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Preface

My department at the University of Connecticut-Storrs offers a standard
one-year sequence on probability theory (fall semester) and statistical infer-
ence (spring semester) for our own first-year graduate students. Through
this process, strong students tend to blossom and they move forward to
take more advanced statistics courses.

Some years ago, a colleague from another program requested my de-
partment to create a one-semester-long course at a Ph.D. level, covering
both probability theory and statistical inference. An ideal course will (i)
preserve the integrity and depth of the original one-year’s coverage, and
also (ii) emphasize the key concepts, principles, as well as mathematical
techniques.

The request to offer such a service course gained momentum as simi-
lar requests started arriving from a number of graduate programs. Those
programs felt the serious need for such a heavy-duty course for their Ph.D.
students. The students successfully completing it would be ready to take
advanced courses at a Ph.D. level in their substantive fields quickly. Also,
they could be paired with appropriate research projects earlier than usual.

Nearly four years ago, I was given the charge to create this course and
try it out. I must admit that T was skeptical at first. However, I decided
to accept this challenge, and what a challenge it has been! I have enjoyed
every bit of it and I earnestly thank Professor Dipak K. Dey, my colleague
and the department head, for giving me the opportunity to show some extra
creativity this way.

I looked for an appropriate textbook as I began preparing the material
for the course. Several textbooks, including my own (Probability and Sta-
tistical Inference: Marcel Dekker, Inc., 2000), came to mind, but these were
meant for a one-year sequence for first-year statistics students aspiring to
do Ph.D. work. Some books were available for a Masters level sequence, but
a majority of them lacked the necessary depth, breadth, and detail that I
surely needed. These books were also meant for a one-year sequence! I felt
strongly that it would be very hard for my students to focus on the required
material if they were asked to follow one of those lengthy textbooks.

I decided to teach from my own notes in the spring of 2003. I taught
the course again with subsequent revisions in the spring semesters of 2004
and 2005. By that time, I felt convinced that such a service course could
be offered at any school if there was an appropriate textbook to follow at
a Ph.D. level.

I thank all those students who bravely took the new course from me in
the spring semesters of 2003, 2004, and 2005. Their urgent need and serious
devotion to learn this heavy-duty material inspired me to write this book.
Each student has helped me in more ways than he or she will ever know in
the last three years, and I thank them all profusely.
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The prerequisite is three semesters’ worth of calculus (including several
variables) and at least one junior- or senior-level statistics course. These
may suffice for generally understanding a major part of this book. There
are sections for which some familiarity with linear algebra will be benefi-
cial. T have reviewed some important mathematical tools (for example, the
gamma and beta functions) in Section 1.6.3. Section 4.7 provides a review
of matrices and vectors.

The material is presented at the level of a standard one-year sequence for
the first-year statistics graduate students. The level is similar to what one
finds in my other textbook (Probability and Statistical Inference: Marcel
Dekker, Inc., 2000). However, the present textbook is less than one-half the
size of standard books that may be followed in a one-year sequence. That
in itself will help the students and instructors alike to focus on the required
material. It is a textbook for a semester-long service course and it is not
going to compete with anything else, because there is no other book like it.

The first four chapters introduce some basic concepts in probability the-
ory, including conditional probability, random variables, probability dis-
tributions, moments, moment generating functions, multivariate random
variables, exponential family of distributions, transformations, and sam-
pling distributions. Chapter 5 introduces convergence in probability and
distribution as well as the central limit theorem. Chapter 1 is by far the
longest (37 pages), but it is mostly review material, except perhaps Section
1.3.

The remainder of the book develops fundamental concepts of statistical
inference. I introduce sufficiency, Neyman factorization, information, mini-
mal sufficiency, completeness, and ancillarity in Chapter 6. Basu’s theorem
and the location, scale, and location-scale families of distributions are also
explained.

Maximum likelihood estimators, Rao-Blackwell Theorem, Cramér-Rao
Inequality, Lehmann-Scheffé Theorems, and uniformly minimum variance
unbiased estimators are developed in Chapter 7. Chapter 8 provides the
foundation of statistical tests of hypotheses by developing the Neyman-
Pearson theory. Confidence interval methods are developed in Chapter 9
through a pivotal approach. Chapter 10 is devoted to Bayesian methods.
Likelihood ratio and other tests are developed in Chapter 11. Chapter 12
includes some basic large-sample confidence interval and test procedures,
including the variance stabilizing transformations.

Chapter 13 presents (i) a list of abbreviations and notations, (ii) brief
historical notes, and (iii) standard statistical tables. An extensive list of
references is then given that is followed by the answers for some selected
exercises. The author index and a very extensive subject index wrap up
the book.



Preface xi

This textbook is meant primarily for a one-semester-long course at the
Ph.D. level in a number of programs including Economics, Agricultural and
Resource Economics, Operations and Information Management, Financial
Mathematics, or Engineering. The textbook may also be adopted for a one-
year sequence, either at the Masters or at the Ph.D. level, for the programs
that have been mentioned and others. Additionally, I believe that this
book may help immensely as a supplementary text in higher level courses,
for example, in Linear Models, Decision Theory, and Advanced Statistical
Inference.

Comments from several readers and reviewers have been helpful and I
thank them. Everyone within Chapman & Hall/CRC (Taylor & Francis
Group) has helped immensely to move this project forward. I express my
heartfelt gratitude to all of them. I especially mention my indebtedness to
Ms. Linda Manis, the Project Editor. Thank you, Linda.

My dear friend and a former Ph.D. student, Greg Cicconetti, gave valu-
able pointers on a number of chapters. My two sons, Shankha and Ranjan,
looked over the material diligently. Ranjan did so a number of times! I
remain grateful to Greg, Shankha, and Ranjan for their invaluable help. In
the end, however, I take full responsibility for any remaining mistakes and
typographical errors. I will appreciate it very much if the readers will be
kind enough to forward to me any mistakes or typographical errors. I hope
to correct these in a next printing.

Shankha and Ranjan were encouraging as I was being swayed away by
this project. My wife, Mahua, stood by me graciously throughout this
labor of love. Without her steadfast support, I could never have finished
this book. Thanks to Mahua, Shankha, and Ranjan for their patience and
understanding.

Enjoy and Celebrate Statistics!

Nitis Mukhopadhyay
Department of Statistics
University of Connecticut, Storrs
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1
Probability and Distributions

1.1 Introduction

In studying the subject of probability, we first imagine an appropriate ran-
dom experiment. A random experiment has three important components
which are:

a) multiplicity of outcomes,
b) uncertainty regarding the outcomes, and
c) repeatability of the experiment in identical fashions.

Suppose that one tosses a regular coin up in the air. The coin has two
sides, namely the head (H) and tail (T). Let us assume that the tossed
coin will land on either H or T'. Every time one tosses the coin, there is the
possibility of the coin landing on its head or tail (multiplicity of outcomes).
But, no one can say with absolute certainty whether the coin would land on
its head, or for that matter, on its tail (uncertainty regarding the outcomes).
One may toss this coin as many times as one likes under identical conditions
(repeatability) provided the coin is not damaged in any way in the process
of tossing it successively.

A random experiment provides in a natural fashion a list of all possible
outcomes, also referred to as simple events. These simple events act like
“atoms” in the sense that the experimenter is going to observe only one
of these simple events as a possible outcome when the particular random
experiment is performed. A sample space is a set, denoted by S, which
enumerates every possible simple event. Then, a probability scheme is gen-
erated on subsets of S, including S itself, in a way which mimics the nature
of the random experiment itself. Throughout, we will write P(A) for the
probability of a statement A(C S). First, let us consider two simple exam-
ples to illustrate the terminologies.

Example 1.1.1 Suppose that we toss a fair coin three times and record
outcomes from the first, second, and third toss, respectively. Then, the
possible simple events are HHH, HHT, HTH, HTT,THH, THT, TTH, or
TTT. Thus, the sample space is given by:

S={HHH HHT,HTH,HTT, THH,THT,TTH,TTT}
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Since the coin is assumed to be fair, this particular random experiment gen-
erates the following probability scheme: P(HHH) = P(HHT) = P(HTH)
= P(HTT)=P(THH)= P(THT)=P(ITTH) = P(TTT) = %. A

Example 1.1.2 Suppose that we roll two fair dice, one red and the
other yellow, at the same time and record the scores on their faces landing
upward. Then, each simple event would constitute, for example, a pair (4, j)
where 7 is the number of dots on the face of the red dice that lands up and
j is the number of dots on the face of the yellow dice that lands up. The
sample space is then given by:

S = {(17 1)7 (1’ 2)7 Y (]" 6)3 (27 ]‘)3 R (276)7 Y (6’ 1)7 A (67 6)}

consisting of exactly 36 possible simple events. Since both dice are assumed
to be fair, this particular random experiment generates the following prob-
ability scheme: P{(i,7)} = 35 for alli,j =1,...,6. A

Some elementary notions of set operations are reviewed in Section 1.2.
Section 1.3 describes the setup for developing a formal theory of probabil-
ity. Section 1.4 introduces the concept of conditional probability followed
by notions such as the additive and multiplicative rules. Sections 1.5 and
1.6 respectively introduce the discrete and continuous random variables,
and the associated notions of a probability mass function (pmf), probabil-
ity density function (pdf), and the distribution function (df). Section 1.7
summarizes some probability distributions which are frequently used in
statistics.

1.2 About Sets

The union and intersection operations satisfy the following laws: For any
subsets A, B,C of S, we have

Commutative Law: AUB=BUAANB=BNA

Associative Law: (AUB)UC =AU (BUCQC)
(ANB)NC=An(BNCQC) (1.2.1)

Distributive Law: (AUB)NC=(AnC)Uu(BnQC)
AUu(BNC)=(AUuB)N(AUC)

We say that A and B are disjoint if and only if there is no common
element between A and B, that is, if and only if AN B = &, an empty set.
Two disjoint sets A and B are also referred to as being mutually exclusive.
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Now, consider {A;;i¢ € I}, a collection of subsets of S. This collection
may be finite, countably infinite, or uncountably infinite. We define

Union: UierA; = {z : © € A; for at least one i € T} (12.2)
Intersection: MijerA; ={x:x € A; for alli € T} -

There is another kind of set operation that one may find useful. It is called
a symmetric difference.

Symmetric Difference:  A;AA; = {x: x € (A; N AF) U (A; NAS)},
1,7€1

(1.2.3)

The Equation (1.2.2) lays down the set operations involving the union

and intersection among an arbitrary number of sets. When we specialize

I=1{1,2,3,...} in the definition given by Equation (1.2.2), we can combine

the notions of a countably infinite number of unions and intersections to
come up with some interesting sets. Let us denote

B =N, U2, A; and C = U2

LN A (1.2.4)

Interpretation of the Set B: Here the set B is the intersection of the
collection of sets U2 ; A;, j > 1. In other words, an element x will belong to
B if and only if x belongs to U2 A; for each j > 1, which is equivalent to
saying that there exists a sequence of positive integers i1 < i < ... < ig <
.. such that © € A;, for all £ = 1,2,... . That is, the set B corresponds
to elements which are hit infinitely often and hence B is referred to as the
limit (as n — o00) supremum of the sequence of sets A,,n =1,2, ... .
Interpretation of the Set C: On the other hand, the set C' is the union
of the collection of sets ﬂ{’iin, j > 1. In other words, an element x will
belong to C' if and only if = belongs to N72;A; for some j > 1, which is
equivalent to saying that = belongs to A;, Aj44,... for some j > 1. That is,
the set C' corresponds to the elements which are hit eventually and hence
C is referred to as the limit (as n — o0) infimum of the sequence of sets
Ap,n=1,2,...

N2, U, A; = limsup A, and U352, N2, A; = liminf A,.

n—oo n—00

Theorem 1.2.1 (DeMorgan’s Law) Consider {A;;i € I}, a collection
of subsets of S. Then,

(UierAi)° = Nier (A5) (1.2.5)
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Definition 1.2.1 A collection of sets {A;;i € I} is said to consist of
disjoint sets if and only if no two sets in this collection share a common
element, that is when A;NA; = @ for all i # j € 1. A collection {A;;i € I}
is called a partition of S if and only if

(i) {A;;i €I} consists of disjoint sets only, and
(i)  {A;;i € I} spans the whole space S, that is U;er A; = S.
Example 1.2.1 Let S =(0, 1] and define the collection of sets {A4;;4 € I}

where A; = (5, 52,4 € I = {1,2,3,...}. One should check that the given
collection of intervals form a partition of (0, 1]. A

1.3 Axiomatic Development of Probability

The axiomatic theory of probability was developed by Kolmogorov in his
1933 monograph, originally written in German. Its English translation is
cited as Kolmogorov (1950b). Before we describe this approach, we need
to fix some ideas first.

Definition 1.3.1 A sample space is a set, denoted by S, which enumer-
ates each and every possible outcome or simple event.

In general an event is an appropriate subset of the sample space S,
including the empty set @ and the whole set S. In what follows we make
this notion more precise.

Definition 1.3.2 Suppose that B = {A; : A; CS,i € I} is a collection of
subsets of S. Then, B is called a Borel sigma-field or Borel sigma-algebra
if the following conditions hold:

(i) The emply set @ € B;
(i) If A€ B, then A° € B;
(i) If A; € Bfori=1,2,.., then UPX,A; € B.

In other words, the Borel sigma-field B is closed under the operations
of complement and countable union of its members. It is obvious that the
whole space S belongs to the Borel sigma-field B since we can write S =
@° € B, by the requirements (i) and (ii) in the Definition 1.3.2. Also if
A; € Bfori =1,2,....k, then U¥_| A; € B, since with 4; = @ for i =
k+1,k+2,.., we can express UF_  A; as U2, A; which belongs to B in
view of (iii) in the Definition 1.3.2. That is, B is obviously closed under the
operation of finite unions of its members. See Exercise 1.3.1 in this context.

Definition 1.3.3 Suppose that a fized collection of subsets B = {A; :
A; CS,i € I} is a Borel sigma-field. Then, a subset A of S is called a Borel
set or an event if and only if A € B.
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Having started with a fixed Borel sigma-field B of subsets of S, a prob-
ability scheme is simply a way to assign numbers between zero and one
to every event. Such assignment of numbers must satisfy some conditions
given next.

Definition 1.3.4 A probability scheme assigns a unique number to a
set A € B, denoted by P(A), for every set A € B in such a way that the
following conditions hold:

(i)  PS)=1L

(1)  P(A) >0 for every A € B;

(i17)  P(UX,A;) =32, P(A;) for all A; € B such that
A;’s are all pairwise disjoint, i = 1,2, ...

(1.3.1)

Theorem 1.3.1 Suppose A, B are any two events. Suppose also that a
sequence of events {By;i > 1} forms a partition of S. Then,
(7) P(@)=0and P(A) <1;
(i) P(A°) =1 P(A);
(iit) P(BNA°) =P(B)— P(BNA);
(iv) P(AUB)=P(A)+ P(B)— P(ANB);
(v) If AC B, then P(A) < P(B);
(vi) P(A)=X2,P(ANB;).

Proof (i) Observe that @ U @° = S and also &, @¢ are disjoint events.
Hence, by part (iii) in the Definition 1.3.4, we have 1 = P(S) = P(gUg°) =
P(@)+P(2°). Thus, P(@) =1-P(@°) = 1—P(S) =1—1 = 0. The second
part follows from part (ii). 4

(ii) Observe that AU A°¢ =S and then proceed as before. Observe that
A and A° are disjoint events. ¢

(iii) Notice that B = (BN A) U (B N A°) where BN A and BN A° are
disjoint events. Hence, by part (iii) in the Definition 1.3.4, we claim that

P(B)=P{(BNA)U(BNA®)}=P(BNA)+ P(BNA°

Now, the result is immediate. ¢
(iv) It is easy to verify that AUB = (AN B°)U (BN A°)U (AN B) where
the three events A N B¢, BN A°, AN B are also disjoint. Thus, we have

P(AUB)
=P(ANB°)+ P(BNA°)+ P(ANB)

in view of part (iii), Definition 1.3.4
={P(A)-P(AnB)} +{P(B) - P(ANB)} + P(AN B)
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which leads to the desired result. ¢
(v) We leave it out as Exercise 1.3.2. 4

(vi) Since the sequence of events {B;;i > 1} forms a partition of the
sample space S, we can write A = ANS = AN (U2, B;) =UX,(ANB;)
where the events ANB;,i = 1,2, ... are also disjoint. Now, the result follows
from part (iii) in the Definition 1.3.4. B

Example 1.3.1 A fair coin is tossed three times. Let us define three
events as follows:

A: We observe two heads
B: We observe at least one tail (1.3.2)
C': We observe no heads

How can we obtain the probabilities of these events? First notice that as
subsets of S, we can rewrite these events as A= {HHT,HTH,THH}, B =
(HHT,HTH, HTT, THH,THT, TTH,TTT}, and C = {TTT}. Now, it
becomes obvious that P(4) = 2, P(B) = I, and P(C) = %. One can also
see that AN B = {HHT, HTH,THH} so that P(AN B) = 2, whereas
AUC = {HHT, HTH,THH,TTT} so that P(AUC) = 1. &

Example 1.3.2 We roll a red die and a yellow die. Both dice are fair.

Consider the following events:

D : The total from the red and yellow dice is 8

E : The red die comes up with 2 more than the yellow die (1.3.3)

Now, we express these events as D = {(2,6), (3,5), (4,4), (5,3), (6,2)} and
E = {(3,1),(4,2),(5,3),(6,4)} as subsets of S. It is now obvious that
1

P(D)= 2 and P(E) = §. A

Having a sample space S and appropriate events from a Borel
sigma-field B of subsets of S, and a probability scheme satisfying
Equation (1.3.1), one can evaluate the probability of the legitimate
events only. The members of B are the only legitimate events.

1.4 Conditional Probability and Independent
Events

Let us reconsider Example 1.3.2. Suppose that the two fair dice, one red
and another yellow, are rolled. After the toss, the experimenter announces
that the event D has been observed. Recall that P(E) was § to begin with,
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but we know now that D has happened, and so the probability of the event
FE should be appropriately updated.

When we are told that the event D has been observed, then D should
replace the “sample space” since S is irrelevant at this point. This is the
fundamental idea behind the concept of conditioning.

Definition 1.4.1 Let S and B be respectively the sample space and the
Borel sigma-field. Suppose that A, B are arbitrary events. Then, the condi-
tional probability of A given B, denoted by P(A | B), is defined as:

P(ANB)

PA|B) ==

provided that P(B) > 0 (1.4.1)

Definition 1.4.2 Arbitrary events A, B are independent (dependent) if
and only if P(A | B) = (#)P(A), that is, having the knowledge that the
event B has been observed does not (does) affect the probability of the event
A, provided that P(B) > 0.

Example 1.4.1 (Example 1.3.2 Continued) Recall that P(D N E) = 5
and P(D) = 3, so that we have P(E | D) = P(DN E)/P(D) = +. But,
P(E) = § which is different from P(E | D). In other words, D and E are

dependent events. A
The proofs of the following theorems are left as Exercise 1.4.1.
Theorem 1.4.1 The events A and B are independent if and only if
P(ANB)=P(A)P(B).
Theorem 1.4.2 Suppose A, B are events. Then, the following statements
are equivalent:
(1) A and B are independent;
(ii) A€ and B are independent;
(ii1) A and B¢ are independent;
(iv) A€ and B¢ are independent.

Definition 1.4.3 A collection of events Ay, ..., A, is called mutually in-
dependent if and only if every subcollection consists of independent events,
that is,

P(Nh_ A;)) =TI5_ P(A;)

forall1<ii <is<..<ixg<nand?2<k<n.

A collection of events Ay, ..., A, may be pairwise independent,
that is, any two events are independent according to the
Definition 1.4.2, but the whole collection of sets may not be
mutually independent. See Example 1.4.2.
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Example 1.4.2 Consider the random experiment of tossing a fair coin
twice. Let us define the following events:

A;: Observe a head (H) on the first toss
Az Observe a head (H) on the second toss
As:  Observe the same outcome on both tosses

The sample space is given by S = {HH, HT,TH,TT} with each outcome
being equally likely. Now, rewrite Ay = {HH,HT}, Ay = {HH,TH}, A3 =
{HH,TT}. Thus, we have P(A;) = P(Ay) = P(A3) = 3. Now, P(4; N
As) = P(HH) = 1 = P(A;)P(A,), that is, the two events Aj, Ay are
independent. Similarly, one should verify that A;, A3 are independent, and
so are also A, Az. But, observe that P(41NA;NA3) = P(HH) = 1 and it
is not the same as P(A;)P(A3)P(As). That is, A1, A2, A3 are not mutually
independent, but they are pairwise independent. A

1.4.1 Calculus of Probability

Suppose that A and B are two arbitrary events. Here we summarize some
standard rules involving probabilities.

Additive Rule:
P(AUB)=P(A)+ P(B)— P(ANnB) (1.4.2)
Conditional Probability Rule:
P(A| B) = P(An B)/P(B) provided that P(B) >0 (1.4.3)
Multiplicative Rule:

P(ANB) = P(A)P(B | A) provided that P(A) >0 (1.4.4)

Example 1.4.3 A company publishes two magazines, M1 and M2. Based
on its record of subscriptions in a suburb, the company found that 60
percent of the households subscribed only for M1, 45 percent subscribed
only for M2, while only 20 percent subscribed for both M1 and M2. If a
household is picked at random from this suburb, the publisher would like to
address the following questions: What is the probability that the randomly
selected household is a subscriber for (i) at least one of the magazines
M1,M2, (ii) none of those magazines M1,M2, (iii) magazine M2 given that
the same household subscribes for M17 Let us now define

A : The selected household subscribes for M1
B : The selected household subscribes for M2
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We are told that P(A) = 0.60, P(B) = 0.45, and P(AN B) = 0.20. Then,
P(AUB) = P(A) + P(B) — P(AN B) = 0.85, that is, there is an 85%
chance that a randomly chosen household is a subscriber for at least one of
the magazines M1,M2. In order to answer question (ii), we need to evaluate
P(A° N B¢) which can simply be written as 1 — P(AU B) = 0.15, that is,
there is a 15% chance that the randomly selected household subscribes for
none of the magazines M1,M2. Next, to answer question (iii), we obtain
P(B | A) = P(ANB)/P(A) = 1, that is, there is a one-in-three chance
that the randomly selected household subscribes for the magazine M2 given
that this household already receives the magazine M1. A

In the Example 1.4.3, P(AN B) was given to us, and so we could
use Equation (1.4.3) to find the conditional probability P(B | A).

Example 1.4.4 An urn contains eight green and twelve blue marbles,
all of equal size and weight. The marbles are mixed and then one marble is
picked at random. The first drawn marble is not returned to the urn. The
remaining marbles inside the urn are again mixed and one marble is picked
at random. This selection process is called sampling without replacement.
What is the probability that (i) both the first and second drawn marbles
are green, and (ii) the second drawn marble is green? Let us define the two

events
A: The first selected marble is green

B: The second selected marble is green

Obviously, P(A) = 2 = 0.4 and P(B | A) = {5. One observes that the
experimental setup itself dictates the value of P(B | A). A result such as
Equation (1.4.3) does not help here. In order to answer question (i), we
proceed by using Equation (1.4.4) to evaluate P(AN B) = P(A)P(B |
A) = %1—79 = é—g. Obviously, {A, A°} forms a partition of the sample space.
Now, in order to answer question (ii), using Theorem 1.3.1, part (vi), we
write:

P(B)=P(ANB)+ P(A°NB) (1.4.5)
But, as before we have P(A°N B) = P(A°)P(B | A°) = 28 = 2. Thus,
from Equation (1.4.5), we have P(B) = é—g + g—g = 38 = 2 = 0.4. Here,

note that P(B | A) # P(B) and so by Definition 1.4.2, two events A, B are
dependent. The reader should check that P(A) would equal P(B) whatever
the number of green or blue marbles in the urn. A

In Example 1.4.4, P(B | A) was known to us, and so we could
use Equation (1.4.4) to find the joint probability P(A N B).
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1.4.2 Bayes’ Theorem

Example 1.4.5 An experimenter has urns #1 and #2 at his disposal. The
urn #1 (#2) has eight (ten) green and twelve (eight) blue marbles, all
of the same size and weight. The experimenter selects one urn with equal
probability and picks a marble at random. It is announced that the selected
marble turned out blue. What is the probability that the blue marble came
from urn #2?7 We will answer it shortly. A

Theorem 1.4.3 (Bayes’ Theorem) Suppose the events Ay, ..., Ay, form
a partition of S, and B is another event. Then,
P(A;)P(B | 4;)

P(A; | B) = dj=1,..k
( ]| ) Ef;:1P(AZ)P(B|Al)7fOTﬁx6 j 9 9

Proof Since {4, ..., Ay} form a partition of S, in view of the Theorem
1.3.1, part (vi) we can immediately write:

P(B) =X P(BNA;) =X P(A;)P(B | A;) (1.4.6)
by using Equation (1.4.4). Next, using Equation (1.4.3), let us write:
P(4; | B) = P(A; N B)/P(B) (1.4.7)

The required result follows by combining Equations (1.4.6) and (1.4.7). B

In the statement of Theorem 1.4.3, note that the conditioning events on
the right-hand side (rhs) are Ay, ..., A, but on the left-hand side (lhs) one
has conditioning event B instead. P(A4;),i = 1,...,k are often referred to
as prior probabilities, whereas P(A; | B) is referred to as the posterior
probability.

Example 1.4.6 (Example 1.4.5 Continued) Define events

A;: The urn #i is selected, i = 1,2

B: The marble picked from the selected urn is blue

It is clear that P(A;) = § for i = 1,2, whereas we have P(B | A;) = 32
and P(B | A2) = 1—88. Now, applying Bayes’ Theorem, we have

which simplifies to i—(?). A
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The Bayes’ Theorem helps in finding the conditional
probabilities when the original conditioning events
Ay, ..., A and the event B reverse their roles.

Example 1.4.7 Suppose that 40% of the individuals in a population
have a particular disease. The diagnosis of the presence or absence of this
disease in an individual is reached by blood test. But, like most clinical
tests, this particular test is not perfect. The manufacturer of the blood-test
kit made the accompanying information available. If an individual has the
disease, the test indicates the absence (false negative) of the disease 10%
of the time, whereas if an individual does not have the disease, the test
indicates the presence (false positive) of the disease 20% of the time. From
this population an individual is selected at random and blood tested. The
health professional found that the test indicated presence of the disease.
What is the probability that this individual does indeed have the disease?
Define events:

Aq: The individual has the disease
A§:  The individual does not have the disease
B : The blood test indicates the presence of the disease

We are given the following information: P(A;) = 0.4, P(A§) = 0.6, P(B |
Aq) =0.9,and P(B | A7) = 0.2. We need to find the conditional probability
of Ay given B. Denote A; = A§ and use Bayes’ Theorem:

P(A)P(B | A)
(A1)P(B | A1) + P(A3)P(B | Ag)
= (0.4)(0.9)/{(0.4)(0.9) + (0.6)(0.2)} = 0.75.

P(A1|B):P

So, there is a 75% chance that a tested individual has the disease. A

1.4.3 Selected Counting Rules

A Fundamental Rule of Counting: Suppose that there are k different
tasks and the i*" task can be completed in n; ways, i = 1,..., k. Then, the
total number of ways these k tasks can be completed is given by II¥_ n;.
Permutations: The word permutation refers to arrangements of objects
taken from a collection of distinct objects. Suppose that we have n distinct
objects. The number of ways we can arrange k of these objects, denoted
by the symbol ™ Py, is given by

"P,=n(n—1)(n—2)..(n—k+1)or I¥ (n —i+1) (1.4.8)
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The number of ways we can arrange all n objects is given by ™ P,,, which is
denoted by
nl=nxn-—-1)x..x3x2x1 (1.4.9)

Combinations: The word combination refers to selection of some objects
from a set of distinct objects without regard to order. Suppose that we have
n distinct objects. The number of ways we can select k of these objects,
denoted by the symbol (Z) or "Cl, is given by

(Z) - k‘(+'k)' (1.4.10)

Observe that n! =n(n—1)...(n —k + 1)(n — k)! and hence we can rewrite
Equation (1.4.10) as

(Z) _ nn—1)(n-2)..(n—k+1) "F (1.4.11)

k! !

Theorem 1.4.4 (Binomial Theorem) For any two real numbers a,b
and a positive integer n, one has:

(a+b)" =37 (})arbnFk (1.4.12)

Example 1.4.8 Suppose that a fair coin is tossed five times. Now the
outcomes would look like HHTHT, THTTH and so on. By the funda-
mental rule of counting, S will consist of 2° outcomes each of which has
five components, and these are equally likely. How many of these outcomes
would include two heads? Imagine five distinct positions in a row and each
position will be filled by the letter H or T. Out of these five positions,
choose two positions and fill them both with the letter H while the re-
maining three positions are filled with the letter T'. This can be done in (g)
or 10 ways. So, P(Two Heads) = (3)/2° = 5/16. A

Example 1.4.9 There are ten students in a class. In how many ways
can a teacher form a committee of four students? In this selection process,
naturally the order of selection is not pertinent. A committee of four can
be chosen in (140) or 210 ways and S would consist of 210 equally likely
outcomes. A

Example 1.4.10 (Example 1.4.9 Continued) Suppose that there are
six men and four women in the small class. Then, what is the probability
that a randomly selected committee of four students would consist of two

men and two women? Two men and two women can be chosen in (g) (g)
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ways, that is, in 90 ways. In other words, P(Two men and two women are
selected) = (g) (3)/(140) =3/7. A

Example 1.4.11 John, Sue, Rob, Dan, and Molly have gone to see a
movie. Inside the theatre, they picked a row where there were exactly five
empty seats next to each other. These five friends can sit in exactly 5!
ways, that is, in 120 ways and arrangement is naturally pertinent. What
is the probability that John and Molly would sit next to each other? John
and Molly may occupy the first two seats and the other three friends may
permute in 3! ways in the remaining chairs. But then John and Molly may
occupy the second and third or the third and fourth or the fourth and fifth
seats while the other three friends would take the remaining three seats in
any order. One can also permute John and Molly in 2! ways. That is, we
have P(John and Molly sit next to each other) = (2!)(4)(3!)/5! = 2/5. A

1.5 Discrete Random Variables

Loosely speaking, a discrete random wvariable takes a finite or countably
infinite number of possible values with associated probabilities. A more
formal definition will follow shortly. In a collection agency, for example, the
manager may look at the pattern of the number (X) of delinquent accounts.
In a packaging plant, one may be interested in studying the pattern of the
number (X) of the defective packages. One may ask: how many times (X)
must one drill in a field in order to hit 0il? These are some examples of
discrete random variables.

In order to illustrate further, let us go back to the Example 1.3.2. Suppose
that X is the total score from the red and yellow dice. The possible values
of X would be any number from the set consisting of 2, 3, ..., 11, 12. We had
discussed earlier how one could proceed to evaluate P(X = x),z = 2,...,12.
In this case, the event [X = 2] corresponds to the subset {(1,1)}, the
event [X = 3] corresponds to the subset {(1,2),(2,1)}, the event [X = 4]
corresponds to the subset {(1,3),(2,2),(3,1)}, and so on. Thus, P(X =
2) = 35, P(X =3) = &, P(X = 4) = &, and so on. The reader should

36
easily verify the following entries:
x: 2 3 4 5 6 7 8 9 10 11 12
_. . 1 2 3 4 5 6 5 4 3 2 1
P(X=x): 5 3 3 36 3 36 3 36 53 36 30
(1.5.1)

Here, the set of the possible values of X is finite.
On the other hand, when tossing a fair coin, let Y be the number of
independent tosses required to observe the first head (H) come up. Then,
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P(Y=1)=P(H)=1% and P(Y =2) = P(TH) = (3)(3) = 1. Similarly,
P(Y =3)=P(TTH) = %, ..., that is,

PY=y)=(3)y=12,..

Here, the set of the possible values for the random variable Y is countably
infinite.

1.5.1 Probability Mass and Distribution Functions

A random variable X is a mapping (that is, a function) from S to a subset
X of the real line ® which amounts to saying that the random variable X
induces events (€ B) in the context of S. We may express this by writing
X : S —X. Then, X takes possible values x1,x2,x3,... with respective
probabilities p; = P(X = x;),i = 1,2, ... , evaluated as follows:
pi=PX=u)= b)) P(s),i=1,2,.. (1.5.2)
SES: X (s)=w;
In Equation (1.5.1), we found P(X = i) for i = 2,3,4 whereas the space
X ={2,3,...,12} and S = {(1,1), ..., (1,6),(2,1),...,(6,1), ..., (6,6) }.
While assigning or evaluating these probabilities, one makes sure that

the following conditions are met:
i p; >0forallt=1,2,..., and
(0 (1.5.3)
(i1) XZypi =1

When both these conditions are met, we call an assignment such as

X values : Ty Ty . . . T

Probabilities: p1 p2 . . . p; (1.5.4)

a discrete distribution or a discrete probability distribution of X.

The function f(z) = P(X = z) for x € X = {1, 22, ..., T, ...} s
customarily known as the probability mass function (pmf) of X.

We also define another useful function associated with X as follows:
F(z) = P{X <z} =P{s:se€Ssuchthat X(s) <z}, zeR (1.5.5)

which is customarily called a distribution function (df) or a cumulative
distribution function (cdf) of X. Sometimes we may write Fix(z) for the df
of X.

A distribution function or a cumulative distribution function
F(z) or Fx(z) for X is defined for all real numbers x.
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Once a pmf f(z) is given as in the case of Equation (1.5.4), one can find
the probabilities of events which are defined through the random variable
X. If we denote a set A(C R), then:

P(Xed)= % P(X=u) (1.5.6)

Example 1.5.1 Suppose that X is a discrete random variable having
the following probability distribution:

gﬁﬁiﬁigm : 0%2 0?4 01.14 (L5.7)
The associated df is then given by
0 if z<1
F@=1 06 it 22024 (e
1.0 if 4<=z

This df is the step function shown in Figure 1.5.1. From Figure 1.5.1, it
becomes clear that the jump in the value of F'(x) at the points x = 1,2,4
respectively amounts to 0.2,0.4 and 0.4. These jumps obviously correspond
to the assigned values of P(X = 1), P(X = 2) and P(X = 4). Also, the
df is nondecreasing in x and it is discontinuous at the points x = 1,2, 4,
namely at those points where the probability distribution from Equation
(1.5.7) assigns positive masses. A

Fi)
1.0+ —

0.6 —

0.2 —

Figure 1.5.1. Plot of F(z) from Equation (1.5.8).
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Suppose that we write
F(z—)=lmF(h)ash Tz, forz e R (1.5.9)

This F(z—) is the limit of F'(h) as h converges to x from the lhs of z. In
Example 1.5.1, one can verify that F(1-) =0, F(2—) = 0.2, and F(4—) =
0.6. In other words, the jump of the df or cdf F(x) at the point

1
xr =2 equals F(2) — F(2—) which is P(X =2) =04 (1.5.10)
x =4 equals F(4) — F(4—) which is P(X =4) =04

There is a natural correspondence between the jumps of a df, the left-
hand limit of a df, and the associated pmf.

For a discrete random variable X, one can obtain P(X = x) as F(x)—
F(x—) where the left-hand limit F(z—) comes from Equation (1.5.9).

Example 1.5.2 (Example 1.3.2 Continued) For the random variable
X, the total from the two dice, the probability that it will be smaller
than 4 or larger than 9 can be found as follows: Let us denote an event
A={X <4UX > 9} and we exploit Equation (1.5.6) to write P(A) =
P(X <4)+ P(X >9) = P(X = 2,3) + P(X = 10,11,12) = 1. What
is the probability that the total from the two dice will differ from 8 by at
least 27 Let us denote an event B = {|X — 8| > 2} and we again exploit
Equation (1.5.6) to write P(B) = P(X < 6)+ P(X > 10) = P(X =
2,3,4,5,6) + P(X =10,11,12) = L. A

Example 1.5.3 (Example 1.5.2 Continued) Reconsider two events A, B.
One can obtain P(A), P(B) alternatively by using the expression of the
associated df F(z). Now, P(A)=F3)+{1—-F(9)} = % +{1- % = i.
Also, P(B) =F(6)+ {1 - F(9)} =3+ {1-8}=75. a

Theorem 1.5.1 Consider the df F(x) with x € R, defined by Equation
(1.5.5), for a discrete random variable X. Then, the following properties
hold:

(7) F(z) is nondecreasing, that is, F(x) < F(y) for all x <y
where x,y € N;

(4) lim F(z)=0, lim F(z)=1,
r——00 T—00

(tii)  F(x) is right continuous, that is, F(x +h) | F(x) as h | 0,
for all x € R.
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1.6 Continuous Random Variables

A continuous random variable takes values in subintervals or within subsets
generated by subintervals of the real line, R. At a particular location in a
lake, for example, the manager of a local park and recreation department
may study the depth (X) of the water level. In a high-rise office build-
ing, one may study the waiting time (X) for an elevator. These are some
examples of continuous random variables.

1.6.1 Probability Density and Distribution Functions

Assume that S is a subinterval of . Now, a continuous real valued random
variable X is a mapping of S into R. We no longer talk about P(X = z)
because this probability will be zero regardless of what specific value x € R.
The waiting time at a bus stop would often be postulated as a continuous
random variable, and thus the probability of one’s waiting exactly five
minutes or exactly seven minutes for the next bus is zero.

In modeling a continuous random phenomenon, we start with a function
f(z) associated with x € R satisfying the following properties:

(z)  f(z)>0forall z € R, and
(i) fu f(@)de =1.

Note that the Equations (1.5.3) and (1.6.1) are similar in spirit. Any f(x)
satisfying Equation (1.6.1) is called a probability density function (pdf).

(1.6.1)

Jx)

a b X

Figure 1.6.1. Shaded area under f(z) is P(a < X < b).

Once a pdf f(x) is specified, we can find probabilities of events defined
in terms of the random variable X. If we denote a set A(C R), then

P(X e A)= [, f( (1.6.2)

where the convention is that we would integrate the function f(z) only on
that part of the set A wherever f(x) is positive.
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In other words, P(X € A) is given by the area under the curve {(z, f(z));
for all z € A wherever f(z) > 0}. In Figure 1.6.1, we let A be the interval
(a,b) and the shaded area represents the corresponding probability, P(a <
X <b).

We define the distribution function (df) of a continuous random variable
X by modifying the discrete analog from Equation (1.5.5). We let

F(a)= P{X <z} = [*_ f(y)dy.x € R (163)

which also goes by the name cumulative distribution function (cdf). Again,
note that F(z) is defined for all real values x.

Theorem 1.5.1 also holds for the distribution function F(x) of a
continuous random variable X. Theorem 1.5.1 and its converse
hold for all random variables.

(1.6.4)
Now, we state an important characteristic of a df without supplying its
proof. One will find its proof in Rao (1973, p. 85), among other places.

Theorem 1.6.1 Suppose that F(x),x € R, is the df of an arbitrary
random variable X. Then, the set of points of discontinuity of F(x) is
finite or countably infinite.

Example 1.6.1 Consider the following discrete random variable X first:

X value: -1 2 5

Probability: 0.1 0.3 0.6 (1.6.5)

So, Fx(x) is discontinuous at x = —1,2 and 5 only. A

Example 1.6.2 Look at the next random variable Y. Suppose that

PY =y =(3),y=123,.. (1.6.6)

Here, Fy (y) is discontinuous at a countably infinite number of points, y =
1,2,3,... . A

Example 1.6.3 Suppose that a random variable U has an associated
nonnegative function f(u) given by

Ly ifu=1,23,..

0 elsewhere

Observe that
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and thus f(u) happens to be the probability distribution of U. This random
variable U is neither discrete nor continuous. One may check that Fyr(u)
is discontinuous at a countably infinite number of points, u = 1,2,3,... . A

If X is continuous, then F'(x) turns out to be continuous at every point
x € R. However, the df F(x) may not be differentiable at a number of
points. Consider the following examples.

Example 1.6.4 Suppose that W has its pdf

3,2
Zw fl<w<?2
= 1.6.7
fw) {0 Hfw<lorw?>2 ( )

The associated df Fy (w) is given by

0 if w<1
Fyw)=9q fw®-1) if l<w<?2 (1.6.8)
1 if w>2

The expression for Fyy(w) is clear for w < 1 since in this case we integrate
the zero density. The expression for Fyy(w) is also clear for w > 2 because
the associated integral can be written as:

[ @)+ J2 F)dv+ 3 f)do =1
For 1 < w < 2, the expression for Fy(w) can be written as:
f_l f)dv+ [ fo)dv = [}" 2v?dv = L (w® - 1)

It should be obvious that Fy (w) is continuous at all points w € R, but
Fy (w) is not differentiable at w =1,2. A

Example 1.6.5 Consider a function f(x) defined as follows:

, 1 1
7(4)"t h - 1 =1,2,3,...
flz) = (4) whenever x € (21 211} )0 ,2,3, (1.6.9)
0 whenever x < 0Qor xz > 1

One may verify that (i) f(z) is a genuine pdf, (ii) the associated df F(z)
is continuous at all points = € R, and (iii) F(z) is not differentiable at the
points x belonging to the set {1, > 22, 213 , } which is countably infinite.
In Example 1.6.2, we had the point masses at a countably infinite number

of points. But, the present example is little different in its construction. A
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At all points « € R wherever the df F(z) is differentiable, one must have
the following result:

F(z)/dx = f(z), the pdf of X at the point = (1.6.10)

This is a restatement of the fundamental theorem of integral calculus.
Example 1.6.6 (Example 1.6.4 Continued) Consider Fyy (w) from Equa-
tion (1.6.8). Fy (w) is not differentiable at w = 1,2. Except at w = 1,2,
the pdf f(w) of the random variable W can be obtained from Equation
(1.6.8) as follows: f(w) = %Fw(w), which will coincide with zero when
—o<w<1or2<w< oo, whereas for 1 < w < 2 we would have

L3t -1y = 7

This agrees with the pdf from Equation (1.6.7) except when w = 1,2. A

1.6.2 Median of a Distribution

Often a pdf has interesting features including the position of its median.
When comparing two income distributions, for example, one may consider
median incomes from these distributions. For a continuous random variable
X with df F(z), we say that z,, is the median if and only if F(z,,) = 3,
that is, P(X < ) = P(X > ap,) = 3.

Example 1.6.7 (Example 1.6.4 Continued) Reconsider F(w) from Equa-
tion (1.6.8). The median wy, is a solution of the equation F(wy,) = 3. We

obtain w,, = (4.5)1/3 ~ 1.651. A

1.6.3 Selected Reviews from Mathematics

Finite Sums of Powers of Positive Integers:

1+2+..+n =in(n+1)
P+22+ .. +n* =In(n+1)2n+1)

1.6.11
1P+ 4. +nd ={inn+1)}° (1611)

42+ 40t =Fnn+1)2n+1)(3n? +3n—1)

Infinite Sums of Reciprocal Powers of Positive Integers: Let us
write

C(p) =E52n” (1.6.12)
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Then, ((p) = oo if p < 1, but ((p) is finite if p > 1. It is known that
€(2) = £7%,((4) = &7, and ((3) ~ 1.2020569. Refer to Abramowitz and
Stegun (1972, pp. 807-811) for related tables.

Results on Limits:

lim nY/"=1; lim {1+ }—1 for fixed a € R

n—oo n—oo

lim {1 + & }" @, for fixed a € R

n—oo

(1.6.13)

Taylor Expansion: Let f(.) be a real valued function having finite n'"
derivative % f(z), denoted by f(™(.), everywhere in an open interval
(a,b) € R and assume that f(*~1(.) is continuous on the closed inter-
val [a,b]. Let ¢ € [a,b]. Then, for every x € [a,b],x # ¢, there exists a real
number ¢ between numbers x and ¢ such that

) (=" )

£a) = £+ 5 Co D 0 4 e (16.14)

Some Infinite Series Expansions:

e 14242 424 forallzeR

(=)™ =14 ma 4 202 4 mOEgnt2as 4 65
for all x € (—1,1),m >0
log(l14+z) =x—3a?+32%— . forallz>—1

Differentiation under Integration (Leibnitz’s Rule): Suppose that
f(z,0),a(0), and b(0) are differentiable functions with respect to 8 for = €
R,0 € R. Then,

L [0 F.0)dz] = £(006),0) (5(6)) — F(a(0),0) (5a(6)

(0) -
+ Juto) (F5(@.0)) da
(1.6.16)

Differentiation under Integration: Suppose that f(z,0) is a differen-
tiable functlon in @, forx € R,0 6 R. Let there be another function g(z, 9)
such that (i |89f 2,0) |o—g, | < g(x,0) for all §y belonging to some interval
(0 —c,0+¢), and (ii) [*_ g(z,0)dz < oo. Then,

& 172 fa0)da] = [, (5 £(2.0)) da (1.6.17)
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Monotone Function of a Single Real Variable: Suppose that f(z) is
a real valued function of = € (a,b) C R. Let us assume that d—‘i f(z) exists
at each = € (a,b) and that f(x) is continuous at x = a,b. Then,

(i) f(x) is strictly increasing in (a,b) if == f(z) > 0 for x € (a,b)

(i7)  f(z) is strictly decreasing in (a,b) if £ f(x) < 0 for z € (a,b).

dx
(1.6.18)

Gamma Function and Gamma Integral: The expression I'(a), known
as the gamma function evaluated at «, is defined as

I(a) = [y e 2 tdx for a >0 (1.6.19)

The representation given in the rhs of Equation (1.6.19) is referred to as the
gamma integral. The gamma function has interesting properties including
the following;:

['(a+1) = ol (@) with arbitrary a > 0;I'(3) = /7

(1.6.20)
and I'(n) = (n — 1)! for arbitrary n = 1,2, ...
Stirling’s Approximation: Recall I'(«), « > 0. Now,
Do) «~ Vv 2me~*a®" 3 for large values of o (1.6.21)

Writing & = n+ 1 where n is a positive integer, one can immediately claim
that )
n! « V2me "n"2 for large values of n (1.6.22)

The approximation for n! given by Equation (1.6.22) works well even for n
as small as five or six.

Ratios of Gamma Functions: Recall I'(a), @ > 0. Then, one has
T(ca+d) «~ V2me™ (ca)co‘+d_% for large values of « (1.6.23)

with fixed numbers ¢(> 0) and d, assuming that the gamma function itself
is defined. Also, one has

r
ad*CM w14 5=(c—d)(c+d — 1) for large values of a  (1.6.24)

I'(a+d)
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with fixed numbers ¢ and d, assuming that the gamma functions involved
are defined.

Beta Function and Beta Integral: The expression b(«, ), known as
the beta function evaluated at o and (8 in that order, is defined as

b(a, 8) = [} 2*~1(1 — 2)%Ldz for @ > 0,3 >0 (1.6.25)

The representation given in the rhs of Equation (1.6.25) is referred to as
the beta integral. Note that b(«, 5) can alternatively be expressed as:

b(a, 3) = {T(a)D(B)}/{T(a+ B)} for 0 < o, B < o0 (1.6.26)

Maximum and Minimum of a Function of One Real Variable: For
some integer n > 1, suppose that f(z) is a real valued function of a single
real variable z € (a,b) C R, having a continuous n'" derivative % f(z),
denoted by f(")(x), everywhere in the open interval (a, b). Suppose also that
for some point ¢ € (a,b), one has fM (&) = fA (&) = ... = f=D(¢) =0,
but ™ (&) # 0. Then,

(i)  for n even, f(x) has a local minimum at z = £ if f(£) >0
(i) for m odd, f(z) has a local maximum at x = & if f(")(£) <0,
(1.6.27)

Maximum and Minimum of a Function of Two Real Variables:

Suppose that f(x) is a real valued function of a two-dimensional variable
x = (z1,72) € (a1,b1) x (az,b2) C R2. The process of finding where this
function f(x) attains its maximum or minimum requires knowledge of ma-
trices and vectors. We briefly review notions involving matrices and vectors
in Section 4.7. Hence, we defer to state this particular result from calculus
in Section 4.7.

Integration by Parts: Consider two real valued functions f(z), g(z) where
z € (a,b), an open subinterval of R. Let us denote == f(z) by f (z) and the
indefinite integral [ g(x)dx by h(x). Then,

2 f@)g(@)de = [f@)h(x)]220 — [2 f (2)h(z)da (1.6.28)
assuming that all integrals and f'(z) are finite.

L’Hopital’s Rule: Suppose that f(z) and g(x) are two differentiable real
valued functions. Assume that lim f(z) =0 and lim g(z) = 0 where a is
r—a r—a
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a fixed real number, —oo or +o0o. Then,
lim {/(2)/g(2)} =lim {f (2)/g ()} (1.6.29)

where f'(z) = df (z)/dz, ¢ (z) = dg(z)/dx.
Triangular Inequality: For any two real numbers a and b, the following
holds:

la + 0| <la| + 0] (1.6.30)

It follows that |a — b| > |a| — |0] .

1.7 Some Useful Distributions

As a convention, we often write down the pmf or pdf f(z)
only for those © € X where f(x) is positive.

1.7.1 Discrete Distributions

Bernoulli Distribution: A random variable X has Bernoulli(p) distrib-
ution if its pmf is

flx)=P(X =2)=p"(1 —p)' * forz=0,1 (1.7.1)

where 0 < p < 1 is a parameter. In applications, one may collect dichoto-
mous data, for example, record whether an item is defective (x = 0) or
nondefective (z = 1) or whether an individual is married (z = 0) or un-
married (x = 1). In each situation, p stands for P(X = 1).

Binomial Distribution: A random variable X has Binomial(n, p) distri-
bution if its pmf is

)pz(lp)”z forz=0,1,...,n (1.7.2)

where 0 < p < 1 is a parameter.

The Binomial(n, p) distribution arises as follows. Repeat a Bernoulli ex-
periment independently n times and each time one observes the outcome
(0 or 1) and p = P(X = 1). Clearly, f(z) > 0 for all . But, also recall
part (i) in Equation (1.5.3) which demands that all probabilities given by
Equation (1.7.2) must add up to one. In order to verify this, we write:

S _of(@) =20 o (Mprl—p)F=p+(1—p)|"=(1)"=1 (1.7.3)
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Example 1.7.1 In a multiple-choice quiz, suppose that there are ten
questions, each with five suggested answers. Each question has exactly one
correct answer given. A student guessed all answers in a quiz. Suppose
that each correct (wrong) answer to a question carries one (zero) point.
The student’s score (X) has Binomial(n = 10,p = £) distribution. Then,
F;gX = 031 = (1001)0@)10(%)10 ~ 0.10737. Also, P(X > 8) = (V)(3)3(2)? +
()P + (D) ~ 71920 x 1072, &

Poisson Distribution: A random variable X has a Poisson()\) distribution
if its pmf is

f(x)=P(X =x)=e*\/a! for . =0,1,2, ... (1.7.4)
where 0 < A < 0o is a parameter.

Clearly, f(x) > 0 for all z. But, in order to verify directly that all prob-
abilities add up to one, one may use the infinite series expansion of e”:

52 o f () :e*A{1+%+g—f+...} —e et =1 (1.7.5)

A Poisson distribution may arise as follows. Reconsider a binomial dis-
tribution but pretend having a situation like this: Make n — co and p — 0
in such a way that np remains a constant, say, A(> 0). Now then, rewrite
the binomial probability for any fixed x = 0,1, 2, ... as follows:

@)
— (-

_ n(n=1)... n—:r-‘rl}(ﬁ)z(l _ A)n—z

- z! n

(1.7.6)

=1 -Ha-2). . 1-=Ha-2)=1-2)"

Observe that (1 — %) —lasn —ooforall fixed k=1,2,...,x— 1, \. Also,
(1—2) — e=* as n — oo. Now, from Equation (1.7.6) we can conclude
that (7)p"(1 —p)"® — e A"/l as n — oo.

Example 1.7.2 We are inspecting a particular brand of concrete slab
specimens for visible cracks. Suppose that the number (X) of cracks per
concrete slab has a Poisson distribution with A = 2.5. What is the prob-
ability that a randomly selected slab will have at least two cracks? Now,
P(X>2)=1-P(X <1)=1- [{e2%(2.5)°/0} + {e~25(2.5)1 /11}] ~
0.7127. A
Geometric Distribution: A random variable X has a Geometric(p) dis-
tribution if its pmf is

fla)=P(X=z)=p(1—p)*Lforx=1,23,.. (1.7.7)
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where 0 < p < 1 with p as a parameter.

The Geometric(p) distribution arises as follows. Consider repeating a
Bernoulli experiment independently until we observe the value x = 1 for
the first time.

Example 1.7.3 A geological exploration may indicate that a well drilled
for oil in a region in Texas would strike oil with probability 0.3. Assum-
ing that oil strikes are independent from one drill to another, what is the
probability that the first oil strike will occur on the sixth drill? Let X be
the number of drills. Then, X is distributed as Geometric(p = 0.3). So,

P(X =6) = (0.3)(0.7)% ~ 0.050421. A
Negative Binomial Distribution: A random variable X is said to have
a negative binomial distribution, denoted by NB(y, k), if its pmf is

flz) = P(X =x) = (*7)) (ﬁ)z (ﬁ)k forx=0,1,2,.. (L7.8)

where 0 < u, k < co are parameters. The parameterization given in Equa-
tion (1.7.8) is due to Anscombe (1949), which is widely used in areas such
as entomology, plant science, and soil science.

Uniform Distribution: Suppose a random variable X takes the only
possible values x1, ..., x} each with the same probability % Such X is said
to have a discrete uniform distribution with the pmf:

f(z) =1+ for x = 1, ..., 7, with a fixed positive integer k (1.7.9)

1.7.2 Continuous Distributions

Uniform Distribution: A random variable X has a uniform distribution
on an interval (a,b), denoted by Uniform(a, b), if its pdf is

flxy=(b—a)tfora<z<b (1.7.10)

where —oco < a < b < co. Here, a,b are parameters.
The function f(zx) is nonnegative for all x € . Next, write

[ f@)de=(b—a) ! [Pdr=(b—a) " 2] = (b—a)"(b—a) =1

since b # a. In other words, Equation (1.7.10) defines a genuine pdf.

Example 1.7.4 The waiting time X at a bus stop, measured in minutes,
may be uniformly distributed between zero and five. What is the probability
that one Would wait more than 3.8 minutes for a bus? P(X > 3.8) =

f381d9c ta]i=55=0.24. A
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Normal Distribution: A random variable X has the normal distribution
with parameters u and o2, denoted by N (u,0?), if its pdf is:

f(x) = {ov2r} Yeap{—(x — p)?/(20%)} for z € R (1.7.11)

with —oo < p < 0o and 0 < ¢ < co. A normal distribution is widely used
in statistics.

C. F. Gauss, the celebrated German mathematician of the eighteenth
century, had discovered this distribution while analyzing measurement er-
rors in astronomy. Hence, the normal distribution is also called a Gaussian
distribution.

{(x) F)

0.84
0.6q
0.4

0.2

x
2 4 -z [s] 2 4 x

(b)
Figure 1.7.1. Normal densities: (a) N(0,0.25); (b) N(1,0.25).

The function f(z) is obviously positive for all z € . Next, let us verify
directly that [ f(x)dz = 1. Substitute u = (z — p)/0,v = —u,w = 302
successively, and rewrite the full integral as:

S f()da

= {V2r}! [fi)oo exp{—3utdu + [;° exp{f%UQ}du]
= {V2r}! [fotl exp{—%vQ}(fdv) + fooo exp{f%uQ}du}
= {V2r} L[y exp{—3v?}dv + [;~ exp{—3u?}du]

In the last step in Equation (1.7.12) since the two integrals are the same,
we can claim that [%_ f(z)dz is:

2VER [ el =3P Ydo = (VA [ eapl—whu du
= {7} 'T(3) =1, since I'(3) = V7

An alternative way to prove the same result using polar coordinates has
been indicated in Exercise 1.7.8.

(1.7.12)
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The pdf given by Equation (1.7.11) is symmetric around z = p, that
is, we have f(x — p) = f(xz + p) for all fixed z € R. In other words, once
the curve (z, f(z)) is plotted, if we pretend to fold the curve around the
vertical line z = p, then the two sides of the curve will lie exactly on one
another. See Figure 1.7.1.

Standard Normal Distribution: A normal distribution with p = 0,0 =
1 is called standard normal. A standard normal random variable is com-
monly denoted by Z. The standard normal pdf and the df are respectively
denoted by

(2) = {V2r} Leap(—22/2) for z € R

(1.7.13)
D(z)=P(Z <2)=["__ ¢(u)du for z € R
D(=z)
14
0.8y
2 P 3 =z

(b)
Figure 1.7.2. Standard normal: (a) density ¢(z); (b) DF ®(z).

Unfortunately, there is no available simple analytical expression for the
df ®(z). The standard normal table, namely Table 13.3.1, will facilitate
finding various probabilities associated with Z. One should easily verify
the following;:

®(—a) =1— d(a) for all fixed a >0 (1.7.14)

How is the df of N(u,0?) related to the df of a standard normal random
variable Z? With any fixed x € R,v = (u — u)/o, observe that we can
proceed as in Equation (1.7.13) to write P{X < x} as

{ov2r} =t [ eap{—(u— p)*/(20)}du
={V2r}! ffzo /o exp{fizﬂ}dv = o (=4)
In Figure 1.7.1, we plotted the pdfs corresponding to the N(0,0.25) and
N(1,0.25) distributions. By comparing the two plots in Figure 1.7.1 we see

that the shapes of the pdfs are exactly the same whereas in (b) the curve’s
point of symmetry (x = 1) has moved by a unit on the right-hand side.

(1.7.15)
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By comparing the plots in Figures 1.7.1(a) and 1.7.2(a), we see that the
N(0,0.25) pdf is more concentrated than the standard normal pdf around
their points of symmetry z = 0.

We added earlier that the parameter p indicated the point of symmetry
of the pdf. When o is held fixed, this pdf’s shape remains intact whatever
the value of . But when p is held fixed, the pdf becomes more (less)
concentrated around the fixed center y as o becomes smaller (larger).

Example 1.7.5 Suppose that the scores of female students on the recent
Mathematics Scholastic Aptitude Test were normally distributed with p =
520 and ¢ = 100 points. Find the proportion of female students taking
this exam who scored (i) between 500 and 620, and (ii) more than 650.
To answer the first part, we find P(500 < X < 620) = ®(£29-220) —
P(200-520) — (1) — ®(—0.2) = ®(1) + ®(.2) — 1, using Equation (1.7.14).
Thus, reading the entries from the standard normal table (see Chapter
13), we find that P(500 < X < 620) = 0.84134 + 0.57926 — 1 = 0.4206.
We again use Equation (1.7.14) and the standard normal table to write:

P(X > 650) = 1 — ®(89=520) = 1 — $(1.3) = 1 — 0.90320 = 0.0968. A

Theorem 1.7.1 Suppose that X has a N(u,0?) distribution. Then, Z =
(X — p)/o has a standard normal distribution.

Proof Let us first find the df of Z. For any fixed z € R, in view of
Equation (1.7.15), we have:

P(Z<2)=P(X <p+oz)=a (W) = () (1.7.16)
Since ®(z) is differentiable for all z € R, using Equation (1.6.10) we can
claim that the pdf of Z would be d®(z)/dz = ¢(z), which is the pdf of a
standard normal random variable. ll

Gamma Distribution: A random variable X has a gamma distribution
involving « and 3, denoted by Gamma(a, /), if its pdf is:

f(@) = {B°T(a)} te /P> for 0 < < o0 (1.7.17)

where 0 < «, 3 < oo are parameters. By varying the values of a and 3, one
can generate interesting shapes for the associated pdf. This distribution
appears frequently as a statistical model for data obtained from reliability
and survival experiments as well as in clinical trials.

How can one directly check that f(x) given by Equation (1.7.17) is indeed
a pdf? The function is nonnegative for all z € R. Next, we need to verify
directly that fooo f(z)dz = 1. Let us substitute « = x/3 which is one-to-one
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and rewrite the whole integral as:

a)}—l fooo e—m/ﬁxa—ldm: {ﬁ } f() —u Bu a 1(ﬁdu)
= {T(a)} 7! [~ e "us 1du =1
(1.7.18)
since D(a) = [ e~ "u®"'du.

Exponentlal Distribution: This is the same as the Gamma(1, 8) distri-
bution where 3(> 0) is a parameter. When 8 = 1, we refer to it as the
standard exponential distribution. The pdf is:

fla)=p""e /P for 0 <z < o0 (1.7.19)

This distribution is also skewed to the right. An exponential distribution
is widely used in reliability and survival analyses.
One can easily check that the corresponding df is given by

0 if —oco<ax<0
Fla) = { 1—exp(—=x/B) if x>0 (1.7.20)

Suppose that X represents the life of a component in a machine and X has
an exponential distribution defined by Equation (1.7.19). With any two
fixed positive numbers a and b, one has

P{X>a+b|X >a}=-exp(—b/B) =P{X > b} (1.7.21)

which does not involve a. This conveys the following message: given that a
component has lasted until time a, the conditional probability of its survival
beyond a time a + b is the same as P(X > b), regardless of the magnitude
of a. In other words, the life of a component ignores the aging process
regardless of its own age. This is referred to as memoryless property. The
edited volume of Balakrishnan and Basu (1995) provides a synthesis of
gamma, exponential, and other related distributions.

Chi-square Distribution: We say that a positive random variable X has
a Chi-square distribution with v degrees of freedom, denoted by x? with
vr=123,.. if X has a Gamma(%y, 2) distribution. Here, the parameter
is the degree of freedom, v.

Lognormal Distribution: A positive random variable X has a lognormal
distribution if its pdf is:

f(x) = {ov2r} o~ eap[—{log(x) — p}?/(20%)] for 0 < 2 < o0 (1.7.22)
with —oco < < 0o and 0 < 0 < 0o as parameters. We can verify that

P(X <z)=®{log(x) — u}/o), for all z >0 (1.7.23)
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and
Pllog(X) <z} =P{X <"} =0({x —pu}/o), forallz e R (1.7.24)

That is, the pdf of log(X) must coincide with that of a N(u,o?) random
variable. Thus, the name “lognormal” appears natural.

Student’s t Distribution: The pdf of a Student’s t random variable with
v degrees of freedom, denoted by t,, is:

f(z) =a(l+ %$2)7é(”+1) for —oco <z <0 (1.7.25)

with a = a(v) = {Vrr} ' T(3(v+ )){T(3v)} 1, v =1,2,3,... where v is a
parameter. One can easily verify that this distribution is symmetric about
x = 0. This distribution plays a key role in statistics. W. S. Gosset intro-
duced this distribution in his 1908 publication, but he used the pseudonym
“Student” as its author. As the degree of freedom v increases, one can check
easily that the pdf has less spread around the point of symmetry = = 0. It
is true, however, that the tail of a t distribution is “heavier” than that of
a standard normal distribution.

Cauchy Distribution: This corresponds to the pdf of a Student’s ¢, ran-
dom variable with v = 1. The pdf from Equation (1.7.25) simplifies to

fl@)=7"11+42%)""! for —oo <z <0 (1.7.26)
One may verify that the df of a Cauchy distribution is:
F(z) = P(X <z) =L arctan(z) +  forall z € R (1.7.27)

The Cauchy distribution has a heavier tail compared with that of a
standard normal distribution. From Equation (1.7.26) it is clear that the
Cauchy pdf f(z) ~ 1272 for large values of |z|. It can be argued then that
1272 — 0 slowly compared with (vV2r)~te=*"/2 when |z| — oo.

F Distribution: A positive random variable X has an F' distribution with
v1, v degrees of freedom, in that order and denoted by F), if its pdf is

f@) = ka2 {1 4 (g fvg)z} 21 H72) for 0 <z <oo  (1.7.28)
with k = k(vq,v2) = (l/l/VQ)%VIF((Vl +v9)/2){T(v1/2)T(v2/2)} ~* where
v1 and vo are the parameters.

Beta Distribution: A random variable X, defined on the interval (0, 1),
has a beta distribution with parameters « and 3, denoted by Beta(c, ),
if its pdf is

f(z) ={bla, B)} e 11 —z)Lfor0 <z <1 (1.7.29)
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where 0 < a, 8 < co. It is a simple matter to verify that a random variable
distributed as Beta(1,1) is equivalent to a Uniform(0, 1) random variable.

Negative Exponential Distribution: A random variable X has the neg-
ative exponential distribution involving v and (3, if its pdf is

fla)=6"te M8 for y < 1 < 0 (1.7.30)

with —00 < v < 00,0 < B < 00 as parameters. This distribution is widely
used in modeling data arising from experiments in reliability and life tests.
When the minimum threshold parameter v is assumed zero, one then goes
back to an exponential distribution.

Weibull Distribution: A positive random variable X has a Weibull dis-
tribution if its pdf is

f(x) = aB *x* Lexp (—[x/8]*) I(x > 0) (1.7.31)

with (> 0) and G(> 0) as parameters.

Rayleigh Distribution: A positive random variable X has a Rayleigh
distribution if its pdf is

f(z) =20 zeap(—22/) for 0 < = < 00 (1.7.32)

with (> 0) as a parameter. In reliability studies and related areas, this
distribution is used frequently.

1.8 Exercises and Complements

1.1.1 (Example 1.1.2 Continued) Find the probability of observing (i) a
difference of one between the scores and (ii) the red die scoring higher than
the yellow die.

1.1.2 Five equally qualified individuals consisting of four men and one
woman apply for two identical positions in a company. Two positions are
filled by selecting two from this applicant pool at random.

(i)  Write down the sample space S;

(it)  Assign probabilities to the simple events in S;

(74¢) Find the probability that the woman applicant is selected.
1.2.1 Suppose that A, B, C are subsets of S. Show that

ANCC(AAB)U(BAC)
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where A denotes symmetric difference.

1.3.1 Show that the Borel sigma-field B is closed under the operation of
(1) finite intersection and (i) countably infinite intersection of its members.
{Hint: Can DeMorgan’s Law (Theorem 1.2.1) be used here?}

1.3.2 Prove part (v) in Theorem 1.3.1.

1.3.3 Consider a sample space S and suppose that B is the Borel sigma-
field of subsets of S. Let A, B, C be events, that is, these belong to 5. Now,
prove the following statements:

(1) P(AUB)< P(A)+ P(B);
(i) P(AUBUC)=P(A)+P(B)+ P(C)—-P(ANB)
—P(ANC)—-P(BNC)+P(ANBNCQC).

1.3.4 (Exercise 1.3.3 Continued) Suppose Ay, ..., A, are Borel sets, that
is, they belong to B. Show that

P(A1U...UA,) =3 P(A;) — S5

T i1 P(Ai N Aj)

FIEER o P(AiN AN AL) — 4 (1) T P(AL N .. N Ay).

1.3.5 Suppose Ay, ..., A, are Borel sets, that is, they belong to B. Show
that
P(Al N...N An) Z E;n:lP(Az) - (n — 1)
This is commonly called the Bonferroni Inequality.
1.3.6 Let Ap, As be Borel sets, that is, they belong to B. Show that

P(A1AAs) = P(A1) + P(As) — 2P(A; N Ay)

1.3.7 Let Aq,..., A, be Borel sets, that is, they belong to B. Define:
By = A1,Bs = A2NA§, Bs = A3N(A1UAL)S, ..., By, = ApN(A1U...UA,_1)C.
Show that

(4) By, ..., B, are Borel sets;

(5) By, ..., By are disjoint sets;
(i) UM, A; = UM, B;.

1.4.1 Prove Theorems 1.4.1 and 1.4.2.

1.4.2 Five seniors and eight first-year graduate students are available to
fill vacancies of local news reporters at the radio station in a college campus.
If four students are to be randomly selected from this pool for interviews,
find the probability that at least two first-year graduate students are among
the chosen group.
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1.4.3 Four cards are drawn at random from a standard playing pack of
fifty-two cards. Find the probability that the random draw will yield
(i)  an ace and three kings;
(#4)  the ace, king, queen, and jack of clubs;
(#i7) the ace, king, queen, and jack from the same suit;
(iv)  the four queens.
1.4.4 In the context of Example 1.1.2, let us define the three events:

FE : The sum of the scores from the two dice exceeds 8

F: The score on the red die is twice that of the yellow die

G : The red die scores one point more than the yellow die
Are events E, F independent? Are events F, G independent?

1.4.5 (Example 1.4.7 Continued) Assume that the prevalence of the dis-
ease was 100p% in the population whereas the diagnostic blood test had the
100a% false negative rate and 1006% false positive rate, 0 < p,«, 5 < 1.
Now, from this population an individual is selected at random and his
blood tested. The health professional is informed that the test indicated
the presence of the particular disease. Find the expression of the probabil-
ity, involving p, @ and S, that this individual does indeed have the disease.
{Hint: Use Bayes’ Theorem.}

1.4.6 In a twin-engine plane, we are told that the engines (#1, #2) func-
tion independently. We are also told that the plane flies just fine when at
least one of the two engines are working. During a flying mission, individu-
ally the engine #1 and #2 respectively may fail with probability 0.001 and
0.01. During a flying mission, what is the probability that the plane would
crash? What is the probability the plane would complete its mission?

1.4.7 Let Aj,..., A; be disjoint events and B be another event. Show
that

P{U?:lAi | B} = 2?:1]3{141' | B}

1.4.8 Let Aq, As be events. Show that
P(Ay) = P(Ap) if and only if P(A4; NAS) = P(A{ N Ag)
1.4.9 Let Ay, Az be disjoint events. Show that
(1) P(Ar| A9) = P(A1)/{1 - P(A2)} if P(A;) # 1;
(5) P(A; | Ay UA) = P(A1)/{P(A1) + P(A2)}.
1.5.1 A random variable X has the following pmf:

X values: -2 0 1 3 8
Probabilities: 0.2 p 0.1 2p 0.4
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where p € (0,0.1]. Is it possible to determine p uniquely?

