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Preface

“Blind” source separation (BSS) aims to recover unknown source signals from their
measurable mixtures without any information about the mixing system. It is a
fundamental and challenging problem arising from a wide variety of applications
such as wireless communication, medical signal analysis, passive listening, and
video surveillance. In traditional BSS methods, a fundamental assumption is that
the source signals are independent or at least mutually uncorrelated. This
assumption is unfortunately too restrictive to be met in some emerging important
applications. For example, in a densely deployed wireless sensor network for mi-
croclimatic condition monitoring, the density of sensors may be very high, e.g.,
more than tens of sensors per square meter. Thus, signals from adjacent sensors are
unavoidably cross-correlated and their cross-correlations are unknown. Similarly, in
a real-time wireless video surveillance system for anti-terrorism monitoring, images
captured by cameras are often mutually correlated. The scenario of mutually cor-
related signals can also be found in multiple-input multiple-output wireless relay
systems, where the signals received and sent by the relay nodes are spatially
correlated.

In this book, we provide readers a complete and self-contained set of knowledge
about dependent source separation, including the latest development in this field. In
Chap. 1, we present an overview of blind source separation. Three promising blind
separation techniques that can tackle mutually correlated sources are presented and
discussed in Chaps. 2—4, which focus on nonnegativity-based methods, time-fre-
quency analysis-based methods, and precoding-based methods, respectively.
Finally, we outline the possible future work in Chap. 5.

Melbourne, Australia, July 2014 Yong Xiang

Chengdu, China Dezhong Peng
Guangzhou, China Zuyuan Yang
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Chapter 1
Introduction

Abstract Blind source separation (BSS) aims to recover unobserved source signals
from their observed mixtures without any information of the mixing system. It is a
fundamental problem in signal and image processing. In this chapter, we first intro-
duce the background of BSS, including its history and potential applications. Then,
we give a brief overview of the traditional BSS methods for separating independent
or uncorrelated source signals. After that, the BSS problem with mutually corre-
lated sources are discussed, together with several mainstream BSS schemes and the
corresponding algorithms.

Keywords Blind source separation - Mutually correlated sources + Dependent com-
ponent analysis

1.1 Background of Blind Source Separation

Generally speaking, blind source separation originates from the well-known cocktail
party problem, where a number of people are talking simultaneously in a room and
a listener is trying to follow one of the discussions [1]. Mathematically, at a cocktail
party (shown in Fig. 1.1), there are m microphones that record or observe r partygoers
or speakers at n time increments, where a given microphone is not placed to a given
speaker’s mouth and is not shielded from the other speakers [2]. Hence, the observed
conversations consist of mixtures of true conversations. The problem is to separate or
recover the original conversations from the recorded mixed conversations. The human
brain can handle this sort of auditory source separation problem to some extent, and
BSS tries to solve it like our brain by using a digital signal processing method.
Blind source separation has a wide range of applications in different areas. It is
found that many problems can be explained in the framework of BSS, including
communication signal processing, biomedical signal identification, remote sensing
image interpretation, and so on. In a multiple-input multiple-output (MIMO) wire-
less communication system, the source signals are transmitted to the receiving end
through a MIMO wireless channel system. If multiple users are transmitting signals
simultaneously, the signals observed at the receiving antennas will be the mixtures

© The Author(s) 2015 1
Y. Xiang et al., Blind Source Separation,
SpringerBriefs in Signal Processing, DOI 10.1007/978-981-287-227-2_1



2 1 Introduction

Fig. 1.2 Illustration of a MIMO wireless communication system

of the source signals (see Fig. 1.2) [3, 4]. How to recover the source signals from the
received mixtures is a typical BSS problem.

In electroencephalography (EEG) or magnetoencephalography (MEG) signal
processing, to explore the activity of the brain, one often puts high density array
sensors on the scalp to collect data (see Fig. 1.3) [5, 6]. Due to the resolution restric-
tion of the sensors, the collected EEG or MEG signals are often mixtures of the dipolar
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Fig. 1.3 Tllustration of EEG
or MEG signal measurement

: } MEG or EEG
as shown in [5] >

signals

Dipolar brain sources

Fig. 1.4 Illustration of
remote sensing imaging as
shown in [7]

source signals. Then, given the collected EEG or MEG data, how to determine the
source signals of the brain becomes a BSS problem.

In remote sensing image processing, to obtain the grand covers in an unknown
area, a useful method is to scan the area using hyper-sensors with hundreds of spectral
bands located in the airplanes or satellites (see Fig. 1.4) [7]. In the corresponding
hyperspectral imagery, most pixels contain mixed information of more than one
distinct substances or sources, due to the following reasons: a) the spatial resolution
of a sensor is restricted and b) distinct materials are combined into a homogeneous
mixture [7]. Then, the collected spectra are often mixtures, which are mixed by
spectra of different grand covers (or sources) with their proportions (or coefficients).
Obviously, it forms a BSS problem, where one needs to obtain the source spectra
from the observed mixtures without knowing the mixing coefficients.

Regarding the mathematical or physical models for the mixing processes of the
unknown source signals, they may have different styles, depending on the specific
applications. Among those models which can reflect the mixing processes, the instan-
taneous linear model has the simplest form. Algebraically, most linear BSS models
can be expressed as the following specific matrix factorization [5]:

Y =AX+W (1.1)
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Fig. 1.5 Block diagram of

the mixing system in (1.2) x, (1) w0 i (0
5,0 a® SRAL
—

where Y € R™*" is the observed mixture matrix, A € R™*" is the mixing matrix,
X € R™" denotes the source signal matrix, W € R”*" denotes the noise signal
matrix, and m, r and n stand for the number of observations, the number of sources,
and the number of samples, respectively. For the BSS problem encountered in some
practical applications such as wireless communication, the mixing system is often
expressed in the following time series style:

y() = Ax(1) + w(1) (1.2)

where y(7) € R™*! is the observed mixed signal vector, x(r) € R"*! is the source
signal vector, w(t) € R™*1 s the noise signal vector, and ¢ denotes the time index.
Letx() = [x1(1), x2(0), ..., (D17, y(@) = [y1(), y2(1), ..., ym()]" and w(1) =
[wi(®), wa(?), ..., wn@)]T, where the superscript T stands for transpose. Assume
that the coefficients of the mixing system in (1.2) (or (1.1)) are real valued. The block
diagram of the mixing system in (1.2) is shown in Fig. 1.5.

Based on the instantaneous linear mixing model in (1.2), the following convo-
Iutional model is further developed for speech and digital communication signal
processing [8—11]:

+o00
YO = D A@X(E — 1) + W) (1.3)

T=—00

where 7 denotes the time lag. The convolutional model well reflects the effects of
multipath propagation. There also exists the following bridge model [12]:

—+00
YO = D AX(t — 1) +w(). (1.4)

T=—00

This model connects the instantaneous model and the convolutional model, i.e., the
mixing system is time-invariant and the sources are mixed each other, together with
their delayed counterparts.

In addition to the linear mixing models, the nonlinear mixing models have
also been proposed for BSS. A representative nonlinear mixing model is the post-
nonlinear mixing model [13, 14] shown below:

y(t) = F(AX(t)) + w(?) (1.5)
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where F(-) denotes a nonlinear function. This model has the nice property that it can
be characterized by few parameters. It is a flexible generalization of the standard
linear mixing model and can accurately imitate many different nonlinearities.

In this book, we limit our attention to the simplest instantaneous linear mixing
model in (1.1) or (1.2). Sometimes, for the sake of simplicity, the noiseless counter-
parts of (1.1) and (1.2) are also used, which are

Y = AX (1.6)

and
y(1) = Ax(1) (L.7)

respectively.

1.2 Statistics Based Methods for Blind Source Separation

1.2.1 Higher-Order Statistics Based Methods

One classical scheme aiming to solve x(¢) in (1.7) is the so-called independent
component analysis (ICA). ICA attempts to decompose a multivariate signal into
independent non-Gaussian signals [15]. It gives good results under the assumptions
that the source signals are independent of each other and the distribution of the values
in each source signal are non-Gaussian. From the viewpoint of implementation, [CA
finds the independent components (also called factors, latent variables or sources) by
maximizing the statistical independence of the estimated components. Regarding the
optimization of independence, there are several versions based on different measures,
where two popular ones are minimization of mutual information and maximization
of non-Gaussianity. In general, different independence measures give different forms
of ICA methods and there exist a series of [CA-based BSS methods. A representa-
tive ICA-based BSS method is the fixed-point ICA in [16]. In this method, Comon’s
information theoretic approach and the projection pursuit approach are combined
to obtain independent components, and a family of new contrast (objective) func-
tions for ICA are constructed. Based on these contrast functions, simple fixed-point
algorithms are derived, which can optimize the contrast functions very quickly and
reliably. The fast ICA-based separation model is as follows [16]:

Maxmize : » [E{G(b]y(1))} — E{G)})* (1.8)

i=1

s.t. E{Ty()) (b y(1)} = 8k
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where b; denotes the ith column of the separation matrix B, v stands for a Gaussian
random variable with zero mean and unit variance, E{-} is the mathematical expecta-
tion operator, 4 j is the Dirac function which equals one at j = k and zero at j # k,
and G(-) is a nonlinear function, e.g., G(x) = x4 Clearly, ICA-based methods
exploit the higher-order statistics (HOS) of the source signals.

The constant modulus (CM) property of signals can also be employed to perform
BSS [17] via a multistage approach. This approach first uses a constant modulus
algorithm (CMA) to extract one source signal, and then subtracts a replica of the
extracted signal from the mixtures. From the result of the subtraction, the CMA can
extract another source signal. This process is repeated until all source signals are
extracted. In [18], a one-stage CMA-based method is proposed such that all source
signals can be estimated at the same iteration. This one-stage method follows the
concept of the multi-stage counterpart but modifies the latter by that the cascaded
extraction process only occurs within each iteration. Clearly, the error propagation
problem still remains in the one-stage method as the separation vectors are updated
successively within each iteration. In [19], a separation model based on the constant
modulus criterion and the mutual information of the estimated signals is proposed
as follows:

r

Minimize : E {Z (e,»TBTy(Z)Y(t)TBei - )’)2}

i=1

+B [ilog (e/B"RyyBe;) — log (det(BTRyyB))] (1.9)

i=1

where
Ry 2 E (y(t)y(t)T) (1.10)

is the autocorrelation matrix of y(¢), €; is an r x 1 column vector whose ith element
is one and the rest elements are zero, y is a priori constant dispersion, g is a positive
real number that trades off the amplitude term and the mutual information term,
and log(-) and det(-) are respectively the logarithm and determinant functions. The
algorithm derived from this cost function directly updates the separation matrix
rather than successively updates the separation vectors. Consequently, it separates
all source signals simultaneously and also eliminates the propagation of estimation
errors. Clearly, the CMA-based methods also utilize the HOS of the mixtures.
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1.2.2 Second-Order Statistics Based Methods

It is interesting to note that the BSS methods that utilize the HOS of the mixtures
usually require the source signals to be white. While white signals are often encoun-
tered in practical applications, colored signals also widely exist. In fact, informa-
tion bearing signals are often colored. The color of a signal may be inherent in the
original message, or be built into the signal by the system designer. By exploiting
the temporal correlation of signals, alternative methods can be developed based on
second-order statistics (SOS), instead of HOS. The HOS-based methods usually need
a large number of data samples to obtain satisfactory performance. Thus, in applica-
tions where fewer data samples are available, the SOS-based methods are preferable
[4, 20-22].

Among the existing SOS-based BSS methods, the approximate joint diagonal-
ization algorithms play crucial roles. They are generally divided into two cate-
gories: orthogonal joint diagonalization (OJD) and nonorthogonal joint diagonal-
ization (NJD). The OJD algorithms restrict the diagonalizer to be orthogonal and
are applicable to BSS when the observations are prewhitened. However, because
of some disadvantages of the prewhitening phase in BSS, the NJD algorithms have
received increasing attention in recent years. Most NJD algorithms are based on the
following criterion of minimizing diagonalization error [23]:

K
Minimize : Z off (B” Ryy (14)B) (1.11)
k=1

where off (A) = Zi#j aizj, Ryy (1) is the auto-correlation matrix of y(7) with time
lag 7%, and K denotes the number of time lags. Generally, two important things are
involved in the NJD methods: (i) impose proper constraints to obtain reasonable solu-
tions and (ii) design an efficient algorithm to solve the corresponding optimization
model. Regarding the constraints, since a good diagonalizer should have a small con-
dition number when it minimizes the diagonalization error [23], the constraints can
be uniformly expressed in terms of condition number, i.e., minimizing the condition
number of the diagonalizers. Then, the approximate joint diagonalization problem
can be treated as a multi-objective optimization problem. To solve this multi-objective
optimization problem, a simple algorithm is proposed in [23]. It achieves the mini-
mum diagonalization error and the corresponding diagonalizer has a small condition
number. Furthermore, it imposes few restrictions on the target set of matrices to be
diagonalized, making it applicable to different applications.

Another SOS-based method is the one based on temporal predictability, where the
source signals and their mixtures are assumed to have distinct temporal predictabil-
ity [24]. Like the traditional SOS-based methods, the temporal predictability method
only assumes that the sources are uncorrelated. It does not need to estimate the prob-
ability density functions and can separate super-Gaussian signals and sub-Gaussian
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signals simultaneously. This method is based on the conjecture that the temporal pre-
dictability of any signal mixture is less than (or equal to) that of any of its component
source signals. The conjecture is improved in an equivalent concept of covariance
rate in [25]. It is proved that the covariance rate of a mixture signal is between the
maximal and minimal covariance rates of the sources. In [26], it is further shown
that the sources are separable by the temporal predictability method if and only if
they have different temporal structures (i.e., autocorrelations), which indicates the
applicability and limitations of the temporal predictability method. Meanwhile, the
following separation model is proposed for estimating the separation vectors b;,

i =1,2,...,r that form the separation matrix B [26]:
b7 Citb;
Maximize : ’—iyl (1.12)
bl.T Cy§b,-

where A; = Z_ﬁ, As = 2_ﬁ, 0 < hsg <« hp are parameters, and C§y is the
covariance matrix of y(#) with time lag controlled by A.

In [27], Abed-Meraim et al. show that the second-order cyclic statistics can also
be applied to BSS. Specifically, blind source separation can be achieved using the
cyclic correlation matrices of the mixed signals if there do not exist two distinct
source signals whose cycle frequencies are the same and whose cyclic autocorre-
lation vectors are linearly dependent. A set of algorithms are proposed in [27] for
blindly recovering the source signals. In [28], the phase redundancy and frequency
redundancy of cyclostationary signals are exploited to tackle the BSS problem in
a complementary way. This method requires a weaker separation condition than
those methods which only exploit the phase diversity or the frequency diversity of
the source signals. The separation criterion is to diagonalize a polynomial matrix
whose coefficient matrices consist of the correlation and cyclic correlation matrices
of multiple measurements.

1.3 Blind Source Separation via Dependent Component Analysis

1.3.1 Scenarios of Mutually Correlated Sources

While the condition that the source signals are mutually independent or at least
uncorrelated is reasonable for many applications, spatially correlated sources also
occur in practice. For example, in recent years, the Internet of Things (IOT) based
on wireless sensor network has attracted a lot of research interest [29-31]. In order
to provide high reliability in face of the failure of individual sensors, and/or facilitate
superior spatial localization of objects of interest, some wireless sensors could be
densely deployed in IOT. As a result, signals from adjacent sensors are unavoidably
cross correlated [32] and their cross correlations are usually unknown. Correlation
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Fig. 1.6 Correlated natural
images

may also arise between signals from nonadjacent sensors if the sensors sample an
environmental parameter that does not change significantly at their locations.
Besides, if each sensor is equipped with a video camera, the IOT becomes a
wireless video surveillance system. It is known that images which look irrelevant are
often mutually correlated [33-35]. Especially, human face images show particularly
strong correlations [36]. These conclusions can be easily verified by using some
real world images. For instance, Fig. 1.6 shows four different images, which look
irrelevant content-wise. If one computes their correlation coefficient matrix, it yields

1.0000 0.3461 0.4020 —0.5427
0.3461 1.0000 0.7022 —-0.5053
0.4020 0.7022 1.0000 —0.4589
—0.5427 —0.5053 —0.4589 1.0000

C =

Fig. 1.7 Human face images
with strong correlation
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Clearly, these images are mutually correlated as the off-diagonal entries of C; are
nonzero. Similarly, for the face images in Fig. 1.7, the corresponding correlation
coefficient matrix is

1.0000  0.9106  0.8265  0.8421
0.9106 1.0000  0.8237  0.8379
0.8265  0.8237 1.0000  0.8451
0.8421  0.8379  0.8451 1.0000

C =

Since the off-diagonal entries of C, are very large, these images have strong correla-
tions. More examples of correlated images can be found in fingerprint images [37],
X-ray images [38, 39], abundance images [7], and so on.

Mutually correlated signals can also be found in MIMO wireless relay systems
[40—-43], where the communication between the source and destination nodes is
carried out via two stages. In the first stage, the source nodes transmit signals to the
relay nodes. In the second stage, the source nodes are silent, and each relay node
amplifies the received signal and then sends the amplified signal to the destination
node. In these relay systems, the instantaneous channel state information (CSI) of
the relay-destination link is essential to the optimization of the relay amplifying
power [40-43]. However, since the instantaneous CSI is unknown in practical relay
communication systems, it has to be estimated at the destination node [44, 45]. This
problem can be cast as a BSS problem but the signals received and sent by the relay
nodes are spatially correlated.

In the case of mutually correlated sources mentioned above, the conventional
BSS methods exploiting the higher-order or second-order statistical properties of the
sources will fail. To develop BSS methods for mutually correlated sources, one must
analyze and exploit other properties of the source signals. We call this dependent
component analysis (DCA), in contrast to the well-known ICA technique used for
the blind separation of mutually independent (or uncorrelated) sources.

