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Preface

The diversity of problems whose solutions require knowledge of properties
of elementary and special functions of mathematical physics has given rise
to a large number of handbooks in this field of Calculus. Among these
are, above all, the books of the Bateman Manuscript Project, namely,
Higher Transcendental Functions, Vol. 1-3, and Tables of Integral Transforms,
Vol. 1-2, by A. Erdelyi (Ed.); Table of Integrals, Series, and Products by
[.S. Gradshteyn and I.M. Ryzhik; Handbook of Mathematical Functions by
M. Abramowitz and I. Stegun (Eds.); and the 5-volume handbook Integrals
and Series by A.P. Prudnikov, Yu.A. Brychkov, and O.I. Marichev. Due
to numerous applications in science and engineering, the theory of special
functions is under permanent development, especially in connection with the
requirements of modern computer algebra methods.

The present handbook contains mainly new results. Some known formulas
are added for the sake of completeness. Special attention is paid to formulas
of derivatives of n-th order with respect to the argument and of the first
derivatives with respect to the parameters for most elementary and special
functions. A considerable part of the book is devoted to formulas of connection
and conversion for elementary and special functions, especially hypergeometric
and Meijer G functions.

Chapter 1 contains differentiation formulas for various functions. In
Chapter 2 limit formulas are given for the special functions that depend on
parameters. Chapters 3 to 6 contain formulas of integration and summation
for elementary and special functions, new classes of integrals, finite sums
and infinite series being considered. In Chapter 7 connection formulas are
given for various elementary and special functions. Chapter 8 is devoted to
representations of hypergeometric functions and Meijer G functions in terms
of other functions for various values of parameters and arguments.

The notations that are standard are listed at the end of the book. In all
chapters, unless other restrictions are indicated, k, [, m, n, p,¢=0,1,2, ...

The author hopes that this handbook will be useful to scientists, engineers,
postgraduate students and generally to anybody who uses mathematical
methods.
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Chapter 1

The Derivatives

1.1. Elementary Functions

1.1.1. General formulas
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n

31. D"["2(a+ z)_n_l] - (%) 2 (a+ z)_n_1U2n< a —(Il— z ) .
n

32. :(—1)"(;)n(a+z)_"_1/2T2n+1< z )

a+z
33. D"[2" V2(a+2)"" 1]
1 _ e
=(§)n(az) Y2(a+ 2) ”2Tzn+1< ; )

a—+z
34. = (—1)"(%)nz_1/2(a+z)_n_lUQn <\/Z>

35. D"[2"t2(a+ 2z) "

= (apemn QU e (218,

3
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36 — (g)n (Z )1/2 ( —n—3/2 a
. = o a+ 2) Uspt1 < ) .

a+z

37. D7(a? - )Y = (~20)"nl (a2 - e mie (),

38. D"[(a® — 2%)7 "] ) N R ]
=nla"'(a - 2) [1—( ) Tn+1(4)].

z+a

39. D2n[(a2 _ 22)_1] — (277,)!(1_1(0,2 _ z2)—n—1/2T2n+1<L)_
a2 _ 22

40. D2n+1[(a2 - 22)_1] = (2n + 1)!a_1z(a2 - 22)_n_3/2U2n+1 ( \/a2a_ 22 )

41. D"[z_l/Q(a + z)_1/2]

= (=1)"nl = (n+D/2 ~(inj2p ((22da
(—D)"n!z (a+2) n(2 ﬁZ+22>

/.2 2\=1/2] _ (_1\n1 (a2 2\ —(n+1)/2 2
42. D"[(a® + 2*)7 /%] = (=1)"n!(a” + 2%) P"(m)‘

43. D"[(a? — 22)"] = (—2a)"n! P,,(g).

44. D"[(a® A"V = (<20)" () (a?—2A)7V21,(2).

45. D"[(az = 2" V2] = (=a)"(5) (az—22)72To (1/2).

46. D"[(a? — 22)"+1/?] = % (g)n (a2 — z2)1/2Un(§)_

47. D"z (a? — 22)"] = (=2a)"nl 2" P, (2)

zZ
48. D"[z"_”‘_l(z2 — a2)>‘]
= (2a)"n! izn—ma(g _ a2))\—n02—n+1/2 (g)-

(n—2X), z
n 1 3 3 1/2
49. D A z+Vz*+a
z a
\/5 1 2 2 _(2 . 2TL+1 z
— (1) V2 (1 n+1)/4 (_ _)
=(-1) " (2)n(z +a*) sin 5 — arccot — .

1.1.3. The exponential function
1. D" [2*e™**] = nlz} "e™** L) " (az).

2. D" [z)‘e_a/z] = (—1)"n!z>‘_"e_a/zL;)‘_1(g).

z
4



1.1.3]

1.1. ELEMENTARY FUNCTIONS

3. D"

5. D"

]—( i)"a n/2 gaz’ H,(ivaz).

4. D" -Zn—lea/zz] = ing"/2, n—lea/z2Hn(Z.\/a).
L 4

-e_‘”2] = (—1)"a"/26_“z2 H,(vaz).

6. D" -z”_le_a/zz] = a"/2z_"_1e_a/z2Hn(@).

7. D" [envE] = v (&) 20 (avE) + Dyan(avE)]

8. D“[L

Vz

9. D" [z"_lea/‘/z]

n+1/2

- (3)

10. D" [z"_l/ze“/ﬁ]
= (—1)nﬁ(%)n+1/2 ,—(3+2n)/4 [ [ +1/2(f) +1_,_ 1/2(%)].

n+1/2
11. D"[e™*V?] = (—1)nmz<l_2n)/4[(n—1/2(a\/z).
1 _ n+1/2 B
12. Dn[ﬁe aﬁ] z(_l)nzf—lTﬁz (2K y1/2(aV/2).
~1,-a/\/7 a™t/? ,—(2n45)/4 a
13. D" [Z ] gn— 1/2\/> Kn_l/Q(ﬁ).
14 D —n— 1/2 —a/\/z n+1/ —(3+2n)/4K a
Pl 1=y w75
n —1)¥tYa./z j . n+1/2 n
15. D [e( D f] =(—1)J+1zﬁ(g) L2 )/4H£J)2 (av?)
[1=1,2].
nt+1/2 )
16. :(_l)nﬁ(%) Z(l 2n)/4H7(zJ_)1/2((1\/;) [j:]_, 2].
1 i+1;
) L Gl i
17 [\/;e ]
n+1/2 —(om i '
= (—1)Ftntly \/—( ) (2 +1)/4H7(,]J31/2(a‘/z) [i=1,2.
n+1/2 —(om 3 .

18 =vE(g) G V) =12

5

,—(5+2n)/4 [1 1/2(7) + I1/2— n(

n+1/2
eaﬁ] = ﬁ(%) Z_(1+2n)/4[1n+1/2(a\/;)+I—n—1/2(a\/z)]'

)l

s



CH.1. THE DERIVATIVES [1.1.4

1.1.4. Hyperbolic functions

!
1. D"[z*sinh(az)] = % P [e‘”L,},‘L_"(—az) - e_azLQ_"(az)].

!
2. D"[z* cosh(az)] = % 227" [e¥* L) (—az) + e * L) "(az2)].

3. D"[sech (az)]

n —kaz
_ e cos [(k + 1) arccot e
=2(—a)" Z (e 1 1)F)/2

—az]

k=0

4. D"[sinh(az?)] = (_2) a2e%*" H, (ivaz) — _2) a™2e= % [, Waz).

5. D"[cosh(az?)] = %a”ﬁe“z2 Hp, (ivaz) + %a"/ze—aan (Vaz).

n+1/2

6. D"[sinh(ay/z)] = 7!'(%) z(1_2”)/411/2_n(a\/2).
n+1/2

7. D"[cosh(av/z)] = 71'(%) z(1_2”)/41n_1/2(a\/§).
n+1/2

8. D" [Smh(a\[)] by %) z_(1+2")/41n+1/2(a\/2).

v
ve(

cosh(a a\"t1/2 _
9. D" [ f)] 71' 5) ORI a(av/z).
4 n+1
10. D"[sech /z] = ( )"n'ﬂ( 5 )
T+ 4z
2n+df2n+31 1 3 /7 3 iz 3 iz 3 vz
5% 5 g ey o T 1*+ ) 1*+ a_]-
2° 2 E 2 i 2 i 2 E
cschv/z +1 n! 2(—1)"n!
11. Dn[ \/; ]:(_1)n Zn+1+ n+1
1. iz iz iz iz
X F b) - PR ) 7I" - PR | -
rataneEl g _ive 1- Wz Ve 1+ 802 4
- PR 7r’ - 3 * 7I',
12 D"[tanh‘/;]=2(—1)”nl( 4 >n+1
vz 7r2+4z
1 iz 1 vz 1 iz 1 iz
wo o bET T et g T
2n+382n+2\ 3 5z 3 iz 3 iz 3 iz
—— .y, = — , =+ yeeey =+ H |
2 E 2 E 2 i 2 i




1.1.5] 1.1. ELEMENTARY FuNCTIONS

!
13. D’nl:COil}E‘\/E:I — (_1)n+1 :{:‘»1

z
1 oo renn(2)] = o (5) e (),
1. 0 -t )] = (5) ().
0. 0 o)) = v () )
1. oo )] = o (§) ()

18. D"[sinh(av/z)]

_ VT nt1/2,(1-6n)/8 (n+k) —k—k/4 4
- 22n+1/2 z Z m( a)""z 1k—n+1/2(a\/5)

19. D"[cosh(av/z)]

VI 412,16 )/Szik,l(ﬂ?n ) (—a)* 2 1ya(av/z)

= 92n+1/2
[n>1].
inh(av/z)
20, pn|TENAVE)
-
n—
- 22:51/2“ 2 H)/SZ kll(f(ln— (—a) 27 py1ya(aVz)
k=
[n>1].
4
21. D" cosh(a v'z)
=
_ I'n+k k-
= 22:?1/2 /2, (6n+1)/82 #_;)(—a) W) PN (V)
[n>1].

1.1.5. Trigonometric functions

nr.. _ oms nmw
1. D"[sin(az)] = a"sin (az—l— 3 )



CH.1. THE DERIVATIVES [1.1.5

nmw

2. D"[cos (az)] = a”™ cos (az + 7)

n N Ly N o D A 2 R A
3. D"[sec(az)] = (—1) a ,;1 (k+1)sec (az)

x Xk: ( )(k — 2m)" cos [(k —2m)az — #w] ([13], (47)].

m=0

n

4. — (—)l+D/2 gn Z

ntl i k (k — 2m)" sec®™ 1 (az)
k+1 m

=1 m=0
[(k—v)/2]— k—2m 1 ( 1)71,
—_1P(* 2p+y — -\ .

X ZO ( 1) (2p+'y )tan (az) [’y— PR [13], (52)].
p:
(nt1)/2] LI [(k=7)/2]
5. = (—lnt1)/2] — —

(Ot sec(a) Y g X (D ()

X tan?™*7(qz) Xk: ('“) @p+1)" [y= 1‘(2‘1)"; 18], (67)].
p=0

. \n " e cos [(k + 1) arccot e*** k ml kN n
6. = 2(ia) Z (e2i[a(z+1))(k+1)/2 ] Z(—l) (m)m
= m=0
[[13], (75)].
a"n!
O
a” ) [ 3T+ 2az ) [T+ 2az
+ (27r)"+1 [Iw( )( 47r ) Iw( )( 4 )]
g [0 () - (5]
8. D"[csc(az)]
n k k
= (1) kZZI —(_2}6) (: ::__ i) mZ:O (:z)(k —2m)" csc?™ ! (az)
[(k=7)/2]-m e (k—2m 2p+y 11— (-1,
x ,; (-1) (2 s )cot (az) [7_ A ] (120)].
n k
9. = (=)™ g™ csc(az kzﬂ 2% mzzo(—l)m(:l)(Zm +1)"
[(k=v)/2] L , a—
+ _ 1=y
x Z% (—1)”(2p 7)cot P(az)  [y= = 18], (130))

8



1.1.5] 1.1. ELEMENTARY FuNCTIONS

n

0. = S gt [0 (75 -9 (52)]

az (27r)"+1 2 27
- e [ (52) - ()]

n k+1
11. D" = (=1)[/2+1 (94 sec”" (az)
[tan(az)] = (-1) (2a) kX::l o

N k
X sin [(k —1az + #w] 3 (—1)’"(7':L)m" ([13], (13)].

m=1
n k
12, = (=1)"3*(2a)" sec?(az) Z = DNE (5 Y
R k-1 oo 1-(-1)"
x ;} (_l)p(2p o 1) tan®~ 7+ (g2) [7 = — 3, (24)}_
3. = [,/,(n)(z t;_Z) —(-1" ¢(n)(% _ t;_z)]
n k
14. D"[cot(az)] = (- )[(n n/2l (2a)™ csc?(az) 2ik Z(—l)m(:z)m
k=0 m=1
[(k+v-2)/2] 1 e
’ ;} (_1),,(2p_ 7+1)C°t2p_7+1(“) [v= =5 13, om)].
15 = [ (-2) - e (14 2))].
16. D"[z*sin (az)] = %zk—" [e"‘”LQ_"(—iaz) _ e—iasz—n(iaz)]‘

! . ,
17. D"[z* cos (az)] = % 227" [ L) (—iaz) + e L) " (ia2)).

18. D"[sin (az?)]
— (_21) n/2 (n—2)7i/4 [ n _iaz? H, ( 37ri/4\/az) _e—iaz2Hn(e7ri/4\/Ez):|.

19. D"[cos (az?)]
— (_21) an/26n1ri/4 I:Znezaz2 n(e3"i/4\/az) + e—iaz2 H, (67”./4\/52)] .

20. D"[ Lsin :] = (—a)"z " !sin (g + E)

21. D"[ ! cos ;] = (—a)"2z " 'cos (g + ﬂ)
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22. D"fsin(av/z)] = v (2) 2T/, (ayE).
D"{eos (avz)] = (1) (5)"T S0, (aE).

23.
24. D"[sin™(a+v/%]
(m/2] Jra 12 [m/2]-(1+(-1)")/2 ./
— m
=(-1) gm+n=1/2 (2n-1)/4 kZ—o (1) (k)

o { T m = 202y (m = 24)av)
+ () EIT ok V2 (- 2K)av/2) ) > 1)
25. D"[cos™(av/z]
= (=" 2m+ﬁ72"z+(21::)/4 i (?)(m —2k)"2

n[sinff/lzﬁ)] _ (_1)nﬁ(%)n+1/2 z_(1+2n)/4Jn+1/2(a\/E)-
27. D" [COSE%/E)] — ﬁ(%)nﬂm Z_(1+2")/4J_n_1/2(a\/5).

((m — 2k)av/z).

n—1/2

26. D

n+1
28. D"[sec\/_]—n'ﬂ( 44 )
—4z
amtalonis| | g Tz 3 ﬁ3+ﬁ s Vi)
272 g2 g2l ot
cscyz +1 nl! 2(—1)"n!
29. D" N ] =" Tt S
1 vz _VE vz vz -1
X 2n+3F2n+2( \/Z T \/—: T \/; . \/;)
1—Y2 1 YE g VvE 1+ Y2
ﬂ" ) ﬂ" ﬂ" )
tan y/z 4 ntl
30. D" f]=2(n!)( . )
vz T — 4z
2n+31L 2n+2 3 vz 3 Vz 3 Nz 3 vz .
ST s T o a*+7;1
2 ™ 2 T2 T 2 ™
31. D“[“’tﬁ] = 2(—1)"nl 2"
vz
1. _V2 IR vz
s T T sty T T Ty T s T n!
X on+3Fanta2 i T N - (="
1- Y= 1- Yz 14 V2 14+ Y2 nt
ﬂ_""’ ﬂ" 7'|" ) T
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1.1. ELEMENTARY FUNCTIONS

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

D" :z"_l sin %] = (—1)"%(%)71“/2 z—(2n+5)/4J1/2_n (%)

D" _z" 1/2 gin %] = \/7_1'(%)"-’_1/2 ,z_(2n+3)/4Jn_’_1/2 (%)

D" :z"_l cos %] = ﬁ(%)nﬂﬂ z—(2n+5)/4Jn_1/2(%).

L~ (nt3)/4

o] (2

D"[sin (av/2)] = 272"~ V2 /7 g t1/2,(1-67)/8

().

n—1

x Z(—a)—k%z—k/‘m_nﬂﬂ(a%) n>1].
k=0

D"[cos (av/z)] = (_1)"2—2"—1/2\/_ n+1/2,(1—6n)/8

% Z - klrl(*y(ln+—k1)c) 2k k1p2(aVz) [n> 1.

D" [sin (:z y z):| _ (—1)”2_2”_1/2ﬁa"+1/2z_(1+6")/8
—t I'(n _
XZ '“mn_ g7 nekip(aVz) n2 1),
Dn[cos (\[f)] = 92n=1/2 [ nt1/2 ,—(146n) /8

X Z( 1)* gk Ttk _k/4Jk—n—1/2(a{1/z) [n > 1].

kT (n — k)
Din [{ sinh 2z sin 2 }] = (4 { sinh 2z sin 2 }
coshzcoszJ] coshzcosz) '’

Dintl { sinh z sin 2

= (=4)" (£ cosh zsi inh :
|\ cosh z cos z J | (—4)™(x cosh z sin 2z + sinh 2 cos 2)

Dint2 cosh z cos z }

= x(-1)r2tt {

L L cosh z cos z J | sinh z sin z

D43 = (=1)"*122"* 1 (cosh z sin z F sinh z cos 2).

L Lcosh zcos z )

D4n[{sinhzc?sz}] _ (_4)n{sinhzc?sz}.

cosh zsin z cosh zsin z

j
{ sinh 2z sin 2 }
j

{ sinh z sin z

inh
pin+l [{ smhz C(.)S z }] = (—4)"(cosh z cos z F sinh z sin 2).
cosh zsin z

11
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46.

47.

48.

49.

50.

51.

Din+2 [{ sinh z cos z }] = (o1)ng2nt {coshzsinz} ‘
cosh z sin z sinh z cos z

inh
pints [{ SInh €05 2 }] = (—1)"*122"*(sinh 2z sin z + cosh z cos ).

cosh z sin z
nl sin (av/z) a \"T?_(1_an)/4
D _smh(a\/— {cos aVz) ] (F1)™ (ﬁ) 2z
X _sin (6n—;—3 berin¢1/2(av2z) + cos 6n_;3)7r beiin¢1/2(a 2z)].
nl sin (av/z) n+1 nt+1/2 (1—2n)/4
D _cosh(a\/— {cos(a\/— }] (£1) \/_( ) z
X :sin (6n—§3 be1¢ni1/2(av2z) — cos (6n+3)m berqcn:ﬂ/Q(a 22)]
[ 1, sin (a+v/z) o \n+1/2
D" | — sinh = (£1)" e (2n+1)/4
e sinmieva) { v }] = v ()
X [sin M berz,r1/2 (a 2z) + cos (6n+3)m beiry,+1/2 (a 22)].
[ 1 sin (av/z)
D™ | — cosh
| Vz cosh(av’z) {cos (av/2) }]
n+1 a \"t2 _(ani1)/4
=E)vE(E)
X [cos (6n+3)m beriy,t1/2 (a 2z) — sin w beitpt1/2 (a 22)]

1.1.6. The logarithmic function

1.

D"[In (vVz + vz +a)]
n—1 (n —1)! —n/2 —n/2 2z+a n
=(-1) 5 (z+a) Pn_1<72\/2\/z+_a> [n>1].

D"[z"'In (Va + vz T a)]

_ (n2_z1)! _ (n2—zl)!(Z;z_a)n/zpn_1 (%) [n > 1].

D" [ln (z +V2+ a2)]

= ()" - DU+ @) P () 21

D" [z"_lln (a—i— z2—|—a2)]
_ (n=1)! (n-1)!

a (2 + az)_n/zpn_l(ﬁ) [n > 1].

D" [ln %] =2(2n —1)2(a® - zz)_n_1/2U2n_1(L) [n > 1].

a2 — 22
12



1.1.7] 1.1. ELEMENTARY FuNCTIONS

6. D! [ln %] =2(2n)!(a® - 22)_n_1/2T2n+1 (L)

n a+\/_
7. D [ ﬁ]
= (n— 1)la®" 1,127 (g2 — 5)~n p(/2-n=n) (1 - 2%) > 1].
8. D"[z"_lani_é]
= (-1)"(n — Dlaz""%?(z — a?) P (1 B 2—> > 1]
9. D"[ 12(g2 — z)n D"[ n- 11n2f£]] =0 [n > 1.
10. D"[z"_l/z(az—z)"D"[lnZté] =0 [n > 1.
n|, -1/ . nnn| ., n-1/ a++z
11. D [z Y2(g%2 - 2)"D [z 12]na—\/2]]
a® " —n— a4z
—(Zn)‘<—4> ' P
n|_nt1/ o Anpnl-1/ a+f _(2n)!, a++z
12.D[z +12(a2 z) D[ 1/2] \[H— e lna_\/;.
13. Dn[zn+1/2Dn[z—1/2(a2_z)n 1/2] a%_—?]]
— (_l)n (%)iGZn(aQ _ Z)—n—l/Z In Zi‘é .
n| n—1/ n __\n-1/ a—}-f
14. D [z 12 [(a2 22 a_f]]
2
— (_l)n (%)na nz—l/Z( . z)—n—l/Z In %
15. D"[2" (1 - a2z)"D"[In(1 - a2)]] =0 [n>1].
16. D*[(1—a2z)"D*[z" 'In(1—a2)]]=0 [n>1].

17. D*[2"" (1 — az) "' D[z (1 — az)" In (1 — az)]]
= (=D)"(n)%a"(1 —az) "™ 'In(1 — az).
18. D"[2"* (1 —a2z)" D"z ' In(1 — a2)]] = (n!))%a™ In (1 — az).

1.1.7. Inverse trigonometric functions

1. DPfaresin (02)] = (~4)" 7 (0 — Dta"(1 - @22 V2P (22

[n>1].
13
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10.

11.

12.

13.

D"[arccos (az)]

— (=)™ (n — 1)la™(1 — a®22)""/2P,_, (%) > 1].

D?"[arctan (az)]

= (=1)"(2n - )0a®" 1 2(1 + a2z2)_"_1/2U2n_1( !

yraw) b2t

D?"*[arctan (az)]

1
= (=1)"(2n)1a®" (1 + a222)" " 1/2T,, (—)
(~1)" @t 1+ a2 T (L

D?"[arccot (az)]

— (_1)n+1(2n _ 1)!a2n+1z(1 + 0222)_n_1/2U2n—1( 1

) 21

D?"*[arccot (az)]

1
= (=)™ (2n)1a2" (1 + a222) 12T, (—)
( ) ( ) ( ) 2n+1 1+ a222

D" [arcsin (avy/2)]
= ﬂ(n —Dla™(z — azzz)_n/zpn_1<1—2(122> [n > 1].
2 2ava?z? — z -
D"[arctan (avy/2)]
— 1) -
— (n-1! 5 1! az/* (a2 + 1)_"P751_/12 " ")(2a2z +1) [n>1].
D" [z"_l arcsin %]
n—1 2
_ 1 n,—1 2\—n/2 z—2a
=— -1 - P, | ———= >1].
Rt [ SR R Y P

D" [z"_l arctan i]

vz
n 2

= C (0~ 1)1azm3/2(z 4 a?) 7 P2 <2% * 1) =1

D 721 — a2 D (1 — a%) " arcsin(ay3)]]

2
= (%) a®" 272 arcsin(av/2).
D" [zn+1/2(1 — a2z)n_1/2 D" [z_1/2 arcsin(a\/z)]]
2

= (%) a®™(1— a%2)""/? arcsin(av/z).

D" [z_1/2(1 —a?z)"t/2pr [z"_1/2(1 —a?z)71/? arcsin(ay/z )] ]
= (—4)""(2n)! 27" arcsin(ay/z).
14
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14. D" [z"+1/2(1 — a?z)"t/2pn [z_1/2(1 —a?z)7V/? arcsin(a\/_)]]
= a®"(n!)® arcsin(ay/z).
15. D" [2"TYV/2(1 — a?2)7/2 D" [ 2(1 - a?2)"~ /2 arcsin(ay/z)]]

= (2n)! <— ‘1_2> i (1 — a%2)""!arcsin(ay/z).

16. D"[2Y2(1 — a%2)""/2D"[2" ! arcsin(ay/z)]] = 0 [n>1].
17. D" [2""Y2(1 — a%2)/2 D™[(1 — a®2)" " arcsin(ay/z)]] = 0 [n>1].
18. D" [2""Y%(1 — a%2)" /2 D"[arcsin(av/z)]] = 0 [n>1].
19. D™ [2Y2(1 + a%2)" D"[z" ! arctan(ay/z)]] = [n>1]
20. D"[2""'/2(1+ a%2)" D"[arctan(ay/z)]] = 0 [n>1].
21. D" [27Y%(1 + a®2)" D" 2"~ /2 arctan(ay/z)]]

= (2n)! 2z~ " Larctan(av/z).

|_l
\/

22. D" [z"+1/2(1 +a%2)" D" [2_1/2 arctan(aﬁ)]]
2 n
= (2n)! <— T) arctan(ay/z).
23. D" [z"_l/z D"[(1+ a’z)" 12 arctan(av/'z)]]
= (%) 121 4 a?2) " Y2 arctan(av/z).
24. D" [z"+1/2 D" [2_1/2(1 +a2z)" /2 arctan(av/z)|]

1 2
= (5) a?™(1+ a?2)"" Y2 arctan(av/z).

1.2. The Hurwitz Zeta Function {(v, z)

1.2.1. Derivatives with respect to the argument

1. D"[¢(v, az)] = (—a)"(V)n((v + n, az).
2. D" [z"_lC(u, %)] = a"(u)nz_"_1C<u + n, g)

1.2.2. Derivatives with respect to the parameter

0 . I(2)
1. %C(s, z)|5=0—ln\/27.

15



CH.1. THE DERIVATIVES [1.3.1

9. 7] (s, ﬁ)|s:—2k+1 = % [v(2k) — In (2nm)] sz<%)

ds n
— - [V(2K) — In (27)] Bay

_ (=D nilsin Hmm ) (2k-1) (1) _ (=D)*2(2k — 1)

k k
(2nm)? = (2nm)?

n—1 . .
x 3 cos ”%g'(%, )+ (24 1) [m < [59], 5))-
i=1 n

d 1 In2 —oam
8. 5:¢(03)| . = o Bt 27—t 1) (590, (17))
o 3+1 \/_(1 -37")g
1 Le(s, 321 By np,
0s C 8 6 s——2n+1 8(1 — 31 2”) 2
In3 (=" 2n—1) (1
T2 g2n1, Bon & 92ngIn—1/2_2n-1 "'b( ) (g)
31—2n _ 1 ,
+ fc (=2n+1) [[59], (18)]-
d 2+1 L a=27Yr
5 ds (s’ 4 ) s=—2n4+1 * 4n Ban
1— 227271 1 k e
- ( 22n+1 ) B2 ln2:|: ( —1 )2'n 1 ’l’b(z 1)(4)
1— 21 2n

- WC'(—M +1)  [[59], (19)].

4 V31 =31 +2")r

0 3+2
6. 65 (s’ 6 ) s=—2n+1 8n B2n
1-2n
+ g, 7 Ban n?
(1—2"*")r D™ +1) a1y (L
+ WBQH In3+ gin—1g2n—1/2_2n-1 "’b( )(5)

1— 217271 1— 317271

+ ( )2( ) ¢'(—2n4+1) [[59], (20)].

1.3. The Exponential Integral Ei (z)

1.3.1. Derivatives with respect to the argument

1. D'[Ei(=az)] = (=1)* (n — 1)1z e $ (22) n>1).
2. =(n—-11z2""e L. " (az) [n>1].

16



1.4.1] 1.4. THE SINE si(z) aND COSINE ci(2) INTEGRALS

3. D" [n 1R (- 2)] = ~(n - 1)1 —a/zz(“/z) > 1.
4. =(=1)"(n-Dlz eV Lm, (g) [n>1].
5. D"[e**Ei(—az)] = a"e** Ei(—az) + i )k+1 [n>1]

6. D" [2" e/ Fi (- 2)]

* n—1 k
— (_p\n,—n—1_a/z i _a _1\n,n—1_-n 1)k z n ]
(—a)"z e E( z)+( 1)"a™ 2 I;)( 1) k‘(a) [n>1]

7. D"z 'e”** D" [2"e* Ei(—az2)]] = (=1)"*(n!)?2" " ' Ei(—az2).
8. D" [z2"+1e—“/z D" [z_le“/z Ei (— g)]] = (~1)"(n))? Ei (—%)
9. D"[z"e” ** D"[e?* Ei (—az)]] = nla" Ei(—az).

10. D" [z"e—a/z p" [z"—lea/z Ei (—%)H — nla"z "' Ei (—3).

z

1.4. The Sine si(z) and Cosine ci (z) Integrals

1.4.1. Derivatives with respect to the argument

(n—1)!

1. D"[si(az)] = 5

2. D" [ Lsi (Z)]
P o () ez ()]
3. D"[ci(az)] = (n— 1)! 27" [ LM (—iaz) + e L (faz)] [n> 1)
woa(s)] | |
—(-1)" n—l [ ia/zLT—lizl(_E) +e_ia/er_zfl(E)] n>1].

z z
5. D"[sin zsi(z) — cos z ci (2)]

_ [ (2= ™) si(2) - oos (= - " ci(2)

27" [ L, " (—iaz) — e *** L™ (iaz)] [n>1].

VN

[n/2]
+ l sin n—ﬂ + n1+2 Z (n—2k+ 1)!(—zz)k] .
k=1
17



CH.1. THE DERIVATIVES [1.5.1

6. D"[cos zsi(z) +sinzci(z)] = (-1)" [cos (z - n%) si(z)

[n/2]
+ sin (z - n%) ci(z) — z"% Z (n — 2k)! (—zz)kl .

k=1

1.5. The Error Functions erf (z) and erfc (2)

1.5.1. Derivatives with respect to the argument

1. D"[erf (az)] = (—1)"—1%6—*2211%1(%) n> 1],
™

n (n—l)!a 1/2—n _—a%zy1/2-n, 2

2. D"[erf (ay/z)] = VA e ¥ L, " "(a%2) [n>1].

™

nr, n—1 (_1)n_1 —a®z

3. D"[z" lerf (ay/2)] = me Hap_1(av/z) [n>1].
nf[ 1 _ =" -n-1/2 1 2

4. D W erf(a\/Z)] = ’y(n—l- 51 @ z) [n>1].

5. D" [ Lerf (g)] = —%z_"_le_GQ/zan_1(%) [n>1].
nlef (2 )] =—_ 2" ea¥z a

6. D _erf(ﬁ)] 22%1\/;6 H2n_1<ﬁ) [n>1].
n[_n—1/2 a\1_ 1 1 i

7. D K erf( Z)]——m7<n+2, z) [n>1].

- Py 2
s oot ()] = oo (£)
9. D"[ea"*" erf (az)] = (—ia)"eazz2 H,(iaz)

2(n+1)/2
—_ TTIJ (_a)nea222/2D_n_1 ('\/50,2) ]
00 a3 o )
9(n+1)/2

N

nl anz—n—lea2/(222)D_n_l < \/ia) )
z

11. D" [e“2z erf (a\/E)] = (=a?)" (%)n 6“227(% -n, an).



1.5.1] 1.5. THE ErrOR FuNcTIONS erf (2) AND erfc (2)

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

D" -Zn_16a2/zerf(i):| — ﬂ (1) z—n—16a2/z,y l_n ﬁ .
L vz Vi \2/n 2 Tz

D" [;n—V/2¢=a"z pn [e“2z erf (a\/z)]] = a?" 2z V2 erf (av/z).

(3)
D" :z"+1/2e_az/z D" [z”_lea2/z erf (%) ]

= (%)n a2 erf (%)
D" [z"+1/26“2z D" [z~ erf (aﬁ)]] = (1) (—a2)"e® erf (av/Z).

D" [z"_1/2ea2/z D" [z"_1/2 erf (%)H

= (%)n (—az)"e_GQ/z erf (%)

- (n+1)/2
D" |e2’ %" erfc (az)] =2 NG n!(—a)"eazz2/2D_n_1(\/§az).
n[ n—1_a%/22 a 2t/ —n—1_a%/(22?) V2a
D™ |z" e /7 erfc(f)] = NG nla™z" " e /¥ )D_, 4 .
I z ™
1/2—n

D" [n=1/260%2 erfe (aﬁ)] = (2n)! z_l/2ea2z/2D—2n—1(a 2z).
L ™

D" :z_1/26“2/z erfc (%)]

2!/2n —n—1/2 4a*/(22) 2
= (-1)" NG 2n)!z7" e® /152 D_Zn_1<a ;)

D" [z_l/Qe_GQZ D" [z"_1/26“2z erfc (a\/z)]]
= (—4)""(2n) " erfc (av/2).

D" [z2”+1/2e_a2/z D" [z_1/2ea2/z erfc (%)H

= (—4)""(2n)!erfc (%) .

z

D" [21/26“22 D" [2" L erfc (a\/z)]] =0 [n>1].

D" [z"+1/26_“22 D" [z_l/ze“2z erfc (aﬁ)]] = n!a® erfc (a/2).

19



CH.1. THE DERIVATIVES [1.6.1

25. D" [z"_1/2e_a2/z D" [z"_1/2ea2/z erfc (%)]]

=nla?z " lerfc (

Vi)
1.6. The Fresnel Integrals S(z) and C(z)

1.6.1. Derivatives with respect to the argument
1. D"[S(az)]

—_ 1 . . _; —n,.
— /% (n 2i1)-z1/2—n I:ezazLil/_zl (—wz) _e 1azL:l/_21 (zaz)] [n > 1].

o o)
g () - ()
[n>1].
3. D"[C(az)]

—1)! i -n : —1 —ng.
= ‘/% Qzl/%n [eszil/_zl (—iaz) + e szi/_Ql (zaz)] [n>1].

1. pr[zm10(2)]
= (4)71&@[3/2 [eia/zL}l/_Ql‘" (—%) + e—i“/zL;/_zf"(i;a)]

[n>1].

1.7. The Generalized Fresnel Integrals S(z, v) and
C(z,v)

1.7.1. Derivatives with respect to the argument

1. D"[S(az, v)]

=— m%ilﬂa”z"_" [e** LY~ (—iaz) — e *** LY "1 (iaz)] [n>1].
n|, n—1 a
2. D [z S(;, u)
_ (_1\n—1 (n=1)! » b1 ia/z fv—m _i_a _ ,—ta/zyv—m ﬂ
=D 2% ** [e L"_l( z) € L"_l(z)]
[n>1].
3. D"[C(az, v)]

-1 . .
= _ 5 D! v pvn [e** LY” % (—iaz) + e *** Ly "1 (iaz)] [n>1].

20



1.8.1] 1.8. THE INcoMPLETE GaMMa Funcrions (v, 2) AND (v, 2)

4. D" [z”_lC(%, 1/)]

_ (_l)n—l (n—1)! oV 2 vl I:eia/erl/l:';L (_i_a) B e_ia/zLZ:rf (%)]

2 z
[n>1].
1.8. The Incomplete Gamma Functions v(v, z)
and I'(v, 2)
1.8.1. Derivatives with respect to the argument
1. D*"[y(v, az)]=(n—1)1a"2"""e ** L7 "7 (az) [n>1].
2. D" _z"_l'y<u ;)] =(-1D)"(n-— 1)!a"z_"_16_“/zLZ:?(%) [n>1].

3. D"[z7"y(v, az)] = (-1)"27"""y(v + n, az).
nl nt+v—1 a _ . v—1 a
4. D % 'y(l/, ;)] =z fy(l/—i—n, ;).
5. D"[e**v(v, az)] = (1 — V)p(—a)"e**y(v — n, az).

6. D" -Zn—lea/z,y(y, %)] — (1 B l/)na"z_n_lea/z’)’(l/ —n, %)

n[,n=v az n! v n+1; az
7. D"z v(v, az)] = —a 1F'1( . )

n|v=1,a/z ﬂ)] — (1™ v —n-1 n+1; g
8. D [z e 'y(l/, p; (-1) S a’z 1F1 vi1’ )

9. D*[z"T"e”** D"z~ "e** (v, az)]] = nla™y(v, az).
7 )l = mame (v 2).

11. D"["""e®* D" [z~ y(v, az)]] = (v)n(—a)"e**y(v, az).
2)

]] Yn(—a)"z "t a/z'y(u, g).

z

10. D" [zn—ue—a/z Dn[ n+v—1 a/z

12. D" [zn—uea/z Dn[ n+v—1 (
13. D"[2* e = D" [2" e y(v, az)]] = (=1)"n! (1 — V)2~ " 1y(v, az).
14. D" [zzn_”+1e_“/z D" [z"_le“/z'y<u, %)]] =(-1)"n!(1- u)nfy(u, g)
15. D*[z" Ve~ ** D"[e**v(v, az)]] = a™(1 — V)2 "y (v, az2).

16. D" [z"""’e_a/z D" [z"_lea/zfy(u, %)]] =a"(1- u)nz"_”_lfy(l/, %)
17. D"[I'(v, az)] = —(n — 1)la”2"""e”** L7 " (az) [n>1].

21



CH.1. THE DERIVATIVES [1.8.2

18. D" :z"_lI’(u, g)] =(-1)" Y n—-1)a"z"""te"¥*[¥ " (az) [n>1].
19. D"[z7"I(v, a2)] = (-1)"27"""I'(v + n, az).
20. D" -z"""’_lF(u, %)] = z"_lF(u + n, %)

21. D"[e*T'(v, az)] = (1 — v)p(—a)"e®*T'(v — n, az).

22, D0 (3, €)] = (1 s e (-, ).

23. D"[2" Ye**I'(v, az)] = n!(1 — I/)na"\Il(n +1; az)-

v+1

24. D" I:zu—lea/zl—w<u’ %)] =(-1)"n!(1 - ,,)nauz—n—lq,<nu+i;1:).

25. D"[[(1 - n, az)] = (-1)"/2 z1/2—"e—az/2xn_1/2(“2_z).

26. D" [z"_1F<1 —n, %)] = @2_3/26_‘1/(22)1(71_1/2(%).

1.8.2. Derivatives with respect to the parameter

L 0w 2)

z¥ v,V —2z
o = (v, Z)an_FQFQ( )

v+1l,v+1

1.9. The Parabolic Cylinder Function D, (z)

1.9.1. Derivatives with respect to the argument

1. D"[D,(az)] = (—g)"i( )24 (=) Hn (%) Dyi(az).

n

s =<—%>"20<:> () o)
3. D": o 2/‘ID az] )nea222/4D,,_n(az).

4. D" /D, (a2)] = (~a)" /D, 1 (a2).

5. D" -Zn—leaQ/(4z2)D”(%):| — an(_u)nz—n—lea2/(4z2)D”_n(g)-

z

6. D" -Zn—le—az/(4z2)D”(g):| e 1e—a2/(4z2)D”+n(g).
L z z

7. D" -Zn—u/2—lea2z/4Du(aﬁ)] — 2—n(_u)2n z_"/2_le“2z/4D,,_2n(a\/E).

22



1.9.1]

1.9. THE ParaBoLic CYLINDER FuncTiOoN D, (2)

8. D" [z N2/, (a7)| = (-2) " 226D, g (aV/7),

9. D"

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

[zu/zeaZ/(zxz)Du(%)]
z
= (=2)""(~v),, z—"“/%*/“@m_zn(%).
D" I:z—(l/+1)/26—a2/(4z)Du(%)]
z
_ 2—nz—n—(l/+1)/26—a2/(4z)Du+2n (%)
z
D" _z_l/Qe_“2z/4D_2n(a\/E)] = (~2)™" 4—n—1/2,-a’2/2
D" 'zn—1/2e—a2/(4z)D_2n (%)] — 9—n,—1/2,—a’/(22)
L z
D" :z_le_a2z/4D_2n_1(a\/2)] = (—1)" 27" V2" Lerfe (a@) .
D" :z"e_“2/(4z)D_2n_1(%)] =277 V2, /1 erfe (\/(;_z )
D" [eazz/‘lp (aﬁ)]

= (-

]. ned z/4 Z n _I;g()"]z‘—i(_2li/>)n+k n_k(_V)n—kDu—n+k(a\/E)

[n>1].

D" [e_azz/‘lD,,(a\/E)]

n—1

= (-1)rem Ay T'(n _F(n o a" *Dyink(avz) [n>1].

D"

Dn

D’n

k)k! (2¢/2)"
[ n+1/2 ;—a’2/2 Dn[ ~1/2ga%z/4p) (af)]]
-(59).(5) «ntav)
[zn_l/ze_a2/(zz) D" [zn—l/zeaZ/(4z) ( a )H
(1-0) <?) e wp, ()
[en 26" s/2 D" e/ D, (av/Z)
-(-4). <2) V264D, (ay7).
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CH.1. THE DERIVATIVES [1.9.2

20. D" [z"+1/26—‘12/(22) D" [zn—leaz /a9 p. 2(%)]]

=(5), (%) e eon ()

21. D" [z"—1/2e“22/2 D”[e‘“2z/4Du(ax/5)]]
_ (”;1)n<_f)nz_l/zea2z/4D,,(a\/Z).
22. D" [z"+1/2ea2/(2z) D" [z"_le_az/(‘lz)D,,( a )H

_ <V—2+-1)n <_a; "z_n_1/26a2/(4z)D”(;2)_

23. D" [z"+1/2eazz/2 D" [z_l/2e_a2z/4D,,(a\/E)]]

N

24. D" [zn—1/26a2/(2z) D" [zn—l/2e—a2/(4z)D”

(), (5] ereon ().
25. D" [z”+1/26—“22/2 D" [zn_”/2_16“22/40u(aﬁ)]]

= (—4)""(—v),, LW=D/2=ne=a?s/Ap (4 /7).
26. D" [z 1/2="/(22) pr #1262/ p, () ]

vz
= (—4)™"(=v),, z_(”+1)/2e_a2/(4z)D,,( a )

e
SE
~—
—_
—_

N

27. D" 27071/ 2w /2 pr [t 2ema 0D, (a7) ||
= (—4) "V + 1)y, 2 "2 e 4D, (av/7).
n|_2n+v+1/2 _a?/(22) pn |, —(v+1)/2_—a?/(42) a
28. D [z e D [z e D,,(\/;)]]
— (_4)_n(V+1)2n2”/26a2/(4z)D,,( a )

N

1.9.2. Derivatives with respect to the order

0D, (z) _o-n—1_-2%/4 (L)
ov =2 € Han V2

X —C—ln2+¢<% —n) + werfi (%) —z22F2<1’zlj 222)]
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1.10.1] 1.10. THE BEesseL FuNcTION J,(2)

2
_ nn1|—z/4 k1/2
(12 > ue(5)

k
x| =yg e <_ZQ>+ (f) 1F1(k;zj
2 7)), e
2\ k
n
(

8D, (z)

2. 3y

—n— —2?
S =927n"3/2¢ /4H2n+1(i)

2
x C+ln2—¢(—% _n) _”rﬁ(%) +222F2(1,21; 2)

S

, 2

o PR —2,%)" 1
+ (R En Dl e /4,;(21@—1()!(113“1)!1’”(_16)

2 n 2
+ (-1 2ty L [ " }f( )+2(n+1)Lf;i/fl<z2>]

k=1

2
2k—1 k: 2 2
_ T2 ) 2/2p1/2=k( 2
2/k

2
B (—1)n2n_1/2ﬁn!€Z2/4L;n_1/2 <_i)

2
z

| n+1; =
+(_1)n;l-zzn+1e—z2/4lFl( )2 ) _ %6_22/41/;(—71— 1)

(3).
0 i )2 ey L1 %s
3. = [Du(2)D,(e™?2)] pe—1jp 3 ° 2 F3 3

2

ov

1.10. The Bessel Function J,(z)

1.10.1. Derivatives with respect to the argument

1. D"[J,(az)] ( ) Z( 1) ( ) Jutakzn(az).
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CH.1. THE DERIVATIVES [1.10.1

10.

11.

12.

13.

14.

15.

" L,
:n!(—z)_"z( Yn— kz AICEST) ,,+J_k(az).

)
3
| am—|
N
3
|
-
S
S
w e
SN——"
| S
I
/\
mla

#8)" 5 S () o (2):

o= () St ()5 (L) st

D12, (/7)) = (% ﬂ)" ZE-2 ) (a/7).
Dn[z(2n+1)/4Jn+1/2(a\/z)] = — (%)"_1/2 sin (a\/Z)

Dn[z(2n+1)/4J_n_1/2(a Z)] = =" (2)1:—1/2 cos (aﬁ)_

D[z~ Crt9/4 g, 12(av/Z)]
() () ).

2z
D"[zi”/4J,,(a§l/z)]
n—1
n v—3n -k I k _
=(i%) 2Ev=3m /4 3 () 7k (n+k) KA (e Y7)
k=0

kK'T(n — k)
> 1]
o[ ()] = DR (1)), (577) e ()

D" :zniu/z—lJ’/(%)] — (:I:%)nz_("qw)ﬂ_l-]uin(%)-
= (=" (%)n_l/2 2 " Lsin (%)

n—1/2
) PEaat cos(i).
2 z

D" '2(271—5)/4Jn+1/2 (

D" 'z(2n—5)/4J_n

—
| e

D" z(sn—l)/4Jn+l/2(L

" nt1/2
= (—1)"/7 ) 2 /2Jn+1/2(2\‘;;)t1_,,_1/2($).

n—1/2
D*[z"~ 1/2 +iaz (20‘) n—1_+2iaz >11.
[z Jn_1/2(az)] = N 2" e [n>1]
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1.10.1] 1.10. THE BEesseL FuNcTION J,(2)

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

n|,_—1/2 =ia/z a\l _ (=" n—1/2 _—2n _+2ia/z
D [z e Jn—l/Z(Z>] NG (2a) z ""e [n>1].

™

n—1/2
D"[z"" Y2 sin (az) Jn_1/2(az)] = LG_l sin (2az).

Jr
nf,n—1/2 _ (20’)”71/2 n—1
D"[z cos (az) Jp_1/2(az)] = TZ cos (2az) [n>1].
D"[2"" 2 sin (az) Jij2-n(az)] = (-1)"*! % 2" cos (2az)
[n>1].
D"[2"" Y2 cos (az) Jija—n(az)] = (-1)" (2(1)\;»1/2 2" Lsin (2az).
D" [z—l/z sin £ Jo_1/2 ( )] - \/1;)” (2a)"1/2~27 in 2?a
D"[z_1/2cos— n—1/2 (%)] (\/Qn(2a” 12,= cos2?a [n>1].
D[V = (552) D () or(avE) dnin(av).
k=0
D[ (VD = I p(2aE) 2l
D" V20 (a/Z)] = — ﬁ/ 22T 1p(2avZ) > 1]
Dn[zn_1/2Jn—1/2(a\/;)J1/2—n(a‘\/—)]
_ 7:/;/2 Z(Zn 3)/4J1/2 n(2a’\/_) [nz 1]

D"[2"Jp—1/2(av/z) Jnt1/2(avz)] = \/7? 200 2(2a/7).

pr [ _ V22 1/2( a )] _ =n" an_l/zz—(6n+1)/4Jn_1/2(E)

ENT vz
[n>1].
n[,-12,2  (a\] _ D" i1z —(6nt1)/4 2a
e Jl/?—n( z)] g & J“*“(ﬁ)
[n>1]

SRR PNES)
-1




CH.1. THE DERIVATIVES [1.10.2

31. D" [Z_lJn—l/Z (%) Jn+1/2 (%)]

_ (=1D)" n-1/2_—(6n+3)/4 2a
= \/; a z Jn+1/2(\/2).

S S () e

1.10.2. Derivatives with respect to the order

):

Sl

_ ( )lc n
dJy(z) . nT nn!
1. o0 lyein = (:I:l) 3 Y E g )
2. 3*]5152) vt ./ % [sin z i (22) — cos 2 Si (22)] [[10], 7.9(18)].
3. &Iaulsz) = / % [sin 2 Si (22) + cos z ci (22)] [[10], 7.9(19)].
4. aJaV,EZ) pmnt1j2 ci(22) Jpy1/2(2) = (=1)" Si(22) J_pn_1/2(2)

) ( ) Zkv( )k Jk+1/2(2) n‘mz(n(z)k

XZ [Jn k1/2(2) Jpo172(22) — (1) ¥ Pk p_1/2(2) J1j2-p(22)].

0J,(z) .
5. By u:1/2—n:01(2Z)J1/2_"(Z)_( 1)" 8i (22) Jp—1/2(2)
n— 1( z\km
n! T2 n'\/_
T2 kz kl(n— k)J1/2 k(2) Z (n_
_ 2P~ k+1/2
x Z Jk n+1/2( ) p_1/2(2z)
= ()" P I _km1y2(2) J1j2-p(22)].
9Ju(2) - n—lon+1/2 —n-1/2
6 =5 v=tnt1/2 = (F)"2 vz

Sy (66D )
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1.11.1] 1.11. THE BesseL FuncTiOoN Y, (2)

" {EL'ZZ}:F{il’;i}ci<2z>+{§?§§ jsieo)

o k-1 ()"
+ (F1)"2" V2 /1 2 +1/2k2)k|(n - ( )2(k n+)

!
[l 3) —ole-ne3)) {502}
z)

_{smz} i@ :':{cosz}c](2z)] n> 1],

sin z

Cos z

1.11. The Bessel Function Y, (2)

1.11.1. Derivatives with respect to the argument

1. D"[Y,(az)] = (ig)"i(—nk(’;)y,ﬂk;n(az).

= (—az) /2 (2az) 7
2. :n'( Z Z (n k: n kz '(k 2 u+] k(az)

8. o[ ()] = ()5 S04 e (2):

4. D"[z%*/2Y,(ay/7)] = (ii) AERy, L (a0/7).

n—1/2
5. DM /Y, a(avE)] = == (2) 7 cos (av).

-

6. DAY (ava) = SO (4T sinavz).

7. D"[z_(2"+3)/4y_n—1/2(a\/5)]
_ (_1)n+1ﬁ<%)n+1/2 Yasi/a (a\2/2) Y—n—l/Q(#)'

8. D"[zEY/%Y, (av/2)]

_ (iZ) e 3n)/4nE:1 +_k,)c) Z_k/4Yu:|:n:i:k(a\4/E) > 1].
k=0
9. D" [zniu/2—ly (\;12)] ( 7) H(Fv—n)/2-1y in(\%)_
10. D™ [z(2”_5)/4Yn+1/2( az)] 1)n+1 (%)n_l/2 271 cos(%).
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CH.1. THE DERIVATIVES [1.11.1

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

o) = e (5 ()

D[y, 1/2(\2)]
) el
Dr[n~V2eFiazy, , (az)] = (—1)F (2(1\)/”7?1/2 =1 gE2iaz [n>1].
D" [z—1/2eiia/zyl/2_n (%)] —_ (2‘1)\;7?1/2Z—2ne:l:2ia/z n>1].

n—1/2
Dn[zn 1/2 /2 n(a\/z)] — (—1)"+1aTz(2”_3)/4Y1/2_n(2a\/2)

™

Dn[zn_1/2Yn—1/2(a\/_)Y1/2 n(av/z)]
=( 1)n+1 a\;i (2'n 3)/4Y _1/2 (204/—) [n > 1]

D"[2"Y,_1/2(aVz) Yni1/2(avz)]
= (- 1)"+1a\/_i 2Dy s (2a0/7).

™
. [ 12y, n(%)] _ _av:/—;r/z aEnt/ay, (%) [n>1].
D" [z_1/2Yn_1/2(%) Y12 n(%)]
a2 2a
o e, (2)

D" [z_ n— 1/2(7) n+1/2(%)]
_ Lan—l/zz—(en+3)/4y_n_l/2 (2_a)

™

N

D"[z"_l/an—1/2(a\/—)Y1/2 n(av/z]
— (- 1)n+1‘1\;> Z2n=3)/4 5 —172 (2av/z) [n>1].

D"[z"‘1/2J1/2_n(a\/—) n— 1/2(0\/_)]
= (= 1)”““\}1 2O 1y (20VZ)  [n>1).

™
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1.12.1] 1.12. THE HANKEL FuNcTIONS H,(,l)(z) AND H,(,Q)(z)

23. D"[z"_l/an_l/z(a\/z)Yn_1/2(a\/z)]
— (_1) a”_1/2z(2”_3)/4J1/2_n(2a\/2).

N

24. D"[z"Jn_l/Q(aﬁ)Y_n_l/z(a\/g)]
1) e
= CU -2 00 D/ i1/2(2av/z).

25. D"[z"Jn_H/z(a\/E)Yl/z_n(a\/z)]
1
_ = an—1/2z(2n—1)/4Jn+l/2(2a\/;)_

NQ
——
—

26. D" [z—l/QJn_l/Q(%) Yn_l/z(f

_ " (6n41)/a 2a
= Han( 2 ):
n|,—1/2 ° a
27. D [Z Jl/z_n(\/;)yn_l/z(\/;):l
_a" " _(ent1)a 2a
== T2 ).
n—1/2
nl_ -1 a a\]_a —(6n+3)/4 2a
28. D [Z Jn—l/Z(\/;)Y—n—l/Z(\/;):I N Jn+1/2(\/;)-
niy1 a °
20. D" [ a2 ) Yiaon (2 )]
n—1/2 —(6n 2
_ _aﬁ on—1/2,—(6 +3)/4Jn+1/2(72)-
1.11.2. Derivatives with respect to the order
0Y.(2) = ()
v iz _ nz 'n,n_ 2
O M C2 VA PO R CAVAE ;}k!(n_k)yk(z).
. =— 1) —== .
2 ov v=x£nt1/2 ﬂ-J:tn:hl/2(Z) + ( ) ov v=FnF1/2
1.12. The Hankel Functions HY)(z) and H? (z)
1.12.1. Derivatives with respect to the argument
. n .
L D2 H (avz)] = () &2, (av7) =12
nl ntv/2-1G) (¢ \] = (L2\" (2v—n)/2-150G) ( @ _
2. D [z HS (ﬁ)] <:|:2) p H,,in<ﬁ) =12
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CH.1. THE DERIVATIVES [1.12.2

—l)j’i a\"1/2 (-1)+Yiay/z .
I (5) € =12

4. Dn[ n2H0) (avzZ)HE)_ n(aﬁ)] =0 (n>1].

3. D[ ARD) (0] =

1.12.2. Derivatives with respect to the order

OHY (z)
ov

— (- 1)J7rz H(]) Z ( ) H(J)( ) =1,2.

k‘ (n—k
2 k—n
— (—1)i*tn T () pn (E) 0,

T
L

dHY (2)
ov

v=—n

S
Il

[.7 =1, 2]‘

AHY (2)
ov

e

v=1/2 ™

% {e(_l)jiz[(—l)j"Hi ci(2z) —Si(22)] + (—1)Yimsin 2z} [j =1, 2].

AHY (2)
ov

2

z

v=—1/2
X {e(_l)jiz[ci (22) + (=1)7*13 Si (22)] + (—1)Pimcosz} [j=1,2].

1.13. The Modified Bessel Function I,(z)

1.13.1. Derivatives with respect to the argument

1. D"[1,(az)] ( ) i( )V:I:quin az).

k=0
n e [k/2] j
2
2. = nl(=2) nZ ((na ! Jn— kz pv( az)_ ‘I" k+p(az).
k=0

5. [ ()] = <>z () tsansn (2)
4 DTV = (-1) S (1) (55), L (2F) Loastava).

5. D"[24Y/2],(av/Z)] = (g)“ LE-N2] L (00/7).

n—1/2
6. DP[2@n /AL (ay/z)] = (%) sinh(av/z).
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1.13.1] 1.13. THE MobIFiED BEsseL FuNncTioN I, (z)

n[,nt1)/4 _ L (e
7. D"[z I_p_qj2(av/2)] = NG (2) cosh(a+v/z).

8. D"[z_(2"+3)/41n+1/2(‘1\/5)]
_ ﬁ(%>n+1/2 In+1/2(a\2/;) I_n_1/2(a2z )

9. D"[z*/*1,(av/z)]

:( ) (v 3n)/4z —k k‘l_‘l—‘?T—i——k/)c) (@ E) ).

0.0 ()] = D (), L (5 e ()

)
e ()] = () ()

12. D" :z<2”—5)/41,,+1/2(%)] = (:/1;)71 (g)n_m z_”_lsinh(%).

(%)n_1/2 27" !cosh (%) .

z
a
)

14. D" [z<6”—1>/41,,+1/2(7)

= (_l)nﬁ(%)nﬂm 2_1/21n+1/2($) I—n—1/2($>-
15. D"[z" 22, 9(az)] = %z" 1gt2az [n>1].
16. D" [z"_l/ze_‘”ln_,_lﬂ(az)] = (2(1)\/;1/22_"_17(2n +1, 2az).

F(u+ n+ 1) u+n+
17. D" [sn—1/2 azy, =(2a)V v V2_ 2/ 1Fy
[z e (az)] (2a)"z Val(2v +1) 2w +1; 2az

18. D" -z—1/2e:i:a/z1n_1/2(%):| — %(2a)n—1/2z—2ne:b2a/z [n > 1]_
n| -1/2 _—a/z a n (201)7”71/2 2a
19. D[22 4 10(2)] = (-1) T’y@n—i—l, ).
n[ 1 a4/ a
20. D"| e 1,(2)]
1 1
Nv+n+ - v+n+ -
— (—1)"(2a)”z‘”‘"‘1/2g F ( 2 )

11
VaT(2v +1) 2w+ 1; 2a
z
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CH.1. THE DERIVATIVES [1.13.1

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

(20,

D"[z"" /2 sinh(az) I_1/2(az)] = Tz ~!sinh(2az).
™
(201)7171/2
D"[2"" Y2 cosh(az) In_1/2(az)] = ?zn_l cosh(2az) [n>1].
™
nl, —1/2 ;1 @ a\l _ (=1 n-1/2 ,—2n o 1 20
D [z /2 sinh ;In_1/2 (;)] = ) /2 smh7
_ -1H" _ _ 2
D" [z /2 cosh %In_l/Q (%)] = (\/7_2 (2a)" /2272 cosh ?a [n>1].

D (12(ava)) = (322)" 30 () eslavE) homaei(ava).

n—1/2
Dn[zn—1/215_1/2(aﬁ)] = aﬁz(zn_m/‘lln—lm@aﬁ) [n>1].
D[ (avE)) = T Iy 0ayE) 2l
D"[z" /2 I_1/2(avz) I1/2—n(av/2)]

n—1/2
= “ﬁ 2L, (2avZ) > 1.

n—1/2

a" Y
D"[2" [n_1/2(aV/z) Ini1/2(av/z)] = 72(2"_1)/41%1/2(20\/;)-
o[t (2]

S () (D) ()

[n>1].
D" :2_1/2112/2—1;(%)] _ (:/1;)" an—1/2z—(ﬁn+1)/4ln_1/2(%)
[n>1].

D7+ humsya () (7))

172 . _1/2Z—(en+1)/411/2_n(%) [n > 1].
() ()
- (:/17371 an_l/Qz_(6n+3)/41n+1/2(%)'



1.13.2] 1.13. THE MobIFiED BEsseL FuNncTioN I, (z)

35. D"[22*T"e 292 D27 I, (az)]] = (u + %)n(2a)n 2¥e”**1,(az).
36. D" [n2ve=2a/s pr[praniealsy, (2]

= (V + %)n (2a)" z_"_"_le_“/zl,,(%>.
37. D"[z" 22?2 D" [2Y e **I,(a2)]] = (% - u)n(—2a)n 27"e%1,(az).
38. D" [zn+2u62a/z D" [zn—u—le—a/z ”(g>]]

= (3 v), (2= (3).

39. D"[z""2¥e" 292 D" (2" e%* I, (az)]] ( u)n (2a)" z7%e"**1,(az).
40. D" [ n+2v —2a/an[ n—v—1,a/2 ] (%
= (3 —v), a2t L ().
41. D"[2" 2292 D27V e" %I, (az2)]] = (u + E)n(—Za)n 2YeI,(az).
42. D" [z"_Q"eZ“/z D"[z"+"_1e_a/zl,,(%)]]

= (u—l— %)n (—2a)" z_"_"_le“/zl,,(g).

1.13.2. Derivatives with respect to the order

n—1 z\P7"
oL a2 (53)
L =22 =) K (2) £ 5 Z% p!(i_p) I(2).
2. 615}52) b= 5 [e* Fi (~22) T ¢ 7 Fi (22)] ([10], 7.8(14)].

s =y 2 [ e {Gn ) wieo]

6’55” - % Ei (—22)[1_n_1/2(2) + Int1/2(2)]

v=n+1/2

" n! s —1)k 2\ k-7
- % Fi (22) Knq1/2(2) +(—1)n§‘ Z k,(n—llk) (5) Tit1/2(2)

fzn_’).kzy”

x {(-1 ) (In—kt1/2(2) + Tk—n_1/2(2)] Kp_1/2(22)
— (=D P Kp_py172(2)[Ip-1/2(22) + 11/2—p(22)]}.
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CH.1. THE DERIVATIVES [1.14.1

(=" Kni1/2(2)

5. = lchi(22) — shi (22)][1_n_1/2(2) + ny1a(2)] -

x [chi (2z) + shi (22)] + (=1)" n—' i k|((:,12k ) (%)k_n Try1/2(2)

- \/72 n_z)vkz p!

X {(_1)k[1n—k+1/2(z) + Ip—pn_1/2(2)] Kp_1/2(22)
= (=D P Kn_kr1/2(2)Ip-1/2(22) + I1/2-p(22)]}-

a1,(z)

o0 = Lehi (22) = shi 22)][_n-/2(2) + Lngrya(2)]

v=1/2—n

_(—1)" [chi (22) + shi (22)] K, _ 1/2(2)

nt 2 (—2)“" >
2 k'(n — k) 11/2 k(2) + \/72 (n—k = _

k=0
X{(=D)* L p—1/2(2) + Th—py1/2(2)] p—1/2( 2)
+ (=" P Kp_k-1/2(2)[Ip-1/2(22) + I1/2-p(22)]}-

| &

a1, (z2)
ov

v=+tn+1/2

2\ 2k
— on=1/2, [ ,—n=1/2 Tf (=1)*(n — k)! (5)

= kl(n— 2k)!F(k ¥ %) [‘(k Cnt %)

x [F2(v(k+5) —v(k-n+3)) {Sinhz}+ez Bi (—22) T e~ Fi (22)]

cosh z o
. » (—1)*(n — &k — 1) (i)
i +1/22, k! (n — 2k — 1)IT (k—l—z)l”zk—n—i-;)

x[22(v(k+3) —w(k-n+3)) {Cf’Shz} — € Ei(—22) F ¢ Fi (22)].

sinh z

1.14. The Macdonald Function K, (z)

1.14.1. Derivatives with respect to the argument

1. D"[K,(az)] = (_ g)" i (72 Kvzhzn(a2).

k=0

[k/2]

2. =nl(=2) Z(W REDI ) Kumkapla2)
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1.14.1] 1.14. T MacpoNaLD FuncTioN K, (2)

o0 i ()] = (3 52 (o)
4. D"[2*"2K, (av/7)] = (—g)" LE2 L (a0/7).

5. DMK a(ayE)] = (1) Y a2,

nr.—(2n —1\)" n+1/2 e
6. D"[z~C +3)/4Kn+1/2(aﬁ)] = (\/F) (%) 1/2K2+1/2(a\2/2>‘

7. D"[2/4K, (a/2)]

n—1
" v—3n _r '(n+k _
- (_%) 2 )/42“ k Ttk , FAK o nak(ay/z) [n>1].
k=0 ’

o e ()] = (5 ()

9. D" [z(ﬁn—l)/4Kn+1/2( ) ( )n+1/2 1/2K2+1/2(2f>

10. Dn[ n—1/2 a,zK +1/2(az:| (2n '\/—(2(1) n—1/2z—n—1.
)

11. D [ m+1/2 azK +1/2(GZ]
= (—1)™* " mly/7 (20)" ™ V2L 2 1(202)  [m > n).

12. D" [z"_1/2e‘”Km+1/2(az)]
= (=1)™(m + n)ly7 (2a) "™ Y2 ™ 1L 21 (902)  [m > ).

13. D" [z_m_l/ze“sz+1/2(az)]
= (=)™ (m + n)!/7@ (2a) Y27 2mono [ 2mens 9, 4),

14. D" [zm+1/2e_‘” Kpnt1/2(az)]
— (_1)m+nm!ﬁ(2a)n—m—1/26—2az L:Ln_zm_l(2az).

15. D" [z"_1/2e_‘”Km+1/2(az)]
= (=1)™(m + n)lV7 (2a) Y2z m g 2az [ ~2m =19, 5,

m+n
16. D" [z_m_l/ze_‘”KmH/z(az)]
= (-1D)"(m+n)lVm(2a)"™" 1/2 ,—2m—n— 16_2‘”L,_n2+"; "1(2az).
17. D" [z—l/%a/ZKmH/Q(%)]

= (~1)™"(m + n)l 7 (20) Y/ 2gmon 2o (2

) [m > n].
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CH.1. THE DERIVATIVES [1.14.1

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

n| m+n—1/2 _a/z (g)]

D%z e Kmi/2( 5

= (~1)™(m + n)! /7 (20) Y/ 22m amont (20,
n| n—m—3/2 a/z (g)]

D%z e K172 ;

= (~1)™ml /7 (20)" 2T
n| -1/2 —a/z (g)]

Dz e K2

= (=1)™"(m + n)! /7 (2a) Y2 gmn e 2a/z [ ~2m= 1(2‘1)_

m+n 2

2a
z

) [m > n].

D™ zm+n—1/26—a/sz+1/2 (%)]

= (=1)™"(m + n)l/7 (2a) Y2 2mem20/2 L;2m-n—t (2—(1)

z

D™ zn—m—3/26—a/z Km+1/2 (%)]

— (_1)mm! \/E(2a)n—m—1/2z—n—1e—2a/z L:zn—2m—1 (27‘1) .

z

D[ avE) = (3% ) 30 (1) Kurel0vE) Kooy,

D" V2K 12(avz)] = (—)"yman 2K, (204/2).

D"[2" Kp-1/2(avz) Knt1/2(av/z)]
— (_1)nﬁan—1/2z(2n—1)/4Kn+1/2(2a\/;).

= (5) S (e () Ko (),

D" [z—1/2K§_1/2 (%)] = yman V2t (%)

Dn[z—lKn_l/Q(%) K,,H/Q(%)]
— Jman V2~ (6n+3)/4 f¢ +1/2(\2/¢1).
z

D*[z" 2, _1/2(ay/Z) Kn_1/2(ay/Z)]
n—1/2
= aTz(Q"_3)/4Kn_1/2(2a\/Z) [n>1].

™
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1.14.1] 1.14. T MacpoNaLD FuncTioN K, (2)

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

S ONNESEES)

(—1)" g 1/2 ,—(6n+1)/4 2a

Dn[e—2az Dn[ n—1/2 e K, (az)

(5

3~ )n ( + u)n 226K (a2).
D" [z2ne—2a/z Dn[ -1/2a/2 (
(5 -

)]

v) (3 +0), = e K ()
D" [e2e* D"[z"_l/ze_‘” K,(az)]
1 —

= (—1)"(2 l/)n (% + u)n 27" Y2e K (az).
D" [z2n62a/z D" [z—l/Qe—a/zK” (%)H

=(-1)" (% - u)n(% +u)nz_1/2ea/zK,,(%>.

D" [zn—2m—1e—2az Dn[zm+1/2eaz Km+1/2 (az)]

= (—=m)p(2a)" 2z~ /202 mt1/2(az).
D" [z2m+n+1e—2a/z D" [zn—m—3/2ea/z K12 (g)“

— (_m)n(2a)nzm—n—1/2e—a/z Km+1/2 (%) .

Dn[zn+2m+1e2az Dn[z—m—l/Ze—azK

M||—ANIQ

m+1/2(az)]
= W(—2a)"zm+1/2e‘”Km+1/2(az).
L= |
= W(—2a)"z_m_"_3/ze“/zKm+1/2 (%)

D" [zn+2m+1e—2az Dn[z—m—l/zeaz Km+1/2(az)]

|
— (m;;‘n) (2a)nzm+1/2e—az m+1/2(az)-

— (m+n)l(2 Jzmmen= 3/2 a/sz+1/2 (%)

D™ [e—2az Dn[zn—l/2eaz Km+1/2((12:)]

= (mEn) n1/2,-az g

= (m—n)| +1/2(G,Z).
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CH.1. THE DERIVATIVES [1.14.2

42. Dn[ 2n ,—2a/z Dn[ —1/2ea/sz+1/2(%)]:|

- —a/z
_ (m+n) 2= 1/2, /Km+1/2(%)-

(m —n)!

1.14.2. Derivatives with respect to the order

0K, (2) _

L. ov v=0 =0
n—1 (2\P7"

K, (z) _nl (5)
2. ov v=%n - 2 p=0 p!(n - p) KP(Z)
3. 312"”(‘2) pei1s = T/ % e® Ei(—22) [[10], 7.8(15)].
4. Kl s = 25 € [ohi (22) — chi (22)].
5. “”;”V(Z) oy = V"G B (29 ama(2) + Do)

+n?!ni%&c_uz( )— (= ""'WZ s )'k[I" k-1/2(2)
k=0

k—1
LPH1/2

+ lionir2(2)] Y, S K

p—1/2 (22) .
p=0 P!

1 ng [chi (22) — shi (22)][Tn—1/2(2) + T1/2—n(2)]

(=2}
Il
—
~—

+Z!§:k(!(2)Kk y2(2) = (- "n"fz(( k))'k[l”’“”()

k=1 pi1a
+ Ik_n+1/2(2)] Z 7‘Kp_1/2(22).
p=0 P
0K, (z)
£ v lv=n+1/2
= e m (7))

— (_1)nH1gn=1/2,3/2 ,—n-1/
(—1)mHign=1/28/ 12I;)k|(n_2k)|r(k+ Jr(e=n+3)

X [e‘z(z,b(k—i- %) —¢<k—n+ 5)) +e*Ei(-2 z)]
. = (=1)*(n— k — 1)! (i)%
+ (—1)nH1on=8/2,3/2, +1/2§0 k!(n_2k_1)!r(k+z)rzk_nJr;)

x [ (w(k+3) —v(k—n+3)) - e Bi(-22)].
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1.15.1] 1.15. TuE StrUVE FuncTions H, (2) anD L, (2)

1.15. The Struve Functions H,(z) and L,(2)

1.15.1. Derivatives with respect to the argument

1. D"[H,(az2)]

ST = S L O M 5 g

2 —n(- >[””]k,§;1>;. DI

az\P az\v+2p-18271 r(r % 2
| o2 (5™ E ()7

u+p—r—|—§

3. D[z H,(av2)] = (3) 20"/ H, _n(av7).

2

4. D", (7)) = (-5)" T H,  (ay/7)
s o 1
(g Ty

k=0 F(u+n—k+§

5. Dy a(avE)] = = (5) 7 sin? 4
o e ()] = (43) o ()

n—1/2
(g) 27" lgin?

o v ()] = (5) ()

1 (a)"+2"_1 —n—l/2§ F(’”i) ) (i_z)k_

iSr(vrn—k+
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CH.1. THE DERIVATIVES [1.15.2

() :
0. =a(-2)" zk,n %,Z(— ("),
) (“;)pLHp(az)—i—i(w)H”_lli F(r+ 5) ) (_ 4 )1‘ ‘

2,2
2 Tzol_‘(u—l—p—’r‘-i-%

a z

11. D"[z*/2L,(ay/Z)] = (2) 22 (ay/Z).

2

12. D"[z~*/2L,(av/z)] (9) /2L (0/7)
a\v+2n—1 -1/2 k+1
A e

— (u—i—n k +

N

n—1/2
13 DML, a(avE)] = = (3) sinh? 24

™

o o ()] = () e (),

15. D" :z(2”_5)/4 Ln+1/2(i)] = (—l)n% (%)n_l/z 27" ! sinh? #.

- () ()

)
N (_;)n (%)u-i—Zn 1 J. 1/22 (k+ ) ) (_4_2,)1‘:-

kOF(V-i-n k+

16. D" [ztv/2—1 L,,(

1.15.2. Derivatives with respect to the order

1 1
oH,(2) 1 22| 272 m
1. =G — = J Rez > 0].
9 o ax 24| 3 %,%,0,0 2 0(2) [Rez > 0]
1 1
OH,(2) I 2"l e[ 2P 27 9
2. 5 ,,:n__ijn(z)+77r Gs; Tl
Eaianao

3 B e e )
k=0 (2)n_k

n! i (i)kin
T 2 I;)(_l)k k!(2n k) H—Ic(Z) [Rez > 0].
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1.15.2] 1.15. TuE StrUVE FuncTions H, (2) anD L, (2)

3. 2G| (T ge)
R .| L1 | -1 (_f)’“‘"
n z 321 2 27 9 n! 9
DT G24(4 % % n, o) 2 Zk(n—k) Ho(2)
[Rez > 0]
4. 3H,,(z) /
v= 1/2
{C +InZ 5+ sin Z[Sl (22) — 2Si(2)] + cos z[ci (22) — 2ci (z)]}
([10], 7.9(22)].
OH,(2) 2
> o, v=—1/2 \ 7z
x {cos z[Si(2z) — 2Si (2)] — sin z[ci (22) — 2ci(2)]} [[10], 7.9(23)].
6. 31;7’;1(2) iy = 151(22) = 281 ()] i ja(2)

+ (=1)"[ci (22) — 2¢i(2)] J-n- 1/2(Z)+1n [Hnt1/2(2) = Yani1/2(2)]

o (770, b ama ol )
2O Bl 5O Bt
B (E)n T ( ) (%)Qk'zp(n—k—l-l)

Jr (n—k

1/2—n Bk (2)P
e zk,S,,’_k) >0

X {(=D)PH  Jgq1y2(2) [J12-p(2) — 2P7 1/2J1/2 »(22)]
—(=1)kJ_ 1/2(2) [Jp=1/2(2) — 2P~ 1/2 Jp—1/2(22)] }.

6LV(Z) 1 42 22 ]-a]-
L iz = - zZ >0].
7 v Vo0 Ko(z) 7r2z G24 ( 1 1’ 1’1’ 1 [Rez_O]
2° 2
1 3
8 _K, (Z) 2G42 i 1, 1, Z’ 4_ [R >0]
= 0 16 1 111 . 13 ez > 0].
9797 g0y
0L.(2) 1 a2 1,1
9. oy ,/—O_K (2) 2ZG24(4 %’ %,1’1 .




CH.1. THE DERIVATIVES [1.15.2

2 49 252 1a 17 ia%
10 =—Ko(z) = G | G111
ivia 9 aZvZ
1 9 11
oL (2) Coytn ol 2| 33
1. = ”zn—( 1)"Kn(z) + = Gul| 7 i1
’2’ 2’
n—1 1
_ 1 _1\k (E)k z n—2k-1 _ B 1
;Z( 1) (1) (5) [logf ¢(n k+§)]
k=0 2/ n—k
+£|1§ (_g)k_n L_k(2) [Rez>0]
2 &~ kl(n—k)
1 9 1 1
0Ly(2) —(=1)" (=2)""2 " a2 27| 272
12. ov ,,—_n_( ]-) Kn(z)+ 2 G24 4 0’%,%’71
k—n
n—1 [
n i (53)
k=0
9Ly(2) AR ES! et (o o
18 S = {2 (e tin D) T e (R (22) - 2 ()

— ¢*[Ei(~22) — 2Ei (—z)]} [[10], 7.8(16)]-

AL, (z) _ o[22 . ) ~ ‘
14. 7 P A/ — {sinh z[shi (2z) — 2shi (2)]
— cosh z[chi (2z) — 2¢chi(2)] — In %_C}'

15, 2Le(2) = 2 {cosh 2[shi (22) — 2shi (2)]
— sinh z[chi (2z) — 2 chi (2)]}.

3]:5;”(2) 1) = [Shl (2z) — 2shi (Z)] In+1/2(2)

— [chi (22) — 2¢hi (2)] I_p_1/2(2) + In g [Lnt1/2(2) = I_p_1/2(2)]
F T e oo o)

27 l ; - (_i)k
+5(-2) Zm’—k—l/ﬂz)

g ()
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1.16.1] 1.16. THE ANGER J,(2) AND WEBER E, (z) FuNcTIONS

2\" V2 1 2
R O

X {Ik+1/2(z) [11/2_p(z) — 2”_1/211/2_,,(22)]
—I_g1y2(2) [Tp—1/2(2) — 2°7V/21,_115(22)] }.

17. Mgu(z) 1y = [20hi () = chi (22)] Tt /a(2)
+ [shi (22) — 2shi (2)] I_,,_1/2(2)
ot (=2 k=n AN Ly
P Ol(c!(fz)—k)l’““ﬂ( ‘/EZ L )|kzo(p!)
- -

X {In_p41/2(2) [2'/° pIp—1/2(z) I 1/2(22)]
—Ig_n_1/2(2) [21/2_p11/2—p(z) —I2-p(22)]}.

1.16. The Anger J,(z) and Weber E,(z) Functions

1.16.1. Derivatives with respect to the argument

pln2 (21 P
LoD = (<2) Zk,((n_)%), (" 0G) L3
y {J,_pm - <—1)"s‘“,;“) Z(”"";"“)T(i)r}-

2] (_1\k p
2 =) e S DL ()
R !

3. = (i%)" Xn:(—1)k(;‘)J,ﬂk¢n(z).

k=0
4. D"[2"/23,(ay/Z)] = (g)" 223, (ay/7)

() s (k) (2
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CH.1. THE DERIVATIVES [1.16.1

5. D"[z/23,(av/z)] = (- %)" /2y 0 /7)

(g e S (k) (2

6. D" [z 21, (
-(
)= ()
() s (k) (1)

k=0

=) e ()

" sin (vm) —(u+n+1)/2z( — k- V+1) (2\/;)k
L\ a

m™a

&!9

N e
N

[n/2

8. D"[Eu(z)]=n!( ) Zk'(;)zk' (n k)<),
{ s L e z"+l>r<z>r}-

—————

10. = (:I:;)ni(—l)k(Z)E,,igk;n(z).
11. D"[z"ﬂEu(af)]—(—) LR, L (ayE) + L (2) e
X I;)[(—l +(—1)”cos(u7r)]<n k2 V+1)k<a\2/;)k.

12. D"[z""/?E,(av/z)]
— (—2\" -wtn)2 1 (a\' —(int1))2
_( 2) E+(a\/_)+7ra<2)z

XZ[( n" cos(uw)](n_k;”+l)k<a\2ﬁ)k_
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1.16.2] 1.16. THE ANGER J, (2) aAND WEBER E, (z) FUNCTIONS

0. o[ ()] = (45) ()

. (_ g)n Z—(u+n+1)/2

2 Ta
X :E;::[(_l)k + (—=1)" cos (uﬂ](” —k ; v+ l)k(2\:2
)
= (g)n (v—n)/2-1 Eu+n(%) " (_%)n Z(V;:;l)m
XZ[( " cos(uﬂ](n_k;‘"-i-l)k(2\:;

1.16.2. Derivatives with respect to the order

n—k
1 58| ,5) k() + 5 Ha(2)
1= (%)k A\ (L) R n—k 41 (2
2 2 ) (3) P BIe ("),
= (3). . —
n—1 3 n—k
- k=0
g, n—k
P (ke (2
3. 6]2';(2) L= an(z
ot () Lt (), payeees
+7kzzoki(n—k) _H’“(z)Jr;r:O (5k (5)
n—1 ”— k+1k_1
0 ) S NG N o
n-1 (_2\"F
g 228 ’,j,‘zg!( )_ Hi(2) + (-1)" 5 Jn(2)

# o I, ()

).

).



CH.1. THE DERIVATIVES [1.17.1

1.17. The Kelvin Functions ber,(z), bei,(z), ker,(z)
and kei, (2)

1.17.1. Derivatives with respect to the argument
1. D"[2%"/?ber, (av/Z)]
n
= (:I:g) Z(Fv—m)/2 [cos ?mTﬂ ber,zn(av/z) — sin 377” bei,,q;n(a\/;)].
2. D[22 bei, (av/z)]
= (:I:%) ZFv—m)/2 [sin 377” ber,+n(av/z) + cos 377” bei,,qcn(a\/z)].

n,2nt1)/a __ L ay
3. D[z ber, 1 1/2(av/z)] NG (2)

X [sin 3(2n8_ DK sinh(a\/g) cos (a\/g)
+ cos 3(2n; ks cosh(a\/g) sin (a\/g)]

np(2n+1)/4 1y, _ 1 (a n—1/2
4. D"[z bein1/2(av/z)] ﬁ(2>

X [cos w sinh (a\/g) cos (a\/g)
in 3(2n8_ ) cosh(a\/g) sin (a\/g)]

— 81

_qyn+1 n—1/2
5. Dn[z(2n+1)/4 ber—n—1/2(a\/;)] — (-1) (g

X [sin M sinh a\/g) sin (a\/g)
)

D

_1\» n—1/2
6. D i beia(ava)] = 7 (3)

N
X [cos 3@n—1)m sinh a\/g) sin (a\/g)

+ sin

n+1/2
7. D" [Z_(2n+3)/4 bern+1/2(a\/z):| = ﬁ(i) v

o D (45 b ()

o ()
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1.17.1] 1.17. TE KELvIN FUNCTIONS ber, (z), bei, (z), ker, (2) AND kei, (z)

PN LS LI C

7 ) veionia (%)

7 ) vernea ()]}

)n+1/2

+ bein+1/2 ( a

8. D[zt Apei 1 (ay/z)] = \/;(%
X {Sin w [bern+1/2 (#) ber—n—l/z ( a;/;)
— beint1/2 (#) bei_,_1/2 ( avz )]

+ cos M [bern+1/2( f) bei_rn_1/2 ( a\2/2>

V=Y ber__a (*22)] }-

9. D" [zn—l/zeaz/\/i (sin % ber,,_1/2(az) + cos % bein_l/Q(az))]

+ beip 12 (

n—1/2
_ %zn—leﬁaz [3(271 _|_ \/5(12:] [n>1].
™
10. D" [2"—1/26‘12/\/i (cos % ber,_1/2(az) — sin 3_—2 bein—l/Z(az)>]
n—1/2
_ (2a3/_ zn—le\/iaz cos [3(2”‘ _|_ \/5(12:] [n>1].
™

11. D"[z"_l/z(smhf f ber,,_1/2(az)

— cosh E sin Tz bein—1/2(az))]
= (2(1)\/;1/2;;"_1 [cos w Siﬂh(\/i(m) cos (\/iaz)
n w cosh (\/iaz) sin (\/iaz)] .

n|,n—1/2 az
12. D [z (cosh 7 sin f % ber,_ 1/2(az)
+ sinh E cos % bein_l/Q(az))]
n—1/2 _
= LG_l [sin w sinh (\/iaz) cos (\/iaz)

Nz
~+ cos w cosh (\/iaz) sin (\/iaz)] .

n—1/2
13. D" [z"71/2 (berfbnqﬂﬂ(a‘/g) - beifhn:Fl/2(a\/E))] ==+ aﬁ Zen=/

3@n-1m ber,_1/2(2av/z) — sin w bein_1/2(2a\/5)]
[n>1].

X [COS
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CH.1. THE DERIVATIVES

[1.17.1

14.

15.

16.

17.

18.

19. D"

20. D"

21.

22.

D" [z"_1/2 (berynz1/2(av/z) beisnzi2(avz))] =+

[. 3(2
X [sin

D"[2%/?ker, (av/Z )]
= (:I:%)n z(i"_n)m[ 0s —— ker,,q;n(a\/_) — s1n kel,,q;n(a\/_)].

D"[2%%/% kei, (av/Z)]

= (:I: g)n 2 (Fv=n)/2 [sm

D" [z (27 +D/4 ker +1/2(a\/_)]
_ 77 n—1/2 —a/z/2 z (2n+3)n
= (=" 2n+1/2 e cos [a,/2 + 3 ]

D" [z(2”+1)/4 kein+1/2(a\/2)]
_ (_1\n+1 Vv n—1/2 _—a+/2/2 _: Z (2n+3)n
=(-1) a e sin [a\/; + 5 ]

2n+1/2

VT

n—1/2
a z(2n—3)/4
23/

nT_l)ﬂ ber,_1/2(2a+/z) + cos w bein_1/2(2aﬁ)]

[n>1].

T ker,zn(av/z) + cos 30T kel,,qcn(a\/_)].

_1\n n+1/2
[z~ @3/ ker,, 1 1/9(av/z)] = -l (%)

“ {CO M [kern+1/2(af ) _keifH_l/g(#)]

— 92sin 32nt+1)m

Va3

(4 a5 )

_\n n+1/2
[Z_(2n+3)/4 kein+1/2(a\/z):| = ( 1) (%)

9 {Sinw [kernﬂ/z(“‘f ) keiZ, , /2(af >]

+2COS M

SECOTWES)!

D" [zn—1/2 kern_l/Q(a\/Z) kein—1/2(a\/z):| — (_l)n gan—1/2z(2n—3)/4

X [COS

(

n—1)7
8

kein_1/2(2a\/§) — sin (2

D" [zn_l/z (keri_l/z(a\/z) - keii—lﬂ(“ﬁ))]

X [COS

w ker,_1/2(2a+/z) + sin (

— (_1)nﬁan—1/2z(2n—3)/4

50

%l)ﬂ kel‘n—1/2(20\/;)]-
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1.17.2] 1.17. TE KELvIN FUNCTIONS ber, (z), bei, (z), ker, (2) AND kei, (z)

23. D" [z"_l/z (bern_l/z(a\/;) ker,_1/2 (avz)
- bein—1/2(a\/;) kein—1/2(a\/z))]

3 DT yeor, _1/2(2av/2)

30 DT i p(20v7)).

n

/2
Z(Zn—3)/4
™

[cos
—sin

24. D" [z"_1/2 (bern_l/z(a\/;) kei,_1/2 (av/z)
+ bein—l/2(a\/z) kern—1/2(a\/;))]

n—1/2 _
= aﬁ Z(2n_3)/4 [Sin M kern_1/2(2a,\/;)
4cos 2R =D)m kein_1/2(2a\/5)] .

1.17.2. Derivatives with respect to the order

dber, (z) T B
1. B | =3 bei, (2) — ker,, (z)
2\ k—n
+ ! "il (5) [cos S(k —n) berg(z) + sin Sk = n)m beik(z)]
2 £ Kl(n—k) 1 1 :
d bei, (2) _ T o
2. o | = ber,(z) — kei, (2)
2\ k—n
+ o "il (5) [cos 5(k = n)m beig(2) — sin Sk = n)m berk(z)]
2 &~ kl(n—k) 4 4 )
dber, (z) T B
3. o™ 32 beig(2) — kerg(2).
d bei, (2) o o
4. S Tl 1 berg(2) — keig(2).
d ker, (2) _ T
5. By len = 3 kei, (2)
k—n
+ ! "il (%) [cos 8(k —n)m kery(z) — sin 8(k = n)m keik(z)]
2 2 kl(n— k) 1 1 :
d kei, (2) _.
6. T . = 2 kern(z)
2\ k—n
+ ! "il (5) [sin 8(k — n)m kerg(z) + cos 3(k —n)m keik(z)]
2 k!'(n — k) 4 4 )
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CH.1. THE DERIVATIVES [1.17.2

dber, (z)

7.
ov v=n+1/2

1 L -
= ébern_lrl/Q(z) 60+61n(2z)—z42F5<5 3 7 ;62)
4’ 57 Z’ )

1 2*
1. . 2 16
-1 beint1/2(2) |31 + 427 1F'4< 2. g0 ]
2
1
4

k—n
n—1 Z
! 2 3(n—k . 3(n—k .
+ 2 Z (23 [cos (n = k)m bery1/2(2) + sin % belk+1/2(z)]
k=0

n g k k-1
~ mgﬁ § (n(_zl)!k O %’f {bern_k+1/z(z)
= p:

32k —2p— 1)
8

3(2k—2p— )=

3 beip_1/2(2z)]

X [cos ber,_1/2(22) + sin

3(2k—2p— )=
8
beip_l/z (22)]
3(2k—2p— )=
8
bei1/2_p(2,z)]
3(2k—2p— 1)

+ bein_g11/2(2) [Sin ber,_1/2(2z)
_ cos 3(2k — 28p -

— (—1)ktntr bery_n_1/2(2) [cos bery/2_p(22)

L gin 32k — zp —r

— (—1)ktntr beiy_n_1/2(2) [sin bery/s_p(22)

8
— cos w bei1/2_p(2z)] } [larg 2| < 7 /4].
d bei, (z) 0 bei, (z)
8. — == = — =
v v=n+1/2 v v=n+1/2

1 z
1 ? 16
:Zbern+1/2(z) 37r+4221F4( 2 3163)
2 2

5
4
z4
1, . T
+6be1n+1/2(z) 60+61n(22)—z42F5( 3 62)
2
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1.17.2] 1.17. TE KELvIN FUNCTIONS ber, (z), bei, (z), ker, (2) AND kei, (z)

1, _z
+ (—1)"\/§Z[b€1‘—n—1/2(z) —bei_,_1/2(2)] 1 Fa ( ‘s §° 5)
k) Zv Za Z
3 4
4

1
2
22 .
+ (—]_)" sz3 [ber_n_1/2(z) + bel_n_1/2(z)] 1F4 (

- % Z (‘ ) [sm L Z k)m berj1/2(2) — cos M beik+1/2(z)]

n 2\* k—1
nly/mz (;) 2P
k=1 p=0
3(2k—2p— )mw

3 beip_1/2(2z)]

X [sin 8(2k = 2p = 1)m ber,_1/5(22) — cos

8
. 32k —2p—1
—bein_g11/2(2) [COS % ber,,_1/2(22)

+sin w beip_1/2(2z)]

— (=1)ktntr bery_n_1/2(2) [sin w bery/s_p(22)
— Cos w bei1/2_p(2z)]
+ (=1)ktntp beig_pn_1/2(2) [cos w bery/5_p(22)
4+ sin w beirjo(22)| b [larg =] < /4]
dber, (2)

9.
ov v=1/2—n

1 4 1,1 %
= é ber1/2_n(z) GC + 6111 (22) —Z 2F5 16
2

7
1
1 1. _ =z
—Zbei1/2_n(z) 37r+4z21F4< 2 313)
2° 2

3(n—k)m

X_:/E n)— k) [COS 7 ) bery/2_(2) + sin

53



CH.1. THE DERIVATIVES [1.17.2

n'\/ﬁ Z n( ) Z '{ 1)"*P ber,,_k_1/2(2)
( P

—k)k

3(2k — 2p — 1)7r . 32k-2p—1)mw , .
X [cos —s bery/o_p,(22) + sin — bell/z_p(2z)]
ey . 3(2k—2p—1
+ (=1)"*P bei,_k_1/2(2) [sm % ber;/5_p(22)
— cos w bei1/2_p(2z)]
32k —2p—1
—(-1)* bery_n41/2(2) [cos % ber,_1/2(22)
. 2k—2p—1 .
+sin w belp_1/2(2z)]
. . 32k—-2p—-1
—(-1)* beiy_pt1/2(2) [sm % ber,_1/2(22)
32k—-2p—1 .
— cos % belp_1/2(2z)]} [larg 2] < 7/4].
B bei, () 1 -
€1, (2 ! 16
10. —5, v=1/2-n = g Perye- n(2) |37+ 427 1F4(3 5 §16 )
4’4’ 2’
4

3
2
) z
+ g beitjz_n(2) [6C +61n(2z)—x42F5<5 3 7 ;‘*2)
4757 Z’ k)

n2V2 ]
+(=1) TZ3 [ber,_1/2(2) +bein_1/2(2)] 1 Fa| (%, 7167)
4’2747 4
3(n—k
% ,E )—k:) sm —k)m ber1/2_k(z)—cosybell/z_k(z)]

B n'\/ﬁ Z (n( ) Z o { 1)"*P ber,,_k_1/2(2)

—k)'k
X [sin w bery/s_,(22) — cos w bei1/2_p(2z)]
. 32k—-2p—1
— (=1)™*P beip_k_1/2(2) [cos % bery/5_p(22)
+sin w bei1/2_p(2z)]

. 32k—-2p—1
— (-1)* ber_p41/2(2) [Sm % ber,_1/2(22)
32k —2p—1 .
—cos % belp—1/2(z)]
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1.17.2] 1.17. TE KELvIN FUNCTIONS ber, (z), bei, (z), ker, (2) AND kei, (z)

. 3(2k—-2p—-1
+ (=1)* beig_pt1/2(2) [cos 8(2k = 2p — ber,_1/2(22)

8
+ sin w bei,_, /2(2z)]} [larg 2] < 7 /4].

dker,(2) K 2
T o ly=n-12 2 kein_1/2(2) — 5 ber,_1/2(2)

— % In (2z) bei,_1/2(2) + (—1)" % [C + In (2z)] bery /5, (2)

11.

2

— (—1)” % beil/g_n(z)

2 1. _z
- e a4
4’4’2

3
2
+ % [bern—l/Z(z) + bein—l/Z(z) + (_l)n ber1/2—n(z)

1 24
—(=1)"beiyja—n(2)] 1 F4 ( 14’ 2 )
274’4
_ ;r—s 9C bein—l/Z(z) - 2\/523[1)61'”_1/2(2) — beln 1/2(2)
3, 4
+ (=1)"bery/a_n(2) + (—1)" beiyj2_n(2)] 1F4( 4’§ 7167)
2747 4

2t LL -4
+ 75 [bein_1/2(2) = (=1)" bery/s_n(2)]2F5 16

no1 (2\FT
+%! k(!(22—k)

3( 3(

-k .
nf)ﬂ kelk—1/2(z)]

[cos n ; k)m kery_1/2(2) + sin

no(22)" ko1,
- n!éﬁ ,;1 (7S —Zk))!k ; ;_! {[bern—k—l/z(z) + (—1)**" beig_ny1/2(2)]

X [cos w ker,_1/9(22) — sin w keip_1/2(2z)]

+ [(—1)'“"‘" berg_nt1/2(2) — beip_k_1/2(2)]

. 2k 2k .
X [sm W ker,,_1/2(22) + cos W kei,_1/9 (2z)]}
lJarg 2| < /4.
d kei, (2) _
12. 9 yeno1p = 2 ker,,_1/2(2)

+ g [C + In(22)][ber,_1/2(2) + (—1)" berija_n(2)] + (-1)" %2 bery/o_n(2)
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CH.1. THE DERIVATIVES [1.18.1

2 2 1. _z
— % bein_l/g(z) + % [(_l)n berl/2—n(z) - bein—l/Z(z)] 1Fy ( 32 3163)
4 2’2

Tz

7 [ber,,_1/2(2) — bei,_1/2(2) + (—=1)" bery/o_,(2)

Vo
+9

3, 2
+(—1)"bei1/2_n(z)]1F4(54,3 7167)
42°2 4

nzt n . 1, 1; —%
TR [(—1)" ber1/a_pn(2) + bein_1/2(2)] 2 F5 3 )
2

k—n
n—1 4
n! (5) . 3(n—K)r 3(n—k)m, .
-z ,;) R ) [sm 1 kerj,_1/9(2) — cos — kelk_l/z(z)]

nlyv/rz ” (i) = 2P
2 > (n —Qk)!k > !
k=1 p=0

x {[(—1)k ber__1/2(2) + (—1)" beig_n11/2()]

X [sin w ker,_1/2(22) + cos w kei,_1/9 (2z)]

+ [(—l)k bei,__1/2(2) — (—1)" berg_p11/2(2)]

X [cos w ker,_1/2(22) — sin w keip_1/2 (2z)]}
llarg 2| < 7/4).

Oker,(z) _ (_1\n+1 _qyn+1 Okeiy(2)

3. —2~ ytjrn (—1)" " mker,_1/2(z) + (—1) 9 lynrs
d kei, (2) _(_1\n+l . _1yn Oker,(2)

14. D v=1/2-n = ( ].) 7rke1n_1/2(z) + ( ].) 761/ y=n—1/2 .

1.18. The Legendre Polynomials P, (z)

1.18.1. Derivatives with respect to the argument

1. D*[Pn(az)] = (2n — Da"C~ /2 (az) [m > n).

m + n)! a\" -n ~1/2—
2. = (7)‘ (5) (1— a?2?) nCT,{+nn(az) [m > n].

(%)n (m —n)!
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1.18.1] 1.18. THE LEGENDRE PoLyNoMiALs Pp(z)

3. D*[z7V2(1 — a22)" Y2 Py (av/2)]
s )
4. D 2"(z — a®)" 2Py, (=
o)
= (-1)"(3). a¥(z = )2 P (V2.
5. D*"M[(1 — a22)"~ 1/2P2n+1(a\/_)]
= (1) 2n—|—1( ) 2"+1z_”_1/2(1—a2z)_”_3/2P2n($).

S

6. D" -Z_(n+1)/2(z—a)" 1/2p n(z—l—a)]

= (—1)”(%)n a™?(a — z)_1/2P2n (\/g)

8. D"[2"/*(a—2)" "' P (;;%)]
_ (mL!n)'an/zz(m m/2(q Z)_m_lpm—n(;j%) [m > n].
o o[ e (252
= (1" W "2 (At (g — 2)™ Pm+"(;/+£)'
o o ()] e ()T
11. D"[(zz—az)m/2 (2%)]
N (1554—);») (27512m)2|n (=" az)(m_n)ﬂp’”‘"(;% ) tmzn
12. D" [z"‘m‘l(a - Z)m/zp’n(mj% )]
B e A R ()
2 n
13. D" [(Zz_a2)—(m+1)/2 m(\/ﬂz_ﬁ)]
Iy ()
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CH.1. THE DERIVATIVES [1.18.1

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

)
= (%)i (a— z)_n_1/2P2n< . i " )

D2+l [zn+1/2P2n+1( 1_9 )]

z

=0 (), oo e ([

D" [z"_l/Q(az —1)7Y2p,, (V1= az)]
1\2 _,._ e 1
= (i)nz V2(qz — 1) 1/2P2n( 1_az).

p2n [z"_1/2(1 —az)" Py, ( Vliﬁ )]

S CRE N )

= %(,ﬁ - a2)m_nP2m—2n(ﬁ) [m > n].
p2ntt [(z —a ) PQm(ﬁ)]
= %(% - az)m_n_1/2P2m—2n—1(ﬁ> [m>n+1].
D" [z_"—l(a2 — 2" PQH(%):I
( )n atz "2 1 22)"/2Pn( a2a— = )
D2n[ 2n—2m—1(,2 _ mP2m( a2 )]
= %cﬂ 272 (a? — 22) ™" Py o (ﬁ) [m > n].
e s ()]
[m >n+1].
D"[z""V/2(1 - a?2)" /2 D[(1 — a®2)" " Py (av/z))]
N % (%)% 2721 a?2) T2 Py o (av/Z) [ > .
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1.19.1] 1.19. THE CHEBYSHEV PoLYNOMIALS Tr(2) AND Up(2)

R W )|

(2m)! (g)% 2y — az)—m—l/;/; e >
- (2m — 2n)! \ 2 2m_2n(\/2) [m 2 n].
25. D"[z"D”[(a—z)um<Zi—z)]]
N
26. D"[2" D" [z™+"(a - )‘m—lpm(zJ_rz)]]
o e R A ()]

27. D" [z" D" [(a - z)""‘lpm(zfi)“

= [(m+")!]2 (a= 2" P (252).

m! a—=z

1.19. The Chebyshev Polynomials T,,(z) and U,(z)

1.19.1. Derivatives with respect to the argument

1. D"[Tp(az)] = 2" 'm(n — 1)!a™C" _,(az) [m>n>1].
2. D" [2_1/2(a - z)"Tn(th)] = (—1)"(%)n 272 (g — 2)".

3. D*" [(a2 - 22)™T,, <az—_rzz>]
(2m)! (a2 _ 22)m_nTm—n <aj+zj) [m > n].

- (2m—2n)| a — 2z

4. D27 [z2n—2m—1(z2 _ az)me<22 +a2)] = @m) o

2 (2m — 2n)!

2
z —a

22 + a®
X z72m (52 a2)m_”Tm_n< 5 2) [m > n].

z —a

5. D" [(a2 - 22)mT2m<L)]

= @ = oo () 2
R Gt Co)
— %Z((ﬂ _ z2)m_”—1U2m_2n—2(ﬁ) [m>n+1]
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CH.1. THE DERIVATIVES [1.19.1

7. D2 [(a2 _ z2)m+1/2T2m+1( a )]

Va2 — 22
__ (@2m+1) 2 _2\ym—n+1/2 a
= 4(2'”1/ “on + 1)| (a z ) T2m—2n+1 (\/a2— j) [m Z n]
nl 2 _  2y=m/2 z
8. D [(z a*) Tm(m)]
__(m+n-—1! o9 o —(m+n)/2 2
2n | 2n—2m-1/,2 _ _2\m z
9. D [z (2% —a*) T2m(—z2 — )]
— (2m)! 2n ,—2m—-1/,2 _ _2\ym—n z
- ma z (z a ) TQm_Qn(ﬁ) [m > n].
2n+1| 2n—2m 2 2\m z
10. D [z (22 — a?) TQm(ﬂ)]
__@em)! onio —2m-1/2 _2ym-n-1 z
T T em-am-1¢ % (2" —a%) U2m‘2”‘2(m)
[m >n+1].

11. p* [Z2n_2m_2(z2 - 02)m+1/2T2m+1( - )]

[m > ]
12. D[ = 2" T (G )]
=2 G g0 T T (1) )
13. D[z [ e - ()
= gy (§) 50 T (511) mz

14. D" [z"+1/2 D" [z_l/Z(a —2) " Ty, ( atz )H

a—=z

=272 (2m)zn(a — 2) " " Timgn ( a - i)

15. D" [zn—l/z D" [zm+n—1/z(a )T, ( a+tz )H

a—z

= 272 (2m)zna"2" @ = 2) " T (212

a—z

16. D"[Un(az)] = (2a)"n!CZF (az) [m > n].
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1.19.1] 1.19. THE CHEBYSHEV PoryNoMIALs Ty, (z) AND Uy (2)

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

DZn[z(a2_22)mU <a2+z2>:|
m a2 2

—z
_ (2m+2)! 2 _2\m-n a® + 2°
- (2m—2n+2)!z(a z ) Un—n ol 2 [m > n].
2, .2
D" [z2n—2m—2(a2 _ z2)mUm<a2 + 22 )]
a —z
_ @Cm+2)! 9n _om—2, 2 _2ym-n a’+2*
= @moamra® 2 (@ =) Unen( am ) [m2nl.
2n 2 _2\m a
D [z(a z7) U2m(7a2 — )]
_ (2m+1)‘ 2 _2ym—-n a
- (2m—2n+1)!z(a z ) U2m—2n(—a2 —2:2) [m > n].
2n 2 _2ym+1/2 a
D [z(a z%) U2m+1(4a2 — )]
__ (2m+2)! 2 _2ym-n+1/2 a
= (2m—2n+2)'2(a z ) U2m—2n+1(\/r ?) [mZn]
nl 2 _  2y—m/2-1 z
D [(z a*) Um(422 — )]
_(_qyn(mEn) o o —(m+n)/2-1 z
2n |, 2n—2m—2/,2 _ _2\m z
D [Z (Z a ) U2m( 2 —70,2 )]
— M 2n ,—2m—2/,2 _ _2\ym-—n z
T em—am+® ? (2° = a%) U2m—2n(7m> [m > n].
Dzn [22"_2"1—3(22 - a2)m+l/2U2m+1( z2z_ a? )]
@Cm+2)! on_—2m-3/ 2 _ _2ym-nt1/2 z
T @m-2+2n® * (2" —a’) U2m—2"+1(m)
[m > n]
D" [zn—1/2 Dn[zn—m—l(a_z)mUm(Zi-z)]:l
— (2m +2)! a " _—m-3/2,, _ _ym-n a+z
_(2m—2n+2)!(4) # (a=2z) Um_"(a—z) [m > n].
n n n m +
o[/ (@ = 2"V (35|
_g-2m_ (@mAD! . ymeon atz
=2 (2m—2n+2)!z (a—2) Um_n(a—z) [m 2 n].
n|, n+1/2nn| m+n+1/2, ~ _\—m—2 a+z
D[/ [ e - ) (G
_ (2m+2n+1)! a " omHly,  \—m-n—2 a+z
T (2m+1)! (4) i (a-2) Um+"(a—z)'
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CH.1. THE DERIVATIVES [1.20.1

27. D" [z"_1/2 p" [21/2((1 - z)"HUm(“ + Z)]]

a—z
am 2m+2n+1)!  _mopn2 (a—i—z)
=2 (2m +1)! (a—2) Um-+n a—z)"

1.20. The Hermite Polynomials H,,(z)

1.20.1. Derivatives with respect to the argument
1. D"[Hp(az)] = (m = )1 (2a)"Hp—n(az) [m > n].
2. D"[z"Y2Hyp(ay/z))

= (=1)™Tn22m ) (% - m) 22 -nm1/2(62),

3. D"[Ham1(av/z)]

= (—1)mtno?mtly) (—% — m)n az "2 [onA/2(g2,),
4. D"[z""M1H,, (av/Z)] = % My an(avz)  [mo> ).
5. D"[z"‘m_S/zHgmH(a\/E)]
= % z_m_3/2H2m_2n+1(a\/z) [m 2 TL].
6. D"[z" " Hy ()] = ﬁ(—2a)"z_”_le_n<%) (m > ).
(2m)!

7. D" [ mHQm(f)] = (-1 )”mzm—"mm_%(%) [m > n].

o o ()

— () CmAD montiy2 a
=) G ? Ham—2n1 (ﬁ)

9. D [z"_l/QHgm(%ﬂ = (-2l (5 - m)nz—l/zL;,"—l/2<‘f>.

[m > n].



1.21.1] 1.21. THE LAGUERRE PorLyNomiaLs L) (z)

13. D" [z_1/2e_azzH2m(a\/E)]

— (_1)m22m(m + n)!z—n—l/Qe—a2zLr—nf_ll;ll/2(a2z)-

14. D" I:C_GZZHQm+1(G/'\/E):|

— (_1)m22m+1(m + n)!az—n+1/26_a22L:nrj_-i;ll/2(a2z)-

15. D" -zm+n—1/2€—a2zH2m(a\/;)] = %Zm_l/Qe_a2zH2m+2n(a\/;)'

2
n I m+4+n _—a“z -1 " m_—a"z
16. D" |z + (& ’ H2m+1(a\/2)] = (222 z e ’ H2m+2n+1(a\/2).
[ 2
17. D" |21/ /ZH2m(%)]

2
_ 2 —~1/2 —qa2 —-n—-1/2[ a
= (=1)™*t"2?™ (1 + n)lz /2g=a /ZL"H_n <7>

18. D" [z"_le_“2/2H2m+1 (%)]

2
— (_1)m+n22m+1 (m + n)!az_3/26_“2/z Lr_nitzlm <az> )

19. D" [z—m—l/%—f/ZHzm(%)]

1 men— —a“/z
_ 2%2 1/2,-a?/ Hopmtom (%)
n|_—m—1_—a?/z a
20. D [Z € H2m+1(\/2):|
1 _m-n-1_—a?/z
= 2 lg=a’/ H2m+2n+1(%)-
s A
1.21. The Laguerre Polynomials L;(z)
1.21.1. Derivatives with respect to the argument
—A-n-1 +1
1. D[Ly(2)] = %LQ(Z) + n7 Ly (2)-
2. = L) (2) — L)T(2). [54].
3. D"[L) (az)] = (—a)" LA™ (az) [m > n].
4. D[22 L) (az)] = (1) (=X — m)n2* " L) "(az).
5. D"[z" ™LA (az)] = (<A —m)pz" ™ L) (az) [m > n].
n|,n— a n,—n—1lgrn a
6. D [z le(;)] =a"z le_n(;) [m > n].
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CH.1. THE DERIVATIVES [1.21.2

7. D[ (2)] = (A= m)az L (2).

8. D" [sz,*n(%)] = (—1)"(=A — m)nzm—"L,*n_n(g) [m > n).
9. D"[e"**L) (az)] = (—a)"e " ** L) " (az).

!
10. D"[z*e™%* L) (a2)] = (m;!n)'zk_ne_azl‘:‘n_-;-m(az)-

1
11 DA mineme 1 (az)]) = IR A memas 1) (az).

12, D"[e" e /21, (9)] = e L3 (2).
z

z

13. Dn[zn_)‘_le_a/sz‘n(%)] = (=1)" (m+n)!z_)‘_1e_a/zL)‘_" (2)_

m! min\ 4

14. D"[z—*—m—le—“/ZL,*n(ﬂ)]

z

_ (m+n)! _x—m-n-1_—a/zA a
= (AT e L (9)-

1.21.2. Derivatives with respect to the parameter

n—1
ALn(z) _ Z 1 by

1.22. The Gegenbauer Polynomials C)\(z)

1.22.1. Derivatives with respect to the argument
1. DM[C) (az)] = (2a)"(A)nCA*" (az) [m > n].
2. D"[ZMTIOL (avz)] = (Va2 IO (a/Z).

3. D"[AMTHT200 L (aVE)] = (W)a 2T TR0, (av7).
4. D"[2""71C5 (avz)] = (Nnz ™™ Op an (av/Z) [m > n.

5. Dn[zn_m_3/202>‘m+1(a\/z)] = ()‘)nz_m_s/QCZ)‘rj;ﬁZn+l(a\/;) [m > n].

—n (m+n)! 2m+2n — 1!