1.5.2 A random variable X has the following pmf:

X values: -2 0 1 3 8
Probabilities: 0.2 p 01 03—p 04

where p € (0,0.3). Is it possible to determine p uniquely?

1.5.3 An envelope has 20 cards of the same size. The numeral 2 is written
on 10 cards, the numeral 4 is written on 6 cards, and the numeral 5 is
written on the remaining 4 cards. The cards are mixed inside the envelope
and we reach in to take out one card at random. Let X be the number
written on the selected card.

(7) Derive the pmf f(x) of X;

(#7)  Derive the df F(z) of X;

(¢i1)  Plot the df F'(x) and check its points of discontinuities;

(iv)  Perform the types of calculations as in Equation (1.5.10).
1.6.1 Let ¢ be a positive constant and consider the pdf of X given by

f(x)_{ c2-z) ifo<z<1

o elsewhere

Find c. Find the df F(x) and plot it. Does F(x) have any points of disconti-
nuity? Find the set of points, if nonempty, where F'(z) is not differentiable.
Calculate P(—0.5 < X <0.8).

1.6.2 Let ¢ be a constant and consider the pdf of X given by

c+%x if—2<xz<0
fle)=9 c—1z f0<z<2
0 elsewhere

Find c. Find the df F(x) and plot it. Does F(x) have any points of disconti-
nuity? Find the set of points, if nonempty, where F'(z) is not differentiable.
Calculate P(—1.5 < X < 1.8).

1.7.1 The probability that a patient recovers from a stomach infection is
0.9. Suppose that ten patients are known to have contracted this infection.

(7) What is the probability that exactly seven will recover?
(¢4)  What is the probability that at least five will recover?
(74i)  What is the probability that at most seven will recover?
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1.7.2 Let X have Binomial(n, p) distribution, 0 < p < 1. Show that

PX>1|X>1}= 1" (1 _1p)n(zn];()1n_ P!

1.7.3 A switchboard rings according to a Poisson distribution on an
average five (= A) times in a 10-minute interval. What is the probability
that during a 10-minute interval, the service desk will receive

(7) no more than three calls?
(18)  at least two calls?
(7i1)  exactly five calls?
1.7.4 Expressions of the pdf of different random variables are given. In

each case, identify a pdf by its standard name and specify the associated
parameters. Find ¢(> 0) in each case.

(1) f(z) = cexp(—mz)I(z > 0);

(it)  f(x) = cexp(—ma?),x € RN;

(iii)  f(x) = ceap(—x? — 1),z € R
(iv)  f(z) = dxexp(—22)I(z > 0);

(v)  f(z) = Bateap(—ca)l(z > 0);
(vi)  f(z) =1052*(1 — 2)°I(0 <z < 1).

1.7.5 Let X have Gamma(2, 1) distribution. Evaluate P(X < a), P(X >
b) in their simplest forms where a, b are positive numbers.

1.7.6 Let X have the following pdf involving 6 and :

flz) = %ewp{— |x — 0] /G} for all z € R

with 0 € R and 3 € RT as parameters. This is the Laplace or a double
exponential distribution. Show that f(z) is symmetric about x = 6. Derive
the df explicitly.

1.7.7 Show that
f(a) = {ov2m} o  eap[—{log(x) — u}*/(20)](x > 0)
is a bonafide pdf with u € R,0 € RT. Verify that
(i) P(X <z)=®{log(z) — p}/o), for all x € RT;
() Pllog(X) <z} =d({x—pu}/o), for all z € R.

1.7.8 (Polar Transformation) Let ¢(z) = {v/27}1e=%/2 z € R. One
may use polar coordinates to show that ffooo ¢(z)dz = 1 by going through
the following steps:
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(7) Show that it is enough to prove fooo e 24y = | /72
2
(it)  Verify that [fooo e_ZQ/de} = /7 e 2y, I e=""/2dy. Hence,

show that [ [ e~/ 2qydy = im;
(#41)  In the double integral found in part (ii), use the substitutions
u=rcos(d),v =rsin(h),0 < r < oo and 0 < § < 27. Then,

rewrite [~ [Z, e~ (W) /20y dy = 92:0 Urio e’r2/2rdr} do;
(iv)  Evaluate explicitly to show that [ e 2rdr = 1;
(v)  Does part (iii) now lead to part (ii)?

1.7.9 A discrete random variable X has hypergeometric distribution if

1 pmt s "\ (N =7\, (N
0= G2 G)

with x = 0,1,2,...,n, but z < r and n — 2z < N — r. Show that f(x) is a
genuine pmf.

1.7.10 (Exercise 1.7.9 Continued) A box has 10 CDs of which 3 are
defective and 7 are good. One reaches into the box and grabs 4 CDs at
random. What is the distribution of X, the number of defective CDs among
4 selected CDs? It is hypergeometric with r = 3, N = 10,n = 4. Possible
values of X are 0, 1,2, 3. Evaluate the associated probabilities.

1.7.11 Show that the function f(x) given in Equation (1.7.31) is a gen-
uine pdf.
1.7.12 Show that the function f(x) given in Equation (1.7.32) is a gen-
uine pdf.
1.7.13 Suppose that X is a random variable having a Rayleigh pdf f(x)
given in Equation (1.7.32) with § = 2. Evaluate the following probabilities.
() PX>2)
(W) PX>2]|X>1)
(i) P(X <3| X <4);
(iv) P(X—2[>2)
(v) P(X+X"1>2).
1.7.14 Suppose that we write f(z;6) = 20 'zexp(—22/0)I(z > 0) for
6 > 0. This is the Rayleigh pdf from Equation (1.7.32). We denote

g(x) =af(z;2)+ (1 —a)f(z;4) for 0 < x < 00
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with some fixed number o, 0 < a < 1.
(7) Show that g(z) is a genuine pdf;
(i)  Evaluate P(X > 2| X > 1) where X has its pdf g(x);
(#49) Evaluate P(X < 3| X < 4) where X has its pdf g(z);
(iv)  Evaluate P(X + X! > 2) where X has its pdf g(x).

1.7.15 Suppose that X is a random variable having a lognormal pdf f(x)
given in Equation (1.7.22) with g = 0 and o = 2. Express the following
integrals in their simplest forms and evaluate them.

@) Jy af(@)ds;
(i) [5° @ f(x)dw;
(i) [ llog ()2 F (@)
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Moments and (GGenerating
Functions

2.1 Introduction

In Section 2.2, we summarize the concepts of expected value and variance.
The expected value is interpreted as the “center” of a probability distribu-
tion. A variance quantifies the average squared deviation from its “center”.
Section 2.3 introduces the notions of moments and a moment generating
function (mgf) of a random variable. Section 2.4 provides a powerful result
which says that a finite mgf determines a probability distribution uniquely.
Section 2.5 briefly touches upon probability generating function (pgf) which
leads to factorial moments.

2.2 Expectation and Variance

Consider playing this game: the house will roll a fair die. The player will
win $7.20 whenever a six comes up, but the player will pay $0.60 to
the house anytime a face other than six comes up. Suppose that from
ten successive turns, we observed the following faces on the rolled die
to come up: 4,3,6,6,2,5,3,6,1,4. At this point, the player is ahead by
$18(= $21.60 — $3.60) so that the player’s average win per game thus far
has been exactly $1.80. But in a long run, what is expected to be the play-
er’s win per game? Assume that the player stays in the game k times in
succession and by that time six appears nj times while a number differ-
ent from six appears k — ny, times. Then, the player’s win will amount to
7.2ng — 0.6(k — ny) so that the player’s win per game (= Wy, say) should
be {7.2n; — 0.6(k — ny)}/k, which may be rewritten as follows:

Wi = (7.2) (k™ ni) + (—=0.6){1 — (k™ ng)} (2.2.1)
What will W;, amount to when k is “large”? Interpreting probabilities as
limiting relative frequencies, we can say that klin;o “k should coincide with
the probability of seeing the face six in a single roll of a fair die, which is
%. Hence, the player’s ultimate win per game is going to be

lim Wi = (7.2)(1/6) + (~0.6)(5/6) = 0.7 (222)

In other words, the player will win $0.70 or 70 cents on an average per
game in the long run. The concept is intrinsically a limiting one.
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Let us begin with a random variable X whose probability mass function
(pmf) or probability density function (pdf) is f(z) for z € X C R. In some
examples, the support space X may consist of only finitely many points. In
a continuous case in general, the space X will be the union of subintervals

of R.

Definition 2.2.1 Start with a random variable X and a summable (or
integrable) function g(X). Suppose that f(x) is the pmf or pdf of X where
x € X. Then, the expected value of the random variable g(X), denoted by
Elg(X)] or E(g(X)), is defined as:

Yiwex 9(zi)f(z;) when X is discrete, or
S 9(x)f(x)dx when X is continuous

When we plug in g(z) = x, the resulting expectation is called the ezpected
value or average of X, often denoted by F[X] or E(X) or u. Next, as we
plug in g(z) = (z — p)?, the resulting expectation is called the variance
of a random variable X, often denoted by V[X] or V(X) or 2. V[X] is
interpreted as the average of the squared distance of X from its center pu.
The positive square root of 02, namely o, stands for the standard deviation
of X.

The two entities  and o2 play important roles in statistics. Intuitively
speaking, a large (small) o2 indicates that on an average there is a good
chance that X may (may not) stray away from the center, p.

Example 2.2.1 Let us consider the following discrete probability distri-
butions for the random variables X, Y respectively.

X values: -1 1 3 5 7
Probabilities: 0.1 0.2 04 0.2 0.1

(2.2.3)
Y values: -1 1 3 5 7
Probabilities: 0.2 0.15 0.3 0.15 0.2
Here, we have X =Y = {-1,1,3,5,7}. One may verify that
B(X) = (CDO0.1) + ()(02)+304) +502) +70.D =3

E(Y)=(-1)(0.2) + (1)(0.15) 4 3(0.3) + 5(0.15) + 7(0.2) = 3

and summarize by saying that gy = py = 3. A

Example 2.2.2 The technique is conceptually similar in a continuous
case. Consider a random variable U whose pdf is given by

{gﬁ ifo<u<?2

flu) = (2.2.5)

0 elsewhere
Here, we have U = (0,2) and write:

BU) = [3 uf(w)du = [§ fuddu =3 [u*]; 2] (2:2.6)
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so that p; = % A

Theorem 2.2.1 Let X be a random wvariable. Suppose that we have

real valued summable (or integrable) functions g;(x) and constants a;,i =
0,1,...,k. Then, we have

E{ao+XF 1a:9:(X)} = ap + 2 a; E{g:(X)} (2.2.7)

provided that the expectations involved are finite. That is, “expectation” is
a linear operation.

Proof We supply a proof assuming that X is a continuous random vari-
able with its pdf f(z),z € X. In a discrete case, the proof is similar. Let
us write:

Efao + _10ig:(X)}
= [y [ao + {Z1_1ai9i(2)}] f(z)dx
=ao [, f(x)dx + uk_, J aigi(x) f(x)dx, since ag is a
constant and using the property of integration.
Hence, we have:
Blag +¥{ai9:(X)} = a0 + 2f,ai [y gi(x) f(x)da

since azi,...,a; are constants and fX f(z)dx = 1. Now, the proof of our
desired result is complete.

We can immediately express the variance alternatively as follows:
V(X) = E(X? = 2uX +42) = BE(X?) — E*(X).

(22.8)

Example 2.2.3 (Example 2.2.1 Continued) Recall that puyx = py = 3.
We may ask ourselves: between X and Y, defined via Equation (2.2.3),
which one has more “variation”? Note that
E(X?%) = (1)(0.1) 4 (1)(0.2) + 9(0.4) + 25(0.2) + 49(0.1) = 13.8
E(Y?)= (1)(0.2) + (1)(0.15) + 9(0.3) + 25(0.15) + 49(0.2) = 16.6
Then, using Equation (2.2.8) we have 0% = 4.8 and 02, = 7.6. That is, Y’
is more variable than X. A

Example 2.2.4 (Example 2.2.2 Continued) Recall that U had its mean
equal 1.5. Note that

u=2
EU?) = fo2 u? f(u)du = %foQ utdu = % [3u°] w=0 7
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Thus, 0% =12 —(3)2=0.15. A
Theorem 2.2.2 For a random variable X, we have
V(aX +b) = a*V(X)
where a,b are any fized real numbers.

Its proof is left out as an exercise.

2.9.1 Bernoulli Distribution

A Bernoulli(p) random variable X takes values 1 and 0 with probability p
and 1 — p, respectively, 0 < p < 1. Then, we have:

p=EX)=(1)(p) +0)(1-p)=p
E(X?) = (1)*(p) +(0)*(1—p) =p (2.2.9)

0 =V(X) = E(X?) - E*(X)=p—p* =p(1-p)

2.2.2 Binomial Distribution

Let X have its pmf (;’)pl(l —p)" % where £ = 0,...,n, 0 < p < 1. Note
that z! = z(x — 1), n! = n(n — 1)! for x > 1,n > 1 and so we have:
, , — , n—1) —
S0 ()Pt (1—p)" % =n 3 P e e (1 — p)" e
Thus, using the Binomial Theorem, we obtain:

B(X)=npSi_ (22" A —p)" " =np{p+ (1—p)}" ' =np
(2.2.10)
To evaluate the variance, let us use Theorems 2.2.1 and 2.2.2 and note that

VX)=B{X(X -1+ X} -2 =B{X(X-D}+pu—p> (2.211)

We now proceed along the lines of Equation (2.2.10) by omitting some
intermediate steps and write:

B{X(X — 1)} = n(n— )p*Th_,(2-5)p" *(1 = p)"~* = n(n — 1)p?

r—2
(2.2.12)
In other words, for a Binomial(n,p) variable, one has:
1= np and 0* = np(1 — p) (2.2.13)

2.2.8 Poisson Distribution

Let X have its pmf f(x) = e *\* /2! where x = 0,1,..., 0 < A < oc. Here,
an exponential series expansion will help. One should verify:

p=Xand o =\ (2.2.14)
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2.2.4 Normal Distribution

Consider a standard normal variable Z with pdf ¢(z) = {v/27} texp(—22/2)
for —oo < z < 0o. We make a one-to-one substitution v = —z along the
lines of Equation (1.7.12) when z < 0, and express E(Z) as

{V2r}1 [f, zeap(—52%)dz + [ zeap(—3 2 )dz}
= {V2r} ! [— [T veap(—3u?)du + [, zexp(—12?)dz] (2.2.15)
=—-I +Ji1, sa
But, the integrals I7, J; are equal and finite. Hence, E(Z) = 0. Next,

E(ZQ) = {\/%}*1 {f, z exp( dz+f0 z ea:p( )d2:|

and we rewrite F(Z2) as

{Vor} [, ueap(—3 du—i—fo 22 eap(—427)dz]
=2{\2n}~ f u? exp(—1u?)du

since the integrals are equal and finite. Then, use another one-to-one sub-
stitution v = %uQ when v > 0, and proceed as follows:

{Vor} =t [ u?eap(—Fu?)du
_ 1/2 _
m o .mp v)dv , (2.2.17)
= {/7}7'T(3), with I'(.) from Equation (1.6.19)
= {vm} 15T(3)
which reduces to 1 since I'(3) = /7. Now, combining Equations (2.2.16)

and (2.2.17) we see that F(Z?) = 1. Hence, the mean and variance of a
standard normal variable Z are given by

ty=0and 0% =1 (2.2.18)

(2.2.16)

Example 2.2.5 How should one evaluate, for example, E [(Z )2]
E[(Z —2)(2Z + 3)]? Use Theorem 2.2.1 and write E[(Z — 2)?] = E[Z?] -
AE[Z) + 4 = 5. Also, E[(Z — 2)(2Z + 3)] = 2E[2?] — E[Z] —6 = —4. A

Next suppose that X has a N(u,o?) distribution with pdf

z) = {oV2r} Leap{—(x — u)?/(20%)} for —0o < x < o0

Let us sketch a direct method to find the mean and variance of this
distribution. We first evaluate E{(X — u)/o} and E{(X — u)?/o?} by
making a one-to-one substitution w = (x — p) /o in the respective integrals
where z € R

E{(X —p)/o}
= {ov2m} =" 7 [z — w)/olesp{~(z — p)*/(20%)}dw

={Ver}=t [T wexp{—wQ/Q}dw
=0, since E(Z) =0 in view of Equation (2.2.18)

(2.2.19)
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Again, with the same substitution, we look at
E{(X — p)?/o?} = {V2r} 7! [0 w?eap{—w?/2}dw =1 (2.2.20)

since F(Z?) =1 in view of Equation (2.2.18). Now, by appealing to Theo-
rem 2.2.1, one can verify that for X distributed as N(u,0?), one has

pyx = pand 0% = o (2.2.21)

2.2.5 Gamma Distribution

Suppose that X has a Gamma(«, 3) distribution. Here, we have («,3) €
Rt x N+, We express F(X) as

{B°T ()}~ J% we=*/Pao—lde = B{T ()} * [ e udu
which simplifies to
B{l(a)} T (a + 1) = aB, since D(a + 1) = al'(a)
Then, we express E(X?) analogously as
{B°T()} 7! [7 a?e2/Pzo—tdy = BT (o)} 71 [~ e uotdu
which simplifies to
G{T(a)} 'T'(a+2) = (a + 1)af?, since
I'a+2)=(a+1)al(a),a >0
Hence, for X distributed as Gamma(a, (3), we have

px = af and 0% = af? (2.2.22)

2.3 Moments and Moment Generating Function

We again use Definition 2.2.1 with special choices of functions, namely,
g(z) = 2" or (x — p)" for fized r = 1,2,... . The r** moment of X, denoted
by 1,., is given by E[X"] forr = 1,2,. The first moment 7, is the mean or
the expected value of X. Analogously, the 7" central moment of X around
i, denoted by p,., is E[(X — p)"] with r = 1,2, ... .

Example 2.3.1 Note that the series ¥72,¢7? converges if p > 1, and it
diverges if p < 1. One may refer to Equation (1.6.12). With fixed p > 1,
let us write ¥°,i7P = ((p), a positive and finite real number, and define
a random variable X which takes the values i € X = {1,2,3,...} such that
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P(X =4) = {¢(p)} 4P, i=1,2,.. with p = 2. Since (1) = £2,i" ! is
not finite, n; or F(X) is not finite. This shows that it is quite simple to
construct X whose mean is not finite. A

Example 2.3.1 shows that moments of a random variable
may not be finite.

Now, for a random variable X, the following conclusions should be obvious:

(i)  n, is finite = p,. is finite;
(¢3)  m, is finite = 7, is finite for all s = 1,...,r — 1; (2.3.1)
(#91) n, is finite = p, is finite for all s =1,...,7 — 1.

Part (iii) in Equation (2.3.1) follows immediately from parts (i) and (ii).

The finiteness of the r*” moment 7, does not necessarily
imply the finiteness of the st moment 1, when s > 7.
Look at Example 2.3.2.

Example 2.3.2 (Example 2.3.1 Continued) For X defined in Example
2.3.1, it is easy to verify the claims made in the adjoining table:

Table 2.3.1. Existence of Lower-Order Moments
But Nonexistence of Higher-Order Moments

D Finite 7, Infinite 7,
2 none r=1,2,..
3 r=1 r=23..
4 r=12 r=3,4,..

E r=1,..k—2 r=k—1,k, ..

Table 2.3.1 shows that it is a simple matter to construct discrete random
variables X for which p is finite but o2 is not, or p,0? are finite but 75 is
not, and so on. A

When Definition 2.2.1 is applied with g(x) = €', one comes up with
another special function that is frequently used in statistics.

Definition 2.3.1 The moment generating function (mgf) of a random
variable X, denoted by Mx (t), is defined as

MX (t) = E[etX]

provided that the expectation is finite for |t |< a with some a > 0.

The function Mx(t) bears the name mgf because one can derive all
moments from it. Consider the next result.
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Theorem 2.3.1 If a random variable X has a finite mgf Mx(t), for
| t |< a with some a > 0, then the r'* moment 0, of X is the same as
d"Mx (t)/dt" evaluated at t = 0.

Proof Pretend that X is a continuous random variable so that Mx (t) =
[ € f(x)dx. Now, assume that the differentiation operator of Mx (t) with
respect to t can be taken inside the integral. We write

dMx(t)/dt = 4 [, et f(x)dz = [, & {e'f(z)} da
= [, xe'” f(x)dx

which shows that dMx (t)/dt with t = 0 will coincide with [, zf(z)dz =
17 (= p). Similarly, let us use Equation (2.3.2) to claim that

(2.3.2)

d?Mx (t)/dt? = [, 2 {ze!® f(x)} dx = [, %' f(z)dx (2.3.3)

Hence, d*Mx (t)/dt* with ¢ = 0 will coincide with [, z? f(x)dz = n,. The
rest of the proof proceeds similarly. In a discrete scenario, replace integrals
with sums. B

A finite mgf Mx (t) determines a unique infinite sequence of
moments for a random variable X.

Incidentally, the sequence of moments {n, = E(X") : r = 1,2,...} is
sometimes referred to as the sequence of positive integral moments of X.
Theorem 2.3.1 provides an explicit tool to restore all the positive integral
moments of X by successively differentiating its mgf and then letting ¢t = 0
in its expression. It is interesting to note that negative integral moments
(that is, when we use r = —1,—2,... in Definition 2.3.1) of X are also
hidden inside the same mgf. Negative moments of X can be restored by
implementing a process of successive integration of the mgf, an operation
which is viewed as the opposite of differentiation. Precise regularity condi-
tions under which negative moments can be derived are found in Cressie
et al. (1981).

Positive integral moments of X can be found by
successively differentiating its mgf with respect to
t and letting ¢ = 0 in the final derivative.

The following result is very useful. It is also simple to prove.

Theorem 2.3.2 A random variable X has its mgf Mx(t), for | t|< a
with some a > 0. Let Y = c¢X + d be another random variable where c,d
are fized real numbers. Then, My (t) is related to Mx(t) as follows:

My (t) = ' Mx(tc)
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2.53.1 Binomial Distribution

Suppose that X has a Binomial(n, p) distribution. Here, for all fixed t € R
we can express Mx (t) as

i=0(z) ()" (1=p)" =" (2.3.4)
= {(1 —p) + pe!}", using Binomial Theorem (1.4.12) o

Observe that log(Mx(t)) = nlog{(1 — p) + pe'} so that we obtain
dMx (t)/dt = npet{(1 — p) + pe'} ' Mx (t) (2.3.5)

Next, using the chain rule of differentiation, from Equation (2.3.5) we can
write

d*Mx (t)/dt* = npe'{(1 — p) +pe'} "' Mx (t) — n(pe’)*{(1 - p) (236
2.3.6
+pe'} 2 Mx (t) + npet{(1 — p) + pe'} ~{dMx (t)/dt}
From Equation (2.3.4) it is obvious that dMx (t)/dt, when evaluated at
t = 0, reduces to
n, = np{(1 —p) + p} 1 Mx(0) = np since Mx(0) =1 (2.3.7)

We found the mean of the distribution in Equation (2.2.13). Here we have
another way to check that the mean is np.

Also, we would equate the expression of F(X?) with d?Mx (t)/dt* evalu-
ated at ¢ = 0. From Equation (2.3.7) it is obvious that d>Mx (t)/dt?, when
evaluated at ¢ = 0, should lead to 7y, that is,

E(X?)
=np{(1 —p) +p}~ ' Mx(0) —np?*{(1 - p) +p} >Mx(0)
+np{(1 —p) +p}~H{dMx (t)/dt} |0 (2.3.8)
= np —np? + n?p?, since Mx(0) =1 and
{dMx (t)/dt} |i=o= np

Hence, one has V(X) = E(X?) —u? = np—np? +n2p? — (np)? = np(1 —p).
This matches with the expression of o2 given in Equation (2.2.13).

2.8.2 Poisson Distribution

Suppose that X has a Poisson(A) distribution and 0 < A\ < oo. Here, for
all fixed t € N we can express Mx (t) as
e 522 (Ae!)* L = exp{—A + Ae'}, using the

(2.3.9)
exponential series expansion from Equation (1.6.15)

One may check that dMx (t)/dt, when evaluated at ¢t = 0, reduces ton; = A
and d?Mx (t)/dt?, evaluated at ¢ = 0, matches with 77, = X\ + A%. Thus, we
have V(X) = E(X?) — u? = A+ A% — A\? = X and these again match with
the expression of u, 0% given in Equation (2.2.14).
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2.8.8 Normal Distribution

Let us first suppose that Z has a standard normal distribution. Now, for
all fixed t € R we can express the mgf Mz(t) as

Jo e 0(2)dz
= {(VIT} L [, emp(tu — bu?)du
= exp(—tQ) 75 ha(u )du where
= {V2r} tezp{—3(u—1t)?} forue R
Observe that the function h;(u) used in the last step in Equation (2.3.10)
resembles the pdf of a random Variable having a N(¢,1) distribution for all

fixed t € R. So, we must have [~ hy(u)du =1 for all fixed t € R. In other
words, Equation (2.3.10) leads to the following conclusion:

(2.3.10)

My (t) = exp{3t*} where Z is N(0,1), for all t € R (2.3.11)

Now, suppose that X is distributed as N (1, 0%). We can write X = oY +p
with Y = (X — u)/o. We can immediately use Theorem 2.3.2 and claim:

Mx(t) = " My (to)

Now, by substituting y = (x — ) /o in the integral, the expression of My (t)
can be found as follows:

My (¥)
= {ov2r} ! [, eap {t (552) } eop {4 (55#)" } da
= {(V2r} =t [7 eap(ty) exp{—3y*}dy

which is exactly the same integral that was evaluated in Equation (2.3.10).
We can immediately claim that My () = exp($t?) and write

Mx (t) = exp{tp + 3t?0?} where X is N(u,0?), forallt € R (2.3.12)

Now, log(Mx (t)) = tu+ 1t%02 so that dMx (t)/dt = (u + to?)Mx(t).
Hence, dMx (t)/dt, when evaluated at ¢ = 0, reduces to 7, = p. Also,
using the chain rule of differentiation, we have d2Mx (t)/dt? = o> Mx (t) +
(u +to?)2Mx (t) so that d>?Mx(t)/dt?, when evaluated at ¢t = 0, reduces
to 1y = 02 + p?. In view of Theorem 2.3.1, we can say that y is the mean
of X and V(X) = E(X?) — p? = 0% + p? — u? = 02. These answers were
verified earlier in Equation (2.2.21).

One can also evaluate higher-order derivatives, namely d*Mx (t)/dt*
with £ = 3 and 4. When evaluated at ¢ = 0, these will reduce to n; or
E(X?) and 1, or E(X*?), respectively. Then, in order to obtain the third
and fourth central moments of X, one should proceed as follows:

pg = B{X? = 3uX? + 312X — 1} = g — 3umy + 24° (2.3.13)
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by Theorem 2.2.1. Similarly,
py = E{X* —4uX3 4+ 62 X2 — 413X + pt} (2.3.14)
=1y — 4z + 6pPny — 3 o

In Exercise 2.3.2, one finds: u3 = 0 and p, = 30?.

2.3.4  Gamma Distribution

Suppose that a random variable X has a Gamma(q, §) distribution. One
should verify the following:

Mx(t) = (1—pt)=, for all t < 1. (2.3.15)

In view of Theorem 2.3.1, one can successively obtain the expressions of
E(X7") when r is a positive integer.

But, how should one derive the expression for E(X") when r is arbitrary?
We no longer restrict r to be a positive integer. Now, the expression of the
mgf of X given by Equation (2.3.15) may not be of immediate help. One
may pursue a direct approach along the lines of Section 2.2.5 and write

E(X") ={B°T(a)} 1 [ e~ 2/Bglotn—lqy (2.3.16)

Observe that the integrand in Equation (2.3.16) is the kernel (that is, the
part involving x only) of a gamma pdf provided that a 4+ r > 0. In other
words, we must have

IS e/ Brletn—1dy = B**"I(a 4+ r) when a4+ 1 > 0 (2.3.17)
Next, we combine Equations (2.3.16) and (2.3.17) to conclude that

E(X")=p"T(a+7r){l'(a)}! when a > —r (2.3.18)

If X is distributed as Gamma(a, 3), then F(X™") is finite
if and only if a > —7.

Special Case 1: Exponential Distribution

An exponential random variable X with pdf f(z) = 8~ 'e=*/PI(x > 0) is
equivalent to a random variable distributed as Gamma(1, 3) with 3 € R*.
In this situation, we summarize the following results:

The mgf is My (t) = (1 —pt)~" forall t <!, and
E(X) =8, B(X?) =26 V(X) = 5°

Special Case 2: Chi-Square Distribution

(2.3.19)

A Chi-square random variable X with its pdf
f(x) ={2"?T(v/2)} e /2D (x> 0)
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is equivalent to a random variable distributed as Gamma(, 2) with a pos-
itive integral degree of freedom v. We provide the following results:

The mgf of y2 is (1 —2¢)7*/2 forall t <1
(2.3.20)
EX)=v,E(X*)=v(v+2),V(X)=2v

2.4 Determination of a Distribution via MGF

Next, we emphasize the role of a finite moment generating function in
uniquely determining a probability distribution. We state an important
and useful result. Its proof is out of scope.

Theorem 2.4.1 Let M(t) be a finite mgf for | t |< a with some a > 0.
Then, M(t) corresponds to the mgf associated with a uniquely determined
probability distribution.

Example 2.4.1 A random variable X takes possible values 0,1, and 2
with respective probabilities %, i, and %. The mgf of X is obviously given
by Mx(t) = £+ %e' + 2e* = 1(1 + 2¢' + 5¢*'). Observe how the mgf
of a discrete random variable is formed and how easy it is to identify the
probability distribution by inspecting the appearance of the terms which
together build up the function Mx (¢). Now, suppose that we have a random
variable U whose mgf My (t) = £ (1+ e’ +3e*)e". Let us rewrite this mgf
as 0.2e7t+0.2+0.6e’. We can claim that U takes the possible values —1, 0,
and 1 with the respective probabilities 0.2,0.2, and 0.6. From Theorem
2.4.1, we know that the indicated distribution is unique. A

Example 2.4.2 Let U be a random variable with My (t) = 5 (1 + ¢')*.
Rewrite My (t) = (3 + $e')* which agrees with Mx(t) given by Equa-
tion (2.3.4) where n = 4 and p = 3. Hence, U must be distributed as
Binomial(4, ) by Theorem 2.4.1. A

Example 2.4.3 Let U be a random variable such that M (t) = exp{rt?},
which agrees with Mx (t) given by Equation (2.3.12) with pu = 0,02 = 27.
Hence, U must be distributed as N(0,27). A

| A finite mgf determines a probability distribution uniquely. |

Before we move on, let us attend to one other point involving moments.
A finite mgf uniquely determines a probability distribution, but moments
alone may not identify a probability distribution associated with those
moments.

Example 2.4.4 Rao (1973, p. 152) had discussed the construction of
the following two pdfs, originally due to C. C. Heyde. Consider positive
continuous random variables X, Y whose pdfs are respectively

fl@) = (2m)~Y2x  eap[—1(log(x))?] for x>0

9(y) = f@)[1+ csin(2nlog(y))] for y > 0 (24.1)
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where ¢ is a fixed number, —1 < ¢ < 1 and ¢ # 0. In Exercise 2.4.4, one
is asked to show that E[X"] = E[Y"] for all r = 1,2, ... . Certainly X,Y
have different probability distributions. See Figure 2.4.1, and also Exercise
2.4.5. A

Figure 2.4.1. The pdfs from Equation (2.4.1): (a) f(z); (b) g(y)
with ¢ = 1.

2

Finite moments alone may not determine a distribution
uniquely. Example 2.4.4 highlights this point.

2.5 Probability Generating Function

We have seen that a mgf generates the moments. There is another special
function which generates the probabilities. Let X be a nonnegative random
variable. A probability generating function (pgf) of X is defined by

Px(t) = E[t*] with t >0 (2.5.1)

The explicit form of a pgf is often found when the random variable X
is integer-valued. From this point onward, let us include only nonnegative
integer-valued random variables in this discussion.

Why this function Px(t) is called a pgf should become clear once we
write it out fully as follows:

Px(t) = po + it + pat”® + pst® + ... (2.5.2)

where p; = P(X = 1) for i = 1,2, ... . We see immediately that the coeffi-
cient of ¢! is p;, the probability that X =i fori = 1,2, ... .

In statistics, E{X (X —1)...(X —k + 1)} is referred to as 953
the k*"-order factorial moment of X. (25.3)

In the light of Theorem 2.3.1 one can justify the following result:
d* Px (t)/dt*, evaluated at ¢ = 1, will reduce to the k*"-order (2.5.4)

factorial moment of X, for k =1,2,...
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One should verify that
Px (t) = Mx(log(t)) with t >0 (2.5.5)

where Px(¢) is the pgf of X defined in Equation (2.5.1).

If X has a Binomial(n,p) distribution, one can verify: (2.5.6)
EX(X-1)..(X —k+1)]=pTI¥ ;(n—i+1),0<p< 1. o

When X has a Poisson(\) distribution, one can verify: (25.7)
EX(X —1)..(X —k+ 1] =) 0<)\< o0 -

2.6 Exercises and Complements

2.2.1 An insurance company sells life insurance policies with a face value
of $2000 and a yearly premium of $30. If 0.4% of the policyholders are
expected to die in a year, what would be the company’s expected earnings
per policyholder in a year?

2.2.2 Let X have a discrete uniform distribution:
PX=i)=n"lfori=1,..,n

Derive explicit expressions of 1 and o.

2.2.3 Consider an arbitrary random variable Y which may be discrete
or continuous. Let A be an arbitrary event (Borel set) defined through the
random variable Y. Define a new random variable X = I(A), the indicator
variable of the set A, that is:

¥ — 0 if A° occurs
1 1 if A occurs

Evaluate 1 and o.
2.2.4 Let X have a Geometric(p) distribution with 0 < p < 1. Derive
explicit expressions of 1 and o.

2.2.5 Let ¢ be a positive constant and consider the pdf of X given by

_fe2—2) f0<z<1
f(z) = { 0 elsewhere

(7) Explicitly evaluate ¢, 4 and o;
(i9)  Evaluate E{(1 — X)~1/2};
(ii) Evaluate E{X3(1 — X)3/2}.
{ Hints: Express expected values as combinations of beta functions.}
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2.2.6 Let ¢ be a constant and consider the pdf of a random variable X
given by
c+ %az if —2<2<0
fl@)=q c—3dz if0<z<2
0 elsewhere

Explicitly evaluate u and o.

2.2.7 Let X have a Uniform(0, 1) distribution. Evaluate
(@) BXT1-X)")
(i) E[X32(1- X)),
(i4i)  B[(X? +2X'/2 - 3X5/2)(1 — X)),
{Hint: Can these be evaluated using beta integrals?}

2.2.8 A random variable X has its pdf f(z) = c(z—22%+23)[(0 < z < 1)
where ¢ is a positive number. Evaluate p and o. { Hint: Should one match
this f(z) with a beta density?}

2.2.9 Let X have a Rayleigh distribution with its pdf
f(z) =20 zeap(—22/0)I(x > 0)

where 6(> 0). Evaluate p and o.
2.2.10 Let X have a Weibull distribution with its pdf

f(a) = ap™ 2" eap(~[z/B)*)I(z > 0)

where a(> 0) and §(> 0). Evaluate p and o.
2.2.11 Let X have a pdf f(z) = {v27} "t~ texp[—{log(z)}?/2]I(x > 0).
Derive expressions of the mean and variance of X.

2.2.12 Let X have a hypergeometric distribution with its pmf:

=000

with x = 0,1,2,....,n,x <r, and n — 2 < N — r. Show that p = np and

N —n
2_ — —_— 1 =
a? =np(1 p)( _1> with p =r/N.

2.3.1 Let Z have a standard normal distribution. Show that
(7) E(Z") =0 for any odd integer r > 0;
(i) BE(Z7)=n"1227/2D(Lr + 1) for any even integer r > 0;
(#ii)  py = 3 using part (ii).
2.3.2 Let X have a N(u,0?) distribution. Show that
(7) E{(X — u)"} = 0 for all positive odd integers ;
(1))  E{(X —p)"} =na"12672"/21 (37 + ) for all positive
even integers r;

(iii)  the fourth central moment g, reduces to 3o.
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2.3.3 Let Z have a standard normal distribution. Show that
E(|1Z]") =x~' 2 PT(3r + 1)

for any fixed r > 0.

2.3.4 Why is it that the answer in Exercise 2.3.1, part (ii) matches with
the expression of E(|Z|") in Exercise 2.3.37 Is it possible to connect the
two pieces?

2.3.5 Let X have a N(u,o0?) distribution. Show that py = 0 and u, =
304 by successively differentiating the mgf of X.

2.3.6 Consider a Cauchy random variable X whose pdfis f(z) = 7~ }(1+
22)~1 2 € R. Show that E(X) does not exist.

2.3.7 Give examples of continuous random variables, other than Cauchy,
for which the mean p is infinite. { Hint: Try a continuous version of Example
2.3.1.1s f(z) = 272I(1 < x < o0) a genuine pdf?}

2.3.8 Give examples of continuous random variables for which

(i) wis finite, but o2 is infinite;
(i) p and o2 are both finite, but y is infinite;
(#9i)  pqq is finite, but py, is infinite.

2.3.9 Suppose that Z has a standard normal distribution. Derive an
expression of the mgf of |Z|. Show that E(el?l) = 2,/e®(1).

2.4.1 For the given expressions of the mgf, (a) identify the probability

distribution either by its standard name or by explicitly writing down the
pmf or pdf, (b) find y and o.

(i)  Mx(t) =€, fort € R;

(i) Mx(t) =1, for t € R;

(i) Mx(t) = 3(1+¢€'), for t € R;

(iv) Mx(t)=3(e 2 +1+¢'), fort e R;

(v)  Mx(t) = 75(e* + 3+ 6e*), for t € R

vi)  Mx(t) = 2= (3¢t +4)*, for t € R.
2401

2.4.2 For the given expressions of the mgf, (a) identify the probability
distribution either by its standard name or by explicitly writing down the
pmf or pdf, and (b) find p and o.

(i)  Ele!X]=e" for t € R;

(ii)  EleX] =¢, for t € R

(i) Mx(t) = (1—6t+9t*)72, for t < 1.
2.4.3 Let X have its mgf given by

1 [1+42e% &3 +¢bt
MX(t)Zg{ oy + = fort e R
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Find p and 2. Can the distribution of X be identified?

2.4.4 (Example 2.4.4 Continued) Show that F(X") = E(Y") for all
r=1,2,...

2.4.5 (Exercise 2.4.4 Continued) Consider the two pdfs f(z) and g(y)
with > 0,y > 0, as defined in Exercise 2.4.4. Let a(z) with z > 0 be
any other pdf which has all its (positive integral) moments finite. For ex-
ample, a(x) may be the pdf corresponding to a Gamma(a, 3) distribution.
Consider now nonnegative random variables U and V with respective pdfs
fo(u) and go(v) with u > 0,v > 0 where

Jfo(w) = pa(u) + (1 = p)f(u)
go(v) = pa(v) + (1 — p)g(v) with fixed p,0 <p <1
Show that U and V have the same infinite sequence of moments but differ-
ent distributions. Plot the two pdfs fo(u) and go(v) with c =p = 1, a(z) =
1—106_”/10, and = > 0.

2.4.6 Let X have the following distribution:
PX=di)=n"lfori=1,..,n
Derive an explicit expression of the mgf of X. Hence, obtain p, o.
2.4.7 Let X have its pdf
f(x) = cexp{—2? — dx} for z € R

with appropriate constants ¢(> 0) and d. We are also told that F(X) = —
(7) Determine ¢ and d;
(¢i)  Identify the distribution by its name;
(73i) Evaluate the third and fourth central moments of X.
2.4.8 Let X have its pdf

nojo

f(z) = cexp{—z/3}x? for z € R+

where ¢(> 0) and d(> 0) are appropriate constants. We are told that
E(X) = 10.5 and V(X) = 31.5.
(/)  Determine ¢ and d;
(¢i)  Identify the distribution by its name;
(i

i
iii) Evaluate the third and fourth moments, 15 and 7,.
2.4.9 A random variable X has its mgf given by
Mx(t) = e' (5 — 4e') ™! for t < 0.223

Evaluate P(X =4 or 5).
2.5.1 Let X have a Geometric(p) distribution. Show that the pgf is:

Px(t)=pt{l — (1 —p)t}~! with t >0
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Evaluate the first two factorial moments of X.

2.5.2 Consider the pgf Px (¢) defined by Equation (2.5.1). Suppose that
Px (t) is twice differentiable and assume that the derivatives with respect
to ¢ and expectation can be interchanged. Let us denote Py (t) = 4 Px (t)

and Py (t) = 4 P (t). Show that

(i)  BlX]=Py(1);
(i) VIX] =Py (1) + Px(1) = {Px(1)}*.
2.5.3 Let X have a Beta(3,5) distribution. Evaluate the third and fourth
factorial moments of X.
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Multivariate Random Variables

3.1 Introduction

Generally speaking, we may have k(> 2) real valued random variables
X1, ..., X which vary both individually and jointly. For example, during
health awareness week, we may consider college students and record each
student’s height (X7), weight (X2), age (X3), and blood pressure (Xjy).
It may be reasonable to assume that these variables jointly follow a four-
dimensional probability distribution.

Section 3.2 first introduces joint, marginal, and conditional distributions
in a continuous case. Discrete examples, including the multinomial distri-
bution, are then included. Covariances and correlation coefficients are ex-
plored in Section 3.3. Section 3.4 introduces independent random variables.
A bivariate normal distribution is introduced in Section 3.5. Relationships
between a zero correlation and independence are explained in Section 3.6.
Section 3.7 introduces exponential families. Section 3.8 includes useful in-
equalities.

3.2 Probability Distributions

Notions of the joint, marginal, and conditional distributions are described
here. Section 3.2.1 introduces a bivariate scenario and Section 3.2.2 gives
examples in three and higher dimensions. Section 3.2.3 includes discrete
examples and the multinomial distribution.

3.2.1 Joint, Marginal, and Conditional Distributions

For simplicity, we begin with a bivariate continuous random vector variable
(X1, X2) taking values (x1,x2) € X X Xy, both subintervals of . Consider
a function f(x1,x2). Throughout, we will use the following convention:

Let us presume that X7 x A5 is the support of a joint probability
distribution in the sense that f(x1,22) > 0 for all (z1,x2) €
X, x Xy and f(z1,22) =0 for all (z1,72) € R2 — (X] x Xp).

A nonnegative function f(xz1,x2) is a joint probability density function
(joint pdf) of X = (X7, Xo) if

Jay [, f(@1,22)dwrdzy =1 (3.2.1)
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This integral represents the total volume under the surface z = f(z1,x2).

The marginal distribution of one of the random variables is obtained
by integrating the joint pdf with respect to the other variable so that the
marginal pdf of X; is

fi(zy) fX (x1,22)dx; for z; € X; with fixed i = 1,2, j #1i (3.2.2)

Visualizing the notion of a conditional distribution in a continuous sce-
nario is a little tricky. In a discrete case, f(x1,z2) and f;(z;) are sim-
ply interpreted as P(X; = x1 N Xy = x3) and P(X; = ), respec-
tively, and hence the conditional probabilities could be found as long as
P(X; = x;) > 0,i = 1,2. In a continuous case, however, P(X; = x;) =0
for all x; € X; i = 1,2. So, how could one define a conditional pdf?

First, we write down the conditional df of X; given that o < X5 < zo+h
where h(> 0) is a “small” number. Assuming that P(ze < X2 < 29+h) > 0,
we have:

P{X1 <y |2y < Xo <y +h}
. P{X1 <z1Nay < Xy §$2+h}
P{zo < Xy <mp+h} (3.2.3)

e (s t)dsdt
tm_j;;h f2 (t)dt

From the last step in Equation (3.2.3) it is clear that as h | 0, the limiting
value of this conditional probability takes the form of 0/0. Thus, by using
L’Hopital’s rule, we obtain:

%%P{X1§$1|$2§X2§$2+h}

g Lt g f(s tydsat]
Rt e h (3.2.4)
o [ (]

le f(s,xa + h)ds

§=—00

nlo Ja(wa2 +h)

Next, by differentiating the last expression in Equation (3.2.4) with respect
to x1, we obtain the expression for the conditional pdf of X; given that
X5 = x5 which is:

f(mla 332)
fa(2)
The conditional pdf of Xy given X; = x; is analogously given by:

f(x1, 72)
fi(z1)

for all (x1,z2) € X1 X X such that fa(z2) >0
(3.2.5)

fipp(x1) =

for all (x1,22) € X1 X X such that fi(z1) >0
(3.2.6)

fop(z2) =
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One may also talk about the moments of X7, X5 individually (mar-
ginally) as well as conditionally for one of the random variables given the
other. For example, we may write:

1 = E[X] = [y @i fi(xi)da;, i = 1,2
:E[XE] *,uzzai =1,2
pipy = E[Xi | Xj = 5] =[5, wifiyj(wi)das, i # =12 (3.2.7)
EIX? | Xj = a5 = [y 7 fi;(zi)dws, i #j = 1,2
ofy = BIX7 | Xj = ;) — ;i #j =1,2
In general, we can write
E[ Xl,XQ fX fX 331,.172 (ml,mg)dazldazg
E(X;) | Xj = x5] = [y, h(w) fi;(xi)dz; with z; €X; (3.2.8)
whenever f;(z;) >0 fori# j=1,2
Example 3.2.1 Consider X7, X5 whose joint pdf is
6(1—22) if0<z;<m2<1

3.2.9
0 elsewhere ( )

f(mlamQ) = {

Obviously, one has X; = X5 = (0,1). We can write:

fi(x1) le f(z1,m2)dTo = f 6(1 2)dxe = 3(1 — x1)?
fg(ﬂ?g) = 0I2 f(.Tl, 1132)(1331 = 0I2 6(1 — xg)dxl = 61‘2(1 — .Z‘g)

for 0 <21 < 1,0 < 3 < 1. One uses the marginal pdf fa(x2) to obtain:

BE(X2) =6 [y 23(1 — xp)dws = 1

E(X3) = 6f01 23(1 — xg)dwy = 35

so that

V(Xq) = E(XQQ) - EQ(X2) = 1% - % — 20

One may similarly evaluate F(X;) and V(X1). A
Example 3.2.2 (Example 3.2.1 Continued) One easily verifies that

fig(@1) = 1/22 iff 0 <2y <@y and 0 <22 < 1
Jaj(x2) = 2(1 — 22) (1 — 7)) ?ifry <ap<land0<az; <1

are respectively the two conditional pdfs. For fixed 0 < z; < 1, the condi-
tional mean of X5 given that X; = x; is obtained as follows:

pop = 2(1 = 1) 72 [ @2(1 = ma)dwy = $(1 — 1) 1(1 + 1 — 223)
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One can evaluate the expression of F[X3 | X1 = z4] as:

2(1 —x1)72 fxll 23(1 — xg)dro = §(1— 1) (1 + 21 + 2f — 3a7)
After some simplifications, we find:

oo =VIXo | Xy =21] = E[X5 | Xy = a1] — gy = 55(1 — 21)?

1
18
Some details are left out. A

Anytime we wish to calculate the probability of an event A(C %?), we
proceed as follows:

N

Now, if we wish to evaluate the conditional probability of an event B(C )
defined only through X; given that X; = z;, then we would integrate the
conditional pdf f;;(x;) over that part of the set B where f;;(x;) is positive.
That is, one has

P(B|Xj=w;)= [ fij(w)deii#j=1,2 (3.2.11)
BNX;

Theorem 3.2.1 Suppose that X = (X1, X2) has a bivariate pdf f(x1,x2)
with x; € X;, the support of X;,i = 1,2. Let Eq[.] and V4[] respectively
denote the expectation and variance of X1. Then, we have

(1)  E[Xs] = Ei[Eypn{X2 | X1};
(ZZ) V(XQ) == V1 [EQH{XQ | Xl}] + E1 [‘/Qll{XQ | Xl}]
Example 3.2.3 Suppose that conditionally X; = x7, the random vari-
able X5 is distributed as N (3, + 3,21, 2?) for any fixed x1 € R. Here, 3, 3;
are two fixed real numbers. Suppose also that marginally, X; is distributed

as N(3,10). How should one find F[X5] and V[X3]? Theorem 3.2.1(i) will
immediately imply:

E[Xs] = Er[Eyp{Xa | Xu}] = E[By + 6, X1] = By + 51 E[X1]
which reduces to 8, + 30;. Similarly, Theorem 3.2.1(ii) will imply:
VIXo] = V[By+ 8,1 X0] + B[X7] = BV[X1] + {V[X1] + E2[Xu]}
which reduces to 10B? +19. Here, the marginal distribution of X5 is referred

to as a compound distribution. One notes that we found the mean and
variance of Xy without obtaining its marginal distribution. A
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3.2.2 Three and Higher Dimensions

The concepts from Section 3.2.1 extend easily in a multivariate situation.
For example, let us suppose that X = (X;, Xo, X3, X4) has a joint pdf
f(x1, o, 3, 24) with x; € A, the support of X;,i = 1,2,3,4. That is,
f(x1,22,73,24) > 0 whenever x € II}_, X;, zero elsewhere, and

fx4 fXg fxz fxl flay, wa, w5, 24) Iy doy = 1
The marginal pdf of (X7, X3), that is, the joint pdf of X; and Xjs, for
example, can be found as follows:

fl 3 $1,I’3 fX4 sz 1'1,1'2,$37$4)d$2d$4

The conditional pdf of (Xs, X4) given that X; = x1, X5 = x5 will be:

flx1, x2, 23, 24)

when x1,23) >0
1oL, 23) f1.3(z1,23)

f2,4|1,3(3327$4) =

with z; € X;,1 =1,...,4. Notions of expectations and conditional expecta-
tions are incorporated in a natural way when X is multidimensional.

Theorem 3.2.2 Suppose that X = (X1, ..., Xj) is a k-dimensional dis-
crete or continuous random variable. Also, suppose that we have real valued
functions h;(x) and constants a;,i =0,1,...,p. Then, we have

E{ao + Eleaihi(X)} =ag + Zp lalE{h ( )}

that 1is, expectation is a linear operation as long as all the expectations
inwvolved are finite.

Example 3.2.4 Let us denote X; = X3 = (0,1), X3 = (0,2) and define

20y if0<z <1 S22 f0<ap<2
Gl(lﬂl) = . QQ(ZEZ) = .
0 otherwise 0 otherwise

.Z‘3+21,‘3 if0<zg <1
3(x3) = { 3 (3.2.12)

0 otherwise

These are nonnegative functions and fX a;(x;)dx; = 1,4 = 1,2,3. With
x = (21,72, 23) and X =II3_, X}, let us denote

%a1($1)a2($2) + 3az(w2)as(xs)
f(x) = +1as(zs)ar(x1) ifxeXx (3.2.13)
0 otherwise

One can easily verify:

1 2 1
fzgzo 22=0 Jz1=0 f(X)H?:1d-’fi =1
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and observe that f(x) is nonnegative for all x € 3. In other words, f(x) is
a pdf of a three-dimensional random variable X = (X7, X5, X3). The joint
pdf of X, X3 is then given by

g(xlam?’)
= 52:0 f(x)dzs
= %{Ql(l'l) + 03(1'3) + 03(1'3)(11(1'1)},$1 S Xi,i = 1, 3

One may directly check by double integration that g(z1,x3) is a genuine
pdf with its support being X7 x A5. For any 0 < x5 < 2, the conditional
pdf of X5 given that X; = x1, X3 = x3 is then given by:

fap,3(x2) = f(x)/g(w1, x3) with fixed 0 < 21,23 < 1
Also, for any 0 < x3 < 1, the marginal pdf of X3 is given by:
g3(x3) = lelzo g(x1,x3)dx; = %{1 + 2a3(z3)} for any 0 < 23 < 1

Utilizing the expressions of g(z1,z3),g3(x3), for any 0 < z; < 1, we may
write down the conditional pdf of X; given that X3 = x3 as follows:

g113(21) = g(w1,23)/g3(x3) for fixed 0 < z3 < 1

One may easily evaluate, for example, E(X;X3) or E(X;X3) respectively
as double integrals:

1 1 1 1
f.’Eg:O wu—o T1239(21, 23)dx1dxs or fma:O =0 r1239(71, 23)dr1dTs A

3.2.8 Discrete Distributions

The previous concepts carry over easily in the case of bivariate or multi-
variate problems in discrete scenarios. However, a joint probability mass
function (joint pmf) and a conditional pmf will now be interpreted as joint
probability and conditional probability, respectively.

Example 3.2.5 We toss a fair coin twice and define U; = 1 or 0 if
the " toss results in a head (H) or tail (T), i = 1,2. We denote X; =
Uy + Uy and Xy = U; — Us. One can verify that X; takes the values
0,1, and 2 with the respective probabilities i, %, and i, whereas X takes
the values —1,0, and 1 with the respective probabilities i, %, and %. How
about studying the random variables (X7, Xs) together? Naturally, the

pair (X7, X5) takes one of the nine (: 32) possible pairs of vector values:
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1), (2,—

1),(2,0), and (2,1).

Table 3.2.1. Joint Distribution of X; and X5

X5 values

Col. Total

0

X7 values
0 1 2
0 0.25 0
0.25 0 0.25
0 0.25 0
0.25 0.50 0.25

Row Total

0.25

0.50

0.25
1.00

Note that X; = 0 implies that we must have observed 1T, in other words
Up = Uy =0,s0 that P(X; = 0nNXy, =0) = P(TT) = , whereas
PXi=0NnXo=-1)=P(X; =0NnXys =1)=0. The entrles in Table
3.2.1 provide the joint probabilities, P(X; =iN Xy = j) for all i =0, 1,2
and j = —1,0, 1.

We have X7 ={0,1,2}, X, = {—1,0,1} and the joint pmf is summarized
as f(z1,x22) = 0 when (x1,z2) = (0,-1),(0,1),(1,0),(2,-1),(2,1), but
f(z1,22) = 0.25 when (z1,x2) = (0,

0),(1,-1),(1,1),(2,0). The marginal
pmf of X7 is:
A= % P{Xi=0NXo=as}=0+0.25+0=025
T2E€X2
T2EX2
T2EX>

which match with the column totals in the table. Similarly, row totals in
Table 3.2.1 line up with the marginal pmf of Xs. A

Example 3.2.6 Consider two random variables X; and X5 whose joint
distribution has been provided in Table 3.2.2.

Table 3.2.2. Joint Distribution of X; and X5

X1 values Row Total
-1 2 5
11(0.12 0.18 0.25 0.55
X5 values
21 0.20 0.09 0.16 0.45
Col. Total 0.32 0.27 0.41 1.00

One has X; = {-1,2,5}, X, = {1,2}. The marginal pmfs of X;, X, are

respectively given by f1(—1) = 0.32, f1(2) = 0.27, f1(5) = 0.41, and f5(1) =
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0.55, f2(2) = 0.45. The conditional pmf of X; given that Xy = 1, for

example, is given by fi2(—1) = é—g,fm@) = é—g,f1|2(5) = % We can

apply the notion of the conditional expectation to evaluate F[X; | Xo = 1]:

EIXy | X5 = 1] = (~1)(22) + 2)(&) + (5)(2) = 42 ~ 2.7001

We also have
E[X)] = (—1)(0.32) + (2)(0.27) + (5)(0.41) = 2.27
Suppose that g(z1,22) = 122 and we want to evaluate Flg(X1, X2)]:

E[g(X1, X2)] = (=1)(1)(0.12) + (—=1)(2)(0.20) + (2)(1)(0.18)
+(2)(2)(0.09) + (5)(1)(0.25) + (5)(2)(0.16) = 3.05

Instead, if we had h(z1,22) = 2329, for example, then one can similarly
check that E[h(X1, X2)] =16.21. A

Now, we introduce a multivariate discrete distribution which appears
in statistical literature often. It is the multinomial distribution which
plays a key role in categorical data analysis and other areas.

A discrete random variable X = (X7, ..., X}) is said to have a multinomial
distribution involving n and py, ..., pg, denoted by Multy (n, p1, ..., pr), if the
joint pmf P(X; = x4, ..., X;, = xy) is given by:

n!

=———TI? ;p" for z; =0,1,...,n,0 < p; <1,
Iy () = (3.2.14)

1=1,...,k, Z?:lxi =n and Zlepi =1

The fact that the function f(x) given by Equation (3.2.14) is a genuine
multivariate pmf follows immediately from the multinomial theorem.

The marginal distribution of X; is Binomial(n, p;)
= E(X;) =np; and V(X;) = np;(1 — p;i) (3.2.15)
for each fixed but otherwise arbitrary i =1, ..., k.

Example 3.2.7 Suppose that we roll a fair die 20 times. Let us define
X; = number of times the die lands up with the face with ¢ dots on it,
1 =1,...,6. It is not hard to see that marginally, each X; has a Binomial
(20, %) distribution, i = 1,...,6. It is clear, however, that X¢_; X; must be
20. That is, X7, ..., Xg are not all free-standing random variables! In fact,
X =(Xj,..., X¢) has a Multg(20, p1, ..., pe) distribution with p; = ... = pg =
5 A

Theorem 3.2.3 Suppose X = (X7, ..., X) has a Multg(n,p1, ..., pr) dis-
tribution. Then, any subset of X wvariables of size r, namely (X;,, ..., X;,),

has a multinomial distribution in the sense that (X, ,...,X; , X} ) is
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Multy 1 (n, piy s iy, L — B5_yps,) where 1 < iy < iy < .. < ip < k
and X' 1 =n—X7_1X;,.

Theorem 3.2.4 Suppose X = (X7, ..., Xx) has a Multg(n,p1, ..., pr) dis-
tribution. Consider any subset of X wvariables of size r, namely (X, ..., X;, ).
Then, the conditional joint distribution of (X;,, ..., X;.) given all remaining
X wvariables is also multinomial:

k
P{XZ ::L'il,XZ‘ ::L'Z‘Q,...,XZ‘TZLEZ‘T| ‘ E ‘ Xl:t}
l#’bl,lz,uq’b,.
(n—1)! s
= M ;:1(pij)x 7y ZL’lJ = 0, 1, ey — t, 25:1%; =n-—t

with 0 <t < n, p;J = pij/{Ejgzlpij} where 1 <11 <ig < ... <1, < k.

Example 3.2.8 (Example 3.2.7 Continued) We are interested in count-
ing how many times the faces with the numbers 1 and 5 land up. Our focus
is on the three-dimensional random variable (X7, X5, X3) where X35 =
n — (X1 + Xs5). By Theorem 3.2.3, (X1, X5, X3) has a Mult3(20, %, %, %)
distribution. A

3.3 Covariances and Correlation Coeflicient

Definition 3.3.1 The covariance between random wvariables X1 and Xo,
denoted by Cov(X1, X2), is defined as

Cov(X1, X2) = E[(X1 — py) (X2 — )] (3.3.1)

where p; = E(X;),1=1,2.
It is clear that (i) Cov(X1,X2) = Cov(Xa, X7), (i) Cov(X1,X7) =
V(X1), and (iii) Cov(X7, X2) can be alternatively expressed as:
COU(Xl, XQ) = E(XlXQ) — E(Xl)E(XQ) (332)

provided that the expectations F(X;X5), E(X;), and E(X5) are finite.

Theorem 3.3.1 Suppose that X;,Y;,i = 1,2 are random variables.
Then, we have:

(1)  Cov(Xy,c) =0 where c € R is fized, if E(X1) is finite;

(i)  Cov(X; + X2, Y1 + Y3) = Cov(X1,Y1) + Cov(X1,Y5)
+Cov(X2,Y1) + Cov(Xs,Ys) provided that Cov(X;,Y;)
is finite for 1,5 = 1,2.

So, covariance is a bilinear operation, that is, it is linear in both coordinates.
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Example 3.3.1 (Example 3.2.1 Continued) E(X;) = fol x1 f1(r1)dzy =
3f01 z1(1 — 21)*dz; = § and we had E(X,) = 1. We obtain E(X;X,) as

f;:o ;2:0 x122f(x1, x0)dr1d2re = 6 {lelzo xo(1 — x2) f;cf:o :Eldxl} dzo

= 3le1:0 3(1 — x9)dae = 2—%
SO, COU(Xl,XQ) = E(XlXQ) — E(Xl)E(XQ) = 2—30 — (%)(%) = 4—10 A
Example 3.3.2 (Example 3.2.6 Continued) We know that F(X;) = 2.27
and also F(X;X5) = 3.05. Similarly, we can find E(X3) = (1)(0.55) +
2(0.45) = 1.45 and so, Cov(X1, Xa) = 3.05 — (2.27)(1.45) = —0.2415. &

Cov(X1, X3), if finite, may be any real number, positive, negative, or
zero. Also, Cov(X1, X2) has the same “unit” that may be associated with
the random variable X;X5. A standardized version of covariance, com-
monly known as correlation coefficient, was made popular by Karl Pearson.
Refer to Stigler (1989) for a history of the invention of “correlation.”

Definition 3.3.2 The correlation coefficient between random variables
X1 and X, denoted by px, x, or simply by p, is defined as follows:

Cov(Xy1, X
p= pry x, = SEL ) (3.3.3)

0109
whenever one has —oo < Cov(X1,X3) < 00,0 < o2(= V[X4]) < oo and
0 < 03(= V[X3]) < oo. The pair X1,Xs are called negatively correlated,
uncorrelated, or positively correlated if py, x, s negative, zero, or positive,
respectively.

Theorem 3.3.2 Consider random variables Xy, and Xo for which we
can assume that —oo < Cov(X1, Xa) < 00,0 < V(X7),V(X2) < co. Then,
one has:

(7) Let Y; = ¢; + d; X; where —o00 < ¢; < o0 and 0 < d; < oo
are fized numbers with i = 1,2. Then, py, v, = px, x,;

(“) |pX17X2| <L

(49i)  In part (ii), the equality holds, that is, px, x, is +1 or —1,
if and only if X1 and X are linearly related. In other words,
Px,.x, 8 +1 (or —1) if and only if X1 = a+ bX> with proba-
bility (w.p.) one and some real numbers a and .

Example 3.3.3 (Example 3.3.2 Continued) One can check that V(X;) =
6.4971 and V(X3) = 0.6825. We also found earlier that Cov(Xy,Xs) =
—0.2415. Using Equation (3.3.3), we get px, x, = Cov(X1, X2)/(0102) =

—0.2415/+/(6.4971)(0.6825) ~ —0.11468. A

Theorem 3.3.3 Let aq,...,ar and by,...,bg be arbitrary but fized real
numbers. Consider a k-dimensional random variable X = (X1,..., Xp).
Then, we have:
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(Z) E {ZleaiXi} = ZleaiE{Xi};
(Zl) CO'U(XZ‘,XJ‘) = E[XIXJ] - E[XZ]E[XJ] fOT‘ all i,j;

(ZZZ) 1% {2?:104')(1'} = ZleafV{Xl} +2 1<z’2<§7‘:<k aiajC'ov(Xi, Xj);

(i’U) Cov (Zi'c:laiXia E‘I;zlijj) = Z?:lzleaibjCOU(Xi, Xj).

3.8.1 Multinomial Distribution

Suppose that X = (X1, ..., X;) has a Multg(n, p1, ..., px) distribution with
the associated pmf given by Equation (3.2.14). Let us proceed to evaluate
the covariance between X; and X; for all fixed i # j =1,..., k.

Consider n marbles which are tossed so that each marble lands in one
and only one of k boxes. The probability that a marble lands in box #i is
pi,i=1,...k, Elepi = 1. Let X; be the number of marbles landing in the
box #l,l =1, j, and define

v { 1 if {** marble lands in box #i
=

0 otherwise

1 if I*" marble lands in box #j
Z = .
0 otherwise

We can express X; = X" Y] and X; = X" | Z; and rewrite Cov(X;, X;) as
?:12%:1001)(%, Zm) = nC’ov(Yl, Zl) = n{E[lel] - E[Yl]E[Zl]}
It is easy to see that E[Y1Zi] = 0,E[Y1] = p;, E[Z1] = pj, and hence
Cov(X;, X;) =n{0 — pip; } = —npp; for all fixed i #j =1, ..., k.
A negative covariance should intuitively make sense because more mar-
bles in box #i would imply fewer marbles elsewhere!

3.4 Independence of Random Variables

Suppose that X = (Xj,..., X§) has a joint pmf or pdf f(x1,...,z;) with
T; € Xl(g %),Z =1,..., k.
Definition 3.4.1 We say that X1, ..., Xy form a collection of indepen-
dent random wvariables if and only if
f(xy,.yxy) =TE_ fi(z;) for each x; € Xjyi=1,...,k (3.4.1)

Also, we say that X1, ..., X form a collection of dependent random variables
if and only if these are not independent.

In order to prove that Xi, ..., X; are dependent, one needs to
show existence of a particular set of x1,...,xg, with x; € X;,
i=1,....k such that f(x1,...,2x) # 5, fi(x).
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Example 3.4.1 (Example 3.2.6 Continued) Recall that P(X; = —1) =
0.32, P(X3 =1) =0.55 and P(X; = —1N X3 = 1) = 0.12. Hence, we have
P(X1 = 71)P(X2 = 1) 7& P(X1 = —-1nN XQ = 1) That iS, f(*l,l) 7£
f1(—=1) f2(1). Thus, Xy, X5 are dependent. A

Example 3.4.2 (Example 3.2.1 Continued) With z; = 0.4, 25 = 0.5, we
have f(z1,22) = 3, but IIZ_, fi(x;) = 1.62 # f(x1,22). Thus, X7, Xo are
dependent. A

Example 3.4.3 Consider X7, Xo with a joint pdf

4129 if0<$1,332 <1

f(-Tth) = {

0 elsewhere

In this case, one can show that X, Xs are independent. A

It is possible that X;, X; are independent for all
i#7=1,2,3, but X1, Xo, X3 are dependent.

Example 3.4.4 Let f;(z;) be nonnegative integrable functions, not iden-
tically equal to unity, for 0 < z; < 1 such that le:o fi(z))dz; = 1,1 =
1,2, 3. Define g(x1, z2,23) as

L {f1(@1) fol@a) + fo(wo) f3(m3) + fi(z1) f3(xs) + 1} (3.4.2)

for 0 < z; < 1,i = 1,2,3, and note that g(x1,z9,23) is a bonafide pdf.
Now, focus on X = (X3, Xa, X3) whose joint pdf is given by g(x1,x2,x3).
One may verify that (i) X;, X; are independent for all i # j = 1,2, 3, but
(il) X1, Xo, X3 are dependent. A

Theorem 3.4.1 Suppose Xy, ...,X,, are independent vector valued ran-
dom variables, not necessarily all having the same dimension. Consider real
valued functions g;(x;), i = 1,...,p. Then, we have:

EM}_, gi(X:)] = II}_, E[gi(X)]

as long as Elg;(X;)], ¢ =1,...,p are finite.

A consequence of this theorem is: if two real valued random

variables X7, Xo are independent, then Cov(X;, X2), when

finite, is necessarily zero. Additionally if the variances are
finite, the correlation coefficient, px, x,, is indeed zero.

Theorem 3.4.2 Suppose that X1, Xo are independent vector valued ran-
dom variables, not necessarily of the same dimension. Then,
(1) Cov(g1(X1),92(X2)) = 0 where g1(.), g2(.) are real valued
functions, if Elg192], E[g1] and E|g2] are finite;
(i) g1(X1),g2(X2) are independent where g1(.),g2(.) do not need
to be restricted as real valued or one-to-one.
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One may wonder whether the requirements of finite moments
stated in Theorem 3.4.2(i) are crucial for the conclusion to hold.
See the following example for the case in point.

Example 3.4.5 Suppose that X; is distributed as a standard normal
variable with its pdf f; (z1) = {v/27}~'exp(—2?/2) and X is distributed as
a Cauchy variable with its pdf fao(z2) = 7711 +23) 7!, —00 < 21, 72 < 00.
Suppose also that these random variables are independent. But, we cannot
claim that Cov(X7, X3) = 0 because E[X3] is not finite. A

Definition 3.4.2 The supports Xi,..., Xy are called unrelated to each
other if the following condition holds: consider any subset of the random
variables, X;;,j = 1,...,p,p = 1,....,k — 1. Conditionally, given that X;, =
x;;, the support of the remaining random variable X, stays the same as X
forany l#i5,7=1,..,p,p=1,...,k—1.

Theorem 3.4.3 Let X1, ..., Xi have a joint pmf or pdf f(x1,...,2%),2; €
X;,i=1,..., k. Assume that the supports are unrelated to each other. Then,
X1, ..., Xy are independent if and only if

f(a:l, ...,mk) = H?Zlhj(xj) fO’I" all v; € X1 =1,..,k (343)

for some functions hi(x1), ..., hg(zg).
Example 3.4.6 Suppose that the joint pdf of X7, Xo, X3 is:

cexp{—2x1 — 723} /[\/r1(1+ 23)]I(z1 € R, (w2, x3) € R?)

where ¢(> 0) is a constant. Let us denote

hi(e1) = {/@1} " eap{ 221}, ho(a2) = (1 +23) 7",
ha(w3) = exp{—mz3}
so that f(z1,x2,23) = chi(x1)he(x2)hs(zs) for all z; € R, (va,x3) € N2
The supports, X; = R, Xy = R, X3 = R, are also unrelated. Hence, X1, Xo,

and X3 are independent. One notes that hy(x1), ho(z2), and hs(x3) are not
probability densities! A

Look at Example 3.4.7 to see what may happen
when the supports are related!

