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Preface

Modern electric power systems are sophisticated ensembles of power plants with
diverse primary energy sources, step-up transformers that connect power plants
to high-voltage transmission lines, which in turn, make the energy reach long dis-
tances up to main load centers where stepdown transformers reduce the voltage to
safe values for consumers and equipment. The number of electric elements for a
particular power utility might be numerous—in the thousands. The challenge to
model, study, and analyze such a system is an enormous task, and is done with the
help of numerical algorithms using digital computers.

The operation and control of electrical power systems and the planning of
future conditions and system expansion are the main concerns of modern power
systems engineers, not to mention security and reliability of supply. This is a large-
scale problem that must be solved for the steady state condition using appropriate
models, and is here where power system engineers are required to comprehend the
basic building blocks used to assemble the power system, namely models for trans-
mission lines and power transformers in various connections. Electrical engineers
should be proficient in principles and the assumptions about models and its range
of validity to conduct studies of three phase AC networks under balanced or unbal-
anced conditions or even with today’s requirements of a more pervasive interaction
between AC and DC networks.

In Chapter 1 of this book, we will stress the fundamental principles used to
eventually grasp and handle complexity. This will allow us to solve the steady
state of linear and nonlinear networks. In particular, we are interested in what is
considered the most basic point of departure (i.e., element’s current and voltage at
its terminals and currents as nodal balance equations). These allow us to represent
interconnection between networks and elements. Fundamental equations for electric
circuits come from Ohm’s law and nodal current or nodal power balances. These
are the stepping stones used as building blocks. Power and energy, phasors, real and
reactive power concepts—as well as a brief extension to three-phase circuits—are
those principles from which some more elaborated schemes will be later studied.

Chapter 2 is used to establish all the tools for network analysis that we will
need later to study large interconnected networks. Starting with Ohm’s and Kirch-
hoff’s current law, the use of Gaussian elimination, and a particular interpretation
of this process known as partial inversion, we will show the connection starting
from primitive networks up to nodal analysis, as well as Norton’s and Thevenin’s
equivalents and applications. Solutions to large networks and network partition,
also known as diakoptics, will be put into a unified perspective.

Xiii
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In Chapter 3, the physical principle of decoupling is motivated and solved so
as to have a diagonal matrix that relates state variables and output variables. The
symmetrical components transformations is of particular significance for power
engineers. We then move into a detailed study of transformers for analysis purposes,
starting with a single-phase transformer that can be combined into three-phase
configurations, giving us the possibility to model various connections as AA, AY,
YY, and other unbalanced configurations. The calculation of sequence impedances
can be carried out as outlined in Chapter 3. Autotransformers and three winding
transformers as well as three-phase transformers are discussed.

Transmission lines and cables are discussed in Chapter 4. The importance of
series impedance, the Earth return, and capacitive effects are stressed in this chapter.
Faraday’s and Gauss’ laws turn out to be the founding blocks for these important
modeling concepts. Earth wires and phase conductors in parallel and neutral con-
necting points are represented properly and its existence included in the model. The
formulas are adequate for transmission lines and cables that work at low frequen-
cies, close to the 60 Hz frequency of operation for the power system. In case the
line-cable parameters should need frequency dependent characteristics for other
type of problems, then different models should be used.

Chapter 5 studies the very important topic of transmission line load-ability,
where the line-distributed parameters are fundamental in order to attain proper
values when loading a transmission line. This power system element has various
interesting properties that need to be assessed, as the line might work with low
power during light morning hours or under heavy load condition at peak hours. A
wide range of power required to be shipped might need compensating equipment in
order to fully use all the capability of the element and not be limited by the voltage
drop criteria. The distributed nature of the series impedance and shunt capacitive
susceptance will give a model to characterize the traveling wave phenomena, surge
impedance and the speed of propagation where tools as the lattice diagrams for
surge response calculation can be utilized.

In Chapter 6, we derive the real and reactive power flow expressions for a com-
plex transformer and a transmission line. We write the incremental expressions,
showing that the first and second order derivatives can be obtained in closed form
from the calculated values of the real and reactive power that flows through the
element itself. First order derivatives are used to write the solution to fundamental
network problems, particularly those of the power flows by Newton’s iterative pro-
cess. The second order derivatives are used to solve the nonlinear optimal problem
for minimum cost of operation, optimal control, or hydro-thermal coordination.
For the iterative process in the load flow problem or in the optimal formulations,
we start with reasonable values (flat start or a better estimate) for the state vari-
ables. The number of equations should be consistent and solved for the incremental
corrections to the state variables at each iteration the state variables approach a
solution; for a well-posed problem the process, should converge in few iterations.
Even though Newton’s law is reported to have a good rate of convergence, some
problems might show slow convergence or no convergence at all, depending on the
nature of the system, topology, and load level. We derive from incremental power
flow expressions the decoupled model for power flows that are widely accepted
by the power industry for networks the comply with assumptions as r/x ratio and
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XV

nodal angles separations. Chapter 6 also includes the nonlinear formulation used
to solve an all-DC network; this is presented in a formulation to solve a three-phase
unbalanced system.

Optimal power system’s operation is discussed in Chapter 7. The nonlinear
nature of the problem is maintained in the cost function and the equality and inequal-
ity constraints. All functions are incorporated into a Lagrangian and optimal condi-
tions: gradient equal zero are derived. A nonlinear iterative process (Newton’s type)
is used to solve the gradient equations at the solution point. Minimum operating
cost, losses included, or the solution to the minimum loss problem can be written
as a solution at one point in time. An extension is made to include time-dependent
quantities (such as energy or water to be used in hydro generation in combination
with thermal and other energy resources The interesting problem of energy coordi-
nation can be solved within the time horizon of interest and considering appropriate
time increments, according to the problem to be solved.

Control of real and reactive power can be viewed form a static point of view in
the sense of meeting a balance at every node in the system; dynamics and control
are not modeled, and we are only interested in the new equilibrium condition, new
nodal angles, voltages, and new power flows. Chapter 8 approaches this problem
using linear sensitivity factors for the real power and the reactive power problem to
coordinate control actions. Undoubtedly, the dynamics for changes and responses
must be considered. As there are different time constants for response at each prob-
lem (namely real power frequency and voltage controls), we include a frequency
response model in just one electric area, recognizing that the problem is more com-
plex than the one presented. However, we will have a glimpse of what comes when
we need to study system’s frequency dynamics. In line with the static response, we
include an extension of the complex transformer model (introduced previously in
Chapter 6) to comprise schemes that work as flexible AC devices, namely a VSC and
STATCOM. These arrangements demonstrate versatile ways to compensate reactive
power and voltage control and the model discussed can easily be integrated into a
regular Newton’s power flow program.

Chapter 9 discusses fault studies from a general point of view writing model
equations (Thevenin’s equivalent) for the network and a set of equations for the
fault connection. Then, when the fault is ensued, boundary conditions for nodal
voltages and nodal currents must be met. The resulting equations will solve for the
current feeding the fault. With this value, we then use the network equivalent to
calculate the system’s response when the fault is present. The process can be applied
to both shunt and series faults, giving a natural extension to network equivalents
and its properties.

Chapter 10 discusses contingency cases, mainly one element out at a time, start-
ing from a base case. The tools are similar to the ones used in Chapter 9, as network
equivalents also play an important role in the simulation of lines/transformers out of
service and need to be disconnected from the network to simulate the contingency.
Outages of generators or load disconnection are nodal changes and through sensi-
tivity factors the impact can be calculated on nodal angles or voltage magnitudes,
as well as the changes in power flows in the network.

Finally, Chapter 11 focuses on state estimation and presents its conceptual link to
minimum squares estimation when measurements are available, including different
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quality of measurements, and the best statistical state is calculated. These concepts
are related to network quantities and measurements that can be nodal voltages, nodal
magnitudes, power injections, or real and reactive power flow through transmis-
sion elements. We stress the need to identify a measurement matrix that relates the
measured quantity to the state variables, first through linear models and solved by
the least squares principle, then including nonlinear relations between measure-
ments and state variables. Redundancy as having more measurements than state
variables to be determined is key in the process, as some measurements might have
gross errors and a step of goodness of fit must be carried out so that spurious mea-
surements are rejected. State estimation is important for monitoring and controlling
the modern power system. The process of parameter estimation can be established
from the principles described in the least squares approach. Natural extensions in
the estimation process are phasor measurements that go into phasor measurement
units (PMU), and the concept of wide area measurements that will enhance the
monitoring, operation, and control of present and future electric power systems.

As the reader can see, the focus is mainly on the steady state of AC and DC
networks because the knowledge of state variables is important in its own right, to
completely determine the value of derived variables as currents, real and reactive
power flows through each element, and losses or the reactive power requirements.

This book is dedicated to slightly advanced students with a background in basic
circuits, how to solve a system of linear equations, root finding of nonlinear equa-
tions, and the main principles of electric energy conversion. Senior students will
benefit from a different approach in building original material, and will learn how
fundamental concepts can be put to use in order to generalize the study of electric
power networks. Practicing engineers will find a source of reference to refresh mate-
rial covered in a different order and often through a piecemeal approach, leaving
sometimes disconnected fundamental concepts from the system’s point of view.

We must recognize that, due to continuously changing conditions in the power
network from load requirements, generation supply, or contingencies, there will
be a dynamic behavior in state variables (such as voltage magnitures and nodal
angles). Consequently, currents and power changes redistribute the energy until all
unbalances are settled (unless the system goes into an unstable condition). Under a
dynamic situation, electric elements (such as inductors, capacitors, and the genera-
tor’s inertia) come to interact. Dynamic modeling and solution require a separate
treatment to incorporate the time energy exchange between the generator’s inertia, its
controls actions, and the electric network. In general, we will need machine dynam-
ics and controls by differential equations and low frequency exchanges through the
network, which can be characterized by algebraic equations. Future work can cover
this aspect building from the foundations put forth this volume.
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Fundamentals of Energy Systems

1.1

Introduction

All human activities rely on some form of energy resource: thermal, mechanical,
chemical, and, in some countries, nuclear. Accordingly, progress and development
in a country is measured directly by its energy use in transportation, electricity
production and agriculture, manufacturing, health services, and banking, as well
as in recreational chores. Due to the industrial revolution, the last two hundred
years of human history recounts an exponential growth in energy consumption per
capita. New developments in technologies and efficient energy use are envisioned
to continue exploiting fossil fuels, as well as heavily investing in renewable energy
sources, such as solar (which has its origins within the atomic furnace in our near-
est star, the sun, the main source of energy for our planet).

Huge amounts of energy are required nowadays in the world. We estimate the
quantity used through the average energy utilized in various regions of the world;
the numbers are summarized in Figure 1.1. If we add in the growing world popu-
lation, we can estimate the energy required on a global scale for each region some
years into the near future. Figure 1.2 gives a glimpse of the mixture of energy types
that were used circa 2000, as new statistics are available the percentages can be
updated. The energy mix might change for different countries, but this can give
us a sense about the type of primary energy sources. Table 1.3 shows how actual
energy requirements are supplied and how they were used by the year 2000, in
particular in the case of the United States. This proportion is expected to be modi-
fied since renewables, such as solar and wind, are being used more and more even
as we write this chapter. Active research and development has come to fruition for
wind harnessing as electric power generation and solar capture is also a promis-
ing proportion of the total world energy requirements in the near future. Other
sources sometimes experience a halt, as is the case for nuclear after the Japanese
disaster in Fukushima in March 2011. The portion of fossil fuel for electric energy
supply—with respect to renewable resources—is high and will be changing in the
near future when we incorporate larger portions of renewables, coupled with effi-
ciency in usage, reduction in losses, and an “intelligent” use of energy. Other small
generating plants are emerging in small-scale production. They are connected at
the distribution level, but in increased proportion, and are known as dispersed
generation appearing throughout the urban and rural distribution networks. This
is having a large impact on the generation available in the system and a change in
the way that traditional systems are planned, operated, controlled, and protected.
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Table 1.1 Yearly Average of Energy Use Per Capita, GJ/yr [1]

North Former Rest of

Year America Europe USSR World Global
1975 260 120 160 22 60
1980 265 135 175 24 62
1985 250 132 196 26 61
1990 263 135 205 28 63
1995 263 131 140 33 62
2000 272 136 135 35 62
Average 262.2 131.5 168.5 28.0 61.7

The three main sources of primary energy are oil, gas, and coal (Figure 1.2).
These fuels experience very high price fluctuations over time, depending on produc-
tion booms and shortages. This translates to uncertainty in both the cost operation
of an actual energy system and plans for future system operations. Other energy
resources, such as hydro, geothermal, and wind, are, in a theoretical sense, considered
costless fuels, but also there is a high degree of uncertainty to their availability due
to seasonal conditions. When the alternative energy sources are interconnected to
a thermal system, a coordinated economic study should be done in order to satisfy
the criteria of system operation at minimum cost, or some other optimal criteria
that is suitable for operation or for planning. The result is a coordinated energy

Yearly Average Energy Consumption per capita
300 T T T T T

250F §

200F .

150 .

GJoules/yr

100 F "

50

1 2 3 4 5
North America  Europe  Former USSR Rest of World  Global

Figure 1.1 Average use of energy per capita, G)/yr.
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Table 1.2 Energy From Type of Source, in Percentage [1]

Oi1l Coal  Natural gas Nuclear Large hydro Other renewables Biomass

32.6 222 21.1 5.7 5.5 2.3 10.6

Biomass 10.6%

Other renewables 2.3%

Oil 32.6% Large hydro 5.5%

Nuclear 5.7%

Natural gas 21.1%

Coal 22.2%

Figure 1.2 Percentage of energy according to type of source.

study where we will need to find the minimum of the cost function subjected to
physical system’s constraints.

The electricity flow during 2011 in the United States was 40.03 quadrillions
BTU [1] (quadrillion BTU = 1.05505585 x 10'® joules), and a possible breakdown

can be as is shown in Table 1.3.

Table 1.3 Energy Consumption USA, 2011

Electric Energy by Type of Fuel Percentage

Fossil fuels (coal, natural gas, 66.13
petroleum, other)

Nuclear and renewables 33.87

Conventional thermal (Fossil fuels and other like nuclear)

Losses 63.00

Gross generation of electricity 37.00

NOTE: Except for combined cycle schemes where efficiency can go up to 64%

Electric Power by Power Plant

Power plant own use 5.47

Net generated power (into the power 94.53
network)
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1.2

For a final balance, we add unaccounted energy and imports to the net use of
electricity in the United States (as reported in 2011) through the following numerals:

Transmission and distribution losses 7.32%
Residential use 34.23%
Commercial use 31.69%
Industrial applications 23.45%
Transportation 0.21%
Direct use 3.10%
Total 100.00%

The 40.03 quadrillions of BTU account for an average of 121 GJ/yr per capita.
To this average, we must add the use of gasoline, as well as some other energy forms;
then we will find the average listed in Figure 1.1 the amount is 262.3 GJ/yr for North
America. We should keep in mind various figures; one relates efficiency for the con-
version process from raw energy to the electric form. Power plants that work under
a combined cycle scheme make a better use of the heat within the process, giving a
higher efficiency for whole energy conversion. Electric power plants require energy
to service their own motor pumps, fans, lighting, and other services—this might
amount to 3% to 4%. The amount of losses in transmission and distribution lines
present opportunities to improve the process, and it might have quite an impact
in economic and environmental terms, as well as less amounts of required energy
from the primary sources.

Work and Energy in Electric Circuits

We are interested in the energy usage, so let us start with a simple electric circuit
as a means to ship energy from an electric source to a consumer; some useful pur-
pose will be accomplished with this arrangement. Energy is required in order to
attain motor rotation and then to move a production chain production, lighting
loads for illuminating purposes, heating, electric vehicles, and a wide range of
industrial applications.

1.2.1 Power and Energy in Constant DC Systems

Even though most generation, transmission, and distribution is done in AC, for a
straightforward explanation purposes (and in order to better grasp the basic con-
cepts), it is interesting to begin with an ideal DC source with a fixed voltage V;
(volts) and a supply current I (amperes), as shown in Figure 1.3. The simple con-
figuration has most of the concepts that we will find in more elaborate AC circuits
as: a nonlinearity relation when power load is established, multiple solutions, and
maximum power transfer and voltage stability margin. At any instant of time, we
have a product of voltage and current, the product is the instantaneous power p
in watts that the load requires from the source. If this condition lasts for a time At
(seconds), the supplied energy in joules will be determined.



1.2
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Figure 1.3 Simple DC circuit to illustrate electric power and energy concepts.

Power and energy supplied by a constant DC voltage source is:

P, = VI Watts (1.1)
W, = PAt Joules (W-sec) (1.2)

Power at the load R; is the power supplied by the source minus transmission
losses Ry I2.

P =V, = (Vs _ RTI)I = VI - R,I*> Watts (1.3)
P s = RTI2 Watts (1.4)

Energy at the load:

W, = PAt — P, At Joules (1.5)

Example 1.1

For the circuit in Figure 1.3 with V,=120 V,R;=1 Q, R; = 19 Q. Calculate current
I, the voltage at the receiving end V;, the power supplied by source S, the power
received by the load, and the power loss in Ry. Calculate the energy balance when
the load R is fed for a period of Az = 2 seconds.

Voltage source Vs = 120.0000

RT = 1.0000 Ohms RL = 19.0000 Ohms

I = 6.0000 A VL = 114.0000 V

Ps = 720.0000 W PL = 684.0000 W Ploss = 36.0000 W
Ws = 1440.0000 J WL = 1368.0000 J Wloss = 72.0000 J

The current I, the load voltage V;, the power P supplied by the source, power
at the load P; and power losses P} oss depend on the load resistance R . By changing
the load resistance, we observe a nonlinear characteristic for the variables involved,
as shown in Figure 1.4. The question about the maximum power transfer from
the source to the load comes to mind; we will postpone this discussion about this
important concept, which has important applications for the real power transfer
problem, to Chapter 6.
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Figure 1.4 Plots for current, voltage at load, power by source, and losses.

1.2.2 Power and Energy in AC Circuits

For alternating current (AC) circuits, we assume that the voltage and the current
are perfect sinusoids defined by peak values V,, (volts) and I,, (amperes), a unique
frequency f (Hz), and time ¢ in seconds.

v(t) =V, cos(2mft +6,) Volts (1.6)
ity =1 cos(27rft + 91) Amperes (1.7)

A time varying complex number V can be defined as in (1.8) for a sinusoidal voltage
and called complexor. The real part of the complexor is the cosine time function (1.6).

A

V = V /%) yoles (1.8)

For voltage v(¢) and current #(2):

v(t) = real(Vmei(Z”ft+eV)) Volts (1.9)
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i(t) = real([mej(Z”ft+6')) Amperes (1.10)

From a voltage complexor, the rms voltage phasor is that part of the complexor
that does not depend on time ¢, divided by +/2. The same definition is applied for
the rms current phasor.

I A
V= Tgefev =|V|£6, Volts (1.11)
N

I = T’Ze" = |1|£6, Amperes (1.12)

| VI Magnitude of rms voltage phasor, in volts

|1l Magnitude of rms current phasor, in amperes

Example 1.2

A voltage complexor V with V,, = 180 volts, 8, = 0° = 0 rad, f = 60 Hz is a com-
plex number that rotates counterclockwise; it has a magnitude of 180 volts. For a
sampling rate of twelve samples per cycle, the rotating complexor and its real and
imaginary components are shown in Figure 1.5.

V =180e/2%040 = V1 jV = 180cos(2760t) + j180sin(2w60z)  (1.13)

Figure 1.5 shows the 60 Hz complexor for 12 different instants of time for:
to=0,1t, =1/720, t, = 2/720, t; = 3/720, ... in seconds, horizontal V,, and vertical
V,, projections versus time, so that a sinusoidal representation is attained.

1.2.2.1  Phasors
RMS phasor is a tool that is used to solve AC steady state problems for electric
circuits in single-phase or three-phase configurations. We start our discussion with
a simple one phase system configuration by the use of Ohm’s law; we relate volt-
age at terminals and current that flows through a resistor R in ohms, an inductor
L in henries, and a capacitor C in farads. We can extend the concepts into three-
phase configurations, which are used in power system generation, transmission,
and distribution.

Resistor R (ohms) can be seen as a constant of proportionality between voltage
(volts) at terminals and current (amperes) that flows through the resistive element;
the time equation is:

u(t) = Ri(t) (1.14)
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Figure 1.5 Rotating complexor, V,, and V, projections.

For a sinusoidal voltage, frequency w = 27nf in rad/sec, (1.14) is:

v(t) = real(Vmei(wt+9")) =R real(Ime/(wt+9‘)) (1.15)

The complexor notation for (1.15) or the phasor notation for Ohm’s Law is as
follows in (1.16) and (1.17), respectively (Figures 1.6 and 1.7).

~ A

V =V %) = RT o/*0) = Rf (1.16)

—RI+V =0 (1.17)

l i
+

v(t) R

Figure 1.6 Voltage and current through resistance R.
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Figure 1.7 Voltage and current phasors in resistance R.

RMS phasors V and I are defined by (1.11) and (1.12), resistance R is a real
number then in (1.18) 6y — 6; = 0, so current i(t) through a resistance is in phase
with v(z).

V. VN2 v,

R - = p = Ny
I 1e%N2 1 4

(1.18)

In a linear magnetic circuit the inductor L is a constant of proportionality
between flux linkages A (Wb-turns) and the current (amperes) that flows through
the inductor. By Faraday’s law the time equation can be written as

_ Ldi, (¢)

byl = = (1.19)

Assuming a sinusoidal current through the inductor, 7, (t) = I | cos(a)t + 91) :

di, (t)/dt = -0l sin(wt + 6,) = ol cos(wt + 6, + w/2) (1.20)

We write the voltage equation for the inductor using complexor notation (1.21),
or using rms phasors as in (1.22). Note that the phasor current I; lags by 90° the
phasor voltage V, . Ohm’s Law is written as in (1.23) and shown in Figures 1.8

and 1.9.
V, =V el = Lol oflerorn) (1.21)
—joLl, +V, =0 (1.23)
. l i(t)
vi(t) L

Figure 1.8 Voltage and current through inductance L.
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Figure 1.9 Phasor model for inductance L, relation between voltage and current.

A definition is made for the inductive reactance as X; = @L in ohms.

The capacitor C (shown in Figure 1.10), given a linear electric field, is a con-
stant of proportionality between the amount of electric charge ¢ (coulombs), g =
Cvc, which is accumulated at the device when voltage v (in volts) is applied at its
terminals. The time equation is:

i(t) = Cd;’tc(t) (1.24)
l i(t)
+
vt C

Figure 1.10 Voltage and current through capacitance C.

Assuming a sinusoidal voltage applied at capacitor terminals as V(#) = V,,cos
(ot + By):

dv(t)
dt

=~V sin(0f +6,) = 0V, cos(a)t +0, + %) (1.25)

The current through the capacitor in complexor notation (1.26), or in rms pha-
sors as in (1.27), then Ohm’s law is written as in (1.28).

ic _ Imej(cot+91) _ Cmee;‘(wt+9v+n/2) (1.26)

- I CoV, .

o= J2em = NG joCVe (1.27)
~I./joC+ V. =0 (1.28)

In (1.27) and Figure 1.11, we see that the rms phasor voltage Vc lags by 90°
the rms phasor current I ; or the current leads the voltage by 90°.
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le
+

1/joC=—j X,

<1

Figure 1.11 Phasor representation for capacitance C, relation between voltage and current.

Example 1.3

A circuit in Figure 1.12 has a voltage source v,(t) = V,,cos(2nft + 0y), f = 60 Hz,
R,=2 ohms, X; = oL =12 ohms, 1/wC =2 ohms. Solve for current i(¢) = I,,cos(2rft
+ 0)) using V,, = 180 volts and 6y = 0 as a reference. Plot the current and the voltage
at nodes 1, 2, and 3 as labeled in Figure 1.13.

Even for simple circuit arrangements, it is convenient to use rms phasors in order
to solve for current and voltages phasors and time signals (as shown in Figure 1.14).

1.2.3 Instantaneous Power p(t), Real Power P and Reactive Power Q

For a voltage v(¢) and current i(t), in volts and amperes respectively, the product will
be an instantaneous power p(t) in volts-ampere (VA) that is supplied to a load. A
detailed analysis of instantaneous power p(t) shows imbedded the concept of real

.
wo

Figure 1.12 Voltages and current through series R, L C circuit.

Figure 1.13 Voltages and current rms phasors through R, L C series circuit.



12

Fundamentals of Energy Systems
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Figure 1.14 Nodal voltages at 1, 2 and 3 and current phasors. Sinusoidal current waves (x5).

power P in watts and the reactive power Q in VARs. For sinusoidal voltage and
current, the rms phasors will be used to calculate P and O.

p(t) = v(t)i(t) = V_ cos(wt)l, cos(wt + 0) (1.29)
L/ 2 0 0 1.30

p(t) = ﬁﬁ[cos( ot + 0) + cos( )] (1.30)
p(t) = P[cos2wt) + 1] + Osin(2wt) (1.31)

The definition for P and Q are part of (1.30) using cos® and sinf. Equation
(1.35) shows P and Q as those components of a Fourier series expansion for the
instantaneous power p(¢). P is an average or mean value of p(f) and Q is a peak
value of a component of p(¢) whose mean value is zero; throughout this explanation
voltage is our angular reference.

P = |V||I|cos(6) (1.32)
O = —|V||1|sin(6) (1.33)

pf = cos(0) (1.34)
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pt) = P+ Pcos(Qwt) + Osin(2wt) (1.35)

1.2.4 Load Convention for Power Flows

It is convenient to work an expression so that our P and Q results are consistent
with a load convention (see Figure 1.15) as a preferred reference for power flows.
The voltage phasor is our reference and current might be in phase, lagging, or lead-
ing the voltage. For power flows, a convenient representation is to picture a load
with required values of real power P and reactive power Q. If P and Q are positive,
this means that they have the same direction as the current feeding the load, the
load requires Q due to its inductive nature and current lags the voltage by an angle
0. For the load connection, a negative Q goes opposite to the current direction,
meaning that the load is capacitive and that current leads the voltage by a 6 angle.
A negative sign for P (coming from a current reversal) will mean that instead of a
load we are dealing with a source.

The cosine of the phase angle +0 is positive, the displacement power factor (pf),
which is a term that is part of the expression to calculate the real power P (1.32). Once
we know that the power factor is lagging (=) then in (1.33) O = —| V| | I| sin(-6) > 0.
For a leading power factor (+6), then O = —| V| | I|sin(6) < 0, which corresponds to
the load convention just discussed in the last paragraph.

To analyze the voltage and current phasors, we can use the phasor complex plane,
and to work with power relations, we can use the complex power plane, wherein S,
P, and O can be drawn. With the phasor V as reference, pf = cos(6y — 6)).

In summary, for P and Q using the load convention:

« P: Real power is positive and has the same direction as the current going into
the load; see Figure 1.16.

* O: Reactive power is positive, same direction as the current that flows to the
load, for inductive load (lagging power factor). Reactive power is negative,
opposite to the current direction for a capacitive load (leading power factor).

As can be deduced from Figure 1.16, the complex power calculation is the prod-
uct of rms phasors: voltage V and the conjugate of current I.

S=P+jQ=VI" (1.36)

Example 1.4

Calculate for the circuit in Example 1.3, the complex power in VA supplied by
the source to node 1, the complex power sent from node 2 to 3, and the power at

I
+ —>

% Load

Figure 1.15 Load convention as a reference for power flows.
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Figure 1.16 Voltage and current phasors. Power triangles show voltage and lagging and leading
currents.

node 3. Power P in watts, O in VARs and angle in degrees. The results are shown
in Figure 1.17.

Complex voltages abs angle
V1 = 127.279 +0.000] +127.279 +0.00
V2 = 122.384 +24.477] +124.808 +11.31
V3 = 146.861 +29.372] +149.769 +11.31
Current abs angle

112 = 2.448 -12.238j +12.481 -78.69
Complex power p+jg abs angle
S12 = 311.538 +1557.692j +1588.541 +78.69
S21 = 0.000 -1557.692j  +1557.692 -90.00
S23 = 0.000 +1557.692j  +1557.692 +90.00
S32 = -0.000 -1869.231j +1869.231 -90.00
S30 = 0.000 +1869.231)  +1869.231 +90.00

Losses and reactive power
Plosses = 311.538

Reactive power (>0 to the system)
Qtot = 1557.692
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311.54 0.0 0.0 0.0
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Figure 1.17 Voltages and power flows in Watts and VARs.

Example 1.5

Using voltage and current phasor values and a displaced angle for the current with
respect to the voltage, find the voltage, current and instantaneous power. From
(1.36) plot the instantaneous power p (#) and the two components P + Pcos(2wt)
and QOsin(2wt) that make possible to identify P and Q. V,, = 180 volts, I,, = 12.5
amperes, first for a lagging power factor 0.9 (as shown in Figure 1.18) and then
for a leading power factor of 0.9. Power results are shown in Figures 1.19-1.21.

Phasors: voltage and current*10 v(t) and 10*i(t)
200
<
150 2 100
g
180 S 0
>
L0 2]
210 & -100
S
270 -200
0.01 0.02 0.03
Time, sec
Instantaneous power p(t) Power p1(t) and p2(t)
2500 2500
2000 2000
1500 1500
S S
g 1000 @ 1000
: :
£ 500 & 500
0 0
-500 -500
0 0.01 0.02 0.03 0 0.01 0.02 0.03
Time, sec Time, sec

Figure 1.18 V,, =180 volts, /,, = 12.5 amperes, power factor = 0.9 (lagging), 6 = —25.84°.
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P=1,012.50
—
T=8.84,/ -25.84° Q=490.38
—_ —F >
+ ———————
V=127.28,0° Load

Figure 1.19 Voltage, current and power flows; lagging power factor.

Note: for lagging condition 0 < 0 and for leading condition 6 > 0.

RMS Voltage and current phasors
magnitude angle

V =127.279 +j 0.000 127.279 0.00
I =7.955 +j -3.853 8.839 -25.84

Power factor = 0.9000 (lagging)
Real Power = +1012.50 W
Reactive Power = +490.38 VARs

Voltage and current phasors, v(¢) and i(¢), instantaneous power p(t) and two
components of the instantaneous power.
For the leading power factor condition:

RMS Voltage and current phasors

magnitude angle
vV = 127.279 +j 0.000 127.279 0.00
I = 7.955 +j -3.853 8.839 -25.84
Power factor = 0.9000 (lagging)
Real Power = +1012.50 W

Reactive Power +490.38 VARs

Voltage and current phasors, v(¢) and i(¢), instantaneous power p(t) and two
components of the instantaneous power.

Figures 1.18 and 1.21 show the fundamental concept of power factor, related
to the angle phase shift for the current i(¢) respect to the voltage v(¢); this has
consequences on the value of P and Q. An ideal situation would be to have an

P=1,012.50
e
T=8.84,+25.84° Q=490.38
—_ +
+ ———————
V=127.2820° Load

Figure 1.20 Voltage, current, and power flows; leading power factor.
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Phasors: voltage and current*10 v(t) and 10%i(t)
90 200 200
120 ;
’ <
30 = 100
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0 S 0
>
- LY g
S, 330 g ~100
: 2
270 -200
0.01 0.02 0.03
Time, sec
Instantaneous power p(t) Power p1(t) and p2(t)
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2000 2000
1500 1500
S <
@ 1000 @ 1000
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0 0.01 0.02 0.03 0 0.01 0.02 0.03
Time, sec Time, sec

Figure 1.21 V,, =180 volts, I,,= 12.5 amperes, power factor = 0.9 (leading), 6 = 25.84°.

in-phase current to voltage, so that reactive power Q would be zero. In order to
modify the power factor in a lagging or leading situation, current has to be “dis-
placed” to be more closely in phase with the voltage. Such is the nature of reactive
power compensation.

Example 1.6

The lagging or leading power factor will have an impact on both the nodal voltages
and the power system losses. To motivate the attention for this kind of relations let
us use a three node system (Figure 1.22(a)) where all values are normalized so that
voltage and power are 1 pu (per unit (pu) values are defined later), and analyze the
consequences of a change in the power factor at node 3. Pay attention to the voltage
magnitude at node 3 and system losses as a function of the power factor at node 3
(for printout assume lagging is — and leading is +). We will study in detail this type
of system behavior in Chapter 6 through the use of load flow studies. Table 1.4
summarizes the network solution as pf changes from lagging to leading condition.

Note from Figure 1.22(b) that minimum losses are attained when the power
factor is 1.0, current in phase with the applied voltage at the load point, node 3.
Losses and nodal voltages change as the power factor has a lagging or leading con-
dition; losses increase under both conditions and node voltage drops from the 1.0
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Table 1.4 Power Factor at Node 3, Reactive Power Q;, Voltage 3, and System Losses
of O3 Vs Losses
-0.850 0.6817 0.9139 0.0268
-0.875 0.6086 0.9232 0.0249
-0.900 0.5328 0.9328 0.0233
-0.925 0.4519 0.9427 0.0219
-0.950 0.3616 0.9535 0.0206
-0.975 0.2507 0.9664 0.0195
1.000 0.0000 0.9943 0.0188
0.975 -0.2507 1.0207 0.0202
0.950 -0.3616 1.0319 0.0214
0.925 -0.4519 1.0409 0.0226
0.900 -0.5328 1.0488 0.0238
0.875 -0.6086 1.0562 0.0251
0.850 -0.6817 1.0631 0.0265
pu value when power factor is lagging. The node voltage increases from the 1.0 pu
value for the leading power factor values.
1.3 Three-Phase Voltages, Currents and Power

Power system engineers use AC circuits in three-phase arrangements to carry power
more efficiently from the generation sites to the demand locations. Load centers are
usually located far from the generation plants, so in order to have reasonable trans-
mission losses, step up voltage transformers and high voltage transmission lines are
used. Once at the premises of consumers or very close to their location, step down
transformers will lower the voltage to distribute energy to individual loads at an
appropriately safe voltage level.

To have a glimpse of a three-phase circuit arrangement—even though it is a
simplified scheme—we can visualize it through Figure 1.23; an ideal three-phase
generator as a voltage source arrangement of a three balanced complexors a, b, and
¢, each one separated by 120 degrees and with the same magnitude. Every single
voltage source a, b, and ¢ is connected to the low voltage phases abc of the step-up
transformer and ground. The high voltage side of the transformer feeds current into
a transmission line, and then at the right side, we reach a step down transformer
(not shown). From here, we feed the three-phase loads. The circuit needs to be
solved for all node voltages and currents; the principles that we use are Ohm’s law
and Kirchhoff’s current law.

J — \ /(2m60+0)
Ab _ Vme,‘(zn60t—2n:/3) (1.37)
‘}b — Vmej(27r60t—27t/3)
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Figure 1.22 Effect of power factor changes on voltage at node 3 and losses; values in per unit.
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Figure 1.23 Voltages, current and power flows for a three-phase circuit.
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We assume the use of RMS phasors as phase voltages at the generator side. An
ideal step up transformer with tap || applies high voltage values to the sending
end of a transmission line, which, in turn, feeds current to the load at each phase
at the receiving side. With the main goal of writing current and voltage relations
in the three-phase circuit, we use voltages from node to reference or nodal voltages
and currents injected to each node. The voltage drops and currents flowing in the
windings of the ideal (lossless) transformer, the low voltage side in terms of source
voltages, as in Figure 1.24, are (1.38). These voltages are transformed by the ratio
1:|#| into voltage values at the high voltage side (1.39). The connection shown
for the primary side of the transformer (the left-hand side) is known as a delta A
configuration, and the high voltage side is in a Y connection; the turns ratio will
bust or buck the primary and secondary voltages and currents. The Y A connec-
tion will shift voltages and currents from the primary to secondary side. Voltages
at the receiving end of the line are the voltages at the three-phase node named II,
including the voltage drop across the transmission impedances when current flows
at each phase. Equation (1.40) is Ohm’s law for a three-phase element.

The voltage drop v;, across elements can be expressed in terms of nodal voltages,
where nodal voltages are voltages from phase to reference (1.38). Voltages from
primary side to secondary side in the transformer are affected by the transformer
ratio, #, as in (1.39). Ohm’s law for the three-phase connection that goes from node
II to node III is written in (1.40).

il [41 -1 0]V
vyl=| 0 +1 -1 ||V, (1.38)
v, | -1 0 +1 v
(I1) r
V, v, t, 00 ||%
Vs =lv,|=| 0t 0 |lv (1.39)
VC U6 O 0 t3 US
UL (1) (1)
zaa zab zac ZA VA VA 0
| Roa Rop R || Ve | Vs =10 (1.40)
zca zcb zcc iC_ VC VC O

Kirchhoff’s current law, in Figure 1.23, include current summation at nodes (II)
and (IIT), so we get a set of nodal current equations, assuming that the currents going
into a node are positive. Equations (1.40) and (1.41) are our circuit models where
U is a 3 X 3 unit matrix. The three-phase model for our circuit combines (1.40)
and (1.41) into (1.42). Solution to the system of equations means calculating nodal
voltages and currents that flow through each element. This will allow us to find
the Norton equivalent for the Nodal admittance matrix [1, 2], and if we continue
the numerical process through Gaussian elimination along the main diagonal, we
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will be able to calculate all three-phase nodal voltages and solve for all unknown
three-phase currents [3-5].

+'H,HI _ IH

lapc = Lasc
_ILIT _ LI gl (1.41)
ABC ABC ABC
_Zabc +U -U lzl‘\ll’ilg 0
+U 0 O Vﬁ;c = IXBC (1.42)
-U 0 0 v 1
ABC ABC

Example 1.7

For the three-phase arrangement in Figures 1.23 and 1.24—using voltage in Volts,
current in amperes, impedance in ohms, and a tap value ¢ = 20/y/3—a voltage of
20 kV is applied at the delta side of the step-up ideal transformer; 400 kV will be
the voltage at the sending end for the transmission element. With known values for
ABC voltages at node II and load currents at ABC node III, a network solution is
attained for (1.42), using Z,;,. impedance values in ohms for the transmission ele-
ment. In this case, no resistance is considered. Therefore, there will be no power
losses at the transmission line. Nodal currents are calculated using (1.41) and com-
plex power can be calculated using (1.36).

1:t,

Ia ] iA
— | 1
+ +
v1 VZ
i iy
3 — b |
—» 1
+ +
v, v,
Is Is
) — Tt — >
—> A A !
+ +
VS V6

Figure 1.24 Voltages and currents, ideal no-loss transformer, AY connection.
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Voltages Source (Y connection)

Magnitude kV angle
+11.55 +0.00
+11.55 -120.00
+11.55 +120.00
Voltages low side transformer (DELTA)
Magnitude kV angle
+20.00 +30.00
+20.00 -90.00
+20.00 +150.00
Voltages high side transformer (Y connection)
Magnitude kV angle
+230.94 +30.00
+230.94 -90.00
+230.94 +150.00
zabc =
0 +23.00001 0 - 2.00001 0 - 2.00001
0 - 2.00001 0 +23.0000i 0 - 2.00001
0 - 2.00001 0 - 2.00001 0 +23.00001
Load current
Magnitude A angle
+441.59 +18.69
+441.59 -101.31
+441.59 +138.69

Voltages at load node (Y)

Magnitude kV angle
+229.03 +27.29
+229.03 -92.71
+229.03 +147.29
Phase currents high side transformer (Y)
Magnitude A angle
+441.59 +18.69
+441.59 -101.31
+441.59 +138.69
Phase currents, Tow side transformer (DELTA)
Magnitude A angle
+5099.02 +18.69
+5099.02 -101.31
+5099.02 +138.69

Phase currents, generators phases (Y)

Magnitude A angle
+8831.76 -11.31
+8831.76 -131.31
+8831.76 +108.69

Power at Tload

Power MW MVARs

+100.00 +15.12
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+100.00 +15.13
+100.00 +15.12
Power into transmission element
Power MW MVARs
+100.00 +20.00
+100.00 +20.00
+100.00 +20.00
Power from generator
Power MW MVARs
+100.00 +20.00
+100.00 +20.00
+100.00 +20.00
Power required by the transmission element
Power MW MVARSs
-0.00 +4.88
-0.00 +4.88
+0.00 +4.88

To find current values, from the A connection to the phase values at the genera-
tor side (Figure 1.24) we go from the transformer’s currents to the current at each
phase of the generator.

L 10 14
L =-1+ 0 |j (1.43)
I 0 -1 +1|.
c l5

Notice the 30° phase shift due to the AY connection of the three-phase bank
transformer [5-7]. Resistance values were assumed to be very small when compared
to reactance values, and so they were neglected. However, the calculating tool—once
we establish the sequence of calculations—should easily handle complex numbers
in its calculations.

Appendix 1A Complex Numbers

For electrical power engineers, the complex number tool is basic and widely used.
The concept of complexor, as in (1.8), is an example of a complex number; it has
magnitude and rotates at angular speed o in rad/sec.

It is a historic matter that, in order to find a number that is the square root of
—1, the real number line representation has to be extended. Real numbers can be
associated to points in a horizontal straight line. By a 90° rotation, the real line
has an orthogonal display; to emphasize the rotation a j symbol is associated, we
end up with a Cartesian-like plane that has a real and an imaginary axis; the plane
is called a complex plane (see Figure 1.25). A complex number z has a real x and
an imaginary y component, and it can therefore be located in the complex plane.
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Imaginary axis

//’_
C

-1 1 Real axis

N
%

Figure 1.25 Complex plane. We visualize 90° successive rotation for number 1.

Example 1.8
Powers of j imaginary unit
1=2¢"°

j=e™?* = cos(m/2) + jsin(r/2)

;==
it=1

= (ein/z)2 = /™ = cos(n) + jsin(r) = —1; i=+-1

The algebra of complex numbers can be illustrated assuming two complex
numbers, z; and z,. They can be added, subtracted, multiplied, or divided in a

rectangular or polar form. Conjugate in Figure 1.26.
=Xty = ‘zl‘eiel = ‘zl‘lel
Y
’zl‘ = Jxi + v} 6, = arctg(x—lj
1

5 =Xy, = |z2‘ei62 = |z2‘402

Imaginary axis

VI Z=Xx+jy
9 .
0 X Real axis
" =x-jy

Figure 1.26 Complex number z and conjugate z* in the complex plane.

(1.44)



Appendix TA Complex Numbers 25

5+ = (x +x)+ iy +9,)

%% =(x1—x2)+j<yl—y2) s,
22 = (%, + 3)(x, + 13,) = |z | [z, = ‘zl|‘z2‘ef(9l+92) )

2 _ (xl * /3’1) = ‘z]‘e/el _ M i(6,-6,)

2 (i) e el

Example 1.9
For two complex numbers, z; = 4 + 3j and 2, = 3 + 4/ find z; + 25, 21 — 22, 2122,
and ZI/ZZ-
Complex numbers abs angle degrees
z1 = 4.000 +j 3.000 5.000 36.87
z2 = 3.000 +j 4.000 5.000 53.13
Algebra of Complex numbers abs angle degrees
zsum = 7.000 +j 7.000 9.899 45.00
zdif = 1.000 +j -1.000 1.414 -45.00
zpro = 0.000 +j 25.000 25.000 90.00
zdiv = 0.960 +j -0.280 1.000 -16.26
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Network Analysis

2.1

The main purpose in this chapter is to explain various circuit properties and use-
ful algebraic results that can be expanded to study large power networks. We start
from the algebraic manipulation of a system of linear equations to be solved for the
unknown values. To model and study an electrical power system, which is an intri-
cate ensemble of equipment of various kinds, a high degree of abstraction is required
in order to represent the electrical power system as a whole. To conduct this task,
we start by describing the physical electrical system by the use of a reduced set of
idealized elements with defined properties between variables through them. That
is, by Ohm’s law we relate the electric current that flows when a voltage difference
is applied at its terminals. We write a consistent set of equations for the network,
using Kirchhoff’s current law at each node, and work out a solution for state vari-
ables, which are those electric quantities known as node voltages that allow us to
calculate currents and voltage drops on all elements in the network.

The analysis of the system enables us to predict its behavior under a range of
stimuli with practical applications. From a general network model and its numeri-
cal solution, we derive Norton’s equivalent, which is a numerical model that relates
nodal voltages to nodal currents (those currents injected or extracted from a node by
sources/loads) through admittance values or short circuit coefficients. The numerical
process is conducted by Gaussian elimination or its numerical equivalent, partial
inversion, in a matrix sense [1-3]. If we continue the partial inversion process, we
eventually get Thévenin’s equivalent. Thévenin’s circuit relates nodal voltages to
nodal currents through impedance values known as open circuit coefficients. The
importance of network equivalents is that a large network can be reduced to a small
equivalent circuit arrangement without losing the effects of connected elements as
lines, voltage, or current sources. Using equivalent circuits, we can solve for state
variables with less effort, given that we are only interested in the small portion of
the original network. The solution to the equivalent can be fed into the complete
network equations and the effect of the equivalent’s solution can be reflected on
the whole network. This approach will be used in fault current calculations and
contingency analysis.

Introduction

A basic electrical power circuit is an interconnection of passive and active ele-
ments. Resistors, inductors, and capacitors are passive elements. Other elements

27
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are designed to convert energy from the primary thermal of mechanical sources to
electric DC or AC. These current and voltage sources are active components for
the power system. Other types of sources with nonlinear characteristics that are
based on power electronics are also active elements; through switching devices, they
accomplish the useful handling of electric energy for various industrial and large-
scale power applications. The electric elements may be series or shunt connected,
forming a delta or a star configuration in the case of three-phase AC systems. In
more elaborated circuits, the voltage and current sources may be of an independent
or a controlled type.

For passive elements, the voltage at their terminals with respect to the current
flowing in the resistor, inductor, or capacitor may be through a linear or nonlinear
relation, depending on the nature of the element. Furthermore, the response can
vary linearly with frequency or in a nonlinear fashion. Among various system ele-
ments, the ideal transformer with a real or a complex transformer with tap and
phase shifting angle is a very useful device in order to represent voltage and current
raises/drops at key sections of the circuit. Depending on the electrical length (with
respect to the actual size of equipment), its circuit representation may be required
to be described by distributed parameters or by lumped parameters—the electrical
length is dictated by the actual physical dimension of the device and the voltage’s
frequency at which the device is going to work.

Ohm’s law determines the amount of current that flows through a given element
(R, L, and C), and it depends on the voltage at terminals for a passive element and
the properties that oppose the current to flow. Kirchhoff’s voltage and current laws
govern the interaction between the voltages and currents in all passive and active
elements within a circuit. We can deduce various voltage-current formulations to
study electric circuits; it all depends on the way in which we apply the fundamental
laws. Popular outcomes are the nodal equations and the mesh equations, but other
formulations are possible. When dealing with how to find the solution of practical
electric power networks—which normally have a very large number of nodes and
electric elements—the computational effort may be quite high, even for a digital
computer. This is one of the reasons why we have to carefully plan all computational
steps in order to keep the numerical burden well under control. It is fortunate that
most large physical systems (as in the case of electrical power circuits) are loosely
interconnected in a structural sense; not all electrical nodes are connected through
elements (transformers, lines, and cables). This characteristic makes the system’s
equations sparse and prone to an efficient numerical solution. When we recognize
that, for high voltage power systems, up to 80% or more of the numerical coef-
ficients in the nodal model have zero values—and that such coefficients should
neither be stored nor processed—then the nodal model is very compact in storage
requirements, even for very large power networks. Quite elaborated algorithms
called sparse techniques will store and process the nonzero essential information.
The solution of the sparse system of equations is mainly based on carefully thought
Gaussian elimination and are well-developed; these techniques are surely included
in all commercial-grade packages that solve electric power networks or for elec-
tronic circuits.
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2.2

Ohm's Law

To discuss the essence of Ohm’s law, which is a fundamental concept, let us use an
ideally controllable DC voltage source that feeds an ideal resistive load; the circuit
is shown in Figure 2.1(a)). Current i through the load and voltage v across its termi-
nals; we assume that both values can be recorded by an ammeter and a voltmeter,
respectively. If the voltage applied by the source is increased gradually and the cur-
rent through R is plotted for a range of values (Figure 2.1(b)), the diagram might
reveal a linear relationship between the applied voltage v and the current response i.

From Figure 2.1(a), a linear relationship is readily established from which the
slope or gradient is R. The incremental form is in fact Ohm’s law, at any given time
t it will be true that:

“Ri(t) + v(t) = 0 (2.1)

The gradient R in ohms is the resistance of the resistive element and acts as
proportionality constant between the applied voltage and the current as a response.
In general, the resistance R is connected between nodes k and 71, then at any time
t the equation is (2.2) and the circuit is shown in Figure 2.2:

—Ri,, )+ V,(t)-V () =0 (2.2)

m

DC variable
voltage source @ <V> v I:I R

(@)
v A
Gradient
B Dv
Di

>
/

(b)

Figure 2.1 (a) Electric circuit, and (b) voltage-current characteristics for a linear resistor.
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] tk+7
) bt
—
—
+ +
R
V,(t) V(t,)

Figure 2.2 Voltage-current relation in circuit with a linear resistor.

V), and V,, are nodal voltages; R is a linear resistance at time ¢ = #;,,

For a different relation between the applied voltage and the output current (as
in shown in Figure 2.3), the behavior is not continuously linear. In this case, we
should apply Ohm’s law in a piece-wise form, as indicated through (2.3).

v(t) <V, (2.3)
<

For the case of an ideal inductance L in henries, an experiment can be conducted.
From our background in a physics course on electricity and magnetism, a coil with
N number of turns shows that the voltage and current #(¢) in amperes are related
through flux linkages A(¢) in Weber-turn. Flux linkages A relate the magnetic flux
¢ (Weber) and the coil’s turns N as:

At) = No(t) = Li(2) (2.4)
By Faraday’s law, the rate of change of flux linkages is the induced voltage v(¢)
in volts at the terminals of the coil, as At — 0:

AA(2) Ldi(t)

o 4 — 2.5
v(t) A - o (2.5)
Y A
Gradient 2
750 R ..
o .
|72 P > '
Gradient 1
T : .
: —>

i

Figure 2.3 Voltage-current characteristics of a piece-wise linear resistor.
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A discrete approximation for (2.5) is applied to the incremental form in (2.6).
Using the trapezoidal rule of integration, from time #, to #, , 1, as in (2.7) we have
the discrete model (2.8).

u(t)At = LAi(t) (2.6)
k+1 k+1
[ vmdr = [ Ldi(r) (2.7)
k k

[olte) + o(e)][ 5 ) = i(00) - ) 28

Ohm’s law from (2.8) allows for inductance L to be connected from node k to
node m and to have a circuit representation in Figure 2.4.

_(%)ikm(tk+l) + Vk(tkH) - Vm(tk+1) = _(%)ikm(tk) - ”(tk) = _ekm(tk) (2.9)

Vi and V,, are nodal voltages, 2L/At is an equivalent resistance and ey, is an equiva-
lent voltage source. The voltage source ey, is calculated using voltage and current
values at the previous time #,.

For a linear capacitor C in farads, the electric charge g(¢) coulombs is stored in
a dielectric between parallel plates. The stored charge is proportional to the poten-
tial difference v(¢) in volts applied at capacitor’s terminals. The electric current ()
in amperes that flows is the rate of change of the electric charge dq(#)/dt. We again
use the trapezoidal rule of integration to the form (2.10). We identify Ohm’s equa-
tion through (2.13) and its equivalent circuit in Figure 2.5.

dqt) Cdu.(t)

k+1 k+1
[ imdr = | Cdv(r) (2.11)
k k
imn(tkH) + 2L/At - - /en@ +
>— ]
+ \_/ +
Vo(ti) Vi(t.)

Figure 2.4 Circuit representation for a linear inductor.
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imn(tk+1) + AH2C - + emn(tk) -
¢
— 1)
+ U +
Vi) Vi(t.)
Figure 2.5 Voltage-current characteristics for a capacitor.
. . At
[’(%1) + ’(%)](E) = U (t) = v () (2.12)

. A . A
“hun (6&1)(%) + Vm (tk+1) - Vn(thrl) = Ln (tk)(fj + Ve (tk) = emn(tk) (213)

From previous discussions we conclude that R, L, and C are proportionality con-
stants that relate fundamental circuit variables as voltage v(¢) at the element’s ter-
minals and current i(¢) flowing through the element.

Circuits with Lumped Elements

As a starting point to form a network, we interconnect lumped elements. Let us start
with two terminal elements: in this case (Figure 2.6), terminals are electrical nodes.
We write the basic variables of interest: voltage v(¢) at terminals and the current i(¢)
that flows through the element. We use Ohm’s law and, once we solve for voltages,
other variables can be calculated as power flows and losses.

We define the voltage v(¢) at any time ¢ across terminals k& and 2, in terms of
voltages with respect to reference 0, and call the voltages V,, and V,,, nodal volt-
ages, at any time £.

. @ li(t)

v(t)

@ J_ Reference
= ©

Figure 2.6 voltage-current variables in an electric element.
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24

o) =V

o) =V (1) (2.14)

Using the load convention presented in Chapter 1, the product v(2)i() will be the
instantaneous power p(t) delivered to the load element.

Kirchhoff’s Current Law

In a practical arrangement of lumped elements at any node, the sum of electric
currents through connected elements should be zero (for example, for a given node
with currents as shown in Figure 2.7). Using a convention that current out of the
node is positive, then at any time ¢, the current summation of —i;(¢) + #,(t) — i5(?)
should be zero.

We identify the nodal current balance equation as a node equation. Let us use
a resistive circuit with various nodes, elements and current sources (Figure 2.8).
Table 2.1 has the connectivity information for impedances. As we write the node
current equation for every node, the information form will be Kirchhoff’s current

OO ®
—* —> (4)

h @ "> | @,
g 2]

3) )

O]

—

Figure 2.8 Circuit configuration and KCL.

Table 2.1 Connectivity Information, Circuit in Figure 2.8

Element N_out N_in Impedance Value
1 3 1 z31
2 1 2 z12
3 1 0 z10
4 2 3 223
S 3 0 230
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law (KCL) in matrix form (2.15) for the circuit in Figure 2.7. The circuit in Figure
2.7and (2.16) has a compact notation for KCL in matrix form.

i31
“1 4141 0 0 ] i, N
0 -1 0 +1 0 | . 0
+10 0 -1 +1 | 0 ||, (2.15)
0 0 -1 0 -1 b3 0
_130 -
Ali=] (2.16)

A" Node to element connection matrix
i vector of currents through each element

J  vector of nodal current sources, + into a node and — out from the node

For the set of nodal current equations it can be said that:

 Equation for node 0 is redundant.

+ Equations express a linear relation for element’s currents.

+ KCL is valid for any linear, nonlinear, passive, or active time variant or invari-
ant circuit.

« KCL expresses the conservation of electric charge at every node.

« KCL is not valid for nonlumped (distributed parameters) circuits.

We supplement the node equations with element’s voltage drop between nodes k
and m (see Figure 2.9 or the currents in Figure 2.10).

A general expression using impedance 2y, from Ohm’s law for element con-
nected at node k and node 2 is:

2 i, +V, -V =-e (2.17)
L + - + € -
L ()
+ U +
ka
vV, v,

Figure 2.9 Impedance element connected between nodes k and m.
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ekm/ka
O, O
—
+ YVim = 1/ka +
Vi
Figure 2.10 Nodal equivalent for element.
We can rewrite Ohm’s Law using the admittance form yy,, = 1/z,,,.
T = ykm(vk - Vm) t YerCom (2.18)

2.5

Nodal Formulation

The voltage drop v4,, across each element can be written in terms of nodal voltages
V,and V,,; voltage values are measured from a node with respect to a reference. For
the circuit in Figure 2.8, we write (2.19) and (2.20) in a compact matrix notation.

-1 0 +1 O v,
+1-10 0 | vy
+1 0 0 -1 2
0 +1-10 || Y
0 0 +1 -1V,

v=AV

A Element to node connection matrix

v vector of voltage through each element km

V' vector of nodal voltages, from node to reference

31
12
10
23
30

(2.19)

(2.20)

To calculate all nodal voltages as state variables, there is a solution procedure known
as nodal method. First, we write all voltage-current relation (2.17) for each element
km, then for each node, we write the current balance equation or Kirchhoff’s cur-
rent law; the series voltage source ey, is zero if no source is present at element km.
Later, this voltage source will be identified as a control, acting in series with the

element k.
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For the circuit in Figure 2.8, each element km by (2.17) gives an equation, and
by KCL the nodal current balances as (2.16) are shown as:

—Z3 -1 +1 iy —ey,
-2 +1 -1 i -e,,
~Z1 +1 -1 i ~
—2y5 +1 -1 Iy, —e,;
-2, +1 -1 || iy |=] - | (2:21)
-1 +1 +1 Vi A
-1 +1 V2 0
+1 -1 +1
_1 _1 V3 ]3
v, 0

G T ] =

z  Diagonal matrix of impedance values. Off diagonal values will be pres-
ent for mutually coupled elements.

From the first row in matrix equation (2.22), current i is

i=z"(AV,, +e) (2.23)

Working a substitution of i into the second row in (2.22) and after some algebra,
we find the product A’z"'A. This result is known as the Y, or nodal admittance
matrix. At the same expression, currents into electric nodes by sources are called
I, or net nodal injected currents.

Ali= AT (AV, +e)=] (2.24)
Atz_lAVbus = Ybusvbus = ] - Atz_le = Ibus (225)

A solution is sought for state variables Vi, assuming Y}, and I, are known. Once
Vius 18 known, by (2.20) we can calculate voltages v and with (2.23) currents i; v
= AV, and 7 = z7Y(v + e). The solution steps just discussed are the nodal method
used to solve electrical circuits. From (2.23) and (2.25), we can write a matrix array
called partial matrix inversion [2, 3]. The process starts with (2.22) and through
algebra we see an exchange of information from the right-hand to the left-hand
side. The original matrix (2.22) is modified as

-1 1A +e '
{ A A }{ Vous }:{ ] } (226
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Example 2.1

For the circuit shown in Figure 2.8, values of impedances in ohms and current
sources in amperes are given. Solve for nodal voltages Vi, and the set of currents
i that flow in every element. Use (2.22) and identify matrices A and Y},. Solve for
Vius using (2.25) and calculate the voltage drop v across elements, determine cur-

rent / that flows in each element.

Circuit data

Nelem = 5 Nnod = 4
Element Nfrom Nto z Value
1 3 1 0.0000+]
2 1 2 0.0000+]
3 1 0 0.0000+]
4 2 3 0.0000+]
5 3 0 0.0000+j 1
Nodal conditions, Base Case
Node Num Js
1 20.0000+j 0.0000
2 0.0000+j 0.0000
3 10.0000+j 0.0000
4 0.0000+j 0.0000
A:
-1 0 1 0
1 -1 0 0
1 0 0 -1
0 1 -1 0
0 0 1 -1
Ybus =
0 - 1.70001 0 + 1.0000i7
0 + 1.00001 0 - 1.3333i
0 + 0.50001 0 + 0.3333i
0 + 0.20001 0
Vbus =
1.0e+002 *
0.0000 + 1.00001
0.0000 + 1.00001
0.0000 + 1.00001
0.0000 - 0.0000i
velem =
1.0e+002 *
0
0 + 0.0000i
0.0000 + 1.00001
0 - 0.00001
0.0000 + 1.00001
ielem =
0

0.0000

O O O O

+

2.0000
1.0000
5.
3
0

0000

.0000
.0000

zshunt

+

0.50001
0.33331i
- 0.9333i
0.10001

+

esource
0.0000+j 0.0000
0.0000+j 0.0000
0.0000+j 0.0000
0.0000+j 0.0000
0.0000+j 0.0000
0 + 0.2000i
0
0 + 0.1000i
0 - 0.30001
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2.6

20.0000 - 0.00001
-0.0000
10.0000 - 0.00001

Kirchhoff Voltage Law (KVL) and the Mesh Method

Aloop in a circuit is a closed electrical path that initiates and ends at the same node
after traveling through various circuit elements. For a circuit with lumped elements,
at any given time, ¢, the algebraic sum of voltage drop/rise on elements that are on
a given loop is zero (KCL). An interesting and nontrivial problem is how to find the
number of independent loops that exist in a given circuit with £ elements and 7 nodes.

¢  elements

n  nodes (including reference)

In a network we need (7 — 1) elements to connect all nodes; these elements are usu-
ally called branches. The remaining network elements are links. For a circuit with
n nodes and e elements: b =7 — 1 branchesand [ =€ — b = ¢ — (n — 1) links.

For an oriented graph, a closed trajectory or loop involves only branches and
one link at a time. The associated link direction assigns direction to the loop cur-
rent. For the circuit in Figure 2.11. we have:

Number of elements =5

Nodes, including reference 7 =4

Branches b=n-1=3

Links [=+¢ - b =2 two loops will be formed, as shown

in Figure 2.11

The elements that are part of a given loop have either a voltage drop (loop current
coincides with element’s assumed direction) or a voltage rise (loop current opposes

Figure 2.11 Graph of a circuit in terms of branches and links.
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the assumed element’s direction). By KVL the algebraic sum of voltage, drops will
be zero within a loop. From Figure 2.11 in matrix form:

U3
410 +1 0 2 0
[—1 0 -1 0 +1} Y10 z[o} (2.27)
Uss
- U3O .
With C as a loop-element connection matrix:
Cv=0 (2.28)

For each element km, we use (2.18) and write the current i,,, in terms of the
loop currents:

Y3 +1 -1 V31 ~I3
=Y1i» +1 2P ~J2
Y10 -1 V1o ~To
Y23 +1 Vs | =| —i (2.29)
Y30 +1 ]| v ~J30
+1  +1 +1 I, 0
-1 -1 +1 I 0

—v C _
[ Cf 0 M Illjop }:[ 07 } (2.30)

A solution to the unknown voltages v and loop currents I, is obtained by writing
the first row in matrix (2.30) and then a substitution into the second row of the
same matrix equation.

(2.31)

Z I =V
loop™~loop loop

Where: Zj,,, = C2C, z =y and V,,,, = —C'zj
Solving (2.31) for I,,,, as state variables in this formulation, assuming Z,,,, and
Vioop are known, we then calculate element’s current 7, and voltage v as follows:

i =CI (2.32)

- loop

v=2z(i+ ) (2.33)
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2.7

Linear Equations and Gaussian Elimination

A simple set of two linear equations and two unknowns gives useful forms. Solu-
tion to unknown values, here V; and V,, follow basic algebraic steps and with the
proper interpretation, the properties of electric circuits emerge as a result.

Y,V +Y,V, =1
Yy, Wi+Y,V,=1

(2.34)

Assuming that coefficient Yy, # 0, algebraically V; is taken from the first equation
in (2.34) as V; = I,/Yy; — Y;,V,/Y;; and a substitution into the second equation in
(2.34) gives:

Y,.Y, Y, I

Writing the first row in (2.34) and (2.35), we find a triangular matrix:

Y,

11

0 Y,

Y, I,

12 V.
_ Y, [Vl }= [ Yl (2.36)
Y,

2 2 Y.

11 11

Solution for V, is a one equation one unknown problem. With V, known a back
substitution, allows V; to be determined.

V, = (Yzz - Y21Y1711le)71(12 - Y211/13111) (2.37)
Vi =Y (1 - Y,Y) (2.38)

Gaussian elimination and backward substitution are the two steps of this process.
From the circuit point of view, once we eliminate node 1; the numerical process gives
a Norton’s equivalent (see Figure 2.12). It is important to notice that the current
source Inyon depends on current injected into node 1, which is the node that was
eliminated. From (2.36), the second row has the equivalent Norton’s admittance
and the Norton’s source.

@

€q
Y22 lNorton

Figure 2.12 Norton equivalent after node elimination.



2.7 Linear Equations and Gaussian Elimination 41

@ Y12=45S @

| _
>

5A CD o=1s s 6A
20 =

Figure 2.13 Circuit to illustrate node elimination procedure.

Y3 =Y,- Y211/1]13/12 I

Norton

= -Y, Y, (2.39)

Example 2.2

For the small network and admittances (see Figure 2.13), calculate the equivalent
circuit when node 1 is eliminated. Write the nodal matrix Y}, and the element-node
incidence matrix A. For a line element out of a node has a value +1, into a node
value —1 as values in the A matrix.

\Vs +1 -1
[’Li “6‘}{‘;}:[*2} A=[+1 0 (2.40)
-t 2 B 0 +1
With Gaussian elimination on node 1 (see Figure 2.14):
+5 —4 v, +5
0 4612 | v, || -6- U (2:41)

From (2.41), V, is calculated as V, = (-6 + 4)/(14/5) = —10/14 volts, then with back
substitution we determine the value of voltage V; = 57'[5 — (—4)(-10/14)] = 6/14
volts. Using (2.20) and (2.23), the voltage v across elements and current i flow are
Vs = 16/14 V, vy = 6/14 V, v, = —10/14 V and iy, = 64/14 A, i1y = 6/14 A, iy =
—20/14 A (see Figure 2.15).

S

Yed,, = 14/5 S Q l,=—6 A

|N0rton= -4 A

Figure 2.14 Circuit with node 1 eliminated, Norton’s equivalent.
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| 64/14A @

@ —
SA #) }E}lwu‘A —20/14Al G) 6A

Figure 2.15 Circuit solution with current values.

2.71 Cramer’s Rule

A procedure called Cramer’s is frequently used when solving sets of linear equa-
tions. Cramer’s rule uses determinants, which we can derive from the last step in
the Gaussian elimination algorithm presented in the previous section. A useful cir-
cuit interpretation out of these algebraic steps is the Thévenin’s equivalent, which
requires that all nodes in a circuit be eliminated and that a new mathematical
circuit be built. For this concept, we start with the nodal admittance matrix and
we create the nodal impedance matrix, Z,, through Gaussian elimination. From
expression (2.42):

_ (Iz B Y21Y1_11[1)
2 (Yzz - Y21Y1_11Y12>
Y I

11 1

V. = Yu b _(YMJI (Ym)l-
2T T v T a7 x
Y Y, A A

Y21 YZZ

(2.42)

In (2.42), we identify the definition of A as the system’s determinant. The factor
Y;1/A is Thévenin’s impedance open circuit impedance, as seen from node 2. The
term — (Y,;/A)I; is an equivalent voltage source called Thévenin’s source; its value
depends on I;. I, is the injected current at node 1 that we eliminated during the
process. Equation (2.42) can be written as:

V, = Z. I +Eg (2.43)

Using data from the last example, the values of determinant A, Z, and Epy, are
shown. The Thévenin’s equivalent circuit is presented in Figure 2.16, A = 14, Zyy, =
5/14 Q, and E, = 20/14 V.

2.7.2 Partial Inversion

From the Gaussian elimination process, a different interpretation for the algebraic
steps can be done using (2.38) and (2.35). In matrix notation:
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Zm=5/140 @

+
Etn=20/14V C_)

Figure 2.16 Thévenin’s equivalent for circuit in Figure 2.15.

i _Y12

Y, Y, [Il}z[vl} .44
Yy _[%j v, I, -
LT

We observe that, with respect to the original problem, an exchange in variables
takes place between I; and V;. The sign symmetry can be restored for the off-
diagonal elements.

L
L [ e
_yny_(ﬂj v, I, -
o2 LY,

From (2.45) we write the Partial inversion rules for a square matrix (k is a pivot
element that matches the row/column of variables to be exchanged by the process):

Pivot k is replaced by —1/Y,,..

Elements in pivot row k, m # k are replaced by —Y,,,/ Y.

Elements in pivot column k, m # k are replaced by —Y,,./ Y.

Elements outside row and column pivot k& will be: Y,,,, — Y,,. Yp,! Yep, 1 = k
and n = k.

5. When solving a set of linear equations the known value I, is replaced by —I,.

PR

The partial inversion procedure just described is repeated as many times as pivots
are required to exchange known values from the right- to the left-hand side of the
matrix equation. This needed exchange identifies the pivots to be used. Once the
exchange process is done, the solution is found by a matrix multiplication. For
dominant matrices (large diagonal elements), it is a common procedure to take
the diagonal values in the square matrix as pivots, given that we do not run into a
numerical problem as a division by zero. If we use pivots one by one, using diago-
nal elements of a square matrix, applying the steps given for the partial inversion
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2.8

we end up with the negative of the inverse matrix. At every elimination step, new
calculated values replace the old values; and this procedure can be called matrix
inversion at the same place.

2.7.3 Kron's Network Reduction

In the technical literature, we find Kron’s reduction as a procedure to eliminate
nodes. We find that Kron’s reduction is a special case of the partial inversion pro-
cess (discussed in previous sections). If I; is zero, the second row of (2.36) has an
equivalent admittance as:

Y, Y,
(YZZ - %sz = YV, = I, (2.46)

The equivalent admittance Yj; is the result of eliminating node 1. We solve for V,
and after that we can calculate V.

V, = [_glzjvz (2.47)

Matrix Elements for Yg,5 and Zgs

Writing in full the Yy, matrix, there is a useful interpretation for its elements [2,
3]. The same comment applies to the inverse Z,,,. To keep a simple explanation,
let us consider the matrix for a three-node system.

Yo Y Y5 || W L
Y, Y, Y, Vi |=] L (2.48)
Y, 5, Y, Vi I

If we assume that node voltages V, and V; are zero, it means that we connect node
2 and 3 to reference (imagine this procedure is conducted with the use of ideal cur-
rent meters in a lab environment). If, at the same time, we connect an ideal voltage
source of one Volt between node 1 and reference, currents will flow into the circuit
and meters will read the nodal currents in or out of the nodes. The described con-
dition in the matrix model numerically gives the first column of Y in terms of
the ammeter readings.

Y, Y, Y, 1 I Y, =1
Y, Y, Y, 8 =| I Y, =1, (2.49)
Y, % Y, I Y, =1
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h —> @ Vi2=4S @ y23=3S @

I
I

Figure 2.17 Circuit to illustrate interpretation of the Y, elements.

Results show that measuring will give a direct reading of values of the admittance
matrix. This short circuit procedure assigns to the Y}, matrix the name of short
circuit matrix. In Figure 2.17, let us connect buses 2 and 3 to reference through
ideal current meters and apply a voltage source of 1 V from node 1 to reference.
The reading of nodal currents will give the value of elements in the first column of
Yius- Y11 = +5, Yy = —4, Y3 = 0 (see Figure 2.18).

To determine the elements of the second column of Y, we follow a similar
process. We connect the voltage source of 1 V to bus 2 and short node 1 and node
3 to reference by ammeters. Then Yy, = —4, Y,, = 49, Y3, = —3 (see Figure 2.19). We
apply the same concept for the third column and find that Y3 =0, Y,3=-3, Y33 = +3.

For the elements of Z;,, matrix, let us write the nodal impedance matrix as in
(2.50). To obtain the first column, we set the node currents I, and I; to zero; this

I1_5A

llz=4A

y12=4S
y10=1 S

Figure 2.18 Reduced circuit for elements on the first column of Y.

©)

4A l N l3A
l /2=9AT

y12=4s y20=25
v (O

Figure 2.19 Reduced circuit for elements on second column of Y.

y23=35
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means that nodes 2 and 3 will be in an open circuit condition. If unitary current
is injected from reference into node one, voltages can be measured from each node
to reference; voltage readings are directly the Zy,, elements, as shown in (2.51).

le Z12 4 11 Vl
Z, Z,, Zy || L, |=|V, (2.50)
Z31 Zaz Z33 13 ] V3
le Z12 le Il:l V1 Z11 V1
Z21 222 Z23 0 = V2 Z21 = V2 (2.51)
Z31 Z32 Z33 0 V3 i Z31 V3

Currents flow and nodal voltages are measured from node to reference (see Figure
2.20(b)). Then, Zy, = 3/7, Z5, = 2/7, Z3, = 2/7. For the second column of Zy,, one-
ampere current goes into bus 2; buses 1 and 3 are open, Z,, = 4/14, Z,, = 5/14,
Z3, = 5/14 (see Figure 2.21).

For the third column of Z,, (see Figure 2.22); current of one A is injected to
bus 3; buses 1 and 2 are “open,” Z,3 = 4/14, Z,3 = 5/14, Z 33 = 29/42. The complete
Z,,s Matrix or open circuit matrix is in (2.52).

@ a-ise @ .. ©,

| | 223—1/3Q
L :I—'
+ +

TA 6) Vi Z10=1Q V, Z0=1/2Q Vs

(@

@ ATA L a0 @

| — I

+

+
l 37 A
1A v
G) V1 2 220=1/ZQ

Z10= 1Q

(b)

Figure 2.20 Circuit to obtain Z,,; elements, first column.
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Zz3=1/3Q @

L
+
1A Vs

Figure 2.21 Reduced circuit to obtain elements on second column of Z,.

@ zp=1/4Q  2TA l@ Z3=1/3Q @

Vi Z10=1Q 5/7 A
22021/2Q 1

Figure 2.22 Reduced circuit to obtain elements in the third column of Z,.

6 4 4]
14 14 14
4 5 5
| 2 2 2.52
Zos =| 14 14 14 | @ (252)
4 5 29
14 14 14

2.9 Norton’s and Thévenin’s Equivalents

Important circuit analysis results are related to the Gaussian elimination, these
are the Norton’s and Thévenin’s equivalents. Let us start from (2.37) and explain
Norton’s equivalent (see Figure 2.23):

Yi3Vy = L + Igreon (2.53)

Where:
Yy =Y, - Y21Y1711Y12 (2.54)
INorton = _Yzlyﬁlll (2.55)
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2.10

©)

e
Ye9,,
| Norton

Figure 2.23 Norton's equivalent after node one elimination.

