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Motto:
“Nothing is as easy as it looks”

(Murphy’s 2™¢ law)
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Preface

Diophantus, the " father of algebra”, is best known for his book Arith-
metica, a work on the solution of algebraic equations and on the theof;}
of numbers. However, essentially nothing.is known of his life and there
has been much debate regarding the date at which he lived.

Diophantus did his work in the great city of Alexandria. At this time
Alexandria was the center of mathematical learning. Duying the time
span from 250 BC to 350 AD, Alexandria was know to be in the ”Silver
Age” or also known as the Later Alexandrian Age. This was a time when
mathematicians were discovering many ideas that lead to our concept of
today’s mathematics. This time was considered ”Silver” because it.came
after what was known as the "Golden Age”. The "Golden Age” was a
time of great development in the field of mathematics. This " Golden
Age” is considered to be around the time of Euclid. The quality-that
came out of this time period inspired much of the mathematics, which
we use today.

While it is known that Diophantus lived in the ”Silver Age”, it is
remarkably hard to pinpoint the exact years in which he lived. While
many references to the work of Diophantus have been made, Diophantus
himself, made very few references towards other mathematicians’ work,

thus making the process of pinpointing his dates harder.



Diophantus did quote the definition of a polygonal number from the
work of Hypsicles. Hypsicles worked before 150 BC, so we can deter-
mine that Diophantus lives after this date. Looking in the other direc-
tion, Theon, a mathematician also from Alexandria, quoted the work
of Diophantus in 350 AD. The fact that -most historians believe is that
Diophantus did most of his work around 250 AD. The greatest amount
of information that is availaple about Diophantus’s life comes from the
possibly fictitious collection of riddles written by Metrodorus in approx-
imately 500 AD. The riddle is as follows: ’

»...his boyhood lasted 1/6%" of his life; he married after 1/7t more;
his beard grew after 1/12%" more, and his son was born five years later;
the son lived to half his father’s age, and the father died four years after
the son.”

While not much more is known about the person Diophantus, much
has been. on his work, Arithmetica. Diophantus used abbreviations for
powers of numbers and for relationships and operations. This clearly
defines Arithmetica to be a work from the syncopated or second stage,
in the levels of algebra development. Before the time of Diophantus,
abbreviations for powers of numbers or for relationships and operations
were not used. By using these abbreviations, Diophantus set his work
above the standard quality of work that was coming out of Alexandria
at the time.

Arithmetica is a collection of 150 problems, which give approximate
solutions to determinate equations containing up to degree three. Arith-
metica also contains equations that deal with indeterminate equations.

These eqﬁétions deal with the theory of numbers.



While there are 150 problems that are written by Diophantus, ther
were, at one point it history, more books to Arithmetica. There are 6
books from which these 150 problems originate. It is believed that there
were originally 13 books in Arithmetica. The other are considered lost
works. It is possible that these books were lost in a fire that occurred
not long after Diophantus finished Arithmetica.

In what follows we will call a diophantine equation an equation of

the form
f(-Tl,mQ,..-,IEn):O - (1)

where f is an n-variable function with n > 2. If f is a polynomial with
~ integral coefficients, (1) is an algebraic diophantine equation.

An n-uple (29,23, ...,20) € Z™ satisfying (1) is called a solution to
equation (1). An equation having one or more solutions is called solvable.

Concerning a diophantine equation three basic problems arise:

Problem 1. Is the equation solvable?

Problem 2. In case of solvability is the number of its solutions finite
or inﬁnite?

Problem 3. In case of solvability, determine all of its solutions.

Diophantus’ work on equé,tions of type (1) was continued by TC‘Jhinese
mathematicians (3™ century), Arabs (8-12 centuriés) and taken to a
deeper level by Fermat, Euler, Lagrange, Gauss, and many others. This
topic remains an important domain of contemporary mathematics.

As one can see from the title, this book is an introduction to the
study of diophantine equations. The material is oréanized in two parts.
The first part contains three chapters. Chapter 1 introduces the reader to
the main elementary methods in solving diophantine equations such as

decomposition, modular arithmetic, mathematical induction, Fermat’s



infinite descent. Chapter 2 presents some classical diophantine equations,
including linear, pythagorean and some higher degree equations.Chapter
3 focuses on Pell’s-type equations, serving again as an.introduction to
this special class of quadratic diophantine equations. Throughout Part
I, each of the sections contains representative examples that illustrate
the theoretical part.

Part II contains the complete solutions to all exercises featured in
Part I. For several problems multiple solutions are included, along with
useful comments and remarks. Many of the selected exercises and prob-
lems are original or have been give original solutions.

The book is intended for undergraduates, high school students and
theif teachers, mathematical contest (incluﬂing Olympiad and Putnam)
participants, as well as any;person interested in essential mathematics.

This book was finalized during the period October 2001 — Janu-
ary 2002, when the second author was a visiting mathematician with
the MAA American Mathematics Competitions at the University of
Nebrgska—Lincoln.

The authors wish to express their gratitude for all the support they

have received while preparing the manuscript.

Lincoln, Nebraska, USA The authors
January, 2002



Part 1

Diophantine Equations



CHAPTER 1

Elementary Methods for Solving Diophantine

Equations

1.1. The Decomposition Method

This method consists of writing the equation f(zy,z2,...,2Zn) =0

in the form

f1($1,$2, . .,a:n)fz(ccl,mz, e ,a:n) N fk($]_,ZL'2,.. . ,.’Bn) = a

where f1, fa,..., fx € Z[X1,X2,...,Xy] and a € Z. Given the prime

factorization of a, we obtain finitely many decompositions into k inte-

ger factors aj,as,...,a;. Each such decomposition yields a system of
equation
fl($1)$2) e ,mn) =a
fg(wl,xz, .o ,:IJn) = Qa9
L fk(xlamQ, e 1$n) = ag

Solving all such systems gives the complete set of solutions to (1).
We will illustrate this method by presenting a few examples.

Example 1. Find all integral solutions to the equation
(2 + D)% +1) +2(z — y)(1 — zy) = 4(1 + zy).

(Titu Andreescu)



Solution. Write the equation in the form
2,2 2, .2 _
zy” —2zy + 1+ 2° +y° — 20y + 2(z — y)(1 — zy) = 4,

or

(zy— 1%+ (z-y)* -2z —y)(zy — 1) = 4.

This is equivalent to

2y —1— (¢ —y))? = 4
or
(z+1)(y —1) = £2.
If (z+1)(y — 1) = 2, we obtain the systems of equations

z+1=: z+1=-2 z+l=1 z+1=-1

y—1=1 y—1=-1 | y-1=2 | y—1=-2
yielding the solutions (1,2), (—3,0), (0, 3), (-2, —1).

If (z+1)(y — 1) = —2, we obtain the systems

z+1=2 r+1=-2 z+1=1 . r+1=-1

y—1=-1 |y-1= y—1=-2 y—1=2
whose solutions are (1,0), (-3,2), (0, -1), (-2, 3).
All of the eight pairs we found satisfy the given equation.

Example 2. Let p and ¢ be two primes. Solve in positive integers

the equation

Solution. The equation is equivalent to the algebraic diophantine

equation

(z — pa)(y — pg) = p*¢*.

10



Considering all positive divisors of p?q® we obtain the following sys-

tems

z-pg=1 | z-pg=p | z-pg=g
_ .29 ' _ 2 .2

y — pq = p’q y — pqg = pq y — pq = p*q
A2 _ . 2

z—-pg=p° T—pg=pq T — pg = pq

y — pq = ¢* Y — pg = pq Yy—pg=p

z-pg=p*¢ | z-pg=¢* | z—pg=rp’q

y—pg=gq y — pq = p* y—pg=1

yielding the solutions
(14 pg,pq(1 +pq)), (p(1+4q),pe(1+4)), (a(1+p),pe(1l+p)),

(p(p+49),q(p+4)), (2pg,2pq), (pe(1l+q),p(1+q)),

(pe(1 +p),q(1 +p), (eglp+q)plp+4q), (pe(l+pq),1+pq).

Remark. The equation

1 1
— + —_— = -,
T Yy n

where n = pf*...pp*, has (1 + 2a1)... (1 + 2ax) solutions in positive

integers.

Indeed, the equation is equivalent to
(€ —n)(y —n) =n?

and n? = p2™ ., .pia" has (1 4+ 2ay) ... (1 + 2ax) positive divisors.

Example 3. Determine all non-negative integral pairs (z,y) for
which

(zy — 7)? = 2% + 42,
(Indian Mathematical Olympiad)

11



Solution. The equation is equivalent to
(zy — 6)2 + 13 = (z +y)?
or
(zy — 6)% — (z +y)? = —13.
We obtain the equation
[zy — 6 — (z + y)][zy — 6 + (= + y)] = —13,
yielding the systems

zy—6—-(z+y)=-1 zy—6—(z+y)=-13
zy—6+(z+y)=13 , zy—6+(z+y)=1

These systems are equivalent to

z+y="7 ‘ z+y="7

zy =6 , zy =0
The solutions to the equation are (3,4), (4,3), (0,7),(7,0).
Example 4. Solve the following equation in integers x,y

2 (y — 1) +y3(z-1)=1

(Polish Mathematical Olympiad)

Solution. Setting ¢ = u + 1, y = v + 1, the equation becomes
(u+ 120+ (v+1)>2%u =1,
which is equivalent to
wo(u +v) +4uv + (u+v) = 1.
The last equation could be written as
wu+v+4)+(ut+v+4)=5

12



or

(u+v+4)(uv+1) =5.

One of the factors must be equal to 5 or —5 and the other to 1 or
—1. This means that the sum u + v and the product uv have to satisfy

one of the four systems of equations

u+v=1 u+v=-9 fud+v=-3 u+v=-5

uv =0 uv = —2 uv =4 uv = —6

Only the first and the last of these systems have integral solutions.
They are (0,1),(1,0),(—6,1),{1,—6). Hence the final outcome (z,y) =
(u+ 1,v + 1) must be one of the pairs (1,2), (-5, 2),(2,1), (2, —5).

Example 5. Find all triples of positive integers (x,y, z) such that

:c3+y3+z3—3:vyz=p,

where p is a prime greater than 3.
(Titu Andreescu, Dorin Andrica)

Solution. The equation is equivalent to
(z+y+2)(z?+y?+22 —ay—yz—22)=p

Since  +y + z > 1, we must have  + y + z = p and z? + ¢? —Fzé—
Ty — yz — zz = 1. The last equation is equivalent to (z —y)? + (y — 2)2 +
(z — )% = 2. Without loss of generality, we may assume that z > y > 2.
Ifz>y>z wehavers -~y >1,y—2>1and z — 2 > 2, implying
(m—y)2+(y;z)2+(z—m)226>2.

Therefore we must have t =y =2+ 1o0r z — 1 =y = 2. The prime

p has one of the forms 3k +1 or 3k + 2. In the first case the solutions are

13



2 p—1p-1\ ¢ . .
(p —{: , P 3 P 3 ) and the corresponding permutations. In the sec-
p+1 p+1 p-—2

3’ 37 3

ond case the solutions are ( ) and the corresponding

permutations.

Exercises and Problems

1. Solve the following equation in integers z,y
22 + 6y + 8y + 3z +6y = 2.

2. For any positive integer n, let s(n)'denote the number of ordered

pairs (z,y) of positive integers for which

1
4+ ==,
| r y n
+ Find all positive integers n for which s(n) = 5.
(Indian Mathematical Olympiad)

3. Let p and g be prime numbers. Find the number of pairs of positive
integers z, y that satisfy the equation

£+g:1
z Yy

(K6MalL)

4. Find the positive integer solutions to the equation
2’ -y’ =zy +61

(Russian Mathematical Olympiad)

5. Solve the diophantine equation
z—yt=4
where z is a prime.

14



6. Find all pairs of integers (z,y) such that
28 +32% +1 =%

~ (Romanian Mathematical Olympiad)

7. Solve the following equation in nonzero integers x,y

(z2 +y)(z +y2) = (z — y)*.

(16t" USA Mathematical Olympiad)

8. Find all integers a,b, ¢ with 1 < a < b < ¢ such that the number

(@ —1)(b—1)(c — 1) is a divisor of abc — 1.
(3374 IMO)

9. Find all right triangles with integer sidelengths such that their
area and perimeter are equal.

10. Solve the system in integers z,y, 2, u, v

z4+y+z+4+u+v=zyuv+ (z + y)(u +v)
Ty + z + uv = zy(u + v) + uv(z + y)

(Titu Andreescu)

1.2. Solving Diophantine Equations Using Inequalities

This method consists of restricting the intervals in which the vari-
ables lie by using appropriate inequalities. Generally, this process leads
to only finitely many possibilities for all variables or for some of them.

Example 1. Find all pairs of integers (x,y) such that

23 +y° = (z +y)?

15



Solution. Note that all pairs of the form (k, —k), k € Z are solutions.
If x + y # 0, the equation becomes

2 —zy+y’ =z +v,
which is equivalent to
(z-y)’+ (-1 +@-1)7=2

It follows that (x — 1)> < 1 and (y — 1)2 < 1 restricting the
interval in which variables z,y lie to [0,2]. We obtain the solutions
(0,1),(1,0),(1,2),(2,1),(2,2).

Example 2. Solve the equation in positive integers x,y,z

1 1 1 3
-+ -4+-==
T 2 5

<

(Romanian Mathematical Olympiad)

Solution. Taking into account the symmetry, we may assume that

: 3_3
2 < z < y < z. This implies the inequality = > 5 hence = € {2,3,4,5}.

If z = 2, then i + % = % with y € {11,12,...,20}. It follows that
z=10+ 100 and (y — 10)|100. We obtain the solutions (2,11, 110),

y—10
(2,12,60), (2,14,35), (2,15, 30), (2,20, 20).

1 1 1
If z = 3, we have ” + =1 with y € {3,4,5,6,7}. We obtain the

15
solutions (3,4, 60), (3,5, 15), (3,6, 10).
1 1 7
If £ = 4, then ” t- =5 with y € {4,5} and the solution is
(4,4, 10).
1 1 2 3 .
If x = 5, then 5 + il and y = z = 5, yielding the solution
(5,5,5).

16



Example 3. Find all quadruples of positive integers (z,vy, z,w) for

which
2 +y? 4+ 22 + 22y 4+ 2z(2 — 1) + 2y(z + 1) = w?
(Titu Andreescu)

Solution. We have
(z+y+z+1)2 =0+ + 22+ 2y +22(2+ 1)+ 2y(z £ 17 £ 22 + 1.
It follows that
(+y+z-12<uwi<(z+y+2z+1)2

Hence 22 + y? + 22 + 2zy + 2z(z — 1) + 2y(z + 1) can be equal
only to (z + y + z)2. This implies z = y, therefore the solutions are
(m,m,n,2m +n), m,n € Z.

Example 4. Find all solutions in integers of the equation
B4 z+1)P2+@+2°P+ -+ (z+7) =48

(Hungarian Mathematical Olympiad)
Solution. The solutions are (—2,6), (-3,4), (-4, —4),(—5,—6). Let

P(z) =2+ (z+1)3 +(z+2)3+ -+ (z+7)% = 823 + 8422 + 4202+ 784.
If z > 0, then

2z +7)° = 8z + 842”4 294z + 343

< P(z) < 87> + 12022 + 600z + 1000 = (2z + 10)3,

S0 2z + 7 < y < 2z + 10; therefore y is 2z + 8 or 2z + 9. But neither of

the equations
P(z) — (2z +8)% = —12z2 + 362 + 272 = 0

17



P(z) — (2z +9)® = —242° — 662 + 55 = 0

have any integer roots, so there are no solutions with z > 0. Next,
note that P satisfies P(—z — 7) = —P(z), so (z,y) is a solution if and
only if (—z — 7; —y) is a solution. Therefore there are no solutions with
z < —17. So for (z,y) to be a solution, we must have —6 < z < —1. For
—3 < z < —1, we have P(—1) = 440, not a cube, P(-2) = 216 = 63,
and P(—3“) = 64 = 43, so (=2, 6) and (—3,4) are the only solutions with
—3 < z < —1. Therefore (—4,—4) and (—5, —6) are the only solutions
with —6 < z < —4. So the only solutions are (—2, 6),(—3,4),(—4,—-4),
and (=5, —6). |
Example 5. Find all triples of positive integers (z,y, z) such-that

(1 + 1) (1 + 1) (‘1‘+ l) =2
x y) \' =z
(United Kingdom Mathematical Olympiad)

Solution. Without loss of generality we may assume z > y > z. Note
that we must have 2 < (1 4+ 1/2)3 which implies that z < 3.

If z=1, then (1 + %) (1 + ;/-) = 1, which is clearly impossible.

, 4 1 4
The case z = 2 leads to (1 + —) (1 + l) = —. Therefore 4 <
T Y 3 3

(1 + ;) , which forces y < 7. Since 1+% > 1, we obtainy > 3. Plugging
in the appropriate values yields the solutions (7, 6, 2), (9, 5, 2), (15, 4, 2).
If z = 3, then (1 + i) (1 + %) = g Similar analysis leads toy < 5
and y > z = 3. These values yield the solutions (8, 3,3) and (5,4, 3).
In conclusion, the solutions are all cyclic perrﬁutation of (7,6,2),

(9,5,2), (15,4,2), (8,3,3) and (5,4, 3).

18



Exercises and Problems

1. Solve in positive integers the equation
3(zy + yz + 22) = 4zy=z

2. Find all triples of positive integers (z, v, z) such that
Yy +yz+ 2z — Yz = 2

. 8. Determine all triples of positive integers (z,y, z) solutions to the

equation
(z+y)°+3z+y+1=2°
(Romanian Mathematical Olympiad)

4. Determine all pairs of integers (z,y) that satisfy the equation

(e+1) - (z-1)*=4¢°

(Australian Mathematical Olympiad)

5. Prove that all the equations
28 + az? + ba? + ¢ = o

where a € {3,4, 5}, bAE {4,5,...,12}, c € {1,2,...,8} are not solvable.
(Dorin Andrica)

6. Solve in positive integers the equation
mzy + yzz + 2%z = 3zyz
7. Find all integer solutions to the equation
(:z:z;— y?)2 =1+ 16y
(Russian Mathematical Olympiad)

19



8. Find all integers (a, b, ¢, z,y, z) such that
a+b+c=uzyz
T+ y+2z=abc
anda>b>c>2l,z2y>z2>1.
(Polish Mathematical Olympiad)

9. Let z,Y,2,u, and v positive integers such that
zyzuwv=c+y+z+utv

Find the maximum possible value of max{z,y, 2, u, v}.

10. Solve in distinct positive integers the equation
2+ 2+ 224+ uw=3(z+y+ 2+ w).

(Titu Andreescu)

11. Let a and b be positive integers such that ab+ 1 divides a2 + b2.

2, 12
Show that ¢ +b

ab+1

is the square of an integer.

(29t IMO)

1.3. The Parametric Method
Iﬁ many situations the integral solutions to a diophantine equation
fz1,29,...,2,) =0
can be represented in a parametric form as follows
21 = g1(k1y .- K1)y T2 = g2(k1y oy K)o ey Tn = Gnlknsy - - K1)

where g1,92,...,9n are integral-valued I[-variable functions and
ki,...,k € Z.
The set of solutions to some diophantine equations might have mul-

tiple parametric representations.

20



For most diophantine equations it is not possib-le to find all solu-
tions. In many such cases the parametric method provides a proof of the
existence of infinitely many solutions.

Example 1. Prove that there exists an infinite set of triples of in-

tegers (z,y, z) such that
* + 43 + 2° = 1P +y2+z2

(Tournament of Towns)
Solution. Setting z = —vy, the equation becomes z3 = z2 + 22

Taking y = mz, m € Z, yields £ = 1 + 2m?. We obtain the following

infinite family of solutions
r=2m?>+1, y=m@m?2+1), z=-m(@2m?2+1), meZ.

Example 2. a) Let m and n be distinct positive integers. Prove that

there exist infinitely many triples of positive integers (xz,y, z) such that
:132 + y2 — (mZ + n2)z
with
(i) z odd; (ii) z even;
b) Prove that the equation

2’ +y* =13

has infinitely many solutions in positive integers (z,y, ).

Solution. a) For (i), consider the family

zr =m(m? +n?)F, y=nm?+n

Ok, e =2%+1, keZ,
For (ii), consider the family

ok = m2—n?|(m?+n?)*f"1 gy = 2mn(mi+n)*l, =2k, ke Z,

21



b) Since 22 + 32 = 13, we can take m = 2, n = 3 and obtain the

families of solutions
o =2-13% o, =3-13F, 2, =2%+1, kezZ,

ol =5-13571, o =12.13F1 A =2% kez,

Remarks. 1) Taking into account Lagrange’s identity
(a? + b2)(c? + d?) = (ac — bd)? + (ad + bc)?

we can generate an infinite family of solutions by defining recursively

the sequences (zk)k>1, (Yk)k>1 as follows

Tkt+1 = MTk — NYk
Yk+1 = NTE + MYk
where ;= m, y; = n.
It is not difficult to check that (|z|, yk, k), k € Z., are solutions to
the given equation.
2) Another way to generate an infinite family of solutions is by using
complex numbers. Let k be a positive integer. We have (m + in)F =

Ay + 1By, where Ay, By € Z. Taking moduli, we obtain
(m? + nz)k = A% + B,%,

thus (|Ak|, |Bk|, k) is a solution to the given equation.
Example 3. Find all triples of positive integers (z,y,2) such that
1 1

1
_+___
T Yy oz

Solution. The equation is equivalent to

z= Y
T+y

22



Let d = ged(z,y). Then z = dm, y = dn, with ged(m,n) = 1. It
follows that ged(mmn, m + n) = 1. Therefore

dmn

_m+'n,

which implies (m + n)|d, i.e. d =k(m+n), k € Z,4.

The solutions to the equation are given by
z=km(m+n), y=kn(m+n), z=kmn

where k,m,n € Z.

Example 4. Prove that for each integer n > 3 the equation

has infinitely many solutions in positive integers.

Solution. An infinite family of solutions is given by
e =k(k"+1)"2 y=Fk'+1"2 =F+1)"! keZ,
Example 5. Let a,b be positive integers. Prove that the equation. .
2?2 — 2azy + (a® — 4b)y? + 4by = 22

has infinitely many positive integral solutions (z,y, 2).
(Dorin Andrica)

Solution. We will use the following auxiliary result:
Lemma. If A, B are relatively prime positive integers, then there

exist positive integers u,v such that

Au—Bv =1 (1)

23



Proof. Consider the integers
1-4, 2-A,...,(B-1)-A (2)

and their remainders when dividing by B. All these remainders are dis-

tinct. Indeed, if
kiA=qB+rand koA =qB+r
for some ki,ke € {1,2,...,B — 1}, then
(k1 —ko)A=(q1 —¢2)B=0 (mod B)

Since ged(A, B) = 1, it follows that |k; — k2| =0 (mod B).

Takii;g into account that ki, ks € {1,2,...,B—1} we have |k; — k3| <
B. Thus k; — k2 = 0.

It is not difficult to see that k- A # 0 (mod B) for all k €
{1,2,...,B — 1}. Hence at least one of the integers (2) gives remain-
der 1 when dividing by B, i.e. there exist u € {1,2,...,B — 1} and
v€Z,ysuchthat A-u=B-v+1.0

Remark. Let (ug,vo) be the minimal solution in positive integers
to the equation (1), i.e. ug (and vg) is minimal. Then all solutions in

positive integers to the equation (1) are given by
Un =Ug +Bm, vy =v9+Am, meEZ, (3)

Coming back to the original problem, let us consider the sequence

(Yn)n>1, given by

Un+1=by2 +ayn +1, y1 € Z, (4)
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Clearly gcd(Yn,Yn+1) = 1, n € Z,. From the above Lemma, there

exist sequence of positive integers (un)n>1, (vn)n>1 such that
Yn+1Un — YnUn - 1, neZy
From (4) we obtain |
buny2 + (aUn — Un)Yn + Un —.1 =0, nezy (5)

Regarding (5) as a quadratic equation in y, and taking into account

that y, € Z,, it follows that the discriminant
Dy, = (@tn = 00)? = dbun(un — 1)
is-a perfect square. That is
v2 — 2aun,vp, + (a® — 4b)u,21 + 4bu,; =22, nezZ,

It is clear that the sequences (up)n>1, :(U.n)nzl contain stri,c_;tly in-
creasing subsequences (un;);>1, (vn;)j>1- An infinite family of solutions

is given by (bnj,unj,znj), j>1.

N~

Exercises and Problems

1. Prove that the equation
z? = y3 +2°

has infinitely many solutions in positive integers.

2. Show that the equation
o+t =242

has infinitely many relatively prime integral solutions.

(United Kingdom Mathematical Olympiad)
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3. Prove that for each integer n > 2 the equation
xn + yn =z

has infinitely many solutions in positive integers.

4. Let n be an integer greater than 2. Prove that the equation
" 4y + 2" u” ="

has infinitely many solutions (z,y, z, u,v) in positive integers.
(Dorin Andrica)

5. Let a, b, ¢, d be positive integers with gcd(a,b) = 1. Prove that the

system of equations
ar —yz—c=0
bx — yi +d=0
has infinitely many solutions in positive integers.
(Titu Andréescu)_

6. Find all triples of integers (z,y, z) such that

zy(z+1)=(z+1)(y + 1)z
7. Solve in integers the equation
z? + Ty = y2 + z2

°
8. Prove that there are infinitely many quadruples of positive inte-

gers (z,y, z,w) such that
zt +y* + 21 = 2002
(Titu Andreescu)
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9. Prove that each of the following equations has infinitely many
solutions in integers (z,y, z,u):
22 4+ y? + 22 = 22
ot +yt + 2t = 202
10. Prove that there are infinitely many quadruples of positive inte-

gers (z,y,u,v) such that zy + 1, zu+ 1, zv+ 1, yu+ 1, yv+ 1, uv + 1

are all perfect squares.

1.4. The Modular Arithmetic Method

In many situations simple modular arithmetic considerations are em-
ployed in proving that certain diophantine equations are not solvable or
in reducing the range of their possible solutions.

Example 1. Show that the equation
(z+1)* +(z+2)° + -+ (2 +2001)? = ¢/

1s not solvable.

Solution. Let £ = z — 1001. The equation becomes
(z—1000)2 + -+ (z—1)2 + 22+ (z 4+ 1)2 4 -+ - + (2 + 1000)% = ¢/?
or
200122 + 2(12 + 22 4 - - - + 1000%) = 42

It follows that

200122 + 21000 . 1(201 - 2001 .

or, equivalently,
200122 + 1000 - 1001 - 667 = y2
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The left hand side is congruent to 2 (mod 3), hence it cannot be a
perfect square.

Example 2. Find all pairs of prime numbers (p,q) such that

P’ —¢"=(p+q)?

(Russian Mathematical Olympiad)

Solution. The only solution is (7,3). First suppose that neither p nor
gequals 3. Thenp=1or 2 (mod 3) and g =1 or 2 (mod 3) prz q
(mod 3), then the left hand side is divisible by 3, while the right hand
side is not. If p # g (mod 3), the right hahd side is divisible by 3, while
the left hand side is not. . R

Ifp= 3 then ¢° < 27, which is not posmble

Ifg= 3 we obtain p3 — 243 = (p + 3)2 Whose only mteger solutlon
isp="1. ‘

Example 3. Prove that the equation ® — y? = 4 .has no solutions
in inlegers. ‘ |

(Balkan Mathematical Olympzad)

Solution. We con81der the equatlon modulo 11. Since (x5 2 =z19=0
or 1 (mod*11) for all z, we have z5 = —1, O'or 1 (inod 11). So z5 —4 is
either 6, 7 or 8 modulo 11. However, the square residues modulo 11 are
0,1,3,4,5,o0r9, so the equation has no integral solutions.

Example 4. Detérmiﬁe all primes p for which “'the system of equa-
tions ' -

p+1=2z?
p?+1= 21

has a solution in integers x,y.

(German Mathematical Olympiad)
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Solution. The only such prime is p = 7. Assume without loss of

generality that z,y > 0. Note that p + 1 = 2z is even, so p # 2. Also,

222 =1 = 2y? (mod p), which implies z-= +y (mod p), since p is odd.
Since z < y < p, we have £ + y = p. Then

p’+1=2p~-2)*=2"—dpz+p+1,

sop=4r —1,2z%2 =4z, xis 0 or 2 and p is —1 or 7. Of course, —1 is

not prime, but for p= 7, (z,y) = (2, 5) is a solution.

Example 5. Prove that if n is a positive integer such that the equa-
tion
w3 -3z +y¥=n
has a solution in integers (z,y), then is has at least three such solutions.

Show that the equation has no integer solution when n = 2891.
(237 IMO)

Solution. Completing the cube, we obtain

z3 - 3a:y2 + y3 = 223 — 3:1:2y —z3 4+ 3x2y — 3:53/2 + y3
= 223 322y + (y — z)° |
= (y-2)° =3y~ 2)(-2)* + (-2)°.

