<z/c

where n = bk /(2T).

43. The action of an impulse on cylindrical and prismatic tanks filled
with a fluid

In this section we consider the question on oscillations of the fluid in a vertical
cylindrical or prismatic tank. We suppose that the fluid is ideal, and the oscillations
are caused by the action of a horizontal impulse. The question is considered of what
pressure is then acting on the walls, bottom and the internal columns of the tank.

The oscillations of the fluid in a vertical circular cylindrical tank have been
investigated by Jacobsen [68]. The same author also considered the problem on
oscillations of the fluid near a vertical round column. A.A. Okhotsimski [42] has
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solved the problem for a cylindrical tank with a round column placed vertically.
The author of the paper [23] gave the general solution of a similar problem for a
circular cylinder with a column placed eccentrically.

First consider the circular cylindrical tank with one round column placed ec-
centrically.

Suppose that at zero time, i.e., at t = 0 the fluid is at rest. The cylindrical
tank, which is stationary at first, begins to move translationally at the instant ¢ = 0
in the horizontal direction which we assume to coincide with the direction of the
z-axis according to the law z = f(t).

Consider the motion of the fluid with respect to the moving tank, assuming the
upper surface of the fluid to be free. We shall seek the potential of the velocities in
the form

®(r,2,0,t) = &y(r,2,0) f'(2).

The function @, satisfies the equation V2®; = 0, where V2 is the Laplace operator
in cylindrical coordinates. '

The boundary conditions on the lateral area of the cylinder can be obtained
starting from the fact that the relative velocity of the movement of the fluid at the
points belonging to the lateral area is directed along the tangent to this surface.
This is the condition of impenetrability. Therefore, taking into account the known
expression for the velocity v via the potential of the velocities ®, we obtain the
following boundary conditions on the lateral surfaces:

(‘2_?) = () cos 9, (43.1)

(gr%) = T tcosh, (43.2)

where r, r; are, respectively, the distances from
the axis of the cylinder and the axis of the column
to the point A; 6, B are the polar angles with the
vertices on the axis of the cylinder and the axis of
the column; b, a are the radii of the cylinder and
the column; € is the distance from the axis of the
column to the axis of the cylinder (Fig. 68).

The vertical component of the velocity on the
lower surfa.ce of the cylinder should be equal to
zero, i.e., 'b_ s=0 = 0. On the free surface the

. pressure must be equal to zero. Therefore,

“»
¥t

: L)
. Figui-eSS [ PR E pf"—" - ‘75 + F(t)’ (43'3)

e where v ls the densu,y, the function F(t) can be
included in <I> because 1ts denvatlves with respect to the coordinates are equal to
zero, hence, it does not produce an effect on the distribution of the velocities. 'I‘hus
assuming F'(t) = 0 in (43.3), we obtain 7% =.0 for z = h, hence, ®(r,h,0;t) =
Since at zero time the fluid was at rest, ®(r,0,h) =
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We seek the solution of the problem in the form

B(r,z,0;t) = B1(r, 2,0)f'(t) =D on(r, 0)Ta(2)f (t)-

n=0

Assume that
Tn(z) = An cos knz. (43.4)

The conditions on the upper surface imply that cos knh = 0. Hence, k = n/2h,
and for even n we should set A, = 0 in (43.4).

Obviously, the derivative of every term of the series with respect to z vanishes
at z = 0, because

00

> @nlr,0)f () Anknsinknz| _ =0.

n=13,5,...

The function ¢, satisfies the equation V2p, — k2n%p, = 0. Thus, the problem
considered can be reduced to the solution of the Helmholtz equation. Seeking a
solution of this equation in the form

@n(r,0) =D Rmn(r)Omn(8),

we obtain

o0
en(r,0) =2 Z’ [A%, I (knr) + B, Km(knr)] (A}, cosmé + By, sinmf),
m=0

(43.5)

where I, (knr) and K,,(knr) are the modified Bessel functions, respectively, of the
first and the second kind of the integer index m.