6. D[z V2(1 — a22)2 Y203 (av/Z)] =2

m! (2m —1)!
1 m=1/2/1 _ 2 _\A—n—1/2A-n
X (1 _ A)n z (1 a Z) 02m+2n(a\/z)'

np m4n(q _ -2 _\A=1/2 2 _ g-n(m+n)! 2m+2n+ 1)l
1

X m'zm(l —a’2) 20 (aVz),
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1.22.1] 1.22. TuE GEGENBAUER PoryNomiaLs Cp(z)

10.

11.

12.

13.

14.

15.

16.

17.

8. D"[z" 10 (2)] = (20" (nz Nt (2) (m > n].
9. D" [z”_”‘(a — 22))‘_1/2C,)‘n (1 — %)]
OB ool 1 2).
D"[(a— 200 (412)] = 2 (Wnam(a — o) N (412
[m > n].
()
1
= (—1)" (m”:!n)! (i;\/)\i(;l)_m;\_)nn Z)\—n—l/2(a — z)n_ZACﬁ;f; ( Z i— j ) .
D" :zmc;m (%)] = (=1)™(A)p2™mCNn, (%) [m > n.
D" [ 2 (2 )] = (COT a2 RO ()
[m > n]
D" :z—)\—m(z . az))\—l/zczxm(%)]
| —1)n
=2 (m;!n)' (27?2;2_711)!!1)" a —lA)n am
x (z — a2))‘_"_1/202)‘,;12n (%)
D" I:z—)\—m—l/Q(z _ az)’\_l/ZC;f‘mH (%)]
=27 (m;!n)! (27?2;?;;!!1)” a —1,\)n 2T
x (a? = )20 ().
oo ()
R )
— (—1)" (m;-!n)! Q"2 A mAn 2 (g 2imion ( ;\;g )

18.

= o )

. n(m+n) o o\ —A—(m+n)/2 ) z
= (- imEnl (2 g2 Omin( = )-



CH.1. THE DERIVATIVES [1.22.2

1.22.2. Derivatives with respect to the parameter

[n/2
1. 2% i n) ,g?;” 5 O ()
([77], (50)].
2. =[p(r+5)—v(rA+n+ 1) —2(2)) + 29/(2A + 21)| C(2)
1+ (=1)" %] (k+ )
+2Z n—k)(2A+k+n) Ci(z)  [o4).
3. = 2[¢(n +2X) = 9(20)] G (2)
[n/2] 9
-3 o (3 + s P E - DROMEE) (7, 6L
4 9 Co(z [%: Adn— (2) 710, (49)]
2) (,\),, k(,\+n ~2k(Z [[77], (49)].
1.23. The Jacobi Polynomials P(*?)(z)
1.23.1. Derivatives with respect to the argument
L D[P{(2)] = £EEEEER [P (2) - PP ().
2. =-HerD perio(y 4 RN peo),
c+n+1 P P
3. =rrtotn+tl ljz L [PP)(2) — Pt (2)].
4 = A pen BrEntns pe,) 5]
5. D" [Pr(rf’”)(az)] =(p+o+m+ l)n(%)n Py(yfjj:’a+")(az) [m > n].

6. D"[(1+ az)"P,(,{”")(az)]
= (—a)" (=0 — m)n(1 + a2)° " PPT™ o) (gz),

7. D" [(1+ az)"_m_lP,(,{””)(az)]
= (=a)"(=0 = m)n(1 + az) ™ PP (02)  [m > n).

8. D71 4 asp P a)
=a"(p+ 0 +m+1)n(1+az)Ptotmpletno) (g,
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1.23.1] 1.23. THE JacoB1 PoLYNOMIALS P,(LP’U)(z)

9. D"[(1 - az)"(1+ az)"P,(,f"’)(az)]

10

11.

12.

13.

14.

15.

16.

17.

18.

19.

= (—2a)" 7(7”;‘")! 1-az)’""1+ az)"_"P(p_n’a_n) (az).

m+n
D"[(1 - az)™t™*P (1 + az)? P ) (az)]
|
= (—2a)" 7(7”;;‘”)' (1—az)P™(1+ az)"_"P(p’a_n) (az).

m+n

D" [(az — 1)2+7 PP =n=1/2) (g)]

2
=t D a1y [05+1/2<‘/a22+_1)] |

e 23 pip A1 4 02
_ (p+1)m(=2p—1)2n Z2p—2’n+1PT(r{z—n,1/2—’m+’n)(1 + az?).

(p—n+1)m
_ o[ a
D" s P ()]
:(p—i—o’—l—’n—i-l)n(—%) z—"—lp,(,f_*:v”")(%) [m > n].

D"z + 0)7 PP (2]

=a"(—0 —m)pz " Y24 a)’ " Pt (%)

D" zm(z +a)" 1 ple.o) (g)]

z
=a"(—oc—m),z" (2 + a)_m_lP(”'H’"’) (2) [m > n].

m—n z

D™ -z—p—a—m—l(z + a)P+U+m+ﬂPr(riJ,a') (g)]

z

=(—a)"(p+0+m+1),z7P oM "1(5 4 q)Ptot™ plotn,o) (g).

z

oot ()]

z
|
— (2(1)" (m + n) z—p—a’+n—1(z _ a)P—n(z + a)a—nP(P—naU—n) (2)

m! m+n z

D" [z_”_"_m_l(z —a)"" P (2 4+ a)? PLP9) (ﬁ)]

z
1
= (2a)" 7(7”;‘”)' ZzmPmoTml (o a)p+m(z + a)a_nP(p’a_n) (2)_

m+n P

e (1)

z

_ " —n—1p(pt+n,o+n) a
a " + a > nl.
—(;) (p+o+m+1),2 ) A (l—z) [m > n]
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CH.1. THE DERIVATIVES [1.23.1

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

D" [sz,(,{”") (1 - %)] = (=1)"(=p — m)pz™ " PP (1 - 2)

]

D" [z"_”_lP,(,f"’) (1 - 9)]

D’n

D’n

Dn

D" [z"_”_"_l(a - Zz)UPT(,{”") (1 - E)]

D" [z—p—a—m—l(a _ 2z)6+m+np7(1{7,0) (1 _ g):l

:zm(a —22)7 PP ) (1 - E)]

:zm(a - 2z)"_m_1P,(,{”") (1 - E)]

[m > n].

z

= (1) (o b0 ot azpem o pip (1 ),

z

z

= (=1)"(p+m — n+ 1)z P~ L Ple=no+n) (1 - 9).

z

z

=2"(—0 — m)pz"(a — 22)° " PP (1 - ﬁ)_

z

z

=a"(—0—m)pz™ "(a— 2z)_m_1P,(,f:r,7’a) (1 - %) [m > n].

:zm(a - 2z)”_m_”_1P,(,{””) (1 - %)]

= (=" (—p—m)az™(a - 22) 7" PETO (1- 2).

:z_”_"_m_l(a - 2z)"P,(,f"’) (1 - %)]

m| m+n

—on (m + n)! Z—p—a—m—l(a _ 2z)a—nP(P,0—") (1 _ ﬂ)_

z

|
— 9" (m + n) zn—p—a—l(a _ 2z)a—nP(P—naU—") (1 _ E) .

m! m+n

z

|
— 9n (m,,:|n) z—p—a—m—l(a _ 2z)a+mP7(1f_::v") (1 _ g) .

D" [z2p+n(a _ z)"pT(lp, —p—n—1/2) (M)]

a—=z
=n!%a”z2p[cﬁ+lﬂ( 1- 2)]2'

D" [z_2”_"_1(z —a)" PP P n=1/2) (z—l—_a)]

zZ—a

- (o e e [ (T
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1.24.1] 1.24. THE CoMPLETE ELLIPTIC INTEGRALS K (2), E(2) AND D(2)

1.23.2. Derivatives with respect to parameters

1. P (z) =[(p+o+2n+1)—g(p+o+n+1)] PP ()

dp
n—1
2: p+o+2k+1 (0+k+1)nk (9, )
P 54].
+k_0(n—k)(p+g—+k+n+1)(p+0+k+1)n_k e (2)  [54]

=[(p+o+2m+1) = ¢p(p+o+n+1)]PF(2)

oo
n—1
_1\n—k p+o+2k+1 (P+k+1)n—k (p, o)
+,§)( 1) (n—k)(p+0+k+n+1)(p+0+k—|—1)n_kpkp (=) [54].
ﬁ[eﬁ"’”’(z)]
" ap [ (p+1)n
_ 1 - k1 (co—n)e (1 1 z2—1\* _(p+2k,0)
_(p+1)n§( 2 (P+n+1)k(k§+p—|—k)( 2 ) P27 (2)
([77], (51)].
4 i[ P#(2) ]
T op | (p+o+n+1),
_ (o+D)n X pto+2k+1 (p+0+1)k plo0)
_(P+U+1)2nI;)("_k)(l’-l-d—l—k—l—n—l—l) (04 1)k P (2)
([77], (48)].

1.24. The Complete Elliptic Integrals K(z), E(z)
and D (2)

1.24.1. Derivatives with respect to the argument

1. D"[2"(1 — a®2)" D"[K (av/2)]] = (l)i a? K (av/z).

2
2. D"[(1 - a®z)" D" [z”_1/2 K (avz)]] = (—1)n(%)i 2K (ay/z).
3. D"[2"D"[(1 - a?2)" V2K (av/z)]]
= (—1)"(%)n a®™(1—a%2) """ V2K (av/2).

4 D1 - a2 DBV = (- 1) () L Bava).

2/n \2 nl—a"z
5. D"[22(1 - a?2)" "' D" [z""¥2 E (av/7)]]
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CH.1. THE DERIVATIVES [1.25.1

6. D"[2"(1 — a®2) "' D" [(1 - a22)" V2 E (av/z)]]
=(-1)" ( ) (g)n a®™(1 — a%2) " 32 E (ay/z).
7. D"[2"(1 - a%2) D"[(1 — a®2)" "2 E(av/z)]]

= (—1)”(—%)n (%)n a®(1 - a22) """ V2 E(ay/z).

1 3

8. D"[2"(1 — a%2)" "1 D"[(1 — a?2) "' E(av/z)]] = (E)n(i)n a® E (ay/z).
9. D"[(1 - a®2z)"*' D" [z”_1/2(1 —a’2) ' E(av/z)]]
- (—1)"(%)i 2B (av/7).

10. D"[z"*(1 — a22)" D"[D (ay/z)]] = (1) (g) a2 D (av/z).

2
11. D"[2"1(1 - a?2)" D"z D (av/2)]| ( ) (7) a®™ D (ay/z).
12. D"[2(1 — a®2)" D" [z"" V2D (av/z)]]
= (- 1”( %) (—) 0?2/ " D (ay/z).
13. D"[z7'(1 - a®2)" D" [2""/2 D (av/?)]]
ZC(), ), s

14. D[z D™ [(1 - a®2)" /2D (av/z)]]
1

:(—1)"(§)na "z(1—a?2) "2 D (av/z).

1.25. The Legendre Function P*(z)

1.25.1. Derivatives with respect to the argument
"

1. D[P (2)] = nt(-20)"(@? ~ )" E": et (5).,

!
k=0 kl o (n—k+ p)n—k

X (v = p+ De(—p — v)i(a® — 220N+ “)/2((1) P k(a)

2. D"[Py(g)] = nl(~2a)" Z (2 (‘%)H

(n—Fk— pu)n—r
(- )kﬂck (2 ppr(2)
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1.25.2] 1.25. THE LEGENDRE FuNcTION P¥(2)

3. D" :(a2 - zZ)“/2Pf(§)]
= (D" = p+ Dalp = v)ala® = ) ¢-2ppn(2),
4. D*[(a? - 2)7H2PY(2)] = (~1)"(a? - 22) "Wz ppin(2),
5. D" [z Wtz (g — o2 py (| [2)]

SRR G TR e (R R s VES ]
6. D" :z”+(“+"_1)/2(a e (\/g)]

= (-2) a2 D2 (g — )~k (| [2),

7. D" -z"+("_“_1)/2(a — z)“/sz( d )]

a

=277 (1 — ot Doz H V2 - )0 EPE (/2.
nl nt+(p—v)/2-1/,  _\—K/2pp z

8. D"[2 (a—2)2pe(/2)]

= ()" 22 q )T R (/2 ),

9. D" :z"/z(z — a)"*pH (\/g)]

= (-2)7" (= D)oz = )R (1)),

10. D" [z"/z(z - a)_“/QP,ﬁ‘ (\/g)]

e e (),

11. D" [z_("+1)/2(z — a)"/%p (\/g)]

e T e = (]

12. D" [z_("+1)/2(z — a)_“/QP,ﬁ‘ (\/g)]

— 2—nz—(u+n+1)/2(z _ a)—(#+n)/2pu+n( a )

v+n 2

1.25.2. Derivatives with respect to parameters

1. D[P, (2)]|,_, = —In 2T1 P, (2)

v=n 2
(1)
2/ k

-ty (1 2RCEEA(2) (173, (5.9)).
k=1
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CH.1. THE DERIVATIVES [1.25.2

2. DL[P(2)]|ye_ 1 = — D[P.(2)]],—, -
8. Du[PL (&)l cn1/2
lnzP 1/2( )+(_1)n2n—1(W) (1—z2)n/2

X Xn;( )M[2lnz+¢(%i7l“) _w(zu—zzﬂ)]
k

4

X (60 PETA(2) + (—22)7F(1 — 22)7/*

} Z Mt e (1) P p(z)l'
S S R I
n 2" (1 - Z2)n/2

" n _2\k |9 2u —2n+ 3 | _ _k|n_k_1 (2#_421n+3)p
Xz(k)( Z) ( 1 )n—k nz—(n—k)! 3 p!(n—k—p)

k=0 p=0
ptn ok —k/z (k+p-1) 1 \?2
X lék,OP_l/g(z) + ( 2z) (1 Z plk—p—1)! ( M n) k—p

x (22)7P(1 - %) Pi‘;/k;"*"(z)] '

5. DLIPE(2)]lye—n1ja = = DulPE(2)]lymn_1)a-

6. Du[P}(2)]],—0

= Zgicj_”;)) [(2v 4 5) cos (vm) + 1] P,(2) — [2v + 5 + cos (vT)] P,,(—z)}
b s {42 o D P () + P ()]

FVI= 2Pl (2) + Pla(-2)]}-

7.D [ 1/2( )”#:1/2= w [—2(C—|—ln2)z—7r\/1—z2

Vor
Herivi=2)m (1= )+ (4 ivi- ) (1= 2 )]

[larg(1l £ 2)| < =].
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1.26.1] 1.26. THE KumMER CONFLUENT HYPERGEOMETRIC FUNcTION 1 Fi(a; b; 2)

1.26. The Kummer Confluent Hypergeometric Function
1Fi(a; b; 2)

1.26.1. Derivatives with respect to the argument

1. D" :1F1(a;bcz)] =c" EZ;: 1F1(a::;ncz) [[6], 6.4.10].
2. D" :z‘”"‘l 1F1(a;bcz)] = (a)n2®"! 1F1(‘Z;+CZ) (6], 6.4.11].
3. D" :zb‘llFl(“;b“)] = (-)"(1—b), 2" (5 ) [, 6.4.12)
4. D" :e—”lFl(‘“ bcz)] — (—on (;)Z)" e Py () +c;) ([6], 6.4.13].
5. D" :zb_le_cz 1F,1(a;bcz)] =(-D)"(1- b)nzb_”_le_cle'l(a ;f;ncz).
6. D" :Zb—a+n—le—cz 1F1(a;bcz)] =(b— a)nzb—a—le—clel(Z;_c:)

[[6], 6.4.14)].
(e el
ol

C z

9. D" Zn_b1F1< ’ z)] = (l—b)nz_b1F'1< ’_;n)
e ()] ()

[ (3" (), (7+3) :
-—n n+o+ -
12. D2rto | F | 2 —(—4)" 2/n\  2/n 0 I 2
_1 1<b; 22 )l (=4) (b)n+to T b+n+o; 2°
[c =0or 1; [78]].
B 3 3
- —0o—n 3) (,,_1) 1— n-+ -
13. D"t (2 Py | 2 =(-4 n(2"72"z 7 F 2
| ! 1( b; 2* )] (=4) (b)n o b+n; 22
[c =0or 1; [78]].
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CH.1. THE DERIVATIVES [1.26.1
b 1
14. D2"+o | 261 p —o—n+g
b; 2*
b+ 1
= (=1)7(1 = 2b)an4 22070721 2 | [o=00r1; [78]].
b—n; z
1
15. Do | 20-2 p b—n—
b; 2>
b— 1 22
= (—1)"(2—2b)2n+¢,z%_"_2"_21F1< 2’ ) [o =0 or 1; [78]].
b—o—n
_ L,
16. D*"te 1F1<a’1z )] :22n+26(a)n+aza1p1<a+q+(;)
- o+ 5 2
[c =0or 1; [78]].
[ .2 L2
17. p2nte z1F1<a’3Z )] 222n(a)nz1—alFl<a—3|-i, z )
I 2 2 7
[c =0or 1; [78]].
at+n— -
18. D2"+" 1F1< )]
o (), (743), ( ) IR P
72-m z27e* 1F1 2’ [0’ =0or ].; [78]]
a nto a+n—+o
+n+o— 2
19. D2n+al 1F1<a n o )]
3
2n()n(0 ) 1a'—z a_i _ .
=2 1F4 . [c =0or 1; [78]].
(a)n a+n; z
1
n+o-— -
20. D2n+a lz2a—1e—22 1F1< g ) 2)]
a; z
1
—n— -
= (—1)"(1—2(1)2,,_,_022“_2"_"_16_221F'1< 22) [o =0 or 1; [78]].
a—mn; z
2 n+o— -
21. D2n+6l 2e7* 1F1< 2 ) = (-1)°(2 - 2a)2n+0
a; z
L —
2 -
~ z2a—2n—a—26_z 1F1<ai 2) [0—001‘1 [78]]

n—o; 2z



1.26.2] 1.26. THE KumMER CONFLUENT HYPERGEOMETRIC FUNcTION 1 Fi(a; b; 2)

. 2
22, Dnto [e—zz Fy <“’1Z )]
2

. 2
- (—4)"+”(% - a)n+6 e R (“U Z’f ) [o =0 or1; [78]].
2

= (4" (3 -a) e m(‘é‘"“l) [0 =0 or 1; [78]].
2 n 3 Dz
1.26.2. Derivatives with respect to parameters

1. D, [1F1( +1)] a=m+n+1

m [Y(m+1)—p(m+n+1)]e*L " (—2)

+nlz” {[C+2lnz—|—sh1(z) —chi(2)] L, (=2)

m—+n

- Z kan+nn w(—2)[2(-1)ke* + L. 1(2)]}

- e S (0

{[C—an—i—'tﬁ(m—i—l)]Lk ™( Xn: (- z)}

ofo(i)
2 " a=m+1/2
= (3) e(;) {2(—1)"m!zn+11§(z)(_;)k o)k
XE) (_plv)” (k %) Ly ( Z)2F2<ZE:_; 2)
(D (m )t [p(m+ 1) + 2+ €] LA (2)
m—1 k
_ (_1)m+n k=0 k'(ml— k) 1;) (f;)(% - m)k—p LP—n—l/z( z)}



CH.1. THE DERIVATIVES [1.27.1

3. D,

4. Da[lFl(n —|—a1; z)]

—a ,z —a =~ ]. —_ b
=27 L (~2)v(a— 1, 2) + ) gsz—ZH(_Z)LZ—'f (z)
k=1

n

k
g — 1)e? (=) e at+k—1l,a+k—1
o= e ;;)k!(aw—l)QL""“( z)zFQ( atk,a+k -z )

[a#0,+1,+2, ...].
= [20(n+1) —zp("_T”“) ~Inz]
a=(n—b+1)/2
n—>b+1 1—b—mn 1—-b—n
X 1F'1<n+21. z) +(—1)"+1n!z_"F<T) \I,<1—2n- z)
1-n—-b

n—1 1-b—n
oyt ST (ks
ey 2 wreon TR

6. Do[1F1 (5 %) L [2¢(n+1)—¢(”%’“) ~Inz]

2a +b/]la=(n—b+1)/2 2

n—b+1._z nla "
x F 2 b + -
1 1( n1 ) F(n—b+1)

5 D11, )]

2
b+n+1 1 ne1 ( 1—n—b)
I'{k+ B

x |G| 2 2 7 2 +TI'(2a+b) - 2 7/,
» 07 n, —; k (k|)2(n - k)

=0

1.27. The Tricomi Confluent Hypergeometric Function
¥(a; b; 2)

1.27.1. Derivatives with respect to the argument

1. D" [w(‘“b“)] = (—¢)" (@) ¥ (* ::;n“) ([6], 6.6.11].

a+n; cz

2. D" [zl (% )] = (@)n(a— b+ 1)z e (T

A ) [[6], 6.6.13].
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1.27.2] 1.27. THE Tricomi CoNFLUENT HYPERGEOMETRIC FuNcTION ¥(a; b; z)

3. D"_ b— 1\p(a cz)] =(-1)"a—b+1),2" 1q,(a c;) (6], 6.6.12].
4. D" :e_czq’(a;bcz)] = (—C)"e_cz‘l’(z;:;) (6], 6.6.14].

n[ b—atn—1_—cz a; CZ\| _ (_1\n b—a—1_—cz a—mn; cz
5. D" [z emerw (W )] = (—yratentemerw (M7 6
([6], 6.6.15].

6. D" Zn_l\Il<a; z):| =C"(a)nz_"_1\ll<a+n; ;)
) b b+n
7. D" Z—G\I1<a;bz):| — (_l)n(a)n(a—b+1)nz_a_nlll<a+:; ;)
8. D" z”—qu<‘“bz)] - (a_b+1)nz—bq;<:s ;)_
_ . .
9. D" Zn—le_c/lql<a§bz):| — cne—c/zz—n_lq’<a; S )

. ¢ .. c
10. D" [z“—be—c/w(“’ )] = z“_b_"e_c/z\ll<a " 2).
b b

1.27.2. Derivatives with respect to parameters

1. D, [\IJ b+n)] g

=)+ w( 2 )+ 30 (")) b+ k)

=b

- n—l k m csc(bm) b+ k; z
F(b Z {( D ik 1F1(b+k+1)

+ bbikk)[b+k 2F2(2’;’_1’bz_k)+1/)(b+k)—lnz]} [n>1].

2 Do ()],

= —2z7"9(b) = T(L —~ b)(~2)~"¥(b, —2)

210 1,1; z )

+ 1—b2F2(2—b,2 :

5. o.[o(%)

=~ (m) +2]w (" %)

a=m

—-m

m—1
z n—m-—1 _
+ m=1) kZ:O ( . )(k—i—m—l)!z K (k +m)

_f:_ (" - Z’ - 1)(k +m—1)(—2)"F
k=0

K

—m




CH.1. THE DERIVATIVES [1.27.2

k+m—1
x{ > EL P1(2) Ly P (—2) — e[shi (2) — chi (2)] L™ (- z)}

p=1

o)

[n>m >1].

4. D,

1,1; 2 1 1
X 2z2F2< ;2 )—werﬁ(ﬁ)—z/;(i—m)—z/;(n—k——)—|-2
k+m1 X
—k—1/2
— (b m)t 3 DL ()
p=1

a; z — (_1\?p! ,—0— D
5. Dy [w(%, )”b sy = (FDnLz

XZ{ Ve[ (k + 1) + 9(a) + C — Inz]

k+1

B (k:—i—l,k:—l—l;z)
I-a)ep(k+1) 2

Nk—a+2,k+2

—TI'(—a)z® [(ez ~1)8p 0+ LEF 1 (—2)

e k
* (_1:!) D (2)(_a)k—p(—z)_“7(a+p+ 1, —z)] }

p=0

6. D, [‘I’ mH Z)Hb:n+3/2: % [C+2ln2+¢(m+%)]i(2)(k

k=0
+m)!(—z)7F
k+m

X [ﬁz_l/zezL,:fr_nlm( )erfc (v/2) — Z Lz_,_fn_lf(— )L, LY?r p(z)]
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1.27. THE TricoM1 CONFLUENT HYPERGEOMETRIC FuncTiON ¥ (a;b; 2)

1.27.2]

n

2™/ 2~ 1/2¢ 22(:)(k+m)!(_z)—k

+

(2m)! Pt
1/2 k+m
{42/ Z |((2pz_|)_1) z-i_—fn—p(_z)2F2(p_;+’p’_;+ )
—[C+In(d2)] L2 (—= f Lz+fn 12— z)}.
™1 _27(5)n (53), o gy Gy
7. Dy [\I' )”b:3/2_n m) (m+ 1) I;)( )(2 "),
k+m
rolmens ) olr- D0

P
’ [ﬁmﬂz"‘”Z(—z) erfe (vZ) = 3 iL;:';-l”(—z)L;/f;r(z)]

+22mm!(_;)nezi(n)lkin(k+m) 1
ai(n ). WG, & e

n

1
r+_,r+ -5 —2
42P F. 2 2
{ZZ()2'I‘+1)22 2( r—}-g’r—f-g )
)

+(—1)Pp! m‘WZ( V(- >}'

8. Da[qx(2z;+zn)] - _[1nz+¢(m)]q;(2:;+zn)
“m m+n—1
e Dy (MR k= 1) 2Rk + m)
(—2) ™ "N (m4n—1
—Zz m+n— —k
Sl X (e m i)
/c+m—11
X {CZ[Shi(z)—chi(z)] L;_l’fmml( z) — Z 5L;f( )Li+fan (= z)}
p=1
[m >1].
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CH.1. THE DERIVATIVES [1.28.1

1-6.
9. Da[\I’( @ # )] =—IlnzV¥ nt R
2a +b/]lg=n+(1-b)/2 2n+1
1-b

2_2 T
+ 22n—1 2 Me? 2 2
Z kl(n— k) %, 2k —n, —n

1
,/c—n—i—i

1.28. The Whittaker Functions M,, ,(z) and W, ,(2)

1.28.1. Derivatives with respect to the argument
1. Dn[zn p—1 :i:az/2 H’”(az)]
= )" (5 —utv) T Mg (a2).
2. Dn[zu—l/2e:|:az/2My’7u(az)]
— (_l)n(_2U)nan/2zu—(n+1)/2e:l:az/2M

pFN/2, u—n/2(az)'

3. Dn[z_”_l/26ia2/2M#7,,((IZ)]

= (+1 n(u_u—'_%)n n/2 ,—v—(n+1)/2 :l:a.z/2M
= (£1) Wa z e quE,,/2’,,+n/2(az).

4. Dn[zzl:u—l/Qe:I:az/2W#’V(az)]
n ]' n v—(n az
=(-1) (5 —p— u)n a2y (nH1)/2E /2W“_n/2’,,¢n(az).

5. Dn[z:bu—l/2eaz/2WH’”(az)]
n 1 n vr—(n az
=(-1) (5 —uF u) a™/2 A= (nt /2 /2W#_n/27,,¢n/2(az).

6. D"[z"H 1% /2W, ,(az2)]

1 1 -
) () e

7. Dn[z:I:u—l/Qe—az/zw ,,(az)]

_( l)n n/2 +v—(n+1)/2 —az/2W b2, u:Fn/2(az)-

1.29. The Gauss Hypergeometric Function
2Fi(a, b; c; z)

1.29.1. Derivatives with respect to the argument

L. Dn[ﬁl(:;t)] = (azz)(f)" 2F1(a::’n’:'") [16], 2.8.20].
2. D* [Za+n_12F1(Z.’ Z)] = (a)nza_lel(aj’l’ b) [[6], 2.8.21].
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1.29.1] 1.29. THE Gauss HYPERGEOMETRIC FUNCTION 2 F(a, b; ¢; z)

3. Dn I:Zc_12F1(a’ b

c; z

a,b

)] = (=) - C)"Zc_n_12F1(c —n; z

) [16], 2.8.22].

4. D1 2) R (0 ”)]

c z

= (- @nle=bn gyt oy (2T 0Y ), 28,25,

(e)n c+mn; z

5. D" [(1 — z)a+b_czF1(Z’ Z)]
= %(1 - z)a+b_c_n2F1( o b ) [[6], 2.8.24].

6. D" 21 (1— 2) " Py (& b)]

= (-1)"(1 - C):’z:_”‘l(l - z)b_CQFl(Z__::;’ 2) [[6], 2.8.26].
7. D" [zc—1(1 - z)“+b_°2Fl(Z’ Z)]
= (ML= @)z = )T (T ) (), 282
8. D [zemotnl(1— ) e,y (40 0)]

c; z

=(c—a), 2% ' (1—2)" "R (“ P b) [[6], 2.8.23].

bl

b b
9. Dn Zn_12F1 a’l :(_l)n (a)"(b)ﬂ Z_n_12F1 a+n7 'il'n .
G 3 (e)n c+n; S
- ) ,
10. D" Z_a2F1<a’1)] =(—1)”(a)nz—a—”2F1<“+"1’ )
C; — c; —

b b
11. Dn Zn_czF1<a’1)] :(1—C)nZ_C2F1< @ 1).
c - c—mn; —
L z
n —a at+n—1 a, b
12. D*|27%(z - 1) o1 T

— (a)n(c_b)nz—a—n(z_ l)a—12F1<a+'njv [;)
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13. Dn|ze-a=btn=1(, _pyetb=e, b < a, ’;)]
¢
= (-1)" (c— azz)(;: -b), ema=b=l(, _qyatb=e=n_p <C f;: i)
14. D"

— , b
Z—b(z _ 1)b c+n2F1<Z 1)]

15. D"

16. D"

17. D |, Fy

(C)n+a' ctn+o 22

1
+ +7ab+ +
_(—4)"(%) (a—l—%) (l’)ﬂzaﬂﬂ(" o+ 5 b+n 0)
n n

[c =0or 1; [79], (36, 40)].
18. D¢

= (_4)n(g)n (a — %)n (b)ﬂzpaﬂ:&(n—r g, b+n)

(C)"+a' c+n; 22

[E Oor1; [79], (34, 41)]_
n 1
° -1, F -n—o+_,b
o D2 lZ2c 12 ! <C nc- 22 ? )] (—1) (1 - 20)2n+a

1
c+-,b

X z26—2n—a_12F1< 2 2) [c =0o0r 1; [79], (33, 37)].
c—n; 2z
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1.29.1] 1.29. THE Gauss HYPERGEOMETRIC FUNCTION 2 F(a, b; ¢; z)

1
—n—2,b
20. D2n+eo lzzc—22F1<c n P )]
C; Z

1
c—-,b
— (_1)0(2 _ 2c)2n+a z2c—2n—a—22F1 < 2 Z2)

c—n—o;

[c =0or 1; [79], (35, 39)].

o (3), o),

1
—b ~ 1
x (C )n+a Za(l Z2)b—n—a—1/22 F1< ¢ )

()nto c+n+o; 22
[c =0o0r1; [79], (48, 52)].

1
21. D*"te l(l _ zz)b+n_1/22F1 <c+ n—, b)

N

2
c 2

Cc— (S §ab
=0(3), (7~ 3), ‘@0 zz)b_"_3/22F1<c+n2; )
[c =0or 1; [79], (46, 50)].

3
29. D2nteo lz(l _ z2)b+n+a—3/22F1 <C tn+o— 37 b)]

1
23. D2n+6 [220_1 (1 — 22)b_c+n+a—1/22F1 <n +o _251 b)]

c z

= (-1)7(1 - 2¢)

2n+o

1
ch—Zn—a’—l(l _ z2)b—c—n—1/22F1 <—TL 5 b— n)

2
c—n; z

[c =0o0r 1; [79], (45, 49)].

2 2n+o

c; 2

1
+1b
24. Dnte lz2°_2(1 _ p2)bmetntl/2, (" 2 )] = (—1)°(2 - 2¢)

% ZZc—2n—a—2(1 _ z2)b—c—n—a+1/2 o Fy <

b
25. D2nte [2F1<1‘f’22)]
2’

= 22n+26(a)n+a(b)n+a’ ZU 2F1 <

1

—n—0+2,b—n—0)

2
c—n—o0; 2z

[c =0or 1; [79], (47, 51)].

a+n+o,b+n+o
%—l—a; 2?

[0 =0or 1; [79], (42, 44)].
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b b
26. D" tO [z2F1<3a_’22)] =22"(a) _(b),, zl_"2F1<a;_ " +2")
2’

- —0; z
2

[1.29.1

[0 =0or 1; [79], (41, 44)].

b
o7, D2n+o l(l _ z2)a+b—l/22F1 ( la, 2)] — 92n+20 (% - a)
= n+o

20 ?

+oz

x(l_b) za'(l_z)a+b 2n—o—1/2 Fl<a_n b—n)
2 n+o

[c =0or 1; [79], (54, 55)].

b
28. D2n+a Z(]. _ 22)a+b_1/22F1 3(17 2 — 22n(§ _ a) (3 . b)
3 Z 2 n \2 n

x Zl—a(l . z2)a+b—2n—a—3/22F1 <a - n3— o,b—n— 0)

2
-—0; z
2

[c =0 or 1; [79], (53, 56)].

1
a,a+o0— -
29. D2n+a l(l _ z2)a+n+a-—1 o Fy ( ) 2 )]

1
2 ?

n o 2ya—n—1 a+0’a+0_%
_(_4) (a)n+a'(1_a_0-)n+az (1_Z ) 2F1

1. 2
0'—1—5, z

[c =0 or 1; [79], (58, 60)].

30. D2"te lz(l_z2)a+n—12F1(a a3 o+ ) ) (1—a—|—c7)
2’
1
2

a—o0,a—0 +
271 = 22T, By ( 5 ) [o =0 or 1; [79], (58, 62)].
o

2 bl

[c =0 or 1; [79], (57, 59)].
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1.29.2] 1.29. THE Gauss HYPERGEOMETRIC FUNCTION 2 F(a, b; ¢; z)

1.29.2. Derivatives with respect to parameters

n+1,a; 2z
1. DG[QF1 e )]
_ B b n—1 b+1), k(1 ok p(k+1,b+k—n—1) .
=bz(1 Zk' P (1-2)kp* (1-22)

a+b+k,a+b+k, b+ k+1; z)

F
%3 2( a+b+k+1,a+b+k+1

2. D, [sF (") )] = —axt - 97 > %(—z)k(l — 2)2

% P7(lk_4/-cl,a+k—n—1) ( 1+ z) 3F2<

1-2 b+k+1,b+k+1 )

1
3. Dyl 2Py
(3L
:2(21—_1)[(1+2\/E)ln(1+\/5)+(1—2\/E)ln(1—\/5)—ln(l—z)].
a, b
4. Da[2F1(b+1; z)]
=bz"(1—2)'"° [(1 - 2)* "Bl -a,b)[(b—a+1) - 3(1 - a)]
1 l1—a,1-b 1 1-a,1—a,1-b
+ l—aln(l_z)2F1(2—a; l—z)_ (1-a)? 3F2(2—a,2—a; l—z):|'

5. Do ("5, )

a=(n—c+1)/2

= [zt 2+ 1) - () —p b+ P )]

n—c+1 n—c+1
b
X2F1< 2n—;_1.—|—_22 )

{(—1)n 2" Pnl(1 4 z) (e D20

'n—-—>b+1)

i ”“)( =

[z ron(es=s) ==y o

l1-n—c 1+n—c
X2F1( 2 ’ 12 )
1-b; ——
14z
+sin (L= D=0 T(b+ 102 P (b4 "ot
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1 - 1
n+2c+ ,b—l—n 2c+
X o Fy 1

R

kr(k+1‘g )(k+b+ "‘c)

(k1)*(n — k)

l1-n—c l1-n—c
E+17""C k4b
X2F1< + 2 k+1'+—z+ 2 )}

1.30. The Generalized Hypergeometric Function

pFq((ap); (bg); 2)

1.30.1. Derivatives with respect to the argument

ol (] = e (B

2. D" [zrqu ( (a,&;q)zm)]

e (G35

[r#n—-1,n—-2,n-3,...].

+ (n)%2

X
> 3
IIMI
<) -
N

3. D" [szFq<((l(’;1;)z)]
_nl l_[(ap)n—r (ap)+n—r,n+1; 2z
ERCELL § (5 ”“F"“<(bq) +n—rn—r+ 1)

(k—n—l—’r—l—l l_[(apk Sh—ntr
Z l_[(bq)k

o[ g (@) #\] _gea(1y [ll@n)n (ap) + 7, +
P [”F"( (ba) )]_2 (2). T1(6o)- p+1Fq+1((bq)+n, L)

v ()

=22"+1Z(§) [1(@2)ns P ((ap)+n+1,n+z)-

1,, .  pt+l +1
l_[(bq)'n,+1 k ? (bg) +n+1, g; 22
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1.30.2] 1.30. THE GENERALIZED HYPERGEOMETRIC FUNCTION ,Fy((ap); (bq); 2)

1.30.2. Derivatives with respect to parameters
n| Z k( z) H(ap

1. Dy [p+1F <(,q()a,,i)] o = B (o)

o]

= (b= a) = v —at )] paFa( 0 )

nl NS (1) @2k—n+b—a)b—a—n)
> K(n—k)(k—a+b) :

ey n— i (ap) —k,a+n— a j
" Z( ) H( ”“F"“< o+ jﬂ)‘
Jj=

3. Dy i (7 ) )] = [$(8) ~ $(b+ ) p+1Fq+1(b o)

) genFen (5657

k=0

a=n+b/2

= [’l,b(g - n) —'l,b(g +n)] p+2Fq<(ap)’ ;()b:)’n;g —I—n)
r b"'il) n—1 272kr(b+2k—n)

b4 n) o B (" k)

(aP)a bzilag *+2k_n
X p+3Fqq1 .

(5a), "“+k—n 2
5. D, [p+2Fq+1 (a_—f;),a(’bf:;z))z)]
= [¥(a+n) — 9(@) + 9(a+ ) ~ (a-+ b+ n)

-n,a, (a )
x ”+2F"“<a+b (bq)-pz)
n—1

n!(b)n (a—n),(a+b)
(1—a)(at+b). kz=o 2k —n+a) S A = b= )

—k,a+k—mn, (ap)
F I I P .
X pe2 q+1< a+b, (bg); 2 )
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+Vz 21++z
[41n(1—z)+4f1n o 1+ﬁ]'
)
a=1/2 T

1_
) e
vz

o)

2

s ()] = ek ()
Xl Vix < )
(VaF1+1)"(Va¥1+vz)" th

21n? K( vz )]

\/mﬂ Vz+1+1

l,a—b b
9. Dy 4F3< a+ - ,a—i— a +c,a+ -|—C)

2a—|—1, 2d+1,2a—2d+1; z

d=a
—[z/;(a+b+c)+z/;(b—a—c+1)+2c+1n3]

'2a+1)l'(b—a—c+1)
I'(a+b+c¢)

1
a+-,a+1l,a—b+c,a+b+c 9

x 4 F: 2’ ’ ’ 244
4 3( 2a+1,2a+1,1; 2 )+ v
1—a,—a,l—a—b—c,l—a—i—b—c,—f

x GE| 2|2 1
0,0, =3, —2a, —2a

1
10. D, |4Fs a,a—l—i,a—i-b—c,a—l—b—i-c
2a,d,2a—d+1; z
a=d/2

~[mZ+vy c+b+ +o(c—b-241)+2C
2

d d+1 , d d r'(d
X4F3 EaTvb C+2ab+c+2 +2d—1ﬁ (
1,d,d; 2 r(

1—-d 2—-2b—2c—d d 1
’ 1__7__76_6_
xGB| 2| 2 S
0,0, —~,1—d, 1—d

= Ko(2v2) + (5 Inz+C) o(2v%).

=1

11. D, [1F2 1, 1)]
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1.30.2] 1.30. THE GENERALIZED HYPERGEOMETRIC FUNCTION ,Fy((ap); (bq); 2)

12. D, [1F2 iy lz)]

a; z
1F2<3 3)]
2’ 2/ 1la=3/2

- i {sinh(2y/z)[2C + In (162) — 2 chi (4/Z) — 4]
+2cosh(2+/z) shi (44/2)}.

= —%YO(Z\/Z) + (C—I- %lnz) Jo(2vz).

a=1

13. D,

L, G,

a=1/2 2(n!)

X kZ:O (k) (%) lﬂ'z(l_k)m Lk (2v/2) +p=0 Fk—p—T—;) _z)_p]

4. D122 )]

X [ﬂ' Ly+1(2vz) + z”/zpi F(T—'_Z)) —z)_T] .

3
r=0 F(p_"'"_E

L G),

a= 1/2 2(”'

15. D, [1F2 ntl _Z)]

l Z0-R2H (24/7) — S F(r+%) (1)’]

k Sr(k-r+?d) z
SO G,
§ [Wﬂw@f S z‘:r(“) (1)1_

=0 (P T+g) z

1
2
n

5

k=0

= 1 134 2sinh(2v/Z) shi (2v/2)

a=3/2

1; 2
1F2<a,a+;) 2z
+ cosh(2v/2) [-3 + 2C + 21n (2/z) — 2chi (2v/2)]}.

a; —2z
17. Dq [1F2 a+b 2a—|—c)]

16. D,

a=(n—c+1)/2

[2'(/)(714— —Ins— ¢(n c+1)+¢(b+n—2c+1)]

n—c+1
F 2 77
X 19 _
(b+"c+1’n+1)

2
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n—c+1 c—nt+1 1
L A s Y (I St
: l_‘(n—c+1) 24 0. -n _n_l c—n+1_b
2 9 9 57 2
n—1 n 1-n—c 1 n c,
) S L Gt e N (R
) k‘)(n— —n—c) 172 1-n—c .
P P(k+b+1707C) k41 k+b+ 170
18. D [ F ]
ot 2( +b, 2a+c) a=(n—c+1)/2

[21/;(71—!— )—lnz—z/;(n_Tc—i—l) +'(/J(b+ n%c—i—l)]

n—c+1 n—c+1

1 F(b+ )
X 1F2 _2 +(—1)"n‘z_"/2—2
(b+n c+1’n+1) 2F(n_20+1)

c+1

19. Da[oF2(a; 2a + b5 2)]|,-(1-4)/2

) ) i

2 2

b b+1 z
X Z(bﬂ)/ztan?ﬂr( 2 )0F2<b+3 b+3)
2 7 2

1
b+3 3
+F( 5 )G’ z be1l 1

20.0.[2 (217

- %[ez—1+(2+ez)(C+lnz)—2Ei(z)—ein(—z)] [z > 0].

21. D“[QFQ(?, aa;+_f)]

= [l-e*—(2+¢ ) (C+lnz) +2Ei(—2) + e *Fi(2)] [2> 0]

a=1
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1.30.2]

22. D,

b
z i 171’ -z 1 131’ —Zz
l 2F2( )+2b+12F2<2,b+2 '

a=(n—c+1)/2
= [Fe—w (") —e (P )
n—c+1 n—c+1+b; Z)

n+b—c )
+¢(—+1)+2¢(n+1)]2F2 2 2

2 e e

1 n+b—c —n/2 c+1 C+1_

_Cay 11.1"(72 —1—1)2 G%g 5 3 b

n—c+1 n—c+1 n n c—b

() (s ) AT

1—c—n)

B i G s L G
= (k) (n—k)F(k—|—1+ : )

k+1—c—n’k+b+1—c—n; »
X2F2 2 2
b—n—c
k1, k+142—

a,a-+b; —z
24. D F.
a2 2<a+b+1,2a+c)]
2 a=(n—c+1)/2
z[_lnz_¢(n_TH1>_¢(n_TH1+b)
n—c+1 n—c+1
+b— ) +b; —2
+¢(¥+1)+2¢(n+1)] X2F2( 2n+b—cj1 1 )
e — ’n
2
n!F(Lb_C—I—l)z_nﬂ c+1’c+1_b’_n+1
+ 2 ﬂGgi z| 2 2 2
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2 2 2’ 2’ 2 7 2
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[1.30.2
a, a; z
25. DG[QFQ(HLMH)] i1y
_ 2 b+1
= [y e (P 2w 1)
n—b+1 n—b+1_z
X2F2 2_ ) 2 b)
b+1 b+1
nnl(n—b+1) _po |1 42 2 7 2
-(-1) Wz 5Ga3 | 2 non o b-1
2 227 2
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k41 k+ 227
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1
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X2F2 3—n—b>
k+1,k+=—

ap); (bq); 2)

a,a+ 1. z
28. D, l2F3< ; 5 )]
a+1l,a+1,2a+b
a=(n—b+1)/2
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30. D, |2F}s 21
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2 a=(n—c+1)/2
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2
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Chapter 2
Limits

2.1. Special Functions

2.1.1. The Bessel functions J,(z), Y,(2), I.(z) and K, (z)
o2 2\ [ Ju(2) _ 1
L Jim o2 () {I,,(z) oS

2. lim yu+1/2(l)u {J,,(Z\/;)} — Le:{:z2/4.

v—00 ez 1,(z\/V) 2

3. lim (—l)nn[sin (an + n%) Int1/2(n?2)

n—0o0

o, _nm 23] = /2 cos 2
+ cos (n =5 )J_n_l/Q(n z)] =4/ cos

n

4. lim (;—Z) [sin 2z Jp11/2(2) — cos 2z Y41/2(2)] = \/% Cos 2.

5. lim (%) [cos zJp1/2(2) —sin 2 Y, 1/2(2)] = \/72; sin z.

n—0o0
6. lim n[J2,5(n2) + Y2, p(n2)] = 2E20) [ > 1]
. nl}r{.lon n+1/2 nz n+1/2 nz) = ﬁ z .
. z\vV2 . ™ larg z| < =
7 jim () e =5/] [{ 2<0 H

2.1.2. The Struve functions H, (z) and L, (2)

1. lim u(”H)/z(l)uH,,(z\/;): ! 6_22/4erﬁ(f).

rv—0o0 ez \/2771' 2
. (u+1)/2(3)u — 1 22/4 (E)
2. lim v = L,(24/V) N erf (5 ).

2z

2.1.3. The Kelvin functions ber, (z), bei,(z), ker,(z) and kei, (2)

i 1”u+1/2[?ﬂ in 27 bei ]_
1. lim (ez) v cos — ber, (z) + sin 1 bei, (z)| =

V=0

1
\/27r-
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CH. 2. LimITs

[2.1.4

2.

2.1.4. The Legendre polynomials P, (z)

1.

2.1.5. The Chebyshev polynomials T, (z) and U,(z)

1.

v—00

i 1/2,n/2p (2 +1Y _ 1
’nl{rolon # (2\/;) 1/7{(1—2)
. 1/2-n -n _ 1
nll)r{.lo n (22)""P,(1+nz) = N e

lim n(~™/2(22)""P,(vVn2z) = L o=,

am 7

. 1\n, 1/2 z _cos(2z2)
A (P (1) = 27

. n+z o
oim_ P ,/n(n+2z)> = Io(2)

lim (z — /22— 1)nTn(z) = %

n—oo

lim (2en) " To(1+12) = /7.

n—oo

lim (—1)"Ty, (%) = cos (2z2).

n—o0

lim (—1)”T2n+1(%) = sin (22).

n—oo

lim T,,(l—i- %) = coshv2z.
n

n—0o0

n—o0

n® + 2*
lim T, < — ) = cosh (22).
n —=z
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. 2 \vV2 1. (6v—1)7 (6v ™o
lim (5) e [sm s ker,(z) + cos ———— kelu(z)]

,/ﬂsin7T
z 8"

l/z‘

[l2] < 1.

[Rez > 1].



2.1.7] 2.1. SpeciaL FuNcTIONS

7. lim (22)""n""2T,(v/nz) = %6_2_2/4.
n—oo

2
8. lim Tn<1/1+ Z—2> = cosh z.
n—oo n

9. lim TH(L) = Cos 2.

n—oo 1’n2—|—z2
n -1
10. lim (z — V22— 1) Un(2) = (2 —22% 4 22¢/22 - 1)
n—0o0

11. lim (2zn)""U,(1 + nz) = e"/>.

n—oo

12. lim (—1)"U2n(%) = cos (22).

n—0o0

13. lim (—1)”U2,,+1(§) = sin (22).

n—oo
. 1 z sinh v2z
2, .2 .
15. lim lUn<n2+z2) _ smh(2z)-
n—oo N n" —z 2z
16. lim (22) "n""2U,(vnz) =e % /4.
n—oo
2 .
17. lim 1Un<,/1+ 22) — sinhz
n—oo N n z
18, lim ~Up () =20
' o n " \/m - z

2.1.6. The Hermite polynomials H,,(z)

1. lim #Hn(nz) —e 7 /4,

2. nli_)rr;(—ﬁ)nHzn<%) = 212 cos (22).

. (—e) z\ _ .
3- n]l)rr;o WHQn_'_l(ﬁ) —_ 21/2 sin (22).

2.1.7. The Laguerre polynomials L) (2)

1. lim n—*Lg(%) = 2~ M2J,(2v/Z)

n—oo
. —n/2 1 A _ _ 2771/2 KN
2. lim A"2LN (A - VAz) = S H,,(ﬁ)
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CH.2. LimITs [2.1.8

3. sli)n;os_nmLi‘L"'s(sé:i) - 2:!/2 H,,(Z\/_;) (18], (3)]-

2.1.8. The Gegenbauer polynomials C;(z)

1, 2
1. }l\l_IH))\ Cr(z) = nTn(z)

2. lim AT"C) (2) = (_2Z)n.

A—o00 n!

z+1) (1-2)"

. 1-X n/2 A
3. nll)rr;on C; (2\[ ey [lz| < 1].
n/2AX[ * — i
4 Jim AT = )
. —-_n _A—npA—n _ - 1
5. nll)rr;o(—Zz) n "0 (nz) = (22) I_)‘(;).
6. lim (=22)""n*""Cr (1 +nz) = (22) eI (1)
) n—o0 A z )
o 1—\ z\ _ cos(2z)
7 Jm Cmten (3) = Sy
n_1-X z\ _ sin(2z)
8 Jim (G () = Sy

: _1\n,1/2y—nA _ 1\nA—n nA—ntp
9. lim (—1)"n!/2A"" (A = 1) "0 (n)

—1/2
- L(%)” cos (2VAz) [A¢ o, 1]].

Var \(A-1

n,1/2 ni nA—npni—ntp (2

10, lim (—1)"n!/2A"" (A = )" nopy (n)
1 AF

= Var G SR (VA2) g0l

1. tim (5) () = ﬁlﬂ(A; _)

b =

. 1—2X A n _ v 1/2=x
12. nll)rr;on C’n(m) =T (22) Ia-1/2(2)-

2.1.9. The Jacobi polynomials P{")(z)

1. lim p PP~ (pz) = (—%)n L;"_"_1<g).

p—r00 z

2. lim PPt (14 2) = pa(-2).

T—00
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2.1.10] 2.1. SpeciaL FuNcTIONS

3. lim P(p’_”"'a)(a——i—z) = Lf(z).

T—00 o —z

4. lim p "/ZP(””’)(\/;) = LHn(z)

p—o0

5. lim n ”P(”"7 ”)(l—i— ):

n—oo

1
T(p+1)" 1<p+1; :

pt1
2

n—oo z

6. lim n~P PP —n—r/2= 1/2)(1+ ) F(ﬁ )(2),)/262/41,;/2 (E)

7. lim 71_1/2P(1/2 —n-1) <1+ ) = gerﬁ (i)

n— o0 \/5
8. lim n 1/2P(1/2 —n=1/2) <1—|— ) = ﬁezzmerf(—).
n— o0 n z 2
¢)
p p(p,—n—p) = \z/ z/2 ( _)
O Jimnorpp (L 1) = gy (e 3)
: —p p(p,—n—m—p—1) i) — m! P (E)
10. nll)rgon P (1+ n T(p+m+1) Lin 2)°

11, lim n~¢ PPmer=D (14 n2) = ( 2 ),,/2 L(v2(c +1)z).

n—o00 oz + 2z

2.1.10. Hypergeometric functions

. 2_
1. }LH;S‘“lFl(a’f+ ) = e/*D_4(2) 33).
. _ a,b+s
2. Jim s 0/22F1<c+s. L. )=e"2/“D—a(z) [[75], (6))-
2" 2 2s
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Chapter 3

Indefinite Integrals

3.1. Elementary Functions

3.1.1. The logarithmic function

InzIn"(az + b) _ 1 @\ n+l
L[ de = - (<) (a4 0)
n
IR o B G DA i
" Z )l In"""(az + b) L1k+2(
k=0
J In® z1n (az + b) _a J In® da
cotap ™ e | Gt bea t

2
4 lJ’lnmln(am—l—b) o 1 In"zln(az +b)

ne z(cz + d)" ne (cx+d)"

dzx

J'ln:l:ln"(a:l:+b) _n Jlnmln"fl(am%-b)

(az + b)™*! T m (az 4+ b)™*!

1 J'ln:l:ln"(a:l:+b) da 1 Inzln"(az + b)

ma z(azx + b)™ ma (az+b)"

J'ln:l:ln(a:l:—l—b)ln(cm—l—d) chnmln(am—l—b)
z"t n z"(cz + d)

i ngnmln(cm—l—d)
z"(az +b)

+1J'1n(aw+b)ln(cw+d) dm—%ln(am—i—b)ln(cm—l—d)

n mn«l»l

dzx

dzx

n

o

dz

1n(a:1:+b)ln(cm+d)d _ ¢ [ In(az+b)
J ™t = J z"(cz +d)
a J In(cz + d)

1
o™ (az 1 b) —w In(az + b)In(cz + d)

n

J1n2mln2(am+b) r = EJIanln(amﬁ-b)
(az + b)™ ! n (az + b)™ 1
2 Jlnman(am—i-b) 1

_ 2.2
(et B z na(az +B)" In“ z In*(az + b)

na
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CH. 3. INDEFINITE INTEGRALS [3.2.1

7. Jlnwln"(aw +b)dx = %_i_b InzIn"(az + b)

—nJlnmlnn_l(am—i-b)dm— %J%"’b

In"(az + b)dz.
3.2. Special Functions

3.2.1. The Bessel functions J,(x), Y, (z), I,(z) and K, (x)
Notation: Z,(z), Z(z) = J,(z) or Y,(z).

(g) ’ Jotn—k+1 ().

v+2n+1 _ n v+n+1 . (_1)k
1. Jm Ju(z)dz = (—2)"nlz Z o
k=0

2. Jm"J,,(m) dz = 22'“(” — ;l + l)k 2" R, ha ()
k=0
+2"(u_;+1)nJJ,,+n(m)dm.
3. un+1 Inz Jo(z)J,(z)dz = %{2%(3})[(1/ +1)Jy41()

+z(vlhhz+Inz —1)J,(2)]+ z[r(v+ 1)[J.(z) Yo(z) + Jo11(z) Yi(2)]
+2(vlnz+Inz —1)Ji(z) J,+1(2)]}

v v+ 3 1
_ﬁGgg xz 5"‘1,72 ,U+§1 .
4 v+1Lr+1,01Lv+;

4. |sinzlnzJo(z)dz = (zsinzInz — cosz — 2z sin z) Jo(z)

+zcosz(2 —Inz) Ji(z).

5. [coszlnz Jo(z)dz = (sinz — 2z cosz + z cosz Inz) Jo(z)

+ zsinz(lnz — 2) J1(z).

6. | iy f () de == eselom P (250) [(2) = F'(2).
" o i) == 5 (55) @) = F'(@))
8- J z [[:]III_(,;T():J:;]"IH dz = 2n si:(znr) [Jfl,,(zbw))]n )

o [ Lol r [Lto)]"

z [V, ()" 2n LY.(z)

10. Jm"”Zf_l(m)Zu_l(m) dr = %m""ZlL(m)
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3.2.1] 3.2. SpECcIAL FuNcTIONS
11. (27 Z" Y 2)Z,q1(z)dz = —%x_"”Z]}(w).
Z,,,l(:l:) —
12. ) dz=InZ,(z)+vinz.
Z,,+1(.T) —
13. 0 dz=—InZ,(z)+vinz.
2nr—1 2 [ZV+1(w)]n_1 — z*" Z,,+1(£I:) "
14. |z [Z,(z)] Zo (@) dz = Y Z,,_l(m)]
15. - goggrdm: %—lnm.
1 [Z@] 1 Zua(a)
16. Jm Ty 1= g I g +Ine
1 Z,,(w))
17. - _ _ Z .
J T "+1 nz [Z(2)Z(z) — Zu(x)Z,(z)] <Zu(m)
HY (2) _m H,(})(m)) -
18. J 273 @) < 7. (@) ) dx = 3 csc(u7r)F'< 7. (@) [f(z) = F'(z)].
HP (z) _ mi HP (2) o
19. JN = < o )dm - 2csc(mr)F< o ) [f(z) = F' ()].
H(2)(w)) _ ﬂ <H,(,2)($)> o
20. | m[H<”< R <H“>(z) = P 0 () @) = @
21. Jm“l,, dm—§2k(u_g+l)kz“_kl,,+k+1(m)
—|—2”(”_Tu+1) Jm”_”l,,Jrn(m)dm.
22. Jm I,(z)dz = (1(:3)_:)
2 n
X U P, . (z)dz — kz_12"_k (”_TW - n)n_k z”+klu_k+1(m)] .
23. Jmlnwlg(m) dz = %2 Inz[13(z) — I3 (x)]
-5 [B@ - @) - S Io(@) ()]
1 I_,(z) o I_,(x) _
24. JT&(m) f[ e ] dz = —5csc(u7r)F[ e ] [f(z) = F'(a)].




CH. 3. INDEFINITE INTEGRALS [3.2.1

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Jm””lf_l(x) I,_1(z)dz = %w"”]f(m)
Jm_""lf_l(w) Ij1(z)dz = %m_""l,’}(m).

I i1(x) _ -~
J T dz=Inl,(z)—vinz.

lia(@) ,
T.() dz=Inl,(z)+vinz.

et Inz Ko(z)de = ze*®(Inz — 2)[Ko(z) £ K1 (z)] + eX® Ko ().

e e ae=F 0] (@) = F'(@)]
m[llx(w()iw = R~ ()
J - E(”)“)d z=—InK,(z)—vinz.
KKu(i)) de = —InK,(z) + vIne.
2™ K'Y (2) Ky_i(z)dz = —%m""K,’}(m).
e KD (@) Ky (2) de = — o™ K7 (2).
K@) Knia(@)do = U™ k2(a) "+1Z 1)1 K(z).

Jm_”K#(w) K,(z)dz = I(p, p, n),

I(p, p,v) = Hu—”[(l’ Lpu-Lv)+I(p-1,p,v-1)
+al” PKu(z)Ku(z)] [p+v+p-1#0.
1
I(paﬂv ) [I(p—l,l,t—Fl,U)—|—I(p—1,l,t,l/—|—1)

p+rv—p+1
+ 2 PK,(2) K, (z)] [p+v-p+1#0).

11, py v) = —ﬁ[fﬁ(m) K, (z) + K, () K, (z)].
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3.2.3] 3.2. SpECcIAL FuNcTIONS

1 T
40. =— e K”(J}) K,,(LL') — W[Kp—l(m) Ku(m) - K#(LL') KV—l(m)]a

I(1, m, m)=— 7[( )" K3 (x +2Z )7 K3 (z) + K2 (2)] [m>1].

3.2.2. The Struve functions H,(z) and L, (z2)
l—p—v -
1. Jx“Lu(x)dxz 2k(+)kz“ FL,_g-1(2)

n—1 92k—v+1 (1—;24—1/) Shtv—2k
k

k=0 (u+u—2k)l"(u—k+%)

+2" (1—u7—l/)n Jx“_" L,_n(z)dz.

2

¢
2. JmQ"_"H L,(z)dz = nl 22" v+l Z ( 2L Ly _g—1(z)
k=0

n—k)!
nl Z2nH1 n—1 . (E)%
= (-1) z
2y (n—k)!@n—2k+ 1) (v—k+ )

2n—u+lz

Frfar])

+(=2)"n! [2"Y L, (2) —

3. Jxlnx Hy(z)dz = zInz Hy(z) + Ho(z) — =
4. Jmlnm Lo(z)dz =zInz Ly (z) — Lo(z) + 2%

3.2.3. The Airy functions Ai(z) and Bi(z)
Notation: y = a Ai (z) + bBi(z), a, b are constants.

1. Jm"ydm =z" 1y —(n—-1)z" 2y + (n—-1)(n - 2)Jmn_3ydm

[[53], (4)].
2. medm—y [[53], (6)].
3. Jx ydz = zy' —y [[53], (7)]-
4. Jm ydz = 22y —2my+2Jydm (53], (8)]-
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CH. 3. INDEFINITE INTEGRALS [3.2.3

5. Jm4y de = 2%y — 3zy + 6y’ (53], (9)].
6. |a"y?de = ot [a" Yt — "y e gy — (0 - 1"

+ 2 (n—1)(n - 2)J z" Sy dz]  [[53), (1))
7. Jy2 dz = zy* — y* (53], (12)]-
8. ngﬂ do = % (222 — 2y + yy') (53], (13)).
9. Jm2y2 dz = % (z3y? — 2%y + 2zyy’ — 4?) [[53], (14)].

10. Jm”y3 de = " 1y?y/

_ n;lmn—2y3 _ gmn—zy/:ﬁ I %(n— 1)(n — 2)Jm”_3y3dm

+ g(n - 2)Jm”_3y'3 dz [[53], (24)].
11. Jm”y3 dz = z" y?y’
7(7,,,/_11) n—2 3 ;mn—2y13+ g(n_2)mn—3yy12
- g(n —2)(n—3)a" Y’y + | (n —2)(n—3)(n — 4)2" %y

+1970(n—2)2jmn 33 dx — (n—2)(n—3)(n_4)(n_5)J 2" %3 dz
(53], (27)]-
12. |22y do = 2yy’ — Ly° — 2y° (1531, (25)]-

13. | 23y3dz = 2%y’ — %Oacy3 — gmy'3 + %yy'2 + % Jy3 dz [[53], (28)].

14. | z%y3dz = 23y

17 2 2 40
T T myy -Vt szﬁ dz  [[53], (29)].
15. Jm5y3 dz = z*y?y’

- 320 - 2oty aatyy sy - Syt - 2y (53], (30))
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3.2.3] 3.2. SpECcIAL FuNcTIONS

16. Jmny4d$= |:3$n+1 4 6m‘n 2 12

1
5n + 3
+2n$n 1 3 I+3ﬂ')n 1 I4 g(n_l)mn_2y4

+ 2 (n—1)(n - 2)] 2" 3yt dz — 3(n — 1) Jm"_2y'4 dm] 53], (38)].

17. Jm”y4dw— 8_[3mn+1 4 6amy?y? 4 (5 — 3)a" gty

+3z" 1yt — 3(n — 1)z"yy? —(n—l)( — 3)gn2yt
+§<n—1)(n—2)m”-4y'4—§< D(n - 2(n—4) 2"y da

(
+ 3 (0= 1)(n—2)(5n - Jm” dm] [[53], (39)].
18. | zytdx = é(3m2y4 — 62y2y"? + 2293y’ + 3y (53], (40)].

19. |z%y*dz = 1176 (3m —62%y%y"? + Tey>y’ + 3zy’ — 3yy”® — Zy‘l)

(53], (41)]-

20. “lydz (53], (10)].

21. |yy'dz =y (53], (16)].
23. |z’yy'de = % (%wzyz +azy'? - yy') ([53], (18)].
24. oyt = Jw"_1y3 da (153, (34)].
25. anyt Jw"_1y4 da (53], (10)].

26. _wn+2y2+ n+1 I2+(n+2)w yy

J
J
|
|
22. mey'dm = 1y [153], (17)].
|
J
J
|

—2m+2)z" 1y + %(n —n(n+ 2)J "2 2dm] 53], (20)].
27. |yde = 3 (e + 2y + 29 53, (21)].
28. ny,2d$ = %( z3y* + 2%y + 3zyy’ — 292) (53], (22)].
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CH. 3. INDEFINITE INTEGRALS [3.2.3

29. Jgﬂ

30.

31. Jm3
32.

33.

34.

35.

39.

40.

41.

1
y?dz = o (—a'y’ +2°y" + 4a”yy’ - 4y?) (53], (23)].

+ 2 (n- I)Jmn_2y3 de [53), (34)].
2,0, 1 33 20, 1 3 2,3
yiy'dz = 3TV Yy 3y gy ([53], (36)].

meym dz = %ym [[53], (37)].

Jm"yZy'zdx _ %xny3yl B %mn—1y4 B %Jm"“y‘ldaz

=1 [an i de (s3], ().

2
(7n—|—4)Jm"y3dm— %(n—l)(n—Z)Jx" 3y3dz  [[53], (26)].

Jm”y’3dm= ; n+1 3+$ yy nmn 1y2yl+ ( 1)mn—2y3

2 2
Bz = 2oyt +yy?+ 2 jy*“’ dz (53], (31))].

zy®dz = —§m2y3 +zyy? — VY + 5 me3 dz [[53], (32)].

z?ydz = — §m3y3 + z?yy”? + 229y’ - gyS -2y ([53], (33)].

2"y dz = 1mny2yl2 T gn—lydyl — i n+1 4+ (n—l)w"_2y4

6
5"1‘;3J "yt dz — ﬂ(n—1)(n—2)J "ytdz (53], (48)].

Js
|
3
3

+

nod g 1 n+3, 4 nt2,2, 12 ntly 3,0
Jm ytdr = 3(n—|—1)[3m Yy — 6z +2(n+2)z" "y y
+ 3™y — %(n+1)(n+2)m”y4—(5n+13)J z" 2yt dz
+ 5+ D +2) [o" Ny e (53], (42)
3 3 9 3
J Mg = 3 g3yt — 32,22 Emy3yl+ Emym

13 13, 9 4
T ¥ T gy 53 (45)]

[ (0) o= nr () ) = el




3.2.4] 3.2. SpECcIAL FuNcTIONS
1 Ai(z) . Ai(z) _
42. J 5 f(Bi (m)) dz = —7rF(Bi (m)) [f(2) = F'(2)].
3.2.4. Various functions
1. |z™(s, z)dz = — n‘_w; ;(—l)k%m_kqs —k—-1,2).
2. |e°T?(v, z)dz = % [T (v, z) — T (2v, z)] + e°T?(v, z).
2" e [T(v, r'(v - e
3| S m)f[v(u 5 ] 50 [7( ] [f(@) = F'(2)]
D.(-a P(=v) p[ Du(-2) o
4 Jn(m)f[n(m) Ja= == 2P T 07 (@) = )]
D_,_ 1(’&13) _ zu1r/2 D_ ( ) z) = F'(z
5. JD(m)f[ o de=iev 2R [P (@) = Fa))
1
6 | Pu@)Pula)dn = =,
X [uPy—1(z)Py(z) — vPu(x) Pyor(z) — (b — v)2Pu(z) Py (2)].
1
7. J[P” w1
x [PH( )Pu(2) = 2[Py(@)] + v Py (@) 21D~y (2) 222,

©

e S - s
lenm E(z)dz = 3 (w Inz —Inz 32 T 3)K(a:)

(.2 _ 1l 2
+3(w Inz+1nz 3%
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. Jmlnm K(z)dz = (2%Inz —Inz — 22 + 1) K(z) + (Inz — 2) E(z).

7

3

)E(w).






Chapter 4

Definite Integrals

4.1. Elementary Functions

4.1.1. Algebraic functions

Condition: a > 0.

1. Jms_l(a —z)" 1 - bz(a — z)]*dz = a*t* 1B (s, t)
0

s+t s+t+1
2’ 2

s, t, —v; ﬁ
X3F2< 4 ) [Res, Ret > 0; |arg(4 — a’b)| < =].

[

Jm_”_3/2(a — )™ ?[1 - ba(a — 2)]¥da
0

1! »
- \/;F(F(_”f) (% - b) % Rew < —1/2; Jarg(d — a%b)] < ).

3. Jx_1/2(a — ) Y21 - bz(a — )" da

4. Tm_1/2(a —2)"?[1 - bz(a — 2)]"/?dz = aE <“
’ [larg(4 — a®b)| < =].
5. Tm_1/2(a —2)72[1 = ba(a — )]V?dz = 2B (“2”>
’ [larg(4 — a®b)| < =].
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. Tmlﬂ(a—m)l/z[l— ba(a—z)] " 2dz = % [K(#) —E<a‘2/5)]

[larg(4 — a®b)| < m].
. Jm—l/Z(a — m)—1/2[1 — bm(a — m)]—l/Qdm —9K <a\2/g>

0
[larg(4 — a®b)| < ].

. Jm_1/4(a _ .’I:)_3/4[1 _ bm(a _ .’E)]_l/2d.’12
0

1/2 1/2;1/4
= 4 K 2 a b [larg(4_a2b)| < ﬂ']_
2+ avh 24+ avbh

. Jm_1/4(a — .’I:)_3/4[1 _ bm(a _ Ji)]_ld.T

1/2 1/2
I:/i% <1 + mf) + <1 - #) ] [larg(4 — a®b)| < 7).
z=*(a - m)_1/2[1 —bz(a—2z)] 'dz = % [larg(4 — a®b)| < =].

O——p Oo——p

z%(a — 2)"*[1 — bz(a — )] 'dz = % l<1 - ?)Aﬂ - 1]

[larg(4 — a®b)| < m].

. Jml/z(a_ m)l/Z[l _ bm(a— m)]_3/2dm
0

- b(4—8a2b) E<a\2/g> - iK<m2/B) [larg(4 — a®b)| < m].

a 71/2(a 11:) 1/2 <a\/5> - <a\/l_))
3'J1+¢m =2K( “7 ) —2D( %4

[Jarg(4 — a?b)| < 7).

a

J = = L 2ravh 2 1<1_a_”>
e Vicbaa-a) Vb 2-avh i

[larg(4 — a®b)| < m].
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< 1/2 1/2
z /" (a—x) _T 2 a\/l_J) re(d — o i
15’l1+¢md$—b bE< 2 [larg(4 — a”b)| < =].
[ o a—a)” (%3)-en (%)
16- JHm =aK(=~)-aD

[larg(4 — a®b)| < =].

17. [ 2*(a 2" V201 1 bVala @) da = 27 yran e T2
0

F(zs+ 2)

—v, 25+ 2
x o Fq 5 ab [Re s > —1; |arg(2 + ab)| < .

18. Jm_3/4(a - m)_1/4 [1+by/z(a— m)]n dz

n/2 4+ ab
_\/—( ) P<m) [larg(2 + ab)| < 7).

19. Jmlm [1-by/z(a— m)]l/z dx
0

[ ) (- P

[Jarg(2 + ab)| < .

20. |&™Y2[1 - by/a(a- 2]

0

=\/E+% (1- a?b)lnﬁi_\/\/g llarg(2 — ab)| < .

21. Jm_1/4(a—m)1/4[1—bw/m(a—m)]lmdm

0

= g [(2—(1b)K<\/§) +2(ab— 1)E< a2b>:| [larg(2 — ab)| < =].
22. Jm_3/4(a—m)_1/4[1—b m(a—m)]l/zdx=23/2E<\/§)

0

[larg(2 — ab)| < =].
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23.

T

0

z!/? [1-bvz(a— m)]_l/z dz

La(1+ %) V2EYED Vot ab) < )

T VvaP U T2 A Ve b
24. J$_1/2[1+b\/$(a—$)]_1/2 dz = %arctan\/g
0
[larg(2 — ab)| < =].
[T —-1/2 2. V2++vab
25. lm 1211 - by/z(a — 2)] dz = Eln\[—m
[larg(2 + ab)| < .
i —1/4 1/4 -2 ab
26. Jm (a—2)"*[1-by/z(a—z)] dz =+2aD 5
0
[Jarg(2 + ab)| < .
27 ]Jl —3/4 —1/4 —1/2 _ 93/2 ab
. |27 (a — z) [1-byz(a—z)] dz =2"*K -
0
[larg(2 — ab)| < =].
28. Jml/z[l—bw/m(a—m)]_l
0
= 2\25 \/ab(;i_ab arcsin 4/ — — 1] [larg(2 — ab)| < 7).
29. J;m_l/z [1- b\/m(a—m)]_l m arcsin
[larg(2 — ab)| < =].
30. Jm_l/‘l(a—m)l/‘l[l—i-b\/x(a—m)]_l dz
0
T ab\~1/?
- Var [1— (1+2) ] llarg(2 + ab)| < ]
31. m_3/4(a—m)_l/‘l[l—l-b\/m(a—m)]_l de = 27

|

vab+2
[larg(2 + ab)| < .
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a

32. Jm_1/2 [1+byz@-2)] " de= a‘t‘@ larg(2 + ab)| < ).
0

33. Jm_l/‘l(a - m)1/4 [1-by/z(a— m)]_3/2 dz

:—% [(ab—2)K<\/§>+2E< a2b>:| [larg(2 + ab)| < 7).

T -3/4 —1/4 —3/2 25/2 ab
34. Jm (a —x) [1-byz(a—2z)] dm=2_abE 5
0

[larg(2 — ab)| < 7).

a

35. Jmlm [1-by/z(a— m)]_2 dz

0

2v/a 4(ab—1) - [ab
~ b(2—ab) + B2 (2 — ab)*/? arcsing /-~ [larg(2 — ab)| < =].
36. Jm_l/z [1-bv/z(a—2)] " da
0
_ 2v/a 4 . ab
= a-ab T g ap TNy g [are@—ab)l <.

37. J'ac_l/‘l(a—ac)l/‘l[l—b\/a:(a—a:)]_2 dz = Ta

(2 — ab)®/?

[larg(2 — ab)| < =].

38. Jw‘*’"/“(a —2) - by/a(a-2)] dz= (Z(f ;b()lf/)Q
0

[larg(2 — ab)| < =].

39. Jm_l/z [1-bva(a—=2)] de=206=05 b ab) <l
; 3(2 — ab)
1 2\s—1/2 Val(s+ 1
40. J 1 _21: ) . dr = ( 2) 2F1( 8, 2s )
1(1+2am+a)8(1+2bm+b)s I(s+1) s+1; ab
[Res > —1/2].
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4.1.2. The exponential function

Condition: a > 0.

1. Jm"e_bm2_cmdw=2_"i"b_("+1)/2 ﬁec2/(4b)erfc( ¢ )H ( ie )
) 2 2wb/ "\avh

i( ) Hp_ k(2i;5)Hk—1(ﬁ>‘| [Reb > 0.

k=1

a ab

_ 8, b ——
2. Jms_l(a - m)t leb2(a=2) g = ¢* T~ B (s, t)2F2 ( s+t s +4t +1 )
0

2’ 2
[Re s, Ret > 0].

3. Jebz(a_z) dz = 1/%6‘1213/4 erf <#>

0

a
4. Jmebz(a_z) dx = %,/%eazb/‘l erf <a\2/5).

0

T 2 _bz(a—z) a [a®b+2 /7 2p/4 avb

r(a—x - % 2 pa —

5. Jme dm—zb[—2a ,/be erf< 2 ) 1].

0

a
6. J$_1/2(a — m)_l/zebz(a_z) dz = 7rea2b/810 <?b)
0

a
7. Jml/2(a — m)_l/zebz(a_z) dzr = 7;—(16“21’/810 <8b)
0

8. Jml/z(a—m)l/zebz(“_“”) de = Laz /8|1 e’ a’b
8 8 8 )
0
a 2 2 2
3/2 1/2 bz(a ) T™a e b/8 Lb _ Lb
o ot 52) ()]
0

10. J 2™ Y2 exp <am — f;) de = 7%/? [Ai2(a) + Biz(a)] [[65], (2.21)].
0
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11. |z%(a — z)* T/ 2ebVela=2) 4y

o——e

25—1 2543/2 I'(25 +2) 242 Y
R e i s Ry R By o) 2| [Res>-1]
F(25+ ) 2+

12. Jml/2eb1/z(a—z) dr = % ( b—]_) lzb eab/2erf< [a2b>

0

a
13. Jm_1/2eb\/ 2(a=2) g = 1/ 2% e%/? erf <1/ %b>
0

. o T g 2 [0(%) £ ()]
0

a
15. Jm—1/4(a _ m)—3/4eb1/z(a—z) do = \/ﬁﬂ_eab/410(ab)
0

o0

17. J (@ + 2%) (™ +1) dm—i’l,b(z—i- 5)—§lnz [Rez > 0].
T 1
18. z dz =
i @+ (@ 1)
n—1
=" k (n+k—1)! k. (n—k) 1
+ 2(n!) (1) m@ z)T" (z+ 5) [Rez > 0].
k=0

4.1.3. Hyperbolic functions
Condition: a > 0.

1. Jms_l(a—m - smh(b\/w(a—m )dw—aa‘HbB(s—i—— t+ )
0

1 a%b?
Sttty T
X oF3 3 s4t+1 s+t [Res,Ret> —1/2].
2’ 2 ' 2 +1
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3.

O—0 O—e

2. s1nh(b\/m) = —Il(azb)

=12 sinh(by/z(a — 2)) dz

_ ™ ab/2 a;b _ ,—ab/2 ib
=V [e erf<\/ 2) e erﬁ<1/2>].

4. Jm_l sinh(by/z(a — z)) dz

o

®

N

%

©

0

O O O O O-—2

8
|
(=3
S~
N
—
|

.’12_1/2( _

e a—z

a

m)1/2 sinh(by/z(a — z)) dz =

=t oo () (%) (%) o ()]}
2 fon(2) -2 (4))

m)_l/z sinh(bm) dz = % LO(%b).

2)"Y? sinh(by/z(a — z)) dz = wLO(%b).

“'sinh(by/z(a - z)) dz = 1/2 rf<\/§)erﬁ<\/%7b>.

s (/a2 de = 1] 0 12, (%),

10.J “(a—2) smh(b\/m(a z)) dz

11.

0

m_5/4(a _

o——2

=5 {0 () m(5) + 6(5) e ()]}

m)_5/4 sinh(b\/z(a — z)) d=z
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12. Jw"(a —g)"t/? sinh(by/z(a — z)) dz
0

5 5  ab’
r(2s+7) 25+ 2;
— 9 23/2 Jrg2s2y VT 2) g 27 8 [Res > —5/4].
I'(2s + 3) g,2s+3

13. Jw_l/‘l(a - w)1/4 sinh (b Va(a— z))dz = % Lo(b %)
0

14. Jw_1/2 sinh(b \4/w(a — m)) dz = ma'?1, (b\/g).
0

a

15. Jml/z sinh(b/2(a — 2)) do = T2 [3v21a(by/3 ) + vVabIs(by/5 )].

0

16. Tw_1/4(a - w)_3/4 sinh (b m) dz =271y (b\/g).

17. Tw_l/z(a —z)" sinh (b m) dz = %
nl2) o D) -1 D D)
18. Tms_l(a — )" cosh (bm) dz

a2b?

stt—1 5t 5
=a B(S,t)2F3 1 s4t s4t+1 [Re s, Ret > 0].
27 2 2

a

19. Jcosh (b\/M) dx = %a L_1<%b).

0

a

wa’ ab
20. chosh (by/z(a—)) dx = - L—1(7>-
0
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21.

22.

23.

24.

25.

26.

27.

28.

29.

|

z? cosh (by/z(a — z)) dz

=2 [ZwabLo(%b) m(a?? - 8) Ly (% )+2a2b2]

Jml/z cosh (by/z(a —z)) dz

0

o——2
8
|

a
|
0
a
E
0

|

a
E
0

OS——e O——R

1/2((1

1/2(a_ .’12)

8% [(ab — 1)e®/? erf <\/‘;7> + (ab +1)e" /2 erfi <\/§>] .

/2 cosh (bv/z(a—1z)) dz

() e ()]

/2 cosh (by/z(a — z)) dz [211( )+ab12( b)]

2 cosh (by/a(a — 2)) dz = T2 1o (2)).

] - m)_l/z cosh (b\/M) dx = wlo(%b>.

m—1/4(a _

m—3/4(a _

—1/4(a _

z)~ /% cosh (by/z(a—z)) dx

= (%) [t (2) + b (2)]

m)_ /4 cosh (b\/m(a — iL‘)) dx = \/iﬂ'cosh %blo(%b)

z)” Mcosh(bM)dm:\/ilzl/‘l(ab).
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30. Jw"(a —2)*™/2 cosh (bVz(a—1z)) dz
0

b
254+ 2; 2
— 9251, [z q29+3/2 T2s+2) 1P| p [Res > —1].
r(zs+3) 325+
2 2’ 2

31. Twlm cosh (b m) dz
L e (5) B E) 4 )
32. Tw_1/2cosh (bvz(a—2)) de =7+/a L_l(b %)

33. Tm1/4(a - m)_1/4 cosh (b m) dz
7))
e V4a - w)—3/4 cosh (b m) dz =27l (b\/g).

34.

oO——0

e —1

35. T 2’ [22" ! sinh (2b) — sinh (bz)] dz
0
= % [1#(2")(% + b) - ¢(2")(% - b)] [Reb < 1/2].

2n+1
36. J 7; — [227+ cosh (2bz) — cosh (bx)] dz
0

_ % [¢(2n+1)(% T b) + ¢(2"+1)(% - b)] [Reb < 1/2].

4.1.4. Trigonometric functions

1. l %dm = "2 [Ko(a) Lo1(a) + K1 (a) Lo(a) [a> 0.
9 WJ/'2 sin’™ z do =T
) sin®® z + cos”™ z 4
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CH.4. DEFINITE INTEGRALS [4.1.4

10.

11.

12.

13.

[9Y]

a
J'sin"—2 (a — z)sin(vz)dz = uil sin” a [a > 0; Rev > 1].
0
Jsin"—2 (a — z)cos (vz)dz = ! i sin“"'acosa [a > 0; Rev > 1].
v
0
a
J(cosm —cosa)” cos(vz)de =2"""B(v, v)sin® " a [a, Rev > 0.
0
/2 e
[ 90e) gy B 1t 5 )
sin” z 40
0
w/2 9
J sin2[(n + 1)a] S8 g - T Ly,
sin” z 8
0
/2 T .
J sinf[@nt Da] yp ™ 3"—”(n+1)
) sin” z 2

sin?(nz) sin’[(n + 1)z] dz = %(n +1).

sm X

sin(2n + 1)a]
:

3
1/2 z” _by oz
Jm cos<12+am w+4)dm
0

= 2732 Ai (a+Vb) Ai(a —vb) [[65], (7)].

Jms_l(a—m - sm(b\/ (a—=z)) m:as“bB(s—i—%,t-l-%)
0

2,2
a”b

s+ -, t+-; —
X2F3(3 2 2 16) [a > 0; Res, Ret > —1/2].

s+t+1 s+t
2’ 2 b2 +1

Tsin (bv/z(a —2)) dz = %Jl(a;) [a > 0].

0

J ?sin (by/z(a - z)) dm—\/7 [(ab51n+005a2b)0(a2b)
- (e -0 2)5(3) %] oo
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14. Im—w sin (by/a(a — 7)) da
2Tl e() w2 s(2)] s
15. Im—l din (b/5(a — 7)) d
2 e () () () ()]} s
16. Twlﬂ(a —2)"?sin (by/z(a — z)) dx
| 5o (%) m ()] ool

17. | z'/%(a — z) sm(b\/w(a z)) dx HO(%b) [a > 0].
18. m_1/2(a—m)_l/zsin(b\/m(a—m))dmzﬂHo(%b) [a > 0].

273 (a — 2)"**sin (bv/z(a—z)) dz = \/ J12/4(ab) [a > 0].

b
e

27 (0= 2)""sin (b3/2(a — 2)) do

= () (%) 0($) o (R)]) oo
21. ]:w_S/‘l(a — )" *sin (by/z(a —12)) de
T () 5] w0

a
22. Jm"(a — )" ?4in (bvz(a—z)) de = 272732 /ma®*2p
0

2

o) (s p

X 1Fy a > 0; Res > —5/4].
I'(2s +3) §,2s+3
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23. Jm/ sin (b/2(a — ) do = T2 [3v35(b)/3 ) = Vabs(by/2 )]

[a > 0].

[=}

2z~ Y2sin b\/m) dz = 7ra1/2J1(b\/7) [a > 0].

25.

A w1/4s1n b\/m)
=%Ho(b\/g) e Hi(by/3) le>0)

z~4a - z) 3/4s1n(b\/m dz = (b[) [a > 0].

ol
i

z~V%(a — )" sin (b¥/z(a —2)) dz = ”Tb {200(by/%)
DTl D) D]} e
28. Tms_l(a — )" cos (bm) dz

N e

2,2
s, _a’b
:as+t_1B(s,t)2F3(1 st a-}-6t+1) [a, Res, Ret > 0].
2’ 2 7 2
T b
m™a a
29. Jcos(b z(a—z))dz = TH_1<7) [a > 0].
0
e 2
30. Jmcos(b z(a—z))dz = %H_l(%b) [a > 0].
0
31 JmQCos(b\/m(a—m))dm
0
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

172 cos (bm) dz

=2\/§[cos%b0(%b)+sin%b8(%b)] [a > 0].
Tmlﬂ(a—m)lmcos (bv/z(a—1z)) dz = % [2J1(%b) _abJQ((;b)]
0

[a > 0].

[0 e o= ()
0

o——e
8
|

Jm_l/z(a—m)_l/zcos (b\/M) dmZﬂ'Jo(%b) [a > 0].
0

Jm_l/‘l(a - m)_1/4 cos (by/z(a— z)) dz

2 () [2a(22) — by ()] >

Jm‘”“(a 3/‘lcos(b\/ (a—2))dz = 27rcos—J0((zb)
0

[a > 0].

a

Jm_3/4(a—m)_3/4cos(b\/m)dm=\/7J21/4(ab) [a > 0].

0

Jms(a — ;p)3+1/2 Ccos (b m) dr = 2_26_1\/7_1'(1254_3/2
0

b2
2s 4+ 2 -2
X T@s+2) 1F'2( 8 ) [a > 0; Res > —1].

F(zs+§) 125+
pRvE .
J 1/2cos(b\/ a—w) e

0

x [abzﬂ_l(b\/g) - \/ﬂb}lo(b\/g) +4H1(b\/§)] [a> 0]
2 cos (b/a(a—2)) dz = mv/a Ho1 (by/3) [a > 0.
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42.

43.

44.

45.

46.

47.

48.

Tm1/4(a—m)_1/4cos (bm) dz
0

- “b“Jl(b\/g) - %Jg(b %) [a>0].
Tm_1/4(a—m)_3/4cos (bv/z(a—z)) dmz\/im]g(b\/g> [a > 0].
0

/2
J cos x cos (az) (1 + bcos® ) dx
0

p+1

o H —y: —
_ 27K 17rF(u+1) S F, 2 a§+17 v; —b
(G Gy NE ESHE

2 2
[Rep > —1; |arg (1 + b)| < 7).
w/2
J cos (2nz)(1 + asin® z)"dz
0

—2n-1 n—}-1 n—v;, —a
— n(_ ’ ;
=5 u)nm( 2" ) llarg (1+ a)] < 7.
™
Jcos (nz)(1 + acos® z)"dx
0
2 "ma™?r (2 — v ntl n_
= (2 )cosn—ﬂzﬂ 22 V) [lag(l+a)| <.
F(g+1) I'(-v) 2 n+1l; —a

™

Jsin" z { sin (az) } (1+ bsin®z)"dz

cos (azx)

- . pt+1 o .
27 a0 (p+ 1) {sm (am/2) } | 2o +1, —v; —b
r(A ¢ +1)r(#re +1) Leos(am/2) Y

[Rep > —1; |arg (1 +b)| < 7].

mTm

J { sin (ax) }(1 +bsin?z)” d

cos (azx)
_ 2intmzef2) {sn(me/2)) FC; —b)_
2

a cos (mma/2) J 1+ %
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mm

49. J {Sin(”)}cos(bsinx)dm

COSs (am)
. . . _b2
_ 2sin(mma/2) {Sm(mm/Z) } ) F2(1 L - )

a cos (mma/2) - g, 1+ g
T sin (az) ) . .
50. J . sin (bsinz)dz
sinz | cos(az)
. 1 b’
_ 2bsin(mma/2) [ sin(mma/2) F 3 1; s
B a cos(mma/2) [ 273 31— 14
2 2 2
51. Jmsin(nm—zsinm)dm
0
7rn_1 1 1 z\" 2kl 7I'n_1 n—k+1 2\ %
== - = z — (=" = o-rr- _z
S22 (2)k(2)n—k(2) (=1) zz( 2 )k( z)
k=0 k=0
_ (2)71 k 7r2
Z R(n— Jk(z)—THn(z)
7" 1 n—1
52. Jmcos (nz — zsinz)dz = — Z [1+ (—1)%"]
0 k=0

2z
(), () (A ()
y , n-1 2\"k k-1 S\ k—2p—1
-1 5 G e -S0),0),, (7]

o0
1 m+n+1
53. J e~ *sin™ (bz) sin™(cz)dz = mT (%)
0

[ee) n
—az .. m n — 9—m—n, | n 1
54. J e~ *®cos™(bz) cos"(cz)dz = 2 m! kzo (k) s T imb = Zike T ine
) -
ke

m nec ia
-m, —— + — — —+ —; —1
X o Fy 2 b 22 [Rea > 0].
2T

ne ia
b 2b 2b
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55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

b

n
n m kc ne ia\ 1
X;(k)(_2+b_2b+2b)m+1 [Rea > 0]

mr v, 1.1, b
_ , 1— e ™ vy g i -
Je @14 bsin’z) de=-—5" 3F 2 .
1-214+2

0 2’ 2

o0

|
J e ?®sin™ (bz) cos™ (cx) dz = 2~ ™" 1im ! m:
0

[larg(1+b)| < w for v # 0,1, 2, ...].

T (1) L=
ez (s 1—(—1)™e ™" S
J e “z51n(b51nm)dm=ba2—H2F3 3—ia 34ia
0 2 72
mm b®
. 1 — g ™7a 1, -
J e *cos(bsinz)dr = ———— 1 F» T B
a 1-% 14
)
0 2 2
mnr 1 1: b2
€ a® . . b —mmna 5’ ’_Z
——sin(bsinz)dz = — (1—e J1F2| . .
sin a a ta
*11_*71"_*
0 2 2
mwr —mma 1 1: b
—ax+bsin® _1—e 277
0 2 2
mm .
sim (am) eb sin? zdr
cos (az)
0

i 2 ; b
= gsin mma s (mﬂ-a/ ) 2F2 a a |*
a 2 cos (mma/2) 1-2,1+3
T 2 v 1 -V, 11 1; —b
Je_‘“”(l—i—bsin z) z==3F, 2 .
a a a
0

[Rea > 0; |arg(1+b)| < wfor v #0,1, 2, ...].

oo ) L
Je_‘”sin(bsinm)dwz a2+11F2<3_1.a 34+1.a) [Rea > 0].
0 2 7 2
oo b?
- . 1 L -7
Je % cos (bsinz)dr = ~ 1 Fy i b ia [Rea > 0].
a 1-=,14+ =
0 2 2
o) 1 b2
e . . b L7
J ——sin (bsinz)dz = — o F3( , . ) [Rea > 0].
sinx a S oy4te
0 2’ 2’ 2
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4.1.4] 4.1. ELEMENTARY FUNCTIONS

T 1; b

66. | eoettsin’zgy — 1. p 2’ ’ [Rea > 0].
a 1 _ 1 + 'la

0 ?’ 2

. '
67. JSID“’ {Sln ((13’)) } ebsm2 T e — 2 ﬂ'F(u + i)
" emten T e e

. p+1 ;t
y sin (am/2) P, s 1, t1ib .
cos (am/2) u+1, pta 4
2 2

©0 —v—-2 . .
68. J cosh” z €5  cos (bz)dz = 2 F( —ib - u) F(Zb - u)
0

I'(—v) 2 2
—ib—v db—v
szz( 3 1’_,/2 ) [Rev < 0].
_55 2 y @
" [ sin (az) i
69. J cosh(bsinz)dz
cos (az)
. b?
2sin (mma/2) [ sin(mma/2) L
= 1F2 a a |°
a cos (mma/2) 1-2,1+3
S sin(az) | . .
70. J - sinh(bsinz) dz
sinz | cos (ax)
. 1 b*
_ 2bsin (mma/2) [ sin(mma/2) P >l 7
B a cos(mma/2) [ >3\ 8 _a j af
2’ 2’ 2
71. J ,1 { sin (az) } sinh (b\/sinm) sin (bVSin m) dz
sinz | cos (ax)
. 1 b*
_ 2b” sin (mma/2) {Sln (mma/2) } F ( 7 1; “e1 )
- N[27513 53 . a a |
a cos (mma/2) Dyl lts
72. J { sin (az) } cosh (bv sin m) cos (bv sin m) dz
cos (az)

_ 2ain (mra/2) {sin<mm/2>}1F4(

a cos (mma/2)
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73.

74.

75.

76.

77.

78.

79.

80.

mm b*
1 — g~ m7e ]_; -
e *® cosh(bsinz)dz = 1F 4
1a 1a
a 1—=,1+—
0 2 2
mm 1 b*
—ax b o) 1; a
J —— sinh(bsinz)dz = — (1 — e ™"?),F}3 o4
a a a
0 gl tg
mm _az
J € sinh(b\/sinm)sin (b\/sinw)dw
sina
0
4
b’ —mra R
=g (l—e )2Fs 858, da . ia
4’42 2 2
mm
J e~ %% cosh (bv sinm) cos (bv sin w) dz
0
b4
1_ —mma H _674
= 1Fy . .
a l, §’ 1-*2 14
4’1 2 2
&) b?
- . 1 L
e % cos(bsinz)dz = — 1 Fy ) ) [Rea > 0]
a a
a 1-=,14 =
0 2’ 2
©0 —ax
J ¢ sinh(b\/sinm) sin (b\/sinm) dz
sinx
0
4
b? 2B
232F5 858 4 da . ia [Rea > 0]
4’4’ 2’ 27 2
o0
J e %% cosh (bv sinm) cos (bv sin w) dz
0
1 _b4
_ ' 64
= Pl e, [Rea > 0).
4’ 4’ 27 2
oocosh" z cos (bz) cos (csechz)dz = 2" F(_ib — V) I‘(ib _ V)
T T(-v) 2 2
0
—ib—v ib—v, _02
) ) T
X oF3 o n ! [Rev < 0].
27 2 2
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[ee)
81. J cosh” z cos (bz) sin (csech z) dz
0

_ 27" e F(l—ib—u)r(l—l—ib—u)

T(1-v) 2 2
1-ib—v 14+ib—v ¢
X 2F’3( 23 1’_’/ 2 U, _4) [Rev < 1].
2’ 2’ 2
/2
82. J cos (bcos z) cos (esin (2nz)) dz = gJo(b) Jo(e).
0

a

83. Jsinh(b\/E) sin (bv/a — z)dz = = (ab)>.

8

84. J(a - m)_1/2 sinh(bv/z ) cos (by/a — z)dz = mab,

2

85. Jm_l/z(a — 2)""? cosh(by/z ) cos (by/a — z ) dz = .
0

w/2 om
. . . . _ (_1\n+1 T™a
86. J sin (2nz) sinh(a sin ) sin (a cos z) dz = (—1) 1(zn)! [n>1].
0
/2 om
. . . . _ Ta
87. J sin (2nz) sinh(a cos z) sin (asin z) dz = @)l [n>1].
0
w/2
88. J sinh?(a sin ) sin?(a cos z) dz = g [10(2a) + Jo(2a)] — %
0
/2

89. J cos®(asinz) cos*(acosz)dz = % [2J0(2a) + Jo(2V2a) + 1].
0

w/2
90. J cosh?(a cos ) sin?(asinz) dz = g [10(2a) — Jo(2a)].
0

/2
91. J sinh?(a cos ) cos?(asinz) dz = g [Io(2a) — Jo(2a)].
0
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92. sinh?(a sin z) cos?(a cos ) dz = g [10(2a) — Jo(2a)].

P |
[V

93. | cos?(asinx)sin®(acosz)dz = g [1- Jo(2\/§a)] .

ST —

. . 2
o, ewmon {Hn i)V oy x e

cos (asin (nz))

o——3

4.1.5. The logarithmic function

L[ e b [ela ) (e ) -2 3) o2 )

1
9. J In?z E
—m2 216
1
3 J In®z du
) 0\/4—m2

=560~ i [<(2 ) (8 5) ve(s.5) (4 )]

£ [ (- s)de=—2G- T
Jmn( —x) z=-3G- ¢ 2

1
T 1 _ .
5. Jmln(l—m)dm—ﬁ[wln2 8G 47rln(1+\/§)].

1
-z B (z=1)7! 1,8 2
6. J (1—z2)*t In(l-a)dz = 82 2F1( s+1 )
0

[Res>0; |1 —z| < ).

1
2
. Jlimln(Hmuﬁ)dm:’1f_2(1—x/§)+1n21n(1+«/§) [60].
0

Lo )
3+/8 _T
S'Jl mln(l—i—ac )dm—24(3 V32)
0

+ w22+ 2mE+vE)] 6ol

N =
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1
1 4+T5
9. J1+mln(1+m )dz
0

ln(2+\/_)+ln2ln(\/_+\/—) [60)].

= ’lr_2(2—x/_5)+1

10-J1imln<1+x5+m)dm ™ (5~ VOB) + L In(1+ VE) In 2+ V3)

+ %ln2[ln2+gln(5+\/ﬂ)] [60)].

11.

1n(1+m6+\/ﬁ)dm=’1i;(3—\/%)+l 1+‘f In (8 + 3v/7)

(= L

1+

+1In2In (V5 +/7) [60].

12.

2
In(1+428tV8)dg = %(4—\/@)“115*;@ In(24+V3)

(= L

1+

+In2In(34++7) [60].

13.

1 11++/120 _ _
T+ )dz = . (11 - v480)

+ 3 (1+V2) In(4+ V1) + 5 In(2+3)In (3 + VI0)

(= L

+21n H‘f In (5 + v24) + fln2[ln2+;ln(11+\/120)] [60].
1 2
14. Jlim In (1+ 2318 4o = T (13 - V672)
0
+%ln(1+\/§)ln(5+\/ﬁ)+11n(2+\/?_))1n(15+\/224)
+ 310 (5+v20)In (8+63) + 7ln2[ln2+gln(13+\/168)] [60].

1
1 14++/195 .
15. J1+mln(1+m Jdz = T (7 v/195)
0

Vi3 In (4 +V15)
+In2In (V15 +v13) [60].

+In In (25 + 4v/39) + 1

1++5
2
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16.

18.

19.

20.

21.

22.

23.

24.

a
Jms_l(a — m)t_l In(1-bz(a—=z))dz
0
1,1, 541,641 20
= —a*"TOB (s + 1, +1)4F3 ’s’+t+1’ s+; !
2, CEt +1

[a > 0; Res, Ret > —1; |arg(4 — a’b)| < ).

2.\ 1/2
. Jln(l— bz(a—z))dz = % <1— a4b) arcsin<a\2/g> —2a

[a > 0; |arg(4 — a®b)| < 7).

Jm_l In(1—bz(a — z)) de = —2arcsin? # [a > 0; |arg(4 — a®b)| < 7].
0

T 1 _ 4 . 2 av'b

Jmln (1-bz(a—2z))dz = — arcsin® ——

0

[a > 0; |arg(4 — a®b)| < 7.

Jm_1/2(a - m)_1/2 In(1-bz(a—z))dz=27In w
0

[a > 0; Jarg(4 — a®b)] < .

a

Tm_3/2(a - m)_3/2 In(1-bz(a—2z))dz = 4—7; (\/4 —a?b — 2)

[a > 0; Jarg(4 — a®b)] < .

Tm_l/z(a - m)_3/2 In(1-bz(a—2z))dz = 2% (\/4 —a?b — 2)

[a > 0; |arg(4 — a®b)| < 7.

o0
J L I a* +2bm+cdm = 2m arctan b
0w2—|—a2 z? — 2bx + ¢ la| + V¢ — b2

[b* < ¢; [40), (42)].

(b < ¢; [40], (43)].
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25.

26.

T
|

1 2492
S TerTe +2bz+ec dz = arccos? —d — arccos?
X

22+ 2dz+c Ve %
[b? < ¢; b® < d; [40], (47)].

z*tY2(a — 2)°In (1-byz(a—=z))de

F(2s+5) 2,25+ 3 5
[a > 0; Res > —1; |arg(2 — ab)| < 7.

27. J 1/2]n(1—b\/w(a—m) 3/2 (ab+ )v2—abarcsin<”%b)

28.

29.

30.

|
|
|

— %(5@() +6) [a>0; |arg(2 — ab)| < 7].

272 (1-byz(a—1z))de

= % [\/2 —ab arcsin<\/ %b> - \/E] [a > 0; |arg(2 — ab)| < =].

] - In(1-by/z(a—2))dz ﬁar051n21/%b

[a > 0; |arg(2 — ab)| < 7).

z'/%(a — m)_1/4 In(1-by/z(a—2z))dz

T / ab / ab ab

31.

32.

|

|

[a > 0; |arg(2 — ab)| < 7).

z V4 (a - m)_3/4 In(1-byz(a—-=z))dz

=23/27r1n<% + %1/1— “_”) [a > 0; |arg(2 — ab)| < ].

2340 — )" In (1 - by/z(a—2)) dz = 4;” (V2—ab - v2)

[a > 0; |arg(2 — ab)| < 7).
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33.

34.

35.

36.

37.

3

Qo

39.

g

|
e
|
|

T

0

0

T

0

2 Ya—z)"'In (bv/z(a—z) + 1+ b2z(a — z)) dz

1
:a‘9+th($+ %,t—i— %) 4F3(2’

[a, Re s, Ret > 0; |arg(4+ a’b?)| < ).

NI

zln (by/z(a —z) + 1+ b2z(a — 2)) dz

V ab [ 4+a2b2)_E($)]

[a > 0; |arg(4 + a®b%)| < 7.

2™ %(a — m)_l/z In (by/z(a—z) +/1+b2z(a—1z)) dz

- i[LiQ(—%) - LiQ(%)] [a > 0; Jarg(4 + a%b)] < ).

z'/%(a — m)_1/2 In (by/z(a—z) +/1+b2z(a—1z)) dz

- % [Li2(_%) - Liz(%)] [a > 0; |arg(4 + a’b")| < 7.

z*+1%(q — z)*In <bm+\/l+b2\/M) dz

— 9—2s—3/2_1/2
2 Ta T'(2s + 3)

5 1 1 5
F(25+7) 119,45
2s+26 2 3F2<32 2 2 )
2

[a > 0; Res > —5/4; |arg(2 + ab®)| < 7].

+=1/21n (z;mwuwm) da

93/2 ab? a
V1+L [K 2+ab2)_E(%>]

[a > 0; |arg(2 + ab®)| < 7.

2 Y4a-2)"¥*In <bm+ \/1+b2\/m> dz

- V2i [LiQ(—ib\/g) ~ Liy (zb\/g)] [a > 0; |arg(2 + ab?)] < .
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1/2

40. J z

o V1+b2y/z(a—z)
2

- [ab2 4 (ab? — 2)In <1 n %)] [a > 0; [arg(2 + ab?)| < 7).

ln<bm+\/l+b2m>dw

41. J a V2 In <b Ve(a—z) + \/1 + b%y/z(a — ) ) dzx
o V1+b2/z(a—z)

2
- n <1 ¥ %) [a> 0; |arg(2 + ab?)| < 7.

42, J z(a —x)"/? In <b4 z(a — ) +\/1+b2 m(d—m))dm
o V1+byz(a—=z)
= Gavar |2 (Tab’ - 2t — 4ab? ab?
YW [ab (7Tab* — 12) + 2(3a“b* — 4ab” + 12) In <1_|_ : )]

[a > 0; |arg(2 + ab®)| < 7.

43. J a V2 In <b\4/a:(a—m) +\/1+b2\/m(a—m)>dm
o V1+b2Vz(a—z)

2
= Eln <1—|— aé)) [@ > 0; |arg(2 + ab®)| < 7).

| 2/(a - z)”" 1n<bm+\/1+b2\/m>dm
o 1+ b2z(a—x)

2
— T’;arctan (b,/%) [a > 0; |arg(2 + ab?)| < ].
1
2\s8—1
45. J 2l=2)" 1t g,

(1 _ am2)s+l/2 1—=z
0

r - 1
=ﬁ¢)1(l—a) 1/22F1(s a'?a) [Res>0; |1 —al < 7.

2 sl"(s—i—E) +1
46. Jms_l(l—l-bw)"ln Vatva-z +\/>a—a: dz
T
0
1 I'(s) v, s, s; —ab
- v 1O o )
2 SF(SJF%) s+-,8+1

[a, Res > 0; Rev > —1 for b < 0; |arg(1l + ab)| < =].
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48.

49.

50.

51.

52.

53.

55.

|
|

|
|
|

T

0

! lnf—i_‘a_mdm—

= %an(\/E ++vab+1)

[a > 0; Jarg(1 + ab)] < .

—arcsin?Vab [a > 0; |arg(1 — ab)| < 7.

1-— bz VT b
1 Va+va-z
07 b0y n 7 d b(T (\/_—i-m)
[a > 0; |arg(1 + ab)| < =].
1 vat+va-—z ,
= 7 dx = b(l— ab) arcsin Vab
[a > 0; |arg(1l — ab)| < =].
\/1—1i_—bw n\/a-%\/émdm:Q\/%arctan(\/E)— %ln(l—i-ab)
[a > 0; |arg(1 + ab)| < =].
\/1i7b \/_+\/m \/71111+W 7ln(1—ab)
[a > 0; |arg(1l — ab)| < =].
2 va+va-a
Vvt vE

n\/a+ 27T i

VT

[\/_ (ab+3)In

Va | Vatva=a

1+ bx

NG

[Vab(ab — 3) arctanvab + 21In (1 + ab) + ab]

[a > 0; Jarg(1 + ab)] < .

1+\/_
o~

+41In(1 - ab) —2ab]

l[a > 0; |arg(l — ab)| < =].

ab+1)1/2 -1 4+ 4/(ab+1)V/2 41
nva _ 2m (@b +D) V(ab+1)

b p3/2

V2
[a > 0; |arg(1l + ab)| < 7).
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56 ]1' N In \/_—i-\/a—m 7r\/_ 1—(1—ab)l/2
T 1-bx Vz b b3/2 2
0
[a > 0; |arg(1l — ab)| < 7).
a w_1/2 \/E-i- prg— - \/_ \/—
57. 1 =——1 b b+1
ll—i—bmn 7z \/Bn(a—l-a—i—)
l[a > 0; |arg(1 + ab)| < =].
am71/2 va++vVa—z ™ .
58. Jl—bw In Nz dr = ﬁarcsm ab [a > 0; |Jarg(l — ab)| < 7).
0
59 J P mYatvasz
°Oa+bm2 vz
™ a
2[ P n(\/ab—i—\/ab—l—l)]
[a > 0; |arg(1l + ab)| < 7).
a
60. J a”/? In \/_+ a- arcsmv
, (1—bw) vz l—ab
[a > 0; |arg(1l — ab)| < 7).
a
61. Jm"_l(a—m)t_l 1+bya(a—2) dz = s+th(s+1,t+1)
J 1—by/z(a—z) 2 2

2,2
st 00 -
X 4F3 3 3+t+1 3+2t 4 [a, Res, Ret > —1; |arg(4 — a®b?)| < 7.
PR ) +
2 2 2
62. J 1+byz(a—z) ma’b [a > 0; Jarg(4 — a®b?)| < ).
J 1-b (a—m) 2+\/ 4 — a?b?
T 1+b\/m(a—:1: ma’b -1
63. Jml - (24_,/4_&2[)2)
0 1—-by/z(a—x) 2
[@ > 0; |arg(4 — a®b?)| < 7).
a
64. Jm2ln L+byela—z) m(a_m — [9(12b2 4(a?b* — 1)v/4 — a2b2 —8]
1—b\/.73(a—:13) ~ 12

[@ > 0; |arg(4 — a®b?)| < 7).
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65.

66.

67.

68.

69.

70.

71.

72.

a
Jm_ll L+byala—z2) dm = 27 arcsin ab [@ > 0; |arg(4 — a®b?)| < 7).
1—by/z a—m) 2

]1' 1 In 1+b\/:13(a—.73
0 z(a— ) 1—b\/.73(a—.73)

ab
arcsm —
a 2

[@ > 0; |arg(4 — a®b?)| < 7).

Vi+z+vV1l—=x d

1
J\/ﬂ—(ﬂ 1n\/1+m—\/1—m =§(l—a) [0<a<1]

Jmsﬂ/z(a—m)s 1+b~m(a—m dx
0

1-by/z(a—z))

5

1 5

_ o—2s—1/2_1/2 2s+2 F(25+§) g h2ets
=2 T/“a b 3Fy 2
T'(2s + 3) Sas+3

[@ > 0; Res > —1; |arg(2 — ab?)| < ).

[ T 2 (- i)

[a > 0; |arg(2 — ab?)| < 7.

J 1/21 1+bvm(a

1-by m(a—m)

[3ab2 2(ab? + 1)v/4 — 2ab? + 4] [a > 0; |arg(2 — ab?)| < ).

3\/_b3
Jm—1/2(a—m)—1 1ti% = ﬁarcsm(b\/g)
0
[a > 0; |arg(2 — ab®)| < 7).
| [o(” + ) (Va? + 22 + a)]/? In (Va?+ 22 ) do
0

= 25% {7rsm —Jo(a;> — cos 7Y0(a2z)
—|—4cos—lan0( )+4sm—lnzYO( 5 )
+ 2J0(7) [cos > ci(az) + sin 7 Si (az)]

- 2Y0(a2—z) [sin (12—2 ci(pz) — cos Z—Z Si (az)]} [Rea, Rez > 0].
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a+Vva?— z2 da 2
T

73. lmsinh(bm) In = T 2[I1(ab) Lo(ab) — To(ab) L (ab)]

[a > 0].
Tl 22 1 _Cc 1
74. J(chch 5—?)lnmdm—5 51n(27r)
0
a
Va2 — pr2
75. Jcosh(bm) lnﬁ#dw
0

= %[nlo(ab) Ly (ab) — w11(ab) Lo(ab) + 2Iy(ab)] [a > 0].

