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Preface

Asymmetry is the lack of symmetry. Symmetry originally meant balanced

proportion in geometrical properties such as size, shape, position, and so on.

Symmetry is usually considered an important feature of beauty, one of

aesthetic values. However, some irregularity or imbalance of proportions

are often considered a source of beauty in spatial arrangement, and can

become a different value. Attention to symmetry or asymmetry in representing

beauty would depend on artistic styles or, in a broad sense, on cultural charac-

teristics. For example, it may be remarked that the garden of Versailles Palace

in France is an example of symmetrical beauty, while the garden of Katsura

Imperial Villa in Japan is representative of asymmetrical beauty.

Researchers involved in data analysis are often interested in the asym-

metry observed in data, which appears in a variety of disciplines, such as

psychology, sociology, marketing research, behavioral sciences, and ecologi-

cal sciences. In these disciplines the asymmetry is based on a concept in

matrix theory and refers to some imbalance of the relationships in data. The

subject of asymmetry becomes a source of interest for research. In order to

explore structure, pattern, or some meaningful information inherent in the

asymmetric data, researchers have developed many models, methods, and

theories for data analysis.

This book is a comprehensive exposition of those studies, focusing on

the asymmetry. It is intended not only for research workers and professionals

iii
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but also undergraduate and graduate students who are interested in asymme-

try.
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1

Introduction

1.1. WHAT IS ASYMMETRY?

Suppose a pair is formed of two persons, A and B. In a case where A likes B, B

may not like A. In another case where A likes B very much, B may like A fairly

well. In either case, the relation from A to B is not the same as the relation from

B to A, and we will call the relationship asymmetric. Suppose a pair is formed

of two brands of cars, and consider users of car brand A (say, A-users) and users

of car brand B (say, B-users) at a certain time. After some time, some of the

A-users will switch to brand B, and also some B-users will switch to brand

A. The number of people switching from A to B is usually not the same as

the number of people switching from B to A. In such a case, we call the relation-

ship between brands A and B asymmetric. Consider trade flow between two

countries, A and B. The amount of trade that A imports from B may be larger

or smaller than that which B imports from A. In our terminology, we call such a

relationship asymmetric. When the degree of asymmetry is large, the situation

could become a political issue of trade imbalance.

1.2. ASYMMETRIC DATA

In a variety of disciplines such as psychology, social psychology, sociology,

marketing research, behavioral sciences, ecological sciences, and so on, there

1
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are situations in which an observation represents the measure of relationship

between a pair of objects and the relationship is asymmetric. The measure is

known by many terms, including proximity, closeness, similarity, dissimilarity,

affinity, association, confusion, mutual interaction, exchange, psychological

distance, social mobility, migration, brand switching, substitutability, social

network, dependence, and so on. Those observations for a set of objects are

called asymmetric data across the disciplines. In this book, we may often use

the proximity as a representative term, for convenience of description.

Since the asymmetry embodies some important information contained

in the data, it is useful to extract such information by analyzing the asymmetric

data. Then investigators need to explore any structure in the data, which may

be a spatial structure, a cluster structure, a tree structure, or a network struc-

ture, depending on the motivation of data analysis. Figure 1.1 illustrates

some of the areas and fields in which asymmetric data are considered.

Let us consider the form of data. Given observations of proximity for a

set of n objects, the data take the form of a square matrix with n rows and n

columns, each element ojk of which indicates the observation of proximity

for pair ( j, k). In contrast, one might be familiar with multivariate data,

which are given in the form of a rectangular matrix with m rows and p

columns, each element xij of which indicates the ith observation of the jth vari-

able. In this respect, the proximity data matrix is different from the customary

multivariate data matrix.

Sometimes we call the proximity data ojk one-mode two-way data, in

comparison with data of the following other form. When ojk is observed m

FIGURE 1.1 Asymmetry appears in various fields
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times, for example, on m different conditions, we denote the observation by

oijk (i ¼ 1, . . . , m); the data of this form are called two-mode three-way

data. Generally we will not treat methods or procedures based on data of

this sort in this book.

1.3. ANALYSIS OF ASYMMETRIC
STRUCTURES

As mentioned above, asymmetric data are collected in many ways, by exper-

iments, observations, surveys, or through statistical or archival records, in

many fields. A variety of models, methods, and procedures have been inves-

tigated and proposed across those fields, for analysis of asymmetric structures

involved in the data.

Now let us turn to methodological aspects concerned with analysis of

asymmetry. Muitidimensional scaling, cluster analysis, graphical represen-

tation techniques, and redundancy analysis have developed in the area of

multivariate analysis, some also with a focus on asymmetry. Methods of

paired comparison and network analysis have developed in their own rights,

but also with a focus on asymmetry. Figure 1.2 illustrates the relationships

of those methodological aspects.

1.4. OVERVIEW OF THE BOOK

This book covers a variety of theories, methods, and models for analysis of

asymmetry, as well as their applications. A description is provided for both

theoretical and practical interests. Throughout the chapters, almost all sections

are provided with examples. To enable comparison across those examples,

results have been arranged using common sets of data as far as possible.

To begin, we treat in Chapter 2, methods and models for analyzing

asymmetry related to paired comparisons. The method of paired comparisons

has been studied over a long period, mainly in the fields of statistics or psycho-

metrics, with applications. However, interest has traditionally been focused on

statistical analysis or unidimensional psychological scaling, and the asymme-

try inherent in data was not of principal concern. With a focus on asymmetry,

we present detection of ordinal structure in dominance data, analysis of var-

iance, and a method of psychological scaling for measurement of asymmetry

in psychological judgment. In addition, we discuss operational scaling.

Chapters 3 and 4 are mutually related. In a different viewpoint from

ours, subjects covered by these two chapters may be described in the category
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of asymmetric multidimensional scaling. In Chapter 3, we present models and

procedures for graphical representation of asymmetric data. These are based

on decomposition of a data matrix in linear algebra, and the models are formu-

lated for data reduction rather than accounting for phenomena. They are essen-

tially applicable to any kind of proximity measure, because they are used

without regard to the meaning of the measure, even the direction of measure-

ment, similarity, or dissimilarity.

In Chapter 4 we deal with models, methods, and procedures categorized

in multidimensional scaling (MDS) for asymmetric data. After we give an

overview of the subjects of asymmetry in MDS and a brief history, we present

generalization of scalar product models, and then similarity and bias models in

comparison with analysis of contingency tables. Next we describe the gener-

alization of distance models, and, feature matching models. In a similar way to

Borg and Groenen (1997), who mentioned four major roles for MDS, we may

summarize the roles of asymmetric MDS in four categories: exploring data

reduction, testing structural hypotheses for asymmetric data, exploring

FIGURE 1.2 Analysis of asymmetry in statistics
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psychological structures or processes, and modeling judgment of proximity

(similarity, dissimilarity).

Chapter 5 is devoted to cluster analysis of asymmetric data. Although

some clustering methods have been proposed principally for multivariate

data, some have been investigated on the basis of proximity data, with a

close relationship with MDS. As a natural development in this regard, cluster

analysis of asymmetric data has developed. Here we present agglomerative

clustering methods designed for asymmetric data that developed from Hubert

(1973), methods for direct clustering such as the bond energy and centroid

effect algorithms, and methods for fitting tree structures such as GENNCLUS.

In Chapter 6, we present network analysis of asymmetric data. The net-

work analysis is generally applicable for a variety of types of research that deal

with phenomena in terms of network. As examples we take up some models

and methods that are involved in sociological and psychological research.

First we give a brief review on the concept of social network and the terms

of graph theory, then we describe detection of cohesive groups, network

scaling, and finally statistical models for social network.

Finally, in Chapter 7, we provide analysis of asymmetry of the relation-

ship between two sets of multivariate data. The asymmetry is discussed in

terms of the dependence of one set of variables on the other, and it is revealed

by comparing the dependence in two directional analyses. The description is

centered on redundancy analysis, in contrast to canonical regression analysis.

In comparison, we discuss related procedures such as principal component

analysis of instrumental variables and reduced rank regression analysis.

1.5. PROSPECTIVE FIELDS AND READERS

The disciplines addressed by this book are statistical data analysis, psycho-

metrics, social psychology, sociology, marketing research, behavioral

sciences, information sciences, and ecological sciences. The readers are

intended to be not only students, graduate students, and research workers

involved in those fields, but also in other fields who would find the method-

ology of the book relevant for the analysis of their data.

In comparison with the common methodology of statistical data ana-

lysis, the methodology of analysis of asymmetry is not well known even to

those people involved in data analysis. In this regard, the book will suggest

new points to people who need to analyze asymmetric data, but who do not

know the methodology to meet the need. We believe that the comprehensive

presentation of topics is useful and attractive even to people who have

been concerned with a specified approach to the analysis of asymmetry in a
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particular area. Such people are often not aware of the approaches used in

different areas, so the book will enable them to find new useful approaches.

1.6. SUGGESTIONS FOR READING

Elementary knowledge about linear algebra and statistical data analysis is

assumed. Chapters 2, 3, 5, and 6 may be followed independently for reading,

after Chapter 1. Chapter 4 is recommemmded for reading after Chapter 3,

because the subjects of Chapter 3 are closely related to part of Chapter 4

and so references are often given from Chapter 4 to Chapter 3. Some topics

of Chapter 2 are mentioned in Chapter 4. Chapter 5 has some relations to

Chapter 3 and Chapter 4. Chapter 6 treats multivariate analysis of asymmetry

on a standpoint quite different from those of the other chapters, and deals with

data being different from proximity data. For this reason, it may be followed

independently of the other chapters. Figure 1.3 shows these suggestions for

reading.

1.7. NOTATION

We use upper case bold letters for matrices like A, and lower case bold letters

for vectors like x. Transposition is usually designated by prime, for example,

A0 or x0. Vector representations indicate column vectors, unless specified

otherwise. We denote a matrix A with elements aij, which consists of n

columns by

A ¼ ðaijÞ ¼ ða1; a2; . . . ; anÞ ð1:1Þ

FIGURE 1.3 Suggestions for reading
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and a vector with p elements by

x ¼ ðxiÞ ¼ ðx1; x2; . . . ; xpÞ
0

ð1:2Þ

We denote the inverse of A by A21, and a diagomial mnatrix B with p elements

on the diagonal by diag(b1, b2, . . . , bp). The trace of A is represented as

trðAÞ ¼
Xn

i¼1

aii ð1:3Þ

We write the norm of an m � n matrix A and the norm of a p-dimensional vec-

tor x as

kAk ¼
Xm

i¼1

Xn

j¼1

a2
ij

 !1=2

and kxk ¼
Xp

i¼1

x2
i

 !1=2

ð1:4Þ

respectively. This notation will be used in a different definition in Secs. 3.3 and

4.2. The dot notation on a data matrix usually denotes row means, column

means, and the total mean, for example,

ai� ¼
1

n

Xn

j¼1

aij; a�j ¼
1

m

Xm

i¼1

aij and

a�� ¼
1

mn

Xm

i¼1

Xn

j¼1

aij

ð1:5Þ

We write product as AB for matrices, and scalar product as x0y for vectors. We

denote the Cartesian product of two sets P and Q by P � Q.

Expectations of a random variable x, a vector of random variables x, and

a matrix of random variables X are denoted by E(x), E(x), and E(X), respect-

ively. Let djk denote Kroneckers’ delta, which represents djk ¼ 1 if j ¼ k and

djk ¼ 0 if j = k.

Introduction 7
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2

Paired Comparisons with
Asymmetry

2.1. OVERVIEW AND PRELIMINARIES

The method of paired comparisons has been widely investigated in psycho-

logical and statistical research, and has been utilized in practical applications.

Given paired comparisons for a set of objects (stimuli), the data often take the

form of a square matrix of measurements for the pairs of objects. The entries

may be stated in terms of binary values, numerical values, or ordered cat-

egories, depending on the type of data collection.

This chapter will be confined to subjects related to the analysis of asym-

metry. In Sec. 2.2 is treated detection of ordinal structure in dominance

matrices by a statistical consideration (Kendall, 1962). Then, we turn to prob-

ability matrices observed in paired comparisons (Scheffé, 1952). In Sec. 2.3,

analysis of variance is described under a stochastic model for comparative

judgment. In Sec. 2.4, we describe psychological scaling under a judgment

model (Saito, 1994), incorporating asymmetry, as an extension of Thurstone’s

scaling method (Guilford, 1954). In Sec. 2.5, we deal with construction

of ratio scales from paired comparisons (Saaty, 1980), in which a strong

condition of asymmetry is imposed in subjective judgments. Lastly, we give

a summary of this chapter.

8
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2.2. DETECTION OF ORDINAL STRUCTURE

In this section we describe how to detect ordinal structure in an asymmetric

matrix for two situations: one in which observations are given in the form

of a dominance matrix C and the other in which an asymmetric matrix O is

originally observed and a dominance matrix C is constructed by pairwise com-

parison of two observations. By ordinal structure we mean a rank order of

objects, which is derived from those observations. The rank order might be

provided for the entire set or a subset of the objects. If the rank order is derived

for the entire set, it is said that one can construct a ranking of all the objects or

an ordinal scale of them from data (Coombs, 1964). We might consider that

the derived scale represents a unidimensional latent scale in human preference

or choice behavior, but might not in other cases such as birds’ pecking beha-

vior. Hereafter, we let the rank order refer to the entire set and so the detection

means examination of the possibility of deriving the ordinal scale.

2.2.1. Dominance Matrix Given by Paired
Comparisons

Let us consider an individual’s preference judgment for a set of objects

fS1; S2; . . . ; Smg. Excluding pairs of identical stimuli, we arrange all possible

m(m 2 1)/2 pairs of objects. For random presentation of each pair, the indi-

vidual is required to state his preference for one member of the pair, or to

make comparative judgment in binary response, in such a way as “yes” or

“no.” No choice is allowed in the response. If he prefers Sj to Sk , denote the

response by cjk ¼ 1. If he does not, denote it by cjk ¼ 0. Suppose that his judg-

ment does not depend on the order of objects in the pair. Then cjk ¼ 1 means

ckj ¼ 0. The total judgment is provided in terms of a dominance matrix

C ¼ (cjk), where cjj is undefined. Table 2.1 shows illustrative data, an individ-

ual’s preference for six brands of icecream.

When Si is preferred to Sj , we may write Si! Sj or Sj Si. If paired

comparisons for three objects Si , Sj , Sk are stated as Si ! Sj ! Sk ! Si

(that is, cij þ cjk þ cki ¼ 3) or Si  Sj  Sk  Si (that is, cij þ cjkþ

cki ¼ 0), let us call the triad SiSjSk circular.

Figure 2.1 illustrates a diagram of dominance relations of the data of

Table 2.1. Four circular triads, ABD, DAE, AFD, and BEF are revealed in

the figure. Those triads may arise from the fluctuation in judgment or due to

the subject’s attention to more than one factor associated with the objects.

In the rank order on unidimensional judgment, if P! Q and Q! R, then

P! R, accordingly no circular triad should arise. Hence, if the rank ordering

Paired Comparisons with Asymmetry 9
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in preference is possible, it is necessary and sufficient that no circular triad

exists. In the fields of psychology and sensory inspection, researchers often

find it interesting to detect an ordinal scale based on the dominance matrix.

2.2.2. Dominance Matrix Derived from
Asymmetric Data

Let us denote the relationship between Sj and Sk by ojk , and define O ¼ (ojk),

which is asymmetric. If one is interested in the dominance relation among the

FIGURE 2.1 Diagram of dominance

TABLE 2.1 Preference for Six Brands of Icecream

A B C D E F

A — 1 0 0 1 1

B 0 — 0 1 1 0

C 1 1 — 1 1 1

D 1 0 0 — 0 0

E 0 0 0 1 — 1

F 0 1 0 1 0 —

10 Chapter 2
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objects, one may construct a dominance matrix C ¼ (cjk) by comparing ojk

with okj. Define cjk ( j = k) in the following way:

If ojk . okj; let cjk ¼ 1; ckj ¼ 0 ð2:1Þ

Let cjj be undefined. If ojk ¼ okj , we consider that the dominance between

the two objects would arise with probability 0.5, and break the tie as follows.

We decide either cjk ¼ 1 or cjk ¼ 0 with probability 0.5. Since cjk and ckj are

not independent, ckj ¼ 0 should follow from cjk ¼ 1, that is, ckj ¼ 1 2 cjk .

In the fields of sociology and animal psychology, it is of interest to

explore linear hierarchy or social hierarchy of objects inherent in dominance

matrices (Masure and Allee, 1934; Goldthorpe, 1980). For example, Table 2.2

shows the intergenerational occupation mobility in Japan in 1975. In this case,

one is interested in detecting some ordinal structure about the occupation

mobility. Table 2.3 gives the dominance matrix derived by (2.1) from

Table 2.2, and Table 2.4 is the rearranged dominance matrix.

We now turn to examples of animal psychology. Observations of peck-

ing frequency in two flocks of pigeons are shown in Tables 2.5 and 2.6

(Masure and Allee, 1934). From either set of data, the dominance matrix is

provided by (2.1). The pecking behavior indicates attacking. It may be of

interest to examine whether a rank order exists or not among individuals. If

it does, it may involve dominant–subordinate relationships.

2.2.3. Measurement of Inconsistency

Given a dominance matrix for a set of objects, we will examine, by using the coef-

ficient of consistence (Kendall and Babinton Smith, 1940), whether the rank

TABLE 2.2 Intergenerational Occupation Mobility

Father’s

occupation

Son’s occupation

Upper

nonmanual

Lower

nonmanual Upper manual Lower manual Farmer

Upper n.m. 0.4320 0.3435 0.0816 0.1020 0.0408

Lower n.m. 0.1995 0.4803 0.1485 0.1415 0.0302

Upper m. 0.1383 0.2347 0.3923 0.1929 0.0418

Lower m. 0.1556 0.2267 0.2756 0.2933 0.0489

Farmer 0.1012 0.1913 0.1708 0.2349 0.3018

m. ¼ manual; n.m. ¼ nonmanual.
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order is derived or not. The consistence is based on the measurement of inconsis-

tence in terms of circular triads in C. As mentioned above, circular triad SiSjSk

arises if cij þ cjk þ ckj ¼ 3 or 0. The degree of inconsistence in order is measured

by counting the number of circular triads. Denoting the number by d, it is given by

d ¼
1

12
mðm� 1Þð2m� 1Þ �

1

2

Xm

j¼1

Xm

k¼1

cjk

 !2

ð2:2Þ

The coefficient z is defined as

z ¼

1�
24d

m3 � m
for odd m

1�
24d

m3 � 4m
for even m

8
>><

>>:
ð2:3Þ

TABLE 2.3 Dominance Matrix

Father’s

occupation

Son’s occupation

Upper

nonmanual

Lower

nonmanual

Upper

manual

Lower

manual Farmer

Row

sum

Upper n.m. — 1 0 0 0 1

Lower n.m. 0 — 0 0 0 0

Upper m. 1 1 — 0 0 2

Lower m. 1 1 1 — 0 3

Farmer 1 1 1 1 — 4

m. ¼ manual; n.m. ¼ nonmanual.

TABLE 2.4 Rearranged Dominance Matrix

Father’s

occupation

Son’s occupation

Farmer

Lower

manual

Upper

manual

Upper

nonmanual

Lower

nonmanual

Row

sum

Farmer — 1 1 1 1 4

Lower m. 0 — 1 1 1 3

Upper m. 0 0 — 1 1 2

Upper n.m. 0 0 0 — 1 1

Lower n.m. 0 0 0 0 — 0

m. ¼ manual; n.m. ¼ nonmanual.
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The range of z is 0 � z � 1. When z ¼ 1, we consider that there exists a rank

order in the data. As mentioned above, the existence of a rank order means

that one could rank all the objects on some unidimensional scale. However, it

does not necessarily mean that they should be positioned on a line in a space

derived by a procedure of scaling or graphical representation of data (see

Sec. 3.2). When z is thought to be close to unity on a specified criterion,

there should be a small number of circular triads and we may regard this situation

as where a nearly ordinal structure is involved in the data.

In order to conclude the existence of a rank order (or ordinal scale) in

view of the fluctuation in preference judgment, we wish to perform a statistical

test of z under the null hypothesis that z ¼ 0. However, no procedure for such

a test has been proposed to date. Therefore, the investigator should make an

appropriate decision in view of the range of d for a specified m. According

to Kendall (1962), we can derive the distribution of d under the null hypothesis

H0 that the pattern of fcjkg is random. Then we can test H0 against H1 that

the pattern is not random. If the observed d is significantly small, we may

TABLE 2.5 Pecking Frequency Among Seven Female Pigeons

BB BR BW BY GW RW RY

BB 0 41 44 68 58 29 45

BR 6 0 18 40 16 3 11

BW 10 7 0 11 5 18 12

BY 62 44 62 0 66 49 31

GW 36 20 23 28 0 29 11

RW 0 9 8 22 10 0 12

RY 10 2 5 2 5 5 0

TABLE 2.6 Pecking Frequency Among Seven Male Pigeons

B BL G R W Y YY

B 0 0 0 2 0 0 0

BL 18 0 15 57 22 6 14

G 14 37 0 58 79 25 44

R 10 16 29 0 23 16 13

W 2 7 2 4 0 0 6

Y 14 48 34 41 38 0 37

YY 20 49 92 37 49 18 0
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conclude at a significant level that there exists some structure in the popu-

lation. However, even with such a conclusion, we cannot assert that the struc-

ture is a rank order (ordinal scale). In passing, it is noted that the coefficient of

consistence is equivalent to the hierarchy index proposed by Landau (1951).

2.2.4. Example

Occupation Mobility

For the data in Table 2.1, we have d ¼ 4 and z ¼ 0.500. So, we may think that

no ordinal structure exists. Take up the case of intergenerational occupation

mobility. Computing z with the dominance matrix in Table 2.3, we have

z ¼ 1.000. This indicates that a rank order exists in the mobility. When we

compute the sum for each row in C, and rearrange the occupations in descend-

ing order of the sum, we obtain Table 2.4. When the mobility from A to B is

larger than that from B to A, denote the situation by A! B. For Table 2.4, we

represent the structure as: farmer! lower manual! upper manual! upper

nonmanual! lower nonmanual. Moving from farmer to any of the other

occupations is more prominent than moving from any of them to farmer. In

contrast, moving from lower nonmanual to any of the other occupations is

more prominent than moving from any of them to lower nonmanual. It is

pointed out that the detection of ordinal structure described here is different

from the customary analysis of social mobility in sociology, where researchers

transform the asymmetric data to symmetric data by using the odds ratio and

apply them to a log-linear model.

Pecking Frequency

We turn to the case of pecking frequency. For the dominance matrix C derived

from the data of Table 2.5, we have z ¼ 0.929. This value indicates that

nontransitive dominance relations exist between every pair of members in

the flock. We may then consider a nearly rank order among the flock. Regard-

ing the data of Table 2.6, we have z ¼ 1.000, which reveals the existence of a

rank order in terms of the dominant–subordinate relationships among the

flock. When individual P dominates Q, denote the situation by P! Q. In

descending order of dominance, we represent the structure as: Y! YY !

G! BL! R!W! B.

Morse Code Confusion

Nakajima and Saito (1996) applied the same procedure on the Morse code

confusion data of Tables 3.10 to 3.12 (Rothkopf, 1957). A nearly ordinal
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structure was found for some of the 36 signals: 7, C, 6, J, L, B, 4, V, 5.

The structure is traced in this ordered arrangement, which gives z ¼ 0.938.

2.3. ANALYSIS OF VARIANCE

2.3.1. Scheffe¤ ’s Method of Paired Comparisons

For a combination of stimuli Sj and Sk , we distinguish the ordered pairs (Sj , Sk)

and (Sk , Sj). Here suppose that stimulus at the left (right) is presented first. No

pair of identical stimuli is designed. Then there are m(m 2 1) pairs in total.

The subjects are required to judge the difference in the paired stimuli.

When there are N subjects, n subjects are allotted in random for each

(Sj , Sk); that is, N ¼ m(m 2 1)n. Let us put forward fundamental assumptions

(A1) to (A3) for comparative judgments (Scheffé, 1952).

(A1) For (Sj , Sk), the subject judges the psychological difference of

the first stimuli from the second and scores it by ujk on a speci-

fied numerical scale. For example of preference judgment, ujk

represents the degree of preferring Sj to Sk . In the case of

aesthetic judgment, ujk represents the degree of aesthetic pre-

cedence of Sj over Sk .

(A2) The ujk is a random variable, which accords to normal distri-

bution

ujk � Nðmjk;s
2Þ ð2:4Þ

(A3) For (Sk, Sj), the subject is required to judge ukj; the difference.

The difference of Sj from Sk is not judged, but is assumed to

be 2ukj, that is 2ukj � N(2mkj , s
2).

From the assumptions above, the average score of Sj over Sk is given by

ljk ¼
1
2
ðmjk � mkjÞ ð2:5Þ

The average of the difference of Sj to Sk is given by

djk ¼
1
2
ðmjk � ð�mkjÞÞ ¼

1
2
ðmjk þ mkjÞ ð2:6Þ

It is regarded as the effect due to the order of presentation of stimuli. Appar-

ently we see that

ljk ¼ �lkj; djk ¼ dkj ð2:7Þ
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Define mjj ¼ 0, djj ¼ 0, ljj ¼ 0 ( j ¼ 1, 2, . . . , n) and let square matrices

M ¼ ðmjkÞ; D ¼ ðdjkÞ; L ¼ ðljkÞ ð2:8Þ

Then we have a decomposition asymmetric matrix M into symmetric D and

skew-symmetric L as

M ¼ Lþ D; D0 ¼ D; L0 ¼ �L ð2:9Þ

Let us consider in view of the assumptions what djk and ljk mean. We

have expectations as

EðujkÞ ¼ mjk ¼ ljk þ djk

Eð�ukjÞ ¼ �lkj � dkj ¼ ljk � djk ð2:10Þ

The expectations of the difference of Sj from Sk consist of two com-

ponents: djk , which depends on the order of presentation, and ljk , which

does not. The expectation shifts from ljk by djk in the positive or negative

direction, corresponding to the order of presentation. In this sense, we call

djk the order effect and ljk the combination effect.

2.3.2. Structure Model for Skew-Symmetry

For the structure for ljk , we set a model such as

ljk ¼ bj � bk þ gjk ð j = k; j; k ¼ 1; 2; . . . ;mÞ ð2:11Þ

Given ljk , we want to determine bj and gjk . At first, we impose a constraint on

fbjg as

Xm

j¼1

bj ¼ 0 ð2:12Þ

From (2.7) we see that

gjk ¼ �gkj ð2:13Þ

Next setting a constraint,

Xm

k¼1

gjk ¼ 0 ð j ¼ 1; 2; . . . ;mÞ ð2:14Þ
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we obtain the solution of fbjg as

bj ¼
1

m

Xm

j¼1

ljk ð2:15Þ

If we do not impose (2.14), setting (2.11), (2.12), and (2.15) yields (2.14).

Lastly, we determine gjk from (2.11) and (2.15),

gjk ¼ ljk �
1

m

Xm

j¼1

ljk þ
1

m

Xm

k¼1

ljk ð2:16Þ

If all gjk ¼ 0, then

ljk ¼ bj � bk , gjk ¼ 0 for all ð j; kÞ ð2:17Þ

That is, model (2.11) represents the skew-symmetry ljk as the sum of linear

component bj 2 bk and nonlinear component gjk expressed by (2.16).

2.3.3. Stochastic Model and Parameter
Estimation

Write the score of (Sj , Sk) judged by subject i as oijk (i ¼ 1, 2, . . . , n). We note

n observations of random variable ujk , which accords to normal distribution

N(mjk , s 2). For mjk , we retain the structure of (2.10) and (2.11). Denote the

random variable of error by 1ijk . Then oijk is expressed as

oijk ¼ mjk þ 1ijk ¼ ðbj � bkÞ þ gjk þ djk þ 1ijk; ð2:18Þ

1ijk � Nð0;s 2Þ: ð2:19Þ

Given oijk , let us obtain least squares estimates of parameters bj , gjk ,

djk , and s 2. For convenience of estimation, we also estimate mjk and ljk .

Define

o�jk ¼
Xn

i¼1

oijk; o�j� ¼
Xn

i¼1

Xm

k¼1

oijk and o��k ¼
Xn

i¼1

Xm

j¼1

oijk ð2:20Þ

First we give the least squares estimate for mjk as

m̂mjk ¼
1

n
o�jk ð2:21Þ
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Then we have from (2.5) and (2.6) that

l̂ljk ¼
1

2
ðm̂mjk � m̂mkjÞ ¼

1

2n
ðo�jk � o�kjÞ ð2:22Þ

d̂djk ¼
1

2
ðm̂mjk þ m̂mkjÞ ¼

1

2n
ðo�jk þ o�kjÞ ð2:23Þ

These estimates meet the following relations:

l̂ljk ¼ �l̂lkj; d̂djk ¼ d̂dkj ð2:24Þ

Substituting l̂ljk in (2.11), and using (2.12), (2.13), and (2.14), we obtain least

squares estimates as

b̂bj ¼
1

m

Xm

k¼1

l̂ljk ¼
1

2mn
ðo�j� � o��jÞ ð2:25Þ

ĝgjk ¼ l̂ljk � b̂bj þ b̂bk ð2:26Þ

Using Se of (2.29), s 2 is estimated as

ŝs2 ¼
1

mðm� 1Þðn� 1Þ
Se ð2:27Þ

2.3.4. Analysis of Variance

Let the error term be eijk ¼ oijk � m̂mjk . Define sums of squares St , Sm , Se as

follows, to obtain the decomposition of (2.31):

St ¼
Xn

i¼1

Xm

j¼1

Xm

k¼1

o2
ijk ð2:28Þ

Se ¼
Xn

i¼1

Xm

j¼1

Xm

k¼1

ðoijk � m̂mjkÞ
2

ð2:29Þ

Sm ¼ n
Xm

j¼1

Xm

k¼1

m̂m2
jk ¼

1

n

Xm

j¼1

Xm

k¼1

o2
�jk ð2:30Þ

St ¼ Sm þ Se ð2:31Þ
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Next define Sl , Sd , and decomposition (2.34) holds:

Sl ¼ 2n
Xm

j¼1

Xm

k,j

l̂l 2
jk ¼

1

2n

Xm

j¼1

Xm

k,j

ðo�jk � o�kjÞ
2

ð2:32Þ

Sd ¼ 2n
Xm

j¼1

Xm

k,j

d̂d 2
jk ¼

1

2n

Xm

j¼1

Xm

k,j

ðo�jk þ o�kjÞ
2

ð2:33Þ

Sm ¼ Sl þ Sd ð2:34Þ

Furthermore, by definition of Sb and Sg , decomposition (2.37) holds:

Sb ¼ 2mn
Xm

j¼1

b̂b 2
j ¼

1

2mn

Xm

j¼1

ðo�j� � o��kÞ
2

ð2:35Þ

Sg ¼ 2n
Xm

j¼1

Xm

k,j

ĝg2
jk ¼ Sl � Sb ð2:36Þ

Sl ¼ Sb þ Sg ð2:37Þ

Thus St is decomposed as follows,

St ¼ Sl þ Sd þ Se ð2:38Þ

¼ Sb þ Sg þ Sd þ Se ð2:39Þ

Quantities Sb, Sg , Sd , and Se are statistically independent. Under the

assumption of normality of (2.4), Se/s
2 accords to the x 2 distribution with

the degree of freedom fe ¼ m(m 2 1)(n 2 1). By F(f1, f2) we denote the F

distribution with first and second degrees of freedom f1 and f2 , respectively.

(a) If bj ¼ 0, then Sb/s 2 accords to the x 2 distribution with degree of

freedom fb ¼ m 2 1. Then Fb accords to F(fb , fe), where

Fb ¼
Sb=fb

Se=fe

¼
2mðn� 1ÞSb

Se

ð2:40Þ

(b) If all gjk ¼ 0, then Sg/s
2 accords to the x 2 distribution with

degree of freedom fg ¼ (m 2 1)(m 2 2)/2. Then Fg accords to

F(fg , fe), where

Fg ¼
Sg=fg

Se=fe

¼
2mðn� 1ÞSg

ðm� 2ÞSe

ð2:41Þ

(c) If all djk ¼ 0, then Sd/s
2 accords to the x 2 distribution with

degree of freedom fd ¼ m(m 2 1)/2. Then Fd accords to
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F(fd , fe), where

Fd ¼
Sd=fd

Se=fe

¼
2mðn� 1ÞSd

Se

ð2:42Þ

Utilizing the properties mentioned above, we can perform analysis of

variance (ANOVA). To Se , we will do the F-test about the significance of

the three kinds of effects, main effects Sb , order effects Sd , and combination

effects Sg . The ANOVA table is provided as Table 2.7.

Con¢dence Region

If the main effects are found to be significant by using ANOVA, we can then

examine which difference would be significant. The interval with

100 � (1 2 a)% is given in terms of the Studentized range q(m, fe :a) and

the yardstick Y(a) as

YðaÞ ¼ qðm;fe : aÞ

ffiffiffiffiffiffiffiffiffi
ŝs2

2nm

r
ð2:43Þ

b̂bj � b̂bk � Y � bj � bk � b̂bj � b̂bk þ Y ð2:44Þ

When the interval is given in the positive side, we conclude that bj . bk , and

if given in the negative side we may consider bj , bk .

2.3.5. Example

Regarding the perfume of four brands of soap, a total of 240 subjects made

comparative judgments on a seven-point scale. Twenty subjects are allotted

for each pair. The data are summarized in Table 2.8. Table 2.9 shows l̂ljk

given by (2.22) and b̂bj given by (2.25). Figures 2.2 and 2.3 show these esti-

mates. Table 2.10 shows ĝgjk given by (2.26), and Table 2.11 shows d̂djk

TABLE 2.7 Analysis of Variance

Source

Sum of

squares Degree of freedom Variance F-value

Main effects Sb fb ¼ m 2 1 Vb ¼ Sb/fb Fb ¼ Vb/Ve

Combination effects Sg fg ¼ (m 2 1)(m 2 2)/2 Vg ¼ Sg/fg Fg ¼ Vg/Ve

Order effects Sd fd ¼ m(m 2 1)/2 Vd ¼ Sd/fd Fd ¼ Vd/Ve

Error Se fe ¼ m(m 2 1)(n 2 1) Ve ¼ Se/fe

Total ST fT ¼ m(m 2 1)n
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given by (2.23). Table 2.12 summarizes ANOVA. By F-test, it is found that

the main effects are significant at 1% level and the combination effects are sig-

nificant at 5% level. Yardsticks are computed by (2.43) as Y(0.05) ¼ 0.3296

and Y(0.01) ¼ 0.4022. The confidence intervals are provided in Table 2.13.

We see that the difference between b2 and b3 is not significant, but the

other differences are significant.

2.4. PSYCHOLOGICAL SCALING

The dominance matrix represents the result of single judgment for each pair

made by a subject. If the subject is required to make multiple judgment for

TABLE 2.8 Judgment Frequency in Paired Comparisons

Pair ( j, k)

Frequency of scores

23 22 21 0 1 2 3

(1, 2) 0 1 4 5 5 4 1

(1, 3) 0 1 3 10 4 2 0

(1, 4) 0 0 1 2 5 8 4

(2, 1) 0 4 11 4 1 0 0

(2, 3) 0 0 2 10 7 0 1

(2, 4) 0 0 6 4 5 2 3

(3, 1) 3 3 8 4 2 0 0

(3, 2) 1 5 2 7 5 0 0

(3, 4) 0 1 3 6 6 3 1

(4, 1) 5 8 4 3 0 0 0

(4, 2) 0 5 1 9 5 0 0

(4, 3) 1 4 7 6 2 0 0

TABLE 2.9 Combination Effects and Main Effects

ljk

bj1 2 3 4

1 0.000 0.700 0.600 1.675 0.7437

2 20.700 0.000 0.450 0.450 0.0500

3 20.600 20.450 0.000 0.650 20.1000

4 21.675 20.450 20.650 0.000 20.6938
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(Sj , Sk), or a group of subjects are required to make a single judgment for the

pair, the result would be summarized as proportions fpjkg, which indicate the

averaged judgments. Assuming that the judgments are made on a latent axis

(psychological continuum) for the paired comparisons (PC), Thurstone’s scal-

FIGURE 2.2 Main effect

FIGURE 2.3 Combination effect
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ing procedure analyzes fpjkg on the basis of a probabilistic model that is called

the discriminal process. Here it is postulated that a random variable uj

represents psychological quantity associated with stimulus Sj and it accords to

normal distribution Nðmj;s
2
j Þ. Then psychological difference for (Sj , Sk) is

stated as wjk ¼ uk 2 uj , which is distributed as Nðmk � mj;s
2
jkÞ. By Pjk we

denote the probability that Sk is preferred to (or judged to be greater than) Sj .

TABLE 2.11 Order Effects: fdjkg

1 2 3 4

1 0.000 20.200 20.450 20.075

2 20.200 0.000 20.050 0.150

3 20.450 20.050 0.000 20.150

4 20.075 0.150 20.150 0.000

TABLE 2.10 Nonlinear Components: fgjkg

1 2 3 4

1 0.0000 0.0063 20.2437 0.2375

2 20.0063 0.0000 0.3000 20.2938

3 0.2437 20.3000 0.0000 0.0563

4 20.2375 0.2938 20.0563 0.0000

TABLE 2.12 Analysis of Variance

Source Sum of squares d.f. Variance F-value

Main effects 167.5125 3 55.8375 43.6216��

Combination effects 11.8125 3 3.9375 3.0761�

Order effects 11.8250 6 1.9708 1.5397

Error 291.8500 228 1.2800

Total 331.0000 192

d.f., degrees of freedom.
�Significant at 5% level.
��Significant at 1% level.
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The law of comparative judgment is illustrated in Fig. 2.4 and expressed as

Pjk ¼ PrðSj , SkÞ ¼

ð1

0

hðwjkÞdwjk ð2:45Þ

where h(.) is the density function of wjk .

According to the procedure, we regard pjk as the observed probability of

Pjk . The forced binary response implies that pjkþ pkj ¼ 1. Although pairs of

identical stimuli are not designed, we usually set pjj ¼ 0.5. From fpjkg, one

derives a unidimensional scale in terms of estimates of fmjg and others related

to fsjg. The data fpjkg are asymmetric in the form of a matrix. In this view-

point, Thurstone’s scaling procedure is related to such asymmetry. However,

it is customarily applied in psychometrics out of interest in asymmetry, and so

we do not describe the procedure further here.

FIGURE 2.4 The law of comparative judgment

TABLE 2.13 Confidence Region

Difference Estimate

95% confidence 99% confidence

lb ub lb* ub*

b1 2 b2 0.6937 0.3641 1.0233 0.2915 1.0959

b1 2 b3 0.8437 0.5141 1.1733 0.4415 1.2459

b1 2 b4 1.4375 1.1079 1.7671 1.0353 1.8397

b2 2 b3 0.1500 20.1796 0.4796 20.2522 0.5522

b2 2 b4 0.7438 0.4142 1.0734 0.3416 1.1460

b3 2 b4 0.5938 0.2642 0.9234 0.1916 0.9960

*lb: lower bound; ub: upper bound.
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We are concerned with asymmetry observed in judgments in experimen-

tal psychology. A typical example of such asymmetry is an order effect, which

may be due to spatial or temporal order of stimuli in pairwise presentation.

There might be many psychological factors behind the asymmetry observed

in PC judgments, such as sensory modality, level of stimulus magnitude,

length of interstimulus interval or spatial separation, and other experimental

conditions. As the cause of the asymmetry, one would consider response

bias, adaptation assimilation, contrast, sequential effect, traces and images,

and so on (Hellström, 1978). To construct a psychological process model or

theory for the phenomenon in view of those factors and causes, one needs

to measure the asymmetry. For the measurement, we will present a general-

ized procedure of Thurstonean scaling in this section (Saito, 1994).

2.4.1. Response in Terms of Three Ordered
Categories

As mentioned in the preceding sections, in comparative judgments the subject

is usually asked to give the answer in terms of dichotomous categories, for

example, “yes, no” or “greater, less.” However, there are situations in which

for small psychological differences, such a task may be difficult for the sub-

ject. Then one would like to give intermediate answers such as “no differ-

ence,” or “equal.” In such situations, it becomes practical to accommodate

the use of three ordered categories with the intermediate one.

The judgment task in terms of three ordered categories seems to be par-

ticularly meaningful in studies of perceptual processes. Suppose that an exper-

imenter has found any asymmetry between judgments for symmetrically

designed pairs consisting of different stimuli, such as (Sj , Sk) and (Sk , Sj),

where the stimulus order might be temporal or spatial. Then the experimenter

would like to observe judgments for pairs of two identical stimuli (Sj , Sj). In

such situations, it is appropriate in view of the accuracy of judgments to

require the subject to answer using the three categories.

Notation

For convenience of exposition, we consider successive presentation of two

stimuli. Denote a pair of stimuli by (S(1), S(2)), where S(1) is the first stimu-

lus and S(2) the second in presentation. For each pair of stimuli, the subject

is required to make comparative judgments in terms of three ordered cat-

egories on the psychological continuum: (G) S(2) is greater than S(1); (L)

S(2) is less than S(1); (E) S(2) is equal to S(1). Let frequencies of G, L, and

E responses be ljk , mjk , and njk , respectively. Denote observed probabilities
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and the corresponding matrices as

pjk ¼
ljk

Njk

; qjk ¼
mjk

Njk

; rjk ¼
njk

Njk

P ¼ ð pjkÞ; Q ¼ ðqjkÞ and R ¼ ðrjkÞ ð2:46Þ

Here Njk is the number of observations for the pair. The asymmetry dealt

with in this section is now defined. It refers to relations on probability

matrices such that

pjk = qkj or pkj = qjk ð2:47Þ

This definition implies symmetry that pjk ¼ qkj and pkj ¼ qjk . In some cases,

not all pairs may be presented because of the experimental design. To indi-

cate this type of missing pair, we define djk ¼ 1 if (S
ð1Þ
j ; S

ð2Þ
k ) is observed, and

djk ¼ 0 if the pair is not observed. Denote the design matrix by D ¼ (djk).

2.4.2. Revised Law of Comparative Judgment

When the asymmetry is significantly observed in PC judgments, one may

consider that two sets of stimuli, S
ð1Þ
j and S

ð2Þ
k , would play different roles in

the judgments. This consideration seems natural, because a pair of physically

identical stimuli are never alike (Harris, 1957). That is, they are different in a

sense that they are separated spatially (e.g., right and left) or temporally (first

and second).

Let us revise Thurstone’s model in order to analyze the asymmetry of

(2.47) in connection with ternary responses. We consider two discriminal pro-

cesses for an identical stimulus, a random variable v
ð1Þ
j representing S

ð1Þ
j and

another v
ð2Þ
j representing S

ð2Þ
j . In the sequel, it is assumed that they are normally

distributed in such a way that

v
ð1Þ
j � Nðmj;s

2
j Þ ð j ¼ 1; 2; . . . ;mÞ ð2:48Þ

v
ð2Þ
j � Nðnj;s

2
j Þ ð j ¼ 1; 2; . . . ;mÞ ð2:49Þ

Then the perceived difference for (S
ð1Þ
j ; S

ð2Þ
k ) is represented by

ujk ¼ v
ð2Þ
k � v

ð1Þ
j ð2:50Þ

and is distributed as Nðnk � mj; c2
jkÞ. Here c2

jk is the so-called comparatal

dispersion with correlation rjk between two random processes:

c2
jk ¼ s 2

j þ s 2
k � 2rjksjsk ð2:51Þ
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Now we introduce a threshold parameter 1 . 0 to account for the E response.

Here it is assumed that the subject will give an E response if jujkj , 1 and also

a G response if ujk . 1 and an L response if ujk , 21. Then the law of com-

parative judgment is revised as

Pjk ¼ PrðS
ð1Þ
j , S

ð2Þ
k Þ ¼

ð1

1

gðujkÞdujk ð2:52Þ

Qjk ¼ PrðS
ð1Þ
j . S

ð2Þ
k Þ ¼

ð�1

�1

gðujkÞdujk ð2:53Þ

Rjk ¼ PrðS
ð1Þ
j ¼ S

ð2Þ
k Þ ¼

ð1

�1

gðujkÞdujk ð2:54Þ

where g(.) is the density function of ujk . Figure 2.5 shows the revised law of

comparative judgment.

By F we denote an upper probability integral of the density f (u) of the

unit normal distribution, that is,

FðzÞ ¼

ð1

z

f ðuÞdu ð2:55Þ

Write the normal deviates as

Xjk ¼ F�1
ðPjkÞ and Yjk ¼ F�1

ð1� QjkÞ ð2:56Þ

FIGURE 2.5 The revised law of comparative judgment
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Then we have

Xjk ¼
1

cjk

ðmj � nk þ 1Þ and Yjk ¼
1

cjk

ðmj � nk � 1Þ ð2:57Þ

2.4.3. Least Squares Estimation

We adopt Thurstone’s Case 5 assumption, specifying equal sj ( j ¼ 1,

2, . . . , m) and a null correlation between v
ð1Þ
j and v

ð2Þ
k . Then we may treat all

c2
jk as an unknown constant 2s 2. Setting 2s 2 ¼ 1 for the measurement unit,

we then have

Xjk ¼ mj � nk þ 1 and Yjk ¼ mj � nk � 1 ð2:58Þ

Usually observed probabilities, pjk , qjk , and rjk are given instead of the popu-

lation probabilities. Write the observed normal deviates as

xjk ¼ F�1
ð pjkÞ and yjk ¼ F�1

ð1� qjkÞ ð2:59Þ

We consider that (2.57) approximately holds with the observed deviates. Thus

our aim is to determine fmjg, fnjg, and 1 with those equations.

Given normal deviates xjk , yjk and design indicators djk , we wish to esti-

mate parameters mj , nj , and 1 by using a least squares (LS) criterion. This is

defined as

S ¼
Xm

j¼1

Xm

k¼1

djkðxjk � mj þ nk � 1Þ2 þ
Xm

j¼1

Xm

k¼1

djkð yjk � mj þ nk þ 1Þ2

ð2:60Þ

Let

L ¼
Xm

j¼1

Xm

k¼1

djk; Mj ¼
Xm

k¼1

djk and Nk ¼
Xm

j¼1

djk ð2:61Þ
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Setting the derivatives of S with respect to the parameters equal to zero gives

the following equations:

1 ¼
1

2L

Xm

j¼1

Xm

k¼1

djkðxjk � yjkÞ ð2:62Þ

Nknk �
Xm

j¼1

djkmj ¼ ak ð2:63Þ

Mjmj �
Xm

k¼1

djknj ¼ bj ð2:64Þ

where

ak ¼ �
1

2

Xm

j¼1

djkðxjk þ yjkÞ ðk ¼ 1; 2; . . . ;mÞ ð2:65Þ

bj ¼
1

2

Xm

k¼1

djkðxjk þ yjkÞ ð j ¼ 1; 2; . . . ;mÞ ð2:66Þ

Equations (2.63) and (2.64) may be rewritten in a matrix form as

�D0 N
M �D

� �
m
n

� �
¼

a
b

� �
ð2:67Þ

where m, n, a, b are column vectors of the corresponding quantities respect-

ively, and M ¼ diagðM1;M2; . . . ;MmÞ and N ¼ diagðN1;N2; . . . ;NmÞ.

Let G be the entire matrix on the left-hand side of (2.67). Noting that G is

singular, we impose a constraint on the parameters. Since we are usually inter-

ested in relative positioning of stimuli, and noting that (2.58) are invariant

with respect to addition of a constant to all the parameters, let us impose

that the average of the mj values be the origin,

Xm

j¼1

mj ¼ 0 ð2:68Þ

without loss of generality. Although we may replace it by any row in (2.67),

we select the last row for simplicity. Define G�, which differs from G only in

the last row. The mth row of G� has ones in the first m entries and zeros in the

remaining entries. Further, define b� ¼ ðb�j Þ where b�j ¼ bj ð j ¼ 1; 2; . . . ;m�
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1Þ and b�m ¼ 0. Then the solution is given by

m
n

� �
¼ G�1

�

a
b�

� �
ð2:69Þ

When G� is still singular, we may use a generalized inverse of G� in (2.69).

Thus we have obtained LS estimates of parameters using (2.62) and (2.69).

For the D matrix of the complete design, solution (2.69) is explicitly

described as follows:

mj ¼
Xm

j¼1

aj

m2
þ

bj

m
ð2:70Þ

nj ¼
aj

m
ð j ¼ 1; 2; . . . ;mÞ ð2:71Þ

2.4.4. Minimum Normit x2 Estimation

Let us regard probabilities p, q, and r as observed from the trinomial distri-

bution with parameters P, Q, R, and n. Let

u ¼ ð p; q; rÞ0 and v ¼ ðP;Q;RÞ0 ð2:72Þ

It is known that u accords asymptotically to N(v, S/n), where each element of

S is described in terms of P, Q, R, and n. For observed probabilities, some of

which might be very small, we treat pþ r and qþ r instead of p and q in order

to avoid unstability that might arise from very small values. Now we consider

the distribution of variables transformed by

x ¼ F�1
ð pþ rÞ and y ¼ F�1

ðqþ rÞ ð2:73Þ

where F is defined by (2.55). Using a theorem from Rao (1964, p. 319), we

find that z ¼ (x, y)0 accords asymptotically to N(z, S/n), where

z ¼ ðX; YÞ0; X ¼ F�1
ðPþ RÞ; Y ¼ F�1

ðQþ RÞ ð2:74Þ

and S is given in terms of P, Q, R, and n.

