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Preface

Since the past three decades, new economic, social, and legislative 
 developments have demanded a review of traditional power transmis-

sion theory and practice and the creation of new concepts to allow full 
utilization of existing power generation and transmission facilities. In this 
respect, the vision of Flexible AC Transmission System (FACTS) was for-
mulated by the Electric Power Research Institute, Palo Alto, California, 
in the late 1980s. FACTS emerged as a technology in which various power 
electronics-based static controllers enhance controllability and increase 
power transfer capability over existing transmission corridors.

FACTS controllers can be broadly classified into two categories. The first 
one comprises thyristors. Examples include the static VAR compensator, 
the thyristor-controlled series capacitor, and the phase shifter. The second 
category comprises self-commutated static converters as controlled voltage 
sources. Examples include the static compensator (STATCOM), the static 
synchronous series compensator (SSSC), the unified power flow control-
ler (UPFC), the interline power flow  controller (IPFC), and the general-
ized unified power flow controller (GUPFC). Com pared to thyristor-based 
FACTS controllers, voltage-sourced converter (VSC)-based FACTS con-
trollers generally possess superior performance characteristics. As a conse-
quence, VSC-based FACTS controllers have gained in popularity over the 
years.

Now, for proper planning, design, and operation of power system net-
works incorporating VSC-based FACTS controllers, a power flow solution 
of the network(s) incorporating them is required. Therefore, development 
of suitable power flow models of VSC-based FACTS controllers is of fun-
damental importance.

Although a number of books on modeling and applications of FACTS 
controllers exist, very few books dwell on their power-flow  modeling. 
In addition, I have experienced that slow learners face difficulty in 
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xiv   ◾   Preface

comprehending Newton’s method, particularly when  proceeding from a 
single variable to multiple variables. The same holds true for the concept of 
exchange of real and reactive powers by FACTS controllers, especially the 
independency of reactive power exchange by individual VSCs, unlike the 
exchange of real power. This provided the motivation for writing this book.

This book begins by introducing different VSC-based FACTS  controllers 
and their working principle. The way in which these FACTS controllers 
exchange real and reactive power with the system is explained in detail. 
The concepts are supplemented with a few solved problems on some typi-
cal FACTS controllers. Subsequently, the book presents an introduction 
to Newton’s method and its application in solving nonlinear algebraic 
equation(s), proceeding in a lucid, step-by-step way from a single variable 
toward multiple variables. It also introduces the reader to the concept of 
the power flow problem and the application of Newton’s method to the 
solution of the power flow problem. This is followed by a systematic and 
generalized approach for the Newton power flow modeling of VSC-based 
FACTS controllers, which is developed from the first principles. Because 
of the unique modeling strategy, existing Newton power flow codes can 
be reused even after inclusion of FACTS controllers. Practical device 
constraint limits of these FACTS controllers are also accommodated in 
the power flow models. A large number of case studies have also been 
included for the validation of the power flow model of each of the FACTS 
controllers.

This book is intended for senior undergraduate and graduate students 
in electrical engineering in general and electrical power systems in par-
ticular. The reader is expected to have an undergraduate-level background 
in engineering mathematics, network analysis, electrical machines, elec-
trical power systems, and power electronics.

The book is organized into eight chapters. Chapter 1 provides a brief 
introduction to FACTS technology and various VSC-based FACTS 
controllers.

Chapter 2 introduces the reader to the Newton–Raphson method and 
the power flow problem. It also presents the application of the Newton–
Raphson method for solving the power flow problem.

Chapters 3 through 7 detail the Newton power flow modeling of SSSC, 
UPFC, IPFC, GUPFC, and STATCOM, respectively.

Chapter 8 presents a Newton power flow model of multiterminal VSC-
HVDC systems with pulse width modulation (PWM) control schemes. 
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A unified power flow model of a hybrid AC–DC system is developed. The 
model is suitable for an AC power system incorporating multiterminal DC 
network(s) with arbitrary topologies.

The Appendix at the end of the book details the derivations of all the 
difficult formulae used in the chapters.

In writing this book, I have been greatly influenced by Professor 
Biswarup Das, Department of Electrical Engineering, Indian Institute 
of Technology, Roorkee, Uttarakhand, India, who has been my friend, 
 philosopher, and guide. I particularly thank Professors Pragati Kumar 
and Madhusudan Singh of my department who constantly encouraged 
me. I thank my PhD student, Ms. Shagufta Khan, for helping me with the 
manuscript and the figures in this book. I also thank the publisher and 
my family for their efforts in pursuing me to take up the project of writing 
this book.

Suman Bhowmick
Delhi Technological University

MATLAB® is a registered trademark of The MathWorks, Inc. For product 
information, please contact:

The MathWorks, Inc.
3 Apple Hill Drive
Natick, MA 01760-2098, USA
Tel: +1 508 647 7000
Fax: +1 508 647 7001
E-mail: info@mathworks.com
Web: www.mathworks.com
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CAPITALS
B'  Matrix constituted from the negative of the susceptances of the 

bus admittance matrix after omitting the effects of all line series 
resistances, shunt capacitors, and reactors, setting all off-nominal 
transformer tap settings to unity and accounting for the slack bus

B"  Matrix constituted from the negative of the susceptances of the 
bus admittance matrix after omitting the effects of all phase shift-
ers and accounting for the voltage controlled buses

Bij   Susceptance of the element in the ith row and jth column of the 
bus admittance matrix

G Conductance
GC

eq   Effective conductance because of switching loss in a SSSC
I Phasor current
IDCh  Net dc current injection at the hth dc terminal
I 0g   Line charging current of the transmission line in series with the 

gth series converter of the FACTS device
Ii Net phasor current injection at bus “i”
I sek   Magnitude of the line current through the kth series converter (or 

the kth series FACTS device)
I se

Lim
m   Limit constraint on the magnitude of the line current through the 

mth series converter (or the mth series FACTS device)
I sh Magnitude of the shunt converter current of the FACTS device
I sh

Lim
m  Limit constraint on the magnitude of the current through the 

shunt converter of the mth FACTS device
JA, JB Intermediate Jacobian submatrices
Jk kth Jacobian submatrix related to FACTS device(s)
Jnew  Intermediate Jacobian matrix (amenable for computation using 

existing Jacobian codes) in the proposed model
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Jold Conventional load flow Jacobian matrix
Jse k kth Jacobian submatrix related to SSSC(s)
JX Jacobian submatrices
P Bus active power injection vector
PDC

Lim  Limit constraint on the real power transfer through the dc link(s) 
of the FACTS device

PDCk  Real power transfer through the dc link of the kth FACTS device 
(or the kth dc link of the FACTS device)

PG Vector comprising real powers delivered by GUPFCs
Pi  Net injected active power at bus “i”
Pij  Active power flow in the line between buses “i” and “ j”
Pij

SP Specified active power flow in the line between buses “i” and “ j”
PIP Vector comprising real powers delivered by IPFCs
P kIPFC  Real power delivered by the kth IPFC
PL Line active power flow vector
P kLINE   Active power flow in the transmission line connected to the kth 

series converter (or FACTS device)
Pnew   Vector comprising net active power injections at the load flow 

buses in the proposed model
P
∧ new

  Modified vector comprising ratios of net bus active power injec-
tions to the voltage magnitudes for all load flow buses in the pro-
posed model

Pse Vector comprising real powers delivered by SSSCs
P kse  Real (active) power delivered by the kth SSSC
PSTAT Vector comprising real powers delivered by STATCOMs
PSTAT g  Real power delivered by gth STATCOM
PU  Vector comprising real powers delivered by UPFCs
P kUPFC  Real power delivered by the kth UPFC
Q Bus reactive power injection vector
Q
∧

  Modified vector comprising ratios of net bus reactive power injec-
tions to the voltage magnitudes for all load buses 

Qi  Net injected reactive power at bus “i”
Qij  Reactive power flow in the line between buses “i” and “ j” 
Qij

SP   Specified reactive power flow in the line between buses “i” and “ j”
QL Line reactive power flow vector
Q kLINE   Reactive power flow in the transmission line connected to the kth 

series converter (or FACTS device)
QSTAT Reactive power delivered by the STATCOM
R Resistance; control objective specification for the SSSC

www.EngineeringEBooksPdf.com



List of Symbols    ◾    xxiii

R  Vector comprising control objective specifications and/or device 
limit constraint specifications

RC  Effective resistance because of switching loss in a SSSC
RDChj Resistance of dc link between dc buses “h” and “ j”
V Vector comprising magnitudes of bus voltages
VB  Vector comprising bus voltage magnitudes (sending end) to which 

shunt converters of FACTS devices are connected
VBUS  Vector comprising magnitudes of voltages at the buses to which 

STATCOMs are connected
VBUS  Magnitude of voltage at the bus to which a STATCOM is connected
VBUSk   Bus voltage magnitude (sending end) for the kth FACTS device; mag-

nitude of voltage at the bus to which kth STATCOM is connected 
VDC dc side voltage (across capacitor) in a FACTS device or a VSC
VDCg dc side voltage of the gth VSC
Vi Voltage (phasor) at bus “i”
Vi Magnitude of voltage at bus “i”
Vi

SP  Specified magnitude of voltage at bus “i”
V km

Lim  Limit constraint on the magnitude of voltage on the line side of the 
kth series converter of a GUPFC

Vnew  Vector comprising magnitudes of voltages at the load flow buses in 
the proposed model

Vse  Injected voltage because of the series converter of a FACTS device; 
vector comprising magnitudes of series injected voltages of FACTS 
device(s)

Vse
0   Initial value of the magnitude of the injected voltage of the series 

converter of the FACTS device
V kse   Magnitude of the injected voltage because of the kth series con-

verter (or the kth series FACTS device)
Vse

Lim
m   Limit constraint on the voltage magnitude of the mth series con-

verter (or the mth series FACTS device)
Vsh  Injected voltage because of the shunt converter of a FACTS device; 

vector comprising magnitudes (rms) of shunt converter voltages of 
FACTS devices

Vsh   Magnitude (rms) of the injected voltage of the shunt converter (of 
a FACTS device); magnitude (rms) of the VSC ac side voltage

Vsh
0   Initial value of the magnitude of the injected voltage of the shunt 

converter of the FACTS device
Vsh

Lim   Limit constraint on the voltage magnitude of the shunt converter 
of a STATCOM
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X Reactance of transmission line
Xij

SP  Specified (effective) reactance of the line between buses “i” and “ j”
X se Effective reactance offered by the SSSC
Yold

ii   Self-admittance of bus “i” for the existing “n” bus power system 
network without any FACTS device connected

Yij Element in ith row and jth column of the bus admittance matrix
Yij Magnitude of the element “Yij” in the bus admittance matrix
Z Complex impedance
Zij  Complex series impedance of the transmission line connected 

between buses “i” and “ j”
Zse  Complex series impedance of the coupling transformer for a UPFC 

series converter
Zsh  Complex series impedance of the coupling transformer for a UPFC 

shunt converter; complex series impedance of the coupling trans-
former for STATCOM

ZT Complex series impedance of the coupling transformer for SSSC

LOWERCASE
c Constant (relating the ac and dc side voltages in a VSC)
ck  Derived function of voltage magnitude and phase angle state variables
f function
f  Vector comprising functions related to power balance equations of 

VSCs in a VSC–HVDC system
fg function corresponding to gth VSC 
g  function; variable indicating number of converters of FACTS 

device(s) or number of FACTS devices or number of VSC
h, j Variables indicating the dc bus number in a VSC–HVDC system
k Variable indicating ac bus number
kse Constant (accounting for the type of converter in a FACTS device)
m  Number of generators; number of the FACTS device considered; 

node at which a series converter of a GUPFC and a transmission 
line are interconnected (GUPFC series converters are connected at 
the sending end of the line) 

m Vector comprising modulation indices of VSCs
mg Modulation index of the PWM control scheme for the gth VSC
n Total number of system buses (without any FACTS device)
p  Number of SSSCs; number of UPFCs; number of converters (series) 

in a single IPFC; number of series converters in a single GUPFC; 
number of VSCs in a VSC–HVDC system
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p.u. Per unit
q VSC that acts as the master converter
r Number of generators in a hybrid ac–dc power system
w  Total number of transmission lines containing IPFC converters 

(series) with specified line reactive power flows; total number of 
converters (both series and shunt) in all the GUPFCs combined

x Number of IPFCs ; number of GUPFCs
y Complex admittance
y 0g   Half-line charging shunt admittance of the transmission line 

in series with the gth series converter of the FACTS device
y ij0  Half-line charging shunt admittance of the line between buses 

“i” and “ j”
y 0i

p   Effective half-line charging shunt admittance because of all 
transmission lines connected to bus “i,” except the line between 
buses “i” and “ j”

y sek  Admittance of the coupling transformer of the kth series con-
verter (or the series coupling transformer of the kth FACTS 
device)

y sek Magnitude of the admittance y se k

y shk  Admittance of the coupling transformer (of the shunt con-
verter of the kth FACTS device or the kth VSC)

y sh k Magnitude of the admittance y sh k

z  Total number of converters (series) in “x” IPFCs ; total number 
of series converters in “x” GUPFCs

UPPERCASE GREEK
Σ Summation sysmbol
Δ Mismatch in the electrical quantity of interest
Δ  Vector comprising mismatches in electrical quantities of 

interest

LOWERCASE GREEK
αk, βk, γk  Effective admittances because of the transmission  line—series 

coupling transformer combination (of kth series converter or 
kth FACTS device)

αk, βk, γk Magnitudes of admittances αk, βk, γk

∂ ∂A B/   Matrix comprising partial derivatives of elements in vector A 
with respect to elements in vector B
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∂ ∂A Bp q/   Partial derivative of the pth element of vector A with respect 
to qth element of vector B; element in the pth row and qth 
column of the matrix ∂ ∂A B/

θi Phase angle of the rms phasor voltage at bus “i ”
θ Vector comprising phase angles of rms bus voltage phasors
θse  Vector comprising phase angles of series voltage sources of 

FACTS device(s)
θse k Phase angle of the kth series voltage source (of FACTS device)
θsh  Vector comprising phase angles of shunt voltage sources of 

FACTS devices or VSCs
θsh  Phase angle of the shunt voltage source of a FACTS device or 

VSC
θsh

0  Initial value of the phase angle of the series voltage source of 
the FACTS device

θsh
0  Initial value of the phase angle of the shunt voltage source of 

the FACTS device
θnew  Vector comprising phase angles of rms voltage phasors of the 

load flow buses in the proposed model
φyij Phase angle of the element “Yij” in the bus admittance matrix
φ αy k, φ βy k  Phase angles of admittances αk, βk

φ γy k  Phase angle of admittance γk

φy kse  Phase angle of the admittance y se k

φy ksh  Phase angle of the admittance y sh k

SUBSCRIPTS
B Bus quantities (vector)
BUS Bus quantities (vector)
BUSm  Quantity corresponding to the bus at which the mth FACTS 

device is connected
c cth FACTS device quantity (for admittances αc, βc, etc.)
C dc side capacitor quantity
dc dc side quantity
dcm dc side quantity of the mth FACTS device or the mth VSC
g quantity corresponding to the gth VSC
G GUPFC quantities (vector)
GUPFC GUPFC quantity
GUPFCm Quantity corresponding to the mth GUPFC
i Bus “i” quantity
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ij  Transmission line series quantity (of the line connected 
between bus “i” and bus “ j”); quantity (for magnitude) of the 
admittance element Yij 

ij0  Line shunt quantity (of line connected between bus “i” and 
bus “ j”)

IP IPFC quantities (vector)
IPFC IPFC quantity
IPFCm Quantity corresponding to the mth IPFC
j Bus “ j” quantity
L Transmission line quantities (vector)
LINE, line Transmission line quantity
LINEm Quantity corresponding to the mth transmission line
m  Quantity at the node at which a series converter of a GUPFC 

and a transmission line are interconnected
old  Quantity (usually for Jacobian) related to the existing net-

work (without any FACTS device)
se SSSC quantity; FACTS device series converter quantity
sec cth SSSC quantity ; cth series converter quantity
sh FACTS device shunt converter quantity; VSC quantity
shg  Quantity of the shunt converter of the gth FACTS device or 

the gth VSC; quantity (magnitude) of admittance element y shc

STAT STATCOM quantities (vector)
STATm Quantity corresponding to the mth STATCOM
SW Switching loss quantity in a SSSC
T FACTS device coupling transformer quantity
U UPFC quantities (vector)
UPFC UPFC quantity
UPFCm Quantity corresponding to the mth UPFC
yab Quantity (for phase angle] of admittance element Yab

yshc Quantity (for phase angle] of admittance element y shc 
yαc, yβc Quantities (for phase angles] of admittance elements αc, βc

SUPERSCRIPTS
( )eq  Effective or equivalent quantity (to account for loss etc.)
( )Lim Limit constraint of quantity in a FACTS device
( )new  Quantities in the proposed model (vector); matrix (usually 

for Jacobian) in the proposed model
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xxviii   ◾   List of Symbols

( )old  Quantity in the existing network without any FACTS device 
( usually for bus admittance matrix element)

( )SP Specified or known quantity
( )T Transpose of a matrix
( )* Conjugate of a complex quantity
( )0 Initial value of quantity (for voltage magnitudes or angles)

( )
^

 Modified quantity (vector)
( )’  Modified quantity (usually the Jacobian matrix) for fast decoupled 

power flow (active power–phase angle relation)
( )”  Modified quantity (usually the Jacobian matrix) for fast decoupled 

power flow (reactive power–voltage magnitude relation)
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1

C h a p t e r  1

FACTS and FACTS 
Controllers

1.1 INTRODUCTION
Since the past three decades, the construction of both generation facilities 
and, in particular, new transmission lines has been delayed due to energy 
cost, environmental concerns, right-of-way restrictions, and other leg-
islative and cost problems. Recently, the philosophy of open access 
trans mission has facilitated the development of competitive electric 
energy markets. New economic, social, and legislative developments have 
demanded a review of traditional power transmission theory and  practice 
and the creation of new concepts to allow full utilization of  existing 
power generation and transmission facilities, without compromising 
system availability and security. In the late 1980s, the Electric Power 
Research Institute (EPRI), Palo Alto, California, USA formulated the 
vision of flexible AC transmission system (FACTS) in which various power 
 electronics-based static controllers enhance controllability and increase 
power transfer capability while maintaining sufficient steady-state and 
transient margins [1–6]. The main objectives of FACTS technology are to 
increase the usable transmission capacity of lines and control power flow 
over designated transmission corridors. 

The FACTS controllers achieve these objectives by controlling the 
interrelated parameters that govern the operation of transmission sys-
tems including series impedance, shunt impedance, current, voltage, 
phase angle and the damping of power system oscillations. The normal 
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2   ◾   Flexible AC Transmission Systems (FACTS)

power transfer over the transmission lines can be estimated to increase 
 significantly by using FACTS controllers (about 50%, according to some 
studies conducted) [4].

The development of FACTS controllers has followed two distinctly differ-
ent technical approaches, both resulting in a comprehensive group of control-
lers able to address targeted transmission problems. The first group employs 
reactive impedances or a tap changing transformer with thyristor switches 
(i.e., having no intrinsic turn-off ability) as controlled elements. Examples 
include the static VAr compensator (SVC), the thyristor-controlled series 
capacitor, and the phase shifter. The second group uses self-commutated static 
converters as controlled voltage sources. Examples include the static compen-
sator (STATCOM), the static synchronous series compensator (SSSC), unified 
power flow controller (UPFC), the interline power flow controller (IPFC), and 
the generalized unified power flow controller (GUPFC) [1–6].

Now, compared to the thyristor-based FACTS devices, the voltage-
sourced converter (VSC)-based FACTS controllers generally provide 
superior performance characteristics and uniform applicability for trans-
mission voltage, effective line impedance, and angle control. They also 
offer the unique potential to exchange real power directly with the AC 
system, in addition to providing the independently controllable reactive 
power compensation [1,3]. Consequently, these controllers are evoking a 
lot of interest from both the industry and the academia worldwide.

Among the VSC-based FACTS controllers, the STATCOM is the earliest 
device to be conceived. It operates as a shunt-connected static VAr compen-
sator whose capacitive or inductive output current can be controlled inde-
pendent of the AC system voltage [7–10]. The first STATCOM, with a rating 
of ±100 MVAR, was commissioned in late 1995 at the Sullivan substation 
of the Tennessee Valley Authority (TVA) in the United States, jointly spon-
sored by the EPRI and the TVA and manufactured by the Westinghouse 
Electric Corporation [11,12]. The STATCOM is described in Section 1.2.

1.2 THE STATCOM
As already discussed in Section 1.1, the STATCOM is a VSC-based shunt 
FACTS controller. It is primarily used for voltage control of buses. The 
schematic diagram of a STATCOM is shown in Figure 1.1.

From the figure, it can be observed that the STATCOM is connected to 
any bus j of a power system through a step-up transformer, also known 
as the coupling transformer. For power system analysis, we will focus 
on fundamental frequency, positive sequence voltages and currents of 
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FACTS and FACTS Controllers    ◾    3

the  STATCOM. The (fundamental frequency, positive sequence) output 
voltage of the STATCOM is shown as Vsh. The STATCOM draws a current 
Ish from the system. For ease of analysis, we will neglect the losses in the 
coupling transformer and the STATCOM. Also, the STATCOM rating lim-
its are ignored. The equivalent circuit of Figure 1.1 is shown in Figure 1.2.

From the figure, using Kirchhoff’s voltage law (KVL), we can write 
V V Ij = +sh shj X sh, where X sh represents the leakage reactance of the cou-
pling transformer. Now, the STATCOM output voltage Vsh is controllable 
in both its magnitude and its phase. Since we have assumed a lossless 
STATCOM (and also due to the fact that the STATCOM cannot generate 
active power by itself), the phase angle of Vsh is kept equal to that of Vj. This 
can be explained as follows. From Figure 1.2, for a lossless STATCOM, the 
active power transfer from bus j to the STATCOM will be 

 P
X

= − =
Vj Vsh

sh

sin( )θ θj sh 0 

This implies θsh = θj. Thus, in the phasor diagram, Vsh and Vj will be col-
linear phasors, having only two possibilities, depending upon whether the 
magnitude of Vsh is made more or less than Vj. These two cases correspond 

Bus j
Vj = Vj∠θj

Vsh = Vsh∠θsh

Ish jXsh

FIGURE 1.2 Equivalent circuit of Figure 1.1.

Bus j
Vj

+

−

Ish

Vsh

C

FIGURE 1.1 A STATCOM connected to any bus j of an n-bus power system.

www.EngineeringEBooksPdf.com



4   ◾   Flexible AC Transmission Systems (FACTS)

to the two phasor diagrams shown in Figure 1.3a and b. In the first case 
(Figure 1.3a), the magnitude of Vsh is made more than Vj. By virtue of KVL, 
in the phasor diagram (Figure 1.3a), the drop j XIsh sh is in phase opposi-
tion to both Vsh and Vj, resulting in the current drawn by the STATCOM 
leading the bus voltage by 90°, making it behave like a capacitor from the 
bus end. Also, it is important to note that as the magnitude of Vsh can vary 
(assuming Vj fixed), the drop j XIsh shalso varies, that is, the STATCOM 
current varies. Thus, the STATCOM behaves as a variable capacitor and 
delivers variable reactive power to the bus.

In the second case (Figure 1.3b), the magnitude of Vsh is made less than Vj. 
Again, by virtue of KVL, in the phasor diagram (Figure 1.3b), the drop 
j XIsh sh  is in phase with both Vsh and Vj, resulting in the current drawn 
by the STATCOM lagging the bus voltage by 90°, making it behave like a 
inductor from the bus end. As the magnitude of Vsh can vary ( assuming 
Vj  fixed), the drop j XIsh sh  also varies, that is, the STATCOM current 
varies. Thus, the STATCOM behaves as a variable inductor and absorbs 
 variable reactive power from the bus.