The Inoreon €quivalent current source will have a value that depends on the injected
current by sources that at the eliminated nodes; in our particular case node 1.

One-way to explain Thévenin’s equivalent is through the Cramer’s rule concept
(2.42) and (2.43). We assume that the bus impedance matrix, Z,,,, describes the
passive network. Let us write the equation for voltage V,, and identify Thévenin’s
impedance and the equivalent voltage source E7,. The equivalent voltage source is
in terms of Zy,, values and source currents injected at the eliminated node; in our
discussion this was node one.

le ZlZ Il — ‘/1 (2 56)
Z21 ZZZ IZ VZ
V, = Z,I, + Z,,, = Z,,I, + E, (2.57)

Where Zty, = Z,, and Eqp, = Zy41,.

Thévenin’s source Epy, has a value that is the result of injected current into node
1 and the transfer impedance Z,;. If the nodal current into node 1 happens to be
zero, then the Thévenin’s equivalent voltage source will have a zero value.

Large Scale Network Equivalents

We will find general and useful results if—instead of writing equations for a two-
node network, which helps to discuss basic ideas—we now think about two electric
areas: A and B, each with various nodes. For this discussion, we start with the bus
admittance matrix and apply Gaussian elimination or partial inversion one step
at a time. In this way, the original Y}, matrix is transformed. In the case that all
nodes in an electric area A are eliminated, then a network equivalent is constructed

for area B by (2.59).
Yoo Yap || Va I
= 2.58
{ Ypu Ypp Vi Iy ( )
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Y Y v I
AA AB o A — A B (2.59)
0 Yy - Y, YV, ||V, I, - Y, Y

BATAATAB BATAATA

The Norton’s equivalent for area B can be identified writing the second row of

matrix (2.58).
(YBB - YBAY/;}\YAB)VB =1y - YBAY/leIA (2.60)
YV = Iy + I ion (2.61)
Yig = Ypp — YBAYAT}\YAB (2.62)
Igorton = _YBAY/LUA (2.63)

We can apply partial inversion to exchange values from the right to the left hand side,
known currents I, with unknowns V, in (2.58). When all required exchanges are
done with a matrix multiplication, we find the unknown voltages V, and currents
Ig. The product Y, times Vj in (2.65) is an equivalent injection of nodal currents
into nodes in Area A, as a result of voltage sources in area B.

_YA_.}\ _Yg}&YAB [ _IA 12 [ VA :I (2.64)
_YBAY/;}x YBB - YBAYf;fllYAB VB IB
V, =+Y (1, - Y,,V,) (2.65)

2.10.1 Partitioned Networks and Equivalents

e nodal impedance is a network model that we can use as a network analy-
The nodal imped Zpus twork model that twork analy
sis tool, such as the one required to solve large networks through the concept of a
partitioned network. Assume that in Figure 2.24 we connect a line from node 3 to

@ It F Z4B @
® , O = 8 16
® VW@

Figure 2.24 Partitioned network configuration.
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node 4 through impedance z45. The line will connect the left side network to the
network on the right. The nodal impedance model Z,  for the left-side network,
not including the line impedance z,3 is:

Zy Zp Zy | v,
Z, Zy, Zyy | L =V, (2.66)
Zy Zy Zy | Iy Vi
Thévenin’s equivalent at node 3 for the left side network is:
V3L = Z3L1I1 + Z3L212 + Z3L313L = Z3L3I3L + E%m (2.67)

Where Ery, 5 at the left is the product of nodal currents at node 1 and 2 with imped-
ance values from the Z, ,, matrix.

The network at the right includes the impedance z, 5. Thévenin’s equivalent at
node 3 is:

Z§3 Zﬁ Zfs Z§6 15 V3R
Zf?) Z44 Z45 Z46 14 — VZ (2 68)
Z?a Zsy Zss Zsg I Vs
253 Zew Zgs Zgg I Vs
Vi = ZI5 + Z 0, + Z5ls + Zilg = Z3I5 + E?h,S (2.69)

Where E,, 5 at the right is the product of nodal currents at nodes 4, 5, and
6 with impedance values from the Z,,, matrix.

At a steady state, generation should match load and losses. We calculate volt-
ages for both the left- hand side and the right side.

VL X V3R
1 VR
VOL =| Vf and VOR = V4R (2.70)
N
V3L VR

When circuits connect at bus 3, the electric boundary conditions (2.71) and (2.72)
must be satisfied (see Figure 2.25). We impose the boundary conditions on Thévenin’s
equations (2.67) and (2.69), we solve for nodal current I¥ into the right side circuit.

VR = VL (2.71)
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Zs3 @ 15 I5?
|<— —>|—|:|—

L R
Eth3 EThs

Figure 2.25 Network equivalents from node 3, left and right networks.

I¥ =-I; (2.72)

V3L = Z§3I§ + E113h,3 = Z3L313L + E1L'h,3 (2.73)
-1

I3 = (Zg + Z3L3) (Ell:h,3 - E?hj) (2.74)

As current I8 flows into the right-hand side network, nodal voltages change (see
Figure 2.26). With a set of voltage corrections are to be added to previous voltage
values, we find the new voltage value when the two networks are connected (2.76).

N

T[22z 2 ] [ 2

AV, _ Zfa Ziy ZLys Zig 0 |_ 253 R

AV, | | ZR 7z 7. Z | zR e 2.73)

5 53 54 55 “se 8 53
AVe L Zgy Zg Zgs Zg Zg,
New r 0
A A AV, i Vv, " Z3;
V4R V4R AV, V, Z}é
= + = + I R 2 . 76

VSR VSR A V5 V5 Z§3 ’ ( )
A VR AV Vs ZR

The left-hand side network also experiences voltage changes, current I} = —I% is
applied. For the calculation, the information that we need is a column of the left-
hand side Z,,, matrix.

AVl Zn Zn Z1L3 0 Z1L3
AV, | =] Zy 2y ZzL3 0 |=- ZzL3 15 (2.77)
AV3 Z3L1 Z3Lz ZsL3 _If Z3L3
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(2 Zp=0.1Q
0.8 A @] @ © ®
' D = 1A D — Q 2A

M ®
1.2A

Figure 2.26 Network equivalents form node 3, left side and right side networks.

L New L 0 L L 0 L
Vi Vi AV, Vi Zi3
v} =| VI |+l AV, | =| V| -] Zh IR (2.78)
V3L V3L AV, VaL ZsL 3

Example 2.3

—Note that Node 7 will coalesce to node 3 with the connected network.

Yleft =
20. - 10. - 10.
- 10. 17. - 5.
- 10. - 5. 15.
/left =
0.575 0.5
0.5 0.5
0.55 0.5
Yright =
22.5 - 10. - 2.5 - 10.

o O O
> o1 o1

Table 2.2 Connectivity Resistance Elements (Figure 2.26)

Element Node from Node to Value (Q)
(1) 2 0 0.5
2) 2 1 0.1
(3) 1 3 0.1
(4) 2 3 0.2
(5) 6 0 0.8
(6) 6 S 0.3
(7) 4 5 0.1
(8) 6 4 0.4
9) 4 7 0.1
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- 10. 13.333333 - 3.3333333 0.
- 2.5 - 3.3333333 7.0833333 0.
- 10. 0. 0. 10.

/right =

1. 0.95

0.95 0.9875

0.8 0.8

1. 0.95
VOLeft =

1.06

1.

1.04
VOright =

2.9

2.925

2.4

2.9
Iright = - 1.0941176
DeltaVOlLeft =

0.6017647

0.5470588

0.6564706

[ ool
O 00 O o
_ O O

— 00 WO

DeltaVOright =
- 1.0941176
- 1.0394118
- 0.8752941
- 1.2035294
VnLeft =
1.6617647
1.5470588
1.6964706
Vnright =
1.8058824
1.8855882
1.5247059
1.6964706

Let us solve the nonseparated network to check results. The nodal admittance matrix
Y}, the impedance matrix Z;,, and nodal voltages are values for the completely
connected system.

Ybus =
20. - 10. - 10. 0. 0. 0.
- 10. 17. - 5. 0. 0. 0.
- 10. - 5. 25. - 10. 0. 0.
0. 0. - 10. 22.5 - 10. - 2.5
0. 0. 0. - 10. 13.333333 - 3.3333333
0. 0. 0. - 2.5 - 3.3333333 7.0833333
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211

Zbus =
0.3970588 0.3382353 0.3558824 0.3235294 0.3073529 0.2588235
0.3382353 0.3529412 0.3235294 0.2941176 0.2794118 0.2352941
0.3558824 0.3235294 0.3882353 0.3529412 0.3352941 0.2823529
0.3235294 0.2941176 0.3529412 0.4117647 0.3911765 0.3294118
0.3073529 0.2794118 0.3352941 0.3911765 0.4566176 0.3529412
0.2588235 0.2352941 0.2823529 0.3294118 0.3529412 0.4235294
Vbus =

1.6617647

1.5470588

1.6964706

1.8058824

1.8855882

1.5247059

Diakoptical Approach

For a general network, let us start the discussion with a base case and then include
a modified solution when changes are made through network elements. Changes
modify nodal voltages and currents for the base case as shown by (2.82).

Ybustous = Igus <279)

Y, V=10 — Al (2.80)

Al = A'[AY]AV] (2.81)
(Y, + ATAYIAV = I¢ (2.82)

The last expression is useful to calculate the new bus voltages Vi at this step,
we find it useful to introduce the partial inversion lemma. The partial inversion
process can explain this result, as shown in the Section 2.12. Solution to (2.82) is
written as (2.83).

Vo= [Yb‘uls S YA (AYT! + AL A) T AYY ]Igus (2.83)
Ve o=V - Z, AAY (U + A'Z, AAY)AV, (2.84)

Where Z, =Y, ! and U is a unitary matrix.
Part of (2.80) is a compensating current Al, which contains the effect of net-
work changes. To identify the compensating current, starting with (2.84) and

Vius = Vi, then Al is:
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-1
Vbrllls = Vbous - ZbusAtAY(U + AZbusAtAY) AVbOus (285)

AT = A'AY (U + AZ, A'AY) AL (2.86)

Example 2.4

Let us consider, for illustrative purposes, a two-phase network with nodes I, II (see
Figure 2.27). The change will be to include a transmission element with impedance
value Z; between nodes I, II.

The condition before we include the Z; element, with nodal currents going into
node I and IT; phases a, b respectively, the Y, matrix for the network is calculated.
Current values are in amperes, admittances in siemens, and impedances in ohms.

+1
e +1 = -1 = +2 _1 2.87
I +2 YTL ZTL |: -1 +2 j| ( )
+2
* Base case (Zy; not included)
Vb(ils = Yb_ulsli())us = ZbusIl())us
210 01 [+ 2313 0 0 | +1 +1
Ve = -142 0 0 +1 (_| 1/3 23 0 O +1 | _| +1
bus 0O 0 +2 -1 +2 0O 0 2/3 1/3 +2 +2
0 0 -1 +2 +2 0 0 1/3 2/3 +2 +2

(2.88)

« When Z; is connected between node I and IT we use (2.85) with A and AY as:

Y= +2 -1
N 2
Node | Node Il
a a 7 |23 13
[ TR (13 2/3
| :
S
1 1
-—— [ —
1A ® | | A T @ 24
Y 1A 2A Vi

Figure 2.27 Piecewise networks.
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7, Al = Z, A'NY (U + AZ, A'AY) AV?

173 0
0 173

-1/3 0
0 -1/3

The updated voltage values are:

Vb?.m
1
n _ | 1
Vbus 12 -
2

+1 0

0 +1 _| +2 -1
A AY_[_l +2} (2.89)
0 -1
bus
1 -1/3
10-1011|_|-1/3 (2.90)
01 0 -1 2 +1/3
2 +1/3

=V -7, AAY(U+ AZ, A'AY) AV

-1/3
-1/3
+1/3
+1/3

4/3

A3 (2.91)
53 Volts

5/3

+ We check the solution given by the partitioned approach, with all elements

connected into the Yy ,.

+4 -2
no_ y- _| -2 +4
Vbus - YbulsIk())us - -2 +1
+1 -2

2.12 Matrix Inversion Lemma

+1 1 1.3333
-2 1 |_] 1.3333
5 > 171 1eeer Volts (2.92)
+4 2 1.6667

The matrix inversion lemma will be discussed using a 2 X 2 impedance matrix,

assuming that Z; and Z;) exist.

ZH Z]Z
ZZ] ZZZ

} (2.93)

With partial inversion using Z,, as pivot on the original matrix:

le - 212Z2‘21Z21 _lezz_zl
—22‘21221

7 } (2.94)
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We apply the partial inversion step again to result (2.94); now we use the element
located at 11 as the pivot. The result is the negative of the inverse.

— -1 — -1 —
_(le - Z12Z221Z21) +(le - lezzzlzﬂ) lezzzl (2.95)
_ _ -1 _ _ _ -1 3 .
+Zz;221(Z11 - lezzz]zn) _Zzz] - ZZZ]Z21 (le - Z122221221) Z12Z221

If we follow a different order, first pivot (1,1), then (2,2) to conduct the partial
inversions, and we compare (2.95) to (2.97) for the algebraic result known as the
inversion matrix lemma.

_Z1_11 _21_11212 (2.96)
_221Z1_1] Zzz - Zlel_l]le
_ _ . -1 _ . . -1
_an - anZ]z(Zzz - Zz1Z11lz12) Zz1Z111 +Z“1Z12(Z22 - Zz1Z1 11212) (2.97)
. —1 _ . -1 .
(Zzz - Zz1Z11lz12) Zz1Z111 _(Zzz - Zz1Z1 11212)
(Zzz _Z21 Zl_ll le)_] = Zz_z1 +Z£zl Z21 (Zn _le Zgzl Zn)_] le Zgzl (298)

The result has various important applications in network analysis as well as in
the signal processing area. For network analysis, in-state estimation and recursive
forecasting and control procedures.
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Power Transformer Modeling

3.1

3.2

Introduction

To conduct studies for electrical power systems aiming at planning their expansion
or for control and operation, detailed models for the main system’s components
must be used. Among the important elements are transformers, transmission lines,
generators, and electrical loads. To establish models, we start with physical prin-
ciples, material characteristics, intended use of the device and analytic tools as a
solution to a system of equations, and symmetrical components or other mathemati-
cal transformations that allow us to establish a manageable problem; variables of
interest are nodal voltages, currents through elements, and real and reactive power
as well as losses.

A model for each element is derived based on physical laws in order to express
the induced voltage, voltage drop, and current flows. The main focus of this chapter
is to characterize a single-phase transformer and then to extend it to three-phase
bank arrangements. We also review autotransformer voltage current relations, as
well as three-phase transformers. Mathematical transformations are used to take
the “abc” phase representation into a modal domain that might give computational
advantages to solve the problem (i.e., symmetrical components). Once a solution
in the modal domain is attained, an inverse transformation can return the solution
to the “abc” quantities.

Equation Decoupling and Symmetrical Components

In many instances, a system of equations can be put into a simpler form. This is
accomplished by decoupling the variables involved. The concept has many interest-
ing applications in steady state analysis and in the dynamic mode for time changing
systems. To present the decoupling concept let us assume a linear system of equa-
tions (3.1), where A is a square matrix.

y = Ax (3.1)

We propose a transformation such that new variables called w and z can be expressed
as x and y through the transformation T.

x =Tw (3.2)

59
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y=Tz (3.3)

A substitution of (3.2) and (3.3) into (3.1) gives a new system of equations. Assum-
ing T is a square matrix and that its inverse T-! exists.

y=Ax = ATw (3.4)
=T '"ATw (3.5)

Our goal is to find the matrix T and its inverse T-!, such that T"'AT is a diagonal
matrix in (3.5). To illustrate the process, let us use a 2x2 general A matrix such
that I'’s in (3.6) are along the diagonal matrix. We write T"'AT =T in a slightly
different form to find the ¢ values.

ay dy || byt || Gyt || T O (3.6)

dyy Gy || by Iy Ly Iy 0 Iy .
From (3.6) we have two systems of equations. These relations allow for the calcu-
lation of values for #;; and t,; and eventually for #;, and t,,. Using algebra shows
us that certain conditions have to be met through a quadratic equation (3.10) for
both T';; and T',,. In general, (3.9) describes the eigenvalue problem that requires

a solution for A4, a polynomial form out of det(A — AI) = 0. First column values for
the transformation matrix T.

a1 9 L =T, i (3.7)
4y Gy Ly Ly
a, - Iy 4, Ly l: 0 }
= 3.8
{ a4 Ty :” L 0 G-8)

a, — Ty %2 fn |2 [ 0 } (3.9)
0 a,, —I';, — D12/ (a,,-T,)) by 0

1?1 - (“11 + “22)F11 +ay,ay, — aya, =0 (3.10)

Example 3.1

: 51 N
leenAz[z 4} tr(A)=gakk=a“+a22=5+4=9 det(A) = 18

Solving A2 — 94 + 18 = 0 or (A — 6)(A — 3) = 0, we have two eigenvalues:
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Once the eigenvalues are found, the values for the T matrix can be calculated col-
umn-wise. These columns are known as eigenvectors. From (3.9), any value ¢,; # 0
will satisfy the equation, and from the first row of (3.9), we find #,. This process
establishes the relation between components ¢;; and #,;, but does not assign any
numerical value directly (i.e., t1; = —a/(ay; — A1) tr1 = —1/(5 — 6) t51 = t51). We can
choose any convenient values (except zero), depending on the nature of the prob-
lem; a simple value for t,; is 1, then ¢;; = 1. Following a similar procedure with A,,
L1y = —dyp bol(ay — Ay) = —t20/(5 — 3) = —1,,/2, if we choose a value for ¢,, = 1 and
t1, =—1/2.

The eigenvectors for this example are columns with values as follows: elements
for the first column should be equal, and elements for the second column the values
are related as t1, = —1,,/2.

The transformation matrix T and its inverse T-! are:

_| 1 =12 a4 _ 201 412
T_[l 1} T _3[_1 1 } (3.11)

If T'AT is calculated, a diagonal matrix is found, and its elements are the eigen-
values 6 and 3.

The concept can be readily extended and of particular interest is to transform a
symmetrical matrix Z as in (3.12) into a diagonal form. The eigenvalues are deter-
mined from the characteristic polynomial (3.13).

z:[z m} (3.12)

m z

dm[“’L m }—(—AV— 2 -0 (3.13)
m Z—l = (g m- = .
2«1=Z+m lzzz—m (3.14)

The elements for the eigenvectors are determined as follows:

-m —m

b, =———1 =+t t, =—— —
z2—(z+m) 2 z2—(z-m)

I (3.15)

11 21 t22 22

First column for T must have equal values and for the second column the summa-
tion of its values should be zero. We can select the t’s values, as real or complex
numbers and the options are infinite. A constraint is that once T is defined the
inverse T-! must exist.
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3.2.1 Symmetrical Components Transformation

One matrix structure that has special interest in electrical power systems is the one
related to a 3x3 symmetrical matrix, z value along the main diagonal and #z values
outside. The eigenvalue problem takes the form (3.18). To turn the matrix Z into
a diagonal matrix, we said that there are an infinite number of transformations.
One of them is the symmetrical components or 012. Clarke’s transformation 30 is
another one. Some matrix transformations might include complex numbers and some
only real numbers. The solution to the polynomial equation from det(Z — AI) = 0
is simplified if we change to an u variable, given as u = (z — A)/m.

z2—-A m m
det(Z-Al)=det| m z-A m =0 (3.16)
m m z—-A
3
(z_’l) —3(z_’1j+2=0 (3.17)
m m

For (3.17) as u? — 3u + 2 = 0, one root is u = 1, the other solutions will come from
the polynomial #? + u — 2 = 0. The eigenvalues in terms of z and #z, for the sym-
metrical matrix in (3.16) are A, =z + 2m, Ay =z —mand A; = 2 — m.

The first eigenvector is found when we solve for the first column of the trans-
formation matrix T.

2 mm || Iy Ly
m z m Ly |= A 6, (3.18)
m m z t t

The result for the eigenvector that corresponds to the eigenvalue z + 2m1, is ¢y, = £,
= t31. The eigenvectors for the eigenvalues: A, = A; = z — m require that (3.20) and
(3.21) be satisfied.

Z—z2+m m m Ly 0
m Z—2+m m t,, |=|0 (3.19)
m m 2—z+m || ¢ 0
32
t,+1, +t, =0 (3.20)
ty+t;+8;=0 (3.21)

In electrical power systems it is common to use the symmetrical components trans-
formation, to decouple variables, where T, and T;", using o = €273, o = (e7273).
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1 1 1 1 1 1 1
T,=|1c « T'=5 1 a o (3.22)
1 o o 1 o

It can be seen that the values in the eigenvectors of T, satisfy the condition for the
first column; all elements are equal. It also satisfies (3.20)—(3.21) where the column’s
elements should add up to zero.

Example 3.2

Ohm’s law for a three-phase balanced impedance element has a voltage drop when
currents flow through the series impedance arrangement.

AV, ¢ mm || 1,
AV, |=| m z m I, (3.23)
AV m m z I

Phase currents and voltages drops in reference abc can be changed to the new refer-
ence 012, symmetrical components using Tsand T§'. By matrix multiplications on
the series impedance Z,,., we can find the sequence impedances Z,.

AV, T m m I,
T AV, |=| m z m |I{| I (3.24)
AVZ m m Z [2
AVO Z m m 0 2+ 2m 0 0 IO
AV, |=T'\ m z m |T| I, |= 0 z-m O I (3.25)
AV, m m Z I 0 0 z—-m I

The zero sequence impedance is z + 2m1; positive and negative sequence impedances
are equal to z — m. Because the resulting impedance matrix in (3.25) has values only
along the diagonal, we can say that the sequence networks are decoupled.

Example 3.3

A different type of transformation can be selected using real numbers only: 0, 1,
and —1. The values in the eigenvectors are arranged to satisfy constraint of first
column with the same value and constraint (3.20) and (3.21) for the second and
third columns of the transformation matrix T,.,,.

1| +1 +1 +1 +1 +1 +1
T =2 +1 -1 0 T, =| +1 =2 +1 (3.26)

xyz 3 xXyz

+1 0 -1 +1 +1 -2
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Example 3.4

For a three-phase impedance matrix, show the transformation of phase impedances
abc to sequence components using T, and T,

z = 1.0000 +10.00001
m= 0+ 2.00001
labc =
1.0000 +10.00001 0 + 2.0000i 0 + 2.0000i
0 + 2.00001 1.0000 +10.00001 0 + 2.0000i
0 + 2.0000i 0 + 2.0000i 1.0000 +10.00001
Ixyz =
1.0000 +14.00001 0 0
0 1.0000 + 8.00001 0
0 0 1.0000 + 8.00001
Example 3.5

For unbalanced currents in the abc domain, find the time xyz components. Phase abc
currents are: i,(t) = I,,, cos(2@ft + 6,), i,(t) = 1., cos(2aft + 6,), i.(¢) = 1,,. cos(2xft +
0.). The transformation (3.26) will change from the abc domain into the xyz sequence
domain, use f = 60 Hz and the following unbalanced values for the peak currents.
Plot currents in the abc domain and then visualize the xyz currents.

I, =80v2, I, =100v2, I, =100v2

For a balanced condition, the transformed currents xyz have two components of
equal magnitude i,, 7,, one with a phase angle of 30° leading and the other a phase
angle of 30° lagging (see Figure 3.31). For the balanced condition, the current com-
ponent 7, has zero value, similar to the zero sequence current in symmetrical compo-
nents. We can appreciate some numerical and speed of calculation advantages when
using only real numbers in the transformation. Depending on the type of application
we might be interested in properties and possible advantages for numerical speed
when we need to detect the type of fault in a faulted power system.

3.2.2 Decoupling of State Equations

In the previous section, we presented the decoupling principle for a steady state
condition; now, let us try to expand the concept to dynamic equations. We assume
a linear dynamic state model (3.27) and a linear transformation by (3.2). The goal
is to have the product T'AT in (3.28) as a diagonal matrix. To illustrate the con-
cept, we use a two variable system. The solution will find the modes of oscillation
for the dynamic system and its damping properties. Solving the differential equa-
tions (3.29) where B ,i”’ are source participation factors requires two constants of
integration: k; and k, whose values can be found using the boundary conditions.

dx
I Ax + Bu (3.27)
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150 T T T T T T
100

Phase abc currents

0.005 0.01 0.015 0.02 0.025 0.03
Time, seconds

Sequence xyz currents
=)

0 0.005 0.01 0.015 0.02 0.025 0.03
Time, seconds

90 100

270
Figure 3.1 Three-phase unbalanced abc currents and the xyz components.
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Example 3.6

‘2—‘;’ = T'ATw + T-'Bu (3.28)
dw, »
dr || T O wy B"
& { v H WZHB(;> ) 5.29)
dt

A series RLC circuit (shown in Figure 3.2) has values for R = 4 ohms, L. =2 mH,
and C = 2 uF show the transformation process starting with circuit equations and
select as state variables current 7 and voltage drop at capacitor’s terminals v¢. Then
solve the eigenvalue problem to find the transformation matrix T and T"'.

Using as state variables x; = i and x, = v, the system model and the trans-

formed system are:
X[ -RIL -UL || X% || 1L
%, +/C 0 | x 0

wy | 4| =R/L -1/L w, 1
{wzl‘T [+1/C 0 }T{%}T {

A =
-2000 -500
500000 0
tr = -2000

detA = 250000000
lTamdal = -1.0000e+003 +1.5780e+0041

lamda2 = -1.0000e+003 -1.5780e+0041
T =
-0.0020 + 0.03161 -0.0020 - 0.0316i
1.0000 1.0000
Tinv =
0 -15.84311 0.5000 - 0.0317i

—

vs (6) C) 0

Figure 3.2 Series RLC circuit.
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0 +15.84311 0.5000 + 0.0317i
Diagonal_matrix =
1.0e+004 ~*
-0.1000 + 1.5780i 0 - 0.00001
0 + 0.00001 -0.1000 - 1.57801
B =
500
0
Bnew =
1.0e+003 ~*
0 - 7.92161
0+ 7.92161
The decoupled dynamic equation, in terms of w; and w, is:
Wy | _os| —0.1+1.578i 0 w, 3| —7.9216i
{ i, }‘ 10 { 0 ~0.1-1.578i }[ w, 1”0 [ +7.9216i }’S (3.32)
Initial conditions for the w’s variables are calculated as:
o 10 U —
{ ! } =T‘1{ ! } =T‘{ ! } (3.33)
w, X, Ve
3.3 Single-Phase Transformer Model

In order to have a general model for a single-phase transformer component in a
power system, let us first consider a complex changing tap arrangement at the pri-
mary and also in the secondary sides through ideal transformers.

]
A IAN yAa an a
/ _»'_’ | le |
A — ™ a

+ + | @ G 15 | + .
+ im +
B AN o

— — Va
I'n — N n In
< i e
Va VN Zy zZ, !

Figure 3.3 Single-phase complex transformer.
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(3.34)

, =2,1
m m Aa"m
yAa

Voltage relations are v,y = av,, and v,, = Bv;, and for the ideal transformer, the
complex power relation at both sides as vnii N = V.85, and v),7%, = v,,i%,. Starting
with the v,y voltage, substitution of (3.34) as well as current expressions from
the complex power relation, then the equations for the transformer and the shunt
impedances are arranged as Ohm’s equation:

_¢ o

B B
~Zyiy = Vi, (3.35)
~Zi =V,

2ol i ¥V, —Vy -2V + =V =0

Writing the nodal currents by KCL and together with the set (3.35) now in matrix
form, where #’s are element’s currents and I’s are nodal currents.

—z o 0 0 41 -% 1+ 71 T
B B N 0

0 =z, 0 0 0 +1 0 | i 0
0 0 -z, 0 0 0 +1 | i 0
41 0 0 0 0 0 0 | Vv, |=|1I, (3.36)
2 9 0 0 0 0 o0 | Va L,
B vy, I
-1 +1 0 0 0 0 0 Vv 1
a* L n i L n B
+E 0 410 0 0 0

. B |

In case both Zy and Z, were zero, both nodes N and # are connected to reference.
A partial inversion on first row-first column will render the nodal matrix equivalent
for the single-phase transformer (as seen in Figure 3.4).

+yAa _yAa +yAa +yAa _yAa
of lof @B loff B

“Vaa Vas “Yas VYaa Vaa | 1T ; 7
of ot @B o o D)
+yAa _yAa +yAa +yAa _yAa 4 4
e v, |=| 1, (3.37)
of’ of |pf oB B |y, ;
N N
Wae “Yaa Vaa WVaa Vaa v I

o e @B e wp L
_yAa +yAa _yAa _yAa +yAa

| B o g B A
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yAa/aﬁ

Vi loB

yAa/aﬂ

Figure 3.4 Equivalent circuit for a single-phase transformer.

When o and 8 are real numbers, Norton’s equivalent circuit is visualized as in
Figure 3.5.

3.3.1 Per Unit Values

The voltages, currents, and power describe how a power circuit works. Various
voltage levels are used to link efficiently generation, transmission, and loads. To
this intricacy, it must be added the rating of generators, transformers power rating,
and the power handling capacity of the transmission line.

To have a manageable network for analysis, we write its equations in a common
base (voltage, current, power, and impedance) to render what is known as per-unit
values. With this approach, an easier handling of information can be conducted
between different voltage levels, as happens in the primary and secondary of a power
transformer. To apply the per unit values, it is customary to choose two base values
(usually power and voltage). The derived quantities will then be current, impedance,
and admittance; these values will depend on the selected power and voltage bases.

Suggested steps to follow for pu base value determination.

1. For the entire network a common power base is selected; 100 MVA, .. com-
monly used.

® ©

yAa/aﬂ

yAa l_
a ((,Z

=)

mi
ey
-
|
Q]

Reference

Figure 3.5 Equivalent circuit for a single-phase transformer, grounded neutrals.
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2. Base voltage kV,,. is selected at one side of the voltage transformer; the
transformer relation is used to find the corresponding base voltage at the

other side.
3. Current base I, and impedance base Z, . at each portion of the network

can be calculated using the power and voltage bases selected at steps 1 and 2.
4. With the chosen bases and the derived base quantities, the per unit values are
calculated as (V in kV)/ V. in kV, (S in MVA)/S, ... MVA, Z in Q/Z, .. Q

Example 3.6

For a single-phase transformer (see Figure 3.6), the steps to selecting base quanti-
ties are as follows:

« Select a power base for the entire system (a common value is 100 MVA).
+ Select the primary and then the secondary base voltage (kV), considering the

transformation ratio | #|.
* Derive the primary and secondary base currents (kA), then the impedance

() and admittance base (S).

Sp
V_BP 1 Common power and voltage relations  (3.38)
vy I
S S
Iy = V—’f, Iy = V_BS Primary and secondary current base
B B
P2 P2 (3.39)
zr = (VB) zZt = (VS ) Primary and secondary impedance base
B~ S, s = S, y y imp

Per unit values

Power base = 100 MVAs

Primary Voltage base = 230.94 kV Secondary Voltage base = 132.79 kV
Primary Current base = 0.4330 kA Secondary Current base = 0.7531 kA

Primary Z base = 533.3333 Ohms Secondary Z base = 176.3333 Ohms
Primary Y base = 0.001875 S Secondary Y base = 0.005671 S
— Ip Tin 5 s s +
+ + —
V
Vp Vs *

Figure 3.6 Single-phase transformer, voltages, and currents for the primary and secondary.
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For three-phase arrangements, the per unit values are calculated using three-phase
power Sp 3 (MVA) and the line-to-line voltage kV; ; (kV), then Z (Q) and I; (kA) are

2
Z — (k VLL )
’ Sps (3.40)
I = SB,3
B \/gk VLL

Example 3.7

From Figure 3.6, the impedance Z, can be transferred from the right side to the left
side using voltage relations in an ideal transformer (Figure 3.7, where » = Itl), using
Ip = | ¢l I, starting with Vp.

1., 1
V, = HVS = H(ZSIS +Vy) (3.41)

_ 1,1 _Lsyp gL
Vv, = q (ZSM I, + VS] =i I, + q v, (3.42)

Example 3.8

In mutually coupled circuits (see Figure 3.8) operating at different voltage levels Vp
and Vi, select the same power base for both systems, then the mutual impedance
base can be deduced, starting with AV, = Zplp + MIg, M is the complex mutual
impedance, then the per unit AV,/V% will be

AV, Z,), Mg

= +
Vi Tz TV B4
S B
B
u u u M u
AV = ZbuIbe + TR g (3.44)
SB
I, =nlg N Zs/n’
+ — +
Vp Vs/n

Figure 3.7 Single-phase transformer voltage, current, and impedance at the primary side.



72 Power Transformer Modeling

M
ZP
ZS
P
—v —
S

Figure 3.8 Mutually coupled circuits and pu values.

The mutual impedance base, with voltages in kV and power in MVA values, is the
denominator of M in (3.44).

Mutual impedance in pu

Voltage circuit 1 = 169.00 kV phase-phase

Voltage circuit 2 = 220.00 kV phase-phase

Power Base = 100.00 MVA-3phase

[/ Base circuit 1 = 285.61 Ohms I Base circuit 1 = 0.341627 kA

[/ Base circuit 2 = 484.00 Ohms I Base circuit 2 = 0.262432 kA

/ Base mutual = 371.80 0Ohms

Z circuit 1 = 10.00 +j 150.00 Ohms 0.035013 +j0.525192 pu

Z circuit 2 = 12.00 +j 350.00 Ohms 0.024793 +j0.723140 pu

Z mutual = 0.00 +j 20.00 Ohms 0.000000 +j0.053792 pu
Example 3.9

To illustrate an application for the model we have just derived, let us assume a single-
phase complex transformer in an open circuit condition. Node N and n shorted to
ground. Values in pu for z4,=j0.1, Vy=1,a=1Z0and B=1 £ 0.

The matrix is obtained as in (3.36); known values are identified for the left and
for the right hand sides. The information is exchanged by partial inversion from the
right to left side when pivots 1, 2, and 3 are used; if we stop the partial inversion
numerical process, we can read the Yy, matrix. If we continue to use pivots 3, 6,
and 7, we will prepare the matrix that is needed to solve the numerical problem.
Finally, a multiplication of the partial inverted matrix with the vector of known
values is used to calculate currents and voltages: i4n;, ins iy 14> Vay Vi, and V.

Ybus Matrix, after partial inversion process for elements, previous to
solving for nodal conditions:

Ybus =
0 -10.00001 0 +10.00007 0 +10.0000i 0 -10.00001
0 +10.00001 0 -10.0000i 0 -10.00001 0 +10.0000i
0 +10.00001 0 -10.00007 10.0000 -10.00001 0 +10.0000i
0 -10.0000i 0 +10.0000i1 0 +10.00007 10.0000 -10.00001
Solution

i 1) = +0.000000 +0.0000001

i 2) = +0.000000 +0.0000001
i 3) = +0.000000 +0.0000001
I( 4) = +0.000000 +0.0000001
V( 5) = +1.000000 +0.0000001
V( 6) = +0.000000 +0.0000001
V( 7) = +0.000000 +0.0000001
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In case of feeding a load of I, =—0.5 puand Z = 0.1 pu, V,, = 0 (is taken to reference).

i( 1) = +0.500000 +0.0000001
i( 2) = +0.500000 +0.0000001
i( 3) = -0.000000 +0.0000001
I( 4) = +0.500000 +0.0000001
V( 5) = +0.950000 -0.0500001
V( 6) = +0.050000 +0.0000001
V( 7) = -0.000000 +0.0000001

The values of all nodal voltages, voltage drops on every element, and internal cur-
rents are shown in Figure 3.9:

Vbus =
1.0000
0.9500
0.0000

-0.0500

velem =

1.0000 + 0.00007i
1.0000 0.0500i
-0.0500

-0.0500

1.0000 + 0.00007i
1.0000 - 0.0500i

0.05001
0.00001

iAN = 0.5000
ian = 0.5000
im = 0.5000

A different form to incorporate shunt elements is to recognize that the current
through shunt element is iy = yyVy and i, = y,,V,,. The equations for node N and n
are modified accordingly.

A in=0.5 i a a9
1,=20.5 AN Y ta an . 1,=7-0.5
— = — > <
+ + a:l 1:6 + +
+{ im +
Van BE Vin Vi E Van V,=0.95-i0.05
V,21.0 _ _
LN n _
INEY . 1,=20
=0 l iy =70.5 n =0 l +
v, 20.05 Zy Zn vV, #0.0

Figure 3.9 Solution for a single-phase transformer, grounded neutrals.
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3.4

+y VN ~ian = Iy

N (3.45)
+ynvn + (Ej iAN = In

Asiyand i, are incorporated to the node current balance, we have a reduced matrix
as compared to the one in (3.36).

—z, Jof +1 _% -1 +% S
1
10 0 0 0 | ¢ ?
% A A
—z* o0 o0 o ||V |=]1 (3.46)
10 0 +y, 0 | " Iy
| v I
0 0 0 o+ |0 0T
. B "

Usually Iy and I,, are zero, as no source injects or drains current from these nodes.
With this model, various cases can be studied: =1/zn where yy = 0 as 2y =0

> IN N IN N
(short circuit) and yy = 0 as 2z — o (open circuit).

Three-Phase Bank Transformer Model

When a three-phase unit is required to handle power transfer from different voltage
levels, three single-phase units can be connected in Y or in a A arrangement. One
operating advantage can be to have some flexibility when one of the single-phase
units has a malfunction, so that a short-term unbalanced situation can be tolerated;
only the failed component needs to be replaced. We start with the single-phase model
shown in Figure 3.3; the node connection reflects the Y or the A configuration for
the high voltage and the low voltage sides.

3.41 Three-Phase AA Bank

Assuming relations for voltages and currents in the single-phase units, the element’s
equation for the connection in Figure 3.10 can be arranged in a three-phase scheme.
A compact matrix equation is Ohm’s law (3.48).

" [z m 1 l.l
Yy m z b
v | _ z m I
v, | m z i, (3.47)
v, L 4
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[Zli+v=0 (3.48)

In terms of nodal voltages, the voltage drop v for each element is

_ . _ i v i
v +1 -1 0 0 0 O v
2 0O 0 0 +1 0 -1 VB
3|z 041 -1.0 0 0 c | ABC,abc
U4 B 0 0 0 0 +1 -1 \/‘Z - AAAVbuS (3'49)
v -1 0 41 0 0 O \V
’ 0 0 0 -1 0 +1 b
1/6 ‘/C

Ohm’s equivalent for the three-phase bank is attained using a shorthand notation
with A, as the connectivity matrix. Using (3.48) the model is:

—Z]i + A VABGebe = 0 (3.50)

h—> —— & b

m
A a
— gg | S

le— — 1+ ¢ —¥—1+—— «— I

Figure 3.10 A three-phase complex transformer, AA connection.

i i
is i

i2 i2 ia
lq Ip Ic

i ia is

Figure 3.11 A three-phase complex transformer, node currents.
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From current information at each node, as given in Figure 3.11, we write the
nodal currents.

1, ] Q]
; 1000 -10],
. 10+ 0 0 0 | =
cl_|0oo0o-10+10 |5
I |7l o +10 0 0 -1 4 (3.51)
| 0 -10+10 0| ;
b ks
00 0 -10 +1]
Ic 16
I = Al (3.52)

Results (3.50) and (3.52) are combined as a model that relates nodal voltages to
nodal currents and currents through each winding with partial inversion applied
to (3.53), exchanging known and unknown values; with y = Z-! it results as (3.54).
We find a three-phase model for a transformer bank connected as AA at the right
lower portion of the matrix. The model is a Norton’s equivalent, a 6x6 admit-

tance matrix.
-Z A, i 0
[ AiA O ]|: Vbus B Ibus (3.53)

Yy YAu { 0 } { i }
- (3.54)
[ —ALY AwYAun :l Vous L.

The 6x6 reduced matrix (3.55) can be solved for nodal voltages or currents in the
abc domain. The problem can include balanced or unbalanced conditions.

YABC YABC,abC Vbﬁfc — IbAu]zC (3 55)
Yabc,ABC Yabc Vbaubsc Igf: .

Using the symmetrical components transformation, we obtain sequence admittances
from the primary side P and the secondary side S. Matrix Ty is a 3x3 symmetrical
transformation, as in (3.22). The symmetrical component model is given by (3.57),
where the nodal admittance matrix, currents, and voltages are in the symmetrical
components domain. Sequence admittance values can be read from the admit-
tance matrix and, in the case of a symmetrical matrix, a circuit representation can
be drawn.

-1
T. 0 Yise  Yancabe T, 0 Voqz _ Ié)ll (3.56)
0 Ts Yabc,ABC Yabc 0 TS V0512 Igll .
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YOI;Z YOﬁSZ VOﬁZ _ 1(1)312
YSP YS VS - IS (357)

012 012 012 012

3.4.2 Three-Phase YA Bank

To calculate voltages v across elements and currents i that flow at every transformer,
the matrix equation for the connection of three single-phase units (as shown at
Figure 3.12) use is made of (3.47) and (3.48). Voltage relations are now (3.58) and
(3.59), and neutral node N is included. From voltage relations, we write the con-
nectivity matrix. Node current equations in matrix form are obtained from Figure

3.13, and (3.60) and (3.61) are formed.

_Ul 1 —_VA )
’ +10 0 0 0 0 -1| y
2 0 0 0 +41-10 0 B
vy 0 +1 0 0 0 0 -11 V%
v, |=| 0 0 0 0 +1-10 v (3.58)
” 0 0+10 0 0 -1] vy
s 00 0 -1 0 +1 0 Vb
Ys 0 0 0 0 0 0 +1 c
_U7_ ) __VN_
| A N — +—
’ - + [ N ) *
w36
B — - b
| ——— +— |p
83 ,'3+—> ..471+
v %g V4 0—04— la
C B - c
/ 1 <+ Ic
C — is +_» AA‘,_+
l6
o 36w

V7
YN

Figure 3.12 A three-phase complex transformer, YA connection.
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v = A, VABCabeN (3.59)

Now the node current relations are used to write the following set for 7 and I.

I, _ i
[ 10 0 00 0 01,
B 00 +10 0 0 0 2
I 0 00 0 +10 0 Iy
I =] 0410 0 010 |4 (3.60)
I 0 -1 0 410 0 0 ~
b L
00 0 -10 +10 :
L, 10 =10 -1 0 +1 1] %
I, | - i
I, = Abi (3.61)

With (3.59) including node N into (3.48), the model for this YA connection is com-
plete when we include (3.61) to get (3.62).

-Z Ay, i 0
abe = 3.62
{ A0 H Vi 7N } { Ly } 362

Using partial inversion on (3.62) and exchanging the current vector i from the left
with the vector of zeros at the right, Norton’s equivalent is located in the bottom
right of the matrix in (3.63), including node N.

+y YAy, 0 [ i }
abeN | = (3.63)
[—A;Ay Ay Ay, Vi N L

If we are only interested in the three-phase terminals ABC and abc, node N must
be eliminated. Often Iy has a zero value, and one step of the partial inversion will
do the job and compute the Norton’s equivalent (as seen from the three-phase
nodes on the high and on the low voltage side of the transformer). After node N
elimination, the Norton’s equivalent—as seen from the nodes ABC and abc of the
transformer—is (3.65).

Iy ——>—> i1 lg —>—> i3 lc —>»—> is

2 "2 is y i3
{17 la Ip f7 I is
is ia is

Figure 3.13 A three-phase complex transformer, node currents.
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YABC,abc YABC,abc,N VABC,abc IABC,abc
ISuZBC e bus bu‘s/ — bus (364)
Youl T Yan N 0
eq
[ YABC.abe } [ VABC.abe }:[ [ABCuabe } (3.65)

3.4.3 Three-Phase YY Bank

Connections for both sides of the single-phase transformer are arranged as in Figure
3.14. Assuming element relations for voltages and currents, then the matrix element
equations use (3.47) and (3.48).

In matrix notation, voltage v relations allow us to get a connectivity matrix,
including nodes 7 and N.

— Ul - ] r VA T
v, +1 0 0 0 0 0 -1 0 v,
v 0O 0 0 +41 0 O 0 -1 v
3 0+ 0 0 0 0 -1 0 c
Vel 00 0 0+10 0 -1 Va (3.66)
vg 0O 0 41 0 0 0 -1 0 v,
v 0O 0 0 0 0 +1 0 -1 Vv
6 c
0O 0 0 0 0 0 +1 0 v
vy L0 0 0 0 0 0 0 +1 N
U8 Vn
| A N — +— | a<_ l
! + oo " “
" 3t
B b |
ls —_ i3 —» - 4 ’
+ 'R 14
» 3
C - - C
Ic Je
— is < 4
+ AA| jg
N h lon
+
Dot
%4 Vg
YN Yn

Figure 3.14 A three-phase complex transformer, YY connection.
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v = Ay, VABGabaNn (3.67)

Node current relations in matrix form are obtained from Figure 3.15. Substitution
of (3.67) into the general Ohm’s equation (3.48)—together with nodal current equa-
tion (3.69)—will give us a model for the YY connection that is described in (3.70).

1 I
I, +10 0 0 0 0 0 04
I 0 0+0 0 0 0 0|
s 00 0 0+10 0 0|3
a|_| 0+10 0 0 0 0 0|54

I, || 00 0+100 0 0| i (3-68)
I 0000 O0+10 0|,
I -1 0 -10-10+1 0 | °
N 0 -1 0-10-10 +1]"%
I, I

I, = Alyi (3.69)

~Z Ay i 0
[ A;Y O :H: Vbﬁfc’gbc,N’n :| B |: Ibus :| (370)

With partial inversion work on (3.70), we get a Norton’s equivalent, which includes
both neutral nodes N and 7. Norton’s equivalent appears at the lower right side of
the coefficient matrix.

+y  —yAyy 0 [ i }
abeNg | = (3.71)
[ _A;yy Ai/yyAyy Vbﬁfc beN Ibus

If we are only interested in three-phase terminals ABC and abc, nodes N and n
must be eliminated through partial inversion. Most of the time, Iy and I, are of
zero value. After the partial inversion, we get the Norton’s equivalent, as seen from

I I Iy I Ic I
—_—> —— ——

l, A I I I
—— —— ——

I +i3+s i2+i4+i6
In
—> A I

b, !

Figure 3.15 A three-phase complex transformer, node currents.

Ig
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the three-phase nodes on the high side and from the three-phase nodes on the low
voltage side of the transformer.

YbAfc,abc YbAfC’“b"N 7 VbABc,abc JABC,abc
u u us — b
YN’n,ABC,abC Y V = uSO (372)
bus NN,nn Nn
eq
[ e T wen J=[ e ] 373

Example 3.10

Open A or V connection with single-phase transformers (see Figure 3.16).
Assuming the following element relation for voltages v and currents i as (3.74),
then Ohm’s law as expressed by (3.48) is —zi + v = 0.

z m 0 0 1 1 0
| mz 0 0 L Y 1_10
00 zml|il| [ v|[T|o (3.74)
0 0 m < i4 U4 0
Voltages across elements v and nodal voltages are related as
_ v, ;
Y +1-10 0 0 0 \YB
Bl 00 0 +41-10 c _
v 0+1-100 0| v | YAl G
v, 0 0 0 0 +1 -1 v,
VC

Figure 3.16 Complex transformer, open A or V connection.



82 Power Transformer Modeling

The node current relations in matrix form are obtained from Figure 3.17. In short-
hand notation, we write (3.77).

IA
I +1.0 0 0 |,
IB -1 0 +1 0 1
c 0 0 -1 0 | &
I 0 +1 0 0 | i (3.76)
I 0 -1 0 +1 i
b 0 0 0 -1 |t™
IC
I, = Al (3.77)

Equation (3.74), with reference to the reduced transformer connection, and (3.77)
into (3.48), the model for open A or V is:

-Z A,y i 0 }
abc = 3.78
[ A‘t/v 0 ]|: Vbﬁfc’ ’ i| |: Ibus ( )

Using partial inversion, we find the reduced equivalent, as seen from the three phases
ABC and abc. The symmetrical component transformation on the Yy, equivalent
matrix can be applied to calculate the sequence admittances, as shown in the fol-
lowing example where y = Z-1.

y -YA,, 0 i
[ Ay Y Ay YAy, Vbﬁfc’abc T s 3.79)
Example 3.11
Consider that for single-phase transformers with a very good magnetic coupling
k=~1.0
p)
N N N
m=JLL, = Ll[—Z] L o=-2L m=-LL, (3.80)
N, N, 2
Ia I L Iy
—_— ——
h i
Ig l Iy I l "
—y > —Ye—
le ly Iy I
— > — >

Figure 3.17 A three-phase complex transformer, node currents.
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Assuming that R; << wL; and R, << @L,, the inverse matrix y
—1 1
Zy m e -m
y=|" =—7 7 (3.81)
m z, 2z, —mt| —m %
Using the following notation:

— s =Y, (3.82)

=12 -1 (3.83)

2
% — & m — & y (3 84)
zz, —m* N, zz, - m g :

The result for the nodal admittance matrix from (3.79) is

Yous = Ay ZAyy (3.85)
(42, —z, 0 -m +m 0 ]
-z, t22, -z, +m 2m m
0 - 0 -
vy = 2, *%, +m m % (3.86)
bus -m +m 0 4z, -z 0 |2z, -m

+m =2m +m -z, +2z, -7
0 +m -m 0 -z +z

We write the three-phase nodal matrix using (3.80) to (3.84).

+Y, =Y, 0 —%yt +%yt 0
=Y, +2y, =Y, +%yt —Z%y, %yt
0 -y, +y, 0 +m -m
Y, = %yt by, 0 “{%T” _(%]Zyt 0 (3.87)
+%yt Z%y, +ﬁyt —(%jzyt +2[% zyt _G\\I[_ljzyt
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The Y, matrix in (3.87) can be partitioned into ABC and abc portions, then the
symmetrical component transformations can be applied. A P-S notation is used for
primary and secondary sides of the V'V transformer connection.

T'YT T7'Y,T
VAR —[ ! i ] (3.88)

bus,012 — - _
T 1Y1HT T 1}]IVT

Results for product matrices in (3.88) follow:

+1 -1 0 0 0

2

11 1 0
TYT = yT| -1 2 -1 1062 a |=y, 8 +2 1£-120° | (3.89)
o

PS
Ybus,O] 2

2 1 -1 0
N + N
TY T = (—1] yT7 -1 +2 -1 |T =(

0 -1 +1 a 12 +120° +2

+1 -1 0 0 0 0

T"YHT = ﬁl tT‘1 -1 +2 -1 |T = ﬁl 0 -2 1£ + 60° (3.90)
2 0 -1 +1 2 0 1£-60° -2
N +1 -1 0 N 0 0 0

T‘lYmT = ‘ﬁlytT_l -1 +2 -1 |T = N_lyt 0 -2 1£ + 60° (3.91)
2 0 -1 +1 2 0 1£-60° -2

> o 0 0
jyt 0 42 1£-120° | (3.92)

~1
0 -1 +1 N, 0 1£+120° —+2

The nodal matrix written in sequence quantities—as seen from the high voltage
side P to the low voltage side S—is:

0 0 0 0 0 0
N N
0 +2 1£-120° 0 -2 +—L/4+60°
N, N,
N N
0 1£+120° +2 0 —-——L,-60° 21
N, N,
=50 0 0 0 0 0
2 2
N N N N
_n_1 _1 o —1 -1 _ o
0 zNz +N24+6O 0 +2(N2j +(N2)4 120
2 2
Nl o Nl Nl o Nl
0 +N24—6O _ZNz 0 +(N2]4+120 +2(N2

(3.93)

The equivalent nodal matrix in sequence quantities is asymmetrical; this means that
no equivalent circuit can be drawn. Nodal equation (3.94) will solve for unknowns
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that depend on nodal operating conditions. When all sequence nodal voltages are
determined, the transformation T, will take the values back to ABC and abc quan-
tities. Then the phase currents i, power flows, and losses are calculated.

Ybiss,ouvbiss,mz = Ibus,OlZ (3.94)
VP

ABC,abc _ T 0 bus,012
Vbus - I: 0T :l S (395)

bus,012
i=Z"A,, VAPGabe (3.96)

An equivalent three-phase circuit for VV transformer is given by (3.93).
3.5 Autotransformer Model

An autotransformer is a device with N; turns in a common winding arrangement
and N, turns in what is considered a series winding. The arrangement will be in
three phases (see Figure 3.18), but in order to obtain an equivalent model, let’s start
with a single-phase unit (see Figure 3.19).

The voltage relation from high to low voltage can be defined by an overall turn’s
ratio N. Our goal is to obtain an equivalent as in Figure 3.20.

(N;/NL)y,
®E=="—=0
2
Ve (N;/N) “y,
m
2(N1/Np)y, @
m
2
Y (N;/N2) ™y,
© " ©
(N;/NL)y,
m=-(N,/N,)y,

Figure 3.18 Circuit of a three-phase VV bank transformer.
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/

a

—>
—L a +
N T series wind
I, Series winding
. ¢
A Ve
V, N, l Common winding

N T n

V. N +N N
NN 2N (3.97)
Nl

Two short circuit impedances can be measured in the real autotransformer:

1. Z,; impedance at the high voltage side with N; shorted; A is shorted to N.
2. Z,; impedance at the low voltage side with N, shorted; A is shorted to a.

When A is shorted to N, in Figure 3.20 we have that the Z,, impedance will be
reflected to the high voltage side as

Zyy = Z,N? 3.98)

For the second condition, when A is shorted to a, from Figure 3.21 various relations
are: V, =V, I, +1,=1,,V;, =V, /N =V,/N and I; as in (3.99).

| Iy Zyt q
+ — + | 1N + ¢
Va Vi v,
N _ - " n

Ia Zy
A 1 a
+ +
v, v,
N — n

Figure 3.21 Equivalent for an autotransformer.
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Vﬂ
= Yaz Y N—VA(l—lj (3.99)

For an ideal transformer (no losses) V;I; = VI, and I,=(1 — 1/N)I, then:

s Va__ Va Vi _ L (3.100)
oy I 1_i L1_l 1_l 1 1Y
W'N) Z,UTN N N
(N -1 3.101
2y =2y (3.101)
From (3.99)

Z, =27,(N-1?=Z N (3.102)

Example 3.13

For a two winding transformer rated 30 kVA, voltage ratio 220V to 125V, and
operating at 60 Hz, obtain an equivalent circuit for the auto-transformer connec-
tion (see Figure 3.23). The A side is the 220V with impedance (0.20+j0.38) Q, the
transformer side a works at 125V with impedance (0.04+j0.08) Q. The transformer
is going to be used as autotransformer, as shown in Figure 3.22, to feed a load at
125V and connected at the high voltage side to a 345V source.

The equivalent impedances referred to the high-voltage side (see Figure 3.24)
or to the low-voltage side, including the transformation ratio are:

2
N

Z o =7Z,+7Z —Zj
eqH A a(Nl

(3.103)

Using (3.97) as V,/V, = (N; + N,)/N; = N, the calculation of the impedance for the
equivalent autotransformer, from (3.102) is:

Iy Z, 1:N,/N, Z,
—> 1
A e d e d
+ + +
Vy Vi v

N

Figure 3.22 Equivalent for an autotransformer.
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In
—>
+ 1
A
220V N, Series winding I,
—
' ¢ -
Common winding
N, v,
125V 125V

_ N T n

Figure 3.23 Autotransformer connections.

7 12
, _Zy_, (N-1)

at NZ el N (3.104)

Data for one phase transformer

Primary Voltage Secondary Voltage Transf. ratio
220.00 125.00 1.760000

Primary Impedance Secondary Impedance

ZA = 0.2000+] 0.3800 Za = 0.0400+] 0.0800

Total Transformer Impedance referred to High Voltage side
ZeqH = 0.3239+] 0.6278

Total Transformer Impedance referred to Low Voltage side
ZeqlL = 0.1046+] 0.2027

Auto Transformer

Primary Voltage = 345.0000
Secondary Voltage = 125.0000
Equivalent relation N = 2.7600

Equivalent Impedance for auto

Zat = 0.0425+j 0.0824
Iy 7 1:2.76 la
at
A= —»a
+ + +
345V v, 125V
= - _

Z,=0.0425+j0.0824 W

Figure 3.24 Equivalent values for the autotransformer.
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3.6

Three Winding Transformer

A three winding transformer is a magnetic arrangement that has one primary, one
secondary, and a tertiary winding in the three-phase configuration. It is assumed
to be a balanced device and infinite shunt impedance. The primary winding is con-
nected to the source side, the secondary winding might feed a transmission line or
a load, and the tertiary winding can feed a load, but it is more commonly used to
connect shunt compensating equipment or filter equipment. To include this device
in a system’s study, an equivalent is derived.

The three impedance values can be obtained by measurements (see Figure 3.25),
and then all the impedances are referred to the primary side.

Zps impedance measured at the primary winding, with secondary shorted,
tertiary open.

Zpr impedance measured at the primary winding, with secondary open, ter-
tiary shorted.

Zsr impedance measured at the secondary winding, with primary open, ter-
tiary shorted.

2
, (N
Zor = ZST(VPJ (3.105)

N

In matrix form and solving for equivalent impedances:

110 Zp Zps
101 Zy |=| Zpr (3.106)
011 ZT ZTS

Example 3.13

For a three winding transformer, 60 Hz, with voltages primary 169 kV, secondary
66 kV, and tertiary 33 kV, there are measured values for impedances, all referred

®

®
®
®

©

Figure 3.25 Three winding transformer circuit representation.

®
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(:) - -

Figure 3.26 Equivalent circuit for a three winding transformer.

to by the primary winding (see Figure 3.26). The transformer unit has a 30 MVA
rating. Find the base current and base impedance at each winding. For a reactor of
j50 ohms/phase connected to the tertiary winding and a load current of 200A and
0.8 lagging power factor at the secondary, calculate the primary voltage when the
secondary voltage has a 1.0 pu value and is considered to be the angular reference.
Results in Figures 3.27 and 3.28 are for a Y-delta transformation.

Measured impedances, Three winding transformer

ZPS = 0.0000 +j 0.1700 pu
ZPT = 0.0000 +j 0.1100 pu
/ST = 0.0000 +j 0.1000 pu

Per unit Equivalent impedances
/P = 0.0000 +j 0.0900
7S 0.0000 +j 0.0800
Al 0.0000 +j 0.0200

Base MVA, KV, Currents and Impedances

MVAB = 30.0000 KVP = 169.0000 KVS = 66.0000 KVT = 33.0000
IPB = 102.4882 A
ISB = 262.4319 A
ITB = 524.8639 A

ZPB = 952.0333 Ohms
Z5B 145.2000 Ohms
/7B 36.3000 Ohms

Impedance in tertiary

Z0hmster = 0.0000 +j 50.0000 Ohms lterpu = 0.0000 +j 1.3774 pu
Secondary current (magnitude pu and angle)
Isecondary = 0.7621 -36.87

Currents(magnitude pu and angle)
Itertiary = 0.7426 -87.31
Iprimary = 1.3613 -61.74



3.6

Three Winding Transformer 91

Voltages(magnitude pu and angle)

Vprimary = 1.1495 5.33
Vsecondary = 1.0000 0.00
Vtertiary = 1.0229 2.69

Delta Equivalent Impedances(pu)

ZPri_Sec = 0.0000 +j 0.5300
ZPri_Ter = 0.0000 +j 0.1325
ZSec_Ter = 0.0000 +j 0.1178

In three winding transformers, the tertiary winding can be used to supply load, to
connect a reactive compensating device (as in the Example 3.13), or to connect filter
arrangements for harmonic suppression.

Z,=j0.09 Z,=j0.08
—1 1 ' |
t —> 1 — .
I, /
Z,=j0.02 s

v, @ I .\ v

Z,;=)1.3774 Vr

- B -

Ip=1.36132£-61.74° Vp =1.1495,5.33°
Ig=0.7621£-36.87° Vg =1.0£0°
Ir =0.7426£-87.31° Vr =1.0229£2.69°

Figure 3.27 Currents and voltage for a three-winding transformer.

@ 0+j0.53 @

0+j0.1325 0+j0.1178

©

Figure 3.28 Delta equivalent of a three winding transformer; impedances in pu.
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+— +

— Vi

«—— i, +

| — v4

i3 I

v + — — +
V3 - — Y,
+—> s “«— j; +
Ve Vs

Figure 3.29 Three-phase transformer; core and windings.

3.7 Three-Phase Transformer

A three-phase transformer is a magnetic arrangement in which all windings are
located and are magnetically coupled (see Figure 3.29); in this case, the primitive
matrix that relates voltage at windings and currents is a full matrix. The self and
the mutual impedances depend on the common magnetic flux that each winding
shares with all the other windings in the structure. With no loss in generality, let
us consider a configuration in which three windings will be connected in Y and the
other three windings will be connected as A.

In matrix notation voltage v, relations to nodal voltages allow us to get the
connectivity matrix.

_ . 1 T v }

) +10 0 0 0 0 -1y

2 0 41 0 0 0 0 -1 B

v, 0 0 +10 0 0 —-11 Y

v, |=| 0 0 0 +1 -1 0 O v, (3.107)

v 0 0 0 0 +1 -1 0 v

5 0 0 0 -1 0 +1 0 Vb

Vs 00 0 0 0 0 +1 ¢

v, ) YN

i1+ i+ i3

ly —>—> i, g —>— |, le —— |, Iy —

Figure 3.30 A three-phase complex transformer, node currents.



3.7

Three-Phase Transformer 93

v = Ay, VABGabeN (3.108)

Node current relations in matrix form are obtained from Figure 3.30 and are:

I, i} i
[ +10 0 0 0 0 01,
B 0410 0 0 0 0 | "~
I 0 0410 0 0 0|5
L |=| 0 0 0410 -10 | i (3.109)
I 0 0 0 1410 0 | ;
b Is
; 0 00 0 -1+l 0 |
¢ 1-1-10 0 0 +1| %
IN B B Z'7
I, = Al (3.110)

With (3.108) and (3.110) the model is built using (3.48).

2 Ay ih -0 3.111
A;Y 0 Vbﬁfc’a N Ibus S )

With partial inversion on (3.111), we exchange the current vector i with the array of
0’s in the right hand side. What is left is a Norton’s equivalent that includes node N.

+y _yAyy 0 |: i :|
abc, = 3.112
[ —Ayyy AyyyAyy [/ Ly ( )

If we are only interested in terminal nodes ABC and abc, node N must be eliminated.
Most times I has a value of zero. Additional steps of partial inversion will do the
job and leave us with a Norton’s equivalent, as seen from the three-phase nodes at
the high and low voltage sides of the transformer.

YABC,abc YABC,abc,N VABC,abc IABC,abc
bus bus us —
YN,ABC,abc Y. ’ V. - b (3113)
bus NN N 0
eq
[ e ] wgwesse ] <[ ganee ] 3114

Example 3.14

For a three-phase transformer, the values of primitive impedances are given in the
array Z. There is mutual coupling between all windings; given the type of arrange-
ment for the core, values are in pu. The connection is YA and the connectivity
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matrix A has this type of information. Calculate Y,,,, including neutral node N
at the Y side of the transformer. Eliminate node N to get the Yy, apc.qs and then
apply symmetrical components transformation to get the sequence admittances.

Z:
Columns 1 through 4
0.0100 + 0.10001 0 + 0.0400i 0 + 0.0400i 0 + 0.08001
0 + 0.04001 0.0100 + 0.1000i 0 + 0.0400i 0 + 0.04001
0 + 0.04001 0 + 0.0400i 0.0100 + 0.1000i 0 + 0.04001
0 + 0.08001 0 + 0.0400i 0 + 0.0400i 0.0100 + 0.1000i
0 + 0.04001 0 + 0.0800i 0 + 0.0400i 0 + 0.04001
0 + 0.04001 0 + 0.0400i 0 + 0.0800i 0 + 0.04001
0 0 0 0
Columns 5 through 7
0 + 0.04001 0 + 0.0400i 0
0 + 0.08001 0 + 0.0400i 0
0 + 0.04001 0 + 0.0800i 0
0 + 0.04001 0 + 0.0400i 0
0.0100 + 0.1000i 0 + 0.0400i 0
0 + 0.04001 0.0100 + 0.1000i 0
0 0 0 + 1.0000i
A=
1 0 0 0 0 0 -1
0 1 0 0 0 0 -1
0 0 1 0 0 0 -1
0 0 0 1 -1 0 0
0 0 0 0 1 -1 0
0 0 0 -1 0 1 0
0 0 0 0 0 0 1
YbusABCabc =
Columns 1 through 4
0.0100 + 0.1000i 0.0000 + 0.0400i 0.0000 + 0.0400i 0 + 0.04001
0.0000 + 0.0400i 0.0100 + 0.1000i 0.0000 + 0.0400i 0
0.0000 + 0.0400i 0.0000 + 0.0400i 0.0100 + 0.1000i 0 - 0.04001
0 + 0.04001 0 0 - 0.0400i 0.0200 + 0.1200i
0 - 0.04001 0 + 0.0400i 0 -0.0100 - 0.0600i
0 0 - 0.0400i 0 + 0.04001 -0.0100 - 0.0600i
Columns 5 through 6
0 - 0.04001 0
0 + 0.04001 0 - 0.0400i
0 0 + 0.0400i
-0.0100 - 0.06007i -0.0100 - 0.0600i
0.0200 + 0.1200i -0.0100 - 0.06001
-0.0100 - 0.0600i 0.0200 + 0.1200i
Ybus, symmetrical components =
Columns 1 through 4
0.0100 + 0.1800i -0.0000 - 0.0000i -0.0000 + 0.00007 0
0.0000 + 0.00001 0.0100 + 0.0600i 0.0000 - 0.0000i 0 - 0.00001
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-0.0000 + 0.0000i 0.0000 + 0.0000i 0.0100 + 0.0600i 0 + 0.0000d
0 0.0000 - 0.0000i 0.0000 + 0.00001 0.0000
0 0.0346 + 0.0600i 0.0000 0 + 0.0000d
-0.0000 0.0000 - 0.000071 -0.0346 + 0.06001 0 - 0.00001
Columns 5 through 6
0.0000 + 0.0000i 0.0000 - 0.0000i
-0.0346 + 0.06007i ~-0.0000 - 0.00001
0.0000 + 0.0000i 0.0346 + 0.0600i
0.0000 - 0.0000i 0.0000 + 0.00001
0.0300 + 0.1800i 0.0000 - 0.0000i
0.0000 - 0.0000i 0.0300 + 0.1800i

Sequence networks, Y side to D side

YbusQ =
0.0100 + 0.1800i 0
0 0.0000

Ybusl =

0.0100 + 0.06001 -0.0346 + 0.06001

0.0346 + 0.0600i 0.0300 + 0.1800i
Ybus2 =

0.0100 + 0.0600i 0.0346 + 0.0600i

-0.0346 + 0.06001 0.0300 + 0.1800i

Once the model is derived it can be used to study three-phase power transformer
voltages, currents, and power flows in either balanced or unbalanced cases. The
neutral can be connected to Earth through a neutral impedance, and then studies
to determine the transformer electric behavior can be conducted. To account for
losses, a circuit component can be connected and easily added to the Y}, circuit
just derived.

3.8 Alternate Model for a Single-Phase Transformer

A different analysis for a single-phase transformer is considered if we start from
Figure. 3.31.

a:l 1
IA Yaa I
PR L St )

+ + +

* I I,
Van Ian i lan Van

mn

— «—
IN In

Figure 3.31 Alternative circuit for a single-phase transformer.
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Example 3.13

I +yAa _yAa _yAa +yAa
of @b Tt
+1 0 0 0
o
_e 0 0 0
B
-1 0 0 0 0
a*
+— 0 0 0 0
B

o~
Z

§< Z< ::.< :><

Assume a single-phase transformer with values in p.u., y,, =
0.2, Vy=12£0%a=12£10°% =1 £ -10° to study the no load condition I, = 0,

202014 + 9.39692621

In=0,1,=0
Y =
-1 - 10.i - 3.4
1. 0 0
- 0.9396926 + 0.34202011 0 0
- 1. 0 0
0.9396926 - 0.34202011 0 0
3.4202014 - 9.39692621
0
0
0
0.2
pivots 1. 3. 4. 5.
V( 1) = 1.00000000 +j 0.00000000
I( 2) = -0.10000000 +j 0.00000000
I( 3) = 0.00000000 +j 0.00000000
I( 4) = 0.00000000 +j 0.00000000
\( =
9.861D-31 + 5.551D-17i 4.441D-16 - 1.776D-151
9.861D-31 + 5.551D-17i 4.441D-16 - 1.776D-151
0.0342020 + 0.0939693i 0.9396926 - 0.34202011
9.861D-30 + 5.551D-16i 4.441D-15 - 1.776D-141
0 0
0.9396926 + 0.34202011 4.441D-15 - 1.776D-141
0.9396926 + 0.34202011 4.441D-15 - 1.776D-141
15. - 0.11 9.3969262 - 3.4202014i
9.3969262 + 3.4202014i -10. - 1.776D-13i
5. 0
I( 1) = 0.09396926 +j 0.03420201
V( 2) = -0.56030738 +j -0.35202014

=

~

->~

(3.115)

_1103 IN = 013 Vn =

o1 O o1 O O

O O O O =
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V( 3) = 0.93969262 +j 0.34202014
V( 4) = -0.50000000 +j 0.00000000

3.9 Function for the Partial Inversion Algorithm

function [W]=inverpark(W, k)
// k -- pivot, diagonal element
// n - number of rows
// m - number of columns
// For square matrices: m=n, this will be in most cases
[n, ml=size(W);
pivot=-1/W(k,k);
// Pivot is modified
W(k,k)=pivot;
// Row pivot is modified (except pivot value)
for j9=1:n
if jo~=k
W(k,Jj9)=W(k,j9)*pivot;
else
end
end
for i9=1:n // Changes for elements not in pivot row or pivot column
if i9~=k
for j9=1:n
if jo~=k
W(i9,39)=W(i9,j9)+W(i9,k)*W(k,j9);
else
end
end
else
end
end
// Changes to elements in pivot column (except pivot)
for i9=1:n
if i9~=k
W(i9,k)=W(i9,k)*pivot;
else
end
end
endfunction

function [W]=pivoteo(W, pivotes)
// Function to conduct partial inversion process
// pivot number is needed and which are those pivots
// results are on matrix W
npiv=length(pivotes);
for k9=l:npiv
k=pivotes(k9);
[Wl=inverpark(W,k);
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end
endfunction

function y=solucpark(W, x, y, pivotes)

// k -- pivot, on the diagonal of the matrix

// n - number of rows

// m - number of columns

// For square matrices m=n, this is assumed as true

// npiv - number of pivots (might go from 1 to n)

// x information vector that might have zeroes in pivot and known

// values in those that are not pivots
// y is a vector with a known value in the pivots, they might be zero
// in those that are no pivots

// they will be calculated in the solution process
[n,ml=size(W);
npiv=length(pivotes);
// Information Exchange in the pivot, with the NEGATIVE
// A1l the known values will stay in the x vector
for j9=Il:npiv
k=pivotes(j9);
x(k)=-y(k);
end
// By matrix multiplication by the vector of known values we calculate
// the unknowns
y=W*x;
endfunction
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4.1

4.2

Introduction

High-voltage transmission lines mainly operating in AC are required in order to
transport energy from electric power plants scattered over a territory where primary
energy sources are located in order to reach the consumption places. The principles
under which this is possible are based on electromagnetic laws and concepts associ-
ated with Ampere’s, Faraday’s, and Gauss’s laws. The value of series impedance that
a transmission line presents when power has to flow from the sending to the receiv-
ing end is of paramount importance. The shunt admittance is a key component for
long distance lines operating at high voltage and cables. Several considerations are
applied to derive a useful transmission line model for a three-phase system and the
working models to simplify calculations when a balanced condition is met.

Series Inductance

In this section, we apply Faraday’s law of induced voltage and Ampere’s law as the
departing point to characterize, in various steps and with circuit interpretation, the
electromagnetic phenomena of sending current through a conductor, and as a con-
sequence, electric power from the power plants to load centers, usually at various
hundreds of kilometers away. The series impedance of transmission lines is pres-
ent at low frequencies (50 Hz or 60 Hz for most AC electric power systems in the
world). This will be characterized through the procedures that are explained in this
chapter. Series impedance is composed of resistance R; and reactance X; . To obtain
the series inductance, we start using Ampere’s law with the following assumptions:

« A straight and cylindrical shape conductor with uniform current distribu-
tion, and
+ Earth as a return path for current that flows in a conducting arrangement.

The initial discussion is for a single conductor and its return path. We then gener-

alize the results to include arrangements of multiple conductors in single-phase or
three-phase arrangements.

99
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Figure 4.1 Conductor carrying current i.

4.2.1 Single Conductor

The series inductance for a single conductor transmission line can be derived assum-
ing a single-phase conductor and its return path in parallel but at a great distance.
In a linear magnetic environment, the magnetic flux linkages A (webers-turn) and
inductance L (henrys) at any instant of time # are related to current i (amperes) by

L= % (4.1)

To relate geometry, magnetic media properties, and circuit representation using
current 7, voltage v, and magnetic flux ¢ we start with Ampere’s law:

<_[>H dl =i (4.2)

enclosed
H Magnetic field intensity, amperes/m
dl  Vector of differential distance along the circular trajectory, m
i current in amperes

The intensity of the magnetic field H (A/m) for the conductor in Figure 4.1 has
two parts:

H,, for a trajectory internal to the conductor and up to radius x (in this case,
only a portion of the total current is enclosed; see Figure 4.2), assum-
ing uniform current distribution the proportion of current enclosed has
a ratio mx%/nR?, and H,,, is for a trajectory external to the conductor’s
radius 7(m). In this case, all of the circulating current 7 (amperes) flows
within the conductor. Distances r and x are in meters.