1.3.2 Dependent Component Analysis Based Methods

The current state-of-the-art works for BSS via DCA employ some special features
of the source signals, such as nonnegativity and sparsity, or build some features into
the source signals through a technique called precoding.

1.3.2.1 Exploiting Nonnegativity
Nonnegative signals exist in various applications such as biomedical data analysis

and image processing. One popular BSS method exploiting source nonnegativity
is called convex analysis of mixtures of nonnegative sources by linear program-



1.3 Blind Source Separation via Dependent Component Analysis 11

ming (CAMNS-LP) [38]. In addition to nonnegativity, this method also exploits a
special source feature named local dominance, which means that for each source
there is at least one time instant at which the source dominates. This assumption
is considered to be realistic for many real-world signals such as human portraits
and some multichannel biomedical images. Under the local dominance assumption
and some other standard assumptions, a BSS criterion is established through convex
analysis. According to this criterion, the source signals can be perfectly identified
by finding the extreme points of an observation-constructed polyhedral set, and the
corresponding separation model is as follows [38]:

Maximize : r! (Ca + d) (1.13)
st.Ca+d>0

where « is the variable vector, r is a random vector, (C, d) is the 2-tuple related only
to the observed mixtures Y, and > is component-wise. After an optimal solution o* is
calculated (which means that one extreme point is found), one source is estimated by
Co* +d. Since both the maximum and the minimum may correspond to the extreme
point, the maximization can also be replaced by the minimization. The CAMNS-LP
method provides an effective tool for the blind separation of correlated sources but
its speed is restricted by the time-consuming computation in solving multiple LP
problems.

Recently, a fast project pursuit (PP) based method has been developed in [46].
The PP method first maps the available observation matrix Y into a super-plane
to construct a new mixing model, in which the inaccessible source matrix X is
normalized to be column-sum-to-one and those columns of the normalized source
matrix that satisfy the local dominance condition are unit vectors consequently. Then,
based on the property of the normalized source matrix, it solves the new mixing model
to estimate the mixing matrix A. The mixing matrix is estimated column by column
through tracing the projections to the mapped observations in specified directions.
Once the mixing matrix is obtained, the source signals can be easily recovered from
the observed mixtures. The PP method is much faster than the CAMNS-LP method
in [38] because it only needs to solve one LP problem.

Another well-known approach to processing nonnegative signals is nonnegative
matrix factorization (NMF). NMF aims to decompose a given nonnegative matrix
into two nonnegative factor matrices [47]. Since the mathematical model of NMF is
similar to BSS and it does not rely on the statistical information of the decompositions,
NMF has great potential to be applied to separating mutually correlated sources
[48, 49]. However, generally speaking, NMF does not necessarily generate a desired
result, and thus one often needs to add some constraints to the standard NMF in order
to solve the BSS problem. Some constrained NMF methods have been developed to
perform BSS, such as the minimum volume constrained NMF [50] and the minimum
dispersion constrained NMF [51].
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1.3.2.2 Exploiting Nonnegativity and Sparsity in Time Domain

Sparsity is another property existing in numerous signals such as images. Exploiting
both the nonnegativity and sparsity features of signals, various BSS methods have
been developed [52, 53]. For instance, in [52], a sparse NMF based separation model
using Euclidean distance is proposed for BSS as:

1
Minimize : E||Y—AX||§+ﬂ||X||1 (1.14)

st.A>0 and X >0

where 8 > 0 and || - ||; denotes the Li-norm.

In order to utilize the sparsity feature of sources, an important issue is to find a
proper mathematical measure to gauge the sparseness of the sources [54]. It is known
that for a single signal, the sparseness can be gauged by many popular sparseness
measures, such as Donoho’s measure [55] which is based on the Lg-norm of the
signal (i.e., the number of zero elements) and Hoyer’s measure [56] which is based
on the normalized ratio of the Li-norm and L;-norm of the signal (i.e., the ratio of
the absolute sum of the elements and the squared root of the quadratic sum of the
elements). However, these sparseness measures do not reflect the joint sparseness
of multiple sources. In order to describe the joint sparseness of the nonnegative
sources, a determinant-based sparseness measure, called D-measure, is developed in
[37]. Based on the D-measure, the following separation model is proposed [37]:

Maximize : det(BYY?BT) (1.15)
s.t. BY > 0

from which an iterative sparseness maximization approach is derived. In this
approach, the BSS problem is cast into row-by-row optimizations with respect to
the separation matrix, and the quadratic programming is invoked to optimize each
row. This approach needs neither the local dominance assumption required by the
convex analysis based methods [38, 46], nor the selection of the balance parameters
encountered in the constrained NMF algorithms [50, 51].

1.3.2.3 Exploiting Sparsity in Time-Frequency Domain

It should be noted that all of the BSS methods mentioned above usually require the
mixing matrix to be determined, i.e., the number of the mixtures is no less than
that of the sources. However, sometimes, the former could be less than the latter,
i.e., the mixing matrix is underdetermined. Moreover, the source signals may not be
nonnegative. In the underdetermined case, recovering the source signals is a very
challenging task, even if the mixing matrix is known, since the mixing matrix is
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not invertible. The source signals could be retrieved if they are sufficiently sparse.
Since the representations of signals are normally sparser in time-frequency (TF)
domain than in time domain, the TF representations of signals are commonly used in
this case. Regarding TF representations, two types of common transforms are [57]:
(1) linear TF transforms, e.g., short-time Fourier transform and wavelet transform;
and (ii) quadratic TF transforms, e.g., Wigner-Ville transform and Cohen’s class of
transform. Based on the TF representations of the source signals, the time-frequency
analysis (TFA) has been used as an effective tool to develop underdetermined blind
source separation (UBSS) methods [58—64].

For the UBSS methods in [61, 62], it is assumed that the source signals are com-
pletely sparse in the TF domain, i.e., TF-disjoint. It means that there is at most one
active source at any TF point, which is a restrictive constraint and is difficult to meet
in practice. In order to overcome this drawback, two subspace-based methods are
proposed for TF-nondisjoint sources in [63], which assumes that at any TF point, the
number of active sources is less than that of the mixtures and any two column vectors
of the mixing matrix are pairwise linearly independent. In [64], Peng and Xiang show
that to ensure the subspace-based methods in [63] to work, the condition that the col-
umn vectors of the mixing matrix are pairwise linearly independent is not sufficient.
Instead, any m x m submatrix of the mixing matrix should be full column rank, where
m is the number of the mixtures. Besides, a UBSS method is developed in [64], which
needs a weaker sparsity condition on the source signals, i.e., the number of active
sources at any TF point should be less than or equal to the number of the mixtures.

The requirement on the source signals is further relaxed in the method called UBSS
with free active sources (UBSS-FAS), which is presented in [59]. Specifically, if the
number of the sources is less than twice of that of the mixtures, the sources can be
recovered exactly at every auto-term TF point no matter how many active sources
there are. Besides, it is interesting to note that if the auto-source points and cross-
source points of the source signals do not overlap in the TF plane, the sources mixed
by a known underdetermined mixing system can be separated by using TFA, even
though the sources are non-sparse [65]. However, estimating the mixing matrix which
has more columns than rows usually has to exploit the sparsity property of the sources.

1.3.2.4 Utilizing Precoding

The afore-mentioned methods for the blind separation of dependent sources require
the source signals to be nonnegative and/or sparse. However, these conditions may
not exist in some applications. For example, most communication signals are neither
nonnegative nor sparse. Nevertheless, these communication signals are accessible on
the transmission side. To facilitate the blind separation of such sources at the receiv-
ing end, an intuition of thinking is to preprocess the source signals before transmis-
sion to enhance their spatial diversity. An approach to achieving this is to use pre-
coders in transmitters. For example, a precoding scheme is used in [66] to reduce the
cross-correlation of the sources, while a prefiltering approach is employed in [67] to
enhance source independence. In [68], a precoding based method is proposed to sep-
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arate mutually correlated sources in time domain, without resort to the nonnegativity
and/or sparsity of the sources. It is shown that by applying properly designed pre-
coders to the correlated source signals, the coded signals have zero cross-correlation
at some time lags. Based on this special feature, a closed-form algorithm is derived
to separate the coded signals at the receiver and then estimate the source signals.

The order of the precoders used in the method in [68] is 4r — 1, where r is the
number of the sources. Obviously, with the increase of sources, the order of the
precoders will rise proportionally, which will increase computation complexity and
signal transmission delays. In [69], a Z-domain method is proposed to separate spa-
tially correlated sources, which utilizes the Z-domain structure of the coded signals.
The order of the precoders used in this method is only two, regardless of the num-
ber of sources. In [70], the order of the precoders is further reduced to one, again
independent of the number of sources.

In the reminder of the book, we will investigate the BSS problem via DCA in detail,
and present and discuss the latest methods for blind separation of dependent sources.
Particularly, in Chap. 2, we introduce the BSS methods that exploit the nonnegativity
and/or sparsity properties of the sources in time domain. Chapter 3 presents the
methods for underdetermined BSS or UBSS, which employ the sparsity property
or other special property of the sources in time-frequency domain. The precoding
based BSS methods are shown in Chap.4, which do not require the sources to be
nonnegative or sparse. Chapter 5 briefly outlines possible future work.
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Chapter 2
Dependent Component Analysis Exploiting
Nonnegativity and/or Time-Domain Sparsity

Abstract It is well-known that many real-world signals are nonnegative [1-8], i.e.,
their sample values are either zero or greater than zero, such as images. Obviously,
nonnegativity is different from the statistical information of sources. Depending on
the kinds of dependent sources, the nonnegativity of the source signals could be
exploited to carry out dependent component analysis (DCA), i.e., separate these
unknown dependent sources from their observed mixtures. If the sources also have
certain level of sparsity in time domain, then the nonnegativity and time-domain
sparsity of the source signals can be jointly employed to achieve DCA. In this chapter,
three classes of dependent component analysis methods are introduced and analyzed,
which are the nonnegative sparse representation (NSR) based methods, the convex
geometry analysis (CGA) based methods, and the nonnegative matrix factorization
(NMF) based methods. These methods either exploit the nonnegativity of the sources
or both the nonnegativity and time-domain sparsity of the sources.

Keywords Nonnegative matrix factorization - Sparse representation - Convex
geometry analysis

2.1 Nonnegative Sparse Representation Based Methods

Nonnegativity and sparsity constraints appear in various signal decomposition
problems. For instance, in image processing, nonnegative sparse decomposition is
related to the extraction of relevant parts from the images whose variables and para-
meters correspond to pixels [4]; in machine learning, sparseness is closely related
to feature selection in learning algorithms, while nonnegativity relates to probability
distributions [1]; in environmental science, scientists investigate a relative proportion
of different pollutants in water or air, where proportion coefficients are nonnegative
and the distributions of pollutants are often sparse [1]. Thus, it is a natural choice
of applying NSR to DCA. We start from investigating the sparsity measures for
nonnegative signals.

© The Author(s) 2015 19
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2.1.1 Sparsity Measures for Nonnegative Signals

A number of functions have been designed to measure the sparsity of signals. Some
of them are suitable for the measurement of sparsity of a single signal and the
others are for measuring the sparsity of a group of signals. For a single nonnegative
signal x, x; > 0, Vi with n samples, one often utilizes the classic Ly-norm like [9],

L,(0 < p < 1)-norm like [10], and L;-norm [11] based measures. The Lo-norm like
based measure is expressed as

Sy = #{ilx; £ 0} 2.1)

where #{i} denotes the number of i. Although this measure is traditional in many
mathematical settings, it is not suitable for many practical scenarios. One obvious
reason is that its robustness against noise is poor. Furthermore, its derivative is zero
containing no information. Thus, to find the sparsest solution, one has to employ the
exhaustive search approach. This is inconvenient and costly, especially when solving
large scale problems. In practice, the L,(0 < p < 1)-norm like or L;-norm based
measures are often used to approximate it.
The L,(0 < p < 1)-norm like based measure is as follows:

Sy = (Zn:xf)p ) (2.2)
i=1

This measure is a good approximation of the Ly-norm like counterpart, based on
which, less observations are required to separate the sources. The L,-norm like based
measure is also widely used for signal reconstruction in the area of compressed
sensing which aims to recover the original high dimensional signal from its low
dimensional measurements [10].

The L;-norm based measure is defined as

5= 23)
i=1

In some settings, the L solution can be used to find the support of the Ly solution.
Besides, the L; solution can be found efficiently via linear programming (LP). As a
result, it is widely used to replace the L based complex problems. Figure2.1 gives
a simple comparison of Ly, L,(p = 0.5), L1 and L, function curves.

The above measures are very intuitive and widely used in different research areas,
such as blind source separation, compressed sensing, pattern recognition, machine
learning and so on. However, they are not scaled, and the corresponding quantities
do not contain meaningful information. Hence, it is not convenient to use them to
compare the sparsity of different signals. Concerning this problem, Hoyer develops
the Li-norm and L-norm based measure which is scaled from zero to one [12], and
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Yang et al. propose the following higher-order statistics based measure [4], whose
value is also normalized to be in [0,1]:

 Jmax — (ks — o1k}ka + 02k1ks)
fmax _fmin

where 01 > 0 and 02 = (201 — 4)/3 are two bounded constants, and fnin = (1 —
o1 + 02k, fmax = ((1/0%) = (01/n) + (02/n)) kf, and ki = |Ix|l}, i =1,2,3,4.
Here, n is the number of samples. In the case of o1 = 2, it is easy to derive that
02 =0, fmin = —k} and fimax = (1/n® — 2/n)k}. Then it results from (2.4) that

Sy 2.4)

. (5 — ki — ks + 2k3k
=

(s — 2 + Dk}

n3 n

(2.5)

For the purpose of visual comparison, we use the statistics based sparsity measure
in [4] to compute the Sy values of three signals with different sparsity and the result
is shown in Fig. 2.2. It can be seen that the sparsity measure in [4] matches well with
the real sparsity of these signals.

As for the sparsity measure of a group of m-dimensional nonnegative signals
X = [X]T, R er]T, a simple scheme is to first vectorize them and then use some
existing sparsity measure. For example, if we use Hoyer’s approach in [12], the
sparsity measure for X can be described as

- (£50)/([259)
i=1j=1 i=1j=1

Sx = NS . (2.6)
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Fig. 2.2 Tllustration of various degrees of sparseness. According to (2.5), the Sy values correspond-
ing to the three signals (from left to right) are 0.1, 0.5, 0.9, respectively
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Fig. 2.3 TIllustration of different degrees of sparseness. According to (2.7), the Sx values corre-
sponding to the three 2-D signals (from left to right) are 0.1, 0.5, 0.9, respectively

The larger the index S, the sparser the matrix X. In the case that each row of
X satisfies sum-to-one, one can also use the following determinant based mea-
sure [13]:

Sx = det (XXT) . 2.7)

Figure 2.3 gives an illustration of three 2-D signals with different levels of sparsity
measured by (2.7).

There also exist some other useful sparsity measures, such as the Lj mea-
sure [14], the tanh,; measure [15], the log measure [16], the kurtosis k4 mea-
sure [17], the Gaussian entropy diversity measure Hg, the Shannon entropy diver-
sity measure Hg [18], the pg-mean measure [19], and the following Gini-curve
based measure which is originally used to measure the inequality of wealth in eco-
nomics [16]:

S =1 2i N (noits 2.8)
T |1x]1 n '

i=1
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where the elements of x are with ascending order, i.e., x| < x» < --- < x,. Table2.1
shows a list of commonly used sparsity measures, where the functions are modified
such that larger measures correspond to sparser signals and some of them are also
shown in [20].

2.1.2 Estimation of Mixing Matrix and Source Signals

Consider the mixing system model Y = AX shownin (1.6) and assume that the source
signals X are nonnegative and sparse. Based on this mixing system model, some
NSR methods have been proposed for different scenarios, including the quadratic
programming (QP) based method for the determined mixing system [13] and the
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clustering based method for the underdetermined mixing case [21]. We will discuss
the determined and underdetermined scenarios separately.

2.1.2.1 Determined Mixing System

In the determined mixing system, the number of the observations are equal or greater
than that of the sources. Similar to the independence based method for BSS, one
can implement DCA by finding a separation matrix B such that the product BA is
a permutation matrix neglecting the inherent scaling issue. Since the sources are
nonnegative and sparse, one can utilize the following optimization model, which
exploits the source sparsity based on the determinant measure, to obtain the separation
matrix [13]:

Maximize : det(BYY'B”) (2.9)

m
=

m
> by =1,Vi
j=1

S.t.

where Y is normalized to be row-sum-to-one in prior. The objective function reflects
the sparsity of the estimated sources. Regarding the constraints, the first one denotes
the nonnegativity and the second one is used to scale each estimated source to be
sum-to-one.

In order to solve the model (2.9), the iterative sparseness maximization based
on quadratic programming (ISM-QP) algorithm is developed in [13], where the
separation matrix is optimized row-by-row iteratively. For the ith row b; of B, the
following optimization model is further derived:

Maximize : l_)l-Cl_)iT (2.10)
m

s.t. 7=
J=1

where C is a matrix independent of b;. Specifically,

C=C+Cr+Cs (2.11)
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with

_i—1 L i—1 i - _
Ci = XX ()b [Z(—l)””‘l det (Y,»j,t(i_l)) b,
j=1 =1

n—1 . _ _ ~
+ 3 (=1 det (V- bt+1] X

=i
Cy = (— 1)+ det (i{,-,-) X
. n R i—1 . ~ _
C3=X Y (—1)"b! [Z<—1)f+l det (Vi) by
j=itl =1

n—1 . - _ ~
+ 3 (=) det (Vi) bz+1] X
t=i

where X = YY?, Y= BYY'B?, and f(,-j denotes a (r — 1) x (r — 1) submatrix of
Y with the ith row and the Jjth column removed. By analyzing the inequalities in the
constraints, the model (2.10) can be rewritten as

Maximize : b;Cb, 2.12)

m
zbijvﬂzo’ Vle{l,z,vL}
S.t. q j=1

Z}n:l bij=1

where Vi, v; = ijzl vji denotes the ith extreme point of the convex hull spanned by
the observations.