Example 3.4.7 (Example 3.4.2 Continued) Recall that X3 = Xy =
(0,1). Denote hy(x1) = 6,ha(z2) = (1 — x2) and we may feel tempted to
claim that X7, X5 are independent. But, that will be wrong! On the whole
space X X Xo, we cannot claim that f(x1,22) = hi(x1)he(x2). One may
check this by considering z; = %,xg = i and then one has f(z1,22) =0
whereas hq(z1)hs(22) = 2. The relationship f(z1,22) = h1(21)ha(z2) holds
in the subspace where 0 < 1 < z2 < 1. In Example 3.4.2, we verified that
X1, X5 were dependent! A
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3.5 Bivariate Normal Distribution

Figure 3.5.1. Bivariate normal density:
(a) N2(07 07 17 17 0)7 (b) N2(07 07 1747 0)

Jxpx0)

Figure 3.5.2. Bivariate normal density:
(a) N2(0,0,1,1,0.5); (b) N2(0,0,1,4,0.5).

Let (X1, X2) be a two-dimensional continuous random variable with a joint
pdf:

f(@1,22) = cexp [-5(1 — p?) " H{uf — 2purug + u3}] (3.5.1)

where
up = (21— py) /01, u2 = (T2 — py) /02

c={27r0102(1—p2)%}’1, — 00 < Ty, Ty < 0O
—00 < iy, by <00, 0 < 01,02 <00, —1<p<1

The expression in Equation (3.5.1) is a bivariate normal density with pa-
rameters fiy, fiy, 03,05 and p, denoted by Na(py, fi5, 03,032, p). The pdf is
centered at (f1, i15) in the 21, x2 plane which has been plotted in Figures
3.5.1 and 3.5.2. Tong’s (1990) book may serve as a valuable resource, espe-
cially because it includes associated tables of percentage points.

Figure 3.5.2(a) appears more concentrated around its center than its
counterpart in Figure 3.5.1(a). This is due to the fact that we used p =
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0.5 in the former picture and p = 0 in the latter picture while the other
parameters were held fixed.
Theorem 3.5.1 Suppose that (X1, Xs) has the bivariate normal distri-

bution Na(jy, jig, 02,03, p). Then, one has:

(i)  the marginal distribution of X; is given by N(u;,02),i=1,2;

(it)  the conditional distribution of X; | X; = x; is normal with

mean f; + %(‘rj — 1) and variance o3 (1 — p?), for all
J

fized x; e RN,i#j=1,2.
The conditional mean of X; | X; = x;, that is, p; + &(xj —p1;), is also
o

J
known as the regression function of X; on Xj,i # j = 1,2. We note that

the regression functions in the case of a bivariate normal distribution are
po; po; .,

pi) + ——xj, i #j=1,2.
O’j O’j

straight lines, namely (u; —

Marginal distributions of X7, Xo may be normal, but this does
not necessarily imply that (X, X3) is distributed as Nj.

Example 3.5.1 It is not difficult to construct dependent random vari-
ables X7, Xo such that marginally each is normally distributed, but jointly
(X1, X2) is not distributed as No. We write f(z1, x2; iy, ite, 05,03, p) for
the pdf in Equation (3.5.1). Next, we fix 0 < v, p < 1 and define g(x1, z2; p)
as

«@ f(mlﬁ mQ;Oa 0; 17 lvp) + (1 - Oé) f(xla CCQ;O, 0; 17 17 _P) (352)
for x1, x5 € N. We can express

js:e! g(x1, z2; p)dridry = (1) + (1 —a)(1) =1

Also, g(z1,x9; p) is nonnegative for all (z1,22) € R2. Thus, g(z1, x9; p) is
a genuine pdf on R2.

Let X7, Xo be the random variables whose joint pdf is g(x1,x2; p) from
Equation (3.5.2). By direct integration, one can verify that marginally,
both X7 and X5 are indeed distributed as a standard normal variable, but
g(x1,x2; p) does not correspond to a bivariate normal pdf! A

3.6 Correlation Coefficient and Independence

Theorem 3.6.1 Suppose that (X1, X2) has the bivariate normal distri-
bution Na(iq, f, 03,03, p) with —00 < piy, fy < 00,0 < 01,02 < 00 and
—1 < p< 1. Then, X1 and Xo are distributed independently if and only if
the correlation coefficient p = 0.
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However, a zero correlation coefficient alone between two
arbitrary random variables does not necessarily imply that
these variables are independent.

Example 3.6.1 Suppose that X; is N(0,1) and let Xo = XZ. Then,
we have Cov(X1, X2) = E(X3) — E(X;)E(X2) = 0, since E(X;) = 0 and
E(X?}) = 0. That is, px, x, is zero. But the fact that X1, X5 are dependent
can be easily verified as follows: one can surely claim that P { Xy > 4} > 0,
however, the conditional probability, P{Xs > 4 | —2 < X; < 2}, happens
to be zero. Thus, we note that

P{Xy>4|-2<X; <2} #£P{X, >4}

Hence, X, X5 are dependent random variables. A

3.7 Exponential Family

The exponential family of distributions is very rich for statistical modeling.
Interesting properties will be emphasized in Chapter 6 and beyond. Let
the random variable X have its pmf or pdf given by f(z;8), v € X C R,
0= (01,...,0,) € © C R*. Here, 6 is a vector valued parameter with k
components. Note that X, x may be vector valued too.

Definition 3.7.1 We say that f(x;0) belongs to a k-parameter expo-
nential family if and only if

f(2:0) = a(@)g(z)exp{Si_,b:(6)Ri(x)} 3.7.1)

with some appropriate forms for g(x) > 0, a(@) > 0,b,(0) and R;(x), i =
1,...,k,x € X and 8 € ©. 1t is crucial to note that a(8),b;(0),i = 1,..., k,
cannot involve x, and g(x), Ri(x), ..., Rk (x) cannot involve 6.

In order to involve statistically meaningful parameterizations, one would
assume the following conditions:

Condition 1: Neither b; nor R; satisfy linear constraints;
(3.7.2)
Condition 2: ® contains a k-dimensional rectangle.

Many situations call for a one-parameter exponential family. See Table
3.7.1. A pmf or pdf f(z;0) from a one-parameter exponential family looks
like:

a(0)g(x)exp{b(@)R(z)} for z € X and § € © (3.7.3)

with appropriate real valued functions a(f) > 0,b(0), g(z) > 0 and R(z).
Here, we assume that X C R and O is a subinterval of . Again, a(6), b(0)
cannot involve x and g(z), R(x) cannot involve 6.
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Table 3.7.1. Selected Members of a One-Parameter
Exponential Family Defined in Equation (3.7.3)

0 a(0) b(0) g(x) R(z)
Bernoulli(p)
D 1-0 log(l;fe) 1 x
Binomial(n, p)
D (1—06)" log(l;fe) (2) x
Poisson(\)
A e? log(0) (xh)~! x
NB(u, k), k known
b () tog (7% D B
Geometric(p)
P o(1—0)~1 log(1 —0) 1 x
N(p,0?), u known
o %exp{f%} 62 {27}~ 3 —122
+px
N(u,0?), o known
u \/#Q—Wexp{—%} — %exp{—%} x
Gamma(a, 3), a known
Jé] {6°T ()} 1 —0! ot x
Gamma(a, 3), f known
e {3°T(6)} 0 %exp{—%} log(x)

Example 3.7.1 Let X be distributed as N(u,0?) with k = 2,0 =
(u,0) € R x R*. Then, the pdf of X has the same form as in Equation
(3.7.1) with x € R, 01 = u, 02 = o, Ri(z) = z,Ra(x) = 22,01(0) =
0105, b5(0) = —305%,a(0) = {2703} % exp{—03(203) '}, g(x) = 1. &

Example 3.7.2 Let X be distributed as Poisson(A), A > 0. With X =
{0,1,2,...}, 8 = A, and © = (0,00), the pmf of X resembles Equation
(3.7.3) where

g(z) = (@)1, a(0) = exp{—0},b(0) = log(#), R(x) = z. A

Example 3.7.3 Suppose that X is distributed as N(p,1), p € R. With
X =R, 0 = pu, and © = R, the pdf of X resembles Equation (3.7.3) where

9(z) = exp{—32°},a(0) = {v2r} exp{~3567},0(0) = 0, R(x) = z. A

One should not expect that every probability distribution
would necessarily belong to an exponential family.




74 3. Multivariate Random Variables

Example 3.7.4 Consider X having a negative exponential pdf, namely,
0 texp{—(x — 0)/0}I(x > ) with & > 0. The term I(x > ) cannot be
absorbed within a(6),b(0), g(z) or R(z), and so this distribution does not
belong to a one-parameter exponential family. A

Example 3.7.5 Suppose that X has a N(6,6?) distribution with 6(> 0).
The pdf f(x;0) can be expressed as

2
{0v2r}teap{—L(z — 0)2/0°} = {V2me} 710 ' exp {%Q + %}
which does not have the same form as in Equation (3.7.3) and it does not
belong to a one-parameter exponential family. A

The distribution in the Example 3.7.5 belongs to a curved exponential
family, introduced by Efron (1975, 1978). We should mention that there
are notions referred to as natural parameterization, a natural parameter
space, and a natural exponential family. A serious discussion of these topics
needs substantial mathematical understanding beyond the scope of this
book. References include Lehmann (1983, 1986) and Lehmann and Casella
(1998), as well as Barndorff-Nielson (1978).

3.8 Selected Probability Inequalities

These inequalities apply to both discrete and continuous random variables.
One will see applications in later chapters.
Markov Inequality: Suppose that W is a real valued random variable
such that P(W > 0) =1 and E(W) is finite. Then, for any fized 6 (> 0),
one has:

P(W >6) <§ *E(W) (3.8.1)

Tchebysheff’s Inequality: Suppose that X is a real valued random vari-
able with a finite second moment. We denote its mean p and variance
0%(>0). Then, for any fized real number (> 0), one has

P{|X —p| > ¢} <0?/? (3.8.2)

Thus, with & > 0, if we substitute ¢ = ko in Equation (3.8.2), we can
immediately conclude:

P{X —p| <ko}>1—k? (3.8.3)
Sometimes Equation (3.8.3) is referred to as Tchebysheff’s Inequality.

Cauchy-Schwartz Inequality: Suppose that X1, Xo are real valued ran-
dom wvariables such that E[X?], E[X3] and E[X1X2)] are finite. Then, we
have

E*[X1X] < E[XT]E[X] (3.8.4)
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In Equation (3.8.4), the equality holds if and only if X1 = kX w.p.1 for
some constant k.

This inequality can be used to claim that
Cov*(X1, X2) < V[X1]V[Xo] (3.8.5)

which is referred to as the Covariance Inequality. The equality in Equation
(3.8.5) holds if and only if X; = a + bXs w.p.1 with constants a, b.

Jensen’s Inequality: Suppose that X is a real valued random variable and
g(x),x € R is a convex function. We assume that E[X] is finite. Then, one
has

Elg(X)] = g(E[X]) (3.8.6)

In Jensen’s Inequality, that is, in Equation (3.8.6),
equality holds when g(x) is linear in z or X is degenerate.
The inequality in Equation (3.8.6) is reversed
when g(x) is concave.

Example 3.8.1 Suppose X is Poisson(\),A > 0. Then, E[X3] > X3
because g(z) = 23,z € RT is convex and E[X] = \. A

Example 3.8.2 Suppose X is N(—1,02),6%2 > 0. Then, E[|X]|] > 1
because g(z) = |z|,x € R is convex. A

Bonferroni Inequality: Suppose that B is a Borel sigma-field of subsets
of S. Let Ay, ..., Ay be events from B. Then,

P{Ak, A} = S5, P(A) — (k1) (3.8.7)

3.9 Exercises and Complements

3.2.1 Let X3, X5 have a joint pdf

f( )_ 429 if0<l'1,l'2<1
THhT2) =19 ¢ elsewhere

(1)  Evaluate F(X;) and V(X;),i =1,2;
(ii)  Evaluate E[X:(1 — X;)] and E[(X1 + X2)?];
(éii)  Show that f;;(x;) = fi(x;) for i # j=1,2.

3.2.2 Let X1, X5 have a joint pdf

1 if0<l'1,$2<1

0 elsewhere

f(x1,22) _{

Show that P{X1X> > a} =1—a+ alog(a) for any 0 < a < 1.
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3.2.3 With ¢(> 0), let X7, X5 have a joint pdf

cexp{—2x1 — %xg} f0<xy,20 < 00

f(@1,72) _{

0 elsewhere

Find c. Derive the expressions of fi(x1), f2(2), fij2(21), and fa)1(22). Does
either X1, X5 have a standard distribution?

3.2.4 Let X7, X5 have a joint pdf

3r1 if0<zoa<z <1

0 elsewhere

f(@1,72) —{

Find fi(x1), f2(22), fo;1 (z2) and evaluate P{X> < 0.2 | X; = 0.5}.

3.2.5 Conditionally given X; = x1, a random variable X5 is distributed
as Poisson(x1) for any fixed z; € R*. Marginally, X; is distributed as
Gamma(a = 3,3 = 10). Obtain E[Xs3] and V[Xy]. {Hint: Use Theorem
3.2.1.}

3.2.6 With ¢(> 0), let X3, X5, X3 have a joint pdf given by
cexp{—2x1 — 4x3 — %333} if 0 < 1,23 < 00,

f(xhx%mig): —0 < Ty <X

0 elsewhere
Find ¢ and marginal pdfs of X, X5, X3. Does either X, X5, X3 have a
standard distribution? Evaluate E[(X; + Xa + X3)?].

3.2.7 (Example 3.2.4 Continued) Denote X; = X3 = Xy = X5 = (0,1),
Xy = (0,2). Recall functions ai(x1),az(x2), and ag(xs) from Equation
(3.2.12). Additionally, denote

as(x4) = I if0<ay <1 a5 (5) = 4a3  if0<z5 <1
A=Y 0 otherwise SV o otherwise

With x = (21, 22, 23, 74, 75) and X = II2_, X;, let us denote

$ar(a1)az(@2) + faz(wz)as(ws)

f(x) = +1_10{a3(333)a1(331) +aq(z4) + as(zq)as(x5)} if x € X
0, otherwise

Show that f(x) is a genuine pdf. Write down (i) the joint pdf of (Xa, X3, X5),
(ii) the conditional pdf of X3, X5 given X1, X4, and (iii) the conditional pdf
of X3 given X7, Xo, Xy.

3.2.8 An urn contains sixteen marbles of the same size and weight of
which two are red, five are yellow, three are green, and six are blue. One
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marble is randomly picked from the urn, its color is noted, and this marble
is returned to the urn. Another marble is randomly picked, its color noted,
and this marble is also returned to the urn. The experiment continues in
this fashion. This process is called sampling with replacement. After the
experiment is run n times, one looks at the number of selected red (X7),
yellow (X5), green (X3), and blue (X4) marbles.

(i)  What is the joint distribution of (X7, X5, X3, X4)?

(i4)  What is the mean and variance of X3?

(#9i) If n =10, what is the joint distribution of (X7, X2, X3, X4)?

(i) If n =15, what is the conditional distribution of (X7, X2, X3)

given that Xy = 57
3.2.9 The mgf Mx(t) of X = (X1, ..., Xi) with t = (1, ..., tx) is defined

as

Elexp{t: X1 + ... + tx X} }]
Show that Mx (t) = {p1e®* + ... + pre* }™ if X is Multg(n, p1, ..., pk)-
3.2.10 Let X; and X5 have a joint pmf

s = () (0) (5 ar—2)/(5)

with 21,25 integers, 0 <z <3,0< 2, <3, but 1 <z1 + 25 < 3.
(7) Find marginal pmfs for X; and Xo;
(id)  Find conditional pmfs fjo(21) and fo(22);
(i4i) Evaluate F[X; | Xo = 2] and E[Xs | X1 = 24].
3.2.11 Let X; and X5 have a joint pmf
f(z1,20) = p?¢*2, 21 = 0,1,2, ..., and 29 = 0,1,2, ...

with 0 < p < 1,¢g = 1 — p. Find marginal distributions of X; and Xo.

3.3.1 Prove Theorem 3.3.1. { Hint: (i) Cov(X1,c) = E(cX1)—E(X1)E(c)
= cE(X1) — cE(X1) = 0; (ii) Cov(X:1 + X2, Y1) = E{(X1 + Xo)Y1} —
E{(Xl + XQ)}E(Yl) = OOU(Xl,Yl) + COU(XQ,Yl).}

3.3.2 Prove Theorem 3.3.2. { Hint: Use Cauchy-Schwartz Inequality. }
3.3.3 With any two random variables X; and X5, show that

COU(Xl + XQ, X1 — XQ) = V(Xl) — V(XQ)

provided that Cov(X7, X5),V(X1), and V(X3) are finite.

3.3.4 (Exercise 3.3.3 Continued) Consider X7, Xs for which one has
V(X;) = V(X3). Use Exercise 3.3.3 to construct pairs of uncorrelated
random variables.
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3.3.5 Let X7, Xo have a joint pdf

(3w +1123) if0<my,22 <1

f($17$2) = {

0 elsewhere

Show that px, x, = —FE’Q.

3.4.1 With ¢(> 0), let X7, X5 have a joint pdf

crizd if0<ap,m0 <2

f(z1,22) _{

0 elsewhere

Prove whether or not X7, X, are independent.
3.4.2 With ¢(> 0), let X7, X5, X3 have a joint pdf

cexp{—2x1 — 423 — Lz} if 0 < 21,23 < o0 and
f(@1, 22, 73) = — 00 < X <00

0 elsewhere

Prove whether or not X7, X5, X3 are independent.
3.4.3 (Example 3.4.4 Continued) Fix the functions:

fi(x1) =221, fo(w) = 323 and f(xs) = 33«“3/2;0 <@y,T9,73 <1

Combine these to form a new function g(x1, z2,z3) as in Equation (3.4.2).

(7) Verify that g(z1,x2,x3) is a genuine pdf;

(1) By integration, find the expressions of all pairwise marginal
pdfs g; j(x;,x;) and single marginal pdfs g;(z;), for
i£5=1,23;

(¢i1)  Show that X7, Xo, X5 are pairwise independent, but they are
not independent.

3.4.4 Start with nonnegative integrable functions f;(x;) for 0 < z; < 1,
not identically equal to unity, such that le,,:o filxy)dz; = 1,1 = 1,2,3,4.
With x = (21, x2, 23, x4) we define:

9(x) = §{f1(z1) f2(22) f(xs) fa(za) + fr(21) f2(22) + fa(2) f3(xs)
+ fi(@1) fs(@s) + fi(x1) + fa(@2) + fo(@s) + fa(za)}
forO<z; <1,1=1,2,3,4.
(7) Verify that g(x1, 22,23, 24) is a genuine pdf;
(#4) By integration, find the marginal pdf g1 23(x1, z2,23);
(73i)  Show that X1, Xo, X3 are independent;
(

iv)  Consider Xy, X5, X3, X4 with a joint pdf g(x1, 2, 3, 24).
Show that X7, X5, X3, X4 are not independent.
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3.4.5 Prove Theorem 3.4.1. {Hint: Write f(x1,...,x,) = II'_, f;(x;) for
xr; € Xi- Then, E[Hlegz(Xz)] :f f Hlegi(xi)ﬂlefi(Xi)Hledxi =
X, X

I, ){ 9i(x) fi(xi)dx; = TI}_, E[g;(X;)].}

3.4.6 Prove Theorem 3.4.2.

3.4.7 Prove Theorem 3.4.3.
3.4.8 Let X1, X5 have a joint pmf

fzy,m2) = (270713%2) 71 for 1,29 = 1,2, ...

Prove whether or not X7, X5 are independent.
3.4.9 Let X7, X2 have a joint pmf

f(z1,22) =2/{n(n+ 1)}, forza =1,...,21;21 = 1,2,...,n

Prove that X7, X5 are dependent.
3.4.10 Let X1, X2 have a joint pmf

e~ (a+b) aF1pT2—T1

, for x1 =0,1,2,...,x9; and

f(xla:E?) =

331!(332 — .T,‘l)'
xo =0,1,2,...; with positive numbers a and b

Prove whether or not X, X, are independent.

3.5.1 Prove Theorem 3.5.1.

3.5.2 Let (X1, X2) be distributed as N2(0,0,1,1,p) with p € (—1,1).
Find the expression of the mgf of X; X5, that is, E{exp[tX;Xs]}, for ¢
belonging to a subinterval of 3.

3.5.3 Suppose that the joint pdf of (X7, Xs) is

f(wr,m9) = {2mV/3} eap{—1[(221 — w2)” + 22122]}

for —oo < 1,72 < co. Evaluate E[X;], V[X;] for i = 1,2, and py, x,-
3.5.4 Suppose that the joint pdf f(x1,z9) of (X7, X5) is

kexp{—2—h3[16(a:1 —2)2 —12(x1 — 2) (w2 + 3) + 9(z2 + 3)?]}

for —oco < z1,22 < 0o where k(> 0). Evaluate F[X;], V[X;] for i = 1,2,
and py, y,-

3.5.5 Let (X3, X>) be distributed as N»(3,1, 16, 25, %) Evaluate the fol-
lowing: P{3 < X3 < 8| X1 =7} and P{-3 < X; <3| Xy = —4}.

3.5.6 Let X;be distributed as N(u,0?) and conditionally, the distribu-
tion of X5 given X; = x1 is N(z1,0?). Show that (X, X5) is distributed
as Na(p, pt,02,202,1/1/2).
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3.5.7 Suppose that the joint pdf f(x1,z2) of (X7, X5) is
(2m)~teap{—§[e1® + 22?1} (1 + wrweap{—g[x1® + 23 — 2]})

for —oo < x1, 12 < 0.
(1) Verify that f(x1,z2) is a genuine pdf;
(#¢)  Show that the marginal distributions of X;, X5 are both
univariate normal;
(tii) Does f(x1,22) match with the pdf given by Equation (3.5.1)7
3.6.1 Prove Theorem 3.6.1.

3.6.2 Let X7 have a probability distribution

X1 values: -5 =2 0 2 5
Probabilities: 0.25 0.2 0.1 0.2 0.25

Define X5 = X?. Show that
(i)  E[Xi]=E[X{]=0;
(ii) Cov(X1,Xs) =0, that is, the random variables X; and X,
are uncorrelated;
(#i1) X3 and X, are dependent random variables.
3.6.3 Let X7 have an arbitrary discrete distribution, symmetric about
zero and having its third moment finite. Define Xo = X?. Show that
(i)  EBlXi]=E[X{]=0;
(1)  Cov(X1,X2) =0, that is, the random variables X7 and Xo
are uncorrelated;
(#1) X3 and X, are dependent random variables.

3.6.4 In the types of examples found in Exercises 3.6.2 and 3.6.3, what
if someone had defined X, = X{ or Xy = X¥ instead? Would X; and X,
be uncorrelated, but dependent?

3.6.5 Consider X;, X5 whose joint probability distribution is concen-
trated on four points (0, 0), (0,1),(1,0), and (1,1) with positive probabili-
ties. Show that Cov(X7, X2) = 0 will imply that X7, X5 are independent.

3.6.6 Let X7, X5 have the joint pdf
[, m0) = (4m) 7 2] + 23]exp{—3[21° + 22°]}

for —oo < x1,79 < 0o. Show that X; and X5 are uncorrelated, but these
are dependent random variables.

3.6.7 Let (Uy, Uz) be distributed as Na(5, 15,8, 8, p) for some p € (—1,1).
Let X1 = U1 +Us and Xy = Uy —Us. Show that X7 and X5 are uncorrelated.

3.7.1 Verify the entries given in Table 3.7.1.
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3.7.2 Let X have a uniform distribution on the interval (0, ) with § > 0.
Verify that this distribution does not belong to a one-parameter exponential
family.

3.7.3 Consider Beta(a, 3) distribution. Does its pdf belong to an expo-
nential family when

(i)  «is known, but § is unknown?
(#¢) [ is known, but « is unknown?
(#1) « and B are both unknown?

3.7.4 Let X have a uniform distribution on (—6, 6) with 8(> 0) unknown.

Show that its pdf does not belong to a one-parameter exponential family.

3.7.5 The joint pdf of X7, X5 is
f(z1,29) = exp{—0x; — 071332}1(331 >0Naxy >0)

with 6(> 0) unknown.
(i) Are X1, X, independent?
(#1) Does this pdf belong to a one-parameter exponential family?

3.7.6 Express a bivariate normal pdf in the form of an appropriate mem-
ber of a one-parameter or multiparameter exponential family in the follow-
ing situations:

(7) [y, lbo, 01,09, p are all unknown parameters;

(%6)  py = py =0 and o1, 09, p are unknown parameters;
(tii) o1 =02 =1 and p,, iy, p are unknown parameters;
(iv) 01 =09 =0 and puq, i1y, 0, p are unknown parameters;
(

v)  py = py = 0,01 =09 =1, but p is an unknown parameter.

3.8.1. Prove Markov Inequality (3.8.1). {Hint¢: Suppose that A stands
for the event [W > 6] and write W > 6§ I4, that is, W — 614 > 0 w.p.1.
Thus,

B(W — §14) = E(W) — 6P(A) > 0

which implies that P(A) < § *E(W).}

3.8.2 Let X be a real valued random variable such that with some r > 0
and 7 € T7(C R), one has ¢, = E{|X — 7|"} which is finite. Show that for
any fixed real number (> 0),

P{X — 7 > e} < 4,/e".

{Hint: Use Markov Inequality.}

3.8.3 Prove the Cauchy-Schwartz Inequality {Hint: If F[X3] = 0, then
X5 = 0 w.p.1 so that both sides of Equation (3.8.4) hold. If E[X3] > 0,
consider E[(X1 + AX3)?] where \ is any real number. But, whatever be \,
E[(X1 + XX5)?] must be nonnegative!}
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3.8.4 Prove Jensen’s Inequality stated in Equation (3.8.6). { Hint: The
curve y = g(x) must lie above the tangents at all points (u, g(u)) for any u
€ R. With v = E[X], consider the point (u, g(u)) at which the equation of
the tangent line would be given by

y = 9(E[X]) + b(z — E[X])
for some appropriate b. But, then we can claim that
9(x) = g(E[X]) + b(z — E[X])

for all x € R.}
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Sampling Distribution

4.1 Introduction

Let Xq,..., X, be n(> 2) independent and identically distributed (iid) ob-
servations from a population. Now, we introduce some methods to find the
probability distribution of a function of Xj, ..., X,,. For example, we han-
dle a sample sum, X7 ; X;, a sample mean, X = n~1¥"  X;, or a sample
variance, S? = (n — 1)7'%% , (X; — X)2. We also explore the distributions
of X,.1, the smallest observation, and X,,.,,, the largest observation. These
probability distributions are called sampling distributions.

Section 4.2 demonstrates the usefulness of a moment generating func-
tion (mgf) to derive distributions in both discrete and continuous cases.
Section 4.3 provides techniques for finding distributions of order statistics.
Section 4.4 develops transformation techniques. A highlight consists of the
Helmert (orthogonal) transformation in a normal distribution. Section 4.5
includes sampling distributions for both one-sample and two-sample prob-
lems. Section 4.6 briefly touches upon multivariate normal distribution.
Selected reviews in matrices and vectors are included in Section 4.7.

4.2 Moment Generating Function Approach

A proof of the following important result is left out as an exercise.

Theorem 4.2.1 A real valued random variable X; has its mgf Mx,(t)
for v = 1,...,n. Let Xq,..., X, be independent. Then, the mgf of U =
¥ a; X; is given by I, Mx, (ta;) where ay, ..., a, are arbitrary but fized
real numbers.

First, My (t) is found by invoking Theorem 4.2.1. Next, we match My (t)
with that of a standard distribution, and then with the help of Theorem
2.4.1 we identify the probability distribution of the random variable U. In
many problems, this approach works extremely well.

Example 4.2.1 Let X; be independent Binomial(n;,p), i =1, ..., k. Let
U=%F X;,,q=1-p,and n =XF_n;. Then, My (t) = TI¥_, (g +pet)™ =
(g+pet)™, which matches with the mgf of a Binomial(n, p) random variable.
So, the random variable U is distributed as Binomial(n, p). A

Example 4.2.2 We roll a fair die n times and let X; be the number that

lands in the i** toss, i = 1,...,n. Let U be the total score, that is, XX,
What is P(U = 15) when n = 47 Now, the technique of full enumeration
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will be tedious. Instead, we start with the mgf M, (t) = ge’(1+e'+...+€)
so that My(t) = e (1 + e’ + ... + €5)". The coefficient of e* in an
expansion of My (t) must coincide with P(X = k), k = n,n + 1,...,6n.
So, if n = 4, then P(X = 15) = gr{coefficient of e’ in the expansion of
(I4e'+..+€%)*} = E2. But, if n = 10, then P(X = 15) = &Iz {coefficient
of €% in the expansion of (1 + e + ... + )10} = %. One may find the
probability mass function (pmf) of the random variable U as an exercise. A

Example 4.2.3 Suppose X1, ..., X}, are independent random variables,
X; distributed as N(u;,02), i = 1,....k. Write U = X8 X; =3k .,
and 02 = £¥_ 2. One has My (t) = IIF_, {etri+3°07} = etit3°0" which
matches with the N(u,0?) mgf. So, the random variable U is distributed
as N(u,02). A

Example 4.2.4 Let Z have a standard normal disthibution and 1th U=
Z2. With t < 1, we can express My(t) = [ e {\2r} e 7% dz =
ffooo{\/Qﬂ}_le_%(l_Qt)zzdz = (1 —2t)~/2, which matches with the mgf of
a x?7 random variable. So, Z?2 has the x? distribution. A

Theorem 4.2.2 (Reproductive Property of Independent Nor-
mal, Gamma, and Chi-Square Distributions) Suppose that X1, ..., X,
are independent random variables. Write U = X7 1 X; and X = n~'U.
Then, one concludes:

(7) If X1,..., X, have a common N_(,u,UQ) distribution, then U is
distributed as N(np,no?) and X is distributed as N(p, ~02);

() If X1,..., X have a common Gamma(x, ) distribution, then
U is distributed as Gamma(na, [3);

(iti) If X; has a Gamma(3v;,2) distribution, that is, a Chi-square
distribution with v; degrees of freedom for i =1,...,n, then U
is distributed as Gamma(gv,2) with v = X7 v;, which is a
Chi-square distribution with v degrees of freedom.

These properties for the sums of independent normal, gamma, and Chi-
square random variables will prove to be very useful in latter chapters.
Their proofs are left out as exercises.

4.3 Order Statistics

A distribution function approach works well for some problems involving
continuous random variables. Let X be a continuous real valued random
variable and let Y be a real valued function of X. We express the df G(y)
of Y as the probability of an event defined via X. Once G(y) is found, one
obtains dG(y)/dy, if G(y) is differentiable, to find the pdf of Y.

Let X3, ..., X, be iid continuous random variables with the same pdf f(z)
and distribution function (df) F(z). Let X,.1 < X0 < ... < X,,., stand
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for the ordered random variables. We call X,,.; the i*"-order statistic and
denote Y; = X, fori = 1,...,n, Y = (Y1, ..., Y,,). The joint pdf of Y1, ..., Y,
is:

n'H;L:If(yz) if —oo< U1 é é Yn < OO

fy (W, yn) = { (4.3.1)

0 elsewhere

In Equation (4.3.1), the multiplier n! arises because y1, ..., y,, can be arranged
in n! ways and the pdf of any single arrangement is II?" , f(y;). Often we

are interested in the smallest and largest order statistics. For the largest

order statistic Y;,, we can find the distribution as follows: P(Y,, < y) is:

P(X; <yforeach i=1,..,n)
=II7" P (X; <y), since Xq,..., X,, are independent
={F(y)}"
and hence the pdf of Y,, would be:
9(y) = PYa <y) = 4L {F ()} = n{F(y)}" " f(y) (4.3.2)

in the space of y values. Similarly, for the smallest order statistic Y7, we
can express P(Y; > y) as:

P(X;>yforeachi=1,...,n)
=1I",P(X; > y), since X, ..., X,, are independent
={1-F(y)}"
Thus, the pdf of Y7 would be:
hy) =4 P(Y1 <y) = £[1 {1 = F(y)}"] =n{l = Fy)}" ' f(y)

(4.3.3)
in the space of y values.

In Exercise 4.3.5, we have indicated how one may find the
joint pdf of order statistics, ¥; = X,,.; and Y; = X5,

Using Exercise 4.3.5, one may derive the joint pdf of Y; and Y,,. However,
in order to write down the joint pdf of (Y7,Y},) quickly, we show a heuristic
approach:

Since y1,y, are assumed fixed, the remaining n — 2 order statistics can
be located anywhere between y; and y,,, and also these could be any n — 2
from the original n observations. Now, P{y; < X; < yn} = F(yn) — F(11)
for i = 1,...,n. Hence, with &k = n!/(n — 2)!, the joint pdf of (¥7,Y},) can
be expressed as:

f(1,yn)

| E{Fyn) = Fy)} 2 (1) f(yn) if — 00 <y1 < yn < 00
B 0 elsewhere

(4.3.4)
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Example 4.3.1 Suppose Xi, ..., X, are iid Uniform(0, ) with 6 > 0. Let
us consider the largest and smallest order statistics Y;, and Y7, respectively.
Now note that

1 it 0 0 ifz<0

. <z < - z

flz) = { 0 elsewhere Flx)=14 % Tf 0<w<6
1 ifz>0

From Equations (4.3.2) and (4.3.3), the marginal pdf of Y;, and Y7 will be re-
spectively g(y) = ny"107"I1(0 < y < 0) and h(y) =n(0 — y)"107"1(0 <
y < 0). Using Equation (4.3.4), the joint pdf of (¥7,Y;,) would be

S, yn) =nn—1)(yn —y1)" 207" 10 <y1 < yn <0). A

Example 4.3.2 The concept clearly extends for n independent, but
not identically distributed random variables. Consider independent random
variables X1, X5 where the respective pdfs are fi(z) = $22I(-1 < z <
2) and fao(z) = Za*I(—1 < & < 2). One has the distribution functions
Fi(z) = [ 3%t = §(2® + 1), Fo(z) = [*, Sttdt = (a° + 1) for
—1 < z < 2. Hence, for —1 < y < 2, the df F(y) of Y2 = X5.5, the larger

order statistic, can be found as follows:

P(Y2 <y)=P(X1 <ynXz <y) = F(y) () = g ° + D° (+ 1)
4.3.5)
since X1, X are independent. By differentiating F'(y), one can find the pdf
of Xo.5. Similarly, one may find the pdf of X5.1. A

4.4 Transformation

Start with real valued continuous random variables X7,..., X,, and have
transformed real valued continuous random variables Y; = g;(X7, ..., X,,),
i = 1,...,n. See Figure 4.4.1. The transformation from (x1,...,z,) € X to
(Y1, .-y Yn) € Y is assumed one-to-one. For example, with n = 3, we may
have on hand three transformed random variables Y7 = X7 + Xo,Ys =
Xl—XQ, and Y3:X1 +X2+X3 WlthX:y:%

X =5

Figure 4.4.1. g: X - Yand g ':)Y — X.

Write down the joint pdf f(z1,...,x,) of Xi,...,X,, and replace all the
variables x1, ..., x,, appearing within the expression of f(z1, ..., z,) in terms
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of the transformed variables g; *(y1,...,Yn), i = 1,...,n. Since the transfor-
mation (x1,...,2) to (Y1,...,yn) is one-to-one, we can uniquely express
each z; in terms of (yi,...,¥,) and write x; = b;(y1,..-,Yn),% = 1,...,n.
Thus, f(z1,...,2,) will be first replaced by f(b1, ..., b,). Then, we multiply
f(b1,...,b,) by the absolute value of the determinant of the Jacobian ma-
trix of transformation, involving the transformed variables y1, ..., y, only.
Let us define a matrix

9z, Oz Oz
oY1 dy2  ° ° OYn
Ozy  Oxzy Ozy
F3] F3] * ' Oyn
J=| oW (4.4.1)
Orn  Ozp Oz
Oy1 Oy2  ° ° Oyn

The understanding is that the xz; variable in this matrix and
elsewhere is replaced by b;(y1, ..., Yn), 2 = 1, ..., n.

Let det(J) stand for the determinant of the matrix J and | det(J) |
stand for the absolute value of det(J). Then, a joint pdf of the transformed
random variables Y7, ..., Y, is given by:

91y s Un) = F(01(Y1, s Un)y ooy b (Y1, ooy yn)) | det(J) | (4.4.2)

fory e ).

Suppose that the transformation from (Xy,..., X,,) — (Y1,...,Y},) is not
one-to-one. Then, the result given in Equation (4.4.2) will need some minor
adjustments. We begin by partitioning the X space into Ay, ..., Ay in such
a way that the associated transformation from A; — ) becomes one-to-one
for each ¢ = 1,..., k. Given (y1, ..., yn), let the associated z; be expressed as
zj =bij(Y1, -, Yn),j = 1,...,n,4 =1, ..., k. Suppose that the corresponding
Jacobian matrices are denoted by J;,7 = 1,...,k. Then, one essentially
applies Equation (4.4.2) on each piece Ay, ..., A and the pdf g(y1,...,yn)
of Y is obtained as follows:

915wy Yn) = S0 F it (Y1y s Un)s eoos Din (Y15 woes Yn)) | det(T;) | (4.4.3)

forye .

Example 4.4.1 (One-Variable One-to-One Transformation) Let
X be a single continuous random variable with its pdf and df respectively
f(z) and F(z),z € (a,b). We write Y = F'(X) so that this transformation
from x to y is one-to-one and x = F~!(y) for y € (0,1). We obviously have
X = (a,b),Y = (0,1), and & = f(z) = f(F~(y)). Then, for 0 < y < 1,
the pdf of Y becomes:

= JE W) [LASE )} =1
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Thus, Y is distributed uniformly on (0, 1). Next, let U = ¢(Y") where ¢(y) =
—log(y) for 0 < y < 1. Again, this transformation from y to u is one-to-one.
Thus, the pdf of U is obtained as follows:

h(u) = ‘%q_l(uﬂ =e “for 0 <u< oo

which shows that U is distributed as a standard exponential variable. Verify
that V = —2log(U) has the x3 distribution! A

Suppose that X has a continuous random variable with its df
F(z). Then, F(X) is distributed as Uniform(0,1), —log{F(X)}
is distributed as standard exponential, and —2log{F(X)} is
distributed as x3.

Example 4.4.2 (One-Variable Not One-to-One Transformation)
Suppose that Z is a standard normal variable and Y = Z2. Here, Z =
R,V = R+, This transformation from z to y is not one-to-one, but the two
pieces of transformations from z € [0,00) to y € RT and from z € (—o0,0)
to y € R are individually both one-to-one. Also recall that the pdf ¢(z)
of Z is symmetric about z = 0. Hence, for 0 < y < oo, we write down the
pdf of Y as follows:

9(y) = ¢(y?) ‘%y*%

+o(—y¥) |~dyH| = sy F = S=e

which coincides with the pdf of a y? variable. A

Example 4.4.3 (Two Independent Variables Transformation)
Let X1, X2 be independent random variables and X; be distributed as
Gamma(a;, 8),; > 0,8 > 0, i = 1,2. Define transformed variables Y7 =
X1+ Xo,Ys = Xi/(X7 + Xs) so that the transformation from (x1,xz2)
to (y1,y2) is one-to-one. Here, ¥ = RT x RT,Y = N+ x (0,1). One can
uniquely express x1 = y1yo and xo = y1(1 — y2). It is easy to verify:

J_< Y2 Y1 )
1=y —u

Thus, det(J) = —y1y2 — y1(1 — y2) = —y1. The joint pdf of X1, X» is:
f(xlaxQ) =cC 6_(z1+m2)/ﬁx?1—1x32—1

for 0 < o1, 29 < 00 with ¢ = {3 72T (ay)I'(a2)} ~*. Hence, the joint pdf
of Y1,Y5 is:

g(y1,y2) = c e /B (yryo) " Hyy (1 — yo) o271 | —yy |

144
= cemn/PyprreatlymTl(] — gp)eat (44

for 0 < y1 < 00,0 < y2 < 1. The terms involving y; and y» in Equa-
tion (4.4.4) factorize, and also neither variable’s domain involves the other
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variable. It follows that Y7, Y5 are independent random variables, Y7 is dis-
tributed as Gamma(ay + ag, ), and Y is distributed as Beta(aq, az) since
we can rewrite ¢ as {37 ['(aq + ag)}_l {b(a1, )}~ where b(ay, az)
stands for the beta function. A

In the next example one has X; and X5 dependent.
Also, the transformed variables Y7 and Y5 are dependent.

Example 4.4.4 (Two-Variable Not One-to-One Transformation)
Let X, X3 be iid N(0,1) and denote Y7 = X;/X5,Y> = X2. Obviously,
the transformation (z1,z2) — (y1,y2) is not one-to-one. Fixing yi,ys,

the inverse solution would be (y1/¥2,+/¥2) or (—=¥1/¥2, —/¥2)- In Equa-
tion (4.4.3), we take A; = {(x1,22) € R? : 3 > 0}, Ay = {(z1,22) €

R2 : x5 < 0}. One can show that g(yi,y2) = %e’{”y%}?ﬂpl(foo <

y1 < 00,0 < y2 < 00). Also, g1(y1) = (=00 < y1 < 0) and

— 1

{1 +y7}

gg(yg)\/%e’W/Q(yg)’l/QI(O < yg < 00). Some details are left out. A
Example 4.4.5 (Two Dependent Variables Transformation) Let

X3 and Xs have their joint pdf:

e~ (@1te2)  if ) < 1y < 29 < 00

0 elsewhere

f(x1,22) —{

Let Y1 = X7 and Y5 = X3 + X,. We first wish to obtain the joint pdf of
Y1, Ys, and then derive the marginal pdfs of Y7, Ys. See Figure 4.4.2.

+ 4

Hh=eh

0 10 ¢
(a) (0)
Figure 4.4.2. (a) The open-ended shaded space X’ where

x1,x9 are defined; (b) The open-ended shaded space Y
where 31, y2 are defined.

The one-to-one transformation (x1,z2) — (y1,¥y2) leads to the inverse:
x1 = y1,T2 = Y2 — y1 so that |det(J)| = 1. Now, zo > 0 implies that
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0 < 2y < yo < 00 since y; < y2 — y1. Thus, the joint pdf of Y7, Y5 is:

g(y1,y2) =2 21(0 < 2y < Y2 < 0)

Yoo

0.5),

(b)
Figure 4.4.3. (a) Darker shade: fixed y; > 0: yo varies

from 2y; to oco; (b) Darker shade: fixed y2 > 0: 41
varies from 0 to %yg.

The marginal pdfs of Y7, Ys can be easily verified as follows:

91(y1) = [y, (y1,y2)dy2 = 2¢72¥ for 0 < y1 < o0

2 _
g2(y2) = OyQ/ h(y1,y2)dys = y2e™¥2 for 0 <y < 00

See Figure 4.4.3. Some details are left out. A

Example 4.4.6 (The Helmert Orthogonal Transformation) This
consists of a very special kind of orthogonal transformation from a set of
n iid N(u,0?) random variables X1, ..., X,,, with n > 2, to a new set of n
random variables Y7, ..., Y,, defined as follows:

V1= =X+ + Xa)

Y, = \%(Xl - Xs)

Y3 Z\/Lg(X1+X2—2X3) (445)
Y, = 1 {X1+...+Xn_1 — (n—l)Xn}

v/n(n—1)
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These Y7, ..., Y, are called the Helmert variables. Denote the matrix:

L L L L
v vn vn v
< -1 0 0
V2 V2
L L _Z 0
A= G V6 V6 (4.4.6)

_ n—1

1 1 1
\/'n(n—l) \/n(n—l) \/'n(n—l) o \/n(n—1)

Then, one has y = Ax where x = (z1,...,zy) and y = (Y1y ey Yn)-

Apxn is orthogonal So, A is the inverse of A. This
implies that X7 27 =xx=xAAx=y'y =" y2.
In R" a sphere in x-coordinates continues to look like
a sphere in y-coordinates when the x axes are rotated

orthogonally to match with the new y axes.

Observe that the matrix J defined in Equation (4.4.1) coincides with matrix
A’ and hence we can write | det(J) |= | det(A) |=| {det(AA)}? |=1.
Now, the joint pdf of X, ..., X, is:

f(@, oy wn) = {ovV2m} Mewp {—5= i (27 — 2um; + p?) }

for —oo < x1, ..., < 00, and thus the joint pdf of Y1, ..., Y}, is:

{ov2m} ™ exp {—5= (SIL,y7 — 2u/nys +np?) }
={oV2r}™" exp{— % oy? + (1 — Va)H)}

where —0co < y1,...,yn < o0. In Equation (4.4.7), the terms involving
Y1, ---, Yn factorize and none of the variables’ domains involve the other
variables. It is clear (Theorem 3.4.3) that Y3, ...,Y,, are independently dis-
tributed. We also observe that Y; is distributed as N(y/nu,o?), whereas
Y, ..., Y, are iid N(0,02). A
Theorem 4.4.1 (Distribution of X,S? in a Normal Population)
Suppose that X1, ..., Xy, are ud N(u,0?) random variables, n > 2. Define
X =n"121 X, and 52 — (n—1)71%2 (X; — X)2. Then, we have:
(i)  The sample mean X is distributed independently of the sample
variance S?;
(ii)  The sampling dzstmbutwn of X is N(u,20?) and that of
(n—1)5%/0% is 2 _,.
Proof (i) Using the Helmert variables from Equation (4.4.5), we can
rewrite X =n~2Y; and express (n — 1)S? as:

(4.4.7)

S0 X2 X =N Y2 - Y2 = X0,V (4.4.8)
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It is clear that X is a function of Y; alone. From Equation (4.4.8), we
note that S? depends functionally only on (YQL..7YH). But, since Y7 and
(Y, ...,Y,,) are independent, we conclude that X and S? are independent.

(ii) Recall that X = n~2Y; where Y; is distributed as N (y/ny, 02) and so
the sampling distribution of X follows immediately. From Equation (4.4.8),
it is clear that (n — 1)S%/0? = X ,Y?/0? which is a sum of (n — 1)
independent x? variables. Using the reproductive property of independent
Chi-squares, it follows that (n — 1)S?/0? has a x2_; distribution. B

Remark 4.4.1 It is important to note that the sample variance S? is
the average of Y&, ..., Y,? and that each Helmert variable independently con-
tributes one degree of freedom toward the total (n — 1) degrees of freedom
associated with S2. Having n observations X1, ..., X,,, the decomposition in
Equation (4.4.8) shows how exactly S? can be split up into (n—1) indepen-
dent and identically distributed components having one degree of freedom
each. This is a key idea which eventually leads to Analyses of Variance
techniques, used widely in statistics.

Exercise 4.6.5 gives another transformation which proves that
X, 5% are independent when Xi, ..., X,, are iid N(u,o?).

Remark 4.4.2 Another interesting feature may be highlighted among
the Helmert variables Y3, ..., Y,. Only the last Helmert variable Y,, func-
tionally involves the last observation, X,,. This particular feature has an
important implication. Suppose that an additional observation X, 1 be-
comes available. Then, with X0, = (n + 1)_12?;31)(1», the new sample
variance S?,,, and its decomposition would be expressed as:

new
82 =0 NN X — Xpew)? = 0820 = S Y2+ Y2, (4.4.9)

new
where Y, 11 = {Xi + ... + X;, — nX,41}/+/(n + 1)n. Note that Ys,..., Y,
remain exactly the same as in Equation (4.4.5). So, the Helmert transfor-
mation shows exactly how the sample variance is recursively affected.

_Let X1, ..., X, be iid random variables with n > 2. Then,
X, 52 are independent = X1, ..., X,, are normally distributed.

Remark 4.4.3 Suppose that from iid random samples X1, ..., X,,, one
obtains the sample mean X and the sample variance S2. If it is also assumed
that X and S? are independently distributed, then effectively one is not
assuming any less than normality of the original iid random variables. That
is, independence of X and S? is a characteristic property of the normal
distribution alone. This is a deep result in probability theory. For a formal
proof of this characterization of the normal distribution and other historical
notes, one may refer to Zinger (1958), Lukacs (1960), and Ramachandran
(1967, Section 8.3). What can be concluded if X and S? are independent,
but X3, ..., X,, are not necessarily iid? Refer to Mukhopadhyay (2005) who
discussed some interesting possibilities.
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4.5 Special Sampling Distributions

Definition 4.5.1 (Student’s t Distribution) Suppose that X is a standard
normal variable, Y is a Chi-square variable with v degrees of freedom, and

X, Y are independent. Then, W = ﬁ is said to have a Student’s t

distribution or simply a t distribution with v degrees of freedom.

A case in point: note that —W is (—X)/4/(Yv~1) and we can imme-
diately conclude that W and —W have identical distributions, that is, a
Student’s ¢ distribution is symmetric around zero.

How about finding moments of a Student’s ¢ variable? Its pdf is not
essential for deriving moments of W. For any positive integer k, observe
that

E[WF*| = 2 E[X*FY —R/2) = L2 B[ XFElY ~F/?] (4.5.1)

as long as E[Y /2] is finite. We can split the expectation because X,Y
are assumed independent. But, it is clear that Equation (4.5.1) will lead
to finite entities provided that an appropriate negative moment of a Chi-
square variable exists. We had discussed similar matters involving a gamma
distribution in Chapter 2.

One can verify that E(W) is finite if v > 1, whereas E(W?) is finite
when v > 2. One may also check the following:

EW)=0if v >1 and

4.5.2
VW) =3 (5v — DTG}t =v/(v-2)ifv > 2 ( )
Example 4.5.1 (One-Sample Problem) Let X1, ..., X, beiid N(p, a?),
—00 < < 00,0 <0 <oo,n > 2. Let us recall that \/n(X — p)/o is dis-
tributed as N(0,1), (n — 1)S?/0? is x2_;, and these are also independent
(Theorem 4.4.1). We may rewrite:

V(X = 1)/8 = (VX = w)/o} / {(n— 1)8/o(n ~ 1))}

Note that /n(X — p) /S has the same representation as that of W with
v =n—1. That is, /n(X — u)/S has a Student’s ¢ distribution with (n—1)
degrees of freedom. A

Example 4.5.2 (Two-Sample Problem) Let X1, ..., X;,,, be iid N(u,,
02),n; >2,i=1,2, and X; be independent of X5. Denote:
Xi=n; 'S, Xi5, 87 = (ni = 1) 710 (X — X5)?

SIQD =(n1+mng—2)71 {(n1 —1)S% + (ng — 1)5%} (4.5.3)

for i = 1,2 where S% is called the pooled sample variance. Now,

(n; —1)S2/o%is x2 _1,i=1,2
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and these are also independent. We claim:
{(n1 —1)5% + (n2 — 1)S3} 7% has X2, ,,,,_» distribution

using the reproductive property of independent Chi-squares. Also, (X1, X2)
and S% are independent. Now, along the lines of Example 4.5.1,

{nfl 4 ngl}*% (X1 —X2) — (py — ;LQ)]SISI has ty, yn,—2 distribution. A

Definition 4.5.2 (F Distribution) Let X,Y be independent, distributed
respectively as x2, and x2,. Then, U = (X/ v1) + (Y/ v2) is said to have
an F,, ., distribution.

From Definition 4.5.1 of a Student’s ¢t random variable W, it is clear that
W2 = X2(Y/v)~! has the same form as in Definition 4.5.2 for U. Thus, 2
and F , distributions are the same.

F distribution is not symmetric in the same sense as a t distribution is.
But, from Definition 4.5.2, it follows immediately that 1/U is distributed
as F,, ,,. That is, 1/F has an F' distribution too.

How about finding the moments of an F),, ,, variable? For any positive
integer k, observe that

E[U*] = (vo/v1))*E[X*Y 7] = (vo/v1)FE[ X E[Y —¥] (4.5.4)

as long as E[Y ~F] is finite. We split expectation in Equation (4.5.4) because
X,Y are independent. It is clear that the expression in Equation (4.5.4)
will lead to finite entities provided that an appropriate negative moment
of a Chi-square variable exists. One can verify that E(U) is finite if vy > 2
and E(U?) is finite when v > 4. One may check the following:

ElU] =vy/(va —2) if va > 2 and

VU] = [21/3(1/1 +vy —2)]/[v1(ve — 2)2(1/2 —4)]if vy > 4 (4.5.5)

Example 4.5.3 (Two-Sample Problem) Suppose X1, ..., X;n, are iid
N(p;,02), for i = 1,2, and X; is independent of X,. For n; > 2, denote
X, = n;lzgglxij, S = (ni —1)7'80 (X5 — X,;)? as in Example 4.5.2.
Now, (i) (n; —1)S2/07 is X% _1,i = 1,2, (ii) they are also independent,
and hence in view of Definition 4.5.2, the random variable U = (S;/01)? +
(S2/02)? has an F,,, _1 ,—1 distribution. A

4.6 Multivariate Normal Distribution

Tong’s (1990) book is devoted to multivariate normal distribution and in-
cludes valuable tables. It also briefly discusses multivariate ¢t and F' dis-
tributions. The references to tables and other features for a multivariate
normal, ¢, or F' distribution can also be found in Johnson and Kotz (1972).
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Definition 4.6.1 A p(> 1) random vector X = (X1, ...,X,) has the p-
dimensional normal distribution, denoted by Ny, if and only if each linear
function ¥Y_ a;X; has a univariate normal distribution for all fized, but
arbitrary real numbers ay, ..., ap.

Example 4.6.1 Suppose that X1, ..., X,, are iid N (u, 0?), —00 < p < 00,
and 0 < o < oco. Consider X and look at the bivariate distribution of
(X1, X). Obviously, E(X1) = E(X) = p, V(X31) = 02, and V(X) = 102
Also, we can write Cov(X;,X) = E?ZICOv(Xl,%Xi). But, the covari-
ance between X; and Xj; is zero for 1 < j < n. So, Cov(X1,X) =
LCov(X1,X1) = 102 and hence px,x = 1/v/n. Any linear function L
of X; and X is also a linear function of n original iid normal random vari-
ables X1, ..., X,,, and hence L itself is distributed normally. This follows
from the reproductive property of independent normal variables (Theorem
4.2.2, part [i]). By Definition 4.6.1, (X1, X) is jointly distributed as a bivari-
ate normal variable. Also, the conditional distribution of X; given X =z
is N (%,0%(1 — 1)) which provides the following facts: E(X; | X =) =7

and V(X1 | X =7)=0%(1—-21). a

n

Example 4.6.2 (Example 4.6.1 Continued) A result such as E(X; |
Z) = T can be alternately derived as follows: obviously, (X | X =T)
and this can be rewritten as T = LE{S | X; | X =7} = inE(X; | X =
Z) = E(X; | X = T), which was the intended result in the first place.
This argument works because E{X; | X =7} = E(X; | X = 7) for each
1 = 2,...,n. Observe that this particular approach merely used the fact that
X4, ..., X,, were iid, but it did not exploit the fact that Xy, ..., X,, were iid
normal to begin with. A

For completeness, we now give the pdf of a p-dimensional normal ran-
dom vector. Denote a p-dimensional column vector X whose transpose is
X' = (X3, ..., Xp), consisting of the real valued random variable X; as
its 7t component, i = 1,...,p. We denote E[X;] = p;, V[X;] = 04, and
Cov(X;,X;) = 04,1 < i # j < p. Denote the mean vector p where
p' = (tty, ..., p1,,) and then write down o5 as the (i,7)"" element of a p x p
matrix 31,1 < i # j < p. Then, ¥ = (0;;)pxp is called a variance-covariance
or dispersion matriz of X.

Assume that X has full rank which is equivalent to saying that 37!
exists. Then, the random vector X has a p-dimensional normal distribu-
tion with mean vector p and dispersion matrix 3, denoted by N,(u, %),
provided that the joint pdf of X1, ..., X, is:

f(x)=cexp {—%(x — u)/E’l(x — u)} , with x € P

(4.6.1)
and ¢ = {(2m)/2 [det ()]} !

One may check that a bivariate normal pdf from Equation (3.5.1) can also
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be written in this form.

Suppose that X7, ..., X, are jointly distributed as N,(p, X).

Then, X, ..., X, are independent if and only if ¥ is diagonal. (4.6.2)

Let (X1, ..., Xp) be distributed as Np(u, 3). Then, any
subvector (X;,, X, , ..., X;, ) is jointly distributed as N (6, A)
where 8 = (Rbiy s Mgy s i1, ) and the matrix Ay is that
part of 3 corresponding to the rows and columns
numbered i1, 79, ..., 15, 1 <1 <ig < ... < i < D.

4.6.1  Sampling Distributions: Bivariate Normal

Now, we focus on a bivariate normal distribution. Let (X1, Y1), ..., (X, Yy)
be iid Na(pq, pig, 02,03, p) where —00 < gy, fig < 00,0 < 02,03 < oo and
—1 < p < 1,n > 2. Denote:

X =n"12" X, Y =n"1¥Y;
St = (n-1)7NL (-T2 8= (- 1) (Y - TP
Si2=(n 178, (X; - X)(YV; - Y) r = S512/(5152)
(4.6.3)
S12 . . .
Here, r = is defined as the Pearson correlation coefficient

5159

or simply a sample correlation coefficient.

One can claim the following sampling distributions:

7 is N(Mlv %O%) ? is N(:U'Za %U%)
(4.6.4)
(n=1)Sto%isx2 1 (n—1)S305%is X34

Note that any linear function of X,Y is also a linear function of the original
iid random vectors (X;,Y;), i = 1,...,n. By appealing to Definition 4.6.1 of
a multivariate normal distribution, we can immediately claim the following
result:

(X,Y) is distributed as No(jy, 1o, n 0%, n" 02, p*) with some p*

(4.6.5)
How does one find p*? Invoking the bilinear property of covariance from
Theorem 3.3.1, part (iii), one can express Cov(X,Y) as:

n28E X0 Cov (X5, Y;) =n 28 Cov (X;,Y) = n~tpoios
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so that the population correlation coefficient between X,Y simplifies to

n~lpoioy/ («/n—Qa%ag) =p=p*

The distribution of the Pearson correlation coefficient,
r= 512/(5152) (466)

is quite complicated, especially when p # 0. Without explicitly writing
down the pdf of r, it is still simple enough to see that the distribution of
r cannot depend on jiy, iy, 0% and o3. To check this claim, let us denote
Ui = (Xi — pq)/o1, Vi = (Yi — py)/o2, and then observe that (U;, Vi),
i=1,...,n are iid N2(0,0,1,1, p). But, r can be equivalently expressed in
terms of (U;, V;), i =1,...,n as follows:

r= ¥ (U =0)(V; = V)
R R

| (4.6.7) = The distribution of r depends only on p. |

(4.6.7)

Francis Galton introduced a numerical measure, r, which he termed “re-
version” in a lecture at the Royal Statistical Society on February 9, 1877
and later called “regression”. The term “cor-relation” or “correlation” prob-
ably appeared first in Galton’s paper to the Royal Statistical Society on
December 5, 1888. At the time, “correlation” was defined using deviations
from the median instead of the mean. Karl Pearson defined and calcu-
lated correlation as in Equation (4.6.3) in 1897. In 1898, Pearson and his
collaborators discovered that the standard deviation of r happened to be
(1—p?)/+/n when n was large. “Student” derived the “probable error of a
correlation coefficient” in 1908. Soper (1913) gave large sample approxima-
tions for the mean and variance of » which were better than those proposed
earlier by Pearson. Refer to DasGupta (1980) for some historical details.

The unsolved problem of finding the exact pdf of r for normal variates
came to R. A. Fisher’s attention via Soper’s 1913 paper. The pdf of r was
published in the year 1915 by Fisher for all values of p € (—1,1). Fisher, at
the age of 25, brilliantly exploited n-dimensional geometry to come up with
the solution, reputedly within one week. Fisher’s genius immediately came
into the limelight. Following the publication of Fisher’s results, however,
Karl Pearson set up a major cooperative study of correlation. One will
notice that in the team formed for this cooperative project (Soper et al.
[1917]) studying the distribution of the sample correlation coefficient, the
young Fisher was not included. This happened in spite of the fact that
Fisher was right there and he already earned quite some fame. Fisher felt
hurt, as he was left out of this project. One thing led to another, and R. A.
Fisher and Karl Pearson continued to criticize each other on philosophical
grounds.

The pdf of » when p = 0 is given by

fry=cQ—1r)2=Y for —1<r<1 (4.6.8)
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where ¢ = T (3(n = 1)) {V/7 T (3(n — 2))}71 for n > 3. Using Equation
(4.6.8) and some simple transformation techniques, one obtains the follow-
ing result:

r(n —2)Y/2(1 —r?)~1/2 has t,,_, distribution when p = 0 (4.6.9)

The verification of Equation (4.6.9) is left as an exercise. Fisher (1915) also
included an exact pdf of r as an infinite power series when p # 0.

4.6.2  Sampling Distributions: Multivariate Normal

Now, we briefly discuss some sampling distributions in the context of a
multivariate normal population. Suppose that X, ..., X,, are iid Np(pu,X)
where p € RP and X is a p X p positive definite (p.d.) matrix, n > 2.
Denote

X=n"'S",X; and W = ¥ (X; - X)(X; - X)’ (4.6.10)
Observe that X is a p-dimensional column vector whereas W is a p x p
matrix, both functionally depending on Xi, ..., X,,.

Theorem 4.6.1 Let Xy, ...,X,, be iid Np(p,X) where p € R and 3 is
a p.d. matriz, n > 2. Then, the following sampling distributions hold:
(i) X is distributed as Np(p,n '2);
(1) (X —p) 21X = p) is distributed as Xo;
(iii)  For any fived a € R — {0},a Wa/a' Za is distributed as x> _1;
(iv) X, W are distributed independently.

4.7 Selected Reviews in Matrices

We briefly summarize some useful notions involving matrices made up of
real numbers. Suppose that A,,x, is such a matrix having m rows and n
columns. Sometimes, we rewrite A as (ay,...,a,) where a; stands for the
ith column vector, i =1, ..., n.

The transpose of A, denoted by A', stands for a matrix whose rows
consist of all, e a/n. When m = n, we say that A is a square matrix.

The determinant of a square matrix Ay, x, is denoted by det(A). If we
have two square matrices A, x, and B, xn, then one has

det(AB) = det(BA) = det(A)det(B) (4.7.1)

The rank of a matrix A, xn, = (a1, ...,a,), denoted by R(A), stands for
the maximum number of linearly independent vectors among ay, ...,a,. It
can be shown that

R(A) = R(A) = R(AA') = R(A'A) (4.7.2)



4. Sampling Distribution 99

A square matrix A, x, = (a1, ...,a,) is called nonsingular or full rank if
and only if R(A) = n, that is, all its column vectors ay, ..., a,, are linearly
independent. In other words, A, «, is nonsingular or full rank if and only
if the column vectors ay, ..., a, form a minimal generator of R™.

A square matrix By, xy, is called an inverse of A, «,, if and only if AB =
BA = I,,«,, the identity matrix. The inverse matrix of A, «,, if it exists,
is unique and it is customarily denoted by A~!. It may be worthwhile to
recall the following result.

For a matrix A, xn: A™! exists & R(A) =n & det(A) # 0.

ail a2
a21 a22
Let us suppose that ajjase # a12a21, that is, det(A) # 0. Its inverse matrix
is easily found:

For a 2 x 2 matrix A = , one has det(A) = a11a22 — a12a21 .

4 1 ( az2  —a12

—a21 a1

dei(A) ) whenever a11as2 # a12a21. (4.7.3)

A square matrix A, x,, is called orthogonal if and only if A’ is the inverse
of A. If A, «, is orthogonal then det(A) = +£1.

A square matrix A = (a;j)nxn is called symmetric if and only if A=A,
that is, a;; = a5 ,1 <i#j <n.

Let A = (aij),4,7 = 1, ...,n. Denote the [ x [ submatrix B; = (apq), P, ¢
1,...,0,1 = 1,....n. The I*" principal minor is defined as the det(B;),l =
1,...,n.

For a symmetric matrix A, «p, x Ax with x € R" is customarily called
a quadratic form. A symmetric matrix A, «, is called positive semidefinite
(p.s.d.) if (a) x Ax > 0 for all x € R", and (b) x' Ax = 0 for some nonzero
x € ™. A symmetric matrix A, x, is called p.d. if (a) x Ax > 0 for all
x € ®", and (b) x' Ax = 0 if and only if x = 0.

A symmetric matrix A is p.d. if and only if all principal

minors of A are positive. (4.7.4)

A symmetric matrix A, is called negative definite (n.d.) if (a) x Ax <
0 for all x € ", and (b) x Ax = 0 if and only if x = 0. In other words, a
symmetric matrix A, is n.d. if and only if —A is p.d.

A symmetric matrix A is n.d. if and only if all odd-order
principal minors are negative and all even-order principal (4.7.5)
minors are positive.
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Next, we summarize an important tool which helps one to find a maxi-
mum or minimum of a real valued function of two variables. The
result follows:

Suppose that f(x) is a real valued function of a two-dimensional vari-
able x = (21, 72) € (a1,b1) X (a2, by) C N2, having continuous second-order

. . . 2 2 2 2
partial derivatives (,?—Iff(x), aa—%f(x) and ﬁf(x) = ﬁf(x), every-

where in an open rectangle (aj,b;) X (ag,bs). Suppose also that for some
point € = (£;,&5) € (a1,b1) X (ag,by), one has

o2 F(%) leme= 555 F(%) |x=¢=0

Now, denote the matrix of the second-order partial derivatives:

9? 9?
8—:E%f(x) 92,022 f(x)
H=H(x)= o2 o (4.7.6)
97,075 f(x) 8—x§f(x)

(i)  f(x) has a minimum at x = £ if H at x = £ is p.d. 477)
(1)  f(x) has a maximum at x = £ if H at x = £ is n.d. o

4.8 Exercises and Complements

4.2.1 Prove Theorem 4.2.1.

4.2.2 Let X1, ..., X; be iid Poisson()). Show that ¥¥_, X; has a Poisson
distribution with the parameter k.

4.2.3 Let Zy, Z; be iid N(0,1). Show that Z? + Z2 is distributed as x3.
4.2.4 Consider two related questions:
(i)  Let U have its pdf 5=e~1“//7I(—co < u < 00). Show that the
mgf of U is (1— o2t2)7! for | t |< 071, with 0 < o < oo;
(#7) Let X1, X5 be iid with a common pdf %exp(—%)[(x > 0) where
6 > 0. What is the pdf of V = X7 — X57?
4.2.5 Let Z be a standard normal variable. Derive E[exp(tZ?)] by inte-
gration. Hence, obtain the distribution of Z2.

4.3.1 Let X7, X5 be independent random variables. X; is Binomial(ny, p)
and X is Binomial(nz, p) with 0 < p < 1. Find the pmf of Y = X7 + X5 by
direct calculation and identify the distribution of Y. { Hint: With 0 < y <
n1 +ng, express P(X;+Xo =y) as X)L\ P(X; = aN Xy =y —a) and this
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simplifies to p¥(1 — p)™ 2= $7L () (y"fa) It reduces to (”1+”2)p”(1

p)™1tm2=Y So, Y has a Binomial(n; + ng, p) distribution.}
4.3.2 Let Z be a standard normal variable. Denote X = max{|Z|,1/|Z|}.
(i)  Find the expression of P{X < z} for z > 1. Observe that
P{X <z}=0forz<1;
(#4) Use part (i) to show that the pdf of X is given by f(x) =
2{é(z) + 27 2p(z ) }H (z > 1).
{Hint: For z > 1, one writes P{X <z} =P{z"' <|Z| <z} =2P{z7' <
Z < z} which is 2{®(z) — ®(z~!). This is part (i). Differentiate this ex-
pression for part (ii).}

4.3.3 Suppose that X has its pdf:

3.2 :

2x fl<z<?2
fl@)y=3< 7
0 elsewhere

Obtain G(y) = P(Y < y) where Y = X2 for all y in the real line. Hence,
find the pdf of Y.

4.3.4 Let X1, X5 have their joint pdf:

31 f0<aza<zi <1

f($17$2) = {

0 elsewhere

What is the pdf of U = X;— X357 { Hint: Obtain the df G(u) of U. Obviously,
G(u) =0 (or 1) for w < 0 (or for u > 1). With 0 < u < 1, verify that
Gu) =1(3u—u?).}

4.3.5 Let X1, ..., X, be iid continuous random variables with a common
pdf and df respectively given by f(z) and F(z). Derive the joint pdf of the
ith- and jt"-order statistics Y; = X,,.;,Y; = X,,.5,1 <14 < j < n by solving
the following parts. Define Uy = X, I(X; < u1),Us = X2 1 I(ug < X; <
ug),Us =n — U; — Us. Show that:

(1)  (U1,Usz,Us) is distributed as multinomial with k = 3,p; =
F(u),p2 = F(uz) — F(u1), and ps =1 —p1 —pa =1 — F(u2);
(1) P{Y,<wu1nNY; <wu}=P{U;y >in (U1 +U2)>j};
(ii) P{Uy >in (U +U2) > j} =S5 F  PiUL =k NUz =1}
+P{U1 > j};
(tv)  The expression in part (iii) can be rewritten as
S e L () Y F (ug) — F (1)} x
{1 - ( )}n k= lv
(v) The joint pdf of Y;, Y} can be obtained by evaluating

ay (% {P{Y; <y;NY; <y,}} first, and then by simplifying it.
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4.3.6 Let X1,..., X,, be iid Uniform(0, ), € R. Suppose Y; is the it"-
order statistic and define U =Y, — Y1,V = 3(Y,, +Y;) where U and V are
respectively referred to as the range and midrange for the data X, ..., X,,.
This exercise shows how to find the pdf of U.