Figure 4.2 Magnetic field intensity outside and inside a round conductor.
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int  2mx rR2 (43)
1 .
ext — 2_71'7‘1 (44)

We write the magnetic flux density B (Wb/m?) as uH for each component in (4.3)
and (4.4). In what follows, ty = 47 x 1077 H/m is the magnetic permeability for
free space and u = uu, for any magnetic flux in a magnetic material; u, is the rela-
tive permeability.

X .
Bint = 'u’ol"lr 27'L'R21 (45)
1 .
By =5 i (4.6)

Flux linkages A (Wb-turns) to be used in (4.1) are products of the magnetic flux ¢
(Wb) multiplied by the number of turns of the coil structure. To find the total flux
0, we write a differential flux d¢ and integrate it over the area with a length of 1 m
along the conductor (see Figure 4.3). The equivalent turns N inside the conductor
are taken as x?/R?, due to the uniform current distribution assumption. The number
of turns for the trajectory outside the conductor is N = 1. The internal differential
flux linkages (4.7) are integrated inside the conductor with u, = 1 for nonmagnetic
materials, such as copper and aluminum. For the external differential flux linkages,
(4.8) with pu, is integrated outside of the conductor from the radial distance R up
to a distance S (in meters).

p N
dhiyy = BydA = S0 Bl (4.7)
Ni dr
_ _, Niar 4.8
d)Lext BextdA 'uo 27-[ 7 ( )

Figure 4.3 Round conductor and its external geometry, 1 m length along the conductor.
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I

Ko = 5 R4 jx dx = % (4.9)
A = [ By E (4.10)
ext = Ho ) r  2m '
For the single conductor in Figure 4.1
p— lext A{ext — 'LLO ‘LLO S
Ltot = T + T = 8_ + 271_ ll’l(—) (411)

_ K1 S 2K S oK S
Lo = 244 i ln(RH T2 ln(Re‘““) ez ln(GMR) *-12)

GMR Equivalent radius of the solid conductor with radius R is
Re 4 =0.7788 R

4.2.2 Inductance for a Set of Aerial Conductors

One practical arrangement for a transmission line is a set of parallel conductors
carrying a net zero current; some conductors will carry current +i in the forward
direction and other conductors will bring back the current, —i. Consider three
conductors (see Figure 4.4) in the line transmission array so that the combined net
flux linkages at a given point (x,,y,) is calculated by superposition according to the
linear nature of the media where the conductors are located.

p(xp[ }’p)

Y

-

Figure 4.4 Set of three parallel conductors; 1 m length.
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The flux linkages' due to iy, i, and i3 at point p with coordinates (x,, y,). Dis-
tances d,, X,, ¥, are in meters, then

Hoiyy [ S
27 In d,
A p
p1 ,
2 =] Moy S
n |7 22 a, (4.13)
Ay .
Hobs S
I 2 dp3 |
2 2
T ey ey A SRR T

The total flux linkages at point p(x,, y,), Ao, shows that when 7y + i, + i3 = 0 the
flux linkages due to currents iy, i, and i will be:

i

U 1 1 1 !
Aoy =A,+A,+A4 =% Inl—| In| /—| In| - i (4.15)
oo 2”[ (dmj {dﬂJ (dpSJ } i

3

Equation (4.15) can be used to calculate the total flux linkages when the point p is
moved to be coincident with the geometrical center of each conductor, one at a time,
as point p = 1, 2 and 3. The geometric mean radius (GMR) is the mean geometric
distance for each conductor; for more detail, please take a look at Section 4.6.

N 1 1) ]
In| — | In| =—| In| —
A dy, dy, d; ;
tot,1 1
_ M| 1 1 ~
Ao | = e In 7, In a, In 7 1.2 (4.16)

i
W) () ()

| dy, d, d; |

Equation (4.16) allows us to recognize that along the main diagonal d;; = GMR,,
dy» = GMR,, and d3; = GMR3, and that the flux linkages depend on the geometric
arrangement of the conductors. The notation In means natural logarithms that are
to be taken to each element in the matrix. GMR , must have the same distance units
as the distance dy; (meters). The coefficient matrix in (4.16) can be called a geometric
inductance matrix. The next step is to obtain the series reactance matrix. Accord-
ing to Faraday’s law, the induced voltage in phasor form, assuming AC steady state
operation, is (4.18).
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UGMR, 1/d,  1/d,

[L1=2In|  Vd, UGMR, 1id, (4.17)
Udy,  1d, 1/GMR,
AV = jo[L)i (4.18)

When frequency fis 60 Hz and y, = 47 x 1077 H/m, a factor in Q/km can be used
as wUy/2w = 0.4 fr 1073 = 0.075398.

Example 4.1

Calculate the reactance matrix in Q/km for a transmission line that has an arrange-
ment with three conductors (see Figure 4.5). Distance values are shown in meters. Fre-
quency f = 60 Hz, reactance in ohms/km. Here, code 0 means a retained conductor,
—1, is a ground wire that (in this arrangement) is considered to be a return conductor.

Number of conductors = 3 Frequency = 60 Hz
i x(1) y(i) GMR(1) code(1)
1 0.000 8.000 1.000000e-002 0
2 4.000 8.000 1.000000e-002 0
3 8.000 8.000 5.000000e-003 -1
Inductance matrix L, henrys/km
1.0e-005 *

0.09210340371976 -0.02772588722240 -0.04158883083360
-0.02772588722240 0.09210340371976 -0.02772588722240
-0.04158883083360 -0.02772588722240 0.10596634733096

Xinduc, in Q/km

0.34722165179594 -0.10452413233457 -0.15678619850186
-0.10452413233457 0.34722165179594 -0.10452413233457
-0.15678619850186 -0.10452413233457 0.39948371796323

With a closer look into numerical results, we observe that the reactance matrix is
not exactly symmetrical. This is due to the geometry at which the conductors are

X

Figure 4.5 Set of three parallel conductors; simple transmission line.
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located and not forming an equilateral triangle. More will be said in Section 4.2.5
on how to calculate the total inductance and how to build symmetry in three-phase
arrangement of transmission line conductors.

4.2.3 Set of Bundled Conductors

In various situations, two or more conductors make a bundle. In such cases, we might
be required to calculate the arrangement’s equivalent impedance; the equivalent
impedance can replace the arrangement with an equivalent conductor. The physical
constraints that must be met are illustrated in Figure 4.6. To explain the constraint
that this bundle has, consider that conductors 1 and 3 operate in parallel. There are
two constraints listed as (4.19): one for the voltage drop along the line and one for
the total current that the bundled conductors must handle. Let us assume that the
unreduced series impedance matrix for all three conductors as in (4.20).

AV, = AV,
, (4.19)
Il = Il + 13
1 R R3 I AV,
G 5y o || L =] AV, (4.20)
231 %3 333 3 AV,

To comply with the first constraint, voltages should be AV; = AV,. To comply with
this condition we subtract the first row components to the third row. The modified
matrix equation follows.

211 2 213 I AV, AV,
25 25 23 L |= AV, =| AV, (4.21)

231 TR %3 TR %33 7R3

Y1

~

Figure 4.6 Set of parallel conductors, 1 and 3 make up a bundle.
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The current constraint in (4.19) requires that the total current I} on the equivalent
conductor should be I, + I5. This current expression multiplies elements of the first
column; in order to keep an unaltered system of equations, we must subtract the
appropriate term from the third column. One further step is required—a partial
inversion procedure to interchange current I3 and 0 in (4.22). The matrix is modi-
fied by the partial inversion to be as in (4.23). The equivalent impedance matrix
for the two remaining conductors is a 2x2 array, which we take out of the upper
left array in (4.23).

211 P 213 T 2 I + 14 AV,
25 2,5 2,3 — %y I, =| AV, (4.22)
2 TRy %y TRy %3235+ 2, I 0
7 7 ’ 7
i1 %y Myy I AV,
’ 7 ’
2, 2, My I, |=| AV, (4.23)
mi, m. 0 I
31 M3y Vi3 3

Example 4.2

An arrangement of conductors is comprised of a single-phase transmission line, three
main wires, and a return circuit with two conductors, each with its own GMR (see
Figure 4.7). The equivalent reduced impedance matrix is obtained and then the total
line impedance in Q/km is calculated. In our case, a simple code helps us identify
which conductors form a bundle; zero is assigned for a retained conductor, and 1
or 2 identifies which main conductor is associated with.

Number of conductors = 5
Frequency = 60
i x (1) y(i) GMR(1) res(i) code(1)
1 0.000 12.192 1.978154e-003 0.000000e+000 0
2 9.144 12.192 3.956308e-003 0.000000e+000 0
3 0.000 6.096 1.978154e-003 0.000000e+000 1
4 0.000 0.000 1.978154e-003 0.000000e+000 1
5 9.144 6.096 3.956308e-003 0.000000e+000 2
;7 =
0.46949671 - 0.16689861 - 0.136320871 - 0.18859381 - 0.18076441
- 0.16689861 0.41722371 - 0.18076447 - 0.20542201 - 0.13632081
- 0.13632081 - 0.1807644i 0.4694967i - 0.13632087 - 0.16689861
- 0.18859381 - 0.20542207 - 0.1363208i 0.46949671 - 0.18076441
- 0.18076447 - 0.13632081 - 0.16689861 - 0.18076441 0.4172237i
lreduc =

0.05359951 - 0.18044561
- 0.18044561 0.14006431
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y | 9.144 m

'Y Yo
6.096 m
’'Y6) 'Y0)
6.096 m
)
®

X

Figure 4.7 Transmission arrangement and geometry for conductors.

The circuit interpretation for the reduced impedance values in ohms/km is given

in Figure 4.8.
Y Fap || La || AV (4.24)
% T || L AV, .

The current condition is that I, = —I,, so the total impedance is calculated as:

— AV _ AVa — AVb _ (zaa B zab)la - (zha B zbb)Ia
ot — T Ji - i

a a a

z (4.25)

((0.05359951' +0.1804456:)I, — (-0.18044561 — 0.14006431’)Ia)
ztot = I

a

2., = 0.554555i Q/km

4.2.4 Ground Wire Inclusion

In transmission line models, we start including all of the wires that form the trans-
mission line arrangement. In most studies, we only need the three-phase abc values;
therefore, its equivalent series impedance should be obtained. If the ground wires

Z,p = —0.1804456 |

Z,,=0.0535995 i

L L Zpp, = 0.1400643 i

Figure 4.8 Set of parallel conductors, interpretation of the equivalent impedance.
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Y1

Figure 4.9 Set of conductors abc and a ground wire n.

do exist, they can be eliminated by imposing boundary conditions in terms of volt-
ages and currents and by the use of the Gaussian elimination (partial inversion)
process, the reduced model is attained. In Figure 4.9, # is considered a neutral wire,
grounded at its extremes; let us assume an arrangement of phase conductors abc and
one ground wire 7. Boundary conditions for the ground wire are I,, = 0, AV, = 0.

Raa Rab Rac Ran Ia AV,,
Lo Ry Zpe Xy || L | _| AV,
Rea %eb Ree Ren Ic - AVC 4.26)
Zua By Ze B || L 0

One step of partial inversion in (4.26) will exchange I, from the left hand side with
the zero value for the voltage drop on the right side of the matrix. The result is:

’ ’ ’

R4a Zab Rac “Ran /znn Iﬂ AVa

% %, G ElZ || 1, | _| AV (4.27)

% % G TRl ||, AV, '
Ryl Rl R, M2, Az, |0 L

The primed values are equivalent impedances after the elimination of the ground
wire; its new values mathematically reflect this step. The reduced equivalent for the
phase conductors abc is:

’ ’ ’
zaa zab zac Ia AVa

’ ’ ’ _

’ ’ ’
zca zcb zcc Ic A‘]c

If for any reason the neutral current I, needs to be calculated, this can be done by
an expression out of (4.27) once the phase currents are known.
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I = —[zﬂ]la - [zﬂjlb - (Z )IC (4.29)
zm’l z?’l?’l znn

When several ground wires are part of the arrangement, the partial inversion pro-
cedure is repeated as many times as ground wires are present.

Example 4.3

For Example 4.1 calculate the reduced reactance matrix assuming that the rightmost
conductor is a ground wire.

Reduced Inductance matrix Ohms/km
Xreduc =
0.34722165179594 -0.10452413233457
-0.10452413233457 0.34722165179594

4.2.5 Line Transposition

In practice, power system engineers try to design and operate their transmission
lines in a balanced condition. To come close to having a balanced condition (from
the point of view of the geometric distances), some conductor rearrangement is
practiced. If conditions are favorable, a change in abc arrangement is conducted at
distances 1/3 and 2/3 of the total length of the transmission line.

The first segment can be labeled as abc sequence, the second as cab, and the
third as bca (as depicted in Figure. 4.10). Ideal geometrical consideration can be
put into practice from the sending to the receiving end; then, the line will be nearly
balanced (perfectly balanced only if conductors are at the corners of an equilateral
triangle, which hardly happens in a real situation).

The calculation of impedance values start with the first section in order abc,
followed by a physical arrangement as cab for the second section. The abc order is
rearranged as the second section by a premultiplication by matrix R, and a post-
multiplication by the transpose of R,.The original array abc turns to be cab.

001 Z4a zab Zae 010 Ree Req zcb
RZZabcRé = 100 zba zbb zbc 001 = zac zaa zab (430)
010 zca zcb zcc 100 zbc zba zbb

A transformation matrix R; and its transpose will change the original abc arrange-
ment into third section bca in Figure 4.10.

a C b
b a C
C b a

Figure 4.10 Transmission line transposition at every 1/3 of its length.
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010 zaa zab zac 001 zbh zbc zba
RZ,Ri=10011 2, 2,%/[100]|=|z2, 2 z, (4.31)
100 zca zcb zcc 010 zab zac zaa

The impedance matrix for the total length of the transposed transmission line will
be obtained in general as in (4.32), considering section lengths [, [,, and /5 to make
the total line length long.

Ztot = long(llzabc + lZRZZabCI{tZ + l3R3ZabcR§) (432)

Example 4.4

Assuming a reactance matrix in ohms for a three-phase conductors and in each
section as:

51 4 2
Z, =i 4 52 3
2 3 53

Find the total reactance if the transposed arrangement is done at 1/3 of the total length.

7= j*
5.1000  4.0000  2.0000
4.0000  5.2000  3.0000
2.0000  3.0000  5.3000

R2 =
0 0 1
1
0 1 0
R3 =
0 1
0 0 1
1 0
/Tl = j*
5.3000 2.0000 3.0000
2.0000 5.1000 4.0000
3.0000 4.0000 5.2000
/T2 = j*
5.2000 3.0000 4.0000
3.0000 5.3000 2.0000
4.0000 2.0000 5.1000
/total = j*

5.2000 3.0000 3.0000
3.0000 5.2000 .0000
3.0000 3.0000 5.2000

w
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4.2.6 Sequence Impedances

In many instances, after the phase equivalent impedances abc are obtained, one
more step is required to find the zero, positive, and negative sequence impedances
for the transmission line. The voltage drop on the abc phases can be transformed
to the 012 sequence domain. This is done using the symmetrical transformation
matrix Tgand Tg' in (3.22).

AVa z:m Z;b Z;C Ia
AV, | = z;a z;b z;c I, (4.33)
A‘/c z;a z;b z;c Ic
Lpe = Tgloys (4.34)
AV, =TAV,,
A‘/0 Zz’m Z;b Z:zc IO
_ -1 ’ ’ ’
AV, | =T %, 3, %, [T L (4.35)
AVZ zca Zcb zcc 12
2o Ry Zuc
_ 71 ’ ’ ’
Zo =I5 | 2, %y %, |T§ (4.36)
z;a Z;b z;c

The impedance transformation (4.36) from abc to 012 is a step from which the zero,
positive and negative sequence impedances for a transmission line are determined.
For the completely transposed line its sequence impedance are decoupled; no mutual
impedances among sequences. In the case of three-phase lines with double circuit,
ground wires are eliminated, bundled conductors are reduced to an equivalent
conductor, and transpositions arrangements are worked out. An equivalent phase
impedance matrix 6x6 is then obtained.

I 1,1
784 = Zabc Zabc (4 37)
abe — ZH,I 11,11 :
abc abc

To find the sequence values of impedances 012 for this type of transmission line,
symmetrical component transformation is carried out as shown in (4.38).

74 — ’TS_1 0 Zibc ZiLIcI TS 0 (4 38)
012 - .
o T || Zi zii | o T,

Ts and T§' are the matrix of the symmetrical component transformation and its
inverse; each one of the matrices in (4.38) are 3x3 matrices. The importance of this
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4.3

discussion is that all mutual effects among positive and negative sequence imped-
ances are zero, except the mutual effect between the zero sequence for circuit 1 and
the zero sequence for circuit 2. This mutual value is important when zero sequence
current flows in one circuit (i.e., due to unbalanced fault, which we will cover in
Chapter 9, and induces zero sequence voltage in the neighboring circuit.

Earth Return

Practical transmission lines are suspended above Earth by insulation arrange-
ments supported by steel or pole structures with a finite height with respect to
an ideal flat surface; Earth itself might be used as a current return path. Early in
the last century, Carson, Rudenberg, and other researchers studied this operating
condition using theoretical considerations and measurements that were conducted
on existing communication lines [1, 4—6]. As a result, for unbalanced operating
condition, Earth can be represented by an equivalent conductor with resistance,
self, and mutual reactance that depends on frequency f in Hz and soil resistivity
p in Q-m. Various expressions were derived and published in the open literature
by Rudenberg, Carson, and Clarke [1] as a way to include Earth return correction
terms to the geometric inductance, which is calculated under the assumptions
established in (4.17).

The system’s frequency fin Hz and the earth resistivity influence the equivalent
depth D, of the equivalent earth conductor. A value of resistance R, is also present.

D, = 658.37@ m (4.39)

R, = m? x107*f = 9.869x 107*f Q/km (4.40)

Carson’s result for the field equation was obtained as a series expansion, so the first
term in the series is known as first correction [4, 5]. The series impedance matrix for
a three-phase arrangement of conductors includes resistance and some correction
terms to the resistance and the reactance as in (4.41) (see Figure 4.11).

Zaa Zab zac TM 0 0 111
o 2y e |=| 0 1, O |+R,| T 11
zca zcb zcc 0 0 756 rid
(4.41)
. UUGMR, 1/d,  1/d, 111
+5%2Indl U, UGMR, 1dy, |+{D| 111
1d,  1/d,, 1/GMR, 111

To have a sense of the numerical difference in transmission line impedance calcu-
lation when no return path is included, assuming a perfectly balanced geometric
configuration, and when we recognize the unbalanced nature of the line due to
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>
Akk o o

14 m

X

Figure 4.11 Transmission line arrangement to calculate series impedance.

nonsymmetric geometry in the conductors arrangement, we provide the follow-
ing example.

Example 4.5

For a temperature of 25°C, an arrangement of three copper conductors, 250 MCM,
and 12 strands are in a horizontal arrangement (see Figure 4.11). The line length is
65 km, Earth is used as return path, and the transmission line operates at 60 Hz.
Conductor’s diameter is 0.6 in (0.01524 m), the GMR as listed by the manufacturer
is 0.01902 ft (0.005792 m), resistance at 25°C is 0.257 Q/mi (0.159727 Q/km),
and current carrying capacity of 540 Amps. Earth resistivity p = 100 Q-m and no
transposition. Calculate the total series impedance matrix in ohms/km using the
geometric inductance only.

In a second step, include the first Carson’s correction (4.41) to include Earth
return, which is required when we have an unbalanced condition; this is the case
due to the horizontal arrangement of the phase abc conductors.

Number of conductors = 3

Frequency = 60 Resistivity = 100 long = 65.0

i x(1) y(i) GMR (1) res(i) code(i)

1 0.000 14.000 5.797296e-003 1.597265e-001 0

2 3.000 14.000 5.797296e-003 1.597265e-001 0

3 6.000 14.000 5.797296e-003 1.597265e-001 0

De = 849.94943

Rd = 0.059214
/reduc =

0.2189405 + 0.89709031 0.059214 + 0.42583001 0.059214 + 0.37355701
0.059214 + 0.42583001 0.2189405 + 0.89709031 0.059214 + 0.42583001
0.059214 + 0.37355701 0.059214 + 0.42583001 0.2189405 + 0.89709031
Example 4.6

Apply the transposition arrangement shown in Figure 4.8 to the conductor’s in
Example 4.5 at exactly 1/3 of its total length for the second section and at 2/3 for
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logtr
/Tl =
14.
3.
3.
T2 =
14.

the third section. Calculate the 012 sequence impedance values for the transmission
line once the transposition is carried out.

ansp = 0.3333333 0.3333333 0.3333333

2311 +58.31091 3.8489 +24.2812i 3.8489 +27.67901
8489 +24.28121 14.2311 +58.31009i 3.8489 +27.67901
8489 +27.67901 3.8489 +27.67901 14.2311 +58.3109i

2311 +58.31091 3.8489 +27.67901 3.8489 +27.67901

.8489 +27.67901 14.2311 +58.31091 3.8489 +24.28121
.8489 +27.67901 3.8489 +24.28127 14.2311 +58.3109i

.231135 + 58.3108691 3.84891 + 26.546371 3.84891 + 26.546371
.84891 + 26.546371 14.231135 + 58.3108691 3.84891 + 26.546371
.84891 + 26.546371 3.84891 + 26.54637i 14.231135 + 58.3108691
= 1.0e+002 *
.2193 + 1.1140i -0.0000 - 0.00001 -0.0000 - 0.0000i

0 + 0.00001 0.1038 + 0.31767i -0.0000 - 0.00001
.0000 + 0.00001 0.0000 + 0.00007 0.1038 + 0.31761

Carson’s equations were modified by Clarke and gave a more elaborate set of equa-
tions [1, 4]. Later, various authors contributed to the formulas that can be consulted
in the references [4—6]. Corrections higher than the first order can be included;
this step is specifically needed when transmission line studies are to be related to
high-order harmonics in the power system and for frequency response studies of
the transmission line.

Carson proposed an infinite series solution to the field equations and Clarke
modified the expressions [1]. The proposed series converges rather quickly for values
of constant k in transmission lines at 60 Hz or less, for £ < 1 when conductors are
located at coordinates (x, ») in meters as shown in Figure 4.12. The k values are
calculated depending on the self (own conductor) or mutual (between two conduc-
tors) and are used in (4.45) and (4.46), respectively.

a(x,, hy)

bl

a’o

Figure 412 Geometric distances of conductors and their images below the Earth plane.
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k= 4mh, g 6=0 (4.42)

2f b +h
k =2rS . [— 6 = cos!| 2L 4.43
‘mutual ab p ( Sab ] ( )
S, = \/(xb - xa)2 + (ha + hb)z (4.44)
r_ 1 K 2\), R, .
Z, = rie ﬁcose + Ecos20(0.6728 + ln(z)j + Resmze
+45ﬁcos39 - 1’,57COS4(9 + ...
1 2 1 nk? b3
ZQ =-0.0386 + Eln[z) + ﬁkcose — 6—4c0529 + YENG] cos30
k. L4 2 (4.46)
_ m9s1n49 - mcos49(l.0895 + ln(z)) + ...

The results (4.45) and (4.46) are to be used in the impedance calculation (4.47)

and (4.48).
Zpy = 2t j2wln(4§“] +40(Z, + Z,) (4.47)
Z,, = ijln(S:Z] + 4a>(z,, + jZQ) (4.48)
Zaa Conductor internal impedance, ohms/km
d Conductor diameter, meters

h,, b, Height above Earth plane, meters

S Distance between conductor a and image of conductor b, meters
Sab Distance between conductor a and conductor b, meters
[0) Angular frequency, rad/s
f System frequency, Hz
Example 4.7

Use ground return correction for impedance calculation of a single circuit 400 kV
line with two conductors per phase and two ground wires. We use a code to identify
the role of the conductor: 0 for a retained conductor, —1 for a ground wire, and a
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number to make a bundled conductor. A reduced impedance matrix is calculated
by bundling the phase conductors and eliminating the ground wires. A complete
transposition is assumed by abc, cab, and bac arrangements. The 012 sequence
impedance values are calculated.

400 kV Tline, FINCH ACSR 1113 MCM (54/19), two ground wires
Imax = 1,110 Amperes

This case has horizontal arrangement a-a, b-b, c-c

Length = 1.000000

Transpositions = 0.000000 1.000000 1.000000
Longnspositions = 0.333333 0.333333 0.333333

Number of conductors = 8
Frequency = 60
Resistivity = 100
i x(1) y(i) GMR (1) res(i) code(1)
1 -11.52 26.75 1.107440e-003 6.022370e-002 0
2 -0.23 26.75 1.107440e-003 6.022370e-002 0
3 11.07 26.75 1.107440e-003 6.022370e-002 0
4 -11.07 26.75 1.107440e-003 6.022370e-002 1
5 0.23 26.75 1.107440e-003 6.022370e-002 2
6 11.52 26.75 1.107440e-003 6.022370e-002 3
7 -6.96 35.30 6.334000e-004 4.039770e+000 -1
8 6.96 35.30 6.334000e-004 4.039770e+000 -1
Impedance in Ohms/km
7 =
Column 1 to 3
0.1157555 + 1.02581311 0.0555199 + 0.32992011 0.0554843 + 0.27767011
0.0555199 + 0.32992011 0.1157555 + 1.02581311 0.0555199 + 0.32992011
0.0554843 + 0.27767011 0.0555199 + 0.32992011 0.1157555 + 1.02581311
0.0555318 + 0.57288121 0.0555208 + 0.33298651 0.0554862 + 0.27918731
0.0555189 + 0.32697351 0.0555318 + 0.57288121 0.0555208 + 0.33298651
0.0554824 + 0.27618291 0.0555189 + 0.32697351 0.0555318 + 0.57288121
0.0550002 + 0.34208631 0.0549981 + 0.33330711 0.0549736 + 0.28762971
0.0549722 + 0.28610571 0.0549975 + 0.33136481 0.0550006 + 0.34368501
Column 4 to 6
0.0555318 + 0.57288121 0.0555189 + 0.32697351 0.0554824 + 0.2761829i
0.0555208 + 0.33298651 0.0555318 + 0.57288121 0.0555189 + 0.32697351
0.0554862 + 0.27918731 0.0555208 + 0.33298651 0.0555318 + 0.57288121
0.1157555 + 1.02581311 0.0555199 + 0.32992011 0.0554843 + 0.27767011
0.0555199 + 0.32992011 0.1157555 + 1.02581311 0.0555199 + 0.32992011
0.0554843 + 0.27767011 0.0555199 + 0.32992011 0.1157555 + 1.02581311
0.0550006 + 0.34368501 0.0549975 + 0.33136481 0.0549722 + 0.28610571
0.0549736 + 0.28762971 0.0549981 + 0.33330711 0.0550002 + 0.34208631
Column 7 to 8
0.0550002 + 0.34208631 0.0549722 + 0.28610571
0.0549981 + 0.33330711 0.0549975 + 0.33136481
0.0549736 + 0.28762971 0.0550006 + 0.34368501
0.0550006 + 0.34368501 0.0549736 + 0.28762971
0.0549975 + 0.33136481 0.0549981 + 0.33330711
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0.0549722 + 0.28610571 0.0550002 + 0.34208631

4.0942551 + 1.06919101

o

.0544692

+

0.31538571

0.0544692 + 0.31538571 4.0942551 + 1.06919101

Impedance in Ohms/km

/reduc

0.1227019 + 0.77032931 0.0944459 + 0.29979671 0.0917895 + 0.2488227i

0.0944459 + 0.29979671 0.1269475

+
(e

.76792151 0.0944459 + 0.29979671

0.0917895 + 0.24882271 0.0944459 + 0.29979671 0.1227019 + 0.77032931

/T1

0.1227 + 0.77031 0.0918 + 0.2488i 0.0944 + 0.2998i

0.0918 +

o

.24881

o

L1227 + 0.7703i

o

.0944

+
o

.2998i

0.0944 + 0.2998i 0.0944 + 0.2998i 0.1269 + 0.76791

T2 =

0.1269 + 0.76791 0.0944 + 0.2998i 0.0944 + 0.29981

0.0944

+
(@)

.2998i 0.1227 + 0.7703i 0.0918 + 0.2488i

0.0944 + 0.29981 0.0918 + 0.2488i 0.1227 + 0.77031

/total

0.1241 + 0.76951 0.0936 + 0.28281 0.0936 + 0.2828i

0.0936 + 0.2828i 0.1241

+
o

.76951

o

.0936 + 0.2828i

0.0936 + 0.28281 0.0936 + 0.28281 0.1241 + 0.76951

2012 =

0.3112 + 1.3351i -0.0000 0 + 0.00001

4.4

0 - 0.00001 0.0306 + 0.48671 0.0000 - 0.00001
0 - 0.00001 0.0000 - 0.00001 0.0306 + 0.48671

As can be seen from results, a complete transposition restores the balanced condition
and helps to get a decoupled sequence matrix. An extension to the series impedance
calculation might be to have various three-phase circuits running close to each other
using the same right of way. Section 4.8 shows the nature of coupling between vari-
ous circuits one 400 kV line and one 230 kV with a double circuit configuration.

Gauss Law and Capacitance

At every instant transmission, lines have an electric charge distribution. In a more
general sense, a transmission line is subject to electromagnetic phenomena when
used as an electric energy waveguide. In Section 4.2, the magnetic field concept
was used to characterize the series impedance of the transmission line. Now, an
electric line charge arrangement is visualized in free space and by the use of Gauss’
Law, the potential with respect to a reference is obtained, the potential coefficients
are determined, and the capacitance values for an arrangement of conductors with
radius 7 (meters). Let us start with a single conductor (see Figure 4.13).

[[D-ds=q=pl C (4.49)
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N2
M

Figure 4.13 Linear density p of electric charge, field configuration.

_ 4 2
D= Sl C/m (4.50)

p=P__9 1y, (4.51)
g, 2me,r

Electric displacement field, coulombs/m?

D

(@) Electric charge, coulombs

P linear charge density, coulombs/m
E

Intensity of electric field, volts/m

& = 8.854187 F/m vacuum permittivity

V, =V, +V,=[E-dr+V,+ [E -dr+V, V (4.52)

h n

1

dp=-

v

Figure 4.14 Potential at point p due to charges g; and g,.
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. P 1 &
V, = zﬂeo{ln(rquﬂn( , g, |[+V, +V,

—_

p (4.54)
1
V, = ln(ﬁjq
2 2nme, r )2
In a similar way for the point p at the surface of conductor 2, radius 7,:
1 d r
—_ 1nl %12 Inl 2
Y 2”80[11( h jq1+ n(rzjq2}+V1+V2 4.55
V., =+ ! In h -
1 T2, n %
Results in (4.54) and (4.55) are in matrix from:
1 1
V rod.,
1 _ 1 In " 12 4 (4.56)
V,| 2me, 11 9

£}

One condition that must be satisfied is that the net electric charge g, + g, = 0.

4.41 Potential at Midpoint Between Two Electric Charges

When point p is displaced to a point between the two electric charges, as in Figure
4.15, by (4.53), then using (4.54) and (4.55) with §;, = S,, and 7, = 7;:

_ 1 Sp1h
V =- In| == 1gq,+V,+V, =0 (4.57)
b 2re, S

4.4.2 Conductors Parallel to an Ideal Equipotential Plane

From results in (4.57), the image concept can be used to study the electric charge
arrangement on overhead conductors, and to have an opposite charge arrangement

A d1

v

Figure 4.15 If point p is moved to the midpoint between g; and g,.
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,v!
CH.

Figure 4.16 Parallel conductors over an ideal plane, charges g, and g,, images g7 and g5

underneath an ideal plane. For illustrative purposes, consider in Figure 4.16, two
charges g and ¢, at height »; and b, and corresponding images beneath the ideal
plane. For the arrangement of conductors and electric charges imposing physical
conditions: V1 =-V,, V5 =-V,, g1 =—q; and g5 = —¢5.

2 S,
Vi 1 no S 4
= 4.58
M E 9
S h

In a condensed matrix, the expression for (4.58) is:
V =Iplq (4.59)

2h S,

1 oS
= 4.60
P= 2 5 o (4.60)

S51 0 h

4.4.3 Capacitance and Shunt Admittance

Matrix [p, (5.59)] is known as the matrix of potentials and its inverse is the capaci-
tance matrix [C].

q=I[CJV (4.61)

[C]=[pI'! (4.62)
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The shunt admittance matrix (siemens/km) for AC operation at a frequency fin Hz is:

Y, = j27f[C] (4.63)

In summary, the process in (4.56) gives a set of potential coefficients with no con-
sideration to the Earth plane and (4.58) calculates the set of potential coefficients
by the image method. This last procedure includes the effect of an ideal Earth plane
as presented in this section.

Example 4.8

For a set of three conductors arranged in three-phase abc (Figure 4.17), with radius
0.015 m, calculate the potential matrix [p], and the capacitance matrix [C]; do not
consider the Earth plane. Compare the values obtained if the Earth plane is repre-
sented by the image method. Calculate the abc shunt admittance matrix and apply a
complete transposition assumption to calculate the sequence 012 shunt admittances.

f =60

r =0.0150

x = 0.0 2.5000 5.0000
y = 15.0000 19.3301 15.0000
P:

66.6667 0.2000 0.2000
0.2000 66.6667 0.2000
0.2000 0.2000 66.6667

C =

0.0253 0.0157 0.0157
0.0157 .0253 0.0157
0.0157 0.0157 0.0253

()

2.5m

15m

N
[0
3

v

Figure 4.17 Three conductors abc and distances over an ideal plane.
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YC =
0 + 9.52131 0 + 5.91601 0 + 5.91601
0 + 5.91601 0+ 9.52131 0 + 5.91601
0 + 5.91601 0 + 5.91601 0+ 9.5213i
The results considering images to include Earth plane are:
Pim =
1.0e+003 *
2.0000 0.0069 0.0061
0.0069 2.5774 0.0069
0.0061 0.0069 2.0000
Cim =
0.0081 -0.0016 -0.0015
-0.0016 0.0079 -0.0016
-0.0015 -0.0016 0.0081
YCim =
0 + 3.04501 0 - 0.6082i 0 - 0.5689i
0 - 0.6082i 0 + 2.96521 0 - 0.6082i
0 - 0.5689i 0 - 0.6082i 0 + 3.04501
YT1 =
0 + 3.04501 0 - 0.5689i 0 - 0.6082i
0 - 0.5689i 0 + 3.04501 0 - 0.6082i
0 - 0.6082i 0 - 0.6082i 0 + 2.96521
Y12 =
0 + 2.96521 0 - 0.6082i 0 - 0.6082i
0 - 0.6082i 0 + 3.04501 0 - 0.5689i
0 - 0.6082i 0 - 0.5689i 0 + 3.04501
Ytotal =
0 + 3.01841 0 - 0.59511 0 - 0.59511
0 - 0.59511 0+ 3.01841 0 - 0.59511
0 - 0.59511 0 - 0.59511 0 + 3.01841
Y012 =
0 + 1.82821 0 - 0.0000i 0.0000 + 0.000071
0 0.0000 + 3.6135i 0.0000 - 0.00001
0 - 0.00001 0.0000 - 0.0000i -0.0000 + 3.6135i
4.5 Calculation of Cable Parameters

Underground cables are an important part in some electric system configurations
where overhead layouts are prohibited or undesirable (i.e., in metropolitan areas,
off-shore interconnections, and protected areas). Usually, the distances covered are
not very long; contrary to the overhead lines and cables. However, electric and mag-
netic characteristics are very important, especially for the shunt capacitive admit-
tance. In general, Carson’s equations can be applied, considering the constitutive
conductors and insulation arrangements. To obtain the equivalent series impedance
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- (@) (&) @&

Neutral Phase conductors, insulation, and neutral

Figure 4.18 Horizontal underground arrangement, including a neutral conductor.

and the shunt admittance, we use the same mathematical procedures as the ones
already used for the overhead lines. We can eliminate neutral conductors and shield
arrangements (Figure 4.18) applying electrical conditions and the partial inversion
process to the set of equations in the model.

4.5.1 Cable Series Impedance

For a concentric cable (Figure 4.19) used as a neutral:

R Radius of concentric neutral strands, meters
Sph Phase conductor diameter, meters

Son Diameter over concentric neutrals, meters
s, Diameter of neutral strands, meters

GMR,, Geometric mean radius of phase conductor, meters

GMR,  Geometric mean radius of neutral strands, meters

Toh Resistance of phase conductor, Q/km
7, Resistance of neutral strand, Q/km
k Number of neutral strands in the concentric arrangement

A table for conductor’s data has values of GMR,;, and for the neutral strand; from
here, an equivalent GMR, is calculated for a concentric neutral.

GMR_ = {/GMR kR*T R = (52—_5) (4.64)

The resistance (ohms/km) in a concentric neutral as:

Sph Son

Figure 4.19 Cross section for a concentric cable.
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(4.65)

?@‘|:"

cn

Let us consider the spacing for concentric neutral and phase conductors as follows:

S =

Z

(4.66)

R Concentric neutral conductor to its own phase
S, Concentric neutral conductor to adjacent conductor

The geometric mean distance between a concentric neutral and an adjacent phase
conductor is calculated using the center-to-center distance between phase conductors.

=4SF —R'=S m (4.67)

if

R = (Sonz— Sn) _ (0032760 ; 0001628) =0.01556

Example 4.9

In Figure 4.18, a three-cable arrangement is horizontal. Cables are 250 MCM AA
phase conductor, 15 kV, aluminum with 13 strands of #14 annealed copper wires

to form a 1/3 neutral, R =(s,,, — s,)/2 = (0.032760 — 0.001628)/2 = 0.01556.

R radius of concentric neutral strands, meters
spp = 0.0144 m phase conductor diameter

Son = 0.032760 m diameter over concentric neutrals

s, =0.001628 m diameter of neutral strands

GMR,;, = 0.005212 m  geometric mean radius of phase conductor
GMR,, = 0.0006339 m geometric mean radius of neutral strand

rpp = 0.2548 Q/km resistance of phase conductor
r,=9.243 Q/km resistance of neutral strand
k=13 number of neutral strands in the concen-

tric arrangement

Figure 4.20 Spacing for a concentric neutral and a phase conductor.

Smn
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Figure 4.21

0.20 m
Horizontal underground arrangement, concentric neutral.

0.20m

The GMR for the concentric neutral is GMR,, =
0.0148 m. The equivalent resistance of the concentric neutral in ohm/km is 7.,
r./k = 9.243/13 = 0.711.

Assuming a geometric configuration as in Figure 4.18: the distances in meters
are: §;; = R = 0.01556 concentric neutral to its own phase and S;; = 0.20 concentric
neutral to adjacent concentric neutral (see Figures 4.20 and 4.21). Then the series
impedance in Q/km is:

Z=
Columns 1 through 5
0.3140 + 0.90491 0.0592
0.0592 + 0.62991 0.3140
0.0592 + 0.57761 0.0592
0.0592 + 0.82241 0.0592
0.0592 + 0.62991 0.0592
0.0592 + 0.57761 0.0592
Column 6
0.0592 + 0.57761
0.0592 + 0.62991
0.0592 + 0.82241
0.0592 + 0.57761
0.0592 + 0.62991
0.7702 + 0.82611

+ + + + + +

0.62991
0.90491
0.62991
0.62991
0.82241
0.62991

0.0592
0.0592
0.3140
0.0592
0.0592
0.0592

+ o+ + o+ o+ +

0.57761
0.62991
0.90491
0.57761
0.62991
0.82241

0.0592
0.0592
0.0592
0.7702
0.0592
0.0592

+ + + + + +

0.82241
0.62991
0.57761
0.82611
0.62991
0.57761

0.0592
0.0592
0.0592
0.0592
0.7702
0.0592

+ + + + + +

1J(0.0006339)(13) (0.01556)"

0.62991
0.82241
0.62991
0.62991
0.82611
0.62991

The Z,,. and Z, series impedance matrix for the original phase arrangement are
used to calculate, Z,,, assuming a complete transposition at 1/3 and 2/3 of the cable

length. Finally sequence impedances are calculated. All results in Q/km.

/reduc =
0.5019
0.1945
0.1720

012ut =
0.8737
-0.0034
-0.0018

()

o

. 28861
.0155i
.01241

.29271
.00411
.00501

()

.1945
.4952
.1945

.0018
.3126
.0320

+
(@)

o

.01551
.26361
.015571

.00501
.27414
.00157

o

.1720
.1945
.5019

.0034
.0147
.3126

+
o

()

.01241
.0155i
. 28861

.00411
.02841
.27411
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Ztot =
0.4996 + 0.2803i 0.1870 + 0.0062i 0.1870 + 0.0062i
0.1870 + 0.0062i 0.4996 + 0.2803i 0.1870 + 0.0062i

0.1870 + 0.00621 0.1870 + 0.00621 0.4996 + 0.28031

0.8737 + 0.2927i -0.0000 + 0.00007 -0.0000 + 0.00001

-0.0000 + 0.00001 0.3126 +

()

.27411  -0.0000

+
(@)

.00001

0.0000 -0.0000 - 0.0000i 0.3126 + 0.27411

For the tape shielded cables in Figure 4.22.

Sph phase conductor diameter, meters

Sod outside diameter over jacket, meters

S, outside diameter of tape shield, meters

GMR,, geometric mean radius of phase conductor, meters
GMR,, geometric mean radius of neutral strand, meters

T resistance of phase conductor, Q/km

7, resistance of neutral strand, Q/km

k number of neutral strands in the concentric arrangement

4.5.2 Cable Shunt Capacitance

From Section 4.4 and the geometry shown in Figure 4.23, the capacitance between
the conductor’s core and its sheath relates the electric charge g and the electric
potential V to allow the capacitance C calculation and the capacitive susceptance
Be, £ = 8.854 x 1012 F/m, B in (4.69) is in uS/km.

2re, 0.0556325
1 ln[ﬁj ln(ﬁ] 4.68)
n "
B. = 27fC = w (4.69)
ln[r’ij
TDC
Ss Sod

Figure 4.22 Cross section for a tape shielded cable.
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Conductor’s core

Core insulation

Sheath

Armor

Figure 4.23 Cross section for a one-phase armored cable.

The capacitance in insulation from core to sheath, assuming a known relative per-
mittivity and from sheath to the armor where €, = €..&,.

C

2re e
= — % = 0'055632586’5 uF/km (4.70)
2 7,
IH[AJ ln(i)
rOC rOC

c =20556325 . pkm (4.71)

sa sa
ln(hj
r
oS

Relative permittivity €7, is a complex number with components that depend on fre-
quency. At low frequencies, as is the case in electric power systems, only the real
part is significant at a steady state.

4.5.3 Three-phase Cables

For three-phase cable arrangements using single core cables with screen, the phases
are laid parallel to each other so that there is no electric coupling between phases.
A different layout is the pipe type where phases can be arranged as a triangular

arrangement or cradle

Table 4.1 Real Part of &

configuration (see Figure 4.24).

Material

Real part of relative permittivity

Solid impregnated paper
Oil filled impregnated paper
Oil pressure pipe type

Butyl rubber

EPR

XLPE

Polyethylene PE

Polyvinyl chloride PVC

4.0
3.5
3.7
4.0
3.0
2.5
2.3
8.0
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Figure 4.24 Three-phase cable, pipe type cradle arrangement.

The core-to-sheath capacitance is defined by (4.70) and the mutual capacitance
between phases and the sheath of each phase and the pipe as:

C = 0.0556325 g, uF/km (4.72)

* Radius
In
\/diz + d,f -2d.d, cosb,

For pipe type cable, in a three-phase cable and cradle arrangement.

Example 4.10

Values for pipe and cable radius: 7, = 3.0 and 7, = 1.0. Center of coordinates for
cable k is at (0, 1.0) and d, = 7, — 7. = 3.0 — 1.0 = 2.0. First, the center coordinates
for cable 7, capacitance sheath-armor and capacitance armor-Earth, as in Table 4.2,
as 0;,/2 = arcsin(r/d,) = arcsin(1.0/2.0) = 30°, 8;, = 60° (see Figure 4.235).

Table 4.2 Center Coordinates for Cable i and Capacitances

d, = dkcos(% - 9&) - 2.0cos(% - 60.0°) =1.732

r,—d, sin(f - 60.0°) =3.0- 2.0sin(E - 60.0°) =2.0

2 2
Capacitance 0.0556325¢" 0.3495493f ¢’
core-sheath C,=—F—"—= Ees uF/km B =——7——< fe, uS/km
ln[ isj IH(TLJ
oc rOC
Capacitance 0.0556325¢" 0.3495493f ¢’
sheath-armor C,=—7—= Esa uF/km = —— ¢ fe uS/km
ln( ’”j ln(ri_a]
rOS rOS
Capacitance 25¢" 4954 r
_ 0.0556325¢;, by _ 0.3495493f €, oem

ros

armor-Earth C =—— 4
ae
T
In| 222

B, +1
11’1[ Toa ps ]
Tos
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Core Ic + Core Ic
s _— +
T Bes M fes
Sheath Is Ve Sheath Is N
—’_ —’__
" iB V,
- - ——1PsA C
iBsg
T Vs Amorty, (| Vs
= B A
No armor +
BAE N
AE TNV,
With armor

Figure 4.25 Susceptance values among core, sheath, and armor (when present).

The three-phase abc shunt admittance matrix for the no-armor case has a 6x6
structure. The sheath abc currents are zero; using a partial inversion, we find the
abc equivalent matrix.

yee  yes \ I¢
vl e I B AR 473
Yal;c Yabc Vabc Iabc

ce \4 c I¢
[ (Yab_c) i ]{ Vabc } { V’; } (4.74)

4.5.4 Three-phase Cables, Pipe Type

Mutual capacitance in uF/km between sheaths for each phase and the pipe:

0.0556325¢)

(4.75)

ss,ik r
In > > 4
\/dl. +d, —2dd, cos,
0.05563258;

Csp,ii = 22
In| 2—
nr

Self and mutual impedance in ohms/km for underground cables, for the core con-
ductor with Earth return.

(4.76)

2r? 47!
F(ron.) = 1.0 - 5=y 4 e 1n[’0—cj (4.77)
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Z, =R, +7107f + j4n10‘4f{% f(r,.r )+ ln(%j} (4.78)

Depth of equivalent Earth-return conductor in meters is D, = 658.37/p/f and
U~ is relative permeability for a core conductor.

For sheath with Earth return, self impedance in ohms/km where u’ is the rela-
tive permeability of sheath conductor.

2r? 47!
Flron)=1.0-5"e 4 " 7 m(’r—J (4.79)

7’05 - ris (7’025 - 7'13

r D
Z, =R, + 1074 + j4n10‘4f{%f(ros,ris) + ln(%ﬂ (4.80)

[

Self-impedance for armor with Earth return, impedance in ohms/km, and 1} is the
relative permeability of armor conductor.

22 4
Frn,) = 1.0 = =y ¢ )zln(%] (4.81)

a

’ D
Z, =R, +7107°f + /'471104]{% f(r,r,)+ ln(—ﬂ (4.82)

roa

The mutual impedance in ohms/km between core or sheath or armor i and core,
sheath or armor j including earth return effect, where §;; is the distance between
centers of cables 7 and j from different cables i # j

D
z, = n 107 f + j4n104fln(%] (4.83)

i

For the same cable, the distance S;; is the GMD between conductors; core and the
sheath of cable j as S;; = (rys + 7;,)/2.

Example 4.11

For a three-phase cable in a flat arrangement and 275 kV, f = 50 Hz, Earth resistiv-
ity = 20 Q-m.
Cu Core inner radius, oil duct = 0.0068 m, outer radius = 0.0219 m, u, = 1.0,
R,. = 0.01665 Q/km.

Core’s insulation paper with u, = 1.0 and ¢, = 3.8.
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Lead sheath inner radius = 0.0379 m, outer radius = 0.0409 m, u, = 1.0, R,
=0.28865 Q/km.
PVC over-sheath thickness = 0.003 m, u, = 1.0, €, = 3.5.
Capacitance and Shunt admittance for cable arrangements
inner r(m) core r(m) relative mu ac-R (Ohms/km)
0.006800 0.021900 1.000000 0.016655
Core insulation mu-relative permittivity
1.000000 3.800000
Lead sheath
inner r(m) outer r(m) mu-relative ac-R (Ohms/km)
0.037900 0.040900 1.0000 0.288650
PVC over-sheath
thickness(m) mu-relative ac-R (Ohms/km)
0.003000 1.0000 3.500000
frequency (Hz) Capacitance (micro-F/km) Susceptance (micro-S/km)
50.0000 C_CS = 0.385446 B_CS =+ 121.0915
50.0000 C_0S = 2.750806 B_COS =+ 864.1911
YshuntC =
1.0e+002 *
Columns 1 through 4
0 + 1.2109i 0 0 0 - 1.2109i
0 0 + 1.2109i 0 0
0 0 0+ 1.2109i 0
0 - 1.2109i 0 0 0 + 9.8528i
0 0 - 1.2109i 0 0
0 0 0 - 1.2109i 0
Columns 5 through 6
0 0
0 - 1.2109i 0
0 0 - 1.2109i
0 0
0 + 9.8528i 0
0 0 + 9.8528i
Solidly bond cable, Vs =0
Admittances in micro-S/km
YeqABC =
1.0e+002 *
0 + 1.2109i 0 0
0 0 + 1.2109i 0
0 0 0 + 1.2109i
Phase A Phase B Phase C
Voltage = 158.77 -79.39 -79.39 kv

+j +0.00 +j -137.50 +j +137.50
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Current = 0.00 16.65 -16.65 A
+j +19.23 +J -9.61 +Jj -9.61

Power § = 0.00 -0.00 0.00 MVA/km
+J -3.05 +j -3.05 +Jj -3.05

Iseries (Q/km)=
Columns 1 through 4

0.0660 + 0.63231 0.0493 + 0.50871 0.0493 + 0.46511 0.0493 + 0.57991
0.0493 + 0.50871 0.0660 + 0.63231 0.0493 + 0.50871 0.0493 + 0.50871
0.0493 + 0.46511 0.0493 + 0.50871 0.0660 + 0.63231 0.0493 + 0.46511
0.0493 + 0.57991 0.0493 + 0.50871 0.0493 + 0.46511 0.3380 + 0.58141
0.0493 + 0.50871 0.0493 + 0.57991 0.0493 + 0.50871 0.0493 + 0.50871
0.0493 + 0.46511 0.0493 + 0.50871 0.0493 + 0.57991 0.0493 + 0.46511
Columns 5 through 6
0.0493 + 0.50871 0.0493 + 0.46511
0.0493 + 0.57991 0.0493 + 0.50871
0.0493 + 0.50871 0.0493 + 0.57991
0.0493 + 0.50871 0.0493 + 0.46511
0.3380 + 0.58141 0.0493 + 0.50871
0.0493 + 0.50871 0.3380 + 0.5814i

No armor

Impedances in Ohms/km

ZeqABC =
0.1278 + 0.12771 0.0887 - 0.00111 0.0719 - 0.02371
0.0887 - 0.00111 0.1186 + 0.10581 0.0887 - 0.00111

0.0719 - 0.0237i 0.0887 - 0.00111 0.1278 + 0.12771

lZeq012 =
0.2910 + 0.1031i -0.0011 - 0.0023i -0.0014 + 0.00211
-0.0014 + 0.00211 0.0416 + 0.12901 -0.0122 + 0.02351

-0.0011 - 0.00231 0.0265 - 0.0012i 0.0416 + 0.12901

4.6 Geometric Mean Radius

The concept of geometric mean radius (GMR) can be expanded from the definition
(4.12) given for a solid conductor. Let us include various strands that carry a given
amount of current I. The procedure is shown for three (see Figure 4.26) and for
four (see Figure 4.27) strands arrangement.

2R

Figure 4.26 Cross section for a three-strand conductor.
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M (3)

@) 4

2R

Figure 4.27 Cross section for a four-strand conductor.

Three strands:
GMR, = Re™V/4 (4.84)

For three conductors, the flux linkage equations as in (4.16). with i; =i, = i3 = I/3
and its GMR as in (4.86).

(A +A4,+4) w1 1
A e P I — 4.85
3 279"\ (GMR,) (2R (4.85)

RMG = gJ(Re™*) (2R)" = R(4e*)"” = 1.46048R (4.86)

Four strands where distances are: dy, = dj3=dys =d3s =2R and dyy = dy; = 2V2R .
Currents are: i; = i, = i3 = iy = /4 using (4.16) the flux linkages can be written as in
(4.87) and the equivalent GMR as in (4.88).

Gt A A B T L - (4.87)
4 2716 | (GMR, )  (2R)*(2V2R)

RMG = 'f(Re™"*)' (2R)} (2v2R) = R(8vZe )" = 1.72289R  (4.88)

4.7 Equivalent Height

Calculate an equivalent height of an overhead transmission line that has a catenary
form (assuming that it can be approximated to a parabola; see Figure 4.28). The
conductor’s sag between supports are: x =0, y = y,,,, x = d/2, y = y,. Constants for
(4.89) are: y,,, = b, y, = k(dI2)* + y,,, and k = (y, — y,,)/(d/2)>.

y =k +b (4.89)
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Transmission Line parabola sag approximation
25 ‘ ‘ ‘

20

15¢ 1

10t 1

Vertical height, meters

0
-100 -50 0 50 100
Horizontal distance, meters

Figure 4.28 Sag estimation by means of approximation to a parabola.

The parabola equation is:

— yt_ysm 2 4.90

The equivalent height y,, times the distance between supports d can be made equal
to the area enclosed from —d/2 to +d/2 by the parabola (4.90) with sag =y, - y,,,,.

19, = Youo(dY sag
J—— sm — = — .91
Yea T d 3(d/2) 2(2 T an = 73T Yom @20
o|e o e
° °
o0 ole o0 P Py
° °
400 kV 230 kv
circuit circuits

Figure 4.29 400 kV and 230 kV circuits running in parallel (drawing not to scale).
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4.8 Transmission Lines in Parallel

Assume one 400 kV line and one 230 kV with double circuit configuration, each
arrangement has two shield wires. The 400 kV line has two conductors per phase
and the 230 kV line has two circuits in a vertical arrangement. Data is given below,
distances are in meters, and there is no transposition. Results are shown for series
impedance calculation. Shunt capacitive admittance can be calculated through the
steps outlined in Section 4.4.2.

Number of conductors = 16
Frequency = 60
resistivity = 100 Ohms-m
k x (k) y (k) GMR (k) res(k) code (k)
1 -11.5150 26.7500 1.10744e-003 6.02237e-002 0
2 -0.2250 26.7500 1.10744e-003 6.02237e-002 0
3 11.0650 26.7500 1.10744e-003 6.02237e-002 0
4 21.5000 17.6700 9.95680e-004 6.02237e-002 0
5 21.5000 23.1700 9.95680e-004 6.02237e-002 0
6 21.5000 28.6700 9.95680e-004 6.02237e-002 0
7 28.5000 17.6700 9.95680e-004 6.02237e-002 0
8 28.5000 23.1700 9.95680e-004 6.02237e-002 0
9 28.5000 28.6700 9.95680e-004 6.02237e-002 0
10 -11.0650 26.7500 1.10744e-003 6.02237e-002 1
11 0.2250 26.7500 1.10744e-003 6.02237e-002 2
12 11.5150 26.7500 1.10744e-003 6.02237e-002 3
13 -6.9600 35.3000 6.33400e-004 4.03977e+000 -1
14 6.9600 35.3000 6.33400e-004 4.03977e+000 -1
15 22.6400 32.9200 6.33400e-004 4.03977e+000 -1
16 27.3600 32.9200 6.33400e-004 4.03977e+000 -1
Impedance in Ohms/km
012 =
Columns 1 through 4
( 0.3609 + 1.25701) 0.0111 - 0.0031i ~-0.0219 - 0.00601 0.3331 + 0.6834i
-0.0219 - 0.0060i 0.0311 + 0.48651 -0.0297 0.01811 0.0338 - 0.0537i
0.0111 - 0.00311 0.0303 + 0.0165i 0.0311 0.48651 -0.0480 - 0.04731
( 0.3331 + 0.68341) -0.0480 - 0.0473i 0.0338 - 0.0537i 0.4060 + 1.5880i
-0.0084 - 0.0092i 0.0041 + 0.0037i -0.0040 0.00327 -0.0264 - 0.00961
-0.0044 - 0.0001i 0.0044 + 0.00201 -0.0029 0.0036i 0.0108 + 0.0017i
( 0.3267 + 0.61911) -0.0361 - 0.0345i 0.0221 - 0.0410i 0.3407 + 0.8670i
-0.0081 - 0.0045i 0.0019 + 0.0013i -0.0012 0.00167 -0.0187 - 0.00571
-0.0033 + 0.0037i 0.0016 + 0.0005i -0.0007 0.0013i 0.0044 + 0.0048i
Columns 5 through 8
-0.0044 - 0.0001i -0.0084 - 0.00921 0.3267 0.61917i -0.0033 + 0.0037i
-0.0029 + 0.00367 -0.0040 + 0.00321 0.0221 - 0.04107 -0.0007 + 0.00131
0.0044 + 0.0020i 0.0041 + 0.00371 -0.0361 - 0.03451 0.0016 + 0.0005i
0.0108 + 0.00177i -0.0264 - 0.00961 0.3407 0.86701 0.0044 + 0.0048i
0.0610 + 0.66681 -0.0297 + 0.01801 -0.0194 - 0.0056i 0.0006 + 0.0275i
0.0301 + 0.01661 0.0610 + 0.6668i 0.0041 0.00541 0.0166 + 0.0089i
0.0041 + 0.00547 -0.0194 - 0.00561 0.3966 1.59551 0.0111 + 0.0010i
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0.
0.

0006
0166

Column 9

.0081
.0012
.0019
.0187
.0162
.0006
.0255
.0298
.0609

+ + + +

+
O O OO OO o oo

0.02751 -0.0162 + 0.01017 -0.0255 - 0.00971 0.0609 + 0.6669i
.00891 0.0006 + 0.0275i 0.0111 + 0.00101 0.0301 + 0.0167i

o

.00451
.00161
.00131
.00571
.01011
.02751
.00971
.01801
.66691

The code for each conductor helps us in classifying a conductor as a retained versus
one conductor that is part of a bundle or a conductor that works as a shield wire.
The reduced sequence 012 impedance matrices have information for the zero, posi-
tive, and negative sequences. Mutual effects between zero sequence impedances
to neighboring circuits are not negligible, as highlighted in the first column of the
printout results.
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Transmission Line Loadability

5.1

5.2

Introduction

To plan and properly operate a large electric power system, planning engineers
need to know with reasonable accuracy how much power the new transmission
lines can carry given the changing seasonal demand conditions. Operating engi-
neers in the control center need to monitor how much power various important
lines are carrying. The load that a transmission line will carry depends on various
parameter values, as well as weather conditions (i.e., heat, wind, and rain). Load
ability studies determine how a given transmission line can use its power carrying
capacities, especially under market rules and conditions. The maximum safe limit
is to be determined based on the voltage level, conductor current capacity, length
of the line, and electrical parameters (i.e., series impedance and shunt capacitance
per unit length), as well as the exiting reactive power compensation. To discuss the
loadability concept, we assume a balanced transmission line; only positive sequence
values will be used, and the maximum power and losses incurred can be estimated.
Various tools can be applied to establish current and power handling capability
(namely constants written as ABCD or nodal analysis). However, the distributed
parameters model must be used so that the nature of the transmission line is better
reflected through this modeling.

Approximate Real Power Handling and Losses
In steady state for an AC transmission line, the power transfer on a balanced line

follows a general model; with 7, = | V,| £ 6,, 7, =V, | £6,,and yy, = -1/iXc)
= jB,;,;, notation as in Figure 5.1.

® ikm @
I—P

. I !
) l Ykm = 9km*iPkm +
i .
V, k,sh Im,sh
k Ysh/2 Ysh/2 l Vm

Figure 5.1 Transmission line model, nodes k and m.
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The complex power flow, from node k to node m, using 0, = 6, — 6,,:

*

Skm = Vk(ikm + ik,sh) =V, [(Vk - Vm)ykm + kash/z] (5.1)
From here, we have the real and imaginary parts for the real and reactive power:

Pim = ‘Vk‘z 8rm ~ ‘VkHVm‘gkm cosf,,, - ‘VleVm‘bkm sin6,,, (5.2)

G = Vil (B + Boyo) = [Vill Voo € sin B, + |Vil[V, | B 086y, (5:3)

Some approximations for high voltage transmission lines are g, << by, and by, =
—1/xy,,, then:

Dy, = SING, (5.4)

The three-phase power in megawatts can be estimated using phase-to-phase voltage
magnitudes | V.|, | V,,| and x,,, = xI, where x is the inductive series reactance in
ohms/km and [ is the line’s length in km. We use the line’s positive sequence series
impedance as listed in Table 5.1. Angle 6,,,, by a stability criteria sets a limit to 30°
and terminal voltages magnitudes with similar values | V|.

o _ g T \VE _ VT
P = s1n(6) o = oxl (5.5)

In order to have an estimation about the amount of power losses, we can assume
that current is in phase with the voltage at the receiving end ; this amounts to
having unity power factor. This will give an approximate figure that is close enough
for our evaluation purposes.

Table 5.1 Transmission Line Parameter Values

System voltage, kV 400 750
Mean conductor height, m 15 18
Phase to phase distance, m 12 15
Phase conductors, 954 MCM 2 4
Conductor diameter, m 0.03037 0.03037
Subconductor distance, m 0.46 0.46

7 (25°C) ohms/km 0.03048 0.01524
x (50 Hz), ohms/km 0.3330 0.2857

x/r ratio 10.92 18.74
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_ pkm _ Sinekm 5.6
= 3|V|/IV3 =1V V3xl 5-6)
. 2
V|sin@
R = 300 = i 150 57
PLoss % =100 Sll’l@km (58)
Pim (x/7)

From numbers on Table 5.2, it can be said that:

+ Approximate values can be used as a preliminary guideline. Detailed models
will give power and losses when variable load conditions and shunt capaci-
tive effects are included; early morning load and the peak demand values are
usually very different in any electrical system.

« The 750 kV transmission line, over the same distance, can carry up to four
times (4,900/1,200 = 4.1 or 3,281/800 = 4.1) as much power as the 400 kV line.

« Losses depend on the x/r ratio and angle 6y, (phase difference in sending and
receiving voltages). To calculate line losses, the positive sequence reactance
and phase resistance are required.

+ For a given real power P, the amount of losses on the 750 kV line as compared
to the 400 kV line, are 2.5/4.57 = 0.547 times.

5.2.1 Number of Circuits Required to Transport Electric Power

A problem often faced by planning engineers is how to send a given amount of power
from a generation site to the load center (see Figure 5.2). For a known distance, the
question is: how many three-phase transmission circuits will be required and at what
voltage? The planning engineers must also study to see if there are other technolo-
gies, such as DC transmission, that can be technical and economically attractive.
For the following discussion on how to handle 5,000 MW in a distance of
300 km, it is assumed that options are AC, operating either at 400 kV or 750 kV,
with nodal angle separation of 30°, which gives a reasonable steady state stability
margin. With this value under severe contingencies, the power generation plants

Table 5.2 Maximum Power and Losses in %, 6,,, = 30° (Data from Table 5.1)

System voltage kV 400 750

7 (25°C) ohms/km 0.03048 0.01524
x (50 Hz), ohms/km 0.3330 0.2857
x/r ratio 10.92 18.74
Max P (MW), £ = 200 km 1,200 4,922
Max P (MW), £ = 300 km 800 3,281

Losses % 4.57 2.66
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Distance 300 km

New generation Load center
site: 5,000 MW

a) Voltage level?
b) How many three-phase circuits?

Figure 5.2 Generation site remote from a load center.

on both sides of the transmission line will remain in synchronous operating condi-
tion. The number of three-phase circuits needed, current per phase, and losses are
given by the voltage level.

With 400 kV lines:

Number of circuits = 5,000 MW/800 MW = 6.25
Current = (5,000 MW/3)/(400 kV/sqrt(3)) = 7.22 kA
Losses in % =4.57

Total losses = 228.5 MW

With 750 kV lines:

Number of circuits = 5,000 MW/3,281 MW = 1.52
Current = (5,000 MW/3)/(750 kV(3)) = 3.85 kA
Losses in % = 2.66

Total losses = 133 MW

The preliminary answer—using this approximate model—suggests the use of seven
circuits of 400 kV or two circuits working at 750 kV. An economic evaluation should
follow this step. A related situation is the right of way; the 400 kV lines needs around
40m each, and 80m are required for every 750 kV circuit lines. A simple comparison
with a DC transmission line (not including the converter stations) and considering
a =400 kV bipolar scheme, using four conductors carrying 1,000 amperes each;
then the DC power transfer capacity is 1,600 MW. For a DC bipolar voltage =500
kV, the power handling capacity goes up to 2,000 MW.

To handle 5,000 MW for the bipolar £400 kV, the number of circuits is esti-
mated as 5,000 MW/1,600 MW = 3.12 with a current of (5,000 MW)/(400 kV) =
15.5 kA. If a bipolar +500 kV DC is considered, the estimated number of circuits
are 5,000 MW/2,000 MW = 2.5, and current as (5,000 MW)/(500 kV) = 10.0 kA.
The numbers point to solving by using four DC circuits working at +400 kV or
three DC circuits at 500 kV. An economic evaluation should follow in which the
right of way required has a high economic impact on the options. One alternative
would be to increase the number of conductors per pole (i.e., four conductors per
pole will handle 4,000A and 2,000 MW). Mechanical stress and structure design
should follow more detailed studies.
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5.2.2 Reactive Power Required by the AC Transmission Line

The approximate real power transfer and the maximum real power were obtained
by (5.4)—(5.5), and losses were obtained by (5.8). In the case of AC transmission
lines, reactive power is required to support sending and receiving voltages within
the 5% limit. Therefore, if we assume 400 kV and 400(0.95) kV. With g, << by,
and by, ~ —1/x,,,,

2
D = (_|V|2 +|VP Cosekm)bkm _ VI (1 - Cos@km)

xl

Example 5.1

For a200 km, 400 kV line, 50 Hz, in order to supply a three-phase load of 600 MW
at unity power factor, by (5.9) angle 6,,, is required. The angle is calculated and then
the reactive power from sending side gy, is obtained. sin 6y, = ppxl/| Vil | V|,
with value of 0.2628 rad or 15.23°. The reactive power is calculated by (5.9), as g,
~ 4002 (0.95)(1 — cos(15.23°))/(0.333)(200), as 80.2 MVARSs. Sending voltage 400
kV and receiving end at 400 (0.95) kV by the 5% voltage drop limit.

For a maximum power transfer of 1,200 MW, the reactive power required is
305.7 MVARSs, calculated by g,, = 400% (0.95)(1 — cos(30°))/(0.333)(200).

A series of detailed analysis must be carried out using load flow studies; this
method of study will be presented in Chapter 6. One thing stands out from the
approximated values: the transmission line needs reactive power support in order
to fulfill its duties of real power transfer, in order to keep its operating variables
within limits, and to include both light and heavy load conditions. More compre-
hensive studies need increased detailed models as the ones presented in Section 5.5.

V(x) and I(x) Equations for a Long Transmission Line

As transmission lines of increased length are required, a more detailed model is
needed to correctly represent the electromagnetic behavior. The model needs to relate
steady state conditions as voltage phasor V and current phasor I with distance x.
One common assumption is to start with a balanced transmission line and to write

+ AV — I+AI
/ —
+ + —> + +
ZAX T
Vs V + AV YAX v VR
_ x=0
x=d A X

Figure 5.3 Incremental distance in a long transmission line, phasor relations.
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the incremental distance Ax relations for the voltage series drop AV and the incre-
mental current A through the shunt component; z is the impedance in ohms per
unit of length and y is the admittance in siemens per unit of length (see Figure 5.3).

AV = zAxI Al = yAxV (5.10)

The incremental voltage and current relations as Ax — 0

dv dl
I zl ol yVv (5.11)

The differential equations in (5.10) are related through their derivatives:

d’v _ dI
W = zd—x =zyV (5.12)

Expression (5.12) has a characteristic polynomial (p? — zy)V = 0 with two roots,
which are written as y = £,/zy = « + jB. One general solution for phasor voltage
V has the following form:

Vix) = Ae"* + Ae " (5.13)

o Attenuation constant, pu/unit of distance

B phase shift, radians/unit of distance
To prove that (5.13) is a solution to (5.12), we derive V(x) twice with respect to x, so:

d*Vv._ d(dv d
" %(%) = (AT = pAe) = (AT + A ) = 2yV o (514)

Now, we focus on using voltage and current conditions at the boundaries as a means
to find constants A; and A,. We use boundary values known at terminal (x = 0,
V(0) = V). For current I, let us use (5.11) and define the characteristic impedance:

z = X (5.15)
y

AV Yy T A
Tede MM SRR

I

-7x (5.16)

A system of equations from (5.13) and (5.16), using the receiving end conditions at
x = 0, will help us solve for A; and A,.
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A (5.17)
um=1R=§l—2%
Vo +ZI,
{Al}= 2 (5.18)
Az VR — ZCIR
2

The solution for voltage V(x) and current I(x) is given by (5.19). The first part of
these equations is called an incident wave and the second part a reflected wave.

Vet ZI V-2,

V(x) _ 2 2 REE:
{ I(x) } | WZ AT VR IZ -, { I } (5.19)
2 2

5.3.1 The Flat Line Concept

In case that, at the receiving end (where V(x = 0) = Vi and I(x = 0) = I), the imped-
ance load happens to be equal to the characteristic impedance Z, then by (5.19)
there will not be reflected wave and Vi = Z Iy (see Figure 5.4).

5.3.2 Surge Impedance, Wave Length and Propagation Velocity

In general, the characteristic impedance Z, is a complex number. For a lossless line
(r=0,g=0)it has a particular real value in ohms and is known as surge impedance.

7z = |= (5.20)

The wavelength A is a distance at which the wave is shifted by 27 radians. As y= o
+ jf in the exponential e” = e(@B)x = ¢®*¢*P* the term /P is a phase shift that
increases as x gets larger. When fx = 27, we have the distance 27/f as:

R

.,

Zc VR
x=0

Figure 5.4 Characteristic impedance Z as load at receiving end.
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A=t (5.21)

The speed of propagation (m/s) relates distance A and period T at a given frequency
fin Hz:

=fA (5.22)

5.3.3 No-Load Line and General Hyperbolic Form

For an open circuit or no load condition at x = 0, the receiving end has current as
I = 0. Therefore, (5.19) will give the voltage value V(x = 0) =V and current I(x = 0)
= Ig = 0. The incident wave and the reflected wave cancel each other out, giving
the condition I = 0.

Writing in (5.19) an arrangement with Vi and I will give hyperbolic expres-
sions for a long transmission line. If we let x = d (the total line distance), we can
write sending end conditions in terms of the receiving end, as in (5.23).

v cosh(yd) Z_ sinh(yd) v
[ s } { R} (5.23)

leinh()/d) cosh(yd) I

R

For the no-load case, Iy = 0 in (5.23) gives voltage the Vg = cosh (yd)Vy. From this
no-load condition, (5.24) shows the case known as Ferranti effect, which explains
why we have a higher voltage value at the receiving end; even when the line is work-
ing at an open circuit condition. The value for the sending current I, under the
same no-load condition is (5.25).

__ Y
Ve = cosh(yd) (5.24)

I, = Zisinh(yd)VR = Zitanmyd)vs (5.25)

5.3.4 Nominal = and Equivalent Circuit

Equivalent circuits for a transmission line relate sending and receiving voltage and
current Vg, Iy, Vi, I through various parameters. Total impedance Z (ohms) and
total admittance Y (siemens) are used in a nominal 7 circuit for a transmission line
with distance d units of distance, z ohms/unit of distance, and y S/unit of distance,
as shown in Figure 5.5.

Z=2d Y=yd (5.26)
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|
S >
+ +

| |

Vg Y/2 Y/2 VR

Figure 5.5 Nominal 7 circuit, total impedance Z and total admittance Y for a transmission line.

Total line impedance, ohms
Total line admittance, siemens
impedance per unit of distance, ohms/km

admittance per unit of distance, siemens/km

AR 2 =< N

distance, km

Voltage and current equations for the sending end, as seen in Figure 5.5, are:

Y Y
Vy :VR+Z(1R+EJ=(1+T)VR+ZIR (5.27)
Y Y zY zZY
IS—Z—‘/S'FE-FIR—Y(1+T)VR+(1+T)1R (528)

(5.29)

{v} (5] 7 ){vl

1+Z2Y zY

5.3.5 Long Line Equivalent Circuit

For the long-distance transmission line, an equivalent circuit similar to (5.23) can
be written. If we compare the terms to the hyperbolic form; the equivalent circuit
for a long transmission line is shown in Figure 5.6:

z'yYy’ ,
IS - , Z’Y, Z,Y/ IR .
Y (1 + 7 ) (1 + 5 )

Figure 5.6 Equivalent circuit for a long distance transmission line.
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7' = 7 sinh(yd) = z32rd) (5.31)
c )/d
Y’ _ cosh(yd) -1 _ cosh(yd) -1 _ Y tanh(yd/2)
277 Z T Zsinhyd) 2 ydn2 (5.32)

From (5.31) by direct comparison of Z” and admittance Y’ we identify the correc-
tion factors for the total impedance Z and admittance Y. The long transmission
line impedance Z” and admittance Y’/2 are obtained.