76. JmQ cosh(bz)In W dz
0
= % [xIo(ab) Ly (ab) — wI1(ab)Lo(ab) + abl:(ab)] [a > 0.

a
77, Jcos bz In(a® — 2?) dzx
0

= % [Sil’l (ab) (ln 27(1 - C) — cos (ab) Si (2ab) + sin (ab) ci (2ab)] [a > 0].

¢ b 2 2b
78. J M In (a2 — mz)dm = %Yo(ab) — g (ln o + C) Jo(ab)
0

a?—=z
[a > 0].
o0

79. J (;02s—(|—aw2) In (2% + 2?) dz

z

0
= %eaz [e—2az (ln %TZ — C) — shi (2az) + chi (2az)] [a, Rez > 0].

oo

80. i % In (2 + 2%) dz = 5 (In = — C) [Io(az) — Lo(az)]
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82 T sin bz ln(m2—a2)dw=—ﬂ—2y(ab)_ E(]n%—kC)J (ab)
. 72 — a2 40 2 a 0
[a,b>0].
T cos bx 2 2b
83- J m ln ($2 — a2) dw = _%Jo(ab) + g(ln ; + C) Yo(ab)

[a, b>0].

34, TM{Sinbm}ln(am—aﬂ)dm:L{Sin(abﬂ)}

cos bz 4b* | cos (ab/2)
x{4JO(%b)+ab[7rY1(%b) 2 (in ic- 2)J1(%b)]} [a,b> 0].

sin bz

lm{cosbw}ln(am_m2)dm
= (I () 2 0) o(2)]

T (Va?t 22 +2)"°
z(z? + 22)

85.

86.

sin (az) In ( 2+ 22 + w) dz

— —az/2 —az/2
—WC /K( )—i-ﬁe /lnzl( )

_Leaz/2El( 02)10(72) [Rez > 0].

93/2

bt 2 2 —1/2
87. J(Vw +z —I—w) cos(am)ln( 22 + 22 —i—m)dm

z(z? + 22)
— ™ —az/2 az ™ —az/2 az
- 23/2a1/2ze KO( B )"‘ 21/226 lnzlo( 2 )
4 3/2 az/QEl( (J,Z)Io(%) [Rez > 0].
/2
88. J' cos~(2nm) In 1+a33nm

sinz 1—asinz

0

= (-1

(n+ Lntlnt
T o 11 312

2n + 1 ) [larg (1 — a®)| < ).

n+§,2n—|—1, a’
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w/2
v 1+bcosz _ 27V b (v + 2)
89. Jcos mcos(aw)lnl_bcosm w—F(”_a+3)F(”+a+3)
0 2 2
1 v l/+3_ 2
% F 511354_177’ b R . b2
aFs| 5, Cois Liass [Rev > —2; |arg(1 — b")| < =].
2’ 2 2
T sin (az) 1+bsinz 277bI'(v 4 2)
90. Jsm"w{ }ln dx =
1—bsi v—a+3 v+a+3
) cos (az) sin z F( 5 ) F( 5 )
. ( /2) 1 41, v+3 b2
sin (wa 3 7 ) ) 2
X{cos(m/z)}“&(s,”‘“”,””3) fovm i
2 2 2
mm . .
oL J’ 12 {sm( )}ln(l—l-bsm m)d$=2bsm(m7ra/2)
sin’z | cos (az) a
1
sin (mma/2 51,11 b
o S A DV (il I T
cos (mma/2) 2,1-2,1+2
w/2
—v—3
92. Jcos"mcos(am)ln(l+bcost)dm= U%a bl (l:/—:::)
; r(*5 e +2)r(vg +2)
1 1 l/+3 u+2 b
X 4 F3 v a V+a [Rev > —3; |arg (1 + b)| < 7).
2,2~ +2 +2
/2
93. J Mln(bmsxﬂ/ub%os%)dw
! V1+b2cos?z

1,1,1; —b
— coslam®) F2< 5 3+a) Jarg(1 +8%)] < .
2 72

™

94. Jsin" z { sin (az) } In(1+ bsin® z)dz =

cos (az)

27" 27T (v + 3)
F(u—a+2) (l/+a+2)

0

u+3 z+2. b

: 1,1,
X {Sln(aﬂ/Z)}4F3 v—a u+a [Reu>—1; |a,rg(]_+b)|<ﬂ']-
cos (am/2) 2, +2 +2
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95. J’smim {sm(am)}ln (bsinm+v1+b2sin2m) dz
V14 b2sin? 2 ( €OS (azx)
u+3_

0
_ 27" 1abT(v + 2) {sin(aw/2)}4F3(1,1,;+1,2, —b2)
v—a+3 v+a+3 2 3 v—a+3 v+a+3
1"( : )F( : ) cos (am/2) ey axs, .

[Rev > —1; |arg(1 + b%)| < 7).
96. Jsin" T { sin (az) } In (bsinw + V1 + b2sin? m) dz
azr
0

cos (az)
v v+3 2
) 75+13 D) ;_b
§ v—a+3 v+4+a+3

B 27 nb (v + 2) {sin (a7r/2)} 7 (2
- v—a+3 v+a+3 2 443
[‘( . )[‘( : ) cos (am/2) . axs, .
[Rev > —2; |arg(1+ b%)| < 7).

o ngjr 1 { sin (az) } In 1+bsinz do — 4bsin (mma/2)

sinz | cos(az) 1—bsinz a

. 11 ; b2
><{s1n(m7ra/2)}4F,3<32,2,1,1,b ) [larg(1l — b%)| < 7).

cos (mma/2) 5,1_2’14_%

arv@—or _ maher()
xr=
z 2s(s + 1)0 (%)

s+1 .s+1__¢12b2
) bl
X2F'3( 23 2 4 ) [a > 0; Res > —1].
2

a
98. Jms_lsin(bm) In
0

E] s+ 3
75—'_17 2
a
Va2 — p2?
99 Jms_lcos(bm)ln TVt gy
T
0
ﬂ_1/2asl—,(g) s 8 a2b?
2 v 50
221_,734-12F3(12 s2+1 s4+1) [a, Res > 0]
8 ( 2 ) 27 2 2
a
JaZ — z2
100. Jmsin(bm) In 2TVe — 2 4,
! a—+Va?— z?

_ ’%‘1 [J1(ab) Ho(ab) — Jo(ab) Hi(ab)] [a > 0].

a
Va2 — p2
101. Jcos (bz) In H# dz
0

- 72Ta [rJ1(ab) Ho(ab) — wJo(ab) Hi(ab) + 2Jo(ab)] [a > 0].
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i 2 _ 52
102. Jm2 cos (bzx) lnﬁ#dw
0
= %[m]o(ab) H;(ab) — wJi(ab) Hy(ab) + abJi(ab)] [a > 0].
mm
e ** s 2 b —mma
103. J ——— In(1+bsin“z)de = —(1—e )
sin“ z a
%a ]-a 171; -b
X 4F3 o e 4, i [Rea > 0; |arg (1 + b)| < .
’ 27 2
mm 1 1 2
Taz i =5y 1,15b
104. J ¢ |y libsine g, 20 e-mmay py( 2027 .
sinz 1—bsinz a 3 p_ta g da
0 2’ 2’ 2
[larg(1 + b%)]| < 7).
ooeiaz . b %a%vlal; b2
105. J e In(1+ bsinz)dz = E4F3 312 i 14ia
0 27 2 72
2 3. p2
b 131117 Ea b 2
_md*—'g , 3—ia 3+ia [Rea > 0; |arg(1 — b%)| < 7].
o2 72
T 145 2 3 115 0
_az + bsinx _ PRt
106. | e 1n1_bsmdm_a2+13F2(3_m 3+1~a)
0 2 7 2
[Rea > 0; |arg(1 — b%)| < 7].
[ 11 2
ez i = 1L, 1 b
107. J S MR LLLLp LY N B M
sing 1—bsinz a 3 1_taqyia
0 2’ 2’ 2
[Rea > 0; |arg(1 — b?)| < ).
% e , b 11,1,1; -b
108. J . In(1+bsinz)de= 2uFs| 2, .
sin“ z a 2,1-"2 142
2 2
[Rea > 0; |arg (1 +b)| < 7).
T d (-1)
-1)" 1 1
109. J @ - pr[ L] s
(w+z)"+1(ln2w+7r2) n! #llnz (z—l)""’1

[larg z| < m; z # 1].
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[4.15

110.

111.

112.

113.

114.

115.

116.

117.

118.

1

-1
z, 14+z\2 7=z’ _ 4

J[(1_21n1—m) T dz =g
0
1 -1

9 oz 1+:1:)2 w2z’ _ﬁ
Jm [(1 ami=) T dz = 175
0
i 1+2\2 n%2?]"" 92

4 _£ x ™ X — 94
Jm [(1 2! l—w) T ] 9z = 575
0
o 14+2\2 n%z?]""

T T ™ X
Ja2w2—|—1|:(1_5 1- ) T ] dz
b 6 z, 14+z\2 K6 =z’ 22548
Jm [(1_51 1- ) T ] ¥ = 336875
0

| =

[40].
[40].
[40].
__arctana 3
" a—arctana N ?
[Rea > 0; [40]].
[40].

= In (14 2az + a®)In (1 4 2bz + b?) dz = 27 Liy(ab).
T

Jms_l(a — )" ' In? (bVz(a—z) +/1+b2z(a—2))dz

2b2
1,1,1,s+1,¢+1; =2
t+1,2
— gttty B(s+1,t+1)5F4( 3y att - )
2” b)

2

2

[a > 0; Res, Ret > —1; |arg(4 + a’b?)| < ).

Jmlm(a - w)l/z lnz(b\/w(a —z) ++/1+b%z(a—1z))dz

a’b

™

T 16b°

2
) —a?b? Li2<—

[(4 +a?b?) In <1 +

a24b2 ) _ asz]

[a > 0; |arg(4 + a®b%)| < 7.

Jm1/2(a _ .’E)_l/2 ]nz(b\/x(a - :1:) + \/1 + b2m(a — .’I:)) dzx

2;2

Ta ;. a’b
__4L'2<_ 4

146
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119. Jmlm(a — ) ¥ In? (bVz(a—z) + 1+ b2z(a—2)) dz

= 4abarctana—b—4ln 1—}-“2[)2 —Li _a2b2
) 2 4 2 4

[a > 0; |arg(4 + ab%)| < 7).

120. Jm_l/z(a - w)_1/2 In®(by/z(a — z) + /1+ b2z(a —z)) dz

2;2

= —%Li2<—a4b ) [a > 0; |arg(4 + a®b?)| < ).

121. Jm_lm(a - w)_3/2 In®(by/z(a — z) + /1+ b2z(a —z)) dz

252
a“b

= 2% [abarctan %b —In <1—|— 7 >] [a > 0; |arg(4 + a*b?)| < 7).

122. Jm_3/2(a — ) ¥ In? (bVz(a—z) +/1+b2z(a—2)) dz

a’b?
4

a

= 477; [abarctan %b —In <1 + >] [a > 0; |arg(4 + a*b?)| < 7].

123. Tm"(a— z)* T2 ln2<bm + \/1+b2\/m> dz

ab?
_ 2_23_2\/7_?a2s+5/2b21_‘(23 _|_3) ]_, ]., ]., 2s +3, _T
a r(2s+1) o 39 2547
S 2 97 % 2
[a > 0; Res > —3/2; |arg(2 + ab®)| < =].

a

124. Jm_l/‘l(a— :1:)_3/41n2 <bm + \/1+b2\/m) dz

0

2
- Li2<—";’> [a > 0; [arg(2 + ab?)] < .

125. Tml/‘l(a— m)_1/4ln2<bm + \/l—l—bQ\/M) dz

_ ™ 2 2 afb2 27 _ab2
W e [ab (24 ab®)In <1+ 2 )-l—ab L12< 5 )]
[a > 0; |arg(2 + ab?)| < 7.
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126.

127.

128.

129.

130.

131.

132.

a—T a

}m_llnmlna—i_mdm:Lig(—i)—Li3(1) [a> 1.
0

Jm—l/z In(l—bz)ln YOEYE—Z 40 _on/a <1n 1+vi—ab _ 1)
NG 3
0

4 . [1—(1—ab)?
_'_iarCSln %

N 3 [a > 0; |arg(1l — ab)| < =].

7

=_3a+2,/M1n(m+vl+ab)

Jln(l—i-bm) mYatva—z
T
0

+ %ln2(m+vl+ab) [a > 0; |arg(1 + ab)| < =].
1
J%ln(l—w)ln%dm: 31[7§(3)—2w21n2].

0

Jm_3/21n(1+bm)ln\/&+ A
x
0

75
:f/_—Z[l—\/ab—i-l—i-\/Eln(\/E—i-Vab—i—l)]

[a > 0; |arg(1l + ab)| < 7).

J$—3/2 In(1—bz)In Vatva-z dz
X
0

NG
= \2/_—7; (1 —+v1—ab— \/Earcsinx/%) [a > 0; |arg(1l — ab)| < =].

T oui atva@—a? . 1+ba 2”1/2“3““(6;1)
Jms_ In In 5 dz = . p,
5 T 1-bzx s*(s+ 1)F(5)

19 s+1_a2b2 1 8t1 s+1'a2b2
X ($+1)3F2 2 3 3—'_1 _3F2 3+12s+3
2’ 2 2 772

[a > 0; Res > —1; |arg(1 — a®b%)| < 7].
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a? — z2 1+ bz
In

a
133. Jmln at

T l—bmdm
0
- 1-(1-a%?)"*
= 27 arcsin (ab) — 4 arcsin f+ab(2—\/1—a2b2)
[a > 0; |arg(1 — a®b?)| < 7].

1

V1 — 22 2

134. Jlln1+ 1-2 ln1+mdm=lln2.

T T 1-=z 2

0

/2 s+1br(s+ 1)

a
2 __ 52
135. Jm"_l In (bm +41+ b2m2) In H# dx = 2
0

s+1

1 1 s+1 1 s+1 s+
2727 2 F 2’

— 312 3
,%—i—l; —a’b? 241, s+ —

[a>0; Res > —1/2; |arg(1+ )

136. Jln (bm + 1 b2z2 + 1) In W dzx

0
a . . P 1 2,2
=% [Lig(—%ab) — Liz(iab)] + % In (14 a“b) — aarctan (ab)

s
2

2

[a > 0; |arg(1 + ab%)| < 7].

1++vV1—2x2

T

1
137. Jln(m—i— 1+m2)ln dm:G—%—i—%lnl
0

g 2 _ m2
138. [ z2In (bw +vVb2z2 + 1) In H# dz

= E[LiQ(—iab) — Lis(iab)]

36b3 [ab(a?b® + 9) arctan (ab) — 41n (1 + a?b*) — 5a?b?]

[a > 0; |arg(1 + a®b%)| < 7).
1

139. JmQIn (m /2t 1) In
0

1+ V1 - z?
1+vi-2® ..
T
- 7—12(12G+57r—81n2— 10).
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a
e’ 2, at+va?—z? —:132
0
7r1/2a3+1bf‘(7s;1) 1,1, 8+1’ s+1; —a2p?
= s 4F3 3 25 23+3
2s+ (5 +1) LR
[a > 0; Res > —1; |arg(1 +a”b?)| < ].
a
a++va?—a?
141. J In (be + V5727 + 1) In © e
22 z
) \/bi
= % arctan (ab) + %[ln (a®b® +1) = 2] [a > 0; |arg(1 + a®b%)| < 7).
a
2.2 a++va®—a?
142. JW In (bm—km) . dz
0

= " [Lig(~a®?) — 4Lix(iab)]  [a > 0; Jarg(1 +a*?)] < n].

1
21— 2
J;ln(m—k mz—i-l)ln%dm—wc'

143. = —,
Ow 2 +1 2
1 1/2 s+ 1
144. Jms_lln<am+ 1—|—a2m2)l 1+'1_m2 _27r aF( )
o 1- \/1—-”32 s+1F s
1 1 s+1 1 s+ 1 s+1
2727 2 2’
(s+1)3F (3 sl _GQ)—s 2(‘S s+3 )
27 2 ’ 2

[|arg(1+a )| < m; Res > 0].

In(az + v a2z2 + pltvi-a = dz = i[Liz(—ia) — Liz(ia)]

145.
1-Vi-z?

O

— 2arctana + o !in (@®>+1) [larg(1+a®)| < 7.

1 1/2 s+ 1
-1, a+z, 1+V1-22 , 4”/F(72 )
146. |z In In dz =
0 “me dmvise as’(s+1)r (%)
X

1 s+1 s+1 s+1

TR L=
(s+1)3Fa| 42, RS R T2 O s+3 o

athe s th e

[larg(1 +a~?)| < m; Res > 0].
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1

—_ 2
147. Jln”wln“rvl 2 dz=8G_T

2
-2 1-+1_g2? 2

1+.731 14++v/1— g2 w?

dr =27 — —.

-2 "1-Vi-a? 2

148. Jmln

dz = n2In2.

149. J%ln1+ml 14++v1—2a?

n
-z  1-v1-—22

0

1
150.J L n(vz +vz+1)n 1*” de = 4G — 7 +2In2.

\/l—m

151. Jms_ll atvae—a* (bm V14 b%z) dz

0

3 s+3 s

2(s+2)T ( 23)

277 9 79

242, —a®p?

/2 s+2br( _|_) 1,1,1, 2 +1, 2 41
5F4 2 2

[a > 0; Res > —2; |arg(1 + a®b?)| < =].

a
152. Jlnz (bm + 1V b%2z2 + 1) In @2Fve —z° “;2_”“2 dr = %

0

[4—21In(a®b? +1)

— Lig(—a?b?)] — %arctan (ab) [a> 0; |arg(l + a?b%)| < m].

1
/1 — 2
153. Jlnz(m + /22 + 1) In %dw

0

= 18 (48 — 127 + 72 — 24In2) [a > 0].

1
+/ 2 _ 2
154. Jm21n2 (bm + /6222 + 1) In H# dz

0

= " [48arctan (ab) + 3ab(a?b? + 9) In (1 + a2b?) —

216b

9a°b® Lig(—a®b?)

—ab(11a%b? + 48)]  [a > 0; |arg(1 + a®b?)| < 7).

1
155. J121n2 (m +Vz + 1) In
0

1++vV1— x2
- " dz
T

= (487 + 372 +120In2 — 236).

864
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a
156. Jm_2 In? (bm + \/W) In @ dz
0
= ? [Lig(—%ab) — Lig(iab)] — wbarctan (ab) + % In (a26? + 1)

[a > 0; |arg(1 + a®b”)| < m].

T

157. Jm_21n2(m+ m2+1>ln dm:%(llG—ﬂ'—i—Zan).
0

1
158. Jm“(l —2) (2 +3) V2 In"(2? + 322) dw
0

= @ DZ [2a+n F( 2

o
+
[
~—
| I
g
]
\Y
A=A

1
J ma(l _ m)—a/2—3/4 l n .’B2

0 V2+(V2-1)z

159.

— DZ 2(a+1)/2+n cos

[-1 < Rea < 1/2].

. [ e o(3 ) o (1)

[-1 < Rea < 0].

2
z(1—z) %3 — ) In" 793(1(?:;)? dz

2n7a33a/21—1(a+ ].)F(]_ - 37(1)
:Dn 2 [Rea>—1],

S

1
162. [2°(1—2) (- 2) " T do
0 (1-=2)

161.

O —— =

— _pr lcos (am)T'(2a _: 2) F(—3a B g)
r(;-a)

152

] [-1 < Rea < —1/86].
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1
2
163. Jm_lm(l —z)* " (4 - 2)* " % dz
0

2v7 n | 22°T(a +1)
= D Rea > —1].
3 “lr<a+z>][ o

1

164. Jma(l - x)_2a_5/3(9 — )2 220 (9 —2)” dz
) (1-2)?

= o DE[3* e+ )T (—a- 5)] 1 <Rea<-1/3).

r(5)

2
165. Jm“(l - m)_a/2_2/3(9 - m)a/2 In» 2% ©-2) dx

1—=

0
A S 21 — 3a) T 1
= —@ D} [33 /2 cos %F(a—i—l)lj(—a— 5)]
[-1 < Rea < —1/3].
1 3
166. Jm“(l — )" 32 (g 4 8)Y 3 T (2+8) 4y

1—=
0

2% sec a?ﬂl“(a +1
3
1

167. [z°(1—z) 2B 48) @3 2 ¢
Jae ey e g e da

:3"ﬁDZ[2 )] [-1 < Rea < 3/2].

’ -1 D" [3—3“—4F(a +1) F(—a - %)] [-1 < Rea < —1/3].

r(3)

1
a(q1 _ .\ —2a—4/3 —a-2/3;,n T
168. E[m (1-12) (z+8) In 1218 dz
- 9r( ) D" [3 3¢ cos (am)[(2a + 1) F(—2a - %)] [1 < Rea < —1/6].
1 —1/2 a 3/4
169. J (1= In™ 1@ s dz
) 2+(\/‘Z>—1 )2)* (24 (V2 - 1)a)

] [-1 <Rea < 1/2].
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1
170. J
0

wa(l _ m)73a73/2 n z

vVi—=z (1_3)3d

T

1
_ @ b l22“+1 r(a+1)F( 2 3“)] [-1 < Rea < —1/6].

z* + 32°

T dz
1-2)

1

171 (1= 2) " (@ + 3" In”
0

T'(a+1) F(—3a - %)

F2(l_a)
2
1

172. a(] _ o) 32ae+1)/2 gy-e2ym T
[e21-2) (z+3) L

= /n D} lsf"a

] [-1 < Rea < —1/6].

0
_ F\(/;) D [2_2_12a33a+3/2 cos (2a1) I'(4a +F1()1F(;2—)2:21F(—§ - Sa)]
" o 4a - +a
3 [—12< Rea < —1/6].

— 8z

1
3
173. Jma(l — m)3“(g _ 8m)—a—1/2 In™ wél;w)dm
0

zﬁD" M a> —
4 a[ F(3a+g) ] [Rea > —1].

1
3
174. J 29(1 = 2)@/3(g _ gzy-a-1/2pyn 2 A=2) 4
0 (9 — 8z)

_anvE o 2T
= Dal F(2a;§) [Rea > —1].
ws(l—m)

1
175. Jxa(l _ w)a/:’(g _ 8$)_a_3/2 e -2
0

(9 — 8z)*

_ \/7? n 272(11—‘((1,—}-]_)
= D [l"(a—l—z)] [Rea > —1].
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Vi—=x

—Dn [22‘1—2”“ B (“T“ b— a)] [-1 < Rea < — Reb].

1
176. Jmaa — ) T (1 VT 2) e (2 ) de
0

2—x (2—.'13)2

2720-2p (2t 1) pp 4 q)
[ ey

1
177, [0 — 02— ) P e L e
0

] [Rea, Reb > —1].

1
a— b—2 —b 1—=z T
178. Jm M) ) e de
0

F(a)F b—2a+1
22a§(b£1) )] [0 <Rea < Re(b+1)/2].

=D2"Dz[

1
a—1
179. J bwfﬂ In™t z Inln 1 dz
(z°+1)" z

R CINORICD)
e 5) € DY menosan e

4.1.6. Inverse trigonometric functions

1. J(a2 — %) "2 arcsin (bz)dz = — [Lu(ab) + Lia(—ab)]
0
[larg(1 — a®b?)| < =].

2. J'(a2 — 22)Y2 arcsin (bz) d
0

a {1—(12b2l 1+ ab

=5 505 " T T ab[Liz(ab) — Lig(—ab)] — 1}

[larg(1 — a®b%)| < =].
3. Jw(a2 — 22)Y2 arcsin (bz) dz
0
= 5[2(1 —2a2b%) D (ab) — (1 — 3a?b?) K (ab)] [larg(l — a®b?)| < =].
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4. Jm(a2 — 22)"Y2 arcsin (bz) de = a?b[K (ab) — D (ab)]

[larg(1 — a®b?)| < =].

5. J; m((ll—_bm;):;jﬂ arcsin (bz) dz = g [ln g + % In(1-— bz)]
[larg(1 — b*)| < =].
h (1—z?)~"/2 . m, 1+b )
6. J m arcsin (bz) dz = 1 In 1% [larg(1 — )| < =].

0

1
1— 2ys—1 . F(S
7. J%arcsmwdmz vr \°75)
(1—z%2) 4 3

[Res>0; |1 —z| < ).

8. Jms_l(a —z)! arcsin(by/z(a — z)) dz

1 1 1 1 a%b?

1 1 Sr 8t ot ——

s+t 272 2 2 4
=a bB(s—i—E,t—i-E) 4F3( 3 ostt+l sttt g

2’ 2 72
[a, Res, Ret > —1/2; |arg(4 — a’b?)| < 7).

a

Jareinoysta=a) do = 5 () -0 ()]

0

©

[a > 0; Jarg(4 — a®6?)| < =],

a

0. emenoyaTa=57) o = 2 (%) (%)
|
[a > 0; Jarg(4 — a®b?)| < ).
11. Tmlm(a — )"/ arcsin(by/z(a — z)) dz
L () ()] e <o
12. Tm_l/z(a — )" arcsin(by/z(a — 2)) dz = Lin (%) — Lia (- %)
|
[a > 0; Jarg(4 — a®b?)| < ).
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a 2,2
13. J S S arcsin(by/z(a — z)) dz = T n <1 _ab )
J V1-"b2z(a — z) 2b 4

[@ > 0; |arg(4 — a®b?)| < 7).

I z ! . PR _m™; 2+ab
14. lmarcsln(b .’E(a—.’I:))d.’E— 51n2—ab

[@ > 0; |arg(4 — a®b?)| < 7).

T z YNa—z)! . _@w, 2+4+ab
15. J; m a.I‘CSln(bV .’E(a - .’I:)) dzx = E In 2_ab

[a > 0; |arg(4 — a®b?)| < 7.

a 11 1
+a)”! . b(z+a) b 27373
16. J (z arcsin de = —3F| 2,2 2

(z” +a*)'"? Va? + a? 272\ 1) 3, gp?

[a > 0; |arg(1 — 2b%)| < =].

a T+ a . b(z+a) _ % ~
17. Ja (@ + a®)*? arcsmmdm_ a [K(\/ib) D(\/ib)]

[a > 0; |arg(1 — 2b%)| < =].
18. Jms+1/2(a — z)° arcsin(by/z(a — z)) dz
0

5 11 5
_ 2‘25—3/27r1/2a23+2br(25 * i) N 2t ;
T'(2s + 3) 3 ggy3
2 2
[@a > 0; Res > —1; |arg(2 — ab?)| < ).

a

19. J$1/2 arcsin (b V(a— z)) dx
0

_ 2 214 2 a 2 a
= s [(3a%6* — ab —4)K(b\/;)+(5ab +9E(by/7)]
[a > 0; |arg(2 — ab?)| < 7.
20. Jm_l/z arcsin (b Vz(a— z)) dz
0

91/2

=T[(ab2—2)K(b %)+2E(b %)] [a > 0; |arg(2 — ab?)| < ).
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21.

22.

23.

24.

25.

26.

27.

Jm_1/4(a - m)1/4 arcsin (b Vz(a— z)) dx
0

_a [ 2-ab® | V2+vab
9 93/2,1/2y \/_—\/_b

T (o E) (W) > - <
Tm—l/‘l(a —z)"* arcsin(by/z(a — 7)) dz

0 = V2[Lia(by/% ) ~ Lia(=by/2 )] [a>0; larg(2 — at?)| < 7.
T 20— aresin(b i/z(a— 7)) da

0

1—b2y/z(a—z)

— 2 2 24 2 _ab®
= 64\f = [ab*(Tab® +12) + 2(3a°b" + 4ab” + 12) In <1 5 )

[a > 0; |arg(2 — ab®)| < 7.

< 1/2
J a arcsin (b Vz(a— z)) dx
o V1—-02z(a—z)

ab?® + (ab® +2)In <1 — ﬂ)] [@ > 0; |arg(2 — ab®)| < 7).

25/2b3 [

< —1/2 2
J]' T arcsm(bv a—2x ) = \[bl <1— aé))

1-b2y/z(a—z)
[a > 0; |arg(2 — ab®)| < 7.

a —1/2 -1
27 (a-2) arcsin(b m il \/_ V2 +Vab
l 1-b%2y/z(a— z) ( ) \/_ \/__\/_b

[a > 0; |arg(2 — ab®)| < 7.

w/2
27”727rbl_'(u +2)

r( ) ()

J cos” z cos (azx) arcsin (bcos z) dz =
0

1 1 v v+3 2
515714‘57 2 ; b 9

x 4F3| 3 o a+3 via+s [Rev > —2; |arg(1—b")| < =].
2’ 2 2
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i cos (2nz) 2_2n_1ﬁa2"+1F(n + 1)
28. J .—arcsin(asinx)dmz(_l)" 2
sinz n!(2n + 1)
0
1 1 1
n+-,n+-,n+ -
x 3k %3 2 ) [larg (1 — a®)| < =].
n + §,2n+1; a
S 3/2 2n+1
| n
29. J cos (2nz) arcsin(asinm)dxz(_1)"n"T—a3
sinmm 22n+21—1(n+ 7)
2
n+%,n+1,n+1 ,
x 3 3 , | larg(t—a®) <al.
n + §,2n—|—1; a
T in (az)
1 sin (azx . . 2% .
30. J - arcsm(bsmm)dx:_bsm mra
sinz | cos (az) a 2
11 1 9
sin (mma/2) L1,
x{ o (4Fs 5" 28 o] larg(—bY) <.
COS(mﬂ'a/) 7,1—5,14_E
i in (a2)
sin (az
31. J' 1 arcsin(bsinw)dm:%sin mma
sinzv/1 — b2sin? ¢ | cos (az) a 3
1 2
sin (mma/2) —,1,1,1; b
X F 2 arg(1—b)| < 7.
{cos(mwa/2) 4n3 84 _aq4@ [larg( )| < 7
2 2 2
i in (az) 1
sin (az Y
32. JSin”w arcsin (bsinz) dz = 2T +2)
cos (az) F(u—a+3)r(u+a+3)
2 2
11 v v+3 ,2
sin (a/2) Llggy vti,
><{cos(mr/Z) L i—a+% u<2l-a+3 [Rev > —2; |arg(1 — b*)| < ).
2’ 2 ’ 2
™
33. Jwarcsin (acosz)dz
Cos T
0
-n n+1 n+1 n+l n+l1 n+1
2 VTa F(2)c0s2n—7r3F2 SRRt
(n+1)1"(g+1) 2 n+3’n+1; o2

[larg (1 — a2)| < 7.
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™

34. J __Smr { sin (az) } arcsin (bsinz) dz
Y 1—b2sin2z | cos(az)
v+3 .

o . v 2
_ 2 17er(l/+2) {sm(a7r/2)}4F3<1,1,1+ 2’ 3 i b )

_F(”_a+3)F(”+a+3) cos(aﬂ-/2 3 v—a+3 v+a+3
2 2

2’ 2 2
[Rev > —2; |arg(1 — b%)| < =].

mrm —azx b 1 1 1 1: b2
35. J ° __ arcsin(bsinz)dz = - (1 —e ™) 4 Fj 3 272727 7
sinz a S 14t
0 9’ 2 2
[larg(1 — b%)| < =].
mT _az
36. J ° arcsin(bsin z) dz
sinzv/1 — b2sin® z
b —mma %’ L1 b’ 2
= E(l—e )aFs| , | _ia 4, ia [larg(1 —b)| < =].
2’ 2 2
T —am . b %, %, 1; b?
37. J e~ *® arcsin (bsinz) dz = mgFg 350 34ia
0 2 72
[Rea > 0; |arg(1 — b%)| < 7]
o) 1 1 1 2
e 2* . . b 2737 3’ 1; b
38. — arcsin (bsinz)dz = —4F3| , : )
sinz a 114
0 2’ 2’ 2
[Rea > 0; |arg(1 — b%)| < =].
T eo b > LL L
39. J arcsin (bsinz)dz = —4F3| , 2 ia
Osinm\/l—b2sin2w a 5,1—;,14—?

[Rea > 0; |arg(1l — b?)| < ).
1
v1—a2
40. Jlnmarcsin(am) de=1 <2—2 1—a? —aarcsina+In 1+21a)
a
0
[|arg(1—a2)|<7r].
1
41. Jlnmarcsinmdm =2- g —In2.
0

1
42. Jmlnmarcsinmdm = %(an -1).
0
160



4.1.6]

4.1. ELEMENTARY FUNCTIONS

43.

44.

45.

46.

47.

48.

49.

50.

51.

1

Jm%nmarcsinmdm = 5i4(14 —3r —12In2).
0

1

1 . __ T 2 2

J;lnmarcsmwdw— 48(7r +121n°2).

0

! 32
Jm(m2 —z*)YIn"(2? — 2*) arcsin z dz = 16
0

arcsin(bz) dz =

D" 270 (v +1)
v 3
rv+3)
[Rev > —1].

1/2 s+1bF(s+ 1)

a
Jms_l In atvar—z?
xr

o

1 3+1
2’ 2
s s+3 2,2
5—'—1’ 2 ; a”b

[@ > 0; Res > —1; |arg(1 — a’b?)| < ).

arcsin(bz) dz =

a
Jma+%FTF
x

0

1 239
2bln(l a’b®)

a
J' 2, a++Va?—z2
z“ln ——M
T

0

arcsin(bz) dz =

1+ab
1—a

1 2;2
oo [ab(a b2 — 9)In

1
J 2 1+V1—.’B
z%In ——M
T

0

arcsinz dx = m

a+va?—z?

]Jl m_l l
n
J V1 — b2x2 T

arcsin(bz) dz

- % In (1 — a?b?)

161

%[LiQ(ab) — Lig(—ab)] —

3
(11—2 [Liz(ab) —

= % [Liz(ab) —

arcsin(bz) dz =

a 1+ab
—In
2 1—ab

[a > 0; Jarg(1 — a®6)] < .

Lig(—ab)]

—8In(1 - a?b?) + 10a2b2]

[@ > 0; |arg(1 — a®b?)| < 7).

(20 + 372 — 32In 2).

Li2(—ab)]
[a > 0; |arg(1 — a®b?)| < 7].

nl—i—ab
1—ab

m™a ™

26 4p?

[@ > 0; |arg(1 — a®b?)| < 7).
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52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

|
|
il

1

E

0

1

|
|
|

1

|

0
1
0

1

|

0

|

z 1+ V1 — z? . _m
mln - arcsnnmdm—§(1 In 2).
2 In 1t 1- 22 arcsin z dz = W—s
1/1_m2 x o 16-
/ 2
1+vi-2® arcsinmdm:l—Zan.
l—w 4
2 1+\/1—$2 . 1 2
In———=_arcsinzdz = — (20 + 37° — 321n2).
1—+1— 22 72( )

z ! lnl—l—\/l—:l:2
V1 — a2z2 1—+v1—2z2

arcsin(az) dz = g[LiQ(a) — Lig(—a)]

[larg (1 + a)| < =].

z(a® — z%) "2 arccos z dz = g—a —aE (%) [larg(a® —1)| < =].

(1—a?z?) % arccos wdz = %[LiQ(a) — Lig(—a)] [larg(1 —a?)| < 7.

(1—a%z?) "% % arccos z dz = Ly, 1ta

2
9g M1, [larg (1 — a”)| < 7].

z* " !sinh(az) arccos x dx =

2

7r1/2ar(i+1) (‘5"‘1,54_1; ‘1)
2 F 2 2 4
3 3

2 s+1) 2 s+3 s+
(s+1) F( : ) —, 23

[Res > —1].

3
2

sinh(az) arccos z dz = %[Io(a) —1].

z sinh(az) arccos z dz = 2L2 [aL_1(a) — Lo(a)].
a
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1 1/2 (s+1) s s+1 o
63. Jm"_l cosh (az)arccoszdz = ——— 22, F3| |2 2 e
0 2’ 1

2 8
()
1
64. Jcosh(am) arccosz dz = % Lo(a).
0

1
65. Jm cosh(az) arccos z dz = 2L2 [1—Ig(a)+ ali(a)].
a
0

1 7r1/2aF(3+1) st1 i—l—l' —i
66. Jm"_l sin (az) arccos z dz = mﬂ%( % 313 s+34 )
0 8 2’ 2 ' 2

[Res > —1].

1
67. Jsin (azx) arccoszdx = % [1-Jo(a)].
0

1
68. Jm sin (az) arccos z dz = ;—2 [Ho(a) — a H_q(a)].
0

1 7!'1/21_'( +1) s s+1 _a°
69. Jm"_lcos(ax)arccosmdmz 7221‘73( 2’ T4 )
S
0

1
70. Jcos (az)arccoszdz = % Hy(a).
0

1
71. Jmcos (az) arccoszdz = ;—2 [Jo(a) + aJi(a) —1].
a
0

1 wals)
72. J z* 1 In (1 + az?)arccoszdz =
0 s(s+2) F %

1.1 s+3 i 8+3
g l(8+2)3F2< . )_23F2< 2 )]
+2 —a +2 —a
[Res > —2, larg (1 + a)| < =].
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73.

74.

75.

76.

77.

78.

79.

80.

1
Jm In (1 + az?) arccos = dz
0

=Z I:l—\/l+a+(a+2)ln1+— V;*“ [larg (1 + a)| < 7.

(In2 -1).

1
Jmln (1 — z?)arccoszdz = g
0

1
J % In (1+ az?)arccos z dz
0

- [m2 1+vi+te —2L12<ﬂ)] llarg (1 + a)| < 7.
4 2 2
1
1 _ 2 _ T 26 2
ngn(l m)arccosmdm—24 (12In*2 — «?).
0

T

1
2

J iz In (1 — z?) arccos z dz = % —4G.

0

1 7r1/2r.(s)
s—1 a+z _ 2
T In arccos zdx = 3
! a-z 2a(s+1)F(T)

1 1
Lo+l 1,2 4
3 s4+3 —92 - 3F2 s+3 s+3 —92

20 g 0 @ 2 7 g 1 @

[Re s > —1; |arg(a® —1)| < 7].

a2 —
Jlnztz arccosmdm:w(a—\/az—l +aln %)

2

[larg(a® — 1)| < 7].

a—+x
z? arccos z In dzx
— X

(= L

Va2 —
= ;75 [4a3+9a—4(a2 +2)va?2 -1 +12¢%In ‘”2‘21]

[|arg(a2 -1)| <«
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81.

82.

83.

84.

85.

86.

87.

88.

89.

1

|

0

1

|

0

1

|

0

1

#ar(3)
T/ “al'( =
z° 'ln (am +V1+ a2m2) arccos z dz = —23
4(s+1)r(“2r )
1 1 s 1 s4+1 s
— *,*"‘1 o 77+1
X (3+1)3F2<32 52 32. 2)_3F2<52+3 25_’_32. 2)‘|
30 g @ 2 7 g @

In (aw +4/14+ a2w2) arccos z dzx

[Res > —1; |arg(1 + a®)| < ).

V1+ a2 a a
= K —2E
a [ (\/1—|—a2) (\/1—|—a2
In(z + 1+ 2?)arccoszdx = g - %F

Jm In (am + 41+ a2w2) arccos ¢ dx

0

|

1

JmQ In (am +4/1+4+ a2m2) arccoszdr =

0

5o [llarg(1+a®)| <al.

= i {—2a% + ia(a? + 1) [Liz(—ia) — Lis(ia)]} [larg(l + a%)| < =]

zln (m—l— 1—|—w2)arccosmdm =

219!

PN

7 2 a
1-a?)V/1 2E(
+27a3( @)Vita V1+ a?
1
2 5
z°1In (m—l— 1+m2)arccosmdm=
J 5427

0

|

6a* +5a% — 1 ( a )
27a3v1 + a2

V1+ a?

) _ 9% [larg(1 + )| < .

r(

1
4

)-5

lln (aw—l— 1+a2m2)arccosmdm = 2(I>(—(12, 3, 1)
T 8 2
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1
E
0

3

32°

[larg(1 + a*)| < 7.
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90.

91.

92.

93.

94.

95.

96.

97.

Jl» 21 5 7r1/2al"(§ + 1)
711’1 (a$+ ].+a x )arCCOSﬂ';dﬂ'; = — 0
) V1i+aia? 2(3—1—1)1_'(6;3)

1,1, ° 75, 2+ ,
X aF3| 4 .4 43 [Res > 0; |arg(1l+a”)| < «].
2 -

1

1 2 2) = — " Lis(—a?
Jmln(am+ 1+ a?z2 ) arccos zdz = 8aL12( a®)
0

[larg(1 + a*)| < =].

[

3

1 ™
——In (w—i— 1+m2)arccosmdw= —.
; V1 + x2 96
1 2
J I (am +/1+ a2m2) arccos ¢ dx
! V1 + a2z?
= 1(;3 [(a® + 1) In(a® + 1) + Lig(—a?)] [larg(1 + a®)| < ).

1

@t 1+ z2 dz = -~ (241n2 — n?
Jﬁ n(m—i— —l—m)arccosm m—@( n2— 7).
0
1 7r1/2a2l"(s+3)
Jms_l In? (am +4/1+ a2m2) arccoszdr = 52
! 25(5+2)F(5+2)

1311135-’_3; —02 1’1’i+1’3+3; _a2
X (8+2)4F3 3 5 f 9 _24F3 325 9 3 9
ot 22 tha T
[Res > 0; |arg(1l +a®)| < 7].
1

Jm In? (am + 1+ a2m2) arccos ¢ dx
0

— gl + (a® + 1) Lia(—a®)]  [Jarg(1 + )| < m]
1 3
2 2 - _ T
Jmln (m—l— 1+ =z )arccoswdm— 96 6

0
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1
98. Jm3 In2 (am +v1+ a2m2) arccos z dzx

[=}

= o’ — 150" +8(a® +1)%In (1 + a%) — 12(a" — 1) Lip(~a?)]
a

[larg(1 + a?)| < =].

1
99. Jw31n2(w+ 1+w2)arccoswdw= ;3(321n2—11).
0

8|+~

1
100. J In® (am +v1+ a2m2) arccos zdx = —g Liz(—a?)
0

[larg(1 + a*)| < =].

1
101. J%ln2<m+ mz—i-l)arccosmdm: %4(3)
0

1
102. J z* ! arcsin(az) arccos z dz
0

oar ()

4(s + 1)1“(‘s ;3)

1 s+1
2
8

1 1 s s
*,*,*"‘1 ’ 57+1
2727 2 2 2

(3+1)3F2(3 s+3.a2)_3F2( +3 a+3.a2)‘|
2’ b) b) b)

2 2
[Res > 0; |arg (1 —a®)| < 7].

1
103. Jarcsin (az)arccoszdz = % [2(a? — 1)K (a) +4E(a) — 7]
0
[larg (1 — a®)| < =].
1
104. Jarcsin (z)arccoszdz =2 — g
0

1
105. Jwarcsin (az) arccoszdz = % [(D(a2, 2, %) - <I>(a2, 2, g)]
0

[larg (1 — a2)| < xl.

1
. 1
106. Jwarcsmwarccoswdw = 1
0
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107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

1
2 .

J z“ arcsin (az) arccos z dz

0

= 2 [(6a* — 50 — 1) K (a) + 7(a” + 1) E(a) — 37]
a
[larg (1 — a®)| < =].

1
JmQ arcsin x arccos z dx = u =

T2r 97
0
1
0

arcsin z arccos ¢ dz = g((3)

8|~

|

o Pz )

| N arcsin(az) arccos z dz = m
1,1, 200y
X 4F3(3 s+32 s+23. 2) [Res > 0; |arg (1 — a?)| < =].
2’ 2 0 2 0 ¢
1
J ﬁ arcsin (az) arccos zdz = % Lig(a?)  [larg (1 —a®)| < 7).
0

1

J 1 . w°
———— arcsinz arccosz dz = —.

1— 22 48
0
1

2

J —2 ___ arcsin (az) arccos z dz

V1 — 27,2
0 a“x

= o5 [(1—a*)In (1= 0®) +Lix(a®)] [larg (1~ a*)| < .

.’B2 . 7'!'3
———— arcsinz arccoszdzr = — .
1— 22 96

1 9 9 .
———— In(1+ 2az + a*) arccos” zdx = —4~ Lis(a
J = ) 3(a)

[larg (1 — a2)| < 7.
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117.

118.

119.

120.

121.

122.

123.

124.

J Y (a® — z2)'/? arctan (bz) dz
0

- [1 — Va6 + 1 + abln (ab+ va2b? + 1)]

a
[a > 0; |arg(1 + a®b%)| < 7).

Jm_l(a2 — z?)" Y2 arctan (bz) dz = % In (ab +1Va%b? + 1)
0

[a > 0; |arg(1 + a®b?)| < 7].
J % arctan zdz = % In(14+a) [Rea>0; |arg(l+ a)| < =].
z(z” + a”) 2a

1

1 3+/8 -1
J1+m2 arctan(m )dw— 16 1n21n(3—|—\/§) [60].
0

1

1 1
J e arctan(m5+m) dz = 3 In (1 + \/5) In (2 + \/§)
0

1
— 15 n2In (5+v24)  [60].

1

1 1
J P arctan(mle) dz = 3 In (1 + \/i) In (4 + \/ﬁ)
0

1 3. 145

— g (2+v3)In(3++v10) ++2In 7" In (5 + v24)
1
+Eln2ln(11+\/120) [60].

1
1 /168
J I arctan (w13+ 168) dz

2
T

3 5+v21 1
= -5 (1+v2)In =2 — S In21n (13 + V168)

+ 2o In (24 V3) In 15+ v224) + - In (5+ v24) In (8 + V/63)  [60].

oo

7/ a2 2
J%arctan%dz:L2lnM [Reb > 0].
, z(z” +b%) z°+b 2b 2b
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125.

126.

127.

128.

129.

130.

131.

0558

Tms_l(a —z)"”

1 1
— s+t 4
=a bB(s+§,t+§)3F2< 3 s+t+1 s+t

z(a"z" +1

) arctan[(a® 4 1) z + a®2®%] dz

T n (1+a)(a+v4+a?)

25 2a

[Rea > 0].

! arctan(by/z(a — z)) dz

2,2
s+, t+1-—‘“’)

2’ 2 +1

[@ > 0; Res, Ret > —1/2; |arg(4 + a’b?)| < .

Jarctan (bm) (\/ 4+ a?b? — )

[a > 0; |arg(4 + a’b%)| < 7).

Jmarctan(bm) (\/4 + a?b? — )

O—0

2,2
2z~ arctan(by/z(a — z)) m—ﬂln<a2b+ 1+a4b)

T a—z)”

[a > 0; Jarg(4 + a®6?)| < ).

[a > 0; |arg(4 + a’b%)| < 7).

arctan(b\/ a—zx )

2T ab a’b? 2,2
—;ln 7—!— 1+ la > 0; |arg(4 + a"b")| < =].

4

z)* arctan(b Vz(a— z))dr = 97 2873/2,1/2 42542,

2 ) [a > 0; Res > —1; |arg(2 + ab’)| < =].
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4.1.6] 4.1. ELEMENTARY FUNCTIONS

132. J$1/2 arctan (b Vz(a— z)) dz
0

_ ™ 2 2 _ 2
= o [Z(ab 1)v/2ab? + 4 — 3ab +4]

[a > 0; |arg(2 + ab®)| < =].

133. Tm_l/z arctan (b m) dz = %(\/ ab? +2 — \/5)

[a > 0; |arg(2 + ab®)| < 7.
134. Jm_lm(a —z)7" arctan(b Va(a— z)) dx
0

27 a ab? ] 9
_ﬁln(b,/E +V1+T> [a > 0; |arg(2 + ab”)| < =].

1

3
= 2m2- L.
arctanwdm 1 n 2

T

[ee]
135. J S
€
0

/2 b
136. J cos” z cos (az) arctan (bcosz) dz = V2_ e ;rbr(l:—i i)+ 3
; () ()

2 2

1,1,14—5, ”+3; —b* )
x 4F3| 2 2.2 [Rev > —1; |arg(1+ b%)| < =].

3 v—a+3 v+a+3

2’ 2 ’ 2
/2
cos (2nz) .
137. — 7 arctan (asinz)dz
sSinx
0
g—2n=1_ 2ntl n4+ 1, n 4+ 1’ n+1
= ony1 82 3. 2 [larg(1 + a®)| < 7.
n+1 n+ 2,2+ —-a’
T in (az)
sin (az
138. J 1 arctan (bsin z) dz
sinz | cos (az)
11 2
2b . mmna [ sin(mma/2) 203 1,1; — )
= —sin F are(1 + b2) < xl.
a 2 {cos(mwa/2) 4n3 84 _aq4a [larg(1 +b%)| < =]
2 2 2
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139.

140.

141.

142.

143.

144.

145.

146.

sin (az vt
Jsin"w (az) arctan (bsinz)dz = 2 mbI(v +2)
cos(aa;) Iﬂ,(u—a-l—3)r,(l/-i—a.+3)
2 2
. 1 +3
sin (a7 /2) P 1, g+1, ”2 ; —b?
% cos(an/2) [+ 3 v-ats viats
2 2 2
[Rev > —1; |arg(1 + b%)| < =].
mm 11 2
e : b —-mma 2’ 5’1’1; -0
—— arctan(bsinz)dz = — (1 —e )aFs| 4 ) .
sinz a 21ty
0 2’ 2’ 2
® b 1,1 b
—azx . _ 2’ ) bl
Je arctan (bsinz) dz = a2+13F2(3_Z.a 3+Z.a)
0 2 72
[Rea > 0; |arg(1+ b%)| < 7).
o P b 1’ 1’]_’]_’ _b2
J —— arctan (bsinz)dz = —4F3| ,2 2 | .
sinz a L ta
)1 y 1+
0 2 2
[Rea > 0; |arg(1+ b?)| < ).
T sin(zarctans) ()"
sin (z arctan x by a 1 T
PN € NP TS B
l (1—|—:1:2)z/2(e‘””—1) 2 " 2m 2(z—1) 2a
[Rea > 0].
a 1/2  s+1 s+1
Va2 — 2 T/ a” b ——
Jms_llnuarctan(bm)dmz (62 )
o z s(s—l—l)l"(i)
1 s+1 s+1
5111 9 ) 272
X 4F3| 5 2 L et3 2,2 [a > 0; Res > —1; |arg(1 + a”b")| < 7).
arpth i
1
/1 — p2
Jms_l In 1FV1Z 2 arctan (az)dz
J 1-+v1—22
27r1/2a1“(s+1) 1 1 s+1 1 s+1 s+1
N2 ] (s+1)3F2( 2777 2 )—3F’2<’ 2 7 2 )l
2 s 3 s L2 s s+ 3, 2
S (S+1)F(§) 5, §+1, a 2, 72 3 a
[Rea > 0; Res > —1].
1
1+v1—z?
Jmln :ﬁ arctan (az) dz = ;? [a2 (\/ a?+1 — 2)
0

+2aln <\/%\/a2+1 -3 +\/% 2 +1+ %)] llarg(1 + )| < 7).
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4.1.6] 4.1. ELEMENTARY FUNCTIONS

[e o}
In(z® +1) _a-T,24a T a [1 2((1)]
147. Jwarctanwdw— %4 In 2 Elngln %I‘ 7
0
n 8°
—1—5_24( “>z:o [Rea > 0].

a
148. Jms_l(a2 — 22)t" 1 arcsin® (bz) dz
0

1,1,1, 2 +1; a**
= lgstop2p (f +1, t) oFs 2
2 2 22 s 4t+1

[a, Ret > 0; Res > —2; |arg(1 — a®b?)| < 7].
149. J(aQ — 2%)Y2 arcsin®(bz) dz
0

2
el o2y (1 272y
=3 [L12(a b%) (a2b2 l)ln(l a”b?) 1]
[@ > 0; |arg(1 — a?b?)| < 7).
150. J(a2 — 22)7 Y2 arcsin?(be) dz = % Liz(a?b?)
0

[@ > 0; |arg(1 — a®b?)| < 7).

151. Jms_l(a— z)' ! arcsin?(by/z(a — z)
0

+t s+t+3
,2, 2 1,
+ 2

[a > 0; Res, Ret > —1; |arg(4 — a®b?)| < ).

1,1,1,s+1,t+ 1;
=a* TP B(s+ 1,1+ 1) 5F4< )

152. Jmlm(a - w)1/2 arcsin?(by/z(a — )) dz
0

=" |a®0®+(4—a??) In(1- o'y’ +a?b’ Li a’y’
160 4 2\ 4

[a > 0; Jarg(4 — a®6?)] < ).

a 272
153. Jmlm(a - w)_ arcsin?(by/z(a — z) — L12<a4b )
0
[@ > 0; |arg(4 — a®b?)| < 7).
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154.

155.

156.

157.

158.

159.

160.

Jmlm(a - w)_3/2 arcsin?(by/z(a — )) dz
0

o 2+ ab a’b? . [ a%p?
—2[2abln2_ab+4ln<1— 1 )—L12< 1

[@ > 0; |arg(4 — a?b?)| < 7).

a 2,2
Jm_lm(a - w)_1/2 arcsin?(by/z(a — z)) dz = g Li2<a4b )
0

[a > 0; |arg(4 — a®b?)| < 7).

Jm_lm(a - w)_3/2 arcsin?(by/z(a — )) dz
0

o 2+ ab a’b? . 2,2
—a[abln2_ab+2ln<1 4 >] [a > 0; |arg(4 — a”b%)| < ).

J 23/2 (a— m)_3/2 arcsin%b\/ﬁ) dx
0

2+ ab a’b?

2—ab

= 2—7; [abln
a

4+ 2In <1— )] [a > 0; |arg(4 — a®b?)| < 7).

J z°(a — m)s+1/2 arcsin?(by/z(a — z)) dz
0

2

922 7ra25+5/2b21"(2s+3) 1,1,1,2s + 3; ab”

- 7 +Fs 3 9 954+ 7 ’
F(28+5) 51 9 5+§

[@ > 0; Res > —3/2; |arg(2 — ab®)| < 7].

Jml/‘l(a - w)_1/4 arcsin?(bv/z(a — z)) d
0

I PP R S o
= iR [ab + (2 ab)ln<1 2>+ab L12<2>]

[a > 0; |arg(2 — ab®)| < 7.

. 2
0
[a > 0; |arg(2 — ab®)| < 7].
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T - . 2rb . V2 ++ab
161. Jm 5/4(q — 2) "% * arcsin®(b ¥/z(a — ¢)) dx = In
[« Ha=a) (b Yala=2)) do = 2721 Y2 EVED
3/2 2
+ 2 aﬂ In <1 — aé)) [a > 0; |arg(2 — ab?)| < =].

T 1 . 2 b(z+a)
162. J arcsin® ———= dz
(z+a)? Vz2? 4+ a?

2
=i[ Lo 10v2h 1, (1—2b2)] [a > 0; |arg(1 — b%)| < 7).

— In
V2b  1-+v2b 27
a
et 2 VT
T

0

163. arcsin®(bz) dz

S 2 S S . 2,2
= aﬁar(§+1)b i L1152 41, 2 +1; o
2(s + 2) F(3+3) 554 3, s+3 s
2 2777 2 72
[a > 0; Res > —2; |arg(1 — a®b?)| < =].

mm

—azx 2
164. J c ,— arcsin®(bsinz) dz = b—(l —e ™

sin” a

2,1,1,1,1; b? A
X 5Fa| 4 2 : ) [Rea > 0; |arg(1l — b")| < =].
2

2, 1- 21+ 2

e efaz b2 %, ]_, ]., ]., ]., b2

165. J arcsin?(bsinz) dx = —5F4 3 . .
sin’ z 22,1-2 141
2 2 2

[Rea > 0; |arg(1 — b%)| < 7].

166. Jl atvae - 27 arcs1n2(bw) dz = 4a [Lig(a?b?) + 21In (1 — a®b%) — 4]
0
™ 1—|—ab . 232
+ %lnl—ab [a > 0; |arg(l — a”b%)| < 7].
1
V1= z2 3
167. Jln # arcsin® z dz = 2—4 +(In2-1)7w
0

i Va2 — z2 3
68. |z2In 2T VO 2" arcsin?(bz) doe = =% Liy(a2b?)
T 24
0

1+ab

[3ab(a2b2——9)ln(1——a2b2) 241n %7 4 48ab - 11a3bf

_ ™
2165
[a > 0, larg(1 — a®b?%)| < =].
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1

V1 — 2
169. Jm2 In % arcsin® zdz = &(37r2 +96In2 —74).
0
F Va2 — p2?
170. J % In H# arcsin® (bz) dz
0 x
s . T _ 1+ ab _ T 272
— [Lu(ab) Liz(—ab) — In 1—ab] %4 In (1 — a®b%)
[@ > 0; |arg(1 — a?b?)| < 7).
/2

27 3 xb (v + 3)
F("“‘ +2)F("+“ +2)

171. J cos”  cos (azx) arcsin®(bcos z) dz =
0

- 1,1,1, 758 Y a5 : g (1 8)] < ]
X gFy _ Rev > 0; |arg (1 — b)| < 7).
§’2’u a+2’u+a+2
2 2
T sin (az) s . 27V 2 xb’ T (v + 3)
172. Jsm"w arcsin®(bsinz)dz = ———— e
! cos (az) r(“5%+2)r(2Ee +2)

v 3 v
[sin(am/2)) [ LLL Sl 4h
cos(a7r/2) 51074 2’2 u—a+2 V+a+2

[Rev > —1; |arg (1 — b)| < =].

o sin (az)

173. J; reca. {cos (az) } arcsin® (bsin z) dz

262 . mma [ sin(mma/2) %, 1,1,1,1; b
= = sin sFul
a 2 cos (mma/2) 391-2 142
2 2 2

[larg(1l — b2)| < 7.

1

A/1 — p2
174. J% In 1+vi-a2? arcsinQ(m) de="_7In2.
T T 8
0
1 717242 s+ 3
r(*3)

175. J z*~ ! arcsin®(az) arccos z dz =
25(s + 2) ( 2)

1’1’1’s+3 1, ’3_1_1 3+3

(s+2)aF3| , . 2 | —24F3 2 y
5,2,5—1—2,(1 5 5—1—2 —|—2,a

a
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4.1.6] 4.1. ELEMENTARY FUNCTIONS

176. % arccos « arcsin® (az) dz = g Liz(a?) [larg (1 — a®)| < =].

177. % arccos z arcsin® z dz = g((?))

1

178. |z arccos z arcsin®(az) dz = 1(;2 [a® + (a® — 1) Lig(a?)]

0
[larg (1 — a®)| < 7].

1
179. J z3 arccos x arcsin® (az) dz
0

= olda’ + 150" —8(a” — 1)’ In (1~ a?) + 12(a’ — 1) Lig(a?)] Li
a

[larg (1 — a?)| < ).

1
180. Jm3 arccos z arcsin® z dz = lg—ﬂ
512
0
1 7r1/2al_'(i)
181. J z* ! arccos z arctan (az) dz = —23
! 4(s + 1)1“(s ! )

X

1 E] s+1 s
-, 1, -+1 1, —,-+1
2777 2 b2 2
(8+1)3F2 3 s+3. 9 _3F2 s+3 s+3. 2 ‘|
20 g @ 2 7 g @

[Res > —1; |arg(1l + a”)| < 7].

1
+\/ 2
182. Jarccosmarctan (az)dz = % <\/ 1+a% —1In # - 1)
0

[larg(1 + a®)| < 7].

1
183. J z? arccos  arctan (az) dz
0

_ ™
72a°

W 2
(2a4+a2—1)+;ﬁln¥
a

[larg(1 + a®)| < 7].

(4 —9a?) + In

T
18a*v1 + a2
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[4.2.1

CH.4. DEFINITE INTEGRALS

3

o0
184. J(ar“a”) de=1,, Ih=rn2, Iy= Flm2— "
x 2 16
0
Li=or(1- T 2™ +37¢@), =57 (1- 7 1n2——
12 12 4 ’ 2 3
7r5 157r
)

4.2. The Dilogarithm Lis(2)

4.2.1. Integrals containing Liz(z) and algebraic functions

1. Jms_l(a —2)" ' Liy(bz(a — z)) da

2p

1,1,1,s+1,¢4+1; 22

s+t+1 ’ ) D
a bB(3+1vt+1)5F4(2 ) s+t+1 s+t+3)

[a > 0; Res, Ret > —1; |arg(4 — a’b)| < 7]

2)"? Lig(bz(a — ) dz = 7a Li2<2 —vaza® )

02
T2 2RI ”i‘”’ [a > 0; [arg(d — a2b)| < ],

2. le/z(a
0

a
— a2
3. Jm_l/z(a - m)_l/z Lig(bz(a — z)) dz = 2« Li2<2 i a*b )
0

— n2
—rin? ZEVETED 1 s o) Jarg(4 - a’B)| < ).

4. Jm_1/2(a w)_3/2 Lig(bz(a — z)) dz
0

2 _ 2
_ f%r (1_ @Hn @) [a > 0; |arg(4— a®b)| < .

27272 /ma®* ¥ 2pI (25 + 3)

z)* 2 Li, (by/z(a—z))de = -
r(2s+1)

1,1,1,25+3
[a > 0; Res > 3/2; |arg(2 — ab)| < =]

z%(a—

[S)8
oO———0
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4.2.2]

4.2. THE DiLoGARITHM Lig(2)

a
6. |
0

7.J
0

S.J
0

/2 Liy (bv/z(a—z)) da

:4a1/2<arcsin2\/a7b +2,/% —larcsinw/%b —2)

[a > 0; |arg(2 — ab)| < 7).

234 (a - m)_5/4 Liy(bv/z(a — 2)) d=

7/2
_ 2 ﬂ[l—dl—ab—i-ln(l—i- 1—“”)—1112]
a 2 2

[a > 0; |arg(2 — ab)| < 7).

z~Y4(a - m)_3/4 Liy(by/z(a — 2)) d=

— 9l/2 Y (R R U B R (Y S L
=9 7r[2L12<2 2 1 2) In <2+2 1 5

l[a > 0; |arg(2 — ab)| < 7).

4.2.2. Integrals containing Liz(z) and trigonometric functions

2.J
0

/2

3.l

|
0

3 —v—2
sin” z { sin (az) } Lig(bsin? z) dz = 2 mbI(v + 3)

% { sin (az) } Liy(bsin® z) dz

sin z | cos (az)

1
i 2 - 1,1,1,1; b
_ %sin mra {sm (mma/ )}5F4 3 ) .
a 2 cos (mma/2) 2,2,1- 2,1+

[a > 0; |arg (1 — b)| < =].

cos (az)

l_,(u” 3 ) (u+a+2)

sin (am/2 1,1,1, 225, 2 +2; b
[t ((n %
cos (am/2) 2,2, +2, +2

[Rev > —1; |arg (1 —b)| < 7).

cos” z cos (azx) Liy(b cos? z) dz

+3
__ 2Tmbrew+d) o 1,1,1, 225, 2 42 b
= 4
r(“;%+2)r (”+“+2) 2,2, +2 ”+“+2

[Reu > —1; |arg (1 — b)| < 7).

179
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mm 1
—as 11,1,1,1;8
4. J Lig(bsin?z)dz = 2(1— e~ ™) Ry 207 )
sin® z a 2,2,1—%,1+%

1 1 1 3
_ b F 2737 57171; b2 b2 F 1,1,1,1, 5; b2
T ot s s smia s | iy s, aoia e
2’ 2 R T

[Rea > 0; |arg(l — b%)| < 7].

oo

1
—az -,1,1,1,1; b
6. J ©  Lig(bsin?z)dz = 2sFy| 207777
sin® z a 2,2,1—%,1+§

[Rea > 0; |arg(1 — b%)| < 7].

4.2.3. Integrals containing Liz(z) and the logarithmic function

@ o 1/2 s+1
1. st_l In Vatva-z Liy(bz)de = — 2 bI(s)
T

3
0 vV 23(5+1)F(s+§)
1,s+1,s4+1; ab 1,1,s+1; ab
x | 3Fs 3 —(s+1)3F 3
s+5,s+2 2,s+5

1,1,1,s+1; ab

1) 4 F:
+5(s+1)y 3( 2’2’54'%

)l [a > 0; Res > —2; |arg(1 — ab)| < .
2. Jln Vatva-z Lig(bz)dz = (2(1 + %) arcsin?(Vab)
0

+6a4/ % —larcsin(vab) —7a [a > 0; |arg(l — ab)| < =].
a

3. Jw_3/2 In % Lig(bz) dz

= 4% <Vab arcsinvab — In w +2v1—ab —2)
a

l[a > 0; |arg(l — ab)| < =].

4.2.4. Integrals containing Liz(z) and inverse trigonometric
functions

1
1. J % arccos /z Lig(z)dz = 112 [81n2 — 272 1In2 + 12¢(3)).
0
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4.3.2] 4.3. THE SINE Si(2) AND COSINE ci(2) INTEGRALS

7r1/2al"(s + g)

25%(s + 1)I'(s + 2)

3 3

1,s+1,s8+ = 1,1, s+ =

X |3Fy| "’ ’ 2 | —(s+1)3Fa( 7’ 2
[3 2<s+2,s+2; a) ( )3 2 2,8+2;a
l,l,l,s—l—g
2,2,5+2;a

1
2. Jms_l arccos /z Liz(az)dz =
0

+s(s+1)4F’3< )] [larg (1 — a)| < 7).

4.3. The Sine Si(z) and Cosine ci(z) Integrals

4.3.1. Integrals containing Si(z) and algebraic functions

a

1. lx—lﬂ Si (bY/z(a—2)) dz = ’;3%{2\/5.10(1)\/?) —2v2J1(by/3)
e LY ey R 3 Y () R

4.3.2. Integrals containing Si(z) and trigonometric functions

2
[sin z Si (22) + cos z ci (2z)] dz = = cos %YO (Q)

. Tl
) Vela—a) 4 2
+ g [sin % Si(a) + cos % ci (a)] Jo(%) [a > 0].

2

2. Jﬁ [cos z Si(2z) — sinz ci (2z)] dz = —% sin %Yo(%)

0

+ g [cos % Si(a) — sin % ci (a)] Jo(g) [a > 0].

w/2
3. J cos” z cos (az) Si(bcosz)dz
0

27" 22b (v + 2) Lovyq vt 0

_ mbl'(v + 2’ 2 T T g

_F(V—a+3)l-,(l/+a+3) 3F4(3 3 v—a+3 v+a+3 [Reu>—2]_
22

2 2 ’ 2 2
/2
4. J MSi(aSinm)dm
sinx
0

2
9—2n—1_ 2ntl P n + %, n + %; —%

= 23 :
2n+ 1D!1(2n +1) n+g,n+g,2n+1
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[4.3.2

™

6. |

0

mm
1
| g
sinz
0

s (ax)

S WY

cos (nz) Si(acosz)dz

COoS T

sin (az) | ./, . _
}Sl(bsmm)dw— F(”_a+3)F(”+a+3)

™ .
5. Jsin" T
co
0

2_"_17er(u +2)

2 2

v+3, b

) Ta _Z _
3 v-a+3 viat3s [Rev > —2].
2’ 2 ’ 2

3F4(

2771 il n+1’n-2|—1; ‘:1:
= F:
(e Din+1) 02 20 nks mts
2 7 2
{ sin (az) } Si(bsinz)dz
cos (azx)

a

11 b*
20 . mma sin(m7ra/2) 51531; _I
S cos(mma/2) sFal 5 5 1—-% 149/
27 2’ 2’ 2

e *®[sinz Si(2z) + cos z ci(2z)] dz =

1/2

\/ 21/2
,/2(“J(rl+1+“ 1(a+ 1+a2) [Rea > 0].

[sinz ci(2z) — cos z Si (2z)] dz =

T 1
8 =
| 5
0
©0 —ax
9. | ¢
I
0
_ )ﬂ'
10. J ei Si(bsinz)dz =
sinx
0
11 J _ Si(bsinz)dz =
Sin
0

1/2
(a(—i—'\}%)lﬂ (a+ 1+a2) [Rea > 0].

11 b?
b —-mmay [ 2’ E’l; T
5(1—6 )3 4 ia ia

3 3
palogit g )
11 b’
22T
o LY PR | _ie | ia [Rea > 0]
ya Tty
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4.3.4] 4.3. THE SINE Si(2) AND COSINE ci(2) INTEGRALS

0o ) ‘ _ 2—u—lc
12. J cosh” z cos (bz) Si (csech z) dz = 57— 3
0

1 b 1 b 1 1-v—ib 1—-v+ib, c?

—v—i —v+i 2’ 2 2 ' 4

xr( 2 )F< 2 )3F4 33 1-» 4 v
272’ T2

2’ 2

[Rev < 1].

4.3.3. Integrals containing Si(z) and the logarithmic function

a s+1 s+1
1. Jms—l | &+ Ve —2? ¢ Si (bz) dz = VT w
z 2 (s—i—l)F( +1)

1 s+1, a?b? s+1 s+1, a?b?
o [ ) y
x [(s+1)2Fs| 20 %, % |—2Fs| % [ 2 .s+34
=, 5,241 2241
27 27 2 2’ 2 )

[a > 0; Res > —1].

[=}

a+ \/ﬁ Si (bz) dz = %7 {2ablabJo(ab) — J(ab)]

2. J;xln
+ 7r(a2b2 — 1) [J1(ab) Ho(ab) — Jo(ab) Hi(ab)]} [a > 0].

3. in* In 2 VI 55 (ba) da

0

= 24b3 2 {2ablab(a?b? + 1) Jo(ab) — (a®b? + 5) J1(ab)]}

+ ;4; (a*b* + 9) [J1(ab) Hy(ab) — Jo(ab) Hy(ab)] [a > 0].

4.3.4. Integrals containing Si(z) and inverse trigonometric
functions

1
1. st_l arccos z Si(az) dz
0

2. Jarccosm Si(az)dz = % {-2+2(a®+1) Jo(a) — 2a J1(a)
° + wa?1(a) Ho(a) ~ Jo(a) Fs ()]}
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CH.4. DEFINITE INTEGRALS [4.3.5

4.3.5. Integrals containing products of Si(z) and ci(z)

1. J z* " sin (z) ci (2z) — cos () Si (2z)]* dz

—s—4
=2 ['(s) {7r2s[3 — cos (ms)] sec ? + 4m[1 + cos (7s)] csc ?

S

+4scos [¢’(1;3) —¢’(§)]} [~2 < Res < 0].

2. J z*sin (z) ci (2z) — cos () Si (2z)][cos () ci (2z) + sin (z) Si (2z)]dz

= 27731 (s) {2 [cos (ms) + 3] csc 7

+sin 7 [3¢ (1+3)—4¢( ) — ' (%)]} [-1<Res < 1].

a 2 11,
3. Jshi(b\/E)Si(b\/a—m)dmz ”(‘;”) 2F5( T ) [a> 0.
3 9
0 2

4.4. The Error Functions erf (z), erfi (z) and erfc (2)

4.4.1. Integrals containing erf (z) and algebraic functions

a
s—1 _ - _ — & stt 1 l)
1. Jm (a—z) erf(b\/ a—1z))dz \/_a bB(s—|-2,t—i—2
0
2,2
’s_'_ t+7;_ab
X 3Fj3 2 4 [a > 0; Res, Ret > —1/2].

3 s+t+1 s+t
2’ 2 +1

< F(2s + §)
s+1/2 _ s 4 — — —28-1/2 2542 2
2. Jm (a—=2)%erf (b\/z(a—2)) dz =2 a bif‘@s ey
0

1 5 ab
,’23+,; -
><2F2(2 22 )[a>0; Res > —5/4].

3. Jmlm erf (b Vz(a— z)) dz

. ™ ae_ab2/4 ab?I Lb2 +(ab2+1)1 LbQ [a > 0]
V23 o\ 1 "\ 4 o
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4.4.2] 4.4. THE ErroRr FuncrTiONs erf (2), erfi (2) AND erfc (2)

4. Jm—1/2erf(bm) do = /T abe=e"/2 [IO<aTb2)+]1<aTb2)]
0
[a > 0].

4.4.2. Integrals containing erf (z), erfc(z) and the exponential
function

1. st_l(a - w)t_lebzz(a_m) erf (by/z(a — z)) dz
0

2 1 1 L+l 4Ly ot
:—a‘H_th(s—i——,t—i——) 3F3 ’ 2’ 2’ 4
3 1
VT 2 2 5,s+;+ ,s;rt—i—l

[a > 0; Res, Ret > —1/2].

a

2. Jeme(a_m) erf (by/z(a — z)) dz = g (e“2b2/4 - 1) [a > 0].

0

a

3. Jw_leb2z(“_z) erf (by/z(a — z)) do = Terfi (%b) [a > 0].

0

4. Jw_l(a - x)_leb2m(a_m) erf (by/z(a —z)) dz = 2% erfi (%b) [a > 0].
0

5. st+1/2(a - w)'seb2 2(a=2) orf (b Va(a— z))dz = 9~ 28=1/2 2842y,
0

2
r(zs+3) 1,25+ 2, %
X72F2 2 2

a > 0; Res > —5/4].
I'(2s + 3) 2’254_3 ) [ /4

6. Jacl/zeb2 ve(a=2) orf (b Vz(a— z)) dz
0
1

=54/ [2 — ab® +2(ab? — 1)eab2/2] [a > 0].

X

J$_1/26b2 Vz(a=z) orf (b f/m(a - m)) dzr = @ (e“b2/2 — 1) [a > 0].
0
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CH.4. DEFINITE INTEGRALS [4.4.3

8. Jw_1/2(a - w)_leb2 ve(a=e) orf (b V(a— z))dz = \2/_—7; erfi (b\/g)
0

[a > 0].

4.4.3. Integrals containing erf (z) and trigonometric functions

T 1 2
; - 1; =b
1. lsin(aw)erf(bsinw)dw = %2F2(32;a’ 342“,)-

erf (acosz)dz
cosz

_ n+l n+1, 2
2 " /ma™ ! cos VTR ( 5 g 3 @ )
e —— 9 l9g .

(n+1)r(g+1) 2 ntd 41

0

/2
3. J ms,(ﬂerf (asinz)dz
sinxT
0
272"\/;a2"+lf‘(n+ %) " n+ %, n+ %; —a?
= akFo .
nl(2n+1) n+g,2n+1
w/2

27 /b (v +2)

l_,(u—a+3)l_.(u+a+3)
2 2

1 3
o 2t Y
X gl'3 3 v-a+3 vta+3 [Reu>—2].

4. J cos” z cos (az) erf (bcosz) dx =
0

2’ 2 2
T . —v
5. JSin” xz { St an)) } erf (bSil’l w) dz = 1/2 aﬁbr(uuti)+ 3
cos (ax —
) (=) r(*5 )
1 v v+3 2
sin (a7 /2) pitg —5 b
oSy Y (e e IR
2 2 2
/2
v b2 cos’z 2_”_1\/7?[)1—‘(” + 2)
6. cos” z cos (azx)e erf (bcosz)dz = p—— Ta+3
l_,(u a )r.(l/ a )
0 2 2
1’1+g’u-2|—3; 2
X3F3l 3 , _2%3 via+s [Rev > —2].
2’ 2 2
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4.4.5] 4.4. THE ErRrOR FUNCTIONS erf (z), erfi (2) AND erfc(2)

T v sin (am) b%sin’z : 2_u\/;br(”+2)
. f =
7 Jsm w{cos(am)}e erf (bsinz) dz F(”_a+3)l“("+a+3)
2 2

v v+3 2
sin (a7 /2) L1+, ——b
X{COS(aﬂ/2)}3F3(3 v—a+3 v+a+s | [Rer>-1L

2’ 2 ’ 2
oo 1 . 2
—az oof . _ 2b 27 —b

8- (& €r (bSll’l:ﬂ)dw— m2F2 3 ia 3+ia [Rea>0]

0 2 7 2

T 2% 1,1; b2

2 2 y ;

9. Je_az+b S Terf (bsinz)dz = m2F2<3—ia 3+ia)

0 2 72

[Rea > 0].

4.4.4. Integrals containing erf (z) and the logarithmic function

: e 2q°Hpr (21
Jms—l | &t Vet -z . (bz)dz = 46)
0 z s(s+ 1)1"(5)

1 s4+1 s+1 2,2
57 9 ; —a b
X 3P [a > 0; Res > —1].

1.

2
+1 s+ 3
b)

3 s
27 2

4.4.5. Integrals containing erf (z), erfi(z) and inverse
trigonometric functions

1
1. Jarccos zerf (az) dz
0

= 2£: {e“‘2/2 [(a2 +1) Io<

v 8,

)+on(3)] -1}

VZ3
36a°

1
2. JmQ arccos z erf (az) dz =
0

2

2
X [(4a4 +3a% 4+ 6)e” /2], (‘;) + a%(4a? — 1)e=*' /2] <“2) - 6].

1
3. Jea2”2 arccos z erf (az) dz = g [Ei(a®) —2Ina — C].
0
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CH.4. DEFINITE INTEGRALS [4.4.6

1
4. Jm2eazz2 arccos z erf (az) dz
0
_ 8@; [2¢" — ® — Fi(a?) + 2Ina+ C - 2].
a

1
5. J arccos z erfi (az) dz
0

() o))

6. Jw2 arccos z erfi (az) dz

1

0
2

2
- s [ s 0 () —eaat e () o]
a

1
7. Je‘a2m2 arccos z erfi (az) dz = % [C+2Ina — Ei(—a?))].
0

1
2 —a?z?
8. | z%e arccos z erfi (az) dz
0

= 8@ [26_"2 + a* — Ei(—a?) —|—2lna+C—2].
a
4.4.6. Integrals containing products of erf (z), erfc(z) and erfi(z)

2 2
_a" +b b+a 1
z erfi (az) erfc (bz) dz = i aZt? In b—a  2eab [a < b].

1.

o——§

% erfi (az) erfc (bz) dz = % [Lh(%) — Liy (—%)] [la| < |8]]-

b
o——8

1 T
" erfi (z) erfc (z) dz = e

®
o——§

erf (by/z ) erf (by/a — z) dz = bl2 (e_ab2 + ab® — 1) [a > 0].

b
o——e

a

. Jerﬁ(bﬁ)erﬁ(b\/a—m)dmz b%(e“bz—abz—l) [a > 0].
0

[S)4
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4.5.1] 4.5. THE FrRESNEL INTEGRALS S(z) AND C(2)

6. Terﬁ (bv/T) erf (bv/a — z) dz = a2b?
0 x [Io(ab?) - #ll(abz) + 7 To(ab?) L (ab?) — 11 (ab?) Lo(at?)|
[a > 0].
7. Te—bzm erfi (by/z ) erf (bv/a — z) dz = 2ae~ /21, (“%’2) [a>0].
0

8. Jms Ya—z)"~ erf(b\/ a—=z))erfi (b Ve z(a—z))dz

1 1 1 a“b
_ 4 syep2 1 1 5’1’3—1—7 bt 16
_;(J/ bB(S+§,t+§)4F5 373 5 s+t+1 s+t+1

[a > 0; Res, Ret > —1/2].

¢ 2 2 2
9. Jeb 2 erf (by/z ) erfi (bv/a — z) dz = 2ae?® /211<a;1> [a > 0].
0
< 9 ab?
10. JeZb *erf (by/z ) erfi (bv/a — z)dz = ebT [cosh (ab?) — 1] [a > 0].
0

4.5. The Fresnel Integrals S(z) and C(z)

4.5.1. Integrals containing S(z) and algebraic functions

1. Jms_l(a - m)t_lS(b\/m(a - z))dz

b
st+1/2 3 5_|_, t—l— _e
:a %B(s+§’t 3)3F4( 16 )
3 p= 1 1 3 26 42+3 2542045
2’

7
4’ 4 ’ 4
[a > 0; Res, Ret > —3/4].

2. Jm5+1/2 a—2x) (b\/m(a—m ) dz
0

11 3 11, ab?
_ 97285/ 25+9/4p3/2 F(25 + Z) ol ? 25 + VTS
=—F @ 13y 210’3

3 r(zs+2)

[a > 0; Res > —11/8].
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CH.4. DEFINITE INTEGRALS [4.5.2

4.5.2. Integrals containing S(z) and trigonometric functions

/2

1. J MS(asinm)dm

. 2
sm3/ T

2—2n—1/2\/7_ra2n+3/2 " n _|_ 5 n _|_ %
= 2173
(2n + 1)!(4n + 3) n4+ - ,n—l—— 2n +1

2_“_1F(;¢ + g) N
3F(2u—2a+5) F(2y+2a+5)

2. Jsin“ z { sin (az) } S(bsinz)dz =
0

cos (azx)

4 4
2

. ( /2) 3 2u+5 2pu+7, b
s (am 1 ’ ’ A
4’ 4 4 4
X{Cos(aﬂ'/2)}3F4 37 2w-—2a+7 2ut2a+7 [Rep > —5/2].
2’ 4’ 4 ’ 4
mm . ( )
1 sin (az
3. — S(bsinz)dz
J sin3/2m{COS(aﬂ?)} ( )
0
13 b’
2%/2  mma [sin(mma/2)) [ b® 172 Vi
= 30 M3 cos (mma/2) f\ 7 sFal 5 7 a a
ol ity
mm —az
4. J —5m S(bsin z)dx
sin X
3N\ 1/2 1 3 1 b*
— l_e—mﬂ'a & F 27 47! _Z
3a ™ 34 §’Z,1_L‘1’1+E
27 4 2 2
oo 1/2 1 3 b®
5 J e S(bsinz)dz = i<ﬁ)/ 3Fy 5’2’1.’ )
SIns/ £ 3a 4 §’ Z’I_E’l_'_f
2° 4 2 2
[Rea > 0]
® 9—v o3/2
6. Jcosh"m cos (bz) S(csechz)dz = 3
) 3\/7?1“(7—11)
3 3—2w—ib 3—2u+2ib
3 —2v —21b 3 —2v+2ib 1’ 4 ’ 4
XF( 4 )F( 4 )3F4 37 3-2 5-20 o
2’4 4 4 7 4
[Rev < 3/2].
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4.5.5] 4.5. THE FrRESNEL INTEGRALS S(z) AND C(2)

4.5.3. Integrals containing S(z) and the logarithmic function

a 2s+3
1. st_lln7a+v(;2_m2 S(be) dz = Sa s+3/2<2)3/2 r(*:)

28+ 5
0 s(2s +3)0 4 )
3 25+3,  a’b’ 25+3 2s+3 _ a’b®
4 4 4 _ 4 > a1 4
X |(2s+3)2F3s 3 7 245 2 F 3 2545 2547
274> 4 2 4 7 4

[a > 0; Res > —3/2].

4.5.4. Integrals containing C(z) and algebraic functions

1. st_l(a - x)t_lc(b\/x(a —z))dz

" . ) LU PP a®b®
_ stt—1/2 1’ 2’ 27 16
=a \/,rB(3+4’t+4)3F4(1 5 2s+2t+1 2s+2t+3)
274’ 4 ’ 4
[a > 0; Res, Ret > —1/4].

2. J +*12(a - 2)°C (b Ya(a =) da

r(2s+?) Loggy 2 ot
— 9—28-3/4,25+7/4p1/2 4 .| 4 4’ 8
= a 11 2673 1 5 11
I'(2s + ) 20 2s + —
[a > 0; Res > —9/8].

4.5.5. Integrals containing C(z) and trigonometric functions

7r/2 a 2n+1/2 1 az
2nz) . \/7?(5) n+ ;5 ——

1. J %C asinx d:I:Z — F 4 4 .
Vonz I = Gyt 1) 48 n i

™

. 278 (p + )V b

2. Jsin“m{sm(am)}c(bsmm Jde = —m— 2u+2a+5 T

! cos (az) F( K + ) ( priadt ) T
+3

2

. ( /2) 1 2p 2y+5. b2
sin (am 7 -2
X{cos(aw/2)}3p4<1’5’2 —2a+5’2p+2a+5 [Rep > —3/2].
2’ 4 4 4

mm

5. | V;E{::;gzg}owm)dm

. 1. b
_ ﬂsin mma {snn(mwa/2) }(2)1/2 e L7 -
a 2 cos(mma/2) J \ = 2’1_%,14_
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CH.4. DEFINITE INTEGRALS

mm
—ae 1 2b _
4. J ¢ C(bsinz dm:—w— 1—e ™) ,F: ) )

Vsinz ( ) a TF( )2 : g,l—%,l—l—%

=3 b 1/2 1 b2
—ax 1 2 -, ;—7
5. J ° C(bsinz dm:—(—) F. v 4 Rea > 0
Vsinz ( ) a\m 23 §’1_E’1+E [ ]
0 4 2 2
® 9—v=1,1/2
6. J cosh” z cos (bz) C(csechz)dz = ————
o ﬁl"(i—u)
) , 1 1-2v—2ib 1-2v+2ib
1—20—2 1—20+2i 7 yR— 2
() ()
274 4 7 4 0 4
[Rev < 1].

4.5.6. Integrals containing C(z) and the logarithmic function
s+1/2 2s+1
a"r(23)

st—l In &t Ve —z% ‘MC(bx) de = \/7 -
z 8 s(2s+1)l"(%)

1.
0
1 2541, a®b? 25+1 2s+1  a’b®
X (23+1)2F3(4’1 % ;s+34 )_2F3( K ;s+é.‘l3 ;s+54 )
274’ 4 27 4’ 4
[a > 0; Res > 1/2].

4.6. The Incomplete Gamma Function (v, z)

4.6.1. Integrals containing (v, z) and algebraic functions
s+t4+2v—1; v
a " bp (s+v,t+v)

2 Ya—2)" (v, bz(a— z)) dz =

[y
o——8

a’b

v,s+v,t+v; ———

x 3F3 s+t s+t+41
v+1, + v, 2

2
a
2.J
0

) [a, Rev, Re(s+ v), Re(t +v) > 0]
+v

212 (a — 2)°y(v, by/z(a — 2)) dz

— g-2s—v—1g2stut3/2p VIT (28 + v +2)

v,2s+v+2; —%b
=\ 202
ul"(2s+u+§)

v+1, 2s—|—u+g
[a, Rev, Re(s+v) > 0].
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4.6.3] 4.6. THE INcOMPLETE GaMMA FuncTION (v, 2)

4.6.2. Integrals containing ~(v, z) and the exponential function
1. st_l(a —z)7 ey (v, bz(a — ) dx
0

as+t+2u—1bu

_ 4
_7B(s+l/,t+u)3F3( o4t s4til

v+1, 2 + v,

la, Rev, Re(s+v), Re(t+v) > 0].

a®b
,s+v,t+v; —
+ )

a 2 2
2. Jebz(a_z)v(u, bz(a—z))dz = —\/771“(1;) b 1/2e0 b/4’Y <I/ + 1’ a_b)
F(V—l— —) 2 4
0 2
la, Rev > 0].

3. stﬂ/z(a —z)%" m("_m)'y(u, by/z(a—z))de
0

ab
__09—2s—v—1 25+u+3/2 ,,\/;F(23+I/—|—2) 1’ 2s—|—u+2; ?
I/F(25—|—V—|—§) I/+1,25—|—I/—|—5

[a, Rev > 0; Re (s +v/2) > —1].

a

4. Jm_1/2eb\/ z(‘I_E)'y(l/, bvz(a—z)) dx

0
m T'(v 1 ab
=T ey 3) e
V+5)

4.6.3. Integrals containing ~(v, z) and trigonometric functions
"" { sin (az) | . _2 . 2
1. J sin™* zy(v, bsin® z) dzx
cos (az)
0

1
v i 2 [ 1’ _b
_ 27 G, e {S'n(mm/ )}3F3< i ) [Rev > 0].

cos (mma/2) v+1,1-2 1_|_g

27

eb cos? z

2. J cos* z cos (azx) v(v, beos® z) dz
0
_ 2_”_2"_17rb"l_'(u—|—2u+1)

”l_,(,u.+2l/2—a+2)l_,(;4+2u2+a+2)

1+p

1, TH P v+
X 3F}3 2 2 [Rev,Re(p+v+1) > 0].

u+L”;a+u+L”;a+u+l
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CH.4. DEFINITE INTEGRALS [4.6.3

™

3. Jsin“ z { sin (az) } ebsin’ 2y (v, bsin® z) dz

Ccos \ax
) (az)

_ 27 b T (p + 2v + 1) { sin (am/2) }
+1)

Bl (b2 e q)p(rtivte cos (am/2)

1
1, L;— —|—u,g—|—u+1; b

x 3F3
1,52 L 41
[Rev,Re(p+rv+(3£1)/2) > 0.
mm . ( )
4. J sin™2 {sm o } bsin® (v, bsin® z) dz
cos (azx)
0

1
v H 2 - ,1 b
_ 27 G, e {Sm(m”/ )}3F3< 2’ a) [Rev > 0].

va 2 cos (mma/2) v+1, 1_g 1+ 2

mT
— in2 . p— .
5. J e aTHbsin" @ 6in =2 p v (v, bsin® z) dz
0

I LA (I [Rev > )
= —e 3I'3 . Rev >0
va u+1,1—%,1—|——
mm
6. J e % sin"% z (v, bsin® z) dz
0
bY v, 1, 1, b
= (]. — e—m‘rra)i 3F3 2 ia ia [RGV > 0]
va v+1,1- 2 q4da
2 2
T . _9o . 9 by v, 11 ;b
7. Je_“z sin~* zvy(v, bsin® z)dz = — 3F3 2 ia
va v+1,1- 12 e
0 2 2
[Rea, Rev > 0].
[ee)
8. J emamtbsin®@ gy —2v zv(v, bsin® z) dz
0
b > LLb
= —3F3 2 [Rea, Rev > 0].
ia
va 1/—1—1,1—— 1+7



4.6.6] 4.6. THE INcoMPLETE GaMMA FuncTION (v, 2)

4.6.4. Integrals containing ~(v, z) and the logarithmic function

/20t b T (s + v)

’Y(V b-'f) 21/(5 + u)F(s +v+ %)

1. J z®” 1lnf+\/\£7

v,s+v,s+v; —ab
X 33

1 la, Rev, Re (s + v) > 0].
u—}-l,s—}-u—}-a,s—l—u—l—l

/20t BT (s + v)
21/(5 + u)F(s + v+ %)

a
- +Vva
2. Jm‘s 1eb2 In va L y(v, bz) da
! \/_
« ( 1,s+v,s+v; ab
343

1 la, Rev, Re(s + v) > 0].
u+1,s+u+5,s+u+1

4.6.5. Integrals containing ~(v, z), erf (2) and erfi(z)
1. Jerf (Vb(a —z)) v(v, bz)dz
0

b [2(ab) e+ (2ab 20— (v + 3, ab)]

(vl
[a, Rev > 0].
2. Jebz erfi (vb(a — z)) y(v, bz)dz
0
r 3. ab
:(V)Sau+3/2bu+l/21F1(2’ 5) [a, Rev > 0].
F(V+§) V+§
3. Jezbm erfi (m) (v, bz) dz
0
2b2
) 1; 22
= -a”+3/2bu+1/26ab1F2(2u+5 éu+7) [a, Rev > 0.
F(u+5) 1 a

4.6.6. Integrals containing products of v(v, z)

1. J;ezbm,y(u’ bm)'y(u, b(a B m)) do = F(l;(l:_)l;(i)Q) ghtvtlppty gabtpumi

n+v r+v+3
2 +1 2
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CH.4. DEFINITE INTEGRALS [4.7.1

4.7. The Bessel Function J,(z)

4.7.1. Integrals containing J,(z) and algebraic functions

b

=

?‘

JIn(cz) dz

©0 n+2p+1
J w +azx —I—bm'HH'l/2

__ ymrr Xn:(_l)k(:) D2 Dy [ubu™* Ik (cuy) In—k(cu )]

(2),(m+3), 4=

[n < 4dm + 2p; uyr = 2_1(a + 2\/1_1)1/2].
Jms(a _ $)3+1/2J,, (b 4 m(a — m)) dz = 2_2‘9_3"/2_1ﬁa23+(”+3)/2b”
0

2
r(2s+2+2) i 2048 42 -
142
(u+1)r(2s+”+5) v+1,25+ 50
[a > 0; Re(s+u/4) > —1].

X

Taf"”(a — )Wy, (bVz(a—z)) dz

0 — 9@u3)/4 /o (1=20)/4=1/2 H,_1 (b %) [a>0].
Tmu/4( (V 2)/4 4 J, (b m)

0 = 202/ q@ D512, (0, /2) o> 05 Rew > 2],

Tm—lﬂ(a -3/4 5 Ju (b \/m) dz — 21/27”2 (b\/g)

[a > 0; Rev > —1].

. Jml/zJO(b Ve(a— z)) dz

0

— 1 [Va(ab -2y (/%) + 2von 55|

[a > 0].

J 27 V2Jo(b¥/2(a— 2)) do = %~ sin (b

0

Ny

) [a > 0].
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4.7.3] 4.7. THE BEsseEL FuncTION J, (2)

8. Ix—w(a 2V 0o (b/2(a—2)) da
- 3[BT (D)) o
9. Tm_1/4(a —2) "1 (by/z(a—2)) da
| - 3 [ (3 - vaben (3)] >0
10. ]:m_3/4(a — ) U (bV/a(a - 2)) do = ﬁ [1-cos (0/5)]

[a > 0].

4.7.2. Integrals containing J,(z) and the exponential function

1. J ™t =0/2 (g 4 z)(n_l)/2e_““°J,, (b\/ x? + xz) dz
0

_( 1)m2nb an Dm[h(l/+n)/2 a2/21( +n)/2(u )K(u+n)/2 u+ |h o
[us = 2z(Va® + h £ a)/4; Re(2v+2m +n) > 2; Rea > [Imb|; |arg 2| < =].

4.7.3. Integrals containing J,(z) and trigonometric functions

1. me+”/2(a — )" sin (bva — ) J,(cVz) dz = (—1)mtnom+1/2, /x

aBm+20 /400 (1) (Zz)(_m )k <_ \/Zc )

k=0
Dthn [b(bz + c2)_(2m+2k+2”+3)/4*]m+k+u+3/2 (V a(b? + 02))] [a > 0].

™

2. Jsin" 2 { sin (az) } J,(bsinz)dz

Ccos \ax
) (az)

_ 274 2 b T(w+ v +1) { sin (am/2) }
I'(v+ 1)F(“+"_ ey 1) F(“szﬂ + 1) cos (am/2)

2

p+rv+1 p.-l—u 1

F. 2 ’ 4 [Re(p+v) > —1]

X ol' -
v 1’,u+u 1 p+vrv+a 1

2 ’ 2
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CH.4. DEFINITE INTEGRALS [4.7.3

w/2

J cos* z cos (az) J,(bcosz) dz
0

. 27”72”717rb"11(p, +v+1)
I(v+ 1)1*(% + 1) r(% + 1)

pt+v+1l p+v b
X2F3 _ Re n+v —1j.
v 1’;4+l; a) 1’u+u+a 1

2

w/2

J cos (2nz)sin™" z J,(asinz)dz
0

—4dn—v-—1 2n+v 1 _i
_ 2 Ta \F n+ 2 T ‘
n!T'(n+v+1) n+v+1,2n+1
mm
J e *sin™" z J,(bsinz) dz

0
b v
2

2
(1 . e_mﬂ_a) 2F3 %’ 1; _bz
+1)a v+1,1-214 2

o0 (4y" 1y
. —ax . —V bsi dx = ~\2/ F. 2’ ’. 4 .
le s Ju(bsin) dv T(v+1)a? 3<u+1,1—z:,1+z;

[Rea > 0].
. Jcos 2mz (a® — b%sin® 2)V2J, (v a? — b2 sin” m) dz
0

S S S (9 e (V) R
k=0

me+k<a— ‘/;2—”2) Jm_n+k<a+ ‘/‘;2—”2) 0<b<a.

27
. J cos mz (a® + b% + 2ab cos :I:)"/QJ,,(\/(L2 + b2+ 2abcosm) dz
0

= (_1)m+n27r Z(_l)k (:)akbn_kt]m+k(a) Jm—n+k(b)'
k=0
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4.7.5] 4.7. THE BEsseL FuncTiOoN J, (2)

4.7.4. Integrals containing J,(z) and the logarithmic function

1. leano(aw) dz = % [Jo(a) — 1].

2. Jiszﬁ Jo(bz) dz =  {sin (ab) Ina + sin (ab)[ci (2ab) — ci (ab)]
’ + cos (ab)[Si (ab) — Si (2ab)]} [a > 0].
a s+v b v s+v
s—1y. a+Va?—a? /*att (5) F( 2 )
3. Jw lan,,(bx)dwz T
) 2s+ )0 (L) r(w + 1)
s+v s+v, _a2b2
2 7 2 4
X2F3<a+u+1’s+u+1’u+1) [a, Re(s +v) > 0].
2 2
4. Jlnﬁi VO~ Jy(bw)dz = 1[C + In (ab) — ci (ab)] [a> 0.
0
5. Jmln#%(bm)dm: b%[l—cos(ab)] [a > 0].
0
6. Jm”n%h(bw)dw
0

= [)1—4[3(16 sin (ab) 4 (4 — a®b?) cos (ab) — 4] [a > 0].
7. J ™t e P Ing J,(azx) dx
0

— (~1)™*"(2a)" D DT [(zv2 +u)”V? (1“ SRS C)]

2(p* + )

u=a?2

[Rep > [Imal].
4.7.5. Integrals containing J,(z) and inverse trigonometric
functions
1
1. st_l arccosz J,(az) dz
1/2(a v s+v+1 s+v s+v+1, _a2
__" (2) F( 2 ) F 2’ 2 ' 4
- 2 s+ov) 203 s+ s+v
(s + v) F(u+1)r( : ) e
[Re(s+v) > 0].
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CH.4. DEFINITE INTEGRALS [4.7.6

[S)4

1
. Jarccosto(am) dz = % Si(a).
0

2a 2

. jmarccostO(am)dm = ng(g) Jl(%>.
0

1

JmQ arccos z Jo(az)dz = % [2sina — acosa — Si(a)].
a

0

. jarccostl(am)dm = % [1 - Jg(g)].
0

1
2
a

1
J z arccos z J1(az)dz = = [Si(a) — sina).
0

% arccos z Ji(az)dz = Si(a) + % (cosa—1).

(= L

4.7.6. Integrals containing J,(z), Si(z) and ci(2)

1.

2.

J z* " sin (z) Si (2z) + cos () ci (2z)] J, (z) dz

2_s_lf‘(s +v) 1 s+v
Z—W—F(—_S)COS(—'K)
o PT(v—s+1) \2 2

) 055 v(i- 55) (4

[0 <Re(s+v)<3/2].

J z*[sin () ci (22) — cos () Si (22)] J, (z) d=

27 'I'(s + v) 1 . [(s+v
= —M—F(f — s) sin (771')
o ?T(v—s4+1) \2 2

oo 530) 5 (75 oo 750) 5 (55
[-1/2 < Re(s+v) < 3/2].
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4.7.7] 4.7. THE BEsseL FuncTiOoN J, (2)

4.7.7. Integrals containing products of J,(z)

a
2)H+V
1. ) de = -2 _ (/2"
JJﬂ(m) J'/(a m) z u_i_u{‘]ll‘i"/(a) F(p,—i—ll—i—l)
0
2p+2v+1 p4+rv41 2p+2u+3_ 2
cosa 1 s 2 ) 1 y —a
— 1314
[l“f”“ ( LA v Lptrl )
2,u.+21/+3 ;4+u 2u+2v+5 2
n asina 1 +1, 1 i TG
— 5314
p+v+2 3’”+”+2’u+y+1’”+y+,

[a > 0; Re u, Rev > —1].

T 1 1 1 1
2. [ Hu(@) dula—o)do = o [ s (@ e (0)]
0
[a>0; Rep >1; Rev > —1].
3. Jit/ (z) Ju(a — ) dz
) ol
1 [p+4v-1 ptv+1
_2uua[ o1 Ju+l/—1( )+ 1 Jy+u+1(a)]
[a, Rep > 0; Rev > 1].
4. J%JM () Jy(a —z)dz
z°(a — z)
_ (ptv—-1)(p+trv—2)
= LGy (@
1 2
+ (1 +(:j_1; EN+U)+ )J#+,,+1(a)] [a > 0; Reu, Rev > 1].

5. Jm(Q"_l)/4(a - m)”/an_lm(b\/E) Ju(eva—1z)dz
0

_ 2b"_1/2c"( a . )(2u+2n+1)/4 J,,+n+1/2( / ab? + acz)

b+ ¢
[a > 0; Rev > —1].

6. Jmm+“/2(a - m)"+"/2J”(b\/5) Ju(eva—z)dz = (—1)mtmamintipuey
0

3 () ()t My =

k=0
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CH.4. DEFINITE INTEGRALS [4.7.7

B2k o\ GHR)/2
X R ( ) Jutvtithtmentt (V ab®+ 062)

b2 + &

[a>0; Repy >—m —1; Rev > —n —1].

7. Jmn_lm(a — w)"/2Jn_1/2(b\/E) J1/2_n(b\/5) Jy (C\/a — w) dz

n+1/2 (2v+2n+1)/4 n-l _
=0 e () > (")
vz 4b° + ¢ k 2/ n—k-1

k=0

4 N\ k/2
. <4b) Jvsniirr(VAaHE T ac?) [n>1; 0> 0 Rev > -1,

46 + ¢

b—=x

s.j ! Jl(b—m)JO(\/mz—oﬂ)dm:b_—aJl( b —a)

2 —a

9. T %Jo(b - w)Jl(\/ x? — a2) dz

- % [Jo(b—a)—Jo( b2—a2>] b>a>0].

10. | e?*®J32 (a\/m - w2) dz = e®Io(a) [1 + g Ly (a)] - %e“ll(a) Lo (a).

(= L

11. l ﬁ cosh [(a +b)V1-— 12] Jo(az) Jo(bz) dz

= 1o(2v/ab) [1+ T Li(2vab)| — T 11(2Vab) Lo(2V/ab).

x/2
12. Jcos(an)sin_”_"mJM(asinm)J,,(asinm)dm
0
. 2_4"_”_"_17ra2"+”+"F(2n +p+rv+1)
nl'(n+p+1)I'(n+v+1)
ot )
Tn+p+v+1) N\ ntptlntvtl,ntptrv+1,2n+1
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4.7.7] 4.7. THE BEsseL FuncTiOoN J, (2)

13. Jcos (nz)cos ™Yz J,(acosz)J,(acosx)dx
0

_ 2_2"_”_"7ra"+”+"F(n +pt+v+1)

TR e ()
cos (nm/2) F( n+u;-u+1’n+;2¢+u+1 n+1,—a2 )
) .

r(2+p+v+i g+u+1,g+u+1,5+u+u+l,n+l

14. Jsin (az)sin' "*~¥ z J,(bsinz) J, (bsinz) dzx
0

+v
(g)“ sin (ma) ( ptvtl “+”+1 1, 2; —b? )

2 b
41’5
T(p+1)I(v+1) (1-a?) pt1l, v+l ptvtl, 2“,3;“

mm
15. J e sin * "z J,(bsinz) J,(bsinz) dz
0

b\KrHY -
_ (5) (1—e™™) ( %""’1,“;”—%1,%,1; —b* )

4Fs ) .
F(p+1I(v+1)a pHlLv+lp+r+1,1-2142

[ee)
16. J e *sin” """z J,(bsinz) J,(bsinz) dx
0

ptv
(g) ptrv+1 ;t+'/_+_1 1 —b?
= 41 Fs 2 . [Rea>0].

F(p+1)I'(v+1)a u+1,u+1,u+u+1,1—5,1+%

17. Jm | a+Vai—a? m J3(bz)dz = 3.[2ab.Jo(2ab) — J1(2ab)
0
+ ”7“2 [J1(2ab) Hy(2ab) — Jo(2ab) H; (2ab)] [a > 0].
18. Jm3 Jn & ve — a7 m Ja(bz)dz

= Ls [2ab(a?b? — 2) Jo(2ab) — (ab? — 4) J;(2ab)]

48b2 (4(1 b% — 3)[J1(2ab)Ho(2ab) — Jo(2ab) Hy(2ab)] [a > 0].
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CH.4. DEFINITE INTEGRALS [4.8.1

a

19. J'(a2 - w2)(2”_1)/4Jn_1/2 (b\/ a? — w2) J,(cz) dz

0
— (_1)n2n—1/2ﬁbn—1/2

R S e A GCECEE S |
u=>b2

[a > 0; Rev > —1].

20. JmlnmJg(am) dz = —% [Jg(a) + J%(a) — %Jg(a) Jl(a)].

21. Jm InzJ2(az)dz = i[1 —(a® +1)JE(a) + aJo(a) J1(a) — a®J?(a)).

2a2

1
22. J % arccos z J(az) dz
T
0

= _ % [3a — 2a(4a® + 1) Jo(2a) + (4a® — 1) J1(2a)]

2
2mwa

+

[Jl (2(1) 1'10(2(1) — J0(2a) H1 (2(1)]

1

23. JJo(a\/—m—l)Jo(a\/m—i—l)Jo(b\/m—l)Jo(b\/m—i—l)dm
-1
1. a®b®
=2.F| 20 4,
! 4(1,1,1,2)

4.8.1. Integrals containing Y, (z) and algebraic functions

4.8. The Bessel Function Y, (2)

1. IﬁYo(cm)dmz 2 (E) (%) [a>0].

4.8.2. Integrals containing Y, (z) and J,(z)

1. J%Jl(m)Yo(a—m)dmz 2 Jo(a) + Yi(a) [a > 0].
0
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4.9.1] 4.9. THE MobpIFIED BEssSEL FuncTiON [, (2)

Te“” [%Jo(bm) + Yl(bw)] dz

2 2
—2(1— a )m“*“’*b [Rea > [Imb]].

Va5 b

4.9. The Modified Bessel Function I, (z)

4.9.1. Integrals containing I, (z) and algebraic functions

w

ot

X

6.

Jms_l(a —z)7, (bv/z(a—z)) dz

v v a’b?
s+t4+v—1 v s+ — t+ .
:B(3+5 t+5)a7(9) o Fy 2’ 2’ 16 )
2 [“'(,,+1) 2 1 s+t+v s+t+v+
vt 2 ’ 2

z"/*(a — ”/2 I, (by/z(a—z)) da

_\/—( )u+1/2 (%)1/21u+1/2(%b) [a>0; Rev > —1].

O—

J (b\/m) = —s1nh( 2b) [a > 0].
Tm‘lm(a—x)_lmlo(b\/m) dxzﬂlg(%b) [a > 0].

Jms(a_ s+1/2 (bm) da = 2-283/2=1 /1 q2s+(v43) /2
0

2
r(2s+2+2) 2+ 2 +2;
F 1 Fy ”+5 [a > 0; Re(s+v/4) > —1].
r(w+1)r( ) v+1,2+

Jw( o), (bY2(a— 1)) da
0
— 2(3_2”)/4ﬁa(2”+1)/4b_1/2I,,+1/2 (b\/g) [a>0; Rev > —3].
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CH.4. DEFINITE INTEGRALS [4.9.2

7. Jm_”/4(a - m)_(”+2)/41,, (b Vz(a— z)) dz
0
= 2@v¥3)/4, /g (1-2)/4p-1/2], 1/2( \/g) [a>0; Rev > —2].
8. Jm_1/4(a 34 (b\/m(a—m )daz—21/27rl2 ( \/g)
0
[a > 0; Rev > —3/2].

9. Jm1/2lg (b Vz(a— z)) dx

_ ;—S[ﬁ(abQ +2) sinh(b\/g) — 2/abcosh (b\/g)] [ > 0].

10. J e V210 (b4/2(a = 2)) da = 2 sinh (b,/2) >0,

11. Iw—l/‘*(a—w)”“fo(b%/m) da
- B BT RG] o

12. Tm—”“(a ~2)/*1(6V/2(a~2)) da
| - 2 [aseon () -Vas oyT)] o0

13. T,,,.—:W(a — ) (Y20 - ) dz = \/‘;,b [cosh (b )_ 1]

[a > 0].

NE

4.9.2. Integrals containing I, (z) and the exponential function

1. Jms_l(a —z)"7teb?@2) ] (bz(a — z))dz
0

2
5 g Sttt =1 s p v v u+1,s+u,t+u;a7b
= (3+U,t+l/) 1—1(”+1) (5) 313 2u+1 s+t+ ’s+;+1+u

l[a,Re(s+v),Re(t+v)>0].
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4.9.2] 4.9. THE MobpIFIED BEssSEL FuncTiON [, (2)

bz(a—z) _ =/ b
2. Je Io(bz(a — z))dz = 5% erfi <a\/;> [a > 0].
0
ba(a—z) _ =2 /7 b
3. Jme Iy(bz(a — z))dz = 5V 35 erfi <a\/;) [a > 0].
0
4. Jm%bm(“_m)lo(bm(a —z))dz
0
_ 3a%b+1 T b\ a a2
= g ‘/ﬁerﬁ <a\/;) %€ [a > 0].
5. Jm_lebm(“_m)lu(bm(a —z))dz
0
a [mh 42 a’b a’b
:; ?ea b/4 [IU—1/2<T>_I’/+1/2<T>:| [a, Reu>0].
6. Jm_lebz(a_m)ll(bw(a —z))dz = %(26‘12[)/2 —a%b—2) [a > 0].
0 a
7. Jm_l(a —z) et @D (bz(a—z))dz
0
_ 1 [mb o2p4 I a’b I a’b
=\ 3¢ v—=1/2\ | — terr/2{ [a, Rev > 0].
8. Jm_l(a —z) et (bz(a — z)) da = ﬁ(%“%/2 —a*bh—2)
0
[a > 0].
9. Jml/zebv @(a=z) (bv/z(a—1z)) dz
0
_ a'/? ab 1 [
10. Jm_1/2ebv 2(a=2) Iy(bv/z(a—z)) dz = 4/ % erfi (\/E) [a > 0].

a

0
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CH.4. DEFINITE INTEGRALS [4.9.3

a

11. Jm_1/2ebv @(a=2) 1y (bv/z(a—z)) da

0
= a1}2b [Ze“b — Vmab erfi (\/E) -2] [a>0]
12. Jm_l(a - x)_1/2ebV ela=a) (by/z(a—x)) da
0
2 a
zm(eb_ab—l) [a>0]

4.9.3. Integrals containing I,,(z) and trigonometric functions

/2
1. J cos* z cos (az) I, (bcosz)dz
0

_ 2_”_2"_17rb"F(u +v+1)
I(v+ 1)1*(% + 1) F(% + 1)

p+u+1’y+u+1;ﬁ
2 2 4 [Re(p+v) > —1].
+1

™

2. Jsin“ 2 { sin (az) } I (bsinz) do

! cos (az)

_ 2_”_2"7rb"l_'(u +v+1)
- p+v—a p+vrv+a
I'(v+ 1)1*(f + 1) F(f + 1)

: p+rv+1l p+v b?
sin (am/2) , +1; =
% F: ; 2 : Re (p+v) > —1].