Let us apply this result to our scaling problem (Saito, 1992). Given prob-

abilities pjk , qjk , rjk , and Njk observed for pair ( j, k), we define

zjk ¼ ðxjk; yjkÞ
0 and zjk ¼ ðXjk; YjkÞ

0
ð2:75Þ
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where xjk , yjk , Xjk , and Yjk are given by (2.73) and (2.74), respectively. Define

matrix Sjk ¼ ðs
jk
pqÞ of size 2 � 2, whose entries are given as

s
jk
11 ¼

4Qjkð1� QjkÞ

f ðXjkÞ
2

ð2:76Þ

s
jk
22 ¼

4Pjkð1� PjkÞ

f ðYjkÞ
2

ð2:77Þ

s
jk
12 ¼ s

jk
21 ¼

�4PjkQjk

f ðXjkÞf ðYjkÞ
ð2:78Þ

where f (xjk) and f ( yjk) are densities of the unit normal distribution.

Then zjk accords asymptotically to N(zjk , Sjk/Njk). Putting the Case 5

assumption for the discriminal process, we obtain

Xjk ¼ 1þ nk � mj and Yjk ¼ 1� nk þ mj ð2:79Þ

These equations may be rewritten as

zjkðuÞ ¼ Ajku ð2:80Þ

where u ¼ ðm1; . . . ;mm; n1; . . . ; nm; 1Þ
0, and Ajk is a matrix of size 2 �

(2mþ 1), each entry being 1, 0, or 21. It follows from the above argument

that zjk accords asymptotically to N(z jk , Sjk/Njk) and statistic Q2
jk defined by

Q2
jk ¼ Njkðzjk � AjkuÞ

0S�1
jk ðzjk � AjkuÞ ð2:81Þ

accords to the x 2 distribution with two degrees of freedom. Assuming indepen-

dence over all ( j, k), we find that Q(u) is asymptotically distributed as the x 2

with degree of freedom f, where

QðuÞ ¼
Xm

j¼1

Xm

k¼1

djkQ2
jk and f ¼ 2

Xm

j¼1

Xm

k¼1

djk � m

 !
ð2:82Þ

By minimizing Q, we like to obtain the estimates of parameters. Setting

the derivative of Q with respect to u to zero, we have an equation such as

Xm

j¼1

Xm

k¼1

A0jkS�1
jk Ajku ¼

Xm

j¼1

Xm

k¼1

A0jkS�1
jk zjk ð2:83Þ

To cope with the linear dependence in each Ajk , we can impose (2.68) or fix any

one of the parameters in view of the indeterminacy of the origin. Then the normal

equation is stated with the remaining 2m parameters. After this revision, let the
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coefficient matrix in the left-hand side be B� and the vector in the right-hand side

d�. Then we obtain the minimum normit x 2 solution (MNX) by

ûu ¼ B�1
� d� ð2:84Þ

Here remember that the elements of Sjk involve Pjk and Qjk , which depend on u.

To solve (2.83), we need provisional values for Pjk and Qjk .

The LS solution serves to provide those values. The resulting solution

may further be used as the provisional one for the next step of computation.

This iterative process might be repeated until the change in Q(u) becomes

sufficiently small. Define

SST ¼
Xm

j¼1

Xm

k¼1

Njkz0jkS�1
jk zjk ð2:85Þ

The quantity is partitioned into four x 2 components, each of which corre-

sponds to m, n, 1, and the error term respectively. Thus it is possible to test

a null hypothesis for each component. Through some manipulation, the

covariance matrix of estimates is derived as B�1
� , from which the confidence

regions of the parameters are constructed.

2.4.5. Maximum Likelihood Estimation

The Likelihood Function

Let us regard ljk , mjk , and njk as observations of a random variable vjk , which

accords to a trinomial distribution with parameters Pjk , Qjk , Rjk , and

Njkð¼ ljk þ mjk þ njkÞ. Under the assumption of independence over all pairs,

the log-likelihood function is defined for the whole set of observations by

L� ¼ K þ
Xm

j¼1

Xm

k¼1

djkðljk log Pjk þ mjk log Qjk þ njk log RjkÞ ð2:86Þ

where K is a constant in terms of observations over all possible pairs. Now let

us assume that the distributional parameters Pjk , Qjk , and Rjk are determined

by the revised law of comparative judgment of (2.52) to (2.54). We use par-

ameters to mean the latent parameters of the discriminal processes hereafter.

For the processes let us adopt Thurstone’s Case 2 assumption, which is

the most general assumption from a practical point of view; that is,

rjk ¼ r ð j = k j; k ¼ 1; . . . ;mÞ ð2:87Þ
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Under this assumption the comparatal dispersion becomes

c2
jk ¼ s 2

j þ s 2
k � 2rsjsk ð2:88Þ

The population probabilities are expressed as

Pjk ¼

ð1

Xjk

f ðuÞdu ¼ Pðmj; nk; 1;sj;sk; rÞ ð2:89Þ

Qjk ¼

ðYjk

�1

f ðuÞdu ¼ Qðmj; nk; 1;sj;sk; rÞ ð2:90Þ

where Xjk and Yjk are given by (2.57), and f (.) is the density of the unit normal

distribution. For simplicity, we denote a vector of the unknown 3mþ 2

parameters by

u ¼ ðm1; . . . ;mm; n1; . . . ; nm; 1;s1; . . . ;sm; rÞ
0

ð2:91Þ

and the summation term of (2.86) by L(u). Then,

LðuÞ ¼
Xm

j¼1

Xm

k¼1

djkTjk ð2:92Þ

where

Tjk ¼ ljk log Pjk þ mjk log Qjk þ njk logð1� Pjk � QjkÞ ð2:93Þ

In what follows it is sufficient to deal with L(u) instead of L�(u).

The Estimation

For maximum likelihood (ML) estimation, the log-likelihood function is

maximized with respect to u. The aim is equivalent to maximizing L(u).

As often with ML estimation, this problem leads to solving a nonlinear

equation in terms of u in an iterative way. Among numerical procedures appli-

cable to the present purpose, an algorithm of the Newton–Raphson type is

provided by

uðtþ1Þ ¼ uðtÞ þ sðtÞHðuðtÞÞ�1GðuðtÞÞ ð2:94Þ

Here G is the gradient vector, H the Hessian matrix, s is the stepsize with

superscript t showing the tth iteration. For the initial solution, to start with

it is suggested to use the LS solution mentioned above. For the gradient and

the Hessian, refer to Saito (1994).
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In view of the indeterminacy of parameters as mentioned, we should put

constraints to fix one of mj and one of sj for identifiability. Here we put

m1 ¼ mc ðconst:Þ and s1 ¼
1ffiffiffi
2
p ð2:95Þ

Then the number of parameters is reduced to 3m for the estimation. Moreover

we may restrict some parameters with appropriate assumptions for the

discriminal processes. For example, under the Case 3 assumption we put

r ¼ 0, and under the Case 5 assumption add the further constraint

sj ¼ s ðconst:Þ ð j ¼ 2; . . . ;mÞ.

When some parameters are fixed for the estimation, they are eliminated

from the vector u. Thus G and H contain only those elements that correspond

to the free parameters. For the constrained cases, we can apply the treatment

suggested by Arbuckle and Nugent (1973).

Assuming a large sample property, we may replace the Hessian with

the expected Hessian in the iterative ML estimation. Such a method is called

Fisher’s scoring method. Denote the expectation of the Hessian matrix H by

Hþ ¼ ðhþpqÞ, which is given as follows:

hþpq ¼
Xm

j¼1

Xm

k¼1

E
@2Tjk

@x2
jk

" #
@xjk

@up

@xjk

@uq

þ
Xm

j¼1

Xm

k¼1

E
@2Tjk

@y2
jk

" #
@yjk

@up

@yjk

@uq

ð p; q ¼ 1; 2; . . . ; 3mÞ

ð2:96Þ

The first derivatives of xjk and yjk are stated in Saito (1994) and the expec-

tations are computed by

E
@2Tjk

@x2
jk

" #
¼ �

f ðxjkÞ
2Njkð1� QjkÞ

PjkRjk

E
@2Tjk

@y2
jk

" #
¼ �

f ð yjkÞ
2Njkð1� PjkÞ

QjkRjk

ð2:97Þ

For construction Hþ with (2.96) and (2.97) in using the scoring method,

one does not need to compute the second derivatives, but only the first

derivatives.

Con¢dence Intervals and Statistical Tests

Once ML estimates are given, we can derive the confidence interval as

follows. Assuming the asymptotic normality of ML estimates for a large
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sample, the covariance matrix of the estimates is given by the inverse of 2Hþ.

Let s jk be the ( j, k) element of the inverse of the covariance matrix. Then a

confidence interval of ui with 100(1 2 a)% probability is stated as

ûui � za
ffiffiffiffi
sii
p

, ui , ûui þ za
ffiffiffiffi
sii
p

ð2:98Þ

As mentioned, a class of hypotheses might be set for the discriminal processes,

which are constructed hierarchically in the degree of restrictions on the par-

ameters. Let us consider testing a null hypothesis H1 against an alternative

one H2 , where H1 is associated with likelihood L1 in terms of f1 parameters

and H2 , the less restricted, with likelihood L2 in terms of f2 parameters

(f1 , f2). The test criterion is provided, under assumptions of asymptotic

normality and efficiency, by

U ¼ 2ðL�2 � L�1Þ ¼ 2ðL2 � L1Þ ð2:99Þ

It accords asymptotically to the x2 distribution with f2 2 f1 degrees of

freedom. To examine the goodness of fit of the model, the AIC statistic

(Akaike, 1974) can be utilized, which is defined for a model with the degree

of freedom f by

AIC ¼ �2L� þ 2f ð2:100Þ

2.4.6. Example

Data

To illustrate the proposed procedures, examples are provided here. The data

were collected in an experimental investigation of the time order error

(TOE). Five balance weights, S1 , S2 , S3 , S4 , and S5 , in increasing order of

weight with equal steps, were used as stimuli in the experiment. For a succes-

sive presentation of each pair of stimuli with an interval of 1.0 seconds, sub-

jects were instructed to make comparative judgments for the stimulus pair

about the weight in terms of three ordered categories (G, L, E). Among 25

possible pairs of stimuli, an incomplete set of 17 pairs was designed for the

experiment. Table 2.14 shows the set of data.

In the table, row stimuli indicate S(1) and column stimuli S(2), and the

observed probabilities pjk , rjk , and qjk are given for each cell (S
ð1Þ
j ; S

ð2Þ
k )

designed. The blank cells show the missing pairs. The sample size was

Njk ¼ 72 for each pair. This size might be rather small to assume the large

sample properties. For the present aim, however, it would be permitted to

use the data.
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Scaling Results

We applied the three scaling procedures to the data. We obtained the LS

solution first, which was then used as an initial solution for the MNX or the

ML estimation. Table 2.15 shows the results. As may be seen, there are

small differences in the estimates of scale values across the solutions.

The ML estimation was performed in three ways. In the first case (MLE-

1) all si were fixed to 1=
ffiffiffi
2
p

so that cjk all be unity. In the second and the third

cases (MLE-2, MLE-3), they were free except for s1, which was fixed to

1=
ffiffiffi
2
p

. For the three cases m1 was set equal to the LS estimate. Because we

had no prior information about the degree of correlation r, it was set to zero

for MLE-1 and MLE-2, whereas it was free for MLE-3.

The L (log-likelihood) and AIC values are indicated at the bottom of the

table. With those values, we can perform statistical tests for model selection.

Regarding MLE-2 and MLE-3, we have a very small value of U that accords to

the x 2 distribution with one degree of freedom. Thus, the MLE-2 solution is

accepted against that of MLE-3. Comparing AIC values also, we confirm the

TABLE 2.14 Probabilities Observed in an Experiment with Five Balance Weights

S(1)
nS(2) S1 S2 S3 S4 S5

S1 P 0.333 0.708 0.889

R 0.473 0.209 0.097

Q 0.194 0.083 0.014

S2 P 0.319 0.500 0.694

R 0.389 0.319 0.223

Q 0.292 0.181 0.083

S3 P 0.097 0.306 0.472 0.611 0.833

R 0.306 0.416 0.320 0.278 0.111

Q 0.597 0.278 0.208 0.111 0.056

S4 P 0.056 0.181 0.458

R 0.402 0.388 0.334

Q 0.542 0.431 0.208

S5 P 0.028 0.181 0.347

R 0.222 0.319 0.417

Q 0.750 0.500 0.236
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precedence of MLE-2 over MLE-3. Regarding MLE-1 and MLE-2, we have

0.90 for U, which accords to the x 2 distribution with four degrees of freedom.

The corresponding upper probability is between 0.95 and 0.99. Thus we can

accept the MLE-1 solution against the MLE-2 solution. On the basis of

AIC, we find that MLE-1 fits the data better than MLE-2. This coincides

with the result of the likelihood ratio test. In summary, it is concluded that

the MLE-1 solution is best. This indicates that the Case 5 assumption is

TABLE 2.15 Parameter Estimates by Three Procedures

Stimulus u LSE est.

MNX

est.

MLE-1

MLE-2

est.

MLE-3

est.est. std.

S(1) S1 m1
�20.818 �20.818 �20.818 — �20.818 �20.818

S2 m2 20.241 20.212 20.220 0.108 20.136 20.161

S3 m3 20.143 20.120 20.125 0.091 20.047 20.074

S4 m4 0.527 0.536 0.516 0.108 0.704 0.659

S5 m5 0.674 0.729 0.707 0.099 0.937 0.884

S(2) S1 n1 20.712 20.683 20.684 0.080 20.671 20.681

S2 n2 20.208 20.153 20.157 0.108 20.070 20.100

S3 n3 0.194 0.233 0.221 0.086 0.363 0.324

S4 n4 0.732 0.785 0.767 0.112 0.999 0.939

S5 n5 0.955 1.029 1.002 0.102 1.306 1.241

1 0.508 0.514 0.508 0.027 0.591 0.574

S1 s1 All All All — �0.707 0.707

S2 s2 values values values — 0.763 0.771

S3 s3 fixed fixed fixed — 0.893 0.901

S4 s4 to to to — 0.813 0.820

S5 s5 1=
ffiffiffi
2
p

1=
ffiffiffi
2
p

1=
ffiffiffi
2
p

— 0.897 0.910

r �0.000 �0.000 �0.000 — �0.000 0.076

f 10 14 15

L 2483.41 2482.96 2482.96

AIC 986.82 993.92 995.92

Note: Estimates shown by (est.) and standard deviations by (std.).
�Indicates fixed values.

LSE, least squares estimation; MNX, minimum normit x 2 solution; MLE, maximum likelihood

estimation.
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valid, that is, discriminal dispersions are considered constant for the stimulus

range and r is null. Figure 2.6 shows the estimates of m, n, and 1 of MLE-1.

Measurement of Time Order Error

The present procedures are usefully applied in research of time order errors

(TOE). It is of great concern in perceptual psychology to measure the differ-

ence between mi and ni , that is,

t̂ti ¼ m̂mi � n̂ni ði ¼ 1; 2; . . . ;mÞ ð2:101Þ

Given those estimates, whether small or large in the absolute value, one would

need to examine them on a statistical basis. Let

Varðt̂tiÞ ¼ Varðm̂miÞ þ Varðn̂niÞ � 2Covðm̂mi; n̂niÞ ð2:102Þ

It is easy to compute the variances and the standard deviations ci of t̂ti from the

covariance matrix of the estimates that is obtained with the ML solution.

Assuming the large sample property again, we derive the confidence interval

of ti with (1 2 a)% probability as

t̂ti � zaĉci , ti , t̂ti þ zaĉci ð2:103Þ

Figure 2.7 plots estimates of tj (dots) and indicates the two-sided confidence

interval with 90% confidence coefficient (bars). In the figure, we see the ten-

dency for TOE to be negative. An impression with only the dots is that the

TOE varies with stimulus magnitude to a good extent. Then it seems difficult

to recognize a constancy over the stimulus range. In view of the confidence

FIGURE 2.6 Estimates of MLE-1
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interval, however, we find that the negative tendency of TOE becomes gradu-

ally greater with increasing magnitude of stimulus. It would not be revealed so

clearly by only inspecting the asymmetry in the probability data, or by using the

percent difference (D%) index (Guilford, 1954), which has often been used in

studies of TOE. Psychological interpretation of this result is not attempted here.

2.4.7. Discussion

The Basic Assumption

For the revised law of comparative judgment of (2.48) and (2.49), the disper-

sions with an identical stimulus have been assumed to be equal for the two

kinds of discriminal processes. The assumption might be restrictive when

one considers a general treatment of asymmetry. According to the ML

approach, it is possible to revise the present procedure so as to deal with differ-

ent dispersions, s 2
j for v

ð1Þ
j and s

0ð2Þ
j for v

ð2Þ
j . However, the present assumption

seems to be applicable in most practical situations.

Related Work on Asymmetry in Unidimensional
Scaling

Bock and Jones (1968) considered an asymmetry due to the order effect that

should be constant over the range of stimuli. It is expressed as

nj ¼ mj þ l ð j ¼ 1; 2; . . . ;mÞ ð2:104Þ

FIGURE 2.7 Estimates of the time order error with 90% confidence interval
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They treated PC judgments with binary responses, and then Qjk ¼ 1 2 Pjk.

Thus the analysis was confined only to Pjk. Instead of the normal response

function, they adopted the angular response function. As a result, fcjkg

becomes constant, which leads to equations of a simple form such as

Xjk ¼ mk þ l� mj ð j = kÞ ð2:105Þ

where Xjk denotes the angular deviate. They proposed a procedure by the mini-

mum normit x 2 approach for the PC judgment with the complete design. If

desired, the ML procedure can incorporate such a constant order effect by

imposing (2.104) on parameters. The constraint requires, under the normal

response function, that v
ð2Þ
j accords to Nðmj þ l;s 2

j Þ ð j ¼ 1; 2; . . . ;mÞ.

Binary Response

Let us examine the applicability of the procedures to comparative judgments

with binary responses, that is, G and L responses only, and Rjk ¼ 0 for all

( j, k). First we take up the LS solution. By definition (2.59) xjk 2 yjk ¼ 0,

which then gives 1 ¼ 0 in (2.62), and the solution (2.69) is still tractable

even in this case. For the complete design, the solution given by (2.70) and

(2.71) is identical to the solution given by Harris (1957). Turning to the ML

and the MNX procedures, we see that they are based on the trinomial distri-

bution and thus the formulations should be revised.

Comparison of MNX with MLE

Let us examine the MNX approach in comparison with the ML approach.

Both approaches need the assumption of statistical independence across the

pairwise judgments, but they differ in the requirement of the large sample

property. The formulation of MNX starts with assuming the property. In the

ML approach, in contrast, the property becomes necessary at derivation of

the covariance matrix of the estimates and at statistical testing. Even setting

aside those differences, the ML approach is more advantageous than the

MNX one. As the best point of it, we can implement a class of hypotheses

into the algorithm and perform statistical tests about them for model selection

on the bases of likelihood ratio and AIC criteria. In summary, the MNX sol-

ution may serve theoretical interests rather than practical purposes.

Treatment in Thurstone’s Cases 1 to 5

Let us examine those cases in our approach. As is known, Case 1 is specified

with a condition of multiple judgment given by a single subject (Thurstone,

1927). This is a rather special and impractical case for usual experiments,
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and then we may omit it and consider the other four cases for conditions of

multiple judgment given by a group of subjects. It should be remembered

that as we move from Case 2 to Case 5 the assumptions involved become

stronger. In other words, they form a hierarchy of constraints on parameters

in the degree of restriction. Now remember that our ML procedure has been

implemented for Case 2, the most general one. As a prominent advantage of

the ML approach, we note its computational convenience, in that we can easily

incorporate constraints on parameters in the estimation process without chan-

ging the framework of an algorithm. Suffice to say that such an incorporation

is handled by a simple matrix operation of reparametrization (Arbucke and

Nugent, 1973; Bock and Jones, 1968; among others). Hence the ML procedure

can handle those cases easily.

For the numerical examples, the three executions of the ML procedure

were carried out with such reparametrization. In view of constraints and free

parameters, we see that Case 2 corresponds to MLE-3, Case 3 to MLE-2, Case

5 to MLE-1. Turning to the LS procedure that is based on Case 5, we find that

it benefits from an easy computation due to its linear form. A great deal of

revision of the present LS algorithm is required to deal with Cases 2 to 4

expressed in the nonlinear forms. However, such a revision is not useful in

a practical sense. Rather we should utilize the LS procedure to provide initial

solutions for the nonlinear computations of the ML estimation in those cases.

2.5. OPERATIONAL SCALING

Saaty (1980) proposed a method to construct a scale based on a paired com-

parison (PC) matrix, as a means for a decision-making process that is per-

formed at multilevels in a hierarchical structure. At each level, there is a set

of objects for which there is a relative importance or priority that a decision

maker wants to determine. Then one aims to assign weights to the objects

based on PC judgments among them. We call this set of weights scale.

Thus such scale construction is carried out at each level of the hierarchical

process to reach the final decision. The whole process of decision making is

called analytic hierarchy process (AHP), which is mainly applied in the

field of operations research and management science. In the approach, no

model is assumed for subjective judgment of paired comparisons. We like

to call this type of scaling operational scaling, differentiating it from the

approach of the preceding section.

Consider a situation in which a subject (decision maker) provides rela-

tive evaluation among n objects through PC judgments. Suppose that the judg-

ment is performed on the basis of a latent ratio scale and is expressed in terms
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of a positive ratio. We denote the paired comparison matrix by A ¼ (aij) where

aij represents the ratio score of object i to object j, and

aij . 0 ði; j ¼ 1; 2; . . . ; nÞ ð2:106Þ

A square matrix whose elements are all positive is often called positive matrix.

For PC judgments used in AHP, the subject is required to meet a strong con-

dition such that

aij ¼ 1=aji and aii ¼ 1 ð2:107Þ

When A satisfies Eqs. (2.106) and (2.107), it is called a positive reciprocal

matrix. Among those matrices, we are interested in matrices that satisfy the

following condition,

aijajk ¼ aik for all ði; j; kÞ ð2:108Þ

This condition is called consistency. In practical cases, it is often found that a

positive reciprocal matrix through PC judgments does not satisfy consistency.

For example, the PC matrix of Table 2.16 satisfies (2.108), but the matrix of

Table 2.17 does not.

2.5.1. A Typical Case

Let us set out a typical case in which one makes PC judgments the exact way

using weights known to objects, such as w1;w2; . . . ;wn. Then one would give

aij by

aij ¼
wi

wj

ði; j ¼ 1; 2; . . . ; nÞ ð2:109Þ

Thus consistency obviously holds as

aijajk ¼
wi

wj

�
wj

wk

¼
wi

wk

¼ aik ð2:110Þ

TABLE 2.16 Positive Reciprocal

Matrix (1)

1 2 3 4

1 1 1/3 1/2 1/4

2 3 1 3/2 3/4

3 2 2/3 1 2/4

4 4 4/3 4/2 1
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and also does (2.107). Let

w ¼ ðw1;w2; . . . ;wnÞ
0 and w� ¼

1

w1

;
1

w2

; . . . ;
1

wn

� �0
ð2:111Þ

We observe that A ¼ (aij) is of rank 1 and the following equations hold:

Aw ¼ nw ð2:112Þ

A0w� ¼ nw� ð2:113Þ

Then n is the largest eigenvalue of A or A0, which is a simple root because the

remaining eigenvalues are all zero. For simplicity, let lmax ¼ n. Vector w is

the right eigenvector associated with lmax, and w� is the left eigenvector

associated with lmax. Note that any column of A is also a right eigenvector

associated with lmax, and any row of A is also a left eigenvector associated

with it. It is pointed out that ordering of objects in terms of w is inversely

related to that in terms of w�. In this sense, w and w� are intrinsically the

same scales.

2.5.2. Positive Matrix with Some Structure

We consider a positive matrix P of order n before proceeding to general cases

in which conditions (2.107) and/or (2.108) are not necessarily satisfied. Note

that P is asymmetric, hence some of the eigenvalues and the associated

eigenvectors may be given in complex numbers. Writing an eigenvalue

as l ¼ mþ in where i2 ¼ 21, we have its absolute value (or modulus) as

jlj ¼ ðm2 þ n2Þ
1=2. Denote those eigenvalues in descending order of absolute

value as l1; l2; . . . ; ln.

It is useful to refer to a theorem for positive matrices due to Perron

(Bellman, 1970; Saaty, 1980).

TABLE 2.17 Positive Reciprocal

Matrix (2)

1 2 3 4

1 1 1/3 1/2 4

2 3 1 5 2

3 2 1/5 1 3

4 1/4 1/2 1/3 1

Paired Comparisons with Asymmetry 43

Copyright 2005 by Marcel Dekker. All Rights Reserved.



Theorem 2.1.

1. Matrix P has real positive eigenvalues. The largest one, lmax, is

simple, which is also the greatest in absolute value among all li

values; that is, lmax ¼ l1.

2. Denote the right eigenvector and the left eigenvector associated with

lmax by x ¼ ðx1; x2; . . . ; xnÞ
0 and y ¼ ð y1; y2; . . . ; ynÞ

0, respectively.

Either vector has positive components; that is, all xj . 0 and all yj . 0.

3. A positive right (or left) eigenvector is a multiple of x (or y).

It is noted that lmax is called the Perron root (or Perron–Frobenius root),

and x and y are called principal eigenvectors. In view of the positive com-

ponents, it is convenient for utilization to normalize x and y so that the com-

ponent sum be unity. Now we focus on a positive reciprocal matrix that is

provided through the ratio judgments for paired objects. Of principal concern

is the consistency condition, which a positive reciprocal matrix may satisfy.

Regarding the theoretical relationship between positive reciprocity and con-

sistency, Saaty (1980) presented the following theorem.

Theorem 2.2.

1. For a positive reciprocal matrix A, it holds that lmax � n. Matrix A
is consistent if and only if lmax ¼ n.

2. If A is positive and consistent, then it is a positive reciprocal matrix.

3. A positive matrix A is consistent if and only if it has unit rank and its

diagonal entries are equal to unity.

4. A positive reciprocal matrix A ¼ (aij) is consistent if and only if

aij ¼ ai/aj for all (i, j), where ai are all positive.

Given the fourth statement of the theorem, we like to express relation

(2.111) clearly as a theorem.

Theorem 2.3. For a positive reciprocal consistent matrix, the compo-

nentwise reciprocal of the left principal eigenvector is equal to the right prin-

cipal eigenvector.

For a positive reciprocal matrix A of order n, the following relations

hold:

Xn

i¼1

li ¼ tr ðAÞ ¼ n ð2:114Þ

Xn

i¼1

l2
i ¼ tr ðA2Þ ¼ n2 ð2:115Þ
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To measure the degree of inconsistency of A, Saaty proposed an index

such as

u ¼
lmax � n

n� 1
¼ �

1

n� 1

Xn

k¼2

lk ð2:116Þ

As a somewhat misleading matter, it is commonly called the index of con-

sistency. Regarding the third term, it is noted that there may be some pairs

of complex conjugate eigenvalues. To show u from another point of view,

let us express A that is inconsistent as

aij ¼
ai

aj

ð1þ 1ijÞ; where 1ij . �1 ð2:117Þ

Then it is seen that u indicates the variance of f1ijg.

2.5.3. Scaling with a Positive Reciprocal
Matrix

In practical cases, it is commnon for us to observe that the consistency con-

dition is violated to a small or large extent. The violation might be attributed

to some psychological process in PC judgments rather than the random fluc-

tuation. If the extent of inconsistency is supposed to be small, one would

expect a kind of continuity that a small perturbation to a positive reciprocal

and consistent matrix results in a small change of lmax and its associated

eigenvectors, x and y. Saaty (1980) investigated sensitivity of eigenvectors

from this point of view. In business applications of AHP, that sort of continu-

ity seems to be assumed tacitly in treating the eigenvalue problem (2.122)

given below.

When we deal with an n � n positive reciprocal matrix A provided by

PC judgments, derivation of the eigen equation can be supported without con-

sidering the continuity as follows. At first it is noticed that if A is inconsistent,

relation (2.111) does not hold any longer in the case for n . 3. Let us derive

two scales from a given A, one representing weights to row objects and the

other representing weights to column objects. In view of Theorem 2.1, we

then set an objective function such as

f ðu; vvÞ ¼ vv0Au ð2:118Þ
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It may be regarded as a kind of total utility for a set of objects. We aim to

maximize it under constraints:

u0vv ¼ 1 ð2:119Þ

u . 0 and vv . 0 ð2:120Þ

To deal with the constrained maximization problem, we define a Lagrangean

function by

fðu; vv; lÞ ¼ v0Au� lðu0vv� 1Þ ð2:121Þ

Then we derive eigen equations that u and v should satisfy as follows:

Au ¼ lu ð2:122Þ

A0vv ¼ lvv ð2:123Þ

Using (2.119), we have f (u, vv) ¼ l. Applying Theorem 2.1, we find that the

solution u and vv to maximize f (u, vv) is given by the left eigenvector and the

right eigenvector associated with lmax of A, respectively. It is noted that con-

straint (2.120) is satisfied by Theorem 2.1, without incorporating it in the

Lagrangean function. Hence we obtain two scales u and vv from A.

2.5.4. Related Methods

For a positive reciprocal matrix with some violation of consistency, Saaty and

Vargas (1984a) studied scaling problems in a different approach from that

mentioned above, suggesting two methods. In the first problem, they dealt

with a logarithmic least squares method (LLSM). Here one aims to find ai

to minimize

Xn

i¼1

Xn

j¼1

ðlog aij � ðlogai � logajÞÞ
2

ð2:124Þ

under a constraint that

Xn

i¼1

ai ¼ 1 ð2:125Þ

The solution is given by

ai ¼
Yn

j¼1

aij

 !1=nXn

h¼1

Yn

j¼1

ahj

 !1=n

ði ¼ 1; 2; . . . ; nÞ ð2:126Þ
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It is seen that to obtain ai, elements in other rows of A make no contribution.

Thus inconsistent relations involved in A are not reflected in the solution.

In the second problem, one aims to approximate A by a consistent matrix

of rank 1. The purpose leads to a least squares method (LSM), finding ai to

minimize

Xn

i¼1

Xn

j¼1

aij �
ai

aj

� �2

ð2:127Þ

The solution is given in terms of the eigenvector of A0A and the eigenvector of

AA0 associated with the largest eigenvalue.

Let EM stand for the method of treating eigenequations (2.122) and

(2.123). Saaty and Vargas (1984a) showed that if A is consistent, then the

three kinds of solutions derived by EM, LLSM, and LSM coincide. The

proof is easy to follow in view of the definition of consistency.

When one regards A ¼ (aij) as representing PC judgments on the basis

of row objects, it is of interest to argue the rank order of a set of objects derived

from A. Then Saaty and Vargas (1984b) showed, for an inconsistent matrix A,

that the rank order is determined in terms of powers of A. The argument leads

to eigen equation (2.122), indicating that the relative dominance of objects is

given by the right principal eigenvector. Furthermore, they investigated con-

ditions for rank preservation in a positive reciprocal matrix that is inconsistent.

For other methodological studies in connection with this sort of positive reci-

procal matrix, see references in Saaty and Vargas (1984b).

Furthermore, they investigated conditions for rank preservation in a

positive reciprocal matrix that is inconsistent. For other methodological

studies in connection with that sort of matrix, also see references in Saaty

and Vargas (1984b).

Remark Let A be a positive reciprocal matrix, and define

B ¼ ðbijÞ where bij ¼ log aij ð2:128Þ

Equation (2.107) is rewritten as

bij þ bji ¼ 0 and bii ¼ 0 ð2:129Þ

Thus B is a skew-symmetric matrix and (2.108) is stated as a relation of tran-

sitivity or additivity as

bij þ bjk ¼ bik for all ði; j; kÞ ð2:130Þ
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In connection with the condition, it may be of interest to refer to Theorem 3.2

described in Sec. 3.2.4, which shows that a line pattern or unidimensional

scale is involved in B. In this viewpoint, LLSM is regarded as a method to

approximate B by a matrix of rank 2.

2.5.5. Numerical Example

Example 1

Here we would like to provide a numerical illustration of two types of positive

reciprocal matrices regarding the description of Sec. 2.5.2. For the consistent

matrix of Table 2.16, we have lmax ¼ l1 ¼ 4, with the remaining eigenvalues

being zero. Then the index of inconsistency shows that u ¼ 0. It is easily seen

that the right and the left principal eigenvectors are expressed x ¼ (1, 3, 2, 4)0

and y ¼ ð1; 1
3
; 1

2
; 1

4
Þ
0, respectively. Normalizing them to be the component sum

of unity gives ~xx ¼ ð0:1; 0:3; 0:2; 0:4Þ0 and ~yy ¼ ð0:48; 0:16; 0:24; 0:12Þ0. For

the inconsistent matrix of Table 2.17, we have

l1 ¼ 4:6421; l2 ¼ �0:0863þ 1:7006i;

l3 ¼ �0:0863� 1:7006i; l4 ¼ �0:4695

As the degree of inconsistency, we see that u ¼ 0.6421/3 ¼ 0.2140. The nor-

malized principal eigenvectors are expressed as

~xx ¼ ð0:1859; 0:5005; 0:2127; 0:1009Þ0

~yy ¼ ð0:2255; 0:0967; 0:2068; 0:4711Þ0

It may be of interest to construct dominance matrices from the matrices

of both tables according to (2.1). Then we compute the coefficient of consist-

ence z defined by (2.3). It is found that z ¼ 1.0 for both cases, indicating exist-

ence of a rank order of objects involved in pairwise dominance relations. This

is a natural outcome, since the consistency of z is defined in a weak sense in

comparison with the consistency defined by (2.108).

Example 2

Consider a case in which the president of a company has to decide on an

executive member from several candidates. Their profiles may be described

in terms of five criteria as factors for consideration. The criteria would be

leadership, character, ability, experience, and knowledge. Then the presi-

dent may have a relative evaluation of the criteria and construct a PC
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matrix A ¼ (aij) as shown in Table 2.18. The element aij indicates that cri-

terion i is aij times as important as criterion j.

The largest eigenvalue of the PC matrix is lmax ¼ l1 ¼ 5.4182. The

index of inconsistency is expressed by u ¼ 0.1045, indicating that the degree

of inconsistency is small. The normalized principal eigenvectors are given as

~xx ¼ ð0:4319; 0:0641; 0:1284; 0:2038; 0:1718Þ0

~yy ¼ ð0:0648; 0:3993; 0:2340; 0:1342; 0:1676Þ0

From a candidate profile in terms of five scores of the criteria, one can com-

pute the candidate’s total score as a weighted sum of them by using the com-

ponents of an eigenvector. Then one would have a priority scale of the

candidates according to the total score.

2.6. SUMMARY

We now summarize this section. Sec. 2.2 deals with the dominance matrix and

exploring ordinal structure inherent in the data. The subject is apparently

different from those of the last three sections. Let us discuss the differences

in the three, which deal with seemingly similar subjects in PC judgments.

We call the subject of Sec. 2.3 the ANOVA approach, that of Sec. 2.4 the scal-

ing approach, and that of Sec. 2.5 the operational approach in short.

First, let us take up the design of stimulus pairs and the requirement of

judgment response. In the ANOVA approach, no pair of identical stimuli is

designed and a complete design is required. Score rating in terms of a numeri-

cal or a graded scale is assumed for the judgment response. In the scaling

approach, pairs of identical stimuli may be considered and an incomplete

design is allowed. The response in terms of three ordered categories is

required by incorporating indifferent judgment. In the operational approach,

the subject is required to make PC judgments on a ratio scale, and unlike

TABLE 2.18 Paired Comparison of Five Criteria

A B C D E

A: leadership 1 5 2 4 3

B: character 1/5 1 1/3 1/3 1/2

C: ability 1/2 3 1 1/2 1/3

D: experience 1/4 3 2 1 2

E: knowledge 1/3 2 3 1/2 1
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observing probability, no multiple judgment is imposed for each pair. Accord-

ing to the design of the PC matrix, the diagonal entries are forced to be unity.

For comparison of the models, we consider a psychological continuum

for the ANOVA and the scaling approaches, and rewrite the psychological

difference (2.50) as ujk ¼ m
ð1Þ
j � n

ð2Þ
k . In the ANOVA approach, it is assumed

that ujk is distributed as N(mjk, s
2). The term mjk represents the sum of sym-

metric djk and skew-symmetric ljk; the latter consists of linear and interaction

terms in (2.11), respectively. Then

mjk ¼ bj � bk þ gjk þ djk ð2:131Þ

In the scaling approach, it is assumed that ujk is distributed as Nðmj � nk;s
2
jkÞ,

thus the expectation represents the skew-symmetric component of two linear

terms. In contrast to the two approaches, no model is assumed for the

operational scaling.

Turn to the treatment of the order effect in the three approaches. In the

ANOVA approach, the order effect djk is considered in connection with each

pair, not with each stimulus. The model may be simplified with such a modi-

fication as djk ¼ 0, or there might be cases in which a null hypothesis for djk is

accepted. In contrast, in the scaling approach, the formulation starts with pos-

tulating order effect. It is incorporated in (2.48) and (2.49); that is, the assump-

tion of two discriminal processes. In the framework of the MLE procedure, it

is easy to deal with some model versions by incorporating constraints on par-

ameters and perform model selection on the basis of AIC. In the operational

approach, the order effect is incorporated in a positive reciprocal matrix by

imposing (2.107) in the judgments.
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3

Graphical Representation of
Asymmetric Data

3.1. OVERVIEW AND PRELIMINARIES

Suppose that we are given a square asymmetric data matrix O ¼ (ojk) for a set of

objects where ojk represents the measure of relationship between a pair of objects.

In order to explore some structure inherent in the data or derive some information

from them, we can utilize procedures that are provided without referring to the

meaning of the measure, in other words, whether the measure represents simi-

larity or dissimilarity. In this chapter we describe those procedures independent

of whatever the measure means. At the observation of a phenomenon, the diag-

onal entries may or may not be defined for the matrix O ¼ (ojk), or some of the

diagonal entries may be missing. In such cases, we fill zero values in those diag-

onal elements and will treat O with all entries defined in what follows.

3.1.1. Decomposition of Asymmetric Matrix

Define a symmetric matrix S ¼ (sjk) and a skew-symmetric matrix A ¼ (ajk) as

follows:

S ¼ 1
2

(Oþ O0) (3:1)

A ¼ 1
2

(O� O0) (3:2)
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Then we have a unique decomposition of O as (3.3):

O ¼ Sþ A (3:3)

Noting that

tr ðSAÞ ¼
Xn

i¼1

Xn

j¼1

sijaij ¼ 0 (3:4)

we derive (3.5), which is alternatively expressed as (3.6) in terms of the matrix

norm:

Xn

i¼1

Xn

j¼1

o2
ij ¼

Xn

i¼1

Xn

j¼1

s2
ij þ

Xn

i¼1

Xn

j¼1

a2
ij (3:5)

kOk2 ¼ kSk2 þ kAk2 (3:6)

Noting that the average of fojkg is equal to the average of fsjkg and the average

of fajkg is zero, it follows from (3.5) that

Var(ojk) ¼ Var(sjk)þ Var(ajk) (3:7)

There are two approaches. In the first approach, we deal with S and A
separately. Then we apply a method to analyze symmetric data (for example,

MDS) and another to analyze asymmetric data. The latter analysis becomes

the focus of analysis of skew-symmetry. In the second approach, we deal

with S and A simultaneously. We describe the first approach in Sec. 3.2 and

the second in Sec. 3.3.

Given some asymmetric data, descriptive models serve for graphical

representation. In Sec. 3.4, we treat a vector model, which is differentiated

from the vector model in MDS. In Sec. 3.5, we consider illustrating properties

of asymmetric data in terms of a vector field model.

3.2. GOWER’S PROCEDURE

3.2.1. Singular Value Decomposition of a
Skew-Symmetric Matrix

A skew-symmetric matrix is characterized as

A0 ¼ �A, that is ajk þ akj ¼ 0 (3:8)

Then A0A ¼ AA0, and so A has properties of a normal matrix. Let u and vv be

the pair of singular vectors associated with singular value m. The following
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relations hold:

Au ¼ �mvv (3:9)

Avv ¼ mu (3:10)

We see that u and v are also eigenvectors associated with an eigenvalue m2

(double root) of symmetric matrix A0A( ¼ AA0):

A0Au ¼ m2u (3:11)

A0Avv ¼ m2vv (3:12)

It is known that the rank of a skew-symmetric matrix is generally an even

number. Let m ¼ [n/2] and r ¼ rank(A)/2. Then rank(A) � 2m. Denote

singular values in descending order of magnitude as m1 �

m2 � � � � � mr . 0. Let the pair of singular vectors associated with mt be ut

and vvt. They are orthogonal to each other and can be normalized with the

norm 1, such that

u0puq ¼ u0pvvq ¼ vv0puq ¼ vv0pvvq ¼ dpq (3:13)

where dpq represents Kronecker’s delta. Hence the singular value decompo-

sition (SVD) of A is given as:

A ¼
Xr

t¼1

mt(utvv
0
t � vvtu

0
t) (3:14)

For convenience of description in subsequent chapters, we provide

the SVD in a matrix form. Denote eigenvectors associated with null eigen-

values of (3.12) by w1;w2; . . . ;wn�2r. Let

Z ¼ (u1; vv1; . . . ; ur; vvr;w1;w2; . . . ;wn�2r) (3:15)

Define M of order n � n as a block-diagonal matrix with 2 � 2 matrices

Mt (t ¼ 1; 2; . . . ; r) along the diagonal positions, and a square matrix E at

the last diagonal position. Also define J of order n � n to be of the same

form as M by replacing Mt by Jt along the diagonal. Here E is a square matrix

of order n 2 2r with all null entries, and matrices Mt and Jt (t ¼ 1; 2; . . . ; r)
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are written as

Mt ¼
0 mt

�mt 0

� �
; Jt ¼

0 1

�1 0

� �
(3:16)

M ¼

M1 O
M2

. .
.

Mr

O E

0

BBBBBBBB@

1

CCCCCCCCA

; J ¼

J1 O
J2

. .
.

Jr

O E

0

BBBBBBBB@

1

CCCCCCCCA

(3:17)

Note that Z and J are orthogonal matrices. Define a diagonal matrix of

order n as

Mm ¼ diag(m1;m1;m2;m2; . . . ;mr;mr; 0; . . . ; 0) (3:18)

Using the matrices above, we have the SVD of A in a matrix form, such as

A ¼ ZMmJZ0 ¼ ZMZ0 (3:19)

Define a symmetric data matrix by

B ¼ (bjk) ¼ AA0 ¼ A0A (3:20)

From (3.12) and (3.13), the spectral decomposition and the trace of B are

given as:

B ¼ A0A ¼
Xr

t¼1

m2
t (utu

0
t þ vvtvv

0
t) (3:21)

trðBÞ ¼ trðA0AÞ ¼ kAk2 ¼ 2
Xr

t¼1

m2
t (3:22)

3.2.2. Skew-Symmetry Analysis (SSA)

Gower (1977) proposed applying SVD in data analysis of the skew-symmetric

matrix A. This procedure is called skew-symmetry analysis (SSA). For each

pair of (ut, vvt), one has a plot of n points in two dimensions, which represents

a configuration of objects in terms of (ujt, vvjt). The graphical representation in

this way is sometimes called a Gower diagram. In view of (3.22), we set an
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index on the basis of kAk2 as

u( p) ¼

Pp
t¼1 m

2
tPr

t¼1 m
2
t

(3:23)

This indicates the degree to which A of rank 2r is approximated by a matrix of

rank 2p. In the SVD of (3.14), we see that utvv
0
t is of rank 1 and utvv

0
t � vvtu

0
t is of

rank 2. In view of this point, ten Berge (1997) studied a problem in which

approximation of A by using those rank 1 matrices was considered. He

suggested two kinds of indices to measure the degree of asymmetry, one of

which is equivalent to kAk.
When u(p) is close to unity, one may perform data analysis of A by

referring to p pairs of singular vectors. It should be noted that the two-

dimensional configuration is provided with rotational indeterminacy. Let us

state the reason. Define an n � 2 matrix W ¼ (u, vv). Let I2 be an identity

matrix of order 2, and denote Jt of (3.16) simply by J. A matrix expression

of (3.9) and (3.10) is given as

AW ¼ mWJ (3:24)

Let T be a 2 � 2 orthogonal matrix, that is, TT0 ¼ T0T ¼ I2. Postmultiplica-

tion of T on both sides of (3.24) leads to

AWT ¼ mWJT ¼ mWT � T0JT (3:25)

Note that T0JT ¼ J and let W� ¼ (u�, vv�) ¼ WT. Then (3.25) becomes

AW� ¼ mW�J (3:26)

showing that u� and vv� are also singular vectors associated with the singular

value m. One way to cope with the indeterminacy is suggested (Gower,

1977), is to put a restriction that

Xn

i¼1

vi ¼ 0 (3:27)

We can interpret the configuration in terms of each pair of the vectors from

geometrical points of view in what follows.

(I) The Case of r ¼1

For the sake of exposition we take up a case of r ¼ 1 i.e., rank (A) ¼ 2 at first.

In such a case A is expressed as

A ¼ m(uvv0 � vvu0); that is; ajk ¼ m(ujvk � ukvj) (3:28)
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Using u ¼ (uj) and vv ¼ (vj), we define a vector gj ¼ (uj, vj)
0. For the two-

dimensional configuration of n points with coordinates (uj, vj), we note the

following properties.

(a) Triangle. Let 4ojk be the quantity determined by a triangle formed

by the origin, points j and k, which are oriented counterclockwise, such that

4ojk ¼
1
2

(ujvk � ukvj) (3:29)

We call 4ojk the oriented triangle. Then

4okj ¼ �4ojk (3:30)

These two oriented triangles are in a skew-symmetric relation, leading to the

following relation such that

ajk ¼ 2m4ojk; akj ¼ 2m4okj (3:31)

That is, the absolute value of 4ojk is proportional to kajkk and the direction

of the triangle corresponds to the skew-symmetry of A. Even if the measure

ojk represents dissimilarity, ajk does not correspond to interpoint dis-

tance in the plane. However, this property does not exclude considering

Euclidean distance in the derived configuration, as shown in what follows.

Regarding this property, there seems to be misunderstanding even among

researchers.

(b) Interpoint Distance. Define interpoint distance djk by

d2
jk ¼ (uj � uk)2 þ (vj � vk)2 (3:32)

¼ kgjk
2 þ kgkk

2 � 2g0jgk (3:33)

and consider what in terms of observations it indicates.

Since r ¼ 1, B of (3.21) is described as

B ¼ m2(uu0 þ vvvv0) (3:34)

bjk ¼ m2(ujuk þ vjvk) ¼ m2g0jgk (3:35)

Rewriting (3.33) in terms of bjk gives

m2d2
jk ¼ bjj þ bkk � 2bjk (3:36)
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Let the right-hand side be cjk. Then

cjk ¼ bjj þ bkk � 2bjk ¼
Xn

i¼1

(aij � aik)2

¼
1

4

Xn

i¼1

(oij � oik þ oki � oji)
2

(3:37)

Hence (3.36) is stated as

m2d2
jk ¼ cjk (3:38)

Thus d2
jk corresponds to the transformation of data (3.37). It shows that d2

jk is

the squared norm of the difference of two data vectors, the jth and the kth col-

umns in A, or equivalently, one combining jth column and the kth row and the

other combining the kth column and the jth row in O. Write the distance from

the origin to point j as doj ¼ kgjk. From (3.35) it follows that

m2d2
oj ¼ bjj ¼

1

4

Xn

i¼1

(oij � oji)
2 (3:39)

(II) General Case of r .1

Now we are concerned with a general case of r. In a two-dimensional configur-

ation in terms of singular vectors (ut, vvt), we denote the oriented triangle by

4ojk(t) and distances by djk(t) and doj(t). According to similar arguments

above, we have extensions of (3.31), (3.38), and (3.39) as follows:

ajk ¼ 2
Xr

t¼1

mt4ojk(t) (3:40)

cjk ¼
Xr

t¼1

m2
t d2

jk(t) (3:41)

bjj ¼
Xr

t¼1

m2
t d2

oj(t) (3:42)

It should be noted that the left-hand sides are stated in terms of transformed

data and the right-hand sides are expressed by singular values and singular

vectors (Saito, 2003a).

The cjk is equal to the squared difference between two vectors, one is the

sum of the jth column and the kth row of O, the other is the sum of the jth row
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and the kth column of O. Relation (3.41) indicates that the symmetric cjk

represents the weighted sum of the squared distances. Suppose a case in

which entries of the jth row are all equal to those of the jth column in the asym-

metric matrix O, that is,

oij ¼ oji ði ¼ 1; 2; . . . ; nÞ (3:43)

Then bjj ¼ 0, leading to d2
oj(t) ¼ 0 because m2

t = 0 (t ¼ 1; 2; . . . ; r) by

assumption. Accordingly, object j is located at the origin on each plane.