5.4 ABCD Constants

One matrix that relates the sending to the receiving voltage and current is written
for the two-terminal circuit using nodal voltages and line currents (assuming that
positive sequence values are known); see Figure 5.7.

NN 539

In general, the A, B, C, D constants are complex numbers whose values depend on
the total parameters R, L., C, and G of the transmission line element. A, D have no
dimensions, B is in ohms, and C in Siemens.

For a passive circuit that is linear and bilateral (see Figure 5.8), with r (Q/km)
and oL (Q/km), length of £ (km). R =7 and X = oL [, then Z = R +;X. From (5.34)
and matrix (5.35)A=D=1,B=Z,and C=0.

V= ZI, +V, I, =1, (5.34)
Is IR

—>
" Constants *
Vg ABCD VR

Figure 5.7 Variables in a two-port network.

Z=(r+jwL)¢

Figure 5.8 Two-port element for series impedance.
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Z=(r+jol)¢

Vg Y/2 Y/2 VR

Figure 5.9 ABCD constants for a two-port 7 network.

HEEE

For a nominal 7 circuit (see Figure 5.9), the ABCD constants of a mid-length trans-
mission line (40-100 km) are as in (5.37). We start with (5.36) and Vs already in
terms of Vi and Iy, some algebra is required to get I in terms of Vi and Iz. From
(5.37), we find directly that A=D =1+ YZ/2,B=Z7,and C = Y(1 + YZ/4).

Y Vi -V

YZ
1+ Ly, = Ve - (1+—jVR + 71, (5.36)

V4 S 2

For a shunt admittance element (see Figure 5.10), the ABCD constants are deduced
by writing voltages Vg = Vi, and the current Iy = Y, Vi + Iz. The constant are A
=D=1,B=0,and C=Y,,.

V. 1 0 V.
{Ij 1{ ? 1}{ 1;:} (5.38)

Where A=D =1,B =0, and C = Y,, (siemens).

Figure 5.10 Shunt admittance and ABCD constants.
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5.4.1 ABCD Equivalent for Series Connection

For circuits with an ABCD representation that need to be connected in series (see
Figure 5.11), the boundary voltages and currents are conditions that must be met.
In this case, voltages Vi, = Vi, and Iy, = Ig,. Starting with ABCD expressions
for each series component, (5.39) and when connected the final result follows: the
ABCD constants for the series equivalent are obtained by matrix multiplication.

Vg, A B Ve Vs, A, B, Via
= = 5.39
EIRERS K SR E
& A B 4, B, Vo
= 5.40
RE RS - b

5.4.2 Nodal Admittance Matrix from ABCD Constants

Starting with ABCD values for a given circuit, algebra will be used to identify the
nodal admittance values. From (5.33) and recognizing the property that AD — CB
=1, Iy and Iy are written in terms of Vg and V.

V, = AV, +BI, I, =CV, + DI, (5.41)

Current I from (5.41) is substituted into Iy in order to find the elements that go into
the first row of (5.42). Nodal current is assumed to be positive when it goes into
a node, then nodal current I has a negative sign. The nodal admittance matrix is
obtained as (5.43).

+D -1 |
B B || Y% I
= 5.42)
-1 44 [V1 {1} (
B B |
+D -1
_ B B
Ynodal = __1 ﬂ (5.43)
' B B
Isq IR1 Is2 Ir2
= —> =5 —>
+ constants o+ constants +
v v v
s1 AJBLC.D; R Vs2 AsBAC,D, R2

Figure 5.11 Series connection of two ABCD models.
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Example 5.2

A 115 kV transmission line has positive sequence parameters, and its operating fre-
quency is 50 Hz. Series reactance x = 0.4178 Q/km, shunt susceptance b, = 2.767
x 1076 S/km, series resistance 7 = 0.1463 Q/km. Assuming that approximations can
be carried out, estimate the maximum power transfer, given that 30° is set by the
stability limit. Find the surge impedance loading (SIL) value and estimate power
losses in percentage all for a length of 140 km. Estimate the reactive power required

in order to handle the real power.

e VP VP
P = %sm(g) = 0.5%

S

x
Z = bsh
kV?
SIL = Z
%% =100 sm@km - ﬂ
- x/r x/r
Transmission Tine loadability
Voltage = 115 kV length = 140 km
r = 0.1463 Ohms/km
X = 0.4178 Ohms /km
bsh = 2.7670e-006 S/km
MaxP = 113.0496 MW (30 degrees Timit)
STL = 34.0342 MW Pmax = 3.3216 pu of SIL
Losses = 17.51 in percentage
q_req = 30.29 MVARs q_req = 0.8900 pu of SIL
Imax = 392.00 Amp/conductor
Pthermal= 78.0809 MW Pmax = 2.2942 pu of SIL

(5.44)

(5.45)

(5.46)

(5.47)

The formulas used to calculate the required values are plotted in Figure 5.12:

Vv, V|* JxTbsh .
Pim z‘ I;‘JW ‘sm@km = g XZCS sin6,

Prom sin Okm

SIL — Jxbshl

y _ [Villv,Jeos(6,,,) - [V, cos(
T} = Z_sin(Bl)

(5.48)

(5.49)

(5.50)



150 Transmission Line Loadability

Loadability at stability angle of 30
6 T T T T T

Real and Reactive power, pu of SIL

1 . . . . .
0 100 200 300 400 500
Distance, km

Figure 5.12 Loadability plots for stability limit of 30°.

9, 1 ~ cos(@km)
SIL  tan(Bl)  sin(Bl)

(5.51)

For the transmission line with a length of 140 km and a load variation from 0 to
3.2 pu of SIL within the stability limit, starting with the required power, the angle

Required compensation,115 kV and 140 km transmission line

0.6 1
0.5F 1

0.4f -

0.2 i

Reactive power required, pu SIL

0.1 , ; , , , ,
0 0.5 1 1.5 2 2.5 3
Real power flow, pu SIL

Figure 5.13 Compensation requirements for a 140 km and 115kV transmission line.
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5.5

Required Compensation, 115 kV, 400 km transmission line
0.15 T T T T T

Required Reactive Power, pu SIL

-0.25 . : :
0 0.2 0.4 0.6 0.8 1

Real Power Flow, pu SIL

Figure 5.14 Compensation requirements for a 400 km and 115 kV transmission line.

0p,» can be determined by (5.49) and the reactive power in pu of SIL is calculated
with (5.51). Results in pu of SIL are shown in Figure 5.13. The range of required
reactive power to maintain a 1.0 pu voltage at terminals is:

qregmin = -2.57 MVARs and greqmax = 27.81 MVARs

If the line length is quite large (i.e., 400 km), the real power that can be transmitted
and the reactive power needed in pu of SIL are much less than for the case of 140
km line. This is shown in Figure 5.14. Now the reactive power required is:

Qrecmin = -6.82 MVARs and Qrecmax = 4.93 MVARs

Power Flow Calculations using ABCD Constants

Real and reactive power can be obtained from terminal relations in the ABCD frame
of reference. From Figure 5.7 and (5.33), using Vy as reference and Vi = | V| £8,
Ve= Vil 20°and Iy = | Izl 26, A = | Al Za, B = | Bl £B. Complex power for the
receiving end where V= AVy + Bl is a circle with center and radius as follows.

S, = VI = ‘VﬂéO"(%j (5.52)
2
P, = |V’|*£|VS| cos(B - ) - ’Alﬂgf‘ cos(f - a) (5.53)
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Alv P

0, - |VT£|V‘ wf-8) - ||‘V|‘ sin(B - a) (5.54)
AV EA

Center | — B cos(f — o),— 5] sin(f — o) (5.55)

Radius ‘VT]’LF/S‘ (5.56)

When the receiving voltage has constant magnitude| Vgl , the center is fixed and the
radius depends on the magnitude of | V.

Example 5.3

For a three-phase transmission line and given ABCD constants, receiving voltage is
220 kV and the three-phase load is 40 MW with a lagging 0.9 power factor. Find
the center of the circle and the per phase current at the receiving end. Calculate the
sending end voltage, the § power angle (load angle), and the radius of the receiving
circle (see Figure 5.15).

Constants ABCD, circles for receiving and sending ends

A B(Ohms) C(S) D
9.360000e-001 3.350000e+001 -5.180000e-006 9.360000e-001

Receiving end circle

of /

_sot
~100
~150
—200f

-2501

-300F Center at (-81, —309)
Radius = 350

Reactive power, MVARs

-3501

—400}

—450}

-300 -200 -100 0 100 200 300
Real power, MW

Figure 5.15 Circle diagram at the receiving end.
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j+1.600000e-002 j+1.380000e+002 j+9.140000e-004 j+1.600000e-002

Voltage VR = 220.00 kV angle = 0.00 degrees
Power factor = -0.9000 angle = -25.84 degrees
SR = 40.00 +j 19.37 MVA total

CenterR at ( -80.56, -308.72) MVAs

Current IR = 116.64 A angle = -25.84 degrees (A/phase)
Voltage VS = 225.63 kV delta angle = 6.53 degrees
RadiusR = 349.54 MVAs

At the sending terminal, using V as a reference and the inverse matrix from (5.33),
then Vi = DV — BI, multiplying by —1/B and to apply the complex power defini-
tion as load convention, we use the conjugated current.

V.Y DV.Y ,
—Vs(f] - —Vs(—BS] + V,I; (5.57)

This is the equation of a circle with center and radius as:

Dl Dy
Center | + |B| cos(B — A),+ |B| sin(f3 — A) (5.58)
Radius % (5.59)

For a fixed magnitude | V¢!, the radius and the center depend on the magnitude | V] .

Example 5.4

Using previous data given in Example 5.3, calculate the circle diagram, the com-
plex power, and the net power at the sending end. Calculate the voltage drop in
percentage (see Figure 5.16).

Current IS = 120.8745 A angle = 35.50 degrees (A/phase)
CenterS at ( 84.73, 324.72) MVAs

RadiusS = 349.54 MVAs

SS = 41.33 +j -22.88 MVA total

P Losses = 1.33 MW

Q required = -42.25 MVARs (<0 to the system, >0 to the Tine)
Vdrop = 2.49 percentage

Circle diagrams are useful when visualizing the range of operation for a transmission
line, including its long-line representation through the ABCD constants. Inclusion
of line series compensations and other arrangements can be accomplished easily
through the properties of two-port networks (as previously discussed in Section 5.4).
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Sending end circle
300F
250 Center at (85,325) b
) Radius = 350
< 200 ]
=
2 150 ]
(o]
[o8
%
2 100 1
3
&
50 ]
0 B
_50 i 1 1 1 1 1 1 1 1 1 1 ]
-50 0 50 100 150 200 250 300 350 400
Real power, MW
Figure 5.16 Circle diagram at the sending end.
5.6 Transmission Limits

5.6.1 Thermal Limit

Depending on the type and geometry of the phase conductors, a maximum cur-
rent is recommended by the manufacturer. The ambient temperature, wind, and
weather conditions will play an important role in establishing the actual current
that phase conductors will carry with no detrimental effects on conductor’s prop-
erties. In our case, a simplified calculation is carried out with no inclusion of all
the factors involved.

MVAs (5.60)

max

:3M‘]

‘S \/g max

V' magnitude of phase-to-phase voltage, kV

I« kA, maximum recommended current from manufacturer. Temperature,
wind, and weather data is not included.

5.6.2 Stability’s Angle Limit

To have a reasonable stability margin, an angle of 30° is used to guard against wide
power swings during transient oscillations. A maximum power limit can be calcu-
lated for a line with length € in km, x in ohms/km, and b, in S/km.

b, _ sin Bkm

SIL ~ Jxbshl (3.61)
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5.6.3 Limit from Voltage Drop

When power is transmitted, a voltage drop is experienced, especially during heavy
load conditions. The allowed voltage drop of 5% during the planning stage is used
to determine the maximum power that the line will handle. In an operation setting,
a maximum voltage drop of 7% for short periods can be permitted. The power
circle equations can be used to establish the value of the voltage drop (see Figure
5.17); this preliminary result can be useful before detailed power load flow studies
are conducted.

Example 5.5

Using the data provided in Example 5.4, calculate the transmission limits, assuming
one conductor/phase with capacity of 1,000 Amp.

Constants ABCD, Max Power. Receiving Circle

A B (Ohms) C(S)
0.936000 33.500000 -0.000005
j+ 0.016000 j+138.000000 j+ 0.000914
ABCD Magnitude and angle (degrees)
0.936137 142.007922 0.000914
0.98 76.36 90.32

Transmission Timits
Voltage drop 5 percent

VS = 220.00 kV VR = 209.52 kV Radius = 324.60 MVAs
PS = 172.14 MW QS = -3.41 MVAR 172.17 MVAs

PR = 150.97 MW QR = -45.13 MVAR 157.57 MVAs
Losses= 21.17 MW Q = 41.72 MVAR (>0 needed by TL)

Power at receiving end, 5% Voltage drop
40 T T T T T T T

30t 1

20 1

10k J

Total Power Q, MVARSs

20+ i

-30 1

50 . . . . . .
0 20 40 60 80 100 120 140 160

Total Power P, MW

Figure 5.17 Total power at the receiving end, voltage drop 5%.



156

Transmission Line Loadability

5.7

delta = 30.00 degrees

Stability values for delta = 30 degrees

VS = 220.00 kv VR = 220.00 kV Radius = 340.83 MVAs
PS = 176.53 MW QS = -18.31 MVAR 177.48 MVAs

PR = 154.68 MW QR = -62.09 MVAR 166.67 MVAs

Losses= 21.85 MW Q
Thermal Timit
Imax = 1000 Amp cond/phase = 1 381.05 MVAs

43.78 MVAR (>0 needed by TL)

Results show that the transmission limit is set by the voltage drop criteria of 5%.
Additional information as reactive compensation required and losses incurred at
the limiting values is an additional valuable information for the planning design
and the operation of this transmission line.

Wave Equation and Time Expressions

In Section 5.3, phasor equations were used to derive results for the distributed
parameters of a long transmission line. From (5.12), its Laplace transform is like
(5.62). To include the time variable ¢ we write the Laplace transformed equations
for voltage and current. The inverse Laplace Transform will take us back to the
time domain ¢. The exponential function at the Laplace domain represents a time
displacement:!”

V(x,s) = A, (s)eEC + B (s)e™EC

(5.62)
v(x,t) = A, (t = xvLC) + B, (¢ + xLC) (5.63)

Similar properties are applied for the current expression.
i(x,t) = A,(t — xJLC) + B,(t + xJLC) (5.64)

The coefficients Ay, By, A}, and B; are to be determined by the values at the bound-
ary, as well as at the sending and receiving end of the transmission line.

5.71 Product x+/LC and Speed v

The product of distance x (meters) times L C must be in time unit of seconds, so v
will be the propagation speed in m/s, inductance L in (H) and capacitance C in (F).

7t =xJLC (5.65)
T _JIC = 1 (5.66)
X A%

* L[f(t -1)] = Fs)e™*
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1

V= ﬁ m/s (567)

For a given transmission line, the inductance L is proportional to u and capacitance
C is proportional to &, which means that—at the vacuum—the bropagation speed
is v~ 1/\Ju€, with value of 1/,/(47107 H/m)(8.854 10~'2 F/m) =~ 300,000 km/s.
The values €/¢g, that can be found for cables approximates a value of 5, which means
that cables v = 134,000 km/s.

5.7.2 Functions A,(t - x/v) and A,(t — x/v)

The expression Ay(t — x/n) in (5.63) represents a traveling voltage in the positive x
direction with speed v. If we assume in Figure 5.18 that Ay = f*(u), where u = t —
x/v, at time t; the wave is located at u,, with x; = v (; — #;). For a different time
t,, where t, > t;, the wave is found now at x, = v (¢, — u,); and x, > x;. The wave
has travelled a distance x, — x; the time spent is ¢, — #; and the speed is v = (x, —
x1)/(t, — t;). A similar conclusion can be reached for A (¢ — x/v); these are traveling
waves moving forward.

The wave Ay(t + x/v) is a voltage that travels in the negative direction of x.
The speed is v and we conclude that Ay is a traveling wave. Assume that Ay = f~
(u); where u = t + x/v, then at time #, the wave is situated at position #;, or x; = v
(u; — t;). From Figure 5.19, ¢, > t;, the wave is located at x, = v (4, — t,). The wave
has traveled the distance (x, — x;) using the time (¢, — #;). From these results, we

A A

f(u) fr(t-xA)

t t v}

N

uq u X1 X2 X

Figure 5.18 Traveling waves in the forward direction, positive x.

f(u) ft+x/V)

tz t1

uq u X2 X1 X

[

v

Figure 5.19 Traveling waves in the backward direction, negative x.
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conclude that the speed is negative as v = (x, — x1)/(t, — t;). The same reasoning can
be applied to A (¢ + x/Vv); these are waves moving backward (shown in Figure 5.19).

5.7.3 Expressions for Ay, By, A, B,

With a substitution of voltage and current functions at the transmission line differ-
ential equations, we identify the constant term known as the characteristic imped-
ance Z = JL/C in (5.20). The second derivative of (5.62) with respect to x and
the first derivative of current I(x, s) must satisfy (5.14) with v = 1/~/LC . At the
left, we substitute the second derivative of voltage, and at the right, the derivative
of the current, equating right and left side components.

d*V(x,s) _ B Ldl(x,s)

= 5.68
dx? T dx ©-65)
sY sY s s
(;) AV(S)efsx/v + (;) BV(S)e+sx/v — —SL[—VAI(s)e”‘/" + ;BI(S)6+Sx/V:| (569)
Expressions for the backward waves:
C B, (s)
B,(s) = =CVB,,(s) = \/;Al(s) =— EC (5.70)
For the forward waves:
C A, (s)
A (s) = CVA,(s) = \/gAI(s) = %C (5.71)

Expression for v(t, x) and i(¢, x), now with coefficients Ay, By, A}, and B; in (5.70)
and (5.71), the Inverse Laplace Transform will give us v(x, #) and i(x, ?).

Vi(x,s) = Z [ A(s)e™*" = By (s)e™"" ] (5.72)
vix,t) = Z [a,(t — x/v) = byt + x/V)] (5.73)

I(x,s) = A,(s)e™*" + B,(s)e*"" (5.74)
i(x,t) = Zi[av(t = x/v) = by (t + x/V)] (5.75)

4

5.7.4 Reflexion Coefficients

A wave that travels to the receiving end located at a distance x = I (Figure 5.20), which
represents the total line length; part of the wave is reflected and part is refracted. To
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ZS(S) Z n

E©) V(x,5)

x=0 X v=l

Figure 5.20 Transmission line, characteristic impedance Z,, and terminal impedance Zz(s).

study what happens as time increases, it is a good idea to calculate the coefficients
and then express how the incoming wave is split into a wave that is reflected and a
wave that is kept at the receiving end. The boundary conditions must be satisfied
for both the current and voltage waves. To determine the reflexion and refraction
coefficients, let us start with a voltage wave in the Laplace domain, assuming that
there is an impedance Z(s) connected at the end of the transmission line.

At x = £, the voltage expression using previous results in (5.72) and (5.74).

Vil,s) = Zg(s)I(l,s) (5.76)

Ay ()" + By (s)e*! = Zy(s)=—[ Ay ()™ = By (s)e™!"" ] (5.77)

€
ZC

z z
Bv(s)e”l/v[l + gf)} - [ g(s) - 1}Av(s)e5m (5.78)

C

Reflection coefficient T'y at the receiving end can be defined as the portion of the
forward wave that is reflected as a backward wave.

_ [ZR(S) - Zc]

fe [ZR(S) + Zc]

(5.79)

Similar reasoning is applied to finding the reflection coefficient at the sending end.

R EACEEZ (5.80)
[Z s +Zc:|

5.7.5 Calculation of Coefficients

At a transition point where elements with different characteristic impedances are
connected, incident waves have a part of it reflected and part refracted. For the
incident wave, the part that is reflected travels back and the part that is refracted
continues to travel to the next element. It is interesting to calculate the refracted
portion as this value travels to the next characteristic impedance down the series
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Overhead Z, Zg Cable
v, —> —
|1 :v1/zA I2=VZ/ZA I3=V3/ZB

Incident Reflected  Refracted

Figure 5.21 Boundary conditions at point of connection, characteristic impedances Z, and Z;.

of connections, and the overvoltage needs to be estimated so that the insulation
strength level is selected.

Continuity at boundary conditions requires that for the voltage waves V; + V,
= V; and for currents I, + I3 = I; (see Figures 5.21 and 5.22). These relations are
written in terms of the incoming source voltage V;. A matrix array can be written
using voltages as and currents through the characteristic impedance.

—V,+V, =V, (5.81)
V. V. Vv
R 5.82
ZA ZB ZA ( )
-1 +1
V
z, || V2|2 [ 1 }v (5.83)
+1 +Z—A { v, :I 1|
B
Solving for V, and Vj:
ZB — ZA
v, Z,+7Z,
[ v Tt (5.84)
Z,+7Z,

The inverse matrix from (5.83), together with the identity V, = V;, gives a set of
coefficients (reflection a and refraction b) for the series arrangement of impedances
discussed in this section. Traveling currents I, I,, and I; are related to traveling
voltages through characteristic impedances, so the matrix equation (5.86) can finally
express how the transient voltage V; will determine currents I, I,, and I;.

S
|4 Zy -2, 1
Vi l=| Z,+Z, |V,=]| a |V, (5.85)
v, 27, b

Z,+7Z,




5.7 Wave Equation and Time Expressions 161

L vz, 0 0 v,
L|=| 0 1z, 0 v, (5.86)
I 0 0 1z, |V
S
L vz, 0 0 Z,-Z,
L |= 0 1z, 0 Zy+Z, |V, (5.87)
I 0 0 1z, 27,
Zy,+2Z,

Example 5.6

A voltage of V; = 300 kV is applied at the terminal of the overhead line; a cable is
connected in series. The values of the characteristic impedances for the transmis-
sion line and the cable are Z, = 400 Q, and Z; = 50 Q. The connection diagram
is shown in Figure 5.21.

Data of Characteristic impedances

Line Characteristic impedance = 400.00(ohms)

Cable Characteristic impedance = 50.00(ohms)

Reflexion coefficient a = -0.7778 Refraction coefficient b = 0.2222
Voltage( 1) = 300000.00(volts) Current( 1) = 750.00(Amp)
Voltage( 2) = -233333.33(volts) Current( 2) = -583.33(Amp)
Voltage( 3) = 66666.67(volts) Current( 3) = 1333.33(Amp)
Example 5.7

Write the algebraic equations for the incident and the reflected waves at a transition
point for a series configuration with an overhead line and a cable. Use the diagram
in Figure 5.23 to write the set of equations that characterize the boundary condi-
tions at the sending end and at the connecting point A for voltages and currents as
traveling waves.

Y i
— 1 i V] S : V3
H ! -
: vV, < E
I : 1}
—_— i — |
—> H | —> ; 3
! 1 (R 3

, €L
Figure 5.22 Visual image for traveling voltages and currents, before and after reaching the
receiving end.
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Overhead

—
V]

I :V1/ZA

Incident

Z Cable

—

v, v,
L, =V,/Z, 1,=V,/Z
Reflected Refracted

Figure 5.23 Continuity of voltage and current waves, incident end and at node A.

First, we write the equations for the incident wave, then for the reflected and
the refracted waves. Follow with those equations for the continuity of voltage and

current at node A.

LN =

< >

=2yl ==V,

-Z,,+V, =0
~Z 1, +V, =0
+L,-L-1,=0
-V, +V, =+V,

(5.88)

The equations in matrix form where Ohm’s law for traveling waves is applied, plus
the transition point continuity conditions for currents and voltages.

-Z, 0 0 0 0] »
0 -Z, 0 +1 0 || L 0
0 0 -2z, 0 +1|| L [=] 0 |V (5.89)
+1 -1 -1 0 0 ||V, 0
0 0 0 -1+ vy +1
L 9 3 -

For an incoming voltage V; = 300 kV through impedances Z, = 400 ohms and Z
= 50 ohms, find the reflection coefficient a and refraction b. Calculate the magni-

tudes of all voltages and currents.

V1l = 300000

LA = 400

/B = 50

A =
-400 0 0 0
0 -400 0 1
0 0 -50 0
1 -1 -1 0
0 0 0 -1

Coefficients
Reflection

a -0.777778

_ O = O O
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Refraction b = 0.222222
Values
Current ( 1) = +750.00 A
Current ( 2) = -583.33 A
Current ( 3) = +1333.33 A
Voltage ( 2) = -233333.33 V
Voltage ( 3) = +66666.67 V
Example 5.8

Calculate the reflection and refraction coefficients for a series connection of an
overhead line Z, = 500 Q with a resistance R = 550 Q and a cable section with Zp
=50 Q (see Figure 5.24). Note that R is a concentrated parameter element, and that
Z 4 and Zjy are characteristic impedances associated with distributed parameters
elements as L and C for an overhead line and a cable section.

0 =Z ==V,
2 -Z,L,+V,=0
B —(R+Z)L+V,=0
A +[-1,-1,=0
V, -V,+V,=+V,
-z, 0 0 0 0 | I,
0 -z, 0 +10 | 1,
0 0 —(R+Zy) 0 +1 | I,
+1 -1 -1 00|V
0 0 0 -1 41 ||,
Vi =1 ZA = 500 R = 550
A =
-500 0 0 0 0
0 -500 0 1 0
0 0 -600 0 1
1 -1 -1 0 0
Overhead  Zp =500Q

R+Zp = (550+50)Q

—

e
V1 \/2
l =V1/ZA I2=V2/ZA
Incident Reflected

Vs

l,=V,/Z,

Refracted

/B

Cable

Figure 5.24 Continuity of voltage and current waves, incident end and at node A.

(5.90)

(5.91)
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0 0 0 -1 1
Coefficients
Reflection a
Refraction b
Values times V1

0.090909
1.090909

Current (1) = +2.00000e-003 A
Current ( 2) = +1.81818e-004 A
Current ( 3) = +1.81818e-003 A
Voltage ( 2) = +9.09091e-002 V
Voltage ( 3) = +1.09091e+000 V

Besides currents and voltages, we might be interested in calculating how much energy
is associated with each portion of the circuit. Relations that we have in terms of
incoming voltage V; and current I; are: V, = Z,I, = 500 I, Iy = I; = 0.00181818
V, = 0.90909 I,, I, = I, = 0.000181818 V, = 0.090909 I, and Vj = V5 — I3R =
0.090909 V,. From here, the energy in R is RI3 = 550(0.090909 I,)? = 454.5 I} =
454.5/500 VI, = 0.090909 V, I, and the energy in B is VI = I, = (0.090909 V)
0.090909 I, = 0.08264 V1. The reflected energy is V,I, = (0.090909 V) 0.090909
I, =0.08264 V,I,.

Vvl = 1 ZA = 500 R = 550 /B = 50
A =
-500 0 0 0 0
0 -500 0 1
0 0 -600 0 1
1 -1 -1 0
0 0 0 -1 1

Coefficients

Reflection a = 0.090909
Refraction b = 1.090909

Values times V1

Current ( 1) = +2.00000e-003 A

Current ( 2) = +1.81818e-004 A
Current ( 3) = +1.81818e-003 A
Voltage ( 2) = +9.09091e-002 V
Voltage ( 3) = +1.09091e+000 V

5.7.6 Coefficients for Connection of Various Elements

In order to solve for various configurations (see Figure 5.25) there are, as we have
presented, a few conditions that must be met: 1) incident wave conditions, 2) reflected
waves, and 3) refracted waves, which in general must satisfy the continuity condi-
tion for currents and voltages.

Ly=15,+1L+1
Via T Vou = Vi (5.92)
Via t Vou = Ve
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ha=Via

z,

Ly =Vou/Z,
Incident —> Vv,
Reflected L=V, /2.
Refracted

Figure 5.25 Configuration of various elements and its characteristic impedances.

The equation in matrix form, including Ohm’s law for each element:

-Z, 0 0 0 0 0 0|1

0 -z, 0 0 +10 0 | I, o
0 0 -Z, 0 0 +1 0 | I, 0
0 0 0 -Z. 0 0 +1| L. |=| 0 |V, (593
+1 -1 -1 -1 0 0 0 ||V, 0
0 0 0 0 -1+10 |y +1
0O 0 0 0 -10 +1 | & [+1]
L V3c

5.7.7 Lattice Diagram

With the information about reflecting and refracting coefficients at the sending
end and the receiving end a lattice diagram for Figure 5.26 can be constructed to
show, as time advances, how the transient voltage and the current evolve at either
side, sending or receiving.

Characteristic

" impedance
VA
Sending Remote end
Zs=0

Figure 5.26 Simple arrangement of a transmission line, its characteristic impedance and load Z.
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1 1
Yz -z Y z-z o4
Zs “ Z 12 Zr “| Z+ 2 (5.94)
g 27, g 27
Z .+ 7 Z+7Z

The following steps summarize the way in which the lattice diagram is constructed
(see Figure 5.27):

—_

Select a vertical scale in ms or in pu, selecting the time to travel as 7=+/LC
Choose a horizontal scale to represent the line length x.

3. Calculate values for reflection and refraction coefficients at both extremes
of the transmission line.

N

5.7.8 Electric Element Connections at Receiving Terminal

One interesting question is: What is the circuit’s time response for the traveling wave’s
voltage and current when a unit step voltage is applied at the sending end? What
is the voltage as time progresses from initial time, up to the final time ¢ seconds?
What is the transient for various line terminations (see Figure 5.28): open circuit,
shorted circuit, or an impedance value? In Figure 5.30, the transient equations for
an inductor at the end of the line are written.

The receiving reflection and refraction coefficients are calculated as in (5.94).

1. We need an equivalent, as seen from nodes A and B, looking into the power
source (see Figure 5.29).

2. Connect element L or C in the Laplace domain, and solve for voltage as
function of time.

Figure 5.27 Lattice diagram, distance x at the horizontal axis, vertical scale 7 time travel.
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Sending z, Remote end
, A VR
—L >
+ —> <— i
Characteristic Vr + R
impedance .7
V. I 1
' r Vas
B
Figure 5.28 Circuit configuration with voltage source, transmission line’s characteristic
impedance Z,, and impedance Z,; at receiving end.
3. Calculate the reflected voltage at the remote extreme.
Vg = Uy =V, +0, (5.95)
Z —Z Z
1 0 1
V,p = U, + v, = 2v. 5.96
AB i (Z] + ZOJ i Z1 + ZO i ( )
v v,
AB i
1, = = 55— 5.97
R Z, Z,+ 2, ( )

5.7.8.1 Reactor L at the Receiving End

When element L is connected, we use the Laplace domain to find the time solution.
The reflected voltage at the remote terminal is also calculated.

First, solve for the equivalent circuit in the Laplace domain, then use the inverse
Laplace transform to find the solution at the time domain.

2v./ 2v.

Vipls) = s = (5.98)

(z,+sL) " (Z,/L+5)
Sending 7 Remote end

0
A
-

+ Characteristic +

impedance
2Vi VAB

Figure 5.29 Thévenin's equivalent circuit.
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Sending end z, Remote enc'i
A in
+ Characteristic * »l/
2 C) impedance v, L
B

Figure 5.30 Thévenin’s equivalent, impedance, and load connection.

v, 5(t) = 20 AL (5.99)

v, = v,5() —v(t) = v,

(2e‘(zo’L)f - 1) (5.100)

For the reflected voltage v,, there is an open circuit at ¢ = O for this condition v, =
v;. As t — oo, v, > —v;; and it represents a short circuit condition.
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Power Flows

6.1

6.2

Introduction

Power flow studies are a fundamental tool for power system engineers; they solve
the steady state condition of an electrical network. Assuming an AC system as a
balanced three-phase network and assuming that the positive sequence parameters
are available, we establish the network problem with known topology and imped-
ance values, which include transformers, transmission lines, power injections from
generators, and real and reactive power loads that must be satisfied within nodal
voltage limits. The crux of this circuit problem is to solve for all nodal voltages for
every electrical node. With this information and element impedance we calculate
current, real power, reactive power, and losses. Planning engineers use the load flow
solution to analyze alternatives and an adequate system expansion; the load flow
is the cornerstone for power system operation. When solving the nonlinear set of
equations, the Newton-Raphson iterative method generally shows fast convergence.
In this chapter, we revise the nature of the convergence process for nonlinear equa-
tions; we discuss in detail the power flow equations and their solutions in a general
form that encompasses the iterative Newton’s nodal frame of reference.

Solution of Nonlinear Equations

Let us begin with a discussion of nonlinear equations and convergence using a simple
DC power transfer over a transmission element (as shown in Figure 6.1); voltages,
current, and resistance are in pu values.

Power from node k to node m with current 7, = (Vk - Vm)/rkm, then power
flows and losses are:

(V2-vVv,)
. k k'm
P = Vidin = T (6.1)

+ > — [ |
I T | l
Tkm PL
Vk Vm

Figure 6.1 Simple DC transmission model, nodes k and m.

169
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170
pmk = _lekm = (62)
rkm
(V2+V2-2VV,)
pmk,losses = plzm + pmk = rk (63)

A power-voltage relation, from the system point of view, considering an ideal volt-
age source at node k and m as a load node it is a quadratic equation (6.1). From

(6.2)voltage V,, can be calculated using —py,, = P; in (6.2) .

VZ-VV +r P =0 (6.4)
The solution to (6.4) shows a multiple solution problem; such is the nature of the
quadratic equation (Figure 6.2). Using (6.4), the maximum power transfer shows
that the limiting factor is 7, when V), is fixed and assumed ideal.

de,  (-2v, +V,) A
de B Ve =0, Vi = 2 (6.5)
max __ sz
= g (6.6)

P-V curve, DC circuit

o
[

Voltage Vm, pu
o
(o)}

o
~

0.2

O 1 1 1
0 0.5 1 1.5 2 2.5
Power PL, pu

Figure 6.2 PV curve, multiple solutions to a basic power flow; load model constant power P,.
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+ | — [ | PL
| | g | l
Tkm
v, V. R,

Figure 6.3 Circuit for PV curve and the nature of load R,.

Example 6.1
For a value of V, = 1.0, r,,,,, = 0.1 in pu (Figure 6.3). Plot the solution V,, using (6.4)
for load values P; from zero to its maximum value. Use the quadratic form V,, =
(V, £ JVZ -4V, 1, B )/2.

Depending on the type of load, we will have various graphical forms on top of
the PV curve (see Figure 6.2). Let’s consider a resistive type R;; the voltage solu-
tion is the common point for the PV characteristics and the load (see Figure 6.4).

V2
D= Vi = R (6.7)

From (6.7), an expression for constant current load is (see Figure 6.5):

P .
V_Lzlkm

m

= constant (6.8)

P-V curve, DC circuit

0.8

Voltage Vm, pu
=
o

o
i

0.2

0 0.5 1 1.5 2
Power PL, pu

2.5

Figure 6.4 The system’s PV curve for a resistive load, R, = 1.5, 1.1 pu.
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P-V curve, DC circuit

o
)
T

Voltage Vm, pu
<)
o

o
ES
T

0.2}

0 . .
0 0.5 1 1.5 2 2.5
Power PL, pu

Figure 6.5 The system’s PV curve and constant current load characteristics.

6.2.1 Newton’s lterative Process

Nonlinear equations like (6.4) might be present when solving DC real power flow
problems. An iterative method with good convergence is Newton’s approach. New-
ton’s method is written in incremental form (6.9); this problem is one equation
one unknown.

df(V?
f(v,) =f(V2+AVm)=f(V,2)+dV(T’(,)=o (6.9)
df(vo))"
AV, = —{ d(Vm )] £(v2) (6.10)
Once the correction value AV, is calculated, the new V,, value is:
VI =V2+AV (6.11)

We repeat the iterative process several times and stop when the absolute value for
f (Vj) , in the kth iteration, is less than a specified tolerance. If the AVm is less than
a specified tolerance, it can also be used as convergence criteria.

Example 6.2

For V, = 1.0, 7, = 0.1 in pu. Solve (6.4) for voltage V,, when P; = 0.50, starting
value V9, = 1.1. Then start the iterative process with V9 = 0.1. The nonlinear equa-
tion and its first derivative are f(V,,) = V4 — V,, + 0.05 =0 and f'(V,,) = 2V,, - 1.0.



6.2

Solution of Nonlinear Equations 173

Newton’s iterative process

Iteration Voltage Mismatch
0 1.10000 1.6000e-001
1 0.96667 1.7778e-002
2 0.94762 3.6281e-004
3 0.94721 1.6424e-007

Newton”s iterative process

Iteration Voltage Mismatch
0 0.10000 4.0000e-002
1 0.05000 2.5000e-003
2 0.05278 7.7160e-006

We can glimpse into the nature of convergence by plotting the iterative equation
(6.12), one set for the left hand side and another for the right side, with values from

Example 6.2.

(Vo) - vV, + 7,8 (V) -7,

1 _ yo A — Vo _ —
Vi = Vo + AV, =V, V0, 20—, (6.12)

In Figure 6.6, the upper plot shows the solution for what we call normal operating
voltage. The bottom plot is a low voltage solution, which is not a practical solution
because it involves very large currents and extremely low voltages.

Newton’s Iterative process

-
tn

Voltage Vm, pu
o
.U'| —_

0 1
1 1.5
Voltage Vm, pu
Newton’s Iterative process

Voltage Vm, pu
o

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Voltage Vm, pu

Figure 6.6 Newton’s convergence characteristics for its iterative process.
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6.3

Newton’s Method for Power Flow Solutions

To illustrate the use of Newton’s method in solving two nonlinear equations, let’s

assume a simple two-node system where the transmission can be

modeled by a

series reactance Xy, in pu and the power source has a complex voltage V, in pu

(see Figure 6.7).

Equations for the complex power flows, both real and reactive components:

, V -V Y
pmk + ]qu = Vm 1$mk = Vm(r;lTkkJ = _PL - /QL (613)
|VkHVm‘sin9m P
e O 1 )
fZ (em’ Vm|) (‘Vm‘z - ‘Vk”Vm‘COSGWI) 0 .
X, O

Newton’s iterative process requires partial derivatives and a starting p
Partial derivatives for this problem are shown in (6.15).

oint 62, |V, |°.

of o

2, v, | A6, | £1(6,5V.i)

o, of, AV, | £,(6,V.) 0 (6.15)
a@m a‘Vm| o0 v |o OVl

% daf, ‘VkHVm‘cosem ‘V,Jsin@m

ae’" a‘Vm| _ xmk xmk 6.16
9L oh || |v[V,[sine, (2]V,|-|Vcose,,) 6.16)
9, Jdv | x x

Example 6.3

Values in pu: xy,, = 0.1, V, = 1.0, P, = 0.5, Q; = 0.1. The iterative process converges
after three iterations with a very small mismatch, then the complex power flow is

calculated. The iterative process started with 6%, =0, | V,,|° = 1.0.

@ fim iem I@ P+jQ,
1]

+
VislVil £0 s N

Figure 6.7 A basic two-node AC system.



6.4

Power Flow Equations 175

6.4

Newton’s iterative process

Iteration Voltage Angle, rad Mismatch
0 1.00000 0.00000 5.0000e-001
1 0.99000 -0.05000 1.3372e-002
2 0.98861 -0.05060 2.0745e-005
3 0.98860 -0.05060 5.0563e-011

Voltage Angle, degrees

0.98860 -2.90

Complex power flows smk = -0.50000 +j-0.10000

Power Flow Equations

In Section 6.3.2, we presented an approach to solving a system of equations that
would comply with both the real and reactive power requirements at a single node.
After some iterative steps, Newton’s process works using incremental changes to
find the complex voltage solution for the AC power network. Let’s present the
power flow and losses equations, assuming a complex transformer, then a trans-
mission line; these are the main power transmission elements that we find in the
electric network.

6.4.1 Complex Power Transformer and Incremental Power Flows

Figure 6.8 shows an ideal transformer (no losses) with a complex relation, primary
and secondary currents, and voltages. For the ideal transformer s,;yary = Ssecondarys
which is (6.18), from which current relations are derived as (6.19).

/ 1
k
£ = 6.17
v |t| £7 (6.17)
Vidiy, = Vii,,) (6-18)
Y = k= || £7 (6.19)
. V
(lkm) k
ikm 1: I t |AT ykm=gkm+j bkm i/km
—_— —
+ I +
+ —
o0
V=Vl Z0 Vip V=Vl L0

Figure 6.8 Ideal transformer and complex transformation.
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The complex power flow from node k to node m is:

Som = Vit = Vil 22(VJd 21 -V,) v;,

_ (6.20)
[ ‘ |t| |VIeHVmHt|Z(9/e - em + T)](gkm - 7bkm)

Separating the real and reactive power expressions:

Pips = +‘V,e‘2|t|2 S — ‘VkHVmHﬂ S cos(@,Z -6 + T) - ‘VkHVmHﬂ b,, sin(@,Z -6, + r) (6.21)

= —|Vk‘2|1:|2 b,, - ‘VkHVmHﬂgkm sin(@k -6, + T) + ‘VkHVmHﬂbkm cos(G,e -6, + T) (6.22)

Now, the complex power from node 7 to node k and the real and imaginary com-
ponents are shown.

= V(i) =V (~ii)

(6.23)
|: ‘V HV “t|4( ele - T):|(gkm - ]bkm)

Do = Vo & = |V llVilltl g c0s(6,, = 6, = ) = |V, | V][], sin(6,, - 6, —7)  (6.24)

= _‘Vm‘z blzm - ‘VmHVk“t| 8rm Sil’l(@m - elz - T) + ‘VmHVk“t| bkm COS(@m - ek - T) (625)

We add (6.21) and (6.24) to find the expression for power losses in the complex
power transformer:

pL,km = ‘Vk‘2|t|2 gkm + ‘Vm’2 gkm - 2|VkHVm“t| COS(Qk - em + T)gkm (626)

In order to reduce transformer losses, looking into (6.26), we observe that two
control variables might be available: tap magnitude |#| and phase shift angle 7
(assuming that nodal voltages remain fixed).

Note that the reactive power handled by the transformer is calculated by:

qL km (‘V‘ |t| |Vm‘2)bkm + Z‘Vlz”VmHt' bkm COS(Qk - Gm + T) (627)

If g1 4 > 0, reactive power is required by the complex transformer; if g; 4, < 0
reactive power is supplied to the system.

6.4.1.1 Incremental Real Power Flow Apy,, in a Transformer

To study the behavior of real power flow in the steady state condition, the incre-
mental real power expression shows the effect of small changes from every variable
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that must be adjusted by control action or variables that adjust themselves to com-
ply with network constraints. Let us assume an expression for a complex relation
transformer. The incremental form for Ap,,, depends on small changes for variables
on py,, as in (6.21). Partial derivatives are shown.

Wi vy 2 WP Wiy o o Wayyr | AV AW, 9y, , Al
04, = G 80, + G 80, + %+ Sl o, |l T
(6.28)
aapr:’ = +‘VkHVmHt|[gkm sin(@k -6 + 7:) - b, cos(Qk -0, + ‘L‘)J = _|V/e‘2|t|2 by, — 4y,
(6.29)
% = +‘VkHVmHt|[—gkm sin(@k -6, + T) +b, cos(@k -6, + T)] = +|Vk‘2|t|2 b,, +4d,,
(6.30)
ag% = +V|[V, ld[ +g,,,sin(6, — 6,, +7) ~ by, cos(6, — 6, + 7)] = |V, 1 b, ~ a4
(6.31)
Pusntv| = [Vl g + 0 (6.32)
a‘Vk‘ k k km km .
ap’“”’\V | = Vi 1if g, + 0 6.33
B‘Vm‘ m k km T Prm (6.33)
WPoiy = v g, +
i =+ I 2 + b (6.34)

6.4.1.2 Incremental Reactive Power Flow Aq;,, in a Transformer

The incremental reactive power flow Aq,, in a complex power transformer depends
on small increments of the nodal variables and control actions on tap or phase shifter.

M g s M g M pp Wiy | AV, 00y | AVal |, 04 Al
Aq,, = agk A8, + ae’; NG, + —HLAT + a|";‘\v| v a\vk |\V\ v a|§:| |t "
(6.35)
The partial derivatives are:
d

(_;]6’”" = ‘VkHVmHﬂ[—gkm cos(Bk -6 + ‘L') - bkm sin(@,e -6 + ’L')] = —|Vk‘2|1,‘|2 Eim t Piom

(6.36)
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a .
acfgkm = ‘VkHVm“ﬂ [+gkm COS(Ok -6, + T) + by, sm(ek -6, + T)] = +‘Vk‘2|t|2 8km ™ Prom
(6.37)
a
gi’" = ’VkHVmHﬂ [—gkm cos(@,e -6 + ’L') - bkm sin(@k -0, + 1)} = —‘Vk’2|t|2 Eim t P
(6.38)
aqkm\v\ = v 1 by, + (6.39
a‘vkl K= Ve ko * Diem -39)
aq'm\v | = +[v 4 b, + (6.40)
B‘Vm| ml = TV kom T Diem :
G Al 6.41
] 1] = | ‘ |t| e T Qi (6.41)
6.4.1.3 Incremental Real Power Flow Ap,, in a Transformer
The real and reactive powers that flow from node 7 to node k through the com-
plex transformer are different from the ones that flow from node k to node m1;
the complex tap affects how these quantities are calculated. This characteristic
permeates to the partial derivatives in (6.42) and is not symmetric with partial
derivatives in (6.28).
Ap,, = % A8, + %, A, + —SPEAT + 3\Vm\|vm‘ v ‘ a\v]M v ‘ EH || ¥
(6.42)
P _ = +V ||[V.|l4 b
6. S sm(@ -6, - ‘L') - ‘VmHVk||t| o cos(em -6, - T)
(6.43)
= _‘Vm‘ bkm - qu
ad .
apT’:k = —‘VmHVk“ﬂ S sm(@m -6, - ‘L') + ‘VmHVkHﬂ b,,, cos(@m -6, - T)
(6.44)
= +‘Vm’2 bkm + qu
apmk

ok =V, VIt g, sin(6,, — 6, — 7) + |V, |[V,||b,,, cos(6,, — 6, — 7) 6.45)
= +‘Vm‘ bkm + qu
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Pukv,| =4[V, g, + 5 (6.46)
a‘Vm‘ m m km mk .
o, vie_lv P
T 1Y = TNVl 8k T P 6.47
8|Vk‘ ‘ k‘ V.| & k (6.47)
dap
Lot =V, f 1, + b (645
6.4.1.4 Incremental Reactive Power Flow Aq,, in a Transformer
The incremental reactive power flow Agy,,;:
_ %, M, ro v Mt nry Wspy (ALYl | 99, Ald
Ag, = 39: AO + ae: A6, + 2 AT + a’Vj]Vm\ v a\VT LR ]
(6.49)
The partial derivatives:
d .
% = _‘VmHVk“ﬂ 8km COS(Gm — 0, - T) - ‘VmHVk“ﬂ b s1n(9m -
” (6.50)
= _‘Vm|2 gkm + pmk
d .
gé’}‘f = +‘VmHVk“t| Sim cos(@m -6, - ‘L') + ‘VmHVk“ﬂ bkm sm(Gm -6, - T) 651
= +‘Vm|2 gkm - pmk
d .
et = Mg cos(0, - 0= 7) Vb i, 0 -7)
= +‘Vm|2 gkm - pmk
aquw = ‘2;, +q (6.53)
a|Vm‘ m m km mk
a9, 2
8‘Vk‘ ’ k‘ ‘ ‘ k k
& = +{V,[ by, + d, (6.55)

BH
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@ ikm Yim = gkm+/ bkm @
e

+

Vk = |Vk|40k Vm = |Vm| Aem

Figure 6.9 Transmission line model, positive sequence series impedance, and shunt admittance.

6.4.2 Incremental Power Flow for a Transmission Line

For a transmission line (see Figure 6.9), the model has nodal voltages Vk = ‘Vk‘ 20,
, V= ‘Vm|49m , series admittance yy,, = Qe + jOrm, and charging admittance y,,»

= 1/(_jXC/2) = By
The complex power on the transmission line from k to #2 using 6y, = 0, — 0, is:
Sem = Vi (i + ) (6.56)
Stm = Vk [(Vk - Vm)ykm + kasb/z]*
= ViI g0, = ViV, €4 0564, — [Vi[IV, |y, sin6,,, = ilVi[ By, (6.57)

_i|Vk‘2 B + i|Vil|Vinl b €056y, = 1|Vil[ V.| 84 506,
pkm = |Vk‘2 8rm ~ ‘VkHVm‘gkm COSka - ’VkHVm‘bkm Sine/em (658)
G =~V (B + Boya) = [Vill V| €508, + |Vil[V,| B 056y, (6.59)

Now, the complex power from # to k using 6,,, = 0,, — 0

St = (Vo = i + i) (6.60)

St = V[ (Ve =V, )3 + mesh/ZT

= ‘Vm‘z Eem ~ ‘VmHVk‘gkm cos6,, - ‘VmHVlkam sinf, , (6.61)

- j|Vm‘2 by, = /‘Vm|2 By, + j‘VmHVk‘bkm cos0,,,m — /‘VkHVk‘gkm sing,,
pmk = |Vm‘2 gkm - ‘VmHVk‘gkm Cosemk - ‘VmHVk‘bkm Sinemk (662)

Qe = |V, (B + B ) = [V Vil €0 506,01 + [V, |[Vi| By €056, (6.63)
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Transmission losses are calculated by adding (6.58) and (6.62).
2
pL,km = pk + pmk (‘V| ‘Vm‘ )gkm - Z‘VkHVm‘gkm Cosekm (664)

Adding the reactive power (6.59) and (6.63), a positive value (g j,, > 0) means that
reactive power is required by the transmission element. When (g; 4,, < 0), the reac-
tive power is supplied by the transmission line into the power system.

qL,km = _(|Vk‘2 + ‘Vm|2)(bkm + Bsh/Z) + Z‘VkHVm‘bkm COSBkm (665)

Note that that p,,;, (6.62) and g,,;, (6.63) can be calculated by (6.58) and (6.59) if
an exchange is made for k as m; this can be carried into the process of its partial
derivatives so that only the set to calculate quantities from k to m will be written.

6.4.2.1 Incremental Real Power Flow Apy,, for Transmission Line

For a transmission line the power py,, is as in (6.58), the incremental real power
km, and its partial derivatives are:

Wi ng + Pin Wiy |2V, 91y, AV
Ap,., = E)Gk AB, 891; AB a“a ‘Vk| |V/<‘ E)‘\ﬁ ‘| m‘ ‘Vm‘ (6.66)
aapTZn - +‘VkHVm’gkm Sinekm - |VkHVm‘bkm COSka = _‘VIJZ (bkm + Bsh/z) ~ (667)
P (0 )17,) 851080, + V[V, 058, = 4|V (b + Bus) + 4 1669
Prny A (6.69)
IV,
apk \ =1 8+ D (6.70)

6.4.2.2 Incremental Reactive Power Flow Aq,, for a Transmission Line

The incremental reactive power flow from k to m and its partial derivatives are:

A

AV,

aqkm AQ + aqkm Ae aqkm ‘ |
\%

e = 00, 96 “om ™ v,

Aq \V| v V.| (6.71)
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aqkm 7 Y7 : 5 2
%, V[V, by, sin,, = =[V| g + P (6.72)
aqkm 7 Y7 7 Y7 : 5 2
o = V[ V..| 8 €086, + [Vi||V,.| by, sinO,, = +HV[ 84 = Dp (6.73)
9, ~ 2
a|‘7 Vil = _‘Vk| (bkm + Bsh/Z) + qkm (674)
k
0
qkm ‘ _ +’ ‘ b + Bsh/Z +q,, (6.75)
6.4.2.3 Incremental Real Power Flow Ap,,, for a Transmission Line
The incremental real power flow from 7 to k as in (6.76) and partial derivatives in
this equation can be calculated by (6.67) to (6.70) if we reverse k and .
p op op AV, | ap A
A — mk AG + mk Ae mk VvV mk Vv k 6.76
Pk = 36 09, "k T v, \‘ g v | a\v\‘ d \A (6.76)
6.4.2.4 Incremental Reactive Power Flow Aq,,, for a Transmission Line
The incremental reactive power flow Aq,,,, from m to k and partial derivatives are
calculated by(6.72) to (6.75) if we interchange k by 1.
dq dq 9,11 1AVl 9,10, AV
A mk NG+ 2k AQ 4 kY mkly | —LH (6,77
ot = 0, A0 0, M M i 7
6.5 Newton’s Power Flow Solution

To solve a load flow problem that will determine all nodal voltages, we write two
power balance equations; one for the real power and one for the reactive power at
each node.

For a given node k:

= 2 Doy~ B+ Py =0 (6.78)
Vmek
e = 2 G — Qg+ Op =0 (6.79)

Vmek
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Prm

Gkm
Vmek

Obpk

Real power flow from node k to node m
Reactive power flow from node k to node m
Every element m connected to node k

Real power by generator into node k

Real power by load out of node k

Reactive power by generator into node k&

Reactive power by load out of node k&

We seek the node voltage solution for all nodes in the power system so that both
(6.78) and (6.79) are satisfied as being zero. We write an incremental expression for
the real and the reactive power mismatches at each node. Newton’s method solves
the system of equations such that at iteration 7, after the correction values are cal-
culated, (6.81) updates nodal voltage angles and node voltages.

)

aka ka

ko A (r)
o AI‘G’I | I 6.80
You yos | | M fou o8
0 VI

9 (r+1) B r 9 () AB

L0 N\ N (6.81)

Example 6.4

For an AC simple system (see Figure 6.10), a three-node arrangement writes the
complete set of equations for the power balance at every node. In this system, there
are two elements (one transformer and one transmission line).

The real and reactive nodal balances are constraint equations that need to be
satisfied through the set of nonlinear equations. Newton’s method improves the
initial values by solving for corrections for nodal angles A@ and voltage magnitudes
Al VI/I V. The iterative process starts with initial values for unknowns 6, = 6, = 6,

P, @ 1:|1|45°®

@
- Vi, =110 Pz3 P32

|
O _’%’ Y23 =215 I—l
P12 P2

P»=0.50 Py, =0.75 Pp; =0.30

Qp,=0.3882

Figure 6.10 Network arrangement to study incremental load flow equations, values in pu.
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and nodal voltages | V|, = | V|, = | V|;. We start with the power mismatch equa-
tions for the real and the reactive power at each node. Then we apply the incremen-
tal form that uses partial derivatives, which were already presented in Section 6.4.

node 1
node 2
node 3
node 1
node 2
node 3

8
&
&3
84
&s
&6

=PI+ Py =0
=Dyt Dyt P =0
=Py~ B3+ Py =0
=d;, = Qg +0Op; =0
=dy + 93+ 0py, =0
=dq3 = Qg3 +Qp; =0

(6.82)

The numerical values for partial derivatives and g’s (mismatch equations) are cal-
culated with the assumed starting nodal values.

o, Iy 9Py, b1,
6, 20, 0 Vi, qv], Vi, dvl, 0
ale ale ap23 ap23 ale ale ap23 ap23
26, a0, o6, a0, Vhavi, Veavi *Vhavy Vv
ap op op op
0 32 —32 0 |V| 732 | | 32
6, 08, 23V, V]
M, %y, 041 9d1
26, 06, O Wigvi  Vhaw 0
99, 99y, | 993 99y, 99,, 99, 99,5 99,5
a6, a0, * 0, a0, Vhavi Vhavi TVhav Vhavy
995, 995, 995, 995,
° %, o, Vegv,  Mhaw,

&1
&
&3
84
&8s
8s

(6.83)

Prior to conducting the first iteration, one nodal angle is selected as reference; usually,
0, is selected and set to O radians. The magnitude of nodal voltages at generation
buses will be kept constant because no incremental change is allowed, given that the
reactive power limits of the source are not exceeded. To solve (6.83), the reference
angle and the constant voltages (at generation nodes) must numerically reflect these
fixed conditions. After a few iterations, a converged solution for all nodal voltages
is attained and the power flows in lines and transformers can be calculated. In our
case for numerical code, node type 0 is the slack node, —1 is a load type PQ, and
+1 is a PV generation bus. The results are shown in Figure 6.11.

Iterative process Newton, Data
Elements = 2

Nodes

= 3

Table for elements
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Elem N-k N-m  typeel tap tau yelem Bsh/2
1 1 2 -1 1.00 5.00 1.0000 +j-10.0000 +j 0.0000
2 2 3 1 1.00 0.00 2.0000 +j-15.0000 +j 0.0000
Number of transformers = 1
Table of nodal conditions
Node type Voltage Angle Pgen Pload Qload
1 0 1.0000 0.0000 0.0000 0.5000 0.0000
2 -1 1.0000 0.0000 0.0000 0.7500 0.3882
3 1 1.0000 0.0000 0.6633 0.3000 0.0000
Type of nodes
Generation Nodes = 2 Load Nodes = 1
Iteration = 1 maxdev = 7.071320e-002
Iteration = 2 maxdev = 1.030489e-003
Iteration = 3 maxdev = 1.172099e-006
Nodal Report
Node type Voltage Angle Pgen Pload Qgen Qload
1 0 1.0000 -0.00 0.8902 0.5000 0.1654 0.0000
2 -1 0.9805 2.84 0.0000 0.7500 0.0000 0.3882
3 1 1.0000 4.10 0.6633 0.3000 0.2535 0.0000

Table for elements (duplicated, -1 transformer,

+1 transmission line)

Elem N-k N-m typ-el tap tau pkm gkm
1 1 2 -1 1.0000 5.00 0.3902 0.1654
1 2 1 -1 1.0000 5.00 -0.3884  -0.1476
2 2 3 1 1.0000 0.00 -0.3616  -0.2406
2 3 2 1 1.0000 0.00 0.3633 0.2535
PLtot = 0.0035 pu QLtot = 0.0306 pu (>0 required), (K0 to the system)
1.0° 0.9805  2.84° 1,/ 41°
T:|¢t 5°
— 0.3901 -0.3884 -0.3616 0.3633 —
O O
| 0.2406 <
0.1654 _
P,, =0.50 Pp3 =0.30
Py, =0.75
Q,, =0.3882

Figure 6.11

Load flow results for Example 6.4.
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6.6

Power Flow Approximations

The incremental real power flows (6.28) and (6.42) Apy,,, Ap,., and incremental
reactive power flow (6.35) and (6.49) Aqy,ns Aq,, for a complex transformer and
in (6.66), (6.71), (6.76), and (6.77) for a transmission line that are the departure
for the approximation. For example, in the case of a transmission line, it can be
scrutinized closely with particular attention to the relative values observed for the
partial derivatives. Using reasonable considerations that are observed in high volt-
age power circuits, the parameters are of such values that g, << b,,, cos (6, — 6,
+ 1) = 1.0, |Vm| = 1.0, l¢] = 1.0, and sin (6, — 0,, + 7) = 6, — 0,, + 7. These are
considered decoupling assumptions.

These values are placed into the partial derivatives (6.29)—(6.34) and (6.67)-
(6.70) and we have:

ang: = -|v]b,, (6.84)
%ka: = +|v]b,, (6.85)
ag% - vy, (6.86)
i bnlo-a.s
% = -|v,|b,,.(6, -6, +7) (6.88)
aglir = ||k, (6, -6, +7) (6.89)

The substitution of approximated values into Apy,, can be written as an Ohm’s
equivalent (6.91) for the incremental real power flow from node k to node 1.

Aby, = —|Vi|b, 00, + [V, |, 08, |V, |b,, AT = |V, |b,,. (6, - 6, +T)A|V,|

(6.90)
|V b,. (6, -6, +7)A|V | -|Vb,,.(6, - 6, +T)AlA
Ap,,,
—kaﬁ + A8, — A9, = -AF, = —At (6.91)

The incremental Ohm’s equivalent circuit in (6.91) can be drawn (see Figure 6.12).
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Apkm/|\/k| — + — +
—
O -
Xkm AF,
Ab, AU

Figure 6.12 Incremental real power flow equivalent circuit; complex transformer.

The equivalent series source AF, in (6.92) includes changes to incremental values
in radians for a phase shifter, magnitude changes at sending and receiving nodal
voltages, and incremental tap change. AF, can be approximated to A7 (in radians).
We propose to use this model to analyze the effects of control actions by phase
incremental changes and to study how network flows change and a way to solve
for a system’s congestion relief.

(912 — em + T)

AFE = +At +
’ Vil

AV +(6, -6, +)AlV,| +(6, -6, +7)Ald  (6.92)

For the incremental reactive power flow Ag,,,, the approximate expressions for
partial derivatives take the form:

%Z = -|V,|b,, (6, -6, +7) (6.93)
?Tk: = +[V{by,, (6, - 6, + ) (6.94)
83% = -|V|b,,,(6, -6, + 1) (6.95)
aaf\'}j -|Vil b, (6.96)
gﬁ?j = +v/b, (6.97)
i -Vl b, (6.98)
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Substitution into (6.35) gives an Ohm’s equivalent form for reactive power flow and
incremental voltages (see Figure 6.13):

Aq,,.
—kaﬁ +A|V,| - AV, | = -AF, (6.99)
AF, = (6, -6, +7)A0, — (6, - 6, +7)A6, +(6, — 6, +7)AT + Alf (6.100)

Further considerations for AF, allow an approximation to Altl.

For transmission lines the incremental real power Apy,, (6.66) with partial
derivatives in an approximated form; using —x,, = 1/b,, and apkm/a\vk\ =0,
apkm/a\vm\ =0 are:

apkm

T A (6.101)
d
a%: ~ +b,, |V (6.102)
-, WPion (A6, —406,)=0 (6.103)
Vi

The incremental reactive power Aq,, (6.71) for the transmission line requires the
partial derivatives that are approximated by dqy,,/d 0 = 0,04;,,,/90,, =~ 0. The Ohm’s
Law model is now (6.106) and Figure 6.15.

n _ opeialv|—b, |V (6.104
- — -b,, .104)
a’Vk‘ ‘ k‘ k ‘ k‘
aq,,,
E’l‘ﬁm! =~ +b,, V| (6.105)
Aqkm/lvkl — + - +
+_’_|:|_Q_ +
Xkm AF,
AV AlV,)|

Figure 6.13 Incremental reactive power flow equivalent circuit; complex transformer.



6.6 Power Flow Approximations 189
Aqkm _ _ _
v = (2Bsh2)A[V,| - b, (A]V,] - AV, |) (6.106)
k
Example 6.5

As a small test network, let us solve the load flow problem using reasonable approxi-
mations (such as the ones used in what is known as the fast decoupled load flow). The
first derivatives in the Jacobian matrix reflect the approximations. The unknowns are
nodal angles 0,, 05, and 6, and the voltage magnitude for node 4. The constraints
to be satisfied are the real and reactive power flows at each element and the nodal
real and reactive power balances.

t| £t =1, + jtg = 1.05£5°
The incremental real power flow for each element and the nodal real power bal-

ance are written using both (6.91) and the real power incremental balances at each
node. In matrix form:

—> — 1~
O oo O
lpn P34l
P, =0.30 Pp3 =0.20
o) @
—> —» P2 «—
“ ] }
@
Pp, =0.40 Py, =0.50

Figure 6.14 A Small network to study the decoupled power flow.

Table 6.1 Data for Small Networks (Figure 6.14)

Element Node - k Node - m Vi tap b
1 1 2 1.0 -410 -1 0
2 1 3 1.0 - /10 Lo+t 0
3 3 4 1.5 -415 -1 0
4 2 4 2.0 -520 -1 0
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Apll
vl ||~
AP13 0
Vi
[—x, 0 0 0 +1-10 0 | APu 0
0 —x, 0 0 +1 010 | [V
0 0 —x, 0 0 +1 0 -1 Ap, 0
0 0 0 -x, 0 0 +1 -1 [V |_ (6.107)
#1 -1 0 0 00 00| AP,
-1 0 4+ 0 0 0 0 0 ! v
0 -1 + 0 0 0 0 0 AP,
0 -1 -1 0 0 0 0 0| A% v
A A%
’ Vi
9 A_1)4
RN

The solution to (6.107) requires one node angle as reference; its value is to remain
fixed. Usually A7, the incremental phase shift control is set to zero under the assump-
tion that the phase shifting angle is not changed within this numerical step. For
the reactive power incremental equivalent using (6.108), we must include all series
and shunt components. This gives a similar network to the one written for real
power—nodal angle power flows. Shunt components add to the incremental reac-
tive power contributions which are added into the nodal reactive power balance,
as seen in (6.109).

A‘g:r = ~(2Bsh2)AV,| - b, (A]V| - AV,)) (6.108)
I Agqyy 1 - -
_ | [
—x, 0 0 0 41 -1 0 0 Ag,, 0
0 -x5, 0 0 +1 0 -1 0 v 0
0 0 -x, 0 0 +1 0 -1 Ady, AQ,
0 0 0 -x, 0 0 1 1 V| vi
1 -1 0 0 -2B2 0 0 0 Agy | =| A9,
-1 0 +1 0 0 -2B2-2B¥ 0 0 Vi LV2|
0 -1 + 0 0 0 —2B% 0 AV |§’3
0 -1 -1 0 0 0 0 -2B% -2B% | A AO
] _ A|V3| |V|4
A|V4| S




6.6

Power Flow Approximations 191

AGy! Vil
—_ —

+ —— -

AlV| -28B,, AV,

Figure 6.15 Circuit to include shunt reactive compensation.

Given that there is enough reactive power from the reactive sources at that node,
the nodal voltage magnitudes for the generation nodes must remain fixed; numeri-
cally, we treat the nodal voltage in the same way as the node angle reference. At this
stage, Al ¢| is considered zero because no change for tap position is active. Once the
set of variables related to element are eliminated in both the incremental real power
model (6.107) and the incremental reactive power (6.109), we iteratively solve the
two systems of equations in sequence or under other possible schemes, following
numerical steps as described by Figure 6.17. A succinct notation for the fast decoupled
load flow is composed by two set of equations. Results are shown in Figure 6.16.

AP
B'A6 = = 6.110
|V| ( )
” A
Balv| = 22 (6.111)
Vi
1,0 1/.1.98°
P.,=0.3436 @ -0.3434 0.3456 @ P.,=0.64
- +j0.0405 -j0.0285 «—
O+t+——= -
> P’
Q;=0.0092
0.3880 0.0944 Qg;=0.0144
-j0.0312  +j0.0142 l
Pp; =0.30 Pp; =0.20
P.,=0.42
“ 5 T-O.3865 -0.0944 T @ o
O +0.0462  —j0.0136 0.9985 / 1.62
<«< | -0.4056 -0.4056
Qc,=0.0408 | +j0.0054 +j0.0136
VB —
Py =040 4 /5 780 Ppy =0.50

Figure 6.16 Load flow solution diagram for Example 6.5.
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Data for an iterative process

Nodes = 4 Element = 4
Element type From to yseries 1/2Ysh (tap)
1 1 2 1.0000 +3j-10.0000 0.9962 +j 0.0872
0 1 3 1.0000 +j-10.0000 0.0000 +j 0.0000
0 3 4 1.5000 +j-15.0000 0.0000 +j 0.0000
0 2 4 2.0000 +j-20.0000 0.0000 +j 0.0000
1 2 1 1.0000 +j-10.0000 0.9962 +j 0.0872
0 3 1 1.0000 +3j-10.0000 0.0000 +j 0.0000
0 4 3 1.5000 +j-15.0000 0.0000 +j 0.0000
0 4 2 2.0000 +3j-20.0000 0.0000 +j 0.0000
Call to line flow calculation and Max mismatch
Convergence in P 1.5 Q 1.0 iterations MaxDQ =3.3251e-006
Node Report
Node type Vmag(pu) Angle(deg) PG QG PL QL
1 +0 1.0000 0.00 0.3436 0.0092 0.3000 0.0000
2 +1 1.0000 2.78 0.4200 0.0408 0.4000 0.0000
3 +1 1.0000 1.98 0.6400 -0.0144 0.2000 0.0000
4 -1 0.9985 1.62 -0.0000 0.0000 0.5000 0.0000
Load flow results
Element Node from Node to spk
1 1 2 0.3880 +j -0.0312
2 1 3 -0.3444 +3 0.0405
3 3 4 0.0944 +j 0.0142
4 2 4 0.4065 +j -0.0054
5 2 1 -0.3865 +j 0.0462
6 3 1 0.3456 +j -0.0285
7 4 3 -0.0944 +j -0.0136
8 4 2 -0.4056 +j 0.0136
Power Losses = 0.0036 pu
Qsystem = 0.0357 pu (>0 required), (<0 to the system)

In practice, when solving large power networks, the experience reported is that the
fast-decoupled load flow shows a good type of convergence for systems that have
reasonable load condition, not very stressed systems, and for high-voltage networks
where the assumptions for the decoupling principle are satisfied. The fast decoupled
model in (6.110) and (6.111) where the Jacobian elements have the linear approxi-
mation so B” and B” are kept constant from iteration to iteration. Equations (6.110)
and (6.111) are very useful for network control studies, relating control actions to
changes in nodal electrical variables and for changes in power flows; we discuss

such application in Chapter 8.
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Build B’ and B”

v

With initial V' calculate
Pim @and p,,., then mismatches AP/|V|

Convergence for 6's
No FlagP =1

Solution for A6 from B’A6 = AP/|V|
Update values 0"=6"+ A6, FlagP = 0

A 4

Calculate reactive flows g,,, and g,
Mismatches AQ/|V| are formed

All |AQ/|V| | <= €7
Convergence for |V|'s
FlagQ =1

Solution for A|V| from B”A|V| = AQ/|V|
Update values |\/|(")=|V|(°)+A|V], FlagQ =0

I ¥

Complex nodal voltages |V|(0)=|V|(n)exp( j@m))

v Yes
FlagP & FlagQ=1? —p——

Converged solution

No

Figure 6.17 Diagram for the decoupled power flow calculations.

6.7 DC Network Power Flow Solutions

Most books that treat power system analysis stress the AC network solution for
the load flow problem. We now give attention to a ubiquitous form of use of elec-
tric energy, which is the direct current (DC), transmission, and distribution. An
increasing use of low DC voltage devices at home and office, coupled to its use in
industrial processes, makes this type of electrical energy nonfluctuating in time,
no frequency and no reactive power, to reach renewed impetus in its applications.
Of course, switching on or off DC electric loads ensues transients and this is a
particular area of study and design that we will not be covering. The basic R, L,
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Figure 6.18 DC current transmission element.

and C circuit components are present in the DC networks as part of series or shunt
connections, but in the steady state, only the resistance R appears in the current’s
trajectory. The fundamental relations for load flow analysis in DC networks follow
Figure 6.18. Power expressions from node k to node » and from m to k, recogniz-
ing the current through element km is 7y, = (Vk te, - Vm)/rkm .

(sz + Vi, — Vka)

P = Vite = - (6.112)
Vi (_vak B Vmekm + Vri) 6.113
pmk__ mbem = T ( . )
Losses:
VE+Vite, (V, -V, )-2V YV,
k m km\ "k m mk
pmk,losses = pkm + pmk = ( P2 ) (6114)
km
6.7.1 Incremental DC Power Flow Equations
Incremental power Apy,, from node k to m, and its partial derivatives are:
op 9P 9P
A — km A km A km A 11
Pim av, V, + v, V. + 3, . € (6.115)
op 2V, +e, -V V., p
kmz( k k ):—k+ﬂ (6116)
IV, Tem Tom Vi
op V,
o = ——k (6.117)

oV B

m
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—apkm — +£
aekm rkm

Substitution of partial derivatives in (6.115) are:

2V, +e, -V
Apkm — ( k km
km
T V: + (1 + %]AV,z - AV _=-Ae,

Incremental power Ap,,, from node m1 to k, and its partial derivatives are:

apmk
v,

ap,,
Bb = Gy

AV +

AV,e +

apmk
aekm

apmk _ (_Vk B ekm + zvm)

an rmk
apmk _ _V_m
Wy T
apm/e _ _V_m
aekm - rmk

Substitution of partial derivatives in (6.121):

-V, —-¢ +V Vv V Vv
AD, . _ (- e ’”)AVm + LAV, — AV, -~ Ae,
Tk Tk Tk Tk

A
-7 AP + [1 + _7m1€7172mk )AVm — AV, = +Ae,

m

Example 6.6

v, v,
”’)AVk - AV, + LA,

(6.118)

(6.119)

(6.120)

(6.121)

(6.122)

(6.123)

(6.124)

(6.125)

(6.126)

To illustrate the general nature of the load flow problem for a DC circuit let us con-
sider three nodes with three elements. V; = 20 V and assume no control elements,

as shown in Figure 6.19.
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4Q

Pc;=0

Figure 6.19 Small DC current network.

Ppy=4

The incremental model Apy,, in (6.120) and Ap,,,;, (6.126) is applied to the three
transmission elements. We have six power flow equations and incorporate the three
power nodal balances. The system of equations is 9x9, as in (6.127).