1.3 THE SSSC
As described in Section 1.2, unlike the STATCOM, the SSSC is a VSC-
based series FACTS controller. It acts as a series compensator whose out-
put voltage is in quadrature with and controllable, independently of the 
line current for the purpose of altering the overall line reactive drop and 
thereby controlling the transmitted electric power [13,14]. It is primarily 
used for power flow control. The schematic diagram of an SSSC is shown 
in Figure 1.4. Because the SSSC is in series with the transmission line, it 
can be installed at the sending or receiving end substation.

The equivalent circuit of the diagram shown in Figure 1.4 is shown in 
Figure 1.5. For ease of analysis, the resistances of both the transmission line 
and the SSSC coupling transformer are neglected. In addition, the SSSC 
losses are also neglected. The shunt admittances of the transmission line are 

Vsh(a) (b)

Vj jIshXsh

Ish

Vsh

Vj

jIshXsh

Ish

FIGURE 1.3 (a) Capacitive and (b) inductive modes of operation of STATCOM.
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FACTS and FACTS Controllers    ◾    5

also neglected. X denotes the combined reactance of the line along with the 
leakage reactance of the coupling transformer. The (fundamental frequency, 
positive sequence) output voltage of the SSSC is shown as Vse. The current 
flowing through the transmission line and the SSSC is represented by I. 

From the figure, the relationship among the sending end, the  receiving 
end and the SSSC output voltages along with the line current can be 
expressed using KVL as V V V I1 2 se= + + j X . The phasor diagrams corre-
sponding to this are shown in Figure 1.6a and b. It is important to note 
certain important aspects of the phasor diagram. For ease of analysis, it 
is assumed that the sending and receiving end bus voltage magnitudes 
are same. It is also assumed that some nonzero active power is flowing 
through the transmission line from the sending end to the receiving end, 
making the difference in phase angles between the sending and receiving 
end bus voltages θ θ1 2 0− > , that is, the bus voltage phasors V1 and V2 are 
not collinear and subtend a nonzero angle between each other. Due to the 
assumption that the SSSC is lossless, it does not absorb any active power. 
Nor it can supply any active power, as there is no active power source. 

C

I jX

V2V1 Vse

Bus 1 Bus 2

FIGURE 1.4 SSSC connected at the sending end of a transmission line.

jX

Bus 1
V1∠θ1 Vse

I

Bus 2
V2∠θ2

FIGURE 1.5 Equivalent circuit of the diagram shown in Figure 1.4.
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6   ◾   Flexible AC Transmission Systems (FACTS)

Hence, the SSSC output voltage phasor Vse and the line current I must be 
perpendicular to each other. This gives rise to two possibilities, that is, 
I leading or lagging Vse by 90°. These two cases correspond to Figure 1.6a 
and b, respectively. In the former case (Figure 1.6a), the disposition of Vse 
makes the line voltage drop phasor jIX  larger resulting in an increase of 
the line  current magnitude. However, in the latter case (Figure 1.6b), the 
line drop is smaller, resulting in a smaller line current magnitude.

In Figure 1.6a, the current through the SSSC (I) leads the voltage across 
it (Vse), making it act like a variable capacitor (as the magnitude of Vse is 
controllable) and letting it deliver reactive power to the line. However, in 
Figure 1.6b, the SSSC acts like a variable inductor and absorbs the reactive 
power from the line.

The direction of the reactive powers corresponding to the phasor dia-
grams in Figure 1.6a and b is shown in Figure 1.7a and b, respectively, in 
thick white (unshaded) arrows (Q).

C

I jX
V2V1 Vse

Q

(a)

FIGURE 1.7 (a) Direction of reactive power flow of SSSC in the capacitive mode. 
 (Continued )

I

jIX

V2V1

Vse

I

jIX

V2
V1Vse

(a) (b)

FIGURE 1.6 Phasor diagram of voltages in (a) the capacitive and (b) inductive 
modes.
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Both STATCOM and SSSC are single-converter-based devices. For bet-
ter control of transmission networks, multiple VSC-based FACTS devices 
have been conceptualized, manufactured, and deployed in power systems. 
Among these multiple VSC-based devices, the UPFC is one of the most 
comprehensive and versatile controllers. It is discussed in Section 1.4.

1.4 THE UPFC
A UPFC consists of two back-to-back linked self-commutating convert-
ers operated from a common DC link and connected to the AC system 
through series and shunt coupling transformers. Within its operating 
limits, a UPFC can independently control three power system parameters 
[15–17]. The first UPFC, with a total rating of ±320 MVA, was commis-
sioned in mid-1998 at the Inez Station of the American Electric Power in 
Kentucky for voltage support and power flow control [18–21].

The schematic diagram of a UPFC connected at the sending end of a 
transmission line is shown in Figure 1.8. The equivalent circuit of the dia-
gram is shown in Figure 1.9.

In Figure 1.9, Vse and Vsh represent the fundamental frequency, posi-
tive sequence output voltages of the series and shunt converters. X repre-
sents the total reactance of the line and the leakage reactance of the series 
coupling transformer. Xsh represents the leakage reactance of the coupling 
transformer of the shunt converter. I represents the line current and Ish 
represents the current drawn by the shunt converter. 

For ease of analysis, we assume that the sending and receiving end bus 
voltage magnitudes are the same and the converters are lossless. The rating 

C(b)

I jX
V2V1 Vse

Q

FIGURE 1.7 (Continued) (b) Direction of reactive power flow of SSSC in the 
inductive mode.
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8   ◾   Flexible AC Transmission Systems (FACTS)

limits of both the converters are ignored. We also assume that before the 
UPFC was installed, a nonzero active power (P12 > 0) was flowing from the 
sending end of the line to the receiving end, which makes θ1 > θ2 (by virtue 
of the active power transfer equation P12 = (V1V2/X) sin (θ1 – θ2)). Under 
such a condition, with the UPFC, the phasor diagrams  representing the line 
end bus voltages, the series converter output voltage and the line current can 
be drawn. We first assume the simple mode in which the series converter 

V1∠θ1 V2∠θ2

Series
converter

Bus 1 Bus 2

Shunt
converter

Vse∠θse

Vsh∠θsh

FIGURE 1.8 UPFC connected in a transmission line between two buses.

jX

jXsh

Ish

I

Bus 1
V1∠θ1

Bus 2
V2∠θ2

Vse∠θse

Vsh∠θsh

FIGURE 1.9 Equivalent circuit of the diagram shown in Figure 1.8.
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FACTS and FACTS Controllers    ◾    9

is not absorbing or delivering any active power. Thus, in this mode, for the 
series converter, only two phasor diagrams are possible: (1) Vse lagging 
the line current I by 90° or (2) Vse leading the line current I by 90°. The pha-
sor diagrams will be identical to those shown in Figure 1.6a and b, respec-
tively. Now, as it is assumed that the series converter is not exchanging any 
active power with the line, the shunt converter cannot do so either, with the 
sending end bus (since no converter can consume or deliver active power 
by itself). Thus, the phasor diagrams for the shunt converter will be similar 
to those already drawn for the STATCOM in Figure 1.3a and b except that 
the bus voltage Vj in Figure 1.3a and b will be replaced by V1. Absence of 
any active power exchange between bus 1 and the shunt converter can be 
observed from the fact that the phase angle difference between Vsh and Ish 
is ±90° and that Vsh and V1 are collinear.

However, it is important to note that both the converters can indepen-
dently supply reactive power. Hence, independent of the series converter 
absorbing or delivering reactive power, the shunt converter will be deliver-
ing reactive power to the bus if the magnitude of the shunt converter output 
voltage Vsh is more than that of V1 (Figure 1.3a) or vice versa (Figure 1.3b).

Next, we consider the more general mode in which the converters can 
exchange active power with the power system. Under such a condition, 
many possibilities exist. However, only four typical cases with their corre-
sponding phasor diagrams are considered here, which are given below. It is 
important to note that these phasor diagrams are not to scale and are only 
figurative. All losses and rating limits of converters have been ignored. 
For active power, we follow the dictum Re V ( I ) V ( I )se

*
sh sh

*− + −  = 0, that 
is, the UPFC does not have the capability to deliver or consume active 
power by itself. Also, while drawing the phasor diagrams, it is followed 
that active power flows from a bus with a higher phase angle to bus with a 
lower phase angle and reactive power flows from a bus at a higher voltage 
to a bus at a lower voltage, in transmission systems.

Case 1: UPFC series converter delivers active power to the line and absorbs 
reactive power from the line. The phasor diagrams for the bus and converter 
voltages and currents are shown in Figure 1.10a through c. Figure 1.10a 
shows the phasors of the sending and receiving end bus voltages, the series 
converter output voltage, the line drop, and the line current.

First, we consider the active power. Figure 1.10b shows the phasors of 
the series converter voltage Vse and the line current I separately. It can be 
observed (not shown explicitly) that the line current has a component in 
phase opposition to the series converter voltage. This implies that the series 

www.EngineeringEBooksPdf.com



10   ◾   Flexible AC Transmission Systems (FACTS)

converter is delivering active power to the line. As the series converter can-
not produce active power by itself, this active power must be coming from 
the shunt converter through the common DC link. Now, similar to the 
series converter, the shunt converter cannot generate this active power by 
itself. Hence, this active power must be coming from the sending end bus 
to the shunt converter through its coupling transformer. Because the shunt 
converter receives this active power from the sending end bus, the sending 
end bus voltage phasor V1 must be leading the shunt converter output volt-
age Vsh (active power flows from a bus having a higher phase angle to a lower 
one in transmission systems), as shown in Figure 1.10c. This is also reiter-
ated by the shunt converter current phasor Ish that has a component in phase 
with the shunt converter voltage Vsh, which implies that the shunt converter 
is absorbing active power from the sending end bus. The direction of the 
active power is shown by thick black (shaded) arrows (P) in Figure 1.11.

Next, we consider the reactive powers. From Figure 1.10b, it can be 
observed (not shown explicitly) that the line current I has a quadrature 
component lagging the series converter voltage Vse by 90°. This means that 
the series converter is absorbing reactive power from the line. The direc-
tion of the reactive power flow of the series converter is shown by a thick 
thick white (unshaded) arrow (Q1) in Figure 1.11. Also, from Figure 1.10c, 
it is observed that the magnitude of the shunt converter voltage Vsh is more 
than the sending end bus voltage V1 and the current drawn by the shunt 
converter Ish has a quadrature component, which leads the shunt converter 
output voltage Vsh by 90°. Both of these imply that the shunt converter is 
supplying reactive power to the sending end bus. The direction of the reac-
tive power flow of the shunt converter is shown by a thick white (unshaded) 
arrow (Q2) in Figure 1.11.

V1
V2

jIX

Vse

I

Vse

I

V1

Vsh
jIshXsh

Ish
(a) (b) (c)

FIGURE 1.10 (a–c) Phasor diagrams of UPFC voltages and currents in general 
mode (case 1).
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Case 2: UPFC series converter absorbs both active and reactive pow-
ers from the line. The phasor diagrams for the bus and converter voltages 
and currents are shown in Figure 1.12a through c. Figure 1.12a shows the 
phasors of the sending and receiving end bus voltages, the series converter 
output voltage, the line drop, and the line current.

Figure 1.12b shows the phasors of the series converter voltage Vse and 
the line current I separately. First we consider the active power. From 
Figure 1.12b, it can be observed (not shown) that the line current I has a 
component in phase with the series converter voltage Vse. This implies that 
the series converter is absorbing active power from the line. Because the 

V1
V2jIX

Vse

I
Vse

I

V1
Vsh

jIshXsh

Ish
(a) (b) (c)

FIGURE 1.12 (a–c) Phasor diagrams of UPFC voltages and currents in general 
mode (case 2).

P

Q2

Q1

P

V1∠θ1

Series
converter

I

Shunt
converter

V2∠θ2

Vsh∠θsh

Vse∠θse

FIGURE 1.11 Directions of active and reactive powers of UPFC series and shunt 
converters.
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12   ◾   Flexible AC Transmission Systems (FACTS)

series converter does not consume active power by itself, this active power 
must be transferred to the shunt converter through the DC link. Again, 
the shunt converter does not consume this active power by itself and, 
therefore, must transfer this active power to the sending end bus through 
its coupling transformer. Also, because the shunt converter transfers this 
active power to the sending end bus, the shunt converter output voltage 
Vsh must be leading the sending end bus voltage phasor V1, which is shown 
in Figure 1.12c. This is also reiterated by the shunt converter current pha-
sor Ish that has a component in phase opposition to the shunt converter 
output voltage Vsh, which implies that the shunt converter is delivering 
active power to the sending end bus. The direction of the active power flow 
is shown by thick black (shaded) arrows (P) in Figure 1.13.

Next, we consider the reactive powers. From Figure 1.12b, it can be 
observed that the line current I has a quadrature component lagging the 
series converter voltage Vse. This implies that the series converter is absorb-
ing reactive power from the line. The direction of the reactive power flow 
of the series converter is shown by a thick white (unshaded) arrow (Q1) in 
Figure 1.13. However, from Figure 1.12c, it can be observed that the cur-
rent drawn by the shunt converter Ish has a quadrature component leading 
the shunt converter output voltage Vsh. Also, the magnitude of the shunt 
converter output voltage is more than the sending end bus voltage. Both 
of these imply that the shunt converter is delivering reactive power to the 

PP

Q1

Q2

V1∠θ1

Series
converter

Shunt
converter

V2∠θ2Vse∠θse

Vsh∠θsh

I

FIGURE 1.13 Directions of active and reactive powers of UPFC series and shunt 
converters.
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sending end bus. The direction of the reactive power flow of the shunt 
converter is shown by a thick white (unshaded) arrow (Q2) in Figure 1.13.

Case 3: UPFC series converter delivers both active and reactive powers 
to the line. The phasor diagrams for the bus and converter voltages and 
currents are shown in Figure 1.14a through c.

First we consider the active power. From Figure 1.14b, it can be observed 
that the line current I has a component in phase opposition to the series 
converter voltage Vse. This implies that the UPFC series converter is 
 delivering active power to the line. As already discussed earlier, the series 
converter must receive this active power from the shunt converter via the 
common DC link. The shunt converter, in turn, receives this active power 
from the sending end bus through its coupling transformer. This fact is 
reinforced from Figure 1.14c, in which the sending end bus voltage V1 is 
leading the shunt converter voltage Vsh. This indicates that the sending end 
bus is delivering active power to the shunt converter for onward transfer 
to the line (through the series converter). Also, the shunt converter current 
Ish has an in-phase component with the shunt converter voltage Vsh, which 
shows that it is indeed absorbing power (from the sending end bus). The 
direction of the active power flow is shown by thick black (shaded) arrows 
(P) in Figure 1.15.

Next we consider the reactive powers. From Figure 1.14b, it can be 
observed that the line current I has a quadrature component leading the 
series converter voltage Vse. This implies that the series converter is sup-
plying reactive power to the line. The direction of the reactive power flow 
of the series converter is shown by a thick white (unshaded) arrow (Q1) in 
Figure 1.15. Also, from Figure 1.14c, it can be observed that the shunt con-
verter draws a current Ish, which has a quadrature component lagging the 
shunt converter output voltage Vsh. This implies that the shunt converter is 
absorbing reactive power from the sending end bus. This is reinforced by 

V1
V2

jIX

Vse

I

Vse

I

V1 Vsh

jIshXsh

Ish

(a) (b) (c)

FIGURE 1.14 (a–c) Phasor diagrams of UPFC voltages and currents in general 
mode (case 3).
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14   ◾   Flexible AC Transmission Systems (FACTS)

the fact that the magnitude of the shunt converter voltage Vsh is less than 
the sending end bus voltage magnitude V1. The direction of the reactive 
power flow of the shunt converter is shown by a thick white (unshaded) 
arrow (Q2) in Figure 1.15.

Case 4: UPFC series converter absorbs active power from the line and 
delivering reactive power to the line. The phasor diagrams for the bus and 
converter voltages and currents are shown in Figure 1.16a through c.

First, we consider the active power. From Figure 1.16b, it can be 
observed that the line current I has an in-phase component with the 
series converter voltage Vse, which implies that the series converter is 

V1 V2

jIX

Vse

I

Vse

I

V1
Vsh

jIshXsh

Ish

(a) (b) (c)

FIGURE 1.16 (a–c) Phasor diagrams of UPFC voltages and currents in general 
mode (case 4).

PP

Q1

Q2

V1∠θ1

Series
converter

Shunt
converter

V2∠θ2Vse∠θse

Vsh∠θsh

I

FIGURE 1.15 Directions of active and reactive powers of UPFC series and shunt 
converters.
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absorbing active power from the line. This active power must be trans-
ferred to the shunt converter via the common DC link for onward trans-
mittal by the shunt converter to the sending end bus through the shunt 
coupling transformer. From Figure 1.16c, it can be observed that the 
shunt converter output voltage Vsh leads the sending end bus voltage V1. 
Also, the current drawn by the shunt converter Ish has a component in 
phase opposition to the shunt converter output voltage Vsh . Both of these 
imply that the shunt converter is delivering active power to the sending 
end bus. The direction of the active power flow is shown by thick black 
(shaded) arrows (P) in Figure 1.17.

Next, we consider the reactive powers. From Figure 1.16b, it can be 
observed that the line current I has a quadrature component that is lead-
ing the series converter voltage Vse, which implies that the series converter 
is delivering reactive power to the line. The direction of the reactive power 
flow of the series converter is shown by a thick white (unshaded) arrow 
(Q1) in Figure 1.17. Also, from Figure 1.16c, it can be observed that the 
magnitude of the shunt converter output voltage Vsh is more than the 
sending end bus voltage V1, implying that the shunt converter is delivering 
reactive power to the sending end bus. This is reiterated from the fact that 
in Figure 1.16c, the current drawn by the shunt converter Ish has a quadra-
ture component leading the shunt converter output voltage Vsh. The direc-
tion of the reactive power flow of the shunt converter is shown by a thick 
white (unshaded) arrow (Q2) in Figure 1.17.

V2∠θ2

Vsh∠θsh

Vse∠θse
V1∠θ1

I

Q1

Q2

Series
converter

Shunt
converter

PP

FIGURE 1.17 Directions of active and reactive powers of UPFC series and shunt 
converters.
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1.5 THE IPFC AND THE GUPFC
Unlike the STATCOM, SSSC, or UPFC, which can control the power flow 
in a single transmission line only, the IPFC or GUPFC can address the 
problem of compensating a number of transmission lines simultaneously 
at a given substation. The IPFC employs a number of DC-to-AC converters 
linked together at their DC terminals, each providing series compensa-
tion for a different line. The converters are connected to the AC system 
through their series coupling transformers [22]. The most elementary two-
converter IPFC has three degrees of freedom, being able to control inde-
pendently, three electrical quantities of interest. On the other hand, the 
most elementary GUPFC possesses five degrees of freedom, being capable 
of controlling independently five electrical quantities of interest [23,24].

The schematic diagram of a simple two-converter IPFC is shown in 
Figure 1.18. The equivalent circuit of the diagram shown in the figure is 
shown in Figure 1.19.

C

Bus 2
V2

Vse1

Bus 1
V1

Bus 3
V3

Vse2

Converter 1

Converter 2

C

I1

I2

FIGURE 1.18 Schematic diagram of a IPFC with two series converters.
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Before we proceed to draw the phasor diagrams of the voltages and cur-
rents with this two-converter IPFC, it is important to make certain simpli-
fying assumptions. These are given as follows:

 1. The bus voltage magnitudes are taken to be same, that is, 
| | | | | | .V V V1 2 3= =

 2. All resistances are negligible. Coupling transformer leakage reactance 
is combined with the transmission line reactances.

 3. The reactances of both the lines are same, that is, X X X1 2= = . This 
simplifies the analysis.

 4. Before the IPFC was installed, active power was flowing from bus 1 
to bus 2 in transmission line 1 and from bus 1 to bus 3 in transmis-
sion line 2. Thus, V1 is leading both V2 and V3.

 5. Before the IPFC was installed, more active power was flowing in 
transmission line 1 than in transmission line 2. Since X1 = X2 = X, 
this implies that the phase angle difference between V1 and V2 is 
more than that between V1 and V3 i.e. V3 is leading V2.

 6. Converter rating limits have been ignored.

The IPFC is used for simultaneously reducing the receiving end active 
power in transmission line 1 (connected between buses 1 and 2) and increas-
ing the receiving end active power in transmission line 2 (connected 
between buses 1 and 3), in response to a simultaneous change of demand. 

jX1

jX2

Bus 1
V1∠θ1

Bus 2
V2∠θ2

Bus 3
V3∠θ3

Vse1

Vse2

I2

I1

FIGURE 1.19 Equivalent circuit of the network shown in Figure 1.18.
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Typical phasor diagrams to achieve this objective are shown in Figure 1.20a 
through d. It is important to note that the phasor diagrams shown in 
the figure correspond to only one out of a myriad of schemes possible to 
achieve this objective. Although the phase angles of the voltages injected 
by the series converters 1 and 2 are assumed to be arbitrary, we again fol-
low the basic rule that the IPFC cannot deliver or absorb active power by 
itself, that is, Re 0V ( I ) V ( I )se1 se2 2

*− + −  =1
* .

First, we discuss the active power. From Figure 1.20a, it can be observed 
that due to the voltage Vse1 injected by the series converter 1, the magni-
tudes of the line drop I1X  and the line current I1 decreases. Also, the receiv-
ing end power factor angle (angle between V2 and I1) of transmission line 1 
increases compared to the case when there is no IPFC. This results in a 
reduction of active power at the receiving end of line 1. The phasor diagram 
showing the relationship between Vse1 and I1 is shown in Figure 1.20c. From 
this figure, it can be observed that the current I1 has a current component in 
phase with Vse1 (shown as the projection of I1 on Vse1). This implies that the 
IPFC series converter 1 absorbs active power from the line through its cou-
pling transformer. Because series converter 1 cannot consume this active 
power by itself, this must be transferred through the DC link over to the 
series converter 2. Because converter 2 cannot consume this active power 
either, it must deliver this active power to transmission line 2 through its 
coupling transformer. Because series converter 2 delivers active power to 
transmission line 2, the current I2 in transmission line 2 must have a com-
ponent in phase opposition to the voltage Vse2 injected by the series con-
verter 2. This is observed from Figure 1.20b and also shown separately in 
Figure 1.20d. From Figure 1.20b, it is also observed that due to the voltage 

Vse1

V1

Vse2
V2

V3

I2

jI2X

Vse2

I2
I1

V1

V2jI1X
Vse1

I1

(a) (b)

(c) (d)

FIGURE 1.20 (a–d) Phasor diagrams of voltages and currents with IPFC. 
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Vse2 injected by the series converter 2, the magnitudes of the line drop I2 X
and the line current I2 increases. Also, the receiving end power factor angle 
(angle between V3 and I2) of transmission line 2 decreases compared to the 
case when there is no IPFC. This results in an increase of active power at the 
receiving end of line 2. Also, from Figure 1.20b and d, which shows sepa-
rately the relationship between Vse1 and I1 along with that between Vse2 and 
I2, it can be observed that unlike the projection of I1 on Vse1, the projection 
of I2 on Vse2 is negative to fulfill the condition Re *V ( I ) V ( I )se1 1 se2

*− + −  =2 0. 
The direction of the active power flow for series converters 1 and 2 is shown 
by thick black (shaded) arrows (P) in Figure 1.21.