(1)  Show that the joint pdf of Y7 and Y, is given by h(y1,yn) =
n(n = 107" (yn — y1)" 7210 < y1 < yn < 0);

(i) Transform (Y1,Y,) to (U, V) whereU =Y, — Y1,V =
(Y, 4+ Y1). Show that the joint pdf of (U, V) is given

by g(u,v) =n(n—1)0""u""? when 0 <u<6,3u<v
<0- %u, and zero otherwise;

(79i) Show that the pdf of U is given by g1(u) = n(n —1)8"x
(0 — w)u"21(0 < u < ). {Hint: g;(u) = fg;%“g(u,v)dv,
for 0 <u <.}

(tv) When 6 =1, does U follow a standard distribution?

4.3.7 Let X, ..., X, be iid uniform random variables on (6,0 +1),0 € R.
Let Y; be the i*"-order statistic and define U = Y,, — V7,V = %(Yn +Y1).
Recall that U,V are respectively referred to as the range and midrange for
the data X1, ..., X,,. This exercise shows how to find the pdf of U.

(1)  Show that the joint pdf of Y7 and Y, is given by h(y1,yn) =
n(n = 1)(yn — )" 10 <y1 <yn <O+ 1);

(#d) Transform (Y1,Y,) to (U, V) where U =Y,, — Y1,V =
1(Y,, 4+ Y1). Show that the joint pdf of (U, V) is given by
g(u,v) =n(n—1u"? when0<u<1,0+iu<v
<0+1- %u, and zero otherwise;

(7¢) Show that the pdf of U is given by g1(u) = n(n — 1)x
(1 —w)u 210 <u < 1). {Hint: g;(u) = Gejélgéug(u, v)dv,
for 0 <u<1.};

(iv) Does U follow a standard distribution?

4.3.8 (Triangular Distribution) Let X7, X5 be iid uniform on (0, 1).
Show that the pdf of U = X7 + X5 is

u fo<u<l1
gluy=¢ 2—u ifl<u<?2
0 elsewhere

The random variable U is said to follow a triangular distribution.

4.3.9 Suppose X1, Xo, X3 are iid Uniform(0, 1).
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(Z) Find the joint pdf of X3:1, )(&27 X3:3;

(it)  Derive the pdf of the median;

(#i1) Derive the pdf of the range U = X3.3 — X3.1.

4.3.10 Let X1, ..., X, be iid N(0,1). Denote Y; = 4®(X;) where ®(u) =

(Very [t e Rdr,u e Ryi =1, ., n. Let U = 117, ;.

(i)  Find the pdf of U;

(i) Evaluate E[U] and V[U]J;

(ii7) Find the marginal pdfs of Y,,.1, Yy.n, and Y., — Yig.

4.3.11 Let X7 be uniform on (0, 2), X5 have its pdf %xl(() < x < 2),and
X3 have its pdf %xQI(O < x < 2). Let X1, X2, X3 be independent. Derive
the marginal pdfs of X3.1, X3.3. { Hint: Follow along Example 4.3.2.}

4.3.12 Let Xy,...,X,, be iid Uniform(0,1). Define Y; = X,.;/Xn.i—1,
1 =1,...,n with X,,.g = 1. Find the joint distribution of Y5, ..., Y,,.

4.4.1 Let X have a pdf %emp(f%)l(x > 0),8 > 0. Find the pdf of X2.

4.4.2 Suppose that X has a pdf:

fx) =

21—2) fo<z<1
0 elsewhere

Find the pdf of W = v/ X.
4.4.3 Suppose X has a Rayleigh density:

f(x)z{ 2 exp(—a?/0) ifx >0

0 elsewhere

Derive the pdf of U = X2.

4.4.4 Suppose X has its pdf %e’m for z € R. Denote Y = | X|. Derive
the pdf of Y. { Hint: g(x) = |z| : R — R is not one-to-one. For 0 < y < oo,
write down the pdf of Y as follows: e7¥ [+1| + $e7¥ |-1| = e7¥.}

4.4.5 (Example 4.4.6 Continued) Let Xi,..., X, be iid N(u, 0?) with
n > 2. Show that (X — 1)? and S + S?/3 are independently distributed.

4.4.6 Let X7, X5 be iid with a Gamma(c, 3) distribution, « > 0,5 > 0.
Denote U = X7 + X3,V = X5/X;. Find the marginal distributions of U, V.

4.4.7 Let X1, X5 be iid N(p,0?). Define U = X; + X5, V = X; — Xo.
Find the joint pdf of (U, V). Evaluate the correlation coefficient between
U,V Evaluate E{(Xl — X2)2 | X1 + XQ} and E{(Xl + X2)2 | X1 = XQ}

4.4.8 Let X, X5, X3 be iid Gamma(a, 8),a > 0,3 > 0. Define U; =
X1 + Xg + X3, U2 = XQ/(Xl + XQ), and U3 = X3/(X1 -+ XQ + Xg)
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(1)  Show that one can express 7 = u1(1 — ug)(1l — ugz), zo =
uug(l — ug), x5 = ujug. Is this transformation one-to-one?

(13) Determine the matrix J from Equation (4.4.1) and show that
| det(J) |= ui(l — us);

(#47) Start with the joint pdf of X1, X2, X3. Use transformation
(z1,22,23) — (u1,u2,us) to obtain the joint pdf of
U1, Uz, Us;

(iv) Are Uy, Us,Us independent? Show that (a) Uy is Gamma
(3c, B), (b) Uy is Beta(a, ), and (¢) Us is Beta(a, 2a).

4.4.9 Suppose that X7, X5 are iid standard exponential random vari-

ables. Denote Y7 = X7 + X5,Ys = Xs. Derive the joint pdf of Y, Y5.
Hence, obtain the pdf of Y.
4.4.10 Suppose (X1, X2) has N2(0,0, 02,02, p) distribution with 0 < o <
00, —1 < p < 1. Derive the joint pdf of Y7 = X3 + X5 and Y5 = X7 — Xo.
4.4.11 Let X1, X5 be iid random variables. We are told that X; + X5
and X3 — X5 are independently distributed. Show that the common pdf of
X1, X2 must be a normal density. { Hint: Can Remark 4.4.3 be used?}

4.4.12 (Exponential Spacing) Let Xi,..., X,, be iid with a common
pdf 3 'exp(—x/B)I(x > 0), § > 0. Consider the order statistics Y; =
Xni, © = 1,...,n. The observations X1,..., X,, and X,.1,..., Xp., may be
interpreted as failure times and ordered failure times, respectively. Let

U=%,U=Y-Y1,Us=Y3-Y5,....U, =Y, - Y, 1

which are the spacings between successive failures. We have a one-to-one
transformation from (y1, ..., Yn) t0 (U1, ...y Uy ).
(7) Show that the joint pdf of the order statistics Y71, ...,Y,, is given
by n!8 "exp (=X 1vy:/B) 10 < y1 < ya < ... < yp, < 00);
(6)  Note that y; = Z;Zluj, Y n—i+Du, =3y, ,i=1,...,n.
Also, verify that | det(J) |= 1;
(23i)  Show that the joint pdf h(uy,...,u,) of Uy, .., U, can be written
as n!f "exp{—[nu; + (n — Dug + ... + 2u,_1 + uy,]/B} for
0< Uty .., Uy < OO
(iv)  Hence, claim that Uy, ..., U, are independently distributed, and
that U; has an exponential distribution with mean parameter
n—i+1)"18i=1,..,n.

4.4.13 (Exercise 4.4.12 Continued) Evaluate E[X, %], k = 1,...,n — 1.
{Hint: Xp.k41 — Xnk = Yier1 — Yi = Ug41, and hence E[ X511 — Xpi] =
E[Ugs1] = (n—k)718. Also, X, = E?ZIUJ-.}

4.4.14 (Exercise 4.4.12 Continued) Let X1, ..., X, be iid with a common
pdf:

o texp{—(z — p) /o (x> p), —00 < j1 < 00,0 < 0 < 00
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In reliability applications, p is often referred to as the minimum guarantee
time or a minimum threshold. Consider the random variables X,.; and
T =3%",(X; — X,.1). Find their joint distribution.

4.4.15 Suppose that X7, X5, X3 are iid random variables. We are told
that X7 + Xo + X35 and (X7 — X5, X7 — X3) are independently distributed.
Show that the common pdf of X7, X5, X3 must be normal. { Hint: Can the
Remark 4.4.3 be used to solve this problem?}

4.4.16 (Polar Transformation) Consider a popular game of “hitting
the bull’s eye”. One aims a dart at the center (or origin) and it lands
at some point (77, Z>) whose distance from the center is (Z74 Z3)'/2.
Suppose Z1, Z; are independent N (0, 1). Obtain P{Z?+ Z2 < a} by direct
integration where a > 0. {Hint: Note that the joint pdf of (Z1,Z22) is
f(z1,22) = (2m) texp{—3(23+ 23)} with —o0 < 21,22 < oo. The required
probability is:

f f (271—)716:51) {7%(2% + Zg)} ledZQ

2.2
z{+25 <a

Now, substitute z; = y/rsin(#), z2 = /rcos() with r > 0 and 0 < 0 < 27,
and let

. 9z, 9z, - /7 cos(0) QL\/; sin(6)
% % —/rsin(0) 2;\/; cos(8)

Then, rewrite the double integral as (2m) ! [, f;;ro exp{—r/2} det(A)dOdr

which simplifies to

1(2m)~t 9220 do f:zo exp{—r/2}dr
(27)"1(2m)2{1 —e 3%} =1 — e~ 3%}

1
2

4.5.1 Suppose that X, ..., X,, are iid N(u,0?). Recall the Helmert vari-
ables Y7, ..., Y, from Example 4.4.6.

(7) Find the marginal pdf of V =Y;/Y;, i #£j=2,...,m;
i)  Find the marginal pdf of V =Y/ |Y;|,i # j=2,...,n;

(
(¢i1) Find the marginal pdf of V = Yf/Yf,i £75=2,..,m
(
(

iv)  Find the pdf of Y2/T where T= % Y2, i=2,..,n
2<k<n, ki
v)  Find the pdf of (Y? 4+ Y?)/U where U = ) Y2,

<k <niketi kt]
i i=2 .0

4.5.2 With n(> 4) iid random variables from N(0,0?), consider the

Helmert variables Y7, ..., Y, from Example 4.4.6. Obtain the distribution of

W =Y1/\/Y3 +Y{+ Y}
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and that of W2.

4.5.3 Counsider the pdf h(w) of ¢,, the Student’s ¢ with v degrees of
freedom, w € R. If v = 1, show that

1

M) = T

which is the Cauchy density.
4.6.1 Show that (3X;, X + 1) is distributed as
N2(3,ua M + 13 9023 %GQ, ﬁ)
when X1, ..., X,, are iid N(u, 0?).
4.6.2 Find the distribution of (aX; + bX2, X) when Xi,..., X,, are iid
N(u,0?) if a,b are fixed nonzero real numbers.

4.6.3 Show that the bivariate normal density from Equation (3.5.1) can
be expressed in the form given by Equation (4.6.1).

4.6.4 Let X1, ..., X,, be iid N(u,0?). Find the joint distributions of
(1) Yo,..,Y, whereY;=X; — X3,i=2,...,n
(ll) UQ,...,Un where Ui :Xiin_l,i:Z...,n.

4.6.5 Suppose that Xy, ..., Xy are iid N(u,0?),k > 2. Denote:

U1 = E?:lXiz U7 = X1 - X7 fOI‘j = 2, ceey k

(7) Show that U = (Uy, ..., Ug) has a k-dimensional normal
distribution;

(i1)  Show that Uy and (Us, ..., Uy) are independent;

(#3i)  Use parts (i) and (ii) to derive the distribution of X;

(iv)  Express S? as a function of Us, ..., U, alone. Hence, show
that X, S? are independently distributed.

{Hint: Observe that (I;) S? may be rewritten as 1§Z§]<%;§k (X — X;)%}
4.6.6 Let (X7, X2) have a joint pdf:

af(xla$2;0303 13 17p) + (1 - Oé)f(l'l,l'g;o, 03 17 17 7[))

with 0 < o < 1, where f(21, x2; iy, ftg, 03, 03, p) stands for a bivariate nor-
mal pdf with means p,, s, variances o2, 03, and the correlation coefficient
p with 0 < p < 1. Show that X; + X2 is not normally distributed even
though both X7, X, are standard normal variables.
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Notions of Convergence

5.1 Introduction

This chapter introduces two fundamental concepts of convergence for a
sequence of random variables {U,;n > 1}. In Section 5.2, we discuss con-

vergence in probability (denoted by g) and the weak laws of large numbers
(WLLN). Section 5.3 introduces the notion of convergence in distribution

or law (denoted by i) Slutsky’s Theorem sets some ground rules for ma-
nipulations involving both modes of convergence. Section 5.3 also includes
the central limit theorem (CLT) for both sample mean (Theorem 5.3.3)
and sample variance (Theorem 5.3.5). Some large-sample properties of Chi-
square, t, and F' distributions are included in Section 5.4.

5.2 Convergence in Probability

Definition 5.2.1 A sequence of real valued random variables {Uy; n >
1} is said to converge in probability to a real number u as n — oo, denoted

by U, Lt u, if and only if
P{lU,—ul|>e} — 0 asn— oo, for every fized (> 0) (5.2.1)

U, L, 4 means this: the probability that U, will stay away from u, even
by a small margin ¢, can be made arbitrarily small for all n > ng = ng(e).
For a fixed ¢ (> 0), denote p,(¢) = P{| U, — u |> ¢}. Then, for U, to
converge to u in probability, we ask that the sequence {p,(¢);n > 1} of
nonnegative real numbers converges to zero, for all fixed (> 0).

Theorem 5.2.1 (Weak WLLN) Suppose Xi,..., X,, are independent
and identically distributed (iid) real valued random variables with E(X,) =
pand V(X)) =02, —c0 < p < o0, 0 <o < oo Write X,(=n"1X"X;)
for the sample mean, n > 1. Then, X, it W as m — oo.

Proof Fix some arbitrary (> 0) and use Markov Inequality (3.8.1) to
write: _ _

P{Xn—plze}=P{Xn-p)? >} (5.2.2)
< 2B{(X0 — 0} = 0/ (n?) B
Then, we have

0<P{|X,—pl>ec}<0?/(ne?) -0
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as n — oo. So,P{|7n—,u|2€}—>Oasn—>ooandhenceyn£>uas
n — oo. &

Intuitively, the Weak WLLN helps us to conclude that X, obtained from
iid random variables can be expected to hang around the population mean
w1 with high probability, if n is large enough and 0 < o < cc.

Example 5.2.1 Suppose X, ..., X,, are iiiN(u,oQ), —00 < p < 09,
0 <o <oo. Write S2 = (n—1)71¥2 ,(X; — X,)?,n > 2. Using Equation
(4.4.8), we can express S2 = (n — 1)71X1,Y;? where Ys,...,Y,, are the
Helmert variables which are iid N(0,0?). Observe that

V(YP) = E(Y)) - BX(Y$) = 30* — (0%)? = 20

Now, since S2 is a sample mean of iid random variables with finite variance,
the Weak WLLN applies. So, 52 £l E(Y?)=0% a

Under mild additional conditions, one can conclude

that S2 Lt 0?2, without the assumption of normality
of Xy, ..., X;,. Refer to Example 5.2.7.

Example 5.2.2 Suppose Xq, ..., X, are iid Bernoulli(p),0 < p < 1. The
Weak WLLN implies that X,, = E(X;) = p. A

Example 5.2.3 Let X3, ..., X,, be iid Uniform(0,0),0 > 0. T,, = X,.n,
the largest order statistic, has its probability density function (pdf)

g(t) =nt" 1070 < t < 0) (5.2.3)
For fixed € > 0, one has:

0 ife>0

Q- ife<o  OFY

P{|Tn9|25}_P{9Tn25}—{

If0 <e <0, surely lim (1 — £)" = 0. Now, Definition 5.2.1 implies:

v 0
X 560, A
Weak WLLN (Theorem 5.2.1) can be strengthened. See the next result.
Theorem 5.2.2 (Khintchine’s WLLN) Suppose X1, ..., X,, are iid real
valued random variables with a finite mean p. Then, X, Kt [ as n— o0.

Example 5.2.4 In order to appreciate Khintchine’s WLLN, consider iid
random variables {X,,; n > 1} with a common probability mass function

(praf):

X values: 1 2 3 i 5:25)
Probabilities: 5 55 =3 L 2.

where ¢! = ¥, %0 < ¢ < co. E(X;) = ¢X2, % which is finite. But,

E(X?) = ¢£2, 1, which is infinite. We have a situation where 4 is finite
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but o2 is not finite. Khintchine’s WLLN implies: X, Eit E(X;) as n — o0,
but Weak WLLN does not apply! A

Here are two issues to keep in mind: (i) U,, may converge to u in probability,
but one may not take it for granted that E(U,) — wu; (ii) E(U,) may con-

verge to u, but one may not jump to conclude that U, L

Example 5.2.5 Consider two sequences of random variables:

V,, values: 1 n?

Probabilities: 1—% 1

n

U,, values: 1

5.2.6
Probabilities: 1 — % ( )

S 3

Note that Unglbut E(Un):Qf%HQaanoo. Next, V, L1 but
E(V,)=1-L4n—ocoasn—oc. A

The notions “convergence in probability” and the “convergence in mean”
are intricately related. Refer to Sen and Singer (1993, Chapter 2) and Ser-
fling (1980). The proof of our next result involves many details. Refer to
Mukhopadhyay (2000, Chapter 5).

Theorem 5.2.3 Consider two sequences of real valued random variables
{Un, V;n > 1} such that U, Lt u, Vp £ vasn— oo Then, we have:

@) UpxV,Buto
(it)  UnV, D v,

(iii)  Un/Vi B ujvif P(V, =0)=0 forall n>1,v#0.

Example 5.2.6 Suppose that X7,..., X,, are iid N(u,02), —00 < pu <
00,0 < 0% < oo,n > 2. Consider X,, and S2. We know that X, Lt 1,
S2 £ 2. Thus, X+ S2 il p+o? X,/ S? il p/o? asn — oo. A

Example 5.2.7 (Distribution-Free) Let X, ..., X, be iid with mean
p and finite variance o2(> 0),n > 2. Write S2 = n(n—1)"Y{n"1¥1 X2 -
Yi} By Khintchine’s WLLN, n=1¥7 | X2 § E(X?) = p?+o0?, and Yi A
p? from Theorem 5.2.3 (ii) with U,, = V,, = X,,. Theorem 5.2.3 also implies:

—2 P
-1y 2 2 2 2 _ 2
n XX —-X, s puttot—pt=o

So, 52 £ 2 since n(n —1)"1 — 1. A

Theorem 5.2.4 Suppose {U,;n > 1} is a sequence of real valued random
variables, U, L wasn— 00, and g(.) is a real valued continuous function.
Then, g(Up,) il g(u) as n — oo.

Proof A function g(x) is continuous at = = a if the following holds: given
arbitrary but fixed (> 0), there exists some positive number § = §(¢) such
that

9(z) —g(W)| 2 e = | —ul >4
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Hence, for large enough n(> ny = ng(e)), we can write

0 < P{lg(Un) —g(u)| = e} < P{|Up —u| = 6} (5:2.7)

The upper bound in Equation (5.2.7) — 0 since U, £ w. The proof is
complete. B
Example 5.2.8 (Example 5.2.3 Continued) We have a Uniform(0, §)
population with § > 0 and T}, = X,,., — 6. Hence, X2 L 62 since g(x) =
x2, 2 > 0 is a continuous function. Also, Xé;n £ 03 since g(x) = LE%,:E >0
is a continuous function. We can also claim that sin(X,.,) il sin(6). A
Example 5.2.9 Let X;, ..., X,, be iid Poisson(A) with A > 0 and consider

X,. By Weak WLLN, X, O Combining results from Theorems 5.2.3
and 5.2.4, we can write, for example,

X {3\/7,1 X+ 5} L3 {3ﬁ A+ 5} and
tanh ™ (3X,, + n1) 5 tanh"1(3X) as n — oo

But, can one claim that 7;3 £ X732 One should note that P{X, =0}=

e~ "™, which is positive for every fixed n > 1 whatever be A(> 0), and

Theorem 5.2.3, part (iii) does not apply! One can conclude, however, that
(X +n~7)"3 £ X73 with arbitrary but fixed v(> 0). A

5.3 Convergence in Distribution

Definition 5.3.1 Consider {Uy; n > 1} and U, all real valued random
variables, with respective distribution functions (dfs) F,(u) = P(U, < u),
F(u) = P(U < u), u € R. Uy, is said to converge in distribution to U as
n — oo, denoted by U, LA U, if and only if Fy(u) — F(u) pointwise at all
continuity points of F(.), and F(.) is called the limiting (or asymptotic)
distribution of U,.

It is known that the totality of all discontinuity points of any df
F can be at most countably infinite. Review Theorem 1.6.1.

Example 5.3.1 Suppose that X7,..., X,, are iid Uniform(0,6),0 > 0.
The largest order statistic T}, (= X, ) has its pdf:

g(t) =nt" 0" I(0 <t < 0)
The df of T;, is given by
0 if t<0
Gn(t) =13 (/O if 0<t<0 (5.3.1)
1 if t>40
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Denote U,, = n(6 — T,)/6. Obviously, P(U,, > 0) = 1 and from Equation
(5.3.1) we can write:

Fo(u) = P(Un <u) =4 ° uso (5.3.2)
A B T e .

So, lim F,(u) =0ifu<0and 1—e *if u > 0 since lim (1 — %)" =Y,

n—oo n—oo

Now, let U be a random variable with its pdf f(u) = e “I(u > 0) and df

0 if <0

5.3.3
l—e™ if u>0 ( )

P ={
All points u € R are continuity points of F'(u) and for all such u, we note
that lim F,(u) = F(u). Hence, U, £ U, that is, asymptotically U,, has
a staga)ao;d exponential distribution. A
In general, it may be hard to proceed along the lines of Example 5.3.1.
There may be two hurdles. First, we must have an explicit expression of
df of U,,, and second, we ought to be able to examine this df’s asymptotic
behavior as n — oco. Between these two concerns, the former is likely to

create more headache. So, we are forced to pursue an indirect approach
involving a moment generating function (mgf).

Theorem 5.3.1 Suppose that the mgfs, M, (t) = My, (t), M(t) = My (t)
are both finite for | t |[< h with some h(> 0). Suppose that My(t) — M(t)
for | t|<h as n — oo. Then,

U, £ Uasn— oo
A proof of this result is beyond the scope of this book. One may refer to
Serfling (1980) or Sen and Singer (1993) for details.

Example 5.3.2 Suppose that X3, ..., X,, are iid Bernoulli(p) with p = %
Denote U,, = 2\/n(X,, — 0.5) so that M,,(t) is

E{exp(tU,)} = exp (—ty/n) E {e:np (\2/—%2?:1X¢>}
— eop(—t/) 2= {1+ eapl2t/ V)"
since E (exp(tX1)) = 2(1 + €'). Thus,

M, (t) = 5= {exp(—t/\/n) + exp(t//n)}" = {1+ 3072 + R, }
(5.3.4)
with a remainder term R,, of order O(n~2), that is, lim n2?R, is finite. In
n—oo
Equation (5.3.4), the expression in the last step converges to e:np(%tQ) as
n — oo, because (1 + %)" — e as n — oo. But, M(t) = e3"’

a standard normal variable. Thus, 2v/n(X,, — 0.5) £ N(0,1). A

is the mgf of
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Example 5.3.3 Suppose that X, is distributed as x2. Denote

U, = \/LQ?(XYL —n),n>1.

The question is whether U, £ U, some appropriate random variable. For
t < 1/4/2, we start with the mgf of U,,:

Mn(t) = E{E-Tp(tUn)} = exp {_t\/g} (1 - %)77”2

With s = \/Lé_n’ we rewrite:

M () = {(1 —t %)_me—t}m
For large n, we have:
log (Ma()) = /B { —y/Flog [1 - t,/2] —t}
= VE{~VE[1/2 - 22 1 om2) — 1} = 32 1 O(a)

using series expansion of log(1—x) from Equation (1.6.15). Clearly, M,,(t) —
exp(%tQ) , the mgf of a standard normal variable. So,

£
(X, —n) £ N0, 1)
which is the desired result. A

5.3.1 Combination of Two Modes of Convergence

Theorem 5.3.2 (Slutsky’s Theorem) Consider two sequences of ran-
dom variables {Uy, Vy; n > 1}, another random variable U, all real valued,

and a fized real number v. Suppose that U, LA U, V, L vasn — oo Then,
we have as n — 00:

(i) U,+V,5U=xu;
(i) U,V 5 oU;
(ii7) UVt S Uvtif P(V,=0)=0 for alln>1,v#0.

Example 5.3.4 (Example 5.3.1 Continued) Suppose X3, ..., X,, are iid
Uniform(0,6). Let T, = Xy, and V,, = T2{T,, + 1}7. We know that
T, £ 9. Theorem 5.2.3 implies that V, £ 0. We proved that U, = n(0 —
T.)/0 LU , a standard exponential variable. So, Slutsky’s Theorem implies
that G, = n(0 — T,)/Th = U and H,, = n(6 — T,))/V, = U. It may not
be easy to apply Definition 5.3.1 directly. A
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5.3.2 Central Limit Theorem

First, we discuss the central limit theorem for a standardized sample mean
(Theorem 5.3.3) and then for a sample variance (Theorem 5.3.5).

Let X, ..., X, be iid random samples from a population with mean
p and variance o2, n > 2. Consider X,, and S2. \/n(X, — u)/o is
called a standardized version of sample mean when o is known, and
V(X — 1) /Sy is called a Studentized version when o is unknown.

The central limit theorem (CLT) provides the asymptotic distribution for
the standardized version of the sample mean X,. A proof of CLT under
such generality requires knowledge of characteristic functions. Refer to Sen
and Singer (1993, pp. 107-108). If one, however, assumes that the mgf of
X exists, then CLT can be proved fairly easily along the lines of Examples
5.3.2 and 5.3.3.

Theorem 5.3.3 (Central Limit Theorem) Suppose that Xi,..., X,

are iid real valued random variables with the common mean p and variance
02,0 < 0 < co. Then, as n — oo, we have:

g

18 -

10

Percent

-

T T T T T T T T T T T i
20 16 12 08 04 00 04 08 12 16 20

Figure 5.3.1. Histogram of 100 values of u = /n(T,, — 10)/2
from a N(10,4) population when n = 10.

If the common pdf was normal with mean ; and variance o2, we showed

in Chapter 4 that /n(X, — p)/o would be ezactly a standard normal
variable whatever be n. Using MINITAB Release 12.1, we drew random
samples from N(u = 10,02 = 4) population with n = 10 and replicated
the process 100 times. Having fixed n, in the i*" replication we drew n
random samples 1, ..., Ty; which led to the value of the sample mean,
Tni = nilEyzlxﬂ for i = 1,...,100. We obtained a histogram of those
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100 randomly observed values of the standardized sample mean, namely,
w; = /n(Tp; —10)/2,1 = 1,...,100. Figure 5.3.1 shows the histogram which
gives an impression of a standard normal pdf for u.

Percent

T T T T T — U
2 -1 ] 1 2 3
Figure 5.3.2. Histogram of 100 values of u = /n(%,, — 10)/2
from a Gamma(25,0.4) population when n = 10.

20 —|

10 —

Percent

= —1—
T T T T T T T T T T T i
248 20 15 10 05 00 05 10 15 Z0O 25

Figure 5.3.3. Histogram of 100 random v = v/n(%, — 10)/2
values from a Uniform(10 — a, 10 4+ a) population
when n = 10,a = v/12.

Then, we ran simulations with observations from a Gamma(a = 25, 5 =
0.4) population with its mean u(= a3) = 10 and variance o?(= o3%) = 4.
The histogram is shown in Figure 5.3.2. We also considered a Uniform(10—
a,10 + a) population with ¢ = /12 with its mean x = 10 and variance
0% = 4. The histogram is shown in Figure 5.3.3. CLT suggests that the
histograms from Figures 5.3.2 and 5.3.3 should look like a standard normal
pdf for large n. We note that these histograms, though a little skewed to
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the right, create an impression of a standard normal pdf even though the
sample size is only 10.

Example 5.3.5 Suppose X1, ..., X,, are iid N(u,02), —00 < p < 00,0 <
o < oo. For n > 2, let S2 be the sample variance. From (4.4.8), write
52 = (n—1)71%12,V? with Y, ..., Y, iid N(0,02). This shows that S? is
a sample mean of (n — 1) iid random variables. CLT implies:

Uy =i —1(S2 - B(Y2)) 5 N (0,V(V2))

where E(Y#) = 0% and V(Y$) = 20%. Let us now denote V,, = {n/(n —
1)}Y/2 so that V, L 1. Then, Slutsky’s Theorem gives:

UV, = \/ﬁ (SVQL - 0'2) £> N(O,2O’4). A

Theorem 5.3.4 (Mann-Wald Theorem) Suppose that {T,;n > 1} is
a sequence of real valued random variables such that

V(T — 0) 5 N(0,02) as n — oo
where 0 < 0 < oo may involve 6. Then,

Vi{g(T) — g(8)} £ N (0,{og'(8)}?) asn — oo

if g(.) is a continuous real valued function such that %9(9), denoted by
9'(0), is finite and nonzero.

Proof We sketch a proof along the lines of Sen and Singer (1993, pp.
231-232). Observe that

Vi{g(T,) — g(0)} = UV, (5.3.5)

where we denote:
Un = \/E(Tn =0), Vo ={g(Ty) — 9(0)}/ (T, — 0)

Next, note that (7,, — 6) = \/LEU,L. Since U,, 5 N(0,0?), by Slutsky’s The-
orem, we conclude that T,, — 6 £o. Thus, V, Lt g’ (), by the definition of
g'(0) itself. Another application of Slutsky’s Theorem and Equation (5.3.5)
completes the proof. B

Example 5.3.6 Suppose that Xi,..., X, are iid Poisson(\), A > 0, so
that = 02 = X. The CLT implies: v/n(X, — \)/VA £ N(0,1). Then, the
Mann-Wald Theorem implies: \/E(Yi -3 LN (0,91°). A

Theorem 5.3.5 (CLT for Sample Variance) Suppose that X1, ..., X,
are iid random variables with the common mean u, variance o, gy =
E{(X1—p)*}, and we assume that 0 < o* < py < oo. Denote X, =
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nTIY X, and S?2 = (n — )78 (X; — X,,)? for n > 2. Then, as
n — oo, we have:

Vi (82— 0%) 5 N0, 1y — o)

Proof Let W,, = (n—1)n"1S2. Denote Y; = (X; —pu)%,i=1,...,n,Y, =
n~1¥" Y, and write:
— — 2
Wi = 320 (X = X0)® = 3350 Y: —{X — i}

T n

= VAW, — 02) = /i (Vi — 02) = Vi {Xn — p} = Un + Vi, say.
(5.3.6)
Note that Y7,...,Y,, are iid with mean o2 and variance u, — o* which is

assumed finite and positive. The CLT implies: U,, £ N(0, g — o).
Next, for any fixed (> 0), we can write

P{| Vi [> e} = P{Vn(Xy — p)* > e} < E[Vn(X, — p)?l/e (53.7)

using Markov Inequality from Equation (3.8.1). The upper bound in Equa-
tion (5.3.7) is 02/(y/ne) so that V;, % 0. Slutsky’s Theorem and Equation
(5.3.5) imply: v/n(W,, — o?) N N(0, py — o*). We can write:

Vi (S22 —o?) = \/ﬁ(nﬁIWn 702) =vn (W, —o?) — %Wn

and another application of Slutsky’s Theorem completes the proof. B

Example 5.3.7 Under the setup of Theorem 5.3.5, we can conclude:

V(82 —02) S22 L N(0, g0t~ 1). &

5.4 Convergence of Chi-Square, t, and F
Distributions

5.4.1 Chi-Square Distribution

Consider U, which is distributed as x2 so that E(v—1U,) =1, V(v~1U,) =
207! — 0 as v — 0o. The Weak WLLN implies that

12 B lasv— oo (5.4.1)

Let X1, ..., X,, ... beiid x? so that we may view X2 as ¥¥_, X;, and hence
we may write v~ 1x2 = v137_, X; = X,. Now, CLT implies:

VI(X, — /o LN, 1)
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with g = E(X1) = 1, 0% = V(X1) = 2. Hence, (2v)~/2(x2 —v) £ N(0,1).
In Example 5.3.3, we came to the same conclusion with a different approach.
For practical purposes, we would say:

Distribution of (v/2v)~!(x? — v) is approximated
by N(0,1) distribution when v is large.

5.4.2 Student’s t Distribution

A Student’s t random variable was described in Definition 4.5.1. Let W, =

X = (Yl,z/*l)l/2 where X is standard normal, Y, is X?,, and X and Y,
are independent. In other words, W, has a Student’s ¢ distribution with v

degrees of freedom! Since Y, v~} it 1, so does /Y, v—1. Slutsky’s Theorem
implies: W, AN (0,1). For practical purposes, we would say:

The t, distribution is approximated by the N(0, 1)
distribution when v is large.

(5.4.3)

5.4.3 F Distribution

An F),, ,, random variable was introduced by Definition 4.5.2 as v X, +
V2_1Y,/2 where X,,,Y,, are independent, X, is Xﬁl and Y, is X?,z. Now,

v1 is held fixed, but let v — oo so that Vg_lez 1. Slutsky’s Theorem

. . £ _ .
implies: as v — oo, we conclude that F,, ,, = v le,l. That is, for

practical purposes, we would say:

£ . . .
EFov, = X12/1 + vy as vy — 00, if vy is held fixed, and (5.4.4)

£ . .
Fy v, = vo+ X?,z as v1 — oo, if vy is held fixed.

5.5 Exercises and Complements

5.2.1 Suppose that X3, ..., X,, are iid with a common pmf:

X values: -2 0 1 3 4
Probabilities: 0.20 0.05 0.10 0.15 0.50

Are there some numbers a, b such that X, Lt a,S? 2
5.2.2 Let U, be a real valued random variable such that E(U,,) = a, but
V(U,) = b, — 0 as n — oco. Show that U, £
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5.2.3 Prove Khintchine’s WLLN (Theorem 5.2.2). {Hint: See Feller
(1968, pp. 246-248) or Rao (1973, p. 113).}

5.2.4 Suppose that X7, ..., X,, are iid N(u,1),u € R — {0}. Let

(i) To=ep(Xn) (it) Tn= log(| Xnl)
Is there some number a, in each case, such that T, B a2

5.2.5 Suppose that X, ..., X, are iid with a common pdf:

f(x)_{ 2/3 ifl<z<oo

1o elsewhere

Find some number b such that X, LA b.
5.2.6 (Example 5.2.3 Continued) Let X, ..., X;, be iid Uniform(0, ), 60 >
0. Identify all v(> 0) so that 7 (Xym —0) = 0. Does Xy — Xn_1in_1 - 07

5.2.7 Suppose X1, ..., X,, are iid with a common pdf:

f(z) =0 teap{—(z — p)/o}H (z > p)
with —00 < p < 00,0 < 0 < 0. Let T), = £ 1 (X; — Xp:1). Show that
an:l/Tn Lt ,U'/U-
5.2.8 Suppose X1, ..., X, are iid N(0, 1) and denote:

T,=n"13" 1 | X; |,U, =T,

Find numbers a,b such that T, Lt a,U, . {Hint: Use integration to

check that E[| X; || = /2/7.}
5.2.9 Suppose that X7, ..., X, are iid Poisson(A), A > 0. Does

I(X, > %/\)g()or 17

5.2.10 Suppose that X;, ..., X,, are iid random variables with finite vari-
ance. Denote:

6
n(n+1)2n+1)

T, = Y it X, n=1,2,...

Show that T}, = E[X1].
5.2.11 Suppose X1, ..., X, are iid with a common pmf:
P{X; =2r"2lo9()} = 1/2" for r = 1,2, ...
Does X, L ¢ for some appropriate c?

5.3.1 (Exercise 5.2.1 Continued) Find numbers a and b(> 0) such that

VX, —a)/b 5 N(0,1)
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5.3.2 (Exercise 5.2.4 Continued) Suppose X7, ..., X, are iid N(u, 1) with
@€ R — {0} and denote:

(i) Tp=exp(Xn); (i)  Tp = log(| Xn |);
—2 = , — _
(iii)  Tp = exp(X,, +2X5); (iv) To= | X, > eap(Xy).

Find expressions for a,, b, (> 0) associated with each T,, such that
(T, — an)/bp = N(0,1)

{Hint: Is the Mann-Wald Theorem applicable?}
5.3.3 (Example 5.3.7 Continued) Find expressions for (> 0) such that

VS, —a) 5 N(0,7%)

{Hint: Is the Mann-Wald Theorem applicable?}
5.3.4 Suppose X1, ..., X,, are iid with a common pdf:

f(x) :{ {U\/ﬁ}—lx—lemp { 202 (log( ) ,U')Q} >0

0 elsewhere

with —00 < 1 < 00, 0 < & < 0. Denote T}, = (II"_, X;)*/™ .
(¢)  Find (> 0) such that T, i
(#) Find an, by (> 0) such that (T;, — ay,) /by N N(0,1).
5.3.5 Suppose Xj,...,X,, are iid Uniform(0,6),0 > 0. Denote T,, =
(I, )"
(i) Find c(> 0) such that ), & ¢;
(#) Find apn, by (> 0) such that (T;, — ay,) /by £ N(0,1).

5.3.6 Suppose that Xi,..., X, are iid Uniform(0,1). Next, we denote
Up = n(Xn — ) n > 1. Now, show that

(l) MXl()*t(e *1)7t7é07
(ii) My, (t) ={i(e* — e=%)/a}" where a =

¢
Vv’

1
2
(ii7) lim My, (t) = lim |1+ 55 +O(n }” — eap{i?/24}.

n—oo n—oo
Use part (iii) to prove that U, £ N(0,%).
5.3.7 Suppose X1, ..., X}, are iid N(0,1) where k = 2™, n > 1. Denote:

Vo=X?+X2+..+X2

Find the limiting distribution of W,, = U,,/V,.
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5.3.8 Suppose that X7, ..., X, are iid N(0,1),n > 1. Denote:

U - Vi{Xi+ Xo+ ...+ X}
" XE+ X34+ X2

Show that U, 5 N(0,1). {Hint: Use CLT and Slutsky’s Theorem.}

5.3.9 Suppose that Xy, ..., X,, are iid Bernoulli(p) with 0 < p < 1,n > 1.
Denote V,, = n='¥2 ; X;. Show that

ﬁ(vn_l 7p_1) £>N
(1-pp3

{Hint: Would CLT and the Mann-Wald Theorem help?}

5.4.1 Let X1,..., X,, be iid N(u;,0?), Y1, ..., Yy be iid N(py, 302) with
—00 < U, by < 00,0 < 0 < 00, and X,Y be independent. Denote:

0,1)

X, =n"120 XY, =n" 180, Y;, 83, = (n— )78 (X, — X,)2,
522n = (TL - 1)712?:1(1/1' - ?’n)2’ and T, = 512n + %‘Sgn

for n > 2.
(i) Show that V,, = 5=/n(X, — Y, — py + ) is distributed
as N(0,1);
(i) Show that (n — 1)T,,/o? is distributed as X%(nfl);
(#i)  Are V,,, T, independent?
(iv)  Show that U, = v/n(X,, — Y, — g + p15)/+/2T,, is distributed

as Student’s to(,_1);

(v)  Show that T}, = 202;
(vi)  Show that U, £ N(0,1).

5.4.2 Suppose that X7,..., X, are iid exponential with mean G(> 0),
Y1,..., Yy, are iid exponential with mean n(> 0), and X is independent of
Y. Denote Ty = X /Y 0.

(7) Show that T, ,, is distributed as %Fgmgn;
(i9)  Determine the asymptotic distribution of T, ,, as n — oo,
when m is kept fixed;

(77i) Determine the asymptotic distribution of T, ,, as m — oo,
when n is kept fixed.
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Sufficiency, Completeness, and
Ancillarity

6.1 Introduction

Many fundamental principles of statistical inference originated from the
path-breaking contributions of Sir Ronald Aylmer Fisher in the 1920s.
Those concepts are alive, well, and indispensable. The deepest of all sta-
tistical concepts is sufficiency that originated from Fisher (1920), and it
blossomed further, again in the hands of Fisher (1922).

Section 6.2 introduces Neyman factorization of a likelihood function. In
Section 6.3, a notion of minimal sufficiency and the fundamental results of
Lehmann and Scheffé (1950) are discussed. These help in locating the best
sufficient statistic, if it exists. Section 6.4 provides a quantification of infor-
mation in one-parameter problems. Examples show that the information
contained in the whole data is indeed preserved by a sufficient statistic.
Ancillarity is discussed in Section 6.5, highlighting that ancillary statistics
can be useful in statistical inference. Location, scale, and location-scale fam-
ilies are mentioned in Section 6.5.1. Section 6.6 introduces the concept of
completeness and Section 6.6.2 highlights the celebrated Basu’s Theorem.

6.2 Sufficiency

We begin with observable independent and identically distributed (iid) ran-
dom variables X1, ..., X,, with a common probability mass function (pmf)
or probability density function (pdf) f(x),x € X. The sample size n is as-
sumed known. Practically speaking, we observe X7y, ..., X, from a population
whose distribution f(z) is indexed by a parameter (or parameter vector)
0 (or @) which captures important features of the population. A practical
aspect of indexing f(x) with 6 (or ) is that the population distribution
would be completely specified once we know 6 (or 8).

We let a pmf or pdf be f(z;0) or f(x;0) where the parameter 6 (or 6)
is fired but unknown. In the case of a single parameter, we write 6 € ©,
the parameter space, © C R. For example, one may have X distributed
as N(u,0?) with g unknown, —0o < p < oo, but o(> 0) is known. Then,
f(x;0) will be the same as a N(u,0?) pdf with § = y and the parameter
space © = R. But, if both p,0? are unknown, then f(z;80) will be the
N(p,0?) pdf with the parameter vector 8 = (u,02%) and © = R x Rt.
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Our quest for gaining information about the unknown parameter 6 (or
6) may be considered a core of statistical inference. The data X7, ..., X,,, of
course, have all information about 0 even though we have not yet specified
how to quantify “information.” In Section 6.4, we partially address this. A
dataset may be large or small, and data may be nice or cumbersome, but
it is ultimately incumbent upon an experimenter to summarize the data so
that all interesting features are captured by the summary. That is, ideally
a summary should have the exact same “information” about 6 as do the
original data. Such a summary would be as good as the whole data and it
will be called sufficient for 6.

Definition 6.2.1 An observable real (or vector) valued function T =
T(X1,...,Xn) is called a statistic.

Some examples of statistics are X, X1 (X2 — Xpin), ¥ X;, §% and so
on. As long as numerical evaluation of T, having observed data X; =
Z1,..., Xn = Tp, does not involve any unknown entities, T will be called a
statistic. Supposing that Xi, ..., X,, are iid N(u,0?) where u is unknown,
but o is known, T’ = X is a statistic, but its standardized form /n(X —pu)/o
is not.

Definition 6.2.2 A statistic T is called sufficient for an unknown pa-

rameter 0 if and only if the conditional distribution of the random sample
X = (Xy,....,X,) given T =t does not involve 0, for all t € T C R.

In other words, given the value t of a sufficient statistic T, conditionally
there is no more “information” or “juice” left in the original data regarding
the unknown parameter 6. Put another way, one may think of X trying to
tell us a story about 6, but once a sufficient summary 7' is available, the
original story becomes redundant. Observe that X is sufficient for € in this
sense. But, we are aiming at a “shorter” summary statistic which has the
same information available in X.

Definition 6.2.3 A vector valued statistic T = (11,...,Ty) with T; =
Ti(Xq,.... Xn),i = 1,..., k, is called jointly sufficient for the unknown para-
meter 6 (or 0) if and only if the conditional distribution of X = (X1, ..., X,,)
given T =t does not involve § (or @), for all t € T C R*.

6.2.1 Neyman Factorization

A dataset consists of X1, ..., X;; from a population with a common pmf or
pdf f(z;0) where 0 is an unknown parameter. The Neyman Factorization
Theorem is widely used to find sufficient statistics.

Definition 6.2.4 Having observed X; = x;, i = 1,...,n, a likelihood
function is defined as

L(0) = TI7_, f(24,0),0 € © (6.2.1)

In a discrete case, L(#) stands for Pp{X; = z1N...NX,, =, }. In a con-
tinuous case, L(0) stands for the joint pdf at the observed data (x1, ..., 2,)
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when 6 obtains. One may note that once {x;;7 = 1,...,n} is observed, there
are no random entities in Equation (6.2.1). A likelihood function L(.) is
simply a function of 6 only.

It is not really essential that X be real valued or iid. In many examples,
it will be so. But, if X happens to be vector valued or if it is not iid, then
the corresponding joint pmf or pdf of X; = x;, i = 1,...,n, would be the
likelihood function, L(6). We will give examples shortly.

Sample size n is assumed known and fixed before
data collection begins.

One may note that 8 may be real or vector valued, however, we first
pretend that € is real valued. Fisher (1922) discovered the fundamental
idea of factorization. Neyman (1935a) discovered a refined approach to
factorize a likelihood function. Halmos and Savage (1949) and Bahadur
(1954) developed more involved measure-theoretic treatments.

Theorem 6.2.1 (Neyman Factorization Theorem) A real valued

statistic T = T(Xq, ..., X,) is sufficient for an unknown parameter 0 if
and only if the following factorization holds:

LO)=g(T(z1, ..., zn);0) h(z1,....,xy,) for all x1,...,2, € X (6.2.2)

where functions g(.;0) and h(.) are both nonnegative, h(.) is free from 6,
and g (T(.);0) involves x1,...,x, only through T(x1,...,x,).

Proof For simplicity, we provide a proof only in a discrete case. Let
us write X = (X1,..., X,;) and x = (21, ...,2,). Let A and B respectively
denote the events X = x and T'(X) = T(x), and observe that A C B.

Only if part: Suppose that T is sufficient for 8. Now, we write

L) =X =x)
=P{X=xNT(X)=T(x)}, since ACB (6.2.3)
= P{T(X) = TR {X = x [T(X) = T(x)}

Denote g (T(x1, ..., xn);0) = Pp{T(X) = T'(x)} and h(z1, ..., x,) = Pp{X =
x |T(X) = T(x)}. Since T is sufficient for 6, by Definition 6.2.2, the con-
ditional probability Pp{X = x |T(X) = T(x)} cannot involve 6. Thus,
h(x1,...,xy,) so defined may involve only x1,...,2,. So, the factorization
given in Equation (6.2.2) holds. ¢

If part: Suppose that the factorization holds. Let p(t; 0) be the pmf of T.
Observe that p(t;0) = Pp{T(X) = ¢} = ¥ {1, f(y:;0)} =
y:T(y)=t v:T(y)=t

L(0). It is easy to see:

P{X =x|T(X) =t} = 0if T(x) £1¢ (6.2.4)
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For all x € X such that T'(x) =t and p(;0) # 0, we can express Pp{X =
x| T(X) =t} as:

L(0)/p(t;0)

9 (T(x);0) h(x)/p(t; 0)

=g(t;0) h(x)/ sz(%):t L(9)
=gt Mx) ¥ g(T(y);0)h(y)

y:T(y)=t

because of factorization (6.2.2). Since g (¢;6) # 0, one has:

PX=x|T) =) =060/ o0} { = nn)

T (y

—160/{ 2 h)p=ae)
(6.2.5)

with ¢(x) free from 6. Equations (6.2.4) and (6.2.5) complete the proof.

In Theorem 6.2.1, we do not demand that g (T'(x1, ...,y );0)
is a pmf or pdf of T(X7y, ..., X,,). It is essential, however, that
h(z1,...,xy) must be free from 6.

It should be noted that the splitting of L(f) may not be unique. Also,
there may be different versions of sufficient statistics.

Remark 6.2.1 In Theorem 6.2.1, it was not essential that X;,..., X,
or 6 be real valued. If X4,...,X,, are iid p-dimensional observations with
a common pmf or pdf f(x;0), 8 € © C R4, the Neyman Factorization
Theorem will hold:

Denote the likelihood function, L(0) = II7_, f(x;; 0).

A vector valued statistic T = (17, ..., Ty) is jointly sufficient for

0 = (61,...,0,) if and only if L(0) = ¢g(T; 0)h(x1, ..., x5) for all

X1, .y Xy € X C RP) with both ¢(.; ), h(.) nonnegative, g(.; 0)
depending upon x only through T, and h(.) is free from 6.

(6.2.6)

Example 6.2.1 Suppose X7, ..., X;, are iid Bernoulli(p) with p unknown,
0<p<1.Here, ¥ ={0,1}, 8 = p, and © = (0,1). Then,

Lp) = IIyp (1= p)' = = pPsi (- ppr ¥ (62)

It matches with factorization (6.2.2) where g (X, zi;p) = p i=1% (1 —
p)"~i=1% and h(x1,...,x,) = 1 for all zy,...,z, € {0,1}. So, the sta-
tistic T = ¥, X; is sufficient for p. We could instead express L(f) =
9(x1, .oy T P)R(T1, ooy ) With g(xq, ..., 2p;p) = P 1p% (1 — p)»~ % and
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h(z1,...,x,) = 1. So, one could also claim that X = (Xq,..., X,,) was suf-
ficient for p. But, X7 ; X; provides a significantly reduced summary com-
pared with X, the whole data. We will have more to say on this in Section
6.3. A

Example 6.2.2 Suppose X7, ..., X,, are iid Poisson(\) with A unknown,
0 < X< oo. Here, X ={0,1,2,...}, 8 = )\, and © = (0, 00). Then,

L) =7, {e N7 Jayl} = e AP (T y]) (6.2.8)

It matches with factorization (6.2.2) where g (X7, x;; ) = e \¥=1i and
h(z, ..., xy) = (I 2! ) for all z1,...,x, € {0,1,2,...}. So, the statistic
T = Z'Z”ZIX is sufficient for A. Again, from Equation (6.2.8) one notes that
X is sufficient too, but X , X, is a significantly reduced summary. A

Example 6.2.3 Suppose Xi,..., X,, are iid N(u,0?) with p,0? both
unknown, —oo < p < 00, 0 < o < oo. Denote 8 = (u,0?), X = R, and
0 =R x R". Now,

= {ov2r}exp {—3 (S a? — 2uS @ + np?) /o2 ) (6.2.9)
It matches with factorization (6.2.2) where
(S 2, X122 0) = o eap {—% (S 2? — 2uS x4 np?) Jo?}

and h(zy,...,x,) = {271} ™"

for all (z1,...,x,) € R". So, T = (Z;‘ZlXi, Z?Zle) is a jointly sufficient
statistic for (u,0?). A

If T is a (jointly) sufficient statistic for 8, then any statistic U
which is a one-to-one function of T is (jointly) sufficient for 6.

Example 6.2.4 (Example 6.2.3 Continued) We have X = n~1¥7  X;,
S% = (n—1)"Y3n, n~1(3%, X;)?}. Tt is clear that the transformation
from T = (2 1X1,El 1XQ) to U = (X,5?) is one-to-one. So, we can
claim that (X, S?) is jointly sufficient for (u,o?). A

Let T be a sufficient statistic for 8. Consider a statistic T,
a function of T. Then, T’ is not necessarily sufficient for 6.

An arbitrary function of a sufficient statistic T need not be sufficient for
6. Suppose that X is distributed as N(#,1) where —oo < 6 < oo is an
unknown parameter. Obviously, X is sufficient for §. One may check that
T' =| X |, a function of X, is not sufficient for 0.

From joint sufficiency of a statistic T = (11, ...,T},) for @ =
(04, ...,0,), one should not claim that T; is sufficient for 6;,
i =1,...,p. Note that T,0 may not even have the same
dimension! See Example 6.2.5.
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Example 6.2.5 (Example 6.2.4 Continued) We know that (X,S?) is
jointly sufficient for (11, 02). So, (52, X) is also jointly sufficient for (u,o?).
Should one claim that S? is sufficient for p or X is sufficient for o2? Of
course, not. A

Example 6.2.6 Suppose that Xi,..., X,, are iid Uniform(0,0), and
(> 0) is unknown. Here, X = (0,0) and © = R*. Now,

L(O) =TI {6710 < z; < )}

- (6.2.10)
=07"1(0< Xy <0)I1(0 < 1 < Tppip)

where x,.1, Tn., are, respectively, the observed smallest and largest order
statistics. The last step in Equation (6.2.10) matches with factorization
(6.2.2) where g (Tp.n;0) = 671 (0 < Zpp, < 0) and h(zq,...,x,) = I(0 <
Ty < Tpop) for all xq, ..., 2z, € (0,0),0 > 0. So, X,,.,, is sufficient for 6. A

[ It is not crucial that X, ..., X,, be iid to apply Neyman factorization. |

Example 6.2.7 Let X7, X5 be independent with
Ji(z1;0) = 0071, fo(o;0) = 20e~ 0%

as the respective pdfs where 6(> 0) is an unknown parameter and 0 <
x1,x9 < 00. The likelihood function is the joint pdf:

L(0) = fi(21;0) folws; 0) = 20701 +202) (6.2.11)

for 0 < x1,x2 < oo. The step in Equation (6.2.11) matches with factoriza-
tion (6.2.2) so that T' = X; + 2X> is a sufficient statistic for 6. A

The next result shows a simple way to find sufficient statistics when a
pmf or a pdf belongs to an exponential family. Recall Section 3.7. Its proof
follows easily from Equation (6.2.2).

Theorem 6.2.2 (Sufficiency in an Exponential Family) Let the
random variables X1, ..., X, be @id with a common pmf or pdf

f(x;0) = a(@)g(x)exp{Zf_1b;(0)R;(x)}
belonging to a k-parameter exponential family defined by Equation (3.7.1).
Denote the statistic T; = ¥ R;(X;),j = 1,...,k. Then, T = (T4, ..., T})
1s jointly sufficient for 6.
Sufficient statistics derived earlier can also be found using Theorem 6.2.2.
We leave these as exercises.

How to verify that a statistic is not sufficient for 67
Discussions follow.

If T is not sufficient, then the conditional pmf or pdf of X3, ..., X,, given
T =t must involve 6, for some data x1, ..., x, and t. We follow this route.
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Example 6.2.8 (Example 6.2.1 Continued) Denote U = X7 X5 + X3.
The question is whether U is a sufficient statistic for p. Observe that
PU=0)

=P{X;X,=0NX3=0}

:P{[Xl =0NXy=0NX3 :0]
UX;=0NnXy,=1NX;5=0]
UXi=1nX,=0NnX5=0]}

=(1-p)?°®+2p(1-p)?

(6.2.12)

which reduces to (1 — p)?(1 + p). Since {X; =1N Xy =0N X3 =0} is a
subset of {U = 0}, we have

P(Xi=1NXo=0NX3=0|U=0)
:P(X1:10X2:0ﬂX3:0)/P(U:0)
=p(1 —p)?/{(1 =p)*(1 +p)} =p/(1 +p)

which involves p. So, U is not sufficient for p. A

Example 6.2.9 Let X7, X5 be iid N(6,1) where 6 is unknown, —oo <
0 < oo. Denote T = X7 + 2X5 and we verify that T is not sufficient
for 0. The joint distribution of (X1, T) is No(6,360,1,5,1/+/5), and so the
conditional distribution of X; given T" = ¢ is normal with mean = %(t—i— 20)
and variance = % for t € R. Since this conditional distribution involves 6,
T is not sufficient for 6. A

Example 6.2.10 Suppose that X has its pdf f(z) = Ae ™ **I(x > 0)
where A(> 0) is an unknown parameter. Instead of original data, suppose
that we are told the observed value of the statistic, T'= I(X > 2). Is T
sufficient for A? Express P{X >3 |T =1} as

P{X>3NX>2}/P{X>2}=P{X >3} /P{X >2}=¢?

which involves A. Hence, T is not sufficient for A. A

6.3 Minimal Sufficiency

We noted earlier that X must always be sufficient for 8. But, we aim at
reducing the data by means of summary statistics in lieu of considering X.
We found that Neyman factorization provided sufficient statistics which
were substantially “reduced” compared with X in a number of examples.
As a principle, one should use the “shortest sufficient” summary. Pertinent
questions arise: How to define a “shortest sufficient” summary and how to
get hold of such a summary?
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Lehmann and Scheffé (1950) developed a mathematical formulation of
minimal sufficiency and gave a technique to locate minimal sufficient sta-
tistics. Lehmann and Scheffé (1955, 1956) included important follow-ups.

Definition 6.3.1 A statistic T is called minimal sufficient for unknown
parameter 0 if and only if
(1) T is sufficient for 6, and
(#6) T is minimal or “shortest” in the sense that T is a function
of any other sufficient statistic.

Let us think about this concept for a moment. We want to summarize X
by reducing it to some appropriate statistic such as X, a median (M), or
a histogram, and so on. Suppose that in a particular situation, a summary
statistic T = (X, M) is minimal sufficient for . Can we reduce this sum-
mary any further? Of course, we can. We may simply look at, for example,
Th=XorTy=MorTs = %(7 + M). Can Ty or Ty or T3 individually
be sufficient for 87 The answer is no, none of these could be sufficient for
0. Because if, for example, T} was sufficient for 8, then T = (X, M) would
have to be a function of 77. But, T cannot be a function of T7 because we
cannot uniquely specify T from the value of T} alone. A minimal sufficient
summary T cannot be reduced any further to another sufficient summary
statistic. In this sense, a minimal sufficient statistic T is the best sufficient
statistic.

6.3.1 Lehmann-Scheffé Approach

The following theorem was proved in Lehmann and Scheffé (1950). This is
an essential tool to locate minimal sufficient statistics. Its proof requires
some understanding of a correspondence between a statistic and a partition
it induces on a sample space.

Consider X = (X1, ..., X)) with x = (21, ...,x,) € X™. A statistic T =
T(Xy,...,X,) is a mapping from X™ onto some space 7. For t € 7, let
Xy = {x: x € X" such that T(x) = t}. These are disjoint subsets of A™

and also X" = Uger A;. In other words, {X; : t € T } forms a partition of
the space X™ induced by the statistic T.

Theorem 6.3.1 (Minimal Sufficient Statistic) Consider h(x,y;0) =
M f(xs;0) /117, f(yi; ), the ratio of the likelihood functions from Equa-
tion (6.2.1) at x and y, x,y € X™. Suppose that there is a statistic
T=T(Xy,...,X,) = (11,...,Tx) such that the following holds:

With arbitrary data points x = (X1,...,Tpn), ¥ = (Y1, -y Yn),s
both from X™, the expression h(x,y;0) does not involve 0 (6.3.1)
if and only if T;(x) =Ti(y),i =1,..., k.

Then, T is a minimal sufficient statistic for 6.
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Proof We first show that T is a sufficient statistic for @ and then we ver-
ify that T is minimal. For simplicity, let us assume that f(x;0) is positive
for all x € X and 6.

Sufficiency part: Start with {X; : t € 7 } which is a partition of X™
induced by T. In A%, fix an element x. If we look at an arbitrary element
x € X", then this element x belongs to Ay for some unique t so that both
x and x¢ belong to the same set AXg. So, one has T(x) = T(x¢). Thus, by
invoking the “if part” of the statement in Equation (6.3.1), we can claim
that h(x,x¢;0) is free from 6. Denote h(x) = h(x,x¢;80),x € X™. Hence,
we write:

7, f(xi;0) = T} f (245 0)h(x) = g(T(x); 0)h(x)
with x¢ = (xt1,...,Ztn). Using Neyman factorization, the statistic T is

sufficient for 6. ¢

Minimal part: Suppose U = U(X) is another sufficient statistic for 6.
Then, by Neyman factorization, we write:

I, f(2i;0) = go(U(x); 0)ho(x)

with some appropriate go(.;0) and ho(.). Here, ho(.) does not involve 6.
Now, for any two sample points x = (21, ..., 2,), ¥ = (Y1, ..., Yp) from X"
such that U(x) = U(y), we obtain:

h(x,y;0)
=117, f(24;0)/T0L f(yi;0)
= {90(U(x); )ho(x)}/{90(U(y); 0)ho(y)}
= ho(x)/ho(y), since go(U(x);6) = go(U(y); 0)
Thus, h(x,y;0) is free from 6. Now, by invoking the “only if” part from

Equation (6.3.1), we claim that T(x) = T(y). That is, T is a function of
U. Now, the proof is complete. B

Example 6.3.1 (Example 6.2.1 Continued) With x = (z1,...,zy) and
v = (¥1,---,Yn), both data points from X, we have:

(T, (s 0) AT f(yi0)} = (p(1 —p)~ 1) = imwd (6.3.2)

From Equation (6.3.2), it is clear that (p(1 fp)*l){z":lzﬁz":lyi} would
become free from p if and only if X!, z; — 37 ;y; = 0, that is, if and only if
Y x; = X y;. Hence, by the theorem of Lehmann-Scheffé, T' = X7, X
is minimal sufficient for p. A

We have shown nonsufficiency of a statistic 7 in Example 6.2.8.
One may arrive at the same conclusion by contrasting U with a
minimal sufficient statistic. Look at Examples 6.3.2 and 6.3.5.
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Example 6.3.2 (Example 6.3.1 Continued) With n =3, T =¥2_| X, is
minimal sufficient for p, and let U = X7 X5+ X3. Assume that U is sufficient
for p. Then, ¥2_, X; must be a function of U, by the definition of minimal
sufficiency. That is, knowing an observed value of U, we must be able to
come up with a unique observed value of T. Now, the event {U = 0} consists
of a union of {X; =0N X, =0N X3 =0}, {X; =0NXy=1NX3 =0},
and {X; = 1N Xy =0N X3 = 0}. If the event {U = 0} is observed, we
know then that either T = 0 or T' = 1. But, we cannot be sure about a
unique observed value of T. Thus, T cannot be a function of U and so U
cannot be sufficient for p. A

Example 6.3.3 (Example 6.2.3 Continued) With x = (z1,...,z,) and
v = (1, ---,Yn), both data points from X, we have:

{H Lo f (s )}/{H 1f(yza9)}

= 61"19{#(2?:15”1* —1Yi /02}69317{*%( 1-’” 3 13/1)/(72}

(6.3.3)

From Equation (6.3.3), it is clear that the last expression would not involve
0 = (u,0?) if and only if X1 2, — X7, y; = 0 as well as X s 72" 'Lyl =
0, that is, if and only if Elzlxl = %7 y; and X 2? = X 32, Hence,
by the theorem of Lehmann-Scheffé, T = (EZL:lXZ,ZleXQ) is minimal
sufficient for (u,0?). A

Example 6.3.4 (Example 6.2.6 Continued) With data x = (21, ...,2y)
and y = (y1, .., Yn), both from X, we have:

(TG f (a3 0) I f (933 0)} = 1 (0 < e < 0) /1(0 < Y < 0)
(6.3.4)
Denote a(f) = 1(0 < xpy <0)/1(0 < yp.n < 6). Now, the question is
this: does a(f) become free from 6 if and only if x,., = Yn:n? One may
verify that the answer is “yes” and hence X,,.,, the largest order statistic,
is minimal sufficient for 6. A

Theorem 6.3.2 A statistic which is a one-to-one function of a minimal
sufficient statistic is minimal sufficient.

The following theorem provides a useful tool for finding minimal suffi-
cient statistics within a rich class of statistical models, namely an exponen-
tial family. One may refer to Lehmann (1983, pp. 43-44) or Lehmann and
Casella (1998) for details.

Theorem 6.3.3 (Minimal Sufficiency in an Exponential Family)
Let X1, ..., X, be #id with a common pmf or pdf

f(x:0) = a(@)g(x)exp{Sy_,b;(0)R;(x)} (6.3.5)

belonging to a k-parameter exponential family defined by Equation (3.7.1).
Now, let us denote the statistic T; = X" 1 R;j(X;),j = 1,...,k. Then, T =
(Th, ..., Ty) is (jointly) minimal sufficient for 6.
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The following result provides the nature of the distribution of a minimal
sufficient statistic when a common pmf or pdf comes from an exponential
family. One may refer to Theorem 4.3 of Lehmann (1983) and Lemma 8 in
Lehmann (1986). One may also review Barankin and Maitra (1963), Brown
(1964), Hipp (1974), Barndorff-Nielsen (1978), and Lehmann and Casella
(1998) to gain broader perspectives.

Theorem 6.3.4 (Distribution of a Minimal Sufficient Statistic in
an Exponential Family) Under the conditions of Theorem 6.3.3, the pmf
or pdf of a minimal sufficient statistic (11, ..., Ty) belongs to a k-parameter
exponential family.

6.4 Information

We remarked earlier that we would work with a sufficient or minimal suffi-
cient statistic T because it would reduce the data and preserve all “infor-
mation” about @ contained in the original data. But, how much information
does one have in original data that one tries to preserve? A notion of infor-
mation was introduced by F. Y. Edgeworth in a series of papers, published
in J. Roy. Statist. Soc. during 1908-1909. See Lehmann (1986, p. 147) for
details. Fisher truly articulated a systematic development of this concept
in his 1922 paper. One is referred to Efron’s (1998, p. 101) commentaries
on information, or Fisher-information.

For simplicity, we include only a one-parameter situation. Suppose that
X is an observable real valued random variable with its pmf or pdf f (x;60)
where the unknown parameter § € ©, an open subinterval of ®. The X
space is assumed not to depend upon 6.

Assumptions: (i) The partial derivative - f(z;0) is finite for all z € X,
0 € ©; (ii) we can interchange the derivative (with respect to #) and the
integral (with respect to x).

Definition 6.4.1 The Fisher-information, or simply information about
0, contained in X is:

; 2
Ix(0) = Ey [{8%109 F(X;0)} ] (6.4.1)
Example 6.4.1 Suppose X is Poisson(A), A > 0. Now,
logf(x; A) = =X+ xlog(N\) — log(z!)
so that %logf(m; A) = —1+zA™!. Thus,
Ix(\) = By [ Dlog f(X; A)}Q} — By [(X=NN] =21 (642)

As we contemplate having larger values of A, variability in X increases.
Hence, it is natural that information about A contained in X will go down
as A increases. A
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Example 6.4.2 Suppose X is N (u, 0?) where y € (—o0, 00) is unknown,
but o € (0,00) is known. Now,

logf(z;p) = —5 {(x — p)?/o®} — log(ov/2m)

so that %logf(m; p) = (v — p)/o?. Thus,

70 = B, | {toaf (i} | = B [(X =20 =072 (6.03)

Again, as we contemplate having larger values of o, variability in X in-
creases. So, it is natural that information about p contained in X will go
down as o increases. A

The following result quantifies information about 6 contained in a ran-
dom sample X7, ..., X,,. It is not hard to prove. Refer to Mukhopadhyay
(2000, pp. 302-303).

Theorem 6.4.1 Let X1, ..., X, be iid with a common pmf or pdf f(x;0).
We denote Ix, (0), the information contained in one observation, X;. Then,
the information Ix(0) contained in X = (X1,..., X,,) is:

Ix(0) =nZx,(0) for all 0 € © (6.4.4)

Suppose that we evaluate Zx (0) and Zr(6) where T' = T'(X) is a statistic.
If we find that Zp(0) = Zx(0), can we claim that T is indeed sufficient
for 67 The answer is “yes,” we certainly can (Theorem 6.4.2). One may
refer to Rao (1973, result [iii], p. 330). In a recent exchange of personal
communications, C. R. Rao gave a simple way to look at this important
result. Exercise 6.4.5 gives an outline of Rao’s elegant proof.

Theorem 6.4.2 Suppose X is the data and T = T(X) is a statistic.

Then, Ix(0) > Zr(0) for all 6 € ©. The equality holds for all 6 if and only
if T s sufficient for 0.

Example 6.4.3 (Example 6.4.1 Continued) One knows that T' = £ ; X;
is distributed as Poisson(n\) and hence one may work with the pmf g(¢; \)
of T. Now, observe the following: log{g(t; \)} = —nX + tlog(nA)— log(¢!)
which implies that log{g(t AN} = —n +tA7'. So, one can claim that
Ir(\) = B\ [(T - n/\) /N =nAh

Example 6.4.1 and Equation (6.4.4) imply Zx(\) = nZx, (A\) = T
Zr(N). That is, T is indeed sufficient for A. A

Example 6.4.4 (Example 6.4.2 Continued) One knows that 7' = X is
distributed as N(u,n~! 2) One can start with the pdf g(t; 1) of T and
verify that Zp(u) = no—? as follows: log{g(t; )} = —% {n(t — p)*/0?} —
log(ov/2n=17r) which implies that éitlog{g(t, W)} =n(t—p)/o>. So, Ir(p) =
B, [n*(T — p)? /o] =no—2.
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Example 6.4.2 and Equation (6.4.4) imply Zx (1) = nZx, (1) = no =2 =
Zr(p) so that T is indeed sufficient for y. A

Remark 6.4.1 Suppose that the pmf or pdf f(x; 8) is such that %f(x; )
is finite for all x € X and FEjy [%;f(X;Q)] is finite for all # € ©. Then,

Fisher-information can alternatively be found as follows:
Ix(0) = —E, [%zog FX 9)} (6.4.5)

Its proof is left out as an exercise.