This shows that if (z,y) is a solution, then so is (y — z, —z). The two
solutions are distinct, since y —z =z and —z =y lead to z = y = 0.
Similarly,

® —3zy® +4° = 23— 3z2y + 3zy® — 3+ 2 + 32y — 61°

— (o- ) +3oy(o—v) — mP 42
= (-9’ -3(-y)(=z -9’ + (c - v)°,
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so (—y,z — y) is the third solution to the equation.
We use these two transformations to solve the second part of the

problem. Let (z,y) be a solution. Since 2891 is not divisible by 3, z3 +

3

y°® is not divisible by 3, as well. So either both of z and y give the

same residue modulo 3 (different from 0), or exactly one of z and y is
divisible by 3. Any of the two situations implies that one of the numbers
—z,Y,x —y is divisible by 3, and by using the above transformations we
may assume that y is a multiple of 3. It follows that z3 must be congruent
to 2891 (mod 9), which is impossible, since 2891 has the residue 2, and

the only cubic residues modulo 9 are 0, 1, and 8.

Exercises and Problems

1. Show that the equation
(z+ 12+ (x+2)2%+--+(z+99)2% =¢°

is not solvable in integers z,y, z, with z > 1.

(Hungarian Mathematical Olympiad)

2. Find all pairs of positive integers (z,y) for which
z? — y! = 2001

(Titu Andreescu)

3. Prove that the equation
4yt =7

has no solution in integers.

oy

4. Find all pairs of positive integers (z,y) satisfying the equation
3T -2=7
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5. Determine all nonnegative integral solutions (z1, 9, . .. z14) if any,

apart from permutations, to the diophantine equation
a2} +2d 4+ + 21, = 15999

(8" USA Mathematical Olympiad)

6. Find all pairs of integers (z,y) such that
13 —day+ 93 = -1

(G.M. - Bucharest)

7. Find all triples of nonnegative integers (z,v, z) solutions to the
equation | |
o 59TV 4 4 = 3

(Bulgarian Mathematical Olympiad)
8. Prove that the equation |

4a:y—:1:—y=z2

has no solution in positive integers.

(25" IMO Shortlist)

9. Prove that the system of equations
2?2 + 6y? = 22
622 +y% = ¢2
has no nontrivial integer solutions.

10. Find all pairs (a, b) of positive integers that satisfy the equation

ab2 i X
(37 TMO)
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1.5. The Method of Mathematical Induction

Mathematical induction is a powefful and elegant method for proving
statements depending on nonnegative integers.

Let (P(n))n>0 be a sequence of propositions. The method of math-
ematical induction assists us in proving that P(n) is true for all n > ng,
where ng is a given nonnegzitive integer.

Mathematical Induction (weak form): Suppose that:

@ P(ng) is true;

@ For all k > ny, P(k) is true implies P(k + 1) is true.

Then P(n) is true for all n > ng.

Mathematical Induction (with step s): Let s be a fired positive
integer. Suppose that:

) P{m), P(ng +1),...,P(ng + s — 1) are true;

e For all k > ng, P(k) is true implies P(k + s) is true.

Then P(n) is true for.all n > ng. |

Mathematical Induction (strong form): Suppose that

o P(ng) is true;

e For all k > ng, P(m) is true for all m with ng <m < k impliés

P(k + 1) is true. -
Then P(n) is true for all n > ny.

.This method of proof is widely used in various areas of Mathematics,
including Number Theory. The following examples are meant to show
how mathematical induction works in studying diophantine equations.

Example 1. Prove that for all integers n > 3, there exist odd positive

integers =,y, such that Tz? 4+ y%2 =27,

(Bulgarian Mathematical Olympiad)
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Solution. We will prove that there exist odd positive integers =, yn
such that 7z2 + y2 = 2", n >3.

For n = 3, we have 3 = y3 = 1. Now suppose that for a given
integer n > 3 we have odd integers z,,y, satisfying 7z2 + y2 = 2".
We shall exhibit a pair (Zn11,yn+1) of odd positive integers such that

Tz, +y2,, = 2"t In fact,

2 2
7(a:n:i:yn) +<7£L‘n:Fyn) = 2(722 +y2) = 2!

2 2

——Iign ; n| is odd (as their
) Tn + Yn

2 B

z
Precisely one of the numbers — _2*_ Y7 and

sum is the larger of z,, and yy, which is odd). If, for example, -

is odd, then

7xn—yn xn'—yn
n_9n _ g
2 Tnt T

is also odd (as a sum of an odd and an even number), hence in this case

we may choose

Tn + Yn

Tz, —
Tntl = — and yn 41 = —2— "

2

If @;—yn is odd, then

1Tn +Yn Tn +:yn
2 =3z, + 9

so we can choose

|$n - yn'

7
= andyn+1:_w

Ip4l = )

Example 2. Prove that ;for all positive integers n, the following

equation is solvable in positive integers
x? + 9% + 22 = 59"
(Dorin Andrica)
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Solution. We use mathematical induction with step s = 2 andng = 1.

Note that for (z1,v1,21) = (1,3,7) and (z2,y2, 22) = (14, 39,42) we have
o2 + 9% + 22 = 59 and z2 + y2 + 22 = 59°
Define now (Zy, Yn, 20 ), n > 3, by

Tny2 = 592-'1771., Yn+2 = 592yn7 Zn+42 = 592zn

for all n > 1. Then

Thyo + Yiyo + Zhag = 592 (2} + vf + 20),

hence 2 + yZ + 22 = 59% implies 22, + yZ,, + 22, , = 592,
Example 3. Prove that for all n > 3 the equation

L1 Z2 Tn ) '

is solvable in distinct positive integers.

Solution. For the base case n = 3 we have

1,11 0
2 36

Assuming that for some k > 3

1 1 1
—t — 4 — =1,
rr T2 Tk
where z1,z,,..., 2, are distinct positive integers, we obtain
1 + 1 b 1 1
2z, 2z9 2z 2
It follows that
S SO S B
2 2xz1 229 2z
where 2,2z, 2x,,...,2x are pairwise distinct.
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Remarks. 1) Note that

’{5 "Z:lk+1 )—1 "z':l _ 1—l
_1(k+1)' pet (k + 1)! k! (k+1 n!

k= k=1
hence
1 1 1 1
a7 + 37 + + ol +—=1
1 2 n—1
2! 3! n! .
ie. (T’ X 1,n!) is a solution to the equation (1) and all its

components are pairwise distinct.
2) Another solution to equation (1) whose components are pairwise

distinct is given by

(2,22,...,2"2 2n=2 L 1, 2"72(2" "2 1 1)).

Indeed,
A S ! -
2 22 on—2 ' on—2 41 = on-2(9n-241)
=1 L + 2 + L =1 L + 1 _ 1
- on—2 2n—2(2n—2 + 1) on—2 (2n—2 + 1) - on—2 on—-2 ~ °°

3) Another way to construct solutions to the equation (1) is to con-

sider the sequence
a1 =2, amy1=0ar...am+1, m>1

Then, for all n > 3,

1 1 1 1
— 4+ — 4+ + = 1. (2)
ai as an—1 an——l

Indeed, from the recursive relation it follows that
a1 — 1 =aglag — 1), k2>1,
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or

Thus

and the sum

1 1 1
— =+t
ai as an—-1
telescopes to - : S
1 1 1— = 1
ai—1 ap—1" an — 1

‘Hence the Telation (2) is verified.

4) It is not known if there are infinitely many positive integers
n for which equation (1) admits of solutions (zi,%s,...,Zn), where
z1,Ta, ., Zn are all distinct odd positive integers.

A simple parity argument shows that in this case n must be odd.

There are several known examples of such integers n. For instance,
if n =9, we have | . |

1,111 11 1 11
3 5 7 9 11 15 33 45 385

ifn=11,

LIPS S S S I S S
3 5 7 9 15 21 27 35 63 105 135

if n = 15,

l+1+1+1+—1—-+-1—+1+1+‘1+
3 5 7 9 15 21 35 45 55

-+-l-+- 1 + 1 + 1 + 1 4— 1 =1
77 165 231 385 495 693

ifn=17,

tyryr 1 1,11
sty tot ottt
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+1+14-1+1+-1+1+ SRR
77 165 275 385 495 825 1925 = 2475
Example 4. Prove that for all n > 412 there exist positive integers

T1,...,Tn Such that

1 1 1
44— =1, 1
x‘;’ + a:% toet 3 (1)
Solution. We have
LI S
ad?  (2a)3 -~ (2a)3’

where the right hand-side consists of eight summands, so if the equation

(1) is solvable in positive integers, then so is the equation

11 1
S+ ++—5—=1
T T2 Tn+7

Using the method of mathematical induction with step 7, it suffices

'to prove the solvability of the equation (1) for n = 412,413, ...,418. The

key idea is to construct solution in each of the above cases from smaller
ones modulo 7.

y .
Observe that 3—Z =1 and 27 = 412 (mod 7),

4 9 36 | |
53 + — 33 + it =land 44+9+36=49=413 (mod 7),.
4 3 gy
+Z3 —1and4+32—36_414 (mod 7),
18 243 . "
3_3.{-—93—:1 and 18 + 243 = 261 = 415 (mod 7),
18 16 144

3 T 5t g5 =1 and 18+ 16+ 144 = 178 =416 (mod 7),
4 16 36 144
55t t gt os = land 4416436+ 144 =200 =417 (mod 7).

Finally,

4 9 81 324
55+ 33+ g5 T Tgr = L and 449+ 81+ 324 = 418,
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Example 5. Solve in distinct positive integers the equation
o3+ 423 = (T1+ 2o+ -+ + Tm)>.

(Titu Andreescu)

Solution. We will prove first the following auxiliary result:
Lemma. If a1, as,... is a sequence of distinct positive integers, then

Jor all integers n > 1 the following inequality holds

a4+ +ad> (a4 +ay)? (1)

Proof. One may assume, without loss of generality, that a; < ap <
--- < @y, is this can be considered part of the hypothesis. For n = 1,
a; >1 "i.m“plies a% > a%. Suppose the clai_m is true for some n = k, and
let @) <ap <---<ag < a;;+}1 be k—&- 1 distinct positive integers. Then

Gk+1 > ax + 1. A short computation then gives

(@k+1 — 1)ag41 > ag(ar + 1)
2 - 2

=1+2+4--+a

Note that the sum 14 2 + - - - + a; contains all positive integers not
exceeding ay, so it is greater than or equal to a; + a3 +--- + ak, a sum

of distinct integers among 1,2,...,ax. So

(ak+1 — 1)ak41
2

2ay+ag+---+ag
which, multiplied by 2a.;, gives

(aﬁ+1 — Qg41)0k41 2> 2(a1 + a2 + -+ + ag)ag41,

that is

a2+1 > 2(a1 + a2+ +ag)agy + a,%+1.
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On the other hand, by the induction hypothesis,
ad+ad+ - +ad>(art+az+ o +a)k
Adding up the last two inequalities yields
3, .3 3, 3 2
aj +ay+---+ap+apyy > (ar+az+ -+ ag + appr)”,

hence the inequality is true for n = k + 1. [

Without loss of generality, we may assume that z; < 22 < -+ < Zpy.

This means z; > 1, mz > 2,..., Tm 2 m. We will prove that z; = 1,
To=2,..., Tyy = M.
We have z—1 < Zm — 1, Tm—2 < Tm — 2,..., 71 < Ty — (m — 1),
hence
m—1)m
x1+x2+---+mm_1§(m—1)xm—(——2f)— (2)
From the Lemma,
3 3 3 2
i+ o+ T, 2 (@1 T2+ Tm) 3)
On the other hand, from the given equation,
Sty + i 1 = (it ze o F Tmer)?
+2(xy +z2+ - + $}m_1).’17m + .’17,2,1 (4)

From (3) and (4), it follows that
a:3m <2z +z2+- +Tm_1)Tm + xfn

or

xfnSZ(:v1+z2+---+xm_1)+a:m

and, by using (2), we obtain
g2, < 2(m — 1)z — (m — D)m + .
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This is equivalent to-

2 — (2m— 1)y +(m—1)m <0

or
(#m — m)(zm — (m - 1)) <0.

Since z,, > m — 1, it follows that z,, < m, hence z,, = m. Taking
again into account that z,zs, ...,z are pairwise distinct yields z; = 1,
T =2,..., Ty =M.

All solutions to the equation are given by the m! permutations of
{1,2,...,m}.

Remark. If we give up distinctiveness, then our equation has other

solutions as well. For example if m = 6,

1B+ 4+ 2P 4+3+4834+63=(1+2+2+3+4+6)%

- Exercises and Problems
®1. Prove that for all integers n > 2 there exist odd integers z,y such
that |22 — 17y%| = 4™.
| | (Titu Andreescu)
2. Prove that for all positive integers n, the following equation is
solvable in integers

a:2+xy+y_2=7n.

(Dorin Andrica)

3. Prove that for all integers n > 1, there exist integers z,y, 2 such
that | | B

z? +y? + 22 = 37",
(Dorin Andrica)
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Ck(k+1)

4. The integer tx = — is called the k** triangular number,
k>1.
Prove that for all positive integers n > 3 the equation
1 1 1
_—t — 4+ — =1
I T Tn

is solvable in triangular numbers.

5. Show that for all n > 6 the equation

1 1 1
—+ -+t — = 1
I1 Ty Tn
is solvable in integers.
6. Prove that for all s > 2 there exist positive integers zg, 1, ..., Ts
such that
L + - 4+ 1 _ 1
2 z2 2 z?

and 2o < 71 < -+ < zj.
7. Prove that for every positive integer m and for all sufficiently

large s, the equation

L + : + o4 L 1
P af zP
has at least one solution in positive integers z1, z2,...,T;s.

8. Prove that for any nonnegative integer k the equation
?+yP -2 =k

is solvable in positive integers'z,y,z with z < y < 2.
(Titu Andreescu)

9. Prove that the equation
22 + (z+1)2 =2
has infinitely many solutions in positive integers z,y.
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10. Solve in distinct positive integers the equation ——————— —

234+ 22 + -+ T2h0e = 1335(z1 + T3 + - -+ + Toogz)-

(Titu Andreescu)

1.6. Fermat’s Method of Infinite Descent (FMID)

Pierre de Fermat (1601-1665) is quite famous for his contributions
to mathematics even though he was only considered an amateur math-
ematician. Fermat received his degree in Civil Law at the University
of Orleans before 1631 and served as a lawyer and then a councillor at
Toulouse. -

Fermat proved to have a monumental impact on the world of math-
ematics '%tiilrough his findings a_ﬁd methods. He was one of the first math-
ematicians to use a method of proof called the ”infinite descent”.

Let P be a property concerning the nonnegative integers and let
(P(n))n>1 be the sequence of propositions,

P(n): "n satisfies property P”

The following method is useful in proving that proposition P(n) is
false for all large enough n. - ‘

Let k be a ﬁonnegative integer. Suppose that:

o P(k) is not true;
o whenever P(m) is true:for a positive integer m > k, then there
must be some smaller j, m > j > k for which P(5) is true.
Then P(n) is false for all n > k. |

This is just the contrapositive of strong induction, applied to the

negation of proposition P(n) In the language of the ladder metaphor, if

you know you can’t reach any rung without first reaching a lower rung,
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and you also know you can’t reach the bottom rung, then you can’t
reach any rungs.

The above is often called the finite descent method.

The Fermat’s method of infinite descent (FMID) can be formulated
as follows:

Let k be a nonnegative integer. Suppose that:

e whenever P(m) is true for an integer m > k, then there must be

some smaller integer j, m > j > k for which P(j) is true.

Then P(n) is false for all n > k. |

That is, if there where an n for which P(n) was true, you could
construct a sequence n > n; > ng > ... all of which would be greater
than k, but for the nonnegative integers, no such descending is possible.

Two éi)ecial cases of FMID are particularly useful in the study of
diophantine equations.

FMID Variant 1: There is no sequence of nonnegative integers
ny>ng > ...

In some situations it is convenient to replace FMID Variant 1 by
the following equivalent form: If ng is the smallest positive integer n for
which P(n) is true, then P(n) is false for all n < ny.

FMID Variant 2: If the sequence of nonnegative integers (n;);>1
satisfies the inequalities ny > ng > ..., then there exists ig such that
Nig = Mig4+1 = - - -

Example 1. Solve in nonnegative integers the equation

3 + 298 = 428
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Solution. Note that (0,0,0) is a solution. We will prove that there
are no other solutions. Assume that (z1,y1,21) is a nontrivial solution:
Since /2, ¥/4 are both irrational, it is not difficult to see that z; > 0,
y1 > 0,21 > 0.

From z3 + 2y} = 42} it follows that 2|z, so 1 = 2z9, 72 € Z,.
Then 4:1:% + yf‘ = Zz:f, hence y; = 2ys, y2 € Z4. Similarly, z; = 229,
#z2 € Z.. We obtain the "new” solution (z2, y2, 22) with z1 > 9, y1 > yp,
21 > z9. Continuing this procedure, we construct a sequence of positive
integral solutions (zn, Yn, 2n)n>1 such that z; > 2 > z3 > But this
contradicts FMID Variant 1. |

Example 2. Solve in nonnegative integers the equation
2" —1 ==y

(Putnam Mathematical Competition)
Solution. Note the solutions (0,%), k € Z, and (1,1). We ‘will prove
that there are no other solutions by using’ FMID on the prime factors of
z. Let p; be a prime divisor of z and let g be the least positive integer
such that p;|29 — 1. From Fermat’s Little Theorem we have p1|2P— 1 —1,
therefore g <p; — 1< p1 |
Let us prove now that g|z. If it didn’t, then z = kq + r, with 0'<
r < q, and o '

2% 1 = 2kigr _ 1

= (29%.27 -1

27-1+1)F.27 -1
= 2"—1 (mod p)
It follows that p;|2" — 1, which contradicts the minimality of q.
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Thus glz and 1 < ¢ < p;. Now let ps be a prime divisor of q. It is
clear that ps is a divisor of z and ps < p;. Continuing this procedure,
we construct an infinite decreasing sequence of prime divisors of z: p; >
po > ..., in contradiction with FMID Variant 1.

Example 3. Find the mazimal value of m? +n? if m and n are

integers between 1 and 1981 satisfying (n? — mn — m?)? = 1.
(22" IMO)

Solution. Note that (m,n) = (1, 1) satisfies the relation (n? — mn —
m?2)2 = 1. Also, if a pair (m,n) satisfies this relation and 0 < m < n,

then m < n < 2m, and by completing the square ‘we get

2

(n?2 —=mn-—m?? = ((n—-m)?+mn—2m?)?

= ((n—m)?+m(n—m)—m??

2

= (m? = m(n —m) — (n —m)?)?,

which shows that (n —m, m) ‘éétisﬁes the same relationand 0 < n—m <
m. - :

By FMID Variant 2, the transformation (m,n) — (n —m,m) must
terminate after finitely many steps, and it terminates only when m =
n = 1. Hence all pairs of numbers .satisfying the relation are obtained
from (1, 1) by applying the inverse transformation (m,n) — (n,m +n)

several times:
(1,1) = (2,1) = (3,2) — (5,3) — ...

"The components of all such pairs are Fibonacci numbers F,,, where

the sequence (Fy)n>o is defined by
-+ Fy=0, Fp. =1 and Foi1=F, -+‘Fﬁ_1, n>1l -
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Therefore, all pairs consist of consecutive Fibonacci numbers. The
largest Fibonacci number less than 1981 is Fig = 1597, so the answer to
the problem is F% + FZ% = 3514578.

Example 4. Let (n)n>0 and (Yn)n>0 be two sequences defined re-

cursively as follows:

Tpt2 =3Tn41 —Tn, To=1, w1 =4

Yn+2 =3Yn+1 —Yn, Yo =1, y1=2
1) Prove that 12 — 5y2 = —4 for all nonnegative integers n.
2) Suppose that a,b are two positive integers such that a®— 502 = —4.

Prove that there ezists a nonnegative integer k such that rx = a and
Yk = b.
(Vietnamese Mathematical Olympiad)

Solution. We first prove by induction on k that for k- > 0, we have

3z + Syr ¥ + 3uk
(Tht1) Ykt+1) = ==, .
2 2
For k = 0, (4,2) = (3—2;—5-#) and for k = 1, (11,5) =
12+10 446
2 ' 92 )

Next, assume that our formula for (zgy1,yxs+1) is true for k

and k + 1. Substituting the expressions for T2, Tk+1,Yk+2, Yk+1 into

(Th+3, Yk+3) = (3Tk+2 — Tk+1,3Yk+2 — Yk+1), we find that (zk43, Yrss3)

equals

3 5 1 3
(5(3-’Ek+1 — Tk) + 5(3yk+1 — Yk)s 5(3-’Bk+1 — o) + 5(3yk+1 - yk))

1 1
= (5(3$k+2 + Syk+2), §(fﬂk+2 + 3yk+2)> :

This Eampletés the induction step and the proof of our claim.
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1) We prove that 2 — 5y2 = —4 by induction on n. For n = 0 we
have 1 — 5 + 4 = 0. Now assume the result is true for n. We prove that

it is true for n + 1. Indeed,

2 g2 _ (3Zn +t5Yn 2_5 Tn + 3y \ 2
Tn+1 Yn+1 — 9 9

472 — 20y2

1 :wi—5y3=—4,

as desired. '
Remark. The sequences (Zn)n>0, (Yn)n>0 are defined by second

order linear recurrences, hence their general terms have the form

3 (3+2x/5>n+ﬁ(3—2\/3)", >0

Fdr the first sequence we have o = 1 +2\/5, B = L _2\/5, and for

~ 1++5 1-5

the second, a = , —.

Y Y
We obtain
2n+1 2n+1
1+v5\ 1-v5)
Ln = + (1)
2 2
. nt+1 2n+1
1 (1+v8\T (1-vB\T 2
=75 7 )

Using the relatioﬁs (1) and (2) it is not difficult to verify that z2 —
5y2 = —4,n > 0.

Note that z, = Lon+1 and y, = Fony1, where (Fpy, )mzh (Lm)m>1
are the well-known Fibonacci and Lucas sequences.

2) Suppose, by way of contradiction, that a? — 563 = —4 for integers
a1, by > 0, and that there did not exist &k such that (zx,yx) = (a1,b1)-
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, - b1 —
Let (az,bz) _ 3a1 - 5b1’ 3 12 ai

positive integers. This is true if a; and :b1 are of the same parity, a; < 3b,,

and 3a; < 5b;. Note that 0 = a? —5b% +4 = ai —by (mod 2). Next, a% =

. 'We argue that ap and by are

5b% —4 < Qb%_ implies a; < 3b;. In addition, there are no counterexamples

with a; = 1 or 2. Thus a} > 5 and 0 = 5a7 —25b7 +20 < 5a? — 25b% +4a2,

i.e. 3a; > 5b;.
Using the condition a? — 52 = —4, some quick algebra shows that
a% — 5b2 = —4 as well. However, -
 3a;—5b;  3b—
., ag+by = a,12 1+ 12 .al——-,al—_b_l <ap+b

and (az, bs) # (z;,y;) for all j > 0. Continuing this process, we construct

an infinite sequence of positive integers
a +4b.1 >ap+by>a3+bs3 > ...

in contradiction with FMID Variant 1.

Example 5. Solve in positive integers the equation

2+’ +z+y+1l=xyz

Solution. We will prove first that z = 5. Let (z1,y1,21) be ;a solution
with z; # 5. Then x; ;é Y1, for otherwise :1:1[:1:1(21 —2) — 2] =1, which
is impossible if z; # 5.

We have

O=:v%+y%+m1 +y+1-—z10n21
=z -z1—-1) 4+ + (mz1— 21— 1)+ +1— (121 — 21 — Dy 24,
hence (z2, 42, 22) = (y121—21—1,%1, 21) is also a solution, since.z (y;2; —

1 —1) =92 +y; +1 >0 implieszy = y;21 — 21 — 1 > 0.
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+ Note that if 71 > y1, then 1 > y1 + 1, and that
.’D% > yi" +y1+1=xz1(y121 — 71 — 1) = z129.

Hence z1 > x9. Cdntinuing this construction, we obtain a sequence
of positive integral solutions (zk,yk,2x) With 7 > z9 > z3 > ..., in
contradiction with FMID Variant 1. |

This contradiction shows that the assumption z # 5 is false, so z = 5.

It is not difficult to see that both z and y are odd. Performing the

substitutions
3z —1 - 3y-—1

g Y 2 (1)

u

the equation becomes
u? — 5uv +v? = -3 (2)

Clearly, (ug,vo) = (1,1) is a solution to (2). Let (uj,v;) be another

solution with u; > v;. Then
’U%j'*‘(5U1 — @1)2 + 3 - 5@1(5v1 — ug),
so (ug,vs) = (v1,5v; — u1) is also a solution to (2). From
(u1 —v1)(ug — 4v1) '==?u§ —5u1v1 + 4vf = 3v% -3> 0,'

cie A%

it follows that uj > 4vq, hence vz = 5v; —uy < v;. Starting from (up,v)
we construct the solutions (ug, vs), (u3,v3),... with vy > vy > v3 > ...
According to FMID Variant.2; it follows that vg,1 = 5vx — ux and

Uk+1 = Vk, k > 1. Thus
Up=Vg-1, k21
Vk41 = OV — Vg1, vo =1, v =4
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The sequence (vn)n>0 is defined by a second order linear recurrence,

hence its general term has the form

IV TS

2
3 21 3—+v21
In this case we have a = _ZL_\/\Z/_;— and 8 = ————2—\7_\2/—1:, therefore

C1 [s+vA (542" 3-va (5-va\"
Un=7E1 | 2 2 T T2 \T 2 3)

>0

_ 1 [3+vE (54+vE\ 3-vE (5-v2\
nEA T 2 2 T T2 2 T

Taking into account the relations (1), we obtain that all the solutions
20, +1 2v,+1
?

3 3

to the given equation are (

defined by (3).

, 5) , n > 0, where u,, v, are

Exercises and Problems
1. Find all triples (z,y, 2) of positive integers solutions to the equa-
tion
23+ 3y% +92° — 3zyz =0
(Kiirschdk Mathematical Competition)

2. Find all integers z,y, z satisfying
2?2 +y? + 22 - 2zy2 =0

(Korean Mathematical Olympiad)

3. Solve the equation in integers z,y, z,u
x4+y4+z4 = 9yt
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4. Solve the equation in positive integers
z? — y2 = 2zYyz
5. Determine all integral solutions to
a? + % + % = a%p?
(5th USA Mathematical Olympiad)
6. (a) Prove that if there exists a triple of positive integers (z,y, z)
such that
4y’ 4+ 1= TYz

then z = 3.
(b) Find all such triples.

7. Solve in positive integers z,y, u,v the system
r2+1=uy
v+ 1=z
8. Prove that there are infinitely many triples (z,y, 2) of .positive
integers such that
:cz-i-;l;2+z2 = Yz
(College Mathematics Journal)
9. Find all pairs of positive integers (a, b) such that ab+ a+b divides
a? +b% + 1.
(Mathematics Magazine)

10. Let a be a positive integer. The sequence (z)n>1 is defined by
z1 =1, 29 = a and zTn43 = azpy1 + T, for all n > 1. Prove that (z,y)

is a solution to the equation
|22 +azy —y?| =1
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if and only if there exists a rank k such that (z,y) = (zk, Ti+1).
(Romanian Mathematical Olympiad)

11. Find all pairs of nonnegative integers (m,n) such that
(m+n—5)? = 9mn

(42"¢ IMO USA Team Selection Test)

12. Let z, v, z be positive integers such that zy — 22 = 1. Prove that

there exist nonnegative integers a, b, ¢, d for which
r=a?+b, y=c®+d? and z=ac+ bd.

(20th IMO Shortlist)

S

1.7. Miscellaneous Diophantine Equations

Many elementary diophantine equations are not of the types de-
scribed in the previous sections. In what follows we present a few exam-
ples of 'such equations.

Example 1. Solve the equation
1+ 21+ 22120+ -+ + (n—1zi1z2...Tpn_1 = T1T2 ... Ty,

in distinct positive integers T1,Ta,...,Ty.
(Titu Andreescu)

Solution. Writing the equation in the form
z1(z2...2n — (n -4'1)x2 iL'n—1— - 27— 1) =1
yields x1= 1 and N
To(r3...on—(n—1)23... 207 —++ - — 323 —2) = 2.
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Since T3 # z1, it follows that o = 2 and that
:B3(:E4...:L'n—(n—1)$4...$n_1 — e —411,‘4—'3')23.

We have z3 # z9 and z3 # z1, hence 3 = 3.
Continuing this procedure (which amounts to a "finite induction”),

we obtain
T1=1, z9=2,...,Zp-1=n—1.

Finally, it follows that (n — 1)(z, — (n — 1)) =n — 1, i.e. z, = n.
Remark. Substituting back into the equation yields the identity

1+1-1142. 2144+ (n=-1)-(n—1)! =n!
Example 2. Solve in positive integers the system of equations
z? + 3y = u?
y? + 3z = v?
(Titu Andreescu)
Solution. The inequalities

24+ 3y > (z+2)2 3?43z > (y+2)>

cannot be both true, because adding them up would yield a contradic-
tion. So at least one of the inequalities 2%+ 3y < (z+2)? and y% + 32 <
(y+2)? is true. Without loss of generality, assume that 2243y < (z+2)2.
Then 72 < 22 + 3y < (z +2)? implies 22 + 3y = (x + 1) or 3y = 2z + 1.
We obtain z = 3k + 1, y = 2k 4 1 for some nonnegative integer k and
y2+3z = 4k2+ 13k +4. For k > 5, (2k+3)% < 4k%+13k+4 < (2k+4)?,

hence y? + 3z cannot be a perfect square. Thus we need only consider
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be PRENAVE M"%
ke {0,1,2, 3 4}. Only k = 0 makes y? + 3z a perfect square, hence the

o l‘\-g\ v- (G \j:['/ y
unique solution is / ’ rU=r3, U

Example 3. Solve in positive integers the equation

7% 4ot 47 = 4%

Solution. If z is odd, then 7% + z% 4+ 47 = 3 (mod 4) and since there
are no perfect squares of this form, there are no solutions in this case.