-10 0 0 0 O

0 -10 0 0 O

0 0 -1 0 0 O

0 0 0 -10 O

0 0 0 0 -10

0 0 0 0 0 -1

+1 +1 0 0 O O

0 0 +1 41 0 O

0O 0 0 0 +1 +1

(/2P
Vv,

(/28
9V,
0
9Dy,
v,
b3y
v,

0

(/2P
E)V2

0

(/2%

BV2

9Dy,

v,
0

ap32
v,

(/28
V.
b3
E)V3

Ip3
V.
ap32
AV,

Apy,
Ap,;
Ap,
Ap,,
Aps,
Aps,
AV,
AV.
AV.

(6.127)

The partial derivatives are calculated by (6.116)—(6.118) and (6.122)—(6.124). The
voltage for nodes with a source will be fixed, and its incremental voltage will be
zero; we work this condition numerically in the process (the solution is shown in

Figure 6.20).
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Total nodes = 3 Elements = 3
Element Node from  Node to rkm
1 1 2 4.0000
2 1 3 2.0000
3 2 3 1.0000
4 2 1 4.0000
5 3 1 2.0000
6 3 2 1.0000
Node Information
Node type  Vmag(pu) PG PL
1 +0 20.0000 0.0000 2.0000
2 -1 20.0000 0.0000 4.0000
3 -1 20.0000 0.0000 4.0000

Iteration = 0 Maxdev = 4.00000e+000
Iteration = 1 Maxdev = 1.02857e-001
Iteration = 2 Maxdev = 7.96669e-005
Iteration = 3 Maxdev = 5.11591e-011

Convergence in 3 iterations

Node Report
Node type  Vmag PG PL
1 +0 20.0000 10.2298 2.0000
2 -1 19.4120 0.0000 4.0000
3 -1 19.4710 0.0000 4.0000

Load flow results

Element Node from  Node to pkm
1 1 2 2.9401
2 1 3 5.2897
3 2 3 -1.1463
4 2 1 -2.8537
5 3 1 -5.1498
6 3 2 1.1498
Power Generation = 10.2298 Power Load = 10.0000 Power Losses = 0.2298

Sensitivity Matrix =

-1.0000 -0.0000 -0.4535 -0.4535 -0.3035 ~-0.3035 ~-0.0000 -0.4535 -0.3035
-0.0000 -1.0000 -0.6089 ~-0.6089 -0.7524 ~-0.7524 -0.0000 -0.6089 -0.7524
0.0000 0.0000 -0.4268 0.5732 -0.2857 ~-0.2857 0.0000 0.5732 ~-0.2857
-0.0000 -0.0000 0.4268 -0.5732 0.2857 0.2857 ~-0.0000 0.4268 0.2857
0.0000 0.0000 0.5767 0.5767 ~-0.2874 0.7126 0.0000 0.5767 0.7126
-0.0000 -0.0000 -0.5767 ~-0.5767 0.2874 ~-0.7126 ~-0.0000 -0.5767 0.2874
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0907 0.0907 0.0607 0.0607 0.0000 0.0907 0.0607
0.0000 0.0000 0.0609 0.0609 0.0752 0.0752 0.0000 0.0609 0.0752

For this network, we calculated the sensitivity matrix, whose elements relate column-
wise the effect of controls that might be acting in a given element, which might be
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V,=20.0 V,=19.412
@ p,,=2.9401 py=-2.8537 @
P,=102298 = ) | Pa=00
P ~5.2897  p,=-1.1463,
b ]
P,=2.0 3) ) P,=4.0
py=-5.1498 T T p:=1.1498

@ V,=19.471

P,=0.0 P;=4.0
Figure 6.20 Small DC load flow solution.

a series voltage source or changes to the nodal injections by a source or from load
requirements. Control actions will modify the system’s power flows and nodal volt-
ages at the load nodes. Control action effects on system’s elements are of paramount
importance to quantify and evaluate both control actions and the controllability of
the power flows and nodal voltages in a power system. We can use this concept to
analyze the most appropriate control location and to have the most effective action
for a given network. The sensitivity information can be used to coordinate a mini-
mum effort of existing controls and to solve the congestion problems.

Incremental Power Flow and Control Actions

The incremental AC load flow formulation has information about incremental real
and reactive power flows on each element in the system, as well as incremental
voltages and nodal angles. In this sense, we can extend the analysis into the line
power flows control; with an explicit model, we can calculate control actions in a
given network. We can analyze control devices as taps, phase shifters, and power

P @ Tt @ Pes
4—

— P12 P P23 P32
Ot——{——]
l_l ¥y,=1-j10 I‘l Y23=2-j15
Ppy=0.50 Pp, =0.75 Pps =0.30
Qp, =0.3882

Figure 6.21 Three-node system to illustrate incremental power flow concepts.
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injections of real and reactive power (including load curtailment) in a comprehen-
sive manner. An optimal coordination of various control actions to solve congestion
problems is a matter to be discussed in Chapter 8.

If we write the incremental real power flow Ap,,, and Ap,,, from k to m and
from m to k, we will have terms that require partial derivatives for the Jacobian or
matrix of first derivatives. The same goes for the incremental reactive power Aqy,,
and Ag,,.. To these equations, we must add nodal incremental balances in order to
have a consistent set of equations, the same number of equations, and unknowns.
The set of 14 equations in matrix form shows expressions that are carried out by
control changes on the right-hand side. In a base case load flow solution, usually
At and Al¢]/]¢| are considered zero, which means no change to these controls.

Ap]Z
_op ap A|t|
A 12 A _ 9Py
S I B i TR
a1 pp 9Py Al
Ap,s ot di |y
_ 1 ap 0
10 0 0 %P2 %u g 5090 Puy %oyl »
96, 06, B‘Vl’ B‘VZ‘ 0
apzl apll apzl apzl Ael
0 -10 0 Fg 555 0 0000 a]vl]‘VJ a\vz\‘ |0 AP
9py; 0P 9P p
00-10 0 =2=50000 0 Bly| 23y || A8
392 393 9\V\| 2| a|V3|‘ ‘ 2 AP2
ap32 ap32 ap32 ap32
- AO
00 0-1 0 52320000 0 a\v“ vyl a|V3|‘V3‘ ; AP,
| o4, 9q,, , AlY
#1000 0 0 0 0000 0 0 0 Ay, ST ralarE
_8q21 AT — aqlzm Al
041410 0 0 0 0000 0 0 0 Agy, Jt a1
0O 0 0 +41 O 0 0 000O0 0 0 0 0
Agy;
0
P A
L 1| 24
AQ,
Al
[vi 4
A‘VZ‘ AQ,
vl | L ]
AV,
| Vi
(6.128)

The sub-matrix f in (6.128) has terms that relate voltage changes to reactive
power flows.
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0000 26 0. 0 -1 0 0 0 BM\VJ aw\vz\ 0

99, 99, _ 9y 1y 9
0000 %6 90, 0 0-10 0 B\Vl\‘Vl' a\VZ\‘VZ‘ 0

0000 0 2 %s g o 4o o Yy My

30, 06, ELARGEE A
0000 0 2% 4 ¢ o 4 o aq32\v| aqi\v\ (6.129)
96, 06, AR VAL
0000 0 O O 410 0 0 0 0 0
0000 0 O O 0 41410 0 0 0
0000 0 O O 0 0 0+ 0 0 0

A reference angle must be selected and the generating nodes that must keep a constant
voltage should be identified. The inverse of the complete Jacobian matrix will have
numerical information about sensitivity factors; these values translate into valuable
information when solving control-related problems in electric power networks and
are very helpful when solving congestion problems. The problem will be presented in
Chapter 8 from an optimal point of view when control coordination can be solved.

Unbalanced Three-Phase Power Flow

Most studies are conducted assuming a three-phase balanced system; therefore,
only the positive sequence impedances are required to conduct load flow studies,
fault analysis (except at the fault point which might be an unbalanced connection),
and other studies (such as transient stability). In the more general case unbalanced
conditions might be at the load, the transmission lines that were not transposed,
and other situations such as an open conductor. To solve for the unbalanced load
flow in the three-phase power system, we need an abc matrix formulation. One way
to set up the problem is through the three-phase nodal admittance matrix Y, 4.
in the abc frame of reference.

Yabcvabc — Iabc (6130)

bus " bus bus

Nodal voltages, complex power, and currents will be in the abc frame of reference;
Norton’s equivalent for power sources might be used. In order to establish the itera-
tive process, let us use a small three-phase power system (see Figure 6.22): one three-
phase power source, a transformer bank in a AY connection, and a transmission
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O3 H
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Generator  AY transformer line

Y connection
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Figure 6.22 Three-node system to illustrate incremental power flow concepts.
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Figure 6.24 Norton’s equivalent for synchronous generator.
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line. Values of impedances and voltages are in pu and the numerical process starts
assuming an abc flat start, balanced phase-shift from phase a, b, and c.

To build the Y, ., matrix, we assume that the generator is represented by its
Thévenin’s equivalent (see Figure 6.23). We can then calculate Norton’s equivalent
for each synchronous generator (see Figure 6.24).

Thévenin’s and Norton’s model for the generator is written as:

abc _ r7abc 7abc abc

Vbus,g - Zbus,glbus + Ly, (6.131)
abc Yyabc _ jabc abe

YbUS,ngUS,g - Ibus + ]bus,g (6.132)

With the three-phase admittance for the generator for the AY transformer and for
the transmission line, we build the three-phase admittance matrix for the electric
network. Nodes I, I1, and I1I in Figure 6.22 are three-phase abc nodes.

abc abc,A _yabc,AY abc abe abe
Ybus,g Ybus,tr Ybus,tr 0 ‘/bus,I Ibus,I * bus,g
abc,YA abc,Y abc __yabc abc _ abc
Ybus,tr Ybus,tr + Ybus,TL Ybus,TL Vbus,lI - Ibus,ll (6133)
abc abc abc abc
0 Ybus,TL Ybus,TL Vbus,HI Ibus,IH

Build three-phase Y, matrix

Set initial voltages for phases Vﬁx

: 0 0
Calculation of net nodal powers [, =Y V.
0 0 ,,0
Sape = Vape Ugp)* ¥V nodes
l Yes
Power mismatches < tol V nodes? [—>
Convergence
l No .
Print results
Update nodal currents and solve for
Vo =V} n 0
abe = Vabe new voltages V;, =7, | ...
A
l Yes
Max number of iterations exceeded? —
N Non
l 0 convergence

Figure 6.25 lIterative process for three-phase load flows, using Z,,s matrix.
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Unbalanced load power flows, using Zbus,abc matrix

Example 6.7

To illustrate the general nature of the three-phase load flow (especially for unbal-
anced conditions presented by the system’s elements or from the load), let us apply
the Z,,, iterative method to solve the small network in Figure 6.22. We follow the
steps in Figure 6.25. All values are in pu.

Thevenin impedance matrix for generator, phases abc

0.0000+]

0.1800

0.0000+j -0.0200
0.0000+j -0.0200
Norton equivalent for generator, phases abc
Nodal Admittance matrix

0.0000+j) -5.7143
0.0000+j -0.7143
0.0000+j -0.7143

0.0000+j -0.0200 0.0000+j -0.
0.0000+j 0.1800 0.0000+j -0.
0.0000+j) -0.0200 0.0000+]

0.0000+j -0.7143 0.0000+j -0.
0.0000+]) -5.7143 0.0000+] -0.
0.0000+j -0.7143 0.0000+j -5.

Admittance matrix for transformer bank D-Y

Columns 1 through 3
0.
.0000+] 6.6667
.0000+] 6.6667
.0000+j 11.5470
.0000+j 0.0000
.0000+j-11.5470

O O O o O

Columns 4 through 6
.0000+j 11.5470
.0000+j-11.5470
.0000+j 0.0000
.0000+3-20.0000
.0000+3 0.0000
.0000+j 0.0000

O O O O o o

0000+j-13.3333

Transmission line, series impedance model

0.0000+j 0.1667
0.0000+j 0.0667
0.0000+j 0.0667
/busabc =
Columns 1 through 6
0+ 0.18001 O -
0 - 0.0200i O +
0 - 0.0200i O -
0+ 0.11551 0 -
0 + 0.0000i O +
0 - 0.1155i 0 +
0+ 0.11551 0 -
0 + 0.0000i 0 +

O O OO O o oo

0.

6.
6.

0.

0.

0.
0.

0.
0.
0.

0.0000+] 6.6667 0.0000+]
0.0000+j-13.3333 0.0000+]
0.0000+] 6.6667 0.0000+j-13.
0.0000+j-11.5470 0.0000+]
0.0000+j 11.5470 0.0000+j-11.
0.0000+j 0.0000 0.0000+j 11.
0.0000+j 0.0000 0.0000+j-11.
0.0000+j 11.5470 0.0000+]
0.0000+j-11.5470 0.0000+] 11.
0.0000+j 0.0000 0.0000+]
0.0000+j-20.0000 0.0000+]
0.0000+j 0.0000 0.0000+j-20.
0.0000+j 0.0667 0.0000+]
0.0000+j 0.1667 0.0000+]
0.0000+j 0.0667 0.0000+]
.02001 0 - 0.02001 0 + 0.1155i
.18007 0 - 0.02001 O - 0.1155i
.02007 0 + 0.18001 0O - 0.00001
.11557 0 + 0.00001 O + 0.1833i
.11557 0 - 0.11551 0 - 0.0667i
.00007 0 + 0.11551 0O - 0.0667i
.11557 0 + 0.00001 O + 0.1833i
211551 0 - 0.11551 0 - 0.06671

0200
0200
1800

7143
7143
7143

6667
6667
3333
0000
5470
5470

5470
0000
5470
0000
0000
0000

0667
0667
1667

O O OO O o oo
| |

O O OO O o oo

Current source

-0.0000+]
-4.3301+]
4.3301+]

.00001
.11551
.11551
.06671
.18331
.06671
.06671
.18331

O O OO O o oo

5.0000
2.5000
2.5000

.1155i
.00001
.1155i
.06671
.06671
.18331
.06671
.06671
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0 - 0.1155i
Columns 7 through 9

Iteration

1

=
o
Q.
[} W O N O O & W N

O 00 N O O & W N =

Generator

0.
.1155i
.00001
. 18331
.06671
.06671
.35001
.00001
.00001

O O OO O o oo

11551

0

0

O O OO oo oo

+ 0.00001 O +

.00001
.11551
.11551
.06671
.18331
.06671
.00001
.35001
+ 0.00001

O O OO O o oo
O O OO OO o oo
|

+ + 4+ +

initial conditions
Voltage

1.0000+]
-0.5000+]
-0.5000+]
1.0000+]
-0.5000+]
-0.5000+]
1.0000+]
-0.5000+]

.0000
.8660
.8660
.0000
.8660
.8660
.0000
.8660

|
O O OO O o oo

-0.5000+] 0.8660

7

N =N oY~ N ol

Max V update

.987551e-002
.394074e-002
.976889e-003
.154804e-003
.144031e-005
.359442e-005
.254336e-006
.816108e-007
.560290e-008

Voltage

0.974690+]
-0.526594+]
-0.448096+]
0.868283+]
-0.055321+]
-0.808971+]
0.876640+]
-0.069998+]
-0.778698+]

.074679
.816807
.891486
.412023
.981417
.573707
.384886
.965933
.611244

|
O O OO OO o oo

Voltage E

1.000000 -0.00
1.000000 -120.00
1.000000 120.00
Power E

O O OO O oo oo

0.11551 0 - 0.06671

0 - 0.06677 0 + 0.1833i

38
81
69
39
23
66
70
14
87

0.1155i

0.00007

0.1155i

0.06671

0.06671

0.1833i

0.00007

0.00001

0.35001

Load

.0000+j 0.0000

.0000+j 0.0000

.0000+j 0.0000

.0000+j 0.0000

.0000+j 0.0000

.0000+j 0.0000

.3000+j 0.1000

.2000+j 0.0800

.4000+j 0.0000
Magnitude angle
0.977547 -4
0.971842 -122.
0.997766 116.
0.961082 25.
0.982975 -93.
0.991753 144.
0.957411 23.
0.968466 -94.
0.989944 141.

Voltage R

0.977547 -4.38
0.971842 -122.81
0.997766 116.69
Power R

Current

0.3734+]
0.2461+]
0.1273+]

0.1266
0.1330
-0.2595
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0.3734+j 0.1266 -0.3734+j -0.0955
0.2382+j 0.1466 -0.2382+j -0.1310
0.2884+j 0.0195 -0.2884+j -0.0028

Transformer Voltage S Voltage R Current
0.977547 -4.38 0.961082 25.39 0.3734+j -0.1266
0.971842 -122.81 0.982975 -93.23 -0.2461+j -0.1330
0.997766 116.69 0.991753 144 .66 -0.1273+j 0.2595
Power E Power R
0.3734+j 0.0955 -0.2981+j -0.1092
0.2382+j 0.1310 -0.2017+j -0.0844
0.2884+j 0.0028 -0.4003+j -0.0195

T Line Voltage S Voltage R Current

0.961082 25.39 0.957411 23.70 0.3289+j 0.0303
0.982975 -93.23 0.968466 -94 .14 -0.0973+j -0.2000
0.991753 144 .66 0.989944 141.87 -0.3178+j 0.2495
Power E Power R

0.2981+j 0.1092 -0.3000+j -0.1000

0.2017+j 0.0844 -0.2000+j -0.0800

0.4003+j 0.0195 -0.4000+j -0.0000

The Z,,, iterative process takes several iterations to converge to a voltage solution;
in this case, nine iterations were needed. The rate of convergence is linear as com-
pared to the quadratic rate of Newton’s method used in the balanced power flows.
One drawback for the Z,,, method is that the impedance matrix is full, and in order
to solve large power problems, an implicit method should be applied; this requires
the use of factors on Y, 4 to synthetically find the inverse Zy g 4. Sparsity tech-
niques must be used when solving large sets of equations, as is the case of real-world
power networks and all of their related problems: fault analysis, load power flows,
contingency analysis, state estimation, and transient stability.
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7.2

When an electric power system is working in a steady state condition, with all its
vital indicators: nominal frequency and nodal voltages within a pre-established
range, that is, voltages close to 1.0 pu, then a coordinated synchronous operation
with an economic goal in mind can be pursued. To attain this general objective,
it is important to include the limited transporting nature of transmission links,
scarce resources as fuels to the thermal plants, available water in the hydro reser-
voirs, and other important energy resources (e.g., nuclear, wind, and geothermal).
We can establish an appropriate nonlinear frame of reference considering the non-
linear nature of the electric power problem and the constraints listed. Solving an
optimal constrained problem in an efficient and useful way for operation, control,
and planning stages for system expansion has been the goal of power engineers for
more than 50 years. There were many advances during this period, and no doubt
the nonlinear formulation is the most interesting as it highlights the nature of the
power problem.

Introduction

In this chapter, we present a systematic development, starting with simplified assump-
tions for a lossless network, which gives us the opportunity to focus on the main
concepts and its physical interpretations. The advantage with this approach is that
we do not need complicated relations. Once the first step is covered, the task is to
include all relevant variations in power system operation as transmission losses,
equality, and inequality constraints. It is important to keep the nonlinear nature of
the problem, as this allows for a much better characterization of a realistic electri-
cal power system. We focus the cost or objective function on minimization where
the gradient of the cost function equated to zero will give the necessary condition
for the optimum. The set of equations that form the gradient is usually nonlinear.
Therefore, there is the need for an iterative process like Newton’s method. In prac-
tice, the large number of variables and the dimension of the problem restrains the
proof of the sufficient condition to attain the local optimum. Because it represents
a huge numerical burden, this condition is not tested in practice.

Nonlinear Optimization

To find the best operating point for a set of given condition in a power system,
we have to select a cost criterion. Minimum operating cost is a sound goal for

207
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the optimum of an electric power system; minimum losses or the least amount
of emissions are also valid cost functions. The starting point is to establish a cost
function and a proper set of constraints that must be satisfied in order to have a
feasible solution.

min C(x,u) (7.)
subject to f(x,u) =0 '

C cost function
X state variables
u control variables

flx, u) set of equality constraints

A solution to (7.1), assuming continuous functions, starts with differential expres-
sions for the cost function C(x, #) and for the equality constraint f(x, u).

dC(x,u) = [g—i} dx + [g—i} du  df(x,u) = [g—x}dx + [g—i}du =0 (7.2)

From (7.2) we write the differential dx and make a substitution, given that we have
the same number of equality constraints as state variables x.

i
dx = — % S—Z du (7.3)

CTocT( Tof T'[of acT
dClx,u) = [a_x} [‘_a_x_ _a—u_du]+[a—u} du (7.4)

We note that (7.4) is a gradient with respect to «. It is a reduced gradient.

_dC(x,u)  [oCTTafT'[of ] [oCT _

We define the Lagrange multipliers that later can be identified as short-term mar-

ginal costs by:

. aCTlof T [ of acT

}uz—g g Orlaz—g (76)
From (7.6):

Jof7 [oCT
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The last equation (7.7) and the equality constraint f(x, #) = 0 are components for
the gradient of a cost function &(x, #, A) or augmented Lagrangian.

Elx,u,A) = Clx,u) + A'f (x,u) (7.8)
! + [ract. rorT, |
enn || |55+ [35] 2
: 0
VE(x,u, ) = W = [3—5}[3—2}1 ={0] (7.9)
0&(x,u,1) 0
oA f(x,u)

We transformed the original problem into a problem with no constraints; A vari-
ables are to be determined when we solve the gradient equal zero. The resulting
system of equations, gradient equal zero, might be nonlinear so an iterative process
might be required.

Example 7.1

Surface plot for a two variable cost C(x, u#) = x* + 3u? (see Figure 7.1), equality con-
straint fx, u) =4 —x—u =0.

Cost sufrace

. -5 _
Variable x 5 Control u

Figure 7.1 Cost function surface, C(x, u) = x? + 3u?.
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% Code to plot a surface
clear

x=-5:0.5:5;

Y=X3
[X,Y]=meshgrid(x,y);
C=X.*X+3*Y *Y;
surf(x,Y,C)

Cl=4-X-Y;

surf(X,Y,Cl)

Example 7.2

a) Write the augmented Lagrangian function for Example 7.1. The cost function
is C(x, u) = x2 + 3u? and the equality constraint is f(x, #) =4 — x — u = 0 (see
Figure 7.2), then: &(x, u, A) = x> + 3u? + A4 — x — u).

b) Find the gradient for the Lagrangian in a) and write the solution for x, #, and A.

9 (x,u,A)
0x

2x - A 0
VE(x,u,A) = 9BlxmA) | _ 6u—A |=| 0 | Gradient (7.10)
0

du 4—-x—-u

95 (x, u, A)
oA

Cost sufrace and equality constraint

15

Variable x -5 _5

Control u
Figure 7.2 Cost function surface and equality constraint, G; =4 — x — u.
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In this case, the gradient is a linear set of equations, the solution for x, #, and A are
found when the linear system of equations is solved.

2 0 -1 X 0 x 3
0 6 -1 u |=| 0 u |=|1 (7.11)
-1 -1 0 A -4 A 6

The cost function has a value of C(3, 1) = (3) + 3(1)* = 12.

7.3  Optimal Dispatch with No Losses

The material presented so far gives us the opportunity to discuss basic concepts and
a useful interpretation from the basic solution. Assume that # thermal units need
to be coordinated to supply a total amount of load P, MW. The assumption is that
all the 7 units are connected, no limits are enforced, and the cost for the generators
are nonlinear functions with first and second derivatives with no discontinuities.
Let us write the cost function (7.12) and equality constraint (7.13).

Croal = ch(PGk) $/h (7.12)
pa
P~ P, =0 MW (7.13)
pa

The augmented Lagrangian is a function that includes the cost functions and the
equality constraint.

EP,A) = Y C,(P,,) + ;{PD - ZPGk} (7.14)
k=1 k=1

At the optimum the gradient of (7.14) should equal to zero.

Coepn) || 9G(R) A
oI, oF,
&P | | () | |8
Ve, A) =| “9p,, |=| "B, =7 (7.15)
| 8/{ | PD - kzlpck

From (7.15) we readily see that the first component of the gradient gives an equal
incremental cost solution. From these components, we find system’s lambda units
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as $/MWh. A common interpretation is that the marginal cost is the cost of the
next MWh for the system’s demand.

_ acl(PGl) _ acz(Pcz) - _ acn(PGn)
A= ob, - op, T W (7.16)

Example 7.3

For a no-loss system with two units that have quadratic cost function and the equal-
ity constraint representing the balance between load and generation that must be
satisfied as in (7.13). Let us solve the economic dispatch and then solve for the real
power flows using a DC approximation for the network (see Figure 7.3).

_ ) :
4+2P. + P2
Cl (PGl) Gl % Gl
Ci(Bsy) |=| 5+3B, +55, (7.17)
f<Pc1’Pcz) 4= T - Ig,
The Lagrangian equation and its gradient are:
g(Pcppcz’)“) = C1(Pc;1) + Cz(Pcz) + )“[PD — T - Pcz:l (7.18)
aé(Pcl’Pcz’)‘) I JC, () _a
oFg, oI,
9&(P,,, Py, 1) aC,(P..) 0
VEP. P A)=| G262 ) |- 226G =] (7.19)
i oP, oP, 0
—aé(chfGZ’)’) PD - PGl - PGZ

. y P12 105 . Pc,
l_ N P13 P23 < _l
Po=1 55 55 Por=1

Pp3=2

Figure 7.3 System with three nodes, no losses.
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The gradient equal zero and the linear system of equations:

2+4F;, -4 0 1 0 -1 B )
3+4P,-2 |=|0 0 1 -1 P, |=]-3 (7.20)
4-P, -P, 0 -1-10 1 —4

Solution is Pgy= 2.5 MW, Pg,= 1.5 MW, system’s A = 4.5 $/MWh, and the total
Cost is Crot = 4 + 2(2.5) + 1/2(2.52 + 5 + 3(1.5) + 1/2(1.5)2 = 22.75 $/h.

Once we find the economic dispatch that assigns the level of generation for each
generator, a DC approximation to load flow solution follows. Through the nodal
admittance matrix, we relate real power injection and nodal angles in radians. One
nodal angle is reference—let’s say 6, zero.

1 -2

+15 -10 =5 | © T - 0 0
+10 +15 =5 || 6, |=| 1.5-1 [92 }: | rad o (7.20)
-5 =5 +10 | ¢ -2 3 -

3 50

The line ﬂOWS are plZ = (91 — 92)/x12 = 4/10, p13 = (91 — 93)/x13 =11/10 and p23 =
(0, — 65)/x53 = 9/10 (see Figure 7.4).

7.3.1 Inequality Constraints

This is a proper place to introduce the inequality constraints among various inequali-
ties that must be satisfied. For example, the output of a generator might be limited.
Equations (7.12) and (7.13) establish the problem, and then we add the inequality;
for this problem, the total cost in $/h, equality constraint in MW, and the inequal-
ity constraint in MW,

®© @

Pe; = 25/10 410 Pe,=15/10
| N 11/10 9/10 & _l
Ppi=1 Po2 =1

Pp;=2

Figure 7.4 Load flow solution for three-node system, no-losses.
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160 — - o
14904
120 .-
100
80 .. -
60 .

40

10 _10 -5 0
Variable PG2

Variable PG1

Figure 7.5 Cost surface and equality constraint.

Ck (PGk)
CTotal = n
f(P) |=| By->P,=0 (7.22)
h(P) k=1
Pkmax — PGk S 0

We write the augmented Lagrangian, including a Kuhn-Tucker multiplier i, to aug-
ment the inequality constraint.

S(P, A, ) = ch (Pck) + ;{PD - ZPGki| + 'u(PGk - F;emax) (7.23)
k=1 k=1

The necessary condition for an optimal gradient that must be equal to zero, and
has the solution at the same incremental cost for every generator working within
limits, and a y as an adjusted incremental cost for generator k at one of its limits.
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P ip) || Gille)
Jar,, oL,
VE(P, A, 1) = aé(P:)L ) = =
AU C
oA PD - kz_lPGk
aé(P) l’ ‘LL) P _ Pmax
ou Gk~ Tk |
2 = acl(PGI) _ aCZ(PGZ) - ack<PGk) +u
ol or, o or,
Example 7.4

SO OO

(7.24)

(7.25)

Assume a lossless system with three generators that have lower and upper generat-
ing limits as shown in (7.26). Total load demand is P, = 1,100 MW. Solve for the
optimal dispatch problem, assuming that the incremental costs and limits are:

dc,
ks, 7.92+0.003124 P., 150 <P <600
jpcz | 7.85+0.00388 P, o0 e 1 S 00
dG2 B 7.97 +0.00964 P, 50 ; PGZ ;300
G 1,100-P, — P, — P, = las
dP,
G3
0
+ Solution assuming no limit violations:
Economic Dispatch, no losses
Number of dispatchable units = 3 Demand = 1100 MW
Unit Incremental cost Limits Min Max
1 0.003124 7.920000 150.00 600.00
2 0.003880 7.850000 100.00 400.00
3 0.009640 7.970000 50.00 300.00
Solution, Marginal Cost = 9.52 $/MWh
Unit PG(k) Violation (Min Max) Flag IC(k)
1 510.58 oo oo 0 9.52
2 429.14 ------ 400.00 1 9.52
3 160.28  ------ ----e- 0 9.52
Total Generation = 1100 MW
New Marginal Cost = 9.58 $/MWh mu = 0.18 $/MWh

(7.26)
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Unit PG(k) Violation (Min Max) Flag IC(k)
1 532.59  ------ o----- 0 9.58
2 400.00 - s 0 9.40
3 167.41  ------ ------ 0 9.58
Total Generation = 1100 MW
7.4 Real Power Losses

Transmission losses are present in a real power system; losses must be included
in the real power balance equation. One approach is to derive an equation to cal-
culate power losses P; in the system; the amount of losses depends on the electri-
cal distance that the generator’s power has to travel up to the load nodes. A more
general approach than a loss formula is required. However, in order to illustrate
this process, let us minimize the operating cost to include losses with no inequality
constraints in order to concentrate our attention in the meaning of the solution.
First, we write the Lagrangian (7.27), where total cost function $/h, the equality

n

constraints and losses are in MW: Cr,1 = ZkZICk (Pck) ,f(P¢)=Pp+P; - zzzlPGk
=0, P, = P;(Pgy, Pca, .5 Piy)- The gradient 1s a set (7.28) where incremental losses
0P; /0P, are required.

E(P,2) = ick(PGk) + A(PD +P, - iPGk] (7.27)
k=1

k=1

ack(PGk)M( ar, _q
P P
VE(P,A) = e o = : (7.28)

PD + PL - ZPGIe
k=1

From (7.28) the solution at the same incremental cost remains valid, and now A is
a penalized incremental cost for generator k:

ack<PGk)
or,,

oP,
)

Power losses are a nonlinear function. Therefore, the gradient components in (7.28)
are nonlinear equations. An iterative algorithm as Newton’s type is the proper way
to solve the nonlinear equation (7.28). Newton’s incremental form is:

A= (7.29)
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azck(PGk) + A’azPL A azPL aPL -1 1 - r 7
) 8 P, " oP., oF, " 9P, : :
: : : AL, &k
2 2 2 : - _ :
PO M C'"(ZPG'") +22 I:L L AR, 8
or, aPGk E)PGm E)PGm or, : :
o op : L AT L e
L _ L _
aPGk 1 . or, 1 . 0
(7.30)
Example 7.5

A system with two generators must supply the load P, and losses P;. The loss for-
mula is given as P; = 0.1 P&, — 0.1 P, P, + 0.2 P, (see Figure 7.6), and we use it to
solve the optimal dispatch problem, assuming incremental costs for the two genera-
tors as 0C;/0P;y =Py +2,0C,/0P;, =0,0C,/0P¢; = 0, and 0C,/0P;, = P, + 1.5.

The gradient as in (7.28) is equal to zero; Newton’s method is used to solve the
nonlinear set of equations from the gradient. The incremental set of equations is

(7.32).

Power Losses sufrace

0

Variable PG2 Variable PG1

Figure 7.6 Surface for power losses, Example 7.5.
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| oC aP, ]
aE, +;L(E)PL ‘1j
2 G1 G1 P, +2+ 2(0.2P,, - 0.1F;, - 1)
! aC, oP, 0
&= ae, A o -1| |=| B, +1.5+ A(-0.1F;, + 0.4P,, - 1) |= 8
&1 P+ P =Py = I,
P+ P = Fy = Iy
(7.31)
1+0.24 -0.14 0.2F,, - 0.1F;, -1 AP, g
-0.14 1+0.41 -0.1F;, +0.4F;, -1 AP, |=-| g
0.2F,, - 0.1F,, -1 -0.1F;; + 0.4F,, -1 0 AL g
(7.32)
Starting with values P, = P, = A = 0, the iterative process solves the no-loss prob-
lem. We found that the solution 7 in four iterations within a tight tolerance, solu-
tion shows equal incremental costs when the penalty factor due to the incremental
losses is included.
Economic Dispatch, including Tosses
[teration PG values and lamda Maxdev
0 0.000000 0.000000 0.000000 2.000000e+000
1 0.310550 0.810550 2.310550 6.773724e-001
2 0.557465 0.618537 2.665436 3.601975e-002
3 0.556278 0.642462 2.682422 1.645744e-004
4 0.556404 0.642459 2.682578 3.976804e-009
Convergence in 4 qterations
Solution
PG1 PG2 Pdemand Plosses System Tamda
0.556404 0.642459 1.121100 0.077763 2.682578
Incremental Costs for generators
2.556404 2.142459
Incremental Tlosses
0.047035 0.201343
Penalty factors
0.952965 0.798657
Penalized Incremental costs
2.682578 2.682578
7.5 Minimum Losses

The cost function for the optimal problem can be other than the cost itself, for
instance, it might be interesting to solve the minimum loss problem. Let us assume
n generators, a loss formula P = f; (PGl,PGZ,...,PGn) and a system’s demand P, to
be satisfied. The Lagrange function is:
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min =P, + A, (P, + P, - P, - Py,...— P;) (7.33)

Ar  Lagrange multiplier, to include the demand equality constraint

The gradient to minimize losses is written:

aé | ai + A [ai _ 1j
or,, oy, 9k,
> aalfL ¥ ’LL[;;L - 1) 0
ve=| e | G2 G2 = 0 (7.34)
: 0
9
oA, Py+ P =By = Iy = I,

Equation (7.34) shows that we will find a solution when the penalized incremental
losses are the same for every participating generator. Note that in this case, the
Lagrange multiplier A; has no dimensions and its meaning is very different from
the interpretation given to the Lagrange multiplier in the minimum cost solution.

or, op,
oP oP,
A, =—0CL = =0 _ 7.35
t L 9% 9P (7.33)
aPG] aPGn

Example 7.6

For a two-generator system to supply load P, and losses P; (see Figure 7.7), solve
the minimum loss problem, given the loss formula. Find the augmented Lagrangian,

Pei @ @ Pca

4 &
» <

L R

®

P,= 500

Figure 7.7 A three-node system, the minimum loss solution.
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the gradient by (7.34), and the operation cost given cost and loss formula C, (PGl)
= 7.0 Pgy + 0.002 P, C,(P,,) = 7.0 Pg, + 0.002 P%,, and P, = 0.0002 P%; +
0.00015 P%,.

min& =P, + A, (P, + P, - B, - P,) (7.36)
- ap P |
5+ A’L(BTL - 1]
S G1 S G1 0.0004P, + A, (0.0004F;, — 1) 0
P P
VE=| =p+ ’IL(apL - 1) =| 0.0003F;, + 4, (0.0003F,, —1) |=| 0
G2 G2 500+ P, — P, - P, 0
P+ P T~ I,
(7.37)
We propose to solve the nonlinear set by Newton’s iterative procedure.
Gradient and Newton’s incremental form:
g, 0.0004F, + A, (0.0004F,, — 1) 0
g |=| 0.0003F;, + 4,(0.0003P, —1) |=| 0 (7.38)
g 500+ P, —P. — P, 0
0.0004(1+ 2,) 0 0.0004F;, =1 |[ AP, g,
0 0.0003(1+4,) 0.0003F;, -1 || AP, |=-| g (7.39)
0.0004F,, -1 0.0003F, -1 0 AA, g
Minimum losses
[teration PG values and lamda Maxdev
0 0.000000 0.000000 0.000000 5.000000e+002
1 214.285714 285.714286 0.085714 2.142857e+001
2 224.330357 299.107143 0.098521 4.708426e-002
3 224.352525 299.136700 0.098588 2.293329e-007
Convergence in 3 iterations
PG1 PG2 Pdemand Plosses lamda Losses
224.352525 299.136700 500.000000 23.489226 0.098588
Incremental Costs
7.897410 8.196547
Incremental Tosses
0.089741 0.089741

Penalty factors

0.910259 0.910259
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Penalized Incremental Losses
0.098588 0.098588
Penalized Incremental Costs
8.676003 9.004632
Cost Gl = 1671.14 $/h Cost G2 = 2272.92 $/h
Total Operating Cost = 3944.06 $/h

Let us compare the solution to the minimum cost when the load to be supplied is

500 MW.
2= -1]
) G1 ) Gl 0.004P,, + 7 + 2(0.0004P,, — 1) 0
C P
VE=| 5=+ /’L(aPL - 1] =| 0.004F, + 7 + 2(0.0003F;, = 1) |=| 0 (7.40)
G2 G2 0
500'*12'_IE1"122
[b +-ﬁ;"fbl"lgz
0.004 + 0.00047 0 0.0004PGl -1 APG1 £
0 0.004 + 0.000314 (10003Ig2——1 Afgz -1 & (7.41)
0.0004[&1——1 0.0003[g2-—1 0 AL £
Economic Dispatch, including Tosses
Iteration PG values Tamda Maxdev
0 0.000000 0.000000 0.000000 5.000000e+002
1 250.000000 250.000000 8.000000 2.187500e+001
2 244.799242 278.708846 8.847283 1.290393e-001
3 245.504785 278.155131 8.851225 1.455484e-004
4 245.504734 278.155340 8.851226 7.048584e-012
Convergence in 4 iterations
PG1 PG2 Pdemand Plosses System Tamda
245.504734 278.155340 500.000000 23.660074 8.851226
Incremental Costs
7.982019 8.112621
Incremental losses
0.098202 0.083447
Penalty factors
0.901798 0.916553
Penalized Incremental costs
8.851226 8.851226
Cost Gl = 1839.08 $/h Cost G2 = 2101.83 $/h
Total Operating Cost = 3940.91 $/h
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7.6

The example shows the minimum loss solution versus the minimum operating cost;
it is worth noting that the minimum losses solution has a slightly higher cost. The
solution is at the same penalized incremental loss and the same penalized incremental
cost, respectively. It is a common practice by power system operators to pursue the
minimum cost solution; this is the goal from the economic point of view.

Optimal Operation, Transmission Losses Included

At this point, we are ready to establish a more general formulation for the power
flow problem. One issue is how to include transmission losses. In Sections 7.4 and
7.5 we used a loss formula, but in general, no such formula is readily available,
even though much effort went into establishing a procedure to find the loss formula
for a given network in the past. Losses at each transmission line are included in
the nodal power balance, so there is no need to write a system’s loss formula by
itself unless some specific application requires that information.

To illustrate the concepts of the minimum loss solution, let us use a three-
node system (see Figure 7.8). To concentrate on the solution steps, we assume that
nodal voltages are held at 1.0 pu, so no voltages and reactive power flows are writ-
ten explicitly.

min P =P, +F,;-P
s.aa. p, — P+ Py

D
0
Dy + Dy +Py, =0
D3y —Boy + Py =0

(7.42)

The Lagrange function has as unknown variables: Py, Pgs, 64, 62, 05, A1, Asp,
Asr. At the solution, the gradient of the augmented Lagragian must be equal to zero,
and one nodal angle will be reference.

min{ = B, + B, — By + A’lL(pll - B+ PDl)

(7.43)
+2’2L(p21 + p23 + PDZ) + 2’3L(p3y2 - PG3 + PD3)

1:|t T
||4 @ Pes

—> y12=1_j10 P2 Ps2 «—

| — ]
H= A 10
12

Ppy =0.50 Pp, =0.75 Pp; =0.30

Figure 7.8 System to generalize the minimum loss solution, three-node.
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We write Newton’s iterative method to solve the nonlinear equations from the gra-
dient (7.44).
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(7.45)

In (7.45) we see that some gradient components already have first partial derivatives,
and then some second derivatives are required. Section 7.8 lists the set of derivatives
that are required. The incremental real power flows are for transmission lines and
transformers with a complex tap changer are basic elements that must be considered.
For the problem at hand, we list the partial derivatives required in (7.45) as the set
(7.46). Numerical results will follow in Figure 7.9.
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Elements = 2
Nodes = 3
Array of elements (duplicated)
Elem N_from N_to typeel tap tau yelem Bsh/2
1 1 2 -1 1.05 0.09 1.0000 +j-10.0000 +j 0.0000
2 2 3 1 1.00 0.00 2.0000 +j-15.0000 +j 0.0000
3 2 1 -1 1.05 0.09 1.0000 +j-10.0000 +j 0.0000
4 3 2 1 1.00 0.00 2.0000 +j-15.0000 +j 0.0000
Node data
Node type Voltage Angle Pgen Pload
1 0 1.0000 0.0000 0.00 0.50
2 -1 1.0000 0.0000 0.00 0.75
3 1 1.0000 0.0000 0.00 0.30
Node type Generation = 2 Load = 1
Iteration = 0 Maxdev = 7.216309e-001
Iteration = 1 Maxdev = 3.342385e-003
Iteration = 2 Maxdev = 1.231484e-007
Node summary
Node type Voltage Angle Pgen Pload Qgen Qload
1 0 1.0000 -0.00 0.8915 0.5000 0.4966  0.0000
2 -1 1.0000 3.15 0.0000 0.7500 0.0000 0.4080
3 1 1.0000 4.54 0.6633  0.3000 -0.0440  0.0000
Load flows (duplicated)
Elem N_from N_to  type_el tap tau pkm gkm
1 1 2 -1 1.05 5.00 0.3915 0.4966
1 2 1 -1 1.05 5.00 -0.3879 -0.4607
2 2 3 1 1.00 0.00 -0.3621 0.0527
2 3 2 1 1.00 0.00 0.3633 -0.0440
PLtot = 0.0048 QLtot =  0.0447
Lamda values
k = 1 Lamdap = 1.0000
k = 2 Lamdap = 1.0065
k = 3 Lamdap = 1.0000
7.6.1 Minimum Cost Power Flow Formulation

If a solution to the minimum operating cost is more general than load power flows,
then we use the formulation for optimum power flow; we must represent all nodal

1,0° 1./3.15° 1/ 4.54°

0.8901 1:1.0545 ® 0 6633
- 03915 0.3879 03621 0.3633

(:) I‘——>rwz"__’l‘__‘ ¢ | <:>
> 4>

Gonar

0.4966 o 4966 0. 4607 0. 0440 0.0440

Py, =0.50 Pp; =0.30

1 Py, =0.75 v
Qp, =0.408

Figure 79 Three-node system load flows for a minimum loss solution.
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power balances. The Lagrangian for the system in Figure 7.9 will illustrate the steps
to solving equations for minimum cost in a large power network; the gradient of the
augmented Lagragian has to be zero at the solution point. We use Newton’s method
to solve the nonlinear set of equations that come from the gradient.

To generalize the solution process, we partition the incremental matrix W to
solve (7.48). For Newton’s iterative process, it is convenient to have the following
groups of variables xp real power generation values, nodal angles and real power
marginal costs, and x reactive power by generators and sources in general. For the
numerical solution, one nodal angle must be referenced; nodes with constant volt-
age will keep their fixed value as long as the reactive power limits at the connected
source are within bounds. Results are shown in Figure 7.10.

. 1
ming = CI(PGl) + C3(PG3) + E(ch;l + Qé?,)

V¢ =
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Wi Wi || A% | | & (7.49)
WZl sz AxQ gQ

Ax, = ARy, ARy A6, A0, A0, AL, Ady, AL, ]

(7.50)
Ax, =| AQ., AQ AM AMAHM AL AL
l¢) G1 G3 “/1‘ |V2‘ ‘Vs‘ 10 20 3Q
& =] & -+ &
’ [ ' " } (7.51)

8o =[g9 o 814 ]

Elements in submatrix W;; and W,, (assuming that W, and W,; have small values
compared to the ones at W;; and W,,) will render a decoupled real-reactive approach.
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The required partial derivatives for W;; and W, are:

o, S, Sl n D, D0
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Results are obtained after we apply the decoupled optimal power flow solu-
tion. Using incremental costs for generator 1 and 3 dC,/dPgy = 7.5 Pgy + 2 dC;/
dPg3=6.0 Pg3 + 1.

To start the iterative process, initial values for Py, Pg3, 01, 65, 03, A1py A2p, Asp,
Qc1> Q63 Vi, Va, V3, A1, Args 430 are x5 =[0.800.750001110.00.01111
1 1], which seem reasonable to start the numerical process. An estimate might be
obtained for these values if we solve a no-loss problem.

Elements = 2

Nodes = 3

Elements (duplicated)

Elem N_from N_to type tap tau yelem Bsh/2
1 1 2 -1 1.050 0.087 1.0000 +j-10.0000 +j 0.0000
2 2 3 1 1.000 0.000 2.0000 +j-15.0000 +j 0.0000
3 2 1 -1 1.050 0.087 1.0000 +j-10.0000 +j 0.0000
4 3 2 1 1.000 0.000 2.0000 +j-15.0000 +j 0.0000

Node Information

Node type Voltage Angle Pgen Pload Qgen Qload
1 0 1.0000 0.0000 0.000 0.500 0.000 0.000
2 -1 1.0000 0.0000 0.000 0.750 0.000 0.408
3 1 1.0000 0.0000 0.000 0.300 0.000 0.000

Node Type

Generation = 2 Load = 1

Iteration_P 0.0 Maximum gradient 7.000000e+000
Iteration_Q 0.0 Maximum gradient = 1.000000e+000
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Iteration_P 0.5 Maximum gradient = 9.668531e-001

Iteration_Q 0.5 Maximum gradient = 1.991190e-002

Iteration_P 1.0 Maximum gradient = 2.079699e-004

Iteration_Q 1.0 Maximum gradient = 1.736139e-006

Convergence at 3 iterations

Node information

Node type Voltage Angle Pgen Pload Qgen Qload
1 0 1.0000 0.00 0.6224 0.5000 0.5237 0.0000
2 -1 0.9995 4.62 0.0000 0.7500 0.0000 0.4080
3 1 1.0000 7.04 0.9337 0.3000 -0.0631 0.0000

Element information

Elem Nsal NTleg typeel tap tau pkm gkm
1 1 2 -1 1.050 5.002 0.1224 0.5237
1 2 1 -1 1.050 5.002 -0.1198 -0.4977
2 2 3 1 1.000 0.000 -0.6302 0.0897
2 3 2 1 1.000 0.000 0.6337 -0.0631
PLtot = 0.0061 QLtot = 0.0525

Lamda values

k=1 LamdaP = 6.6681

k = 2 LamdaP = 6.6769

k 3 LamdaP = 6.6024

k=1 LamdaQ =  0.5237

k = 2 LamdaQ = 0.1851

k= 3 LamdaQ = -0.0631
Example 7.7

For a small four-node network (see Figure 7.11), assume that node voltages area 1.0
pu. Solve the minimum loss problem where control variables are P¢y, Psy, Pos, | 2l
and 7. The equality constraints are the real power balances at each node.

Let us write the augmented Lagrangian to minimize the system’s losses and to
satisfy the real power balance at each node. First, let us solve the problem of keeping

1,/0° 0.9995 / 4.62° 1,/7.04°
1:1.05/5°
- 0.1224 0.1198 0.6302 0.6337 <—
O I_’no(_’l +— ¢ | O
> >
0.5237 0 0897
o 5237 O. 4977 0. 0631 0.0631
P, =0.50 Pp3 =0.30
b1 Py, =0.75 o
Qp, =0.408

Figure 710 Three node system load flows for a minimum cost solution.
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Figure 711 Four-node system load flows for optimal solution.

Table 7.1 Line Data System on Figure 7.11

Element N from — k Nto-m Ve tap
1 1 2 1.0 -10 -1
2 1 3 1.0- 10 to + jts
3 3 4 1.5 -415 -1
4 2 4 2.0 -520 -1

constant values for |#| and 7. Voltage and reactive power flows are not included,
assuming voltages are fixed at 1.0 pu and that there are no problems with the reac-
tive power flows. Results are shown in Figure 7.12.

C = PGl + Pcz + PG3 - PD + l1L(p12 Dz~ PGl + PDl) + )“ZL(pﬂ * Doy — Pcz + PDZ)

(7.56)
+13L(P31 Py — Iy + PD3) + A4L(p42 T Dyt PD4)

Elements = 4

Nodes = 4

Elements (duplicated)

Elem N_from N_to type tap tau yelem Bsh/2
1 1 2 -1 1.05 0.09 1.0000 +j-10.0000 +j 0.0000
2 1 3 1 1.00 0.00 1.0000 +j-10.0000 +j 0.0000
3 3 4 1 1.00 0.00 1.5000 +j-15.0000 +j 0.0000
4 2 4 1 1.00 0.00 2.0000 +j-20.0000 +j 0.0000
5 2 1 -1 1.05 0.09 1.0000 +j-10.0000 +j 0.0000
6 3 1 1 1.00 0.00 1.0000 +j-10.0000 +j 0.0000
7 4 3 1 1.00 0.00 1.5000 +j-15.0000 +j 0.0000
8 4 2 1 1.00 0.00 2.0000 +j-20.0000 +j 0.0000



232

Optimal Operation of Power Systems

Node Information

Node type Voltage Angle Pgen Pload Qgen Qload
1 0 1.0000 0.0000 0.00 0.30 0.00 0.00
2 1 1.0000 0.0000 0.00 0.40 0.00 0.00
3 1 1.0000 0.0000 0.00 0.20 0.00 0.00
4 -1 1.0000 0.0000 0.00 0.50 0.00 0.00
Node Type Generation = 3 Load = 1
Iteration = 0 Maxdev = 1.361140e+000
Iteration = 1 Maxdev = 3.950764e-003
Iteration = 2 Maxdev = 6.617341e-009
Node Information
Node type Voltage Angle Pgen Pload Qgen Qload Lamda
1 0 1.0000 0.00 0.3533 0.3000 0.5327 -0.0000 1.0000
2 1 1.0000 3.47 0.6369 0.4000 -0.5168 0.0000 1.0000
3 1 1.0000 1.60 0.4155 0.2000 -0.0174 0.0000 1.0000
4 -1 1.0000 1.85 0.0000 0.5000 0.0000 -0.0582 1.0029
Power flows
Elem  N_from N_to typeel tap tau pkm gkm
1 1 2 -1 1.05 5.00 0.3328 0.5007
2 1 3 1 1.00 0.00 -0.2795 0.0319
3 3 4 1 1.00 0.00 -0.0648 0.0066
4 2 4 1 1.00 0.00 0.5665 -0.0486
5 2 1 -1 1.05 5.00 -0.3295 -0.4683
6 3 1 1 1.00 0.00 0.2803 -0.0241
7 4 3 1 1.00 0.00 0.0649 -0.0063
8 4 2 1 1.00 0.00 -0.5649 0.0646
PLtot = 0.0057 QLtot = 0.0566
The iterative solution for automatic adjustment on | #| follows, keeping constant 7.
Transformers = 1
Node Type
Generation = 3 Load = 1
Iteration = 0 Maxdev = 1.061140e+000
Iteration = 1 Maxdev = 3.166379e-002
Iteration = 2 Maxdev = 3.341148e-005
Iteration = 3 Maxdev = 3.458872e-011
Node Information
Node type Voltage Angle Pgen Pload Qgen Qload Lamda
1 0 1.0000 -0.00 0.3004 0.3000 0.0038 0.0000 1.0000
2 1 1.0000 3.42 0.6873 0.4000 -0.0131 0.0000 1.0000
3 1 1.0000 1.58 0.4155 0.2000 -0.0176  0.0000 1.0000
4 -1 1.0000 1.81 0.0000 0.5000 0.0000 -0.0581 1.0029
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Figure 712 Four-node system load flows.
Power flows (from an to)
Elem N_from N_to typeel tap tau pkm gkm
1 1 2 -1 0.9996 5.00 0.2757 -0.0276
2 1 3 1 1.0000 0.00 -0.2753 0.0314
3 3 4 1 1.0000 0.00 -0.0606 0.0062
4 2 4 1 1.0000 0.00 0.5622 -0.0483
5 2 1 -1 0.9996 5.00 -0.2749 0.0352
6 3 1 1 1.0000 0.00 0.2761 -0.0238
7 4 3 1 1.0000 0.00 0.0606 -0.0059
8 4 2 1 1.0000 0.00 -0.5606 0.0640
PLtot = 0.0031 QLtot = 0.0312

Real power losses decrease from 0.0057 to 0.0031 when we compared to the previ-
ous solution where the tap is fixed.

7.7 Hydrothermal Power System Coordination

One more component to control and operate a power system is to include (besides
thermal power plants) hydrogeneration, geothermal, wind, or some other generation
resources that represent energy contribution at those instances where its primary
energy is available. The volume of water that can be generated with a hydroplant
might be limited, and we may be required to use it within a given period. The prob-
lem is called hydrothermal coordination, and can solved in the following steps:

« Minimize the total operating cost for the hydrothermal system.
» Write the augmented Lagrangian function. The necessary condition to attain
the optimum, assuming convexity, is that its gradient should be zero.
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Figure 713 Stepwise demands for period [0, T¢].

* In general, the gradient will be a nonlinear set of equations. To solve the
problem, we apply Newton’s method.

7.71 Objective Function and Constraints

To grasp the details that go into the formulation of the problem, let us use a simple
two-power plant problem: one thermal and one hydro. The objective is to minimize
the cost of the fuel used by the thermal plant within the optimization period [0, T
(see Figures 7.13 and 7.14). An input-output cost function is used for the thermal
plant, $/h is the input and the output is the net power P to the network. For the
hydroplant, we assume that a water volume per hour is the available input and net
power, and that Py is the output.

The equality constraints include:

 Load to be supplied and power transmission losses for each time period 2.
» An equality constraint that considers the total volume of water available to
be used by the hydrogenerator within the optimization period [0, T.

T
minZC(P]’i‘)tk
k=1
subject to Pg + Pf - Pf, - quf =0 (7.57)
Tf

q(PfI,hk)tk -b=0

1

=~
1l

b volume available
C(P{f) Cost function for thermal generation plant
Pk Net power output form thermal plant at time #,

Py Net power output from hydroplant at time ¢,
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Figure 714 Coordination of two power plants, thermal and hydro.

P Electrical power losses at time interval ¢,
Pt Electrical power demand at time interval #,
ty Time interval k

T; Final time for the optimization period

The augmented Lagrangian follows as (7.58). The solution must be the gradient
equal to zero at each discrete interval partition ¢, for the study period.

-~

T,
¢ =Y |C(PE)t, + Ab(Ps + Bf = PE = Ph)e, |+ A{ﬁq(l)g,hk)tk - b] (7.58)
k=1
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~
]
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ok Af,(aTi—lth +M%tk 0
Ve=| 9 |= nee | 0| (759
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oo O
o i
i, 2a(r )~

From the first row in the gradient, we find the short-term marginal cost A% at the
node of the thermal plant, penalized by an incremental loss factor. From the second
row, A, is the value of water. This expression, combined with the incremental water
flow, gives an equivalent incremental cost for the hydropower plant.

},k _ BC(PY’?)(l_ an ]—1

ory

P BPY’? (7.60)

aq(BE,BY) (- aPk !
k=2, (a;k ){1— aPij (7.61)
H H
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Where
OP*/ oP* Incremental losses for thermal plant
E)q(PfI,hk)/ 8PI§ Incremental flow for hydroplant, Mgal/MW
Ay Value of water, $/Mgal
/lh(aq(PfI,bk)/ anI) Equivalent incremental cost for the hydroplant, $/

MW

At each electrical node, the power balance constraint appears as a gradient com-
ponent. The last gradient element from (7.59) represents the total amount of water
available within the time interval [0, T for the optimization process.

a(Bys bV, + (P2 12)e, + .+ a (BT BT )ty —b =0 (7.62)

We use (7.59) and solve for each time interval #,. The solution to (7.62) covers the
optimization period T, and it is assured through (7.62).

Example 7.8

Given a cost function for a thermal generator, the amount of water g discharged
through the hydraulic turbine, and an expression for electrical losses, the total oper-
ating cost must be minimized. The load to be supplied is 450 MW during a period
of 10 hours (see Figure 7.15). Solve and point out the economic interpretation for
the solution when the total amount of water available is & = 1,000 MPC.

C(P,) = 2.7P, +0.003(P, )’
q(P,) = 8.568+0.216P, (7.63)
P, (P,P,) = 0.4 x 107*(B.) +1.43x 10°*(P, )’

Where:

C (Py) Thermal plant cost in $/h
q (Py) Water discharge, MCF/h
P; (P, Py) Power losses, MW

450 MW

v

10 hr

Figure 715 Demand required from the two power plants.
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The augmented Lagrangian includes the cost function, power balance, and the
available water volume as equality constraints. The gradient for one time interval
of #; = 10 hours is a nonlinear set of equations that are solved by Newton’s itera-
tive process.

¢ =C(B)t, + Ab(PY + Bl = PL= B )t, + A, (q(PhhY)e, = b)  (7.64)

& | r —
== aC(P! 1
oP; (]T)t1+/l})(a—Pﬁ—1Jtl
P! oP! 3q(PL,h)
Vo= o |z %}{ﬁ—l}l th=ph = 0| (769)
o (P + Bl = B = By, ’
df
a—lh i q(PI}I’h])tl — b
- dc(p! |
dg)f) =2.7+0.006 P $/MWh
T
Pl
% =0.8x10™P! pu
e (7.66)
o = 286 x10°B} pu
H
3g(P!
4Ps) _ 116 MCEMW
oP!

Using partial derivatives (7.66), the elements of the gradient are in (7.67). To
start the iterative process, initial proposed values might be about half the total
demand. For the Lagrange multipliers, a value of 2 is selected: [Py Py Ap Ayl =
[250 250 2 2].

I (2.7 +0.006P! )z, + 21(0.8 x 107 P! — 1)z, ]
? AL(2.86 x 1074P) — 1)z, + 2,0.216)¢, 0
V = 2 = =
“=| e (450 +0.4x10*(PL) +1.43x 10 (PL) - P! - P;I)tl 0
g
! (8.568 +0.216P )¢, — 1,000

(7.67)

The Hessian matrix of second-order partial derivatives has elements that change
at each iteration:
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(0.006 + 21,0.8 x 107*)z, 0 (0.8x10*PI -1)z, 0 AP! g,
0 2;2.86x107*2,  (2.86 x107*P} — 1)z, 0.216t, || ABy | _ | &
(0.8x107*P —1)z,  (2.86 x107*P} 1)z, 0 0 ALy &
0 0.2161, 0 0 A4, 84
(7.68)
Hydro-Thermal Coordination
Total demand 450.00  time period 10.00 hours
Initial values PT = 225.00 PH = 225.00 1lamdaP = 2.0000 TlamdaH = 2.0000
Converged Solution Iteration = 3 Maxdev = 1.494413e-009

Power 52.44 MW thermal plant 423.30 MW hydro plant

Total Power 475.73 MW

Power Losses 25.73 MW

[LossesT 0.0042 pu ITLossesH  0.1211 pu

LamdaP 3.0273 $/MWh  Lamda_h  12.3186 $/MCF (water equivalent cost)
ICostTer 3.0146 $/MWh Penalty 1.0042 pu PenalizedCost 3.0273 $/MWh
ICostHyd 2.6608 $/MWh Penalty 1.1377 pu PenalizedCost 3.0273 $/MWh
TotCost 1498.27 $  Water Used 1000.00 MCF

The solution shown in Figures 7.16 and 7.17 and units for the calculated results are:

=95 _ 30146 $MWh
oP!
Pl
a—g = 0.004195 pu
oP! P! = 450 MW
P Y AL =3.0273 $/MWh
ey M 3073 9mwh T
Pt~ oP! A, = 12.3186 $/MPC
9q
A~ —2.66082 $/MWh
P!
oP!
2L -0.121063
aP; P

dq oP!

-1

1

P\ = 52.4364 MW P, = 423.2963 MW

—

P, = 25.7327 MW ~|-©

v
Figure 716 Coordinated solution to supply demand by a thermal and a hydro-plant.

gl
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450 MW T P;= 52.44 MW

P, = 423.29 MW

>
>

10 h
Figure 717 Generation blocks for the hydro and the thermal, demand, and losses.

The numerical solution shows an operating point at the same incremental cost for
the thermal plant the penalized incremental cost as well as the penalized equivalent
incremental cost for the hydroplant.

Example 7.9

For a thermal equivalent, the water discharge for the hydraulic plant, losses, and a
load demand as shown by (7.70), minimize the total operating cost when the amount
of available water is b = 1,000 MPC.

The problem is similar to Example 7.8. However, we now extend the study time
to various periods and coordinate for two periods, t; = 10 hours and ¢, = 14 hours
(see Figure 7.18). The augmented Lagrangian has to include the cost function and
the power balance equalities for periods one and two. The Lagrangian function
must include an equality constraint to coordinate the water usage at each period,
and must also comply with the constraint of total water available.

§ =C(P)t, + Ay (Py + B! = Pt = Py)t, + C(P?)t, + AZ(P3 + P2 - P2 - P2)t,

(7.69)
+x,[a(Ph.b)e, + q (P2 b?)E, — b

The thermal cost, water discharge function, and losses are:

C(P,) = 2.7, +0.003(P,)" $/h
)

g(B,) = 8.568 +0.216F, MCF/h (7.70)
P, (P,B,) = 0.4x10*(B.) +1.43x 107 (P,) MW

650 MW

450 MW

10h 24 h

Figure 718 Load demand for time changing values.
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The augmented Lagrangian (7.69) includes unknowns for each time periods ¢; and
t, and one water equation to coordinate the total use of water within the whole
time period.

Cac 1 [ ac(e oP! ]
a—1§1 <1T)"L1"')“11°(_L1_1 2
ag P! P!
1 11
oapP. AL a—PL1—1 t+ A Mt
H {op} L) T

i 1 1 1 1 0

oAl (PY+ P! =Pl - Pt 0

o aC(P}) (aP2 0

VE=| = |= f+ AR =L -1t =10 (7.71)

oP; or; 2 T oP; g 0

og P> g (P2, 1) 0

95 q(Fy»

o7 az(_L_l} w2, 2B,

o oz )T | LT

n (P + P~ B =P},

o q(Py,b")t, +q(P2, 2 )t, — b

A,

| (2.7 +0.006P! )z, + 21(0.8 x 107 P! — 1)z, ]
& Ap(2.86 x 107*P}, — 1)t + 1,(0.216)z, o
‘Z (450 + 0.4 x 10 (B)" + 143 x 107 (B4’ - 2} - b s, 0
Ve=| g, |= (2.7 +0.006P% )z, + 22(0.8 x 107 P2 — 1)z, =0
8s 2%(2.86 x 107 P2 = 1), + 4,(0.216)t, 8
g
. (650 +0.4x 10 (P2) + 143 10(PE) — P2 = B2 Js, | L O
- (8.568 +0.216P% )¢, +(8.568 + 0.216P2 )z, — 1,000
(7.72)

Initial values to start the iterative process [Py Pyy Apy Pra Pua Apy Agl

[225 225 2 325 325 2 2]. The solution is shown in Figure 7.19.

Hydro-Thermal Coordination
Total demand 450.00  time period
Total demand 650.00  time period
Initial values PT1 225.00
Initial values PT2 325.00

Converged Solution Iterations

PHI1 =
PHZ =

10.00 hours

14.00 hours

225.00 TlamdaPl = 2.0000

325.00 TamdaP2 = 2.0000 TamdaH = 2.0000
3 Maxdev = 8.535247e-007
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First interval

Power 401.35 MW thermal plant

Power 55.54 MW hydro plant

Total Power 456.88 MW

Power Losses 6.88 MW

ITLossesT 0.0321 pu I[LossesH 0.0159 pu

LamdaP 5.2775 $/MWh Lamda_h 24.0449 $/MCF (water equivalent cost)
ICostTer 5.1081 $/MWh  Penalty F  1.0332 pu  PenalizedCost 5.2775 $/MWh
ICostHyd 5.1937 $/MWh Penalty F 1.0161 pu PenalizedCost 5.2775 $/MWh
Second interval

Power 441.91 MW thermal plant

Power 223.02 MW hydro plant

Total Power 664.92 MW

Power

ILosse
LamdaP
ICostT

Losses 14.92 MW
sT 0.0354 pu ILossesH 0.0638 pu
5.5475 $/MWh Lamda_h 24.0449 $/MCF (water equivalent cost)
er 5.3514 $/MWh Penalty F 1.0366 pu PenalizedCost 5.5475 §$/MWh

ICostHyd 5.1937 $/MWh Penalty F 1.0681 pu PenalizedCost 5.5475 $/MWh

TotCost 40574.54 $  Water Used 1000.00 MCF

Other interesting problems include coordination between thermal plants and mul-
tiple energy resources (i.e., water resources, solar, and wind contribution to the
energy balance). In some cases, the water volume equation is an equality constraint
that establishes the amount of energy available instead of volume. Other types of
power plants with available energy and of course hydroplants that have a cascade
configuration can be included. The cascaded case means that water is used to gener-
ate more than once the hydronetwork might be quite involved and the water time
travel between hydroplants could be important and must be included in the model.

A

650 MW
P} =223.02 MW

450 MWH [ Pj=55.54 MW

2
P} = 401.35 MW P;=441.35 MW

10h 24 h

Figure 719 Hydro and thermal generation to supply demand and losses.
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Variations in a general coordination problem require quite of bit of details to
include both equality constraints and inequality constraints. Such material is part
of a specialized optimal power system study needed in the planning and operating
areas where we face a complex mix of energy power resources with constant output
as nuclear and big thermal plants or intermittent contribution as wind and solar.

7.8 Second-Order Derivatives

The partial second-order derivatives for real and reactive power flows are crucial to
the proper solution implementation of the optimal power flow as seen in Sections 7.6
and 7.7. The power flows might be through a complex transformer or in transmis-
sion lines. The partial derivatives are with respect to state variables, nodal angles,
and voltage magnitudes. For a transformer with complex tap, partial derivatives
include tap magnitude and the phase-shifting angle.

Do = HV N &0 = |Vil[V, Il 24 c05(6, = 6, + 7) = [VI|V, 1116, 5in (6, — 6, + 7) (7.73)
G =~V 1 by = VIV, N1 24 510(6, - 6, + 7) + [V,||V, by, c05(6, - 6, +7) (7.74)

The partial second-order derivatives required for p,,, and g,,, take advantage of the
symmetric nature of the following array where 36 expressions are in (7.75). How-
ever, due to the symmetric nature of the results, we will only show 21 expressions.

6 698, 61 6V 6, 6l
0,6, 0. o1 0]V 6lv| 6Ll
0, 1, v V| 1v| 7l
V6, [vile, [Vil7 ‘Vk‘z VIV, [Vl
v,J6, [v,[6, [V.Jr Vvl V[ [V,
46, 146, |z [V lev,] 1

(7.75)

For a complex transformer, the partial derivatives of real power p,,,, starting with
partial first-order derivatives from (6.29) to (6.34) are

azpkm aqkm 2,2
P LAy (7.76)
azpk aqk 2,2
0 = "= - 7.77
06, 06, + 96, ‘Vk‘ |t” & + Pio (7.77)
9? d 5
Pon - _iow — |y P g~ p,. (7.78)

00,0t 06,
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az g"e%\v\ = [V 1 b, ~ 9, (7.79)
ag:g"*Sm‘\Vm\ = |V, [ 1 b,,, - 4y, (7.80)

§;p§|’§§||t| = |V 16F b,y ~ (7.81)
BZZZ” - +E?;gj = +|Vil 1 84 = P (7.82)
E?;fkénf = ‘%%: = Vi 18 8 + P (7.83)

azipg\?/kﬂvk‘ =4[V by, + 4, (7.84)
agjg}f?/m V,] =+ 1 by, + g, (7.85)

aa;,fkaTth’ = +|Vi[ It by, + a4, (7.86)
a;% - a?"” = +Vi[ 11 0, ~ D (7.87)

v = 1 b~ s

aizg‘%‘vm‘ = V[ by, — 44 (7.89)

gi%ﬁ""' = |V 16F by~ (7.90)

. pkm‘v| = 2|v,[ ¢ g, (7.91)

V[
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TVl = - e+ 9
%VHVJ = 43|V, 1 84, + D (7.93)
;,L:F‘Vm‘z =0 (7.94)
aﬁjkﬁtﬂtu‘/m\ = |Vl 1 8o + P (7.95)
a;ﬁfzm't'z = 2uf1 &, (7.96)

For a complex power transformer, the partial derivatives of reactive power gy,
starting from (6.36) to (6.41) are

azq m ap m 2,12
6 = a8 Vil 1" by, = (7.97)
azqk apk 2,2
0= e = 7.98
26, 06, 96, +‘Vk| " by + D (7.98)
azqkm apkm 212
00,0t 06, ~|Vif 1" b = (7.99)
i Vil = V[ 1 g, + (7.100)
00, B‘Vk‘ k k km " Ekm
P V.| = Vi1 g, + (7.101)
aek a‘vm‘ m k km km
azqkm 22
26, a|z||t| = Vil &4, + P (7.102)
o* ) 5
o~ i [V 14 by, — (7.103)

067, a0,
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E?;j%ﬂr - %%: = +V,[ 1 by,, + 44, (7.104)
aziqngk\ = +{ViL 1 o — Pr (7.105)
ajj%’ﬁ"/m‘\"m\ = +V[ It &40 = i (7.106)
aa(;j%]nq - ﬁaa%: - +‘Vk‘2|t|2|f|km P (7.107)
a;?i'” af—?’" = V[ ¢ by, ~ i (7.108)
aajgl\’}’l‘\vkl = Vi I 4 + P (7.109)
aizgﬁ};“‘/m\ = VI 8, + P (7.110)
gzrqém 1 = Vil g, + P (7111)
i qkm‘v| = 21t e,, (7.112)

v
%‘Vk“"m\ = +{V{ 1t by, + a4 (7.113)
gﬁﬁ‘”“' = 3[V,[ 4 by, + 4, (7.114)
2\2\2:\73 wf = (7.115)
e V11 = +Vi[ 1e by,, + a,, (7.116)

oV, |
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82
Dol = 2|V, b, (7.117)

ol

For partial derivatives of second-order in a transmission line (see Figure 7.20), the
real and reactive power flows show that compared with the complex transformer
equations | #| =1 and 7= 0. Instead, the charging susceptance B, must be included
in the reactive power flow. The reduced array (7.118) shows that by symmetry only
ten expressions are required.

9/3 ele em ek ’ Vk ‘ ek ‘ Vm ‘

; (7.118)
|Vk‘9k ’Vk‘em ’Vk‘ ’VkHVm‘
2
‘Vm|9k ‘Vm‘em ‘VmHVk‘ ‘Vm‘
Do = Vil 2o = [VilIV.| 20 €056, = [Vil[V,| B4 5016, (7.119)

G = ~|Vil (B + Buya) = ViV, | €, 51064, +[Vil[V,] By, 056, (7.120)

The partial second-order derivatives for real power py,, from (6.67) to (6.70):

9 d -
o = S 4fif 5, - 1, 721
9 J .

aeﬁgm -7 5]5: = —|Vk\2 8im ¥ Pron (7.122)

azpkm _

20, 4V, k‘w v, ‘ (B * Buprz) = i (7.123)

Vie= Vil £ 6k

Figure 7.20 Transmission line 7 model.
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a$3€1v = {0 (B + Bu) = (7.124)

aggzm i [ Vi b + By ”’km} B aa%f = V[ 86, — P (7.125)
azilg]n\;k U = 40 (B + Bya) + (7.126)

aea;[;k:l/m‘ 7, = 47 (b, + Byo) + g, (7.127)

aa\zé):\?w 20 s (7128)

aé:%"\?m TV = AV 8o+ 20 (7.129)

Prafv [ = 0 (7.130)

The partial second-order derivatives for the reactive power gy, from (6.72) to (6.75)

are:

a%iqﬁzm =%[+\V;\2gkm—pm}_ ”km VL (B, + Byn) + o
s = A7 2
sVl = 0 5 1

%:%P@zgkm—mm}— %pk;"——|vk\ (b, + Byyy) - s,

2’q,, 0
3@_=5€{4% &m+pm}—ak = [V (b + Boya) — i (7:131)

apkm

(7.132)

(7.133)

(7.134)

(7.135)
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9 7 = V[ g0 - b (7.136)

azqk ~ ~ 12
= Vm‘ = +| Vk| 8km ~ Prm (7.137)
) (7.138)

azqkm 7 7 _
a7 el = VL o B v (7.139)
2

Py | -

(7.140)
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Real and Reactive Power and Frequency
Control

8.1

Introduction

The electrical power system continually experiences changes in its daily operating
conditions. A load evolves and is determined by the daily use of electrical energy by
industries, households, offices, and services. The changing load pattern requires the
commitment of enough generating units in order to satisfy the required power and
energy usage. Also, some units must be synchronized in order to have an appropri-
ate operating reserve. The power reserve is determined based on the amount of load
and the nature of the electric system, and also because generating units need to be
prepared to respond to situations such as possible outages, faults, and line tripping.

