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Preface

This monograph covers some selected problems of positive and fractional
electrical circuits composed of resistors, coils, capacitors and voltage (current)
sources.

The monograph consists of 8 chapters, 4 appendices and a list of references.

Chapter 1 is devoted to fractional standard and positive continuous-time
and discrete-time linear systems without and with delays. The state equations
and their solutions of linear continuous-time and discrete-time linear systems
are presented. Necessary and sufficient conditions for the internal and ex-
ternal positivity of the linear systems are given. Solutions of the descriptor
standard and fractional linear systems using the Weierstrass—Kronecker de-
composition and Drazin inverse matrix method are also presented. In chap-
ter 2 the standard and positive fractional electrical circuits are considered.
The fractional electrical circuits in transient states are analyzed. The reci-
procity theorem, equivalent voltage source theorem and equivalent current
source theorem are presented. Descriptor linear electrical circuits and their
properties are investigated in chapter 3. The Weierstrass—Kronecker decom-
position method and the shuffle algorithm method are discussed. The regular-
ity, pointwise completeness and pointwise degeneracy of descriptor electrical
circuits is analyzed. The descriptor fractional standard and positive electrical
circuits are also investigated. Chapter 4 is devoted to the stability of fractional
standard and positive linear electrical circuits. It is shown that the electrical
circuits with resistances can be also unstable. The reachability, observability
and recontsructability of fractional positive electrical circuits and their de-
coupling zeros are analyzed in chapter 5. Necessary and sufficient conditions
for the reachability, observability and reconstructability are established and
illustrated by examples of electrical circuits. The decompositions of the pairs
(A, B) and (A, C) of the electrical circuits are given and the decoupling zeros
of the positive electrical circuits are proposed.

The fractional linear electrical circuits with feedbacks are considered
in chapter 6. The zeroing of the state vector of electrical circuits by state
and output-feedbacks is discussed. In chapter 7 the problem of minimum



VI Preface

energy control for standard and fractional systems with and without bounded
inputs has been solved. In chapter 8 the fractional continuous-time 2D linear
systems described by the Roesser type models are investigated. The frac-
tional derivatives and integrals of 2D functions are introduced. The descrip-
tor fractional 2D model is proposed and its solution is derived. The standard
fractional 2D Roesser type models are also investigated.

In Appendix A some basic definitions and theorems on Laplace trans-
forms and Z-transforms are given. The elementary row and column opera-
tions on matrices are recalled in Appendix B. In Appendix C some properties
of the nilpotent matrices are given. Definition of Drazin inverse of matrices
and its properties are presented in Appendix D.

The monograph contains some original results of the authors, most of which
have already been published. It is dedicated to scientists and Ph.D. students
from the field of electrical circuits theory and control systems theory.

We would like to express our gratitude to Professors Mikotaj Bustowicz,
Krzysztof Latawiec and Wojciech Mitkowski for their invaluable remarks,
comments and suggestions which helped to improve the monograph.

Biatystok, June 2014 Tadeusz Kaczorek
Krzysztof Rogowski
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Chapter 1
Fractional Differential Equations

1.1 Definition of Euler Gamma Function
and Its Properties

There exist the following two definitions of the Euler gamma function.

Definition 1.1. A function given by the integral [51, 154, 163]
o0
I'(z) = /t’”‘le_tdt, R(x) >0 (1.1)
0

is called the Euler gamma function.
The Euler gamma function can be also defined by

nln®
I(z) = li 1,-2,...
(37) 7L1—>II;O fﬂ(l’ —+ ]_) . (l’ +n)’ LS (C\{O’ ’ 5 }7

where C is the field of complex numbers.
We shall show that I'(x) satisfies the equality
I'x+1)=al'(x). (1.2)

Proof. Using (1.1), we obtain

(o)
I'z+1)= /tre*tdt = —t%e! . +x/trfle*tdt =zl ().
0 0

© Springer International Publishing Switzerland 2015 1
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2 1 Fractional Differential Equations

Example 1.1. From (1.2) we have for:

r=1 re)=1-r1)=1, since I'(l)= At =1
/

- r3)=2-I2)=1-2=2l,

_ [(4)=3-I'(3)=3-2-I'(2) = 3!

In general case, for z € N we have
I'n+1)=nl'(n)=nn—1I'n—1)=n(n—-1)(n—2)---(1) =nl

The gamma function is also well-defined for z being any real (complex)
numbers. For example we have for:

r=15: I(25) =15-I'(15) =15-0.5(0.5),
x=-05: TI(05)=-05I'(—0.5)=—0.5-(-15)(—15).

1.2 Mittag-Leffler Function

The Mittag-Leffler function is a generalization of the exponential function e®*
and it plays important role in solution of the fractional differential equations.

Definition 1.2. A function of the complex variable z defined by [51, 154, 163]

Zrm} (1)

k=0
is called the one parameter Mittag-Leffler function.

Example 1.2. For o = 1 we obtain

meqzzm:&
k=0 k=0

i.e. the classical exponential function.

An extension of the one parameter Mittag-Leffler function is the following
two parameters function.

Definition 1.3. A function of the complex variable z defined by [51, 154, 163]

o0

E:Fka+ﬁ (14)

k=0
is called the two parameters Mittag-Leffler function.

For =1 from (1.4) we obtain (1.3).
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1.3 Definitions of Fractional Derivative-Integral

1.3.1 Riemann-Liouville Definition

It is well known that to reduce N-multiple integral to 1-tiple integral the fol-
lowing formula

OINf // / uN)duNduN,1~~~du1

'/x—ule u)du (1.5)

0

can be used, where f(u) is a given function.
Using the equality (N — 1)! = I'(N), the formula (1.5) can be extended
for any V € R and we obtain Riemann-Liouville fractional integral

ol f( )t f(r)dr (1.6)
w0

where o € R \{0} is the order of integral.
Definition 1.4. The function defined by [51, 154, 163]

a N
REDE (1) = jtaf(t) - [oft(N*“)f(t)}

av JN=a=1
= dtN/t—T T f(r)dr,
0

(1.7)

where N—-1<a< N, N € N is called Riemann-Liouville fractional
derivative-integral.

Note, that from (1.7), for & = 0 we obtain

¢
DRI = ) o [ FPT = a0 = 10
0
and for « = 1 we have
t
d2
RLDIF() = dﬁ/f w— F()
0

Therefore, by induction, Definition 1.4 is true for a € N.
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Example 1.3. Consider the unit-step function

1 for ¢t>0,
t)=1(t) = -
1) ®) {O for t<0.

d- dN Nal
dta]l() dtN/t_T dr
0
av ¢ 1 1 av
=r th = @
N—a)dtV [N — o I'(N—a)N—ad®
1 et
= (N—a)(N—a—-1)---(1—a)t “ri-a)

I'(N — a) N -«
Therefore, the a order Riemann-Liouville derivative of unit-step function
is a decreasing in time function.

Theorem 1.1. The Riemann-Liouville derivative-integral operator is a lin-

ear operator satisfying the relation

FEDFINF(8) + ug ()] = ATGDYf(t) + p5DRg(t), A peR.

Proof.

N
TEDE OO + 1) = ) gy [ = DY) + ()l
0

N
- /(t—T)N—a—lf(T)dT
0

Theorem 1.2. The Laplace transform of the derivative-integral (1.7) for
N — 1< a < N has the form
N

L*GDyf(1)] = )= > s, (1.8)

k=1

where R (0F) = BEDOF £(1) ’t 0
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Proof. Using (1.6), (1.7) and (A.5), (A.6) (see Appendix A.l) for
N —1 < a < N we obtain

N t
((iitN F(Nli a) /(t - T)N_a_lf(T)dT

0

—c{ g ot 50}

LMD f(t)] =L

SNF(s) v 4N N
= (N-a ZS dik—1 [l ™ F ()],
k=1
N
:SaF(S)—ZSN kRLDk' N— 1+af ’t o
k=1
N
=s"F(s)— > _s" P BEDFFf(t)|,_, -
k=1
]
1.3.2 Caputo Definition
Definition 1.5. The function defined by [51, 154, 163]
C pa / f(N) (N) dN f(r)
§Dp (1) = P ar 0@ = I )

0

is called the Caputo fractional derivative-integral, where N —1 < a < N,
N eN.

Remark 1.1. From Definition 1.5 it follows that the Caputo derivative
of constant is equal to zero.

Theorem 1.3. The Caputo derivative-integral operator is linear satisfying
the relation

§ D M (1) + ug(t)] = AT DR f(8) + g D' g(2).

Proof. The proof is similar to the proof of Theorem 1.1. O

Theorem 1.4. The Laplace transform of the derivative-integral (1.9) for
N — 1< a < N has the form

LDy f(t)] = s* R FE=L (0T, (1.10)

Mz

k=1

Proof. Using Definitions 1.5 and A.2, equations (A.3), (A.5) for
N —1 < «a < N we obtain
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t

C[EDsf®) =L F(Nl_a) ==t sar
0
_ F(Nl— a)ﬁ [tN-a—1] £ [f(N)(t)}

=

ZSN kU1 0+)]

k=1

N
Zsoz kfk 1) O+)

k=1

1.4 Solutions of the Fractional State Equation
of Continuous-Time Linear System

Consider the continuous-time linear system described by the equations [52]

SDex(t) = dzti ) _ Az(t) + Bu(t), 0<a<l, (1.11a)
y(t) = Cx(t) + Du(t), (1.11b)

where z(t) € R™, u(t) € R™, y(t) € RP are state, input and output vectors
and A € R"n. B ¢ R™™ (€ RPX" D € RPX™m,

Theorem 1.5. The solution of the equation (1.11a) has the form

t

z(t) = Do (t)xo + /@(t —7)Bu(r)dr, x(0) =xz¢ € R", (1.12)
0
where
gzjO(t) = Eoz(At ) - kzzo F(ka + 1)3 (113)
O pkyp(k+1)a—1
D) =Y ik + 1ol (1.14)

and E,(AtY) is the Mittag-Leffler function and I'(x) is the Euler gamma
Sfunction.

Proof. Applying the Laplace transform to (1.11a) and taking into account
that



1.4 Solutions of the Fractional State Equation of Continuous-Time System 7

X(s) = Ll(t)] = / £(t)edt,  U(s) = Llu(t)],

0
L [OCDax(t)] =5"X(s)—s*lxy for 0<a<l
we obtain
X (s) = [[s® — A" [s*tag + BU(s)] . (1.15)
It is easy to show that

s — A7 =) Aksm(BHDe (1.16)

since
— A (Z Aks_(’”l)a) =1I,.
k=0

Substituting of (1.16) to (1.15), we obtain

oo oo
(s) = Z Abg=(katl) g0 4 Z AFg=HDa B (). (1.17)
k=0 k=0

Using the inverse Laplace transform and the convolution theorem (Ap-
pendix A.1) to (1.17) we obtain

2(t) =L [X(s)] = i AlL [5mt ) ) gg 4 i AFL7 570 B (s)|
k=0 k=0

=Py (t)xo + /@(t — 7)Bu(r)dT,
0

where

t(k+1

@(t) = ,C*l {[Hnsa _ A]*l} — iAk‘cfl |: k;+1)a:| i

k=0 k=0

Theorem 1.6. The matriz $o(t) defined by (1.13) satisfies the equality

dody (t)

= Ady(t).
qpo o(t)

Proof. By Theorem 1.5 for u(t) = 0, t > 0, the matrix ®y(t) satisfies the
equation (1.11a). O
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Remark 1.2. From (1.13) and (1.14) for a = 1 we have

ey N @F
éo(t)_é(t)_’;F(k+1)—eA.

Remark 1.3. From classical Cayley-Hamilton theorem [39, 44, 115] it follows
that if
det [I,,5% — A] = (s*)" + ap_1(s)""F +--- 4+ a15” + ao,

then
A"+ a1 AV b+ a1 A+ aol, = 0.

Example 1.4. Find the solution of the equation (1.11a) for 0 < o < 1 and

A—{gé], B—m, xo—m, u(t) = 1(1).

Using (1.13) and (1.14), we obtain

o Aktka Ate

By (1) :;F(k "Bt ray
= (1.18)
s Akt(kJrl tafl t20471

o) =3 Tk +1)a] :Hzf(a) 4 00)

k

Il
=)

Substituting (1.18) and u(t) = 1(¢) into (1.12), we obtain

t

Al‘ota B AB
t) = t— a—1 t— 2a—1 d
R P e e L e
0
Azot® - ABt*>
Fla+1) I'(a+1) I'2a+1)
- to N t2a
— I'la+1) aF(Qa—I—l)
= . ,
1
P+

=X —+

since I'(aw + 1) = al ().

Theorem 1.7. If the Caputo Definition 1.5 is used, then the solution
of the equation (1.11a) for N —1 < a < N has the form

Z@l (=1 o+)+/(p(t4)3u(f)d7, (1.19)
0
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where
e Ak kati=1 > Akt(k+1)o¢—1

PO=2 rravny YT P+ 1a)

Proof. Taking into account (A.1), (1.10) we obtain the Laplace transform of
(1.11a)

N
X(s) = [Ips Z =DM + BU(s) |, U(s) = Llu(t)]
- (1.20)
Substitution of (1.16) into (1.20) yields
ZAksf(kJrl [Z $ l.’b(l 1)(0+)+BU( )
S = N (1.21)
:ZZAkS_(ka+l).’L‘(l_l)(O+) +ZAkS_(k+1)aBU(S).
k=0 l=1 k=0

Applying the inverse Laplace transform and the convolution theorem (Ap-
pendix A.1) to (1.21), we obtain

ZZAk { k:oHrl)] (1-1) 0F) + ZAkr { k:+1)aBU( )}
k=0 =1

—Zqﬁ 2B 07 + /@(th)Bu(T)dT,

0

where
[eS) o0 Aktka+l—1
_ kp—1 [ ~(ka+l)| _
2i(t) =3 AL s =X I(ka+1)’
k=0 k=0
0o Sl Ak:t(kJrl)afl
(1) = Ak =1 | ~(k+Da| _ )
(t) kZ:O £ s ]  Il(k+ 1)a]

a

Theorem 1.8. If the Riemann-Liouville Definition 1.4 is used, then the so-
lution of the equation (1.11a) for N —1 < a < N has the form

t

N
= &y (t)z*7D(0F) + / &(t — 7)Bu(r)dr, (1.22)
=1

0

where
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=% p=y A
pors I Ja—1+1 = [(k+1)a

Proof. Taking into account (A.1) and (1.8), from (1.11a) we obtain

N
X(s) = [L,s” Z =Dty + BU(s)|, U(s) = Llu(t)].
- (1.23)
Substitution of (1.16) to (1.23) yields
[eS) N
s) = ZAks_(kH)a [Z s!71z(e=D(0%) 4+ BU(s)
= = (1.24)

oo N 9]
— Z ZAks—(k+1)a+l—1x(a—l)(0+) + ZAkS—(k+1)aBU(S)_
k=0 1=1 k=0

Applying the inverse Laplace transform and the convolution theorem (Ap-
pendix A.1) to (1.24), we obtain

iiAkC 1 [57(k+1)a+171] 2= (01)

k=0 =1
+2Ak£71 { 7(k+1)aBU(S)]
k=0
t
_Z@z 200 + [ 8t - r)Bulrdr,
0

where
Ak (kt1)a—

0= AL R D DF R

k=0
o0 gkp(k+1)a—1
k (k+D)a|
ZA Hsm ]kZOF[(k:—&—l)a]'
O

Remark 1.4. From comparison of (1.19) and (1.22) it follows that the com-
ponent of the solution corresponding to u(t) is the same.
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1.5 Positivity of the Fractional Systems

Definition 1.6. [47, 71] The fractional system (1.11) is called (internally)
positive if the state vector z(t) € R’} and the output vector y(t) € R%
for ¢ > 0 for all initial conditions 2o € R’ and all inputs u(t) € R, t > 0.

Definition 1.7. [47, 71| A real square matrix A = [a;;] is called Metzler
matrix if its off diagonal entries are nonnegative, i.e. a;; > 0 for ¢ # j.

Lemma 1.1. Let A €¢ R"*"™ and 0 < o < 1. Then

el Aktka y
_ nxn > .
Do (t) kzzof(m“) ERP™ for t >0, (1.25)

0 Akp(k+1)a—1

D(t) =Y

R?*™ for t>0 1.26
2 Fi(k+1)a] S5 S (1.26)

if and only if A is a Metzler matrix.

Proof. Necessity. From

Ate

Bo(t) =I, .
o)=Lt pipy t
ta—l t2a—1

D(t) :an(a) + AF(?a) 4.

it follows that @q(t) € R}*™ and &(t) € R*" for small value ¢ > 0 only if A
is a Metzler matrix.
Sufficiency. It is well-known [47] that

eM e R for t>0 (1.27)

if and only if A is a Metzler matrix.
Using (1.25), we can write

o [ (At)E (At Nk —T(ka+1) (At*)*
2o(t) —¢” _;(F(mﬂ)_ k! )‘I;) Fka+1) Kk

(1.28)
for ¢ > 0. From (1.27) and (1.28) we have &g(t) > A" > 0 for ¢ > 0, since
El > I'(ka+1) for 0 < a < 1.

The proof for (1.26) is similar. O

Theorem 1.9. The fractional continuous-time system (1.11) is (internally)
positive if and only if

A€M, BeRY™, CeRE" DeRY™ (1.29)
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Proof. Sufficiency. By Theorem 1.5 the solution (1.11a) has the form (1.12)
and z(t) € R}, t > 0, if the condition (1.29) is satisfied, since &5 € R}*",
ro € R} and u(t) € R} for t > 0.

Necessity. Let u(t) = 0,t > 0 and o = ¢; (i-th column of the identity matrix
I,). The trajectory does not leave the orthant R’ only if the derivative of or-
der a, z%(0) = Ae; > 0, what implies a;; > 0 for ¢ # j. The matrix A is a Met-
zler matrix. From the same reason for o = 0 we have z“(0) = Bu(0) > 0,
what implies B € R}*™, since u(0) € R can be arbitrary. From (1.11b)
for u(t) = 0, ¢t > 0 we have y(0) = Czo > 0 and C € RE*", since z¢ € R}
can be arbitrary. In a similar way assuming z¢ = 0, we obtain y(0) = Du(0) >
0 and D € RE*™, since u(0) € R is arbitrary. O

1.6 External Positivity of the Fractional Systems

Definition 1.8. [71] The fractional system (1.11) is called externally positive
if for all u(t) € R7?, t > 0 and zero initial conditions zo = 0 the output vector
y(t) e RE, ¢t >0.

Definition 1.9. [71] Output of the fractional SISO (single-input single-output)
system with zero initial conditions for Dirac impulse u(t) = 6(¢) is called the im-
pulse response of the system. In a similar way we define the matrix of impulse re-
sponse of the MIMO (multiple-input multiple-output) fractional system (1.11).

Lemma 1.2. Matrix of the impulse responses g(t) of the fractional system
(1.11) is given by
g(t) = Co(t)B + Di(t), t=0, (1.30)

where §(t) is the Dirac delta defined by

oo for t =0,
6(t)_{0 fort #0,

which satisfies the condition

(o}

/ S(t)dt = 1.

— 00

Proof. Substituting (1.12) into (1.11b) and taking into account xy = 0,
u(t) = d(t), y(t) = g(t) we obtain

glt) = / Co(t — 7)Bi(r)dr + Di(t) = CH(t)B + Di(t).
0
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Theorem 1.10. The fractional system (1.11) is externally positive if and
only if
g(t) e REX™ for t>0. (1.31)

Proof. Sufficiency. The output y(t) of the system (1.11) with zero initial
conditions for the input w(t) is given by

t

y(t) = /g(t — 7)u(r)dr. (1.32)

0

If the condition (1.31) is satisfied then from (1.32) we have y(t) € RY,
t>0.
Necessity. The necessity follows immediately from the fact that the matrix
of impulse responses in a particular case of the output of the system for u(t) =
0(t) and d(¢) is nonnegative for ¢ > 0. O

Corollary 1.1. The matrix of impulse responses (1.30) of internally positive
system (1.11) is nonnegative for ¢t > 0.

Between the internal and external positivity we have the following rela-
tionship.

Corollary 1.2. Every fractional continuous-time (internally) positive
system (1.11) is always externally positive.

1.7 Positive Continuous-Time Linear Systems
with Delays

Consider the continuous-time linear system with h delays described by the
state equations [58]

AT() _ 4 o)+ S Al — di) + Bult 1.33
a4 = ox()+; kx(t — di) + Bu(t), (1.33a)
y(t) = Cz(t) + Du(t), (1.33b)

where z(t) € R", u(t) € R™, y(t) € RP are the state, input and output
vectors and Ay € R"*" k =0,1,...,h; B € R"™™ C € RP*" D € RP*™,
and di (dp >0), k=1,2,...,h are delays.

Initial conditions for (1.33) have the form

x(t) =zo(t) for t¢e[—d, 0], d=max(dg),

where max(dj) denotes the maximal element of the set {dy,ds,...,dy} and
xo(t) € R™ is given.
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Definition 1.10. The system (1.33) is called (internally) positive if
z(t) € R, y(t) € RE for any xo(t) € R and all inputs u(t) € R}, t > 0.

Theorem 1.11. The system (1.33) is (internally) positive if and only if

Ay € M, AkGszn, k=1,...,h;
T X Xm
BeRY™, CeRE™, DeRE™.

Proof. Necessity. The equation (1.33a) for z(t—dy) = 0,t € [d,0],k=1,...,h
and u(t) =0, ¢ > 0 takes the form

#(t) = Agz(t), te0,d). (1.34)

It is well-known [30, 47|, that x(t) € R" of (1.34) if and only if Ay € M.
Assuming in (1.33a) u(t) =0, t > 0, zo(—dk) = €;, i = 1,...,n (i-th column
of the identity matrix I,), (—d;) = 0,7 =0,1,...,k—1,k+1,...,hfort =0
we obtain #(0) = Are; = Ay € R}, where Ay; is i-th column of A € RY*™,
k=1,...,h.

From (1.33a) for ¢ = 0 and z0(t) = 0, t € [—d,0] we have ©(0) = Bu(0)
and B € R}*™, since by definition u(0) € R’ is arbitrary. The necessity
of C € RE*™, D € RE*™ can be shown in a similar way as for positive systems
without delays [30, 47].

Sufficiency. The solution of the equation (1.33a) for ¢ € [0, d] has the form

¢ h
z(t) = etz (0) + / eAo(t=7) (Z Agxo(T — di) + Bu(7)> dr.  (1.35)
0

k=1

Taking into account that e/t € RM*™, t > 0, for Ay € M,,, and the con-
dition (1.34), from (1.35) we obtain x(t) € R}, t € [0,d], since zo(t) € R,
t € [—d,0] and u(t) € R, t > 0. From (1.33b) we have y(t) € R, t € [0, d],
since z(t) € R’ and u(t) € R}

Using the step method we can extend the considerations for the intervals
[d,2d], [2d,3d], ... . 0

Definition 1.11. Let to the asymptotically stable positive system (1.33)
a constant input u(t) = u € RY" be applied. The vector z. satisfying the equa-

tion
h

0= Az + Bu (1.36)
k=0

is called the equilibrium point (state) of the system (1.33) for constant in-
put u.

If the positive system (1.33) is asymptotically stable, then the matrix



1.8 Positive Linear Systems with Different Fractional Orders 15

h

A:ZAk EMn
k=0

is nonsingular and from (1.36) we obtain
z, = —A"'Bu. (1.37)
Remark 1.5. For positive asymptotically stable system (1.33) we have
—A7t e R (1.38)
This remark follows immediately from (1.37), since 29 € R’} and Bu € R}’

is arbitrary [30, 47].

Theorem 1.12. The equilibrium point x. for positive asymptotically stable
system (1.33) is strictly positive, i.e. x, > 0 if Bu > 0.

Proof. If A € M, and Bu > 0 then from (1.36) we have z. € R’'. The hy-
pothesis will be proved by contradiction. Assume that 2, = 0 then from (1.36)

we have Bu = 0. This contradicts that Bu > 0. This completes the proof.
O

These considerations can be extended to linear systems with delays in con-
trol and positive fractional continuous-time linear systems with delays in
states and controls.

1.8 Positive Linear Systems Consisting of n
Subsystems with Different Fractional Orders

1.8.1 Linear Differential Equations with Different
Fractional Orders

Following [69] let us consider a fractional linear system described by the equa-
tion

d‘“xl
dton A oo A | |7 By
: = : - i RS TS
: : S : : 1.39
da"xn Anl e Ann Tn Bn ( )
dton
pr—1l<ar<py, preN={1,2,...}, k=1,...,n
where 2, € R™,  k = 1,...,n are the state vectors, Ay; € R™*7,

B e Rexm: k5 =1,...,n and v € R™ is the input vector.
Initial conditions for (1.39) have the form

270) =20 eR™, k=1,...,n; j=01,...pp—1. (1.40)
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Theorem 1.13. The solution of the equation (1.39) for pr — 1 < ax < pg,

k=1,...,n with initial conditions (1.40) has the form

t
() = / [B1(t — 7)Bro + - - + B (t — 7)Buo] u(r)dr
0
P tkraittkpan+j1-1

Z F(klal + -+ kpon +]1)

S o Jji=1

+ 2 2 Dok |
ki=0 " kn=0 Pn thrarttknontin—1

P F(klal + -+ kpon +]n)

where
il (t) 10
zt)y=| : | eRY, N=nj+ - +n, x0=]|:|,

T (1) Tno
B 0
0 :

BlO - . 3 oty B?LO = : )

: 0
0 B,

© t(lﬁ+1)C¥1+k2042+'“+kn04n*1

(j1—

10

n0

@l(t) Z Z ki den F[(kl + 1)041 + kooig + -+ - + knan]’

k1=0 kn=0

oo e tklO¢1+""an—1O¢n—1+(kn+1)0¢n—1
o)=Y -3 T ,
n( ) Z Z klkﬂp[klal"i‘+kn—1an—1+(kn+l)an]

k1=0 kn=

and

—1)

)

(1.41)

(1.42a)

(1.42b)

(1.42¢)
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]IN fO’f’ k‘1:'~':]€n:0,
A o A
0 --- 0 S
11— 4
s Jor ==k =0,
0 - 0
- o 0
0 0 ki1 = =ki_1 =0,
Air - Ain for ki =1,
0 0 kiy1 ==k, =0,
Tyy.ken, = :
- 0 -
0
: . . k]z"':knflz 3
. c for -
0 --- 0 kn =1,
Anl Ann
Tvo..0To1..0a+ -+ To..01Tr..10 for ki ==k, =1,
T10..0Tk; —1,ks,....kn
for ki +---4+k, >0,
+ o+ 1001 Tk keyy 1 e —1
0 for at last one ki<0,0=1,...,n.

(1.42d)

Proof. Using the Laplace transforms

Xi(s) = Lla(®), k=1,...,n U(s) = Llu(®)),

and (1.10) we may write the equations (1.39) for pr — 1 < a < pg; pr € N,
k=1...,nin the form
In, s — A1 —Asg -+ —Ain— Ain X1(s)
_Anl _An2 e _Annfl Hﬁnsan - Ann Xn(s)
- o
AT (1.43)
By =1
= | U+ :
B Pn o
" Z soznfjnxgg—l)
Lin=1 _
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From (1.43) we have

-1
Xi(s) Ip, 5% — Ay —A1g -+ —A1p—1 A
Xn(s) —An —Apo - —Apna Hﬁnsan — A
- _
3 sy
B ji=1
X Sl U(s)+ :
B Dn o
n Z Sayﬁjnxgon—l)
anl J

Comparing the coefficients at the same powers of s~%* it is easy to verify
that

[, — Ap1s™@ o0 —Apps™®

_Anls_a" o Hﬁn, - A""S_an (144)
o

(oo}
X E e E TkL..knS_(k1a1+...+knan) = HNa
k1=0 ky,=0

where matrices T, ., are defined by (1.42d).

Using (1.44) we obtain

-1
In, 8% —Ayg —A1g -+ —A1n—1 A
_Anl _An2 e _Annfl ]Iﬁnsa" - Ann
_ _ -1
Hﬁlsal cee 0 ]Iﬁl — AqjpsT . —Aq,s™N
0 - Iy, s —Apis™ o Iy, — AppsT
L (1.45)
I, —Aps™ @ -0 —Ajs™ Ip,s7t - 0
—Apis™ o Iy, — AppsT 0 coe Iy, 57
o ) Hnl sT 0

i S—(k1a1+"'+knan)

[
7
i
=
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Substitution of (1.45) into (1.44) yields

10 L
_ Z Z Tklmkns—(kloc1+~~+knom) : :
Xn(s)| m=0 k=0 0 - I,s7
r p1
Z s jlx(]l 1)
By j1=1
X |l U(s)+
Pn
By, Z 50— ]nx(]n 1)
Ljn=1 i

oo oo
— Z Z Te {[Blos—[(’fl+1)O¢1+k20¢2+---+knan]
1okn
k1=0 kn=0

4ot Bnos*[k1a1+---+kn71an71+(kn+1)an]} U(S)

r P
E S—]l
Ji=1
—(k R . .
+ s~ (aatthnan) : . (1.46)
Pn
—Jjn (jn—1)
E S Zro
Lin=1 i

Applying the inverse Laplace transform and the convolution theorem
0 (1.46) we obtain

Xl(S)
£ : =L Z Z Ty e {{Bws_[(kl+1)a1+k2a2+"'+k"a"]
Xn(s) k1=0
bt B et shucsen i

- p1 -

E —j1.,.(J1—1)
S 1'10

ji=1

+ S—(k1041+~~~+knan)

Pn

} : s Jnx(an

Ljn=1
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x1(t) t
:/ [P1(t — T)B1ig + + - + @y (t — 7)Bpo) u(r)dr
Zn (1) 0

r pi kion++kpop+j1—1 .
t (j1-1)

T
J-; D(kyon + -+ + kpag + 1)

e} e}
+ Z Z Tkl...kn : )
kn=0

k1=0 Pn tk1a1+---+k,,;an+jr,ﬁl ——
Z ) ‘,1:(]61,_ )
Jn=1 F(klal +-+ knan +]n) "
1 te
ince £ = : O
since Laﬂ] Fla+1)
In a particular case if 0 < ag. < 1, k=1,...,n; (pr =--- =p, = 1), then
r i tk1a1+"'+kn,an+jl—1 x(jlfl)_
 [(kyay + -+ knan + 1)
) LS Ji=1
SN Tk, : = P (t)zo,
k1= k= n O
1=0 0 i thrarttknon+jn—1 D)
=1 F(klal + -t kpan +Jn) no
where

e e thrait-Fknan

D (1) = T3 .
0() klz::O kZ::O klmknf(k’lal"’"'""k"a”"i'l)

1.8.2 Positive Fractional Systems with Different
Fractional Orders

Definition 1.12. [71] The fractional system (1.39) is called positive if

zi(t) € RT, k=1,...,n, t > 0 for any initial conditions xry € ]Ri”“,
k=1,...,n and all input vectors u € R, ¢t > 0.

Theorem 1.14. The fractional system (1.39) for pr — 1 < a < pg, pr € N,
k=1,...,n is positive if and only if
All “ e Al/IL
A= | : .. | €My, (1.473a)
Ant .. Apn
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B
| e RYX™ (1.47b)
B,
Proof. To simplify the notation the proof will be given for n = 2. First
we shall show that

Pp(t) eRY™, (=11 +ny) for k=0,1,2 and >0,

only if (1.47a) holds.
From the expansion (1.42¢) we have

I, O Ay Aro
Po(t) = |
o(t) {0 11”2}*{0 O}F(al—&—l)

ton

I (1.48a)
“ e 5 . a
| A21 Aga| IM'(ag + 1)
&, ( _ Iy O] 7 ! " Ay App] 2t
0 ]I7L2 F(Oél) 0 0 F(Qal)
0 0 T ta1+a271
- 1.48b
* | A21 A22| I'(ag + az) + ( )
s ( In, } 2=t " {An A12] o toz—l
0 In) F(az) 7L 0 0] Pl +as)
O 0 t2a271
cee 1.48
* |:A21 Azz} I'(2a2) + (1.48¢)

From (1.48) it follows that @4 (t) € R, k = 0, 1,2 for small value of t > 0
only if the condition (1.47a) is satisfied.
In a similar way as in [52, 57], it can be shown that if (1.47) holds then

Po(t) e RT*™, ¢ >0,
and o
o (t)Bm + @z(t)Bm € Rixn, t>0.

In this case from (1.41) we have z(t) € R}, t > 0, since by definition
zo € R and u(t) € R, ¢ > 0. The remaining part of the proof is similar
as in [52, 57]. O

1.9 Descriptor Fractional Continuous-Time Linear
Systems

Consider a descriptor (singular) fractional linear system described by the
state equations [71, 72]
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Edta x(t) = Ax(t) + Bul(t), (1.49a)
y(t) = Cz(t) + Du(t), (1.49b)

dOé
where dtf is the a-order (0 < a < 1) fractional derivative described by

(1.9), z(t) € R™, u(t) € R™, y(t) € R? are the state, input and output
vectors, respectively and E, A € R"*" B € R"*™ (' € RP*™ D € RP*™,
The initial condition for (1.49a) is given by

z(0) = wo. (1.50)
It is assumed that the pencil of the pair (F, A) is regular, i.e.
det[Es™ — A] # 0, (1.51)

for some s € C.

1.9.1 Solution of the Descriptor Fractional Systems

Tt is well-known [39, 50], that if the pencil is regular, then there exists a pair
of nonsingular matrices P, Q € R™*" such that

PlEs — AJQ — [Hgl ](H . ﬁ‘; HS] , (1.52)
where n; is equal to the degree of the polynomial det[EF's — A], A4; € R™*"1
N € R"2%"2 ig a nilpotent matrix with the index yu (i.e. N* =0 and N#~1! £
0) and nq +ng = n.

Applying the Laplace transform (£) to the state equation (1.49a) with zero
initial conditions x¢y = 0, we obtain

[Es® — A] X (s) = BU(s),

where X (s) = L[z(t)], U(s) = Lu(t)].

By the assumption (1.51), the pencil [Es® — A] is regular and we may
apply the decomposition (1.52) to equation (1.49a).

Premultiplying (1.49a) by the matrix P € R™*" and introducing the new

state vector
i) o

where Q € R™*™ z1(t) € R™ and z2(t) € R"2, we obtain

da
gpo T () = A (8) + Bru(t), (1.53a)
N jta wa(t) = wa(t) + Bau(t), (1.53b)
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where
B,

PB = {Bz

} , Bp e RM*™ = By e R"™*™, (1.53c¢)

Using (1.12) we obtain the solution to the equation (1.53a) in the form

t

21(8) = Bro (D210 + / Bur(t — 7)Bru(r)dr, (1.54a)
0
where
oAbk
élo(t) = Zk:l I“(ka+1)a (1.54b)
Akt Da1
éll(t) = zozl Ff(k+1)a] (154C)

and 19 € R™ is the initial condition for (1.53a) defined by

F“’] =Q 'z, x0=2(0). (1.54d)
11

To find the solution of equation (1.53b), we apply the Laplace transform
and obtain
Ns*Xy(s) — N5 tagg = Xo(s) + BoUl(s), (1.55a)

since by (1.10), for 0 > o > 1,
d” « a—1
L dgo x2(t)| = s Xa(s) — s 290, (1.55b)

where X3(s) = L[z (1)].
From (1.55a) we have

Xo(s) = [Ns® = L,] " [BoUl(s) + N5 tag] . (1.56)

It is easy to check that

p—1
[N —L,] "' ==Y N's™® (1.57)
=0

since )
p—
[Ns* —I,,] (- Z lem> =1,
=0

and N =0 fori=p,pu+1,....
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Substitution of (1.57) into (1.56) yields

N peloo L
20 o Z [NZBQSZOCU(S) + Nz+18(z+1)a—1x20] )

=0

XQ(S) = —BQU(S) —

Slfoz

(1.58)
Applying the inverse Laplace transform (£71) to (1.58) and then the con-
volution theorem we obtain, for 1 — a > 0,

t—()t

wo(t) = L7 Xa(s)] = = Byut) = Nawo 1

ple i - d@+Da—1 (1.59)
K3 K3
- Z {N B2 ysia u(t) + N dei+1)a-1720] >
i=0

since

1 te
£t =
] r
fora+1>0.
Therefore, the following theorem has been proved.

Theorem 1.15. The solution to the state equation (1.49a) with the initial
conditions (1.50) has the form

z(t) = Q [xl(t)} : (1.60)

o (t)
where x1(t) and x2(t) are given by (1.54) and (1.59), respectively.

Knowing the solution (1.60), we can find the output y(t) of the system
using the formula

y(t) = CQ [28] + Dult). (1.61)

1.9.2 Drazin Inverse Method for the Solution
of Fractional Descriptor Continuous-Time
Linear Systems

Following [93] counsider the fractional descriptor continuous-time linear sys-
tem described by the equation (1.49a). It is assumed that detFE = 0 and the
pencil of the matrices (E, A) is regular, i.e. the condition (1.51) is met.



1.9 Descriptor Fractional Continuous-Time Linear Systems 25

Assuming that for some chosen ¢ € R, det [F'c — A] # 0 and premultiplying
(1.49a) by [Ec — A]™" we obtain

_ g _ _
dpo x(t) = Ax(t) + Bu(t), (1.62a)

where
E=[Bc—A""E, A=[Ec—A"A, B=[Ec—A'B. (1.62b)
Note that the equations (1.49a) and (1.62a) have the same solution x(¢).

Theorem 1.16. The solution of the equation (1.62a) (and (1.49a)) is given
by
t

a(t) =y (t)v + EP / &(t — 7)Bu(r)dr

0 (1.63a)
q—1
+(BEP —1,) Y (BAP)" AP Bult)(t),
k=0
where
o (EDA) tka o EDA) t(k+1
B (t) = 1
o) =2 Ika+1)° Z Ilk+1)a] (1.63b)
k=0 =0
dkeu(t)
ka)
ulk®) = dika (1.63c)

and the vector v € R™ s arbitrary.

Proof. The proof will be accomplished by showing that the solution (1.63)
satisfies the equation (1.62a).

Substituting (1.63a) in the left side of the equation (1.62a), using (1.63b),
Definition D.2 and Lemma D.1 we obtain
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t
_ g« o d . _
Edtof x(t) _Edta [¢o(t)v+E‘ /q)(t 7)Bu(r)dT
0
_ Nk
+ (EED - ]In) 3 (EAD) ADBu“w)(t)}
k=0
o [ S o fer
_Edta [’U-f—; I (ko + 1) v+ E / Bu(r)dr
t [e) —D k+1 (k+2)a
5 (EPA) (t—1) _
+ B /;0 I[(k + 2)a] Bu(r)dr
-
g—1
+ (EE” -1, EAP) APB (’“”()]
(e 1) 5 (e)

k=0
qg—1
D D D (ko)
+ (EBE ]In> ;:O (EA ) AP Bu®) (1)

(EDA) Rl (k+2)a—1
I'[(k +2)a]

and (D.6d) holds.
Therefore, the solution (1.63a) satisfies the equation (1.62a). a

From (1.63a) for ¢ = 0 we have

q 1

2(0) = o = EE v + (EEP (EAP)" AP Buk)(0).  (1.64)
k=0

Therefore, for given admissible u(t) the consistent initial conditions should

satisfy the equality (1.64). In particular case, for u(t) = 0, we have zo =
EEPv and zo € Im (EED).
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Example 1.5. Consider the equation (1.49a) with the matrices

10 -1 0 1
PP as[3 0] p=f] e
The pencil of (1.65) is regular, since
det [Es® — A] = |° O“g‘ —2(s% 4 1) £0.

for almost all s € C.
We chose ¢ = 1 and the matrices (1.62b) take the form

-1

o=y -5
e I i I I R
oo ][]
Using (D.2) and (1.66) we obtain
EP = B 8] and AP = [_02 01] . (1.67)

It is easy to check that the matrices (1.67) satisfy the conditions (D.2) and
(D.6).
Using (1.67) and (1.63b) we obtain

E (EPA) e 0 ke rCpykg
ot) = I (ka+1) :Zr(mﬂ){ 0 0] (1.68a)

k=0 k=0

L& (BPA) el X et [y

k=0
-10
0 0]

=
>}
N
|
| —
b
o
—_
|
o
ot
o
—_
I
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From (1.63) and (1.68) we have the desired solution in the form

t

a(t) =@y (t)v + EP / &(t — 7)Bu(r)dr

0
+ (EEP -1 )qi (EAP)" AP But)(¢)
k=0
R the (-1)k0 1
Z{Wn{ ; JHW

since
SED T 20 D5 -2 0 05 |-1
55— [2 2] o=t wa aom= [ 2 0] ] <[]

for arbitrary v € R2.

1.10 Definition of n-Order Difference

Definition 1.13. [71, 154, 163] A discrete-time function defined by

Az = ALy — A iy —Z(—1)’€<Z>xik, (1.69)

k=0
1=1,2,3,...; neZ, =z €R,
where | ( N ( kD)
n n! nn-1)---(n—k+
P = 1.70
(k) kl(n —k)! k! ( )

is called the n-order (backward) difference of the function ;.

Definition 1.14. [71, 154, 163] The n-order (backward) difference on the in-
terval [0, k] of the function z; is defined as follows

0 Az, = Ek:(fl)j (?) Tij. (1.71)

=0

From (1.69) it follows that the n-order difference can be written as a linear
combination of the values of discrete-time function in n + 1 points.
The definitions are valid for n being natural numbers and integers.
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Note that (1.70) is also well defined for fractional and real numbers. In gen-
eral case n can be also a complex number.