6.5 Ancillarity

A concept called ancillarity is apparently the furthest removed from suf-
ficiency. A sufficient statistic T preserves all information about 6. In con-
trast, an ancillary statistic T provides no information about 6. This is not
to imply that an ancillary statistic is necessarily bad or useless. The fixed
sample size n seldom carries any information about @, but n is a crucial
input in statistical analysis! This concept evolved from Fisher (1925a) and
later it blossomed into a vast area of conditional inference. In his 1956
book, Fisher emphasized many positive aspects of ancillarity in analyzing
real data. For fuller discussions of conditional inference one may look at
Basu (1964), Hinkley (1980), and Ghosh (1988). The interesting article of
Reid (1995) provides an assessment of conditional inference procedures.

Consider real valued observations X, ..., X,, from some population with
a common pmf or pdf f(x;60) with unknown parameter vector 8 € © C RP.
Denote X = (X3, ..., X;,) and a vector valued statistic T = T(X).

Definition 6.5.1 A statistic T is called ancillary for @ or simply ancil-
lary provided that its pmf or pdf g(t), t € T, does not involve 6.

Example 6.5.1 Suppose Xi,..., X, are iid N(0,1) where 6 is an un-
known parameter, —oo < 0 < oo,n > 3. A statistic T} = X1 — X5 is
distributed as N(0,2) whatever be 6. Hence T} is ancillary for 6. The sta-
tistic To = X1 + ... + X1 — (n — 1) X, is distributed as N(0,n(n — 1))
whatever be . Hence, T5 is also ancillary for §. The sample variance S? is
distributed as (n—1)"1x2_; whatever be 6 and hence S? is ancillary too for
0. Another statistic, T = (T1,T%), is distributed as N»(0,0,2,n(n — 1),0)
whatever be 0, and hence T is ancillary too. A

Example 6.5.2 Suppose X1, ..., X,, are iid N (u,0?), 8 = (u,02), —00 <
i< 00,0 < 0% < oo,n > 2. Both parameters j, o are unknown. Reconsider
the statistics T1 or T, from Example 6.5.1. 71,75 are no longer ancillary
statistics. But, consider another statistic T3 = (X; — X2)/S where S? is
the sample variance. Denoting Y; = (X; — u)/o, observe that one can
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equivalently express T3 as:
T3 =/(n—1)(Y1 - Ya) /{/ S, (Y; = V)2

Since Y1, ..., Y, are iid N(0, 1), one can show that the pdf of T3 would not
involve 6. So, T3 is an ancillary statistic. Note that we do not need the
explicit pdf of T3 to conclude this. A

We remarked earlier that a statistic which is ancillary for 6 can play
useful roles in the process of inference making. The following examples
would clarify this point.

It is possible to have two statistics T3, 75 such that (i) 75 has

some information about 6, but it is not sufficient for 6; (ii) T3

is ancillary for 6, and yet (iii) (71, T5) is jointly sufficient for 6.
Look at Example 6.5.3.

6.5.1)

Example 6.5.3 (Example 6.5.1 Continued) Fix n = 2. It is clear that
Ty = X; — X, is ancillary. Consider another statistic 7o = X;. Recall
that Zr,(0) = 1 whereas Z(x, x,)(f) = 2 and so T5 cannot be sufficient.
But, if we are told the observed value of the statistic T = (T1,T3), we can
reconstruct X uniquely. That is, T is jointly sufficient. A

It is possible to have two statistics T1,T5 such that (i) T}

has no information about 6, (ii) 7> has no information about (6.5.2)

6, and yet (iii) (T3, 7T%) is jointly minimal sufficient for 6. o
Look at Example 6.5.4.

Example 6.5.4 (Example Due to D. Basu) Suppose (X,Y) is distrib-
uted as N2(0,0,1,1, p) with unknown parameter p € (—1,1). Consider two
statistics 71 = X, Ty = Y. Since T3, T» individually have standard normal
distributions, it follows that T3 is ancillary for p and so is T5. Note that
T = (T1,T»), equivalent to (X,Y"), is minimal sufficient for p. What is re-
markable is that T3 (or T%) has no information, but the statistic (71,7%)
has all information. A

6.5.1 Location, Scale, and Location-Scale Families

We briefly introduce special families of distributions which are frequently
encountered. We start with a pdf g(z),z € X C R and construct the
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following families of distributions:

(i) Location: Fr={f(z;0)=g(x—0): 0 e R,z € R};

(i7) Scale: Fo={f(z:6)=6"g(x/6):6 € R,z € R};

(i41) Location-Scale: F3 = {f(x;0,6) =6 g ((x —0)/8):0 € R,
SR,z eR}

(6.5.3)
The reader should check that the corresponding members f(.) from families
F1,Fs, Fs are indeed pdfs themselves. In part (i) 6 is called a location
parameter, (i) 6 is called a scale parameter, and (iii) 0,6 are respectively
called location and scale parameters.

For example, a N(p, 1) distribution, with p € R, forms a location family.
The N(0,0?) distribution, with o € R, forms a scale family. The N (u, o?)
distribution, with u € R, 0 € R, forms a location-scale family.

In a location family, the role of a location parameter 6 is felt in the
“movement” of the pdf along the horizontal axis as different values of § are
contemplated. In a large factory, we may look at the monthly wage of each
employee and postulate that the distribution of wages as N(u,0?) where
o = $100. After negotiation of a new contract, suppose that each employee
receives a $50 monthly raise. Then the distribution moves to the right with
its new center of symmetry at p+50. The intrinsic shape of the distribution
does not change.

In a scale family, the role of a scale parameter ¢ is felt in “squeezing” or
“expanding” the pdf along the horizontal axis as different values of ¢ are
contemplated. The N(0,1) distribution has its center of symmetry at the
point z = 0. The N(0, (52) distribution’s center of symmetry stays put at
the point « = 0, but depending on whether ¢ is larger or smaller than one,
the shape of the density curve will become more flat or more peaked at the
center, compared with the standard normal distribution. Suppose that we
record heights (in inches) of individuals and we postulate the distribution
of heights as N(70, 02). If heights are measured in centimeters instead, then
the distribution would appear more spread out around the new center. One
needs to keep in mind that recording the heights in centimeters would
amount to multiplying each original observation X measured in inches by
2.54.

In a location-scale family, one would notice movement of the distribution
along the horizontal axis as well as the squeezing or expansion effect in its
shape. We may be looking at data on weekly maximum temperature in a
city, in Fahrenheit (°F') or Celsius (°C). If one postulates a normal distrib-
ution for temperatures, changing the unit of measurement from Fahrenheit
to Celsius would amount to shifts in both origin and scale. One needs to
recall the relationship $C = $(F — 32) between Fahrenheit and Celsius.

What is the relevance of such special families of distributions in the
context of ancillarity? Suppose that X7, ..., X,, are iid having a common pdf
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f(z), indexed by some appropriate parameter(s). Then, we may summarize
the following:

If a common pdf of X, ..., X,, belongs to a location
family J; from Equation (6.5.3), the statistic U = (6.5.4)
(X1 — Xn, X2 — Xp, ..., Xno1 — Xp) is ancillary.

If a common pdf of X, ..., X,, belongs to a scale
family F» from Equation (6.5.3), the statistic V =
(ﬁ & Xn—l
X7L7X'VL’.“’ X7l

(6.5.5)

) is ancillary.

If a common pdf of X7, ..., X,, belongs to a location-
scale family F3 from Equation (6.5.3), the statistic W =
Xl_Xn XQ_XTL anl_Xn
S SRR 5

where S? is the sample variance.

(6.5.6)

) is ancillary

6.6 Completeness

Suppose that a real valued random variable X has its pmf or pdf f(x;0)
for x € X and 0 € ©. Let T = T(X) be a statistic with its pmf or pdf
g(t;0) for t € T and 0 € O.

Definition 6.6.1 The family {g(t;0): 0 € O} is called the family of
distributions induced by the statistic T.

Definition 6.6.2 The family {g(t;0): 6 € ©} is called complete if and
only if the following condition holds: consider any real valued function h(t)
defined for t € T with finite expectation, such that

Ey[h(T)] =0 for all 6 € © implies h(t) =0 w.p.1 (6.6.1)

Definition 6.6.3 A statistic T is called complete if and only if {g(t;0):
0 € ©} is complete.

In these definitions, observe that neither 7" nor 6 has to be necessar-
ily real valued. For vector valued statistic T = (T1,T5,...,Tx) and 6, the
requirement in Equation (6.6.1) would be obviously interpreted as follows:

[ [ h(t)g(t;0)I_ dt; = 0 for all @ € © implies
teT

h(t) =0 w.p.1 (66.2)

Here, h(t) is a real valued function of t = (¢1,...,tx) € 7 and g(t;0) is a
pmf or pdf of T.

The concept was introduced by Lehmann and Scheffé (1950) and further
explored measure-theoretically by Bahadur (1957).
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Example 6.6.1 A statistic T is distributed as Bernoulli(p), 0 < p < 1.
Is T complete? The pmf induced by T is g(t;p) = p'(1 —p)'=t ¢t = 0,1.
Consider any real valued function h(t) such that E,[h(T)] = 0 for all 0 <
p < 1. Now, we write:

Eplh(T)] = (1= p)h(0) + ph(1) = p{h(1) ~ h(O)} +AO) =0,
for all p € (0,1) o

The expression in Equation (6.6.3) is linear in p and so it may be zero for at
most one value of p between zero and one. But, we demand that p{h(1) —
h(0)} + h(0) must be zero for infinitely many values of p in (0, 1). Hence,
this expression must be identically zero which means that the constant
term as well as the coefficient of p must be individually both zero. That
is, we must have h(0) = 0 and h(1) — h(0) = 0 so that h(1) = 0. In other
words, we have h(t) =0 for t =0, 1. Thus, T is complete. A

Example 6.6.2 Consider g(t;0) = {ov2r} teap{—1t?/0?}, —00 <
t < 00,0 € RT. Is the family {g(t;0): o > 0} complete? The answer is
“no,” it is not complete. In order to prove this claim, consider h(t) = ¢ and
then observe that E,[h(T)] = E,[T] =0 for all 0 < o < oo, but h(t) is not
identically zero. A

6.6.1 Complete Sufficient Statistics

The completeness of a statistic 7" is a mathematical property. From a sta-
tistical point of view, however, this concept can lead to important results
when a complete statistic T is also sufficient.

Definition 6.6.4 A statistic T is called complete sufficient for 0 if and
only if (i) T is sufficient for @ and (ii) T is complete.

Example 6.6.3 Let X1, ..., X, be iid Bernoulli(p),0 < p < 1. Then, T =
¥, X, is sufficient for p. We verify that 7" is complete. The pmf induced
by T'is g(t;p) = (})p' (1 —p)" ', t €T ={0,1,...,n},0 < p < 1. Consider
a real valued function h(t) such that E,[h(T)] =0 for all 0 < p < 1. Now,
with v = p(1 — p)~1, we write:

Ep[(T)] = Sp_oh(t) (7)pt (1 — p)" =t = (1 —p)"Sio (})h(t)yt  (6.6.4)

Observe that E,[h(T)] has been expressed as a polynomial of the n'" degree
in v € (0,00). An n'"-degree polynomial in v may be equal to zero for at

most n values of v € (0, 00). If we assume:
E,[R(T)] =0 for all p € (0,1)

then X7 (})h(t)y" = 0 for all v € (0,00), that is, (})h(t) = 0 for all
t=0,1,...,n. Hence, h(t) =0 for all t = 0,1, ..., n, proving completeness of

the sufficient statistic T. A
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Example 6.6.4 Let X, ..., X,, be iid Poisson(A),0 < A < oo. Then,
T = 37, X; is sufficient for . Is T' complete? The pmf induced by T is
gt; ) = e MmN/t t € T ={0,1,2,...},0 < A < oo. Consider a real
valued function h(t) such that E)[h(T)] =0 for all 0 < A < co. Now, with
k(t) = h(t)n/t!, we write:

E\[MT)] = 2 0h(t)e= ™ (n\)!/t! = e A5 k() A (6.6.5)

Note that E)[h(T)] is expressed as a power series in \. Such power series
forms a vector space with G = {1, A A3 LN ...} as its minimal gen-
erator. That is, the vectors in G are linearly independent so that if we
assume

E\[h(T)] =0 for all X € (0,00)

then X2 k(t)A\" = 0, that is, k(t) = 0 for all t = 0, 1,2, ... . Hence, h(t) =0
for all t = 0,1,2,... , proving completeness of T. A

A sufficient or minimal sufficient statistic T for an unknown
parameter @ may not necessarily be complete.
Look at Example 6.6.5.

Example 6.6.5 Suppose Xj, ..., X, are iid Normal(f,6?) with an un-
known parameter 6(> 0). Then, T = (X, 5?) is a minimal sufficient statis-
tic for §, and note that Ey [n(n—l—l)_lYQ] = 0% = E»(S?) for all @ > 0. That
is, Eg[n(n+ 1)*172 —S% =0forall > 0. Let h(T) = n(n+ 1)*172 - 52
so that Eg[h(T)] = 0 for all § > 0, but h(t) = n(n + 1)7'7% — s? is not
identically zero. Thus, T cannot be complete. A

Theorem 6.6.1 Suppose that a statistic T = (11, ..., T}) is complete. Let
U = (U, ...,Ux) be another statistic with U = g(T) where g : T — U s
one-to-one. Then, U is complete.

Are complete sufficient statistics also minimal sufficient? The
answer is “yes.” From Example 6.6.5, it should be clear,
however, that the converse is not necessarily true. Refer to
Lehmann and Scheffé (1950) and Bahadur (1957).

(6.6.6)

Now, we state a remarkably general result in the case of an exponential
family of distributions. One may refer to Lehmann (1986, pp. 142-143) for
its proof.

Theorem 6.6.2 (Completeness of Minimal Sufficient Statistics
in an Exponential Family) Let X1, ..., X,, be iid with a common pmf or
pdf

[(2:6) = q(@)p(x)exp{h_0;R;(2)} (6.6.7)
belonging to a k-parameter exponential family defined by Equation (3.7.1).
Denote the statistic T; = £7_1 R;(X;),j =1, ..., k. Then, the (jointly) min-
imal sufficient statistic T = (T1,...,Tx) for 0 is complete.
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Example 6.6.6 Suppose X1, ..., X,, are iid N(u,0?) with (u,0?) € © =
R x Rt where u,0? are both unknown. The common pdf belongs to a
two-parameter exponential family. So, the minimal sufficient statistic is
T = (T1(X), T2(X)) with T1(X) = 2, X; (or X) and T»(X) = X7, X?
(or S?). In view of Theorem 6.6.2, (X, S?) is complete. A

Theorem 6.6.2 covers a lot of ground by helping to prove
the completeness property of sufficient statistics. But it
fails to reach out to nonexponential families. The case
in point will become clear from Example 6.6.7.

Example 6.6.7 Suppose X7, ..., X,, are iid Uniform(0, 8), (> 0) being
an unknown parameter. Then, T'(X) = X,,.,, is a minimal sufficient statistic
for 0 and its pdf is g(¢;0) = nt" 107" 1(0 < t < ). This does not belong to
exponential family (6.6.7) with k = 1. But, one may show directly that T
is complete. Let h(t), t > 0 be an arbitrary real valued function such that
Ey[h(T)] =0 for all 8 > 0 and write:

0=LE T =% fo" h(t)nt" 107" dt = n6~ " h(0)

which proves that h(6) =0 for all > 0. Hence, T is complete. A

6.6.2 Basu’s Theorem

Suppose that X = (X, ..., X;;) has a joint pmf or pdf indexed with some
unknown parameter 8. It is not essential to assume that X1, ..., X, are iid.
Let U = U(X) and W = W(X) be two statistics. In general, showing
that two statistics U,W are independent is a fairly tedious process. The
following result, known as Basu’s Theorem, provides an elegant tool (Basu,
1955a) to prove independence of two appropriate statistics painlessly. One
may refer to Basu’s (1958) sequel for more insight.

Theorem 6.6.3 (Basu’s Theorem) Suppose that U = U(X) is a
complete sufficient statistic for @ and W = W(X) is an ancillary statistic.
Then, U and W are independently distributed.

Proof For simplicity, we supply a proof in a discrete case only. Denote
the domain spaces for U and W by U and W, respectively. To prove that
U and W are independently distributed, we need to show:

Pp{W=w |U=u}=F(W=w) forallweW,

(6.6.8)
ucl, and 0 € ©

For w € W, we denote Pp(W = w) = h(w). Obviously, h(w) is free from
6 since W is ancillary. Also, observe that Pg{W = w | U = u} must be
free from 6 since U is a sufficient statistic for 6. So, write g(u) = Po{W =
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w | U = u}. Now, Eg[g(U)] = Py(W = w) which was denoted earlier by
h(w). So, we claim that g(U) — h(W) is a genuine statistic.

Now, note that Fg[g(U) — h(w)] = 0 for all 8 and the fact that U is
complete. Thus, by Definition 6.6.4, we must have g(u) — h(w) =0 w.p.1,
that is, g(u) = h(w) for all w € W, u € Y. We have shown the validity of
Equation (6.6.8). H

Example 6.6.8 Suppose that X7, ..., X,, are iid N(u,0?) with n > 2,
(u,0?) € R x R where p is unknown, but o2 is known. Let U = X
which is a complete sufficient statistic for p. Observe that W = S? is an
ancillary statistic for y. By Basu’s Theorem, the two statistics X and S2
are independently distributed. A

Example 6.6.9 (Example 6.6.8 Continued) Denote V = X,,.,, — X,,.1,
the sample range. Then, X and S/V are independently distributed. Also,
X and (X,,.,— X) are independent. In the same spirit, X and (X,.;— X)?
are independent. Is X independent of log(| X,,., — X | /S)? The ancillarity
of the relevant statistics may be verified by appealing to a location family
of distributions. We leave out some details as exercises. A

Example 6.6.10 Suppose that X1, ..., X,, are iid N(u,o?) with n > 2,
(u,0%) € R x RT where o2 is unknown, but p is known. Now, U? =
¥ (X; — p)? is a complete sufficient statistic for 0. Observe that W =
(X, — X)/U is ancillary for 0. Immediately we can claim that tanh(| W |)
and sin~" (27 (X; — p)?) are independently distributed. Also, ¥ (X; —
1)? and (X,.;— X)/S are independent where S? is the customary sam-
ple variance. The ancillarity of the relevant statistics may be verified by
appealing to a scale family of distributions. We leave out some details as
exercises. A

6.7 Exercises and Complements

6.2.1 Let Xy, ..., X;, be iid Geometric(p) with a common pmf f(z;p) =
p(1 —p)*,  =0,1,2,... where 0 < p < 1 is an unknown parameter. Show
that 37" ; X; is sufficient for p.

6.2.2 Let Xi,..., X, be iid Bernoulli(p), Y1, ...., Y;,be iid Bernoulli(q),
and X,Y be independent, where 0 < p < 1 is an unknown parameter,
q =1 —p. Show that ¥/, X; — X7 ,Yj is sufficient for p. {Hint: Can one
justify looking at data (X1,..., Xm,1 —Y7,.....; 1 =Y,)?}

6.2.3 Suppose that X is N(6,1) where —oo < 6 < oo is an unknown
parameter. Show that | X | cannot be sufficient for 6.

6.2.4 Let X1, ..., X, be iid Poisson(\), Y1, ...., Y,, be iid Poisson(2\), and
that X,Y be independent, where 0 < A < oo is an unknown parameter.
Show that X7, X; + X% _,Yj is sufficient for A.
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6.2.5 Let X1, ..., X4 be iid Bernoulli(p) where 0 < p < 1 is an unknown
parameter. Denote U = X1 (X3 + X4) + X5. Show that U is not a sufficient
statistic for p.

6.2.6 Suppose that X7,..., X, are iid Beta(a, 3) involving parameters
a >0 and 8 > 0. Show that

(i) TP, X; is sufficient for « if § is known;

(48) I, (1 — X;) is sufficient for 3 if « is known;

(#d7) (IT7_, X;, 117, (1 — X)) is jointly sufficient for («, 3) if both
parameters are unknown.

6.2.7 Suppose X1, ..., X, are iid with a common Rayleigh pdf:

f(x;0) =20 twexp(—2?/0)I(x > 0)

where §(> 0) is an unknown parameter. Show that %7 ; X2 is a sufficient
statistic for 6.
6.3.1 Suppose X1, ..., X,, are iid with a common pdf:

o texp{—(x — p)/o}(z > p) where —oco < < 00, 0 < 0 < 00

Show that
(1)  X,.1 is minimal sufficient for y if o is known;

(i)  n7'¥ (X, — p) is minimal sufficient for o if p is known;
(#i1)  (Xn:1, 2% 1(X; — Xp:1)) is minimal sufficient for (i, o) if both
parameters are unknown.

6.3.2 Show that the pmf or pdf corresponding to distributions such as
Binomial(n, p), Poisson(\), Gamma(a, 3), N(u,0?), or Beta(a, 3) belong
to the exponential family defined in Equation (6.3.5) when

(7) 0 < p < 1 is unknown;

(i) A €RT is unknown;

(17) p € R is unknown but o € R is known;
(iv) o € RN is unknown but pu € R is known;
(v)  p€RNand o € RT are both unknown;
(vi) a€RT is known but 8 € R is unknown;
(vii) a € RT,B € RT are both unknown.

In each case, obtain the minimal sufficient statistic(s) for the associated
unknown parameter(s).

6.3.3 (Exercise 6.2.1 Continued) Show that this pmf belongs to an ex-
ponential family defined in Equation (6.3.5). Hence, show that X7 ; X; is
minimal sufficient for p.

6.3.4 Suppose that Xy, ..., X;, are iid with a Uniform(§ — %, 0+ %) dis-
tribution where (> 0) is an unknown parameter. Show that (X,.1, X,.)
is a jointly minimal sufficient statistic for 6.
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6.3.5 Suppose Xi, ..., X,, are iid N(@,GQ) where 0 < # < oo is an un-
known parameter. Does the common pdf belong to exponential family
(6.3.5)7 Derive a minimal sufficient statistic for 6.

6.3.6 Suppose that Xi,..., X,, are iid N(6,6) where 0 < § < oo is an
unknown parameter. Does the common pdf belong to exponential family
(6.3.5)7 Derive a minimal sufficient statistic for 6.

6.3.7 Let Xi,...,X,, be iid Uniform(—6,0) where 0 < 6§ < oo is an
unknown parameter. Derive a minimal sufficient statistic for 6.

6.3.8 Let Xi,..., X, be iid N(uy,02), Y1,..., Y, be iid N(uy,0?), and
X,Y be independent where —co < iy, s < 00, 0 < 02 < 00 are unknown
parameters. Derive minimal sufficient statistics for (uy, uy, 0?).

6.4.1 Let X, ..., X, be iid Bernoulli(p) where 0 < p < 1 is an unknown
parameter. Evaluate Ix(p), Zx(p) and compare Zx(p) with Zs(p). Can
Theorem 6.4.2 be used to claim that X is sufficient for p?

6.4.2 In a N(u,0?) distribution with —co < u < 00, 0 < 02 < o0, let
only i be known. Evaluate Z2(02), Zg2 (0?) and then show that Zy2 (0?) >
Tg2(0?) where

U?=n 120 (X; — )2, 8% =(n—1)"'20 (X, — X)3 n>2.

6.4.3 (Exercise 6.2.7 Continued) Denote a statistic T = X7 ; X?. Evalu-
ate Zx (0) and Z7(0). Are they same? If so, what conclusion can one draw
from this?

6.4.4 Suppose that X7, ..., X,, are iid with a Weibull distribution, that
is, the common pdf is:

f(z;a) = a Bl Leap(—2P Ja) I (z > 0)

where a(> 0) is an unknown parameter, but 3(> 0) is assumed known.
Denote T' = ¥, X Evaluate Zx (), Zr(a), and compare them. What
conclusion can one draw from this comparison?

6.4.5 Prove Theorem 6.4.2. {Hint: This interesting idea was included
in a personal communication from C. R. Rao to N. Mukhopadhyay. Note
that the likelihood function f(x;6) can be written as g(¢;0)h(x | T =t;0)
where ¢g(t;0) is a pdf or pmf of T and h(x | T = t;0) is a conditional pdf
or pmf of X given that 7" = t. From this equality, first derive the identity:
Ix(0) = Ir(0) + Ixr(0) for all 0 € ©. This implies that Zx (0) > Zr(0)
for all § € ©. One will have Ix (0) = Zr(0) if and only if Zx 7 () = 0, that
is, h(x | T = t;6) must be free from 6. It then follows from the definition
of sufficiency that T is sufficient for 6.}

6.5.1 Let X1, X5, X3 be iid N(6,1) where 6 is an unknown parameter,
—00 < 0 < 00. Denote T} = leXg,TQ = X1+X272X3, and T = (Tl,TQ).
Is T ancillary for 87 Are T1,T, independent?
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6.5.2 Let X1,..., X,, be iid N(u,0?),00 < p < 00, 0 < 0% < co,n > 4.
Both i and 02 are unknown. Let S? be the sample variance and denote:

Ty = (X1 — X3)/8, Tz = (X1 + X3 — 2X5)/S
T; = (X1 — X3+2X5 — 2X4)/S

and T = (T1,Ts,T3). Show that T is ancillary for 8 = (u,0?).

6.5.3 (Exercise 6.3.4 Continued) Show that X,,.,, — X,,.1 is ancillary for
0. Is (Xp — Xn1)/(X — X)) ancillary?

6.5.4 (Exercise 6.3.7 Continued) Show that X,,.,,/ X1 is ancillary for 6.
Is X2.,/(Xpm — Xpo1)? ancillary?

6.5.5 (Curved Exponential Family) Suppose that (X,Y') has a curved
exponential family of distribution with its joint pdf:

exp{—0x —0 'y} if0<zy<oo

f(z,y;0) —{

0 elsewhere

where 6(> 0) is an unknown parameter. This distribution was discussed by
Fisher (1934, 1956) in the context of his famous “Nile” example. Denote
U = XY,V = X/Y. Show that: U is ancillary for 6, (U,V) is minimal
sufficient for 6, whereas V' is not sufficient for 6.

6.6.1 Let X;, X5 be iid Poisson(\) where A(> 0) is unknown. Is the
family of distributions induced by the statistic T = (X7, X3) complete?

6.6.2 (Exercise 6.2.1 Continued) Is X , X; complete sufficient for p?

6.6.3 Let Xq,..., X, be iid N(20,592) where 0 < 0 < oo is an unknown
parameter. Is the minimal sufficient statistic complete?

6.6.4 Let Xi,..., X, be iid N(6,0) where 0 < § < oo is an unknown
parameter. Is the minimal sufficient statistic complete?

6.6.5 (Exercise 6.3.7 Continued) Is the minimal sufficient statistic 7'
complete?

6.6.6 (Exercise 6.3.8 Continued) Is the minimal sufficient statistic T
complete?

6.6.7 Suppose that Xi,..., X,, are iid Gamma(a, 8), Y1,...,Y,, are iid
Gamma(a, k0), and X,Y are independent, with 0 < «, § < oo where [ is
the only unknown parameter. Assume that k& (> 0) is known. Is minimal
sufficient statistic 1" complete?

6.6.8 Let X1,..., X, be iid having a Beta distribution with parameters
a = =0 (> 0) unknown. Is the minimal sufficient statistic T complete?

6.6.9 Suppose that X7, ..., X, are iid having a Uniform(—6, ) distribu-
tion with #(> 0) unknown. Denote:

T= 1121'a<Xn |X1| UL = |Xn:1| /Xn1n7 and Us = (Xl - XQ)Q/{X'n:lX'n:n}
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Is T distributed independently of U = (Uy,Us)?

6.6.10 (Exercise 6.3.8 Continued) Check whether the following two-
dimensional statistics

U= ({X-YP {X-Y}T), and V = (W3, V%)
are distributed independently where
T=%" (X; — X2+ 3" (Y; = YV)2,V, = {X = Y — X1 + Ya}2/T
and Vo = {X =Y — Xo + Y1 ¥/ [ Xonem — Xt |”
6.6.11 Suppose that Xj,..., X,, are iid having a common pdf:
o texp{—(x —0)/o}1(x > 0) with 0,0 unknown
and —00 < 0 < 00,0 < 0 < co. Now, argue that
Xpa and 22 (X; — Xp1)

are distributed independently.

6.6.12 Suppose that X1, ..., Xy are iid N(u,0?) with —0o < p < 0o and
0 < 0 < oo both unknown. Check whether

X1 — X4 | X
—— and —
X — X3 S

are distributed independently.
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Point Estimation

7.1 Introduction

We begin with independent and identically distributed (iid) observations
X1, ..., X, having a common probability mass function (pmf) or probability
density function (pdf) f(z;0), x € X. It is not essential for X to be real
valued or iid. The sample size n is assumed known. We suppose that 0 is
fixed but unknown and @ € © C R*. This chapter develops point estimation
techniques only. Section 7.2 introduces the method of mazimum likelihood
that was pioneered by Fisher (1922, 1925a, 1934). Since one may encounter
many estimators for 8, some criteria to compare their performances are
addressed in Section 7.3. We show ways to find the best estimator among
all unbiased estimators. Sections 7.4 and 7.5 give a number of fundamental
tools, for example, the Rao-Blackwell Theorem, the Cramér-Rao Inequality,
and the Lehmann-Scheffé Theorems. Section 7.6 discusses a large-sample
criterion called consistency due to Fisher (1922).

7.2 Maximum Likelihood Estimator

Definition 7.2.1 A point estimator of an unknown parameter 0 is a func-
tion T =T(Xq,...,X,,) involving only the observations Xi,..., X,. Once
X = x is observed, the value t = T(x) is called an estimate of 6.

An arbitrary estimator T of @, for example, can be practically any func-
tion of X1, ..., X,,. We may think of X1, X? — X, X,,., — S, X, 52 and so on
as competing estimators.

R. A. Fisher was keenly aware of Karl Pearson’s way of finding estima-
tors by the method of moments. Fisher (1912) was critical of Pearson’s ap-
proach of curve fitting and wrote that “The method of moments ... though
its arbitrary nature is apparent” and went on to formulate the method of
maximum likelihood in the same paper. Fisher’s preliminary ideas took con-
crete shapes in a path-breaking article appearing in 1922 and was followed
by more elaborate discussions laid out in Fisher (1925a,b, 1934).

Consider X3, ..., X,, which are iid with a common pmf or pdf f(x;8)
where € X C R and 0 = (64,...,0,) € © C R*. Here, 64, ...,0; are
unknown parameters. Recall a likelihood function from Equation (6.2.1).
Having data X = x, we write:

L(0) =1L, f(2:;0) (7.2.1)
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Throughout this chapter and the ones that follow, we often pay
attention to a likelihood function when it is positive.

__ Definition 7.2.2 A mazimum likelihood estimate of 0 is a value 0=
0(x) for which L(6) = max L(0). The mazimum likelihood estimator

(MLE) of 0 is a(X) From the context, it should be clear whether the
notation  is used as an estimator or an estimate.

Intuitively, an MLE is interpreted as that value of @ which maximizes the
“chance” of observing a particular dataset x. Note that there is no dictum
regarding a specific mathematical tool to be used for locating where L(6)
attains its maximum. If L(0) is twice differentiable, then one finds 0 by
simply using calculus. In regular cases, we equivalently maximize logL(8)
by solving simultaneously:

3}
%logL(H) =0

which is called the likelihood equation. One may, however, need special nu-
merical optimization techniques in some problems that are mathematically
intractable.

In the sequel, we temporarily write ¢ to denote a generic constant not
involving 6.

Example 7.2.1 Let Xi, ..., X,, be iid N(u,0?) where p is unknown but
o2 is known, —0co < 1 < 00, 0 < 0 < 00, and X = © = R. Then,

L(p) = {ov2r} " eap{— 5= D1, (2 — 1)*}
which is to be maximized with respect to p. It is equivalent to maximizing

logL(p). Now,
logL(p) = ¢ — (20%) 'S (w5 — p)?

and

d
ap oot ) = X (@i = /o’
Next, we equate %logL(u) to zero and solve for p. This implies 4 =7, and
so fi = X. At this point, one would also check whether y = T maximizes
logL(p). Observe that
° 2
d—uglogL(M) == =-njo
which is negative so that L(u) is maximized at y = Z. Thus, the MLE for
wis X, the sample mean. A
Example 7.2.2 Suppose X1, ..., X,, are iid N(u, 0?) where p and o2 are
both unknown, 8 = (u,02), —co < < 00, 0 < o0 <oo,n > 2, X = R, and
O =R x N. We wish to find the MLE for 8. Now,

L(u,0%) = {2}/ {o?} 2 eap{— 50z Ty (25 — 1)*}
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which is to be maximized with respect to both pu,o?. It is equivalent to
maximizing logL(u,0?). One has

logL(p,0%) = ¢ — Zlog(0?) — 5= 50 (zi — p)?

which leads to

aglogL(u, o) = 53 (z; — p), and

a n n
o 5 log L1, 0%) = =5 + 5= 21 (2 — p)°
We equate both partial derivatives to zero and solve the resulting equations
simultaneously for ;1 and o2. But, %logL(,u, %) =0 and %logL(u, o) =
0 imply p = T as well as 7%0_2 + %0_42221(:@ —7)? = 0, thereby leading
to 02 = n7'¥"  (z; — T)? = u, say. At this point, one would also check
whether L(u,0?) is maximized at (u,0?) = (_ u). Obtain the matrix H of
second-order partial derivatives of logL(u,0?) and show that H evaluated
at (u,02) = (T, u) is negative definite (n.d.). We have:
2 ) 32
o2 logL(p,0%) 5= P =7 logL(y1,0?)

H =
2 2

9 9 )
Do =5 logL(p, o) WZOQL(%J)

—no~? X (2 — o
X (@ - ot B S (e — p)?o "

which evaluated at (u,0?) = (%, u) reduces to

—nu~! 0
=% )

The matrix G would be n.d. if and only if its odd-order principal mi-
nors are negative and all even-order principal minors are positive. Refer to
Equation (4.7.5). The first diagonal of G is —nu~!, which is negative, and
det(G) = $n*u~3, which is positive. So, G is a n.d. matrix Thus, L(u,0?)
1s maximized at (,u, ) = (7, u). Hence the MLE of j,0? are respectively
=X and 5° =n~ 1Y 1(X X)2.

Next7 we give some examples to hlghhght the point that L(6) may not
be a differentiable function of 6. In such situations, the method of finding
a MLE proceeds on a case-by-case basis.

Example 7.2.3 Suppose that a single observation X is distributed as
Bernoulli(p) with 0 < p < 1 unknown. Write

[ 1—p ifz=0
L(p){p ifo=1
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Whether we observe z = 0 or 1, the resulting likelihood function L(p) is
not differentiable at the end points. By drawing a picture of L(p) one can
verify that (i) when x = 0, L(p) is maximized if p is the smallest, that is,
if p=0or (ii) when x = 1, L(p) is maximized if p is the largest, that is, if
p = 1. Hence, the MLE of p is p = X when © = [0, 1].

But, if the parameter space happens to be © = [%, %] instead, what will
be the MLE of p? Again, L(p) is maximized at the end points where L(p)
is not differentiable. By examining a picture (see Figure 7.2.1) of L(p), it
will become clear (i) when x = 0, L(p) is maximized if p is the smallest,

that is, if p = % or (ii) when & = 1, L(p) is maximized if p is the largest,
that is, if p = % Hence, the MLE of p is p = %(X +1). A
L(p)
23
x=10 x=1
175
0 r
15 213

Figure 7.2.1. L(p) when © = [}, 2], 2 =0o0r z = 1.

Example 7.2.4 Suppose that X1, ..., X;, that are iid Uniform(0, ) where
0 < 0 < oo is an unknown parameter, X = (0,0), and © = R*+. Write

LO)=0""1(0 < zpp <OI(0 < Xy < Tpyon)
which is maximized at an end point. See Figure 7.2.2. From this picture of

L(6), it should be apparent that L(#) is maximized when 6 = x,.,. So, the
MLE of 8 is 80 = X,,.,,. A

L)

-1

TnnT

0= #

x?‘!.’?‘!

Figure 7.2.2. The likelihood function L(#) in Example 7.2.4.



7. Point Estimation 149

Remark 7.2.1 In Examples 7.2.1 through 7.2.4, an MLE of 8 turned out
to be a (minimal) sufficient statistic. This may not be entirely surprising.
Neyman factorization rewrites L(8) as g(T; 0)h(x) where T is a (minimal)
sufficient statistic for 8. Any maximizing technique will reduce to a problem
of maximizing g(T; @) with respect to 8! Thus, an MLE of 8 will necessarily
be a function of the (minimal) sufficient statistic T.

An MLE is quite versatile. It has a remarkable feature which is known
as its invariance property. This is useful to obtain the MLE of parametric
functions of @ if one already has the MLE 6. This interesting result was
proved by Zehna (1966).

Theorem 7.2.1 (Invariance of MLE) Suppose that an MLE 0 of 6

(€ © C R*) exists. Let g(.) be a function, not necessarily one-to-one, from
O to a subset of R™. Then, an MLE of a parametric function g(0) is g(@).

Example 7.2.5 (Example 7.2.2 Continued) The MLEs of w, 0% were
respectively i = X and 6° = U = n~!'¥ (X; — X)2 In view of the
invariance property, the MLE of (i) o will be v/U, (ii) 4o will be X +/U,
and (iii) p2/0? will be YQ/U. A

Example 7.2.6 (Example 7.2.4 Continued) An MLE of 6 was X,,.,,. In
view of the invariance property, the MLE of (i) #% will be X2, . (ii) 1/6
will be 1/ X, (iii) (6 — 1)v/0 + 1 will be (X, — D)V Xpon + 1, and (iv)
sinfl(ﬂ) will be sinfl(an). A

7.3 Criteria to Compare Estimators

After observing X = (X7, ..., X,), we may have competing estimators for a
real valued parametric function of interest, 7(8). How should we compare
performances of rival estimators and decide which one is the “best”? Some
basic ideas are introduced in this section.

7.8.1 Unbiasedness, Variance, and Mean Squared Error

Definition 7.3.1 A real valued statistic T = T(X7, ..., X,,) is called an
unbiased estimator of 7(0) if and only if Eo(T) = 7(0) for all 8 € ©.
A statistic T is called a biased estimator of T(0) if and only if it is not
unbiased for 7(0).

Definition 7.3.2 The bias of a real valued estimator T of 7(0) is given
by

By(T) = Ee(T)—71(0), 8 €0

Gauss (1821) originally introduced the concept of an unbiased estimator
in the context of least squares. Intuitively speaking, an unbiased estimator
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of 7(0) hits its target on an average and hence unbiasedness is an attractive
property. A class of all unbiased estimators can be fairly rich and we may
restrict ourselves to consider only unbiased estimators.

In order to clarify ideas, consider N(u,0?) population where p € R is
unknown but ¢ € R is assumed known with X = R and © = R. The
problem is one of estimating . Data consist of iid observations Xj, ..., X4.
Define rival estimators of p as follows:

Ty=X1+X, To=1(X)+Xs) Ty=X

1 . (7.3.1)
Ty=5X1+X3) Tr=X1+T—Xy Tp=152_11X;

Surely, one may form other estimators for p. Observe that E,(T1) = 2y,
E(Tz) = p, B(T3) = p, Bu(Th) = 3p, Bu(T5) = p, and E,(Ts) = p.
Thus, T} and T, are both biased estimators of u, but Tb, 75,75, and Tg
are unbiased estimators of p. If we wish to estimate p unbiasedly, then
among T3 through T§, we should include only T5, 73,75, and Tg for further
evaluations.

Definition 7.3.3 Let T = T(Xy, ..., X,,) be an estimator of 7(0). The
mean squared error (MSE) of T, often denoted by MSEr, is given by
Eg[(T —7(0))2). If T is an unbiased estimator of 7(0), then MSEr is the
variance of T, denoted by Vo (T').

We obtain
ValTz) = 3Va(Xa 4 Xs) = i[Vu(Xl) + VM(X3)] = 12
Vu(Ts) = Vu(X) =
Vi(T5) = Vu(3X1) + Vu(3X, ) V(X ) 2+ 14102 = Io?
Vi(Ts) = 75201 Vu(iXs) = 1550°5118% = 302

(7.3.2)

so that these are the associated MSEs. How would one find the MSE of T}
or T4? The following result will help. Its proof is left as an exercise!

Theorem 7.3.1 MSEr, the MSE associated with T, is:
Eo[(T —7(8))%] = Vo(T) + [Eo(T) — 7(6))?

That is, MSEr is the variance of T plus the square of the bias of T.

Now, MSEr, = 202 + (21 — u)? = p? + 202 and MSEr, = (u? + 20?)/9.
The evaluation of MSE7, is left as an exercise.

Sometimes it is possible to have T, Ts which are respectively
biased and unbiased estimators of 7(8), but MSEr, < MSEr,.
Consider Example 7.3.1.

Example 7.3.1 Suppose Xi,...,X,, are iid N(u,0?) where u,o? are
unknown, 6 = (u,0%), —00 < u < 00, 0 < 0 < oo,n > 2, X = R, and
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O = RN x RT. Our goal is estimation of 7(@) = o2, the population variance.
Consider the sample variance, S = (n — 1)71¥2 ,(X; — X)?, which is
unbiased for o2. Now, (n — 1)5%/0? is distributed as x2_; and Vp(S?) =
204(n — 1)~ . Consider another estimator,
T=mn+1)""S (X;—X)?
which is rewritten as (n — 1)(n + 1)~1S2. Thus,
Eo(T)=(n—1)(n+1)"to? £ 0*
so that T is a biased estimator of o2. Next,
Vo(T) = (n+1)"20*Vp[(n — 1)S?%/0?] =2(n — 1)(n + 1) 20*
and we express M SEr as:
2(n—1)(n+1)2c* +ot [(n—1)(n+1)"" = 1}2 =2(n+1)"to*
This is smaller than Vp(S?). That is, S? is unbiased for o2, T is biased for
o2, but MSE is smaller than MSEg- for all 6. A

7.8.2 Best Unbiased Estimator

There are situations where a parametric function of
interest has no unbiased estimator. In such situations,
we do not seek out the best unbiased estimator.
Consider Example 7.3.2.

Example 7.3.2 Let Xi,..., X, be iid Bernoulli(p), with p € (0,1) un-
known, and § = p. T = X' ; X; is sufficient for p with its distribution
Binomial(n, p), 0 < p < 1. In this case, there is no unbiased estimator of
7(0) = 1/p. To prove this result, assume that h(T') is an unbiased estimator
of 7(0) and write, for all 0 < p < 1:

p~t = E,[MT)] = 3i_oh(t) (?)pt(l —p)nt
which is rewritten as
Spoh) ()P (1 —p)" Tt =1=0 (7.3.3)

But, the left-hand side (lhs) in Equation (7.3.3) is a polynomial in p of
degree n + 1, and it must be zero for all p € (0, 1). So, the lhs in Equation
(7.3.3) must be identically zero, that is, we must have —1 = 0. Contradic-
tion! Hence, there is no unbiased estimator of 1/p. A
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How should one compare performances of two unbiased estimators of
7(0)? If Ty, T, are unbiased estimators of 7(0), then T} is preferable to (or
better than) Ty if Vg (T1) < Vu(T3) for all @ € © but Vy(T1) < V(T3) for
some 6 € 6.

Definition 7.3.4 Assume that there is at least one unbiased estimator of
7(0). Consider C, a class of all unbiased estimators of T(0). An estimator
T € C is called the best unbiased estimator or a uniformly minimum vari-
ance unbiased estimator (UMVUE) of 7(0) if and only if for all estimators
T* € C, we have

Vo(T) < Vo(T™*) for all 8 € © (7.3.4)

7.4 Improved Unbiased Estimators via Sufficiency

It appears that one of the earliest examples of UMV UE was found by Aitken
and Silverstone (1942). The UMVUEs as suitable and unique functions
of sufficient statistics were investigated by Halmos (1946), Kolmogorov
(1950a), and more generally by Rao (1947).

7.4.1 Rao-Blackwell Theorem

A method for improving upon an initial unbiased estimator of 7(8) is called
Rao-Blackwellization. C. R. Rao and D. Blackwell independently discovered
this path-breaking idea in their fundamental papers that appeared in 1945
and 1947, respectively.

Theorem 7.4.1 (Rao-Blackwell Theorem) Suppose that T is an un-
biased estimator of a real valued parametric function 7(6), 0 € © C RF. U
is a (jointly) sufficient statistic for 0. Define g(u) = Eg[T | U = u], for u
belonging to U, the domain space of U. Then, one has:

(i) W is an unbiased estimator of 7(0) with W = g(U);
(i1)  Vo[W] < V[T] for all 8 € O, with equality holding if and
only if T is the same as W with probability (w.p.) 1.

Proof (i) Since U is sufficient for 8, the conditional distribution of T°
given U = u cannot involve 8. This is true for all u € U. It follows from the
definition of sufficiency. Hence, W = ¢g(U) is indeed a real valued statistic.
Using Theorem 3.2.1, part (i), we have for all 8 € O,

7(0) = Eg[T) = Eu[E{T | U}| = Eg[g(U)] = Eg[W] (7.4.1)

which shows part (i). ¢
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(i) We express V[T as follows for all 8 € ©:

Eo{T —7(6 )}2]
= Bo[{(T = W) + (W —7(6))}’]
= Eg[{W — 7(0)}"] + Eo {T — W}’ + 2Eo[(T — W)(W — 7(6))]
= Vo[W]+ Eg[{T — W}?]
(7.4.2)

Eg[(T —W)(W —1(0))] = Eu [{g(U) — 7(6)}E{T — g(U) | U}]
= Eul{g(U) - 7(0)}{g(U)—g(U)}] = 0

From Equation (7.4.2), the first conclusion in part (ii) is obvious since
{T — W}? is nonnegative w.p.1 so that Eg[{T — W}?] > 0 for all 8 € ©.
For the second conclusion in part (ii), notice again from Equation (7.4.2)
that Vg[W] = Vg[T] for all @ € © if and only if Eg[{T — W}?] =0 for all
0 € O, that is, if and only if T =W w.p.1. Now, the proof is complete. B

Example 7.4.1 Suppose X7, ..., X, are iid Bernoulli(p) where 0 < p < 1
is unknown. We wish to estimate 7(p) = p unbiasedly. Consider initially
T = X3, an unbiased estimator of p. The values of T are 0 or 1. Consider
U = E" * ,X; which is sufficient for p. The domain space for U is U =
{0,1,2,...,n}. We write for u € U:

E,T|U = uj
=[1IxP{T=1|U=u}|+[0x P{T =0|U = u}]
= P{X1=1|U=u} (7.4.3)
=P {X1 =1NU=u}/P{U =u}
= P X1 = 1NT,X; =u—1}/P {0, X; = u}

Observe that X7 ; X; is Binomial(n, p), X7 ,X; is Binomial(n — 1,p), and
X1 and 37, X; are independently distributed. We rewrite Equation (7.4.3)
as:
E, X1 |U =1
=P {X; =1}P{X',X; =u—1}/P{¥"  X; = u}

n—1

=p(_)p A=) A (L —p)n

= (2)/C) =uw/n=7
That is, the Rao-Blackwellized version of an initial unbiased estimator X
is X, the sample mean, even though 7" was indeed a naive and practically
useless estimator of p. When n = 1, the sufficient statistic is X so that

if one starts with T' = X, then a final estimator obtained through Rao-
Blackwellization will remain X;. A
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Example 7.4.2 (Example 7.4.1 Continued) We wish to estimate 7(p) =
p(1 — p) unbiasedly. Consider initially T = X;(1 — X3), an unbiased es-
timator of 7(p). Consider U = X% , X, which is sufficient for p. Denote
hp(u) = Pp{¥!" ;1 X; = u} and write for u € U:

E[X1(1-X) | U=u]=P{X1(1-X5)=1|U =u}

since X1 (1—X5) takes the value 0 or 1 only. Thus, we can express Ep,[X;(1—
Xo) | U =] as:

Pp{Xl:1ﬂX2:0ﬂU:U}/Pp{U:U}

(7.4.4)
= Pp{Xl =1N Xg =0N E?:3Xi =u-— 1}/hp(u)

Observe that X7 ; X; is Binomial(n, p), £7_,X; is Binomial(n — 2, p), and
that X, X2, X7 5 X; are independent. Rewrite Equation (7.4.4):

Ep[X1(1 = X3) | U = u
= PP{XI = 1}PP{X2 = O}PP{Z?:?)XZ’ =Uu-— 1}/hp(u)
=p(1-p)(P-)p '@ =) H{()p (1 - p)n T}
= (2D/() = uln—w)/{n(n - 1)}

which is n(n — 1)7!'Z(1 — T). That is, the Rao-Blackwellized version of the
initial unbiased estimator X;(1 — X3) turns out to be

nin—1)71X(1 - X)

For the Bernoulli random samples, since each observation is either 0 or 1,
observe that the sample variance can be rewritten as:

§% = (n—1)"HZL,X? —nX } = (n— 1) S, X, - nX }
=(n—-1)"HnX - nYQ} =nn-1"'X(1-X)

which coincides with the Rao-Blackwellized version! A

Example 7.4.3 Let Xi, ..., X,, be iid N(u,0?) where p is unknown but
o? is known with —oo < p < 00, 0 < 02 < 00, and X = R. We wish
to estimate 7(u) = p unbiasedly. Consider initially 7= X7, an unbiased
estimator of 1. Consider U = n~ !X, X;, sufficient for y. The domain space
for U is U = R. For u € U, conditionally given U = u, the distribution of
Tis N (u,0?(1 =n~')). Now, E,[T | U = u] = u = T so that the Rao-
Blackwellized version of the initial unbiased estimator 7" is X. A

Example 7.4.4 (Example 7.4.3 Continued) We wish to estimate 7(u) =
P,{X1 > a} unbiasedly where a is some fixed and known real number.
Consider initially T = I(X; > a), an unbiased estimator of 7(u). Let
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U =n"137 , X;, a sufficient statistic for u. Conditionally, given U = u, X;
is N (u,0%(1 —n~"')). We have:

EJT|U=u=PA{X:1 >a|U=u}
=1-0 ([a— u)/{o?[1 —nil]}l/Q)

So, the Rao-Blackwellized version of the initial unbiased estimator T is
W=1-9o ([a — X|/{o?1 - n‘l]}l/Q) . A

Example 7.4.5 (Example 7.4.4 Continued) We wish to estimate 7(u) =
12 unbiasedly. Consider initially 7 = X? — 02, an unbiased estimator of
7(p). Let U = n~1¥7 , X;, a sufficient statistic u. Conditionally, given

U=u, X1is N (u,0%(1 —n~")) . We have:
EAX}-c*|U=u}=c*1-n"Y)+u? -0 =u?—n"to?

So, the Rao-Blackwellized version of the initial unbiased estimator T is
W=X —nlo2 a

Remark 7.4.1 In Example 7.4.5, W = X’ — n~'¢? was the final un-
biased estimator of p2. One may feel uneasy to use this estimator since
P,{W < 0} is positive whatever be n, ;1 and o. The parametric function 2

is nonnegative, but W can be negative with positive probability! At times,
unbiasedness criterion may create an awkward situation like this.

7.5 Uniformly Minimum Variance Unbiased
Estimator

This section gives methodologies for finding a uniformly minimum variance
unbiased estimator (UMVUE) of a parametric function. The first approach
relies upon the celebrated Cramér-Rao Inequality (Theorem 7.5.1). C. R.
Rao and H. Cramér independently discovered, under mild regularity con-
ditions, a lower bound for the variance of an unbiased estimator 7(0) in
their classic papers, Rao (1945) and Cramér (1946b). Then, we introduce
another fundamental result (Theorem 7.5.2) due to Lehmann and Scheffé
(1950) which jumped out of the Rao-Blackwell Theorem. The Lehmann-
Scheffé (1950, 1955, 1956) papers are invaluable in this regard.

7.5.1 Cramér-Rao Inequality

Lehmann (1983) referred to this as “information inequality,” a name which
was suggested by Savage (1954). Lehmann (1983, p. 145, Section 9) wrote,
“The first version of the information inequality appears to have been given
by Fréchet (1943). Early extensions and rediscoveries are due to Darmois
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(1945), Rao (1945), and Crameér (1946b).” We will continue to refer to this
inequality by its commonly used name, the Cramér-Rao Inequality, for ease
of cross-referencing and searching other sources.

The variance bound, called the Cramér-Rao lower bound (CRLB), for
unbiased estimators of 7() is appreciated where one can (i) derive an
explicit expression of CRLB, and (ii) easily locate an unbiased estimator
of 7(8) whose variance coincides with CRLB. In these situations, one has
then found the UMVUE for 7(6)!

Consider iid real valued observations Xy, ..., X;, with a common pmf or
pdf f(z;6) where the unknown parameter § € © C R and z € X C
R. Denote X =(X1, ..., X,,). We pretend working with a pdf and hence
expectations would be written as appropriate (multiple) integrals. In a
discrete case, one would simply replace the integrals by summations.

Standing Assumptions: The support X does not involve 6 and the first
partial derivative of f(x;6) with respect to § and integrals with respect to
x = (x1,...,x,) are interchangeable.

Theorem 7.5.1 (Cramér-Rao Inequality) Suppose that T = T(X)
is an unbiased estimator of a real valued parametric function 7(0). Assume
that %7(0), denoted by 7/(6), is finite for all 6 € ©. Then, for all 6 € O,
under the standing assumptions, we have:

{r'()}*
Vo(T) > . (7.5.1)
’ nky [{%U@f@ﬁ;@]} }

The expression on the right-hand side (rhs) of this inequality is the Cramér-
Rao lower bound.

Proof Without any loss of generality, assume that 0 < Vp(T') < co. We
have

7(0) = [y [ T(@1, ooy xn) I f(; 0)IT  d; (7.5.2)
which implies that 7/(9) is:
d% [ oo [y T, ey )Ty f (245 )T x|
= [y [ T(@1, oy @y) [GIR f2s;0)] T da;

Observe that

(7.5.3)

07 f(x;0) = exp{Xl_logf(x;;0)} for z € X (7.5.4)
so that, we get:
% [H?:1f(xi§ 9)]
= eap{Si_log f(xi;0)} g5 {11 log f (i 0)} (7.5.5)
= {E?:l%[lf’g f(xs; 9)]}H?:1f($i§ 0)
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Denote Y = 2?:1% [log f(X;;0)] and combine Equation (7.5.3) with Equa-

tion (7.5.5) to rewrite
(0)
= Jo e Tt o e {50y 2y llog f (s O)] T, (s 0)TT v
= Bp{TY}
(7.5.6)
One obviously has [, f(z;0)dx =1 so that

0= S os0hds = f o 00 o = f [fpons a0 S )
7.5.
Hence, we write

Eg[Y] = Eg {37, Z5llog f(Xi;0)]} = 1 Eg { 5 [log f(Xi;0)]} =0

for all 8 € O, since X1, ..., X, have identical distributions. Thus, Equation
(7.5.6) gives:
T/(Q) = EQ{TY} = COU{;(T, Y)

which is rewritten as
[F(0)) = Cod(T,Y) < Va(T)Va(Y) (7.5.8)

by virtue of the Cauchy-Schwartz Inequality from Equation (3.8.4) or Co-
variance Inequality from Equation (3.8.5). Recall that Y is a sum of n iid
random variables and thus, in view of Equation (7.5.7), we obtain:

Va(Y) = nVe {llogf(X1:0)]} = nBo |{Fllogf(x::0)]}"]  (75.9)

Now, the inequality from Equation (7.5.1) follows by combining Equations
(7.5.8) and (7.5.9). &

Remark 7.5.1 One can see that CRLB will be attained by the variance
of an unbiased estimator T of 7(0) for all § € O if and only if the equality
in Equation (7.5.8) holds, that is, if and only if T and Y are linearly related
w.p.1. Hence, CRLB will be attained by the variance of T" if and only if

T—a(0) =b(0)Y wp.1, forall 0 €06 (7.5.10)

with some fixed real valued functions a(.) and b(.).

Remark 7.5.2 Combining CRLB and Zx, (6) from Equation (6.4.1), we
can immediately restate the Cramér-Rao Inequality as follows:

Vo(T) > % (7.5.11)

We will interchangeably use the Cramér-Rao Inequality
given by Equations (7.5.1) or (7.5.11).
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Example 7.5.1 Suppose X7, ..., X,, are iid Poisson()\) where A(> 0) is
an unknown parameter. Let us consider 7(A) = A so that 7/(A) = 1. Now,
X is an unbiased estimator of A and Vj(X) = n~'\. Can we claim that X
is the UMVUE of \? In Equation (6.4.2) we found Zx, (\) = A~! and from
Equation (7.5.11) we see that CRLB = 1/(nA™") = A/n. This coincides
with Vi (X) for all A > 0. That is, X must be the UMVUE of \. A

Example 7.5.2 (Example 7.4.3 Continued) We wish to estimate 7(u) =
1 unbiasedly. Consider X, an unbiased estimator of y. Is X the UMVUE of
©? In Equation (6.4.3) we found Zx, (1) = o2 and from Equation (7.5.11)
we see that CRLB = 1/(n 0~2) = ¢ /n. This coincides with V,( X) for all
@ € R. Then, X must be the UMVUE of u. A

In these examples, we thought of “natural” unbiased estimators of 7(8)
and these estimators’ variances coincided with CRLB. So, we could claim
that the estimators we started with were in fact the UMVUEs of 7(6). The
reader may also note that these UMVUEs agreed with the Rao-Blackwellized
versions of naive initial unbiased estimators!

Example 7.5.3 Suppose X7, ..., X, are iid Poisson(A) where 0 < A < 0o
is unknown with n > 2. We wish to estimate 7(\) = e~ unbiasedly. One
may use an initial unbiased estimator, ' = I(X; = 0), and find that its
Rao-Blackwellized version is:

W=(1-n"hHF=X

Does V) (W) attain the CRLB? Recall that ¥, X; is Poisson(n\) and its
moment generating function (mgf) is

E\[e?=1%] = exp{nA(e® — 1)} (7.5.12)
Use Equation (7.5.12) with s = 2log(1 —n~1) to claim:
E\[W?] = exp{nA[(%=2)? — 1]} = ezp{—2X +n~ 1A}
Hence, we have:
VAIW] = exp{—2\ +n"t A} — exp(—2)) = e~ A (eM™ — 1)
But, CRLB = {7/(\)}?/(nA™1) = n='Ae 2. Since e* > 1+ z for > 0,

we claim:

W] =e 22 (M —1) > e 21+ 2 —1) = ¢ 22 = CRLB
so that V\[W] does not attain CRLB, for any A. At this point, it is not
clear whether W is UMVUE of 7(\). A

Example 7.5.4 (Example 7.4.5 Continued) We wish to estimate 7(u) =
1?2 unbiasedly. In Example 7.4.5, we found the Rao-Blackwellized unbiased

estimator W = X — n~'0? of 7(1). One may check that
V. [W] = 2n"20* + 4n~ ' 1% 0?
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But, CRLB = 4n~'x?0? and it is clear that V,,[W] > CRLB, for all p.
That is, the CRLB is not attained. At this point, it is not clear whether
W is UMVUE of 7(u). A

7.5.2  Lehmann-Scheffé Theorems

In situations encountered in Examples 7.5.3 and 7.5.4, neither the Rao-
Blackwell Theorem nor the Cramér-Rao Inequality helps in deciding whether
W is the UMVUE of 7(0). An alternative approach is needed.

Theorem 7.5.2 (Lehmann-Scheffé Theorem-I) Suppose that T is an
unbiased estimator of a real valued parametric function 7(0), 8 € © C RF.
Let U be a complete (jointly) sufficient statistic for 6. Define g(u) =
Eo[T | U = u] for u€ U. Then, the statistic W = g(U) is a unique
(w.p.1) UMVUE of 7(8).

Proof The difference between the Rao-Blackwell Theorem and this the-
orem is that now U is also assumed complete! The Rao-Blackwell Theorem
assures us that in order to search for the best unbiased estimator of 7(8),
we need to focus on unbiased estimators which are functions of U alone.
We already know that (i) W is a function of U, and (ii) W is an unbiased
estimator of 7(8). Suppose that there is another unbiased estimator W* of
7(6) where W* is also a function of U. Define h(U) = W — W* and then
we have:

Eo[h(U)] = Eg[W —W*| =7(0) —7(0) =0 forall 0 € ©  (7.5.13)

Now, use Definition 6.6.1 of completeness of a statistic. Since U is a com-
plete statistic, it follows from Equation (7.5.13) that A(U) = 0 w.p.1. So,
W=W*"wp.l 1

In our quest for finding the UMVUE of 7(0), we may not always go
through conditioning with respect to a complete sufficient statistic U. In
many problems, the following alternate result may be directly applicable.
Its proof can be easily constructed.

Theorem 7.5.3 (Lehmann-Scheffé Theorem-II) Suppose that U is
a complete sufficient statistic for @ € © C R*. Also, suppose that a statistic
W = ¢(U) is an unbiased estimator of a real valued parametric function
7(0). Then, W is a unique (w.p.1) UMVUE of 7(0).

In Examples 7.5.5 and 7.5.6, neither the Rao-Blackwell Theorem
nor the Cramér-Rao Inequality helped in identifying the UMVUE.
But, the Lehmann-Scheffé approach is right on the money.

Example 7.5.5 (Example 7.5.3 Continued) We wished to estimate a
parametric function, 7(\) = e~*, unbiasedly and found:

W=(1-nhH¥=X
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But, W depended on a complete sufficient statistic, U = X7 X;, only. So,
in view of the Lehmann-Scheffé Theorems, W is a unique (w.p.1) UMVUE
for the parametric function 7(\). A

Example 7.5.6 (Example 7.5.4 Continued) We estimated 7(u) = u?
unbiasedly and found W = X —nlo2. But, W depended on a complete
sufficient statistic, U = X ; X;, only. So, in view of the Lehmann-Scheffé
Theorems, W is a unique (w.p.1) UMVUE for 7(u). A

Next we give examples where the Cramér-Rao Inequality is not
applicable, but we can conclude the UMVUE property of a
natural unbiased estimator via the Lehmann-Scheffé Theorems.

Example 7.5.7 Suppose X1, ..., X,, are iid Uniform(0, #) where 6(> 0)
is an unknown parameter. Here, the domain space X depends on 6 itself
so that an approach via the Cramér-Rao Inequality is not feasible. Now,
U = X,.n is complete sufficient for §. We wish to estimate 7(0) = 6
unbiasedly. The pdf of U is:

nu 1070 < u < 6)

So, Eg[Xpn.n] = n(n +1)716. Hence, Ey[(n + 1)n"1X,,.,] = 0 so that W =
(n+1)n~1X,,., is an unbiased estimator of §. Thus, by the Lehmann-Scheffé
Theorems, (n + 1)n~1X,,., is the UMVUE for 6. A

Example 7.5.8 Suppose that X, ..., X,, are iid N(u,0?) where u,o?
are both unknown, —0co < g < 00, 0 < 02 < o0, and X = R. Let us
write @ = (p,0%) € © = R x RT and we wish to estimate 7(0) = u
unbiasedly. U =(X, S?) is a complete sufficient statistic for 8. Obviously,
X is an unbiased estimator of 7(8) and X is a function of U only. So, by
the Lehmann-Scheffé Theorems, X is the UMVUE for p. Similarly, S? is
the UMVUE for 2. A

Example 7.5.9 (Example 7.5.8 Continued) We wish to estimate 7(8) =
p + o unbiasedly. U = (X, S?) is a complete sufficient statistic for 8. Note
that Eg[S] = a,0 where

an = VI (GHTES V=T

Thus, W = X + a,, 'S is an unbiased estimator of 7(8) and W depends
only on U. So, by the Lehmann-Scheffé Theorems,

X +a,'s

is the UMVUE for u+o. A

7.6 Consistent Estimator

Consistency is a large sample property of an estimator. Fisher introduced
a notion of the consistency property in his 1922 paper.
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Definition 7.6.1 Suppose that {T,, = Tn(X1,...,X); n > 1} is a se-
quence of estimators for an unknown real valued parametric function 7(0),

0 € © C R*. Then, T, is called consistent for 7(0) if and only if T, Sl 7(0)
as n — oo. Also, T,, is called inconsistent if it is not consistent.

One may verify that estimators found in this chapter are
indeed all consistent for associated parameters of interest.

It may be noted that Fisher never suggested that one should pick an
estimator because of its consistency property alone. Common sense dictates
that the consistency property has to take a back seat when considered
in conjunction with the sufficiency property. It so happens that in many
problems, the usual estimators such as the MLE or UMVUE are frequently
consistent for parameter(s) of interest.

We may point out that in many cases, gMLE is consistent for 6. In Chapter
12, under mild regularity conditions, we will quote a result showing that an
MLE 8 of @ is indeed consistent. But, in general, QMLE may not be consistent

for 6. Examples of inconsistent MLEs were constructed by Neyman and
Scott (1948), Basu (1955b), and Bahadur (1958).

7.7 Exercises and Complements

7.2.1 Let X7, ..., X,, be iid Geometric(p) with a common pmf f(x;p) =
p(1—p)*, £ =0,1,2,... , and 0 < p < 1 is an unknown parameter. Find
the MLE of p. Is the MLE sufficient for p?

7.2.2 Suppose X, ..., X, are iid Bernoulli(p) random variables, and 0 <
p <1 is an unknown parameter.

(7) Derive the MLE for p?;

(#¢)  Derive the MLE for p/q where ¢ = 1 — p;

(¢i1)  Derive the MLE for p(1 — p).
7.2.3 Suppose that X1, ..., X,, are iid N(u,0?) where u is known but o2

is unknown, —oo < < 00, 0 < o < co,n > 2.

(7) Show that the MLE of o2 is n =137 (X; — u)?;

(ii)  Is the MLE in part (i) sufficient for o2?

(#it) Derive the MLE for 1/0;

(iv)  Derive the MLE for (o +071)
7.2.4 Suppose that X, ..., X, are iid with a common Weibull pdf:

1/2

f(z;a) = a 1Bzl Leap(—2” Ja)I(z > 0)

where a(> 0) is the unknown parameter, but 3(> 0) is assumed known.
Find the MLE for a.
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7.2.5 Suppose that X, ..., X,, are iid with a common pdf:
o texp{—(z — p) /o (z > p)

where i and o are both unknown, —co < pu < 00,0 < 0 < 0co,n > 2. Show
that the MLE for p and o are respectively X,,.; and n*IE?:l(XZ‘ — Xn1).
Derive the MLEs for u/o, u/0? and p+ o.

7.2.6 Let Xy,..., X, be iid Uniform(—6,0) where 0 < 6 < oo is an
unknown parameter. Derive the MLEs for 6,62 and 6~ 2.

7.2.7 Suppose X1, ..., X, are iid N(uq,02), Y1,..., Y, are iid N(uy, 0?),
and X,Y are independent where —oco < p;, py < 00, 0 < 0 < 00 are
unknown parameters. Derive the MLE for (u;, is,0%). Also, derive the
MLE for (gt — p19)/0.

7.2.8 Consider the following linear regression problem: let Y7, ..., Y, be
independent random variables where Y; is distributed as N(8, + 8,7, 0?)
with unknown parameters G, 3,. Here, (> 0) is assumed known and
T1, ...,y are fixed real numbers with @ = (5,,3;) € R2,n > 2. Denote
a=3" (r; —7)? withT = n~'X2 ;x; and assume that a > 0. Suppose

that the MLEs for 3, 8, are respectively denoted by ﬂo, ﬁl
(7) Write down the likelihood function of Y7, ..., Yy,;
(#¢)  Show that BIMLE =a X2 (z; —T)Y; and BlMLE is normally
distributed with mean ﬁl and variance o2 /a;
(#3i)  Show that BOMLE =Y — ﬁu\[LEx and ﬁOMLE is normally
T

1 =2
distributed with mean £, and variance o {— + —} .
n o a

7.3.1 Suppose X1, ..., X4 are iid N(0,02) where 0 < o < oo is an un-
known parameter. Consider the following estimators:

Ty :X12 — Xo+ Xy, T = %(X%+X22+XZ),T3 = 124 1X2
and Ty = 134 (X, — X)2,T5 = 1 [X; — Xy

(7) Is T; unbiased for 02, i =1, ...,4?
(#7)  Among estimators Ty, T3, Ty, and Ty for o2, which one has the
smallest MSE?
(7ii) Is T5 unbiased for o7 If not, find a suitable multiple of T5 which
is unbiased for o. Evaluate the MSE of T5.
7.3.2 (Exercise 7.2.5 Continued) Denote U = X2 (X; — X,,.1) and let
V = cU be an estimator of o where ¢(> 0) is a constant.

(/)  Find the MSE of V. Then, minimize this MSE with respect to
c. Call this latter estimator W which has the smallest MSE
among the estimators of o which are multiples of U;

(i) How do estimators W and (n —1)7'X"  (X; — X,,.1) compare
relative to their respective bias and the MSE?



7. Point Estimation 163

7.3.3 (Example 7.3.2 Continued) Show that there is no unbiased esti-
mator for the parametric function (i) 7(p) = p~'(1 — p)~1, (ii) 7(p) =
Pt (l-p)%

7.4.1 Let X3, ..., X,, be iid Bernoulli(p) where 0 < p < 1 is an unknown
parameter with n > 2. Consider 7(p) = p? and start with the unbiased
estimator T = X7 X5. Derive the Rao-Blackwellized version of T.