Now, we discuss the reactive powers of the two series converters. From 
Figure 1.20c, it is observed that the current I1 has a quadrature component 
lagging the voltage Vse1 injected by series converter 1. This implies that 
converter 1 absorbs reactive power from line 1 through its coupling trans-
former. The direction of the reactive power flow of the series converter 1 is 
shown by a thick white (unshaded) arrow (Q1) in Figure 1.21. In a similar 
manner, it can be observed from Figure 1.20d that I2 has a quadrature 

C

Bus 2
V2

Vse1

Bus 1
V1

Bus 3
V3

Vse2

Converter 1

Converter 2

C

I1

I2

P Q1

Q2
P

FIGURE 1.21 Directions of active and reactive powers of IPFC series converters.
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component leading Vse2 which implies that series converter 2 delivers reac-
tive power to line 2 through its coupling transformer. The direction of 
the reactive power flow of the series converter 2 is shown by a thick white 
(unshaded) arrow (Q2) in Figure 1.21. It is important to note that unlike 
the case of active power, both the converters can absorb or deliver reactive 
powers independently.

The GUPFC is an extension of the IPFC. Because the IPFC has already 
been discussed in some detail, the GUPFC is not given an exclusive 
introduction here. The interested reader is advised to refer to [23,24] for 
an introduction. We will directly discuss the power flow modeling of a 
GUPFC in Chapter 6.

1.6 VSC-HVDC SYSTEMS
In AC transmission, the length of transmission links are limited by sta-
bility considerations. No such limitation exists for DC transmission. In 
this context, a high-voltage DC (HVDC) link can be used to interconnect 
two AC substations that are separated by very long distances. A HVDC 
link can be used to improve system reliability by interconnecting two 
asynchronous AC systems. In light of dwindling fossil fuel resources, 
VSC-based HVDC systems can be used to augment power transmis-
sion capacity by integrating offshore wind farms to AC grids. With the 
advancement of power electronics, gate-turn-off thyristor (GTO)- and 
insulated gate bipolar transistor (IGBT)-based VSC-HVDC systems have 
been conceptualized and implemented. VSC-HVDC systems based on 
pulse width modulation (PWM) scheme has the advantage of independent 
active and reactive power control, along with reduction in filter size [38]. A 
typical two-terminal VSC-HVDC system is shown in Figure 1.22.

Bus 1
V1

Converter 2Converter 1

C1 C2

Bus 2
V2

FIGURE 1.22 A typical two-terminal VSC-HVDC system.
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Unlike a two-terminal VSC-HVDC interconnection, a multiterminal 
VSC-HVDC system is more versatile and better capable to utilize the eco-
nomic and technical advantages of the VSC-HVDC technology. 

In a multiterminal VSC-HVDC system, the converter stations can be 
located closely, in the same substation or remotely, at different locations. 
They are known to be in back-to-back (BTB) or point-to-point (PTP) con-
figuration, respectively. Most of the VSC-HVDC systems installed over 
the world are in PTP configuration. 

1.7  POWER FLOW MODELS OF FACTS 
CONTROLLERS AND VSC-HVDC SYSTEMS

For proper planning, design, and operation of power system networks 
incorporating these controllers, it is essential to evaluate the current system 
performance as well as to ascertain the effectiveness of alternative plans 
of system expansion to meet increased load demand with these FACTS 
controllers. This requires the power flow solution of the network(s) incor-
porating these FACTS controllers, and therefore, the development of suit-
able power flow models of these controllers is a fundamental requirement.

The earliest algorithms for power flow solution of networks were based 
on the Gauss–Seidel method. They suffered, however, from relatively poor 
convergence characteristics. Subsequently, the Newton–Raphson (NR) 
algorithm was developed. The underlying problem for the iterative Newton 
method is the solution of a matrix equation of large dimension. However, 
with the development of sparse matrix techniques and vast increases in low-
cost computer memory and processor speed over the past several decades, 
the NR algorithm has emerged as the method of choice in commercial power 
flow packages. Some of the excellent references on the fundamentals of 
power flow applying the NR method are [25–31]. For computations involv-
ing power systems under the usual operating conditions, another simplifi-
cation of the NR scheme is also possible. This modification is known as fast 
decoupled power flow. In this case, the matrices need not be updated at each 
iteration and the computational burden is greatly reduced [26,27,32–36].

Because of the need of suitable power flow models of the FACTS con-
trollers and the adoption of NR algorithm as the de facto standard in the 
industry, many researchers have paid attention to the development of NR 
power flow models of these VSC-based FACTS devices [37–43].

Now, among the VSC-based FACTS devices, the STATCOM was the 
earliest to be conceived. Zhang et al. [44] have presented a comprehensive, 
multicontrol functional model of a STATCOM for power flow  studies. 
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A  robust strategy for the enforcement of multiple violated constraints 
associated with the STATCOM is also proposed in this work. A novel 
power injection model of a STATCOM for power flow and voltage stability 
studies, along with practical device limit constraints of the STATCOM, 
is addressed in [45]. Yang et al. [46] have accounted for the switching and 
conduction losses of the STATCOM in an improved STATCOM model. 
Inclusion of coupling transformer resistance in the power flow model of a 
STATCOM has been presented by Radman and Shultz [47]. Bhargava et al. 
[48] have demonstrated the incorporation of both STATCOM switching 
losses and coupling transformer losses using a simple two-step algorithm. 

Unlike the STATCOM, the SSSC is a VSC-based series FACTS control-
ler. The first comprehensive, multicontrol functional power flow model of 
the SSSC, inclusive of device limit constraints, was presented by Zhang [49]. 
This model can be used for steady-state control of any one of the line active 
or reactive power flows, voltage at a bus, or transmission line impedance. A 
multicontrol mode, power injection model of an SSSC for power flow analysis, 
inclusive of practical constraints, is addressed in [50]. Vinkovic and Mihalic 
[51] have presented a novel current-based model of the SSSC. Instead of the 
magnitude and phase angle of the injected voltage, this model uses the real 
and imaginary components of the SSSC current for its representation and is 
reported to exhibit faster convergence than the injection model [50]. SSSC 
models for three-phase power flow analysis have been presented by Zhang et 
al. [52]. The models have been implemented in a three-phase Newton power 
flow algorithm in rectangular coordinates. Zhao et al. [53] have demonstrated 
the realization of an SSSC model for power flow analysis through the user 
interface programmer of Power System Analysis Software Package.

Like the STATCOM and the SSSC, a lot of research work has been carried 
out in the area of power flow modeling of a UPFC. Sen [54] has addressed 
the theory and the modeling technique of a UPFC using an EMTP sim-
ulation package. Arabi and Kundur [55] have considered the UPFC as a 
coordinated and interconnected set of controllable shunt and series ele-
ments for comprehensive power flow and stability simulations. Iravani et 
al. [56] have presented mathematical models of the UPFC for steady-state, 
transient stability, and eigenvalue studies. For the steady-state model, the 
sending and receiving ends of the UPFC are decoupled. The sending end 
(shunt converter end) bus is converted to a voltage-controlled bus and the 
receiving end bus is converted to a load bus. Noroozian et al. [57] have 
described a UPFC injection model for power flow study and application 
of the UPFC for optimal power flow (OPF) con trol. Acha et al. [58] have 

www.EngineeringEBooksPdf.com



FACTS and FACTS Controllers    ◾    23

presented a comprehensive UPFC model  suitable for OPF  solutions. An 
optimization-based method for steady-state analysis of power systems hav-
ing UPFCs has been presented by Nguyen and Nguyen [59] with a high-
level line optimization control (LOC). In this method, optimal reference 
inputs to UPFCs as required in LOC are determined using constrained 
optimization. A  general UPFC power flow model capable of solving large 
power networks is presented in [60,61]. In this model, a set of analyti-
cal equations has been derived to provide good initial conditions for the 
UPFC parameters in order to retain the quadratic convergence of Newton 
method. Yan and Sekar [62] have presented a modified power flow model 
of the UPFC with line power flows and bus voltage magnitudes as inde-
pendent variables. An approximate model for power flow studies that takes 
into consideration a lossless model of UPFC-embedded transmission lines 
has been presented by Alomoush [63]. Wei et al. [64] have used injected 
voltage sources to directly model a UPFC. Subsequently, the limits on the 
UPFC rating are imposed in an NR power flow algorithm in order to com-
pute its maximum voltage stability-limited transfer capability. Sun et al. 
[65] have proposed a Newton power flow model of the UPFC in rectan-
gular coordinates, in which the UPFC control functions are expressed by 
the equivalent loads of the related buses. A novel steady-state model of the 
UPFC that can be easily incorporated in existing power flow software and 
that provides an automatic adjustment of UPFC parameters and an impo-
sition of UPFC operating limits has been presented by Santos et al. [66]. 
Dazhong et al. [67] have presented an approach for power flow analysis of 
a power system with UPFC using the equivalent power network given in 
the work. Eleven novel control modes of the UPFC have been successfully 
modeled in Newton power flow algorithm by Zhang and Godfrey [68]. A 
generalized power flow model of UPFC incorporating sparse techniques 
for formulation and computation of the Jacobian matrix is presented in 
[69]. Commercial software of power system analysis can be employed with 
this approach. The device limit constraints of the UPFC in power flow con-
trol are addressed in several publications [70–74]. Mhaskar et al. [75] have 
presented a methodology incorporating dual state and control variables 
for power flow solution with series FACTS controllers, including UPFC, in 
which an ingenious selection of variables renders decoupling of the power-
flow problem. Efforts to reuse the original NR power flow codes with a 
UPFC model have been demonstrated by Nor et al. [76].

In respect of the IPFC, some excellent techniques for its power flow mod-
eling are presented in [77,78]. Zhang et al. [78] have described a novel power 
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injection model of the IPFC for power flow analysis, including its various 
limit constraints. The power injection model keeps intact the original struc-
ture and symmetry of the admittance matrix. Modeling of both UPFC and 
IPFC for power-flow, sensitivity, and dispatch analysis has been demon-
strated by Wei et al. [79]. In this paper, a common modeling framework for 
the analysis and optimal dispatch of FACTS controllers is proposed, which 
also allows a consistent formulation of the sensitivity analysis of the VSC 
control variables. Modeling of IPFC rating limits in an NR power-flow algo-
rithm for a maximum dispatch benefit strategy is demonstrated in [80]. In 
this paper, the power circulation between the two series converters is used as 
a parameter to optimize the voltage profile and power transfer. 

Zhang [77] has presented a Newton power flow modeling of the GUPFC 
along with IPFC. In this paper, modeling of the IPFC and GUPFC with direct 
incorporation of their additional control constraints in Newton power flow 
is investigated. A mathematical model of the GUPFC suitable for power flow 
and OPF study is presented in [81]. In this work, analytical solutions for 
initial values of the GUPFC have also been derived for better convergence. 
Fardanesh [82] has demonstrated a generalized method utilizing an OPF-
type formulation for modeling of UPFCs, IPFCs, and GUPFCs. Using this 
method, optimal dimensioning and sizing of these VSC-based controllers 
can be achieved. A simple approach for steady-state modeling of both IPFCs 
and GUPFCs based on the converters’ power balance method is demon-
strated in [83]. This approach uses the d–q orthogonal coordinates to pres-
ent a direct solution for these controllers by solving a quadratic equation.

The power flow modeling of VSC-HVDC systems is discussed in 
Chapter 8.

1.8 ORGANIZATION OF THE BOOK
In this book, an attempt has been made to investigate systematically the 
modeling of VSC-based FACTS controllers and VSC-HVDC systems in 
an existing NR power flow algorithm. Newton power flow models of the 
SSSC, UPFC, IPFC, STATCOM, GUPFC, and finally VSC-HVDC systems 
have been developed.

The outline of the remaining chapters of the book is as follows:

Chapter 2 presents the NR method for solution of nonlinear algebraic 
equations. The application of the NR algorithm for solution of non-
linear equations in single and multiple variables is demonstrated. 
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Subsequently, the reader is introduced to the power flow problem and 
the application of the NR method for its solution. The power flow prob-
lem for an example six-bus system is considered for demonstration 
of the NR algorithm. The Jacobian matrix, its constituent  subblocks, 
and the nature of the elements in these subblocks are described. 
Finally, the generalized form of the power flow problem is described.

Chapter 3 presents the development of a Newton power flow model 
of an SSSC. Similar to existing models, the proposed model [84,85] 
can handle multiple control functions of the SSSC, including control 
of bus voltage, line active power flow, line reactive power flow, and 
line reactance. The issue of practical device constraints of the SSSC 
has also been addressed in this chapter. For this purpose, two major 
device limit constraints have been considered: (1) the magnitude of 
the injected series converter voltage and (2) the magnitude of the line 
current through the converter. These device limit constraints have 
been accommodated by the principle that whenever a particular 
constraint limit is violated, it is kept at its specified limit, although a 
control objective is relaxed. Mathematically, this signifies the replace-
ment of the control objectives by the corresponding limits violated 
during the formation of the Jacobian matrix. Furthermore, the pro-
posed model can also accommodate the switching losses for a practi-
cal SSSC very easily. In fact, the proposed technique exhibits excellent 
convergence for any practical value of converter switching loss.

Chapter 4 addresses the development of a Newton power flow model 
[84,86] of a UPFC, which can also incorporate various practical device 
limit constraints. Four major device limit constraints of the UPFC have 
been considered: (1) the limits on the magnitude of the injected voltage 
of the series converter, (2) the magnitude of the line current through 
the series converter, (3) the DC link power transfer, and (4) the magni-
tude of the shunt converter current. These limit constraints have been 
enforced in three different ways: (1) limit violation of a single con-
straint, (2) limit violations of two separate constraints simultaneously, 
and (3) limit violations of all three separate constraints simultaneously.

Chapter 5 presents the development of a Newton power flow model 
[84,87] of an IPFC. Three major device limit constraints of the 
IPFC have been considered: (1) the limits on the magnitudes of 
the injected voltages of the series converters, (2) the magnitudes of 

www.EngineeringEBooksPdf.com



26   ◾   Flexible AC Transmission Systems (FACTS)

the line currents through the series converters, and (3) the DC link 
power transfer. For demonstrating the enforcement of the three lim-
its, a single elementary IPFC with two series converters installed in 
two different transmission lines has been considered. Single, double, 
or multiple (all three) device limit constraints of the IPFC have been 
enforced in different combinations. 

Chapter 6 addresses the development of a Newton power flow model [84] 
of a GUPFC. The proposed model can accommodate five  different prac-
tical limit constraints of the GUPFC: (1) the  limits on the  magnitudes 
of the injected voltages of the series  converters, (2) the magnitudes of 
the line currents through the series  converters, (3) the DC link power 
transfer, (4) the magnitude of the shunt converter current, and (5) the 
magnitudes of the bus voltages on the line side of the series converters. 
Enforcement of these five limit constraints have been considered in five 
different ways: (1) limit violation of a single constraint, (2) limit viola-
tions of two different constraints simultaneously, (3) limit violations of 
all three different constraints simultaneously, (4) limit violations of four 
different constraints simultaneously, and (5) limit violations of all five 
different constraints simultaneously. For demonstrating the enforce-
ment of limits, a GUPFC with two series converters and a shunt con-
verter (minimum possible configuration) has been considered.

Chapter 7 initially discusses the Newton power flow model [84,88] of a 
STATCOM, which also takes care of two practical device limit con-
straints: (1) the limits on the injected voltage of the shunt converter and 
(2) the limits on the shunt converter current. Subsequently, by applying 
decoupling techniques, a fast decoupled power-flow (FDLF) model of 
the STATCOM has also been developed [84,88]. It is to be noted that 
the FDLF model of the STATCOM is also capable of considering vari-
ous practical device limit constraints. Finally, a number of comparative 
case studies of the Newton power flow and the decoupled power flow 
models of the STATCOM are also presented in this chapter.

Chapter 8 presents the development of a Newton power flow model [93] 
of multiterminal VSC-HVDC systems with PWM control schemes. The 
model is applicable to the more generalized and widely installed point-
to-point VSC-HVDC configurations. Both the converter modulation 
indices and the converter DC side voltages along with the phase angle 
of the converter AC side voltage appear as unknowns in the model.
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Feasibility studies of all the models proposed in Chapters 3 through 8 have 
been carried out on the IEEE 118- and/or 300-bus test systems to validate 
the convergence characteristics of the proposed techniques.

Derivations of all the difficult formulae in various chapters are detailed 
in the Appendix.

1.9 SOLVED PROBLEMS
PROBLEM 1.1

Figure 1.23 shows the equivalent circuit of a STATCOM connected to a 
load bus. The bus voltage is Vbus = ∠0 97 10. ° p.u. The coupling transformer 
reactance is Xsh = 0.2 p.u.

 1. Assuming a lossless STATCOM, find the magnitude (fundamental) 
of the STATCOM output voltage Vsh, if the STATCOM delivers a 
reactive power of 0.1 p.u to the load bus.

 2. If the STATCOM has losses and it receives an active power of 0.02 p.u. 
from the load bus, find the reactive power delivered by the STATCOM, 
if the magnitude of the STATCOM output voltage Vsh =1 02.  p.u.

Solution
 1. The expression for the active power transfer from the load bus to 

the STATCOM is given by P V V  sin( )sh bus sh sh bus sh= ( ) −( ) X θ θ . For a 
lossless STATCOM, Psh = 0. This implies θ θsh bus= . Hence, θsh =10°.

  Now, the expression for the reactive power absorbed by the 
STATCOM from the load bus is given by

 Q
V V

sh
sh

sh bus

s

= = −


















=Im[ ] Im

*

V I V
V V

sh sh
*

sh
bus sh

jX X hh
sh bus

sh
2

sh

cos( )
Vθ θ− −
X

.
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Vsh∠θsh

Ish jXsh

FIGURE 1.23 Equivalent circuit of a STATCOM connected to a load bus.
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 Thus,
 

− = − −0 1.
0.97 V

0.2
cos(10 10 )

V

0.2
sh sh

2

° °

 gives Vsh = 0 9902.  p.u. or Vsh = −0 0202.  p.u. (It may be noted that the 
sign of Qsh is taken negative as the STATCOM is not absorbing, but 
delivering a reactive power of 0.1 p.u.).

  Since magnitude of a quantity can not be negative, Vsh = 0 9902.  p.u.
  It is important to note that had there been two positive solutions, 

say Vsh = 0 9902.  p.u. or Vsh = 0 95.  p.u., one might have been in a 
dilemma to choose the correct solution. But it should be noted that 
as the STATCOM is delivering reactive power, magnitude Vsh must 
exceed Vbus (as reactive power flows from a bus with a higher voltage 
magnitude to a one with a lower voltage magnitude, in transmission 
systems). Hence, in that case too, Vsh = 0 9902.  p.u.

 2. If the STATCOM receives an active power of 0.02 p.u. from the load 
bus (to supply its losses)

 P
V V

sin( )
0.97 1.02

0.2
sin(10 ) 0.02 sh

bus sh

sh
bus sh sh= − = × − =

X
θ θ θ° pp.u.

 Thus, θsh = 9 77. °.
  Thus, the reactive power delivered by the STATCOM is given by

 
Q Q

V V V
cos( )

1.02

0.2

1.02 0

del sh
sh
2

sh

sh bus

sh
sh bus

2

= = − −

= − ×

−
X X

θ θ

.997

0.2
cos(10 9.77 ) 0.255p.u.° °− =

PROBLEM 1.2

An SSSC is connected at the sending end of the line between two buses 
as shown in Figure 1.24. The line reactance is 0.3 p.u. The bus voltages at 
the sending and receiving ends are 1.0∠22° and 1.0∠2° p.u., respectively. 
The magnitude of the voltage injected by the SSSC converter is Vse = 0.2 
p.u. Compute the active power at the receiving end of the line when the 
SSSC is operating in the (a) capacitive and (b) inductive modes. Also 
compute the reactive powers delivered by the SSSC converter for both 
modes. Neglect converter harmonics and line resistance. Assume a loss-
less converter.
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Solution
The phasor diagram of the voltages is shown in Figure 1.25.

Now, applying KVL to the line, V V V I1 2 se= + + jX .
Hence, I V V V1 2 se= − −( ) jX . 
However, the phase angle of Vse needs to be known before we can com-

pute the current phasor I. From the phasor diagram in Figure 1.25, it can 
be observed that the current phasor I bisects the sending and receiving 
end voltage phasors V1 and V2, respectively. Thus, the phase angle of I is 
2 22 2 2 12° ° ° °.+ −[ ] =( )

Assuming a lossless converter in the capacitive mode (Figure 1.25a) of 
the SSSC, Vse lags I by 90°. Hence, Vse 0.2 78= ∠− °.

Thus, the current in the capactive mode is

 I = ∠ − ∠ − ∠− = ∠1.0 22 1.0 2 0.2 78

0.3

° ° ° °
j

1 824 12.

I

jIX
V2V1

Vse

I

jIX

V2
V1Vse

(a) (b)

FIGURE 1.25 Phasor diagrams of voltages in (a) the capacitive and (b) inductive 
modes.

C

I jX

V2V1 Vse

Qse

FIGURE 1.24 SSSC connected at the sending end of a transmission line.
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The receiving end active power is given by

 
PRE Re Re 1.0 2 p.u.= ( ) = ∠ × ∠−( ) =V I2

* ° °1 824 12 1 797. .

From Figure 1.24, the reactive power absorbed by the converter is given by 
QSSSC Im Im 0.2 78 p.u.= ( ) = ∠ − × ∠−( ) = −V Ise

* ° °1 824 12 0 365. .  Thus, the 
SSSC delivers a reactive power of 0.365 p.u.

Similarly, in the inductive mode (Figure 1.25b) of the SSSC, Vse leads I 
by 90°. Hence, Vse = ∠0.2 102°.

The current in the inductive mode is

 I = ∠ − ∠ − ∠ = ∠1.0 22 1.0 2 0.2 102

0.3

° ° ° °
j

0 491 12.

The receiving end active power is given by

 PRE Re Re 1.0 2 p.u.= ( ) = ∠ × ∠−( ) =V I2
* ° °0 491 12 0 484. .

The reactive power absorbed by the converter is given by QSSSC = 
Im Im 0.2 102 p.u.V Ise

*( ) = ∠ × ∠−( ) =° °0 491 12 0 098. .  Thus, the SSSC deli-
vers a reactive power of −0.098 p.u. which is shown by the thick white 
(unshaded) arrow (Qse) in Figure 1.24.

It may be noted that because the converter output voltage phasor Vse 
is perpendicular to the current phasor I, the reactive powers can be com-
puted from the product of Vse and I in both the cases.

PROBLEM 1.3

A UPFC is connected at the sending end of the line between two buses as 
shown in Figure 1.26. The combined reactance of the line and the series 
coupling transformer is 0.3 p.u. The leakage reactance of the shunt cou-
pling transformer is 0.2 p.u. The bus voltages at the sending and receiving 
ends are V1 = ∠0 99 21. °p.u. and V2 = ∠0 99 3. °p.u., respectively. The volt-
age injected by the UPFC series converter is Vse = ∠0 15 195. °p.u.

 1. Compute the active power at the receiving end of the line.

 2. Compute the reactive power delivered by the UPFC series converter. 
Is the series converter operating in the inductive or capacitive mode?

 3. Compute the reactive power delivered by the UPFC shunt converter if 
the magnitude of the shunt converter output voltage is Vsh =1 029. p.u.
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Neglect converter harmonics and all resistances. Also assume lossless 
converters.

Solution
Applying KVL to the transmission line, V1 2 seV V I= + + jX .

Hence, 

I
V V V1 2 se=
− −( )

=
∠ °− ∠ °− ∠ °( )

= ∠−

jX

j

0 21 0 3 0.15

0.3

. .

.

99 99 195

1 171 13..25°p.u.

The receiving end active power is given by

 

PRE Re

Re 0 3 p.u.