Example 1.6. From (1.69) we have for

n=1: Ax; =x; —xi1,
n=2: AZJJZ‘ =Ax; — Az, =x; — 22,1 + T2,
n=3: Az = A%x; — Axi 1 = a; — 3wi_1 + 3Ti—0 — Ti_3.

From (1.71) we obtain for

n=—1:
k a &
0A;1$k = Z(—l)ﬂ < . )xkﬂ = Tk +$k71 + -+ xro = Zxk*ja
i=0 J =
n=-—2:
OAkzxk:Z(_l)]<j)xk—j:xk+' +(k+Dzo =Y (j + Dan;.
j=0 =0

Definition 1.15. [71, 154, 163] The discrete-time function

k k
!
P Z(—l)f( ‘)xk_j Y e, (1.72)
=0 J =0
where
¢ =(-1) (?) (1.73)
a € R and
o 1 for k=0,
- ) — 1.74
(k) ale—1) k'(a k+1) for £k=1,2,3,... ( )

is called the fractional a-order difference of the function zy.

Example 1.7. Using (1.74) for 0 < a < 1 we obtain for

k=1 (—1)1<i‘>=—a<0,

k=2:  (-1)? (O‘> - O‘(O‘Q!_ Yoy,

e T 4 R
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Lemma 1.3. The coefficients (1.73) satisfy the relation

i =t T
(AR N
Proof. From (1.73) we have
=1y () = el m D e T e m ) It
j+1 GG+ 1) j+1
O

1.11 State Equations of the Discrete-Time Fractional
Linear Systems

1.11.1 Fractional Systems without Delays

The state equations of the fractional discrete-time linear system have the form

A%y = Az + Bug, 0<a <1, (1.75a)
yr = Cxp + Duy, k€ Z,, (1.75b)

where z; € R”, ux € R™, yr € RP are the state, input and output vectors
and A € R"*" B e R"*™ (C e RP*" D e RP*™,
Substituting the definition of fractional difference (1.72) into (1.75a) we ob-

tain
k+1

M
Trp1 + »_(—1) (j)mf_m = Axj, + Buy (1.76a)
j=1
or
k+1 . o
Tht1 =Axy + Z(—l)ﬁ_l (j)xk_j_H + Buy
j=1
. | . (1.76b)
=Aaxi + z:(—l)j+1 (j>33k—j+1 + Bug,
=2
where

A, = A+ ol,.

Remark 1.6. From (1.76b) it follows that the fractional system is equivalent
to the system with increasing number of delays.

In practice, it is assumed that j is bounded by natural number g. In this
case the equations (1.75) take the form

q
o«
Tpy1 = Ay xyp + ;(—1)J (] N 1> Tp—j + Buy, ke€Zy, (177&)
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yr = Cxp + Duy. (1.77b)

Remark 1.7. The equations (1.77) describe a discrete-time linear system
with ¢ delays.

1.11.2 Fractional Systems with Delays

Consider the fractional discrete-time linear system with i delays

h

Aaxk+1 = Z (Alxk,z + Biuk,i) , ke Z+, (178&)
=0

yr = Cz + Duy, (1.78b)

where z; € R”, uxp € R™, yr € RP are the state, input and output vectors
and A; e R™*"™, B, e R"™™ i =0,...,h; C e RP*" D € RP*¥™,

Substituting the definition of fractional difference (1.72) into (1.78a) we
obtain

k+1 h
. o
Thyl = E (—1)J+1 <j>xk_j+1 + E (Ajxp—i + Biug—;), (1.79a)
j=1 =0

Y = Cap + Dug, ke Z+. (179b)

If 7 is bounded by the natural number L then from (1.79) we obtain

L+1 h
: (&%
T = (—1)7H <j)l‘k—j+1 + ) (Aizpi + Biug—),

j=1 i=0

yr = Cxp + Dug, k€ Zy .

1.12 Solution of the State Equations of the Fractional
Discrete-Time Linear System

1.12.1 Fractional Systems with Delays

The state equations of the fractional discrete-time linear system with A delays
have the form

k+1 h

e

Trt1 + E (1) <j>xkj+1 = E (Arzg—r + Brug—r), k€ Zy4, (1.81a)
j=1 r=0

yr = Cxp + Dug, 0<a<1, (1.81b)

where xx € R™, up € R™, yp € RP are the state, input and output vec-
tors and A, € R"*", B, € R*"™™ r = 0,1,...,h; C € RP*" D ¢ RP*™
h is the number of delays.
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Applying the Z-transform method (see Appendix A.4) we shall derive the
solution of the state equation (1.81a) of the fractional system.

Theorem 1.17. The solution of the equation (1.81a) has the form

h k—r—1 k+1—7+1
l’k—@k$0+z Z@krlzBul+ZZ j+1< >@klgxl

r=0 =0 Jj=11l=—1
h —r h -
+ Z Z Pp—r—1—1Arz + Z Z Dp—p—i1—1Bruy,
r=0[=-1 r=0[]=-1
(1.82)
where
rr#0, up#0, k=0,-1,...,—h

are initial conditions and the matrices @i are determined by the equation

k+1 k
i [
D1 = P (Ao +ady,) + E (—=1)"*! (Z.>¢ki+1 + E DA,

i=2 i=1
by =1,

fork=0,1,... .

Proof. Let X(z) be the Z-transform of the discrete-time function x; defined
by (A.16). Applying the Z-transform (Appendix A.4) to the equation (1.81a)
we obtain

h h

k+1
Zlxpp +Z ( ) wemjr1] = Y ArZlwp—p]+Y | BrZlur_,]. (1.84)

r=0 r=0

Using (A.17) to (1.84) we get
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Multiplying (1.85) by z~! and solving with respect to X (z) we obtain

—1
k+1

X(z)=|> (-1) (;) I, ZA 2Tl

Jj=0

k+1 —j+1
X xo—l—Z(— JH() _]lez —&—ZAz_rlelz
j=1

I=—1 I=—1

h —r
+ ZBTZ U (2) + Z wz l]}
r=0 l=—
(1.86)
Substitution of the expansion
-1
k+1 [e%)
Z(—1)3< ) 1, ZA T =D (1.87)
=0 J k=0
into (1.86) yields
(oo}
Z(sz xﬁzzqmz*’“ "1B,U(2)
k=0 r=0
oo k41 —j+1 _
JrZ@kz Z Z j“( >xlzjl (1.88)
k=0 j=11=—1

h —r h —r
+ Z Z Apzyz "7 4 Z Z Brulzrlll .

r=0[0=-—1 r=0[0=-—1

Applying the inverse Z-transform and the convolution theorem
(Appendix A.1) to (1.88) we obtain the desired solution (1.82).
From definition of the inverse matrix we have

k+1 )
Z(_l)j( ) I, ZA 27 [Z@kzk] =1,. (1.89)
J=0 J k=0

Comparison of the coefficients at the same powers of 2=, k = 0,1,.. ;
in (1.89) yields
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20 By-I, =1,
A+ P —al, =0 = & = Ag+al,,
272 @y — D1 (Ag+al,) +---=0
= By — &1 (Ag + all,) — B [1,($) — A1,

and in general case the equation (1.83). |

1.12.2 Fractional Systems with Delays in State Vector

In this subsection we present the method for solution of fractional order
discrete-time systems with h delays in state vector given by Bustowicz in
[12].

Consider the discrete-time linear system with A delays described by the
state equation

R
Aal'i+1 = Apxz; + Z Apxi_i + Bu; (190)
k=1
with the initial conditions
r_p € R" for k=0,1,...,h (1.91)

where h is a positive number (number of delays), z; € R, u; € R™ are the
state and input vectors, respectively, Ay € R"*" (k=0,1,...,h), B € R"*™
and A%zx; is the fractional difference of order @ € R of the discrete-time
function z; given by Definition 1.15.

Substitution of (1.72) for ¢ + 1 in (1.90) gives the equation

h i
Tir1 = Foxy + Z Apxi_p + Z crx(Q)zi— + Bu;, (1.92)
k=1 k=1
where
Fo= Ao+ od,,
and
o
= (-1)* for k=1,2,.... 1.
cr(a) = (-1) (k+1) or .2, (1.93)
The coefficients (1.93) can be computed by the following algorithm [13]
kE—a+1
ck+1(a) = cp(a) b2 for k=1,2,...

with ¢1(a) = 0.5a(1 — a).
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The equation (1.92) describes the discrete-time linear system with increas-
ing number of delays.

Taking Z-transform to both sides of (1.92) with initial conditions (1.91)
leads to

2X(2) — zxg =Fo X (2) + ZAkz

+ i x,«zrl
r=—k
+ch (2) + BU(2),

where X (2) = Z[z;], U(z) = Z[w].
The above equation can be written in the form

A(2)X (2 )—zxo+ZAkz k Zazz + BU(z), (1.94)
= r=—k
where } 4
Az) = 21, — Fy — ZAkZ_k — Zﬂnck(a)z_k (1.95)
k=1 k=1

is the characteristic matrix.
Solving the equation (1.94) for X (z) we obtain

X(2) =AY (2)zxo + A~ ZAkz k Z Tp “1(2)BU(z)

r=—*k

:[A_l( )z ]Z‘o—l— ZAICZ%" EZ -l

+ [A7(2)z] B2"1U ().

(1.96)

Taking the inverse Z-transform to (1.96) we obtain the solution of the
equation (1.92) (and (1.90)) in the form

h k—1 i—1
z; = Dixo + Z Z D 1 AT + Z D;__1Bug, (1.97)
k=1 r=0 k=0
where
;= Z 7 [2471(z)] (1.98)

is the state-transition matrix for the equation (1.92) (and (1.90)).
From (1.98) and (1.95) it follows that the state-transition matrix @;
satisfies the equation
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h i
D = P + Z Ap®i_y + Z k()i (1.99)
k=1 =1

with the initial conditions
by=1,, &,=0 for i<DO. (1.100)

Lemma 1.4. The state-transition matrix ®; also satisfies the equation

h %
D1 =ik + Z Dk Ap + Z cr ()P (1.101)
k=1 k=1

with initial conditions (1.100).

Proof. Consider the equation

h i

yirr = B yi+ Y AL yik+ Y en(@)yik, (1.102)
k=1 k=1

where y; € R™.
The state-transition matrix ¥; for the equation (1.102) can be computed
from the formula

7 =27 A7 (2)] (1.103)
where
h i
A(2) = 20, — Ff — E:A{Z*]C - Zﬂnck(a)z*k. (1.104)
k=1 k=1

Hence, the state-transition matrix (1.103) satisfies the equation
h i
!piJr] = FOTWl + Z Ag@sz + Z ck(a)%,k (1105)
k=1 k=1

with the initial conditions ¥, =1,,, ¥; = 0 for i < 0.
From (1.95) and (1.104) it follows that A(z) = A% (z). Hence

b=z A7) = 2 (A7 ()7 = {2 (A (2]} =0
and from (1.105) one obtains

h i
bl = Fy &) + Z ALl + Z cr ()P,
k=1 k=1

which shows that &@; satisfies the equation (1.101). O
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From the above considerations we have the following theorem.

Theorem 1.18. The solution of the fractional system (1.90) with initial con-
ditions (1.91) has the form (1.97), where the state-transition matrices can be
computed from the recursive formula (1.99) or (1.101).

1.12.3 PFractional Systems without Delays

Substituting in (1.82) h = 0 we obtain the following theorem.
Theorem 1.19. The solution of the equation (1.76) has the form

k—1
T, = Prxo + Z ®r._;_1Bu;, (1106)
i=0

where the matrices Py, are determined by the equation

k+1

A
D1 =P (A+al,) + Z(—l)z+1 (i)cpk_,»ﬂ, &y =1,. (1.107)
i=2
Theorem 1.20. Let
k+1 o M
det Z(—l)ﬂ( ‘)an—ﬂ — A =Dy (1.108)
— J —
7=0 =0
be the characteristic polynomial of the fractional system (1.76) for k = L.
The matrices @1, ..., Py satisfy the equation
M
Za,@i =0. (1.109)
i=0

Proof. From definition of the adjoint matrix and (1.108) we have

L+1 a ‘ 00 ‘ M ‘
Adj Z(_l)j (j)]lnzj - Az = <Z¢i32> (Z aM—z‘ZZ> ,
=0 =0

j=0
(1.110)
where AdjF denotes the adjoint matrix of F.
Comparing the coefficients of the same powers of z=1 in (1.110), we ob-
tain (1.109), since the degree of the matrix

L+1 a
Adj —1)7( )1,z — Azt
[Sev()

J=0

is less than M. O



38 1 Fractional Differential Equations

Theorem 1.20 is an extension of the well-known Cayley-Hamilton theorem
for fractional discrete-time linear systems.

Remark 1.8. The degree M of the characteristic polynomial (1.108) depends
on k and it increases to infinity for & — oo. Usually, it is assumed that k
is bounded by natural number L. If K = L then M = N(L + 1).

1.13 Positive Fractional Linear Systems

In this section the necessary and sufficient conditions for the positivity of the
fractional a-order (0 < o < 1) discrete-time linear system

k+1
e
Trt1 + Z(fl)] <j>xkj+1 = Az + Buy, ke€Ziy, (l.1lla)
j=1
Yk = Cxp + Duy (1.111b)

will be established, where z; € R", up € R™, yp € RP are state, input
and output vectors and A € R"*", B € R"*™ (C € RP*" D e RP*™,

Definition 1.16. The system (1.111) is called (internally) positive fractional
system if z, € R}, . € Rﬁ for every initial conditions zo € R} and all
inputs ur, € R, ke€Zy.

Lemma 1.5. If 0 < a < 1, then

—ci:(—l)i+1(9‘) >0, i=1,2,... .

7

Proof. The proof will be accomplished by induction. The hypothesis is true
for ¢ = 1, since
G (?) =a>0.

Assuming that (—1)F*! <(]z> > 0 for £ > 1 we shall show that the hypoth-

esis is valid for k + 1. From (1.70) we have

(—1)F+2 <kil> _ (e ””;f@ kJ 1)(a— k)

ki E—a
=D (k>k+1>0'

Therefore, the hypothesis is true for k£ + 1. This completes the proof. O

Remark 1.9. In a similar way it can be shown that for 1 < a < 2
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. o
(—1)2“(,) <0, i=23,....
i
Lemma 1.6. Let 0 < a < 1 and

A+ al, e R,

then

By eRV", k=1,2,... .
Proof. The proof follows immediately from (1.107). O
Theorem 1.21. The fractional system (1.111) is (internally) positive if and
only if

Ao =A+al, eRY™ and BeRY™, CeRE™, DeRY™.
(1.112)

Proof. Sufficiency. Sufficiency follows from Lemma 1.6 and equation (1.106).
From (1.106) it follows that if &, € R}*", B € R*™, zy € R’} then z;, € RY},
k € Z. Similarly from (1.111b) we have y; € R” if the conditions (1.112)
are satisfied.

Necessity. Let u = 0 for k € Z. For positive system, from (1.111) for £ = 0,
we have z1 = [A+ ol ]z = Aqzo = Aa1 € RY, and yo = Cxg € R There-
fore, A, € R*"™ and C' € RE*", since 2y € R"} and by Definition 1.16 it is ar-
bitrary. Assuming o = 0 from (1.111) for £ = 0 we obtain xz; = Bug € R’}
and yo = Dug € RE, and this implies B € R and D € R™, since ug €
R’ and it is arbitrary. a

Definition 1.17. [71] The fractional discrete-time linear system (1.79) with

h
delays is called (internally) positive if z; € R’ and y; € R for any ini-
tial conditions zp € R}, k =0, —1,..., —h and all inputs u; € R, i € Z.

Theorem 1.22. The fractional discrete-time linear system (1.79) with h de-
lays is (internally) positive for 0 < o < 1 if and only if

Akt+ck¢+1HH ER:L-X”7 Cx = (_1)k+1 (z)v Bk ERixma k= 1a7h7

pPXn pXm
CeRY, DeRP™.

Proof. The proof is similar to the proof of Theorem 1.21. O

1.14 Externally Positive Fractional Systems

Definition 1.18. [71] The fractional discrete-time linear system (1.111) is
called externally positive if for any inputs us, € R, k € Z4 and zg = 0 we
have y, € R k € Z,.



40 1 Fractional Differential Equations

Definition 1.19. [71|The output of the single-input single-output (SISO)
linear system for the unit impulse

1 for i=0,
Uiy = )
0 for >0
and zero initial conditions is called the impulse response of the system.

In a similar way we define the matrix of impulse responses gj. of the multi-
input multi-output (MIMO) linear systems.

Theorem 1.23. The fractional discrete-time linear system (1.111) is exter-
nally positive if and only if

gr RV keZy (1.113)

and the matriz of impulse responses is given by

D for k=0,
=N Cdp 1B for k=1,2,... .

Proof. Sufficiency. The output of the system (1.111) with zero initial condi-
tions and any input u; € R is given by

k

Uk = gk-iti, k€L (1.114)
=0

If (1.113) holds and u; € R, then from (1.114) we have y, € RY , k € Z..
Necessity. Necessity follows immediately from Definition 1.19. O

Remark 1.10. Every (internally) positive linear system is always externally
positive. This follows from Definitions 1.16 and 1.18.

Example 1.8. Consider the fractional system (1.75a) for 0 < o < 1 with the

matrices B}
10 0
<o) o-f] oen

The system is positive, since

1
A—i—a]ln{ 0 0

Using (1.107) for k = 0,1, ... we obtain

(1.115a)

1+a0
@, = (A +al,)P = { go‘o],
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o a®+5a42 ]
@2 = (A + aHn)d51 - <2>@0 = (2) a(l—a) | (1115b)
2

D3 = (A+ al,)P2 — (;) D1+ (g) Py

3(a?+5a+42)(a+1)—a(a—1)(2a45) 0
= (6) a(lfa)(Z—a) ) (1.115C)
6 -

From (1.106) and (1.107) we have
k-1 0
zk = Do + Z@kﬂ;l L] Ui,
i=0

where @y, is defined by (1.115).

1.15 Fractional Different Orders Discrete-Time Linear
Systems

Consider the fractional different orders discrete-time linear system

Aaxl(k + 1) = A1z (k‘) + Algl‘g(/f) + Blu(k), ke Ly, (1.1163,)
APas(k+1) = Agyzi (k) + Aseaa (k) + Bau(k), (1.116b)
where z1(k) € R™, z9(k) € R™, u(k) € R™ are state and input vectors,

respectively and A;; € R™*" By € R™*™ 4,5 =1,2.
The fractional difference of o order is defined by

k la k
At = (17 (T )alk - ) = Yecalidelh =) (L1170

TN ja(a—l)-~-(a—j—|—1)
ca(j) = (=1) (a) (-1) i . (1.117b)
ca(0) =1 (1.117c¢)

Using (1.117) we can write the equation (1.116) in the form
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$1(k —+ 1) = A1 (k?) -+ A12$2(k)
k+1
—> cal)zr(k — j +1) + Byu(k), (1.118a)
j=2
l‘z(k =+ 1) = A21.731(k‘) + Azgl‘z(k)
k+1
= ep(d)ra(k — j+ 1) + Bou(k), (1.118b)
j=2
where Ala = A11 + O[Hnl, AQB = A22 + 6Hn2-
Applying the Z-transform to (1.118) we obtain

k+1
Hnlz a Ala + Z ca(j)H7L1Z_j+l —A12
=2
] k+1 |
—4a Lz — Azp+ ) cp()lnyz =7+
j=2
X1(2)| _ |#710 B
8 {Xz(z)] N |:ZJ}20:| * {Bz] U(2), (1.119)
where Xi() = Zlri(B)] = D ai(k)=" i = 1,2 U) = Z[u(b)] and
k=0
z10 = 21(0), 220 = 22(0).
From (1.119) we have
[X1(2)
[Xa(2)
[ k+1 4 1
In 2 — Al + Y €a(f)In, 277 CAu
_ j=2
N k+1 .
— Aoy L,z — Aap +Zcﬁ(j)]1n22_]+1
L =
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Let
k+1 -1
Z— Ala + Z Ca(j)ﬂnl ZijJrl _A12
=2
k+1 _
~An Tnpz = Az + ) ca(j)lnyz ™7
=2
0 .
= ;270 (1.120)
=0
where the matrices @ are defined by
I, (n=n1+n2) for =0,
@Z‘ = A@i,1 7D1Q5i,2 — 7Di,1§p() for = 1,2,...,]{);
Aéi—l_Dléi—Q_"'_Dk@i—k—l for Z:k—‘rl,]{i—I—Q, .
(1.121)
From definition of inverse matrix we have
[an —A—Dyz7' —Doz7%2— ... — Dszk] [@0271 + P27 4 - ] =1,,
(1.122)
where
A1 A12 C, (k‘ + 1)]17 0
A= @ D,=|"“ " . 1.12
|:A21 A25:| ’ k |: 0 C[g(k‘ + 1)]1”2 ( 3)

Comparison of the coefficient at the same power of 27! in (1.122) we obtain
by =I,, &1 =APy, ;= AP, — D Py,
=APy — DDy — DyPy, . ..

which can be written in the form (1.121).

Substitution of (1.120) into (1.119) yields

[ j} Z@ - [mlo] +Z¢ L —G+D) [gj U(2). (1.124)

Applying the inverse Z-transform and the convolution theorem to (1.124)

we obtain
k—1

B;Em =, B;ﬂ + ;qﬁk_i_l {gj ;. (1.125)

Therefore, the following theorem has been proved.
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Theorem 1.24. The solution to the fractional equation (1.116) with initial
conditions x1(0) = 19, 22(0) = @ is given by (1.125), where Py, is defined
by (1.121).

1.16 Positive Fractional Different Orders
Discrete-Time Linear Systems

Consider the fractional different orders discrete-time linear systems described
by the equation (1.116) and

_ | 7a(k)
y(k)=C L@(ki)} + Du(k), (1.126)
where z1(k) € R™, zo(k) € R"2, u(k) € R™, y(k) € R? are the state, input
and output vectors and C € RP*™ D € RP*™,

Definition 1.20. [71] The fractional system (1.116), (1.126) is called positive
if z1(k) € R, a2(k) € RY?, y(k) € RE for any initial conditions z19 € R},
ro0 € RY}? and all inputs u(k) € R} for k € Z,..

Theorem 1.25. The fractional discrete-time linear system (1.116), (1.126)
with 0 < a < 1,0 < B < 1 is positive if and only if

A= |:i1a jlz] c Rixn7 |:g1:| c R:L_Xm’ C e IR;DXn7 De RPX™
21 2 2

Proof. Necessity. Let e;’ be i-th column of the n; x n; identity matrix,
Jj=1,2. From (1.118) for k = 0, u(0) = 0, 220 = 0 and z19 = €' we have
z1(1) = Ajaelt € R} and z2(1) = Agre]’* € RY'. This implies the nonnega-
tivity of i-th (i = 1,...,n) columns of the matrices A1, and As;. Similarly
for k = 0, u(0) = 0, z10 = 0 and x39 = e;* we have z;(1) = Ajze)* € R’
and z2(1) = Agge;? € R}?. To show that By € R}**™ and By € R}**™
we assume in (1.118) for &k = 0, 21(0) = 0, 22(0) = 0 and u(0) = e
and we obtain z1(0) = Biej* € R} and x2(0) = Bae* € R’”. In a simi-
lar way we prove C' € RE*" and D € RE*™.

Sufficiency. In Lemma 1.5 was shown that if 0 < aa < 1 and 0 < g < 1
then ¢ (j) < 0and cg(j) < 0for j =2,...,k+1. From (1.123) if follows that
D; € R% for i =1,...,k and from (1.121) we have ¢; € R*" fori =0,1...,
since A € R*". From (1.125) we have z1(k) € R}, z2(k) € R}?, k € Z,
since gj e RY*™ and u(i) € RY, ¢ € Z4. Finally from (1.126) we have
y(k) € RE, k € Zy, since C € RP*™, D € RP*™ (k) € R}, za(k) € R}
and u(k) € R, k € Z. O

These considerations can be extended to discrete-time linear systems con-
sisiting of n subsystems with different fractional orders [69].
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1.17 Descriptor Fractional Discrete-Time Linear
Systems

Following [76], let us consider the descriptor (singular) fractional discrete-
time linear system

EA%x; 1 = Az + Bu;, 1€Zy, 0<a<l, (1.127)

where A%x; is the a-order fractional difference of the discrete-time function x;
defined by (1.72), x; € R™ is the state vector, u; € R™ is the input vector
and F, A € R"™*" B e R"*™,

It is assumed that detE = 0, but the pencil (E, A) is regular, i.c.

det[Ez — A] #0 for some =z € C.
Substitution of (1.72) into (1.127) yields
7
FExiyy = Fz; — ZEck—&-lxi—k + Bu;, 1€ Zy4, (1.128a)

k=1

where
F=A—Fc. (1.128b)

Assuming that
det[Fc— F] #0 for some c€R
and premultiplying (1.128a) by [Ec — F]~!, we obtain
i
Exiy = Fz; — Z Ecpy1wi—k, + Bu;, (1.129a)
k=1
where
E=[Ec—F)"'E, F=|[Ec—F]"'F, B=[Ec—F|™'B. (1.129b)

Note that the equations (1.127), (1.128a) and (1.129a) have the same so-
lution z;.

1.17.1 Solution to the State Equation

We will present the solution to the state equation (1.128a) (and (1.127)) by
the use of the Drazin inverses of the matrices E and F (see Appendix D).

Theorem 1.26. The solution to the state equation (1.128a) with an admis-
sible initial condition xq is given by
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) i—1 ) k
= (EPF) EPEwo+ Y EP (EPF) ™" |Bur - Y Ecj+1x;€j:|
k=0 j=1
q—1
+ (BEP ~1,) Y (EFP)" FP Bug s,
k=0

(1.130)

where q is the index of E defined by the equality (D.1).

Proof. Using (1.130) and taking into account (D.2) and (D.6), we obtain

Cy+1$k—j]

+ E(EEP ~1,) Y (EFP)* FPBu; ys

By =E (EPF)™" EP Exq
%
+Y EE”( (EPF)"~
k=0

Buk

IIMw

k=0
. i—1 . k
=F (E_DF)Z EDE.Z‘O + Z (EDF)Zik [Buk - ZECj+1$k_j]
k=0 j=1
q—1
+ Bu; - ZEc]Hx, j+ (BEP —1,) 3" (BFP)" Bujsy
Jj=1 k=1
and
. i—1 k1 k
Fus =F (EPF) BPBuy + 3" FEP (BPF) ™ | Buy — 3 Bepamn g
k=0 j=1
qg—1
+ Z EFD FDBUZ'Jrk
k=0
) i—1 ok k
=F (EDF)Z EDEl‘o + Z (EDF)Zi Buk — Z EC]'_H.Z‘k_j
k=0 j=1
q—1
+ (BEP ~1,) Y (EFP)" Buis.
k=0
Hence

1
El’prl — Fl’l -+ ZECkJrll'ifk = Bui.
k=1
Thus, the solution (1.130) satisfies the equation (1.129a). O
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From (1.130), for ¢ = 0 we have

qg—1
2o = EPExg + (EE” —1,) Y (EFP)" FPBuy,. (1.131)
k=0

The set of admissible initial conditions xy for given input wu; is given

by (1.131). o
In a particular case, for u; = 0, i € Z, we have zg = EP Exy. Thus, the
equation FA%r;y; = Az; has a unique solution if and only if

zo € Im (EDE).

Example 1.9. Find the solution x; to the system (1.127) with o = 0.5 and

the matrices
10 00 1
[0 asP0 se[].

and admissible initial conditions for given input u;, i € Z.
The pencil of (1.132) is regular, since

z 0

det[Ez — A] = 19

’:2z

for almost all z € C.
From (1.128b) we have

F=A—-—Fcg=A+FEa= [Cf_OQ], q=1.

For ¢ = 1 the matrices (1.129b) have the forms
E={Be-F|"E = [11a (2)}_1 [(1) 8] - 2(11—a) E 8} - E 8} ’
F=[Be-F]7'F = F—_la g] ﬁ —02} - 2(11—a) {2104 —2(10— a)]
- E 01] ;
-1
N Y W AR N |

Using (D.6) and (1.133), we obtain

10
1
1
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and .
1, 0
EP =7 |11 =2
00 Ly
4
Note that
detF = |1V =—-1#0
N |
and

Taking into account that

Ly Ly
FEPE — 2 10 |2
- 1O 1-1] 10’
L4 4
Lo
g [20] 27| _[1°
10| |1 0
4

and using (1.130) we obtain

1 [
O 110
0
4 0 2
i—1 1 0 o k
i— ;
2 2 20
+ I;) 1 . |:2:| U, — Z; L 0:| Cit1Th—j ¢ » (1.134)
= ]:

where the coefficients ¢; are defined by (1.73) for o = 0.5.
From (1.134), for ¢« = 0 we have

[10
Tro = 1
0
2

o+ m . (1.135)

Hence, for given wug, the admissible initial condition xy should satisfy
(1.135).



Chapter 2
Positive Fractional Electrical Circuits

2.1 Fractional Electrical Circuits

Let the current ic(t) in a supercondensator (shortly condensator)
with the capacity C' be the a—order derivative of its charge ¢(t) [59, 71]
d¥q(t
o) = 10 o, (2.1a)
dte
where _ is the a-order derivative defined by (1.9).

Using ¢(t) = Cuc(t) we obtain

do‘uc(t)

io(t)=C" o,

(2.1b)
where uc(t) is the voltage on the condensator.

Similarly, let the voltage ur,(t) on the coil (inductor) with the inductance L
be the S-order derivative of its magnetic flux ¥ () [59, 71]

&40

ur(t) = P 0<ax<l, (2.2a)

ds
where dgo is the S-order derivative defined by (1.9).

Taking into account that ¥ (¢) = Liy(t) we obtain

d?ir, (t)
ur(t)=1L P (2.2b)
where i7,(¢) is the current in the coil (inductor).

Consider an electrical circuit composed of resistors, m capacitors
and m voltage sources. Using the equation (2.1b) and Kirchhoff’s laws
we may describe the transient states in the electrical circuit by the fractional
differential equation

© Springer International Publishing Switzerland 2015 49
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dex(t)

qo = Az(t) + Bu(t), 0<a<l, (2.3)

where z(t) € R", u(t) € R™, A € R*™", B € R"™. The components
of the state vector z(t) and the input vector u(¢) are the voltage on the con-
densators and source voltages, respectively.

Consider an electrical circuit composed of resistors, n coils
and m sources. Similarly, using the equation (2.2b) and Kirchhofl’s laws
we may describe the transient states in the electrical circuit by the fractional
differential equation

dPx(t)

af = Az(t) + Bu(t), 0<p<1, (2.4)

where z(t) € R, u(t) € R™, A € R"*" B € R"*™. In this case the compo-
nents of the state vector x(t) are the currents in the coils.

Now let us consider electrical circuit composed of resistances, capacitances,
coils and voltage (current) sources. As the state variables (the components
of the state vector z(t)) we choose the voltages on the capacitors and the cur-
rents in the coils. Using the equations (2.1b), (2.2b) and Kirchhoft’s laws we
may write for the fractional linear circuits in the transient states the state
equation

da$c
dte Ay Aol |zo B4

= , O0<a<l,0<pB<, 2.5
i | =L ] ]+ [ ococrocsa s
de?

where the components xc = z¢(t) € R™ are voltages on the condensators,
the components z;, = x1(t) € R™ are currents in the coils, the components
of u = wu(t) € R™ are the voltage or current sources and
Ay € R By e RMX™j =12,
The initial conditions for (2.5) have the form
Zco zc(0)
T = = . 2.6
o= o] = [2260) 20
Theorem 2.1. The solution of the equation (2.5) for0 <a<1,0< <1
with initial conditions (2.6) has the form

t
ot @0x0+/ (@1(t — 7)Bro + Ba(t — 7)Boa u(r)dr,  (2.7)
0

where
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t B 0
z(t) = Bigtﬂ , Bio= [Ol} , Boi = {BJ , (2.8a)
X tha+ip
Bo(t) = Y Tu , (2.8b)
242 M P (ko 15+ 1)
ZZ et Dat1-1 250
Tkl 2.8¢
k=0 1=0 [(k + 1)a +16]"
X that(+1)8-1
b 2.
2(t) =D DT 5 Plka 4+ (1 + 1A (2.84d)
k=0 1=0
Hn fOT k=1= 07
A Az L
{O O} fork=11=0,
T = (2.9)
0 O
|:A21 Azz} fork=0,1=1,
T10Tk—1, + Toa Ty -1 for k+1> 0.

Proof. Using the Laplace transforms (£)
Xco(s) = Llze(t)], Xio(s) =Llzc(t)], and U(s) = Llu(t)]
we may write the equation (2.5) for 0 < a < 1,0 < 8 < 1 in the form
s*Xe(s)]  [Ann A2l [Xc(s) s“ oo B
[SﬁXL(S)} a {Aﬂ A22:| {XL(S) * sP e * Bs Uls), (2.10)
since by (1.10) for 0 < a<1,0< < 1

d*x
L [ dtoéc] = s*Xc(s) — s* e,

dBx
£ { dtﬁ’L] =s"Xp(s) = s" 0.

From (2.10) we have

Xe(s)] _ [Tas®—An —A |7 [[s" laco 4| B Ul(s)
Xr(s)| —Ag1 L8P — Ag P w0 B, '
Using (2.9) it is easy to verify that
oo oo

]In17A11370‘ —i2s™? —(ka+1p) | _ Hnl 0
[—Amsﬁ L, Agys—d| |2 2 Thts =] a2

k=0 1=0 n2
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where the matrices Ty; are defined by (2.9).
Using (2.12) we obtain

L, s*—An  —Ap -
—Ag ]LLQSﬁ — As

Hms ]Inl — A7 —Ajps7¢
ansﬁ —A21S_5 I, — Agas™ A

(2.13)
I, — Ans™® 7A12870é Hnls*“ 0
o —A218 B —AQQS_’B 0 ans_'g
Inh,s7% 0
—(ka+i1B) |in
ZZTMS o [lns™ ).
Substitution of (2.13) into (2.11)
s
-
k=0 1=0
« [xosf(koﬂrlﬁJrl) + (Bmsf[(kﬂ)aﬂm +30187[ka+(z+1)m) U(s)} _
(2.14)

Applying the inverse Laplace transform (£~!) and the convolution theorem
0 (2.14) we obtain

ro(t) —1 [Xo(s
o] =< [x)] = o
k=0 1=0
% -1 {xos—(kawm n <Blos_[(k+1)a+w] + 3013_[ka+(l+1)’8]) U(S)}

and using (A.3) we obtain the desired solution (2.7). |

2.2 Positive Fractional Electrical Circuits

Definition 2.1. The fractional electrical circuit (2.3) (or (2.4), (2.5)) is called
the (internally) positive fractional circuit if the state vector
z(t) € R, t > 0 for any initial conditions z(0) = zo € R’ and all inputs
u(t) € R, t > 0.

Theorem 2.2. The fractional electrical circuit (2.3) (or (2.4)) is positive
if and only if
AeM,, BeR}™

Proof follows immediately from Theorem 1.9.
From Theorem 2.2 applied to the fractional circuit (2.5) it follows that
the electrical circuit is positive if and only if
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Akk S Mnk; k :1,2; A12 S RZ_lXﬂz’ A21 S Rizxnl,
By € Rilxm, By € fom.

Theorem 2.3. The fractional electrical circuit is not positive if each its branch
contains resistors, condensator and voltage sources.

The proof of this theorem follows from the examples given in subsections
mentioned below.

2.2.1 PFractional R, C, e Type Electrical Circuits

Example 2.1. Consider the fractional electrical circuit shown in Figure 2.1
with given conductances Gy, k = 1,2, 3; capacitances C1, Cs, C5 and source
voltages eq, es, e3.

v
Gy Go
Cs ¢u3
cmfu o] =
€3
) ()
N =0

Fig. 2.1 Electrical circuit of Example 2.1

Using Kirchhoff’s laws we may write the equations

daul

Cl dee :G1(61 — Uy — U),
da
Cy dtlfiz =Ga(ea — uz — v), (2.15a)
d®us
Cs dttid =Gs(es —us — )
and
G3(€3 —uz — U) + G (61 —Uu; — U) + G2(€2 — Uy — v) =0. (2.15]?))

From (2.15b) we have

Gi(er — uy) + Ga(ez — uz) + Gs(ez — u3)
= . 2.16
v G1+ Gy +G3 ( )
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Substitution of (2.16) into (2.15a) yields

de Ui Uy el
dte us| = Az {us| + B3 [es R (217&)
us us3 €3
where
a11 a12 a3 b11 b1z b13
As = |a21 aze ag3|, DBs= |ba1 by bos (2.17b)
a3y asz ass b31 b3z b33
and
e = _G1(G2 + Gs) o — G1G> e — G1G3
11 C]G y; W12 ClG ) 13 ClG 9
o — G1Go o — 7G2(G1 +G3) o — GG
21 CyG 22 oxe , a23 0yG
s — G1G3 o — G2G g — ~ G3(G1+Go)
31 sG 32 sG 33 CsG )
(2.18a)
by — G1(G2 + Gs) beo — _G1G2 b — _G1G3
11 C]G y V12 ClG ) 13 C]G 9
G1Go GQ(Gl + Gg) Go2G3
bot — — Boo — boa = — 2.18b
21 oG 22 CyG , D23 CyG ( )
by — 7G1G3 basy — 7G2G3 b Gg(Gl + GQ)
31 G 32 0sG 33 CsG )
where
G =G1+ Gy +Gs. (2.18C)
Remark 2.1. From (2.18) we have
13 (diag [C1 Ca C3]) A3 = 0 and 15 (diag [C1 C2 C5]) B3 =0 (2.19)

where 17 = [1 1 1].

The equations (2.19) follow from the first Kirchhoff’s law

daul

G o

+

dQUQ do‘uS
Cs dre +Cs dte

=0.

From (2.17) and (2.18) it follows that the fractional electrical circuit shown
in Figure 2.1 is not positive for any nonzero its parameters Cx, G, k = 1,2,3
and source voltages eg, k = 1,2, 3.
The fractional electrical circuit is positive if G3 = 0 and e; = es = 0.

In this case we have

dte

de uyr| (5%
L‘Z] = A LJ + Bses,
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where
_G1G2 G1Go
ail a2 ClG C1G
Ay = = € Mo,
2 le a22] GGz G1Gy 2
CyG CyG

_|biz| |0 2
B, = M - M cR2.
In general case for the fractional electrical circuits with n branches
we have the following theorem.

Theorem 2.4. The fractional electrical circuit is not positive for almost all
values of its resistances, capacitances and source voltages if each its branch
contains resistor, capacitor and voltage source.

Proof. From the first Kirchhoff’s law we have (Remark 2.1)
1] (diag [Cy -+ Cp]) B=0, (2.21)

where C; is the capacitance of ith (i = 1,...,n) branch and 17 = [1--- 1].
The equality (2.21) implies that some entries of the matrix B are negative.
Therefore, the fractional electrical circuit is not positive. O

Consider the fractional electrical circuit shown in Figure 2.2 with given
conductances Gy, k = 0,1,...,n; capacitances Cj, j = 1,...,n and source
voltage e.

o |

c&ﬁhl Cz‘ﬁtfuz bu,
G

1)0—0

Fig. 2.2 Electrical circuit of R, C, e type

Using (2.1b) and Kirchhofl’s laws we may write the equations

ded;:’“ =Gr(v—up), k=1,...,n (2.22)

and
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Gole —v) = > G;(v—uy). (2.23)
j=1
From (2.23) we have
1 n n
v= | Goe +;Gjuj , G= ZG (2.24)
Substitution of (2.24) into (2.22) yields
e | U
e = A + Be, (2.25)
U, U,
where
'7G1G7Gf G1Ga Gi1Gp, ] rGoG1 T
GG GG GG GG
G2G1 _ GQG - G% o GQGn G0G2
A= CyG .G .G B=| GG
GGy G,Ga - GhG - G? GoGh,
L C.G CnG ChG L CnG
(2.26)

From (2.26) it follows that A € M,, and B € R’;. Therefore, the following
theorem has been proved.

Theorem 2.5. The fractional electrical circuit shown on Figure 2.2 is posi-
tive for any values of the conductances Gy, k =0,1,...,n; capacitances C},
j=1,...,n and source voltage e.

Example 2.2. Consider the fractional electrical circuit shown in Figure 2.3
with given conductances Gy, k = 1,...,6; capacitances C7, Cy and source
voltages ea, e4.

Using Kirchhoff’s laws we may write the equations

d*u
Cy dt“l =G1(Ul - Ul),
4% (2.27a)
02 dtQQ =G2(€2 — U — ’U3)
and
Grur — (G1 + Gs + Gg)v1 + Ggve + Gsvs =0,
Ggv1 — (G4 + G5 + G@)Ug + Gz + Gyey = 0, (2.27b)

— Gaug + G3vy + Gava — (G2 + G3 + G4)vs + Gaeg — Gaey = 0.
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Fig. 2.3 Electrical circuit of Example 2.2

The equations (2.27) can be rewritten in the form

Gy Gy
d° M I M I R N e O P H
dte |us B G2 U9 G2 v2| 2 0 €4
0 - 00— Vs o,
CQ 02
(2.28a)
and
U1 G 0 0 0
Glo|=—]0 0 {“1] — o G M : (2.28b)
V3 0 —G2 2 G2 —G4 €4
where the matrix
*(G1 + Gz +G2) Ge G3
G = Ge —(G4 + G5 + Gg) Gy
G G4 — (G2 + G35+ Gy)
is a Metzler matrix and —G~! ¢ RiXS.
From (2.28b) we have
V1 Gy 0 0 O
vwl=-G"110 0 [ul} —G'o G, {ez] . (2.29)
V3 0 _G2 2 G2 —G4 e

Substituting (2.29) into (2.28a) we obtain

d® [u U1 €2
=A B

where
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r Gy G

_ 0 Y0 0 Gi 0

A=| & ~ |G G'lo o
0 _& 0 0 0 0 -G |

L Co Cs Bk

[0 0 Gig o 0 0
B=|G: |- 1 |G 0 G

Cs 0 0- Gy —Gy

L Co

The fractional electrical circuit is positive if and only if the matrix A
is the Metzler matrix and the matrix B has nonnegative entries.