7.4.2 (Example 7.4.2 Continued) Consider 7(p) = p?(1 — p) and n > 3.
Start with the unbiased estimator T' = X; X3(1 — X3) and derive its Rao-
Blackwellized version.

7.4.3 Let Xy,...,X,, be iid Poisson(\) where 0 < A < oo is unknown,
and n > 2. We wish to estimate 7(A) = X and consider T = $(X; + X>) as
an initial unbiased estimator of A. Derive its Rao-Blackwellized version.

7.4.4 (Exercise 7.4.3 Continued) We wish to estimate 7(\) = e~ unbi-
asedly. Consider T' = I(X; = 0) as an initial unbiased estimator of 7(\).
Show that (1 — nfl)z’ﬂxi is its Rao-Blackwellized version.

7.4.5 (Exercise 7.4.4 Continued) We wish to estimate Ae™* unbiasedly.
Consider T' = I(X; = 1) as an initial unbiased estimator of 7(A). Derive
its Rao-Blackwellized version.

7.4.6 (Example 7.4.4 Continued) Let 7(u) = P,{|X1| < a} where a is
some known positive real number. Find an initial unbiased estimator 7" for
7(p). Next, derive its Rao-Blackwellized version.

7.4.7 (Example 7.4.5 Continued) Let 7(1) = p. Find an initial unbiased
estimator T for 7(u). Next, derive its Rao-Blackwellized version. {Hint:
Start with the fact that E,[(X; — #)?] = 0 and hence show that T =
X3 — 302X is an unbiased estimator for 7(u). Next, work with the third
moment of the conditional distribution of X; given that X = T.}

7.5.1 Suppose X1, ..., X,, are iid with a common Rayleigh pdf:
f(z;0) =20 twexp(—2?/0)I(x > 0)

with 6(> 0) unknown. Find the UMVUE for (i) 6, (ii) 6%, and (iii) 6.

7.5.2 (Exercise 7.5.1 Continued) Find the CRLB for the variance of
unbiased estimators of (i) 6, (ii) 62, and (iii) 6 '. Is CRLB attained by the
variance of the respective UMVUE obtained in Exercise 7.5.17

7.5.3 Suppose X1, ..., X,, are iid N(u,0?) where i, o are both unknown,
peER R n>2 Let @ = (u,0) and 7(0) = puo® where k is a known
and fixed real number. Derive the UMVUE for 7(8). Pay particular atten-
tion to any minimum sample size requirement! {Hint: Use independence
between X and S to derive the expectation of X S* where S? is the sample
variance. Then, make some adjustments. }

7.5.4 Let Xy, ..., X, be iid Uniform(—6, 8) where 0 is an unknown para-
meter, and § € RF. Let 7(f) = 6 where k is a known fixed positive real
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number. Derive the UMVUE for 7(6). {Hint: U = max;<i<, |X;| is com-
plete sufficient for 6. Use the pdf of U/ in order to derive the expectation
of U*. Then, make some adjustments. }

7.5.5 Let X1, ..., X, be iid Bernoulli(p) where 0 < p < 1 is an unknown
parameter. Consider a parametric function 7(p) = p + (1 — p)e?.

(1)  Find a suitable unbiased estimator T for 7(p);

(#¢)  Since the complete sufficient statistic is U = X7, X;, use
Lehmann-Scheffé Theorems and evaluate the conditional
expectation, E,[T | U = ul;

(#49) Hence, derive the UMVUE for 7(p).

7.5.6 (Exercise 7.5.5 Continued) Consider 7(p) = (p + qe*)? where q =
1—p.

(1)  Find a suitable unbiased estimator T for 7(p);

(#¢)  Since the complete sufficient statistic is U = X7, X;, use
Lehmann-Scheffé Theorems and evaluate the conditional
expectation, E,[T | U = ul;

(74i) Hence, derive the UMVUE for 7(p).

7.5.7 (Example 7.5.3 Continued) Let 7(u) = €?*. Derive the UMVUE
for 7(p).

7.5.8 Let Xi,..., X, be iid Bernoulli(p) with 0 < p < 1 and n > 4.
Find the UMVUE for 7(p) = p(1 — p)?. {Hint: Start with the unbiased
estimator 7' = X;(1 — X3)(1 — X3) for 7(p). Then Rao-Blackwellize T
given the complete and sufficient statistic X7 ; X;.}

7.5.9 Let Xi,...,X,, be iid Bernoulli(p) with 0 < p < 1 and n > 3.
Find the UMVUE for 7(p) = p(1 — 2p). {Hint: Note that 7(p) = p — 2p>.
The sample mean X estimates p unbiasedly. Next, in order to estimate p?,
one may proceed as in the Exercise 7.4.1. Otherwise, one may start with
the unbiased estimator X5 X3 for p?. Consider the complete and sufficient
statistic £}~ ; X;. Then Rao-Blackwellize X2X3 given X7, X;. Next, one
would combine the two parts and use Lehmann-Scheffé Theorems.}

7.5.10 Let X1, ..., X, be iid Uniform(0,#) with § > 0. Find the UMVUE
for 7(0) = (0Y* + 207Y*)2. {Hint: Verify that all one needs are the
UMVUEs for both 6'/2 and 6~/2. Start with the complete and sufficient
statistic T' = X,,.,, and find functions of T" which are unbiased estimators
for 6% and 0~/ 2 respectively. Next, one would combine these parts and
use Lehmann-Scheffé Theorems. }

7.5.11 Let X3, ..., X,, be iid Uniform(—6,0) where 6 is an unknown pa-
rameter, and 6 € R*. Find the UMVUE for 7(0) = (§'/2 —20~'/%)2. { Hint:
Verify that all one needs are the UMVUESs for both 6 and 0'. Start with
the complete and sufficient statistic T = X,,., and find functions of T
which are unbiased estimators for @ and #~', respectively. Next, one would
combine these parts and use Lehmann-Scheffé Theorems. }
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7.6.1 Suppose X3, ..., X,, are iid with a common Rayleigh pdf:
f(2;0) =20 ' wexp(—22/0)I(x > 0)

with (> 0) unknown. Show that the MLEs and UMVUEs for 6,6* and
0" are all consistent.

7.6.2 Suppose X1, ..., X, are iid with a common Weibull pdf:
f(x;a) = a Bl Leap(—2” /a)I(z > 0)
with (> 0) unknown, but S(> 0) is assumed known. Show that the MLEs

and UMVUEs for a, o? and a~! are all consistent.

7.6.3 Suppose X, ..., X, are iid with a common pdf:

O+1)2% fo<x<1
f(x;0) =
0 elsewhere

with 6(> 0) unknown. Show that the MLE for 6 is consistent.
7.6.4 Suppose X1, ..., X, are iid whose common pdf is:

Fo) = { {ova) e eap(— gk (log(x) — ?} itz >0

0 elsewhere

with g, o both unknown, —oco < p < 00, 0 < 0 < 00, and 0 = (u, o).

(i)  Evaluate the expression for Ey[X}], denoted by the parametric
function 7(0), for any fixed k(> 0);
(1)  Derive the MLE, denoted by T),, for 7(8);
(#i) Show that T, is consistent for 7(8).
7.6.5 (Exercise 7.5.8 Continued) Derive the MLE U, for 7(p) = p(1—p)2.
Show that U, is consistent for 7(p).
7.6.6 (Exercise 7.5.9 Continued) Derive the MLE U, for 7(p) = p(1—2p).
Show that U, is consistent for 7(p).
7.6.7 (Exercise 7.5.10 Continued) Derive the MLE U, for 7(d) = (8'/* +
20~1/%)2. Show that U, is consistent for ().
7.6.8 (Exercise 7.5.11 Continued) Derive the MLE U, for 7(0) = (%/% —
2071/2)2. Show that U, is consistent for (6).
7.6.9 Suppose X1, ..., X,, are iid N(u,0?) where —co < pu < oo and
0 < 0 < oo are unknown parameters. Denote
_ 2X1 +4Xo 4+ 6X3+ ... +2nX,
B n(n+1)

T, n>1

)

and address the following problems.
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(i)  Evaluate the expressions for E,, ,2[T,] and V,, ,2[T5,];
(#¢)  Show that T;, is consistent for yu;
(#i) Is max{0,T,} consistent for p?
7.6.10 Consider the setup from Exercise 7.6.9, but without the assump-
tion of normality. That is, suppose X1, ..., X,, are iid having some common

pdf f(x) with mean p and variance 02 where —oo < p < oo and 0 < o < 00
are unknown parameters. Denote

2X) 44X 4+ 6X3 4 ... 20X,

T,
n(n+1)

n>1
and address the following problems.
()  Evaluate the expressions for E¢[T,,] and V¢[T},];
(#4)  Show that T, is consistent for y;
(#4) Is max{0,T,} consistent for u?
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Tests of Hypotheses

8.1 Introduction

Suppose that a population probability mass function (pmf) or probability
density function (pdf) is f(x;0) with z € X C R where 6 is an unknown
parameter, § € © C R.

Definition 8.1.1 A hypothesis is a statement under consideration about
an unknown parameter 6.

Jerzy Neyman and Egon S. Pearson discovered a fundamental approach
to formulate a test for statistical hypotheses. The Neyman-Pearson collabo-
ration (1928a,b) first emerged with formulations and constructions of tests
through comparisons of likelihood functions which blossomed into other
landmark papers (Neyman and Pearson, 1933a,b).

Suppose that one has to choose between two hypotheses:

Hy:0€0gvs. H : 0 €0,

where ©g C ©,0; C O, and ©g N O; = I, an empty set. Based on the
evidence collected via random samples X7, ..., X,,, a statistical problem is
to select one of the hypotheses which seems more reasonable. The basic
question is this: given the sample evidence, if one must decide in favor of
Hy or Hy, which hypothesis is it going to be?

We refer to Hy and H; respectively as the null and alternative hypothe-
ses. A hypothesis is called simple if it pinpoints a specific pmf or pdf. That
is, Hy : 0 = 0y and H; : 0 = 01, with 0y # 0; known, would be both
simple. A hypothesis which is not simple is called composite, for example,
Hy:0 >0, Hy:0 < 6y, Hy : 0 > 01, Hy : 0 < 01 are composite hypothe-
ses. A hypothesis, Hy : 0 # 0, is called a two-sided hypothesis. In Section
8.2, we formulate two types of errors in decision making. Section 8.3 devel-
ops a most powerful (MP) test for choosing between simple null vs. simple
alternative hypotheses. In Section 8.4, the idea of a uniformly most power-
ful (UMP) test is pursued when Hy is simple but H; is one-sided. Section
8.5 gives examples of two-sided tests and briefly touches upon unbiased and
uniformly most powerful unbiased (UMPU) tests.

8.2 FKrror Probabilities and Power Function

We gather observations X, ..., X, and learn about unknown ¢. One would
favor Hy (or Hy) if an estimator 0 = 0( X7, ..., X,,) seems more likely under
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Hy (or Hy). But, one may make a mistake by favoring a wrong hypothesis
simply because one’s decision is based on the evidence from a random
sample.

The entries shown in the Table 8.2.1 may help in one’s understanding
of the kinds of errors that may be committed by choosing one hypothesis
over the other:

Table 8.2.1. Type I and Type II Errors

Test Result Nature’s Choice

or Decision Hy True H, True
Accept Hy No Error Type II Error
Accept H; Type I Error No Error

The entries reveal that there can be one of two possible kinds of errors. We
may reject Hy while Hy is true or accept Hy while Hj is true.

What do we mean by a test of Hy vs. H;? Having observed the data
X = (Xq,...,Xp), a test will guide us unambiguously to either reject Hy or
accept Hy. This is accomplished by partitioning a sample space into two
parts, R and R€, corresponding to respective final decisions “reject Hy”
and “accept Hy.”

We reject Hy whenever x € R. The subset R is called a
rejection region or a critical region.

Whenever Hy, H; are simple hypotheses, we respectively write «, 3 for
the Type I and II error probabilities:

a = P{Type I error} = P{Rejecting Hy when H is true}
= P{X € R when H, is true}

B = P{Type Il error} = P{Accepting Hy when H, is true}
= P{X € R¢ when H; is true}

(8.2.1)

Example 8.2.1 Consider a population distribution N (6, 1) where § € R
is unknown. We postulate Hy : § = 5.5 and H; : 0 = 8. Suppose that we
have observed the data, X = (Xj,..., Xg). Denote X = %Z?:lXi. Some
illustrations of “tests” are given below:

Test #1: Reject Hy if and only if X; > 7

Test #2: Reject Hy if and only if %(Xl +X5)>7
Test #3: Reject Hy if and only if X > 6

Test #4: Reject Hy if and only if X > 7.5

(8.2.2)
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We may summarize these tests in another way:
Test #1: Rq1={x= (z1,...,29) : x1 > T}
Test #2: Ro = {x= (x1,...,29) : 3(x1 +22) > T}
Test #3: Rz ={x=(21,...,29) : T > 6}
Test #4: Ry ={x=(21,...,09) : T > 7.5}

(8.2.3)

Here, R; is that part of the sample space R° where Hj is rejected by means
of the Test #i,1=1,...,4.
Denote Z for a standard normal variable. For Test #1, we have:

a = P{X; > 7 when 0 =5.5} = P{Z > 1.5} = 0.06681
and § = P{X; <7 when 0 = 8} = P{Z < —1} = 0.15866

Next, a, 8 associated with these tests are summarized below in Table 8.2.2.

Table 8.2.2. Values of o and (3 for Tests #1 through #4
from Equation (8.2.2)
Test #1 Test #2 Test #3 Test #4
Ra Ra Rs R4

a = 0.06681 a=001696  « = 0.06681 o = 0.00000
B=0.15866 B =0.0785  B=0.00000 A3 =0.06681

We immediately conclude a few things: between Tests #1 and #2, the
Test #2 appears better because both its error probabilities are smaller.
Comparing Tests #1 and #3, we may say that Test #3 performs much
better. Comparing Tests #1 through #3, we feel that Test #1 should not
be in the running, and no clear-cut choice emerges between Tests #2 and
#3. One of these has a smaller a but a larger 8. If we must pick between
Tests #2 and #3, we have to consider the consequences of committing
either error in practice. It is clear that an experimenter may not be able
to accomplish this just by looking at o or 5. Tests #3 and #4 point out a
slightly different story. By downsizing the rejection region R for Test #4
in comparison with that of Test #3, we are able to make « for Test #4
practically zero, but this happens at the expense of a sharp rise in 3. A

All tests may not be comparable among themselves such as
Tests #2 and #3. By suitably adjusting a rejection region R,
we may make « (or ) as small as we please, but then 3
(or o) will be on the rise as the sample size n is held fixed.

Definition 8.2.1 The power or power function of a test is
Q) = Py(R) for all 0 € © (8.2.4)

In a simple null vs. simple alternative testing situation, one obviously

has Q(0p) =« and Q(01) =1 —p.
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Example 8.2.2 (Example 8.2.1 Continued) Verify that for Test #4, the
power function is Q(0) =1 — ®(22.5—30),0 € R. A

A test may also be identified by what is called a critical function or a
test function.

Definition 8.2.2 A function ¥(.): X™ — [0,1] is called a critical func-
tion or a test function where 1(x) denotes the probability with which Hy is
rejected when the data X = x have been observed.

We may rewrite the power function from Equation (8.2.4) as follows:

Q8) = Eg{yy(X)} for 0 € © (8.2.5)

8.2.1 Best Test

How should one define a “best” test for Hy vs. H1? We consider testing
Hy:0€0qvs. H : 0 € ©; where ©g C ©,0; C O, and O NO; = 2.

Definition 8.2.3 Fiz a number o € (0,1). A test for Hy : 0 € ©g
vs. Hy 1 0 € ©1 with its power function Q(0) is called size (or level) «
according as max gco,Q(0) = (or <) a.

In defining a size or level « test, maxgpeco, Q(0) is interpreted as the worst
possible Type I error probability. Then, we may restrict attention to a class
of test functions such that max gco, Fo{¢(X)} = a or max gco, Eg{¢)(X)}
< «. Obviously, a size « test is also a level a test.

The idea is to compare all tests for Hy vs. Hj, each having a basic
common property to begin with. In defining a “best” test, we compare
only level « tests.

Definition 8.2.4 Consider C, the collection of all level « tests for Hy :
0 € Oy wvs. H : 0 € O1. A test from C with its power function Q(0) is
called the best or uniformly most powerful (UMP) level « if and only if
Q) > Q*(0) for all 0 € ©1 where Q*(0) is a power function of any other
test from C. If Oy is a singleton set, then the best test is called the most
powerful (MP) level « test.

Example 8.2.3 Consider the pdf N(6,1) with 8 € R unknown. We test
Hy:0=55vs. Hy : 0 =8. Arandom sample X = (X1, ..., Xo) is collected.
Now, let us consider the following tests:

Test #1: Reject Hy if and only if X; > 7.1449
Test #2: Reject H if and only if +(X1 + ... + X4) > 6.32245

Test #3: Reject Hy if and only if X > 6.0483

Let us write @;(6) for the power function of Test #i,i = 1,2,3. Using
MAPLE, we noted that Q1(5.5) = @2(5.5) = Q3(5.5) = 0.049995. That is,
these are level a tests where a = 0.049995. In Figure 8.2.1, we have plotted
three power functions. It is clear from this plot that among the three tests
under investigation, Test #3 has the maximum power at each 6 > 5.5.
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We may add that the respective power at § = 8 is: Q1(8) = 0.80375, Q2(8) =
0.9996, and Q3(8) = 1.0. A

0.086 - o
08
0.055
0.6
0.05
Q,(0)
k. 04
0.045 - 7
- 02
e
0.04 . 6
54 545 55 555 586 5 9 10

(a)
Figure 8.2.1. Power functions for Tests #1, #2, and #3
from Example 8.2.3.

8.3 Simple Null vs. Simple Alternative

We introduce the celebrated Neyman-Pearson Lemma which was originally
formulated and proved in Neyman and Pearson (1933a). This is an indis-
pensable tool for finding a MP level a test for a simple null hypothesis
against a simple alternative hypothesis.

8.3.1 Neyman-Pearson Lemma

Suppose that Xi,..., X,, are independent and identically distributed (iid)
real valued random variables with a common distribution f(x;8), 8 € © C
R. Denote the likelihood function, L(x;0) = I, f(x;; 0) under §. We wish
to test:

Hy:0=0¢vs. H :0=0, (8.3.1)
where 0y # 01, 09,0, € ©. Under H; : § = 0;, the datum x has a completely
specified likelihood function L(x;6;),i =0, 1.

Theorem 8.3.1 (Neyman-Pearson Lemma) Consider a test of Hy
vs. Hy with the rejection (R) and acceptance (R€) regions for the null
hypothesis defined as follows:

x€R if L(x;01) > kL(x;6))
x € R® if L(x;01) < kL(x;6))
or equivalently, having a test function
1 if L(x;01) > kL(x;0,)
o9~

(8.3.2)
0 if L(X;@l) < kL(X; 90)
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The constant k(> 0) is so determined that

Eo{v(X)} =« (8.3.3)
Any test satisfying Equations (8.3.2) and (8.3.3) is a MP level « test.

Proof Let Xi,...,X,, be continuous random variables. A discrete case
may be disposed of by replacing integrals with sums. Note that a test
function ¥(x) that satisfies Equation (8.3.3) has size a and hence it has
level a too!

Let 1™ (x) be another level « test function. Let Q(6), Q*(6) be the power
functions associated with 1), 9", respectively. Now, we verify:

{(x) — " (%) HL(x;01) — kL(x;00)} > 0 for all x € X" (8.3.4)

First, let x € X" but ¥(x) = 1 so that L(x;61) — kL(x;0p) > 0, by
definition of ¢ in Equation (8.3.2). For such x, one obviously has ¢ (x) —
1™ (x) > 0 since ¥*(x) € (0,1) so that Equation (8.3.4) holds.

Next, let x € X™ but ¥(x) = 0 so that L(x;6;) — kL(x;0p) < 0, by
definition of ¢ in Equation (8.3.2). For such x, one obviously has ¢ (x) —
¥*(x) < 0 since " (x) € (0,1) so that Equation (8.3.4) holds. Now, if
x € X" is such that 0 < ¥(x) < 1, then from Equation (8.3.2) we must
have L(x;601) — kL(x;00) = 0, and so Equation (8.3.4) is validated. That
is, Equation (8.3.4) holds for all x € X™. Hence,

0 Sf---f {¥(x) = " (%) HL(x;01) — kL(x; 00) YT da;
—f f¢ x){L(x;01) — kL(x; 00) I} da;
- f f Y (x){L(x;01) — kL(x; 00) {7 d;

= {Eel[ (X)] = kEg, [v(X)]} = { B, [v"(X)] = kEp, [v" (X)]}
— {Q(01) — Q*(61)} — K{Q(80) — Q" (60)}.
(8.3.5)
Now, Q(6p) is the Type I error probability associated with ¢ and thus
Q(0p) = «a from Equation (8.3.3). @*(y) is a similar entity associated with
¥™ which has level «, that is Q*(0y) < a. Thus, Q(fy) — Q*(6p) > 0 and
we may rewrite Equation (8.3.5) as:

Q(01) — Q*(61) = k{Q(00) — Q" (60)} 2 0

So, Q(61) > Q*(01). Hence, the test function 1 is at least as powerful as
™. The proof is complete. B

Remark 8.3.1 Observe that the Neyman-Pearson Lemma rejects Hy in
favor of accepting H; provided that the ratio of the likelihoods under H;
and Hy is sufficiently large (> k) for some suitable k(> 0).

Convention: The ratio § is interpreted as infinity if ¢ > 0
and one if ¢ = 0.
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Remark 8.3.2 In the Neyman-Pearson Lemma, note that nothing has
been specified about x, which may satisfy the equation L(x;6;1) = kL(x;6o).
Now, if X1, ..., X,, are continuous variables, then a set of such points would
have a zero probability. For a discrete data x, however, one would random-
ize if L(x;61) = kL(x;6p) holds. Consider Example 8.3.5.

A final MP or UMP level « test is given in the
simplest implementable form. That is, having
fixed «, the cut-off point of such a test defining
regions R, R¢ must be explicitly found analytically
or from a standard statistical table.

Remark 8.3.3 For all practical purposes, a MP level «a test given by
the Neyman-Pearson Lemma is unique. That is, if one finds another MP
level o test with a test function 1*, then 1" and 1 will coincide on the sets
{x € X" : L(x;01) > kL(x;0p)} and {x € X" : L(x;61) < kL(x;60)}.

Convention: k is a generic and nonstochastic constant.
k may not remain the same from one step to another.

Example 8.3.1 Suppose X1, ..., X,, are iid N(u,0?) with unknown p €
R, but 02 € RT is known. With preassigned a € (0, 1), we wish to find a
MP level « test for Hy : = pg vs. Hy : = py(> pg) with known real
numbers i, p11. Since Hy, H; are simple hypotheses, the Neyman-Pearson
Lemma applies. The likelihood function is:

Lixi 1) = {0%2m) " eop{—(20%) 'Sy (s — 1)), pE R

Normal pdf
under Hy

MNeormal pdf
under Hy

#(2)
v

o Zoy Ho By 24
(a) (b)

Figure 8.3.1. (a) Standard normal pdf: upper 100a% point;
(b) probability on the right of z, is larger under H; (darker plus
lighter shaded areas) than under Hy (lighter shaded area).

A MP test has the form:
Reject Hy if and only if L(x;uq)/L(x; po) > k
That is, we will reject Hy if and only if
exp{o 2 (puy — po) X0z} is “large” (> k) (8.3.6)
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Since gy > i, the Equation (8.3.6) may be equivalently expressed as:

Reject Hy if and only if X7 ; X;, or equivalently (8.3.7)
the sample mean X, is “large” (> k) o

Since E,[X] = p, it does make sense to reject Hy when X is “large” (> k)
because the alternative hypothesis postulates a value p; which is larger than
to- But, the MP test given in Equation (8.3.7) is not in an implementable
form. Since the test must have size «, we rewrite Equation (8.3.7) as:

Reject Hy if and only if \/n(X — pg)/0 > 2a (8.3.8)

where 2, is the upper 100a% point of the standard normal distribution. See
Figure 8.3.1. Under Hy, observe that \/n(X — pi)/0 is a statistic, referred
to as a test statistic, which is distributed as a standard normal random
variable.

Here, the critical region R = {x = (z1,...,x,) € R" : /n(T — po) /o >
Za }. Now, we have:

Type I error probability
= Py, {\/ﬁ(7 — )]0 > 2o} = @, by the choice of z,

So, we have a MP level a test. A

Example 8.3.2 (Example 8.3.1 Continued) With preassigned « € (0, 1),
we wish to find a MP level « test for Hy : = py vs. Hy @ p = pq(< pg)
with known real numbers p, 1;. See Figure 8.3.2 for the position of —z,.

$(2)
e

-z, 0
Figure 8.3.2. Standard normal pdf: lower 100a% point.

One may check that a MP level « test will have its critical region R =
{x=(21,.yp) €ER" : /(T — py) /0 < —20}. A

Example 8.3.3 Suppose X1, ..., X,, are iid Uniform(0,0) with (> 0)
unknown. With preassigned a € (0, 1), we wish to obtain a MP level « test
for Hy : 0 = 6y vs. Hy : 0 = 01(> 0p) with known positive numbers 6, 0.
Since Hy, H; are simple hypotheses, the Neyman-Pearson Lemma applies.
The likelihood function is:

L(x:0) = 07"1(0 < 2y < 0)1(0 < Tpp < Tin) , 0 € RT
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A MP test has the form:
Reject Hy if and only if L(x;61)/L(x;00) > k
That is, one will reject Hy if and only if
Xpon is “large” (> k) (8.3.9)

But, a MP test given by Equation (8.3.9) is not in an implementable form.
Under Hy, the pdf of T = X, is nt"~1/051(0 < t < 6p). Hence, we
determine k as follows:

Type I error probability
= Ppy {Xpon >k} = f,f“ nt" 10, " dt = (05 — k™) /0y = «

so that k& = 0p(1 — a)'/™. A MP level a test will have its critical region
R= {X = (3717 ~-~7-7;n) e Ry > 90(1 - a)l/n}. A

In the Neyman-Pearson Lemma, we assumed that 6 was real valued.
This assumption was not crucial. The unknown parameter could be
vector valued. It was crucial that the likelihood function involved
no unknown component of @ under either hypothesis H;,7 =0, 1
if 8 were vector valued. Consider Example 8.3.4.

Example 8.3.4 Suppose X, ..., X,, are iid with a common pdf:
b0 [0(&)) 2 eap(—x/b)

involving two unknown parameters (6,0) € R x Rt,z € R*. With pre-
assigned a € (0,1), we wish to obtain a MP level « test for Hy : (b =
bo,6 = 6") vs. Hy : (b=b1,6 = &) where by > by are positive numbers and
6" is also a positive number. Since Hy and H; are simple hypotheses, the
Neyman-Pearson Lemma applies. The likelihood function is:

L(;8,b) = b~ " [D(8)] " eap{ —b~' Sy H{IT i}
for (6,0) € Rt x RT
A MP test has the form:
Reject Hy if and only if L(x;6%,01)/L(x;6",bg) > k
That is, one will reject Hy if and only if
exp{(by* — by X 2;} is “large” (> k) (8.3.10)

Observe that, under Hy the statistic £ ; X; has a Gamma(né®, by) dis-

tribution which is completely specified for fixed values of n, 6", by. Let us
equivalently express the test as:

Reject Hy if and only if 37 X; > g5 b0,a (8.3.11)
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where gy, 5+ b.a 15 the upper 100a% point of Gamma(né™, by) distribution.
In Table 8.3.1, gn,6+,by, values are given for a« = 0.01,0.05,b9 = 1,n =
2,5,6 and 6" =2,3. A

Table 8.3.1. Selected Values of gy, s+ by, With by =1

a=0.05 a = 0.01
n=2 n=>5 n==6 n=2 n=>5 n==~6
§*=2 T7.7537 15.7050 18.2080 10.0450 18.7830  21.4900
§*=3 10.5130 21.8860  25.4990 13.1080 25.4460 21.3100

In a discrete case, one applies the Neyman-Pearson Lemma,
but employs randomization. Consider Example 8.3.5.

Example 8.3.5 Let Xi,..., X,, be iid Bernoulli(p) where p € (0,1) is
unknown. With preassigned a € (0,1), we wish to derive a MP level «
test for Hy : p = pg vs. Hy : p = p1(> po) with two numbers pg, p1
in (0,1). Since Hy and H; are simple hypotheses, the Neyman-Pearson
Lemma applies. Writing T = X7 X;, t = X7, 2;, the likelihood function
is:

L(x;p) =p'(1—p)" ", pe(0,1)
A MP test has the form:

Reject Hy if and only if L(x;p1)/L(x;p0) > k
That is, we will reject Hy if

{lp1(1 = po)l/[po(1 — p)I}'{(1 = p1)/(1 — po)}" is “large” (> k) (8.3.12)

Since p1 > po, we have [p1(1 — po)]/[po(1 — p1)] > 1. So, “large” values
of the left-hand side (lhs) in Equation (8.3.12) will correspond to “large”
values of X' ; X;. So, a MP test may be expressed as:

1 if ¥, X, >k
Pp(X)=< v if ¥ X, =k (8.3.13)

0 if ¥, Xi<k
where a positive integer k£ and v € (0,1) are to be chosen so that this test
has size . Note that X7, X; has Binomial(n, pg) distribution under Hp.

Now, one determines the smallest integer k such that P, {371 X; > k} < «
and lets

Y= [O‘ - PPO{E?:IXZ' > k}]/PPo{EzT’Llei = k} (8'3'14)
where one has
PPO{E?:IXi = k} = (Z)p’é(l - pO)nikv

8.3.15
Ppo {11 Xi > k=201 () o6 (1 — po) ( )
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Now, with k& and 7 defined by Equation (8.3.14), one may check that the
associated Type I error probability is:

VP {Zi1 Xi = K} + Ppo (X, Xi > b} = @

So, we have a MP level « test. If X7 ; X; = k, then one rejects Hy with
probability . For example, if v = 0.135, then consider three-digit random
numbers 000,001, ...,134,135,...,999 and look at a random number table
to draw one three-digit number. If we come up with one of the numbers
000,001, ... or 134, then and only then Hy will be rejected. This is what is
called randomization. Table 8.3.2 provides k and ~ for some specific choices
of n, pg, and a.

Table 8.3.2. Values of k and v in the Bernoulli Case

n=10 «o=0.10 n=10 o =0.05
po k7 po kv
0.2 4 0.763 0.2 4 0.195
04 6 0.406 0.6 8 0.030

n=20 a=0.05 n=25 «ao=20.10
pok Y po Kk Y
03 9 0.031 0.5 16 0.757
0.5 14 0.792 0.6 18 0.330

A reader should verify some of these entries. A

| A MP level « test always depends on (jointly) sufficient statistics. |

In each example, the reader has noticed that a MP level « test always
depended only on (jointly) sufficient statistics. This is no coincidence. Let
T =T(Xy,...,X,) be a (jointly) sufficient statistic for 8. By the Neyman
factorization (Theorem 6.2.1), one can split a likelihood function as follows:

L(x;0) = g(T(x); 0)h(x) for all x € X (8.3.16)

where h(x) does not involve 8. Now, a MP test rejects Hy : @ = 6 in favor
of accepting H; : @ = 0 for large values of L(x;01)/L(x;0p). But, we can
write

L(x;01)/L(x;600) = g(T(x);01)/9(T(x); 60)

which implies that a MP test rejects Hy : @ = 6, in favor of accepting
Hy : 6 = 64, for “large” values of g (T(x);01) /g (T(x);80). So, it should
not be surprising that all MP tests in the previous examples depended on
a (jointly) sufficient statistic T.
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8.3.2  Application: Parameters Are Not Involved

In the Neyman-Pearson Lemma, we had a real valued parameter § and
a common pmf or pdf indexed by 6. We mentioned earlier that this as-
sumption was not really crucial. As long as Hy, Hy are simple hypotheses,
the Neyman-Pearson Lemma will provide a MP level a test. An example
follows.

Example 8.3.6 Suppose X1, X5 are iid with a common pdf f(z). Con-
sider two functions defined as follows:

fo(x)—{ Za? f0<wz<4 fl(x)_{l—?%\/z fo<z<4

0 elsewhere 0 elsewhere
We wish to determine a MP level « test for
Hy: f(z) = fo(z) vs. Hy : f(z) = fi(x) (8.3.17)
The Neyman-Pearson Lemma applies and a MP test has the form:
Reject Hp if and only if {f1(z1)fi(z2)}/{fo(x1)fo(z2)} >k (8.3.18)
which reduces to:
Reject Hp if and only if X; X5 is “small” (< k) (8.3.19)

Let us write Fy(z) for the distribution function (df) corresponding to the
pdf fo(x):

0 if z<0
Fo(z) = ‘g—z if 0<wz<4
1 if z>4

Under Hy, we know that —2log{Fy(X;)},i = 1,2 is distributed as iid 3.
The test defined via Equation (8.3.19) must have size a, that is, we require:

o =P{X1X2 <k when f(z) = fo(z)}
—P{64 X2 <k when f(x) = folx )}

= P[22, (—2log{Fy(Xi)}) > k when f(z) = fo()]
=P {xi>k}

One implements a MP level « test as follows:
Reject Hy if and only if log[2%* /(X1 X2)%] > X7 (8.3.20)

where Xia is the upper 100a% point of a y? distribution. A
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8.3.8 Applications: Observations Are Non-iid

In the Neyman-Pearson Lemma, it was not crucial that Xi,..., X,, were
identically distributed or independent. One merely needed to work with an
explicit form of a likelihood function under simple hypotheses, Hy and H;.
We give two examples.

Example 8.3.7 Let X7, X5 be independent random variables respec-
tively distributed as N(u,02) and N(u,40?) with unknown u € R, but
0% € Rt is assumed known. Here, we have a situation where X, X, are
independent but not identically distributed. We wish to derive a MP level
a test for Hy : po = pg vs. Hy @ p = puq (> o). The likelihood function is

Lix; p) = (470%) exp{—ghs (01 — p)® — g (w2 — )7} (8.3.21)

where x = (21, 22) so that

L(x; 1)/ L(%; pg) = eap{ g5z (da1 + @2) (g — p10) ewp{goz (11 — n5)}
The Neyman-Pearson Lemma applies, and we would reject Hy if and only
if L(x; pq)/L(x; 1) is “large,” that is, if 4X; + X5 > k. This will be a MP
level o test if k is so chosen that P, {4X1 + X2 > k} = a. But, under Hy,

the statistic 4X7 + X» is distributed as N (54, 200?%). So, we may rephrase
a MP level a test as follows:

Reject Hy if and only if {4X; + X5 — 510}/ (v/200) > 2z, (8.3.22)

We leave some details out. A
Example 8.3.8 Denote X = (X1, X2) where X has a No(u, i1, 1,1, %)
distribution with an unknown parameter p € . We wish to derive a MP

level « test for Hy : = g vs. Hy @ o = pq (> o). The likelihood function
is:

L(x; 1) = (V2r) Feap{— (21 —p)*+V2(w1 —pp) (wa—p) — (w2 —pn)*} (8.3.23)
so that

L(x; 111)/ L(x; ) = [eap{ (21 + ) (11g — po) yeap{(ud — pi2)})>~ V2

The Neyman-Pearson Lemma applies, and we would reject Hy if and only
if L(x; pq)/L(x; pg) is “large,” that is, if Xy + X5 > k. This will be a MP
level « test if k is so chosen that P, {X; 4+ Xy > k} = a. Under Hy, the
statistic X1 + X is distributed as N(2pug,2 + V2). So, we may rephrase
the MP level « test as follows:

Reject Hy if and only if {X; 4+ Xo — 20}/ (V2 + V2) > 2o (8.3.24)

We leave some details out. A
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8.4 One-Sided Composite Alternative

We introduced the Neyman-Pearson methodology to test a simple null hy-
pothesis vs. a simple alternative hypothesis. Next suppose that we have
a simple null hypothesis Hy : § = 6y, but the alternative hypothesis is
Hy, : 0 > 6y. Here, H; : 8 > 0, represents an upper-sided composite
hypothesis. One could instead have H; : 6 < 6y, which is a lower-sided
composite hypothesis. We recall that a UMP level a test of Hy vs. Hy
will have its power function Q(#) satisfying: (i) Q(0p) < v and (ii) Q(6) is
maximized at every 6 under H;.

8.4.1 UMP Test via Neyman-Pearson Lemma

We explain this simple approach with the help of examples.

Example 8.4.1 (Example 8.3.1 Continued) We wish to find a UMP
level « test for Hy : o = pg vs. Hy : p > py where g is a fixed number. Fix
w1 (> o) and from Equation (8.3.8) recall that a MP level « test between
o and (arbitrarily chosen) p; will have the form:

Reject Hy if and only if /n(X — pg)/0 > za (8.4.1)

This test maximizes the power at u = pq, but the test itself does not
depend on p; (> ). Hence, the test from Equation (8.4.1) is UMP level «
for testing Ho : pt = g vs. Hy: > 1. A

072

fn,1-o

Figure 8.4.1. Chi-square lower 100a% or upper 100(1 — )%
point with the degree of freedom n.

Example 8.4.2 Suppose X1, ..., X,, are iid N(0,0?) with unknown o2 €
R+. We wish to find a UMP level « test for Hy : 02 = 02 vs. Hy : 02 < 03
where o2 is a fixed positive number. We first fix 0 < 0%(< 03) and then
check that a MP level « test between o3 and (arbitrarily chosen) o3 will
have the form:

Reject Hy if and only if ¥} X? < 0fx2 1 4 (8.4.2)

where X%71_a is the lower 100a% point of a x2 distribution. See Figure
8.4.1. This test maximizes the power at 0> = o2, but the test itself does
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not depend on o%(< 03). Hence, the test from Equation (8.4.2) is UMP
level o for testing Hy : 02 = 0(2) vs. Hy : 02 < 03. A

P-Value of a Test:

There is another way to report the final outcome using the P-value. We
emphasize that the P-value is a data-driven quantification of the “strength”
of support in favor of Hy, but its interpretation is sometimes difficult.

Consider Example 8.4.1. Suppose that we have the observed value T for
the sample mean and zcqic = /(T — py) /0, the calculated value of the test
statistic, /n(X — pg)/o.

Now, one may ask the following question:

What is the probability of observing data which are similar to
those on hand or more extreme, if Hy happened to be true?
This probability will be called the P-value.

Since the alternative hypothesis is > p, the phrase more extreme is
interpreted as “X > T” and hence the P-value is given by:

PN‘O{\/E(Y - /LO)/O' > anlc} = P{Z > anlc}

which can be obtained from a standard normal table.
If the alternative hypothesis was 1 < pg, then the phrase more extreme
would be interpreted as “X < T” and the P-value will be:

PN‘O{\/E(Y - /LO)/O' < anlc} = P{Z < anlc}

A test with a “small” P-value indicates that a null hypothesis is less
plausible than the alternative hypothesis, and in that case Hy is rejected.

A test would reject null hypothesis Hy at chosen level «
if and only if the associated P-value < a.

Example 8.4.3 (Example 8.4.1 Continued) Suppose X7, ..., X15 are iid
N(p,0?) with unknown g € R but 0? = 9. We wish to test Ho : pp = 3.1 vs.
Hy : p> 3.1 at 5% level so that z, = 1.645. Observed data gave T = 5.3
so that zeqe = \/ﬁ(53 —3.1)/3 =~ 2.8402. Hence, we will reject Hy at
5% level since zeqie > 2o. The associated P-value is P{Z > 2.8402} =~
0.0022543. If we were told that the P-value was 0.0022543, then we would
have immediately rejected Hy at any level a > 0.0022543. A

8.4.2 UMP Test via Monotone Likelihood Ratio Property

Definition 8.4.1 A family of distributions {f(x;0): 0 € O} is said to
have a monotone likelihood ratio (MLR) property in a real valued statistic
T = T(X) provided that the following holds: for all {6*,0} C © and x € X,
we have

L(x;6%)
L(x;0)

is nondecreasing in T(x) whenever 0* > 6 (8.4.3)
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Remark 8.4.1 In this definition, all we need is that L(x;6%)/L(x;6)
should be nonincreasing or nondecreasing in T(x) whenever 6% > 6. If the
likelihood ratio L(x;0")/L(x;#) is nonincreasing instead of nondecreasing,
then its primary effect would be felt in the placement of a rejection re-
gion R. The statistic T" would invariably involve sufficient statistics for the
unknown parameter 6.

Example 8.4.4 Let Xi,..., X, be iid N(u,0?) with unknown p € R,

but 02 € R* is known. Consider arbitrary real numbers p, u*( > i), and
then with T'(x) = ¥ ;z;, write

L(x; 10)/ L(x; 1) = eap{[(u* — ) T(x) /0] + [n(n® — pu"%)/(20°)]}

which is an increasing function in 7. Then, we have a MLR (increasing)
property in 7. A
Example 8.4.5 Suppose Xi, ..., X,, are iid with a common pdf

f(z;b) = be P I(x > 0)

where b € R is unknown. Consider arbitrary real numbers 0 < b < b* and
with T'(x) = 37"z, write

L(x;07)/L(x;0) = (b7 /b)" exp{—(b" — b)T (%)}

which decreases in T. So, we have a MLR (decreasing) property in 7. A

Let T = T'(X) be a real valued sufficient statistic for 0 and denote its
family of pmf or pdf {g(¢;0): 0 € © C R}. The domain for T'is 7 C R.
Suppose that g(¢;0) belongs to a one-parameter exponential family:

g(t;0) = a(@)c)e® s ecO,teT (8.4.4)

where b(0) is a nonincreasing (nondecreasing) function of 6. Then, {g(t; 0):
0 € © C R} has the MLR nonincreasing (nondecreasing) property in 7.
Here, a(0),b(0) cannot involve ¢ and ¢(t) cannot involve §. In many dis-
tributions involving a single real valued unknown parameter 6, including
binomial, Poisson, normal, and gamma, the family of pmf or pdf of the
associated sufficient statistic 7" would have a MLR property.

The following useful result is due to Karlin and Rubin (1956). We state
it without giving its proof.

Theorem 8.4.1 (Karlin-Rubin Theorem) We wish to test Hy : 6 <
0o vs. Hy : 0 > 6. Consider a real valued sufficient statistic T = T(X) for
0 € O(C R). Suppose that the family {g(t;0) : 0 € O} of pmf or pdf induced
by T has a MLR (nondecreasing) property. Then, a test function

1 if T(X) >k

Y(X) —{ 0 if T(X) < k (8.4.5)
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corresponds to a UMP level « test if k is so chosen that Eg,[t(X)] = a.

Example 8.4.6 (Example 8.4.1 Continued) We know that T(X) =
¥, X; is sufficient for ;1 and its pdf has a MLR increasing property in
T. Now, we may wish to test Hy : 1 < g vs. Hy : o > pg with level «
where 11 is a fixed number. By the Karlin-Rubin Theorem, a UMP level «

test will be: T
1 ifT(x)>k
w(x){ 0 if T(x) <k

or equivalently

0 if V(X = po)/0 < za

That is, the Type I error probability at a boundary point p = p in the null
space is exactly . One may check directly that the same for any p < p
is smaller than a. A

W(x) = { 1 if V(X — p) /o > 24

8.5 Simple Null vs. Two-Sided Alternative

Consider testing a simple null hypothesis Hy : § = 6y vs. a two-sided
alternative hypothesis Hy : 6 # 6y where 6 is a fixed value in the parameter
space ©. Wil there exist a UMP level a test? The answer is “yes” in some
situations and “no” in others. We refrain from going into general discussions
of what may or may not happen. To get the important point across, we
include examples. We also briefly touch upon unbiased tests.

8.5.1 An Fxample Where the UMP Test Does Not Ezxist

Suppose that X7, ..., X,, are iid N(u,0?) with unknown u € R but known
o € Rt. We wish to test a simple null hypothesis Hy : p = u, against a
two-sided alternative Hy : p # 1 with level o where p is a fixed number.
In this problem, there exists no UMP level « test. For a detailed proof, one
may look at Mukhopadhyay (2000, pp. 425-426).

8.5.2 An Example Where the UMP Test Exists

Suppose that Xy, ..., X,, are iid Uniform(0,#) with unknown 6 € R+. We
wish to test a simple null hypothesis Hy : 0 = 6y against a two-sided
alternative hypothesis Hy : 6 # 0y with level o where 6 is a fixed positive
number. This is an exercise from Lehmann (1986, p. 111). In this problem,
there exists a UMP level a test. For a detailed proof, one may look at
Mukhopadhyay (2000, pp. 426-428). Incidentally, the test associated with

1 if Xpon > 00 or Xy < Gpa/™

B(X) = { = = (8.5.1)

0 otherwise
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is UMP level a.

8.5.3 Unbiased and UMP Unbiased Tests

If a UMP test fails to exist, one often considers a class of tests by restricting
attention to unbiased tests, and then finds the best test within this class.

Definition 8.5.1 Consider testing Hy : 0 € ©g vs. Hy : 0 € O1 where
O, ©1 are subsets of © and Og, Oy are disjoint. A level « test is called
unbiased if Q(0), the power of the test (that is the probability of rejecting
Hy under 0) is at least a whenever 6 € ©1.

A test with its test function 1(X) is unbiased level a provided that the
following conditions hold:

(1)  Ep{¢v(X)} <aforall e0B,

(i)  Ep{(X)} > o for all 6 € ©; (8.5.2)

The properties in Equation (8.5.2) state that an unbiased test rejects
a null hypothesis more frequently when the alternative hypothesis is true
than in a situation when the null hypothesis is true. This is a fairly minimal
demand on any reasonable test used in practice. Now, one may set out to
locate the UMP level « test within the class of level a unbiased tests. Such
a test will be called a uniformly most powerful unbiased (UMPU) level «
test. An elaborate theory of unbiased tests was given by Neyman as well
as by Neyman and Pearson in a series of papers. Refer to Lehmann (1986).

From Section 8.5.1, one knows, for example, that there is no UMP level
« test for a simple null against a two-sided alternative about the mean of
a normal distribution with known variance. In Chapter 11, we will find a
level « likelihood ratio test (LRT) for the same problem which would:

Reject Hy if and only if /i | X — iy | /o > 2a)o (8.5.3)

This is the customary two-tailed Z-test which is indeed UMPU. The proof
is out of scope, but the readers may be made aware of this result.

8.6 Exercises and Complements

8.2.1 Suppose that X, X5, X3, Xy are iid from a N(6,4) population
where 6(€ R) is unknown. Test Hy : 0 = 2 vs. Hy : § = 5 and consider

Test #1: Reject Hy if and only if X; > 4.7

Test #2: Reject Hy if and only if £(X1 +2X,) > 4.5
Test #3: Reject H, if and only if (X1 + X3) > 4.2
Test #4: Reject Hy if and only if X > 4.1
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Find Type I and II error probabilities for each test and compare.

8.2.2 Suppose that X7, Xo, X3, Xy are iid from a population having an
exponential distribution with an unknown mean 6(€ R™). Test Hy : 0 = 6
vs. Hy : 0 = 2 and consider

Test #1: Reject Hy if and only if X; <4

Test #2: Reject H if and only if $(X; + X5) < 3.5

Test #3: Reject Hy if and only if (X1 + X + X3) < 3.4
Test #4: Reject Hy if and only if X < 2.8

Find the Type I and II error probabilities for each test and compare.
8.2.3 Suppose that X7, X5 are iid with a common pdf:

02°~1 fo<ax<1
f(a;0) = { 0 elsewhere

where 6(> 0) is unknown. In order to test Hy : 0 = 1 vs. Hy : 0 = 2,
consider a critical region

R = {(z1,22) € (0,1) x (0,1) : z35 > 3}

(i)  Show that the level = % + %log(%);
(ii) Show that the power at 6 = 2 is & 4 2log(2).

{Hints: a« = Py_1{X1 X5 > %} and power is Py—o(R) = Pp—2{ X1 X5 > %}}
8.3.1 Suppose X1,..., X,, are iid N(u,0?) where p is known but o is
unknown, p € R,0 € R*. Fix a € (0,1) and two positive numbers oq, 07.
(¢)  Derive the MP level « test for Hy: 0 = 0 vs. Hy : 0 = 04
(> 09) in the simplest implementable form;
(ii) Derive the MP level « test for Hy : 0 = 0 vs. Hy : 0 = 01
(< 09) in the simplest implementable form.

8.3.2 (Example 8.3.3 Continued) With preassigned a € (0,1) and two
positive numbers 6, < 6, derive the MP level « test for Hy : 0 = 6y vs. Hy :
0 = 01 in the simplest implementable form. Perform power calculations.

8.3.3 (Example 8.3.5 Continued) With preassigned « € (0, 1), derive a
randomized MP level « test for Hy : p = pg vs. Hy : p = p1 where p1 < pg
are two numbers in (0, 1). Explicitly find & and v when n = 15, = 0.10,
and pg = 0.1,0.5,0.7.

8.3.4 Let X, ..., X,, be iid Poisson(\) where A € R is unknown. With
preassigned « € (0, 1), derive a randomized MP level « test for Hy : A = Ao
vs. Hy : A = A1 where A\; > \g are two positive numbers. Explicitly find &
and v numerically when n = 10, = 0.05 and A\g = 0.15.
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8.3.5 Suppose that X is an observable random variable with its pdf
f(z),z € R. Consider functions defined as follows:

fol) = 1 if 0<z<1 fula) = 32?2 if0<z<1
O 0 elsewhere 7 0 elsewhere

Determine a MP level « test for

Ho : f(x) = fo(z) vs. Hy: f(x) = f1(z)
in the simplest implementable form. Perform power calculations. {Hint:
Follow Example 8.3.6.}

8.3.6 Suppose that X is an observable random variable with its pdf
f(z),z € R. Consider functions defined as follows:

fo(z) = 2(1+2*)7", fi(z) = jexp{—|z[}
Show that a MP level « test for

Hy: f(z) = fo(x) vs. Hy: f(x) = fi(z)

will reject Hy if and only if |X| < k. Determine k as a function of «.
Perform power calculations.

8.3.7 Suppose that Xi, ..., X, are iid Uniform(—6, ) with unknown (>
0). Test Hy : 0 = 0y vs. Hy : 0 = 0,(> 0p) with positive numbers 6, 6.
Also, suppose that we reject Hy if and only if | X|, ., > ¢ where |X|, . =
maxi<i<p |X;| and c is a fixed positive number. Find o € (0,1) for which
this test is MP level a.

8.3.8 Suppose X1, ..., X,, are iid with a common Rayleigh pdf:
f(x;0) =20 twexp(—22/0)I(x > 0)

where 6(> 0) is unknown.. With preassigned « € (0, 1), derive a MP level
a test for Hy : 0 = 0g vs. Hy : 0 = 01(< 0y) where 0,0, are positive
numbers, in the simplest implementable form.

8.3.9 Suppose that X; and X, are independent random variables re-
spectively distributed as N(u,0?), N(3u,202) where u € R is unknown
and o € R is assumed known. Derive a MP level « test for Hy : pn = py
vs. Hy : = py(< o). Evaluate the power of the test.

8.3.10 (Example 8.3.8 Continued) Derive a MP level « test for Hy : u =
o vs. Hy @ = pq (< pg). Evaluate the power of this test.

8.3.11 Suppose Xj, ..., X,, are iid with a common pdf:

f @) = leo/3a] " emp{~llog(x) — ]2/ (20%)} Iz > 0)

and —oo < 4 < 00,0 < 0 < oco. Here, p is the only unknown parameter.
Given a € (0, 1), find a MP level « test in the simplest implementable form
for Hy : = pig vs. Hy : p= py (> po) with g, pq fixed real numbers.



8. Tests of Hypotheses 187

8.4.1 Suppose X1, ..., X,, are iid having a common Laplace pdf:
F(@;b) = 1 eap(— |z — al /)] (z € B)

where b(> 0) is unknown but a(€ R) is assumed known. Show that the
family has a MLR increasing property in 7, a sufficient statistic for b.

8.4.2 Suppose X1, ..., X,, are iid with a common Weibull pdf:

f(aya) = a” b2’ eap(—a®/a)I(z > 0)

where a(> 0) is unknown but b(> 0) is assumed known. Show that the
family has a MLR increasing property in 7', a sufficient statistic for a.
8.4.3 Let X1, ..., X, be iid Poisson()) with unknown A € R®*. Show that
the family has a MLR increasing property in 7', a sufficient statistic.
8.4.4 Suppose X1, ..., X,, are iid Uniform(—0, ) with unknown 6(> O)
Show that the family has a MLR increasing property in T = |X|
sufficient statistic for 6, where | X| . = maxj<;<n | X;|.

nmn’
n:mn
8.4.5 Suppose X1i,..., X, are iid N(u,0?) where y is assumed known
but 02 is unknown, p € R, 0% € RT. We have fixed numbers a € (0,1) and
03(> 0). Derive a UMP level « test for Hy : 02 > 0 vs. Hy : 0% < 03 in
the simplest implementable form.
(i)  Use the Neyman-Pearson approach;

(#¢)  Use the MLR approach.

8.4.6 Suppose X1, ..., X,, are iid N(u,0?) where y is unknown but o? is
assumed known, p € R,02 € RF. In order to test Ho : p > py vs. Hy :
i < iy, suppose that we reject Hy if and only if X < ¢ where c is a fixed
number. Determine « € (0,1) for which this test is UMP level .

8.4.7 Suppose X, ..., X, are iid Geometric(p) where p € (0,1) is un-
known. With preassigned « € (0, 1), derive a randomized UMP level « test
for Hy : p > po vs. Hy : p < pg where pg is a number between 0 and 1.

8.4.8 Suppose X1, ..., X,, are iid with a common Rayleigh pdf:
f(2:0) = 20 'wexp(—22/0)I(x > 0)

where 0(> 0) is unknown. With preassigned « € (0,1), derive a UMP level
a test for Hy : 0 > 0y vs. Hy : 0 < 0y where 6 is a positive number, in the
simplest implementable form.

(i)  Use the Neyman-Pearson approach;
(#¢)  Use the MLR approach.

8.4.9 (Exercise 8.3.11 Continued) Given « € (0,1), derive a UMP level
o test for testing Hy : pt = py vs. Hy : p < pg where g is a fixed number.
Describe the test in its simplest implementable form.

8.4.10 Suppose X1, ..., X, are iid with a common pdf:
f(2:0) =0 2(=0/07(0 < 2 < 1)
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where 0 < 0 < oo is unknown. Given « € (0,1), derive a UMP level « test
in its simplest implementable for Hy : 0 < 6y vs. Hy : 0 > 6y where 6 is a
fixed positive number.
8.4.11 (Sample Size Determination) Let X, ..., X,, be iid N(u,o?)
where p is assumed unknown but o is known, p € R,0 € R*. Given
€ (0,1), a UMP level « test for Hy : = g vs. Hy : > pyg

rejects Hy if and only if v/n(X — pg)/0 > 24

The UMP test makes sure that it has minimum possible Type II error prob-
ability at p = uq (> 1) among all level «r tests, but there is no guarantee
that this minimum Type II error probability at u = p; will be “small”
unless n is appropriately determined.

We require the UMP test to have Type II error probability < g € (0, 1)
when p = py (> pg). Show that the sample size

n must be the smallest integer > {(24 + 23)0/( 11 — o) }>

8.5.1 Denote the lognormal pdf:

f(wsp,0) = [wo/2m| ™ eap {~[log(w) — p]?/(20%)}

with w > 0, —0co0 < p < 00, and 0 < ¢ < co. Suppose that X1, ..., X,, are iid
positive random variables having a common pdf f(x; u,2), Y1, ..., Y, are iid
positive random variables having a common pdf f(y;2u,3), and also X,Y
are independent. Here, p is unknown and m # n. Argue whether there does
or does not exist a UMP level « test for Hy : p =1 vs. Hy : pu # 1. {Hint:
Try to use the result from Section 8.5.1.}

8.5.2 Suppose X1, Xo, X3, Xy are iid Uniform(0, §) where 6 > 0. To test
Hy:0=1vs. Hy:0+ 1, we propose to use the critical region

R:{X€§R+4:X4;4<%OI"X4;4>1}

Evaluate the associated level o and the power function.
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Confidence Intervals

9.1 Introduction

As the name confidence interval suggests, we set out to explore methods
to estimate an unknown parameter § € © C R with the help of an interval.
That is, we will determine two statistics 77, (X), Ty (X) based on the data X
and propose the interval (T7,(X), Ty (X)) as a final estimator of 6. If T, (X)
is —o0, the interval (—oo, Ty (X)) is called an upper confidence interval for
0. But, if Ty (X) is oo, the interval (T7,(X), 00) is called a lower confidence
interval for 6.

We prefer reporting both lower and upper end points of
a confidence interval J, namely 77, (X) and Ty (X), that
depend only on a (minimal) sufficient statistic for 6.

Definition 9.1.1 Coverage probability associated with the confidence in-
terval, J = (T(X), Ty (X)), for 0 is measured by:

Po{f € (TL(X), Ty (X))} (9.1.1)
The confidence coefficient associated with J is defined as:
min geepg{e S (TL(X),TU(X))} (912)

However, the coverage probability, Pp{6 € (T1(X),Ty(X))}, may not
involve # in many standard applications. In those situations, the confidence
coefficient will coincide with the coverage probability itself. Thus, we will
use these phrases interchangeably.

Before we proceed any further, we add some historical perspectives. The
concepts of both “fiducial distribution” and “fiducial intervals” originated
with Fisher (1930), which led to persistent and substantial philosophical
arguments. Among others, Neyman came down hard on Fisher on philo-
sophical grounds and proceeded to give the foundation of the theory of
confidence intervals. This culminated in Neyman’s (1935b, 1937) two path-
breaking papers on this subject. After 1937, neither Neyman nor Fisher
swayed from their respective philosophical stance. However, in the 1961 ar-
ticle, Silver jubilee of my dispute with Fisher, Neyman was kinder to Fisher
in his exposition. It may not be out of place to note that Fisher died on
July 29, 1962. Buehler (1980), Lane (1980), and Wallace (1980) gave im-
portant accounts of fiducial distributions. It looks like some researchers are
recently reinventing Fisher’s fiducial arguments in the name of “implicit
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distributions.” One may refer to Mukhopadhyay (2006) for some pertinent
comments.

Customarily, one first fixes a small preassigned number « € (0,1) and
looks for a confidence interval for § with confidence coefficient (1 — «). We
refer to such an interval as (1 — «) or 100(1 — @)% confidence interval.

Example 9.1.1 Suppose X is distributed as N(u,1) where p(€ R) is
unknown. Let T7,(X) = X — 1.96, Ty (X) = X + 1.96, leading to

J=(X-1.96,X +1.96) (9.1.3)
The coverage probability is:

P {X —1.96 < p< X +1.96}
= P{|Z] < 1.96}, where Z = X7 —  is distributed
as N(0,1) if u is the true population mean,

which is 0.95 and it does not depend upon p. See Figure 9.1.1. Clearly,
20.025 = 1.96. So, the confidence coefficient associated with J is 0.95. A

“Zae O Zos2

Figure 9.1.1. Standard normal pdf: the shaded area between
—2q/2 and z4 /9 With 2,/ = 1.96 is 1 — a where a = 0.05.

The basic methodology involves what we call a pivotal approach and it
is both flexible and versatile. In Section 9.2, we discuss one-sample prob-
lems. An example of simultaneous confidence intervals (Example 9.2.6) is
included! We provide an interpretation of a confidence coefficient and a no-
tion of accuracy measure. Section 9.3 includes some two-sample problems.

9.2 One-Sample Problems

Let X4,..., X,, be independent and identically distributed (iid) real valued
random variables with a common probability density function (pdf) f(x;@)
for x € X where §(¢ ©) is unknown. Let T' = T(X) be a real valued
(minimal) sufficient statistic.

Let {g(t;0); t € T, 8 € O} be the family of pdfs induced by T. In
many applications, we will see that g(¢;0) will belong to a location, scale,
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or location-scale family of distributions which were introduced in Section
6.5.1.

Location Case: With some a(#), the distribution of
{T — a(#)} will not involve 6 for any 6 € ©.

Scale Case: With some b(f) > 0, the distribution of

will not involve @ for any 6 € ©.

b(0)

Location-Scale Case: With some a(6),b(0) > 0, the distribution
¢ T —a(h)
0

will not involve @ for any 6 € ©.

Definition 9.2.1 A pivot is a random variable U which functionally
involves both (minimal) sufficient statistic T and 0, but the distribution of
U does not involve 0 for any 6 € ©.

In a location, scale, or a location-scale situation, when U, T, and 6 are
real valued, the customary pivots are often multiples of {T' — a(60)},T/b(9)
or {T — a(0)}/b(0) respectively with suitable expressions of a(f) and b(9).
Consider the following examples.

One hopes that a pivotal distribution will coincide
with a known distribution so that a standard statistical
table may be used to find appropriate percentiles.

Example 9.2.1 Suppose X has its pdf f(z;60) = 0~ exp{—x/0}I(x > 0)
where (> 0) is unknown. Given a € (0, 1), we wish to construct a (1 — «)
confidence interval for 8. We know that X is minimal sufficient for ¢ and
its pdf belongs to a scale family. Note that the pdf of U = X/0 is g(u) =
e “I(u > 0) and find positive numbers a < b such that P(U < a) = P(U >
b) = La so that P(a < U < b) = 1 — a. Check that a = —log(1 — a) and

2 2
b= —log(3a). Here, U is a pivot and observe that

Pla<U<b=l-a=P{lc(b'X,a'X)}=1-a

so that J = (b71X,a"1X) is a (1 — a) confidence interval for 6. A

Example 9.2.2 Suppose Xj, ..., X,, are iid Uniform(0, §) where (> 0)
is an unknown parameter. Given « € (0, 1), we wish to construct a (1 — )
confidence interval for 8. We know that T" = X,,.,, is minimal sufficient for
0 and its pdf belongs to a scale family. The pdf of U = T/0 is g(u) =
nu" 110 <u < 1). We find 0 < a < b < 1 such that P(U < a) = P(U >
b) = 2a so that P(a < U < b) = 1 — a. Check that a = (1a)!/™ and
b= (1—1a)/". Here, U is a pivot and observe that

Pla<U<b =1—-a=P{0c (b 'T,a 'T)}=1-«
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which shows that J = (b71X,,.,,a 1 X,,.,,) is a (1 — a) confidence interval
for 6. A

2y O )

Figure 9.2.1. Standard normal pdf: the area on the
right (or left) of 24/ (or —z4/2) is /2.

Example 9.2.3 (Mean: Normal with Unknown g and Known o)
Suppose Xi, ..., X, are iid N (i, 0?) with unknown p € R. Assume that o2 €
RT is known. Given « € (0, 1), we wish to construct a (1 — «) confidence
interval for p. The statistic T = X is minimal sufficient for ; and it has a
N(p, %02) distribution which belongs to a location family. The pivot ought
to be U = \/n(T — p)/o which has a standard normal distribution for all
p. See Figure 9.2.1. We have P{—z,/2 < U < z4/2} = 1 — a which implies:

P, {T - Za/gn_l/QO' <pu<T+ Za/gn_l/Qo'} =1—«
In other words,
(X = 2020 V20, X + 2, o0~ V/?0) (9.2.1)

is a (1 — ) confidence interval for 1. A

Example 9.2.4 (Mean: Normal with Unknown p,0) Suppose that
X1,..., X,, are iid N(u,0?) with unknown p € ® and o? € Rt,n > 2.
Given a € (0,1), we wish to construct a (1 — a) confidence interval for
. Let X, S? respectively be the sample mean and variance. The statistic
T = (X, S?) is minimal sufficient for (u,0?). Here, the distribution of X
belongs to a location-scale family. The pivot ought to be U = /n(X —pu)/S
which has a ¢, distribution for all y, 02. So, we have P{—t,_ 1,02 <U <
th—1,a/2} = 1 —a where t,_; /5 is the upper 50a% point of Student’s ,, _;
distribution. See Figure 9.2.2

Thus, we have:

P, s> {7 — tn,lﬂ/gn_l/QS <pu< X+ tn,La/gn_l/QS} =1l—-a«a

so that
(Y_ tnfl,a/Qn_l/sty"i_tnfl,a/Qn_l/QS) (922)
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is a (1 — @) confidence interval for y. A

Student'sfg_1
Af

° ¢
o1, 02 n-1,0002

Figure 9.2.2. The area on the right (or left) of ¢,,_1 4/2
(or —ty_1,q/2) is /2.

Example 9.2.5 (Variance: Normal with Unknown p,0) Suppose
X1,..., X, are iid N(u,0?) with unknown p € ® and o? € Rt,n > 2.
Given a € (0,1), we wish to construct a (1 — «) confidence interval for 2.
Again, T = (X, S?) is minimal sufficient for (u1, 02). The distribution of S?
belongs to a scale family. The pivot ought to be U = (n — 1)52%/0? which
has a x2_, distribution for all 1, 0%, Recall that XzQ/,'y is the upper 100v%
point of x2 distribution.

/2 o2

0 .2 2
xn—l,l—o&f? xn—l,o&@
Figure 9.2.3. The area on the right (or left) of x? | /2

(or ng,—l,l—a/Z) is /2.

See Figure 9.2.3. We have P{x? | 1—aye < U< X2, a/2} =1-aso
that we can immediately write:

Pt {03 102) 0= 1)82 < 0% < (L1 00) = 1)82)
=1l—-a

Thus,

((xifl,a/g)’l(n —1)8% (X1 1_ape) (0 - 1)52) (9.2.3)
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is a (1 — a) confidence interval for o2. Obviously,

(\/(X%717a/2)*1(n - 1)8% \/(X3171,17a/2)71(” —1)52 )

will be a (1 — a) confidence interval for o. A

Example 9.2.6 (Joint Confidence Intervals: Normal with Un-
known u,o) Suppose X1, ..., X,, are iid N(u,0?) with unknown u € R
and 02 € RT,n > 2. Given a € (0,1), we wish to construct (1 — a) joint
confidence intervals for both p and o. From Example 9.2.4, we have

Jl == (7 - tn_lﬁ/gn_l/QS,Y + tn_17fy/2n_1/25> (924)

is a (1 — «) confidence interval for p with fixed v € (0,1). Also, from
Example 9.2.5, we have

Jy = (\/(XifLé/Q)*l(n —1)82, \/(X72171,175/2)71(n —1)82 ) (9.2.5)

is a (1 — ) confidence interval for o with fixed § € (0,1). Now, we write:
PM,UQ{/L eJinoe o}
> P, o2{p € i} + Puof{o € Jy} — 1, using

Bonferroni Inequality (3.8.7)
=1—~v—-6.

(9.2.6)

If we choose 0 < 7,6 < 1 so that v+ 6 = «, then we can think of Ji, Js
as the joint confidence intervals for unknown p, o with a joint confidence
coefficient at least (1 — a). Customarily, one picks y =& = 1. A

9.2.1 Interpretation of Confidence Coefficient

Let us now interpret a confidence coefficient or the coverage probability.
Consider a proposed confidence interval J for . Once we observe the data
X = x, a two-sided confidence interval estimate of 6 will be (T, (x), Ty (x)) ,
a fized subinterval of R. Note that there is nothing random about this
observed interval estimate. Also, recall that while 0 is unknown (€ ©), it is
a fized entity. The interpretation of the phrase “(1 — «) confidence” simply
means: hypothetically, observe data X = x1,X2,X3,... and sequentially
construct corresponding observed confidence interval estimates,

(Tr(x1), Tr(x1)) , (Tr(x2), Ty (x2)) , (Tw(x3), Tr(x3)) , -

In a long haul, out of these conceptual interval estimates found, approx-
imately 100(1 — @)% would include the unknown value of #. This inter-
pretation goes hand in hand with the relative frequency idea explained in
Chapter 1.
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In a frequentist paradigm, one may not talk about the probability of a
fixed interval estimate covering (or not covering) some unknown but fixed
0. However, we can claim:

lim k=10 10 € (To(x), Tu(x:) =1 — (9.2.7)

k—oo

9.2.2  Accuracy Measure

In Examples 9.2.3 and 9.2.4, we used equal tail percentage points of stan-
dard normal and Student’s ¢ distributions. Both pivotal distributions were
symmetric about the origin. Both standard normal and Student’s t,,_1 pdfs
obviously integrated to (1 — «) respectively on the intervals (—z4/2, 2q/2)
and (—tp_1,0/2, tn—1,a/2). But, why did we place (1—a) probability around
the center of a distribution? The following result will provide some neces-
sary insight.

Theorem 9.2.1 Suppose that X is a continuous random variable having
a unimodal pdf f(x) with its support R. Assume that f(x) is symmetric
around x = 0, that is, f(—x) = f(z) for all x > 0. Let P(—a < X <
a) =1—a for some 0 < a < % Let positive numbers g, h be such that
P(—a—g < X <a—h)=1—a. Then, the interval (—a — g,a — h) must
be wider than the interval (—a,a).

Theorem 9.2.1 proves that among all (1 — «) intervals going to the left
or right of (—a,a), the interval (—a,a) in the center is the shortest one.
Since Examples 9.2.3 and 9.2.4 handled the location parameter case, we
can claim this optimality (shortest width) property associated with the
proposed (1 — ) confidence intervals. In nonsymmetric cases, the problem
becomes more involved, but practitioners often follow the convention below.