3.2.3. General Applicability of SSA

Given an asymmetric matrix O, one can construct skew-symmetric matrices in

various ways, differently from (3.2). Then, apart from Gower’s original sug-

gestion of treating A, which is paired with a symmetric matrix S, we may per-

form SSA with any skew-symmetric matrix, for which a symmetric

counterpart may not necessarily exist. For example, we construct a skew-

symmetric matrix Aþ from O in such a way that

Sþ ¼ 1
2

(OOþ O0O0) (3:44)

Aþ ¼ 1
2

(OO� O0O0) (3:45)

OO ¼ Sþ þ Aþ (3:46)

Given O, whose diagonal entries are not all null, we may construct

skew-symmetric matrices as:

A� ¼ (a�jk) where a�jk ¼
1
2

(o2
jk � o2

kj þ o2
jj � o2

kk) (3:47)

~AA ¼ (~aajk) where ~aajk ¼
1
2

(ojk � okj þ ojj � okk) (3:48)

Note that we have no expression of the counterpart of symmetry for definitions

(3.47) and (3.48).

Let us consider a transformation of data such as

pjk ¼ a0ojk þ b0 (3:49)

and let P ¼ (pjk). Applying SSA to skew-symmetric matrices constructed from

P, we derive the same configuration as that from O except for the scale unit.

Therefore SSA is applicable even to data that are measured on an interval scale.
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3.2.4. Special Pattern Derived by SSA

Utilizing SSA, one obtains a two-dimensional representation of points in

terms of coordinates. If the data reveal a noticeable pattern such as a line or

circle in the representation, one would interpret it as a meaningful structure

or significant information involved in the data. From this viewpoint, Saito

(1997, 2000, 2002) studied conditions to obtain a line or circle patterns

from the asymmetric data matrix. In both cases, the interpoint distance djk is

proportional to jajkj in the two-dimensional configuration.

Line Pattern

If all the points are positioned on a line l in the plot, we call this sort

of configuration a line pattern. In such a case, vj ¼ aþ buj (b = 0;
j ¼ 1; 2; . . . ; n), all the triangles formed by the origin and two points have

the same heights (Figs. 3.1 and 3.2). Furthermore, since

ajk ¼ 2m4ojk ¼
1
2
a(uj � uk) (3:50)

the absolute value of4ojk is proportional to juj 2 ukj. In this sense, data matrix

A involves one-dimensional structure. If vv ¼ a1, it holds that

Xn

j¼1

uj ¼ 0 (3:51)

FIGURE 3.1 Line pattern (a)
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from the orthogonality (3.13). This corresponds to the case of Fig 3.2. Follow-

ing are theorems regarding line patterns (Saito, 1997).

Theorem 3.1. Let u and vv be a pair of singular vectors to satisfy (3.9)

and (3.10) where m = 0. A necessary and sufficient condition that either

vv ¼ a1þ bu or u ¼ a1þ bvv with a = 0 is that

A21 ¼ �m21 (3:52)

where 1 is a vector of unities.

Theorem 3.2. If the following additivity holds for all the triads (i, j, k),

aik ¼ aij þ ajk (3:53)

then there is a line on the plane spanned by a pair of singular vectors of A. The

line is perpendicular to one of the axes and its centroid is on (corresponds

to the origin of) another axis. In this sense (3.53) indicates unidimensionality.

Theorem 3.3. Define A by (3.1) if diagonal entries are zeros in O,

otherwise by (3.48) if they are not. When (3.53) holds for every triad

(i, j, k), then for every pair ( j, k) holds

o�jk ¼ o�kj where o�jk ¼ ojk � oj� � o�k þ o�� (3:54)

FIGURE 3.2 Line pattern (b)
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and the dot notation indicates the mean value over the specified suffix.

Conversely, if (3.54) holds then (3.53) holds.

Supposing a case for which (3.53) holds, we let

cj ¼ aj� and kck ¼
Xn

j¼1

c2
j (3:55)

Define

m ¼ (nkck)1=2; u ¼
c

kck
and vv ¼

1ffiffiffi
n
p (3:56)

Then u and vv are singular vectors associated with singular value m. The

configuration in terms of those vectors shows a line perpendicular to axis v.

When (3.53) holds, however, we may not always obtain such a line but the

pattern such as v ¼ a1þ bu, because of the rotational indeterminacy stated

by (3.24) and (3.25).

Circle Pattern

When the vectors gj are of the same length, that is, kgjk ¼ r ð j ¼ 1; 2; . . . ; nÞ,

all the points are located on a circle. Then the degree of angle spanned by gj

and gk is proportional to jajkj. We are interested in some conditions under

which the sort of circle pattern appears in the plot. When such a pattern is

found in the plot, we will say that the pair of singular vectors yields a circle

structure. For convenience of exposition, we state properties of a cyclic (or

circulant) matrix, and then consider conditions to derive circle patterns.

An n � n asymmetric matrix C ¼ (cjk) is defined to be a cyclic matrix if

it satisfies

cjk ¼ qn�jþk where q0 ¼ qn and qnþk ¼ qk (3:57)

It is explicitly stated that

C ¼

q0 q1 q2 � � � qn�1

qn�1 q0 q1 � � � qn�2

..

. ..
. ..

. . .
. ..

.

q2 q3 q4 � � � q1

q1 q2 q3 � � � q0

0

BBBBB@

1

CCCCCA
(3:58)

Write the eigenproblem of C as

Cz ¼ lz (3:59)
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The eigenvalue and eigenvector of this equation were provided, probably for

the first time, by Berlin and Kac (1952) in connection with a physical problem.

We will refer to their result as Theorem 3.4 hereafter.

Theorem 3.4. The eigenvalue and eigenvector of (3.59) are provided

as:

l ¼ q0 þ q1vþ q2v
2 þ � � � þ qn�1v

n�1 (3:60)

z ¼ (1;v;v2; . . . ;vn�1) (3:61)

Here v ¼ eiu (i2 ¼ 1) with u ¼ 2p/n, which is a root of unity, that is, vn ¼ 1.

Write the identical value of the row sum of C as c, where

c ¼ q0 þ q1 þ q2 þ � � � þ qn�1 (3:62)

Matrix C has an eigenvector 1 ¼ (1; 1; . . . ; 1)0 associated with the elgenvalue

c. Setting aside such an eigenvector, we are interested only in the complex

eigenvector z ¼ xþ iy. Let ~zzj ¼ (xj; yj)
0. Consider making a plot of n points

in terms of z (or z�), which means plotting them on a real x–y plane.

According to Theorem 3.4, we know that in each of these plots, the n

points are equally spaced on a circle (i.e., with equal arcs), but the points

may be positioned differently in order on each circle. Except for the difference

in order, the configurations are therefore all the same. This result holds with

whatever entries are in the original matrix O.

We describe some theorems about circle patterns (Saito, 2002). As men-

tioned above, if a skew-symmetric matrix is cyclic, then applying SVD to it we

have the circle structure with equal arcs for each pair of singular vectors. Con-

versely, if the SVD of a skew-symmetric matrix yields the circle structure with

equal arcs for each pair of singular vectors, then it is cyclic as shown by The-

orem 3.5. However, there can be an asymmetric and noncyclic O from which

construction of A by (3.2) results in a cyclic matrix, as indicated by Theorem

3.6. Table 3.1 shows an example, and the noncyclic asymmetric matrix gives a

skew-symmetric and cyclic matrix.

Theorem 3.5. If every pair of singular vectors of a skew-symmetric

matrix A yields the circle structure with equal arcs, then A is a cyclic matrix.

Theorem 3.6. Let O be an asymmetric matrix. If the skew-symmetric

matrix A defined by (3.2) is cyclic, then it is necessary that

Xn

k¼1

ojk ¼
Xn

k¼1

okj ð j ¼ 1; 2; . . . ; nÞ (3:63)
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We have so far dealt with cyclic matrices, which may be provided as

original data like (3.57), otherwise be constructed from them by (3.2). From

the cyclic form, we know that those matrices involve circle structures with

equal arcs. Then this type of structure may not be of principal concern for

data analysis. Here we are interested in circle structures that are not deter-

mined by the matrix pattern but by the entries. The following theorem

shows some conditions for skew-symmetric matrices that yield circle struc-

tures on which points may or may not be equally spaced.

Theorem 3.7. If every pair of singular vectors of A yields a circle struc-

ture, then

Xn

j¼1

a2
ij ¼ K (const:) ði ¼ 1; 2; . . . ; nÞ (3:64)

where

K ¼ �
1

n
tr(A2) ¼

2

n

Xm

k¼1

m2
k (3:65)

and their radii take an identical value of
ffiffiffiffiffiffiffiffi
2=n
p

.

Thus condition (3.64) is necessary for all the points to be located on a

circle in all the two-dimensional plots. It indicates that symmetric A(2) ¼

(a2
ij) has an eigenvector of 1 associated with an eigenvalue of the constant

K. From (3.13) and (3.14), it follows generally that

Xn

j¼1

a2
ij ¼ m2

1(u2
i1 þ v2

i1)þ m2
2(u2

i2 þ v2
i2)þ � � � þ m2

m(u2
im þ v2

im)

ði ¼ 1; 2; . . . ; nÞ

(3:66)

TABLE 3.1 Noncyclic Asymmetric Matrix

1 2 3 4 5

1 1 2 3 4 2

2 1 2 4 1 2

3 5 3 3 2 0

4 2 3 1 4 2

5 3 0 2 1 5
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If rank(A) ¼ 2 in particular, we have only one pair of singular vectors. Then

(3.66) becomes

Xn

j¼1

a2
ij ¼ m2(u2

i þ v2
i ) ði ¼ 1; 2; . . . ; nÞ (3:67)

Therefore (3.64) is a necessary and sufficient condition for A to yield the circle

pattern in the case of rank(A) ¼ 2.

3.2.5. Example

Arti¢cial Data

We will now illustrate a circle pattern derived by SSA, using artificial data

(Saito, 2002). Table 3.2 shows a noncyclic skew-symmetric matrix. It is a non-

cyclic matrix that satisfies (3.64), a necessary condition to yield a circle pat-

tern. Figure 3.3 shows a configuration of six points in terms of the first pair of

singular vectors, representing a circle pattern with unequal arcs. Figure 3.4

shows another circle pattern given by the second pair of singular vectors.

The configuration of points given by the third pair also shows a circle pattern,

for which a plot is omitted here. The radii take an identical value of 1=
ffiffiffi
3
p

across the three circle patterns.

Soft Drinks Brand Switching Data

Now we present examples of SSA, using real data. First we provide analysis of

brand switching data, which are taken from DeSarbo and De Soete (1984). The

original data are based on the work of marketing research conducted by Bass

et al. (1972). Table 3.3 shows the data; its entries indicate 1000 times the

original values.

TABLE 3.2 Noncyclic Skew-Symmetric Matrix

1 2 3 4 5 6 sq. sum

1 0 21/2 �
ffiffiffi
3
p
=2 1

ffiffiffi
2
p
=2

ffiffiffi
2
p
=2 3

2 1/2 0 21
ffiffiffi
3
p
=2

ffiffiffi
2
p
=2

ffiffiffi
2
p
=2 3

3
ffiffiffi
3
p
=2 1 0 21/2

ffiffiffi
2
p
=2 �

ffiffiffi
2
p
=2 3

4 21 �
ffiffiffi
3
p
=2 1/2 0 �

ffiffiffi
2
p
=2

ffiffiffi
2
p
=2 3

5 �
ffiffiffi
2
p
=2 �

ffiffiffi
2
p
=2 �

ffiffiffi
2
p
=2

ffiffiffi
2
p
=2 0 1 3

6 �
ffiffiffi
2
p
=2 �

ffiffiffi
2
p
=2

ffiffiffi
2
p
=2 �

ffiffiffi
2
p
=2 21 0 3
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FIGURE 3.3 Representation of the first singular vectors

FIGURE 3.4 Representation of the second singular vectors
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From the data matrix O, we constructed three kinds of skew-symmetric

matrices: A by (3.2), A� by (3.47), and ~AA by (3.48). Note that diagonal entries

were filled with zeros in constructing A whereas they were used in constructing
~AA or A�. Skew-symmetric analysis was applied to each matrix, of which the rank

is 8 and r ¼ 4. Table 3.4 summarizes the results of three cases: singular values

mt, the index u(t) indicating the proportion ofmt, and its cumulated sum (cum) for

t ¼ 1, 2, 3, and 4. From the table, it is seen that the results of analysis are influ-

enced to a good extent by the transformation of data.

Figures 3.5, 3.6, and 3.7 represent a two-dimensional configuration of

brands in terms of the first pair of singular vectors derived from A, ~AA, and

A�, respectively. Comparing u-values across the three cases, the contribution

TABLE 3.3 Soft Drinks Brand Switching

Period [t]

Period [tþ 1]

A B C D E F G H

A: Coke (Ck) 612 107 10 33 134 55 13 36

B: 7-Up (7Up) 186 448 5 64 140 99 12 46

C: Tab (Tb) 80 120 160 360 80 40 80 80

D: Like (Lk) 87 152 87 152 239 43 131 109

E: Pepsi (Pp) 177 132 8 30 515 76 26 37

F: Sprite (Sp) 114 185 29 71 157 329 29 86

G: Diet Pepsi (DP) 93 47 186 93 116 93 256 116

H: Fresca (Fr) 226 93 53 107 147 107 67 200

TABLE 3.4 Singular Values (Soft Drinks Data)

1 2 3 4

A m 0.2201 0.1251 0.0465 0.0079

u 0.5508 0.3130 0.1163 0.0198

cum 0.5508 0.8638 0.9801 1.0000

~AA m 0.4935 0.1204 0.0461 0.0022

u 0.7452 0.1818 0.0696 0.0034

cum 0.7452 0.9270 0.9966 1.0000

A� m 0.9068 0.1056 0.0268 0.0068

u 0.8669 0.1010 0.0256 0.0065

cum 0.8669 0.9679 0.9935 1.0000
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FIGURE 3.5 Two-dimensional configuration of eight soft drinks (A, SSA)

FIGURE 3.6 Two-dimensional configuration of eight soft drinks ( ~AA, SSA)
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of the first pair of singular vectors indicated by u(1) becomes greater from the

top to the bottom cases. The configuration in Fig. 3.5 looks different from the

other two. Inspecting the oriented triangles in the figure, we find a large degree

of asymmetry for pairs (Ck, Lk), (Ck, Tb) (Pp, Lk), and (Pp, Tb). Figure 3.6

shows a pattern of line shape (cor ¼ 0.875) and such a pattern appears promi-

nent in Fig. 3.7 (cor ¼ 0.978). In both figures, we find large asymmetry

between Ck and each of three brands Lk, Tb, and Fr.

Pecking Data

Next we show analysis of the pecking data fojk} of Table 2.6. The entries of

the table were transformed so as to give pairwise proportions P ¼ (pij) where

pij ¼ oij=(oij þ oji). Then SSA was applied to the skew-symmetric A con-

structed from P. Table 3.5 gives the result. Figure 3.8 illustrates the result

FIGURE 3.7 Two-dimensional configuration of eight soft drinks ( ~AA
�
, SSA)

TABLE 3.5 Singular Values (Pecking Data)

t 1 2 3

m 1.6107 0.3395 0.1532

u 0.7658 0.1614 0.0728

cum 0.7658 0.9272 1.0000
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by a plot in terms of the first pair of singular vectors. We note the degree

of approximating the data by those vectors, referring to (3.23), as

u(1) ¼ 0.7658.

It is remembered that in the example based on the data in Sec. 2.1.4, we

detected a rank order with z ¼ 1.000 and it revealed the dominant–subordi-

nate relationships among those pigeons. In the same way as Digby and Kemp-

ton (1987), it is of interest to superpose the derived order of dominance on the

two-dimensional configuration. In Fig. 3.8 arrows indicate the direction of the

dominance. It is noticeable that the order agrees with positioning of pigeons in

the configuration.

3.3. ESCOUFIER AND GRORUD’S
PROCEDURE

In this section we describe the procedure that analyzes S and A
simultaneously, which are given by (3.1) and (3.2), respectively. In view of

(3.6), we define an index by

k1 ¼
kAk2

kOk2
(3:68)

FIGURE 3.8 Two-dimensional configuration of seven male pigeons (A, SSA)

Graphical Representation of Asymmetric Data 69

Copyright 2005 by Marcel Dekker. All Rights Reserved.



Then it shows the proportion of the skew-symmetric part in the norm, and it

takes a range such that 0 � k1 � 1. On the basis of variance (3.7), we define

another index by

k2 ¼
Var(ajk)

Var(ojk)
(3:69)

which takes the range 0 � k2 � 1. When k1 or k2 are not small, the procedure

will be applied in a practical data analysis.

3.3.1. Spectral Decomposition of a Hermitian
Matrix

Let us consider the eigenvalue problem of an n � n Hermitian matrix H. It is

stated as

Hzt ¼ ltzt (3:70)

The eigenvalue lt is real, whereas the eigenvector zt ¼ (zjt) is generally com-

plex (t ¼ 1; 2; . . . ; n). Without loss of generality, we assume that r ¼ rank(H).

Denote the eigenvalues of l = 0 by l1 � l2 � � � � � lr, and also let

lrþ1 ¼ � � � ¼ ln ¼ 0. Let zt ¼ xt þ iyt, zt ¼ (zjt), xt ¼ (xjt), and yt ¼ (yjt).

Then elements are expressed as zjt ¼ xjt þ iyjt (t ¼ 1; 2; . . . ; n). Define the

matrice as:

Z ¼ (z1; z2; . . . ; zn); L ¼ diag(l1; . . . ; lr; 0; . . . ; 0)

Zr ¼ (z1; z2; . . . ; zr); Lr ¼ diag(l1; . . . ; lr)
(3:71)

The eigenequation is expressed in terms of matrices as

HZ ¼ ZL (3:72)

Denote complex conjugates of corresponding terms as �zz, �zz, �ZZ, and the trans-

pose and conjugate as z�, Z�. Then Z�1 ¼ �ZZ
0
¼ Z�, and Z is a unitary matrix.

The spectral decomposition of H is given by

H ¼ ZLZ� ¼ ZrLrZ
�
r ¼

Xr

t¼1

lt zt z
�
t

¼
Xr

t¼1

lt((xt x
0
t þ yt y

0
t)þ i( yt x

0
t � xt y

0
t))

(3:73)
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Write the jth row of Z as wj ¼ (zj1; . . . ; zjr). Equation (3.73) is rewritten ele-

mentwise as:

hjk ¼ wjLrw
�
k

¼
Xr

t¼1

ltzjt�zzkt (3:74)

¼
Xr

t¼1

lt(xjtxkt þ yjtykt)þ i
Xr

t¼1

lt( yjtxkt � xjtykt)

Using the spectral decomposition, we derive the following relation about the

norm of H,

kHk2 ¼ tr(HH�) ¼
Xn

t¼1

l2
t ¼

Xr

t¼1

l2
t (3:75)

3.3.2. Canonical Analysis

Escoufier and Grorud (1980) proposed applying spectral decomposition of a

Hermitian matrix to analyze asymmetric data. From an asymmetric data

matrix O, we construct a symmetric matrix S and a skew-symmetric matrix

A by (3.1) and (3.2), respectively. Define a Hermitian matrix H ¼ (hjk) by

H ¼ Sþ iA; where hjk ¼ sjk þ iajk (3:76)

Here we assume that rank(H) ¼ r. From the eigenvalue problem (3.70) it

follows that

Xn

j¼1

ojj ¼ trðHÞ ¼
Xr

t¼1

lt (3:77)

Xn

j¼1

Xn

k¼1

o2
jk ¼ kHk

2 ¼
Xr

t¼1

l2
t (3:78)

Now applying the theory of spectral decomposition and considering the corre-

spondence of real and imaginary parts for (3.73) and (3.76), we obtain

expressions for S and A:

S ¼
Xr

t¼1

lt(xtx
0
t þ yty

0
t); sjk ¼

Xr

t¼1

lt(xjtxkt þ yjtykt) (3:79)

A ¼
Xr

t¼1

lt( ytx
0
t � xty

0
t); ajk ¼

Xr

t¼1

lt( yjtxkt � xjtykt) (3:80)
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Noting that ojk ¼ sjkþ ajk, we derive in view of (3.79) and (3.80)

ojk ¼
Xr

t¼1

lt((xjtxkt þ yjtykt)þ ( yjtxkt � xjtykt)) (3:81)

Escoufier and Grorud suggested treating (3.70) in a simpler way in real

numbers than the way in complex numbers. Equation (3.70) is represented as

an eigenvalue problem of a symmetric matrix of order 2n � 2n as follows:

S A
�A S

� �
xt

yt

� �
¼ lt

xt

yt

� �
(3:82)

Corresponding to l1; l2; . . . ; ln in (3.70), we see that l1; l1; l2;
l2; . . . ; ln; ln are roots of multiplicity 2 in (3.82). Write the eigen-

vectors associated with lt by z1t, z2t. Then we find that

z1t ¼
xt

yt

� �
and z2t ¼

�yt

xt

� �
(3:83)

Write the left-hand side of (3.82) as E, so we then have

E ¼
Xn

t¼1

lt(z1tz
0
1t þ z2tz

0
2t) (3:84)

For each vector zt ¼ xtþ iyt, we plot n objects in terms of (xjt, yjt) on an

x–y plane. Setting an index

f(p) ¼

Pp
t¼1 l

2
tPr

t¼1 l
2
t

(3:85)

on the basis of (3.78), we find that it indicates the degree to which H is

approximated by a matrix of rank p. When f(p) is close to 1, we can perform

data analysis of O by referring to p eigenvectors. We can interpret the two-

dimensional configurations from a geometrical point of view as follows.

(I) The Case of r ¼1

For simplicity, we describe the case of r ¼ 1. Using z ¼ xþ iy, x ¼ (xj),

y ¼ (yj), we rewrite H ¼ lzz� as

H ¼ l((xx0 þ yy0)þ i( yx0 � xy0)) (3:86)

hjk ¼ l((xjxk þ yjyk)þ i( yjxk � xjyk)) (3:87)
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Define vectors fj ¼ (xj, yj)
0. Then we have expressions for symmetric sjk and

skew-symmetric ajk as follows:

sjk ¼ l(xjxk þ yjyk) ¼ lf 0j f k (3:88)

ajk ¼ l( yjxk � xjyk) ¼ l f j � f k (3:89)

Thus sjk corresponds to the inner product, and ajk to the outer product or

equivalently the oriented paralleotope with sign of ajk (Fig. 3.9).

The interpoint distance djk is expressed by

d2
jk ¼ (xj � xk)2 þ ( yi � yk)2

¼ k f jk
2 þ k f kk

2 � 2 f 0j f k (3:90)

ld2
jk ¼ sjj þ skk � 2sjk (3:91)

Now put the right-hand side as qjk,

qjk ¼ sjj þ skk � 2sjk

¼ ojj þ okk � ojk � okj

(3:92)

Then it is found that the interpoint distance represents the transformation of

data such that

qjk ¼ ld2
jk (3:93)

Note that the sign of qjk is not always positive, showing the sign of l.

(II) General Case of r .1

Now we consider the case of rank r. In the configuration in terms of (xt, yt), we

define two-dimensional vectors fj(t) ¼ (xjt, yjt)
0. Denote the interpoint distance

FIGURE 3.9 Vectors fj and fk
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by djk(t) and also the distance of point j from the origin by doj(t),

d2
jk(t) ¼ (xjt � xkt)

2 þ ( yjt � ykt)
2 (3:94)

d2
oj(t) ¼ x2

jt þ y2
jt (3:95)

Then we have

sjk ¼
Xr

t¼1

lt f j(t)
0f k(t) (3:96)

ajk ¼
Xr

t¼1

lt f j(t)� f k(t) (3:97)

ojk ¼
Xr

t¼1

lt f j(t)
0f k(t)þ

Xr

t¼1

lt f j(t)� f k(t) (3:98)

qjk ¼
Xr

t¼1

ltd
2
jk(t) (3:99)

ojj ¼
Xr

t¼1

ltd
2
oj(t) (3:100)

In the last two expressions, the transformed data correspond to the weighted

sum of squared distances (Saito, 2003a).

Line Pattern

An easy interpretable pattern will be such that n points show a pattern of line.

For example, the following theorem gives a condition to derive such a pattern

(Saito, 1997).

Theorem 3.8. For (3.70) to give a solution y ¼ bx (b = 0), it is necess-

ary and sufficient that there exists a real eigenvector u satisfying

Ou ¼ nu ¼ O0u (3:101)

If (3.101) holds, then l ¼ n and x ¼ u, which leads to

Sx ¼ lx; Ax ¼ 0 (3:102)

3.3.3. Representation with a Hermitian Form

Suppose that H defined by (3.73) is positive semidefinite with rank r, that is,

l1 � � � � � lr . 0; lrþ1 ¼ � � � ¼ ln ¼ 0 (3:103)
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Let Lr ¼ diag(l1; l2; . . . ; lr). We retain definition of fwjg in Sec. 3.3.1. Now

let us consider the complex vector space Wr (r � n) that is spanned by fwjg.

We define an inner product (wj, wk) by

(wj;wk) ¼ wjLrw
�
k (3:104)

The norm and the metric are defined in usual way, that is,

kwjk ¼ (wjLrw
�
j )1=2 (3:105)

Djk ¼ kwj � wkk

¼
Xr

t¼1

lt{(xjt � xkt)
2 þ ( yjt � ykt)

2}

 !1=2

(3:106)

On the basis of the norm defined above, we derive identities, through

simple manipulations, as (3.107) and (3.108):

kwjk
2 þ kwkk

2 � kwj � wkk
2 ¼ wjLrw

�
k þ wkLrw

�
j (3:107)

i(kwjk
2 þ kwkk

2 � kwj � iwkk
2) ¼ wjLrw

�
k � wkLrw

�
j (3:108)

From (3.74), (3.107), and (3.108), it follows that

hjk ¼
1
2

(kwjk
2 þ kwkk

2 � kwj � wkk
2)

þ 1
2

i (kwjk
2 þ kwkk

2 � kwj � iwkk
2)

(3:109)

In addition to Djk, we define

�DDjk ¼ kwj � iwkk and D0j ¼ kwjk (3:110)

Then (3.109) is alternatively expressed as

hjk ¼
1
2

(D2
0j þ D2

0k � D2
jk)þ 1

2
i(D2

0j þ D2
0k �

�DD
2

jk) (3:111)

Rewrite (3.76) as

hjk ¼
1
2

(ojk þ okj)þ i 1
2

(ojk � okj) (3:112)
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By the correspondence of (3.109) and (3.112) in view of real and imaginary

parts, we have two expressions:

ojk þ okj ¼ kwjk
2 þ kwkk

2 � kwj � wkk
2 (3:113)

ojk � okj ¼ kwjk
2 þ kwkk

2 � kwj � iwkk
2 (3:114)

Then we derive (3.115), which is rewritten as (3.116):

ojk ¼ kwjk
2 þ kwkk

2 � 1
2
kwj � wkk

2 � 1
2
kwj � iwkk

2 (3:115)

¼ D2
0j þ D2

0k �
1
2

D2
jk �

1
2

�DD
2

jk (3:116)

These two expressions were first presented by Chino and Shiraiwa (1993).

Thus we find that expression (3.81) of observation ojk is alternatively given

by (3.115) or (3.116). It is natural that asymmetric ojk is represented by the

expression including an asymmetric term. Note that the three expressions

are stated in terms of eigenvalues and eigenvectors of H. Combining (3.99)

and (3.106), we obtain

qjk ¼ D2
jk (3:117)

Thus it is realized that the squared distance D2
jk coincides with the transformed

observation qjk that is defined in (3.92) (Saito, 2003a). In (3.106) one does not

know any explicit quantity in terms of data that Djk might represent, because

Djk is given by eigenvalues and eigenvectors of H. In (3.117) we find a clear

correspondence of Djk to qjk. The relation (3.117) was found by Saito (2003a).

From the description so far given from (3.106) to (3.117), we will develop

arguments about the possibility of MDS of asymmetric data in connection

with Escoufier and Grorud’s (E–G) procedure in Sec. 4.2.

3.3.4. Discussion

Remark on the Distance

It should be noted that distance (3.106) is defined in the r-dimensional vector

spaceWr under assumption (3.103). It is stressed that treatment of distance in

a descriptive data analysis using Gower’s (SSA) or Escoufier and Grorud’s

(E–G) procedure differs fundamentally from the treatment of distance in

the context of Wr. To show this point clearly, let us consider an asymmetric

O that is cyclic.
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Suppose that we make two-dimensional plots of objects in terms of

eigenvectors derived from any of matrices O0, S, A, and H that are constructed

from O. According to Theorem 3.4, the configurations are all the same. Writ-

ing the eigenvalue problem of O as (3.118), we see that (3.119) holds by the

theorem:

Oz ¼ az (3:118)

O0�zz ¼ a �zz (3:119)

From them it follows that

Sz ¼ bz; that is; Sx ¼ bx and Sy ¼ by (3:120)

Az ¼ igz; that is; Ax ¼ �gy and Ay ¼ gx (3:121)

where b ¼ Re(a), g ¼ Im(a) and z ¼ xþ iy. Then we find from (3.120) and

(3.121) that

Hz ¼ lz where l ¼ b� g (3:122)

As described above, we can refer to Euclidean distance in the two-dimensional

configuration derived by E–G for any O. For a cyclic matrix O, the sign of l

may be positive, negative, or even zero. It means that H can generally be

indefinite even if S is positive definite. Then we cannot define distance, as

an entire property implied in H with definitions (3.104) and (3.106), even

for the same O.

Properties of the Procedure

The computational steps of the E–G procedure hold without respect to the

direction of the measure of relationship (similarity or dissimilarity). Let us

examine the properties of the procedure. When ojk indicates similarity, it is

allowable to regard (3.93) or (3.99) as a model representation. In the case

of similarity, we may consider that ojj � ojk usually, then

ojj þ okk � ojk þ okj (3:123)

leading to qjk � 0 with a natural treatment for fitting. When ojk indicates

dissimilarity, in contrast, one would apply E–G formally, but there is no

reasonable coincidence between both sides in (3.93) or (3.99). Hence one

would not derive practically meaningful information from the analysis.

Null Diagonal Entries

There can be situations in which some of the diagonal entries are missing for

the data matrix. Now we focus on a different situation in which the diagonal
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element is undefined in the original observations due to the property of the

phenomenon concerned (e.g., pecking frequency), so that all the diagonal

entries should be given zero values prior to data analysis using the E–G pro-

cedure. Let us examine such a case in the context of representation with a

Hermitian form. From (3.74), (3.76), and (3.106) it follows that

ojj ¼ hjj ¼ kwjk
2 ¼

Xr

t¼1

lt(x
2
jt þ y2

jt) ¼ D2
oj (3:124)

Thus, for object j such that ojj ¼ 0, the norm (3.106) is not defined. If all the

elements are null, we see from (3.77) that

Xn

j¼1

ojj ¼
Xn

t¼1

lt ¼ 0 (3:125)

leading to an indefinite H. Therefore, in order that the Djk defined by (3.106)

should be valid, all the diagonals must be defined and positive, in addition to H
being positive semidefinite. In passing the following point is noted. When

rank(H) ¼ r ¼ 1, we see by (3.124) that

ojj ¼ l(x2
j þ y2

j ) ð j ¼ 1; 2; . . . ; nÞ (3:126)

Accordingly, if all the diagonals are null, r cannot be 1.

Consider a transformation of data, giving a constant a to all the diagonal

elements in such a way that

~oojj ¼ ojj þ a ð j ¼ 1; 2; . . . ; nÞ

~oojk ¼ ojk ð j = kÞ
(3:127)

This treatment is not meaningful as we consider the distance Djk. Construct
~HH from ~OO ¼ (~oojk) by (3.76). Since ~HH ¼ H þ aI, its eigenproblem is written

as

~HH~zz ¼ ~ll~zz; that is; (H þ aI)z ¼ (lþ a)z (3:128)

showing that

~zz ¼ z and ~ll ¼ lþ a (3:129)

Thus it is seen that H and ~HH have eigenvectors in common. Take a large a so

as to make all ~ll positive. Then, with invariant eigenvectors, distance is defined

for ~HH whereas it is not for H. Therefore, it does not make sense to argue

the validity of distance (3.106) under data transformation (3.127). Again it

should be remembered that the distance Djk is suggested as the entire property
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associated with the {z1; z2; . . . ; zr}, not with a single zt. The E–G

procedure is always applied to H regardless of its definiteness.

3.3.5. Example

Soft Drinks Brand Switching Data

We present an analysis of the soft drinks data of Table 3.3, using the E–G

procedure. The degree of asymmetry was indicated by k1 ¼ 0.072 and

k2 ¼ 0.156. Computation of the eigenvalue problem of H yielded positive

and negative eigenvalues. Table 3.6 shows the largest four eigenvalues and

their corresponding quantities. The degree of approximation of H by the

first eigenvector z1 ¼ x1þ iy1 is shown by f(1) ¼ 0.6711.

Figure 3.10 shows the two-dimensional configuration in terms of x1 and

y1. In the figure the horizontal axis indicates (2y1) and the vertical axis x1, for

comparison with figures in Sec. 3.2.5 derived from the same data. Comparing

those figures, it is interesting to find that a pattern of line shape appears more

prominently in Fig. 3.10 (cor ¼ 0.900) than in Figs. 3.6 and 3.7. It should be

noted that Figs. 3.6 and 3.7 were derived from skew-symmetric matrices ~AA and

A�, respectively, whereas Fig. 3.10 was derived by using symmetric S and

skew-symmetric A.

Pecking Data

For comparison, we analyzed the pecking data of Table 2.6 by the E–G

procedure. The degree of asymmetry was indicated by k1 ¼ 0.342 and

k2 ¼ 0.785. Table 3.7 summarizes the result, with the largest four eigenvalues

and related quantities. As is known theoretically from the matrix with all null

diagonal entries, the sum of eigenvalues is zero, and so H is indefinite.

Figure 3.11 represents the configuration in terms of the first eigenvector.

The degree of approximation of H is given by f(1) ¼ 0.8103. On the figure we

superposed the dominance relations detected in Sec. 2.2.4. Comparing the

TABLE 3.6 Eigenvalues (Soft Drinks Data)

t 1 2 3 4

l 1.1144 0.4759 0.3699 0.2597

l2 1.2419 0.2265 0.1368 0.1255

f 0.6711 0.1224 0.0739 0.0678

cum 0.6711 0.8674 0.9352 0.9716
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figure with Fig. 3.8, we find that the linear hierarchy mentioned in Sec. 2.2 is

revealed clearly by the pattern of line shape in Fig. 3.11.

Considering the property of pairwise proportions that pijþ pji ¼ 1, all

sij ¼ 0.5 (i = j) and sii ¼ 0, we thus find that the symmetric part has little

meaningful information. This is reflected by the values of k1 and k2 mentioned

above. For this reason, analysis of SSA based on A yielded nearly the same

configuration as that of E–G based on S and A.

3.4. VECTOR MODEL

In this section, we describe a vector model proposed by Yadohisa and Niki

(2000). Given an n � n asymmetric matrix O ¼ (oij) where oij represents

(dis)similarity for a pair of objects (i, j), we apply decomposition (3.3) to O
in such a way as O ¼ Sþ A. We assume that the locations of objects have

FIGURE 3.10 Two-dimensional configuration of eight soft drinks (H, E–G)

TABLE 3.7 Eigenvalues (Pecking Data)

t 1 2 3 4

l 3.5969 20.1563 20.3056 20.3596

l2 12.9377 0.0244 0.0934 0.1293

f 0.8103 0.0015 0.0058 0.0081

cum 0.8103 0.8118 0.8176 0.8257
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already been derived from the symmetric S through some suitable multidi-

mensional scaling procedure, then we aim to determine from A a set of vectors

that represent the latent structure of asymmetry in A. We discuss the asym-

metric structure, suggesting several indices to measure asymmetry.

3.4.1. Model

Let us begin with a simple case in which there are two objects 1 and 2 with dis-

similarity ratings o12 and o21, which satisfy o12 � o21. These objects may prop-

erly be positioned by coordinates p1 and p2, respectively. The distance kp1 2 p2k

should coincide with the symmetrized dissimilarity s12 ¼ (o12þ o21)/2. This

arrangement may not be congruent, because it might be too near for the first

object as well as too far for the second, a12 ¼ �a21 ¼ o12 � s12 ¼ s12 � o21.

We then consider a situation in which the objects float in the direction indicated

by sgn(p1 2 p2) with a strength proportional to a12.

Given n(�3) objects with dissimilarity matrix O, the above conceptual

model can be extended in several ways. Here we are interested in the simplest

and possibly most useful way.

We consider a dissimilarity data matrix O, with diagonal elements all

being zero. It is decomposed into the symmetric matrix S and skew-symmetric

matrix A. From S, a set P ¼ {piji ¼ 1; 2; . . . ; n} of the coordinates of n

objects are derived by applying an appropriate symmetric MDS procedure.

FIGURE 3.11 Two-dimensional configuration of seven male pigeons (H, E–G)
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Another set of vectors V ¼ {vvi=jji ¼ 1; 2; . . . ; n}, which is called the

“set of vectors at P,” is derived from A as follows. Each element aij is com-

pared with the projection of vvi on the directed line pi 2 pj in such a way that

aijl( pi � pj) ¼ vvi=j þ eij (3:130)

Here l(x) denotes the direction vector

l(x) ¼

0; if x ¼ 0;

x

kxk
; otherwise;

8
<

: (3:131)

and eij is an error vector. The least squares estimate of V, for which

e2
i ¼

X

j=i

e0ijeij ði ¼ 1; 2; . . . ; nÞ (3:132)

attains its minimum, is given by V̂V ¼ {v̂vvvi=jji ¼ 1; 2; . . . ; n}, where

v̂vvvi=j ¼
1

n� 1

X

j=i

aijl( pi � pj) (3:133)

This model is characterized by the following points: (i) there is no

requirement of prior information or assumptions about the asymmetric struc-

ture of the data; (ii) the asymmetry is not represented by a numerical value but

graphically by arrows with lengths proportional to the strength of asymmetry;

(iii) the asymmetry is associated with objects in space. From (ii) and (iii), we

can interpret the results intuitively. In view of vector properties we can extend

the model for a more complicated analysis in what follows.

The vector vvi=j is in proportion to (oij 2 oji) in the same manner as “flow”

in Tobler (1976–77). The vvi/j and the flow differ in that the vvi/j has the weight

l( pi 2 pj). Accordingly, the vector depends on the object coordinates, which

have been obtained from S through a suitable MDS procedure.

The residual from the symmetric part is not formulated by this model.

However, it can easily be extended for representing this residual with the

asymmetric component A proposed by Yadohisa (1998). Asymmetric MDS

models in view of this sort of residual have been proposed by Saito and

Takeda (1990) and Saito (1991). Hereafter, we denote vvi/j by vvi for the sake

of simplicity.

3.4.2. Cluster Properties in Terms of Dynamics

Let us consider the above results according to dynamical interpretation. Let N

be a set of n objects, that is, N ¼ {1; 2; . . . ; n}. Hereafter, a nonempty subset
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C of N, where C [ 2N
n ffg, is called a “cluster,” and the entire cluster N is

called the “system.” The number of elements of set C is denoted by n(C).

An arbitrarily selected location gc to represent the cluster C is called the

“center” of C. Typically, gc is chosen as

gc ¼
1

n(C)

X

i[C

pi (3:134)

which is the equiweighted center gc of the objects of C. For applications, it is

also possible to take gc as the position of a representative object, otherwise the

“center” of the subcluster in C and so forth.

A cluster is characterized by a list of properties such as “linear flow,”

“rotation,” and “divergence.” Hereafter, we consider that the objects vectors

P and their associated vectors V span a three-dimensional space or a two-

dimensional subspace in three dimensions.

Linear Flow

Linear flow lc of the cluster C shows the direction in which C is moving toward

or away, and the magnitude of its speed or acceleration. The least squares esti-

mate l̂lc is given by

l̂lc ¼
1

n(C)

X

i[C

vvi (3:135)

for which
X

i[C

klc � vvik
2 (3:136)

attains its minimum. Note that l̂lc is regarded as the wind velocity in the “Jet-

stream model” due to Gower (1977).

Rotation

The rotation vector rc of the cluster C is defined as

vvi �
pi � gc

kpi � gck
r ¼ rc þ 1i ði ¼ 1; 2; . . . ; nÞ (3:137)

with a specified constant r(�2) and a noise vector 1i. Here we denote the outer

product by “�.”

For r ¼ 0, (3.137) indicates the “Galaxy model,” where each object

takes its trajectory conforming to the second Kepler’s law. The “Roulette

model” is obtained by setting r ¼ 2, where the cluster rotates like a solid
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mass. For any other values of r, even if negative, we have the “Viscous-liquid

model” with some level of viscosity. Setting r ¼ 1 leads to the “Homogeneous

model,” which is further reduced to the “Cyclone model” (Gower, 1977).

Instead of (3.134), the center gc is chosen appropriately. We can choose

r , 1 so as to induce angular velocity about the origin in the neighborhood of

gc, unless specified otherwise. However, it is allowed and even recommended

to set r ¼ 1 and use l( pi 2 gc) in place of ( pi � gc)=k pi � gck for stability in

estimation.

The least squares estimate

r̂rc ¼
1

n(C)

X

i[C

vvi � l( pi � gc) (3:138)

is derived by minimizing

R2 ¼
X

i[C

rc �
vvi � ( pi � gc)

k pi � gck
r

����
����

2

(3:139)

If the magnitude of rc is large to some extent, this type of asymmetry should be

called “rotationally asymmetric.”

Divergence

Divergence characterizes another aspect of a cluster, which grows bigger in

size and thinner in density otherwise shrinks in size and becomes thicker in

density.

The general divergence model, like rotation, is formulated with a scalar

constant dc in such a way that

vv0i
pi � gc

k pi � gck
r ¼ dc þ 1i ði ¼ 1; 2; . . . ; nÞ (3:140)

where r is a specified constant and 1i is a scalar noise.

For r ¼ 0, the model is called “Constant source/sink model.” On the

other hand, setting r ¼ 1 in (3.140) gives “Stable model,” where little motion

will arise in the neighborhood of the center when the noise is negligible.

To avoid singularity at the center, it is required that r . 1. In practice

however, setting r ¼ 1 may not cause substantial problems, and usually it

stabilizes the numerical computation for estimating dc. Then the least squares

estimate of dc, for which
X

i[C

{vv0il( pi � gc)� dc}2 (3:141)
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attains its minimum, is given by

d̂dc ¼
1

n(C)

X

i[C

vv0il( pi � gc) (3:142)

If d̂dc is positive, the cluster expands away from the source point gc, while

a negative value indicates shrinking towards gc. Note that if gc is the center

of the mass and C ¼ N, the value of d̂dc nearly equals zero.

3.4.3. System Property in Terms of Dynamics

Let us consider that the system is divided into m disjoint clusters, that is,

N ¼
[m

j¼1

Cj (3:143)

Cj > Ck ¼ f ð j = k; j; k ¼ 1; 2; . . . ;mÞ (3:144)

Cj = f ð j ¼ 1; 2; . . . ;mÞ (3:145)

For m clusters with weights n(C1); nðC2Þ; . . . ; n(Cm), we regard the sets of

centers G ¼ {gjj j ¼ 1; 2; . . . ;m} as the set of position vectors P, and linear

flows L ¼ {ljj j ¼ 1; 2; . . . ;m} as asymmetric vectors V, respectively. Then

we suggest intercluster indices, called “System properties” in terms of the

cluster properties. When m ¼ n with Ci ¼ {i} (i ¼ 1; 2; . . . ; n), the system

properties are called “plain system properties.” When m , n, these should

be called “clustered system properties,” if desired.

For a clustered system, system linear flow l�, system rotation r�, and

system divergence d� are defined as:

l� ¼
1

m

Xm

j¼1

n(Cj)lj (3:146)

r� ¼
1

m

Xm

j¼1

n(Cj)lj � l(gj � g) (3:147)

d� ¼
1

m

Xm

j¼1

n(Cj)l
0
jl(gj � g) (3:148)

Here g is the center of the system, which is arbitrarily given, or typically chosen as

g ¼
1

n

Xn

i¼1

pi (3:149)
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3.4.4. Numerical Example

Let O1, O2, and O3 be dissimilarity data matrices. Each matrix is decomposed

by (3.3) with respective skew-symmetric component as given in the second

term in each of the equations:

O1 ¼

0 2 1þ 2
ffiffiffi
2
p

2

2 0 2 1þ 2
ffiffiffi
2
p

�1þ 2
ffiffiffi
2
p

2 0 2

2 ¼ 1þ 2
ffiffiffi
2
p

2 0

0

BBB@

1

CCCA

¼

0 2 2
ffiffiffi
2
p

2

2 0 2 2
ffiffiffi
2
p

2
ffiffiffi
2
p

2 0 2

2 2
ffiffiffi
2
p

2 0

0

BBB@

1

CCCAþ

0 0 1 0

0 0 0 1

�1 0 0 0

0 �1 0 0

0

BBB@

1

CCCA (3:150)

O2 ¼

0 1 2
ffiffiffi
2
p

3

3 0 1 2
ffiffiffi
2
p

2
ffiffiffi
2
p

3 0 1

1 2
ffiffiffi
2
p

3 0

0

BBB@

1

CCCA

¼

0 2 2
ffiffiffi
2
p

2

2 0 2 2
ffiffiffi
2
p

2
ffiffiffi
2
p

2 0 2

2 2
ffiffiffi
2
p

2 0

0

BBB@

1

CCCAþ

0 �1 0 1

1 0 �1 0

0 1 0 �1

�1 0 1 0

0

BBB@

1

CCCA (3:151)

O3 ¼

0 0
ffiffiffi
2
p

2 1þ
ffiffiffi
2
p

1þ
ffiffiffiffiffi
13
p

1þ
ffiffiffiffiffi
13
p

2 0 0
ffiffiffi
2
p ffiffiffiffiffi

13
p

2
ffiffiffi
5
p

3
ffiffiffi
2
p

ffiffiffi
2
p

2 0 0 3
ffiffiffi
2
p

5 5

0
ffiffiffi
2
p

2 0
ffiffiffiffiffi
13
p

3
ffiffiffi
2
p

2
ffiffiffi
5
p

�1þ 2
ffiffiffi
2
p ffiffiffiffiffi

13
p

3
ffiffiffi
2
p ffiffiffiffiffi

13
p

0 1 1

�1þ 2
ffiffiffiffiffi
13
p

2
ffiffiffi
5
p

5 3
ffiffiffi
2
p

1 0
ffiffiffi
2
p

�1þ
ffiffiffiffiffi
13
p

3
ffiffiffi
2
p

5 2
ffiffiffi
5
p

1
ffiffiffi
2
p

0

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA
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¼

0 1
ffiffiffi
2
p

1 2
ffiffiffi
2
p ffiffiffiffiffi

13
p ffiffiffiffiffi

13
p

1 0 0
ffiffiffi
2
p ffiffiffiffiffi

13
p

2
ffiffiffi
5
p

3
ffiffiffi
2
p

ffiffiffi
2
p

1 0 1 3
ffiffiffi
2
p

5 5

1
ffiffiffi
2
p

1 0
ffiffiffiffiffi
13
p

3
ffiffiffi
2
p

2
ffiffiffi
5
p

2
ffiffiffi
2
p ffiffiffiffiffi

13
p

3
ffiffiffi
2
p ffiffiffiffiffi

13
p

0 1 1ffiffiffiffiffi
13
p

2
ffiffiffi
5
p

5 3
ffiffiffi
2
p

1 0
ffiffiffi
2
p

ffiffiffiffiffi
13
p

3
ffiffiffi
2
p

5 2
ffiffiffi
5
p

1
ffiffiffi
2
p

0

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

þ

0 �1 0 1 1 1 1

1 0 �1 0 0 0 0

0 1 0 �1 0 0 0

�1 0 1 0 0 0 0

�1 0 0 0 0 0 0

�1 0 0 0 0 0 0

�1 0 0 0 0 0 0

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

(3:152)

Applying the model to O1, O2, and O3, we obtain the results in Figs. 3.12(a),

(b), and (c), respectively. In the figures, the dots indicate the object locations P and

the arrows the vectors V. In Figs. 3.12(a) and (b), the locations of the objects show

a square shape configuration commonly, but the tendency of asymmetry looks

quite different. Figure 3.12(a) reveals that two objects direct equally towards

the remaining two objects, which look like moving away from the other two

objects;Fig. 3.12(b) shows a circular structure with asymmetriesof equal strength.

In Fig. 3.12(c) we find a more complicated feature where there are two clusters

with different structures of asymmetry. The first cluster, which contains objects

1, 2, 3, and 4, indicates rotation in a counterclockwise direction. The second clus-

ter contains the remaining objects, and indicates moving towards the first cluster.

The values of the three indices are provided in Table 3.8. Referring to

cluster properties, one can interpret the results in view of numerical values

in the table. Interpretation of the results is omitted for the present demon-

stration of our model.