In general case, let us consider the fractional electrical circuit composed
of ¢ conductances Gy, k = 1,...,q; r capacitances C;, i = 1,...,7 and m
source voltages e;, 7 = 1,...,m. Let n be the number of linearly independent
nodes of the electrical circuit and n > 7.

Using Kirchhoft’s laws we may write the equation

4o w U1 U1 €1
dgo =A || FA || +Bn | |, (2.30)
Uy U Un €m
where u; is the voltage on the i-th (i =1,...,r) capacitor, v; is the voltage

of the j-th node (j = 1,...,n), A, € R™™" is the diagonal Metzler matrix,
A, € R"™*" and B,, € R™*™,
Using the node method we obtain

U1 Ul €1
G|l:|=-F|:|-H|:|, (2.31)

Un U €m

where G € R™*" is a Metzler matrix, F' € R"*" and H € R™"*"™,
Taking into account that —G~ € R*" from (2.31) we obtain

U1 (5] el
=-G'F|:|-G'H|:|. (2.32)

Un, Uy em
Substitution of (2.32) into (2.30) yields

U1 U1 €1
=A|:|+B|:], (2.33)
Uy Uy Em

where
A=A, - A,G'F, B=B,, —A,G 'H.
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The electrical circuit described by the equation (2.33) is positive
if and only if the matrix A is a Metzler matrix and the matrix B has non-
negative entries.

Therefore, the following theorem has been proved.

Theorem 2.6. The linear electrical circuit composed of q resistors (conduc-
tances), r capacitors and m source voltages is positive if and only if r < n
and

A=A, —A,G'FeM, B=B,—A,G"'HeR ™

2.2.2 PFractional R, L, e Type FElectrical Circuits

Consider the electrical circuit shown on Figure 2.4 with given resistances Ry,
R5, R3; inductances L1, Lo, Ls and source voltages eq, es.

Ry Ry

1 |—

€1 €9

Fig. 2.4 Electrical circuit of R, L, e type

Using (2.2b) and the mesh method for the electrical circuit we obtain
the following equations

Ly —Lip] 4% [iy —Ri1 Rig | |1 e
S = . 2.34
[Lm Lo ] dt? |i2 Roi —Raa| |ia] T e (2:34)
where

Ry =Ri+ R3, Ri2= Ry = R3, Ra= Ry+ Ra,

(2.34b)
Ly =Li1+ L3, Lig=Loy=0L3, Loo=1Lo+Ls.

Note that the inverse matrix

—1
-1 — [ Ly —L12] - 1 {Lzz le}

—La1 Lo ~ Li(Ly+ L3) + LoLy |L21 Ly

has positive entries.
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From (2.34) we have

where
—1 |—Ri1 Ria
A=L""1
[ Ry —322]
_ 1 —Lo(Ry + R3) — LsRy LyR3 — L3Ry
Li(La+ L3) + LaoLs LiR3 — L3R, —Li(R2 + R3) — L3Ry
(2.35)

and B = L~! € RP*2
From (2.35) it follows that A € Ms if and only if

L2R3 Z L3R2 and L1R3 Z L3R1. (236)

Therefore, the fractional electrical circuit is positive if and only if A € Mo,
i.e. the condition (2.36) is met.

In general case, let us consider the fractional n-mesh electrical circuit
with given resistances Ry, k = 1,...,q; inductances Lq,...,L, for r > n
and m < n mesh source voltages e;;, 7 = 1,...,m. Denote by i1,...,i,
the mesh currents. In a similar way as for the electrical circuit shown on Fig-
ure 2.4 using the mesh method we obtain the equation

i1 11 €11
d? =A|: 2.37
dtﬁ - : + ) ( . a)
where
Liw —Lig -+ =Ly —Ri1 Rig -+ Rip
—Lo1 Loy --- —Lay , Ro1 —Rao -+ Roy
L=1 . s A= o S . (2.37h)
_Lnl _Ln2 T Lnn Rnl Rn2 e _Rnn
Note that —L € M,,, A’ € M,, and L~ € M,,.
Premultiplying (2.37a) by L~! we obtain
& i1 i1 €11
o —A|:|+B , (2.38a)

where
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A=L"'A", B=L"'eR™" (2.38b)
Therefore, the electrical circuit (2.38a) is positive if and only if A =
L~1A e R

Example 2.3. Consider the fractional electrical circuit shown in Figure 2.5
with given resitances Rg, k = 1, ..., 8; inductances Ly, L, and source voltages
€3, €4, €3.

Fig. 2.5 Electrical circuit of Example 2.3

Denote by i, £k = 1,...,4 the mesh currents and by exx, £ = 1,....4
the mesh source voltages. Using the mesh method we obtain the following
equations

d?iy , : .
Ly e = Ryyiy + Rigiz + Rigtg + €11,
@ (2.39a)
L2 dt/i? = — R22’i2 + R23i3 + R247;4a
0 =R3111 + R32io — R3sis + ess,
- 3101 + Raoty = Rasls + es3 (2.39h)
0 =R4111 + Raoio — Ryqiyq + €44,
where
Rin =R1+ Rs+ R7, Riz=Rs1 =Ry, Ria=Rau = Rs,
Roz =Ry + Rs + Rg, Rz = Rsp = Rs, Ras = Ruz = Rs, (2.39¢)

R33 =R¢ + Ry + Ry, Ry = Rz + R4 + Rs,

€11 =€3, €33 = €8, €44 = €4 — €3.

From (2.39b) we have

. 1 . . .
1= (Rs191 + Ra3ols +e33), ia=

R (Rarit + Razio +eaq) . (2.40)
33

1
Ryy
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Substitution of (2.40) into (2.39a) yields

d?i _ .
Ly dt,gl = — Ryyi1 + Riyia + €y,
4 (2.41a)
2 ) )
Ly 6 = Ryyin — Riyia + ey,
where
R =Ry — RisR31  RisRa P R31 R3o n Ri4 Ry
1 Ra3 Ry 12 2t R33 Ryy
Ri3 Ry RozR3y  RosRuo
- , . Ry = Ry — _ ,
e =e11 + Ras es3 + Rus €44 29 22 Ras Rus
(2.41b)
Ra3 Roy
A— .
€59 7R33 es3 + Rus €44.

If the mesh currents i1, is are chosen as the state variables 1 = i1, 2 = i
then the equations (2.41a) can be written in the form

d? [ay B el
=A B 2.42
4t [xz o + ol (2.42a)
where ;-
7R/11 Ry 1 0
A=| I g (D (2.42b)
21 Lo 0
Lo Ly | Ly

From (2.42b) and (2.41b) if followis that A is the Metzler matrix.
If we choose

. . R
y1 = Rii1, y2 = Rgiz — RS €33
33
as the output then
Ry 0
U1 11
Y= {yz} = | RgR31 RgR32 LJ
R33  Rs3
and
o 0 00
C= RsR31 RgRs2 | > D= |:0 0:| . (2.43)
R33  Ra3

The matrices (2.42b) and (2.43) satisfy condition (1.29) and by Theo-
rem 1.9 the fractional electrical circuit is positive.
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In general case, let us consider the n-mesh fractional electrical circuit
with some given resistances Ry, K = 1,...,q; inductances Li,...,L, and
m-mesh source voltages e;;, j = 1,...,m. Let ¢1,...,%, be the mesh currents
of the fractional electrical circuit.

Using the mesh method in a similar way as for the electrical circuit shown
in Figure 2.5 we obtain the equation

dﬁ I A11 A12 x1 Bl
des {0} B [Am Aga| |z2 + By | (2.44a)
where
il Z-1”+1 el
L=, me= ), =g, (2.44b)
,l:r Z'n emm
__}%11 }{12 . }%lr ]
Ly Ly Ly Rii1 R,
Ra1 Ry Rs, L, I
All - L2 L2 L2 ) A12 - . . )
: L Ryri1 o Ryn
er Rr2 L Rmn LT LT
L Lr Lr Lr—
i _R'f‘ 1,r+1 RT‘ 1,042 " R 1
RT+1,1 : R’l‘+l,'r R +1,r+ R+ r+ Rr_;'_ )
Ao = : . : , Aoy = r+?w+1 rflr+2. TTZ“ ’
= Rnl Rn,r : N . .
Rn,r+1 R7L77n+2 ce _ann
(2.44c¢)
> 0 for i = 7,
iy = M = L (2.44d)
> 0 for i # j.

It is well-known [47] that (—Ag)™ " € RT_T)X("_T) and from (2.44a)
we have

s = (—An) " (Az121 + Bou) € R (2.45)

for ; € R, and u € R,
Substituting (2.45) into

dﬁ.’L‘l

s = Az + Arsze + Biu

we obtain
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dPx
dtﬂl = [An + A12(—A22)71A21] r1 + [31 + A12(_A22)7132] U
= A} 71 + Bju,

where

A/ll = A +A12(—A22)_1A21 e M,, Bi =B+ A12(_A22)_132 S Rixm.

(2.46)

In what follows it is assumed that by suitable choice of the outputs of the
electrical circuit the matrices C' and D have nonnegative entries, i.e.

CeRY™, DeRE™. (2.47)
Therefore, the following theorem has been proved.

Theorem 2.7. The fractional linear electrical circuit composed of resistors,
coils and voltage sources is positive for r > n if its resistances and inductances
satisfy the conditions (2.46) and (2.47).

Remark 2.2. In the case r = n, if it is possible to choose the n linearly
independent meshes so that to each mesh belongs only one coil, the ma-
trix L = diag[L1,...,Ly] and the condition (2.38b) is met for any values
of the resistances and inductances of the electrical circuit.

Remark 2.3. Note that it is impossible to choose the n linearly independent
meshes so that to each mesh belongs only one coil if all branches belong-
ing to the same node contain the coils. In this case we can eliminate one
of the branch currents using the fact that the sum of the currents in the coils
is equal to zero.

From Theorem 2.7 and Remark 2.2 we have the following important
theorem.

Theorem 2.8. The fractional linear electrical circuit composed of resistors,
coils and voltage sources is positive for almost all values of the resistances,
inductances and source voltages if and only if the number of coils is less
or equal to the number of its linearly independent meshes and the directions
of the mesh currents are consistent with the directions of the mesh source
voltages.

2.2.3 PFractional R, L, C Type Electrical Circuits

Consider the fractional electrical circuit shown in Figure 2.6 with given re-
sistance R, inductance L, capacitance C' and source voltage e.
Using Kirchhoff’s laws we can write the equations
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L

u
—>

e ¢ R

Fig. 2.6 Electrical circuit of R, L, C type

d*u
_C
Y qre
. d?i
e:RZ+Ldt5 + u,
which can be written in the form
d*u
dte |, |u
il = A L] + Be,
dtb
where )
0 . 0
L L L

The matrix A has negative off-diagonal entry (—1/L) and it is not a Met-
zler matrix for any values of R, L, C. Therefore, the fractional electrical
circuit is not positive one for any values of the resistance R, inductance L
and capacitance C.

Example 2.4. Consider the fractional electrical circuit shown in Figure 2.7
with given resistances R, Ro; inductance L, capacitance C' and source voltage
€1, €3.

Fig. 2.7 Fractional electrical circuit of Example 2.4
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Using Kirchhoff’s laws we can write the equations

d%u
= RyC
€1 2C e + u,
d?i
=Ryi+ L ,
e1 + ez 12+ ath
which can be written in the form
d*u
de> | U e1
e | =4 i +2 )
dtb
where
1 0 L 0
— _RQC — RZC
A= R | B = 111 (2.49)
0o -
L L L

From (2.49) it follows that the matrix A is a Metzler matrix and the matrix
B has nonnegative entries. Therefore, the R, L, C type fractional electrical
circuit is positive for any values of the resistances R;, Rs; inductance L
and capacitance C.

In general case we have the following theorem.

Theorem 2.9. The fractional electrical circuits of R, L, C' type is not pos-
itive for almost all values of its resistances, inductances, capacitances and
source voltages if at least one its branch contains inductance and capacitance.

Proof. 1t is well-known that the linear independent meshes of the electrical
circuits can be chosen so that the branch containing the inductance L and ca-
pacitance C belongs to the first one. The equation for the first mesh contains
the following term
_ Ld% )
€11 — dtﬁ +u1+..., (50)

where e;; and 47 are the source voltage and current of the first mesh
and w; is the voltage on the capacitance C. From (2.50) and

) d%uy

11 = C die
it follows that the matrix A of the electrical circuit has at least one neg-
ative off-diagonal entry. Therefore, the matrix A is not a Metzler matrix
and the electrical circuit is not positive one. a

Consider the electrical cicuit shown on Figure 2.8 with given resistances
Ry, k = 1,...,n; inductances Lo, Ly, ..., Ly,; capacitances Cy,Cs,...,Cp,
and source voltages ey, ea,€4,...,€n, (R =n1 + n2).
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ny Ry, ig Ba Ry 4, Rg 6
Cpny=/= T Un, 03_{'_ T us3 Cl_L T u1 U5T =—C5

O R OIN 3
&l 3 1 I

Fig. 2.8 Fractional electrical circuit

Using Kirchhoff’s laws we can write the equations

d(X X
er = RCy dtqik'—&—uk for k=1,3...,n;
d?i; ‘ ‘
er+ej=1L; 418 +Rji; for j=2,4...,n9;

which can be written in the form

d*u
dte U
il = A L] + Be, (2.52a)
deh
where
€1
U1 11
€2
us 14
u= | .|, i=|.1], e=|¢ (2.52Db)
Un, ing en

and
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. 1 1 1 Ry Ry Rng
A=d — ,— ey — === e M,,
P8\ T RO T ROy Re Ly Ly Ln, L
(2.52¢)
b 00 0]
RiC
1
(72 00---0
B= {gj € R+X( ) B = RsCs = (2.52d)
1 00 0
LRy, Ch, ]
11 -
o e 0
3 02 0
By = | La Ly
1 0 0 1
_an Ln2 m
The electrical circuit described by the equation (2.52) is positive
for all value of resistances Ry, k = 1,...,n; inductances Lg, k = 2,4,...,n9
and capacitances Cy, k =1,3,...,n1.

Therefore, the following theorem has been proved.

Theorem 2.10. The fractional linear electrical circuit of the structure shown
on Figure 2.8 is positive for any values of its resistances, inductances and ca-
pacitances.

Example 2.5. Consider the fractional electrical circuit shown in Figure 2.9
with given resistances Ry, k = 1,...,5; inductances L1, Lo; capacitance C
and source voltage e;.

Using Kirchhoff’s laws we can write the equations

. dB'Ll . .
er = Ryiy + Ly B Rsis + (Rs + Rs)is,

deB
a7, : : 2.53
0= Lo qeh +u+(R2+Rg)23—R221 ( : a)
d%u
O
27 o

and

(Ry + Ry)i1 + (R4 + Rs5)ia — (Re + Rs + Ry + Rs)iz = 0. (2.53b)
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tia

€1

Fig. 2.9 Electrical circuit of Example 2.5

From (2.53b) we have
. (Ra+ Ra)i1 + (Ry + Rs)ia

= . 2.54
" Ry+ R+ Ry + Rs (254)
Substituting (2.54) into (2.53a) we obtain

dPi,
des .
8 “
d%i2 | — 4 liy| + Bey, (2.55)
de? u
d%u
dto
where
T Ry B (R2 + R4)(R3 + R5) RoRs — R3Ry
Ly ILi(Ro+Rs+Ry+ R;) Li(Ra+ Rs+ Ry+ R5)
A= R2R5 — R3R4 _ (RQ + Rg)(R4 + R5) B 1
LQ(R2+R3+R4+R5) LQ(R2+R3+R4+R5) Lo
1
0 0
L C
rl
B= |4l (2.56)
L 0

From (2.56) it follows that the matrix A is not a Metzler matrix if

RyRs = RsRy. (2.57)
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If the condition (2.57) is met then the voltage between the points a and b

d?i
is equal to zero and u = 0, dt? =0, i2 = 0. In this case the equation (2.55)
takes the form
d?i R R+ R4)(Rs + R 1
[ (Ret R)(Rs +Rs) |, 1 (2.58)
de? Ly Li(R2+ Rs+ Ry + R5) Ly

The system described by the equation (2.58) is positive. Therefore,
we have the following corollary.

Corollary 2.1. If the resistances of the fractional electrical circuit shown
in Figure 2.9 satisfy the condition (2.57), then the fractional electrical circuit
is positive.

In general case we have what follows.

Corollary 2.2. Nonpositive fractional electrical circuit for some special
choice of the parameters (resistances) can be positive one.

Example 2.6. Consider the linear electrical circuit shown on Figure 2.10
with known resistances Ry, Ro, R3; capacitances C, Cs; inductances Ly, Lo
and sources voltages e, es.

Fig. 2.10 Electrical circuit of Example 2.6

Using relations (2.1b), (2.2b) and Kirchhoft’s laws we may write
for the circuit the following equations

. daul . da’UQ

i1 =04 g i = Cy o’
‘ d?i, ‘

€1 = (Rl + RS) 21 + Ll dtﬁ +u; — RS'L2, (259)
. dPiq .

ez = (Ra + R3) iz + Lo 418 + us — R3iq.

The equations (2.59) can be written in the form
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—dOéul_
dte
daUQ Uy
dte Us e
=A|, | +B 2.60
d%i, i1 * |:62:| ’ (2.60)
dts io
dPiq
L d#8 -
where
_ 1 i
0 0 0
Ch
0 0 0 1
_ A Awn| Oy
A= l:AQI A22:| 1 0 _Ri+Rs R ) (2.61a)
Ll L1 L1
0 - 1 Rs _R2 + Rs
- Ly Lo Lo J
0 0
0 0
By 1
b= - 2.61b
{Bz] Ly (1) (2.61b)
0 Ly

From (2.61a) it follows that the fractional electrical circuit is not positive,
since the matrix A has some off-diagonal entries.

If the fractional linear circuit is not positive but the matrix B has nonneg-
ative entries (see, for example, the circuit shown in Figure 2.10) then using
the state-feedback

o (2.62)

we may usually choose the gain matrix K € R™*", so that the closed-loop
system matrix (obtained by substitution of (2.62) into (2.5))

A.= A+ BK

is a Metzler matrix.

Theorem 2.11. Let A be not a Metzler matriz but B & Rfﬁxm.

Then there exists a gain matriz K such that the closed-loop system matrix
A, € M, if and only if
rank [B, A, — A] = rankB. (2.63)

Proof. By Kronecker-Cappely theorem the equation
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BK = A.— A (2.64)
has a solution K for any given B and A. — A if and only if the condition
(2.63) is satisfied. O
Example 2.7. (continuation of Example 2.6). Let
- 1 -
0 0 0
Ch
0 O 0 !
Cs
A= a1 0 — Ry + R3 as
Ly Ly Ly
0 — as ay B Ry + R3
L Lo Lo Lo
for ap, >0, k=1,2,3,4.
In this case the condition (2.63) takes the form
[0 O 0 0 0 0
0 0 0 0 0 0
rank [B, A, — A] = rank . 0 a +1 0 0 as — It
L1 L1 Ll
0 1 0 as+1 a4 — Rs3 0
L Lo Lo Lo
[0 0
0 0
1
= rank 01| =2
Ly
0 1
L Lo
The equation (2.64) has the form
0 0 0 0 0 0
0 0 0 0 0 0
1 0 ki1 ki2 kig kg _ Jar +1 0 0 BT Rs
L, ko1 koo ko3 koa Iy L,
0 1 0 as+1 ay — Rs3 0
Ly Ly Ly
and its solution is
k11 k12 ki3 kia ai+1 0 0 as— Rs
K= = 2.
Lfm koo ka3 /f24] { 0 a+las—Rs O (265)
The matrix (2.65) has nonnegative entries if a > 0 for & = 1,2

and ap > R3 for k = 3,4.
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2.3 Analysis of the Fractional Electrical Circuits
in Transient States

Following [59], let the current in the capacitor be described by (2.1b) and the
voltage on the coil be described by (2.2b).
Using the relation (1.10) for (2.1b) (n = 1) we obtain

Io(s) = s*CUc(s) — s 1 Cuc(04), 0<a<1,

where Io(s) = L[ic(t)] and Uc(s) = Lluc(t)].
Similarly, using the relation (1.10) for (2.2b) (n = 1) we obtain

Up(s) = sPLIL(s) — s’ 1Lig(04+), 0<p<1,

where Uy (s) = Llug(t)] and Ir(s) = L[ip(¢)].

Impedance of the series connection of the resistance R, capacity C
and inductance L described by (2.1b) and (2.2b) will be called the opera-
tor inductance.

To simplify the considerations we shall assume that:

1) initial conditions are zero: ic(04) =0, ur(0+) =0,
2) all Laplace transforms Uc(s) and I (s) of the capacitors are related by

Uc(s) = SalCIC(s) (2.66a)

3) all Laplace transforms Uy, (s) and I, (s) of the coils are related by

UL(s) = s°LIL(s). (2.66b)

Fig. 2.11 Fractional electrical circuit
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First we shall show the essence of the mesh method of the following electri-
cal circuit (Figure 2.11) with given resistances Ri; k = 1,2.. ., 6; capacitances
Cy,Cs, Cs; inductances Ly, Ly, Lg and source voltages e, es, €4, €. Let I (s),
I (s), I5(s) be the Laplace transforms of the mesh currents ¢} (¢), i5(t), i5(t).

Using Kirchhoff’s voltage law and the relations (2.66) for the fractional
circuit we obtain the equations

Bu(s) + Fa(s) = (Ry + 5°La) T,(5) + Ra [T}(5) — Ty(s)]
. (Rg ; 10) 17](s) — T}(5)
“Z(T(5) — Zua(s)I4(5) — Zus(s)T4(s),

Bals) = Bx(o) = (Rt o, ) 1)+ (Fo b o, ) U509 - 30
+ Re[14(s) — (9] (2.67)

== Zo1(s)I1(s) + Z22(s)15(s) — Zas(s)I5(s),
Bao) = (Ro+ Lot g 10+ (Ra+ g, ) U3(6) ~ 1)

+ (Rs + s"Ls) [I5(s) — I}(s)]
= —Z31(s)11 () — Za2(8)15(s) + Zs3(s)I5(s),

where Eji(s) = L[ex(t)], k =1,2,4,6 and

1
Z11(s) = Ry + Rs + Rg + s° Ly + 5 Z12(8) = Z21(s) = Ru,

aCS’
1 1
13(8) 31(8) 3+30‘C’3’ 22(8) o+ Ry +Rs+s 5+30‘C’27
Z3(s) = Zsa(s) = Rs + 5" Ls,
1 1

Z33(8)=R3+Rs+Ra+SB(L5+L6)+SQCS +saC6'

Equations (2.67) can be written in the form

E'(s) = Z(s)I'(s), (2.68a)
where
[Ei(s) + Ea(s) Ii(s)
E(s)= | Ba(s) ~ Bals) | . 1'(s) = | 13(5)] .
B s) fs(s) (2.68b)
ZH(S) —Z12(S) —Z13(S)
Z(S): 7221(3) ZQQ(S) 7Z23 S)
_7231(3) 7Z32(8) ng(s)
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Taking into account that detZ(s) # 0 we may find from the equation

(2.68a) the vector I'(s)
I'(s) = Z7Y(s)E'(s). (2.69)

Applying the inverse Laplace transform (£7') to I’(s) we may find
the mesh currents ¢ (¢), i5(¢), i4(¢) and next from the relations

i (t) =iy (1), ia(t) = i5(t), ia(t) = i5(t) — i (1),
iat) =iy () —is(t), is(t) =io(t) —i5(t), ie(t) =1i5(t)
branch currents ir(t), k =1,...,6 in transient state.

Remark 2.4. Choosing as the state variables (the components of the state
vector x(t)) voltages across the condensators and currents in the coils we may
write for the circuit (Figure 2.11) the state equation (2.5) (or (2.3), (2.4)),
where the source voltages are the components of u(t) and entries of the matri-
ces A, B depend on the resistances, capacitances and inductances of the cir-
cuit. Using the solution (2.7) (or (1.12)) of the equation (2.5) (or (2.3), (2.4))
we may find the transient values of the voltages across the condensators
and of the currents of the circuit.

In general case of n-mesh linear electrical circuit we obtain the equation
(2.68a), where

_Eégsg Iégsg
FE5(s I5(s
B =| " re=]"0,
LE7(s) I5,(s)
[ le(S) —Z12(S) e —Zln(s)
—221(8) ZQQ(S) e —Zgn(s)
Z(s) = . i ) .
__an(s) _ZnZ(S) ce Znn(s)
and E;(s), k = 1,2,...,n is the algebraic sum of the Laplace transforms

of source voltages in the k-th mesh (with + we take the transform if its di-
rection is consistent with the direction of the mesh current and with —
if the direction is opposite), Zgi(s), &k = 1,2,...,n is the sum of the op-
erator impedances of all branches belonging to the k-th mesh and Zg;(s);
k,l =1,2,...,nis the operator impedance of the branch belonging to the k-
th mesh and I-th mesh. I}(s), k = 1,2,...,n is the Laplace transform of the k-
th mesh current.

Knowing E’(s) and Z(s) from the equation (2.69) we may find I'(s)
and using the inverse Laplace transform we may find the mesh currents i’ (),
k=1,2,...,n and next the branch currents of the circuit.
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2.4 Reciprocity Theorem for Fractional Circuits

Consider the fractional linear circuit composed of resistances, capacitances,
inductances and source voltage e(t) in transient state. We choose
the linearly independent meshes in such way that the source voltage be-
longs to the k-th mesh and let (¢) be the current in a branch belonging only
to the I-th mesh (Figure 2.12a).

a)
Passive

ety i) [BLCL ) yiw
b)

circuit

Passive

it zk) R, L, C z'l) e(t)

circuit

Fig. 2.12 Fractional electrical circuits

Applying to the fractional circuit the mesh method from (2.69) we obtain

Ii(s) = dfikz(z)E(s) for k,i=1,2...,m
where I;(s) = L[i(t)], E(s) = L[e(t)], Cix(s) = (—=1)""" My (s) and Mi(s)
is the minor obtained from the matrix Z(s) by removing its I-th row
and its k-th column.

Now we interchange the places of the source voltage e(t) and the obser-
vation point of the current i(t) (Figure 2.12b). Applying to the fractional
circuit from Figure 2.12b the mesh method from (2.69) we obtain

C’kl(s)

I = E for k,i=1,2...,n.

k() detZ(s) (s) for kil=12....n

From symmetry of the matrix Z(s) it follows that Ci(s) = Cix(s)

and this implies Ix(s) = I;(s). Therefore, the following reciprocity theorem
for fractional electrical circuits has been proved.

Theorem 2.12. The ratio of a single source voltage at one point to observed
branch current at another one in any linear fractional electrical circuit in
transient state is invariant with respect to an interchange of the points of
excitation and observation.
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Example 2.8. Consider a fractional linear electrical circuit shown in Fig-
ure 2.13 with given resistances R, Ro, R3; capacity C, inductance L and
source voltage e(t). The source voltage belongs to the first mesh and i(t) is
the current equal to the second mesh current i5(t).

i nw) o) @ew

Fig. 2.13 Fractional electrical circuits of Example 2.8

Equation (2.68a) for the fractional circuit (Figure 2.13a) has the form

1
[E(S)} _ | BatBet 0 Ry {Ii(s)} . (2.70)
0 —R3 Ry + R3 + s°L I(s)
From (2.70) we have
) (2.71)

Ié(s) - A(S)

where
A(s) = s“SPLC (Ry + R3) + s“C'[Ry (Ry + R3) + R1 R3] + s’ L + Ry + Rs.

Similarly, equation (2.68a) for the fractional electrical circuit
(Figure 2.13b) has the form

{EH -

From (2.72) we have

1
Ri+ R3 + saC —R3

{Ii(s)} . (2.72)
—R3 Ro + R3 + sPL

I5(s)
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R = 0

From comparison of (2.71) and (2.73) we obtain I}(s) = I{(s).

E(s). (2.73)

2.5 Equivalent Voltage Source Theorem
and Equivalent Current Source Theorem

Consider fractional linear electrical circuit composed of resistances, capaci-
tances, inductances and source voltages. The circuit can be divided in active
part A and passive part B. Both parts are connected in the way shown in Fig-
ure 2.14a.

a) a
Active part Passive part
A P
b) .
e(t) Zw(8) Passive part

P

Active part
A

C C a
Passive part

P

Passive part

Active part e(t)

A P

Fig. 2.14 Connection of active part A and passive part B

After disconnecting the passive part P:

1. we register the voltage ug(t) between the points a-b in transient state,

2. we register the current i,(¢) in transient state when the points a-b are
short circuit,

3. we calculate the equivalent operator impedance Z,(s) of the active part
A when all source voltages are zero.

We shall show that the active part A is equivalent to (ideal) voltage source
e(t) = ug(t) connected in series with the operator impedance Z,(s). To do
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this we switch on two voltage sources e(t) with opposite directions (Fig-
ure 2.14c). By assumption the fractional electrical circuit is linear and we
may use the superposition principle. Currents and voltages in transient state
in the circuit shown in Figure 2.14c are the sum of the suitable currents and
voltages in the circuits shown in Figure 2.14a and Figure 2.14b. The voltage
between the points a-b on Figure 2.14d is equal zero and all currents and
voltages in the passive part P are equal zero. The voltages and currents in
part P shown in Figure 2.14a and Figure 2.14b are the same. This completes
the proof of the following theorem.

Theorem 2.13. Active part of any fractional linear electrical circuit in tran-
sient state is equivalent to voltage source e(t) connected in series with the op-
erator impedance Z,(s) (Figure 2.14b).

Example 2.9. Consider the fractional electrical circuit shown in Figure 2.15.
We divide this circuit into the active part A and the passive part P.

2)

| a
R1 Clv R2
Part A b Part P
b)
Ry o+
Ry
e(t) R3 L
b Part P

Fig. 2.15 Active and passive parts of Example 2.9

The active part is equivalent to the voltage source e.(t) connected in se-
ries with the operator impedance Z,,(s), where e,(t) is equal to the voltage
on the resistance R3 when the passive part P is disconnected and the operator

impedance
1
Rs <R1 + saC>
Zw(s) =

- 1
R R
1+ 3+s°‘C

Using the well-known equivalence of the voltage source and current source
we obtain the following theorem.
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a

) Passive part
i (1) | Zuw(s) o

b

Fig. 2.16 Equivalent current source

Theorem 2.14. Active part of any fractional linear electrical circuit in tran-
sient state is equivalent to current source i,(t) connected in parallel with the
operator impredance Z,(s) (Figure 2.16), where i,(t) is the current
when the points a-b are short circuit and it is related to the source voltage
e.(t) by the equality

Lle(t)]

Zu(s)

Theorem 2.14 can be also proved in a similar way as the Theorem 2.13.

Lli-(1)] =



Chapter 3

Descriptor Linear Electrical Circuits
and Their Properties

3.1 Descriptor Linear Electrical Circuits

Consider the descriptor (singular) linear continuous-time system

d
E df = Az + Bu, (3.1)

where z = z(t) € R", u = u(t) € R™ are the state and input vectors,
respectively and E, A € R"*" B € R"*™ .
It is assumed that detE = 0, rankB = m and the pencil is regular, i.e.

det [E's — A] # 0 for some s € C. (3.2)

Method 1. (Weierstrass-Kronecker decomposition)

It is well-known [44, 45] that if the condition (3.2) is satisfied
then there exist nonsingular matrices P, Q € R™*™ such that

I, 0 A1 0
PEQ:[O N}’ PAQ:{Ol]I }

where N € R"2%"2 is a nilpotent matrix with nilpotency index p (N#~1 %0
and N# =0) and A; € R™*™  nqy 4+ ny = n.

The matrices P and @ can be found by the use of the elementary row
(for matrix P) and column (for matrix @) operations (see Appendix B).

(3.3)

Lemma 3.1. The characteristic polynomial of the descriptor system (3.1)
and the characteristic polynomial of the matrix A; are related by

det [Es — A] = kdet [I,,, s — Aq],
where k = (—1)"2detP~'detQ ! = (—1)"2det(PQ) .

Proof. From (3.2) and (3.3) we have

© Springer International Publishing Switzerland 2015 81
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. o 1 ]Inls - A] 0 —1

det [Es — A] =det {P [ 0 Ns—T,, Q
=detP~'detQ " 'det [I,, s — A;]det [Ns — T,,,]
=kdet [Hms — Al] 5

since det [Ns —I,,,] = (—1)"2. O

Method 2. (Shuffle algorithm)

Performing elementary row operations (see Appendix B) on the equation (3.1)
or equivalently on the array

EAB
we obtain o
Ey A B
0 Az Bio
and
_d _ _
o) df = Anz + B, (3.4a)
0= /_112%‘ + Blz’u, (34b)

where F; € R™*" has full row rank and r = rankFE.
Differentiation with respect to time of (3.4b) yields

— dz _ du
A =—-B . 3.5
2 q 2 q¢ (3.5)

The equations (3.4a) and (3.5) can be written in the form

Eyldz  [An Bn 0 | du
[/Lz] dt{o]ﬁ[o]w[_%] " (3.6)

If det Lgl } # 0, then form (3.6) we have
12
dx A . ~du
dt :A1$+B10U+B11dta
where
_ J R — — -1 r= — —1
A Ey An A E, Bn ~ Ey 0
A= |7 Bio= |- Bu=|- o
A I il B P I T A
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Ey Ay B 0
A2 0 0 —Byp2

we eliminate the linearly dependent rows in the matrix { 1 ! ] and we obtain
12

Ey A1 By By
0 Asp B3g B3

and
_ dx - _ _ du
E =A B B .
2 4 21X + D2ou + Bo1 at’ (3.7a)
— _ _ du
0 = Agsx + Bsou + B3y a (37b)

Differentiation with respect to time of (3.7b) yields

— dz _ dx - d%*u
A =-B
22 4, 30

The equations (3.7a) and (3.8) can be written in the form
E, | dz Agy Boyg By | du 0 ] d*
. = 2 ) . (39
{A22:| dt { 0 }JH_ { 0 " |=Bso) at T |~Ba] ar (39)

If det [EZ} # 0, then from (3.9) we have

Az
dx N ~ . du . d2u
=A B B B
At 22 + Baou + D21 At + Da2 a2’
where
B,]7' A BB
i | B2 21 Ao | B2 20

If det [52} = 0, then we repeat the procedure.
22

It is well-known [50] that if the condition (3.2) is met then after finite
number of steps we obtain the standard system equivalent to the desciptor
system (3.1).
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3.1.1 Regularity of Descriptor Electrical Circuits

We start with simple examples of descriptor linear electrical circuits
and next the considerations will be extended to general case.

Example 3.1. Consider electrical circuit shown in Figure 3.1 with given re-
sistance Ry, capacitances C1, Cs, C3 and source voltages e; and es.

R’
C’1‘|‘_l|’u1:C3_L T U3 C2::l [75)
T
€1 €2

Fig. 3.1 Electrical circuit of Example 3.1

Using Kirchhoff’s laws for the electrical circuit we obtain the following
equations

d
e1 = R1Cy (;Ltl + uy + us, (3.11&)
duq dus dusg
= — C* .11b
0=Cr ( +C S —Cs ) (3.11b)
€2 = U2 + Us3. (3.11C)

The equations (3.11) can be written in the form (3.1), where

_U1 e R1C1 0 0
Tr= |us| , 7.L_|:61:|, E = Cl 02 —03 s
| us 2 0 0 0

(-1 0 —1 10
A=|10 0 0|, B=1|00
_O -1 -1 01

The assumption (3.2) for the electrcial circuit is satisfied, since

RiC; 0 O
detE = Cl CQ —Cg =0 (312&)
0 0 O

and
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R1C18+1 0 1

det [Es — A] = Cys  Ciys —Css
0 1 1
=R C; (CQ + 03) 82 =+ (Cl + Cy + Cg) S (312b)

Therefore, the electrcial circuit is a descriptor linear system with regular
pencil.

Method 1.

Performing on the matrix

RiCis+1 0 1
Es—A= Cis Cas —C3s
0 1 1

the following elementary column operations R {3 + 2 x gi] , R [1 +2x— gﬂ ,

R [1 X Rllcl}’ R [1 x 1 ] we obtain the matrix

Ca
+ 1 0 1
T ROy
0 s 0 . (3.13)
B 1 1 Cy+Cs
R1Cy (s Cy

Performing on the matrix (3.13) the following elementary row operations

L [3 X 0264;203}’ L[143x(—1)] and the elementary column operations

R [1 + 3 x Rl(Ci"!‘Cs):l’ R [2 + 3 x —C;_Cs] we obtain the desired matrix

F A — Ty s = Ay 0
Es—A=P[Es—AlQ = { 0 Ns—]In,j , (3.14a)
where
B Ci+Cy+Cs 1
A = R1C1(02 + Cg) Co+Cs|, N= [0], ng =1 (3.14b)
0 0

and
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1
0 0
1o © R1Cy
P=101 020+ “ ! 1 s 3.14
B Oy Q= Ri(Cy+C3) Cy+C5 O (3:14c)
00 1
Cy+Cs 1

R1(CQ + 03) _02 + C5

The matrices (3.14c) can be found by performing the elementary row
and column operations on the identity matrix [3. Performing the elementary

row operations L [3 X CQC;"’CS] and L[14 3 x (—1)] on the matrix I we ob-

tain the matrix P and the elementary column operations R {3 + 2 x gﬂ,

Rli+2x-8), Rlx 0] Rx4] R[I+3% 500
and R [2 + 3 x _Czj—03:| the matrix Q.

Method 2.

In this case the matrix F has already the desired form ﬁj)l} , where

B o_ [BCi 0 0
=l oy 0y =04

and it has full row rank, i.e. rankE; = 2.
Taking into account that

Ap=[0-1-1]

and
E RiCy 0 O
det |;L_11:| = Cl 02 —Cg = —R1C1(C2 + Cd) # O,
12 0 -1 -1

from (3.6) we obtain

R C; 0 0 da —-10 -1 10 00
Cl CQ —03 di = 000 x4+ (00l u+ |0 O
0 -1 -1 000 00 0-1

du
dt

and

dx A . . du
=A B B
dt 12 + Biou + D11 at’

where
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~ [RCi0 0T [-10-1
Ay=| C1 Oy —C3 000
0 -1 -1 000
r 1 1
R1C1 RICI
- ! ! (3.16)
| Ri(Cy+Cs) Ri(Co+C3) |7 '
1 1
__ Ry (C2 + Cs) _Rl(cz +C3)
1
0
 [RCi0 0 ]7'[1o Rl(fl
Buo=| C Cy—Cy 0ol = |- 0|,
0
R1(Cy+ Cy)
0 0
) RiCy 0 0177 [00 o
Bu=| C C-Cs| |00 |=|04 "0
0 -1 -1 0-1 Oy
Cy+Cs
Method 3. (Elimination method)
From (3.11c) we have
uz = €2 — U2. (3.17)
Substituting (3.17) into (3.11a) and (3.11b) we obtain
RCy 0 d fu|  [-11 u1+1—1 €1+00 d [eg
Cy Co+Cs| dt |uz| | 0 Of |us 0 0] |e 0Cs| dt |ez2
and q d
U U €1 €1
=A B B 1
dt [Uz] [uz} o [62] + 1dt LJ ’ (3 8a)

where
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R 1 -
Ao [RC 0 7T R, C, R\C
7_01 C2+C3_ _0 0_7 1 B 1 ’
| R1(Co +C3)  Ri(C2+ Cs) |
- 1 ! -
B [RCr 0 1Ti-1) R, C, R\C
07_01 02-1-03_ _0 0_7 B 1 1 ’
L Ri(C2+C3) Ry1(Ce+ 03)_
s [mCr 0 1'00}_0 003
L= — ]
C1 Co+C 0cC
| C1 C2+C3) [0Cs 0 Oy + Oy
(3.18b)
The characteristic polynomial of the matrix A has the form
o ! 1
det [[os — A] = G ngl
— +
R1(Cy + C3) s R1(Cy + C3) (3.19)
. s+ Ci+Cy+Cs :|
R1Cl(02 + 03) ’
of the matrix A; (given by (3.14b))
Cy+ Cy+ Cs 1
s — C1+Cy+Cs
det [Iss — Aq] = R1C1(Cy + C Cy +C zs{s-l- ,
I 1] 1 1(() 2 3) 25 3 RiCy(Ch + C)
R (3.20)
and of the matrix A; (given by (3.16))
n 1 0 1
s
R1C1 RICI
. 1 1
det |I3s — Ay | = |— —
¢ { 38 1] Rl(CQ =+ C3) 5 Rl(CQ + Cg)
1 1
0s+
R (C2 =+ 03) Rl(CZ + CS)
) (3.21)
| TR Ry
= 1 1
s+
Ry (C2 + 03) Ry (C2 + CS)
_ 82 Cl + 02 + C(3

" RCU(Ch+ Cy) |

Note that the additional eigenvalue s = 0 has been introduced in Method 2
by the differentiation with respect to time of the equation (3.4b).
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From (3.12b), (3.19), (3.20) and (3.21) it follows that the spectrum
of the electrical circuit is the same for the three different methods
and it is equal to

{ Ci+Cy+Cs }
oc=1<51=0,8= .