The ISM-QP algorithm for solving DCA with r sources from the observation Y
is summarized in Table 2.2 below. Some highly correlated face images are used to
test the effectiveness of this algorithm and Fig. 2.4 shows the separation results. We
can see that the ISM-QP algorithm achieves almost perfect recoveries.

Table 2.2 ISM-QP algorithm [13]
Step 1 (Preprocessing) | Normalize each row of Y to be sum-to-one and find the extreme points

V1, V2, ..., vy of the convex hull spanned by Y
Step 2 (Initialization) Let i = 1 and set an initial matrix with row-sum-to-one for B
Step 3 (Iteration) (i) Obtain the optimal solution B; of (2.12)

(ii) Set i = i 4 1 until a given stop criterion is satisfied
@iii) If i > r, reseti = mod(i, r), and if i = 0, seti = r

Step 4 (Estimation) The source matrix is estimated by B*Y, where B* = [(B;)T,
)"
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Fig. 2.4 Results of the ISM-QP algorithm in separating correlated face images. a Four cor-
related source images; b Four mixtures using random mixing matrix; ¢ Four recoveries using
ISM-QP

2.1.2.2 Underdetermined Mixing System

In the underdetermined mixing system scenario, the number of sources is greater than
that of the observations. Since the mixing matrix is not invertible, it is impossible
to implement DCA by searching a separation matrix. A feasible way of solving this
challenging problem is to employ a two-step scheme: first estimate the mixing matrix
A and then recover the sources X. Regarding the estimation of the mixing matrix,
a popular approach is the clustering based one, which assumes that the sources are
sparse [21]. After the mixing matrix is obtained, the estimation of the sources falls
into the sparse reconstruction problem. In order to directly utilize the existing sparse
representation algorithms, one can recover the source matrix column by column. In
this case, the widely used L;-norm based method is a good option [11]. Furthermore,
under some conditions, the subspace based scheme gives a more efficient way to
conduct source recovery [21]. Table 2.3 shows the detailed structure of the subspace
based algorithm.
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Table 2.3 Estimating the source matrix X [21]

Step 1 (Identification) | Calculate the set of k-codimensional subspaces H produced by taking
the linear hull of every subset of the columns of A with m — 1 elements

Step 2 (Iteration) Fori=1,...,n
(1) identify the space H € H containing y;, and project y; onto H to y;;
(ii) if H is produced by the linear hull of column vectors a;, ...,

a;,_, , then find coefficients A;; such that
B m—1
Vi= 2 Ay
j=1
Step 3 (Estimation) The estimation of x;, Vi contains A;; in the place i; forj = 1,...,m—1,

and its remaining components are zero

2.1.3 Uniqueness Conditions

Regarding the mixing model Y = AX with A € R"*” and X € R"*", the uniqueness
conditions of NSR are related to both the mixing matrix A and the source matrix X.
In the case that A is determined, i.e., m > r, we have the following theorem:

Theorem 2.1 If the mixing matrix A is full column rank, the source matrix X is
nonnegative, and there exists an r x r submatrix X satisfying det(XX") = 1, where
X is normalized to be row-sum-to-one, then it holds that [13]

B*A =P (2.13)

where B* is the optimal solution of (2.9) and P is a permutation matrix.

When the mixing system is underdetermined, i.e., m < r, the uniqueness analysis
becomes much more complex. If A is unknown, the following theorem gives the
sufficient conditions:

Theorem 2.2 Assume that m < r < n, any m X m square submatrix of A € R™*"
is nonsingular, X € R"™" is sufficiently rich and its each column has at most m — 1
nonzero elements, then the matrix Y € R™*" can be represented uniquely in the
formY = AX if the following conditions are satisfied [21]:

(i) the columns of Y lie in the union H of C;”_l different hyperplanes, each column
lies in only one such hyperplane, each hyperplane contains at least m columns
of 'Y such that each m — 1 of them are linearly independent;

(ii) foreachi € 1,...,r, there existp = :":12 different hyperplanes {H,',j}f=1 in
H such that their intersection L; = ﬂf {H j} is 1-D subspace;

(iii) any m different L; span the whole R™.

Sometimes, the mixing matrix is known or can be calculated by some methods. In
this case, the uniqueness of NSR is related to the uniqueness of nonnegative solution
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in a underdetermined system. We have the following theorem:

Theorem 2.3 Given that'y and A € R™*" (where m < r) for the system'y = Ax
(where x > 0) with finite solutions. Let X be a solution to this problem, it is the
unique solution if X satisfies [22]

N 1
l1X[lo < R (2.14)

where ||X||o denotes the number of the non-zero element of X, tA = p(A)/(1+p(A))
and p(A) denotes the one-sided coherence which is defined as

|al.Taj|
o (A) = max (2.15)

L |aglly

From the viewpoint of blind source separation, the above theorem shows the condition
of uniquely recovering one column of X. Also, it can be easily extended to the
following corollary:

Corollary 2.1 GiventhatY € R™" and A € R™ " withm < r. IfVi € {1,...,n},
the solution X; of 'y; = AX; satisfies

R 1
[1Xillo < o (2.16)

then X = [X1, ..., %] is the unique solution of Y = AX.

There are more uniqueness results related to the NSR problem. They range from
the analysis of the nonnegative solutions to the underdetermined linear equations,
including the restricted isometry property related conditions [23], the k-neighborly
features [24], etc.

2.2 Convex Geometry Analysis Based Methods

In the context of nonnegative sources, there might be some geometric structures in
the observations and the sources. For example, the biomedical image and human
portraits are often with local dominance feature, under which the source signals cor-
respond to the extreme points of some observation-constructed convex polyhedral
set [5]; the hyper-spectral image abundance (or source) matrix has column-sum-to-
one feature, such that it corresponds to the minimum volume simplex among those
enclose of the observed data [6]; and the dynamic positron emission tomography
images and the mass spectra for metabolomics are often the minimum aperture sim-
plicial convex cones which contain their respective mixtures [7]. The use of these
geometric features, instead of the statistical features of the sources, can facilitate the
blind separation of mutually correlated sources.
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Fig. 2.5 Tllustration of three sources with local dominance feature, where the dominant indices are
2, 5, 7 respectively

2.2.1 Geometric Features

Local dominance, also called pure source sample in [25], is an important geometric
feature existing in some sources. [t means that for each source there is at least one time
instant at which the source dominates. A mathematical definition of local dominance
is as follows:

Definition 2.1 (Local dominance): A group of sources ilT, e, irT have local dom-
inance feature if for each i € {1, ..., r}, there exists an index /; such that X;(/;) > 0
andX;(l;) =0,Vj # i.

Figure 2.5 gives an illustration of three sources with local dominance feature, where
the dominant indices for the three sources are 2, 5, 7 respectively.

The local dominance feature may be completely satisfied or serve as a good
approximation when the source signals are sparse (or contain many zeros). For
example, in brain magnetic resonance imaging (MRI), the nonoverlapping region
of the spatial distribution of fast perfusion and slow perfusion source images can be
larger than 95 % [27]. In the hyperspectral unmixing problem, the abundances of the
ground covers are often quite sparse, and thus the source images (corresponding to
the abundances) tend to satisfy local dominance [26]. It may also be appropriate to
consider this feature when the source signals exhibit high contrast, which could exist
in sources such as face images and natural images. The local dominance feature is
widely applied to solving the BSS problem [5, 28].

Another geometric feature is the minimum cone feature related to the mixing
matrix [25, 29, 30]. From the mixing model Y = AX with X > 0, we can see that
each column of Y is the nonnegative linear combination of the columns of A. This
implies that the cones which enclose Y are related to A. Specifically, it is found that
the vertices of the simplicial cone and convex hull (defined below) with minimum
volume correspond to the columns of A under some conditions.
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Fig. 2.7 Scatter plot of mixed data included in Conv™ (A)
Definition 2.2 (Simplicial cone): The simplicial cone generated by the columns
of A, denoted by Span™(A), is defined as [7]:

Span® (A) = {y|ly = Ax with x € R }. 2.17)

Definition 2.3 (Convex hull): The convex hull generated by the columns of A,
denoted by Conv™ (A), is defined as [6]:

.
Conv'(A) = {yly = Ax, ZX,' =1, x; e R} }. (2.18)
i=1

Figures 2.6 and 2.7 illustrate respectively Span™ (A) and Conv™ (A) in the case r = 3,
where A is randomly generated as
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0.6493 0.1765 0.2609
A = 0.2088 0.1159 0.6469
0.9641 0.8015 0.9105

2.2.2 Estimation of Source Signals

There are many CGA based methods for DCA, which explicitly exploit the local
dominance feature of the sources, including the convex analysis of mixtures of non-
negative sources using linear programming (CAMNS-LP) [5], the project pursuit
(PP) [28], the vertex component analysis (VCA) [26] and the modified VCA [31].
Here, we introduce the first two algorithms for reference. Regarding the CAMNS-
LP method, it combines the convex analysis and optimization techniques. In this
method, one first finds, through the convex analysis, the true source signals which
serve as the extreme points of some observation-constructed polyhedral set. Then, an
extreme-point finding algorithm is developed, by taking advantage of the powerful
tool of linear programming, for source recovery. Actually, for the given mixture Y,
it first calculates the 2-tuple (C, d) as follows:

m
d=1>y7
Y (2.19)
C = [q(UU"), (UUN), ..., q,1 (UUT)]
where U = [)"'IT —d,..., )7,2 —d] € R™ the notation ¢, (A) denotes the eigenvector

associated with the ith principal eigenvalue of the mixing matrix A, and y; is the ith
row of the mixture matrix Y. This 2-tuple constructs a meaningful affine hull. Built
upon this 2-tuple, a series of LP problems are constructed for separating the sources.
Then, the CAMNS-LP method recovers the sources iteratively, where only solvable
LP problems need to be processed in each iteration. Table 2.4 shows the structure of
the CAMNS-LP algorithm.

As for the PP method, it first maps the observation matrix into a superplane such
that one of the rows of the mapped observation matrix has equal elements with value 1.
This ensures that the unaccessible source matrix is normalized to be column-sum-
to-one. Then, based on the property of the normalized source matrix, it estimates
one column of the mixing matrix A by searching an optimal projection vector for
the mapped observation matrix. After that, it estimates another column by searching
another optimal vector in the subspace orthogonal to the already estimated columns.
All columns of the mixing matrix A can be obtained by repeating this process. The
PP method works under the same conditions as those of the CAMNS-LP method but
it has much less computational complexity as it only needs to solve one LP problem
[28]. The PP algorithm is summarized in Table?2.5.
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Table 2.4 CAMNS-LP algorithm [5]

Step 1 (Preprocessing) | Calculate the 2-tuple (C, d) of the given Y by (2.19)

Step 2 (Initialization) Set/ = 0 and B = I,,, where I, is the n x n identity matrix

Step 3 (Iteration) Whilel < r,
(i) let h = Bw, where w ~ N (0, 1) is a randomly generated vector;
(ii) solve the LPs

* = in  h7(Ca+d
Pr= i, Gt d)
q* = max hT(Cot +d)

a:Ca+d>0

and obtain their optimal solutions, denoted by &} and o, respectively;
(i) if I = 0, let

S =[Ca} +d, Ca3 +d]
else, update S by

o~

5. { [S. Cai +dl. if P #0
[S. Cas +dl. if lg*| #0°
(iv) update / to be the number of the columns of S, and apply QR
decomposition to S as
S=QR,
where Q; € R"/ and R; € R™¥/;
(v) update B by
B:=1I,— QIQEF
Step 4 (Estimating X) | Finally, the source matrix X is estimated by X =

st

To give a visual comparison of the performance of the PP and CAMNS-LP
algorithms, we use them to test four correlated fingerprint images,! where the cor-
relation coefficient matrix C is:

1.0000  0.7908  0.5939  0.6965
0.7908 1.0000  0.6548  0.7712
0.5939  0.6548 1.0000  0.7767
0.6965  0.7712  0.7767 1.0000

The mixing matrix A is generated randomly as:

0.7814  0.4464  0.3072  0.3298
0.4157  0.5367  0.2705  0.3822
0.4703  0.7291 0.6629  0.4115
0.4970  0.3533  0.5180  0.9035

A =

Figure 2.8 shows the source images, the mixtures, and the recoveries by using the PP
algorithm and the CAMNS-LP algorithm, respectively. It can be seen that both of

I See http://biometrics.cse.msu.edu/fvc04db/index.html.
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Table 2.5 PP algorithm [28]
Step 1 (Preprocessing) (i) Obtain u satisfying u”y; > 0, Vi and suppose ug #0
(i) Compute D by
D = diag(1” @ @'Y))
where 1 is a all-1 column vector and @ denotes component-wise
division

(iii) Let I, be the m x m identity matrix with the gth row replaced
by u’”. Map Y into Y by

Y =IL,YD
Step 2 (Estimating a;) (i) Set v = 0 and generate randomly a full-rank square matrix B

(ii) Update v using the scheme (related to B) in [28] and estimate
ap by

a1 =y
where

.| are max(vT?), if max(b]T?) >0

J= arg min(vT?), else

Step 3 (Estimating a3, ...,a,) Fork =1,2,...,r — 1,
(i) update f\k and Aki by
Ay =4y, ..., 4]
H Af = (1 - AATAp AT B
where H € R"*("—%) i5 a matrix of full column rank;
(ii) update B by
{B(l crlir—k) = AL
B:r,r—k+1:r)=A;
(iii) estimate 4y using the method shown in Step 2.

Step 4 (Estimating X) Let A, = [a;, a2, ..., &,], then the source matrix is estimated by
X=A7lYy

them achieve satisfactory separating results. The corresponding CPU running times
for these two algorithms are 2.9172 and 40.0455 s, respectively, indicating that the
PP algorithm is much faster than the CAMNS-LP method.

Also, there are some methods which do not require the local dominance condition,
such as the minimum volume simplex (MVS) [6] and the simplicial cone shrinking
algorithm (SCSA) [7]. The MVS algorithm assumes that the sources are column-
sum-to-one, i.e., the full additivity. In the noiseless case, one can relax the full
additivity assumption by normalizing each column of the data matrix to a unit sum.
However, in the noisy case, enforcing this normalization may amplify noise and
thus yield a bad estimation of the sources, especially if the number of sources is
overestimated. Different from the MVS algorithm, SCSA estimates the mixing matrix
and the sources by finding the minimum aperture simplicial cone (MASC) containing
the scatter plot of the mixed data. It needs neither the local dominance condition nor
the full additivity assumption, applicable to a wider range of applications. Generally,
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(d)

Fig. 2.8 Results of separating correlated fingerprint images by the PP and CAMNS-LP algorithms.
a Four correlated source images; b Four mixtures; ¢ Four recoveries using PP; d Four recoveries
using CAMNS-LP

SCSA first finds a proper initial simplicial cone by using the VCA algorithm in [26],
then decreases the aperture of the current simplicial cone iteratively. A summary of
SCSA is shown in Table 2.6.

2.2.3 Source Identifiability Analysis

Regarding the source identifiability issue in relation to the mixing model Y = AX,
there are several conclusions shown in the following theorems.

Theorem 2.4 Assuming that the sources are nonnegative with local dominance fea-
ture and the mixing matrix is full column rank with row-sum-to-one, the extreme
points of the following polyhedral set correspond to the r true source vectors [5]:

(yeRYy=Ca+d>0,acRY (2.20)

where (C, d) is obtained from Y by (2.19).

This theorem shows how the local dominance feature affects the identification of the
sources. If the mixing system satisfies the mentioned conditions, the sources can be
recovered by searching the extreme points related to (2.20).
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Table 2.6 A summary of SCSA [7]
Step 1 (Initialization) | Set W = I,,, or find it by using the VCA method and set

D=W"Yy
Step 2 (Iteration) (1) Vie{l,...,r}, compute V; by
[10...0 vy O --- 0]
01---0 v 0---0
V,‘= 00'“1\1(1;1),'0“'0
00---0 1 0O0---0
00~~~OV(,‘+1),'1 -+ 0
L00---0 vy O -+ 1]

and update W, D by
W=WVV,...V,
D=[R ] 'R—"[Ri]'D

(ii) Compute Q by
Qi) = Qp—pt [~ T 4y QuQFQ, — 1)
where p is a learning rate parameter, T = W*IQ‘,,Y, T =
exp(—T/o), 0 > 0,and y > 0. And let
W =QW
[ D=WI1Qly

(iii) If Q = I, stop the iteration
Step 3 (Estimation) A and X are estimated by using MATLAB functions max(W, 0) and
max(D, 0), respectively

More recent results about source identification are given in [7] as follows:

Theorem 2.5 Span™ (A) is the unique nonnegative MASC containing the scatter
plot of the mixed data if and only if Span™(1,) is the unique nonnegative MASC
containing the scatter plot of the sources, where 1, denotes the r X r identity matrix.

Theorem 2.6 (Necessary condition) If Span™ (1) is the unique nonnegative MASC
containing the scatter plot of the sources, then there is at least one point of the cloud
of sources on each facet of Span™(1,.), i.e., Y1 < i < r, 3k; such that x;(k;) = 0.

Theorem 2.7 (Sufficient condition 1) If the sources are nonnegative and locally
dominant, then Span™(1,.) is the unique nonnegative MASC containing the scatter
plot of sources.