3.4.5. Application

World Trade Data

We analyzed international trade data. The source of Table 3.9 is based on

the table of “World exports by commodities and by regions” in the 1992
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International Trade Statistics Yearbook. Here we have chosen ten countries or

regions from the original table. The definition of OPEC, EEC, EFTA, and

LAIA are “Organization of Petroleum Exporting Countries,” the “European

Economic Community,” the “European Free Trade Association,” and the

“Latin American Integration Association,” respectively.

FIGURE 3.12 Two-dimensional representation of O1, O2, and O3

TABLE 3.8 Cluster Properties in Terms of Dynamics

System (a) System (b) System (c)

Linear flow (0.52, 0.43, 0.00) (0.00, 0.00, 0.00) (20.38, 20.01, 0.00)

Rotation (0.00, 0.00, 0.00) (20.79, 0.00, 0.00) (0.04, 0.00, 0.00)

Divergence 0.00 0.00 20.04

Cluster (c)–1 Cluster (c)–2

Linear flow (20.33, 20.02, 0.00) (20.44, 0.00, 0.00)

Rotation (0.25, 0.00, 0.00) (0.00, 0.00, 0.00)

Divergence 20.10 20.05
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Figures 3.13 and 3.14 show two- and three-dimensional representations

of the object locations P and the vectors V, respectively. In addition to infor-

mation about the object locations, we can examine the relationship among

countries in terms of arrows. For example, it is noted that Japan and the United

States have relatively large asymmetry to other countries and regions, and also

that the largest asymmetry directs from Japan to the United States.

3.5. VECTOR FIELD MODEL

In this section, we describe a vector field model proposed by Yadohisa and Niki

(1999). As in the case of the preceding section, we start with an asymmetric

TABLE 3.9 World Exports by Commodities and by Regions in 1990

A B C D E

A: OPEC 0 860 44586 2651 1413

B: Former USSR 946 0 32252 6300 111

C: EEC 43351 13640 0 138967 11832

D: EFTA 5330 5625 130477 0 2806

E: Canada 1630 964 10269 1927 0

F: USA 13418 3072 93049 10666 78212

G: Japan 13575 2563 53846 8437 6726

H: Australia &

New Zealand

2651 500 6816 1041 763

I: Africa 1666 1072 39200 917 705

J: LAIA 3685 844 24378 1433 1083

F G H I J

A: OPEC 23211 31861 1348 5823 1350

B: Former USSR 1189 3114 62 1515 305

C: EEC 95908 28486 10149 42727 16942

D: EFTA 15310 5954 2078 3203 3008

E: Canada 95217 7038 909 903 1675

F: USA 0 46130 9406 6068 41969

G: Japan 90893 0 8106 3835 5354

H: Australia &

New Zealand

5483 11877 0 600 610

I: Africa 12278 1444 60 0 458

J: LAIA 36211 6782 607 1605 0

OPEC, Organization of Petroleum Exporting Countries; EEC, European Economic Community;

EFTA, European Free Trade Association; LAIA, Latin American Integration Association.
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dissimilarity data matrix O with diagonal elements all being zero, and its

decomposition as (3.3). We assume that a set P ¼ {piji ¼ 1; 2; . . . ; n} of the

location coordinates of n objects and a set, V ¼ {vviji ¼ 1; 2; . . . ; n} of the

vectors at P have been derived from S and A, respectively, according to the vector

model.

FIGURE 3.13 Two-dimensional representation of the world trade data

FIGURE 3.14 Three-dimensional representation of the world trade data

90 Chapter 3

Copyright 2005 by Marcel Dekker. All Rights Reserved.



3.5.1. Scalar Potential

Let us consider a vector field U in terms of P with scalar potential h,

U( pi) ¼ grad h( pi) (3:153)

We present a model to account for vvi in the vector field such that

vvi ¼ �U( pi)þ ei (3:154)

¼ �grad h( pi)þ ei (3:155)

where ei is a noise vector.

Given P and V, we aim to determine the scalar potential h. For this pur-

pose, we propose a method of estimation so that the values of h for lattice

points are determined to satisfy a kind of smoothness.

We begin with an assumption, for simplicity, that the vectors vvi and pi

are two-dimensional. Let D1 and D2 denote the difference operators, such that

D1z(x; y) ¼ z(xþ c; y)� z(x; y) and

D2z(x; y) ¼ z(x; yþ c)� z(x; y)
(3:156)

which are defined on a bounded lattice L with unit interval c. On the same

lattice L, we define the operator D as

Dz(x; y) ¼ ð1
2

{D1z(x; y)þ D1z(x; yþ c)}; 1
2

{D2z(x; y)þ D2z(xþ c; y)}Þ

(3:157)

and also operator Yz(x, y) as

Yz(x; y) ¼ (D2
1z(x; y);D2

2z(x; y)) (3:158)

We approximate grad h by Dh(x, y)/c. First, we define

di(x; y) ¼
1; if pi [ ½x; xþ c)� ½y; yþ c)

0; otherwise

�
(3:159)

Then we have

grad h( pi) �
X

(x;y)[L

di(x; y)
1

c
Dh(x; y) (3:160)
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From (3.155), we estimate h(x, y) for every lattice point (x, y) [ L by mini-

mizing

Q ¼
Xn

i

X

(x;y)[L

di(x; y) vvi þ
1

c
Dh(x; y)

����
����

2

þ
u2

c2

X

(x;y)[L

kYh(x; y)k2

(3:161)

where u is a parameter to control how smooth the function h should be in the

sense that neighboring differences are nearly equal to each other.

It is allowed to consider that Q is distributed as

1ffiffiffiffiffiffi
2p
p exp �

1

2s2
Q

� �
/

Y

(x;y)[L
di(x;y)¼1

1ffiffiffiffiffiffi
2p
p exp �

1

2s2
vvi þ

1

c
Dh(x; y)

����
����

2
 !

� K exp �
1

2s2

u2

c2

X

(x;y)[L

kYh(x; y)k2

 !

(3:162)

with some constant K. We regard the noise vectors feig as random vectors,

which should satisfy

E(ei) ¼ 0 and E(eie
0
j) ¼ s2I (I: identity matrix) (3:163)

The first term in the right-hand side of (3.162) is regarded as the joint density

of vvi when the parameters h(x, y) are given. The second term is interpreted as

the prior distribution of the same parameters. In this Bayesian point of view

(Akaike, 1980), minimizing Q in (3.161) is equivalent to maximizing the pos-

terior likelihood of the parameters. The parameter u is often called hyperpara-

meter, because it determines the prior distribution.

Without loss of generality, we assume that c ¼ 1 and that

pi [ ½0;mx � 1)� ½0;my � 1) ði ¼ 1; 2; . . . ; n; mx;my . 3Þ (3:164)

For the lattice L ¼ {( j; k)j j ¼ 0; 1; . . . ;mx � 1; k ¼ 0; 1; . . . ;my � 1}, we

write the column vector u of parameters as

u ¼ (ujmxþk) ¼ (h( j; k)) ð0 � j , mx; 0 � k , myÞ (3:165)

and set the following natural boundary conditions:

D2
1h( j; k) ¼ 0; if j � 0 or j � mx � 1

D2
2h( j; k) ¼ 0; if k � 0 or k � my � 1

(3:166)
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Differentiating Q with respect to u and setting the derivative to zero, we have a

system of linear equations such that

(H1 þ u2H2)u ¼ j (3:167)

Here

j ¼ (jjmxþk); 0 � j , mx; 0 � k , my (3:168)

jjmxþk ¼
X

i

a(1)
i {di( j; k)�di( j�1; k)�di( j�1; k �1)þ di( j; k �1)}

þ
X

i

a(2)
i {di( j; k)� di( j; k � 1)

� di( j� 1; k � 1)þ di( j� 1; k)} (3:169)

Matrices H1 and H2 are defined as follows. First, we write

hjk ¼

P
i di( j; k); if j [ ½0;mx) and k [ ½0;my)

0; otherwise

�
(3:170)

Provide the following mx � my matrices Bj0, Bj1, Bj2, C0, C1, C2:

Bj0 ¼ diag(hjk þ h( j�1)k þ hj(k�1) þ h( j�1)(k�1)) (3:171)

Bj1 ¼

0 O
h( j�1)0 0

. .
. . .

.

O h( j�1)(my�2) 0

0

BBBBB@

1

CCCCCA
(3:172)

Bj2 ¼

0 hj0 O
. .

. . .
.

0 hj(my�2)

O 0

0

BBBBB@

1

CCCCCA
(3:173)

C0 ¼

2 �2 1 O
�1 4 �3 1

1 �3 5 �3 1

. .
. . .

. . .
. . .

. . .
.

1 �3 5 �3 1

1 �3 4 �1

O 1 �2 2

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

; (3:174)

C1 ¼ C0 þ 2I; C2 ¼ C0 þ 3I (3:175)
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Next, we define mxmy � mxmy matrices:

H1 ¼

B00 �B02 O

�B11 B10 �B12

. .
. . .

. . .
.

�B(mx�2)1 B(mx�2)0 �B(mx�2)2

O �B(mx�1)1 B(mx�1)0

0

BBBBBBBBBB@

1

CCCCCCCCCCA

(3:176)

H2 ¼

C0 �2I I O

�I C1 �3I I

I �3I C2 �3I I

. .
. . .

. . .
. . .

. . .
.

I �3I C2 �3I I

I �3I C1 �I

O I �2I C0

0

BBBBBBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCCCCCA

(3:177)

Note that the rank of the coefficient matrix in (3.167) is mxmy 2 1. We impose

the following condition to (3.167) in order to fix the average level of h(x, y),

(1 1 � � � 1)u ¼ 0 (3:178)

Given a value for the hyperparameter u, we can solve the system of

linear equations, (3.167) and (3.178), under condition (3.166). Following

Akaike (1980), we compute a set of estimates for the scalar potential h for sev-

eral values of u and then select the one to minimize the Akaike’s Bayesian

Information Criterion (ABIC)

ABIC ¼ �2 log

ð
1ffiffiffiffiffiffi
2p
p exp �

1

2s2
Q

� �
du (3:179)
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3.5.2. Numerical Example

Given an asymmetric dissimilarity matrix O, we performed decomposition

(3.3), which is shown below.

O ¼ Sþ T ¼

0 1 2 1
ffiffiffi
2
p ffiffiffi

5
p

2
ffiffiffi
5
p ffiffiffi

2
p

1 0 1
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2
p

1
ffiffiffi
2
p ffiffiffi

5
p

2
ffiffiffi
5
p

2 1 0
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5
p ffiffiffi

2
p

1 2
ffiffiffi
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1
ffiffiffi
2
p ffiffiffi
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p

0 1 2 1
ffiffiffi
2
p ffiffiffi

5
p

ffiffiffi
2
p

1
ffiffiffi
2
p

1 0 1
ffiffiffi
2
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1
ffiffiffi
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ffiffiffi
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p ffiffiffi
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p

1 2 1 0
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5
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p ffiffiffi
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p

0 1 2ffiffiffi
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1
ffiffiffi
2
p

1 0 1

2
ffiffiffi
2
p ffiffiffi

5
p

2
ffiffiffi
5
p ffiffiffi

2
p

1 2 1 0

0

BBBBBBBBBBBBBBBB@

1

CCCCCCCCCCCCCCCCA

FIGURE 3.15 Two-dimensional configuration of the nine objects
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þ
1

10

0 1 1 1 1 1 1 1 1

�1 0 1 1 1 1 1 1 1

�1 �1 0 1 1 1 1 1 1

�1 �1 �1 0 1 1 1 1 1

�1 �1 �1 �1 0 1 1 1 1

�1 �1 �1 �1 �1 0 1 1 1

�1 �1 �1 �1 �1 �1 0 1 1

�1 �1 �1 �1 �1 �1 �1 0 1

�1 �1 �1 �1 �1 �1 �1 �1 0

0

BBBBBBBBBBBB@

1

CCCCCCCCCCCCA

(3:180)

FIGURE 3.16 Scalar potential of the configuration

FIGURE 3.17 Contour map of the scalar potential
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TABLE 3.10 Morse Code Confusion Data Collected by Rothkopf (1957) (Part 1)

A B C D E F G H I J K L M

A 92 4 6 13 3 14 10 13 46 5 22 3 25

B 5 84 37 31 5 28 17 21 5 19 34 40 6

C 4 38 87 17 4 29 13 7 11 19 24 35 14

D 8 62 17 88 7 23 40 36 9 13 81 56 8

E 6 13 14 6 97 2 4 4 17 1 5 6 4

F 4 51 33 19 2 90 10 29 5 33 16 50 7

G 9 18 27 38 1 14 90 6 5 22 33 16 14

H 3 45 23 25 9 32 8 87 10 10 9 29 5

I 64 7 7 13 10 8 6 12 93 3 5 16 13

J 7 9 38 9 2 24 18 5 4 85 22 31 8

K 5 24 38 73 1 17 25 11 5 27 91 33 10

L 2 69 43 45 10 24 12 26 9 30 27 86 6

M 24 12 5 14 7 17 29 8 8 11 23 8 96

N 31 4 13 30 8 12 10 16 13 3 16 8 59

O 7 7 20 6 5 9 76 7 2 39 26 10 4

P 5 22 33 12 5 36 22 12 3 78 14 46 5

Q 8 20 38 11 4 15 10 5 2 27 23 26 7

R 13 14 16 23 5 34 26 15 7 12 21 37 14

S 17 24 5 30 11 26 5 59 16 3 13 10 5

T 13 10 1 5 46 3 6 6 14 6 14 7 6

U 14 29 12 32 4 32 11 34 21 7 44 32 11

V 5 17 24 16 9 29 6 39 5 11 26 43 4

W 9 21 30 22 9 36 25 15 4 25 29 18 15

X 7 64 45 19 3 28 11 6 1 35 50 42 10

Y 9 23 62 15 4 26 22 9 1 30 12 14 5

Z 3 46 45 18 2 22 17 10 7 23 21 51 11

1 2 5 10 3 3 5 13 4 2 29 5 14 9

2 7 14 22 5 4 20 13 3 25 26 9 14 2

3 3 8 21 5 4 32 6 12 2 23 6 13 5

4 6 19 19 12 6 25 14 16 7 21 13 19 3

5 8 45 15 14 2 45 4 67 7 14 4 41 2

6 7 80 30 17 4 23 4 14 2 11 11 27 6

7 6 33 22 14 5 25 6 4 6 24 13 32 7

8 3 23 40 6 3 15 15 6 2 33 10 14 3

9 3 14 23 3 1 6 14 5 2 30 6 7 16

0 9 3 11 2 5 7 14 4 5 30 8 3 2
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TABLE 3.11 Morse Code Confusion Data Collected by Rothkopf (1957) (Part 2)

N O P Q R S T U V W X Y Z

A 34 6 6 9 35 23 6 37 13 17 12 7 3

B 10 12 22 25 16 18 2 18 34 8 84 30 42

C 3 9 51 34 24 14 6 6 11 14 32 82 38

D 7 9 27 9 45 29 6 17 20 27 40 15 33

E 4 5 1 5 10 7 67 3 3 2 5 6 5

F 6 10 42 12 35 14 2 21 27 25 19 27 13

G 13 82 52 23 21 5 3 15 14 32 21 23 39

H 8 8 14 8 17 37 4 36 59 9 33 14 11

I 30 7 3 5 19 35 16 10 5 8 2 5 7

J 3 21 63 47 11 2 7 9 9 9 22 32 28

K 12 31 14 31 22 2 2 23 17 33 63 16 18

L 2 9 37 36 28 12 5 16 19 20 31 25 59

M 62 11 10 15 20 7 9 13 4 21 9 18 8

N 93 5 9 5 28 12 10 16 4 12 4 6 11

O 8 86 37 35 10 3 4 11 14 25 35 27 27

P 6 21 83 43 23 9 4 12 19 19 19 41 30

Q 6 22 51 91 11 2 3 6 14 12 37 50 63

R 12 12 29 8 87 16 2 23 23 62 14 12 13

S 17 6 6 3 18 96 9 56 24 12 10 6 7

T 5 6 11 4 4 7 96 8 5 4 2 2 6

U 13 6 20 12 40 51 6 93 57 34 17 9 11

V 1 9 17 10 17 11 6 32 92 17 57 35 10

W 6 26 20 25 61 12 4 19 20 86 22 25 22

X 8 24 32 61 10 12 3 12 17 21 91 48 26

Y 6 14 30 52 5 7 4 6 13 21 44 86 23

Z 2 15 59 72 14 4 3 9 11 12 36 42 87

1 7 14 30 28 9 4 2 3 12 14 17 19 22

2 3 17 37 28 6 5 3 6 10 11 17 30 13

3 2 5 37 19 9 7 6 4 16 6 22 25 12

4 3 2 17 29 11 9 3 17 55 8 37 24 3

5 0 4 13 7 9 27 2 14 45 7 45 10 10

6 2 7 16 30 11 14 3 12 30 9 58 38 39

7 6 7 36 39 12 6 2 3 13 9 30 30 50

8 6 14 12 45 2 6 4 6 7 5 24 35 50

9 11 10 31 32 5 6 7 6 3 8 11 21 24

0 3 25 21 29 2 3 4 5 3 2 12 15 20
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TABLE 3.12 Morse Code Confusion Data Collected by Rothkopf (1957) (Part 3)

1 2 3 4 5 6 7 8 9 0

A 2 7 5 5 8 6 5 6 2 3

B 12 17 14 40 32 74 43 17 4 4

C 13 15 31 14 10 30 28 24 18 12

D 3 9 6 11 9 19 8 10 5 6

E 4 3 5 3 5 2 4 2 3 3

F 8 16 47 25 26 24 21 5 5 5

G 15 14 5 10 4 10 17 23 20 11

H 3 9 15 43 70 35 17 4 3 3

I 2 5 8 9 6 8 5 2 4 5

J 67 66 33 15 7 11 28 29 26 23

K 5 9 17 8 8 18 14 13 5 6

L 12 13 17 15 26 29 36 16 7 3

M 5 7 6 6 5 7 11 7 10 4

N 5 2 3 4 4 6 2 2 10 2

O 19 17 7 7 6 18 14 11 20 12

P 34 44 24 11 15 17 24 23 25 13

Q 34 32 17 12 9 27 40 58 37 24

R 7 10 13 4 7 12 7 9 1 2

S 8 2 2 15 28 9 5 5 5 2

T 5 5 3 3 3 8 7 6 14 6

U 6 6 16 34 10 9 9 7 4 3

V 10 14 28 79 44 36 25 10 1 5

W 10 22 19 16 5 9 11 6 3 7

X 12 20 24 27 16 57 29 16 17 6

Y 26 44 40 15 11 26 22 33 23 16

Z 16 21 27 9 10 25 66 47 15 15

1 84 63 13 8 10 8 19 32 57 55

2 62 89 54 20 5 14 20 21 16 11

3 18 64 86 31 23 41 16 17 8 10

4 5 26 44 89 42 44 32 10 3 3

5 14 10 30 69 90 42 24 10 6 5

6 15 14 26 24 27 86 69 14 5 14

7 22 29 18 15 12 61 85 70 20 13

8 42 29 16 16 9 30 60 89 61 26

9 57 39 9 12 4 11 42 56 91 78

0 50 26 9 11 5 22 17 52 81 94
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This pattern of the skew-symmetric part stands for a typical case of the jet-

stream model in Gower (1977).

Applying our method described in the former section, we obtained a

two-dimensional configuration (Fig. 3.15), where we used a procedure of

MDS (Torgerson, 1952) for analyzing the symmetric part of the data. Dots

and arrows represent the locations of the objects and their asymmetric vectors,

respectively. Figures 3.16 and 3.17, respectively, give the estimated scalar

potential of the vector field and its contour map.

Figures 3.16 and 3.17 show a linear tendency of asymmetry from the

upper right to the lower left. It is emphasized that we have no prior infor-

mation about the existence of the “linear drift of wind,” unlike Gower (1977).

3.5.3. Application

We applied the method to the confusion data collected by Rothkopf (1957).

The original data represent the confusion rates among the 36 Morse codes

FIGURE 3.18 Two-dimensional configuration of the confusion data

100 Chapter 3

Copyright 2005 by Marcel Dekker. All Rights Reserved.



FIGURE 3.19 Scalar potential of the configuration

FIGURE 3.20 Contour map of the scalar potential
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(A to Z and 0 to 9) and have been analyzed by a number of researchers (e.g.,

Gower, 1977; Krumhansl, 1978; Saito and Takeda, 1990). For purposes of

illustration, we used a portion of the data for the 26 alphabetic codes (A to

Z), as shown in Tables 3.10 and 3.11.

After using Torgerson’s procedure of MDS, we performed an analysis

on the data and summarized the results in the three figures. Figure 3.18

shows the coordinates of the objects and the associated asymmetric vectors

in a two-dimensional space. Figures 3.19 and 3.20 show the estimated scalar

potential and the corresponding contour map, respectively.

Let us focus on the derived asymmetric structure. In view of the vector

model, one may notice in Fig. 3.18 that there is a larger frequency of confusion

from “M” to “W” than that from “W” to “M” without referring to the tables. In

Figs. 3.19 and 3.20, we find the trend of asymmetry from the lower left side to

the right side. Thus it is revealed that there is a stronger tendency of confusion

from short codes (such as “A: ._,” “N: _,” and “M: _”) to long codes (such as,

“B: _... ,” “H: ...” and “L: ._..”) than the confusion in the opposite direction.
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4

Multidimensional Scaling of
Asymmetric Data

4.1. OVERVIEW AND PRELIMINARIES

4.1.1. Asymmetry in the Subjects of
Multidimensional Scaling

Multidimensional scaling (MDS) is a method of deriving a configuration of

stimuli in a multidimensional space from a set of data, each entry of which rep-

resents a proximity measure between a pair of stimuli. Such a measure will

include a variety of terms, as stated below. Many methods of symmetric

MDS have been developed in terms of distance models or scalar product

models, according to which proximity measure is assumed to be linearly or

monotonically related to geometric distance (metric) or scalar product. As stated

below at length, we are often faced with cases in which observed proximity may

violate symmetry, one of the basic properties of distance or scalar product.

There are several approaches in MDS to cope with asymmetry. In the

simplest way, we might ignore the asymmetry and fit a symmetric model to

the lower triangular part and the upper triangular part of the data matrix sep-

arately. In the second treatment, the asymmetry is taken into account at data

collection or at the preliminary analysis of the data and thereafter ignored.
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For example in a psychological experiment, when spatial or temporal position

of particular objects in the pair at (dis)similarity judgment is considered a

source of bias to be eliminated, one will counterbalance the position by

using an appropriate experimental design. Further, if one thinks in a prelimi-

nary analysis that the asymmetry occurs because of statistical fluctuation, one

will construct a symmetric matrix from the original data matrix by averaging

its ( j, k) and (k, j) entries. Then one may apply symmetric MDS to the sym-

metrized data. However, when the asymmetry is prominent, these approaches

may eliminate a significant asymmetric effect.

In the third approach, one will consider that such an effect may embody

some important information of a systematic nature in particular situations,

then the asymmetry is of interest in its own right. Among those, we set

aside in this chapter the situation of PC judgment, which is assumed to be

made on a unidimensional latent axis. Focusing on the asymmetry dealt

with in MDS, we will distinguish, for descriptive purposes, two major types

of data collection. In type (a), asymmetry is observed in cases of psychological

judgments of proximity (similarity or dissimilarity, confusion, association,

and so on). The judgments or any psychological tasks are assumed to be

made with respect to more than one latent attribute of stimuli. In type (b),

asymmetric proximity data are collected in a wide range of social phenomena

at aggregated levels (social mobility, migration rates, brand switching and loy-

alty, pecking, journal citation, communication flows, and so on). The proxi-

mity is regarded as a composite measure in terms of more than one factor

in connection with a particular phenomenon. Then, common to both types,

it becomes a principal goal for data analysis to represent objects (or stimuli)

in a latent space of multidimensionality.

Let us now consider such cases for which the data matrix is provided

with a characteristic that row and column elements have different meanings

or play different roles. For type (a), a typical example is confusion of one

stimulus for another. This sort of data is collected in a stimulus identification

experiment in which rows are associated with stimuli and columns with

responses. For type (b), it is noted that almost all sorts of data matrices

have the characteristic. Regarding social mobility data, the row element cor-

responds to father’s occupation and column to son’s occupation. In a flow

matrix of foreign students by country of origin, the rows are associated with

the host countries and columns with the countries of origin. Regarding the

pecking frequency data, the individual specified by row pecks the individual

specified by column.

Because psychology has been a traditional domain of MDS, for type

(a) it has also been the subject of great interest for researchers to investigate
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the complex aspects of (dis)similarity judgment. It has been pointed out that

similarity depends on attention shift (Shepard, 1964), context and frame of

reference (Torgerson, 1965; Sjöberg, 1972). Micko (1970) proposed a kind

of content model, which was called the halo-model. According to the

model, a stimulus of concept is represented by a vector and its halo which

takes the form of a multidimensional hypersphere. Gregson (1975) investi-

gated the complexity of similarity by a set-theoretic approach and Rosch

(1975) pointed out asymmetry in connection with cognitive tasks. Tversky

(1977) examined and demonstrated the context effect in similarity judgment

and questioned the metric and dimensional assumptions underlying the geo-

metric representation of similarity data on both theoretical and empirical

grounds. He proposed the feature-matching model based on a set-theoretic

approach to similarity.

Krumhansl (1978) suggested that the distance model revised with an

assumption might be compatible with those effects and some of the objections

to the distance models raised by Tversky (1977). The assumption is that (dis)-

similarity is a function of both interpoint distance and spatial density of other

points in the surrounding region of the configuration. Then the assumption was

incorporated into the distance-density model.

4.1.2. A Brief History

The studies mentioned above have brought about development of a diversity

of scaling models and associated methods and procedures in MDS with asym-

metry. Here we attempt to sketch the history briefly from our point of view.

First, we find that some models and procedures have been suggested

with generalizations of distance models in a variety of ways. Regarding the

method of nonmetric MDS developed mainly for analysis of symmetric proxi-

mities, Kruskal (1964) stated a treatment of asymmetric data. Young (1975)

suggested a kind of weighted Euclidean distance model called ASYMSCAL,

which accounted for asymmetry in dissimilarity by using weights to the

related dimensions. On the other hand, analysis based on generalization of dis-

tance models has been proposed. Weeks and Bentler (1982) developed a scal-

ing model in terms of a modified distance with a skew-symmetric form, while

Okada and Imaizumi (1987) showed one in terms of distance with the same

form for asymmetry. Imaizumi (1987) suggested another extension of distance

model. Saito and Takeda (1990) proposed a scaling procedure based on a

mixed model that may be viewed as a version of the distance-density

model, and Saito (1991) developed procedures based on a model in terms of
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distance with additive terms. In a spetial context from those methods, Sato

(1988) proposed an analysis of asymmetry in Minkowski space.

Secondly, let us consider development of models and procedures

on extensions of scalar product models. Chino (1978) proposed another

ASYMSCAL, in terms of vector representation of stimuli using two kinds

of vector products. Chino (1990) extended it to a more general model,

GIPSCAL, in dimensions higher than three. Kiers and Takane (1994) pro-

posed a generalized GIPSCAL. As a different extension of vector models,

Zielman and Heiser (1993) proposed analysis of asymmetry by slide-vector

model, which might be viewed as a kind of generalization of distance models.

In a different generalization of scalar product models, Harshman (1978)

presented a model called DEDICOM, which decomposes an asymmetric data

matrix into the products of a weight matrix (rectangular) and asymmetric

matrix of relations. For details, refer to Harshman et al. (1982). From this

model (single domain DEDICOM), several models and associated algorithms

have been developed (e.g., Harshman and Kiers, 1987; Kiers, 1989; Kiers

et al., 1990). In the context of a vector space, Chino and Shiraiwa (1993) pre-

sented a comprehensive comparison of some models that may be regarded as a

generalized family of scalar product models.

Thirdly, let us turn to unfolding-type models and procedures. Coombs

(1964) proposed the unfolding model originally for analysis of preferences.

Given a rectangular matrix S ¼ (sij) of two-mode data (i and j belong to differ-

ent sets) in which observed sij should be proportional to unknown distance dij,

unfolding-type procedures provide row and column stimuli with a set of scale

values, such as subject points and ideal points of objects. Setting aside the

backgrounds of the model presentation and thinking of asymmetric data of

type (b), one might perform data analysis using the unfolding model. Gower

(1977) and Constantine and Gower (1978), for one-mode two-way data,

suggested applying unfolding procedures to analysis of a square asymmetric

matrix, so that row and column elements of the matrix are jointly represented

in a space. It may be of interest to note that the slide-vector model is regarded a

special case of the unfolding model as pointed out by Zielman and Heiser

(1993).

Fourthly, we note that models incorporating asymmetric elements or

asymmetric scaling procedures have been proposed in view of the complex

aspects of similarity as mentioned above. DeSarbo et al. (1992) developed a

procedure of TSCALE on the basis of the contrast model proposed by Tversky

(1977). Other types of model and procedure were developed in connection with

the distance-density model (Krumhansl, 1978), such as those by Saito and

Takeda (1990), DeSarbo et al. (1990), and DeSarbo and Manrai (1992).
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Finally, we consider the scale levels of data to which models and pro-

cedures are applied. Almost all procedures are formulated in metric

approaches, that is, those which are concerned with the data measured on

an interval or ratio scale level. To the authors’ knowledge, Kruskal (1964)

suggested a nonmetric treatment of asymmetric data for the first time. It

leads to constructing asymmetric disparities that correspond to asymmetric

dissimilarities and fitting the disparities to (symmetric) distances. Holman

(1979) proposed a series of models for asymmetric proximities, each of

which represents asymetric proximity as a monotone combination of a sym-

metric function and a bias function. For data analysis, he suggested a non-

metric procedure by using his algorithm for nonmetric MDS. Okada and

Imaizumi (1987) suggested a nonmetric procedure based on their asymmetric

model mentioned above.

Let us remark on studies of asymmetry in connection with square

contingency tables. In dealing with those tables, the focus of attention is

generally on analyzing subjects, such as main effect, independence, quasi-

independence, rather than on analyzing subjects, such as quasi-asymmetry

and association, related to asymmetry. For this reason, we will provide a

very brief description on those studies in comparison with similarity and

bias models.

4.1.3. Preliminaries

Metric Axioms

We consider a set of n objects, K ¼ {1; 2, . . . ; j, . . . ; n}. A real-valued func-

tion djk defined for ordered pairs ( j, k) is a metric if it satisfies the following

axioms.

A1. Minimality. For all ordered pairs ( j, k), it holds that

djk � djj ¼ 0 (4:1)

A2. Symmetry. For all ordered pairs ( j, k), the following equality

holds,

djk ¼ dkj (4:2)

A3. Triangular Inequality. For all ordered triples (i, j, k), the follow-

ing inequality holds,

dij þ djk � dik (4:3)
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Measurement Level

We would like to state the subject of asymmetry in MDS in connection with

the measurement level of proximity. Many terms for proximity are related

either to similarity or dissimilarity. The similarity cjk or dissimilarity vjk is a

real valued function defined for an ordered pair ( j, k). Usually vjk � 0, and

self-dissimilarity vjj is sometimes measured to be zero. Usually cjk � 0,

and cjk is often measured so that the self-similarity cjj is maximum.

For a moment we take up the case of dissimilarity measure only.

Suppose that we are given a set of measures of dissimilarity (distance-like),

which we denote by an n � n matrix V ¼ (vjk) with vjk � 0. We aim to obtain

a configuration of objects in a multidimensional space from V.

Referring to Cox and Cox (1994), we consider four levels for vjk, relax-

ing the metric requirement:

L1: vjk is a metric.

L2: vjk is symmetric and real-valued.

L3: vjk is real valued.

L4: vjk is completely or partially ordered.

At level L1, the purpose is exactly the problem of metric MDS, although

Euclidean distance is not necessarily assumed for the metric. At level L2, the

purpose is still handled by the approach of metric MDS. At level L3 for which

the symmetry axiom is violated, the purpose becomes the principal subject of

the present chapter. At level L4, losing the measurement (observation) of vjk

on the ratio/interval scale leads to the so-called nommetric approach in MDS.

We will mention this point briefly because the study of this has not been devel-

oped so much to date.

Decomposition of Fitting a Model to Asymmetric
Data

As stated in Sec. 3.1, the decomposition of an asymmetric data matrix by (3.3)

leads to another decomposition of the matrix in terms of squared entries. These

two kinds of decomposition serve to examine properties of models involved in

asymmetric MDS. Consider a model representation mij for asymmetry. It is

decomposed as mij ¼ gij þ tij, where gij is symmetric and tij is skew-sym-

metric. Let M ¼ (mij), G ¼ (gij), T ¼ (tij). Then, following a way similar to

deriving (3.4) and (3.5), we see that

tr((S� G)(A� T)) ¼
Xn

i¼1

Xn

j¼1

(sij � gij)(aij � tij) ¼ 0 (4:4)
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Thus we obtain

Xn

i¼1

Xn

j¼1

(oij � mij)
2 ¼

Xn

i¼1

Xn

j¼1

(sij � gij)
2 þ

Xn

i¼1

Xn

j¼1

(aij � tij)
2 (4:5)

which is alternatively expressed as

kO�Mk2 ¼ kS� Gk2 þ kA� Tk2 (4:6)

This expression shows that a least squares problem for fitting the matrix M to

the data O is separately treated as two problems of the least squares problem

for fitting, one for the symmetric part and the other for the skew-symmetric

part (Bove and Critchley, 1993).

4.2. GENERALIZATION OF SCALAR PRODUCT
MODELS

In this section we are concerned with similarity matrix C ¼ (cjk) and its

observation O ¼ (ojk). We use C for model representation, and O for model

estimation.

4.2.1. DEDICOM

The Model

Harshman (1978) proposed the DEDICOM (DEcomposition into DIrectional

COMponents) model. The error-free model is represented as

C ¼ XRX0 (4:7)

Here C ¼ (cjk) is an n � n asymmetric matrix of a similarity measure. For

example, greater cjk indicates a closer relation between a pair of objects j and

k. X ¼ (xjt) denotes an n � p matrix of weights for n objects on p latent dimen-

sions (or components), R ¼ (rts) a p � p asymmetric matrix representing direc-

tional relations among the dimensions. The model is written elementwise as

cjk ¼
Xp

s¼1

Xp

t¼1

xjtxksrts (4:8)

The dimensions may be regarded as aspects to which objects are related, and

then X indicates the weights of aspects for the objects. In what follows, we

use the terms aspect, dimension, or component depending on the context.

Given a data matrix O, which is an observation matrix of C, one aims to
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estimate X and R by specifying p through DEDICOM. The dimensionality p

may be provided on the basis of some external criterion.

Indeterminacy

The model has a rotational indeterminacy for a given p as follows. Define a

p � p nonsingular matrix T. Let X� ¼ XT and R� ¼ T21RT021. Then

XRX0 ¼ X�R�X
0
� (4:9)

To deal with the indeterminacy, we have a choice of normalizing either R or X.

When R is normalized, one can, across the columns of X, examine the relative

values of the weights that an object loads on different dimensions. When X is

normalized, we may impose either of the following conditions:

Xn

j¼1

xjt ¼ 1 ðt ¼ 1; 2, . . . ; pÞ (4:10)

Xn

j¼1

x2
jt ¼ 1 ðt ¼ 1; 2, . . . ; pÞ (4:11)

X0X ¼ Ip (4:12)

Those conditions would be imposed before otherwise after obtaining the solu-

tion in connection with estimation algorithms.

Imposing (4.10) may be useful when xjt are all positive. Summing (4.8)

over all ( j, k) yields

Xn

j¼1

Xn

k¼1

cjk ¼
Xp

s¼1

Xp

t¼1

rts

Xn

j¼1

xjt

 !
Xn

k¼1

xks

 !
¼
Xp

s¼1

Xp

t¼1

rts (4:13)

Thus R is regarded as a compressed version of C. To find the influence

between aspects, we manipulate

Xn

j¼1

Xn

k¼1

xjtxksrts ¼ rts

Xn

j¼1

xjt

 !
Xn

k¼1

xks

 !
¼ rts (4:14)

Then each rts indicates the sum of influence from aspect t to aspect s. When

(4.12) is imposed, the problem to estimate X and R is conveniently dealt

with using an alternating squares algorithm as stated below. Under (4.12), it

follows from (4.7) that

trðCÞ ¼ trðRÞ, that is,
Xn

j¼1

cjj ¼
Xp

t¼1

rtt (4:15)
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Transformation of the Model

Applying decomposition (3.3) to R yields R ¼ Rsþ Ra, where Rs is sym-

metric and Ra is skew-symmetric. Then we have

XRX0 ¼ XRsX
0 þ XRaX0 (4:16)

so that the model consists of an oblique factor model and a skew-symmetric

model. The singular value decomposition of Ra in the form of (3.19) is

represented as

Ra ¼ UMU0 (4:17)

where diagonal entries of M are singular values of Ra and the last entry is zero

when p is odd. In view of the model specification, p is much smaller than n,

hence it is natural to assume only one singular value of zero. Let q ¼ [p/2].

We can use the orthogonal matrix U as a rotation matrix. Let X� ¼ XU and

Rs� ¼ U0RsU. Substituting (4.17) into (4.16) gives the following result:

C ¼ XUU0RsUU0X0 þ XUMU0X0

¼ X�Rs�X
0
� þ X�MX0�

(4:18)

In a way similar to the case of SSA, we can make q plots of objects in two dimen-

sions, using each sequential pair of columns in X, (x�1, x�2), (x�3, x�4), and so on,

which correspond to each singular value mt. One would examine the part of an

oblique factor model by referring to the two-dimensional configurations. When

p is odd, the last vector x�p contributes only to account for the symmetric part.

If we put strong conditions for structures of Rs or Ra, the DEDICOM

model becomes GIPSCAL or generalized GIPSCAL, as described later.

Under a condition that Rs is positive definite, Kiers and Takane (1994)

suggested that (4.18) becomes a simpler representation. To show that, we

write Rs ¼ TT0 under the condition where T is nonsingular. Then it follows

from (4.16) that

C ¼ XTT0X þ XT � T�1Ra(T�1)0 � T0X0 (4:19)

Consider SVD of the skew-symmetric matrix such that

T�1Ra(T�1)0 ¼ VMV0 (4:20)

where V is orthogonal. Define Y ¼ XTV. Rewriting (4.19) yields

C ¼ YY 0 þ YMY0 (4:21)

This reduced form is called the generalized GIPSCAL.
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Estimation Procedures

For estimation of parameters, we set the error model of DEDICOM as

O ¼ XRX0 þ E (4:22)

where E ¼ (ejk) is a residual matrix. Following estimation procedures by

Harshman (1978), several procedures were proposed. Harshman and Kiers

(1987) provided a comparative study of them. Under constraint (4.12) with

a specified p, we consider a least squares criterion to fit the model such as

f(X;R) ¼ tr(E0E) ¼ kO� XRX0k2 (4:23)

For a fixed X, the minimum of f is attained by setting R ¼ X0OX. For a fixed

R, minimizing f over X leads to maximizing

f (XjR) ¼ tr(X0OXX0O0X) (4:24)

Using this framework, advanced procedures to fit the DEDICOM model have

been developed by Kiers (1989) and Kiers et al. (1990).

Given estimates X̂X and R̂R, we apply decompositions (4.6) and (4.16) for

(4.23). Noting (4.4), we derive

tr(E0E) ¼ kSþ A� X̂X(R̂Rs þ R̂Ra)X̂X0k2

¼ kS� X̂XR̂RsX̂X
0k2 þ kA� X̂X0R̂RaX̂X0k2

(4:25)

Then we can examine the badness of fit separately for the symmetric and

skew-symmetric parts. Given R̂R, one can examine asymmetric relations

among objects anyway, although its spatial representation is not provided

by the original DEDICOM.

Extension of the Model

As mentioned in the overview section, we may consider some sorts of asym-

metric matrices, for which row elements and column elements have different

meanings or play different roles. In view of such a matrix, an extended model

in which the row space is allowed to be different from the column space was

proposed in such a way as

C ¼ XRY 0 (4:26)

(Harshman et al., 1982). This model is called dual domain DEDICOM, in

contrast to which the primary model (4.7) is called single domain DEDICOM.

Other extensions of the primary model have also been suggested (Harshman

et al., 1982).
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4.2.2. GIPSCAL

Chino (1978) proposed a model under the name of ASYMSCAL, indepen-

dently of DEDICOM, to account for asymmetric data of similarity, giving

two or three dimensions for analysis. The model is regarded as a variant of

the DEDICOM model, replacing R in (4.7) by matrices of a very special struc-

ture such that R ¼ aIpþ bA�, where Ip is an identity matrix of order p, and A�

is given by A2 for p ¼ 2 and by A3 for p ¼ 3:

A2 ¼
0 1

�1 0

� �
and A3 ¼

0 1 �1

�1 0 1

1 �1 0

0

@

1

A (4:27)

Write the jth row of X as x0j. Chino developed an algorithm for fitting the

model for off-diagonal entries of data. Then ASYMSCAL is expressed by

cjk ¼ ax0jxk þ bx0jA�xk þ g ð j = kÞ (4:28)

In the right-hand side, the first term indicates an inner product and the second

term an outer product, which correspond to the symmetric and skew-sym-

metric parts of O, respectively.

Representation and Estimation

For a general case of p, Chino (1980) and Gower (1984) suggested a skew-

symmetric matrix A for A� in (4.28) such that

A ¼ (ajk), where ajk ¼ �akj (4:29)

ajk ¼ (�1) jþk�1, for j , k (4:30)

For example, when p ¼ 5, A takes the following pattern of a cyclic matrix:

A ¼

0 1 �1 1 �1

�1 0 1 �1 1

1 �1 0 1 �1

�1 1 �1 0 1

1 �1 �1 1 0

0

BBBB@

1

CCCCA
(4:31)

Setting A instead of A� in (4.28) gives a variant of DEDICOM as

C ¼ aXX0 þ bXAX0 þ g110 (4:32)

Independently, Chino (1990) proposed this model under the name GIPSCAL

(Generalized Inner Product SCALing) for a general case of p. The name

comes from setting Y ¼ RX where R ¼ aIpþ bA and rewriting the model
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in the form of an inner product as

C ¼ XY0 þ g110 (4:33)

As Kiers and Takane (1994) pointed out, the model has indeterminancy of

scale units for a, b, and X as shown by

C ¼
a

c

ffiffiffi
c
p

X(
ffiffiffi
c
p

X)0 þ
b

c

ffiffiffi
c
p

XA(
ffiffiffi
c
p

X)0 þ g110 (4:34)

where c is a positive scalar. Chino provided an alternating least-squares pro-

cedure, giving estimates for X and parameters a, b, and g. Although not expli-

citly stated in the algorithm, those estimates seem to be determined up to the

multiplicative constant.

Given estimates X̂X ¼ (x̂xj), âa , b̂b , and ĝg by scaling, write the row vector of

X as x0j. The terms âa x̂x0jx̂xk þ ĝg and x̂x0jÂAx̂xk account for the symmetric component

and the skew-symmetric component in data matrix O, respectively. For utiliz-

ation of the scaling result, Chino suggested making a two-dimensional plot of

X for each pair of dimensions, hence a requirement of p(p 2 1)/2 plots in

total. On each plane, one would interpret the projection of x̂x0jx̂xk on the basis

of an inner product and that of x̂x0jÂAx̂xk in terms of a triangle. This sort of incon-

venience for interpretation is common to the case of using (3.81) or (3.98) in

E–G procedure.

4.2.3. Generalized GIPSCAL

Kiers and Takane (1994) proposed an extension of GIPSCAL. To cope with

the indeterminancy of the GIPSCAL model, we set ~XX ¼
ffiffiffi
a
p

X and ~AA ¼ A=b
and rewrite (4.32) in such a way that

C ¼ ~XX ~XX
0
þ ~XX ~AAX0 þ g110 (4:35)

Applying SVD of ~AA ¼ UMU0 as in (4.17) and (4.18), we find that

C ¼ YY0 þ YMY 0 þ g110 (4:36)

Here Y ¼ ~XXU and U is an orthogonal matrix consisting of the singular vectors.

M is a block-diagonal matrix in the form of (3.17) fixed with singular values of
~AA, which are proportional to those of A with b. For example, for matrix A in

(4.31), the singular values are fixed as follows:

m1 ¼ 2( sin uþ 2 sin 2u) (4:37)

m2 ¼ 2( sin u� 2 sin 2u) (4:38)

m3 ¼ 0, m2
1 þ m2

2 ¼ 10 (4:39)

where u ¼ 2p/5.
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Now we may regard (4.36) as a parameterized form of GIPSCAL. For

this generalization, we will treat the diagonal elements as free parameters.

Thus the generalized GIPSCAL has been formulated in the form of (4.36)

with parameters Y, M, and g. Note that the number of free parameters in M
is q ¼ [p/2].

Kiers and Takane showed some uniqueness of the representation of the

model under the following conditions: (i) Y has full rank and does not contain

1 in its column space, (ii) M has distinct singular values. Given a solution to

satisfy the conditions, M and g are determined uniquely, and also Y is up to

rotations for each sequential pair of columns of Y, that is, for ( y1, y2), ( y3,

y4), and so on.

Regarding a relation between DEDICOM solution and generalized

GIPSCAL solution, Kiers and Takane presented the following theorem.

Note that the theorem is not stated explicitly in terms of O. We already

used the result partly to describe (4.19) and (4.21).

Theorem 4.1. Given a DEDICOM solution with full rank matrices

X and R, its representation XRX0 is transformed in the form of generalized

GIPSCAL with g ¼ 0, if and only if the symmetric part of R is positive

definite.

Let us consider the feature of the model. Denote the pair of vectors in Y
associated with mh by an n � 2 matrix Yh. We focus on the structure part of

(4.36) in terms of Yh, such that

Ch ¼ Yh(I þMh)Yh
0 ðh ¼ 1; 2, . . . ; qÞ (4:40)

For a graphical display in two dimensions, we define a scalar bh, a 2 � 2

matrix Th, and n � 2 matrices Uh and Vh as follows:

bh ¼ (1þ m2
h)

1
2 and Th ¼ bh

�1(I2 �Mh) (4:41)

Uh ¼
ffiffiffiffiffi
bh

p
Yh and Vh ¼

ffiffiffiffiffi
bh

p
YhTh (4:42)

Rewriting (4.40) with these quantities yields

Ch ¼ bhYhTh
0Yh
0 ¼ UhVh

0 (4:43)

This expression serves to show asymmetric data on the basis of scalar

products, providing an illustration by means of the biplot technique.

Write Ch ¼ (cjk(h)). Let the jth row of Uh be uj(h)0 and that of Vh be vvj(h)0.

Then

cjk(h) ¼ uj(h)0vvk(h) and ckj(h) ¼ uk(h)0vvj(h) (4:44)
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Note that Th is an orthogonal matrix to give a clockwise rotation with angle

fh ¼ arctan (mh). Since Vh ¼ UhTh in (4.42), we find that the configuration

of the row points is the same as that of the column points up to the rotation

over the angle fh. In this respect the biplot differs from ordinary biplot and

also from the graphical representation of (4.33).

Let us summarize characteristic points of the generalized GIPSCAL in

comparison with GIPSCAL. It is based on a less restricted model than GIPS-

CAL. Under some conditions, it has unique representation of X, M, and g in

contrast to the indeterminacy in the case of GIPSCAL. For a graphical rep-

resentation of scaling result, it is provided with some advantageous points

to GIPSCAL. First, one needs only q plots in two dimensions for interpretation

of the derived configuration. Secondly, weighting those plots is possible in

view of the singular values mt. Thirdly, for the two-dimensional configuration

illustrated by means of the biplot, one can examine the inner products visually,

finding the symmetry by the sum of the two products in (4.44) and the

skew-symmetry by the difference of the two.

Estimation Algorithms

Assume an asymmetric data matrix O that is an observation of C with error,

that is, O ¼Cþ E. We consider an error model

O ¼ YY 0 þ YMY 0 þ r110 þ E (4:45)

We aim to estimate Y and m1;m2, . . . ;mq and g. This estimation problem leads

to minimizing a loss function such as

f (A;m1;m2, . . . ;mq; g) ¼ trðE0EÞ

¼ kO� YY0 � YMY 0 � g110k2
(4:46)

A procedure based on an alternating least-squares algorithm was suggested.

Let us consider decomposition (3.3) and (4.6). Given estimates ŶY, M̂M, and

ĝg , we can examine the badness of fit separately:

tr(E0E) ¼ kS� ŶYŶY0 � r̂r110k2 þ kA� ŶYM̂MŶY0k2 (4:47)

Another version to deal with missing data was developed. Write the jth row of

Y as yj. Then the loss function is given as

g(A;m1;m2, . . . ;mq; g) ¼
Xn

j¼1

Xn

k¼1

1jk(ojk � y0jyk � y0jMyk � g) (4:48)

where 1jk denotes an indicator (or design) matrix.
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Relationship of Models in Connection with
DEDICOM

Kiers and Takane (1994) discussed the relationship of the E–G procedure to

DEDICOM and generalized GIPSCAL. To follow their argument, we sup-

plement two points: (a) utilization of the E–G procedure with some assump-

tion and (b) conditions on some related vectors.