{cos(avr/2) 273 V+1’H+‘2/—a+1’li+u+a+1 [Re(p+v) ]

2

mT

3.l

sin™" z { sin (az) } I,(bsinz)dx
cos (az)

. b\* 1 b
_ 2 gin TG sin (mma/2) (5) P 2 1; T
a 2 cos (mma/2) rv+1) 2?3 ,,_1_1’1_%’14_% )

4. J sin™% g { sin (az) } I1,(bsin® z)dz = 2 gip m7e {sm (mma/2) }

cos (az)




4.9.3] 4.9. THE MobpIFIED BEssSEL FuncTiON [, (2)

5.

6.

10.

mm
J e *sin""zI,(bsinz)dz
0
b\” 1 b*
= (l—e_m"“) (2) 2F3 E’ 1’ I .
(v +1)a v+1,1-214+ 2

mT

« 2 _ .
J eaztbsin®z g 2"mI,,(bs1n2 z)dz
0

(5)

. %,l,u—i-%; 2b
—————31I'3 . . .
(v +1)a w+1,1-214+ 2

(2)

(e} 1 1: ﬁ
—az i =Y 2 [ (bsi dz — F 27 a. 1 .
le sin™" ¢ I,(bsinz)dx T+ Da ? 3(V+1’1_,2a’1+,2a

= (1-em")

— in2 . — .
e~ tbsin® 2 5in =2 » I, (bsin® z) dz

o——§

(3) s el 2
= _\2) . . Rea > 0].
I(v+1)a®"? 2u+1,1—%,1+E [Rea >0

2

sin (ax)

. Jsin" z { cos (az) } cos (bsinz) Iy(bsinz) dz
0

—v . 1 3 v+1 v,
_ 2 Yal(v + 1) {51n(a7r/2)}4F4 v s ltyb
v-a vta cos (am/2 11 v—a vta
r(“+1)r(Y e +1) (am/2) L R
[Rev > —1]
i in (az)
. sin (az) ) . . )
Jsm“ z { } sinh(bsinz) I, (bsinz)dz
cos (azx)
0
. 27”72”717Tbu+11—1(u+u+2)
- ptv—a+t3 Ltv+iats
F(u+1)F( . )F( : )
. 2v+3 2v+5 + +v+3
sin (am/2) 7 V4 ) V4 ,”2”—1—1,“ ; ; b2
x cos (am/2) 47s 8 41, p4d pFtv—ats ptvia+s
2 2 2 2

[Re(p+v) > -3].
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CH.4. DEFINITE INTEGRALS [4.9.4

™

11. Jsin" z { sin (az) } cosh(bsinz) I, (bsinz) dx

cos (azx)
27 b T (p+ v + 1) { sin (am/2) }
(u+1)1“(7"+” +1)F(7"+;+“+1) cos (am/2)
2v+3 2v+5 y+u+1 ,u.+u+3. b2

X aFs|, ¢ ’ 43’ +2u—a+3 2+u+a+3 [Re (u+v) > —2].
—,v+1, 1/—1— Lo 3 ,” 2

/2

12. J cos* z cos (az) sinh(bcosz) I, (bcos z) dz
0

2_”_2"_27rb"+11_'(u +v+2)

2v+3 2v+5 y,+u+1 #+”+3‘b2
X4F5 3

4 > a4 7 2 2 ’ _
7u+1 u.|_3 p+v—a+3 u+u+a+3) [Re (u+v) > —3].

2 ’ 2
/2
13. J cos” z cos (az) cosh(bcosz) I, (bcosz) dz
0
9TH—2v=lopv 'p+v+1)
p+v—a p+vrv+a
(e )
2v+1 2v+3 pu4+v+41 p+u+1_ b2
4 7 4 7 2 o2 !
><4F'5(1 ) [Re (p +v) > —2].

1 —
5,U+5,V—+—1,#+; a+1a#+;+a+1

27;17261/

M+ )M(v — )

b b v—p—ib v—pu+ib, c?
v—pu—1 v—pu+1 2 ) 2 e
XF( 2 )F( 2 )2F3( pl Vo Bvil )
o2 2
[Re(v — p) > 0].

14. J cosh”(bcosz) cos (bzx) I,(csechz)dz =
0

4.9.4. Integrals containing I, (z) and the logarithmic function

e T
1. J:z: 11 - I, (b ) (s+u)F('§i;H)F2(u+l)

s+v s+v, ab®
><2F3< 2 7 27 4 ) [a, Re (s +v) > 0].

1
s+’;+ LT I |

0

210



4.9.5] 4.9. THE MobpIFIED BEssSEL FuncTiON [, (2)

2. Jln GV 1y (bw) de = | [chi (ab) — In (ab) — C] [a>0].
0

3. Jmln%ldbw)dwz% [a > 0].
0

4. Jm3 In W Iy(bz)dz = bl‘l[(aQb2 + 4) cosh(ab)
0

— 3absinh(ab) — 4] [a > 0].

o

4 a
1-—+v1— 22 ar a’ 2"

27u717r1/2as+ubul—x(s + I/)
(s+u)F(s+u+ %) 'v+1)

u—l—l,s—i—u,s—l—u; 2ab
x 3F3 2

1 la, Re(s+v) > 0].
2u+1,s+u+§,s—|—u+1

4.9.5. Integrals containing I,,(z) and inverse trigonometric
functions

1
1. Jm"_l arccosz I, (az)dz

7r1/2(;)"Iﬁ(s+;+1) s+u’s+u+1;i
)2F3 2 2 4

s+v s+v

_(s+u)21"(u+1)l"(s;” R et A
[Re (s +v) > 0.
1
2. Jarccosmlo(am) dz = %shi(a).
0
1
3. Jmarccosmlo(am)dm = %IO(%) 11(%)-
0

1
4. JmQ arccos z Ip(az)dx = % [a cosh a — 2sinh a + shi (a)].
a
0

1 —cosha

o

a

1
J % arccos z I (az)dz = shi(a) +
0

211



CH.4. DEFINITE INTEGRALS [4.9.6

6.

7.

Iarccosmll(am)dm = % [13(%) - 1].
0

1

Jm arccos z I (az) dz = % [sinh a — shi (a)].
a

0

4.9.6. Integrals containing I, (z) and special functions

1.

w

e

. Jm"/z(a - m)"mJ”(b\/E) I,(bva—z)dz =

[e o}
J z* e Ei(—2z) I, (z)dz
0

9o p1/2 I'(s+v) u—l—l,s—l—u,s—i—u
s 3F» 2
s )

= — SeC(Uﬂ')F(l_V)F(l_'_zV s+v+1,2v+1;1
2

[Re(s —v) > 0].

. Jebz erf (1/2b(a — z)) Ip(bz) d=z

= (wa®b)"*[1_1/4(ab) I a(ab) — I_3/4(ab) I3/4(ab)]
[Rea > 0].

a

. Je‘bz erf (1/2b(a — z)) Io(bz) dz = 2a _ e erfi (\/ﬂ)

b 2b
0

r 2ab
z 2
: Jeb erfi (v/2b(a — 2)) To(bz)dz = © ~ erf (V2ab) — /22
0

aﬂ+v+1 bu+u
XTI (p+ v +2)

[a > 0; Re u, Rev > —1].

J {sin (az) } sin"?zJ, (b\/sinw) I,,(b\/sin w) dz = 2sin 2272

cos (az) 2

b\ 2 1 b*
sin (mma/2) (g) 2~
X 2 2F5 v+1 v a a |
cos (mma/2) | T?(v+1)a sy tLv+1,1- 2142

2
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4.9.7] 4.9. THE MobpIFIED BEssSEL FuncTiON [, (2)

7. J e sin"VxzJ, (b\/sin w) 1, (b\/sinm) dzx

0

E 2v
—C

4
F 2l e
255 . . .

o0

8. J e *®sin™? mJ,,(szinm) 1, (b\/sinm) dx
0

1.

=(27)2V 'l . ) [Rea > 0].

3 2Fs5| , 4
rw+1a (”2 ,g—l—l,u—i—l,l—%,l—l—%

b4

a
2 Jod _ 4
9. Jm"_lln a tvai =zt 5 (bx)I,(bz)de
xz

0

9—2w=3_1/2 s+2v 2 (s + 2:/)
4

(s + 2u)r($) (v +1)

bl

s+2v s+ 2v _ab
)
X o Ffy 4 4 64 [Re (s + 2v) > 0].
(s+22u+2’3-i—22u+1’u-2i-1’u+1’u+1

1 1, ab®

10. Je‘”JO(a\/l—mz)Jo(b\/l—m)Ig(b\/1+m)dm=21F3(2’ 23).
1,1, =

—1 » g

4.9.7. Integrals containing products of I, (z)

1. Jm“(a — 2)" I, (bx) I (b(a — =)) do

1 1
— ghtvti/2 b B (/L + -, v+ 5) Ip+l/+1/2(ab)
[a > 0; Rep, Rev > —1/2].

2. ng (bv/w(a - 2)) dz = alo(ab) + " [o(ab) L1(ab) — I1(ab) Lo(ab)]

[a > 0].
3. Jmlo (bv/z(a—z)) dz = _10 (ab) + ™% 9 [ 1o(ab) Ly (ab) — I1(ab) Lo(ab)]
’ [a > 0].
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CH.4. DEFINITE INTEGRALS [4.9.7

4. Tlf (bV/z(a—2)) dz = > I1(ab) - alo(ab)

0 - 7;—a[lo(ab) Ly (ab) — I (ab) Lo(ab)] [a > 0].
5. Tm_l/zlg(b Vz(a—1z))dz =2a"2Iy(bv2a)

0 +ma'/?[Io(bv2a) L1 (bv2a) — I1(bv2a) Lo(bv2a)]  [a > 0].
6. Tm—llef(bf/m) dz = —2a?1,(bv2a) + ?11(1)\/%)

0

+mal/? [Il(b\/2_a) Lo(bv2a) — Io(bv2a) Ll(b\/2_a)] [a > 0].
7. Jw_l/‘l(a 1/4 (b\/m) Il(b\/ a—-z )

”‘;b/2 [I(bv2a) Lo(bv2a) — Io(bv2a) L (bv/2a)]  [a > 0.
8. Jw_3/4(a - w)_1/410 (b V(a— z)) I (b Vz(a— z)) dz

[Io(bv2a) —1] [a > 0]

- 1/2

< 3/2
9. Jm_l(a - a’;)—l/2]12(b Vz(a—1z))dz = 2¢Tbll(w2a) — % [a > 0].
a
0

10. Jm"(a —z)"e?*[,(bx) I,(b(a — z)) dz

1 1, 2,2
= (g)4u+1 b2ueab F(”+ 5) 5 1 Fy V+§’ a’b 3
2 l"(u+1)l"(2u+5) w1, 2w+

[a > 0; Rev > —1/2].

11. Je%wzo(bx) Io(b(a — z))de
= ae® [IO(Zab) + 2 Io(2ab) Ly (2ab) - g11(2ab)L0(2ab)] .

12. Jmlnmlg(am)dm = L {13(a) - 13(a) + ~ Io(a) T1(a)].
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4.9.7] 4.9. THE MobiIrFiED BEsseL FunctioN I, (2)

13. Jmlnmlf(am) dz = #[1 + (a® — 1) I3(a) — aly(a) I1(a) — a®I?(a)].

J n S \/7 1§(ba) dz = 3;[2abIo(2ab) — I1(2ab)]
0
+ %‘f [T0(2ab) Ly (2ab) — I;(2ab) Ly(2ab)] [a > 0].
. o T
0
= 125 [2ab(a®b? + 2) Io(2ab) — (a®b? + 4) I, (2ab)]
;78‘222 (40262 + 3) [Io(2ab)L1 (2ab) — I(2ab) Lo(2ab)] [a > 0].

16. Jm("_l)/2(a —x)"J,(2bvz) I2(bva — ) dz
0

r? (”+ %) a3u+1/2b3u %’ vi %; ajg‘i
= 2 F’s [@ > 0].
7r1/2F2(u+1)F(3V+g) ”QL’% 1, 61/:-3’61/:-5’ 41

276u71a4u+1b4u1—1(u + %)

17. Jm”(a —z)’J2(by/z) I2(bVa — z)dzx =

3w+ 1)F(2u +)

1 1 o%b*
E’u+§; 16
X oF% v+l v 5 [a > 0].
2 ,5+1,u+1,2u—|—1,2u—|—5

1

18. J Jo(avI+2) Jo(bWi1Fz) Io(avi—2) Ip(bvI—z) da

-1
1 a®b®
=2,/ 2 4.
1,1,1, 3

19. Jm_"(a — ) (0VE) Iy (bVT) Ty (ba =2 ) I (bVa =7 ) da

1 1 a’b

_ sin*(vm)l(1—v) (2271 F VT e

T o 3/2 3 g 255 3 v+1l v
vim F(E—u) 1—v, - — ,5+1,u+1

124
2 D)

[a > 0].
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CH. 4. DEFINITE INTEGRALS [4.10.1

4.10. The Macdonald Function K, (z)
4.10.1. Integrals containing K, (z), J,(z), Y,(z) and I, (2)

% I1(z) Ko(a — z)dz = lfo(a) - Ki(a).

m™a

1.

—0

0
2. Te—az[blmlo(bm) - K1(bm)] dz = (a% _ 1) In @
0

1
b — b2

[Rea > |Reb|].

4
27;2 In <1— ‘2_4) [0<ax<b).

4.10.2. Integrals containing products of K, (z)

3. J z Ji(az) I1(az) Yo (bz) Ko(bz)dz = —

oo

1. J %Ko(x) K,(z+a)dz
0
— oo ym D) et ) 1) Ko(a) + (20 — Da K (a)]
I(v+2)
[larga| < 7, Rev > 1].
2. Jng(m)dm =(5)-% [37).
0
3 J e Ki(z)dz = 1 ¢(3) [37)
8
0
4 J P Ki(z)dz = — 2 + 2 ((3) [37)
0
5 Jx5K3(w)dx——2—Z+%C( ) (37]
0
6 Jm7K3(m)dm R adt) 137
0
7 Jx3Kg(w) Ki(z)dz = T 312C(3) (37]
0
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4.11.1] 4.11. THE STrRUVE FuNcTions H, (z) AND L, (2)

8. J 2 K (2) K (w) do = 1((3) [37].
0
9. J 2 K (2) K (2)dz = — 2 + T ¢(3) [37).
0
10. J 2 Ko(x) Ki(2)dz = [37].
0
11. J 2T Ki(z)dz =200 — 22¢(3) [37).
0

4.11. The Struve Functions H,(z) and L,(2)

4.11.1. Integrals containing H, (z), L,(z) and algebraic functions

1 Tws_l(a—w)t_l H, (by/a(a ~ 2)) dz
' ! L, (bvz(a —z))

T(s+ “20)T(t +
\/EF(V—I—f)F(s-l-t—}-u-Fl)
- 1 s+l/+1 v+ ’:Fab

X3 4 8 v 8 v
3 +; +t-|2— +1’ +;+ 41
[a > 0; Re(s+v), Re(s+v) > —1].

u+1
)

— 2—uas+t+ubu+1

2’

2. Jm_”/2(a v, L, (byz(a—1z)) dz

_ov 1/2-vp—1/2 ab\ Vv b v=1
=2"V/malm I”‘W( 2 ) (v +1/2) (2) la->0].

3. JLO(b\/m(a—m))dmz % [cosh(%b)—l] [a > 0].
0
" st+1/2(a ) (b Vz(a—z)) — 9—2s—3(v+1)/2 28 +v/2+2pv+1
(b vz(a—z )
v+5 v+5 ab?
X F(25+ ) F. ( ’ 2 i :FT )

r(2s+2+3)r (u+g)2 ’ Svtl2s+ 43

0

[a > 0; Re(4s +v) > —5].
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CH. 4. DEFINITE INTEGRALS [4.11.1

5. [/ Ho(bY/a(a—2)) do = 2~ [1- cos (by/T )] 0>
6. am_1/2( Hy(b{/z(a—2)) da T (b %) [a > 0].
7. am_1/4(a—m)1/4H1(bm) dz

0

= 2:; [l—cos(b g) - afsm(bﬁ)] + # [a > 0].
8. [+-%(a—a) )V H (b Y/a(a - 2)) do = — 2 sin (by/2 ) + 292

[a > 0].

O%

) (b (e = 2)) da
[ 2sm(b\f)+\/%bcos( [)+ab25i(b\/§)] [a>0].
2 V2 1Ly (b¥/x(a—x)) dz = % [cosh(b\/g) - 1] o > 0].

©
| °o—=e
8
&
S~
~
—~~
Q

ba
\
k\’

-
e

o7V (a—2) " Lo(bVala—2)) do = - shi (by/7) fa > 0.

[y
i

—
—
O—0 O—0 O—0

2~ Y4a - 2)Y4 Ly (b Yz(a - 2)) dz
= 22; [1 — cosh (bﬁ) + alﬂsinh(b\/g)] — # [@ > 0].
13. l “3/4(aq — 2) /ALy (b Y/2(a - 7)) dz = ﬂ sinh (by/2) — 292

[a > 0].

a

14. Jm_3/4( AL (b\/x(a z)) dx

O

- [2smh(\/g)—«/%bcosh(\f)Jrab%hl(b[)] fa > 0].
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4.11.3] 4.11. THE STrRUVE FuNcTions H, (z) AND L, (2)

4.11.2. Integrals containing H, (2) and hyperbolic functions

1. T il sinh(bv/a — 2 ) H, (by/z) dz

va—=x
4
gv 3/ pr 2 %’ 1; “;;;
:mzb_% 35 3 w5 w47 [a>0; Rev > —5/2].
T 2 42427 4 7 4
4.11.3. Integrals containing H,(z), L,(2) and trigonometric
functions
w/2
1. J sin™*"1 z cos (2nz) H, (asinz)dz
0

2
274n7u72ﬂ_a2n+u+1 n+%’n+1’ _%
3 3\ 23 3 3
l"(n—}-i)l"( -l—u-l—i) n+u+5,n+§,2n+1

2. Jcos_"—1 z cos (nz) Hy(acosz)dz
0

2
9=2n—v=1_ ntvtl nr "'2"1’ 24_1; _%
= e —— COSTZF;; .
(") ("5 +)
2 2
™

3. Jsin“ 2 { sin (az) } H, (bsin z) dz

! cos (az)

. 2_”_2"_1ﬁb"+1F(u+u+2)

F(u+u—a+3)r(u+u+a+3)r(”+§)
2 2 2

. p+v p+v+3 b2

N sin (am/2) 7 L——tL —— -7
cos (am/2) 374 3 ptv-a+d prvtaets 3
2 2

2 ’ 2 vt
>

[Re(p+v) > —(5+£1)/2].

4. Jsin“ z { sin (az) } L,(bsinz)dz
cos (az)
. 27”72”71\/77b"+11"(u+u+2)

- F(u+u—a+3)r(u+u+a+3)r(u+§)
2 2 2
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CH. 4. DEFINITE INTEGRALS [4.11.4

%

. p+v p+v+3, b?
% Sin (a7r/2) 3F4 ]-a 2 +]-a 2 3 Z
cos (am/2) §’M+V—a+3’u+u+a+3’u+§
2 2 2 2
[Re(p+v) > —(5£1)/2].

mm

H,(bsinz
J sin™" ! z sin (az) ‘oo
L,(bsinz)
0
1 b?
2—u7r—1/2b”+1 50 17 1; +-
=[1—cos(m7ra)]w3ﬂ1 3 ”j§ 1_341+g .
vTa)e 2’7 T T T
mm
H,(bsinz
J sin~"z cos (az) { PN gy
L,(bsinx)
0
1 b
‘ 2—uﬂ_—1/2b”+1 > 1L F—
=s1n(m7ra)r—33F4 3 2 3 1 a41 a .
(v+3)e VT Ty
mm 1
J e ®sinV g H, (bsin ) dz
L,(bsinz)
0
1 b
C (1= emmay2 T O nhiTe
F(u+§)a3 S+l )
2 22" T 2’ 2
oo .
L,(bsinz)
0
oV - 1/2ppt1 oL :Fﬁ
2 4
_2 e ) . [Rea > 0].
(v +3/2)a vt 1-214+ 7

4.11.4. Integrals containing H, (z), L,(z) and the logarithmic

1.

function

e ), ) )
(

z L, (bz) s+u+1)F(s;”+1)F(”+g)

1 8tvHl stvt1 a’b®
><3F'4(3’ 2, s’+”2 ;+”_;4_3) [a>0; Re(s+v) > —1].
Vvt th
a
Jm In W Hy(bz)dz = b% [ab — sin (ab)] [a > 0].
0
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4.12.1] 4.12. THE KEwIN FuncTions ber,(z), bei,(z), ker, (2) AND kei, (2)

a+va?—z2

3. Jx In ———— Ly(bz)dz [sinh(ab) — ab] [a > 0].

0

%|~

4.11.5. Integrals containing H, (z), L,(z) and inverse
trigonometric functions

1

1. Jms_l arccos {H,,(am)} dz
L,(az)
0
o Tr (s+u+1) - 1’s+l2/+1 s +1; 5
2(s+u+1 ( 2)F(s+u+1)3 3(Z,V+sz+g+37s+g+3)
[Re(s +v) > —1].
1
2. JarccosmHo(am) dz = %[C —ci(a)+Ina] [larga] < =].
0
1
3. J%arccostl(aw)dx =C-1-ci(a)+Ina+ %sina [larga| < m].
0
1
4. JarccosmLo(am) dz = %[chi(a) —C—lInd] [larga] < =].
0
1
5. J%arccosle(am)dm =1—C+chi(a) —Ina - %sinha [larga] < =].
0

6. Jx“/z(a - w)"/2 H,(bv/z)L,(bVa — z)dz

CO 207 252
2#+uﬂ_l—‘( +l/+3) F5 3 5 3 3
H Z,Z,§,u+l’+5,u+l/+2
[a > 0; Reu, Rev > —3/2].

4.12. The Kelvin Functions ber,(z), bei,(z), ker,(z)
and kei, (2)

4.12.1. Integrals containing ber, (z), bei,(z), ker,(z), kei,(z) and
algebraic functions

1. T ﬁ ber, (bz)da = 7 [beri/z(%”) - beiim(%b)] [a > 0].
0
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CH. 4. DEFINITE INTEGRALS [4.13.1

a’—=z

2. T ; bei, (bz) dz = 7rber,,/2( ) bei, /5 ( b) [a > 0].

3. Ta:?l—a ker, (bz)dz [keru/2< ) kel,//2( b)] [a > 0].

IS
9%8

\/7 kei, (bz) dz = ker,,/2( ) kel,,/2( b) [a > 0].

4.13. The Airy Functions Ai(z) and Bi(2)

4.13.1. Integrals containing products of Ai(z) and Bi(2)

oo B F(S)F(l—Zs)
1. J s 1A~( )B( )d — 19~ (2s+5)/6 6 —
e r(5)r(%5)

[0 < Res < 1/2; [65], (2.16)].

o0 -5 T(2)T(2HL
2. lms_lAi(x) Bi(—z) de = 12ﬂ1/52 ’ F((ZZ)S(SZ))

[Res > 0; [65], (2.7)].

* —2(s4+1)/3—(25+5)/6
3. J z*" 1 Ai(z) dz = 2 3 I'(s) [Res > 0].
0

7r1/2r,(23+5)
6

T . . (s—8)/30(s—5)/6
4. J z° L Aj (we"’/ﬁ) Ai (ace_’”/G) dz = LF(E) F(s + 1)
0

71_3/2 2 6

[Res > 0; [65], (4.5)].

s—1TA:2( 20 _ 4 o—(2s+5)/86 1-2s
5. Jm [Al( z) + Bi*( w)]dw— 3/212 F(s)F( 5 )
0

[0 < Res < 1/2; [65], (2.28)].

T 3 F2(§) F(g 1’ 5

6 JA; (z)dz = o 55753 2F1($. ?) [[66], (2.11)].
0 6’ 4
00 \ 2 ;) 33/2 (g) 1’ 1

7 JBI (cz)da =225 4~ 2F1($. i;) [[66], (3.15)].
0 6’ 4

222



4.14.1] 4.14. THE LEGENDRE PoLyNOMIALS Pp(2)
oo

. G, "G (e
8. JA] (z)Bi(z)dz = TVCE + 257 /3 0 2 F % 1 [[66], (2.27)].

1
0 T4

T (B rG) _ rG) =
9.lAﬂ—@BW—@dm=6%”2—2mv&ﬁﬂa(?z) [[66], (2.34)].
10. TAi(—m) Bi?(—z)dz = ZS) — ;/(3%22 o F (; %) [66], (3.7)].
0 6’ 4

11. TAi3(m) Bi(z) dz = % [[67], (3.7)].
0

12. TAi3(—w) Bi(—z)dz = % [[67], (2.18)].
0

13. TAi(—m) Bi*(—z) dz = i ([67], (4.7)].
0

14 IAi“(m)d - 2‘;‘; [57].

1. Imm) do= 2 re(1) - B (2) 57

16. Im2Ai4(m) de = mr“(%) - 1258/;3 1“2(;) [57].

4.14. The Legendre Polynomials P, (z)

4.14.1. Integrals containing P,(z) and algebraic functions

T oan+1 2

1
1. J(m—a)_1/2Pn(m)dm— 2\/1—aU2n< a+1) [Rea > 0].

1

(2)nﬂp2n(m) [Rea > 0].

nl2

2. J(a2 — 2" V2P, (be)dz = (—1)"
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CH. 4. DEFINITE INTEGRALS [4.14.1

1
1 2a"
3. Pn dz = .
J 1 —2am—|—a2)3/2 (m) :1: 1—a°
i +1
1 1 2 n
J Gaz gy Pr@de= g () [Jarg(4a® — 1) < 7).
-1

Pon(z)dz = D" g=2n-2(42 L 1)=n=1/2  [Req > 0.

o
o%»—n

(@ +a")" " m+1”
1 (-1
-1 n _ _ o
6. J n+5/2 P2n+1($)d$= ma 2n 2(a2+1) n 3/2 [Rea>0]
0

7. J(a2—m )*=1(1 = b222) =" V2 P, (ba) dz
0

_ =" B ( 1’ s) a?71(1 — a2b2)" 12 ps=1/2,0)(1 _ 942p2)
2 2
[a > 0].

8. Jw(a2 —22)* (1 — b2e?) 2Py, L (b)) da
0

_ (=" B (n N g’ s) a2s+1b(1 _ a2b2)—n—3/2p7(ls+1/2,0)(1 _ 2a2b2)
[a > 0].

b71

(- a?b?)""V2p, o (ab).

9. J(1 — b222)""Y2 Py, (be) do =
0

1
10. J L [1- Pa(@) dz = 2C + 2¢(n + 1).

-1

1
1
-1

T a a’b
12. JPn(l—i-bw(a—x))dw—2n+1U2n< 1+?).
0
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4.14.1] 4.14. THE LEGENDRE PoLyNOMIALS Pp(2)

13. J(a —2)* (14 bz) """ Py, (V1+bz)de
0

2(2n)! as(l_'_ab)—n—lcza:l/z (m) [a > 0].

N (28)2n+1

14. J(a —2)"V2(1 4 ba) "2 Py, (VI + bz ) dz
0

1/2
= 2% (14 ab) ™" Wan(VItab) [a>0]

2n +1

15. Jm_l/z(a - m)_1/2P2n(b\/m(a— z)) dx
0
1
:(_1)%%132”( 1- a2 ) [a > 0].

16. Jms_l(a z)"Y2p P,(1+by/z(a—1z))dz

g—2s+1 2s-1/2(9 _n, n+1 2s
= Vra i (29) 3Fy ab [a > 0; Rev > 0].
1-'(23 + 5) 1, 2s -I-

"1
17 T -1/2p, (l—i-b\/ a—w)dm—ﬂ 1+a_b [a > 0]
: 2n+1 4 )
0

18. Jm_l/‘l(a z)” S/4p P,(1+by/z(a—1z))dz

2
ab
2w [P,,(\/l—l- 4>] [a > 0].

19. TPQn(\/l —bz(a—1z))dz

=(—1)"("—!ab—1/2[ax/EP2n<ﬂ> 2P2n1<“‘f>] [a>0; n>1].

§) 2 2
2/

T 1
20. | ——-——Py1(/1-bz(a—2))dz
l v1—bz(a—z)
_ 22—1)%1 P2n+1<a\2/5) > 0.

(i)nblﬂ
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CH. 4. DEFINITE INTEGRALS [4.14.2

a

zl.Jm—vwgn< 1_bvzz;:;5>dm

0
n — : 1/2 a a a
:(_1)n+1( 1 oL (%) I:\/?P2n< 2b) _P2n+1<\/?):| [a > 0].
22. J z 2 P2n+1< 1-by/z(a—2x) ) dz

1—by/z(a— z)

2

n n! 23/2 ab
= (-1) (3)[)1/2P2n+1<\/?) [a > 0].

2. [au -t () Y

J 1—by/z(a—z)
_ 2V Mnl Cye, 0 ovnt1/2 ab
= (§) b=2(ab—2) Panv1{\ 53 [a > 0].
2/ n

24. Jm_l/‘l(a —2)7%¥p,, (b Vz(a— z)) dz

= (-1)"V2 < ) [a > 0].
va
b

b
25. Jm—”—%—a/zz Pn(%) dz =
0

—n/2—1
a "

e/ | ( ) [Rea > 0].

2n+1

4.14.2. Integrals containing P,(z) and trigonometric functions

1. Jsin“ z { sin (az) } Py, (bsinz) dzx
0

cos (az)

e (D), sin (arr/2)
= (-1) nip(4 4 1)r(Lke +1){COS(”/2)}

_n7n+*1 ”+11E+1; b2
X 4F}3 2002 "2 [Rep > —1].

1 _
R




4.14.2] 4.14. THE LEGENDRE PoLyNOMIALS Pp(2)

2 # LrbD(p + 2) (g)n

T - sin (az) P . —(_1)"
2. Jsm w{cos(am) an+1(bsinz) dz = (-1) n!r.(;t—a+3)r.(#+a+3)
0 2 2

+3 9
sin (am/2) -n, n-|-, ,_|_ ’#T’
X{Cos(aﬂ/2)}4p3( 3 #—a+3 pta+3 [Rep > —2].

2’ 2 ? 2

Tsmy { sin (az) } Pn( b ) dp— 22" Hrb T (p — n + 1) (%)n

cos (az) sinz - n!F(w+l)F(w+1)
2 2

n 1l—-n y—n+1 n—
sin (a7 /2) - ) 1 b
X{ /2 } F3( 12 2 _a_2 ) [Rep > n—1].

2 1_ 1% n ;4+a n
cos (am/2) e N |
x 13
. . 2 sm(7ra) Mmoo,
4. Jsmmsm(am)Pgn(vl—l-bsm w) dz = o F2(3_a’3+a’ )
0 2 2
mm . ( )
5. J {sm az }Pzn(bsinm)dw
cos (az)
0

1
2 (E)n . mma [ sin(mma/2) -n,n+ %, 1; b
3k ) : .

=(=1)"
1) nla 002 cos (mma/2)

mm

6. | {Si“(”)}Pn(cosm)dx

= (_1)n% gin mra {Sin(mﬁaﬂ) } 3F2<—n, n+1, %; 1)-

2 cos (mma/2) l-a,1+a

7. J .1 {sm (az) } Py, 11(bsinz) dz

sinz | cos (az)

3 1 2
i 2 —-n,n+ -, -, 1; b
:(—l)n—%b (§> SiIl mma {sm(m7ra/ )}4F3 3 i 2 «
nla \2/n 2 cos (mma/2) 1-2,1+
mm

8 | o {Sin(aw)}P%_H(cosm)dx

cosz | cos(azx)

31

. 9 NI

_ 2, mra sin (mma/2) N n,nt 2, o
a 2 cos (mma/2) 1

+
I
-
N————
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CH. 4. DEFINITE INTEGRALS

mm

10.

11.

12.

mm .
13. J {sm(am)}sm zP, )
. cos (az)
1 n 1-n 1 —2
sin (mma/2) } (g)n 7 ( g g 150 )
"aF3| .
cos (mma/2) —n, 1_,1_1_,

{ sin (ax) } P,(1+ bsin® z) dz

cos (az)

[

mm

1

J; V14 bsin?z

14.

15.

"l"{:j;; DY (14 boin

}PQH(v1+bsin2m) dzx

2 . mna {Sin (mma/2) } <—n, n+
3F2 L
2

= —sin
a 2

cos (az)

{ sin (az)

2

mma {

))}cos wPo( ) d

n 1
sin (mma/2 ——, y 53 1
'"””‘{ ( /)}3F2 27 2 T2l
1-— l—i-E

2t (1) sin (mma/2 -n
2"sinmﬂa{ ( /)}4F3 L
—2n,1- 2,1+

1 b
—’l’l,’l’l+1, 5; _2)

T2 2

mra { sin (mma/2) } (
3F a a
1-2,142

cos (mma/2)

cos (mma/2)

} Poni1 (\/ 1+ bsin? m) dz

o (et (0

2 .\n/2 1 )
x P,| ——— | d=zx
) n<\/1—|—bsin2m

. n 1
mma [ sin(mma/2) 2 20 —b

362 a a *
2 cos (mma/2) 1-2,1+1

(smm

nla

8

2 cos (mma/2)

1
-n, 27 1’ 2

2 cos (mma/2)
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4.14.2] 4.14. THE LEGENDRE PoLyNOMIALS Pp(2)

16.

17.

18.

19.

20.

21.

22.

mm

J e *® Py, (bsinz)dz

0
1 1 L2

_ 1y ( ). 1 _mﬂa)3F2<—n,n+2,1, b)
‘nla _ia i J”
1 2,1—1— 2
mm

—ax

J ¢ Py, 1(bsinz) dz

sinz
0
n(g) b mma _n’n—'_z’ ;’1’ b’
= (_1) !n (1 - € ) 4F3 3 ia ia
n:a 7’1 ’1_+_7
2 2 2
mm n n+3 1, 1
e _1 —mma - 2’ 2’
J CosmPgnH(cosw)dw— E(l—e ) 3Fy ey e |
0 2’ 2
" —n,n+1 Lot
Je_“an(1+bsin2m)dm=1(1—6_"”“‘)3172 I
a a ia
0 =51+ 5

WJLJr e P, (\/ 1 + bsin? w) dzx
0

-n,n-+

1 515 b
_ —mma 2
_E(l—e )3F2( 1 ia 1 E )
PH 2
mm ez

J 67P2n+1(\/1+bsin2m) dz
0

+m\>—t

v/1+ bsin? z

-n, n-+

3 1
_ 11— ¢mmey 372 0
T a 312 1_ia 1+ia .
2" 2

mm 1
e (14 bsin’z ”/2Pn<—> dzx
J ( ) V1+bsin?z

n 1, b
_ l(l_e—mmz) F Tt Ty v T
T a 32\ | e 1+%1 :
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CH. 4. DEFINITE INTEGRALS [4.14.2
mm
23. J e sin™ an( ,b )dw
sin
0
1 n 1-n 1 -2
N (5)71 (2b)n (1 _ e_mﬂ_a) F _53 9 57 1, b
" nla 431”‘1"“14_’;“-
2 ’ 2’ 2
mm n 1—-n 1
—az n 1 1 —mmwa T2 2 ’5; 1
24. e cos mPn( )dwz ~(1—e ) 3F ) .
coszT a 1% 14
0 2’ 2
mT
25. J e % sin®" z P, (cot? ) dz

26.

27.

28.

29.

30.

31.

0

= 2"(1 — e—mﬂ'a) (2

e % Py, (bsinz)dz = (—1)"

nla

I
T

€ % Pypt1(bsinz)dz

sinx

°.f

o0

|

—ax 1

e ont1(cos z) dz = — 3

COoS T

e~ * Pp(1+ bsin®z) dz =

T
°.f

1
—3F2(
a

230

3
e Pypyi(bsinz)dz = (—1)" (2
P (
1-—
0

e_a-’EPQn(\/m) dr = %3F

1

0.,

nla

{

—2n,

1’

—n,

1
_n,§,1;2 )
ia ia |

b2

1
-n,n—+ -, 1;
Fy w2 [Rea > 0].
ia ia

3 1
_n,n+2,2’b)
ia ia
a4t
2 +2
1 b
—’n,,'n,-|-1’2; 2
1—% 14
3 +2
1 1
2(_n’"+2’z’
1— 14
3 +2

_nan+g,1; b2

3F2<
2 7 2

3—ia 3+ia

3 1 )
_n’n+§’§’1; b

3 ia ia
S, 1—- 14 —
27 2 +2

)

[Rea > 0].

)

[Rea > 0].

[Rea > 0].

[Rea > 0].

-b
) [Rea > 0].



4.14.3] 4.14. THE LEGENDRE PoLyNoMiALs Pp(z)

o0

32. J 64P2n+1 (v 1+ bsin? w) dx
V1+bsin?z

0

T _ 1
33. Je ar(1 4 psin® z)"/2P <) dx
2 ( ) " V14 bsin? z

c0 1 n 1-n 1 _9
— . b (5) _7773*71; b
34. | e **sin" mPn< )da’;: _;(2b)n4p3 27 2 2 .
5

i | 1

" sinx n! ~—n,1 %’1_'_%

[Rea > 0]
oo n 1-n 1
—az n 1 1 _51 2 15; 1
35. e cos" z P, dr = = 3F5 ) . [Rea > 0].

cosz a 1-% 14

0 2 2

e 9 (%) -n, —n, 1, 1; 2
36. J e~ %% sin®" z P, (cot? ) dw=2"n—a”4F3 2 .
0

4.14.3. Integrals containing P,(z) and the logarithmic function
Condition: a > 0.

1. T(a—m)n_lln(m+a)Pn<m)dm=(_;2) o gen

) " LG,

2. Jln ﬁ% TE—L Pu(1+ ba) da

1
3 1 (n+1)-P(—1/2’_3/2)(1+ab) —1].

S|,

a

3. Jln ﬁ% L2 Py (VI ba) da

_ 1 {_ (n+ 1) PCY2=2)(1 _9qp)

T (n+1)(2n—1)b (1) B n+l

2
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CH. 4. DEFINITE INTEGRALS [4.14.4

a

4. Jln va ++va—z Piny1(V1—bz)

d
vz V1 —bzx v

|
= ! 1- (nF D pC12-D g g4

T (n+1)(2n+1)b (%) B n+l

4.14.4. Integrals containing P,(z), J,(z), I,(z) and K, (=)

1

1. J e‘”Jo(a\/ 1- w2) P,(z)dz = 2a”

n@n+1)°
-1

2. J Jo(avT=2) Iy (bWT+ 7) Pp(w)dz

-1

217'nan

T )@ty
3. jm—5/21{n+l/2(;) Po(z)dz = Y™ (3)3/2 ea [Rea > 0].

4 a
0

1
4. Jm(l - x2)—7/4K2n+3/2(L) Pany1(z) dz
— m2
5 vV1i—=z

91/2,=3/2

= ()" 2t (n+ 1) Kola)  [Rea >0,

5. J Ko(2Vz) Pansa (i4/2 = 1) da
‘ 3
= (—D"z‘Wa”“Kan/z(m/E ) la>0).
6. TKO(ﬁ)Pn(§—1) dz = V8a Kyny1(V2a) [a > 0].
2a

4.14.5. Integrals containing products of P,(z)

i T _ 1 an+l _ —2n
1. JPgn(m)P2n<a) dz = yreer (a a” ™).
1

1 n —2n—
2. JP2n+1($)P2n+1(§) dr = 4n+3(a2 +2_(1 2 1)-
1
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4.14.5] 4.14. THE LEGENDRE PoLyNoMiALs Pp(z)

_ _ 2_-'1’ _ 1 n+1 -n
3. | P,(1-22)P (1 a)dm—2n+1( P
1
1
4. %Pna - 23;)Pn(1 - %”’) dz=—Ina [a>0].
1
1 T 1
a
w/2 9
6. Jcos"mcos(am) [Pn(\/l—i-bcost)] dz
0

27V gl (v 4+ 1) F -n,n+1, V;l_lag‘i‘
= 514
r(”;“+1)r("+“+1) 1,1,4=° +1 "+“+1; —b

[Rev > —1].

™

., [ sin(az) — 2 2 Al (v +1)
" lsm m{""s(”)}[Pn(m)] de= r(“3+1) (25 +1)
sin (a7 /2) -n,n+1, 1 Syl vy
8 {cos(mr/2)}5F4(1 1,774, uia_:l s [Rev > —1].
i sin (az) 9
8. l {cos (aw)}[Pn(cosm)] dz

. 1 1-
_2_ mma {sm (mma/2) } 4F’3<_n’ n+al, 3 3 1)-
a aq
2

cos (mma/2)

9. l {Sm }[P (m)rdm

cos (az)

. 1,

_ 2, mma [sin (mma/2) Ty —n,n+1, o, 05— .
a 2 cos (mma/2) 1 %

mm 11
— 2 1 — —n,n+1,5,5;1
10. J e *®[Py(cosz)]” dz = " (1—e™™"?) 4F3 ) .
1
0

233
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mm
2
11. J e [Pn<v1+bsin2x)] dzx
0
11
n1n+1a 50 59 —b
= %(1 e—m7ra) 4F3( ia 272 i )
I
T 2 1 _nan+15111;1
12. Je_‘“”[Pn(cos z)]" dz = = 4F;3 i 2 % [Rea > 0].
0 ¢ Li-F.1+45

I 5 2 1 —n,n+1,1, 1; —-b
13. Je_‘”[Pn(vl—l-bsin m)] dx = = 4 F3 202
1
0

L1-214+%
[Rea > 0]
1
2 2
14. J[Pm(m)] [P, (2)]2 da
0
1 1 1 1 5
Z;QFE; —m,m+1,—n,n+1,§ 2’ 5 2! .
(2m +1)(2n+1) R A N R T I
2 2 2 2 4

4.15. The Chebyshev Polynomials T, (z)

4.15.1. Integrals containing T, (z) and algebraic functions

1

1
1— -1/2 . ). o .
1. J; (( 2 )n+1 TQn(LL') dr = (—]_) T 2(220 a 2 1(a2 + 1) 1/2

[Rea > 0].

3
1— g2)" /2 n > o e
e Tana()de = (1) ”45121) (a4 1)

N
O~

[Rea > 0].
3. T((ﬁ —22)7V2(1 — p22?) " Ty (ba) da
0 = (-1 2 (1 - a??) V2P (V1= a?8?) 2> 0.
4. Tm_l/z(l — bz) 32Ty, (V1+bz)dz
0

9 1/2
= 2a+1(1+ab) "1205, (V1+ab) [a> 0]
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4.15.1] 4.15. THE CHEBYSHEV PorynomiaLs Tp(z)

5. Jm_1/2(a - m)_l/z(l + bz) " ' Ton (V1 + bz ) da
0
=n(1+ab)™ " V2P, (\/l—i-—ab) [a > 0].
6. Jm_1/2(a - m)_1/2T2n (by/z(a—z)) d
0

= (_1)"§ [Pn<1— “22"2> +Pn_1<1— “22”2>] [n>1; a>0].

2

T z V*a—=z) 2 a’b
7. J—T2n+1(w/1+bx(a—m))dm=7rPn 1+2%) >0
0

14 bz(a—z)

8. Jms(a - w)3_1/2T2n (b Va(a— z)) dz
0
1/2 2s+1/2 —n,m,25+1
=(-)nT 2 F(2;+1) 3F2<1 3 abz) [a > 0; Res > —1/2].
223F(2s+§) 5,234-5; -
a
9. Jm"(a — ) 2Ty (bVz(a—z)) dz
0

=(-1)

" (2n + 1)7r1/2a28+1bl"(2s + g) (—n, n+1,2s+ Z)
312

223+1/2F(25 +2) g’ 25 +2: i

2
[a > 0; Res > —3/4].

a

10. Jms(a . w)3_1/2T2n< 1+ bW) de

1/2 23+1/2F 2 1 —-n, n, 25 +1
=T ¢ (25 + )3F'2 [a > 0; Res > —1/2].

2 3 1 3, _ab
27 (25 + 3) 28+ 5 =5

11.J a’(a—2)" ' T2n+1< 1+b\/$(a—$))dm
o V1+byz(a—z)

1/2 ,2s+1/2p (9 1 n,n+1, 241
= (;+)3F2 1 3, ab [@ > 0; Res > —1/2].
225[1(23%-5) §,2s+5; s
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CH. 4. DEFINITE INTEGRALS

[4.15.2

™

1. Jsin“ z { sin (az) } Ton(bsinz)dz
cos (azx)
0

4.15.2. Integrals containing T, (z) and trigonometric functions

27 gl (p+ 1)

) sin (am/2)
U e () emton/a)

pt+1l p 2
-n,n, ——, 5 4+1;b

x 4F; o202 [Rep > —1].
(2,“ “41, BT 4

2 2
™

., [ sin(az) .
2. Jsm w{cos(am) Ton+1(bsinz)dz

0

= (1) 27* ' 2n + 1)7bT(pu + 2) {Sin(mr/Z)}
F(#—a+3)r(u+a+3) cos (am/2)
2 2

—n,n—}-l,g—l—l, L;_S;b2
X 4F3 3 u—a+3 pta+s [Reu>—2].
™
4. Jsinwsin(aw)

2’ 2 ’ 2
_nanvlag; —b
1 3—a 3+4+a *
27 2 7 2
Ton+1 (\/ 1 + bsin? w) dz
0\/1—|—bsin2w

3
__ sin(ma) F -n,n+1,1, > —b
- 1_a243 1 3-a 3+a :

3. Jsinw sin (az)Tay, (v 1+ bsin? w) dr = 511“_(7:;) 1 F3 (
0

2’ 2 7 2
T in (az) " ab
- Jsin”x{sm(am)}Tn(sigm) de = . 2a nwb F(u;:l;i—ll
cos (az = —
0 F(#—rl)r‘(f—kl)
. nl-n p-—n+1 p-n -2
2 g ’ ) +1’b
8 sin (am/2) JFs 2772 2 2 [Rep > —1].
COS(a7T/2) 1—n n—a n+1 p+a n+1
) 2 ) 2
mm

l {:; iiiii } Ton(bsine) dz

2 . mma [sin (mﬂ'a/Z) —n, n, 1; b*
=(=1)"2 F. ’a s 4y .
(=1 PR {cos (mmaj2) [ *?

a
I=21+5
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4.15.2] 4.15. THE CHEBYSHEV PorynomiaLs Tr(z)

mm

1 sin (a;p) )
7. J sin {Cos (az) } Ton+1(bsinz) dz
i 1
= 2(—1)"sin 7% 31 (mma/2) LRI n+1, 5,1 b
2 cos (mma/2) a 5y _aq e .
2 2 )
8. J {sm (az) }T2n(cos z)dz
! cos (az)

_ zsil’l mma {sin(mﬂ'a/2)}3F2< —n,an, 1; {z)

a 2 | cos(mma/2) 1-2,1+4 3

9. J ! {Sin(am)}TQ,,_H(cosm)dm

cosz | cos(ax)
_ 2 gin 7@ sin (mma/2) gt 1,1; 1
a 2 | cos(mma/2) [ 2 2 2 )

10. J {Sim(”)}T,,(Hbsim2 z)dz

. . _b
_2 sip Mma [ sin (mma/2) o —n,n, 1 —2 -
a 2 | cos(mma/2) 1-% 1+

a
2 2

11. J{Si“(”)}nn(\/m) de

N g sin mma [ Sin (m7ra/2) F —n, n,1; —b
T a 2 cos (mma/2) [ *72 1—%,1+g '

1 sin (az) —
A [ Tomis (V1
2 J V1+bsin®z {cos(am)} 2 +1( osin di)ddi

= 2 gy mma {Sin(mwa/2) } 3F2<—n, n+1,1; —b)-
a

2 | cos(mma/2) 1—%,14—%

mm

sin (az) . 9 2 1
13. J { } 1+ bsin®z)" Tn<4) dz
o cos(am) ( ) V14 bsin?z
n 1—n
i P 751; -b
:%sin mwa{sm(mwa/2)}3p2< 22 ) )

2 cos (mma/2) 1-2,1+3
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14.

15.

16.

17.

18.

19.

20.

21.

22,

. n 1l—-n 1

. mma [sin(mma/2)) 2"" -, y

= sin { 20 R 2 2 ;
2

mm
0
mm
0

Wf
7

0

mm
0

sin(az)) . , b
{cos (az) } sin” 2T (sin m) dz

cos (mma/2) a

{ sin (az) } cos™ an( L ) dx
cos (ax) cos x

. n 1—n .
_ 2 mma {Sln(mwa/2) } 3F2<_2’ Sk 1).

a 2 | cos(mma/2) 1_%,1_1_%

{ sin (az) } cos®™ 2 Ty, (i tan z) dz

1
2 . sin (mma/2 -n,-—mn,1;1
:(—l)nasmm;m{ ( /)}31-7'2( 2 , )

cos (mma/2) 1-2,1+3

{ sin (az) } sin?™ z T, (cot® z) dz

1 1
" i 2 _nvf_na*a]-;2
= 2_ gip mTO {Sm(mm/ )}4F3< 2~ ™3 ) [n>2).
a

2 cos (mma/2) 1-2n,1— a,l—}—%
_ . —1)" _ —n, n, 1; b*
e Ty, (bsinz)dx = ( a) (1—e m"a)3F2<1_ia 1+ia)'
21ty
e—am .
e Ton+1(bsinz) dz

3 . .
51]-_&7]-"_E

= (-1)"(2n + 1)% (1 —e™™™) 4 F3 (

—n,n+1, %,1; b2)

_ 1 _ -n,n,1; 1
e ®Top(cosz)dz = = (1 — e ™) 3F ia - ia |-
a 1=51+5

e ™ 1 _ —n,n+1,1; 1
T der==(1—e"™") 3F: ; ia |-
cos 2nt1(cos z) dz a( € )s 2(1_“”1+“’)
2 2
b
— 2 1 —mma -n, m, 1; )
e T,(1+bsin“z)dz==-(1-¢ ) 3Fy ) 2]
a 1-2 144
2’ 2
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4.15.2] 4.15. THE CHEBYSHEV PorynomiaLs Tr(z)

23.

24.

25.

26.

27.

28.

29.

30.

31.

mm

—n,n,1; —b
Je_”TQ,,(vl—i—bsian) dwzl(l—e_mm) 3 Fy n’i:l’ P
a 1—5,1—1—?
0

[ oy T (VIF 0072 o
s T
0

11— 14

—-n,n+1,1; —b)
2 2

B e

mm 1
e (14 bsin’z ”/2Tn<—> dzx
J ( ) V1+bsin’z

n 1—n
_ l(]_—e_m"a’) 3F2 3 2 ’71,1_b ‘
a 1-2 142
2 2
mm
J e“”sin"an( _b )dm
sinz
0
n 1—-n 1 —2
_ gn—1pn -2y s 5,1; b
:(]_—6 mﬂa)(l—i—éo’n) 41 F5 2 2 1.2 ia |-
a 1-n,1- 2,14 %
mm n l—-n
_ 1 1 _ — 5 y 151
J e ‘“”cos"an( )dm: —(1—e ™) 4F3 2 2 .
coszx a 1- 14
0 2’ 2
mm
J e %% sin®" 2 T, (cot? z) dz
0

1 1
—mna 271,—1 -n, 2 -—n, 2’ 1; 2
= (]. —e )(1+ 60’7,) 41 F3 ia ia |-
a 1—2’)’),,1—?,1—}-?

—azx . (—l)n -n,n, 1; b2
e Tyn(bsinz)dz = ; 3Fy L_da q ia [Rea > 0].
2" 2

Obwg

o0

_ 1 —-n,n,1; 1

a.zT de = = F( g Tby Ly ) .
Je n(cos z) dz a¥"2\1 _ia,1+4ia [Rea > 0]
0
T 11

_ 1 —-n,n, 1
Je @ Ton(cosz)dz = — 3Fy in ia [Rea > 0].

o =ity

0
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CH. 4. DEFINITE INTEGRALS [4.15.2

32.

33.

34.

35.

36.

37.

38.

39.

40.

o0

B . 2n+1)b -n,n+1,1; b
Je ®Tont1(bsinz)dz = (—1)"%31‘72( 3—ia 3+ia
0 2 7 2

[Rea > 0].

¢ Ton+1(bsinz) dz

sinzx

0558

b —n,n—l—l,l,l; b*
= (—1)”(277,4- 1)74F3 3 ia 2 ia [Rea > 0]
“ ity

oo
e %* 1 -n,n+1,1; 1
J coszQnH(cosm)dm: a3F2<1_i",1+i") [Rea > 0].
0 2 2
oo b
- g 1 —n,n, 1 =5
Je ®T,(1+4 bsin“z)dz = = 3F, ) 2 [Rea > 0].
a 1-2 144
0 2’ 2

e~ (1 + bsin? m)n/z T, <1> dz

v1+ bsin? z

n 1—n
_1 F T2 T2 1 b
= 53 2 ia ia [Rea > 0].

0558

1-2,1+5

— 1: —b
e““”TQn(\/l—l-bsin%:) dz = (113172( A ) [Rea > 0].

a a
1-2 1+ %

Obﬁg

—azx

ﬁTQHH (\/ 1+ bsin? m) dx
sin”

0558

1 —-n,n+1,1; —b
:a3F2< 1_%’1+% ) [R€a>0].

e ®sin"zT, (L) dzx
sinx

0558

1 n 1—-n 1 1: b72

27" _Ev 9 1907
= (]_ + (50’”) 4F3 ia ia [n > 2; Rea > 0]
a 1-n,1- " 14 %

] n 1—n
— 1 1 _51 ) 11; 1
Je ‘”cos"an( )dm=—4F3 ) . [Rea > 0].
cos T a 1_E’1+E
0 2 2
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4.16.1] 4.16. THE CHEBYSHEV PoLyNoMIALS Upn(2)

oo 1 1
. 9 9 2”71 -n, o TL, 31; 2
41. J e~ *sin®" z Ty, (cot® z) dz = aF3 22 .
0

[n > 2; Rea > 0].

4.15.3. Integrals containing T),(z) and special functions

T Ko aneytn = B0 [, () < (5]
0

[Rea > 0].

1
2. Jm_l/z(m —a) 2Py i1 (V) Tan (\/ %) dz = 2a™(1 — a)"/?

0<a<1].
1
3. Jx—1/2($ a)™ Pan1a(VT) Tanta (\/?) dz = 2a"1/2(1 — a)'/?
’ 0<a<1].

4.16. The Chebyshev Polynomials U,,(z)

4.16.1. Integrals containing U, (z) and algebraic functions

1. J((ﬁ — %) V2 U (b2) dz = (~1)" T Pa(1 - 20%5?) [a > 0].
0
2 2\—1/2/12 2\—n—1 x
2. J(a —z) (b° — z%) Uzn(g) dz
0

b2
[a > 0; |a/b| < 1].

2
= (—l)ng (b2 - a2)—n—1 P2n+1< 1- a—)

1
a-az»)"2 _ n (E)n —2n-3/.2 —n—1/2
3. J —5— 5tz Uan(z) dz = (1) T in 1)1 1)!a (a*+1) /
0

[Rea > 0].

[z N
4 (a® + "+3U2n+1<$)dw=(—1)"ﬂma‘ n=3(g? 4 1)~
0

[Rea > 0].
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CH. 4. DEFINITE INTEGRALS

[4.16.2

5. Tm—m(a — 2)"2Uy, (by/z(a — 7)) de = (-1)"x P, <1 B a‘;b2>

[a > 0].
4.16.2. Integrals containing U, (z) and trigonometric functions

1 [sinn sin(am)}Un bsina) de — (—1)" 2 #rl(p+1)
J;sm m{cos(am) n(bsinz) do = (~1) 1"(” )F(%g—kl)

sin (a7/2) —non 1, EEE R
X{cos(mr/2)}4F3< 1 op- [Rep > —1J.

+
27 2 _1_1’;1 =41

2. Jsin“ T { sin (az) } Uspt1(bsinz) dz
cos (azx)
0
21_”(17, + Dabl'(p +2)

ar [ sin(am/2)
n!F(”_;+3)F(“+;+3) sy {Cos(aw/2)}

3
F _nan+2ag+1a#: 5 2
X 4l'3 3 p—a+3 pta+s [Rep > —2].

2’ 2 ’ 2

3. Jsinw sin (az)Uap (\/ 1+ bsin® w) dz
0

3—a 3+4+a
2 ' 2

—(2n+1 )sm(7ra) F <—n,n—|—1,1; —b)
3142 .

4. JMU%H (\/1 + bsinzw) dz
V14 bsin? z

3—a 3+4+a

- 2,1; —b
—2(n+ )sin(ra) F2< n,n+2,1; )
a

2 7 2

5 Jsin“ 25" (az) U ( : ) dz = 2l —n+ 1)
) cos (az) | " \si
0

sin F(#—;—n+1)r(u+a—n+1)

2

n 1-n p—nm+1 p—n -2

sin (am/2 — 5 , , +1; b
X F. 27 2 2 2 Rep>n-—1
{cos(mr/2} 3( —a-n [Rep > n —1]

—n, . +1 ,u+a—n_|_1

sin
{cos (az) } Uan(bsinz) dx

2 . mma [ sin (m7ra/2) —n,n+1,1; b2
= —]_ nz F ) a b .
1) o™ {cos (mma/2) [ 272 1-2

a
2’1+5
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4.16.2] 4.16. THE CHEBYSHEV PoLyNoMIALS Upn(2)

mm

7. J {Sll’l (azx) } Uan(cosz)dz
cos (az)
0
1
! 2 —n,n+1, -, 1; 1
= 2sin mma sim (mﬂ-a/ ) 2n+1 4F3 3 2’ .
2 cos (mma/2) a 5 _aq e
2 2 9
T sin (az) .
8. J sinz | cos ((l.’E) U2n+1(b sin m) dx
0
: 2 —n,n+2,-,1; b
— 4(~1)rsin e [Sn(mTa/D Y nt 1y o (7 .
2 cos (mma/2) a 7,1_“’1_1_5
2 2 9
mm 1 . ( )
sin (ax
9. J cosz {Cos(am)}U2n+1(COS.’E) dz
1
. 2 -n,n+2, -,1; 1
= 4sin mmra sm (mﬂ-a/ ) n+1 4F3 3 2 .
2 cos (mma/2) a 5y a @
2 2 )
mm . ( )
10. J {Sln (am) } Un(1 + bsin® z) do
cos (ax
0

1 b
. mma [sin(mmra/2)) n+1 —n,n+2, 0,1 —
= 2sin 4+ F 5 .
2 cos (mma/2) a ERE a a
mm . ( )
11. J {sm ar }sin"mUn( )dm
cos (az) sinz
0
1-n 1 -
— 94ip M7 sin (mma/2) (26)" F _ga Tn’ 5 1672
N 2 | cos(mma/2) a 73 _n,l_%",l+%" ’
mm

12. J {Sin (az) } Uzn (V1 +bsin 2 ) da

cos (az)

= 2sin

2 cos (mma/2)

1
mma {sm (mma/2) } (—n, n+1, 2,1 —b)
3 a a .
Ea 1-— Ea 1+ E
mm

1 sin (a
13. J —{ }UQ,, 1(\/1+bsm m)dm
0 V14 bsin?z COS *

1
sin (mma/2 —n,n+2, -,1; —b
=4sinm;m{ ( /)}—”:14}?3( 2 _

cos (mma/2) 2’1_%’14_%
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CH. 4. DEFINITE INTEGRALS [4.16.2

14.

15.

16.

17.

18.

19.

20.

21.

" sin (az) . 2 \n/2 1
l {cos(am)}(1+b8m =) Un<\/1+bsin2m)dw

n 1-n 1
sin (mma/2 —= y =, 15 —b
=2sinm7ra{ ( W/)}n+14F3( 23 2 2 )
3 1
2

2 cos (mma/2) a

mm

| { sin (az) } sin?" 23U, (cot? 7) da

cos (az)

1 1
H n+1 - t .
sin ™M@ {sm (m7ra/2)} 2 . 3( n, =g =N 5,152 )

2 cos (mma/2) a —211—1,1—%,1—1—g

2

mm Cm ~ . b2
J e—azUZn(bSin ﬂ')) dxr = %(1 _ e—m‘rra) 3F2< n,n+1,1; )
0

ia ia
1-2,1+5

mm
—ax

J ¢ Uzn+1(bsinz) dz

sinx
0

1+

b B —n,n+2,%,1; b2
= 2(—1)"(” + ].)E (]. — € m7ra) 4F3 . .
2 2

3 ia ia
Ev 1- PRl

a

mm 1
—-n,n+1,-,1;1

J e~ Uyp(cosz)dz = 2n+l (1—e ™" 4F3( 2 )

0

mm efaz l_efm'lra —n, ’n,+2, %, ].; 1
J Usn+i1(cosz)dz =2(n+1) — aFs| ia ia |-
0 2

coszT ’1_?’14_?

mm
J e U, (1 + bsin® z) dz
0

1 b
_ o ™mma —-n,n+2,-,1; —
:(n+1)1674p3 ’ RN
3 1-2 142
2’ 2’ 2

WJL'7r e U, (\/ 1 + bsin? w) dzx
0

1
1 — g ™™ —-n,n+1, 5,1; —b
:(2n+1)a4F3( 3 ia ia |
2

31_?11"_3
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4.16.2] 4.16. THE CHEBYSHEV PoLyNoMIALS Upn(2)

23.

24.

25.

26.

27.

28.

29.

30.

mm _az
J 67U2n+1(\/1+bsi1’12.’12)d.’12
V1+bsin?z
1
1— g ™7a -n,n+2,-,1; —b
=2n+1)————aF3| , io L ia
a *11_*71+*
2 2 2
mm
) 2
J e~ (1 + bsin? m)n/ Un<1> dz
o V14 bsin?z
n 1-n 1
_ n+1 (l_e_mﬂ.a) F _5’ 9 7 5, 1, _b
B 473 3 | _ia 148 |
2’ PR 2
mm
J e sin™ wUn(L) dz
sSinx
0
n 1—-n 1 )
— (2[)) (1 _ e_mﬂ.a) 4F3 _Ev 2 ., 5, ]-a b
a _ _ e ta
n, 1 5 1+ 2
mm
J e~ sin®" 2U, (bcot? ) d
0
11
2 —m, M=o o 1

2

; 2
—2n—1,1—%,1+%

) _1)" —-n,n+1,1; b*
e % Uyp(bsinz)dz = (=1) 3F2< 1n_7zj 14 ia ) [Rea > 0].
2’ 2

Obwg
S]

o0

—n, 2,1; b
J e *®Uspt1(bsinz)dz = (—1)”M3F2< ?—Zj 3+ia )
0

2
a +1 5 o
[Rea > 0].
¢ n,n+1, 5,11
— 2 1 L] 7 5
Je *®Uan(cosz) dz = nt aF3| 2 [Rea > 0].
a S R i
0 2’ 2’ 2
oo 1 2
e ¢ . n+1 _n1n+23771; b
J sinmUzn_H(bsmm) dm:Z(—l)"Tb4Fg 5 io 2 ia
*31_*71"_*
0 2 2 2
[Rea > 0]

3 ia ia
cos a S q,te
2’ +2

® ax —n,n+2, 511
Je U2n+1(COS£L')d$: M4F3( ) i ) [Rea > 0].
0 2’



CH. 4. DEFINITE INTEGRALS [4.16.3

31.

32.

33.

34.

35.

36.

3

1 b

—’l’l,’l’l+2,7,1; vy

e U, (14 bsin®z) dz = n+14F’3 22
a S1-214
2’ 2’ 2

o——3§

[Rea > 0].
¢ —n,n+1, 5,1 —b
Je_‘”Uzn(V1+bsin2w)dw=2n+14F3 3’ 2
a L L i
0 2’ 2’ 2
[Rea > 0].

o0
e " )
J4U2n+1(vl+bsm w) dx
V1+bsin?z
0
1
—-n,n+2,-,1; —b
= 2(’)’14—1)41:,3( 2 X ) [Rea>0].

3 ia ia
a 01— =14 =
2’ 2’ +2

V1+bsin?z

J e (1 + bsin? w)n/2 Un <;) dz
0

11_%31+%
oo 1-n 1 —2
Je_“zsin”mUn< _b ) T = (2b) Fy IR T
a a
0 -l

e 9mn —n, —n—l,l,l; 2
J e~ sin®" zU, (bcot? z) dz = ;4F3 22 .
0

4.16.3. Integrals containing U, (z) and K, (2)

1.

a

[ Kn(aa)tnn(berdo = 2 [P a(2) - Baa(8)] tRea>a)
0

4.16.4. Integrals containing products of U, (z)

L T{sin(aw) }[Un(cosm)]z o — 9.5ip TG {sin (mma/2) } (n+1)?

2 a

cos (mma/2)

1
-n,n+2, 5,11 —n,n+2,1,1; 1

2,.F5( W 2L | aFs 2’1_a’1’+b .
1—5,1—1—— ) 2 2

2’ 2

cos (az)

X
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4.17.1] 4.17. THE HERMITE PoLyNoMIALS Hp(2)

a

—n, n+271 1 _ 2.1.1: 1

9 F3 —4F3 nan'i._ [t i) .
1 1 2,1- %14+ %
P11ty T2 T

3. J e~ [Up(cos z))° dz
0

1
_ (n+1)? 9. F —n,n+2, 5,11 P -n,n+2,1,1; 1
= 43 3 ia ia | T 4T3\ g g _da g, ia
S1-2 1+ 2 ) 5 5

27
[Rea > 0].

2. J e~ [U,(cos z)]* dz = (1 — e~ ™"9) (n+1)”
0

4.17. The Hermite Polynomials H,(z)

4.17.1. Integrals containing H,(z) and algebraic functions

1. Jms_l(a —z)" ' Hy, (bv/z(a—z)) dz

a2b2
2TL _ _nasat; Y

= (- 1)n( g+t 1B(8,t)3F3<1 st s+f+1) la, Res, Ret > 0].
27 2 7 2

2. Jms Ya—2)" " Hopngs (bv/z(a—z)) dz

1 1 a%b?
| —n,s—l——,t—l——-
—o—yn Znt D, 3+th(s+%,t+1)3F3( 2 1 )

3 1
n! 2 §’s+;+ s+t+1
[a > 0; Res, Ret > —1/2].

3. Jm1/2(a - $)1/2H2n (bv/z(a—z)) dz

_( 1yn(2n—1)! ma® 1[a®*) 9,20 a’b’?
=(-1) CESUI 2nL,, 1 na“b*Li _, 1

4.

zV/%(a — m)_l/zHQ,, (bv/z(a—z)) do = (-1)" (2n)! ?Ln<a1b2>

o——2
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CH. 4. DEFINITE INTEGRALS [4.17.2

5. [ o o/ ) s = (0 2, (1)

n!
[a > 0].
T n(2n+ 1) 7a’b 2p?
6. JHQ,,H(b,/m(a—m))dm:(—n ((r:‘jl))! LLLY M <“4 ) [a> 0.
0
n (2n 4+ 1)! 7a®b a’b?
7. Jngn_H(b\/w(a —z))dz=(-1)" CESIIN Ll < 1 ) [a > 0].
8. Jw‘s(a— 3+1/2 (b\/ a—z))dz
0
ab?
:( 1) 2—23 1\/—(1254_3/2 (271) (23+2) L F, —n, 28 + 2; o
n! F(z +g) 2+
[a > 0; Res > —1].
9. Jw‘s(a— x)3+1/2H2n+1 (b4 z(a—z))dz
0

5 5 ab
= (- 1)n2—2s 1/2\/— 2s+2b(2n+1)‘ (25+*) F( n, 25—1—7 2)

n! I'(2s +3) 272 ,’254_3
2
[a > 0; Res > —5/4].

10. Jm /H2n+1(b\/m(a—m) dz = (-1) %%L}z <a§>
0

[a > 0].
11. Jm_l/‘l(a — w)_3/4H2n (b Ve(a— z)) dx
0

= (—1)"%ﬁmn<%”2) [a > 0].

4.17.2. Integrals containing H,(z) and the exponential function

[ee)
1. J z(z® — a2)"_3/2e_b2“”2 Hay, (bz)dz = 22" 1a®™bT (n - %) e=a’t?
a

[a > 0; |argd| < 7/4; n > 1].
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4.17.3] 4.17. THE HERMITE PoLyNoMIALS Hp(2)

2. J(w2 - (12)"_1/2e_b2z2 Hopi1(bz)dz = (2a)2"F(n + %) i

[a > 0; |argb| < w/4].

3. J 2" e 1, (bz) de = (n — 1)la~"/2T (L) [n>1; Rea > 0].
n n ﬁ - bl

0

4.17.3. Integrals containing H,(z) and trigonometric functions

1. J sin (az)Hapy1(bsinz) dz
0

2*"tpsin (ra) /3 —n, 1; b
=(_1)n—2( ) (5) 2F2 3—a 3+a |
l1—a n 3 3

2. Jsinmsin (az)Han(bsinz) dz
0
2
nsin (ma) (1 -n,1, ;b
=(—4) ﬁ(i)n3F3(1 3—a23+a )
" sin (ax) .
3. J Hj,(bsinz)dzx
cos (az)
0
_ o.. mma [sin(mma/2)) (4" (1 —n, 1; b’
= 2sin 2 {cos(mwa/2) a <§)n2F2 1-2,1+42 )

4. J 1 {sm (az) } Hypi1(bsinz)dz

sinz | cos (azx)

1

. _ - . p2
_ (_1)n22n+12 sip ™7G {sm (mma/2) }<§) Bl n, 2a, 1; b .
a 2 cos (mma/2) f\2/n S1-2142

mm

5. J {Sm(aw)}sin%mHgn( .b )dm
) cos (ax) sinz

. n I 1
= 2sin 12 {sm (m7ra/2)} (26)* 4F2< My Mgl )
1

2 | cos(mma/2) a 2148 p?
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CH. 4. DEFINITE INTEGRALS [4.17.3

10.

11.

12.

13.

J { sin (aw) } sin2"+1 X H2n+1( ,b ) dzx
0

cos (az) sinz
_ 2Sin mma Sil’l (m7ra/2) (2b)2n+1 F —-n, —n-— %1 %a 1
2 cos (mma/2) a 1o g, 14 ;, %)
mm
—_4)" —n, 1; b°
J e *®*Hy,(bsinz)dz = ( ;1) (%) (l—e_m”a)2F2< ?a ,-a).
n 1——,14+ —
0 2 2
mm
e .
J sianZ"H(bsm z)dzx
0
1 2
_ 3\ b n, 5,10
= (_1)n22n+1(1 —e ™) (2) a 3F3(3 z'2a m)
n —_ -
2’1 2 1+ 2
mm
J e s1n2"wH2n(—) dzx
xr
0
1 1 2
2b 2n _ -n, -—n, -, 1 —b
= —( ) (1—6 m7ra)4F2 2 ia 2 ia .
a e
mm
«[e_“zﬁnmwdwfhn+1(.b )dw
smxT
0
1 1 —2
_ (20" (1= e=mma) 4F2(—”v T TR )
1-% 14
27’ 2
T —azx : (_4)n 1 -n, 1; b2
e *Hy,(bsinz)dr = (5) o Fy ia ia [Rea > 0].
a n 1——,14 —
0 2 2
o0
e .
J o Hyp1(bsinz)dz
0
1 2
3 b -n, —, ].; b
= (- () —3F'3(3 2 m) [Rea > 0.
n a S1-—=,1+ —
2 2
T 2n -n, n, 13 ]-a _b_2
J e~ oz Sln2an2n( )d (2b) 4F ( 2 ia 2 ia
xz a
0
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4.17.5] 4.17. THE HERMITE PoLyNomIALS Hp(2)

o0
14. J e~ gin?nt! wHQ,,_H( b ) dzx
0

sinx

11
2n+1 —n, -n—-,-,1
= (2())4F2( 2’2’ ) [Rea>0].
a 1 ’la
27

4.17.4. Integrals containing H,(z), erf (z) and erfc (z)

T _ GO @) paj2,—nip) < _ &)
1. | erfc(az)Han(bz)dz = P, 1 5
J; VTa (g) a

n

[larga| < 7 /4].

. (=1)"b 2n+ 1! b1, —n—1) <1 _ 21)2)

erfc (az)Hapy1(bz)dz

o——§

2¢2 (n+1)! " a’

[larga| < 7/4].

3. J zerfc (az)Hopnt1(bz) dz
0

_ n_2b  (2n+1)! (3/2,—n—1/2) 2b°
=(-1) 3/nd an 1- T [larga| < w/4].
2/n

o0
- 2" 'nla - 3a® +2
4. Je 22* o1f (az)H nti(z)de = (—1)" 2 —= pQ/2,-n— 1)( )
0 ( ) ’ +1() ( ) Vaz+2 " a®+2

4.17.5. Integrals containing H,(z) and K, (z)

[e'e} 22n—1b2n a2
J Ko(az)Hop(bz) dz = (—1)"(2n)m =5 Ly~ 1/2 <_ _)
0

a2n+1 4b2

[Rea > 0].

b
o——-§

22n—1b2n a2
z K1(az)Hap(bz)dz = (—1)"(2n)!n =g [,—n—3/2 <_ _)

PRIz n b2
[Rea > 0].

T 22nb2n+1 a2
. J Ki(az)Hapi1(bz)dz = (-1)"(2n + 1)! 1,—n—1/2 <_ )
0

| —— R
a2n+2 4b2

[Rea > 0].
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CH. 4. DEFINITE INTEGRALS [4.17.6

4.17.6. Integrals containing products of H,(z)

a

1. JH2m+1(bﬁ ) Hapin (by/a =) dz

0

_ (2™ r(2m 4+ 1)1 (2n 4+ D Q2B L2

(m+n+1)(m+n+t?2) mtn(ab®) la > 0],

a

. JH2n+1(b'\/E) Haniq (ib\/a — w) dz

0

N

a

2b4
—n;
=24"+1iF2(n+g)a2b21F2( 5 24 ) [a > 0].
2

)

3. J(a — 2)"Y?Hapir (bv/T) Hap, (bva—z) dx

= (=2)m+ng @m+ DU @En - o

m+n+1 m+n(a‘b2) [a > 0]'

4. Jm_1/2(a —2) Y2 Hyp (by/Z) Han (bva—z)dz

= (=2)™""(2m — D210 — D! Lyyyn(ab®)  [a > 0].

5. Jw_1/2(a - w)_1/2H2n(b\/E) Han(ibva — ) dz

2b4
s
:24”F2(n+;)1F2< = ) [a > 0].
3

6. J(a - w)_1/2H2n+1(b\/5) Han(ibva — ) dz

a

2b4
.
=24"+1F(n+%)F(n+g)ablF2( s ) [a > 0].
2

)

7. J {Sm(am)}Hzn(b\/sinm)Hzn(ib\/sinm)dm
cos (az)
4
24"t 1N\2 | mma [ sin(mma/2) —n,n+%,%,1; bj
T~ T (5) St cos (mma/2) aFs| 11 s a a |”
n —. =, = —_— —
4’2’4’1 2’1+2
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4.17.6] 4.17. THE HERMITE PoLyNoMIALS Hp(2)

mm

8. J ! {Si“(“)}H%H(bx/siE) Hyns1 (ibVsinz ) da

sinz | cos (az)

3 1 b
2 2 sin (mma/2 -n,n+ -, -,1; —
:24n+3ib_ (g) sin V7@ { ( / )}4F5(3 5 272 4 1.
a n =z =z a 1_|_g
2 4 2’ 2

2 2 cos (mma/2)

9. J e_”Hgn(bVSin w) H2n(ib\/sin w) dzx
0

1 b
(1 emray 2" (1) L —mrto ol g
=(1—e )a(§)45113 ia ia |
" vyl

mm
10. J enm Hony1(bVsinz) Hopy1(ibVsinz ) dz
0

si

3 1 b
=(1_6_mﬂ—a)24n+2i£ § ? F _n’n+§a§al, vy
a2n453351’5¢11ia'
—y Ty Ty L T —, + —
2’4 4 2 2
)
11. J €~ Hypn (bV/sinz ) Hapn (ibVsinz ) dz
0
11 bt
94n (1)2 ( _n’n+§’§’1; T )
=2 \3), 45 i . [Rea > 0]
a 2 113 . ia ia
n 2351211 2,1—|— 2
* —ax
12. J Zinm Hant1 (bm) Hap1 (Zb\/m) dx
’ 1
3 1 b
2 2 PRI S PR
= 4n+2'b 3 ’ 279770 4
=2 v (2)n4F5(3 3 5 da 1+Z-a) [Rea > 0]
531727 E, E

13. J erfc (¢) Hp(z) Hpy (z) de

= Ipl ¢ [(—1)" . 1] n!(n8+ 1)! ([n_2|_1:|!)—2 -

14. J erfc (V2z) Hy(2) Hppq () da

=2"‘2£22'{ +[(-1)" — 1] "!("8+1)! ([n-;l]!)—{
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CH. 4. DEFINITE INTEGRALS [4.18.1

15.

e Hayp (z)H2 (i) dz =

16.

1
e H2, (z)H2(z) dz = 2™t 'minl\/7 3 Fy <_nll 1_7; 2).

17.

Obﬁg

1
2 -m, —n, —; 1
e 2" an(m)HfL(x)dszg(2m—1)!!(2n—1)!!3F2( . 2 )
2

18.

. [n/2] (,)2
e =2’ Hi(2)H} o (2) de = 227 (n!)? Z (z,)f-
k=0 '

0558

4.18. The Laguerre Polynomials L}(z)

4.18.1. Integrals containing L) (z) and algebraic functions

T s—1 t—1 7 ) _ ()\ + 1)n s+t—1
1. Jw (a—z)" Ly(bz(a—z))dz = e B (s, t)
0

a”b
_nasat;T
x 3kF3 st s4til [Res,Ret>O].
A+1, TR 3

N

J'mk(a —2) L) (bz(a — 7)) dz

= 7{1/2(%)”‘“ wlﬂﬂ/? <ﬁ) [Re A > —1].

(n+)\+ ) 4
5. | nlbnla ) d = ()" s e ()
0

o*(a— o) 13 (bv/ala — 2)) do = VIO A Dal2s 42

-
oO——0

25+1
niT(25+7)
—n, 28 + 2; ab
X o Fy 52 [a > 0; Res > —1].
)\+1,2s+§
-1 2
5. Jm / Ln(bvz(a—2)) dz = (-1 (2n+ \/7H2n+1<\/ )
0
[a > 0].
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4.18.2] 4.18. Tue LAGUERRE PorynomiaLs L)\ (z)

4.18.2. Integrals containing L)(z) and trigonometric functions

1. J {sm (az) } LA (bsin® z)dz = 2 sin m;ra

cos (az) a

N {sin (m7ra/2)} A+1), 3F3< —n, %, 1; b

cos (mma/2) n! A+1,1-2 140
T A L
2. Jsin“x{sm(am)}LQ(bsinz 2)de = — 2w+ DA+ Dn
cos (az) n!f‘(”;a+1)f‘(”;a+1)

sin (am/2) —n, —”-ZH, §+ 1; b
x 2 sF3 K—a p+a
cos (am/2) = +1, 42

3. J {sm ((m)}sin% mLQ( b2 )dm: 2(-b) sin 2

cos (az) sin® z nla 2

. 1
9 {sm (mma/2) } P (—n, “A-mn, o,

1
cos (mma/2 _a a _1
(mma/2) 1- 5,1+ 55—,
mr —n, 116
4. J e~ [ (bsin® z) dm:(l—e_m"“)@gﬂg ’Zi’a ’ ia |-
nla At+l,1-e pyte
0 2 2
mm
5. Je_‘”sin%wLi‘L( b2 )dw
s T
0
(=b)" —n,-A-mn, 11
=" (l—e_m"a)4F2<1 ia ial2 1).
BRI
I —n, 1 1,8
6. Je—ang(bsin%)dm: QA4 Dn gy 2277 ) [Rea> 0.
na ,\+1,1—%,1+§
0

sin” x

e (—b) n,—A—n ! 1
_ . 9 A b -b)" N, AT, o,
T Je a’zSInnan< 2 )dm: nla 4F2(1 ia L“-Q 1)
0

8. Jms_l In Vatva-z L) (bz) dx
Jz

_ a2a* (A4 1).I(s) —n, s, s; ab
- 3
n!2sl"(s+%) )‘+133+%13+1
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CH. 4. DEFINITE INTEGRALS [4.18.3

4.18.3. Integrals containing L) (z) and erfc (z)

oo

1 ol 2
1. J; eI'fC (a\/;)Ln(b:L') dr = m}’,’glY 1/2) (]. - ?) [Rea > 0].

4.18.4. Integrals containing products of L (2)

(m+ n)!
mln!

1. JmA(a — o)L (bz) LE(b(a — z)) dz =

xBA+m+1,p+n+ l)a)‘+“+1L,)‘ntr"n+1(ab) [Re A, Rep > —1].

2. JmA(a — 2" L)\ (ba) LA (~b(a — z)) dz

a’b?

AT T+ n+ ) D(p+n+1) 7 - —

(n)® T(A+p+2) T2\ A4p ) Atne3
2 ’ 2

[Re A, Rep > —1].

mT

3. J {sin(aw) } L(~bsinz) LA (bsinz) dz = > sin "7 {sin (m7ra/2)}

cos (az) 2 cos (mma/2)

2
(w+1a)? —n,)\—f-n—%—l,%,l;%
x l 45 xp1 a
2

a
AL AL L= 2 14

4. J e~ LA (—bsinz) L) (bsinz) dz
0

1 b2
(A+1)3 —mra —mAtn+l, oL o
= 12 (1_6 )4F5 A+1 X ia ia |°
(n)”a S AL AL 2

5. J e~ LA (—bsinz) L) (bsinz) dz
0

1 b’

A+1)2 —n,)\—i-n—i—l,E,I;Z

= nZ 4F5 A+1 A ia ia [Rea>0]
(n)a S SHLA+LI- P14
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4.19.2] 4.19. Tue GEGENBAUER PorLyNomiaLs C)(z)

—2A-1
D) A

6. [ e (1, [13()]” da = T (5),(5),

1 1
—m, _n1A+*7*; 1
X()\+1)m()\+1)n4F3< 1 1 2" 2 ) [Re X > —1/2].

i—m,i—n,)\—l—l

4.19. The Gegenbauer Polynomials C))(2)

4.19.1. Integrals containing C;)(z) and algebraic functions
1. Jx_1/2(a - x)_1/202)‘n (by/z(a— 1)) d
0
_ n ()‘)n (0,2-1) a’b?

a

2;2
2. ch)‘nﬂ (by/z(a—)) de = (—1)”7r4g)‘)7"+1a2bP£1’)‘_1) (1 - a2b )
0

n 4+ 1)!

4.19.2. Integrals containing C;\(z) and trigonometric functions

™

1. Jsin“ x { sin (az) } C3. (bsinz) dz

cos (az)

{1\ 2740 (p+ 1)(A)n sin (am/2)
= n!F(“%’ + 1) r(“zﬁ + 1) {COS(M/2)}

—n, A+n, “—H, By
x 4F3| 2 2 [Rep > —1].

©—a n+a
3 o2 th5 Fl

2. Jsin" z { sin (az) } C3ni1(bsinz) dz

cos (azx)

— (-1)" 27 b T(p 4 2) (N nt1 { sin (a7 /2) }
- n!F(“_“+3)F("+“+3) cos (am/2)
2 2

—n, A fnt 1, E 4, 7“;3; b2
X 4F3 3 p—a+3 p+a+s [Reu>—2]
2’ 2 2
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[4.19.2

CH. 4. DEFINITE INTEGRALS

3.

4.

mm
J sin (
cos
0

(az)

= ()"

2(A)n gin 7@

sin

} Cinii(cosz)da

nla
T2
sinz | cos (az)
0
— (_ n4()‘)n+1
=(-1) nla
5 TTr 1 sin (az)
' cosz | cos(az)
0
.. mmTa
= 2sin 3 {

mT

G.l{

mT

7.l

e sin (ax) . 9 2 A 1
8. J{ }l—i-bsm )20 ———— ) dz
0 ( ) V1+bsin?z

9.

az) } C3 (bsinz) dz

2

{ sin (az) } Cinii(bsinz) dz

mma
2

sin (mma/2) —n, A+n, 1; b
3F2 a a .
cos (mma/2) 1-2,1+47

sin (mma/2) p At b2
cos (mma/2) [ *72 1—%,1+% ’

—mA+n+L;,L1)

2n 4+ 1)la

sin(mma/2) | (2A\)2n41
( 453 1 a a

cos (mma/2)

sin (az) } Ci (\/ 1+ bsin? m) dz

cos (az)

mma

= 2sin

_
V14 bsin?z

. mma
= 2sin
2

cos (az)

2

{

{Enmmrt) B

sin (az)
cos (az)

mma {

= 2si
sin 2

T{me

mma

= 2sin

}sin"mC’fl‘( ,b )dm
ST

{sin(mm/m}(»n(%)nm ~5 T3
I—A—ml—%J+g

2

cos (mma/2)

4
(2n)'a ,\+%’1_

}02)‘"+1(v1+bsin2m) dz

—-n, A+n+1, %,1; —-b
413

2n +1)la 1 4_a a
( ) At 1-214+12

sin (m7ra/2)} @Nn g
cos(mma/2) | nla *

nla
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4.19.2] 4.19. Tue GEGENBAUER PorLyNomiaLs C)(z)

10.

11.

12.

13.

14.

15.

16.

mm

J e 2®C (bsinz) dzx

0
= n (A)n —-mma -n, \+mn, 1; b
= (1PN )3p2< A

2 2
mm —ax
€ A .
J sin Cint (bsinz) da
0

b 1 2
p— n n+ n, A + n |’ = ; b
= 2(—|) L (] e—m'rra) F ( il' 2 z'1 )

nla 3 . ia ia
2’1 2’1+2

mm
J e 9CR (cos z) dx
0

1

(2A)n —mma —n, A+ n, = 1; 1

~ (2n)! (1-e ) aF3 1 ia -
(2n)'a At 1-214 2

—azx

mm

€ A

—0C. cosz)dz
J cosx 2ntl ( )
0

1
=(1—e_m"a)M F (—n,)\+n+1, 20 L 1)-

m+1)a? ? 1. da ia
( ) DRI EL R
mm
J' e_azSil'ln.’ECT)l‘( ‘b )d.’I:

sin
0

n 1-n 1 _9
A)n - S T
= (2b)" (1 —_e mwa) JF3 2 2 2’ )

1
nla 1—A—n,1—%,1+%

mm
J e_azc,),‘(l + bsin® z) dz
0

N | o

1
— (2A)" 1 — e~ ™m7a F -n, 2)\+n, 3 ]_, —
= 1 ( € )4 3 1 ia ol
nla /\+5’1_3’1+§

mm

[ eeeon, (Vitboin's) da

0
1
= (2A)2" 1 —mma) [ -n,A+mn, 27 1; —b
RO ) 4l aplq_de g e
2’ P o>
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CH. 4. DEFINITE INTEGRALS [4.19.2

17.

18.

19.

20.

21.

22.

23.

24.

mm

J mcg\n_’_l(v 1+bsin2$) dw

1
2))2n B —n, A+n+1,-,1; —b
N ((2nl—21J)r!1a (I-e mm)4F3< 2

1 ia ia
A g 1-2 1+ 2

—azx . n/2 1
e (1+bsin’z)" " C <> dz
l " V14 bsin?z
1-n 1

— (2A)n (1_e—m1ra) 4F3(_2’ D) 5.571; _b)

_ . Mn —n, A+n,1; b2
e ”ij‘n(bsmw)dwz(—1)n%3F2< 1_ia q ia
2’ 2

) [Rea > 0].

O_wg

J e %C3, .1 (bsinz)dz
0

26(A\)n —n, A+n+1,1; b
= (—D”ﬁ;in( 3—ia 3+ia ) [Rea > 0].
) 2 ' 2

J LCQ)‘HH (bsinz) dz
0

sinz
A b —n,A+n+1 1 1; v?
22(_1)71()7;74»14}73 3 ia 2 ia [Rea>0].
n:a 5,1—;,1—}-?

T —n,A+mn, 5151
J e~ %02 (cosx) dz = (2)\)‘2" 4F3 ; i’a2’ ’ ia [Rea > 0].
o (2n)ta At l-g 1+ g

oo 1

—az 2))am —-n,A+n+1,-,1;1
Je—Cg‘nH (cosz)dz = ()72*]14F3 1 ia 2 ia
Ocosw (2n+1)la )\_1_5’1_?’1_1_?

[Rea > 0].

—az b
e ‘“:sm"wC,)l‘( - )dw
sSinx

0558

1-A—n,1- 2 141

n 1—-n 1 —9
(A)n T 5 T 5 19 1; b
= " (2b)n4F3 2 2 2 . [Rea>0].
2 2



4.19.3] 4.19. Tue GEGENBAUER PorLyNomiaLs C)(z)

nla

0o b
-n,2x+n, -, 1; —-
25. J e 9 Cr(1 + bsin® z) dz = (2/\)"4173( 2 3)
0

o0
-n,A+mn, —,1; —b
26. Je_”Cz)‘n(\/l—l-bsinzm)dmz (22)2” F3< S )
0

[e e}

1
27. Je_‘” 1+ bsin’z "/2CQ<4) dz
( ) V1+ bsin? z

A n 1—n 1 1: —b
_ @2 )"4F3( 2’ 2 2’ ) [Rea > 0].

4.19.3. Integrals containing products of C}(2)

1. sz cos” z cos (ax) [C’fl‘ (\/ 1+ bcos? m)] ’ dz
0

v+1 v
B 271l (v + 1) (20)2 5F4<—n, A 2A4n, S 1+ Y —b)
- 2 v—a v+a 1 v—a v+a
(n!) F(T—i—l)f‘( ' +1) At 52014 14+ 23
[Rev > —1].

2

COSs

2. st o {50 03 (Vi e e

B (n)’r (5% +1)r(“5e

2
oy A 204, Y 1Y
X 5Fy 2 2 [Rev > —1].

A+%,2A,1+”_“,1+”;“

27 al(v 4+ 1)(2))2 { sin (a7 /2) }
+ 1) cos (am/2)

2

mT

3. J {Sin (az) }[c}l(cos a:)]2 dr — %Sin mma {Sin (mma/2) }

cos (ax) 2 cos (mma/2)

1
20),, 12 —n,n+2\ A, -, 1; 1
X[#] 5F4 1 2 .
n: 2\ )\+5 1—-,1+
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[4.20.1

CH. 4. DEFINITE INTEGRALS

1 "]{ D er(Vizosis)]

cos (am
1
—n, n+ 2\, A, 2 1; —b)

mra [ sin(mma/2) ) 1(2A)n 1>
[ 1 ] 5F4 1 a a
cos (mma/2) n! 2,0+ 5,1- 2,142

= — sl
a 2

mm
2
5. J'e_”[CQ(cosx)] dz
0
1_ e~™ma (2A)n 2 7 —n, A, 2A + n, 11
o a [n!]54)\+12)\1_’;“1+’;“'
PR 2’ 2

mm 2
6. Je_‘”[CQ(vl—l-bsinzx)] dz
0
1_efm7ra (2A)n]2 (—n, TL—|—2)\, )\, %, 1, _b)
5 1 ia ia |°
A, 24 1- 2142

a n!

—n, n+ 2\, A, %,1; 1 )

(2,\)71]2 5F4(

oo
_ 2 1
7. Je ”[C;‘(cosw)] dz = 7[ )
al n! 1 _ e ta
) D N s P
[Rea > 0].
[ee)
. 2 2
8. Je_‘”[Cfl‘(vl—i—bsm x)] dz
0
1
1 22) 2 —n,n+2\ A, -, 1; b
27[%] sFy 1 1.3 ia [Rea>0].
al n! D P s P

4.20. The Jacobi Polynomials P{"?) (z)

4.20.1. Integrals containing P{?)(z) and algebraic functions

L. [a 7 (a=2) " PP (14 ba(a—2))do = LED2 B (s, )
0
—n,p+o+n+1,s,t

s+t—1
a 4F3< s+t s+t+1__ a’b

[Res, Ret > 0].
p+1, ;

’ 2 8
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4.20.3] 4.20. THE JacoBl POLYNOMIALS P,(LP’U)(z)

n!

2. Jw“‘(a — 2y 2P0 (1 4 by/z(a — z)) dx = 2721 2+ Do
0

- 1,2 2
XB(%’23+2)G26+3/23FQ< mptotndtl 2t ) [Res>—1]

5 b
p+1, 25+ o5 — =

4.20.2. Integrals containing Pff"’) (2) and trigonometric functions

2mm

1. J {Si“(”)}P},ﬂ’“)(cosm)dx

cos (az)

. 1
— 1, -,1

= 2sin (mma) sin(mma) | (p+ 1) 2N protntlg 1)
cos (mma) nla p+1,1—a,1+a;1

R

J { sin (az) } PP (cos® z) da

cos (az)

= 2sin

1
mma {sin(mwa/2)} (p+Dn p (—nap+o+n+1,2,1)
———a4F3 :

2 | cos(mma/2) nla p+1,1—%,1+%; %

3. J e~ PP ) (cos? ) dx
0

1
- 1,11
_ —mma (p+1)n n,pto+n+ ’9?
=(1-e ”)W“F3( ' 1]
2

-~

nla

oo 1
-n,p+o+n+1,-,1

J e—azPT(lea') (C052 m) dx = (p+ l)n 4F3( 2 L

0 2

P11 14

5. J e~ P9 (1 + bsin® z)dz
0

1
—-n,p+o+n+1,-,1
= M4F3< . 2 [Rea>0].

| b
ma P11 1+ T =2

4.20.3. Integrals containing P{"“)(z) and J, (z)

1. J (1—z)?1+ 2)’J,(av1—z) P9 (z)dz

1

o1 1
— 9(p+30+3)/2 ;~o—1 %Jﬁﬁ%ﬂ(\/ﬁa) [Rep, Reo > —1].
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CH. 4. DEFINITE INTEGRALS [4.20.4

4.20.4. Integrals containing products of P(* %) (z)

1. J {Sm (o) } P9 (—cosz) P{P?) (cos z) d
cos (ax)

= (—1)"2sin

e (dn(mre/2 ] (o Dty £
2 | cos(mma/2) (n)?
pt+o+1 p+ o

—n, , —|—1,p—|—a+n+1
X6F5 2 .
P+1a‘7+1ap+‘7+1a1 5a1+5a

mm
2. J e~ PP (—cosz) PP (cosz) dz
0

= (1 - ey (3G D

—mp+”+1p+”+1p+o+n+1 1
X 6F5 .

2
p—l—l,o—}-l,p—l—o—l—l,l—?,l—}-?

3. J e~z plpio) (—\/ 1+ bsin® m) PP (\/ 1+ bsin® m) dz
0
— (_1)n(1 _ e—mﬂa) (p+1)a(o+1)n

- (n))’a

—n, protl p+a—|—1,p—|—a+n+1
X6F5 2 b .

p—l—l,a—i—l,p—i—a—l—l,l—g,l—i-g —

P(p+ 1)l (o +1)

[ee)
4. J e~ PP ) (—cosz) PP (cosz)dz = (—1)" 2
. (n)*a

_mﬁiiiLP+U+Lp+a+n+1
X ¢Fy 2 [Rea>0].
p+1,0+1,p+0+1,1—?,1+?,

[ee)
5. J ez p(p:o) (—\/ 1+ bsin® m) Plp:o) (v 1+ bsin? m) dz
0

pto+1 p+a-
1y Tt Do 41) (o ST T b ko bt
(n)*a P+1,U+1,p+a—|—1,1—f1+ b

[Rea > 0].
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4.21.1] 4.21. THE CoMPLETE ELLIPTIC INTEGRAL K (2)

4.21. The Complete Elliptic Integral K (z)

4.21.1. Integrals containing K (z) and algebraic functions

1 2\s—1 2 1 S
1. Jiw(_l_w) K(z)de =" )(l—a)_1/22F1( 2’ )
0

4F2(5 s+%,a
[Res > 0; |larg(1—a)| < 7.

1
2. Jx(l —2?)"V2K (az)dx = % arcsin a [larg (1 — a®)| < 7].
0

w
O =

11+ az)’ K(V1 - z)dz = TFI—‘Z)(S));;Fg( T )

2 1 - 1
or (s+E s+5 8+
[Res > 0; |larg(1—a)| < 7).

z* Ya—2)'K (bv/z(a—z)) dz

=
O—0

1 a*b®
om sHt—1 5357 y Uy 4
—EB(s,t)a 4F3(1 s+t s+t+1)

o2 2

[Res, Ret > 0; |arg(4 — a®b%)| < 7].

5. JK (bvz(a—x))de = T arcsin 7” [|larg(4 — a®b%)| < 7].
0

6. J K(byv/z(a—=2))de = < arcsin 711 [larg(4 — a®b%)| < 7.
0

7.

T (b\/m) [ b\/l— o'y’ + (3a%b? — 2) arcsin %b]

0
[larg(4 — a®b?)| < 7].

¢ a2 ()
0
[larg(4 — a’b?)| < ).

9. Tx—w(a V2K (by/2(a—2)) de <4")

[|larg(4 — a®b%)| < 7].
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CH. 4. DEFINITE INTEGRALS [4.21.1

10.

1

=

12.

13.

14.

15.

16.

17.

a
|
0

|

T

0

|

|

2

|

0

2

|

o

/2 K (b V(a— z))dz =

sH1/2(q — 2)° K (by/z(a — z)) dz = 2727 213/2¢ 25+3/2—F((25+2))
I'({2s +
%, %,23—}-2
x 3F3 5 ab? [Res > —1; |arg(2 — ab®)| < 7.

na'/? ab’
/2K (b\/x(a—w )dz = —

4b? 2

+ (ab® + )arcsin(b

N

) [|larg(2 — ab®)| < 7].

23/2 B3

[larg(2 — ab®)| < 7].

zV/4(a — —lK (b\/m(a—m ) dz

= 4\/— [ ¢1< )—1#2(%()2)] [larg(2 — ab®)| < =].

2= a—2) 'K (by/z(a - 2)) dz f <a2bQ>

[larg(2 — ab®)| < 7].

V42— 2) K (V2@ —2))de = 8\/% [F“( )+16F4( )]

e 2 K (Y ) de = T ().

T —1/2 by/z(a— z) d
i\/l—l—b2 a—w (\/1+b2 a—w)) *

227 < ab?
\/7 \/l—l—— [|larg(2 + ab®)| < 7.



4.21.2] 4.21. THE CoMPLETE ELLIPTIC INTEGRAL K (2)

4.21.2. Integrals containing K (z), the exponential, hyperbolic and
trigonometric functions

1 , .
1. Jw"_le‘“”K(\/l—m)dmz7:rF (5)1 2F2< 55 1) [Res > 0].
: or (5—1—5) s+ .84
1
o, Jms sinh(av/z ) K(VI-2z)dz
! sin (ay/z)
wal?(s+ - s+5. 8+ s
= #2173 4 [Res > —1/2].
(s +1) 5,3—!—1,3—1—1
1
3. ot cosh(av/2) |y A=) do
! cos (av/z)
2 s, 8; :I:i
2%25_’3 1 Lty [Res > 0].
2r® (s + ) »itysts
4. 1 h(ayz)K (VIi—z)d -y (9)1(9)
Jsma z)de="-Io(5) 1(3)-
0
1
~1/2 w2 ofa
5. Jw cosh(a\/E)K(\/l—x)dxz 7]0(5)_
0

sin (avz)K (V1 —=z) dz

=]
O~
I
|>!
M)
S
~
N
——
&~
~
N e
N——

7. jml/zcos(aﬁ)K(M)dm
() - 224 (2) )
8. Jw_1/2cos(aﬁ)K(\/E) dz = ng(%).
/2
9.

J cos (2nz) K (asinz)dz = 272" 21 (—a?)"
0

1

F2(n+5) n+l ntl ntl 2
* W3F2 ’n,2—|—]_ 2727,—+-]_ 22 [|al‘g(1—a )| <7r]
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CH. 4. DEFINITE INTEGRALS [4.21.3

w/2
2—1/—2 2r. 1
10. cos” z cos (az) K(bcosz)dz = T T(v+1)
F(”_a+1)F("+a+1)
0 3 5
%a %a V‘2|‘1’1+g; b2
x 4F3 L14v-e 14 vta [Rev > —1; |argb| < =].
) 5 2

cos (az)

11. Jsin" z { sin (az) } K (bsinz)dz
0

27 (v 4+ 1) { sin (am/2) }
+1)

o v—a v—+a 9
r(“;%+1)r(“ cos (ar/2)
1 1 v+1 1+£ b2
><4F'3 27 97 2_ ) 2’ [Rey>_1; |argb|<7r]_
(1’1+I/2a’1+u;a
" fsin (az)
12. J SIAAT) L g (bsinz)dz = T sin ™2
cos (ax) a 2
11 1,2
sin (mma/2) =, =1 b \
X F | 272 2 1—b2) | < al.
{cos(m7ra/2)}3 2<1_g’1+; [larg( )| <]
i 111
13. J'e—amK(bSin:I:)d:pz%(l_e—mﬂa)3F2(12_azia 21,+ m)
0 o1+

s 111 42

14. Je_‘“”K(bsinm)dmzlgFQ 2727 2"

2a 1-2 14

0 2 2
[Rea > 0; |arg(1— b2) | < x].

4.21.3. Integrals containing K (z) and the logarithmic function

z(1— 22732 Inz K(z)dz = —%.

[y
O

1
3 441_ 2
2. J ad In v (1-=) K(m)dm:—%—l—@—l—ﬂnl
0

(2-2)"" " (2-2%)

268



4.21.3] 4.21. THE CoMPLETE ELLIPTIC INTEGRAL K (2)

1
s—1 7raF2(s+1)
3. |z ln(l—i—am)K(\/l—m)dm:ﬁ
0 2T (5+§)
1,1 1 1
X 4F3< Lot ’53+ ) [Res > —1; |arg(1 + a)| < .

3
2,5—1—5,54—5; —a

1
4. Jm_3/2 In(1 - az) K(VI—7)dz = 2x[(1 — a) K (va) — E(v/a)]
0
[larg (1 —a)| < m].
1
5. Jm_3/2ln(1+am)K(\/1—m)dw
0
:27r(a+1)1/2[K< aL)—E( aL)] larg(1 + a) | < ).
1 7raF2(s+1)
G.l lln(a\/——i—\/l—i—ax) V1—1z) dmzm
1
><4F'3(32 2" ot 2) [Res > —1/2; |arg(1l + a?) | < 7].
5,s—l—l,s—}-l, —a
1
7.J (a\/_—i—\/l—i—a m) V1—z)dz = a[2¢2(—a2)—z/;3(—a2)]
0

[larg(1 + a2) | < x].

s—1

1 2 1
8. l\/ﬁmln (aﬁ+ \/l—i-azm) K(VI-2)dz = m;;((::l;)

1

1,1 s—}-1 s+ =

x 4F3 3’ ’ 2’ 2 [Res > —1/2; |arg(1 + a®) | < 7).

2
5,.s—i—l,.s—l—l; —a

1

9-lﬁ n(ave +V1+ %) K(VT-2)d o= T otvitel

[larg(1 + a®) | < 7].

z ln(a\/E—i-\/l—i-azm)K(M)dm

10. | ———
V1+ a2z

(=

_ 2 2
—7]n(a+ 1+a) [larg(1+a®) | < =].

269



CH. 4. DEFINITE INTEGRALS [4.21.3

11.

12.

13.

14.

15.

16.

17.

18.

19.

1 2 1
Jms_ll itzg K1 -z)dz= ﬂaFE(Ei—;)Z)

0

1 1

,1’5+7’5+7

x 4F3| 2 t [Res > —1/2; |arg(1 — a?) | < 7].
2,3—}-1 s+1; a

[ K(VT=2)do= T [n-2B(@)]  [argt—a?)| <]

1

Hl 1+\/_K(\/1—m)dm_47rG

]__

0

S — SAn(D) (L
Jms_ll 1-vVi—z? K (az)dz 21 aF3| 2 +§ i
1—-+v1—22 251"('9;) 1, 2 a§+1

[Res > 0; |arg(1— a2) | < .

1
/1 — p2
Jmln% K(az)dz = % (aarcsina—i— 1-—a? — 1)

a 3/2 a°T 1 1 s s, 252
\/2—2 *afafafaab
ms—llnu}{(bx)dm_ Jd’% 272727 2
z s F(s+1) +1s 4
0 2 7’2
2

a
J' a+va?—z2
zln ———M—
T

0

K(bz)dz = % [ab arcsin (ab) + V1 — a?b? — 1]

[larg(1 — a®b%) | < 7].

T 3, a++va?—z? ™ 474 272
In——— K(bzx)de = —F——=(a"b" — 17a°b" + 16
im s (bo)da = e et ¢ )
727;4 [3ab(2a%b* + 3) arcsin (ab) — 16]  [|arg(1 — a®b%) | < 7).

a
J z® lna+\/a2—m2 K( bx )dw_ﬂ\/a2b2+1
b2z? + 1 T b2z? + 1 72b*

x (a®b* + 16) +

T [3ab(2a2b2 -3)In (ab + \/m) - 16]

[larg(1 + a®b?) | < 7).

270



4.21.4] 4.21. THE CoMPLETE ELLIPTIC INTEGRAL K (2)

20.

]1' T lna+\/a2—m2K< bx )dw
J VvVb2z? +1 T Vb2z?2 +1

= %[abln (ab—l— m) - m—kl] [larg(1 + a?b%) | < 7).

1
1+aVvl—2? _mm
21, [ 0 K(e)do = 7[5 - E(a) lorg(1 — a) | < .
1
22. J '~ In? (af+m)K(¢—)dw_L@J;)
’ 20 (s + 3)
1,1,1,8+1,s+1
x 5F4< 2, s+ s’s_i_%_ _az) [Res>—1; |arg(1+a2)|<ﬂ-]‘

1
23. J z~/2n? a\/——l-\/l—l-ot2 ) (V1—=z)dz
0
ﬂ'
4

- 7 [ (1 VT LY gy (1R )]

[larg(1 + a2) | < x].

24.J 2792 n?(avz + V1+ 0% ) K (VI—2) dz
=7r2[1—\/1—a2+aln(a+ 1+a2>] [larg(1 + a®) | < 7).

[=}

1
o 2\eyan(a 2 _ |27 (s +1)
25. l(m z?)*In"(z — z°) K(V/z)dz = 7 (3/4) D] l F2(3+Z) ]

[Res > —1].
4.21.4. Integrals containing K (z) and inverse trigonometric

functions
1. Jarcsin (avz)K(VI—7)dz = %{21/;2(6;2) — s(a?)]
[larg(1 — a®)| < 7].

2. jarcsin(ﬁ)K(ﬂ)dm = zF‘l(§).

0
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CH. 4. DEFINITE INTEGRALS [4.21.4

L

4) 4327 4

. Imarcsin(ﬂ)K(ﬂ)dm: %F‘l(%) L (1)

1 ’ ;
e ‘ wal (s + 5)
| i e 0B K T2 e = o T

1 1

wams( 0Tt g 1/2; |arg(1 — a®

aF3| 2 [Res > —1/2; |arg(1 — a®) | < ).
5,5—1—1,5—1—1;(1

1

-1 2
5. J — 2 arcsin(avz)K(V1—2)dz = % arcsina

’ V1— a2z
[larg(1 — a®)| < 7].
1
1 . 7 1++v1-a?
6. Jﬁarcsm(aﬁ)K(\/l—m)dm = —%lnf
0

1 7r3/2F(3+1) 11 s 541, o
7. Jms_larccosmK(am)dm=72 F3<2 27 2’ ’ )

’ 2
) 2r(2) O\ Lt s
[Res > 0; |arg (1 — a2) | < =]
1 2
8. Jarccosw K(z)dz = % In2.
0
1 2
9. Jmarccosm K(az)dz = 7;—6[21,02((12) — 93(a?)] [larg(1 — a®)| < =].
0

1
10. Jm arccosz K (z)dz = 47r3F_4(1>.
4
0

1
2
11. JmQ arccosz K (z)dz = TILG In2.
0

1

12. J’arccosm [E —K(am)] dz = g < 1— a? —ln# —1)

z2 2

[larg(1 — a®)| < 7).
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4.21.4] 4.21. THE CoMPLETE ELLIPTIC INTEGRAL K (2)

b s—1 71'3/21—‘(&)
13. J'wiarccosmK<L de = — N 2 7/
J va?z? +1 a?z? +1 2521“(f)
2

1 1 s s+1 _a2
on(SEET) e <o

)dz = T [262(~a?) — s(~a?)]

a?z?+1

[larg(1 + a®)| < 7).