Theorem 2.8 (Sufficient condition 2) For each facet of Span™ (1,), if atleast r — 1
points of the scatter plot of the sources belong to underlined facet, and the vectors
corresponding to these points are linearly independent, then Span™ (1,.) is the unique
nonnegative MASC containing the scatter plot of the sources.
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2.3 Nonnegative Matrix Factorization Based Methods

Like the sources, sometimes the mixing matrix is also nonnegative. For example,
in remote sensing image processing, both the endmember signature matrix and the
abundance matrix are nonnegative [4]. In fluorescence spectroscopy analysis, the
pure species spectra and their concentrations are also nonnegative [3]. More prac-
tical mixing systems with nonnegative sources and nonnegative mixing matrix can
be found in [1]. Since NMF aims to decompose a given nonnegative matrix into the
product of two nonnegative matrices [8], it matches well with the BSS problem, or
DCA when the sources are spatially correlated. NMF is a well developed scheme
which is widely used in the areas of signal processing and pattern recognition. Over
the last few years, a number of NMF based methods have been proposed to imple-
ment DCA, such as NMF-MVC [32], NMF-L1 [33], and NMF-SMC [4]. Prior to
discussing these methods, we first introduce some NMF models.

2.3.1 Nonnegative Matrix Factorization Models

Assume that Y is a given nonnegative matrix, NMF aims to decompose Y into the
product of two nonnegative matrices, denoted by A and X, respectively. Mathemat-
ically, the standard NMF can be described as [1, 8]

Y ~ AX 2.21)

where Y € R, A € R, X € R'". Clearly, under the case of perfect decom-
position, i.e., Y is equal to AX, NMF model is equivalent to the noiseless BSS
mixing model. This motivates researchers to exploit NMF schemes to solve the BSS
problem [1].

In order to achieve NMF, several useful cost or measure functions have been
proposed for particular applications. Let Y be the decomposition of Y. We list three
major cost functions here.

e The first function is the Euclidean distance based function [8]

R 1 R 1 m n N
DY) = 1Y =YI3 =5 > > 5 = 5’ (2.22)
i=1 j=1

which measures the error of the given matrix and its decomposition. It is lower
bounded by zero and vanishes if and only if Y = Y.
e The second function is the Kullback-Leibler (KL) divergence based function [34]

m n
S Vij .
DY[Y) =D (yylog y—’ — vij + i)- (2.23)
i=1 j=1 Y
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Fig. 2.9 Euclidean distance (ED), KL divergence (KLD) and IS divergence (ISD) versus J;;, where
yij = 1[35]

Similar to the Euclidean distance, this function is also lower bounded by zero and

vanishes if and only if Y = Y. Since it is not symmetric about Y and Y, itis called
divergence.

e The third function is the Itakura-Saito (IS) divergence based function [35]

DY|IV) = ZZ(”J— y” — . (2.24)

i=1 j=1 Yij

Clearly, the IS divergence depends only on the ratio A’f_ This property is favorable

when analyzing most audio signals such as music and speech, where the low
frequency components have much higher energy than high frequency components.

Figure 2.9 shows the Euclidean distance, KL divergence and IS divergence under
different y;; varying from O to 5, where y; = 1. We can see that the KL and IS
divergences are less sensitive to over-approximation than under-approximation.

There also exist some other divergence based cost functions, such as the
a-divergence [36], B-divergence [37], af-divergence [38], and f-divergence [36].
Table 2.7 shows the afore-mentioned distance and divergence based cost functions
which are used for NMF.

Based on the Euclidean distance, the NMF optimization model to (2.21) is

1
Minimize : D = Sy - AX|3 (2.25)

s.t. A > 0 and X > 0, where > denotes the component-wise inequality. Since NMF
does not necessarily generate a desired result, one often needs to add some constraints
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Table 2.7 Distance and divergence based cost functions

Cost function D(Y||Y)

Euclidean distance

33> vy —Pi)?

i=1j=1

KL divergence

2 Z()’ijk)g% —yij + i)

IS divergence

GL —log3t — 1)
ij

mon S0 !
B-divergence 22 GEntF — Fa ) BER B#0.1
i=1j=1
. 1 22 - al—a
a-divergence TEDIP ) (O[yij + (1 — )3 — yiy; )

af-divergence

1 B atp _ B _cotp
—aF - Z(y?’jy,-j—ﬁy,-j — a8 ),a,ﬂ,a+ﬂ#0

f-divergence

(or regularization/penalty terms) into the model. A general constrained NMF model

can be written as [39]

1
Minimize : Dy = —|[Y — AX|3 + aJ(A) + BJ(X)

st. A>0and X > 0.

Dependent on the practical applications, different constraints could be considered.

Some useful constraints are as follows.

e Volume based constraint on A [29]:

1 i}
J(A) = mdet2 ([1 AT]).

Here, the matrix A € RU=Dx7 ig calculated by

A=U"A - pu1h (2.28)

where U € R”*=D s formed by the » — 1 most significant components of Y
through principal component analysis and the column vector p contains the means

of the rows of Y.
e Dispersion based constraint on A [40]:

J(A) = Tr (ATA) - %Tr (ATEA)
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where Tr(-) denotes the trace operator and E stands for the m x m matrix whose
entries are all one.
e Temporal continuity based constraint on X [41]:

r

l n
JX) =D = > — xje-1)’ (2:30)
=1 9% 1=

n
where o; = [(1/n) Z‘i szt denotes the standard deviation of the jth component X;
=

and X; is the jth row of X.
e Dependence based constraint on X [42]:

JX) = % [Z log((XXT);) — log(det(XXT)):| . (2.31)

i=1

2.3.2 Estimation of Mixing Matrix and Source Signals

To solve the model (2.25), one can utilize the scheme based on the alternatively itera-
tive multiplication updating rule in [34], together with the classic gradient based tool.
From (2.25), the partial derivatives of the cost function D with respect to X and A are

(2.32)

b _ AXXT —yXT

oD
[ D _ ATAX — ATY
A

According to the gradient based optimization rule, X and A can be updated by

[X::X—nx®(ATAX—ATY) 233)

A=A —na ® AXXT —YXT)

where ® denotes the component-wise multiplication. To keep the nonnegativity of
X and A, the learning rates nx and na are often chosen as

X = X
ATAX (2.34)
NA = Axx?

Then, the corresponding iteration formulae for A and X are as follows:

T
(2.35)
A=A XX

AXXT
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Table 2.8 NMF algorithm [34]
Step 1 (Initialization) | Randomly generate initial A and X

Step 2 (Iteration) While a stop criterion is not satisfied,
(i) update X by
o ATY |
X :=X® 3mx’
(ii) update A by

,
A=A® x5y

A = A(diag(1 @ (i aphy) -’

i=

Step 3 (Estimation) The final A and X are the estimates of the mixing matrix and the sources,
respectively

Furthermore, to tackle the inevitable scaling issue, one often normalizes A by

A= A(diag1 @ (O _an")) (2.36)

i=1

where @ denotes the component-wise division, a; is the ith row of A, and diag(x)
denotes a diagonal matrix whose diagonal entries correspond to the elements of the
vector X. The complete NMF algorithm is shown in Table 2.8.

Regarding the algorithms concerning the constrained NMF model (2.26), they are
related to the exact constraints on the sources or the mixing matrix. For unmixing the
hyper-spectral data, a source-constrained NMF method is proposed in [4]. Figure 2.10
shows the results of using this method and the traditional Kruse’s method? to sepa-
rate some hyper-spectral images. We can see that both methods obtain meaningful
separation results.

In the following, we will further introduce some recently developed algorithms
which apply volume constraint on A, including both batch mode and online mode.
According to the analysis in [32], anew volume constrainton A is J5 = det(ATA) /2.
Then, (2.26) is simplified as

1
Minimize : Dy = E||Y —AX|3 + %det(ATA) (2.37)
s.t. A >0and X > 0.

In this case, the derivatives of D with respect to X and A are

9y = ATAX — ATY
(2.38)

s = AXXT — YXT + a(det(ATA)A(ATA) )

2 Available: http://www.hgimaging.com/PDF/Kruse-JPL2002- AVIRIS-Hyperion.pdf.
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Fig.2.10 Results of separating real-world hyper-spectral images by the constrained NMF algorithm
and Kruse’s algorithm. a Three source images; b Three recoveries using the constrained NMF;
¢ Three recoveries using Kruse’s method

A traditional gradient based method is utilized to update X as follows:

aD;
X:=X-— —
nx ® oX

=X —nx ® (ATAX — ATY) (2.39)

=X —nx ® (ATAX +6x — ATY — 8x).

Here, dx denotes a matrix with the same size of X and its entries all take the small
positive value §. It is used to avoid possible numerical instability. nx denotes the
learning rate. By setting nx = m, then X can be updated by

ATY + 5x

X=X® ————.
© ATAX + 8x

(2.40)

Now we consider the update of A. As shown in (2.38), the partial derivative
dD;/dA includes the computation of the inverse matrix of AT A. This may break
the nonnegativity of A. To conquer this obstacle, the so-called natural gradient (NG)
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is employed, which is widely discussed in [43, 44]. In fact, since A is full column
rank, there exists a matrix B such that BA = I,.. Consequently, the parameter matrix
A has a special algebraic structure, namely Li group structure, making the variables
therein like a curved Riemann manifold. It is known that the natural gradient, instead
of the ordinary gradient, is the steepest descent direction in the Riemann manifold
[43, 44]. Hence, the natural gradient is utilized to update A as follows:

aD;
A=A— 2T ATA
na ® ( IA )
—A—A® ((AXXT —YXT 4+« det(ATA)A(ATA)_l)ATA) (2.41)

—A— A ® (AXXTATA +adet(ATA)A + 54 — YXTATA — aA) .

To ensure the nonnegativity of A, the learning rate ny is chosen as

A
- ) 2.42
AT AXXTATA + a det(ATA)A + 04 (242)
Thus, A can be updated by
YXTATA +6
A=AQ® + oA (2.43)

AXXTATA + o det(ATA)A + 85

The NG based minimum volume constrained NMF (NG-MVC-NMF) algorithm [32]
is summarized in Table 2.9.

In addition to the batch algorithm for the volume based NMF, the corresponding
online learning version has also been developed. Compared with the batch mode
which usually suffers from large storage requirement and high computational com-
plexity when the observations are large scale, the online mode or incremental learn-
ing scheme is particularly appealing owing to its low computational cost. Table2.10
shows the incremental NMF with volume constraint INMF-VC) [30].

Table 2.9 NG-MVC-NMF algorithm [32]
Step 1 (Initialization) Randomly generate initial A and X. Set« > 0 and § = 107°

Step 2 (Iteration) While a stop criterion is not satisfied,
(i) update X by
— ATY+ox |
X:=X® {raxix
(ii) update A by
- YXTATA+84
A=A® AXXTATA+a det(ATA)A+5s
A = A(diag(1 @ (a)))

Step 3 (Estimation) The final A and X are the estimates of the mixing matrix and the
sources, respectively
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Table 2.10 INMF-VC algorithm [30]

Step 1 (Initialization)‘

Set an initial sample number p for learning process. Then,

(1) project the collected k = p samples yi, ..., yk to be [¥1,...,¥k] on
m ~

the hyperplane IT : > J = 1, and construct the initial matrix Y; =
i=1

F1. ... fxls

(ii) obtain Ay and f(k from f('k by using the normal NMF algorithm

Step 2 (Learning)

For the (k + 1)th sample y;+1,
(1) project it to be yx41 by
Fer1li = i1 1i/ 255 Ve 13
(ii) let Ax+1 = Ay and update X;4; by
. . AT By +05
X1 1= X1 ® Mﬁ;
(iii) update Ax41 by
(RT+B311 5L, )AL, Ari+0a,,

A K R] +BAL K1 KL AT, A HBiA +oa

A1 = A1 ® (

Step 3 (Estimation)

Estimate the (k + 1)th column of X by

X1 = K1/ 2570 Vet
If k + 1 is less than the number of the total samples, let k = k + 1 and go
to Step 2

Table 2.11 NGMCA algorithm [45]

Step 1 (Initialization)

Set a maximum iteration number K and the initial values for Ao, Xo and
A

Step 2 (Iteration)

Fork=1,2,...,.K
(i) normalize the columns of Ay_;;
(ii) update Xy by
Xy = argming, o3 [|Y — Ae—1XI[3 + il [X][1:
(iii) update Ay by
Ay = argminAZo%HY — AXkllg;
(iv) Select Ag41 < Ak

Step 3 (Estimation)

Ak and Xk are the estimates of the mixing matrix and the source matrix,
respectively

Furthermore, the nonnegative generalized morphological component analysis
(NGMCA) method [45] is proposed to deal with DCA in the situations where the
measurements or the observations are polluted by noise. Different from the tradi-
tional NMF algorithms which are usually applicable to determined mixing systems,
NGMCA can also be applied to underdetermined mixing systems. Table2.11 shows
the NGMCA algorithm with soft threshold.
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2.3.3 Algorithm Analysis

As for the initialization of the decomposition process, there are many useful methods
which are verified to be efficient. The singular value decomposition based scheme
is one of the best methods for initialization, which has advantages in approximating
the data matrix [46]. Other initialization methods include spherical k-means cluster-
ing [47], principal component analysis, fuzzy clustering and Gabor wavelets [48],
etc.

Regarding the convergence of algorithms, Lin gives a detailed convergence analy-
sis of the multiplicative update algorithms which are widely used in NMF based
methods [49], Yang and Yi propose a novel scheme to analyze the convergence of
the constrained NMF with application to BSS [50], and Badeau et al. analyze the
stability of these algorithms [51].

With regard to the uniqueness of NMF, it is analyzed under different conditions in
[52]. In [53], Donoho and Stodden show that the NMF is unique if the involved data
satisfies three rules: (a) generative model, (b) separability, and (c) complete factorial
sampling. In [54], Laurberg et al. propose the following theorem.

Theorem 2.9 If rank(Y) = r, the NUF Y = AX is unique if and only if the
nonnegative orthant is the only simplicial cone U with r extreme rays that satisfies

cone(AT) C U C dcone(X) (2.44)

where dcone(X) denotes the dual cone of cone(X).

Furthermore, Schachtner et al. propose a determinant criterion to constrain the solu-
tions of NMF problems and achieve unique and optimal solutions in a general set-
ting [55].
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Chapter 3
Dependent Component Analysis Using
Time-Frequency Analysis

Abstract Sparsity is an important property shared by many kinds of signals in
numerous practical applications. These signals are sparse to some extent in different
representation domains, such as time domain, frequency domain or time-frequency
domain. In recent years, sparsity has been widely exploited to solve the problem
of underdetermined blind source separation (UBSS), where the number of sources
exceeds that of the observed mixtures. In fact, the sparsity assumption can also be
satisfied by some dependent source signals. For these signals, it is possible to find
a number of areas in some representation domains, where the source signals are not
active, that is, signals are sparse in theses areas. The sparsity property provides a
possibility for the blind separation of dependent sources. In this chapter, the sparsity
of dependent sources in the time-frequency (TF) domain will be exploited to achieve
blind source separation, where time-frequency analysis (TFA) will be used as a pow-
erful tool for dependent component analysis (DCA). We will also show that for those
non-sparse signals whose auto-source points and cross-source points do not overlap
in the TF plane, they can be separated by using TFA if the underdetermined mixing
system is known.

Keywords Time-frequency analysis * Spatial time-frequency distribution - Quadratic
TFD

3.1 Fundamentals of TFA

Conventional approaches for blind source separation (BSS) usually depend on an
ideal assumption that the mixed source signals are statistically uncorrelated or inde-
pendent. However, there are lots of practical applications, where the uncorrelation
or independence assumption cannot be satisfied. Therefore, we need to exploit other
properties of source signals to achieve blind separation of dependent sources. Spar-
sity has been widely used to solve the problem of UBSS [1-15]. Since the mixing
matrix is column rank deficient in the underdetermined case, it is a very challenging
task to blindly recover the source signals from their mixtures, even if the mixing
matrix is known. Usually, signals have sparser representations in TF domain than in
time domain, so it is more preferable to make use of the TF representations of sig-
nals in the development of sparsity-based UBSS algorithms. In addition to sparsity,
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other TF property of sources could also be employed to perform UBSS [16]. In this
chapter, we will discuss how to use the TFA tool to achieve dependent component
analysis [17-40]. We would like to note here that different from the nonnegativity
based methods for DCA, the TFA-based methods do not require the source signals
or the mixing matrix to be nonnegative.

Before introducing the related approaches, we first review some fundamentals
of time-frequency analysis or TFA. Time-frequency analysis is a powerful tool for
analyzing nonstationary signals, whose frequency contents vary in time [18]. Since
time-frequency representation provides a distribution of signal energy versus time
and frequency simultaneously, it is also called as time-frequency distribution (TFD)
[18]. Quadratic TFD is one of the most widely-used time-frequency distributions.
Although it suffers from the so-called “cross-terms” problem, it can provide higher
TF resolution than linear TFD, such as short-time Fourier transform (STFT) [18].
Based on the above considerations, this chapter will mainly employ a typical kind
of Quadratic TFDs, i.e., Cohen’s class of TFDs, to obtain the TF representations of
source signals. The discrete-time form of Cohen’s class of TF representations, for
signal x; (), has the following definition [17]:

Dyt )= D, D ¢tk Wxi(t+k+h)

h=—00 k=—00

x xi(t +k — h)e /47/h (3.1)

where ¢ (k, h) is the kernel function of both the time and lag variables. The cross-TFD
of two signals x; (¢) and x;(¢) is given by [19]

Dywi(t. )= D > ¢l )xi(t +k+h)

h=—00 k=—00

X xj(t +k — h)ye /4m/h (3.2)

where the entry ¢; ;(k, h) is the kernel function associated with the signals x; (¢)
and x;(1).