One indication that the system meets the real power requirements at every instant
is the system’s frequency, deviations from a nominal value, and how steep its change
gives an indication about the severity of an unmatched power within the system. By
appropriate and coordinated control actions in the system, the relief of overloaded
elements is accomplished and the voltage profile is kept within prescribed bounds.
Control actions are changes in real power injections by generators, phase-shifting
by transformers, and tap changing and reactive VARs by compensating devices.
To these now-basic controls, electrical power systems have devices based on power
electronics that handle energy in a way that its time response is very fast. Flexible
AC transmission systems (FACTS) will be briefly discussed in Sections 8.7-8.10.

As important as it is to match the system’s load by the appropriate amount of
generation and its regulating control characteristics, it is equally important to be
able to control the voltage at every electrical node in the system within prescribed
limits. The variables that are intrinsically related are nodal voltages and reactive
power flows, and the problem is posed as one of reactive power requirements and
the supply of reactive power by different sources, such as generators, line charging
susceptance, and compensating devices, such as capacitors, reactors, and static VAR
compensators (SVCs). Reactive power does not carry out useful work. Therefore, the
reactive power should not travel within the network; it has consequences on power
losses, transmission overloading, and the deterioration of voltage outside specified
quality range. An excess of reactive power, related to high-capacitive effects, increases
the nodal voltages, whereas a lack of reactive power associated with a dominant
inductive nature in the network degrades the voltage values.

249
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8.2

A clear understanding of the control problems of real power flow and the
reactive power (voltage) must be established. Appropriate model for transformers,
transmission lines, synchronous generators, and reactive power compensating equip-
ment is a must for operation and control of any electrical system—especially for
weak longitudinal power systems. Planning activities require an integral solution to
this type of control problem so that a comprehensive steady state control solution
is advisable. This task is required for system’s operation as well, and we can apply
concepts already discussed in Chapters 6 and 7 in a systematic way.

Control of Real Power Flows

We start this section with a model for an ideal (no losses) power transformer with
complex tap (shown in Figure 8.1). A detailed presentation of incremental equations
for real power flow in a transformer and a set of approximations were already derived
in Chapter 6 as (6.99)—(6.107). From the incremental real power flow equation,
we recognize an Ohm’s equivalent circuit as in (8.1) (see Figure 8.2); the purpose
of this is to have a circuit model that can be applied to each element in a network.
With this procedure, we are able to build a straightforward relation between control
settings and changes, as well as their influence on network variables (nodal angles
and voltage magnitudes).

In Section 8.5, we will take a more general approach and include a coordinated
effort of available controls to achieve what we might call minimum control actions.

_ Apkm
oy

m

+ A8, — A8, = —AT (8.1)

For the real power flow problem, (8.1) will be applied to each network element
that has a phase shifter for a transmission line At = 0. To completely solve the net-
work, we must write the algebraic sum of real power at each node. This step gives
complementary equations that allow us to build a consistent set of equations. The
set is solved for incremental angles (rad) and incremental real power flows through
the represented transmission lines and transformers, given the incremental power
by sources and the incremental phase shifting angle control in transformers. One

Iy, i/k i
- e T, 2

0 ,
Vil /0 Vi V.| / On

Figure 8.1 Power transformer with complex tap.
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APy |V

+ —

+

_p_
O

Xkm AT

A6,

AO

m

Figure 8.2 Equivalent circuit for the incremental real power flow, complex transformer.

node angle is set as reference. The next question is: how can we coordinate the effort
of various available controls so that a real power congestion problem is solved in

our network?

Example 8.1

Assuming a network of Figure 8.3 and using data in Table 8.1, write the model for
each transmission element and complement with one balance equation for each node
and solve the system of equations. Show the sensitivity matrix.

Equation (8.1) is applied to each transmission element and four nodal power bal-

ances are added.

Pa @

Pes
N P13 1: |t| AT @ ¢
aes
O 25 O
2
l lpn P34l l
Py =0.30 Pp; =0.20
m 3)
P O
—> — P
Voo e }
Py, =0.40 Py, =0.50
Figure 8.3 Network for the real power control.
Table 8.1 Data for Example 8.1 |t| £t =1t, + jtg=1.0525°
Element Nsal -k Nlleg —m Viem DU tap ybsh/Z
1 1 2 1.0 - 710 -1 0
2 1 3 1.0 - 710 ty + jtg 0
3 3 4 1.5-415 -1 0
4 2 4 2.0-520 -1 0
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The previous equations in matrix form:

—X

12

0

0

—X

0

13

0

(1) —x,, |p1|2 + A6, - A8, = 0
2)  -x, |p1|3 + A6, — A, = —At
3) -xy, ‘p 3‘4 + A6, - AB, =0
3
4 -x, ‘pl“* + A6, - AB, = 0
node 1 APy, | APy =A—Pl
vl vl v
node 2 ~Abyy, | by =A—P2
Vil v v
node 3 TAPs4 - Ay = A—P3
Vil vl vy
node 4 APy _ by _ AR
vl il
0 0 +1-10 0 A’s;l’z
1
0 0 +1 0 -1 0 8P
\4
Ap
—x, 0 0 0 +1 -1 \VzT
A
0 -x, 0 +1 0 -1 ﬁj“
0O 0 0 0 0 0 A6,
0 +1 0 0 0 0 A6,
+1 0 0 0 0 0 A6,
-1 -1 0 0 0 0 A6,
Ap -At
b DR
A0 e V]

AT

(8.2)
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X Diagonal matrix of element’s reactance

A Incidence matrix, information about element’s connectivity
between nodes

Ap/l V| Vector of incremental power flow in every element
At Vector of available phase shifting control in branches

AP/| V| Vector of net injection of incremental real power into a node

For the reactance values as read from Table 8.1, the sensitivity matrix is:

-3.1895 3.1895 3.1895  -3.1895 0.0000 -0.6842 -0.3158 -0.5263
3.1895  -3.1895 -3.1895 3.1895 0 -0.3158 -0.6842 -0.4737
3.1895  -3.1895 -3.1895 3.1895 -0.0000  -0.3158 0.3158  -0.4737

-3.1895 3.1895 3.1895  -3.1895 0.0000 0.3158 -0.3158 -0.5263

0 0 0 0 0.0000 0.0000 0.0000 0.0000

-0.6842  -0.3158  -0.3158 0.3158  -0.0000 0.0677 0.0313 0.0521

-0.3158  -0.6842 0.3158  -0.3158 0.0000 0.0313 0.0677 0.0469

-0.5263  -0.4737 -0.4737 -0.5263  -0.0000 0.0521 0.0469 0.0782

For a change in angle control At, it will affect line flows and nodal angles as:

T ]

Piy +3.1895

\4

Apis 3.1895

4

A‘f;% ~3.1895

l 2‘ = (—AT) (8.5)
Drs +3.1895

\4

A6, 0

A6, ~0.3158

A6, +0.6842

A6, 0.4737

The column shows values of sensitivity factors, assuming that we have a phase
shifting change At in element 2 that connects node 1 to 3. Column 6 of the sensi-
tivity matrix shows factors for a AP injection into node two. The sparse nature of
the coefficient matrix in (8.3) is also shown in the structure in Figure 8.4.

Sensitivity factors, control in element 2
Elem( 1) = +3.189474

Elem( 2) = -3.189474
Elem( 3) = -3.189474
Elem( 4) = +3.189474
node( 1) = +0.000000
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node( 2) = -0.315789
node( 3) = -0.684211
node( 4) = -0.473684

Sensitivity factors, control in node 2
Elem( 1) = -0.684211
Elem( 2) = -0.315789
Elem( 3) = -0.315789
Elem( 4) = +0.315789
node( 1) = +0.000000
node( 2) = +0.067744
node( 3) = +0.031266
node( 4) = +0.052110

For Example 8.1, node one is selected as our angle reference 6, = 0 radians. The
matrix inversion for the coefficient array in (8.3) will render column-wise sensitivity
constants; the sensitivity factors have information about the impact of control actions
on transmission line real power flows. For example, the second column has the effect
of an incremental change of the phase shifter, At acting in the second element. For
this example, we only solve for real power flows. Nodal voltages are assumed to be
1.0 pu, and we concentrate our attention to the real power flow problem.

A real power system usually has several actions that can be classified as controls.
These include phase-shifting devices, power injections by generators, and changes in

Sparse pattern of the system matrix

9 1 1
0 2 4 6 8
nz =20

Figure 8.4 Sparse nature of the matrix, previous to sensitivity factors calculation.
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8.3

load requirements or load shedding schemes, just to mention a few of the controls in
the real power control problem. Multiple control options are possible and should be
coordinated so that a given objective can be accomplished, as in the case of network
congestion relief where moving just one control might not give a complete solution.

Control of Real Power Flow, Longitudinal Networks

A longitudinal network is one that is not well developed in terms of loops and electri-
cal support as well as one which does not have a robust HV transmission system. A
weak network is prone to difficult voltage control problems and is very sensitive to
reactive power changes. For dynamic real power imbalances, there are oscillations
that do not damp out rapidly; it is a system with a low damping condition. With
longitudinal systems, one difficult situation that operating engineers face is how
to control the real power flow in networks that are not well-meshed and without
a robust electrical condition. Sensitivity factors, such as the calculated in Section
8.2 can pave the way to solving this interesting problem; in particular, we need to
visualize how far into the network a control action can reach, how effective it is,
and where is more appropriate to locate new control devices so as to develop suc-
cessful control schemes for a particular network.

Example 8.2

In order to discuss details about weak longitudinal networks, let us use the electric
structure in Figure 8.5—15 nodes and 15 elements. We will take a detailed look
into the network, the sparse nature of the coefficients matrix as shown in Figure
8.6, and the sensitivity factors for existing or for planned controls to upgrade net-
work performance.

Sensitivity factors, real power control
Longitudinal network

Nodes = 15 Elements = 15

Element Node from Node to z (pu)
1 2 3 0.0000 +j 0.1189
2 3 4 0.0000 +j 0.0568
3 5 7 0.0000 +j 0.0807
4 7 8 0.0000 +j 0.0451
5 4 10 0.0000 +j 0.1316
6 3 9 0.0000 +j 0.1458
7 10 9 0.0000 +j 0.0449
8 12 15 0.0000 +j 0.1699
9 12 13 0.0000 +j 0.0849
10 1 2 0.0000 +j 0.0930
11 3 5 0.0000 +j 0.1885
12 6 5 0.0000 +j 0.1330
13 11 10 0.0000 +j 0.0930
14 9 12 0.0000 +j 0.1885
15 14 13 0.0000 +j 0.1331
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Figure 8.5 A longitudinal system, 15 nodes and 15 elements.
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Figure 8.6 Sparse patterns for the matrix of a longitudinal system, Figure 8.5.
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For this network, its connectivity and numerical values for reactance, the sensitiv-
ity factors numerically show how a control change will affect power flows or nodal
angle (radians) for the real power problem. If a transformer located between node
1 and 2 is able to shift a control angle, then the column of factors shows that flows
are unaffected; node 1 does not sense a change, all other nodes are affected by coef-
ficient —1 (the nodal value will increase if A7y, < 0).

Sensitivity factors, control in element 10 (transformer from node
1 to 2)

Elem( 1) = +0.000000
Elem( 2) = +0.000000
Elem( 3) = +0.000000
Elem( 4) = +0.000000
Elem( 5) = +0.000000
Elem( 6) = +0.000000
Elem( 7) = +0.000000
Elem( 8) = +0.000000
Elem( 9) = +0.000000
Elem( 10) = +0.000000
Elem( 11) = +0.000000
Elem( 12) = +0.000000
Elem( 13) = +0.000000
Elem( 14) = +0.000000
Elem( 15) = +0.000000
node( 1) = +0.000000
node( 2) = -1.000000
node( 3) = -1.000000
node( 4) = -1.000000
node( 5) = -1.000000
node( 6) = -1.000000
node( 7) = -1.000000
node( 8) = -1.000000
node( 9) = -1.000000
node( 10) = -1.000000
node( 11) = -1.000000
node( 12) = -1.000000
node( 13) = -1.000000
node( 14) = -1.000000
node( 15) = -1.000000

Now for a real power injection AP at node 4, which is a node part of a loop, it will
affect several power flows and nodal angles, except for node 1, which is our reference.

Sensitivity factors, control in node 4 (injection)
Elem( 1) = -1.000000
Elem( 2) = -0.850171
Elem( 3) = +0.000000
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Elem( 4) = +0.000000
Elem( 5) = +0.149829
Elem( 6) = -0.149829
Elem( 7) = +0.149829
Elem( 8) = +0.000000
ElemC 9) = +0.000000
Elem( 10) = -1.000000
Elem( 11) = +0.000000
Elem( 12) = +0.000000
Elem( 13) = +0.000000
Elem( 14) = +0.000000
Elem( 15) = +0.000000
node( 1) = +0.000000
node( 2) = +0.093030
node( 3) = +0.211930
node( 4) = +0.260220
node( 5) = +0.211930
node( 6) = +0.211930
node( 7) = +0.211930
node( 8) = +0.211930
node( 9) = +0.233775
node( 10) = +0.240502
node( 11) = +0.240502
node( 12) = +0.233775
node( 13) = +0.233775
node( 14) = +0.233775
node( 15) = +0.233775
We examine numerical results and find that some control actions might have a zero
sensitivity factor. This means that those controls cannot modify the power flow in
those elements. A similar conclusion can be drawn for nodal control actions by means
of power injections if the sensitivity factors happen to be zero. In order to overcome
this situation, new transmission lines have to be planned so that loop structures are
formed and control actions can have a wider reach into more elements; the value of
the sensitivity factors will show how strong or effective a control action is.
8.4 Control of Reactive Power Flow

To discuss the reactive power control, we again use the power transformer with
complex tap, as in Figure 8.1. The approximations used in Chapter 6 for the reac-
tive power flow as (6.107) will give us an incremental reactive power model and an
Ohm’s representation.

—kaAqM +A[V,|- AV, | = -Al4 (8.6)
v
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Figure 8.7 Circuit to explain the shunt reactive compensation.

For a 7 equivalent representation of a transmission line, the incremental reactive
power from node k to node m from (6.114) with approximate partial derivatives as
in (6.50)—(6.55) and —xy,,, = 1/by,,, is:

Aqkm
Vi

= —(2B,,)AV] - bkm(A\vk\ - A\Vm\) (8.7)

The incremental reactive power flow (8.7) can be split into a series and a shunt com-
ponent as shown in Figure 8.7. The advantage of this approach is to have a similar
type of network for the real incremental real power flow and for the incremental
reactive power flow. For the transmission line series, susceptance and a shunt com-
ponent satisfy the nodal reactive power balance.

Example 8.3

In Figure 8.8, there are two voltage-controlled buses and using (8.6) and (8.7),
equations for the elements are written. Balance nodal equations for reactive power
complement the required set to solve for unknowns.

Qg @ Vs @ Qs

— i3

e 7wl

m 3)

— | 9u

e l ©) ) l
Qp; Qp4

Figure 8.8 Circuit to study the reactive power control.
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_ A -
1 —x, ‘5]‘2 +(A‘Vl‘ _A|V2‘) =0
1
A
@) =0y i+ (A - AV = -ale
1
A
B —xy ‘53‘4 +(A|V3‘_A‘V4D =0
3
A
() —xmﬁ +(A|V)| - Alv,) = 0 (8.8)
2
1 +A4qy, n Aq;; _ AQ
Vil v
2 —Aqy, +Aq24 _AQ
LA RA
3 +Ag, Ay _ AQ
vl vl v
4 ~Agy, Ay _ AQ,
_ vl vl
_—xlz 0 0 0 +1 -1 0 0 ] —Aq12/|VI|— 0]
0 -x, 0 0 +1 0 -1 0 Agy, 1]V -Al
0 0 -x, 0 0 0 +1 -1 Agy, 1]V 0
0 0 0 -x, O +1 0 -1 Agy, 11V ) 0
s+ 0 0 -2B2 0 0 0 Alv| || ag /vy
-1 0 0 +1 0 =2B}-2BY 0 0 AV, AQ, /|V)|
0 -1 +1 0 0 0 -2B% 0 AlVy| AQ, /|V3|
00 -1 10 0 0 -2Bj - 2B}, | ] Alv,| ] _AQ4/\V4]_
(8.9)

The previous matrix equation in compact form is:

Ag/| V|

—x A ﬂ _A|t|
[At _ZBJ V[ |=| a0 (8.10)
7L AV Vi

diagonal matrix of element’s reactance in the network
incidence matrix that has connectivity information

vector of incremental reactive power flow in every element in
the network
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Alzl vector of tap controls available in the branches
AQ/| V| vector of net nodal incremental reactive power

2 By, array of capacitive effect of transmission lines; might include node
reactive shunt compensation.

Once the inverse matrix in (8.10) is calculated, we will find sensitivity coefficients.
The coefficients will show the impact of control actions on the incremental reactive
power flows and nodal voltages. For example, the second column of the inverse
shows the effect of an incremental change Al ¢ for a tap control located in element
2. In this model, the nodal angles are assumed to have a fixed value from the power
flow solution, which is solved prior to the change in control actions. In order to
obtain results considering all PV nodes from the regular load flow problem, we
assumed that the voltage magnitude has a fixed value. This voltage condition must
be included in the model before the matrix inversion process.

Sensitivity factors, Voltage-Reactive Power

Nodes = 4 Elements = 4

Element Nfrom Nto Type z(pu) bsh2(pu)
1 1 2 +0 0.00990+j 0.09901 +0.20000
2 1 3 +1 0.00990+j 0.09901 +0.00000
3 3 4 +0 0.00660+j 0.06601 +0.20000
4 2 4 +0 0.00495+j 0.04950 +0.20000

Sensitivity factors for change in control 2

Elem( 1) = +0.000000

Elem( 2) = -5.994970

Elem( 3) = -6.157545

Elem( 4) = +0.000000

node( 1) = +0.000000

node( 2) = -0.000000

node( 3) = -0.406439

node( 4) = -0.000000

Sensitivity factors for change in node 2

Elem( 1) = -0.342373

Elem( 2) = -0.000000

Elem( 3) = -0.000000

Elem( 4) = +0.684746

node( 1) = +0.000000

node( 2) = +0.033898

node( 3) = +0.000000

node( 4) = +0.000000

A close look at results for the incremental reactive power model will give us a bet-
ter understanding of the problem. In Figure 8.8, node 1 and 4 are PV buses; in the
incremental network (see Figure 8.9), both nodes are shorted to reference and an
electrically split network is obtained. A tap change in element (2) will affect the
flow in elements (2) and (3) and the nodal voltage for node 3. A power injection
change into node 2 will affect nodal voltage 2 and the incremental reactive power
in elements (1) and (4).
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Figure 8.9 Network for the incremental reactive power control.

Congestion and Minimum Control Effort

A congestion problem in a given network is related to elements and nodes in the
system that cannot maintain its operation within preset bounds. For transmis-
sion lines and transformers, this means that they are restricted because of thermal
limit, stability constraint, or by voltage drop criteria. A congestion problem limits
the power transfer capability and makes the network inefficient, leading to higher
operating costs.

For example, to solve a congestion problem in reactive power flows and to
maintain nodal voltages within limits, there might be several possible actions:
tap changes in transformers, by shunt-connected elements to take reactive power,
or by nodal injections. A more sophisticated arrangement will be through FACT
devices that allow smooth control within their operating limits. FACT devices are
designed with passive inductance/capacitance arrangements, and are controlled by
power electronics that shape current and control switching times for conduction or
blocking status. Some aspects will be discussed in Sections 8.7-8.10.

When one or two controls are available, experienced system operators know
how to increase/decrease the controls in order to solve a problem. However, when
there are various controls with possibly conflicting actions, the operators’ actions
must be coordinated. One approach can be to establish coordination through opti-
mal control (i.e., we can think about minimum control effort). To build the optimal
model, we require a cost function and linear or nonlinear equality constraints to
be observed, as well as possible inequality constraints.

8.5.1 Use of Sensitivity Coefficients

To design useful applications for the sensitivity factors just discussed, let us estab-
lish a base case load flow solution for a set of load and generation conditions in a
network. Let us first pay attention to the control of real power flow and solve a real
power congestion problem. In Section 8.5.3, we consider the reactive power flow
or out of range nodal voltages for a given operating condition.
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Figure 8.10 Three-node system for real power control.

Example 8.4

For a three-node system (see Figure 8.10), let us first solve for real power flows.
Using the incremental model for real power flows and sensitivity coefficients, let’s
find the incremental change required from a phase shifter control A7y to increment
in 0.1 pu the flow in line 2 - 3 (i.e., Ap,3 = +0.1 pu).

The incremental model is (8.11), assuming unitary voltage magnitudes.

-x, 0 0 +1 -1 0 Ap,, 1|V 0
0 -x, 0 +1 0 -1 Apy 1|V -AT,,
0 0 —x;3 0 +1 =1 || Ap,,/ [V |2 0 (8.11)
+1 +1 0 0 0 0 A6, AP, /|V|
-1 0 +1 0 0 0 A8, AP, 1]V,
0 -1 -1 0 0 0 || A6 | [AR/|V]
DC Load Flows and Sensitivity factors, P-theta
Nodes = 3 Elements = 3
(0 is a transmission line, +1 a phase shifter)
Element Nfrom Nto Type x(pu)
1 1 2 +0 0.05000
2 1 3 +1 0.10000
3 2 3 +0 0.12500
Node initial conditions (0 slack, +1 PV and -1 PQ node)
Node Ntype Voltage theta(rad) PG PL
1 0 1.00000 +0.00000 0.0000 0.0000
2 -1 1.00000 +0.00000 0.0000 0.0000
3 -1 1.00000 +0.00000 0.0000 1.0000

Coefficient matrix
-0.0500 0 0 1.0000 -1.0000 0
0 -0.1000 0 1.0000 0 -1.0000
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0 0 -0.1250 0 1.0000 -1.0000
1.0000 1.0000 0 0 0 0
-1.0000 0 1.0000 0 0 0
0 -1.0000 -1.0000 0 0 0

Sensitivity matrix (node 1 as reference)

-3.6364 3.6364 -3.6364 0 -0.8182 -0.3636
3.6364 -3.6364 3.6364 -0.0000 -0.1818 -0.6364
-3.6364 3.6364 -3.6364 0.0000 0.1818 -0.3636
0 0 0 0.0000 0.0000 0.0000
-0.8182 -0.1818 0.1818 -0.0000 0.0409 0.0182
-0.3636 -0.6364 -0.3636 -0.0000 0.0182 0.0636
Node solution
Node Ntype Voltage theta(deg) PG PL
1 0 1.00000 -0.00000 1.0000 0.0000
2 -1 1.00000 -1.04174 0.0000 0.0000
3 -1 1.00000 -3.64610 0.0000 1.0000
Line flows
Element Nfrom Nto Type p(pu)
1 1 2 +0 0.36364
2 1 3 +1 0.63636
3 2 3 +0 0.36364

From the load flow results p,; = 0.36364 pu, and this flow changes by a control
(phase shifter) in element 2. The second column of the sensitivity matrix has for
element 3 the following coefficients Ap,; = 3.6364 (—A1y3), ATz = —Ap,3/3.6364
=—(+0.1)/3.6364 = —0.0275 rad.

The incremental changes on network variables are calculated by multiplying
the second column of the sensitivity matrix by the phase shift increment we just
calculated. The new values are obtained when we add the incremental solution to
the base case results.

Dtau = -0.0275
Node adjusted solution

Node Ntype Voltage theta(deg) PG PL
1 0 1.00000 -0.00000 1.0000 0.0000
2 -1 1.00000 -1.32822 0.0000 0.0000
3 -1 1.00000 -4.,64877 0.0000 1.0000

Line adjusted flows

Element Nfrom Nto Type p(pu)
1 1 2 +0 0.46364
2 1 3 +1 0.53636
3 2 3 +0 0.46364

Results show the change in nodal angles (radians) and the new power flow values
for the lines. The required increase of flow in line 2-3 of 0.1 pu is accomplished by
the control action.
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8.5.2 Optimal Control of Real Power Flow

In Section 8.5.1, we worked the real power flow control problems by means of a
simple example and the use of the sensitivity coefficients; we then found the value
of the required control. Once the control action is implemented, the new operating
conditions are calculated. The assumption is that we would find an adjusted solu-
tion close to the base case so that the assumption of a linear model is valid. One
extension that can be made to the previous problem is to include the nodal power
injections as additional control actions. Power from generators and loads is an
additional means of control for the real power in the system.

With values obtained from the sensitivity matrix, we can determine in what
direction to move the available controls, and by a coordinated action, we can
determine how much to move each control. Let us focus our effort into establish-
ing a cost function, so that by control actions we can solve a congestion problem.
To start the discussion, let us use the simple three-node system from Figure 8.11
modified in generation nodes and load values. Assume that an analysis of the base
case requires a decrease in power flows as Ap;3 = —0.2182 pu and Ap,; = —0.1818
pu. We use phase shifter A7 and nodal power injections AP, and AP;. From the
sensitivity matrix, we write two equality constraints to comply with the required
decrease in power flows:

l: Apy; } _ [ —$,)AT;5 + 8,AP, + S, AP, } _ [ -0.2128 }

AP23 _S32A713 + S35AP2 + S36AP3 —0.1818 (8.12)

To minimize the control effort, we write a cost function with weighted control
variables @, according to the relative importance attached to each control. In our
case, the equality and inequality constraints are written as follows:

min Y w, AT} + Y w,AP? (8.13)
keT kePG
subjectto  [f = 0]
At < AT™ (8.14)
AP < AP™

Example 8.5 Base Case

DC Load Flows and Optimal factors, P-theta

Nodes = 3 Elements = 3
Element Nfrom Nto Type x(pu)
1 1 2 +0 0.05000
2 1 3 +1 0.10000
3 2 3 +0 0.12500
Node initial conditions
Node Ntype Voltage theta(rad) PG PL
1 +0 1.00000 +0.00000 0.0000 0.0000
2 +1 1.00000 +0.00000 1.5000 0.0000

3 +1 1.00000 +0.00000 0.5000 3.0000
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Node solution

Node Ntype Voltage theta(deq) PG PL
1 0 1.00000 -0.00000 1.0000 0.0000
2 1 1.00000 +0.91152 1.5000 0.0000
3 1 1.00000 -7.55263 0.5000 3.0000

Line flows in Base Case

Element Nfrom Nto Type p(pu)
1 1 2 +0 -0.31818
2 1 3 +1 1.31818
3 2 3 +0 1.18182

Minimize the cost function subject to constraints:

min %wlA’L'123 + %M/ZAPZ2 + %u@)APf (8.15)

—8,)AT 3 + $,5AP, + S, AP, = Ap,;
—S83,AT ; + S;AP, + S AP = Ap,, (8.16)
At,, <0.0085

13 —

The augmented Lagrangian includes the equality and the inequality constraints
(8.16), as well as the Lagrange and Kuhn-Tucker multipliers. The problem has six
variables: phase shifter, two nodal power injections, two Lagrange multipliers, and
one Khun-Tucker multiplier. The solution is attained when the Lagrange gradient
is equal to zero.

min § = w,At?, + 10,AP? + w,AP? + A,(=S,,AT,; + Sy;AP, + S, AP, — Ap,,) 517)
+ A, (=S,AT ; + Sy AP, + S, AP, — Ap,, ) + (At ; — 0.0085)

» 1091=0° 6,=0.912°

G1=!-

g @ P, =-0.31818 ©)

O+ 0
—

Pe,=1.5

py; =1.18182

B 6,=-7.552°

Pes =0-5T P;=3.0

Figure 8.11 Three-node system base case.

py;=1.31818
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(8.18)

In this case, the gradient is a system of linear equations, an optimal solution that
complies with constraints using weights w;, = 1.0 Vk and flows Ap,; = —0.2182 pu,
AP23 =-0.1818 pu.

wy

0
0
_Szz
_532
+1

3.6364
-3.6364
1.0000

0 0 =5, =5, +1 At
w, 0 45, +5, 0 AP,
0 w; +5, +S, 0 AP,
+5, +S,, 0 0 O A
+8, +8, 0 0 O A,
o 0 0 0 e

0 0 3.6364

1.0000 0 -0.1818

0 1.0000  -0.6364

-0.1818  -0.6364 0

0.1818 -0.3636 0

0 0 0

-0.2182
-0.1818
+0.0085

3.6364
0.1818
0.3636
0
0
0

1.0000
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(8.19)

The changes on the control variables At = 0.0085 rad, AP, =—0.0299 pu, and AP,
= +0.4 pu affect the base case. We have changes to the transmission line flows, and
the equality and inequality constraints are satisfied (see Figure 8.12).

At
AP,
AP,
A
Ay
u

1

3 —

+0.0085
—-0.0299
+0.4000
+0.3402
+0.5047
+0.5895

(8.20)
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Node solution, optimal changes

Node Ntype Voltage theta(deq) PG PL
1 0 1.00000 -0.00000 0.6299 0.0000
2 1 1.00000 +1.34669 1.4701 0.0000
3 1 1.00000 -5.81542 0.9000 3.0000
Line flows
Element Nfrom Nto Type p(pu)
1 1 2 +0 -0.47008
2 1 3 +1 1.09998
3 2 3 +0 1.00002

8.5.3 Optimal Control for Reactive Power Flow

Now, let us turn our attention to the reactive power—nodal voltage control prob-
lem. The assumption is that we have a base case solution that is a converged load

6, =0° 0,=1.347°
P., =0.6299
g @ py, =-0.47008 @
O—+= O
4—
Pc,=1.4701
N\ Ny
pr,=1.09998 Pys = 1.00002
@ 6, =-5.815°

Pg3 =0.9 T P;=3.0

Figure 8.12 Three-node system with minimum control effort.
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Figure 8.13 Circuit to study reactive power control.
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flow for real and reactive power. Then, when a congestion problem is identified, we
must solve it. For this problem, the reactive power and nodal voltages will be our
main concern. We start with the appropriate model for LTC and transmission line
elements, as in (8.6) and (8.7).

Example 8.6 Base Case

In Figure 8.13, the slack bus voltage is 1.0 pu. There are two PV buses whose volt-
age must also be maintained at 1.0 pu. Nodal generation and load conditions are
shown in the printout.

4 Node Model

Number of Nodes = 4

Number of Lines = 3

Number of transformers = 1

Number of shunts = 0

Line Parameters

Line Node From Node To Resist React ysh/?2 Smax
1 1 2 0.00990 0.09901 0.04000 1.00000
2 3 4 0.00660 0.06601 0.03000 1.00000
3 2 4 0.00495 0.04950 0.02500 1.00000

Transformer’s data

Transf Node From Node To Resist React tap Angle Smax
1 1 3 0.00990 0.09901 1.00000 0.00000 1.00000

Nodal Values
Node Type vV th(rad) th(degrees) Sgen SToad

1 0 1.0000 0.000000 0.00 0.0000 +j 0.0000 0.6000 +j 0.2000
2 1 1.0000 0.000000 0.00 0.6000 +j 0.0000 0.8000 +j 0.3000
3 -1 1.0000 0.000000 0.00 0.0000 +j 0.0000 0.4000 +j 0.1600
4 -1 1.0000 0.000000 0.00 0.0000 +j 0.0000 1.0000 +j 0.4000

CONVERGENCE IN 3 ITERATIONS
Converged Values for Variables
Node vV th(rad) th(degrees
1 1.000000 0.0000 0.0000
2 1.000000 -0.0803 -4.6021
3 0.977823 -0.0805 -4.6111
4 0.977146 -0.1086 -6.2226

Line power flows in 3 Tines
Line Node from Node To p+iq S overload
1 1 2 0.8056 +j -0.0880 0.8104
2 1 -0.7991 +j 0.0725 0.8024
2 3 4 0.4046 +j -0.0534 0.4081
4 3 -0.4035 +j 0.0074 0.4035
3 2 4 0.5991 +j 0.3846 0.7120
4 2 -0.5965 +j -0.4074 0.7224
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Load power flows in 1 transformers

Trans Node From Node To p+jq S overload
1 1 3 0.8114 +j 0.1748 0.8300

3 1 -0.8046 +j -0.1066 0.8116

S in generators (>0) and Load

Node  type PG+jQG Qmin Qmax PL+jQL
1 +0  2.2170 +j 0.2868 -5.0000 5.0000 0.6000 +j 0.2000
2 +1  0.6000 +j 0.7571 -2.0000 2.0000 0.8000 +j 0.3000
3 -1 -0.0000 +j 0.0000 0.4000 +j 0.1600
4 -1 0.0000 +j 0.0000 1.0000 +j 0.4000

Total Generation
2.8170 +j 1.0439
Total Load
2.8000 +j 1.0600

In Tines: Losses P and Q (>0 required, <0 supplied)

0.0170 +j -0.0161

8.5.4 Optimal Coordinated Control Efforts

From the base case in Figure 8.14, we notice that nodal voltages 3 and 4 need to be
improved. We have various control actions at our disposal: the tap change in ele-
ment (4) and the reactive power injections at nodes 3 and 4. An optimal coordinated
effort can be established by means of the sensitivity matrix for the tap control and
nodal injections.

2.2170 ® 0.8114 S 0° ~0.8046

— -j0.1066
O —> o ] 0977823/ -4.61°
N

0.2868 | lo.soss 0.4046
-j0.0880  -j0.0534

0.4+j0.16

— l—o.7991 ~0.4035 l @

O +j0.0725 +j0.0074
<> 0.5991 0.977146./.-6.22°
0.7571 +j0.3846
—> «— l
-0.5965

-j0.4074 ,
0.8+03 ;| /40 104074 1 04j0.4

Figure 8.14 Load power flows, base case.
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Sensitivity factors for change in control 4 (tap)

Elem( 1) = -0.000000
( 2) =-4.670612
( 3) = +4.696186
( 4) = -4.638166

node( 1) = +0.000000
( 2) = -0.000000
( 3) = -0.540776
( 4) = -0.232484

Sensitivity factors for change in node 3 (injection)
Elem( 1) = -0.000000

Elem( 2) = +0.462437
Elem( 3) = -0.464969
Elem( 4) = -0.540776
node( 1) = +0.000000
node( 2) = +0.000000
node( 3) = +0.053542

node( 4) = +0.023018

Sensitivity factors for change in node 4 (injection)

Elem( 1) = -0.000000
( 2) =-0.231103
( 3) =-0.773107
( 4) = -0.232484

node( 1) = +0.000000
( 2) =+0.000000
( 3) =+0.023018
( 4) = +0.038273

The optimal coordination of three controls—tap change, reactive power at node 3,
and into node 4—are solved with the requirement that voltage magnitudes V; and
V, should be as close to 1 pu as possible.

1 2

min %wlAtlz3 + %szgf + §w3AQ4 (8.21)

Subject to:

=S, At + SAQ; + S,,AQ, = AV,
=S54ty + S;AQ, + S AQ; = AV, (8.22)
At; <0.05

13 —

The augmented Lagrangian includes equality and inequality constraints such as
Lagrange and Kuhn-Tucker multipliers.

: 1 1 1
min § = Sw Aty + Suw,AQ] + 5w, Q] + A,(=S,,A8,; + S,,AQ; + S, AQ, — AV,)

(8.23)
+ 2y (=Sg4At s + SAQ; + S,AQ, — AV, ) + (At - 0.05)
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Solution when the gradient is equal to zero:

- aC
aA—tl?’ = WlAt13 - 2{1S74 - 2'2884 + U= 0
a¢
aA—Q:; = WZAQ3 + 11877 + )’2S87 = 0
BAL = wAQ, + 4,8, + 4,85, =0
; o, (8.24)
a_/% = =S,,At,, + S,,AQ; + S, AQ, — AV, = 0
1

d
a—i = —S,,At 5 + S, AQ, + S AQ, — AV, = 0

% = At;;-0.05=0

In this case, the gradient is a system of linear equations and the optimal solution
complies with the required constraints. We use weights w;, = 1.0 Vk and the voltage
changes AV; = 0.02 pu and AV, = 0.02 pu.

w, 0 0 =S, =S, +1 ][ Ay, 0
0w, +S,, 48, 0 AQ, 0
0 0 wy, +854 +85, 0 AQ, 0
= (8.25)
~S, S, 48, 0 0 0 2, +0.02
~Sgy +S +Sg 0 , +0.02
+1 0 0 0 u +0.05

The sensitivity coefficients S are taken from the columns of sensitivity matrix:
fourth for tap control, seventh and eighth for reactive power injection into nodes
3 and 4, respectively.

The Hessian (8.25) is:

Hess =
1.0000 0 0 0.5408 0.2325 1.0000
0 1.0000 0 0.0535 0.0230 0
0 0 1.0000 0.0230 0.0383 0
0.5408 0.0535 0.0230 0 0 0
0.2325 0.0230 0.0383 0 0 0
1.0000 0 0 0 0 0
Acont =
0.0500
-0.3042
0.4018
13.7501
-18.7681

-3.1224
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The required controls are At;; = 0.05, AQ; = —0.3042 and AQ,4 = 0.4018 where (<
0) is inductive compensation and (> 0) capacitive compensation. Once the control
settings are adjusted, the new load flow solution is found.

Transformer’s data

Transf Node From Node To Resist React tap Angle Smax
1 1 3 0.00990 0.09901 1.05000 0.00000 1.00000
Nodal Values
Node Type vV th(rad) th(degrees) Sgen Sload
1 0 1.0000 0.000000 0.00 0.0000 +j 0.0000 0.6000 +j 0.2000
2 1 1.0000 0.000000 0.00 0.6000 +j 0.0000 0.8000 +j 0.3000
3 -1 1.0000 0.000000 0.00 0.0000 +j 0.0000 0.4000 +j 0.4642
4 -1 1.0000 0.000000 0.00 0.0000 +j 0.0000 1.0000 +j-0.0180
New Values for Variables
Node vV th(rad) th(degrees)

1 1.000000 0.0000 0.0000
2 1.000000 -0.0767 -4.3971
3 0.998697 -0.0755 -4.3253
4 0.998263 -0.1048 -6.0029

With control actions, the voltage magnitudes are—for all practical purposes—very
close to 1 pu. A summary of power at generators, total generation, loads, and losses
is shown.

S in generators (>0) and Load

Node type PG+JQG Qmin Qmax PL+jQL
1 +0 2.2173 +j 0.6022 -5.0000 5.0000 0.6000 +j 0.2000
2 +1 0.6000 +j 0.3277 -2.0000 2.0000 0.8000 +j 0.3000
3 -1 0.0000 +j 0.0000 0.4000 +j 0.4642
4 -1 0.0000 +j 0.0000 1.0000 +j -0.0180

Total Generation
2.8173 +j 0.9300
Total Load
2.8000 +j 0.9462

In Tines: Losses P and Q (>0 required, <0 supplied)

0.0173 +j -0.016

8.6 Work and Energy

Even though this book focuses on the steady state for the electrical power system,
energy, work, and power are foundational concepts; from the physics point of view,
it is fundamental to understand the concept of energy. Work can be associated with
a force applied to displace a body of mass M, for a given distance x, with respect
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v

d=xi
Figure 8.15 Force and distance, vector arrangement.

to a reference. The units for the quantities involved are: mass (M) in kg, force (F)
in Newton and displacement (d) in meters. Force and distance can be represented
as vectors (i.e., physical quantities that have magnitude and direction). We associ-
ate the concept of work to the force F, that acts along the required displacement x
(see Figure 8.15).

The vector force F will have two components in a plane: F, along a horizontal
reference x and F,, making a 90° angle (in a counterclockwise direction) with respect
to the x direction. The vector arrangement is shown in Figure 8.15.

F=Fi+Fj d=xi (8.26)

H= [FF+F (8.27)
x y

E
0= arctg(—yj (8.28)
FX
i,j,and k& Unit vectors that point along the x, y, and z reference direction,
respectively.

Using an interior point product for vectors, the work done by vector force F along the
vector distance d is calculated using (8.29), units in Newton-meter (N-m), or Jules.

W =F-d =|F|d|cosO (8.29)

The amount of incremental work (AW) realized in a given time increment of time
A#) measured in seconds will render the concept of power, expressed in N-m/s or
watts (W).

AW
=— 8.30
p="5 (830
In applications where the instantaneous power p(¢) is known, for a given time inter-
val At = t; — t,, the amount of energy is calculated using an integral, which is the
area underneath the plot p(¢) and the time axis #; from # to #;:
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P p(t)
Energy W
in t,-t,
\\
ty 4 At ty tos t

Figure 8.16 Stepwise characteristic for power p(t) versus time.
tl
W = [p(r)dr (8.31)
tO

We find the total energy for a stepwise characteristic of the power p(z) (as depicted
in Figure 8.16) through a summation of the energy at each interval.

W= p(t,)At (8.32)

In the case of a rotational system, assuming a rigid body that rotates in an xy plane
with respect to an orthogonal z-axis, a vector force F applied at a distance vector r
will produce a rotating torque, calculated as in (8.33) (see Figure 8.17).

i

T=rxF= = (sz - sz)i — (xF, - 2F,)j + (xFy - ny)k (8.33)

LSO o5

j

x Yy
F F
B

For rotational devices (as is the case of rotors in electrical generators), the pri-
mary energy source supplies the mechanical torque from a steam turbine or from
a hydro turbine (in the case of hydroelectric prime mover). The torque in (N-m)
times the rotating speed w(rad/s) is the amount of power that the turbine-generator
set can supply to the electrical power system discounting the power used within

=
X r

Figure 8.17 Rotating torque produced by force F at a distance vector r.
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the power plant for its auxiliary services. The dynamics of rotating masses in the
synchronous generator is dictated by the difference between the power supplied by
the turbine, the electrical power that is delivered to the power system, the inertia,
and the number of poles that are included in the design.

8.6.1 Kinetic Energy and Electrical Frequency

The majority of electrical power systems in the world operate with (AC) alternat-
ing voltage sources. Power generators make energy conversion possible by taking
mechanical energy from high-pressure steam or water flow at hydraulic turbines;
these two forms comprise the main source of primary energy nowadays. We are
also now finding alternative energy sources, such as wind, solar, geothermal,
biogas, and nuclear. This state of affairs is changing rapidly as growing concerns
about climate change are setting a definite trend in looking for a larger share of
renewable sources for primary energy before transforming it to electric form. The
conventional primary energy sources—thermal and hydro—supply mechanical
torque from steam or hydro turbines to electrical generators, working through a
rotating shaft on which a rotor with appropriate electrical windings is located.
The mass of the rotor, shaft, and other masses rotating at a given angular speed
imply that kinetic energy is involved in the conversion process from mechanical
to electrical energy coupled with electromechanical principles.

AC voltage, electric frequency, and kinetic energy in the rotor of a generator are
related. Consider, as a starting point for the discussion, that the system is working
at a nominal frequency f,; for that instant, it means that the electric power gen-
erated by all of the connected power units match the electrical load required by
customers and the losses when power flows from generation to the load centers. If
the generation exceeds the load and transmission losses, the net effect has a change
in rotating speed. The rate of frequency increase depends on the amount of excess
in kinetic energy into the rotors of the generators and the rotating mass of all the
rotating generators that are currently synchronized to the network. The dynamic
component of the electrical load responds to higher frequency and an increased
mechanical torque is required because of the increased electrical load. The net effect
is to attain a generation-load balance at a higher frequency. The power system has
a target frequency and a scheme of frequency control that takes action to bring the
frequency back to its rated value; this is done by decreasing the power output at
all generators that participate in the regulation action in the proper amount. This
problem is extensive and with various modeling details; now, our purpose is to have
a succinct presentation about the dynamics and some analytical and simulation
tools that are required for this problem.

As the kinetic energy explains the relation between all the generators connected
to the system, the dynamics in a system can start with a generator, inertia [ in Kg-m?,
at a nominal frequency f, in Hz and o in rad/sec:

2

Wkin = I%
et (8.34)

we - @

kin 2
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From this expression, a relation of kinetic energy at frequency @ (with respect to
the nominal rated value at @,) depends on the frequency square.

Wkin a)z ][2
wWe = pel = f_2 (8.35)
kin () 0

For an incremental torque AT (N-m) or an increment of power AP (Watts), the rotor
of the synchronous machines will experience an acceleration « (rad/sec?). This is
related to its kinetic energy.

AT = AP _ gy = 1do (8.36)
[0) dt
AW,
AP = lo < OMde _ 4 _ dWy, (8.37)
dt 4 Tw? dt
N2
Using (8.35) in (8.37):
AP = d/dt (W, £/ £2)=2 W5, £/£2 df/dt (8.38)

Example 8.7

For a given electrical system [1] its total kinetic energy is 1,500 M]J, at a rated fre-
quency of 60 Hz. What will be the rate of frequency increase for a surplus of 5
MW? Use (8.36) to find the change in frequency.

) (60 H) df
df _ (S MW) (60 Hz) = 0.1 Hz/sec

dt ~ 2(1,500 M])

8.6.2 Turbine’s Power and System'’s Frequency

As the load system changes, the generators that are equipped to regulate change the
generated power to try to minimize the power imbalance due to load changes. The
type of control problem described is a following one; in such cases, the system’s fre-
quency is the variable that gives a measure of power imbalance, and it is the variable
that must be controlled. To have a viable model, some assumptions are required.

« Initially, a system’s rated frequency is f,, with a balance for generation Pg
and demand P9, as well as losses P9 . Kinetic energy for all rotors is P§;, in
MW-sec.
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AP, —

+ For a demand increment APp, in the system, the electric generators supply an
incremental power output such that AP, = APp,.

+ For a power imbalance APy — APp, measured as turbine output and the
required demand increment, a change in frequency is experienced. One ini-
tial assumption is that the change is uniform at every part of the electrical
area. According to (8.35), the kinetic energy shows a squared dependence
on frequency.

2
w. =We° f MW-sec (8.40)
k ki
n n f()

 Load has a component that responds to frequency. One kind of representation
is considered through the constant D.

D = oL, MW/Hz (8.41)

i

The power balance in an electrical area requires that the power increment from the
turbine AP should be equal to the load increment AP, plus the load frequency
dependent contribution d Pp/dfAf, plus the power change equal to the rate of change
in kinetic energy AP = dW,;,/dt; this last term comes from (8.40).

AP, = AP, + a1; Af + —(Wk ]f;] MW (8.42)

Assuming that the new frequency will be f = f, + Af once high order terms are
neglected, we come to (8.44).

d [ W, (f, + of )2 d 2Af  Af?
AP, _DAf+dt T = DAf + W, kmdt 1+f—+? MW (8.43)

0

Wi d A MW (8.44)

AP, — AP, ~DAf+f

Using the rated nominal power for the generator as base P,, a pu expression is written:

AP, — AP, = DAf + Zf—Hdi Af) pou. MW (8.45)

H is the inertia constant in seconds; its typical values are in a range from 2 to 8
seconds. D constant will be as pu MW/Hz.

o

we
H = % sec (8.46)

7
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APHs) . K

—sO— P_ —— Afs)
- s+ T,
p

Figure 8.18 Frequency change as a function of disturbance from turbine power and load
change.

A Laplace transform on (8.45) gives:

AP.(s) — AP, (s) = DAf(s) + i,—HsAf(s) (8.47)

The transfer function in (8.48) and a feedback through the power system closes the
power system response that goes to the turbine control. We can use this model to
start studying power-frequency dynamics.

Af) 1 up K 8.48
AP.(s)— AP,(s) D +2HI/f s 1+2H/(Dfo)s (1+Tps) (8.48)

8.6.3 Frequency Control by a Primary Loop

The change in frequency Af due to a load disturbance APj, will require feedback
(as shown in Figure 8.19), generally done through a droop characteristic, R. The
droop will regulate the turbine output requirement in order to correct for a drop
in speed with respect to a reference when the load is increased.

AP(s) = AP, (s) - A’;S) (8.49)
AP (s) = TF(s)AP,(s) (8.50)
Af(s) _ Kp

AP.(s) = AP,(s) 1+ T (8.51)

1/R

AP (S) + ¥~ AP(s) + K

Turbine o > A
_ model T_ s+ T, > ALs)
AP(s) AP(s)

Figure 8.19 Primary loop frequency control.
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Example 8.7

The type of response when a load change is experienced, the following values are
used in the model: load change AP, = +0.01 pu MW at time 1 sec; R = 2.4 Hz/pu
MW; K, = 1/D = 120 Hz/pu MWj and T,, = 2H/(Df,) = 2(5)(120)/60 = 20 sec. Refer-
ence is set to zero change. The time response (see Figure 8.20) shows a steady state
frequency error; therefore, additional control action is required in order to get the
system frequency restored to its nominal value.

Estimated time constant (3.5 — 1.0)/5 = 0.5 sec.

In this case, the frequency error after 5 seconds is shown in Figure 8.21. To
reduce the error in frequency, a secondary control loop with an integral characteristic

DPref

s

1R

|
Dfreq

- Turbine TF

> Df

.| DPg DPT 120
20s+1 simout
—- Transfer Fcn

To Workspace
Load Step L
0.01 pu @—

Clock
(@
Frequency response to Load increase
0 T T T
-0.005 | 1
-0.01 1
N
T
&
-0.015 | 1
-0.02 1
-0.025 : : - :
0 1 2 3 4 5
Time, sec.
(b)

Figure 8.20 Dynamic frequency response for primary loop control, no turbine model is
included.
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>
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c
[
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-0.025F
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0 1 2 3 4 5 6 7
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Figure 8.21 Primary loop frequency response, including a turbine model.

is required. This will eventually make the frequency error go to zero (see Figure
8.21); this part is extended through Example 8.8.

Example 8.9

In order to correct the error frequency seen in Example 8.7, an additional control
block with an integral function and an appropriate gain K; will bring the frequency
back to normal. We show the effect of using K; = —0.5 and —0.6 (see Figure 8.22).
A great deal of material needs to be extended in order to cover the nature of
power-frequency control, such as the tie-line control, areas interchanges, and neigh-
bor assistance characteristics when one area experiences frequency disturbances.
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Figure 8.22 Supplementary control loop to bring back frequency deviation to zero.

8.7 Incremental Power Model to Include a VSC-STATCOM

AC load flow solutions for power networks include models for all the main compo-
nents: transmission lines, on load tap changer power transformers, and new control
devices. The new arrangements are usually based on power electronics whose char-
acteristics make very useful and versatile controls fast acting and dependable with
promising possibilities for the better use of transmission assets and better system
control. To include various arrangements might pose a problem if new devices need
to be incorporated into the traditional analysis tools as the power flow studies. In



8.7 Incremental Power Model to Include a VSC-STATCOM 283
. . . ik
Lo 1:‘ l"é‘[ ! km [ser
I
+ +
l ish,m ykm l i;h k
Vi =[Viel26; Yok Yem |:| V,=|V,l26,,

Figure 8.23 Ideal Complex power transformer and a 7 circuit.

this section, we develop a versatile model to incorporate new devices based on the
concept of incremental real and reactive power in conjunction with nodal power
balance. The resulting system of equations, when solved, includes nodal analysis
and for the nonlinear case the incremental model is the accepted expression for
Newton’s iterative process.

8.71 Power Flows in a Complex Transformer and a Transmission Line

The concept of a complex power transformer is useful in representing a device that
can control both the real and reactive power flows as well as the voltage at terminals;
an extension to this control problem might be a congestion problem or the voltage
control at a given node. This functionality can be realized by power electronics [4]
whose purpose is to render a flexible and diverse control and to be readily available
within an already stressed power system.

8.71.1 Complex Power Transformer

The circuit in Figure 8.24 allows us to visualize the angle shift and phasor magni-
tudes from primary to secondary in a complex power transformer.

To include winding losses, a series conductance component is added to the ideal
complex transformer. A shunt branch can be connected, as shown in Figure 8.23.

lkm

1:|t|£7 i em >
+ +
V, =|V, |26 v
k ‘ k‘ k l;m Vk/ k
/‘V
lkm Vk

Figure 8.24 Ideal complex power transformer.
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8.7.1.2 On Load Tap Changer (OLTC)

In this case, shunt admittances are zero as well as the phase shift angle 7:

ysh,k = ys/o,m =0 (8 52)

7=0

8.7.1.3 Transmission Line

The 7 representation of a positive sequence circuit will be obtained if we make:

Yoo = Yebym = Y2
lt|]=1,7=0

(8.53)

8.7.2 Expressions for Incremental Power Flow

The first term of a Taylor’s series expansion for py,, and g,,, includes the change of
the series susceptance by,,.

WP apkm 9Py Py, A‘Vk‘
Apy,, = 26, AD, "9 A0, 5p ATH 8\V|‘Vk‘ A (8.54)
Dty (8], Wy 2l s, 20,
A A T T
b = g0, + Sy, + o *a\vﬁ'Vk‘ i
8.55
I A A TR

Similar equations can be written for Ap,,, and Ag,,.. In (8.54) and (8.55), various
terms can be identified as state variables, like nodal angles and voltage magnitudes,
but the incremental changes of phase shifting angle 7, tap magnitude, and increase/
decrease of the susceptance by, are also identified as control variables. Due to trans-
mission losses and the nature of series inductance, there will be a different amount
of power from m to k; this requires that we write the incremental equations from
node m to k.

Ap,, = aekAe aekAe ST+ a\vk\‘V"J V]
(8.56)
8p k‘V‘A’V‘ 8pmk| |A|t| apmk b, Ab,,,
LG T RN o,
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oq g g dq A|V ‘
Aq,, = =2EAG, + =R AG, + =R AT + kY |
Do = 30 00, ot Jv \‘ . v
” (8.57)
T i T e b
- 7 } [ oy, Wy Al 9y, Aby, |
-1 0 _B;J;m —%’;W 0 0 —aap‘ﬁm v, %’i/km v, [ ap, 1 | o0 2 3 M s e,
k " k Ap op 0, At Ab
apmk apmk apmk apmk ik _—MkAT - —mk|t|_ - - blem o
0 -1 3 6 90, 0 0 v v, v, V., || A6, ot dt| AI|)t| ab,,, by,
40 0 0 00 0 0 A6, k
041 0 0 0 0 0 0 Ay, | _ AF,
aqkm aqkm aqlzm aqkm Aqu aqkm aqkm A|t| aqkm Abkm
0 0 %6 a0, 1O Ve Ve | av || T A M e e,
aqu aqu aqu aqu Tk aqu aqu A|t| aqu Abkm
00 36 20, O 1w Ve | av | | o A M " e,
00 0 0 +10 0 0 v, AQ,
L0 0 0 0 0 +1 O o | - AO
(8.58)

Equations (8.54)—(8.58) represent individual elements, transmission lines, or power
transformers. The nodal power balance expresses the connectivity in the network.
These types of incremental relations are the basis for the Newton’s iterative method—
the one that is used to solve the general load flow problem.

8.7.2.1 Partial Derivatives, Incremental Power Flow

Numerical values for the partial derivatives in (8.58) can be obtained from a given
set of nodal voltages and the calculated real and reactive power from k to m and
from m to k. Formulas for partial derivatives were presented in Chapter 6.

8.7.2.2 Load Flow Solution by Newton’s Method

For an AC power network, a solution for complex nodal voltages is to be deter-
mined, starting with an assumed set of values. With these voltages, the element’s
power flows are determined, nodal power balances are calculated, and the nodal
power mismatches are obtained. As the initial voltages might not be the network’s
solution, the maximum absolute value of the power mismatch would not be smaller
than a prescribed small tolerance. An iterative process that requires building the
incremental set (8.58) is used. The coefficient matrix is known as Jacobian; its pat-
tern is highly sparse and there will be a need to use special techniques in order to
efficiently solve large networks. Usually, in the right hand side of (8.58) we find the
control variables that are assumed fixed, so we are left with real and reactive power
mismatches and the need to solve for correction A@’s and AV/V to the state variables.
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Figure 8.25 Three-node system to illustrate the incremental equations.

Example 8.10

Solution for a three-node system (see Figure 8.25):

The regular load flow problem is solved by Newton’s method using (8.58) with no
reactive compensation at node 3, assuming transmission lines only. The solution is
shown in Figure 8.26.

Data for elements

Nelem = 2 Nnod = 3
Elem Nsal Nlleg r X ykm ysh
1 2 1 0.0500 0.1000 4.0000+j -8.0000 0.0000+j 0.0000
2 2 3 0.0100 0.1000 0.9901+j -9.9010 0.0000+j 0.0000
3 1 2 0.0500 0.1000 4.0000+j -8.0000 0.0000+j 0.0000
4 3 2 0.0100 0.1000 0.9901+j -9.9010 0.0000+j 0.0000
Data for nodes
Nodo tipo Vv angle PG QG PL QL
1 0 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 -1 1.0000 0.0000 0.0000 0.0000 0.2500 0.2000
3 1 1.1338 0.0000 0.0000 0.0000 0.0200 0.0000
Flows through elements
Elem Nsal Nlleg skm
1 2 1 0.0000+j 0.0000
2 2 3 -0.1325+j -1.3248
3 1 2 0.0000+j 0.0000
4 3 2 0.1502+j 1.5020
Iteration = 0 max Mismatch = 1.124752e+000
Iteration = 1 max Mismatch = 8.044233e-002
Iteration = 2 max Mismatch = 3.069485e-004
Iteration = 3 max Mismatch = 4.592218e-009
Nodal results
Node type Voltage angle PG QG PL QL
1 0 1.0000 -0.0000 0.3016 -0.6328 0.0000 0.0000
2 -1 1.0500 -3.3742 -0.0000 -0.0000 0.2500 0.2000
3 1 1.1338 -3.9289 0.0000 0.9525 0.0200 0.0000

Load flow results
Elem type Nsal NT1leg pkm gkm



8.8 Voltage Source Converter (VSC) and STATCOM 287

@ 1.05£-3.37°
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Figure 8.26 System for load flow studies.

1 0 2 1 -0.2771 0.6819
2 0 2 3 0.0271 -0.8819
3 0 1 2 0.3016 -0.6328
4 0 3 2 -0.0200 0.9525

8.8 Voltage Source Converter (VSC) and STATCOM

An equivalent circuit is used to represent the VSC with a complex power trans-
former a series and a shunt admittance, as in Figure 8.27. The tap magnitude |¢|
will represent the amplitude modulation index 2,. The phase shifting angle 7 can
be adjusted so that the current is in phase with the voltage and no reactive power is
required; this concept is used to identify this portion of the circuit as of DC type.
Relations (8.59) are recognized for a two-level, three-phase VSC, and operated in
the linear range of modulation. E, ¢ is analogous to a DC voltage with value V2.
To characterize a STATCOM, a series OLTC transformer is needed and is con-
nected from node 7 to node k (see Figure 8.27). The following values (8.59) do not

<r|D LB} % @
|

E ) ¢
n,DC |::| Gno

<+— DCanalogy > <«  ACcircuit —»

Figure 8.27 Equivalent circuit for a VSC, DC analogy, and AC circuit with a complex
transformer.
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consider overmodulation, which with proper handling of harmonics would increase
the usage of the DC link with no distortion on currents and line to line voltages.

|t|=m;=£ O<m, <1 71=¢ (8.59)

8.8.1 Incremental Model for the VSC

We present the main components of the VSC.

From Figure 8.28 and prior to the solution process, it is recognized that an ideal
complex transformer is connected from node 3 to 4. At this point, the result for
voltage and current in an ideal complex transformer is applied. The conductance
G, connected at node 4 requires only real power; the reactive power due to by, is
calculated using (8.60).

30 = _‘Va‘z by, (8.60)

The solution should be such that the voltage magnitude at node 2 is controlled to a
fixed value. The unknowns are nodal angles: 6,, 05, voltage magnitude for V3, and
the value of b,,; this susceptance element is required to keep the voltage at node 2
at the requested value. The real and reactive nodal balances are a set of nonlinear
equations (8.62). When the iterative process converges, the vales for 7 = 65 and | ¢
are calculated by (8.61).

V.|l <7 = |V,| 26, (8.61)

+Ap,, + Ap,; = AP,

+Ap32 + Ap34 = +A[732 = AP3 as p,, = cte.

+Aq, + Agyy = AQ,

+Aq32 + Aq34 + Aq30 = +Aq32 + Aq30 = AQ3 as gs, = 0

(8.62)

B ® % @ W O,

Psa P2 Py P2 P2 , «—
“—|—> —]— | O
|+ | e |

N G2 3 G2 12

P y=0.25
T30 . L2
Jjbsh Q2=0.20

z,, =0.05+j0.10 puvalues
z,, =001+ j0.10

Figure 8.28 VSC system configuration.
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The incremental model is a Newton’s algorithm that is used to solve for corrections
to the state variables: nodal angles, voltage magnitude, and compensating suscep-
tance. The incremental set (8.62) requires partial derivatives for g3, and AP’s values.
The solution starts with initial values for variables 6, 6, | V5|, and by,

d AlV) 9
Adyy = aﬁjj\"l M BAb, (8.63)
9qgo|v‘_ vfb, (8.64)
IV
d
%ﬁ: — v (8.65)

After three iterations, the maximum mismatch is 5.46e—009. The voltage at node
2 is kept at a value of 1.05 pu and the shunt capacitive susceptance required is by, =
0.7408 pu. The voltage for node 3 is 1.1338 and the angle is —3.93 degrees; the tap
value in the complex transformer is 1.1338/1.4142 = 0.8017 and the phase shifting
angle is —3.93 degrees. Losses of 2% are represented by the shunt conductance at
node 4. One additional possibility is to include a resistive shunt branch at node 3;
its value might be determined by an open circuit test for the VSC configuration.

Data for elements

Nelem = 2 Nnod = 3
Elem Nsal Nlleg r X ykm ysh
1 2 1 0.0500 0.1000 4.0000+j -8.0000 0.0000+j 0.0000
2 2 3 0.0100 0.1000 0.9901+j -9.9010 0.0000+j 0.0000
3 1 2 0.0500 0.1000 4.0000+j -8.0000 0.0000+j 0.0000
4 3 2 0.0100 0.1000 0.9901+j -9.9010 0.0000+j 0.0000
Data for nodes
Node type vV angle PG QG PL QL
1 0 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 1 1.0500 0.0000 0.0000 0.0000 0.2500 0.2000
3 -1 1.0000 0.0000 0.0000 0.0000 0.0200 0.0000
Data for bshunt
Nodes = 3 bshunt0 = 0.5000
Flows through elements
Elem Nsal Nlleg skm
1 2 1 0.2100+j 0.4200
2 2 3 0.0520+j 0.5198
3 1 2 -0.2000+j -0.4000
4 3 2 -0.0495+j -0.4950
Iteration = max mismatch = 1.139802e+000

Iteration = 1

max mismatch =

1.307479e-001
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Iteration = a max mismatch = 6.236311e-004
Iteration max mismatch 5.463104e-009

Il
w

Nodal results

Node type Voltage angle PG QG PL QL
1 0 1.0000 -0.0000 0.3016 -0.6326 0.0000 0.0000
2 1 1.0500 -3.3738 0.0000 0.0000 0.2500 0.2000
3 -1 1.1338 -3.9284 -0.0000 0.9523 0.0200 0.0000

Load flow results

Elem type Nsal NTleg pkm gkm
1 0 2 1 -0.2771 0.6817
2 0 2 3 0.0271 -0.8817
3 0 1 2 0.3016 -0.6326
4 0 3 2 -0.0200 0.9523

Results for the VSC
pbshunt = 0.7408 (>0 capacitive) power q to the node = -0.9523
maprim = 0.8017 tao = -3.9284 ma = 0.9257

8.9 Extensions to the Model

The incremental model can be applied to various practical power net-
work configurations.

8.9.1 Reactive Power and Voltage Control
Example 8.11

With a variable shunt susceptance at node 3 in the configuration shown in Figure
8.29, voltage control on node 2 and the real power to be supplied to node 4 as
0.005 pu, the reactive power flow into the system can be controlled according to
the operational needs in the power system. Assuming that the voltage for node 2
should be fixed at 0.95 pu, the iterative process shows convergence at three iterations
with a mismatch of 9.841e—12. The inductive compensation required is 0.1682 pu,

@ 0.9540.46°

1£0°
1.41420°  0.9343./£-0.37° 0.261+ j0.3698 @
~0.0005 - j0.1469 @ |

= e =10
I I
@ 0.0007+ j0.1493 -0.2507 - j0.3493

0.261 +j0.36988

j0.1469 _ 0.25 +j0.20
l -j0.1682
0.0005

Figure 8.29 VSC system configuration for voltage control.
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and it is noted that the current flowing through the VSC has a low value; internal
losses are quite small, 0.05%.

Data for elements

Nelem = 2 Nnod = 3
Elem Nsal Nlleg r X ykm ysh
1 2 1 0.0500 0.1000 4.0000+j -8.0000 0.0000+j 0.0000
2 2 3 0.0100 0.1000 0.9901+j -9.9010 0.0000+j 0.0000
3 1 2 0.0500 0.1000 4.0000+j -8.0000 0.0000+j 0.0000
4 3 2 0.0100 0.1000 0.9901+j -9.9010 0.0000+j 0.0000
Data for nodes
Node type vV angle PG QG PL QL
1 0 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 1 0.9500 0.0000 0.0000 0.0000 0.2500 0.2000
3 -1 1.0000 0.0000 0.0000 0.0000 0.0005 0.0000
Bshunt Data
Node = 3 bshunt0 = 0.5000
Flows through elements
Elem Nsal Nlleg skm
1 2 1 -0.1900+j -0.3800
2 2 3 -0.0470+j -0.4703
3 1 2 0.2000+j 0.4000
4 3 2 0.0495+j 0.4950
Iteration = 0 max mismatch = 6.502970e-001
Iteration = 1 max mismatch = 3.886674e-002
Iteration = 2 max mismatch = 1.790303e-005
Iteration = 3 max mismatch = 9.841572e-012
Nodal Results
Node type Voltage angle PG QG PL QL
1 0 1.0000 -0.0000 0.2610 0.3698 0.0000 0.0000
2 1 0.9500 -0.4589  0.0000 0.0000 0.2500 0.2000
3 -1 0.9343 -0.3673  0.0000 -0.1469 0.0005  0.0000

Flow results

Elem type Nsal NTleg pkm gkm
1 0 2 1 -0.2507 -0.3493
2 0 2 3 0.0007 0.1493
3 0 1 2 0.2610 0.3698
4 0 3 2 -0.0005 -0.1469

ikm 1‘t‘4‘[ ikm i

N «—
+ + ) +
Ish.k
Vie=| V20 Vg =Vl 26

Figure 8.30 VSC system configuration for voltage control.
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Result
bshunt
maprim

8.10

s for the VSC
-0.1682 (>0 capacitive)
0.6606 tao -0.3673

power q into node 0.1469

ma 0.7628

8.9.2 DC Load
Example 8.12

It is interesting to extend the case so that DC load is supplied at node 4; this is a
common situation in a practical configuration. It is like a back-to-back arrangement
that interconnects two AC power systems with the same or with different frequen-
cies. For a DC load of 0.5318 pu, corresponding G, = 0.2659 pu. The mismatch is
3.004e-07 in three iterations.

I[teration = 3 Max mismatch = 3.004665e-007
Nodal results
Node type Voltage angle PG QG PL QL
1 0 1.0000 -0.0000 0.8723 -0.8554 0.0000 0.0000
2 1 1.0500 -7.1120 -0.0000 -0.0000 0.2500 0.2000
3 -1 1.1613 -10.2532 0.0000 1.3635 0.5318 0.0000
Flow results
Elem type Nsal N1leg pkm gkm
1 0 2 1 -0.7977 1.0046
2 0 2 3 0.5477 -1.2046
3 0 1 2 0.8723 -0.8554
4 0 3 2 -0.5318 1.3635
Results for the VSC
bshunt = 1.0111 (>0 capacitive) power g into node = -1.3635
maprim = 0.8211 tao = -10.2532 ma = 0.9482 GO= 0.2659 pu

STATCOM Model

To have a representation for the STATCOM, a load tap changing transformer
(OLTC) is needed in series to the VSC circuit from Section 8.8.1.

8.10.1 OLTC'’s Real and Reactive Power Flows

Let us assume a balanced configuration so the positive sequence of a transformer
with a tap changing under load, as shown in Figure 8.31, will be part of the STAT-
COM. Power flow equations and the partial derivatives for the incremental model
use 7= 0, Vg1 = Vo = 0 and |¢| within bounds (see Figure 8.30).

Example 8.12

A modified network to represent an STATCOM includes an OLTC, the model uses
|| =1.1335, constrained to be within bounds 0.8 < |¢| < 1.2, series impedance #r
=0.01 and x1 = 0.10 in pu. The voltage at node 2 will be fixed to 1.05 pu. Conver-
gence shows a mismatch of 4.334e—007 in 3 iterations (see Figure 8.31).
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@ 1.05£-3.39°

141420° 12642 £-3.85° ©
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Figure 8.31 Complex power transformer for OLTC configuration.

Data for elements

Nelem = 2 Nnod = 3
Elem Nsal Nlleg r X ykm ysh
1 2 1 0.0500 0.1000 4.0000+j -8.0000 0.0000+j 0.0000
2 2 3 0.0100 0.1000 0.9901+j -9.9010 1.1335+j 0.0000
3 1 2 0.0500 0.1000 4.0000+j -8.0000 0.0000+j 0.0000
4 3 2 0.0100 0.1000 0.9901+j -9.9010 1.1335+j 0.0000
Data for nods
Node type vV angle PG QG PL QL
1 0 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000
2 1 1.0500 0.0000 0.0000 0.0000 0.2500 0.2000

3 -1 1.0000 0.0000 0.0000 0.0000 0.0249 0.0000
Data for the bshunt
Node = 3 bshunt0 = 0.5000

Flows in elements

Elem Nsal Nlleg skm
1 2 1 0.2100+j 0.4200
2 2 3 0.2241+j 2.2410
3 1 2 -0.2000+j -0.4000
4 3 2 -0.1883+j -1.8829
Iteration = 0 Max mismatch = 2.861005e+000
Iteration = 1 Max mismatch = 9.628746e-001
Iteration = 2 Max mismatch = 5.902866e-003
Iteration = 3 Max mismatch = 4.334714e-007
Nodal results
Node type Voltage angle PG QG PL QL
1 0 1.0000 -0.0000 0.3052 -0.6341 0.0000 0.0000
2 1 1.0500 -3.3975 -0.0000 0.0000 0.2500 0.2000
3 -1 1.2642 -3.8498 -0.0000 0.9389 0.0249 0.0000

Load flow results

Elem type  Nsal NT1Teg pkm gkm
1 0 2 1 -0.2804 0.6837
2 1 2 3 0.0304 -0.8837
3 0 1 2 0.3052 -0.6341
4 1 3 2 -0.0249 0.9389
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Results for the VSC
pshunt = 0.5874 (>0 capacitive) power g into node = -0.9389
maprim = 0.8939 tao = -3.8498 ma = 1.0322 GO= 0.01245 pu

Next, the STATCOM (see Figure 8.32) is connected at node 9 of a 14-node system
(see Figure 8.33); it will replace the capacitor compensation for the base case. The

1.2362/-2.24° 1.06/ -1.97° 1.053 2 oo®
1.41420°
- 0.0249+ j0.4311 0.2816 j0.2079
N @ 0.0249+ j0.43 @I j 4_| O
PR o o —
@ 0.0261-0.4189 -0.276™+ j0.2189 0.5766
~j0.4311 10,0418
' 0.25+ j0.20 0.2950+ j0.1661 s
l +j0.2821
0.0249

Figure 8.32 STATCOM configuration for voltage control.

0.0555180:30506 0 07718| 0.5263
© v I 1.053/-17.8°

ul’ ¢y \" 1 414028165

0.01311| 01357600073 011895 20809
| @

\

\ —

\ 0.41915$¢I

1 o l \ 0.02612

\
1
1
\
U

0.431 3; | 0.02490

@ @ ! ? 0.0*I

.o /| 04313 0.02490
-~
SN e o ___ .7
!
Node Voltadge Angle Load
4__|1.0106 | -12.05
l 1.0583 -16.07
9 |1.0530 [-17.80 [0.2950+10.1660
10 1.0488 =19,.64 0.0900+40.0580
14 1.0338 -19.64
15 [1.06 -19.78 [ 0.2500+10.2000
16 |1.2362 | -20.04 0.0249+40.0000

Figure 8.33 STATCOM voltage control and reactive power injection at node 9.
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STATCOM is connected at node 9. Two additional nodes are required, 15 and 16,
and the iterative process shows good convergence.

8.11 Chapter Summary

The material in this chapter covers real power control and reactive power, first
with a static model, which is valid for small changes around the operating point.
We introduced modeling and analysis for simple circuit arrangements in order to
approach step-by-step the problem of optimal control coordination. This can be
done for real power flows and existing control, as well as for reactive power and
voltage related control problems. The discussion cannot be complete unless turbine
response and its controls are included. This is done by working with the reasonable
assumption that the relation between rotor speed, frequency and real power as sup-
plied by the turbine and the power required by the load in the system. More should
be said about the control problem, and the models with which we include turbine,
governor, droop, and other extensions into the realm of interarea assistance during
disturbances in neighboring areas.