= ( )
= ∠ °× ∠ °( ) =

V I2
*

. . . .99 1 171 13 25 1 113

From Figure 1.26, the reactive power absorbed by the UPFC series 
converter is

 
Qse Im

Im 0.15 p.u.

= ( )
= ∠ °× ∠ °( ) = −

V Ise
*

195 1 171 13 25 0 083. . .

V2∠θ2V1∠θ1 Vse∠θse

Series
converter

I

P P

Qsh

Qse

Shunt
converter

Vsh∠θsh

FIGURE 1.26 UPFC connected in a transmission line between two buses.
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Because the reactive power absorbed by the converter is negative, it is 
operating in the capacitive mode.

Thus, the series converter delivers a reactive power of 0.083 p.u. which 
is shown by the thick white (unshaded) arrow (Qse) pointing upwards in 
Figure 1.26. At this stage, the active power absorbed by the series con-
verter must be determined. From Figure 1.26, the reactive power absorbed 
by the UPFC series converter is

 

PSSSC Re

Re 0.15 p.u.

= ( )
= ∠ °× ∠ °( ) = −

V Ise
*

195 1 171 13 25 0 155. . .

Thus, the series converter delivers an active power of 0.155 p.u. This active 
power must come from the sending end bus through the shunt coupling 
transformer and the shunt converter, as both the converters are lossless. 
The direction of this active power is shown as P inside thick black (shaded) 
arrows in Figure 1.26 (downward from the sending end bus through the 
coupling transformer and the shunt converter, and then upward through 
the series converter to the series coupling transformer).

Because all resistances are neglected, the active power transfer from the 
sending end bus (through the shunt coupling transformer) to the UPFC 
shunt converter is

 

P
X

= −

= × ° −

V V1 sh

sh
1 sh

sh

sin( )

0 1

0.2
sin(21 )

θ θ

θ. .99 029

This must be equal to 0.155 p.u. It is the active power going toward the 
series converter.

Thus, sin(21 ) 0 0.99 1sh° − = ×( ) ×( )θ . . .155 0 2 029 , or θsh = °19 3. .
The reactive power delivered by the shunt converter is given by

 
Q

X X
sh

sh
sh 1

2

cos( )

1.029

0.2

1 0

0.2
cos

= − −

= − ×

V V Vsh

sh

sh 1
2

θ θ

. .029 99
((21 1 ) 0.2 p.u.°− ° =9 3.

This is shown by the thick white (unshaded) arrow (Qsh) in Figure 1.26, 
also pointing upwards.
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C h a p t e r  2

Introduction to the 
Newton–Raphson 
Method and the 
Power Flow Problem

2.1 INTRODUCTION
In this chapter, the reader is introduced to the Newton–Raphson method 
used for solving nonlinear algebraic equations. He or she is also intro-
duced to the power flow problem and its solution using the Newton–
Raphson algorithm [25–36].

2.2 THE NEWTON–RAPHSON METHOD
Let us consider the solution of the following equation:

 x x x3 23 3 2− + =  (2.1)

The above equation can be written as

 f x f( )= SP  (2.2)

where:

 f x x x x( )= − +3 23 3  (2.3)
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and

 f SP = 2  (2.4)

One can start with a value of x0 3= . Because a wild guess has been made, 
it is extremely unlikely to be the correct solution. However, if it is assumed 
that the actual solution lies at some small distance Δx  from x0 3= , and 
somehow Δx  can be computed, then the actual solution can be deter-
mined to be x0 + Δx, that is, 3+∆x . Let us try this.

Because the solution is assumed to lie at a distance Δx  from x0 3= , 
Equation 2.2 can be written as

 f x f( )3 2+ = =∆ SP

 (2.5)

Now, by Taylor’s series expansion,

 f x f f x
f

x( ) ( ) ( )
( )

!
( )3 3 3

3

2
2+ = + + +∆ ∆ ∆′ ″


 (2.6)

If the initial guess is close to the actual solution, Δx  will be small and 
(Δx)2 will be even smaller. If we neglect the term involving (Δx)2 and the 
subsequent ones, we can write Equation 2.6 as

 f x f f x( ) ( ) ( )3 3 3+ ≈ +∆ ∆′  (2.7)

Substituting the value of f x( )3+∆  from Equation 2.5 in Equation 2.7, we get

 f f f x x
f

f

f f

f
SP

SP

( ) ( )
( )

( )

( )

( )
or= = + = − = −

2 3 3
2 3

3

3

3
′

′ ′
∆ ∆  (2.8)

Now, f ( ) ( ) ( ) ( )3 3 3 3 3 3 93 2= − + =  and f SP = 2. Also, f x x x′( )= − +3 6 32 , 
making f ′( ) ( ) ( )3 3 3 6 3 3 122= − + = .

Thus, from Equation 2.8, ∆x = − = − = −( )/122 9 7 12 0 5833/ . . The solu-
tion after one iteration is 3 2 4167+ =∆x . .

The starting point has moved from 3 (initial guess) to 2 4167. . Hence, in 
the next step, it is assumed that the actual solution lies at a distance of Δx  
from 2 4167. , that is,

 f x f f f x f( ) or,2 4167 2 2 4167 2 4167 2. ( . ) ( . )+ = = + ′ = =∆ ∆SP SP

Hence,

 
∆x

f f

f
= − = − = −

SP ( )

( )

2 4167

2 4167

2 3 8434

6 0211
0 3062

.

.

.

.
.

′
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Thus, the solution after the second iteration is 2 4167 2 1105. .+ =∆x . After 
the third iteration,

 ∆x
f

f
= − = − = −2 2 1105

2 1105

2 2 3695

3 6996
0 0999

( )

( )

.

.

.

.
.

′

making the solution after the third equation as 2 1105 2 0106. .+ =∆x . After 
the fourth iteration,

 ∆x
f

f
= − = − = −2 2 0106

2 0106

2 2 0321

3 0639
0 0105

( )

( )

.

.

.

.
.

′

making the solution after the fourth iteration as 2.0001. The actual solu-
tion is 2.0.

What would happen if an initial guess of 1.5 is made?

 ∆x
f

f
= − = − =2 1 5

1 5

2 1 125

0 75
1 1667

( )

( )

.

.

.

.
.

′

Δx  is positive now. The solution after the first iteration is 1 5 2 6667. . .+ =∆x  
For the next iteration,

 ∆x
f

f
= − = −2 2 6667

2 6667
0 4356

( )

( )

.

.
.

′

And the solution is 2 6667 2 2311. .+ =∆x , and so on.
It is interesting to note that when a value greater than the actual solu-

tion (2.0) is taken up as the initial guess, Δx  is negative. Similarly, when 
a value lesser than 2.0 is taken up, Δx  is positive. Thus, whatever be the 
initial guess, the subsequent points always move in the correct direction, 
that is, toward the solution. It is important to note that this is not a coinci-
dence. In fact, this is what makes the algorithm convergent.

Now, a more difficult problem can be considered. Let us consider the 
solution of the nonlinear system of equations:

 x x y2 2 0 5− − = − .  (2.9)

 x y2 24 4+ =  (2.10)
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Because two variables x and y are involved, the above equations can be 
written as

 f x y f( , )= SP  (2.11)

 g x y g( , )= SP  (2.12)

where:

 f x y x x y g x y x y( ) and ( ), ,= − − = +2 2 22 4  (2.13)

 f gSP SPand= − =0 5 4.  (2.14)

Again, an initial guess x0 1= , y0 1=  is made. Being a wild guess, it is 
extremely unlikely to be the correct solution. However, like the previous 
case, it is assumed that the actual solution lies at ( , ),x x y y0 0+ +∆ ∆  that 
is, ( , )1 1+ +∆ ∆x y .

Then Equations 2.11 and 2.12 can be written as

 f x y f( , ) .1 1 0 5+ + = − =∆ ∆ SP (2.15)

 g x y g( , )1 1 4+ + = =∆ ∆ SP  (2.16)

Now, by Taylor’s series expansion in two variables,

 f x x y y f x y
f x y

x
x

f x y

y
y( ) ( )

( ) ( )
0 0 0 0

0 0 0 0+ + = + ∂
∂

+ ∂
∂

+∆ ∆ ∆ ∆, ,
, ,

 (2.17)

In a similar manner,

 g x x y y g x y
g x y

x
x

g x y

y
y( ) ( )

( ) ( )
0 0 0 0

0 0 0 0+ + = + ∂
∂

+ ∂
∂

+∆ ∆ ∆ ∆, ,
, ,

 (2.18)

Neglecting the terms involving (Δx)2, (Δy)2, and the subsequent higher 
ones in Equations 2.17 and 2.18 and combining with Equations 2.15 and 
2.16, we get (because x0 1= , y0 1= ),

 f x y f f
f

x
x

f

y
y( ) ( )

( ) ( )SP1 1 0 5 1 1
1 1 1 1+ + = − = ≈ + ∂
∂

+ ∂
∂

∆ ∆ ∆ ∆, . ,
, ,  (2.19)
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 g x y g g
g

x
x

g

y
y( ) ( )

( ) ( )SP1 1 4 1 1
1 1 1 1+ + = = ≈ + ∂
∂

+ ∂
∂

∆ ∆ ∆ ∆, ,
, ,  (2.20)

The above equations can be rewritten as

 

∂
∂

∂
∂

∂
∂

∂
∂





























f

x

f

y

g

x

g

y

x

y

( ) ( )

( ) ( )

1 1 1 1

1 1 1 1

, ,

, ,

∆
∆

==
−
−









 =

− −
−











f f

g g

f

g

SP

SP

( )

( )

( )

( )

1 1

1 1

0 5 1 1

4 1 1

,

,

. ,

,
 (2.21)

or

 J[ ]






 =

−
−









 =

− −
−

∆
∆

x

y

f f

g g

f

g

SP

SP

( )

( )

( )

(

1 1

1 1

0 5 1 1

4 1

,

,

. ,

,11)









  (2.22) 

where J is known as the Jacobian matrix. 
Now, let us compute Δx  and Δy. First we compute J. From Equation 2.13, 

∂ ∂ = −f x x2 2, ∂ ∂ = −f y 1, ∂ ∂ =g x x2 , and ∂ ∂ =g y y8 . Evaluated at x0 1= , 
y0 1= , we get

 
J =

∂
∂

∂
∂

∂
∂

∂
∂



















=
−



f

x

f

y

g

x

g

y

( , ) ( , )

( , ) ( , )

1 1 1 1

1 1 1 1

0 1

2 8





Similarly, the matrix on the right-hand side (RHS) of Equation 2.22 
becomes

 
f f

g g

f

g

SP

SP

−
−









 =

− −
−









 = −

( , )

( , )

. ( , )

( , )

.1 1

1 1

0 5 1 1

4 1 1

1 5

1











Thus, Equation 2.22 becomes

 
0 1

2 8

1 5

1

−
















 = −











∆
∆

x

y

.

which gives

 ∆
∆

x

y









 = −











5 5

1 5

.

.
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Thus, the solution after the first iteration is ( , ) ( . , . )1 1 6 5 0 5+ + = −∆ ∆x y . We 
have moved from the intial guess of ( )1 1,  to ( )6 5 0 5. , .− . Thus, in the next 
step, the actual solution is assumed to lie at ( )6 5 0 5. , .+ − +∆ ∆x y .

Again the Jacobian matrix is evaluated at ( )6 5 0 5. , .− .

 J =

∂ −
∂

∂ −
∂

∂ −
∂

∂ −
∂

f

x

f

y

g

x

g

y

( ) ( )

( ) ( )

6 5 0 5 6 5 0 5

6 5 0 5 6 5 0 5

. , . . , .

. , . . , .



















=
−
−











11 1

13 4

The matrix on the RHS of Equation 2.22 becomes

 
− − −

− −








 =

−
−










0 5 6 5 0 5

4 6 5 0 5

30 25

39 25

. . , .

. , .

.

.

f

g

( )

( )

Thus,

 
11 1

13 4

30 25

39 25

−
−


















 =

−
−


















 =

−∆
∆

∆
∆

x

y

x

y

.

.
,or

22 6371

1 2419

.

.











making our next starting point as ( ) ( )6 5 0 5 3 8629 0 7419. , . . , .+ − + =∆ ∆x y . 
Subsequently, we repeat the steps to compute

 J( )3 8629 0 7419
5 7258 1

7 7258 5 9352
. , .

.

. .
=

−









and

 
− −

−








 =

−
−

0 5 3 8629 0 7419

4 3 8629 0 7419

6 9543

13 1

. . , .

. , .

.

.

f

g

( )

( ) 2237











yielding

 ∆
∆

x

y









 =

−
−










1 3042

0 5135

.

.

and making the next starting point ( ) (3 8629 0 7419 2 5587. , . . ,+ + =∆ ∆x y
0.2284).
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In the next iteration,

 

∆
∆

x

y

f

x

f

y

g









 =

∂
∂

∂
∂

∂

( ) ( )

(

2 5587 0 2284 2 5587 0 2284

2 5587

. , . . , .

. ,, . . , .

. . ,

0 2284 2 5587 0 2284

0 5 2 5587

1

) ( )

(

∂
∂

∂



















− −

−

x

g

y

f 00 2284

4 2 5587 0 2284

0 5423

0 0106

.

. , .

.

.

)

( )−










=
−









g

making the next starting point as ( )2 5587 0 2284. , .+ +∆ ∆x y  = (2.0164, 
0.239). If continued further, the next three starting points are obtained 
as ( )1 9082 0 3132. , . , ( )1 9007 0 3112. , . , and ( )1 9007 0 3112. , . . As the last two 
 iterations yield the same solution (no update in values), the computed solu-
tion can be taken to be equal to the actual solution, for all practical purposes.

We are now ready to face the power flow problem.

2.3 THE POWER FLOW PROBLEM
The power system network consists of synchronous generators (sources) 
and loads (sinks) interconnected through transmission lines (impedances). 
The entire system is modeled as a set of nodes (buses) interconnected by 
impedances. At different nodes, sources (generators) injecting complex 
powers and/or sinks (loads) absorbing complex powers may be connected. 
The generators produce complex powers that flow through the transmis-
sion lines for consumption by the loads. A small fraction of the complex 
power produced by the generators is also absorbed by the transmission 
lines as line losses (real loss) and reactive drops in the lines. As discussed 
elsewhere [25–28], power flow is used to compute analytically the voltage 
magnitudes and phase angles at the buses (nodes) of the transmission net-
work under balanced three-phase steady-state conditions. The analytical 
computation of all the bus voltage magnitudes and phase angles is known 
in the technical jargon as power flow analysis. From this basic information, 
additional electrical quantities of interest can be further computed, for 
example, the active and reactive power flows in any transmission line, the 
losses in the line, and the reactive power supplied by the generators. After 
the power flow computation, it may be found out that some system buses 
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may be having voltage magnitudes which are outside the acceptable lim-
its (too low or too large). Too low a voltage may cause lamp flickers, fans 
running at low speeds, and pumps unable to build up their required heads 
of pressure. Similarly, too large a voltage may damage the equipment. In 
addition, one or more transmission lines may be overloaded (close to their 
thermal limits), or a few of them may be close to their stability limits. Here 
lies the importance of power flow analysis. There are some excellent refer-
ences [25–28] in the area of power flow analysis for the interested reader.

Now, to compute certain quantities analytically that are usually termed 
as unknowns, we must have some quantities that are usually given or 
termed as knowns. In this respect, it is important to note that the active 
and reactive powers consumed by a load are assumed to be known con-
stants. These are usually given or known from the load’s consumption his-
tory. In a similar manner, the active powers supplied by the generators are 
also specified, as they can be controlled by varying their respective turbine 
powers. Thus, to proceed, we have to establish the relationships between 
the knowns and the unknowns. These relationships are termed as power 
flow equations. As we have already assumed a three-phase balanced sys-
tem, we can carry out per-phase analysis.

The input data for the power flow problem consist of transmission line 
data, transformer data, and bus data. The transmission line data consist of 
series impedances and shunt admittances of the equivalent pi circuits of 
the transmission lines in per unit, along with the bus numbers between 
which the lines are connected. The transformer data comprise resistances 
and leakage reactances of the equivalent circuits of the transformers in 
per-unit and transformer tap ratios, along with the bus numbers between 
which the windings are connected. The bus data comprise the active and 
reactive powers consumed by the loads at the load buses along with the 
active powers supplied by the generators and the generator reactive power 
limits at the generator buses. From the transmission line and transformer 
data, the bus admittance matrix of the system is computed.

2.4 POWER FLOW EQUATIONS
As discussed in Section 2.3, a power system is modeled as a set of nodes 
(buses) interconnected by impedances (transmission lines). At different 
nodes, generators and loads are connected, which inject and absorb com-
plex powers.

To start our analysis, let us consider a small power system network. It 
is a six-bus system with three generators, which is represented by its single 
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line diagram as shown in Figure 2.1. For establishment of the power flow 
equations at any system bus i, we will be following certain conventions 
[25–28], which are elaborated as follows:

 1. By virtue of a common convention, at any bus, the complex power 
produced by the generator per phase is denoted as SGi = +P jQGi Gi 
and the complex power absorbed by the load per phase is denoted by 
SDi = +P jQDi Di .

 2. PGi and QGi are the real and imaginary parts of SGi. Similarly, PDi 
and QDi are the real and imaginary parts of SDi. Usually, all the 
PDi’s and QDi’s are assumed to be constants known from the load’s 
consumption history.

 3. After taking care of the per-phase complex power SDi absorbed by 
the load at bus i, S S SGi Di i− =  is the per-phase complex power that is 
remaining of SGi. This complex power Si goes into the transmission 
system or the network and is known as net injected (per-phase) com-
plex power at bus i.

Also, the net complex current injection [28] at any bus i is given by

 I Y Vi = =
=
∑ ik k

k

n

1

i 1 2 6, ,  (2.23)

SG1 = PG1 + jQG1

SD1 = PD1 + jQD1

SD4 = PD4 + jQD4 SD5 = PD5 + jQD5 SD6 = PD6 + jQD6

SD2 = PD2 + jQD2 SD3 = PD3 + jQD3

Bus 1

Bus 4

Bus 2

Bus 5 Bus 6

Bus 3

SG2 = PG2 + jQG2 SG3 = PG3 + jQG3

V1∠θ1

V4∠θ4 V5∠θ5 V6∠θ6

V2∠θ2 V3∠θ3

~ ~ ~

FIGURE 2.1 A six-bus power system.
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where:
Vi is the complex (rms) bus voltage phasor at bus i
Yab is the element in the ath row and the bth column of the bus admit-

tance matrix Y

Thus, using Equation 2.23, the complex power injected at bus i is

 Si i i i k ik

k

n

= + = = =
=
∑P ii ijQ V I V V Y* * *

1

1 2 6, , ,  (2.24)

If we use polar representations for voltage phasors as well as elements of the 
bus admittance matrix, we can proceed further. For this, let us consider

 Vi = = ∠ =V V ii
j

i i
ie θ θ 1 2 6, , ,  (2.25)

 Yik = = ∠ = + =Y Y G Biik k ik ike j
ik

ki j i kϕ ϕ , , , ,1 2 6  (2.26)

Substituting the above equations in Equation 2.24,

 Si

k

n

= ∠ − − =
=
∑V Vi k ik i k ikY i k

1

( )θ θ ϕ , , ,1 2 6  (2.27)

 or cos( ) sin( ) cos sin
1

Si

k

n

= − + −[ ] −( )
=
∑V Vi k i k i k ik ik ikj Y jθ θ θ θ ϕ ϕ

 
or cos( ) sin( )

1

Si

k

n

= − + −[ ] −( )
=
∑V Vi i ik i k i k k kj G jBθ θ θ θ  (2.28)

From Equation 2.27, equating the real and imaginary parts gives us the 
polar form of the power flow equations as

 P i kk k i k iki

k

n

= − − =
=
∑V Vi iY

1

cos( )θ θ ϕ , , , ,1 2 6  (2.29)

 Q Y i kk k i k iki

k

n

= − − =
=
∑V Vi i

1

sin( )θ θ ϕ , , , ,1 2 6  (2.30)
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In a similar manner, Equation 2.28 gives us the rectangular form of the 
power flow equations as

 P G B i kk ik i k ik i ki

k

n

= − + −[ ] =
=
∑V Vi cos( ) sin( )θ θ θ θ

1

, , ,1 2 6  (2.31)

 Q G B i kk ik i k ik i ki

k

n

= − − −[ ] =
=
∑V Vi sin( ) cos( )θ θ θ θ

1

, , , ,1 2 6  (2.32)

2.5 THE CLASSIFICATION OF BUSES
Once the power flow equations have been written, it is now time to under-
stand the known and unknown quantities. We will proceed set by step, 
starting with the unknowns.

 1. The motive of power flow is to compute the magnitudes and phase 
angles of the bus voltages. Hence, it appears that the unknowns for 
the six-bus system shown in Figure 2.1 should be

 θ θ θ θ θ θ1 2 3 4 5 6, , , , , , , , , , ,V V V V V V1 2 3 4 5 6and  (2.33)

 2. At buses 1, 2, and 3, generators are connected. As a usual practice, 
the automatic voltage regulator (AVR) of each generator keeps its 
terminal voltage at the desired value by control of the generator’s 
field current. V V V1 2 3and, ,  should be controlled, that is, specified or 
known quantities. Hence, the apparent list of unknowns gets modi-
fied to

 θ θ θ θ θ θ1 2 3 4 5 6, , , , , , , ,V V V4 5 6and  (2.34)

 3. Now, let us take the stock of the known quantities. As discussed 
 earlier, the active (real) and reactive powers consumed by the load 
are assumed to be known from their consumption history, and hence, 
P Q P Q P Q P Q P Q P QD D D D D D D D D D D D1 1 2 2 3 3 4 4 5 5 6 6, , , , , , , , , , , and  are all 
known quantities. Also, at buses 4, 5, and 6, there are no sources of 
active or reactive power, that is, the active and reactive powers gener-
ated are zero (loads do not generate—but absorb active and reactive 
powers). Thus, P P PG G G4 5 6 0= = =  and Q Q QG G G4 5 6 0= = = . From the 
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definition of net injected active and reactive powers, it follows that 
at bus 4, P P P PG D D4 4 4 4= − = −  and Q Q Q QG D D4 4 4 4= − = −  are known 
quantities. In a similar manner, at buses 5 and 6, P P Q Q5 6 5 6, , , and  
are also known quantities. Thus, corresponding to the apparent list 
of unknowns given in Equation 2.34, the list of knowns appear to be

 P Q P Q P Q4 4 5 5 6 6, , , , ,and  (2.35)

 4. Now, at any bus, four quantities are involved: the voltage magnitude, 
the voltage phase angle, the net injected active power, and the net 
injected reactive power. One can solve for two quantities (say, the bus 
voltage magnitude and the phase angle) if the other two are known 
or specified. At a generator bus, the voltage magnitude is specified 
(the AVR maintains the terminal voltage of a generator at a speci-
fied value). In a similar manner, at a generator bus, the active power 
injected by the generator is specified (as the turbine power is control-
lable by steam/gate valve control). Thus, it appears that the known 
quantities are

 P P PG G G1 2 3, ,and  (2.36)

 5. By the law of conservation of complex power,

 Active power generated = active power absorbed

  Hence,

 P P P P P P P P PG G G D D D D D D1 2 3 1 2 3 4 5 6+ + = + + + + + + line losses (2.37)

  The line losses are the sum of the I2R losses in the individual trans-
mission lines. The expression for the I2R loss in any transmission 
line can be obtained very easily. As an example, the line loss in the 
transmission line connecting buses 2 and 3 is

 P R RLOSS 23 23 23
2

23I23 = =I
2

 (2.38)

  where:

 I y (V V ) Y (V V )23 23 2 3 23 3 2= − = − = ∠ ∠ − ∠Y23 ϕ θ θy 23(V V )3 3 2 2
 (2.39)
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  In the above equation, Y y23 23and ϕ  are known quantities, because 
they are related to an element of the bus admittance matrix. V and V2 3 
are known quantities as already explained earlier. However, θ θ2 3and  
are unknowns (Equation 2.34). Hence, from Equations 2.38 and 2.39, 
it can be observed that I23 and hence PLOSS 23 cannot be determined 
beforehand. In a similar manner, it can be shown that the current in 
any of the individual transmission lines cannot be computed before-
hand, making the line losses an unknown quantity.