1
15. st_l arctan (av/z ) K(vV1—z)dz
0
2 1 1 1 1, 2
:7rarl (5+§)4F3 571’54‘5,5‘1'5,_0/
(s + 1) 2,34—1,3—1—1
[Res > —1/2; |arg(1 +a2) | < x].
1
16. larctan(aﬁ)K(\/l—w [2\/1+a2E(m)—7r]

[larg(1 + a®) | < 7).

17. Jarctan(ﬁ)K(ﬂ)dm: V2n [F2( )+8 - (4) - (27r)3/2].

18. Jarctan(aﬁ)K(ﬂ)dm — g [(1+a2)1/2E( a ) B g]

s—1 . 2 7ra2l"2(s—|—1)
19. [z* 'arcsin®(avz)K (V1 —z)dz = —F— 7
2

o)

) [Res > —1; |arg(1 — a2) | <.

(=

% - F 1113—|—13+1a
5 72s+,s+—

1
20. Jw_1/2 arcsin®(av/z) K (V1 —z) dz

0

= % [2L1 (1_‘/;_7“2> —ln2<1+\/21_7(ﬁ)] [larg(1 — a®) | < 7].
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CH. 4. DEFINITE INTEGRALS [4.21.5

21. |2~%?arcsin?(avz) K (Vi—z)dz=n" (\/ 1—a? + aarcsina — 1)

(=

[larg(1 — a®)| < 7).

2
22. (7r —121In? 2)

24

z~ /2 arcsin? /z K (vl - w) dr =

(= L

1
2
23. Jm_3/2 arcsin®(vz)K (V1—z)dz = 7T7(77 —2).
0
4.21.5. Integrals containing K (z) and Lia(2)

T 2
1. Jms_lLiz(an)K(\/l ~o)dg = T2 (1)
0

2r? (s + 2)
x 5F4<1 21 21 :1‘:{ “) [Res > —1; Jarg(1 — a?)| < 7].
2 Im*/ZLu(ax)K(M)dx=27r[2(a—1)K(\/E)+4E(\/E)—7r]
0 ang(a - %) <.
3. jm_3/2 Liy(—az) K(V1—z)dz = 4m/a + 1

0

x[2E< ail)—K< ail>]—27r2 [larg(1 +a®) | < 7].

1
4. J 2732 Lig(2) K(V1 — z)dz = 2n(4 — ).
0
1
5. J 2% Liy(~2) K(vVI—2) m=25/2\/7_rl"2(§)—27r2.
0

4.21.6. Integrals containing K (z), shi(z) and Si(z)

1. jms—l{sﬁi(“ﬁ)}K(M)d@«

Si(av/z)
2
7ral"2(s+%) %,s—k%,s—}-%; :I:%
= ——5—"3Fy 3 3 [Res > —1/2].
2% (s + 1) L4l st
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4.21.9] 4.21. THE CoMPLETE ELLIPTIC INTEGRAL K (2)

2. JSi(aﬁ)K(M)dm - “; [a3(5) —200(5) 1 (5) +asi(5)]-

0

4.21.7. Integrals containing K (z) and erf (2)
1

1. Jms_lerf(aﬁ)K(\/l —z)dz
0

\/;al'a(s%-%) L+l s+l —a?
= 5 ———"3F? ; ? 2 [Res > —1/2].
I(s+1) E,s—i-l,s—i—l

2. Jms_lea2m erf (avz)K (V1 —2) dz

\/;al—a(s%-%) Ls+2 s+ a?
SR i YA Y I [Res > —1/2].
(s +1) 5,5—1—1,5—1—1

4.21.8. Integrals containing K (z), S(z) and C(z)

1

1. st_lS(a\/E)K(\/l —z)dx

o

3. _a
47 4| [Res> —3/4].
+508

2. Jms_IC(aﬁ) K(Vl-=z)dz

1 _a
4 4) [Res > —1/4].
s

4.21.9. Integrals containing K (z) and ~(v, z)

1
1. Jms_lfy(u, ar)K(V1—=z)dz
0
V2 P
:L‘H‘qgﬂ VSTV STV T ) Re(s+v) > 0.
2uF2(5+u+§) vl s+vd o stvd g
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CH.4. DEFINITE INTEGRALS

[4.21.10

1
2. Jms_leazy(u, az)K(V1—1z)dz
0

7w’ (s +v)
=—F— 3
20T (s—l—u—l— 5)

¥

1,s4+v,s+v;a

u—l—l,s—l—u—l—%,s—}-u—}-%

) [Re(s+v) >0].

4.21.10. Integrals containing K (z), J,(z) and I,(2)

. Jw {L(M)}K( V=) do =

M

~

=)

7.

I,(avz)

v2 v
wa I’ (3+5)

2
a

212 (s n "T“) I'(v+1)

s+ 2, s+ % 52
X oF3 27 2’ 4 [Re (25 + v) > 0.
(s+u+1 v+1 +1

vEL gt
i r=e-z i)
lﬁ‘h(“ﬁ) K (VI=2)de = 7 [Ho(a) ~aH_,(a)).
lﬁh(aﬁ)K(m) dz = 7, [aL_i(a) - Lo(a)].
lms—leaz I(az)K(V1—=z)dz = - (5 :F:Ej ;)Vr)(,,

X 3F3(

. I{’O(“ﬁ) }2K (VI—7) de

Jo(a\/E)

JJf(a\/E)K(\/l—m)dm

1

. Jlf(aﬂ)K(\/l—m)dm

0

1
2
a

14

—l—%,s—}-u,s—}-u; 2a

2u+1,s—|—u+%,s+u+%

- {S;i((;;)) }

)

) [Re(s+v) > 0].

% [cos (2a) + a Si(2a) — 1].

[2sinh?® @ — a shi (2a)].
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4.21.11] 4.21. THE CoMPLETE ELLIPTIC INTEGRAL K (2)

9.

|

10.

11

12.

13.

14.

zJi(avz)K(V1—2)dz = 16%[E’)sin (2a) — 6a cos (2a)

+2(2a% — 1) Si (2a)].

16a®

Jm R(avz)K(V1-2z)dz = ! [—5sinh(2a) + 6a cosh(2a)

+ 2(2a? + 1) shi (2a)].

8| =

P(avz)K(WI—z)de=C— -1+ 1 gn2a)

1
2 4a2 2a

|

+ 4% cos (2a) + In (2a) — ci (2a).
a

J  BavE)K(VI—7)ds

=-C+ % — é — % sinh(2a) + # cosh(2a) — In (2a) + chi(2a).

zJ?(avz)K(V1—z)dz = 161?[10(1 cos (2a) — 11sin (2a)

(= L

+ (4a* + 6) Si (2a)].

Jm Playvz)K(V1-2z)dz = 16% [10a cosh(2a) — 11sinh(2a)

+ (6 — 4a®) shi (2a)].

4.21.11. Integrals containing K (z), H,(z) and L, (2)

1. Ims—l{Hu(a m)}K(M)dxz

2.

3.

|
|

\/7_TF2(3+ ”—2“) (f)wrl

2

L,(avz 2 v 3
v(aVz) (s + 2 +1)T (v+2)
13+u+1 s_'_l/+1_ i
’ 2 2’ 4 _
X gFa| 4 3 . . [Re (25 +v) > —1].
plvtostotls+o+1

Ho(ayz)K(VI—2z)dz = 2[1 — Jo(a)].

Lo(avz)K(V1—z)dz = g[]o(a) —1].
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CH.4. DEFINITE INTEGRALS [4.21.12

4. Jm Ho(avz)K(V1—=z)dz = é[cf — 4+ 4(1 — a®)Jo(a) + 8a Ji(a)].

5. Jx Lo(avz)K(V1—=z)dz = %[4(1—!—(12)10((;) —8ali(a) — a® — 4.

4.21.12. Integrals containing K (z) and L)(2)

1. Jms_lLﬁ(ax) K(Vl-=z)dz

2 _ .
— I (5)(A+3.)n 3F3 nvsvlsa a [Res>0].
n‘2l"2(s+§) )‘+135+555+

N | =

4.21.13. Integrals containing products of K (z)

111
1 2 _7r__3 1 8(1) 8(1) 2°24°2° 1
1. l\/l—.ﬁK(w)dx_ 64 [ ol \g) T ) sk SRR

L 1111115
2J T Kiz)de = " . F.| 22727222271
V1— 22 (@) 167°° SLLLLT
1 7!'2 F2(s) 1’ 1’ 8, 8; a
3 st_lK(aﬁ)K(\/l—w)dwz— ~afs| 2?2 )
0 4 F2(s+ ) 1,5—1—5,3—1—5

[Res > 0; |arg(1 — a2) | < «].

K(avz)K(V1—1z)dz = % [Lig(a) — Lig(—a)]  [larg(1—a?)| < 7].

-
O =

ot
—_—
=~
P
0
N—
~
—
p—
|
8
N—r
IS
8
Il
0|

1—a
l1+a

zK(avz)K(V1—=z)dz = 8%{(1—(12)1n

(=2}
O

+(1+ a?)[Liz(a) ~ Li(—a)]}  [larg(1 - a?) | < ].
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4.22.1] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

11
2 2 R .
T sy 59 8, 8 a
=T (s 4F3| 22 [Res > 0; |arg(1 +a®) | < 7]
4 12 1 1 1
F(3+§) 173+5,5+§

11.} 1+EK<\/HTE)K(M)dx=%2.

1 T
10.lmK<1/1+m)K(\/I—m)dm=wG.
e
12. J\/LﬁKC/I:m)K(\/l—m)dm:(;(3+14G).

13. J K (sinz) K (sin (2z)) dz = —ﬁf‘s(l)

4.22. The Complete Elliptic Integral E (z)

4.22.1. Integrals containing E(z) and algebraic functions

1
z(1—2%)°!

N

sT?%(s) (l—a)_1/22F1< 1/2, s )

(25 + 1)I? (s—i— %) 5+3/2 a
[Res > 0; |larg (1 —a)| < 7.
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CH. 4. DEFINITE INTEGRALS [4.22.1

-

ot

®

1

J; ﬁ E(az)dz

2 +1)v/1 — a2 + 3(4a® — 1) arcsin a] [larg (1 — a®)| < =].

Jms_l(a —z)"'E (bv/z(a—1)) da

1 a’b?

_ T s+t—1 272 Ty

_2B(s,t)a 4F3 s+t s+t+1
o2 2

[a, Res, Ret > 0; |arg(4 — a’b?)| < ).

1

T ma [ 2 . ab a’b?
JE(me(a—w))dw—T <Earcsm7+ 1- 1 )
0

[a > 0; |arg(4 — a®b%)| < =].

ma® [ 2 . ab a’b’
E(b\/m(a—w))dm—T<Earcsm7+ 1- 4)

[a > 0; |arg(4 — a®b%)| < 7].

oO—0
8

2E (bv/z(a—12)) dz

oO——R
8

4

272
64b3 l4(3a b% — 1) arcsin %b + ab(5a%b® +2)4/1 - 2 b ]

[a > 0; |arg(4 — a®b%)| < 7].

oo ()

+(2+a2b2)¢2<a1b2> '(/13<a i )] [a > 0; |arg(4 — a®b?)| < 7].

vaz(a V2B (b/2(a =) de

Tm—lﬂ(a )2 E (by/z(a—z)) dz [(4—a2b2)¢1<a1b2)

a’b? a’b? a’b?
+ a2bz'(/12< 1 ) - = 1/J3< 4 )] [a > 0; |arg(4 — a®b?)| < 7).
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4.22.1] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

9. Jm_1/2(a “12g E(bv/z(a - z)) d=z Ll [(4 - a2b2)¢1<a1b2>
0
+a262¢2<a4b ) — a4b 1/J3<a4b )] [a > 0; |arg(4 — a®b?)| < 7).

—8 Ha—=)™ E(b\/z(a—2)) dz

1—b*z(a—

10.

O%Q

1 3 5. 1 a”b
_T s+t—1 271909 T
—EB(sat)a 4F3(1 s+t a+t+1)
) 2 ) 2
[a, Res, Ret > 0; |arg(4 — a®b”)| < «].

11, | ————— E b/ z(a — —_—
J; me(a ( (a =) \/4 a2b2
[a > 0; |arg(4 — a®b?)| < 7].
@ 2
12, | ———— E byvz(a—2z))de = ———
J; -b° m(a ( (a—z))ds = 1/4_(121,2
[a > 0; |arg(4 — a®b%)| < 7].
< :1:1/2((1 _ m)1/2
13. J = —E(byz(a—=z)) dz
, 1-b"z(a—x)
2 2

B ﬁ [(2+a2b2)¢2(a4b)_“2b2¢1(a4b )= a4b ¢3(a4b )]

[a > 0; |arg(4 — a®b%)| < 7).

14. J A Gl E (bv/z(a—z)) dz

1-b’z(a—
. z(a — x)

m2a a’b? 3a°b? a’b® a’b? a’b?
= s 2 () - 1 () - ()

[a > 0; |arg(4 — a®b)| < 7].

1-b*z(a—z)

w2 a’b? 3a°b® a’b? a’b? a’b?
= sy (22 (5 )+ () - S ()]

[a > 0; |arg(4 — a®b%)| < 7].

15. JME(b\/ a—m)
0
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CH. 4. DEFINITE INTEGRALS [4.22.1

1/2(q - 1) B (b3/a(a - 2)) do = 272~ 2p¥/2q2e+t/2 L28 +2)

16. r(2s + )

T

o——e

11

50328 7F2 2,2

X gFy 5 ab? [@ > 0; Res > —1; |arg(2 — a”b”)| < 7].
1,2s+§;

17. J$1/2 E(b\‘l/a}(a - z))dz

0

ral/? 2 , ‘ - , i
= 65 [‘/ - (2ab” +1) arcsm(b 5) +b(Bab” —1)4/1— -

[a > 0; |arg(2 — a®b?)| < 7].

18. Jm—WE(bm) dz
0
- Ll:\/E arcsin(8,/5 ) + 1—%] a2 — a*8%)| < ]
19. Jml (a—2)" V' E(b/z(a—2))dz
0

Z ) () () (%)

[@ > 0; |arg(2—a 2p?)| < ).

20. Jm_l/‘l(a - m)_3/4 E (b V(e — z)) dx

w2 ab? ab? ab? ab? ab? ab?
-5 0= ) () s (7)) - 5]
[a > 0; |arg(2 — a®b%)| < 7].

3/2a2s+3/2l—‘(2s + 2)
22”21*(25 i g)

21.Jm (51/ )dw—
0

13 9542
x gFy| 2 2 [@ > 0; Res > —1; |arg(2—a2b2)|<7r].
Va(ab? +2 2\ /2
E(byz(a—z))dz = Lﬂ(l—%)

45°

_ ﬁ arcsin(b,/ %) [a > 0; |arg(2 — a®b?)| < m].
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4.22.2] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

23.

z~ 2 4 2a
—————E(by/ - dx =
1-b°y/z(a — ) ( z(a w)) rET 2 — ab’

o——e

[a > 0; |arg(2 — a®b?)| < 7].

< :1:1/4( _ 1/4 ab?) !
24. J— (b\/x(a—w ) dz = 5/2< —2)

1—b*/z(a — z)
0

[ (o) o (o) o %)

[a > 0; |arg(2 — a®b?)| < 7).

< :1:71/4((1—:1: 3/4
25. JQ— (b\/m(a—a:)
J 1-b"y/z(a—x)
w’ ab’ - ab’
= 7 <1— T) [4(1—ab2)z/;1<7)
2 ab® ab® ab’ 2,92
+3ab 'l,bQ T _71,03 T [a>0, |arg(2—ab)|<7r]
g —1/2 4 —
26. J ¢ S o AL Gt ) R N
0 [1+b6°Vz(a—z)] 1+ b2y/z(a — z) 2+ab
[a > 0; |arg(2 + a®b?)| < ).
1 2
27.Jf_%1+a@”E0ﬂfﬁﬂdm= ms T(s)

(25 + 1)1 (s + %)

—v,8,8+1; a
X gFy 1 3 [Res > 0; |arg (1 — a)| < 7).
stysty

4.22.2. Integrals containing E(z), the exponential, hyperbolic and
trigonometric functions

1
L 2t B (VI3 dp =TT 1)3) 2F3< s+l )
0

2F(s+%)r(s+§ 3+%’5+g
[Res > 0].
1
.—1 [sinh(ay/z)
2. lm {sm(a\/_)} (\/l—m)dm
2 1 a?
= 7ra(2s+1)1"2 ( +5) 9 st3 ,s+ ’:Fi [Res > —1/2].
4(s+ DI (s +1) 5,34—1,3—1—2
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CH. 4. DEFINITE INTEGRALS [4.22.2

w

[ar [V g (1=7) o

2
2 s,s+1; £2
_ 7rsl"2(5) - 2F3(1 ) 43) [Res > 0].
(25 + 1)1 (s + 1)

4. Jsinh(aﬁ)E(m) dz = g [10(g> 11(%) - 112(

(S

. Hsinh(aﬁ)E(M) dr="2[13(2)-1(2)]

6. 1 %cosh(aﬂ)E(ﬂ) dz = %2 [13(9) +112(

1

0

8. %sin(aﬂ)E(m) de="12 [Jg(%) +J12<

0

9. %cos(aﬂ)E(m) dzr = %2 [Jg(%) — le(

0

_— )
10. J cos (2nz) E(asinz)dz = —272" 371 (—a?)" F(n - 2(;;(” + 5)

0

1 1 1
n—-,n+_-,n-+ -
X gFy 2 2 2 [larg(1 - a®) | < 7.
2

n+1,2n+1; a

w/2 —v—2_2
11. Jcos”mcos(am)E(bcosm)dmz Vfa T F(VU—:?
0 (gt r(gt+)

NSRS
X4F'3< 2727 27 2’ ) [Rev > —1; |arg(1—b2)|<7r].
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4.22.2] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

27" 1’ (v + 1)

F(”;“+1)F(”‘;“+1)

1 3 v+1 v 9
57 59 a*+1;b 9

x 4F3| 2 l/2—a,2 %,+a [Rev > —1; |arg(1—b") | < 7.
17 2 +13 +]-

™

13. Jsin" z { sin (az) } E(bsinz)dz

cos (az)

_ 2= 12l (y 4+ 1) {sin(aﬂ'/2)} F _%v
r(”;“+1)r(”;a+1) cos(am/2) [ 472\ 1. ¥

[Rev > —1; |arg(1 — b%) | < 7.

1
27 2 7’2
- v+a

2-l-l

™

14. J % { sin (az) } E(bsinz)dzx
) 1-b*sin’z | cos(az)

v+1

. 1 3
_ 27 (w4 1) {51n(a7r/2)}4p3 55 s T L0
F(”_“+1)F(7"J2ra+1) cos (am/2) LYoe v

2 ’ 9 2
[Rev > —1; |arg(1 — b%) | < ).

™ -1 +1
15. Jcos (nz)E(acosz)dr = —2"""2na" (n 22 )F(n 2 ) cos? 2%
| E R

n—1 n+1 n+1
b) b) 2
X 3Fy| 2 2 2 [larg(1 — a*) | < =].

< 2+Ln+1;d ( )

mT

16. J {Sin (az) }E(b sinz)dz = ™ sin "7 {Si“ (m”/2)}

cos (ax) cos (mma/2)

i 111 e
17. J' e_azE(bsin:z:)d;p: 21(1—6_"””')3]72( 2’.2’ 2’ i )

a _ta ta
0 1= 251+
[|arg(1—b2)|<ﬂ-]
mn —az 1 1 3_b2
e i — —mma 2797 9}
18 J [ pamtg Dbsine)de =5 (1—e )3F2<1_"‘1 1+"“)
0 5 2
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CH. 4. DEFINITE INTEGRALS [4.22.3

T _L L1 e
19. J e E(bsinz)dz = TF3F2( 2’27 27 ° )
2a 1
0
[Rea > 0; |arg(1— b2) | < x].
4.22.3. Integrals containing E(z) and the logarithmic function
1 2
1. Jm(l — w2)_3/21nwE(m) dzr = g — %
0
1

2. Jms_lln(l—i—am)E(\/l—m) dz

0

_ ma(s+1)P(s+1) F 115+1 s+2; —a
= 5 oy 4F 5

(2s+3)r (3+5) s+ 5 13+*
[Res > —1; |arg(l+a)| < 7.

3. Im—w In(1+az)E(VI-z)dz=2nr(a+ 1)1/2E< ail) —
’ [larg(1 + a) | < 7).
4. Ix—w In(1-az)E(V1-2z)dz=27E(a) - 7* [larg(1 — a) | < =]
0
5. l s=1y (a\/_ +v1+a2z)E ) VI—2)de = WZ((?:;))F];&J;);)
y 4F3(2%’i jti:f) [Res > —1/2% [arg(1+ a?) | < 7].
6.} (a\/_—i-\/l—i—T) Vi—z)dz
0
= 7 [4a® + 1r(~a?) ~ 41 — 20 s (~a?) — 5a%s(~a)]
[larg(1 + a?) | < .
7. j ! 1n(af+m)E(M)

| Vivew
_;<2+a ~2v/T+a? +202 I L E D ) [larg(1 + a®) | < 7].
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4.22.3] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

1

8. JL In (a\/E + \/1+azm) E(V1—z)dz

’ V1+a?z
2
= ;La (\/l—i—az —1) [|arg(1+a2)|<7r].

ma(2s + 1) (s + %)
2(s + 1) (s + 1)

l,l,s—l—l,s—f-§ 9
X 4F3 32 [Res > —1/2; |arg(1 —a”) | < «].
2,3—}-1 s+ 2; a®

1-avz
= Gﬂ-? [371'@2 + 4(@2 —1)K(a)+4(1 - 2a2) E(a)] [larg(1— a2) | < a].

1
10. Jl 1+ave g T=7)da
0

In 1+f (\/l—m)dmzﬁ—ﬁ.

11. -

(= L

12. [ 1 PR E(VI=2) do = 2 [0 - YK (@) + E(a)]

[larg(1 — a2) | < x].

1
13. J%l Lt Ve (VT 2)de =21
- T
0
1 3/2 s 1 1 s s
1V e ~Pr(s) (e
14.J511—E de = — 2 4F 272 22
T g Bl de 2F(s+1)4 SRS
[Res > 0; |arg(1 —a®) | < 7).
/1 — 2
15.J nifvlize E(az)dz
—V1-—2z?

= 6L2 [3a arcsina + (a? +2)v/1 — a2 — 2] [larg(l — a®)| < «].
a

1

x 1++V1— 22 o B — >
16.ll_a2w2lnl_mE(ax)dw—a—2(l Vi-a?)

[larg(1 — a®)| < 7).
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CH. 4. DEFINITE INTEGRALS [4.22.3

14++4v1— 22 ax T
17. T E( )d =7(\/1 2—1)
lv1+a2w2 nl—\/l—w2 V1 + a2z? m a® ta

[larg (1 + a2) | < x].

7r3/2asl"(f) —1, 1, 22 a%?
— 2 F 2°2°27 2
- 443 s+1 s

S 1, 2 ,5"‘1

[a, Res > 0; |arg(1 — a2b2) | < x].

19.

Jmln W E(bz)dz

0

== [3ab arcsin (ab) + (a?b? + 2)1/1 — a2b2 — 2]

12b°
[a > 0; |arg(1 — a®b?) | < 7).

™

14406*

atva®—z% V‘j‘”ﬂ E(bz)dz =

x [15ab(4a2b2 + 3) arcsin (ab) + (54a%b® — 13a2b? + 64)1/1 — a2b? — 64]

[a > 0; |arg(1 — a®b?) | < 7).

a
s—1 2 _ p2
21. lezﬂ S APV B ) da
b T
0
2a'r(2) - (; i a2b2)
= s+1) 473 s+1 s
45F( : ) 1L,or
[a, Res > 0; |arg(1 — a2b2) | < x].
¢ 2 2 2
1 a+Va*—zx _mTa 272
22. Jl—b2m2 C =T B(bz)de = 91 (a?)
0

[a > 0; |arg(1 — a®b%) | < 7].
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4.22.4] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

1-—b2z?

23.J 2 1na+“;2_m2E(bm)dm:%(l—\/l—ﬁw)
0

[a > 0; |arg(1 — a®b%) | < 7].

4

1— 22 x 167

24.J 1 ln1+ 1-2 E(z)dz = 1 F4(1).

0

¢ A/ 2 __ m2
25. Jm\/b2m2+llna+ (; d E( bz )dm
0

b2z2 +1
= % [3abln (ab +Va%b? + 1) + (a®b® — 2)Va2b2 + 1 + 2]

[a > 0; |arg(1+ a2b2) | < x].

a
) 3. /0222 + 11 a++vVa?— z? bx
26 J;m Vb2z2+11n - E( b2m2+1)dw

212 2h2
= [15ab(4a26? — 3)In (ab+ Va262 + 1)

+(54a%b* + 130262 + 64)v/a?6? + 1 — 64]  [a > 0; Jarg(1+a™?) | < ).

1

27. Jms_l In? (a\/E +V1+ a%:) E(V1—z)dz

0

_ ma(s+ )M (s+1) F( 1,1,1,841,s+2 )
= 54741 3 2

3 5
(23+3)F2(5+g) 53273'1'575"'5, —a

[a > 0; Res > —1; |arg (1 +a%)| < 7].

28.J z%/2 In? (a\/——l-\/l—l-ot2 ) (V1—=z)dz

0

2
=ﬁ<¢f;§—m1i%¥uL—1> fa > 0; Jarg(1 +a%)| < .

4.22.4. Integrals containing E (z) and inverse trigonometric
functions

1. Jm"_l arcsin (av/z)E (V1 —z)dz = waF(s + 5) F(S + 5)

2(s + I (s + 1)

11 s+1 5—+-§
xaFg| 372 2] [Res > —1/2 Jarg(1—a”) | < ).
3 8tLs+2a
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CH. 4. DEFINITE INTEGRALS [4.22.4

2. Jarcsin (avz)E(W1 —z)d=x
= 7 4(6? ~ 1)9(a%) + 4(20° + 1) (a%) — 5?3 a?)
[larg(1 — a®)| < 7].
3. Jarcsin (avz)E(V1—z)dz = ﬁlﬂ(%) + %F‘l(%)

[larg(1 — a2) | < x].

4. J%arcsin (av/z)E(W1—z)dz = #1/)2(6;2).
5. Jiarcsin(ﬁ)E(ﬂ)dw = 16%F4(i) - %I“l(%).

1 ; )
0. | i i o) BT e = e altlea)

1 3
1,1, 84+ -,84+ =
X 4F3 3’ ’ 2’ 22 [Res > —1/2; |arg(1—a2)|<7r].
E,3—}-1,3—+—2;a
1

T L
) 0\/1—(12:1:
2 V1= g2
=;—3<2—a2—2\/1—a2—2a21n¥) [larg(1 —a®) | < 7].
a

arcsin (av/z)E (V1 —z)dz

1

8. J ﬁ arcsin (avZ) E(VI—2)de = = (1- VI~ a?)

1 7T3/2F(a+1) _1 1 s 541, 2
9. Jms_larccoswE(am)dx=—24F3 272727 27
8 25°(2) L2412 4+1

[Res > 0; |arg(1—a2) | < x].

1
2
10. Jarccosw E(z)dz = 71LG (14+2In2).
0
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4.22.4] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

1
= Lopa(y, L 4(§)
11. Jmarccosm E(z)dz = 2887rF (4)4- 2WF 1)
0
1 2
12. Jm2arccosm E(z)dz = %(5+41n2).
0
0 s—1,/ 2.2 E az d WS/QF(S;I)
13. Jm "4/ 14 a?x? arccos (7) T= ———
V1+ a2z? 252[‘(i)
0 2
115 s+1
X 4F: 272727 2 Res > 0; |arg(1+a?) | < «].
! 3(1,"+1,‘5+1; —a2) | e Ji<]
2 2
1 s—1
14. Jmi“arccosm E(az)dz
l1-a"z
0
7r3/2l"(3+1) 1 3 s s+1
2 597 97 5 2
=——— =’ ,F 27272 2 Res > 0; |arg(1—a®) | < ].
271 (%) ! 3(1,"+1,3+1; a2) [ ferg (1 —a’) [ <]
2 2 2
1
15. J % arccos z E (az)dz = = arcsina [larg(1 — a®)| < =].
l1—a’z 2a
0

16. j ; _wm2 arccosz E(z)dz = 32% [F4(£11) —161* (%)]
0

1
2 2
17. J a s arccosz E(z)dz = 7 (3—2In2).
11—z 16

0
1
1 ax T
18. J'iarccosm E(i) dr=—1In (a—i— 1—|—a2>
! V1+ a2z? V1 + a?z? 2a

[larg(1 + a2) | < x].

2(s + I (s + 1)

19. Jms_l arctan (av/z)E (V1 —z)dz = ﬂaF(s + E) F(s + 5)

1 1 3

1,8+ -,8+ -

X 4F3| ;2 2 22 [Res > 0; |arg(1 +a®)| < =].
5,3—}-1,3—}-2; —a
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CH. 4. DEFINITE INTEGRALS [4.22.5

20. Jarctan (avz)E(V1 —z)dx

n(a® +1)"/? 2 a a 37wa’
=~ |4(2 HE —-4K -
120° (207 +1) ( a2+1) (\/a2—|—1) Vva? +1

[larg(1 + a2) | < x].
I 2 1 3
=T 2 /T 4 (2
21. Jarctan\/E E(V1-=z)dz = TR [F (4)+12F (4)]
0
1
22. J%arctan(aﬁ)E(\/l—w)dwz g(aZ—i-l)l/2
0

<[ () B ()] ettt <o

1
23. st_l arcsin?(av/z)E(vV1 —z) dz
0

_7ra2(s+1)l"2(s+1) F'< 1,1,1,s+1,8+2 )
51474

- 3 3 5 2
(23—}-3)1"2(54—%) 5,2,34-5,5-1-5;(1
[Res > —1; |arg(1 —a®) | < 7].

1
24. Jm_3/2 arcsin’(av/z)E (V1 —z) dz

0

:7r2<1—\/1—a2+1n1+\/21_7a2) [|arg(1—a2)|<7r]‘

1
25. Jm_3/2 arcsin® /z E(vV1—2z)dz = n*(1 — In2).
0

4.22.5. Integrals containing E(z) and Lix(z)

1. Jms_l Lig(az) E(vV1—z)dz

_ ma(s+1)P(s+1) <1,1,1,s+1,3+2)
_(23+3)F2(s+g)4 2,2,5+ 2,5+ 5 a
[Res > —1; |arg(l —a)| < 7].
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4.22.8] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

4.22.6. Integrals containing E(z), shi(z) and Si(z)

1. jms—l{Shi(“ﬁ)}E(M)d@«

Si(a\/E)
2
7ra(2s—|—1)l"2(s+%) 1,5+1’3+§; 49
= 2 2 z o4 Res > —1/2].
2 3l 3 3 [Res >
4(s+1I"(s+1) 5,5,5—1—1,34—2

2. JSi (ay7)E(WI=7)dz

= T (8) - 2aa(5) n(5) + ey 2(%))

4.22.7. Integrals containing E(z) and erf (2)

1. Jms_lerf(aﬁ)E(\/l —z)dz

Vma(2s +1)r? s+ 2 l,s—l—l,s—l—§
= . ( 2) sFs| , 2 2 2 [Res > —1/2].
2(s + 1)l (s +1) Sostl st —a®
1
2. Jms_lea2m erf (av/z)E(V1—z)dz
0
\/77(1(23—%1)1"2(54—%) 1,s+1,s—|—§
= ) 3Fy 3 2 2 [R63>—1/2].
2(s+ 1) (s+1) Sos+1ls+2 d

4.22.8. Integrals containing E(z), S(z) and C(z)

1. Jms_IS(aﬁ)E(\/l —z)dz

0

3 3 3 7 d®
3(43—1—3)112 s+ 2s+ 2, s+ L =%
_ 1 [ma ( 4§3F4(4 4 4 4 [Res > —3/4].

3V 2 (43+5)F2(5+ 5

2. st_lC(a\/E) E(V1—-z)dz

2 1 1 1 5  a°
_ ma Us+ 1T (5+Z) plo Tttty T Res > —1/4
Vo2 2 3) 374y 1 5 3 7 [Res > —1/4].
(4s+3)r (s+2) sttty



CH. 4. DEFINITE INTEGRALS [4.22.9
4.22.9. Integrals containing E(z) and ~(v, z)
1
1. Jms_l'y(u, az)E(W1—1z)dz
0
ma’ (s + V) (s +v) v,st+v,strv+1; —a
= 3 o~ 3k 1 3
v(2s+v+1)T (5+”+§) V+173+V+515+V+§
[Re(s+v) > 0].
1
2. Jms_leazy(u, az)E(v1—z)dz
0
_ ma” (s + ) (s +v) 1, s4+v,s+v+1;a
= 303 1 3
u(2s+u+1)l"2(s+u+%) v+l,stv+o,s+v+g
[Re(s+v) > 0].
4.22.10. Integrals containing E(z), J,(z) and I, (z)
1
Ju(av/'z)
1 |z E(Vi-z)d
Jw {I,,(a\/E) (Vi-2)da
0
v 2 v 14 v a®
_ ma”(2s +v)l (s+5) " s+t o+ L F,
v+1 2 v 273 v+1 v+3
2"t (25 + v + )0 (s+5+1)r(u+1) e

294

[Re(s+v/2) > 0].



4.22.10] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

6. Jms_leazlu(am) E(V1-=z)dz

0

_ (s + v)I2(s+v) (g)”
(2s+2u+1)F2(s+u+ %) 'v+1)

1/—1—1,3—1—1/ s—l—u—i—l' 2a
X 3FB 2
2v+1,s+v+ - ,s—l—u—l—f

) [Re(s+v) > 0].

e B
2*#*”*1 ptv

(2s+p+v)T (s—i— ra
(23+u+u+1)l"2(5+%”+1) (p+1)T(v+1)

u-%u-+1’ u{—u +_1 s+ u;—u’s_+ n+v +_1 :Fa2
X 4F5

u+‘/)

2
I»’f+1 V+1,I1/+V+1 s+ﬂ+”+1 +I~4+;+3

[Re (25 + p+v) > 0].

8. JJg(aV—) (Vi-—z)dz= #[Sin (2a) — 2a cos (2a) + 4a® Si (2a)].
9. JJf(a\/E) E(Vi-z)dz= 8%[66; cos (2a) — 3sin (2a) + 4a” Si (2a)].

J?(ay/z)E (\/l—m)dmz#[005(2@4—2(12—1].

(= L
8 |-

1. Jlg(a\/—) (Vi—=z)dz = #[2(1 cosh(2a) — sinh(2a) + 4a”shi (2a)).
12. Jlf(a\/i) E(V1-z)dz
% [6a cosh(2a) — 3sinh(2a) — 4a® shi (2a)).

13. J %Ilz(a\/i) E(V1—z)dz= ﬁ[cosh@a) —2a? —1].
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CH.4. DEFINITE INTEGRALS [4.22.11

4.22.11. Integrals containing E(z), H,(z) and L, (2)

[ ot (H,(ayT)
1. J;x {Lu(aﬁ)}E(\/l—w)dw
\/E(2s+u+1)r2(s+”;r1) (a)u+1

B (2s+u+2)f‘2(s+g+1)r(y+g) 2

2

Ls+ "0t s+ 200 52
X 3F'4( 2 2 4 [Re(2s +v) > —1].

3 3 v v
pVtstotls+o+2

2. |Ho(avz)E(VI—2)dz = 2[1 — Jo(a)].

0

3. |Lo(avz)E(WV1—2)dz = g[zo(a) —1J.

0

1

4. | 2 Ho(aya)E(VI=2) dz = nlaJo(a) - Ji(a)]

+ ? [Jl(a) Ho(a) — Jo(a) H; (a)]

. J%Lo(aﬁ)E(\/l — ) dz =rlalo(a) — I1(a)]

0

ot

2
™ a

— —5[Ii(a) Lo(a) — To(a) La(a)].

4.22.12. Integrals containing E (z) and L) (z)

1
1. Jms_lLi‘L(ax) E(V1-2z)dz
0
7sT?(s) (A4 1)n -n,s,8+1; a

= 313 1 3
n!(2s+1)f‘2(s+%) <V+115+215+2

) [Res > 0].

4.22.13. Integrals containing products of E(z) and K (z)

4

1 1111115
1. J m K(w)E(x)dm:’r_7F6( 21’ ’ ’2’2’2’4)_
: .

32
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4.22.13] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

o

3

%

1 2 2 11 g2
. st_lK(\/l—w)E(aﬁ)dwzw—io)éng( 2’2’1’ ’ 1)

1

Jms_lK(aﬁ)E(\/l —z)dz

0
1 1 2
'’ 3F2(s) 37905 s+1a
=3 2 a3 1 3
(2s+1)r (s—}-i) Listo,s+3

[Res > 0; |arg(1 — a2) | < x].

! e

2
[Res > 0; |arg(1 — a2) | < x].

TK(M)E(aﬁ)dm

-z [H 1 —2a2 In i’_;z + Lis(a) — Li2(—a)] [larg (1 - a?) | < =].
}K(aﬁ)E(M) dz

=1 [2 + 12;32 In L_L—Z + Lig(a) - Liz(—a)] [larg(1 — a?) | < =].

10.J 12 E(a m)K(\/l—m)dmzllnl—i_a [larg(1 —a®) | < =].

2a 1—a
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CH.4. DEFINITE INTEGRALS [4.22.13

11

12

13.

15.

16

18.

Qo

19.

1

z* ! az % T2(s)

Y R P L L

V1 + a2z V1 + a2z 4 F2(s+1)

0 2
1 3 2

515058 —a 2
x 4F3f 2 2 1 1 [Res > 0; |arg(1+ a”) | < =].

1,3—1—5,3—1—5

1
1 aVT o
' lm B( i) K(VI—2) do= 7 arctana.

- K avz E(I—% _ I'(s)['(s
| s K () B (i e dn = T T

™
e (e

11 2
=, =,8,8+1; —a 2
><4F3<2 2 . 3 ) [Res > 0; |arg(1+a”) | < 7).

l\/ljmK(\/%)E(vl—m)dm

I Syt — ™M (ia) — Lig(—i
a2 —|—4a3 (a* — 1) arctana 1a [Lig(ia) — Lia(—za)]

[larg(1 + a®)| < 7).

1

JﬁK(E)E(M)dmz T (1 +4G - 2).

0

1

. J\/l—i—mK(\/l—x)E( 1_T_m>dw= 3 (m+4G +2).
0

J%K<\/Z)E(m)dw= = (7 +2G +5).

1
Jm\/l—l—mK(\/l—m)E( ° )dm: 35 (37 +2G +5).
0

1+x

1

s—1 2,\1/2 — avz _ T F2(3)
Jm (1+a’z)"?K (V1 m)E(—m)dm 1 F2(3+%)

0

11
_Ea 2’ 8, 8; _a2 2

X 4F3 1 1 [Res > 0; |arg(1+ a”) | < =].
1,s 5,34—5
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4.22.14] 4.22. THE CoMPLETE ELLIPTIC INTEGRAL E(2)

4.22.14. Integrals containing products of E (z)

1 4 _1 11 1 1 1 5
x 2 T 57 57953 93 9% 97 4
1.J E(z)de = © ,Fg| 2 2722221
V1—a? 64 11,1,1,2,2, 1

0

1

2. st_lE(a\/E)E(\/l —z)dx

0
11
o’ I'(s)'(s+1) rl 22 s, s+ 1; a’
= 4143
4 l"(s—I—%)l"(s—l—g) Lis+ 8+
[Res > 0; |arg(1 — a2) | < x].
1
3. JE(aﬂ)E(\/l—m)dm

0

7 [3a>+1 4a®*—3a*-1, 1—a . .
[ e o ln1+a+L12(a)—L12(—a)

[larg(1 — a®)| < 7].

®

JmQE(ﬁ)E(\/I—m) dz = 2L’ + 112

2048

1

7'J z* ! E(avz)E (VI—7) do = * T(9T(s+1)

s
T (e

L3 s,s+1; a’
x 4Fs| 22 ’1 ,3 [Res > 0; |arg(1 — a®) | < 7.
1,5—1—5,3—1—5

1

J ! E(avz)E(vVI—z)dz = s [(@2+ 1) 1F

2
1—a"x

%

a —2(1]

a

[larg(1 — a2) | < x].
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CH. 4. DEFINITE INTEGRALS [4.23.1

1

9. J(l + a%z)V/? E(Vi-z)E (ﬂ) dz

’ V1+ a2z
4 2 .
=T {3- % + w arctana — 2 [Lig(ia) — Lig(—zia)]
16 a a a

[larg(1 — a®)| < =].

1 vz o )
10- ll—ra%E(\/m)E("l_m)dm—Ma[a‘i‘(a — 1) arctan a]

[larg(1 — a®)| < 7].

1+

11. j(1+x)1/2E< z )E(ﬂ)dng(wmeﬂ).

1

12. Jm(1+m)1/2E< z )E(ﬂ)dm=;(2ﬂ+2G+5).

1+ =z

4.23. The Complete Elliptic Integral D (z)

4.23.1. Integrals containing D (z) and elementary functions

z* Y a—2z)"'D (bv/z(a—z)) dz

1.

oO———R

13 a’b®
_om sHt—1 5151 s Uy 4
—ZB(s,t)a 4F3(2 s+t s+t+1)
b2 2
[Res, Ret > 0; |arg(4 — a’b?) | < 7).

a

2. JD(b\/m) de = %(2— V= a2t?) [larg (4 — a?6%) | < .
2b°

3. Tm D(bv/a(a—2))do = 25 (2-VA—a?b?)  [larg(4—a®h?)| <.

4. Jxl/z(a - x)1/2 D (by/z(a —2)) d=

N RACORNCD)

[larg(4 — a®b?) | < 7].
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4.23.1] 4.23. THE CoMPLETE ELLIPTIC INTEGRAL D(2)

5. Tm—w(a /2D (by/a(a—2)) da = " [z¢l<¥> _ 1,/,2(“';”2 )]
[larg(4 — a®b?) | < 7).

o e e % o (£7) ()
]

[larg(4 — a®b?) | < 7).

7. [@t41/2(0 2 D (b Yala— 2)) de = o720 Infg2esa/2 22
0

r(2s+ )

1 3 ab

5 5028+ 25 —— 2

x gFy[ 2 2 5 2 [Res > —1; |arg(2 — ab”) | < =].
2,2s+§

od

J 1/2D(bm) \/_b arcsm(b\/g) _ @ 1— aTb2
| [larg(2 — ab”) | < 7].

©

-1
2
. J _1/2D(b\/ (a—=z )dm—wa1/2<1—|- _ab )
0

[larg(2 — ab®) | < 7).
10. Jm_1/4(a 1/4 (b\/x(a—w )dz =2~ 2r2q
0

x [4¢1<“2”2> —4¢2<a”2> +¢3<‘“’ )] [Jarg(2 — ab?) | < ].

11. Jm_3/4(a ~4p (b\/w(a—x)

mr 113, 42
12. J e D (bsinz)dz = 7r—(12(1—6_"”“’) s 272720 )1
0 26 1_%’1"_%
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CH. 4. DEFINITE INTEGRALS [4.23.2

1 1 1 ;2
Y51 T o 50 b
e D (bsinz)dr = ml;;Fb( 22 )—1]

252 ia
2

13.

Obﬁg

2
[Rea > 0; |arg(1 —b*)| < 7].

a 3/2 st 8
2 _ 2 /%’ =
1, ot VI gy g, 7T )
0 ¢ SSF( 2 )
1 3 s s 2,2
a3 9% 9 7;ab 2,92
><4F3(2 25+212$ ) [a, Res > 0; |arg(1 — a”b%) | < 7].
2, y o 1
2 2
2 _ p2 2
15. Jlna+ T2 D (ba)de = " 2apa(a’h?)
0
[a > 0; |arg (1 — a®b%) | < ).
2 _ p2
16. Jxln““‘; 2" D (be)dz
0
—a2h?
=;b2<1_m+lnl+\/12ﬁ>
[a > 0; |arg(1 — a®b) | < 7]
1 7r3/2F(s+1) 13 s s+1 2
17. st_larccost(aw)dw=—24F3 2’202 2
45°1(2) 2,541,241
0 2 2 2

[Res > 0; |arg(1—a2) | < xl.

1
18. Jarccos z D(az)dz = ;—2 (a arcsina + /1 — a? — 1)
o a
[larg(1 — a®)| < 7].

4.23.2. Integrals containing products of D(z), K(z) and E(z)
i 7r2F2(s) 1’ éasas; a2
1. Jms_lK(\/l—m)D(aﬁ)dmz714F3 272 )

0
[Res > 0; |arg(1 — a2) | < x].

1—a

2. IK(M)D(aﬁ)d$= 2”? [ln(l—a2)+aln 1+a]

[larg(1 — a®)| < 7).
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4.24.1] 4.24. THE GENERALIZED HYPERGEOMETRIC FUNCTION ,Fy((ap); (bg); 2)
1
3. JK(\/I—m)D(ﬁ)dm=w1n2.
0
1
4. Jms_lE(\/l—m) D(avz)dz
0
1 3
7T ()T (s + 1) 5 5 S8+l al
= 1 3y 4173 1 3
8F(s+§)f‘(s+5) 2,5+, 8+
[Res > 0; |arg(1 — a2) | < x].
1
5. |E(v1—z)D(ayz)dz = — R N
J T avz :I:—2a3a g I —
0
[larg(1 — a®)| < 7).
1
6. JE(\/I—m)D(\/E)dmz .
0
1 3
7. [« E(VT=2)D(a)de = ;.
0

4.24. The Generalized Hypergeometric Function

pFq((ap); (bg); 2)

4.24.1. Integrals containing ,F,((ap); (bq); z) and algebraic

functions
a
L st_l(a - x)t_lqu'Fl <(a’”)’ l():()a ) m)) dz =B (s, t)a* 7!
q
0
a%b
(aP)’ 8, t; T 2
X py2Fgqo " stt stt4l [a, Res, Ret > 0; |arg(4 — a”b) | < «].
q) 2 b) 2
a . —— 25—1/2
2. J:.s—l(a _ J:).9—1/2 Fo.. (ap); b\/m(a z) do — \/7_rF(2s)a
prat (bq) 921 (23 + 1)
0 2
(G‘P)v 2s; ib
X pr1Fqt1 21 [a, Res > 0; |arg(2 — ab) | < =].
(bq)7 2s + E
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CH. 4. DEFINITE INTEGRALS [4.24.2

4.24.2. Integrals containing ,F;((ap); (bg); z) and trigonometric
functions

"[" [ sin (az) (ap); bsin® @
L. l {cos (az) } qu( (bq) )dm

1
i 2 7 5 1’ b
= %sin mma {Sm (mma/2) } pr2Fqt2 <(b (ar) 2 )
q

2 _ a a
cos (mma/2) ), 1-2,1+2
/2
(ap); asin®z
2. J cos (2nz) , Fy dz
) (bq)
_ w(=a)" [1@)- (ap)+n,n+ L5 a
-2l l_[(bq)n pHiTatt (bg) +m,2n+1 -
/2

- 102
3. J sinwsin(2n+1)prq<(a")’ bsin m)dw

(bq)
H(ap)n F (ap) +n,n+ g; b
l_[(bq)n pritert (bg) +m,2n+2 )

T, [sin(az) (ap); bsin =
4. lsm w{cos (am)} qu< (b) )dw
_ 2 "al(v +1) { sin (am/2) }
F(";”‘ + 1) F(";“ + 1) cos (am/2)

1
(ap), %a g‘i‘l; b

(ba), “52+1, 220 41

—2n—-2
=2y

n!

X p+1Fq+2( ) [Reu > —1]

5. Tcos (nz) ,Fy ( (ap);(;zq;osQ m) dz

2 "n(—a)"? cos T H(ap)n/2 F ((a,,) + ga n;_1§ a)
= "n N 9 11, P4 n :
F(g + 1) l_[(bq)n/2 (bq) + g+l

/2

. 2
6. J cos” z cos (azx) pFy ( (ap); bcos m) de
0 (bq)

+1
_ 2_"_17rF(u+ 1) F (ap), VTa g+ 1; b
- v+a v—a p+14g+2 v—a v+a
F( 2 +1)F( 2 +1) (b), T+l
[Rev > —1].
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4.24.2] 4.24. THE GENERALIZED HYPERGEOMETRIC FUNCTION ,Fy((ap); (bg); 2)

mm
7. J e—aa:qu<(aP)§ bSinm)dm
0

(bq)

2

_ —mma (ap) (ap)+1 1: f
_ 1—e F 2 2 AT 2
- a  CPHIT2RR (b)) (b)+1 | da | ia
20 2 gttty

F 2 49~ p+1
2pH1 52942 ()41 (b,) 41,3 _da 8 ia
2 7 2 ’ 2 27 2 2

p
e l;[ (@) 41 (@) g g,
a®+1 ﬁ

i=1

(%

mm
—az (ap); bsin®z
8. le pF'q< (by) )dm

_amemm o[ et
a bQ)al_%al"'%

mm

_ . : bsin?
9. Je “Tsing , F, <(a”)’ )dm
) P (bq)
3
_l-(=pmemm (ap), 1, 35 b
a?+1 p+21g+2 (ba), 3—ia’ 3J;ia

o0
10. Je_“zqu<(ap); bsmm)dm
! (bq)
(ap) (ap)+1 ;. b
1 F g 7 2 P ya—ptl
T g P20 2) (b)) (b)) + 1 ia ia
5 T o5 1- P 1+ —
2 2 2 2

l_[ (ap) +1 @_'_1 1: b?

b i=1_ F 2 [T )
1 g FIT2042) p) 4 1 (bq) +1, 3—ia 3+ia
l_[ 2 2 7 2

j=1

[Rea > 0].

1
(ap), 37 10
ia ia
(bq)a 1—?,14-?
[Rea > 0].

[ee) ( ) b . 2 1
_ ap); bsin” z
11. Je ”qu< P (ba) )dw= Ep+2Fq+2
0
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CH. 4. DEFINITE INTEGRALS [4.24.3

©0 bsin?
12. Je_”sinprq<(a’”)’ s m)dw
(bq)

3

1 (G‘P)v 1, E; b

= mp+2Fq+2 ((bq), 3-ia 3+ ia [Rea > 0].
2 2

0

4.24.3. Integrals containing ,Fy((ap); (bq); z) and the logarithmic
function

1. Tws_l In ﬁ%\im »Fy <(a’(’[));)bm) dz

— \/7_r ] F(s) (G’P)a s, s; ab

=>—a’—F—— . oF, 19 a, Res > 0].
2s r(s+§)”+ " ((bq),s+;,s+1) [ ]

4.24.4. Integrals containing ,F;((ap); (bq); 2z), K(z) and E(z)

1

1. Jms_l K (M) »Fyq ( (a,g):)aw) dx
0

- I(s) (ap), 5, 8; a

T
= - +2F +2 1 1 [Res > 0].
2F2(s+%)p ! <(bq)a5+2a5+2)

1

2. Jms—lE(M) qu((a’Ez:)aw)dm
0

I'(s)l’ 1 ap),s,s+1; a
(s)1 (s+ )3 p+2Fq+2< (ap) ] 3) [Res > 0].
F(s+§)l"(s+§) (bq),5+§,3+5

N[

4.24.5. Integrals containing products of ,Fy((ap); (bg); 2)

a
1. Jms_l(a — m)t_llFl(b; :Jm)lF1<C; w(a N m))dm
0

t

_ b+ c; aw
st+t—1_p ;
—B(S, t)a 1 1( s+t )
[a, Res, Ret > 0].

T _ - b; b; — —
2. st Ya—a)* 1117'1( :}m)lF1< wia m))dw
0

2 2
a w

by ——
:B(s,t)as+t_11F2(a+t ait+1) la, Res, Ret > 0].
2’ 2
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4.24.5] 4.24. THE GENERALIZED HYPERGEOMETRIC FUNCTION ,Fy((ap); (bg); 2)

3. Jms_l(a — .’I:)t_llFQ(b;c u;.’l:)le(b; _w(a B w))d.’li

) Cat

b b aZwZ

c—b:

_ s+t—1 ’ ' 16

=B(s, t)a 2F5(C ¢ etl a4t s+t+1) [a, Res, Ret > 0].
Y2 2 7 2 ) 2

4. Jm"+m_1(a— z) T R (p; —bz) o Fy (v —c(a — z))dz

) (p+rv+m+n—1)/2

= ()™ TN (v) (5

b+c
m n .
o \GHR)/2

) I G ) e R R A )

7=0 k=0

X Jutvtjthtmin—i[2va(b+¢c)]  [a>0].
¢ Epp—
5. Jm"+1/2(a—m)(m+”)/2_10F'1(u; —bla—x))1Fs 2’3 )

0 nt g m

= C07(nt 5) -0 X (1) (3),
k=0
x DM DR [pA=0/2 7 s (Vava T w + vaw)
x Jpnp(Vavutw - vaw)]|,_,  la>0l.

w=c

oo 1, 1
men—2 -m,—-m,—-m-— _; & -n,—n,—n-—_—; T
6. J.’I: m-n 2F2 1 2’ 2F2 1 2 dz
1 E—m,—2m—1 5—n,—2n—

1
:(—1)m+n%[0+21n2+¢(m+ 3)] <l

(bpt1

[a>0; 0 < ¢ < 4b; Re(u+2a,,—2b,,+1) <—1].

7. 0Jo(a —z)"  oF1(v; ab— bm)prH((a”); _)cm) =0
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Chapter 5

Finite Sums

5.1. The Psi Function (z)

5.1.1. Sums containing ¥ (k + a)

LY ¢(k) =np(n+1) —n.

k=1
2. Zz,b(k—i—a) =(a—1)[1-9Y(a—1]—(a+n)[1l—e¢(a+n).
k=0

3. Y ky(k+a) = “;1 2 — 3a + 2a%(a)]

k=0

a+n

T

Ba—3—-n+2(1—a+n)Y(a+n+1).

n

4. ) kY(k+a) = % [1+12a (1 —a) —n (3 — 6a + 4n)]
k=
(aO— 1)a(2a —1) 1

- f'w(a) 5 [(a—1)a(2a — 1)+ n(n+1)2n +1)]Y(a + n).

n
3 _n+1 3 2
5. I;)k Yk +a) = =120 — 6(n + 4)a

+2(n+2)(2n+3)a—n(n+2)(3n+5)] + i(a —1)%a%y(a)
+ 3 [P+ 1 = (a— 12a?$(a+n +1).
6. 3 E(k+1)=2(1—C+In2)—27"(n+2)p(n+3)

k=1 2

2R e
7. 22_’“(13 +a-2)Y(k+a)=2+ap(a) —27"[2+ (a+n)Y(a+n)].
k=1
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CH.5. FINITE SuMms [5.1.1

8. 3 (-10f(P)pk) = (2= 1)+ (1- 1) g+ > 1]
9. Zﬂiﬁ(kﬂ):aﬂ““"[ P(n+1) —1].
10. i%’ﬁ(’ﬁb) (b+1)" [¥(b) — %(b+1) + (b +n+1)].

S {b—l— “(‘z;)“nl)" +(a—b+1) [1—b+ “(‘z;;l)"] ¥(a)

b=a (b))(a“)" [aw(a+1) — av(a +n+1)—1]}

12. Z%z/)(k—i—a) ([)_(17+1)[1+(a—b—1) (a—1)]

(b)nt1
" G at )@, 1+ (a—b—1)(a+n).

13. Zik!(n(f)k P(k+ a)
k=0

_ (@)n1
= (nt 11 et D(a—n) -1 -a)
+4'(1—a) —¢'(—a—n)}.

14. Y 2k(Z)(2n — k) (a), ¥(k+a)

k=0
=2t (057), 2w (5) o (s 557))

S C

k=1

=w[212 C—+9(n+y)-v@n)] w21

16. 3 2¢ %j_‘,f){’ Wk +1) = 27 I [p(n + 1) — CJ.
k=0
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5.1.3] 5.1. THE Ps1 FuncTioN 9 (2)

173 (M) O k4o

T oy gto - (5) 4 (5]

5.1.2. Sums containing products of ¥(k + a)

LY ¢*(k+a)=2n+ (2a—1)¢(a) + (1 — a)p*(a)

k=0
+ (1 —2n —2a)¢(n+ a) + (n + a)y*(n + a).

/-\
v

(Dl + ) (k +0)
k=0
= (a:lb__ll)2 {a—?)—l +¢(b)+’l,b(a—1)[1+(a_b_1)¢(b)]
- (a)n((‘f)j-;)l— 1)2 [a—i_l +9Yb+n+1)

+w(a+n)(1+(a—b—1)¢(b+n+1))]}.

3. 3 3k +a) = —6n+3(1 - 2)(a) + > (20— 1)$*(a)

+(1- a)p*(a) +3(2n +2a— Dy(n+a) + 3 (1—2n — 2a)*(n + a)

+(n+a)’(n+a)+ 19" () - 59/ (n+a).
5.1.3. Sums containing v¥'(k + a, z)

1, Xn: DF (7w (k+5) = —";+(’z;)i)! [C+2m2+p(n+ 1))

[n>1].

(1)
2. Z k+1\k ¢

k=1

')
—/
N—r
N

ol
+
Mol =
~
Il
(&)
—I3
w
\/a
3
|
m|>*M




CH.5. FINITE SuMms [5.2.1

3. 3wk +a)d' (k +a) = p(a) - 59%(a) ~ (n+a)

k=0
+ 3 ¥%(n+a) + 5 20— 1+2(1 - a)9(a)]¥'(a)
+ % [1—-2n—2a+2(n+a)(n+a)]d'(n+a).

5.2. The Incomplete Gamma Functions ~(v, z) and
I'(v, 2)

5.2.1. Sums containing vy(nk + v, z)

n _ v o —2 )
LY k= U A7)

Ly LD (—z)"e_st()(—Z, =2, 1)'

2. Z (_k];)
k=0

3. Z (Z)(—z)_k'y(u—i-k, z) = Mlﬂ( ntl; oz )

(V)nt1

k=0
4 307 mfy(u +k, 2)

k=0

_ _ _ n! v—1_—zgyv—1 ]
—n+1 (v-1)y(v—-1,2) DN Ly~ (2)|.

2F2( naz)

v+1l,a—n

5. > (-14(}) 7((1(:1 ;)1)(’;)k (v +k, 2) =

(_l)k m—z

7. é(:)tky(k—kl, z):t"el/t ['y (n—l—l,z—i— %) —'y(n—l-l, %)]

- (k+n+1) _ nlz
8. I;)(k)(kT( A7ty (k+1,2) = B5

B (n!)? nt2 -z n+2; z
@n+2)”° F1(2 +3)
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5.2.3] 5.2. THE INcOMPLETE GAaMMA FuncTions (v, z) anp I'(v, 2)

n

0. > (" )(b— —2) Ry k41, 2) = 3F1<_b’;”z‘f’ll)

k=0
.1
— (b a‘)n €_z3F1< n,a,l; —z )
a

(5)n -b—n+1
10. Z( )(ﬂm)ﬁ(— (kb m 1, 2) = () (4T )
- %zme—%ﬂ(:’f o )

11. I;)(—l)k(;l) %v(u + 2k, 2)

- (V + ]-)'n,(u + ]-)'n,—l

(n —1)In! z"e”? L¥(=2)LY )

5.2.2. Sums containing products of v(v + k, 2)

Z( ) (v+k,2)y(v+2n—k, —2)

. 1 22
vmi, 2v+2n n+_-,n+1,v4+mn; =
(217,)! ez 3F'4( o 2’ 3 b g )
v
2

(¥)2nt1(v +n) Ytntlutntl, g
2n+ on 41
2. Z ( nk )'y(u—i—k, 2)y(v+2n+1—k, —2)
k=0
2
(v+1)mi 20+2n+2 n4 > ,n—|—2 v+n+1; =
:(2n+2)‘ e z Ry AV u+3 4 3 .
(V)anys(v+n+1) +n, S dnt2,ven+2, 0

5.2.3. Sums containing I'(v £ k, 2)

1. i( )( 2)k0(v — k, z)—n‘e_z\ll( 1_VV+:).

2.3 (1)1 - el — b, 2) = ()" (0~ DI "eF LR (=) > 1L

3.3 (1) g0 2 Tk 2) = o212,

k=0 1—v—mnk V)n v4n+1
4. Z(—l)k(:)ﬁF(u +k,z)=— (TL(’:):)!z”e_ZLfL_l(z) [n>1].
k=0
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Cu.5. FINITE SuMs [5.3.1

5.3. The Bessel Function J,(z)

5.3.1. Sums containing J,1nk(2)

[n/2]
— _ 2 .
1. ,;) (Z#(Zz) F Je—nt12(2) = 4/ — sin (z + %)

[n/2]
2. I;) (_;’#(—22)—/“%1_,6_1/2(@ =(-1)" /% cos (z " n%r)

3. Xn:( Yk ) () = Wns1(2) Juin(2).

= (v+n+1)
N ()
4. /; ( )2k +v) CETERN Jaksau(2)
2721/71221/ y+n+ 1, _i
= ——-—<—1F 1 2 4 .
I'(2v) vt w4241

5. i( )%Jk+u(z) = %J,,_n(z).

[=}

5.3.2. Sums containing products of Jyink(2)

e DM+ ) T (2) = dea(2) [ aa(2) = 200+ 1) T ()

+ (_21)" Join+1(2) [2(v + 1 + 1) Jugns1(2) = 2 Jutnta(2)]-

2v
n Z 1 2
(2v) 2 _ (2) v+ o —z
2. I;)( )k +v (2I/+n+1)ka+”(z)_IIF2(V)1F2 vl 2w 4nt1)

2n+1

2 1
3.3 (2n—2k+1)( "Ij Vk—n-1/2(w) Ji—n-172(2)
k=0

2n+3/2 w+ Z)n+1/2

Z_p(_n_z) ( wz

2

J_n—1j2(w + 2).



5.4.2] 5.4. THE MopIFIED BEsseL FuncTioN [, (z)

5.4. The Modified Bessel Function I, (z)

5.4.1. Sums containing I, 4, (2)

(3)' (L

> (Z)m kv (2) = S Lun(2)-
k=0
[n/2] (—n) X
2. 2 = 2k (22)_k1in:Fk:F1/2(Z) = o [e* + (—1)"e2].
3. 2(2/6 +v) It (2) = % [I,41(2) = Iypans1(2)].
k=1
4. Z(_l)k(:)(% + V)%Izkw(z) = (l/)n+1<§)n Iin(2).

S
Il
S

5.4.2. Sums containing products of Jyink(2) and I,4nk(2)

1. i (:)J,,_,Hk(z) Ik(2)
k=0

4

O (=) 6
= - (= F .
r’(v+1) \2 R P T b B e

2 2

2. (Z)J,,_,Hk(z) I_i(2)

4
_ D () St
=15 15y .
rv+1) \2 ALY =R o

3. i (Z) (i)k Jk—nt1/2(W) Tg—1/2(2)

n

ko
[=}

k=0
w—n—1/2
= i) A+ 2) (0 2) 2 2]
n k
n 4
4. Z(—l)'c ( & ) (5) In—k—1/2(w) Ig—1/2(2)
k=0
wfnfl/Q
= e [(w+ iz)"+1/2Jn_1/2(w +iz)+ (w— iz)"+1/2Jn_1/2(w —1z).
1974

| 9(2n+9)/4

5. I;)(—l)k () Te-1/2(2) In—kpja(2) = (1) o

X [sin w ber ,41/2 (V22) + cos w beiyt1/2 (\/iz)]
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CH.5. FINITE SuMms [5.4.2

n n 2(2n+3)/4
. I;)(_l)k(k)']k—l/z(z) Ip—ny1/2(2) = e
. (6bn+3)w (6n+3)m, .
X [sm s ber 1/2_n (\/iz) + cos s beiyjo_n (\/iz)]
n n n 2(2n+3)/4
. I;) (k)J—k—1/2(z)1k—n+1/2(z) = (-1) Nz
. (bn+3)w (bn+3)m , .
X [sm s ber 412 (\/iz) + cos s bei, 12 (\/iz)] .
n e (M 2(2n+3)/4
P (3 )ks1/2() Temiaa(2) = =

X [sin w ber _,_1/2 (\/52) + cos M bei_p_1/2 (\/iz)]

n n 2(2n+3)/4
. I;)(_l)k(k)Jk—l/Z(z) Ik—n—l/Q(Z) = \/E
X [cos w ber _,_1/2 (\/iz) w bei_p_1/2 (\/iz)]
9(2n+8)/4

10. Z( )J1/2 k( In—k+1/2(z)zﬁ

X [sin w ber _,_1/2 (\/iz) + cos w bei_,_1/2 (\/iz)]

o(2n+3)/4

11. Z( )I-k12() Inima(2) = = —

X [cos w ber _,_1/2 (\/iz) w bei_,_1/2 (\/iz)]

o(2n+3)/4

12. I;)(_l)k(;l)]k_,_l/z(z) Inkmja(2) = (~1)"

X [sin w bei p11/2 (\/iz) — cos w ber, 1/2 (\/iz)]
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5.4.3]

5.4. THE MopIFIED BEsseL FuncTioN [, (z)

- (2n+3)/4
g( )J1/2 k(%) In—k—1/2( =2W

bei 1/2-n(V22) — cos w bery/a_n, (\@z)]

 glan+8)/4
14. Z( )J1/2 k(2) Ig—n-1/2(2) = (1) “Vmz

X [sm w bei n11/2 (\/iz) — cos w ber, 1/2 (\/iz)]

[. (6n+3)w
X [sin =

n

A S W (S [CRR PR
k=0

Qv+n+1) I"+k(z)

_ G )
2w 2 v et
2.3 (M)t Lonae) = ()7 g 2=

z\ MY
T(p+ Dl (v+n+1)(—p—v)n (5)

y+u+n+1’ p+v+n +1 Z
X o F3 2

5.4.3. Sums containing products of I, 1,k (2)

y,—i-l v+n+1l,u+v+1

Y (Z)I,,_k(z) I_k(2)

_ (=) (=V)n 2\ #tr—2n ll+l/—n+1’ p+v-—n
Bt (3) zF(

2 +1; 2*
3 —n—l—l v—-n+l,p+v—m+1 ’
2n+1 9 +1
n
S 0Fen =2k +1)(T T ) en1p(w) Ikon1a(2)
k=0
2n+3/2

’UJ+Z)"+1/2
= I—’n—l 2(w—|—z)
l"(—n—l) ( wz /

2

O [2en() -]
— (—1)rl2n 2 1[(27‘1)] 6m’n_(_1)ml

T2

[m < n].

: Zi _ (L1 Kanna) | Ko(2)
k

— 1i(2) I (2) () To(2)
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CHu.5. FINITE SumMms

[5.5.1

5.5. The Macdonald Function K, (z)

5.5.1. Sums containing K, 1,k (2)

(n+k)! i
1. R (n = k)!t Kry1/2(2)
k=0
1 z 1 z 1 2z
= e n+1/2<2 5\/ ) n+1/2<§ 2 2% — T) 68].
[n/2] K
(=22) /
2. kZ m[(n k— 1/2(z
3 Z ( n)k (%)kK (z)
) (n—k!'(1—a—2n), \z k+1/2
_ 1\ [2°VAT 2a+2n) 4 2
= F(n—i— i) [ F(a+2n) V4 Ia—l/Z(z)
a—+2n a+2n+1,1; 2z

 @n+1!(a+n)
(-1

n

5.3 (1)@ ()" Kuti(2) = Kuran(2).

k=0

92n—1/2 ,1/2 ;—2 2F2(

—'n,—lﬂ_zn
1

(m+3).

2a+2n+1,2n+2):|'

—m—n—l/2(z)-

5.5.2. Sums containing K, 1,k (z) and special functions

n

L YD) otkon(2) Kisa(2)
k=0

<)(

n—v

+1,

n—v+3

z
64

4
+ 1
n u+1’2)

4

z

64

n+v+3 3
2 > 2

2

()
4F(u+n+3)
n—v z\2v—n
)
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2 b)

4
64

z )
—_n .
3 '3 +1,v+1

v—n+1 v




5.6.1] 5.6. THE STRUVE FuNncTions H,, (z) anD L, (2)

2. i(—l)k (:) (5)k Lipzrz1/2(w) Ki—1/2(2)

w7n71/2

_1\n n+1/2
S K

z = w) n-1/2(z — w)

+ (24 w) " TP Ky 10 (2 + w)).

3. D (D k Ikt (2) Kimi(2) = = Z[1(2) Ku1(2) = L1 (2) Ko (2)]

k=0
+ (—1)"2[],1_,_,,(2:) Kn—v+1(2) = Intv41(2) Kn-u(2)].

5.5.3. Sums containing products of K, 1,x(2)

M=

L. (2k + 1) Kpp1/2(w) Kiy1/2(2)
k=0
k—l—n—l— D) (w2 k12
(n+1) \/_Z (k+1)!(n—k)! <2wz ) Kpy1/2(w +2)  [68].
- 2% + 1
2 2 DG+ o1 e1/2(0) Kiya(2)
k=0

_ (—1)"ﬁ (w + z)”+1/2

n! 2wz

Kn+1/2(w + Z)

5.6. The Struve Functions H,(z) and L,(z)

5.6.1. Sums containing Hy, (z) and Ly, (2)
L Z( ek (2)"Hy ()
Ot (3) om0 (2) - o (2)]
2 3 CO (1)1
=V tnian (2) [2@r 4+ Dngaga(2) + 2 T ()],
3.3 (M) @(-2) Bl

k=0
2
2*Vzu+1(u—a+g) I/—a+n+§,1; zZ
— n2F3 2 4 .

x/?F(u+n+ g)
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Cu.5. FINITE SuMs [5.7.1
(1)@n(=2) Bents

z
0
N 3 2
2 z+1(u—a+5) u—a+n+§,1;z—
n2F3 2 4

\/EF(V—Fn-Fg) B3

3
v+n+,v—a+ >, -
+ +2, +2,2

4.
k

n

5.7. The Legendre Polynomials P, (z)

5.7.1. Sums containing P,,4,k(2)

12
k(z):EiT))'; (Z;l) 3F2( 71 ) 2’ 1—2)-
2

=
1M
)

—n,—2n—1

n+1
z—1

M-

2k +1) Pr(2) = [Prn+1(2) = Pa(2)].

x~
Il
°

M-

(7)t*Pelz) = (1+ 202 + tz)"/QPn(Hitz).

2. (i Vit2i-1 8
4.y BB @i pe) = (3) 22" [ > 1.

S
Il
-

22 — l)kPk(z)

= —(al) Ple=3/21-amm) (3 427 4 4z0/22 1),

o
N
~~
3
LT
E|~
~|=
=
o
N—r
kol
Vo
w

x~
Il
°

2
z k=0
n
n (a)k( 2 )kP
7 Z(k) w \1=5) ()
k=0
(a) 142\" _n’_n’l—a—n’l_a+n
— n( ) 4F3 2 42_4 .
n! 1-2 l-a-n,1—a—n,1;, Z2—2
z+1

- 2% + 1 97" n
8. Z(_l)k(n—k)!(k+n+1)!Pk(z): W(l_z) :

i
o
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5.7.1]

5.7. THE LEGENDRE POLYNOMIALS Pp(2)

9.

10.

11.

12.

13.

14.

15.

16.

k

(" 2" va—i-z \
— (k)(n—k)!(;_n) <1—22+zm> P(2)

0

n

—n n n
:217<1_z2+zm) 3F2( 2

().

(a)k
ZO (n—k)!(k+n+1)!(2-a), Pk(Z)

= (a)n z+1\" —-n, —
_(n!)2(2n+1)(2—a)n( 2 ) 3F2(

3 (a)e(b)
I;)(Zk +1) (n—k)!(k+n+1)1(2—a),(2-0b), Py(2)

() (2—-a), (2-b), \ 2

(a)n (b)n (1+z)"3F2<—n, -n,2—a—b;

S () (VT ) Pt

)

1-n 1
2 2

1,1, 4(1— 2" + 2V2% — 1)

2
1+2

l-a—n,1-b—n

)

=(1- 24 z\/ﬂ)"Pé"*_"_l/Z) (222 B 2zm B 1)-

S C0H ()R )

1—2a—2n 3—2a-—2n

= (‘:iz—zn(l_zz)n 4 Fs e 4 ’ . 44 \
(7 *_a—n,l—a—n,f;%
2 2 2" 2" -1
- k
Z (:) (T)k (1_22)_ PZk(Z)
=),
1 l—a—mn a+n
— (a)" z2n(1_z2)—n 4F3< —-n, 5_’”, 3 ’]__ 5

().

n 4k +1 _2n+1z2n-
,;(n—k)!(n_i_z)kpzk( )=

3 n (%)k 2(%)7;4.1
I;)(—l)k(k)(4k+1)(71+—z)lchk(z)= oni ()
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Cu.5. FINITE SuMs [5.7.1

17.

18.

19.

20.

21.

22,

23.

24.

—1)k (4k +1) (n)k _ ﬂ
(—1) (n_k)!(z_n)k(ngn)szk(z) T Ton(2)-

n n 1—2a—2n 3 —2a—2n
(@)n —2n 2\ ’ ’ 4 ’ 4
= lz (1—2:) 4F3 1 1 P
n! z
——a—n,l—a—na T
22 _

“n 1_n l1—a—n 1_a+n
— (a)n z2n(1_z2)_" 4F3< ) ’ 2 ’ 2 )

l-a—n,1—a—mn,1; 4—4z72

4k +1

3 PQk(Z)
o (n— k) (k- 1)k +3) (n+2)
9 1 n ! n,1; z 2
_ n+ 2n - 15_ ) L
= nl@dn-D)@n+3)° 3F2< 1 a5 5 )
4 >4

n G+ (3);
Z(—l)k (4k+1) —7 32’° Py (2)
Ty e

H-—mn ~+n
2 k2+

=n!(2n+1)[Pa(2)]*.

1

i(—l)k(n) e (Z)k Pay,(2)

s k) (4k — 1)(4k + 3) (n+g)k
3 n —-n, —n, 1; 5
L Wi
4 >4
i n (a)x()e ()
S (-Dk(7 )k +1) YA Pa(2)
2V oy ), (), ™
2a)n(®)a(3) woemnta—b L,
o)
4k + 3 2n+3 on
k:o(n_k)!(n+2)kP2k+1(Z): ] 2l
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5.7.1] 5.7. THE LEGENDRE POLYNOMIALS Pp(2)

i () (W (1 - 22 Pt ()
k=0

(2)
k
1 l1—a—n

-n,—-—"n 1-atn
— (‘;)n 22n+1(1_z2)—n JF3 » T g ) 2 ) 2_2 -
(5) l1-a—n,1—a—n,1;4-4z2

(_l)k(:) (g)k 27 Py 41(2)
0 (a)k

(a)n 1—2n 2\ 1 -n, —n, 3_2‘;_271’ 5_22—211,
T (1—2%)" 4F3 ]

3 3 4z
l-a—n,>—-a—-n,>; 55—
2 2" 2% -1

26.

NE

k

27. i (n) (a)e (1-2%" P2k+1(z)

()
2
1 1—a—n

. —m— = 1_a+n
B RN b )
(5 l1-a—n,1—a—n,1;4-4z2

S ok ) = B

k=0
- 4k+3 1
29. Z Psiy1(2)
£ (n — K)!(4k + 1)(4k + 5) (n N g)k

1 —2
2n + 3 2n+1 —-n, _5 -n, ]-a z
nlln+DAn+5)° P 1o 8

(_1)k(n) 4k +3 (g)k

(4k + 1)(4k + 5) (n+ g)k

2(3)
2/ n41

n _na_nal; 1 ! b}
J— -2
= i i (0= )P IR S

30.

NE

Pop11(2)

S
Il

0

Pop11(2)

31. i(—l)k(:)(zlk +3)

k=0 (n—l—g)k(g_a)k(g_b)k

3
2(a)n(b)nl = . 3 _g—p 1
_ ( ) ( ) (2)n+1 Z(l_zz)n 3F2< n, —n, 3 a b, 1_22)-

l1-a—n,1-b—n
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Cu.5. FINITE SuMs [5.7.1

32.

33.

34.

35.

36.

37.

38.

39.

[n/2] . (_n N 1)
> (—1)’“( . )(2n — 4k +1) %Pn_%(z)
k=0

1
m_n+5)k

= ot omR () (n-3),,, 0= O

[2m < n].
[n/2] _1 .
> (-F 2”—4k+1)( )'“Pn—%(z): (g)n (2;!) :
k=0
/2 1, 3
22(271 4k +1 )Mpn_%( ) = (2)1n Ca+1/2(z)

/3 2n — 6k +1 2n+1 (l;n 1—4n) 4z — 1
> (), P =t T (),
k=0 ’

[n/3] (_n)Sk (_4n;—1
Z (4n — 12k + 1) : T Pay_gk(2)
k=0 k! (—n + 5).%
3 an +1 3
2 -n, —n, — -3 5
= 22n ((;25‘"' 22 — ].)n 3F2( X 6 41— 4z )
) -n -, —n+ —
4 4
[n/3] (—TL (_4n+3
D (4n— 12k + 3) ‘ S Pan—gkt1(2)
k=0 B(-n=3).
(3) g _dmt3 3
— 22n+1 2n+1 2 -1 n F ’ ) 6 ! 4— 422 -
(2n +1)|zz ) . —n_zv_n_i

S D) (/) P

k=0 (ak
_ (a+m),
@, (s VeE=T)”
><3F,2<—m,1— —m,§,2(1—z +zm)) m > .

l-a—m-—-mn,1

i(_l)k(Z)((L( +\/—) Prym(z

(2), oy
) (_m h 2) (z ’ )
" P mmmn=1/2)(422 4 424/22 —1 - 3).
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5.7.3] 5.7. THE LEGENDRE POLYNOMIALS Pp(2)

5.7.2. Sums containing P, (z) and special functions

> () ()= " )
L. si— Ban—2k Pok(2) = ——— Pan—1(z [n>1].
k=0 2z) (22)
n
2n+1 —2k 2n+1 —on
Z(2k+1) Ban—ak Pak1(2) = Wzl 2" Py (2).
k=0

(z — V22— l)k Y(k+1) Pe(2)

= (n+2) P{ D (422 — 3 - 420/22 1)
+(1-22+ 271 [1—13,(,‘3;1"5/2)(42 3-42v/22-1)].

M

S
Il
S

5.7.3. Sums containing products of Py, 1nk(2)

1> 2k + 1) [Pu(2))?
k=0

- U{“ {[Pa(2)]® = 22Pn(2) Pas1(2) + [Pata (2)]°}-

- 2% +1 N
2. > (-1 (n—k)I(k+n+1) [Pu(=))" = (n1)® (1-25"

x~
Il
°

@k+1) (n+ ;)
- k=0 - (n—k)!(k+n+1)1(g_

4.i ) (4k +1) (l)kP2k< 22 P2k< 1;")

k=0
n+1 (g)n 1-2 1+ 2
=2(-1)""(n+1) TPQn-i-Z 3 Popyo 2
5
2
1
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n 3
Z (4k+3 ()kP2k+1< I;Z)P2k+1< 1-;—2)

5

2)n 1—=z2 1+ 2
(jl), P2n+3< 3 )P2n+3< 2 )
2 7
E’

1

=2(—1)""(n +1)

1. Z(—l)k(:)Pm(w+kz)=O [m < n].
k=0
. Xn: DR (1) P14 k2) = (- 2z)'"(%)m5m,n—1 [n > m).

k=1

Y COH(2) Pt + £2)

k=0

:(2n)!(—§) iaﬁnm(%) fn+1+1/2( )

: Z(—l)’“(")Pm(\/Ez) = (—1)™mz2™ (5)2"»5 , [n > mj.

. Xn:(—l)k(n)k_l/zPQmH (\/Ez) = (—1)mptmt! (5)2"‘ Om.n

= ().,

3
- (—1)m (ir?!m z [n>m)]
" -
’ Z(_l)k(:)P2m( 1—|—kz) =(-2)" 21 2 S [n > m]
k=0 (3)..
- k m! (3
> S () Poms (VT E2) = (—42)" (2751);;; b —1 [n2ml.




5.7.4] 5.7. THE LEGENDRE POLYNOMIALS Pp(2)

9. é(—l)k(Z)(k+z)mP2m<\/g) - (%)m(sm,n—zm [n > m.

11. Xn: (07— z)’"Pm(: ) = ()"l =2 2 m).

2 S (5) = (2), e gz

13. i(q)k(:)kmﬂ/%mﬂ(ik) = z(g)m brm,m

D,
( 2/)9m 2m _2m+1

T @m+1) [n > m].
n 1
14. ;(—l)k(:)kam(M) = (~1)™ml Gy — ((;);)T (4z)™
[n > m].
15. é(—l)k(:)%ﬂmﬂ(M) = (=1)"m!ém,n
- G, (42)™  [n2>m]
(2m+1)! =

16. i(_l)k(;l)(k + z)mP2m< : —Ii Z) = (=1)™m! 6 pn




CH.5. FINITE Sums [6.7.5

-
®
(>

()2 Pu (32 ) = (0™ (5),, 7

k=1
1
—%zmm [n > m)].
y 2 + ()
n m m/2 z m m
19. /;(_l)k(k)k Pt a) /Pm<2 k(k+z)> =
Ot mt o
+ (=1)"mlnl g~ 2 m=n ZJ" (n-—m), _ (=2)

(m—n)!2 — k+n (k+ n)! (n_m_'_%) .

5.7.5. Sums containing Py (p(k, 2))

n

L3 (-8 (] )ak (ka+ b 12 4 k)2 Py (L 252 )

Pt 2Vk2 + kz
— _pn—1 4 (b2 — abz)n/2 p ( 2b —az )
na + b " 2vb2 —abz /)’

2. i(_nk (% )ka+1)m=*" (ka4 z + 1)

y Pk< 2%ka + z + 2 ) B (%) (=2)"

2/(ka+ ) (ka+2z+1)/) nl(na+1)

5.7.6. Sums containing products of P,,(¢(k, z))

1. i(—l)k(:)[Pm(kw—i—z)]z =0 [2m < n].
k=0
2 ST ) T V)
=m!(—1)" dmn — ((fz“;;n 2)™  [n>m)]
5. S i (T F 7)o (Y )
k=1
=m!(—1)" dmn — ((33‘;;" 2)™  [n>m)]



5.8.1] 5.8. THE CHEBYSHEV PoLyNoMIALS Ty (2) AND Up(z)

5.8. The Chebyshev Polynomials T, (z) and U,(z)

5.8.1. Sums containing Ty, 4nk(2)

" 2yn/2 1+tz
LY (1) Te(e) = (14202 + 3" T (o —£2 ),
:0( ) V14 2tz + 2

kol

1 1—2a—2n 3 —2a—2n
_ (a)n (1+Z)n4F3 _nai_na 1 3 1
- /1 _ 1 1 4z—4 :
() 1-2 ——a-n,1—a—-n, ; =
n 2

5’ z+1

N | =

3. 3 Tou(z) = L Una(2) +
k=0

4.3 (n? — k?)To(2) = 4(2217_1) [2n2(22 — 1) + 2nTan(2) — 2Usn—1(2)]
k=0

[n > 1]
n
2n _ 92n—1_2n 1 2n
5 2 (p lg) T = 2070 5 ()
k=0
n
1 _(22)™ 1
6 2 i ) = 2@y ¢ g
k(Y @k ok
7. 3 (1) (k)(l) 22 To(2)
k=0 2/
_n l_n 1—2a—-2n 3 —2a-—2n
= i)y ’ P
(E)n i—a—n,l—a—n,i;227_1

. 2 () ra- s

_n l_n 1—2a—-2n 3 —2a—2n
— (a‘)’ﬂ Z2n(1_z2)_" 4F3( ) ’ 4 ’ 4 )

1 1 _
(1) —a—n,l—a—n,—;4—4z2
2/ 2 2

9. Z T2k+1(2:) = %UQn_l(Z) [n>1].

“~ /oan+1 .
10. Z(n”_k )T2k+1(z) = 92n 2+l
k=0
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11.

12.

13.

14.

15.

16.

17.

18.

19.

22nz2n+1

n
1 2
I;)k—l—n—l—l(n—nk)T%'H(z): 2n+1 °

NE

(n—k)(n+k+1)Tak+1(2)

S
Il
S

= m [(2n + ].) T2n+1(z) - ZU2n(z)]

1 22n 2n+1
Toki1(2) = .
(n—k)!(k+n+1) 21 (2n+1)!

NE

S
Il
S

2k +1 22" n
(_1)k (n—k)‘(k+n—|—1)| 2k+1(z) (2 )|( 2)

NE

k=0

i( ) (@)k 1_ 22 T2k+1(z)

I

1 1-2a—2n 3—2a-2
_ (a)n L2n+1 2\—n n, T T g SR T
(].—Z) 4F3 2 4 4 .
3
2

1 -2
—a—n,l—a—n,5;4—4z

1
2

n

- a)g 2 2k
lg)(_l)k("—kg!()?/“rl)!(z) Tok+1(2)

a\ n _n l_n 3—2a—-2n 5—2a—2n
_(a)n 1-2n(1-2 F 9 ’ 4 ’ 1
—(2n)!z 4 43 3 3. 42
l—a—n,E—a—n,E, 5
z¢ =1

= l1+a+n
> (-1 (n— k)!(k(+ n+ 1)!216 “a-n) Tak+1(2)

_ 1 ha
= 2a+n)(a) Cona (2)-

5 (7)ot = g

(-1 )["/ B n (@) 1n/2)
+ 62[11/2 <[2])m

n/3] (_2n n
lf] ( E )an_sk(z): 37 p(-n/3,~2n/3) (E)

3
k=0

1 3
+ 5 Osin/sn

— |
w3 ‘*’\:
| N
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5.8.3] 5.8. THE CHEBYSHEV PoLyNoMIALS Ty (2) AND Up(z)

A (%_") (=2)"z p(y/2, /2)
1/2,—n—1/2
20. kz—o( 1)* mT2n ak+1(2) = 2n+1Pn (1—42%).
21. Y (’:)Tm+,,_2k(z) = (22)™T, ().
k=0

NE

2 1 _ 2 1
22. ( nt )(2z) 2% By ok Toks1(2) = 2T 1 1y (2).

2k+1 22nz2n—1

S
Il
S

22n72k -1 n

23. (22)WB% ok Tor(z) = W 1_2"T2n_1(z) [n>1].

NgE

kol

5.8.2. Sums containing products of Ty, 4nk(2)

e oD
_1\k 2/ k
1. /;)( 1) (n_k)!(k+n)!(§_n)k

S [Pan(2) — 2Pan_1(2)] [n>1].

(- %)n(%)
2. é(—l)kT2k+1<r> T2k+1< l;rz)

_ ni1 (n+1)? 1-=2 14z
=(-1) m T3 Tonts 3 Tonts 2

+ (2t De D, (V-2

[Ti(2)]”

2(2n + 3)
1 -n—2,n+1
—— |1 — oF; .
T 2 1( %;1—742 )]
5.8.3. Sums containing T, (¢(k, 2))
1. Z(—l)k(:)Tm(w+kz) =0 [m < nl.
k=0
2. 3 (F(} ) Tmtn(w + k2)
k=0
n— (2 n
=2""Inl(m 4 n) (- Z k+"kj—)n okt (w).

3. é (_1)k(2)kam (1 + %) =(-D"™mlbpmn—2""12" [n>m>1].
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4. i(—l)k(:)'ﬂm (\/Ez) = (=1)™m!22™ 122G [n>m>1].

7. i(—l)k(:)km+l/2’1’2 +1(7) m!(2m +1)2 6, , — 22m y2m+1

[n > m].
8 Xn: (—1)k( )kam(,h + %) = (=)™ Ml by — 22 1pm
= [n>m>1]
0 3 () S Tan (/14 §) = (0"t = 4"
[n > m]
10. i(—l)k(;l)(k—l-z)ngm( kiz) =M — 2™ [n > m).
k=1

11 30k 5 ()

= (=)™l 2m + D)VZbmn — 2™TV2 [0 >m).

12. 2 ( )k+z) T2m<\/£) = ()™M — (—2)™

[n > m].

13. i V()R 2 (ke + )m+1/2T2m+1< k >=(—1)mm!5m,n

k+ 2z

- 2m+1)(=2)™ [n>m)].

5.8.4. Sums containing U, nk(2)

n k 2\ /2
t n _(1+2tz+t) ( 1+ tz )
" ,;)’““(’“)U'“(z)_ w1 U\Vivaere)
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5.8.4] 5.8. THE CHEBYSHEV PoLyNoMIALS Ty (2) AND Up(z)

2n + 2

(—1)*(k + 1)( S VUk(z) =2"(n +1)(1 - 2)™.

M-

S
Il
S

k+1 on~!
(_l)k(n—k)!(k+n+2)‘ Uk(z) = m(

M-

—2)".

S
Il
S

3k
(n —219)!((;)I:+ o (- 2) " Un(2)

22n—1() 1+ n —-n _1_n 3—2a—-2n 5—2a—2n
— a)n z ' g ’ 1 3 1
- (2n+1)! (l—z) o 3 3, 42-4 :
l-a—n,-—a—n, =;
2 2° z+1

k=0

= () 8 \k
5. ) (n— k) (2k + 2)! (1—2) Ur(2)

2n 1 _ 1 3-2a-2n 5-2a—-2n
= (@)n (1+Z>n4p3 T VR 4
(2n+1) 1—2 3 3,424 )

1—a—n,5—a—n,5;

z+1
n k+1
6. I;) (n— k) (k+n+2)!(2k +1)(2k + 3) Ui(=)
_ 2—1/2 C_n_1/2< 1—=2 ) .
(i W
- (a)r(b)k
7. /;) (k+1) —k)!(k+n+2)!(3_a‘)k(3_b)kUk(Z)

2n 1( ) (b)n (1 )n F —-n, —TL—%,?)—a_b
+z :
T @+ 1)IB-a),B3-0), S B

n

8. Y (—1)*Usk(z) = Un(1 - 22%).

k=0
9. > (-1)k(2k + 1)Uz(2)
k=0

! _ _
= _72 + (=1)"(n + 1)Uzn42(2) — 2n + 2) 2B (1 - 222,

. ().

i o 2k+1 Ui (z) = @)™

N(k+n+1)! (2n)!

333



Cu.5. FINITE SuMs [5.8.4

11.

12.

13.

14.

15.

16.

17.

18.

19.

> mmer () a0

_n l_n 3—2a—2n 5—2a—2n
=(“)"<2z)2"<1—z2>‘"4ps( D TR )

(2n)! 1—a—n,g—a—n,g;4_4z—2

Xn:(_l)k(;l) (g)k 20, (2)

n n 1 1—-2a—2n 3 —2a—2n
_ (a)n 2\ ’ 27 4 ’ 4
z 1. 42°
2’ 221

—a—n,1—a—n,

~~
N | w
~—
3

N | =

k_+_1 U 2n _2n+1
Z%(n—k)!(mnm)! w+1(2) = G

n k+1 g2n i
I;)(—l)k e Ve ()= G (12
3 (a) 4 k

/;) ("_k)!(§k+2)! (1_22) Uag+1(2)

n _ _ _1 3—2a—2n 5-—2a—2n
— (a)n Z2n+1( 4 ) JFs n, —n 2 5 , 5
2 .
(2n + 1)! 1—2z l—a—n,g—a—n’g;4_4z—2

n _ k# (2)2,6
I;)( E (n— k) (2k+2)! \z Uak+1(2)
2°"(a)n _1-2 . _n’_%_"a3_2‘;_2",5—2:—2n
zm (1= 2 aF 3 3 427
l—a—n,i—a—n’ = i
n
Z 2k +1 (@) -

Rkt n+ 112 a),(2-b),

1 —2
_ (a)n(b)n 2n -n,-—n,2—a-b; z
- @n)!(2-a), (2—b)n(2z) 3F2< 1ia—n,1—b—n )

[n/2]
n\n—2k+1 . n
kz_o (5) k11 Un-as(2) = @)™

/2]

a—1
kzzo(_1)k(n ~ 2%+ 1) (+ 1)!(ik— s Un(2) = (- OR(2).
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5.8.6] 5.8. THE CHEBYSHEV PoLyNoMIALS Ty (2) AND Up(z)

/2]

n+1 1
20. Z( ;: )(m k) (m —n), Un—24(2)
k=0
=~ GBS (n = 1), (1= )OI () 2m <)

[n/2] ( 1)
21. Z( 1)k(2n — 4k 4+ 1) 7’“U2n_4k(z)

= (=2)"(2n + 1) P2 1/2=n)(1 _ 4,?),

[n/3]
n—3k+1/ 2n+2 an (@3 (1—my3) (47— 1
o B () st (),
n
23. Z Umtn—2k(2) = Un(2)Un(2).
k=0
"\ on 42
n - —an
24. Z (2k +2)(2z) 2k Bon_akUsky1(2) = (n 4+ 1)(22) 72" Usp (2).
k=0
n on 41y 2272k _ 1 om 41
25. ), (2k + 1)WB2H—%U%(Z) = g2zt U2n-1(2) [n > 1].
k=0

5.8.5. Sums containing products of U, (z)

n

1.3 (k+ DU

k=0
= 11-7) {(n+2)2[Un(z)]2_2(n+ D(n+2)2Un(2)Uns1(2)
+ (1 +1)?[Unt1(2)]%}-
2. 3 —1)k (g+n)k U )12
I;)( ) (n_k)!(k+n+2)!(2_n)k[ k( )]
= Ml—_z)[p%(z) 2P (2)].
e (),

5.8.6. Sums containing U, (¢(k, z))

1. i(—l)k(:)Um(w—i—kz):O [m < n).
k=0

2. 3 (D! )Umnw + h2) = i (-22) Zom (22)* O ().
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CH.5. FINITE Sums [5.8.6
3. i(—l)k(Z)Um(l + kz) = n!(—=22)™6m n [n > m).
k=0
43 (DR (P )R U (14 2) = ()™ (m+ Do — @)™ 0> m]
k=1
5. 3 (-1F (1) (k= 2)"Un (322) = ()™ (m + 1)1l b
k=1
—(m+1)2z™ [n>m]
6. Z(—l)’“(Z)Ugm (Vkz) = (-1)™"m!(22)>™6m.n [n > m
k=0
7. i(—1)k(:)k—1/2U2m+1(\/Ez) = (—1)"™m!(22)>" 6,
k=1
—2(-1)™(m+1)z [n>m]
8. ;(—l)k(Z)kmUQm(jE) = 6 — (22)%™ > m]
[n > m].

10

11.

12.

13.

. Xn: (—l)k(:)kmUZm (~/1 + %) = (=1)™m! (2m + 1)6m n — (42)™

k=1

= ny k™2 z

S (D4 () T Ve (/14 £ ) = 21" (m + Dl
= 22m+1
Z(_l)k(:)(k+z)mU2m< kiz> :( 1)m+1m'6mn
k=1

é(—l)k(’;)(mz)"‘“”UzmH( =)

[n > m].

=2(-1)™(m 4+ 1)!'V20mn — 2(-1)™(m +1)2™TV2 [n>m).
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5.9.1] 5.9. THE HERMITE PoLyNoMiaLs Hy,(z)

14. i(—l)’“(Z)(kJrz)mUQm( k ) = (=1)™m!(2m + 1)ém

k+ z
k=1

— (=)™ [n=m].

k(Y 1/ m+1/2 k
15. 3 (-0 (7 )k (k+2) U2m+1< k+z>

=2(=1)™(m + )6 — 2m+1)(=2)™ [0 >m].

(—l)k 2n an—k—1 9 k/2 ka + 1
16. I;)k+l(k)(ka+1) [(ka +1)° + 2] Uk<—\/m>
(=2)"

(2n+1)(2na+1)°

5.9. The Hermite Polynomials H,(z)

5.9.1. Sums containing H,,1nk(2)

. £ t—1)" n [t

k=0
2. § MHgk(z) = (22)™" i ¢(2z)_2k.
2 (n— F)! (2h)! 2+ (an — 2)!
n —2k
8.3 (1) T, Honle) = (21" - L/2mm (:2),
k=0 n

() n 1—2a—2n 3—2a—2n
_ @)n —2n - 4 ’ 4
= |Z 3F3 1 1 N E
n: l-a—n,-—a—n, -; 4z
2 2
n -1

3 (0 s ) = (12

k=0 2’

= (a)k _(b—-a), —-n, a; 2°
£ I;)(n—k)!(ﬂc)!(b)k Haw(z) = n!(b), 2F2<a—b—n+1,;)'
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10.

11.

12.

13.

14.

15.

16.

n n—k+1 2n _ 1 _ 2 2
— kL — (_ n% n, 2 n, 4,...,
Z( 1) (2k)! Hai(2) = (=1) n)! m“Fm‘l( ..., 1, -2 )

t 2 n+1/2 t
= Gnrn DT Hona (24 527 )

- (n— k)™ 2n+1 0n+1 2k
kX_% (n = B2k £y s (2) = (22) Z @n— 2k + 11 %)

>_(=D* n— k§73§k 1) 272 Hapia(2)

k=0
n 3—2a—2n 5—2a—2n
a _ 1 )
22 )"zl 2n3F3 4 4 .

3 3
l-a—n,-—a—n, =; 42?
2 2

) _n 3—2a—2n 5—2a—2n
_o\2)n 1-2n ’ 4 ’ 4
=2 o z 3F3 3 3 N E

l-a—n,-—a—mn, -; 4z
2 2

"L 20y 1 n! —n,—n
Z(k)(k) (n—k)!(2k+1)!H2’“+1(z)=2zm2F2<1,3.ZQ)'

2’

—2k—1
2

Xn: )2 Haa(2) = (—1)" E L2 (22),
k/ (a)k

(a),
(-n-3),
(n — k) (2k + 1)!

z_2kH2k+1(z)

kol
M-
o

= . (b—a), -n, a; z°
2 i ki, e () =22 o P a—b-n+1,2)
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5.9.1] 5.9. THE HERMITE PoLyNoMiaLs Hy,(z)
n A gn—kt1
17. ) (-1) mH%_H(z)
k=0 )
1
n(zz)2”+1 -n,—--—mn,2,...,2
=(-1)" —— m+1Fm— 2 .
=1 (2n +1)! + ! 1,...,1; —z72
= n 2_2k m+n o2m y—n—1/2, 2
. Ty H2ktem(2) = (= m+n .
18 Z(k)(ker)‘Hk (z) = (~1)™Fm22my, (%)
k=0
n
ny\ (a+ m) _ (1-a), -m—n,a
19. Z(k)(2k+2mk)!H2k+2m(z)_ (=1™ (m+n)!2F2<a_n 1 ,})'
k=0 PP
20. 3 (") (etme g
: Z(k)(2k+2m+1)! 2k+2m+1(2)
k=0
. m (1—a), —m—n,a
_2(—1) 7(m+n)122F2 a“—mn § 22 .
) 2’
"\ /n 22k m+n o2m+1_ 5 1/2—n,_2
21. Z (k)mH2k+2m+1(z) =(-1) 2%m+ ZLm+n (27).
k=
n
2k)! 222" 2
22. Z(—1)k(;‘)—g4k;!mk(z)=n!(f) Ln 1/2<Z2).
= (2)...
n
_ Y AL (2/(:)‘ _ 2"+1n! 2n+1 n+1/2 22
23. I;)( 1) (k)mH4k+l(z)_ (§) z Ln 7 :
= 2/ 2n
[n/2] —2k 2n 1 1
2 _(22) _nvg_naa_g
[n/2] g2k
25. kz=o kl(2n — 4k + 1)1 (a)x Han—ar41(2)
_ (22)*"+1 S F -n, —% —-n,a— % ‘
(2n + 1)! 20— 1; -2z 2
n 22k 1 K
26. 3 () ry (53— 1), Hamoan ()P40 (3)

1
—-n, -—n,p+2
:(22;)2”3}7'1( 2 P )

2; —2272
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n
23 ()i (0= 3), Honcaen (P H06)

_ 2n+1 —n,—n—%,p+2
= (22) + 3F1< % _92-? )
Z( )(n_ Hpyn—2k(2) = %Hm(z) Hn(z)  [m > n; [34], (44)].

5.9.2. Sums containing H,,1nk(z) and special functions

"\ o+ 1 41
L. Z(2k+1) * Ban- ok Hary1(2) = WH%(Z)-
n 9ny 9272k n
2. Z(Qk)WBZn 2k Hak (2) = WHZn—l(Z) [n>1].
k=0

< 1
5 3 Gt e~ () = Gyl - =)

1
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2n)!(a—n a—n,2% —2
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4. I;) ks )ik Y@~ R Han(z) = o ndla—n—1)
n (22)2"H —n,—n— 11,1
x [(22)2"+3 — Hopys(2)] + @nt Di(a—n=1) 4F2< an 2 2_272 )

> ,;)(‘1)'“ Catv(a = KHa(s) = (1) Gt = e o 2z

—n, —n-l-l,a—n—l; —z 2
(a=n—-1D¢Y(a—n—1)3F 2

a—n
1
-n,—n+_-,a—n—1,a—n-1
+ 4F5 2 L, .
a—mn,a—n; —z

6. > (-1 2k+1 S ¥(a — k) Hapyr(2)

k=0

= (_1)n+1 (2n + (11)!_(na)_na + 1) (2z)2n+1
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-n —n—1 a—n-—1
x[(a—n—l)z,b(a—n—l)m( T )

a—n; —z
1
_na_n_iaa_n_l,a—n—l
+ 4F L .
a—n,a—n; —z

n —k/2 \n
(0" (0) gy Dok (VED H(2) = (505 Duan(V22).

7

x~
Il
°

(Z)(%)k Dy_t(V22)H(iz) = (n — v)nDy—2n(V22).

1

k=0
" (w—Vw?:—1
. I; ((”—k)'(2k)|) P, _r(w) Hog(2)

(1) n/2 —n, s 5~ wZQ
:2"&(1‘02_1) 2F2 2 2vw?2 — 1 ]
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10. > % Pri(w) Ha+1(2)

k=0
1 22 wz>
Py -n, —n; — —
— gn+l1 (2);‘(102 _ 1)n/2 29 Fy 2 2/wroa |
(n!) 1oy, 8
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[n/2] 1 e
A A—n
M3 o D) = T 08T

5.9.3. Sums containing products of H,1nk(2)

L3 (3) (&k) [Hak ()" = (9" L3~ ().
k=0

_1)* omaa
2. ) (Z)@(,CR[H%H( J2= CDT2 2122y

2 1
k=0 n+

3. Xn:(—i)k(:)Hn_k(iz) Hi_1(2)

(n 1)/2n|( )n z /2D_ 3 (\/iz)

»\;

e erfc (z) H,(i2).
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M-

(%) Han-2k1 () Hags1(2) = (~1) 2" Pnlwz L (w® + 2%).

S
Il
S
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() Han-26() Harsa(2) = (~1)" 2"l a L (w? + 22).
k

0

1

7 22% (5_ )k H ( )H ()_ﬁ( 2 4 2)”T 2 —w’
. @ 2k m—2k\2) = (W T2 n 7 /-

E)(n —k)! 224w

n 1 —n
8. Z 92k ((2)ik)' Hopy1(w) Hop 2k (2)
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2k 4+ 1)!(n
_ Dt eyt (-~2)
T onl(2n+1) (w” +27) Tant1 Vit 2/

n IR
9. 22%m112k+1(w)1{2n—2k+1(z)

k=0
1 22"+1 n
_ =" (w? + 72) +1/2U2'n+1( w )

(nt Vo
5.9.4. Sums containing H(io(k, 2))
k—o
2. Z(_l)k(:)lﬁm(ﬂz)
k=0
= kS (—42%)k
- e I;) Tken (m—n—k)!(2k + 2n)!"
n 1k n ) )
3. kgl(\/lg) (k)HQmH(\/EZ) :(_1) +192 +1(g)mz
+ (=1)™(2m + 1)!n!(2z2) 2n+1mzn (—4z%)*
m ni(2z k00k+"(m—n—k)!(2k+2n+1)!'

4. i (_l)k(:)HZm-i—Zn (Vw + kz)

S
Il
S

m Y o
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5 ii(n)l‘h (Vw + kz)
. k m+2n+1

k=0
= (_1)m+n22m+2n+1n|(m+n 1,7 Zak-l-'n (I(c_f)k)| Lk+n+1/2(w)-
- k(T m 4 _ m
6 kgl(_l) L H2M(ﬁ) =—(22)*
+(2m)|nl(23 27” 2n I;) (k+n)|(2i:cl+_712n_2k)|(2z)—2k
y - m / L — m
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NE
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S
Il

0

1
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n
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k=0
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().,

1 m
Bty () ()
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5.9.5. Sums containing H,,1nk(@(k, 2))
(ka) (ka — b)"~*1 z
1. Z (n — k) (2k)! HQ’“(E)
(=™ b a
o n! + (2n)!(na — b) Han (Z\/;)
n kk+1/2 ka — b)n—k—l 2
2. Z:l (n— )'(2k+1)' Hz“l(ﬁ)
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n R 5 B (22)21;—2
3 3 san T+ (J5) = oo n2 1)
n kn—k(k+ l)k—l 2\ (22)21; (1" ‘
4. kgl WHZn—2k<ﬁ) - = (2’)’1)‘ + (271)‘ H2n(’tz).
n kn7k+1/2(k+1)k71 »
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5.9.6. Sums containing products of H 1.k (p(k, 2))
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k
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n l)n 1/2 H w H P
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n
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5.10. The Laguerre Polynomials L)}(z)

5.10.1. Sums containing L) " (z)

1. kXZJ e b 2 = (S (o) m > n.
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- I;)(’,Z)M<—z)kL¢n+k(z)
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”k 1
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n

e
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k=0
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L. (n— k(A4 1) 2(2)—()\+1)n 2(t+1>'

kol
1M
- o

3
|

(n—k)" _ 2" - _
2 3OV e O = g, 2 oRCA - mee
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14.

S
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S
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n/2] (1 —n—1/2
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5.10.3. Sums containing L)‘i;;’jc(z)
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5.10.4]
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2 nr i 0
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o
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n! A—-n+lL,pu—n+1L,A+p—2n+1

n 1
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11.

12.
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: Z()‘ ~ 2k) (n— k)!((_n/\)—k)\ +1), o [Lz_%(Z)f
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n!

R !
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17.

18.
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20.
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Z (_kZ! Li\ntkk(Z)Li‘;Z-"k(z) = (m;n)L,}‘n_ﬁl( ) [m > n).
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S
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P A+n+1)
=i+ g)"
n (k1)? (a + 1), (—2X) 2k
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S
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S
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- LYAL 1 (=2)*  Athin
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0.3 0 it G [z (2) ()] e
k=1
11 i L 2K L2k (K22) = z
C e (kta)” Tk 2(n — 1))
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Ch+ )™ 4 ok _ 1 4oz 162
17. /;) (k+n+1)! L2k ((2k +1)%2) = nl  Bi(n—1)! + 2950 —2)1"
n
(2k + 1)%H 2* oot \
18. L 2k +1
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~ (—ka)*(ka+b)"*1 rz)y bt
20'; nopoen B(E)=-
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5.11. The Gegenbauer Polynomials C)(z)
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k= n—=k ( ) -2 k p(p+k,o—k)
_0( )‘(a)k(l) -U—a—n+§) k z

— (_U)n(p+0'+].)n

nl(a)n (a—p—a—g)n

y 3F2<—n,2a—p—0+n—2,P+a—2a—n+3)-
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2
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26. i (a‘)k(p +o+ l)k 2k(z _ l)kPk(:P“‘kva'_k)(z)
= (= k) a—n+ Dlp+ D
1
—2n, - —a—n,—p—2n
(a)n(p+ o+ 1)271, (Z _ 1)271 3F2 2 y
1—2a—2n, —p— o0 — 2n; T
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. P , — plp—n,o—n _ ).
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—-n,l,p+o—n+1 )
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n n- 9 k o
33. ) (fp_a)k (l—z) Plkio=H) ()

—0)n 2 n —-n,pt+o—nmn+1,2,...,2
— .( p) ( ) m+1pm< 1_2) [m > 1].
2
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= (2p)2n(_a)2n ( 2 )271 _2n1 P, P +0o—
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36. I;) (n—Kk)!(1—p—2n)k(—p—0)2k (1+z> Py (2)
(20)3n(=9)3n ( 2 )2" —2n,p,p+o—
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n
|
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n
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S
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S
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41.

42,

43.

44.

45.

46.

47.

48.

49.

_ (1;z)mégf(—n)k (z_

> (D mn: o)

:(—l)m(m_a+1)n(0+1)m3p2 _m_nﬂa_m1p+a+m+1
(m+n)! a-m-n,o+1; 1= )
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=0
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S (e () e

— (p+1)m (p—mn,o) m>n
_(p—n—I—l)mP"f (Z) [ > ]

Eod
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S
Il
S
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:%31’2( o1 v 177 ) [m > n].
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[m>mn; m>r].
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3 k
50. I;)(:)(p(—;(:_;iz:;:)k(z—gl) P,(,fj,f’a-’_k)(z)
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(%—a)k(p—i-a—i—l)k
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—2m — 2n, 0 + 1;
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(a)n(—0)n (_ 2 )" P —2n,1—a—2n,p+o—n+1
— @2n)!l(=p—0)n 1+2) 72 a,o’—n—i—l;—l;z )

400



5.12.2] 5.12. THE JacoBl PoLyNOMIALS P,(LP’U)(z)

n
2m + 1) 1+=2 k,o+2k
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65. Z( lk(n (p+g+n+1)2k( :z) Pr(l,f;ik,awk)(z)
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n (1—a—n)k(a+2n—%) 4 \2k
k (p—3k,o0—2k)
69. I;) (n—Kk)! o+ Dr(—p—0)2 <1+z) Pak (2)

1
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—|—4F3< P 7 1—2 )]
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13.