By virtue of the symmetry, we should set B/,,, = 0, and the expression for ®,
can be written in the following form:

o0 ' 00
®y(r,0,2) =2 Z Z {AmnIm(knr) + Byp Ky (knr)} cos knz cos mé,
m=0n=1,3,5,...
where Ay, = A, AL, and By, = B Al...
In order to pass to the coordinate system whose axis coincides with the axis of

the column, we should replace r by r; and 8 by 8 in (43.5).
We shall seek the function ®, as the sum of two series

o0 00
d, =2 Z’ Z AmnlIm(knr) cos knz cos mé

m=0n=1,3,5,...

oo 00
+2Z, Z BmnKm(knry) cos knzcos mp. (43.6)

m=0n=1,35,...

We suppose that the radius of the column is small with respect to the radius of
the cylinder and only take the two first terms with respect to the index m which
are present in (43.6). Thus, the expression for the potential of velocities takes the
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following form:

. 0o
P = E {22’ Amn Im(knr) cosmé + Bo,.Ko(knrl)

n=1.3,5,... m=0

+ 2By, K1 (knry) cos ﬂ} cos(knz)f'(t)-

The symbol }~', here as everywhere, denotes that, when summing, we introduce
the factor 1/2 for m = 0. Let us go to the determination of the coefficients A,
BOn; Bln-

For this purpose we pass from the coordinates r;, 8 to the coordinates r, 6 and
use the following addition formulae for Bessel functions:

00
Ko(knry) =2 E' K (knr) I, (kne) cos mé,
m=0

00
K;(knry)cos' B =2 ZI Kmti1(knr) I, (kne) cos mé,

m=0

r1=Vr24e?2—2recosb, r>e.

Thus, condition (43.1) on the external contour implies, after the necessary
calculations, that

4 — Z2BonK; (knb)L, (kne) — 4B1n K, (knb) I} (kne) + /(kn)
v 21! (knb) ’

where

(-n-viz gy o,
™
0 forv # 1.

v=m,; Y=

Consider condition (43.2) on the internal contour, by setting r; = a. In order
to satisfy this condition, we should rewrite all the terms of (43.6) containing A,,,
with the help of the appropriate addition formulae so as to pass to the coordinate
system r1, 3. Then one can collect all the terms which contain the same factors
cosvf3; however, this does not allow one to satisfy the conditions for all v, since at
the beginning we assumed that only the terms which contain By, and By, remain.
Therefore, in order to determine By, and By, it is necessary to have only two
equations. These equations can be obtained, by satisfying the boundary conditions
forv=0and v=1.

We only write the final result without the intermediate calculations. In order
to determine B,, and B;, we have two equations

CinBon + D1nB1n = Fln;
C2nBOn + D2nB1n = F2n;
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where

Cra = ~2 % K (k) 22 1y kna) o (kne) + Kkna),

m=0

AN et (e e (EDE)
Dy =—4)  Kp(knb) T (i b)Io(k na)In (kne),

m=0
F, = —_'/iIl(kna)Il(kne) T (; 5’

Im(kne)

Cyn = —2I, (kna)z Ko (knb) 77 o X [Ln-1(kne) + Iny, (kne)],

nb)I! (kne
Dy, = —4I](kna) E (,Ic:n(;c bgk ) [Im-1(kne) + Imy41(kne)] + 2K{(kna),
¥ Ii(kna) |
kn Ij (knb)

F2n=—

4 1 1
Z .2 (=1)n-1)2__
[To(kne) + Io(kne)] + - n( 1) o

If we keep p terms containing By, in the solution (43.6) instead of two such
terms, then Am, can be expressed with the help of conditions on the external
contour via p unknown B,,,. We could obtain p equations with the unknown B,,,
where v =1, 2, 3, ..., p on the internal contour.

The similar calculation has been performed in the paper [23].

The problem on a rectangular tank which

o dvent P f14)
moves in a direction parallel to one of the q P 1 N M
sides of the rectangle forming the bottom,
is essentially more simple and well studied.
Obviously, if the expression for the poten-
tial of the velocities contains, as before, the
series Y @n(z,y) cosknz, then pn(z,y) =
¢n(z), i.e., the corresponding plane problem
on the determination of the function ¢, be-
comes a one-dimensional problem.