 6. In Equation 2.37, all the quantities P P P P P PD D D D D D1 2 3 4 5 6, , , , , and
are known quantities, being active powers consumed by the loads. 
However, because the line losses are unknown, the RHS of Equation 
2.37 is an unknown quantity. Thus, in the left-hand side (LHS), all 
the three quantities P P PG G G1 2 3, , and  cannot be simultaneously 
known. This contradicts Equation 2.36.

 7. The above situation is tackled by assuming that one of the generator 
active powers is not known beforehand. By virtue of convention, PG1 
is kept as an unknown to balance the active powers and take up the 
slack in determining the line losses. Usually, in any system, the gen-
erator with the largest capacity is allotted this function.

 8. Hence, P PG G2 3and  are known quantities along with PD1, PD2,
P P P PD D D D3 4 5 6, , , and  (being active powers consumed by the load). 
It thus follows that P P PG D2 2 2= −  and P P PG D3 3 3= −  are known quan-
tities. Hence, using Equations 2.35 and 2.36 and the discussion in 
point 6 (above), the final list of known quantities is

 P P P Q P Q P Q2 3 4 4 5 5 6 6, , and, , , , ,  (2.40)

 9. From Equation 2.34, the apparent list of unknowns are

 θ θ θ θ θ θ1 2 3 4 5 6, , , , , , , ,V V V4 5 6and  (2.41)

  The number of unknowns is nine and exceeds the number of known 
quantities (eight in Equation 2.40). This problem can be tackled easily.

 10. From Equations 2.29 through 2.32, the nature of expression of any 
of the P Qi ior  shows that we can solve only for the differences in 
phase angles (θ θi k− ) and not individual phase angles. Because of 
this, we take θ1 0=  (reference) and compute all the other unknown 
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phase angles with reference to θ1. This removes θ1 from the list of 
unknowns. Thus, the final power flow problem boils down to

  Solve θ θ θ θ θ2 3 4 5 6, , , , , , ,V V V4 5 6and

  Given the following:

 P P P Q P Q P Q2 3 4 4 5 5 6 6, , and, , , , ,  (2.42)

Now, before we proceed to solve the above expression in Section 2.6, we 
conclude this section by classifying the system buses depending on the 
known and unknown quantities at these buses. The usual practice is to 
classify the system buses into three types:

 1. Load buses or PQ buses: These are the buses to which generators 
are not connected. Thus, P QGi Gi= = 0 and P QDi Diand  are known. 
For the three-bus system considered (Figure 2.1), buses 4, 5, and 6 
are load buses.

 2. Voltage-controlled buses: These are the buses at which the injected 
active power and the bus voltage magnitude are known or speci-
fied. Thus, P P Pi Gi Di= −  and Vi  is known. Usually, these can be 
buses to which either generators are connected (and operating 
within their reactive power limits) or sources of reactive powers 
are connected (and operating within their reactive power lim-
its), which are used to maintain the bus voltage magnitude to the 
specified value. 

 3. Slack or swing bus: This is a bus that is connected to a generator. 
Usually, in any system, the bus that is connected to the generator 
with the largest capacity is the slack bus. By virtue of convention, 
bus 1 is usually denoted as the slack bus. The magnitude as well 
as the phase angle of the bus voltage is specified.

2.6 SOLUTION OF THE POWER FLOW PROBLEM
We again take up the small six-bus power system as shown in Figure 2.1. 
We recall the power flow problem from Section 2.5 as follows.

Solve θ θ θ θ θ2 3 4 5 6, , , , , , ,V V V4 5 6and .
Given P P P Q P Q P Q2 3 4 4 5 5 6 6, , and, , , , , .
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Usually, the quantities known or specified are denoted with a super-
script SP such as P Q2

SP
5
SPor . Thus, the active and reactive powers can be 

rewritten in the form

 

P P

P P

P P

P P

P P

Q Q

Q Q

Q Q

2 2
SP

3 3
SP

4 4
SP

5 5
SP

6 6
SP

4 4
SP

5 5
SP

6 6
SP

=

=

=

=

=

=

=

=

 (2.43)

From Equations 2.29 and 2.30, it can be observed that the LHSs are gov-
erned by equations; the RHSs are specified constants. Now, as an example, 
let us pick any one from Equation 2.43, say, the second one, that is,

 P P3 3
SP=  (2.44) 

Now, for the small six-bus system considered in Figure 2.1, using 
Equation 2.29,

 P k k k k3 3 3

6

3 3= − −
=
∑V V Y
k 1

cos( )θ θ ϕ  (2.45)

Expanding, we get

 

P V V Y V V Y

V Y

3 3 1 31 3 1 31 3 2 32 3 2 32

3
2

33

= − − + − −

+

cos( ) cos( )

cos(

θ θ ϕ θ θ ϕ

ϕ333 3 4 34 3 4 34

3 5 35 3 5 35 3 6 36

) cos( )

cos( ) co

+ − −

+ − − +

V V Y

V V Y V V Y

θ θ ϕ

θ θ ϕ ss( )θ θ ϕ3 6 36− −

 (2.46)

From Equation 2.45, it can be observed that P3 is a function of 
θ θ θ θ θ θ1 2 3 4 5 6, , , , , , , , , , ,V V V V V V1 2 3 4 5 6and . However, we should recall 
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that θ1 , , ,V V V1 2 3and  are known constants (θ1 0=  is the chosen refer-
ence, whereas V V V1 2 3and, ,  are controlled to a specified value by the 
AVRs of the respective generators). Hence, P3

 is a function of the variables 
θ θ θ θ θ2 3 4 5 6, , , , , , ,V V V4 5 6and . Thus, we can write P3 as

 P V V V3 2 3 4 5 6( )4 5 6θ θ θ θ θ, , , , , , ,

Thus, Equation 2.44 can now be rewritten as

 P V V V P3 2 3 4 5 6( )4 5 6 3
SPθ θ θ θ θ, , , , , , , =  (2.47)

In a similar manner, from the system of equations given in Equation 
2.43, it can be shown that P P Q P Q P Q2 4 4 5 5 6 6, and, , , , ,  are all functions of 
θ θ θ θ θ2 3 4 5 6, , , , , , ,V V V4 5 6and . Thus, Equation 2.43 can be summarized as

 

P V V V P

P V V V

2 2 3 4 5 6 2

3 2 3 4 5 6

( )

(

4 5 6
SP

4 5 6

θ θ θ θ θ

θ θ θ θ θ

, , , , , , ,

, , , , , , ,

=

))

, , , , , , ,

, , , , ,

=

=

P

P V V V P

Q V V

3

4 2 3 4 5 6 4

4 2 3 4 5

SP

4 5 6
SP

4

( )

(

θ θ θ θ θ

θ θ θ θ 55 6

4 5 6
SP

)

( )

(

, ,

, , , , , , ,

, , ,

θ

θ θ θ θ θ

θ θ θ

6 4

5 2 3 4 5 6 5

5 2 3 4

V Q

P V V V P

Q

=

=

SP

VV V V Q

P V V V P

Q

4 5 6

4 5 6
SP

)

( )

(

, , , ,

, , , , , , ,

θ θ

θ θ θ θ θ

θ

5 6 5

6 2 3 4 5 6 6

6 2

=

=

SP

,, , , , , , ,θ θ θ θ3 4 5 6 6V V V Q4 5 6
SP)=

 (2.48)

We recall that in Section 2.2, a nonlinear system of equations compris-
ing two functions f() and g() was taken up. Both functions f() and g() 
involved two independent variables x and y. Also, the Taylor series expan-
sion of the two functions f() and g() was shown in Equations 2.17 and 2.18, 
respectively.

In a similar manner, the Taylor series expansion of the nonlinear sys-
tem of equations given in Equation 2.48 can be written very easily. We 
start with the first equation of Equation 2.48, that is,

 P V V V P2 2 3 4 5 6 2( )4 5 6
SPθ θ θ θ θ, , , , , , , =  (2.49)
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As already done in previous cases, we start with our initial guess of 
( , , , , , , , )θ θ θ θ θ2

0
3
0

4
0

5
0

6
0V V V4

0
5
0

6
0  in the neighborhood of the actual solution 

and assume that the actual solution lies at an infinitesimal distance away 
from our initial guess. This is same as assuming that the actual solution is 
at ( 4

0
5
0θ θ θ θ θ θ θ θ θ θ2

0
2 3

0
3 4

0
4 4 5

0
5 5 6

0
6+ + + + + + +∆ ∆ ∆ ∆ ∆ ∆ ∆, , , , , , ,V V V V V66

0 +
ΔV6). This means that

 

P V V V

V

2 2
0

2 3
0

3 4
0

4 4 5
0

5

5 6
0

6

( 4
0

5
0θ θ θ θ θ θ θ θ

θ θ

+ + + + +

+ +

∆ ∆ ∆ ∆ ∆

∆ ∆

, , , , ,

, ,,V V P6
0 SP)+ =∆ 6 2

Subsequently, the Taylor series expansion of the function P2( ) around the 
initial values θ θ θ θ θ2

0
3
0

4
0

5
0

6
0, , , , , , ,V V V4

0
5
0

6
0and  with terms such as ( )∆θ2

2 
and ( )∆θ3

2 and the subsequent higher ones neglected yields

 

P V V V
P P

P

2 2
0

3
0

4
0

5
0

6
0 2

2
2

2

3
3θ θ θ θ θ

θ
θ

θ
θ, , , , , , ,4

0
5
0

6
0( ) + ∂

∂
+ ∂
∂

+ ∂

∆ ∆

22

4
4

2

4
4

2

5
5

2

5
5

2

6
6

2

6
6

∂
+ ∂
∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

+ ∂
∂θ

θ
θ

θ
θ

θ∆ ∆ ∆ ∆ ∆ ∆P

V
V

P P

V
V

P P

V
V == P2

SP

 (2.50)

or

 

∂
∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

+ ∂
∂

P P P P

V
V

P

P

V
V

2

2
2

2

3
3

2

4
4

2

4
4

2

5
5

2

5

θ
θ

θ
θ

θ
θ

θ
θ∆ ∆ ∆ ∆ ∆

∆ 55
2

6
6

2

6
6

2 2 2
0

3
0

4
0

5
0

6
0

+ ∂
∂

+ ∂
∂

= −

P P

V
V

P P V V

θ
θ

θ θ θ θ θ

∆ ∆

SP
4
0

5
0, , , , , , ,VV

P P x

6
0

SP

( )
= −2 2

 (2.51)

where:
P P V V Vx

2 2 2
0

3
0

4
0

5
0

6
0= ( )θ θ θ θ θ, , , , , , ,4

0
5
0

6
0  denotes the value of the function

P Yk k k k2 2 2

6

2 2= ∑ − −
=

V V cos( )
k 1

θ θ ϕ  computed at the initial guess 

( , , , , , , , )θ θ θ θ θ2
0

3
0

4
0

5
0

6
0V V V4

0
5
0

6
0

P2
SP is a given value, a constant

From now on, in all subsequent analyses, we will use the notation Pi
x (or Qi

x) 
to denote computed values of the function Pi  (or Qi), respectively.

In a similar manner, for the equation corresponding to P3 (in 
Equation 2.48),
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∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

+
∂
∂

P P P P

V
V

P

P

V
V

3

2
2

3

3
3

3

4
4

3

4
4

3

5
5

3

5

θ
θ

θ
θ

θ
θ

θ
θ∆ ∆ ∆ ∆ ∆

∆ 55
3

6
6

3

6
6

3 3 2
0

3
0

4
0

5
0

6
0

+
∂
∂

+
∂
∂

= −

P P

V
V

P P V V

θ
θ

θ θ θ θ θ

∆ ∆

SP
4
0

5
0, , , , , , ,VV

P P x

6
0( )

= −3 3
SP

 (2.52)

and so on. Thus, the system of equations given in Equation 2.48 can be 
summarized in matrix form as

 

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

P P P P P P

V

P

V

P

V

P P

2

2

2

3

2

4

2

5

2

6

2

4

2

5

2

6

3

2

3

θ θ θ θ θ

θ θθ θ θ θ

θ θ θ

3

3

4

3

5

3

6

3

4

3

5

3

6

4

2

4

3

4

4

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂

P P P P

V

P

V

P

V

P P P PP P P

V

P

V

P

V

P P P P P

4

5

4

6

4

4

4

5

4

6

5

2

5

3

5

4

5

5

5

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

θ θ

θ θ θ θ θθ

θ θ θ θ θ

6

5

4

5

5

5

6

6

2

6

3

6

4

6

5

6

6

6

4

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂

P

V

P

V

P

V

P P P P P P

V

PP

V

P

V

Q Q Q Q Q Q

V

Q

V

Q

6

5

6

6

4

2

4

3

4

4

4

5

4

6

4

4

4

5

4

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂θ θ θ θ θ VV

Q Q Q Q Q Q

V

Q

V

Q

V

Q

6

5

2

5

3

5

4

5

5

5

6

5

4

5

5

5

6

6

2

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
θ θ θ θ θ

θ
QQ Q Q Q Q

V

Q

V

Q

V
6

3

6

4

6

5

6

6

6

4

6

5

6

6∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂






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It is important to note that in the above equation, the computed values of 
the functions ( P P P P P Q Q Qx x x x x x x x

2 3 4 5 6 4 5 6, , , , , , , ) on the RHS are computed 
at the initial guess ( θ θ θ θ θ2

0
3
0

4
0

5
0

6
0, , , , , , ,V V V4

0
5
0

6
0 ). Similarly, all the partial 

derivatives on the LHS are also evaluated at ( θ θ θ θ θ2
0

3
0

4
0

5
0

6
0, , , , , , ,V V V4

0
5
0

6
0 ).

Now, because our initial guess is ( , , , , , , , )θ θ θ θ θ2
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0  and we 

have assumed that the solution lies at ( , , ,θ θ θ θ θ θ2
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+ + + + +∆ ∆ ∆ ∆ ∆V V V V V4 5
0

5 5 6
0
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6
0  we need to compute ( ,∆θ2

∆ ∆ ∆ ∆ ∆ ∆ ∆θ θ θ θ3 4 5 6 4 5 6, , , , , , )V V V  to find the solution. From Equation 2.53,
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Hence, the solution lies at
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(2.55)

This becomes our new starting point for the next iteration. We again 
 compute the value of the functions P P P P P Q Q Qx x x x x x x x

2 3 4 5 6 4 5 6, , , , , , ,  and the 
partial derivatives corresponding to the new starting point ( , , ,θ θ θ2

1
3
1

4
1
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θ θ5
1

6
1

4
1

5
1

6
1, , , , )V V V  and use Equation 2.55 to get the next starting point and 

so on. If the process is convergent, a stage comes when the computed val-
ues ( P P P P P Q Q Qx x x x x x x x

2 3 4 5 6 4 5 6, , , , , , , ) appear within a given tolerance of the 
specified values ( P P P P P Q Q Q2 3 4 5 6 4 5 6

SP SP SP SP SP SP SP SP, , , , , , , ). Usually, for power 
flow applications, this tolerance is on the order of 10 4–  p.u.

2.7 THE JACOBIAN MATRIX
The square matrix in Equation 2.53

 

J =

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂

P P P P P P

V

P

V

P

V

P P

2

2

2

3

2

4

2

5

2

6

2

4

2

5

2

6

3

2

θ θ θ θ θ

θ
33

3

3

4

3

5

3

6

3

4

3

5

3

6

4

2

4

3

4

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

θ θ θ θ

θ θ θ

P P P P

V

P

V

P

V

P P P

44

4

5

4

6

4

4

4

5

4

6

5

2

5

3

5

4

5

5

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂

P P P

V

P

V

P

V

P P P P P

θ θ

θ θ θ θ
55

6

5

4

5

5

5

6

6

2

6

3

6

4

6

5

6

6

6

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

θ

θ θ θ θ θ

P

V

P

V

P

V

P P P P P P

V44

6

5

6

6

4

2

4

3

4

4

4

5

4

6

4

4

4

5

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂

P

V

P

V

Q Q Q Q Q Q

V

Q

V

Q

θ θ θ θ θ
44

6

5

2

5

3

5

4

5

5

5

6

5

4

5

5

5

6

6

∂
∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

V

Q Q Q Q Q Q

V

Q

V

Q

V

Q

θ θ θ θ θ

θ22

6

3

6

4

6

5

6

6

6

4

6

5

6

6

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂


















Q Q Q Q Q

V

Q

V

Q

Vθ θ θ θ







































is known as the Jacobian matrix. The elements of this matrix comprise 
four major blocks
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where:
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 (2.57)

Let us begin with the first submatrix ∂ ∂P θθ  of the Jacobian matrix J. It can 
be observed that a typical element of the submatrix has the form ∂ ∂Pa bθ , 
where b = a or b ≠ a. Because these elements have to be computed (first 
at the initial guess point and subsequently at the updated starting points 
obtained after every iteration), we now try to find the expression for each 
such element.
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From Equation 2.29,

 

P V V Y

V V Y

i i k ik

k

i k ik

i k ik

k k i

i k i

= − −

= − −

=

= ≠

∑

∑

1

6

cos( )

cos(
1,

6

θ θ ϕ

θ θ ϕ kk i ii iiV Y) cos+ 2 ϕ

 (2.58)

In a similar manner, from Equation 2.30,

 

Q V V Y

V V Y

i k ik

k

i k ik

i k ik

k k i

i k i

i = − −

= − −

=

= ≠

∑

∑

1

6

1,

6

sin( )

sin(

θ θ ϕ

θ θ ϕ kk i ii iiV Y) sin2− ϕ

 (2.59)

Thus, from Equations 2.58 and 2.59,

 P V V Y V Ya a k ak

k k i

a k ak a aa aa= − − +
= ≠
∑
1

6
2

,

cos( ) cosθ θ ϕ ϕ  (2.60)

 Q V V Y V Ya a k ak

k k i

a k ak a aa aa= − − −
= ≠
∑
1

6
2

,

sin( ) sinθ θ ϕ ϕ  (2.61)

From Equation 2.60, we have

 
∂
∂

= − −P
V V Ya

b
a b ab a b ab

θ
θ θ ϕsin( )  (2.62)

Also,

 ∂
∂

= − − −
= ≠
∑P

V V Ya

a
a k ak

k k i

a k ak
θ

θ θ ϕ
1

6

,

sin( )  (2.63)
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From Equation 2.61, we can write

 − − − = − −
= ≠
∑ V V Y Q V Ya k ak

k k i

a k ak a a aa aa

1

6
2

,

sin( ) sinθ θ ϕ ϕ  (2.64)

From Equations 2.63 and 2.64, we get

 
∂
∂

= − − − = − −
= ≠
∑P

V V Y Q V Ya

a
a k ak

k k i

a k ak a a aa aa
θ

θ θ ϕ ϕ
1

6
2

,

sin( ) sin  (2.65)

Thus, from Equations 2.62 and 2.65, we can write

 
∂
∂

= − − =

= − − ≠

P
Q V Y b a

V V Y b a

a

b
a a aa aa

a b ab a b ab

θ
ϕ

θ θ ϕ

2 sin if

sin( ), if 

,
 (2.66)

In a similar manner, we compute the elements for the second submatrix 
∂ ∂P V of J.

From Equation 2.60, we get

 ∂
∂

= − −P

V
V Ya

b
a ab a b abcos( )θ θ ϕ  (2.67)

and

 ∂
∂

= − − +
= ≠
∑P

V
V Y V Ya

a
k ak

k k i

a k ak a aa aa

1

6

,

cos( ) 2 cosθ θ ϕ ϕ  (2.68)

However, from Equation 2.60, if all the terms are divided by Va, then we 
have

 P

V
V Y V Ya

a
a aa aa k ak

k k i

a k ak− = − −
= ≠
∑cos cos( )ϕ θ θ ϕ
1

6

,

 (2.69)

Substituting the summation terms of Equation 2.68 by Equation 2.69 gives

 ∂
∂

= +P

V

P

V
V Ya

a

a

a
a aa aacosϕ  (2.70)
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Thus, from Equations 2.67 and 2.70, we can write

 

∂
∂

= − − ≠

= + =

P

V
V Y b a

P

V
V Y b a

a

b
a ab a b ab

a

a
a aa aa

cos( ), if 

cos if 

θ θ ϕ

ϕ ,

 (2.71)

We are now left with only two of the Jacobian matrix subblocks, namely, 
∂ ∂Q θθ  and ∂ ∂Q V.

From Equation 2.61,

 ∂
∂

= − − −Q
V V Ya

b
a b ab a b ab

θ
θ θ ϕcos( )  (2.72)

and

 ∂
∂

= − −
= ≠
∑Q

V V Ya

a
a k ak

k k i

a k ak
θ

θ θ ϕ
1

6

,

cos( )  (2.73)

From Equation 2.60, it can be observed that

 P V Y V V Ya a aa aa a k ak

k k i

a k ak− = − −
= ≠
∑2

1

6

cos cos( )ϕ θ θ ϕ
,

 (2.74)

Substituting the summation terms of Equation 2.73 by Equation 2.74 gives

 ∂
∂

= −Q
P V Ya

a
a a aa aa

θ
ϕ2 cos  (2.75)

Hence, from Equations 2.72 and 2.75,

 

∂
∂

= − − − ≠

= − =

Q
V V Y b a

P V Y b a

a

b
a b ab a b ab

a a aa aa

θ
θ θ ϕ

ϕ

cos( ), if  

cos if2 ,

 (2.76)

We are now left with only the subblock ∂ ∂Q V.
From Equation 2.61,

 ∂
∂

= − −Q

V
V Ya

b
a ab a b absin( )θ θ ϕ  (2.77)
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and

 
∂
∂

= − − −
= ≠
∑Q

V
V Y V Ya

a
k ak

k k i

a k ak a aa aa

1

6

,

sin( ) 2 sinθ θ ϕ ϕ  (2.78)

Now, from Equation 2.61, if all the terms are divided by Va, then we have

 Q

V
V Y V Ya

a
a aa aa k ak

k k i

a k ak+ = − −
= ≠
∑sin sin( )ϕ θ θ ϕ
1

6

,

 (2.79)

Substituting the summation terms of Equation 2.78 by Equation 2.79 gives

 ∂
∂

= −Q

V

Q

V
V Ya

a

a

a
a aa aasinϕ  (2.80)

Hence, from Equations 2.77 and 2.80,

 

∂
∂

= − − ≠

= − =

Q

V
V Y b a

Q

V
V Y b a

a

b
a ab a b ab

a

a
a aa aa

sin( ), if 

sin if

θ θ ϕ

ϕ ,
 (2.81)

Thus, the typical elements of the four Jacobian subblocks can be summa-
rized as shown in Table 2.1.