Convention: For standard pivotal distributions such as
Normal, Student’s ¢, Chi-square, and F, we customarily
assign the tail area probability %04 on both sides in order
to construct a 100(1 — «)% two-sided confidence interval.

9.3 Two-Sample Problems

Here again the fundamental approach of using a pivot remains in effect.
That is, we continue to emphasize working with some appropriate pivot
involving a minimal sufficient statistic T and 8.

9.3.1 Comparing Location Parameters

Examples include estimation of the difference of (i) means of independent
normal populations, (ii) location parameters of independent negative ex-
ponential populations, and (iii) means of a bivariate normal population.



196 9. Confidence Intervals

Example 9.3.1 (Means: Independent Normal Common Unknown
Variance) Let X;1, ..., X;,, be iid N(u;,02),i = 1,2, and X1, X2 be inde-
pendent. Let all three parameters be unknown and denote 8 = (jy, iy, 02) €
RN xR x RT. Given a € (0,1), we wish to construct a (1 — «) confidence
interval for p; — po(= A) based on minimal sufficient statistics for 8. With
n; > 2, denote:

X =n; 'S0 Xy, S2= (i — 1) 7180 (X — X)?

’ 9.3.1
and S?2 =(m +n272)*1 {(nlfl)S%Jr(TLQ*l)S%} ( )
for i = 1,2. S% is the pooled sample variance.
Using Example 4.5.2, we construct the pivot
U={n'+ny'}2[(X) — X2) — A)SH! (9.3.2)

which has a t,, distribution with v = (n14n2—2). Now, we have P{—t, 4,2 <
U<ty a2} =1—aso that we claim:

Py [(X1—X2) — tya2Spinyt +ny 112 < A
<(X1—-X2) +tyapSp{n +n' P =1-a
Now, writing W = X; — X, we have
(W =ty apo{nit +ny " 3V28p, W+t o jofny ' +n3 ' }/2Sp)  (9.3.3)

as a (1 — «) confidence interval for p; — py(= A). A

What is one supposed to do when variances are
unknown and unequal? It is a complicated scenario
that goes by the name, Behrens-Fisher problem.
See a simple-minded suggestion in Exercise 9.3.6.

Example 9.3.2 (Locations: Independent Negative Exponential
with Common Unknown Scale) Suppose X1, ..., X;, are iid having
a common pdf f(x;p;,0),i = 1,2, where f(x;p,0) = o tewp{—(z —
w)/o (x > u). Also, X7, Xo are independent. All three parameters are
unknown and 6 = (uy, pi5,0) € R x R x RT. Given a € (0,1), we wish to
construct a (1 — «) confidence interval for ; — uy(= A) based on minimal
sufficient statistics for 8. With n > 2, denote:

x® = min Xij, Wi = (n—1)7"5, (X, — xM)

(9.3.4)
and Wp = 1 {W; + Wa}, fori=1,2

Here, Wp is a pooled estimator of o. It is easy to verify that Wp estimates
o unbiasedly and

VW] = V[Ws] = (n—1)"to? and V[Wp] = 1(n — 1)~ to?
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so that the pooled estimator Wp is indeed better than either W;,i =1, 2.

One may check that 2(n—1)W; /o is distributed as a x3,,_o,7 = 1,2, and
these are independent. Using the reproductive property of independent
Chi-squares, we can claim that 4(n — 1)Wpo~?! has a x3,_, distribution.

Also, (Xl(l),XQ(U),Wp are independent, and (Xl(l),XQ(D,Wp) is minimal
sufficient for 8. So, we may use the pivot:

U =nl(X{" = X{) = (uy — o)W (9.3.5)

One may verify that the pivotal distribution of |U| is F 4y,—4. This is a two-
sample version of Exercise 4.4.14. Let Fb 4,,—4,o be the upper 100a% point
of F 4,,—4 distribution. See Figure 9.3.1. We can say that P{—F5 4,—4.o <
U< Foan-a.0}=1—aand claim:

Py {A e [(xW - xVy+ F274n,4,anflwp]} —1-a
In other words,
((X{“ — X)) = Foana.an=We, (XY — XV) + F2,4n_4,an—1wp)

(9.3.6)
is a (1 — «) confidence interval for p; — py(= A). A

Q@ Fyan-a,a

Figure 9.3.1. The shaded area on the right of F5 4,4« is a.

Example 9.3.3 (Paired t Method: Bivariate Normal ) Sometimes
two populations may be assumed normal, but they may be dependent.
In a large establishment, for example, suppose that X;, Xa; respectively
denote “job performance” scores for the j** employee, before and after
going through a week-long job enhancement program, j = 1,...,n(> 2). We
assume that these employees are selected randomly and independently of
each other and wish to compare average job performance scores before and
after the training program. Observe that X;;, X; are dependent random
variables and the methodology from Example 9.3.1 will not apply here.
This refers to customary “paired” data.
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Let (X1, Xa;) be iid No(py, i, 03,03, p),j = 1,...,n(> 2) with all pa-
rameters unknown, (u;,0%) € R x ®1,i = 1,2 and -1 < p < 1. Given
a € (0, 1), we wish to construct a (1—«) confidence interval for p; —pq (= A)

based on minimal sufficient statistics for 8( = (uq, to9, 01,02, p)). Denote:
Yi=X1,—Xoj,j=1,...n, Y =n"'¥"_|Y;, and
e . o (9.3.7)
$ = (n-1)IS, (Y, - F)

In Equation (9.3.7), observe that Y7, ..., Y, are iid N(A,o?) where 02 =
02403 —2poi02, but A and 02 are unknown. Now, this matches with the
scenario that we had tackled in Example 9.3.1. One ought to proceed with
the pivot: U = /n(Y — A)/S. Further details are left out. A

9.3.2  Comparing Variances

Example 9.3.4 (Ratio of Variances: Independent Normal with Un-
known Means and Variances) Suppose X1, ..., X, are iid N(u;,02),i
= 1,2, and X7, X5 are independent. Let all four parameters be unknown
and denote 0 = (i1, fiy,02,03) € R x R x RT x RF. Given a € (0,1), we
wish to construct a (1 — «) confidence interval for 0%/03(= A) based on
minimal sufficient statistics for 8. With n; > 2, denote:

Xi=n; 1200, X5, 7 = (ni — )72 (X — X0)%i=1,2 (9.3.8)

Consider the pivot:
U=[S?/o%] +~[S2/03] = A"'57S,2 (9.3.9)

It should be clear that U is distributed as F},, —1,n,—1 and denote its upper
50a% point Fy,, 1 n,—1,a/2- See Figure 9.3.2.

o2
0

Fnl—l,ng—l,l-O{.f‘Z Fnl-l,ng-l,w'z

Figure 9.3.2. Area on the right (or left) of F},, _1 ,,—1.q/2
(OI‘ Fn1—1,7z2—1,1—a/2) is 04/2-

Thus, P {Fnl_l,,,m_l,l_a/g <U< Fm_l,m_l,a/g} =1 — o and claim:
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-1 —1
PB {Fm—l,ng—l,a/QS%/Sg <A< Fnl—l,ng—l,l—a/QS%/Sg}
=1—qaforall @
so that
1 2702 -1 2 /a2
<Fn1—1,n2—1,a/2‘91/52 ) F’nl—l,ng—l,l—a/Qsl/SQ) (9.3.9)

is a (1 — ) confidence interval for the variance ratio, o2 /3. A

9.4 Exercises and Complements

9.1.1 Let X have a Laplace pdf Lezp{— |z — 6|}I(z € R) where §(€ R)
is unknown. Given « € (0, 1), find a (1 — «) confidence interval for 6.

9.1.2 Let X have a Cauchy pdf {1+ (z—6)?}~'I(z € R) where 6(c R)
is unknown. Given a € (0, 1), find a (1 — «) confidence interval for 6.

9.1.3 Let X have a Laplace pdf 55 ezp{— |z| /6}I(z € R) where (€ RT)
is unknown. Given « € (0,1), find a (1 — «) confidence interval for 6.

9.2.1 Suppose that X has N(0,02) distribution where o(€ R*) is un-
known. Consider the confidence interval J = (| X|,10|X]) for o.

(¢)  Find the confidence coefficient associated with J;
(#4)  What is the expected length of the interval J?
9.2.2 Suppose that X has its pdf:

200 —2)0721(0 < z < 0)

where 6(€ R1) is unknown. Given « € (0,1), consider the pivot U = X/
and find a (1 — «) confidence interval for 6.

9.2.3 Let Xy,..., X, be iid Gamma(a,b) where a(> 0) is known but
b(> 0) is unknown. Given « € (0, 1), find an appropriate pivot based on a
minimal sufficient statistic, and find a (1 — «) confidence interval for b.

9.2.4 Suppose that X, ..., X,, are iid with a common pdf:
o texp{—(x —0)/o}I(z > 0).

Also, suppose that 6(€ R) is known but o(€ R') is unknown. Given o €
(0,1), find a (1 — «) confidence interval for o. {Hint: ¥ (X; —0) is a
minimal sufficient statistic for o.}

9.2.5 Suppose that X, ..., X,, are iid with a common pdf:

o texp{—(z — 0)/o}I(x > 0)
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with both #(€ R) and o(€ R') unknown. Given a € (0,1), find a (1 —
a) confidence interval for o by using an appropriate pivot. {Hint: Can
¥ (X; — Xna) be a starter?}

9.2.6 Suppose that X7, ..., X,, are iid Uniform(—6, ) where 6(€ RT) is
unknown. Given « € (0,1), find a (1 — «) confidence interval for 0. { Hint:
Can max;<;<, |X;| be a starter?}

9.2.7 (Example 9.2.6 Continued) Given « € (0,1), find a confidence in-
terval for each parametric function given below with a confidence coefficient
at least (1 — «).

(O) p+o (i) p+o® (ii) p/o () p/o?

9.3.1 Suppose X1, ..., Xin, are iid N(y;,02),i = 1,2, and X1, X are
independent, with i, j, unknown but o2, 03 known, (y;,02) € RxR*,i =
1,2. Given « € (0,1), construct a (1 — «) confidence interval for (1 — py
based on the minimal sufficient statistics for (g, o).

9.3.2 (Example 9.3.1 Continued) Let X1, ..., Xy, beiid N (y;, kio?),n; >
2,7 = 1,2, and X7, X5 be independent. Assume that all three parameters
[, fhe, 0% are unknown but ki, ke are positive and known, (uq, iy, 02) €
R x R x RT. Given a € (0,1), construct a (1 — «) confidence interval for
{41 — iy based on the minimal sufficient statistics for (uy, gy, 02).

9.3.3 (Example 9.3.1 Continued) Given o € (0,1), construct a (1 —
«) confidence interval for (u; — pg)/o based on sufficient statistics for
(1, i, 02). { Hint: Combine estimation problems for (u; — p15),0 via the
Bonferroni Inequality. }

9.3.4 Suppose X1, ..., Xipn, are iid with a common pdf f(z;60;),i = 1,2,
where f(z;a) = a teap{—x/a}l(z > 0),a € RT, and X7, X, are indepen-
dent. Let 61,02 be unknown, (01,60;) € Rt x R+, Given a € (0,1), find
a 100(1 — a)% confidence interval for 65/6; based on minimal sufficient
statistics for (61,02).

9.3.5 Suppose X;1, ..., X, are iid Uniform(0,6;),7 = 1,2, and X, X are
independent. Let 61,02 be unknown, (01,0s) € RT x R*. Given a € (0,1),
derive a (1 — a) confidence interval for 61/(61 + 63) based on sufficient
statistics for (61,05).

9.3.6 (Means: Independent Normal with Unknown Means and
Variances) We have X1, ..., Xy, iid N(u;,02),i = 1,2, and X1, X5 are in-
dependent. Let all parameters be unknown and denote 8 = (i, fio, 02, 03)
ERXRxRNT x RT. Given a € (0,1), we wish to construct a confidence
interval for p; — (= A) based on the minimal sufficient statistics for 6.
With n; > 2, denote:

Yz‘ = n;lzg”leU, SZQ = (ni — 1)_12?’:1()(1 — 71)2

Ji = (71 - tni—l,a/4n1’_1/25ia7i + tni—l,a/4n¢_1/25i> ,0=1,2

—1/2 —1/2
U=1tn —1,a/4n 28, +tny—1,a/4M09 /23,
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Using Equation (9.2.2), one can claim that J; is a 100(1 — 2a)% confidence
interval for p;,% =1,2. Given 0 < o < 1, show that

(Z) Pg{uleJlﬂugng}Zlfa;
(5) Py {A € (X, —Yg)iU} >1-a.
Now, one has a confidence interval
((71 - X2) - U, (X1 —X2) + U)

for A with a confidence coefficient at least 1 — « in the Behrens-Fisher
situation.

9.3.7 Let Xﬂ, '--7Xini be iid N(‘LLZ, kiUQ),ni Z 2,Z = 1, 2, and Xl, XQ be
independent. Assume that all three parameters ji;, ji5, 02 are unknown but
k1, ko are positive and known, (uy, iig,0%) € R x R x RT. Given a € (0,1),
construct a (1 — «) confidence interval for p,/c based on the minimal
sufficient statistics for (puq, g, 02).

9.3.8 (Example 9.3.1 Continued) Given a € (0,1), construct a (1 — «)
confidence interval for u?/0? based on sufficient statistics for (uy, ps, 02).
{Hint: Combine estimation problems for u? and o2 via the Bonferroni
Inequality. }

9.3.9 (Exercise 9.3.4 Continued) Suppose X1, ..., X, are iid with a
common pdf f(z;60;),i = 1,2, where f(x;a) = a texp{—x/a}l(x > 0),a €
RT, and X, X» are independent. Let 61,02 be unknown, (01,605) € RT x
R*. Given a € (0,1), find a 100(1 —a)% confidence interval for 63 /03 based
on minimal sufficient statistics for (61, 62).

9.3.10 (Exercise 9.3.5 Continued) Suppose X1, ..., X;,, are iid with a
common Uniform(0, 6;) distribution, ¢ = 1,2. Also, suppose X;, Xy are
independent. Let 01,02 be unknown, (61,03) € RT x R*. Given a € (0,1),
derive a (1 — ) confidence interval for 6% /63 based on sufficient statistics
for (91, 92)

9.3.11 (Exercise 9.3.2 Continued) Let X1, ..., X;,,, be iid N(u;, kio?),n;
>2,1=1,2, and X7, X5 be independent. Assume that all three parameters
[, fle, 0% are unknown but ki, ke are positive and known, (uq, iy, 02) €
R x R x RT. Given a € (0,1), construct a (1 — «) confidence interval for
(i; — p15)/0 based on the minimal sufficient statistics for (juy, ji5,0?).

9.3.12 (Example 9.3.1 Continued) Given a € (0,1), construct a (1 —
a) confidence interval for (ju; — p5)?/0? based on sufficient statistics for
(y, pta, 0?). { Hint: Combine estimation problems for (i, — u15)?, 02 via the
Bonferroni Inequality. }

9.3.13 (Exercise 9.3.4 Continued) Suppose X1, ..., Xin, are iid with a
common pdf f(z;60;),i = 1,2, where f(x;a) = a texp{—x/a}l(x > 0),a €
RT, and X, Xo are independent. Let 61,02 be unknown, (01,60s) € RT x
Rt. Given a € (0,1), find a 100(1—a)% confidence interval for 85 /(61 +265)
based on minimal sufficient statistics for (61, 0s).
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9.3.14 (Exercise 9.3.5 Continued) Suppose X1, ..., X;, are iid with a
common Uniform(0, 6;) distribution, ¢ = 1,2. Also, suppose Xi, Xy are
independent. Let 01,02 be unknown, (61,603) € RT x R*. Given a € (0,1),
derive a (1 — a) confidence interval for 63 /(20; + 362)? based on sufficient
statistics for (61, 62).
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Bayesian Methods

10.1 Introduction

The nature of what we are about to discuss is conceptually very different
from anything we had included in previous chapters. So far, we developed
methodologies from the point of view of a frequentist. So far, we have
started with a random sample X, ..., X, from a population having the
probability mass function (pmf) or probability density function (pdf) f(x; )
with x € X and ¥ € © where we assumed that the unknown parameter
was fized. Thus, all inference procedures relied upon the likelihood function,
L(Y) =1L, f(z30).

Under the Bayesian approach, an experimenter believes that the un-
known parameter ¥ is a random variable having its own probability dis-
tribution on ©. Now that ¢ is assumed random, a likelihood function will
be the same as L(#) given that ¥ = 0. Let h(f) denote a pmf or pdf of ¢
at ¥ = 0 which is called a prior distribution of ¥}. A prior, h(6), reflects an
experimenter’s subjective belief regarding ¥ values that are more (or less)
likely. Ideally, h(0) is specified before collecting data.

| f(x;0) denotes the conditional pmf or pdf of X given ¥ = 0. |

A Bayesian paradigm requires one to perform all statistical inferences
after combining the information about ¥ supplied by collected data (evi-
denced by the likelihood function L(€) given that ¢ = ), and that from a
prior h(#). One combines these evidences by means of Bayes’ Theorem 1.4.3
and comes up with what is called a posterior distribution. All inferences
are then dictated by the posterior distribution. This approach was due to
Rev. Thomas Bayes (1783). A strong theoretical foundation evolved from
fundamental contributions of de Finetti (1937), Savage (1954), and Jeflreys
(1957), among others. The contributions of L. J. Savage were beautifully
synthesized by Lindley (1980).

R. A. Fisher was vehemently opposed to anything remotely Bayesian.
Illuminating accounts of his philosophy and interactions with some of the
key Bayesian researchers of his time can be found in the biography writ-
ten by his daughter, Joan Fisher Box (1978). Some interesting exchanges
between Fisher and H. Jeffreys as well as L. J. Savage are included in
the edited volume of Bennett (1990). Also, Buehler (1980), Lane (1980),
and Wallace (1980) gave important perspectives on possible connections
between Fisher’s fiducial inference and the Bayesian doctrine. It appears
that researchers are recently reinventing fiducial arguments in the name of
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“implicit distributions.” One may refer to Mukhopadhyay (2006) for some
pertinent comments.

In Section 10.2, we discuss prior and posterior distributions. Section 10.3
introduces conjugate priors. In Section 10.4, we discuss point estimation
problems under a squared error loss function and introduce Bayes esti-
mator. Section 10.5 includes examples involving nonconjugate priors. Un-
fortunately, we cannot present a full-blown Bayes theory. It is hoped that
readers will get a taste of underlying principles from this brief exposure.

10.2 Prior and Posterior Distributions

For simplicity, let the parameter ¥ represent a continuous real valued ran-
dom variable defined on © which will customarily be a subinterval of R.
The unknown ¥ has its pdf h(0) on ©. We call h(0) a prior distribution.

The evidence about 9 derived from the prior is combined with that from
the conditional likelihood function by means of Bayes’ Theorem 1.4.3. A
likelihood function is a conditional joint pmf or pdf of X = (Xq,..., X,,)
given ¥ = 0. Let T be a (minimal) sufficient statistic for 6 given that ¥ = 6.
We let T be real valued and we work with its pmf or pdf g(¢; 0), given ¥ = 6,
forte7 CR.

For uniformity of notation, however, we treat T as a continuous variable
and the associated probabilities and expectations will be expressed as in-
tegrals over 7. Such integrals will be replaced by appropriate sums when
T is discrete.

A joint pdf of T and ¥ is:

g(t;0)h(0) for allt € 7 and § € © (10.2.1)
The marginal pdf of T is:

m(t) :oéf@ g(t;0)h(0)dl for all t € T (10.2.2)

so that a conditional pdf of ¥ given T =t is:
E0;t)=k(0| T =t)=g(t;0)h()/m(t) for all t € T

(10.2.3)
and 0 € © such that m(t) > 0

Note that the expression for k(#;t) follows directly from Bayes’ Theo-
rem 1.4.3 by simply replacing P(4; | B), P(4;), P(B | 4;) and ¥, by
k(0;t),h(0),g(t;0), and [ , respectively.
0cO
Definition 10.2.1 The conditional pdf k(0;t) of ¥ given that T =t is
called a posterior distribution of V.

Under a Bayesian paradigm, a posterior pdf k(6;t) epitomizes how one
combines the information about 1 obtained from two separate sources, the
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prior and collected data. The tractability of k(6;t) largely depends on how
easy it is to obtain an expression of m(t). In some cases, a marginal and a
posterior distribution can be evaluated only numerically.

Example 10.2.1 Suppose X, ..., X,, are independent and identically
distributed (iid) Bernoulli(6) given ¢ = 6 where ¥ is an unknown probability
of success, 0 < ¥ < 1. Given ¥ = 6, T' = ¥, X; is minimal sufficient for 6,

and
g(t:0) = (7)o" (1L—0)" " fort €T (10.2.4)

where 7 = {0, 1, ...,n}. Suppose that a prior distribution of ¥ on © = (0,1)
is Uniform(0, 1), that is h(f) = I(0 < 6 < 1). From Equation (10.2.2), for
t € T, we express m(t) as:

Jo—o (1)6" (1~ 0)"~"db

ny rl n—
= (1) oo 0°(1—0)""d6 (10.2.5)
= (Nb(t+1,n —t + 1) where b(a, 3) is
a Beta function from Equation (1.6.25)

Thus, for any fixed value t € 7, a posterior pdf of ¥ given T' = t becomes:
k(6;t)
={(Me'a—-0)""th®)}/{(Nbt+1,n—t+1)} (10.2.6)
= [b(t+1,n—t+1)] 01 —0)"", for all @ € (0,1)
That is, the posterior distribution is Beta(t +1,n —t+1). A

klg:t]

2
. Beta[s,6]

Betal2 4]
e’
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Figure 10.2.1. Posterior pdfs of ¥ under two prior
distributions of ¥ when ¢t = 7.

Example 10.2.2 (Example 10.2.1 Continued) Let Xj,..., X310 be iid
Bernoulli(d) given ¢ = 0 where ¢ is an unknown probability of success,
0 < ¥ < 1. The statistic T = £1%, X; is minimal sufficient for 6 given that
¥ = 6. Assume a Uniform(0, 1) prior. Suppose that we have observed T' = 7,
the number of successes out of ten trials. From Equation (10.2.6) we know
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that the posterior distribution of ¢ is Beta(8,4). The posterior density has
been plotted as a solid curve in Figure 10.2.1. This curve is skewed to the
left. Instead, if we had observed T = 5, then the posterior distribution of
9 will be Beta(6,6). The corresponding pdf has been plotted as a dashed
curve in Figure 10.2.1. This curve is symmetric about § = 0.5. That is,
under the same uniform prior, the shape of a posterior distribution may
change one’s perception about 9. A

10.3 Conjugate Prior

Definition 10.3.1 A prior pdf h(0) belonging to a family of distribu-
tions, P, is called a conjugate prior for ¥ if and only if the posterior pdf
k(0;t) also belongs to the same family, P.

Example 10.3.1 (Example 10.2.1 Continued) In the expression for the
pdf g(t;0), look carefully at the part that involves 6, namely 6°(1 — ).
It resembles a beta pdf without a normalizing constant. Hence, we may
suppose that a prior distribution of ¥ on © is Beta(a, 5) where a(> 0) and
B(> 0) are known numbers. From Equation (10.2.2), for ¢ € 7, we obtain
a marginal pmf of T as follows:

_ (n\ b+ a,n+pB—t)
i) = (t) b(a, ) where (e 0) (10.3.1)

is the Beta function from Equation (1.6.25)

Using Equations (10.2.3) and (10.3.1), the posterior pdf of ¢ reduces to:
k(0;t) = [b(t +a,n—t+3) ool (1 — g)nth—t-1 (10.3.2)

for all @ € (0,1),t € 7. That is, the posterior pdf of ¢ would correspond to
a Beta(t + a,n — t + ) distribution.

We started with a beta prior and ended up with a beta posterior.
Implies: The beta pdf for ¥ is a conjugate prior.

Note that in Example 10.2.1, Uniform(0, 1) prior was same as a Beta(1, 1)
distribution. A

Example 10.3.2 Let X3,..., X,, be iid Poisson(6) given ¥ = 6 where
Y(> 0) is an unknown parameter. Given ¥ = 6, T = X! | X, is minimal
sufficient for @ and g(t;0) = e " (nh)*/t! for t € T = {0,1,2,...}.

In the expression of g(¢;6), look at the part which involves 6, namely
e~ 96" Tt resembles a gamma pdf without a normalizing constant. Hence,
we may suppose that a prior distribution of ¥ on (0,00) is Gamma(c, )
with (> 0) and (> 0) known. From Equation (10.2.2), for t € 7, we
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obtain a marginal pmf of T as follows:

t tr
(t) = g fizg e gt gp = MO

t',BOT t!(nf + 1)+ (a)
(10.3.3)
Thus, the posterior pdf of ¥ given T = ¢ simplifies to:
k(97 t) _ {(nﬁ + 1)/ﬁ}a+t n5+1)/50a+t 1 (1034)

Ia+1t)

for all 8 € (0,00),t € 7. That is, the posterior pdf of ¥ would correspond
to a Gamma(t + a, 3(nB + 1)~1) distribution.

We plugged a gamma prior and ended with a gamma posterior.
Implies: The gamma pdf for 9 is a conjugate prior.

Observe that a conjugate prior is a gamma pdf for 9. A

Example 10.3.3 Suppose X1, ..., X,, are iid N (6, 0?) given ¥ = 0, where
(€ R) is unknown and o2(> 0) is assumed known. Consider T = X2, X;
which is minimal sufficient for  given that 9 = 6. Let the prior distribution
be N(,6%) on © where 7(€ R) and §(€ R*) are known numbers. The joint
pdf of (¢, T) is proportional to

expl0{(t/o?) + (7/6%)}] exp[—0°{(n/0?) + (1/6%)}/2]
1 t T n 1\~ (1035)
cep{-§(Z+%E)|0-(H+7) (E+F) ]}

for # € R,t € R. The expression in Equation (10.3.5) resembles a normal
density without a normalizing constant.

We plugged a normal prior and ended with a normal posterior.
Implies: A normal pdf for ¥ is a conjugate prior.

t T n 1\ " 5 n 1\ !
n = ﬁ—f—? ﬁ—f—? andaoz ;4‘6_2

the posterior distribution of ¥ is N (i, 02). A

With

A conjugate prior may not be reasonable in every problem.
Look at Examples 10.5.1 and 10.5.2.

10.4 Point Estimation

Now, we explore briefly how we may approach point estimation problems
under a particular loss function. The data consist of a random sample
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X = (Xy,...,X,) given ¥ = 6. Suppose that a real valued statistic T is
(minimal) sufficient for 6 given that ¥ = 6. Let h(0) be a prior for 9.

An arbitrary point estimator of ¥ is denoted by ¢ = 6(T), which takes a
value 6(t) when one observes T' = t,t € 7. Suppose that the discrepancy
in estimating ¥ by 6(T") is measured by:

L*(9,8) = L*(9,86(T)) = [§(T) — 9)? (10.4.1)

which is referred to as the squared error loss.

The mean squared error (MSE) discussed in Section 7.3.1 will be the
weighted average of loss function from Equation (10.4.1) with respect to
weights assigned by ¢(t; 6). In other words, this average is actually a condi-
tional average given that 9 = 0. Given ¥ = 0, the risk function associated
with § is:

R*(6,6) = Eryg—glL*(0,8)] = [; L*(6,6())g(t:0)dt  (10.4.2)

This is the frequentist risk which would be referred to as MSFEs in the
context of Section 7.3. Now, it may be possible to have §; and 6, with risk
functions R*(0,6;),i = 1,2 where R*(6,61) > R*(6,62) for some 6 values,
whereas R*(0,61) < R*(6,062) for other § values. So, by comparing the
frequentist risks of §; and 82, it may be hard to judge which estimator is
decisively superior! At this point, one could employ more advanced decision-
theoretic principles such as minimazity or admissibility in order to arrive
at some resolution.

A Bayesian would follow a different route. The prior, h(f), sets a sense
of preference ordering on ©. So, while comparing 6; and 62, one may con-
sider averaging the frequentist risks R*(0,6;),i = 1,2, with respect to the
prior, h(6), and then check to see which weighted average frequentist risk
is smaller. Obviously, the estimator with a smaller average risk should be
preferred.

Define the Bayes risk (as opposed to frequentist risk):

r*(9,8) = Bg[R*(9,8)] = [, R*(0,8)h(6)d6 (10.4.3)

Now, let D be a class of all estimators of ¥ whose Bayes risks are finite.
Then, the best estimator under the Bayesian paradigm will be §* from D
such that

r*(9,6%) = min 7 (19,9) (10.4.4)

Such an estimator is called the Bayes estimator of ¥). In many problems,
the Bayes estimator §* is unique.

Let us suppose that we consider only those estimators § and prior
h(0) so that both R*(0,6) and r*(¢J, §) are finite.

Theorem 10.4.1 A Bayes estimator §* = §*(T) is determined in such
a way that the posterior risk of 6*(t) is the least possible, that is,

Jo L (6, 8" (1))k(9;1)d6 = min [o L* (6, 8(¢))k(6; ¢)d0 (10.4.5)
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for all observed data t € T.
Proof Let m(t) > 0, and express the Bayes risk as follows:

r(9,6) = [o [ L*(8,8(1))g(t; 0)h(6)dtdd
= [ [Jo L*(0,6(t))k(t; 0)d0] m(t)dt

In the last step, we first used the relationship g(¢;0)h(0) = k(t; 0)m(t).
Then, we used the fact that the order of the double integral f@ [ may
be changed to fT f@ because the integrands are nonnegative. This inter-
changing of the order of integration is justified in view of a result known
as Fubini’s Theorem (Exercise 10.4.5).

Now, having observed the data T = ¢, the Bayes estimate §*(¢) must be
the one associated with the %réi% Jo L*(0,6(t))k(0;t)df, that is the smallest

(10.4.6)

possible posterior risk. B

An attractive feature of a Bayes estimator § is this: having observed
T =t, one can explicitly determine §*(¢) by minimizing the posterior risk
as stated in Equation (10.4.5). In the case of a squared error loss function,
the determination of a Bayes estimator happens to be very simple.

Theorem 10.4.2 In the case of a squared error loss function from Equa-
tion (10.4.1), a Bayes estimate §* = 6™(t) is the mean of the posterior
distribution k(0;t), that is,

55 (t) = [, 0k(0;)d0 = Egjr—y[I] (10.4.7)

for all observed data t € T.

Proof To determine 6*(T'), we must minimize [o L*(6,6(t))k(6;t)d6
with respect to 6, for every fized t € T. Rewrite

Jo L*(0,6(1))k(0;t)d0 = [5[0° — 206 + 6°|k(0;t)do

10.4.8
=qa — 25E0\T:t[19] + 52 ( )

where we denote a = a(t) = [, 0°k(0;t)d6 and use the fact that [ k(6;t)do
= 1. Now, we look at the expression a — 26 Egjp—[¥] + 6% involving 6 = 6(t)
and wish to minimize this with respect to §. One can accomplish this task
easily. We leave out the details as an exercise.

Example 10.4.1 (Example 10.3.1 Continued) From Equation (10.3.2),
the posterior distribution of ¥ given T' = t was Beta(t + a,n — t 4+ 3) for
t €T ={0,1,...,n}. Under the squared error loss, the Bayes estimate of
will be the mean of this posterior distribution. One can check easily that
the mean simplifies to (¢t + «)/(a+ B+ n) so that:

(T + «)

Bayes estimator of 9 is ¥ = m
a n

(10.4.9)



210 10. Bayesian Methods

We may rewrite this estimator as follows:

9y = I/ + (et Blle/lat B _ nX + (a+ B)le/(a + B)]
(a+B+mn) n+a+p

(10.4.10)
Given ¥ = 6, note that the mazimum likelihood estimator (MLE) or uni-
formly minimum variance unbiased estimator (UMVUE) of 6 would be X,
whereas the mean of the prior distribution is «/(a + ). The Bayes esti-
mator is a weighted average of X and a/(a + ). If n is large, the classical
estimator X is weighted more than the mean of the prior belief, a/(a+ ().
For small n, the sample mean X is weighted less. A

Example 10.4.2 (Example 10.3.3 Continued) Posterior distribution of
¥ was N(u,03) where

t T n 1\ " 5 n 1\ !
o= ﬁ—f—? ﬁ—f—? andaoz ;4—6—2

Under the squared error loss, a Bayes estimator of ¢ will be the mean of
this posterior distribution, namely, u. In other words,

t 1\ "
Bayes estimator of ¥ is <; + %) (% + ?> (10.4.11)
From the likelihood function, given ¥ = 6, note that the MLE or UMVUE
of 6 would be X, whereas the mean of the prior distribution is 7. The Bayes
estimator is a weighted average of X and 7. If % is larger than 6—12, then
X is weighted more than the prior belief. When ~5 is smaller than 5—12, the

prior mean of ¥ is trusted more than the sample mean X. A

10.5 Examples with a Nonconjugate Prior

The following examples use nonconjugate priors. These examples emphasize
the point that even though a prior is nonconjugate, in some cases, one may
be able to derive analytical expressions of the posterior distribution and
the Bayes estimator.

Example 10.5.1 Let X be N(6,1) given ¢ = 6 where ¥ is unknown so
that X is minimal sufficient for 6 given ¥ = 6. We are told that 9 is positive
and so there is no point in assuming a normal prior for ¥. For simplicity,
let the prior ¥ be exponential with a known mean a~!(> 0). We proceed
to find the marginal pdf m(x). The joint distribution of (J, X) is:

a(v2r) " teap{—1 (2% — 202 + %) — ab}
= a(V2r)tep{3a® — ax}x (10.5.1)
exp{—1[0 — (z — a)]?} for z € R,0 € RT
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Denote a standard normal pdf ¢(y) = (v/2m)tezp{—3y*} and df ®(y) =
fi’oo d(u)du, y € R. Thus, for all x € R, the marginal pdf of X is:

m(x)
= aemp{za® —ax} [;Z, 60 — [¢ — al)dd (10.5.2)
= aexp{%OzQ —ari{l—®(—[x —a])}

= aerp{3a? — az}®([z — o)

Combining Equations (10.5.1) and (10.5.2), we obtain the posterior pdf of
¥ as follows: For all z € &, € R+,

k(0; x)
= {2([z — o))} " (V2m) "t eap{ 35[0 — (v — a)]*} (10.5.3)
={®([z—a])}716(0 — [v — a])

The prior is not conjugate and yet we have an expression of the posterior
pdf in a closed form. A

Example 10.5.2 (Example 10.5.1 Continued) The posterior distri-
bution of ¥ was given by k(0;2) = {®([x — a])}1¢(0 — [z — a]) for
0 >0,—0c0<x<o00.

In view of Theorem 10.4.2, under the squared error loss, a Bayes estimate
of ¥ is the posterior mean. In other words, the Bayes estimate 95 is:

feoi() 0k(0; x)do

={@(fz —a))} ! [Z, 00(0 — [z — a])db

= {®([z — o)} [;2,10 — (x — @)]$(6 — [ — a])db (10.5.4)
Ho([z —a)} @) 2, ¢(0 — [z — o] )do

= 11 + I, say.

It is easy to check that I = x — . Next, rewrite I; as
{@(fz =D} 2 (o v (y)dy

= (V2m) " H®([w — )} [ oy € du (10.5.5)
= ¢(z —a)/®(r - a)

Combining Equations (10.5.4) and (10.5.5), we write:
Ip=(z—a)+ (10.5.6)

for the Bayes estimator of . A
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10.6 Exercises and Complements

10.2.1 Suppose that X1, ..., X,, are iid with a common pdf:
f(x:0) = 0% I(z > 0)
given ¥ = 0 where ¢(> 0) is unknown. Assume a prior density:
h(0) = ae?%I(6 > 0)

with a(> 0) is known. Derive the posterior pdf of ¥ where T' = ¥ ;| X;
takes the value ¢t > 0.

10.3.1 Suppose that Xj, X5 are independent, X; is N(6,1), and X»
is N(26,3) given ¥ = 0 where ¥(€ R) is unknown. Consider the minimal
sufficient statistic 7" for 6 given 9 = . Suppose that a prior for ¢ is N (5, 72)
with 7(> 0) known. Derive the posterior pdf of ¥. {Hint: Given ¢ = 0, is
the statistic T normally distributed?}

10.3.2 Suppose that Xy, ..., X;, are iid Exponential(f) given ¢ = 6 where
Y(> 0) is unknown. Let ¢ have an inverted gamma prior, denoted by
IGamma(a, 3), that is:

h(0) = {B°T ()0} eap{~1/(68)}1(6 > 0)
where «, 0 are known positive numbers. Denote the minimal sufficient sta-
tistic T'= X7, X; given ¥ = 6.
(1)  Show that the prior distribution of ¥ is IGamma(c, 3) if and
only if 97! has a Gamma(a, 3) distribution;
(i7)  Show that the posterior distribution of ¢ is IGamma(a*, 5%)

with o =n+a, 3% = {t+ 371} L.

10.3.3 Suppose X1, ..., X,, are iid N(0,6%) given 9 = 6 where (> 0)
is unknown. Assume that 92 has an inverted gamma prior IGamma(c, ()
where «, 0 are known positive numbers. Denote the minimal sufficient sta-
tistic T = %, X? given ¢ = 0. Show that the posterior distribution of 1
is an inverted gamma distribution.

10.3.4 (Pareto Prior) Suppose that X, ..., X,, are iid Uniform(0, §)
given ¥ = 6 where ¥(> 0) is unknown. Let ¢ have a Pareto prior, denoted
by Pareto(a, 3), that is:

h(9) = BP0~ P (a < 0 < o)

where «, 0 are known positive numbers. Denote the minimal sufficient sta-
tistic T' = X,,., given ¥ = 6. Show that the posterior distribution of 9 is
Pareto(max(t, ), n + ).

10.3.5 Suppose that X7, ..., X,, are iid Uniform(—#6, 8) given ¢ = 6 where
¥(> 0) is unknown. Let ¥ have a Pareto(«, 8) prior where a, 8 are known
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positive numbers. Denote the minimal sufficient statistic

T=|X] the largest among | X1], ..., | X,|, given ¢ = 6

nn?

Show that the posterior distribution of ¢ is a Pareto distribution.

10.4.1 (Example 10.3.2 Continued) Under a squared error loss function,
find the Bayes estimator for 9.

10.4.2 (Exercise 10.3.1 Continued) Under a squared error loss function,
find the Bayes estimator for 9.

10.4.3 (Exercise 10.3.3 Continued) Under a squared error loss function,
find the Bayes estimator for 9.

10.4.4 (Exercise 10.3.4 Continued) Under a squared error loss function,
find the Bayes estimator for 9.

10.4.5 (Fubini’s Theorem) Suppose that a function of two real vari-
ables g(x1, x2) is either nonnegative or integrable on a space X = X3 x X5 (C
R x R). That is, for all (z1,29) € X, the function g(x1,zs) is either non-
negative or integrable. Show that the order of (two-dimensional) integrals
can be interchanged, that is:

S, Jx, 9(21, 22)dardws = [, {fxl g(z1, mz)dml} dxs
- fX1 {fX2 g(xlva)d.Z'Q} dry

{ Note: This result is included here for reference purposes and completeness.
It was needed in the proof of Theorem 10.4.1.}

10.5.1 (Example 10.5.2 Continued) Check directly that Vg is always
positive. { Hint: It will suffice to prove directly that

p(z) = 2®(x) + ¢(z) > 0

for all z € R.}

10.5.2 Suppose that X, ..., X,, are iid N(6,4) given ¢ = 6 where 9(€
RT) is unknown. Let a prior pdf be:

h(0) = 2ae=221(0 > 0) with a(> 0) known

Consider T = X, the sample mean, which is minimal sufficient for § given
v =90.
(i)  Derive the marginal pdf m(t) of T for ¢t € R,
(i)  Derive the posterior pdf k(6;t) for ¥ given T' = ¢, for § > 0
and —oo < t < o0
(#4t)  Under the squared error loss, find ¥ and show that ¥5 can take

only positive values.
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10.5.3 Suppose that an observation X is distributed exponentially with
mean 6" given 9 = 0 where ¥(€ R1) is unknown. Let a prior pdf be:

h(6) = Oexp(—62/2)1(6 > 0)

Consider T'= X, which is minimal sufficient for 6 given 9 = 0.
(7) Derive the marginal pdf m(t) of T for t € R™;
(i4)  Derive the posterior pdf k(6;t) for ¢ given T =t, for 6 > 0
and 0 < t < oc;
(#4i) Under the squared error loss, find Ip.
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Likelihood Ratio and Other
Tests

11.1 Introduction

In Chapter 8, the Neyman-Pearson theory of wuniformly most powerful
(UMP) level « tests was developed. We recall that even in a one-parameter
situation, sometimes a UMP level « test does not exist for deciding between
a simple null and a two-sided alternative hypothesis. In Section 8.5.1, we
cited a testing problem for the mean of a normal distribution (with known
variance) when the alternative hypothesis was two-sided! In many situa-
tions where a UMP test cannot be found, likelihood ratio tests often save
the day by providing an indispensable statistical tool. A general approach
for testing composite null and alternative hypotheses was developed by
Neyman and Pearson (1928a,b, 1933a.b).

We begin with independent and identically distributed (iid) real valued
observations X1, ..., X,, having a common probability density function (pdf)
f(z;0) where the unknown parameter 8@ =(61,...,60,) consists of p(> 1)
components, 8 € O(C R?). We wish to test:

a null hypothesis v an alternative hypothesis
Hy:0 €06 ’ Hi{:0€0,

with given level @ where ©p C ©,0; = 0 — 0,0 < a < 1. We write down
the likelihood function:

L() =", f(2:;0),0 € © (11.1.1)

It is customary to interpret Imax L(8) as the best evidence in favor of Hy
€00
and interpret max L(0) as the overall best evidence. Now, a likelihood ratio
€

(LR) test statistic is defined as:

A= fI)Ié%); L(6)/ rapeag)( L(6) (11.1.2)

whereas the LR test (LRT) is implemented as follows:
Reject Hy if and only if A is “small” (< k) (11.1.3)

Note that “small” values of A are associated with “small” values of gna@x
€0g

L(0) relative to max L(0). The rationale is that if the best evidence in favor
€
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of Hy appears weak compared with the overall evidence, then Hy ought to
be rejected!

It is easy to see that 0 < A < 1 because in the definition of A, the
maximum in the numerator (denominator) is taken over a smaller (larger)
set ©0(0). The cut-off number k& € (0,1) has to be so chosen that the LRT
from Equation (11.1.3) has level «, that is:

grézgé Pp{A <k} =« (11.1.4)

In order to maintain the level of this text, we handle only a special kind
of null hypothesis. We test:

H() : 01 = 01" VS. H1 : 01 7é QT (1115)

where 67 is a specified value for the (sub)parameter ;. One may note that

Hy may not be simple in general because even though it specifies a fixed

value for 6, other components 6o, ..., 8, remain unknown and arbitrary!
How should one evaluate Jnax L(0)? First, in the expression of L(8),

one will replace 67 by 7 and then maximize L(67,65,...,0,) with respect

to 02, ..., 0, by substituting their respective mazimum likelihood estimators

(MLEs) when 6; = #]. On the other hand, max L(0) is found by replacing
€

all parameters 61, ..., 0, with their respective MLEs in L(8).

Section 11.2 introduces LR tests for the mean and variance of a normal
population. In Section 11.3, we discuss LR tests for comparing the means
and variances of two independent normal populations. Section 11.4 sum-
marizes test procedures for the population correlation coefficient p and for
comparing the means as well as the variances under bivariate normality.

11.2  One-Sample LR Tests: Normal

In this section, LR tests are developed for the mean and variance in a
normal population that match with the two-sided tests that are customarily
employed in practice. Suppose that X1, ..., X,, are iid N(u,0?) where p €
R,0 € RT. As usual, denote:

X =n"12" X;and $? = (n — 1)7122  (X; — X)?

11.2.1 Mean: Unknown Mean and Known Variance

Assume that only z is unknown, but o2 is known. Given a € (0,1), we test
Hy:p=pgy vs. Hi : p # pgy with level a.. Here, p is a fixed real number.
Since o is known, we have 6 = 1, ©¢ = {1y}, © = R, and we do not require
52. The likelihood function is:

L(p) = {oV2r} "eap{—55 S0 (2 — p)?}, p€ R (11.2.1)
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Observe that

max L(u) = {ov/2r} " exp{—5m 7 (2: — 11)%} (11.2.2)
HEBg

On the other hand, one has

max L(p) = {0271} "exp{— 2", (z; — T)?}, since T,
s L) = {ov/3m} " eap{— 21 (o — )7) o)
the MLE of p, maximizes L(u) over ©

Now, note that with any real number ¢, we can write
Y (- ) =20 (2 —T)* 4+ n(T — ¢)? (11.2.4)
and hence the LR A from Equation (11.1.2) becomes:

exp{—# [2?:1(331' - MO)2 =X (@ _E)Q]}

(11.2.5)
= eap {—52= [n(T — 149)?] } , in view of Equation (11.2.4)

The LRT from Equation (11.1.3) rejects Hy if and only if A is “small” so
that we decide as follows:

Reject Hy if and only if n(X — pg)?/0? > k (11.2.6)

where k(> 0) is a generic constant. That is, we reject Hy if and only if
X — g, when properly scaled, is too large (> k) or too small (< —k). The
implementable form of the LRT will be:

Reject Hy if and only if ‘\/E(Y - uo)/o‘ > Za)2 (11.2.7)
The level of this two-sided Z test is:
P{Reject Hy when p = g}
= P{|Vn(X = o) /0| > 2zaj2 when p = pio}

which is a, since \/n(X — ) /0 is distributed as N (0, 1) if 4 = p,. Equation

(11.2.7) gives the customary two-sided Z test with equal tails (= $a).

From Equation (11.2.6), one could equivalently express the LRT as fol-
lows:

Reject Hy if and only if n(X — 9)?/0? > X3 (11.2.8)

where X%, o is the upper 100a% point of a x? distribution. Note that zi )2 =

2
Xl,a!

| Section 8.5.1: No UMP test exists for this problem! |
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11.2.2 Mean: Unknown Mean and Variance

Assume that p, 02 are both unknown. Given a € (0,1), we test Ho : = g
vs. Hy : p # po with level a. Here, p is a fixed real number. In this case,
Hy, Hy are not simple hypotheses. We have 8 = (11, 02),0¢ = { (119, 72) :
is fixed, 0 € R*} and © = {(1,0?) : p € R,0 € R*}. Assume that the
sample size n > 2. The likelihood function is:

Lii,0%) = {ov/2m} " eap{ =S, (2 — 1)?/(20%)}, (1,0%) € R x R*
(11.2.9)
Observe that:

max L(u,o0?
(1,02)€O¢ (,U )

= max{ov2r} " eap{ =Sy (2i — 19)*/(20%)}
= {ov2r} "eap{—X1; (x; — p19)?/(25%)}, since

62 =n 'SP (27 — po)? is the MLE of o2 if p =
= {oV2r} "exp{—n/2}

(11.2.10)
On the other hand, one has:
L 2
(ugl?))é@ (h,0%)
= {o"Vom} ™ eap{~Tp, (2 — T)%/(25™)},
since 7,6 2= n~ 1% (x; — T)? are the (11.2.11)

MLEs of u and o2 respectively
= {6"V2r} "exp{—n/2}
Now, combine Equations (11.1.3), (11.2.4), (11.2.10), and (11.2.11) to write:
— 2 —n/2
A (52 /52m2 _ |14 @ 10)” 11.2.12
{c™/5°} + S (2 —7) ( )

Again, one would reject Hy if and only if A is “small.” So, we decide as
follows:

Reject Hy if and only if n(X — )%/ (X; — X)? > k (11.2.13)

where k(> 0) is a generic constant. That is, we reject Hy if and only
if X — py, when properly scaled, becomes too large (> k) or too small
(< —k). The implementable form of the LRT will be:

Reject Hy if and only if ‘\/ﬁ(y — ,uO)/S| > ty—1,0/2 (11.2.14)
The level of this two-sided ¢ test is:
P{Reject Hy when u = p,}

< (11.2.15)
= P{|\/E(X - :LLO)/S| > tn—l,a/Q when p = /LO}
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which is a, since \/n(X — p,)/S has a Student’s ¢,,_; distribution when

W = po. This is the customary two-sided Student’s ¢ test with equal tails

(= %a).

11.2.3 Variance: Unknown Mean and Variance

Assume that y, 02 are both unknown. Given o € (0,1), we test Hy : 0% = o

vs. Hy : 0? # 03 with level a. Here, 02 is a fixed positive number. In
this case, Hy, H; are not simple hypotheses. We have 8 = (u,0?%),0q =
{(p,03) : p € R, 0% € R is fixed} and © = {(,0%) : p € R, 0% € RT}. We
assume that sample size n > 2.

The likelihood function is given by Equation (11.2.9). Observe that:

max L(p,o?
(M,O'Z)E@() (’u )

= max{oov/2m} " eap{ B, (2; — 1)*/(203)}
= {ooV2r} " eap{ -3, (i — T)?/(203)},

since T is the MLE of p if 0 = o

(11.2.16)

As before, one has o L(p,0?) = {"V2r} "exp{—n/2} from Equa-
H,0?)€E

tion (11.2.11) with ™2 = n= %7, (z; — 7). Combine this with Equations
(11.1.2) and (11.2.16) to obtain:

n/2
A= |(57/08) exp {~ (/03) +1}] (11.2.17)
One ought to reject Hy if and only if A is “small.” So, we decide as follows:
Reject Hy if and only if (8”/03) exp {1 — (3*2/03)} <k (11.2.18)

where k(> 0) is a generic constant.

Figure 11.2.1. Plot of g(u) = ue!=% u > 0.

In order to obtain an implementable form, we proceed as follows: con-
sider a function, g(u) = ue! =" for u > 0, and investigate when it is small
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(< k). Note that g(1) = 1 and ¢ (u) = {(1 — u)/u}g(u) which is positive
(negative) when u < 1 (u > 1). Hence, the function g(u) is strictly increas-
ing (decreasing) on the left- (right-) hand side of w = 1. Thus, g(u) is going
to be “small” for both small and large values of u(> 0). This feature is clear
from Figure 11.2.1. Thus, we rewrite the LRT from Equation (11.2.18) as
follows:

Reject Hy if and only if 6** /0% < a or 6% /02 > b (11.2.19)

for0<a<b<oo o

as long as a, b are chosen so that the test has level a.

o
xn—l pdf

e

oo
caf2

o ..2 o
Xo1,1-a/2 Xn-1,040

Figure 11.2.2. Two-sided x2_; rejection region.

Recall that (n —1)52/02 = ©7(X; — X)2/0% = n6*? /o2 has a x2_,
distribution if 02 = 0% and hence a level aw LRT is:

Reject Hy if and only if (n — 1)5? /0 > xiilya/Q or

(11.2.20)
(n—=1)S%/08 <Xi 11 oy

This is the customary two-sided Chi-square test with equal tails (= %a).
See Figure 11.2.2.

11.3 Two-Sample LR Tests: Independent Normal

Now, we focus on some traditional two-sample problems for independent
normal populations. The LR test procedures that we obtain do match with
the two-sided tests that are customarily employed in practice. Suppose that
Xit, ooy Xin, are iid N(p;,02),i = 1,2, and that X;, X5 are independent,
—00 < fi, flg < 00,0 < 03,05 < 0o. As usual, let

Xi=n; 'S5, X5, 87 = (ny — 1) 78, (X — Xo)?

and S% = (ny +np —2)7 {(n1 — 1)S} + (ny — 1)S3},i=1,2
(11.3.1)
denote the sample means, sample variances, and the pooled sample vari-
ance.
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11.3.1  Compare Means: Unknown Means and Common
Unknown Variance

2 2

Suppose that 02 = 02 = o2, but the common variance o
and i, 5 are unknown too. leen a € (0,1), we test Hy : g = pg vs.
Hiy @ py # py with level . Here, Hy, Hy are not simple hypotheses. Assume
that n; > 2,9 =1,2.

Since Hy specifies that the means are the same, we have ©g = {(, i1, 02) :
pe R o?e R}t and © = {(ug, f1g,02) : g € R,y € R, 02 € RT}. The
likelihood function is:

L(py, py, 02) = {o2m}~mtm2) eqp { —(202) 7182 B0 (245 — ;)2 }

(s g, 0%) € R X R x RT

is unknown

(11.3.2)
so that

max Ly, iy, 02
(N11M2702)€®0 (’ul ILLQ )

= omex oy (XS (ay — 0/(20%)
(11.3.3)

One may check that the MLEs of y, 02 from this restricted likelihood func-
tion are:

fi = (mT1 + n9T) /(1 + na), 02 = X7 550 (w5 — [1)*/ (n1 + n2)
(11.3.4)
so that from Equations (11.3.3) and (11.3.4) we have:

max Ly, gy, 0%) = {aV2r} =t eap{—(n1 +1n2) /2}
(N17M2102)690
(11.3.5)

On the other hand, one has:

max Ly, by, 02
(b1:p2,0%)€EO (’ul Ha )

o2} ”1+”2)€IP{ SN (i — Ti)%/(267%)},
since T1,Ty and ¢ f(nl +n2) 132 127 (@i —T5)

are the MLEs of p, f1y,0
= {6"V/2r} D eap{— (n1 + o) /2}
(11.3.6)

Combine Equation (11.1.2) with Equations (11.3.5) and (11.3.6) to write:

E?:@? 1 (T — i)
212:123:1(33127‘ —1)?

o7 (n14n2)/2
] (11.3.7)

A={5"%/ }<n1+n2)/2_l
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with i from Equation (11.3.4). We reject Hy if and only if A is “small.”
Thus, we decide as follows:

DS (X — X)?

Reject Hy if and only if —
Y2 BT (X — )?

<k (11.3.8)

where k(> 0) is a generic constant. Again, we utilize Equation (11.2.4) to
write

S0 (g — )2 = B, K0 (g — )2+ B (i — )?

. _ nng \ . _
=37 00 (i —T)” + ( — ) (T1 — T2)?

n1 + no
so that one has:

E%:12:?;1(Xij —[)? _ ( n1Ng ) (X, —X,)?
Y280 (Xij — X4)? ny +no

— — (11.3.9)
212:12]‘;1()(147‘ - Xi)2

In other words, “small” values of E?Z_IE;L;_l(XUfX )2/32 125 (X — )2
will correspond to “large” values of (X3 fXg)Q/EleEyzl (X” Xz) . Thus,
we can rewrite the LRT from Equation (11.3.8) as:

X - 72\
VI (X - X2
Now, note that (n1 4+ ng —2)Sp = X2, %72, (X5 — X;)? and from Ex-
ample 4.5.2, recall that {n;! +ny '}~ 1/2(X1 X5)Sp" has the t,, 1n,—2

distribution under Hp. In view of Equation (11.3.10), the implementable
form of a level a@ LRT test is:

Reject Hy if and only if

>k (11.3.10)

Reject Hy if and only if
. TP (11.3.11)
{ny" +ny} |X1 7X2|SP > lnytny—2,0/2

Observe that the LRT rejects Hy when X; — X is sizably different from
zero with proper scaling. This is the customary two-sided Student’s ¢ test
with the pooled sample variance and equal tails (= 1

50[).

Testing the equality of means of independent normal populations
with unknown and unequal variances is complicated. This is
referred to as: the Behrens-Fisher problem. A simple-minded

confidence interval was suggested in Exercise 9.3.6.

11.8.2  Compare Variances: Unknown Means and Variances

We denote 8 = (uq, iy, 03,03) and assume that all parameters are un-
known. Given a € (0,1), we test Hy : 03 = 03 vs. Hy : 03 # o3 with level a.
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Again, Hy, H, are not simple hypotheses. Since Hy specifies that two vari-
ances are the same, we write ©g = { (i1, fig,0%,02) : iy € R,y € R, 0% €
er}v and © = {(/LM,LLQ?O%&U%) B! € %a Ko € %a U% € %Jrvo'% € %Jr} The
likelihood function is given by Equation (11.3.2) so that

max L(py, pig, 02,03
R S (15 2, 07,03)
= max {ov2m} =) eap{— 55502 S0 (w45 — 1)?)

—00< fhy e <00,0<02 <00

(11.3.12)
One may check that the MLEs of ji, ji5, 02 obtained from this restricted
likelihood function are

ﬁl = Tla //22 = TQ, 0'2 = E%:127;1($w — TZ)Q/(TLl + TLQ) (11313)
so that from Equations (11.3.12) and (11.3.13), we have:

max Ly, pig; 0%, 05) = {52}~ 0nFm2) eap{—(n1 +n2) /2}
(11 ,15,02,02)EO
(11.3.14)

On the other hand, one has

2 2
m%XQ L(ulaHQaalaoQ)
(N11M2701 102)69

= (VER} () G155 eap{— 15T, L (yy — 7)),

since T;,0; = n; 12?‘:1(%-]- —7;)? are the MLEs of

His U?a i = 1) 2
= {Var}~ ) (671 557) " enp{—(n1 + n2) /2}
(11.3.15)
Combine Equation (11.1.2) with Equations (11.3.14) and (11.3.15) to write
~Nni1Sng mn1 uy)
A=21%2 ady 5 (11.3.16)

= a(n1+n2) - [312+b55](n1+n2)/2

where a = a(ny,n2),b = b(n1,n2) are positive numbers involving ny,no
only. Now, one will reject Hy if and only if A is “small.” So, we decide as
follows:

ni1 Qna
51" Sy

Reject Hy if and only if 52 7 bS] ()2 <k
or equivalently,
2 /G2\n1/2
Reject Hy if and only if (51/55) k (11.3.17)

((57/3) + bjerenair? =
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where k(> 0) is a generic constant.
In order to express the LRT in an implementable form, we proceed as
follows: consider the function

g(u) = u™/?(u+ b)~(M+12)/2 for y > 0

and investigate its behavior in order to check when it is small (< k). Note
that
g (u) = 2um=2/2(y 4 b) = (24220 b — nyu}

which is positive (negative) when u < (>)n1b/ns. Hence, g(u) is strictly
increasing (decreasing) on the left (right) hand side of u = n1b/ns. Thus,
g(u) ought to be “small” for both small or large values of u(> 0).

So, we rewrite the LRT from Equation (11.3.17) as follows:

Reject Hy if and only if $?/5% < cor §2/5% > d
’ 1/% /% (11.3.18)
for0<e<d< oo

where the numbers ¢, d are to be chosen in such a way that the test has
level a.

Recall that S?/S53 has a F,, _1.n,-1 distribution when 02 = 03. Hence,
a level a LRT would be:

Reject Hy if and only if S7/53 > F,, 1 n,—1,a/2 OF

o (11.3.19)
51/52 < Fnlfl,nzfl,lfa/Q

Thus, this test rejects Hy when S7/S3 is sizably different from one. The
LRT is the customary two-sided F test with equal tails (= 3a).

11.4 Bivariate Normal

Let pairs of random variables (X1, X2;) be iid No(uy, pio, 03,03, p),j =
1,...,n with all parameters unknown, (y;,07) € R x RT,l=1,2 and —1 <
p < 1. Test procedures are summarized for comparing means p;, ty, for
the correlation coefficient p, and also for comparing the variances o2, o3.
Among these, the test for p qualifies as a bonafide LRT.

11.4.1 Compare Means: Paired t Method

Given « € (0,1), we test Hp : 1y = o vs. an upper-, lower-, or two-sided
alternative hypothesis H; with level a when n > 2. Denote:

Y, =Xy — X95,j=1,..,n, and Y =n~'%7_Y;

_ 11.4.1
§2=(n— 17185, (Y; - V)? S
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Observe that the paired “differences” Y1, ..., Y,, are iid N (uq — pg, 0%) where
0% = 02403 —2po10. Since iy — 5 and 02 are unknown, the two-sample
problem on hand has reduced to a one-sample problem in terms of the

pivot:
121y _ _ dor 1/2y
n 7 (k1 — o) Under 17 n
S Hop S
Under Hy : f1; = o, the test statistic U has the Student’s ¢,,_; distribution.
Upper-Sided Alternative:

U=

(11.4.2)

Test Ho : 1, = o vs. Hy @ g > pio. In the spirit of Section 8.4, we
propose the following level « test:

Reject Hy in favor of Hy : gy > py if and only if Ucare > th—1,a
(11.4.3)
Lower-Sided Alternative:
Test Hy : pgy = pg vs. H1 1 py < po. In the spirit of Section 8.4, we
propose the following level « test:
Reject Hy in favor of Hy : p; < py if and only if Uegre < —tn—1.0
(11.4.4)
Two-Sided Alternative:

Test Hq : pq = g vs. Hy i pu; # piy. In the spirit of Equation (11.2.14),
we propose the following level « test:

Reject Hy in favor of Hy : py # po if and only if ( )
11.4.5
Ucale < _tnfl,a/Q or Ueqic > tnfl,a/Q

11.4.2 LR Test for Correlation Coefficient

Given a € (0,1), we test Hy : p =0 vs. Hy : p # 0 with level a when n > 3.
Denote 6 = (,ulalu%gfaggap)a write ©g = {(:ula:uQaU%vJ%vO) tpy €R,pg €
%70% € éRJrvo'% € §R+}7 and © = {(:ula,uQaU%vJ%ap) VGRS é}%a Ho € %,O’% €
R+,03 € RT, p e (—1,1)}. The likelihood function is:

L(MlaMZa O'%a O'%vp)

Sy (w15 — )
= {2w0102m}_"€$p{_2(11p2) [ = clrf 0 (11.4.6)

N Sy (w2 — po)? 29X (1) — ) (@25 — M2)] }

o3 0109
for all 8 € ©. We leave it as an exercise to show that the MLEs for
[y, lo, 02,03 and p are respectively given by:

= = .2 _ .1 =2 .2 -1 =2
T1,To,us =n X0 (x1; —T1)% us =n '8 (T2 — Ta)

and r = n= 180 (z1; — T1)(ves — T2)/(u1us)
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These stand for the customary sample means, sample variances (not unbi-

ased), and the sample correlation coefficient. From Equation (11.4.6), one

has Y
Ioneaé( L(py, g, 07,03, p)

= {2rujuz/(1 — 1r2)}"exp{—n}

Under Hj, that is, when p = 0, the likelihood function reduces to

(11.4.7)

L(:U'UM%U%U%)

1
={2r0102} "exp {—5

Sy (w1 — py)? N S (w5 — pg)?
ai 5

(11.4.8)
Again, we leave it as an exercise to show that the MLEs for juy, iy, 0% and

02 are respectively given by T, %o, u? and u3. So, one has:

L 2 52\ _ 2 —-n _
max L{py, pty, 07, 05) = {2mugup}™" eap{—n} (11.4.9)
Now, one will reject Hy if and only if A = (1 — r?)"/2 is “small.” So, we
decide as follows:

Reject Hy if and only if (1 —r?)"/? < k
or equivalently
Reject Hy if and only if r2/(1 —r?) > k (11.4.10)

where k(> 0) is a generic constant. Note that 72/(1 — r?) is a one-to-one
function of 2. It is easy to see that this test rejects Hy when r is sizably
different from zero.

Now, recall from Equation (4.6.9) that rv/n —2/4/1 — r2 has the Stu-
dent’s t,,_o distribution when p = 0. This is why we assumed that n was at
least three. The derivation of this sampling distribution was one of the ear-
liest fundamental contributions of Fisher (1915). From Equation (11.4.10),
a level o LR test can be expressed as follows:

rvn—2
V1—1r2

Reject Hy if and only if > th—2.a/2 (11.4.11)

Upper-Sided Alternative:
Test Hy : p =0 vs. Hy : p > 0. We propose the following upper-sided
level « test:

rvn — 2

V1—1r2

Reject Hy in favor of Hy : p > 0 if and only if >tp—2.a

(11.4.12)
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Lower-Sided Alternative:

Test Hyp : p = 0 vs. Hy : p < 0. We propose the following lower-sided
level « test:

Reject Hy in favor of Hy : p < 0 if and only if vh— 2 < —tph—2,a
(11.4.13)

11.4.3 Compare Variances

Given o € (0,1), we test Hy : 03 = 03 against an upper-, lower-, or two-
sided alternative hypothesis H; with level a when n > 3. Denote:

Vi = X1+ Xoj,Yo; = X1, — Xoj,j=1,...,n
Y1 =n"180 Y, Y, = n 100, Va;
S = (n— 1)1 (Vij V)%, 83 = (n— 1) 7180, (Vo — Vo)?
= (0= )7 (Vi - 1) (Ya) — V2)/(5152)

(11.4.14)
Note that the observed pairs (Y1, Y2;) are iid Na(vq,v2,73,73,p%),i =
L (2 3) where vy = fiy + iz, 2 = fiy - fip, T = 0% + 035 +2p0102, 75 =

01+02 2pci09 and Cov(Yy;, Ya;) = 02 — 035 so that p* = (03 —03)/(T172).

Of course, these newly defined parameters vy, vo, 75, 75, p* are all unknown,
(Vl,Tl)e§R><§R+ [=1,2and —1 < p* < 1.

It is clear that the testing problem for Hy : 02 = 02 reduces to that for
Hy:p* =0, Whereas the upper-, lower-, or two-sided alternative hypothesis
regarding o2, 03 will surely translate into an upper-, lower-, or two-sided
alternative hypothesis regarding p*, namely, p* > 0, p* < 0, and p* # 0.
So, a level a test procedure can be derived by mimicking the proposed
methodologies from Section 11.4.2, by replacing r with r* obtained from
the transformed data (Y1,,Y2;),5 =1,...,n(> 3).

The final test procedures will be identical with those given by Equations
(11.4.11) and (11.4.13) respectively for a two-sided, upper-sided, and lower-
sided Hy, as long as r* is substituted in place of r.

11.5 Exercises and Complements

11.2.1 Verify Equation (11.2.4).

11.2.2 Let X,..., X, be iid N(0,02) where o?(> 0) is an unknown
parameter. Given o € (0,1), derive a level « LRT for Hy : 02 = o(> 0)
vs. Hy : 02 # 03 in an implementable form.

11.2.3 Let X1, ..., X;, be iid N(u,0?) where o?(€ R*) is unknown but
p(e R) is assumed known. Given a € (0,1), derive a level a LRT for
Hy:0? =03(>0) vs. Hy : 0% # 03 in an implementable form.
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11.2.4 Suppose that X, Xy are iid N(u,0?) where u(€ R),0%(e RY)
are both assumed unknown. Given « € (0,1), reconsider the level « LRT
from Equation (11.2.20) for Hy : 02 = 03(> 0) vs. Hy : 02 # o2. Show that
the same test can be expressed as follows:

Reject Hp if and only if | X — Xo| > \/iUQZa/Q
11.2.5 Suppose X1, ..., X, are iid with a common pdf:
0 texp{—z/0}I(x > 0)

where 6(> 0) is unknown. Given « € (0,1), derive a level a LRT for
Hy: 0 =0p(>0) vs. Hy : § # 0y in an implementable form.

11.2.6 Suppose X1, ..., X,, are iid with a common pdf
20 zexp(—x2/0)I(x > 0)

where 6(> 0) is unknown. Given « € (0,1), derive a level a LRT for
Hy:0=00(>0) vs. Hy : 0 # 6y in an implementable form.
11.2.7 Suppose X1, ..., X, are iid having a common pdf:

{wov2m}eap {~[log(z) — pl?/(20°)}

with z > 0,—0c0 < p < 00,0 < 0 < oo. Here, p is the only unknown
parameter. Given a € (0,1), derive a level o« LRT for Hy : p = pq vs.
H; : p1 # g in an implementable form.

11.2.8 (Pareto Distribution) Suppose X1, ..., X, are iid from a Pareto
population with its pdf:

07920 (v < x < 00)

where § € RT,v € RT are unknown parameters.

(7) Show that the MLEs of v and 6 are given by ¥ = X,,.1,
0 =n/T where T = log(II"_, X;/X™,);

() Show that the likelihood ratio test for Hy: 6 =1 vs.
Hy : 0 # 1 would reject Hy if and only if T'< a or T > b,
for 0 < a <b< oo

(7i)  Give the equal-tailed level « likelihood ratio test from part
(ii) in an implementable form.

11.3.1 Verify the expressions of the MLEs in Equation (11.3.4).
11.3.2 Suppose that X1, ..., Xip, are iid N(u;,07),i = 1,2, and X1, Xz
are independent. Assume that (u, it5) € R x R are unknown and (02, 03) €

Rt X RT are known. Given «a € (0, 1), derive a level a LRT for Hy : pq = pg
vs. Hy : puq # py in an implementable form. { Hint: The LRT rejects Hy if

and only if [ X1 — Xa| > 24/21/n7 ‘0% 4+ 13y '03.
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11.3.3 Suppose X1, ..., Xin, are iid N(p;,02),i = 1,2, and X;, Xy are
independent. Assume that (u1, 1) € R x R are unknown and o2 € R+
is known. Given a € (0,1), derive a level o« LRT for Hy : p1; = gy vs.
Hj : py # psy in an implementable form. { Hint: The LRT rejects Hy if and

only if ‘71 772‘ > Jza/m/nl_l +nyt}
11.3.4 Verify the expressions of the MLEs in Equation (11.3.13).

11.3.5 Suppose X1, ..., Xin, are iid N(0,02),i = 1,2, and X1, X» are in-
dependent. Assume that (0%, 03) € RT xR+ are unknown. Given o € (0, 1),
derive a level « LRT Hy : 02 = 0% vs. Hy : 03 # 03 in an implementable
form.