In the last part of this chapter, rotor dynamics were given. It should be noted
that an error frequency is present. This points to the need of additional feedback
control to be included so that the system’s frequency error will eventually be reduced
to zero through an integral control action. We included (without much discussion)
transfer functions and the SIMULINK® environment; this was done in order to
have a glimpse about the type of dynamic response and to have an idea about the
time constant for this kind of processes, VSC and STATCOM models were discussed
using a complex transformer model.
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General Fault Studies in Electrical Power
Systems

9.1

9.2

Introduction

Fault studies in electrical systems are required to find out the values of the electrical
currents that flow when undesired circuit connections are present. The estimation
of the high value currents that flow under fault conditions allows the protection
engineer to establish the setting for the protective equipment, select circuit breaker
capabilities, and to make an assessment on how the fault condition affects the whole
system. Various types of faults might occur; these might include several phases and
ground. A general fault equation can be very useful, and such equation can treat
various shunt or series fault connections that make up the undesired electrical
connection. There are various frames of reference that can be used (i.e., abc phase
coordinates or symmetrical components, just to name the most frequently used).

Fault Equation in Phase Coordinates abc

In order to write the calculation procedure, let us assume that a network equiva-
lent (Thévenin) is available for the left side, as shown in Figure 9.1. For the right
side, we can draw and write a nodal admittance fault. Shown in Figure 9.1 are the
boundary conditions for nodal voltages and currents into the system and into the
fault, (9.1) and (9.2).

When the electric fault is present at the connection point F, the three-phase nodal
voltages and currents abc must comply with the boundary conditions expressed as:

abe | apc
Il_—OT ZT:]bc — — Y anc
o =
Th Pl
E e Vabe Ve -

Figure 9.1 System’s Thévenin equivalent and admittance fault connection Yf,..
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93

Vabc = Vanc (91)
Lipe = ~Tope 9.2)
Thévenin’s network equivalent and the fault connection equations are:
b b
Vabc = V;;c = EZbc + ZZbcIabc (93)
FyF _ F
Yathabc - Iahc (94)

To calculate the fault current, various forms can be obtained; one by substitution
of (9.3) on the left of (9.4). Recognizing that voltages at the boundary are equal, U
1S a unit matrix.

YaI;VC (EZZ’c - Zzz]clfbc) = Ifhc (95)
I;bc = (U + YancZZZ}c)il YancEthc (96)

A different expression can be derived if the fault impedance matrix Z%,, is written.

Ve = E. + Z00 1, (9.7)
Vive = Zape Loy (9.8)

Ey. —ZyIl, =28 10, (9.9)
1= (2, + 2 ) EL, (9.10)

The fault current is I£,, by (9.5) or (9.10). We apply the fault current value back to
the network, into the left in Figure 9.1. With this step, we find out what the nodal
voltages are when the fault current is engaged.

Fault Equation in Coordinates 012

Symmetrical components, or coordinates 012, are widely used by power system
engineers to represent a three-phase, symmetrically balanced power system. The
fault circuit itself might impose an unbalanced condition, and we assume that the
symmetrical component representation for the fault connection is available.

In the 012 symmetrical components reference, Thévenin’s system equivalent
and the fault circuit equation are:
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| F
02 lorz
— = =
Th F
l|—OT Zg, [— Yoz
— -
" S
E 012 012 Vorz

Figure 9.2 System’s Thévenin equivalents and a fault matrix connection Yj;,.

— Th Th
V012 - E012 + 20121012

F F _ gF
Y, VO]Z_IO12

012

Recognizing that at the electrical boundary Vy;, = V5, then:

-1
F_ F —Th F 1Th
Imz = (U + szzou) szEmz

(9.11)

(9.12)

(9.13)

An alternative is to use the fault impedance matrix in the symmetrical components

F
reference Z1§,,.

-1
1512 = (ZoT1bz + Z(flz) Eonz
a
b
C
Zf Zf Z

-

Figure 9.3 Three-phase fault connections.

(9.14)
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9.3.1 Three-Phase Fault

To illustrate the step in a general solution, let us assume the following three-phase
fault configuration:

The nodal impedance matrix in the abc reference for this type of fault and its
symmetrical 012 components are shown as (9.15) and (9.16) (see Figure 9.3).

etz oz z,
Zh = 7 mtz g (9.15)
z, g, % +z,
2 + 3zg 00
ZE, =T7ZE T, =| 0z 0 (9.16)
0 0 z

Where o = 1£120°, o2 = 1.£240°

1 1 1 1 1 1 1
T,=|10o « T = 3 1 a o (9.17)
1 o o 10 «a

We use (9.6) to calculate the abc fault current information or (9.10) to find the 012
fault current.

Example 9.1

Assume a Thévenin’s equivalent for a balanced three-phase system as in Figure 9.2
and a fault impedance matrix abc as shown in Figure 9.3. Let us find the fault cur-
rent and the abc voltages at the connecting node. Values are in pu.

-1

Th
F Th F " o1k <o “rh A s E{frh
Iabc = (Zabc + Zabc) Eabc = m z m |+ zg < + zg zg Eb (918)
m m z Th
2, Z, ¥tz E,

Thevenin’s Equivalent matrix, abc

/thabc =
0.0100 + 0.10001 0 - 0.0500i 0 - 0.0500i
0 - 0.0500i 0.0100 + 0.1000i 0 - 0.0500i
0 - 0.0500i 0 - 0.0500i 0.0100 + 0.1000i

Fault impedances zf = 0.01000+j 0.10000 zg = 0.00000+j 0.01000
/Fabc =
0.0100 + 0.11001 0+ 0.0100i 0 + 0.01001
0 + 0.01001 0.0100 + 0.1100i 0 + 0.01001
0 + 0.01001 0 + 0.0100i 0.0100 + 0.11001
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Thevenin’s Voltage, abc

Voltage Etha = 1.00000 +0.00
Voltage Ethb 1.00000 -120.00
Voltage Ethc 1.00000  +120.00

Fault current, abc

Current IFa = 3.98726 -85.43
Current IFb = 3.98726 +154.57
Current IFc 3.98726 +34.57

Voltage at fault node, abc

Voltage VFa = 0.40071 -1.14
Voltage VFb = 0.40071 -121.14
Voltage VFc = 0.40071 +118.86

Phasors results are shown in Figure 9.4, as are the magnitude and angle for Thévenin’s
voltages and fault currents. Note that the fault current magnitude is close to 4 pu
and lags the voltage by an angle close to 90°.

To solve the fault current problems, power system engineers routinely use sym-
metrical components. The information required is the fault impedance or admit-
tance and the system’s sequence impedances, as well as the positive sequence of
Thévenin’s voltage source.

-1

z’ 0 0 zZE 0 0 0
1, =zl +ZE,) El =] 0z 0 |+ 0 ZF 0 ET (9.19)
o o zI 0 0 Z 0
F 0
IO E]T/a
In=| I |=| 57 (9.20)
012 IlF zlh vzt
2 0
Thevenin voltages, abc Fault currents, abc

90 1 90 4

D2 \30

270 270

Figure 9.4 Thévenin'’s voltages and fault current in abc reference.
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A particular case is a solid three-phase fault with Z{ = 0. In this case (see Figure 9.5):

IF 0
0 EIT/o
F o _ F
Iy, =1 L ZTh (9.21)
IF 1
2 0
Thevenin’s Equivalent matrix, 012

/th0l2 =

0.0100

-0.0000

0 + 0.0000i

Fault impedances zf =
ZF012 =

0.0100 + 0.1300i

-0.0000 - 0.0000i

-0.

0.0000 + 0.00001
0.0100 + 0.1500i
0.0000 - 0.00001
0.01000+j 0.10000

0000 + 0.00001
0.0100 + 0.1000i

0 + 0.0000i 0.0000 - 0.0000i
Thevenin’s Voltage, 012
Voltage Eth0 = 0.00000 +0.00
Voltage Ethl = 1.00000 -0.00
Voltage Eth2 = 0.00000 +90.00
Fault current, 012
Current IFO = 0.00000 -92.38
Current IF1 = 3.98726 -85.43
Current IF2 = 0.00000 +0.46
Voltage at fault node, 012
Voltage VFO = 0.00000 +15.58
Voltage VF1 = 0.40071 -1.14
Voltage VF2 = 0.00000 +87.14

Thevenin voltages, 012

90 1

150/
180

210\

270

Figure 9.5 Thévenin’s voltages and fault current, in the 012 references.

150/
0 180

210\

0.0000 - 0.00001
0.0000 + 0.00001
0.0100 + 0.15001
zg = 0.00000+j 0.01000

-0.0000 - 0.00001
0.0000 + 0.0000i
0.0100 + 0.1000i

Fault currents, 012
90 4

/330

270
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Figure 9.6 One-line diagrams for a three-phase power network.

The values calculated using the sequence domain 012 can be transformed into the
original abc frame of reference using the inverse transformation. The results are the
same as the ones obtained if we work directly in the abc phases.

Example 9.2

With values in pu, the calculation of fault currents for a power network is simpli-
fied using the Thévenin’s equivalent, as seen from the faulted node. Let us illustrate
the procedure for a fault at bus 3 using Figure 9.6. The data shown in Table 9.1.

To study fault currents in a power system, we start with a list of elements and how
they are connected. Special care is required in order to properly represent trans-
former’s connections; for example, in delta connections there is a infinite impedance
to the zero sequence current. One artifice that allows us to have the same network
structure for both the positive and the zero sequence networks is through the inclu-
sion of a fictitious node. Using this auxiliary node, we split both the positive and
the zero sequence impedances for the transformer. In Figure 9.7, nodes 5 and 6 are

Table 9.1 Sequence Data for Elements in Figure 9.6 (values in pu)

Element x(+) x(-) x(0) Neutral
Generator 1 0.1512 0.10 0.050 0.30
Generator 2 0.1457 0.09 0.045 0.15
Transformer 1 0.08 0.08 0.08 0.0
Transformer 2 0.15 0.15 0.15 0.0
Motor 1 0.25 0.20 0.07 0.30
Motor 2 0.50 0.42 0.10 oo

T. Line 1 0.17 0.17 0.51

O e @ 6 6 6

j0.1512 | j0.04 j0.04 , jO.17 , j0.075 j0.075; j0.50

TS
j0.1457 j0.25
(e o) oo

Figure 9.7 Positive sequence connection, impedance values in pu.
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not actual system nodes; using these auxiliary nodes it helps us to have the same
number of nodes for the positive, the negative (see Figure 9.8), and the zero sequence
(see Figure 9.9) networks.

Positive sequence Zbus
Nodes =
to

Elemen
Elemen
1

o B~ W N

Shunt

oY O B W N

O O O O o o NN
+ o+ o+ o+ o+ +
O O O O O O

) =

ts =

t from

1

5

2

3

6
at node

1

1

5

6

4

4
Columns 1
.06561 0 +
.05631 0 +
.03671 0 +
.01931 0 +
.06101 O +
.02801 0 +

B~ o w o o

z(

0.0000+]
0.0000+]
Inf+j
Inf+j
0.0000+]
0.0000+]

through 6
.05631
L11714
.0762i
.04011
.08671
.05811

O O O O O o

6

Sh

unts = 6

z(pu)

o O O O O

pu)

0.1512
0.1457
0.0000
0.0000
0.5000
0.2500

O O O O O O
+ o+ + + + o+
O O O O o o

L0000+
L0000+
L0000+
.0000+j
.0000+]

.03671
.07621
.16021
.08431
.05641
.1223i

0.0400
0.0400
0.1700
0.0750
0.0750

.0193i
.04011
.08431
.1233i
.02971
.1038i

o O O O o O
+ + 4+ + + o+
O O O O O O

0+ 0.06107 0 + 0.02801
0+ 0.08671 0 + 0.05811
0+ 0.05647 0 + 0.12231
0+ 0.02977 0 + 0.10381
0+ 0.09381 0 + 0.04311
0 + 0.0431i 0 + 0.15051

To calculate the fault current at node 3 we need information of the Thévenin’s
equivalent impedance for the network as seen at this node. For generator’s posi-
tive sequence impedance will have a value that depends on the time at which
the fault current is calculated; for a physical explanation see Section 9.7. For a
fault calculated within two to four cycles, the subtransient reactance x” must be
included. For a fault current calculation at five to eight cycles, we need to consider
the transient reactance x’, and for longer periods, the synchronous reactance x..
Rotating machines might have positive and negative sequence reactance with a
slightly different value.

O 6 @ 6 6 &

j0.10 ; j0.04 j0.04 , j0.17 , j0.075 j0.075, j0.42
— H—H —
j0.09 j0.20
oo (o o)

Figure 9.8 Negative sequence connections.
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Negative sequence Zbus

Elements = 5 Nodes = 6 Shunts = 6
Element from to z(pu)

1 1 5 0.0000+j 0.0400

2 2 0.0000+j 0.0400

3 2 3 0.0000+j 0.1700

4 3 6 0.0000+3 0.0750

5 6 4 0.0000+j 0.0750
Shunt at node z(pu)

1 1 0.0000+j 0.1000

2 1 0.0000+j 0.0900

3 5 Inf+j 0.0000

4 6 Inf+j 0.0000

5 4 0.0000+j 0.4200

6 4 0.0000+j 0.2000
Z(-) = Columns 1 through 6
0+ 0.04351 0 + 0.03701 0 + 0.0232i O + 0.01101 O + 0.0403i 0 + 0.01711
0+ 0.03701 0 + 0.09951 0 + 0.06247i 0 + 0.02961 0 + 0.06831 0 + 0.04601
0+ 0.02321 0+ 0.06241 0 + 0.1457i 0 + 0.06911 0 + 0.0428i 0 + 0.10741
0+ 0.01101 0 + 0.02961 0 + 0.0691i O + 0.10401 0 + 0.0203i 0 + 0.08661
0+ 0.04037 0 + 0.06831i 0 + 0.0428i 0 + 0.02031 0 + 0.0743i 0 + 0.03161
0 +0.0171i 0+ 0.046071 0 + 0.10741 0 + 0.08667 0 + 0.03161 0O + 0.1345i
/ero sequence Zbus
Elements = 5 Nodes = 6 Shunts = 6
Element from to z(pu)

1 1 5 Inf+j 0.0000

2 5 2 0.0000+j 0.0400

3 2 3 0.0000+j 0.5100

4 3 6 0.0000+j 0.0750

5 6 4 Inf+j 0.0000
Shunt at node z(pu)

1 1 0.0000+j 0.9500

2 1 0.0000+j 0.4950

3 5 0.0000+j 0.0400

4 6 0.0000+j 0.0750

5 4 Inf+j 0.1000

6 4 0.0000+j 0.9700

®© 6 @ 66 & ®
j0.05+j0.90 j0.04 . j0.51 '-l—'0075 j0.07+j0.90
j0.04 j0.075

Figure 9.9 Zero sequence network.
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Z(zero) = Columns 1 through 6
0 + 0.32547i 0

0

o O O o

+

0.07141
0.0162i

+

+

0.03571
0.00811

O O O O O
+

+ +

+

O O O O o o
+

0.0162i
0.1196i

0.00811
0.05981

0 0 0
0 0+ 0.0357i 0 +
0 0+ 0.00817 0 +
0+ 0.97001 O 0
0 0+ 0.03781 0 +
0 0+ 0.00411 O +

0.00811
0.05981

0.00411
0.06741

Consider a three-phase fault at node 3 with fault impedance abc as in (9.15); in
case of an open connection, the impedance will be infinite or with zero admittance
value. Usually, load currents are small when compared to the larger fault currents;

therefore, load currents are neglected. Let us use the following pu values to calcu-
late a three-phase fault where Z; = j0.0, Z, = j0.05, Z{"° = j0.1196, Z{"* = j0.1602

and ZI"- = j0.1457.

Thevenin’s Equivalent matrix, 012

/Th0l2 =
0+ 0.11961
0
0
Fault impedances zf
ZF012 =
0.0000 + 0.1500i
-0.0000 - 0.0000i
-0.0000 - 0.0000i

0 0
0 + 0.1602i 0
0 0 + 0.14571
= 0.0000+ j 0.0000 zg = 0.0000+ j
-0.0000 -0.0000 - 0.00001

0.0000 - 0.0000i 0.0000 - 0.00001
0.0000 - 0.0000i 0.0000 - 0.00001

Thevenin’s voltage source, 012

Voltage EThO = 0.
Voltage EThl = 1
Voltage ETh2 = 0

Fault current, 012

Current IFO = 0.
Current IF1 = 6.
Current IF2 = 0.
Voltage at faulted
Voltage VFO = 0.
Voltage VF1 = 0.
Voltage VF2 = 0.
Thevenin’s voltage
Voltage ETha = 1.
Voltage EThb = 1
Voltage EThc = 1.

Fault current, abc
Current IFa = 6.
Current IFb = 6.
Current IFc

I
o

0.
0.
0.

0000

.0000

.0000

0000 -180.
2422 -90.
0000 -39.
node, 012
0000 90.
0000 -90.
0000 -129.
source, abc
0000 0
.0000 -120.
0000 120.
2422 -90.
2422 150.
L2422 30.

00
00
00

00
00
70

00
00
70

.00

00
00

00
00
00

0.0500
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Voltage at faulted node, abc

Current VFa = 0.0000 90.00
Current VFb = 0.0000 90.00
Current VFc = 0.0000 90.00

A well-known result for three-phase faults gives previous results in the frame of
reference 012.

IF 0
0 1£0° 0
F —_— F = —_— = —_— °
=11 |= .1602 6.242204 90 (9.22)
IF
2 0

Once the fault current is calculated, a negative value of the fault current is injected
into node 3 in the original network for each sequence (in this case, zero and nega-
tive currents are zero). The effect from this current injection is a change in nodal
voltages; these changes added to the voltage values before the fault condition will
give the new voltage values when the fault is present.

Magnitude of Nodal voltages with fault present, node 3
Vnew =

L7711

.5244

.0000

L4737

.6478

.2369

O O OO oo

9.3.2 Other Types of Shunt Faults

Sections 9.2 and 9.3.1 discussed the general but basic formulation in abc and 012
sequence frame of reference as a particular case for the three-phase fault. Other fault
configurations might include two lines and Earth or single-phase. In general, unbal-
anced faults might not include Earth, as is the case of a fault between two phases
with no connection to ground. Equations (9.13) and (9.6) can solve the problem;
the advantage of (9.13) is that in some fault connections the 012 admittances are
not directly obtained, but the fault admittance in reference abc can be written and
then transformed into the domain 012 so that the formula can be applied.

Example 9.3

Write the fault admittance matrix 012 for Figure 9.10. For this fault connection,
find the fault current at node 3 in Example 9.2. Use the following per unit values:
2= 0.0 + 0.1f; 2, = 0.05].

First, we write the fault admittance matrix abc. We then calculate the 012 matrix;
the result has a nondiagonal form, which implies that the sequence networks are
interconnected due to the fault.
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1z¢| | 17z

1/Zg
Figure 9.10 Unbalanced fault connections.
F F ~Th \"\yF ETh
Iy, = (U + Youzou) Yo12Eor2 (9.23)
YFabcn =
0 -10.00001 0 0 0 +10.0000i
0 0 -10.0000i 0 0 +10.00001
0 0 0 0
0 +10.0000i 0 +10.0000i 0 0 -40.0000i
YFabc =
0 - 7.5000i 0 + 2.5000i 0
0 + 2.5000i 0 - 7.5000i 0
0 0 0
Thevenin’s Equivalent matrix, 012
/Th0l2 =
0+ 0.1196i 0 0
0 0 + 0.1602i 0
0 0 0 + 0.1457i
Fault impedances zf = 0.0000+ j 0.1000 zg = 0.0000+ j 0.0500

YFO12 =

-0.0000 - 3.33337 -1.4434 - 0.8333i
1.4434 - 0.83331 0.0000 - 5.8333i
-1.4434 - 0.8333i 3.6084 - 2.0833i

Thevenin’s voltage source, 012
Voltage EThO = 0.0000 0.00
Voltage EThl = 1.0000 0.00

1.4434 - 0.83331
-3.6084 - 2.0833i
-0.0000 - 5.8333i
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A A B B
abc Iabc IabC Iabc
— —> «— —>
o4 3 B o
Th,A _ | F _ — Th,B
Il _() + Z abc Yabc yA abc + O_ |I
o4 — 4 = — O
Th,A Th,B
’ A FA FB B ,
E abc Vabc Vabc Vabc Vabc E abe
Figure 9.11 Series fault connections in the reference frame abc.
Voltage EThZ = 0.0000 0.00
Fault current, 012
Current IFQ0 = 0.9792 -150.00
Current IF1 = 2.4523 -90.00
Current IF2 = 1.4730 -30.00
Voltage at faulted node, 012
Voltage VFO = 0.1171 120.00
Voltage VF1 = 0.6071 -0.00
Voltage VF2 = 0.2146 -120.00
Thevenin’s voltage source, abc
Voltage ETha = 1.0000 0.00
Voltage EThb = 1.0000 -120.00
Voltage EThc = 1.0000 120.00
Fault current, abc
Current IFa = 3.7032 -83.37
Current IFb = 3.7032 143.37
Current IFc = 0.0000 126.87
Voltage at faulted node, abc
Current VFa = 0.4493 -10.83
Current VFb = 0.4493 -109.17
Current VFc = 0.9389 120.00
9.4 Series Faults

Sections 9.2 and 9.3 have used the general and basic formulation in either the abc
or the 012 frame of reference for shunt type of faults. Those faults are connected
to the ground, but there are some variations in electrical connections during a
fault wherein the ground is not involved; this other type of fault is a series connec-
tion where the matrix can be written in admittance or impedance form. To have a
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general discussion, let us start with Thévenin’s equivalent circuits to the left and to
the right of a series configuration, as shown in Figure 9.11. Assume that the fault
matrix is written in admittance form in coordinates abc.

The boundary conditions that must be met for voltages at the fault and fault
currents; Thévenin equivalents for the left and the right hand side allow us to write
the model.

A _ yFRA B _ yFB
Vahc - Vabc and Vabc - Vabc 9.24
IA _ _IF,A IB _ —IF’B ( * )
abe abc abec abc
F (yFEA _ yFEB) — TFA
Yabc (Vabc Vahc ) - Iabc (9 25)
F (yFEB _ yFA) _ TFB
Yabc (Vabc Vabc ) - Iabc
Here, superscripts A and B are for the system at the left and the system to the right,
respectively. The superscript F, A and F, B relate to the fault condition for the system
to the left and for the system to the right, respectively. Our aim is to calculate the
fault current that flows into each system when the fault admittance is connected.
A _ EThA ThATA _ EThA _ 7ThATF,A
Vabc - Eabc + Zabc Iabc - Eahc Zabc Iabc (926)
B _ EThB Th,BYB _ [Th,B _ 7Th,BTF,B
Vabc - Eabc + Zabc Iabc - Eabc Zabc Iabc (927)
From (9.24)
F F F,A F,A
Yabc _Yahc Vabc Iabc 9.28
_YF YF VF,B IF,B ( . )
abc abc abc abc
F F Th,A Th,A F,A F,A
Yabc _Yabc Eabc _ Zahc 0 Iahc _ Iabc (9 29)
F F Th,B Th,B FB ||~ | 7FB .
_Yabc Yabc Eabc 0 Zahc Iabc Iabc
F,A F F Th,A ! F F Th,A
Iaéc _ |: U 0 :| Yabc _Yabc Zab; 0 abc _Yabc Eabc’
E,B - _VyF F Th,B _VyF F Th,B
Iabc 0U Yabc Yabc 0 Zabc Yabc Yabc Eabc
(9.30)

In matrix notation, we find a solution similar to (9.9), but now as applied to the
series fault connection. The 012-fault equation can be deduced from the abc domain
with a similar structure; only the notation abc is changed to 012.
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A FA FB B
o1z oz lo12 o1z
«— —> -«— >
ol == == o
Th,B
||—O_ Z-E;"ZA Y(l):12 — £ o2 To_ll
-— + —
o4 — -4 +— - o
Th,A Th,B
' A EA FB B '
E o Voiz Voiz Voiz Vo2 E o2

Figure 9.12 Series fault connections frame of reference 012.

Example 9.4

For the connection given in Figure 9.12, let us use Thévenin equivalents A and B
and the fault admittance matrix in symmetrical components 012. Find the currents
that flow when the fault series admittance matrix is inserted (see Figure 9.13).

Thevenin’s Equivalent matrix, 012

ZTh012A =

0 + 0.30001 0 0

0 0 + 0.10001 0

0 0 0 + 0.10007
/Th012B =

0 + 0.15001 0 0

0 0 + 0.05001 0

0 0 0 + 0.05001
Fault impedances zf = 0.0000+ j 0.1000 zm = 0.0000+ j 0.0100
YFO012 =

-0.0000 - 8.33331 0 - 0.00001 0.0000 + 0.00001

0.0000 - 0.0000i 0.0000 -11.11117i -0.0000 - 0.00001

-0.0000 0.0000 - 0.00001 0.0000 -11.1111d
Thevenin’s voltage source A, 012
Voltage EThO = 0.0000 0.00
Voltage EThl = 1.0000 0.00
Voltage ETh2 = 0.0000 0.00
Thevenin’s voltage source B, 012
Voltage EThO = 0.0000 0.00
Voltage EThl = 0.9000 0.00
Voltage ETh2 = 0.0000 0.00
Fault current, 012
Current IFOA = 0.0000 -90.00
Current IFIA = 0.4167 -90.00



312 General Fault Studies in Electrical Power Systems
Thevenin voltages, 012 Fault currents, 012
90 1 90 0.5
120 : 60 120 B
150/ \30 150/ 5 \30
180 : 0 180' ...... 0
210\, /330 2100 /330
240 . 240 . 300
270 270
Figure 9.13 Sequence Phasors, voltages, and fault currents.
Current IF2A = 0.0000 -56.31
Current IFOB = 0.0000 90.00
Current IFIB = 0.4167 90.00
Current IF2B = 0.0000 123.69
IabcA, abc
Current IFa = 0.4167 -90.00
Current IFb = 0.4167 150.00
Current IFc = 0.4167 30.00
IabcB, abc
Current IFa = 0.4167 90.00
Current IFb = 0.4167 -30.00
Current IFc = 0.4167 -150.00
9.5 Useful Circuit Interpretation for Fault Connections

So far, we have presented and used formulas that are general procedures for fault
calculations They work well for fault currents and voltage values calculations when
shunt or series faults are present. Sometimes, a circuit interpretation for a particular
fault condition helps the engineer to understand and visualize applications of how
to solve and identify problems; such procedure follows.

9.5.1 Single-Phase Fault

In a three-phase balanced network when an unexpected connection of phase a to
the ground (as shown in Figure 9.14), we find that the three sequence currents are
equal; this condition comes from (9.31). The sequence circuits 012 should be con-
nected in series so that the currents are equal.

I, 1 1 1 1 1

. a 1 ) a 1 a
I | =1T; by =3 1 o «o 0 |= 3 I, (9.31)
I, I 1o « 0 I
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Figure 9.14 One-phase to ground fault connection, abc reference.

The voltage V, at the fault is given as follows:

Vv, 11 1 [ Y% V,+V,+V,
Vb = 1 062 o ‘/1 =
vV 1 o o v,

V.=V, +V+V, =1z =3z,

(9.32)

(9.33)

A circuit interpretation for (9.33) is shown in Figure 9.15, where I; =1/3 I, from
(9.31). The positive sequence fault current I; is calculated in the series configura-

tion, as in (9.34).

1 E%%

YUzl 2 2+ 20+ 3z,

lh=1/31,

1 +
Eth ZTh Vq

| S|
+
2 3z

0
ZTh Vo

Figure 9.15 Sequence circuits connection for a single-phase fault.

(9.34)
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Once I, is calculated, I, = I, = I; so the phase currents abc and voltages are calcu-
lated by (9.26).

I, 1 1 1 I, I, +1, +1, 31,
I |=] 1 a | I |= 0 =1 0 (9.35)
I 1 a o I, 0 0

Vo 0
V, |=| E, |-| 0 z" o I, (9.36)
v, 0

v, 1 1 1 Yo
v, |=] 1 & « v, (9.37)
v. 1 a o v,

9.5.2 Fault Between Two Phases, No Ground

For a three-phase balanced network with an unintended connection of two phases:
b and ¢ and no connection to the ground (as shown in Figure 9.16) imposes the fol-
lowing boundary conditions.

I,=0 I, =-1V,-V =1z, (9.38)

a 4

Zero sequence current is zero. The positive and negative sequence currents are
related through:

I, I, 1 1 1 0 0
-1 1 2 1 2
L =T 0, =51 @ e | 1, |=35| a-a |1, (.39
I I 1o « -1, —(a—az)
I,=0
—
a
b
—
b
e =1y Z
—

Vb-Ve=Z¢ Iy :@

Figure 9.16 Two phases fault, no ground connection in the abc domain.
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1 2
I = §(oc - a?)I, = -, (9.40)
Phase voltages and sequence quantities are:
V. 111 || %
V, |=| 1 & « v (9.41)
v 1 o o? v,
V, =V, + oV, +aV, (9.42)
V.=V, +aV, +a’V,
V, -V = (a2 - a)V, +(a-?)V, = (- a)(V, - V,) = z,], (9.43)
I 31
() e - o
(0‘ - 05) ~(o? - )
Vi =V, + 2.1, (9.45)

Using (9.45), an equivalent circuit is drawn; it relates a connection of the positive

and the negative sequence networks for this type of fault (see Figure 9.17).

The fault current calculation can be done from the circuit connection, sequence
currents 012 and sequence voltages are determined. Those values are then trans-
formed to the abc domain in order to find the line current flowing during the fault.

— «—= ‘
I :I
1 o+ 2
ZTh v, Zh

Ig=0
1
L "
0
ZTh Vo

Figure 9.17 Fault on two phases, no ground connection in the abc domain.
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[N S 9.46
VALYV AL A 46

9.5.3 Fault Between Two Phases and Ground

For a three-phase balanced network a connection of two phases: b, ¢, and ground as
shown in Figure 9.18 has the following boundary conditions in phase voltages. For
currents: zero sequence is zero, (9.47) give the positive and negative sequence values.

V, =z, + zg(lb +1)

(9.47)
Vc = zFIc + zg(lb + Ic)
I, Iy 11 1 0
I, |=T| I, |=]1 o? oc2 I (9.48)
Ic 12 1l o0 o 12
I,=0=1+I+1,
I, =1,+ ocZI1 +al, (9.49)
I =1,+al +0o’l,

Voltage and current relations (see Figure 9.19):
I,-1 =(c*-a)(l,-1,)
V, -V =z,(I,-L)=(o? —a)(V, - V) = 2, (e = )(I, = I,)  (9.50)

(Vl - Vz) = ZF(Il - Iz)

Figure 9.18 Unbalanced fault connection.
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|
1
l
I
+ 1 + +
Z
Eth Th v
ZF
+

Figure 9.19 Sequence network connections, two phases and ground.

I +1 =2I +(o? —a)(I, + I,) = 21, - (I, + I,

(9.51)
V, V= (2 + 22, )(1, + L) = (2 + 22, )[ 20, = (I, + 1,)] = 31, (2 + 22,)
V, + V=2V, = (V, + V) = 31, (2, + 22, ) (9.52)
2V, =V, =V, + 2, - 7l = 31, (2, + 22,
2V, = 2V, + 2L, — 21, = 1) = 31, (2, + 22, (9.53)
2V, - 2V, + 22,1, - 2,1, — 61,2, = 0
Vo= (2 + 32, ) = Vi = 2,0, =V, — 2,1, (9.54)

Equations (9.49) and (9.54) require that the sequence networks should be in parallel.

9.6 Alternative Equation for Fault Current Calculation

Some useful! matrix results from (9.4) and (9.10) are:

b\ o
1(1):12 = (2512 + Zole) EOTlZ (9.55)
-1
IoFlz = (U + YoFlzonlbz) YoﬁonTlhz (9.56)

1. Lemma (AB)" = B-1A-!
With U as the unity matrix, (AB)™(AB) = U. We then multiply by the right with B~ and then by
A-1
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Then
ZF ZT/a -1 _ ZF YF ZF YF ZTh -1
( o2 t 012) = ( 012( 012%012 T Yo12 012)) 9.57)
-1 -1 *
= (Z(flz(U + YoﬁzZoTlhz)) = (U + YoFlzonlhz) YoFlz
9.7 Transient and Subtransient Impedances in Magnetic Circuits

When a sudden change in operating conditions happens to magnetically coupled cir-
cuits, the immediate response from circuit currents is to maintain the magnetic flux
values; this is the principle of constant flux linkages. This type of response is a tran-
sient that lasts accordingly to the time constants for the magnetic circuits involved.

9.71 Transient Response in a Magnetic Circuit

The flux linkages for magnetic coupled circuits (see Figure 9.20):

3
L, sz Ai, A4,
3 A |7 my =0 (9.58)
EMf Lff

Using the partial inversion in (9.58) to exchange the zero into the left-hand side, we
get (9.59). The flux linkage to current relation is a reduced transient inductance;
(9.59). Such is the nature of the transient response in coupled circuits: in a synchro-
nous machine it is the field winding and the phase windings interacting in the d-axis
of the synchronous machine.

] _
3M; M
d 571 .
2Ly Ly D ai ]| M
= . (9.59)
3 0 Azf
ZM
_Nar 1
Ly Ly ]
daxis w»

v .
vq <" q axis
AN

VE

Figure 9.20 Magnetic coupled circuits, d-axis.
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(1

9.7.2 Subtransient Response

MZ
2L ]Azd

(9.60)

As seen in Figure 9.21, the flux linkages along the d-axis will tend to be constant
in the field circuit, the direct axis, and in the damper circuit kd. A similar effect
holds true for the coupled circuit in the g-axis, the quadrature winding, and the
damper kq. After partial inversion steps to exchange the zero values from the right
hand side in (9.61) to the left-hand side, we have a reduced coefficient that will be
the subtransient inductance in the d-axis. In the g-axis, we will have a transient.

AA, =

L, sz \/7M
oo

@MD ML
3 3
K ‘{ 243 |

M, = LA,

Ai, AL,

Ai, AL =0 (9.61)
Ai,, A, =0
L, Mm T 3M

7 Ai,  (9.62)
o,

(9.63)

From the results outlined, we observe the following relation for the subtransient
reactance, transient, and synchronous reactance values.

d axis

Vkd

Figure 9.21

q axis

Magnetic coupled circuits, d-axis and g-axis.
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LI(Li(L, (9.64)

The transient phenomena will always be present in a synchronous machine due to the
field winding and the magnetic coupling with the d-axis equivalent stator windings.
The subtransient behavior is due to the existence of the damper circuit beside the
field winding in the d-axis. The time constants of the field and the damper wind-
ings are very different, considering the high resistance value in the short-circuited
damper winding.

Typically, the subtransient phenomena dies out in about three to four cycles, and
the transient will last for about eight to ten cycles. This reasoning justifies the use
of subtransient reactance for fault current determination up to four cycles and the
transient reactance in the range of eight cycles in the Thévenin’s equivalent circuit
of the synchronous generators.

References

[1]  Stevenson, W. D., Elements of Power System Analysis, Second Edition, New York:
McGraw-Hill Book Company, 1962.

[2] Stagg, G. W., and A. H. El-Abiad, Computer Methods in Power System Analysis, Tokyo,
Japan: McGraw-Hill Book Company, 1968.

[3] Elgerd, O. L., Electric Energy Systems Theory: An Introduction, Second Edition, New
York: McGraw-Hill Book Company, 1982.

[4]  Gross, C. A., Power Systems Analysis, New York: John Wiley & Sons 1979.



A »
_

Contiﬁgency Analysis

10.1

Introduction

Electrical power systems are designed years in advanced by engineering planning
departments, considering load growth and energy requirements, using load fore-
casting and other relevant socioeconomic information, and projecting the infor-
mation by forecasting tools various years into the future. Available energy sources
such as oil fuels, hydropower, nuclear, wind, solar, and other renewables will be
considered as power plants of the appropriate technology that will be chosen with
optimal criteria in mind and to be considered in the planning scenarios. The avail-
able technology also plays a role in selecting AC or DC transmission, voltage level
of operation, and transmission capacity. Together with technical and economical
requirements, they will be compared and the right projects will be selected for sys-
tem reinforcements and expansion.

The shipment of large amounts of energy from the power generating sites to
the load centers requires high capacity transmission lines and transformers to step
up to voltage transmission levels, and at the receiving end, step down the voltages
so that energy can reach effectively from the source site to load locations. The time
into the future is classified broadly as short, medium, and long-term; these are
measured conveniently in years. Short term might be up to 5 years, medium from
5 to 10 years, and long-term could be anywhere from 10 to 30 years in advance.
These ranges are practically defined by the time it takes to develop different type
of projects; for example, a large hydro project might take about 10 years for envi-
ronmental and land flood assessment, dam construction, machinery installation,
and substation-transmission line building and commissioning. For a new combined
cycle power plant, it may take 3 to 4 years, and transmission line projects ranging
from 3 to 6 years are standard.

Planning usually assumes a three-phase balanced AC system. It is considered
that the impedance sequence parameters are available for generators, transformers,
and transmission lines, that network configuration and load values are known; with
this information, we solve the base case load flow. Planning studies are assessment
tasks used to establish the efficiency, security, and reliability of the existing and the
future power system. Steady state, transient, and dynamic responses are evaluated
among other required technical assessments.

Efficiency studies relate to what type, what size, and how many generating units
need to be selected, and what are the most appropriate technologies and primary
energy resources available (i.e., gas, coal, fossil fuels, nuclear, hydro, wind, solar).
Heat rate curves, water usage, and the energy available from wind and solar would
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be needed in order to solve the energy coordination usage. An optimal formulation
solves the problem written for each stage in the planning horizon.

Reliability of a power system relates to studies aimed at estimating if the system
will be able to supply its load; this is also known as adequacy, given that generators
might trip and might not be available to supply power to the system. Together with
transmission lines being unavailable due to faults, the uncertainty needs to be put
into a proper model to process the rate of failure of generators transformers and
transmission lines. The result at each study period is the expected value to supply
the required load. Statistics and information about the generator’s and transformer’s
availability, as well as the line rate of failure, are a key piece of information to build
an appropriate probabilistic model.

Security assessment is a study of how well a system’s voltages, frequency, and
lines without overloads are maintained in the system, at steady state, and during
contingencies. Contingencies are caused by faults in the system and line or genera-
tor’s tripping. The question to be answered is: as generators and transmission lines
trip, is the system robust and able to maintain synchronism between all connected
generators? The loss of elements comprises the contingency studies.

Contingency analysis is a study that poses the question: what happens to the
system’s variables (voltages and power flows) when a generator or a power plant
trips? What are the changes to the system’s variables when a transmission or a trans-
former trips due to an electrical fault or as a consequence of switching phenomena?
How would a system’s topology changes affect neighboring transmission elements?
How can we be prepared for power overloads or high/low voltage related problems?
What happens in the case of multiple contingency situations? Results are evaluated
first assuming that a new steady state is reached from the base case to the postcon-
tingency situation; in this case, the transient process in how electric energy is going
to be reassigned following a process with damped oscillations is not considered.

In a short time horizon, as in operation planning and close to real time, for fast
network solutions and network analysis, some approximations similar to the ones
derived for the fast decupled load flow might be introduced. Central to network
studies of this kind of applications establish a steady state converged solution or
base case, and multiple practical applications are derived for the operation or for
the planning process from this condition.

One requirement in conducting a contingency analysis is to have a fast calculation
of adjusted values for the system’s state variables: new values for node voltages and
nodal angles, as well as the new power flows. Network models are derived accord-
ing to the required application and can range from DC analogous approximations
to full AC Newton’s formulation, especially in those cases that are critical in terms
of large nodal angle separation (heavy load or large changes in the system), or volt-
age problems with reduced margin to the voltage collapse point.

A more complete steady state formulation could be a solution by optimal power
flows and control for some selected cases. The fast study of contingency analysis
might show results that need extended analysis through various dynamic. In order
to study generators and swing response to include inertia, generating units regula-
tion characteristics or to include complete transient stability studies. If nondecay-
ing oscillations are detected in the dynamic studies, this could lead into dynamic
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response analysis so that control settings, control modeling, and control tuning
can be evaluated.

10.2 General System Incremental Linear Network

To establish fast studies, linear models can be devised and used. At this point, we
can make reference to models developed in Chapter 6 to conduct real power flow
approximation, as (6.91) that is written here as (10.1) for completeness.

A
-x, D A6, — A6, = —AtT (10.1)
" vy

m

Xp, Series reactance of element from node k to node m

Apy,, Incremental real power flow from node k to node m

A6, Incremental nodal angle node k

AB,, Incremental nodal angle node m

| V.| Nodal voltage magnitude at node &

At Incremental phase shifting angle, control at element km
From (10.1) the incremental equivalent circuit is shown in Figure 10.1.

Expression (10.1) will be used for each element in our network. To complete the
set of equations, an analogue to KCL is written for the incremental nodal power bal-

ance. By constructing a general incremental-hybrid equation for all elements and the
set of nodal power balances by KCL, it will give a primitive circuit type of equation.

Ap -At
[‘A}f ﬂ v |=| ap (10.2)
AB \%
Where
X Diagonal matrix of element’s reactance
A6  Incremental nodal angles

Ap/V  Incremental power through elements

Apkm /|Vk| — + — +
—>
e e )
Xkm AT
A8, A8,

Figure 10.1 Linearized model for incremental real power flow.
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AP/V Incremental nodal power injection

By partial inversion over all of the elements, gives a reduced equivalent matrix as
seen from the system’s nodes. The numerical step renders a susceptance matrix
By, which is Norton’s equivalent matrix (10.3). The right hand side will have the
incremental changes to real power flows through transmission elements and the
nodal incremental power injections.

Ap
B BA | ar]|_| V
[AtB ABA }[ AO }‘ AP (10.3)
\%
Where
B=X"1 Diagonal matrix when there are no mutual couplings

By, = APBA  Nodal susceptance matrix

From the second row of the matrix equation (10.3), we write:

AP

B,,A0 = T — A'BAT (10.4)

bus

In this case, the incremental nodal angles A8 in (10.4) are the state variables. Pro-
vided that one node angle is taken as reference and solving by partial inversion or
matrix inversion algorithms, we calculate A6.

AP
A6 = Xbus(7 - A‘BAT) (10.5)

Where

X,

_ n-1
bus B

bus
Once the vector A6 is calculated, the element’s incremental power Ap/V is found
through the first row in the matrix equation (10.3).

S8 = B(An0 + a) (10.6)

The steps for a network’s solution are:

« From network connectivity information, write the A matrix, which is an
element-node connection matrix. Form the diagonal matrix X.
A(km, Nsal) = +1  element km out from node Nsal
A(km, Nlleg) = —1 element km to node Nlleg
» From the information of nodal injections by current sources, j,,,.
Iy (Nlleg) = I, (Nlleg) + ji,, source km injects current into node Nlleg
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I (Nsal) = I, (Nsal) — j,,, ~ source kmextracts current from node Nsal
« Calculate By, = A’BA and the vector of powers —A’BAT.
« Find X, and solve A = X, (AP/V — A’BAT).
Calculate Ap/V = B(AAB + At).
+ Nodal angle difference at each element terminals by AA6.

The described calculations can be conducted using sparse techniques, especially
as matrices A, X, and By, will be highly sparse. The nodal reactance matrix X,
(which is the inverse of By,,) is calculated by columns, as in many cases, the appli-
cation requires only a few elements of the inverse matrix.

Example 10.1

Consider a network and solve for 8,,,, and the real power flows py,,. Assume node
voltage magnitudes as 1.0 pu, complex tap values as 1.0£0. The parameters are
shown in Table 10.1. This will give the base case from which several concepts will
be derived. Using reactance values only, follow steps from a) to f) listed in the previ-
ous algorithm and solve for unknown nodal angles 6,, 85, and 0,. The constraints
to be satisfied are the nodal power balances for real power.

|t| 27 =, +jtg=1.0£0°

Base case solution
Real power flows, Base Case

[Eb @ P13
O+—— O
FPe ety

PD1=0'30 PD3:0.20

O

O

—> —p P2
2 [1o !
PD2=0.40 PD4=0.50

Figure 10.2 Circuit to study real power flows only.

Table 10.1 Connectivity and Parameter Values from Figure 10.2

Element N sal - k N lleg—m Xl tap Ybeps
1 1 2 0.099 -1 0
2 1 3 0.099 1+0 0
3 3 4 0.066 -1 0
4 2 4 0.0495 -1 0
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Nelem = 4 Nnod = 4 Nref = 1

Element Nfrom Nto x Value esource
1 1 2 0.0990 0.0000
2 1 3 0.0990 0.0000
3 3 4 0.0660 0.0000
4 2 4 0.0495 0.0000

Nodal conditions, Base Case

Node Num Type Nod Nodal angle PGen Pload
1 +0 0.00 0.0000 0.6000
2 +1 0.00 0.4200 0.8000
3 +1 0.00 0.6400 0.4000
4 -1 0.00 0.0000 1.0000
Slack type 0, Gen type 1, Load type -1
A:
1 -1 0 0
1 0 -1 0
0 0 1 -1
0 1 0 -
Ybus =
20.2000 -10.1000 -10.1000 0
-10.1000 30.3000 0 -20.2000
-10.1000 0 25.2500 -15.1500

0 -20.2000 ~-15.1500  35.3500

Xbus =
0.0000 0.0000 0.0000 0.0000
0.0000 0.0677 0.0313 0.0521
0.0000 0.0313 0.0677 0.0469
0.0000 0.0521 0.0469 0.0782
Real power flows, Base Case
Element Nfrom Nto p Value
1 1 2 0.7105
2 1 3 0.4295
3 3 4 0.6695
4 2 4 0.3305
Nodal solution, Base Case
Node Num Type Nod Nod_angle deg PGen Pload
1 +0 -0.0000 1.7400 0.6000
2 +1 -4.0307 0.4200 0.8000
3 +1 -2.4363 0.6400 0.4000
4 -1 -4.9682 0.0000 1.0000

Note that the row and column for the reference node are zero in the bus reac-
tance matrix.
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10.3

Sensitivity Matrix for a Linear Circuit

The algorithm described in Section 10.2 takes advantage of a natural partition
of information for elements and for the network’s nodes; this is used to solve the
problem. An interesting alternate interpretation is useful if a whole partial inversion
process is conducted on (10.3), provided that one node is referenced. The results
show that the inverse matrix is a sensitivity matrix that relates by means of the
coefficients changes of the control variables over the dependent variables. For this
formulation, the dependent variables are the increment to nodal angles and the
increments on power flows through elements.

Ap S S -AT
7 _ [ Sbr,T br,AP :l A_P (107)

AO bus,t bus,AP \%

Control variables A7t and AP/V
Dependent variablesAp/V and A6

Example 10.2

Consider the linear network from Example 10.1. Write the general circuit form as
given by (10.3). Solve for real power flows Apy,, and A6, .. Show the hybrid matrix
(here called W) and its inverse W1 (sensitivity matrix).

Real power flows, Base Case

Nelem = 4 Nnod = 4 Nref = 1
Element Nfrom Nto x Value esource
1 1 2 0.0990 0.0000
2 1 3 0.0990 0.0000
3 3 4 0.0660 0.0000
4 2 4 0.0495 0.0000
Nodal conditions, Base Case
Node Num Type Nod Nodal angle PGen Pload
1 +0 0.00 0.0000 0.6000
2 +1 0.00 0.4200 0.8000
3 +1 0.00 0.6400 0.4000
4 -1 0.00 0.0000 1.0000

Slack type 0, Gen type 1, Load type -1

0 1.0000 -1.0000 0 0

0 -0.0990 0 0 1.0000 0 -1.0000 0

0 0 -0.0660 0 0 0 1.0000 -1.0000

0 0 0 -0.0495 0 1.0000 0 -1.0000
1.0000 1.0000 0 0 0 0 0 0
-1.0000 0 0 1.0000 0 0 0 0
0 -1.0000 1.0000 0 0 0 0 0

0 0 -1.0000 ~-1.0000 0 0 0 0



328

Contingency Analysis

Sensitivity matrix

Wl =

-3.1895 3.1895 3.1895
3.1895 -3.1895 -3.1895
3.1895 -3.1895 -3.1895
-3.1895 3.1895 3.1895
0 0 0
-0.6842 -0.3158 -0.3158
-0.3158 -0.6842 0.3158
-0.5263 -0.4737 -0.4737
Real power flows, Base Case

Element Nfrom Nto

1 1 2

2 1 3

3 3 4

4 2 4

Nodal solution, Base Case

Node Num Type Nod
1 +0 -0.0000
2 +1 -4.0307
3 +1 -2.4363
4 -1 -4.9682

.1895
3.1895
3.1895
.1895

0.3158
.3158
-0.5263

p Value

0.7105
0.4295
0.6695
0.3305

Nod_angle deg

o O O

()

0.0000
0.0000
0.0000
0.0000

PGen
1.7400
0.4200
0.6400
0.0000

-0.6842 -0.3158 -0.5263
-0.3158 -0.6842 ~-0.4737
-0.3158 0.3158 -0.4737
0.3158 -0.3158 -0.5263
0.0000 0.0000 0.0000
0.0677 0.0313 0.0521
0.0313 0.0677 0.0469
0.0521 0.0469 0.0782
Pload
0.6000
0.8000
0.4000
1.0000

10.3.1 Sensitivity Matrix for Incremental Control Changes

The inverse matrix W1 shown in Example 10.2 is a sensitivity matrix as (10.7).
From a control point of view, when phase shifters At are available, changes can
be studied to calculate their influence and effects. The effects can be quantified by
looking into the column of the inverse matrix W1 that corresponds to the element
where the phase shifter is located. Similarly, the same can be said about control
changes by nodal injections AP/V; the coefficients in the column of the inverse matrix
W1 will show how much the power flows, and nodal angles will change given the
new condition of a nodal injection AP/V. First, let us assume that a phase shifter is
located at element 1-3. An incremental change A3 = 0.05 radians (2.86°), will cause
changes to power flows and nodal angles. Calculation follows the use of the second
column of W1. Results include the angle difference through transmission elements;
this will allow a look into the steady state stability margin, which, according to
engineering practice for high voltage transmission lines, should not go above 30°.

Dt = 0.0500
Real power flows, control change Dt13 = 0.05 rad
Element Nfrom Nto p Value Angle gkm
1 1 2 0.5511 3.13
2 1 3 0.5889 0.48
3 3 4 0.8289 3.13
4 2 4 0.1711 0.49

control change Dt13 = 0.05 rad
Nod_angle deg PGen

Nodal solution,

Node Num  Type Nod Pload
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1 +0 -0.0000 1.7400 0.6000
2 +1 -3.1260 0.4200 0.8000
3 +1 -0.4762 0.6400 0.4000
4 -1 -3.6112 0.0000 1.0000
For a change of nodal injection, we will assume an increase in the load at node 4
by 0.5 pu. Show the new values for power flows and nodal angles. The calculated
values are changes to the base case from Example 10.2. The nodal angle differences
on a transmission element are shown again to keep track of the stability margin.
Real power flows, control change DP/V =0.5 pu (load)
Element Nfrom Nto p Value Angle gkm
1 1 2 0.9737 5.52
2 1 3 0.6663 3.78
3 3 4 0.9063 3.43
4 2 4 0.5937 1.68
Nodal solution, control change DP/V =0.5 pu (load)
Node Num Type Nod Nod_angle deg PGen Pload
1 +0 -0.0000 2.2400 0.6000
2 +1 -5.5236 0.4200 0.8000
3 +1 -3.7799 0.6400 0.4000
4 -1 -7.2075 0.0000 1.5000
This model will solve for control actions and their effects on power flows and nodal
angles with reference to values from the base case. An interesting extension can be
addressed when a transmission element line or transformer is tripped due to a fault
clearing procedure, and we need the new values of power flows and nodal angles.
The new values for power flows will show if any transmission element is overloaded.
This is discussed in Section 10.4.
10.4 Single Contingency Model

We are interested in the new operating state after a transmission line or a transformer
is suddenly disconnected from the network due to a fault and after the protective
scheme has performed its duties. The attention is focused on the new steady state
and no dynamic is modeled for the transition period. In control centers for electric
systems, extensive evaluation of network conditions, power flows through each ele-
ment, and nodal values for the network are analyzed; this is done for every credible
contingency. Fast results are required in an operational environment; operators in
the control room need to know ahead of time that if certain contingencies occur,
the system’s vulnerabilities, and how to make appropriate remedial preparations.
Calculation speed can be accomplished by linear network approximations, as the
ones presented in Section 10.3 for real power flow and nodal angles. A refinement
must be worked out because the element on outage will not be part of the system.
Let us work the concept through Thévenin’s equivalent.
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10.4.1 Thévenin’s Equivalent

We now recall how the Thévenin’s equivalent, as seen from two nodes to which
the tripped element is connected, can be defined and how the node voltages make
the Thévenin’s voltage sources. Connecting the negative series admittance of the
original element to the Thévenin’s nodes will help us find the currents that flow to
the newly connected admittance. As in the fault analysis presented in Chapter 9, we
inject the currents back into the network equivalent to calculate the nodal angles
changes, once we have the value of the current through the new admittance. All of
this is a result of connecting the negative value of the admittance between nodes k
and m. We work the steps to solve this problem using voltage and current notation;
the results can then be applied in an analogous form to a particular incremental
real power flow or to the incremental reactive power problem. Therefore, we use
the analogy of current to power flow and voltage to the nodal angle.

For the outage of an element y,,, connected between nodes k and 7, as shown in
Figure 10.3, let us use Thévenin’s equivalent from the network’s impedance matrix
that already includes yy,,. Then connect, from node k to node m, the admittance
—Yrm- When the new negative admittance is connected, the boundary conditions
of nodal voltages and nodal currents must be met. The net effect should be that
no admittance is connected from k to m. As a result, this will represent the outage
of element from node k to node 7. By solving the set of equations, we determine
currents I, and I,,. The negative of these currents needs to be injected back into
node k and m, respectively. By completing this step, we find changes to the system’s
nodal voltages. With updated nodal voltages, the current that flows through each
network element can be found.

The equations presented so far are similar to the ones used in the general fault
analysis in Chapter 9; only that in this case we upgrade our notation and the electri-
cal conditions for the contingency case. We start with Thévenin’s equation looking
from nodes k and m into the network as (10.8), then we write the nodal voltage
equation (10.9) for the portion of the admittances to be connected at nodes k and ;
this will give us the nodal admittance matrix for connecting the admittance —y,,.
Boundary conditions for voltages and currents are written in (10.10).

Thevenin’s
Network

Equivalent ~Ykm

Z1h

@— —
F

Im |rn

Figure 10.3 Equivalent circuit to study outage admittance y,.
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|4 E, Zi 2, I
|:Vm:| |:Em:| |: ZMk me Im ( )

- V, IF
RGO B Y s (10.9)

ymk _ymm Vm I,I:Z

I IF v, %
Fl=—|® =]t (10.10)

I, Ir | v

E, Thévenin’s voltage, node k

E,, Thévenin’s voltage, node m

I, Nodal current k

I,, Nodal current m

V, Nodal voltage k

V., Nodal voltage m

Vi, Nodal voltage k new connection

VE, Nodal voltage 7 new connection

I, Nodal current into node k new connection
I¥,  Nodal current into node 72 new connection

Substitution of (10.8) into (10.9) gives us the explicit equation to calculate nodal
currents into the newly added admittance element —y,,,,.

Ve Vi |[Be || Zu Zow [T |] |1 (10.11)
ymk - ym m Em ka me Ifn Iifl
v -1
I, _ { 10 }r “Yim  Vem Zie Lim Vim Ve || Fr (10.12)
Irljz 01 ymk _ymm ka me ymk _ymm Em

Once nodal currents are determined, these currents are injected into the correspond-
ing nodes k and m in the system of equations (10.13). Assuming that this is the
only change of nodal injections, the incremental changes to all nodal voltages are
calculated, with only two currents considered as I, and I,,,. In this case, (10.14) will
only require column k and column #1 in order to calculate the incremental changes
AV to nodal voltages.

[AV] =[S, JIAT] (10.13)
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AV :
AVl Sl,k Sl,m Alk
A : : : (10.14)
: S v S, Al
AVn " ’ .

The new nodal voltages are calculated adding AV to the voltages V° from the base
case solution.

voew = VO 4 AV (10.15)

The currents that now flow through elements are updated by (10.16) with a value
of zero for the admittance of element km in [z]!. Voltage source e might be zero if
there is no series voltage source in elements.

" = [z (ATVY —e) (10.16)

Example 10.3

For the network in Example 10.1, there is a line connecting node 3 to node 4.
Consider that this line #rips, and that we are interested in the new power flows
and nodal angles under this contingency. Use the results in this section, using
Thévenin’s equivalent with an analogy of current as real power and voltages as
nodal angles. Update the base case solution for the contingency with steps described
by (10.9)—(10.16).

ZTh
.0677 0.0469
.0469 0.0782

o o |

y34 = -15.1500

ETh =
-0.0425
-0.0867

[Falla =
-3.1800
3.1800

Real power flows, Contingency Case

Element Nfrom Nto p Value Angle ©km
1 1 2 1.3800 7.83
2 1 3 -0.2400 -1.36
3 3 4 0.0000 12.03
4 2 4 1.0000 2.84
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Nodal solution, Contingency Case

Node Num Type Nod Nod_angle deg PGen Pload
1 +0 -0.0000 1.7400 0.6000
2 +1 -7.8285 0.4200 0.8000
3 +1 1.3615 0.6400 0.4000
4 -1 -10.6650 0.0000 1.0000

Nodal angles and power flows in elements are updated to reflect the loss of the
transmission element km. The calculation of angle differences between nodes to
which an element is connected can be used as an indication of the stability margin
for that element. The angle difference changes as load through the element increases;
this can be the result of the outage of the transmission element k2. Not having con-
nected this km line causes the power flows to be redirected and the nodal angles
will adjust to the new power flows condition.

Example 10.4

For a network with structure, as seen in Figure 10.2, consider the outage of one
line at a time; this is the (N — 1) criteria used in power systems security evaluation.
Show the nodal angle difference across each transmission line at the output results.
The line with the outage condition shows an angle difference, but it has no meaning
because the line is in a tripped condition.

Real power flows, Base Case

Nelem = 4 Nnod = 4 Nref = 1
Element Nfrom Nto x Value esource
1 1 2 0.0990 0.0000
2 1 3 0.0990 0.0000
3 3 4 0.0660 0.0000
4 2 4 0.0495 0.0000
Nodal conditions, Base Case
Node Num Type Nod Nodal angle PGen Pload
1 +0 0.00 0.0000 0.9000
2 +1 0.00 0.4200 1.2000
3 +1 0.00 0.6400 0.6000
4 -1 0.00 0.0000 1.5000
Slack type 0, Gen type 1, Load type -1
Xbus =
0.0000 0.0000 0.0000 0.0000
0.0000 0.0677 0.0313 0.0521
0.0000 0.0313 0.0677 0.0469
0.0000 0.0521 0.0469 0.0782
Base case solution
Line Nsal N1Teg pkm Diff_angle
1 1 2 1.3105 7.4344

2 1 3 0.9295 5.2728
3 3 4 0.9695 3.6665
4 2 4 0.5305 1.5048
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Node angle PG PL
1 -0.00 3.1400 0.9000
2 -7.43 0.4200 1.2000
3 -5.27 0.6400 0.6000
4 -8.94 0.0000 1.5000
Solution for contingency, line 1 out, k = 1m-= 2
Line Nsal N1Teg pkm Diff_angle
1 1 2 -0.0000 23.5423
2 1 3 2.2400 12.7072
3 3 4 2.2800 8.6227
4 2 4 -0.7800 -2.2124
Node angle PG PL
1 -0.00 3.1400 0.9000
2 -23.54 0.4200 1.2000
3 -12.71 0.6400 0.6000
4 -21.33 0.0000 1.5000
Solution for contingency, Tline 2 out, k = 1m-= 3
Line Nsal NT1leg pkm Diff_angle
1 1 2 2.2400 12.7072
2 1 3 -0.0000 16.6971
3 3 4 0.0400 0.1513
4 2 4 1.4600 4.1412
Node angle PG PL
1 -0.00 3.1400 0.9000
2 -12.71 0.4200 1.2000
3 -16.70 0.6400 0.6000
4 -16.85 0.0000 1.5000
Solution for contingency, Tine 3 out, k = 3m= 4
Line Nsal NT1leg pkm Diff_angle
1 1 2 2.2800 12.9341
2 1 3 -0.0400 -0.2269
3 3 4 -0.0000 17.4156
4 2 4 1.5000 4.2546
Node angle PG PL
1 -0.00 3.1400 0.9000
2 -12.93 0.4200 1.2000
3 0.23 0.6400 0.6000
4 -17.19 0.0000 1.5000
Solution for contingency, line 4 out, k = 2 m= 4
Line Nsal NT1leg pkm Diff_angle
1 1 2 0.7800 4.4248

2 1 3 1.4600 8.2824
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3 3 4 1.5000 5.6728

4 2 4 -0.0000 9.5304
Node angle PG PL

1 -0.00 3.1400 0.9000

2 -4.42 0.4200 1.2000

3 -8.28 0.6400 0.6000

4 -13.96 0.0000 1.5000

Results show that nodal angles change to new values; the power flows are adjusted
to comply with the power condition imposed by the contingency. Angles increase
across both the transmission lines and its power flows. For this small system, the
(N — 1) condition (one line out at a time) does not lead the system into difficulties
in terms of large nodal angles (close to 30°). From the security point of view, the
system is secure under the criteria (N — 1). We have already mentioned that the
line outage will cause a power oscillatory problem; we therefore assume that it is
a well-damped phenomena, so in a reasonable time (few seconds) we will reach a
new steady state that will be the one calculated through the contingency analysis.

10.4.2 Voltage and Reactive Power Under Contingencies

As the real power model used in Section 6.6, in Chapter 6, we had an incremental
reactive power model for transmission elements connected from node k to node m.
Reasonable approximations were made for high voltage systems. According to Figure
10.4, we will write two equations: incremental series flows (10.17) and nodal bal-
ances of reactive power for node k and for node 2 (10.18) and (10.19), respectively.
The circuit model for the transmission line includes the line-charging suscep-
tance. It might also include shunt reactive power-compensating devices. For the
transmission line, no tap is available so Al¢| = 0. For each element km, (10.17) is
applied and nodal balance equations for node k and for node 2 as in (10.18).

A
Tk 1 A[V| - AV, | = -Alf (10.17)
m ‘Vk| m
AQy/ IVl A/ VI AQ/VIm
=m0t
+
I % ka A|t| { I
Ak ~2Byhy ~2Bhy AVm

Figure 10.4 Incremental circuit to model voltages and reactive power flow through element
km.
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A A
‘TQJ ﬂ:"” ((28,5,)avi)) (10.18)
A A
‘g"" - - ‘3“‘1 ~((2B,,)Al,)) (10.19)
X Series reactance of element from node k to node m
AGpm, Incremental reactive power flow from node k to node m
AV, Incremental nodal voltage, node k
AV, Incremental nodal voltage, node m
| Vil, |V, Nodal voltage magnitude at node k and at node
Al Incremental tap, control at element km
By Susceptance in 7 equivalent for element km
Example 10.4
For a four-node system, write the incremental model for voltages and reactive
power flows. We use (10.17) for elements and (10.18)—(10.19) for nodal reactive
power balances.
(1) —x,, ‘ql‘z + A|V,| - AlV,| = -l
) —x,, "71’* + AV, - AV =0
3) —x,, ‘%‘4 + A=AV =0
(4) X4 “12‘4 +A‘V‘ A‘V‘ 0
v
(10.20)
Node1 +291 - (28,, A]V]) - (2B, 41v]) = A9, A%
v vl ! vl i
_Ay Ay _ _AQ; _AQ,
Node 2 v (2B, AlV)) + ‘ | (2B,,, A,)) = iR
Aqys ( ) ( _AQg;  AQ),
Node 3 —-——+ —(2B, A V. 2B, AV || = -
ot ) B
_Aq24_ __4_ z%_AQm
_ Node 4 v (2B,, AV, V] (2B, A, VEavE




10.4  Single Contingency Model 337
AQG-I /V-I (‘D Aq 3/V'| Al @ AQEi/Z:;
o= O
* l Agq /Yy *
AQp/V4=0.10 Ad34/V3 AQp3/V3=0.10
- ®@
AQG,/V, Adp4/Vy
v'o v
AQp,/V5=0.20 AQp4/V4=0.25
Figure 10.5 Incremental circuit to model voltages and reactive power flow.
For the circuit in Figure 10.5, the hybrid matrix expression is shown by (10.21);
note that line from node 1 to node 3 does not have a shunt capacitive connection.
Ag,, - .
Vi ~Ald
_ - 0
-x, 0 0 0 +1 -1 0 0 Ag,; 0
0 -x, 0 0 +1 0 -1 0 vy 0
0 0 -x, O 0 0 +1 -1 Aq,, AQ
0 0 0 -x, O +1 0 1 V| \4
+1 +1 0 0 -2B2 0 0 0 Agq,, |=| AQ
-1 0 0 +1 0 =2(BZ+B%) 0 0 4 Vil
1 41 0 0 0 “2B% 0 Al ATQ3
0 -1 -1 0 0 0 -2(B4+B%) | AV ’
L N N i AQ4
Alv;| v
Vi
| A|V4| I
(10.21)

Assuming that a transmission line trips, this will cause changes to nodal voltages
and reactive power flows through elements; it is required to calculate the changes.
We use the electric current analogy in Figure 10.6; we use voltages and currents.
Nodal equations are used as (10.8) and (10.10). Equation (10.22) represents
the nodal matrix for the connecting element, including its shunt susceptances (see

Figure 10.6).
Vel [k
v, |1

Now, the nodal currents into the connecting admittances (10.22) are represented

in (10.23).

_ykm + 2Bsh2
ymk

ykm

~y +2B, (10.22)
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F
I I +2Bsh2
— — l
Thevenin’s
Network B
Equivalent Ykm
@— +
I |; +2Bsh2
Incremental current model to solve for nodal voltages and reactive power flows.
IF ~y, +2B z. z. N - E
k Yiem sh2 - ke Lkm Yem  Vem C
I:; _ymm + ZBshZ ka me ymk _ymm Em

Example 10.5

— F
Al =1}

m

ered before inverting the diagonal matrix [z]!.

(10.23)

Currents calculated from (10.23) are injected back into the network at node k and
m. Incremental nodal voltages AV by (10.13)—(10.14) will update the nodal voltages
from the base case V° as in (10.15).

(10.24)

IF

Currents flowing through elements are updated by (10.16) (which is repeated below).
It should be noted that the series admittance for element y,,, is zero; this is consid-

1

jnew — [z]—l(AtVnew _ e) (10.16)

For the circuit in Figure 10.2, the base case is a load flow solution only for the reac-
tive power. A fast decoupled load flows converges in two iterations for the B” part
and two iterations for the B” part of the problem. All values in pu.

+ Show the sensitivity matrix for the reactive power incremental model.

« For the reactive power model, solve for changes in reactive power flows and
nodal voltages after the line connected from node 3 to node 4 is tripped. Use
as starting point the base case solution.



10.4  Single Contingency Model 339

Data for the small network in Figure 10.5 is listed below. The solution appears in

Figure 10.7.

Number of nodes = 4 Number of elements = 4
Element Nsal N1leg r X bsh2

1 1 2 0.0000 0.2000 0.0400

2 1 3 0.0000 0.3000 0.0600

3 3 4 0.0000 0.2500 0.0200

4 2 4 0.0000 0.2000 0.0300
Node Ntype Voltage Angle PG QG PL QL
1 0 1.00000 0.0000 0.0000 0.0000 0.0000 0.0000
2 1 1.00000 0.0000 0.0000 0.0000 0.0000 0.1000
3 1 1.00000 0.0000 0.0000 0.0000 0.0000 0.1000
4 -1 1.00000 0.0000 0.0000 0.0000 0.0000 0.3000
IterationP = 0.0 MaxDP = 0.000000e+000
IterationQ = 0.0 MaxDQ = 3.500000e-001
IterationP = 2.0 MaxDP = 0.000000e+000
IterationQ = 2.0 MaxDQ = 6.647207e-007

Load flows in elements

Element Nsal NTleg p q
1 1 2 0.0000 0.0400
2 1 0.0000 0.0400
2 1 3 0.0000 0.0600
3 1 0.0000 0.0600
3 3 4 0.0000 0.1794
4 3 0.0000 -0.1353
4 2 4 0.0000 0.2292
4 2 0.0000 -0.1647

Nodal Solution

Node Ntype Voltage Angle PG QG PL QL
1 0 1.00000 0.00 0.0000 0.1000 0.0000 0.0000
1.0 B0° 1.0 BO°
0.1 @ 0.6 006 (3 0.3394

=

o+= —1-O
* ¢0.04 0.1 794¢ #

0.00 0.10

(o]
ey 0DO $0.o4 0.1353¢ @
0.3692 O

0.96016D0°

—L rand

0.10 0.2292 0.1647 0.30

Figure 10.7 Circuit solution, only voltages and reactive power flows.
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2 1 1.00000 0.00 0.0000 0.3692 0.0000 0.1000
3 1 1.00000 0.00 0.0000 0.3394 0.0000 0.1000
4 1 0.96016 0.00 0.0000 0.0000 0.0000 0.3000
Total Generation PG = 0.0000 QG = 0.8085
Total Load PL = 0.0000 QL = 0.5000
Losses P = 0.0000 Q = 0.3085 (>0 TL requirement)
The sensitivity matrix for the reactive power incremental model is listed as W1
Wl =
-5.0000 0.0000 0.0000 -0.0000 0.0000 -0.0000 0.0000 -0.0000
0.0000 3.3333 -0.0000 0.0000 0.0000 0.0000 -0.0000 -0.0000
0.0000 0.0000 -2.2022 2.2472 -0.0000 -0.0000 0.0000 -0.4494
-0.0000 0.0000 2.2472 -2.1910 0.0000 0.0000 ~-0.0000 -0.5618
0.0000 0.0000 ~-0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
-0.0000 0.0000 ~-0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 -0.0000 0.0000 0.0000 0.0000 0.0000
-0.0000 0.0000 -0.4494 -0.5618 0.0000 0.0000 0.0000 0.1124
Notice that various rows and columns are zero, due to the fact that nodes 1, 2,
and 3 are voltage-controlled nodes and their voltage value remains constant (incre-
ments are zero).
Results for a single contingency: line 3—4 out.
Solution to single contingency
line on outage 3, 4
Thevenin and Fault equivalent
/Th YF ETh IF
0.0000 0.0000 -3.9600 4.0000 1.0000 -0.2795
0.0000 0.1124 4.0000 -3.9600 0.9602 0.3563
Updated
Flows Voltages Exact values(from load flow solution)
0.0400 1.0000 0.0400 1.0000
0.0600 1.0000 0.0600 1.0000
0.0000 1.0000 0.0000 1.0000
0.4294 0.9201 0.3784 0.9302
10.5 Participation Factors from System’s Lines

Consider a connected line that is carrying a flow p,,, from node k to node . If that
line is no longer in service, the amount of power it was carrying will be taken by
the remaining lines in the system, assuming that no changes are made to system’s
load and generation. For system security analysis, it is of great importance to know
the amount that each remaining line will take and if the new amount of power will
get near any transmission limit.
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To calculate the amount of power to be shared, let us use Figure 10.8. The
transmission line from node & to m, carrying power Ap,,,, is assumed to be tripped
and the amount of power AP, = Apy,, will be injected into node k and AP,, = —Apy,,
into node 7. The numerical response of the network to this condition will provide
changes to line flows and nodal angles. We calculate the normalized power flow
changes with respect to AP,; we will find the power sharing factor when line k# is
not connected because of its contingency.

Ap rs

10.25
AP (10.25)

Example 10.6

For the circuit in Figure 10.2, the base case is a load flow solution solving for real
power only. Line (1) from node 1 to node 2 has a power flow of 1.3105. A contin-
gency occurs and the line is tripped; the solution is given by the steps developed
in Section 10.4. Now one step further is to normalize the incremental changes in
power flows by the power injected into node k. All values are in pu.

Base case solution

Line Nsal NTTeg pkm Diff_angle
1 1 2 1.3105 7.4344
2 1 3 0.9295 5.2728
3 3 4 0.9695 3.6665
4 2 4 0.5305 1.5048
Node angle PG PL
1 -0.00 3.1400 0.9000
2 -7.43 0.4200 1.2000
3 -5.27 0.6400 0.6000
4 -8.94 0.0000 1.5000
Incremental solution =
-0.0000
1.3105
1.3105
-1.3105
0
-0.2811
-0.1298
-0.2163
Solution for Line Outage FACTOR, Tine 1 out, k = 1m= 2
Line Nsal N1leg pk/DP
1 1 2 -0.0000
2 1 3 1.0000
3 3 4 1.0000
4 2 4 -1.0000

xtotal =
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o
67=0° 03=-23.54

3.14 @ 224 ® 0.64
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2.28¢ v

0.90 0.60

o
0.42 0y=-12.71 o
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Figure 10.8 Circuit solution only real power flows, line 1 to 2 tripped.

.2400
.2800
.7800
.0000
.4109
.2218
.3723
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10.6 Summary

Contingency analysis is a very important task that must be conducted mainly in the
control centers in order to assess the security of the electric power system. In order
to conduct this task, fast calculating tools are required to evaluate what happens
to the system’s variables when a generator trips and important generation is lost, as
well as to find out what would likely occur if a transmission line is disconnected due
to an overload condition, a fault, or erroneous action of a tripping device. Linear
models are mainly used to provide the fastest solution possible and to get a broad
picture of what to expect with respect to real power flows and nodal angles. A lin-
ear model that relays in material from Chapters 6 and 9 is used in the realm P — 6
with an analogy through voltage current modeling; a similar analogy is applied to
the reactive power—voltage model.