Suppose that z = 2k, for some positive integer k. For k > 4, we have
(7%)? < 7% 4 (2k)* + 47 < (TF +1)2

Indeed the left 1nequahty is clear and the right one is equivalent to
8k* + 23 < 7%, which can be justified by using mathematical induction.

We need only consider £ € {1,2,3}. Only k£ = 2 yields a solution.
Thus z = 4, y = 52 is the unique solution.

Example 4. Let M be the number of integral solutions to the equa-
tion

22—y =253

with the property 0 < z,y,2,t < 108, and let N be the number of the

integral solutions to the equation
xz—y2=z3—t3+1

that have the same property. Prove that M > N.
(215t IMO Shortlist)

Solution. Write down the two equations in the form
P+ =9+ 22+ =92420+1
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and, for each k£ = 0,1,2,..., denote by ng the number of integral So-
lutions of the equation u? + v3 = k with the property 0 < u,v < 108.
Clearly, ngy = 0 for all k greater than [ = (10%)% + (10°)3. Now a key

observation follows:
M:ng—i-n%—i-----i-n? and N =ngny +ning + -+ + nj_1ny. (1)

To prove, for example, the second of these equalities, note that to
any integral solution to 2+ =2+ 2841 with 0 < z,y,2,t < 108
there corresponds a k (1 < k <) such that ,

2 +3=k P+2=%k-1 (2)

And for any such k, the pairs (z,t) and (y, 2) satisfying (2) can be chosen
independently of one another in n; and ng_, wéys, respectively. Hence
for each k =1, 2, . ;l there are ng_1ny solutions of z2 +13 = y2+ 23 +1
with 22 + t3 = 42 + 23 + 1 = k, which implies N = ngnq + ning +oee
ni—in. The proof of the first: equahty in (1) is essentlally the same.

It is not difficult to deduce from (1) that M > N. Indeed, a little

algebra work shows that
1
M-N= §[n(2,+(n0 —m)? + (m —ng)® + - + (m_1 —m)* +nf] >0,

since ng # 0 (in fact ng = 1).
Example 5. (a) Prove that there exist infinitely many triples

(z,y,2) of zntegers satisfying the equation
23 4+ 2% + 428 — 6zyz = 1. (1)

(b) Determine, with proof, all of the integer solutions of (1).

" (USA Proposal for the 38t IMO)
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Solution. (a) Let s be the real cube root of 2 and w = €2™/3, Then’

(1) may be rewritten, by factoring the left side, as
(z + ys + 22%) (2 + ysw + 25%w?) (z + ysw? + zs?w) = 1. (2)

Let (z1,y1,21) = (1,1,1), which clearly constitutes a solution of (1).

Then it is also clear that the triple (z,,Yn, z,) defined by
Tn + YnS + 2n8° = (T1 + Y18 + 2182)"

is also a solution of (1) for any n € Z (and are all distinct).

(b) The only solutions a,r‘e‘ those triples of the form (p,yn, zn) or
(—Zn, —Yn, —2n) for some n € Z. More pfecisely,- we show that if (z, y, 2)
is a solution of (1) with z + ys + 252 > 0, then (z,9,2) = (Zn,Yn, 2zn),

where n ‘{5 the unique integer such that
| (1 +s+;s£)" <z +ys+2zs? < (14 s+ %)L
Define the new solution (u,v,w) by the relation
utvs+ws?=(z+ys+2zs2)(1+s+s)™",

so that 1 < u+ vs +ws? < 1+ s + 2.
We have

1

v

(u + vs + ws?)~!
= (u+ vsw+ ws?w?)(u + vsw? + ws?w)

= (u? - 2vw) + (2w? — uv)s + (v? — uw)s?

= —;-[(u — vs)2 + (vs — 'ws2)2 + ('LU52 - 'U')2]7

hence |u — vs], |vs — ws?|, |[ws® — u| are all less than or equal to v/2.
Ifw>1, thenu > ws2 —v/2 > 0and v > ws — s71v/2 > 0, so

T + vs + ws? > 1+ s + s2, a contradiction. Similarly, assuming w < —1
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yields £ + vs + ws? < —(1 + s + s2), a contradiction. Hence w = 0,

yielding the inequalities
lu — vs|, |vs|, [u| < V2.

The second and third condition imply —1 < u,v < 1, which yields
only the solutions (u,v,w) = (1,0,0) or (—1,1,0). The third solution
fails the first condition, so we deduce (u,v,w) = (1,0,0) and conclude

that
(z,y,2) = (%n, Yn, zn),

as desired.

Exercises and Problems
1. Prove that the equation 6(6a® + 3b% + c?) = 5n? has no solution
in integers except a =b=c=n = 0.
(Asian Pacific Mathematical Olympiad)

2. Determine a positive constant ¢ such that the equation
:L'yZ—yz—a:+y=c

has exactly three solutions (z,y) in positive integers.
(United Kingdom Mathematical Olympiad)

3. Find all triples (z, y, z) of positive integers such that y is a prime

number, y and 3 not divide 2z, and X} — 73 = 22.

(Bulgarian Mathematical Olympiad)

4. Determine all triples (z, k,n) of positive integers such that
3*F—1=2"
(Italian Mathematical Olympiad)
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5. For a positive integer n, show that the number of integral solutions
(z,y) to the equation z2 + zy + y? = n is finite and a multiple of 6.
6. Find all positive integers n such that there exist relatively prime

positive integers z and y and an integer k > 1 satisfying the equation
¥ +yF = 3"

(Russian Mathematical Olympiad)
7. Prove that for each prime p the equation
2243 =q"
has no integer solutions (q,n) with ¢,n > 1.
(Italian Mathematical Olympiad)
8. Détermine all pairs (a, b) of integers for which the numbers a2 44b
and b2 + 4a are both perfect squares.

(Asian Pacific Mathematical Olympiad)

9. A rectangular parallelepiped has integer dimensions. All of its
faces are painted green. The parallelepipéc_l is partitioned into unit cubes
by planes parallel to its faces. Find all possible measurements of the
parallelepiped if the number of cubes without a green face is one third

of the tqta.l number of cubes.
(Bulgarian Mathematical Olympiad)

10. Find all integer positive solutions (z,v, z,t) of the equation
(z+y)(y+2)(z + 1) = tzyz

such that ged(z,y) = ged(y, 2) = ged(z,z) = 1.

(Romanian Mathematical Olympiad)
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CHAPTER 2

Some Classical Diophantine Equations

2.1. Linear Diophantine Equations

An equation of the form

0,1371+"'+an$n :b (2.1.1)
where ai,as,...,a,,b are fixed integers, is called linear diophantine
equation. We assume that n > 1 and that coefficients ay,...,a, are

all different from zero.

The main result concerning linear diophantine equations is the fol-
lowing;:

Theorem 2.1.1. The equation (2.1.1) is solvable if and only if
ged(ay, ..., an)|b.

In case of solvability, all integer solutions to (2.1.1 ) can be expressed
in terms of n — 1 integfal parameters.

Proof. Let d = ged(ay, ... ,an).

If b is not divisible by d, then (2.1.1) is not solvable, since for any
integers z1,...,Z, the left-hand side of (2.1.1) is divisible by d and the
right-hand side is not.

If d|b, then we obtain the equivalent equation

! !
a1+ - +apz, =V

59



where o, = a;/d for i = 1,...,n and b = b/d. Clearly, we have
ged(al,...,a,) = 1.

We use induction on the number n of the variables. In the case
n = 1 the equation has the form z; = b or —z; = b, and thus the unique
solution does not depend on any parameter.

We now assume that n > 2 and that the solvability property holds for
all linear equations in n — 1 variables. Our goal is to prove the solvability
of equations in n variables. Set d,_; = gcd(ai,...,an—1). Then any

solution (z1,...,z,) of (2.1.1) satisfies the congruence
a1Z1 + asze + -+ anty, =b (mod d,,_1),
which is equivalent to
anZTp =0 (mod dnp_1) (2.1.2)

Multiplying both sides of (2.1.2) by a‘ﬁ(d"‘l)*l, where ¢ is Euler’s
function, and taking into account that aﬁ(d"’l) = 1 (mod dp_1), we
obtain |

zn =c (mod d,_1),

where ¢ = a2(4~)71p 1t follows that z,, = ¢+ dp_1tn_1, With t,_; € Z.

Substituting in (2.1.1) and rearranging yields the equation in (n — 1)

variables
a171 + -+ ap_1Tn-1 =b — anc — an_1dn_1tn_1.

It remains to show that d,_1|(b — anc — ap_1dn—1tn—1), which is
equivalent to apc = b (mod d,,_1). The last relation is true because of
the choice of c. Therefore we can divide the last equation by d,_;, and

obtain

ajz1+ - +a,_1Tp_1 =0 (2.1.3)
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where a} = a;/dp_1fori =1,...,n—1and b’ = (b—anc)/dn—1 —antn_1.
Since ged(al,...,al_;) = 1, by the induction hypothesis the equation
(2.1.3) is solvable for each t,_; € Z and its solutions can be written in
terms of n — 2 integral parameters. if we add to these solutions, z, =
c+dp_1tnh—1, we obtain solutions to (2.1.1) in terms of n — 1 parameters.
O

Corollary 2.1.2. Let aj,a; be relatively prime integers. If (z9,z9)

is a solution to the equation
a1T1 + azx9 = b, (2.1.4)
then all of its solutions are given by

Ty = 37(1) + ast

T9 =:1:g —aqt

(2.1.5)

where t € 7.

Example 1. Solve the equation

3z + 4y + 5z = 6.

Solution. Working modulo 5 we have 3z + 4y =1 (mod 5), hence
3z +4y=1+5s, se€Z.

A solution to this equation is z = —1+43s, y = 1—s. Applying (2.1.5)
we obtain z = ~1+43s+4t,y =1—s—3t, t € Z, and substituting back

into the original equation yields z = 1 — s. Hence all solutions are

(z,y,2) = (-14+3s+4t,1 —s—-3t,1—35), s,t€Z.
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For any positive integers ai,...,a, with ged(ay,...,an) =1, define

g(ai,...,ay) to be the greatest positive integer NV for which the equation
a1z1+ -+ apnTn =N

is not solvable in nonnegative integers. The problem of determining
g(ai,...,ay) is known as the Frobenius coin problem (it was him who
asked what is the largest amount of money that cannot be paid by using
coins worth ay,...,a, cents).

Example 2. (Sylvester, 1884) Let a,b be positive integers with
gcd(a,b) = 1. Then

g(a,b) =ab—a —b.

Soluiion. Suppose that N > ab—a—b. From Corollary 2.1.2 it follows
that the solutions to the equation az + by = N are of the form (z,y) =
(zo+bt,yo —at), t € Z. Let t be an integer such that 0 < yg—at < a-—1.
Then |

(ro+bt)a=N—(yp—at)b>ab—a—-b—(a—1)b= —a,

which implies z¢ + bt > —1, i.e. g + bt > 0. It follows that in this case

the equation ax + by = N is solvable in nonnegative integers. Thus
g(a,b) <ab—a-—b.
Now we only need to show that the equation
az +by=ab—a->
is not solvable in nonnegative integers. Otherwise, we have
ab=a(z+1) 4+ by +1).
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Since gcd(a,b) = 1, we see that al(y+ 1) and b|(z + 1), which implies
y+1>aandz+12>b Hence

ab=a(z+1)+b(y+1) > 2ab
and this contradiction shows that
g(a,b) > ab—a —b.

Therefore g(a,b) = ab—a —b.

Remarks. 1) The case n = 3 was first solved explicitely by Selmer
and Beyer, using a continued fraction algorithm. Their result was sim-
plified by Rodseth and later by Greenberg.

2) No general formulas are known for n > 4. However, some upper

bounds have been proven. In 1942, Brauer showed that

n d
g(a17"'san)_<_zai( ;—l—l)a
i=1 t

where d; = ged(ay,. .., q;). Erdos and Graham (1972) showed that

Cra
glay,...,an) < 2an_1 [gn] — Gy,

and that
2

2t2
— < < Z

where
Y(n,t) = 0<alr<r%§)<<angtg(a1, ceey@n)-

Suppose that the equation
171+ + AT, = N,

where ai,...,am > 0, is solvable in nonnegative integers, and let A4,, be

the number of its solutions (z1,...,Zn).
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Theorem 2.1.3. 1) The generating function of the sequence (An)n>1
18
1
fle) = (1 —2z91)...(1 = gom)’

that is A, is equal to the coefficient of z™ in the power series ezpansion
of f.
2) The following equality holds:

lz| < 1 (2.1.6)

an = % £®(0) (2.1.7)

Proof. 1) By using the geometric series, we have

1
1 — z%

=14z%+z2% 4+ .. k=1,....m
hence
f@)=1+zm +2* +...) ... (1+a +2% +...) =

=14+A1z+ -+ Az +...

2) Passing to the n!® derivative we obtain formula (2.1.7). O
Example 3. Find the number of pairs (z,y) of nonnegative integers

such that

T+ 2y =n.

Solution. From Theorem 2.1.3 it follows that the desired number is
Ay = =1)(0)
o n — n! b)
where

1
0 =T9a-0
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We have

1 1 1 1 1 1
fO=5 Gor 17177 71
hence
1" | —1)nl —_1\p!
f(n)(t)z_l_( 1) (n+21)._l (=1)"n! _'_l (-1) n.l‘
2 (k-1 4E-Dr T 4 (e + 1)L
Thus
e — (nt1! nl(=1)"n!
£(0) st Tt
and
1 2n+3+ (-1)"
— — f(n _

Exercises and Problems

1. Solve the equation
6z + 10y — 15z = 1.

2. Let a, b, c be pairwise relatively prime positive integers. Show that
2abc — ab — bc — ca is the largest integer which cannot be expressed in

the form zbc + yca + zab, where z,y, z are nonnegative integers.
(24t IMO)

3. Find the number of triples (z,v, 2) of nonnegative integers such

that
T+y+2z=n.

4. Determine the positive integer n such that the equation
T+2y+z2=n
has exactly 100 solutions (z,y, 2) in nonnegative integers.
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5. Let a,b, c,d be integers such that for all integers m and n there
exist integers x and y for which az 4+ by = m and cz + dy = n. Prove

that ad — bc = *1.
(E6tvos Mathematics Competition)

6. Let n be an integer greater than 3 and let X be a 3n2-element
subset of {1,2,...,n3}. Prove that there exist nine distinct numbers

a1,a9,...,a9 in X such that the system

a1T +agy +azz =0
a4T + a5y +agz =0

a7T +agy +agz =0

is solvable in nonzero integers.

(Romanian Mathematical Olympiad)

7. Let

.
a1171 +a1222 + - +a142g =0

4 a21%1 + ag2%2 + - + agqxTqg =0

be a system of linear equations, where ¢ = 2p and a;; € {-1,0,1}.
Prove that there exists a solution (z1, 3, ...,%,) of the system with the
following properties:

a) z; is an integer, for any j =1,2,...,¢;

b) there exist j such that z; # 0;

c) |zj| < gforany j =1,2,...,q.

(18t IMO)
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2.2. Pythagorean Triples and Related Problems

One of the most celebrated diophantine equation is the so-called

pythagorean equation
22 +y? = 22 (2.2.1)

Studied in detail by Pythagoras in connection with the right-angled
triangles whose sidelengths are all integers,' this equation was known
even to the ancient Babylonians.

Note first that if the triple of integers (zg, yo, 20) satisfies the equa-
tion (2.2.1), then all triples of the form (kzo, kyo, k20), k € Z, also satisfy
(2.2.1). That is why it is sufficient to find solutions (z,y, z) to (2.2.1)
with ged(z,y, z) = 1. This is equivalent to the fact that z,y, z are pair-
wise relatively prime.

A solution (zg,y0,20) to (2.2.1) where g, 40, 20 are pairwise rela-
tively prime is called primitive solution.

Theorem 2.2.1. Any primitive solution (z,y, z) in positive integers

to the equation (2.2.1) is of the form

z=m?—-n? y=2mn, z=m?+n? (2.2.2)

where m and n are relatively prime positive integers such that m > n.

Proof. The integers z and y cannot be both odd, for otherwise
2=224+y> =2 (mod4),

a contradiction. Hence exactly one of the integers z and y is even.

The identity

(m2 _ n2)2 + (2mn)2 — (m2 + n2)2
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shows that the triple given by (2.2.2) is indeed a solution to the equation
(2.2.1) and y is even.
Moreover, if ged(z,y,2z) = d > 2, then d divides

o2m? = (m? 4+ n?) 4+ (m? — n?)

and d divides
2n? = (m? 4+ n?) — (m? — n?).

Since m and n are relatively prime it follows that d = 2. Hence
m? +n? is even, in contradiction with m odd and n even. It follows that
d =1, so the solution (2.2.2) is primitive.

Conversely, let (z,y, z) be a primitive solution to (2.2.1) with y = 2a.
Then z and z are odd and consequently the integers z+ z and z — = are
even. Let z + 1z = 2b and z — x = 2c. We may assume that b and ¢ are
relatively prime, for otherwise z and z would have a nontrivial common
divisor. On the other hand, 4a? = y? = 22 —x?> = (z + )(z — z) = 4bc,
2

i.e. a® = bc. Since b and c are relatively prime, it follows that b = m

and ¢ = n? for some positive integers m and n. We obtain

z=b—c=m?—-n2% y=2mn, z=b+c=m?+n? O
A triple (z,y, z) of the form (2.2.2) is called a pythagorean triple.
In order to list systematically all the primitive solutions to the equa-
tion (2.2.1), we assign values 2,3,4, ... for the number m successively
and then for each of these values we take those integers n which are
relatively prime to m, less than m and even whenever m is odd.
~ Here is the table of the first twenty primitive solutions listed accord-

ing to the above-mentioned rule.
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m|n|x |y | z |area m|n|z| y z | area
2111345 6 7T 16|13 84 | 8 | 546
31256 12]13| 30 8 1163 16 | 65 | 504
41115 8 [17| 60 8 (3|95 48 | 73 | 1320
4 137 (2425 84 8 |5(39| 80 | 89 | 1560
5122112029 210 8 | 715|112 | 113 | 840
5149 |40 41| 180 9 (2|77 36 | 8 |1386
6 (11351237 210 9 14165 72 | 97 | 2340
6 [5|11]60 61| 330 9 817|144 | 145 | 1224
712452853 630 101199 20 | 101 | 990
71413356 |65 924 101391 60109 | 2730

Corollary 2.2.2. The general integral solution to (2.2.1) is given
by

z=k(m?—n?), y=2kmn, z==k(m?+n?), (2.2.3)

where k,m,n € Z.

The immediate extension to the equation (2.2.1) is
o2 4y 422 =2 (2.2.4)

The positive solutions (z,y, z,t) to (2.2.4) represent the dimensions and
the length of the diagonal of a rectangular box. We want to find all
situations in which these components are all integers.

Theorem 2.2.3. All the solutions to the equation (2.2.4) in positive

integers z,y, 2,t wich y,z even, are given by

12 + m2 — n? 12 9 2
T = , y=2l, z:2m, t = Tm +n

. . (2.2.5)
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where |, m are arbitrary positive integers and n is any divisor of [? +m?
less than /12 + m2. Every solution is obtained ezactly once in this way.
Proof. The identity

l2+m2-|-n2‘)2

n n

2
)+mm+@mfz(
shows that the quadruple in (2.2.5) is a solution to the equation (2.2.4)
and that y and z are even.

Conversely, note that at least two of the integers z,y,z must be
even, otherwise t2 = 2,3 (mod 4), a contradiction. Suppose that y = 2I,

z = 2m for some positive integers | and m. Setting { — z = u, we obtain
2?2 +41% + 4m? = (z + u)?

or '_
u? = 4(1? + m?) — 2uz.

Therefore u? is even, so u = 2n for some positive integer n. It fol-

12 2 _ 2 ‘ 1Z 4 2 1 2

lows that z = +m n andt=z+u=2+2n = +n+ ,
n

where [, m,n are positive integers and n is a divisor of I2 + m? less than
ViZ2 +m2.

It is not difficult to see that every solution (z,y, z,t) to (2.2.4) with

y and z even is obtained exactly once from the formulas (2.2.5). Indeed,
by (2.2.5) we have

_Y _Z t—x
=9 m=9p "=73

hence the integers [, m,n are uniquely determined by (z,y, 2,¢). O

Theorem 2.2.3 not only states the existence of the solutions to the
equation (2.2.4) but also gives a method for finding these solutions. It is
not difficult to see that in order to eliminate the solutions with reversed

unknowns we may reject the pairs (I,m) with | < m and consider only
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those n for which z is odd. Hence we eliminate also the solutions for
which z,y, z,t are all even.
Here are the first ten solutions to the equation (2.2.4) obtained in

this way.

I lm|P4+m?|n|z|y|z]|t
11 2 1112123
212 8 117141419
3|1 10 119 (6(2]11
3|1 10 21316127
3|3 18 1176|619
3|3 18 21716611
3|3 18 313 |6|6]9
41 2 20 1119181421
41 2 20 411 (8(4]9
41 4 32 1[31(8(8(33

Remarks. 1) The integral solutions to the equation (2.2.4) can be

written in the following form

:1:=12+m2—n2, y=2my =z=2mn, t=l2+m2+n2,

where I, m,n are integers.

Note that in this form it is possible to obtain the same solution more
than once. On the other hand, this form of the solutions is quite similar
to the one for the solutions to (2.2.1).

2) The equation

m%+w%+---+w%=z%+1 (2.2.6)
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is the natural extension of (2.2.1) and (2.2.4). From a geometrical point
of vie§v, the solutions (z1,z9,...,Zk,Tk+1) represent the dimensions
T1,T9,...,Zx of a rectangular hyperparallelepiped in R* and the length
T+ of its diagonal, respectively. All integral solutions to the equation

- (2.2.6) are given by

si=mi+mi+---+mi_ —mi
T9 = 2mimy

---------------------------------

where mj,mg,...,my are arbitrary integers.
Example 1. (the "negative” pythagorean equation) Solve in positive

integers the equation

24y =272 (2.2.7)

Solution. The equation is equivalent to

2
4+ 9y = (%) .
z

This means that z|zy and that 22 + y? is a perfect square. Then

z? + y? = t? for some positive integer ¢ and the equation becomes

Let d = gcd(z,y,t). Then z = ad, y = bd, t = cd, where a,b,c € Z_.
with gcd(a, b,c) = 1. The equation (2.2.8) reduces to

_ abd
_od

2 (2.2.9)
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From the choice of t it follows that
a? +b? = 2, (2.2.10)

hence a, b, ¢ are pairwise relatively prime. Then by using (2.2.7) we de-

duce that c|d, i.e. d = ke, k € Z,. We obtain
t=ad=kac, y=>bd=kbe, t=cd=kc®, z=kab.

Taking into account (2.2.10) and the formulas (2.2.2), we have a =
m2 —n2, b = 2mn, ¢ = m? 4+ n?, where the positive integers m and n
satisfy the conditions in Theorem 2.2.1. The solutions to the equation

(2.2.7) are given by
z=k(m*—n?), y=2kmn(m?+n?), z=2kmn(m?—-n?

where k,m,n € Z, and m > n.

Example 2. Prove that there are no two positive integers such that
the sum and the difference of their squares are also squares.

Solution. The problem is equivalent to showing that the éystem of
equations

22 42 = 22
v (2.2.11)

?—y?=w

2
is not solvable in positive integers.
Assume, for the sake of contradiction, that (2.2.11) is solvable in
positive integers and consider a pair (z,y) such that 22 4+ 4? is minimal.
It is clear that gcd(z,y) = 1. Adding up the equations of the system

yields
212 = 22 + w?, (2.2.12)
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hence z and w have the same parity. It follows that 2 +w and z —w are

both even. Write (2.2.12) in the form

o2 = z4+w 2+_ z—w)\?
= 5 5 .

z+w z—w
2 7 2

Moreover, gcd (m, ) = 1. Indeed, if

Z24+w z—w
=d> 2
ng(x’ 2 b 2 ) d-—. )

2 + 5 = z. From the first equation in
(2.2.11) we then obtain d|y, in contradiction with ged(z,y) = 1.

then djz and d (z+w z“"”)

Applying Theorem 2.2.1 we get

z—w 9 9 Ztw
=m’ —n”,
2 2

=2mn

or

z—w z+w 2 9
5 mn, 2 n

Since 2y? = 22 — w?, in either case we have

2y? = 2(m? — n?) - 4mn,
hence
y? = 4mn(m? — n?).

It follows that y = 2k, for some positive integer k, and that
k% = mn(m 4 n)(m — n). (2.2.13)

Since-m and n are relatively prime, the integers m,n,m +n,m —n

are also:.pairwise relatively prime, hence from (2.&,13) we deduce that

m = a?,m = b?, m+n = c? and m — n = d?, for some positive integers
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a,b,c,d. But a®+b% = c? and a®—b% = d?, i.e. (a, b, ¢, d) is also a solution

to the system (2.2.11). Moreover

a2 +b% =m+n < dmn(m? — n?) = y? < 22 + ¢,

in contradiction with the minimality of 22 + 2.

Example 3. Solve the following equation in positive integers
22 + 92 =1997(z — y).

(Bulgarian Mathematical Olympiad)

Solution. The solution are
(z,y) = (170,145) or (1827, 145).

We: have

22 + 142 =1997(x — y)
(z+1)2+((z—y)?—2-1997(z —y)) =0

(z +y)% + (1997 — z + y)? = 19972

Since z and y are positive integers, 0 < z +y < 1997 and 0 <
1997 —z+y < 1997. Thus the problem reduces to solving a®+b? = 19972
in positive integers. Since 1997 is a prime, gcd(a,b) = 1. By pythagorean
substitution, there are positive integers m > n such that ged(m,n) =1

and

1997 =m?2 +n? a=2mn, b=m?-n

Since m?,n%2 = 0,1,—1 (mod 5) and 1997 = 2 (mod 5), m,n = +1
(mod 5). Since m?,n? = 0,1 (mod 3) and 1997 = 2 (med 3), m,n = +1
(mod 3). Therefore m,n = 1,4,11,14 (mod 15). Since m > n, 1997/2 <
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m? < 1997. Thus we only need to consider m = 34,41,44. The only
solution is (m,n) = (34,29). Thus

(a,b) = (1972, 315),

which leads to our final solutions.

Exercises and Problems

.. 1. Prove that the system of equations

22 4+ 1% = u2

z? 4 2y% = v?
is not solvable in positive integers.

2. Let m and n be distinct positive integers. Show that none of the

numbers--
2(m* +n%), m!46m?n? 4 nt
is a perfect square.

3. Prove that the equation

22y? = 22(22 — 2% — ¢?)

has no solution in positive integers.
(Bulgarian Mathematical Olympiad)

4. Determine all pythagorean triangles whose areas are numerically
equal to their perimeters.

5. Prove that there is no pythagorean triangle whose area. is a perfect
square.

6. Prove that the number of primitive pythagorean triangles with a

given inradius r is a power of 2.
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2.3. Other Remarkable Equations

2.3.1. Some Quadratic Diophantine Equations and Related

Problems

We begin this section by examining the diophantine equation
z? + azy +y* = 22 (2.3.1)

where a is a given integer. The pythagorean equation is a special case
of this equation (a = 0).
Theorem 2.3.1. All integral solutions to (2.3.1) are given by

z = k(an? — 2mn) T = k(m? — n?)
y = k(m? —n?) y = k(an? — 2mn) (2.3.2)
z = k(amn — m? — n?) z = k(amn — m? — n?)

where k,m,n € Z.

Proof. Note that the two families of solutions are given by the sym-
metry of (2.3.1) in = and .

It is not difficult to check that the triples (z,y,2) in (2.3.2) satisfy
the equation (2.3.1).

Conversely, we need to show that all solutions to (2.3.1) are of the
form (2.3.2). In this regard, note that the equation (2.3.1) is equivalent

to
z(z+ay)=(z—-y)(z+vy) (2.3.3)

The result is clear in the case y = z which corresponds to z = 0 or

z + ay = 0. In all other cases (2.3.3) is equivalent to

r z+y n
z—y—w+ay_m
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s

for some nonzero integers m and n. The last relations lead to the homo-
geneous system

mr+ny—nz=20

nz + (n —am)y —mz =0
whose solutions are

an? — 2mn m2 — n?

y:

T = z.
amn —m?2 —n2

amn —m? —n? >
We choose z = k(amn — m? — n2) and get the solutions (2.3.2). O
Remarks. 1) Theorem 2.3.1 solves the third degree diophantine
equation

z? 4 zyw + % = 2° (2.3.4)
The -general solution is (z,y, z,w), where w = a, a € Z and z,y, 2

are given in (232)

2) In a similar way, we may show that the solutions to the equation
z? + azy + by = 22 (2.3.5)

are given by
z = k(m? — bn?)
y = k(an? — 2mn) (2.3.6)
z = k(amn — m? — bn?)

where k,m,n € Z.