The problem on a rectangular tank in
the case when it moves along a straight line
which is not parallel to the sides of the bot-
tom is more difficult. The main difficulty
in this case arises when representing the po-
tential of the velocities as a product
F1(®) - ¢n(z,y) cosknz, and consists in the
determination of the functions ¢, (z, y) which
satisfy the equation V2, —k?n2¢p, = 0 and
the boundary conditions resulting from the
restriction that the wall of the tank is impen-
etrable. These conditions can be reduced to
the condition that the normal derivative of the function ¢,, on the contour is equal
to a given function of the point of the contour. In order to solve this problem we
apply one of versions of the method of compensating loadings.

Figure 69
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We seek a solution for a tank which has no internal columns in the following
form:

o0
enlr,p) = Z A I (knr)[cos k8 + ai sin kd],
k=1

and we select the coefficients Ax and ax so that the boundary conditions on the
contour hold in a sense.

As an example, we consider the problem of the determination of the pressure
on the walls of a square tank, assuming that the direction of the impulse movement
f(t) is along its diagonal. We seek the functions ¢, (r, ) in the form

7
@a(r,8) = Y Amnln(knr)cosmé,

m=13

where ¢ and r are the polar coordinates of the point considered (Fig. 69). We
require that the conditions of impenetrability hold at the points M, N, P, Q of
one of the sides of the square, which are the mid-points of the segments obtained
after dividing the side into four equal parts. Obviously, the same conditions holds
at the corresponding points of all other sides. These conditions give the following
system of equations

knr:
Ain [d—h%—ﬂ cos 0'sin(45° + 6) — Il(knr.-)rl sin @ cos(45° + 0)]
i
+Aszn dIa—(dkr@ cos 30sin(45° + 6) — Ia(knr.-)%:i sin 36 cos(45° + 6)
L : d
+Asn d—Is%TL') cos 50sin(45° + 8) — Is(knr.-)rl5 8in 50 cos(45° + 6)
L i d
+ A7 d_I'z(Tkrnr_.) cos 70sin(45° 4 ) — I7(knr,-)%7 8in 70 cos(45° + 6)
L 3 d
4 1
=2 (-1 (n—l)/2’
- Y

where n=1,3,5,7,i= M, N, P,Q (in our case rp = rQ, rN = rp).

First, we should set n = 1, then n = 3 here. Taking the following numerical
data: the’ length of the side of the square is a = 1, the height of the layer of the
fluid 1s h = =, the density is ¥ = 1, and assuming in accordance with Fig. 69

rym = 1.25, ry = 103078,  rp=1.03078,  rq=1.25;
frm = 0.1419, On = 0.5404, fp = 1.0304, 0 = 1.4289,

we obtain the following system of equations for n = 1:

0.413214;; + 0.00616 A3, + 10™* - 0.209 A5, — 10~ - 0.58 A7, = 0.90032,
0.41177A;; — 0.00246 A3; — 107 - 0.479A45; — 10~7 - 0.844;, = 0.90032,
0.32008A4,1 — 0.00815A3y + 107° - 0.56 As; + 107 - 0.117 A7, = 0.90032,
0.21809A,'1 — 0.0110443, + 10~2 - 0.1093As; — 105 - 0.403 A7, = 0.90032.
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Solving this system, we obtain

A =2.33813,
Az = —17.0810,
Asy = 2003.44,
Aq = 42569.9.
Similarly, for n = 3 we have
A,z = —0.14973;
Asz = 0.28253;
Asz = —1.45713;
A7z = —0.19584.

Now keeping only the terms with n = 1 and n = 3 in the expression for the potential
of the velocities, we can easily find the pressure on the walls by the formula

7
P==7F(®) >, D Amnlm(knr)cosmb;.

n=1,3m=1,3







APPENDIX A

Brief information on gamma functions

The gamma function of the argument z, which is also called the Euler integral of
the second kind, is denoted by I'(z) and defined with the help of the equality

[o2]

I'(2) =/e"z"1dx'. | | (1)

1

This integral converges, if £z > 0.