TABLE 2.1 Generalized Expression of Jacobian Elements

Jacobian Subblock Typical Element Expression

∂
∂

P

θθ
∂
∂

Pa

bθ
− − =

− − ≠

Q V Y b a

V V Y b a

a a aa aa

a b ab a b ab

2 sin if

sin( ) if 

φ

θ θ φ

∂
∂

P

V

∂
∂

P

V
a

b

V Y b a

P

V
V Y b a

a ab a b ab

a

a
a aa aa

cos( ) if 

cos if 

θ θ φ

φ

− − ≠

+ =

∂
∂
Q

θθ
∂
∂
Qa

bθ

− − − ≠

− =

V V Y b a

b a

a b ab a b ab

a a aa aa

cos( ) if  

cos if2

θ θ φ

φP V Y

∂
∂

Q

V

∂
∂
Q

V
a

b

V Y b a

Q

V
V Y b a

a ab a b ab

a

a
a aa aa

sin( ) if 

sin if

θ θ φ

φ

− − ≠

− =
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2.8 POWER FLOW SOLUTION: THE GENERALIZED FORM
Until Section 2.7, we based our analysis for a very small six-bus  system. 
In  reality, power systems are enormous, interconnecting hundreds of 
generators, transformers, and transmission lines, and thousands of 
buses. It would be correct at this stage to formulate the power flow equa-
tions for an n-bus system consisting of m generators (m ≤ n). Without 
any loss of generality, it is also assumed that there are m generators 
connected at the first m buses of this system. By convention then, the 
first bus (bus 1) will be assumed to be the slack bus, the next (m – 1) 
buses from bus 2 to bus m will be voltage-controlled (PV) buses, and the 
remaining (n – m) buses from bus (m + 1) to bus n will all be load (PQ) 
buses. Both the unknown variables and the specified quantities can be 
tabulated as shown in Table 2.2.

The power flow problem for the above n-bus system can be summa-
rized as

Compute θ θ θ2 3, , , , , , ,n m m nV V V+ +1 2

Given P P P Q Q Qn m m n2 3 1 2, , , , , , ,… + + 

TABLE 2.2 Types of Buses and Unknown/Specified Quantities

Bus No. Type of Bus

Unknown 
Quantities (Bus 

Voltage 
Magnitudes and 

Angles)

Specified (Known) 
Quantities (Net Active 

and Reactive Power 
Injections at Buses) Remarks

1 Slack or 
swing

– –
(I R2  losses are not 
known. Therefore, 
PD1 is specified but 
not PG1. Also, QD1 is 
specified but not 
QG1)

V1 is controlled 
(by AVR) to a 
specified value
θ1 = 0 is taken as 

reference.

2 to m Voltage-
controlled 
(PV) buses

θ θ θ2 3, , , m P P P2 3, , , m

(both PGi  and PDi are 
specified. QDi is 
specified but not 
QGi, i m= 2,3, , )

V V Vm2 3, , ...,  are 
controlled (by 
AVR) to 
specified values.

(m + 1) 
to n

Load (PQ) 
buses

θ θ θm m n+ + …1 2, , ,

V V Vm m n+ +1 2, , ,

P P Pm m n+ +1 2, , ,

Q Q Qm m n+ +1 2, , ,

No generation, 
so PGi = 0, 
QGi = 0.

However, PDi 
and QDi

( )i m= 2,3, ,

 
are specified.
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The Newton power flow equation for the above system can be written as
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 (2.82)

In the above equation, the supercript k in the unknown quantities denotes 
their values in the kth computational iteration. Similarly, the subscript 
k in the Jacobian matrix indicates that its elements are computed corre-
sponding to the values of the variables at the kth iteration. In a similar 
manner, the mismatch vector on the rightmost side is also computed cor-
responding to the values of the variables at the kth iteration.

In practice, typical power systems are enormous, comprising thousands 
of buses. For such systems, the size of the Jacobian matrix is very large. 
Its storage and inversion at every iterative step will call for huge memory 
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requirement, computational effort, and time. In this regard, sparsity of the 
Jacobian matrix is utilized to reduce the storage requirements and com-
putational effort drastically. Although sparsity techniques are beyond the 
scope of this book, the interested reader may refer to [29,31] for details.

2.9 SUMMARY
In this chapter, the Newton–Raphson algorithm is introduced. The appli-
cation of this powerful method for solving nonlinear algebraic equa-
tions in single and multiple variables is demonstrated. Subsequently, the 
reader is introduced to the power flow problem and the application of the 
Newton–Raphson method for its solution. The Jacobian matrix and its dif-
ferent blocks have been described with the generalized form of its elements. 
Finally, the generalized form of the power flow problem is described.

In the subsequent chapters, the Newton power flow models of the vari-
ous voltage-sourced converter (VSC)-based flexible AC transmission sys-
tem controllers and the VSC-HVDC are discussed. The Newton power 
flow model of the SSSC is developed in Chapter 3.
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C h a p t e r  3

Newton Power Flow 
Model of the Static 
Synchronous Series 
Compensator

3.1 INTRODUCTION
A lot of research work has been carried out in the literature for  developing 
efficient power flow algorithms for the static synchronous series com-
pensator (SSSC) [49–51]. However, in all these works, it is observed that 
the incorporation of an SSSC in an existing Newton–Raphson algorithm 
greatly enhances the complexity of software codes. The voltage source rep-
resenting the SSSC contributes new terms to the power flow equations of 
the sending end (SE) and receiving end (RE) buses of the line incorpo-
rating the SSSC. Moreover, a completely new equation for the real power 
handled by the SSSC comes into the picture. All this requires modification 
of the existing Newton–Raphson codes as well as the development of fresh 
codes. The same is also true of the Jacobian matrix, in which entirely new 
Jacobian subblocks related to the SSSC come into the picture. For each of 
these subblocks, fresh codes need to be written. The problem of develop-
ment of new codes increases manifold when the number of SSSCs in a 
system increases.
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Existing works on power flow modeling of an SSSC do not directly 
address this problem. To address this issue, a novel modeling approach for 
the SSSC [84,85] is proposed in this chapter. By this modeling approach, 
an existing power system installed with SSSCs is transformed into an 
equivalent augmented network without any SSSC. This results in a sub-
stantial reduction in the programming complexity because of the follow-
ing reasons:

 1. In the absence of any SSSC, the expressions for the power injec-
tions at the buses associated with the SSSC no longer contain any 
terms contributed from the SSSCs. Thus, all bus power injections 
can be computed in the proposed model using the existing Newton–
Raphson codes.

 2. The equations for the SSSC real powers do not exist anymore. The 
SSSCs are transformed to additional power-flow buses, power flow 
equations of which can be computed using existing codes.

 3. Only three Jacobian subblocks need to be evaluated in the proposed 
model. Two of these subblocks can be computed using existing 
Jacobian codes directly, whereas the third one can be computed with 
very minor modifications of the existing Jacobian codes.

Furthermore, similar to the other models already reported in the litera-
ture, the proposed model can also handle multiple control functions of the 
SSSCs such as control of bus voltage, line active power, line reactive power, 
and line reactance. This proposed model can also account for  various 
device limit constraints of the SSSC. The developed model is described in 
Sections 3.2 through 3.5 in detail. It is to be noted that in this chapter as 
well as in the subsequent chapters, boldfaced quantities are used to denote 
complex variables and equivalent pi models are used to represent trans-
mission lines. Also, all the quantities shown in this chapter as well as in 
the subsequent chapters carry their usual meanings.

3.2 SSSC MODEL FOR NEWTON POWER FLOW ANALYSIS
Figure 3.1 shows an SSSC connected in the branch i–j between buses i and j 
of an existing n-bus power system network. The series impedance of the 
branch i–j alone is Zij (not shown in the figure). The equivalent circuit of 
the above network is shown in Figure 3.2 with the simplification that the 
two half-line charging shunt admittances are shown connected at the two 
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ends of the line—SSSC combination. This little simplification makes the 
computation of the Y-bus matrix quite simple, as this case is equivalent 
to augmenting the corresponding line series impedance by the coupling 
transformer impedance.

In Figure 3.2, the voltages at buses i and j are represented as Vi and 
Vj , respectively. The SSSC is represented by a voltage source Vse in 
series with the coupling transformer impedance ZT. In the figure, let us 
define Zij = +R jXij ij , ZT T T= +R jX , Zc Z ZTij ij= + , y ij ij ji= =1 Zc y , and 
Y Y yij ji ij= = − . As shown in the figure, the current Iij flowing in the branch 
i–j is the same as the current drawn by the SSSC, which will be repre-
sented as Ise. This current is in quadrature with Vse. It is to be noted that an 
SSSC cannot supply any active power (as it does not have any active power 
source) but can only supply reactive power.

Zij

Bus i
Vi∠θi Vse

Bus j
Vj∠θj

ZTIij

Gc
eq

yij0 yij0

FIGURE 3.2 Equivalent circuit of the line incorporating SSSC.

C

Bus j
Vj

Vse

Rc

Bus i
Vi

FIGURE 3.1 SSSC connected between buses i and j of an n-bus power system.
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From Figure 3.2, the current in the branch i–j is given by

 
I I

V V V

Zc
Y (V V ) Y Vse

se
seij

i j

ij
ij j i ij= =

− −
= − +  (3.1)

Similarly,

 I Y (V V ) Y Vseji ij i j ij= − −  (3.2)

From Equation 3.1, the net injected current at bus i is

 
I Y V Y V

1

sei ik k

n

ij= +
=
∑
k

  (3.3)

 
=

=

+

∑Y V
1

1

ik k

k

n

 
if V V1 sen+ =  and Y Y( 1)i n ij+ =  (3.4)

Similarly, the net injected current at bus j is given by

  I Y V Y V
1

sej jk k

k

n

ji= −
=
∑  (3.5)

 =
=

+

∑Y V
1

1

jk k

k

n

 if V V1 sen+ =  and Y Y Y( 1)j n ji ij+ = − = −  (3.6)

Thus, from Equations 3.4 and 3.6, it is observed that the effect of the SSSC series 
converter is equivalent to an additional bus in the existing network. The mag-
nitude and angle of the voltage of this (n + 1)th fictitious bus are equal to the 
magnitude and angle of the representative series voltage source Vse of the SSSC. 

Now, from Figure 3.2, the net injected current at this fictitious (n + 1)th 
bus equals the current flowing into the transmission system from this bus 
and is given by 

 I I Y (V V ) Y V Y V1 se se ( 1)

1

1

n ij i j ij n k k

k

n

+ +

=

+

= − = − − =∑  (3.7)

or

 I Y V1 ( 1)

1

1

n n k k

k

n

+ +

=

+

=∑  (3.8)
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 if Y Y( 1)n i ij+ = , Y Y( 1)n j ij+ = − , Y Y( 1)( 1)n n ij+ + = −  as V V1 sen+ =  (3.9)

Thus, it is observed that in the proposed model, the existing n bus power 
system network with the SSSC is transformed into an (n + 1) bus network 
without any SSSC. In this transformed system, the net injected current at 
any bus g (g can be any sending or receiving end bus or a bus representing 
the SSSC) can be expressed as

 
I Y V

1

1

g gk k

k

n

=
=

+

∑ , 1 ( 1)≤ ≤ +g n  (3.10)

In general, in the proposed model, an existing n bus network containing 
p SSSCs is transformed into an (n + p) bus network without any SSSC and 
the expression for the net injected current at any bus h of the network 
would be

 I Y V
1

h hk k

k

n p

=
=

+

∑ , 1 ( )≤ ≤ +h n p  (3.11)

In particular, the mth {1≤ ≤m p .} SSSC connected between buses u (send-
ing end (SE)) and v (receiving end (RE)) is transformed to the (n + m)th 
bus and the net injected current at this mth fictitious bus is given by 

 I Y V( )

1

n m k k

k

+ +

=

+

=∑ n m

n p

 
(3.12)

where
Y Y( )n m u uv+ = , Y Y( )n m v uv+ = − , Y Y( )( )n m n m uv+ + = −  and V Vsemn m+ =  

3.3  POWER FLOW EQUATIONS IN THE 
PROPOSED SSSC MODEL

With existing SSSC models in the literature, the net active power injection 
at any bus a {1 ( )≤ ≤ +a n p } in an n bus system with p SSSCs can be writ-
ten from Equations 3.3 and 3.5 as

 

P V V Y

V V Y

a a k ak a k yak

a c ab a

= = − −

+ −
=
∑Re cos{ }

cos{se

{ I }*

1

Va a θ θ ϕ

θ θ
k

n

sse } c yab−ϕ
 (3.13)
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if SSSC c is connected between buses a and b with a as SE bus

 
= − − − − −

=
∑V V Y V V Ya k ak a k yak a c ab a c yabcos{ } cos{ }se seθ θ ϕ θ θ ϕ
k

n

1

 (3.14)

if SSSC c is connected between buses a and b with a as RE bus

 
= − −

=
∑V V Ya k ak a k yakcos{ }θ θ ϕ
k

n

1

 (3.15)

if no SSSC is connected to bus a
Thus, from the above equation it is observed that with existing SSSC 

models, contributions from the voltage source representing the SSSC 
necessitate modifications in the bus power injection equations, which call 
for consequent modifications in the existing Newton–Raphson software 
codes.

In the proposed model, the n bus system with p SSSCs is transformed to 
a (n + p) bus network without any SSSC and the net active power injection 
at any bus a {1 a ( )≤ ≤ +n p } can be written using Equations 3.4 and 3.6 as

 
P V V Ya

*

n p

a k ak a k yak= = = − −
+

∑Re Re cos{ )
1

{V I } {V Y V }* *
a a a ak k

k= k=

θ θ ϕ
11

n+p

∑  (3.16)

In a similar way, it can be shown that

 
Q V V Ya

k

n p

= − −
=

+

∑ a k ak a k yaksin{ )
1

θ θ ϕ  (3.17)

Thus, in the proposed model, it is observed that both active and reactive 
power injection equations at any bus can be computed using the existing 
Newton−Raphson codes.

Now, with existing SSSC models, the expression for the real power 
delivered by any SSSC c {1≤ c p≤ .}, connected between any two buses 
a and b (with a as SE bus) can be written as

 P cse Re= −[V { I }]se se
*

c c

 
= −

−

V V Y V V Y

V

c a ab c a yab c b ab c b yabse se se se

se

cos{ } cos{ }θ θ ϕ θ θ ϕ− − − −

cc ab yabY2 cosϕ
 (3.18)
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From Equation 3.18 it is observed that entirely new terms come into the 
 picture in the expression of Pse c because of the SSSC, and consequently 
fresh codes are required for its evaluation. In the proposed model, the SSSC 
c is transformed to a fictitious power-flow bus (n + c), and using Equation 3.7, 
the expression for the real power delivered by SSSC c is

 Pse Rec = −[ ]V { I }se se
*

c c

 = = = − −+ + + + + + +

=

Re[V {I }]*
n c n c P V V Yn c n c k n c k n c k y n c k

k

( ) ( )cos{ }θ θ ϕ
11

n p+

∑
 (3.19)

From Equation 3.19, it can be observed that in the proposed model, the 
active power injection at the (n + c)th fictitious power-flow bus equals 
the real power of the cth SSSC, which can be computed using the existing 
Newton−Raphson power flow codes.

Now, since the SSSC accommodates multiple control functions such as 
control of bus voltage, line active power, line reactive power, and line reac-
tance, the question of additional complexities of software codes for their 
implementation also needs to be addressed.

From Figure 3.2, the expressions for the active and reactive power 
flows in any line containing SSSC can be written for both existing and 
the proposed SSSC models. With the existing models, the expressions 
for line active and reactive power flow with any SSSC c connected in 
a line between any two buses a (SE) and b (RE) can be written using 
Equation 3.1 as

 Pab = =Re{ } Re{ }V I V I*
se
*

a ab a c

or

 

P V V Y V Y

V V Y

ab a b ab a b yab a ab yab

a c ab a

= − − −

+ −

cos{ } cos

cos{

2

se

θ θ ϕ ϕ

θ θsse }c yab−ϕ
 (3.20)

Similarly,

 

Q V V Y V Y

V V Y

ab a b ab a b yab a ab yab

a c ab a

= − − +

+ −

sin{ } sin

sin{

2

se

θ θ ϕ ϕ

θ θsse }c yab−ϕ
 (3.21)

Both Equations 3.20 and 3.21 have a contribution term from the series voltage 
source representing the SSSC series converter, and therefore modifications 
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in the existing software codes are required for their implementation. In the 
proposed model, these expressions become

 Pab = = = +Re{ } Re{ } Re[ { }]V I V I V - I*
se
* *

a ab a c a n c

or  

 P V V Ya k n c k y n c k

k

n p

ab a k= − − −+ +

=

+

∑ ( ) ( )

1

cos{ }θ θ ϕ  (3.22) 

as I I Y Vse ( )

1

n c c n c k k

k

n p

+ +

=

+

= − =∑  in the proposed model (using Equation 3.7)

Similarly

 
Q V Yab a k n c k a k y n c k

k

n p

= − − −+

=

+

∑ V sin{ }( ) ( + )

1

θ θ ϕ  (3.23)

From Equations 3.22 and 3.23, it is observed that both the line active and 
reactive power flow can be evaluated in the proposed model using very 
minor modifications in the existing power flow codes.

3.4  IMPLEMENTATION IN NEWTON 
POWER FLOW ANALYSIS

If the number of voltage controlled buses is (m-1), the power-flow problem 
for a n bus system with p SSSCs can be formulated as follows.

Solve, 

 θθ=[ ..... ]2θ θn
T , V = +[ ..... ]1V Vm n

T , θθse =[ ..... ]se1 se θ θ p
T, 

 Vse =[ ..... ]se1 se V V p
T  

(3.24)

Specified, 

 P =[ ..... ]2P Pn
T , Q = +[ ..... ]1Q Qm n

T, Pse =[ ..... ]se1 se P P p
T, 

 R =[ ..... ]1 PR R T  
(3.25)

where Pse and R represent the vectors for the specified real powers and 
the control modes or device limit constraint specifications of the p SSSCs, 
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respectively.  For this formulation, it has been assumed that the m generators 
are connected at the first m buses of the system with bus 1 being the slack 
bus. Thus, the basic power-flow Equation for the Newton power flow solu-
tion would be represented as

 

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂
∂
∂

∂
∂
∂
∂

∂
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∂

∂
∂

P P

V
Q Q

V

P

Q

P

V

Q

V

P P

V
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se

se

se

se se se
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se se
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
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
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∆
∆
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V

P

Q

P

R
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 (3.26) 

or

 
J

J

J

J

J

J J J J

J J J J

old

se1

se2

se3

se 4

se5 se6 se7 se8

se9 se10 se11 se12







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

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









=











∆
∆
∆
∆

∆
∆
∆
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θθ

θθ
V

V

P

Q

P

R

se

se

se











 (3.27)

In Equation 3.27,

  J

P P

V
Q Q

V

old =

∂
∂

∂
∂

∂
∂

∂
∂



















θθ

θθ

 

is the conventional power-flow Jacobian subblock corresponding to the 
angle and voltage magnitude variables of the n buses. The other Jacobian 
submatrices can be identified easily from Equations 3.26 and 3.27.

Now, in the proposed model, there would be (n + p) buses. Thus, the quan-
tities to be solved for power-flow are θθnew and Vnew, where

 θθnew = +[ ..... ]2 n pθ θ T  and Vnew = +[ ..... ]+1V Vm n p
T  (3.28)

Thus, Equation 3.26 is transformed in the proposed model as
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JX1

JX2

JX3
V

PQ

P

R

new

new se

















∆
∆












=
∆
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∆

















θθ
 (3.29)

where 

 ∆∆ ∆∆ ∆∆PQ [ P Q ]T T T=  (3.30)

Also, matrices JX1, JX2, and JX3 are identified easily from Equation 3.29.
Now, it can be shown that in Equation 3.29,

 1. The matrices JX1  and JX2  can be computed using the existing 
Jacobian codes.

 2. The matrix JX3 can be computed using very minor modifications of 
the existing Jacobian codes.

The justification of the above two statements are shown as follows.
For computation of matrices JX1 and JX2 in the proposed model with 

(n + p) buses, let 

 P [ ]new
se= =+[ ..... ]2P Pn p

T P PT T T  (3.31)

Equation 3.31 has been written by noting that from Equations 3.19 and 
3.25, Pse = =[ ..... ] [ ..... ]se1 seP P P Pp n+1 n+p

TT

Subsequently, a new Jacobian matrix is computed as

 

J

P P

V
Q Q

V

J

J
new

new

new

new

new

new new
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B=

∂
∂

∂
∂

∂
∂

∂
∂



















=




θθ

θθ










 (3.32)

It can be observed (from Equations 3.16 and 3.17) that in the proposed 
model, the expressions for Pi (2 ≤ ≤ +i n p ) and Qi  (m i n+ ≤ ≤1 ) in Pnew and 
Q respectively (of Equation 3.32), can be computed using the existing 
power flow codes. Hence, the matrix Jnew can be computed with the exist-
ing codes for the Jacobian.

Now, from Equations 3.28 and 3.31,

 

∂
∂

=

∂
∂
∂
∂



















P

P

P

new
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new

se
new

θθ
θθ

θθ

 (3.33)
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From Equation 3.33, it can be observed that the matrix ∂ ∂P newθθ  is con-
tained within ∂ ∂Pnew newθθ . In a similar way, it can be shown that ∂ ∂P Vnew  
is contained within ∂ ∂P Vnew new. Hence, once the matrix Jnew is computed, 
it can be shown that the matrix 

 JX1

P P

V
J

new new

B
=

∂
∂

∂
∂

















θθ  

can be very easily extracted from the matrix Jnew using elementary matrix 
extraction codes only. Hence, no fresh codes need to be written for com-
puting JX1.

Again, it is observed from Equation 3.33 that ∂ ∂Pse
newθθ  is contained 

within ∂ ∂Pnew newθ . In a similar way, it can be shown that ∂ ∂P Vse
new  is 

contained within ∂ ∂P Vnew new . Thus, the matrix 

 
JX

P P

V
se

new
se

new2 = ∂
∂

∂
∂





θθ  

can also be extracted from the matrix Jnew. Thus, both matrices JX1 and 
JX2 need not be computed and require only extraction from the matrix 
Jnewusing simple codes for matrix extraction.

For computation of the matrix JX3, the vector R (in Equation 3.29) needs 
to be specified. Now it is to be noted that for computing the voltage magni-
tude and angle of any SSSC, two quantities need to be specified. For the cth 
SSSC, if it is lossless, its real power Psec is specified to be zero, thereby leaving 
the SSSC with only one degree of freedom. Thus, the quantity RC {for the cth 
SSSC} signifies the other quantity that needs to be specified. Depending on 
the operating condition, there exist two distinct possibilities: 

 1. The SSSC is operating within its operational constraints.

 2. One or more device limit(s) of the SSSC is (are) violated.

These two cases are now discussed in detail below. 

3.4.1 SSSC Is Operating within Its Operational Constraints

Under this condition, no device constraint limits are violated, and the 
SSSC can be used to control the bus voltage, the line active power, the 
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line reactive power, or the reactance of a line. The control mode speci-
fication RC (in Equation 3.29) for all the above cases, pertaining to a 
SSSC connected between SE and RE buses i and j respectively, are given 
below:

 1. Line active power control

In this case,

 P Pij ij= SP  or P Pji ji= SP  (3.34)

 For this control mode, the matrix JX3 can be computed using very 
minor modifications of the existing Jacobian codes. This is shown 
below:

 From Equation 3.22, the real power flow in the line between buses i 
and j incorporating SSSC k is given by,

 
P V V Yij i q n k q i q y n k q

q

n p

= − − −+

=

+

∑ ( ) ( + )

1

cos{ }θ θ φ  (3.35)

 Similarly, 

 
P V V Yji j q n k q y n k q

q

n p

= − −+

=

+

∑ ( ) j q ( + )

1

cos{ }θ θ φ  (3.36)

 Equations 3.35 and 3.36 show that the line active power flows can 
be computed using very minor modifications of the existing power 
flow codes. Consequently, the matrix JX3, which constitutes the par-
tial derivatives of Equations 3.35 or 3.36 with respect to the relevant 
variables, can also be computed with very minor modifications of 
the existing Jacobian codes.  