3) Using the above remark we can solve the diophantine equation

z? + ury + vy2 = 22

Its solutions are (z,y,z,u,v), where u = a, v = b, a,b € Z, and

z,y, z are given in (2.3.6).
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4) The solutions in positive integers to the equation (2.3.1) can be

expressed as follows

z = k(2mn + an?) T = k(m? — n?)
y = k(m? —n?) y = k(2mn + an?) (2.3.7)
z = klm? + amn + n?| z = klm? + amn + n?|
where k, m,n € Z%, 2m +an > 0, m > n.

Aside from the case a = 0, when we obtain the pythagorean equation,
the following two cases present interest:

The case a = 1. The equation (2.3.1) becomes
2?4+ oy +y° = 2% (2.3.8)

From (2.3.7) it follows that its positive integers solutions are given

by

r = k(2mn + n?) T = k(m? — n?)
y = k(m?® —n?) y = k(2mn + n?) (2.3.9)
z = k(m® + mn 4 n?) z = k(m? + mn + n?)

where k,m,n € Z%, m > n.
The solutions (2.3.9) give all triples of positive integers (z,y, z) which
“are the sidelengths of a triangle whose opposite angle to z is 120°.

The case a = —1. The equation (2.3.1) becomes
z? — 2y + y? = 22 (2.3.10)

Its positive integral solutions are given by

T = k(2mn — n?) T = k(m? — n?)
y = k(m? — n?) y = k(2mn — n?) (2.3.11)
z = k(m? — mn + n?) z = k(m? — mn + n?)

where k,m,n € Z*, m > n.

79



The solutions (2.3.11) characterize all triples of positive integers
(z,y, 2) which are the sidelengths of a triangle whose angle which op-
poses to the side of length z is 60°.

Example 1. Find all triples (z,y, 2) of positive integers such that

2% + oy + y? = 492,

Solution. From the general form of the solutions in (2.3.9), the prob-
lem reduces to finding all positive integers k,m,n with m > n, such

that
k(m? + mn + n?) = 49.

In the following table we give all pairs (m, n) satisfying the inequality

m? + mn + n? < 49, where m > n.

m?2 + mn + n?
7
13
21
31
43
19
28
39
37
49

A A = R B N Ak

O W N NN H R R e |3
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If k = 1, from the above table we can see that m? + mn + n2 = 49
holds if and only if m = 5 and n = 3. In this case we obtain the solutions
(z,y) = (39,16) and (z,y) = (16, 39).

If k = 7 we obtain that m? + mn + n? = 7 if and only if m = 2 and
n = 1, yielding the solutions (z,y) = (35,21) and (z,y) = (21, 35).

It is natural to ask in what situations the solutions (z,y) to the
equations (2.3.8) and (2.3.10), respectively, are perfect squares.

Theorem 2.3.2. All nonnegative integral solutions to the equation
ot + 2%y 4yt = 22 (2.3.12)

are (x7 y’ Z) = (k7 O’ kz), (w’ y7 z) = (0’ k? k2)7 k e Z+'
Proof. We may assume that ged(z,y) = 1. Then z and y have differ-
ent parities, for otherwise 22 = 3 (mod 4). Suppose that y is odd and

minimal. Write the equation in the equivalent form
422 — (222 +¢*)? = 3y* - (2.3.13)

or (2z + 222 + y?)(2z — 222 - y?) = 3yt.

If gcd(2z + 222 + 42,22 — 222 — y?) = d, then d is odd and d divides
both z and 222 + y2. From (2.3.13) it follows that d|3y. If d > 3, then
dly and d|2z?, i.e. gcd(z,y) > d, a contradiction. If d = 3, it follows that
3|z and from (2.3.12) we obtain 3|(2z2 + y2) so 3|y. Therefore 3|z and
so ged(z,y) > 3, a contradiction.

Hence, either 2z + 222 4+ y2 = a*, 22 — 222 — 2 = 3b*, y = abor
2z + 222 + y? = 3a%, 22 — 222 —y? = b, y = ab where a and b are both
odd positive integers.

In the first situation,
4z? = o* ~ 2a%0% - 3b* = -4 (mod 16),
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a contradiction.

In the second case,
4z? = 3a* — 2a%b% — b* = (a? — b%)(3a® + b?).

Since a and b are both odd, it follows that a? —b% = ¢ and 3a%+b° =
4d?, for some positive integers ¢ and d. Then a = p? + ¢%, b = p* — ¢,
D,q € Z4+ and

p'+ 0’6 +¢* = &,
which contradicts the minimality of y.

Therefore y = 1, a = b =1 and = = 0, yielding the solution (0,1,1).
Taking into account the symmetry in £ and y we also have the solution
(1,0,1), and the conclusion follows. [J

Example 2. Solve in positive integers the system of equations

3u? + v? = 452

u? + 3v? = 4¢?

- Solution. Setting u = x + y and v = =z — y we obtain the equivalent

system

22 + 2y +y? = 52

12 — gy +y? =t
Multiplying the two equations gives

zt 4+ 2%y® + ¢yt = (st)%.
‘From Theorem 2.3.2 it follows that
(z,y, st) = (k,0,k?) or (z,y,st) = (0,k, k?),
yielding the solutions
(u,v,s,t) = (k,k,k, k), k€Z,
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Theorem 2.3.3. All nonnegative integral solutions to the equation
gt — 22y? 4yt = 22 (2.3.14)

are (2,1, 2) = (k,0,k2), (0,k, k?), (k, k, k?), k € Z.
Proof. We may assume that ged(z,y) = 1 and that zy is minimal.

Write the equation as
(@® - y*)? + (zy)* = 22
Suppose first that z and y are novt both odd. Then
2 -~y =a?-b%, zy=2ab

for some positive integers a and b, with ged(a,b) = 1. Let d; = ged(z, b)
and ds = gcd(y,a). We have

r=d1X, b=di1B, y=dY, a=dyA, XY =2AB.
Since ged(X,B) =1 and ged(Y, A) = 1, it follows that
(X,Y)=(24,B) or (X,Y) = (4,2B).
Hence
r=2d1A, b=d1B, y=d;B, a=dyA

or

z=@4, b=dB, y=2dB, a=dA.

In the first case,
4d? A% — d2B? = d2A? — 42 B?

i.e.

d}(4A? + B%) = d3(A?% + B?). (2.3.15)
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The condition ged(a,b) = 1 implies gcd(A, B) = 1. Let gcd(442? +
B?,A? + B?) = D. Then D|(4A% + B? — A2 — B?) = 342, and since
A? + B? # 0 (mod 3), it follows that ged(D,3) = 1, hence D|A? and
D|(A?+ B? — A?%) = B2. The condition gcd(A, B) = 1 now implies D = 1
and from (2.3.15) we obtain

A? + B? = C? and 45% + B?> = D? (2.3.16)

for some positive integers C and D.

We may suppose that B is odd since, if B were even, we could
out B = 2B; and have a similar pair of equations. Hence from the
second pythagorean equation in (2.3.16), B = p? — ¢, A = pq and
p* — p%¢% + ¢* = C?. Also pq < a < zy/2, and so the method of descent
applies since p and g are not both odd. It follows that zy = 0, yielding
the solutions (k,0, k), (0,k,k?), k € Z,.

The other alternative gives
d2A? — 4d2B?% = d2A? — d2B?,
and so
d2(A% + B%) = d3(A% + 4B?).
Now A = p? — ¢?, B = pq and pq < b < zy/2 and so the method of

descent applied to the product zy.
Suppose next that £ and y are both odd. Then

zy =a® — b2, z?—y? = 2ab, with ged(a,b) =1

and so a and b are not both odd. Then

2 2\ 2
a4_a2b2+b4=($ +y) |

2
Hence ab = 0, x = y, giving the solution (k,k,k), k € Z,. O
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Example 3. Prove that four distinct squares cannot form an arith-
metical sequence.
Solution. Let the squares be a?,b%,c?,d?, arranged in increasing or-

der. Then
a? +c2 =22, b2+ d? =2
Without loss of generality, we may assume that a, b, c,d are all odd.
We have
a?(2¢? — b?) = d?(2b% — ¢?),
and so
2(a%c? — b2d?) = a?b? — 2d.
Setting ac = z, bd = y, ab+ cd = 2z, ab — cd = 2w, we obtain

z2 —y2 = 22w, <Y = 22 — w?,

yielding
.’L'4 _ m2y2 + y4 — (Z2 + w2)2'
From Theorem 2.3.3 it follows that zy = 0 or £ = y. The first

alternative is impossible. The second implies w = 0, so ab = cd, which

is in contradiction with a < b < ¢ < d.

2.3.2. Some Higher i:)egree Diophantine Equations

Theorem 2.3.4. The equation
gt 4yt =22 (2.3.17)

is not solvable in nonzero integers.
Proof. We need only consider z,y,z > 0. Assume that (2.3.17) is
solvable and let (z1,y1, 21) be a solution with z; minimal. We may sup-

pose that ged(z1,y1,21) = 1, and taking into account that (22,42, z1) is
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a primitive pythagorean triple, it follows that

ged(z1,y1) = ged(yr, 21) = ged(z1,21) =1
and that z; and y; are of different parities. Assume that z; is odd and
that y; is even. Note that
ged(zy — 22,21 +23) =2 (2.3.18)

Indeed, if d|(z; — z2) and d|(z1 + £3), then d|22; and d|2z2. But
ged(z1,z1) = 1 and 27 is odd, so d = 2. '

Since y} = (21 — z2)(21 + z2), it follows that one of the numbers
z1 — z2 and 2; + 27 is divisible by 2 and not by 4, and that the other is
divisible by 8. Thereforg y1 = 2ab and either

71 — 22 =2a*, 2z + 2?7 =8b* (2.3.19)
or
21 —z2 = 8b*, 2z + 2% =2a! (2.3.20)

where in each case a is odd and ged(a,b) = 1.
The situation (2.3.19) is not possible, because it would imply z? =
—a* + 4b* giving 1 = —1 (mod 4), a contradiction. Therefore we have

the second alternative, i.e. z; = a* +4b%, with 0 < a < 21, and
4b* = (0,2 — 331)(0,2 + x1).

Since gcd(a,b) = 1, we have ged(a,z1) = 1 and we see, as in the
proof of (2.3.18), that ged(a? — z1,a? + z1) = 2. Consequently
o’ mz = 23:3 and a? + T = 2y3,
where T2y2 = b. Settipg a = z9 we obtain
| 2

4, 4 _
Ty + Yy = 23,
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with 0 < 29 < z1, which contradicts the minimality of z;. O

Corollary 2.3.5. The equation
ot 4yt =24 (2.3.21)

15 not solvable in nonzero integers.

The study of the equation
z? 4+ 4% =28 (2.3.22)

is much more complicated and was first done by Euler.
Let m and a be integers such that m # 0 and ged(a, m) = 1. We say

that a is a quadratic residue modulo m if the congruence
2 =a (mod m)

is solvable. If p > 2 is a prime and ged(a,p) = 1 we introduce the
Legendre’s symbol (E) by
p

(a) 1  if a is a quadratic residue
p

—1 otherwise

The following result due to Euler will be useful in what follows: If

p > 2 is a prime and gcd(a,p) = 1, then
o' = (2) (mod p)
p
Theorem 2.3.6. Let n be a positive integer. The Diophantine equa-
tion
2+ 3y  =n
i5 solvable if and only if all prime factors of n of the form 3k — 1 have

even erponents.
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Proof. We note that a prime p can be written in the form p = 12 +3y?
if and only if p = 3 or p = 3k+1, k € Z . Indeed, we have 3 = 0%+3-12.
Assume p > 3 and p = 22 4 3y2. Then ged(z,p) =1 and ged(y,p) = 1.
Therefore, there exists an integer y' such that yy' = 1 (mod p). From
the congruence z2 = —3y? (mod p) it follows that (zy’)? = —3 (mod p).

-1 (3
But ged(zy’,3) = 1 implies (;—) = 1, or equivalently (_1),,2_1 (I—?) =
p

From the quadratic reciprocity law we obtain

(%) (§) = (-1 = (-7

Since (g) = (—1)1%1“, we have (g) =1,ie.p=1 (mod 3).

Conversely, consider p a prime of the form 3k + 1. Then, there exists
an integer a such that a®> = —3 (mod p). Moreover, there exist integers
z,y such that 0 < z,y < /P and p|(a?z? —y?). It is clear that ged(a,p) =
1 and if we denote b = [\/p], then (b + 1) > p. There exist (b + 1)
pairs (u,v) € {0,1,...,b} x {0,1,...,b} and (b + 1)? integers of the
form au + v, where u,v € {0,1,...,b}. It follows that there exist pairs
(u1,v1) # (ug2,v2) such that au; + v; = aug + vy (mod p). Assume
u; > ug and denote z = u; — ug, y = |v1 — v3|. Therefore, 0 < a;,y <
b<./Pandar+y =0 (mod p), i.e. a’>x? —y? =0 (mod p). We obtain
p|((a® +3)z? — (322 +y?), that is 3z +y? = Ip, where | € Z . From the
inequalities 0 < 22 < p, 0 < y? < p, it follows that [ € {1,2,3}.

If | =1, we have p = 322 + ¢2.

If | = 2, the equality 2p = 322 + y? is not possible since in this case
the integers z,y have the same parity and we obtain 2p = 0 (mod 4), a

contradiction.
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If | = 3, we have 3p = 322 + y?, therefore y = 3y; and p = 22 + 3y2.

Now, let us note that if p > 3 is a prime of the form 3k — 1 and
p|lz? + 3y?, then p|r and ply. Indeed, if p { z, we have gcd(p,z) = 1,
so there exists an integer y' with the property yy' = 1 (mod p). From
72 = —3y? (mod p) it follows that (zy')%2 = —3 (mod p), i.e. (—;—3) =1
and p =1 (mod 3), a contradiction.

To prove the result in Theorem 2.3.6, consider n = a2b, where b is

m
a square free integer. It follows that b = H pi, where p; =3 orp; =1
i=1

(mod 3). Then p; = :I:l2 +3y? and b = p1po...pm = % + 3y2, since
it is easy to see that if ny = 22 + 3y?, ny = 2% + 3y3, then niny =
(z122 + 3y192)® + 3(z1y2 — x2y1)?. Finally, n = a®b = (az)? + 3(ay)*. O

Lemma 2.3.7. The Diophantine equation
2 +3y° =23 (2.3.23)

has solution (xg,yo,20) with zg odd and ged(zo,yo) = 1 if and only if
there exist integers o, 8 such that a #  (mod 2), ged(,38) =1 and

To = 04(0_’2 - 9182)7 Yo = 3ﬁ(0(2 - :82)7 20 = a2 + Sﬁz

Proof. Let (zg,y0,20) be a triple of integers satisfying the above

conditions. From the identity
o*(o® = 96°)* +3(36(c” — $2))* = (o® + 35%)°

it follows that (zo,yo, 20) is a solution to (2.3.23).

Since o Z  (mod 2) we obtain that 2y is odd. From ged(e, 38) = 1,
it follows that ged(, 38(a? — 82)) = ged(a, o? = 2) = ged(a, %) = 1
and that ged(a? — 942,38) = ged(a?,38) = 1. Taking into account the
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condition o # B (mod 2), we have
ged(o?® — 962, 0% — B°) = ged(—86%,0° - %) =
= ged(B2, o - B) = ged(£%,0%) = 1.

To prove the converse implication, we will use induction on the num-
ber of prime factors of 2y, where the triple (zg,yo,20) is a solution to
(2.3.23) such that zg is odd and ged(zo,yo) = 1.

If 2o = 1, we have g = 1, yo = 0 and a = £1, 8 = 0. Consider

2o > 1 and let p be a prime divisor of zy. So zy = pt, where p and ¢ are

odd. From the equality
(pt)* = o + 3y5,

and by ‘ilsing the relation ged(zo,y0) = 1 and the result in Theorem
2.3.6, it follows that p = 6k + 1 and there exist integers a;, 81 such that

p=a¥ +3ﬂ%.

Since p is a prime and p = 6k + 1, we obtain ged(@;,36;) = 1 and
o1 # p1 (mod 2).

From the above relation we get p® = a2 + 3b2, where
Ca=o(e - 96]), b=3pi(e} - A}

It is not difficult to see that a # b (mod 2) and ged(a, 3b) = 1. We

have
p°t® =’z = (a® + 36%)(x} + 393) = (azo + 3byo)” + 3(bzo — ayo)® =

= (a.’IJQ - 3by'0)2 + 3(b.’l:() + ayo)2.
Also

(bzo + ayo) (bxo — ayo) = b*z§ — a®y3 = b%z2 — (p® — 3b%)yd =
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= b*(af + 3y3) — PPy = b°28 — p’y5 = bp°t° — Py,
therefore p3|(bzo + ayo)(bzo — ayo). Since ged(abzoyo,p) = 1, it follows
that the relations p3|bzg + ayo and p3|bzy — ayo cannot be satisfied si-
multaneously.
Therefore, there exists ¢ € {—1,1} such that bzg — cayo = p3d. We
obtain azg + 3ebyg = p3¢, t3 = ¢? + 3d? and

zo = ac + 3bd, 1y = e(bc — ad).

If 2o has in its decomposition n prime factors and since zy = pt, it
follows that ¢ has n — 1 prime factors. From ged(zg,y0) = 1 we obtain
gcd(c,d) = 1. Taking into account that ¢ is odd and that it satisfies the
induction hypothesis for n — 1, we obtain integers ay and S satisfying
the properties oy #Z B2 (mod 2), ged(a,3B2) = 1, ¢ = as(a2 — 952),
d = 3B2(a3 — §2) and t = o2 + 362%. From the above relations it follows

that
20 = pt = (o + 367)(a3 + 363) = (waz + 36182)* + 3(c1 B2 — a21)?.
Denoting
a=oajo2+36162, B =¢e(azf1 — 1)
we obtain zy = o? + 332 and
z0 = alo® — 96%), yo=36(c” - ).

Finally, a — 8 = ajas + 162 — (182 + a2f1) = (oa — B1)(ae —
B2) (mod 2), so a # B (mod 2). From ged(zg,y0) = 1 it follows that
gcd(a,38) =1.0

Theorem 2.3.8. The equation (2.3.22) is not solvable in nonzero

integers.
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Proof. Assume that (2.3.22) is solvable and let (zo, yo, 20) be a solu-
tion with zgyo2zo # 0 and |zoye2zo| minimal.
It is clear that two of the integers zg, yo, 20 are odd. Let us assume

that ¢ and yg have this property. Denote
zo+yo=2u and zo—yo= 2v.
We obtain zo = v + v, yo = v — v and from (2.3.22) it follows that
2u(u?® + 3v?) = 23 (2.3.24) |

Since z¢ is odd, we have that u and v are of different parities, i.e.
u? + 3v? is odd. From gcd(zo,y0) = 1 we obtain ged(u,v) = 1 and
gcd(2u, u? + 3v?) = ged(u, u? + 3v?) = gcd(u; 3v?) = gcd(u, 3).
Case 1. If gcd(u, 3) = 1, then from (2.3.24) it follows that
2u=1t, ul+3v =5 and ts= 2.
From Lemma 2.3.7, we obtain that there exist integers a, 8 such that
gcd(a,36) =1, a # B (mod 2) and
s=0?+38%, u=oa(a®-98%), v=38(a?-p5?.
Therefore, 2u = 3 = (2a)(a — 38)(a + 38). The factors 2«, o — 34,

a + 30 are pairwise relatively prime, so
20=2%, a-38=X° a+38=Y?
We obtain

and XY Z # 0, ie. (X,Y,Z) is a nonzero integral solution to (2.3.22).

Moreover,

| XY Z| = {/|2a(a? — 962)| = V2u = Y=o + vo < | ¥Zovo| < |Zoyozol,
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which contradicts the minimality of |zoyo2o|-
Case 2. If ged(u,3) = 3, then u = 3u; and from (2.3.24) it follows

that zp = 32z; and
2u (3u? +v?) = 323 (2.3.25)

Taking into account that ged(u,v) = 1, we obtain gcd(v,3) =1 and
ged(3u? +v2,3) = 1. From (2.3.25) it follows that u; = 3uy, ug € Z, and
2ug(3u? + v?) = 22.

Since gcd(2uz, 3u? + v?) = 1, we obtain
2ug =m3 and 3u? 4% =n?

where n is an odd integer. '

Applying Lemma 2.3.7, it follows that there exist integers o, 8 such
that ged(a,38) =1, a £ 8 (mod 2) and v = a(a? —98?), u; = 38(a® —
B?). Therefore uy = B(a? — %) and m3 = 28(a — B)(a + B).

Taking into account that the integers 23, o —f and o+ f3 are pairwise
relatively prime, we obtain a — 8 = X3, a+ 8 = Z3, 28 = Y3, for some

nonzero integers X, Y, Z. It follows that
xX:+v3=2°

and

| XY Z| = ¥/126(a? - B?)] < |V2u| = |¥/z0 +yo| < |zoyo20]

which contradicts the minimality of |z¢ygzo|. O
Remarks. 1) The equations (2.3.21) and (2.3.22) are special cases

of Fermat’s equation
" +y" = 2" (2.3.26)

where n is an integer greater than 2 and z,y, z are nonzero integers.
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Fermat’s Last Theorem states that the equation (2.3.26) has no
nonzero integer solutions for z,y, z when n > 2.

Around 1630, Fermat wrote a note on a margin of a page of Dio-
phantus’ Arithmetica:

"1 have discovered a truly remarkable proof which this margin is too
small to contain.”

Fermat’s proof was never found but this theorem became famous,
capturing the attention of mathematics world.

Along the years, many important mathematicians worked on special
cases and solved them affirmatively. We mention here Euler (n = 3),
Sophie Germain (n and 2n + 1 are primes, n < 100, and z, ¥, z are not
divisible by n), Dirichlet (n = 5, n = 14), Lamé (n = 7). Liouville and
Kummer developed important mathematical theories in their attempts
to prove Fermat’s Last Theorem.

Using techniques based on Kummer’s work, Fermat’s Last Theorem
was proved true, with the help of computers, for n up to 4000000 by
1993.

In 1983, a major contribution was made by Gerd Faltings, who
proved that for every n > 2 there are at most a finite number of relatively
prime integers satisfying the equation (2.3.26).

The final chapter in the story began in 1955, although at this stage
the work was not thought of as connected with Fermat’s Last Theorem.
Yutaka Taniyama asked some questions about elliptic curves, i.e. curves
of the form y? = z3 + ax + b for constants a and b. Further work by
Weil and Shimura produced a conjecture, now known as the Shimura-
Taniyama-Weil Conjecture. In 1986, the connection was made between

the Shimura-Taniyama-Weil Conjecture and Fermat’s Last Theorem by
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Frey, showing that Fermat’s Last Theorem was far from being some
unimportant curiosity in number theory but was in fact related to fun-
damental properties of space. Further work by other mathematicians
showed that a counterexample to Fermat’s Last Theorem would provide
a counterexample to the Shimura-Taniyama-Weil Conjecture. The proof .
of Fermat’s Last Theorem was completed in 1993 by Andrew Wiles,
a United Kingdom mathematician working at Princeton in the USA.
Wiles gave a series of three lectures at the Isaac Newton Institute in
Cambridge, England the first on Monday, June 21, the second on June
22. In the final lecture on Wednesday, June 23, 1993 at around 10.30
in the morning, Wiles announced his proof of Fermat’s Last Theorem
as a corollary to his main results. Having written the theorem on the
blackboard he said ”I will stop here and sat down”. In fact Wiles had
proved the Shimura-Taniyama-Weil Conjecture for a class of examples,
including those necessary to prove Fermat’s Last Theorem. This, how-
ever, is not the end of the story. On December 4, 1993 Andrew Wiles
made the following statement:

" The key reduction of (most cases of) the Taniyama-Shimura con-
jecture to the calculation of the Selmer group is correct. However the
final calculation of a precise upper bound for the Selmer group in the
semisquare case (of the symmetric square representation associated to
a modular form) is not yet complete as it stands. I believe that-I will
be able to finish this in the near future using the ideas ezplained in my
Cambridge lectures.”

In fact, from the beginning of 1994, Wiles began to collaborate with
Richard Taylor in an attempt to fill the holes in the proof. However
they decided that one of the key steps in the proof, using methods due
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to Flach, could not be made to work. They tried a new approach with a
similar lack of success. In August 1994 Wiles addressed the International
Congress of Mathematicians but was no nearer to solving the difficul-
ties. Taylor suggested a last attempt to extend Flach’s method in the
way necessary and Wiles, although convinced it would not work, agreed
mainly to enable him to convince Taylor that it could never work. Wiles
worked on it for about two weeks, then suddenly inspiration struck.

"In a flash I saw that the thing that stopped if [the extension of
Flach’s method] working was something that would make another method
I had tried previously work.”

On October 6, 1994, Wiles sent the new proof to three colleagues
including Faltings. All liked the new proof which was essentially simpler
than the earlier one.

Pierre de Fermat died in 1665. Today we think of Fermat as a number
theorist, in fact as perhaps the most famous number theorist who ever
lived. It is therefore surprising to find that Fermat was in fact a lawyer
and only an amateur mathematician. Also suprising is the fact that
he published only one mathematical paper in his life, and that was an
anonymous article written as an appendix to a colleague’s book.

2) Euler conjectured that the equation
z"+y" + 2" = w" (2.3.27)

has no integral solution if n is an integer greater than or equal to 4.

In 1988, Noam Elkies gave the following counterexample:

2682440* + 15365639* + 18796760* = 20615673%.
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Subsequently, Roger Frye (1988) found the smallest solution to
(2.3.27):

95800% + 217519* + 414560 = 4224814,

Example 4. The equation
ot -yt =22 (2.3.28)

1s not solvable in nonzero integers.

Solution. We may assume that z,y,z > 0 and consider a solution
(z,vy, z) with gcd(z,y) = 1 and z minimal. Then (y?, z, 22) is a primitive
pythagorean triple, so we have the following two cases:

1°. y? = a? — b%, z = 2ab, 2% = a® + b,

where ¢ > b > 0 and gcd(a,b) = 1. It follows that
at — b4 — (:cy)2

and a < z, contradicting the minimality of z.

2°. y2 =2ab, z = a® — b?, 2% = a® + b?
where a > b > 0 and ged(a, b) = 1.

Since (a, b, ) is also a primitive pythagorean triple, we may assume
that a is even and b is odd. Then a = 2p? and b = ¢? for some positive

integers p, ¢ with ged(p,q) =1 and ¢ =1 (mod 2). It follows that
2?2 = 4p* + ¢* and y = 2pq.
Hence (2p?, ¢%,z) is itself a primitive pythagorean triple, and so
pr=rs, @ =r%—s

for some positive integers r, s with r > s and ged(r, s) = 1.
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Finally, r = u?, s = v?, for some positive integers u,v with

gcd(u,v) = 1. Then

and u = /7 < p < 2p? < z, which contradicts the minimality of z. O
Alternative Proof. We may assume that z,y,z > 0 and that
gcd(z,y) = 1. Write the equation as

(22 —y*)(2® + 7)) = 22
It is not difficult to see that
gcd(a:2 — yz,x2 + y2) =1or gcd(a:2 - yz, T2 + y2) = 2.

In the first case, we obtain the system

22 + 9% = u2

22 — g2 = o2

which, according to Example 2 in Section 2.2, is not solvable.

In the second case, we obtain
2 — y2 = 8r2
72 + y? = 252

hence

52 + (2r)% = z?

52 — (2r)? = 42
which, by the same argument, is not solvable. [J

Example 5. Solve in integers the equation

z* + yt = 222
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Solution. Without loss of generality, we may assume that ged(z,y) =

1. Then z and y are both odd and
ot — 4\ 2
=)= (S5

From Example 4 it follows that zyz = 0 or =

4 _y* =0 and so.

z=y=z=0o0rz?=9y%=2.
The solutions are (k,k, k?), k € Z.

Example 6. Solve in integers the equation

ot + 6z2y? 4+ ¢t = 22

Solution. Let (z,y, z) be a solution to the equation. Then
(2z)* + 6(22)2(2y)% + (2y)* = (42)2.

Setting 2z = u + v, 2y = u — v, where u,v € Z, we obtain the

equation
(u +v)* 4+ 6(u? — 01?2 + (u — v)* = 1622,
which is equivalent to |
ut + vt = 222,

From the previous example it follows that (u,v, z) = (k, k, k?), yield-
ing the solutions (z,y, 2z) = (k,0,k?) and (z,y,2) = (0,k,k?), k € Z.

Remark. Another variant of this problem was given in the second

part of Problem 2 in Section 2.2.
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Exercises and Problems

1. Prove that the equation
2? + oy + y* = 362

is not solvable in positive integers.

2. Find all pairs of positive integers such that
£ —zy +y? =729

(Turkish Mathematical Olympiad)

3. We say that the positive integer z satisfies property (P) if z =

x2 4+ zy + y?, for some positive integers z and y. Prove that:

a) if z satisfies property (P), then so does 2

b) if 2? satisfies property (P) and gcd(z,y) = 1, then so does z.
(Dorin Andrica)

4. Solve in integers the equation
z? + 3y? = 422

5. Find all triples (z, y, z) of nonnegative integers Satisfying the equa-
tion z¢ + 1422¢2 + y* = 22 |

6. Solve in positive integers the equation
3zt 4+ 1022y? + 3y = 22

7. Find all distinct squares a2, b2, ¢?> which form an arithmetical se-

quence.