Next, let us review the existing works about BSS based on the sparsity assump-
tion. In many early works, the sparsity of source signals in time domain is exploited
to develop BSS algorithms. Since time-frequency domain can provided sparser rep-
resentations for source signals than time domain, more research efforts have been
devoted to making use of the time-frequency representations of signals to develop
blind separation approaches. Recently, the combination of the sparsity and the spatial
diversity of signals leads to the spatial time-frequency distribution (STFD) of signals
[19], where the STFD matrix of a signal vector x(¢) = [x1(¢), x2(¢), ..., xr (t)]T is
defined as follows [19]
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Dy (1, f) .. Dy, (2, )

D (t, f) = 3.3)

Dyxy(t, f) o Dy, (2, f)

Itis shown by Belouchrani et al. [19] that a BSS algorithm utilizing the above STFDs
of source signals possesses two obvious advantages. Firstly, it can separate Gaussian
sources with identical spectral shapes but with different time-frequency localization
properties. Secondly, the effect of spreading the noise power while localizing the
source energy in the time-frequency domain increases the robustness of the algorithm
with respect to noise.

Since the pioneer works of Belouchrani et al., a number of algorithms using spa-
tial time-frequency distribution have been proposed to achieve BSS [9, 12-14, 18].
These methods exploit different sparsity assumptions about the TFDs of sources.
Specifically, [13, 14] propose the cluster-based algorithms, which are based on the
TF-disjoint assumption, i.e., there exists at most one active source at any TF point.
Clearly, this is a rather restrictive constraint about the source signals. When this con-
dition cannot be satisfied, the separation performance will degrade greatly at those
overlapped TF points [18].

In order to overcome this drawback and relax the related restrictions, some
subspace-based algorithms have been developed [9, 18]. In these algorithms, the
sparsity assumptions about the source signals are relaxed to some extent by exploit-
ing the spatial structures of the time-frequency representations of the source signals
and mixed signals. In [9, 18], the TF distributions of different sources are allowed
to overlap to the extent that the number of active sources at any TF point is strictly
less than that of the mixed signals.

Although the assumption used in [9, 18] is more relaxing than the TF-disjoint
assumption, it may be still too strict for some applications. For instance, in an appli-
cation environment with two sensors, the above sparsity condition will reduce to
the TF-disjoint condition, and require that at most one source signal is active at any
time-frequency point. Consequently, the subspace-based approaches in [9, 18] can-
not effectively separate any overlapped sources in this case. Recently, the sparsity
conditions have been further relaxed in [7], such that the number of active sources
at each TF point is permitted to be equal to or less than that of the mixtures. The
method in [29] requires a source sparsity condition which is even weaker than that
of [7] but it restricts the number of sources to be less than twice of that of the
mixtures.

Source sparsity condition is exempted from the TFA-based source recovery
method in [16], i.e., the source signals can be non-sparse. Instead, this method
requires that the auto-source points and cross-source points of the source signals
do not overlap in the TF plane. Moreover, it restrict the number of mixtures to be
no less than three, and the number of sources to be less than twice of that of the
mixtures.

We would like to note that the UBSS approaches based on TFA are usually com-
posed of two stages. In the first stage, the mixing matrix is estimated. After that,
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the source signals are recovered by exploiting the estimated mixing matrix. In the
remainder of this chapter, the TFA-based methods for mixing matrix estimation and
source recovery will be introduced, respectively.

3.2 TFA-Based Methods for Mixing Matrix Estimation

3.2.1 System Model and Existing Works

Let us consider the m x r instantaneous mixing system in (1.7): y(t) = Ax(¢),

where x(1) = [x1(¢), x2(t), ..., x» (t)]T is the r-dimensional source signal vector,
y@) = [yi(@®), »2(), ..., Ym (t)]T is the m-dimensional mixed signal vector, and
A =[aj,ap,...,a,]is the m x r mixing matrix. In the mixing model, 7 is an index

given to each sample of signals. As a generalized index,  has different meanings in
different domains. For example, ¢ stands for a time instant in the time domain, while
in the TF domain, the index ¢ denotes a sample point in the TF plain. The column
vector a; in A is called as the steering vector corresponding to the ith source signal
xi(t), where i = 1,2, ..., r [7]. In order to achieve blind separation for dependent
sources, one can exploit another important property of source signals, i.e. sparsity.
Sparse representation provides a good way for solving the DCA problem [5, 8, 36].

Estimating the mixing matrix A is usually the first stage of the sparsity based UBSS
approaches. So far, a number of blind approaches have been developed to identify the
mixing matrix by exploiting the sparsity property of source signals. By assuming that
at most one source signal possesses the dominant energy at each sample point, which
is called as the W-disjoint orthogonal condition (or approximate W-disjoint orthog-
onality), early works [9, 10] use the clustering approaches to estimate the steering
vectors in the mixing matrix A, and then obtain the estimation for A. For example, a
so-called DUET algorithm is proposed in [10, 11] to estimate the mixing matrix by
exploiting the ratios of the time-frequency transforms of the observed mixtures under
the above W-disjoint orthogonal condition. In [32-34], the sparsity constraint about
the source signals is relaxed to some extent by allowing the energy distributions of
the sources to overlap. Specifically, it is not required in [32-34] that each sample
point should have at most one active source. Instead, a weaker sparsity condition is
needed, i.e., there are some adjacent sample regions where only one source is active.
Based on this sparsity constraint, the so-called TIFROM algorithm is proposed to
tackle the BSS problem in [32-34]. More recently, as an extension of the DUET algo-
rithm and the TIFROM algorithm, an effective UBSS algorithm is developed in [5]
to estimate the mixing matrix under a milder sparsity condition, i.e., there exist some
isolated (or discrete) sample points at which only one single source is active. Clearly,
it is weaker than the sparsity constraints required by the DUET algorithm and the
TIFROM algorithm. The algorithm in [5] firstly identifies and collects those sample
points with only one active source, and then achieve the estimation for the mixing
matrix by grouping the output signal vectors associated with the same source signal.


http://dx.doi.org/10.1007/978-3-642-29715-1_1

3.2 TFA-Based Methods for Mixing Matrix Estimation 53
3.2.2 Mixing Matrix Estimation Under Relaxed TF Sparsity

It is notable that all of the blind identification approaches mentioned in the previous
subsection need some sample points to possess at most one active source signal.
That is, there must exist some sample points where the energy distributions of the
source signals do not overlap. Such a sparsity restriction could be too difficult to
satisfy in some practical applications, where all sample points have more than one
active source. Interestingly, this sparsity restriction is successfully removed in [8] at
the cost of an additional condition about the richness of the source signals. Specifi-
cally, [8] allows the distributions of source signals to overlap at all sample points if
the following richness constraint about the source signals holds:

(A3.1) The source signals are sufficiently rich in the sense that for any m — 1
sources in all r sources, there must exist at least m sample points at which these
m — 1 sources are active.

In addition, the algorithm in [8] also requires, respectively, the following conditions
on the mixing matrix and the sparsity of the sources:

(A3.2) Any m column vectors in the mixing matrix A are linearly independent.
(A3.3) At most m — 1 sources among the » sources are active at any sample point.

In [8], the basic idea concerning the estimation of the mixing matrix is based on
the following three important observations:

e According to the assumptions (A3.3), all observed mixtures y(¢) must lie in one
(m — 1)-dimensional subspace.

e From the assumptions (A3.1) and (A3.2), it holds that the number of the above
subspaces is equal to C’r"’l, each of which is spanned by m — 1 steering vectors
in the mixing matrix A.

e Any steering vector a; (i = 1, 2, ..., r) in the mixing matrix A must be the inter-
section of C;":lz subspaces, which means that if all C’r"_1 subspaces can be found,
their intersection can be viewed as the estimate of the steering vector.

Based on these essential observations, an algorithm is proposed in [8] to blindly
identify the mixing matrix, which is shown in Table 3.1.

Table 3.1 Mixing matrix identification algorithm in [8]

Step 1 | Obtain the estimates of the C;"fl subspaces by subspace clustering all observed
mixtures y(#)

Step2 | Compute the normal vectors to those subspaces obtained in Step 1

Step 3 Cluster these normal vectors into r subspaces .7;(i = 1,2,...,r), each of which
contains C;":lz normal vectors

Step 4 | Estimate all steering vectors a; (i = 1,2, ..., r) in the mixing matrix A as the normal
vectors of these r subspaces .;(i = 1,2,...,r)
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From the above analysis, we can easily find that the approach in [8] does not
require the source signals to be mutually uncorrelated or independent. In other words,
this approach can also be used to conduct depend component analysis. However, [8]
depends on an assumption about the richness of the source signals, i.e., the assumption
(A3.1). Itis worth mentioning that this assumption is still strict and difficult to satisfy
in many practical applications. In order to illustrate this point, we consider a simple
blind source separation scenario with m = 3 mixtures and r = 4 source signals
x1(t), x2(t), x3(¢) and x4(¢), which means that the mixing matrix A is of dimension
3 x 4. According to the assumption (A3.1), these 4 source signals must satisfy the
following C"~! = C3 = 6 conditions:

(cl) There are at least m = 3 time instants at which x(¢) and x;(¢) are active.
(c2) There are at least m = 3 time instants at which x; (¢) and x3(¢) are active.
(c3) There are at least m = 3 time instants at which x (¢) and x4(¢) are active.
(c4) There are at least m = 3 time instants at which x»(¢) and x3(¢) are active.
(c5) There are at least m = 3 time instants at which x,(¢) and x4(¢) are active.
(c6) There are at least m = 3 time instants at which x3(¢) and x4(¢) are active.

Regarding the above six conditions, let us consider two sets of source signals
{x1(8), x2(t), x3(¢), x4(¢)} and {51 (¢), s2(t), 53(¢), s4(¢)}, which are shown in the left
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Fig. 3.1 Comparison between two sets of source signals. Left column source signal set
{x1(2), x2(t), x3(¢), x4(¢)} satisfying the assumption (A3.1). Right column source signal set
{s1(2), s2(t), s3(t), sa(¢)} violating the assumption (A3.1)
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and right columns in Fig.3.1, respectively. It is easy to see that the source sig-
nals {x{(¢), x2(t), x3(t), x4(t)} satisfy all the above conditions (c1)—(c6) but the
source signals {s{(t), s2(¢), s3(¢), s4(t)} only meet the conditions (c2) and (c5). As
aresult, {s1(?), s2(¢), s3(t), s4(¢)} cannot be separated from their mixtures by using
the algorithm in [8]. From this example, we can see that the assumption (A3.1) sig-
nificantly limits the application scope of this BSS algorithm and thus needs to be
relaxed.

3.2.3 Mixing Matrix Estimation Under Local TF Sparsity

As shown in the above subsection, although the global sparsity assumption is accept-
able for some kinds of signals, it is still too restrictive to satisfy in many practical
applications. For these applications, the sparsity is satisfied only in some small or
local time-frequency areas. Therefore, the local sparsity of source signals in time-
frequency domain should be considered. To achieve this goal, the following restric-
tions are required:

(R3.1) The mixing matrix A is of full column rank.

(R3.2) Given L = [r/2], for any L source signals xg1(¢), ..., xgr(t), there
exist at least one sample interval [Py, Pp + m] such that only these L sources
Xxg1(t), ..., xpr(¢t) are active in this interval and any L columns in the matrix
X(:, Py : Py + m) are linearly independent. Here, the matrix X(:, Py : Py + m)
is defined as follows:

x1(Pp) xi(Po+1) ... xi(Py+m)

x(Py) x2(Po+1) ... x2(Py+m)
X, Py: Pp+m) = : : : :

xr(Po) xr(PO+1) coo X, (Pop+m)

rx(m+1)

Clearly, the above restriction (R3.1) is easy to satisfy for any randomly generated
non-underdetermined mixing matrix A whose column number is not less than the
row number. Such a restriction has been exploited by numerous BSS algorithms.
Besides, (R3.2) is a mild restriction about the sparsity of the source signals. It does
not need the source signals to be sparse at all sample points but only a small number
of sparse sample intervals are needed.

From (1.7), it holds that

Y(G, Py: Po+m)=A-X(, Py: Pp+m). 3.4)
On the other hand, according to the restriction (R3.2), it is easy to see that if the

number of active sources in the sample interval [Py, Py + m] is equal to L, then,
rank(X(:, Py : Py + m)) must be equal to L. Since A is of full column rank, it
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Table 3.2 Mixing matrix identification algorithm based on local sparsity

Step 1 Find and collect all mixture matrices Y(:, Po : Py + m), whose rank is L

Step 2 Obtain CF subspaces of dimension L after subspace clustering all mixed signal
vectors y(¢) in the mixture matrices Y(:, Py : Py + m)

Step 3 If any Cf:ll subspaces in these C,L subspaces have an intersection, then this
intersection must be some steering vector a; (i = 1,2, ..., r) in the mixing matrix A

follows from (3.4) that rank(Y(:, Py : Py + m)) is also L. Thus,
span{Y(:, Py : Pp + m)} = span {391, ce agL} (3.5)

where ag,, . . ., ag, are the steering vectors associated with the active sources xg, (¢),
..., Xg, (t) in the sample interval [Py, Py + m]. According to (3.5), one can obtain
C rL subspaces via collecting Y (:, Py : Pop+m) withrank L. Then, any steering vector
a;(i =1,2,...,r) in the mixing matrix A must be the intersection among the Cf:ll
subspaces. Based on these viewpoints, an algorithm is derived to blindly identify the
mixing matrix, which is shown in Table 3.2.

3.3 TFA-Based Methods for Source Recovery

After obtaining the mixing matrix, the remaining task is to recover the source signals
from the observed mixtures. Clearly, if the mixing matrix A has full column rank,
then the estimation of the source signals can be easily computed by left-multiplying
the mixtures y(z) by the pseudo-inverse of the mixing matrix. However, if the mixing
matrix is not of full columnrank, e.g., in the underdetermined mixing system scenario,
the recovery of source signals will be a challenging task. This section will discuss
how to recover the source signals when the underdetermined mixing matrix is known.

3.3.1 Source Recovery Under Strong TF Sparsity

In early BSS works based on TFA [11, 13], the source signals are required to be
TF-disjoint. That is, there is at most one active source at any TF point, which is a
restrictive constraint. Although the TF-UBSS algorithms in [11, 13] can still work
when there are some small overlapping among different sources in the TF domain,
the separation performance will degrade at these overlapping points [18]. In order to
overcome this drawback, some subspace based algorithms are developed in [18] for
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TF-nondisjoint sources, where the quadratic TFDs are exploited. It is stated in [18]
that the TFDs of different sources are allowed to overlap to some extent, given that
the number of active sources at any TF point is strictly less than that of the mixtures
and the column vectors of the mixing matrix are pairwise linearly independent.

In [18], the spatial diversity of source signals is combined with time-frequency
analysis approaches to solve the problem of blind source recovery. For this goal, the
STFD (spatial TFD) matrix of signals and the Cohen’s class of TFD are utilized.
From (1.7) and (3.3), it holds that

Dyy(t, f) = ADx (1, /)AT. (3.6)

The mixing matrix A is assumed to be underdetermined and known, and one needs
to recover the source signals x(#). Moreover, the following assumptions are made:

(C3.1) The column vectors of A are pairwise linearly independent.

(C3.2) The number of active sources, denoted by L, at any TF point is strictly
less than the number of mixtures, denoted by m.

Let us assume that at a given TF point (¢, f/), the set of active sources
are {Xq,, Xay, ..., Yo, }. Denote X(1) = [xg, (1), Xay (1), ..., Xay (t)]T and A =
[aal, A, ..., aaL]. Based on the assumption (C3.2), (3.6) can be reduced to the
following form [18]

Dyy (7', f') = ADg (1, fHAT. (3.7)

Given that Dgx (', f/) is nonsingular, one can conclude from (3.7) that Dyy @, f)
and A have the same range. This is a very important observation which lays the
foundation for the blind source recovery approaches proposed in [18].

LetP =1, — VVH where I,, is the m x m identity matrix and V is the matrix
formed by the L principal singular eigenvectors of Dyy (', f*).Itis shown in [18] that
Pa; =0, forany x; € %xal,xaz, . ..,xaL% (3.8)
Pa; #0, forany Xx; ¢ {XosXans - s Xar | ’
Since the mixing matrix A is assumed to be known, (3.8) provides a criterion to
determine which source signals are active at the time-frequency point (¢, f). In other
words, it can be used to identify the matrix A and the active sources at (¢, .
Clearly, by using the estimate of the mixing matrix A, the TED values of these active
sources can be recovered using (3.7). Finally, the time-domain representations of
these active sources can be obtained via a time-frequency synthesis procedure. Two
TFA-based source recovery algorithms are proposed in [18].
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Fig. 3.2 An example of application where [18] fails

Discussion of the assumptions in [18]

The two equations in (3.8) play an essential role in the subspace-based algorithms
in [18]. However, as shown in [7], the conditions (C3.1) and (C3.2) are not sufficient
to guarantee (3.8). For instance, let us consider a mixing model, shown in Fig.3.2,
with four sources x1, x2, x3, x4 and three sensors yi, y2, y3, where all four sources
are omnidirectional. Assume that x1, x2, x4 are placed along a line and the positions
of y; and y, are symmetrical about this line. This topology results in aj; = asy,
a2 = app and a4 = a4, where a;; is the (i, j)th entry of the mixing matrix A. The
source x3 and sensor y3 are placed in proper positions to ensure that the condition
C3.1) holds (In fact, if x3 and y3 are randomly placed, the condition C3.1) holds
with probability one). Because of the special structure of A, the rank of the 3 x 3
matrix [a, a2, a4] is only two. Thus, there exist two nonzero constants A and A
such that a4 = Aja; 4+ Aoa;. Assume that at a given TF point, the set of active
sources are {x1, x2}. From (3.8), we have Pa; = Pa, = 0. However, since a4 is a
linear combination of a; and ap, it yields Pas = 0, which contradicts with (3.8).
This verifies the conclusion that the conditions (C3.1) and (C3.2) do not guarantee
(3.8). In order to ensure (3.8), a stronger condition on the mixing matrix A must be
satisfied, which is [7]

(A3.1") Any m x m submatrix of the mixing matrix A is of full rank.