"~ Ri1C1(Cy 4 Cs)

Example 3.2. Consider the descriptor electrical circuit shown in Figure 3.2
with given resistances R;, Rq, R3 inductances L1, Lo, L3 and source voltages
e1; and es.

€1 €2

Fig. 3.2 Electrical circuit of Example 3.2

Using Kirchhoff’s laws we can write the equations

. di . di
e1 = Ryt + Ly dtl + Rgiz + L3 d;, (3.22&)
. di . di
ey = Roio + Lo dtz + Rgiz + L3 d;, (3.22b)
0 =11+ 19— 13. (3‘220)
The equations (3.22) can be written in the form (3.1), where
_’Ll e L1 0 L3
x = |ia| , u:[el}, E=10 Ly Ls|,
i3 2 000
- (3.23)
—R; 0 —Rs 10
A=| 0 —Ry;—R3|, B=|01
1 1 -1 00

The assumption (3.2) for the electrical circuit is satisfied, since

Ly 0 L3
detE=|0 Ly L3| =0
0 00
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and

Lis+ Ry 0 L3s+ R3
det [ES — A] = 0 Los+ Ry Lss+ R3
-1 -1 1

=[Li(Ls + L3) + LoL3) s>
+ [R1(La + L3) + Ro(L1 + L3) + Rs(L1 + L2)] s
+ R1(R2 + R3) + RaRs.

Therefore, the electrical circuit shown in Figure 3.2 is a descriptor system
with regular pencil.

Method 1.

Performing on the matrix

Lis+ Ry 0 L3s + R3
Es— A= 0 Los+ Ry Lzs + R3 (324)
-1 -1 1
the elementary column operations R {3 +1x (— fi’)], R [3 +2 X (— Ii;)],
R [1 X Lll}, R [2 X 1;12} we obtain

Ry Rsly — RiL3
s+ L, 0 L,
Rs RsLs — RoLs Lo(L1 + Ls) + L1 Ls
0 , A= . 3.25
t L, Lo LiLs (3.25)
1 1
- A
Ly Lo

Next, performing on the matrix (3.25) the elementary row operations
L [1 + 3 x RlLZz?sLl], L [2 + 3 x R2Lzzf3]‘2 we obtain

n ARyL1+ R3L1 — R1 L3 R3Li — RiL3 0
AL AL Ly
R3Lo — RoLg s+ ARsLs + R3Ls — RoLs 0
AL Lo AL
1 1
- - A
L1 L2

and finally R {1 + 3 x Ail}, R {2 + 3 x ALJ, R [3 X i] the desired form

Hms - A1

= = 0
ES—A:P[ES—A]Q:|: 0 NS—]IL:|’
n2

(3.26a)
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where
7AR1L1 + R3L1 — R1Ls Ri1Ls — R34
A — AL? AL{Lo
L= RoLs — RaLo _ ARsLy+ R3Ly — RyLs | (3.26b)
AL1Lo AL3
N = [0} 5 Nng = 1
and
10 AL, AL? AL1Ly ALy
Ls ALy — Ls L3
P = RoLs — R3L = | - —
o1 fels —Rsla), @ AL L,  AL2 AL,
ALQ 1 1 1
00 1

Al AL, A
(3.26¢)
Performing the elementary row operations on I3 we obtain the matrix P
and the elementary column operations the matrix Q.
Method 2.

The matrix F given by (3.23) has already the desired form {%1}

where
= Ly 0 L
B = {o Lo LJ
and rankF; = 2.
Taking into account that
A =[11 1]
and
E Ll 0 L3
det L@l} =10 Ly L3| = —[L1(L2 + L3) + LaL3] # 0
12
1 1 -1
from (3.6) we obtain
Ly 0 Ls da —Ry 0 —Rs 10
0 Ly L3 dt: 0 —Rys —R3|z+ |01 u
1 1 -1 0 0 0 00
and q
df = Ayz + Biou, (3.28a)

where
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1

R Li 0 Ls] " [-R1 0 —Rs3
Ay =0 Ly Ls 0 —Ry—Rs
1 1 -1 0 0 0
*R1(L2 + Lg) —RoLs —Rs3Lo
= RiLy  —Ro(Li+Ls) —RsL, |,  (3.28b)
! —RiLs —RoL,y —R3(Ly + L»)
) L, 0 Ly1 ' [10 L [Ei+Ls —Ls
Big=1|0 Ly L3 01 :A —Ls L1+ Ls|,
1 1 -1 00 1 Lo Ly
Ay =Ly (La+ L3) + Lo Ls.
Method 3.
From (3.22c) we have
i3 = 11 + io. (329)

Substituting (3.29) into (3.22a) and (3.22b) we obtain
L1+ L3 L3 d |4 _ —(R1 + Rg) —R3 11 I 10| |ey
Lz Lo+ L3| dt |i2 —R3 —(Ra + R3)| |i2 01| |e2

and 4 _
11 11 €1
Sl =A]. B .
de L?] LJ o [62} ’ (3.302)
where

A— L+ Lg Ls -t —(R1 + Rd) —R3
Ls Lo+ Ls —R3 *(Rz + Rg)

_ 1 |=Ri(L2+ L3) — R3Lo RoLs — RsLo (3.30b)
Ay RiLs — R34 —RQ(LI + LS) — R3Ly|’ .
-1
_|Lh+Ls Ls 10] 1 [Ly+Ls —Lj
B = l: Ls Lo +L3:| |:() 1:| - Ay l: —Ly I, +L3:| s (330C)

Ay =Ly(La+ L3) + Lo Ls.
The characteristic polynomial of the matrix (3.30b) has the form

1

o Als + Rl (L2 + Lg) + R3L2 R3L2 — R2L3

det[I>s — A] Rsl, + Ry Ly Ais+ Ra(Ly + Ls) + R3Ly

1
=52+ A [Ri(La + L3) + Ra(Ly + L3) + R3(L1 + La)] s
1

1

+ 4 [Bu(R2 + Rs) + Ra Ry, (3.31)
1

of the matrix A; (given by (3.28b))
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Ri(L2 + Ls) RoLs3 Rs Lo
s+ A A A
1 1 1
i Ry L Ro(Li+ L RsL

det {]1337141} - _ Z 3 ot o Z 3) 2 1
1 1 1

RiLo RaoLy R3(L1 + Lo)
Al Al Al

1
=s {82 + A [R1(L2 + L3) + Ro(L1 + L3) + R3(L1 + L2)] s
1

1
+A1 [R](R2 + Rg) + RQRS}}
(3.32)
and of the matrix A; (given by (3.26b))
L AR{Ly + R3sLy — R L3 _ RiLs — R3ly
detlle — A1 — AL AL Ly
etllos — Ai] = | RoLs— Ryl oy ARoLa+ RaLs — RaLs
AL Ly AL?
1
=s"+ , [Ri(L2 + Ls) + Ra(Ly + Ls) + Ra(L1 + La)] s
1
1
+ A, [R1(R2 + R3) + RoR3] .

(3.33)

Note that in (3.31) the additional eigenvalue s = 0 has been introduced in
Method 2 by the differentiation with respect to time of the equation (3.4b).

From (3.24), (3.31), (3.32) and (3.33) it follows that the spectrum
of the electrical circuit is the same for the three different methods
and it is determined by the zeros of the polynomial (3.24).

Note that the electrical circuit shown in Figure 3.1 contains one mesh con-
sisting of branches with only ideal capacitors and voltage sources
and the one shown in Figure 3.2 contains one node with branches with coils.
Equations (3.11) and (3.22) consist of two differential equations and one al-
gebraic equation.

In general case we have the following theorem.

Theorem 3.1. Fvery electrical circuit is a descriptor system if it contains
at least one mesh consisting of only ideal capacitors and wvoltage sources
or at least one node with branches with coils.

Proof. If the electrical circuit contains at least one mesh consisting of branches
with ideal capacitors and voltage sources, then the corresponding rows of the
matrix E are zero and the matrix F is singular. Similarly, if the electrical cir-
cuit contains at least one node with branches with coils, then the equations
written on Kirchhoff’s current law for these nodes are algebraic ones and the
corresponding rows of E are zero rows and the matrix F is singular. a
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Theorem 3.2. Fvery descriptor electrical circuit is a linear system
with regular pencil.

Proof. 1t is well-known [44, 47, 71| that for a descriptor electrical circuit
with n branches and ¢ nodes using current Kirchhoff’s law we can write
q — 1 algebraic equations and the voltage Kirchhoff’s law n — ¢ + 1 differ-
ential equations. The equalities are linearly independent and can be writ-
ten in the form (3.1). From linear independence of the equations it follows
that the condition (3.2) is satisfied and the pencil of the electrical circuit
is regular. a

Remark 3.1. The spectrum of descriptor electrical circuits is independent
of the method used of their analysis.

3.1.2 Pointwise Completeness of Descriptor Electrical
Clircuits

Consider the descriptor electrical circuit described by the equation (3.1) for

u(t) =0,t>0.
Defining the new state vector

T = |:;1:| = Q_IJJ, T1 €R™, T €eR™, n=ni+ns (334)
2

and using (3.1) for u(t) =0, ¢t > 0 and (3.3) we obtain

at = A1 (t)
and
T (t) = eMEyy, t>0, (3.35)
where B
Z10 = Q1o, (3.36a)

Z20
Note that [44]

q—2
Za(t) =+ dWNEz,(0) =0, >0, (3.37)
k=0

where 6() is the k-th derivative of the Dirac impulse.
From (3.34) for Z2(ty) = 0 we have

xp=wp(t) = Qua(ty), (3.38)
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where Q = [Q1 Q2], Q1 € R"™ ™, Qy € R™*™2.

Definition 3.1. The descriptor electrical circuit (3.1) is called pointwise
complete for ¢ = t; if for every final state xy € R™ there exist initial condi-
tions xy € R" satisfying (3.36a) such that z; = x(t;) € ImQ;.

Theorem 3.3. The descriptor electrical circuit is pointwise complete
for any t =ty and every xy € R™ satisfying the condition

x5 € ImQ. (3.39)
Proof. Taking into account that for any A;, det [eAlt] #0
and [e1?] “t = et from (3.35) and (3.37) for ¢ = ty we obtain
g — oAt 7 _
Tip=¢e Zi(ty) and Zo(t) =0.

Therefore, from (3.38) it follows that there exist initial conditions
zo € R™ such that x5 = z(ty) if (3.39) holds. O

Example 3.3. (continuation of Example 3.1)
In this case from (3.14c¢) we have

1

RiCy 0 0

_ | 1 1 e
Q=1 @) @=1"pig e aro |@ @7 || G0

1 _ 1 1

RI(CZ +Cd) Co + Cs
and )
Ry
I = |- L + L b 3.41
o€ mQ1 = R1(02+C3)a Cy+Cs ( ’ )
1 1

— b
R1(CQ+C3)G Cy +Cs

for arbitrary a and b.

The eigenvalues of the matrix A; (given by (3.14b)) are s; = 0,
Ci+Cy+C3

— and using Sylvester formula [44| we obtain
R1C1(Ce + Cs) &Y [44]

S9 =

R101
sat _ 8at

eMt = 7, + Zpet?t = |© a+@+@( i
0 1

since
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R1C4
Ay —Iss 1
Zy = ! 22:]12_ A = Ci+Cy+0C3,
S1 — S2 S92 0 1
R1C4
Ay —Iss 1 1-
Zy = ' — A = Chi+Cy+Ch
So — S1 S92 0 0

Therefore, the descriptor electrical circuit shown in Figure 3.1 is pointwise
complete for any ¢t = ¢ty and every z; satisfying (3.41).

3.1.3 Pointwise Degeneracy of Descriptor FElectrical
Clircuits

Consider the descriptor electrical circuit described by equation (3.1)
for u(t) =0,¢t > 0.

Definition 3.2. The descriptor electrical circuit (3.1) is called pointwise de-
generated in the direction v € R™ for ¢t = ty if there exists nonzero vector v
such that for all initial conditions zy € Im@); the solution of (3.1) satisfies
the condition

vlxy =0.
Theorem 3.4. The descriptor electrical circuit (3.1) is pointwise degenerated

in the direction v defined by
v'Q1 =0 (3.43)

for any ty > 0 and all initial conditions Ty € ImQ1, where Q1 and Qq
are determinated by (3.36b) and (3.38), respectively.

Proof. Substitution of (3.35) into (3.38) yields
zy = Qe T

and
vTxf = UTQleAltfflO =0,
since (3.43) holds for all #19 = Q120 € ImQ);. ad

Example 3.4. (continuation of Examples 3.1 and 3.3)
From (3.43) and (3.40) we have

v =1[011], (3.44)
since !
R101 0
To,=[o11] |- ! ! =100
v Ql_[ ] Ri(Co+C3) Ca+Cs _[ ]
1 1

R1(CQ =+ 03) _02 + C5



3.2 Descriptor Fractional Linear Electrical Circuits 97

Therefore, the descriptor electrical circuit shown in Figure 3.1
is pointwise degenerated in the direction defined by (3.44) for any t; > 0
and any values of the resistance R; and capacitances Cy, Co, Cs.

3.2 Descriptor Fractional Linear Electrical Circuits

Consider the continuous-time fractional linear system described
by the state equation (1.49a).

It is assumed that detE = 0, rankB = m and the pencil of matrices (E, A)
is regular, i.e. condition (1.51) is met.

Example 3.5. Consider the fractional electrical circuit shown in Figure 3.1
with given resistance R, capacitances Cp, Co, C5 and source voltages e;
and es.

Using Kirchhoff’s laws, for the electrical circuit we can write the equations

d%u
e1 = RCy dtal + u1 + ug,
d%u, d“usg d*us (3.45)

0=C1 o T2 gua = o

€y = U + Us3.

The equations (3.45) can be written in the form

RCl 0 0 de U1 -1 0 —1 U1 10 e
Chp Cy —Cs dte ug| =10 0 O us| + (00 |:61]
0 0 0 us 0 —1-1| |us 01 L2
In this case we have
RCy 0 0 -1 0 -1 10
E=|C Co—-Cs|,A=|0 0 0],B=|00]. (3.46)
0o 0 O 0 —-1-1 01
Note that the matrix E is singular (detE = 0) but the pencil
RCis“+1 0 1
det [Es® — Al =| Cy1s* Cos® —Css®

= (RC’1$CY + 1) (CQ + Cg) s+ Cys”

is regular.
Therefore, the fractional electrical circuit is a descriptor fractional linear
system with regular pencil.

In general case we have the following theorem.
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Theorem 3.5. If the fractional electrical circuit contains at least one mesh
consisting of branches with only ideal capacitors and wvoltage sources,
then its matriz E is singular.

Proof. Note that the row of E corresponding to the mesh is a zero row.
This follows from the fact that the equation written with the use of Kirch-
hoff’s voltage law is an algebraic one. O

Example 3.6. Consider the fractional electrical circuit shown in Figure 3.2
with given resistances R, Rs, Rz inductances Ly, Lo, L3 and source volt-
ages e; and es.

Using Kirchhoff’s laws we can write the equations

dPi, dPis
=Riin+ L Rais + L ,
el 121 + 1L ath + R3t3 + L3 ath
: d%iy . d%is (3.48)
e2 = Raia + Lo 4h + R3iz + L3 R

0=11 4+ 12 —13.

Equations (3.48) can be written in the form

L 0 Ly] 45 [& —R; 0 —Ry] [i 10] r,
0 Loy Ly 458 ial =| 0 —Ry—Rs| |ia| + |01 Ll]
00 0 is 11 =1 i 00| L2
In this case we have
Ly 0 Ly ~R; 0 —Rs 10
E=10LyLs|,A=| 0 =Ry —R3|,B= |01
000 1 1 -1 00

Note that the matrix F is singular but the pencil

Llsﬁ + Ry 0 Lgsﬁ + R3
det [Es” — A] = 0 LosP + Ry L3s® + Ry
-1 -1 1
=[L1 (Lo + L3) + Ly L3 s*
+[(L2 + L3) By + (L1 + Ls) Ro + (Ly + L2) Rs) s”
+ Ri (R2 + R3) + RaR3
is regular.

Therefore, the fractional electrical circuit is a descriptor linear system
with regular pencil.

Theorem 3.6. If the fractional electrical circuit contains at least one node
with branches with coils then its matriz E is singular.
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Proof. Note that the equation written using the current Kirchhoff’s current
law for this node is an algebraic one and in the matrix E we have zero row.
O

In general case we have the following theorem.

Theorem 3.7. Every fractional electrical circuit is a descriptor (singular)
system if it contains at least one mesh consisting of branches with only ideal
capacitances and voltage sources or at least one node with branches with coils.

Proof. By Theorem 3.5 the matrix E of the system is singular if the frac-
tional electrical circuit contains at least one mesh consisting of branches
with only ideal capacitors and voltage sources. Similarly, by Theorem 3.6
the matrix E is singular if the fractional electrical circuit contains at least
one node with branches with coils. O

Using the solution (1.60) of the equation (1.49a) we may find the voltages
on the supercapacitors and currents in the supercoils in transient states of
descriptor fractional linear electrical circuits. Knowing the voltages and cur-
rents and using (1.61), we may also find any currents and voltages in dscriptor
fractional linear electrical circuits.

Example 3.7. (continuation of Example 3.5) Using one of the well-known
methods [21, 50, 188] for the pencil (3.47), we can find the matrices

T ., .G
RCy RC4 (02 + 03)
P = _ 1 1 Cy , (3.49&)
R(C2 + Cg) Cy + Cs R(Cz + 03)2
i 0 0 -1
[1 0 0
01 &
Q= Co+Cs |, (3.49b)
Oy
0-—1
Cy+Cs

which transform it to the canonical form (1.52) with

1 1

RO, RC,
1 B 1 g

R(CQ + Cg) R(CQ + C3)
N:[O], 77,1:2, ?’7,2:1.

A =

Using the matrix B given by (3.46), (3.49) and (1.53c) we obtain
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1 B Cy
B RC, RC1(Cy + C3)
[ Bl} =PB=| 1 C
? R(Cy+C3)  R(Ch+ Cs)
0 ~1

Using (1.54) we obtain x4 (t) of the fractional circuit for any initial condi-
tion x19 € R™ and an arbitrary input u(¢).
From (1.59) we have
T2 (t) = —Bgu(t),
since N = [0].
Taking into account (1.60) and (1.61) we may compute any currents and
voltages in singular fractional linear electrical circuit shown in Figure 3.1.

In the same way we may find currents in the supercoils and of the descriptor
fractional electrical circuit shown in Figure 3.1.

3.3 Polynomial Approach to Fractional Descriptor
Electrical Circuits

First the essensce of the polynomial approach will be shown on the following
example.

Example 3.8. Consider the fractional descriptor electrical circuit shown
in Figure 3.3 with given resistances Ry, Rp; inductances Ly, Lo and source
current 7.

Ry Ry

Ly I:T i Lo

Z'1 ig

Fig. 3.3 Fractional electrical circuit of Example 3.8

Using Kirchhoff’s laws we can write the equations

d?i, ‘ dPiy ‘
Ly at? + Ryii1 = Lo dt? + Roio, (3.50&)
1, = 11 + 1o. (3.501?))

The equations (3.50) can be written in the form (1.49a)
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d? i, i1
E Sl =A. Bi
dtf Lz iy] TP
where

o5 a-[ o)

Defining

Ey=[Ly —Ly], A1 =[-R:i Ry,
Ay =[-1-1], By =[0], Bx=[1]

we can write the equation (3.51) in the form

d? Tiy i1 :
E1 dtﬁ |:7/2:| —Al l:iz +Bllz

and
11 .
0= A, |: ] + Byi.
L2
The S-order fractional differentiation of (3.52b) yields

d? Tiy dPi.
0=42 11 M B2 s

From (3.52a) and (3.53) we have
Ey ] d° [iy A1 [in Bl . 0] d%,
= |+ 1, + .
—Ag| dtB |io 0] [i2 0 Bsy| dtB
Note that the matrix
By ] |L1 =Ly
Al T |11

is nonsingular and premultiplying (3.54) by its inverse we obtain

d? [iy - [i1 _ o df,
dt8 [iz =4 li2 +Boia + B gy

where

101

(3.51a)

(3.51D)

(3.52a)

(3.52b)

(3.53)

(3.54)

(3.55)

(3.56a)
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A_'El"1 [A]  [Li—L] '[-RiR] 1 [-R, R
__—Ag_ _0___]. ]._ _0 0 _L1+L2 Ry —Rs|’
7 [ E )N [B] [L—Ly] o] o
07 -4 |o| |1 1] o] |o)°
B_'El'*l'o'_'Ll—LQ'*l'o_ 1 (L
17_—142_ _Bg_i_l 1 ] _1 7L1—‘,—L2 L1 ’
(3.56b)

The standard equation (3.56a) can be also obtained from the equation
(3.54) by reducing the matrix (3.55) to the identity matrix I» using the ele-
mentary row operations (see Appendix B)

L[1+2><L2},L[1>< L2+1x(-1)]. (3.57)

o
Li+ Ly |’

Performing the elementary row operations (3.57) on the matrix [(1) s%] we

obtain the polynomial matrix

1 1 s°L
BY _ 2
L=, 0, [_1 SBLI] (3.58)

satisfying the equalities

L (SB) [E55 _ A] 1 { 1 SBLQ} {SﬁLl + Ry —s°Ly — Ry

T L+ Ly |—15°L, 1 1
Sﬁ+ Rl N RZ
_ Li+ Lo Ly+Ly | _ [Ips — A]
Ry 54 Rs ’

— s
Ly + Lo Ly + Ly

1 1 sPL 0

8 _ 2

L (S ) B _L1 + Lo |:1 SBLI:l |:1:|

SB L2 = =
= = [By + B1s”].
L1—|—L2 |:L1:| [ O+ 1S ]

Therefore, the reduction of the matrix (3.55) to identity matrix
by the use of elementary row operations (3.57) is equivalent to premulti-
plication of the equation

[Es” — A] X = BU

by the polynomial matrix of elementary row operations (3.58),

where X = L [;1}, U= Li].
2
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In general case let us consider the continuous-time fractional linear system
described by the state equation (1.49a).

It is assumed that detE = 0 but the pencil of matrices (F, A) is regular,
i.e. condition (1.51) is met.

Applying to (1.49a) the Laplace transform for zero initial conditions we ob-

tain the equation
[Es* — A] X = BU, (3.59)

where X = L[z(t)], U = L [u(t))].
Theorem 3.8. There exists a nonsingular polynomial matriz
L(s*)= Lo+ L1s" +--- 4 L,s", (3.60)

where [ is the nilpotency index of the pair (E,A) (see Appendiz C),
such that -
L(s*) [Es® — A] = [I,,s* — A] (3.61)

if and only if the pencil (E, A) is regular, i.e. the condition (1.51) is met.
Proof. The matrix [Hnso‘ — A] is nonsingular for every matrix A € R"*".

From (3.61) and (1.51) it follows that the polynomial matrix (3.60) is non-
singular. Using elementary row operations the singular matrix F can be al-

ways reduced to the form {%1}, where Eq has the full row rank 1 and L;

is the matrix of elementary row operations.
Premultiplying (3.59) by L1 we obtain

o _ Eys® — A4 o By

Li[Es® — Al X = [ A, }X [Bz U, (3.62a)
where
E A I B m
LE = {01} , L1A = {Aj , By, A e R 1B = {Bj , By e RTX™,
(3.62b)
Using (3.62) we can write the equation (1.49a) in the form
da

B dtf = Az + Biu, (3.63a)
0 = Asx + Bou. (363b)

The a-order fractional differentiation of (3.63b) yields

d%z d*u

0=A B . 3.64
2 gte TP qpe (3.64)
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From (3.63a) and (3.64) we have

El dal’ o A] Bl 0 do‘u
{_Az] dtQMH[O wt | g G (3.65)
If the matrix { Ej ] is nonsingular then from (3.65) we have
— Az

d%x - _ _ d%u
=A B B
dte 12 + Biou + Bi11 de

where

-1 —1 -1
- | B Aq = | B B, = | B 0
A R A i R A A

If the matrix [ ! } is singular then using elementary row operations

Ay

we may reduce this matrix to the form

E |  |Es
SEANEE
where ro = rankFs > rankFE; and we repeat the procedure.

Tt is well known that if the condition (1.51) is satisfied then after p steps
of the procedure we obtain the nonsingular matrix

E,
{_ AJ . (3.67)
Premultiplying the equation

{ E, ] dw _ [Am_l] - {BM_LO] s [Bﬂ_lvl] olf)éu+m+ {Bo } dHey

_AQ,LL dt> 0 0 Bu,l dt> s ft dtre
(3.68)
—1
by the inverse matrix [ AH ] we obtain the desired equation
— Ay,
d%z - _ _ d%u _ d*u
dro = Az + Bou + By e +---+ B, Jpho (3.69a)
where
-1 -1
A = EH A2u—1 B() _ EH BH—LO
K —Ay, 0 ’ —Ay, 0 ’
(3.69b)
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The standard equation (3.69a) can be also obtained from the equation
(3.68) by reducing the matrix (3.67) to the indentity matrix I,, using the el-
ementary row operations (Appendix B) and this is equivalent to premultipli-
cation of the equation (3.68) by suitable matrix of elementary row operations

E, | _
L[ 5]

The desired polynomial matrix of elementary row operations (3.60)
is given by

I
L(s*) = L, | [ diag [I,, T, 5]
i=1

Note that the matrix I,,_,, s* corresponds to the fractional differentiation
of the algebraic equations. a

The considerations can be easily extended to the linear electrical circuits
described by the state equation with different fractional orders.

Example 3.9. Consider the fractional descriptor electrical circuit shown
in Figure 3.4 with given resistances R, R, Rs; inductances Ly, Lo, Ls;
capacitance C' and source voltages e, es.

o1

€1 €2

Q::T:

Fig. 3.4 Fractional electrical circuit of Example 3.9

Using Kirchhoff’s laws we can write the equations

d?iy , d%is ,
=N aes + Rqii1 + L3 qeh + R3is, (370&)
d%iy , d%is ‘
es = Lo Ath + Rsis — Lg Ath — Rgigz, (37013)
i3 =11 — l2, (3.70c¢)

u = e+ es. (370d)
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The equations (3.70) can be written in the form

44,
de?
d%i, i1
pldf | — 4| +B{61], (3.71a)
dPisg 3 €2
des b
d*u
L dte |
where
Li 0 Ls O —Ry 0 —R3 0 10
|0 Ly —L30 | 0 =Ry Rz O |01
E_OOOO’A_1—1—10’3_00'(3'71]0)
00 00 0 0 0 -1 11
The pencil (E, A) is regular, since
SﬁLl—i-Rl 0 SﬁLg—i-Rg 0
H3Sﬂ 0 N 0 S’BLQ + Ry —S’BL;; —R30
det{E[ 0 sa]_A}_ -1 1 1 1
0 0 0 1

=(s"L1 + Ry) [s"(La + L3) + R3 + R3]
+(sPLs + R3)(s°La + Ry) #0.
Denoting

g [l 0 Ls 0 4[RO —Rs0
V=10 Ly —L30]7 “P 7| 0 =Ry Ry 0|’

1-1-10 10 00
AQ_{OO 01]’ Bl_[OJ’ BQ‘LJ

we can write the equation (3.71a) in the form

dPi; ]
des
dBiy i1
By C‘ligf | = A Z +B E;] (3.72a)
dts u
d%u
L dte
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€1

+ By { ] . (3.72b)
€2

The [-order fractional differentiation of the first equation of (3.72b)

and a-order fractional differentiation

of the second equation of (3.72b) yield

4%,
dtP
dﬂig dﬁel
0=4d, | 4| 4, | 4 (3.73)
dﬂig d%es
des dt>
d*u
L dt> |
From (3.72a) and (3.73) we have
i, ]
dt?
dﬁ’ig (51 dﬁel
Ey deB A 12 By |ey 0 diB
= . 3.74
[—AJ dPiy {0 is| TL0] |ea] T Bo] | e, (3.74)
de8 U dte
d%u
L dte |
The matrix
L; 0 L3 O
Ei| |0 Ly—-L30
{—AJ T |-11 1 0 (3.75)
00 01
is nonsingular and premultiplying (3.74) by its inverse we obtain
P,
dtP
dﬁig i1 d'Bel
dtp |22 erl , » | dtf
=A|°|+8B + B 3.76a
dPi, 3 0 LJ ! d%eq ( )
deB u dee
du
L dte |
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where

SEA

—R1(L2 + Lg) —RoLs —Rs3Lo 0
_ 1 —Ri1Ls 7R2(L1 + Lg) R34 0
L —RL, RoLy —R3(L1+ L) 0}’
0 0 0 0
) Lo+ Ly Ls
= E; - By _1 Ls L+ L3
N O e ——
0 0
. 00
= | B - 0O 100
Bl{—AQ] {Bz] 00|’
11

where L = Ll(Lz + Lg) + LoLs.

The standard equation (3.76a) can be also obtained from the equation
(3.74) by reducing the matrix (3.75) to the identity matrix I using elemen-
tary row operations

L Lo+ Ls
L[1+3 —L LI2+3x Ls|, L |{1+2 L1
43 (<L)l 243 x L 12 B0 Lop i TR

L24+1x Ls], LI3+1x1], L|2X
24 1% Dal, L34 1x 1) L [2x L

} L[3+2x (—1)).
(3.77)

Using the elementary row operations (3.77) on the matrix

100 0
0100
00s% 0
000 s*

we obtain the polynomial matrix

Lo+ Ls L3 —LyLss® 0

1 Ly Li+Ls LiL3s? 0

L Lo —Li LiLys? 0
0 0 0  Ls*

satisfying the equation
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L [so‘, 56] [Ediag (sﬁ, s, $P, 5“) — A] = diag (sB, sP s, so‘) — A

3.4 Positive Descriptor Fractional Electrical Circuits

Consider the autonomous fractional descriptor continuous-time linear system
[75]
dOé
Edta x(t) = Ax(t), (3.78)

where dt: is the a-order (0 < a < 1) fractional derivative described by

(1.9), x(t) € R™ is the state vector and E, A € R"*™.
Tt is assumed that detE = 0 but the pencil (E, A) is regular, i.e.

det[Es® — A] #0, for some seC.

Assuming that for some chosen ¢ € R, det [F'c — A] # 0 and premultiplying
(3.78) by [Ec — A]™" we obtain

_de ~
Edt“ x(t) = Ax(t), (3.79a)

where - ~
E=[Ec—A"'E, A=|[Ec— A "A. (3.79b)

Note that the equations (3.78) and (3.79a) have the same solution z(t).
From Theorem 1.16 we obtain the following theorem.

Theorem 3.9. The solution to the equation (3.78) is given by

z(t) = &o(t) FEPw, (3.80a)
where Dk
B (t) = kZ=O <f( ka)+t1) (3.80b)

and the vector w € R™ is arbitrary.
From (3.80a) we have 2(0) = o = EEPw and 29 € InEEP.

Lemma 3.2. [71] The matrix $o(t) defined by (3.80b) is nonsingular
for any matrix A € R"*" and time ¢ > 0.

Theorem 3.10. Let

P=EEP, (3.81a)
Q=FEPA. (3.81b)

Then
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Pt=P for k=2,3,...; (3.82a)
PQ =QP=Q; (3.82b)
PEP = EP (3.82c)
Pdy(t) = Po(t). (3.82d)

Proof. Using (3.81a), (D.2a) and (D.2b) (see Appendix D) we obtain
P?=EEPEEP = EEP
and by induction
Pk=pk2p2_prt-l—...=P for k=3,4,... .
Using (3.81) we have
PQ=EEPEPA=EPEEPA=EPA=Q

and
QP = EPAEEP = EPEEPA=FEPA = Q.

Using (3.81a) and (D.2a) we obtain
PEP = EEPEP = EPEEP = EP.

Using (3.80b), (3.81a) and taking into account (D.2a) we have

(EPA) ke = (EPA)" ke
D _ D D
Pao(t) =EE Z I(ka+1) *kzz BETETA I(ka+1)
0 EDA) tk:a
E: = By(t).
= I'(ka+1)

O

Definition 3.3. [71, 93] The fractional descriptor system (3.78) is called (in-
ternally) positive if the state vector z(t) € R}, ¢ > 0 for all initial conditions
xo € Ri

Theorem 3.11. [71, 93] The fractional descriptor system (3.78) is (inter-
nally) positive if and only if

EPA e M,. (3.83)
The proof of this theorem is similar to the proof of Theorem 1.9.
Lemma 3.3. If there exists a nonnegative vector v € R* such that

vI'E =0,
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then -
WTEP = 0.

Proof. Taking into account that £ = VW ((D.7) in Appendix D) and

EP =V [WEV]™'W

we obtain - - .
oI EP =0TV [WEV] T W =0,

since vTV = 0. O

Consider the fractional electrical circuits composed of resistors, conden-
sators, coils and voltage (current) sources. It is well-known that such electri-
cal circuits can be described by the equation (1.49a) if as the state variables
(components of the state vector z(t)) the voltages on the condensators and
currents in the coils are chosen [44, 71].

It will be shown that the fractional descriptor electrical circuits are linear
systems with regular pencils.

Theorem 3.12. Every electrical circuit is a descriptor fractional system
if it contains at least one mesh consisting of branches with only ideal ca-
pacitors and voltage sources or at least one node with branches with coils.

Proof. If the fractional electrical circuits contains at least one mesh con-
sisting of branches with ideal capacitors and voltage sources, then the rows
of the matrix E corresponding to the meshes are zero rows and the matrix F
is singular. If the fractional electrical circuit contains at least one node with
branches with coils, then the equations written on Kirchhoff’s current law for
these nodes are algebraic ones and the corresponding rows of E are zero rows
and it is singular. a
Theorem 3.13. Every fractional descriptor electrical circuit is a linear sys-
tem with regular pencil.

Proof. Tt is well-known [44, 71] that for a fractional descriptor electrical cir-
cuit with n branches and ¢ nodes using current Kirchhoff’s law we can write
q — 1 algebraic equations and using the voltage Kirchhoft’s law n — g+ 1 frac-
tional differential equations. The equalities are linearly independent and can
be written in the form (1.49a). From linear independence of the equations it
follows that the condition (1.51) is satisfied and the pencil of the fractional
electrical circuit is regular. a
Theorem 3.14. The autonomous fractional descriptor linear electrical cir-
cuit described by (3.78) is positive if and only if the condition (3.83) is sat-
1sfied.

The proof follows immediately from Theorem 3.11.

Example 3.10. Consider the fractional descriptor electrical circuit shown
in Figure 3.5 with given resistance R, capacitances C7, C5 and the source
voltage e.
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R

SQZZT U C’l}TT Ul

Fig. 3.5 Fractional electrical circuit of Example 3.10

Using Kirchhoff’s laws we can write the equations

dOt
e = RC} dtqil + uq, (3.84a)
e = up. (3.84b)

The equations (3.84) can be written in the form (1.49a)

de uyr| Ul
Edta [UJ =A Léz] + Be, (3.85a)
where o
_|RC1 0 -1 0 1
e[ a[d 0] -] e
The electrical circuit is regular, since
det [Es® — A] = ’RCH% Nk (1)‘ = RCys® +140.

In this case we choose ¢ = 0 and using (3.79b) and (3.85b) we obtain

E=[Ec— A 'E=[-A"'E=E= {Rcl O] ,

0 0

A—[Be— A" A—[-A ' A= 4= {1 0}

0 —1
and
L 0 L 0
EP = |RC, | €R¥>?, EPA=| R, | € My. (3.86)
0 0 0 0

Therefore, by Theorem 3.11 the fractional descriptor electrical circuit is
positive.

Example 3.11. (continuation of Example 3.8) Consider the fractional de-
scriptor electrical circuit shown in Figure 3.3 with state equation matrices
given by (3.51b).
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The electrical circuit is regular, since

_ L1$B+R1 7L286*R2

det [Esﬁ - A] 1 1

= (L1 + Ly)s® + Ry + Ry # 0.

In this case we choose ¢ = 0 and using (3.79b) and (3.51b) we obtain

E=[Be— A 'E=[-A'E= ' {Ll —La

= 3-87
R + R> -1y Lz:|7 ( a)

A=[Be— A A=A A= [—01 _OJ . (3.87h)

To compute the Drazin inverse of the matrix (3.87a) we use the procedure
given in Appendix D and we obtain

1
R+ Ry

1

E=VW, V‘L

] , W= (L1 —Lo] (3.88a)

and

EP =V [WEV]'W

- {—11] 1(31 iRQ)Z [ =L {—LLll _Llf] {—11H

Ry, Pl

(3.88D)

_ 1 Ly —Lo
o I (L1 + Lz) Ly Ly |~
Taking into account (3.87b) and (3.88) we obtain

_ 1 Ly —Ls| |—1 0
EPA=
Ly (Ll + Lg) |:—L1 Lo :| |: 0 —1:|

1 —L; Lo
L1 (Ll + Lz) Ll _L2

:|€M2

for any values of Ly and L.
Therefore, by Theorem 3.11 the fractional descriptor electrical circuit is
positive.

The considerations can be easily extended to fractional descriptor positive
electrical circuits composed of resistances, inductances, capacitances and volt-
age (current) sources.
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3.4.1 Pointwise Completeness and Pointwise
Degeneracy of Positive Fractional Descriptor
Electrical Circuits

Definition 3.4. The positive fractional descriptor electrical circuit described
by (3.78) is called pointwise complete for ¢ = ¢y if for every final state
zy € R there exists a vector of initial conditions zy € Im (E'E‘D ) C R}
such that z(t;) = zy € R,

Theorem 3.15. The positive fractional descriptor electrical circuit (3.78) is
pointwise complete for any t = t; and every final state xy € R’ belonging
to the set

xy € Im [Dg(ty)xo] C RY

if and only if Po(ty) € RY™ is a monomial matriz.

Proof. Substituting in (3.80a) ¢ = t; we obtain

Ty = 1’(tf) = @O(tf)l'o (3.89)
and
zo = [@o(ty)] " x5 € RY,
since the matrix @(t) is monomial and [®(t;)] " € R a

Definition 3.5. The positive fractional descriptor electrical circuit (3.78)
is called pointwise degenerated in the direction v for ¢ = t; if there
exists a nonzero vector v € R" such that for all initial conditions
zo € Im (EED) C R the condition

vz =0 (3.90)
is satisfied.

Theorem 3.16. The positive fractional descriptor electrical circuit (3.78) is
pointwise degenerated in the direction v defined by

vI'E =0 (3.91)
for any ty > 0 and all initial conditions xo € Im (EED) CR7Y.

Proof. Postmultiplying (3.91) by EPw and using z9 = EEPw and (3.90)
we obtain

VIEEPw =02y = 0.

Taking into account (3.80b), (3.89) and (3.91) we obtain
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EDA) tka

rka+1) *°

vz = ol ®(ty)x

ad ’UTEED (EDA) the
I'ka+1) o

= vTxO -+

k=1
since (D.2b) and (3.91) holds. O

Example 3.12. (continuation of Example 3.10)
In this case the set of admissible (consistent) initial conditions
has the form

1
zo = EEPw = {Rol O] RCy 0 {“’1] = {xw] , (3.92)
0 0 wWa 0
0 O
where 19 = wy > 0 is arbitrary.
Using (3.89), (3.80b), (3.92) and (3.86)
< (EPA)" the
s =at) = utip =3 G P
- k
oo tkoz ( ]. ) r
f — 0] [*10
- Z RCy } 3.93
2 I(ko+1) oL (3.93)

SR ( 1 )’“x i .
_ - 10 — 2
72::F(/m+1) Ry {O]GR*

Therefore, the fractional descriptor electrical circuit is pointwise complete
for any ty and every final state (3.93) for all values of R and C.

The electrical circuit is pointwise degenerated in the direction v = [0 1}2]
(vg - arbitrary), since from (3.91) we have

RC1 0

oTE = [0r ] [ o0

} = [0 0] for v1 = 0 and arbitrary vs. (3.94)
Using (3.93) and (3.94) we obtain

UTZ‘f = [0 Ug] |:x61:| =0.

Therefore, the electrical circuit is degenerated in the direction
ol = [0 112] for all values of R and C;.



Chapter 4

Stability of Positive Standard Linear
Electrical Circuits

4.1 Stability of Positive Electrical Circuits

Consider a linear electrical circuits composed of resistors, coils, capaci-
tors and voltage (current) sources. Using Kirchhoff’s laws we may de-
scribe the transient states in almost all electrical circuits by state equations
[1, 44, 47, 68, 71, 115, 172, 191]

d‘fi(tt) — Au(t) + Bul(t), (4.1a)
y(t) = Cx(t) + Du(t), (4.1b)

where z(t) € R™, u(t) € R™, y(t) € RP are the state, input and output
vectors and A € R"*" B e R"*™ (C € RP*" D e RP*™,

As the state variables 1 (t),..., 2, (t), (the components of (t)) the currents
in the coils and voltages on the condensators are chosen, the components
of the input vector u(t) are source voltages or source currents and the com-
ponents of the output vectors y(t) are currents and voltages of the electrical
circuit.

Definition 4.1. The electrical circuit described by the equations (4.1)
(shortly electrical circuit (4.1) ) is called (internally) positive if for any
z(0) = o € R} and every u(t) € R7, t > 0 we have z(t) € R} and
y(t) e RE, t > 0.