11.3.6 Let X1, ..., Xip, be iid Exponential(6;),7 = 1,2, and X3, X5 are
independent, with (01,605) € R x R unknown. Given a € (0, 1), derive a
level o« LRT for Hy : 01 = 02 vs. Hy : 61 # 03 in an implementable form.
{Hint: Proceed along Section 11.3.2 in principle. With 0 < ¢ < d < o0, a
LRT rejects Hy if and only if X;/X5 < cor > d.}

11.4.1 A nutritional science project had involved eight overweight men of
comparable background which included eating habits, family traits, health
condition, and job-related stress. An experiment was conducted to study
the average reduction in weight for overweight men following a regimen
of nutritional diet and exercise. The technician weighed in each individual
before they were to enter this program. At the conclusion of the study which
took two months, each individual was weighed in again. It was believed that
the assumption of a bivariate normal distribution would be reasonable to
use for (X1, Xs). The adjoining table gives the observed data.

ID# of  Weight (z1, pounds) Weight (x2, pounds)

Individual before study after study
1 235 220
2 189 175
3 156 150
4 172 160
5 165 169
6 180 170
7 170 173
8 195 180

Test at 5% level whether the true average weights taken before and after
going through the regimen are significantly different.

11.4.2 Let (X14, X2;) be iid Na(pq, pto, 03,03, p),7 = 1,...,n(> 2). As-
sume that p, p, are unknown but 02,03, p are known where (p;,0;) €
Rx Rt I =1,2and —1 < p < 1. Given a € (0,1), construct a level a
test for Hy : iy = pg vs. Hy : 1y # pio in an implementable form. { Hint:
Improvise with the methodology from Section 11.4.1.}
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11.4.3 Suppose that pairs of random variables (X7;, X5;) are iid bivariate
normal, No(ji1, fi5,02,02,p),i = 1,...,n(> 2). Assume that all the parame-
ters piq, i1y, 02 and p are unknown where (uy, ;) € R x R,02 € R and
—1 < p < 1. With fixed a € (0, 1), construct a level « test for Ho : p; = pio

against Hy : iy # py in an implementable form. { Hint: Improvise with the
methodology from Section 11.4.1.}

11.4.4 In what follows, the data on systolic blood pressure (X7) and age
(X2) for a sample of 10 women of similar health conditions are given.

DZ X, X, D# X1 X

1 122 41 6 144 44
2 148 52 7 138 51
3 146 54 8 138 56
4 162 60 9 145 49
5 135 45 10 144 58

At 5% level, test whether the population correlation coefficient p X1, X, 18

significantly different from zero. We are told to assume bivariate normality
of (Xl, XQ)
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Large-Sample Methods

12.1 Introduction

Thus far, we have presented many standard topics and approaches, both
in probability theory and statistical inference. One would have noticed
that, except in Chapter 5, the proposed methodologies were predominantly
exact whatever the sample size n. In this chapter, we summarize some
approzimate confidence interval and test procedures which work well when
n is “large.” These methods help one to achieve an approximate confidence
coefficient or approximate level for some kinds of problems that cannot be
handled exactly.

Section 12.2 briefly touches upon useful large-sample properties of a max-
imum likelihood estimator (MLE). We discuss Fisher’s notion of asymptotic
relative efficiency (ARE) along with an example in Section 12.3. In Section
12.4.1, we introduce large-sample confidence interval and test procedures
for the mean of a population having an unknown distribution. Analogous
methods for the success probability p in a Bernoulli distribution are briefly
included in Section 12.4.2. The notion of a variance stabilizing transforma-
tion is mentioned in Section 12.5.

12.2 Maximum Likelihood Estimation

In this section, we provide some useful large-sample properties of an MLE.
Consider Xy, ..., X,, which are independent and identically distributed (iid)
with a common probability mass function (pmf) or probability density func-
tion (pdf) f(z;0), x € X C R and § € © C R. Clearly, 6 is assumed real
valued. We also assume that the parameter space © is a subinterval of R.
Now, having observed X = x, recall that a likelihood function is:

L(0) = I, f(2;0),0 € © (12.2.1)

We mention some standing assumptions. These assumptions are simi-
lar in spirit to those used in the derivation of the Cramér-Rao Inequality
(Section 7.5.1).

Al: %[logf(x; 0)], g—;[logf(x; )], and g—;[logf(:u; 0)] are assumed finite

for all x € X and 6 € ©, an interval around true unknown 6.

A2: Consider [ Z[f(x;0)]dz, g—;[f(x;e)]dx and f{é%[f(x;@)]}de.



232 12. Large-Sample Methods

The first two integrals equal zero whereas the third integral is positive for
true unknown 6 € ©.

A3: For every 6 in an interval around true unknown 6, let
3
wllog f(:0)]] < a(x)
such that Ep[a(X7)] < b, a constant not involving 6.

Assumptions Al through A3 are routinely satisfied by many standard

distributions, for example, binomial, Poisson, normal, gamma, and expo-
nential. In order to find the MLE for 6 in regular cases, one frequently
starts with a derivative of the log-likelihood function and solves the likeli-
hood equation:
2 llogL(0) = 0 (1222)
Will this equation necessarily have a solution? If it does, will the solution
be unique? Assumptions Al through A3 will guarantee that we can answer
both questions in the affirmative.

Likelihood Equation (12.2.2) has a solution, denoted by

/H\n(x), such that En(x) is a consistent estimator for 6. (12.2.3)

That is, an MLE of 6 will stay close to the true value of # with high
probability if the sample size n is sufficiently large. One should also note
the following crucial property of an MLE:

Let @L(x) be a solution of Equation (12.2.2) and @L(X) be consistent
for 6. Then, v/n [/H\n(X) — 9} EA N(0,1/Z(9)) as n — oo if 6 is the true

value. Here, Z() is the Fisher-information in a single observation.
(12.2.4)
In a variety of situations, the asymptotic variance \/ﬁb\n(X) coincides
with 1/Z(6). From Section 7.5.1, one may recall that 1/Z(6) was the Cramér-
Rao lower bound (CRLB) for the variance of unbiased estimators of §. What
we are claiming now is then this: in many routine problems, the variance
of 0,,(X), an MLE of 6, has asymptotically the smallest possible value.
This phenomenon was referred to as the asymptotic efficiency property of
an MLE by Fisher (1922, 1925a,b) where he laid foundations of likelihood
theory. Cramér (1946a, Chapter 33) pioneered mathematical treatments
under full generality with assumptions along the lines of Al through A3.
One may note that the assumptions Al through A3 are merely sufficient
conditions for the stated large-sample properties of an MLE to hold. In the
decades that followed Crameér’s (1946a) numerous path-breaking contribu-
tions, many researchers including Cramér derived properties of the MLEs
comparable to those stated in Equations (12.2.3) and (12.2.4), but under
less restrictive assumptions.
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12.3 Asymptotic Relative Efficiency

Suppose that there are two competing consistent estimators T, and Tb,
for the same parametric function 7(0). Let us also suppose that

V(T —7(6)) LN (0,0%) as n — oo (12.3.1)
where 0? = 07(0),i = 1,2. Which estimator should one favor more? Fisher
introduced a notion called asymptotic relative efficiency (ARE) of one es-
timator relative to another. One defines the asymptotic efficiency of 711,
relative to Ts,, as follows:

ARETM,TM(Q) = U%/O% (1232)

That is, if 03/0% > (<)1, AREr,, 1,, will (not) exceed one so that Ty,
would be considered more (less) efficient than Ts,. If AREq,, x,, = 1,
then according to this efficiency measure, the estimators 11,7, would
have similar large-sample performance in the sense of ARE. Note that, in
general, ARET,, 1,,(8) may involve .

Example 12.3.1 Let Xq,..., X, be iid N(0,1) with an unknown para-
meter 0 € R. We wish to estimate:

7(0) = Py(X1 > 0) = 1 — O(—0) = B(6)

Let Ty, = ®(X,), the MLE for 7(6), in view of the MLE’s invariance
property (Theorem 7.2.1). Obviously, /n (X, — 0) is distributed as N (0,1)
when 6 is true. Now, the Mann-Wald Theorem 5.3.4 implies:

Vi (Ti, — 7(0)) 5 N (0,6%(9)) as n — oo (12.3.3)

Consider another estimator of 7(6), defined as Ty, = n 137 I(X; > 0),
which is the sample fraction of the observations that are positive. Both
T1n, Toy, are consistent estimators of 7(6). Also, Ty, is an unbiased estimator
of 7(0). Note that X, I(X; > 0) is distributed as Binomial(n, ®(¢)) when
0 obtains so that the central limit theorem (CLT) will give:

Vit (Ton — 7(0)) 5 N (0, 3(0)[1 — B(0)]) as n — oo (12.3.4)

Now, combining Equations (12.3.3) and (12.3.4) with Equation (12.3.2), we
have:

P(0)[1 — 2(0)]
¢*(0)
Here, ARE clearly depends upon 6, and the expression in Equation (12.3.5)
is obviously symmetric in 8! Without any loss of generality, we assume that
6 is nonnegative. Surely, éi_r)% AREq,, 1,,(0) = 7 > 1, which shows that

ARETM,TM(Q) = (1235)
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the MLE of 7(6), Ty, is more efficient than T5,, when 6 is near zero. Also,
observe that ARE,, 1, (0) is strictly increasing in (> 0) since

d (‘P(‘))[l - <I>(9)]) _ 9(0) +202%(6)
d9 ¢*(9) ¢*(0)

That is, asymptotically, T1,, is a “more efficient” estimator for 7(6) than Ts,,
whatever be § > 0. Even if 0 is near zero, AREr,, 1, (0) is 1.5708(~ %)
so that T4, is already “more efficient” than T5,! As (> 0) is chosen larger
and larger, T, steadily becomes more and more efficient than T5,,. Similar
arguments work if 0 < 0. According to the ARE criterion, asymptotically,
T1,, wins over 15, hands down, whatever be 0 € . A

>0 for all 6(>0)  (12.3.6)

12.4 Confidence Intervals and Tests of Hypotheses

We begin with one-sample problems and give confidence intervals and tests
for the unknown mean g of an arbitrary population having a finite vari-
ance. Next, such methodologies are mentioned very briefly for the success
probability p in Bernoulli trials. Analogously, we also include two-sample
problems. These methodologies rely heavily upon the CLT introduced in
Chapter 5.

In practice, a sample of size thirty or more is often
considered large. The readers should note, however,
that this is only a practical guideline. This should not
be misunderstood as a mathematical result.

12.4.1 Distribution-Free Mean

Suppose that X7, ..., X,, are iid real valued random variables from a popu-
lation with a common pmf or pdf f(z;0) where the parameter vector 8 or
f or both are unknown. Assume that the population variance o2 = 02(0) is
positive and finite, which would imply that the population mean p = 1(6)
is also finite. Customarily, u and o2 are both assumed unknown. Let

X,=n"18",X;,8% =(n— 1718 (X; - X,)?

respectively be the sample mean and variance, n > 2. Apply the CLT and
write:

V(X = 1)/Sn 5 N(0,1) as n — oo (12.4.1)
For large n, we use o
\/E(Xn — 1)/ Sn
as an approzrimate pivot since its asymptotic distribution is free from pu, o,
and f.
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Confidence Interval:

Let us first handle a one-sample problem. Given « € (0,1), we claim:
Po{|[v/n(Xy, — 1)/ Sn| < 2ay2} =1 -« (12.4.2)
so that the confidence interval
[ Xt 24/2n7 /28, for the population mean p (12.4.3)

will have an approximate confidence coefficient 1 — o whatever be 8 or f.

Next, let us discuss a two-sample problem. Suppose that X1, ..., Xip,
are iid from the i*" population with a common pmf or pdf f;(x;;6;) where
the parameter vector 8; or f; or both are unknown, ¢ = 1,2. Assume
that X1, X are independent. Let 0? = 02(6;) from the i** population be
positive and finite so that the mean u; = p,(60;) is also finite, ¢ = 1,2. Let
f;; 02 be unknown, i = 1,2. Denote:

Yinl = nilE"’ )(Z]7 S ( n; — 1)_127’:1()(” — 71‘)2
for n; 2 2,1 =1,2

Now, we invoke the following form of the CLT: if n; — o0, ny — oo such
that ny /ng — 6 for some 0 < § < oo, then

(Ylnl _YQ’ﬂz) — (:u’l — ;U'Q) ﬁ)

2 1, o2 —1
oiny  +0o3n,

N(0,1) (12.4.4)

Using Slutsky’s Theorem 5.3.2, one immediately concludes: if n; — oo, ng —
oo such that ny /ng — é for some 0 < 6 < oo, then

(Ylnl —anz) _ (;u'l — :u’2) ﬁ)

= N(0,1) (12.4.5)
\/Slnl QYLQ n2
So, for large sample sizes n; and no, we use
{(Ylm - 7%2) — (g — /LQ)}/\/S%M L+ 52n2 (12.4.6)

as an approximate pivot since its asymptotic distribution does not involve
;,0; and f;, i =1,2. Then, given a € (0, 1), we claim:

(Ylm — 72n2) — (g — o)
\/Slnl 2n2n2 !

and hence the confidence interval

Fo..0, <zappRl-a (12.4.7)

| (Rin, — Kon)a zay2y/Shyni + Sy for (uy —p)  (124.8)
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will have an approzimate confidence coefficient 1 — o whatever be 8; or
fi,i=1,2.
Tests of Hypotheses:

Again, we first handle a one-sample problem. Given « € (0, 1), we test
Hy : = po with an approzimate level o where p, is a fixed number. The
alternative hypotheses will be stated shortly. We consider the test statistic:

U= n(X, — g)/Sn, approzimately distributed as N(0,1) (12.4.9)

for large n when p = .
Thus, we propose the following approzimate level « tests:
Reject Hy in favor of Hy : p > pg if and only if U > 2z,

Reject Hy in favor of Hy : o < pg if and only if U < —z,  (12.4.10)
Reject Ho in favor of Hy : pu # pg if and only if |U| > 24 /2

Next, we address a two-sample problem. Given a € (0,1), we test
Hy : py = py with an approzimate level a. The alternative hypotheses will
be stated shortly. Using Equation (12.4.6), we consider the test statistic:

= , approzimately distributed as N (0, 1)
—1

(12.4.11)
for large ni,na when p; = us.

Again, we propose the following approzimate level a tests:
Reject Hy in favor of Hy : py > po if and only if W > 2z,

Reject Hy in favor of Hy : g < o if and only if W < —2,  (12.4.12)
Reject Hy in favor of Hy : ju; # pip if and only if W] > 2, /o

12.4.2  Binomual Proportion

Inferences for a binomial proportion p may be carried out essentially in
the same way when n is large. Suppose that X7, ..., X,, are iid Bernoulli(p)
where 0 < p < 1 is unknown. A minimal sufficient estimator of p is X,
which is the same as the sample proportion p,, of successes. For a confidence

interval of p, one will use

\/E(I/?\n —p)/V/DPn(1 —Dn)

as an approximate pivot. In a two-sample case, analogous to Equation
(12.4.6), one will use

(Piny — D2ny) — (P1 —p2)
\/ﬁlnl (1 - ﬁlnl)nl_l + ﬁQnQ(l - 1/9\2712)”2_1

(12.4.13)
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as an approzimate pivot to obtain a confidence interval for p; — ps.
In order to test Hy : p = pg, one will use the test statistic

U =vn(pn —po)/v/po(1 — o) (12.4.14)

which is approximately distributed as N(0,1) for large n when p = pg. A
rejection region can be set up as in Equation (12.4.10) depending upon the
nature of Hi. In a two-sample case, analogous to Equation (12.4.11), one

will use
(p1n1 p2n2 )

\/pn pn {nl + Ny 1}

as an approximate pivot to test Hy : p1 = p2 where n = (nq,n2) and the
pooled estimator of p is pn = (N1P1n, + N2Pan,)/(n1 + n2) under Hy. A
rejection region can be easily set up in the spirit of Equation (12.4.12)
depending upon the nature of Hj.

(12.4.15)

12.5 Variance Stabilizing Transformation
Consider a sequence of real valued statistics {T),;n > 1} such that

n'/2(T,, — ) A N(0,0?%) as n — oo
Then, the Mann-Wald Theorem 5.3.4 implies:

V2 [g(T) — 9(0)] 5 N (0, log (9)]2> as n — 00 (12.5.1)

if g(.) is a continuous real valued function and ¢ (6) is finite and nonzero.

When o2 itself involves 6, one may like to determine an appropriate func-
tion ¢(.) such that for large n, the approzimate variance of a transformed
statistic g(T;,) becomes free from 6. Such a function g(.) is called a variance
stabilizing transformation. We explain this with examples.

Let us go back to Section 12.4.1. Suppose X7, ..., X,, are iid Bernoulli(p)
random variables where 0 < p < 1 is unknown. Let p,, be the sample
proportion of successes in n independent runs. One has Ep[p,] = p and
VpPn] = p(1 — p)/n. Even though

~ £
Vi (Pn —p) = N(0,p(1 = p)) as n — o0
the expression
\/ﬁ(ﬁn - p)/ ﬁn(l - ﬁn)
is rather unstable as a pivot!

We invoke the Mann-Wald Theorem from Equation (12.5.1) and seek out
a suitable function g(.) such that the asymptotic variance of

Vnlg(Pn) — 9(p)]
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does not involve p. In other words, we must have:

gl (p)m =k, a constant (12.5.2)
That is, we can write:
9p) = [ g (p)dp =k [p~V/2(1 — p)~/2dp

Nest, we substitute p = sin®(f) to rewrite:

9(p) =2k [ df = 2ksin~"(,/p)+ constant (12.5.3)

From Equation (12.5.3), it is clear that sin ™! (\ /ﬁn) should be the function!
Let us consider the asymptotic distribution of

N [sinfl (\/ﬁn> ~sin~! (@)}
Again, we apply Equation (12.5.1) to write:
NG [shrf1 ( ﬁn) —sin~! (\/ﬁ)] A N(0,4) as n — o0
since we have g/ (p) = WTTP)' That is, for large n, we may consider a

pivot:

2v/n [shrf1 (\/ﬁn> —sin?! (\/ﬁ)} , which is approxzimately N(0,1)
(12.5.4)

In the literature, for moderate values of n, the following fine-tuned approx-
imation is frequently used:

2/n {sin_l (\/{ﬁn +2H1i+ 4—?;}1> —sin~! (\/ﬁ)} (12.5.5)

See Johnson and Kotz (1969, Chapter 3, Section 12.1) for a variety of other
related approximations.

For large n, one may use either Equation (12.5.4) or Equation (12.5.5)
to derive an approxzimate 100(1 — )% confidence interval for p. Also, in
order to test Hy : p = pg, for large n, one may use the test statistic:

Zeate = 20/ [sirf1 (@) —sin~? (\/p_o)} (12.5.6)

to come up with an approximate level « test against an appropriate alter-
native hypothesis. The details are left out for brevity.

Remark 12.5.1 In a Poisson()) case, one may check that the associ-
ated variance stabilizing transformation turns out to be g(u) = \/u,u > 0.
See Johnson and Kotz (1969, Chapter 4, Section 7). In the case of 7, the
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sample correlation coefficient, obtained from a random sample having a
bivariate normal distribution, the associated variance stabilizing transfor-
mation turns out to be

_ 1 1+,
= h ! n) = 3 -
g(u) = tanh™ " (ry,) 5 log { = }

This is especially well known as Fisher’s Z transformation that was intro-
duced in Fisher (1925a). Gayen (1951) updated Fisher’s approximations
and showed that for moderate sample size n,

vn—3 [tanh_l(rn) - tanh_l(p)} (12.5.7)

approximated a standard normal variable a little better than

N [tanhfl(rn) — tanhfl(p)}

12.6 Exercises and Complements
12.2.1 Suppose that X has a Cauchy pdf:
fl2;0) =7 {1+ (x — 0)*} ' (x € R)

where 6(€ R) is unknown. Show that the Fisher-information Z(¢) = 4
{Hint: With y = z — 0, first write Z(0) = 7~ [~ 4y*(1 + y*)~3dy. Sub-
stitute y = tan(u).}

12.2.2 (Exercise 12.2.1 Continued) Show that ﬁ[/én(X) —0) A N(0,2)
as n — oo where 6,,(X) is the MLE of 6 based on data X =(Xq,..., X,,)
drawn from a Cauchy population.

12.2.3 Let 6,, = 6,,(X) be the MLE of 6(€ R —{0}) satisfying Equations
(12.2.3) and (12.2.4). Find the asymptotic distributions of

NG [071?9\7L(X) - 1} and \/n [1 — 0/0\;1(X)

12.2.4 (Logistic Distribution) Suppose that X has a logistic distrib-
ution with its pdf:

F(@0) = e @01+ e =D} 2[(z € R)

where (€ R) is unknown. Show that Fisher-information Z(6) = 1/3. { Hint:
With y = x — 0, express Z(0) as

[T e {l+e v} 2+ de {1+ e v}t —de {1 + e ¥} 3]dy

Substitute u = {1 +e¥}71.}
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12.2.5 (Exercise 12.2.4 Continued) Show that v/n P"(X) - 9} is asymp-
totically distributed as N (0, 3).

12.3.1 Let X3, ..., X, be iid Poisson(\) with A(> 0) unknown. We wish to
estimate 7(A) = Py(X; = 0). Consider T3, the MLE for 7(\), and another
estimator, Ty, = n~ 'Y, I(X; = 0) for 7(\). Obtain AREr,, 1,,(\) and
investigate its behavior as a function of A. Between the estimators T1,, and
T5,,, which one stands out, if any?

12.3.2 Let X3, ..., X;, be iid N(0,1) with an unknown parameter 6 € .
We wish to estimate 7(0) = e’. Consider Ty, the MLE for 7(f), and an-
other estimator, Tb,,, the uniformly minimum variance unbiased estimator
(UMVUE) for 7(6). Obtain ARET,, 7,,(0) and investigate its behavior as
a function of 6. Between the estimators 14,, and T5,,, which one stands out,
if any?

12.3.3 Suppose X1, ..., X,, are iid N (0, 1) with an unknown parameter
6 € R. We wish to estimate 7(f) = 6*. Consider T, the MLE for 7(6),
and another estimator, T,,, the UMVUE for 7(#). Obtain ARET,, T,,(6)
and investigate its behavior as a function of 6. Between the estimators 71,
and T5,, which one stands out, if any?

12.3.4 Suppose that X1,..., X,, are iid N(6,6?) with an unknown pa-

rameter § € RT. We wish to estimate 7(f) = 6*. Consider T}, = Yi
and another estimator, Ty, = S2, for 7(#). Obtain the expression for
AREr,, 1,,(0) and investigate its behavior as a function of 6. Between
the estimators T, and Tb,, which one stands out, if any?

12.4.1 A coffee machine automatically fills cups placed underneath the
dispenser. The average (1) amount of fill must not vary too much from the
target (4 fl. ounces) because the overfill will add extra cost to the manu-
facturer while the underfill will generate complaints from the customers.
A random sample of fills for 35 cups gave T = 3.98 ounces and s = 0.008
ounces. Test Hy : p =4 vs. Hy : u # 4 at an approzimate 1% level.

12.4.2 (Exercise 12.4.1 Continued) Obtain an approzimate 95% confi-
dence interval for the average (1) amount of fill per cup.

12.4.3 Sixty automobiles of the same make and model were tested by
drivers with similar road habits, and the gas mileage for each was recorded
over a week. The summary results were T = 19.28 MPG and s = 2.53
MPG. Construct an approximate 90% confidence interval for the average
(1) MPG.

12.4.4 A company has been experimenting with a new liquid diet. The
investigator wants to test whether the average (1) weight loss for individ-
uals on this diet is more than five pounds over the initial two-week period.
Fifty individuals with similar age, height, weight, and metabolic structure
were started on this diet. After two weeks, the weight reduction for each
individual was recorded which gave the sample average 5.78 pounds and
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standard deviation 1.12 pounds. Test Hy : p = 5 vs. Hy : 4 > 5 at an
approximate 5% level.

12.4.5 A large tire manufacturing company has two factories, A and B.
It is believed that employees in Factory A are paid less monthly salaries on
an average than the employees in Factory B for comparable jobs and job-
related performances. The local union for Factory A randomly sampled 35
employees from each factory and recorded each individual’s monthly gross
salary. The summary data follows:

Factory A Factory B
ny =35 ng = 35
T1n, = $2854.72 Ton, = $3168.27
S1n, = $105.29 Son, = $53.55

At an approximate 5% level, test whether the data validate a belief that
employees in Factory A are paid less on an average than employees in
Factory B.

12.4.6 Let X3,...,X,, be iid Bernoulli(p) random variables with p €
(0,1) unknown. Consider the minimal sufficient estimator p,,, the sample
proportion of successes in n independent replications, for p. For large n,
one has:

P {|[ViiGn =0/ /oT=1)| < zapp} ~1-a
= Bp{p:n(pn —p)* < [p(1 = p)Jz} )} =1 -a

Now, solve the quadratic equation in p to derive an approzimate 100(1—a)%
confidence interval for p.

12.4.7 A critic of the insurance industry claimed that less than 30% of
working women in a city carried employer-provided health benefits. In a
random sample of 2000 working women in the city, we observed 20% with
employer-provided health benefits. At an approzimate 5% level, test the
validity of the critic’s claim.

12.4.8 (Sign Test) Let X;,..., X,, be iid continuous random variables
with a common pdf f(x;0), symmetric around = = 0, with z € R,0 € R.
The problem is to test Hp : 6 =0 vs. Hy : 6 > 0 with given level a € (0,1).
Define Y; =1 or 0 according as X; >0 or X; <0,i=1,...,n.

(7) Show that Y7, ...,Y,, are iid Bernoulli(p) where p = % or p > %
according as § = 0 or 6 > 0 respectively whatever be f;

(1)  Argue that one can equivalently test Hy:p =3 vs. Hy :p> %
based on the observations Y7, ..., Yy;

(iit1) Propose an appropriate level « test for the problem
introduced in part (ii). It is called a sign test.
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12.4.9 (Comparing Sign Test with Z Test: Normal Distribution)
Let X1, ..., X,, be iid N(0,0?) random variables where § € R is unknown,
but 02 € R* is known. The problem is to test Hy : 0 = 0 vs. H; : § > 0
with given level a € (0,1). Define Y; = 1 or 0 according as X; > 0 or
X; <0,i = 1,...,n. The uniformly most powerful (UMP) level « test is
expressed as follows:

Test #1: Reject Hy if and only if \/nX, /o > 2z,
An approximate level a sign test from Exercise 12.4.8 looks like:
Test #2: Reject Hy if and only if 2\/n Wn — %} > 24
for large n. Now, address the following problems. Assume o2 = 1.
(7) Compare powers of Test #1 and Test #2 when n = 30, 40,

50, = 0.05 and 0 = 0.03,0.02,0.01 (which are close to 6 = 0);

()  Fix n = 50. Evaluate the sample sizes n1,na, n3 such that Test
#2 with sample size n = n1,n = ny,n = n3 has respectively
the same power as that of Test #1, used with n =50, at 0 =
0.03,0.02,0.01;

(¢i1) How does n1,ns2,ng compare with n = 50?7 Any comments?
{Note: Such investigations lead to Bahadur efficiency. Refer to Bahadur

(1971).}
12.5.1 Suppose that X7, ..., X,, are iid with a common N (u, 0?) distrib-
ution where the parameters are p € R, 02 € RT. Asymptotically,
Vn [SE — o?] is distributed as N(0,20%)

where S2 is the sample variance. Find the variance stabilizing transforma-
tion g(S2). Obtain explicitly the asymptotic distribution of

v [g(S7) — g(0?)]
12.5.2 Suppose that X, ..., X, are iid with a common exponential dis-
tribution having mean G(> 0). Asymptotically,

Vn W" - ﬁ] is distributed as N (0, ﬁQ)

where X, is the sample mean. Find the variance stabilizing transformation
9(X ). Obtain explicitly the asymptotic distribution of

Vi [9(Xn) = 9(8)]

12.5.3 Suppose X1, ..., X,, are iid with a common N (6, #?) distribution
where § € R*. Denote T,, = n~ 'S, X?. Derive the asymptotic distrib-
ution of \/n [T}, — 92] . Find the variance stabilizing transformation g(7;,).
Obtain explicitly the asymptotic distribution of

Vi [g(T,) = g(6%)]
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Abbreviations, Historical
Notes, and Tables

Section 13.1 begins with a summary of frequently used abbreviations and
notation. Section 13.2 provides brief historical notes. In the end, some stan-
dard statistical tables are included. These were prepared with the help of

MAPLE.

13.1 Abbreviations and Notations

Some abbreviations and notations are summarized here.

X
R
R+
€ xeA
A(C)C B
A
]
¢
©,0
lhs
rhs
log, log
pmf; PMF
pdf; PDF
df; DF
cdf; CDF
mgf; MGF
iid

i=1%i
w.p. 1
x,X,0
I'a),a>0

space of the values x for the random
variable X

real line; (—o0, 00)

positive half of &; (0, c0)

belongs to; x belongs to the set A

A is a (proper) subset of B

denotes end of an example

denotes end of a proof in a theorem

denotes end of a lengthy proof in a subcase

empty set

left-hand side

right-hand side

natural (base e) logarithm

probability mass function

probability density function

distribution function

cumulative distribution function

moment generating function

independent and identically distributed

product of a1, as, ..., a,

with probability one

vectors of dimension more than one

gamma function; [~ e 2> dx
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arb
p.d.

n.d.
p-s.d.
B(9)
MSE
MLE
CRLB
UMVUE

MP test
UMP test
UMPU test
LR

LRT

aoh

Za

2
Xu,a
tu,a

FU1,V2704

beta function; T'(a)T'(8)/T(a + 5)
stands for f(b) — f(a)

indicator function of a set A
Fisher-information about 6

X, converges to a in probability as n — oo

X, converges to X in law (or distribution)
as n — 0o

a(x)/b(x) — 1 as ¢ — o0

Chi-square distribution with v degrees of
freedom

standard normal pdf and cdf, respectively

sample mean from Xy, ..., X,

sample variance from Xq, ..., X,,; divisor n — 1

it"-order statistic in X,.1 < Xpia < ... < Xpn

determinant of a square matrix A

transposed matrix obtained from A,

identity matrix of order k£ x k

weak law of large numbers

central limit theorem

a and b are approximately the same

positive definite

negative definite

positive semidefinite

bias of an estimator

mean squared error

maximum likelihood estimator

Cramér-Rao lower bound

uniformly minimum variance unbiased
estimator

most powerful test

uniformly most powerful test

uniformly most powerful unbiased test

likelihood ratio

likelihood ratio test

a,b are proportional

upper 100a% point of N(0,1)

upper 100a% point of x?
upper 100a% point of Student’s ¢,
upper 100a% point of F,, .,
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13.2 Historical Notes

In this section, we add some historical notes briefly and point toward se-
lected sources where one could get more information. The aim is to let our
readers appreciate statistics knowing its heritage and how this field has
continued to flourish.

An edited volume of Pearson and Kendall (1970) included valuable se-
lected articles. This is an excellent resource. Statistical Science, a quarterly
journal published by the Institute of Mathematical Statistics, includes con-
versation pieces of eminent statisticians. These articles are filled with illu-
minating historical material. Bellhouse and Genest (1999) as well as their
discussants gave an account of the rich history of statistics in Canada.

The archive of the American Statistical Association houses films of lec-
tures and interviews of many eminent statisticians. The list includes (alpha-
betically): T. W. Anderson, D. Blackwell, R. C. Bose, G. Box, D. Brillinger,
H. Chernoff, W. G. Cochran, D. R. Cox, H. Cramér, E. W. Deming, B.
F. Efron, I. J. Good, F. Graybill, M. Hansen, R. V. Hogg, S. Hunter,
O. Kempthorne, E. L. Lehmann, F. Mosteller, J. Neyman, G. Noether, I.
Olkin, E. J. G. Pitman, C. R. Rao, H. Robbins, E. L. Scott, J. W. Tukey,
and M. Zelen. These wonderful films are filled with fascinating stories.

For a reader who is beginning to appreciate the history of statistics, the
following short list (not arranged in any particular order) may be helpful.
Consider reading;:

R. A. Fisher, The Life of a Scientist, by Joan Fisher Box (1978)

Neyman from Life, by Constance Reid (1982)

The Making of Statisticians, edited by Joe Gani (1982)

American Contributions to Mathematical Statistics in the Nineteenth
Century, edited by Steve Stigler (1980)

The History of Statistics: The Measurement of Uncertainty Before 1900,
by Steve Stigler (1986)

Glimpses of India’s Statistical Heritage, edited by J. K. Ghosh, S. K.
Mitra, and K. R. Parthasarathy (1992)

| Enjoy and Celebrate Statistics by Learning Its History |

13.3 Selected Statistical Tables

This section provides some of the standard statistical tables. These were
prepared with the help of MAPLE.

Tables 13.3.1a and 13.3.1b correspond to the distribution function (df)
of a standard normal distribution. Tables 13.3.2, 13.3.3, and 13.3.4 respec-
tively correspond to the percentage points of the Chi-square, Student’s t,
and F distribution. One may look at Lindley and Scott (1995) or other
sources for more extensive sets of tables like these.



246 13. Abbreviations, Historical Notes, and Tables

13.3.1 Standard Normal Distribution Function

In Tables 13.3.1a and 13.3.1b, the first column and row respectively indicate
the “first” and “second” decimal points of z. Look at Figures 13.3.1 and
13.3.2.

standard
normal pdf #(2)

4 2 4
Figure 13.3.1. N(0,1) df ®(2) is the shaded area when z < 0.

0.

Atandard
normal pdf (2]

4 2 - 4

Figure 13.3.2. N(0,1) dfF ®(z) is the shaded area when z > 0.

Example 13.3.1 Consider the following probability calculations:

P{Z <2} = ®(2) =0.97725;

P{Z < 2.1} = ®(2.1) = 0.98214;

P{Z < 1.21} = ®(1.21) = 0.88686;

P{Z < -2} =1—®(2) =0.02275;

P{Z < —121} =1 — 0.88686 = 0.11314;

P{-1.28 < Z < 2.36} = 0.98214 — 0.11314 = 0.869.

These are some examples of how one can use the standard normal table
(Table 13.3.1a and Table 13.3.1b) to evaluate various kinds of normal prob-
abilities. A
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Table 13.3.1a. Values of the N(0, 1) Distribution
Function: ®(z) = ffoo(w/Qw)*le*”?z/de

Z

0.00

0.01

0.02

0.03

0.04

0.0
0.1
0.2
0.3
04
0.5

0.6
0.7
0.8
0.9
1.0

1.1
1.2
1.3
1.4
1.5

1.6
1.7
1.8
1.9
2.0

21
2.2
23
24
25

2.6
2.7
2.8
29
3.0

3.1
3.2
3.3
3.4
3.5

0.50000
0.53983
0.57926
0.61791
0.65542
0.69146

0.72575
0.75804
0.78814
0.81594
0.84134

0.86433
0.88493
0.90320
0.91924
0.93319

0.94520
0.95543
0.96407
0.97128
0.97725

0.98214
0.98610
0.98928
0.99180
0.99379

0.99534
0.99653
0.99744
0.99813
0.99865

0.99903
0.99931
0.99952
0.99966
0.99977

0.50399
0.54380
0.58317
0.62172
0.65910
0.69497

0.72907
0.76115
0.79103
0.81859
0.84375

0.86650
0.88686
0.90490
0.92073
0.93448

0.94630
0.95637
0.96485
0.97193
0.97778

0.98257
0.98645
0.98956
0.99202
0.99396

0.99547
0.99664
0.99752
0.99819
0.99869

0.99906
0.99934
0.99953
0.99968
0.99978

0.50798
0.54776
0.58706
0.62552
0.66276
0.69847

0.73237
0.76424
0.79389
0.82121
0.84614

0.86864
0.88877
0.90658
0.92220
0.93574

0.94738
0.95728
0.96562
0.97257
0.97831

0.98300
0.98679
0.98983
0.99224
0.99413

0.99560
0.99674
0.99760
0.99825
0.99874

0.99910
0.99936
0.99955
0.99969
0.99978

0.51197
0.55172
0.59095
0.62930
0.66640
0.70194

0.73565
0.76730
0.79673
0.82381
0.84849

0.87076
0.89065
0.90824
0.92364
0.93699

0.94845
0.95818
0.96638
0.97320
0.97882

0.98341
0.98713
0.99010
0.99245
0.99430

0.99573
0.99683
0.99767
0.99831
0.99878

0.99913
0.99938
0.99957
0.99970
0.99979

0.51595
0.55567
0.59483
0.63307
0.67003
0.70540

0.73891
0.77035
0.79955
0.82639
0.85083

0.87286
0.89251
0.90988
0.92507
0.93822

0.94950
0.95907
0.96712
0.97381
0.97932

0.98382
0.98745
0.99036
0.99266
0.99446

0.99585
0.99693
0.99774
0.99836
0.99882

0.99916
0.99940
0.99958
0.99971
0.99980

247
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Table 13.3.1b. Values of the N(0,1) Distribution
Function: ®(z) = ffoo(\/Qﬂ-)—le—wg/de

Z

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4
0.5

0.6
0.7
0.8
0.9
1.0

1.1
1.2
1.3
14
1.5

1.6
1.7
1.8
1.9
2.0

21
2.2
23
24
2.5

2.6
2.7
2.8
29
3.0

3.1
3.2
3.3
3.4
3.5

0.51994
0.55962
0.59871
0.63683
0.67364
0.70884

0.74215
0.77337
0.80234
0.82894
0.85314

0.87493
0.89435
0.91149
0.92647
0.93943

0.95053
0.95994
0.96784
0.97441
0.97982

0.98422
0.98778
0.99061
0.99286
0.99461

0.99598
0.99702
0.99781
0.99841
0.99886

0.99918
0.99942
0.99960
0.99972
0.99981

0.52392
0.56356
0.60257
0.64058
0.67724
0.71226

0.74537
0.77637
0.80511
0.83147
0.85543

0.87698
0.89617
0.91309
0.92785
0.94062

0.95154
0.96080
0.96856
0.97500
0.98030

0.98461
0.98809
0.99086
0.99305
0.99477

0.99609
0.99711
0.99788
0.99846
0.99889

0.99921
0.99944
0.99961
0.99973
0.99981

0.52790
0.56749
0.60642
0.64431
0.68082
0.71566

0.74857
0.77935
0.80785
0.83398
0.85769

0.87900
0.89796
0.91466
0.92922
0.94179

0.95254
0.96164
0.96926
0.97558
0.98077

0.98500
0.98840
0.99111
0.99324
0.99492

0.99621
0.99720
0.99795
0.99851
0.99893

0.99924
0.99946
0.99962
0.99974
0.99982

0.53188
0.57142
0.61026
0.64803
0.68439
0.71904

0.75175
0.78230
0.81057
0.83646
0.85993

0.88100
0.89973
0.91621
0.93056
0.94295

0.95352
0.96246
0.96995
0.97615
0.98124

0.98537
0.98870
0.99134
0.99343
0.99506

0.99632
0.99728
0.99801
0.99856
0.99896

0.99926
0.99948
0.99964
0.99975
0.99983

0.53586
0.57535
0.61409
0.65173
0.68793
0.72240

0.75490
0.78524
0.81327
0.83891
0.86214

0.88298
0.90147
0.91774
0.93189
0.94408

0.95449
0.96327
0.97062
0.97670
0.98169

0.98574
0.98899
0.99158
0.99361
0.99520

0.99643
0.99736
0.99807
0.99861
0.99900

0.99929
0.99950
0.99965
0.99976
0.99983
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13.3.2 Percentage Points of the Chi-Square Distribution

Table 13.3.2 provides the lower 1007% point x7 ; ., for the x7 distribution
for different values of v and . See Figure 13.3.3.

2 =
P{xygny¢}=T

2
X, pdf

4

0 2
X1y
Figure 13.3.3. The shaded area is the probability .

Suppose that X has the x? distribution with some appropriate v. Now,
consider the following examples:

With v = 3, P{X < 0.1149} = 0.01 = X3 .99 = 0.1149
With v = 10, P{X < 18.307} = 0.95 = X30.0.05 = 18.307
With v = 15, P{6.2621 < X < a} = 0.925 = a = 24.996

Remark 13.3.1 The percentage points of the x? distribution can be
easily found using the standard normal Table 13.3.1. Observe that:

o (\/X%,l—fy) =301+7)

For example, when v = 0.95, one has ® (, /X%,0.0E)) = 0.975. Thus, from

the Table 13.3.1b we find that /X7 5 = 1.96, that is, xT o5 = (1.96)* =
3.8416. In the Chi-square Table 13.3.2, we have x3 5 = 3.8415.

Remark 13.3.2 The percentage points of the x3 distribution can be
easily found using direct integrals of the exponential pdf. Observe that:

X3,1-~ = 2log(1/(1 7))

For example, when y = 0.95, one has x3 o5 = 2log(1/0.05) ~ 5.991465. In
the Chi-square Table 13.3.2, we have X%,0.05 = 5.9915.
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Table 13.3.2. Lower 100y% Point x7 ; ., for the x}
Distribution: P(x2 < Xz,l_,y) =7

v ~=001 ~v=0025 ~v=005 ~=095 ~=0.975 ~=0.99
1 0.00016  0.00098  0.00393  3.8415 5.0239 6.6349
2 0.02010  0.05064  0.10259  5.9915 7.3778 9.2103
3 011490 021570  0.35185  7.8147 9.3484 11.345
4 029711 048442  0.71072  9.4877 11.143 13.277
5 055430  0.83121 1.1455 11.070 12.833 15.086
6  0.87209 1.2373 1.6354 12.592 14.449 16.812
7 1.2390 1.5643 2.1673 14.067 16.013 18.475
8  1.6465 2.1797 2.7326 15.507 17.535 20.090
9  2.0879 2.7004 3.3251 16.919 19.023 21.666

10 2.5582 3.2470 3.9403 18.307 20.483 23.209

11 3.0535 3.8157 4.5748 19.675 21.920 24.725
12 3.5706 4.4038 5.2260 21.026 23.337 26.217
13 4.1069 5.0088 5.8919 22.362 24.736 27.688
14  4.6604 5.6287 6.5706 23.685 26.119 29.141

15 5.2293 6.2621 7.2609 24.996 27.488 30.578
16 5.8122 6.9077 7.9616 26.296 28.845 32.000
17 6.4078 7.5642 8.6718 27.587 30.191 33.409

18 7.0149 8.2307 9.3905 28.869 31.526 34.805
19 7.6327 8.9065 10.117 30.144 32.852 36.191

20 8.2604 9.5908 10.851 31.410 34.170 37.566
21 8.8972 10.283 11.591 32.671 35.479 38.932
22 9.5425 10.982 12.338 33.924 36.781 40.289
23 10.196 11.689 13.091 35.172 38.076 41.638
24 10.856 12.401 13.848 36.415 39.364 42.980
25 11.524 13.120 14.611 37.652 40.646 44.314
26 12.198 13.844 15.379 35.563 41.923 45.642
27 12.879 14.573 16.151 40.113 43.195 46.963
28 13.565 15.308 16.928 41.337 44.461 48.278
29 14.256 16.047 17.708 42.550 45.731 49.590

30 14.953 16.791 18.493 43.780 46.980 50.890
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18.3.83 Percentage Points of the Student’s t Distribution

Table 13.3.3 provides the lower 100v% point ¢, 1_ for the Student’s ¢,
distribution for different values of v and . See Figure 13.3.4.

t, pdf

Q fza', 1-¥
Figure 13.3.4. The shaded area is the probability .

Suppose that X has the Student’s ¢, distribution with some appropriate
v. Now, consider the following examples:

With v = 10, P{X < —2.7638} = 0.01 = t100.99 = —2.7638
With v = 15, P{—1.7531 < t;5 < a} = 0.94 = a = 2.6025

Remark 13.3.3 The percentage points of the t; distribution can be
easily found by directly integrating its probability density function (pdf),
which happens to be the same as the Cauchy pdf. Observe that:

1 1 1
== i”o’;’”(l +2?) ldx = 5t = arctan(t, 1-~)

1
= t,,1- = tan (7T (’y — 5))

For example, when v = 0.95, one has ¢1 9,05 = tan (7r(0.95 — %)) ~ 6.3138.
In the ¢ Table 13.3.3, we have t1 905 = 6.314.
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Table 13.3.3. Lower 100v% Point ty,1— for the Student’s ¢,
Distribution: P(t, <t,1-~) ="

v ~=090 ~v=095 ~=0975 ~=099 ~=0.995
1 3.0777  6.3140 12.706 31.821 63.657
2 1.8856 2.9200 4.3027 6.9646 9.9248
3 1.6377  2.3534 3.1824 4.5407 5.8409
4 1.5332 2.1318 2.7764 3.7469 4.6041
5 1.4759 2.0150 2.5706 3.3649 4.0321
6 1.4398 1.9432 2.4469 3.1427 3.7074
7 1.4149 1.8946 2.3646 2.9980 3.4995
8 1.3968 1.8595 2.3060 2.8965 3.3554
9 1.3830 1.8331 2.2622 2.8214 3.2498
10 1.3722 1.8125 2.2281 2.7638 3.1693
11 1.3634 1.7959 2.2010 2.7181 3.1058
12 1.3562 1.7823 2.1788 2.6810 3.0545
13 1.3502 1.7709 2.1604 2.6503 3.0123
14 1.3450 1.7613 2.1448 2.6245 2.9768
15 1.3406 1.7531 2.1314 2.6025 2.9467
16 1.3368 1.7459 2.1199 2.5835 2.9208
17 1.3334 1.7396 2.1098 2.5669 2.8982
18 1.3304 1.7341 2.1009 2.5524 2.8784
19  1.3277 1.7291 2.0930 2.5395 2.8609
20  1.3253 1.7247 2.0860 2.5280 2.8453
21 1.3232 1.7207 2.0796 2.5176 2.8314
22 1.3212 1.7171 2.0739 2.5083 2.8188
23 1.3195 1.7139 2.0687 2.4999 2.8073
24  1.3178 1.7109 2.0639 2.4922 2.7969
25  1.3163 1.7081 2.0595 2.4851 2.7874
26  1.3150 1.7056 2.0555 2.4786 2.7787
27  1.3137 1.7033 2.0518 2.4727 2.7707
28  1.3125 1.7011 2.0484 2.4671 2.7633
29  1.3114 1.6991 2.0452 2.4620 2.7564
30 13104 1.6973 2.0423 2.4573 2.7500
35  1.3062 1.6896 2.0301 2.4377 2.7238
40  1.3031 1.6839 2.0211 2.4233 2.7045
45  1.3006 1.6794 2.0141 2.4121 2.6896
50  1.2987 1.6759 2.0086 2.4033 2.6778

100 1.2901 1.6602 1.9840 2.3642 2.6259
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18.3.4 Percentage Points of the F' Distribution

Table 13.3.4 provides the lower 1007% point F,, ., 1, for the F, .,
distribution for different values of 11,5 and . See Figure 13.3.5.

P{Ful,yg"—: Fyl,uz,l-'}'}
=7
Fyl,yz pdf
0 Fy vy 1oy

Figure 13.3.5. The shaded area is the probability .

Suppose that X has the F,,, ,, distribution with some appropriate v1, vs.
Now, consider the following examples:

With v1 = 5,v9 =8, P{X < 3.6875} =0.95 = F53,0.05 = 3.6875
With vy = 10,v9 =5, P{X < 10051} =0.99 = F1075,0_01 = 10.051

In some instances, one may need F,, ., 1— Where v is “small.” Recall
thatY =1/X hasa F,, ,, distribution if X hasa F,, ,, distribution. Also,
observe that P{Y > 1/b} = P{X < b}. Suppose we wish to determine b
such that with vy = 5,y = 8, P{X < b} = 0.05. In Table 13.3.4, for Fy 5
we find the number 4.8183, which corresponds to v = 0.95 (= 1 — 0.05).
That is, b = gz ~ 0.20754.

Remark 13.3.4 Observe that:

o1, = %I/g {(1 — 7)*2/112 _ 1}

For example, when v = 0.90,0.95,0.975,0.99, and 0.995, this formula pro-
vides the values Fy21-, = 9.0,19.0,39.0,99.0, and 199.0, respectively,
which match with the corresponding entries in Table 13.3.4. Also, for ex-
ample, this formula provides the values F5 5 0.05 = 5.7863 and F 80.025 =
6.0596 whereas the corresponding entries in Table 13.3.4 are 5.7861 and
6.0595, respectively.



254

13. Abbreviations, Historical Notes, and Tables

Table 13.3.4. Lower 100v% Point F,, v,,1—~ for the F, ,, Distribution:
P(F,, v, <F, v,1-y) =" Where v1,vs Are Respectively the

Numerator and Denominator Degrees of Freedom

vy

10

15

20

i

0.90
0.95
0.975
0.99
0.995

0.90
0.95
0.975
0.99
0.995

0.90
0.95
0.975
0.99
0.995

0.90
0.95
0.975
0.99
0.995

0.90
0.95
0.975
0.99
0.995

0.90
0.95
0.975
0.99
0.995

0.90
0.95
0.975
0.99
0.995

1

2

5

vy
8

10

15

20

39.863
16145
647.79
4052.2
16211

49.500
199.50
799.50
4999.5
20000

57.240
230.16
921.85
5763.6
23056

59.439
238.88
956.66
5981.1
23925

60.195
241.88
968.63
6055.8
24224

61.220
245.95
984.87
6157.3
24630

61.740
248.01
993.10
6208.7
24836

8.5263
18.513
38.506
98.503
198.50

9.0000
19.000
39.000
99.000
199.00

9.2926
19.296
39.298
99.299
199.30

9.3668
19.371
39.373
99.374
199.37

9.3916
19.396
39.398
99.399
199.40

9.4247
19.429
39.431
99.433
199.43

9.4413
19.446
39.448
99.449
199.45

4.0604
6.6079
10.007
16.258
22.785

3.7797
5.7861
8.4336
13.274
18.314

3.453
5.0503
7.1464
10.967
14.940

3.3393
4.8183
6.7572
10.89
13.961

3.2974
4.7351
6.6192
10.051
13.618

3.2380
4.6188
6.4277
9.7222
13.146

3.2067
4.5581
6.3286
9.5526
12.903

3.4579
5.3177
7.5709
11.259
14.688

3.1131
4.4590
6.0595
8.6491
11.042

2.7264
3.6875
4.8173
6.6318
8.3018

2.5893
3.4381
4.4333
6.0289
7.4959

2.538
3.3472
4.2951
5.8143
7.2106

2.4642
3.2184
4.1012
5.5151
6.8143

2.4246
3.1503
3.9995
5.3591
6.6082

3.2850
4.9646
6.9367
10.044
12.826

2.9245
4.1028
5.4564
7.5594
9.4270

2.5216
3.3258
4.2361
5.6363
6.8724

2.3772
3.0717
3.8549
5.0567
6.1159

2.3226
2.9782
3.7168
4.8491
5.8467

2.2435
2.8450
3.5217
4.5581
5.4707

2.2007
2.7740
3.4185
4.4054
5.274

3.0732
4.5431
6.1995
8.6831
10.798

2.6952
3.6823
4.765
6.3589
7.7008

2.273
2.9013
3.5764
4.5556
5.3721

2.1185
2.6408
3.1987
4.0045
4.6744

2.0593
2.5437
3.0602
3.8049
4.4235

1.9722
2.4034
2.8621
3.5222
4.0698

1.9243
2.3275
2.7559
3.3719
3.8826

2.9747
4.3512
6.1995
8.0960
9.9439

2.5893
3.4928
4.4613
5.8489
6.9865

2.1582
2.7109
3.2891
4.1027
4.7616

1.9985
2.4471
2.9128
3.5644
4.0900

1.9367
2.3479
2.7737
3.3682
3.8470

1.8449
2.2033
2.5731
3.0880
3.5020

1.7938
2.1242
2.4645
2.9377
3.3178
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Answers: Selected Exercises

Chapter 1

1.1.1 (i) &5 (i) 5.
1.1.2 (i) (g) elementsin S = {(M1, M2), (M1, M3), (M1, M4), (M2, M3),
(M2, M4), (M3, M4), (M1, W), (M2, W), (M3, W), (M4, W)}; (ii) &; (i)

4
10°

126
1.4.2 126,

1.4.3 (1) o3 (i) zors; (i) 37gm3; (V) 77975
1.4.4 E, F are dependent; E, G are dependent.
(i-p B8 "

as 00 5 1

1.4.6 0.0000 1;0.99999.

1.5.1 p = 0.1.

1.5.2 Any arbitrary p € (0,0.3) works.

1.5.3 (i) f(2) = 0.5, f(4) = 0.3, f(5) = 0.2 and f(x) = 0 for other z;
(ii) F(x)=10,0.5,0.8 and 1.0 respectively for ¢ < 2,2 <z < 4,4 <z <

; F(z) = 0,1 for z < 0 and & > 1 respectively and for

0<z<1, F(z) = 4m§‘”2; F(z) has no discontinuity points; F'(x) is non-
differentiable at © = 0,1; P(—0.5 < X < 0.8) = 0.85333.

1.6.2 ¢ = 3; F(z) = 0,3(1 + 2 + 12?), 1 (1 + © — 12?),1 respectively
when < =2, -2<x<0,0<z<2 and z > 2; F(z) is continuous and
differentiable everywhere; P(—1.5 < X < 1.8) = 0.96375.

1.7.1 (i) 0.057396; (ii) 0.99985; (iii) 0.070191.

1.7.3 (i) 0.265033; (ii) 0.95957; (iii) 0.17547.

1.7.4 (i) Exponential with § = %,
1/v2m,c = 1; (iii) Normal with = —%,0 =1/v/2,c = 771/2e71/64; (iv)
Gamma with a« = 2 or 3,3 = %,c:l or 2; (v) Gamma with a = 5,0 =
L ¢ =4; (vi) Beta with a = 5,3 =3,¢c = 2.

4

c¢=m; (i) Normal with y = 0,0 =

1.7.6 —co < x < 6,F(x) = %e%(mfe); 0 <zx<oo Flx)=1- %67%(I70).

Chapter 2

2.2.1 $22.

222 p=1(n+1);0=/(n?>-1)/12.



262 Answers: Selected Exercises

2.2.3 u=P(A); 0 = /P(A)(1 — P(A)).

2.2.4 p=1/p; 0 = /q/p.

2.2.5 (1) c=2; p=4; 0 = \/13/162; (ii) L&; (iii) 22&.
2.2.6c:%;u:0;0:4/\/6.

2.2.7 (i) 325258 (if) 5%; (ili) SHASTS.

228 un= %; o=

2.2.9 p=3Vr0; 0 = 1\/0(4 — ).

2.2.10 p = 2T(1/a); 0 = 2{2aT(2/a) — T2(1/a)}/2.

2.2.11 p=e'/?; 0 = (e —e)'/2

2.3.9 Mz(t) = 2¢""2®(t).

2.4.1 (i) X is a degenerate random variable with P(X =5) = 1,u =
5,0 = 0; (iii) X is Bernoulli(p) with p = %,u: %,o: %; (iv) X takes
values: —2,0, 1 each with probability %, w= —%,O’ = \/ﬁ/S

2.4.2 (i) X is N(0,50), u = 0,0 = v/50; (i) X is N(0,2), u = 0,0 = V/2;
(iii) X is Gamma(2,3), 4 = 6,0 = /18,

243 u=-18; 0% = g—g; X takes values: —4,—2,1 with probabilities

et(e™ —1)
n(et —1)

2.4.7 (i) d= -3,c= ﬁe*’/‘l; (i) X is N(p,0%), p=—3,0 = 1/V2;
(i) pz = 0, g = %-

2.4.8 (i) d = 2.5,c = {335T(3.5)}"; (i) Gamma(3.5, 3).

2.4.9 Geometric(p = 1); L.

Chapter 3

3.2.1 (i) B(X;) = 3,V(Xy) = &0 = 1,2 (ii) &, 45 (i) fio(2) =
22110 <21 < 1), fou(we) = 22021(0 < w2 < 1).

828 c = L fi(z1) = fip(zr) = 272710 < 21 < 00); fa(a2) =
le 3% [(0 < x5 < c0); Exponential.

3.24 fi(z1) =323 if 0 < 21 < 1; fo(wo) = 2(1 —23) if 0 < 20 < 1;
Jaj(z2) =2 for 0 < 3 < 0.5;0.4.

3.2.5 30; 330.
3.2.6 c = %;fl(-’ﬁl) = 2eap(—221)1(0 < 21 < 00), fa(z2) = %X
85

exp(—4x3)I(—o0 < w2 < 00), f3(w3) = Fexp(—3a3)I(0 < 3 < 00); 2.
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3.2.8 (i) Mu1t4( =) (i) En, 2n;

2 5 3
» 16 16 167 7 256
(iii) Mult4(10, &, =, % £); (iv) Mults (10, 35, 55, 15)-
3.2.10 (i) fi(z1) = 75,33, 17 and 57 when a1 = 0,1,2,3; fo(22) = 3, 32,
2 and & when 2, =0,1,2,3;

(ii) fl\XQZO(l) = %7f1|X2:0(2) = §7f1\x2:o(3) = %5
(ili) B[X1 | Xo =0 =2 E[X2 | X1 =0] = 2.
3.2.11 fi(z1) = pg*, 2y = 0,1,2,...; fo(xs) = (22 + 1)p?¢™2, 20 =
0,1,2,...
3.4.1 Independent.
3.4.2 Independent.
3.4.8 Independent.
3.4.10 Dependent.
3.5.2 {1—2(tp+12(1— p»)} " with tp+ 362(1 - p?) < L.
3.5.3 No; 4y = iy = 0,02 = 1,03 =4,p= %
3.5.4 Noj iy =2,y = —3,01 = 9,03 = 16,p = 3 and k = {1237} L.
3.5.5 0.43005; 0.64308.

3.7.3 (i) and (ii) one-parameter exponential family; (iii) two-parameter
exponential family.

3.7.5 (i) Independent; (ii) No.
Chapter 4

4.2.4 (i) %e"“‘/ﬁl(—oo < v < 00).

3 1 .
e ifl<y<4
433 g(y) =< ™ .
0 ify<lory>4
2(1—u?) forO<u<l
4.3.4 g(u) = 2( )
0 foru<Oandu>1

4.3.9 (i) fi23(¥1,y2,y3) =6 if 0 < y3 < y2 < y3 < 1, and 0 otherwise;
(ii) f2(y2) = 6y2(1 —y2)I1(0 < y2 < 1); (iil) g1(u) = 6u(l —u)I(0 <u <1).
4.3.10 (i) m{log(%)}"’ll(() <u < 4"); (i) E(U) = 2", V(U) =

a{(4/3)" — 1}
4.4.1 Weibull(a = 1, 5°).
4.4.2 4w(l —w?)I(0 < w < 1).
4.4.3 Jeap(—u/0)I(u > 0).
4.4.6 g1(u) = {[(20)6%} e /521 gy(v) = D(2a){T(a)} 2x



264 Answers: Selected Exercises

a—1
Y for 0 < u,v < oo and 0 otherwise.

(14 v)2e

4.4.7 E{(Xl - X2)2 | X1 + X2 == .Z‘} = 20’2 and E{(Xl + X2)2 | X1 ==
Xo} =2(0? +2u2).

4.5.1 (i) 2(1+0?) (v eR); (i) 2(1 +0?) (v € R); (ili) f(v) =
ko2 {1+ 0} (0 < v < 0); (iv) (n—2) " F s for n > 2; (v) 2(n —
3)71F1,n—3 for n > 3.

4.5.2 \/3W ~ t3; 3W? ~ Fy 3.

4.6.4 (1) Nn—l(ov E)v Y= UQ[I('n—l)X(7L—1)+11,]; (11) Nn—l(oa Y :(Uz'j))
with 0;; = 202 for i = 1,..,n—1, 0;; = —1 for |i—j| =1, oy; = 0 for
li —j] > 1.

Chapter 5

5.2.1 a = 2.15; b = 5.6275.
5.2.4 (i) a = e#; (ii) a = log(| v |) assuming that g # 0.
5.2.5b=2.
5.2.6 0 < < 1.
5.2.8 a=+/2/mb=(2/m)/*
5.3.2 (i) a, = €, b, = e’ /\/m;
(i) an = log(] ), b = 1/(| | V) if £ 0
(iii) an = e +20 b, = 2(p + 1)et’ 21/ /m;
(iv) an =| p [> e and b, =| p |* e#(1+ | p |)//n if p # 0.
5.3.4 (i) c = e (ii) a, = e, b, = ge?/\/n.
5.3.5 (i) c = e~} (ii) ap = e 1, b, = et/ \/n.

Chapter 6

6.3.5 Nonexponential family.

6.3.6 Exponential family; X7 ; X2.

6.3.7 maxi<i<n | Xi|.

6.4.1 Ix (p) = n/(p(1 — p)); Ix(p) = n/(p(1 - p)).
6.4.4 Tx, (o) = 1/a? and Ir(a) = n/a’.

6.5.1 T is ancillary; 74,75 are independent.

6.5.3 Yes.

6.5.4 Yes.

6.6.1 No.
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6.6.2 Yes.
6.6.3 No.
6.6.4 Yes.
6.6.5 Yes.
6.6.6 Yes.
6.6.7 Yes.
6.6.8 Yes.
6.6.9 Yes.

Chapter 7

7.2.1 parre = (1 + X) 7! and sufficient.
7.2.2 (i) X (ii) X/(1 - X); (i) X(1 - X).
7.2.3 (ii) Yes;
1/\/71_12” ,U')Q'
( v) ({n‘lzz”:l(X' )PP TS (X — )y )R
7.2.4 071y X7

7.3.1 (i) T; is an unbiased, i = 1, ..., 4;
(ii) The MSEs of T},i = 1, ..., 4, are respectively 20* + 202,204 /3, 0% /2 and
204/3.

7.4.5 W = Z=Xi(] - LS Xl
7.5.1 U = Y, X2, (i) LU; (i) W = U2/(n +n?).
7.5.2 (i) Attained; (ii) Not attained.
7.5.4 (n+k)n~! max |X;|ifn > —k.
1<i<n
7.5.5 (iii) X + (1 — X)e2.
7.5.7 e=2" '7"¢2X; CRLB is not attained.
7.6.3 O = — (237 log(X; ))*1 —1.
7.6.4 fiyrp = 2501 10g(X0), 02arre = + B, (log(X;) — T2

Chapter 8

8.2.1 Test #1: a = 0.088508, 3 = 044038;
Test #2: a = 0.046766, 3 = 036866;

Test #3: a = 0.059897, 3 = 0.2858;

Test #4: o = 0.017864, 3 = 0.18406.
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8.3.4 k =4,v = 0.668.
8.3.6 k =1 — exp{—tan(mra/2)}.
8.3.9 (X)) = I (X1 + 23X, — Upg)/ /11022 < —za> :

Power = ® (,/%J—(“ ;“1) - za) )

8.5.2 a = 1; Q(f) = 1.0
0 > 1 respectively.

71694’ - 1694 when 0 < %,% < 0 < 1, and

Chapter 9

9.1.1 Interval: (X — ¢, X +¢),c = —log(a/2).

9.1.3 Interval: (% |X|,1(X]),c=—log(1 - 3a),d = —log(3a).
9.2.1 (i) 0.60303; (i )9\/20.

9.2.2 Interval: ($X,1X),a=1-/1-(a/2),b=1—/a/2.

0.2.5 (22?_1()(1»—)(”:1) 25 1(X Xn1)>

b
Xon—2,a/2 in 2,1—a/2

b 1<i<n a 1<

9.2.6 Interval: (l max |X;|, < max. | X; |> with a = ($a)1/7,

b=(1—La)l/n,

9.2.7 ( <_—a+1/”1 X—i—a—i—‘/ (n—1)S >W1th
n—1,v/2 Xn—1,1—~/2

A=ty 120
9.3.1 ((Yl — Yg) — Za/gb, (71 — 72) + Za/gb) with
b={otny" +oiny "}

Chapter 10

10.2.1 k(0;t) = t+ )" Hexp{—(t +a)0}0"1(0 > 0), t > 0.

(n+1)(

10.3.1 N(a,b*) witha = (t+ 5)(c+ L) L, = (c+ %) Le=

wiN

1041 T =", X;, 95 = (t+a)B(nb+ 1)~}
10.4.2 T =X, + 2Xo, Up = (t+ Z)(c+ )L
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Chapter 11

11.2.2 Reject Ho if and only if ¥ X7 /0 < X} |, 5 08 By X7 /0§ >

2
Xn,a/Q'

11.2.3 Reject Ho if and only if X7 (Xi—11)* /05 < X7, 10 OF Biq (Xi—
:U’)Z/O-(Q] > X?L,O{/Q.

11.2.7 Reject Hy if and only if |\/n(T — pg)/0| > 242 where T =
%E?:JOQ(Xi)-

11.3.5 T; = %zggl){?j,

i = 1,2; Reject Hy if and only if T1/Tp <
Fnl,'nz,l—a/Q or Tl/T2 > Fnl,'nz,a/Q-
11.4.1 toqc = 2.9567, v = 7. Reject Hy at o = 0.05.

11.4.4 t.q;. = 2.8849, v = 8. Reject Hy at o = 0.05.

Chapter 12

12.4.1 z.q = —14.79; Reject Hy at approzimate 1% level.
12.4.2 (3.9773 fl. ounces, 3.9827 fl. ounces).

12.4.3 (18.743 MPG, 19.817 MPG).

12.4.4 Reject Hy at approzimate 5% level.

12.4.5 z.qc = —15.704; Reject Hy at approzimate 1% level.

12.4.6 ﬁLower = (1 + C)_l |:I/7\n + %C — Ucﬁn + iCQ — C]/?%:| s
D :(1+c)—1’\+l 5ol 52 — 1,2
Upper Dn + 3¢+ 4/CPn + 4C CPp|,C=N""259 -

12.4.7 2.0 = —9.759; Reject Hg at approximate 1% level.
12.4.8 (iii) A randomized upper-sided test with Z.q. = v/n(2Y,, — 1).
12.4.9 (i)

Power of the Test
n =30
I3
0.03 0.02 0.01
Test #1 0.06935 0.06234 0.05589
Test #2 0.06497 0.05964 0.05465
n = 50
I3
0.03 0.02 0.01
Test #1 0.07595 0.06635 0.05771
Test #2 0.06995 0.06272 0.05607
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12.5.1 log(z),x € R*; /nllog(S2) — log(0?)] = N(0,n?) with n? = 2.
12.5.2 log(z),x € RT; /nllog(X,,) — log(B)] =N N(0,7?) with n? = 1.

12.5.3 log(3z),z € RF.






Statistics

This gracefully organized textbook reveals the rigorous theory of probability and
statistical inference in the style of a tutorial, using worked examples, exercises,
figures, tables, and computer simulations to develop and illustrate concepts. Drills
and boxed summaries emphasize and reinforce important ideas and special
techniques.

Beginning with a review of the basic concepts and methods in probability theory,
moments, and moment generating functions, the author moves to more intricate
topics. Introductory Statistical Inference studies multivariate random variables,
exponential families of distributions, and standard probability inequalities. It
develops the Helmert transformation for normal distributions, introduces the
notions of convergence, and spotlights the central limit theorems. Coverage
highlights sampling distributions, Basu’s Theorem, Rao-Blackwellization, and the
Cramér-Rao Inequality. The text also provides in-depth coverage of Lehmann-
Scheffé Theorems, describes Bayesian methods and the Bayes estimator, and
develops large-sample inference. The author provides a historical context for
statistics and statistical discoveries and answers to a majority of the end-of-
chapter exercises.

Designed primarily for a one-semester, first-year graduate course in probability
and statistical inference, this text serves students from varied backgrounds and
graduate programs, ranging from engineering, economics, agriculture, and bioscience
to finance, financial mathematics, operations and information management, and
psychology. The text may also be used for its intended audience in a one-year
sequence.

About the author...

Nitis Mukhopadhyay is a professor in the Department of Statistics at the
University of Connecticut, Storrs, Connecticut. He has authored, coauthored,
edited, or coedited five books, more than 13 book chapters, and 150 peer-
reviewed research articles. He is an elected Fellow of both the Institute of
Mathematical Statistics and the American Statistical Association, a member of
the Statistical Society of Canada, the Royal Statistical Society, and a life-member
of the International Indian Statistical Association and the Calcutta Statistical
Association.

ﬂ Chapman & Hall/CRC PKIBTT
Taylor & Francis Group ISBN 1-57444-E1,3-Y4

www.taylorandfrancisgroup.com 920000

6000 Broken Sound Parkway, NW
Suite 300, Boca Raton, FL 33487
270 Madison Avenue

New York, NY 10016

2 Park Square, Milton Park oll?81574l446135
Abingdon, Oxon OX14 4RN, UK




	Front Cover
	Preface
	Contents
	Chapter 1: Probability and Distributions
	Chapter 2: Moments and Generating Funtions 
	Chapter 3: Multivariate Random Variables
	Chapter 4: Sampling Distribution
	Chapter 5: Notions of Convergence
	Chapter 6: Sufficiency, Completeness, and Ancillarity
	Chapter 7: Point Estimation
	Chapter 8: Tests of Hypotheses
	Chapter 9: Confidence Intervals
	Chapter 10: Bayesian Methods
	Chapter 11: Likelihood Ratoi and Other Tests
	Chapter 12: Large-Sample Methods
	Chapter 13: Abbreviations, Historical Notes, and Tables
	References
	Answers: Selected Exercises
	Back Cover