On the other hand, it is important to point out that for the subspace-based algo-
rithms in [18], the condition (C3.2) is essential. Otherwise, (3.8) does not satisfy.
However, the condition (C3.2) is a restrictive constraint about the source signals
in the time-frequency domain. In the next subsection, we will show a blind source
recovery algorithm which relaxes the condition (C3.2) to that the active sources at
any TF point can be as many as the mixed signals.
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3.3.2 Source Recovery Under Relaxed TF Sparsity

We start from some necessary definitions and notations [7].
Definition 3.1 If a column vector is not a null vector, it is said to be nonzero.

Definition 3.2 Denote a P x Q matrix Q by Q = [qi.qy. ..., qp]T, where
ql.T(i = 1,2,..., P) is the ith row vector of Q. A matrix operator & for Q is
defined as

qf ©qf
q] 04}
Q) oq!

ZQ) = (3.9)

9l oqb

a/ ©d]

L9p_1 ©4p |
where i < j and © denotes the Hadamard product.

Definition 3.3 A matrix set T is composed of all m x m submatrices of A as follows:

T= {1

T(i) = [3917392""13%]} . (3.10)
Definition 3.4 A matrix set H is defined as

H— [H(k)‘H(") _ (Tm)‘] TG, O, TO) ¢ T] 7

where i # j.

Given that the mixing matrix is known, the TFA-based blind source recovery
algorithm to be introduced here depends on Assumption (A3.1") and the following
two assumptions:

(A3.2") At any TF point, the number L of the active sources is less than or equal
to the number m of the mixtures.

(A3.3) For any matrix H®) € H, all of nonzero column vectors in & (H®)) are
linearly independent.

Assumption (A3.1’) is essential to the algorithm to be introduced, as well as the
subspace-based algorithms in [18]. Assumption (A3.2') is less strict than Assumption
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(C3.2) in [18] which requires the number of active sources at any TF point to be
strictly less than that of mixtures. Assumption (A3.3") is an additional condition. It is
shown in [7] that if m > 3, Assumption (A3.3’) is satisfied with probability one for
randomly generated mixing matrix. From Assumption (A3.1") and the definitions of
the matrix sets T and H, the following two lemmas can be derived [7].

Lemma 3.1 Any element in the matrix sets T and H is of full column rank.

Lemma 3.2 For any matrix H® from the set H, the number p of nonzero column
vectors in & (H(k)) satisfies the relationship 1 < p < min{m, r —m}, where r
stands for the number of sources and m denotes the number of mixtures.

From the estimate of the mixing matrix A, one can compute the matrix set T. Also,
the STFD matrices Dyy (7, f) of the measured mixed signals y(¢) can be computed
from (3.3) at each TF point. In order to only preserve the TF points (¢, f) with
sufficient energy, a noise thresholding procedure proposed in [13] can be carried out:
for each time-slice ¢, of the TF domain, use the following criterion for all TF points
(tp, fq) belonging to this time slice:

[Dyy (p, fo)l
max ¢ [ Dyy(tp,

> ¢1, then keep(zp, fy) (3.11)

where &1 is a threshold (typically, &1 = 0.05). By applying the criterion (3.11), the
TF points with negligible energy are removed.

To proceed, let us recall the definitions of auto-source and cross-source TF points
[13]. At a TF point (4, fu), if Dy,x; (ta, fa) shows an energy concentration, then
(t4, fa) 1s called an auto-source TF point of the source x;. Similarly, at a TF point
(te, fe),if Dy, (e, fc)(i # j) shows an energy concentration, then (7, f) is called
a cross-source TF point between two different sources x; and x;. It is known [13],
[19] that the STFD matrix Dxx (74, f,) of the sources is diagonal at an auto-source
TF point (¢,, f,). At a cross-source TF point (#., f.), the matrix Dxx(#., f) is off-
diagonal, i.e., its diagonal entries are zero.

Itis shown in [13, 19] that trace (WDyy (¢', f )W) = trace (Dxx(¢', f”)), where
W is the whitening matrix which is often estimated as an inverse square root of the
covariance matrix of the measured mixtures, and the superscript 7 stands for complex
conjugate transpose operation. Clearly, if (¢, f”) is a cross-source TF point, one can
obtain trace (WDyy ', fHWH ) ~ 0 by exploiting the off-diagonal structure of the
source STFD matrix Dxx(¢', /) at the cross-source TF point. Thus, the following
criterion can be used to approximately identify the auto-source TF points and remove
the cross-source TF points:

trace (WDyy(t’, f’)WH)
[WDyy (', fYWH |

> g, then (¢, ') is an auto-source TF point
3.12)

where &> is a threshold close to one (typically, &, = 0.8). The performance of
identifying the auto-source TF points depends on the value of r — m. That is, the
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smaller value r — m, the better performance on the identification of the auto-source
TF points [13]. After this process, all auto-source TF points can be identified.

However, it is not straightforward to obtain the corresponding TFD values of each
source signal as the active sources at different auto-source TF points may be different.
To solve this problem, the following theorem is proposed [7].

Theorem 3.1 For any auto-source TF point (t', f'), the following conclusions hold:
(c3.1) If the assumptions (A3.1") and (A3.2") are satisfied, there exists a matrix
C € T such that C™'Dyy (', f)C~T is diagonal.
(c3.2) Under the assumptions (A3.1")—(A3.3"), any matrix C € T, which makes
C"Dyy(t/ , fHC™T become diagonal, contains all the steering vectors associated
with the active sources at the TF point (t', ).

As discussed in [7], in the case of m = 2, the validity of the conclusion (c3.2) in
Theorem 3.1 does not depend on Assumption (A3.3').

From Theorem 3.1, one can obtain the TFD values of active sources at each auto-
source TF point (¢, f”) through the following procedure. Firstly, in the set T, the
matrix C, which makes C’lDyy(t’, f)C~T become diagonal, is found by

trace [ (T®) ™' Dy, 1) (T9) ']
C = arg max

(3.13)

0T | (1) Dy, 1) (10) 77 |
Secondly, from (3.7) and the conclusion (c3.2) in Theorem 1, the nonzero diagonal
elements in the matrix C_IDyy @, f ’)C_T can be identified as the TFD values of
the active sources at the TF point (¢, f'). After the TFD values of a source signal
at all auto-source TF points are obtained, the waveform of the source signal can be
recovered via a TF synthesis procedure proposed in [39]. This UBSS algorithm is
summarized in Table 3.3.

Simulation results
(1) Simulation 1

In this simulation, two examples are provided to illustrate the performance of
the blind source recovery algorithms in [7, 18]. To simplify the illustration and

Table 3.3 Source recovery using the UBSS algorithm in [7]

Step 1 | Estimate the mixing matrix A using a method in [18, 22] or [23]

Step2 | Compute the matrix set T and the STFD matrices Dyy (¢, f) of the mixtures at all TF
points by (3.3)

Step 3 | Remove the TF points with negligible energy by (3.11)
Step 4 | Identify the auto-source TF points by (3.12)
Step 5 | Obtain the TFD values of the active sources at the auto-source TF points by (3.13)

Step 6 | Estimate the source signals using the TF synthesis algorithm in [39]
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comparison of performance of these algorithms, the linear frequency modulation
(LFM) signals whose instantaneous frequencies vary linearly with time are used as
source signals in the simulations. The source signals are mixed by an instantaneous
mixing matrix of dimension m X r.

In the first example, m = 3 sensors are used to receive r = 4 LFM source
signals x1(t), x2(t), x3(t) and x4(¢), each of which has 512 samples. The normalized
frequency ranges of x1(¢), x2(¢), x3(¢) and x4(¢) are (0, 0.1), (0.5, 0), (0.3,0.5) and
(0.25, 0.23), respectively. Clearly, the TFDs of the original sources are not disjoint
and there are L = 2 active sources at some TF points. The mixing matrix A is

0.8326 0.6255 0.5975 0.5186
A= 05167 0.7800 0.3328 0.7317
0.1994 0.0183 0.7295 0.4423

which is randomly generated. The TFDs of the reconstructed sources are shown in
Fig.3.3, where the sub-figures in the left column are the TFDs of sources recovered
by the subspace-based quadratic TF-UBSS algorithm in [18] and those in the right
column are the TFDs of sources recovered by the algorithm in [7]. We can see that
both algorithms achieve good performance in source recovery.

In the second example, based on the simulation parameters used in Example 1, we
assume that the third sensor is removed. This results in the following mixing matrix:

A= 0.8326 0.6255 0.5975 0.5186
~10.5167 0.7800 0.3328 0.7317

i.e., the mixing system has four sources and two sensors. For this case, there are
L = 2 active sources at some TF points. Since the subspace-based methods in [18]
require that the number of active sources at any TF point should be strictly less than
that of sensors, they do not work in this example. In contrast, the algorithm in [7] still
works well in this case and successfully separate the four source signals from their
mixtures. The waveforms and TFDs of the recovered sources are shown in Fig.3.4.

(2) Simulation 2

In the second simulation, we consider a mixing system with three sources and
two sensors. The three source signals are speech signals and the 2 x 3 mixing matrix
is randomly generated from the distribution .#"(0, 1). The algorithm in [7] is used to
separate the three source signals from their mixtures measured by the two sensors. In
Fig. 3.5, the top three subplots (a)—(c) show the time—domain representations of the
original source signals, the middle two subplots (d)—(e) represent the waveforms of
the two mixed signals and the bottom three subplots (f)—(h) represent the recovered
source signals.
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Fig. 3.3 TF signatures of recovered source signals, where m = 3 and r = 4. Left TF signatures of
the recovered source signals by the quadratic TF-UBSS algorithm in [18]. Right TF signatures of
the recovered source signals by the algorithm in [7]
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Fig. 3.5 a-c Original source signals; d—e Mixed signals; f—h Recovered source signals by the
algorithm in [7]

3.3.3 Recovery of Non-sparse Dependent Sources

Suppose that the underdetermined mixing system is known (or can be estimated
by other methods). In order to recover the source signals from their mixtures, most
existing approaches rely on the assumption that the sources are sparse in time domain,
or other transformation domains such as the TF domain. However, many real-world
signals such as majority of communication signals do not possess the sparsity prop-
erty. Hence, it is important to develop blind source recovery algorithms that do not
impose any sparsity constraint on the sources.

A small number of approaches have been proposed for the blind separation of non-
sparse sources [2-5, 16, 26, 27]. In [26, 27], the UBSS problem is tackled under
the assumption that some of the sources are nonstationary signals and the others are
stationary signals. It is shown that the difference between the nonstationary sources
and stationary sources can be exploited to separate the former from the mixtures. The
stationary sources are treated as noise signals and thus cannot be recovered. In [2-5],
a sequential blind extraction technique is utilized to estimate the source signals mixed
by a mixing matrix A having some special properties. More specifically, in order to
estimate a single source signal, it is required that there should exist one column in
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the mixing matrix A which cannot be represented as a linear combination of all other
columns. Obviously, this condition is very restrictive in the underdetermined case.
For example, any column of a randomly generated underdetermined mixing matrix A
can be expressed, with probability one, as a linear combination of all other columns
since A has more columns than rows.

In [16], Peng and Xiang propose a TFA-based source recovery algorithm for
non-sparse sources, which is built upon the following hypotheses:

(A3.4) The m x r mixing system satisfies m > 3 and r <2m — 1.

(A3.5) Any m columns in the mixing matrix A are linearly independent.

(A3.6) There is almost no superimposition between auto-source point and cross-
source point in the time-frequency plane.

Assumption (A3.4) implies that the proposed algorithm can be used to extract up to
2m — 1 source signals from m(m > 3) mixtures. Assumption (A3.5) is a mild
condition that can be easily satisfied in practical applications. In fact, Assumption
(A3.5) holds, with probability one, for any a randomly generated m x r mixing
matrix. This assumption has been adopted in many UBSS algorithms. Assumption
(A3.6) holds for some real-world signals such as the linear frequency modulation
signals in [13]. For other signals, the reduced interference distribution technique can
be utilized to significantly reduce the contributions of the cross-terms in the time-
frequency plane, i.e., to make the off-diagonal elements in Dxx(#, f) negligible at
any auto-source point (¢, f) [19]. This ensures Assumption (A3.6) to be satisfied. It
should also be pointed out that even though a small number of source TFD values
are erroneously estimated due to small overlapping between auto-source points and
cross-source points, the performance deterioration of the TF-based UBSS algorithm
will be very limited, as illustrated in [13].

To introduce this algorithm, some important matrices which are related to the
mixing matrix A are defined as follows.

Definition 3.5 An m x m submatrix A of the mixing matrix A is defined as

A é [alv a21 MR am] (3.14)

where a; is the ith columninA,i =1,2,...,m.
According to Assumption (A3.5), it is obvious that A is invertible.

Definition 3.6 An m x r matrix U is defined as
U2A A (3.15)

Definition 3.7 Define
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Table 3.4 Source recovery algorithm in [16]

Step 1 | Use a blind identification algorithm in [22, 23] to estimate the mixing matrix A
Step 2 | Construct the matrices A by (3.14), U by (3.15) and U by (3.16)

Step 3 | Compute the STFD matrix Dyy (¢, f) of the mixed signals y(¢). Then, obtain the
matrix B(z, f) by (3.17)

Step4 | For a given time slice #),, remove the TF points satisfying
[Dyy (tp, fo)ll
m;lx [Dyy(p, HI —

where ¢ is a threshold (typically, e; = 0.05)

Step5 | The TF points (¢, f”) satisfying

100" vec (BT (', f/)) —vec(BT (', )|l
Ivec(BT (t/, /)l

are selected as auto-source TF points. Here, the superscript # denotes the Moore-

Penrose’s pseudo-inverse operation, vec(-) stands for the vectorization operation on a

matrix, and & is a threshold (typically, e, = 0.1)

=&

Step 6 | Estimate the TFD values of the sources at the auto-source TF point (¢', f') by
(Dt (s 1), D, (', f)]" = Utvee (BT (', f)
Step 7 | After collecting the TFD values of active sources at all auto-source TF points, one

can recover the original waveforms of source signals using the TF synthesis procedures

in [39]
€1 0 ... 0 Ulm+D)Um+1 .. ULFUy
S 0 e ... 0 Wm+HWm+1 ... U2FUy
u= . . . . : ) : (3.16)
0o 0 ... €n Unm+DUm+1 .. UnrUy

where 0 is the m-dimensional zero vector, €; is an m-dimensional column vector
in which the ith element is equal to 1 and all other elements are zero, u;;(i =
I,...,m,j=m+1,...,r)isthe (i, j)thentry of U, and u; is the jth column of U.

Definition 3.8 Given any time-frequency point (¢, f), define

B(t, f) 2 A'Dyy(r, H)ATT. (3.17)

Based on the notations given in the above definitions, an effective TFA-based
blind source recovery algorithm is developed in [16]. It consists of seven steps and
is summarized in Table 3.4.

Simulation result

A simulation example is provided to illustrate the effectiveness of the algorithm
in [16]. In the simulation, we use m = 3 sensors to receive r = 4 LFM source
signals x1(¢), x2(t), x3(¢) and x4(¢) in the absence of noise, where each measured
signal has 512 samples. The normalized frequency ranges of x(¢), x2(¢), x3(¢) and
x4(t) are [0, 0.5], [0.24, 0.26], [0.5, 0], [0.1, 0.4], respectively. Figure 3.6 shows the
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waveforms and TFDs of these source signals. It is easy to see that all sources are
active in the neighbourhood of the TF point (+ = 256, f = 0.25). The four source
signals are mixed by the following randomly generated mixing matrix:

0.8326 0.6255 0.5975 0.5186
A= 05167 0.7800 0.3328 0.7317
0.1994 0.0183 0.7295 0.4423

Figure 3.7 shows the waveforms and the TFDs of the reconstructed source signals.
Clearly, all source signals have been successfully recovered by the algorithm in [16].
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Chapter 4
Dependent Component Analysis Using
Precoding

Abstract Most existing methods for dependent component analysis only work
under the condition that the source signals are nonnegative and/or sparse [1, 2].
Unfortunately, the signals in many real-world applications such as wireless com-
munication systems are neither nonnegative nor sparse. In this chapter, three pre-
coding based methods are presented to separate nonnegative and non-sparse but
spatially correlated sources. The precoding based methods take advantage of the fact
that in some applications, the source signals are accessible before being mixed up.
For example, in a wireless communication system, the user signals at the trans-
mission end are accessible prior to being transmitted to the receiver. This pro-
vides an opportunity to preprocess them before transmission such that BSS can
be achieved at the receiver. Different from the method in [3], the precoding based
methods do not impose any condition on the time-frequencys distributions of the
sources.

Keywords Precoding - Mutually correlated sources - Dependent component
analysis * Singular value - Singular vector

4.1 Concept of Precoding Based Dependent Component Analysis

Let s(t) = [s1(r), 52(2), ..., s.()]T be r nonnegative and non-sparse but mutually
correlated signals, where the superscript 7 denotes transpose. If they are mixed up
by anm X r, m > r instantaneous channel system A, the current technologies cannot
retrieve them from their mixtures. To tackle this problem, it is proposed to preprocess
these signals before they are transmitted out. Specifically, before transmission, they

are passed through a group of precoders pi(z), p2(z), ..., pr(z), respectively. De-
note the coded signals by x(z) = [x1(¢), x2(?), ..., Xr (H)]” and define the ith pre-
coder by
L
pi) =Y piiz” (4.1)
1=0
© The Author(s) 2015 73
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Fig. 4.1 Block diagram of the system model using precoders

where L is the highest order of the precoders. Then the coded signals can be written as

xi (1) = pi(2)s:i (1)
= piosit) +piisit—1)+---+ pirsi(t — L) 4.2)

where i = 1,2, ..., r. The purpose of applying precoders to the source signals is
that with properly designed precoders, the coded signals x(¢) have certain spatial
diversity.