14.

15.
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5.12.4. Sums containing products of ngﬁ:’aiqk) (2)
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_ (p+1)n (1+z)”3F2( -n,-n—o,pt+v+l )

] 2 (w+1)(z—1)
n v+1l,p+1; TGt

4 i(—ﬂ’“(;‘)(l(:in,: ?,f) P @) P )
2 k
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5.12.5. Sums containing PPEPE:7%9R) (k7))
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i(% + p)2k-1 (p)k(o +a+n+1) (_

|
k=0 k.(a+n+1)k

n

> 2k + 1)k (0 +n+2)i

|
k=0 (k+n+1)! \ 2

n

Z2k+

(k+n+1)! 2

-1 20(0 +n +2)z

128(n — 2)!
(c+n+1)z
A -1

k
g) Pf_k/:rp’a)(l +(2k + p)22)

_ (p+1),
nlp

k
(_ f) PCEFLO (1 4 (2K 4 1)22)

Aot+n+2)z

__+ 9(n —1)!

k
)2h- s(0+n+2)k (_E) PERLO) (1 4 (9 4 1)22)

+ 4(0+n+2)(0+n+3)22

ol 81(n— 1)!

i 2k + 12 (0 +n+ 2
(

0 2k+1)2+a2 (k+n+1)! 2

-1
z

T ant Dl tntl)d

Zk;;l( p—

k=1

g0 )

(pto+n+laalp+

225(n — 2)!

k
(_E) PORFLO (14 (2k + 1)22)

1—3F2<

-n—1,1,0+n+1
1—ia 1+ia a2z ||

2 2 7 g
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n

—ka)*(k +b)"'“1 o—
Z (1;1— i + 1)k P’Ep k)(1+%)

__bn71 b" (p,o0—n) i
- n! +(na+b)(l’+1) P ( 7)

n—k—1
19. Z k:a+b) ( +k) P(p ka)(

Mo+ 1)k z—l—k:)

(az—b)" (p—n,o) [0z +b
(na—l—b)(o—l—l)nP (az—b>'

3 c 1" n=1 ploso—#) (katz

Z (n—K)!(p+ 1) (ka +1) P (ka+1)

_ (p+o+1), (l—z)”
nl(na+1)(p+1)n 2

5.12.6. Sums containing PZP¥:7%9%) (,(k 2)) and special

functions
)

n o 5 w

=1
(R (14 2) = (n+1)”*1 (2-)
x Py 1+ k n! Han vn+1

(1) (2w) 2n2":(n+1> (G-n), Pe o (14

2 (n—k+1D(p+ 1)

kol

n+1)

2 3 () (k4 1) (s ),

(n—k)(p+ D

Ho,\— ( w ) P(Pv"'—k) (1 ? )
X Han-2k 5T ) T T Er1
_ p(2w)* 27! o 1, —n— %7 pto 1
= 3 1 z - -
(n+1)!2n+1)(p+0) 0

2w?
1
n—1/2 (_5 B n)
T e hie

X Hop_ok41 (

kol

[=}

w

(-

n
>

S
Il
S

Vi) (0 )

3
—n—-1,-n—--,p+o0o
m( - )1]
P =
2w

) s

- (n+1)1(2n+3)(p+0)
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5.12.6] 5.12. THE JacoBl PoLyNOMIALS P,(LP’U)(z)

L

n k-1
Z (k+1) kathZ+a((k+ Hw )P(Py"' k)(1_|_

Pt (p+ 1)k k+1>

(k-l-l) k) (p,0—k) z
5. Z D wk LA ((k + 1)w) PP (1+k+1)

2Fb<_z;:Lata)].
R ) 2
6. 3 G () PO (1 2)

= p-l—l)k
- k (pt+o+1)
g( 2) (k +1)! (p-l—f) LZi(n+ Dw).

_ 2Xp(wz) !
(n+1)!(p+0)

n
) 1yt GA =)k 2 w (p,o—k) z
7 I;)(’H P L"—k(k+1)Pk ( k+1)
20wt 27! -n—1,-A-n-1,p+o0o
=(=1)" F ’ hh ’ _ .
(=1) m+ ) A+n+)(p+o) [*! P o !
- (pro—k)
n—1r—p—mn—1 w p,o—k z
) ;(kJrl) LaZw (k—i—l)P (1+k—|—1)
_ 2(_1)712:71 ,wn+1 _ E ntl —p—o—n—1 _2’11)
T p+to [(n—i—l)! (2) Lnia ( 7) )

- n=1(=p = n)k - (pro+k)
9. > (k+1)""" (1p—,\7)lkk09’“k(\/1:uﬁ)lgnp—k+k( k-zn)

k=0

Qo

_ 2 n72(p+0+1)2n+1w72zn+1

(D pto+alp+n+1)(A-1)

—n—-1,A-1,—-p—n-—-1

X 1—3F2 1 2?2 .
——,—p—o—2n—1; ——
z

27

DA 2
x O () POV (ke D2 + 1)

vk +1
plp+n(w’z) ! (—n—l,A—l,p+a+n)]
- 3F2 1 w?z :
Py —55 —

T+ DIO-D(p+o+n) 3 -5

10. i (k+)k-tetotntie (_i)k
k=0
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1 3 GOl () P (1 1)

(1-=2) VEF1
2
-n—1, A -p—n-—1 e
3F2 1 z —1{.
—p—0—2n—1,5

- k-1/2 (p+o+n+1) [ z\F
12. /;)(IHD P ( 5)

et ()

(D p+o+Da(ptn+1)

— w k,o+k
XC;kfl( )Pép—: +)((k+1)2+1)

vk+1
 2p(p+ Vn(wz)™" r -n—1,Apto+tn 1
_(n+1)‘(p—|—0'+n) 312 P 1 _w2z .
> 97 2

18, 514G 1kt O
k=0 )

(p+
) e )
(-

1
)« e (3)

Atk
X CZn—ZIc(

— (gt (D" N b (p,0-n)
= (~1) Grn, P

n 9k
2°(—p—n)k (n+1) ,\+n—k< w )
X C .
kZ:O n—k+1)(1-A=—n)k(—p—0—n)k z 2k n +

n—l—l

]

K k=1, yn—k+1/2  (A)k
14. I;)( DEk+1) (n—k) TESP

X C’Qj_’;kH(W%) Pk(P,a—lc)< + )

:2(_1)n+1 (n (p) )( )n+1P (p,0— n)( +1)
VTR a e (L2

n
«3 2"(—p— n)w (n+1) M- k( w )
—n—k+ D) 0-A-n)(-p—0o—n)\ 2 1 \Vn+1

5.12.7. Sums containing products of PT(LT;S,’: xR (4 (K, 2))

n

1. Z(—l)’“(Z)[P,(,{”")(w+kz)]2 =0 2m < n].

k=0
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5.14.1] 5.14. THE KuMMER CONFLUENT HYPERGEOMETRIC FUNCTION 1 F(a; b; z)
+trv+n+1) k=1 w)*
9. (ptvtn+1)e (_)
Z ( + 1 ( + ) 2

x PE I (k+ Dw + )PP (L2 1)

—n—1,u+v+n,p+o
3F2< uo___wz P )_1]
K, 0 1
n

k(PN k=1, ,\n—k
3. 0( 1) 7(u+1) (k+1)"""(n—k)

(1, v—k) (p,o+k) z
x Py <1+k+1)Pﬂk (1+ —k)

C(m+ )" o+ Da pu,v—n) w
(n+1), Py ( +1)

(o), CE D (1Y

n & X
2°(—p —n)k n+1 (p,o+n—k) z
XI;)(n—k—l—l)!(—u—u—n)k(p—i-l)k( w ) Py ( n—l—l)'

5.13. The Legendre Function P*(z)

_ Apo(ptDa(wz)™
(n+D(p+v+n)(p+o)

|
—

S
Il

5.13.1. Sums containing P*=F(z)
n ~ a1
LY ()R (R) Wt e k2 puck)

:2—"w(1_ H= "/2P“ a(2)  [arg(1+£2) < 7).

2
= 2-"@(1 _ ) n/2 ppu— fa "(z) [arg(1+2) < 7).

5.14. The Kummer Confluent Hypergeometric Function
1Fi(a; b; 2)

5.14.1. Sums containing 1 Fy(a; b; z)

LY () () = Gt )

k=0
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CH.5. FINITE Sums [5.14.2

7.

> (o) e () = 15

3 ()0 - B A (5 2) = (- b, R (™),

5.14.2. Sums containing ; Fy(a; b; z) and special functions

3 O e o ()

— (-1 )n(l b),. F(a z)

n! b—n

(2!_(;;1’“ (—2)*Leth N (=2)1 Fy (b+k) (:z)!n 1 l(ab;—i—zn)'

— k a; z —a a—n

k:1|) (l_b)kaL:Z(z)lFl(b’—k) - . n! : lFl( b; z )
k=0
n k 4 a a; z
Z(_kll) (1_b)kLﬁ:Z_nH(z)lpl(:’—k) (Zl(b))n( 2)" 1F1(b—,+-n)'
k=0

= (1) k—b—n+1 a—k;z

- n(l(zzgn anl(a;——:an)'
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5.15.1] 5.15. THE TricoMm1 COoNFLUENT HYPERGEOMETRIC FuncTiOoN ¥(a; b; 2)

- (1-0b), _ a; z
6. Z(n E)(a—b+1) (2 L= Fl( k)

_ (1=0),(=Nn n a,A+1; 2
_n!(a—b—l—l)nz 2F2(b—n,/\—n—|—1)'

5.14.3. Sums containing products of 1 Fy(a; b; z)

LB R A S ()

_ 1 1 22
22n(a)n(b a)n(Q)n3F4(a+n b—a+n, n+ o 4)-

(b)n(b_a)zn g+n,bi+n b—l—n,%

5.15. The Tricomi Confluent Hypergeometric Function
P(a; by z)

5.15.1. Sums containing ¥(a; b; z)

LD ()( ) = Cor@ne ()
2. > (Z)ﬁq’(szc) - %q](ab_zn)

.3 (M@ew (B =v( 1 2).

k=0
) @ ()
5. 35 ()b e () = ()

D) )

n
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5.15.2. Sums containing ¥(a; b; z) and special functions

1.

() = e b ne(5 ),

M:

S
Il
S

s
Nk
A

,:,) LErt T (B 2) = (@b i Dy (7))

n! b—n

S
Il
S

- e () = S (L)

o
[
A

x~
Il
°

o= b murmew(f5) = G ().

-
M=

x~
Il
°

5.16. The Gauss Hypergeometric Function
2F1(aa b; ¢; z)

5.16.1. Sums containing ,F(a, b; ¢; z)
= () a,b; z\ _ (c—d), a,b,c—d+n
1. I;) ( ) F(c—l—k)_ (e)n 3FQ(C—i—n,c—d; z)

n

2. Z(—1)k(;‘)¢)2pl(a7btk; Z): (a)n 2F1(a+n,b)'

= (b—a—n+1) (a—0), ¢z

n

RO (Dt ()

k=0
= e AR (L),
L () PR () = Gen (),

5.3 (1) (5) (B i) =a-ammem ().

k=0

6. 3 (Dge=en ("L ) = (")

ko
[=}

7. i( ) (z—1) 2F1(a+kc,—l:_—ltk; z)= (C(:)i)n 2F1(;1::;Z)_

ko
[=}
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5.16.2] 5.16. THE GAuss HYPERGEOMETRIC FUNCTION 2 Fi(a, b; ¢; 2)

n

I e e Gl BT R

% 21 F(D) ey h (2
= e, R (L)

(1-c¢), (- z)_"gFl(a_n’b_n).

(c—a—b)n c—m; 2

n —c —z\* a, b; z
11. Z(Ic)(b(ic—i-)llc)lc (lz ) 2Fl(cfk)

1-¢), _n2Fl(a—n,b)'

:(b—c—i-l)nz c—n; z

5.16.2. Sums containing ,F(a, b; ¢; z) and special functions

(c—a)(c— b)k Sk (k n+c 1,k—n—a—b+c) 4 a, b; z
L Z k:‘(c P (1 22:)21-711(04—/6)

- M(z_l)nm( a,b )-

n! c—mn; z

2. Zw kP(k nte—1,k— a)( 22)2F1(a’ b; Z)

= El'(c)k c+k
— n(l—c) a—n,b
=(=1) n! Fl(c—n; z)
n
(a)k(b)k 2k plk—n+ec—1,k+b—c) 1 a+k,b+k;z
3. ;} Wi (=2 P (1-22)2 1 ( o )
—_(_ n(l_c)n a‘_nab
= (1) n! Fl(c—n; z)

4. Z (a)k(b)k (z _ 22)kP7(lk_—kn+c—1,k—n+a+b—c)(1 - 22)

y 2F,1(a+k,b—|—k:; z)z(_l)n(l;!c)n zFl(a—n,b—n)-

c+k c—n; z
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- G

6.2

8. Y a=e) ;,C)’“(
k=0

n 1—c¢
9. 27( k|)k(
k=0

102

b)k Z—Z) P,Ek ka+c 1,k—n+a+b— c)( 22)

o (TR - (e 1Y),

(k— n c+1,k+b— 1) a,b; z
)P (1-22 )2F1(c—k:)

_ (b)n(c—a), (—z)"zFl(a’ b—l—n)‘

n!(c)n ct+mn;z

(k n c+1,k—n+a+b— c) a, b; z
) P (1 2z)2F1(c—k:)

z—(c_“)n(c_”)nz"QFl( =0,

n!(c)n ct+mn;z

—n— — b
2 (4

- et o (2170

c+mn; z

1R (1 gy ()

_ (c—a), 2F1(a;n’b).

n! ;2

c)kp(k+a c,k—n—a— b+c)( )2F1(a—k,b—k; z)
k

c—

= Wnig (210,

c z

c)kP(kkn c+1l,k—a—b+c— n)(1_2z) Fl(a—k,b—k; z)
! n k

c —

b)"(z ) Fl(a—l—n,b—i-n).

n' (€)n c+mn; 2z

c)kP(k n—c+1, k—btc— 1)( 9y )2F1(a—k,b;k:; z)

c —

_ (a)n(c—1b), (—z)"zFl(a + n, b)‘

nl(¢)n c+n; 2z
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5.16.3] 5.16. THE Gauss HYPERGEOMETRIC FuNcTION 2 F1(a, b; ¢; 2)

B (k—n—c+1,k—n+a+b— c) a,b; z
1nkp (1 2z)2F1( C_k)

_ (c—a),(c—0), (_z)n2F,1( a,b

n!(c)n

5.16.3. Sums containing products of 3 F}(a, b; ¢; z)

1. Z (n) . (a)k(b)k .

e O VA CRLE R

a+k,b+k;z a,b; z
X2F1 1 2F1 1
a+b+k—|—§ a—l—b—n—i—k-l—i
2a, 2b, a + b; z
= 3F:
2a+2b,a+b—n+

n (a)x (b)k k
PRV,

a+k,b+k; z a,b—1; z
x o1 1 |2F1 1
a+b+k:—§ a+b—n+k:—5

< 2a,2b—1,a+b—-1; 2
=3

a+k,b+k; z a+n—k,b+n—=~k; z
X o F 1 |2F1 1
a—l—b—l—k—l—i a—l—b—i—n—k-l—i

(2a)(2b)n(a +b),, <2a+n, 2b+n,a+b+n; z
= 3

7)

"~ (a)a(b)n(2a + 2b)n 2a+2b+n,a+b+n+

n (a)e(b+ z \k a—l,b;z
4. Z( )a+b) (a—l—b)—n)k(l—z) 2F1<a+2b+k)

k=0

a+b—n+k

1 1
b- L, 2a,2b,a+b— 1;
~ 2F1< a, 97 z ) :(1—2)1/23F2< a, ,a+ 27 z
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c+mn; z

2a+2b—1,a+b—n

)

)

)

2a+2b—2,a+b—n— -
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5.

. (a)k(b)k(% —a—b—n)k o
o(k) (a+b—|—;)k(l—a—n)k(l—b—n)k(z Y

1 1
a+k,b+k;z a+-,b+ 55 2
X 2F1 1 2F1 2 2 1
atb+k+o atb+n—k+
(2a)n(2b)n(a +b) n—1/2 2a+n,2b+n,a+b+n; 2
= (1 - z) 3F: 1)
(a)n(b)n(2a + 2b) 2a+2b+n,atbtnt

n

k

n n (a - 1) (b)k(l —a-b- n)k
_ k 2/ k
6. I;)( 1) (k)(Z_a_n)k(1—b—n)k(a+b)k

1 1
b+ L b+ L
a+b+k a+b+n—~k
1
(2a — 1)n(2b)n (a+b— 5)

_ n(1_ -1
B (a=3) ®na+20-1), 1-2)

2
2a—+—n—1,2b—+—n,(1—|—b—+—n—1
X 3k 2 |.
2a+2b+n—-1,a+b+n; z

5.17. The Generalized Hypergeometric Function
pFq((ap); (bg); 2)

5.17.1. Sums containing ,Fy((ap) = mk; (bg) £ nk; z)
3 n) (a) (ap); z
1. g(_l)k(/@) (c): ”F"“((bq), c+ k)

k=0
_(c—a), F (ap),c—a+mn; 2
—@n PP g) et nie—a )

2 i(_l)k(;l) WPHF«;H (‘"Eb_q)”’})(iplg; Z)

man (m+n)! —m, (ap); 2z
= O e (T 60 )

2 [1(@)n < (ap) +n; z )

~ @) [[(ba)n PFart ) S n, 20 +1
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4. Z(_l)k(:)(l(a) 9 Fq+l<<b$f’)£fk)

ZM 1Foio (ap),a+c+n—1; z
(@)n Pt (bg), c,a+c—1

5. I;)(—l)k(:) % p+1Fq<(a”)’(‘Z:)_ k; Z)

_(b—a), F (ap),a,a—b+1; 2
b)n PP (bg),a—b-n+1 )

) g_l)k(:)ﬁHqu“((a&)q’f; %)

_ (b—a)n (ap), a; z
B W?+1Fq+l<(bq)’b+n).

7. Z (:)(_Z)kMp+qu<EZ:))I:;’ Z) — p+1Fq<(ap),((zq—) n; z).

. ny (—2)* l_[(ap) ap ,a
8. Z(k)(k—i—)l 11 :p+1Fq<qu))j:Il:; Z)

e a5 ) ()]

9. Xn:(")kr(—z)kn(“”)k i F, ( m, (ap)+k)

ok [1®a) (bg) + ks z
N Lk _ kl_[(%)k -m—n+k, (ap) +k
= kZIcrr( n)g2 TG0, p+1Fq< (bo) 4 ks = )

STy s § (COF “n+k, (ap) + k
10. I;)ok+m (k+m)|z l_[(bq)k p+1Fq< (b )+k 0z )

2 (1- (bq)) ™
= (_1)7n(p+q+1) H
w0 a0, T (o 2D (6

m—mn, (ap) —m
1Fq ‘J)_ma k-l—a) )
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n 1
11 Z (_E)k < 22)k l_[(ap)% r <—n—|—k:, (a,,)+2k:)
. —— | =+t
k! 1) TI®a): PHITAN  (by) + 2k; 2
e
B ~an -1, (by); = )

n _ a .
12. Za+2k 1 kl_[ ») qu+3< (ap) + k; 2 )
k=1

a)ag b)2k H(b (bg) +k,a+2k,b+2k,b—a+1
p
2 U . (ap)+1, "3 %5 2
_4 p+1 +4
b(b+1) 1 T b) +1,a+1, b+1b+—3b— +1

j=1

.

B 2" [T@)nn
(a)2n+1(b)2n+2 l_[(b 1

(ap) +n+1, b+—1+n z )

b+3

X pt1Fq+a
(bg)+n+1,a+2n+1,b+2n+1, — tmb-a+l

[(n—1)/2] n n+2k, n—2k (a )
— , - ) P
13, Y (k)p+2Fq< (ba); 2 )

k=0
1
_ on-—1 -n, —, (ap) _ 1+(-1)" n
=2 p+2Fq< (bqi; 9 ) — 1 <[n/2])

14. Z (n)(n—2k+1) p+2Fq<—n+2k,qu—);2lzc+2, (ap))

3
=27 P2 Fq < (bq;’ ;ZP) ) .

15 Z (n) %)k(_4z)kl_[(ap)k F <—n—|—2k, (ap)—i—k)
= OF [1®a)x Pt (bg) + ks 2

_ F —n, (ap), 1 —a—n
pH25atl (bq)a a; —z )

U 1 (ap); 2
16. F,
I;) (n—k)l(k+n+1)!7 P+2<(bp), Lk, 2+k)
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5.17.2] 5.17. THE GENERALIZED HYPERGEOMETRIC FUNCTION , F4((ap); (bq); 2)

ap)k (ap) + k; 2
17. Z H(b) PF‘1+( )+k,2k+2)

B (—2z)"H! l_[ ap)nt1 F (ap)+n+1,n+1; 2
@0+ 2)! T](bg)ns1 PTG (p V4 n+1,n+2,2n+3)

S | (GO (ap) + ks 2 ) _ (ap); 2
18- ,CX:% 2k + 1! TT(ba)s ”F"“((bq) +k, 2k+3) - ”F"+1( (by), 2)

B Pk l_[(ap)n+1 P 1< (ap) +n+1; 2 )
@1+ 3)! TJ(ba)nss * " \(Be) +n+1, 20 +4)°

"o ) (ap)2k
.3 (2)(2), (1), = He

p
[e

1
—on 42k, k-1, 2% 1
X paFy n 3 (an) =1+nz—.
(bg) +2k; 2 Hb'
J

j=1

(a4 kp), (A+k k, (ay); =
20. Z(_l)k(k)( R u)k”HFqH((bf),()\—:ku)

(a+kp),
— (a’_)‘)n F -n, (aP); z
atnp+n—1P9 N\ ) A—a—n+1)

5.17.2. Sums containing ,Fy((ap) £ mk; (bg) £ nk; z) and special
functions

() @tk +1) o ()

1-a)n
n!

P(n+1) praFon (_?b’ ga,;),_a; Z)

(a—n) —k, (ap), a; =
Zkl(n k)p+2Fq+1< (bg),a —n )

Sy (—42)F , [(en)s (—n+k, (ap) + ki )
2. I;)(k) (%)k Bk T[]0 p+1Fq+1 (bq)+k,g

—n, (ap); 2
= p+1Fq+1< Pl )-
(bQ)v E
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" /n k l_[(ap)k —n+k,(ap) +k,1; 2
3. I;)(k)(_z) Bk(w)mcp+1Fq+l( (by) + k, 2 )

— -n, (O‘P)
= ool )
5.17.3. Sums containing ,Fy((ap) £ mk; (bg) £ nk; p(k, z))
- —m, (G’P)
1. 1 . =0 [m < n]
I;) ( )p+ q<(bq),'w+k:z)

n lﬂl
9. Z(n) Er-1 kl_[(a” p+1Fq<—n+k, (ap)+k)=nz

. q
= k l_[(b (bg) + k; kz l_[
3 i k2 knap F —n+k, (ap) + k; k*z
" L (n—k) [0 PHITGHL (b)) + k, 2k +1
V4
2 Hai a; l_[a
4 4
>
CEDE T oDz o n22]
Hb (bj +1) b;
j=1

4 i (2k 4+ 1)%3 knap F( n+ k, (ap) + k; (2k+1)2z)
D =Rk (b p+1Fq (by) + k, 2k + 2

[
_ 1 4Z i=1
T nl 9(n—1)! ¢
( ) b,
j=1

" (ka + b)* ]_[(ap “n4k, (ap)+k
5 I;)(k) ka+1 H(b P+1Fq<(bq)+k; (ka—i—l)z)

n, (G‘P)v a (l_b) )

= p+2Fq+1 ( 1

(b), - +1

6. Z(—1)k(:)kmp+1pq(_m’ (ar); k) = (~1)™m!Gmn

(bq)
B l_[(ap)m
[T

(=)™ [m<n].
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- Y m ~m, (a9)5 2\ _ st L1 (@)
" ,;(_1)k(k)k it (by) )= 1)

(ap)mf'n, g
o lljl(bq)mn 2 hen (), St
Xl_[(n—m—bq—f-l)k .

l_[(n—m—a,,—i-l)k B

8. Z( ) —ka)k(ka+ b)"F- 1p+1F<(:;)Ea£))

k=1
_ _pn—1 bn —-n, (G‘P)
=-b +na+bp+1Fq<(bq);—a:)'

0.3 (1) 0" a0 )

pars (ba)i 5t

__ (at)" " ( —n, (a) )
(n+1)(@—n) PP\ (o) 2

l_[b—l

(a+1)" B —n, (ap) — 1
' "+1)Z H(a -1) [1 pHFp((b‘I)_l; a-zl-l)‘li

< —k, (a,,) )_ 2" H(ap)n
(b =

10 304 () ka1 peaF () na +1 [](b,).

k=0 ka+ 1
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5.17.4. Sums containing ,Fy((ap) £ mk; (bqg) £ nk; p(k, z))
and special functions

n n—1 w _ka (aP)
1. Z k‘(n—k;c' (_4)k(k+1) H2n—2k<\/m) P+1F‘1<(bq); Z )

q
(b; — 1)
92n+1, 2n+2 — l;[ -n—1,-n-— —, ap) 1 1
T T+ DI+ lzla i re2ky (by) —1; —w ™2z '

n (_p_1
22 W _2)>{° (=) e+ 1)
X Hzn—2k+1( kw+ : ) p+1Fq <(b_ql)€.’ (a;,) )

(6 - 1)
92n+2, 3 —1 131 ’ -n—1,-n— §a (ap) —1
= p+21l¢ ? -1

<.

 (n+1)!(2n+3)

o E T it o2

l_[(b,- -1)

(_w)n+1 -1 [ P —n—-1,-XA-n-1,(ap) -1 1:|
= A OFntD) prata j o
GRSV H(az_l) ( )

" Z (k+1 —w) LR ((n — k)w) p+1Fq<(b_l)€-’(a§))
)i et

_ n ( l_[(al’)k LATE 1
kzzo (k+ 1! [T (6o (n+tw)
5.3 k4 1)kt /\k|n)kL¢L k( —QZ+1)”+1 q(‘(:’)(ag’))

k=1 k

=—(n+ )n_lLi\L(nL—rl)

(—w)" n+1 ntl - (ap)

+(n+1)vX_:( b )= ) piill <(‘1)’ )
k=0
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5.17.5. Sums containing products of ,F,((ap) £ mk; (bg) £nk; p(k, z))

n n+1\,, -n+k,a —k, (ap)
L3 (7 e (A e ()
k Tk

k=1 ’

(=1)""(n+1)"(@)nt1
(a—b+1)(b)n

a—b+1 -n—1, (ap), 1—b—n
X | —— — F,
[ n+a p+2 q+1< (Q)a_a n; ’n+1

(b= 1)(B)n (—n 1, (a,,))]
+ 7 F 2 .
(a)n+1 p+1e (bq)§ T

9. n_l( ) (k n—k —k, (ap);
SRR A
k=0 q
—n+k, (cr n— n, (ap
X r+1Fs< (ds;—; ngk)) =—(n+1) 1p+1Fq<( by): (n+)1)
(—w)" l_[(ap)n s, n+1 ( e f(n+1
+ ]‘[(bq)n,;( F1)Cpyrase(ntL )

[T —bg —n)w “k, (cv)
e )

+1

5.17.6. Various sums containing ,F,((ap)+mk; (bg) +nk; 2)

n n (C) (e—b) a,b,c+k

1. I;)(_l)k(k)((g),cé_—d+,;_),c3p2(d,e+k; 1)
(1-d),

= G-drin

n, b, c

3F2(d n, e 1) [Re(d+e—a—b) >0l

n\g-2k(gpy__ (@)r(2a+ 1)k
0<k)2 (2 ) (a+%)k(2a)k (%)%

-n+k,k+1,k+a,k+n+2 ! a 2
a7 v LXCRI PO

M-

k

%+ ktat, k+201 2
([69], (18)].
3. i (kY? (a+n), 4F3<—n+k k+1, k+1 k+n+a)
= (n—mren(}) (a+%)k b+, atk+ 2421

x [P = 20— Cgn (2).
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4. 3 (k)2 (a)r(2a + n)y
N GN CINET:

—n—l—k: k+1, k—l—l k+a,k+n+2a !
xsFal [P(2)] = o [CR T
+ = ,a—l—k—l—— k+2a,2k+2; 1 (2a);,

3
5. i( )2 2k (a k(2(1+’l’l)k 4F3 —n+k,k+§,k—|—a,k+n+2a
(a ) (2a)k 2k+2,k—|—a+%,k+2a;1

n! 2
X Uni(2) = | gy C(2)] (9], (18)]

n 3 B s
6. Z (2)k(“+")k ) 4F3( n+k,k+2,k+2,k+n+a)

1 1
kzo(n—k)!(2k+1)!(a+§k k+1,a+k+,2k+3 1

x W] = {5 Ot (2).

3
. Xn:(n)f%(a)k@a—l—n)k F ntkkto bkt ktae ktntle
(a+3), ok k+1l,a+k+, k+2a,2k+3 1

X U a) = [ - 0a(a)]

5.18. Multiple Sums

5.18.1. Sums containing Bessel functions
Condition: k; =0,1,2, ...

L. Z l_[ ki |J:i:k :F1/2(z)
ki+...+kam=n i=1

_ DTS gk 2m Y pnsy2

= ;(ﬂ) (2™ VK2, 1 ya(2ke) [n> 1.

2m+1

2. > I1 % |J:i:k F1/2(2)

ki+...+kamy1=n i=1

G Z (2m+1)k"+1/2Jin¢1/2((2k +1)2) [n>1].

~ (27rz
k=1
(m—1)/2
™k (7) n+1/2
z; 2 (zi+ ... +2m)
3. l_[ 7 Kki—12(20) = I 172

ks! n! (21-. . 2m)

kit.Akp=n i=1 - Zm

X Kn_l/Q(zl +...+ zm).
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5.18.2. Sums containing orthogonal polynomials
Condition: k; =0,1,2, ...

1. Z l_[ Py, (z) = C™2(2).

ki+...4+km=n i=1

m

2. Z HUki(z) = C(2).

ki+...4+kp=n i=1

= (=122 ™ (2 L 2V RLA™ 2T (G2 L

5. Yoo T i) =Lyttt L+ ).

[ri=0,1,...,n57r=7m14+... +Tm; u=21+...

7. Z HC,?:(Z) = Mt HAm (),

k; )\1'
s Y Iassoohe
ki+...4+km=n i= 1
(=M1 = s = Am)n

= 021+---+)\m(z)-

(n—2X\ — ... —2Am)n

0. > JIRITTTME) =P

ki+...4+km=n i=1

lp=p1+...+pm;o=01+4+...
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Chapter 6

Infinite Series

6.1. Elementary Functions

6.1.1. Series containing algebraic functions

S Ok m kl_[ ap
1. g (k f—m H(b

= (a2 L0 "‘i D4 ()P

m! Hl_ mk:O

6.1.2. Series containing the exponential function

Notations: ¢ = K (k') /K (k), k' = /1 — k2.

1 i 1 _ _me 1, 2kk K(k)
* n (62n1rc _ 1) - 12 6 7!'3
n=1
o0
n°  _ me 1, K
2. Z n(e”‘” _ 1) 12 12 In 16k’
n=1
A S P P30
' n(e®™+1) 4 2 2m
n=1
4 = 1 _ 1., 2K(®)
. (2n+1)[ (2n+1)1rc+1] - Z n —ﬂ_
n=0
o0
1 1. 2k K(k)
5.y =—>In
— (2n—|— )[ (2n+1) 1] 4 T
o0
(G me 1, 1-F
6. Zn( 2MC+1) =3 + - In T
n=1

)

[p <gql.

[[84], (T1.1)].

[[84], (T1.2)].

([84], (T1.5)].

[[84], (T1.6)].

([84], (T1.7)].

(84], (T1.8)].
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[6.1.3

6.1.3. Series containing hyperbolic functions
Notations: ¢ = K (k') /K (k), k' = /1 — k2.

1 o coth(nemr) —1 _ em 1, 2kk'K3(k)
Semeenst_ e, w0

> L (184], (TL.1)).
2. i(—l)"% =-" i %'“;rﬂ (184], (T1.2)].
3. ni; C“}‘flﬂ = - éln 4’7: ([84], (T1.4)].
4. i(—l)"c“hiﬂ = 4+ kf (184], (T1.3)].
5. ni; 1~ tanh(ncm) _ta‘:‘(””) = —n %ﬁk) ([84], (T1.5)].
6. i( " M =T+ ! ;k'“ ([84], (T1.8)].
7. ni; 2(;137; csch [(2n + 1)en] = — ¢ Ink’ (184], (T1.9)].
8. ni; ;2"1 sech (2”21)” = Larcsink (184, (T1.10)].
9. nil(—mcsch (ner) coth(ner) = 2’“;; YKk - o [184), (T1a8))
10 nio (2n(+ BZ’"“ sech (7 +21)‘/§”

— (-pym*! aom+1 Z Espt1 Bem-—2p oS 2p+ )=

(2p +1)! (6m — 2p)! 3
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6.1.4. Series containing trigonometric functions

2m—1 m— 2k:+1

2(2m —1)! Z (2k +1)!

2'm,1

1. i sin (k) cos (ky) _ — (~1)™
k=1

2m—2k—3 m—k—1 Y

_qym—1_"Y k
X D" gy TV Z

¢(2m — 25 — 2k — 2)

[r<z<m |m|<y<27r—|m|; [72]].

o m—2
pyesin(k)eos(hy) _(pm @mTL NS g @t
2. Z( 1) E2m—1 = ( 1) 2(2m — 1)! Z( 1) (2k + 1)!
k=1 k=0
m—k—1 2- .
% Z ( 1 (2J)| 22]+2k—2m+3) C(2m —2j — 2k — 2)
7=0

[r<z<m|z|-—7m<y<m—|z|; [72]].

o (—l)k(k—l—%) sin (k+%)2ﬂ'2+a2 o sinva? + b2n?
> ;)(’”;)2‘”2 (k+3) 2 +a IR CE

[39], (1.10)].

2

o0
(-1) . 2 2 3—ad’r
4. stm(\/k +a w)

sin (az) — 4i cos (az)
a

Pt 12a°
[-r <z <]
5. kgl (_le)k cos (\/ k? 4 a2 m) = % sin (az) — 1—; cos(az) [-7<z<m].
6.2. The Psi Function (z)
6.2.1. Series containing v (ka + b)
o) . B ¢
1. kzlt p(k) = 5 [C+In(1-1)] [¢] < 1.
Z =Cln(1-1¢)+ %ln2(1—t) 1t < 1.
Zt—2 )= 5 IntIn®(1— 1) = CLis(t) +In (1 — ) Lin(1 — 1)

— Lig(1—¢)+¢(3) [it| <1
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10.

11.

12.

13.

14.

> vk = ¢B) - T

k=1

— 1

k; sk =1-C (1291, (7)].

— 1
' 1;1 (k +a)(k +b) (k)

1

= sa—p WO+ D (@t 1) =9 b+ 1)+ (a+ 1))

; k(kt_ iy (k) = ~Clt +1n (1~ 1) ~ tIn (1 )]
S[m2+3(t = 1) In3(1 — ) — 6t IntIn (1— 1) = 6t Lin(1 — 1)] 1] < 1].

el k+1

Y mqp(k) - —%(1 — )21 —t)
k=1

+(1-C)[t+1—t)In(1—1t)] [t <1].

D g ik +m) = C(3) + Tom) - 5" (m)
2 m—1
selym-T| - X L)
k=1
> 1 T
X_; (k) = 205 = CC(3)
> —1)* ot T 1
1;1(’“3) bk =-T0 - T2+ Lint2
1 (1
+ Z(71n2+3C)((3)+2Ll4(§).
> 1 w2
= (15 ) oo -1 1581, (10)]
S v :
> 1 n’ w?
et = (T -2) 0= T - ()43 58], (13)].
/;1 k(k+1) 6 6
> 1 riC w2
Z;l (k) = =T = () + 2 ().
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Y k) = e — 5¢78) — CC).
k=1

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

1 n+ 2
Y (k) = (4 8) - C¢(n +2)

k=1
%Z (k+1)¢(n—k+2).
k=0

Z (k+ )n+2 ¢( )

_ (= (n+2) < (k) ( (k+1)

= T ¢ (@a+1) =3 (1) P+ 1)y (@a+1)].

k=0

ZZ_ ) =2C + €'T(0,t) + T(0, —t) + et Int + In (—t).

[e e}

Z k')m( +1) 1nt10(2\/5)+1<0(2\/£).

o0

> e
1
= 57 [2— L(2V1) + Vi nt [ (2V1) — 2V K (2v2)].

%ln2 1+t

— t* 1
kzlk¢(k+2)=(c+21n2)1n(1—t)+ P~

[1t] < 1].

S vkt ) =3¢E) - T m2- T’GC [129], (15)].

e k
3y el o(k+ %) = 24(3) — 211G (129, (19)].

D k(2k1+1)¢(k+ %) - % +2(In2 — 1)(C +21In2).

> ekt )= 22 - Om2—an’e.
k=0
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27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

= 1 1
I;)(k+2)(2k+1)¢(k+§)

= [4-7*+20In2—-24In*2-6(2In2+1) (.

G|~

C(3)+%2ln2— (C+2In2).

’L
8

1, 9
-3 [7*C + 7¢(3)].

= 1 1
I;) (k+2)(2k+1)(2k+3)¢(k+ 2)

= o [P+ 1456102+ 24?2 + 12C(In2 — 1))

3.9

ZZ—!Q/J(k+%)——(C+2ln2)e + 2tet 2F'2<1 L )

3 L¢(k+ 1) = L(C+7%)-2CIn2+In2—dIn?2 - 1.

i (z)k¢<k+ 1) = % [? —41n2(C +2In2)].

> (a%zzzp(m 3)=(C+2m2)[¢(a- ) —v(@)]| +v'(a—3)

[Rea > 1/2].

(1)
& 1
EO(I)Z!(I)w(k—i_ 5)—4(1n2—1)C+8(2 2]n2+]n22) 7‘2-

oo N
L 1
2 (k+2)!(k+2)¢<k+ )
= 2 [3(7-12In2)C+97% + 138In2 — 72In* 2 — 154].

imd;(k—i—%): (7r—13—0)C—7r+;—1(17—15ln2).

co 1
3 1\ _ (23 = 3r 46 . 1018
Z(k+3)'(2 +5)¢(k+ )_(15 2)C+ TR T
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40.

41.

42.

43.

44.

45.

46.

47.

i (1) ( +1)=_%(W2+1201n2).

2

k% %z/)(/ﬁ %) =[r(1-1m2)-2]C - T +4(1-In2).

D12k +1

(),

< (k+1)1(2k + 1)(2k +3)

(),

El(k +2)(2k + 1)(2k + 3) ¢(k + _)

gL

p(k+2)="+(2-3)Ccram2-1).

M8

S
Il
S

@ [1537 + 6(64 — 217w) C + 768 In 2 — 1024].

(),

(k+ 1) (k+3)(2k+5)(2k+T7)

1M

1 398 297
w(k+3) =5 — o

3 6
+ o5 (57 —16)C — ¢ In2.

D k! (k +k1)1‘/’<k+ %) = %(2— C—4In2).

,;l(k+a)(k+a+1)¢(k+2)

1 2
= ety P HORTOTRNA 5Tl
[e’s) tk 1
Z 1 2¢<k+5)
k=1 (i)k
1
= \2[ lntIo(Zx/_)—2K0(2\/_)+G§i(t 0 3’12 1)]
I 7§a§
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

=t 1
§(2k+1)!¢(k+5)
= % [%lnéz1 sinh v/t — 2shi (\/Z) + cosh v/t shi (2\/5)
— sinh v/# chi (2\/2)] .
o [_1 1
2/ \2 /% 1 8
2 4(/@12(2 +(12))! bkt y) =5, (1-C—4in2),

k=0

= (3),

,CX:% (k) = Ll =9 Cram(inz—1) + 43— 41n2)
,; ([(Zk)i%i?:’/’(kJr 2) = 2le-mC+2(d—m)(n2- 1)

= (),

I;) (k+1)!(k+2)1¢(k+ %)

= (3).0), .
> wrirorat (k)

kX:;) m¢(k+ 5)

= 61?[(7r—6]n2—3C)F4(%> +48(7r+61n2+3C—8)F4(1§1)]-

i k(jr)l $(k+3)=82-C-2mn2)

+22(3C+6In2+ 7 — 10)r (§>
L 4
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59.

60.

61.

62.

63.

64.

65.

= ()
& e i

)]21/;(k+ ;) =82-C—2mn2)

~ 5w (224 15m —45C - 90]n2)F4( )

5 78— 7r —21C —42In2) 1 3).

B 277

(a)k(k+1)¢(k+a)—[(a Dep(a—1) —1]¢'(a — 1)

WMS

—(a—1)9"(a—1) [Rea>1].

ZZ— b(k+a)="Le [az/J() _ +2F2(}1’i;1’_;)] (58], (1.1a)].
> gk h +a) = (1 - ) [h(a) - In (1 - )] [l < 1]

S
Il
S

o~ (2 _ b

I;)k!(k+b)tk¢(k+ @) = ¢(“) Fl(b+1 )

seta- g {a- 9" B a0 [ a 1) v a)

1 1—a,1-b 1 l1-a,1—a,1-b
1_aln(1_t)2F1(2_a;1—t)_(1_a)23F2(2—a,2—a;1—t)}'

ffj)(k+) S [t p(@(e, ) +aFa( T )]

a+1,a+1
(58], (1.18)].

_|_
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o0
66. 3 (,’:
k=0

e (i 4 )

=n! |p(a) P (" T 1)~ 1aet Ll )y (a — 1, 1)

n

—Z;Lﬁ T () LgTE (1) + (a — 1)et

Xi(—t)2Lﬁ_k(_t)2F2(a+k—1,a+k—1)‘|-

k—ok!(a+k_1) a+k,a+k; —t

67. f: (a)k(Z)k, w(k+a)

El(k+1

2F(

fl‘(2—a [1_ +7rcot(a7r)+2z/;(a)—1/;(g—a)] [Rea < 1].

= (a(y),
68. I;) (k+1)!((k)+ g Pk +a)
T _a
-2 o T oo o(f ) wote )

[Rea < 1].

o _3a
69. Z (a)g ka(k+a)= 2F( 2) cos 2T

N
S R e T ORTE)
[Rea < 1].
70. g(—l)k(ﬂc +a) ((Z'))% (k+a)= % cos (ar)
+lav@) - gam(00 ) - 2etu@ sm(y 50T
[Rea < 1/3].
.Y kiﬂp(mc) - 34(3) _ Cg _
k=1
72. i [ ¥(2k) = 5 —C+2In2 [[62], (B.4)].
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74.

75.

76.

7.

78.

79.

80.

81.

o0 _ 9 2
é;k(b+n )—ZCB%FG—H—)C 2m2—_

Z t2k+1,¢ 2% 4+ 1) = —[C + %ln(l + t2)] arctan t [lt] <1].
B Ly L ltt

Z(—l)’“tz’%p(% +1) = —% [C +tarctant + = In 1+ tz)]
o 1+t 2

o

¢ < 1].

EIK%y2¢@k+) Intber (2t) — 7 bei (2t) + ker(2¢) [t > 0.

g (2k1—)|_ t4k2 W2k +2) = 412 [7 ber (2t) 4+ 41nt bei (2t) + 4 kei (2t)]

[t > 0].
= (%)21@ 2k 1
> Gt v(2k+5)
k=0
N O

xpC+4m2+hﬂ1—ﬁﬂ} [t < 1].

e HOMRICES)

2 vimE) M (- Vi)

i[]8

Eod

S Vice
x[2C+4In2+1In(1— tz)]} (¢ < 1].

¢ o t o, 1,1, —t
Z—!Q/J@k—i-a)—ez/;(a)—i—ae 2F2<2’;+1)

t t 1,1; —t
F .
taric2 2(2, a+3
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CH. 6. INFINITE SERIES [6.2.1

82.

83.

84.

85.

86.

87.

88.

89.

90.

k

2 (;2)! (@)2x9(2k +a) = — (17 Int_+ 7% Int,)

k=0
L— —a
+3 (2 +t7%)9Y(a) [ta=1%¢ [t] <1].
o t2k+1 1 1—a 1—a
I;) (2k T 1)| (a)2k¢(2k + a) = m(t_ lnt_ — t+ lnt+)

1

+ﬁ[l—a

+ (@) (7=t =12 |l <1).

—a/2

S EUE ), 2k + @) = (14 47)

X {cos (au) [1/;((1) - % In(1+ t2)] — usin (au)} [u = arctant; |t| < 1].

> $2k+1
Z (2k +1)! (a)ok+1%(2k +a+ 1)
k=0 ‘

1

= [t7%Int, —tZ%nt_ 4+ (t29 —t7%)Y(a)] [te =14 [t <1].

Z Cute (@)2k+1%(2k +a +1)

= 5(1 + t2)_a/2 {2u cos (au) + sin (au) [2¢(a) — In (1 + )]}

[u = arctant; [¢] < 1].

— (—1)* 1 1

D g YOk =g - ghnt2 - O (T4 V3 In2),
[ 1 T

2 G EEry VR T D= g5 27203,

i (@)t (3% 4 a) = 372 2{3cos % [2¢(a) — In3] - msin T |

k=0
[Rea < 1].
3 (-1 (((;L?’)’;z/;@k—i-a)
k=0
= % (2 %+ 2cos —) P(a) —27%In2 — ?W s %] [Rea < 1]



6.2.1] 6.2. THE Ps1 FuncTioN 9 (2)

91.

1—a 3 6
[Rea < 1].
92. ki;(—l)’“ (3(:1?“1)! »(3k + a)
= 73((11_ 0 {21_“ln2+[2_a+2cos (a_gl)ﬂ] [ail —¢(a)]
+ %’r sin (“J;l)“} [Rea < 2].
93. g: 3,2?’;)‘ (3k+a)=—%
X {cos (a+2 [l 3+ 74(11)(_(16_ %) 21,b(a)] + gsin (a —22”}
[Rea < 2].
94. i:—qu(nk):(— )c(s)——+ Zk012(2’”)
= = [[61], (5)]-
o 5 von - (- ) (21
k=1
[[61], (6)].
o 5 o (8)] et
k=1
97. i ,:—2 [zﬁ(%) —z/;(g)] = B¢@)- %21112 (129, (31)].
k=1
98. i (_kl}k [g/;(%) - zp(g)] - %2 In2 — 2¢(3) (129, (32)].
k=1
— 1 3\ _ i,
99. ;E[z/)(k+z) ¢(1c+ )] 8G — 37 1n?2
100 ,i 1 [zp(g + 2) —z/;(ﬁ + 1)] — 4G — 7In2

> Gk p Vo o

—(a+1)/2
=3 {cos (at),l)ﬂ [1Ea—ln3+2¢(a)]—zsinw}
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CH. 6. INFINITE SERIES [6.2.1

-
=]
=

102.

103.

104.

105.

106.

107.

108.

109.

110.

111.

112.

T —p(Y+ )] =126 -rm2—2mm (2+3).

M8
> =
<
|
+

Sl
Il
-

M8
| =
<

¥
> v
HCCURNES) e o
S L+ ol = to 2 o)
k=1
S5+ 2) (k1)) fo e
i%-zp(g—i—%)—'(p(g—i-i)-:2G—§ln2+7rln(1+\/§).
k=1 ’

¥

3k+£§1)_¢(3k+}1)] = gG—%ln2—7rln(l+\/§)

M8
| =
<

Sl
Il
-

+ 2 (2+V3).

i% [ (35 +3) -v(3e+3)] = PG +3nin2+2n0n (2+3)
- —4mIn (1+V5).
SR+ o(h D] -tor fuas Tuee
k=1

S o D] do- For- Finieevd

+7ln [2\/§+(3—\/§)\/2+\/§].

kgl [¢(4n+2+3) ¢(4T7Lnf2+%l)]:24;nfl_2m7rln2
_271-:27107:201( 1) ¥1n sm(gkii 21;7‘;1”)‘-
g (_/:)k [¢(k+ z) —¢(k+ i)] =8G —mln (6—|—4\/§)_
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6.2. THE Ps1 FuncTioN 9 (2)

114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

3 [u(% 4 2) - e(% 4 )] 2 ra6-2ee
k=1
30 [o(42) - o(52)] g
5 [o(% 4 2) -o(% 4 )] - 26— Fwa

~ T (2+3).

—1)* [¢(§ n %) _,(/J(E + 1)] = gG+37rln2

+2rIn(1++/2) —4rn (1+V5).

M8
T

Sl
Il
-

5 o8+ 3) - o(E 1)) = de e

i (—;)'“ w(5+3) (s +1)]=2G-Tm2—rlm(1+v2).
k=1

50 (3 3) o2 4 )] =S g

+7rln(1+\/§)—4?7rln(2+\/§).

g (_':)k [#(55 +5) ~ ¢35+ 1)] = 5G+mims

—271n (1+¢§)_
$ 0 [o(3h 4 2) (% )] - B8

+27ln (1+\/§)_

5 (sl ] - - Fnler

(e
—
=| L
N
ES
| |
<
—
|—A|w
| >
+
Y

RICEE) L

+4§ln(2+\/§)—ﬂ'ln<4+2\/§+\/264‘17\/5)-
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CH. 6. INFINITE SERIES [6.2.1

124. i(;) [¢<f+2k+l) ¢<f+2k+ )]
k=1

= (V3 -1) %2 —2In2In (v3 +1).

125. kgl [¢(2\/‘+4 +1) _¢(2¢§+4 * 5)]
=(1—\/§)%2+21n21n(\/§+1)—2ln22.
126. 3 (—’:)’“ [,/,(3—2‘/5“1) —¢<3_2‘/§k+%>]
k=1

2
= (3-4v2) T +3In2In (V2 +1) —In®2.

127.i(_;)k [¢<4+2‘/ﬁk+l) ¢<4+\/_k+ )]
k=1
:(\/ﬁ—2)%2—21n2ln(\/§+\/5)—21n<1+2\/_> (2+V3).

S R o)
= 2—@)%2+21n21n(f+f)+21 < 2‘/5)1n(2+\/§)
—2In”2.

129, i(—;)k ¢<5+mk+l)_¢<5+rk+ )]

2_ 3 2
* = 2 In2ln (5+2v6) — In (1+v2) In (2+v3) —In*2.

|
)

0 552 (=) o (50
)
|

72+ 21210 (5+26) +1In (14 v2) In (2 + V3) — In2.

131. i(—;)k ¢<6+¢3—5k+l) <e+r )]
=(x/ﬁ—3)——2ln2ln(\f+f)—21 \/_ln(8+3\/_).
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6.2.1] 6.2. THE Ps1 FuncTioN 9 (2)

o0

132. ) (_;)k [¢<6_;/3§k+1) —¢<6_;/‘°gk+ %)]

k=1

2
= (3-v35) T +2In2In (V5 +v7) +2In ”2‘/5 In (8+3V7) —2In”2.

133. i(_;)k [¢<8+;/6§k+1) ¢<8+‘ﬁk+ )]
k=1

T 5421
(\/_—4)?—21n2ln(3+\/f)—21n o In(2+V3).
134. i (_;)k [¢<8_2‘/6_3k+1) —¢<8_2‘@k+%)]
k=1

2
= (4—63) %+21n2]n(3+\/7)+2ln5+2\/ﬁ In(2+v3) —2In*2.

135. i(_;)k [¢<11+2\/mk+1> ¢<”+‘/Ek+ )]

k=1

=(@—11)§—1n(2+\/§)1n(3+m)— V2) In (4+V15)

(1+
— 2 In2In (11 + v120) — In 1+2‘/5 In (5+v24) — In?2.

136. i (_;)k [z/;(ll_;/mkﬂ—l) —¢<11_2‘/mk+ %)]
k=1

= (11 - V/480) “—2+1n(2+x/§)1n(3+x/ﬁ)+1n(1
f

+v2) In (4+15)
In (5+v24) —In*2.

137, i(—;)’“[ <12+\/Ek+1> ¢<12+\/ﬂk+ )]

ln2ln(11+\/12 )—i—ln

2

=(\/E—6)——2ln2ln(\/—+\/_)—2l 3*‘/_ In (10 + 3V/11).

138. 3 (_;)k [¢<12_2‘/mk+1> —¢<12_2‘/mk+ ;)]
k=1

2
= (6 - v143) T +2In2In (V11 +V13) +2In 3+2‘/ﬁ In (10 + 3v/11)
—2In*2.
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CH. 6. INFINITE SERIES [6.2.1

139, i(—n’“ [¢<13+\/ﬁk+1> ¢<13+\/Fk+ )]
k=1

= (V672 — 13)

5 7ln(2+\/_)ln(15+\/§)
(+\/_)ln(8+\/_)
7ln21n(13+\/ﬁ)—1 5*‘/_ In (1+v2) - In?2,

140. i(_l)k[ < ‘/Fk+1> ¢< F}H )]
k=1

= (13 \/(7)—+ In (24 v/3) In (15 + V224)
Eln(5+\/_)ln(8+\/(§)
+§1n21n(13+x/@)+1n5+2‘/ﬁ1n(1+x/§)—1n22.
— (-1 14+ V195 | 14+ /195
3 G () ()
s

= (V195 —7)

—21n21n(\/—+\/_)—21n3+r In (44 V15)
—2In ‘[ In (25 +v/39).
142.2(_;)16[( ‘/ﬁk+1> ¢< ;/ﬁ’“r )]

2
=(7—\/195)%+2ln2ln(\/ﬁ+\/ﬁ)+2ln3+\/ﬁln(4+\/ﬁ)+
+21In 1*‘[ In (25 +v/39) — 2In?2.

143. Zz(ki)l[ <3+\/_(2k+) Z) ¢<3+\/_(2k+) i)]

= Zln2ln(3+\/§).

144. 22(;31 [¢<5+;@(2k+1)+§>
k=0
_¢<5+\ﬁ(2k+ 1+ i)]

1 1
= 5In(1+v2)In(2+v3) - ;In2In (5 + v24).
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6.2.3] 6.2. THE Ps1 FuncTioN 9 (2)

1 (—1)* 11+ V120
. 32 [ (7
=0

_¢<11+\/ﬁ(2k+1) 1)] :11n21n(11+\/m)

(2k +1) + i)

4
In(1++v2)In(4++15) — - In(2+v3) In (3 ++10)
3 m EYS n (5 4+ vad),
146. 22(;3'; [¢<13+‘/ﬁ(2k+1) i)
k=0
_¢<13+\/ﬁ(2k+ 0+ i)]

In (24 v/3) In (15 + v224) + 1n(5—|—\/_)ln(8+\/—)
5+ /21
_El“ +2 ln(1+\/§)—zln2ln(l3+\/@).

6.2.2. Series containing v (ka + b) and trigonometric functions

e in Z-(lil)/2
ZZ_{S ’”)}z/;(“%):— (C+2In2) (e F ")

cos (kz) 2

1,1; —u_ 1,1; — ;
+ Z-(l:l:l)/2 [ueu_2F2< 3 2“ ) - u+e“+2F2< s 2u+)] [Ui _ teizz]‘
2’ 2’

2, t* ([ sin(kz)
> 2y {cosucz) Jotesn

;ED/2

[Ko(2u_) F Ko(2uy,) + Inu_Ig(2u_) F Inwu, Iy(2u,)]
[Ui _ \ﬁei“n]_

6.2.3. Series containing products of v (ka + b)

1. Z thy? (k [02 +2CIn(1—¢t)+1n* (1 —t)+Lia(¢)] [t < 1.

o~ t* . 9 2
2. k;;zﬁ (k) =In(1-1) [an(t)— 5 C ] +1n%(1—¢t)(Int — C)

_ % In® (1 — #) + 2Lis(1 — ¢) — 2¢(3) [|t] < 1.

w

i( n* W2 (k < 02)1n2—Cln 2— = 32—%((3)-
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CH. 6. INFINITE SERIES [6.2.3

11.

12.

13.

14.

15.

S LY =S+ TS —20((3) [129], (9)]

1

i (1) 2 (k) = . (117% — 40C? + 401n*2) —
480 12

In*2 + 24 Li4(%)]

(C+71In2)¢(3).

AN

! 0 $?(k) = C? —2C + %2 +1 ([63], (4.16)].

> St =- T8+ (5 +C) @) - 3¢t

Y 0 = s + Tap + g C8) — (3) — 40(9)

S v =— @+ clem - 2]+ (5 ¢t) o) -,

k=1 k
/;1 (‘;)kw(m 3) = 3(C+2m2)[x? —4(C+2In2) 2 - T((3)
([29], (19)].
3 ,:—21/;2(k+ 3)= %4 + %2 (C+2In2)? —7(C +21n2) ((3)
k=1

[[29], (22)]-

oo 1
> k'((;c)—t 1) ¢2<k+ %) = (n*+207).

i (2'67512 Ic+3)¢2<lch 1) = 15 (1 +4C +2C* —6).

= (%)k 2 1
> Ik (k+ 2)

- 3% (7% 4+ 24(2In2 — 1)C + 6C2 + 24(2In 2 — 1)?].

Z%@bz(k_pa):—gcsc(mr) [Rea < 0].
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6.2.4] 6.2. THE Ps1 FuncTioN 9 (2)

17.

18.

19.

20.

21.

22.

3 Bkt )k +b) = B (~a, ) b(~a) — b(a) ~ (b~ a)]

[Rea < 0; a,b#0,-1,-2,...].

o (1L
> (Q)k_@b(’H %) Y(k+1) =7 - 4C 4+ 2C* 4+ 8In2(1 — In2).

bio(e- D)oo
= ¢ [37% —4C+6C2 +81n2(7 — 31n2) — 56].
SHC A
> ik (k+5)wk+2)
2
9

2[3C? +2C(9In2 —7) — 372 + 56(1 — In2) + 241n” 2].

oo 1 ,
> %z/ﬂ(m %)¢(k+2) =4<% _c2_4> (In2—1)

+c[5% —8(3—2In2 + In’ 2)] +4[8 — 7¢(3)].

- 3% [6C2 +24C(2In2 — 1) + 72 + 24(2In2 — 1)2].
oo 1
5 o o3

- % (3(37 — 8)C2 +2[(56 — 96In2) + 97 (2In2 — 1)] C
—64(6In*2—7In2+1) + 36w In2(In2 — 1) — 47°}.

6.2.4. Series containing v’(ka + b)

1.

[e e}

3tk (k) = —%2 ¥ Lio(t) + % [In¢ln(1—¢)+Lis(1—8)] [l < 1.
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CH. 6. INFINITE SERIES [6.2.4

5.3 %zﬁ’(k) _20(3) - %2]nt+]n2t]n(1—t)+1ntLi2(t)

+1In(t—t*)Lip (1 —t) — 2Lis (1 —¢) [t < 1].

4.3 L' (k) = 2(3) [163], (4.12)].

k=1
o0
6. [[63], (4.14)].
()’ hyrpy =TT, g VA Vi
(Y @yt VK =gy T3 aresin
3t+ 72+ 6 2Vt 2 a4Vt
+ Tarcsm - ﬁarCSI > [It] < 4]
00 1 5
8 o7
I;) (2k+1)2¢ ( ) 96
9. i ( )k k) (k—i— ) n 2 arcsin? v/t [t < 1].
k=0 k! WI-t  VI-t

oo 1
10. Z (2)’° tkz/J'(k + %) = — arcsm\/— —2_ arcsin® v/t
k

Rl (2k+ 1) 2f \/z
[l < 1.
2 k+1( )2k+1) ¢,(k+%)=8+t7r2(m_1)
+ 81’@ arcsin v/t — %\/m arcsin vt — % arcsin® vt [|t| < 1.
12. /;) a)’“z,b(k+ zgcsc(aw) [Rea < 1; a#0,-1,-2,...].

Z a)k Y(k+a)y'(k+a) = —gcsc(aﬁ) [2C + ¢ (—a)]

[Rea <1;a#0,-1,-2,...].
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6.4.1] 6.4. THE SINE Si(2) AND COsINE ci(z) INTEGRALS

6.3. The Hurwitz Zeta Function {(s, 2z)

6.3.1. Series containing ((k, z)

[e e} n

)= 3 (e

=Y k2 = S W+ 1) = 9(2) + €] 1] < | (0]

_ t—n aC(sﬂ Z)

s=—k 83 s=—n

1)! —t)" " O0¢(s,z—t
)|tkg(k,z)=( n)| C( e )

A (et K0

o i (%) (1:2; Bi1(2) [(n +1) — ¢p(k +1)]

s=—k

+ W +1) —9(2) + C] [t] < |z]; [50]].

¢
(n+1)!
6.4. The Sine Si(z) and Cosine ci(z) Integrals

6.4.1. Series containing Si (¢(k)x)

1. ,;1’“ ((2k +1)z) = Si(z) — 2sinz [-7m/2 <z < m/2].
3 GO —_z , T b . (bz B

2. ;k(k2a2+b2) Si(kz) = T + T csch " Shl( a) [-7 <z < 7.
(D @ om brg(ba ~

> /;k(k%?—lﬂ) Si(k) = 07 ~ 27 % S'( a) [-r <z <.

4. i (-n* Si(k$)=g+lsinm—§8i(m) [r<az<n]
k:2k(k2_1) 2 2 4 -7 =

(2k+1)""

> ,CX:% ((2k + 1)%a® + b°) Si ((2k + 1))

_4b2 [tanh—shl( )—Chl( )—I—l ——i—C] 0<z <.
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CH. 6. INFINITE SERIES [6.4.2

6. ———Si((2k + 1)z) = 3Si(z) + wci(z) — 2sinz
kglk 2k—|—1)
—nmlhhz —7C [0<=z<7/2].
—  (-1)* 1
7. I;\/m&(vm—l-azm)——m&(am) [-7m <z <.
(Y g Jmrae
8 ;HWSI( k*+a m)

= é [(3 — 72a®)Si(az) — 3sin (az)] [-7 <z < 7.

k

[e o}
9.
g 2k+1)\/ 2k—|— ?+a?

Si (vV/(2k +1)% + a2z) = % Si(az)
[-7/2 <z < 7/2)].

6.4.2. Series containing ci (p(k)x)

Ly & [ (WR e - Lk + )]

kol
—

= 2% csch (an) [sinh(an) Ina + aw(C + In z) — sinh(an) ci (az)]
a

0<a<m].
S (-1 _ o -
2. ,;) (2k+1)3 [ci((2k+1)z) —In(2k+ 1)] = ﬁ(C+lnm) -=
<z <7/2].
[eS) 1 k ‘
3. k% m[ﬂ ((2k +1)z) — In (2k + 1)]

:_116 [C+ln§+ci(2m)].

4. i(—l)kM [l (V@R + 12+ a2) - L In((2k+ 1) +a?)]

Pt (2k+1
( am/2

—1° (C+1Inz) [0<a<m].

:—m[CJrln(tm)—Ci(aﬂﬁ)]Jr 1 (e +1)

o (2k+1)7? .
5. Z m [ci((2k + 1)z) — In (2k + 1)]
—{wa 2m+7rlnm)—|—2ash1( )+2atanh—[lng—ch1<b:)]}

[0<z<m.
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6.5.1] 6.5. THE FRESNEL INTEGRALS S(z) AND C(z)

—  (2k+1)"? .
6. Z W[m ((2k + 1)z) — In (2k + 1)]

{2aSn ( ) +b(rC—-2z+wlnz) +2atan — [ln — —ci (b:)]}
0<z<m.
6.4.3. Series containing Si (kx) and trigonometric functions

) 2m—1 m—2 2k+1

> cos (ky) & _ m T
L. Z E2m—1 Si(kz) = (1) 2(2m —1)!(2m — 1) +Z m

x| gy (D! <—1)J‘(?;j)!<<2m—2j—2k—2)]

m>L0<z<mz<y<22r-—z]

) 2m—1

ad cos (ky) 4. _ m z
2. Z(—l)lc 2m=1 Si(kz) = (-1) 202m — 1)1 (2m — 1)

m—2 ( 1)k 2k+1 m—k—1 2‘

B « (2k+1)!(2k +1) Z

k=
x ¢(2m — 25 — 2k — 2) [m_l;—7r<.73<7r;|w|—7r<y<7r—|w|].

22j+2k—2m+3)

6.4.4. Series containing products of Si (kx)

— -1)* . . _ m 2?1y
1. /; 2 i (k) Si (ky) = (-1) 2@ - D@m= 1)

m—2 (- 1)k 2k+1  M—k— 1 g2t
2} 2k + 1)1 (2k + 1) (2]+1)|(2]+1)

M

J:
x (1 — 220+2k=2m+3) ¢(9m — 25 — 2k — 2)
m>1 —r<z<m|z|—7m<y<m—|z|].

ﬁSI(kJ},):—%HJ}, |:.T,'>0;§n:mi<ﬂ':|.
=1

=1 i=1

2. 3 "
k=1

6.5. The Fresnel Integrals S(x) and C(x)

6.5.1. Series containing S(p(k)x), C(p(k)x) and algebraic
functions

.- (_1)k 1 T )
1. émS(kx)—61/5(2x+3smx)—3’(x) [-7 < z < 7.
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CH. 6. INFINITE SERIES [6.5.1

(=" _ 2 (x\¥?
2 kgl k3/2 (k:2 2—|—b2) S(kx) 3b2\/7>r (2)
+ 1/)257/72 CSch[erﬁ( bf)—erf(”’f)] [-7 <z < 7]

s (-1) 2 z 3/2_ R br of bz
3. Z k3/2 (k2a2_b2) S(km) - 3[)2\/7? (2) 2b5/2 csc a S( a)

. (2K +1) %2 Py ‘
4. kzl % S((2k + 1)z) = 45(z) + 7C(x) — \/j(ﬂ + sinz)

0<z <.

5. i o CREDT o gy = 73 5(20) [-a/z<e <n/2l.

part (2k — 1)(2k + 3)
3 -1 rz®

6. Y (%( +li)5/2 S((2k + 1)z) = é - /2 <</,
k=0

7. Z k k+1 (2k+1)1/2 5(2k +1)z) =2S($)—\/ 2% sin

=1
[7/2 <z < w/2).

TR s(Vir+arz) = 2(1#3/2 S(az) [c7/2 < 2 < /2.

kol

el U
= (-1*
9. Z:l IR S(\/mx)
= m 17/2 [(9 —2n%a®)S(az) - 34/ 2(1796 sin (ax)] [ <z <a].
10. i 1 S(V@k+1)?+a?z) = 55 S(az)
= (2k+1)((2k+1)* + o)/ 1032

[-7/2 <z < 7/2)].

(=
11. Z k1/2 k2 2+b2) C(km)

1 b bz bz
= g+725/2a1/2b3/2 cscha[erf<\/ o )—i— ﬁ( o )]
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6.5.2] 6.5. THE FRESNEL INTEGRALS S(z) AND C(z)

= 1)* . 1 [T b bx
12. Z k1/2 kz 2 2 Py 2a1/2 372 © 70(7)

[-7m <z <.

S~ (- [T 1
13. ng(kw)z g(cosw+2)— 50’(1}) [-7 <z < 7).

o (2k +1) /2 o
143 O 0@k De) = 20(@) ~ S (a) = %7 cosa

0<z<m
i 1/2
15. é(—l)kmo((% +1)z) = W(;(2:,5) 0<z<l.
.- ( 1) _ 1 /[7z
16. g 2% + 1)3/2 ((2k+1)z) = 2V 2 [-7/2 <z < w/2].

1/2 z
17. (—1)'“%0((2/«:4—1)33):—1/2? cosz [-7/2 <z < 7/2].

Ms 1T

Eod

=1

gk

18. ﬁC(JW—FCﬂm) Z—M%C(am) [-7m/2 <z < m/2].
k=1
19. Z 1/40(\/k2+a2x)
= ﬁ [(27r —3)C(az) — 3\/ cos (aw)] [-7 <z < 7.

.- (-1* _
20 g 2k + 1)((2k + 1) + a?)/* C(V@k+1)* +a*e) = 40 Claz)
[-7m/2 <z < m/2].

6.5.2. Series containing S(¢(k)x), C(p(k)z) and trigonometric

functions
L N (D z |y’
. Z 1k sin (kz) S(ky) = 3V 2 [z, y>0; z+y <.
k=1
5 N (D 1]y
Z 372 cos(kw)S(ky)z—g o [z,y>0; 2+ y <7
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CH. 6. INFINITE SERIES [6.5.2

y2m—1/2

=n" (2m — 1)!(4m — 1)V2r1
’ y m—

k=0

> k
3.3 90 ) giky) = (-
k=1 k

l\.’)

(2k+1 (4k +3)

2m—2k—3 m—k—1 25

xl(—1)m—12(;’;%3+( Dk 3N (- '(2 5162m = 2j — 2k - 2)

j=

[=}

m>10<y<my<z<22r—y.

y2m—1/2

(2m — 1) (4m — 1)vV2r

2y° Z (DM mzk ' z* 22j+2k—2m+3)
V= @k + D4k +3) ~
>1;

><§(2m—2j—2k—2) [m

1. 3 (DB Sy = (-1

kol
—

—r<y<mly—7m<z<7m—|yl.

— (-1)* .
5. Z (k3/)2 sin (kz) C(ky) = —=z % [z,y>0; z+y <.
k=1
6. Z (=" cos (kz) C(ky) = z [z,y>0; 2+ y <]
k=1 K2 2m ’ ’
oo 2m—3/2
7. cos(km)C k) = (—1)™ y
Pl A (ky) = (=1) (2m — 2)!(4m — 3)V2rm
9 m—2
2y
T T Z 2k:)‘ 4k:+
k=0
m—k—1

2m—2k—3
™

k—
% [(_1)"12(2:1—% 3)! D" Z (=1’ (2 )l

Jj=

— 2k —2)

m>2,0<y<my<z<2r—y.

2m—3/2
(2m — 2)!(4m — 3)V2r

1 2%

8. ) (- 1)“';‘;1’“520(“ ("

k=1
2y (1k2k m—
14k +1

x§(2m—2j—2k—2) [m_2;—7r<y<7r; ly| =7 <z < 7w —|y|]-

22j+2k—2m+3)

“M»
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6.5.2] 6.5. THE FRESNEL INTEGRALS S(z) AND C(z)

9. ,;_2 #12),:1) [sin (kz)S(kz) + cos (kz)C(kz)]
= % (zcosz —sinz) S(z) — % (cosz + zsinz) C(z) + 3 /8%
[-7/2 <z < 7/2.

[e e}

et .
10. Z ST+ a) [sin (kz)S(kz) + cos (kz)C(kz)] = — 27r
4+ — - csch br | gbe/a gpp 1 e—bo/agufy bz
95/2,1/23/2 a a ”
[-m <z <.
3 (_l)k . _ 4 2\ 3/2
11. ,;1 m [cos (kz)S(kz) — sin (kz)C(kz)] = T (5)
1/2
s e ot () < b ()]
(26)% a p 4
[-m <z <.

[e e}

12. Z ngk—l) [sin (kz)S(kx) + cos (kz)C(kz)]

:%(mcosm—sinm)S(m)—%(cosm—i—msinm)C( )+3 =
[-7/2 <z < 7/2.

13. i ngk—l) [cos (kx)S(kzx) — sin (kz)C(kx)]

(2sinz — zcosz) C(z) — % (5)3/2

[-m <z <]

(zsinz +2cosz) S(z) +

Ml»—t ”
er—t

k(k 1 1)
x [sin ((2k + 1)z)S((2k + 1)) + cos ((2k + 1)z)C((2k + 1)z)]
=2z [sinmC(x) —coszS(z) — ! ] [-7/2 <z < 7/2].

° 1/2
14. S (—rGEAD T
kgl

2wz
(2k+1)"%?
15. Z k(k+1)
x [cos ((2k +1)z)S((2k + 1)z) — sin ((2k + 1)z)C((2k + 1)z)]
=[4cosz + (22 — m) cosz] S(z) — [4sinz + (7 — 2z) cosz] C(z) + V2rz
<z <7/2].
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CH. 6. INFINITE SERIES [6.5.3

i (2k+1)71?
Tk(k+1)

x [sin ((2k + 1)z)S((2k + 1)) + cos ((2k + 1)z)C((2k + 1)z)]
= [2sinz + (7 — 2z) cosz] S(z) + [2cos z + (22 — 7) sinz] C(z) — \/?

<z <7/2].

[e e}

(-1*
17. -
,; 2k +1)¥

x [sin ((2k + 1)2)S((2k + 1)) + cos ((2k + 1)z)C((2k + 1)z)] = \/?

[-7/2 <z < 7/2)].

- (2k +1)"/?
18. I;)(_l)k (2k — ;)r(% +3)
X [sin ((2k + 1) )S((2k + 1)z) + cos ((2k + 1)z)C((2k + 1)z)]
= [sin (22)S(22) + cos (22)C(2z)] [-7/2< z < m/2].

5/2

- (2k + 1) /2
19. I;)(_l)k (2k —J1r)(2k +3)
x [cos ((2k +1)z)S((2k + 1)x) — sin ((2k + 1)z)C((2k + 1)z)]
= —2L [cos (22)S(2z) — sin (22)C(2z)] [-7/2< z < 7/2].

772

Nk (2E+1) 2
20. k;( 1) LT

x [cos ((2k +1)z)S((2k + 1)x) — sin ((2k + 1)z)C((2k + 1)z)]
= 2(cosz + zsinz) S(z) — 2 (sinz — zcosz) C(z) [-7/2<=z< /2.

(D!
21. 1;) TR
x [cos ((2k +1)z)S((2k + 1)z) — sin ((2k + 1)z)C((2k + 1)z)]
1 [na®

=3\ 5 [-7/2 <z < m/2].

6.5.3. Series containing S(kx), C(kx) and Si(kx)

3 (1" & __z |y

1. 2 PeE Sl(k.’v)S(ky)——g 9 [z,y>0; z+y <.

2 E (S Si (kz) C(ky) = —z4/ L [z,y>0;, z+y < ]
. — k3/2 o ' Y ) Y .



6.6.1] 6.6. THE INcoMPLETE GaMMA FuNcTION (v, 2)

6.5.4. Series containing products of S(kx) and C(kx)

o0 (—1)* . g3/
1. /;1 L2 S(kz)S(ky) = (-1) 32m — 1) (4m — )7
m—2 m—k—1
_2 (—1)* a3/ Z (—1)7 —2]+3/2 (1- 22j+2k—2m+3)
™ £ (2h+ 1)1 {4k +3) 25+ 1)1 (45 + 3)
= j=

x((2m—2j—2k—2) m>1; —n<z<m|z|-7<y<m-—|z|.

© L1yt gIm1/2,1/2
2. ICX::I o S(kz) C(ky) = (-1) @m — 1)l (4m — )r
9 m—2 ( k 2k+3/2 m—k—1 2]+1/2 . 22j+2k—2m+3
o — (2k—|— 1(4k + 3) Z (-1 (2J)|(4J+1) (1= )
x{(2m—2]—2k—2) m>1; —r<z<mlz| -7 <y<m—|z.
[ee)
(- 1 3 w2m_3/2y1/2
3. k; am1 Cke) C(ky) = (1) @m D) )
_2 = (—1)ka®*t12 m_k_l(_ iyt (1- 22j+2k—2m+3)
w22 (2K) (4 + 1) 2545 +1)
x((2m—2j—2k—2) m>2 —n<z<m|z|-7<y<m-—|z|.
o] n n n
(=" _ 3" 2\ 3/2 S0 .
4. Iczlk3"/2 l_IIS(kJEz)——2(ﬂ_) l_lliﬂi m,>0,z;m,<7r .
= i= i= i=

5 i (I:nl/):: lﬁlo(kmz) _ _% (;)H/Qﬁm:/2 |:-’Ez > 0; zn:m, < 7rj|.

k=1 =1 =1 i=1
6.6. The Incomplete Gamma Function (v, z)

6.6.1. Series containing vy(v £ k, 2)

V

1. Z M v+k,z)= > ZeTF3(1; v+ 15 2, t2).

Z 'y(u—i—k D=w-Dz"te* —(v-1)(v—-2z-1y{v-1,2).
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CH. 6. INFINITE SERIES [6.6.2

w
Mg

2 (k')2 'y(/c—l- 1, 2)
(22 — 1) Jo(22) — w2 Jo(22) Hy(22) + w2 J1(22) Ho(22)].

4. Z a _k!”)k t*y(v —k, 2) = e ty(v, z — t) [It] < |=]]-

k=0

ok 2tz
5.3 vk, 2) =) 20) J 2 e/, (z)da.

= Kl (v)k )

X, 92 1, v; —22z
6. I;)m'y(u—l-ﬂc, z) = 2F2< 2a_21 V+1)

- 2k (—k—v,v) v 3
7). Giermy e O@rtk, 2) =g 2).

k=0

8. Z (_kll) Ep(w)y(k+1, 2) = % (1-e"?) +¢(%) - 1/J(wT+1)
+2e7FP(—e7 %, 1, w).

6.6.2. Series containing products of v(v + k, z)
[e ) 2w 1
+ -; —4z
k, S N B :
Z ) Vv +k 2) = 22 2<u+1,2u+1

o0 : v 2
1 B _ euru o E; —z
k‘(l/)k’y ? ),Y(V—i_k’ Z)— 2 Z 1F2< )

g—i-l,u—l—l

6.7. The Parabolic Cylinder Function D, (z)

6.7.1. Series containing D,,;(z) and elementary functions

— t* _ —(wt1)/2 t2” ( z )
1. ZHDM,C(,Z)_(H%) eXP S 1) D, o=t

(12| < 1/2; [80], (3.1)].

e 2
V)a2k kp —(1_ v/2 tz z
Z: £ Dy-2k(2) = (1 = 2" exp 57— 5 D”(m)

[le] < 1/2; [80], (4.2)]-
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6.8.1] 6.8. THE BEsseL FuncTiONs J,(z) AND Y, (2)

6.8. The Bessel Functions J,(z) and Y, (z)

6.8.1. Series containing Jpx4.(2)

+1,v

[SIRCTRN

o0

2. ) (-D)*(2k + )2 Jakt (2)

vl A v 1 2v—1 2v+1

_ vz sin 2z 3 Fy 2 T4 T4
2T(v—2) |v—2 v Ly L2

2 2’

v—1 2v+1 2v+3
_ 2 7 4 7 4
v_1 3l v+1 13 2|
2 auau"_iaia -z

2\ * z\" ._i
3. Z %Jk+u(z) = 7{11"((12/)—}- ) 1F2 (a—il—’l, V4+1)-

k=0

2

- v—a v—a+1 z
(a)k a z\" 22 T a
4. 2k+a 22 v\Z) = 9 F
ICX:%( ) Bl U2kt (2) r(,,+1)(2) 273 ”;rl,g+1,u—a+1
> (v—p+1) (i)” L -4
5. 3 @k +v) BTk gy ()= 22 Ry (M7
I;)( ) (1) 2h-+v(2) I'(v) 172 K,

(:l:t)k (u+ %)k

M@ 11, kv (?)

L(v+ 1) (‘t‘)J<‘ ”{”) Jﬂ(” ”{”) [1t] < I=1/2]-

M

S
Il
S

(1) 2k o) B gy (o) = )y £ D

5 2v—-1 2v+1 p+v, 22
sin z ’ ’ y T
X 3F4 4 | 4”+”2
BtV V=g b, +1, -
2u+1 21/+3 y+u+1. 2
. ZCO0S z 3F4 4 ? 4 ’ 2 ) T2
1 1 .
pt+v+1 vil o,y gl ptrds 3
2 2 2 2
(5)
2

v. 2
27 4
1F5 .

M

S
Il
S

8. i@k + I/)(k_('_z}chlH_,,(z) =
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CH. 6. INFINITE SERIES [6.8.2

W0 = 0)e(+ )8 k Jokt1/2(2)

9. i4k+ (l_u)k(%—'—u)k(l)
k=0
=v 27rzcsc(1/7r)J_,,(§) Jy, (%)

o0

(2v)2k(a)2k(b)2
Z Ve (2k + v (2k)! @ —a : 1)2:(2u f T 1) Jok+v(2)

(g) iz u—|—1,2u—a—b+1; 2iz
= e 2F2 2
2I'(v) 2w—a+1,2v-b+1

u—l—%,2u—a—b+1; —2iz)]

+e’iz F.
2 2( 2w—a+1,2v—b+1

11. > (2k +v) MJMH,,(z)

k'(v — 1
k=0 v—atl),
—2v-1_2v u—a—l—l- _z
:2 z | Fy 2’ 4 .
I'(2v) u+%,2u—2a—|—1

. _3z2

; w)
v+1 :

b2

6.8.2. Series containing two Bessel functions Jpk4,(2)

2042
&) 3 2
J2 _ ( ) L F u—l—l,u—i—i; -z .
kzl e (2 (v +2) V42,042, 2042

12. i(6k‘+u)(‘2!)’“J6k+,,(z)= 2}(2) 1F2(
k=0

ISTRNRZERN

=

Mo ]

S
Il
S

(—1)* Japs1(w) Jan(ar+1) (2) = % Jsin (wcos (2nz)) cos (zsinz) dz.
0

2
2k + 1) J2,y/5(2) = =2,

M

S
Il
S

1
(2k + 3) J,§+3/2(z) = — [cos (22) 4 22% — 1].

M

Eod

=0

5. Z(k + U) Jk+u(w) Jk+u(z) = ﬁ [Ju—l(w) Ju(z) - Ju(w) Jl/—l(z)]'
k=0
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6.8.2] 6.8. THE BEsseL FuncTiONs J,(z) AND Y, (2)

6. Z k—l—l/ Jk+u(z)
k=0
= 2 2s(2) ) — dea(2) dua(2) — Tuma(2) T2

= 5
7. ) k(K —1)? ,3(z)_7+i
k=2

8. 1;) mt’k(z)hﬂ(z) = o [Jo(22) Hi (22) — J1(22) Ho(22)].

—  (—1) 1] .
9. ——— = Jk—172(2) Jugkt1/2(2) = ¢ Jw(ﬂ —z)Jy, (2zsinz) dz.
£ 2k + 1) 8)
o /2
10. Z (£1) 2)Jurk(2) = % J et<05(22) ¢os (sin 22) Jy, (22 cos z) dzz.
k=0 0

1. Y (-1 (2,’:!)’“ J2,(2) =
=0

2v
z 1
(2) 1F2 V+§a _Z2
rw+1) v+1,v+1

12. 3 (1) (k+ )( ) = Tt (W) Ty (2) = % (wwfz)”Ju(erz).

Eod

[e o} 1 2
(a)k 2 _1 2 1 - —a; —z
13. Z(l_a)ka(Z)—2Jo(z)+21F2 21 1—a |

o0 1 _Z2
14 30t O = e+ jan( 77 )

oo 3 2
(@) 42 _ 22 L g—a —2
15. Z 2—a), Jiy1/2(2) = —2F3 53, .
2’ 2’

16. Z(—l)k(%‘i‘l)%%ﬂﬂ( z) = F(?/:—ra) 2%V Hyjp_o(22).

17. 3k +a) DE 2, (o)
a z\2¥ v— —, ”+1—a —2?
=2 (2 F )
F2(u+1)(2) 2 3<u+1 v+1, 2u—a—|—1)
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CH. 6. INFINITE SERIES [6.8.2

[e e}

k+v 2V)k 2
18. J
I§)4(k+u)2—l k! k+u(z)

— (5) ) 1’ _22
= 1F» 3 |
(4 —1)r(W)r(v+1) v+1, v+ >

> k+v (2V)k 2
19. —1)k J
ZO( ) 4(/(:-1—11)2—1 k! k+u(z)
2 2v
I ©), N
T @ -orere+n v, )

20, 300D g, gu(e)

S
Il

1
F2(a)l_'(a+u—§) " a+v : 52
VaT(2a—Dla+)T@v+1) " 2\ a+v,20+1 )

:%,ﬂ( )+22a 3,20

= (a) _ P(p+v—a+1)
21. I;)(—l)kT!kaﬂt(z) Jo-k(z) = T+ DI(p+v+1)(p—a+1)

2 ptv p,+u—a+1’;4+u—a+1 —Z
X | = 2F3 2 .
2 u—l—l,p,—i—l/—l—l,u—a—i-l

%) 1 —v Py 3
22. Z E ugkt]l/‘i-k( )Jl/—k—l(Z) = % 1/2J2,, 1/2(22)
k=0 2 X

23, 3 ”)’“(Z!(Z)”[ CE D (2) T (2)
k=0

2Kty ptv+1 utv
2 <2 ’a_2)

= —2F3
F(p+1r(v+1) a, p+1,v+1; —22

— 2v)k(2v —a+ 1)k (i)h v+ la—v —2°
24. Z Jio(2) = 22— 2F3 2’ ’ .

k!(a)x (v +1)

oo i 2v 1. _Z2
25. Z Ve (k + v (2I/)k(2!”(;):+1)k J2,,(2) = Q1F2<u+ X )
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6.8.3] 6.8. THE BEsseL FuncTiONs J,(z) AND Y, (2)

Z — k(ﬁ(_a)uk_aﬂ)” +£(2) Ju—k(2)

r@r(t 7Y +1)r (a+ 2 #) (7)u+u
v+ )l (p—v+ l)F(“TJ“’ + 1) F(a+u)r(a ¥ ”;7“) 2

p+rv+1 31/—/,1,._2
X2F3 2 yat 2 z .
v+lpu+v+1l,v+a

27. Z )E Jakt1 (W) Janzktr) (2) = % Jsin (wcos (2nz)) cos (zsinz) dz.
0

o l—.2(2k+1) 1 L
28. ;MJg(z)z_wp4(4)Jg(z)
= 4
w/2
—i—% J Jo(2zsinz) K(cos z) dz.
0
= kr2(2k+1) 1 1
2 4 2
29. ;(—1) F2(2k}3)Jk(z)——pF (Z) J2(2)

6.8.3. Series containing three Bessel functions Jyk4,(2)
(=) Tt (2) Ju—i(2) J2k(22)

2\ 1 1 3 2
(3) F(”+2’”+4’”+4’ —4z )

314
2% (v + 1) u+1,2u+%,2u+1,%

M

k=0

1 59
=3 Jo(2) Jo(22) +

o0
2. > (-D)*Jegn(2) Juok—1(2) Jaks1(22)
k=0

2v

2(2) LR . MR

_ 3 JFs u+2,1/—|—4,1/—|—4, 4z -
I(v)l(v +1) v+l w 2w,

1

8 S T2 w) s (2) = - [ SPGB 000 d
I;) k+1/2 + W‘([m
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CH. 6. INFINITE SERIES [6.8.4

4. ZJk Jk+1 )J2k+1(2) = %J sin (2z) J1(2wm)dm.

6.8.4. Series containing four Bessel functions Jyk4.(2)

[e e}

1 2
ary_ 1 g4 1 v 53 —4z
1. kE_OJk(Z) =3 JO(Z)+ 22F3< 12 1,1 )

N | =

oo 52 3 3, 452
2. Ji(2)J, Faf 27 2° .
/;) k(z k+1(z —2 3< 59 3 )

o 1
3.3 Thpp(w) Ty ja(2) = = | ——— Hy(2wz) Ho(222) da.
I;) k+1/2 k+1/2 T E[ m
= "
4. JE o e(w) Ji(2) Jhg1(2) = = = J1(22z) Ho(2wz) dx
,; ke ! m l Vi-a?
.- k 12 2 17
5. Z(—l) Jietr1/2(W) Jiap 41y (2) = o JJ (Zzsm )H0(2w cos (nz)) dz
k=0 0

™

1 .3
6. Z J3k+3/2 ) Japra(z) = 5 JJO (2z sin ;) Hy (2w cos (2z)) dz
0
/2

7. ZJk(w 2.(2) = fJg(w)Jg(z)—l-% J Jo(2zsin z) Jo(2w sin (nz)) dz.

8. 3 Juoik(w) Jmiw) Joi(2) Juoi(2)
k=1

1

J _ Jou(2wez) Jo, (22z) dx.

_ 1 .9 2
- 2 Jp.(w) Jl/(z) + m
0

3| =

9. Z ptk+1/2(W0) Sy k—172(w0) Iy hr1/2(2) Ju—k—1/2(2)
1

1 1
~r l ﬁhn@wm) Jo,(22z) dz
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6.8.6] 6.8. THE BEsseL FuncTiONs J,(z) AND Y, (2)

10. 3 (- 1* k() ek () Ju () omi(2)
k=1

/2
1 1 .
=—3 Ji(w) J2(2) + — J Jou (2w sin ) Jy, (2z cos z) dz.
0

11. Z Jk(zl) Jk(ZZ) Jk(Z3) Jk(Z4) = —% J()(Zl) J()(ZQ) J()(Z3) J()(Z4)
k=1

+ 7= JJO (\/z% + 22 — 22129 cos m) J0<\/z§ + 22 — 22324 cos m) dz.
™

o

6.8.5. Series containing Ji4,(z) and ¢ (z)

z

(/Si_)l)!"/’(k +a)Ji(z) = :—2 + %'(/J(a —1)J1(2)

M

S
Il
S

2

~Ta=1) ()" Jaca(a).
(—1)* (4k + 1) (2k + 1) Jagg1/(2) = =/ 2 sin 28 (22)

- \/g cos z [ci (2z) — In (22) + C].

M

S
Il
S

M

(—1)% (4k + 3)3 (2k + 2) Jagp3/2(2) = \/g cos z i (22)

_ \/g sin z [ci (22) — In (22) + C].

S
Il
S

6.8.6. Series containing J,(yp(k, x))

1. ka—Z"—1/2J1/2_m(km)

k=1
m+n 2n+1

— (-1) +n+1 gm—1/2 ,2n—m+1/2 nZ Bk(2n+1)(k—1 —n) (2_”)k

2n+ 1)7 = k 2 m\
[m<2n; 0 <z <27
o0
2. Z km_2n_l/2Jm+1/2(ki$)
k=1
2n+1

_ 1yl k
e WL [

[m<2n; 0 <z <27
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CH. 6. INFINITE SERIES [6.8.6

&

[e e}

Z km_2n+1/2J_m_1/2(k$)

k=1
2n
_ D)™ om1/2 2nemo1/2 2n (k-i-l B ) (2_7r)k
_(2n)!\/7_r2 x kZ_OBk(k) —2 n m z
m<2n-1; 0< z < 2nx).
S (_l)n gm+2n— 1/2 2n— 1/2 —-m—1/2

m—2n+1/2 —
. Z k: / J _1/2(k$) = W

k=1
STt (S (), (5) memerocacn

k
k=0 2 p=0

. Z(—1)kkm_2n+l/2J_m_1/2(k$)

k=1
ﬂ2m+2n—l/2ﬂ_2n—l/2m—m_1/2
(2n)!
B 2 . k(1 P
2n—k n —p £ s
s ()T ((152) (2] e ocecn
= =

m—in— 1 mAntt m n n —m—
()RR (k) = LS gmeansagania g mm o2

2l an k+1 2n+1 k z\P
S B ()3 (), () mzmocezn

(_1)kkm—2n—1/2Jm+l/2(km) _ ((2—7111’:; gm+2n+1/2_2n+1/2 ), —m—1/2

Mg

S
Il
-

mg

S
Il
-

2n+1

<3 B (3 ()(152), (2) msamocasn

p=0

8. ka_2n+1/2Jm_1/2(kﬂ'))

k=1
_ D)™ om1/2 2neme1/2 L 2n\(k 21\ k
= miEl kZ:OBk(k)(2 ”)m (?)

m<2n-1; 0< z < 2m].

T

9. Z(_l)k k27 J (k ) i iJu(m)_ gJu+1 (m)

2 1
k=2 ( + )
[-7 <z <m Rev > -2].
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6.8.6] 6.8. THE BEsseL FuncTiONs J,(z) AND Y, (2)

10. Z ( 1) o I, (Vi + ata) = %" ) (az)

[-7 <z <7 Rev > —-1/2].

[e e}

Z2k+ m2n 1/2(]/2 m((2k+))

_(=D)™" 3/ _ant1/2—m—1/2
= Gni1)’ T x
2n

k
x 3 B2n_k+1(2";1)(2 — 92n—k+2) (—g)m (%) [m<2n; 0<z<n].
k=0

12. ) 2k 4+ 1)™ 722 (2K + 1))

k=0
_ (=D)" om-3/2_2n+1/2,,—m—-1/2
= G+’ T m
s 2n +1 1—k k
n _ o2n—k+2 — T
3 B ()02 (557) ()
[m<2n;0<z<m].
o~ (2k+1)”
13. Z k+)1 J ((2k+ ) ) Ju($)+2$¢]u+1($) —’R'H,,(.’I:)

[-7/2 <z <w/2; Rev > —3/2].

3 (2k+1)"7" -
14. kgl(_l)kmc]u(Qk +1)z)=2zJ,41(z) — Jo.(2)

[-7/2 <z <w/2; Rev > —3/2].

—  (2k+1)""

S [ T COR il

[0 <z < 7 Rev > —3/2].

16. 2+ a2, (V(2k +1)2 + a2z) = T

)

[0<z< 7/2; Rev > —3/2].
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CH. 6. INFINITE SERIES [6.8.7

o5 )] T (e )

17r2n 1 - 1 2a)—k
— n
= (-1 Z (a2 Egp_ok—oJ,4k(a) [Rev >1/2—2n)].

6.8.7. Series containing J, (kx) and trigonometric functions

[e e}

zy”
Z u+1 sin (kz) J,(ky) = —m

[,y >0; z+y < m; Rev > —3/2].

k=1 k
O [ e, )
(=1 y
F(uz—i— 1) {2(m— DY +1)m-1 (5) + kZ:O k!(1/2—|— 1)k
X [ (_1)m71ﬂ' mZm 2k—-3 +( 1 k ka: 1 2) ‘ C(2m 2j — 2% — 2)] }
2(2m — 2k — 3)! = @)

m>10<y<my<z<2r—y.

&) 2m+v—2
4. Z 2m+” 5 COS k.’I)) Jy (ky) 2(m ( )1]1(m + V) (%)
k=1

y 2k+v
B Z k‘l"(k+u+1 (E)
m—k—1

k J
y Z ((;.713! 22 (1 — Q2H2k=2m3) (o0 _ 95 _ 9k — 2)
j=0

[m>1; Rev >3/2—-2m; -7 <y<m |lyl—n7m<z<m—|y|].

6.8.8. Series containing products of J, (¢ (k, x))

o k 1 m+1 2m+p
1. kX::l 2m+ﬂ)t+" Ju(kz) Jy (ky) = 2m‘l"(m(+u)+ DI(v +1) ( ) (

B Z kT ;cj)u-i-l) (m)2’°+l‘
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6.8.9] 6.8. THE BEsseL FuncTiONs J,(z) AND Y, (2)

m—k . .
=D (Y A _ 92j+2k—2m+1 Cos
8 J_X_:O TG +v+1) (2) (1-2% ) ¢(2m — 25 — 2k)

[r<z<m |z| -7 <y<m—|z|; Re(p+v)>—-2m—1].

2 Y1 A k) = G

Miv+1) 4

= o1 (2) 2(v + 1) Joga (2) — 2 Juya(2)]
[-7 <z < Rev > —1].

o0 k —2v
3. 7,5_131 JE(\/ k2 + a2 w) =-—

»(az)

[-7 <z <7 Rev > —1/2].

4. i H(;%Jf(vkz—l-azm)

(k2+a)

= 5 {6Ju41(az) [2(v + 1) Jy11(az) — az Jy42(az)] — 7*a® S5 (az)}
[-7 < 2 <& Rev > —-3/2].

»(az)

[0<z<7/2; Rev > —1].

5. i 1) [(2k+1) +a?]” ”Jz( (2k+1)2+a2m)=
k=0

6.8.9. Series containing products of J,(kz) and trigonometric

functions
— (—1)* r (g)ﬁu
1. Z AT sin (kz) J,(ky) J, (ky) = — 2 (p + i)]“(u +1)

[z,y>0; z+y <m; Re(u+v)>—1].

(o

S~ (-1 _
2. Z it cos (kx) J,(ky) J,(ky) = Tt )T+ 1)
[z,y>0; z+y <m; Re(u+v)>—1].
ptv
(3)
M(p+1HC(r+1)

(=)™ (u+ v+ 1)2m-2 y2m—2
B+ Dm—1(v+ Dm—1(p+ v+ 1)m-1

= k
3. Z ,ﬁ%h(kw J(ky) =
k=1

m—2

+ Z (B4 v +1)5 (g)% (—1ym-1 mgtm 28

— Ellp+1)e(v+De(p+rv+1)\ 2 2(2m — 2k — 3)!
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CH.6. INFINITE SERIES [6.8.10

Zk C(2m 2j — 2k—2)]}

m>L0<y<n/2;y<z/2<7m—y.

y ptv
4. Z 2m+“+” 5 cos (kx) J,(ky) J, (ky) = %

X (_1)m(l"+’/+1)2m_2 (£>2m—2
2(m =D p+ Dma(v 4+ Dm-1(p+ v+ Dm—

m- 2k

Z D) (p+v+1)a (g)

— u+1k(u+1) (p+v+1), \2
m—k—1 27

m>1;, —w/2<y<m/2; 2yl —7 <z <7m—2|yl; Re(p+vr)>1-2m].

(1 _ 22j+2k—2m+3) C(2m _ 2,7 — 9%k — 2)}

|
°

6.8.10. Series containing J, (kxz) and Si(kx)

Ly e 81 (k) Ju(ky) Ju (k)

= ()"T@em+p+v—-1)z (g>2m+u+u—2
2(m — T (m + p)T(m 4+ v)T(m+ p+v) \ 2

m—2

(—1)* T2k +p+v+1) (g)%ﬂ“ﬂ'
— ETRk+p+v+1)(k+p+1)I(k+v+1)\2

2 (23 +(1_)!1()2jj +1) @ (1 2T ¢(am — 25 - 2k = 2)

X

m—k—1

=
m>1; —r<z<m|z)—7<2y<m—|z].

6.8.11. Series containing J,(kx), S(kx) and C(kx)

27u71/2m1/2yu

C Vrl(v+1)

[z,y>0; z4+y < m; Rev > —1].

27u71/2m3/2yu

C 3al(v+1)

[z,y>0; z4+y < m; Rev > —2].
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6.8.12] 6.8. THE BEsseL FuncTioNs J,(z) AND Y, (2)

6.8.12. Series containing Jy, 1. (@(k, z))

Notation: A(z evVi—2*|,

‘1—1—\/1—22

=

k=1

[ee) 1 1; a222
R 4 —
P> k2 = T (kz) = 50 llF2 (1 —ia, 1+ ia) 1] [A(=/2) <1

. i = (k)2 k—i—a)k ! (g)ka+u(\/Ez)=_i

k=1

el k(kfu)/Qfl
S (

) Jers(Vz) = (5)

P(v+2)°

N[ N

k=1

o0

1 1 arcsin (22)
4. ~1)kJ2,,(kz) = — < -
;( I ial2) 2 F 2V1 — 422 V1422

o0

2 12 Z(Z +4)
5. ZkJ (kz) W
0 2

1
6. ) ?J,f(kz) = ZZ

e 2

7 le z 3%
Z k(kz) = 7 61

k=1
o0

1 9 o525 152t 2

8. ZFJk(kz)_ 1152 256 T 4

k=1

> 2z
9. 4Jk+1/2((2k+ )z) ==

Pt (2k +1)* ™

o0
L p 8
10. - ka+l/2((2k + l)z) - <1 o7 >

kol

o0
2
g 2k+1) s kr2(Rk+1)2) = T Gare — 5

12. S Jiorya(kz) Jpgrja(kz) = —2rsinz_ 1
kgl k1/2( Z) k+1/2( z) ﬂ_zm T

473

2 ( 1282%  802°

al'(v+1)

+a ", (Vaz).

[A(z) < 1].
[A(z) < 1].

[A(z) < 1].

[A(z) < 1].

[A(z) < 1].

[A(22) < 1].

[A(22) < 1].

+ 1) [A(22) < 1].

[Az) < 1].



CH.6. INFINITE SERIES [6.8.13

e Je—1/2(k2) Jry1/2(k2)

> 1
13. Z k2 —
k=1

1.1: — 2_2
= - R ) ae) <
Ta Ta 14+a,1—a, 2
o k 2
1 z 2z
14. /;1 ( k} Jaa(kz) = =-= [A(z) < 1]
o0
1
5. ) kg )* 3 J2)5(k2)
k=1
=1 ™™y (az) Jaya(az) + 22 (4000
_2a2 1a B) —a/2 a/2 7r(a2—1)2 3 g’S;a’S-;-a
[A(z) <1]
(7)21/
2 [A(2z) < 1]

2V)k —2u—1 2
16. k J k = =
k§:03 (40 R (4 0)2) = 2
6.8.13. Various series containing J,(z)

1. i Jk(wl) Jk(’wz) J()(kz)

k=1
1 1 T _
=-3 Jo(w1) Jo(w2) + — J(z2 —z?) 1/2J0<\/wf + w2 — 2w ws cos m) dz.
0

Z ﬁn”—l‘ﬁﬂm(w) Ju((2k + 1)2)

z

= 227" w(zz _ ;1;2)1/—3/2 Ho(2w sin z) dz.
el
8-> mhﬂm(w)@((% +1)2)
k=0

o0 k n —_
2. > & HJ,(;M,.):_% 1ES
) 1=1

[mi > 0; Z.’IJ, < 7/2; Rev > —1/2|.

=1
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6.9.1] 6.9. THE MopIFIED BEsseL FuncTioN [, (z)

6.8.14. Series containing Y4, (2)

— 1 1
1. J J- Y, =—= i Jo(2 dz.
I;) k+1/2(w) J2k41(2) Yiq1/2(w) WJ; A= a2 sin (zz) Jo(2wz) dz
oo 1
1 1
2. Z T s1/2(w) Jhy1/2(2) Yigaya(2) = - J T Jo(222) Hy(2wz) dz

Eod

o
[=}

M

Ji(2) Tis1/2(2) Te1(2) Yieynja(2) = 1 [o(42) — 1]

S
Il

0

M

Tu(@1) Ji(@2) Yi(5) Yi(20) = = 3 Jo 1) Jo(@) Yo(3) Yo(za)

x~
Il

—
I\D"_‘

+ ‘[Yo(\/ﬂf% + 23— 2z1238 cosm) Yo(\/mg + 23 — 2z974 cosm) dz
0

[z1 < z3, T2 < T4).

6.9. The Modified Bessel Function I, (z)

6.9.1. Series containing I,x4,(2)

LY kl(z) = g [Io(2) + L1 (2)].
k=1

2. Z(a)kfkw(z (5) e22F2< vt -G )

'(v+1) v+1,2v—a+1; -2z

o~ k+v ()
3. Z 3 T Ik+l/(z)
= k+v) -1 K
9—2v—3/2 —1/2 (2v—3) sgn (Im 2)mi/2—2 :
= =i © 1o+ 5 -2).
( )T (v)

[e e}

k (a)k(b)k(2ll)k
4. I;)(_l) (k+U)k!(2u_a+1)k(2l/—b+1)k1k+'/(z)

(i)u u—}-l 2v—a—b+1; 2z
= 2 6_Z2F2< 2’ ’ )

r'(v) 2v—a+1,2v—>b+1

had i)”ez 1—p B
v+ v—-+1
5. (— z =<7 ___,Fy 2’ 2 .
Z k! Litu(2) F( -l-l) <u+1,2u—u—|—1; —22)
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CH. 6. INFINITE SERIES [6.9.2

o F2(2k+1
6. Y (-1 —tortad Tra(2)
k=1 r ( 4 )
/2
]. ]- 4 zZ cos T
= —mlﬂ(i) Io(z) + - J e? 0% (42) grfe (V22 cos (2z)) K (cos ) dz.
0
7. ) (1) Tagpu(2) = %15(”2’ 17 )
k=0 g ThLY

8. Z(—1)k(2k+u)("‘(2‘7§”k1%+u(z)= (22 1F2<”_1;4).

).6),

= -
9. Y (-1)*Qk+v) ( +%) (2,+3) T3k (2)

2(2U+3
= 2’/_121/2T1(2u 1)/4( )

s z)” 1,
0. 5:@k+10(mnwok,%+4z,=(2) €ﬁ1F3<u_a4_y2z)

= El'(v—-—a+1), 2v—2a+1

k

[ee)
m t
11. Z Ok+m m1k+u(z)
k=0

)(m v)/2

= (=t) ™z M)/2Z( 1) k(%t'"Z—k)!I —m(V2(2kt + 2)).

6.9.2. Series containing I, (z) and ¥(z)

C@)¢w+aﬂﬂxd F£21¢w)
B ol v
_F(j+2)a2F3 a+1,vt2,2)

Uk +a) Iu(z) = — 5 + Ze(a = D)

Mg

S
Il
S

Y

i
M8
AA

m\u

S
Il
S

+T(a—1) (%)aza_z(z).
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6.9.3] 6.9. THE MopIFIED BEsseL FuncTioN [, (z)

3. i _k2|) Y2k + a) It (2) = ( ) ¥(a)

= 'v+1)

2 v+2 22 o
(5) 1 o Ly - N 1 LL
- —21'3 2173 .
'v+2) |a %+1’V+2’2 a+1 a42-3’”+2’2

6.9.3. Series containing products of I+, (2)

CN\kL2(2 _ 1)\272 _%_E
LY (-DFE (K — 1)°I3(2) = 5~ 35

00 F2(2k+1) L
k 4 20\ _ 4 2
2. Z(_l) T;;)Ik(z)— ;F (4)10(2)
/2
—|—% J Iy(2zsinz) K(cos z)dz.
0

> (a) 1 1 L2
k g2,y _ 1o 1 X
3. (1_a’)k1k z)—210(z)+21F2<121 )

4. Z(_l)k (1(_) T I2(2) = %Ig(z) 1F2< 5 —a; 2z )

1—a

5. Z(_l)k(‘lk +1) (2 a)k(E ’ a)k (7)k Ik+1/4(z)

k(1 —a),(1+ a),

M

(“D*QRk+1) IRy 0(2) = =

S
Il
S

3 2
a 22 S~ —a,l; z

(1 2, () = 7r2F3(22 s )
272

ol
o

MS& [ MS&

(2 +1) 2 (j)) 121 0(2) =

S
Il
S

8

9. /; m k(2) ki1 (2) = o= [10(22) Ln(22) = 11(22) Lo(22)].
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CH. 6. INFINITE SERIES [6.9.3

10.

11.

12.

13.

14.

15.

16.

17.

18.

oo 3 o 2
3 LR Lol |

k=0
~ 1
Z(—l)k(ﬂc +3) I,%+3/2(z) = [cosh(2z) — 222 — 1].
k=0
2042
[e’e) “ 3 2
1,v+ = 2z
-1 k12 :_(2) F. v+1, 2! .
Z;( Vi (2) Pr+2) 2 *\v+2,v+220+2

= k+v (2V)k 49
> iy (2)
2 1 k+v
o 4(k +v) 1 k!
z 2v 1. 2
- (3) B TR )
@ - 1Dre)rp+1) v+1, v+ g

3 k+v 2v
,g)(_l)k 4k +v)* -1 ( k!)k li(2)

— (5) F 1’ 22
@’ —)rere+1) " \v+1,0+ 2 )

(2)2" F3<I/+ 208V 22).

F2(u+1) a,v+1,v+1

>y BRI (o) =

o0 2 2v 1 9
20)k(2v —a +1 Py v+ -5z
Z(k + U)( )k(k|(a)k )k II%+I/(Z) = IJ(I%Q)(U) 1F2< 2 )

Eod

=0

oo

D (DM k) gy, _(i"i’“fi)&(f)f b eee(?)

k=0
_ (2)2" F( u—l—f 2v—a—b+1; 22 )

- u+12u—a+12u—b+1

ul"2(u)

> (-1 Ot () 1i(2)

Np+v—a+1) (E)’”"’
Frv+1)I'(p+v+1)I'(p—a+1)

;4+l/—a+1’;4+u a+1 Z
X2F3 2 .

1/—|—1,u+u+1,p,—a—|—1
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6.9.3] 6.9. THE MopIFIED BEsseL FuncTioN [, (z)

9 30k ) E () o () = 5 (55 Totw+ 2

20. fj(—l)kwvfu+k<z>1u_k_1<z)= Mt2) ey, 12(22).
k=0

(g+u)k (v +1)

21. i Ik+,,(z) I,,_k(z) ng(2z)

k=0

= 3 12(2) Io(22) + ()

1 1 3. . 2
oy V+Z’V+§’V+Z’4Z -
2F2(”+1) 11—1—1,21/—1—%,21/4-1,%

22. i Ik+,,(z) I,,_k_l(z) 12k+1(2z)

k=0
2v
2(2 7 v+ - ,u—l— ,u—|—§,4z
BRIOHCER R WS VPRSI &
2 3 3 2
50 90 42
w3 R0 a0 = (55 )
oo /2
24. Zlg(w)lgk(z)z %Ig(w)lg(z)—i—% J Iy(2zsin z) Iy (2w sin (nz)) dz.
0

M8

25. (—l)k.]o(kz) Ik(wl) Ik('wz)
k=1
1 1 [ _
= —ilo(wl) Io(wo) + —~ J(zQ —z%) 1/210(\/10% + w2 — 2w ws cos w) dz.
0
= 1
26. Y (~D)*Jap(w) [{(2) = 5 o (w) I5(2)
k=0
w/2
+ % J Jo(2wsin z) Iy(2z sin (nz)) dz.
0
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CH. 6. INFINITE SERIES [6.9.4

27. Z Jk(.’Iil)Yk(.’EQ) Ik(.’I)3) Kk(.’I)4) = —% Jo(.’I)l) Yo(.’vQ) Io(.’I)3) Ko(.’I)4)
k=1

+ 2i JYO (\/w% + w% — 22129 COS w) Ky (\/wg + wi — 2x 324 COS w) dzx
s
0

[£1 < z3; T2 < z4].