First, let us regard E–G as a procedure for approximating the asym-

metric data matrix O in some dimensions, unlike the canonical analysis in

terms of all the dimensions. Now refer to the formulas related to the present

discussion: eigenvalue problem (3.82) of a symmetric matrix E, definition

(3.83) and spectral decomposition (3.84). Although there may be negative

eigenvalues, we assume that the largest 2q eigenvalues are all positive, and

we will take those eigenvectors associated with them. In terms of those eigen-

vectors and eigenvalues, we consider the low rank matrix approximation of O.

Next, using component vectors xt, yt of eigenvectors z1t, z2t of (3.83)

associated with lt, we define W ¼ (w1;w2, . . . ;w2q) where

w2i�1 ¼
ffiffiffiffi
li

p
yi and w2i ¼

ffiffiffiffi
li

p
xi ði ¼ 1; 2, . . . ; qÞ (4:49)

Then approximations of (3.79) and (3.80) are stated as

S ¼ WW 0 þ Es (4:50)

A ¼ WJW 0 þ Ea (4:51)

where J is the 2q � 2q matrix in the form of (3.17), and Es and Ea are residual

matrices. Consider a least squares criterion to (4.50) and (4.51) for the

asymmetric matrix O, such that

h(W) ¼ kS�WW 0k2 þ kA�WJW 0k2 (4:52)

Applying relation (4.6) leads to

h(W) ¼ kSþ A� (WW 0 þWJW 0)k2 (4:53)

¼ kO�W(I þ J)W 0k2 (4:54)

Setting R ¼ Iþ J, we find that (4.54) is equivalent to the criterion for fitting

DEDICOM. In order that the least squares solution fwig of this DEDICOM

version should coincide with the solution of the original E–G procedure, it
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is required that vectors fwig satisfy the following conditions:

w2k�1w2k�1 þ w2kw2k ¼ lk ðk ¼ 1; 2, . . . ; qÞ (4:55)

w2i�1w2j�1 þ w2iw2j ¼ 0 ði = j; i; j ¼ 1; 2, . . . ; qÞ (4:56)

w2i�1w2j � w2iw2j�1 ¼ 0 ði = j; i; j ¼ 1; 2; . . . ; qÞ (4:57)

Thus the data analysis in q dimensions by utilizing the E–G procedure under

the assumption mentioned is equivalent to fitting the DEDICOM model under

constraints (4.55) to (4.57). From the form of (4.54), such an analysis is also

equivalent to a constraint variant of the generalized GIPSCAL with c ¼ 0.

Here the constraint means to specify m1;m2, . . . ;mq to unity in (4.40) and

impose (4.55) to (4.57).

4.2.4. Scalar Product Model in a Vector Space

From the argument in Sec. 3.3.3, it is clear that we can construct a metric space

regarding the complex data matrix H, which includes the symmetric and the

skew-symmetric information of O. On the basis of this result, Chino and

Shiraiwa (1993) suggested the possibility of asymmetric MDS and proposed

a generalization of the theorem of Young and Householder (1938). However,

we find it difficult to follow their arguments, including some unclear points.

To begin, we give some supplements to clarify their arguments. Then we

set out alternative treatments of the generalization of the Young and House-

holders’ theorem, in a good correspondence to the role of the theorem in sym-

metric MDS (Saito, 2003a). Finally, we examine the advantageous points in a

substantial viewpoint of data analysis.

Diagonal Entry, Similarity, and Inner Product

Although not explicitly done by Chino and Shiraiwa, it is clearly pointed

out, from the discussion in Sec. 3.3.4, that all the diagonal entries of the asym-

metric data matrix should be positive in order that the definitions of the norm

and the metric are valid. In this connection we explained, around (3.123), the

direction of the measure which asymmetric ojk values indicate. It is required

for the conformity of a possible model that the proximity measure should

be similarity, not dissimilarity (or psychological distance). The reason can

be understood by referring to the relation such as

ojj þ okk � ojk � okj ¼ qjk ¼
Xr

t¼1

ltd
2
jk(t) ¼ D2

jk (4:58)
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The reason is further confirmed by noting in (3.116) that the interpoint dis-

tance Djk is inversely related to the observation ojk. The expression (3.115)

looks like a form of distance model extended in the vector space. We can

take a different view that (3.115) has followed from the correspondence of

hjk in terms of transformed observations to the inner product defined by

(3.104) such that

1
2

(ojk þ okj)þ i 1
2

(ojk � okj) ¼ hjk ¼ wjLw�k (4:59)

Thus, we can say that (3.115) is an inner product model for representation of

asymmetric similarity in a vector space. In this connection, it is remembered

that vector models based on a scalar product were suggested for analysis of

similarity in the case of symmetric MDS (e.g., Ekman, 1963). In comparison,

symmetric dissimilarity ojk corresponds to Euclidean distance in the

traditional MDS procedure (Torgerson, 1952).

Extension of Young and Householder’s Theorem

Now we are in a position to summarize the arguments so far given in the form

of a theorem.

Theorem 4.2. Given an n � n asymmetric data matrix O ¼ (ojk) where

ojk indicates the similarity between a pair of objects ( j, k) and all ojj are posi-

tive, define a Hermitian matrix H by (3.76). If H is of rank r and positive semi-

definite, then vectors {w1;w2; . . . ;wn} defined under (3.73) span the vector

space in r dimensions with the inner product, which is defined by (3.104).

Hence the n objects are represented by {w1;w2; . . . ;wn}. The interpoint dis-

tance is given by (3.106), which is expressed in terms of observations by

(3.117).

This is a generalization of the statement of sufficiency in the Young and

Householders’ theorem, which implies that the measure of dissimilarity

(psychological distance) should be Euclidean distance. Given a set of asym-

metric similarity data, one can check the sufficiency condition. Conversely,

let us consider a matrix H that is given in terms of quantities such as

(3.106) and (3.110), which are defined on the vector space with the norm. It

is shown that H becomes positive semidefinite. To state that without respect

to observations, we like to use similar but different notation.

Theorem 4.3. Assume a vector space spanned by complex (row)

vectors vv1; vv2; . . . ; vvn with an inner product defined by (vvj; vvk) ¼ vvjLvv�k
where L is a diagonal matrix with non-negative entries. Define the norm

by kvvjk ¼ (vvjLvv�j )1=2. Suppose that the following quantities Djk, �DDjk, D0j
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are provided:

Djk ¼ kvvj � vvkk; �DDjk ¼ kvvj � ivvkk; D0j ¼ kvvjk (4:60)

Define an n � n matrix H ¼ (hjk) as

hjk ¼
1
2

(D2
0j þ D2

0k � D2
jk)þ 1

2
i(D2

0j þ D2
0k �

�DD
2

jk) (4:61)

Then H is a Hermitian matrix and positive semidefinite and the dimension of

the space is equal to rank (H).

We provide a proof of Theorem 4.3. From definitions (4.60) and (4.61),

it follows that

hjk ¼ (vvj; vvk) ¼ vvjLvv�k (4:62)

Then hjk ¼ h�kj, hence H is a Hermitian matrix. Since hjj ¼ vvjLvv�j � 0

( j ¼ 1; 2; . . . ; n), H is positive semidefinite; accordingly the space is of

rank (H). This concludes the proof.

Remark. The expression (3.115), which is an alternative expression

of (3.98), indicates a geometrical relationship clearly. It shows that ojk is

the sum of the symmetric component (consisting of the first three terms)

and the skew-symmetric component (the fourth term). Naturally, (3.98) pro-

vides the same implication.

Expression (3.115) and Theorems 4.2 and 4.3 are of interest from a

theoretical point of view. The theorems are meaningful in discussing the prop-

erty of the complex vector space associated with H. However, it is almost

impossible for us to comprehend the spatial configuration of objects in the

space by (3.115). Then, in a practical working, one has to interpret the con-

figuration by using the plot of objects in two dimensions for every

zt (t ¼ 1; 2; . . . ; r). This process is quite the same as that one does in using

the E–G procedure. Hence from a substantive perspective, the scalar product

model in the vector space serves theoretical interests rather than practical pur-

poses. Finally, it should be noted that as far as our theoretical statements are

concerned, they have been provided without referring to a finite Hilbert space.

4.2.5. Example

Example 1

Here is given an example of a DEDICOM application, which is extracted from

the full description in Harshman et al. (1982). The study used car switching

data of 16 types of cars in 1979. Table 4.2 shows the data taken from Harsh-

man et al. (1982), regarding 16 car types in Table 4.1. The analysis by the
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model of DEDICOM (4.7) was performed under the specified dimensionality

p ( ¼ 1; 2; . . . ; 5), utilizing a closed-form algorithm that gives an approxi-

mation to a least squares solution. For comparison, the data were also analyzed

by a symmetric DEDICOM (factor analytic model).

Figure 4.1 shows the dependence of fit values on dimension p given by

the two models. As is seen, the asymmetric model provides higher degrees of

fit than the symmetric model, suggesting an elbow point at p ¼ 2. For the

difference between the fit values of the two models, a statistical test of signifi-

cance was performed, using a randomization test. It concluded that there are

systematic asymmetries in the data. In Fig 4.1, the bars indicate the 95%

intervals under the null hypothesis of 110 systematic asymmetries.

The four-dimensional configuration is illustrated in Figs. 4.2 and 4.3.

According to the authors’ view, the derived dimensions are all interpretable,

the first dimension labeled “plain large-midsize,” the second “speciality,”

the third “fancy large,” and the fourth “small.”

Through the analysis, the R matrix was estimated. The largest asymmetry

was found between r̂r14 ¼ 226; 400 and r̂r41 ¼ 83; 069. It indicates the direc-

tion of the asymmetry, that the first aspect evokes the fourth aspect far greater

than the fourth does the first in the car brand switching. In passing, for an inter-

esting application of DEDICOM, refer to Dawson and Harshman (1986).

TABLE 4.1 Sixteen Car Types

Abbreviation Car type

1 SUBD Subcompact/domestic

2 SUBC Subcompact/captive imports

3 SUBI Subcompact/imports

4 SMAD Small specialty/domestic

5 SMAC Small specialty/captive imports

6 SMAI Small specialty/imports

7 COML Low price compact

8 COMM Medium price compact

9 COMI Import compact

10 MIDD Midsize domestic

11 MIDI Midsize import

12 MIDS Midsize specialty

13 STDL Low price standard

14 STDM Medium price standard

15 LUXD Luxury domestic

16 LUXI Luxury imports
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TABLE 4.2 Car Switching Data Among 16 Car Types

From type

To type

1 2 3 4 5 6 7 8

1 SUBD 23272 1487 10501 18994 49 2319 12349 4061

2 SUBC 3254 1114 3014 2656 23 551 959 894

3 SUBI 11344 1214 25986 9803 47 5400 3262 1353

4 SMAD 11740 1192 11149 38434 69 4880 6047 2335

5 SMAC 47 6 0 117 4 0 0 49

6 SMAI 1772 217 3622 3453 16 5249 1113 313

7 COML 18441 1866 12154 15237 65 1626 27137 6182

8 COMM 10359 693 5841 6368 40 610 6223 7469

9 COMI 2613 481 6981 1853 10 1023 1305 632

10 MIDD 33012 2323 22029 29623 110 4193 20997 12155

11 MIDI 1293 114 2844 1242 5 772 1507 452

12 MIDS 12981 981 8271 18908 97 3444 3693 1748

13 STDL 27816 1890 12980 15993 34 1323 18928 5836

14 STDM 17293 1291 11243 11457 41 1862 7731 6178

15 LUXD 3733 430 4647 5913 6 622 1652 1044

16 LUXI 105 40 997 603 0 341 75 558

From type

To type

9 10 11 12 13 14 15 16

1 SUBD 545 12622 481 16329 4253 2370 949 127

2 SUBC 223 1672 223 2012 926 540 246 37

3 SUBI 2257 5195 1307 8347 2308 1611 1071 288

4 SMAD 931 8503 1177 23898 3238 4422 4114 410

5 SMAC 0 110 0 10 0 0 0 0

6 SMAI 738 1631 1070 4937 338 901 1310 459

7 COML 835 20909 566 15342 9728 3610 910 170

8 COMM 564 9620 435 9731 3601 5498 764 85

9 COMI 1536 2738 1005 990 454 991 543 127

10 MIDD 2533 53002 2140 61350 28006 33913 9808 706

11 MIDI 565 3820 3059 2357 589 1052 871 595

12 MIDS 935 11551 1314 56025 10959 18688 12541 578

13 STDL 1182 28324 938 37380 67964 28881 6585 300

14 STDM 1288 20942 1048 30189 15318 81808 21974 548

15 LUXD 476 3068 829 8571 2964 9187 63509 1585

16 LUXI 176 151 589 758 158 756 1234 3124
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Example 2

Here is given an example extracted from Kiers and Takane (1994). It presents a

numerical demonstration of Theorem 4.1, not a result of the execution of the

generalized GIPSCAL algorithms. Applying the DEDICOM algorithm (Kiers

et al., 1990) to the car switching data (Harshman et al., 1982), they obtained sol-

utions in two, three, and four dimensions. Those solutions accounted for 77.2,

86.4, and 92.0% of the total sum of squares of the data, respectively. We take

up the four-dimensional solution only. The estimated R was positive definite,

indicating that DEDICOM is equivalent to generalized GIPSCAL for the data.

Then the solution was transformed by Theorem 4.1 into the generalized

GIPSCAL form (4.36), with m̂m1 ¼ 0:4479 and m̂m2 ¼ 0:0904. These values indi-

cate that ŶY1 accounts for the data to a much greater extent than ŶY2. From ŶY1, ÛU1

and V̂V1 were computed. Figure 4.4 plots the two-dimensional configuration of

FIGURE 4.1 Fit for dimensionality (DEDICOM)
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ÛU1 where capital letter labels refer to rows of the data. In the figure, the con-

figuration of V̂V1 is also superimposed, where small letter labels refer to columns

of the data, which is a rotated matrix of ÛU1 with angle f1 ¼ 24.18.
The largest switching frequencies are found for the pairs (stdl, MIDD),

(stdl, STDL), (mids, MIDS) and so on, which involve the car types with the

largest market shares: MIDD, MIDS, and STDL. The largest asymmetric

relations are found for pairs (STDL, MIDS), (STDL, MIDD), (STDL,

SMAD), (MIDD, MIDS). The authors claim that the indication of (STDL,

MIDD) was a result of modeling error. Seven car types that were too close

to the origin are omitted for illustration.

4.3. SIMILARITY AND BIAS MODEL

Let C ¼ (cjk) be a similarity matrix where cjk represents the similarity for a

pair of objects ( j, k). Holman (1979) considered a model for which a transitive

FIGURE 4.2 Two-dimensional configuration of 16 car types in Dim 1 vs. Dim 2

(DEDICOM). (Note: MIDS is out of the range)
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relation holds as follows:

If cij . cji and cjk . ckj; then cik . cki (4:63)

for all triples (i, j, k) (see also Nosofsky, 1991). This kind of model was called

the weak bias model. Expressing cij as the sum of symmetric gij and skew-

symmetric tij, that is, cij ¼ gijþ tij, we restate (4.63) as transitivity in terms

of skew-symmetry in such a way that

If tij . tji and tjk . tkj; then tik . tki (4:64)

Let aij ¼ tij 2 tji, which is skew-symmetric. Then we have transitivity in

terms of dominance,

If aij . 0 and ajk . 0; then aik . 0 (4:65)

As a special case of the weak bias model, Holman presented the similarity

and bias model, which represents the similarity as

cij ¼ F(gij þ ri þ cj) (4:66)

Here F is a general monotonic function, gij symmetric similarity, ri a

bias function on the ith row and cj a bias function on the jth column.

FIGURE 4.3 Two-dimensional configuration of 16 car types in Dim 3 vs. Dim 4

(DEDICOM). (Note: STDM is out of range)
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Let li ¼ ri 2 ci and pij ¼ ci þ cj þ gij. Then (4.66) is rewritten as

cij ¼ F(li þ pij) (4:67)

It shows that the row and column bias model (4.66) leads to a row bias

model with a symmetric function pij. Let mj ¼ cj 2 rj and qij ¼ ri þ rj þ gij.

Then (4.66) is rewritten as

cij ¼ F(mj þ qij) (4:68)

showing a column bias model with a symmetric function qij.

Zielman and Heiser (1996) presented a comprehensive review on

models for asymmetric proximities on the basis of the similarity and bias

model. In the review, they classified a variety of models into three classes:

(i) distance models, (ii) similarity choice models, and (iii) feature models.

As a matter of interest, they restated the bias components as the sum of

symmetric and skew-symmetric components as follows. Define

ui ¼
1
2

(gi þ ci) and vi ¼
1
2

(gi � ci) (4:69)

FIGURE 4.4 Transformation of DEDICOM solution to generalized GIPSCAL form.

(Note: seven car types located on the origin)
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Then we see that

gi þ cj ¼ ui þ uj þ vi � vj (4:70)

For a moment, let us set F as the identity function and let wij ¼ vi 2 vj. Then

model (4.66) becomes

cij ¼ gij þ ui þ uj þ wij (4:71)

Hence, for the skew-symmetric part of the model, we have an expression of

transitivity (or additivity) as

wij þ wjk ¼ wik (4:72)

We remark on a similar relation that was derived in connection with

SSA in Sec. 3.2. Given observations of cij, which is denoted by oij, we con-

sider decomposition (3.3) as oij ¼ sijþ aij. Theorem 3.2 indicates the unidi-

mensional structure inherent in the skew-symmetric data aij, if the

following additivity holds as

aij þ ajk ¼ aik (4:73)

In this regards, it may be of interest to refer to the treatment in Sec. 2.3, where

the skew-symmetric component is represented as the sum of linear and non-

linear components in (2.11).

Comparison with Analysis of Contingency Table

If we set an exponential function for F in (4.66) we have a multiplicative ver-

sion, such that

cij ¼ K expðgijÞ expðriÞ expðcjÞ (4:74)

and its logarithmic form as

logcij ¼ gij þ ri þ cj þ k (4:75)

where k ¼ log K. At this point, let us think of a square contingency table

where pij may indicate the mobility from i to j in terms of frequency or rep-

resents the probability of an observation being in the cell (i, j). For analyzing

the contingency table, we remember a log-linear model such as

pij ¼ KAiBjCij (4:76)

Comparing (4.66), (4.74), (4.75), and (4.76), we find the common form of

model expressions. However, we note the difference in the focus of analysis

in those approaches. In the similarity and bias model, the principal interest
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will often be on the symmetric component gij, while in the analysis of the

square contingency table, the interaction Cij will be of less interest than the

row and column effects.

Let us review research in this connection. Levin and Brown (1979) sug-

gested two least squares procedures on a quasi-symmetry model. Caussinus

and de Falguerolles (1987) suggested analyzing quasi-independence and

quasi-symmetry in both multiplicative and additive models. On closely related

subjects, Bove (1992) studied the relation between asymmetric MDS and

correspondence analysis, followed by Bove and Critchley (1993). Van der

Heijden and Mooijaart (1995) proposed log-bilinear models with focus on

the asymmetry. Turning to social mobility, residential mobility or spatial

interaction models, Goldthorpe (1980), Willekens (1983), and Scholten

(1984) developed analysis related to asymmetry in the respective subject of

research.

4.4. GENERALIZATION OF DISTANCE MODELS

In this section we are concerned with an n� n dissimilarity matrix V ¼ (vjk)

and its observation matrix O ¼ (ojk). We use V for representation of models

and O for estimation of model parameters. To begin, we classify asymmetric

data matrices and consider some conditions associated with those matrices

(Saito, 1991, 1993a; Saito and Takeda, 1990).

4.4.1. Types of Asymmetric Data Matrices

Noting diagonal entries, we like to classify asymmetric matrices V ¼ (vjk)

into three types.

T1: Diagonal entries are not all zero.

T2: Diagonal entries are not all zero and not all identical.

T3: Diagonal entries are all zero.

Apparently, type T2 is a special case of type T1, but we like to differentiate

them for conveniences of model description. Matrices of type T3 arise from

some cases in which the observation of a phenomenon defines zero values

for diagonals (for example, pecking frequency matrices), or from other

cases in which diagonal entries are defined but missing diagonal entries are

simply filled with zero values before data analysis.

In what follows, we describe two models based on generalization of dis-

tance, Model I for matrices of type T1 and Model II for matrices of type T2,

and the slide-vector model for matrices of type T1. For models to accommodate

matrices of type T3, we will provide some descriptions on the related subjects.
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4.4.2. Some Conditions of Asymmetric Data

For a matrix type T1 or T2, we define the following quantities:

v�jk ¼
1
2

(vjk þ vkj � vjj � vkk) (4:77)

vþjk ¼
1
2

(vjk � vkj þ vjj þ vkk) (4:78)

~vvjk ¼
1
2

(vjk � vkj þ vjj � vkk) (4:79)

v�jk ¼ vjk � v�k � vj� þ v�� (4:80)

Here vj�, v�k, and v�� are given as:

vj� ¼
1

n

Xn

k¼1

vjk; v�k ¼
1

n

Xn

j¼1

vjk; v�� ¼
1

n2

Xn

j¼1

Xn

k¼1

vjk (4:81)

In a similar way, vþj� , v
þ
�k , vþ�� are given as:

vþj� ¼
1

n

Xn

k¼1

wþjk; vþ�k ¼
1

n

Xn

j¼1

vþjk; vþ�� ¼
1

n2

Xn

j¼1

Xn

k¼1

vþjk (4:82)

From (4.78) and (4.79) we have

~vvjk ¼ vþjk � vþkk (4:83)

vþj� þ vþ�j ¼ vþjj þ vþ�� (4:84)

The mean over diagonal elements is written as

vd ¼
1

n

Xn

j¼1

vjj ¼
1

n

Xn

j¼1

vþjj ¼ vþ�� (4:85)

For convenience of exposition, we state conditions for all ordered triples

(i, j, k) or ordered pairs ( j, k) as follows.

Generalized Triangular Inequality

For all ordered triples (i, j, k), the following inequality holds:

vij þ vjk � vik � vjj (4:86)
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Additivity

For all ordered triples (i, j, k), the following equality holds:

~vvij þ ~vvjk ¼ ~vvik (4:87)

It is alternatively expressed by either of the following:

vij þ vjk þ vki ¼ vji þ vik þ vkj (4:88)

vþij þ vþjk þ vþki ¼ vþji þ vþik þ vþkj (4:89)

Hence (4.87), (4.88), and (4.89) are mutually equivalent. Equation (4.89)

implies that

vþjk ¼ vþj� þ vþ�j � vþjj (4:90)

From (4.87) it follows that

~vvjk ¼ ~vvj� � ~vvk� ¼ ~vv�k � ~vv�j (4:91)

Thus, when the additivity holds, ~VV ¼ ( ~vvjk) is a matrix of rank 2.

Centered Symmetry Condition

For all ordered pairs ( j, k), the following equality holds:

v�jk ¼ v�kj (4:92)

Constant Ratio Condition

For all ordered pairs ( j, k) such that vjj = vkk, the following equality holds:

vjk � vkj

vjj � vkk

¼ c (const:) (4:93)

The generalized triangular inequality, the additivity, and the centered

symmetry condition are applicable to matrices of type T1 or T2. The constant

ratio condition is meaningful for data matrices of type T2. Before generaliz-

ation of distance models, we describe a theorem presented by Saito (1991),

which plays an important role in the subsequent models. It states the metric

property involved in an asymmetric matrix.

Theorem 4.4. Given an asymmetric matrix V of type T1, the additivity

holds with V if and only if the centered symmetry holds with V. If the gen-

eralized triangular inequality holds with V;v�jk , of (4.77) satisfies the metric

axioms.
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The first statement is derived easily by a simple manipulation (see Saito,

1991). Let us prove the latter statement of the theorem. First, it is seen that the

symmetry obviously holds, because

v�jk ¼ v�kj and v�jj ¼ 0 (4:94)

Assuming the generalized triangular inequality, we have two inequalities for

(i, j, k) and (i, k, j). Combining them gives

vjk þ vkj � vjj þ vkk (4:95)

which leads to the non-negativity as v�jk � 0. Since

2(v�ij þ v�jk � v�ik) ¼ (vij þ vjk � vik � vjj)

þ (vkj þ vji � vki � vjj) (4:96)

the two terms in parentheses are non-negative by the assumption, hence

v�ij þ v�jk � v�ik � 0 (4:97)

From the results above, it follows that v�jk satisfies the metric axioms of a

metric. This concludes the proof.

4.4.3. Generalized Distance Model I

Supposing an asymmetric matrix of dissimilarity V ¼ (vjk) of type T1 where

vjk � 0, we represent a model in terms of parameters such as

vjk ¼ fjk þ uj þ fk þ g ð j; k ¼ 1; 2; . . . ; nÞ (4:98)

where fjk is symmetric, that is, fjk ¼ fkj, and fjj ¼ 0. We think of two reasons

for setting this model. First, when we regard the symmetric component as

revealing major information of the data, we may approximate the residual

rjk(¼ vjk 2 fjk) by an additive structure such that

rjk ¼ uj þ fk þ g (4:99)

among possible others. Next, we consider asymmetry that might be observed

in a situation where row and column elements in a proximity matrix play

different roles. For such cases model (4.98) seems to serve to explore the struc-

ture of asymmetry.

Substituting (4.98) into (4.77) gives v�jk ¼ fjk. Assuming that the gener-

alized triangular inequality holds with V, we find, by Theorem 4.4, that v�jk
is a metric. Then we denote fjk by djk to mean distance, and represent the
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model as

vjk ¼ djk þ uj þ fk þ g ð j; k ¼ 1; 2; . . . ; nÞ (4:100)

On the standpoint of MDS, it is of main interest to obtain a configuration of

objects in a multidimensional space, which is expressed by an n � r matrix

X ¼ (xjt). For this purpose, let us set the Minkowsky p metric as for djk and

restate the model as

vjk ¼ djk(X)þ uj þ fk þ g ð j; k ¼ 1; 2; . . . ; nÞ (4:101)

where

djk(X) ¼
Xr

t¼1

jxjt � xktj
p

 !1=p

(4:102)

Saito (1991) proposed this model, which we call the Generalized distance

model I (GDM-I) in what follows. Model parameters are djk, uj, fk, g in

(4.100), but X, uj, fk, g for specified p and r in (4.101).

Let us consider (4.98) by referring to Zielman and Heiser (1996). Define

bj ¼
1
2

(uj þ fj)

cj ¼
1

2
(uj � fj)

gjk ¼ fjk þ bj þ bk þ g (4:103)

Then the model is expressed by the sum of symmetric gjk and skew-symmetric

components cj 2 ck in such a way that

vjk ¼ gjk þ cj � ck ð j; k ¼ 1; 2; . . . ; nÞ (4:104)

For a moment, assume a situation in which ojk, observations of vjk, are given.

Consider the decomposition (3.3), such as ojk ¼ sjkþ ajk, and apply the

relation of (4.5). When fjk is provided with an explicit expression, we can

deal with two problems of least squares fitting separately, one for fitting gjk

to sjk and the other for fitting cj 2 ck to ajk. However, in the first problem, set-

ting a distance function for gjk would not attain a good fit for a case in which

v�jk is a metric, which means that fjk is a metric. The requirement for gjk to be a

metric leads to the contradiction that all the vjj should be zero. In such a case,

it is not reasonable to treat the first LS problem on fsjkg by setting gjk to a

distance function.
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Properties of GDM-I

There is indeterminacy of translation for the parameters of the additive part in

model (4.100) or (4.101), as shown by

vþjk ¼ (uj þ cg)þ (fk � cg)þ g

¼ (uj � a)þ (fk � b)þ (gþ aþ b)
(4:105)

where a, b, c are unknown constants. Then we may put g ¼ 0 simply.

However, we will retain the form with g for the model.

When model (4.100) holds, it is decomposed as

v�jk ¼ djk (4:106)

vþjk ¼ uj þ fk þ g (4:107)

The model implies that following relation:

~vvjk ¼ uj � uk (4:108)

Comparing it with (4.91), we see that uj ¼ ~vvj� þ a, where a is a constant.

Theorem 4.5. Necessity and sufficiency of the model. If model (4.100)

holds with V ¼ (vjk), then both the generalized triangular inequality and

the additivity hold. Conversely, if the two conditions hold with V, then a

representation of vjk is provided with model (4.100).

When the two conditions hold, the additive part of the model is

represented in several ways, as stated below.

Algebraic Solutions for GDM-I

Suppose that we are given dissimilarities V ¼ (vjk) that satisfy the general-

ized triangular inequality (4.86) and the additivity (4.87). We like to obtain

a solution of parameters for model (4.101) by setting p ¼ 2 for (4.102). The

model decomposition of (4.106) to (4.108), indicates that we can treat X
and the other parameters independently. First, for a set of distances

V� ¼ (v�jk), we aim to obtain an n � r matrix X ¼ (xjt) to represent object

coordinates in an r-dimensional Euclidean space. Then it leads to the problem

of metric multidimensional scaling (Torgerson, 1952). It is easily handled by

using a well-known theorem due to Young and Householder (1938). We can

determine X up to rotational and translational indeterminacy. The dimension-

ality r is determined through the analysis. If we set a weighted Euclidean

distance for djk, the problem can be treated algebraically under some

constraints, using the procedure by Schönemann (1972).
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Next we aim to obtain uj, fk, and g to meet (4.107) and (4.108). To cope

with the indeterminacy of the additive parameters, we may put two constraints

appropriately. Here are given three solutions. Related subjects were studied by

Bove and Critchley (1993) in connection with a square contingency table.

Case 1. Under constraints that

Xn

j¼1

uj ¼
Xn

j¼1

fj ¼ 0 (4:109)

the solution is given as

uj ¼ vþj� � vþ�� ; fj ¼ vþ�j � vþ�� ; g ¼ vþ��

( j ¼ 1; 2; . . . ; n)
(4:110)

Case 2. Under constraints that

Xn

j¼1

uj ¼
Xn

j¼1

fj and g ¼ 0 (4:111)

the solution is given as

uj ¼ vj� � v�j þ vjj; fj ¼ v�j � vj� þ vjj (4:112)

Case 3. Under constraints that

Xm

j¼1

uj ¼ 0 and g ¼ 0 (4:113)

the solution is given as

uj ¼
1
2

(vj� � v�j þ vjj � vd);

fj ¼
1
2

(v�j � vj� þ vjj þ vd)
(4:114)

Across the three solutions, we find that when the degree of asymmetry k1 is

small and the diagonal entries are large, u values become nearly equal to f

values.
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Estimation Procedures

Given an asymmetric data matrix O, which is an observation of V with error

E ¼ (ejk), that is, O ¼ Vþ E, we set the error model

ojk ¼ vjk þ ejk

¼ djk(X)þ uj þ fk þ gþ ejk ð j; k ¼ 1; 2; . . . ; nÞ
(4:115)

where

djk(X) ¼
Xr

t¼1

jxit � xjtj
p

 !1=p

(4:116)

From O we construct O� ¼ (o�jk), of which definition conforms to that of V2.

If O2 meets the metric conditions approximately, it may be allowed to set

djk(X) in the model. For estimation of parameters, two procedures are

described briefly.

(I) Two-Stage Estimation Algorithm

Setting Euclidean distance for djk(X), two-stage algorithm is suggested for

estimation. Applying the procedure of metric MDS of Torgerson (1952) to

O2, we obtain a least squares estimate of X and determine the dimensionality

r to attain the best fit. Write the estimate as X̂X, from which estimates of dis-

tance d̂djk are derived. Let ajk ¼ ojk � d̂djk. A solution to minimize

Q ¼
Xn

j¼1

Xn

k¼1

(ajk(X̂X)� uj � fk � g)2 (4:117)

is given in view of the indeterminacy in such a way that

ĝg ¼ a��; ûuj ¼ aj� � a��; f̂fj ¼ a�j � a��;

( j ¼ 1; . . . ; n)

(4:118)

Here aj�, a�j, and a�� refer to the row mean, the column mean, and the total mean

on A ¼ (ajk), respectively.
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(II) Iterative Algorithm for Nonlinear Minimization

We aim to obtain estimates of parameters by fitting the model to the data,

minimizing a least squares criterion defined by

L1(X; u;f; g) ¼
Xn

j¼1

Xn

k¼1

(ojk � (djk(X)þ uj þ fk þ g))2 (4:119)

under some constraints to the additive parameters. Those constraints will be

such as (4.109), (4.111), or (4.113). If Euclidean distance is set for djk(X),

we may regard (4.118) as conditional estimates of u, f, and g on an arbitrary

X (not a null matrix). Using them, we consider a loss function L2 in terms of X
only, so that we minimize

L2(X) ¼
Xn

j¼1

Xn

k¼1

(ojk � (djk(X)þ uj(X)þ fk(X)þ g(X)))2 (4:120)

Hence estimates of parameters are obtained by solving the unconstrained

minimization of L2(X ) for a prescribed dimension r.

4.4.4. Generalized Distance Model II

Considering an asymmetric matrix of dissimilarity V ¼ (vjk) of type T2

where vjk � 0, we represent a variant of model I such as

vjk ¼ djk(X)þ auj þ buk þ g ð j; k ¼ 1; 2; . . . ; nÞ (4:121)

where djk is a metric. For MDS, we set the Minkowsky distance of (4.102) for

it. Saito and Takeda (1990) proposed this model, which we call the

Generalized distance model II (GDM-II) in what follows.

The assumption of type T2 is equivalent to putting that aþ b = 0 and

not all uj are equal. The asymmetry of V implies that a = b and not all uj are

equal. Thus, we can define a constant c by

c ¼
a� b

aþ b
(4:122)

From (4.121), it follows that the constant ratio condition holds with c given

above, in such a way as

vjk � vkj

vjj � vkk

¼ c (4:123)
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Noting that

vjj ¼ (aþ b)uj þ g (4:124)

we find that (4.121) is equivalent to the following expression:

vjk ¼ djk(X)þ 1
2

(1þ c)vjj þ
1
2

(1� c)vkk (4:125)

Hence the model accounts for the asymmetry by a single parameter c.

Property of GDM-II

When model (4.121) holds, it is decomposed as

v�jk ¼ djk (4:126)

vþjk ¼ auj þ buk þ g (4:127)

The model implies the following relations:

vþjk ¼
1
2

(1þ c)vjj þ
1
2

(1� c)vkk (4:128)

~vvjk ¼ a(uj � uk) (4:129)

Theorem 4.6. Necessity and sufficiency of the model. If model (4.121)

holds with V ¼ (vjk), then the generalized triangular inequality, the additiv-

ity, and the constant ratio condition hold. Conversely, if the three conditions

hold with V, then a representation of vjk is provided with model (4.121).

From the constant ratio condition it follows that

vj� � v�j

vjj � vd

¼ c ð j ¼ 1; 2; . . . ; nÞ (4:130)

To identify the parameters, we have to specify some constraints. The additive

part of the model is rewritten as:

auj þ buk þ g ¼ au 0j þ bu 0k ¼ fj þ lfk (4:131)

where

u0j ¼ uj þ
g

aþ b
; fj ¼ au0j; and l ¼

b

a
= 1 (4:132)

Thus there is indeterminacy of translation and multiplication for the additive

part. Using l, (4.122) is rewritten as

c ¼
1� l

1þ l
(4:133)
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Algebraic Solutions for GDM-II

Suppose that we are given dissimilarities V ¼ (vjk) that satisfy the general-

ized triangular inequality (4.86), the additivity (4.87), and the constant ratio

condition (4.93). We like to obtain a solution of parameters by setting Eucli-

dean distance djk(X) for model (4.121). According to the model decomposition

of (4.126) to (4.127), we can treat X and the other parameters independently.

As is the case for Model I, we can obtain X with the indeterminacy of rotation

and translation by metric MDS. Now consider obtaining uj and g to meet

(4.127) and (4.128). To cope with the indeterminacy of the additive par-

ameters, we may put two constraints appropriately. Here are given two sol-

utions. First, it should be noted that c is given by (4.130). Let

sv ¼
Xn

j¼1

(vjj � vd)2

 !1=2

and vdr ¼
Xn

j¼1

v2
jj

 !1=2

(4:134)

Case 1. Under constraints that

Xn

j¼1

u2
j ¼ 1 and

Xn

j¼1

uj ¼ 0 (4:135)

a solution is given as

uj ¼+
1

sv

(vjj � vd) ( j ¼ 1; 2; . . . ; n); g ¼ vd (4:136)

a ¼+
1

2
(1þ c)sv and b ¼+

1

2
(1� c)sv (4:137)

Case 2. Under constraints that

Xn

j¼1

u2
j ¼ 1 and g ¼ 0 (4:138)

a solution is given as

uj ¼+
vjj

vdr

( j ¼ 1; 2; . . . ; n) (4:139)

a ¼+ 1
2

(1þ c)vdr and b ¼+ 1
2

(1� c)vdr (4:140)

Estimation Procedures

Given an asymmetric data matrix O that is an observation of V, we set the

error model ojk ¼ vjkþ ejk where vjk is specified by model (4.121). In view
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of the indeterminacy of the additive part, we may set

ojk ¼ djk(X þ uj þ luk þ gþ ejk (4:141)

¼ djk(X)þ fj þ lfk þ ejk ð j; k ¼ 1; 2; . . . ; nÞ (4:142)

where

fj ¼ uj þ
g

1þ l
ð j ¼ 1; 2; . . . ; nÞ (4:143)

and

djk(X) ¼
Xr

t¼1

jxit � xjtj
p

 !1=p

(4:144)

If O2 meets the metric axioms approximately, one can regard O2 as a metric.

Then it may be allowed to set djk(X) in the model.

When Euclidean distance is specified for djk(X), we can estimate c (or

equivalently l) and then X. First, regarding (4.130) as an approximate relation,

we have a least squares estimate ĉc, from which follows an estimate l̂l by

(4.133). Next, let us assume that (4.126) holds approximately with o�jk and

also (4.127) does with oþjk . Then we have

o�jk ¼ djk(XÞ (4:145)

ojk ¼ djk(X)þ 1
2

(1þ c)ojj þ
1
2

(1� c)okk (4:146)

oþjk ¼ fj þ lfk (4:147)

As a simple but rough way to obtain X, we might apply the procedure of metric

MDS to (4.145). Another way is to compute djk(X) by substituting ĉc in (4.146)

and applying the procedure to the derived distances in order to obtain X. When

djk(X) with p = 2 is specified, it is required to estimate X and c by a nonlinear

minimization L(X, c) based on (4.146).

Given X̂X and ĉc, l̂l is computed by (4.133). Finally, substituting l̂l in

(4.147), we derive least squares estimates for fj.

Remark. Let us mention some treatments of variants of GDM-I and

GDM-II with Euclidean distance specified in the distance function. Denote

a centering matrix by H ¼ In 2 110/n. For either model, it holds that

HVH ¼ HDH (4:148)
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It is not convenient to work on the matrix of doubly centered distances. Now

consider variants of the two models such that

vjk ¼ d2
jk(X)þ uj þ fk þ g (4:149)

vjk ¼ d2
jk(X)þ auj þ buk þ g (4:150)

For either model, it holds that

HVH ¼ HD(2)H where D(2) ¼ (d2
jk) (4:151)

Then it is possible to apply the metric MDS procedure directly to the doubly

centered matrix of squared Euclidean distances. According to this treatment,

we can derive X from V or X̂X from O.

4.4.5. Distance-Density Model and Other Models

Krumhansl (1978) proposed the distance-density model, which is based on a

hypothesis that (dis)similarity is a function of both interpoint distance and

the spatial density of other points in the surrounding region of the configur-

ation. For the sake of exposition, we will use stimuli and the term dissimilar-

ity, which we write as vjk here. Regarding asymmetric dissimilarity vjk of type

T2, Krumhansl originally presented a nonmetric model, but here we may state

a metric version as

vjk ¼ djk(X)þ arj(X)þ brk(X)þ g (4:152)

where djk(X) is distance in terms of coordinates X, density rj(X), a and b posi-

tive parameters. Two definitions of the density were suggested. First, it is

defined as

rj(X) ¼
Xn

k=j

g(djk(X)) (4:153)

where g(.) is a decreasing function of distance, such as g(d) ¼ d 2h or

g(d) ¼ exp (� hd). Another expression is

rj(X) ¼
Xn

k¼1

1jk (4:154)

where 1jk ¼ 1 if djk(X) � r and 1jk ¼ 0 otherwise. That is, rj(X) indicates the

number of stimulus points included within a fixed radius r.
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According to the model, the self-dissimilarity is given as

vjj ¼ (aþ b)rj þ g (4:155)

Since both a and b are positive, we see that vjj . vkk if and only if rj . rk.

Note that

vjk � vkj ¼ (a� b)(rj � rk) (4:156)

When a . b, then vjk . vkj if and only if vjj . vkk. In other words, if object

j is more dissimilar to k than k to j, then self-dissimilarity of j is larger than that

of k, and also the converse is true. When a , b, then vjk , vkj if and only if

vjj . vkk. Hence diagonal elements are related to the direction of the

asymmetry.

Property of the Model

Given an asymmetric dissimilarity matrix V ¼ (vjk) of type T2, let us con-

sider the property of model (4.152). Besides the concept of density, the dissim-

ilarity is defined by a form of the sum of a distance and two terms dependimig

on stimuli and an additive constant. Then it should be noted that the argument

from (4.121) to (4.130) still holds for model (4.152), by replacing uj by rj(X).

For clarity of the exposition, we restate a theorem for the present model and its

decomposition.

It is necessary and sufficient for model (4.152) to hold with V ¼ (vjk) of

type T2, that the generalized triangular inequality, the additivity, and the con-

stant ratio condition hold.

Model (4.152) is decomposed into two parts:

v�jk ¼ djk(X) (4:157)

vþjk ¼ arj(X)þ brk(X)þ g (4:158)

Algebraic Treatment

Given dissimilarities V ¼ (vjk) that satisfy the generalized triangular inequal-

ity (4.86), the additivity (4.87), and the constant ratio condition (4.93), we like

to obtain X and parameters or rj(X). It is not tractable to deal with (4.152) as a

set of nonlinear equations in terms of X, a, b, and g, for which the function

forms of djk(X) and rj(X) are specified. Now let us specify Euclidean distance

for djk(X). In the same way as in the case of Model II, we can determine

dimensionality r and an n � r matrix X from (4.157), using the procedure

of Torgerson. Given X and a nonlinear form of rj(X), it would be difficult
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to solve a, b, and g. Now we regard (4.158) as an equation to obtain

parameters and function values of rj(X). First, we can determine c defined

by (4.122), using (4.123) or (4.130). Note that c , 1 due to the positivity of

a and b.

The density values should not have translational indeterminacy so we

set g ¼ 0. To cope with the product term such as arj(X), two treatments are

conceivable among others.

Case 1. Set either a or b to be unity. Simply, imposing a ¼ 1, we have

b ¼
1� c

1þ c
(4:159)

Thus we obtain from (4.158) with g ¼ 0,

rj(X) ¼
1

1þ b
vjj ¼

1

2
(1þ c)vjj ð j ¼ 1; 2; . . . ; nÞ (4:160)

Case 2. To determine the relative values of density, it is imposed that

Xn

j¼1

rj(X)2 ¼ 1 (4:161)

Retain definition (4.134). Then the solution is given as

rj(X) ¼
vjj

vdr

ð j ¼ 1; 2; . . . ; nÞ (4:162)

a ¼ 1
2

(1þ c)vdr and b ¼ 1
2

(1� c)vdr (4:163)

For both cases the product terms are determined as

arj(X) ¼
1

2
(1þ c)vjj and brj(X) ¼

1

2
(1� c)vjj (4:164)

Only one parameter c accounts for the asymmetry. It would be useful to exam-

ine the relationship of X and the function values rj(X) ( j ¼ 1; 2; . . . ; n), for

detection of the form of density (4.153).

In passing, the distance-density hypothesis may be incorporated in clus-

tering methods. DeSarbo et al. (1990) proposed a tree-fitting algorithm based

on the hypothesis, and showed an example on the confusion data regarding ten

stimuli, extracted from that collected by Rothkopf (1957). It will be meaning-

ful to examine the concept of density on data with more stimuli.
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Weeks and Bentler’s Model

Consider an asymmetric dissimilarity matrix V ¼ (vjk) for which all vjk � 0

and all vjj ¼ c. For this sort of matrix, Weeks and Bentler (1982) proposed a

model such that

vjk ¼ bdjk þ hj � hk þ g ð j; k ¼ 1; 2; . . . ; nÞ (4:165)

where b . 0 and djk is distance in a p-dimensional space as defined below, and

p is a prescribed dimension. In a similar way to the case of Model I, the fol-

lowing statement is established. It is necessary and sufficient for model (4.165)

to hold that both the generalized triangular inequality and the additivity hold

with V.

A supplement should be given on the model. For the case of a similarity

measure vjk, setting b ¼ 21 was suggested. Also, an alternative expression

with replacing djk by d2
jk for (4.165) was suggested in view of some appropriate

cases. These two points will be mentioned in the example, but the present

description is confined to (4.165).

Let x0j be the jth row of X. In the formulation by Weeks and Bentler, the

distance is specified by

djk(X;W) ¼ ((xj � xk)0W(xj � xk))1=2 (4:166)

where W is a symmetric and positive definite matrix of order p � p. Given ojk,

which are observations of vjk, one aims to estimate parameters hj, g, X, and W
under some constraints, where b is usually prespecified. Some are imposed to

deal with the indeterminacy of parameters, others are set for allowing arbitrary

constraints on parameters for data analysis. They proposed a procedure based

on nonlinear least squares under those constraints. However, because of the

simple description of the algorithm, it is not clear how one can treat the posi-

tivity of b, and the requirement of W to be positive definite.

Consider decomposition (3.3) ojk ¼ sjkþ ajk. Let h ¼ (h1;h2; . . . ;hn).

Using (4.6), the estimation problem is decomposed into two least squares

problems:

Q1(X;W; g) ¼
Xn

j¼1

Xn

k¼1

(sjk � bdjk(X;W)þ g)2 (4:167)

Q2(h) ¼
Xn

j¼1

Xn

k¼1

(ajk � hj þ hk)2 (4:168)
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Setting the Euclidean distance for djk and b ¼ 1, the estimation problem of X
is reduced to the well-known problem of metric MDS with additive constant.

The second problem (3.3) leads to approximating A by a skew-symmetric

matrix of rank 2.

4.4.6. Related Subjects

Of principal concern in this section have been the asymmetric matrices of type

T1 or T2 and also the distance-based view of the models. Here we describe the

case of asymmetric matrices of type T3, and for that case, we present a mixed

view of distance and content models.

Asymmetric Matrix with Null Diagonals

In connection with the asymmetric matrices of type T3, we reconsider the

models and scaling procedures so far mentioned. At first, setting aside asym-

metry, it is interesting to note a theorem due to Gower and Legendre (1986).

Theorem 4.7. Given a dissimilarity matrix V ¼ (vjk) with vjj ¼ 0 for

all j. If the following inequality holds for all triples (i, j, k),

vik þ vik � vjk (4:169)

then vjk � 0 and vjk ¼ vkj; hence vjk is a metric.

It should be noticed that (4.169) is not the triangular inequality that is

one of the metric axioms. Next we start with an asymmetric dissimilarity

matrix V with all diagonal entries being zero. On this matrix, the definitions

from (4.77) to (4.79) become simple:

v�jk ¼
1
2

(vjk þ vkj) (4:170)

vþjk ¼
1
2

(vjk � vkj) ¼ ~vvjk (4:171)

and v�jk is of the same form as (4.80). The generalized triangular inequality is

reduced to the triangular inequality. Through a simple manipulation on the

matrix V, we find that Theorem 4.4 still holds. Rewrite the result as a theorem

for comparison with Theorem 4.5.

Theorem 4.8. Given an asymmetric dissimilarity matrix V ¼ (vjk)

with vjj ¼ 0 for all j. The additivity holds if and oniy if the centered symmetry

condition holds. If the triangular inequality holds with V;v�jk satisfies the

metric axioms.
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Regarding GDM-I, it is seen that vjj ¼ uj þ fj þ g ¼ 0, thus the model

is rewritten as

vjk ¼ djk þ uj � uk (4:172)

Regarding GDM-II, noting that vjj ¼ auj þ buj þ g ¼ 0 and replacing auj by

uj, we have the same form as (4.172). Its decomposition is stated as

v�jk ¼ djk(X) and vþjk ¼ uj � uk ¼ ~vvjk (4:173)

For (4.172), a statement similar to Theorem 4.5 is given as follows. If the

model holds, the generalized triangular inequality and the additivity hold. If

the two conditions hold with V ¼ (vjk), an expression of vjk is provided

with (4.172).

Mixed Model for Asymmetry

To account for dissimilarity judgment among a set of stimuli, Saito (1983,

1986) proposed a procedure of MDS based on a model, such that

vjk ¼ djk(X)� rj � rk (4:174)

where djk is Euclidean distance and rj is scalar. For the model to hold, it is

required that

rj �
1

2
max

i;k
(vik � vij � vjk) (4:175)

In a case for which diagonal entries vjj are all zero, the model is defined only

for off-diagonal entries. For the model, suggested are three interpretations of rj

with or without restrictions on rj. According to the first, rj is a free parameter

and it indicates a psychological effect associated with stimulus j. Second, in

connection with the distance-density hypothesis, one may interpret �rj as

indicating the density if estimates are positive (requiring that all rj , 0),

although rj is not specified explicitly in terms of a function of X but a function

value in this case.