Theorem 4.1. [30, /7] The electrical circuit (4.1) is positive if and only if
Ae M, BeRY™, CeRE" DeRY™.

Definition 4.2. The positive electrical circuit (4.1) is called asymptotically
stable if

. _ n
tliglo x(t) =0 forany mze€RY.
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The positive electrical circuit will be called unstable if it is not asymptot-
ically stable.

Theorem 4.2. [30, /7] The positive electrical circuit (4.1) is asymptotically
stable if and only if

Resy <0 for k=1,2,...,n;

where s, k = 1,2,...,n are the eigenvalues (not necessarily distinct)
of the Metzler matriv A = [a;jli=1,....n, i.e. the zeros of the polynomial
j=Lim

det [I,,s — A] = s" + n_18"" L+ ...+ a1s+ ao,

n 4.2
Ap_1 :traceA:Zaii, ooy ag =det [—A]. (42)

i=1

Lemma 4.1. The positive electrical circuit (4.1) is asymptotically unstable
if

detA = 0. (4.3)

Proof. From (4.2) and detA = s152---s, it follows that if (4.3) holds,
then at least one eigenvalue of the matrix A is zero. By Theorem 4.2
the positive electrical circuit (4.1) is unstable. O

4.2 Positive Unstable R, L, e Electrical Circuits

In this section, following [73], a class of R, L, e electrical circuits composed
of resistors with resistances R;, ¢ = 1,2,...,qg; coils with inductances L;,
j=1,2,...,qr and source voltages ex, kK = 1,2,...,m, which are unstable
for all values of R;, L; will be proposed.

Example 4.1. Consider the electrical circuit shown in Figure 4.1 with given
resistances Ry, Rs, inductances L1, Lo and source voltages e, es.

€1 €9

Fig. 4.1 Electrical circuit of Example 4.1
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Using Kirchhoff’s laws we obtain the following equations

d4i
e1 = (Ry 4+ Rz2) i1 — Rois + Ly 217
dt
& (4.4)
ey = —Roiy + Roio+ Lo -
dt
The equations (4.4) can be written in the form
dfi] _ g [in] 4 gle] (4.52)
dt |iz io e2]’ '
where
R+ Ry Ry !
_ Ly Ly _ | Iy
A= Ry B B= . 1
L2 L2 L L2

By Theorem 4.1 the electrical circuit is positive for all values of Ry, Ro
and nonzero L1, Lo, since A € M> and B € Ri“.

Note that
- Ri+ Ry Ry B Ry Ry
L1 L1 L1 L1 Rl RZ
= = = . 4.
detd Ry Ry 0 — Ry Ly Lo (4.6)
Lo Lo Lo

From (4.6) it follows that
detA =0 if at least one of Ry, Ry is zero.

Therefore, the electrical circuit shown in Figure 4.1 is positive and unstable
for Ry = 0 and all values of Ry and nonzero L1, Ls or for Ry = 0 and all values
of Ry and nonzero Ly, Ls.

Note that the positive electrical circuit is unstable if it has at least one
mesh containing only inductances and source voltages.

Example 4.2. Consider the electrical circuit shown in Figure 4.2 with given

resistances Ry, R2, Rs, inductances Ly, Lo, L3 and source voltages ey, es.
Using Kirchhoff’s laws we obtain the following equations

diq

dt’

0=— Rois + (R2 + Rg) 19 — R3is + Lo

dis

dt’

el = (R1 + Rz) i1 — Roio + Ly
di

2
4.7
o (4.7)

ez = — R3is + R3iz + L3
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Rl il L2 ig i3
Ly Ry Rs Lj
< L
€1 €2

Fig. 4.2 Electrical circuit of Example 4.2

The equations (4.7) can be written in the form

d Z.l Z‘l €1
dt 12 =A ’%2 +B|:€2:|,

i3 13
where

R+ Ry Ry 0 .
Ly Ly I 0

R Ry + Rs Rs3 1
A= — , B=10 0
L2 L2 L2 0 1
0 R R Ls

L3 L3

By Theorem 4.1 the electrical circuit is positive for all values of Ry, Ro,
R3 and nonzero Li, Lo, L3, since A € M3 and B € Rixz.

Note that
B Ri1+ Ro Ry 0 Ri1 Rs 0
L1 L1 Ll Ll
Rs Ry + Rs R Rs Rs3 R1R5R3
detA = — _ - _ )
¢ Ly Lo Ly 0 Ly Ly LiLoL3
R3 R3 R3
0 I — L 0 0 - L
(4.9)

From (4.9) it follows that

detA =0 if at least one of Ry, Ro, R3 is zero.

Therefore, the electrical circuit shown in Figure 4.2 is positive and unstable
for Ry = 0 and all values of Ry, R3 and nonzero L1, Lo, L3 or for Ry = 0
and all values of Ry, Rz, L1, Lo, L3z or R3 = 0 and all values of Ry, Ro, L1,
Lo, Ls.

Note that the positive circuit is unstable if it has at least one mesh con-
taining only inductances and source voltages. It is easy to check that if two
of the resistances R, Ry, R3 are zero then the matrix A has a double zero
eigenvalue (s = s2 = 0).
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Example 4.3. Consider the electrical circuit shown in Figure 4.3 with given
resistances R, Rs, R3, R4; inductances Ly, Lo, L3, L4 and source voltages
€1, €2, €3.

Fig. 4.3 Electrical circuit of Example 4.3

Using Kirchhoff’s laws we obtain the following equations

di

e = (R1 + RQ) i1 — Roio — Ryig + L1 dtl,
. . . dis
0=—Roi1 + (R2 + Rd) 19 — Rais + Lo qt

) (4.10)
. . ng
ey = —Rgio + Raiz + L3 ,
dt
&
€2 +es =—Ryiy — Rsio+ (R1+ R+ Ra)ia+ Ly dZ;

The equations (4.10) can be written in the form

11 11
d iy io “
. =A\. + B |es s
dt |3 3 e
14 14 3

where
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[ Ri+ Ry Ry 0 Ry i
Ly Ly Ly
R> _R2 + Rs R3 0
A= Lo Ly Ly
0 R _ B 0 ’
L3 L3
Iy R3 0 _Ri+Rs+ Ry
L Ly Ly Ly i
1o o
Ly
0 0 O
B=1y Ll 0
. 1
L Ly Ly

By Theorem 4.1 the electrical circuit is positive for all values of Ry, Ro,
R3, R4 and nonzero Ly, Lo, L3, Ly, since A € M4 and B € Riw.
Note that

B R+ Ro Ry 0 R,
Ly Ly L
Rs B Ro+ R3 Rg3 0
detA = Ly Ly Ly
0 By _Bs 0
L3 L3
Ry R3 0 Ri+ Rs+ Ry
Ly Ly Ly
nom (4.12)
L, Ly
0 Ry Ry
B Ly Lo  RiRaR3Ry
0 0 _ RS 0 L1L2L3L4 ’
L3
Ry +R3 Rj3 0 — Ry
Ly Ly Ly

From (4.12) it follows that
detA =0 if at least one of Ry, Ra, R3, Ry is zero.

Therefore, the electrical circuit shown in Figure 4.3 is positive and un-
stable for one zero resistance and for all values of the remaining resistances
and all values of nonzero inductances.

The positive circuit is unstable if it has at least one mesh containing
only inductances and source voltages.
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Thus, in general case we have the following theorem.

Theorem 4.3. The positive electrical circuit of R, L, e type is unstable
if it has at least one mesh containing only coils and voltage sources.

Proof. To simplify the notation the proof will be accomplished for the positive
circuit shown in Figure 4.3 (n = 4).

The stability is independent of the inputs and we may assume e, = 0,
k=1,2,3. If Ry = 0 then for the mesh containing inductances Lq, Lo, L3
we have

ds di dig

Ly " +Ly 4Ls > =0
tar TR ar T
and this implies linear dependence of rows (and columns) of the matrix A
and detA = 0. By Lemma 4.1 the positive electrical circuit is unstable. O

4.3 Positive Unstable G, C, i, Electrical Circuit

In this subsection, following [73], a class of G, C, i, electrical circuits com-
posed of resistors with conductances G;, i = 1,2, ..., qq; condensators with
capacitance Cj, j = 1,2,...,qc and source currents iz, k = 1,2,...,m;
which are positive and unstable for all values of G;, C; will be proposed.
These considerations are similar (dual) to the considerations in subsection
4.2.

Example 4.4. Consider the electrical circuit shown in Figure 4.4 with given
conductances G, Ga; capacitances C7, Cy and source currents is1, is2.

| —
| S|

G

isl ClzzTul 102::TU2 Go isz

Fig. 4.4 Electrical circuit of Example 4.4

Using Kirchhoft’s laws we obtain the following equations

. du
i1 =G (ur —ug) + Ch dtl’

du (4.13)
ig0 = —Giuy + (Gl + Gz) ug + Co d;.

The equations (4.13) can be written in the form

d |uy Uy Ts1
=A Bl
dt {uz] {uz} M {152 '
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where
Gy G1 1
_ Cl Cl _ Cl
Sla il BT
Cy Csy C2

By Theorem 4.1 the electrical circuit is positive for all values of G1, G4
and nonzero Cq, Cso, since A € My and B € Rixz.

Note that
G1 G1 Gl 0
e Ch e G1G
frng = = . 4.1
detd Gy 7G1 + G2 Gy B Go C1Cy (4.15)
Cs Oy Cy C

From (4.15) it follows that
detA =0 if at least one of GGy, G5 is zero.

Therefore, the electrical circuit shown in Figure 4.4 is positive and unstable
for G = 0 and all values of G5 and nonzero C7, C5 or for G5 = 0 and all values
of G1, C1, Cs. If G3 = 0 then positive unstable circuit has one node with
branches containing only condensators and current sources.

Example 4.5. Consider the electrical circuit shown in Figure 4.5 with given
conductances G1, G2, GG3; capacitances C7, Cy, C3 and source currents i1,
g2

1 1
| I | I
Go G3

isl Gy ClzzTul C2::TU2 03:21u3 Us2

Fig. 4.5 Electrical circuit of Example 4.5

Using Kirchhoff’s laws we obtain the following equations

d
is1 = (G1 4+ G2)us — Gaug + C ;tl,
dU2
0 =— Gaus + (G2 + G3) us — Gauz + C Qe (4.16)

dus
ig9 = — G3us + Gausg + C3 dtdl

The equations (4.16) can be written in the form
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U1 uy .
d us| = A |us —&-Bl:Z‘Sl:l,

dt U3 us 152
where
G1+ Go Gy

o C, c 0

Go G+ Gs Gs !
A= — , B=10 0
Cy Co Co 1

G3 G3

0 — C
Cy Cy °

By Theorem 4.1 the electrical circuit is positive for all values of G1, Ga,
(i3 and nonzero Cy, Cy, C3, since A € M3 and B € R‘rj_xz.

Note that
B G1+ Gy Gy 0
(& 4
Go Gy +G3 Gz
A= —
det o C X
0 Gs 7G3
Cs Cs
_G1 Gy . (4.18)
cy 4
I _Gg Gs | _G1G2G3
- Cy Co | C102C5°
G3
0 0 —03

From (4.18) it follows that
detA =0 if at least one of G1, G2, G3 is zero.

Therefore, the electrical circuit shown on Figure 4.5 is positive and unsta-
ble for G; = 0 and all values of G5, G'3 and nonzero C7, Cs, C3 or for Gy =0
and all values of G, G3, Cy, Co, C3 or G3 = 0 and all values of Gy, G1, C1,
Cy, Cs.

The positive circuit is unstable if G; = 0. In this case circuit has one node
with branches containing only condensators and current sources.

In general case we have the following theorem.

Theorem 4.4. The positive electrical circuit G, C, is type is unstable
if it has at least one node with branches containing only condensators and cur-
rent sources.

Proof is similar to the proof of Theorem 4.3.
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4.4 Positive Unstable R, L, C, e Type
Electrical Circuits

In this section, following [73], a class of R, L, C, e electrical circuits com-
posed of resistors with resistances R;, i = 1,2,. .., qg; coils with inductances
L;, j = 1,2,...,qr; condensators with capacitances Cy, k = 1,2,...,qc
and source voltages e;, | = 1,2,...,m, which are positive and unstable
for all values of parameters will be proposed.

Example 4.6. Consider the electrical circuit shown in Figure 4.6 with given
resistance Ry, conductance G, inductance L, capacitance C' and source volt-
age e.

Fig. 4.6 Electrical circuit of Example 4.6

Using Kirchhoff’s laws we obtain the following equations

e:Ru’—&—sz,
., Cdu (4.19)
o Gy dt’

The equations (4.19) can be written in the form

d |4 i
ol =2 L] =2

where 1
R

_ Ll 0 I

4= 0 - Gu» b= G1

¢ C

The electrical circuit is positive for all values of R;, Gi
and nonzero L, C, since A € M and B € Ri“.

From
oo RG
7 Gy
detA— 0 _Gl = LC

C
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it follows that
detA =0 if at least one of Ry, Gy are zero.

Therefore, the electrical circuit shown in Figure 4.6 is positive and un-
stable for Ry = 0 and all values of G; and nonzero L, C or for G; = 0
and all values of Ry and nonzero L, C.

Note that for Ry = 0 the circuit has one mesh containing only the induc-
tances and source voltages.

Following [68, 74| we will present the following example of positive electri-
cal circuit.

Example 4.7. Consider the electrical circuit shown in Figure 4.7 with given
resistances Ry, k = 1,2,...,8; inductances Lo, L4, Lg, Lg; capacitances C',
Cs, C5, C7 and source voltages e1, ea, ey, €g, €s.

<1 [ T
18 Rs /&'4 R4 R2 22 RG 16
Cr= Tu7 Cg_L T us T u1 u5T =G5
ng L

4 €1 L6§
Rs CT Ry

w1l I

eg €6
&L= &
—_ <+

Fig. 4.7 Electrical circuit of Example 4.7

Using Kirchhoff’s laws we can write the equations

d
e1 = U —I—RkC’k uk for k£=1,3,5,7;
d
e1+ej:RzJ+L]dt for j=24,6,8;
which can be written in the form
d |u U
y L] =A L] + Be, (4.22a)

where
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. el
U1 12 es
u=|" , 1= 2.4 , e=|es|, B—{Bl],
Us i es By
ur 18 es
. 1 1 1 1 Rs Ry R Rg
A:dlag - y T T T T T y )
R.Cy R3C3 R5C5 R7C7 Lo Ly Lg Lg
[ 1 000 0_ b 0 0 O ]
R.1CY Lo Lo
! 0000 ! 0 ! 0 0
By = R3C3 By — L4 L4
1 — 1 ) 2 — 1 1
0000 0 0 0
R5C5 L6 LG
1 1 1
0000 0 0 O
_R7C7 J _LS Lg

(4.22D)

From (4.22b) it follows that the matrix A is a Metzler matrix
and the matrix B has nonnegative entries. Therefore, the R, L, C' type elec-
trical circuit is positive for any values of the resistances, inductances and

capacitances.

In general case consider the electrical circuit shown in Figure 2.8
with given resistances Ro,R4,...,R,,; conductances Gi,Gs,...,Gp ;
inductances Lo, Ly, ..., Ly,; capacitances C,Cs,...,C,, and source
voltages e1,ea, ..., €n,.

Using Kirchhoff’s laws we can write the equations

e —u deuk
Lk G dt’
. di;
€j+60:Rij+Lj dtj
for k=1,3,...,n1; j =2,4,...,n9; which can be written in the form
el Z v 4 pe (4.23a)
de |i] i ’ ‘

where
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Uy 19 el
us i4 €9 Bl
u - b Z - : b e - b B - {B2] )
Uy, Tngy €nsy
" R R
A_dlag le G37 1) Gle_R27_ 47 ’ " 9
¢, C Cn,” Lo" Ly Ly,
_ _ _ - (4.23b)
Gy 0 0 1 1 0
81 112 Lo
2040 0 0
B =|Cs , By=|La Ly
L0--- 0 0 0 ---
_Cn1 | _Ln2 an .

From (4.23) it follows that the electrcal circuit is positive for all values
of the resistances and conductances and nonzero inductances and capaci-
tances.

Note that
detA = (—1)m+tn2 oty Bn,Gih Gs - Gy
LyoLy---Ly,CiC3---Chy,
and the positive electrical circuit is unstable if at least one of G1,Gs, ..., Gy,
or one of R, Ry,..., Ly, is zero for any nonzero values of C1,Cs,...,Cp,

and LQ, L47 ey Lng-

From the diagonal form of the matrix A it follows that the multiplicity
of its zero eigenvalues is equal to the number of zero conductances and resis-
tances.

If at least one of Ra, R4,...,L,, is zero then the positive electrical
circuit is unstable and it has at least one mesh consisting of branches
with only inductances and source voltages.

Therefore, we have the following theorem.

Theorem 4.5. The positive electrical circuit R, L, C, e type is unstable
if it has at least one mesh containing only the inductances and source voltages.

A similar (dual) theorem can be formulated for positive electrical circuits
having one node with branches consisting only of condensators and current
sources (Theorem 4.4).



Chapter 5

Reachability, Observability
and Reconstructability

of Fractional Positive
Electrical Circuits

and Their Decoupling Zeros

5.1 Decomposition of the Pairs (A, B) and (A, C)
of Linear Circuits

Consider the linear continuous-time electrical circuit described by the state
equations (4.1).

Definition 5.1. [44, 120] The electrical circuit (4.1) (or the pair (A,B)) is
called controllable in the time 0 < ¢y < oo if there exists an input u(t) € R™,
t € [0,tf], which steers the state of the system from initial state zg € R” to
any given final state xy € R”, i.e. z(ty) = xy.

Theorem 5.1. [}4, 120] The electrical circuit (4.1) is controllable in time
ty > 0 if and only if

rankC,, = rank [B AB --- A""!B| =n. (5.1)

Definition 5.2. observabilitylelectrical circuit [44] The electrical circuit (4.1)
(or the pair (A,C)) is called observable in the time t; > 0 if it is possible to
find unique initial state xo € R™ of the circuit knowing its input u(t) € R™
and its output y(t) € RP, ¢t € [0,ty].

Theorem 5.2. [44] The electrical circuit (4.1) is observable in time ty > 0
if and only if

C

CA

|
B

rank(O,, = rank (5.2)
C«A.n—l

Let the linear electrical circuit (or the pair (A4,B)) be uncontrollable and
rankC,, = n; < n.

Then it is always possible to choose no = n—mny linearly independent columns
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P’n1+1a"'ap’na

which are orthogonal to the linearly independent columns Pi, ..., P,, of the
matrix C,, such that the matrix

P=[P - Py Put1 - P, (5.3)

is nonsingular, i.e. det P # 0.
Using the matrix (5.3) we can reduce the pair (4, B) to the form

aopar= M4 s 5]

—_p-lp_
4] s

where the pair
A e Rm*™m - By ¢ Rm>™

is controllable and the pair
Ay e R™2X"2 - B, = () € R"2X™

is uncontrollable.

It can be easily shown [44, 115] that the transfer matrix of the circuit (4.1)
is equal to the transfer matrix of its controllable and observable part.

Let

Z(t) = P~a(t) = m?] , z(t) €ER™,  a9(t) €R™

be the new state vector and
y(t) = Cx(t) + Du(t) = CPP ' x(t) + Du(t) = Crz1(t) + Caza(t) + Du(t),

where

CP=[Cy Cy], CyeRP™,  (CpeRP™,
Theorem 5.3. The transfer matriz of the system (4.1)
T(s)=C[l,s— A 'B+D (5.5)
18 equal to the transfer matrixz of the controllable part
T(s) = Ci [Lnys — A1)~ B + D.

Proof. Substitution of (5.4) and (5.1) into (5.5) yields
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T(s) =C[lns = A" B+ D =CPP ' [Il,s = A] "' PP"'B+ D
=C [Is —P‘IAP]”BJFD

=[C1 & m’“s—ojhr1 Bas — Az}‘l} {Bl] P

=C [Lyys — 4] Bi+ D,

where * denotes an unimportant matrix.
Therefore, the transfer matrix (5.5) represents only controllable part of
the system. a

Similar (dual) results we have for the pair (4, C).
Let the system (4.1) (or the pair (A4, C)) be unobservable and

rankO,, = 11 < n.
Then it is always possible to choose 1o = n — 71 linearly independent rows

Qﬁ1+17 RN Qn7

which are orthogonal to the linearly independent rows Q1,...,Qs, of the
matrix O,, such that the matrix

is nonsingular, i.e. det@ # 0.
Using the matrix (5.6) we can reduce the pair (A, C) to the form

A 0

A=QAQ~ ! = [Am AJ , C=0cQ'=[C 0], (5.7)

where the pair
A eRMF Gy e RO
is observable and the pair

Ay e R™27™2 0y =0 € RP™

is unobservable.
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Let
B(t) = Qu(t) = Liil(t)] ,d1(t) ER™, do(t) € R™

be the new state vector and

QB _ |:gl:| , Bl c Rﬁlxm’ BZ c Rﬁzxm.
2

Theorem 5.4. The transfer matriz (5.5) of the system (4.1) is equal to the
transfer matrix

~ N 1 .
T(s) = Cy []Ims - Al} By + D.

of the observable part.

The proof of this theorem is similar (dual) to the proof of Theorem 5.3.

Let us consider the linear electrical circuits composed of resistors with re-
sistances R, coils with inductances L, capacitors with capacitance C' and
voltage and current sources. The circuits can be described by the state equa-
tions (4.1), where the state variables (the components of the state vector
x(t)) are the voltages across the capacitors and currents in coils and the in-
puts are the source voltages (currents). The outputs (the components of the
output vector y(¢)) can be chosen any voltage or current of the electrical
circuits.

It is also well-known [44, 115, 172] that the controllability and observ-
ability of linear systems are generic properties of the system, i.e. randomly
chosen pair (4, B) ((4,C)) is controllable (observable). Therefore, the class
of controllable and observable linear electrical circuits is very rich, i.e. any
randomly chosen electrical circuit is controllable and observable.

We shall show that the class of uncontrollable and unobservable linear elec-
trical circuits is enough rich. If the pair (A4, B) ((4, C)) of the linear electrical
circuit is uncontrollable (unobservable), then using the approach presented
above we may decompose the pair into controllable and uncontrollable (ob-
servable and unobservable) parts.

First the essence of the approach will be shown on the following examples.

Example 5.1. Consider the electrical circuit shown in Figure 5.1 with given
resistances Ry, k = 1,2,...,5; inductance L; capacitances C7, Cy and source
voltage e(t) = e.

As the state variables we choose the voltages w1, us on the capacitors and
the current in the coil. The source voltage e(t) is the input and as the output
we choose the voltage us, i.e. y(t) = ua(t).
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R R5
1—1 szl_lu 1 — 12
LI | IE—

R2 11 Z2 R3

1 Uy
—OF
L
e ¢

Fig. 5.1 Fractional electrical circuit of Example 5.1

Using Kirchhoff’s laws we may write the equations

. di . .
e = Rii+ Ldt + uy + Rot1 + R3io,

d
i=0 “1,
7/1 702 d +223
0 = Raiy +ug — Ry(i — 1),
O:Rgiz—UQ—R5(i—i2).

From equations (5.8d) and (5.8¢) we have

. R4i7u2

11 =

' R+ Ry
Rs5i + us

19 = .
R3 + Rs

Substituting (5.9) into (5.8a) and (5.8¢c) we obtain

d U1 U1
da U‘Q =A 7.L‘2 + Be,
1 7
where
0 0 a3 0
A= 0 agas|, B=10
as1 az2 ass b

and

135

(5.8a)
(5.8b)

(5.8¢)

(5.8d)
(5.8¢)

(5.9a)

(5.9b)
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a5 = 1 gy — Ry + R34+ Ry + Rs s — R3Ry — Ro 5
Cl7 CQ(RQ +R4)(R3 -%-R5)7 CQ(RQ +R4)(R3+R5)’
]. R2R5 - R3R4 1
BT T LRy + R)(Rs +Rs) L
s = — R1(R2 + R4)(R3 + R5) + R2R4(R3 + R5) + R3R5(R2 + R4).

L(Rs + R4)(R3 + Rs)
As the output y(t) we choose ug and we obtain
U1
y(t) = Cx(t) + Du(t) = [010] |us
7

and
Cz[OlO], D =[0].

We shall show that if the condition
R3Ry = RoRs (5.11)

is satisfied, then the electrical circuit is uncontrollable and unobservable.
Note that if (5.11) holds, then as3 = aze = 0 and using (5.1) we obtain

0 aisb aizassb
rank[BAB AQB]:rank 0 0 0 =2<n=3.
b aszb (aizaz + a3s)b

Similarly, using (5.2) for as3 = 0 we obtain

C 010
rank | CA | =rank |0 axn 0] =1 <n=3. (5.12)
CA? 0a2, 0

Therefore, the electrical circuit is uncontrollable and unobservable if the
condition (5.11) is met.

The pair
0 0 a3 0
A= 0 a22 0 5 B= 1|0
asi 0 ass b

is uncontrollable and it can be decomposed into the controllable and uncon-
trollable parts using the approach presented in above considerations.
In this case ny = 2, P, = B, P, = AB and we choose

0
P7L1+1:P3: 1

o
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The matrix (5.3) has the form

0 a13b 0
P=[BABP]=10 0 1 (5.13)
b (l33b 0
and )
as3
— 0
a13b b
pt=1 1 44l (5.14)
algb
0 10

Using (5.4) and (5.13), (5.14) we obtain

_ ass 1
~ aizb b 0 O aiz| [0aizb0 A A
A=P'AP=| 1 [l |0 ax 0]]0 0 1 :{OlA”],
a13b a3l 0 ass b a33b0 2
0 10
. ass 1
aizb b [0 _
B=P'B=| 1 |10 —ﬁﬂ,
a13b b
0 10
where
~Jo . 0] _ 1
A = [1 afgj’l] , A= [O] , A =lax], b= {O} :
The pair (A, By) is controllable, since
= = = 10
By 4By = [O J
From (5.12) it follows that the pair
0 0 a13
A=10 axn 0|, C=[010] (5.16)
az1 0 ass

is unobservable and it can be decomposed into the observable and unobserv-
able parts. In this case 7 = 1 and we choose Q2 = [1 0 0], Q3 = [0 0 1]‘

The matrix (5.6) has the form
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010 010
Q=1100] and Q'=1{100]. (5.17)
001 001

Using (5.7), (5.16) and (5.17) we obtain

A 01010 0 as] [010 -
A=QAQ ' =100 |0 ax 0] [100 _{AlA],
001] as; 0 ass| [001] A2 A2
010
C=cQ'=[010] [100| =[Cy0],
001

where

Ay = [a2], Azl—m, Az—{o‘”ﬂ, G =1[1].

0 asi ass

The pair (Al, C’l) is observable, since C; = [1].
If the condition (5.11) is met, then the electrical circuit is uncontrollable
and unobservable. Therefore, its transfer matrix is zero, i.e.

—1

S 0 —ai3 0
T(s)=Cllys— A "B=[010] | 0 s—ay»n 0 of =o.
—as 0 S — ass b

Remark 5.1. It can be easily shown that if we choose the state vector of the
electrical circuit of the form 2% (t) = [i u1 uz], then if the condition (5.11) is
met, the matrix (5.3) is equal to the identity matrix, i.e. P = I3.

Example 5.2. Consider the electrical circuit shown in Figure 5.2 with given
resistances Ry, k = 1,2,...,6; inductances Ly, Lo, L3 and source voltages
e1(t) = eq, ea(t) = ea.

Ry i1+i2—i4,ﬁ|

ep T2 —utig g

Fig. 5.2 Fractional electrical circuit of Example 5.2
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As the state variables we choose the currents iy, io, i3 in the coils. The
source voltages e1(t), e2(t) are the inputs and as the output we choose the
current y(t) = is(t).

Using Kirchhoff’s laws we may write the equations

di
e1 = Ryt + L4 " + R3iq4 + R4(’i4 - ’ig), (5.19&)

dt
di
es = Rois + Lo dZtQ + R3ig4 + R4(’i4 - ’ig), (5.19]?))
di-
Ls dZ; = R5(’i1 + 19 — i4) — Rgiy, (5190)

R3i4 + R4(’i4 — 13) = R5(’i1 + 19 — i4) + R@(i1 + 10 + 13 — i4). (5.19d)
From (5.19d) we have

s = (R5 + RG)(il + i2) + (R4 + Rﬁ)i3 (5 20)
* Rs + Ry + Rs + Rg ' '

Substituting (5.20) into (5.19a), (5.19b) and (5.19¢) we obtain

d Z.l Z‘l €1
o))k
where
a1l a2 a3 b1 0
A= lag1 ax axs|, B=10 b
a1 aze ass 00
and
= (R3 + R4)(Rs + Rg) + R1(R3 + Ry + Rs + Rg)
Li(R3 + Ry + Rs + Rg) ’
agy = — (R3 + R4)(R5 + RG) s — R,Rs — R3Rg
Ll(Rg-|-R4-|-R5-l-Re)7 Ll(R3+R4+R5+R6)’
4oy = — (R3 + R4)(R5 + RG) s — R,Rs — R3Rg
Ly(Rs+ Ry + Rs + Rg)’ Ly(Rs + Ry + Rs + Rg)’
gy — (R + Ra4)(R5 + Re) + Ro(Rs + Ry + R5 + RG)’

Lo(R3 + Ry + Rs + Rg)
R4R5 — R3Rs (R3 + Rs)(R4 + Re)

081 =02 = p (Rs+ Ra+Rs+Rg)” "~ " Ls(Rs+ Ry+ Rs + Rg)’
1 1
by = by = .
1 Ly 2 Lo

Taking into account that
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i1
y(t) = Cx(t) + Du(t) = [O 0 1] 12
i3
we obtain
C= [001], D =10].
We shall show, that if the condition
R4R5 = R3Rg (5.22)

is satisfied, then the electrical circuit shown in Figure 5.2 is uncontrollable
and unobservable.
Note that if (5.22) holds then ai3 = ass = as1 = ags = 0 and using (5.1)
we obtain
rank [B AB AQB]

b1 0 a1by arzbe  (a?; + aizaz1)br  (ariaiz + aizase)bs
=rank | 0 by a21by aebs (az1a11 + azeaz1)by  (azia12 + ady)be
00 O 0 0 0

=2<n=3.

Similarly, using (5.2) we obtain

C 00 1
rank | CA| =rank |00 a33| =1<n=3.
CA? 00 a3y

Therefore, the electrical circuit is uncontrollable and unobservable if the
condition (5.22) is met.

Note that for as; = ass we have A = A and the matrix P = I;.

In a similar way as in Example 5.1 the matrix @ has the form (5.17) and

) 0017 [ar1 a2 0] 001
A=QAQ '=1010| |ag1 a2 0| (010 {
100| |0 0 ass| [100

A 001
C=cQ'=[001]|010| =[C,0],
100

A, 0]
Aoy As]’

where

. . 0 .
A =[ass], A = {0} , Ay = B?z Z?j . Cr=[1].

The pair (A;, (1) is observable, since Oy = [1].
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If the condition (5.22) is met, then the electrical circuit is uncontrollable
and unobservable. Therefore, its transfer matrix is zero, i.e.

T(s)=Cllss — A" B

-1

s—ai —a 0 b1 0
= [0 0 1] —a21 S — a2 0 0 b2 = [0 0] .
0 0 S — ass 00

From the above examples we have the following important corollaries.

Corollary 5.1. The linear electrical circuits are uncontrollable and unob-
servable if and only if their parameters (resistances) satisfy some conditions.
For example (5.11) or (5.22).

Corollary 5.2. The uncontrollable pair (A, B) (unobservable pair (A, C)) of
the electrical circuit can be decomposed into controllable (observable) and
uncontrollable (unobservable) parts by the use of suitable similarity transfor-
mations.

Corollary 5.3. The transfer matrices of the uncontrollable and unobservable
electrical circuits are zero.

5.2 Reachability of Positive Electrical Circuits

Theorem 5.5. [1, 44] The solution to the equation (4.1a) with initial condi-
tion x(0) = xq is given by

t
z(t) = eMay + /eA(t_T)Bu(T)dT. (5.24)
0

Definition 5.3. reachabilitylelectrical circuit!positive The positive electrical
circuit (4.1) (or the positive pair (A, B)) is called reachable in time ¢ if for
any given final state 2y € R’} there exists an input u(t) € R, for ¢ € [0, 1]
that steers the state of the circuit from zero initial state z(0) = 0 to the state
zy € R, ie x(ty) = xy.

Definition 5.4. A column a € R? (row a7 € R*") is called monomial
if only one its entry is positive and the remaining entries are zero.

Definition 5.5. A real matrix A € R7*" is called monomial if each its row
and each its column contains only one positive entry and the remaining entries
are zero.
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Theorem 5.6. The positive electrical circuit (4.1) is reachable if the matriz

ty
Ry :/eATBBTeATTdT, ty>0 (5.25)
0
is monomial.
The input
T
u(t) = BTe? (WD R ey € R (5.26)

fort € [0,tf] steers the state x(t) of the circuit from x(0) = xo = 0 to the state
x(ty) = xy.

Proof. If the matrix Ry given by (5.25) is monomial, then there exists the
inverse matrix R;l € R}*™ and the input (5.26) is well defined and nonneg-
ative.

Now we shall show, that the input (5.26) steers the state of the circuit
from 2o = 0 to the given final state xy € R for ¢ = [0,].

Substitution of (5.26) into (5.24) with zero initial condition zg = 0 yields

ty ¢
x(ty) :/eA(tf_T)BU(T)dT _ /eA(tf_T)BBTeAT(tf_T)dTR]jle
0 0
tr
B / eA(T)BBT@AT(T)dTR,TIxf =zy.
0

Therefore, the input (5.26) steers the state of the circuit from xzg = 0 to the
given final state zy € R”} for t = [0,y]. a

Theorem 5.7. The positive electrical circuit (4.1) is reachable in time
t€10,ty] if and only if the matrix A € M, is diagonal and the matriz
B e R}Y*™ is monomial.

Proof. Sufficiency. Tt is well known [47] that if A € M, is diagonal, then
et € R is also diagonal and if B € R’*™ is monomial, then BBT € R*"
is also monomial.
In this case the matrix
ty
Ry = / eATBBTeA Tdr € RIXT (5.27)
0

is also monomial and R;l e R}V
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Necessity. From Cayley-Hamilton theorem [44, 71] we have

n—1
eM =" ci(t)A¥, (5.28)
k=0
where ¢ (t), k =0,1,...,n— 1 are some nonzero functions of time depending

on matrix A.
Substitution of (5.28) into

0
yields
vo(ty)
vi(ty)
cr=[BAB .. ap) | |
Un-1(ty)
where
ty
ve(ty) = /ck(T)u(tf —7)dr, for k=0,1,...,n—1.
0

For given xy € R} it is possible to find nonnegative vy (ty) for k =0,1,...,
n — 1 if and only if the matrix

[BAB ... A" 1B]

has n linearly independent monomial columns and this takes place only if the
matrix [B, A] contains n linearly independent columns [47].

Note that for the nonnegative vg(ts), k = 0,1,...,n — 1 it is possible to
find a nonnegative input u(t) € R, t € [0,¢] only if the matrix B € R}*™
is monomial and the matrix A € M,, is diagonal. o

Now let us consider n-meshes electrical circuits with given resistances Ry,
kE=1,...,q inductances L;, i = 1,...,n and m-mesh source voltages e;,
j=1,...,m. It is assumed that to each linearly independent mesh belongs
only one inductance and one source voltage. In this case the matrix A € M,
and the matrix B € RQL_X" is diagonal and the standard electrical circuit
is reachable, since detB # 0.

Theorem 5.8. The positive n-meshes electrical circuit with only one induc-
tance in each linearly independent mesh is reachable if

Rijj=0 for i#j, i,j=1....n (5.29)

where R;; is the resistance of the branch belonging the i-th and j-th meshes.
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Proof. Note that the matrix A € M, is also diagonal if and only if the condi-
tion (5.29) is met. By Theorem 5.7 the positive electrical circuit is reachable
if and only if the condition (5.29) is satisfied, since in this case A € M,
B € R}*" are both diagonal. ]

Example 5.3. Consider the electrical circuit shown in Figure 5.3
with given resistances Rj, Ro, Rs; inductances L;, Lo and source voltages
€1, €3.

Fig. 5.3 Electrical circuit of Example 5.3

Using Kirchhoff’s laws we can write the equations

ds
e1 = R3(iy —i2) + Ryiy + Ly 17

dt
di
es = R3(ia — i1) + Raiz + Lo dt27
which can be written in the form
d il _ g |n| L p o (5.30)
dt |22 12 ez’ '
where
_ Ri+Rs Rs 1 0
L4 Ly L
A= B = 1 . 5.31
R Re+Rs |’ 0 1 (5:31)
LQ L2 L2

The electrical circuit is positive, since the matrix A is Metzler matrix
and the matrix B has nonnegative entries. Note that the standard pair (5.31)
is reachable, since detB # 0.

We shall show that the positive electrical circuit is reachable if Rs = 0.
In this case

_ fl 0
Ly

and
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,glt O
1
oAt — [e ; _f%] (5.33)
e L2

and from (5.27) we obtain

ty ty 1 6—211?117' 0

2
Ry = / eATBBTeA Tdr = / Iy 1 _em | d7
0 e L2
’ ’ I3 (5.34)
1 (1 e 2;:;1 tf) 0
201 R,
0 L (1)
— e Ls
2L5Ry

The matrix (5.34) is monomial and by Theorem 5.6 the positive electrical
circuit is reachable if R3 = 0 and any given Ry, Ry, L1, Lo.

Example 5.4. Consider the electrical circuit shown in Figure 5.4 with given
resistances R, Ry, Ro; inductance L; capacitance C' and source volateges
€1,€2.

—
eq Y Ry
Cc iu
] 13
Ry
S
€2

Fig. 5.4 Electrical circuit of Example 5.4

Using Kirchhoff’s laws we can write the equations

du du .
61—R1Cdt +U+R<Cdt —’L),

. ds . du
32R21+Ldt+R(z—Cdt>,

which can be written in the form

jt m =4 m +B [Z] 7 (5.364)

where
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1 R 1
— 0
A— (R+R1)C (R+R1)C B— (R+R1)C
o _ R _RQ(R+R1)+RR1 ’ o R 1
(R+ R1)L (R+ R1)L (R+R1)L L
(5.36b)

The electrical circuit is not positive, since the matrix A is not a Metzler
matrix. The electrical circuit is positive if and only if R = 0. In this case from
(5.36b) we have

1 1
— 0 0
A=| IuC , B=[IC | (5.37)
0 Ry 0 1
L L
For the matrix A given by (5.37) we obtain
7Rlct 0
1
et = [6 Rzl . (5.38)
0 e ¢

The positive electrical circuit for R = 0 is reachable, since the matrix

ty ty 1 _ 2 .
T 26 e 0
Ry = /eATBBTeA Tdr :/ (R.C) 1 amy dr
A A 0 Lze* LT
! (1—6_Rfctf> 0
2R, C
0 ! (1 e tf)
2RoL

is monomial with positive diagonal entries for all values of Ry, Ry, L, C.

Following [68, 74], consider the electrical circuit shown in Figure 5.5 with
given conductances Gy, G}, Gy, k,j = 1...,n; capacitances C, k =1,...,n
and source voltages ex, k=1,...,n.

Theorem 5.9. The electrical circuit shown in Figure 5.5 is positive for all
value of the conductances, capacitances and source voltages.

Proof. Using Kirchhoff’s laws and the node method for the electrical circuit
we may write the equations

U1 u1 U1
=-C'¢'"|: | +C7'G | (5.39a)

Un Un Un

d
dt

and
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Gln GQn GSn

Gy Cl__TulGQ 0’2__Tu2G3 03——Tu3 .. G,

! U

e T Gll €9 T 2 es T G3 €en

147

fu

Uozo

Fig. 5.5 Electrical circuit

U1 U1 €1
=-G|:|-G|:],

Un Un €n

Q)

where
c! =diag [C’fl,...7C’;1] , G'=diag|G),...,G],
-Gi1 G2 -+ Gip

- G2 —Gaz -+ Gop
G =diag[Gy,...,G,], G= . . .

(5.39b)

(5.39¢)

Gln, G2n, _Gnn
and Gj; is the sum of conductances of all branches belonging to the ith node
fori=1,....n._ B
The matrix G € M, and —G € R*". Substituting (5.39b) into (5.39a)
we have
(5% U1l €1
d =A|:|+8B
dt B : ’
Un, Un €n
where -
A=-C'G'[I,+G'G' e M,
and

—1 ~—1 X1
B=-C'G'G'G e R™*™,

since the matrices C~!, G/, G and —G~! have nonnegative entries. Therefore,

the electrical circuit is positive.

a
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Note that the standard electrical circuit shown in Figure 5.5 is reachable
for all nonzero values of the conductances and capacitances, since detB # 0.

Theorem 5.10. The electrical circuit shown in Figure 5.5 is reachable
if and only if

Gip; =0 for k#j and k,j=1,...,n (5.41)

Proof. 1t is easy to see that the matrices A € M,, and B € R}*" are both
diagonal matrices if and only if the condition (5.41) is satisfied. In this case
by Theorem 5.7 the electrical circuit is reachable if and only if the conditions
(5.41) are met. O

5.3 Observability of Positive Electrical Circuits

Consider a positive electrical circuit described by the state equations

d“fi(tt) — Ax(t), (5.42a)
y(t) = Ca(t), (5.42b)

where z(t) € R, y(t) € RE and A € M,,, C € RE*".
Definition 5.6. The positive electrical circuit (5.42) is called observable
dry ()

if knowing the output y(t) € R and its derivatives y® () = ik e R,

k=1,2...,n—1,itis possible to find the unique initial value zo = x(0) € R}
of z(t) € RY.