 2. Line reactive power control

 In this case,

 Q Qij ij= SP or Q Qji ji= SP  (3.37)
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 For this control mode also, the matrix JX3 can be computed using very 
minor modifications of the existing Jacobian codes as shown below:

 From Equation 3.23, the reactive power flow in the line between 
buses i and j incorporating SSSC k is given by

 
Q V V Yij i q n k q i q y n k q

q

n p

= − − −
=

+

∑ ( + ) ( + )

1

sin{ }θ θ ϕ  (3.38)

 Similarly 

 
Q V V Yji j q n k q j q y n k q

q

n p

= − −
=

+

∑ ( + ) ( + )

1

sin{ }θ θ ϕ  (3.39)

 Thus, similar to the case of the line active power flows, the line reac-
tive power flows and the associated jacobian matrix (matrix JX3) can 
be computed using very minor modifications of the existing power 
flow and Jacobian codes, respectively. 

 3. Bus voltage control

 In this case,

 V Vi i= SP or V Vj j= SP (3.40)

 For this control mode, the vector R constitutes the voltage magni-
tudes of p sending or receiving end buses. Consequently, the elements 
of the matrix JX3 are either unity or zero, depending on whether an 
element of the vector R is also an element of the vector Vnew or not. 
Therefore, in this case, the matrix JX3 is a constant matrix, which is 
known a priori.

 4. Line reactance control

 In this control mode, the effective reactance of the SSSC is main-
tained at a specified value, that is, 

 X Xse se
SP=  (3.41)

 where

 
X

c

c
se

1

2

= = 






=Im{ } ImZ

V

I
se

se

se
 (3.42)
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 and

c V V V V Vi i yij j j yij yij1 se se se se se
2sin{ } sin{ } sin= − + − − + −θ θ ϕ θ θ φ ϕ

 
c Y V V V V V

V V V V

ij i j i j i j

i i j

2
2 2

se
2

se se

[ 2 cos{ }

2 cos{ } 2

= + + − −

− − +

θ θ

θ θ sse secos{ }]θ θj −
 (3.43)

 Elements of the matrix JX3 are computed accordingly. The deriva-
tion of Equation 3.43 is given in the Appendix.

3.4.2 Device Limit Constraints of the SSSC Are Violated 

In this case, one or more practical device limit constraint(s) of the SSSC is 
(are) violated. The two major device limit constraints of the SSSC consid-
ered in this chapter are as follows:

 1. The injected series (converter) voltage magnitude (Vse
Lim)

 2. The magnitude of the line current through the converter (I se
Lim)

The above two device limit constraints have been taken into account follow-
ing [49]. The device limit constraints have been accommodated by the prin-
ciple [70] that whenever a particular constraint limit is violated, it is kept at its 
specified limit (for the rest of the computation process), while a control objec-
tive of the SSSC is relaxed. Mathematically, this signifies replacing the con-
trol objectives (Vbus

SP, QLine
SP , X se

SP or PLine
SP ) by the corresponding limits violated 

(Vse
Lim or Ise

Lim) during the formulation of the Jacobian matrix. The vector ΔR 
(in Equation 3.29) now constitutes the device constraint limit mismatch (es). 
The control strategies to incorporate the above two limits are detailed below: 

 1. Limit on Vse

 In this case,

 V Vse se
Lim=  (3.44)

 If Vse
Lim is violated for the mth SSSC, Vn m+  is fixed at the corresponding 

limit and the SSSC control objective (line active or reactive power flow, 
the voltage at a bus or the line reactance) is relaxed. The relaxed control 
objective mismatch is replaced by ∆V V Vn m n m+ += −sem

Lim  and the mth row 
of the matrix JX3 is rendered constant with all elements known a priori – 
all of them are equal to zero except the entry corresponding to Vn m+  
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which is unity. If Vse
Lim is not violated, the control objective for the mth 

SSSC is retained and the elements corresponding to the mth row of JX3 
are computed using existing codes, as shown earlier. A violation of Vse

Lim  
for all the p SSSCs would render JX3 a predetermined, constant matrix

 2. Limit on Ise

 In this case, 

 I Ise se
Lim=  (3.45)

 where I se can be computed from Equation 3.1 as

 

I Y V V V V V V V

V

ij i j i j i j i i

j

se
2 2

se
2

se se[ 2 cos{ } 2 cos{ }

2

= + + − − − −

+

θ θ θ θ

VV jse secos{ }]θ θ− 1 2/
 (3.46)

 If I se
Lim is violated for the mth SSSC, In m+  is fixed at the corresponding 

limit and the SSSC control objective is relaxed. The relaxed control 
objective mismatch is replaced by ∆I I In m n m+ sem

Lim= − + . If I se
Lim is not 

violated, the control objective for the mth SSSC is retained and the 
elements corresponding to the mth row of JX3 are computed using 
existing codes, as shown earlier. 

3.5 INCLUSION OF SSSC SWITCHING LOSSES
In the previous sections, only ideal SSSCs, that is, SSSCs without any losses 
have been considered. However, in the proposed model, switching losses 
for practical SSSCs can also be very easily accommodated as shown below. 

The SSSC converter switching loss is accounted for by the resistance 
RC shown across the capacitor in Figure 3.1. In Figure 3.2, GC

eq  (in dashed 
lines) is the effective conductance due to the switching loss reflected on 
the line side of the coupling transformer. This conductance is connected 
in parallel with the series voltage source Vse representing the SSSC. The 
relation between GC

eq  and RC  can be established as follows.
It is known that V k Vse se DC=  [8], where VDC is the DC side voltage (across 

the capacitor in Figure 3.1) and kse is a constant that accounts for the type 
of converter. The switching loss is given as

 P
V

R R

V

k
G VCSW

DC
2

C C

se
2

se
2

eq
se
21= =









 =

 (3.47)
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where:

 G
R k

C
C

eq

se
2

1=  

If any ideal (lossless) SSSC c {1≤ c p≤ .} is connected between any two buses a 
and b (with a as SE bus), then from Equation 3.18, P cse Re= − =[ ]V { I }se se

*
c c 0, 

as the SSSC can only supply reactive power. On the other hand, if switch-
ing losses are considered, the SSSC absorbs real power from the system to 
replenish its losses. Hence, from Equations 3.18 and 3.47,
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In the proposed model, Equation 3.48 becomes (from Equation 3.19),
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 (3.49)

Thus, accommodation of switching losses of the SSSC is trivial. For any 
SSSC c connected between any two buses a and b (with a as SE bus), only 
the value of the self-admittance of the (n + c)th fictitious power-flow bus 
is modified (using Equation 3.12) to 

 Y Y( )( )n c n c ab+ + = − +Geq
C  (3.50)

It is also to be noted that only the real part of the self-admittance is affected.

3.6 CASE STUDIES AND RESULTS
The validity of the proposed method was tested on both IEEE 118- and 
300-bus systems. In each of these test systems, multiple SSSCs with differ-
ent control functions were included and studies were carried out for three 
cases: (1) ideal SSSCs (no switching loss) without any device limit con-
straints, (2) practical SSSCs (switching loss incorporated) without device 
limit constraints, and (3) practical SSSCs with device limit constraints. For 
representing the SSSC switching loss, a value of 0.02 p.u. has been chosen 
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for GC
eq . Moreover, the convergence property of the proposed methodology 

has also been validated with different values of GC
eq . In all these case studies, 

a convergence tolerance of 10 12−  p.u. has been chosen. The initial values of 
the voltage magnitude and angle of the fictitious power-flow bus (repre-
senting the SSSC) were chosen as Vse

0
se
0∠ = ∠−θ π0.1 ( / )2  in accordance with 

[49]. Although a large number of case studies confirmed the validity of the 
model, a few sets of representative results are presented in this chapter.

3.6.1 Studies with Ideal SSSCs without Any Device Limit Constraints
3.6.1.1 IEEE 118-Bus System
In this system, three SSSCs have been considered on branches among buses 
75-118 (SSSC-1), 5-11 (SSSC-2), and 95-96 (SSSC-3) for control of bus voltage, 
reactive power flow, and active power flow, respectively. The control refer-
ences chosen are V118

SP  = 0.96 p.u., Q5-11
SP  = 5 MVAR, and P96-95

SP  = 20 MW. The 
results are shown in Table 3.1. The converged final values of the control objec-
tives (COs) are shown in bold cases. In this table (and all subsequent tables in 
this chapter), the symbols NI and γse denote the number of iterations taken by 
the algorithm and the phase angle difference between Ise and Vse, respectively. 
It is observed from Table 3.1 that without switching loss, the value of γse is 
exactly 90° (as the SSSC current is totally reactive in nature). In this system, 
it has been found that for the base case power-flow (without any SSSC), the 
convergence tolerance of 10 12−  p.u. is achieved with six iterations.

From Table 3.1, it is also observed that in the presence of SSSCs, the 
line active and reactive power flow levels are enhanced compared to their 
corresponding values in the base case. This is also true for the voltage at 

TABLE 3.1 Study of IEEE 118-Bus System with Ideal SSSC (No Device 
Limit Constraints)

Solution of Base Case Power Flow (without Any SSSC)

V118 Q5−−11 P96 95−− NI
0.9493 3.44 MVAR 14.67 MW 6

Unconstrained Solution of SSSC Quantities Neglecting Switching Losses (GC
eq = 0)

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1144 0.0562 0.0289
θse –130.84° –110.35° –102.87°
Ise (p.u.) 0.6959 0.6773 0.2021
γse 90° 90° 90°
CO V118 = 0.96 p.u. Q5-11 = 5 MVAR P96-95  = 20 MW
NI 7
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bus 118. Furthermore, the number of iterations needed to obtain conver-
gence marginally increases in the presence of SSSC. The bus voltage pro-
files  without and with SSSCs are shown in Figure 3.3a and b, respectively. 
Further, the difference between the bus voltage magnitudes with and with-
out SSSC is shown in Figure 3.3c. From this figure, it is observed that in 
the presence of SSSC, there is very little change in the bus voltage profile.

3.6.1.2 IEEE 300-Bus System
In this system, four SSSCs have been considered on branches among buses 
58-237 (SSSC-1), 71-83 (SSSC-2), 190-191 (SSSC-3), and 5-9 (SSSC-4) for 
control of bus voltage, reactive power flow, active power flow, and line 
reactance (impedance), respectively. The control references chosen are V237

SP  = 
0.97 p.u., Q83-71

SP  = 25 MVAR, P191 -190
SP  = 150 MW, and X5-9

SP  = –0.1 p.u. It is to 
be noted that the negative value of X5-9

SP  denotes the capacitive nature of the 
reactance. The results are shown in Table 3.2. The converged final values of 
the COs are again shown in bold cases. It is again observed from the table 
that without switching loss, the value of γse is exactly 90οο.

It is observed from Table 3.2 that similar to the case study of the 118-bus 
system, the values of the COs can be enhanced with SSSCs. Also, similar 
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FIGURE 3.3 Bus voltage profile corresponding to the case study of Table 3.1. 
(a) Bus voltage magnitude without SSSC; (b) bus voltage magnitude with SSSC; 
(c) voltage magnitude difference.
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to the 118-bus system, the number of iterations to obtain convergence 
increases compared to their corresponding values in the base case. The 
bus voltage profiles are shown in Figure 3.4 for this case. From this figure 
also, it is observed that in the presence of SSSC, the bus voltage profile 
does not change very much.

TABLE 3.2 Study of IEEE 300-Bus System with Ideal SSSC (No Device Limit 
Constraints)

Solution of Base Case Power Flow (without Any SSSC)

V237 Q83-71 P191 -190 X5-9 NI
0.9693 19.93 MVAR 127.25 MW 0.03 p.u. 7

Unconstrained Solution of SSSC Quantities Neglecting Switching Losses (GC
eq = 0)

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0349 0.0611 0.2076 0.1218
θse –89.66° –73.84° –141.15° –99.04°
Ise (p.u.) 0.3668 0.4944 1.6918 1.2179
γse 90° 90° 90° 90°
CO V237 = 0.97 p.u. Q83-71 = 25 MVAR P191-190 = 150 MW X5- 9 = –0.1 p.u.
NI 10
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FIGURE 3.4 Bus voltage profile corresponding to the case study of Table 3.2. 
(a) Bus voltage magnitude without SSSC; (b) bus voltage magnitude with SSSC; 
(c) voltage magnitude difference.
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3.6.2  Studies with Practical SSSCs without 
Any Device Limit Constraints

3.6.2.1 IEEE 118-Bus System
Again, in this system, three SSSCs have been considered on branches 
among buses 75-118 (SSSC-1), 5-11 (SSSC-2), and 95-96 (SSSC-3) for con-
trol of bus voltage, reactive power flow, and active power flow, respectively. 
The control reference values are kept identical to those in the correspond-
ing case study presented in Section 3.6.1 (Table 3.1). For  representing 
the SSSC switching losses, a value of 0.02 p.u. has been initially chosen for 
GC

eq . Subsequently, the convergence property of the proposed technique has 
also been validated with different values of GC

eq . The results corresponding 
to GC

eq  = 0.02 p.u. and GC
eq  = 0.1 p.u. are shown in Table 3.3, whereas those 

corresponding to GC
eq = 0.15 p.u. and GC

eq  = 0.2 p.u. are shown in Table 3.4.
From Tables 3.3 and 3.4, it is observed that with lower values of switch-

ing losses (lower values of GC
eq), the value of γse deviates a little from 90o  in 

order to replenish the losses in the SSSC. However, with increasing values 
of GC

eq  (elevated converter switching loss), the angle γse also deviates fur-
ther from 90ο to account for enhanced switching losses.

The bus voltage profiles of the 118-bus system for the case studies with 
GC

eq = 0.1 p.u. and GC
eq  = 0.2 p.u. are shown in Figures 3.5 and 3.6, respectively. 

TABLE 3.3 Study of IEEE 118-Bus System with Practical SSSC (No Device 
Limit Constraints)

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq = 0.02 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1154 0.0553 0.0289
θse –130.44° –110.29° –102.47°
Ise (p.u.) 0.6976 0.6726 0.202
γse 89.82° 89.91° 89.84°
CO V118  = 0.96 p.u. Q5-11 = 5 MVAR P96-95 = 20 MW
NI 7

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq = 0.1 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1198 0.0518 0.0289
θse –128.7° –110.03° –100.87°
Ise (p.u.) 0.7058 0.6561 0.2015

γse 89.03° 89.55° 89.18°
CO V118  = 0.96 p.u. Q5-11 = 5 MVAR P96-95 = 20 MW
NI 7
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FIGURE 3.5 Bus voltage profile corresponding to the case study of Table 3.3. 
(a) Bus voltage magnitude without SSSC; (b) bus voltage magnitude with SSSC; 
(c) voltage magnitude difference.

TABLE 3.4 Further Study of IEEE 118-Bus System with Practical SSSC 
(No Device Limit Constraints)

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq  = 0.15 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1232 0.05 0.0289
θse –127.49° –109.87° –99.85°
Ise (p.u.) 0.7119 0.6471 0.2012
γse 88.51° 89.34° 88.76°
CO V118 = 0.96 p.u. Q5-11 = 5 MVAR P96-95 = 20 MW
NI 7

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1273 0.0483 0.029
θse –126.14° –109.72° –98.81°
Ise (p.u.) 0.7192 0.639 0.201
γse 87.97° 89.13° 88.35°
CO V118 = 0.96 p.u. Q5-11 = 5 MVAR P96-95 = 20 MW
NI 7
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From these figures, it is observed that even in the presence of switching 
losses in the SSSCs, the bus voltage profile does not change appreciably.

3.6.2.2 IEEE 300-Bus System
In this system again, four SSSCs have been considered on branches among buses 
58-237 (SSSC-1), 71-83 (SSSC-2), 190-191 (SSSC-3), and 5-9 (SSSC-4) for con-
trol of bus voltage, reactive power flow, active power flow, and line reactance, 
respectively. The control reference values have again been kept identical to 
those values used in the corresponding case study presented in Section 3.6.1. 
Similar to the 118-bus system, a value of 0.02 p.u. has initially been chosen 
for GC

eq  to represent the SSSC switching losses. Subsequently, the convergence 
property of the proposed technique has also been validated with increasing 
values of GC

eq . The results corresponding to GC
eq  equal to 0.02 and 0.1 p.u. are 

shown in Table 3.5, whereas those corresponding to GC
eq  equal to 0.15 and 0.2 

p.u. are shown in Table 3.6. From Tables 3.5 and 3.6, it is observed that with 
increasing values of GC

eq  (elevated converter switching loss), the angle γse also 
deviates further from 90° to account for enhanced switching losses.

The bus voltage profiles in the 300-bus system for the case studies 
with GC

eq  = 0.1 p.u. and GC
eq  = 0.2 p.u. are shown in Figures 3.7 and 3.8, 
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FIGURE 3.6 Bus voltage profile corresponding to the case study of Table 3.4. 
(a) Bus voltage magnitude without SSSC; (b) bus voltage magnitude with SSSC; 
(c) voltage magnitude difference.
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TABLE 3.5 Study of IEEE 300-Bus System with Practical SSSC (No Device Limit 
Constraints)

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq = 0.02 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0348 0.0608 0.2067 0.1217
θse –89.57° –73.63° –140.71° –98.8°
Ise (p.u.) 0.3668 0.4933 1.6863 1.2174
γse 89.89° 89.86° 89.86° 89.89°
CO V237 = 0.97 p.u. Q83-71 = 25 MVAR P191-190 = 150 MW X5- 9  = –0.1 p.u.
NI 7

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq = 0.1 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0343 0.0596 0.2035 0.1215
θse –89.19° –72.78° –138.97° –97.82°
Ise (p.u.) 0.3668 0.4891 1.6658 1.2154
γse 89.46° 89.3° 89.3° 89.43°
CO V237 = 0.97 p.u. Q83-71 = 25 MVAR P191-190 = 150 MW X5-9 = –0.1 p.u.
NI 7

TABLE 3.6 Further Study of IEEE 300-Bus System with Practical SSSC (No Device 
Limit Constraints)

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq = 0.15 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0341 0.0589 0.2017 0.1214
θse –88.96° –72.26° –37.91° –97.21°
Ise (p.u.) 0.3668 0.4866 1.6538 1.2141
γse 89.2° 88.96° 88.95° 89.14°
CO V237 = 0.97 p.u. Q83-71 = 25 MVAR P191-190 = 150 MW X5-9 = –0.1 p.u.
NI 8

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq  = 0.2 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0338 0.0582 0.1999 0.1213
θse –88.74° –71.75° –136.85° –96.6°
Ise (p.u.) 0.3668 0.4842 1.6425 1.2127
γse 88.94° 88.62° 88.61° 88.85°
CO V237 = 0.97 p.u. Q83-71 = 25 MVAR P191-190 = 150 MW X5-9 = –0.1 p.u.
NI 7
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FIGURE 3.8 Bus voltage profile corresponding to the case study of Table 3.6. 
(a) Bus voltage magnitude without SSSC; (b) bus voltage magnitude with SSSC; 
(c) voltage magnitude difference.
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FIGURE 3.7 Bus voltage profile corresponding to the case study of Table 3.5. 
(a) Bus voltage magnitude without SSSC; (b) bus voltage magnitude with SSSC; 
(c) voltage magnitude difference.
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respectively. Again from these figures, it is observed that as in the case 
of 118-bus system, the presence of switching losses in the SSSCs does not 
alter the bus voltage profile appreciably.

It is important to note that the values of GC
eq  chosen in Tables 3.3 

through 3.6 are much higher than the practical values reported in the 
literature [8]. However, the only purpose of the studies reported in these 
tables is to test the convergence characteristic of the proposed method 
even with quite adverse values of switching loss. As the developed meth-
odology is able to attain excellent convergence even with unrealistically 
high values of GC

eq , it can be safely concluded that the proposed technique 
would exhibit convergence for any practical value of converter switching 
losses.

3.6.3  Studies with Practical SSSCs Including Device 
Limit Constraints

In these studies, both the switching losses and the device limit constraints 
have been considered. As already mentioned in Section 3.4.2, two major 
device limit constraints of the SSSC have been considered: the magnitudes 
of the SSSC injected voltage and the SSSC line current. Also, in all these 
cases, the SSSC control references have been kept same as those in the cor-
responding case studies presented in Sections 3.6.1 and 3.6.2. The proce-
dure for enforcing the limits has already been discussed in Section 3.4.2. 
Although various case studies have been carried out in both the 118- and 
300-bus test systems to test the convergence characteristic of the proposed 
method with different values of GC

eq , only a few representative case stud-
ies (corresponding to the highest value of GC

eq
 = 0.2 p.u.) are presented 

below for both the 118- and 300-bus test systems. In these case studies, the 
implementation of each of the two device limit constraints is realized in 
four different ways: (1) limit violation of a single SSSC, (2) limit violations 
of two SSSCs simultaneously, (3) limit violations of three SSSCs simulta-
neously, and (4) limit violations of all four SSSCs simultaneously (only in 
case of the 300-bus test system). Also, to demonstrate the robustness of the 
proposed technique, a wide range of values of the device limit thresholds 
has been chosen. From a large number of power-flow studies, it has been 
observed that the developed methodology is able to enforce the different 
device limit constraints with all values of GC

eq  up to 0.2 p.u. Hence, it can 
be safely concluded that the device limit constraints can be quite success-
fully enforced by the proposed technique for any practical value of con-
verter switching losses.
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Although several combinations of single and multiple device limit con-
straints with varying device limit thresholds were applied to both the 118- 
and 300-bus test systems, only some representative results are reported in 
this chapter. In all subsequent tables, both the COs that have been satisfied 
and the limit constraints that have been violated are shown in bold cases. 
Table 3.7 shows the results corresponding to the limit violation of a single 
SSSC for the IEEE 118-bus test system.

Table 3.7 shows the results of two case studies for the 118 bus system: 
(1) the violation of the voltage limit of SSSC-1 only and (2) the violation 
of the current limit of SSSC-2 only. For incorporating the voltage limit of 

TABLE 3.7 First Study of IEEE 118-Bus System with Practical SSSC and 
Device Limits

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1273 0.0483 0.029
θse –126.14° –109.72° –98.81°
Ise (p.u.) 0.7192 0.639 0.201
γse 87.97° 89.13° 88.35°
CO V118 = 0.96 p.u. Q5-11 = 5 MVAR P96-95 = 20 MW
NI 7

Solution of SSSC Quantities with Switching Losses (GC
eq  = 0.2 p.u.) and Specified 

Voltage Limit for SSSC-1: Vse1
Lim = 0.125 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.125 0.0483 0.029
θse –126.01° –109.72° –98.82°
Ise (p.u.) 0.7126 0.639 0.201
γse 87.99° 89.13° 88.35°
CO V118 = 0.9596 p.u. Q5-11 = 5 MVAR P96-95 = 20 MW
NI 9

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified 

Current Limit for SSSC-2: Ise2
Lim

 = 0.62 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1273 0.0442 0.029
θse –126.14° –110.25° –98.81°
Ise (p.u.) 0.7192 0.62 0.201
γse 87.97° 89.18° 88.35°
CO V118 = 0.96 p.u. Q5-11 = 5.38 MVAR P96-95 = 20 MW
NI 8
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SSSC-1, the CO of maintaining the voltage of bus 118 at a specified value 
is relaxed. Similarly, for incorporating the current limit of SSSC-2, the 
CO of maintaining the reactive power flow through line 5-11 at a speci-
fied value has been relaxed. The converged values of the COs met and the 
device limits violated are shown in bold cases. The number of iterations 
required to obtain convergence may increase from that obtained in the 
unconstrained case.

Corresponding to these studies in the 118-bus system, the bus voltage 
profiles with SSSC voltage and current limits are shown in Figures 3.9 
and 3.10, respectively. From these figures, it is again observed that the bus 
voltage profiles change very little when SSSC device constraint limits are 
incorporated.