For Rz > 0 the function I'(2) is regular. Using analytic continuation, one can
consider I'(z) for Rz < 0 and show that it is meromorphic and can be represented
by the formula '

00 o0

— (_l)n 1 / —tyz=1

I‘(z).._z:o ot [T Ra<o (2)
n= 1

From this equality we see that the function I'(z) has simple poles at the pointsv

z = —n, where n = 0,1,2,... . The main property of the gamma function is

expressed by the equality

20(z) = T(z 4+ 1), (3)

which can easily be obtained from (1).

 Assuming that z lies inside the segment [0, 1] we can, by multiplying I'(z)
and I'(1 — z) represented by formula (1), obtain an important formula after easy
computations

m

I'z)r(1-=z)= (4)

According to the principle of analytic continuation, formula (4) can be extended to
the whole of the complex plane. Let us give two more functional relations

sinmz’

1l'

I(1/2+42)T'(1/2—2) = pp (5)
I'(2)T(1-z) _ 1 (©)
I(1/2+42)T(1/2—2) ~ tanwz’
the latter is a consequence of (4) and (5).
The duplication formula for the gamma functions has the form
(@22 =22 -r (24 2 ) I(2). 1)
I 2
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Via gamma functions we can express the integral

nf2

: - 1T(p/2)T(p12/2)
. p—1 #r1—1 = =

sin® ™" z cos zdz IT(a/2 % m/2)’
0

For the logarithmic derivative of the gamma function

Ru>0, Ry, >0.

¥(z) = Ed;lnl‘(z) = -II‘T,((,—:T)

the following expansion holds

'p(’):‘c‘%“g[zik'%]’

where C is the Euler constant; its approximate value is equal to 0.5772157.

If n is a positive integer, then

Y(n+1)=-C+14+1/2+---+1/n.
Let us give some particular values of the gamma function

©0

I'(1)=T(2) = fe""dz =1,

0
o0

r(1/2) = /e""z'llzdz = /.
0

If n is a natural number, then
I(n) = (n-1)!,

1 n
r (n+ -2-) = ?,'—(211— 1),
where 2n - 1)!'=1-3.5...(2n - 1).

(8)

(9)

- (10)

(11)

(12)

(13)

(14)

(15)

More complete information concerning the gamma functions is given in [3],

[31], {83], [72].




Bibliographical notes

The most detailed guidebook on the theory of the Bessel functions is the well-known
book by G.N. Watson “A treatise on the theory of Bessel function” [7]. The account
of Watson contains an extended bibliography.

The book by Watson contains a detailed and complete presentation of the
theory of Bessel functions; it should be noted that among all the sources used by
the author it is the most important.

The book by N. Nielsen [76], which is the most detailed account among those
published before the appearance of the book by Watson and which contains a
series of important original results, did not hitherto lose its significance. The book
[49] in which a series of the classical investigations of N.Ya. Sonin concerning the
cylindrical functions as well as some comments by N.I. Akhiezer are included, is of
considerable interest.

A brief exposition of the theory of Bessel functions is given in the seventh
chapter of the guidebook “Higher transcendental functions” [4]. This chapter also
includes a very useful reference section which contains a great number of formulae
obtained after 1922, which hence, were not mentioned in the book by Watson.
Some topics of the theory of Bessel functions are considered from different points of
view in courses of the equations of mathematical physics and the theory of special
functions. It is not expedient to list these courses here.

The integrals of Bessel functions are considered in a very useful book [73].
It contains a very detailed list of indefinite integrals of Bessel functions and their
product by a power and exponential functions. A special chapter is devoted to Airy
functions. There is a series of formulae concerning definite, iterated and improper
integrals. An emphasis is put on the integrals of Struve functions. The appen-
dix contains some tables of Bessel functions and integrals of the Bessel functions.
Extensive bibliographical notes are contained in this book.

A detailed list of integral transforms, whose kernels are the Bessel functions, is
given in the known reference book in two volumes “Tables of integral transforma-
tions” [5, 6]. This edition also contains a lot of important improper integrals as
well as tables of various integrals of Bessel functions.