Theorem 5.11. The positive electrical circuit (5.42) is observable if and only
if the matrix A € M, is diagonal and the matrix

C
CA
: (5.43)
A1
has n linearly independent monomial rows.
Proof. Substituting of the solution
z(t) = e?Mag
of the equation (5.42a) into (5.42b) yields
y(t) = Cetlay. (5.44)

From (5.44) we have
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0] [ 8

1

y I (t CA

( ) = ) eAtzy. (5.45)
y(nf.l)(t) CA.nfl

It is possible to find from (5.45) etzy € R7 if and only if the matrix (5.43)
has n linearly independent monomial rows. From the equality e4te=4* =1,
it follows that the matrix e’ € R" for A € M, if and only if it is di-
agonal. Therefore, it is possible to find zo € R’} from the equation (5.45)
if and only if the matrix A € M, is diagonal and the matrix (5.43) has n lin-
early independent monomial rows. a

Theorem 5.12. The positive electrical circuit (5.42) is observable if the ma-
trix .
0, = e 10T CeM (5.46)

18 monomial.

Proof. Premultiplying (5.44) by eA"tCT we obtain
AT CTCeMgy = eATtCTy(t). (5.47)

-1
If the matrix (5.46) is monomial, then O, = eATtC’TC’eAt] e R
and from (5.47) we have

-1
o = [eATtCTCeAt} eATtC’Ty(t) e RY,

since eA" tCTy(t) € R” for y(t) € RY. |

Definition 5.7. The positive system (5.42) is called strongly observable
on the interval [0,¢s] if knowing y(¢) on the interval [0,¢;] it is possible
to find (compute) uniquely z¢ = z(0).

Theorem 5.13. The positive system (electrical circuit) (5.42) is strongly ob-
servable on the interval [0,tf] if and only if the matriz

ty
Wy = / eATtCT CeAtdt (5.48)
0

s monomial.
Proof. Integrating (5.47) on the interval [0, ¢;] we obtain

tr tr
/eATtCTy(t)dt: /eATtC’TC’eAtdtxo. (5.49)
0 0
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Using (5.49) we may find the unique initial value zo = z(0) form
ty
Trog = W;l /GATtCTy(t)dt
0

if and only if W~ e R}*™ and this is met if and only if the matrix Wy
is monomial. O

Example 5.5. Consider the electrical circuit shown in Figure 5.6 with given
resistances R1, Ro; inductance L; capacitance C' and source voltage e = e(t).

i, _
L CLTuC

Ry Ry

e

Fig. 5.6 Electrical circuit of Example 5.5

Using Kirhhoff’s laws we may write the equations

duc
= R.C
€ uc + Ity dt )
. di
e = Rotr, +L dtL,
which can be written in the form
d [uc| _ , |uc
dt LL] =A |:ZL:| + Be, (5.50a)
where _
1 0 1
A=| € B= moy (5.50b)
0o -2 1
L L |
Let i
o uc o uc o 10
=[] =cfe]. o= [, oo

From (5.50b), (5.51) and Theorem 4.1 if follows that the electrical circuit
shown in Figure 5.6 is positive.
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We shall show that the positive electrical circuit is strongly observable
on the interval [0, ¢].
Using (5.50b), (5.51) and

from (5.48) we obtain

ty e _ o,
R, C
Wy = / AT CeMdt = / [e ol ]dt
0 e rt

0
- . t
,Rlce_Rfct 0 !
= 2 . B I 672}2%
L 2R, 0
[ R, C (1 _ e*Rfctf 0
_ 2
= L _ 2Ry, (552)
_ _ f
I 0 SR, (1 e” L )

The matrix (5.52) is monomial and by Theorem 5.13 the positive electrical
circuit is strongly observable on the interval [0, ¢f] for arbitrary given ¢ty > 0.

5.4 Constructability of Positive Electrical Circuits

Definition 5.8. The positive electrical circutit (5.42) is called constructible

dry(t
if knowing the output y(t) € R and its derivatives y B (t) = dzl(“ ) €RY,

k=1,2...,n—1, it is possible to find the state vector x(t) € R}.

Theorem 5.14. The positive electrical circutit (5.42) is constructible
if and only if the matriz (5.43) has n linearly independent monomial rows.

Proof. From (5.42) we have

y(t) C
AU C:A a(t). (5.53)

: n—1
yo U] L0

It is possible to find from (5.53) the state vector z(t) € R’ for given
y® () eRY, k = 0,1,2,...,n — 1 if and only if the matrix (5.43) has n
linearly independent monomial rows, since the inverse matrix has nonnegative
entries if and only if the matrix is monomial [47]. O
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Theorem 5.15. The positive electrical circuit (5.42) is constructible only if

the matriz {i] has n linearly independent monomial Tows.

Proof. 1t is easy to show that the matrix (5.43) has n linearly independent
rows only if the matrix {i] has n linearly independent monomial rows. 0O

Remark 5.2. From comparison of Theorem 5.14 and 5.11 if follows that
the necessary and suffiecient conditions for the observability are more re-
strictive than for the constructability.

Theorem 5.16. If the positive electrical circuit (5.42) is observable then
it is also constructible.

Proof follows immediately from comparison of the conditions of Theo-
rems 5.14 and 5.11.

Example 5.6. (continuation of Example 5.3).
Let

O A I 7 e A

The positive circuit described by (5.30) and (5.54) is constructible
for all nonzero values of R; and Rs, since

Ry 0

detC = det { 0 R,

] = R1Ry #£ 0.

We shall show that the positive circuit is also observable. Using (5.46),
(5.32) and (5.54) we obtain

O, = AthTC At __ e*?it 0 R% 0 e*}j}t 0
pmetietet =1 [0 B | g ot
2y (5.55)
R2e ! 0
- ! 9 _2Ra,
0 R3e o2

Therefore, by Theorem 5.12 the positive circuit is also observable, since
the matrix (5.55) is monomial.

Example 5.7. Consider the electrical circuit shown in Figure 5.7 with given
conductances Gy, G, G2, G%, G12; capacitances Cq, Cy and source voltages
€1, €3.

Using Kirchhoff’s laws we can write the equations

G 0 G 0
d |:’LL1:| — C] , |:U1:| _ C] , |:’LL1:| (556)
dt |uz 0 2| V2 0 2 | (U2
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G1 U1 G2 vz Go

(D T“l : T%@

Fig. 5.7 Electrical circuit of Example 5.7

and
—Gu Gio | |vi| _ |G} 0] [w Gy 0] [ex
[ G2 G22:| |:U2:| N [ 0 G4| [uz| |0 Gof |e2]’ (5.57a)
where
G =G+ G| +Gra, Goz = G+ Gy + Gha. (5.57b)
Taking into account that the matrix
—G11 Giz
G2 —Ga

is nonsingular and

-1
-G Giz 22
- eR

[ G2 —Gzz] t

from (5.57) we obtain

(R e I et R e B

Substitution of (5.58) into (5.56) yields

d U1 o
i) =4 ) =2 2] =
where
1 1
0 -1 0
C —G11 Gi2 Gll 0 C
A=— 1 — 1 M. 5.60
0 /2 |: G12 G22:| |: 0 G/Z 0 Gl2 S 2 ( a)
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G
0 -1
e AN R

Cs

From (5.60) it follows that A is Metzler matrix and the matrix B has non-
negative entries. Therefore, the electrical circuit is positive for all values
of the conductances and capacitances.

In this case the matrices (5.60) are diagonal matrices

G} 1 G
0 0 Lo
A=— C1 G1+G/1 G/l 0 _ C1
0 G, 0 1 0 G, 0 G,
CZ G2 _|_G/2 C2 (561&)
ay 0
o |:0 a2:| € MQ’
i 1
, 0
B=— Cl y Gl + G1 Gl 0
0 2 0 0 G2
s Gs + G (5.61b)
_ |01 0 2x2
o] em
and
a1 T
A = {60 efﬂ} . (5.62)
Using (5.62) and (5.61) we obtain
ty ty
2 ,2a1T
Ry — / ATBBT ATy — / [bleo ' b%gw] dr. (5.63)
J 2

The matrix (5.63) is monomial and by Theorem 5.7 the positive electrical
circuit is reachable if G12 = 0.
Let

yi(t) uy(t) 10] [ui(t) 10

b= = = C= . 5.64

y() L&(t)] {uz(t) 01| |ua(t)|’ 01 (5.64)
The electrical circuit described by (5.59) and (5.64) is positive. The positive

circuit is constructible, since detC' = 1.
It is also observable, since by Theorem 5.12 the matrix

o) _eATtCTCeAt B |:ea1t 0 :| |:1 0:| |:ea1t 0 :| B |:62a1t 0 :|
p— - =

0 et [01]]| 0 et 0 e2a2t

is monomial.
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5.5 Decomposition of the Positive Pair (A, B)

Consider the pair (A, B) with diagonal matrix A of the form
A = diaglai1, a22, ..., ann] € My, (5.65a)

and the matrix B with m linearly independent monomial columns
Bh BZa R Bm
B = [Bl,Bg,...,Bm] . (5.65b)

By Theorem 5.7 the pair (5.65) is unreachable if m < n.
It will be shown that in this case the pair can be decomposed into the reach-
able pair (A, By) and unreachable pair (Az, B2 = 0).

Theorem 5.17. For unreachable pair (5.65) (m < n) there exists a mono-
mial matriz P € R™™ such that

A=PAP ! = H)l jz] , B=PB= Eﬂ : (5.66)
where
Ay =diaglai1, a2z, .. ., anyn,) € Mp,,
As =diag[an, +1.n,41, - - - » Gnn) € M,

and Bél € RP*™, n = ny + ng, the pair (A1, By) is reachable and the pair
(A2, By = 0) is unreachable.

Proof. Performing on the matrix B the following elementary row operations:

e interchange the i-th and j-th rows, denoted by L[i, j],
e multiplication of i-th row by positive number ¢, denoted by L[i x ¢],

. B = .
we may reduce the matrix B to the form [ 01} , where By € R**™ is mono-

mial with positive entries equal to 1.

Performing the same elementary row operations on the identity matrix
I,, we obtain the desired monomial matrix P. It is well-known [47], that
P~! € R*™ and for diagonal matrix A we have

- _ A1 0
_ 1 |41 U
impap o [B0]
O

Example 5.8. Consider the electrical circuit shown in Figure 5.8
with given resistances Rp, Ro, R3; inductances Li, Lo, L3 and source volt-
ages €1, e3.

Using Kirchhoff’s laws we can write the equations
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Ll il L2 2'2

€1
Ry

Ry

13{ :€3 R3  Ls

Fig. 5.8 Electrical circuit of Example 5.8

ds .

L, dtl = —Ryi1 +eq,
di .

Ly dt2 = —Ryio,
di .

Ls dt3 = —Rgiz + e3,

which can be written in the form

d Z.1 il e
S . 1
dt i2| = A iz +B LJ , (5.67a)
13 13
where
_R1 0 1
Ly I
Ry 1
A= 0 I 0 , B=1]10 0/]. (5.67b)
2 1
R3 0
0 0 7L3 Ls

By the Theorem 5.7 the positive electrical circuit (or the pair (5.67b))
is unreachable since n = 3 > m = 2. The unreachable pair (5.67b) can be de-
composed into reachable pair (A;, By) and unreachable pair (As, By = 0).

In this case the monomial matrix P has the form

100
P=1001
010

and we obtain
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1 1
_ L00| |4 0 Ly 0 B
B=PB=[001] [0 0|=]|, ! —{ 1},

0
010] |, ! Ls
Ly 0 0
—il 0 0
100 1 .
A=prapt=loo1|=| 0o - o =[N
Lg 0A2
010 R,
o 0 -7
and R .
1
- 0 0
i _ | L i | T 5 _ | L
Al* 01 _RS ) A2* |:_L2:|a Blf 01 1

The reachable pair (A;, By) is reachable and the pair (As, By = 0) is un-
reachable.

5.6 Decomposition of the Positive Pair (A, C)

Let the observability matrix

C

CA
On _ ) c Rginxn

C«A.n—l

of the positive unobservable electrical circuit has ny < n linearly independent
monomial rows. Thus, we can choose n; linearly independent rows of the
observability matrix O,, as the first ny rows g (k = 1,...,n1) of the similarity
matrix @ [60, 61]. It is always possible to choose n —n; linearly independent
monomial rows of matrix Q.

The matrix

T m
QT =1[ql - qb ¢f y - %] eRY™, (5.68)

is monomial and its inverse is equal to the transpose of @), where every nonzero
element is replaced by its inversion. Hence

qkquTzo for k=1,2,...,n1 and j=mni+1,...,n. (5.69)

Therefore, the following theorem has been proved.
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Theorem 5.18. Let the positive electrical circuit (5.42) be unobservable and
let there exists the monomial matriz (5.68). Then the pair of matrices (4, C)
of the electrical circuit can be reduced by the use of the matriz (5.68) to the form

. B A0 . B .
A: A 1: |:A1 ~ :|, C:C 1: C 0 )
QAQ Ay Ay Q [C1 0]
1211 GRﬁ_lxnl, AQ GRiQXHz (n2 :nfnl), Agl €R12><7L1’ Ol GRﬁ_Xﬂl,

(5.70)

where the pair (/11, C’l) is observable and the pair of matrices (flg, Cy = 0) is
unobservable.

Example 5.9. Consider the positive electrical circuit shown in Figure 5.8
described by the state equation (5.67a) with A given by (5.67b). As the out-
put y(t) we assume

1
y(t) = R3iz = [00 R3] |i2|, C=[00Rs]. (5.71)
13
In this case the observability matrix
00 Rs
C R2
3
Op=|CA|=|00="
CA? R3
00 3
L3
has only one monomial linearly independend row ¢; = C, ie. n3 =1

and the conditions (5.69) are satisfied for go = [1 0 0] and ¢q3 = [0 1 0],
since q1 Aq] = 0 for j = 2,3.
The matrix (5.68) has the form

q1 00 Rs
Q=g =1({100
0 01 0
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Using (5.70) we obtain

Ry
- 0 0
p 00 Fs L Ry 8(1)(1)
A=QAQ'=110 0 0 -~ 0 1
010 2 R, R 00
0 0 - 3
3
sy
L3 .
oy By Ao
N I, 10 Ay’
0o o _T
Ly
010
C=cQ'=[00Rs]| Y Ot =[100]=[¢ 0],
00
R3
where
R
i | Rs i | Ly A
A1|:_L3:|a AQ* 0 7R2 ) Cl*[l]
Lo

The pair (A;,Cy) is observable and the pair of matrices (Ay,Cy = 0) is
unobservable.

5.7 Decoupling Zeros of the Positive Electrical Circuits

It is well-known [173] that for standard linear systems the input-decoupling
zeros are the eigenvalues of the matrix A, of the unreachable (uncontrolable)
part (Aa, Bo = 0).

Definition 5.9. Let As be the matrix of unreachable part of the eletrical
circuit (4.1). The zeros s;1, Si2, . - ., S17, Of the characteristic polynomial

det[ln,s — Ag] = 8™ + Gny_18™2 71 + ...+ ays + do
of the matrix Ay are called the input-decoupling zeros of the positive sys-
tem (4.1).

The list of the input-decoupling zeros will be denoted by Z; =
{811,81‘2,...,81‘@2}.

Theorem 5.19. The state vector x(t) of the positive electrical circuits (4.1)
is independent of the input-decoupling zeros for any input u(t) and zero initial
conditions.
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Proof. Form (4.1) for zero initial conditions 2(0) = 0 we obtain the Laplace
transform of the state equation (4.1a) (see Appendix A)

X(s) = det[l,,s — A]"'BU(s),

where X (s) and U(s) are Laplace transforms of x(t) and u(t), respectively.
Taking into account (5.66) we obtain

X(s)=[l,s — PYAP]|"'P7'BU(s) = P7}[I,s — A "' BU(s)
_ p-1 Hﬁls_Al 0 B
=r { 0 HHQS—AQH }U
_ p-1 [Hms —Al]
_p { )

-1
} U(s).
From (5.72) it follows that X(s) is independent of the matrix A
and of the input-decoupling zeros for any input wu(t). a

(5.72)

Example 5.10. (continuation of Example 5.8) In Example 5.8 it was shown
that for the unreachable pair (As, Bo = 0) the matrix As has the form

Ay = {— ];2} . Therefore, by Definition 5.9 the electrical circuit shown in Fig-
2

ure 5.8 has one input-decoupling zero s;; = — Lz‘ Note that the input-
2

decoupling zero corresponds to the mesh without the source voltage (e2 = 0).

For standard continuous-time linear systems the output-decoupling ze-

ros are defined as the eigenvalues of the matrix of the unobservable part

of the system. In a similar way we will define the output-decoupling zeros
of the positive electrical circuits.

Definition 5.10. Let A5 be the matrix of unobservable part of the electrical
circuit (5.42). The zeros so1, So2, - - -, Son, Of the characteristic polynomial

det[]lﬁ2s — 1212} = Sﬁ2 + dﬁ2,18ﬁ2_1 + ...+ &18 + ELO

of the matrix A, are called the output-decoupling zeros of the positive elec-
trical circuit (5.42).

The list of the output-decoupling zeros will be denoted by Z, =
{301,302,“-,30&2}'

Theorem 5.20. The output vector y(t) of the positive electrical circuit (5.42)
is independent of the output-decoupling zeros for any input u(t) = Bu(t)
and zero initial conditions.

Proof is similar to the proof of Theorem 5.19.
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Example 5.11. (continuation of Example 5.9) In Example 5.9 it was shown
that the matrix As of the unobservable pair has the form

Ay = JL? "
2 0 B R2
Lo
Therefore, by Definition 5.10 the positive electrical circuit shown in Fig-
ure 5.8 has two output-decoupling zeros s,; = — fi , 802 = — iz

Following the same way as for standard continuous-time linear systems
we define the input-output decoupling zeros of the positive systems as follows.

Definition 5.11. Zeros sl%), sgg), e sgg); which are simultaneously the
input-decoupling zeros and the output-decoupling zeros of the positive elec-
trical circuit are called the input-output decoupling zeros of the positive
electrical circuit, i.e.

SEZ)GZZ' and sg)GZO for j=1,2,...,k k < min(ng,no).

The list of input-output decoupling zeros will be denoted by Z;, =
{zlo) -2}
Example 5.12. Consider the positive electrical circuit shown in Figure
5.8 with the matrices A, B,C given by (5.67b) and (5.71). In Exam-
ple 5.10 it was shown that the electrical circuit has one input-decoupling

R
Zero Sj1 = — > and in Example 5.11 that the electrical circuit has two

Ly
. Ry Ry .
output-decoupling zeros s,; = -7 ,So2 = - Therefore, by Defini-
2

1

tion 5.11 the positive electrical circuit has one input-output decoupling zero
1 _ o

s}, =— I

5.8 Reachability of Positive Fractional Electrical
Circuits

Definition 5.12. The state xy € R?} of the fractional circuit described by
the state equations (1.11) is called reachable in time ¢ if there exists an input
u(t) € R%, ty € [0,tf], which steers the state of the circuit (1.11) from zero
intitial state zo € R to the final state x(ty) = ;.

Theorem 5.21. The positive fractional circuit (1.11) is reachable in time
ty € [0,t5] if and only if the matric A € M, is diagonal and the matriz
B e R}Y*™ is monomial.
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Proof. Sufficiency. It is well-known [47, 71] that if A € M,, is diagonal then
O(t) € RY*™ for t > 0 is also diagonal and if B € R*" is monomial then
BBT ¢ R}*™ is also monomial.
In this case the matrix
ty
Ry = / &(r)BBTo" (1)dr € R (5.73)
0
is also monomial and R;l e R}

The input
u(t) = B"®" (t; — t)R; 'y

steers the state of the system (1.11) from g = 0 to xy, since using (1.12) for
o = 0 and (5.73) we obtain

ty ty

z(ty) :/gb(tf — 7)Bu(r)dr = /(p(tf —7)BB" " (t; — 7)dr R ay
0

tf

/gb BB"®"(1)drR; 'xp = zy.

0
Necessity. Let

p(s) = 8"+ an_18"" 4+ a1s+ ao

be the characteristic polynomial of the matrix A € M,,. Then by well-known
Cayley-Hamilton theorem [47] we have

p(A) = A" + an 1 A"+ -+ a1 A+ agll, = 0. (5.74)

Using (5.74) we eliminate from (1.14) A* for k = n,n+1,... and we obtain

n—1
d(t) = z:ck(t)Ak7 (5.75)
k=0
where ¢ (t), k =0,1,...,n—1 are some nonzero functions of time depending

on the matrix A.
Subsitution of (5.75) into

ty

/@(tf — 7)Bu(r)dr

0

yields
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vo(ty)
U1 t
=B AR ap |
Un-1(ty)
where
ty
vg(ty) = /ck(T)u(tf —7)dr, k=0,1,...,n—1.
0

For given x; € R? it is possible to find nonnegative wvy(ty) for k =
0,1,...,n — 1 if and only if the matrix

[BAB--- A"'B]

has n linearly independent monomial columns and this takes place only if the
matrix [B A] contains n linearly independent columns [71].

Note that for the nonnegative vy(ty) for k = 0,1,...,n—1 it is possible to
find a nonnegative input u(t) € R, t € [0,¢y] only if the matrix B € R}*"
is monomial and the matrix A € M,, is diagonal. o

Definition 5.13. [105] The fractional positive electrical circuits (2.5) is

n

called reachable in time [0, t¢] if for every given final state z; = [in } e R}
Lf

there exists an input u(t) € R, t € [0,ty] which steers the state [ic] of the
L

circuit from zero initial state zg = BCO} = 0 to final state xy.
Lo

Theorem 5.22. [105] The fractional positive electrical circuit (2.5) is reach-
able in time [0,ty] if and only if the matriz

ty
Ry = / &(r)BBT¢" (1)dr € R (5.76a)
0
is monomial, where
(7)B = &1(7)Bio + P2(7)Bo, (5.76b)

where $1(7), P2(7) and Bio, Bo1 are defined by (2.8).

Proof. Note that R;l € R™ if and only if the matrix (5.76a) is monomial.
The input
u(t) = BT®" (t; — )Ry (5.77)

steers the state of the electrical circuit (2.5) form zo = 0 to x5 € R, since
using (2.7) for g = 0 and (5.77) we obtain
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Ly ty
x(ty) = /(p(tf — 7)Bu(r) = /(p(tf —7)BBT®" (t; — 7)dT R} ay
0
tf
/45 BB"®" (t)dr R} g
0

a

Example 5.13. Consider the electrical circuit shown in Figure 5.3 with given
resistances Ry, Ro, R3; inductances L1, Lo and source voltages eq, es. Given
the condition, under which the fractional electrical circuit is reachable in
time [0, ¢7] and find the input u(¢) € R%, ¢ > 0, which steers the system from
xg = 0 to the final state x.

Using Kirchhoff’s laws we can write the equations

. ) . d?iy
e1 = Rs(iy —i2) + Ryi1 + Ly ,
dtb
vy 0<B8<1,
€9 :R3(’i2 *i1)+R2i2+L2 dt;’
which can be written in the form
d’B il il €1
Sl =A1. B 5.78
dt? Lz} [12 5 ey (5.78)
where
7R1 + R3 Rs 1 0
_ L L _ | L
A= Rgl Ry 1+ Rs | B = 1 HE (5.79)
— 0
Lo Lo Ly

The electrical circuit is positive, since the matrix A is Metzler matrix
and the matrix B has nonnegative entries.

Note that the standard pair (5.79) is reachable, since detB # 0 but it is
not reachable as a positive pair.

We shall show that the positive electrical circuit is reachable if Rz = 0.
If R3 =0, then

7];1 0
A= 01 R, (5.80)
Lo
and
ey (k1) B (k+1)5— by '
A t +1 1 & t +1 1 _L
B(t) = Lo (5.81)
Zr(k+1)8) & T(k+18) |  _F
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and from (5.76) we obtain

ty ty 1 1
2 0 L2 0
Ry = / O(r)BB & (r)dr = / il enyar = |11
’ L "
k+1
% oo (UeH+2)8-1 _1;1 0
Y 1
X
;;[(k+l+2)ﬁf1]F[(k+1)ﬁ]l“[(l+1)ﬁ] 0 R
0 1= p
(5.82)

The matrix (5.82) is monomial and by Theorem 5.22 the positive fractional
electrical circuit is reachable if and only if R3 = 0, since for R3 # 0 the matrix
Ry is not monomial.

The desired input which steers the state z(t) = {21} from zy = {8]
2

to the final state z; € R? is given by

u(t) = B"®" (t; — t)R; 'y

1 R k
© (tf (k+1)ﬁ 1 0 N
_ Z Ly Ly R 'a.
=0 k +1)f] 0 ! 0 _ft e
Ly Lo

Example 5.14. Consider the fractional electrical circuit shown in Figure 5.7
with given conductances G1, G, G2, Gb, G12; capacitances C7, Cy and source
voltages e, es.

Using Kirchhoff’s laws we can write the equations

G/l 0 G/l 0
d {“1} -G, [Ul] G, {“1} , O<a<1 (5.83)
dte |ug 0 2 | V2 0 2 | [u2
C2 C2
and
*Gn G12 U1 o Gll 0 U1l G1 0 €1
s e A o R A B
where
G11=G1 + Gll + G2, Gaog = Go + GIQ + G1o. (5.84]?))

Taking into account that the matrix

-G Gio
Gi2 —Ga
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is nonsingular and

-1
-G Gi2 2%2
— cR

[ G2 —Gzz] o

from (5.84) we obtain

R EARA R R R

Substitution of (5.85) into (5.83) yields

d® [uy Uy e1
=A B
dte L@] {uz} + Lz ’

where
!/ G/
Lo -1 Lo
Gy @ G, 0
A= |9 e {Glil —GIZ] {01 Gg] “ y| € M2 (5:868)
Lo O
gll Ol 1-Gn Gi]17'[Gr 0
_ i -G G2 1 2%2
B= Lo { o _GQJ {o GJ 2 5 (5.86b)
Cs

From (5.86) it follows that A is Metzler matrix and the matrix B
has nonnegative entries. Therefore, the fractional electrical circuit is posi-
tive for all values of the conductances and capacitances.

We shall show that the fractional positive electrical circuit is reachable
in time [0,ty] if and only if G12 = 0.

If Gi2 = 0, then the matrices (5.86) are diagonal of the form

__ GG 0
A= Ci(G1 + GY)
B 0 B GQG& ’
i Ca (G2 + GY)
[ G1GY 0
g— | CGi+Gy)
- 0 G2G)
i Ca (G + GY)

and
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o0
Ak pk+1)a—1
00 ="

£ I'[(k +1)a]
GG 0 g
oy 1 TG+ 6y
— I'[(k+1)a GGy
k=0 0 Co(Ga + G
From (5.76) we obtain
ty ty GlG/l 0
!
Ry = / &(r)BBT 7 (r)dr = / Qete) @
0 2
0

Ca(G2 + GY)

From Theorem 5.22 the fractional positive electrical circuit is reachable

if and only if G2 = 0, since the matrix Ry is monomial only if G132 = 0.
The desired input which steers the state z(t) = {1:1((:)) } from zy = [8]
2

to the final state xy € Ri is given by

u(t) = B"®" (t; — t)R; 'ay

GlG/l k+1
oo ol = 0
_ (ty —t)ho—t C(G1+ GY) ) R4
e cey | M

C Cy(Gy + GY)

5.9 Observability of Positive Fractional
Electrical Circuits

Consider the fractional positive electrical circuits described by the equations

d®zc(t)
| = ae) o] - a0, s
dts
y(t) = Ca(t), (5.87b)
where
=[] a-[i]er cere

and y(t) € RP is the output of the electrical circuit.
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It is well-known that [67] the fractional electrical circuit (5.87) is positive
if and only if
A€M, and CeRY™ (5.88)

Definition 5.14. The fractional positive electrical circuit (5.87) is called
strongly observable in time [0,t¢] if knowing the output y(t) € R% for
t € [0,ty] it is possible to find uniquely the initial value zo = x(0) € R’}
of the state vector z(t) € R’}.

Theorem 5.23. The fractional positive electrical circuit (5.87) is strongly
observable in time [0,t5] if and only if the matric

Vi = / ol ()T Oy (t)dt (5.89)
0

is monomial, where $o(t) is defined by (2.8).
Proof. From (2.7) for u(t) =0, t > 0 we have
z(t) = Po(t)xzo. (5.90)
Substitution of (5.90) into (5.87b) yields
y(t) = CPy(t)xo. (5.91)

Premultiplying (5.91) by & (t)C7T and integrating the product in the in-
terval [0,%¢] we obtain

ty ty
/ ol (H)CTy(t)dt = / oL (t)CTOPy (t)dtzg = Viao. (5.92)
0 0

From (5.92) we can find o € R’} if and only if the matrix (5.89) is mono-
mial and fol e R}X™. |

From comparison of Theorem 5.22 and 5.23 we have the following remark.

Remark 5.3. The conditions for strong observability of the fractional pos-
itive electrical circuits are dual to the reachability ones. By substituting
in the reachability conditions @(t) and B by &!(t) and CT we obtain the
strong observability conditions.



Chapter 6

Standard and Fractional Linear Circuits
with Feedbacks

6.1 Linear Dependence on Time of State Variable
in Standard Electrical Circuits with State
Feedbacks

Let us consider the linear electrical circuit consisting of resistors, capacitors,
coils and voltage (current) sources described by the state equation [63]

dax(t)

= Aw(t) + Be(b), (6.1)

where z(t) € R™ is the state vector, e(t) € R™ is the input vector, A € R"*"
and B € R"*™,

As state variables xy, 3, ..., x, (the components of x(t)) usually the cur-
rents in coils and voltage across the capacities are chosen. The components
of the input vector e are the source voltages or source currents.

Let us assume that the number of state variables n is equal to the number
of inputs m, i.e. n = m and detB # 0.

Consider the electrical circuit (6.1) with the state-feedback

e(t) = Kx(t), (6.2)
where K € R™*™ is a gain matrix.

Remark 6.1. Note that the electrical circuit with state-feedback (6.2) is
equivalent to a linear circuit with controlled voltage or current sources.

Substitution of (6.2) into (6.1) yields

dx(t
d<t ) _ Aae), (6.3)
where
A.= A+ BK. (6.4)
© Springer International Publishing Switzerland 2015 169
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We are looking for a gain matrix K, such that the closed-loop system
matrix (6.4) has nilpotency index v = 2 (see Appendix C).

Theorem 6.1. Let m = n and detB # 0, then the gain matriz K
can be chosen so that the state variables in the electrical circuits are linear
functions of time for any given initial conditions x(0) = xo.

Proof. Using Lemmas C.1 and C.2 (given in Appendix C) we choose
as the matrix A. a matrix with nilpotency index v = 2.
In this case
AP =0 fork=2,3,.... (6.5)

If (6.5) holds then the solution of the equation (6.3) has the form

o~ (Act)¥
.’L'(t) = eACtxO = Z ]z’ o = (Hn + Act) o (66)
k=0 ’

and the state variables of the closed-loop system are linear functions of time
for any initial conditions x.
Knowing the matrices A., A and B we can find the gain matrix
from the equation (6.4), since detB # 0.
Hence
K =DB"1'(A. - A). (6.7)

O

Example 6.1. Consider the electrical circuit showin in Figure 6.1 with given
resistances Ry, R2, Rs; inductances L1, Lo and voltage sources eq, es.

Ry Ry

Fig. 6.1 Electrical circuit of Example 6.1

Using Kirchhoff’s laws we may write the equations

Ny

e1 = (Ri+ Ra)iy = Raia+ L1, (6.8)
. . dis

ez = (Ro + Rg) iz — Raiy + Lo ar (6.8b)

The equations (6.8) can be written in the form
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d ’il il €1
S| =A]. B .
dt {12] |:12:| + Lz ’ (6.92)
where
B R1 + R3 R3 1 0
Ll L1 L
A= = 1 . .
Rs B Ro+ Rs | B . 1 (6.9b)
L2 LQ L2
Let

[61] =K H . (6.10)
€92 12
Substitution of (6.10) into (6.9a) yields
d |4 i1
Sl =Ac .
o] =4[]
where the matrix A, is given by (6.4).
We choose the matrix A, with the nilpotency index v = 2 of the form

A= [8 8} (6.11a)
N Ao = {2 8] : (6.11b)

where «a is any given parameter.
Using (6.7), (6.9b) and (6.11) we obtain

Ry + R3 alL1 — R3

K =
{ —R3 Ra+ R3

] for (6.11a)

and
Ri+Rs —Rs

K= |:CLL2—R3 Rs + R3

] for (6.11b).

From (6.6) we have
{@(t)] _ {“0 W?Oq for (6.11a)
220
and 0

il t o ilO

Lz(t)] _ L_QO +az_wt} for (6.11b),
where i19 = i1(0), i20 = i2(0).

Remark 6.2. Note that the electrical circuit considered in Example 6.1
is positive system for all values of resistances Ry, Rs, R3; nonzero induc-
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tances L1 and Lo, since the matrix A is a Metzler matrix and the matrix B
has nonnegative entries.

Example 6.2. Consider the electrical circuit shown in Figure 6.2 with given
resistances Ry, Ro; capacitances C7, Cy; inductance L and voltage sources

€1, €2, €3.

Fig. 6.2 Electrical circuit of Example 6.2

Using Kirchhoff’s laws we may write the equations

di
e1 +e3 :Ldt + uq,
- . duq dus
62—R1 (’L Cl dt +CQ dt

) — Ui,

d
ez = RaC dutz-l-uz-i-Rl (i—cl

The equations (6.14) can be written in the form

d )
ar |
Uy
where
0 L 0
L
A= 1 _R1 + Ro B 1
| C1 RiR:Ci  Ry(Ch
0 1 1
RoCy RoCy

Let

=A

)

)
U1
U2

B =

+B

L

0

dU1 dUQ
a T ) '
€1
€|,
€3
1
0 L
Ri+ Rs 1
" RiR2Cy RyCh
1 1
" RyCy RyCh

(6.14a)

(6.14b)

(6.14c)

(6.15a)

(6.15b)
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€1 )
es| = K |ug
€3 U2

Substitution of (6.16) into (6.15a) yields

1 1
d A
Up| = Aec (U1
dt ’
u2 u2

where the matrix A, is given by (6.4).
We choose the matrix A, of the form

where a1, as are some real parameters.

Using (6.7), (6.15b) and (6.17) we obtain

K =B7'(A, - A)

! 1 17t 1

I 0 I 0 ar + I 0
. _ Ry + Rs 1 B 1 Ri+Rs 1
N Ri1R;C7 R2Cq C1 RiR:Ci Ry

0 1 1 0 n 1 1

— a

L RyCy  R2Co > RyCy RyCy

_—R1 14+ a1l — (R1 + RQ)CQ(IQ -1
=| R —1+ Ri1Csas 0

| Ra (R1 + R2)Coas 1

From (6.6) we have

’L(t) 1 ait 0 io ’i() + ajuqot
ui(t)] =10 1 0| |uiof| = U10 )
UQ(t) 0ast1 u20 U20 + a2u10?

where ig = (0), u1o = u1(0), ugo = u2(0).

If n # m, but for a chosen matrix A. the following condition is met

rankB = rank[B, A, — A],

then the equation
BK=A.—A

has a solution K.

173

(6.16)

(6.17)

(6.18)

(6.19)
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Theorem 6.2. If the condition (6.18) is satisfied, then there exists
a gain matriz K, such that the state variables of the electrical circuits
are linear functions of time for any given initial conditions x.

Proof. If for a chosen matrix A, the condition (6.18) is satisfied,
then by Kronecker-Capelly theorem the equation (6.19) has a solution K,
such that the closed-loop system matrix is equal to A.. The remaining part
of the proof is similar to the proof of Theorem 6.1. O

Example 6.3. Consider the electrical circuit shown in Figure 2.6 with given
resistance R, capacity C', inductance L and voltage source e.
The equations

. du
Zicdt’
di
=Ri+ L
e 7+ dt+u

can be rewritten in the form

dt |7
where
o 1]
_ c Y
A= , B=|1
1 R I
L LA
If we choose .
Ac: OC
100

then the condition (6.18) is satisfied and the equation (6.19) has the form

0 00
lll[’ﬁl’@]_ 1 R
L L L

and its solution is
K=[ki k] =[1R].

From (6.6) we have

where ug = u(0), ip = (0).
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Example 6.4. Consider the electrical circuit shown in Figure 6.3 with given
resistances Ry, Ro; capacity C; inductances L1, Lo and voltage sources eq,
€9.

Ry

|_

Fig. 6.3 Electrical circuit of Example 6.4

Using Kirchhoff’s laws we may write the equations

Qi
e1 = Ryiy + Ly d’tl +u, (6.22a)
. dia
es = Roio + Lo dat + u, (6.22]?))
du
C g = h + 9. (6.22¢)

The equations (6.22) can be written in the form

7 7
d 1 1

. o . €1
At | =Alis| +B |:€2:| s
U U
where P )
1
— 0 - 1
Ly Ly 0
Ry 1 Ly
A=1| o =" _ , B=1 1
Lo Lo Lo
1 1 0 0 0
C C
If we choose the matrix A, of the form
000
_ 10 00
Ae 11 . ;
cC C

then the condition (6.18) is satisfied and the equation (6.19) takes the form
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1 0 R1 0 1

L1 Ll Ll

o V| K= o e 1| (6.24)
L2 L2 L2

0 0 0 0 0

The solution of the equation (6.24) is given by

(R 01
K= [o R 1] :
From (6.6) we have
i1(¢) 100 10 1:10
i) =Y 1O || = 0]
U(t) t t 1 uo o + Zlot+ ZQOt
cC T o't e

where ilO = ’il(()), ’igo = ’ig(O), Uug = u(O)

Remark 6.3. Note that the electrical circuits shown in Figures 6.2 and 6.3
are not positive systems, since the matrices A of these circuits are not Metzler
matrices.

Now, consider electrical circuits consisiting of resistors, capacitances, coils
and voltage (current) sources described by the equation (6.1) in the case,
when the matrix B is singular, i.e. detB = 0.

Theorem 6.3. The matriz B in the state equation (6.1) is singular (detB =
0) if one of the following conditions is satisfied:

1. to a node are connected branches only with one capacitor and any number
branches with coils,

2. to a mesh belong branches with only one coil and any number branches
with only capacitors.

Proof. In the first case let us denote the voltage across the condensator
with capacity C' by u and the currents in the g; coils by i1, 49, ...,%4. Then
using the first Kirchhoff’s law we obtain the equation
du X ik
= ) 6.25
dt C (6.25)
k=1

From the equation (6.25) it follows that the row in the matrix B corre-

du
sponding to is zero row and detB = 0.

In the second case let us denote the current in the coil with inductance L
by i and the voltages across the condensators by w1, us, ..., us,. Then using
the second Kirchhoft’s law we obtain the equation
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ds - Uk
4= > s (6.26)

k=1

From the equation (6.26) it follows that the row in matrix B corresponding

d
to dz is zero row and detB = 0. O

The following examples illustrate both cases of the electrical circuits.

Example 6.5. Consider the electrical circuit shown in Figure 6.4 with given
resistances Ry, Ro; capacity C; inductances L1, Lo and voltage sources eq,
€2, €3.

Fig. 6.4 Electrical circuit of Example 6.5

Using Kirchhoff’s laws we may write the equations

Qi
e1 +e3 = Ryip + 14 dZtl + u, (6.27&)
. dis
es + e3 = Roig + Lo dt + u, (627b)
du .
C Q= i1 + i9. (6.27¢)

The equations (6.27) can be written in the form

d il il €1
q ig] = A |ia| +B |ea],
u u es
where R .
e R 1 1
L1 L1 0
R 1 Ly Ly
A=| o -7%_ , B= 11
Ly Lo O L
1 1 2 Lo
0 00 0
C C

Note that the matrix B is singular with nonnegative entries.



178 6 Standard and Fractional Linear Circuits with Feedbacks

Example 6.6. Consider the electrical circuit shown in Figure 6.5 with given
resistances Ry, Ro, Rj3; capacities Cp, Cs; inductance L and voltage sources
€1, €2, €3.

1 1 Rl
~
7 L
U uy
4— <—
1 1
11 11
Co Ch
R3 R2
13 12
€3 €2

Fig. 6.5 Electrical circuit of Example 6.6

Using Kirchhoff’s laws we may write the equations

di
Ldt = u1 + us9, (6.29&)
er = Ryis + LV (6.29h)
1 — 111 dta .
ey = Ry (Z —i O dd“tl> o, (6.29¢)
. dug
e3 =R (i—1i1+Co dat + Uso. (629d)

The equations (6.29) can be rewritten in the form

d ) 7 el
g |™ =A|u| + B |ef,
U (15) €3
where
1 1
i oy
1 Ri + Ry 1 0
A= |- — — , B=|RiCi RC

C1 RiR:Cy  RCy R
1 1 Ry + R3

0
. - - R.C. RsC.
Cy ROy  RiR3C 12 32
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Note that the matrix B is singular with nonnegative entries.

In both cases, in similar way as in Example 6.4 we can choose the closed-
loop matrices A, with nilpotency indices v = 2 and find gain matrices K,
such that the state variables of the closed-loop systems are linear functions
of time.