6.9.4. Series containing Inkyu((nk +v)z)

_ eVIt2?
Notation: A(z ‘1 n \/1+—z2 .
0 (_l)k 22
Ly, e Lo(kz) = =% [A(z/2) < 1].
- (-1)* z5 52° | 2
k=0

—ia, 1a

Z ” 2 Tan(k2) = ll+—2—1F2(1"af)] [A(=/2) < 1].

6.9.5. Series containing products of Ik4+.,((nk + v)z)

Notation: A(z —‘1+ o eVI+a? |

LY (D), I (k2) = % [A(z) < 1],
,;1 k 16(z2 + 1)

2. Z D 24 =-Z [A(2) < 1],

3 i( Rkz) =32 _ 2 [A(z) < 1]

) i 64 4 :

4. Z D 24 = 2 [A(2) < 1],
o (-1DF _ 2z

5. I;) m1k+1/2((2k +1)z) = — [A(z) < 1].
- (-DF _ 2z (82

6 2 iy o lenya@h 4 D2) =2 (5 +1) [A6) <1
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6.10.1] 6.10. THE STRUVE FuNcTions H, (z) AND L, (2)

N D L 2z ((1282* | 80Z°
7. ;} R D1k +1)2) = 2= < e T 22 +1) [A(z) < 1].
- 1 1
8. ;(—1)k1k_1/2(kz) Iipaa(hz) =~ n (z—i— 22 +1) -1
[A(z) < 1]
— (-1)* 1 1 1,1; a2
0 X i avalke) k) = s = M22F3<1+a, I—a, g)
[A(z) < 1]
6.10. The Struve Functions H,(z) and L,(z)
6.10.1. Series containing Hy, (z) and Lg4,(2)
oo z\k
Yy G) Hy(2) = 2 shi(z).
= k! T
= (-3)
~3 2
2. ,; k2| Li(2) = p Si(z).
z k z4
3. i (ii) {Hk+u(z)} - A 2 F5 %’ L 286 .
= (g)k Li+u(2) 2”ﬁr(u+ g) s wEs i
= ()’
4 I;) Z| Hk+1/2(z)
23/2 2
== {216(2) = 211(2) + 7 [1o(2) L (2) = 11(2) Lo(2)]}.
= (-3)"
5 I;) k2| Lk+1/2(z)
2% 2
== {2J0(z) — 21(2) + 7 [J1(2) Ho(2) — Jo(2) Hl(z)]}

* \/7rE {10(z) = 5 [1(2) Lo(2) — Io() La(2)]}.
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CH.6. INFINITE SERIES [6.10.2

7. E ( 2)k L z 1[ Slrl]lz
k+1/2( )

6.10.2. Series containing H, (¢ (k)x)

- e kU1 ra” br ba
L YD e Hlke) = g eseh () 1 ()

/-\

(E)V+1
2
- — [—7r <z <m; Rev > —7/2].
2 3
\/7>I'b F(V+ E)
s k_”_l E)1/4»1
2 E :(_l)k 2 2 2 HV(kw)_ :
k b 2 3
k=1 a \/77'17 F(l/+ 2)
ma” b bx
— o csc(;) H, (;) [-7 <z <m Rev>-7/2].

3. 30, (k) = % ~(v+ D)@+ EH ()
- 2

[-m <z <m Rev>-7/2].

4. i(—l)k ((2’“+—1ru H,((2k + 1)z) = — — H,(2z)

P 2k —1)(2k + 3) ovts
[-7/2 <z <7/2 Rev > —5/2].

o~ (= VT L
5. ——— H,((2k+1)z) =
Z;) (2k +1)"* (”Jr )

[-7/2 <z < 7/2; Rev > —T7/2].

- 2k +1)7" B
6. kX::l(_l)k kEE1) H,(2k+1)z) = (v +1)H,(z) — 22 H,_1(z)

[-7/2 <z <7/2 Rev > —5/2].

—v—1

7. i¢H (Vi +atz) = -2~ H,(az)

= (162_'_(12)(V+1)/2 v

[-7m <z <7 Rev > -3/2].
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6.10.3] 6.10. THE STRUVE FuNcTions H, (z) AND L, (2)

0 _1\k
8. > ( :2))<u+1>/2 H”(" k2+a2w)

—v—-3

=2 o {[3(2v + 1) — 7%a®| H, (az) — 3az H,_1(az)}
[-m <z <m Rev>-7/2].

6.10.3. Series containing H, (kx) and trigonometric functions

> (—1)’c . _ T y v+l
1. kgl xR sin (kz) H, (ky) = 7\/7?11(11-1—%) (2)
[z,y>0; z+y <7 Rev > —3/2].
2m4v—1
S (D (1" (3)
2. k H,, k =
kglkaeru Sln( m) ( ?J) 2F(m+%)r‘(m+u+%)

2k+v+1
m—2 m—k—1 .
(- 1) ( ) Z (—1)7 G2+
3 1 1
(k) r(k+v+l) iz @Y
x (1 —2%H2k=2m+3) ¢(9m — 25 — 2k — 2)
[Fr<z<m|z|—-7m<y<7m—|z|; Rev > —2m —1/2].

—1)* cos (kz) H, (ky) = —Lﬂ“
1 kvt v ﬁf‘(u + g)

[z,y>0; z+y <m; Rev > —3/2].

e
[M]8

k

4. Z cos (kz) H, (ky)

k2m+u 1
k=1

" o O 0
CvAr(e+d) (). (43, = (a)k(”g)k
2m—2k—3 m—k—1
xl(_l)m_l(zjrf—%—s)' Df ]Z (21)‘ C(2m 22k 2)1}

<y<my<z<2r—z; Rev > 3/2—2m)].

- (ka) ()™
k cos (kz . 2
5' kgl( ]') k2m+u 1 H (ky) - .\/77-1—‘ (u+ g)

(_1)m (%)2m+v—1 ) m—2 (_1)k(g)2k+u+l
Qe R
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CH.6. INFINITE SERIES [6.10.4

1

k— ;
Z (2J)| 22j+2k—2m+3) C(2m _ 2,7 — 9% — 2)
7j=0

m—

[Fr<y<m|ly—7m<z<m—|yl; Rev > 3/2—2m].

6.10.4. Series containing H, (kx) and Si (kx)

1. Z 15:2m+u H, (ky)

k=1

)2m+u—1 )2k+u+1

w s

(-1)"z (% B Z

“oar(me ) r(mivtl) (st ) (kv )
¢

m— 1

£ gt 2j+2k—2m+3
X (1 — 24Tk Em 2m — 25 — 2k — 2
]E: (2]+1)|(2]+1)( ) < J )

m>1; —r<y<mly—nm<z<7m—|yl

6.10.5. Series containing H, (kx), S(kx) and C(kx)

(_1)k 2—u—1/2w3/2yu+1

Loy P S(kz)H, (ky) = —

3
k=1 37TF(I/+ 5)
[,y >0; z+y < m; Rev > —3].

2. Y L S(ke) H, (ky)
k=1 k
m 3/2 2m+v—1 v 2ktuil
_ () 2 % (2)
3varT(m+ )T (m+v+ ) koFk+ r(k+v+?)
m—k—1 ) L2+3/2 yieakames
I e — — J —2m B . _
" ]X::O - (27 + 1)!(4j + 3) (1-2 ) ¢(2m — 25 — 2k - 2)
m>1; —r<y<mly—-7m<z<m—|yl
= k —v—1/2_1/2 v+1
-1 9 .
0 3 e L
Pl 7rl"(u—|— 5)

[,y >0; z+y < m; Rev > —2].

43 ez ko) Hy (ky)

kol
—

_ o Cyme) —\me -1 (5
CVarr(mt Dr(mtv+ ) VT ek D r(k4e+ )
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6.10.7] 6.10. THE STRUVE FuNcTions H, (z) AND L, (2)

m—k—1 .
p2011/2

k
X —1)Y (1 — 2% F2k=2mAd) (9 — 25 — 2k — 2
m>1; —r<y<mlyl—-7m<z<m—]yl.

6.10.6. Series containing H, (¢(k)x) and J,(kx)

ko) Bl = —— ) ()
< privrt ol Val(u+ 1)r(u + g)
[z,y>0; z+y <m; Re(u+v)> -2

M

S
Il

2. §(2k+1 v Ji(w) Je1(w) Hy ((2k + 1)2)

> i (0 A2+ 1)2)

||M8

= % J'(z2 — 22"~ Y2Hy(2wsin z) dz.

4. Z 27$;+,2-u 1 (km) H, (ky)

()™ z\H(y 2m+4v—1 m—2 (_1)k y 2k+r+1
_ G0 . )

P(m+ )P+ 0r(m+v+ 1) S T(k+2)T(k+v+?)

m—k—1 ( )2]+u
x JZ (1) m (1 — 223+2k=2m+3) ¢(9m — 25 — 2k — 2)

m>1; —r<y<mlyl—-7m<z<m—]yl|.

6.10.7. Series containing product of H, (kx)

1 Z k2m+y+u I»L(kx) H’/(ky)
k=1

(_l)mﬂ_—l/2(£)2m+u—1(7)u+1 m—2 )k(£)2k+u+l

2 2

F(m+%)l"(u+z)r‘(m+u+ ) k=0 F( Z)F(k+”+g)
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CH.6. INFINITE SERIES [6.11.1

m—k—1 (g)”“’“
% ( 1 2 1— 22j+2k—2m+3
5 V)G |
x((2m—2j—2k—2) m>1; —n<z<m|z|-7<y<m-—|z|.
2. i (—1)k ﬁ H, (ka;) = _L lﬁ[CE‘-"H
k=1 kY i=1 ™/ (V+ g) el

n
[mi>0; Z.’Bi<ﬂ'; v>-—-1].
i=1

6.11. The Legendre Polynomials P, (z)

6.11.1. Series containing Py k+m(2)

[ee)
2k +1 2
P, — - 1< : .
— k(k+1) e(@) i1t [Flse <l [47]
2 E:Lp(m)__l_i+Li(l+w) [-1 <z <1; [47]]
LKk + 1) * 6 2\ - '

o0
2k +1 m 1
3. 2l p@) =" —24+2¢(3)+]
S h P = 22
—Lig(132) - 2L (45

6.11.2. Series containing P,k+m(2) and Bessel functions

o (1—
wLQ( 2m)

) F1<e <[4, (15).

L) (2k+ 1) Jagg (w) Pe(2) = ’;’J(,(w 1;").

(—1)*(4k +1) Joks1/2(w) Por(2) = \/? cos (wz).

N
M 1

k

0

M

(_1)k(4k +3) Jary3/2(w) Pag41(2) = \/? sin (wz).

S
Il
S

1

(4k +1) (’Z?k Jasr2(w) Poy(2) = ﬁjo (w\/l - 22).

M

b

O

5. i 4k + 3) ¢ ) J2k+3/2(w)P2k+1(z)—z@Jo(w\/l—ﬁ).

k=0
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6.11.2] 6.11. THE LEGENDRE PoLyNoMIALS Pp(2)

6.

10.

11.

12.

13.

14.

Z (2k+1 Jk+1/2(w)Pk( z) = w\/\l/iTz sin (wv/2 — 2z).
k=0
DDk + 1) Jirs (W) T 1/2(w) Pk (2)
k=0
1 3 5, _w?s?
= Ly Y :
F(l/—i—l)l"(g—u) 22 3(;,3—1/,1—1—1/)
- (1)
. Z(4k + 1) 5 Ty (w) Ty g1/2(w) Pag(2)
k=0
1 3 5 wz? — w?
_ N by |
re+nr(:-v) \/;2 3( L2 —v 14w )
Z 4k +1) Ji 11 a(w) Pax(2)
k=0
= %Jl/zl(wz) [J1/a(wz) — 2wz Js)4(wz)].
Z )*(4k + 3) Jk+3/4( w) Pag41(2)
= %J;,./‘l(wz) [8J3/4(wz) — 2wz J7/a(wz)].
3@k + 1) Lpaja(w) Pa(z) = 4/ 2?’” v,
k=0
Sk +1) T 2(w) Pas(2) = 1/ 22 cosh(wz).
k=0
S (4 +3) T a2(w) Parg1(2) = 1/ 22 sinh(w).
k=0
oo 1
D (1" 4k + 1) 2255 Tigrya(w) Pag(2)

5/4 3. _ 2
= 2—F( ) 1/46_1”11‘71(4’ 2'w1 2wz )
™

487



CH.6. INFINITE SERIES [6.11.3

3

Z *(dk +3) 22TE Tyasa(w) Popra (2)
3/4 5. ow—2
LF<1) 3/4Z€_w1F1<4’ v we )
T 1
6.11.3. Series containing products of P m(2)
2k 2E+1 1 4

> 2% 41 1 1-2)(1— /1
2. 272 + 5 Pr(z) Pe(y) =1—1n —;yln( m)4( y)—i-le( —|2—w)

—Li2(1+y) 1<z <y<1].

2
3. 32k + 1) Japra (w) [Pi(2)]* = %Jg(%h - 22).
k=0

43k 1) ks () Sy () [P4(2)

k=0
. 1 3 2_2 2
wsin (v) S,y wz—w
= —— "2 oF3| 2’2 .
2v(l—v)m

5. 3 (2k + 1) T2, o(w) [Pr(2)] = 27’”10 <2w\/z2 - 1)

- —w11(2w\/z2—1)L0(2w\/z2—1)
+ w10(2w\/ 22 — 1) Ly (211;\/ 22 — 1).

6.11.4. Series containing Ppk4+m (@ (k, 2))

[ee)
=t (Vi D)
1. t" Pop (/14 =
Z k+z 2 k

k=1
: 1
3G Cpafbon 2) - Ot
k=0
[t < 1].
had 1)k/2—1

(k+ k k/2 < 2k 4+ z+2 >
2. — " (k+2z+1 P,
> (k+z+1)7 P 20/ + )k +2z+1)

= g WTw/2 [10( )+11( 5 )] [t = —we"; [we* | < 1].
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6.12.2] 6.12. THE CHEBYSHEV PorLyNoMiaLs T (z) AND Ug(z)

6.12. The Chebyshev Polynomials Ty (z) and Ug(z)

6.12.1. Series containing Ty k+m (¢ (k, 2))

Z— Tk (z) = €** cos (t 1— z2)

=
8 ﬁMg

9 1 T < 2k +1 )
. p i+l | —Fm—m—
=2k +1) [(2k +1)? — a?]" T (2k +1)2 — a2

_ap_1 2n

el ORI

(-1)* ( ka )
> ZWS‘“’”TW Vi

T . bz b
Z—W Dgn [Sln;CSC ;:I [—7I'<$<7I']

6.12.2. Series containing Tpx4m(2) and Bessel functions

1. S (—1)* ok (w) Tor(2) = ; [eos (w2) + Jo(w)):

ko
[=}

-

mg

(—1)* Jopi1(w)Tag41(2) = 2 sin (wz).

3. Z(2k + 1) Jogp1(w)Tog41(2) = % cos (w\/ 1- 22).

ol
o

ol
o

(~1)* TR () Tok(2) = 5 1Jo(2wz) + J3(wz)].

M

S
Il
S

Hy(2wz).

N[ =

M

(_l)kJ§+1/2(w)T2k+1(z) =

S
Il
S

M

(26 +1) J,%H/z(w)TzkH(z) =wzH_4 (2w\/ 1- z2).

S
Il
S

70 3 (~ 1)k Tk (w) Tk (w) Tara (2) = %J1(2wz).
k=0

8. D0 Iu(w)Ti(z) = [ + Io(w)]
k=0
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CH.6. INFINITE SERIES [6.12.3

9. Z Ik (w)Tar(2) = % [cosh(wz) + Io(w)].

10. Z I2k+1 T2k+1( ) = %sinh(wz).

11. Zlk+1/2 )Taks1(2) = 3 Lo(2wz).

12. Z Iy (w)Ti(2) = [10(211)2) + 13(w) + Lo (2wz)].

1
13. Zlk )Tak(2) = 5 [Io(2wz) + I (w)].
6.12.3. Series containing Upkim (¢ (k, 2))

1. giZUk(z):etz [cos(t 1—22)+\/1i75in(t l—zz)].

(-1)* . ka
23 G s b Ui (i)

__ ™ p2ntl | b_m b_ﬂ'] —
=~ @n T 1)2ab D, [sm 5 ©¢ [-7m <z <.
oy k
a
3. kgl . )'n,+3/2 coskz U2"+1(W)
m D3 [} cos % cse U] — (n+ Dab™t [ox <o <l
[ee)
Z 1 U < 2k +1 )
o n+l\ T
o k1) [k + 1) - a2 2k +1)* ~a?

—92n—3 2n+1 (g

R G (1) g (1 9)].

6.12.4. Series containing U, k+m(z) and Bessel functions

1. g(kﬂ)hm(w)w(z):%"\/Zsin<w 17)

2. Z Jok41(w)Uag(2) = ﬁ sin (w\/l - zz).

k=0
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6.12.4] 6.12. THE CHEBYSHEV PorLyNoMiaLs T (z) AND Ug(z)

M

(=1)*(2k + 1) Jog 11 (w)Usg(2) = % cos (wz).

S
Il
S

M

(=1)*(k + 1) Jopso(w)Usgy1(2) = % sin (wz).

x~
Il
°

M

(k + 1)J2k+2(w)U2k+1(z) —

wz .
sin w\/l—zz).
44/1 — 22 (

S
Il
S

M

(k+ 1) Jeto(w) Je—pr2(w)Uk(2)

2 . Lwi(z—1)
. w” sin (vm) F 2; 3
_47r1/(u—1)(u—2)1 2 3—v,14+v )’

x~
Il
°

M

(k+ 1) Jk(w) Jp+2(w) Uk (2)

S
Il
S

= ;Z[\/itlz(w\/2—22) — w1 - zJ3(w\/2—2z)].

23/2 (1 _ )
[eS)

8. Z Jiy172(w)Uzi(2) = 2\/11_7 m(mﬂ)_

o0

9. Z k2k +1) Jk+1/2( w)Uak(z) = wH_1(2w2).
k=

wsin (v)
27r1/(1/2 —1)(v—2)

; 2% —w’2
x[(2+u—u)1FZ<2_u1‘iiu) 2w2z21F2<3_uu;fru)].

10. i ¥ @2k + 1) Jkyo (W) Ji— vt (w)Uar (2) =
k=0

M8

1
11. (=1)*(2k + 1) Jp(w) Jpi1(w)Usi(2) = £J1(2wz) —wJy(2wz).
k=0
12 iJ (w)J (w)Unk(2) = wsin (v) F 1; w?z2? —w?
. 2 k+v k—v+1 2k o) 2 2 u 140 )

8

13. ) Jk—1/2(w) Jeps/a(w)Usi(2)

i \/1—22H0(2w\/1—z2)—Hl(Zw\/l—zz)].

= a7 ¥

14. ooJ(w)J (W)U (2) = —— Jy (2w/1— 22 ).
I;) k k+1 2k Wi 1( )
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[6.13.1

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

M8

(k + 1) 241 (w)Uaps1(2) = — 22y (2w\/1 - z2).

ko 2v1 — 22
D (DR, + 1) I (w)Uzkia (2) = %J1(2w2)-
k=0

M8

(-1)*(2k + 1) J,%_H/z(w)ng(z) =wH_;(2wz).

x~
Il
°

M]8

(=1)*(k + 1) IR 41 (w) Va1 (2) = %J1(2W)-

x~
Il
°

[M]8

x~
Il
°

[M]8

(k4 1) Iy 1 (w)Ur(2) = %ewz,

x~
Il
°

[M]8

(2k 4 1) Inpy1(w)Usg(z) = % cosh(wz).

k=0

D (ke + 1) Igya(w)Uapsa (2) = % sinh(wz).

k=0

S0 (k + 1) Is1 (w) Usia (2) = wze® 202"
k=0

[M]8

(k+ 1)1(2k+1)/2(w)Uk(z) = w[l;(2wz) + L_1(2wz)].

S
Il
S

M8

(26 +1) I,%_H/Q(w)Uzk(z) =wl_1(2wz).

S
Il
S

(k + 11541 (w)Uzkia(2) = %11(2102)-

M8

S
Il

0

6.13. Hermite Polynomials H,(z)

6.13.1. Series containing H, . (z) and Bessel functions

Ly )

k=0

)" [ Jusaw) _ B (e
(2k)! {I,,+k(w) } Haw(2) = T(v+1) 0F2<u+f, ;)
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6.13.3] 6.13. HERMITE PoLyNomiaLs Hp (2)

k v 2 2
= (75) [doin(w) _2(5) s (S
g 2k+1)|{ ,,:,c(w)}H%“(z)_ 1“(u2+1) Lk ,,+ig '

6.13.2. Series containing products of Hk4+m(2)
1. ,;) msz(w) H2k(z)

2 2
=(1- 4t)—1/2 exp<4tw+4tz) cosh <41\/_sz) [It] < 1/4].

4t -1 4t

k

o0
t
2. ,;) mH2k+1(w) H2k+1(z)

2 2
— 4~ 2(1 — 4p)" V2 exp<M> sinh<4\/zwz) (e < 1/4].

4t -1 1—4¢
> (o)
3. 3 sz z
i=o (Y
_ 4 e J J e " ¥ cos (2z2) cos (2yz) Ip (Szx/fmy) dzdy
00
[It] < 1/16; [34]].

e +*

4. Z ACi [Hak1(2)]”

= lﬂ—Gezz? J J sye=="~" sin (2z2) sin (2y2) Io(8zV'tzy) dzdy
00
1t < 1/16; [34]].

6.13.3. Series containing H,im (¢ (k, 2))

1. Z(Ic—+—1)'°1 2k(\/kzﬁ)

= 2ewz2 [22+/w sinh (2z4/w) — cosh (2z4/w ) + 1]

[t = we™; |we™ ™| < 1].

(k+1) % z _e 3
2. Z @k + 1)1 t H2k+1( k+1)_ — [cosh (2zy/w) — 1]

[t = we¥; |we™!| < 1].
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[6.13.4
6.13.4. Series containing Hyk1m (¢(k, z)) and special functions

1 :c(k—l- 1)—3/27 (/c-l— %’ (k + l)w) sz(#)

o k+1
=w 2272[1 — cos (2v/w 2)].
— (1) 3 z
2. Z 7(2/64—1 (k+ ) (k+ 5,(/@"‘1)1.0) H2k+1<—k+]_)
= w271 [1 — %]
> (Ic—l—l)(k_")/2_1 w\* z
3> (2k)! ( 5) J’°+”(°k+1w)H2’“( )
k=0

(w)”_2 -
— ¥4
_ 2

- 2I'(v)

Z (k+ )=/

A () e T )

(w)u72 1 ’UJZZ2
_ \2 # 1— F T4
T I W A
’ 2
(k v)/2—1
5. Z(k+1 (’w

i) 5) Tits (VE + Tw) Hau (

vier)

()]
Y73

2I(v)
)

6.13.5. Series containing products of Hyk+m (@ (k, 2))

[e e}

(k—v=1)/2
6. Z%(%) ’kﬂ‘”“w)”w(

(Vky) Hon(iVky)
k=1
= (—1ynr (@)Y 2 (nt ), v

n! (n—m+1)!(dm — 4)!
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6.14.1] 6.14. TuE LAGUERRE PorynomiaLs L)\ (z)

m—2
[(2”)']2 26ky4k 1
R (n — k)I(4k)! ("+ 5)
k=0
2m—2k—3 m—k—1 25
% (_1)m—1m + (—]_)IC g ( ]_) (z 5 C(2m 27 — 2k — 2)]

m>10<y<vm; y?<z<2r—y?.

2. Z 2 ng2n+1(\/_y)H2n+1(“/_y)

k=1
8m—8 3 4m—2
_ (Caymg @D (n+3),,
n! (n —m+1)!(4m — 2)!
[(2n + 1)| 2 26k 4k
tdi n! Z(n— k)! (4k + 2)! (n+ )
2m—2k—3 m—k—1 2%

(D" o~ gy T2V Z

[m_1;0<y<\/77; Y <z <2m—y’]

¢(2m — 2j —2k—2)]

6.14. The Laguerre Polynomials L)}(z)

6.14.1. Series containing Li‘j;fm(z)
© k
z Ak Atn oy >
1 kz ()\+n+1) n ( ) Ln—l (Z) [n 1]

; —m+j+1
21 F
1 1<)\—|—j+1;1—z2)

= j=0
[l2] < 1]
3 f:“ Ve gk JA=k(2) = (n 4+ A + 1)n(—8)"
£ (k+n) "
n—1
x [(1 — MLz - t2) - ()" H;ﬁ’mt’wz*"-k(z)]
k=0 ’
¢ < 1].

£ G L) =T+ ()26t (2vz).
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0 k
z Ak _  z
5. Z()\+2)kLk (z) = €.

k=0
S (@) kpatky a; z
6. I;) (a+1)k()\+1)2kz Lk (z) - lFl(/\+1)'

7. i (a)lk(b)lc (4z)kL2+k(Z) _ 2F2< 2a, 2(1). )

pard (a+b+§)k()‘+1)2’° a+b+ Lz

8.3 (LY () = (- e e (2 <
k=0 k 1-t
X Lk

9. 3" L1k () = o2Vt 2)) [34].
k=0

o0 1 _
10. 30 EFIE KA ) = (A4 Dera (AT “*”“)

= kl(a)k k+n A+1,a; 2
> (a)k(l a ")
2 k Atk (A+1)n —2a+1
Y o, 49 e = S (AT

6.14.2. Series containing Lf‘l:}:fm (2) and special functions

— 1 (A+1)/2
L. Z O+ 1)k v(k+A+1,w) Li(z) = T(A+ )(z) Iat1 (2vVwz).
k=0
S 1 Ay w” v, —wz
2. ,;) (/\+1)k'y(l/+k, w)Ly(z) = 71F2()\+1,u+1)'
= Mk At Dy -n,1; z
3. I;) "y(k—l-u 2) LT (2) = P 2F2(A+1’”+1)_

S (i%)k Jusr(w) (w)u :F'w:z
4'12)(’\"_1)’@{111::(?0)} b(2) = T(v+1) of A+l v41)
5. 322k = 2) (CNe(=2)* T (0) Jeoau(w) L3 (2)

__ @)

1- AW’

—l=5 —

== 2Fo| 2 27 = |,
Flp+1)I(1 = A —p) p+1,1-A—p
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6.14.5] 6.14. TuE LAGUERRE PorynomiaLs L)\ (z)

v

o /1 — 2
6. Ztkpk(w)Lk(Z) - v—1/2et(t—w)2/v!]0<t217w>
[v=1-2tw+ |t| <1].

6.14.3. Series containing products of Lf‘lffm( )

[e’e} t A
Zk_ Lu+k _etz o LA+k —t)LH LAt kz—1t) [m < n).

T A2 w z x
=I'(A\+1) (¢ yi exp [t(t _+1 )] I, (@) [Ilt] < 1; [14], 2.5(17)].

222 J J(my)k/Ze—z—yJA(QM) In(2/yz) Io(22+/tzy) dx
00
[It] < 1; [34]]-

6.14.4. Series containing products of L) (kx)

1. ch %L* —kz) L) (k)
k=1

G apns PO 0 (3)
- (n|)2 22m — 1)1 22m — DI (A+ D)m1(A + Dam_2

()‘+1)i ik( n)k(/\+n+1 (—1)™= b1 my M3
(n!)? Pt E A+D)e(A+1) 2(2m — 2k — 3)!

m 1

=73 e

j=0

2]'

¢(2m —2j —2k—2)]

m>L0<z<mz<y<22r—z].

6.14.5. Series containing Lff,:fm(cp(k:, z))

oo

Z CLAR(k+1)2) = (/\Zjli;[(uj)mq]

[t = we™/z; lwe ™|, |w/z| < 1].
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CH.6. INFINITE SERIES [6.14.6

k+1)=e—wzll(2\/wz) [t=—we"; [we* | <1].

6.14.6. Series containing L:‘ltfm (p(k, z)) and special functions

-

(k+1)~"7" z
Z e ks Gt )L"(k+1)

=2 () )

k—l—l_’\ 2 z
2. Z( A+)1) v(k+ A+, (k+1)w)L2(k+1)

= w27 1 - T(A + 1) (wz) V20 (2Vwz)].

3. Z (k—}-l)(’“ v)/2—-1 (E>ka+,,(\/mw)L2‘( P )

2

4. Z (k+1)(k v)/2-1 (—E)k1k+u( k—i-lw)L,);(ki

2

6.14.7. Series containing products of Lﬁffin(cp(k, z))

L Z e I D (2)

= (t2)"! (*317’;“ [1- T\ (w2)O~N/20,_ (2vwz)] [t = we ™).

Z (k:j)l R LATE((k + 1)w) LY ( : -Zr 1)
k=0

= (tz)_l()\r)l—:m [1 — 1F2()‘+Z’; /\—wz)] [t =we™™].
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6.15.1] 6.15. THE GEGENBAUER PoryNomiaLs C)(z)

6.15. The Gegenbauer Polynomials C)(z)

6.15.1. Series containing C:;,fi’“m (2)
Z (/\)’“tkC)‘““ (2) = (l—t)_’\_"/QC;}( = t) 1t < 1.

2. i( -2 - n)zktkc)\ k( )
k=0

k(L= A),
_ _ A-1/2/1 _ 2\n/2 A Z
= (1— 46) " V2(1 — 4t + 4t22) Cn(—m> lle < 1/4].
S m__ (O -
3. (ka+b) 7(1—2) CoTR(2)
,; ()\+m+%)k
_ Namym (M Q'+ m); /
= amy ° > ()G ) Z ? ol 1=z
= =0 2),
-m+jij+1L,A+54+m
X2F1< )\+j+%;1—z2 ) [lz] <1].
= m (M Atk
4. ka+b)" ———————(1— C.
I;)( a ) ()\-I-m—i-%) ( z) smt1(2)
m k
_ (2/\)2m+1bm m\ (a\* GIA+m A1) 2y
(2m + 1)! I;)(k)(b) jzo"k ("*%)]. (1=2%
—mAj+ L, A+i+m+1
><2F1< )\+j+%;1—z2 ) [Iz| < 1.
5. Z cA Fz) =T(1 = Nt e 221_,(2t).

1 5 a0 = i)

8 i @ yepor(z) = (1- R [ " o (e < 1]

’ (1= Xk 2k T ‘
k=0 2" t—1



CH.6. INFINITE SERIES [6.15.2

Ntk _ A+1
9. ) m(/‘%kfl(z) = 2Azet1F1<3. _ )

—; —tz
k=0 9
e} tk l)n'
A —k n—1 1 _1/2 t .
10. I;) (k+n+1)! Copa’ (2) = Gntint € Hapy1 (i2V/1).
1.y O (2) = — 5/ T eterf (Vi2).

12. 2(3’:702_,&11/2(2) 4 erﬁ (\/_)

3. 3 (V) S e

= [(1 + 2t2)? — 4

CMz — 2t + 2t2?).

6.15.2. Series containing Cfl‘,f_l'_km(z) and special functions

L3 (< 1)%(2k + X) Japea (w) Oy (2) = (13(2) cos (wz).

2. Z(—l)k@k + A+ 1) Jogat1(w)Capy1(2) = 1322) sin (wz).

1k)J2k+)\(w)C2)‘k(z)

- _ r(x+?!
= \/; (22 — 1)(1 2X)/4 %1)‘_1/2 (w 22 _ 1)_
o 3
4. 2(216 + A+ ].) (A(j)lk)‘]2k+)\+1(w)o2>\k+1(z)
k=0 2 A
w? - A+
=4/ 1 z(2% - 1)(1 P 4(1_‘()‘) ) I_1/2 ( 22 —
S (-2),06) "
5. D (4k—2)+1) W(% — 1) Jak_ap1/2(w)Co  (2)

k=0
=2w (22 - 1)—,\/2 :((z:’;)) 1_,\< Z:"_ - )

[y
N—
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6.15.2]

6.15. THE GEGENBAUER PoryNomiaLs C)(z)

e 60,0

k(22— 1) oy

(1—MN)ax

= —V2w3z (2? — 1

)—(,\+1)/2 ra-2x I_, 1( w

()

a1/2(w)Co 7 (2)

22 -1

7. 3 @2k +2) ﬁ Jerv(w) Jepr—u(w)Coy(2)

8. i2k+)\+
k=0

9. ) (4k—2x+1) m z
10.
11.

12. i(ﬂc + A) I A (w) Coy (2) =

w A
13. Z(2k + A+ 1) Ipag1(w)Coyy 4 (2) = E)

o0

k=0

[M]8

S
Il
S

M8

S
Il
S

k=0

k=0

a

w)’\
2

T T+ DA —v+1) 2F3(

(),

2

27 AN+ Vw2

r(u+1)r(,\—u+2) 2Fs (

(1= A2k

k( 2 _

(1_2)\)( )1/2 A

x Con 2 (2) =

(4k—2>\+1)%

(=N)2k+1

rw+1r(d-x-v)

)k(2

)\+1/2(2A _ 1)11}1/27)\2

2 F3

% )‘—i—l w?2? — w?
/\—l—%,u—l—l,)\—u-}-l

) 55— Tkt (W) Tkt r—v41(w) C i1 (2)
(r+3),

A A+3
§+1’ —; s w?z2® —w

)\+%,u+1,)\—u+2

D)7 Jkn (W) T g2 (w)

3—2) 5-2) W’
4 7 4 7 2o
3
l—A,u—l—l,E—/\—u

1) Jpp (w) Je—r—v41/2(w)

A—2k
x Czk+21 (2) =

(k+X) Iiea(w)CR (2) =

oy ©

()

I'(A)
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rew+1r(d-x-»)
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3—2) 5-2Xx  w’

s y T3
F3 4 4 2z -1

AVt S —a-w

cosh(wz).
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sinh(wz).
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-
IS
[M]8

(=1)k(2k + N) % Lopia (w)Cay(2)

kol

Il

o
—~
>
D |
~—
>

1
/T2 1)(1—2>\)/4 %h—lﬂ (w 22 _ 1)_

o0 3
15. > (~1)F(2k + A+ 1) (2_)1k Ikas1(w)Ciyrn (2)
k=0 ()\+ 5)k
3 _ '(\+ 1
=4/ w? z(z2 — 1)(1 B —(F()\)2) JIa—1/2 (w 22 — 1).
oo 1 Y 1
16. ) (4k—2)+1) %(1 — 27 Iesaoanya(w) Oy 2(2)

(1_ )k

3-2) 2w

22+47)/4 .

— 2BMT a4 —w F 1 012

T—2x w € 111 1 A\ .
(%)

S
Il
S

< GG, e
1 I%Mk ~2A+) W(l = 2%) " Iera-axn/a(w w)Cy, 2k+1 f(2)

3 -2
2(2)\+11)/4 _ _
= ﬁ)\z;w(l 2)‘)/46 w 1F1 4 2w .
F( 4 ) —; 5
o0

1—2z
18. Y (k+ M) Iy 2 (w)CR(2) = 22w
k=0

A4+l 2 2 A1 w2

1 (2,wz) Awz (2—1—,102)
2/ A 172 p 1 2 /A +1 1 A+3 3
AT (5) §+1’§ ()‘+1)F( ) 2 2

6.15.3. Series containing products of Cz,f_ll_km(z)

— k' 1 2,\) S A A
L. Z ktkCA k(w) C}‘ k(z) (u,u+)>‘_1/2 21171(12 9\ 216t )
k=0 AN

U_u4

[u- =1—4t(w+1)(z - 1), uy = 1 — 4t(w — 1)(z + 1); |16tu’"u]'| < 1].
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6.15.4] 6.15. THE GEGENBAUER PoryNomiaLs C)(z)

(2N) 2k

1
A+
1+ 1-— _ 1-2))/4
XCQA,C< / Z>02k< 22) —9X 1w1/2(1—z2)( )/ (F()\)Z)

X cos(%\/l—ﬁ) JA_l/z(%\/l—,ﬂ).

i FEl(2k 4+ )) ( )k Jak+a(w)

o 3
Z ek (2k + A+ 1) (2(” - Jokpag(w)
. 2k+1

P
X Oyt <V H2Z) C§k+1< I;Z) = 22 (1 - 2) TV F(I*(J;)Q)
X sin( V1-— z2) JA_l/z(%\/l — z2).
4. 2(21‘74‘)\) (( k)) Tipny2(w )Cz)‘k< I;LZ) <V 1_Z>

k=0
)\ )\+1 )\+1
91-2/2 _ - —, — 2w—2wz
= wM2e 3 Fy .

_F(%) 7,\)\+—
o0

5. 2(2/64-)\—1-1)%11&()&1)/2( w)

[1+2 [1- 2z 2(3-2)/2,2 w
XCz'\k+1< 2)0;“1( 5 ) = F(A+1) w2 /1T 2,

AL 7+1 7+1 2w — 2wz
X3F3 2 .

5,,\+5,,\+1

6.15.4. Series containing Cz,f_li_km@p(k, z))
1
Z(k+1) tkc)\ k(l—i—(k—l— 1)z2) = 2 ze™ " 1 F _’\_5
1-X) A+ Dw T gy, 22w
[t = ;U—zew, lwe® ™| < 1]
[ee)
k+1) kA A—k z e A—-1
2. Y ( ) P
I;) (1=« * \VE+1 20\ — Nw2? 1 —%; wz?
[t = —we"; |we” | < 1]
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(k—l—l) kA k(;)_ﬂ
Z — t02k+1 Eri/) wz

o S e (57)

_w “A-
T @+ Dw(z-1) ll_ 1F1<—;; w(liz))]

(k+2)""" ke [ [2-1
5. Z( Ne (k1 1) t"Caks1 2+ k

a1
)
53 w(l—2)

[t = —we"; lwe*™| < 1].

_ mem
2A+1Dwvz -1

6.15.5. Series containing Cz,f_li_km@p(k, z)) and special functions

Z (et O () s (VR Tw) (k4 )2 4 1)

4z
2A(3)V72z Lo
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Z e D ) VR ToR ()
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6.16.1] 6.16. THE JacoBI POLYNOMIALS P,(LP’U)(z)

6.16. The Jacobi Polynomials P{*?)(z)

6.16.1. Series containing P#EPr-o%ak) ()

[e e}

S ple- ka)(z)_e—t1F1< pto+1 )
- . t(z+1) |
k= 0(cr+1 o+l 2

o0

@)k 4k plo—k,o) ~a aptotl
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(p+m+1)k 2

- ()
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~ (p+1); 2 pti+1 =2
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et k
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-~
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> Z(_P—U)kpk () =e 1F1(—p—0)'
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—p—o;
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k=0
(1 Y (1 ) (),

— (- -n —k,o o
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< (a)k(y —a+m(pto+n+l)

(p+k,o—k)
2¢(1-2)" P
El(p+n+ 1) (a-2)" Pl (2)
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Pt k!l (—=p — o —n),, z—1 ktn
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6.16.2. Series containing P, "" (2) and special functions
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Fy ’ .

2 ’ 2 2
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> (p+o+n+1) (1—2\* Ak k,o
5. ZO (1_)\)k ( 2 ) 02k+1(w)PT(lp+ )(Z)
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! 2 3 L wi(z—1)
n g Pt —
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6.16.3. Series containing products of PPEPkoEak) ()
= l(p+o+1)
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>k o+ 1) o AR
pto+1
) pon_y _ PHo+D(3)
X Jpta(W) Jetpto—at1(w) P 7 (2) P (=2) = Fat O (pto—at?)
pto+l p+o pto pto+3 2.2 2
o Fs 2 T +1, 3 +1, 3 ; wiz w -
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6.16.4. Series containing PPEPRo%ak) (,(f 7))
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_ (p+0o+1)ze
2(p+ 1w
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6.16.5. Series containing P(pffz,’: 7£4k) (4 (k, 2)) and special

functions
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R
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6.17. The Generalized Hypergeometric Function

pFa((ap); (be); 2)
6.17.1. Series containing ,Fy((ap(k)); (bg(k)); 2)
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6.17.1] 6.17. THE GENERALIZED HYPERGEOMETRIC FUNCTION , F4((ap); (bq); 2)
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11.
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% qu+2<(bq), o+ (2k fi;uzu —(2k+ l)u)
_ 7 sin (207) < (ap); = )

— F
8T(u+ 20)T(p — 20) P~ T2\ (by), o+ 20, p— 20
[Rep > 0; —1/4 < v < 1/4].

1 cos [(2k + 1)vm]
6 2 GE= 1)@ +9) TG T @k -+ DT (s — (355 19)

(ap); 2
% PF“”((bq), B+ 2k + v, p— (2k + l)u)

_ 7 sin (2v7) F (ap); =
T 8T(p+ 20)T(u — 2v) PT O\ (by), pt 20, - 20

[Rep >1/2; 0 < v <1/2).

i (2k + 1) sin [(2k + 1)v7]
) — (2k —1)(2k +3) T'(pk + (2k + 1)v)T(n — (2k + 1)v)
(ap); 2
8 ”F"”<(bq), B+ 2k + v, p— (2k + l)u)
. m cos (2v) (ap); =
~ AC(p+2v)T(p — 2v) pFar2 <(bq), 420, p— 2V)

[Rep >1/2; 0 < v <1/2).

i ¥ (2k + 1) cos[(2k + 1)vm)]
i (2k —1)(2k+3) T(p+ 2k + )v)T(p — (2k + 1))

(ap); 2
X qu+2<(bq), uw+ 2k + v, u— (2k + 1)1/)

_ m cos (2v) F (ap); =
T AT+ 20)T(u — 2v) PU O\ (by), it 20, - 20

[Rep >1/2; —1/4 < v < 1/4].
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= 1 cos (kvm) (ap);
> (k*a® = b%) T(n+ kv)T(n — kv) "F"“((bq), ot kv, - ku)

(1-v)br
| mesco ” qu+2< (a,,z, \ )
v 174
2abl"(u+ %)F(u—%}) (bq)vﬂ+ 71/“_:

1 (ap); = )
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bmw bvm
T CSC — COS——

= a F+2< (ap); )
- b ptq bv by
2abl"(u+ :‘/)F(N—%) (b4)1”+ 73”’_:

1 F <(a’”);z) [Rep > —1/2; 0 < v < 1].

+ __
202 (u)b? P2\ (bq), i, 1
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sin (kvm) (ap); =
- Z *a® —b*) T(p — kv)T (u+kV)”Fq+2<(bq),u+kv,u—k'f

T CSC w (ap) 2z
= < b < b qu+2 by by
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[Rep >1/2; 0 < v <1].

> sin (kvm) (ap); =z
12 Z a _b2 F(ﬂ' kI/)F(p,-i—kI/) qu+2<(bq)7ﬂ'+kV7 [,L—kl/

bmw
™ esc — sin — P +2< (ap); )
- b b piq bv by
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> (-1)* sin [(2k 4 1)vr)
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T sec 27 sin —
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+ b b
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(-1)%( 2k: + 1) cos [(2k + 1)vn]
14. Z [(2k + 1)%a? — 67 T(u+ 2k + D)o)T(u — (26 + 1))

(ap); 2
xpla 2(( bq), N+(2k+1)V,u—(2k+1)u)
buvm

b
T SseC — COS —_—
a

pFa+2 < (“”2; by )
4(1 F(u-l— )F(u—%) (bq),lla"—?,u_:
[Rep >1/2; —1/4 < v < 1/4].

6.17.3. Series containing ,Fy((ap(k)); (bg(k)); z) and special
functions

(- z) U@ (@) k2
Z ik H(bq)kaq< (by) + & )
H ' (a,,)—l—l,l,l;z)

Z =1
- _z F .
¥le) =5 P2 "+2<(bq)+1,a+1,2

q
[T¢;
j=1

= (—2)" [IG@)x  ((ap)+k; 2\ _
22, (a),, plkte) l_[(bq)k”F"< (bg) + K )_
’ (ap) +1, 0 2
[m/’( Joi1Fy ((bq)+1,a+1)

1,a,a; z
F (aP)+ 3 Yy Uy .
T2 q+2<(bq)+1,a+1,a+1

— (—2)* [T(ar)x (ap) + k; z
3. I;) . ¢(2k+a)7l_[( q)kaq< A )

g
=9(a) — 24 [ p+2Fq+2< (ap) +1, l’al; z )

12[ (b) +1,2, 2 +1

1 (ap) +1,1,1; 2
+a+1p+2Fq+2< ’ a+3)].

(bg) +1,2,
=, 162)% ., [1(an)s (ap)+k; 2 _ (ap); 2
2 e P g ey +e 2 ) = e 1)

S
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6.17.3]

6.17. THE GENERALIZED HYPERGEOMETRIC FUNCTION , F4((ap); (bq); 2)

16z) By [ 1@

5. 3 (22k —
% e

(ap) + k; 2
”Fq+1< p)+k,l
2
p
[]e @)+ 1
i= +1; 2
:42—1_1 F <aP ’ )
q pfg+1 3
b 1, =
l_[bj (‘1)+ ’ 9

Sk [ 1(an)s () + k15 2 _ o, [ (ap)s w2
6. ,; o Bi(w )H(bq)k p+1Fq+1< (b) + &, 2 )—,,Fq< b,) )
— =z H(ap)k < (ap) + k; 2 )
7. P F
kg (3)., () [T ™ "\ ko) + &, 26+ 2
- ,,FqH((“(’;);) “ Z)
q/ 5

X [T(an)e
8. P. X Dkt
’g (%)2k+1 2k+1(w) l_[(bq)’c

e

9. Z(%), Top(w) l_[

> k

z
10. I;) (2k + 1) Tap1(w)

l_[( p)k
l_[ q)k

11. Z(zk)l Ui (w)

(ap)
H(b ): pFa+1

pFar ((bq

(ap) +k; 2
PRI (B) + by 2k + 2

(ap); w’z
= 2w, Fot1 3 |
(bq)1 E

(ap) + k; 2 )

P q+1<(bq)+k, 2% +1

N | =

(ap); w’z 1 (ap); 2
"F"“< (ba)s 5 )+ 5PFq+l<(bq),1)'
< (ap) + k; 2 )

(bg) + Kk, 2k + 2
= prq+1<(a(';);) wgz).
a/» 2

(ap) + k5 2
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12.

13.

14.

15.

16.

17.

18.

l_[(ap)k

2 @i o,

q)k

F (ap)+k§ z
PRt (b)) + k, 2k + 3

(ap); w?z
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2 o O peia () = oPen ()
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k=0
=(1- Z)‘b2F2<b’ cc_;JrF) 2] < 1].
>, k2 H( p)k/2 (ap) + %5 2
CMw oFay 2
,; 3 ]_[(bq)k/z (( q)+f ,\+k+1)
zqu+1<(a,,); w z)+ LY ] [1r[(en) +

]
(5a): 5 [Tri@)] TTr[ea) + 1]
+

(ap) Low?z

P PR

X qu+1 21 3 .
(b4)+51 E

S [1(as)s (ap) + ks =
Z()\)zk Cai(w )l_[(bq)k qu+1<(bq)+k,)\+2k+1)

k=0

> H(ap)k (ap) + k; 2
g eymeietl )l_[(bq)k ”Fq“((bq) +k, A+ 2k +2)

(ap); w?z
=2wpFop1 3 ]
(bq)1 5

k
(E) C)\—k(w) H(a”)k oF, <(ap) + k; Z)

P 1=XNg * 150« (by) + k

(ap) (ap)+1, 2*
= _F 202 Tty
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6.17.5] 6.17. THE GENERALIZED HYPERGEOMETRIC FUNCTION , Fg((ap); (bq); 2)

i Blule — 2), FCh k(w)2F1(a’b+k; Z)

k=0 1_)‘) c+k
—b b,c—a,)\
=(1—2)"sF| .2 | lzl<1]
i’c’ z—1
o~ (D)k(c—a), koa—k a,b+k; 2
20. I;)()( e 02k+1(w)2F1( etk )
b b,c—a, )\—I—
22)\'1.0(1—2) 3 Fy 3 w2 [|Z|<1]
i’c’ z—1
o~ (Ble—a), _k plo.o—k) a,b+k; z
21. P’ ) )
,;)(C)k(wrl)k (w)2F" ( c+k )
_b bc—a,p+o+
=(1-2) 3F'2< Ll (w—l)z) [lz] < 1].
G P 2(1 — 2)

6.17.4. Series containing products of ,Fy((ap(k)); (bg(k)); 2)

1. i (—z‘)’c l_[(:r)k p+1Fq<_(k’ (ap))TFs<(cr) +k; z)

bq); w (ds) + k
- p+rFq+s<(a”)’ (er); wz).

(bq), (ds)
2. i(—1)k(r+s+1) ( )(fil ll:[[ap;: Hgij s)k

S
Il
S

X F _n+kﬂ (aP)+k’ w
p+1Lg+1 2k+a+1,(bq)+k:

—k,a—k,(cr)—k; 2
Xr+2Fa+1< l—a—zk( (3)—1@ )

—n, (ap), 1 — (ds); (=1)"+ ,;,)

= F
p+s+1Lg4+r+1 ( 1—a, (bq), 1 (cr)

6.17.5. Series containing ,Fp4+1((ap); (bp+1); ¢(k, ))

p+1
Notation: d = Re (Z bj — Z az>

[ee) . 2
1. Z(—1)k,,Fp+1<(“")’ k ””) =1 [Rebj>1;d>1/2 0< 2 < x?/4].
k=1 (bp+1) 2
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[e e}

1 (ap); —k*2\ _ (=)™
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o S G L ()
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[1ri(ap) +n— k/2 [ T((bp+1)]
X
[Trle [ Tl(bp+1) + n = k/2]
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=T 4+ — F a
T ™ 2ab { esc(br/a) PP (bpin)
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6.17.5]
o (—1)* ((ap); —kﬁz) _1 1 ((ap); —z)
" kZ_2 k=1 el (bps1) ) 2 4 plpit (bp+1)

[[a
i=1 (ap) +1; —z ) . _a/9. 2
= +1< (bpss) +1 ) [Reb; >1/2; d > —3/2; 0 <z < n"/4].
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mkl

[Reb; > 3/2 — m; d>2m—5/2; m>1;0<z<7/4 2z <y<2m—2Vx].

(bp+1)

\/*HF (ap) — HF[(b,,+1) oy (ap) — ; —a’z
[1ries) HF bp+1) ] et (b +1) - 1
[Reb; >1/2; d>1/2; 0 <z < 7.

8. /i pFp1 <(a,,); —(k* + aQ)m) _ _%prH((a,,()b;H_Szm)

= (ap); —(K*+a%z) _ 1 (ap); —a’z
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[Reb; >1/2; d>1/2; 0 <z < 7°/4].

O Nk a): — (k2 4+ ad)z
10 3 G ot (8 00)

2 - _alz z Hal a ; —a's
() e (A

i=1

[Reb; > —1/2; d > —3/2; 0 < z < 7°/4].
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12.

13.

14.

15.

16.

o~ (-1 (ap); —(k* +a”)a) _ = (ap); —a’z
. kgl kz PFP+1< (bp+1) ) - = ﬁ I’FP+1< (bp+1) )
[ o
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,; (2k +1)*"+! prH( (bp+1) )
2n
—1)" Jon— n 2n T \* 1—k
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k=0
1 G (CORR 11 | O
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[Reb; > —n; d > —2n—1/2; 0 < z < 7°/16].
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= - 1
2 It TI[ren) + 2777\ i)+ 2,2
[Reb; > —1/2; d > —3/2; 0 < z < 7°/4].
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kg(_l)k @k -1k +9) " ”“( (bp+1) )
- _EPF,,H((“E’[};;)‘”) [Reb; > 0; d > —1/2; 0 < = < x*/16].
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__ (ap); —4z o1 1/ 2
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[e e}

1 (ap); —(2k +1)*2 _ (ap); —=
17. kgl k(k+1) pr+1< (bp+1) ) . P+1< (bp+1) )_

HF[(a,, 1“‘[r[(b,,+1 (ap) + 2, 15 —
— 2/ F,
" e T + 1] 777" Gr) 1,8

= +1; =
+4m,Tpr+1<(a(21+1)+lm) [Reb; > —1/2; d > —3/2; 0 < z < =°/4].

2k +1 (ap); —(2k—|—1)2:1: . (ap); —=
18. Z D M+ ”F”“< (bypsn) )"’ ”“( (bps1) )

(ap), §§ - 2
2p+1Fpta X [Reb; > —n; d > —1/2; 0 <z < 7" /16].
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o0
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19.y — _F P
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[Reb; > —1/2; d > —3/2; 0 < 2z < w°/4].

(L) ()
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6.17.6. Series containing ,Fp11((ap(k)); (bpr1(k)); w(k)z)

S1/2
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— — p+1lg+1 1 .
i (+ 12 ook ( v ) [l@) ((a,» +k; (k +1)z)
T (1= A PHNVE+T/ ) ° (bq) + k
ey (ap) — 1, X w'a
=(wz) p+1Fq+1 (b )_1 1 —1].
H(ai -1) !



6.17.7] 6.17. THE GENERALIZED HYPERGEOMETRIC FUNCTION , Fg((ap); (bq); 2)

(k+1)" 1) Lk plo—ko)(_w l_[(ap)k (ap) + k; (K+1)2
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x B (w k—l)l‘[(b F"( (bg) + K )

(b — 1)
— (wz) ! Jl;[l [1_ 1F 1<(G’P)_11_p_1; wz):|
p+1 ﬁ pHifat (by) — 1,0

i=1

= (k+1)7" 2z (p—k,o—k)
12 I;)(_p_a)k(w) P (1+ (k+ Dw)
H(ap)k (ap) +k; (E+1)z
oo (7w )
(bi — 1)
p—}-o—l—lﬂzl_[l [1_ F 1<(a,,)—1,—p—1; _2w1z):|
p+1 2ZH(“‘_1) prifat (bg)—1,-p—0o—1

[lze*t!] < 1].
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CH.6. INFINITE SERIES [6.17.8

(o 1) [T

132k+1k1 )kl_[a,,

(p,o—Fk) (ap) + k; (k+1)z
PO (14 ) ( (ba) + K )
(bi —1)
e U [1 "l ((zgaf " g )] [lze”] <1].
H(ai _ 1) P, —

6.17.8. Series containing products of ,Fy((ap(k)); (bg(k)); p(k)z)
S (_Z)k k 11_[
1. k4
’é’ e [ 1. )k
x pﬂFq((‘q’“’ (ar) )TFS(@TH'“; <k+1)z)

ba); 151 (ds) + k
-1) (dj — 1)
_(wz) 111 l_[ P <(ap)—1,(cr)—1; 'wz)_l
- prriate (bQ) _17 (ds)_l

l_[(ai -1) H(dj -1)

[lze* 1 < 1].
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Chapter 7

The Connection Formulas

7.1. Elementary Functions

7.1.1. Trigonometric functions

[(n—1)/2] (1—n)
1. sinnz =sinz Z Ao ok gn=2k—1 qgn—2k—1

Pt k(1 —n),

1 — 1
2. sin2nz = ncos z Z M?kﬂ nZktl ,

(2k +1)!
- (=n)r(n+1), 2k i 2k+1
3. sin(2n+1)z=(2n+1) E_ 2k—|—1)‘ 2
[/2 (e
_ 2k on— 2k n—2k
4. cosnz = E k'(l—n cos z.

5. cos2nz—z( (%)l k22k n2k 2

6. cos(2n+1)z = coszz
k=0

7.2. Special Functions

7.2.1. The psi function ¢ (z)
1. ¢'(§1) — 72 4 8G.
2. ¢/(3) =7 -8G.

(n) — (_1\n+1,1,—n—1 1,2,2,...,2; 1
3. ¢ (z) ( 1) m n+2Fn+1(z+1,z+1,...,z+1) [ > 1].
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CH.7. THE CoNNECTION FORMULAS [7.2.2

7.2.2. The incomplete gamma functions I'(v, z) and ~(v, 2)

1. T(v—mn, 2) = (1(__1’):;” lF(V, 2)— 2" le™? i(l - V)k(—z)_k] .

k=0
2. T'(v+n,2)=).I(v, 2)+ 2T e Z(l —v—n)—2)""
3. 'y<n+ %, z) =7 (%) erf (v/2)
e ), o

k=1

4. ’Y(— —n, Z) — (_1)n\/7_rerf(\/z)+z_"_1/2e_zi . o

(). =IO

7.2.3. The parabolic cylinder function D, (2)

1. Dyin(z) =272 i (Z)2k/2(—u)an_k(%) Du_i(2).

k=0
2. D,,_n(z)z( ( ) é( )(—V2i)* H, k(%) Doii(2).
3. Dn(2) =2_”/2e_z2/4Hn(%).
e Do) = TS (1t e () Mo (25
+72 (n+:!/2ﬁi"ez2/4erfc(\[)H (7)
5. Don_1/2(2)
7 (_i)k k—-1/2  2* . k z
= (-2)"n! gz kg, Ly _y <Z) Z( )sz k+1/4<?>
k=0 m=0




7.2.4] 7.2. SPECcIAL FUNCTIONS

1
2 k=0 m=0
2\ k
121 3 & (_%) k+1/2 22
8. D_gn_3/2(2) = (3) ;Z &l L, ¥ -7
5 2n k=0
b k 22 22
X 2:0(7”) Kom—k+3/a\ 5 | = Kom—kr1/a| 7 ) |-
m=

7.2.4. The Bessel functions J,(z), HY (z), H? (z), I.(2)
and K, (2)

n 1—n 2
o y T2
- 2 2
”+n( ) (V) (z) 2F3< —-n, u,l—u—n)J”(z)
2\ 1 —l_n,l—ﬁ; -2
_ = 2 2
(U+1)n_1<z) 2 <1—n,u+1,1—u—n)J”_1(z)

[n>1; [7],2.7.5.2.(23)].

2. J”_n(z)z(—u)n(—j)nQF;,»( -2, 50 -4 )J,,(z)

-

=

—-n,—v,v—n-+1

1-—n n 2

—(1—V)n—1(—§)n_12F3< A )Ju+1(2) [n>1].

1-n,1-v,v—mn+1

3. Jny1/2(2) = 1/7” Z( 1)k (2z) sin (z—i— n2;k7r)
e ) = 2 3 kkf’fj_’“,l'). @) oos (2 - 235 ).

[(m—1)/2]
5. Jn_1/2(mz)=m_"_1/2( )(m v Zl 2( 1) k+n(2k)

~ Z (_1)p2k+1+---+1’m o |l_[‘]1/2 i (2) l‘[ s—1/2(2

p1t...+pm=n j=2k+1

n

6. Jn_1/2(22) = 27" (12)"/? E (:)[Jk—l/Q(z)Jn—k—l/Z(z)
k=0
- (—1)nJ1/2—k(z) Jk—n+1/2(z)]-
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CH.7. THE CoNNECTION FORMULAS [7.2.4

(m—l)/2 [(m_l)/z]

7. Jij2-n(mz) = m_"_l/Q(%z)

(-1* (2/(!71 1)
k=0
2k+1

~ Z (_1)p2k+2+---+17m i l_[ J1/2—pi (2) l‘[ i—1/2(2

p1+...+Pm=n =1 j=2k+2

4 . .
8. J2 +1/2(z) Jin—l/Z(z) = FKn+1/2 (i2) Kny1/2(—i2) [larg z| < m/2].

1\2
9. = ﬁz—2n—1L;2"—1(2iz)L;2"—1(—2z‘z).

2n—1
2°"

. — wn+1/2y1/2
10. Jn_1/2(m +iy) = \/ 9 (m2 n y2)(2n+1)/4

LS [ (5 i ) et

k=0

. 2n +1
— (=1)"sin ( n2 arctan %) Je—n+1/2(T) Il/z_k(y)]

. . (m+1
— z[(—l)k sin ( m 1 arctan %) Jn—k—1/2(2) Ir—1/2(y)

+ (—1)" cos (2n +1

arctan %) Ji—n-1/2(x) 11/2—k(y)] }

) e .'1:"+1/2y1/2
11. J1/2—n(m + zy) =4/ 2 4@2 n yQ)(2n+1)/4

X {é (:)(%)k [COS (2n2+ 1 arctan < ) Jp_ n+1/2( )Ik—1/2(’y) +

ek . (2041
+(-1) k sin (nT arctan g) Jn—k—1/2(x) Il/z_k(y)]
+i[—sin(2n+1

(1) * cos (2n+ 1

arctan )Jk n+1/2($)1k 1/2( )

arctan %) Jn_k_l/z(m) 11/2_k(y)] }
12. HY, ,(V7)
n—1
_ 12 _1/4_i(vz-nn/2) ok (n+k—1) 1
- ﬂ'z € I;)( 1) k'(n—k—1)! (2z\/2)k [n > 1].

n—1
@) _ 12 __1/a —i(Vz—nn/2) (n+k—1)! 1
13. H? 1/2(\/5)—\/,rz e ;k!(n—k—l)! @iV

[n>1].
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7.2.4]

7.2. SPEcIAL F'UNCTIONS

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

]u+n(z) = (V)n(_z)n2F3< _g’ “Tn; 4 )IV('Z)

—-n,v,l—v—n

1—-n 1 n,._2

+(u+1)n—1(—§)n_12F3< 2 T2 )Iu_l(z) [n > 1.

1-n,v+1,1—v—n

Ioon(2) = (—u)n(—2)"2F3( NN )uz)

z —n,—v,v—n-+1
1—n n 2

2 ,1——=; z

+(1—u)n_1(—;)"_12F3< 2 2 )1u+1(2) [n>1].

l1-n,1-v,v—n+1

43
Ihiia(2) = 12 _1j9(2) = (=1)" FKn+1/2(z) Krnt1/2(—2)
[0 < argz < 7.
— _ (n!)2 Z_2n_1L_2n_1(2z)L_2n_1(—22)
- 22n—17r n n .
2\" _nolon. 2
Ku+n(z)=(’/)n(—) 2 F3 27 2’ K,(2)
z —-n,v,1—v—n
g\ n-1 l-n 4 _n 2
1)po (—) F. 2’ 2’ K,_ > 1].
+ W+ D S R . 1(z) [n2>1]

Ky_n(z) = (—l/)n(%)n2F3< o 1_Tn; g )K,,(z)

—-n,—v,v—n+1

1—n n 2

+(1—U)n—1(i)n_12F3< R )K,,+1(z) [n>1].

l1-n,1—v,v—n+1

—nl 1 _ —-n_—z7—2n—1
Kny1/2(2) ni4/ 2Z( 2z)""e "L, (22).

Kpn_1/2(mz)

(m=1)/2 Lo
— a2 ™ ﬁl}f( i-1/2(2)-

p1t...+pm=n

Kno1/2(22) = £(=2) 7" (12)"> 3 (=1)* (1) Lingrz/2(2) Ki1/(2)-
k=0

:2—"(3)”2 ; (") Ki-1/2(2) Knoiojal2):
k=0
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CH.7. THE CoNNECTION FORMULAS [7.2.5

n 1—n
2 () ) = (L35
b

30 [ 2 2—n 2v—n 2v+n
<G8 (gl T )

9m —n/4 1-n 1_7 _
- == (1—5,,,0)217( 2 ‘F)

1—n, u—l—l —u—n—l—l

1 14v 1—-v
927 2 7 2 )

L v,_v 30
0’2’2’1 2)+G°4(

25. Jo—n(VZ) K, (Vz)

_ gn—2 w4 _nlon. /2
= (=" (V) {l2F3<—n2,—u,2u—n+1)
1_771,1_33 —Vz 30( 2
_(l_én’0)2F3<l—$z,1—u,2u—n—|—1) G04<
1_ n,0 F( 9 11_;; _\/> )
1-n,1—-v,v—n+1

z z 1 1+v 1—-v
[G ( 1= )+G (64 27 2 72 )]}

7.2.5. The Struve functions H, (z) and L, (z2)

1 v
T2’ 9’

1. Hon(2) = (~1)" Ha(2) - XZ; ((;) ()”‘2’“‘1.

2\ n—1/2
3 n k
2 Be) = Yo+ ) $emi(3), (- 4)"
3. H_,_1/5(2) = (=1)"Jps1/2(2).
N AL

1-—n

—<u+1)n_1(§)"‘1zp< o1y )HH(z)

l1-n,v+1,1—v—n

2 v+n—1 n1t e 1k
+ (5) (A-v—n (—i)kQF;;( Ty T —2 )

VT kOF(”_k'i'""'%) 2* —k,v—k4+n,1-v—n

[n>1].
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7.2.6] 7.2. SPECcIAL FUNCTIONS

1—-mn, 2

5. H,,_n(z)z(—u)n(—i)n2F3< AR )H,,(z)

—-n,—v,v—n-+1

9\n—1 l_n’l_ﬁ;_ 2
e (-2) (2 )

z 1-n,1—-v,v—n+1
(Z)u7n+1 n—1 ke 1k ,
2 —n+1)y -, — —z
+ 22 (v—n 2F3< 2’ 2 ) [n>1].
3 kzol“(u+k_n+g) -k,n—k—v,v—n+1
n—1 1
1 (*) 2 n—2k—1
6. Lon(2) =La(2) + = > (-1)F 2206 (£) .
= G

N

2\ n—1/2
Lit1/2(2) = I_pn_1/2(2) — (n)‘\/_ Z( n) (5) (i?>

8. L—n—1/2(z) = In+1/2(2).

©
t
+
3
/'\
v
—~~
N
v
/\
v
3
[
3
/N
|
3 |
N3
-
V)
3
N
[N
N——
=
<
—
N
SN—

2 0 L,_
1—-n,v+1, 1—1/—n) v 1(2)

k _E 1—-k 2
iz) 2 F3 2 2 0 *
z —k,v—k+n,1—v—n

[n>1].

+
—
N
+
N—r
|
|
~—
3
|
-
[ ]
o
—~
—
|
3
-
3
n
[

10. L,,_n(z)z(—u)n(—%)ngFg;( ek )L,,(z)

-n,—v,v—n+1

1—n

+(1—v)p- (—2)n_12F3< 2 ’1_2; d )Lu+1(z)

z l1-n,1—-v,v—n+1

i (%)”_Hl S (v—n+1) )2F3< _g’ #; 2 ) [n>1].

-k,n—k—v,v—mn+1

7.2.6. The Anger J,(z) and Weber E, (z) functions
1. J_,(2)=J.(—2).
2. Jn(z) = Ju(2).
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CH.7. THE CoNNECTION FORMULAS [7.2.6

z

2\n~! T
3. Juin(2) = (v + Do (2) 2F3< 2 2 )J,,(z)

l1-n,v+1,1—n—v

9\ n—2 1_2’3—71; L2
—(V+2)n—2() 2F3< 27 2 § )Ju+1(z)

z 2—-n,v+2,1-n—v

n—2 k 1—-k 2
. 2 k+1 = -z
_q)n Sin(vm) 1—v— (_) F 2’ 2’
+( ) T kz=0( v n)k z 2rs -k, v—k4+n,1—n—v

[n>2].

2

4. J,,_n(z)z(—u)n(—;)ngF;;( R )J,,(z)
_(1_U)n_1(_2)"—12F3< 2 1T F )J,,+1(z)

. n-1 k41 _k 1ok 2
_(_1)nMZ(U_n+1)k<_z) o F3 2 g 1 %
T o z k,kn—k—v,v—n+1

n>1]
5. E_,(2) = — E,(—2).
g1 [(n—1)/2] 1 1 ANk
6 B = X (3),(Gon) () e
no1 l(n=1/2]
= 50, 6, ()
~ (“)"Ho(2)

8. Eny1/2(2) = (-1)"J_p_1/a(z) =
9. E_,41/2(2) = (=1)"Jn_1y2(2) = (=1)" T _py1/2(—2).

E 2\n1 F Imngn g2 E
10. Eppn(2) = (v + 1)ne (_) PREREY 3
() =W HDna(Z) 2Pl 2 1, | B

9\ n—2 1_" 3—n._22
v ()
(U+ )n 2 z 2 3<2—n,u+2,1—n—u) +1(z)
n—2
1 _q)k+n -
+7r,;)[1+( )™ cos (vm)] (1 — v — n)i

9y k+1 _k 1—k._22
% <_7) 2 F’3 2’ 27 [n > 2].
z —k,v—k+n,1—n—v
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7.2.7] 7.2. SPECcIAL FUNCTIONS

2 n

11, By (z) = (~0)a (- 2) 21:3( —plom )Eu(z)

—-n,—v,v—n-+1

—(1_u)n_1(—2)"‘12p( ERAL ) B,i1(2)

z 1-n,1-v,v—mn+1
n-l k+1
_1 [1 + (—1)k+n cos (Vﬂ')] (v—n+ 1)k(g)
T z
_E 1_k‘—z2
X oF: 2’ 2’ >1).
2 3<—k,n—k—u,u—n—|—1) n21]

z

SEOOTZ N0

X {Im—172(2) [(=1)* " Jk_pn_1/2(2) + Jn_iy1/2(2)]

— (=)™ J1j9—m(2) [(-1)* Tk n_1/2(2) = Tneki1/2(2)]}
+ [nt1/2(2) = (=1)"J_n-1/2(2)]S(2) + [Jn41/2(2)
+ (=1)"J_n_1/2(2)]C(2).

13. J1/2_n(z): <2n—2k+1)k<2)k+1

z
0

- -Z (%)k o)D) (G)
X {Jm 1/2(2) [(—1)* J1/2 n+k( )+(_1)an—k—1/2(z)]

+ (=)™ J1y2-m(2) [(—1)*J1j2-ntk(z) = (=1)"Jn_k-1/2(2)]}
+ [J1/2-n(2) = (=1)"Jn_1/2(2)]S(2) + [J1/2-n(2) + (=1)" Jn—1/2(2)]C(2).

7.2.7. The Airy functions Ai(z) and Bi(z)

1. Ai (eﬂi/ﬁz) = l\/g [ker 1/3( 3/2) — keiys ( 3/2)]
+ - \/7[1(61‘1/3( )+ke11/3( /2)] [Rez > 0].
2. B1 7”/6 2\/7 [2ber 1/3( 3/2) — 2bei _ 1/3( 3/2)

(1+\/—)ber1/3< 2/2) _(1_\/§)be'1/3< 2/2)]

2\/7[2ber 1/3( 3/2)+2bel 1/3( 3/2)
+ (1= V3) berys(52%2) + (1+ V3) beiyys(522)]  [Rez >0,
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CH.7. THE CoNNECTION FORMULAS [7.2.8

7.2.8. The Kelvin functions ber,(z), bei,(z), ker,(z) and kei, ()
1. bery/s(z) = \/g (sin 3% sinh % cos % — cos 3% cosh % sin %)
2. beiy/(z) = \/Z (sm % cosh — \/5 sin E + cos 3; sinh % cos %)
3. ber_y5(z) = \/Z (cos :% cosh E cos ﬁ + sin 38 sinh E sin \;i)

. _ 2 3w _ 3w ES ES
4. bei_1/5(2z) =4/ — — (cos 3 sinh ﬁ sin E sin = 3 cosh 7 cos \/i)

5. keryjo(z) = 1/%e_z/‘/§ cos (% + 381)

. _ . 3T
6. k Y ) (L _)_
eii/o(2) 55 © sin 7 + 3
7. ker. = [ eV2 (L_E)
er_y/2(2) 55 © cos 78
8. kei_ - l—z/x/i~(i_l)
ei_1/2(2) 5, ¢ sin N
2 n
9. ber,,+n = (_;
n 1-n 2—-n 3—n 24
T4 T4 T4 a7 16
X4F7( n l—n v 1+u 1-n—v 1_n+u 1)
5 27 2 2 ’ 2 2
X cosTber,,() sin%beiu(z)]
1 5 n—1 lzn’2;n’3;n’1_g; _%
_;(V)n(—;) 4 F7 1-n | n 1+u 147 l-n—v 4 ntv 1
2 2’ 2’ 2 ’ 2 2
. 1 1 .
X [sm w ber,_1(z) + cos %)r bel,,_l(z)]
n—1 2\" 2
+1/(u—|—n—1) (U)"(_;)
2—-n 3—n 1 n 5-—n, 2t
4 ' a1 _Z 4 ' 16
><4}7'7(1—71. l_n 1+v 1+ 1 n+v 3—n—v 3)
2 2’ 2 2 2’ 2 2
. nw n—2 2\n3
X [sm R ber, (z) + cos & bel,,(z)] O CET e (v), (—;)
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7.2. SPEcIAL F'UNCTIONS

7.2.8]
4
3—n _n 5—n 6—n._z
4’ 4’ 4’ 4 16
X4F7 _n 3—n 1+l/ 3+v 1_n+l/ 3—n—v 3
2’ 2 2’ 2’ 2’ 2 72

[cos (nt )= + ™ ber,_1(z) — sin @ bei,,_1(z)] .

10. bei,in(2) = (v), (_%)"

4

n 1-n 2—-n 3-—-n, z
T4 T4 4 4T 16
X4F7 n 1-n v 14v 1—n—v n+v 1
5 ’ 5 ) 11_ ’ 5
2 2 2 2 2 2 2
.. nm nm .
X [sm T ber,(z) + cos e bel,,(z)]
ne1 1-n 2—n 3—n 1 n P
+(V+]‘)n _2 F. 1 1 1 4’ 16
n—+v z 447 1—n n 14+v v 1—-n—v n+v 1
31_71 71+7a 51 )
2 2 2 2 2 2 2

M ber,_1(2) —sin @ beiu—l(z)]

+ (n—i—u)n(;—ll—u—l) v+ 1), (_g)n_2

X [COS

2—-n 3—n n 5—n z
F. 2 a0 T3 T
X 4 7 1 n 3—2n 1 n 1+4+v 1+u 1-n—v 1 n+v 3
2 ' 4 2 2 2’ 2 ’ 2 2
nm . nm .
X [cos e ber, (2) — sin e bel,,(z)]
n—2 2
_ ; (,,+2)n(_,
(n+v)[(n+v)" —1] z
3—n 1_n 5—n 6—n__z4
4’ 4’ 4 4 16
X4F7 l_n 3—n 1+u 3+ v 1_n+u 3—n—-v 3
2’ 2 2’ 2 2’ 2 ’ 2

BT DT ber,_ 1(z) + cos @ bei,,_l(z)].

2 n
11. ber,_,(2) = (—v), (_)
z
4
_n 1-n 2—-n 3—n _z
4’ 4 7 4 ' 4 ' 16
X4F7 _n 1—n v 1—-v 1—n+v 1+I/—n 1
27 2 7 27 27 2 ’ 2 72
nm
X [cos R ber, (z) — sin — bel,,(z)]
4
1-n 2—n 3 n z
2 2"_1F e L AT
__(_V)n ; a7 1 1_n 1—v 1_1/1 n+v 1+u n 1
2’ 27 2 2’ 2 ’ 2 72



CH.7. THE CONNECTION FORMULAS

[7.2.8
X [sin (n+)m ber,1(2) + cos @ bei,,+1(z)]
n 2 n—2
+ (n—u—l)( Y)n ( )
2-n 3—n n 5—n 2%
« 4 F Fat et et Bt
47 1—-n _n 1—v 1 v 1+l/—n 3—n+v 3
2’ 27 2 2’ 2 2 2
nmw nmw n— 2 2\n—3
i e ] ()
[sm 1 er,(2) + cos 1 ei,(2) +”(” ) n+1)( )n >
3—n n 5—n 6—n 24
% 4 F. Fat Rt e et Bt
47 _n 3—n 1_1/ 3—v 1+u—n 3—n+v 3
2’ 2 2’ 2 2 2 2
1 . 1 .
X [cos W ber,+1(z) — sin w be1,,+1(z)].

-
N
o

@

—

<

3
—~~
SN—
Il
T
R
SN—r

3
~/
| ™o
N——
3

z
n 1-n 2—n 3—n_ 24
4’ 4 0 4 7 4 7 16
X4F7 n 1—n v 1—v 1—n+v v—n 1
T2 o V9 T s Lt D)
X [sin % ber,(z) + cos % bel,,(z)]
-1 1-n 2—-n 3—n l_n__z4
_(1_V)n g n F 4 ’ 4 I 4 I Z’ E
v—n 2z 447 1—-n 1 n 1—v 1 v 1—-n+4+v 1 v—mn 1
2 ' 20 T2 T 2 1T
1 . 1 .
X [cos (nt1)m ber,+1(2) — sin W be1,,+1(z)]
n—1 2\"2
1—v (—)
+(n—u)(n—u—1)( )n z
2—n 3—n n 5—n 24
% 4 F. 4 4 ’I_Z 4 T
47 1—-n 1_71 1—v 1— 1+ —-n 3—n+l/ 3
2 27 2 2 )
X [cos % ber, (z) — sin T bel,,(z)]
—9 2 n—3
ol @ ()
(n—v)[(n—v)"—1] z
3—n n 5—-n 6-—n, P
% 4 F. a0l T T
47 _n 3—n _v 3—v 1+l/—n 3—n+v §
2’7 2’ 2’ 2 7 2’ 2 > 2
. 1 1 .
X [sm W ber,+1(2) + cos w be1,,+1(z)] .

13. kerny1/a(2) = (—1)"nly/7 (22) 7" V2e=2/V2
[n/2]

z n —1'“\/52 e
xlcos(ﬁ+6;3w>;( )(2(k)|) Likﬁc 1(\/52)
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[(n—1)/2] k 2k+1
. z 6n+3 (-1) V22 _on
[larg z| < =].
14. keiny1/2(2) = (=1)"Hnly/7 (22) 7" /2e=2/V2
[n/2] X 2k
. z 6n+3 (-1)*(v2z) 2k—2n—1
X lSln (E + Tﬂ') I;) WL,”_QIC (\/iz)
[(n—1)/2] k 2k+1
z 6n+3 (-1) V2z —on
+ cos (E =+ 8 7!') Z ﬁlﬁf_2i_1(\/§z)‘|

[larg z| < =].

7.2.9. The Legendre polynomials P, (z)
1. Pu(2) = (—1)"P.(—2).

2. = 0711/2(’2)
3. = P”(IO’O)(Z)-
_(Z2=1\" p0,—2n-1) (3—1—72)
N B ( 2 ) Fr 1—2/°
5. = (—2)"(Z2 _ 1)n/2 P(_n_1/2’_"_1/2)( P )
n G
6. Pgn(z) = (22 _ 1)npr(l—1/2,—2n—1/2) (sz)
1-=2
7. = 2271137(10,—271_1/2)(32 B 1)‘
z
n —2n— 1 2
8. Popyi(z) = z(zz —1) Pr(ll/z, 2n—3/2) (11—;)
—2n— 2

7.2.10. The Chebyshev polynomials T, (z) and U,(z)
1. Th(z) = (-1)"Tp(—2).

2. = (—1)“75,,( 1;").
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B P
5. =3 )l\l_)rr}))\Cn(z).
6. = puz-12)(y),

().
7. Ton(2) = Ty(22% - 1).

8. = (—1)"T2,,(\/1 - z2>.

9. =2T2(z) - 1.
10. = (-1
114 oy 1 1 oy
+2T2n<\/2+2(1 z) T2n 3 2(1 Z) .
_ n! on ~1/2—2n 22 -1
2/ n
_ nl anp(-1/2,-2n)( 2
12 = 22 p{ (Z2 1).

().

13. T2n+1(z) = 2T2n+1 <

1+ V1 — 22 1—+1-—22
— Ton+1 — |

14. = (=1)"2Us, (\/1 - z2).

_nl ani1 a-1/2-2n (V221
15. _(n+§) 2oy < - )
2/n
! _
16. = o zP{TYRD (222 1),
(2),
_ nl oni1p(-1/2,—2n-1)( 2
7. = W,z Py (?—1).
2/n
18. T2(z) = %[Tgn(z)+1].
19. =1-(1-23)U2_,(2) [n>1].
20. Un(2) = (—1)"Un(—2).
21. =Cl(2).
22. =t Dlpaszia

().
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23. Upn(z) = =" Tans1 (V1= 22).

V1i—22
| - —zan

24. = —wz2n+l(z2 _ 1)_1/202’”114/_? 2 < 1— 21_2)

("*5)n+1
25. = PURTYIE2 ).

(2),

1 2

26. = %(2Z)anr(ll/2,—2n—1) (22_2 B 1).

27. Uspny1(z) = 22U,(22% - 1).

28. =(-1)" ﬁmnﬂ (\/1 - zZ).

! - —an
29. _ - 2(n +1)! . Zzn+2(z2_1)_1/202n3ﬁ 2 < 1 Z_l2>
(4n + 3) (n+ i)n
_ nln+ Do yont1pi/2,—2n-2) (2 _
30. - (2n—|—1)! (22) Pn (z2 1).
1
31. U(2) = o [1- T2, (2)].

32. TQ,,(z)TQ,,H(m ) n zTZnH(z)UZn_l(M)
=(-1)"v1-22 [m>1].

7.2.11. The Hermite polynomials H,,(z)

1. H,(z) = (—1)"H,(-2).

2. Han(z) = (-1)"22"nl L;1/2(22).

3. Hony1(z) = (—1)"22Hinl 2 LY2(22),

4. Hgn(zle e Zm)

n kl

Fm 22k (2 _qynh zgkz 22 —1)k1—k2
DD IS D S mg

k1=0 ka=0 kyn—1=0

2k;m—1 2 km_9—km_
2 7"1 (szl_l) m—2 m—1 1

- (km—2 - km—l)! (2km—1)| H2km_1 (Zm)

X
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5. H2n+1(2122 Zm) = (2n + 1)'2122 v Zm—1

1(zf _ l)nflcl 2ksq (z _ l)klsz
x Z Z Z_O (n— k1)l RS

k1=0 k2=0

2km—1

el T e SIS

H .
% (km—2 — km—1)! (2km_1 + 1)! Zom-1+1(2m)

7.2.12. The Laguerre polynomials L) (z)

1. L772(2) = G Mo (v2).

227 p)

2. LY%(z) = 2n(+1 )|\/—H2n+1(\/_)

3. Lym(z) = =M Cympm () L<m<nl.

n! n—m

4. L(z) = &

n!

7. ZZ_

8. L) = S [E e ().

n! T

9. LI21(5) L2 () = 4(::!)2 S2n+l [Iin_1/2(§> — 172;+1/2(§)]'

10. L) (z1+ 29+ .. +zm)
n
A=A 1 A1—Ag—1
=2 Z Z s C Zsrsal GRS
k1=0 k2=0 km-1=0

A Am—
X Ly 20 (1) Ly (2m).

11. L) (z122.. . 2m)

NS Z k§2 2 (1= 2)" 1 22 (1= z) "
(n—k1)| (kl—kQ)'

k1=0 k2=0 km—1=0

2Em (1 = zpy_q)Fmet 1 X )
m

X L
(km—2—km-1)!  (A+1)g,_, Fm
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7.2.13. The Gegenbauer polynomials C)(2)
1. Ca(2) = (-=1)"Ca(~=2).

—n_(@Nn 2 yn/201/2-2-n z
2. = (=2 C .
Ty e (=)
3. = CNn pa-i2a-y) ),
(r+3)
2)n
_on__ (Mn (A=1/2,—2x—2n) (3 — %
4 =2 (2/\+n)n(z+1) Px <1+z)
_ @ (z+1 (A=1/2,—22—2n) z
- _(,\Jr}) ( 2 ) Pn (1+z)
2)n
6. =(2+2:V/22 -1 - )TRPETL T (452 1 42 /22 1 - 3).
— (—9\"(,2 _ 1\n/2 p(=A—n,—A—n) Z
7. (—2)7 (22 — 1)™/2 P ( 22__1).
A _ n (Mn p(=1/2,2-1/2) 2
8. Cy,(2) = (-)" 55— P /% (1—22%).
().
A n n — —A—2n ].+Z2
9. = ((1)) (22 — 1)" P22 )<—1 2).
— —Z
2/
_ nl oan p(A=1/2,-r—2n) [ 2
10, = o (Va(2e)" P (22 1).

11, Gy (2) = 2(—1)n Bt pa/2.3-1/2) (1 _ 9,2

2/ n

12. = 72()‘;)"“ 2(2% — )" p{1/2—A=2n—1) <_1 +_Zz )
(), F
_ _ nl 2n+1 p(A=1/2,-A—2n-1) 2
18 = Gy e (22) P (22 1).
14. C3," "(2) = Cop " "(2).-
15. Cont1"(2) = Com " (2) [m >1].
N P _ 2

16. }l‘l_IH) XCn(z) = nTn(z) [n>1].

17. CY2%(z) = Pu(2).
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18.

19.

20.

21.

22,

23.

24.

25.

26.

Co 2 (2) =
Cl(z) = Upn(2).

11 [2Pn_1(2) — Pn(2)] [n > 2].

CH* ™ (2) = (—2)"%@2 -, (= ).

22 -1

C;n—1/2(z) — 9n-1 (7) [(1 _ )n+1 + (—1)"(1 + z)n+1].

(n+1)!
—-n _ (_9\n _ n/ z
Cn(2) = (2 (2 = 1R (2 > 1.
(2)
Colt M (2) = ~Hm (1 - 22"

s "(2) = (5)"2(1—22)".

2n+1

01/2—2”(z) — (n—;‘;)"(l — z2)nT2n( 1_ )

2n

1

— uu—%)"n(l“?).

n! 1— 22

3
02—n1/2—2n(z) — 22n—1 (2)2n [(1 _ z)2n+1 + (1 + z)2n+1]-

27. @2n+1)!
m! 1_ m
28. C;:L_n+1/2(2) _ (12 )n (1 _ Q)n—m cr m+1/2( )
n! (5 - n)
1
m—n+1/2 _ m! (_E _m)n+1 2\N—m ~n—m+1/2
29. Cynpn (2) = 1N (1-2%) Comt1 (2)-
n! (—5 - n)m+1
1
2 2
30. C[7*(2) = (21)2;» —2)" 0,1/2—"<1 = )
().
2 (n+ 1)
- n n n 1
31. Cznlﬁ ? (z):—ﬁ z(1—-2%) U2n(m)-

32.

()
Con "(2) = 2" G2 (1= 2 — (14 2)7)
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3 2
— 2
35. [C;n—1/2(z):|2 — 92n-1 (2)n' . (z2 _ 1)n+1 [T"H(z + 1) _ 1].

36. CMzy+294+...+ zm)

i >3 “
—k1)! (k1 — k
k1=0 ko=0 km_1=0 (n 1) ! 2)
anm 12 Fm—1 (_2) Fm -1 An—km_1 (Z )
(km 9 —km)! 1= A—n),,_, Fm— mr

37. C) (2122.. Zm) = (— )n(A)

n l—Z )n k1 2k2(1 )k1*k2
> Z Z_O (n—kl)' (k1 — ko)l

k1=0 k3=0
2km m—2"Fm—
Zm—1 1(1_27271— )k 27 km—1 1 )\+n—km—1(z )
(km—2 = km-1)! Q=X —n)k,_, km m

38. C;f‘nJrl(zle cZm) = (— )*(AM)nz122 - - Zm-1

n 1(1 _ z ki k1 2k2 (1- )kl—kg
x> Z Z
— kq)! k1 — k3)!
k1i=0ka—0  km_1=0 (n 1) (k1 = k2)
szl" ! (1 — Z?n )km72ikm71 1 A+’n—km_1(z )
(km—2 — km—1)! (1=A—n)k, , Zkmoatl A7W

7.2.14. The Jacobi polynomials P{")(z)
1. P9 (2) = (~1)"P{" P (—=2).

9 (l—z)"P( p—o—2n— 10.)(24-3)
’ z—1

— (_1\" 1+2z\" (—p—a—Zn—l,p)(Z_3)
3. = (1) 2 ) Px z+1/)°

4 PPO() = (LD Or ).

5. = (—1)"("2;1)”/2 c;#-n( 22"_1).
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®

%

©

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

3
paroe = 0 B (57
2

n+1
3
= _9—n-1 (E)n (z + 1)n+1/2 C—a’—2n—1 z—-1
(0-+n+1)n+1 (Z _ 1)1/2 2n+1 Z+_]_ .
P(—1/2,a)(z) =(-1)" (1) Ca+1/2 1-=2
n (0 +1/2)n 2 )
— (%)n <Z+1)n0—6—2n z—1
(c+n+1)n \ 2 n z+1)°
(p,—p—2n-1/2)(  _ C)(p+Dn (2 +1\" p+1/2 2
P (2) = n!(2p+1)2n( 2 ) Con z+1 )
@)l p+1)n (1—2\" f4—p-2n 2
T onl(p+1)2n ( 8 ) Can 1—2)°

P’(‘p’ P 3/2)(2:): (n!(2p2|-(1)2n+3 ( 2 ) C§"+{ z4+1 )"

_ @+ D)(p+1)a (1—z>"+1/20_p_zn_1< 2 )

n!(p+1)2nt1 8 2t

(p,—2p-2n-1)(y _ (P+Dn (2+1I\" p11/2 (32
P, (z)_(2p+1)n( 2 ) Cn (1+z)'

_ nfl—2z n/2 —p—n 3—z
- (57) 4 <23/2m>'
Pr(lp,—n—(p+1)/2)( ) 9—3n (p+1)n (1 ) C n— p/2(z+3)

(£+1) z-1

P,Ep’m_")(z) _m T'(ntp+1) (z—|—1)n—m Pg””_m)(z)_

n! T(m+p+1)\ 2
P —D)IT(n+p+1) 5(p—
PP (2) = (mn! : gﬁ(mip))P’('f_lp ") m =1
(pm) (5) = __(m+n)! 2 (p, —m)
PP (2) nl(p+n+1)m (z+1) Prnin™ (2):
(=7, p) (p+1)n (2—1\"
Py (2) = n! ( 2 )

P9 (2) = P,(2).
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22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

PO (5) = % [Po_1(2) + Pa(2)]

PO (2) = 2 [Pa(2) = Pasa(2)].
2 \1/2 1
R = (25)" P (557,

P(() _1/2) P2n< /Z—}-].)

P(1/2 1/2)( ) ( )n U (z

(-1/2,-1/2) (%)n
P, ’ (2) = TTn(z)

P7(l—1/2,1/2)(z) — (—1)"P7(11/2’_1/2)(—Z).
;)

_ n(i n 1—=z

- B, (J57),
(;)n( 2 )1/27, z+41
nl \z+1 an+l 2 )
©,—n-1/2); .\ _ (2+1\"/? z2+3
Pn (z)_( 92 ) P 3/2\/:

pom = (54) R (50)

z+1

(0, —2n— 1/2) Z+1) 2
P ( 2 z+1)°
—2n— 2+ 1\nt1/2 2

p/2,-2n-1)(;) — (2n)

(n_!)“;(z:srl)nUZ"< zil)'

on— n (= _1n+1/2 _1
P1(zl/2’ 2 3/2)(2) = (-2) ( (Zl - z))l/z P2n+1< : )

8

n+1/2
P/ = G () o ()

n!(n + 1)!
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38.

39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

“cp Bz ey,

P7(l—1/2,—2n)(z) = (=1)" (i)n (2—21—1 ”Tn(z—3)-

n!

)
-Gk ey (f0)

prrm = (1) e ()

22 -1

P(—2n—1,—2n—1) —9-2n(1 _ ,2 n+1/2Tn (#)
2 (2) =) o =

2n—2,—2n—2 —2n— 1
P () = 272715 (1 = 22+ 2Uzn+1(m)'
(14 2) PP =2 (2) PSP~ 1240 (2) 4+ (1 = 2) P72 (2) PP P71 (2)
— 2=p)n(p+n
(n))?

P(”"’)(zl +22+ ... 4 2Zm)

n n—k1 (,,\k1—k2 Zme1) Fm—2—km—1
(3) " (3) (™)
) klz—o k22_0 mzl_ (n— k)t (k1 —k2)t 7 (’jﬂ*? — km-1)!

X (p+ 040+ )n g, PEITImneinzini )

m 1

7.2.15. The polynomials of the imaginary argument
1. Po(iz) = (—%) (1+ 22205 (2 [n>1].
2. Ton(iz) = (=1)"Tan (\/1 n z2).

V14 22
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3. Tynia(iz) = (—1)"izUsn (\/1 n z2).
4. Upp(iz) = Tonsr (VI+22).

V14 22
5. Uspsr(iz) = (—1)" %Uznﬂ (\/1 n z2).

6. Hon(iz) = (—4)"n! L7Y?(=22).

7. Hopi1(iz) = (=1)"22" nliz LY2(—2%).

8. CMiz) = (=2i)" (2/\()27;) 1+ 22)n/20111/2_)‘_n(

7.2.16. The complete elliptic integral K (z)
1 1 1

LR(L)= 1l
V2 4/ 4

) e O]

)
9. K( 3—2\/5) = Mr(l)r(ﬁ).

97/2,1/2 8

95/2,1/2 4

10. K<2 3v2 —4) - WW(I).

559
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V1+ 22

):

[48].
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11. K< 12\/5—16) 2+ V2 g (4)

g l/2

12. K(\/17 12f) WW(D

13. K((vV3-+v2)(2-v3))
_ [2-v2) (3+6) (1L+vE)" r(L)r(d) s

487172 24 24
k(2 =T (e (2) 48]
e R =i
93 1+ ¥2)°
16. K ( (:1)’_1_2422)4 (29/%1/2 (411) [48].
17. K<(3_2\/g)2(\/g_2)> = (22(;@ 2(}1) [48].
18. K ((5-2v6) (3-2v2)) = 3/4(‘[;/62‘[“) r*(3) [49].

19. K((v2-1)*(2-v3)")

:2—13/4(14—\/5??:12/2\/5+\/_—1)F(1)F(Z) 0],

”0. K<(2—\/§)(3—\/5)(\/§—\/5)>

8v2
() ()

5v6 —3v2 —8
2 K( m)

3

1 1
= (2v2+v3+2v6+6) T (1)1(3).
7.2.17. The complete elliptic integral E (z)

1.E(1

ﬁ) M [r2(3) +4r2(3)]
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3—3/4 (1+\/§)
87!'1/2

_ g=5/4 [1+‘/§F(1)F
8
(

7).
)

—15/4

) = v e(l) ()]

7.2.18. The Legendre function P! (z)

1 P ,(2) = 2"(3 - 2’; - 2”) (1— 22)n/2

8 i (:)% [%,onl_/Z(z) ¥ (22)7F(1 — 22) 7R

k—1
S

n 2k

3+ 24— 2n
2. =2" ( i

4 )n 1 — 22)/2 n i
(o Gon, " B W,

n _ —k
x |0 P a(2) + (—22) k(1 — 22) 72

k-1 _ 2
E A )L e ]
p=0

8. PE 1 a(2) = Ph_y (%)
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Chapter 8

Representations
of Hypergeometric Functions
and of the Meijer G Function

8.1. The Hypergeometric Functions

8.1.1. The Gauss hypergeometric function > Fj(a, b; c; 2z)

(") =S () e ()

atj,btmy_ (=)™ ()n(l—2) T T "
22" ) = Taimte— oo,
= m itk 2P k
D)6 R b i 3 =2
p=0
n a+b—c ,b
C g b 1 e ()]
a+j,b—m\ _ m!(c)n(1 — z)e 070 7tn
3. 2F1( c+mn; 2 )_ (a)j(c=b+n)m(c—a),(c—0b),
Jj+k
j+k)! bt+k+n,atb—ctj+k— 2P(1 - 2)?
Z( Pr(:a n,a ct+j mn)(1_2z)z (p! )
p=0
n a —cC ab
Rl ()]
F (a j, b— m)_ (=17 ™ (e)n(1 — z)c7 oI tmtn
4. oF c+mn; 2 ~ (c—a+n)j(c—b+n)m(c—a), (c—b),
m j+k
+k .
x> () b—a=mm kZ(’ )@ —c—j—n+1)j4k-p(—2)"
k=0

x D*P [(1 —2) e Ry (¢ b)]

c; z
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j+m+nzn—c+1 m

- 2F1(a:ri’£;tm)= ((_ai(b)m(l—c)n g(?)(“_b_m)m—k

j+k
x Z (J . k) —a—j—n)jr-p(-2)P D"TF [zc‘lﬁl(f.’ 2)]
+i,b—my _ (=1)Frmlnmet
6. 2F1(a cin' zm) o (a)j(c—b—,n;z)z (1-9),
% Z 1) P(c a b+k—n,a+b—c+j+k— m+n)(1_2z)
J+k a, b
P P e—a=i—m)anp D[R (2],
a—j,b—my\ __ (—1)™trer et — )™
£ 2F1( c—mn; z )_(c—a—n)j(c—b—n)m(l—c)n
m itk P 1— P
(e = D))+ R b—a—m)m sy 20
k=0 p=0 P

(p—a—k,a+b—c—j—k+n+p) + -1 a, b
x P& (1= 22) D™ [z m (7).

n— 1 —-n n—m-—azia
a,a-l—m—f—1 2 lm!(g) z /2(1_2) ?
; 2

n-l—1 (a—l—%) (—2a)2n
X 2" l—z) P(k+a 1/2,n+k—m— 2a)( —922)
k=0

X [( DM (=2a)p4n(2VZ2) F(1 4+ VzZ)22 7R

k+n—
k+ (k+n+:ﬂ—1)'

+ (=1 Zl T (2a)k+np

o

X (WE) K1+ YRR (—2a)k+n(2ﬁ>-k<1 —yE)eh

k+n—1

P e <—2a)k+n_p<2ﬁ>—k—p<1—ﬁ)”"’“_"w]'

pv k+n—p-—1)!
a,a—i—m-l—1 -nm™
9 2F1( 21_n,z2)_2(a %)m(%)n
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100. o F a+4_\/22_—a. _1)=2_“_1[2+a(3+\/2—a)].
2 k)
a a—3—+/7=3a 27a71
101. o Fy a+5_\/7f_3a._1 =5 [6+a(15-a+4v7-3a)].
2 bl

11 1
102. o F( ¢ 41) = 2—7/47T—3/2F(g

103. o F4

—n, —2n — 2
4 3) = (=21)" 73 (138, (3.7)].
3

[n>1; [38], (3.8)]-

105. o F4

(
|

o () ) 12
|

T ) R () 3 ()
1. g - " "
in 33 [n > 1; [38], (3.9)].
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106.

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

2F1(
2F1<

1—-3n

—n,

2.8

N ):(_1)(n+1)/23(3n—1)/251771_2[”/2]

+ (—1)"/2330 %50 oy [138], (3.12)].

2—-3n
—n,

1
g 78

().

d n—2[n
((1;)71/2 0,n—2[n/2]

+ (-1)™/2337/271 11 4 2

1
—2TL, —_n — = n 33n
4. 6) =(-1)

2n+1
3’

—2n—1, —n—g i1 372
=" s

7
—2n—-1,-n— - _o3n+2
6) — (_1)”+1( 5:3

ST e (3) (D),

95/4,2 3 4

V3-1 2(1 3(1
= Jwagiza_sal (Z)F (5)

1 4a + 5
a,a—l—i :ﬁ(g)a I G )
da+5 1 4 2a + 3 2a+5

3 r(*)r(*57)
6 9 6 6

6 ) :(_1)(n+1)/23(3n—1)/251’n_2[n/2]

2n + 3)(2n + 5)

[n > 2; [38], (3.13)].

([38], (3.14)].

[138], (3.15)].

[[38], (3.16)].

([51], (1.1)].

([51], (1.2)].
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a,1-2 o2 D(22F4
117. oF, 3(1;4;2;) Zﬁ(ZJ e ( 3 2 5 (51, (1.3)].
i) E o))
118. o F = ([51], (1.4)].
2 i—2a,;) 2“F(2—a)FG§—a)FQJ
aatl) or(% —20)r(3)r(5)
192 f 2 2m4;) B TMF(4{_a)F(1;i_a);23) (1), (-5

§) 6\
4(2{;) <§5> [138], (6.5)]-
)
(

n—l—1 (
won(05)
(

)

1 6\ N
121 R | * 4) - 7217;) <§5> [[38], (6.6)].
0 17

—if; 3V 51 23
122. o 70 )= W[F (1) +4r(3))

1
g

123. oF, ;11 %) _ %%mp(é)r(%) 1“2(2) [[49], (7.4))].
i e

1 3

=, 2 31/2 1

4’4 ) — 2( =
124. 51y | 1) = “al (5)-

’9

a, ;1
125. o F, 20 3)
2

—2a+n+
1 +2n + 3 +2n+5
2in+3/2 5 —a, 1 —a, 1 —
T gEaFT L | 42043 245 A2 4T Ri(£n)
6 6 6
1 +2n + 3 +2n+5
_ 23/2(_3):}:71—21’1 a a, 4 - a’ 4 —a R (:l:n)
+n + 1 +n 3 2 ’

—a,T—a—i—l,E—a

R:(1) = R3(0) =0, R1(0) = Rz(l)—l )

g? 3 w-n (),
(5)"

Ra(m) = (~1)"n )/ n> 1)
Maray® n—2k)!(3k —n)! (1-a),
_n—l’_n—2’_ﬁ+1’1_a
RQ(n)z 4F5 3n 3n—333 [n > 1],
_7+1a_ s 5 T @ 1
2 2 2
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n n—1 n—2
Rl(—n)=4F3( gil 3 ;z 13 70‘) [n>1]
— , 1—=, - —a; 1

2 2° 2 ( 1)

[(n+1)/2 _1

_ n 3 4k (k _ 1)‘ @ 2/ k

Ray(=n) = (-1)*(n +1) Z (E) (n—2k+1)1(Bk—n—1)! (a)

k=[(n+1)/3] : 18]
n > 1; [83]].

_(4)’" m! = 272 (k—l/2,—3a—m+k+n+1)(l)
- (1/2)m = k! m—k 2

X

(—2a+n+1)k(—3a+n+g)k %,a; i
2 Fy .

(—2a+n+§) 2 +k+n+>
2/ k 2

N =

1 m
TS g _ 2y m\ _g\—k
e 2F1(_2a+n+) - (F2atntlm Z(k)( )

k=0

X

(-2a4+n+1)k(2a—m—n)m_+k (—3a+n+ §) 1g !
2k R

2’777 4
(—2a+n+§) ~2a+k+n+
2/ k 2

128. m( ) _ % [166], (A7)].

1 2
-, = —8/3 1

129. 2F'1<2 3) =2 o = ([66], (A8)].
g- 3 V3n (3)

o1 = a+b+n n
oo 504 = TN S (e

l_,(a+k+1)l_,(b+k—n)
2

582



8.1.1] 8.1. THE HYPERGEOMETRIC FUNCTIONS

131. 2F1<“ "_“)_2" W‘ L) En:( )2 (a+b—n),

b3 (- (S5

1

F(a+b+k—n)l_.(b—a+k—n+1)
2 2

X

1

F(a+b+k—n+1)r(b—a+k—n)
2 2

a, —n — b 1 (a+kk b—n)
132. 2F1< b;% )_2 vmn a+b) Zk! (0)

_|_

1 1
X F(a+:—k)r(b—a;k+1) + F(a+b;k+1)r(b—;—k)
(10T ) R

XZ2 k( ) Yi(a = 2b)k(b—a— m)n_

X 22—11(”;)(@ +k),(a—2b+k)m
1 1

() (e ()

— b; -
2
—2k
(b)n = K n
x 1 n 1

F(k+a+1)r(k+a —b)

. : l_.(k+a)l_.(k+a+1_b)

2 2

1 1
135. 2F1<m+ ' )_( rotgm (2 1)
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[8.1.1

[t/2
x{csc_QtQZ cos[2q+ ]lnsm[(2q—|—1)‘;—:]
j+:z:) 2;;2;} [s,6=1,2,...;m=1,2,...,n—1; n=2,3,...].
1 1 _5/2
0. () = L2 () () = ()]
3
11 2 g 1
137. o F, f:i _ [(f—f)4(\/§+2)] 11:((123)1};%3 [49], (5.19)].
2’ 2 12 6
19 1 1 1
8. am (38) - [(«a—a)zl(jf-m/ I*(24);“ 133%) ], 6.11)
2’ 2 24
139. o F, %% =w ( )F2( )F(%) [[49], (3.12)].
24 i
140. 5 F, ;11% =(g)3/4 (1491, (7.6)].
4’ 4
rs
141. oF, 5% - 1217r F4G) [[49], (7.9)].
3 3
142. oF (474 =27/};/§—/:ﬂ15/2r2(i) F3(%) [[49], (6.5)].
27 4
a,a—}-1 gop(4ets
143. o F4 4a3+2; 22) = ﬁr(2“:3() 1"6(2“)(;"5) [[51], (3.1)].
144. 2F1<“’§1;_g2“) - 33 sin (5?“ - 7ra) ([51], (3.2)].
37T
145. 2F1<a’42 —82(1) = \/— ( ) [[51]5 (3'3)]'
I AT e
avaty | _1osr(T) e et r(3) ()
oo (L) ey e
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147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

0, a-1 108a/31—‘(4a+1)F(2a+5)r,(1)l_,(g)
at1 8= - 8 47 3 151], (3.5)].
=5 3) r(* ) (52 r(E) )

N w

wN

NIiFaie Bl %% e

PN

[y

o

N | =

I

1t 3-1/2
) ) )

V2-1)"*(V3-1) (V6 +v2-1)""

o11/31/2,3

(L))

1/2
)- )

31/2(2\/3 ~ V6 — 1)1/2

8’

©|ooo| N ©lon|w

X €Oos 214 cos %F(i) F(%) F(g) F(%) [[49], (6.8)].

1 33/2

;;15 = [49], (5.15)].
27

5 )= () 9, 012
27

)15 0)

49

&)= G (@) e() e
64

B) = A () rOel) e
64

;;9 =WF2( e (3) [149], (4.11)].
81

3] @) wen
81
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5 7 3/2
s 3 (V2 -1 1 1
o ($3) = R0 ) e
2’ 81
13
6o [ 58 |8 EE+ava+n)”
© 28 s | T 93/10g1/4_3
27 81
e 1) ()P (3 ()
X sin 10 °°8 20F 0 r 20 r 20 r 0 [[49], (4.13)].
11
172 | _9
161 5P| 5 | =+ ([49], (7.7)].
4’ 81
1 3
162. 571 | 274 | = () [[49], (7.10)]
TR s 80 ) g g 4 I
4’ 81
571 5/2 1/2
s’ | _ 3 (3\/5—4\/5—1)
163. 2F1 §. 80 - 27/255/47['2
2’ 81
T 97 1 9 11 19
><COSECOSEF(E)F(40)F(E>F(E) [[49], (6.9)].
1 5
LT 14+v2 (5\Y4 /1 3\ 2/ 3
164 01| 2 )= s (5) T(s)(5) (%) (48]
2’ 125
1 5
= s VI5(14+V3) 51\ n2(3
2’ 125
11 1/2
63 32 (v5 - 1)
166. oI 1(_i 131 = Ql1/251/4 4
2’ 125

TG () () () ()

2 5 1/2
s 5°/4(5v/5 — 11) 1 19 1 4
3°6 — il - _ _—
167. 2F1<3; 121) T 11922 F(30)F(30)F(15)F(15)
2° 125
[[49], (6.13)].
15 4
168. 2F1(112 ’131223) = @ [48]
2’ 1331
1 3
-y = 2ﬁ
169. o F; 1.8 S 5 [[49], (4.10)].
2’ 2401
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2’ 2401

3 7 4da +1
=, = 5—5/41613/4 1 a,
171. oF | . 8.8 =—[‘4(_) F 6
2 1(} 25920) 247> 4)y ! 2“:5; 17— 12v2

25921

5 7
S 49 [7.9/1 3
170. 2F1(3.8 2500) - 48%“/51“2(5) 1“2(5) [[49], (6.10)].

2a+5
=487%(3 +2v2)° ver ()

4da+1

a,
172. 2F1(4a+1 6 ) =373+ 2v2)" ———
112v2 - 16 F(

b)

w0, 7 ) = S (a0 () () < () ()

_1r1
174. 2F1( 574_4‘;ﬁ)
L =0

_ M [a+var(2)r()+sr(3)r(7)].

_11
4’4
175. 2F1<1. 249—176\/5)

15
127 12
176. 2F1(1. 3514+988\/§)

2’ 173
3 14+v6) (54ava Yt L1y L 1t 3
l— <2+¢§) D(50) () T(5) 19
13 3 12
177. oF; 8’8 , | =3 (6v2+4) [[49], (4.9)].
(;; %(16\/5—13) ) 8

0| w

1 1/2
5 _(B+v2) L1y (3
178. 2F1<1; 32(325\/__457)) - 211/47r3/2 F(s)r(g).

2401
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179.

180.

181.

182.

183.

184.

185.

186.

187.

188.

189.

190.

140 —

11
6’3
17V6 — 22)°

441

64

(153v/3 — 266)
9—5/2

TR

1 3

i1 ) _
16
m(12—11\/5)

)

(

)=§5(\/(_5+1)

V6 +v2
93/4

1 _\/— 1/2
PR S OLO)

47'!'3/2

: ) MF@)F@)_

1 1/2 1
99\/5) = 518/8 3/2 (1+v2) FQ(Z)'

(12— 3v2)"* (1
91174, 3/2 (Z) :

31/2
76v2 | T 8r3/2

5

3

(1+2v2) "2 (3).