A series of important improper integrals is contained in the very useful reference
book “Integral transforms and operational calculus” [13].

Many formulae relating to different sections of the theory of Bessel functions,
in particular, integrals, are contained in the reference book by 1.S. Gradstein and
.M. Ryzhik [10]. '

Problems of the theory of incomplete cylindrical functions are considered in
detail in the monograph by M.M. Agrest and M.Z. Maksimov [2]; tables of these
functions are given in [1].
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In the book by N.M. Sovetov and M.E. Averbukh [48] the functions are con-
sidered which in the present book are called the fundamental Cauchy functions of
the Bessel equation, and in other papers of the author (for instance, {20]) are called
functions having the property of the unit matrix.

Different generalizations of these functions are considered in the book [18],
which also contains useful formulae and tables.

The well-known book by A. Gray and G.B. Matheus should be mentioned,

which is one of the best guidebooks on the theory of Bessel functions. Many ques-
tions are considered in this book in more detail and withmore rigour than in the
present book.
_ Among the works devoted to the presentation of the theory of Bessel functions
we should mention the very useful book by R.O. Kuz’min [28], which is the first
special monograph of an educational type on Bessel functions published in USSR
and which played an important role in the popularization of the theory of Bessel
functions.

A brief account of the tables of the Bessel functions is given in [20]. One can
also find there references to more detailed reference books concerning tables; one
should emphasize among them a very detailed reference book [33].

A detailed guidebook [78], which has mainly a reference character, is of interest.

The reader interested in applications of methods of the theory of functions of a
complex variable, in particular, of contour integrals to the problems of the theory
of Bessel functions, can use the book by M.A. Lavrentiev and B.V. Shabat [31].
This book contains a special chapter devoted to Bessel functions.

The book by E. Jahnke, F. Emde and F. Losch “Special functions” [61] is
very popular. This book contains formulae as well as graphs and tables of Bessel
functions.

The applications of integral transformations, whose kernels are the cylindri-
cal functions, are dlscussed in detail in the monographs by I. Sneddon [47] and
Ya.S. Uflyand [54]. A senes of apphcatlons of the theory of cylindrical functions
to operational calcu}us can be found in the monograph by Al Lurie [35]. Ap-
plications of the theory of cyhndncal functions to some problems of mathematical
physics are given in numerous works In particular, problems connected with the
use of integral equations : are w1dely used in the monograph by V.D. Kupradze [29].

~ The we]l-known monograph by A.N. Dinnik [12] is devoted to applications
of Bessel functlons to prob]nms of the theory of elasticity. The theory of Bessel
functions and their apphcatlons in radio engineering are presented in the book by
T.A. Rozet [44], Applications of Bessel functions are also considered in [20].

All the works listed above consider the theory of Bessel functions from the view-
point of classncal analysis. "The applications of modern analysis, in particular, the
theory of group | representatlons in the theory of Bessel functions is very significant.
The monograph by N.Ya. Vilenkin [8] is devoted to these questlons

After the book appeared in Russian, two other monographs were published
which concern applications of Bessel functions and are included in the reference
list. One of them is due to the author and is devoted to problems of the theory
of heat conductivity and thermoelasticity; the other one has been written by the
author with L.M. Reznikov and contains the topics relating to the theory of dynamic
vibration absorbers; its third chapter is strongly associated with the use of Bessel
functions. The reader of the English translation has the opportunity to use reference
books on special functions, namely, the reference book by M. Abramowitz and
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I. Stegun and the reference book by Y.L. Luke which are included in the reference
list. Without doubt, it is very important for the reader to use the reference books
on integrals and series. In this connection we included the reference book in three
volumes by A.P. Prudnikov, Yu.A. Brychkov and O.1. Marichev which is published
in English and is the most extensive edition of this type in the bibliography.
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displacement temperature free, 179
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factor of Weber discontinuous, 76
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foundation uniform, 209
functional equations of the Wronski determi-
nant type, which contain functions with
different indices, 22
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partial in the form of Bessel, 123
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error, 119
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Macdonald partial, 122
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Lommel-Hankel formulae, 21
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transform Bessel, 79
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