Then, the coded signals x(#) are transmitted over the instantaneous channel system
A. At the receiving end, the received signals are measured in the presence of additive
noise signals w(t) = [w1(t), w2(t), ..., wn(2)]”. We denote the measured signals
by y(#) = [y1(t), y2(2), ...,ym(t)]T. Figure4.1 shows the block diagram of the
system model. Mathematically, we have y(¢) = Ax(¢) + w(¢). Taking advantage of
the spatial diversity of x(¢) introduced by the precoders, one can retrieve the coded
signals x(¢) from y(¢) without knowing the mixing matrix A.

The system model considered here looks similar to the one in (1.2) with the
difference being that x(7) here are the coded signals rather than the original source
signals. After estimating x(¢), further action is needed to recover the source signals
s(t) from x(¢) with the help of information about the precoders.

4.2 Precoding Based Time-Domain Method

Consider the system in Fig.4.1 in the absence of noise, i.e., w;(t) = 0, i =
1,2,...,m. In this case, the system model reduces to y(t) = Ax(z). Let Rg(7)
be the autocorrelation matrix of s(z) at time lag 7, i.e.,

Ry(7) = E (s(t)s(t - z)T) 4.3)

where the (i, j)th entry of Rgs(7) is 73 (7) = E (s,' ®)s;(t — ‘L')). Assume

(A4.1) The number of mixtures is not less than that of the sources, i.e., m > r > 2,
and the channel matrix A is full column rank.
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(A4.2) The source signals s;(¢), i = 1,2,...,r are stationary and mutually
correlated, and

Ry(7) =0 for |[1| > M “4.4)

where M is some positive integer and Rgs(0) is nonsingular.

(A4.3) All precoder coefficients p;;,i = 1,2,...,randl =1,2,..., L are known
at receiver.

We would like to note here that (4.4) implies that the source signals can be tempo-
rally colored but the length of color, M — 1, is finite. The upper bound of M could be
known in some applications. Otherwise, one needs to estimate it. Since each trans-
mitter does not have information of the source signals from other transmitters, M
cannot be estimated directly from Rg(7) at the transmission side. Instead, it can be
estimated at the receiver through an additional procedure of transmitting the source
sequences without using precoders. Since x; () = s;(¢) in this case, the correlation
matrix of the mixed signals at time lag 7 is Ryy(7) = AR (7)AT, which leads to
Rgs(7) = ARy (1)(A")T, where the superscript # stands for pseudo-inverse op-
eration. Since Rgs(7) = 0 if and only if Ryy(r) = 0, M can be estimated from

Ryy (7).

Precoder Design
Given K > M, it holds from (4.4) that

R (K) = 0. (4.5)
Choose the highest order of the precoders to be
L=@r—-1K=>=@lr-1)M

and design the precoder coefficients as follows [4]:

| #0 if I=Q2r-20)K, 2r+2i - DK
pi. [ =0 for other / (4.6)
where i = 1,2, ..., r. It can be seen from (4.6) that each precoder has two nonzero

coefficients. One can simply select the nonzero coefficients of the precoders as
follows:

piyy =1 and p; ;= p;i 4.7
forall 1 <i <r, where py, p2, ..., pr are nonzero real numbers and
li = @2r—-2)K 4.8)

Il =Q2r+2i — DK. (4.9)
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From (4.2), (4.6) and (4.7), it follows

xi (1) = si(t —1;) + pisi(t — 1) (4.10)
wherei =1,2,...,r.
Let
7, = (4g — DK 4.11)
where ¢ = 1,2, ..., r. Then, based on the above precoders, one has the following
two lemmas [4]:
Lemma 4.1 Suppose i,q € {1,2,...,r}). For a given time lag t,, the following
equation holds:
(s (F — _ | Parqq0) if i=gq
E (xl(t)x,(t rq)) = [0 it itq (4.12)

Lemma 4.2 Suppose i, j,q € {1,2,...,r}andi # j. For a given time lag 14, it
holds that

e (r _ | pirijO) if i+ j=2q
E (x,(t)x.,(t ‘L'q)) = [0 it it 2. (4.13)
Lemmas 4.1 and 4.2 show the properties of the coded signals x (1), x2(¢), ..., x-(¢).
These properties can be utilized to separate the coded signals from their mixtures
and then to estimate the source signals s1 (%), s2(%), ..., s-(¢).
Source Separation
Let B € R™*" be a scalar matrix and

u(r) = By(?) = Cx(¢) 4.14)

where C = BA € R"*". Denote the ith row vector of B by bl.T, the ith row vector of
C by cl.T, the ith element of u(z) by u;(¢), and the (i, j)th entry of C by c¢;;. Then,
from (4.14), it follows

ui(t) =bly(r) = I x(1) (4.15)

fori = 1,2,...,r. To ensure that u;(¢) is an estimate of x;(¢), we need to find a
vector biT such that all elements of cl.T, except for the ith element c;;, are zero. The
separation criterion is shown in the following theorem [4]:

Theorem 4.1 For eachi € {1,2,...,r}, bl.T is a separation vector that extracts
x; (t) (up to a scalar) if and only if
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E (ui(ui(t —14)) =0 (4.16)
E (ui(t)u;i()) #0 (4.17)

forallg € {1,2,...,r}\ {i}.

Now, we present an algorithm to separate the coded signals x(¢) from y(z) by
ensuring (4.16) and (4.17). By substituting u; (t) = biTy(t) into (4.16) and (4.17), it
yields

b! Ryy(z,)b; =0 forall g #i (4.18)
b/ Ryy (0)b; # 0 (4.19)

where Ryy(7) = E (y(t)y(t — ‘L')T) andi = 1,2,...,r. One way to solve this
problem is to minimize a cost function derived from (4.18) and (4.19). The cost
function is usually of higher-order as the matrix Ryy(z,) is in general not positive
definite. As a result, the algorithm derived from it is often not globally convergent
and/or has low convergence rate. In order to overcome this problem, one can solve
the equations in (4.18) sequentially in the following order:

b/ Ryy (g, )b; =0

b/ Ryy(z,,_,)b;i =0
iy q.z l (4.20)

b/ Ryy (74)bi =0

where g;,i = 1,2, ..., r are defined below
Gr—1Gr=2, - q1|=1I[r,r—=1,...,2], ifi=1
Qr71a9r727~-~»q1 2[1,27.-.,"_1], lflzr .
Gr—1s oo i Qi1 qi] =[r i+ 11, i—1], if2<i<r-—1

4.21)
Obviously, the vector b; satisfying (4.19) and (4.20) is a separation vector that

extracts the ith coded signal x;(¢). From the estimates of the separation vectors
blT, bZT s b,T, the coded signals can be obtained by

%) =b]y() (4.22)

fori=1,2,...,r.
Moreover, from (4.10), it follows

$i(t — 1) =% (t) — piSi(t —I}) (4.23)
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Table 4.1 Precoding based time-domain algorithm [4]

Step 1 | Estimate the matrices Ryy(0) and Ryy(74), ¢ = 1,2,...,r
Step2 | Compute b;,i =1,2,...,r
(1) For each i, find the corresponding integers g1, q2, . . ., g-—1 from (4.21)

(i1) Compute P,_1, which is composed of the m — 1 left singular vectors corresponding
to the zero singular value of Ryy(7y,_,)

(iii) Recursively compute matrices P._, &k = 2,3,....r — 1 by P,y =
P, _i+1U,—k+1, where U, is a matrix consisting of the left singular vectors cor-
responding to the m — k smallest singular values of P, i1 Ryy (Tg, o )Pr—ieq1

(iv) b; is given by any column vector of P satisfying blTRyy O)b; #0
Step 3 | Estimate the coded signals xj (¢), x2(t), . . ., x,(t) from (4.22)

Step 4 | Recover the source signals s (¢), s2(f), . . ., s () from (4.24)

wherei = 1,2, ..., r. Based on (4.8), (4.9) and (4.23), it holds that

Si(t) = %i(t + 1) — piSi(t + 1 — 1))
=X (t+2(r —i)K) — p;is; (t — (4i — 1K) 4.24)

where i = 1,2, ...,r. Then the source signals can be recovered by using (4.24).
The proposed algorithm is summarized in Table4.1.

We would like to note that in order to recover s(¢) from x(¢), each precoder must be
reversible by a stable filter. This requires |p;| < 1. On the other hand, if the value of
|oi | is too small, the correlation matrix Ryx (74) tends to be ill-conditioned [see (4.12)
and (4.13)], which will have negative impact on the performance of source separation.

Simulation Results
We consider the case of m = 4 and r = 3. The three mutually correlated source
signals are generated by

si(t) =i ()e(), i=1,2,3

where e(¢) is a temporally white sequence randomly chosen from a uniform distri-
bution on the interval (—0.5, 0.5) and «;(z), i = 1,2, 3 are chosen as: a|(z) =
1-043z7140.28272 4+ 119273, aa(z) = 1 +0.13z 7' +1.75z72 — 0.33z 73 and
a3(z) = 1 — 1.2z71 — 772 4 1.18z73. For these source signals, the length of color
isM —1 =3 (i.e., M = 4). In addition, we choose p; = p» = p3 = 0.8 and the
channel matrix A is randomly generated in each simulation run.

Under these simulation parameters, the performance of the algorithm in [4] is
examined. The result of coded signal separation is evaluated using the mean inter-
ference rejection level (MIRL):

E ](BA)U\

(4.25)
E|BA);|

MIRL@B) = 101ogyo [ . Z Z

/—]



4.2 Precoding Based Time-Domain Method 79

and the result of source signal estimation is assessed using the normalized mean-
squared-error (NMSE) [5]:

. n—1 ~ 2
—o | Ds(t) — s(t
NMSE(dB) = 10log; [ ——2 z’—no_!' B ; ] (4.26)
Do sl

MIRL(dB)

_35 . . . . . .
0.2 0.4 0.6 0.8 1 1.2 1.4 . .
4
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Fig. 4.2 Performance of separating the coded signals by the algorithm in [4], where K = 4

.
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Fig. 4.3 Performance of recovering the source signals by the algorithm in [4], where K = 4
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where §(¢) = [§1 1), 52(0),...,5, (t)]T and D is an r x r diagonal matrix. Clearly,
the smaller MIRL and NMSE values, the better performance. These performance
indices are calculated by averaging the results of 100 independent runs.

Figure 4.2 shows the performance of the algorithm in [4] in separating the coded
signals. We can see that the algorithm yields small MIRL when the sample size
is moderate or large. Moreover, increasing sample size leads to better separation
result. The performance of the algorithm in recovering the source signals is shown
in Fig.4.3. As expected, the result of source recovery is satisfactory.

4.3 Precoding Based Z-Domain Methods

In this section, we present two precoding based Z-domain methods for separating
mutually correlated sources. The first method uses second-order precoders, whilst
the second one employs only first-order precoders. Clearly, the precoder orders of
these two methods are lower than the order of their time-domain counterpart [4]
introduced in the previous section.

4.3.1 Using Second-Order Precoders

Consider the system in Fig.4.1. Assume that the precoders are second-order and
denote the ith precoder by

Pi(@) =1+ piiz™ + piaz™?
= (I =rinz H0 =ripz™h) (4.27)

where r; 1 and r; » are the zeros of the precoder p;(z) and
pin=—(ri1+ri2) and pio=riirin.

Then, the ith coded signal x; (¢) can be written as

xi (1) = pi(2)si (1) (4.28)
=s5;@)+ piasit — 1) + pi2si(t —2). (4.29)

For the source signal vector s(#), the corresponding autocorrelation matrix at time
lag 7, denoted as Rg(7), is defined in (4.3). Same as [5], the power spectral matrix
of s(¢) is defined as

Qs(x) = D R0z (4.30)

t=—00



4.3 Precoding Based Z-Domain Methods 81

Furthermore, let
§i = [si(1), 5:(2), ..., 501"

where 7 is the number of samples of the source signalsandi = 1,2,...,r.

In order to achieve the task of blindly separating mutually correlated sources using
second-order precoders, the assumption (4.1) about the mixing matrix A (which is
shown in Sect. 4.2) is needed, together with the following three assumptions:

(A4.4) The source signals s1(¢), s2(t), ..., s, (¢) are zero-mean, stationary, tem-
porally white and mutually correlated but satisfy

[S1,82,...,8]-d#0 4.31)
for any nonzero vectord = [dy, da, .. ., dqr.
(A4.5) The noise signals wi (t), wa (), . .., wy, (t) are white Gaussian noise signals

independent of the source signals.

(A4.6) All zeros of the precoders are distinct and satisfy 0 < ]ru‘ < 1, where
ri,1 +ri2 is anonzero real number,i = 1,2,...,r and/ = 1, 2. They are known at
the receiver.

Both Assumptions (A4.1) and (A4.5) have been used in various BSS approaches.
Assumption (A4.6) presents a requirement on the zeros of the precoders. Equation
(4.31) in Assumption (A4.4) means that any source signal s;(#)(i = 1,2,...,r) is
not a linear combination of the other source signals. This assumption also implies
that E (s;(t)s;(t — 7)) # O withi # j for some time lag(s) r. Considering that the
number of samples of the source signals is limited, we can suppose that there is a
constant positive integer u > 0, such that

Bi.j(x) = E (si(t)sj(t = 7)) =0, VT ¢ [~ppul (4.32)

forany i, j.
From the above equation and Assumption (A4.2), the following lemma is proposed

[6].

Lemma 4.3 The source power spectral matrix Qss(z) is singular for at most 2
different z.

Let us assume that the set % consists of all complex numbers z; making Qss(z4)
be singular. In other words, Qgs(z) is of fu11~rank for any z ¢ % . Lemma 4.3 means
that the number of elements in the set % does not exceed 2. Since the zeros
rig (i =1,2,...,r and [ = 1,2) of the precoders are randomly selected as any
values satisfying Assumption (A4.6), they are not included in the finite set Z,ie.,
ri; ¢ Z, with probability one. This observation leads to the conclusion that the
source power spectral matrix Qgs(z) is of full rank at z = r;; with probability one,
where i = 1,2,...,r and [ = 1, 2. Next, we show how to exploit the Z-domain
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properties of the precoders given in (4.27) to find the separation matrix B, and then
to retrieve the source signals.

Separation Criterion

Similar to (4.3) and (4.30), we denote the autocorrelation matrices and power spectral
matrices of w(¢) and y(7) by Ryw(7), Ryy (1), Qww(2) and Qyy (z), respectively. Since
y(t) = Ax(t) + w(¢), it holds from Assumption (A4.5) that

Ryy(7) = AR (T)AT 4 Ryw (1) (4.33)

where Ryw(7) # 0 if Kk = 0 and Ryw(7) = 0 if k # 0. From (4.28) and (4.33), it
follows that

Qy@) = D Ry(m)z "
= AQxx(D)A” + Quw(2)
= AP(2)Qss(2)P((z*) ") AT + Cyw(0) (4.34)

where P(z) = diag(pi1(z), p2(2). ..., py(z)), and the superscripts * and  stand for
complex conjugate and complex conjugate transpose, respectively.
Let P; (z) be equal to P(z) with the ith diagonal entry replaced by zero, i.e.,

Pi(z) =diag(p1(2), ..., pi-1(2),0, pi+1(2), ..., pN()) (4.35)

and
T;(z) = Pi(2)Qss ()P ((z*) ") (4.36)

where i = 1,2, ..., r. The matrix T; (r; 1) has the following property [6].

Lemma 4.4 Foranyi € {1,2,...,r}, all rows in the matrix T;(r; 1) excluding the
ith row must be linearly independent.

Similarly, the ith row of T;(r; 2) is also all-zero, and all other rows of T, (r; ») are
linearly independent. Then, the ith row of the matrix T;(r;,1) — T;(r; 2) must also
be a zero vector. Since r; | # ri 2, Lemma 4.4 results in the conclusion that for any
i e{l,2,...,r},all rows in the matrix T; (r; 1) — T; (r; 2) excluding the i-th row are
linearly independent with probability one. This implies that the rank of the matrix
T, (ri,1) — T;(ri2) is r — 1. This conclusion lays the theoretical foundation for the
proposition of the separation criterion.
To proceed, let A; equal A with its ith column replaced by a zero vector, i.e.,

Ai =[al,...,a,-_1,0, a,-+1,...,aN]. (4.37)



4.3 Precoding Based Z-Domain Methods
From (4.34), it holds that

Qyy(ri,1) = AP(r:,1)Qss (ri, DP((r )™ H AT + Cyy (0)
= AiP; (ri,1) Qs (ri, DP((r} ) TH AT + Cyw(0)

and
Qyy(ri2) = AiP; (11 2)Qss (ri )P () " H AT + Cyy (0).
Let
Qi = Qyy(ri,;1) — Qyy(ri2).
Based on (4.38)—(4.40), it follows
Qi = Ai (Pi5.0Quri, P ™)

P (1) Qs (i P((7) ™) ) AT
= A (T (ri1) — Ti(ri 2)AT,

Then, the separation criterion is proposed in the theorem below [6].

Theorem 4.2 blH is a separation vector ensuring
bAA=10,...,0,¢,0,...,0]
if and only if

b Qi =0
b/ Ryy(T)b; # 0

wherec; #0, t =1,2,andi =1,2,...,r.

83

(4.38)

(4.39)

(4.40)

(4.41)
(4.42)

(4.43)

(4.44)

It is also shown in [6] that the condition (4.44) with the time lags t = 0 and t > 3
cannot guarantee that the obtained blH is a separation vector. In other words, t can

only take value 1 or 2. Without loss of generality, we choose 7 = 1.