3/4 1/4
)" (20861 + 18884v3) ' (¢
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11 1/2

1 5 2v/2
191. o F, 2’ 2 - %[‘2(1)_

1; 17— 12v2 25/2 78/ 4

3 3

R 279/4 1 3

4’ 4 — -l hd
o 2Fl(l; 40\/5—56) %2 (137+97f) <8)F(8)'

7 1 _ 2 ) () (2
193. 2 F 7-5v2 | T wn o_3/2 (3 + ) (5) (g)

3 3
11 _ ol/2g8/4 1 1
194. 2Py | 15\5_26) = W(962+551\/‘) (6)F<§)'
’ 16

3 3
11 9l 1107\ V4 471
195 =M1 .140—99\/5)_217r3/2(78 +m) TG)

-

32

3 3 /2
53 9=/ /A
196. »F1 | ) 2 (r+av3) ().
8.1.2. The hypergeometric function 3Fs(a1, az, as; by, ba; z)

b1 b a a+1 a+2. 27z
a,b,1-b;2 ) _  1+82 3773 ' 3 ' (1-42)°
1. 3F2<a+b a—b+1)—W3F2< atb a—b+(1 K

2 2

2’ 2
a—1 a a+1, 272
# 3 73" 3 ’_(1—47.)3 _ .
+3(1—4Z)a13F2( a+b a—b+1 [-1/8 < 2z < 1/4; [52], (6)]-
2 2
2. . F a; b,3—b; z _ (a+b-1)(b—a—2)
. 39 a+;7+1 a—b+2 12(b—1)(b—2)z(1—4z)a_1
a a+1 a+2, 272
1+ 8z 3 3 3 ’_(1—42)3
1—4Z3F2( atb-1 a—b
2 +1
a-—1 a a+1 27z
_ 3 '3 3’ (1-42)3 _ .
3F2< etb_1 a—b ) [-1/8 < z < 1/4; [52], (6)].
2 o2 +1

1 b b,a+c—1 atetl
a+1, —a, _ —b s -4 2
3. 3F2( . )—(l—z) 3F2( c at+c—1, z )

a,c; 2
’ 2 P z—1

[larg (1 = 2) [ < =].
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10.

11.

12.

1 b: 4z
7 a,a—i—i, ,—m =(1—z)2a F(2a,2a—c+1,c—b;z)
32 c,2a+b—c+1 32 c,2a+b—c+1 ’

2

1 2 272
a,a+-,a+ 2; ——5
. 3F2 3 3 43(1—2)
b,3a—b+5

= (1 — Z)3a 3F2<

3a,b—%,3a—b+1; 4z
2b—1,6a—2b+2

(WVz+vzri)

1,1,1) ()
4’474 | _ 4

3
™

1 9-1/2,1/4 1 9-1/2,1/4 2
x K 2 + 1/2 +K 9 1/2 :
(Vz +vz+1) (Vz+Vz+1)

- )
1,1; —z m(Vz+1+1) z+141/°

N e

plw

X N | =
.

I

\—/
I

1
N [2arctan /2 Iny/z

+ Clz(2arctan 4/2) + Cla(m — 2arctan /2 )].

1 2 4 27 _3
59 2 @) ——Z(].—Z) 1-— 3/2
3F2(2 33 4 ) = %arcsinﬂ

[z, |272(1 — 2) 7 %/4] < 1].
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1
-, 1,1 1
97 i T + 2arctan /2
® 3F2(3, % —Z) - M+t {COS 4 tn (2 +2-)
4’ 4
. T+ 2arctan+/z ) (\f—\/z—i-l—i—l)l/2
—|—smfarcsm 7z

2o =272 (V2 4+ vzFT £1)7).

1— ei arcsin /z

1
-, 1,1; z
14. 3F2<2 § § )— 7[27{' —l—4arcsm\/—an
272

+4i Li, (_ei arcsin ﬁ) — 44 Lis (ei arcsin \/Z):| )

) 4\/_ I:ﬂ- +4]n(\/—+1/z_|_ ) \/;—1_— vz+1l-1

1
15. sFy| ,2°
3 2<3 3 Vetvzrisl
2° 2

. 1 . 1
+4L‘2<_m) ‘4L'2<m>]'

3
L1, 3 3 m + 2arctan /2
2 . .
16. 3F2( ) = G {sm — In(z, +2_)

7
a7

— COS —————  arcsin

4 V2
[2a =272 (V2 4+ vzFT £1)7).

w4+ 2arctan+/z . (Vz-vz+1 +1)1/2}

(3 1/4
7. = 7r34) (1422 - 2v27 +%)

x [K <\/ +ﬁ( z2+z—z 1/2>

k(i (-]

838\ r(d) a
18. 3Fp 47404 = 5% (Vz+vVz+1)
22 T
—-1/2_1/4 —-1/2 _1/4 2
o Y Y T S Y — ey 7 ||
2 (Vz+vz+1) 2 (Wz+vz+1)
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19.

20.

21.

22.

23.

24.

25.

26.

() gaem
_ 1) 1+22—2v22 4 2)
83 V22 +2z —2z

1/2
x[K<\/%+2l%( 22+ z—z
1 1 \/2— 1/2
-K E_W( z —i—z—z)

2

% K2 1 (1-v1-2 /2
2 2z

2 1 2—1/221/4 2 1_ 2—1/221/4
g lK (\/2 " (ﬁwm)l”) * (\/2 <ﬁ+\/m)”2)]'

L ,
l2 22| = J'
3 2(1’:;2) - K(z)dx

11 1 V#/(z+1) (@)
91 57 5 2 K(z
F 272 2 — J d
3z 1, 3. —z) Tz 11—z’ v
’ 2’ 0
111 in/z
F 2792773 1 (2 arcsin zl 9 -
3F 5 Z) 2\[02( arcsin /z ) + N n(2v/z)
LR
(35 ) - 3 [ s
s 51 TR Z 12
2

+In(vz+v1+2)In(1++/2 ++1+2)+Lis(—v/z —V1+2)
—Liz(l—\/_—\/l—i-z) .

arcsin/z
1,1,1 1 zdx
3F2| 5 3 = 7= e
2’32 z 0 Vz—sin“z
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L1 In(v/Z +v/zF1)

E it 1 rdx

27. 3Fy -1 J _ mwdz

<37 g? —Z) Vz 0 Vz —sinh?z
a,b,c\ rdyre)rd+e—a—b—c)

28. 3F2(d, €; 1) T I'(e)T'(d+e—a—c)T'(d+e—b—c)

d—c,e—c,d+e—a—-b—c

X F(
32 d+e—a—-c,d+e—b—c;1

) [Rec,Re(d+e—a—b—c)>0].

29. 3F2(

a—n,b—n,c—n)
d—n,e—n; 1

= =g, SV Dl o

b,c—k; 1
><(c—n)n_k(d—a—b)n_k3F2(a’ e )

d—k,e

a,b,c;1 )_2(a+b)—c ( a+1,b+1,¢; 1 )
2a+b+1,a+2b+1) " 2(@+b) > *\2a+b+1,a+2b+1
[Re (2a + 2b — ¢) > 0; [56]].

30. 3F2(

a, b,c; 1
31. 3F), be
a+1,2a—b—c+ +3
a+1

_ (a+1)(a—b+2)(a—c+2)
(a+2)(a*+3a—b—ab—c—ac+bc+2)

a+2,b,¢; 1 b
X gF: Re(2a —2b—2¢c+ ——) > —4; [56]|.
3 2<a—|—3,2a—b—c—|— be —1—3) [ ( a+1) [ ]}
a+1
a,b,¢1 (a—b+2)(a®> +a—c—ac+ be)
32. 3F2 a(a—c+1) = 2
a—l—l,c—l—ﬁ—}-l (a+1)(a” +2a —ab—c—ac+ bc)
a+1,b—1,¢; 1
x 3 F sty | [Re(a(a—c+1)/(b—1)+b) <2 [56]].
a+2,c+ —r——=
b—1
a, b,c; 1
33. 3F2< ‘1 be )
e " —a+b+ec
_ad’*+btctbe—abtc+1) F a,b+1,c+1;1
- —a+b+c+bc 3h2 a+1,L+2
—a+b+c

[Re[be/(—a+b+c)+b+c| <2 [56]].
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34. 3F2((Zi’1c,;dl)

_(a—b+1)a—c+1)(a—c+2)(d—1) a+1,b,c—1
T @+)(c-(a—-d+1)(a—d+2) ° 2(a—|—2,d—1, 1)
ala-b+1)+(c-1)(b—d+1) T(d)I(d—b—c+1)
(c—1)(a—d+1)(a—d+2) I'(d—b)I'(d—c)
[Re[d —b—¢] > —1; [56]].

l,a,1-a 22"% cos[(a — b)x]T(2b—1)T(a — b+ 1)
35. 3P| 4 =
Sibi 1 (2a — )I(a+b—1)
27 (b 1) 3—2,a—b+1
+ Ba a0 4T ( i ) [Reb>1/2).
3 1
36. < F ( a,a,l )_ 2°47%/7 (2a — 1) csc? (a) r (a— 5)
© 352\ 94, 2a; 1) 21a (a)
2a — 1 a,a,l1;1 .
+ == 3F2(2a’2_a) [1/2 < Rea < 1; [46], (3, 4)].
a,a+ 1, 1; 1
37. 3Fy 2
2a + -, 4a
2
3 1
_ 2'8977g8/278a /7 (4a — 1) esc (2am) r (2a_ 5)
N 20— 1 i T
r(2a-1)rear(2e+})
1
4a—1 2a,6a—1,1; -
2 | [Rea > 1/4; [46], (7, 8)].
METESE 2( 0,22 ) [Rea > 1/4; [46], (7, 8)]

1
_ a,2a—-,1; =
+ 3(2;_1)31?2( E 4) [Rea > 1/2; [46], (7, 8)].

I'la—1)

1) g2a- 3. /7 sec?(ar) I*(a)
1) ra-y)

2a — —a;

+2(a )F ;,1,0,—% [1<R 3/92:
3052 § 1 ea < /a[46]7(1a 2)]

1
-n,a,a-+ - !
40. 3F2( 2) - %P(2b+n 1,20-26-2m) (3).
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41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

1-a—5b —b+1 b-— 1
F -n,a, ba 1 ( 2 +C)n F -n, - 2+ ’ ;+ ; 1
302\ a+b+1 . —Tfi 2 a+b+1 1—a—5b :

2 2’2+C

-n,a, b; 1 _ (a)n(2a‘_ b)n
3 2(2(1,()—(1—n—|—1) "~ (2a),(a-b),"

F< —n 0,8 1 )_(b—a+i)n(l)n
Placnslin )T (0 60,
—n,a,l—a—n,l
b,b+§

_ (2b—2a)2n F -n,a,1—2b—2n; 1
(2b)2n 372 a—b—n—}-%,a—b—n—l—l '

—n, % —n,a; 1 (2n)!
3k 1 =
b, b+ 5 (2a — 2b +1)(2b)2n
% [2aP2(ib—a—1,2a—2b—2n+l)(3) —(2n+ 1)P2(72:|_—1a—2,2a—2b—2n)(3)]
[[55], (3.18)].

-m—mn,a,b; 1
F ) b) bl
3 2(c—m,a—i—b—c)
_ (@=0)py1(b—0)pps 5 2( -n+1,a,b; 1
(=) myr(a+b=¢)ppy c+l,a+b—ct+m+1

) [n > 1].

n

-n,a, b; 1 —-2)"n! (o _
3F2<a_n a—n+1) = El—)a? Pr(z n—2b,2b “)(O).
2’ 2

b+
7 -n,a,b; 1 (b+")(a_ 2n+1)n
32) b — b — = .
n,a+Tn+1 (b_n)(_a_b-;n)n
—n,a, b; 1
3F2<a—n a—n+1)
2 2
n!

—a— —n— b—a,a—n
A [P @) 2P )] 1),

—n,a,b; 1 . nlb (2a—b—1,b—n—1)
m(0g 50 ) = e @
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51.

52.

53. 3

54.

55. 3

56.

57. 3

58.

59. ;3

60.

61.

—n,a, b; 1
3F2 b+2, a—b+an—b:+ab—n—1

(n+1)(b+1)(—"‘“‘“:+"+1)n

w+n+n(
nvZ 2’ 1—-4n
5—4n 9—4n 1+4n'

—2n,2n+1, = —n,n—l—l,1
=3k 2’2 |,
1—2a, 1+ 2a; 1 l1—a,14+a;1

b

(=
A
(.
(.
o M“):(w:b)n
A"
oy
“(5

2b)

n 1l—n _l _ _
b

a—b—n+> (26-1),(b—a—3)

_ 2n 1—-2n 2—2n 9
o 33 3 n! (g) n p(n+2a—2,2-3a—3n) (1)
a, % —n; 1 (a)n \3 " 2
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2b—a—ab—an+n+1) [[38], (1.9)].

1 ) = ((;3)"” 3F2(1_ﬁ7 a,1— b.— n) (551, (3.14)].

[P(Zb a—1,2a—2b—n— 1)(3)+ (2b1—a72a—2b—”)(3)] [n>1].
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62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

n 1-n a1 92n
27 2 7 n: (—a/3—2n/3,a—n—1)

3F a—n+1 a—n+2) (1-a), Py (4)
3 b)

_n n+a n+1+a 9
o T 4a/3—n,2a—1
" 2“3 JECE I ) (2a)n P '(3) 8oL

_2n 1-2n 2-2n 9
3F2 3 3 3 _ (g) n pl P(2a+n—2,2—3a—3n) (1)
% —-n,a; 1 3 (a)n ™ 2

[[38], (3.17)].
_E’l—n’2—n A\" ! (1/2—a—n. 3a—5/2) 1
3F2<a,32—ga—n?1):(_g) (2a—1)nP"12 ’ 52(5)
[[38], (3.18)].

2 k) 3 1 /2
sFp| 37 30 3 ) = (?;T)HC <§> [[38], (3.19)].
3

2n+1 2n+43

N e ):(—)n'ouen“).

1 5
5’6;1

Il
N
3

2n 1-2n 2-—2n —n 1
_sn 3 n!(——)
’ ’ 2)pn n=1/2( 2
oy R ) - (7)
it )T
2 2 2/ 2n
2n 1 —2n 2-—2n —n—1/2 3
- , 3 n!(—)
sha 7y 0 : — ;’:ff(l)
2(7) V3
2/ 2n
_n l-n 2-n 3"/2(1) (_1)
i B e
_E)Sn

_ 1: 1 -n,n,1;1
F(mn,mn,, ):F( s b ) =1,2,...].
372\1 - ma, 1+ ma 372\1-q,1+a =2

1—b—
_naavb;l n(a+ 2 n)n
3Fo| b ny1 g bl =(-1) W'
D) ’ 2 a ?

3F2< “n,a,b; 1 n):(a_;’“) (=),

at+b+1 at+b+1 (a+b+1) (l—a—b) )
2 2 n

2 ’ 2
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74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.

P a, 2a — %, % _ 22724512 (g + %)
352 _F2(4a+3)F2(4a+5)'
8 8

1 1 1 —
F sta s —a 5 ) _ 2721 g csc(am)
32\ 1 1a,1—a; 1 l_.(5+4a)l_.(5—4a)l_.(7+4a)r.(7—4a)'
8 8 8 8

by —1 (2a) -2, S el
F. —-n,a, 65 — — a)n F 2’ 2 7 X
3 2(l—a—n,l—b—n) (a)n3 2 a+%,1—b—n

1
-n,2a,14+a\ __ (b—2a), F —naa+§,2a—b+1;1
) T?’ 2 aylzb-n ,_ bin
n 2 s 2

+1

3 3 3
R N ]
2,2, 1 3w 3r° 4
8
322 4096 320 1 2 4
S OO0
2 9.0 614 20 21v/7At \7 7 7
1
Ll 16 7/3 2v5 ., 1445
3F2 = — + - ln .
131 15 27 25 2
4’ 4’ 16
. 1 2a/3nfa+b a—b+1
A e AT F(T)r( k )
32 a+b a—-b+1 30(a)

2 2

r(s) 2/or(*32) )
x F(a-i(;Sb)F(a—izb+3) + l_,(a+36b+2)l_,(a—36b+5) (521, (ii))-
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. a b 1 1 - 22a/3r(§+1)r(a+g+1)r(a—b+1)
. (a+b+1 a—b+1) - F(a+36b+3)r,(a—63b+1)r(a+1)
([52], (i)]-
a,b,3—b; 22(“+2>/3r(7"+;’+1)r(“"’+2)
86. 5 <a+b+1 a- +2)= 3(b—1)(b— 2)T'(a)
2/3F a r a+2

x _F(a+:;b—3)£€2—:;b+6) + l_,(a+36b—g);(2—zb+8) [[52], (iii)]-

7. F —-3n—-m,a,l—a; i _ (3n)!60,m

fm = 0,1,2; [52], (V)]
—3n — 1—a; !
88. 3F: S T (3n)! d0,m
32 4 _3n—-m 1—-a—-3n-m 22n |(a+n+1) (n—a+2)
n! 5 . 5 .

(3n + 2)' 62,m

_|_
22n+1n!(a+n+1) (n—a+1)
2 n+1 2 n+1

o (17 ) 2
3

24“—1\/7?1*(; - 2a)

2 ’ 2

m=0,1,% [52], (V)]

[(52], (vi)l-

—a,g—2a

90 F( a1,% )
- 32 g a+3
= "J”M E3) (@) 4 u(2E2) — (45D 2, i

1 1 3 1
a,2a—-,1; - da, r(la+ -
91. 3F2< 2 4) _ 2 (a — 1) csc(an) ( 2)

a+%,2—a 3(2a —1)* F(a)F(2a—%)
4 Ma=1) p ’%’1;1 [Rea > 1/2; [46], (7, 8)]
32a-1)"\aylaa) T TR
2

8
= ;G- Z(2+V3).

92. 3F2<
93. 3F2<

=
Dl
ol
N,
N——

IS =N

[0(25) =<2 5) +¢(25) - <2 5))

NN~
N W | =
\—/
I
[a—y
[=2)
[a—y
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1
94. 3F, | ) = % [8G — wIn (2+ v/3)] [[52], (viii)].
4

1,1,1 2
95. 3F2 3’ ’ 1 = 7!'_
2%/ ?

6. F(“) N oe!

o101 1) = gty [9(5) rame o]

98. 3F,

A7) () e o5 (2 2)) s

csc (aw) (2a — 1) (a — %)

0,30—1,1;1 9a—793/2—3
99. ;F, 2 | = —2%-733/2=3a /1

2a,2—a F(a—%)F(a—l)F(a_F%)
1 a atl 4.4
+ 2T LsR( 2 2 ] Rea> 1/4; [46), (7, 8)).
2a —1 2a,a+5
1 1 1 G
27272 | _ T
100. 3F2 é’é’ 1 = len2+ E
272 2
111
101. 3F5| 2°2°2 | = ™ _In3
M R RN W
2°2 4
1 1 1 2 5
Bl )5 D) e ) -2 D)
1
—-3n—-1,a,—a—3n— -
102. sF > 2]=0 27], (2.8)].
3 2( 2a, —2a —6n—1; 4 ) [[27], (2.8)]
T AL B (27, (27)
© 32 2a, —2a —6n—3; 4 B s \4-1)]-

1 1 2 1 \/i 1
T 2 a _ + 2
104. 4Py, , 2373 _mIF(Z)'
51 3 27(17 — 12v/2) Tr
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8.1.3]

8.1.3. The hypergeometric function 4F3(ai, az, as, as; b1, b2, bz; z)

a,a+ - ,a+ , b 3a 1,3a —2b
L aFs) 4, 3a+1 b+ 272 =(1-2) 2F1( b—i—l;z)
2’ : T a1 2)?
(2], [272(1 - 2)7%/4] < 1; [[38], (5.13)].
a,a-+ - ,a%— ,a——n
2. 45 3¢ 3a+1 a—n4l — 272
27 2 7 4(1 - z)®
_ Bn—1)la ,3n—1 3a—3n p(—3n,1—a— 2n)< _)
= T Can(@un AT P .
[n>1; |2|, |272(1 — 2) /4] < 1].
71
n+ - ,n-l— n+ -, -
2 67 2
3. 4l 6n+3 6n+5 3 272
R LT s
3n—1 3/2 ~1/2-3 -
(§ X 70" DPCHII(WE) [n2 15 12, 12720 - 2)7/4] < 1].
5 3n— 1
— "+ : (3 1!
PE ” ) n— —3/2 ~1/2—3
4. 6n—3 6n—161 _ 27z2 (1-2)" /061/1—2 "(Vz)
"2 Ta1=2)? (2)37;71
[n>1; 2|, |272(1 — 2)*/4] < 1].
5 ( n,z—n)
—2n,—2n 1; 2
! \/1—2—3)P <\/1—z+3>

Vi—2z -1

11 .
27 2’
:(_1)n :l! P2n< 1-—- 21—Z>P2n< 1+v21—z)-
(=)
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10.

11.

12.

13.

14.

3 3 5
—-n,n+ -, -, -
F. 24" 4
« 413 3 3
1, =, =5 2
272

_(_1\n n!2 1-v1—2z2 1+vV1—2
S (Ve (V)
2/ n

_@n)! [z \™ 2 2
_(1)2 (E) P2"< 1+\/m>P2"< 1- 1—z>'

= oty () P (= ) P (=)
- (n+§) 4 2n+1 1+ ]_—Z 2n+1 1_ ]_—Z .

2/n
1-2n 3—-2n 1
—-n, 4 ) 4 [
aF3| 1
3 My n,1; z
! n/2 V1= _ _
__n (g) P, 3++vV1—2z P 3 1—2z

N A L et
201 +v/1—2 2% /1 — 1=z

= (_) U2n+1< —> U2n+1< T > .
2n +2 \ 16 1+v1-z 1-vVi-z

1 1 3
My T o, N
aF3 I
- —2n,1—-2n, —; z
2 2

_ z\" 3—-vV1l—-=z 3+vV1l—=z
_2<E) T"<1+m)T"<1_m> 211
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1 1 1
i Tk (B
15. 4F3 1
—— —2n, —2n, —; 2
2

1
2

2 2
— 2_4n_1zn+1/2T n T. n .
mH\Wiviez ) ™\Wisviez

_n l=-n a—}-l |
. F 9 9 'O 5 _ n!
16. 4 3( . 2(1 — 2a).

~ [CZZZ—n (21/4) + (_4)n (2a - n)2n (1 + 21/2)71

(401)2,,,,

1/4
x Cl/2—2a—n z )
2n /71 n 2172

n 1-n n n4+1
T3 g 30 g 0%
17. 4F; \
4

(—1)"Tan (21/%) + Ton (V1 + 277)].

Il
N | =
—

1 —
—__ ”,ﬁ+1,”+3
].8 F 2 2 2 2
T AT 35 3
4" 4 2

~1/2
= 1 D a2 + Tonsa (VI+ 27
n 1-n n+1l n
T ) 7*‘1‘1
19.4F3(2 0 2 3 )
=y 7y 5y R
2747 4
1 n —
= s [V o (27 + U (VI4 2172
n 1-n n+3 n
Ty ’ 1*+2
20. 4F3< 2 g 3 72. 2 )
17531, z

= - [(—1)"T2n+3 (21/4) + 2"/ Uznys (m)] '

4(n+1)(n+2)(2n+3)
1 1
Je(Va )

[k:1—2z—2\/z2—z].

IES

1133y N
21. 4| 447474 =_2K< 1_
o112 2

(
-

1157 1-2)¥? 144z
2;2’6’27 (=27 14z [-1/2 < z < 1].
3. 212 2z 1—+vz
2
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1 1 1/2
23. 4F3 5357131 _ (1+2Z—2\/Z2+Z)
38,8, (VP2 -2)

1+14/2v 2 -2
x arcsin \/2v/22 4+ z + 2z In + Zre z.

1—V2vV22+2 —22
3 3 13 17
3 3 B 17 9/4 1/4
1’4’12’ 12 _ 3(1-2) 1+2 1/4
24. 4F3 0 18 7. o1 = T lnl_zl/4—2arctanz/
8’ 874" 41-2)°

2], [272(1 — 2) /4] < 1].

1,1,1,1
25. 4F: o
! 3<3,2, 2, z)
2
_ v s 3 @ s 2 _ _—2iarcsin/z
=3 [2arcsin® v/z — 6iarcsin®y/z In(1—e )
+ 6arcsin y/z Lig (e 721 2resinVZ) _ 3j Lz (e72i2resinv#) 1 3i¢(3)].
1,1,1,1
26. JF3( 50 000 )= L4 2m(vz + vz 1)
57 23 2’ —z 3z

+6In*(vz + vz +1) [zw+ln(22+2\/z+zz)]
+6In (VZ + vz F 1) Lig (1422 +2v/2 + 27)

~3Lig (1422 + 2V + 22) +3<(3)}.

V2

[(mmwm) ]

3 1/2
1,1,1, —Vz+14+1
27. 4F; ( 2 ) = % arcsin® (V= zt1+1)

5 3
B ’g :—7(1_22) In(1-2)
[z, |272(1 — 2)%/4] < 1].
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29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

a,a—i—l,b,b—i—l; 1
4F3 2 2

—b+la—b+1,2

a 2’ ’ 2

1
_ T(2a—2b+1) | 27% F(g—zb) N 272 /1
2 va T'(2a —4b+1) l"(a+%)l“(a_2b+1)
[Reb < 1/4; [31], (2.2)].
1 1

a,a+ -,b,b+ ;1
4F3 2 2 .

a—b—l—l,a—b—i-g,i

3
[(2a—2b+2) |2"7% F(§ - 2”) 272/

Ca-1D@-1) | V7 Ta—5+7 " rar(a—20+?)

[Reb < 1/4; [31], (2.3)].

F a, b,1,1; 1 _ a
478 S+1,20-1,2) " 2(a—1)

x [21n2+c+¢(g) +¢(b— %) —¢(b— g)] [Re (26— a) > 0].

F'( a,b,c,2c—2;1 )_ I'(d)I'(d —a — 2b) (a,—b,2c—2b—2;1)
473\e—1,2¢—b-1,d) " T(d—a)T(d—2b)* 2\ 2c—b—1,d—2b
a,1,1,1;1\ «* 1, 1
4F3<2a—1,‘:,2)_8+4¢ (a_i) [Rea > 1/2].
a,b,1,1; 1
4F3<‘2‘+1,2b 1,2)
a a 1 a
= sy [#(5) +¥(b—5) —¥(b-3) +2m2+c].
a,1,1,1; 1\ _ a-2 [a* .
4F3(3—a,2,2)_2(a—1) [6 v a)] o < 2],
=((3) la=1].
1
—-n,a,b,b+ ;1 — _ _ .
JFy 5 _ @2b-a+1), Fz( n,2b,2b—c+1; 1)
¢, -m azntl (1-a), 2b—a+1,c
2 2
[[55], (3-30)].
—n,a,b,b—l—l;l
4F3 1 2
a—n+§,c,2b—c+1
_ (c—2b)n —2n,a—n, 2b; 1
T (0)n 3F2(2a—2n,2b—c—n—+—1) (1551, (3.14)]-
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39.

40.

41.

42.

43.

44.

45.

46.

47.

1 b b+1
g Tmabel O ) S
473 btec btc+1l | = 7~ 4l'3 B
2a, 20, ; (b+¢)2n a+1,12c—n,1—§—n

2
[155], (3.12)].
—-n,a,b,c; 1 —2n, 2a,c; 1
4F3< 1 b+e b+c+1):3F2< 1 ) [[55], (3.12)].
a—n+ _, , a—-n+-,b+c
2 2 2 2
1
—n,a,b,b—l—E;I
4F3 1
1—a—n,5—b—n,1—b—n
1
-n, - —a—mn,2b; 1
LN 2 .| 18], (3.12))
(26)2n 1-2a—2n,2b+
-n,a, b, c; 1
4F3< 1 ¢c—n c—n+1)
atbto 5T
a+b—c+: 1 1
2 —n,a—b+§,b—a+§,1

= (1_—‘1)7»713Fz(a+b+;,c—a—b—n+l) [[55], (3.16)]-

2
1
—-n, a, b’b+§; 1
4F3 5
1—a_n,1—b—n,§—b—n

1
(4b — 1), —n,i—a—n,2b—1;1
= o 4F ([55], (3.12)].
413 s

(2b—1)2n 1_204—211,21)—%

c—b+1
F(_nvaabal_b)_(d—a)n F _nvaac_b_]-, 2
413 — —7 5 413 .
e di 1 (@)n c,c_g_l,a—d—n+1;1
—n,1,1,1; 1
4F3( b, 2,2 )
= )+ Q-1 -3 w4 b)
n+1 —k+1
1
_n,a,b,b-l-f;l (2b—a+1) —n.2b. 2%b—c+1: —1
2 — n ’ ’ 3
4F3<a—n a-n+l )—WW( % oaite )
2 2 )
([55], (3.30)].
—n,a,b,a—l—b—i—l;l
4F3 a—n a—n+1 2
2 a#,a+2b+l
(@+2b+1)n —n,a,a+b+1,2a+2b; 1
= T a—a. .20)].
(1-a)n (a+b,a+2b+1,a+2b+1) (155, (3:20)]
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48.

49.

50.

51.

52.

53.

54.

55.

56.

—n,a,a—l—l,b;l
4F3 b—n+1 b—n+1 c

2
1

b(2a — b)n, -n,a+-,2a—1,2a—c¢c; -1

=W4Fs 2 (155, (3.18)].
n —§,2a—b,c
—-n,a,b,c; 1
4F3< 1 c—n c—n+1)

a+b+5, 2 2

1
(a+b_c+§) (—n’a—b+1’b_a+1
= @@ “4/n,F. 2 2
3142

;1
(58], (3-6)].

a—}-b—l—%,c—a—b—n—l—f

-n,a,b,c; 1 —n, 2a, 2b; 1
4F3< 1 c—n c—n+1):3F2< 1 ) [[55],(36)]

a—i—b—l—i, 7 2 a—i—b—l—i,c—n
P, —n,;—n a,b; 1
4

a+;7+1 a+b+1 c

1

a(a+1)2, —2n—1, g~ ™ b, —c—2n; —1

(a—b)(a+b+1) 4Fs 1’ Ca_ome [[55], (3.18)].
2

n 1—mn b 1
F 3 g O _ (b)n F —n,a,l—c—mn; —1
4531 a4+b a+b+1 o] (a—l—b)n3 2( e, 1—b—mn )

2’ 2
[[55], (3.30)].
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lga’g_2aa 1’ -7 ﬁ(l_a)r(1_2a)

1 1 5 47

s s | 2V2 pz(l)

1,1,§; _1 7n/? 4

40 4

1 1 3 23 3

4157235 S 4
31,1 _1) 3w {461, (5. 6)
20 4

1,1,1,1 ) 4
( )-5«3)-

a 1

@+l 3a,30,1=3a) m [[45], (2.3)]
a3a—|—f 1; Val(3a+1) U
11 1 7

rrre |22 (143], (17)).
~,1,1; — ™

1,1,1
( ):((3)-%11132

610



8.1.3] 8.1. THE HYPERGEOMETRIC FUNCTIONS
11 2 58
27 57 27 51 ]_2\/5
900. Wy 7 PO = [143), (9)]
5177777 16
L2y o
91. 4F3| 372739 —4/= 43], (10)).
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1
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Va(a+2)T'(a+1) [143], (2.4)]
11 3 3 16—+/7 164+ V7
R IR B I ]_6
11, ¢Fs| 4444 12 12 _ [45].
5 4=V axvi 1 | T 3an
1’1’5’ 12’ 12 ' 4

= 2w - Bem+ T [e(n 8) - e(n ) e 2) (s 2)]

"6
8.1.6. The hypergeometric function 7Fg(ai, ..., ar; b1, ..., bg; 2)

—n,a,b,c,g—l—l,l—b,a—c—l—n—l—l, 1
1. 7F6 a a—b a+b+f 2
+1,

,a—2c+1,a+2n+1,2c—a—2n

(@+1),, (2F2+1 _¢) (°=b_c41
(“ —b +(1) 2(”*”23 ((a2— 2+ 1)3;” (138], (1.7)]-
2 n n

2
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2. 1 Fg

—2n —m, a, b, c,2—a+1 a—b—i—1 2a —c+2n+m+1; 1

2% 9b, 2a — 2b + 1, a- 41, c;rl n-"1+a+n+7
@m4a+nn( )(a—b—f+1%
=2—2n n 2 50
n!(b+1) (a—b+1) (a—3+1) (1_0) "
2/ n " 2 n 2 n
[m=0,1; [38], (1.8)].
a.l—a 1 1 1 6a+21—\/36a2—28a+ ﬁa+21+v36a2—28a+
b 72’2727
a—l—l,a—l—l,l,l, 6a+1—\/36a2—28a+ 6a+1+\/36a2—28a+ 1
2 2 20 20 4
4F2(a—|—%)
=\ _ 2/ 5 (5.1)]
ral(a) [45], (5.1)]
1111112—i12+’i 3
27222227 10 ' 10
. . 2 45], (5.4)].
11,1 2o0 2Hi 1 = ([45], (5.4)]
10 10 4

1112 39 4 [17 9 4 [17
23’23’28 2\ 78T\ 7T 48
=3 ([43], (15)].
1 i 17 1 i 17 1 57
LLLL g5V 7 8T\ 7 "
111 1 1 91 4 291+4z’\/§
27272727278 41\ 5’82 ' 41\ 5 128
, , =3 ([44], (1-1)].
1.1,1,1, 2 4 j2 9 4 J2. 1 137
g g1\ 5782 a1\ 57 1024
11 1 3 5 1779 —4+/5279 1779 + /5279
6’4’2 4’6’ 1640 ’ 1640 256
11.1.1 139 — iv5279 139 +4v5279 1 T 15v3 72 ([43], (14)]-
P 1640 ’ 1640 > 1024
1 3 1 5 7 259—4iv/89 259+ iv/89
2 e 9t ot o b)
8872’8 8 240 240 567
. - 2 [[44]3 (275)]'
19 — iv/89 19+1\/879. 1 157
]‘7 1’ 17 ]‘7 Y AN
240 240 2401
1111 5 7 177
8’2’2’ 278’ a8V _ 2F2(1>
5 5 ™ o1 1173 4
1,1, =, -, — —Al =5 =
4’ 4’ 48 48 57’ 16
([43], (20)].
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8.1.8] 8.1. THE HYPERGEOMETRIC FUNCTIONS

1 1 1 1 5 295-—+/385 295+ /385
8727272’ 8’ 240 240 _ 2 g4 (1
10. 7Fé 1 1.5 5 55-V385 s55+vEE 1 | 117r3F 4 [42].
VRV 240 240 ' 16
11 1 1 3 137—4v71 137+ V71
127227 ¢’ 120 120 _ 32
11. 7 F VoA i 1 | T 37 [143], (27)]-
1’ 17 1’ 1’ ) ; Ta
120 120 16

8.1.7. The hypergeometric function gFr(ai, ..., ag; b1, ..., br; 2)

1 1 1 1 1
—n,—n—E,a,a—}-E,b,b—l—E,—a—b—n—Z,—a—b—n—FZ; 1

1. gFy
1 1 1 1 3
5,—(1—71,5—(1—71,—6—71,E—b—n,a—l—b—}-z,a—f-b—l—Z
_ (4a +1)2n(4b + 1)2n(2a + 26+ 1)2p
(2@ +1)2,(2b + 1)2n(4a + 4b + 1)ap,
1,1,1,1, 2,9, 2208 943
9. F 2’ 4 4 4 _z€(3)_ﬁ
85Tl s 5 5 5 5-iv3 5+iv3 10 35"
29 2 2 2 .
4’ 72’272’ 4 b) 4 b)
a a b b+1 b+2 ¢ c+1 c+2,
F stbg gy 5 35 30 3 1
3 847 o a—b+1 a—b+2 a-—-1> a—c+1 a—c+2 a—c
6’ 3 3 ' 3 +1 3 3 ' 3 +1
I'(a—b+1)I( 1) b
a—0b+ a—c+ PR
= Fy| 3 4 Re (5a — 6b— 6 -3
Tlat )la—b—ctn)® 2| a a+1 [Re (5a ¢) > —3]
27 2
§’1’1’1’1’§’197—i\/ﬁ’197+i\/ﬁ g2
4. g Fy| 2 4 120 120 _ 87° [43].
8 333 38 3 M-/l TI+IVT, 1 75
27272727 2’ 120 ° 120 ' 4
17—4 1744
171713111113 ) 7
10 10 _
5. 8F1| 3 3 3 55 7-4 T+i, 1 —ﬁC(3)'
27272722’ 10’ 10 ' 4

8.1.8. The hypergeometric function 19Fg(ay, ..., aio; b1, ..., bg; 2)

111 1 1 1 1 7 16—iv3 16+iV3
272727272727 276’ 14 14 _ 32
1. 1w0Fef| *, 2V 2+ivE 1 | = 3 ([44], (4-1)].
67 1’ 1’ 17 1’ 1’ 17 14 ) 14 ; 674
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8.1.9. The Kummer confluent hypergeometric function
1Fi(a; b; 2)

()

Ea)ti(gn‘ (b)n ezi 2_| Lotk= 1( 2) Dk+n[ _lel(a;bz)]'
k=

[=}

a—m; 2\ _ (=)™ (b)n z
2. 1F1( b+n )_ (b—a+n)m(b_a)ne

D () b= et DDt e (%))

3R =
y Z (:)(a _ b)n_k(_z)k pkt+m I:Za+m—11F1(a;bZ):|.
k=0

4. 1F,l(a—m; z)

b—n

_ (5)__1):)7:::_5;)1” CZI;)’CLch n( z) Dk+m[ b—a+m—1 —lel(a;bz)]‘

5ok (,5 7 )=r(a- 1) ()" z/22< H(")
B ek D e (5)
6 m(yr 2 ) =r(a-n- 1) () e (1)
(2a —2n — 1) =

(2a — n)x (a—l—k—n— %) Ia+k_n_1/2<§)'

R () =002t S EN ook -1,2),

= ()M )zt Y B et - Lk (2)),

9. 1F1(‘15;;) = #I‘ (2) e [\/§Ai <(%)2/3> + Bi <(34z)2/3)].



8.1.10] 8.1. THE HYPERGEOMETRIC FUNCTIONS

3

y [_35/ezus Al ((%;)2/ ) 2%/3,/3 AY (( : )”3)
+(32)'/3Bi <(3") v ) +22/3Bi'<(?f)2/3>].

8.1.10. The Tricomi confluent hypergeometric function ¥(a; b; z)

5
-3 Z
10. 1F1(62 ) — 9-5/3g5/6 (%1) e?/2

1 \I’(a—l—m; z) (1) plze !
) b+n /  (A)m(a—b+1)p,

o L TR
2. q:(“ - Z) = (=1)™"(b—a+ n)pme’

b+n
m k .
> () =amm 2 e (57)):

a+m; z\ _ (a—b), 2"
3. w(" ") = (@~ b+ Dnla =5 75 D),

x Z (% )m D[zt te ()],

() - SR g ()]
5. 0(,50) = (0T (= DT LI ) > 1.
6 v(7) =
x [e*T(1 — a, z)La—"~1( i% atk-n-1(_,yy1-a- k(z)].
7w, ) = L e
SO L S ()5 (Keaan()
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a; z (1)l 1/2-a /2

8 (o0 ") = Vri—a)

XZ( z/4 ;zl+k n— 1/2( )Xk:(Z)K‘I—’“””_lﬂ(%)'

p=0

9. q;( “ e ) = 29! (—2)"e*/?

1

n4+ =

+2
k

mo_1\k
sz(kll) LER=t1(2) Z( YA —a),_,2”
=0

r!Il(p

x [(—1)" 6p,oD_2a(«@)+(2z)"’/2pZ RAUASIX TG =y 82 (2a),-

X DrpeaalVE) .

oo EE R,

x [(—1)?6,,,0&%(«@ )1 (29)PY T (82) 72 (2a),

r=0

—

11. \Il(n;_tl) =@ —lb) [zl_bezF(b—l, 2)LL7b(—2)
—Z L2 (= Lii,:?‘l(z)]-
12. \I:(mn++1;12) - —ﬁ > (5)tk+my(=2)"
Y k=0
k+m( )
X eZEi(—z)L;fm(—z)—l-Z . Lz+fn o= z)L;fl(z)] [m > nl.
p=1
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8.1. THE HYPERGEOMETRIC FUNCTIONS

) 2 2"l (—2)" " k+m n
)_ G kZ( T LT

n—k

k+m
[ we® erfc(y/z)L kfmlﬂ +2Z htm_p (—2)
p—1
T+r)
x Zo rIT(p —

(2\/7) p_THp—r—l(ﬁ)] [m > TL].

1
m+ ;2 1 R 1 —n—1/2
]_4. \I’( 1 _2n ) = ﬁ le F(n+ i’ Z) Lm/r_l'_n/ (_z)
5 (E n)m+n
m+n

n+1/2 Z Lfn_;_nn 1/2 )Ln—k+l/2(z)] )

k-1
)k

n

e
(91
=)
VS
S
+
N | = “3
N
N———
I
| 'C‘/
3
[\
2
3
—~~
3
3
~
[ V]
A
\_/
/\
:“\5

k4+n—1 F(k—i— i )
X ; ,F(k#@\/_) "Hitn—r—1(v/2z) [n>1].
1 sy
16. \11(21 ’ )
g~ M
. —1)"‘ "m]! (k k172 2 —k—n—1/2
Z L. _i (z)[ﬁe erfc (\/;)Lk+n (=2)
k+n
+2Z z) [ p—k—n-1/2

k+n—p

=0

(- z)z_j ot 1) (o2 F T Hyr s (V3]

[m > n].
17. O ik — 92331/8 /o2 A  (32)
. | Ve i (4) .
3
8.1.11. The hypergeometric function 1 F>(a1; by, ba; 2z)

1; z
1. F. ’
! 2<b,b+;)

_ T b—
_ 2\/21 sinh(2ﬁ)1F2<b b,li )—2(5—1) cosh(Zﬁ)lFZ(

b+

N | =N =
N W W
v
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3. =

2—2be—b1riz
r'(1— 2b)

= 1 _bzb\/zsinh(2\/;)1F2 (b

1/2-b

b; z
+1

3) + cosh(2v/z)1 Fy (b

2

).

N =N

x {T(3 —2b) [e 2VZ7b™iD(2b — 2, —24/z) — €2V FOTID(2b — 2, 24/7)]
+ m[esc(br) sinh(24/2) + i sec(bm) cosh(2v/2)]} [z > 0].

a; z
4. (F. ’
! 2<a+1,1)
2
1; 2
= cosh(2v/2)1Fs ( 1
a—+
2
a; z
5. {F ’
! 2<a+1,3)
2
1 a .
i y— ﬁsmh(%/z)ng
i+1; £ .
6. 1F2<J3+ Z):(_nfﬁ
Z—-m,ec
2
i+m

k=0
j+1; £z
m—}-g,c

n—l; +z
2
n+1,2n+

_ 22n+1(n|

2n+1

O

jlm!

)

1/2 n[f

vk

—,a+1

)— 21‘151 sinh(2¢z)1F2< b 2 3).

a+1,a—|—§

L(2h=2c+1)/4 { Le_k-3/2(2V) } _
He k-3/2(2v/2)

m k
@2 (DF(F) (k)
k=0

=0

j—p ' c—i—1);_ . z2p—2c+2i-1)/4 Lc—i—p—5/2(2\/z)
Z(_l) (;)( J=Dj-p ( + )/ { \/E)}

Hc—i—p—5/2(2

_ (V) E—j+; z_i_l]
2k —2i+1)(c—i—1) '

AWA [ 1 (VE) (V7
ﬁ)} {Jn_1<ﬁ)Jn(ﬁ)}
WALV L 1-20 [ (V2
(I)Jn(ﬁ)}+ 2z {Jn(\/z)}]'
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7j—k

> 1F2(j+];n++2;,i;+1)::‘"(‘ )mHZ( V(i )(

-9,

Rl . 2j+2k—p—1)/2 pl\/_
[E et e (100)

re(ioiea, {7

H{ 10(2v/7) La(2v/Z) — 11(2v/7) Lo(2V/2) }
Jo(2v/Z) Hi(2vZ) + J1(2v/7) Ho(2VZ)

-2 ()

- z(il)j““(i - k)i (23+2k—i=1)/2 {jig\\/@; }] .

10. 1F2<. Hi;iz I)Z%F(n—k )Z( s

Jtm+ ,n+ g

X - l(il)j+k(4j + 4k — 1)!!2—4j—4k—1/2z—j—k_1/4

(o),
9 {erf (V22Y%) + erfi (V221/4) } N 1 {sinh (2vz) }
25/2C(2/%) Vrz | sin(2v/z)

TEY 4+ ak— 1)
x ¥ (45 +4k =D ) 16,)-p
=0

(45 + 4k — 4p — 1)1l

_4{Cosh(2x/5)}j+2kfl (4 + k= DN ) 16,0-p-1
4 —0

cos (2v/z) (47 + 4k — 4p — 3)1!
SN s [ Ta(vE)
_ 1. (22+1)/4{ i+1/2 } -
§(4 J )zz Ji+1/2(2ﬁ)

1. 1F2( e )=<j+,i)'"“r(n+ )Zu (%)

j+m+ - ,n+f
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CEE
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j+k
(45 + 4k + )N -
X Z% @) + 4k — ap+ 1y (=162)

_ 4 {COSh (2\/5)}]%::1 5+ ak+ DY 6,01

Vvr | cos(2v/z) (45 + 4k — 4p — 1)!!
n—1
_ 1Y —@it1)/a Ii+1/2(2\/z)}
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.7'+1‘:I:z (j+1)m1
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1 2n—2z’—1)/4{ i—n+1/2(2\/;)}
X S —j—k—mn) 2
; (4 )" Ji—nt1/2(2V2)
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1 sinh (2v/z) (45 + 4k — 1)1
" <ﬁ { sin (24/2) } Z (4 + 4k —4p - 1) i (£162)77
4 [cosh(2/z) J+k 1 (4 + 4k — 1)1 N
- VT { cos (2v/2) } Z (45 + 4k — 4p — 3)!! (£162)77 !
+ (£1)7H* (45 + 4k — 1)1 2~ 49— 4k=1/2 ;—j—k—1/4

erf (\/521/4) + erfi (\/izl/‘l)
§ { 2Y20(2v7) } |

3

j §; +z Jj+
T R B
n—1

o (2n—2i—1)/4 i—n+1/2(2\/5)}

X l;( 17 k n)iz {Ji_n+1/2(2\/2)
+(—1)"(j+k+ g)n
1 sinh (24/2) (45 + 4k + 1)!
8 (?{ sin (2/2) }Z (45 +4k —4p+1) ”(:l:lfiz)
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v {COSh ) } Z (4j4]+4k+ §(£162)77

Vva | cos(2v/2) + 4k — 4p —
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2 ! am
e

2

n k+m i
S G- S ), ()

2.'i ap12(\/_)azp12(\/_)
2 ){ T L(f) T 1//2<f)}'

m 1;:I:,z man (1 —a)csclam) (Vz\"

xi@nk(’:)(a—m—n—%) () (1)
o { Intk—icat+1(V2) Ia—ic1 (V%) }
Jntk—icar1(V2)Jamici(Vz) )

t0.33(, % 12 v S () o (),

8.1.12. The hypergeometric function 3F>(ay, az; by, ba; 2)

1,2 - 2a —b+2,b—2a—1
1. 2F2(aa+b. Za)ze QFZ( a2a_:+1 . a_z ) [[30], (12)].

nti1 L | " n z
. 2 E = 2/2 (—)
2 2F2<n—+—1,1;z) € Z(k)lk 2
k=0
8.1.13. The hypergeometric function 2F3(ay, as; by, ba, bs; 2)

a, a+ a, b—
1. o F}y
b, b+

1
1 b—a, a+ —; z
1 | =cosh(2vz) 2 F3 ) 12
3 byb+ 3,5

b—a—}-%,b—a—l—l; z
Z) 2F3 1 3 [[25]3 (12)]'
b+ §’b+1’ 2

N =N =

n () ()]
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1 1

a,a+=; 2 2 — b—a,b—a+-; 2
. oF}3 2 7smh 2/z 2
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)

2a —1
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A
|
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3

3
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2
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=
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1,1; 2 x 1
15. 2F3<3 3 3)2 J L0(2\/5)dm
22 o Valz—2)

1,1; z 1 [ cosh(2y/z) — 1
16. 5 F - J dz.
2 3(3 g ) zVz—= m

A LR B G EEYAE)
57252 z

8.1.14. The hypergeometric function 3Fy(a;, az, az; z)

1
-n, -, 1\ _ (2n—1)/4 2\ 2
1. 3F0< 22 ) —’I’L'\/EZ I:I_n_l/2($) Ln+1/2 (ﬁ)]
1
-n, -, 1 _ 2 2
T (2n—1)/4 _
2. 3F0< _2 ) —n.ﬁz I:Hn+1/2(\/;) Yn+1/2(\/;)]
8.1.15. The hypergeometric function 5Fy(ay, az, ..., as; 2)

1—n

n 1
1. 5F0<_§’ 22’ 1’ ,1):2—n—1/2n!ﬁz(2n—1)/8

X [Hpy1/2 (42714 — Lny1/2 (42744 + I )0 (4z71%)
~Yarya(4274)].

|

1-n 3 , 5 _
2. 5F0<_gv T:a 1 1) — n!ﬁ(%)@n /s
X [Hoya/a (427%) + Lipgaja (427 %) = Yipaya (42714)
S EET)

8.1.16. The hypergeometric function 4Fi(a1, ..., aq; b1; 2)

-n,n+1,a,1—a
1. 4F1< 1 )

2 ?

e () Ko () e () Ko ()]
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1 1 3
-n,-—mn,-—"n,-—n n
74 72 ’ 4 _(_% 4/4
3. 4F1( %_2n;z )_( 64) H2n<‘/ )H2"<”/z)

bl n+1/2 4 Y
= (1) +1Z(6i4) H2n+1<‘</;) Hapt1 <z‘</;>

8.1.17. The hypergeometric function ¢Fi(ai, ..., ag; b1; 2)

1-— 1 1 3
S it
1. ﬁFl 1

2 7

[

- ﬁ [bei 3'+1/2 (22_1/4) —2ber n11/2 (22_1/4) bei ;4172 (23_1/4)
—ber’ 1/5(22711) +beil, _y (22711)
—2ber _,_1/2(227"/*) bei _,_1/2(227"/*) — ber 2 12 (2z7Y4)].

n 1—-n n+3 n 3 5
2. 6F1( 272 0 2 ’2“’4’4)__ 4V2m

(n+1)(n+2)2%*

N
|
N

X [bei 3:+3/2 (2z_ 1/4 ) + 2ber ,13/9 (2z_1/4) bei ,y3/2 (2z_1/4)
— ber? 3/2 (22_1/4) + bei Q_n_3/2 (2z_1/4)
+2ber _,_5/5(227/*) bei _p_3/5(227/*) —ber?, _; ,(2271/4)].

8.1.18. The hypergeometric function gFs(ai, ..., as; b1, b2, bz; 2)

n 1l—-n 2—n 3—n n+1 n+42 n+3 n
_rn 1
1. <F 4’ 4 7 a4’ a4 4 7 a4’ a4 + _ VT
- 816'3 - 21/8

1
5
X {[sm ~— sinh ( 2z 1/4) sin (n% — \/iz_l/‘l)
~+ cos 3% cosh (\/iz_l/‘l) cos (% — \/iz_l/‘l)] ber _,_1/2 (2z_1/4)
+ [cos ~— sinh (\/iz 1/4) sin (n; \/52_1/4)
— sin % cosh (\/52_1/4) cos (? — \/iz_l/‘l)] bei _,,_1/2 (2z_1/4)
B 31 —1/4Y\ nm —1/4
[cos 3 cosh (\/iz )sm( 2 +v22 )
+ sin 3% sinh (\/52_1/4) cos (n% + \/52_1/4)] ber 4 1/2 (22_1/4)
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+ [sin 3% cosh (\/iz_l/‘l) sin (n% + \/52_1/4)
3r . —1/4 nmw —1/4 . —1/4
—cos?smh(\/iz / )cos(T—i—\/ﬁz / )be1n+1/2(2z / )]}

n 1-n 2—n 3—-n n+5 n+6 n+7 n
T4 a4 4 4 a1 acat?
2. 8F3

327
(n+1)(n+2)(n+3)(n+4)2"°8

x { [sin °F cosh (v2271/%) cos (%07 — v2271/1)
— cos % sinh (v227/4) sin (%5 — v2571/4) ] ber 5/ (2571%)
+ [eos 2T cosh (v2271/4) cos (70T — v2271/1)
+sin 5 sinh (V22714 sin (% = v22714) | bei 5 (2271/1)
+ [cos 2T sinh (vV2271/4) cos (" +v2271/)
— sin 2T cosh (v227/*) sin (%5 + v2571/4)] ber 570 (227 1/4)
~ [sin T sinh (v2271/4) cos (% +v2571/4)
+cos 5 cosh (V22 4) sin (70 + V227 bei 50 (2274)] }.

8

8.1.19. The hypergeometric function ¢F3(b1, bz, bs; 2)

1. 0F3<1 )
5’

= z/*ber; (23/2,21/4) [2 ker0(23/2z1/4
+ 24 beiy (2%/221/4) [2 kerq(2%/221/4
+ 24 beig (2%/221/4) [2kery (2%/2,1/4
+ 2 /4 berg (23/221/4) [2ker; (28214

N =W
N | =

— 7 beig(2%/22 1/4)]
+ 7 berg(2%/22 1/4)]
— mbei; (2%/22 1/4)]

+ 7 ber; (2422 1/4)] .

— 2keig(2%/2,1/4
+ 2keiq(2%/221/4
— 2keiy (23/221/4
+ 2keiy (2%/221/4

~—
~—

 ~— —
~_ ~— ~—

= % [2J1 (23/2z1/4) Ky (23/2z1/4) — Yy (23/221/4) I (23/2,21/4)].
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CH.8. REPRESENTATIONS OF HYPERGEOMETRIC AND MELJER G FUNCTIONS [8.1.20

_ —4/3
. oF3 ( 1 Z ) — 322/37176 [Ai (_21/332/321/6) Bi (21/332/321/6)
2’ z

— Ai (21/332/321/6) Bi (_21/332/321/6)]‘

B 31/31"2(%)
. 0F'3<2 72 4) = 28/371/:; [Bi (21/332/321/6) — V3 Ai (21/332/321/6)]
36’3 z

x [V3 Ai (—21/23%/%21/) — Bi (—21/°8%/521/9)].

) - Ar [ber_1/3(23/221/4) ber1/3(23/221/4)

35/2,1/2

+ bei_y/3(2%221/%) beiy 3 (23/221/4)].

318/6,2/3

_ -1/3
) 0F3< 32 ) _ 27 [3Ai (21/332/3z1/6)Ai (_21/332/3z1/6)
2

_Bi (21/332/321/6) Bi (—21/332/3,21/6)] ‘

- 8vz [2J0 (23/221/4) Ko (23/2z1/4) + Y, (23/221/4) I (23/2z1/4)].
z

8.1.20. The hypergeometric function ¢F7(by, ..., b7; 2)

. 0F7<1 1 3_1Z5 3 7) = sinh (4\/521/8sing) sinh (4\/521/8c0s %)

4
X sin (4\/5,21/8 sin %) sin (4\/§z1/8 cos g)
+ cosh (4\/5,21/8 sin %) cosh (4\/§z1/8 cos %)

X €Oos (4\/521/8 sin g) cos (4\/§z1/8 cos g)

e

44/2 zY/8 sin %) cosh (4\/§z1/8 cos %)
sin (4\/5,21/8 cos %) cos (4\/5,21/8 sin %)
— sinh (4\/521/8 cos g) cosh (4\/521/8 sin %)

X sin (4\/§z1/8 sin %) cos (4\/521/8 cos %) }
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8.1.21] 8.1. THE HYPERGEOMETRIC FUNCTIONS

8.1.21. The hypergeometric function 3 F5(ai, az; by, ..., bs; z)

1
a,a+ —-; z
1. oF5 1 s 2 1 zlr(ga_l)l*(h;—i-l)zlﬂ_“
a—}-z,a—l—z,2a—§,2a,5 2 2 2

X [J2a—3/2 (221/4) Jaa—1/2 (221/4) + Iag_3/2 (221/4) Iya_1/2 (221/4)]-

bt
2. oF; (a+ st . ' ;) =T (20— 3)T(2a+ )22
X {sin (3am) [bei2a_3/2 (221/4) beize_1/2 (221/4)
— bergq_3/2 (221/4) ber o, _1/2 (221/4)]
+ cos (3ar) [ber ya—_3/2 (2z1/4) beigg_1/2 (2z1/4)
+ bei 2q_3/2(22"*) ber aa_1/2(22"/*)]}  [181], (13)]-

1
a,a+ -; z
3. 2F5 1 3 2 13
a—I—Z,a—i—Z,2a—1,2a—§,5

- _1 1) J1/2-a
= 4(2a—1)F(2a 2) F(2a+ 2) g

X [I2q-5/2 (221/4) Iya_3/9 (2z1/4) — Jaa—5/2 (2z1/4) Joa—s)2 (2z1/4)]_

" 2F'5( ) a,3a+%; —z ) 3)
ot a+3,20-1,2a—, 3
2(2(117_1) (2a %) F(Za—l— %) z1/2a
( ) berog_3/9 (221/4)
— beiy,_5/2 (2z ) beigg_3/2 (2z1/4)]
— cos (3am) [ber 20— 5/2( ) beigq_3/2 (2z1/4)
+ beigg—s5/2(227) bergq_3/2(22/*)]}  [81], (14)].

X {sm (3am) [ber2a 5/2

; —%

13
5. oFs| | 4’4’ ) 1 | = 2am csc(2ar)
E—a,l—a,a—l—a,a—}-l, 2
X [ber 2 (221/4) ber _o, (221/4) — beig, (221/4) bei_s, (2z1/4)].

ag; -z
6. 2F5 3 3
E—al a,a+1, a—}-a

X [ber 2 (2z /4 bei_o, (2z1/4) + ber _o, (2z1/4) beigg (2z1/4)] .
635

e

) = a (1 — 4a?) 7 csc(2ar)z~ /2

N



CH.8. REPRESENTATIONS OF HYPERGEOMETRIC AND MELJER G FUNCTIONS [8.1.22

8.1.22. The hypergeometric function 4F7(ai, ..., aq; by, ..., br; 2)

1 1 3
1 P a,a+1,a+5,a+1,z
"\ 2,201 1 b b+t 20 b1t 2a bt ]
@, 2+ 5,9, 50 4@ 57 4@ 13
- %r(%) T(4a — 2b+1) 21/

X [J2o-1(22%) Jaa—2b(22"4) + Inp—1(22"/%) Lsa2(22V%)]  [[81], (11)].

1 1 3
9. ,F a,a—l—z,a—f-g,a—f-z, —z
M 1 1 1 1
2a,2a+5,b,b+§,2a—b+5,2a—b+1,5

=T'(2b)T'(4a — 2b+1) z'/472
X {cos M [ber 2—1 (2z1/4) ber 44_2p (2z1/4)
— bein_l (221/4) bei4a_2{J (221/4)]

3(4a — 1)
—

+ sin ber 951 (2z1/4) beigq_2p (2z1/4)

+ beizs1 (22/4) ber aa_26 (22V/4)] }  [181], (1)

1 1 3
3 e, et ,at+ 5,0t 52
'4722—1bb+12—b+12—b+13
a, za 509 3° a 37 a 13

_ T(2b)T(4a—2b+1) 1/4-q

2(4a — 1)
X [I2p—2 (221/4) I4a—2b—1(221/4) — Jop—2 (221/4) J4a—2b—1(221/4)]
([81], (12)].
1 1 3
a,a+—-,a+-,a+ —; —=z
4. 4F7 ( 1 N 1 2 f 3)
2a, 2a — 5,b,b+§,2a—b+5,2a—b+1, 2

_T@)T(a-2b+1) 1/4q
o 4a — 1

X {sin M [bein_Q (221/4) beigq_2p—1 (221/4)

— bergp_o (221/4) ber 4q_2p—1 (221/4)]

3(4a—-3) 7

+ cos 1

[ber 26—2 (221/4) bei4a_2b_1 (221/4)

+ beigy_3(22/4) ber 4q_25_1 (2z1/4)]} (181], (12)].
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8.1.23] 8.1. THE HYPERGEOMETRIC FUNCTIONS

8.1.23. The generalized hypergeometric function ,F,((ap); (bq); 2)
Notation: K,,_1 = k1 + ko + ... + kp_1.

1. ,F, <(b(qa_':)n)(’a(: fmzn))

e S Ol | F= G
HB(a,,m, k1=0 kn=0 i=0

(ap—'n), (an) + k“ 2z o
) qu((bq*n)v(an)—|—ki+1) [ml—1,2,...].

-

(ap), 1 1 o(bj_l) (ap) — 1,1
et 1) = ﬁ[“(m—n’z)”}

—

-
Il
=}

—

Ll =

F(bj) p+1
oSy
l_[ F(ah) k=1

p+1
e T e — a1y 10 O
P+1 1 +ap — (a)l L
H (b —ax) P} Pt

(%) -

B | .
+11

j=1
[( );,+1 (a’la A2, .-, Qkp—1, Ak+1y - - - ap+1); 0<argz < 27r].
3 +zo4+ ... +2n
4.  F <(G‘P)a 21 )
P (bq)
-1
— i i i (ri—[ zf“) l_[(aP)Kn—l F <(ap)+Kn—1; Zn)
B T ] plq
k1=0 ka=0 kn_1=0 \i=1 kil H(bq)Kn_l (bg) + Kn—1
Kn1=ki+ka+... +kn1; |21] +]22[ + ... +|2a] <1,
ifp=g+landa; #0,—-1,-2,... fori=1,...,n]
m, (Gp); 21 + 29 + + Zn
5 p+1Fq< (a) (ba) )
q
n n—ky n—Kn_2 — l_[(a
1
w3 S S ) e
k1=0 ky=0 kn_1=0 \i=1 l_[(bq (m Kn 1)

m+Kn 1, ap)+Kn 1
X p q .
+Kn 1; 2n

637



CH. 8. REPRESENTATIONS OF HYPERGEOMETRIC AND MEIJER G FUNCTIONS [8.2.1

o0 o0
(ap); 2122 .- 20\ _  —z1—20—...—zn_
6. qu( (by) =e 7 IZZ Z l_[
kl_OkZ_O 'n. 1=0
—kl, —kg, ... —kn 1, (a,,)
n-1F,
X pint q( (ba); (1" 20
7 F m, (al’); Z122 Zn ]
p+1Lq (by) m (2122 Zn 1)
X d :
N _ 1
k1=0 k2—=0 En-1=0  knp—1=0 \i=1 it (m = Kn-y)!
-m + Kn—l, (G‘P)
% qu( (bq)§ z '
8 F (—n,a,2,..‘, ) Z( lk(a —a),_ k gk+1
* pt+24p+1 b,1,...,1 _ k)l p+1-

0 pFP(Z,Z,l’_f"T;""’““) > () e P[]

t=0 )

k=0
8.2. The Meijer Function G\" (z ((Zp)))
q
8.2.1. General formulas
m n a, \a a—b ym+1,n
- G”ﬁl‘”;l(z a, (éq)p,)b> = (D)*repy <Z b, (b)))

r'b+s) HF(b +s)HF(1—a1—s)

a—b
—(—l)a_bz Res =1 27
s=—a+k
k=1 l_[ I'(a; + s) l_[ r(1—25;—s)
i=n+1 j=m+1
215 0<n<p<q¢0<m<qa-bb=12,..
ar—b#1,2,... fork=1,...,n; [15], (2.1)]"
a, (ap) - 1 )
2. gmibntif, | & 7P = (=1)"bgm™h"| 2
p+1,q+2 a,(bq),b (=1 pyq+1 b,(bq)
9215 0<n<p<q¢g0<m<qga—-b=0,-1,-2,...;
ar—b#1,2,... fork=1,...,n; [15], (2.2)]"
a, (ap), b 1 (ap), a
3. Gmn+1 ) pa :_lame-i—nz p)s
p+2,q+1 (b) ( ) ,q+1 (bq)
qg>1, 0<n<p<q,0<m<q,a—b—0 -2, ...
ar—b#1,2,... for k=1, ..,n,[ 5], (2.4)]°
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8.2.2] 8.2. THE MEUER FuNcTION G;,”&"(

2 fee))

1
4. G2m+1,2n 2 ((lp), (ap) T3

2p,2q+2 11
O’ (bq)’ (bq) + 57 5

N

= 2_T7r_”G;";r_1F’1" <25e"i/2z1/2
b

o)
o )

d=q-p+1,p=(+q+1)/2—m—n,
q a
T=2Y b;—2) ai+p-—m—n+1;[25], (21)

+ 2_T7T_pGZl;;i11n (266—1ri/2z1/2

j=1 i=1
1
5 3"‘;1’22" (ap), (ap) + 32
,2g+
P 1/2, (bg), (bg) + 3, 0
o —pimAyn o mij2_1/2] (2ap)
=2""n" PG, Ly <2 e™/2 Y 0, (2bq)>
. 2a,)
_ 2—T7r—piGm+1,n(266—7rz/2zl/2 ( 4 )
p,q+1 0, (qu)
5=q—qp+1; p=(p+q+1)/2—m—n;
T=2Y b;—2Y ai+p-—m—n+1;[25], (21)
j=1 i=1
m+1,n (aP)
6 Gp’q+1 (z 0, (bq)>
— 9o ppG2mtl,2n e’ (ap)/2, (ap)/2+1/2
202 g% [0, (bg)/2, (bg)/2+1/2,1/2
_9o—8p,2mt1,2n etz (ap)/2, (ap)/2—1/2
22 450, (bg)/2, (bg)/2+1/2, —1/2

d=q-p+1Lp=(p+tqg+1)/2-m-mn
q a

o= b= ai+p-m—n; 20, (19)|

i=1

8.2.2. Various Meijer G functions

- (z—|—1)1/4

7

(i) (i )] s

3 3
22 9
1.G§§z‘i4—
=0
2




CH. 8. REPRESENTATIONS OF HYPERGEOMETRIC AND MEIJER G FUNCTIONS [8.2.2

1 3 15
12 44’6’6
2. G4l = 15 1 1
Oa =y =y =0y -, 8, -—a, 0+
6 6 2 2
1 . .
PNCITE [berga(2§l/2) ber_ga(2§l/z) —belga(2§l/z) be1_2a(2{1/2)].
™
3 3 5 V3
12 4’4 4 _722}) 1 1 7=
3. G33<z Vo] = ﬂ2r(4 K( 5~ 5 V1 z> [l2] < 1.
4
3
4. G%%(z L2 0) = —Vr2[Jo(Vz) Yo(vz) + J1(vVz) Y1(VZ)).
3 3 ir* (1)
5. G%g(z ‘(1]’3) = 27;;40(1—|z|) [01m 2,0 + sgn (Im 2)]
, Tz
1 1 [/z—-1 1 1 [z—-1
1
6. G2 (z 12 1 1) = — ker (421/4) bei (221/4)
. -, = ™
0, O’ 2, 2’ 2
1
7. G33| 2 “2 = lcos(mr)] (2vz)
: 24 1 1 1 = —2a—1
—a—,a+;,a,;
2 2 2
+ 2 sin(ar) Kaas1(2VZ).
™
a,0 1.
8. G%g(z 1 1 ) = Zsin(am) I_24-1(2v/z)
—a—-,a+>-,a,0 ™
2 2
2
+ 5 cos(am) K_2q-1(2¢/2).
K
1
9. G| 2 “32 =1 [7? cos (am) I}/5_o(VZ)
. 24 1 1 - 5/2 1/2—a
i—a,a—i,a,o T
+ 2711 /5-0(V2z) K1/2—0(v/Z) + 2 cos (am) K12/2—a(\/2):|'
1
a,a+ -
10. G| 2|, . 4 X
§7a+27 a_a_27a7a+§

(12a + 1)
4

= # ber o4 1/2 (23/2z1/4) [7r sin ber _o,_1/2 (23/221/4)

12
cog (120 +3)m

+m bei —2a-1/2 (23/221/4)
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o)

ker _sq_1/2 (2%/22'/%)

8.2.2] 8.2. THE MEIJER FUNCTION G;,'f;;" <z

+92sin (4a+1)m

4a +1 .
—2cos % kei _oq—1/2 (23/2z1/4)]
in (120 + 1)
° 4

* # bei 2a+1/2 (23/2,21/4) [ﬂ- m bei —2a-1/2 (23/2,21/4)

12a +1
T meos % ber _5,-1/2 (2%/221/4)

+ 2cos W ker _9q_1/2 (23/221/4)

+ 2sin @ kei _9q_1/2 (23/221/4)] .

1
a,a+ -
20 2
11. G| 2 11 ; )
0,a+2,§,—a—2,a,a—|—§
(12a+ D)m
4

1
= —53 beraay1/2 (23/221/4) [7r cos
™

ber _sq_1/2 (2°/22'/*)

. 12a + 1)w .
— T S1ln % bel —2&—1/2 (

(da+ 1)

23/221/4)

— 2cos ker _oq_1/2 (23/2,21/4)

. (4a+1 .
—2sin % kei _94-1/2 (23/221/4)]

(2a+1)m

1 . .
t beiq11/2 (2%/221/4) [7r sin { ber _pq_1/2 (2¥/221/4)

(12a+1)m
4
(da+1)m

+ 7 cos bei _g4_1/2 (23/221/4)
ker _sq_1/2 (2%/22/4)

4a+1 .
—2cos % kei _9,-1/2 (23/2z1/4)] )

+ 2sin

D= =

™

12. G| 2

=

Wl =
N = ot

SRS

115
20 672’6 1 N\ 392\ . [ 3/9z
13. G35 2 9 1 1 1 _1r3/2(§ Ai| - ZBI— T
0,3 6 3 2
1
0a0a§

14. G| =

1 11
a,a—i-i,0,0, i’i_a’_a

— sin(dar) [bei 4a (42:1/4) — tan(2am) ber 44 (42;1/4)] .

47
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CH. 8. REPRESENTATIONS OF HYPERGEOMETRIC AND MEIJER G FUNCTIONS [8.2.2

1
G13(Z 0, 721,0) = (- )"2\,{_1 n/2I;)(_l)k(:)ln—k(ﬁ)Kk(\/;)-
16. G%( %—n:z—l- O)
=2(— )W\/_[K0(2\/E)L—1(2\/E)+K1(2\/5_)L0(2\/E)]
)™ Y (—1)*Kag1(2v2).
k=0
1
17. G| = 1 51 0) :%[e—%ﬁmmﬁ)_ezﬁ Ei(-2vz)] [z>0].
27 2’
5
18. G2 2 . 25 1) = 2%/331/31 3/2A1<\/%) Bi<3 9:).
7373
3
21 2
19. Gis| 2 %,;,0) |
—send s (35) T () ) m () ) 4 ((5))

X
=
~~
N
N

)1/3> +(182)"/? Ai’<(9:)1/3> Bi'<(94z)1/3>} + 4/

3

2

2

3
ssnla(5) T () () ) o ((5))

amt (%)) v s ar((%)") By<(2;)”3)} 3
1, 3 ntl_—z/
o a(<] 508 = s () - ()
2n+1

. a(o[ ) - G ()

642




8.2.2]

8.2. THE MEUER FuNcTION G;,'f;;‘(

2 fee))

23.

24.

1, a )
1,b,0
= % + ae—l [(b_“)zq’((;_—z;l) —(b- 1)‘1’((1;—();1;2)]'

Gl <z
G2l <z

1, -
. 1, ) — m/2Y1(2v/7) Ho(2/2)
E—n,n—l- 2’ , — N

—2/EYi(2VE) + 7 VAV (2VE) —Ya(2VE) Hi(2VZ) —2 3 Ve (2V5)
k=1

25.

26.

27.

28.

29.

30.

[n>1].
1,0,1 9
G%(z 1 1 O) = 0(1—2) fK(\/l—z)
22
1
(s, 7
110,01
2° 2

= % [sinh (2v/z) chi (2v/z) — cosh (2¢/z) shi (2v/z)].

3 3

0,0
o) fe (i) (3T )]

3
]_ n+7 nt+1_2z/2
22 e ) == n&[ (E) (i)]
G%(Z 1,2n+1,0> O gt K (g) T K3

ot
G <Z n+li nn+—|-11 0)
n—1 nek
+( 1)"n! (C + In 2) n‘Z( 1) (n—z)ﬂ]
p +n‘z k)|]Ei(—z) [z > 0],
Gg§<z 1,1’()’“0) —T(1 - a)T(b) ~ T(1 — a)T(b—a+1)

x[(b—l—z—l)lll( 2—b) (a—2)z (33 bz)]'
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CH. 8. REPRESENTATIONS OF HYPERGEOMETRIC AND MEIJER G FUNCTIONS [8.2.2

31.

32.

33.

34.

35.

36.

37.

38.

39.

1
17 1a_
G%| 2 21 :l[C—an—e_in(z)] [larg z| < =].
17 1a0a§ ™
1 3
a22| » 4’3’ 0, a
46 1 1
—a—§ —|—§ 0, —a,a,a+1

= g cosh (v/z) [wsin (am) [—9a—1(v2) + 2 cos (am) Kaat1(v2)]-

1 3
a22| » 1%
-—a,a+=,0,—a,a,a
2 2
V2o .
= 5 sinh (v/2)[2cos (am) K2a(v/2) — msin (am) I_3,(v/2)].
™
131,
Gig : l—a a4+41 21 —a, a,a
5 ’ 5) 55 s @y
V2o .
= 5 sinh (v/2)[2sin (am) K2q(v/2) — 7 cos (am) I_2,(v/2)].
™
131,
a— 5) a 5) 55 a, a, a
V2 .
=7 cosh (v/2) [ cos (am) I_24—1(v/Z) + 2sin (am) Kaa41(v/2)].

1 11
5°' 97 o 1 1 1 1
272 2 = — — _ - - —
z 000) 4\/_K< 3~ 3 1 z>K< 2—|—2\/1 z).

7 7

n) =S (M)A K k(5

k=0

Gl <z 11 2) = 2%/231/35%/2 i (V3242 ) Bi (- V3242 ).
6’3’3

0 ma1) = AV HVE)

n

A=) 1)K (2V).

k=1
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8.2.2] 8.2. THE MEIJER FUNCTION G;,”;J" <z (ap))
7\l o)
30 i 2%/ 1/4
9 2’ 9 9 4
X [ber1 (23/221/4) kei0(23/221/4) — ber0(23/2z1/4) ker1(23/2z1/4)
— bei0(23/221/4) kei ¢ (23/2z1/4) — beiq (23/221/4) ker0(23/2z1/4)].
30 z 93/2 ,1/4
41. G z =
U0 k0,2 v
X [bei0(23/2z1/4) kery (23/221/4) — ber; (23/221/4) kerq (23/2z1/4)
— berg (23/2z1/4) keiq (23/2z1/4) — beiy (23/221/4) keig (23/2z1/4)].
a2. ¢8(=| 01 ) =T@W@) — )+ G am( © W F )
U2 \%0,0,a) 2 N at+1,a+1/
30 i 2%/ 1/4
9 2’ 9 9 4
X [ber 1(23/221/4) ker (23/221/4) — bei (23/221/4) ker ¢ (23/2z1/4)
— ber (23/2z1/4) kei 1(23/221/4) — beiy (23/221/4) kei (23/2z1/4)].
30 % 2%/ 1/4
44.G1520110§ =ﬁz
9 2’ 9 9 4
X |bei (23/2z1/4) ker 1 (23/2z1/4) — ber (23/2z1/4) kei 1(23/221/4)
—ber (23/221/4) ker (23/221/4) — bei (23/221/4) kei (23/2z1/4)].
35
45. G:}g(z 3 1’41’ 3’ 1’1)
272 2
2521/ 1/4 1/4 1/4 1/4
_ i {ber0(2z )ker0(2z ) +ber1(2z )ker1(2z )
— bei0(2z1/4) [7r ber0(2z1/4) + kei0(2z1/4)]
—bei (2z1/4) [7r ber ; (2z1/4) + kei (2z1/4)] }
46.

5
™

1 1 1

2ty 1) = 5 (2K3(VZ) — T 1_o(v2) I(VZ)
27 2

+ m sin (aﬂ-) [Ia(\/;) - I—a(\/;)] Ka(\/;)}
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47.

48.

49.

50.

51.

52.

53.

54.

MI»—*

1
30 2730 @
Gis| 2 1 11
0,-—a,a—=, -, a
2 27 2

= ) o1, (VE) - L WA %012 ]

31 _ 12 _ri/a mi/4 1/4
G15<z 133, ) = ‘/We [2sm(4e 21
4’ 4’ 7 )

— sin (4e”i/4z1/4) ci 4e”i/4z1/4) + sinh(4e”i/4z1/4) chi (4e”i/4zl/4)
— cosh (4e"i/4zl/4) shi (4e"i/4zl/4) + cos (4e”i/4zl/4) Si (4e"i/4z1/4)] .

3
4
3
4

(

31 17§ _ 2z
G24(Z 1,1, io> ﬁ[Ko(\/—) Kl(\/—)]

3\

2
G24<z 0 0 0 ) T [chi®(2/z) — shi®(2v/Z)].

3

31 2’
G| 2 1
ga

—sw {2 (%))
en (%)) ar (%)) as e ar (%)) )

1 3
32 1’1
G| = 1,11
07 Oa 57 9 ia 5
2
1 3
32 4" 4 —
G|zl 11 1] =
07 Ea 57 Oa Oa 5
G§§(z
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o)

1
PR 1 2
55. 2 =% K.z K
G“(Z a+ba—bb—a, —a—b> (a oy e (VE) KanlV)
@ \/‘:)\/— [K2a-1(v2) Kap(vz) — Kaa(v'z) Kap-1(v2)]-
0.1 2
56. Gi2| z| | 6T
3@ —a,a,a—i—g,O
31/6 /x N [ 32/3—in/3
— 22/\:{_ ela Héa)(\/z) Ai 22Tzl/f)'
. 2/3 im/3
+e 9" HE) (\/Z) Ai <73 7 21/3)].
112
sl s
g—a, —a,a,a—i—g, 3
316 /=i N [ 32/3 /3
Ciam [ 32/3,im/3
—e Héi)(\/z)Al (2;3 2131,
1 1 3
42’ 4
58. G37 zZ| 4 1 11
E_aa _avaaa"i_iaoa 575
— \/> /4 /4 . . 1/4
= {ber 2 (2z ) [cos (4am) ker _a,4 (2z )—|—sm (4am) kei _24 (2z )]

— beigg, (221/4) [7r ber _oq (221/4) — sin (4am) ker _g, (221/4)
+ cos (4dam) kei g, (2z1/4)] + ber _g, (221/4)
X [cos (4a)ker 24 (2z1/4) —sin (4am) keig, (2z1/4)] — bei_a,4 (2z1/4)
X [7r ber o, (2z1/4) + sin (4am) ker 9, (2z1/4) + cos (4am) kei g, (2z1/4)] }
0.1 3
59. G3o| =z 1 474 1

1
i_aa_avaaa"i_iaoa(]’i

V2

372
+ beigg (2z1/4) [cos (4a) ker _aq (2z1/4) + sin (4aw) kei _24 (2z1/4)]
+ ber _a, (221/4) [7r ber 9, (221/4) -+ sin (4am) ker 9, (221/4)
+ cos (4am) kei g (221/4)] — bei_gq (221/4)
X [m beigq (2z1/4) — cos (4am) ker 24 (2z1/4) + sin (4am) kei 24 (2z1/4)] }-

{ber 24 (221/4) [cos (4a) kei _aq (221/4) — sin (4am) ker _o, (221/4)]
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1
60. Gi5| 2 2 X
vy @0ty
= # {sin[2(a — b) 7] ber 4 (4z *) +sin[2(a + b) 7] ber _4 (4z1/4)
+ (sin[2 (a — b) 7] bei 45 (42'/*) — sin [2 (a + b) 7] bei 45 (42"/4)) tan(2b7)}.

1 1
61. G| - 00y @maty
1y, —b,b,b+%,0,0,%

— L {(sin[2(a— by n]beras(4:11)

— sin[2(a+ b) 7] ber _4(42'/*)) tan(2bm)
—sin[2 (a — b) 7] bei 4 (42"/*) —sin[2 (a + b) 7] bei _45 (42"/*) }.

1
aa7a+§

0,1 o 9
62. G3l <z 0.0,0 ) = 2¢/7 [si%(2v/2) — ci*(2v/2)].

1
> 2
42 1’1’411’2 1 a2 1,1
63. Gi2| 2 RETEE :27r 7Gaoa | 2 11 11 —2v/2 Ko(2v/z).
5’5”’2,1 272777
. bt e
64. G0 za_1a+lbb+11 a§—aaa—|-1 b, —b
bl b) 2 4 4 ’ ’ 2’2 ’

— 62 {ber 24426 1/2 (2z /4) [ cos (4bm) bei g5 2a+1/2 (22 /4 )

— 7sin (4am) berop_oq41/2 (2z 1/4 )
+2cos (4am) ker 95 _9441/2 (2z1/4) + 2sin (4a7) kei 95 _2441/2 (2z1/4)]
bei g 26—1/2 (221/4) [7r cos (4bm) ber op_2q.41/2 (221/4)
+ 7 sin (4b7) bei gp_2q41/2 (2z1/4)
+ 2sin (4am) ker op_2q.41/2 (221/4) — 2cos (4am) keigp_2441/2 (221/4)] }

1
43 )
a_Z’a+Z’b’b+§’Z_a’Z_a’a’a+§’§_b’_b

= % {ber 2a126-1/2 (221/4) [cos (4am) kei 25—24+1/2 (221/4)
— sin (4am) ker 95 _9441/2 (221/4) — 2beigqt25-1/2 (221/4)
X [cos (4am) ker op_2q41/2 (221/4) + sin (4am) keiop_2441/2 (221/4)

+ mber 224412 (2z1/4) [cos (4b) ber 2q.426—1/2 (221/4)
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o)

+ sin (4b7l') bei 2a+2b—1/2 (221/4) +m bei 2b—2a+1/2 (221/4)
X [sin (4bm) ber 5q.425—1/2 (221/4) — cos (4bm) beiggop—1/2 (221/4) }-

13
50 v vety
66. Gis| |, 4 3 1 1 1
5,Z—a,——a,a—z,a—i—Z,O,a,a—l-E

= {27r bei /224 (2z1/4) [7r cos (4am) ber /924 (2z1/4)

572
— kei 1/2—2a (22:1/4)] +2 ker 1/2—2a (221/4) [7!' ber 1/2—2a (221/4)
— 2cos (4am) kei1/2_24 (221/4)] + sin (4am) [7* ber %/2_211 (221/4)
i (2519)  2ker g, (22/9) — 2kei gy, (2519)]).

1 3

52 4’4
67. Gy | =z 1 11
O,E—a,—a,a,a—l-i,i

= 8v27%/% sec(2an) {cos (4ar) [ker3, (221/4) —keiZ, (2z1/4)]
— 2sin (4da) ker o, (221/4) kei o, (221/4)
-7 [ber 2 (2z ) kei o4 (2z1/4) + beiog, (2z1/4) ker o, (2z1/4)] }

|

1
Za

52
68. G| z|, ;4 1
E,E—a,—a,a,a—l-i,O

= 8v27%/% sec(2ar) {sin (4ar) [ker3, (2z1/4) — kei3, (2z1/4)]

+ 2cos (4am) ker 24 (2z1/4) keiag (2z1/4)
+7 [ber 2 (2z1/4) ker o, (2z1/4) — bei g, (2z1/4) kei o4 (2z1/4)] }
69. G (z
70. G$9 (z

_ . /2 1/4Y 1,00 1/4
= 8\/:kera(2z )kela(2z )

1 3
FEVE
1—-2a 3—a 2a+1 2a+1 a
b

1
Y27 4 7 47 4 7 4

_ 2 2 1/4 1/4
_4\/: [kera_1/2(2z ) kei 2 (2z )]

0
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11
aaa+§a§_ba_ba , 0+

71. G& (z 1l )
Ea ’ 5 —a,—a
V2

= {ber 2a+2b (2z1/4) [7r cos (4am) ber 942 (2z1/4)

2372
+ 7sin (4daw) beigg_ap (221/4) — sin (4b7) ker 942 (221/4)
+ cos (4bm) keigg_2p (221/4)] + beiggyap (221/4)
X [7r sin (4am) ber 2_2p (2z1/4) — mcos (4am) beigq—2 (2z1/4)
+ cos (4bm) ker 942 (2z1/4) + sin (4b7) keigq—2p (2z1/4)]
+ ber oq_2s (221/4) [sin (4bw) ker 94126 (221/4) + cos (4b7) kei 94426 (221/4)]
+ beigg—2 (221/4) [cos (4b7) ker 24426 (221/4) — sin (4b7) keigq126 (221/4)] }.

0,1, 1 13
2. Ggg<z 11 ’4’2’2’41 11 )
a,a—i—i,5—b,—b,b,b+§,§,5_a’_a
—ﬁ .
= o {ber 2a+2b(2zl/4) [ sin (4a7) ber 34_2p (2z1/4)

— mcos (4am) beigg_ap (221/4) + cos (4bm) ker 242 (221/4)
+ sin (4b7) kei 2q—26 (22'/*)] — bei2a126(22'/*)
X [7r cos (4am) ber g—_2p (2z1/4) + msin (4am) beigq—2p (2z1/4)
— sin (4bm) ker 942 (2z1/4) + cos (4bm) keigq—ap (2z1/4)]
+ ber oq_op (221/4) [cos (4b) ker 24426 (221/4) — sin (4b7) keiggtap (2z1/4)]
— beizq_2s (2z1/4) [sin (4b) ker 24426 (2z1/4) + cos (4b7) kei 24126 (2z1/4)] }

0.1 31
73. Gf}'g(z 11 T4z 11 )=
a,a—i—i,i—b,—b,b,b—i—i,i—a,—a
—8vV275/2 csc(4br) {ber 20426 (2z1/4)

X [cos (4bm) ker 9428 (221/4) -+ sin (4b7) keigq—2p (2z1/4)]
+ beiggyap (221/4) [sin (4bm) ker 94_2p (221/4) — cos (4bm) keigg_2p (221/4)]
+ berog_2s (2z1/4) [sin (4bm) kei 2g42p (2z1/4) — cos (4bm) ker 24426 (2z1/4)]
+ bei 2425 (22"/%) [sin (4b7) ker 24125 (22"/*) + cos (4b7) kei 24125 (22/4)] }.

3.0
4
b,b—i—1 1—a,—a

= 8/275/2 csc(4bm) {ber 20426 (221/4)
x [sin (4b7) ker 24_26 (221/4) — cos (4b7) keigg—2p (2z1/4)]
— beiggt2p (2z1/4) [cos (4bm) ker 24—28 (2z1/4) + sin (4b7) kei g4—26 (2z1/4)]
650

74. GS (z
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o)

+beraq_a2s (2z1/4) [sin (4b) ker 24126 (2z1/4) + cos (4b7) kei 24426 (2z1/4)]
+ beigg_2p (221/4) [cos (4bm) ker 94126 (221/4) — sin (4b7) kei 94126 (221/4)] }

75. G&5 | 2

_4\/2 [ker a26(22"*) kei 26 (22"/*) + kei a126(22"*) ker 426 (22/*)].

113
0 Oa Zaiaiaa
76. Gsg| 2|1 24 3-2a 2a—1 2a+1 1 1
101 0 a0 a2 va hbbtga
2 1/4 1/4
=44/ [ker a26-1/2(22"*) ker a_ap_1/2(22"/*)
. 1/4 . 1/4
—keigi2p-1/2 (22 / )kel a—2b-1/2 (2z / )]
l § § Z a
80 8’88’8’
T7. G59 z 1—-2 3-2¢ l1—a _g 2 a+1 2a+1 2a+3
4 ' a4 2 ' 209 9 T4 g
RV ;
= 2v2e7V22 " [sin (V221/%) ker 94 (22/%) — cos (V22/4) kei 24 (221/4)].
1357
80 88838
78. G59 z 1—-2a 3—2a 1—a a a a+1 2a—1 2a+1
e S L T e R

= 2\/—6—\/§z1/4 [cos (\/§z1/4) ker gq—1 (221/4)
+ sin (\/521/4) keigg_1 (221/4)] .

84
79. Gsg| 2 1_9, 3-2a 1-a a a a+1 2a+1 2a+3 =
4 ) 4 ) 2 ) 555) 2 ) 4 ) 4 aa
1/4
—16v27%eV2*"" sec (2a) [sin (vV22Y4) ker 94 (2z1/4)

+ cos (V2 21%) kei 94 (2z1/4)] .

84

80. G59 Z 1—-2a 3—2a 1-—a a a a+1 2a—1 2a+1
4 ' 4 7 2 279" 2 ' 4 ' 4 !
= 16v27%eV?*"" sec (2am) [sin (vV22*) kei gq1 (221/4)

—cos (V22"%) ker 941 (2z1/4)] .
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CH. 8. REPRESENTATIONS OF HYPERGEOMETRIC AND MELJER G FuNCTIONS

[8.3.1

8.3. Representation in Terms of Hypergeometric
Functions

8.3.1. Elementary functions

1
;212}71 5’1 .
1+vV142 2 2; —z

d

1
1+Vitz) P=212,p (34’
:

N | = | =
N Bw

N Ao

3
4. (1—\/2)_3/24-(1-!-\/2)_3/2:22171 i

2
5. (1"‘2)” = 1F0(—I/; Z)

iz itz iz 3 iz iz iz
—y =, — =41, =241, =241

6. sinhz=23F,| =’ =’ = +2i23F2 Lo thL T
1,1; -1 T 2,2; -1

[Re(iz) < 2m/3].

3 iz, 1 12 iz, 1
+%(zz—g) 3F2<w+ ™ _217r+2) [Re (iz) < Tr/6].

10. Sinh%:zl/‘loF;;( 2§ 5)+ZT0F3( 2367)-
4’4 27 4
4 P 2'/? =
11. cosh v/z = oFs| | 2%, +TOF3 L2 .
2’ 4 1’4’2

47
12. sechz = ——— 4F:
2—|—4z24 3(



8.3.1] 8.3. REPRESENTATION IN TERMS OF HYPERGEOMETRIC FUNCTIONS
1, = = g
13. cschz = = 3F) ’ r ”’Z.z - =
z _7’1_1_7
™ ™
1 iz 1 iz
,- -2 4=
14. tanhz = _8:4 5 312 3’ 21.2 7r3’ 22.2 4
vA s _ - = T
2 1r’2+ ' 1
1 iz iz
T 1
15. cothz = = 3F), ;z L T - =
1-¥ 1421 z
™ ™
z z =z 3 z z z
. — = = 2 ~+1, =41, =+1
16. smz:ng2<7r’7r W)—%;;F&(ﬂ A ) [Rez < 2m/3].
1,1; -1 ™ ,2; —1
z 1 2z 1 =z 1
17. coszz—(z—z) F. 2’7 227 2
2372 1,1; -1
1 =z 1 =z 1
2 3 4 i+ 240
- 2(z 3) a7 22 272 [Res < 7n/6).
™ 2 ,2; —1
. 3
18. sm\/E:\/EOFl(E; —2)
1 z
19. cosvz = oFy(=2; —2).
2 4
4 Ua Z ,3/4 Z
20. sin ¥z = 24 F3 L —ToFs 5 256,
274’4 4’24
£ 1/2 £
21. cos vz = oF 25 -z F. 25
: 05311 1 3 9 0¥31 3 5 3
4’274 4’1 2
z
22. sinh ¥/z sin vz = z'/2F; 5 24,
4’4’ 2
z
4 4 " 64
23. cosh vz cos vz = oF3| ;| 4,
4’2’ 4
. 4 4 z z
24 sinh v/z cos v/z _ 4R, o :F23/40F3 =
cosh v/z sin vz 135 3 537
27 47 4 4’24
3 1 z 1 z
25. secz = i 5 4F3 11’35’5_;’5+;
-4 13_=z3,2 4
2’2 w’'2 x’




CH. 8. REPRESENTATIONS OF HYPERGEOMETRIC AND MELJER G FuNCTIONS

[8.3.1

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

S nWE +VIER) =‘/52F1<§’_1z)-

n(Vz + VIt 2) —zwz(l N )
)
arcsm\/_ '\/;2F1<

;z)_

3

1+\/_ _2\/;2171(

mme

arcsiny/z = \/z 2 F} (

m\wm\»—t

1
v1-—

")

D

N

b)

. 1
arcsin? /z = z3F2< ’

N w

[y

arctan+/z = v/z o F} ( 32

2’

1—-—v
sin (v arcsiny/2) = v/z 2 F ( 3. )
2’
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z

39. cos(varcsiny/z) = o Fy (_2’ 2)_

1.
51

v v
1 . . 1—--,1+4+ -
40. - sin (varcsiny/z) = vy/z 2 F} 2 2.
— 2 3,
2

1—-v 1+4+v
1 )
41. cos (varcsiny/z) = o F 2 2 ).
s ety
I+v 1+ %
42. (14 z)""/*sin (varctan v/z) = vy/z 2 Fy 23’ 2.
2 F
v 14+v
43. (14 2)""?cos (varctanvz) = 2 Fy 202
2 7
8.3.2. Special functions
(n) — 1 ("L 1,z,2,...,2; 1
L. ¢ (z) n( Z) "+2Fn+1(z+1,z+1,...,z—}-l)'
R l,a,a,...,a; z
2. <I>(z,n,a)—a n+1Fn(a—|—1,a+1,...,a+1)'
. 1,1,...,1; 2
3. L'"(Z)_Z"HF"( 2,2,...,2 )

1,1 -2
5. c1(\/2)—ln\/_—C=—§2F3< § 4).
27

2,2

6. Fi(-2)~Inz—C=—zF( " 21; J5):

7. ¢*Ei(—2) = —\1:(1;12).

9,1/2 1.,
8. erf(\/z)z \/; 1F1 2 3 .

1/2 1:
9. e*erf (vz) = 2\2/; 1F1< ’32)
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[8.3.2

10.

o]

1

-

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

(a2

M| ==
A OUN | N

b)

V7 erfi (&2

e“erfc(v/z) =

e I'(v, z) = z"\Il(Vl’_le)
=v( %))
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)+

v
{ V7 erf (Vz) } 2 4 p ( ;
. ) 1F>

22:3/4

3w

3.
4
1Fal 5
2

NS RN
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I/. i
24. DV(\/E)=2”/26_Z/4\I/( 2 2).

a
v _ (%)

25. {Iu(ﬁ)}_ (V+1)0F1(1/+1 <2 )
J,(VZ) M -

26 {wz)}— <u+1)°F3(;,";215?;+1)

(v+2)/4 2;76
[ 7/
T4 0 41, u7+3

2| e
ISIR

1
v+ =; 2z
27. €*1,(z) = F 2“7,
el (2) T+t 1( w+1 )
’ v+ L2z
2 o)
F 2 )
rv+1)" 1( 2w+1 )

. 2v+3 2v+5
99, { SN VzJ,(Vz) _ L H/2 a0 ; Tz ‘
sinh vz 1,(vz) 2’T'(v+1) g,u+1,u+g

28. €*J,(z) =

cos/zJ,(vVz) 2v/? 2u+172”+3’:FZ
30. = ) 3 4 .

—_*" F
cosh/z1,(v/z) 2T(v+1) 2 %,,,4_5,,,_1_1

J2(Vz) (Z)” '/+%; Fz
31 {Iz(f)} 1“2(1/+1)1F2<u+1,2u+1)'

vz ptv
(7) +2u+1 u+u+1 2
g+ 1M +1) 273 p,—i—l,u—l—l,p,—i—l/—i—l '

TE) WD)
32 {Iuwz)u(ﬁ)} I

vz\” z

4 47\ (T) 64

33. Ju(\/z) Iu(\/z) F2(V-|—1) oF3 v+1 v :
2 2

z
sin v 1/2 Y
+ —5—2z 0F3
2(1—u2)7r 3-v 34v 3
2 7 2 72
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[8.3.2

35.

(934

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

o) +Yeu(Jg) = 2w e

Pain(5) - Bon() = 0B

eZKn+1/2(z) = M(2z)_n_l/21}?1(_n; 22)‘

n —2n

(D) s (57
LA T ver(ee ) Pl

g,
Loy12(Wz) = I_n_1)2(Vz) = 43170( i )

—2/3 3
Au@==3ijaﬂ<2. )
r(3)
. 3-1/6 9 3 31/6, 4 3
Bi(2) = 20F1<3; 9>+ iy of <3; 9>'

r(3)

423
.2 31/6 1 - E 31/2,
Bi(2) = Wr(g) 1F2(6 2 )+ — 1P
3
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Index of Notations for Functions
and Constants

Ai(z) = 1/ Kl/ /2 is the Airy function

arccos z, arccot z, arcsin z, arctan z are inverse trigonometric functions

B,, are the Bernoulli numbers

B,.(z) are the Bernoulli polynomials

bei, (z), ber,(z), bei (z) = beig(z), ber (z) = berg(z) are the Kelvin functions

Bi(z) = \/g [171/3(2 3/2 ) + I3 ( /2)} is the Airy function

C = —9¢(1) =0,5772156649 . . . is the Euler constant

1 cost
C(z) = — dt is the Fresnel cosine integral
()= o= | = .
0

oo

C(z,v) = J t“ ' costdt [Rev < 1] is the generalized Fresnel cosine integral

2 n -7 +2A .
Cfl‘(z) = (2X)n o F ()\ " 1n 1— 2 ) are the Gegenbauer polynomials
+oi 5
2 2

chi(z) =C+Inz+ J cos}ltit_l dt is the hyperbolic cosine integral

0

oo

i
ci(z) =— J Cots dt is the cosine integral

n

2sin — ) dt is the Clausen integral

Q
==
)
—~~
N
—
|
oOt———n
/\

d d
D=2 Da=a
/2 9
D(k) = J _ sin7tdt is the complete elliptic integral
1— k2sin?t
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DV(Z) — 21//267;2/4\1, <_

/2

v 1 22, . . .
503 o is the parabolic cylinder function

= J 1 — k2sin? t dt is the complete elliptic integral of the second kind

E,, are the Euler numbers

En(z) are the Euler polynomials

E.(z) = 1 Jsin (vt — zsint) dt is the Weber function
T
0

t
e? dt is the exponential integral

&=

—

I

~

I
é%u

z
erf (z) = % Jefﬂ dt is the error function
™
oo
2 —
erfc(z) =1—erf(z) = N J e~ dt is the complementary error function
™
erfi(z) = % Je dt is the error function of imaginary argument
™
0
oo
a, b; zZ\ _ a, b — . e — (a’)k(b)k zk
2F1< c ):2F1<C; z):zFl(a, b, C; Z)—ZWF [|z|<1],

1
= Farep ltb_l(l — )77 (1 12)7"dt [Rec > Reb > 0; [arg (1~ 2)| < ]

is the Gauss hypergeometric function
(ap); 2\ _ (ap) — . .
oFo( 05 7 ) = oFa((()) = o Pallas ()i 2)

oo k

a kla2)k - ap)k 2

pFolar, ..., ap; b1, ..., by 2) E Veaz) - (ap)k 2
k=0

(1) (b2)k - - - (bg) k!

is the generalized hypergeometric function

a; z\ _ a _ . . > (a)kz’c .
1F1( s ) = 1Fl<b; z) = 1Fi(a; b; 2) = ,62::0 )kl is the Kummer confluent

hypergeometric function

®© Nk
G = E (71)2 = 0,9159655942. . . is the Catalan constant
(2k + 1)

mn (ap) \ _ ~mn ai, ..., Gp
Gra <Z (bq)):G”q (Z bl,...,bq)
ZLJ b1 +38)...T(bm+s8)'1—a1—8)...T(1—an — 8)
I(ant1+8)...T(ap+ 8)I'(1 —bmg1 —s8)...T(1 —bg — s)

z ‘ds,

271
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L= Lix, Lix, is the Meijer G function

2 () Lz
b)
H.(z) = 2—3 1F2| 43 is the Struve function
var(v+3) 2Vt

H(2) = J,(2) + i Yo (2), H® (2) = J.(2) — i Y, (2) are the Hankel functions of the
first and second kind (the Bessel functions of the third kind)

H,(z) = (—1)"622 :z—ncf22 are the Hermite polynomials
1 z\” 22 —vmi/2 wi[2 )\ . :
L(z)= —+ (%) .F 2= , h fied Bessel
(2) F(”+1)<2) 0 1<u+ ; 4) e Jo, (€™*?2) is the modified Besse

function of the first kind

v 2
Jo(z) = — (f) oy <u 1 — z—) is the Bessel function of the first kind
T(v+1) \2 4

™
Ju(2) = 1 Jcos (vt — zsint) dt is the Anger function
™
0

K(k) = J % isthe complete elliptic integral of the first kind

1— k2sin?t

Ko(2) = W w#nl, Kn(z) = lim K,(z) [n=0,1,%2, ] is

the Macdonald function (the modified Bessel function of the third kind)
kei, (2), ker,(2), kei (2) = keio(2), ker (2) = kerg(z) are the Kelvin functions
L.(2) = e wHDmi/2y (emﬂz) is the modified Struve function
Ln(z) = L%(z) are the Laguerre polynomials

2 2% d®

L(z) = — (2"*e7*) are the generalized Laguerre polynomials

n: 4
. > Zk
Liv(2) =) 5 llel <1,
k=1
2 t*~1dt
= W) J 5 [Rev > 0; |arg (1 — 2)| < ] is the polylogarithm of the
14 e —z
order v

Liz(z) is the Euler dilogarithm

1
M, . (2) = 2*T2e */2 | Ry <l; _:1+ 2 ) is the Whittaker confluent hypergeometric
pt1; 2

function
2" 4"

P, (2) T 2 (2% —1)™ are the Legendre polynomials

- 1 . .
P,(2) = P2(2) = o ( ; 1 j;l) [larg (1 + z)| < =] is the Legendre function of the

)

first kind
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1 2+ 1\#/2 —v,v+1
Pi(z) = e (220) oF -
(2) T \zo1 2 1(1_'“;1 z)
larg(z £ 1)| < 7 p#m; m=1,2,...]
P,:n(z)Z(ZQ—l)m/2 (i) P,(z) [larg(z —1)| < w5 m=1,2,...]
dz
1 14 ¢ \M/2 —v,v+1
Ph(z)= —— ( ) F _
(w) 1—,(1_“) 1—=x 2 1(1_M;12z>
[Fl<z<l;p#Fm;m=1,2,...]
P (z) = (~1)™(1 — 2?)™/ (di) Po(x) Fl<o<lim=1,2,..]
T
is the associated Legendre function of the first kind
P,(LP’U)(Z) _ (-1 (1- z)_p(1—|—z)_”d— [(1 _ Z)P+n(1+z)a+n]
2! dz"

1 —n,p+o+n+1 . .
= (p+n 2F'1< P 1 01 _nz ) are the Jacobi polynomials
p+1;

2
Q.(z) = QJ(z) is the Legendre function of the second kind

n!

wnw Tutv+1 protl pty g
wey_ €FTVE L fptv —p—v—1,_2 w/2 2 2
27 22
[larg 2|, larg (z £1)| < 7; v+ 1/2, p+v # -1, =2, =3, .. ]
Q* (2) = eiu"ﬁr(#+n+3/2)
—n-3/2 2" +3/2(p 1)1 Qu+2n+3 2u+2n+5
—p—n—3/2,_2 2 ’
N R /(z _1)u/ 2F1( 4 L 4 )
n+2; —
z
[larg (Z:l:l)l, |a‘rgz| < IJ’+V7$ _17 _2a _37 "']
—ipuT .
Qﬁ(.’l:) = eT [6_’”/2fo($—|—'i0)+€ww/2fo(m —’iO)]
™ v+pu+17 -
e A
2sin,u7r[ v (2) cos pm v—pu+11"" ()
[Fl<z<lyp#tm; p+v#-1,-2,-3,..]
m m d m
=()ma-2)" (1) Q@) [b=miv#t-m—1,-m-2,..],
mafV—m+17 m
=(-1) FI:/L+7TL+1:|QV (z) p=—-mv#-—-m—-1,-m—2,...]

is the associated Legendre function of the second kind
z

1 sint
S(z) = — dt is the Fresnel cosine integral
( ) Var J \/i &

0

S(z,v)= | t" 'sintdt [Rev < 1] is the generalized Fresnel sine integral

ne—8

~ k-1 2n —
SslM) = ,;] (_1)k (:jm N k:) (n —nm Tk)aﬁ,m“c are the Stirling numbers of

the first kind
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1, x>0,
sgnz = 0, z=0,
1, <0

smht

= —14Si(iz) is the hyperbolic sine integral

w

=5

—~

N
o%u

Si(z) = J - dt is the sine integral

si(z) =Si(z) — g =— J Sl?t dt is the sine integral

Tn(z) = cos(narccos z) = 2 F} ( 1_1;’_nz> are the Chebyshev polynomials of the

first kind 2’ 2
i 1) arccos z] -n,n+2
Un(z) = sin[(n + =(n+1)2F _ are the Chebyshev polyno-
( ) m ( )2 1 g; 1 > z Yy y
mials of the second kind
it
W u(z) = Z”+1/262/2\I’<l; ‘1 2) is the Whittaker confluent hypergeometric
p+1; 2
function
Y, (2) = C°S””J”Fz) = J-u(2) [v # n], Yo(z) = lim Y, (2) [n=0, %1, £2,..]
smvmT v—n

is the Neumann function (the Bessel function of the second kind)

B(a,f) = [

is the beta function

z
B.(a, B) = Jt"‘_l(l —t)’7'dt [Rea >1; z < 1] is the incomplete beta function
0

I'(z) = J t* e 'dt [Rez > 0] is the gamma function
0

(oo}
I'(v, 2) = J t*"le tdt is the complementary incomplete gamma function
z

z
(v, z) = I'(v) = I'(v, 2) = Jt"_le_tdt [Rev > 0] is the incomplete gamma
0

function
p
I(ap)] = [T T(ax)
k=1
A(k7a): E7 a+17 R a+k_1
k k k
a ap)+1 ap)+k—1
Ak, (ap)) = @) L) 2D et
Om,n = {0’ m#mn, is the Kronecker symbol
1, m=n
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(oo}

1 . . .
((2) = Z e [Re z > 1] is the Riemann zeta function
k=1
oo
¢(z,v) = Z 1 [Rez > 1; v #0, —1, -2, ...] is the Hurwitz zeta function
(v + k)

0(zx) = {(1]’ z 2 (()]’ is the Heaviside function

r <
= (a. d b e _ N (@k(@)i(b)r vk
Ei(a,a’, b; ¢; w, z) = kzlz:o ©eas il [w] < 1]
0 kI
Za(a, b; ¢; w, 2) = Z (@) (b)k w2 [lw| < 1]

Parm (k1 KU

= % 2:(—1)"‘_’c (T:)k:" are the Stirling numbers of the second kind

i k
Q(z,s,v):z(vi—k)s 2| <1; v #0, -1, =2, ...]
k=0
(@)k+1(b)k w k!
®1(a, b; ¢; w, 2) = [lw| <1]
kzzzo (©r4r kMU
bk (b)) whz!
®a(b, b'; ¢ ®®')
2( ,» 05 ¢ w, Z) kzl:o (C)k+l T

l

oo
b b wkz
®3(b; ¢; w, 2) zz: ST

\Iz(abz) = w(b'“z) = U(a; b; 2)

r'(1—b) a; z rb—1) q1- 1+a—-b
=rara-n () w7 blFI(ztb;z>

is the Tricomi confluent hypergeometric function

$i(2) = 25 K*(e),
Yalz) = {K%)— K@) - D(m)F},

¢3(z):%{31<2(m)_ (=242 (K (a) - D (@)

(1-a%"

o (@)rr1(b)e wh2!
Uy (a, b; ¢, ¢'; w, 2) 3;0 r(c)r K [Jw| < 1]
.- (a) wk 2!
valos e ) Z k,(c:ll AR

k,l

$(z) = () = TC

is the psi function
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(a) = a1, a2, ...,a4; (ap)=a1,az,...,ap

(ap—bp) =a1—bi,a2 —ba,...,ap — by

(a)+s=a1+s,a2+3s,...,aa+38 (ap)+s=ar1+3s,...,ap+3s

(@) —aj=a1—aj,...,a;-1—Qj, i1 — G5, ..., 0a — aQ; [1<j<A

(ap) —aj=a1—aj, ..., a5-1—a;,aj11— a5, ..., ap — a; [1<j<p]

(a)k =ala+1)...(a+k—-1) [k=1,2,3,...], (a)o =1 is the Pochhammer
symbol

nl=1:2-3...(n—n=(1),, 0=1=(-1)=1
2n)l'=2-4-6...(2n —2)2n = 2"n!

@rn+1D=1-3-5...2n+1) = 2:;11“(n+ ‘;—’) = (g)nﬂ

nll = § BRI, =2k, o= (1) =1
@k+ 1)1, n=2k+1,

(n) _n(n—-1)...(n—k+1) n! . (=1 (=n)s (n) -1
k)~ k! T kl(n— k) k! ’ 0/
Rea, Reb > ¢ means Rea > c and Reb > ¢
[z]=nn<z<n+1, n=0,+1,+2, ...] is the integer part of =
by mA, z >0,
Ty =

0, z <0

H(ap)k = H(aj)k

p
[1(@p) +0),=[](a; +b)
j=1
H A = QGmAm+1 .- 0n [0 >m],
k=m
=1 [n < m]

Zak:am+am+1+---+an [n > m],
k=m

=0 [n < m]
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[(an)s = l_[(aj)k

[((ap) +b) = l_[(aj + )k

n

l_[ Ak = GmGm41-.-0n [0 >m],
k=m

=1 [n < m]

l_[ ak(z) = li_)m H ak(z)
k=1 T 2

Zak:am+am+1+...+an [n > m],

k=m

=0 [n < m]
Zak(z) = lim Zak(z)
k=1 =
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