8. Solve in integers the equation
zy(z® +1?%) = 222
(Titu Andreescu)
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9. Find all integral triples (z,y, z) satisfying the equation

7t — 6222 + ot = 2%

10. If @ and b are distinct positive integers, then 2a(a® + 3b?) is not

a cube.
(Titu Andreescu)

11. Show that the equation 28 — y% = 423 is not solvable in positive

integers.
(Titu Andreescu)

12. Prove that the system of equations

m+y=z2

24—2

3

Ty =
is not solvable in nonzero integers.

(Titu Andreescu)
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CHAPTER 3
Pell’s-Type Equations

In 1909, A. Thue proved the following important theorem:
Let f = an2™ 4+ an_12""1 +--- + a1z + ag be an irreducible polyno-
mial of degree > 3 with integral coefficients. Consider the corresponding

homogeneous polynomial

y+ - +azy™ ! + agy™.

F(z,y) = anz™ + ap_12™"
If m is a nonzero integer, then the equation

F(z,y) =m

has either no solution or only a finite number of solutions in integers.
This result is in contrast to the situation when the degree of F is
n = 2. In this case, if F(z,y) = £2—Dy?, where D is a nonsquare positive

integer, then for all nonzero integers m, the general Pell’s equation
22— Dy’ =m

has either no solution or it has infinitely many integral solutions.

3.1. Pell’s Equation: History and Motivation

Euler, after a cursory reading of Wallis’s Opera Mathematica, mis-
takenly attributed the first serious study of nontrivial solutions to equa-
tions of the form z2 — dy? = 1, where z # 1 and y # 0, to Cromwell’s

mathematician John Pell. However, there is no evidence that Pell, who
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taught at the University of Amsterdam, had ever considered solving such
equations. They would be more aptly called Fermat’s equations, since
Fermat first investigated properties of nontrivial solutions of each equa-
tions. Nevertheless, Pellian equations have a long history and can be
traced back to the Greeks. Theon of Smyrna used z/y to approximate
V2, where = and y were integral solutions to z2 — 2y = 1. In general, if
z? = dy? + 1, then 22/y? = d'+ 1/y?. Hence, for y large, z/y is a good
approximation of v/d, a fact well known to Archimedes.

Archimedes’s problema bovinum took two thousand years to solve.
According to a manuscript discovered in the Wolfenbiittel library in 1773
Archimedes became upset with Apollonius of Perga for criticizing one
of his works. He devised a cattle problem that would involve immense
calculation to solve and sent it off to Apollonius.

The smallest herd satisfying seven conditions in eight unknowns after
some simplifications, lead to the Pell’s equation z? —4729494y? = 1. The
least positive solution, for which y has 41 digits, was discovered by Carl
Amthov in 1880. His solution implies that the ﬁumber of white bulls has
over 2 x 10° digits.

In Am’thmetica,. Diophantus asks for rational solutions to equations of
the type z2 — dy? = 1. In the case where d = m? + 1, Diophantus offered
the integral solution z = 2m?+1 and y = 2m. Pell’s equations are found
in Hindu mathematics. In the fourth century, the Indian mathematician
Baudhayana noted that z = 577 and y = 408 is a solution of £2—2y? = 1
and used the fraction iOL; to approximate /2. In the seventh century,
Brahmagupta considered solutions to the Pell’s equation z2 — 92y% =
1, the sm;ilest solution being z = 1151 and y = 120. In the twelfth

century, the Hindu mathematician Bhaskara found the least positive
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solution to the Pell’s equation z? — 61y* = 1 to be z = 226153980 and
= 1766319049.

In 1657, Fermat stated without proof that if d was positive and
nonsquare, then Pell’s equation has an infinite number of solutions. For
if (z,y) is a solution to 22 — dy? = 1, then 12 = (22 — dy?)? = (2% +
dy®)? — (2zy)%d. Thus, (2% + dy?, 2zy) is also a solution to z? — dy? = 1.
Tﬁerefore, if Pell’s equation has a solution, it has infinitely many.

In 1657, Fermat challenged William Brouncker, of Castle Lynn in
Ireland, and John Wallis to find integral solutions to the equations z% —
151y2 = 1 and z% —313y? = 1. He cautioned them not to submit rational
solutions for even ’the lowest type of arithmetician’ could devise such
answers. Wallis replied with (1728148040, 140634693) as a solution to the
first equation. Brouncker replied with (126862368, 7170685) as a solution
to the second.

In 1770, Euler showed that no triangular number other than unity
was a cube and none but unity was a fourth power. He devised a method,
involving solutions to Pell’s equations, to determine natural numbers
that were both triangular and square.

In 1766, Lagrange proved that the equation z2 = dy? + 1 has an
infinite number of solutions whenever d is positive and not square.

The Diophantine quadratic equation
az® + by +cyl +dr+ey+f =0 (3.1.1)

with integral coefficients a, b, c,d, e, f reduces in its main case to a Pell-
type equation. Next, we will sketch the general method of reduction. The
equation (3.1.1) represents a conic in the Oy Cartesian plane, therefore

solving (3.1.1) in integers means finding all lattice points situated on this
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conic. We will solve the equation (3.1.1) by reducing the general equation
of the conic to its canonical form. We introduce the diSCriminant of the
equation (3.1.1) by A = b% - 4ac. When A < 0, the Conic defined bY
(3.1.1) is an ellipse and in this case the given equation has only a finite
number of solutions. If A = 0, then the conic givey by (3.1.1) is 2

parabola. If 2ae — bd = 0, then the equation (3.1.1) becOmes (2az+ by +

—bd #0,by

(4ae — 2bd)y +
4af —d?, the equation (3.1.1) reduces to X* +Y =0 wy; 4 i 1o casy

d)? = d? —4af and it is not difficult to solve. In the cagg 2ae
performing the substitutions X = 2az +by+dand Y

to solve. The most interesting case is A > 0, when the Conic defined bY
(3.1.1) is a hyperbola. Using a sequence of substitu‘cioIls the equation
(3.1.1) reduces to a general Pell-type equation

2 2 __
X? - DY?=N. (3.1.2)

To illustrate the process described above, we will Consider the equ”

tion:
222 — 6y + 3y% = —1.

(Berkely Math. Circle 2000-2001 Monthly Contegy #4, Problem 4)

We notice that A = 12 > 0, hence the COITeSp gy, ding conic i a
hyperbola. The equation can be written as 72 — 3(y — z)? = 1 and by
performing the substitutions X = z and Y = Y —

Pell’s equation X2 —3Y2 =1.

Tr» We reduce it to the

3.2. Solving Pell’s Equation by Elementary Methods

We will present an elementary approach to solving the Pell’s equatio?

due to Lagrange.
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Theorem 3.2.1. If D is a positive integer that is not a perfect

square, then the equation
u? — Dv? =1 (3.2.1)

has infinitely many solutions in positive integers and the general solution

is given by (Un, Un)n>1,

Unt1 = UgUpn + DVoUn, Upy1 = VolUn + UoUn, U1 =ug, V1 =7
(3.2.2)
where (ug,vo) s its fundamental solution, i.e. the minimal solution dif-
ferent from (1,0).
Proof. First, we will prove that the equation (3.2.1) has a fundamen-
tal solution.
Let c¢; be an integer greater than 1. We will show that there exist

integers t1,w; > 1 such that
1
lt1 — w1V D| < oW <.
1

Indeed, considering Iy = [kv/D+1], k =0, ¢y, yields 0 < Iy —kv/D <
1, k =0, ¢1, and since v/D is an irrational number, it follows that Iz #*
I whenever k' # k.

There exist 4,7,p € {0,1,2,...,¢c1}, 7 # J, p # 0, such that

p—1
C1

-1
<li-iWVD<® and L2 cy,-jvD< 2
C1 (] C1

p—1p
C1 ’ C1
¢1 4 1 numbers of the form Iy — kv D, k=0, ¢;.

From the inequalities above it follows that |(l; —{;) — (j —i)v/D| < 1
C1

because there are c¢; intervals of the form ( >, p = 1,c; and

and setting |l; — Ij| = t; and |j — i| = wy yields |t; — w1V D] < L and
C1

w1 Scl.
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Multiplying this inequality by ¢; + w1V D < 2w;vD + 1 giw}es

1
12 — Dw?| < 2-‘;’—1\/13 +—<2v/D+1.
1 1

1
Choosing a positive integer co > ¢; such that |[t; — wi vV D| > o e
2

obtain positive integers to, wy with the properties
|t2 — Dw?| < 2VD +1 and |t; — ta| + |w; — wa| #0.

By continuing this procedure, we find a sequence of distinct pairs
(tn,Wn)n>1 satisfying the inequalities |t2 — Dw2| < 2v/D + 1 for all
positive integers n. It follows that the interval (—2v/D — 1,2v/D + 1)
contains a nonzero integer k such that there exists a subsequence of
(tn,wn)n>1 satisfying the equation t? — Dw? = k. This subsequence
contains at least two pairs (¢s,ws), (tr,w,) for which t; = t,(mod|k|),
ws = wr(inodlkl), and t,w, — t,w; # 0, otherwise t; = ¢, and w; = w,,
in contradiction with |t; — t,| + |ws — w,| # 0.

Let tg = t;t, — Dwyw, and let wy = t;w, — t,ws. Then
t2 — Dw? = k2. (3.2.3)

On the other hand, ty = tst, — Dwsw, = t2 — Dw3 = 0(mod|k|),
and it follows immediately that wo = 0(mod|k|). The pair (f,w) where
to = t|k| and wy = w|k| is a nontrivial solution to Pell’s equation (3.2.1).

We show now that the pair (un,vy,) defined by (3.2.2) satisfies Pell’s
equation (3.2.1). We proceed by induction with respect to n. Clearly,
(uo,vp) is a solution to the equation (3.2.1). If (un,v,) is a solution to
this equation, then

uZyy — Dv2 = (uoun + Dugv,)? — D(votn + ugup)? =

= (ug — Dvg)(un — Dv) =1,
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i.e. the pair (Up41,Vn+1) is also a solution to the equation (3.2.1).

It is not difficult to see that for all positive integer n,
Up—1 + Vp_1VD = (ug + 'UO\/E)". (3.2.4)

Let zn = tp_1 + vn_1VD = (ug + vovVD)™ and note that z; < 23 <
- < zp < .... We will prove now that all solutions to the equation
(3.2.1) are of the form (3.2.4). Indeed, if the equation (3.2.1) had a
solution (u,v) such that z = u + vv/D is not of the form (3.2.4), then
Zm < z < Zm+1 for some integer m. Then1 < (u+vVD)(tm —vm VD) <
ug + vov'D, and therefore 1 < (utyyy — Dvvpm) + (Umv — wom)VD <
ug + vov/D. On the other hand, (uty — Dvvm)? — D(Umv — uvm)? =
(u? — Dv?)(uZ, — Dv2)) = 1, i.e. (Ut — DUV, U ¥ — vy, ) is a solution of
(3.2.1) smaller than (u, 'voﬁ), in contradiction with the assumption that
(ug,v9) was the minimal one. OJ
Remarks. 1) The relations (3.2.1) could be written in the following

useful matrix form

Unt1 | [ uo Duvo Unp
Uni1 Vo Uo Un

n

from where

U ug Do U
L I 1. (3.2.5)
Un Vo Up Vo
If
n
Up D’Uo Qn bn
Vo . U cn dn

then it is well-known that each of ap, bn, cn, dy is a linear combination

: . up Dv

of AT, AJ, where A1, Ag are the eigenvalues of the matrix 0
Vo Ug
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By using (3.2.5) after an easy computation it follows that

Up = %[(’U/o + ’Uo\/b—)" + (uo — Uo\/ﬁ)n],
(3.2.6)

Vp = 2\}1—)[(110 +v9VD)" — (ug — voVD)"]

2) The solutions to Pell’s equation given in one of the forms (3.2.4) or
(3.2.6) may be used in the approximation of the square roots of positive

integers that are not perfect squares. Indee(i, if (un,vp) are the solutions

of the equation (3.2.1), then

/D= s
and so
%3 VD= Un (tn ":'Un‘/l—j) A \/%v,% < %
It follows that
Tim :}‘—: =vD (3.2.7)

i.e. the fractions - approximate /D with an error less than ;)13

The main metl?od of determining the fundamental solution 1?0 Pell’s
equation (3.2.1) involves continued fractions. Since this technique is not
part of our presentation, we consider useful to include a table containing

the fundamental solutions for D < 103.
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D | wo Vo D U Vo D U )
2 3 2 38 37 6 71 3480 413
3 2 1 39 25 4 72 17 2
5 9 4 40 19 3 73 | 2281249 | 267000
6 5 2 41 2049 320 74 3699 430
7 8 3 42 13 2 75 26 3
8 3 1 43 3482 531 76 57799 6630
10 | 19 6 44 199 30 77 351 40
11| 10 3 45 161 24 78 53 6
12 7 2 46 24335 3588 79 80 9
13 | 649 | 180 || 47 48 7 80 9 1
14 15 4 48 7 1 82 163 18
15 4 1 50 99 14 83 82 9
17| 33 8 51 50 7 84 55 6
18 | 17 4 52 649 90 85 | 285769 30996
19 |'170 | 39 || 53 66249 9100 86 10405 1122
20 9 2 54 485 66 87 28 3
21| 55 12 || 55 89 12 88 197 21
22 | 197 | 42 || 56 15 2 89 | 500001 53000
23| 24 5 57 151 20 90 19 -2
24 5 1 58 19603 2574 91 1574 165
26 | 51 10 | 59 530 69 92 1151 120
27| 26 5 60 31 4 93 12151 1260
28 | 127 24 || 61 | 1766319049 | 226153980 || 94 | 2143295 | 221064
29 | 9801 | 1820 || 62 63 8 95 39 4
30| 11 2 63 8 1 96 49 5
31| 1520 | 273 || 65 129 16 97 | 62809633 | 6377352
32| 17 66 65 8 98 99 10
33| 23 4 67 48842 5967 99 10 1
34| 35 6 68 33 4 101 201 20
35 6 1 69 7775 936 102 101 10
37| 73 12 {| 70 251 30 103 | 227528 22419
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1 :
Example 1. Recall that t,, = —anzj-—) denotes the m** triangular

number, m > 1. Find all triangular numbers that are perfect squares.

Solution. The equation ¢, = y? is equivalent to
2z +1)2 - 8y* = 1.

The Pell’s equation

w282 =1

has the fundamental solution (ug,v9) = (3,1) and by formulas (3.2.6)

we obtain
1 n \1L U = __1_ n__(q_ n n
Un = 5[(3+\/§) +(3-v8)"], v = 2\/g[(3+‘/§) (3-v8)"], n> 1.

It follows that

2 +1 = un = 5[(1+ V2™ + (1 - VD),

hence
r T 92
n _ n
(1++v2) wZL(l V2) n oodd
Tp = 4
o 12
(1++v2)" — (1-v2)"
2 , M even
\ L J

Remark. Every other z satisfying ¢, = y? is a perfect square.
Example 2. Prove that there are infinitely many triples of consec-

utive integers each of which is a sum of two squares.
(Putnam Mathematical Competition)
Solution. The first triple is 8 = 22 4+ 22,9 = 32 4+ 02, 10 = 32 + 12,

which suggests considering the triples 2 — 1, z2, 22 + 1.
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Consider the Pell’s equation 2 — 2y? = 1, whose solutions are

on = (3 +2VD" +(3-2VD)", yn = QIW[(HM)" ~ (3-2v2)",
n > 1. The triples (z2 —1,x2, 22 +1) satisfy 22 —1 = y2+42, 22 = 22402,
2 +1=22+1%,n>1

Remark. In a similar way, we can prove that for any nonsquare pos-
itive integer m > 2 there are infinitely many (m+ 1)-uples of consecutive
positive integers each of which is a sum of m squares.

Indeed, the Pell’s equation z2

2 x2+1,...,22 + m — 1) has the desired property for

— my? = 1 has solutions (Zn, Yn)n>0,
hence (22 — 1,z

all n > 0.

Exercises and Problems

(n+1)

n .
1. Find all positive integers n such that 3 is a perfect square.

(Dorin Andrica)

2. Find all triangles having sidelenghts consecutive integers and area
also an integer.

3. Consider the system of equation

rt+y=z+u

2zy = zu

Find the largest value of the real constant m such that m < % for

Yy
any positive integral solution (z,y, z,u) of the system, with > y.

(42"¢ IMO Shortlist)

113



3.3. The Equation az? — by? =1

In the present Section we will study the more general equation
ar® — by =1, (3.3.1)

where a and b are positive integers. Taking into account the considera-
tions in Section 3.1 we have A = 4ab > 0, hence (3.3.1) can be reduced
tb' a Pell’s equation.

P.roposition 3.3.1. If ab = k2, where k is an integer greater than
1, then the equation (3.8.1) does not have solutions in positive integers.

Proof. Assume that (3.3.1) has a solution (zg,yp), where xg,yo are
positive integers. Then az3 — by2 = 1, and clearly a and b are relatively
prime. From the condition ab = k? it follows that a = k? and b = k2 for
some positive integer k; and k2. The relation k2z2 — k2y2 = 1 can be

written as (ki1zo — koyo) (k1zo + k2y0) = 1. It follows that
1 < k1zo + k2yo = k1xo — kayo = 1,

a contradiction. [J

We will call Pell’s resolvent of (3.3.1) the equation
u? —abv? = 1. (3.3.2)

Theorem 3.3.2. Suppose that the equation (8.8.1) has solutions
in positive integers and let (A, B) be its smallest solution. The general

solution to (3.3.1) is (ZTn,Yn)n>0, where
ZTn = Aun + bBv,, yn = Buy, + aAvy, (3.3.3)

and (Un,vn)n>0 is the general solution to Pell’s resolvent (3.3.2).
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Proof. We will prove first that (z,,y,) is a solution to the equation

(3.3.1). Indeed,
az? — by? = a(Au, + bBv,)? — b(Buy, + aAv,)? =

= (aA? = bB?)(u% — abv?) =1-1=1.

Conversely, let (z,y) be a solution to the equation (3.3.1). Then
(u,v), where u = aAx — bBy and v = Bz — Ay, is a solution to Pell’s
resolvent (3.3.2). Solving the above system of linear equations with un-
knowns z and y yields £ = Au + bBv and y = Bu + aAv, i.e. (z,y) has
the form (3.3.3). O

Example 1. Solve in positive integers the equation
622 — 5y% = 1.
Solution. Tts smallest solution is (A4, B) = (1, 1). The Pell’s resolvent

is u2 — 30v? = 1, whose fundamental solution is (11,2). The general

solution to the equation considered is z, = up + 5vp, Yn = Up + 6v,,

n =0,1,... where (un,vn)n>0 is the general solution to Pell’s resolvent,
1.9 Un+1 = 1lun + 60vy,, vp41 = 2uy + 1luy, n=0,1,... with ug = 11,
Vo = 2.

A closed form for these solutions can be found by using the formulas

(3.2.6). We obtain

:vn—6+1;/—(11+2\/_)" _1;/3—(11-%/-)
yn_5+1(‘)/—(11+2x/—) 1;)/:9’—(11—2\/_)

Example 2. Find all positive integers n such that 2n+1 and 3n+1

are perfect squares.

(American Mathematical Monthly)
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Solution. Let 2n+1 = z2 and 3n+1 = y2. Multiply the first equation
by 3 and the second by 2 and subtract them to obtain

3z2 — 22 = 1. (3.3.4)

The smallest solution to this equation is £ = y = 1. Its Pell’s re-
solvent is u?2 — 6v? = 1, with the fundamental solution (ug,vg) = (5,2).
From Theorem 3.3.2, the general solution to the equation (3.3.4) is given

by Tm = Um + 2Um, Ym = Um + 3V, m > 0 where

Uy = %[(5+2\/6)m+(5—2\/6)m], vm = ——[(54+2v/6)™ — (5—2v/6)™].

1
2v/2
We obtain

n=y2 -2, = (Um + 3vm)? — (Um + 20;)? = UV (2Um + 5vm), ™ > 0.

Exercises and Problems

1. Prove that there are infinitely many quadruples (z, y, u,v) of pos-

itive integers such that 2 + y? = 6(2% + w?) + 1 with 3|z and 2|y.
(Dorin Andrica)

2. a) Find all positive integers n such that n 4+ 1 and 3n + 1 are
simultaneously perfect squares.

b) If n; <ny < --- < m < ... are all positive integers satisfying the
above property, then ngngy; + 1 is also a perfect square, k =1,2,....

(American Mathematical Monthly)

3. Prove that there exist two strictly increasing sequences (a,,) and

(bn) of positive integers such that an(a, + 1) divides b2 + 1 for all n > 1.

(40*" IMP Shortlist)
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3.4. The Negative Pell’s Equation

While the Pell’s equation z2 — dy? = 1 is always solvable if the

positive integer d is not a perfect square, the equation
2 —dy? = -1 (3.4.1)

is solvable only for certain value of d.

Next, we will write the solutions to the equation (3.4.1) by using our
method in Section 3.3.

The equation (3.4.1) is known as the negative Pell’s equation. From
the Theorem 3.3.2 the following theorem follows:

Theorem 3.4.1. Suppose that the equation (8.4.1) has solutions
in positive integers and let (A, B) be its smallest solution. The general

solution to (8.4.1) is given by (Tn,yn)n>0 where
Tp = Bu, + dAv,, Yyn = Au, + Bu, (3.4.2)

and (Un,vn)n>o0 is the general solution to Pell’s equation u? — dv? =1.
Remarks. 1) By using formulas (3.4.2) we obtain the solutions to

the negative Pell’s equation in explicit form:

Tp = %(B + AVd)(uo + voVd)™ + %—(B — AVd)(up — voVd)"
(3.4.3)
1

Yo = 5 (A-+ %) (uo + voVd)" + % (A - %) (uo — voVd)".

2) The sequences (Zn)n>0 and (yn)n>0 given by (3.4.2) or (3.4.3)
satisfy the identity

Zn = [ynVd]. (3.4.4)
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Indeed, 22 — dy2 = —1 implies (ynVd + =) (ynVd — zn) = 1. Since
YnVd + T, > 1, it follows that 0 < ypvd — z, < 1, hence (3.4.4) holds
true.

Theorem 3.4.2. If p is a prime, p = 1(mod4), then the negative
Pell’s equation.z? — py? = —1 is solvable in positive integers.

Proof. Let (ug,vo) be the fundamental solution to the Pell’s resolvent
u2—pv? = 1. Then u3—1 = pv?, and ug cannot be even, for in this case we
should have —1 = p(mod4). Hence ug is odd and the numbers up —1 and
ug + 1 have the greatest common divisor 2. Therefore ug'+ 1 = 2a? and
ug F 1 = 2pB?, where o and B are positive integers such that vy = 2a.
By elimination of uy we get +1'= o? — pB2. Since S < vy, we cannot
have the-upper sign. Thus the lower sign must be taken and the theorem
is proved. (OJ

The principal method of determining the fundamental solution to
negative Pell’s equation (3.4.1) also involves continued fractions. The
following table contains the fundamental solution, in case of solvability,

for d < 101.

dilalBla]l a [Bal 4B
2| 1|1[37| 6 1 || 73 | 1068 | 125
52| 141| 32 | 5 || 74| 43 | 5
1003|115/ 7 1 ||82] 9 |1
13|18 |5 ||53| 182 | 25 || 85 | 378 | 41
17] 4 | 158 99 | 13 || 89 | 500 | 53
26| 5 | 1 |/ 61]29718 | 3805 | 97 |5604 | 569
29 (70 (13 ]/ 65| 8 1 {[101] 10 | 1
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Example 1. Show that the equation
72 — 34y = -1

18 not solvable.

Solution. The fundamental solution of Pell’s resolvent is (35,6). If
the equation z? — 34y?2 = —1 were solvable and had the fundamental
solution (A4, B), then (A + Bv/34)% = 35 + 61/34, i.e. A2+ 34B2% =35
and 2AB = 6. But this system of equations has no solutions in positive
integers and thus our equation is not solvable. |

Example 2. Find all pairs of positive integers (k,m) such that k <

m and

142+ - 4+k=(+1)+(k+2) +- +m.
(College Mathematics Journal)

Solution. Adding 1 + 2 + -+ + k to both sides, we get 2k(k + 1) =

m(m + 1), which can be rewritten as
(2m +1)2 — 2(2k + 1)2 = —1.

The negative Pell’s equation 22 — 2y? = —1 has (1,1) as its least

positive solution. From (3.4.2), its general solution (zy,yn) is given by

Tn =Up + 2Vn, Yn=1Up+V, n2>1,

where
Un = %[(3 +2v2)" + (3 - 2v2)"],
1 n n
Up = m[(3+2\/§) -(3-2v2)"], n>1.
Then

on = 511+ VA4 (L= VD)
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— _L_ n—1 _ _ 2n—1 n
Yn = 2\/5[(1 + \/5)2 (1 \/i) ]) Z 1.

Since 22 — 2y? = —1 implies that z?2 is odd, z is of the form 20 + 1.
Then y? = 212 + 21 + 1 implies that y is odd.

The desired pairs are

(k,m) = (ynz—l,xn—l)’ n > 2.

5 2

Exercises and Problems

1. Find all pairs (z,y) of positive integers satisfying the equation
z? —6zy +94° =1.

(Titu Andreescu)

2. Prove that there are infinitely many positive integers n such that

n? + 1 divides nl.

(Kvant)
3. Let ap, = [v/n? + (n+ 1)2], n > 1. Prove that there are infinitely

many n’s such that a, —an,—; >1and apy1 —ay, = 1.
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Part 2

Solutions to Exercises and

Problems



CHAPTER 1

Elementary Methods for Solving Diophantine

Equations

1.1. The Decomposition Method

1. Write the equation in the form (z + 2y)(z + 4y) + 3(z + 2y) = 2
or (z + 2y)(z + 4y + 3) = 2. We obtain the solutions (0, —1), (3, —2),
(3,-1), (6,—2).

2. Let n = p*...py*. From the Remark in Example 2, it follows
that (1 +20;)...(1 +2ax) =5. Hence k =1 eLnd a; = 2. Thus n = p?,
where p is a prime.

3. The equation is equivalent to (x — p)(y — ¢) = pg. There are four
solutions: (1 + p,q(1 + p)), (2p,29), (p + ¢,p +q), (p(1 +q),1 +q).

Remark. For the equation

-+

m
i

<3

where m and n are positive integers, denote by s(m,n) the number of
all solutions in positive integers. For any positive integer N > 1 denote

by v(N) the number of all its divisors. We have

s(m,n) = v(mn) =v(m) + v(n) — v(ged(m,n))

with the convention v(1) = 0.
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Ifn=pf.. . .pi* m= p?l ...pg", where some of the exponents can

be zero, it follows that
s(myn) =1 +a1)...(L+ag) +(1+51)... (14 Bk)

__{[1 + min(al, ﬁl)] ce [1 + min(a’k, :Bk)]}

4. Multiplying the equation by 27 and subtracting 1 from both sides,

we obtain
(3z)2 + (=3y)% + (-1)% = 3(3z)(—3y)(—1) = 1642.

The left hand side is of the form a3 + b + ¢® — 3abc and, as we have

seen in Example 5, it factors as
(3z — 3y —1)(92% + 9y? + 1+ 9zy + 3z — 3y) = 2 - 823

Since{ the second factor in the left hand side is larger than the first,
taking into account that 823 is a prime and that 3z —3y—1 = 2 (mod 3),
it follows that 3z — 3y — 1 = 2 and that

922 + 9y? + 1 + 9zy + 3z — 3y = 823.

The solution is (6,5).
5. The equation is equivalent to z =:(y? + 2)%2 — (2y)?, i.e.

z=[(y—1)*+ 1)y + 1)2 +1].

If y # £1, = is a product of two integers gréater than 1, hence it is
not a prime. The solutions are (5,1), (5, —1).

6. Write the equation in the form (z3 + 1)’2 +(z¥+1)=¢y*+1, or
equivalently, (22° + 4)2 — 4y* = 5. We obtain the systems

273 - 242 +3=1 223 — 292 +3=—-1
223 + 242 +3=5 ’ 2m3+2y2+3=—5
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223 — 22 +3 =5 22% — 2y% +3 = -5
223 + 242 +3=1 | 223 +22+3=—1
The solutions are (0,1), (0,—1).

7. The equation is equivalent to the quadratic equation in y
2% + (¢ - 32)y + 32 + £ = 0.

This equation has integral solutions if and only if its discriminant
z(z 4+ 1)2(z — 8) is a perfect square. It.follows that z(z — 8) = 22 or
(x —4)% — 22 = 16. This leads to the equation (z — z —4)(z + 2 —4) = 16.
We obtain z € {-—1,8,9}, hence the solutions are (—1,-1), (8,—-10),
(9,—10), (9, —21).

8. It is convenient to note that a — 1 =z, b—-1=yandc—1 = 2.
Then we have conditions: 1 < z < y < z and zyz|(zy+yz+zz+r+Yy+2).

The idea of a solution is to point out that we cannot have zyz <
zy + yz + zz + x + y + 2 for infinitely many triples (z,y, 2) of positive
integers. Let f(z,y, z) be the quotient of the required divisibility.

From the algebraic form:

1 1 1 1 1 1
f(:z:,y,z)=—+—+—+—+—
T Yy 2z TY Yz 2T

we can see that f is decreasing function in each one of variables z, v, z.