Third, for some phenomena, the free parameter rj would represent a

measure of the region (the radius of a supersphere) that stimulus j occupies

in the multidimensional psychological space. Then (4.174) is regarded as a

hypothetical model, mixing distance and content models. The sign of rj

would reflect the reference type of a stimulus. We might think of three

cases of psychological distances, depending on the combination of the signs

of rj and rk (Fig. 4.5): (a) symmetric model with nearest distance (rj . 0,

rk . 0), (b) symmetric model with furthest distance (rj , 0, rk , 0),
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(c) asymmetric model with near-further distance (rj , 0, rk . 0). Hence there

would be three kinds of psychological distances in the judgment of dissimilar-

ity for a set of stimuli. If only case (c) is assumed for all ordered pairs ( j, k), the

asymmetric model is restated as (4.177).

Winsberg and Carroll (1989) developed a quasi-nonmetric method of

MDS based on a model closely related to (4.174), such that

vjk ¼ (djk(X)2 þ sj þ sk)1=2 ð j = kÞ (4:176)

In their interpretation sj represents specificity of object j.

FIGURE 4.5 Three kinds of psychological distance between stimulus regions
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Okada and Imaizumi (1987) proposed a nonmetric procedure on the

basis of a variant of Weeks and Bentler’s model (off-diagonal elements

only, and g ¼ 0 for (4.165)), such that

vjk ¼ djk(X)þ rj � rk ð j = kÞ

rj � 0 ð j ¼ 1; 2; . . . ; nÞ (4:177)

where djk(X) is distance in a multidimensional space. To cope with the trans-

lational indeterminacy of rj, it is imposed that minj (rj) ¼ 0. For the display

of the derived configuration, the authors adopted representing stimuli accord-

ing to the mixed model above, thus rj shows the radius of a supersphere

(object) j.

However, a question may be posed for visually inspecting that sort of

geometrical display for case (c) and (4.177). Because of the indeterminacy

of the origin of rj values, a unidimensional display of estimates of rj, such

as Fig 4.5, is better and less misleading than the display using spheres. One

would identify easily the difference such as rjþ a 2 (rkþ a) in Fig. 4.5,

but from the sphere representation above one would tend to read the difference

in proportion to the size of area such as (rjþ a)2 2 (rkþ a)2 rather than the

unidimensional difference.

4.4.7. Slide-Vector Model

Zielman and Heiser (1993) presented slide-vector model to account for asym-

metric dissimilarity data of type T1. It represents asymmetry by a uniform

shift (or translation) of the difference vector between the two points in a multi-

dimensional space. The error-free model is stated as

v2
jk(X; z) ¼

Xr

t¼1

(xjt � xkt þ zt)
2 (4:178)

The dissimilarity is a function of X and z, where X ¼ (xjt) is an n � r matrix

of coordinates, and z ¼ (zt) is the slide-vector. Denote vjk(X, z) by vjk

simply. According to the model, the self-dissimilarity is not zero but a

constant lz,

vjj ¼
Xr

t¼1

z2
t

 !1=2

¼ lz ð j ¼ 1; 2; . . . ; nÞ (4:179)
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If points j and k coincide, their dissimilarity is equal to lz. Let Y ¼ (yjt) where

yjt ¼ xjt 2 zt. Then (4.178) becomes

vjk ¼
Xr

t¼1

(xjt � ykt)
2

 !1=2

(4:180)

Thus, as far as the model form is concerned, the slide-vector model is regarded

as a restricted case of the unfolding model in that the configuration of column

points (Y) is a translation of the configuration of row points (X), such that

Y ¼ X 2 1z0. The model involves a larger degree of asymmetry the more dis-

similar are the two objects.

For a graphical representation of the model, we refer to Fig 4.6. Two

objects are illustrated as vectors, a and b. The discrepancy of the termini of

the vectors is drawn by a dashed segment. The difference vectors, a 2 b
and b 2 a, are drawn by bold arrows in the figure. Write their identical length

by l(a 2 b) ¼ l(b 2 a). Adding the slide-vector z to these difference vectors

yields a 2 bþ z and b 2 aþ z, respectively. The length of each vector indi-

cates the asymmetric dissimilarity, such that

vab ¼ l(a� bþ z) and vba ¼ l(b� aþ z) (4:181)

To know the properties of the model in more detail, we expand (4.178)

FIGURE 4.6 Illustration of the slide-vector model
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as

v2
jk ¼

Xr

t¼1

(xjt � xkt)
2 þ

Xr

t¼1

z2
t þ 2

Xr

t¼1

zt(xjt � xkt) (4:182)

On the right-hand side, the first term shows the squared Euclidean distance and

the second the squared norm of lz, both of which contribute to the symmetric

component of the dissimilarity. In contrast, the third term accounts for the

skew-symmetric component in such a way that

z0x( j) � z0x(k) ¼
Xr

t¼1

zt(xjt � xkt) ¼ �
Xr

t¼1

zt(xkt � xjt) (4:183)

where x( j) ¼ (xj1; xj2; . . . ; xjr)
0.

From this relation and Fig. 4.6, we find that the relative dominance of

one object to the other in the skew-symmetry is shown by the projection of

the object to the slide-vector. In other words, objects positioned in directions

similar to the slide-vector dominate the others in the asymmetrical

relationship.

The slide-vector plays a role as reference point in the space of psycho-

logical judgment. In this viewpoint, it may be of interest to compare the slide-

vector model with the psychological scaling model in Sec 2.3. Comparing

model expressions, we see that model (4.180) is a multidimensional version

of (2.50). As shown below, the model can be regarded as a variant of

Weeks and Bentler’s (1982) model. We like to clarify the properties of the

model, considering indeterminacy of the model parameters, the structure of

the symmetric part, and that of the skew-symmetric part on the basis of

Saito (2003b).

Indeterminacy of the Parameters

Define a symmetric matrix S ¼ (sjk) and a skew-symmetric matrix

A ¼ (ajk) as:

sjk ¼
1
2

(v2
jk þ v2

kj) (4:184)

ajk ¼
1
2

(v2
jk � v2

kj) (4:185)

Then we have a decomposition of the squared dissimilarity as

v2
jk ¼ sjk þ ajk (4:186)
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to which corresponds the model decomposition as

sjk ¼ d2
jk þ l2

z (4:187)

ajk ¼ 2z0(x( j) � x(k)) (4:188)

where

d2
jk ¼

Xr

t¼1

(xjt � xkt)
2 (4:189)

Let us focus on the indeterminacy of parameters. Let T be an orthogonal matrix

and j be a translation vector. Consider transformations such as ~XX ¼ XT þ j and

~zz ¼ T0z. Noting that

djk( ~XX) ¼ djk(X) and z0z ¼ ~zz0~zz ¼ l2z (4:190)

We find that expressions of sjk and ajk are invariant under the rotations and trans-

lations. Thus, any constraints or assumptions are required to cope with the

indeterminancy.

Structure of the Skew-Symmetric Part

From (4.185) and (4.188) it follows that

v2
jk � v2

kj ¼ 4z0(x( j) � x(k)) (4:191)

Summing equations of this type over pairs (i, j), ( j, k), and (k, i) gives

v2
ij þ v2

jk þ v2
ki ¼ v2

ik þ v2
kj þ v2

ji (4:192)

Thus a relation of additivity holds with {v2
ij}. Alternatively it is expressed as

aik ¼ aij þ ajk (4:193)

Let us define t ¼ Xz, an element of which is

tj ¼ z0x( j) ¼
Xr

t¼1

ztxjt ð j ¼ 1; 2; . . . ; nÞ (4:194)

Thus tj shows a kind of similarity of object j to the reference point specified by

the slide-vector z, being proportional to the projection of vector x( j) on vector

z. From (4.188), A is stated in such a way that

A ¼ 2(Xz10 � 1z0X0) ¼ 2(t10 � 1t0) (4:195)
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showing that A is of rank 2 and ajk ¼ 2(tj 2 tk). Combining this with (4.186)

and (4.187) yields

v2
jk ¼ d2

jk þ l2z þ 2(tj � tk) (4:196)

The form is seemingly the same as (4.165) and its variant (Weeks and Bentler

1982, p. 202). However, expression (4.196) should be given with (4.194), in

other words, t is not independent from X and z. Thus the slide-

vector model may be viewed as a variant of (4.165) with the constraint, but

it is distinguished from the model by Weeks and Bentler.

By some manipulation on A, we derive the following equation:

AA1 ¼ l1 (4:197)

Here l, u1, and u2 are given by

l ¼ 4(u2
1 � nu2); u1 ¼ 10t; u2 ¼ t0t (4:198)

The SVD of A gives only a pair of singular vectors. According to Theorem 3.1,

it is found that condition (4.197) is necessary and sufficient in order that a line

structure exists on the plane spanned by the singular vectors of A.

Structure of the Symmetric Part

Summing equations of type (4.182) over pairs ( j, k) and (k, j) gives

1
2

(v2
jk þ v2

kj � v2
jj � v2

kk) ¼ d2
jk (4:199)

Define a transformation of v2
jk by

qjk ¼
1
2

(v2
jk þ v2

kj � v2
jj � v2

kk) (4:200)

From the model structure for V, qjk should be non-negative, which leads to

v2
jk þ v2

kj � v2
jj þ v2

kk for all pairs ( j; k) (4:201)

When qjk is non-negative, define

pjk ¼
ffiffiffiffiffiffi
qjk
p

(4:202)

Write matrices in terms of dissimilarities as P ¼ (pjk) and Q ¼ (qjk). By defi-

nition, pjk ¼ pkj and pjj ¼ 0. It is necessary for pjk to be a metric that the triangu-

lar imnequality is satisfied. By the way, it is of interest to note that (4.200) is of

the same form as (4.77) and (4.201) of the same form as (4.95). Accordingly,

when (4.201) holds, qjk becomes a metric by Theorem 4.4.
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When the model holds, pjk should satisfy not only the metric axioms but

also the requirement of Euclidean distance. Denote a centering matrix by H
and define B in terms of fvjkg as

B ¼ HQH (4:203)

Using a theorem due to Young and Householder (1983), we find that B should

be positive semidefinite with rank r in order that pjk is Euclidean distance in r

dimensions. Now we are in a position to summarize necessary conditions.

Theorem 4.9. Necessary conditions. Given a dissimilarity matrix

V ¼ (vjk) of type T1, necessary conditions for the slide-vector model to

hold in r-dimensional Euclidean space are stated as follows.

Condition 1: additivity. The dissimilarity matrix satisfies the additivity,

that is, V satisfies (4.192) or A does (4.193).

Condition 2: line pattern. Matrix A is of rank 2. The two-dimensional

plot of objects in terms of the singular vectors of A reveals a line pat-

tern on the plane. The spacing of points on the line corresponds to the

projection of object points on the slide-vector.

Condition 3: distance properties. The fqjkg are non-negative, equiva-

lently, V satisfy (4.201). Matrix B is positive semidefinite and of

rank r.

Under some assumptions, it is sufficient for the model that both con-

dition 1 and condition 3 hold with V (Saito, 2003b). Accordingly, a necessary

and sufficient condition consists of these two conditions.

Estimation Procedure

Given observations ojk, we set the error model ojk ¼ vjkþ ejk. For model

(4.178), we aim to estimate a coordinate matrix X and a slide-vector z by opti-

mizing a criterion. For this purpose, Zielman and Heiser suggested a pro-

cedure by using a restricted unfolding algorithm. It consists of two steps,

one to improve the location of points and the other to solve a metric projection

problem. It is provided with an additional step for scaling of the dissimilarity.

4.4.8. Example

Example 1

We present an example taken from Saito (1993a). Analysis based on GDM-I

was applied to the soft drinks brand switching data of Table 3.3. We treat the

entries divided by 1000, and the resultant data matrix is denoted by P ¼ (pjk).
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Then the sum becomes unity for each row. Prior to the analysis, data pjk were

converted to dissimilarities ojk ¼ 1 2 pjk. Further we transformed ojk into oþjk
using (4.78), and into ~oojk using (4.79). The necessary conditions for the model,

(4.86) and (4.87), were checked on ojk and ~oojk. Since it is not meaningful to

check strictly the conditions on real data involving some errors, we checked

whether the following inequalities are satisfied or not for triples:

oij þ ojk � oik � ojj . �11 (4:204)

j~ooij þ ~oojk � ~ooikj , 12 (4:205)

Here 11 ¼ 0.01s1 and 12 ¼ s2, and s1 and s2 are the standard deviations of ojk

and of ~oojk, respectively. Condition (4.204) was satisfied to the degree of 92.6%

and condition (4.205) to the degree of 85.7% for all the meaningful triples.

Applying the LS algorithm to the data ojk, we obtained a high degree of

fit of the model for a two-dimensional solution. Figure 4.7 illustrates the

derived configuration. We see four clusters of brands, such as lemon-lime

(Sprite, 7-Up), diet (Diet Pepsi, Tab, Like, Fresca), and two isolated brands,

Pepsi and Coke. It is interesting to find that this result is common to that

given by the clustering algorithm of DeSarbo and DeSoete (1984, Fig. H).

Regarding the derived u-scale and f-scale, Cor(u,f) was near unity.

The reason is understood, referring to the degree of asymmetry k1 ¼ 0.072

(see Sec. 3.3.3) and seeing that the diagonal entries are generally large in com-

parison with off-diagonal entries. This suggests that asymmetric Oþ is

accounted for by the scale of u. The tendency was observed on the data.

The scale values are proportional to the diagonal entries in the original data

TABLE 4.3 Journals in Citation Data

Abbreviations Journal

1 AJP American Journal of Psychology

2 JABN Journal of Abnormal Psychology

3 JPSP Journal of Personality and Social Psychology

4 JAPPL Journal of Applied Psychology

5 JCPP Journal of Comparative and Physiological Psychology

6 JCCP Journal of Consulting and Clinical Psychology

7 JEDP Journal of Educational Psychology

8 JEP Journal of Experimental Psychology

9 PKA Psychometrika

10 PB Psychological Bulletin

11 PR Psychological Review

12 MBR Multivariate Behavioral Research
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matrix. Figure 4.8 shows a plot of u vs. the diagonal entries in Ojk, indicating

that u (or f)-scale represents the brand loyalty.

Example 2

An example is taken from Saito and Takeda (1990). Analysis based on

GDM-II was applied to the confusion data on 36 Morse codes (26 alphabets

and 10 numerals) collected by Rothkopf (1957). The data are provided in

Tables 3.10 to 3.12. Krumhansl (1978) referred to the two-dimensional con-

figuration derived from the data obtained by Shepard (1963), as an example

to support the distance-density hypothesis. Saito (1983, 1986) analyzed the

data by using the symmetric model (4.174) with constraints that all rj , 0,

in connection with the hypothesis.

Prior to the analysis by using GDM-II, necessary conditions for the

model were examined on the data. It was found, in the same way as in the

case of Example 1, that condition (4.86) was satisfied to the degree of

99.5% and condition (4.87) to the degree of 60.5% for all the meaningful

triples. To check condition (4.93), we computed cjk, which is the ratio of

the left-hand side of (4.93) for pair ( j, k) such that ojj = okk. For 54.1% of

those pairs, the cjk values scattered in a narrow interval. As is known, it is

often difficult to verify exactly whether a certain equality condition holds or

FIGURE 4.7 Two-dimensional configuration of eight soft drinks (GDM-I)
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not on some data that might involve a fair degree of noise. From this consider-

ation, the examination result allows assuming GDM-II for data analysis.

Setting Euclidean distance for asymmetric model (4.121), the analysis

was performed in one to five dimensions. Figure 4.9 shows the fit for each

dimensionality, revealing an elbow point at r ¼ 2. Figure 4.10 gives a

plot of 36 stimuli in two dimensions, illustrating estimates ûu by vertical

segments on each point. Comparing the configuration with that of Shepard

(1963) in view of the rotational indeterminacy, we have the same interpret-

ation as Shepard’s, that the first dimension indicates the number of com-

ponents in the signal and the second dimension the relative frequency of

dots vs. dashes.

Inspecting the segment of ûu , we find roughly higher segments in

relatively dense domains and lower segments in less dense domains in the

configuration. Thus we may put the distance-density hypothesis for the

data, although in a rough sense. Comparing the display of ûu in Fig. 4.10

with the corresponding one of Saito (1986, p. 57), we find that the hypothesis

holds better with the present result.

In order to assess the appropriateness of the hypothesis for the configur-

ation in a more objective way, we assumed the density form for a given h as

dj(h) ¼
Xn

k=j

exp (� djk(X)h) ð j ¼ 1; 2; . . . ; nÞ (4:206)

FIGURE 4.8 Correspondence of diagonal entry u-scale
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and then computed values of correlation coefficient R(h) between uj and dj(h)

where h changed from 0.01 to 50. The correlation showed the largest value of

0.791 at h ¼ 14.1. Figure 4.11 illustrates the change of R(h). As long as the

density is given by the form of (4.206), we consider that the distance-

density hypothesis holds with the data.

Turn to the estimate of c. We obtained l as 0.4931, which gives

c ¼ 0.3395 by (4.133). Note that jcj shows departure from symmetry

(l ¼ 1) for which c ¼ 0. Thus the present c indicates some degree of

asymmetry.

Example 3

An example is taken from Weeks and Bentler (1982). The data are the

frequency of citations of 12 psychological journals to each other in 1979

(Tables 4.3 and 4.4). Prior to the analysis, data were converted to proportions

of citations. Since the data are similarity-like, the analysis was performed by

FIGURE 4.9 Fit for dimensionality (GDM-II)
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setting b ¼ 21 and squared distance with W ¼ Ip in the model. To cope with

indeterminacy of the parameters, one element of h was set to zero, and an

upper triangle of X set to zero to fix the origin and orientation.

Specifying dimensionality p from one to three, a two-dimensional sol-

ution was adopted as the best solution in view of the fit and the interpretability.

Making use of the advantage of the restricted MDS, they performed an anal-

ysis of the 1979 citation data by fixing the 10 journal locations to those of the

solution derived from the 1960 citation data (Coombs, 1964, Table 22.2).

Figure 4.12 shows the derived configuration, where dots indicate locations

of the 10 journals and triangles indicate the locations of the four journals

appearing only in the 1979 data. There is a hard–soft or clinical–experimental

dimension roughly parallel to the line between JCPP and JCP. A dimension

orthogonal to that separates PKA and MBR from the rest.

FIGURE 4.10 Two-dimensional configuration of Morse codes (GDM-II)
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For p ¼ 2, a value of fit index was 0.6521 for the model with h, whereas

the value was 0.5567 for the (symmetric) model without h. The estimates of h
are plotted in Fig 4.13. It is found that a high value of h j indicates a journal

that receives proportionately fewer citations than it gives.

Example 4

Here an example is taken from Zielman and Heiser (1993), applying the slide-

vector model to the car switching data (Tables 4.1 and 4.2). The slide-vector

indicates the direction in a multidimensional space of car types, where the

most popular type will be revealed. Prior to the analysis by the model, data

transformation was performed to the raw data matrix by several steps, so as

to give an appropriate measure of dissimilarity. The transformed data matrix

was analyzed in two dimensions. Figure 4.14 shows the derived configuration

of types. The first three letters of the labels indicate the size of the cars, and

the last letter the distinctive feature for a size category. The first dimension

FIGURE 4.11 Correlation R between density and parameter u
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indicates an important domestic distinction and the second dimension dis-

criminates the small cars from the large cars. It is found that the imported

cars compete more with each other than with the domestic cars. The slide-vec-

tor is drawn as a bold arrow. The long vector indicates the “switch from” vec-

tor. We see the trend to buy a luxury imported car instead of a luxury domestic

car, and the trend that small cars are winning in the market.

4.5. FEATURE-MATCHING MODEL AND
TSCALE

4.5.1. Contrast Model

Tversky developed a feature-matching model by a set-theoretic approach to

proximity. For exposition we consider a pair of ordered stimuli (i, j), which

are associated with feature sets I and J, respectively. Let cij be a measure

of similarity, which is stated as a function g of three arguments as follows:

cij ¼ g(I � J; J � I; I > J) (4:207)

Here I > J denotes the set of common features. I 2 J denotes the set of

features distinctive to i, that is, features associated with i but not with j.

J 2 I denotes the set of features distinctive to j.

TABLE 4.4 1979 Citation Data

Citing journal

Cited journal

1 2 3 4 5 6 7 8 9 10 11 12

1 AJP 31 10 10 1 36 4 1 119 2 14 36 0

2 JABN 7 235 55 0 13 4 65 25 3 50 31 0

3 JPSP 16 54 969 28 15 21 89 62 16 149 141 16

4 JAPPL 3 2 30 310 0 8 5 7 6 71 14 0

5 JCPP 4 0 2 0 386 0 2 13 1 22 35 1

6 JCCP 1 7 61 10 2 100 6 5 4 18 9 2

7 JEDP 0 105 55 7 3 10 331 3 19 89 22 8

8 JEP 9 20 16 0 32 6 1 120 2 18 46 0

9 PKA 2 0 0 0 0 6 0 6 152 31 7 10

10 PB 23 46 124 117 138 7 86 84 62 186 90 7

11 PR 9 2 21 6 3 0 0 51 30 32 104 2

12 MBR 0 7 14 4 0 0 24 3 95 46 2 56
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The additive case of g is called the contrast model, and the dissimilarity

of (i, j) is represented as

vij ¼ af (I � J)þ bf (J � I)� uf (I > J) ði = jÞ (4:208)

The function f (.) indicates the number of features of a set. Parameters u, a, b

are assumed to be positive. If a = b, the model represents asymmetry of vij.

Using the relation

f (I � J) ¼ f (I)� f (I > J) (4:209)

we have an alternative expression such that

vij ¼ af (I)þ bf (J)� (uþ aþ b)f (I > J) (4:210)

FIGURE 4.12 Two-dimensional configuration of 12 journals

(Weeks & Bentler’s model)
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When we think of a sort of decomposition (3.3) to the model except for

the case of i ¼ j, we obtain the symmetric and skew-symmetric components as

gij ¼
1
2

(aþ b)( f (I)þ f (J))� (uþ aþ b)f (I > J) (4:211)

tij ¼
1
2

(a� b)( f (I)� f (J)) (4:212)

Then, the skew-symmetry means the difference in the number of features.

4.5.2. Formulation of TSCALE

DeSarbo et al. (1992) proposed an MDS procedure called TSCALE, which

is based on Tversky’s contrast model. It starts with the presumption of a

dimensional structure X ¼ (xjt) underlying the proximity judgment, where

xjt denotes the tth coordinate of object j. Remembering that the feature-

matching model was proposed with questions on the metric and dimensional

assumptions of MDS, it is an interesting idea to incorporate the model to

develop a method of MDS. In the formulation, they introduced another

form of dissimilarity in terms of a ratio of distinctive features to the total ones,

vij ¼
af (I � J)þ bf (J � I)

af (I � J)þ bf (J � I)þ uf (I > J)
(4:213)

Setting u ¼ a ¼ b ¼ 1, it is closely related to the similarity model in Gregson

(1975). As the authors pointed out, the linear model (4.208) has some advan-

tages over the ratio model (4.213) for a wide range of applied studies. In

FIGURE 4.13 Representation of unidimensional scale h

Multidimensional Scaling 161

Copyright 2005 by Marcel Dekker. All Rights Reserved.



TSCALE, one assumes that the latent dimensional structure has a correspond-

ing representation such that

f (I > J) ¼
Xr

t¼1

umin (xit; xjt) (4:214)

f (I � J) ¼
Xr

t¼1

a(xit � xjt)þ (4:215)

f (J � I) ¼
Xr

t¼1

b(xjt � xit)þ (4:216)

where (a� b)þ ¼ max (a� b; 0). Then, the common features of two stimuli

are represented as the minimum or intersection along dimensions, while the

distinctive features are represented as differences.

Now let us consider a two-mode three-way dissimilarity vijk that

denotes vij for the kth condition (or subject) (i; j ¼ 1; 2; . . . ; n; k ¼ 1;
2; . . . ;m). Using (4.214) to (4.216), we extend Tversky’s model to a latent

FIGURE 4.14 Two-dimensional configuration of 16 car-types (slide-vector model)
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dimensional structure as

vijk ¼
Xr

t¼1

ak(xit � xjt)þ þ
Xr

t¼1

bk(xjt � xit)þ �
Xr

t¼1

uk min (xit; xjt)

(4:217)

for the linear model (4.208), and

vijk ¼

Pr
t¼1 ak(xit � xjt)þ þ

Pr
t¼1 bk(xjt � xit)þPr

t¼1 ak(xit � xjt)þ þ
Pr

t¼1 bk(xjt � xit)þ þ
Pr

t¼1 uk min (xit; xjt)

(4:218)

for the ratio model (4.213). It is assumed that xjt;ak;bk; uk � 0 for both

(4.217) and (4.218), and so 0 � vijk � 1 for (4.218). Note that there is a multi-

plicative indeterminacy for X, a, b, and u. More specifically, vijk is invariant

to the scale unit of X for (4.218).

4.5.3. Scaling Procedure

Given O ¼ (oijk), which are values of vijk (i = j) observed on a ratio scale. For

a specified r, we aim to find a matrix X and m-dimensional vectors a, b, and u
so as to minimize a loss function defined by

f(X;a;b; u) ¼
Xn

i¼1

Xn

j=i

Xm

k¼1

(vijk � oijk)2 (4:219)

The problem is handled by an alternating least squares approach. The algo-

rithm consists of two major phases, the first phase to obtain X and the second

phase to obtain a, b, and u. In the second phase, the problem leads to m linear

problems of least squares with non-negative constraints on parameters.

TSCALE is provided with a variety of linear contrast models and many

options for data analysis. For applications of TSCALE to fast food restaurant

data and soft drinks data, refer to DeSarbo et al. (1992).
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5

Cluster Analysis of
Asymmetric Data

5.1. OVERVIEW AND PRELIMINARIES

Clustering and classification are fundamental across many sciences or

practical data processing in business fields. A variety of methods and pro-

cedures have been studied for that purpose. As mentioned in Chapter 1,

many clustering algorithms were proposed on the basis of proximity data, to

which multidimensional scaling is also applicable. In this close connection,

cluster analysis has been developed for asymmetric data under two major

approaches.

In one approach, asymmetric proximity data are treated in accordance

with the original form of the data, that is, one-mode two-way data, and ana-

lyzed in view of the asymmetry. Hubert (1973) proposed min and max cluster-

ing for the asymmetric similarity, which was generalized by Fujiwara (1980).

These algorithms are extensions of the single linkage algorithm and the com-

plete linkage algorithm for asymmetric clustering. Okada and Iwamoto (1996)

proposed the weighted average algorithm for asymmetric clustering. Yadohisa

(2002) proposed an updating formula for representing the asymmetric hier-

archical clustering in a unified treatment. To represent the clustering results,

extensions of the dendrogram were developed by Okada and Iwamoto

164

Copyright 2005 by Marcel Dekker. All Rights Reserved.



(1995, 1996) and Yadohisa (2002). Algorithms and dendrograms mentioned so

far are described in Sec. 5.2. Noting different points from those algorithms, we

present the algorithm suggested by Ozawa (1983) in Sec. 5.3, and the algor-

ithm by Brossier (1982) in Sec. 5.4. In a special context from these algorithms,

Ferligoj and Batagelj (1983) proposed a clustering algorithm for dissimilarity

data with asymmetric relational constraints.

In the other approach, the asymmetric proximity data are regarded as a

special case of two-mode two-way data, in which the row and column

elements are considered two different modes. Let us classify the algorithms

in this approach into three classes, referring to Eckes and Orlik (1993).

The algorithms in the first class generally aim at fitting tree structures,

that is, ultrametric and/or additive trees to the data. Least squares procedures

for estimating ultrametric and additive trees were proposed by DeSarbo and

De Soete (1984), DeSarbo et al. (1990) and De Soete et al. (1984). Espejo

and Gaul (1986) developed a two-mode variant of the classical average link-

age algorithm. Many algorithms belonging to this class were summarized in

De Soete and Carroll (1996). We take up the algorithm by De Soete et al.

(1984) in Sec. 5.5.

The second class is called direct clustering. Common to the algorithms

in this class, we point out reordering of rows and columns of the data and

determination of clusters. As algorithms involved in the class, we describe

in Sec. 5.6 the Bond energy algorithm (McCormick et al., 1972), which was

improved by Arabie et al. (1988), and turn to the centroid effect algorithm

(Eckes and Orlik, 1993) in Sec. 5.7.

The third class contains GENNCLUS by DeSarbo (1982) and PEN-

CLUS by Both and Gaul (1986). These algorithms are a generalization of

ADCLUS by Shepard and Arabie (1979) for the case of asymmetric or two-

mode data. In these algorithms, the proximity is represented in terms of dis-

crete and possibly overlapping properties. In Sec. 5.8, we treat GENNCLUS

(DeSarbo, 1982).

5.2. HUBERT ALGORITHMS AND THEIR
EXTENSIONS (ONE-MODE APPROACH)

First, we introduce asymmetric hierarchical clustering algorithms (Hubert,

1973; Fujiwara, 1980; Okada and Iwamoto, 1996). Then we set out a new

updating formula for an asymmetric clustering algorithm proposed by Yado-

hisa (2002). In addition, we illustrate extended dendrograms for representing

the results. A pioneering study of asymmetric clustering is given in Hubert
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(1973). Here we follow the formulation and notation by Fujiwara (1980),

including the Hubert’s algorithms.

5.2.1. Algorithms

There are two types of algorithms in Fujiwara (1980), with or without symme-

trization of the original data O ¼ ðoijÞ. Both types of algorithms consist of two

phases: the first phase for selection of the objects for merging and the second

phase for updating the (dis)similarity between clusters. Note that the defi-

nitions of the two phases lead to formulation of the clustering algorithms.

Algorithms with Symmetrization (Hubert, 1973;
Fujiwara, 1980)

For phase (i), we transform an asymmetric similarity matrix O ¼ (oij) to

symmetric similarity matrix O� ¼ (oij
�) by either of the following formulas:

(A) o�ij ¼ o�ji ¼ max (oij, oji) (5:1)

(B) o�ij ¼ o�ji ¼ min (oij, oji) (5:2)

Next, we choose clusters CI and CJ to be combined, so that objects in these

clusters should satisfy

o�pq ¼ max
i,j

(o�ij), ( p [ CI , q [ CJ) (5:3)

For phase (ii), we first merge CI and CJ, and denote the resulting cluster

by CIJ. Next, we update the similarity between clusters CIJ and other cluster

CK, using either of the following formulas:

(a) o�rt ¼ o�tr ¼ max (o�pt, o�qt) (5:4)

(b) o�rt ¼ o�tr ¼ min (o�pt,o
�
qt) (5:5)

where r [ CIJ and t [ CK.

Combining phase (i) and phase (ii) gives rise to four algorithms. By

(A 2 a) we denote the algorithm combining formula (A) for phase (i) and

formula (a) for phase (ii). Then algorithms proposed by Hubert (1973) are

represented by (A 2 a), (A 2 b), and (B 2 b).
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Algorithms without Symmetrization I (Fujiwara,
1980)

For phase (i), we choose clusters CI and CJ to be combined, so that object

p [ CI and object q [ CJ should satisfy either of the following formulas:

(C) max (opq, oqp) ¼ max
i,j

(max (oij, oji)) (5:6)

(D) min (opq, oqp) ¼ max
i,j

(min (oij, oji)) (5:7)

For phase (ii), first we merge CI and CJ, and denote the resulting cluster

by CIJ. Next, we update the similarity between cluster CIJ and other cluster CK,

using either of the following formulas:

(c) ort ¼ max (opt, oqt), otr ¼ max (otp, otq) (5:8)

(d) ort ¼ min (spt, sqt), otr ¼ min (otp, otq) (5:9)

where r [ CIJ and t [ CK. Combination of phase (i) and phase (ii) gives four

algorithms.

Algorithms without Symmetrization II (Okada and
Iwamoto, 1995)

For phase (i), we choose the clusters in the same way as the algorithms without

symmetrization I.

For phase (ii), we update the similarity between cluster CIJ, which is

made from clusters CI and CJ, and another cluster CK, using the following

formula:

(e) ort ¼
1
2

(opt þ oqt), otr ¼
1
2

(otp þ otq) (5:10)

where r [ CIJ and t [ CK. Selecting options of phase (i) gives two algorithms.

5.2.2. Extended Updating Formula and
Clustering Algorithm

There are several formulations for the clustering algorithm. For extension of

algorithms mentioned above, we like to revise Fujiwara’s formulation with

some differences. Such revisions are useful, and we contrast the algorithms

and may implement them into computer programs. For symmetric clustering,

we facilitate comparisons by using the updating formula proposed by Lance

and Williams (1967).
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Here we introduce an extension of this formula by Yadohisa (2002) and

formulate the asymmetric hierarchical clustering algorithms by using Yadohi-

sa’s formula. Without loss of generality, dissimilarity is used for convenience

of description.

Lance and Williams Updating Formula

Let us follow the Lance and Williams updating formula. Then we have a for-

mula for dissimilarity D(IJ)K between cluster CIJ and another cluster CK as

D(IJ)K ¼ aIDIK þ aJDJK þ bDIJ þ gjDIK � DJK j (5:11)

where aI, aJ, b, and g are either constants or functions. The DIJ, DIK, and DJK

denote the dissimilarities between clusters designated by suffix.

De¢nition: Extended Updating Formula
(Yadohisa, 2002)

Let CIJ be the cluster formed by merging clusters CI and CJ. We consider

updating formula for dissimilarity D(IJ)K from cluster CIJ to another cluster

CK. In view of asymmetry, it is defined as:

D(IJ)K ¼ a1
I f 1(DIK , DKI)þ a1

J f 1(DJK , DKJ)þ b1g1(DIJ , DJI)

þ g1j f 1(DIK , DKI)� f 1(DJK , DKJ)j (5:12)

The updating formula for dissimilarity DK(IJ) from cluster CK to cluster CIJ is

written as:

DK(IJ) ¼ a2
I f 2(DIK , DKI)þ a2

J f 2(DJK , DKJ)þ b2g2(DIJ , DJI)

þ g2j f 2(DIK , DKI)� f 2(DJK , DKJ)j (5:13)

Here DIJ indicates the asymmetric dissimilarity from cluster CI to cluster

CJ ; a1
I , a1

J , a2
I , a2

J , b1, b2, g1, g2 are constants specified prior to analysis,

and f 1, f 2, g 1, g 2 are functions of two dissimilarities determined prior to anal-

ysis. We call this pair of formulas extended updating formula hereafter.

In the same way as the symmetric case, we can update the dissimilarity

by using this formula. Thus, we can calculate the dissimilarities between clus-

ters at stage mþ 1 from the dissimilarities at stage m. Unlike the symmetric

case, these formulas update D(IJ)K and DK(IJ) separately. Note that the con-

stants and the functions determine the clustering algorithm uniquely.
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In the same way as the Lance and Williams formula, parameters such as

a1
I control the combination of the clusters. In addition, functions f 1, f 2, g 1,

and g 2 control some weighting of the asymmetric relationship between a

pair of clusters. Figure 5.1 represents asymmetric dissimilarities between

clusters.

De¢nition: Asymmetric Hierarchical Clustering
Algorithm (Yadohisa, 2002)

Let us define an asymmetric hierarchical clustering algorithm, according to

the extended updating formula. The algorithm consists of two phases, the

object selection phase and the updating phase. Suppose that an asymmetric

dissimilarity matrix O ¼ (DST) is given.

First phase: We form CIJ by merging clusters CI and CJ, of which dis-

similarity satisfies

DIJ ¼ min
S,T

D(DST , DTS) (5:14)

where D indicate a combining criterion, which may be max, min, mean,

and so on.

Second phase: We update D(IJ)K and DK(IJ) by the extended updating for-

mulas.

We iterate the first and second phases until all the objects will be one cluster.

Let CS and CT be arbitrary clusters. Let DST and DTS denote asymmetric

dissimilarities between them, and CIJ and CK denote particular clusters

merged at a stage. As in the symmetric case, without loss of generality, it is

FIGURE 5.1 Asymmetric dissimilarities between clusters
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assumed that cluster CK may be a singleton, or was formed before cluster CIJ

has been formed. In addition, we assume

D(DIJ , DJI) � D(DIK , DKI) , D(DJK , DKJ) (5:15)

We summarize the algorithms so far provided in terms of extended

updating formula in Table 5.1. We denote (A 2 a) when (A) is selected in

the first phase and (a) is selected in the second one. Algorithm (A 2 a) and

algorithm (B 2 b) are equivalent to algorithms (C 2 c) and (D 2 d), respect-

ively (Fujiwara, 1980). In the representation by the extended updating formula,

the clustering results by (A 2 a), (A 2 b), and (B 2 b) should coincide with

Hubert’s result; however, we do not symmetrize the data prior to analysis.

The algorithms in Hubert (1973) and Fujiwara (1980) correspond to

either a single linkage algorithm or a complete linkage algorithm for the sym-

metric case. The algorithm in Okada and Iwamoto (1996) is extended from the

weighted average algorithm for the asymmetric case. Note that it is possible to

develop various new algorithms by specifying the functions f, g, criterion D,

and the parameters in the extended updating formula.

5.2.3. Extended Dendrograms

Several ways are conceivable for representing the results of asymmetric clus-

tering. Let us differentiate two types. In the first type, information about the

asymmetry is shown separately from information about the symmetry. In

the second type, all information derived from the analysis is shown simul-

taneously in a figure. Now we introduce some proposed methods with focus

on the second type.

TABLE 5.1 Parameters of the Extended Updating Formula for Existing Algorithms

Algorithm D a1
I ( ¼ a2

I ) a1
J( ¼ a2

J) b1( ¼ b2) g1( ¼ g2) f 1( ¼ g 1) f 2( ¼ g 2)

(A 2 a) min 1/2 1/2 0 21/2 min(x, y) min(x, y)

(A 2 b) min 1/2 1/2 0 21/2 min(x, y) min(x, y)

(B 2 a) max 1/2 1/2 0 21/2 max(x, y) max(x, y)

(B 2 b) max 1/2 1/2 0 21/2 max(x, y) max(x, y)

(C 2 c) min 1/2 1/2 0 21/2 x y

(C 2 d) min 1/2 1/2 0 21/2 x y

(C 2 e) min 1/2 1/2 0 20 x y

(D 2 c) max 1/2 1/2 0 21/2 x y

(D 2 d) max 1/2 1/2 0 21/2 x y

(D 2 e) max 1/2 1/2 0 20 x y
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Okada and Iwamoto (1995) show the asymmetry as a ratio between opq

and oqp at the combining stage, where opq is a similarity from object q to object

p and oqp is a similarity from object p to object q (Fig. 5.2).

Okada and Iwamoto (1996) show the asymmetry by direction of the

combination at the stage. When opq . oqp cluster q absorbs cluster p, and

when oqp . opq cluster p absorbs cluster q (Fig. 5.3).

In the extended dendrogram of Yadohisa (2002), some distance infor-

mation is provided to the customary dendrogram. The height of bars in the

dendrogram represents combined distance D(D(IJ)K, DK(IJ)), which is defined

as a combining criterion. In addition, the maximum and the minimum dis-

tances between two combining clusters are provided at each combining stages.

Thus, three distances D(D(IJ)K, DK(IJ)), max(D(IJ)K, DK(IJ)), and min(D(IJ)K,

DK(IJ)) considered at each combining stage are represented in the extended

dendrogram (Fig. 5.4). It serves to examine the asymmetry by comparing

the value of D with the max and the min. Finally, it should be noted that all

the information about the asymmetry in Okada and Iwamoto (1995, 1996)

is represented in the extended dendrogram by Yadohisa (2002).

5.2.4. Example

We analyzed a set of cross-citation data about statistics journals (Stigler,

1994). The frequency of citations is considered to indicate the similarity

FIGURE 5.2 Dendrogram by Okada and Iwamoto (1995)
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between journals. Table 5.2 shows the bilateral references among eight jour-

nals, during years 1987–1989, where the rows indicate journals giving cita-

tion, the columns represent citations received. The journals are “The Annals

of Statistics,” “Biometrics,” “Biometrika,” “Communications in Statistics,”

FIGURE 5.3 Dendrogram by Okada and Iwamoto (1996)

FIGURE 5.4 Extended dendrogram by Yadohisa (2002)
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“The Journal of the American Statistical Association,” “The Journal of the

Royal Statistical Society (Series B),” “The Journal of the Royal Statistical

Society (Series C),” and “Technometrics,” which are abbreviated in that

table to “AnnSt,” “Biocs,” “Bioka,” “ComSt,” “JASA,” “JRSSB,”

“JRSSC,” and “Tech,” respectively.

A total of 155 papers, for example, in Biometrics published in 1987–

1989 have referred to those in the Annals of Statistics, whereas the reverse

reference is only 42.

Figures 5.5, 5.6, and 5.7 show the results of asymmetric single linkage

algorithms, asymmetric complete linkage algorithms, and asymmetric

weighted average algorithms, respectively. We observe much difference in

the results, which arises from differences in treating the asymmetry. This

means we must not ignore the asymmetry. We would like to consign a detailed

review of these results to the reader.

5.3. CLASSIC (ONE-MODE APPROACH)

Given an asymmetric similarity matrix, Ozawa (1983) proposed a hierarchical

clustering algorithm, called CLASSIC, by using the nearest neighbors

relation (NNR).

TABLE 5.2 Citation Among Statistical Journals

Citing journals

Cited journals

A B C D E F G H

A : AnnSt 1623 42 275 47 340 179 28 57

B : Biocs 155 770 419 37 348 163 85 66

C : Bioka 466 141 714 33 320 284 68 81

D : ComSt 1025 237 730 425 813 276 94 418

E : JASA 739 264 498 68 1072 325 104 117

F : JRSSB 182 60 221 17 142 188 43 27

G : JRSSC 88 134 163 19 145 104 211 62

H : Tech 112 45 147 27 181 116 41 386

AnnSt, The Annals of Statistics; Biocs, Biometrics; Bioka, Biometrika; ComSt, Communications

in Statistics; JASA, The Journal of the American Statistical Association; JRSSB, The Journal of

the Royal Statistical Society (Series B); JRSSC, The Journal of the Royal Statistical Society

(Series C); Tech, Technometrics.
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5.3.1. Preparation

Let X be a set of n objects. Denote the similarity for a pair of objects ( j, k) by

lij. The similarity is assumed to satisfy

lii ¼ 1 ði [ XÞ (5:16)

FIGURE 5.5 Results of asymmetric single linkage algorithms

FIGURE 5.6 Results of asymmetric complete linkage algorithms
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and

0 � lij , 1 ði = j; i, j [ XÞ (5:17)

Write an n � n similarity matrix as

L ¼ (lij) (5:18)

For development to follow, we provide four definitions based on binary

relations: composition, union, inclusion, and transitive closure. To begin with,

for each object i, we rank all objects j in descending order of similarity lij. The

order might be such that

i, m1, m2, . . . , mk, . . . , mn�1 (5:19)

which means that object i is most similar to itself, next most similar to object

m1, next most similar to object m2, and so on. If object i is equally similar to

object mk and object mkþ1, their rank should be same. Here we assign non-

negative integers in ascending order to all the pairs, such that

oii ¼ 0

oim1
¼ 1

..

.

oimn�1
¼ M

(5:20)

where the same integers are assigned to all the pairs of which similarities are

equal, so that M � n 2 1. Then we have the similarity order matrix O ¼ (oij).

Given a set of objects X ¼ {1, 2, . . . , n} and its similarity order matrix

O, we define a binary relation R between a pair of objects i and j as

iRj() oij ¼ oji � 1 (5:21)

FIGURE 5.7 Results of asymmetric weighted average algorithms
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R is reflexive and symmetric, thus

iRi ði [ XÞ (5:22)

and

iRj ¼) jRi ði = j; i, j [ XÞ (5:23)

However, R is not transitive, that is, R is not an equivalence relation. Based on

R, we consider fundamental relations as follows.

Composition of Relations

For two binary relations R1 and R2 on X, we define the composition of R1 and

R2, written by R1R2, as

i(R1R2)j ¼) iR1u and uR2 j for some u [ X (5:24)

Union of Relations

For two binary relations R1 and R2, we define the union of R1 and R2, written

by R1 < R2, as

i(R1 < R2)j ¼) iR1j or iR2j (5:25)

Inclusion of Relations

For two binary relations R1 and R2, we define the inclusion of relations, written

by R1 , R2, as

Rl , R2 () (iR1j ¼) iR2j) (5:26)

Transitive Closure

Let us define the transitive closure R̂R as

R̂R ¼
[1

m¼1

Rm ¼ R < RR < RRR < . . . (5:27)

R̂R is in general written as an infinite union. If the set X is finite, then R̂R is finite

and for some non-negative integer h,

R̂R ¼
[h

m¼1

Rm (5:28)

When X contains n objects,

h � n� 1 (5:29)
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R̂ is transitive, reflexive, and symmetric by (5.22) and (5.23), thus R̂R is an

equivalence relation. Here we call R̂R the nearest neighbors relation (NNR),

because it detects the two objects that are mutually nearest neighbors, and

so it partitions them into subsets of X.

As an example of NNR, we assume a set of objects X ¼ f1, 2, 3, 4, 5, 6,

7, 8g with an asymmetric similarity matrix L given by

L ¼

1:0 1:0 0:8 0:2 1:0 1:0 0:4 1:0
1:0 1:0 0:2 0:4 0:6 1:0 0:8 0:0
0:8 0:2 1:0 0:2 1:0 1:0 0:4 0:2
0:8 0:4 0:8 1:0 0:4 0:6 0:8 1:0
0:6 0:0 1:0 0:2 1:0 0:2 0:8 0:4
0:4 0:6 0:0 0:0 0:4 1:0 1:0 0:8
0:4 0:6 0:6 1:0 0:8 1:0 1:0 0:0
0:0 0:2 0:2 0:8 0:6 1:0 0:4 1:0

0

BBBBBBBBBB@

1

CCCCCCCCCCA

(5:30)

Since the similarity satisfies (5.16) and (5.17), we obtain such a similarity

order matrix as

O ¼

0 1 2 4 1 1 3 1

1 0 5 4 3 1 2 6

2 4 0 4 1 1 3 4

2 4 2 0 4 3 2 1

3 6 1 5 0 5 2 4

4 3 5 5 4 0 1 2

4 3 3 1 2 1 0 5

6 5 5 2 3 1 4 0

0

BBBBBBBBBB@

1

CCCCCCCCCCA

(5:31)

Based on (5.31), NNR, that is, R̂R, is given by the following table:

in j 1 2 3 4 5 6 7 8

1 R R

2 R R

3 R R

4 R

5 R R

6 R R

7 R R

8 R

It is found that NNR partitions X into five subsets; f1, 2g, f3, 5g, f4g, f6,

7g, and f8g. Subsets fl, 2g, f3, 5g, and f6, 7g are, respectively, three clusters
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composed of nearest neighbors. The NNR thus induces some clusters of near-

est neighbors from a given similarity order matrix. However, since NNR

groups only the highest ranking pairs of objects, almost all objects are left

ungrouped. We describe an iterative procedure, called RANKOR, to induce

a hierarchy of combining clusters based on the nested sequence of NNRs.

5.3.2. Algorithm

On the basis of a similarity order matrix O, NNR partitions a set X into the

subsets, almost all of which contain single objects, except for a few clusters

consisting of a small number of nearest neighbors.

Let us consider a nested sequence of NNRs R̂R0 , R̂R1 , R̂R2 , . . . ;which

are, respectively, given by a sequence of similarity order matrices O0, O1,

O2, . . . . Then we can construct a hierarchy of clusters.

Rewrite the original similarity order matrix O and R̂R

O0 ¼ O and R̂R0 ¼ R̂R (5:32)

Let Ok ¼ ðo
k
ijÞ and R̂Rk ði; j ¼ 1; 2; . . . ; n; k ¼ 0; 1; . . .) be the similarity order

matrix and NNR at the kth stage, respectively. The following algorithm recur-

rently defines Okþ1 in terms of Ok . We note that this algorithm cannot be

described in the form of the Lance and Williams updating formula. Here we

state it in a usual algorithmic form.

Algorithm RANKOR (Ozawa, 1983)

for r 1 to n do

for s 1 to n do

if ok
rs ¼ ok

sr � 1

then okþ1
rs ¼ 0

else okþ1
rs ¼ ok

rs

end

SECMIN  2

for s 1 to n do

if okþ1
rs ¼ 1 then SECMIN  1

end

for s 1 to n do

if okþ1
rs ¼ 0
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then okþ1
rs ¼ 0

else okþ1
rs ¼ okþ1

rs � SECMIN þ 1

end

end

R̂R is defined by (5.21) and (5.28); the binary relation Rk is defined by

iRk j() ok
ij ¼ ok

ji � 1 (5:33)

thereafter, the transitive closure R̂Rk can be defined.

In this combining process, two clusters C and C0 at the kth stage are

merged through the intermediation of two objects x ð[ CÞ and x0ð[ C0Þ

satisfying

ok
xx0 ¼ ok

x0x ¼ 1 (5:34)

Both x and x0 are “nearest” in the sense of the mutually highest rank among all

pairs of two objects contained in C and C0, respectively. In this case, although

not explicitly defined, oxx0
k implies the rank of the similarity from cluster C to

C0 rather than that from object x to x0.