For large power networks as they exist today, with many nodes and transmis-
sion elements, the efficient handling of network connectivity information must be
done through sparse techniques. Sparsity techniques work only on nonzero values
from the models used through ingenious programming of Gaussian elimination to
solve the system of equations. We did not delve into those techniques, but rather
concentrated our attention on the basics and principles in order to have a solid
foundation to tackle more advanced problems and applications.
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State Estimation in Electrical Power
Systems

11.1

Introduction

Electrical power systems are an ensemble of multiple components: generating units
in power plants, power transformers, transmission lines, and a wide variety of loads
to be supplied. Operating and planning conditions must be able to handle uncertain
conditions and random events, such as units that trip, overloading of transformers,
transmission line outages, and random components as part of the electrical load.
In the operating environment, power engineers need to know as close as possible,
and in reliable form, the true nature of the state variables for the power system.
For the electric network, the state variables are node voltage magnitudes and nodal
angles. Once the complex voltages for all nodes in the system are known, all derived
quantities (i.e., power flows and losses, quality indices) can be calculated, assum-
ing that transmission lines and transformers impedances (admittances) values are
known. The calculated values are needed by personnel in the control center so that
the monitoring and the wellbeing of the system can be assessed. If some deteriora-
tion ensues, control actions will follow. Some control actions depend on automatic
equipment, their set points, and control laws implemented. For some slow-developing
phenomena, human intervention might be required; full awareness of how condi-
tions evolve in the power system is required.

The ideal assumptions under which the power system is planned include com-
ponents and a load-power generation balance that can drastically differ during real
time operation due to switching actions or automatic protection schemes. Modern
control centers rely on measured quantities: real and reactive power, voltage mag-
nitudes, currents, and circuit breakers status. This information is collected periodi-
cally at remote terminal units (RTU) and sent through communication channels to
feed fast digital processing computers located at the control center. Raw informa-
tion includes meter and transmission errors that are collected and assumed to be
synchronously taken. Filtered information that blocks high-frequency noise and
nonfundamental 60 Hz components is fed into digital processing algorithms that
use redundant information so that, statistically, the best state estimation can be
obtained. Redundancy is a key concept in applying statistical properties to the esti-
mated quantities that are based on the nature of the measuring error component.
A statistical test over the measured quantities can be applied to accept or reject a
measurement that is suspected to be spurious.

343
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This chapter presents probability models and assumptions regarding the mea-
surements of a power system’s quantities, the quality of measuring devices, and an
optimal procedure that works with redundant information to find the best estimate
for state variables and derived quantities that can be attained.

11.1.1 Centralized Data Acquisition System

The evolution of monitoring and control of modern power systems is rooted in black-
out events in the last fifty years. In the late 1960s, digital computers, hardware for
measuring electric variables at substations, and communication media converged and
were used to implement applications to monitor and control the power systems with
the main objective of avoiding blackouts. One main assumption is that the electri-
cal system is in a quasi-steady state, and that voltage magnitudes, real and reactive
power flows, as well as the system’s frequency, were almost constant. Therefore,
data gathering into a central processing computer at a control center from RTUs,
as shown in Figure 11.1, was considered to be simultaneously taken from various
substations in the system. Processed measurements and breaker status information
were used with transmission lines and transformer parameters to obtain a best
estimate for the state of the system. Voltage magnitudes, nodal angles, and other
results for AC system quantities, such as real and reactive power flows, are derived,
and the system health can be monitored from the state estimation.

Figure 11.1 shows the main components of data gathering by means of RTUs. A
scan of information is periodically collected by the control center from all the RTUs
that are strategically deployed on the power system. Various digital applications
are part of the package of application in the control center central processing units
(CPUs); for our explanation only the state estimation is depicted. The development
of power systems continued to grow in complexity and wide interconnections were

Displays,
AGC
Alarms, etc.

Communication ﬁ
channels

CPU
Filtering Digital processing

—(0)—{ &AD STATE

ESTIMATOR,
etc.

Measurements:

VI Il PQ f It t

Data storage

REMOTE TERMINAL UNIT (RTU)
breaker status

CONTROL CENTER

Figure 11.1 Power system, measurements in RTU, and control center.
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11.2

implemented in the last thirty years. The control centers and their monitoring tools
were not capable and not fast enough to prevent blackouts in North America, Japan,
Europe, and other regions in the last 10 years. New developments in technology,
computing processing power, and communications through fiber optics opened new
concepts, such as phasor measurement units (PMUs) with the capacity to synchro-
nize into a very accurate time the measurements and to conduct the processing at a
faster rate than compared to the old RTU’s equipment. We will visit the basic ideas
behind the concept.

Least Squares, Linear Model

One way to approach the problem is based on the assumption that the measurement
error € follows a Normal probability distribution with expected value u = 0 and
with variance 6. This is a reasonable assumption, as the presence of several ran-
dom variables in the process will tend to add and to behave as a Normal probability
distribution N (u, 6%). Assuming a continuous random variable &, the Normal prob-
ability distribution (¢ = 0, 0? = 1) has a bell-shaped form, as shown in Figure 11.2

1 _(5—#)2
o2r

PDF(e) = ¢ 20 (11.1)

The area under the PDF(g) is the probability of variable a < € < b.

b
pla < & < b) = [PDF(e) de (11.2)

Normal distribution N(O, 1)
0.4 T T T T T T

0.35F

0.3F

0.251

0.2}

0.05F

Error

Figure 11.2 Normal probability distribution N (u =0, 02 = 1).
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To start, let us assume that in a scatter diagram for measured values y” at x values
resemble a linear shape. Then the model suggested is y = a;x + a,, where a set of n
measurements gives the linear equation:

meas

Vi = ax, +a, + g,

meas

y1 xl 1 81

meas

y x, 1 a €

o=l Y+ (11.3)
N a, :

y:zrleas xn 1 871

The so-called measurement error €, for each measured value is identified in Figure
11.3.

yfreas Measured value for y,

th
Vi

The summation of squared errors (SS) after the linear model is substituted gives a
way to estimate coefficients @; and a,. A sound criterion is to minimize the sum-
mation of the squared errors; optimal values for a; and a, are derived from the
gradient of the SS values.

y, from model

sS=Ye =Y (e —ax, —a) (11.4)
k=1 k=1

2.5F

y Measured values
N
‘

Theory
! d —(O~ Measurement
0.5 b
0 Il Il Il Il Il Il Il
0 0.5 1 1.5 2 2.5 3 3.5 4

x Value

Figure 11.3 Scatter diagram for measured values and a linear model assumption.
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ass
da, 0
= = 11.5
vss-| ook [0} (11.5)
da,
aSS S meas
2 ZZ(yk _alxk_ao)(_xk)
et =] H (11.6)
% Zg(ylineas_alxk ao)( 1)
=1

Expressions in (11.6) can be arranged. To illustrate this concept, let us consider
that four different measurements are available; when transpose matrix properties
are applied we get (11.10) as the least squares solution.

X1 1
1
[(y{neas —ax - ao)(yg]eas —ax; - ao)(ygmas - a4y = ao)(y;neas T aX, - do)} zi 1 :[ 00 :I
X4 1
(11.7)
y;neas ” 1
X1 X2 X3 X Yy x2 1 4 _10
[11 12 13 14} - | o [%1_[0} (11.8)
yineas X4 1
AtAl: ll] :I_Af meas
=Aly (11.9)
a
al _ -1 meas
{% }_(AtA) Aly (11.10)

A matrix whose elements are determined by the selected model; in our case, a lin-
ear form.

a
yzleas _ ylzheory — ylrgneas _ al‘xk _ aO — ylrgneas _|: xk 1 :||: a(l) 1 (1111)
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Table 11.1 Data Measurements for

Example 11.1

Xi Yi
1.0 1.0
1.8 3.0
2.0 1.8
3.0 2.9
Example 11.1

Assume a set of measured y’s and the corresponding x values. Form the A matrix
and A, = (A*A)~! that is the covariance matrix.

A:
1.0000 1.0000
1.8000 1.0000
2.0000 1.0000
3.0000 1.0000
Al =
0.4926 -0.9606
-0.9606 2.1232
xsol =
0.8547
0.5084

The linear model whose parameters were obtained by solving the least squares cri-
teria and the set of errors or residuals are shown. The mean residual value and its
variance are calculated for y = ayx + a; = 0.8547x + 0.5084.

epsilon (residuals) =
-0.3631
0.9532
-0.4177
-0.1724
e-mean = 8.3267e-016
e-var = 0.4149

11.2.1 Power System’s Linear State Estimation

To directly apply the linear model presented by (11.10), we can use an all-real power
network. The procedure requires a given network structure where topology is already
determined (i.e., no network topology analysis is conducted); network topology
would require breaker status information. As a first step, we solve an ideal condi-
tion assuming no errors in the information and we get a base case solution. For the
second step, we identify the linear model when line power flows are the available
measured quantities and the information set is redundant; there are more measure-
ments than parameters to be estimated. The third step includes measurements of
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real power injections, which might be the case when load information or power
generation is available.

Example 11.2

Let us apply the least squares criteria to find an estimate of the state for a real
power-only network. First, let us solve the base case using a power flow solution, and
then we use line real power flow measurements that include errors (see Figure 11.4).
Finally, we will consider expanding the initial set of line measurements to include
nodal power injections coming from generators or loads as shown in Figure 11.5.
Use the power flow equation for each element (11.12) and the nodal power bal-
ance for all the nodes, considering the net power injection as the difference gener-

ated power minus load required: Psx — Prk.
X, P + 60,60 =0 (11.12)

m

For the base case as a load flow solution, it requires lines/transformers connectivity,
reactance values, and nodal power conditions. For this case, voltage magnitude is
assumed 1.0 pu for all nodes, and the state variables are the nodal voltage angles.

Real power flows, base case

Line data Nsa N1leg x(pu)
1 1 2 0.1000
2 2 3 0.2000
3 5 3 0.1000
4 4 5 0.1500
5 4 1 0.1500
Initial Nodal conditions
Node angle PG(pu) PL(pu)
1 0.0000 0.0000 0.5000
2 0.0000 1.5000 0.0000
3 0.0000 0.0000 1.0000
4 0.0000 0.0000 0.8000
5 0.0000 0.0000 0.0000

Pra

«—
@ o1 @I_O PG2
¢
I
p

P21 P32
P13
P41
4—

‘_I_O @ Measured flow
P4 l @ >4 C PG5

Figure 11.4 Small real power network, flow measurements shown.
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Line flows solution, Base case

Line Nsal N1leg flow(pu)
1 1 2 -0.8857
? ? 3 +0.6143
3 5 3 +0.3857
4 4 5 -0.4143
5 4 1 -0.3857

Nodal solution, Base case

Node angle(deg) PG(pu) PL(pu)
1 -0.2456 0.0000 0.5000
2 +4.8292 1.5000 0.0000
3 -2.2100 0.0000 1.0000
4 -3.5605 0.0000 0.8000
5 -0.0000 0.8000 0.0000

Now, we write the set of measurements flows shown in Figure 11.4 in terms of
unknown nodal angles for each real power flow measured as follows:

—X,P, +6,-6,=0

—Xypy +6,-6,=0

—x, Py +6, -6, =0 (11.13)

—Xs54D5y + 05— 6, =0
| XDy +6;-6,=0

In matrix form, the information allows to us to visualize the A matrix, which we
call the measurement matrix as in (11.10). In compact matrix notation, (11.16)
shows the information and matrix operations to find matrix A.

ar -jmeas r T

X 0000y, s1-10 0 0% 0
0 -x, 0 0 0 Py 1410 0 0 | 6 0
0 0 -x, 0 0 Dy +{ -1 0 0 +1 0 | 6 |=]|0
0 0 0 - 0 0O 0 0 -1 +1 0 0
54 Pss 0 -1+41 0 0 4 0
0 0 0 0 -x, | ps 0,
(11.14)
—X]p™* +[M][6] = [0] (11.15)
pm™e = [XT'[M][6] = [A][6] (11.16)

[X] Diagonal matrix of elements reactance values, according to power
flow measurement

[M] Matrix with node connectivity information of the measured element

pmeas Set of measured line power flows
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A Matrix for the set of measurements in terms of state variables
2] State variables for the electrical circuit
[A] = [XT'[M] (11.17)

The solution by least squares is reached once a reference angle is assigned for the
slack bus.

(6] = (AA) Apmes (11.18)

With the estimated values for nodal angles 0, the residuals € are calculated.

€ = pmeas _ [A][e] — pmeas _ pcalc (1119)

Real power flows, measurements

Line data Nsal N1leg x(pu) pmeasured
1 1 2 0.1000 -0.9000
2 2 0.1000 +0.8500
3 4 1 0.1500 -0.4000
4 5 4 0.1500 +0.4000
5 3 2 0.2000 -0.6100
Nodal angle estimation, slack is node 5
Node angle(deqg)
1 +0.0000
2 +5.0134
3 -1.9767
4 -3.4377
5 +0.0000
Estimation of network Line flows
Line Nsal NTleg estimated flow
1 1 2 -0.8750
2 2 3 +0.6100
3 5 3 +0.3450
4 4 5 -0.4000
5 4 1 -0.4000
Nodal net power estimation, slack is node 5
Node Pnet(pu)
1 -0.4750
2 +1.4850
3 -0.9550
4 -0.8000
5 +0.7450
Flows calculation and residuals
Line Nsal N1leg pmeasured pcalc residuals
1 1 2 -0.9000 -0.8750 -0.0250

2 2 1 +0.8500 +0.8750 -0.0250
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3 4 1 -0.4000 -0.4000 -0.0000
4 5 4 +0.4000 +0.4000 +0.0000
5 3 2 -0.6100 -0.6100 +0.0000

Matrix A in (11.17) must include equations that relate every available measurement
to the state variables. Now let us extend the basic model considering that, in Figure
11.4, some nodal power injections are measured; this is depicted in Figure 11.5.
The measured nodal powers must also be expressed in terms of the state variables
of our problem (i.e., nodal angles). To relate nodal power measurements and state
variables, we use elements from the nodal susceptance matrix to be multiplied by
the state variables. The original A matrix in (11.14) will be expanded to include
information about the nodal measurements. From Figure 11.5, the nodal measured
power P is expressed as:

—P B,.6, + B,6, + B,,0,

—PL3 = 33292 + B3393 + B3595 (11.20)

—h B, 6, + B,,6, + B,6;

_ 0 i
-P, B, B, 0 B, O 6,
Py |=| 0 By By 0 By 0, (11.21)
_PL4 B41 O O B44 B45 64
pmeas _ A B
{Pmms}-{g ﬁel—[Amw]W] (11.22)

OXr <23I:§Ei>PGZ (3)

Pi1 Pr3

P41 @ Measured flow
I @ Nodal injection
P/ 4? P54 —

<:> <:> Pcs

Figure 11.5 Small real power-only network, line flows, and nodal measurements are shown.
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Submatrix B in (11.22) is a part of the nodal susceptance matrix for the network,
and it is that portion that relates net measured nodal power to nodal angles. The
submatrix B is appended to the initial A matrix to form the new measurement
matrix A,,.q. The least squares solution is used now to solve for the state variables.

meas
6] = (AL A y) Afmd{ Ifimeas } (11.23)
Net nodal power measurements
Node Pnet_measured
1 -0.4800
3 -1.0800
4 -0.7900
Nodal angle estimation, slack is node 5
Node angle(deg)
1 -0.1930
2 +4.7868
3 -2.4971
4 -3.5102
5 -0.0000
Estimation of network Line flows
Line Nsal NTleg estimated flow
1 1 2 -0.8691
2 2 3 +0.6356
3 5 3 +0.4358
4 4 5 -0.4084
5 4 1 -0.3860
Nodal net power estimation, slack is node 5
Node Pnet(pu)
1 -0.4832
2 +1.5048
3 -1.0715
4 -0.7944
5 +0.8442
Flows estimation and residuals
Line Nsal N1leg pmeasured pcalc residuals
1 1 2 -0.9000 -0.8691 -0.0309
2 2 1 +0.8500 +0.8691 -0.0191
3 4 1 -0.4000 -0.3860 -0.0140
4 5 4 +0.4000 +0.4084 -0.0084
5 3 2 -0.6100 -0.6356 +0.0256
Nodal power estimation and residuals
Node Pmeasured Pcalculated residuals
1 -0.4800 -0.4832 +0.0032
3 -1.0800 -1.0715 -0.0085

4 -0.7900 -0.7944 +0.0044
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11.3 Maximum Likelihood and Weighted Least Squares

To approach the idea of parameter estimation using a set of measurements that are
taken from various devices with different quality and performance in their output,
let us assume that a random variable x with a Normal probability density function
(11.1) has two samples x; and x,.

1 _(xl_”)
207
PDF(x,) = 5 —e (11.24)
1 _("z_”)2
_ 207
PDF(x,) = e (11.25)

The estimation of y will be a value that maximizes the probability of getting the
sample values x; and x,. The joint probability density is:

(xl_“)z

— _ 1 " 202 1 " 202
& = PDF(x,)PDF(x, ) = N T (11.26)
1 _(xl_'tl) _ (xz_lf)z
£ = e 0 29 (11.27)

G]GZ(JE)Z

To maximize the function &, it is convenient to transform the exponential (11.27),
and then find the solution for the gradient equal to zero.

2 2
_ 2_(’“1"")_(’“2‘“) 11.28
Lné(u) = -Lno,o, (V27) 207 202 (11.28)
d (v =) (x,—m)
— - = 11.29
il (Ln&) o2 o7 0 ( )
1 1) x5 %
[0_12 + G%]“ = 0_12 + 0'5 (11.30)

In matrix form, (11.30) can be written in general terms for A, the observation matrix
and a weight matrix R. This interpretation will be very useful in cases where more
measurements are available.

1 1
[ J 12 0 1 [ :I 612 0 X4
11 [ }u: 11 { } (11.31)
o L |L1 L

0, 0,
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1
— 0
1 0]
A= R = (11.32)
1 1
0 —
0,

It is readily recognized that (11.31) has the general form of minimum weighted
squares with the solution as (11.34). This result can be generalized in order to solve
the state estimation problem for power networks that have measuring devices of
various qualities and whose individual measurement variances 7 are known.

A'RAu = A'Rx™ (11.33)

U= (A’RA)_] A?Rxmeas (11.34)

Example 11.3

A simple case (see Figure 11.6) will illustrate the derivation of the A, measurement
matrix and of the weight matrix R, when various measuring devices of different
quality are used. Assume that three power-measuring devices are used with its
variance values as listed.

Three measurements for the real power flow p, are:

Pyt =195 of =
P> =2.01 03 =0.5 (11.35)
pyy’ =1.92 o3 =0.8

The model for power flow measurement in terms of state variables and then matri-
ces A and R can be deduced.

x, Pk =0, -6, (11.36)
x, 00 Pl 1 -1 g
0 x, 0 | pp* |= i _i [el} (11.37)
m — 2
0 0 x, P12’3

: | X12
p 1
12 PL2

Figure 11.6 Flow measurements with different quality devices.
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m,l
25

P | =
iy’
x, 0 0
A= 0 x, O
0 0 x,

x, 0 0 1 -1 0
0 X, 0 1 -1 1 (11.38)
1-11 9
0 0 «x,
10 o0
~ o
1 -1 1
1 -1 R=| 0 =5 0 (11.39)
1 -1 05
0 0 L
O3

The state estimation procedure to find 6, and 6, (one nodal angle is reference) using

(11.34):
0 Pf}l
AtRA|: 9: }: A'R| py? (11.40)
Py’
Real power flows, base case
Line data Nsal NT1leg x(pu)
1 1 2 0.1000
Initial Nodal conditions
Node angle PG(pu) PL(pu)
1 0.0000 0.0000 0.0000
2 0.0000 0.0000 2.0000
Line flows solution, Base case
Line Nsal N1leg  flow(pu)
1 1 2 +2.0000
Nodal solution, Base case
Node angle(deg) PG(pu) PL(pu)
1 -0.0000 2.0000 0.0000
2 -11.4592 0.0000 2.0000
Real power flows, measurements
Line data Nsal N1leg x(pu) pmeasured sigman?2
1 1 2 0.1000 +1.9500 +0.0010
2 1 2 0.1000 +2.0100 +0.0010
3 1 2 0.1000 +1.9200 +0.0010
Nodal angle estimation, slack is node 1

Node angle(deg)
1 +0.0000
2 -11.2300
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Estimation of network Line flows

Line Nsal NTleg estimated flow
1 1 2 +1.9600

Nodal net power estimation, slack is node 1

Node Pnet(pu)
1 +1.9600
2 -1.9600

Flows calculation and residuals

Line Nsal N1leg pmeasured pestim residuals
1 1 2 +1.9500 +1.9600 -0.0100
2 1 2 +2.0100 +1.9600 +0.0500
3 1 2 +1.9200 +1.9600 -0.0400

11.3.1 Bad Data Detection

Residues are the result of the difference between measured quantities and the cal-
culated value for the same quantity once the state variables are estimated. We have
stressed the need of redundancy, which is the concept of having more measurements
than the number of state variables to be determined. This concept makes statistical
sense when the question of bad data needs to be addressed and resolved. We will
briefly present the statistical properties that help us to identify, through a hypothesis
test, whether a measurement or a set of measurements must be rejected because of
reasonable doubt about belonging to the statistical process and should therefore be
considered as bad measurements.

For a DC type of network with 7 total nodes, p power line flows, 7 nodal volt-
ages, and 7 nodal power injections, the maximum possible redundancy will be the
index obtained from the ratio of available measurements to the number of state
variables; in this case, # nodal voltages are the state variables.

_2p+V o+ pre

Redundancy,,. = (11.41)

n-—1

p Number of power line flows, from node k to node m
V,  Number of node voltage magnitudes, # nodes
Ppet - Net power injected at 7 nodes

n Total nodes in the network

For AC networks, the state estimation has several measurements that might include:
real and reactive power flow in transmission elements (sending and receiving end),
real and reactive power injections into a node, and nodal voltage magnitudes. Con-
sider a network with np real power flow, nq reactive power flows, 7 nodes (includ-
ing voltage magnitude, net real power, and net reactive power) and then the total
number of measurements that might be available with respect to the number of
nodal voltages and angles as state variables, where one nodal angle is a reference:
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2np + 2ng + 3n
2n -1

Redundancy, . = (11.42)

The redundancy index is an indication of how the number of measurements relate
to the number of state variables, but does not addresses the problem of observ-
ability on the network; observability is a property of being able to determine all
state variables from the set of redundant measurements, which requires them to be
set strategically given the network topology. A close problem to the observability
question is how to appropriately locate meters throughout the network and deploy
them in such a way that no portions of the network are left out (unobservable) at
the estimation process.

In general, the residue g, is normalized with respect to the standard deviation,
asin (11.43). The difference between the measured quantity and the predicted value
by the theoretical model is divided by the standard deviation of the meter; this
quantity is tied to the meter’s quality.

meas

I 4

€
k o

(11.43)
k

Assuming that most variables y, are to be measured from the power system and
follow a Normal probability distribution, the summation of squared normalized
errors follows a Chi-square y% probability distribution that is characterized by its
degrees of freedom df (see Figure 11.7).

f(.’)C) — dex(df—Z)/Ze—x/Z (1144)
1 _(df
K, = WF(T) (11.45)

Where

K4 Constant that depends on the degrees of freedom, df
T'(df12) Gamma function

To identify which measurements have gross errors, the ¥ Chi-square distribution
provides the basis for a hypothesis test. Recognizing that the area under the prob-
ability distribution is 1.0, we would like to find a value of x(&) = ¢ such that the
calculated value of x%/, has a high probability to yield a reliable state estimation.

Xpa S (11.46)

If the calculated value is less than c in (11.46), we can accept the hypothesis that all
measurements are within the range of its reasonable variability and accept that the
set of measurements is a good batch. We can then conclude that the data is useful for
the estimation process. On the contrary, if the Chi-squared value calculated is larger



11.3  Maximum Likelihood and Weighted Least Squares 359

Chi-square probability density function
0.5 T T T T
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Figure 11.7 Chi-square probability distribution, y%; with df degrees of freedom.

than ¢, then identification and discarding process for the high value of normalized
residual should be conducted. In summary, the bad data identification steps are:

1. The measurement batch is used for the estimation process through a linear
or a nonlinear model, depending on the relation for measured quantity and
state variables.

2. Using the estimation results, normalized residuals are used in (11.47).

ymeas _ yt/o 2
Xy = 27( : 57 {) (11.47)

3. A probability value of significance « is selected to conduct the hypothesis
test, which is to accept or reject the set of measurements. Values for « of
0.95 or 0.99 are commonly used. From tables, such as the short Table 11.2
for illustrative purposes, depending on o and the degrees of freedom df, the
¢ value in (11.46) is identified.

4. If the calculated value (11.47) is less than the value ¢ from the Table 11.2,
then the measurements are accepted as appropriate. If the calculated value

Table 11.2 Values for c in (11.46) Chi-square distribution with df (degrees of freedom) .

Chi-square X%, o=0.95 o=0.99

df=3 7.815 11.35
df =4 9.49 13.28
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(11.47) is larger than ¢, then some measurement are candidates to be rejected.
When redundancy is high, discarding some bad measurements would pose
no problem to the process. If the data to be discarded affects the redundancy
index, then an average of observed values might replace the bad data; some
other reasonable criteria can be used to replace the bad data.

When some data is discarded, a new estimation process is conducted using the
reduced set of measurements. Next, the calculation of Chi-squared for Example

11.3 shows a Chi-squared = 4.2.

Flows calculation and residuals

Line Nsal N1leg pmeasured pestim residuals
1 1 2 +1.9500 +1.9600 -0.0100
2 1 2 +2.0100 +1.9600 +0.0500
3 1 2 +1.9200 +1.9600 -0.0400

Chiz = 4.2000

The calculated value is compared to the value in Table 11.2 with number of degrees
of freedom df =2 and ot = 0.95: x%_; 905 = 5.99. The calculated value of 4.2 suggests
that the measurements are within reasonable error and no data needs to be discarded.

Example 11.4

Consider in Example 11.3 that one measurement fails to reflect a proper value. Con-
sider that the second measurement is given as 1.0. Calculation for the Chi-squared
value is 583.3, suggesting the existence of bad data.

Real power flows, measurements

Line data Nsal N1Teg x(pu) pmeasured sigman?2
1 1 2 0.1000 +1.9500 +0.0010
2 1 2 0.1000 +1.0000 +0.0010
3 1 2 0.1000 +1.9200 +0.0010

Nodal angle estimation, slack is node 1

Node angle(deg)
1 +0.0000
2 -9.3010

Estimation of network Line flows

Line Nsal N1leg estimated flow
1 1 2 +1.6233

Nodal net power estimation, slack is node 1

Node Pnet(pu)
1 +1.6233
2 -1.6233

Flows calculation and residuals

Line Nsal N1leg pmeasured pestim residuals
1 1 2 +1.9500 +1.6233 +0.3267
2 1 2 +1.0000 +1.6233 -0.6233
3 1 2 +1.9200 +1.6233 +0.2967

Chiz2z = 583.2667
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To identify suspicious data with high errors, we use the value of the normalized
residual (11.43). The value of the second residual points into this measurement as
a candidate to be analyzed.

Normalized residuals squared

1 +106.7111
2 +388.5444
3 +88.0111

11.4 Nonlinear Minimum Squares

When the measured variables, such as the real and reactive power flows in an electric
network, are related by nonlinear relations to the state variables (i.e., for transmission
elements from node k to node 1), we recall that the real and the reactive power are:

D = Vil & = |Vil[Vo €10 056, = [Vi[[V,,| by, 506, (11.48)
G = Vi (B + Boya) = Vil Vool €50 B4, + |Vil[V,,| By 086, (11.49)
Where
Ve = ‘Vlz| £, Nodal voltage for sending end, node k&

=|v |6,
Yem = 8km — 1Dkom

Nodal voltage for receiving end, node m

Series admittance for the transmission element

B, Capacitive susceptance for the transmission element

If g4,, and B, are zero, the real and reactive power flow equations from node k
to node m are simplified, but still remain nonlinear expressions in nodal voltage
magnitudes and nodal angles, which are identified as state variables.

P = —|VilIV,.| b4, 506, (11.50)
= |V by, + [Vi[|V,| By c056,,, (11.51)
The residue ¢, for real power in a line is (11.52), where py,, = ( )
given by (11.50) and its incremental form as (11.53).
£, =PI ~ D, (11.52)
A gy 2 AW AV,
Af = -6, AOm v, g (11.53)
T e Al
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Partial derivatives in (11.53) were presented in Chapter 6, and they will be part
of the linearized matrix A that is needed to solve the nonlinear AC least square
estimation problem. The nonlinear estimation is conducted through an iterative
process and starts with reasonable values for the state variables; an update is then
obtained. In this process, we also calculate the new values for the partial deriva-
tives. The calculated increments are used to update the values of the state variables.

Example 11.5

We solve a nonlinear state estimation case.

Parameter values and measurements are listed. They include power flows, nodal
power injection, and nodal voltages. The information about the quality of each
measured quantity goes into the R matrix. When the iterative process converges, a
final result shows the state estimation and residuals with respect to the measured
values. An index is calculated so that a test with the Chi-square distribution can be
conducted. In this case, five measurements are proposed in order to estimate three
state variables: two voltage magnitudes and one nodal angle.

General network information and load flow, base case

Number of elements = 1 Number of nodes = 2
Element Nfrom Nto z bsh/2
1 1 2 0.0100 +j 0.1000 0.0000
Shunt elements = 1
Element Node zshunt
1 2 0.0000 +j 2.5000
Node data information
Node type Voltage angle(rad) PG QG PL QL
1 0 1.0500 +0.0000 0.0000 0.0000 0.0000 0.0000
2 -1 1.0000 +0.0000 0.0000 0.0000 0.5000 0.2000
Load flow convergence
Iteration = 0 Dmax = 4.504950e-001
Iteration = 1 Dmax = 1.057711e-002
Iteration = 2 Dmax = 1.518130e-005
Iteration = 3 Dmax = 3.037523e-011

+j X @

o O ‘il

P12 i1

q 9 .
12 21 P|_2+|Q|_2

Figure 11.8 Power flows, nodal voltages, and nodal power measurements with devices of
different quality.
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Line Nsal NTTeg pkm gkm
1 1 2 +0.5061 +0.6490
1 2 1 -0.5000 -0.5875
Shunt Nsal pkm akm
1 2 +0.0000 +0.3875
Node Voltage angle(rad) PG QG PL QL
1 1.0500 -0.0000 +0.5061 +0.6490 +0.0000 +0.0000
2 0.9843 -2.4470 +0.0000 +0.0000 +0.5000 +0.2000
Power summary
SGtot = +0.5061 j +0.6490
SLtot = +0.5000 j +0.2000
SLoss = +0.0061 J +0.4490 (Q>0 required by reactive elements)
State Estimation Measurements from network variables
Number of Tine flows = 2
ETement Nfrom  Nto z bsh/2 meas (1=p,0=q) Sh2
1 1 2 0.0100 +j 0.1000 0.0000 0.5000 1 2.00e-003
2 1 2 0.0100 +j 0.1000 0.0000 0.6000 0 4.00e-003
Nodal powers = 1
Injection Node meas (1=P,0=Q) SN2
1 2 -0.2100 0 1.00e-003
Nodal voltage = 2
Measur Node meas 4
1 1 1.0400 1.00e-003
2 2 0.9900 1.00e-003
Initial values for state variables
Node Vmag angle(rad)
1 1.0000 0.0000
2 1.0000 0.0000
Iteration = 1 Maxdesv = 4.738539e-002
Iteration = 2 Maxdesv = 4.430767e-003
Iteration = 3 Maxdesv = 7.984505e-006
Final values for state variables
Node Vmag angle(rad) degrees
1 1.0437 -0.0000 -0.0000
2 0.9775 -0.0415 -2.3805
k measurement residue
1 +0.5000 +0.0021
2 +0.6000 -0.0414
3 -0.2100 -0.0120
4 +1.0400 -0.0037
5 +0.9900 +0.0116
Index for chi”2-test = 0.7239 degrees of freedom = Ya
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11.5

With results shown for the index Chi-square as 0.7239, 2 degrees of freedom and
selecting o we should check if the measurements pass the hypothesis test of not
having bad measurements.

Thévenin's Equivalent and Parameter Estimation

An interesting problem is related to parameter estimation. Let us pose a problem
about the need of a Thévenin’s equivalent as seen from a given network node.
Assume that the voltage, current, and power are measured at node 2 in Figure 11.9.

To build the model, let us write the equation with voltages and power. From
the model, we can deduce the measurement expression.

f(V,)=V2=VV, +r,P, =0 (11.54)
+E,V, — 1P, = V? (11.55)
With paired values of measurements V, and P, (assumed to be simultaneous), we

write the measurement equation in the form (11.3). A least squares solution will find
the best estimates for E,;, and 7p,. The A matrix is identified in (11.56) as (11.58).

2 _
(0 | [ v e N
2 2) (2)
(V) || W =B | B | & (11.56)
: : : 1y :
(n) _pin)
vy | L "

{ En | (ara)” A’[(V;‘“S)Z] (11.57)

Vz(l) Pz(l)
(2) _p2)

A= V2 b (11.58)
vy —py

Eh="1 @ VZ@
OH

| 1
12
P2

Figure 11.9 Simple network to estimate parameters in a network model.
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Once the estimated values of Thévenin’s equivalent are done, we estimate the maxi-
mum power that can be transferred by the line and ask what the voltage collapse
margin is.

2
prox = Fr (11.59)
4ry,

Example 11.6

Assume an equivalent network (as in Figure 11.9) whose voltage E1;, and equivalent
resistance rp;, change due to network topology variations as rp, = 0.05, 0.10, 0.15
and E;, = 1.0. We collect various pairs of measurements at node 2 as voltage and
power. With (11.57), the Thévenin’s equivalent is estimated and then we find the
margin to voltage collapse.

k rTh Pmax

1 0.0500 5.0000
2 0.1000 2.5000
3 0.1500 1.6667

With the use of four pairs of measurements available at a given time, find an estimate
for components E;, and 7p, of the Thévenin’s equivalent. Calculate the limit for power
transfer and the so-called power margin for each of the measured power values.

Data from measurements

Kk Voltage Power P
1 0.9762 0.4639
2 0.8545 2.4860
3 0.9259 1.3718
4 0.8122 3.0500

PV Curves, given ETh and rTh

0.8

o
o

Voltage, V2

I
ES
T

0.21

0 . . . . .
0 1 2 3 4 5 6

power P2, rTh = 0.05, 0.10, 0.15

Figure 11.10 PV curves for circuit in Figure 11.9, Ey, = 1.0.
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11.6

Estimation

ETh = 1.0000 rTh = 0.0500 Pmax = 4.9996
k Voltage Power Residual Pmargin
1 0.9762 0.4639 -7.5322e-006 4.5357
2 0.8545 2.4860 -1.2247e-006 2.5136
3 0.9259 1.3718 +1.3160e-005 3.6278
4 0.8122 3.0500 -5.1933e-006 1.9496

The procedure to estimate the Thévenin equivalent continues as sets of new mea-
surements arrive at the processing facility. To monitor the estimation process, it is
advisable to implement a performance index so that changes in the equivalent can
be detected. The changes can be the result of lines switching or power generators
being in or out of service. These changes have a more pronounced effect in weak
systems, where it is highly recommended to implement the scheme described as a
regular control function. The procedure is quasistatic and assumes that the set of
measurements belong to a homogeneous operating condition.

Phasor Estimation and Related Problems

An important and relevant application is the one related to rms phasor estimation
(i.e., magnitude and angle of a phasor with respect to a reference). This application
is sure to gain more attention as its use becomes more widespread in the electric
system’s monitoring and control. In a given bus of a three-phase balanced system,
operating in steady state, a system’s frequency might be considered constant at the
nominal value of 60 Hz. Voltage measurement is done through power transform-
ers where the high voltage value is reduced to a standard value of 69.9 V and the
high current measurement is reduced to 5 A by a current transformer, using the
appropriate transformer ratios. Analog signals are filtered in order to block high
frequency signals and noise in general; ideally, the sampled values are from a pure
60 Hz sinusoidal signal except for a fault current condition where an aperiodic (DC)
component might be present.

From the filtered 60 Hz signals for voltage and current, sampling is conducted
at a convenient rate (i.e., twelve samples per cycle or a faster rate). With the sampled
values v, and i, at time #,, the magnitudes | V,|, | I,|, and angles 6y, 6,; are esti-
mated using the 12 samples available or a reduced window where three or more
samples can be used. This depends on the properties that we want from the window
of observation. Example 11.7 and Figure 11.10 show uniform sampling for an rms
phasor, magnitude 120/+/3 V, and a phase angle of 45°.

Example 11.7
Uniform 12 sampled values (see Figure 11.11) for a voltage signal v(t) = 97.98 cos
(2mft + m/4) V.

Time samples of voltage, V
Sample time(s) voltage(V)
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1 0.000000 69.2820
2 0.001389 25.3590
3 0.002778 -25.3590
4 0.004167 -69.2820
5 0.005556 -94.6410
6 0.006944 -94.6410
7 0.008333 -69.2820
8 0.009722 -25.3590
9 0.011111 25.3590
10 0.012500 69.2820
11 0.013889 94.6410
12 0.015278 94.6410

The task of monitoring and evaluating of the electrical system’s health can be
organized with an adequate set of phasor measurement units (PMUs) at various
electrical nodes. A complete wide-area measurement network can be designed using
synchro phasors with adequate resolution and synchronized in time. This system’s
information will help monitor and closely control a modern power system in real
time. The techniques used to estimate the actual value of phasors are related to the
least square fitting applications, some take advantage of the Fourier’s formulation
or Kalman’s filter recurrent calculations, especially as applied to sampling at appro-
priate rate. Ingenious and straightforward forms are also available. We do not delve
into variations, just some examples to capture the flavor of the applications into the
measurements with the aim of monitoring or for power system’s protection, which
is an interesting world in itself.

Example 11.8

Assume that a sampling point in a balanced three-phase network has a Thévenin
equivalent and a three-phase fault is ensued along a transmission line (see Figure 11.12).

Voltage Phasor, 12 samples/s
90

80

180

270
Figure 11.11 RMS phasor voltage, 12 samples per cycle. Vrms = 69.28 V, ¢ = 45°.
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Figure 11.13 Simulink diagram for a three-phase fault. Source voltage V; at the switch SW and
fault current. The sampling rate is twelve samples per cycle.
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Figure 11.14 Voltage at source at V;, sampling of voltage at SW and fault current; twelve
samples per cycle.



Phasor Estimation and Related Problems 369

Consider that load current—previous to the fault condition—is negligible and simu-
late the fault by closing switch SW when the voltage source is crossing at zero.
The case in Example 11.8 shows an ideal situation without noise components;
only the DC current offset is present, use is made of simulation by Figure 11.13
and results in Figure 11.14. To estimate the voltage phasor, let us use four samples
according to one of many variations that can be used. With 12 samples/cycle Af =
1/(12 f) = 1/720 seconds, considering a constant frequency of 60 Hz. For a cosine
voltage with angle ¢y, at every sample time ¢;, (11.61) shows elements to form the
measurement matrix A in order to apply the squared minimum estimation.

V(t) =V, cos(ot + ¢y) (11.60)

vV, =V (cos(wtk)cosqbv— sin(wtk)sinqbv) = cos(wtk)Va - sin(wtk)Vb (11.61)

m

With four samples, we estimate components V, and V,, and then the magnitude
V,, and angle ¢y.

Vk coswt,  —sinwt, €,

Vk+1 _ cos wtk+1 —sim wtkH Va €

v = : v + (11.62)
2 coswty , —sinot, , b €2

Vk+3 COswtle+3 —sin wtk+3 €413

V, =V, cosd, V, =V, sing, (11.63)

Vv,
vV o= JVE+ V2 ¢, = tan™’ (Vbj (11.64)

a

The rms voltage phasor is estimated by:

\%
V=-"2-—~/ 11.65
540y (11.65)
RMS Phasor estimation
frequency Samples/cycle Sampling time(s) Sampling (degrees)
60 12 1.3889e-003 30.00

Sample Voltage, V

1 +0.0000e+000
+2.0400e+005
+3.5334e+005
+4.0800e+005
+3.5334e+005
+2.0400e+005

D O B W N
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7 +2.3115e-010
8 -2.0400e+005
9 -3.5334e+005
10 -4.0800e+005
11 -3.5334e+005
12 -2.0400e+005

A matrix measurements, V
1.000000 -0.000000 +0.0000e+000
0.866025 -0.500000 +2.0400e+005
0.500000 -0.866025 +3.5334e+005
0.000000 -1.000000 +4.0800e+005

Va = -1.4552e-011 Vb = -4.0800e+005

Vm = +4.0800e+005 Vrms = +2.8850e+005 angle = +90.00

Example 11.9

For Example 11.7, we notice that the fault current might have a DC or asymmetri-
cal component (in this case, the rms phasor for the current might not be directly
estimated). One possible solution is to first estimate R and L; components for the
circuit; this can be an opportunity to extend our minimum square estimation process.

First, let us write the differential equation that describes the voltage and current
in the time domain. Then, by discrete integration using the trapezoidal rule from
sample values for voltage and current at times ¢, and ¢,,;, we have a sampled form
that can be used to estimate the unknowns R and L; .

v,(t) = Ri(t) + LL% (11.66)
f v,(0)dt = R j itdt + 1, _rldi (11.67)

t t

k k Z

L)+ 04t ) T2 = RLi(0) i) ]2+ 1, [i(r) - ()] (1168)

Using three samples, the model from (11.68) is:

(11.69)

1
D=
|
1l

R and LL estimation
Nsamples = 5
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Samples Current Voltage
1 0.0000e+000 0.0000e+000
2 1.0041e+003 1.5930e+005
3 3.7088e+003 2.7724e+005
4 7.3328e+003 3.2216e+005
5 1.0850e+004 2.8200e+005
R = 3.0049 Ohms LL = 0.1085 H

The estimated values for R and L; compare well to the true values for the resis-
tance of R = 3 ohms and inductance L; = 111.2 H. With the estimated values, the
nonperiodic component in the current can be removed and the rms phasor current
estimated. In some applications, like in protective relaying, the parameter estima-
tion for R and L; will allow distance estimation to the fault location so that it can
be situated within an expected distance with a tolerance; the tolerance is a result of
various uncertainties imbedded within the measurements and the sampling. Errors
in measurements come mainly from current transformers (CTs), the fault impedance
and possible interference as noise.

11.6.1 Wide Area Measurements

Phasor estimation and its applications is a fertile and rapidly evolving field. It is
aimed at closely monitoring the quality of electrical processes that a power system
is experiencing and a set of indicators to evaluate what can be considered the sys-
tem’s health. Voltage and reactive power flows, frequency, power flows, oscillations,
and damping characteristics are several of the main variables to monitor to ensure
secure system’s operation.

Satellite

SDC

1.0 +j
05 1p0

—

PMU

T

1.0 +]
0.5

Figure 11.15 Wide area measurements, PMUs, LPCs, and SDCs.



372

State Estimation in Electrical Power Systems

11.7

(CO—O)O)

Figure 11.16 Phasor in a changing frequency condition.

Voltage magnitude monitoring and estimation of the power margin were just
touched upon in this chapter; frequency deviation from the rated system’s frequency
is also a concern when phasor estimation is conducted. These problems can be tack-
led by what is now known as wide area measurement (WAM) (see Figure 11.15),
which is a carefully designed system of data gathering by PMUs, local phasor con-
centrators (LPCs) that gather selected information from PMUs, and the system data
concentrators (SDCs).

Applications for power system’s security need to evaluate its performance under
a frequency changing condition (see Figure 11.16). The question of how a change
in frequency affects the phase of phasors or the calculation of symmetrical compo-
nents must by included in the estimation process. Frequency measurement is also
an issue, as well as the question of how unbalanced the system condition is. Tran-
sient phenomena related to electromechanical oscillations, the transient response
of current and potential transformers, and the filter response when used for signal
conditioning are some of the interesting concepts that are being studied right now
for monitoring and control in electrical power systems.

Observability

One interesting problem is that of analyzing how much redundancy is needed for a
good estimation process. This has technical and economic implications. We would
like to have a good level of redundancy, observability at the best cost. A related
issue is what set of values should be measured? What is a set that allows us to have
observability over the state variables in the system? This situation is important in
bad data detection and we must be able to discard measurements that statistically

P —» (D) ©
Ot N

P12 X12 = 0. pu
P|_1 =0.5 pu P|_2 =1 pu

Figure 11.17 Flow measurement and measurement equation.
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are unreliable or are suspected of not belonging to the set of measurements that
allow the best estimation for the state condition of the power system.

Example 11.10

Let us follow what happens when we have just one measurement for power flow
P12 and we like to estimate the state variable 0, (see Figure 11.17). The real power
model is used and the A measurement matrix is written.

~pX, +6,-6, =0 (11.70)

R B R v P EE R R
To solve for minimum squares:
{ 2; 1 = (A4) A [, ][0y, (11.72)
We can take a closer look into the matrix A’A.

(a'A) = [ j }[ +1 -1 | = [ j jr} } (11.73)

In (11.73), we have a singular matrix that cannot be inverted, and we must solve
for the state variables. We can say that the state variables cannot be estimated. If
we take one node as reference, the process can continue, but with only one mea-
surement to determine one state variable, results are adjusted to meet the measured
value. We can appreciate that we really need more measurements to conduct a good
estimation process.

Real power flows, base case
Line data Nsal N1leg x(pu)
1 1 2 0.1000

Initial Nodal conditions

Node angle PG(pu) PL(pu)
1 0.0000 0.0000 0.5000
2 0.0000 0.0000 1.0000

Line flows solution, Base case

Line Nsal N1leg flow(pu)
1 1 2 +1.0000
Nodal solution, Base case
Node angle(deg) PG(pu) PL(pu)
1 -0.0000 1.5000 0.5000

2 -5.7296 0.0000 1.0000
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Real power flows, measurements
Line data Nsal N1Teg x(pu) pmeasured
1 1 2 0.1000 +0.9500
ans =
0.0000 0.0000
0.0000 0.0100

Nodal angle estimation, slack is node 1
Node angle(deqg)

1 +0.0000

2 -5.4431

Estimation of network Line flows

Line Nsal N1leg estimated flow
1 1 2 +0.9500
Nodal net power estimation, slack is node 1
Node Pnet(pu)
1 +0.9500
2 -0.9500
Flows calculation and residuals
Line Nsal N1leg pmeasured pestim residuals
1 1 2 +0.9500 +0.9500 +0.0000
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Index

A
ABCD constants, 146-51
equivalent for series connection, 148
nodal admittance matrix from, 148-51
power flow calculations with, 151-54
series connection of two models, 148
shunt admittance and, 147
for two-port network, 147
Admittance matrix
fault, 307, 311
nodal, 35, 53, 83, 200
shunt, 121
three-phase, 202
Asymmetrical component, 370
Autotransformer
connections, 88
defined, 85
equivalent for, 86, 87
equivalent values for, 88
single-phase, 86
See also Transformer models
Axial conductors, 102-5

B

Backward substitution, 40
Backward waves, 157, 158

Bad data detection, 357-61

Bad measurements, 357, 360
Balanced complexors, 18

Base case load flow, 321

Best state estimation, 343
Branches, 38

Bundled conductors, 105-7, 136

C
Cables
calculation of parameters, 122
cross section, 123
horizontal underground arrangement, 125

one-phase armored, 127

series impedance, 123-26

series impedance matrix, 125-26

shunt capacitance, 126-27

spacing for neutral and phase conductor,

124

tape shielded, 126

three-phase, 127-32

See also Transmission lines
Capacitance

Gauss’ law and, 117-22

mutual, 129

phasor representation for, 11

shunt, 126-27

three-phase cables, 128
Capacitance matrix, 120
Capacitors

defined, 10

electric charge storage, 31

phasor model for, 10

voltage and current through, 9

voltage-current characteristics, 32
Carson’s equations, 112, 113, 114, 122
Characteristic impedances

boundary conditions at point of connection,

160

configuration of elements and, 165

defined, 158

element transition point, 159
Charges, potential at midpoint between, 119
Chi-square probability distribution, 358, 359
Circle diagrams

at receiving end, 152

at sending in, 154

use of, 153
Circuits

AC, power and energy in, 6-11

AC, voltage and current in, 6

branches and links, 38

377



378

Index

Circuits (Cont.)
DC, 4-6
with lumped elements, 32-33
magnetic, 318-20
mathematical, 42
number required to transport electric
power, 139-40
series RLC, 66
Thévenin’s equivalent, 42, 43
work and energy in, 4-18
See also Equivalent circuits
Clarke’s transformation, 62
Compensating current, 54
Complex numbers, 23-25
Complexors
balanced, 18
cosine time function, 6
defined, 6
rotating, 8
Complex plane
defined, 23
illustrated, 24
Complex power, 200
Complex transformers
with complex tap, 250
ideal, 283
incremental reactive power flow in, 179-80
incremental real power flow in, 176-79
for OLTC configuration, 293
overview, Xvi
power flows in, 283
Conductors
axial, 102-5
bundled, 105-7, 136
four-strand, 133
geometric distances of, 114
parallel, 102, 104, 105, 107
parallel, over ideal plane, 120
parallel to ideal equipotential plane, 119
retained, 136
round, 101
single, 100-102
three-strand, 132
transmission arrangement and geometry,
107
Congestion
minimum control effort and, 262
problem, 262
Constant flux linkages, 318
Contingencies
cause of, 322

reactive power under, 335-40
voltage under, 335-40
Contingency analysis
defined, 322
general system incremental linear network,
323-27
introduction to, 321-23
participation factors, 340-42
sensitivity matrix, 327-29
single contingency model, 329-40
summary, 342
Control actions, 198-200
Cost
equal incremental solution, 212
incremental, 214, 216, 218, 239
marginal, 212
real power marginal, 226
short-term marginal, 208, 235
thermal, 239
See also Minimum operating cost
Cost criterion, 207
Cost function
establishing, 208
in minimum control effort, 265
optimal problem, 218
surface and equality constraint, 210, 214
surface illustration, 209
value, 211
Cramer’s rule, 42
Currents
AC circuits, 6
compensating, 54
continuity of, 162, 163
nodal, 21, 36
three-phase unbalanced, 65
through resistance, 8
traveling, 160, 161

D
DC circuits, 4-6
DC current transmission element, 194
DC load, 292
DC network power flow solutions
incremental power flow equations, 194-98
overview, 193-94
Decoupled optimal power flow solution, 229
Decoupled power flow calculation, 193
Decoupled sequence matrix, 117
Decoupling
defined, 59
of state equations, 64-67
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AA connection
current information, 76
illustrated, 75
partial inversion, 76
symmetrical components transformation, 76
three-phase bank, 74-77

E
Earth return, 112-17
Eigenvalue problem, 60
Eigenvalues, 61
Eigenvectors, 61
Electrical length, 28
Energy
in AC circuits, 6-11
average use per capita, 2
consumption, USA, 3
in electric circuits, 4-18
kinetic, 276-77
main sources of, 2
systems, 1-18
total, 275
by type of source, 3
work and, 273-82
Equal incremental costs
penalty factor and, 218
solution, 211-12, 218
Equality constraint
cost function surface and, 210, 214
hydrothermal coordination, 234-35
Equivalent circuits
incremental reactive power flow, 188
incremental real power flow, 186-87, 251
long transmission lines, 144-46
outage admittance, 330
single-phase transformer model, 69
Thévenin’s, 167
three windings transformer, 90
voltage source converter (VSC), 287
Equivalent depth, 112
Equivalent height, 133-34
Equivalent incremental cost, 239
Equivalent resistance, 31
Error frequency, 295

F
Faraday’s law, 30, 99
Fast decoupled load flow, 189, 191, 322, 338
Fault admittance matrix, 307, 311
Fault connections

circuit interpretation for, 312-17

matrix, 299
negative sequence, 304
one-phase to ground, 313
series, 309, 311
three-phase, 299
unbalanced, 308, 316
Fault currents, 312
Fault equation
in coordinates 012, 298
in phase coordinates abc, 297-98
Thévenin’s equivalent and, 298
Faults
contingencies and, 322
current calculation, 317-18
introduction to, 297
series, 309-12
shunt, 307-9
single-phase, 312-14
studies of, 297-320
three-phase, 300-307, 368
between two phases, no ground, 314-16
between two phases and ground, 316-17
Fictitious node, 303
Flexible AC transmission system (FACTS), 249
Flow measurements, 355, 372
Flux linkages, 103
Force
defined, 274
distance and, 273-74
rotating torque, 275
vector, 274
Forward waves, 157, 158
Four-node system load flows, 231

G
Gaussian elimination, xv, 27, 41
large scale network equivalents, 48
linear equations and, 40-44
Gauss’ law, 117-22
Geometric inductance, 112
Geometric inductance matrix, 103
Geometric mean radius (GMR), 103, 132-33
Ground wires
boundary conditions for, 108
inclusion, 107-9
partial inversion, 109

H

Hessian matrix, 237

Hydrothermal coordination
cascaded case, 241
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Hydrothermal coordination (Cont.)

defined, 233

demand requirement, 236

equality constraint, 234-35

generation blocks, 239

generation to supply demand and losses,
241

illustrated, 235

incremental costs, 235-36

incremental water flow, 235

load demand for time changing values,
239

objective function and constraints, 234-42

of power system, 233-342
solution, 238

steps, 233-34

variations, 242

1
Image method, 121
Impedance
mutual, 129, 130
from Ohm’s law, 34
self, 130
sequence, 111-12
series, 113
surge, 143-44
three windings transformer, 89
transformation, 111
Impedance matrix
reduced, 116
series, 112
transposed transmission line, 110
values, 53
Implicit method, 205
Incremental costs
equal, 218
equivalent, 239
hydrothermal coordination, 235-36
optimal gradient, 214
penalized, 216
Incremental DC power flow equations,
194-98
Incremental power, 194-95
Incremental power flows
complex power transformer, 175-80
control actions and, 198-200
expressions for, 284-87
partial derivatives, 285
three-node system, 201

three-node system illustration, 198

transmission lines, 180-82
Incremental power model, 282-87

DC load, 292

extensions to, 290-92

reactive power and voltage control, 290-92

Incremental reactive power flows

equivalent circuit, 188

linearized model, 323

model, 258

with partial derivatives, 187, 188

series and shunt components, 259

in transformer, 179-80

transmission line, 181-82
Incremental real power flows

equivalent circuit, 187, 251

with partial derivatives, 188

in transformer, 176-79

transmission line, 181, 182
Incremental torque, 277
Incremental water flow, 235
Inductance

geometric, 112

Ohm’s law and, 31

reduced transient, 318

series, 99-112

subtransient, 319
Inductive compensation, 290-91
Inductors

circuit representation, 31

defined, 9
Inequality constraints, 213-16
Inertia constant, 278
Instantaneous power, 11-13, 274
Inverse Laplace transform, 157, 158

J
Jacobian matrix, 199, 200

Jules, 274

K
Kinetic energy, 276-77

Kirchhoff’s current law (KCL), 27, 33-35

circuit configuration and, 33

in circuit solution, 18

current summation, 20

in matrix form, 34
Kirchhoff’s voltage law (KVL), 38-39
Kron’s reduction, 44
Kuhn-Tucker multiplier, 214, 271
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L
Lagging power factor, 16
Lagrange function, 218-19, 222
Lagrange multipliers, 208, 219, 237
Lagrangian equation and gradients, 212
Laplace transform, 279
Laplace transformed equations, 156
Lattice diagrams, 165-66
Leading power factor, 16
Least squares
criteria, applying, 349
principle, xviii
solution, 353
weighted, 354-61
Linear circuits, 327-29
Linear equations, 40-44
Linear models
for fast studies, 323
for incremental real power flow, 323
least squares, 345-53
sparse techniques, 325
steps for network solution, 324-25
Linear state estimation, 348-53
Line transposition, 109-10
Links, 38
Load center, generation site remote from,
140
Load convention
for power flows, 13-18
using, 33
Load flows
AC solutions, 282
base case, 321
equations, 183
fast decoupled, 189, 191, 322, 338
four-node system, 231
incremental AC formulation, 198
for minimum loss solution, 225, 230
problem, 182
results, 185
small DC solution, 198
solution by Newton’s method, 285-87
solution diagram, 191
three-phase, 202, 203
Load intervention, 153
Local phasor concentrators (LPCs), 372
Longitudinal networks
defined, 255
real power flow control, 255-58
sparse patterns for matrix, 256

Long transmission lines
equivalent circuit, 145-46
flat line concept, 143
incremental distance in, 141
no-load line, 144

nominal 7 and equivalent circuit, 144-45

propagation velocity, 143-44
surge impedance, 143-44
V(x) and I(x) equations in, 141-46
wave length, 143-44
See also Transmission lines
Loop-element connection matrix, 39
Losses
hydro and thermal generation, 241
minimum, 218-22
no, optimal dispatch with, 211-16
penalized incremental, 219
real power, 216-18, 233
transmission, 222-23
Lumped elements, circuits with, 32-33

M
Magnetic circuits

illustrated, 318, 319

subtransient response, 319-20

transient response, 318-19
Marginal cost, 212
Mathematical circuits, 42
Matrix inversion

defined, 44

lemma, 56-57
Matrix of potentials, 120
Matrix transformation, 62—-64
Measurement error, 346
Measurement matrix, xviii, 351, 372
Measurements

bad, 357, 360

in estimation process, 373-74

flow, 355, 372

good batch, 358

nodal power, 362

in RTU, 344

voltage, 366

wide area, 371-72
Mesh equations, 28
Minimum control effort

congestion and, 262-73

cost function, 265

defined, 262

optimal coordinated control, 270-73



382

Index

Minimum control effort (Cont.)
reactive power flow control, 268-70
real power flow control, 250, 265-68
sensitivity coefficients, 262-64
three-node system, 266, 268

Minimum effort, 198

Minimum losses, 218-22

Minimum operating cost
power flow formulation, 225-33
power systems, 207-8
three-node system load flows for, 225, 230

Minimum squares estimation, xviii

Minimum weighted squares, 355

Mutual capacitance, 129

Mutual impedance, 129, 130

N
Negative sequence connections, 304
Network analysis
circuits with lumped elements, 32-33
diakoptical approach, 54-56
introduction to, 27-29
Kirchhoff’s current law (KCL), 33-35
Kirchhoff’s voltage law (KVL), 38-39
large scale network equivalents, 48-54
linear equations and Gaussian elimination,

40-44

matrix inversion lemma, 56-57

nodal formulation, 35-38

Norton’s and Thévenin’s equivalents, 47-48

Ohm’s law, 29-32

Ypus and Zyyg matrix elements, 44-47
Network equivalents

illustrated, 51, 52

large scale, 48-54

partitioned, 49-54

See also Norton’s equivalent;

Thévenin’s equivalent
Newton-Raphson iterative method, 169
Newton’s incremental form, 216-17
Newton’s iterative process, 172-73, 220, 226,

237
Newton’s power flow solution, 17475, 182—

85, 285-87
Nodal admittance matrix, 53, 83, 200

from ABCD constants, 148-51
defined, 36
Nodal current equations, 34
Nodal currents, 21, 36
Nodal equations, 28

Nodal formulation, 35-38
Nodal method, 35, 36
Nodal voltages, 12, 200, 331
Node currents
three-phase complex transformer, 75, 78, 80
three phase transformer, 92, 93
Node elimination
circuit illustration, 41
Norton’s equivalent after, 40
Node equation, 33
Node voltages, 27
Nonlinear equations
DC real power flow problems and, 172
low voltage solution, 173
Newton’s iterative process, 172-73
solution of, 169-73
Nonlinear minimum squares, 361-64
Normal probability distribution, 345, 354,
358
Norton’s equivalent, 47-48
after node elimination, 40
after node one elimination, 48
defined, 27

for synchronous generator, 201

(0]
Observability, 358, 372-74
Observation matrix, 354
Ohm’s law, 20, 28, 29-32
admittance form, 35
compact matrix equation, 74-75
inductance and, 31
model, 188
One-phase to ground fault connection, 313
on load tap changer (OLTC), 284
complex power transformer, 293
real and reactive power flows, 292-95
Open circuit coefficients, 27
Open conductor, 200
Optimal control coordination, 295
Optimal coordinated control efforts, 270-73
defined, 270
load flow solution, 273
sensitivity coefficients, 271
tap chance, 271
voltage magnitudes, 273
Optimal operation of power systems, 207-48
hydrothermal coordination, 233-42
introduction to, 207
minimum losses, 218-22
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minimum operating cost, 207-8

nonlinear optimization, 207-11

optimal dispatch with no losses, 211-16

real power losses, 216-18

second-order derivatives, 24248

transmission losses included, 222-33
Optimal reactive power flow control, 268-70
Optimal real power flow control, 265-68
Organization, this book, xv—xviii
Outage admittance, 330

P
Parallel conductors
bundle, 105
interpretation of equivalent impedance, 107
over ideal plane, 120
set of three, 102, 104
Parameter estimation
simple network for, 364
Thévenin’s equivalent and, 364-66
Partial derivatives
calculation, 196
incremental power, 194-95
incremental power flows, 285
reactive power, 244
of second-order, 246-48
Partial inversion, xv, 27, 42—-44
algorithm, 97-98
bundled conductors, 106
ground wire inclusion, 109
large scale network equivalents, 48
lemma, 54
procedure, 43-44
rules, 43
single-phase transformer model, 68, 72
three-phase AA bank, 76
three-phase YA bank, 78
Partial matrix inversion, 36, 72
Participation factors, 340-42
Partitioned networks, 49-54
Passive elements, 28
Phase shifters, 187, 328
Phasor measurement units (PMUs), 345, 367
Phasors, 7-11
capacitance representation, 11
in changing frequency condition, 372
estimation, 36672
inductance representation, 10
in resistance, 9
voltage and current, 9, 14

Piecewise networks, 55
Power
in AC circuits, 6-11
complex, 200
in DC circuits, 4-6
incremental, 194-95
instantaneous, 11-13, 274
mismatches, 285
nominal, 278
reactive, 12-13, 141, 151, 244, 246-48,
335-40
real, 12-13, 151
for three-phase circuit, 18-23
time versus, 275
triangles, 14
turbine’s, 277-79
Power balance, 278
Power factor
effect on voltage, 19
lagging, 16
leading, 16
table, 18
Power flow calculations
with ABCD constants, 151-54
circle diagram, 152, 153, 154
decoupled, 193
Power flow equations, 175-82
Power flows, 169-205
approximations, 186-93
in complex transformer, 283
DC network solutions, 193-98
incremental, 175-82
introduction to, 169
lagging power factor, 16
leading power factor, 16
load, base case, 270
load convention for, 13-18
minimum cost formulation, 225-33
Newton’s solution, 174-75, 182
PV curve, 170
real, control of, 250-58
solution of nonlinear equations, 169-73
for three-phase circuit, 19
in transmission line, 284
unbalanced three-phase, 200-205
Power margin, 365, 371
Power mismatch equation, 184
Power systems
fault studies, 297-320
health, 371
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Power systems (Cont.)
hydrothermal coordination, 233-42
linear state estimation, 348-53

measurements in RTU, and control center,

344
minimum losses, 218-22
minimum operating cost, 207-8
nonlinear optimization, 207-11
optimal dispatch with no losses, 211-16
optimal operation, transmission losses
included, 222-33
optimal operation of, 207-48
rate of failure, 322
real power losses, 216-18
reliability, 322
second-order derivatives, 242-48
security, 372
state estimation in, 343-74
wellbeing, 343
Power-voltage relation, 170
Primary loop control
dynamic frequency response, 280
frequency, 279-82
frequency response, 281
illustrated, 279
supplementary control loop, 282
Proportionality constants, 32
PV curve
characteristics, 172
circuit for, 171
multiple solutions to power flow, 170
for resistive load, 171

R
Rate of failure, 322
Reactance, in series inductance, 99
Reactance matrix, 104
Reactive power, 12-13
compensation, 17
under contingencies, 335-40
incremental power model and, 290-92
obtaining from terminal relations, 151
partial derivatives, 244
partial second-order derivatives, 246-48
transmission line requirement, 141
Reactive power flow
circuit solution, 339
incremental circuit to model, 335, 337
incremental current model, 338
sensitivity matrix, 340

Reactive power flow control, 258—62
base case, 269
circuit to study, 259, 268
matrix equation, 260-61
minimum control effort, 268-70
network for, 262
optimal, 268-70
tap change, 261
three-node system, 268
voltage condition, 261
Reactive VARs, 249
Real power, 12-13
flows, 325
losses, 216-18, 233
marginal costs, 226
obtaining from terminal relations, 151
Real power flow control, 250-55
base case, 265-66
incremental model, 263-64
longitudinal networks, 255-58
minimum actions, 250
minimum control effort, 265-68
network for, 251
optimal, 265-68
options, 255
sensitivity factors, 253
sparse nature of the matrix, 253, 254
three-node system, 263
three-node system base case, 266
Reduced gradient, 208
Reduced transient inductance, 318
Redundancy, 343
Reference angle, 200
Reflection coefficients, 159, 163, 166
Reflexion coefficients, 158-59
Refraction coefficients, 159, 163, 166
Regular control function, 366
Remote terminal units (RTUs), 343, 344
Resistance
connectivity elements, 52
defined, 7, 29
equivalent, 31
in series inductance, 99
voltage and current phasors through, 9
voltage and current through, 8
Resistors
voltage-current characteristics, 29, 30
voltage-current relation, 30
Retained conductors, 136
Right of ways, 140
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RMS phasor, 7, 9, 367, 369-70
Rotating speed, 276

Rotating torque, 275

Rotor speed, 295

Round conductor, 101

S
Sag estimation, 134
Scatter diagrams, 346
Second-order derivatives, 242-48
Self impedance, 130
Sensitivity coefficients, 262-64, 265, 271
Sensitivity matrix
defined, 272, 327
for incremental control changes, 328-29
for linear circuit, 327-29
reactive power incremental model, 340
Sequence impedances, 111-12
Series fault connections, 309, 311
Series impedance
cables, 123-26
transmission line arrangement for
calculation, 113
two-port element in, 146
Series inductance, 99-112
axial conductors, 102-5
bundled conductors, 105-7
ground wire inclusion, 107-9
line transposition, 109-10
reactance, 99
resistance, 99
sequence impedances, 111-12
single conductor, 100-102
Series RLC circuit, 66
Shielded wires, 135
Short-term marginal costs, 208, 235
Shunt admittance, 147
Shunt admittance matrix, 121
Shunt capacitance, 126-27
Shunt faults, 307-9
Shunt reactive compensation, 259
Shunt susceptances, 337
SIMULINK® environment, 295
Single contingency model
overview, 329
Thévenin’s equivalent, 330-35
See also Contingency analysis
Single-phase fault, 312-14
Single-phase transformer model, 67-74
alternative circuit, 95-97

base quantities selection steps, 70
equivalent circuit, 69
equivalent circuit, grounded neutrals,
69
illustrated, 67
mutually coupled circuits and pu values,
72
partial inversion, 68, 72
per unit values, 69-74
pu base value determination, 69-70
solution for, 73
voltage, current, and impedance, 71
voltage relations, 68
voltages and currents, 70
Sinusoidal voltage, 6, 8, 10
Slack bus, 351
Source participation factors, 64
Sparse techniques, 325, 342
Squared errors, 346
Stability margin, 333
Stability’s angle limit, 154
STATCOM
characterization, 287
configuration for voltage control, 294
model, 292-95
modified network, 292
voltage control and reactive power injection,
294
State estimation
best, 343
centralized data acquisition system,
344-45
defined, 344
introduction to, 343-45
least squares, linear model, 345-53
nonlinear minimum squares, 361-64
observability, 358, 372-74
parameter estimation, 364—66
phasor estimation, 366-72
weighted least squares, 354-61
Static VAR compensators (SVCs), 249
Steady state stability margin, 328
Subtransient inductance, 319
Subtransient response, 319-20
Surge impedance, 143-44
Symmetrical components transformation,
62-64
sequence impedances, 111
three-phase AA bank, 76
System data concentrators (SDCs), 372
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T
Tape shielded cable, 126
Taylor’s series expansion, 284
Thermal cost, 239
Thermal limit, 154
Thévenin’s equivalent, 47-48, 168
in 012 references, 302
in abc reference, 301
circuit, 42, 43, 167
defined, 48
fault connection equations and, 298
fault matrix connection and, 299
parameter estimation and, 364-66
single contingency model, 330-35
for synchronous generator, 201
three-phase fault, 300
voltage source, 48
Three-phase balanced network, 314, 366
Three-phase bank transformer
model, 74-85
node currents, 75, 78, 80
overview, 74
three-phase AA bank, 74-77
three-phase YA bank, 77-79
three-phase YY bank, 79-85
See also Transformer models
Three-phase cables
capacitances, 128
center coordinates, 128
mutual capacitance, 129
phases, 127
pipe type, 129-32
pipe type cradle arrangement, 128
self impedance, 130
susceptance values, 129
See also Cables
Three-phase circuit, 18-23
Three-phase fault, 300-307
for AC network equivalent, 368
connections, 299
fictitious node, 303
impedance abc, 306
one-line diagrams, 303
results, 307
Simulink diagram, 368
Thévenin’s equivalent, 300
Three phase transformer
defined, 92
example, 93-95
node currents, 92, 93

See also Transformer models
Three-phase unbalanced currents, 65
Three windings transformer

circuit representation, 89

core and windings, 92

currents and voltage for, 91

defined, 89

delta equivalent, 91

equivalent circuit, 90

impedances, 89

tertiary winding, 91

See also Transformer models
Time constants, 318
Torque

incremental, 277

rotating, 275
Total energy, 275
Transfer functions, 295
Transformation matrix, 61, 63
Transformer models

autotransformer, 85-88

decoupling of state equations, 64-67

introduction to, 59

single-phase, 67-74

symmetrical components transformation,

62-64

three-phase, 92-95

three-phase bank, 85

three windings transformer, 89-92
Transient response, 318-19
Transmission limits

stability’s angle limit, 154

thermal limit, 154

from voltage drop, 155-56
Transmission line loadability

ABCD constants, 146-51

approximate real power handling and

losses, 137-41

compensation requirements, 150, 151

introduction to, 137

plots for stability limit, 150

power flow calculations, 151-54

transmission limits, 154-56

V(x) and I(x) equations in, 141-46

wave equation and time expressions,

156-68
Transmission line modeling

cable parameters, 122-32

Earth return, 112-17

equivalent height, 133-34
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Gauss’ law and capacitance, 117-22
geometric mean radius (GMR), 132-33
illustrated, 137
introduction to, 99
lines in parallel, 135
series inductance, 99-112
Transmission lines
axial conductors, 102-5
bundled conductors, 105-7
high voltage, approximations, 138
incremental power flows for, 180-82
incremental reactive power flow for, 181-82
incremental real power flow for, 181, 182
long, 141-46
number of circuits required, 139-40
in parallel, 135-36
parameter values, 138
power flows in, 284
reactive power requirement, 141
round conductor, 101
sag estimation, 134
single conductor, 100-102
transposition, 109-10
Transmission losses
minimum cost power flow formulation,
225-33
nodal power balance, 222
optimal operation, 222-33
overview, 222-25
Transposed transmission lines, 109-10
Traveling currents, 160, 161
Traveling voltages, 157, 161
Traveling waves
backward, 157, 158
defined, 157
forward, 157, 158
Tripped condition, 329, 333
Trips, line, 332, 337
Turbine’s power, 277-79

u
Unbalanced fault connections, 308, 316
Unbalanced three-phase power flow, 200-205
incremental concepts, 201
iterative process, 202

\"
Vector force, 274

Voltage and current
AC circuits, 6

lagging power factor, 16

Laplace transformed equations, 156
leading power factor, 16

phasors, 14

phasors in resistance, 9
single-phase transformer model, 70
for three-phase circuit, 19

through inductance, 9

through resistance, 8

through series R, L C circuit, 11

Voltage collapse margin, 365
Voltage control

STATCOM, 294
voltage source converter (VSC), 290, 291

Voltage drop

limit from, 155-56
in terms of nodal voltages, 35
total power at receiving end and, 155

Voltages

under contingencies, 335-40
continuity of, 162, 163
measurement, 366
nodal, 12, 200, 331

node, 27

phase, 315

reflected, 167

sinusoidal, 6, 8, 10
traveling, 157, 161

Voltage source converter (VSC)

equivalent circuit for, 287

incremental model for, 288-90

system configuration, 288

system configuration for voltage control,
290, 291

w

Weak systems, 366

Weighted least squares, 354-61
Weight matrix, 354

Wide area measurements, 371-72
Work

energy and, 273-82
force and distance, 273-74

Ypys matrix, 56-57
YA connection, 77-79
YY connection

illustrated, 79
nodal admittance matrix, 83
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nodal matrix in sequence quantities, 84 ZpUS matrixs 44—47
node current relations, 82 Zero sequence current, 314
product matrices, 84 Zero sequence network, 305

three-phase bank, 79-85
voltage across elements, 81
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