By symmetry and because z,y, z are distinct numbers,
5
f(.’E,y,Z) < f(1)273) =2+ 6 <3.
Thus, if the divisibility is fulfilled we can have either f(z,y,z) =1

or f(z,y,2) = 2. So, we have to solve in positive integers the equations
zy+tyz+zr+z+y+z=kryz (1)
where k =1 or k = 2.
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Observe that f(3,4,5) = %g < 1. Thus z € {1,2}. Also f(2,3,4) =
35

2 < 2. Thus, for z = 2, we necessarily have k = 1. The conclusion is
that only three equations have to be considered in (1).

Case 1: x =1 and k = 1. We obtain the equation:
14+2(y+2) +yz = y=.

It has no solutions.

Case 2: x = 1 and k = 2. We obtain the equation:
14+2(y+2) =y=.

Write it under the form: (y — 2)(z — 2) = 5 and obtain y — 2 =1,
z — 2 = 5. It has unique solution: y =3, 2z =T.

Case & =2 and k = 1. We obtain the equation:
24 3(y+2) =y=.

By writing it under the form: (y —3)(z —3) =11 wefindy -3 =1,
z — 3 = 11. Thus, it has a unique solution: y = 4, z = 15.

From Clase 2 and Case 3 we obtain respectively: a =2,b=4,c=38
and a = 3, b = 5, ¢ = 16. These are the solutions to the problem.

9. Let z,y be lengths of the legs and let z be the one of the hy-
pothenuse. Then 2z = \/1:2_—|-y§ by the Pythagorean Theorem. Equating
the area and perimeter yields

z
—g=:1:+y+\/:v2+y2.

2
Multiﬁly by 2, isolate the_ radical, and square. This yields
(zy — 2(z +9))* = 4(2? + ¢?),
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or
z*y? — dzy(z +y) + 4(2® + y* + 2zy) = 4(a® + o).
We have
r?y? — day(z +y) + 8zy = 0.

Clearly, we should divide out by 2y, as it is never equals to zero. We
get

zy —4z —4y+8=0.

- Add 8 to both sides to make the left-hand side factor. We now have

(z-4)(y—4) =8,

and since the variables are integers, there are only finitely many possibil-

ities. The only solutions (z,y) are (6,8), (8,6), (5,12), (12,5), which yield

just two right triangles, namely the 6-8-10 and the 5-12-13 triangles.
10. Subtracting the second equation from the first yields

(z+y+zy)+(ut+v—w)=(r+y—zy)(u+v—uv)

(z+y—zy) - 1)[u+v—uv) —1] =1

which is equivalent to (1 — z)(1 — v)(1 — u)(1 — v) = 1. The last
equation has solutions (0,0,0,0), (0,0,2,2), (0,2,0,2), (0,2,2,0), (2,0,0,2),
(2,0,2,0), (2,2,0,0), (2,2,2,2). The solutions (z,y,z,u,v) of the sys-
tem are: (0,0,0,0,0), (0,0,—4,2,2), (0,2,0,0,2), (0,2,0,2,0), (2,0,0,0,2),
(2,0,0,2,0), (2,2,-4,0,0), (2,2,24,2,2).
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1.2. Solving Diophantine Equations Using Inequalities

1 4 |
+ 1 + — = ~. Considering z <
y =z 3

. Therefore z € {1,2}. Analysing

1. The equation is equivalent to -
y < z, it follows that % > %, ie z < %
the two cases we obtain the solutions (1,4,12), (1,6,6), (2,2,3) and all
their permutations.

2. Letu=2—-1,v =y —1, w = z — 1. The equation becomes
u+ v + w = uvw. We either have (u,v,w) = (0,0,0) or vvw # 0. In the

latter case the equation is equivalent to

1 1 1

i R R |

vw wu uv

LT 1 1 1 : .
which is of the type — + — + — = 1. Assuming m < n < p, we obtain
m n

the solutions (m,n,p) = (2,3, 6)p, (2,4,4), (3,3,3). The last two situations
are not possible, since (uvw)? = 32, and (uvw)? = 27, respectively.
We obtain vw = 2, wu = 3, uv = 6, yielding uvw = 6, and v = 3,
v = 2, w = 1. The solutions (z,y,2) are (1,1,1) and (4,3,2) and all
permutations.

3. The inequalities (z + y)2 < (z+¥)? +3z+y+1 < (z + y+ 2)2
imply (z+9y)?+3z+y+1= (r+y+1)2 It follows that z =y = k € Z,
hence all the solutions are (k, k,2k + 1).

4. We have (z 4+ 1)* — (z — 1)* = 823 + 8z. Suppose a pair (z,y) of
integers is a solution and assume z > 1. Then (2z)3 < (z+1)*—(z—1)* <
(2z + 1)3. Hence 2z < y < 2z + 1, a contradiction. Therefore for every
solution (z,y), the integer £ must be non-positive. Now observe that if

(z,y) is a.solution, then (—z, —y) is also a solution, hence —z must be

non-positive. Therefore (0,0) is the only solution.

128



5. The given conditions imply z® + 3z% + 322 + 1 < y3 < 25 + 62* +
1222 + 8, i.e. (2% +1)% < ¢® < (2% + 2)3, which shows that each of the
considered equations is not solvable.

6. Note that this is the equality case in the AM-GM inequality

gy +y?z + 2z > 3%/ (a2y) (y22) (27)

Hence we must have 22y = y?z = 22z, which implies z? = yz,

y? = zz, 22 = zy, i.e. (x —y)? + (y — 2)%2 + (2 — 2)? = 0. The solutions
are (k,k,k), k € Z.

7. The solutions a,r.e (£1,0), (+4,3), (£4,5). We must have y > 0.
As the right hand side is nonzero, so then must be the left hand side,
hence |z| > |y| +1 or |z| < |y| — 1. In either case, (22 —y?)? > (2y —1)?,
so (2y — 1)2 < 1+ 16y, and hence y < 5. Trying all such values of y
yields the above solutions.

8. First Solution. First we claim that at least one of bc and yz is less
than 3. If bc =3,then b=3,c=1,a+ b+ c < 3a = abc; if bc > 3, then
abc > 3a > a + b+ c. Thus, for bc > 3, we have abc > a + b + ¢ and

Jz>z+y+z2z=abc>a+b+c=zyz = 3> yz.

This proves our claim. Without loss of generality, suppose that yz =
1 or 2.
If yz=1, then y = 2 = 1. We have

abc=z+y+z=z+2=zyz+2=a+b+c+2.

Ifc>2 thenbc>4and 4a <abc=a+b+c+2<4a;thusa=5b=
¢ = 2. We obtain the solutions (2,2,2,6,1,1) and (6,1,1,2,2,2). If c = 1,
then ab = a+b+3.Ifb > 3,then3a < ab=a+b+3<3a = a=0b=3.
We obtain the solutions (3,3,1,7,1,1) and (7,1,1,3,3,1). If b = 2, we have
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a = 5 and obtain the solutions (5,2,1,8,1,1) and (8,1,1,5,2,1). If b =1,
we have a = a + 4, which is impossible.

If yz = 2, then y = 2, z = 1. We have
2abc=2(m+y+z)=2w+6#myz+6=a+b+c+6§3a+6.

If ¢ > 2, then 8a < 2abc < 3a+6 = 5a < 6, which contradicts
the fact that a > ¢. Thusc=1,and 2ab=a+ b+ 7. If b > 3, 6a <
2ab =a+b+7 = a < b/5+7/5 which contradicts the fact that
a>b.If b= 2, then 4a = 2ab = a+9 and a = 3. We obtain the solution
(3,2,1,3,2,1). If b = 1, we have a = 8, repeating the solution (8,1,1,5,2,1).

Second Solution. Let

A=(ab—-1)(c—-1), B=(a-1)(b-1)

X=(zy-1)(2-1), Y=(z-1)y-1)

Thus A, B, X,Y are nonnegative integers such that
A+B+X+Y =4.

Clearly, neither of ¢ and 2 can be greater than 2; that would force
either A or Y to be greater than 4, and contradict the fact that A+ B +
X+Y =4

If c=2,wehavea,b>2and A>3,B>1. Thus A=3, B =1,
X =Y = 0. This yields the solution (2,2,2,6,1,1). Similarly, if z = 2, we
have (6,1,1,2,2,2) as a solution.

Now we suppose that c=2z=1. Wehave A = X =0 and B4+Y =4.
Without loss of generality, suppose that Y < B, (i.e. Y =0,1,2).

If Y =0, we have B = (a—1)(b—1) = 4. This leads to the solutions
(5,2,1,8,1,1) and (3,3,1,7,1,1). By symmetry, we also have the solutions
(8,1,1,5,2,1) and (7,1,1,3,3,1).
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IfY =1, thenz=y=2and B=(a-1)(b—-1) =3 = a =4,
b=2,buta+b+c=7#zyz.

Y =2then(z-1)(y-1)=(a—-1)(b-1) =2 = a=2=23,
b=y = 2. We obtain (3,2,1,3,2,1) as our last solution.

9. First Solution. Suppose that z <y < z < u < v. We need to find

the maximum value of v. Since
v<z+y+z+u+v <o,

then either v < zyzuv < 5v or 1 < zyzu < 5. Hence (z,y,z,u) =
(1,1,1,2), (1,1,1,3), (1,1,1,4), (1,1,2,2), or (1,1,1,5), which leads to
max{v} = 5.

Second Solution. Note that

11 1 1 1
1= + + + +
YZUV  ZUVT  UVTY VTYZ  TYU

1 1 1 1 1 3
<_+_+_+_+_=_+_“+_”

uv o uv uv v U uv

Therefore, uv < 3+u+wvor (u—1)(v —1) < 4. If u = 1, then
x =y =2 =1 and 4 4+ v = v, which is impossible. Thus u — 1 > 1
and v — 1 < 4 or v < 5. It is easy to see that (1,1,1,2,5) is a solution.
Therefore max{v} = 5.

Remark. The second solution can be used to determine the max-
imum value of max{z;,z2,...,2z,}, when z1,29,...,z, are positive in-

tegers such that
Z1Z2...Lp =21+ Zo+ -+ Ty.

10. Without loss of generality, assume that £ < y < z < w. Then
r>1,y>2,22>23,w>4
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We have
P+l +2+w=3(c+y+2z+w)

1<y—z
9 <3z
20 < Sw.

Adding up the last relations yields
-1+ (@y—2°+ (2 -3+ (w-4)* <0,

hencez =1,y=2,2=3, w=4.
~ All solutions to the given equation are (1,2,3,4) and their permuta-
tions.

11. Let (a,b) be a pair of integers satisfying the hypothesis. Then

(a,b) is :;fsolu_tion of the diophantine equation
a® — kab + b* = k. (1)

If a =0 or b = 0, then £ is a perfect square. Hence we may cohsider
a # 0 and b # 0. In this case a and b have the same sign. Indeed, if
ab < 0, we obtain

a? — kab + b* > k. (2)

We may assume that a > 0, b > 0 and therefore £ > 0. If a = b,
from (2 — k)a® = k > 0 we deduce k = 1. Finally, we suppose that
a > b > 0 and let (a,b) be a solution of (1) with b minimal. It is easy
to see that (b, kb — a) is also a solution of (1). If kb = a, k is a perfect
square. Otherwise, kb — a > 0, because it has the same sign with b. We
claim that kb — a < b. Indeed,

a+b a?+b a
kb — 241,
a<b & k< 2 & 1+‘ab<b+1
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The last inequality follows from

a?+b2 a?+ab a?*+ab a
< < = -+ 1.
ab+1 ab+1 ab b

Therefore (b, kb — a) is a solution which contradicts the minimality

of the solution (a,b). Hence k is a perfect square.

1.3. The Parametric Method

1. A family of solutions is given by
zn=n(n+1)° yo=n'(n+1)°, zZm=ni(n+1)°, neZy

2. We will use Lagrange’s identity (see Remark 1 in Example 2) and
the following two well-known results:

1° There are infinitely many primes of the form 4k + 1.

2° Each prime of the form 4k + 1 is representable as the sum of two
perfect squares (see Remark in the solution of Problem 12, Section 1.5,
for a nice proof).

Take any prime p of the form 4k + 1. By 2°, it can be represented as
the sum of two perfect squares. The same holds for p*+1, and La.grange"‘s
identity shows that p® 4+ p = p(p? + 1) is also representable as a sum of
two perfect squares. Let p° + p = u2 +v2. Thenz =u, y = v, 2 = p
is a solution of Athe given equation. Since p is a prime, z,y and z are
relatively prime. Now it suffices to note that (see 1°) the primes of the
form 4k + 1 are infinitely many.

Remark. The same argument holds for the diophantine equation
22 4o =22 4,
where n is a positive integer.
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3. A family of solutions is given by
zp=k"+1, y=k(k"+1), zx=k"+1, keZ,
4. Let (zky, Yky» 2k, ) and (Tky, Ykyy 2k, ) be two solutions to the equa-

tion in Example 4. Then

1

n n __ . n— n n _ .n—1
xk] +yk1 = Zkl y -’L'kz +yk2 = Zk2

and by multiplying the last two relations we obtain

(Thy Thy)™ + (Thy Yks)™ + WhyThy)™ + Wy Vi)™ = (2ky 2k,)" !

Hence a family of solutions is given by

(xkl ThosTkyYkor Yk1Tka s Yk Yk Zky zkz)

where ky; ks € Z .
5. Using the Lemma and the Remark in Example 5, there exist
infinitely many pairs (un,v,), n > 1, of positive integers, such that

au, — bv, = 1. Then

are solutions of the system.

6. Writing the equation in the equivalent form

1
jo oyl o1
Ty z
shows that ——2 —— must be an integer. Let £ 4+ y 4+ 1 = u. It follows
z+y+1
—z—-1 1
that z(u : ) € Z or, equivalently, &_}-——) = v € Z. All solutions

are given by

rT=w, yYy=u—w-1, z=w-v,

where u,v,w € Z and v is any divisor of w(w + 1).
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7. First Solution. The equation is equivalent to
v’ =z(z+y—2)
It follows that
:1:=mp2, x+y—z=mq2, Yy = mpq
The solutions are
z=mp?, y=mpq, z=m@ +pg—q>), mpqel

Second Solution. Write the equation in the form

*

z(z - 2z) =y(y — z)

Let d = gcd(z,y). Then z = da, y = df, where ged(a,5) = 1. It
follows that y — z = ka and ¢ — z = kf. Since ged(a, f — a) = 1,
ka =y—z =df —da = d(f — «) implies 8 — a|k. Setting k = m(8 — @)
we obtain d = ma, hence

r=ma?, y=maB, z=m(a®+aof—-pF%, malBEL

8. Note that 2002 = 3* + 5% +- 6%. A family of solutions is given by
zr = 3-2002%,  yp =5-2002%, 2z =6-2002%, wp=4k+1, keZg

9. A family of solutions to the first equation is given by

2 3m? — 2mn —n?,4mn,3m? +n?), m,neZ,

(3m2 + 2mn — n
A family of solutions to the second equation is
(m+n,m—n,2m,3m? +n?), m,neZ,
Remark. Note that the equation
2 4yt + 24 = 20
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has also infinitely many solutions. A family of solutions is given by

4
z = a® + 2ac — 2bc — b?
y = b® — 2ab — 2ac — ¢?

2z = c2 + 2ab + 2bc — a?

\ u=a’+b+c—ab+ac+bec

where a,b,c € Z.

10. A family of solutions is

(n,n+2,4n +4,4(n +1)(2n+ 1)(2n +3)), n € Z4

1.4. The Modular Arithmetic Method

1. We notice that

v = (z+1)?+(x+2)>% 4+ +(z+99)

= 9922 +2(14+2+---+99)z + (12 + 22 +--- + 99?)
2-99-100  99-100-199
= 99$2+———2———$+ 6

= 33(3z2 4+ 300z + 50 - 199),

which implies that 3|y. Since z > 2, 3%|y?, but 32 does not divide é3(3w2+
300z + 50 - 199), a contradiction. "

2. For y greater than 5, y! is divisible by 9, so y! + 2001 gives the
residue 3 (mod 9), which is not a quadratic residue. Hence the only
candidates are y = 1,2,3,4,5. Only y = 4 passes, giving z = 45.

3. For any integers z,y we have 3 = 0,1,5,8,12 (mod 13) and
y*=0,1,3,9 (mod 13). Thus z° + y* # 7 (mod 13).

4. Let us assume first that y > 3. Reducing modulo 8, we deduce
that 3 must give the residue 7. However, 3% can be congruent only to

3 or 1 (mod 8) depending on the parity of z. We are left with the cases
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y = 1 and y = 2, which are immediate. The only solution is z = 2,

y = 1.

5. We show that the congruence
4, 4 4 _ v
]+ x5+ -+ 74 = 15999  (mod 16)

has no solution, which would mean that the given equation is also not
solvable. Indeed, if an integer n is even, then n = 2k for k € Z, and thus

n* = 16k* = 0 (mod 16). If n is odd, then
nt—1=mn-1)n+1)n?>+1)=0 (mod 16),

since the numbers n—1,n+41 and n?+1 are even and one of the integers
n —1,n+ 1 must even be divisible by 4. This means that n* is congruentn
to 0 modulo 16 for even n, and congruent to 1 modulo 16 for odd n.

Therefore, if exactly r of the numbers z1, z9,...,x14 are odd, then
i+ 2+ - +2i,=r (mod16).

Now 15999 = 16000 — 1 = 15 (mod 16), and since 0 < r < 14, the

congruence
ci+z5+--+2i, =15 (mod 16)

cannot have a solution, and thus neither can the given equation be solv-

able.
6. First Solution. Multiply both sides of the equation by 27 and then
add 64 to each of them to obtain

2723 4+ 27y® + 43 — 4. 272y =37 (1)
Using the algebraic identity
a® +b° + ¢ — 3abc = (a+ b+ c)(a® + b2 + ¢? — ab — bc — ca)
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the equation (1) is equivalent to
(3z + 3y + 4)(92% + 9y? + 16 — 9y — 122 — 12y) = 37 (2)

Since 37 is a prime and the second factor of the product in the left

hand side equals
1
532 = 3y)" + (32 — 4)° + By — 4)°] 2 0,

it follows that 3z + 3y +4 > 0, hence from (2), 3z +3y+4 =1 or
3z 4+ 3y + 4 = 37. The latter case is not possible sinée it would imply
r+y = 11 and (3z —3y)? + (32 — 4)2+ (3y — 4)? = 2, which cannot occur
simultaneously (z and y have different parities, hence [3z — 3y| > 3).

Thus 3z + 3y +4 = 1 and 922 + 9y® + 16 — 9zy — 122 — 12y = 74.
We obtz;in the solutions (—1,0) and (0, —1).

Remark. Compare this solution to the one given to Problem 4 in
Section 11

Second Solution. Let £ + y = s and zy = p. The equation becomes

s3 — 3sp — 4p + 1 = 0, which is equivalent to

_ s3+1
P= 3544
Since p € Z, it follows that 27p € Z, i.e.

2753 + 27

7
3s+4

This implies
37
3s+4

from where 3s + 4/37. We obtain 3s + 4 € {-1,1,37,—-37}, hence s €
{-1,11}.
If s =11, then p =

952 — 125 + 16 —

€z,

113 +1
3 ¢ 7.

If s = -1, then p = 0 and we obtain the solutions (—1,0), (0,—1).
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7. Either = or y is nonzero, and looking at the equality modulo 4 or
modulo 7 we conclude that z must be even (in the first case it must be
of the form 4k + 2, in the second of the form 6k + 4). Set z = 227 and
rewrite the equation as 5%7Y = (3*1 — 2)(3%! + 2). The two factors are
divisible only by powers of 5 and 7, and since their difference is 4, they
must be relatively prime. Hence either 3! + 2 = 5% and 3** — 2 = TY or
31 +2 =1T7Y and 3* — 2 = 5~.

In the first case, assuming y > 1, by subtracting the two equalities
we get 5% — 7Y = 4. Looking at residues mod 7, we conclude that z
is of the form 6k + 2; hence even. But then, with z = 2z;, we have
7Y = (5%t — 2)(5”! + 2). This is impossible, since the difference between
the two factors is 4, and so they cannot both be powers of 7. It follows
that y = 0, and consequently z =1, z = 2.

In the second case, again by subtracting the equalities we find that
7Y — 5% = 4. Looking modulo 5, we conclude that y must be even, and
the same argument as above works mutatis mutandis to show that there
are no solution in this case.

8. The equation is equivalent to

(4z — 1)(dy — 1) = 422 + 1

Let p be a prime divisor of 4z—1. Then 4z? = —1 (mod p) i.e (22)% =
—1 (mod p). From Little Fermat’s Theorem, we obtain (2z)P~! = 1
(mod p).

Hence

1= (22)P"1 = ((22)2)%F = (_1);& (mod p),
therefore p =1 (mod 4).
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Thus any prime divisors of 4z — 1 must be congruent to 1 (mod 4),
hence 4z — 1 =1 (mod 4), a contradiction.

9. Suppose that the system has a nontrivial solution. Then, di-
viding by the common divisor of z,y,2,t, we can assume that these
four numbers have no common factor. We add the two equations to get
7(z? + y?) = 22 + t?. The quadratic residues modulo 7 are 0, 1, 2, 4. An
easy check shows that the only way two residues can add up to 0 is if
they are both equal to 0. Hence 2 = 7zp and t = Tty for some integers
zo and tg. But then x? + y? = 7(22 + t2), which, by the same argument,
implies that z and y are also divisible by 7. Thus each of z,y, z, and
t is divisible by 7, a contradiction. Hence the system has no nontrivial
solutions.

10. We show that the only solutions are (1,1), (16,2), and (27,3).

Let (a, b) be a solution to the equation, and let d be the greatest
common divisor of a and b. We can then write a = du and b = dv, where
u and v are relatively prime positive integers. The given equation is then '

equivalent to
(du)™" = (dv)". (1)

We compare the exponents in (1) by examining three cases.

Case 1. If dv? = u, then (1) implies that v = v. Because u and v
are relatively prime, we have u = v = 1. Since dv? = u, we find d = 1.
Hence (a,b) = (1,1), which is a solution.

Case 2. If dv? > u, rewrite (1) in the form

ddvz—'u,,u‘clv2 = ¥ (2)
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2 « . . .
to see that u%” divides v¥. Because u and v are relatively prime, we

must have u = 1. Equation (2) then becomes
dv' 1 =y, (3)

If d = 1, then, from (3), we get v = 1 and the inequality dv? > u
fails to hold. If d > 2, then

ddv2—1 > 22'”2_1 > 221}—1 >vforv=1,2,3,...

This contradicts (3), so there are no solutions in this case.

Case 8. If dv® < u, then d < u. Rewrite (1) as
udv2 _ du—dvzvu (4)

and note that v* divides u®’. Because u and v are relatively prime, it

follows that v = 1, so (4) becomes
ud = gud (5)

As noted earlier, d < u, so the exponents in (5) must satisfy d < u—d.
Also, by (5), any prime divisor p of d is also a prime divisor of u. Let «
and B be the largest integers such that palﬁ and p?|d. Then, from (5),
we have ad = f(u — d) and, hence, a > f. It follows that d|u, so we
have u = kd for some positive integer k, and, in addition, k¥ > 3 because

u > 2d. Substituting u = kd into (5), we get
k= d"? (6)

If k = 3, then d = 3 and u = kd = 9. This yields the solution a = 27,
b=3.
Ifk=4,thend=2,u=28,a=16, and b = 2.
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If k > 5, then d¥2 > 2%¥—2 > k, showing that (6) is impossible for
such k.

1.5. The Method of Mathematical Induction

1. For n = 2, we have z9 = y = 1. Suppose now that, for a given
integer n > 2, there exist odd integers z,, y, such that |2 — 17y2| = 4".

we will construct a pair of odd integers (541, ¥n+1) such that
|21 — 1Typiq| = 471

Actually,

+ 2 +yn\?
(5) —wr (250 -

and precisely one of the numbers

Tn + Yn and Tn — Yn

2
. . . Tn+ Yn .
is odd (as their sum is odd). If, for example, 5 is odd, then
Tn +217yn = 8y, + Tn ’;' Yn

is also odd (as a sum of an odd and an even number), hence in this case

we can choose

Tn + 17y, Tn + Yn
Tn+l1 = —'—2—_—7 Yn+1 = ——2—

and from (1) we have

2211 — 17TY2 1| = 4lz2 — 1Ty2| = 4. 4" = 4"+,

Tn —Yn
If
2

is odd, we will choose

Ty — 17 Ty —
n—zﬁlﬁ Yn+1 = n2.yn7 n 2> L

Tn41 =
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2. If n = 1, we have the solution z; = 2, y; = 1. Suppose that there
exist positive integers z,, y, satisfying
T2+ Tayn +yh =T"
and define z,41 = 2Ty — Yn, Yn+1 = Tn + 3yn. Hence
T2 1 + Tnp1Unt1 + Yoy = T(T2 + Tpyn +y2) =77 = 7ML
3.If n =1, we have z; = 1, y; = z; = 2. Assume that there exist
integers x,,yn, zn such that
22 +y2 + 22 =37
and define

2 2 2 —
Tntl1 =Ty +Yn — 2ny  Yntl = 2YnZn, Zn41 = 2T Yn.

We have
2 .
T2+ Yr F 2 = (TR Yl — 22+ Ayl + dalLl =

=@+ = ) =T =
4. We easily check that

1 1 1 1 1 + 1 n 1 + 1 1
ty tp to |ty ta t3 t3
Thus, it suffices to assume that n > 5. If n is odd, that isn = 2k -1,

where k£ > 3, then we have

i_*_i_'_ +1+k+1_2+2+ 4 2 +2
ta 13 tk—1 tk 2.3 3.4 (k—1k &k

[+ (o (D] od

and the left-hand side is the sum of reciprocals of (k — 2) + (k+ 1) =

2k — 1 = n triangular numbers.
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If n is even, that is n = 2k, where k > 3, then we have, in case k = 3,

E=1,whileincasek>3

3

2+1+1+ 41 +k+1—1+—2—+i+---+—2—+g—

t3  t3 4 teer tk 3 3-4 4.5 (k—1k k
1

S N [ Iy ) (e |
-3 3 4 4 5 k-1 k ko
and the left-hand side is a sum of reciprocals of (k—1)+(k+1) =2k =n

triangular numbers.

5. Note that

1_ .1 1 1
a2 (2a)2  (22)?2  (2a)2  (2a)2
from which it follows that if (z1,z2,...,zn) = (a1,0a2,...,a,) is an in-

teger solution to

then

($1,$2, vy mn—l,xn,mn+lvmn+2amn+3) =
== (al,az, PR ,an_l, Zan, Zan, 2an, 2an)

is an integer solution to

1 1 1
—+—=+-+—=—=1L
Ty Ts .’L'n_*_g

.Therefore we can construct the solutions inductively if there are
solutions for n = 6,7, and 8.

If n = 6, we have the solution (2,2,2,3,3,6), if n = 7, a solution is
(2,2,2,4,4,4,4), and if n = 8, we have the solution (2,2,2,3,4,4,12,12).

6. If"_s = 2, then ¢y = 12, :v1'= 15, 2 = 20 is a solution, since it is

easy to '.v«‘é:rify that
1 1 N 1
122~ 152 ' 202
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We now assume that the assertion holds for some s > 2, i.e., there

exist positive integers g < 1 < -+ < x, such that

1 _ 1,1, ]
w5 o =3 T3

We set yg = 122, y; = 1529, and y; = 20z;—; for 1 =2,3,...,s+ 1.
It is easy to see that yp < y; < -+ < ys4+1. Furthermore, we have

L_1 o1t/ 1y 1 1 1 /1 1)
y2 xf 122 g2 \152 202 152 g% 202 \z? z2)

Lttt
vyl y2 oyl

This completes the proof by induction.

7. Let m be a given positive integer. For s = 2™, our equation has
a solution in positive integers z; =29 = -+ =z, = 2.

Let now a be a given positive integer, and suppose that our equation

is solvable in positive integers for the positive integer s. Thus, there exist

positive integers t1,%9,...,%s such that .
EENE S B
iy tr
and since 1/tT* = a™/(ats)™, for 1 = t1, T2 = to,...,Ts—1 = ts_1,
Ty =Tgp] =+ = $s+a‘;n_1 = at, we have |
RUE S SR
o g T5tham—1

Thus, if our equation is solvable in positive integers for a positive
integer s, then it is also solvable in positive integers for s + a™ — 1,
and, more generally, for s + (a™ — 1)k, where k is an arbitrary positive
integer. Taking a = 2 and a = 2™ — 1, we see that (for s = 2™) our
equation has a solution in positive integers for every integer of the form
2™ + (2™ — 1)k + [(2™ — 1)™ — 1]I, where k and [ are arbitrary positive

integers.
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In what follows we will prove and use the following result:

Lemma. If a and b are two relatively prime positive integers, then
all integers n > ab+1 can be written in the form n = ax + by, for some
positive integers z and y.