The sequence of NNRs R̂R0; R̂R1; R̂R2; . . . given by (5.21), (5.28), (5.33),

and RANKOR induces a hierarchical partition of a set X, that is,

R̂Rk , R̂Rk0 for any k , k0 (5:35)

5.3.3. Example

To illustrate CLASSIC, we assume again the set of objects X ¼ f1, 2, 3, 4, 5, 6,

7, 8g with matrix L given by (5.30). At stage 1, NNR R̂R1 defined from O1,

which is the same as O in (5.31), induces five clusters f1, 2g, f3, 5g, f4g, f6,

7g, and f8g, as previously stated. The result of combining stages is shown as

follows:

R̂R1 Stage 1: f1, 2g, f3, 5g, f4g, f6, 7g, f8g

R̂R2 Stage 2: f1, 2g, f3, 5g, f4g, f6, 7, 8g

R̂R3 Stage 3: f1, 2, 4, 6, 7, 8g, f3, 5g

R̂R4 Stage 4: f1, 2, 4, 6, 7, 8g, f3, 5g

R̂R5 Stage 5: f1, 2, 3, 4, 5, 6, 7, 8g

Figure 5.8 gives a graphical representation of the result by dendrogram.

Note that O3 = O4 in contrast with R̂R3 ¼ R̂R4. The combining process thus

terminates when all objects in the original set are merged into the single
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cluster. In practice, if necessary, we can optionally stop the combining process

when a prescribed condition is satisfied, for example, at the earliest stage

where the number of clusters is less than a specified value.

5.4. BROSSIER ALGORITHM (ONE-MODE
APPROACH)

Here we introduce a matrix decomposition approach proposed by Brossier

(1982).

5.4.1. Preparation

Let O be an n � n asymmetric matrix. We decomposed it as O ¼ Sþ A using

(3.1) and (3.2) to (3.3). The skew-symmetric matrix A is the main target for the

present analysis. Let us consider the singular value decomposition of

A mentioned in Sec. 3.2, and thus utilize the decomposition (3.28). Now we

suppose a case that A is of rank 2 and is expressed as

A ¼ b10 � 1b0 (5:36)

where 1 is the vector of unities. Let A ¼ (aij) and b ¼ (bj), then aij ¼ bi 2 bj.

Referring to the argument around Theorem 3.1, it is interesting to remember

that A of (5.36) involves one-dimensional structure.

5.4.2. Method

In Brossier’s formulation, we approximate the symmetric matrix S with an

ultrametric matrix U ¼ uij, which is obtained from a hierarchical tree

representation of S. Regarding the skew-symmetric matrix A, we approximate

FIGURE 5.8 The entire results of CLASSIC
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it with a skew-symmetric matrix of rank 2 such that

E ¼ (eij) ¼ e10 � 1e0 (5:37)

Then we aim to determine e ¼ (ei) to meet a least squares criterion.

For the sake of explanation, let us consider the case of a social exchange,

which is represented by an exchange matrix O ¼ (oij) with resource i received

and resource j returned. Then sij indicates the average level of exchanges

between resources i and j, and aij indicates the surplus or the deficit in the

exchanges. In order to approximate matrix A by matrix E, we associate a

surplus (or a deficit) ei to resource i. Thus we approximate aij by the difference

ei 2 ej. The difference means the disequilibrium of exchanges between i and j.

By adding the quantity ei 2 ej to the ultrametric distance uij, we superpose the

two representations in order to approximate oij in such a way that

oij ¼ sij þ aij ’ uij þ ei � ej (5:38)

The superposition is achieved by increasing or reducing the length of the

tree branches at each terminal node i as much as ei. We thus have a simul-

taneous representation of the symmetric part and the skew-symmetric part,

showing both the average level of exchanges and the disequilibriums between

them (see Fig. 5.9).

Approximation of the Symmetric Part

Given a symmetric similarity matrix S ¼ (sij), we consider approximating it

by an ultrametric matrix U ¼ (uij). As is known, there is no efficient algorithm

to find out the ultrametric in the least squares approach. Here we suggest

applying hierarchical agglomerative clustering, and in particular, using the

average linkage algorithm, for two reasons. First, the result is interpreted as

an average level of exchange. Secondly, this algorithm generally provides a

good approximation of S in the sense of least squares.

Approximation of the Skew-Symmetric Part

Given an n � n skew-symmetric matrix A, we aim to approximate it by an

n � n matrix E ¼ (eij) in the form of (5.37). It is easily found that kA� Ek
attains its minimum when

ei ¼ ai ¼
Xn

j¼1

aij (5:39)

Thus we have a least squares approximation of A, and we may interpret ei as

indicating the average surplus.
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For reading the final representation of matrix O, it is suggested to use

quantity uijþ ei rather than uijþ (ei 2 ej). That means that we consider only

the surplus of resource received. This treatment can be understood by the

following.

Let A be an n � n matrix and F be an n � n matrix in the form fij ¼ fi.

Then, kA� Fk is minimized by taking fi ¼ ai/n. The minimum is equal to

kAk2 �
1

n
a0a; where a ¼ (ai) ði ¼ 1; . . . ; nÞ (5:40)

Computation

The entire algorithm involves the following steps.

Step 1: Decomposition of O into symmetric S and skew-symmetric A.

Step 2: Hierarchical clustering based on S by a certain algorithm.

Step 3: Calculation of vector e.

Step 4: Change of the length of branches by adding ei.

5.4.3. Example

We analyzed the data of trade exchanges between nine countries of the Euro-

pean Community (Belgium and Luxemburg being grouped into one country),

which are given in Table 5.3. The data are taken from database statistics of the

community (Brossier, 1982), showing the trade for the year 1980.

In a similar way to the structural analysis in international economics,

one may normalize the volume of trade by the Gross National Product

(GNP) of the respective countries. Denote the volume of exchanges from

country i to country j by oij and let O ¼ (oij). Table 5.4 shows the Gross

Domestic Product (GDP) of the countries. Let pi be the GDP of country i,

FIGURE 5.9 Illustration of the hierarchy with asymmetry
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and convert oij into o�ij by

o�ij ¼
oij

pipj

(5:41)

Table 5.5 shows the matrix of O� ¼ (o�ij).

Analysis of Matrix O

The result of the analysis of matrix O is shown in Fig. 5.10. First we realize the

degree of exchanges between France and Germany, which is a very noticeable

finding in terms of volume for European exchanges. To these central two are

added Italy and Ireland, thus forming the group of large exchanges. Next to

them appears the natural class of The Netherlands and Belgium, with a fair

amount of exchanges. The remaining countries then join the group at very

low levels corresponding to the low trade flow.

The analysis of asymmetry reveals the special role played by The Neth-

erlands, although known in the previous analyses, and also the surplus of

relations Germany–France and France–Italy.

TABLE 5.4 GDP in 1979

Germany 557 United Kingdom 292

France 417 Ireland 10

Italy 236 Denmark 48

Netherlands 108 Greece 28

Belgium 82

TABLE 5.3 World Trading Data in Europe

Export countries

Import countries

A B C D E F G H I

A : Germany 15708 11923 12297 10152 9209 486 2645 1064

B : France 14542 9971 3707 7459 6290 396 564 472

C : Italy 10707 9121 1746 1853 3834 157 385 625

D : Netherlands 16225 5262 2993 8454 4826 285 1091 295

E : Belgiusn 9962 8117 2553 6449 4039 161 503 150

F : Great Britain 9162 5246 3182 4522 4169 4417 1688 349

G : Ireland 599 544 190 285 193 2893 41 28

H : Denmark 2327 621 631 480 239 1809 52 46

I : Greece 1086 331 350 216 78 206 6 27

Cluster Analysis 183

Copyright 2005 by Marcel Dekker. All Rights Reserved.



Analysis of Structural Matrix O�

We present analysis of matrix O�. The result is represented in Fig. 5.11. Here

we notice two clusters, The Netherlands–Belgium, and Great Britain–Ireland,

and note the asymmetrical direction of exchanges. Unlike the preceding

FIGURE 5.10 Result of the analysis of matrix O

TABLE 5.5 World Trading Data in Europe

Export

countries

Import Countries

A B C D E F G H I

A : Germany 0.0676 0.0907 0.2044 0.2223 0.0566 0.0873 0.0989 0.0682

B : France 0.0626 0.1013 0.0823 0.2181 0.0517 0.0950 0.0282 0.0404

C : Italy 0.0815 0.0927 0.0685 0.0958 0.0556 0.0665 0.0340 0.0946

D : Netherlands 0.2697 0.1168 0.1174 0.9546 0.1530 0.2639 0.2105 0.0976

E : Belgium 0.2181 0.2374 0.1319 0.7282 0.1687 0.1963 0.1278 0.0653

F : Great Britain 0.0563 0.0431 0.0462 0.1434 0.1741 1.5127 0.1204 0.0427

G : Ireland 0.1075 0.1305 0.0805 0.2639 0.2354 0.9908 0.0854 0.1000

H : Denmark 0.0870 0.0310 0.0557 0.0926 0.0607 0.1291 0.1083 0.0342

I : Greece 0.0696 0.0283 0.0530 0.0714 0.0340 0.0252 0.0214 0.0201
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analysis, the other countries do not form a class in themselves. However, they

join the Netherlands–Belgium cluster at a relatively low level.

5.5. DE SOETE ET AL. ALGORITHM
(TWO-MODE APPROACH)

Since asymmetric one-mode two-way data are regarded as a special case of two-

mode two-way data, it is possible to consider a two-mode approach to the data.

Furnas (1980) proposed representing the proximity relations, using an ultrametric

or additive tree. Here we introduce the De Soete et al. algorithm, which is based

on a least squares approach, for fitting ultrametric trees to two-mode, two-way

data.

5.5.1. Preparation

Let dij denote the ultrametric distance between the nodes i and j on a tree rep-

resentation. Then dii ¼ 0 and dij ¼ dji for all pairs (i, j). For the distance matrix

FIGURE 5.11 Result of the analysis of structural matrix O�
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D ¼ (dij), the following inequality is satisfied for all triples (i, j, k):

dij � max (dik; dki) (5:42)

This inequality is known as the ultrametric inequality. It means that for any

three objects i, j, and k, the largest two of the distances dij, dik, and djk are

equal. Alternatively, it states that in an ultrametric tree, all triangles are either

acute isosceles or equilateral. Combining that dii ¼ 0 (for all i) with (5.42)

yields the triangular inequality and the non-negativity in such a way that

dij þ djk � dik and dij � 0 (i = j) (5:43)

Each ultrametric tree uniquely defines a set of distances D that satisfy (5.42).

Conversely, whenever a set of distances satisfies the ultrametric inequality, it

uniquely defines an ultrametric tree. Hence, when dissimilarity data O satisfy

the ultrametric inequality for all triples (i, j, k), they can be uniquely rep-

resented by an ultrametric tree whose distances exactly correspond to dissim-

ilarities. In most cases, O does not satisfy the ultrametric inequality perfectly,

and we aim to find an ultrametric tree representation whose ultrametric dis-

tances D are as close as possible to the observed dissimilarities O.

In the case of rectangular distance matrices, however, it is not possible

to test the ultrametric inequality since one of the three distances might be

missing for every triple. To indicate two modes, let A ¼ f1, 2, . . . , j, . . . , ng

be the set of row elements, and B ¼ f1, 2, . . . , k, . . . , mg be the set of row

elements. According to Furnas, for a rectangular matrix D ¼ (djk) where

j [ A and k [ B, it is necessary and sufficient to obtain an ultrametric tree rep-

resentation that the following two-class ultrametric condition holds

di‘ � max (dik; djk; dj‘); where i; j [ A and k; ‘ [ B (5:44)

When this inequality is satisfied, the representation is unique up to the internal

structure of one-class subtrees.

5.5.2. Algorithm for Estimating an Ultrametric Tree

The algorithm consists of the following phases:

Phase I

Given an n� m data matrix O, we like to find an n� m matrix T approximat-

ing O best in a least squares sense. Here T should satisfy the two-class

ultrametric inequality:

ti‘ � max (tik; tjk; tj‘) where i; j [ A and k; ‘ [ B (5:45)
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Equivalently, it states that for every quadruple of elements comprised of two

elements from each class, the two largest of those four distances must be

equal. The purpose leads to solving the optimization problem. We minimize

L(T) ¼
Xn

i¼1

Xm

k¼1

(oik � tik)2 (5:46)

with respect to T under the condition that T satisfies (5.45). For this purpose,

an exterior penalty function approach is utilized to convert the constrained

problem into a series of unconstrained ones. We minimize the augmented

function:

F(T; r) ¼ L(T)þ rP(T) (5:47)

with r . 0, for an increasing sequence of values of r. The penalty function is

defined as

P(T) ¼
Xn

i¼2

Xi�1

j¼1

Xm

k¼2

Xk�1

‘¼1

(uijk‘ � vijk‘)
2 (5:48)

where

uijk‘ ¼ max (ti‘; tik; tjk; tj‘) (5:49)

and

vijk‘ ¼

max (ti‘; tjk; tj‘) if uijk‘ ¼ tik
max (tik; tjk; tj‘) if uijk‘ ¼ ti‘

max (ti‘; tik; tj‘) if uijk‘ ¼ tjk
max (ti‘; tik; tjk) if uijk‘ ¼ tj‘

8
>><

>>:
(5:50)

Phase II

From T, we construct a square (mþ n) � (mþ n) matrix D ¼ (dab) which

satisfies the ordinary one-class ultrametric inequality (5.42). D is symmetric

dab ¼ dba and is defined for a = b. Because of symmetry, we need

only determine dab for a . b. For the n � m submatrix consisting of the last

n rows and the first m columns of D, we may substitute T. Then, the

problem is to fill in the (lower half of the symmetric) m � m and n � n sub-

matrices comprising the first m rows and columns and the last n rows and

columns, respectively. This is accomplished by using the following equations
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(Furnas, 1980):

dab ¼

t(a�m)b if mþ 1 � a � mþ n;
and 1 � b � m;

min
i¼1;...;n

(max (tia; tib)) if 1 � a � m;
and 1 � b � m;

min
k¼1;...;m

(max (t(a�m)k; t(b�m)k)) if mþ 1 � a � mþ n;
and mþ 1 � b � mþ n:

8
>>>>>>><

>>>>>>>:

(5:51)

If necessary, a positive constant is added to the dab so that they satisfy the

triangular inequality.

Phase III

Using a certain hierarchical clustering method, the ultrametric tree represen-

tation of both row and column elements is obtained from D.

5.5.3. Example

We applied the De Soete et al. algorithm to the soft drinks brand switching

data provided in Table 3.3. The data in Table 3.3 was normalized by dividing

each cell by the product of the respective row and column averages as in

DeSarbo (1982).

Figure 5.12 shows the estimated ultrametric tree, in which the brands

with (R) correspond to row objects in period t and the brands with (C) corre-

sponds to column objects in period tþ 1. We find a diet cluster (Diet Pepsi,

Tab, Like, and Fresca) and a nondiet cluster (Sprite, Pepsi, 7-Up, and

Coke). Only the Tab brand merges to different brands before it merges to itself

of the other period.

5.6. BOND ENERGY ALGORITHM (TWO-MODE
APPROACH)

McCormick et al. (1972) proposed a general approach Bond energy algorithm

for clustering the rows and/or columns of data matrices. This is one of the

most well-known algorithms in direct clustering and is adaptive for two-

mode or asymmetric matrices. The algorithm detects overlapping or nonover-

lapping blocks of submatrices in the data matrix. Those blocks are determined

to be a maximal subset of objects and a maximal subset of attributes, such that

the corresponding objects/attributes entries fulfill a certain homogeneity

criterion.
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5.6.1. Preparation

Let O ¼ (oj,k) be an M � N data matrix with non-negative entries. In the bond

energy approach, we maximize

BE(O) ¼
X

j

X

k

oj;k(oj;k�1 þ oj;kþ1 þ oj�1;k þ ojþ1;k) (5:52)

over all M!N! possible arrays by permuting elements of O, where we define

oj;0 ¼ o0;k ¼ oj;Nþ1 ¼ oMþ1;k ¼ 0 (5:53)

Because this problem is NP-complete, many heuristic algorithms have been

proposed.

5.6.2. Algorithm

Here we introduce an algorithm proposed by McCormick et al. (1972). First,

place one arbitrary column in the first position of the columns. Then, each of

the remaining N 2 1 columns is tested in the second positions and placed in

the one giving the largest incremental contribution by the respective column

FIGURE 5.12 Estimated ultrametric tree
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to the expression (5.52). We repeat this for the remaining N 2 2 columns.

Then the same procedure applies to the rows. Thus, we obtain the matrix

that maximizes the bond energy.

Arabie et al. (1988) approved the heuristic approach by use of additional

iteration, while McCormick et al. proposed only one overall iteration for the

column and another for the row (Arabie et al., 1988, for details).

For the asymmetric matrix that attains BE(O) maximum, we divide the

matrix between the two columns/(or two rows) attaining the least to the over-

all bond energy, obtaining a bipartition. The process continues iteratively to

form a partition with more clusters. This treatment corresponds to clustering,

that is, these submatrices obtained by partitions represent clusters.

5.6.3. Example

Here we show the result of applying the bond energy algorithm to the soft

drinks brand switching data described in Sec. 5.5.

The bond energy of the original matrix is 3,553,196, the attained maxi-

mum is 7,555,994. Using the Arabie et al. algorithm, we obtained the result as

shown in Table 5.6. The number of clusters, three for rows and four for col-

umns, is specified as in Arabie et al. (1988). For a detailed interpretation,

refer to Arabie et al. (1988, p. 220) in comparison with DeSarbo (1982, p. 465).

5.7. CENTROID EFFECT ALGORITHM
(TWO-MODE APPROACH)

The two-mode clustering procedure proposed by Eckes and Orlik (1990)

makes use of the advantages of the methods belonging to the first and the

TABLE 5.6 Result of the Bond Energy Algorithm

Period [t]

Period [tþ 1]

G C D B A E F H

G : Diet Pepsi 256 186 93 47 93 116 93 116

C : Tab 80 160 360 120 80 80 40 80

D : Like 131 87 152 152 87 239 43 109

E : Pepsi 26 8 30 132 177 515 75 37

H : Fresca 67 53 107 93 226 147 107 200

A : Coke 13 10 33 107 612 134 55 36

B : 7-Up 12 5 64 448 186 140 99 46

F : Sprite 29 29 71 185 114 157 329 86
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third class in the two-mode approach (see Sec. 5.1). In a similar way to the

direct clustering methods, the procedure performs a reorganization of the

two-mode data matrix, yielding clusters. Like the tree-fitting methods, it con-

structs an ultrametric tree representation of the two-mode data. It is based on

an agglomerative clustering criterion that defines maximally cohesive

elements of two-mode clusters.

5.7.1. Preparation

Let A and B represent modes. Let i denote n objects of A (row elements), and j

denote m variables of B (column elements). A two-mode array is defined as the

Cartesian product A � B with cells (i, j). Given a two-mode data matrix O, oij

indicates an observation to the elements (i, j) of a two-mode array. Let A0 and

B0 be subsets of A and B, respectively. A two-mode cluster or bi-cluster Cr is

defined as the union of the two sets A0 and B0: Cr ¼ A0 < B0. A two-mode sub-

matrix is an assignment of scale values oi0j0 to elements of A0 � B0 , A� B.

The two-mode submatrix corresponding to A0 � B0 is Or ¼ (oi0j0) with nrmr

elements, where nr is the number of entities in A0 and mr is the number of enti-

ties in B0.

Given two bi-clusters, Cp ¼ A0 < B0 and Cq ¼ A00 < B00, where

A00 , A;B00 , B;A0 > A00 ¼1;B0 > B00 ¼1, we define the union as

Ct ¼ Cp < Cq ¼ (A0 < B0) < (A00 < B00): (5:54)

5.7.2. Algorithm

Suppose that two bi-clusters Cp and Cq exist at a certain hierarchical level. The

assignment of scale values to the elements of a two-mode array Aþ � Bþ

with Aþ ¼ A0 < A00 and Bþ ¼ B0 < B00 yields a submatrix Ot. This submatrix

is decomposed into four submatrices, two of which correspond to the bi-

clusters

Cp ¼ A0 < B0 and Cq ¼ A00 < B00 (5:55)

and Op ¼ (oi0j0) and Oq ¼ (oi00j00), respectively; the other two submatrices cor-

respond to the sets

Ra ¼ A0 < B00 and Rb ¼ A00 < B0 (5:56)

with Oa ¼ (oi0j00) containing npmq elements, and Ob ¼ (oi00j0 ) containing nqmp

elements, respectively.

Now we specify the strategy for constructing a two-mode hierarchical

clustering. At each step in the analysis, every possible pair of bi-clusters is
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considered and the two bi-clusters Cp and Cq are merged into a bi-cluster Ct so

that the merger results in the minimum increase in an internal heterogeneity

measure. The heterogeneity measure of a bi-cluster Ct is given by

MSDt ¼
1

ntmt

X

iþ[Aþ

X

jþ[Bþ

(oiþjþ � m)2 (5:57)

where m ¼ maxi,j(oij), that is, m is the maximum entry in the original matrix O.

Thus, MSDt indicates the mean-squared deviation of entries oiþjþ in the corre-

sponding submatrix O from the maximum entry m.

Since

1

ntmt

X

iþ[Aþ

X

jþ[Bþ

o2
iþjþ ¼ s2

t þ �oo2
t (5:58)

where st
2 is the variance of entries in Ot, and �oo2

t is the corresponding squared

mean, MSDt can be written as

MSDt ¼ s2
t þ (�oot � m)2 (5:59)

The squared difference between �oot and m is called the centroid effect of

cluster Ct. It can be seen that the problem of minimizing MSDt is equivalent to

finding a cluster Ct for which the sum of the variance and the centroid effect is

minimum. Hence, the MSD index may be interpreted as a two-mode error var-

iance, analogous to the variance criterion in traditional techniques of hierarch-

ical or nonhierarchical (partitioning) one-mode clustering.

The merging rule is specified as follows. At each step of the agglomera-

tive process, a subset of mode A is merged with a subset of mode B so that

the increase in the internal heterogeneity measure of the resulting two-mode

cluster is as small as possible.

To accomplish this objective, several heuristic criteria are implemented

to minimize the MSD index. Which criterion to use at any particular step in the

process depends on the subsets considered. Three general cases are distin-

guished as follows. In each case, those two subsets to yield the smallest

criterion value will be merged.

Case I

A single-element subset {i0} is to be merged with another single-element

subset {j0}:

MSDi0j0 ¼ (oi0j0 � m)2 (5:60)
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Case IIa

A single-element subset {j0} is to be merged with an existing two-mode cluster

Cr:

MSDa ¼
1

nr

X

i0[A0

(oi0j0 � m)2 (5:61)

Case IIb

A single-element subset {i0} is to be merged with an existing two-mode cluster

Cr:

MSDb ¼
1

mr

X

j0[B0

(oi0j0 � m)2 (5:62)

Now let us consider a case for merging two existing two-mode clusters.

According to the definition of the union of two clusters given above and sche-

matically illustrated in Fig. 5.13, the squared deviations are computed only for

those entities of mode A and only for those entities of mode B that belong to

the sets Ra and Rb, respectively. This case may be formally expressed as

follows.

FIGURE 5.13 Four submatrices
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Case III

A two-mode cluster Cp ¼ A0 < B0 and another two-mode cluster Cq ¼

A00 < B00 are merged into a new cluster Ct:

MSDab ¼
1

npmq þ nqmp

�
X

i0[A0

X

j00[B00

(oi0j00 � m)2 þ
X

i00[A00

X

j0[B0

(oi00j0 � m)2

 !
(5:63)

For determining the number of two-mode clusters, we regard a large

increase in MSD values as indicative of the formation of a relatively hetero-

geneous cluster. Thus, we can decide the number of clusters in an analogous

manner to the one-mode clustering method (Ward’s method) based on the

error-sum-of-squares.

5.7.3. Example

We show the results of applying the centroid effect algorithm to the soft drinks

brand switching data described in Sec. 5.5.3.

Figure 5.14 represents the dendrogram derived by the centroid effect

algorithm. The brands with (R) correspond to row objects in period t and

the brands with (C) to column objects in period tþ 1. The major clusters

are obtained: one with nondiet objects including Pepsi, Coke, 7-Up, and

Sprite, and the other with mostly diet objects such as Diet Pepsi, Tab, Like,

and Fresca. The tree is in perfect agreement with the results of DeSarbo and

De Soete (1984).

5.8. GENNCLUS (ALTERNATING LEAST
SQUARES APPROACH)

The ADCLUS (ADditive CLUStering) model proposed by Shepard and

Arabie (1979) represents (dis)similarities as combination of discrete and

possibly overlapping properties. DeSarbo (1982) proposed GENNCLUS as

a generalization of ADCLUS for either overlapping or nonoverlapping proper-

ties; symmetric or nonsymmetric (two-mode) clustering. In this section we

deal with GENNCLUS as an asymmetric clustering algorithm.

The GENNCLUS model generalizes the ADCLUS model to allow

for: either overlapping or nonoverlapping clusters; either a symmetric or
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nonsymmetric unconditional input matrix; and either a diagonal matrix W or

an arbitrary symmetric matrix W.

The primary advantage of such a generalization is that GENNCLUS will

allow one to analyze nonsymmetric data, especially two-mode data. This

model is applicable for overlapping clusters, whereas the other models

described in this chapter do not allow overlapping.

5.8.1. Model

The model of GENNCLUS is stated as:

O ¼ PWQ0 þ C þ E (5:64)

where O is an n � l matrix of observed similarities; P is an n � m matrix indi-

cating the membership of the n row objects in m clusters; W is an m � m sym-

metric matrix representing the association between the m derived clusters; Q is

an l � m matrix indicating the membership of the l column objects in m

FIGURE 5.14 The result of the centroid effect algorithm
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clusters; C is an n � l matrix where every element is an identical constant; and

E is an n � l error matrix.

Given O, in the GENNCLUS algorithm we attempt to estimate P, W, Q,

and C. Note, if O is symmetric, then P ¼ Q, and the model becomes sym-

metric. One can also specify whether overlapping or nonoverlapping clusters

are desired, that is, whether

Xm

k¼1

pik ¼
Xm

k¼1

qjk ¼ 1 ði; j ¼ 1; . . . ; nÞ (5:65)

or

Xm

k¼1

pik � 1 ði ¼ 1; . . . ; nÞ (5:66)

and

Xm

k¼1

qjk � 1 ð j ¼ 1; . . . ; nÞ (5:67)

Unlike MAPCLUS, which is incorporated in the ADCLUS model, GEN-

NCLUS specifies a “complete covering,” that is, each object belongs to at

least one cluster. In addition, it is provided with an option to constrain W to

be diagonal, such that

wkh ¼ 0 ðk = h; k; h ¼ 1; . . . ;mÞ (5:68)

All of these variants can be applied to interval or ratio scaled data. Thus, there

are 16 variants of the algorithm by specifying type of clustering (overlapping

vs. nonoverlapping), type of data (symmetric vs. asymmetric), type of

scale (interval vs. ratio), and type of constraint (W unconstrained vs. W
constrained).

5.8.2. Algorithm

The 16 variants of the GENNCLUS algorithm are based on the alternating

least squares approach. The objective is to minimize

Xn

i¼1

Xl

j¼1

(oij � ôoij)
2 ¼

Xn

i¼1

Xl

j¼1

oij �
Xm

k¼1

Xm

k0¼1

pikwkk0qjk0 � c

 !2

(5:69)
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with respect to P, W, Q, and c. Here pjh and qjk represent indicator matrices,

pik [ {0; 1} ði ¼ 1; . . . ; n; k ¼ 1; . . . ;mÞ (5:70)

qjk0 [ {0; 1} ð j ¼ 1; . . . ; l; k0 ¼ 1; . . . ;mÞ (5:71)

and wkk0 is symmetric, that is,

wkk0 ¼ wk0k ðk;k0¼1;...;mÞ (5:72)

Constraints are imposed as

X

k

pik � 1(¼ 1 if nonoverlapping) (5:73)

X

k

qjk � 1(¼ 1 if nonoverlapping) (5:74)

wkh ¼ 0 ðk = h; k; h ¼ 1; . . . ;mÞ if W diagonal (5:75)

pik ¼ qjk ði; j ¼ 1; . . . ; n( ¼ l); k ¼ 1; . . . ;mÞ if O symmetric

(5:76)

Note that the number of parameters to be estimated is written in general as

n(m� d1)þ ld2(m� d1)þ d3mþ (1� d3)
m2 þ m

2

� �
þ d4

� �
(5:77)

TABLE 5.7 Three Cluster Overlapping Solution for

Brand Switching Data

P (Period t) Q (Period tþ 1)

Coke 1 0 0 1 0 0

7-Up 0 0 1 0 0 1

Tab 1 1 0 1 1 0

Like 1 1 0 1 1 0

Pepsi 1 0 0 1 0 0

Sprite 0 0 1 0 0 1

Diet Pepsi 1 1 0 1 1 0

Fresca 0 0 1 0 1 1
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where

d1 ¼
1 if nonoverlapping clustering

0 if overlapping clustering

�
(5:78)

d2 ¼
1 if P = Q

0 if P ¼ Q

�
(5:79)

d3 ¼
1 if W is diagonal

0 else

�
(5:80)

d4 ¼
1 if interval scaled sij

0 if ratio scaled sij

�
(5:81)

There is a possibility of estimating quite a few parameters for a set of

data (nl observations). Obviously the maximum of m is conditioned by the

degrees of freedom of a specified model.

5.8.3. Example

Table 5.7 shows the result of applying the GENNCLUS algorithm to the soft

drinks brand switching data described in Sec. 5.5. From this result, one can see

that P and Q are not so different, that is, O does not involve a large degree of

asymmetry. In fact, both P and Q are identical except for Fresca.
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6

Network Analysis of
Asymmetric Data

6.1. OVERVIEW AND PRELIMINARIES

6.1.1. Asymmetry in Network Analysis

In this chapter we describe some methods and procedures for analyzing asym-

metric relationships regarding networks. Network analysis is not only con-

cerned with social phenomena but also with psychological phenomena. In

psychological studies, network theories have been used in a variety of ways,

such as neural nets, associative networks, and semantic networks among

others (Hutchinson, 1989). In most cases the concept of a network served as

the model or the frame of reference to account for the phenomena and the net-

work itself was not observed directly in experiments. Turning to social net-

work studies, in contrast, the network data are collected directly through

observation, interview, questionnaire, or archival records in most cases

(except for cases such as non-network relational data). From this point of

view, it seems natural that network analysis has developed in social studies

more than in psychological studies. Asymmetry is observed in social network

data more prominently than in psychological data for network analysis.

Hence, analysis of social networks is of principal concern. For a moment,

let us review several terms of social networks and graph theories.
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6.1.2. Preliminaries

Social Network

A social network consists of a set of n social actors and a set of relational ties

among actors, and the ties specify how these actors are linked together. A

relation refers to the set of ties. Let N denote a set of actors N ¼ f1,

2, . . . , ng. Let uij represent the relational tie of an ordered pair of actors

(i, j). Define an n � n matrix U ¼ (uij), which is called the relational matrix

or sociomatrix. Thus the matrix describes a relation on the set of actors.

Regarding the direction of the relation, there are two cases. One is the

directed case in which uij = uji generally, then U is asymmetric. The other

is the nondirectional case in which uij ¼ uji for all pairs, then U is symmetric.

When the relation is dichotomous, it is represented as uij ¼ 1 if the

relational tie (simply, tie) from i to j exists, and as uij ¼ 0 if it does not.

When the relation is valued, uij indicates the degree of relational ties, taking

a real value defined on a measurement scale.

For the actor set, there may be multiple relations, that is, r kinds of

relations, giving rise to r sociomatrices. For example, we can think of relation-

ships in terms of friendship, getting on, and working together for a set of

students, which will be indicated by three sociomatrices. If a network is

defined for two sets of actors, it is called a two-mode network in contrast to

a one-mode network for a single set of actors as so far mentioned.

Graph Theoretic Terms

A directed graph (digraph) is a set of vertices, together with a set of directed

arcs connecting certain pairs of vertices. A network is a directed graph in

which lengths (positive real numbers) are associated with the arcs. A walk

is a nonempty alternating sequence of vertices and arcs, beginning and ending

with vertices. A walk in which no vertex occurs more than once is called a

path. The length of a path is the sum of the lengths of the arcs.

The distance from vertex j to vertex k is some function of the lengths of

the paths connecting j and k. The distance in terms of the minimum pathlength

is called the minimum pathlength metric. Structures with the metric are called

geodesic. The distance matrix of a network contains the distances defined for

each ordered pair of vertices. If there is no path connecting one vertex to

another, the corresponding distance is considered to be infinite.

Let us explain correspondence of a graph representation and a direc-

tional network. Regarding a social network, a vertex corresponds to an

actor (generally, a social entity), an arc to a social tie between a pair of actors,
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and the arc length to the degree of the tie. Regarding a network derived from

psychological data, a vertex corresponds to a stimulus (generally, a psycho-

logical object or a state). An arc and the arc length are considered in connec-

tion with the proximity between a pair of stimuli.

6.1.3. Subjects of the Chapter

Putting our focus on general terms, we are concerned with the analysis of a

one-mode, directed network of a single relation. As a note, it is to be remem-

bered that we provided a brief comment in Chapter 4 and fair amount of

description in Chapter 5 on analysis of two-mode asymmetric data. We take

up three subjects in what follows.

In Sec. 6.2 we deal with detecting cohesive groups in a social network of

individuals that may be a dichotomous or valued one (Fershtman, 1997). The

concept of cluster is closely related to the concept of cohesiveness. In Sec. 6.3

we consider constructing a valued network, given a set of proximity data

(Hutchinson, 1989). The proximity may represent relationship among social

entities or proximity among psychological stimuli (cognitive similarity,

word association). In Sec. 6.4 we treat analysis of a dichotomous network

by statistical models by introducing random variables in the formulation

(Strauss and Ikeda, 1990; Wasserman and Pattison, 1996).

6.2. DETECTION OF COHESIVE GROUPS

It is often of interest to detect or identify a cohesive group in a social network.

A cohesive group of actors is a subset of actors, among whom the relationships

are relatively frequent, high, intense, strong, or important in comparison with

the relationships between the group members and the non-group members. For

a practical analysis of network data, cohesiveness would be specified formally,

depending on the purpose of analysis.

For a review, we would like to refer to Wasserman and Faust (1994).

The term clique is a fundamental concept to study cohesive groups. For a non-

directional dichotomous network, a clique is precisely defined in terms of

graph theory, accordingly a procedure is formulated. For a directional dichot-

omous network, one performs a symmetrization of the sociomatrix, from

which follows a new non-directional dichotomous relation. Then one can

apply the procedure for detecting cliques.

They also suggested possible utilization of MDS for a study of cohesive

groups in a network. Constructing some appropriate measure of proximity

(e.g., dissimilarity) based on the network data, one can apply MDS to derive
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a configuration of actors. Then one would examine what subsets of actors are

close in the spatial configuration and compare the closeness with graph theor-

etic distance (e.g., geodesic distance). Fershtman (1997) proposed a procedure

to detect cohesive groups in a directional network by using the segregation

matrix index. In this section we describe the procedure and its application

to real data of a social network.

6.2.1. Segregation Matrix Index

We consider a situation in which n individuals choose each other for friend-

ship or liking. That is, we regard the people as an actor set and a choice as

a directional tie between a pair of individuals.

The Case of a Dichotomous Network

Let A be a group of nA actors. Let B be the rest of nB actors (nB ¼ n 2 nA).

Define uij ¼ 1 if actor i chooses actor j, and uij ¼ 0 if i does not choose j.

Let uii ¼ 0. Denote the numbers of choices given by actor i toward members

of A and toward those of B by

uiA ¼
X

j[A

uij and uiB ¼
X

j[B

uij (6:1)

respectively. Let uAA be the number of mutual choices among A, and uAB the

number of choices made by members of A toward B, in such a way that

uAA ¼
X

i[A

uiA ¼
X

i[A

X

j[A

uij (6:2)

uAB ¼
X

i[A

uiB ¼
X

i[A

X

j[B

uij (6:3)

Let us express the density of choices among A and that between A and B in

terms of the average number of choices as

dAA ¼
uAA

nA(nA � 1)
and dAB ¼

uAB

nAnB

(6:4)

respectively. It is noted that the density measure is the same as the average

linkage in cluster analysis. Fershtman proposed an index to measure the ten-

dency of group A toward segregated attitude by

r(A) ¼
dAA

dAB

(6:5)
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It takes a value in the range of (0, 1). For normalization, we define the seg-

regation matrix index (SMI) of group A as,

c(A) ¼
r(A)� 1

r(A)þ 1
¼

dAA � dAB

dAA þ dAB

(6:6)

The value of c is bounded as

�1 � c(A) � 1 (6:7)

The Case of a Valued Network

The index is easily extended to the case of a valued network. Denote the inten-

sity of interaction of i toward j by vij. Let V ¼ (vij), which is usually asym-

metric. We can redefine uiA and uiB by putting vij instead of uij in (6.1).

Then (6.2) to (6.4) are restated in terms of vij. Thus we have the segregation

matrix index c(A) for a valued graph.

6.2.2. Algorithm for Detecting S-Cliques

Operational De¢nition of S-Clique

Given a directed social network, which is a binary graph or a valued one,

Fershtman defined the S-clique (a clique based on the segregation matrix

index) operationally. A group of actors A of size nA is an S-clique, if the fol-

lowing inequalities hold for any group A0 that includes at least one member of

A (A > A0 = f) and whose size nA0 ranges from nA 2 1 to nAþ 1:

1. c(A) . c(A0) if nA0 ¼ nA þ 1

2. c(A) � c(A0) if nA0 ¼ nA or nA � 1

The Algorithm

On the basis of the definition above, the algorithm for detecting S-cliques is

stated as follows.

Step 1: Set threshold values gj ( j ¼ 2; . . . ; ‘)
Step 2: Compute SMI for all possible two-member groups A2. Store all

groups such that c(A2) . g2.

Step 3: Add an actor to each A2 stored above, generating all three-

member groups A3. Compute c for those groups, and store all groups

such that c(A3) . g3.

Step 4: Set j ¼ 3.
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Step 5: Add an actor to each j-member group (stored in the preceding

step), generating all ( jþ 1)-member groups Ajþ1. Compute c for

those groups and store all groups such that c(Ajþ1) . gjþ1.

Step 6: Check the following inequalities for each Aj:

(a) c(Aj) . c(Ajþ1) for each Ajþ1 that has at least one common

member with Aj.

(b) c(Aj) � c(A0j) for each A0j that has at least one common

member with Aj.

(c) c(Aj) � c(Aj�1) for each Aj21 that has at least one common

member with Aj.

Step 7: If all the three inequalities hold, Aj is an S-clique.

Step 8: If j , ‘, then set j ¼ jþ 1 and go to Step 5.

The number of j-member groups in a network of n actors is n!=( j!(n� j)!). It

takes an extremely long time to check all the possible groups. If we set high

threshold values, we can decrease the number of groups to be checked. How-

ever, by setting a very high value, we might fail to find S-cliques.

6.2.3. Example

Fershtman (1997) examined and showed the adequacy of the operational defi-

nition to detect S-cliques through two social networks: a social network in a

monastery and a social network in a karate club. Here we describe the first.

According to Fershtman, S. F. Sampson originally collected the data of a

social network among 18 monks in a monastery. Sampson found four groups

in the network: Young Turks (monks 1, 2, 7, 12, 14, 15, and 16), Loyal Oppo-

sition (monks 4, 5, 6, 9, and 11), Outcast (monks 3, 17, 18), Waverers (monks

8, 10, 13).

Reitz (1988) analyzed the network data, constructing a valued network

vij that represents the choice interaction intensity of actor i toward actor j (vij

was given in four graded scores; 0.25, 0.5, 0.75, 1). The derived network is

shown in Table 6.1 and illustrated in Fig. 6.1. In the figure, directed arcs

are drawn only for choices such that vij . 0.25.

Fershtman applied the algorithm above to the sociomatrix V ¼ (vij),

finding three S-cliques, A, B, and C. Clique A (c ¼ 0.918) consists of a

subclique of monks (1, 2, 7, 12) with c ¼ 0.847 and three other monks.

This clique A coincides with the Young Turks group. Clique B (c ¼ 0.818)

corresponds to the Loyal Opposition group plus a Waverer (monk 8). Clique

C (c ¼ 0.787) coincides with the Outcasts group. Monks 10 and 13 do not

belong to a clique.

These results indicate that the detected S-cliques correspond to Samp-

son’s findings quite well, and the algorithm even revealed an inner structure
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TABLE 6.1 Choice Intensity Among 18 Monks

Monk

no.

Chosen monks

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

1 0.25 0.25 0.25 0.25 0.25 1.0 0.50 0.25

2 1.0 0.25 0.75 0.25 0.75

3 1.0 1.0 1.0 0.50

4 0.25 1.0 0.75 1.0

5 0.50 1.0 0.50 0.75

6 0.25 1.0 0.25 0.75 0.50

7 1.0 0.75 0.50 0.25

8 0.25 1.0 0.25 0.75 0.50 0.50

9 0.50 0.25 0.50 0.25 0.50 0.25

10 0.25 0.25 0.25 0.25 0.25

11 0.50 0.75 0.50 0.50 0.25 0.25

12 0.75 0.75 0.50 0.25

13 1.0 0.75 0.75 0.25

14 1.0 0.75 0.75 1.0 0.25

15 0.50 1.0 0.50 0.25 0.75

16 1.0 1.0 0.25 1.0

17 0.75 0.75 0.25 0.75

18 0.25 1.0 0.75 1.0
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in clique A. In passing, it may be of interest to compare these cliques with

those groups (Loyal OppositionþWaverers, Young Turks, Outcasts) that

Reitz (1988) represented with group density by using his algorithm.

6.3. NETWORK SCALING

We are concerned with a structure of asymmetric relationship by constructing

a network from empirical data. For scaling of an asymmetric network, Hutch-

inson (1989) developed a procedure (NETSCAL) based on a set of asym-

metric proximity data. Let us describe the procedure, referring to the graph

theoretic terms.

6.3.1. Construction of a Network from Data

A matrix O ¼ (ojk) of proximity is called realizable if there is a network G

such that the values of O are equal to the corresponding distances in G.

Theorem 6.1. Let O ¼ (ojk) be a matrix of a distance-like measure

among n objects. The necessary and sufficient conditions for O to be

realizable are

ojj ¼ 0 (6:8)

ojk . 0 (6:9)

oij þ ojk � oik (6:10)

This theorem means that the complete graph, in which all vertices are

reciprocally connected, is a realization of any matrix satisfying (6.8) through

(6.10). In such a case, each distance is equivalent to an arc length. It is noted

FIGURE 6.1 Graph representation of monk data
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that the complete graph may not be the only realization of matrix O. The net-

work (digraph) may contain redundant arcs.

An arc is called redundant if its deletion changes no distances in the net-

work. A network is irreducible if it contains no redundant arcs.

Theorem 6.2. Let G be an irreducible representation of some matrix

O satisfying (6.8) through (6.10). The arc ( j, k) is present in G if and only if

j = k and ojk , min (oji þ ojk; i = j; k) (6:11)

We see that the addition in the right-hand side is a rather strict condition,

considering that the measurement of O on a ratio scale is usually difficult. The

addition is weakened to the maximum function that gives an invariant result to

the monotonic transformation of values of O. The following theorem gives the

sufficient condition for the presence of arc.

Theorem 6.3. Let O be a matrix satisfying (6.8) through (6.10). If

ojk � min (max (oji; oik); i = j; k) (6:12)

then ( j, k) is an arc in G, where G is an irreducible representation of matrix O.

Theorem 6.4. For any network G, and for any two vertices x and y in G,

if there is a path in G from x to y, then there is a path in G from x to y contain-

ing only arcs that satisfy Theorem 6.3.

NETSCAL Algorithm

Given a matrix of proximity O ¼ (ojk), we aim to construct a network based on

O and determine distances on the network. The algorithm to meet the require-

ments is outlined in two steps as follows.

1. Digraph is constructed by checking each ordered pair to see if the

assumption of Theorem 6.3 is satisfied. If it is, the corresponding

arc is added to the structure.

2. Specific arc lengths are estimated and the resulting network dis-

tances can be compared to the data. Only distances between distinct

vertices are computed.

There are many ways to compute arc lengths. Hutchinson suggested

an iterative procedure to estimate arc lengths, from which distances djk are

computed according to the minimum pathlength metric.
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6.3.2. Example

An example is taken from Hutchinson (1989), which is based on the data

regarding recalled confusion of grammatical transformations collected by

Mehler (1963). The data matrix indicates the frequency with which one

type of sentence was transformed in memory by subjects to another. Table 6.2

lists the grammatical types and sentences. Table 6.3 shows the frequency

matrix on the kernel sentence and its seven transformations. Applying the

NETSCAL procedure to the data yielded the network illustrated in Fig. 6.2.

In the figure, thickness of the arcs indicates the degree of arc length. A

thick segment indicates short distance. The representation reveals that vir-

tually all of the arcs correspond to a single transformation. The squared cor-

relation between ojk and distances on the network was 0.73. Prior to the

analysis, it was known that the eight sentences constitute a three-dimensional

binary space (Miller–Chomsky cube). Comparing with it, the application of

NETSCAL provided arc lengths and revealed two diagonal arcs.

6.4. STATISTICAL MODELS FOR SOCIAL
NETWORK

Let us consider a dichotomous directed network for a set n actors. Suppose that

we are given a sociomatrix U ¼ (ukl), which represents a dichotomous relation

among the set of actors. Researchers have developed many models to account

for each relational tie as a function of actor properties or network statistics

(Wasserman & Pattison, 1996). Here our description is confined to probabil-

istic models in terms of network statistics. Let us explain some typical

statistics.

TABLE 6.2 Grammatical Types and Sentences

Abb. Grammatical type Sentence

K Karnel “The man opened the door.”

N Negative “The man did not open the door.”

Q Question “Did the man open the door?”

P Passive “The door was opened by the man.”

NQ Negative Question “Didn’t the man open the door?”

NP Negative Passive “The door was not opened by the man.”

PQ Passive Question “Was the door opened by the man?”

NPQ Negative Passive Question “Wasn’t the door opened by the man?.”
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Let L be the number of ties and M be the number of mutual dyads (num-

ber of reciprocity). Denote the directional tie from i to j by i! j. For statistics

of three members, we consider S1 the number of 2-in stars (triple of nodes such

that j! i and k! i), S2 the number of 2-out stars (triple of nodes such that

i! j and i! k), S3 the 2-mixed stars ( j! i and i! k). Further, let TC be

the number of cyclic triads (triple of nodes such that i! j and j! k), TT

the number of transitive triads and TI the number of intransitive triads.

These statistics are defined as follows:

L ¼
X

i; j

uij; M ¼
X

i,j

uijuji (6:13)

TABLE 6.3 Errors in Recall

Stimulus

Responses

K N Q P NQ NP PQ NPQ

K 300 14 12 14 8 4 1 3

N 36 234 20 3 29 11 6 2

Q 31 16 210 1 72 2 8 12

P 43 3 8 243 15 10 30 13

NQ 29 15 31 3 221 3 7 23

NP 6 49 9 18 16 191 16 31

QP 13 5 32 27 29 15 145 60

NPQ 2 2 14 16 44 5 38 182

FIGURE 6.2 NETSCAL result of grammatical transformations data
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S1 ¼
X

i=j=k

ujiuki; S2 ¼
X

i=j=k

uijuik; S3 ¼
X

i=j=k

ujiuik (6:14)

TT ¼
X

i=j=k

uijujkuik; TI ¼
X

i=j=k

uijujk(1� uik);

TC ¼
X

i=j=k

uijujkuki (6:15)

In developing the probabilistic models, we provide n � n matrices

Uþij ; U�ij , and Uc
ij follows:

Uþij ¼ (wkl) where
wkl ¼ ukl for (k; l) = (i; j)

wkl ¼ 1 for (k; l) ¼ (i; j)

�
(6:16)

U�ij ¼ (wkl) where
wkl ¼ ukl for (k; l) = (i; j)

wkl ¼ 0 for (k; l) ¼ (i; j)

�
(6:17)

Uc
ij ¼ (wkl) where

wkl ¼ ukl for (k; l) = (i; j)

(wkl) ¼ undefined for (k; l) ¼ (i; j)

�
(6:18)

Define X ¼ (xkl). If

xkl ¼ ukl for (k; l) = (i; j) (6:19)

we denote

X ¼ Uc
ij (6:20)

In view of the dichotomous nature of random variable uij, we state the con-

ditional probability as

Pr(uij ¼ 1jX ¼ Uc
ij) ¼

Pr(X ¼ Uþij )

Pr(X ¼ Uþij )þ Pr(X ¼ U�ij )
(6:21)

6.4.1. Logit Models

Given a sociomatrix U, we regard it as an observed matrix of random vari-

ables, which is a function of network statistics. Let z(U) be a vector of network

statistics. Let u be a vector of model parameters, indicating weights of the lin-

ear combination of those statistics. The family of p� models are stated as

Pr(X ¼ U) ¼
exp (u0z(U))

k(u)
(6:22)
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(Strauss and Ikeda, 1990). For example, we may write a very simple case using

a scalar u, as

Pr(X ¼ U) ¼
exp (uL)

k(u)
(6:23)

Constraints might be imposed on u. The function k(u) is a normalizing factor.