6.2 Zeroing of the State Vector of Standard Circuits
by State-Feedbacks

Consider descriptor linear circuit described by the equation (3.1) with regular
pencil satisfying (3.2). It is assumed, that rankF = r < n, rankB = m.
To the electrical circuit (3.1) the state-feedback

u(t) = Kax(t),

where a gain matrix K € R™*" is applied and the equation of closed-loop
circuit has the form

dz(t)
dt

We are looking for a gain matrix K, such that the state vector of the closed-
loop circuit satisfies the condition

B = (A4 BK)x(t). (6.31)

z(t)=0 for t>0 (6.32)

for any admissible initial conditions and any values of resistances, inductances
and capacitances.

First, similarly as in [48], we shall derive the necessary and sufficient con-
ditions under which the gain matrix exists and satisfies the condition

det [E's — (A+ BK)] =y #0, (6.33)
where + is a real number independent of s.

From the equality

I
[Es— A BK] = [Es — A, B] {_;(}
and (6.33) it follows that the problem has a solution only if
rank [Es — A, B] =n for all finite s € C. (6.34)

It is well known [21, 44| that the system (3.1) is completely controllable
if and only if the conditions (6.34) and

rank [E, B] =n (6.35)

are met.
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In the solution of the problem the following lemma will be used [19, 132].

Lemma 6.1. If the condition (3.2) is satisfied, then there exist the orthogonal
matrices U and V' such that

. E18—A1 * . Bl
Ulps—Alv = [ EDS_AO], UB{O}, (6.362)

where F1, A1 € Rm>*™ Fy Ay € R™*"0 By € R™*™_ the subsystem
(E1,41,B1) is completely controllable, tha pair (Ey,Ao) is regular, E; is upper

triangular and ’x’ denotes some unimportant matrix. Moreover, the matrices
FEy, Ay and B; are of the forms

[Eiis — A Eigs — Ajg -+ B o1 — A1 -1 Eiks — Ag]
_A21 E223 — A22 ce E27k_18 - A2,k—1 EQkS - A2k
Elszl _ 0 7A32 ES,}cfls*A&k*l Eg}gS*ASk ,
I 0 0 . — Ak k-1 Eris — Agr
(6.36b)
[B11
0
Bi=| | (6.36¢)
| 0

n

where EijaAij S RﬁiXﬁj; i,] = 1,...,]{3 and Bi; € Rﬁixm, ZﬁZ =N
i=1

with Bi1, A21,..., Ak k=1 of full row ranks and nonsingular Eso, ..., Ey.

Theorem 6.4. Let the condition (3.2) be satisfied and the matrices E, A, B
of (3.1) be transformed into the forms (6.36). A matriz K satisfying (6.33)
exists if and only if

1. the subsystem (E1, A1, B1) is singular, i.e.
detE; = 0, (6.37a)

2. if ng > 0, then the degree of the polynomial deg det [Egs — Ag] is zero,
i.e.

deg det [Eps — Ag] =0 for ng > 0. (6.37b)
Proof. Necessity. From (6.33) and (6.36a) we have

det [Es — A — BK| =detU 'detV !

_ (6.38)
x det [Els — A — BlK] det [Eps — Ag] = «,
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where K = KV € R™*" and det [Eys — Ag] = 1 if ng = 0.
From (6.38) it follows that the condition

only if the conditions (6.37) are satisfied.

Sufficiency. Consider first the single-input case (m = 1). We have

(6.33)

ailp a2 -+ Al n,—1 Qin,g
€11 €12 "+ €lin,
0 a1 22 *++ A2pn;—1 0A2n,
622... 62n1 0 a e QA a
El = . . . . s Al = 31 3,77,171 377,1
0 0 - €nyin s
. 0 0 © Gnyng—1 Anyng
b1
0
Bi=b=| .|,
0

where e;; #0, a; ;-1 # 0 fori=2,...,n; and by; #0.
The condition (6.37a) implies e;; =

181

holds

0. Premultiplying the matrix

[E1s — Aj,b1] by an orthogonal matrix of row operations P, it is possible to

make the entries e, €13, ..

.,€1p, of Fy zero, since e;; #0,i=2,...

y 1.

By this reduction only the entries of the first row of A; are modified.

We get
0 0 --- 0
_ 0eza -+ ean,
Ey=PE =|. . | . ,
00 - enmy
aip ai2 *-° G1p -1 Qin,
21 Q22 " * G2p,—1 02,
A =PAy = | 0 as1--- azn1 a3n by = Piby = by.
L 0 0 © Gnyng—1 Anyng
Let

[—@11, =12, ., =810, —1, =010, | -

Using (6.38), (6.39a) and (6.40), we obtain

(6.39a)

(6.39D)

(6.40)
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det [Eys — Ay + by ]

0 0 e 0 1
—a21 €225 —A22 €2 1S —A2n;—1 €2nyS — A2 n,y
-1 0 —az1 vt €37m,—18 — A3n,—1 €31, S — A3.n,
0 0 T —Anyny—1 €ni,niS — Anyong

= 21031 Qpyn—1 = 7,

where ¥ = 7 detU detV detP; det[Eps — AO]_1 .

The above can be easily extended to multi-input systems, i.e. m > 1. In this
case the matrix P; of orthogonal row operations is chosen, so that all the entries
of the first row of E; = P, E; be zero. By this reduction only the entries of Ay,
i =1,...,k and By; will be modified. The modified matrices will be denoted
by A1;,i=1,...,k and By, respectively.

Let
K:BII{[/IH,AH,,Alk] +G} (641)
The matrix G € R™*™ in (6.41) is chosen, so that
0 0 - 0 (=1)Hn
ao1 * - * *
Els—fil —|—B1[_(: 0 as - * * s (642)

0 0 -+ ay—1 *
where "%’ deontes unimportant entries,

a(-1)*t
ag gz - ag—1C’
¢ =detU~" detV ="' detP; " det [Egs — Ay

h =

Using (6.38), (6.41) and (6.42), it is easy to verify that
det [Es — A — BK] = cdet [Eys — A1 + B1K| = 7.

a

Remark 6.4. For m > 1 there exist many different matrices K satisfying
the condition (6.33).

Remark 6.5. If the system order is not high, elementary row and column
operations can be used instead of orthogonal operations.

The solution of the problem is based on the following theorem.

Theorem 6.5. There exists a gain matric K € R™*", such that (6.32) holds
if and only if the conditions of Theorem 6.4 are satisfied.
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Proof. By Theorem 6.4 there exists K satisfying (6.33) if and only if the con-
ditions (6.37) are met. In this case, using the Laplace transform from (6.31)
we obtain

X(s) = [Es — (A+ BK)] ™"z

where X (s) = L [z(t)] is the Laplace transform of z(¢) and xg is the admissible
initial condition.
Taking into account (6.33) we obtain

(s) = Adj[Es — (A+ BK')]$O _ Adj [Es — (A+ BK)]xO
det [E's — (A + BK)] v (6.43)
=(Py+ Pis+...+ P;s?) o,
where Adj[Fs — (A+ BK)] denotes the adjoint matrix and P, € R™*"
for k=0,1,...,q.
Applying the inverse Laplace transform to (6.43) we obtain

q
a(t) =Y Puagd®(t) =0 for >0,
k=0
where 0(t) is the Dirac impulse and §(%) () is its k-th derivative. O

Example 6.7. Consider the electrical circuit shown in Figure 6.6 with given
resistance R, capacitances C, C2 and source voltage e = e(t).

U1

-
|_._

C

R
e co==Hu

Fig. 6.6 Electrical circuit of Example 6.7

Using Kirchhoff’s laws for the electrical circuit we can write the equations

duq dus  u9
C - C. =
bt *dt R’
uy +ug = e,

which can be rewritten in the form

d [ug Uy
E =A B
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where .
. C1 —Csy 10 . 0
e I FE AR ]

The condition (6.34) is satisfied, since

C C ! 0
rank [F's — A, B] = rank L1782 = p Ul — 2 forall seC.

1 1 1

For the gain matrix K = [kl kg] the closed-loop system matrix

has the form

[Es — (A+ BK)| =

1
801 _SCQ — R
11—k 1—k

and its determinant is equal to a real number v # 0

det [Bs — (A+ BE)] =5 [C1(1 —k2) + Co(1 — k)] + | " =a

and
Ch+ 02(1 - kl)
Cq
Therefore, for the state feedback matrix K = [kl k‘g] with k1 and ko
defined by (6.45) we have uy(t) = 0, uz(t) =0 for ¢ > 0.

kl 75 1 and k2 = . (645)

Example 6.8. Consider the electrical circuit shown in Figure 6.7 with given
resistances Ry, Ro; inductances L1, Lo and source current i, (t) = is.

Fig. 6.7 Electrical circuit of Example 6.8
Using Kirchhoff’s laws for the electrcial circuit we can write the equations

. d’h . dig
=R L — Roig — L
0 121 + L dt 212 2 gt
iS - il + i27

which can be rewritten in the form

d il il .
E . == A . B Ch)
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where

Ly —Ls _[~Ri Re _[o
gl O i T ]

The condition (6.34) is satisfied, since

Ry +sLi —Ry —5sL2 0

rank [Es — A, B] = rank { 1 1 1

]—2 forall seC.

For the gain matrix K = [kl kg] the closed-loop system matrix
has the form

[Es — (A+ BK)] = {Rl +5L1 —Ry — sLQ}

11—k 1— ko
and its determinant is equal to a real number v #£ 0
det [ES — (A -+ BK)] = (R1 + SL1)(1 — /{12) + (R2 + SLQ) (1 — kl) =7

for k1, ko satisfying the equation

Loy Ly |k L1+ Lo
= . 6.47
{R2 RJ LCJ {(31 + Ra) — ’Y} (6.47)
The solution of (6.47) has the form
—1
k1 Lo Ly Ly + Ly
= . 6-48
L@] [Rz RJ [(Rl + Rs) — ’Y} (6.48)

Therefore, for the state feedbacks K = [k‘l k‘g] with k; and ko given
by (6.48) we have i1(t) = 0, i2(t) = 0 for ¢ > 0.

Remark 6.6. For the electrical circuit shown in Figure 3.1 the condition
(6.34) is not satisfied, since

sRCi+1 0 1 10
rank [Es — A, B] = rank sC7  sCy —sC300| =2forallseC.
0 1 1 01
(6.49)

6.3 Zeroing of the State Vector of Standard Circuits
by Output-Feedbacks

Following [49], consider descriptor linear circuit described by the equations
(3.1) and
y(t) = Cx(t) (6.50)
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where y = y(t) € RP is the output vector and C' € RP*™, It is assumed
that the pencil (E, A) of the circuit is regular, i.e. the condition (3.2) is met.
Without loss of generality of considerations we will assume,
that rankF = r < n, rankB = m and rankC = p.
To the electrical circuit the output feedback

u(t) = v(t) — Fy(t),
where v = v(t) € R™ is a new input vector, F' € R™*P is a gain matrix, is

applied and the equation of closed-loop circuit has the form

Edz(tt) = (A— BFC)x(t) + Bo(t).

We are looking for a output-feedback gain matrix F € R™*P such that
the state vector of the closed-loop circuit satisfies the condition

z(t)=0 for t>0

for any admissible initial conditions and any values of resistances, inductances
and capacitances.

First we shall derive the necessary and sufficient conditions, under which
the gain matrix exists and satisfies the condition

det [Es — A+ BFC| = 7, (6.51)

where + is a real number independent of s.
From the equality

[Es — A+ BFC] = [Es — A B| EHC] = [ln BF] {ESC_ A]

and (6.51) it follows that the problem has a solution only if
rank [Es — A B] =n for all finite seC (6.52a)

and
{Es - A

c ] =n for all finite seC. (6.52b)

The problem will be solved by the use of the following two steps procedure.

Step 1. (subproblem 1) Given E, A, B of the circuit (3.1) and a scalar ~.
Find a gain matrix K = F'C' such that

det[Es — A+ BK| =1.

Step 2. (subproblem 2) Given C' and K depending on some free parameters
k1, ko, ... (found in Step 1). Find desired F satisfying the equation
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K=FC. (6.53)
The solution to the subproblem 1 is derived in subsection 6.2.

Remark 6.7. Note that for m > 1 some entries of the matrix K in (6.41)
can be chosen arbitrarily. Therefore, the matrix K = KV ~! has a number
of free parameters denoted by ki, ko, ... .

Taking into account Remark 6.7 we may solve the subproblem 2.
The free parameters of the gain matrix K will be chosen, so that the equation
(6.53) has a solution F' for given C and K.

It is well-known that the equation (6.53) has a solution F if and only if

rankC = rank LCJ (6.54a)

or equivalently
ImK” ¢ ImC™. (6.54b)

The free parameters ki, ko, ... are chosen so that (6.54) holds.
Therefore, the following theorem has been proved.

Theorem 6.6. Let the conditions (3.2), (6.52) and (6.37) be satisfied. The
problem has a solution, i.e. there exists the output-feedback gain matriz F
satisfying (6.51) if and only if the free parameters ki, ka,... of K can be
chosen so that the equation (6.53) has a solution F for given C and K.

From the condition (6.54) and (6.40) we have the following corollary.

Corollary 6.1. For m = 1 problem has a solution if and only if the row
[@11,G12, -, 31,n,—1,01,n, — 1] is proportional to the matrix C.

Remark 6.8. If the order of system is not high (say n < 5) the elementary
row and column operations instead of the orthogonal operations can be used.

Example 6.9. For the singular system (3.1) and (6.50) with

(02 1 0 1-10 1
01-1 2 0120
E= 00 1 =11 A= 0-11-1}"
000 1 0021
- (6.55)
10
01 0513 -2
B= 00|’ 0{2.534—1]
100

find the gain matrix F € R?*? such that the condition (6.51) is satisfied
for v = 1.
In this case the pair (E, A) is regular, since
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—12s+1 s -1
0 s—1 —s—2 2s
0 1 s—1 1-—s
0 0 -2 s—1

=(1— 3)3 +2(1 - s)2 4+ (s + 2)(1 —s) — 4s.

det[Fs — A] =

The matrices (6.55) have already the desired forms (6.36) with Ay = 0,
By=0,E1=FE, A1=A, Bi=B,ni=n=4,n=2,no=n3=1,m=2

and
02 1 0
En = {0 J , Eia= {_J , Eiz= {2] ,

Ey =[1], Es3=|[-1], Es3=[1],

1-1 0 1
A11:|:0 1:|a A12:|:2:|7 A13:|:0:|7

Agy =[0-1], A =[1],

Aos =[=1], Asp—=1[2], As=[], Bu-— Ll) ‘1)] .

Using the elementary row operations (see Appendix B) we obtain

—-2-31
—1

11
Py = 01 0
0 0 1

OO O

and

[—10 5 -5 1-2
0s -1 2 01
0 1s—11—s00
|00 -2 5-100

[Els 7/11,31] = P1 [ES 7A,B} =

Taking into account that in this case

- 10-5 5] - 1-2
[A117A127A13]: |:00 1 =2/ Blz |:0 1:|7
0 00O

G‘{(w kb kg}

and using (6.41) we obtain

S 2 2k 2Ky — 31+ 2k
K =K =By {[An, A, Ais] + G} = {0.5 b kst 1 kj— 23}’

where ki, ko, k3 are free parameters.
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The free parameters are chosen so that the condition

051 3 -2
0513 -2 25 3 4 -1
nk {2.5 34 —1] =rank |\ o ok, 2ky — 31+ 2k (6:56)

05 k1 ko+1 ks—2

is satisfied.
The condition (6.56) is satisfied for k1 = 1, ko = 2, ks = 0 and the equation

pl0513-2] 2211
2534 -1 [0513 -2

F- [—115].

det [Es — A+ BK] = detP] ' [Es — A+ BK]|
0o 0 0 1

_05s+1 2 0

0 1 s—11-s

0 0 -2 s-—1

has the solution

It is easy to check that

=1

6.4 Zeroing of the State Vector of Fractional Electrical
Circuits by State-Feedbacks

Consider descriptor linear circuit described by the equation (1.49a)
with regular pencil satisfying (1.51). It is assumed, that rankE = r < n,
rankB = m.

To the fractional electrical circuit the state-feedback

u= K,

where K € R™*™ is a gain matrix, is applied and the equation of closed-loop

circuit has the form
dez(t)

dte
We are looking for a gain matrix K, such that state vector of the closed-
loop circuit satisfies the condition

E = (A+ BK) z(t). (6.57)

x(t)=0fort >0 (6.58)

for any admissible initial conditions and any values of resistances, inductances
and capacitances.
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First, similarly as in [48], we shall derive the necessary and sufficient con-
ditions, under which the gain matrix exists and satisfies the condition

det [Es® — (A+ BK)| =~ #0, (6.59)

where + is a real number independent of s.
From the equality

[Es* — A~ BK] = [Es® — A, B] LH}L(]

and (6.59) it follows that the problem has a solution only if
rank [Es* — A, B] =n for all finite s € C. (6.60)

It is well known [21, 44] that the system (1.49a) is completely controllable
if and only if the conditions (6.60) and

rank [E, B] =n

are met.
The solution of the problem is based on the following theorem.

Theorem 6.7. There exists a gain matriz K € R™*™ such that (6.58) holds,
where 7 is a real number independent of s, if and only if the conditions (6.37)
are satisfied.

Proof. By Theorem 6.4 there exists K satistfying (6.59) if and only if the con-
ditions (6.37) are met.
In this case, using the Laplace transform, from (6.57) we obtain

X(s) = [Bs® — (A+ BK)] "z

where X (s) = L [z(t)] is the Laplace transform of z(¢) and xy is the admissible
initial condition.
Taking into account (6.59) we obtain

_ Adj[Bs* = (A+ BK)] _ Adj[Es® — (A+ BK)|
©det [Bse — (A4 BE)] T 2 " (661
= (P + Pis® + ...+ Pys™) xo,

X(s)

where Adj[Es® — (A + BK)] denotes the adjoint matrix and P, € R™*"
for k=0,1,...,q.
Applying the inverse Laplace transform to (6.61) we obtain

q
a(t) =Y Peagd®®(t) =0 for >0,
k=0
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«

d
since £ [dta 5(t)] = 5%, where §(t) is the Dirac impulse and 6(**) (t) is its ak-

order fractional derivative. O

Example 6.10. Consider the fractional electrical circuit shown in Figure 6.6
with given resistance R, capacitances Cq, Co and source voltage e = e(t).
Using Kirchhoff’s laws for the electrical circuit we can write the equations

do‘ul daUQ - u2
g "2 g T g

ur +uz = e,

which can be rewritten in the form

o, [ul} —A {“1] 4 Be,

dte |us U2

where .
|G —Cy |0 |0
E{O 0]’ 4= S AP BM'

The condition (6.60) is satisfied, since

1
saCl _SaCQ — R 0
1 1 1

rank [F's® — A, B] = rank =2 forall seC.

For the gain matrix K = [/{:1 k:g] the closed-loop system matrix
has the form

1
[ESQ—(A—FBK)] _ lsaCl *3“6’27 R‘|

11—k  1—ke
and its determinant is equal to a real number I" # 0

det [Es® — (A+ BEK)| = s"[C1(1 = k2) + Co(1 = k)] + 1;3k1 =7

for
Cy +Co(1 — k)
Cy
Therefore, for the state feedback matrix K = [kl k:g] with k1 and ko
defined by (6.63) we have uy(t) = 0, ua(t) =0 for ¢t > 0.

k‘1 75 1 and /{22 = . (663)

Example 6.11. Consider the fractional electrical circuit shown in Figure
6.7 with given resistances R;, Rs; inductances Li, Lo and source current
is(t) = is.
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Using Kirchhoff’s laws for the electrcial circuit we can write the equations

) d%iq ) d%ig
0=R L — Rois — L
121+ L dpe 212 2 gpa

is =11 + 2,
which can be rewritten in the form
Ec(li; H =A H + Bi,
where .
o RS ER | B ]
The condition (6.60) is satisfied, since

_Rl +s*L1 —Ro — s%L5 0
1 1 1

rank [F's® — A, B] = rank } =2forall s € C.

For the gain matrix K = [k‘l k‘g] the closed-loop system matrix has the
form

@ o e
[Es® — (A+ BK)] = {Rl ety —ly = s L?]

11—k 1 — ko

and its determinant is equal to a real number v # 0
det [Eso‘ — (A + BK)] = (Rl + SaLl)(l — /{12) + (R2 + SaLQ) (1 — k‘1) =7

for k1, ko satisfying the equation

Lo Ly k1| Li+ Ly
) ] = L] 69
The solution of (6.65) has the form
Ei|  |La Ly - Ly + Ly
|:k2:| o |:R2 R1:| |:(R1 + Rz) — a:| ' (6'66)

Therefore, for the state feedbacks K = [k‘l k‘g] with k1 and ko given
by (6.66), we have i1(t) = 0, i2(t) =0 for ¢t > 0.

Example 6.12. Consider the fractional electrical circuit shown in Figure 6.8
with given resistances R, Rj, Ro; inductances Ly, Lo; capacitances Cq, Co;
source voltage e = e(t) and source current i; = i4(t).

Using Kirchhoff’s laws for the electrical circuit we can write the equations
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e (OB ~RA ()
e, +
@ compte[ | LHE0

Fig. 6.8 Fractional electrical circuit of Example 6.12

d”ul d(X'U/Q (15)

C —C! = —1
L qe 2qe T RO
ur +uz = e,
) dPiy . dPi,
Ryiy +uo + L1 4t = Raio + Lo 48
is =11 + 12,
which can be written in the form
_daul_
dte
da'U/Q uq 0 )
« <a<l,
Jo I TR L e
d%iy “ is] 0<pB<1,
dts 12
dPiy
L d¢B 4
where )
Ci—Cy 0 0 0 -1 0
0 0 0 0 R
o A= |-1-1 0 0| p=
0 0 Ly—Lo 0 —1 Ry Ro

The condition (1.51) is satisfied, since

sta 0
det {E|: 0 I[QSB:| —A,B}

1
saCl—saCz—R 1 0 00
|1 1 0 0 10| =4
0 1 SﬁLlfsﬁLQ*RQOO
0 0 1 1 01

for all s € C.

00
10
00
01

193
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For the gain matrix

k11 k12 ki k1a
K = 6.68
{km koo ko3 k24} (6.68)

the closed-loop system matrix has the form

{E FQ‘SQ 0 ] - (A—s—BK)}

0 I[QSB
aC aC ! 1 0
U0 —s"Cr = (6.69)
= |1—=ki1 1—Fkp —k13 —Fki14
0 1 SﬁLl 785L2 — R2
—ka1 —ka2 1—kos 1—koy

Assuming k13 = k14 = k21 = koo = 0, we obtain the determinant of the ma-
trix (6.69)

det {E sta 0 ] - (A—I—BK)]

0 ]1285
saCl _SaCQ — ! 1 0
R
—|1—Fky1 1—kp 0 0
0 1 SﬁLl 785.[/2 — R2
0 0 1—kos 1—Fkoy

= {Sa [Ci(1 = k12) + Co(1 — k1) + ]1%(1 - k‘n)}

X {Sﬁ [Ll(l — k?24) + Lz(l — kgd)} + Rl(l — k24) + Rz(l — k)gg)}
+ (1 = Kk11)(1 — kog)
=arag + (1 — k11)(1 — koa),

where
1
Ci(1 -k Cy(1 — k1) =0, 1—Fky1) =as,
1( 12) + Cso 11) R( 1) = a1 (6.70)
Ly(1 — kog) + L2(1 —ko3) =0, Ri(1—ko)+ R2(1 - k23) = Q2.
From (6.70) we have k11 =1 — a1 R and
Ci 00 k12 C1 + RCsa4q
0 Lo Ly kos | = Ly + Lo . (6.71)

0 Ry Ry koa Ri+ Ro —as

The equation (6.71) has the solution
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1 + RCQCLl
k12 ;i 00 - C1 + RCsaq LCI
kos| = | 0 Ly Ly Li+Lo |=|1+ 142 (6.72)
kaa 0 Ry R Ri 4+ Ro —as R1L2Li Roly
1_ 202
RiLy — RoLy
if
Cy 00
det { 0 Ly L1| =} (R1L2 — Rng) #0.
0 Ry Ry

Therefore, for the gain matrix (6.68) with k15 = k14 = ko1 = koo = 0,
k11 = 1—a1 R and k12, kog, ko4 given by (6.72), we have uq(t) = 0, ua(t) =0,
il(t) =0, ig(t) =0 for¢t>0.

Remark 6.9. For the fractional electrical circuit shown in Figure 3.1 the con-
dition (1.51) is not satisfied, since

s“RC1+1 0 1 10
rank [E's® — A, B] = rank s“Cy  s%Cy —s%C3 00| =2
0 1 1 01

for all s € C.



Chapter 7

Minimum Energy Control
of Electrical Circuits

The minimum energy control problem for standard linear systems was for-
mulated and solved by J. Klamka in [117, 118, 119, 120, 121, 122, 123].
The Klamka’s method has been extended to new classes of linear systems
[12, 13, 71, 82, 83, 98, 84, 85, 86, 101, 94, 96, 97, 99, 100, 124]

7.1 Minimum Energy Control of Positive Standard
Electrical Circuits

Consider the positive electrical circuit described by the equations (4.1) with
diagonal A € M, and monomial B € R}*". If the system is reachable
in time ¢ € [0,t7], then usually there exists many different inputs u(t) € R
that steers the state of the system from zg = 0 to zy € R’}. Among these
inputs we are looking for an input that minimizes the performance index

ty

I(u) = / o (F)Qu(r)dr, (7.1)

0

where Q € R"*" is a symmetric positive defined matrix and Q! € R’*".
The minimum energy problem for the positive electrical circuit (4.1) can
be stated as follows [101]. Given the reachable matrices A € M,,, B € R}*"
and @ € R™™ of the performance index (7.1), zy € R’ and ty > 0, find
an input u(t) € R for t € [0,¢;] that steers the state vector of the system
from 2o = 0 to y € R} and minimizes the performance index (7.1).
To solve the problem we define the matrix

ty
T
W =W(t;Q) = /eA(tf_T)BQ_lBTeA (ts=7)qr. (7.2)
0
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From (7.2) and Theorem 5.7 it follows that the matrix (7.2) is monomial
if and only if the positive electrical circuit (4.1) is reachable in time [0, ].
In this case we may define the input

a(t) = Q' BTeA =W g, for te 0t (7.3)
Note that the input (7.3) satisfies the condition u(t) € R for t € [0,t¢] if
Q'eRY™ and W lzy e R%. (7.4)

Theorem 7.1. Let the positive electrical circuit (4.1) be reachable in time
[0,tf] and let u(t) € RY} for t € [0,ty] be an input that steers the state
of the positive electrical circuit (4.1) from xo = 0 to xy € R’. Then the in-
put (7.3) also steers the state of the system from xo = 0 to x5 € R and min-
imizes the performance index (7.1), i.e. I(4) < I(@).

The minimal value of the performance index (7.1) is equal to

I(i) = x; Wy (7.5)

Proof. If the conditions (7.4) are met, then the input (7.3) is well defined
and @ € R%} for t € [0,t7]. We shall show that the input steers the state
of the system from zg = 0 to zy € RY}.

Substitution of (7.3) into (5.24) for ¢t = t; and zg = 0 yields

ty ty
x(ty) :/eA(tffT)Bﬁ(T)dT :/eA(tffT)BQleTeAT(tf7T)dTW71xf =uxy,
0 0

since (7.2) holds.
By the assumption, the inputs u(t) and a(t), ¢ € [0,¢/] steers the state
of the system from zg = 0 to xy € R’{. Hence

ty ty
Tp = /eA(tffT)Bﬂ(T)dT = /eA(tffT)Bﬁ(T)dT (7.6a)
0 0
or .
f
/ A= B la(r) — a(r)] dr = 0. (7.6b)
0

By transposition of (7.6b) and postmultiplication by W1z we obtain

ty
/ fa(r) — a(r)]T BT ATt -Ddr w1, = 0. (7.7)
0
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Substitution of (7.3) into (7.7) yields

/ [a(r) — a(r))" BT A G dr W ey = / [a(r) — a(r)]" Qa(r)dr = 0.
0 0

Using (7.8) it is easy to verify that

(7.9)
From (7.9) it follows that I(%) < I(@), since the second term in the right-
hand side of the inequality is nonnegative.
To find the minimal value of the performance index (7.1) we substi-
tute (7.3) into (7.1) and we obtain

ty ty

1) = [ @()Qa(rydr = af W [ AT BQ BT s
0 0
:x?W_le,
since (7.2) holds. O

From the above considerations we have the following procedure for
computation of the optimal inputs that steers the state of the system from
zog = 0 to 2y € R} and minimizes the performance index (7.1).

Procedure 7.1
Step 1. Knowing A € M,, compute e,

Step 2. Using (7.2) compute the matrix W knowing the matrices A4, B, Q
for given t;.

Step 3. Using (7.3) compute the optimal input (¢).

Step 4. Using (7.5) compute the minimal value of the performance index.

Example 7.1. (continuation of Example 5.3) Consider the positive reachable
electrical circuit shown in Figure 5.3 for R3 = 0. Compute the optimal input

u(t) = [ex(t) 62(t)]T of the electrical circuit that steers its state vector from

z [0 O]T to the final state zy = [z xfg]T and minimizes the performance
index (7.1) for
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Q= {‘h 0} ERY? ¢, >0, k=1,2. (7.10)
0 g2
Using the Procedure 7.1 we obtain the following.
Step 1. The matrix e for (5.32) and Rz = 0 is given by (5.33).

Step 2. Using (7.2), (5.33) and (7.10) we obtain

tf tf
W = / eA(tf—T)BQ—IBTeAT(tf—T)dT _ /eATBQ—lBTeATTdT
0 0
ty 1 em .
e I
L2
- Eid 1 em, | dT (7.11)
0 ,e L2
0 QZLQ
1 ( —2R1t
l—e = f) 0
2q1 R Ly ) o
2
0 (1 e tf)
2qaR2 L2

Note that the conditions (7.4) are satisfied for all values of Ry, Ra, L1, Lo
and ty > 0.

Step 3. The optimal input can be computed using (7.3) and (7.11). We have
oo B
2Ry, L1
(o)
2Rye” 23 (7
x
(1 e 2:;2 tf> f2

a(t) = QBTN LWy, =

Step 4. Using (7.5) and (7.11) we obtain the value of the performance index

2q1 R Ly 0
2R
N Trrr—1 (1 —em Tr1
I(u) :xfW Tf= [l'fl Z‘fQ] 0 2qaRo Lo |:xf2}

(1 —e_QL?tf)
2q1 R Ly 9 2q2Ra Lo 9
(1 _2§1tf)1.f1+ ( _2R2tf)xf2'
—e I 1—e =2
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Example 7.2. (continuation of Example 5.4) Consider the positive reachable
electrical circuit shown in Figure 5.4 for R = 0. Compute the optimal input

u(t) = [e1(t) 62(t)]T of the electrical circuit that steers its state vector from

zo [0 O]T to the final state z; = [z xfg]T and minimizes the performance
index (7.1) for (7.10).
Using the Procedure 7.1 we obtain the following.

Step 1. The matrix e for (5.37) is given by (5.38).

Step 2. Using (7.2), (5.38) and (7.10) we obtain

ty ty
W = / eA(tf—T)BQ—IBTGAT(tf—T)dT — /GATBQ_lBTeATTdT
0 0

ty
1 2

(mept "0
@it 1 dr (7.12)

0 ! (1 —Q?th)
— e
2q2R2L

Step 3. The optimal input can be computed using (7.3) and (7.12). We have

2¢~ ryc (ty—t)
(1 —e Rfctf>
Ra
2Rse™ L (ts=t)
(1 —e 1 tf) o

Tf1

a(t) = Q 'BTeA w1y, =

Step 4. Using (7.5) and (7.12) we obtain the value of the performance index

2(]1 RlC 0

. Trr—1 (1 — e mels T
I(w) :xfW Ty = [l'fl SKfZ] 0 2qoRo L LfJ

<1 —e Lt tf)
21 R, C 9 2gaRo L 9
(1_€7Rfctf)xf1+ (1_6_2122tf)xf2'
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7.2 Minimum Energy Control of Fractional Positive
Electrical Circuits

Consider the fractional positive electrical circuit (1.11a) with diagonal A €
M,, and monomial B € R. If the circuit is reachable in time ¢ € [0, ], then
usually there exists many different inputs u(t) € R, that steers the state of
the system form zo = 0 to x5 € R}. Among these inputs we are looking for
an input u(t) € R}, ¢t € [0,%;], that minimizes the performance index (7.1).

The minimum energy control problem for the fractional positive electrical
circuit (1.11a) can be stated as follows [98]. Given the reachable matrices
A€ M,, BeR™", the fractional order v and @ € R’*" of the performance
index (7.1), zy € R} and t; > 0, find an input u(t) € R’} for t € [0,%;], that
steers the state vector of the system from zg = 0 to zy € R} and minimizes
the performance index (7.1).

To solve the problem we define the matrix

Wity) = /@(tf ~1)BQ'BT¢T (t; — 1)dr, (7.13)
0

where @(t) is defined by (1.14).

From (7.13) and Theorem 5.21 it follows that the matrix (7.13) is monomial
if and only if the fractional positive electrical circuit (1.11) is reachable in
time [0, ty].

In this case we may define the input

a(t) = Q BT  (t; — )W (ty)xy for te[0,ty]. (7.14)

Note that the input (7.14) satisfies the condition u(t) € R”} for t € [0, 1]
if
Q' eRY™ and Wl(ty) e R™ (7.15)

Theorem 7.2. Let u € R"} fort € [0,tf] be an input that steers the state of
the fractional positive electrical circuit (1.11) from xg = 0 to xy € R'}. Then
the input (7.14) also steers the state of the system from xq = 0 to xy € R
and minimizes the performance index (7.1), i.e. I(G) < I(a@).

The minimal value of the performance index (7.1) is equal to

I(a) =} Wt y)ay. (7.16)

Proof. If the conditions (7.15) are met then the input (7.14) is well defined
and a(t) € R for t € [0,t].

We shall show that the input steers the state of the system from zy = 0
to xy € R’}. Substitution of (7.14) into (1.12) for ¢ =ty and zo = 0 yields
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() :/@(tf ~ 1)Ba(r)dr

ty
:/(p(tf —7)BQ'BToT (tp — 7)dTW T (ty)ap = 7y,
0
since (7.13) holds.

By assumption the inputs @(t) and 4(t) for ¢ € [0,¢y] steers the state of
the system form 29 = 0 to zy € R, i.e.

T§ = /@(tf —7)Bu(r)dr = /(P(tf — 7)Ba(T)dT

0 0
and .
/qs(tf — P)Ba(r) — a(r)] dr =0, (7.17)
0

By transposition of (7.17) and postmultiplication by W~!(¢)x; we obtain

la(r) — a(r)]" BT®T (t; — 7)drW = (t;)azy = 0. (7.18)
0

Substitution (7.14) into (7.18) yields

tr ty
/ (a(r) — a(r)]T BTOT (¢ — 7)drW )z = / (a(r) — a()]T Qa(r)dr = 0.
’ ’ (7.19)
Using (7.19) it is easy to verify that
ty ty ty
ﬂT(T)Qﬂ(T)dT = /ﬁT(T)Qﬂ(T)dT + / [a(r) — ﬁ(T)}T Qlu(r) — a(r)] dr.
’ ’ ’ (7.20)

From (7.20) it follows that I(a) < I(a), since the second term in the
right-hand side of the inequality is nonnegative.

To find the minimal value of the performance index (7.1) we substi-
tute (7.14) into (7.1) and we obtain
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ty ty
I(a) = /aT(T)Qa(T)dT - x?w—l(tf)/qs@f —)BE(t; — 1) dr W (t)ay

:x}ﬂwil(tf)va
since (7.13) holds. O
From the above considerations we have the following procedure for
computation of the optimal inputs, that steers the state of the system from
zog = 0 to 2y € R} and minimizes the performance index (7.1).
Procedure 7.2

Step 1. Knowing A € M,, and using (1.14) compute &(¢).

Step 2. Using (7.13) compute the matrix W(ty) knowing the matrices
A, B, Q, fractional order o and some ty.

Step 3. Using (7.14) obtain the desired optimal input () for given z; € R”.

Step 4. Using (7.16) compute the minimal value of the performance index.
Example 7.3. (continuation of Example 5.13) The minimum energy control
problem of the fractional positive reachable electrical circuit shown in Figure

5.3, where R3 = 0 and described by the state equation (5.78) with matrices
(5.79), (5.80) can be stated as follows. Compute the input () € R% that

steers the state of the electrical circuit from zero initial state to zy = [1 1]T
and minimizes the performance index (7.1) with

20
Q= [0 2] . (7.21)
Using the Procedure 7.2 we obtain the following.
Step 1. The matrix @(t) has the form (5.81).

Step 2. Using (7.13), (5.81), (5.80) and (7.21) we get
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ty ty
Wi(ty) z/@(tf —~7)BQ'BT®T (t; — r)dr = /@(T)BQ_IBT@T(T)dT
0 0
Gl 1
—;/ If (1) P2 (T)dr = Ij (1)
o 10 1z 7
oo o t;k+l+2),8—1 _]L%i 0 !
XZ;ZQ@+w+mafuﬂw+nmrw+nm 0 -t
2

Step 3. Using (7.14), (7.21), (5.81) and (7.3) we may compute

a(t) =Q7 BT (ty — )W (ty)xy
1
0
— |1 | e - |y

1
0
Ly

Step 4. From (7.16) and (7.3) we have the minimal value of the performance
index

(@) = sTW N (tg)ay = [11] W(1y) m .

7.3 Minimum Energy Control of Fractional Positive
Electrical Circuits with Bounded Inputs

Consider the fractional positive electrical circuit (1.11a) with diagonal A €
M,, and monomial B € R. If the circuit is reachable in time ¢ € [0, ], then
usually there exists many different inputs u(t) € R}, that steers the state of
the system form zg = 0 to zy € R}. Among these inputs we are looking for
an input u(t) € R}, t € [0, 1] satisfying the condition

u(t) <U eRY, for tel0,ty] (7.22)

that minimizes the performance index (7.1).

The minimum energy control problem for the fractional positive electrical
circuit (1.11a) with bounded inputs can be stated as follows [97]. Given the
reachable matrices A € M,, B € R}™", the fractional order a, U € R}*"
and @ € R™" of the performance index (7.1), zy € R’} and ty > 0, find
an input u(t) € R for ¢t € [0,ty], that steers the state vector of the system
from 2o = 0 to y € R} and minimizes the performance index (7.1).
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Theorem 7.3. Let u € R fort € [0,tf] be an input satisfying (7.22), that
steers the state of the fractional positive electrical circuit (1.11) from xo =0
to xy € R%. Then the input (7.14) satisfying (7.22) also steers the state of
the fractional electrical circuit from xo = 0 to xy € R} and minimizes the
performance index (7.1), i.e. I(0) < I(@).

The minimal value of the performance index (7.1) is given by (7.16).

The proof of this theorem is similar to the proof of Theorem 7.2.

To find ¢y for which the fractional electrical circuit (1.11a) reaches desired
final state xy = 2(ty) € R’} with the input (t) for ¢ € [0,t;] satisfying the
condition (7.22) and minimizing the performance index (7.1), we compute
the dervative of (7.14)

da(t)

dt = Q' BTw(M)W (ty)ay for te[0,tf],

where

(t) = :;tng(tf —t).

Knowing ¥(t) and using the equality
Q(t)Wﬁl(tf)xf =0 (7.23)

we can find ¢ € [0, ¢y], for which u(¢) reaches its maximal value.

Note that if the fractional electrical circuit is asymptotically stable, then
tlim &(t) = 0 and 4(t) reaches its maximal value for ¢ = t; and if it is unstable
—r 00

then for ¢ = 0.

From the above considerations we have the following procedure for
computation of the optimal inputs satisfying (7.22), that steers the state of
the fractional electrical circuit from zg = 0 to zy € R} and minimizes the
performance index (7.1).

Procedure 7.3
Step 1. Knowing A € M,, and using (1.14) compute &(¢).

Step 2. Using (7.13) compute the matrix W (ty) for given A, B,Q,« and
some .

Step 3. Using (7.14) and (7.23) find ¢y, for which a(t) satisfying (7.22)
reaches its maximal value and the desired u(t) for given U € R’} and 2y € R"}.

Step 4. Using (7.16) compute the minimal value of the performance index.

Example 7.4. Consider the fractional positive reachable electrical circuit
shown in Figure 5.3 for Ry = Ry = 1; R3 =0, L; = Ly = 1 and a = 0.5.
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Compute the input 4(t) € R% satisfying the condition

alt) = ﬂ < H for ¢ €10,y],

€2

that steers the state of the frz%ctional electrical circuit from zero initial state
to the final state zy = [1 1] and minimizes the performance index (7.1)
with

20
Q= {0 2] . (7.24)
Using the Procedure 7.3 we obtain the following.

Step 1. The matrices of the fractional electrical circuit are given by (5.31),
(5.32) and we have
A=-I,, B=1Is.