Proof. Applying the result of the Lemma in the solution to Example
5 in Section 1.3, it follows that there exist positive integers u, v such that

au—bv = 1. For n > ab we have anu — bnv = n > ab, and, consequently,

nu  nov
—_— - —>1
b a
. . nv nu
‘Therefore there exists an integer ¢ such that — < t < 3 Let
' a

z=nu—bt, y=at — nv. We have £ > 0 and y > 0 and also
az + by = a(nu — bt) + b(at — nv) =n. O

cméﬁ&, the numbers 2™ —1 and (2™ —1)™—1 are relatively prime. By
the Lemma above it follows that every integer > (2™—1)[(2™—1)™—1]+1
can be written in the form (2™ — 1)k + [(2™ — 1)™ — 1]I, where k and
| are positive integers. Thus the equation is solvable for all integers
s>2m 4+ (2m - [2™ -1)™ - 1]+ 1L

Remark. The lower bound for s found above is not the best possible.
For example, if m = 3, this lower bound is 234 (23 —1)-[(23-1)3—1]+1 =
2403. far larger than 412 obtained in Example 4.

8. If k is even, say k = 2n, consider the identity
2n = (3n)2 + (4n — 1)2 — (5n — 1)%
Since 3n < 4n —1 < 5n — 1 for n > 1 and
0=3%2+42-52 2=5%4+112-122
we are done with this case.
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If k£ is odd, say k = 2n + 3, we use the identity
on +3 = (3n +2)% + (4n)? — (5n + 1),

where, for n > 2, we have 3n + 2 < 4n < 5n + 1. Since
1=424+72-82, 3=42462-7%2, 5=42452-6%, 7 =62+142-152,
we have exhausted the case k odd as well.

9. Note that z; = 3, y; = 5 is a solution. Define the sequences
(Tn)n>15 (Yn)n>1 by

Yn+1 = 4Cn + 3yn + 2

where z; = 3 and y; = 5.

Suppose that (z,,¥y,) is a solution to the equation. Then
12 1+ (@np1+1D)? = Bzn+2yn+1)2+ (Bzn+2yn +2)? = (42, 43y, +2)2,

since 2 + (z + 1)? = y2. Therefore z2 | + (o1 + 1)2 = 2., ie.
(Tn+1,Yn+1) is also a solution.

10. We will prove that the only solution up to permutation to the
equation in distinct positive integers

2m +1
x%+--'+mfn= 3

(z1+ -+ Tm)

iszy=1,...,z, = m.

For this purpose we need the following result.

Lemma. If aj,az2,... is a sequence of distinct positive integers, then
for all n > 1 the following inequality holds
2n+1

ai+---+al> (a1 + -+ an).
(Romanian Mathematical Olympiad)

147



Proof. Withotit loss of generality, we may assume that 0 < a; <
as < ...

Let us proceed by induction. For n = 1, a; > 1 implies

2:-1+1

2
as; >
1= 3

ai.

It suffices to prove that

2 2n+3
a’727_+1 2 §(a1+"'+an)+ 3 Ontl

or
3ai+1 — (2n+3)any1 > 2(a; + -+ an).
Since
2ar+++an) <2142+ + an) = an(an +1) < (ans1 — Dans,
it is enough to show that
3ai+1 —(2n 4+ 3)ant1 > (@ny1 — Danys-

The last inequality is equivalent to a,+1 > n + 1, which is evident.
O | |

Without loss of generality, suppose that 0 < 1 < 23 < -+ < Zy,.
Then '

z121,...,e;m 2>2m
We have
m§+---+x$n=2m3+l(a:1+ o+ Tyy)
| and by the Lemma,
2m — 1

(1 4+ +zm_1).



It follows that

2 2m +1
T S 5@+ Bn1) T
Since Zm—_1 < Tm — 1, Tme2 < Tm — 2,...,01 < Ty — (m — 1) we
also have
(m —1)m
1+ + T < (m— 1)z — 5
Then
2m — 1 m—1)m 2m+1
g Am=l), fmoim el
or
4m — 1 (m —1)m
mfn— 3 Tm 3 <0
) m—1 ) m-—1
That is (z;, — m) mm—T < 0, and since z,, > 3 , 1t
follows that z,, <m,ie. z,, =mandz; =1,29=2,..., 2,1 =m—1.

1.6. Fermat’s Method of Infinite Descent (FMID)

1. Note that (0,0,0) is a solution. Suppose that (z1,y;1, 1) is another
solution. If one of the components zi,y1, 21 equals zero, then from the
irrationality of ¥/3 or v/9 it follows that the other two equal zero as well.
Hence we may assume that z1,y;,21 > 0.

A similar argument to the one in Example 1 shows that z; = 3z9,
y; = 3yg, 21 = 322, where (z2,y2, 22) is also a solution. We obtain in
this way a sequence of positive integral solutions (zn,¥n,2n)n>1 With
1 > Ty > 3 > ..., in contradiction to FMID Variant 1. Thus the only
solution is (0,0,0).

2. The only solution to this equation is ¢ = y = z = 0. First,
note that z,y, and z cannot all be odd, as then z* +y® + 2% — 2zyz

would be odd and therefore non-zero. Therefore 2 divides zyz. But then
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z2 4+ y? + 22 = 2zyz is divisible by 4; since all squares are congruent to
0 or 1 (mod 4), z,y, and z must all be even. Write z = 2z;, y = 2y,
z = 2z1; then we have 4z? + 4y? + 422 = 16z1y121, or 22 + y2 + 22 =
4x1y;21. Since the right-hand side is divisible by 4, z1,y1, 21 must again
be even, so we can write 1 = 2z9, Y1 = 2y, 21 = 22z2; plugging this
in and manipulating we obtain 22 + y3 + 22 = 8Zy220. In general, if
n > 1, £2 + y2 + 22 = 2", y, 2, implies that z,,yn, 2z, are all even,
so we can write Tp, = 2ZTn4t1, Yn = 2Yn+1, Zn = 22Zp+1, which satisfy

22 +y2., +22, = 2" 23, Ynt12n41; Tepeating this argument gives

us an infinite sequence of integers z,zs,3,... in which z; = 2x;41,
¢t > 1. Therefore |z1| > |z2| > |z3| > ..., which contradicts FMID
Variant 1.

3. If u = 0, then necessarily £ = y = z = 0, which is a solution
of the gii'en equation. We will show that there are no other solutions.
Let us assume that the integers z,y, z, u satisfy the given equation and
that u # 0; we set d = u*. If the number u were not divisible by 5, the

Fermat’s Little Theorem gives u* = 1 (mod 5), and we would have
zt+yt+2*=4 (mod 5).

This, however, is impossible since by Fermat’s Little Theorem the

4

numbers z*4, y*, 2% are congruent to 0 or 1 modulo 5. Thus, u is divisible

by 5, i.e., u = buj for an appropriate u; € Z, and we get
et +yt+2* =0 (mod 5),

which implies that z,y,z are divisible by 5, i.e.,, z = 5z1, y = 5y,

= 5z, for appropriate z1,y1,21 € Z. Substituting this into the original
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equation and dividing by 5%, we obtain

ot +yt + 7} = 9ui,

and thus z1,y1, 21, u satisfy the given equation, and
u‘l1 =— <ut=d.

Continuing this procedure, we obtain the sequence uj > uj > u$ >
..., in contradiction to FMID Variant 1.

4. We assume that some positive integers z,y, z satisfy the given
equation, and set d = zy. If we let d = 1, then z = y = 1 and the
equation would give z = 0, which is impossible. Hence d > 1. Let p be

some prime dividing d. Since
(z+y)(z—y)=2>—-y?> =2zyz=0 (mod p),

we have £ =y (mod p) or = —y (mod p). In view of the fact that the
prime p divides the product zy, either = or y is congruent to 0 modulo
p, and together z = y = 0 (mod p). Hence z; = z/p and y; = y/p are

positive integers, and

(pz1)? — (py1)? = 2(pz1) (PY1) 2,

from which, upon dividing by p?, we see that z,y, z satisfy the given

equation, and that

T Yy d
Ty =—-==— <d.
p p p

In this way we obtain a decreasing sequence of positive integers z; >
9 > x3 > ..., which is not possible.
5. We show, by considering the equation modulo 4 for all possibilities

of a, b, c being even of odd, that it is necessary they all be even. We can
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also take them to all be non-negative. First, note that for even and odd

numbers, we have
(2n)2 =0 (mod4)and (2n+1)>’=1 (mod 4).

Case 1. a,b,c all odd. Then

a’ +b>+c>=3 (mod 4) while b’ =1 (mod 4).
Case 2. Two odd and one even. Then

a? + b +c¢> =2 (mod 4) while a?b>=0o0r1 (mod 4).

Case 3. Two even and one odd. Then

a2+ +c2=1 (mod4) while a?? =0 (mod 4).

Since the only possible solution is for a, b, c even, let a = 2a;, b = 2b,

and ¢ = 2¢;. This leads to the equation
al + b1 + 01 = 4a%b§, where a1 <a, b1 <b, ¢; <ec.

Now 4a2b? =-0 (mod 4), and each of a?,b2,c? is congruent to 0 or
1 (mod 4). Hence a? = b2 = ¢? = 0 (mod 4) and ay,b;,c; are even, say

a1 = 2a9, by = 2by, ¢ = 2¢y. This leads to the equation
16&%()3 = Clz2 -+ b2 + 02

Again, we can conclude that as,bs,co are all even, and the process

leads to

64a b2 —a3+b3 +C3,

where a = 8as, b = 8b3, ¢ = 8c3. If we continue the process, we conclude
that a, b-and c are divisible by as high a power of 2 as we want to specify,

and hence the only solution of the equation isa =b=c¢ = 0.
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6. (a) Let (z,y, z) be a solution with 2 # 3. Then z # y, for otherwise

12(z —2) = 1, which is impossible, since z — 2 # 1. We have
0 = 224+ +1—zyz=(z—y2)2 +1y2 +1+zyz — 22

= (yz—2)* +y*+1- (yz — 2)yz;

hence (yz — z,vy,2) is also a solution, since z(yz — z) = zyz — 2% =

y? + 1 > 0 implies yz — z > 0. Note that if z > y, then 2 > 2 +1 =
z(yz — z). Hence z > yz — x, which shows that the newly obtained
solution is smaller than the initial solution in the sense that z + y >
(yz — ) +y. However, under the assumption that z # y, this procedure
can be continued indefinitely, which is impossible, since in the process
we construct a decreasing sequence of positive integers, violating FMID
Variant 1. This contradiction shows that there are no solutions if z # 3.

(b) Clearly, (1,1) is a solution to the equation
22 + 9%+ 1 = 3ay.

Let (a,b), a > b, be another solution. Then 4* + (3b — a)? +1 =
3b(3b — a), so (b, 3b — a) is also a solution. From

(a—b)(a—2b) =a® —3ab+20> =02 —-1>0

it follows that a > 2b, hence 3b—a < b. So the new solution has a smaller
b. Descending we reach a solution with b = 1; hence with a2 + 2 = 3a,
in which case a = 1 or a = 2. It follows that all solutions are obtained

from (a1,b1) = (1,1) by the recursion

(@n+1,bn+1) = (bn, 3bn — ap).

The sequences (an)n>1 and (bn)n>1 satisfy the same recursion:

Tpt+1 = 3Tp — Tp—1, 1 = 1, T9 = 2. This recursion characterizes the
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Fibonacci numbers of odd index. Therefore, (an,bn) = (Font1,Fon—1),
n > 1.
The solutions are (1,1), (Fop+1, Fon—1) and (Fop—1, Fon+1), forn > 1.
Remarks. 1) Some variants of this problem appeared in various
mathematical competitions and trainings. We will mention here the fol-
lowing:
Find all pairs (m,n) of positive integers having the property that
mn|(m —n)? + 1.
(USA Mathematical Olympiad Summer Program)

2) The diophantine equation
o2 +y? + 2% = 3zyz

is known as Markov’s Equation. The structure of its solutions is
quite complicated. By using the result in the problem, it follows that
(Fon—1,Fon+1,1), n > 1, and its permutations are solutions to this equa-
tion, as well as the obvious solution‘ (1,1,1).

7. Clearly £ and y are relatively prime. We have
2+ +1=zx(x+v) =y(y+u) (1)

It follows that z|z%+y%+1 and y|z%+y%+1, hence there is a positive

integer z such that
2+ 9> +1=zxyz (2)

From Problem 6, it follows that z = 3 and that z = F5,_; and
y = Fyn41 in some order. On the other hand, from (1) and from z2 +

y! + 1 = 3zy we obtain

z+v=3y, y+u=3zc

154



hence u = 3z —y = 3Fy, 1 — Fopy1 = Fopg and v = 3y —z =
3Fon41 — Fon—1 = Fopys.

The solutions are

(z,y,u,v) = (Fan—1, Fon+1, Fon—3, Fon+3), (Fon+1, Fon—1, Fon+3, Fon—3)

where n > 1 and F_; = 1.
Remark. Other variants of this problem appeared in various math-
ematical competitions and trainings. We will mention here the following:
Prove that there are infinitely many pairs (a,b) of positive integers

such that alb? + 1 and bla? + 1.
(Tournament of Towns)

8. It suffices to consider z = 3. We obtain the equation 22 +y%+9 =
3zy. Taking z = 3u and y = 3v, the equation becomes u? +v%+1 = 3uwv.
We have seen in Problem 6 that this equation has solutions (u,v) =
(1,1), (Fan—1, Font1) or (Fant1, Fon-1), n > 1.

Hence an infinite family of solutions to our equation is given by
(iD,y,Z) - (3F2n+173F2n—173)J n Z 1

9. Either a = b =1 or a and b are consecutive squares.

The divisibility condition can be written as
k(ab+a+b) =a®+b> +1, (1)
for some positive integer k. If £ = 1, then (1) is equivalent to
(@a=b)2+(@—-1)%*+(-1)?=0,
from which a = b= 1. If k = 2, then (1) can be written as
4a = (b—a— 1)
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forcing a to be a square, say a = d2. Then b—d?—1 = +2d, so b = (d+1)?,
and a and b are consecutive squares.
Now assume that there is a solution with £ > 3, and let (a, b) be the

solution with @ minimal, and a < b. Write (1) as a quadratic in b:
b —k(a+1)b+ (a®> — ka+1) = 0.

Because one root, b, is an integer, the other root, call it r, is also an
integer. Since (1) must be true with r in place of b, we conclude that
r > 0. Because a < b and the product of the roots, a? — ka + 1, is less

2, we must have 7 < a. But then (r,a) is also a solution to (1),

than a
contradicting the minimality of a.

10. Let f(z,y) = 2 +azy —y%. We have f(x1,z2) = f(1,a) = 1. By
using mathematical induction, it follows that for any n > 1, (zn, Zn41)
is a solution to the equation.

Consider (z,y) € Z% x Z* a solution to the equation. From z2 +
azy — y?> = +1 it follows that y(y — ax) = 22 £ 1 > 0, with equality
if and only if z = 1 and y = a. In this case, (z,y) = (z1,z2) and we
are done. Now assume y > az. The pair (zt),y()) = (y — az, z) is also
a solution, since f(z,y) = %1 implies f(y — az,z) = F1. Moreover,
z+y >z + 41 and y > a2z, In this way we obtain a sequence of
solutions (z(™), y(™),,>; such that ™ — az(™ > 0 and

z+y >z 440 >0 4@ >

Applying FMID Variant 2 it follows that there exists a positive in-
teger k such that z(™ + y™ = z(!) 4 () for all n > k. In this case, for

the solution (z(®), y®)) we have y*) = az(¥) and (z,y) = (Tk, Tky1)-
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11. Note that the equation is symmetric in m and n. The solutions

are the unordered pairs

(5F%,5F512), (L3k_1,L3k41),

where k is a nonnegative integer and {F;}, {L;} are the Fibonacci and
Lucas sequences, respectively - that is, the sequences defined by F; =
F, =1, L1 =1, Ly = 3, and the recursive relations Fj1o = Fjq1 + Fj
and Lj o = Ljy1 + Lj for j > 1. Note that we amended the Lucas
sequence by considering L_; = —1 and Ly = 2. Let g = ged(m,n) and
write m = gm; and n = gn;. Because 9mn is a perfect square, m; and
ny are perfect squares. Let m; = 22 and n; = y?. The given condition
becomes
(92* + gy° — 5)* = 9g°z%y”.
Taking the square root on both sides yields
g(z* +y°) — 5 = £3gay,

or
g(z? + y? £ 3zy) = 5.
If g(z? + y? + 3zy) = 5, then 22 + y? 4 3zy < 5, implying that
x = y=g¢=1and (m,n) = (1,1). Otherwise, g(z? + y> — 3zy) = 5 and

=1 or 5. Fix g equal to one of these values, so that
2 2 _ 9
‘¢ —-3zy+y =§. (1)

We call an unordered pair (a,b) a g-pair if (z,y) = (a,b) (or equiv-
alently, (z,y) = (b,a)) satisfies (1) and a and b are positive integers.
Also, we call an unordered pair (p, q) smaller (respectively, larger) than
another unordered pair (r, s) if p+ ¢ is smaller (respectively larger) than

T+ 8.
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Suppose that (a,b) is a g-pair. View (1) as a monic quadratic in x
with y = b constant. The coefficient of z in a monic quadratic equation
(z — r1)(x — 7o) equals —(ry + r2), implying that (3b — a, b) should also
satisfy (1). Indeed,

5
b2 — 3b(3b—a) + (3b—a)? = a® — 3ab+ b? = .
Also, if b > 2, note that

a2—3ab+b2=§<b2.

Tt follows that a? — 3ab < 0 and so 3b — a > 0. Thus, if (a,b) is a
g-pair with b > 2, then, (b, 3b — a) is a g-pair as well. Also note that for
a' =band b =3b—a, (V/,3V/ —d') = (a,b). Furthermore, if a > b, note
that a 75 b, because otherwise —a? = ¢ > 0, which is impossible. Thus,

a > band

a2—3ab+62=§>b2—a2,

which implies that a(2a —3b) > 0 and hence a+b > b+ (3b—a) and also
3b—a > b. Thus, (b,3b—a) is a smaller g-pair than (a,b) with b > 3b—a.

Given any g-pair (a,b) with b < a, if b < 2 then a must equal r(g),
where 7(5) = 3 and (1) = 4. Otherwise, according to the above observa-
tion, we can repeatedly reduce it to a smaller g-pair until min(a, b) < 2
- that is, to the g-pair (r(g),1). Beginning with (r(g),1), we feverse the
reducing process so that (z,y) is replaced by the larger g-pair (3z—y, z).
Moreover, this must generate all g-pairs since all g-pairs can be re-
duced to (r(g),1). We may( express these possible pairs in terms of
the Fibonacci and Lucas numbers; for ¢ = 1, observe that Ly = 1,
Ly =4 =r(1), and that |

Logt4 = Logy3 + Logyo = (Logt2 + Logy1) + Logyo
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= (Lok+2 + (Lok+2 — Lok)) + Loky2 = 3Log42 — Log

for k > 0. For ¢ = 5, the Fibonacci numbers satisfy an analogous
recursive relation, and F, = 1, Fy = 3 = r(5). Therefore, (m,n) =
(L2, L3 .,) and (m,n) = (5F%,5F5 ) for k > 0.

12. Assume, by way of contradiction, that we have a triple of positive
integers (zo,%0,20) With Toyo — 22 = 1 such that there are no integers
a,b,c,d satisfying zg = a® + b2, yo = c® + d?, and zy = ac + bd. We
may further assume that 2 < z¢ < yo and that 2y is minimal (if we had
zo=1,thenzg =02+12, yo=12+k% and 20 =0-1+1-k).

Starting with (zg, yo, 20) we construct another triple satisfying zy —
22 = 1 in the following way: taking z = = + u, we obtain zy — (22 +

2 = 1. Since u = z — z, we have

2zu + u?) = 1lor z(y — v — 2u) — u
y —x — 2u = r +y — 22, hence (z1,y1,21) = (To, To + Yo — 220, 20 — To)
is that triple. We check now that x1,y;, 21 > 1. Indeed, the inequalities

Zo + Yo 2
Z§=$oyo—1<$0yoé< 5 )

0+ Yo
2

implies zg < z , .e. y; > 1. Also, the inequality

zg =zoyo— 12> :I;g — 1 implies zy > 2o — 1.

If zg = zg — 1, then z(yo — zo + 2) = 2, which is not possible since
zo > 2 and yg — x9 + 2 > 2. ‘

If z9 = x9, then zo(yg — zo) = 1, which is not possible since zy > 2.
Therefore z; = z9g — zg > 1.

Moreover, if we had 1 = m? +n?, y; = p? + ¢%, and z; = mp + nq,

then we would obtain

zo =m’+n®, T +yo — 220 =p*> + ¢%, and 20 — zg = mp + ng,
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hence
2, 2 2, 2 _ 2 2
Yo =p°+q°+220— 19 =p“+q°+2mp+2ng+ 1z = (p+m)°+(g+n)

and 29 = m(p +m) + n(g+ n), which contradicts our initial assumption
concerning the triple (zo, ¥o, 20)-

We obtained the positive integers triple (z1,y1,21) satisfying all
properties at the beginning of the proof, with 2; < zy. This contradicts
the minimality of zp.

Remark. Choosing z = (2s)!, we will prove that each prime p of
the form 4s + 1 is representable as a sum of two perfect squares.

Indeed, from Wilson’s Theorem it follows that (p — 1)! +1 = 0

mod p), i.e. (4s)! + 1 = pr, for some positive integer r. But
g

(45)! = (26)!(ds +1— 1)(ds +1—2)... (ds + 1 — 25) =

= (2s)!(—1)%%(2s)! = ((2.';.“)!)2 (mod p).

It follows that ((2s)!)2 = py — 1. Applying the result in the problem
for p = z and z = (2s)!, the property follows.

1.7. Miscellaneous Diophantine Equations

1. Assume a non-trivial integer solution (a,b,c,n) exists. We may
assume that ged(a, b, c,n) = 1, since any common divisor can be divided

out. We have
2
6a +3b% +c2 = 5_6n_

Cleary 6|n. If n = 6m, then

2
20+ + 3 = 10m?,
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and therefore 3|c. If ¢ = 3d, then
2a% + b? + 3d* = 10m>.
For any integer z, we have 2 = 0,1,4 (mod 8). Therefore
262 =0,2 (mod 8)

b*=0,1,4 (mod 8)
3d°=0,3,4 (mod 8)
but
2a% + b + 3d*> = 10m* = 0,2 (mod 8).
Hence b? and 3d?, and therefore b and d are even. It follows that ¢

is even. Let b = 2r, ¢ = 2s. Then from the original equation,
36a% 4 7272 4 24s* = 180m?

and 36a? is therefore divisible by 8. Therefore a is even, along with b, ¢
and n, contradicting the coprimality assumption.
2. When y = 1 the left hand side is 0 hence we can’t have three

solutions. Thus we can rewrite our equation as

_yly—=1)+c

(y+Dy-1)

The numerator is congruent to —1(—2) + ¢ modulo (y + 1), and it

is also congruent to ¢ modulo (y — 1). Hence we must have ¢ = —2
(mod (y+1)) and ¢ =0 (mod (y —1)). Because ¢ = y — 1 satisfies these
congruences, we must have c=y—1 (mod lem(y—1,y+1)). When y is
even, lem(y—1,y+1) = y?>—1; when y is odd, lem(y—1,y+1) = %(yz—l).

The'n,.for y=2,3,11, wehavec=1 (mod 3),c=2 (mod 4),c =10

(mod 60). Hence, we try setting ¢ = 10. For z to be an integer, we must
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2
have (y—1)|10 = y = 2,3,6, or 11. These values give z = 4, 2, > and 1,
respectively. Thus there are exactly three solutions in positive integers,
namely (z,y) = (4,2),(2,3), and (1,11).

3. Rewrite the equation in the form
(z — y)(z? + zy + %) = 22

Any common divisor of z — y and z2? + zy + y? also divides both
2% and (22 4 zy + y2) — (z + 2y)(z — y) = 3y>. Because 2% and 3y? are
relatively prime by assumption,  —y and z2 + zy +y? must be relatively
prime as well. Therefore, both z —y and z2 + zy +y? are perfect squares.

Now writing a = /T — y, we have
22 42y + 192 = (a® +y)?2 + (a® + )y + v? = a + 3a%y + 3y°

and 4(z? + zy + 3?) = (2a2 + 3y)? + 3y>.
Writing m = 24/22 + zy + y? and n = 2a% + 3y, we have

m? =n? + 3y°

or (m—n)(m+n) = 3y?, so (m—n,m+n) = (1,3y?), (3,y?), or (y,3y).
In the first case, 2n = 3y%2 — 1 and 4a%2 = 2n — 6y = 3y2 — 6y — 1 is
a square, which is impossible modulo 3.
In the third case, n = y < 2a? + 3y = n, a contradiction.
In the second case, we have 4a® = 2n — 6y = y? — 6y — 3 < (y — 3)2.

When y > 10 we have y? — 6y —3 > (y — 4)?, hence we must actually

Vy: —6y -3
2
real only when y = 7,a =1, 2 = y + a2 = 8, and z = 13. This yields

have y = 2,3,5, or 7. In this case we have a =

, which is

the unique solution (z,y, z) = (8,7,13).
4. The solutions are all triples of the form (3% — 1,%,1) for positive
integers k, and (2,2,3).
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The case of n = 1 is obvious. Now, n cannot be even because then
3 could not divide 3% = (2%)% + 1 (because no square is congruent to 2

modulo 3). Also, we must have z # 1.

n—1
Assume that n > 1 is odd and > 2. Then 3¢ = (z + 1) ) (-z)°,

i

I
o

n—1
implying that both z + 1 and Z(—x)i are powers of 3. Because
i=0
n—1 ’
r+1<z?—z+1 SZ(—:!:)‘,
=0
we must have
n—1 .
0= z:(—a:)z =n (mod (z + 1)),
i=0

so that (z 4 1)|n. Specifically, this means that 3|n.

Writing ' = z3, we have 3¥F' = 2° + 1 = (z' + 1)(z'> — 2’ + 1). As
before, ' 41 must equal some power of 3, say 3¢. Then 3 = (3t —1)3+41 =
33t — 3241 4 3t+1 which is strictly between 33! and 3% for ¢t > 1.
Therefore we must have t = 1, '’ = 2, and k = 2, giving the solution
(z,k,n) = (2,2,3).

5. If (z,y) is an integral solution of 22 4+ zy +y2 = n, then (—z, —vy)
is a different solution, so solutions come in pairs. If we can show instead
that solutions come in sixes (and that there are only finitely many), we
will be done. To see why solutions come in sixes, we can use algebraic
manipulation to rewrite 2 + zy + y? as a? + ab+ b? for suitable (a, b) #
(2,9). |

First note that for any solution (z,y), we have

on =222 + 2zy + 20% = 22 + o + (z +y)? > 2% + 42
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Therefore, any integral solution is one of the lattice points (points
whose coordinates are integers) on or inside a circle of radius +/2n, and
so the number of integral solutions is finite.

Now observe that

2’ +oy+y? = (z+y)?—=y
= (:v+y)2—a:(a:+y)+a:2

= (z+y)*+ (z+y)(~z) + (-2)%

Thus, if (z,y) is an integral solution of 2% + zy + y? = n, then so
is (z + y, —z). If we repeat this process with the new solution, we go

through a cycle of solutions:

(2,‘, y)) (.’E +Y, —SIJ), (ya -z — y)a (—iE, _y)’ (_‘7; - Y 113), (—ya z + y) (1)

after which we get back to (z,y). It can be checked directly that, since z
and y cannot both be zero, all six solution in the cicle (1) are different.

6. The only solution is n = 2. Let 3" = z* + y*, where z,y are
relatively prime integers with z > y, k > 1, and n a positive integer.
Clearly, neither z nor y is a multiple of 3. Therefore, if k is even, z*
and y* are congruent to 1 mod 3, so their sum is congruent to 2 mod
3, and so is not a power of 3. If k£ is odd and k£ > 1, then 3" = (z +
y)(zF"1 — .. + y*1). Thus z +y = 3™ for some m > 1. We will show
that n > 2m. Since 3|k, by putting z; = z*/3 and y; = y*/3 we may
assume that k = 3. Then z3 + 43 = 3™ and z + y = 3® To prove
the inequality n > 2m, it suffices to show that z3 + 43 > (z 4+ y)?, or

2

—zy+1y? >z 4y Sincez >y+1,22—z = z(x — 1) > zy, and
(z2 —z + zy) + (yz - y.)'g y(y — 1) > 0, and the inequality n > 2m

follows.
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L)

From identity (z + y)3 —.(a:3 +4%) = 3zy(z + y) it follows that

32m—1 _ 3n—m—1 = zy.

But 2m—-1>1,andn—m —1 2 n — 2m > 0. If strict inequality
occurs in either place in the last inequality, then 3?m~1 — 3n—m-1 jg
divisible by 3, while zy is not. Hence n —m — 1 =n — 2m = 0, and so
m=1,n =2 and 32 =23 + 13,

Remark. The inequality 2 — zy + y? > = + y can alternatively be
shown by noting that |

2 —ry+yi-z-y=(@-y?+@@-1F-1)-1>0,

since (z — y)? > 1.
7. When p = 2, we have ¢ = 13, which is impossible. Otherwise, p
is odd and 5|2 + 3. Because n > 1, we must have 25|27 + 3P. Hence

2?4 (5-2)P =2 + ((“1’)5 S(=2)P7L 4 (—2)?) =5p-2°"1  (mod 25),

so 5|p. Thus p = 5, but the equation ¢" = 25 4 3% = 52 . 11 has no-
solutions.