For analysis of network data, we need to estimate u. The sociomatrix is usually

asymmetric. Setting aside such a formal asymmetry, one would realize asym-

metry at structural levels by examining the weight u to network statistics. As

examples of those statistics, we may consider the number of mutual dyads M,

the number of ties L, and so on (Table 6.4).

From (6.21) and (6.22), the conditional probability is stated as

Pr(uij ¼ 1jX ¼ Uc
ij) ¼

exp (u0z(Uþij ))

exp (u0z(Uþij ))þ exp (u0z(U�ij ))
(6:24)

Accordingly, the odds ratio is given in such a way that

Pr(uij ¼ 1jX ¼ Uc
ij)

Pr(uij ¼ 0jX ¼ Uc
ij)
¼

exp (u0z(Uþij ))

exp (u0z(U�ij ))

¼ exp (u0(z(Uþij )� z(U�ij ))) (6:25)

Denote the log odds ratio (the logit) by vij. Then the logit p� models are gen-

erally expressed as

vij ¼ u0(z(Uþij )� z(U�ij )) (6:26)

To specify a logit p� model, one should consider what network statistics to

involve in the model, which are supposed to affect the logit value. That is,

the model specification depends on the hypothesized features of a network

structure.

6.4.2. Parameter Estimation

For directed relations, Table 6.4 lists parameters and graph statistics for mod-

eling logit models (Wasserman and Pattison, 1996). Some of the parameters

measure the effects reflected by triads. It gives parameters for homogeneous

effects in the upper side and those for prominence homogeneity in the

lower side, where dij indicates geodesic on the graph. The parameters will

be interpreted in connection with the network, by examining the estimates

and their contribution to the likelihood.
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Actor-level parameters and graph statistics are also of interest in the

study of social networks (Wasserman and Pattison, 1996). Such parameters

include, for example, those to measure centrality and prestige, and so on.

We consider the likelihood function for the p� model of (6.22). Taking

an approximate estimation approach (Strauss and Ikeda, 1990), one assumes

TABLE 6.4 Homogeneous Parameters and Graph Statistics

Label Parameter Graph statistic z(U)

Homogeneous effects

Choice u L ¼ uþþ
Reciprocity r M ¼

P
i; j uijuji

Transitivity tT TT ¼
P

i; j;k uijujkuik

Intransitivity tI TI ¼
P

i; j;k uijujk(1� uik)

Cyclicity tC TC ¼
P

i; j;k uijujkuki

2-in stars s1 S1 ¼
P

i; j;k ujiuki

2-out stars s2 S2 ¼
P

i; j;k uijuik

2-mixed stars s3 S3 ¼
P

i; j;k ujiuik
..
. ..

. ..
.

k-in stars vkI UkI ¼
P

i; j1; j2;...; jk
uj1iuj2i � � � ujki

k-out stars vkO UkO ¼
P

i; j1; j2;...; jk
uij1

uij2 � � � uijk
..
. ..

. ..
.

3-paths p3 P3 ¼
P

i; j;k;l uijujkukl
..
. ..

. ..
.

k-paths pk Pk ¼
P

i; j1; j2;...; jk
uij1 uj1j2

� � � ujk�1jk

Connectivity n N ¼ minimum number of edges whose removal

disconnects the digraph (edge connectivity)

Indices of prominence homogeneity (centralization/prestige)

f1 CG1
¼ sum of lengths of geodesics (dij)

f2 CG2
¼ variance of geodesic lengths (dij)

f3 CE ¼ maximum of geodesic length (eccentricity)

f4 CC ¼ variance of geodesic length sums (diþ)

(closeness centralization)

f5 CD ¼ variance of uiþ (degree centralization)

f6 CB ¼ variance of numbers of geodesics containing

i (betweeness centralization)

f7 PP ¼ variance of geodesic length sums (dþi)

(proximity group prestige)

f8 PD ¼ variance of uþi (degree group prestige)
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conditional independence over ties (6.21) and defines the pseudo-likelihood

function as

PL(u) ¼
Y

i=j

Pr(uij ¼ 1jX ¼ Uc
ij)

uij Pr(uij ¼ 0jX ¼ Uc
ij)

(1�uij) (6:27)

Maximizing it by nonlinear optimization, one obtains a maximum pseudo-

likelihood estimate (MP estimate) of u. According to a theorem due to Strauss

TABLE 6.5 Vickers and Chan Data: “Get-on with” Relation

1 1 1 1 1 1 1 1 1 1 2 2 2 2 2 2 2 2 2 2

1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9

1 0 0 0 0 0 1 0 1 0 0 1 1 0 1 0 1 1 0 1 0 1 1 0 0 0 1 1 0 0

2 1 0 1 1 1 1 1 1 0 1 1 0 0 1 1 1 0 0 1 1 1 0 0 0 0 0 0 0 0

3 0 0 0 1 0 0 1 1 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

4 0 1 1 0 1 1 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

5 1 1 0 0 0 1 0 1 0 1 1 0 0 1 1 1 0 0 1 1 1 1 1 0 0 0 1 1 1

6 1 1 1 1 1 0 1 1 0 1 1 1 0 0 0 0 0 0 0 1 1 1 1 1 0 1 1 0 1

7 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

8 1 1 1 1 1 1 1 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

9 0 1 1 1 0 0 1 1 0 0 1 1 0 1 0 1 1 1 1 0 0 0 1 1 1 1 0 1 1

10 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

11 1 1 1 1 1 1 1 1 0 1 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

12 1 0 0 0 1 1 0 1 0 0 1 0 0 1 0 1 1 0 0 0 0 1 0 0 0 0 0 0 0

13 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 1

14 0 1 0 0 1 0 0 0 0 0 1 0 0 0 1 1 1 0 1 1 1 1 1 1 0 1 1 0 0

15 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 0 0 1 1 1 1 1 1 0 1 1 1 1

16 1 1 0 0 1 0 0 0 0 1 1 1 0 1 1 0 1 0 1 1 1 1 1 1 0 1 0 0 0

17 1 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 0 0 1 0 0 0 0 1 0 1 0 1 1

18 0 0 0 0 0 0 0 1 1 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0

19 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 0 1 1 1 1 1 0 1 1 0 0

20 0 1 0 0 1 0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 1 1 1 1 1 1 0 0

21 1 1 0 0 1 0 0 0 0 0 1 0 0 1 0 1 0 0 1 1 0 1 1 0 0 0 0 0 0

22 0 1 0 0 1 0 0 0 0 0 1 0 0 1 1 1 0 0 1 1 1 0 1 0 0 1 1 0 1

23 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 l l 1 1 0 0 1 1 1 0 1

24 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1

25 0 0 0 0 0 0 0 1 1 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

26 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0 0 1 1 0 1 1 0 0 0 1 0 0

27 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 1 1 1 0 0 0 1 0 1 1

28 0 1 0 1 1 0 0 1 1 0 0 1 1 0 1 0 1 0 0 1 1 0 1 1 0 1 1 0 1

29 0 1 0 1 0 0 0 1 1 0 0 0 1 0 0 0 1 0 0 0 0 0 1 1 0 1 1 1 0
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and Ikeda (1990), the estimation of p� models can be performed by using the

logit p� form under the assumption that the relational variables are actually

independent.

6.4.3. Example

An example is taken from Wasserman and Pattison (1996), which is based on

the data collected by Vickers and Chan (1981). The original data consisted of

multirelational network records obtained from 29 students. The data of the

“get-on with” relation is shown in Table 6.5. Among a variety of homo-

geneous models that the authors applied to the data for illustration of the

logit models, here is presented only the result of analysis by a model in

terms of nine parameters. Table 6.6 shows the parameter estimates. For the

model, the likelihood ratio was 681.6 and the sum of absolute residuals was

217.5. Large effects are noticed for mutuality, degree-centralization, and tran-

sivity, and thus those are likely present in the network.

TABLE 6.6 Parameter Estimates for a Model

Effect Parameter Estimate

Choice L 21.18

Mutuality M 1.98

Transitivity TT 0.26

Cyclicity TC 20.20

2-in stars S1 20.01

2-out stars S2 20.15

2-mixed stars S3 20.08

Degree-centralization CD 1.29

Degree-prestige PD 20.49
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7

Multivariate Analysis of
Asymmetry Between Data Sets

7.1. OVERVIEW AND PRELIMINARIES

7.1.1. Overview

In this chapter we are concerned with asymmetry between two sets of variables.

The asymmetry is focused on the directional analysis that one set of variables

accounts for the other set in terms of dependence. As a simplest case, we think

of two variables, x and y. When it is possible to assume a customary regression

model, setting a random variable being dependent on a specified non-random

variable, one considers such a directional analysis as dependence of y on x.

However, there are situations in some fields, social sciences and beha-

vioral sciences, in which one cannot differentiate the roles of variables so

clearly. In such a case it is meaningful to consider two directional analyses

of regression. We may set two models of linear regression, one to account

for y by x and the other to account for x by y. The situation becomes prominent

for cases in which a phenomenon is observed by two sets of variables, say x
and y, where those variables are mutually correlated within each set and

between the sets. In this viewpoint, we focus on the asymmetrical relationship

in terms of dependence between two variable sets.
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Among approaches on this standpoint, we take up redundancy analysis.

The concept of redundancy is different from that under the same name in

information theory. The concept was first suggested in connection with cano-

nical correlation analysis to examine asymmetry in terms of dependence

(Stewart and Love, 1968). On the basis of the concept, redundancy analysis

has been developed in a variety of ways, mainly in the field of psychometrics

(van den Woollenberg, 1977).

In the process of development, researchers found that redundancy

analysis is closely related to regression in terms of composite variates for

two variable sets, such as canonical regression analysis, the principal com-

ponent analysis (PCA) of instrumental variables (Rao, 1964). Furthermore,

some procedures of reduced rank regression have been found to be identical

or closely related to the procedures mentioned above. For extensions of the

subject of this chapter, nonsymmetrical data analysis (Lauro and Esposito,

2000) has been proposed from a geometrical point of view. An approach

of different type has been offered for analysis of multivariate data in

connection with asymmetric data (Saito, 1993b).

7.1.2. Preliminaries

Multivariate Data

In this chapter, we deal with descriptive data analysis in which random

variables are not of concern. Consider variable vectors x ¼ (x1, x2, . . . , xp)0

and y ¼ (y1, y2, . . . , yq)0. Denote observation vector of xj by xj ¼ (x1j,

x2j, . . . , xnj)
0 and observation vector of yj by yj ¼ (y1j, y2j, . . . , ynj)

0 Write

data matrices of n observations in terms of x or y as

X ¼ (x1; x2; . . . ; xp); Y ¼ ( y1; y2; . . . ; yp) (7:1)

We use the simple term covariance matrix instead of variance–covariance

matrix. Denote the covariance matrix of x and y by Sxy, and Sxx, Syx, Syy con-

forming to the same notation.

Throughout this chapter, it is assumed that the data matrices satisfy the

following rank condition:

rank ðYÞ ¼ rank ðX0YÞ ¼ q � p ¼ rank ðXÞ (7:2)

Define diagonal matrices, each with standard deviations on the diagonal as

Dx ¼ diag(sx1
; . . . ; sxp

); Dy ¼ diag(sy1; . . . ; syq
) (7:3)
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Let a centering matrix H be

H ¼ Ip �
1

n
110 (7:4)

Define

X� ¼
1
ffiffiffi

n
p XH and ~XX ¼

1
ffiffiffi

n
p XHD�1

x (7:5)

In what follows, X� will be called the centered data matrix of X, and X̃ the nor-

malized data matrix. For simplicity, we use a convention, in most parts of the

chapter, that the data matrices denoted by X and Y are centered, so that

X0X ¼ Sxx; X0Y ¼ Sxy; Y0X ¼ Syx; Y 0Y ¼ Syy (7:6)

Let Rxy represent the correlation matrix of x and y. For some parts, we treat the

data matrices as normalized, so that covariance matrices are equal to corre-

lation matrices:

Sxx ¼ Rxx; Sxy ¼ Rxy; Syx ¼ Ryx; Syy ¼ Ryy (7:7)

Let ch(.) represent generally the eigenvalues of a matrix. By cht(.), we denote

the tth eigenvalue in descending order of magnitude.

Multivariate Regression Analysis

Let x be a vector of p independent variables and y a vector of q dependent

variables. Then the model of multivariate regression analysis (MRA) is

represented as

y ¼ C0xþ e (7:8)

where e ¼ (e1, e2, . . . , eq) is the error vector. Let E be the error matrix of order

n � q. Then

Y ¼ XC þ E (7:9)

By assumption (7.2) X is nonsingular. Minimizing the least squares criterion

defined by

tr(E0E) ¼ tr((Y � XC)0(Y � XC)) ¼
X

q

j¼1

kyi � Xcjk
2 (7:10)

yields the least squares estimate (LSE) of C as

ĈC ¼ (X0X)�1X0Y (7:11)
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Note that X0X is positive definite by the assumption. Denote the jth column

vector of Ĉ by ĉj. When one considers a multiple regression model by

which variable yj is regressed on x such that

yj ¼ Xcj þ ej (7:12)

where ej is the error vector, then ĉj is also the LSE of cj ( j ¼ 1, 2, . . . , q). Then

MRA is regarded as a set expression of multiple regression models.

Define an orthogonal projection operator onto the space spanned by the

column vectors of X as

PX ¼ X(X0X)�1X0 (7:13)

Then estimates are given by

ŶY ¼ XĈC ¼ PXY (7:14)

ÊE ¼ Y � ŶY ¼ (I �PX)Y (7:15)

The covariance matrix of residuals is given by

See ¼ ÊE0ÊE ¼ Y0(I �P)Y (7:16)

¼ Syy � SyxS�1
xx Sxy (7:17)

The degree of the fit attained by the model is given by

c ¼
tr(ŶY0ŶY)

tr(Y0Y)
¼

tr(Y0PXY)

tr(Syy)
(7:18)

Canonical Correlation Analysis

In canonical correlation analysis (CCA) under assumption (7.2), one finds

pairs of composite variates fk ¼ u0kx and gk ¼ vv0k y (k ¼ 1; 2; . . . ; q), by sol-

ving the following eigenequations:

Syxuk ¼ lkSyyvvk (7:19)

Sxyvvk ¼ lkSxxuk (7:20)

where

l1 � l2 � � � � � lq . 0 (7:21)

The ( fk; gk) are called kth pair of canonical variates with cor( fk; gk) ¼ lk, each

of unit variance and uncorrelated with other pairs of canonical variates. The lk

is called kth canonical correlation coefficient, and (7.19) and (7.20) are called

canonical equations.
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Given q pairs of canonical variates, one can construct furthermore ( p�

q) canonical variates fj ¼ u0j x; ( j ¼ qþ 1; . . . ; p), each of unit variance and

uncorrelated with other canonical variates. In the end, one obtains canonical

variates f ¼ ( f1, f2, . . . , fp)0 and g ¼ (g1, g2, . . . , gq)0.

Let U ¼ (u1; u2; . . . ; up) and V ¼ (vv1; vv2; . . . ; vvq). Define n� 1 score

vectors fj and gk, score matrices F and G as:

F ¼ ( f 1; f 2; . . . ; f p) where f j ¼ Xuj (7:22)

G ¼ (g1; g2; . . . ; gp) where gk ¼ Yvvk (7:23)

The relationship of canonical variates is represented as

F0F ¼ U0SxxU ¼ Ip (7:24)

G0G ¼ V 0SyyV ¼ Iq (7:25)

G0F ¼ V 0SyxU ¼ (LO) (7:26)

where L ¼ diag(l1; l2; . . . ; lq), and O denotes a zero matrix of order q �

( p� q).

For later description, some formulas are provided here. For the first

r(� q) pairs of eigenvectors, let Ur ¼ (u1; u2; . . . ; u);Vr ¼ (vv1; vv2; . . . ; vvr)

and Dl ¼ diag(l1; l2; . . . ; lr). Then expressions for (7.19) and (7.20) are

shown as

SyxUr ¼ SyyVrDl (7:27)

SxyVr ¼ SxxUrDl (7:28)

From (7.19) and (7.20) it follows that

SxyS�1
yy Syxuk ¼ l2

kSxxuk (7:29)

SyxS�1
xx Sxyvvk ¼ l2

kSyyvvk (7:30)

By assumption (7.2), one can represent Syy as a product of two identical non-

singular matrices in such a way that

Syy ¼ S1=2
yy S1=2

yy (7:31)

Let S�1=2
yy be the inverse of S1=2

yy . Then (7.30) may be rewritten as

S�1=2
yy SyxS�1

xx SxyS�1=2
yy vv�k ¼ l2

kvv
�
k where vv�k ¼ S1=2

yy vvk (7:32)
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7.2. REDUNDANCY ANALYSIS

7.2.1. Concept of Redundancy

Regarding the interpretation of canonical correlations in educational measure-

ment, Stewart and Love (1968) presented the concept of redundancy as a

directional (or asymmetric) index to represent the dependence of one test bat-

tery (variable set) on the other battery. Since then, the study of the concept has

been followed by many researchers (Israëls, 1984, 1986; Johansson, 1981;

Lambert et al., 1988; Tyler, 1982; van der Burg and de Leeuw, 1990).

In view of the customary definition of the concept based on the CCA, we

will treat for a moment X and Y that are normalized so as to satisfy (7.7). Then

the canonical equations (7.19) and (7.20) are stated as

Ryxuk ¼ lkRyyvvk (7:33)

Rxyvvk ¼ lkRxxuk (7:34)

In practical data analysis, we are concerned only with canonical variates

associated with l = 0, and so we treat the same number of canonical variates.

Now suppose that under assumption (7.2) we have constructed r(,q) pairs of

canonical variates. Let matrices of these eigenvectors be Ur ¼

(u1; u2; . . . ; ur) and Vr ¼ (vv1; vv2; . . . ; vvr). Denote the vectors of canonical

variates by

f ¼ ( f1; f2; . . . ; fr) ¼ U0r x (7:35)

g ¼ (g1; g2; . . . ; gr)
0 ¼ V0r y (7:36)

and the score vectors of each canonical variate by

f k ¼ Xuk; gk ¼ Yvvk (k ¼ 1; 2; . . . ; r) (7:37)

The correlation coefficient of a canonical variate and an observed vari-

able is called the structural correlation coefficient. Intraset structural corre-

lations mean correlations between canonical variates and observed variables

of the same set, which we write as rjk ¼ cor(xj; fk) or tjk ¼ cor( yj; gk).

They are given by

(r1k; r2k; . . . ; rpk)0 ¼ X0f k ¼ Rxxuk (7:38)

(t1k; t2k; . . . ; tqk)0 ¼ Y0gk ¼ Ryyvvk (7:39)

Interset structural correlations mean correlations between canonical variates

of one set and observed variables of the other set, which we write as rjk ¼
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cor( yj; fk) or tjk ¼ cor(xj; gk). They are given by

(r1k; r2k; . . . ; rpk)0 ¼ X0gk ¼ Rxyvvk (7:40)

(t1k; t2k; . . . ; tqk)0 ¼ Y0f k ¼ Ryxuk (7:41)

The proportion of the total variance (¼p) of x extracted by fk means the

average of the squared intraset correlations, which is represented as

Ve( fk) ¼
1

p
u0kRxxRxxuk (7:42)

Likewise, the proportion of the total variance (¼q) of y extracted by gk is

represented as

Ve(gk) ¼
1

p
u0kRyyRyyvvk (7:43)

From the definition, we see that

X

r

k¼1

Ve(gk) � 1 (7:43)

X

q

k¼1

Ve( fk) � 1 (7:45)

The equality holds when r ¼ q in (7.44), and also when r ¼ p ¼ q in (7.45).

Redundancy represents the proportion of the total variance of a set

explained by a canonical variate of the other set. This directional measure is

also defined as the average of the squared interset correlations. Let us denote

the redundancy of fk by Re( yj fk) or simply Re( fk). It is expressed as

Re( yj fk) ¼ Re( fk) ¼
1

q
u0kRxyRyxuk ¼ l2

kVe(gk) (7:46)

Noting the last term, we find that the proportion of the total variance of y
explained by fk is further stated by the two-step formula, explained by the

canonical correlation between the two sets and the proportion of the total var-

iance of y extracted by gk. The sum of Re( fk) is called cumulative redundancy,

which is given by

Re( yj f ) ¼
X

r

k¼1

Re( fk) ¼
1

q
tr(U0rRxyRyxUr) (7:47)
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When r ¼ q, it is also called total redundancy, and becomes equal to the aver-

age of the fit attained by a set of regression analyses (7.12) for yj

ð j ¼ 1; 2; . . . ; qÞ. In other expressions

X

q

k¼1

Re( fk) ¼
1

q

X

q

j¼1

R2
yj
¼

1

q
tr(RyxR�1

xx Rxy) (7:48)

Here Ryj
refers to the multiple correlation coefficient attained by regression of

yj on x.

If y is accounted for by x perfectly, the total redundancy becomes unity.

In educational measurement, x and y correspond to two test sets respectively.

In such a case, when the total redundancy is unity, it implies that either test is

redundant for the measurement purpose. In this sense, (7.48) is sometimes

called the redundancy index.

In a similar way, redundancy is defined for gk and g ¼ (g1; g2; . . . ; gr)
0

as:

Re(xjgk) ¼ Re(gk) ¼
1

p
vv0kRyxRxyvvk ¼ l2

kVe( fk) (7:49)

Re(xjgÞ ¼ Re(g) ¼
X

r

k¼1

Re(gk) (7:50)

Write the canonical correlation coefficient between x and y as l(x; y).

Changing x and y in (7.33) and (7.34) gives the same equations with

l( y; x). As long as we treat nonzero l, it is obvious that l(x; y) ¼ l( y; x),

the correlation is a symmetric index to measure the relationship between the

two sets. In contrast, redundancy is a measure of the asymmetric relationship

between the two sets. Given X and Y, one can compute such asymmetry based

on the result of CCA for X and Y, by comparing Re( yj f ) with Re(xjg).

7.2.2. Development of Redundancy Analysis

The redundancy explained above was defined in terms of canonical variates.

On the basis of the concept, van den Woollenberg (1977) suggested a general

definition of redundancy in terms of composite variates, and proposed a pro-

cedure of redundancy analysis (RDA). It gives composite variates to maxi-

mize the redundancy. Thus, in a different way from that mentioned above,

one can perform analysis of asymmetry between data sets, apart from CCA.

The formulation was given on the basis of correlation matrices. For the

purpose of later exposition in this chapter, we describe the formulation in

terms of covariance matrices.
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Because redundancy is a measure of asymmetric relationship between

two multivariate data sets X and Y, we can consider two directional analysis

based on the concept of redundancy. Let RDA ( yjx) be the redundancy anal-

ysis where x accounts for y, and RDA(xj y) be the analysis in the opposite

direction. For the purpose of exposition, we describe RDA( yjx) first. Let us

assume that both X and Y are centered.

Noting the orthogonality on the canonical score matrix

F0rFr ¼ Ir where Fr ¼ XUr (7:51)

then we can rewrite cumulative redundancy (7.47) as

Re( yj f ) ¼
tr(RyxUrU

0
rRxy)

tr(Ryy)

¼
tr(Y0Fr(F

0
rFr)

�1F0rY)

tr(Ryy)
(7:52)

Now we consider treating data sets that satisfy (7.2) and (7.6). Let us define a

vector of r composite variates such that

z ¼ (z1; z2; . . . ; zr)
0 where a0tzt ¼ a0txt

(t ¼ 1; 2; . . . ; r)
(7:53)

and a score matrix as

Z ¼ XA (7:54)

where Z, X, and A are matrices of order n� r; n� p; and p� r; respectively.

We impose a constraint to normalize z as

Var(z) ¼ Z0Z ¼ A0SxxA ¼ Ir (7:55)

Referring to (7.52), we define cumulative redundancy as

Re(z) ¼
tr(SyzS

�1
zz Szy)

tr(Syy)
¼

tr(A0SxySyxA)

tr(Syy)
(7:56)

We like to maximize Re(z) under condition (7.55). Define a Lagrangean

function as

L ¼ tr(A0SxySyxA)� tr((A0SxxA� Ir)M) (7:57)

Here M ¼ (mst) is a symmetric matrix of Lagrangean multipliers. Through

some manipulation, we obtain an eigenequation

SxySyxat ¼ mtSxxat (t ¼ 1; 2; . . . ; r � q) (7:58)
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to give at (t ¼ 1; 2; . . . ; r). The eigenvectors are normalized to satisfy

a0jSxxak ¼ djk (7:59)

where djk represents Kronecker’s delta. Using eigenvectors Ar ¼

(a1; a2; . . . ; ar) we determine the score matrix of composite variates Z ¼ XAr.

Then the redundancy is expressed by

Re(zt) ¼ Re( yjzt) ¼
mt

tr(Syy)
(7:60)

and the cumulated redundancy is

Re(z) ¼ Re( yjz) ¼

Pr
t¼1 mt

tr(Syy)
(7:61)

Since mt . 0 and r � q, we find that for a fixed r the cumulated redun-

dancy takes a maximum when r ¼ q. Write the contribution of mt to the sum as

at ¼
mt

Pq
t¼1 mt

(7:62)

Then we see that

Pr
t¼1 Re(zt)

Pq
t¼1 Re(zt)

¼

Pr
t¼1 mt

Pq
t¼1 mt

¼
X

r

t¼1

at (7:63)

It is suggested to use structural correlations rather than using eigenvectors

for interpreting the composite variates. Referring to definition (7.38) to (7.39)

based on CCA, we write intraset structural correlations as rjk ¼ cor(xj; zk) and

interset structural correlations as tjk ¼ cor( yj; zk). Then

(r1k; r2k; . . . ; rpk)0 ¼ D�1
x Sxxak (7:64)

(t1k; t2k; . . . ; tqk)0 ¼ D�1
y Syxak (7:65)

Unlike the case of (7.46), the average of the interset structural correlations is not

necessarily equal to the redundancy (7.60). The proportion that zt accounts

for the total variance of x is given by

Ve(zk) ¼
a0kSxxSxxak

tr(Sxx)
(7:66)
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and its cumulated sum is given by

X

r

k¼1

Ve(zk) ¼
tr(A0SxxSxxA)

tr(Sxx)
� 1 (7:67)

When r ¼ p, the equality holds.

Now turn to RDA(xj y). In this case we construct composite variates

hj ¼ b0j y, which accounts for x. By the same formulation above, we derive

SxySyxbt ¼ ntSyybt (7:68)

b0jSyybr ¼ djk (7:69)

Re(ht) ¼ Re(xjht) ¼
nt

tr(Sxx)
(7:70)

Re(h) ¼ ReðxjhÞ ¼

Pr
t¼1 nt

tr(Sxx)
(7:71)

7.3. MULTIVARIATE REGRESSION ON
COMPOSITE VARIATES

In this section we are concerned with two kinds of MRA where one variable

set is explained by the set of composite variates constructed from the other set

of variables. Noting that model (7.8) does not incorporate the correlation

information between x and y, one may consider variants of MRA that utilize

Sxx; Sxy; and Syy. On such a standpoint, one can examine the asymmetrical

relationship in terms of dependence between data sets. In what follows, we

treat data sets satisfying (7.2) and (7.6), and describe two procedures.

7.3.1. Canonical Regression Analysis

In canonical regression analysis (CRA), one performs first CCA(x, y), then

derive canonical variates f ¼ ( f1; f2; . . . ; fr)
0 from x. Next one performs

MRA to account for y by f. This process utilizes Syy, which involves the infor-

mation of correlations among y. The CRA is viewed as regression by a two-

stage least squares procedure, with the regression on the second stage.

In CRA, y is regressed on canonical variates f1; f2; . . . ; fr by a least

squares approach. The model is

Y ¼ FrBþ E (7:72)
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Through CCA, remember that (7.24) to (7.26) hold for canonical scores.

To state the property of CRA, let PF be the projection operator onto the space

spanned by column vectors of F. Consider a nonsingular transformation of X
such that F ¼ XU. Since

X(X0X)�1X0 ¼ F(F0F)�1F0 (7:73)

we find that PF ¼ PX from (7.13). Partition U into two parts in such a way

that U ¼ (Ur Us) where p ¼ rþ s. Matrix Ur consists of the first r columns

of U and Us of the remaining columns. In correspondence to the partition,

we divide F as F ¼ (Fr Fs). Then we have

PX ¼ PF ¼ PFr
þPFs

(7:74)

From (7.24)

F0rFr ¼ Ir; PFr
¼ FrF

0
r (7:75)

Using the relation, we apply the theory of MRA on (7.72). Then we obtain the

LSE of B and estimates of Y as:

B̂B ¼ F0rY ¼ U0rSxy (7:76)

ŶY ¼ FrB̂B ¼ PFr
Y (7:77)

From (7.18), the degree of fit is stated as

fr ¼
tr(ŶY0ŶY)

tr(Y0Y)
¼

tr(Y0PFr
Y)

tr(Syy)
(7:78)

Using (7.75) and Fr ¼ XUr, the above expression is restated as

fr ¼
tr(SyxUrU

0
rSxy)

tr(Syy)
(7:79)

Among the p canonical variates of f, we may regard ( f1; f2; . . . ; fq)

meaningful variates, which correspond to nonzero eigenvalues. Using these

q variates for (7.72), we have Fr ¼ Fq. Regarding Fs, we note that G0Fs ¼

O by (7.26), and Y0Fs ¼ O because V is nonsingular. Thus

PFs
Y ¼ O; PXY ¼ PFq

Y (7:80)

Putting this into (7.78) gives

fq ¼
tr(Y0PXY)

tr(Syy)
(7:81)
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Therefore, using all the meaningful canonical variates as regressors, CRA

attains the same degree of fit as MRA given by (7.18).

For the case in which X and Y are normalized so that the covariance

matrices are equal to correlation matrices, (7.76) becomes

B̂B ¼ U0rRxy (7:82)

Referring to (7.41), we find that B̂ is the matrix of structural correlations

between ( f1; f2; . . . ; fr) and y. Equation (7.79) becomes

fr ¼
1

q
tr(RyxUrU

0
rRxy) (7:83)

This is the same as (7.47), the cumulative redundancy on the result of CCA.

From the description above, it is summarized as follows. For normalized

data, examining the degree of fit and the regression coefficients in CRA is

equivalent to examining the redundancy and the structural correlation coeffi-

cients on the result of CCA.

7.3.2. Principal Component Analysis with
Instrumental Variables

For a phenomenon observing many variables, we consider some of them are of

primary concern and others are of secondary concern. For convenience of

description, let us call the first set of variables main variables and denote

them by y and the second set of variables instrumental variables and denote

them by x. Rao (1964) proposed procedures for data analysis for such a situ-

ation. Among them we take up the procedure that was named principal com-

ponent analysis with instrumental variables (IPCA).

Unlike CRA, which is a two-stage procedure, one can formulate directly

a variant of MRA in terms of composite variates so that the accountability is

maximized. On this standpoint, one considers composite variates in terms of

linear combination of x

zt ¼ a0tx ðt ¼ 1; 2; . . . ; rÞ (7:84)

so that they predict y as much as possible. Define

zt ¼ Xat; Z ¼ XA (7:85)

where Z ¼ (z1; z2; . . . ; zr) and A ¼ (a1; a2; . . . ; ar). Let us perform such a pre-

diction based on a regression model such that

Y ¼ ZBþ E ¼ XABþ E (7:86)
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The least squares criterion is stated by

h(A;B) ¼ kY � XABk2 ¼ tr(EE0) ¼ tr(See) (7:87)

For Z given by an arbitrary A, one can estimate B by a least squares approach.

Then the LSE of B is derived by

B(A) ¼ (Z0Z)�1Z0Y (7:88)

Substituting it into (7.87) yields

See ¼ Syy � SyzS
�1
zz Szy

¼ Syy � SyxA(A0SxxA)�1A0Sxy (7:89)

In order to measure See, we like to set a scalar criterion tr(See). Let us find A to

minimize the criterion. Noting that tr(Syy) is a constant, our purpose leads to

maximizing an objective function

h(A) ¼ tr(SyxA(A0SxxA)�1A0Sxy) (7:90)

Now we impose constraints,

Z0Z ¼ A0SxxA ¼ Ir (7:91)

so that z1; z2; . . . ; zr are mutually uncorrelated. Then we have

h(A) ¼ tr(A0SxySyxA) (7:92)

Maximizing this with respect to A leads to the following eigenequation,

SxySyxat ¼ mtSxxat (t ¼ 1; 2; . . . ; p) (7:93)

m1 � m2 � � � � � mp � 0 (7:94)

Taking the first r eigenvectors, we set A ¼ (a1; a2; . . . ; ar). The maximum of

h(A) is

hmax(A) ¼
X

r

t¼1

a0tSxySyxat ¼
X

r

t¼1

mt (7:95)

From assumption (7.2), we find that rank(S�1
xx SxySyx) ¼ q. Noting that

m ¼ ch(S�1
xx SxySyx), for (7.93) we see then that

mqþ1 ¼ � � � ¼ mp ¼ 0 (7:96)
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Denote the total cumulative proportion of eigenvalues by

u(r) ¼

Pr
t¼1 mt

Pp
t¼1 mt

¼

Pr
t¼1 mt

Pq
t¼1 mt

(7:97)

This is an index of data reduction in r dimensions.

Let us examine formulation of IPCA. Equation (7.93) is rewritten as

SyxS�1
xx SxySyxa ¼ mSyxa (7:98)

Let w ¼ Syxa=
ffiffiffiffi

m
p

. Then w0w ¼ 1. Using the orthogonal projector PX defined

by (7.13),

SyxS�1
xx Sxyw ¼ Y0PXYw ¼ mw (7:99)

Thus Y� ¼ PXY represents the projection of Y on the column space of X.

Noting P2
X ¼ PX , we find that

Y0�Y�w ¼ mw (7:100)

Thus IPCA is equivalent to PCA of the covariance matrix of Y�, for which effi-

ciency of the reduction is shown by (7.97).

Estimates of B and Y are given by

B̂B ¼ A0Sxy; ŶY ¼ XAA0Sxy (7:101)

The degree of fit is represented as

h(A)

tr(Syy)
¼

Pr
t¼1 mt

tr(Syy)
(7:102)

In the nonsymmetrical data analysis, Lauro and Esposito (2000) suggested

extending operator PX to a more general form in a geometrical context.

7.4. COMPARISON OF RELATED PROCEDURES

As pointed out by researchers, the procedure of redundancy analysis has a

close relationship with other approaches (Muller, 1981; ten Berge, 1985;

Saito, 1995). On the standpoint of the present chapter, we would like to

give comparisons of RDA with other procedures, such as CRA and reduced

rank regression (RRR).
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7.4.1. RDA in comparison with IPCA

Both RDA and IPCA lead to identical eigenequations. This relationship is con-

firmed by rewriting the objective function of IPCA. From (7.87), (7.89), and

(7.92), we find that

h(A;B) � tr(Syy)� h(A) (7:103)

Noting (7.92) and (7.56), we obtain

Re(z) ¼
h(A)

tr(SyyÞ
(7:104)

Therefore, the regression model is incorporated implicitly in RDA, and so

Re(z) indicates the degree to which the model accounts for the total variance

of y. The two procedures yield the same composite variates.

From (7.93) and (7.99), we see for t ¼ l, 2, . . . , q that

mt ¼ cht(S
�1
xx SxySyx) ¼ cht(SyxS�1

xx Sxy) ¼ cht(Y
0PXY) (7:105)

Then it follows from (7.61) that

X

q

t¼1

Re(zt) ¼
tr(Y0PXY)

tr(Syy)
(7:106)

When r ¼ q, the cumulative redundancy by RDA or the maximum account-

ability by IPCA is the same as the goodness of fit by MRA. In view of the

equivalence of IPCA and RDA, we may write IPCA (RDA).

7.4.2. RDA in comparison with CRA

As described above, CRA and IPCA (RDA) are regression analyses in terms of

composite variates. Referring to the formulations, the degree of fit by CRA

should not be larger than the degree of fit by RDA (Saito, 1995). Let us con-

firm this point. For the same number of composite variates r, we write the fit

attained by RDA as cr and the fit attained by CRA as fr:

cr ¼

Pr
t¼1 cht(Y

0PXY )

tr(Syy)
(7:107)

fr ¼

Pr
t¼1 cht(Y

0PFr
Y)

tr(Syy)
(7:108)

For a moment we consider two subspaces V and W in n-dimensional space.
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If W is a subspace of V, the following inequality holds:

cht(Y
0PV Y) � cht(Y

0PWY) (7:109)

Here PV and PW are orthogonal projection operators. For the subspace

spanned by canonical score vectors Fr , we find that Fr is a subspace of X.

Applying (7.109), we derive

cht(Y
0PXY) � cht(Y

0PFr
Y) (7:110)

from which follows

X

r

t¼1

cht(Y
0PXY) �

X

r

t¼1

cht(Y
0PFr

Y) ¼ tr(Y0PFr
Y) (7:111)

Combining (7.107), (7.108), and (7.111), we obtain

cr � fr ðr ¼ 1; 2; . . . ; qÞ (7:112)

The arguments are summarized by the following theorem (Saito, 1995).

Theorem 7.1. For RDA and CRA, inequality (7.112) holds. For the

same number of composite variates as regressors, RDA does not attain smaller

degree of fit than CRA. When r ¼ q, the equality holds in (7.112).

7.4.3. Comparison of RDA and CRA with RRR

It is often claimed that redundancy analysis is equivalent to reduced rank

regression. However, this is right as long as one thinks of the reduced rank

regression in some context. In fact, CRA is regarded as a kind of RRR, so uti-

lizing CRA or RDA for tool of analysis of asymmetry between data sets is an

application of RRR. It may be of interest to clarify the relationship of CRA and

RDA to RRR.

The model of reduced rank regression is generally stated as

Y ¼ XC þ E where rankðCÞ ¼ r (7:113)

Izenman (1975) proposed a general theorem on RRR, which serves to show

the relationship on a theoretical basis. Let us assume that p-dimensional vector

x and q-dimensional vector y accord to the (pþ q) normal distribution with

expectations E(x) ¼ 0, E( y) ¼ 0 and covariance matrices Sxx, Sxy, Syx, Syy.

Then the following theorem holds (Izenman, 1975).

Theorem 7.2. Given a q � q positive definite matrix G, and for a speci-

fied r � min ( p; q), a p� r matrix A and an r � q matrix B that minimize the
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criterion defined by

g(A;B) ¼ tr(E(G1=2( y� B0A0x)( y� B0A0x)0G1=2)) (7:114)

are obtained as

A ¼ S
�1
xx SxyG

1=2Wr (7:115)

B ¼ W 0rG
�1=2 (7:116)

Here Wr ¼ (w1;w2; . . . ;wr) are eigenvectors of the following equation:

G1=2SyxS
�1
xx SxyG

1=2wj ¼ ujwj ð j ¼ 1; 2; . . . ; rÞ (7:117)

which should satisfy orthogonality w0jwk ¼ djk. The minimum is given by

gmin ¼ tr(GSyy)�
X

r

j¼1

uj (7:118)

Setting G ¼ Iq in the theorem and substituting sample statistics in the

result, we then have from (7.117) an eigenequation such that

SyxS�1
xx Sxywj ¼ mjwj ð j ¼ 1; 2; . . . ; rÞ (7:119)

Let Wr ¼ (w1;w2; . . . ;wr). Then we have estimates

A(1) ¼ S�1
xx SxyWr (7:120)

B(1) ¼ W 0r (7:121)

Write the estimate of Y as Y(1) ¼ XA(1)B(1). Let

aj ¼
1
ffiffiffiffiffi

mj
p S�1

xx Sxywj; Ar ¼ S�1
xx SxyWrD

�1=2
m (7:122)

D1=2
m ¼ diag(

ffiffiffiffiffiffi

m1

p
;
ffiffiffiffiffiffi

m2

p
; . . . ;

ffiffiffiffiffi

mr

p
) (7:123)

then aj vectors satisfy (7.91) and (7.93).

Write estimates (7.101), which have been given by IPCA, as

A(2);B(2);Y(2), and substitute them in (7.120) and (7.121) to yield

A(2) ¼ A(1)D
�1=2
m (7:124)

B(2) ¼ D�1=2
m W 0rSyxS�1

xx Sxy ¼ D1=2
m B(1) (7:125)

Thus estimates of IPCA (RDA) are related to those of this RRR by the scale

transformation, and the degree of fit is the same as shown by Y(1) ¼ Y(2) for
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the same r. It is also found that the least squares solution of RRR suggested by

Davies and Tso (1982) gives the same degree of fit as IPCA (RDA).

Setting G ¼ S
�1
yy in the theorem and substituting sample statistics in the

result, we obtain from (7.117) that

S�1=2
yy SyxS�1

xx SxyS�1=2
yy wk ¼ l2

kwk ðk ¼ 1; 2; . . . ; rÞ (7:126)

It is remembered that this is the canonical equation (7.32). Let the solution be

Wr ¼ (w1;w2; . . . ;wr). Rewriting Wr ¼ S�1=2
yy Vr and noting relation (7.28),

we then have

A(3) ¼ S�1
xx SxyVr ¼ UrDl (7:127)

B(3) ¼ V 0rSyy ¼ D�1
l U0rSxy (7:128)

Let us apply a scale transformation to these two such that

A(4) ¼ Ur ¼ A(3)D
�1
l (7:129)

B(4) ¼ U0rSxy ¼ DlB(3) (7:130)

It should be noticed that these are the estimates of CRA. Thus the estimates are

related to those of this RRR by the scale transformation, and both procedures

give the same degree of fit for the same r. It is also noted that A(4) and B(4) are

the estimates given by the maximum likelihood procedure of RRR due to Tso

(1981).

Figure 7.1 illustrates the relationship among procedures in reference to

Theorems 7.1 and 7.2. Among various formulations of RRR so far developed,

Theorem 7.2 is concerned with two sets of random variables. As shown above,

FIGURE 7.1 Relationship of procedures
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substituting sample statistics in the statements of the theorem yields the same

equations as derived by the procedures in descriptive data analysis. Then, the

analysis of asymmetry by performing two directional analyses of RDA or

CRA is regarded as utilization of RRR in two directional ways.

7.5. NUMERICAL EXAMPLE

Here we present examples of RDA and CRA with a focus on the asymmetry

between two data sets, which were observed on a group of N applicants for

admission to a university. One set of variables x describes high school

grade point averages of five subjects of the applicants. Another set y describes

TABLE 7.1 Correlation Matrices

Rxx

x1 x2 x3 x4 x5

x1 1.000 0.326 0.179 0.279 0.089

x2 0.326 1.000 0.293 0.386 0.384

x3 0.179 0.293 1.000 0.301 0.321

x4 0.279 0.386 0.301 1.000 0.276

x5 0.089 0.384 0.321 0.276 1.000

Rxy

y1 y2 y3 y4 y5

x1 0.344 0.156 0.195 0.220 0.098

x2 0.278 0.463 0.282 0.226 0.315

x3 0.129 0.151 0.300 0.185 0.192

x4 0.271 0.311 0.324 0.436 0.269

x5 0.064 0.210 0.278 0.126 0.412

Ryy

y1 y2 y3 y4 y5

y1 1.000 0.670 0.661 0.696 0.525

y2 0.670 1.000 0.660 0.614 0.706

y3 0.661 0.660 1.000 0.680 0.707

y4 0.696 0.614 0.680 1.000 0.546

y5 0.525 0.706 0.707 0.546 1.000
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FIGURE 7.2 Proportion of eigenvalues

TABLE 7.2 Eigenvalues and Related Quantities

Dimension t 1 2 3 4 5

CCA (x, y) Eigenvalue l2 0.249 0.213 0.166 0.082 0.038

Proportion 0.332 0.285 0.222 0.110 0.051

Cum. prop. 0.332 0.617 0.839 0.949 1.000

Can. cor. l 0.499 0.461 0.407 0.287 0.196

RDA ( yjx) Eigenvalue m 0.795 0.117 0.062 0.024 0.009

Proportion 0.790 0.116 0.061 0.024 0.009

Cum. prop. 0.790 0.906 0.967 0.991 1.000

RDA (xj y) Eigenvalue n 0.484 0.192 0.103 0.058 0.025

Proportion 0.561 0.222 0.120 0.067 0.030

Cum. prop. 0.561 0.784 0.903 0.970 1.000
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TABLE 7.3 Redundancy Analysis

RDA ( yjx) RDA (xj y)

Composite variate Composite variate

j1 j2 j3 h1 h2 h3

Variance ext. 0.413 0.180 0.126 0.666 0.137 0.077

Cumulative 0.413 0.593 0.719 0.666 0.803 0.881

Redundancy 0.159 0.023 0.012 0.097 0.038 0.021

Cumulative 0.159 0.182 0.195 0.097 0.135 0.156

FIGURE 7.3 Comparison of RDA( yjx) and RDA(xj y) (redundancy)
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FIGURE 7.4 Comparison of RDA( yjx) and RDA(xj y) (variance extracted)

TABLE 7.4 Canonical Regression Analysis

CRA (xj f) RDA ( yjg)

Canonical variate Canonical variate

f1 f2 f3 g1 g2 g3

Variance ext. 0.361 0.184 0.146 0.521 0.184 0.127

Cumulative 0.361 0.545 0.691 0.521 0.704 0.831

Redundancy 0.129 0.039 0.021 0.090 0.039 0.024

Cumulative 0.129 0.168 0.190 0.090 0.129 0.153
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achievement test scores of the same five subjects of the applicants. The

personal information was originally recorded in the form of N � 5

(N . 1000). For the present purposes, we normalize the data. That gives

rise to correlation matrices, which are shown in Table 7.1.

We applied redundancy analysis to the correlation matrices in two

directions, RDA( yjx) and RDA(xj y). In comparison, we performed CCA

between x and y, which is referred to as CCA(x, y). Then we computed redun-

dancy based on the result, which means CRA using canonical variates f or g in

two directions, CRA( yj f) and CRA(xjg). Across those analyses, the number of

composite variates, r, was changed from 1 to 5.

Table 7.2 shows eigenvalues, proportions of eigenvalues to the sum and

cumulated proportions, regarding mt(t ¼ 1; 2; . . . ; 5) of RDA( yjx); nt(t ¼

1; 2; . . . ; 5) of RDA(xj y) and l2
t (t ¼ 1; 2; . . . ; 5) of CCA(x; y). Figure 7.2

shows changes of proportions of eigenvalues in each analysis. One may find

FIGURE 7.5 Comparison of RDA( yjx) and CRA( yj f)
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that the data reduction in smaller dimensions is more efficient in RDA than in

CCA.

Table 7.3 summarizes the results of RDA( yjx) on the left side and the

results of RDA(xj y) on the right side. We denote composite variates in

terms of x by j and those in terms of y by h. Examining the values of cumu-

lative redundancy (r ¼ 1, 2, 3) in two cases, we find a tendency that variates j
account for y larger than variates h do for x. Thus, in view of this difference,

we observe the asymmetry between the two variable sets. Figure 7.3 reveals

the tendency clearly.

The variance extracted by each jt or ht is given in Table 7.3, which is

contrasted for the two cases in Fig. 7.4. It is of interest to note that there is

more loss of information in constructing j from x than in constructing h
from y.

FIGURE 7.6 Comparison of RDA(xj y) and CRA(xjg)
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Table 7.4 provides a summary of CRA( yj f), and CRA(xj y). One may

note that the variance of x extracted by j1 is larger than that extracted by f1,

and that the variance of y extracted by h1 is larger than that extracted by g1.

Remembering the ways in which the composite variates are constructed,

those results are quite natural. Figure 7.5 reveals the difference in the

FIGURE 7.7 Intraset correlation: corðxj; j1Þ and corðxj; f1Þ

FIGURE 7.8 Interset correlation: corð yj; j1Þ and corð yj; f1Þ
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cumulative redundancy between RDA( yjx) and CRA( yj f), and Fig. 7.6 the

difference between RDA(xj y) and CRA(xjg). With these results, one can rea-

lize the theoretical statement by (7.112).

Let us focus on the indices in connection with the first composite vari-

ates in the analyses above. Figure 7.7 shows intraset correlation coefficients

FIGURE 7.9 Intraset correlation: corð yj;h1Þ and corð yj; g1Þ

FIGURE 7.10 Interset correlation: corðxj;h1Þ and corðxj; g1Þ
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given by RDA( yjx) in contrast to those given by CRA( yj f). In the same way,

Fig. 7.8 contrasts interset correlation coefficients given by the two analyses.

Similarly, Fig. 7.9 shows intraset correlation coefficients given by RDA(xj y)

in contrast to those given by CRA(xjg), and Fig. 7.10 interset correlations

given by the two analyses. The four figures are provided for comparing the

result of RDA with that of CRA. With attention to the asymmetrical relation-

ship between sets, it would be interesting, for example, to compare cor(yj; j1)

in Fig. 7.8 with cor(xj;h1) in Fig. 7.9.
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