Source Separation

Next, an algorithm will be introduced to perform BSS, which is composed of two
procedures, i.e., estimation of the separation vectors and recovery of the source
signals. Firstly, let us discuss how to estimate the separation vectors. As mentioned
above, the rank of the matrix T; (r; 1) — T; (r; 2) is r — 1. Thus, from (4.42), one can
infer that the rank of the matrix Q; is also » — 1. Since Q; is an m X m matrix, it has
m — r + 1 singular values which are zero. Also, since m > r, the matrix Q; should

have at least one zero singular value.
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Let V; be anm x (m —r + 1) matrix, whose columns are formed by the m —r 4 1
left singular vectors corresponding to the zero singular value of Q;.! Assume that
the column vector u is the eigenvector corresponding to any nonzero eigenvalue A
of the matrix V# Ryy(1)V;. One can verify that

uviQ =0
and
VAR ()Viu =1 - Ju)? #0.

Then, the separation vector b; can be selected as b; = V;u, which satisfies (4.44)
with 7 = 1.

After the separation vectors bH, bfl e, bf are obtained, the coded signals can
be estimated as follows:

%) =bly(r) (4.45)

fori = 1,2,...,r. Based on the estimates of the coded signals, the source signals
can be obtained using the following equation:

§i(t) = %i (1) — piaSi(t — 1) — pipi(t = 2) (4.46)

where i = 1,2,...,r, which is derived from (4.29). The complete algorithm is
summarized in Table 4.2.

Simulation Results
The mixing system considered has three sources (r = 3) and four mixtures (m = 4).
The zeros of the precoders are chosen as

. 2i—1
rig = nief”(T) and rip = r;‘fl (4.47)

where j = /=1, 7; = 0.5, and i = 1,2, 3. Clearly, the precoder zeros selected
according to (4.47) satisfy Assumption (A4.6) and are equally spaced in angle in the
Z-plane. Let E(t) = [e1(?), e2(¢), &3 (O]7, where €;(1),i = 1,2,3 are temporally
white sequences randomly chosen from a normal distribution (0, 1). Set

1 0.7012 0.5649
M=|07012 1 0.6123
0.5649 0.6123 1

! In practical applications, those singular values that should be zero in theory could become small
but not necessarily zero, due to the presence of noise and small errors during the estimation of the
matrix Q;. An approximate solution is to find the left singular vectors associated with the m —r + 1
smallest singular values of Q;.
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Table 4.2 Precoding based Z-domain algorithm using second-order precoders [6]

Step 1 | Compute Ryy (1) ~ %Z;’;Oly(t)y(t — )7 where n is the number of samples of the
mixtures

Step 2 | Compute Qyy (ri,1) and Qyy(r;2) by Qyy(z) & > Ryy(v)z " wherei =1,2,...,r
Step 3 | Obtain Q; from (4.40), where i = 1,2, ...,r

Step 4 | For any given i(i = 1,2,...,r), find the left singular vectors v; 1, Vi 2, ..., Vim—rt1
corresponding to the m — r 4+ 1 smallest singular values of Q;, and construct the matrix
Vi=[Vi1,Vi2, -\ Vim—rt1]

Step 5 | Compute all the eigenvalues of the matrix ViH Ryy()V;asiy, A2, ..., Ay—ry1 ordered by
[A1] = |A2| =+ -+ > |Ap—r+1], and their corresponding eigenvectors uy, o, . .., Wy —p4]

Step 6 | The separation vector b; can be obtained as b; = V;u;
Step 7 | Estimate the coded signals x1(¢), x2(?), . . ., x,(t) from (4.45)
Step 8 | Estimate the source signals s (¢), s2(¢), .. ., s, (¢) from (4.46)

and denote its eigenvalue decomposition by [U, S] = eig(M). Then the mutually
correlated source signals are generated by

() = [s1(0), 52(0), 5301" = (US"SUM) E o).

Since the off-diagonal entries of M are much greater than zero, the source signals are
highly correlated. Furthermore, the channel matrix A is randomly generated in each
simulation run and the signal to noise ratio (SNR) is defined as SNR= —10log (0.2,
where o2 is the variance of the noise signals.

We evaluate the effectiveness of the second-order Z-domain algorithm presented
in this subsection. The performance of source signal estimation is measured by the
NMSE index defined in (4.26). The NMSE index is estimated by averaging 100
independent runs, where SNR = 30dB and n = 15, 000. As shown in Fig.4.4, the
algorithm achieves small NMSE when the sample size is reasonably large.

4.3.2 Using First-Order Precoders

In the previous subsection, the Z-domain features of the precoders are utilized, where
the order of the precoders is set to two, regardless of the number of the sources [6]. In
this subsection, it will be shown that the order of the precoders can be further reduced
to one. The usage of first-order precoders shortens the delay in data transmission and
simplifies the implementation of the precoding scheme.

Consider the system in Fig.4.1, which lead to the corresponding system model
y(¢) = Ax(¢) + w(z). Denote the ith precoder by

pi(2) =1—riz"! (4.48)
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Fig. 4.4 Performance of recovering the source signals by the second-order Z-domain algorithm
in [6]

where r; is the zero of the precoder p;(z) andi = 1,2, ..., r. Thus, the ith coded
signal can be written as

xi (1) = pi(2)si (1) (4.49)
=si(t) —risit —1) (4.50)
where i = 1,2,...,r. Given s(t) = [s1(t), s2(¢), ..., s(t)]7, one can compute

Ry (7) from (4.3) and Qg(z) from (4.30), which are the autocorrelation matrix of
s() and the power spectral matrix of s(¢), respectively.

Assume

(A4.7) The system has more outputs than inputs (i.e.,m > r > 2), and the channel
matrix A is of full column rank.

(A4.8) The source signals s1(¢), s2(f), ..., s(¢) are zero-mean, stationary and
temporally white but spatially correlated. The source power spectral matrix Qsgs(z)
is of full rank at z = r;, wherei = 1,2, ..., r.

(A4.9) The noises wy(t), wa(t), ..., wy(t) are temporally white and mutually
uncorrelated with zero mean and equal variance o;%. They are also independent of
the source signals.

(A4.10) The zeros of the precoders, rj, i = 1,2, ..., r, are distinct and satisfy
|ri| < 1. All precoder zeros are known at the receiver.

We would like to note that since the selection of the precoder zeros is irrelevant to
the source signals, the source power spectral matrix Qgs(z) has full rank at z = r;
with probability one.

Similar to the definitions of Rg(7) and Qgs(z), one can define the autocorrelation
matrices and power spectral matrices of x(z), w(¢) and y(¢), and denote them as



4.3 Precoding Based Z-Domain Methods 87

Ryx (1), Ryw (1), Ryy (1), Qxx(2), Qww(2z) and Qyy(z), respectively. It is shown in
(4.33) that Ryy (1) = ARy (7)AT 4Ry (7). From Assumption (A4.9), Ryw () # 0
if T = 0 and Ryw(7) = 0 if T # 0. Hence, it holds that

Ryy(0) = AR (0)AT + 621, (4.51)

where I, denotes the m x m identity matrix. Since A is a tall matrix, (4.51) implies
that (rv% is the smallest eigenvalue of Ryy(0) and thus can be estimated from Ryy (0).
Then, av%Im can be easily removed from Ryy (0), i.e.,

Ryy(0) <— Ryy(0) — 2L, (4.52)
As aresult, ( 4.34) reduces to
Qyy(2) = AP(2)Qss ()P ((z*) ") AT (4.53)

where P(z) = diag(p1(2), p2(2). ..., pr(2)).
From (4.35)—(4.37) and (4.53), it yields

Qyy (i) = AP(r1)Qss (r)P((r) " H AT
= AP (r)Qss () P((r) " H AT
= A;T(r)AT. (4.54)

Itis shown in [6] that for any giveni € {1, 2, ..., r}, all rows of the matrix T(r;) ex-
cluding the ith row are linearly independent. Based on this conclusion, the following
separation criterion is proposed [7].

H - . . . .
Theorem 4.3 b;" is a separation vector ensuring (4.43) if and only if

H ) —
[bi Quy(ri) =0 (4.55)

b/ Ryy()b; # 0
wherei =1,2,...,r.

By exploiting the separation criterion proposed in Theorem 4.3, an algorithm can
be developed to recover the mutually correlated source signals. Since all rows of the
matrix T (r;) excluding the ith row are linearly independent, the rank of T (r;) must be
r—1.From (4.54), the rank of Qyy (7;) is also r — 1. Thus, Qyy (7;) possesses m —r + 1
zero singular values. Obviously, any of the m — r 4 1 left singular vectors associated
with the zero singular value of Qyy(r;) can be taken as b; making blH Qyy(ri) = 0.
On the other hand, the chosen b; should also satisfy bl.H Ryy(1)b; # 0. Therefore, the
obtained b; satisfies both mathematical relations in (4.55). In practice, an approximate
solution is to find the left singular vectors corresponding to the m — r + 1 smallest
singular values of Qyy(r;). After obtaining the estimates of the separation vectors
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Table 4.3 Precoding based Z-domain algorithm using first-order precoders [7]

1 —1

Step 1 | Compute Ryy(7) ~ — Z:l 0 y(@)y(t — t)T, where 7 is the number of samples of the
n =

mixtures, and remove 021, from Ryy (0)

Step 2 | Compute Qyy (r;) by Qyy(z) = Zr Ryy(T)z %, wherei =1,2,...,r

Step 3 | Forany giveni(1 <i < r), find the left singular vectors corresponding to the m —r +1
smallest singular values of Qyy(7;), and choose the one satisfying biH Ryy(Db; # 0
as the separation vector

Step 4 | Estimate the coded signals by %; (1) = biHy(t), i=1,2,...,r
Step 5 | Estimate the source signals by §; (1) = x;(t) +risit —1), i =1,2,...,r

bf bl ... b, the coded signals and source signals can be easily computed, as
we have explained in the previous subsection. The algorithm is shown in Table 4.3.

Simulation Results

An instantaneous mixing system with r = 3 sources and m = 4 mixtures is consid-
ered in the simulations. Let £ (¢), £2(¢) and &3(¢) be three temporally white sequences
randomly chosen from a uniform distribution on the interval (—0.5, 0.5). The three
spatially correlated source signals are generated as follows:

(@) s1(t) = &1(2);

(b) s2(¢) is composed of the odd-labelled samples of ¢1(¢) and the even-labelled
samples of e5(¢); and

(c) s3(t) consists of the odd-labelled samples of £3(¢) and the even-labelled samples
of 1(1).

The zeros of the three first-order precoders used in the proposed algorithm are ran-
domly chosen as ri = —0.0952 — j0.3847, r, = 0.0380 + j0.2242, and r3 =
0.3167 + j0.1499, where j = v/—1. The channel matrix A is randomly generated in
each simulation run and the signal to noise ratio is defined as SNR = —10log ;0.2
The performance of coded signal separation is assessed by the MIRL index defined
in (4.25) and the performance of source signal estimation is measured by the NMSE
index defined in (4.26). These performance indices are estimated by averaging 50
independent runs.

The simulation results are shown in Figs.4.5 and 4.6. One can see from Fig. 4.5
that the mean interference rejection level of the precoding based first-order Z-domain
algorithm is satisfactory even at low SNRs, where the sample size is fixed at n =
15, 000. This resultis expected. Since Qyy (r;) and Ryy (1) in (4.55) are independent of
the additive noise signals, the presence of additive noise does not affect the estimation
accuracy of b; in theory and only has mild impact in practice. Furthermore, as shown
in Fig.4.6, the algorithm achieves small normalized mean-squared-error when the
sample size is moderate or large. The more samples are used, the better source
recovery result is obtained.
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Fig. 4.5 Performance of separating the coded signals by the first-order Z-domain algorithm in [7],
where the sample size n = 15,000
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Fig. 4.6 Performance of recovering the source signals by the first-order Z-domain algorithm in [7],
where SNR=30dB
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Chapter 5
Future Work

Abstract In this chapter, we outline the technical issues and challenges in blind
separation of mutually correlated sources. This points out directions for future work.

Keywords Nonnegativity - Sparsity - Time-frequency analysis * Precoding

Blind source separation (BSS) is a challenging problem in signal processing and
it has potential applications in various real-world applications. While most BSS
methods require the source signals to be independent or at least mutually uncorre-
lated, spatially correlated sources do exist in many applications. The mutual corre-
lation among the source signals may result from the dense deployment of sensors
[1], inherent correlation feature existing in some types of sources (such as images)
[2-5], or multiple-input multiple-output wireless relay systems [6-9], to name some
of them. The problem of blind separation of mutually correlated sources is an ex-
tremely difficult task as there is not sufficient statistical diversity among the sources.

To separate mutually correlated sources, one needs to exploit other properties of
the source signals, such as nonnegativity and/or sparsity in time or time-frequency
(TF) domain, or build some diversity among the source signals by using precoders.
Based on these ideas, a number of methods were proposed to tackle the problem of
blind separation of spatially correlated sources in the last few years. Different from
conventional BSS techniques, these methods achieve BSS via dependent component
analysis (DCA). However, the existing BSS methods via DCA are far from perfection.
Much future work needs to be done to further improve these techniques and develop
new blind separation techniques for mutually correlated sources.

5.1 Future Work for DCA Exploiting Nonnegativity
and/or Time-Domain Sparsity

Nonnegativity is a useful feature for dependent source recovery and a series of
nonnegativity based methods are introduced in Chap.2, including methods based
on nonnegativity sparse representation (NSR), convex geometry analysis (CGA)
and nonnegative matrix factorization (NMF). For the methods based on NSR, they
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jointly utilize the nonnegativity and sparsity features. One issue is how to employ
the nonnegativity to construct advanced sparsity measure functions, which largely
affect the cost functions of the NSR methods. Another issue is about the design of
the corresponding algorithm. As we know, nonnegativity restricts the space of the
solutions. Thus, more efficient algorithms could be developed under the nonnegativity
constraint but how to design them is still an open problem.

For the CGA-based methods, they exploit the geometric feature along with the
nonnegativity property, which brings a new viewpoint for DCA/BSS. Relatively
speaking, the CGA-based methods have advantages in terms of the precision and
speed of source recovery. However, they often work under strict conditions and these
conditions may be violated by noise. How to improve their robustness against noise is
a big challenge. In addition, the current geometric methods mainly focus on the case
that the number of the sources is not greater than that of the mixtures. Is it possible
to perform blind separation of spatially correlated sources in the underdetermined
case by using CGA?

For the NMF-based methods, they exploit the nonnegativity of both the source
signals and the mixing matrix. Since a NMF scheme does not necessarily generate
the desired results, it needs to add other constraints to solve DCA/BSS. Due to the
complexity of the real-world environment, developing proper constraints is a difficult
task. Moreover, the convergence rate of the traditional NMF-based algorithms is slow
and thus needs to be improved.

5.2 Future Work for DCA Exploiting Time-Frequency
Analysis (TFA)

TFA is a powerful tool for DCA and considerable research efforts have been devoted
to developing DCA approaches based on TFA. On the other hand, it is notable
that the TFA-based DCA still faces two serious challenges. Firstly, let us briefly
review the performance problem of TFA-based DCA. In Chap. 3, the quadratic TF
distribution (TFD) is utilized to identify the mixing matrix and recover the source
signals. Although the quadratic TFD can provide high TF resolution degree than the
linear TFD, the former suffers from the so-called “cross terms” problem. The cross
terms result from the energy distributions of two different source signals. The cross-
term effect of the quadratic TFDs results in a “ghost” energy contribution, which
significantly deteriorates the performance of TFA-based blind approaches. In future
work, one could consider to exploit the reduced interference distribution to decrease
or remove the negative effects of the cross terms of the quadratic TFDs. This could
greatly improve the performance of TFA-based DCA methods.

Another challenge encountered by TFA-based DCA is its limited application
scope, which is caused by several factors. (i) TFA is only suitable for nonstationary
signals whose frequency contents vary with time. (ii) Although blind source recovery
has been achieved successfully with non-sparse source signals, the estimation of the
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mixing matrix still needs to impose some sparsity constraints on the source signals.
(ii1) The performance of the TFA-based DCA can be easily affected by the TF “cross
terms” among different source signals. Therefore, it is interesting and necessary to
study how to relax the restrictions imposed on the source signals such that the TFA-
based DCA approaches can be applied to a wider range of practical applications.

5.3 Future Work for DCA Exploiting Precoding

Building spatial diversity among the mutually correlated source signals by precoders
is an interesting approach. The effectiveness of this approach has bee demonstrated
by the three precoding based methods presented in Chap.4. The advantage of the
precoding based DCA is that it does not impose strong conditions on the source sig-
nals. For instance, it does not require the source signals to be nonnegative, sparse or
locally dominant. However, the existing precoding based methods have some short-
comings that need to be overcome. For the precoding based time-domain method,
the order of the precoders is proportional to the number of the sources. With the
increase of the number of sources, the method becomes more complex and results
in more transmission delay.

For the precoding based Z-domain methods, the performance of coded signal
separation highly depends on the invariance of the precoder zeros. Strong additive
noise and substantial calculation inaccuracy may change the values of precoder zeros
and thus deteriorate the performance of the precoding based Z-domain methods. In
addition, all of the precoding based methods (in both time-domain and Z-domain)
need to recover the source signals from the estimates of the coded signals. This
requires that each precoder must be reversible by a stable filter. Consequently, all
zeros of the precoders must be within the unit circle in the Z-plane. Since the rise of
the number of sources requires more precoders and thus more zeros in the unit circle,
it shortens the distances among the zeros. This weakens the diversity of the coded
signals, which unavoidably lowers the performance of codedd source separation.

Last but not least, all of the DCA methods shown in Chaps.2—4 only consider
instantaneous mixing systems. How to extend these methods to convolutional (or
dynamic) mixing systems is another big challenge.
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