8. If a = 0, then b must be a perfect square, and vice versa. Now
assume both a and b are nonzero. Also observe that a2 +4b and a? have
the same parity, and similarly b? + 4a and b2 have the same parity.

If b is positive, then a®+4b > (|a|+2)? = a?+4|a|+4 so |b] > |a|+1.
If b is negative, then a? + 4b < (|a| — 2)? = a?.— 4|a| +4 so |b| > |a| — 1.
Similarly,a >0 = |a| 2 |b|+1anda <0 = |a| > |b| — 1.

Assume without loss of generality that b > a. If a and b are positive,
then from the inequalities above we have b > a+ 1 and a > b+1, a

contradiction.
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If a and b are negative, then we have either a = bor a = b — 1. For
b > -5, only (a,b) = (-4, —4) and (—6,—5) work. Otherwise, we have
(b+4)? <b?+4a < (b+2)?% a contrad&ction. _

Finally, if a is negative and b is positive, then we have both |b| >
la] + 1 and |a| > |b| — 1. Then we must have |b| = |a| + 1, and hence
a + b = 1. Any such pair works, because then a? + 4b = (a — 2)? and
b? + 4a = (b — 2)? are both perfect squares.

Therefore the possible pairs (a,b) are (—4, —4), (—6,-5), (=5, —6),
and (0,n2), (n%,0), (n,1 — n), where n is any integer.

9. Let the parallelepiped’s dimensions be a, b, c. These lengths must
all be at least 3 or else every cube has a green face. The given condition

is equivalent to
3(a —2)(b—2)(c —2) = abc,

or

. a b C
T a—-2 b—-2 ¢c=-2

3

a b c 7\?3
If al 3 3 . . < | = =
all the dimensions are at lest 7, then T2 h_2o_3= (5>
343

125 < 3, a contradiction. Thus one of the dimensions — say, a — equals
3,4,5, or 6. Assume without loss of generality that b < c.

When a = 3, we have bc = (b — 2)(c — 2), which is impossible.

When a = 4, rearranging the equation yields (b — 6)(c — 6) = 24.
Thus (b, c) = (7, 30), (8,18),(9,14), or (10,12).

When a = 5, rearranging the equation yields (2b — 9)(2¢c — 9) = 45.
Thus (b, c) = (5,27),(6,12), or (7,9).

Finally, when a = 6, rearranging the equation yields (b—4)(c—4) = 8.
Thus (b, ¢) = (5,12) or (6,8).
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Therefore the parallelepiped may meaéure 4 x7x30,4x8 x 18,
4x9x14,4x10x%x12,5x5x27,5x6x12,5x7x9,0r6x6x8.

10. It is clear that ged(z,z + y) = ged(z,z + 2) = 1, so z divides
y+ z, y divides z+ z and z divides ¢ +y. Let a, b, and ¢ be integers such

that :
T+y=-cz

y+z=azx

z+z=by.

If we consider a system of linear equations having a non-zero solution,

we get: A = abc — 2 — a — b = 0 which is the determinant of

1 1 —c
1 =-b 1
—a 1 1

The Diophantine equation abc — 2 = a + b + ¢ can be solved by

consider the following cases:
c. Then ¢ = 2 and it follows that z = y = 2z, as

(1) a =1b
gcd(z,y) = ged(y,z) = gcd(‘z,z) = 1. This means that z = y

and t = 8. Therefore we have obtained the solution (1,1,1,8).
(2) a = b, a # c. The equation becomes

a’c—2=2a+c & cla®>-1)=2(a+1) & cla—1)=2.

If ¢ = 2, it follows that £ = y = z (which is case (1)). So ¢ =1 and,

immediately, £ = y = 1 and z = 2. So the solution is (1,1,2,9).
(3) @ > b > c. In this case, abc — 2 = a + b+ ¢ < 3a. Therefore

a(bc — 3) < 2. It follows that bc — 3 < 2 = bc < 5. We have the

following cases:
i) b=2, c=1 = a=Pand we return to case (2).
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ii)b=3, c=1 = a =3 We obtain the solution (1,2,3,10).
iii)b=4, c=1 = 3a =7, impossible.
Finally, the solutions are: (1,1,1,8), (1,1,2,9), (1,2,3,10) and thus ob-

tained by permutations of z,y, 2.



CHAPTER 2

Some Classical Diophantine Equations

2.1. Linear Diophantine Equations

1. Working modulo 3, we have y = 1 (mod 3), hence y = 1 + 3s,

s € Z. The equation becomes
6z — 152 = —9 — 30s

or, equivalently, 2z — 5z = —3 — 10s. Passing to modulo 2 yields z =1
(mod 2), i.e. z=1+4+2t,t € Z and z = 1 — 5s + 5¢. Hence the solutions
are

(r,y,2) = (1 —5s+5¢,1+3s,14+2t), s,t€Z.
2. First step. The number 2abc — ab — bc — ca cannot be expressed
in the required form. Assume, for the sake of contradiction, that
2abc — ab — bc — ca = xbc + ycz + zab,
where z,y,2z > 0. Then
2abc = be(z + 1) + ca(y + 1) + ab(z + 1),

where z +1>0,y+1>0, 2+ 1> 0. It follows that a|be(z + 1).

Since a is relatively prime to b and c, a divides z+1, hence a < z+1.
Using similar arguments, we obtain b < y + 1 and ¢ < z + 1. Thus,
2abc = be(z + 1) + ca(y + 1) + ab(z + 1) > 3abe. This is a contradiction.

Second step. Any number N, N > 2abc—ab—bc—ca, can be expressed
in the form N = zbc + yca + zab.
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First, observe that 2abc — ab — bc —ca + 1 > 0. Then

1
— (2abc—ab—be— ) . >t = — >0
abc(Zabc ab—bc—ca+1) =2 - c+abc > 173 3+abc >0

Going further, we have two situations. When N = 0 (mod abc),
N = abcq, we may consider the combination N = (ab)eg+bc-0+ca- 0,
which is of the required form.

Suppose now that N # 0 (mod abc). Since gcd(bc,a) = 1, the con-
gruence

zbc= N {mod a)

has a solution zg, 0 < z¢ < a. Similarly, the congruences
ycz =N (mod b)
zab=N (mod ¢)

have solutions g, 2, respectively, 0 < yo < b, 0 < 25 < c.

Let A = zgbc + yoca + zpab. Then

A=zobc=N (moda), A=N (modbd), A=N (mod c).

Since a,b,c are pairwise relatively prime, we obtain A = N
(mod abc).

The number A is a combination of required form. Since zg < a — 1,
Yo < b—1, and 29 < c—1, it follows that A < 3abc — bc — ca — ab. Also,
since A = N (mod abc), we may write N = A + kabc. We have k > 0,

because N > 2abc — bc — ca — ab. Therefore
N = (zo + ka)bc + yoca + zpab,

where zo + ka > 0, yo > 0, 29 > 0.
Remark. This is in fact the Frobenius coin problem with n = 3 and

coeflicients bc, ca, ab.
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3. From Theorem 2.1.3 we obtain that the desired number is

1
A, = _|f(n)(0),
n!
where the generating function f is given by
1

O=T-pa-va-a

We have
1 1 1 1 1 1 1
0= G-t G- 8 o178 Tl
hence - |
(n) 1 (=D)"n+2) 1 (=1)*(n+1)!
F) =~ (RS S ey
1 (-1)"n! 1 (—1)™n!

Thus

n+2)! (n+1)! n!  (=1)"n!
4 + 4 + 8 + 8

F™(0) =

and —- -
—1)n
n! 8
4. Using the result in Problem 3, we obtain that the number of triples

(z,y, z) of nonnegative integers satisfying the equation z +2y+2z = n is

4 _2ntD(n+3)+1+ (=1)"
n — 8 " .

If n = 2k, then A, = (k+1)2. It follows that k = 9 and that n = 18.
If n = 2k + 1, then A, = (k + 1)(k + 2) and note that the equation

(k + 1)(k 4+ 2) = 100 has no integral solutions.

5. First, suppose that a = 0. Then we can express any integer m in
the form by, so that b = £1, cx = n — dy and c divides n F dm for all m
and n, and so ¢ = &1 and ad — bc = £1. The argument is similar if any

of b,c and d are 0.
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d
If abed # 0, let A = ad — be. Suppose that A = 0. Then 2 =3 Let

their common value be A. Then n = cz + dy = A(az + by) = Am. This

n : .
means that — = A for any integers m and n. This is of course absurd.

m

Hence A # 0. We now solve axz+by = m and cx+dy = n for z and y. We
have z = @Zﬂ and y = an ;cm We are given that for any integers
m and n, £ and y are also integers. In particular, for (m,n) = (1,0),
N and y; = ——Z— are integers, and for (m,n) = (O,dl), ;1:2 = I——A—
and y2 = % are integers. It follows that z;y2 — z2y; = % =X is

also an integer. The only integers whose reciprocals are also integers are
+1. Since A is clearly an integer, we must have A = +1.
6. Label the eleménts of X in increasing order z; < --- < Z3,2, and

put

X1 ={z1,-.-,Zn2}, Xo={Tn241,---,Ton2}, X3 = {Ton241,--,Tan2}.
Define the function f : X; X X2 X X3 — X x X as follows:
f(a,b,c) = (b—CL,C—b).

The domain of f contains n® elements. The range of f, on the other
hand, is contained in the subset of X x X of pairs whose sum is at most

3

n°, a set of cardinality

nd3—1
k= ———— 7 _—
k=1

By the pigeonhole principle, some three triples (a;, b, ¢;) (1 = 1,2,3)
map to.same pair, in whichcase z =b; —cij, y=¢c1 — a1, z =a1 — by
is a solution in nonzero integers. Note that a; cannot equal b; since X1

and X5 are disjunct and so on, and that a; = ay implies that the triples
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(a1,b1,c1) and (ag,be, co) are identical, a contradiction. Hence the nine
numbers chosen are indeed distinct.

7. Let (y1,92,-.-,Yq) be a g-tuple of integers such that |y;| < p,
j =1,2,...,q. Then the value of the left hand side of the r-th equation
is some integer bptween —pq and pq, since the coefficients are —1, 0 or

1. Thus

q
Z arilYi
i=1

can have at most 2pq + 1 values: pq positive integer values, pq negative
integer values and the value 0. Now consider the p-tuple of all p left
sides in our system. Since each can take at most 2pg + 1 values, at most
(2pg + 1)? distinct p-tuples can result. Each y; is an integer between —p
and p, so there are 2p + 1 choices for each y;, and since there are q y’s
in a g-tuple, we can make up a total (2p+ 1)? different ordered g-tuples.
Now ¢ = 2p, so the number of g-tuples (yi,...,yq) with |y;| <pis

(2p+1)7 = (2p+ 1) = [(2p + 1)*]P = [4p® + 4p + 1]F,

while the number of p-tuples

q q q
E a15Yj, E :G'ijj, RN E :aprJ
j=1 j=1 Jj=1

they can generate is at most
(2pq + 1)P = (4p% + 1)P.

Therefore there are more g-tuples (y1,...,y,) than there are value-
sets, and by the pigeonhole principle, there are at least two distinct g-
tuples producing the same values of the left sides. Denote these g-tuples

by

(yl’y2'7'-'7yq) and (Zl,Zz,...-,Zq)- (1)
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We claim that the g-tuple (z1,z2, ..., z4) of differences y; — z; = 1,
j=1,2,...,q, is a solution of the problem satisfying properties (a), (b),

(c). To verify this claim, we first observe that

4q q
E arjyjzzarjzja r=12,...,p
J=1 J=1

implies

q g 4 q
> arjzi =Y arj(y; —2) =D arjyj — ) _arjzj =0.
j=1 j=1 j=1 j=1

So the z; satisfy all p equations. Moreover, since y; and z; are
integers, so are their differences, and (a) is satisfied. The g-tuples
(1) are distinct, so not all z; are zero; thus (b) is satisfied. Finally,
since |y;| < p and |zj| < p, we see by the triangle inequality that
|zj| = ly] — 2;] < ly;] + |2i] < 2p, s0 || < g; (c) also is satisfied.

2.2. Pythagorean Triples and Related Problems

1. Assume, for the sake of contradiction, that the system is solvable

and let (z,vy,u,v) be a solution. Then

u? — y? = 2% and u? + y? = o2

But this contradicts the result in Example 2.

2. Suppose that 2(m* + nt) = v?, for some v € Z,. Then
(2mn)? + (m? — n?)? = (m? + n2)?
a,ﬁd
(2mn)? 4 2(m? — n?)? = 2,
in contradiction with the result in Problem 1.
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Similarly, assuming that m* + 6m?n? + n* = v2, for some v € Z,
we obtain
(m? — n2)? + (2mn)? = (m? 4 n?)?
and
(m? — n?)? +2(2mn)? =2,
which also contradicts the result in Problem 1.

3. Solving the given equation for z2, we find that the discriminant
of the resulting equation is z* 4+ 6z2y? + y*. By the second result in
Problem 2, this cannot be a perfect square and we are done.

4. Applying formulas (2.2.3), the sidelengths of the triangle are of
the form

k(m? —n?), 2kmn, k(m?+n?).

The condition in the problem is equivalent to

k*mn(m? — n?) = 2km(m + n),
which reduces to
kn(m —n) = 2.

A simple case analysis shows that the only possible triples (k, m,n)
are (2,1,2), (1,2,3), (1,3,1), yielding the pythagorean triangles 6-8-10 and
5-12-13.

5. Suppose, to the contrary, that such a triangle (a, b, c) exists. Then

a? + b = ¢? and ab = 242,

for some positive integer d. Without loss of generality we may assume
that a > b, since the case a = b could not possible occur because 2a? = ¢?

is impossible. Hence
¢® + (2d)? = (a + b)? and ¢ — (2d)? = (a — b)?,
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contrary to Example 2.
6. Let a, b, c be the sidelengths of a pythagorean triangle with inra-
dius r, r € Z. Simple geometric considerations lead to the relation

a+b—c_

) r.

On the other hand, there exist positive integers m,n such that m >

n, n is even, and

a=m?2—n2, b=2mn, c=m?+n’

We obtain n(m — n) =r.
Write r = 2%I, where [ is an odd integer. From the relations n = okd,

l
m —n = - it follows that a pair (m,n) is uniquely determined by a pair

(d, th-), where d is a divisor of [ and gcd (d, —3) = 1. The number of
pairs (d, é) satisfying gcd (d, Zli-) =1 is 2*0), where p(l) denotes the

number of prime divisors of /.

2.3. Other Remarkable Equations

1. Assume that the equation 72 +zy+y? = 362 is solvable. By using

formulas (2.3.9) we obtain
k(m? + mn + n?) = 36,

hence m? + mn + n? is .'o'ne of the numbers 1,2,3,4,6,9,12,18,36. None of
these numbers appear in the third column of the table in Example 1.
2. From the general form of solutions in (2.3.11), the problem reduces

to finding all positive integers k,m,n, m > n such that
k(m? — mn +n?) = 27.
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In the following table we give all pairs (m,n) for which

m? — mn + n? < 28.

m2—mfn+n2

3
7
13
21
7
12
19
28
13
19
27
21

6 28
Ifk=1,thenm =6and n =3.Ifk= 9, thenm=2andn=1.1In
both cases we obtain the solution (z,y, 2) = (27,27, 27).

(S TS S I N~ A S YU R G NS SCR CR
R W W W NN NN e = =3

8. a) Since z = m? 4+ mn + n?, for some positive integers m and
n,m > n, it follows that 22> = ¢% + gr +r2, where ¢ = 2mn + n? and
r =m? —n2

b) If 22 = z? + zy + 42, with gcd(z,y) = 1, then from (2.3.9) we
deduce that z = 2mn+n?%, y =m? —n?2, m > n, and z = m2+ mn+n?,
for some positive integers m and n.

4. Without loss of generality we may assume that ged(z,y) = 1.

9
Also, note that z and y cannot have different parities. It follows that
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z and y are both odd. Setting z +y = 2a, £ — y = 2b, a,b € Z, the

equation becomes

a’® —ab+b% =22

From (2.3.11) it follows that

a = 2mn — n? a=m?2 —n?
b=m2—n? or b = 2mn — n2
z2=m?—mn+n? Zz=m2—mn+ n?

for some integers m, n.

The general solutions are
(k(m? + 2mn — 2n?), k(2mn — m?2), k(m? — mn + n?))

and
(k(m? + 2mn — 2n?), k(m? — 2mn), k(m? — mn + n?))

where k,m,n € Z.

5. Let (z,y, z) be a solution to the equation. Then
(22)* + 14(22)%(2y)* + (29)* = (42)*.

Setting 2z = a+b, 2y =a—>b, a,b € Z,, a > b, yields the equivalent

equation
(a+b)* + 14(a? — *)? + (a — b)* = 1622,
which reduces to
a* — a®b? +b* = 22
From Theorem 2.3.3 Qe obtain

(a,b,2) = (k,k,k*) and (a,b, 2) = (k,0,k?),
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where k € Z. The solutions to the equation are

(z,y,2) = (2k,0,k?), (0,2k, k?) and (z,y,z) = (1,1, 412),

where k,l € Z.
6. Solution 1. Write the equation in the form
(322 + y?)(z? + 3y?) = 2%

It is not difficult to see that z and y have the same parity, for oth-
erwise z2 = 3 (mod 4), which is not possible. We may assume that

gcd(z,y) = 1. Then ged(3z? + 32,22 + 3y?) = 1, and so
322 + y? = 45? and 22 + 3y? = 4¢?
for some positive integers s and ¢t. Using the result in Example 2 we

obtainz =y=s=t=1.

The general solution is
(z,y,2) = (k, k,4K*), k€ Z,.

Solution 2. Since z and y have the same parity, set £ = a+b, y = a—b,

z = 4c, where a,b,c € Z,, a > b. Then
3(a + b)* +10(a? — b»)? + 3(a — b)* = 162
which reduces to
ot +a?p® + bt = 2

From Theorem 2.3.2, it follows that (a,b,c) = (k,0,k?) or (a,b,c) =
(0,k,k2), k € Z,.

The solutions are

.

(2,9,2) = (k,k, 4k), k € Zy.
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7. We have a?+¢2 = 2b2, so we may assume without loss of generality
that ¢ and ¢ are both odd.
Setting a = u+v, ¢ = u—v, where u,v € Z, u > v yields u? +v? =

b%. Then

u = 2mn U =m?%—n?
U=m2—'n,2 or v =2mn
b=m?+n’ b=m?+ n?

for some positive integers m,n, with m > n. The desired triples are

2

(m? + 2mn — n?,m? + n?,|m? — 2mn — n?|) where m,n € Z,, m > n.

8. Solution 1. Multiplying both sides by 8 and write the'equation in

the equivalent form

(z+1)* - (z — ¥)* = (42)

From Example 6 it follows that £ — y = 0, so the solutions are
($, y7 z) = (k’ k’ kz)’ k e Z‘
Solution 2. We may assume that z,y,z > 0 and gcd(z,y) = 1. Write

the equation as
2zy(z? + y?) = (22)2.
The condition ged(z,y) = 1 implies
ged(2zy, 2 + y?) = 1 or ged(2zy, 2?2 + y2) = 2.

In the first case, it follows that 2zy = u? and z2 + y2 = v?, for some

positive integers u,v. We obtain the system

v? +u? = (z +y)?

v? —u? = (z —y)?
which is solvable only if £ — y = 0 (see Example 2 in Section 2.2).
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In the second case, we obtain the system
Ty = u?
22 4 y? = o2
which can be written in the equivalent form

(€ +)* + (z - y)* = ()
(@ +9)* = (s - y)* = (2u)®
and the same argument shows that z —y = 0.

9. We may assume that z,y,2 > 0, z > y, and gcd(m,y)‘z 1. Write

the equation as
(22 — y?)? — doy? = 22,

Then .

(2 — 4+ 2)(a? — ¢ — 2) = (2ay)".

We will show that ged(z? — y% + 2z, 22 — y? — 2) = 2. We cannot have
both = and y odd, for then 22 = —4 (mod 16). Let z be odd and y even.
Then z is odd and ged(z? — y? + 2,12 — y? — 2) divides 2z, so it is 2.

It follows that

2?2 —y? + 2z =2a% 2?2 —y?—z=20"

for some positive integers a,b, with zy = ab and gcd(a,b) = 1. Then

22 —y2 = a? 4+ b2, and so

(2% + y2)? = (a® + b?)? + 4a%b?.
We obtain
a* + 6a%b? + b = (22 + y?)?
and, from Example 6, (a,b) = (k,0) or (a,b) = (0,k), k € Z.
The solutions are (z,y, z) = (k,0,k?) and (z,y, 2) = (0,k,k?), k € Z.
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10. Note that
2a(a® + 3b?) = (a + b) + (a — b)3.
Hence, if 2a(a? + 3b°) _ c3, then we obtain
(a+b)3+(a-0b)3=c.

By Theorem 2.3.8 it follows that the above relation is not possible
in nonzero integers.
11. Assume that the equation is solvable in positive integers and let

(z,vy, z) be a solution. Then 2(z® — 4°) is a perfect cube, hence
2(z? — y*)[(@? — v°)* + 3(y)?]

is a perfect cube. But this contradicts the result in Problem 10.
12. Assuming that (z,y, z) is a positive integral solution to the given

system, we have

P —ay+1’=(z+y)?-3zy=2'— (2" —2) =2,

3

hence =3 + y® = (z + y)(2? — zy + y?) = 22 - z = 23, in contradiction

with the result in Theorem 2.3.8.
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CHAPTER 3
Pell’s-Type Equations

3.2. Solving Pell’s Equation by Elementary Methods

n(n + 1)

3 = 12, which is equivalent to

1. Let
(2n +1)2 —12¢% = 1.

The Pell’s equation z2 — 12y? = 1 has (7,2) as fundamental solution

and all its solutions are given by

[(7+2\/‘) + (7 = 2v12)™],

Ym = 2\/1_[(7+2«/‘_ — (7 - 2v/12)™).

It follows that
1
2 +1=gm =[2+V3)"+(2-V3)*], m>1,

hence the desired numbers are

2+~ (2- ﬁ)’"r s [<2+x/§>m —@-var]’

N = ,
m 2 2v/3

m > 1.
Remark. Note that all n’s with this property are of the form 3k2.

2. Let the sides be z — 1,2,z + 1. The semlperlmeter s and the area

/3(2 —
A are 3; and A = ? 3(2 —4
z cannot be odd, say z = 2z, and 22 — 4 = 3u2. So 422 — 4 = 3u?,

, respectively. If A is an integer, then

which implies u is even, say u = 2y. Then z? — 3y? = 1, which has
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(2,1) as fundamental solufion. Therefore all positive integral solutions

are (Zn,yn), where

o = AV +2VE, yn = [24+VE - (2=VE Y, n 2 1

|
2v3
The sides of the triangles are 2z, — 1,2z,,2z, + 1 and the areas are
A = 3z,yn.
3. Squaring the first equation and then subtracting four times the

second, we obtain

T2 — 6:1:y+y2 = (z —u)2,

GRIORECE S

The quadratic w? — 6w + 1 takes the value 0 for w = 3 +2+/2, and is
positive for w > 3 + 2v/2. Because z/y > 1 and the right side of (1) is a

from which

square, the left side of (1) is positive, and we must have z/y > 3 +2/2.
We now show that z/y can be mase as close to 3 + 2v/2 as we like,
so the desired m is 3 + 2v/2. We prove this by showing that the term
((z —u)/y)? in (1) can be made as small as we like.

To this end, we first find a way to generate solutions of the system. If
p is a prime divisor of z and u, then p is a divisor of both z and y. Thus
we may assume, without loss of generality, that z and u are relatively
prime. If we square both sides of the first equation, then subtract twice

the second equation we have
(r —y)? =22 +

Thus (z,u,r — y) is a primitive Pythagorean triple, and we may

assume that u is even. Hence there are relatively prime positive integers
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a and b, one of them even and the other odd, such that
z=a’—b, u=2ab, and z-—y=a®+0b.
Combining these equations with z + y = 2z + u, we find that
z=a’+aband y = ab— b2

Observe that z — u = a2 — b2 — 2ab = (a — b)? — 2b%. When z —u = 1,

we get the Pell equation
(a — b)? — 2b =1,

whose fundamental solution isa — b =3, b = 2.

This equation has infinitely many positive integer solutions a —b and
b, and both of these quantities can be n{a/dg arbitrarily large. It follows
that y = ab — b? can be made arbitrarily large. Hence the right side of
(1) can be made as small as we like, and the corresponding value of z/y

can be made as close to 3 + 2v/2 as we like.

3.3. The Equation az? —by? =1

1. The equation 3r%2 — 252 =1 has minimal solution (4,B) = (1,1)

and from Theorem 3.3.2 all its solutions are given by
Tn = Up + 2Vpn, Sp=uUp+3v,, n>0

where (un, Un)n>0 is the general solution to Pell’s resolvent u? —6v2 = 1.
The quadruples (z,y, z,w) = (3rgr, 25k51, TkS1, T1Sk), k,1 > 0 have

the desired property. Indeed,
z? +y? — 6(2% + w?) = 8rr? + dsks? — 6ris? — 6rist =
= (3rf —2s2)(3rf —2s7) =1-1=1,

and 3|z, 2|y.
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2.a)Ifn+1=22and 3n+1= y?, then 322 — y? = 2, which is

equivalent to the Pell’s equation
u? -3 =1,

1
where u = —;—(Bx—y) and v = ~(y—=z). The general solution is (ug, vg)k>1,

2
where
w = VA VI, o= o l2+VE - -VE)), k21
hence

ng = ci—1= (ug+vg)2—1= %[(2+\/§)2k+1+(2—\/§)2k+1—4], k>1.

b) We have

2
ngnks1 + 1 = {%{(2+x/§)2’°+2+(2—x/§)2’°+2 —8]} , k>1

3. It suffices to find increasing sequences (an), (bn) of positive inte-
gers and a positive integer k, such that b2 +1 = k(a2 +a,), for all n > 1.

The last relation is equivalent to
k(2an + 1) — (2b,)% = k + 4.
For k = 5, the equation
52 —y* =9

has infinitely many solutions. Indeed, (3,6) is a solution and the pairs

(Tn,Yn), where
Tn = 3un + 6v,, Yn =6u, +15v,, n>1

and (un,vn) is the general solution to Pell’s equation u? — 50? = 1,

satisfies the equation. In this respect we have
5x2 — y2 = 5(3up + 6v,)% — (Buy + 15v,)% = 9u2 — 4502 =
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=92 —52)=9-1=9

for all n > 1.
It is clear that u2 —5v2 = 1 implies u, odd and v,, even for all n > 1.

It follows that the sequences (ay), (bn), where

Ty — 1 3u, — 1 v
”2 = ”2 + v, bn=g2£+3un+15—273, n>1

an —

are strictly increasing and a,(an + 1) divides b2 + 1.

3.4. The Negative Pell’s Equation
1. The equation is equivalent to
20z —y)? - (z +y)? =1

Performing the substitutions X = z+y,Y =z —y, £ > y, we obtain

the negative Pell’s eqpation
X?-2v%=-1.
By Theorem 3.4.1, its general solution '(Xn, Yn)n>1 is given by
Xn=up+2v,, Y,=u,+v,

where (un, Un)n>1 is the general solution to the Pell’s resolvent u2—2v2 =

1, that is

1 n ( n __1_ n__ _ n
un=—2—[(3+2\/§) —(3-2v2)", vn—zﬁ[(3+2\/§) (3-2v2)".

We obtain

1
Xn = u, + 2'Un = 5[(1 + \/§)2n+1 + (1 _ \/'2_)2n+1]

[(1 + ﬁ)2n+1 _ (1 _ \/i)Zn-H]

Y,=un,+v, =

1
2v/2
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hence

1 | 1
:En = "2‘(Xn + Yn) =

_4_\_/__5[(1 + \/§)2n+2 _ (1 _ \/'2')2n+2]’

b = 5 = Yi) = 7=[(1+ VD™ - (1 - V)]

The sequence (Pp,)m>1, given by

P = 2.1%[(1 V™ - (1 - V)]
is known as Pell’s sequence. It satisfies the recursive relation P41 =
2P,, + Py,_1, P, =1, P, = 2. Hence the solutions to our equation can
be written in the form
(ZnyYn) = (‘;‘P2n+2, %P2n> ,  (@nyyn) = (‘;‘P2n,%P2n+2) , n>1

where the second solution followed by the symmetry in z and y.

2. The equation 2 —5y? = —1 has (2,1) as its least positive solution.
So it has infinitely many positive solutions. Consider those solutions
with y > 5. Then 5 < y < 2y < z, as 4y? < 5y? — 1 = z2. Therefore
2(z? + 1) = 5y - 2y divides z!.

3. First, consider n? + (n + 1)2 = y2, which can be rewritten as
(2n + 1)%2 — 2y¢%2 = —1. This negative Pell’s equation has infinitely many
solutions (z,y) and each z is odd, say £ = 2n + 1, for some n. For these

n’s, a, = y and
an—1 = [V/(n —1)2 +n?] = [V/y2 — 4n]

implies n > 2 and

an-1 SVYP2—dn<y-1l=a, -1,

ie ap, —anp—_1 > 1.
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Also, for these n’s,

ant1 = [V (n+1)2 + (n+2)2] = [Vy2 + 4n + 4].

Since n < y < 2n + 1, we easily get

Yy+1<V/y2+4n+4<y+2,s0an41 —an=(y+1)—y=1.
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