Knowing A € M,, and using (1.14) we obtain
Akt(k‘+1)a 1 e t(k‘ 1)0.5

Ik +1)a ,;) [(k +1)0.5]"

(t) = Z
k=0

(7.25)

Step 2. Using (7.13), (7.24), (7.25) and taking into account that B = I, we
get

ty
Wi(t) = / B(t; — 1)BQ ' BTET (t; — r)dr

0
ty ty
= / ®(1)BQ'BT®" (r)dr = ; *(7)dr
0 0
oo oo k+1)0.5—1
1/ Z k+l 7(k+1)0.5— &
2 [(k+1)0.5]T"[(I + 1)0.5]
o k=01=0
0o oo t(k+l)0.5
ZZ 1)k ! : (7.26)
I[(k + 1)0.5) (1 + 1)0.5] (k + 1)

Step 3. Note that the fractional electrical circuit is asymptotically stable.
Therefore, the input @(t) reaches its maximal value for t = ¢;.
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Using (7.14), (7.24), (7.25) and (7.26) we obtain

© _ N\ (k=1)0.5
it) =Q‘1BT¢T<tf—t>W-1<tf>xf=1<Z<—1>’f<” ! )

2\Z= I'[(k +1)0.5]
y i 0o (_1)k+l t;k+l)0'5 -1 |:1:|
=0 1=0 I[(k + 1)0.5]1[(1+ 1)0.5](k + 1) 1]

Step 4. Using (7.16) and (7.26) we may compute minimal value of the per-
formance index (7.1)

1) = =W )y = (1] W) |



Chapter 8

Fractional 2D Linear Systems Described
by the Standard and Descriptor Roesser
Model with Applications

8.1 Fractional Derivatives and Integrals
of 2D Functions

We define the fractional-order partial derivative of a 2D continuous function
f(t1,t2) of two independent real variables t1,ts > 0.

Definition 8.1. The «;-order partial derivative of a 2D continuous function
f(t1,t2) with respect to t; is given by the formula

t,
; ; (Ni)
o 0% 1 fe 7 (7)
C‘Dtilf(tlatQ) = It f(tlatQ) = F(N _ Oé) / (t _t%)ai—&-l—Ni dT, (81)
i i i ) i

where NV; — 1 < a; < N;, N; € N, a; € Ry is the order of fractional partial
derivative for ¢ = 1,2, I'(x) is the Euler gamma function defined by Definition
1.1 and

Ny
0T (7, t2) fori=1
ft(Ni)(T) _ orM
1 O f(t,7) fori=2
OrN2 T

Definition 8.2. The (;-order fractional integral of the two-dimensional func-
tion f(t1,t2) with respect to t¢; is defined by

ti

Jti=n% uryar,

0

1

Bi _
Iti f(t1>t2) - F(ﬁz)

where 3; > 0 is the order of integration for i = 1,2 and

f(r,ta) fori=1
Julr) = {f(tl,T) for i = 2
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Definition 8.3. An operator defined by

CDtOZi’f(tl,tQ) for a; € R+

‘ (8.2)
It:a’f(tl,tg) for «a; <0

Dgif(tlﬂtQ) = {

where ¢ = 1,2 is called a o;-order (a; € R) fractional differintegral of the 2D
function f(t1,t2) with respect to t;.

8.2 Descriptor Fractional 2D Roesser Model
and Its Solution

Consider the singular (descriptor) fractional-order 2D continuous system de-
scribed by the state equations [171]

E

CDal.’Eh(tl, tg) h
i iy {f” b1, t2 ] + Bu(ty, ts), (8.3a)
CD?;Q.’L‘U (tl, tz)

h

yY(ti,ts) = C {i } + Dufty, t2), (8.3b)
where N;—1 < a; < N;, N; € Nfori = 1,2; 2" (t1,t2) € R™, 2¥(t1, 1) € R"2,
(n = n1 4+ ng) are the horizontal and vertical state vectors, respectively,
u(ty,t2) € R™ is the input vector, y(t1,t2) € RP is the output vector and the
matrices £, A € R"*™" B € R"*™ (C € RP*" D € RP*™,

We assume, that in general case, the matrix E of the system (8.3) is sin-
gular matrix, i.e. detE = 0.

The boundary conditions for (8.3) are given in the form

OFah(ty,t
2" 00, 15) = { o 2)] = 25" (t2) (8.4a)
oty t1=0
for k=0,1,...N; — 1; t5 > 0,
Olav(ty,t v
'O (t,,0) = [ o 2)} =y (1), (8.4b)
8t2 to=0

wherel =0,1,2,...,No—1; t; > 0 and xg(k) (t2), xg(l)(tl) are given functions.

Theorem 8.1. [171] The solution to the equation (8.3a) with the boundary
conditions (8.4) is given by
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tt
{ tié} S Y s

1=—p1 j=—p2

ot D2 k)
—J a2
Er Z (i1 + k (t2)
B i t11a1+k—1 My—1 tgj+1)a2+l alxg(k—l)(t2)
'L Dian + k) = T+ Daz + 1 +1] ot -

Ny tja2+l71

E 7(’L+1)()¢1 'U(l 1)
e F(]a +1) (b1)
B N t%a2+l71 My—1 t§i+1)a1+k akwg(l—l)(tl)
—~ I'(joz +1) = I[(i+1)ar +k+1] otk B

t BD; Gt e

M;—1 i+1)ag+k
— (+ Jert D—(j+1)0t2 8ku(t17t2)

+B
Z P+ Do + b+ 1) ot 1o
Mo — @
2 ! tgj-,—l) 2+ —(i+1)a 8lu(t1,t2)
= Il(j+ Doz +1+1] " o' li,—0
Mp—1My—1 (i+1) a1 +k, (j+1)as k [
t t " 9
LD DD DI TERIETNA on )y |
— = I+ Doa +k+ 1[5+ Doz + 1+ 1] 06.* oto =0

E = [El EQ] s Fq e Rnxnl, FEs € Rnxn(‘),

My —1< —(i+1)oay <M, My—1<—(j+1)as < My; My, M; €N,
(8.6)
and the transition matrices are defined by the equalities
[Ey 0] To,—1 4 [0 Bo| T_10— AT 1 =1,
[El O] sz 1+[0 EQ] i—1,j — ATi_17j_1:0 fOIiZ—/,Ll, 2750
and j = p2, j#0
T;; = 0 (zero matriz) fori < py and/or j < po
(8.7)

Proof. Using (A.12) and (A.13) we obtain the 2D Laplace transform of the
state equations (8.3a)
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N
ay— h(k—1)
pFX (0, s)
p* L, 0 X"(p,s) ; "
E -4 —E k=
0 S 21[712 Xv(p7s) Ng o —1 ’U(l*l) (88)

ZS 2 th (pao)

=1
+ BU(p, 5),

where N; — 1 < a; < N;, N; € N for i =1,2 and

8kxh (tl, tz)

Xth1(k) (Ov 3) :Etz {

ot," t1=0
v 0'x" (t1,t v
th(l)(pa 0) :‘Ch { xa(t ll 2) } = ‘Ct1 {xO(l) (tl)}
2 to=0

fork=0,1,...,Ny —1;1=0,1,..., Ny — 1.
We assume, that the matrix

_ P, 0
G(p,s) =F { 0 soel,, A (8.9)
is invertible for some p and s, i.e.
T1 T2 ) )
detG(p, s) = ZZdijpzals]a"’ #0 (8.10)
i=0 j=0
for some p and s, where d;; for ¢ = 0,1,...,7;5 = 0,1,...,ry are real

coefficients and depend on the matrices E, A of the system.

If the coefficient (8.10) is met, then the system (8.3) has a solution
for t1,to > 0 and arbitrary admissible boundary conditions for a given in-
put. Such system (the pair of matrices F, A) is called regular. Note that
the system (8.3) is regular for every nonsingular matrix E.

Let the system (8.3a) be regular. Then we may write (8.8) in the form

Ny
a1 — h(k—
Zp 1 kthl( 1)(0’3)

Xh( 75) -1 -1
[Xv(g,s)]=G (p,s) E |3 + BU(p,s) p. (8.11)

Z Saz—lXtU(z(lfl) (p’ 0)
=1

The inverse of the polynomial matrix of p, s (8.9) can be expressed in the
form of the following sum [43, 128|

oo o0

G lps)= > > Typ HUmg(Hhes, (8.12)

1=—p1 J=—H2
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The pair of natural numbers p; and po, such that T3; = 0 for ¢ < g
and/or j < g, is called the index of the pencil of the matrices (F, A). Some
method of computation of the transition matrices T;; is given in [128]. It is
shown there, that the index of the pair (F, A) is finite number if and only if

d7‘1,T2 7£ 0.
Taking into account the property of the inverse matrices

G(p’ S)Gil(pv S) = Gil(pv S)G(p, 3) =1,

and using (8.9) and (8.12) we obtain

{[E1 0] Pt + [O EQ] §Y? — A} Z Z Tijp_(i+1)als_(j+1)a2 =1,,

I=—p1 j=—p2

(8.13)

where F = [El EQ], FEi e R"*™ Fy e Rm*"2 |
Transformation of (8.13) yields

Z Z {[B1 0] T; -1+ [0 B2| Ty_1j — ATy—1 jo1 }p " s77%% =1,.
i=—p1 J=—p2
(8.14)
Comparing the coefficients corresponding to the powers of the polynomial
variables p and s in (8.14) we obtain (8.7).
Substitution (8.12) to (8.11) yields

|: :| Z Z sz {E1 Zp za1+}c) j+1)042Xh(k 1)(078)

I=—p1 J=—H2

B2 oot 20D, )
2 I
=1
+Bpf<i+l>msf<j+l>aza<p,s>}

(8.15)
Using the 2D inverse Laplace transform to (8.15) we obtain

] = {[56))

(oo}

=Y Z T {E1 Zﬁtl " [ ~(iartk) =+ haz yhk=1) ( S)]

i=—p1 j=—p2
2
+ By Z Et_ll,tz [p‘““)‘“s‘“a?“)xg’;l‘”(p, 0)]
=1
+ Bﬁt_ll,tg [p—(i+1)a15—(j+l)a2 U(p,s)] }
(8.16)



214 8 Fractional 2D Systems Described by the Roesser Model

Using (A.12) and (A.14), from (8.16) we obtain the solution of the state
equations (8.5). |

Based on the solution (8.5) using (8.3b) we may derive the system response
formula y(t1,?2) for a given admissible boundary conditions (8.4) and the
input u(tq,ta) for t1,t2 >0 .

8.3 Fractional-Order Model of the Long Transmission
Line

Let us consider the long transmission line with the distributed element model
shown in Figure 8.1.

i(x,) RAx LAX i(x+§x,t)

= = ==

u(x,t) GAXx =CAx |u(x+Ax.}t)

X AX
Fig. 8.1 The distributed element model of transmission line
For the circuit shown in Figure 8.1 we may formulate the equations, which

describe the current and voltage in this line as a function of time t and space
variable z [151, 150, 193]

—CD%u(z,t) = Ri(z,t) + LEDi(x, 1),

8.17
—CD%i(x,t) = Gi(z,t) + CCDlu(x,t), (8.17)
where u(z,t) is the voltage, and i(z,t) is the current at the point x from
the beginning of the line for time ¢; R is distributed resistance, L is distributed
inductance, G is distributed conductance, and C' is distributed capacitance
of the transmission line; 0 < & < 1 and 0 < 8 < 1 are fractional (real) orders
with respect to the spatial variable z and time ¢.

Equations(8.17) may be written in the form of the following matrix
equations
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toor} ., - [0 —R 0 0
o1cof | Pez*@t)]  |—¢ 0 0 0] [a"(1) (8.185)
000 0| [cpfavep| |1 0 =10 [a"@t)] ea
0000 0 1 0 -1
u(z,t)] _ [1000] [2"(z,t)
{i(x,t)] 010 0] L:”(x,t) ’ (8.18b)
where (.0
h W _|u z, 1
' (x,t) = 2% (x,t) = [z(w,t)} . (8.18c)

The systems (8.18) is an example of singular 2D fractional-order continuous
system described by the Roesser model (8.3), where t; = x is the spatial
variable describing a distance from the beginning of the line, to = t is time
variable, oy = « is fractional order of partial derivative with respect to spatial
variable and ag = f is the fractional order of partial derivative with respect
to time. The matrices of the system (8.3).

100 L 0 —R 0 0
01C0 ~G 0 0 0

E=lg000]l" A1 0 10|
0000 0 1 0 —1 (8.19)

1000
B:[O#le C= |:0100:|7 D:[O}Qxl'

Note, that the system (8.18) has zero matrices B and D. Therefore it is
an autonomous system independent of the input u(z,t).

The boundary conditions (8.4) are the curents and voltages and its integer
order derivatives at the beginning of line and for t = 0

d*u(0,1) OFu(z,t) w
k
SE 0, 0 = | d2t || oaF - Z&)“) (8.20a)

dki(0,1) OFi(z,t) iy (1)

dak ok Jg=o

fOI‘]C:O,].,...lel; tz ZO,
dlu(z,0) Olu(z,t) "
! ! !

d'i(0,t) li(z,t) iy (z

dt! ot t=0

wherel =0,1,2,...,No—1;¢t; > 0and xg(k) (t2), xg(l)(tl) are given functions.
Transition matrices for given matrices (8.19) of the system can be com-
puted from (8.7). Hence, we obtain
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00
T_L—l = |:O ]12:| s (821&)
0LO0O 0OROO
cCoo0o0 G0O0O
2
Ty = [Tj; T = - 000 L Tic1j+1 — 000R Ti-1;  (8.21b)
00CO 00GO
for i > 0, 7 < 0, where
I . .
Ty _1 = {Hﬂ , Ti{j =[0],,, for ¢<O0 and/or j>O0; (8.21c)
0 —L
TOQ’,Q = _OC _OL , Tfj =[0]4,, for i<0 and/or j>—1.
-C 0

(8.21d)

From (8.21) it follows that the indexes of the model p; = 1 and ug = oc.

Some different method for the computation of the transition matrices of
the system is given in [171].

Using Theorem 8.1 we get the solution of the state equation (8.18a) with
the matrices (8.19)

[i}:g: 3] - if;h ji@ Tijx

; Mo—1 ;
o DD : DA+ o

Iiia+1) \ 7 olt) + ; TG+1DB+14+1] atlxg(0)>

138 , Ml g+ Datk o
E D—(z+1)a v v
2 pGs ) ( o () + kzzo Plli+ a+k+1] 00600 ]|

Ey

where
M1—1<—(i+1)OéSM1, M2—1<—(j—|—1)6§M2, Ml,MQEN,

and
oF oF

o o " v
o o ’ al‘kxO(O) = ax’f%(x)

atl Ty (O) = atl Ty (t)

t=0 =0

Taking into account (8.18¢) and (8.6), from (8.22), we obtain



8.4 Standard Fractional 2D Roesser Model and Its Solution 217

Led -3 5

o My—1 ;
x JICERN: {u(o,t)} Py (DBl {u(0,0)])

Tlia+1) \ 7" i(0,t) — I((j+1B+1+1]at" [(0,0)
t]ﬂ 0L —(i+1) u(x,O)
TrGs+) {C 0] e L‘(%O)} } (8.23)
where
M271<*(j+1)5§M2; MQEN,
and
o {U(0,0)} o [u((),t)]
ot [i(0,0)] — att [i(0,8) ||,_,
Using (8.3b) and (8.19) we get
u(z,t)] _ [1000] [2"(x,t)
L’(x,t)] = [o 10 o] L”(x,t)} ' (8:24)

Equations (8.24) and (8.23) are the solution of fractional-order partial
derivative equations (8.17) describing current and voltage in long electrical
transmission line for arbitrary distributed parameters R, L, C, G of the
line, fractional orders 0 < a < 1, 0 < B < 1 and admissible boundary
conditions (8.20).

8.4 Standard Fractional 2D Roesser Model
and Its Solution

Consider the fractional 2D continuous-time system described by the state
equations [169]

CDalx}L(tl t2) h(
t1 ) x tl,tz)]
:A v +But,t , 825&
lCDf‘jx“(tl,tz) Lr (t1,t2) (t1,t2) ( )
xh(tlat2)
y(ti,ta) = C T + Du(ty, ts), (8.25b)

where N;—1 < a; < N;, N; € Nfori = 1,2; 2" (t1,t2) € R™, 2% (t,t5) € R"2,
(n = ny1 + n2) are the horizontal and vertical state vectors, respectively,
u(ty,to) € R™ is the input vector, y(t1,t2) € RP is the output vector and
E,Ac Rnxn’ Bec RHX77L7 C e Rpxn’ D € Rpxm,

The boundary conditions for (8.25) are given in the form

OFal (ty,ts)

"0, 85) = { otk
1

} = 20 (t2), (8.26a)
t1=0
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where kK =0,1,... Ny —1; t2 >0,

l v
0 (t1,0) = {8 T (t;,tz)} — 2Oy, (8.26b)
8t2 to=0

wherel =0,1,2,...,No—1; t; > 0 and xg(k) (t2), xg(l)(tl) are given functions.

The model (8.25) is a particular case of singular 2D fractional system
described by the Roesser model (8.3), where E = T,,.

Theorem 8.2. The solution to the equation (8.25a) with the boundary con-
ditions (8.26) is given by

h co oo Ny k+iog—1 ) h(k—1)
] s s A )
+ [E(ﬂ I eIy, (tl»tz)}
o (SR T [T )] (B e
+ZT“’{ F(k+ia1){ 0 %[0}1“ “(tl’h)}
No tl+Ja2 1 0
+ZZTZJ{ Fl+3a2)lg?1 Lﬂg(l*l)(tl)}

i=1 =0
0 iaq,(j+1)oz
+ 32 Itl,tg u(tlth)

S 0 0] jG+Daz
2 { Fi o Lt * (32 # “(“’”)}
(8.27a)
or
N1 k-Hal 1

"(t1,t2) iiT Z piee zg ™V (t2)
t1 t2 I k:—i—zal t2 0

1=0 j
l+]a2 1 —wq 0
l+]a2 Dy, xg(lfl)(tl)

Mz

B i @, —jo 0 —tay,—(J @
(8.27h)

—+

where

B= {Bl] . By €RMXM B, e RMXM,
By

and
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I, (n=mn1 + na) fori=0,57=0

Tij = TlOTz‘—l,j + T()1Ti’j,1 fori+j>0 (’L,] S Z) (8.28&)
0 for i <0and/orj <0
where oo
A Ape 10 0
TlO - |: 0 0 :| ) TOl - |:A21 A22:| . (828b)

Proof. Using (A.12) and (A.13) we obtain the 2D Laplace transform of the
state equation (8.25a)

O‘th (p,s) Zpo‘l th(k 1)(O s)

AB((}E g] + BU(p, s). (3.29)

o¢2)(11p7 Zsag lX G 1) p7 )

Premultiplying (8.29) by the matrix
M = blockdiag [Hm o, ans*az]
we obtain
oL h(k—1
X"(p,s)] _ a1 /;p_kth( 0. P~ By
el =etwe | Sp v b

S sTx Y (p,0)
=1

(8.30)
where
I, TMAy —pT M A

Gp,s)=1,—MA= { _a2A21 I, — 592 Ay | (8.31)

Let o .
G M p,s) =D Typ "*rs7I™. (8.32)

i=0 j=0

From

G (p,5)G(p,s) = G(p,s)G ™ (p,s) = L
and taking into account (8.31) and (8.32), we get
]Lh —p A —p A oS il g—jaz | ]Inl 0
57 Ay I, — 57 Ay ZZTZJP B L0 L]

1=0 j=0

(8.33)
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Comparing the coefficients at the same powers of p and s in (8.33), we
obtain (8.28a).
Substitution (8.32) into (8.30) yields

Ny

—k—icy —ia h(k—1
X"(p,s) o oo ZP ki gmien 1 7Y(0, 5)
EaE S SR AT

i=0 j=0 z:pfmlSflfjozgxtvz(l*l)(p7 0) (8.34)
=1

7(2‘4’1)&1 7j0£2B
p S 1
+ |:p—ia18—(j+1)a232:| U(p,s)}

Applying the inverse 2D Laplace transtosm to (8.34) and taking into ac-
count (A.10) we obtain the formula (8.27a). Using (8.2) and (A.15) we get
(8.27h). 0

From the solution (8.27) and using (8.25b) we may find output of the
system (8.25) y(t1,t2), t1,t2 > 0 for arbitrary input u(tq,t2), t1,t2 > 0 and
arbitrary boundary conditions (8.26).

Example 8.1. Consider the fractional 2D system (8.25) with a; = 0.7, ay =

0.9 and matrices
-0.9 0.7 1
A_{O 0.3}’ B_L}’

c- Bﬂ D=10.

(8.35)

Find a step response of the system (8.25) with the matrices (8.35), i.e. y(t1, t2)
for t1,t2 > 0 and the input in the form of 2D step function

Ofor t; <0 and/orts <0
u(tl,tg)—H(tlatQ)_{1f0rt11t2>0 / 2

and zero boundary conditions
ah(ty) =0forty >0, xf(ty) =0fort; >0. (8.36)

Note, that

Yt ta) = {xh(thtg)].

x” (tl, tg)

The fractional integral (1.6) of 1D step function is given by the formula [163]

HG) = (1’51 o (8.37)

for o > 0.
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Using (8.37) it is easy to show that

[e51e D)
tl t2

LU H(t, ) =
e H(t1t2) (14 a)l(1+ o)

(8.38)

Substituting (8.35), (8.36), (8.38) into (8.27a) and taking into account that
Ny, Ny =1 we have

xh(tl,t2) _iiT“ 1 tgi+1)a1téa2
S GRLEY) Ml =1 YLO) T+ (i 4 Dau ]I (1 + jaz)
00 (i+1)ay
1 ¢
T.
+; 0 M [+ (i + 1)y
> o A A (539
1—’1..
PN M (1 +ian)I[1+ (G + 1)as)
o0 (F+1)oe
0 £§
T .
+j§ N H T+ (G + Do)’

and the transition matrices can be computed from equality (8.28a).
Formula (8.39) defines the step response of the system (8.25) with given
matrices (8.35) and known boundary conditions (8.36) of the system.

It is easy to show that the coefficients in the equation (8.39) strongly

(-
decrease for increasing values of i and j. T(hgrefore, in practical applications
we may assume that the numbers ¢ and j are bounded by some natural
numbers L; and Lo.

The state vectors (step response) plots of the system for Li, Lo = 50
are shown in Figure 8.2 and 8.3.

8.5 Generalization of Cayley-Hamilton Theorem

Theorem 8.3. Let

ni no
L, —p~ A1 —p * A k !
detG(p,s) =™ = E E Gy —fom 1D Mg 2
(pv ) 7870‘21421 Hn2 o 87a2A22 L L ny—k,ne—1P

(8.40)

be the characteristic polynomial of the system (8.25). The transition matrices
T;; given by (8.28a) are defined by the equality

ny mn2

SN auTismy ams =0 (8.41)

k=0 1=0

formi,ma=0,1,....
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h
w{ty )

Fig. 8.2 Horizontal state vector z"(t1,t2) of Example 8.1

Fig. 8.3 Vertical state vector z"(¢1,t2) of Example 8.1
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Proof. By definition of inverse matrices, as well as (8.32) and (8.40), we have

AdjG(p, s) =detG(p, s)G~" (p. 5)

ni na o0 (oo}
—koay —la —ioy —jo
= E E Apy—knp—IP 182 E E Tijp~"*rs™7%
k=0 1=0 i=0 j=0
ni na o0

:ZZ Z i aklT’i_,_k’j_,'_lp—(i+n1)o¢1S—(j-',-nz)oéz7

k=0 =0 i=—k j=—1

where AdjG(p, s) is the adjoint matrix of the polynomial matrix G(p, s).
Comparing coefficiens of the same powers of p and s for i > 0 and j > 0,
we obtain (8.41), since AdjG(p, s) is the polynomial matrix of the form

ni no
. 2 2 —tap ,—jo
Ad_]G(p,S) = DZ]p 2s J 27
i=0 j=0
1,j7#n1,n2
where D;; € R™*" are some matrices with real entries. O

Theorem 8.3 is a generalization of a well-known Cayley-Hamilton theorem
for standard fractional order 2D continuous systems described by the Roesser
model.



Appendix A

Laplace Transforms

of Continuous-Time Functions
and Z-Transforms

of Discrete-Time Functions

A.1 Convolutions of Continuous-Time and
Discrete-Time Functions and Their Transforms

Definition A.1. The Laplace transform of a continuous-time function f(¢)
is defined by

0 = [ et = F(s), (A1)
0

where f(t) =0 for ¢t < 0.

Definition A.2. The continuous-time function defined by

ﬁ@*h@%i/hﬁ—ﬂhﬁMT

is called the convolution of the continuous-time functions f1(t) and fa(¢).
Theorem A.1. If

Fi(s) = LIA®)],  Fa(s) = LIf2(1)],
then

c [ / A7) fQ(T)dT] — Fy(s)Fa(s). (A2)
0

Proof. From (A.1) and taking into account that f1(t) =0, fo(t) =0fort <0
we have
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E[/f@ﬂh ] [Oﬁtfh ]
O/L/fl (t—7)fa(T } e stdrdt

O/ Fi(w)e*du O/ Fo(r)e="dr = Fy(s)Fa(s).

O
Definition A.3. The Z-transform of a discrete-time function f(7) is defined
by
Z[f@)] =) f(k)z" = F(2),
k=0

where f(i) =0 for i < 0.

Definition A.4. The discrete-time function defined by

i
i) = fili = k)fa(k)
k=0
is called the convolution of the discrete-time functions f1(¢) and fa(i).
Theorem A.2. If

Fi(z) = 2[1(0)],  Fa(z) = Z[f2(0)],

then
Zfl i— k) fa(k

Proof. The proof is similar to the proof of Theorem A.1. O

= F1(2)F(2).

A.2 Laplace Transforms of Derivative-Integrals

Theorem A.3. The Laplace transform of the function t® has the form

I'la+1)

L [ta] = g+l

(A.3)

foraeR, a> —1.

Proof. Using (A.1) and (1.1) for « > —1 we obtain
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Sa+1 Sa+1 Sa+1
0

o0 o0 o 1 oo , F 1
L[] = /tae_“"tdt = / Y ey = /xae_”‘dx = (o + )
0 0

]
Theorem A.4. The Laplace transform of the first order derivative of the

function f(t) has the form
£] 3 0] =570 - 10 (A1)

Proof. Using (A.1) we have

c [d f(t)} _ [ f(t)e st = [e*' f +37f e*tdt = sF(s) — f(0).

dt dt
0
O
Generalizing (A.4) for n-order derivative we obtain
)Y rw| = Z —k D) (), (A5)
dtn —
where fF)(0F) = d/(0) .
dt |,_,

Theorem A.5. The Laplace transform of the fractional «-order integral
has the form

LI f(t)] = : (A.6)

Proof. Using (1.6), (A.3), Theorem A.1 and taking into account that o > 0
we obtain

Lol f(0) = £ [ / T}—F(Q)c[t“mﬂm-

Theorem A.6. The Laplace transform of the fractional a-order integral of n-
order derivative of the function f(t) has the form

ﬁ[o]gf(n)(t)] — " aF an k— afk 1) (O+)

k=1

Proof. Using (1.6), (A.3), Theorem A.1 we obtain
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clorefmel = ) L (r)dr
i oo
1
(a
1

e L[

SnF(S) _ i Snkf(kl)(0+)]
k=1

_ Sn—aF(S) _ Z Sn—k—af(k—l)(0+).

k=1
O

Theorem A.7. The inverse Laplace transform of the expression s*F(s)
for a >0 is given by

n—1

L7 [s“F(s)] = SDEf(t) + Z Ik F® 1), (A7)

a+1)

wheren —1<a<n,né€Zy.

Proof. Let assume 0 < a < 1 (n = 1), then by Theorem 1.4 and using (A.3)
we obtain

L7 [s*F(s)] = £71 [s“F(s) — sa_lf(O)] + L7t [sa_lf(O)]
—§oerw+c| L] 0 (A8)

t—Oé

=6DIO+ py

f(0).

Similarly, applying the convolution theorem, for 1 < a < 2 (n = 2) we get

zz:sa kf(k 1) 0+)‘|

k=1

22: Safkf(kfl) (0+)]

k=1

L7V [sF(s)] =

+ L1

=510+ £ | G| s et | L] o

DI + éf@) FOO) + [0(0)] {F (’;_aa)] £(0),
(A.9)

since the inverse Laplace transform of the expression s is given by the formula
[21]
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L7 [s'] = §D(t) for ieZy,

where 6()(t) is i~th distribution derivative of Dirac function and f(t) * g(t)
denotes the convolution of functions f(¢) and g(t).

Applying the distribution theory [41] for (A.9) and taking into ac-
count (1.2) we obtain

t

[5(1)@)}*{ } / 50 (7 t_Tla; dr

t
1
o (A.10)
/5 dr F Qfa) dr

0

rl—a)

Substitution of (A.10) into (A.9) yields

tlfoz

I a)f(l)(OJr) +

L7 [s"F(s)] = § D f(t) +

Therefore, for arbitrary n € N, we obtain (A.7). O

Theorem A.7 is a generalization of the formula (4.2.1.3) from the mono-
graph [154] for positive orders a > 0.

By Theorems A.3 and A.7 and taking into account (8.2) we obtain the fol-
lowing theorem.

Theorem A.8. The inverse Laplace transform of the expression s*F(s) has
the form

n—1

LY[sF(s)] = oD f(¢) + Z Ik FP ("),

+1)
wheren —1 < a<n,né€Z and
§Df(t) fora >0,

oD f(t) = { _
ol; “f(t) for a <.

A.3 Laplace Transforms of Two-Dimensional Fractional
Differintegrals

Let F(p,ta) (F(tl, s)) be the Laplace transform of a two-dimensional con-
tinuous function f(¢1,t2) with respect to the ¢4 (tg) given by the formula
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o0
F(p, tz) = £t1 t1,t2 /f tl t2 € ptldtl
L (A.11)
F(ty,s) :‘Ctz t1,t2 /f t1,ta)e "2 dty
0

Definition A.5. The two-dimensional Laplace transform F(p,s) of two-
dimensional continuous function f(t1,%2) is defined by [51, 154, 163, 171]

F(p,s) =Lt t, [f(fhtz)} = Lo, {Le, [f(t1, )]} = Lo, {Ly, [f(t1,22)]}

://f(tl,tg)e_ptl_st("dtldtg.
0 0

From the above considerations the following theorems can be proved.

(A.12)

Theorem A.9. [171] The Laplace transform of the fractional partial deriva-
tive (8.1) of the 2D function f(t1,t2) with respect to t1 (t2) is defined by

£t1,t2 |:CD?11f(t1at2)j| =p 1F p7 Zpoa kF(k 1)(0 S)
k=1

(A.13)
C a9 _ Ozg a2 — l (l 1
Ly 4o |” Del ft,t2)| = s F(p,s § ERE I ,0)

where
k
Ft(lk) (075) = £t2 0 f(tll€7 t2) |
oty o
!
F(p,0) = L, 9 f(tlétg) |
Oto -
for k1€ Z,.

Theorem A.10. [171] The inverse 2D Laplace transform of p®*s*2F(p, s) is
given by



A.4 Z-Transforms of Discrete-Time Functions 231
L'ty [P 52 F(p, )] =Dili® f(ta, t2)

+A1121 tk (%1 Da2 akf(tl,tz)
F(k*a1+1) t2 8t1k

k=0 t1=0
My—1 I—an .
th 0, O f(t1,t2)
- Dot
l; Fl—az+1)7" o' |,
Mi—1My—1 k altl ag ak al
t1,t
i kzo Z I'(k —a1+1) (l—az+1) ot,* 3tlf(1 ) t1=0,t2=0
(A.14)
where M; — 1 < a; < M;, M; € Z fori=1,2 and
D2 fty, ta) = DYt [Dg2 f(t1,t2)] = Dy [DE f(t1,t2)] - (A.15)

A.4 Z-Transforms of Discrete-Time Functions
Theorem A.11. If
= inz*i, (A.16)
i=0
then
Z[zip1] = 2X(2) — zxo, (A.17a)

Zlxip] =27PX(2)+ 277 Z zjz. (A.17b)
j=—1

Proof. Using (A.16) we obtain
0 . e .
Z[wit] szﬂz i ijzf(jfl) = sz]‘zﬂ — zwg = 2X (2) — zxo,
j=1 §=0

oo o0
Zlzi—p] = in_pzﬂ‘ = Z 227 UFP) = ;7P Z xjz

Jj=-p Jj=-p

ngxz]—l—ngxz]—sz —&-ngx]z].

j=—1 j=—1

]
Theorem A.12. Let X (z1,22) be the 2D Z-transform of the function x;;

defined by
Z[x45] Zmezl 257 (A.18)

i=0 j=0
Then



232 A Laplace Transforms and Z-Transforms

Zlwit1,j+1] = 2122[X (21, 22) — X (21,0) — X(0, 22) + zoo],
Zlwio 1] = 21 F2[X (21, 22) — X (21,0)],
Zlwi ] = 2125 ' [X (21,22) — X (0, 29)],
Z[wikj—1] = kaZ{lX(zth),
Zlziv1,] = 21[X (21, 22) — X (0, 22)],
]

Zlzijy1] = 22[X (21, 22) — X(21,0)],

where

X (21,0 E xzozl ,  X(0,z2) E IOJZQ

Proof. Using (A.18) we obtain

1— k‘ 1-1
Zzitr41] = szl+17]+1zl 7! = szuz 2

i=0 j=0 k=11=1
oo oo o0
—k
= Z129 g g Triz, z2 g xkozl g TorZg —I—a:oo ,
k=0 1=0
o0 (oo}
l-p, *(q+l)
Zziokj41] = E Timk,j+121 257 = E E Tpq®1
i=0 j=0 p=1qg=—1
oo oo
_ -p,—q
= lez § § Tpg?1 22
p=1qg=—1
(oo} (oo} o0
= -p,—q -
=223’ E E Tpg?1 %2 _E Loz |
q=0 i=0
oo oo
_ (P+k) 1 q
Z[xiJrl,jfl}*E E Tit1,j—1%1 237 E E TpqZ1
i=0 j=0 p=—k q=1
i (oo} (oo}
_ .k —P_—q
=% %2 E E Tpgc1 " %2
_p:-kq:]
i o0 (oo} o0
_ .~k —P_—q —Jj
=% *2 E E TpgZ1 %2 _E Toj22" | s
| p=049=0 j=0
oo oo
_ —(p+k) —(q+l)
Zlwi—g,j] = E E Tk izt = Y Y wpen
i=0 j=0 p=—kq=-1

oo oo
k1 -p_—q
=21 2 E § Tpg?1 %o |

p=0¢=0
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oo o0 o0 o0
_ —i i _ ek~
Zlrigl = DY wmipigE izt = )Y w4

i=0 j=0 k=1 j=0
[ oo o0
2 :2 : —k_—J
=z Tkjz1 2o
k=1 j=0
[ oo o0 e}
_ § :2 : —k_—J 2 : —J
=z Tkjz1 29~ — Z0jRo 5
k=0 75=0 7=0
oo o0
_ —i.—J __ 1 k
Zlrig] =YY mignz s’ = E E wipzy 2
i=0 j=0 i=0 k=1
oo oo oo oo
= Z9 TikZ1 %o =2Z9 xzkzl 22 — .TZ()ZI
=0 k=1 i=0 k=0



Appendix B
Elementary Operations on Matrices

Definition B.1. The following operations are called elementary operations
on a real matrix A € R™*"™:

a) multiplication of any i-th row (column) by the number a # 0,
b) addition to any i-th row (column) of the j-th row (column) multiplied
by any number b # 0,
¢) the interchange of any two rows (columns).
In this book the following notation is used.
L[i x a] multiplication of the i-th row by the number a # 0,
R[i x d] multiplication of the i-th column by the number a # 0,
L[i+ j x b] addition to the i-th row of the j-th row multiplied
by the number b # 0,
R[i + j x b] addition to the i-th column of the j-th column multiplied
by the number b # 0,
Ll[i, j] the interchange of the i-th and the j-th rows,
RJ[i, j] the interchange of the i-th and the j-th columns.

The elementary operations can be extended to polynomial matrices [50].



Appendix C
Nilpotent Matrices

Definition C.1. A real matrix A € R"*" is called nilpotent if there exists
a natural number v < n such that A*~! # 0 and AY = 0. The natural
number v is called the nilpotency index of the matrix A.

Lemma C.1. Matrices of the form

0 a2 - aip-10
00 -~ 0 O
A= ¢ . | eR¥" (C.1)
00 -~ 0 O
0 an,2 **° Apn—1 0
have the nilpotency index v = 2 for any values of the entries aj2,...,a1,,-1,
Gn.2,---,0n,n—1 and the characteristic polynomials of the form

det[I, A — A] = A",

Proof. Using (C.1) it is easy to check that A2 = 0 and

A —ai2 - —a1p—1 0
0o X - 0 0
det[I,A—A]=|: . : o=

o o0 --- A 0

0 —an2 " —Apn-1 A
O

Lemma C.2. Matrices of the form
_ 0A12 2nx2n

A{O O}GR (C.2)

have the nilpotency index v = 2 and the chracteristic polynomials of the form



238 C Nilpotent Matrices

det[Io, \ — A] = A*"
for any submatrices Ao € R™*™,
Proof. Using (C.2) it is easy to verify that A% = 0 and

]In)\ _A12

_ \2n
0 I, = A"

det[Tpp X — A] =

a

From the well-known property of the transposition of the matrix A,
(Ak)T = (AT)k for k =1,2,... we have the following remark.

Remark C.1. The transpose matrix A” has a nilpotency index v if and only
if the matrix A has the same nilpotency index v.

Lemma C.3. A diagonal matrix A with at least one nonzero entry is not the
nilpotent matrix.

Proof. This follows immediately from the relation
AF = (diag[ay, . .., an))" = diag [a’f, . ,afl] #0

for k =1,2,...if at least one from the entries a1, ..., a, is nonzero. O

Lemma C.4. A nonnegative matrix A € R"*™ with at least one nonzero
diagonal entry is not nilpotent matrix.

Proof. Let decompose the matrix A as the sum of the diagonal matrix D
and the nonnegative matrix B with zero diagonal entries. Let assume that D
and B are commutative matrices, i.e. BD = DB. Then

A*=(D+B"=D*+BD* ' 4. . +B* fork=1,2... (C.3)

If the matrix A has at least one nonzero diagonal entry, then D # 0
and by Lemma C.3, D¥ # 0 for k = 1,2,.... From (C.3) we have A¥ # 0

for k =1,2,..., since D¥ # 0 and the remaining entries are nonnegative.
O



Appendix D
Drazin Inverse Matrix

D.1 Definition and Properties of Drazin Inverse Matrix
Definition D.1. [44] The smallest nonnegative integer ¢ satisfying
rankF? = rankE9t! (D.1)

is called the index of the matrix E € R™**",

Definition D.2. [44] A matrix EP € R™ " is called the Drazin inverse
of B € R™*™ if it satisfies the conditions

EEP = EPE, (D.2a)
EPEEP = EP, (D.2b)
EPEItl = B9, (D.2¢)

where ¢ is the index of F defined by (D.1).

The Drazin inverse E of a square matrix E always exists and is unique [18,
44]. If detE # 0, then EP = E~L. Some methods for computation of the
Drazin inverse are given in [44].

Let us assume that

E=[Bc—F| 'E, F=[Ec—F| 'F, (D.3)

where
det [Ec — F] #0 for some ¢ € C. (D.4)

Then the matrices £ and F are commuting matrices [44], i.e.
EF = FE (D.5)

for ¢ satisfying the condition (D.4).
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Lemma D.1. [18, 44] The matrices £ and F' defined by (D.3) satisfy the
following equalities

FPE=EFP, EPF=FEP, FPEP =FEPFP, (D.6a)

kerF' NkerE = {0}, (D.6b)
N e S IV R U 1 A 0 Y
E_T{ON}T , F_T{O AZ]T COEP =TT T (D)

where detT # 0, J € R™*™ ig nonsingular, N € R™*"2 ig nilpotent,
Ay e Rm>m Ay € R™2X"2 ny +ng = n;

(I, — EEP) FFP =1, - EE? and (I, — EEP) (EFP)" =0. (D.6d)

D.2 Procedure for Computation of Drazin Inverse
Matrices

To compute the Drazin inverse EP of the matrix £ € R"*" defined by (D.2)
the following procedure is recommended.

Procedure C.2.1
Step 1. Find the pair of matrices V€ R™*" W € R"*", such that
E=VW, rankV =rankW =rankFE =r. (D.7)

As the r columns (rows) of the matrix V' (W) the r linearly independent
columns (rows) of the matrix £ can be chosen.

Step 2. Compute the nonsingular matrix

WEV € R™". (D.8)

Step 3. The desired Drazin inverse matrix is given by
EP =V WEV]"'W. (D.9)

Proof. It will be shown that the matrix (D.9) satisfies the three condi-
tions (D.2) of Definition D.2.
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Taking into account that detWV # 0 and (D.7) we obtain
WEV]™'=wvwv] = wv]  wv]Th (D.10)
Using (D.2a), (D.7) and (D.10) we obtain
EEP =VWV [WEV]'W = VWV [WV] ' WV]"'W =v[wV]"'w
and
EPE=VWEV]'WVW =V [WV] ' WV]'WVW =V [WV] ' W.

Therefore, the condition (D.2a) is satisfied.
To check the condition (D.2b) we compute
EPEEP =V [WEV] 'WVWV [WEV] ' W
=V [WVWV] ' WVYWV [WEV]'W (D.11)
=V [WEV]"'W = EP.
Therefore, the condition (D.2b) is also satisfied.
Using (D.2¢) , (D.7), (D.9) and (D.10) we obtain
EP Rt v (WEV] ' W (vw)et!
VWV WV T wyw (Vi)
=V WV tw (vw)! (D.12)
vVwv]Ttwyw (v)e!
— (VW) = B,

where ¢ is the index of F.
Therefore, the condition (D.2¢) is also satisfied. O
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