Table 3.8 shows the results of two case studies for the 300-bus system: 
(1) the violation of the voltage limit of SSSC-3 only and (2) the violation of 
current limit of SSSC-4 only. For incorporating the voltage limit of  SSSC-3, 
the CO of maintaining the real power flow through line 190-191 at a speci-
fied value is relaxed. Similarly, for incorporating the current limit of SSSC-4, 
the CO of maintaining the reactance of line 5-9 at a specified value has 
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FIGURE 3.9 Bus voltage profile corresponding to the case study of Table 3.7 
(with voltage limit in SSSC-1). (a) Bus voltage magnitude without SSSC; (b) bus 
voltage magnitude with SSSC; (c) voltage magnitude difference.
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been relaxed. The converged values of the COs met and the device lim-
its violated are shown in bold cases in Table 3.8. From this table also, it 
is observed that the developed method is able to incorporate single limit 
constraint quite effectively.

Corresponding to this case study in the 300-bus system, the bus voltage 
profiles with SSSC voltage and current limits are shown in Figures 3.11 
and 3.12, respectively. From these figures, it is again observed that the bus 
voltage profiles change very little when SSSC device constraint limits are 
incorporated.

Table 3.9 shows the results corresponding to the simultaneous limit 
violation of two SSSCs in the IEEE 118-bus test system. Two case studies 
have been considered: (1) the simultaneous violation of the voltage limits of 
SSSC-2 and SSSC-3 and (2) the simultaneous violation of current limits of 
SSSC-1 and SSSC-2. It is important to note that the selection of devices 
(SSSCs) on which limit constraints have been enforced is purely arbitrary. 
The limit constraints can also be enforced very easily on other SSSCs as well. 
For enforcing the voltage limits, the COs of maintaining the real and reac-
tive power flows in the lines 96–95 and 5–11, respectively, at the specified 
values are relaxed. Similarly, for enforcing the SSSC current limits, the COs 
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FIGURE 3.10 Bus voltage profile corresponding to the case study of Table 3.7 
(with current limit on SSSC-2). (a) Bus voltage magnitude without SSSC; (b) bus 
voltage magnitude with SSSC; (c) voltage magnitude difference.
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of maintaining the voltage of bus 118 and the reactive power flow in the line 
5–11 at the specified values are relaxed. The converged values of the COs 
met and the device limits violated are shown in bold cases. It is observed 
from this table that the number of iterations required to obtain convergence 
increases compared to that obtained in the unconstrained case.

The bus voltage profiles for the two cases depicted in Table 3.9 are 
shown in Figures 3.13 and 3.14, respectively. From these two figures, it is 
observed that the voltage profile in the 118-bus system changes very little 
(compared to the case with no SSSC) even with imposition of two simul-
taneous limit constraints.

Table 3.10 shows the results corresponding to the simultaneous limit 
violation of two SSSCs for the IEEE 300-bus test system. Two case studies 

TABLE 3.8 First Study of IEEE 300-Bus System with Practical SSSC and Device Limits

Unconstrained Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.)

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0338 0.0582 0.1999 0.1213
θse –88.74° –71.75° –136.85° –96.6°
Ise (p.u.) 0.3668 0.4842 1.6425 1.2127
γse 88.94° 88.62° 88.61° 88.85°
CO V237 = 0.97 p.u. Q83-71 = 25 MVAR P191-190 = 150 MW X5-9 = –0.1 p.u.
NI 7

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified Voltage Limit 

for SSSC-3: Vse3
Lim= 0.18 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0338 0.0582 0.18 0.1213
θse –88.79° –71.74° –136.39° –96.6°
Ise (p.u.) 0.3668 0.4839 1.5587 1.2128
γse 88.94° 88.62° 88.68° 88.85°
CO V237 = 0.97 p.u. Q83-71 = 25 MVAR P191-190 = 142.96 MW X5-9 = –0.1 p.u.
NI 9

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified Current Limit 

for SSSC-4: Ise 4
Lim  = 1.21 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0338 0.0582 0.1999 0.1207
θse –88.74° –71.75° –136.85° –96.63°
Ise (p.u.) 0.3668 0.4842 1.6425 1.21
γse 88.94° 88.62° 88.61° 88.86°
CO V237 = 0.97 p.u. Q83-71 = 25 MVAR P191-190 = 150 MW X5-9 = –0.0997 p.u.
NI 7
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FIGURE 3.11 Bus voltage profile corresponding to the case study of Table 3.8 
(with voltage limit on SSSC-3). (a) Bus voltage magnitude without SSSC; (b) bus 
voltage magnitude with SSSC; (c) voltage magnitude difference.
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FIGURE 3.12 Bus voltage profile corresponding to the case study of Table 3.8 
(with current limit on SSSC-4). (a) Bus voltage magnitude without SSSC; (b) bus 
voltage magnitude with SSSC; (c) voltage magnitude difference.
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FIGURE 3.13 Bus voltage profile corresponding to the case study of Table 3.9 
(with voltage limits on SSSC-2 and SSSC-3). (a) Bus voltage magnitude without 
SSSC; (b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.

TABLE 3.9 Second Study of IEEE 118-Bus System with Practical SSSC 
and Device Limits

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified 

Voltage Limits on SSSC-2 and SSSC-3: Vse2
Lim = 0.045 p.u. and Vse3

Lim = 0.028 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1273 0.045 0.028
θse –126.14° –110.15° –99.41°
Ise (p.u.) 0.7192 0.6237 0.1976
γse 87.97° 89.17° 88.38°
CO V118 = 0.96 p.u. Q5-11 = 5.31 MVAR P96-95 = 19.64 MW
NI 9

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified 

Current Limits on SSSC-1 and SSSC-2: Ise1
Lim = 0.7 p.u. and Ise2

Lim = 0.6 p.u. 

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1207 0.04 0.029
θse –125.78° –110.79° –98.84°
Ise (p.u.) 0.7 0.6 0.201
γse 88.23° 89.2° 88.55°
CO V118 = 0.9589 p.u. Q5-11 = 5.73 MVAR P96-95 = 20 MW
NI 8
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have been considered: (1) the simultaneous violation of the voltage limits of 
SSSC-2 and SSSC-4 and (2) the simultaneous violation of current limits of 
SSSC-2 and SSSC-3. For enforcing the voltage limits, the COs of maintaining 
the reactive power flow in line 83-71 and the reactance of line 5-9 at the speci-
fied values are relaxed. Similarly, for enforcing the SSSC current limits, the 
COs of maintaining the reactive power flow in line 83-71 and the real power 
of line 191-190 at the specified values are relaxed. The converged values of the 
COs met and the device limits violated are shown in bold cases. It is observed 
from Table 3.10 that the number of iterations required to obtain convergence 
again increases compared to that obtained in the unconstrained case.

The bus voltage profiles for the two cases depicted in Table 3.10 are 
shown in Figures 3.15 and 3.16, respectively. From these two figures, it is 
observed that as in the 118-bus system, the voltage profile in the 300-bus 
system also changes very little (compared to the case with no SSSC) even 
with imposition of two simultaneous limit constraints.

Simultaneous limit violations of all three SSSCs in the 118-bus system 
are considered in Table 3.11. Again, two case studies have been considered: 
(1) the simultaneous violation of the voltage limits of SSSC-1, SSSC-2, and 
SSSC-3 and (2) the simultaneous violation of current limits of SSSC-1, 
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FIGURE 3.14 Bus voltage profile corresponding to the case study of Table 3.9 
(with current limits on SSSC-1 and SSSC-2). (a) Bus voltage magnitude without 
SSSC; (b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.
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FIGURE 3.15 Bus voltage profile corresponding to the case study of Table 3.10 
(with voltage limits on SSSC-2 and SSSC-4). (a) Bus voltage magnitude without 
SSSC; (b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.

TABLE 3.10 Second Study of IEEE 300-Bus System with Practical SSSC and 
Device Limits

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified Voltage Limits 

for SSSC-2 and SSSC-4: Vse2
Lim = 0.05 p.u. and Vse 4

Lim = 0.12 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0338 0.05 0.1999 0.12
θse –88.73° –73.26° –136.85° –96.65°
Ise (p.u.) 0.3668 0.4556 1.6425 1.2068
γse 88.94° 88.74° 88.61° 88.86°
CO V237 = 0.97 p.u. Q83-71 = 22.48 MVAR P191-190 = 150 MW X5-9 = –0.0994 p.u.
NI 10

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified Current Limits 

for SSSC-2 and SSSC-3: Ise2
Lim  = 0.48 p.u. and Ise3

Lim= 1.64 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0338 0.057 0.1993 0.1213
θse –88.74° –71.98° –136.84° –96.6°
Ise (p.u.) 0.3668 0.48 1.64 1.2127
γse 88.94° 88.64° 88.61° 88.85°
CO V237 = 0.97 p.u. Q83-71 = 24.62 MVAR P191-190 = 149.8 MW X5-9 = –0.1 p.u.
NI 8
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TABLE 3.11 Third Study of IEEE 118-Bus System with Practical SSSC and 
Device Limits

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified 

Voltage Limits: Vse1
Lim = 0.12 p.u., Vse2

Lim = 0.048 p.u., and Vse3
Lim = 0.025 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.12 0.048 0.025
θse –125.74° –109.76° –101.28°
Ise (p.u.) 0.6979 0.6377 0.1869
γse 88.03° 89.14° 88.47°
CO V118 = 0.9588 p.u. Q5-11 = 5.03 MVAR P96-95 = 18.5 MW
NI 10

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified 

Current Limits: Ise1
Lim = 0.69 p.u., Ise2

Lim = 0.63 p.u., and Ise3
Lim = 0.18 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3

Vse (p.u.) 0.1173 0.0464 0.0231
θse –125.6° –109.97° –102.46°
Ise (p.u.) 0.69 0.63 0.18
γse 88.05° 89.16° 88.53°
CO V118 = 0.9583 p.u. Q5-11 = 5.19 MVAR P96-95 = 17.76 MW
NI 9
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FIGURE 3.16 Bus voltage profile corresponding to the case study of Table 3.10 
(with current limits on SSSC-2 and SSSC-3). (a) Bus voltage magnitude without 
SSSC; (b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.
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SSSC-2, and SSSC-3. To accommodate these three limit violations, all the 
three COs have been relaxed. The limit violated quantities are again shown 
in bold cases. From Table 3.12, the increased deviations of the converged 
values of the COs (from the set values) and the increase in the number of 
iterations compared to that in the unconstrained case can be observed.

The bus voltage profiles for the two cases depicted in Table 3.11 are 
shown in Figures 3.17 and 3.18, respectively. From these two figures again, 
it is observed that even in the presence of three simultaneous limit viola-
tions, the bus voltage profile changes very little.

Table 3.12 shows the results for simultaneous limit violations of three SSSCs 
in the 300-bus system for two cases: (1) the simultaneous violation of the volt-
age limits of SSSC-2, SSSC-3, and SSSC-4 and (2) the simultaneous violation 
of current limits of SSSC-2, SSSC-3, and SSSC-4. Again, it is important to note 
that the selection of devices (SSSCs) on which limit constraints have been 
enforced is purely arbitrary. The limit constraints can also be enforced very 
easily on other SSSCs. For enforcing these limits, the objectives of controlling 
the real power flow in line 191-190, the reactive power flow in line 83-71, and 
the reactance of line 5-9 at the specified values are relaxed. Also, the number 
of iterations increases compared to that in the unconstrained case.
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FIGURE 3.17 Bus voltage profile corresponding to the case study of Table 3.11 
(with three voltage limit constraints). (a) Bus voltage magnitude without SSSC; 
(b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.
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FIGURE 3.18 Bus voltage profile corresponding to the case study of Table 3.11 
(with three current limit constraints). (a) Bus voltage magnitude without SSSC; 
(b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.

TABLE 3.12 Third Study of IEEE 300-Bus System with Practical SSSC and 
Device Limits

Solution of SSSC Quantities with Switching Losses (GC
eq  = 0.2 p.u.) and Specified Voltage Limits: 

Vse2
Lim

= 0.05 p.u., Vse3
Lim = 0.18 p.u. and Vse 4

Lim = 0.11 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0338 0.05 0.18 0.11
θse –88.77° –73.22° –136.37° –97.11°
Ise (p.u.) 0.3668 0.4555 1.5587 1.162
γse 88.94° 88.74° 88.68° 88.92°
CO V237 = 0.97 p.u. Q83-71 = 22.51 MVAR P191-190 = 142.9 MW X5-9 = –0.0946 p.u.
NI 9

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified Current Limits: 

Ise2
Lim = 0.47 p.u., Ise3

Lim = 1.62 p.u. and Ise 4
Lim = 1.2 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0338 0.0542 0.1946 0.1185
θse –88.75° –72.49° –136.72° –96.73°
Ise (p.u.) 0.3668 0.47 1.62 1.2
γse 88.94° 88.68° 88.62° 88.87°
CO V237 = 0.97 p.u. Q83-71 = 23.74 MVAR P191-190 = 148.1 MW X5-9 = –0.0987 p.u.
NI 8
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The bus voltage profiles for the two cases depicted in Table 3.12 are shown in 
Figures 3.19 and 3.20, respectively. From these two figures again it is observed 
that as in 118-bus system, in the 300-bus system also, even in the presence of 
three simultaneous limit violations, the bus voltage profile changes very little.

Results corresponding to the simultaneous limit violations of all four 
SSSCs in the 300-bus system are shown in Table 3.13. Two cases are consid-
ered: (1) the simultaneous violation of the voltage limits of all the four SSSCs 
and (2) the simultaneous violation of current limits of all the four SSSCs. 
The device limit thresholds have been set quite low than the corresponding 
unconstrained values. Consequently, the converged values of the COs devi-
ate more. This demonstrates the robustness of the developed technique for 
stringent limit violations. Also, the number of iterations increases compared 
to that in the unconstrained case. It is to be noted that for incorporating 
these four limit constraints, all the four COs have been relaxed.

The bus voltage profiles for the two cases depicted in Table 3.13 are 
shown in Figures 3.21 and 3.22, respectively. From these two figures again, 
it is observed that in the 300-bus system, even in the presence of four 
simultaneous limit violations, the bus voltage profile changes very little.
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FIGURE 3.19 Bus voltage profile corresponding to the case study of Table 3.12 
(with three voltage limit constraints). (a) Bus voltage magnitude without SSSC; 
(b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.
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FIGURE 3.20 Bus voltage profile corresponding to the case study of Table 3.12 
(with three current limit constraints). (a) Bus voltage magnitude without SSSC; 
(b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.

TABLE 3.13 Fourth Study of IEEE 300-Bus System with Practical SSSC and Device Limits

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified Voltage Limits: 

Vse1
Lim = 0.033 p.u., Vse2

Lim = 0.045 p.u., Vse3
Lim = 0.15 p.u., and Vse 4

Lim = 0.1 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.033 0.045 0.15 0.1
θse –88.9° –74.06° –135.74° –97.54°
Ise (p.u.) 0.3666 0.4382 1.434 1.117
γse 88.97° 88.82° 88.8° 88.97°
CO V237 = 0.9704 p.u. Q83-71 = 21.1 MVAR P191-190 = 132.3 MW X5-9 = –0.0895 p.u.
NI 10

Solution of SSSC Quantities with Switching Losses (GC
eq = 0.2 p.u.) and Specified Current Limits: 

Ise1
Lim = 0.3665 p.u., Ise2

Lim = 0.45 p.u., Ise3
Lim = 1.6 p.u., and Ise 4

Lim = 1.0 p.u.

Quantity SSSC-1 SSSC-2 SSSC-3 SSSC-4

Vse (p.u.) 0.0325 0.0485 0.1898 0.0741
θse –88.82° –73.48° –136.57° –98.68°
Ise (p.u.) 0.3665 0.45 1.6 1.0
γse 88.98° 88.77° 88.64° 89.15°
CO V237 = 0.9707 p.u. Q83-71 = 22 MVAR P191-190 = 146.5 MW X5-9 = –0.0741 p.u.
NI 9
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FIGURE 3.21 Bus voltage profile corresponding to the case study of Table 3.13 
(with four voltage limit constraints). (a) Bus voltage magnitude without SSSC; 
(b) bus voltage magnitude with SSSC; (c) voltage magnitude difference.
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FIGURE 3.22 Bus voltage profile corresponding to the case study of Table 3.13 
(with four current limit constraints). (a) Bus voltage magnitude without SSSC; (b) 
bus voltage magnitude with SSSC; (c) voltage magnitude difference.
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3.7 SUMMARY
In this chapter, a Newton power flow model of the SSSC has been developed, 
which can reuse the existing power flow and Jacobian codes. Consequently, 
a substantial reduction in the complexity of codes can be achieved. This 
model can handle multiple control functions and practical device limit 
constraints of the SSSC. The switching loss of the SSSC can be accommo-
dated very easily in the proposed model. Validity of the proposed method 
has been demonstrated on IEEE 118- and 300-bus systems with excellent 
convergence characteristics. In Chapter 4, the philosophy described in this 
chapter is extended for power flow modeling of the unified power flow 
controller.
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C h a p t e r  4

Newton Power Flow 
Model of the Unified 
Power Flow Controller

4.1 INTRODUCTION
Among the voltage-sourced converter-based flexible AC transmission sys-
tem controllers, the unified power flow controller (UPFC) is one of the 
most comprehensive and versatile ones, which has ushered in new horizons 
in power transmission control [15,16]. Within its operating limits, a UPFC 
can independently control three power system parameters [15–21].

For proper utilization of the UPFC in power system planning, operation, 
and control, a power flow solution of the network incorporating UPFC(s) 
is a fundamental requirement. As a result, the development of a suitable 
power flow model for analyzing the behavior of the UPFC in large power 
systems has been a challenge for power system engineers worldwide. In this 
regard, a lot of research work has been carried out in the literature [55–76] 
for developing efficient power flow algorithms for the UPFC. In a way simi-
lar to the static synchronous series compensator (SSSC), it is observed from 
these works that the complexities of software codes are increased manifold 
when a UPFC is modeled in an existing Newton–Raphson power flow algo-
rithm. In fact, compared with the SSSC, the problem is aggravated in case 
of the UPFC. In a UPFC, there are two representative voltage sources—
one each for the shunt and series converters. Contributions from these 
two voltage sources necessitate modifications in the existing power flow 

www.EngineeringEBooksPdf.com



104   ◾   Flexible AC Transmission Systems (FACTS)

equations for the sending end (SE) and receiving end (RE) buses of the line 
incorporating the UPFC. Further, an entirely new expression for the real 
power handled by the UPFC has to be written. Moreover, in the Jacobian 
matrix, multiple subblocks exclusively related to the shunt and series volt-
age sources of the UPFC appear, and as a result, entirely new codes need to 
be written for computation of each of these subblocks. Due to these factors, 
the complexity of software codes is greatly enhanced. As the number of 
UPFCs in a system increases, the problem becomes more acute.

This problem has not been directly addressed by any of the existing works 
on power flow modeling of the UPFC. In this regard, efforts to obtain reus-
ability of the original Newton–Raphson power flow codes due to the incor-
poration of a UPFC were demonstrated in [76]. However, in this method too, 
new codes related to the UPFC have to be written, although separately, in a 
special routine (such as a class or a function), to preserve the original codes. 
Thus, no substantial reduction in the programming complexity is achieved. 
To address this issue, an indirect approach for power flow modeling of a 
UPFC [84,86] is proposed in this chapter. By this modeling approach, an 
existing power system installed with UPFCs is transformed to an equivalent 
augmented network without any UPFC. This results in a substantial reduc-
tion in the programming complexity because of the following reasons:

 1. In the absence of any UPFC, the terms contributed by the represen-
tative shunt and series voltage sources of the UPFC cease to exist. 
Thus, all bus power injections can be computed in the proposed 
model using the existing Newton–Raphson codes.

 2. The equation(s) for the UPFC real power(s) are transformed to sum(s) 
of real powers of additional power-flow buses, which in turn can be 
computed using existing codes.

 3. In the proposed model, only three Jacobian subblocks need be 
 evaluated—two of which can be evaluated using existing Jacobian 
codes directly, whereas the third one can be computed with very 
minor modifications of the existing Jacobian codes.

4.2 UPFC MODEL FOR NEWTON POWER FLOW ANALYSIS
Figure 4.1 shows an n-bus power system network in which a UPFC is con-
nected in the branch i−j between buses i and j of the network. The UPFC is 
connected in series at the sending end (SE) of the transmission line.
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The equivalent circuit of the aforementioned network is shown in 
Figure 4.2 in which the UPFC is represented by two voltage sources. The 
voltage source Vse is connected in series with the transmission line, rep-
resented by its equivalent pi representation, at node r. Vr is the voltage of 
node r. As shown in Figure 4.2, the total current through the series cou-
pling transformer is Ise, which consists of two parts: (1) Iij flowing through 
the line series impedance and (2) Iij0 which is the line charging current. 

Vsh

r

Zse

Zsh

Ish

Ise

Zij

yij0 yij0

Iij

Iij0

Bus i
Vi∠θi

Bus j
Vj∠θjVse

FIGURE 4.2 Equivalent circuit of the UPFC-incorporated power system network.

Series
converter

Shunt
converter

Vse∠θse

Vsh∠θsh

Bus i
Vi∠θi

Bus j
Vj∠θj

FIGURE 4.1 UPFC connected between buses i and j of an n-bus power system.
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The current flowing through the shunt coupling transformer is Ish. Also, 
Zse and Zsh are the impedances of the series and shunt coupling trans-
former, respectively.

Now,

 let andZ R Xij ij ij ij
ij

j= + = = =, ,y
1

Z
y

1

Z
y

1

Z
se

se
sh

sh

 (4.1)

Also,

 Y Y y yij ji ij ji= = − = −  (4.2)

From Figure 4.2,

 I I I y V y (V V )se 0 0= + = + −ij ij ij r ij r j  (4.3)

Also,

 I y (V V V )se se se= − −i r  (4.4)

From Equations 4.3 and 4.4,

 I Vse 1 1 1 se= − −αα ββ ααV Vi j  (4.5)

where:

 αα ββ1
se 0

0 se
1

se

0 se

( )
=

+
+ +

=
+ +

y y y

y y y

y y

y y y
ij ij

ij ij

ij

ij ij

and  (4.6)

Again, from Figure 4.2, the net injected current at bus i is

 I Y y y V Y V I Iold
0

1, ,

se shi ii ij ij i ik k

k k i k j

n

= − −( ) + + +
= ≠ ≠
∑  (4.7)

In the above equation, Y 0ii ik i
p

ij
k k i

n
old

0
1,

y y y= + +
= ≠
∑  is the self-admittance of 

bus i for the existing n-bus system without any UPFC connected and y 0i
p  

accounts for the shunt capacitances of all transmission lines connected to 
bus i, except that of line i−j. Substituting I y V Vsh sh sh= −( )i  and Equation 
4.5 in Equation 4.7 one gets,
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 I Y V
1

2

i ik k

k

n

=
=

+

∑  (4.8)

In the above equation, Y Y y y yold
0 1 shii ii ij ij= − − + +αα  is the new value of 

self-admittance for the ith bus with UPFC and

 V V V V Y Y y Y1 se 2 sh ( 1) 1 ( 2) sh 1n n i n i n ij+ + + += = = − = − = −, , , ,αα ββand  (4.9)

Similarly, the net injected current at bus j can be written as

 I Y V
1

2

j jk k

k

n

=
=

+

∑  (4.10)

provided

 Y Y 0 Y( 1) 1 ( 2) 1j n j n ji+ += = = −ββ ββ, , and  (4.11)

Thus, from Equations 4.8 and 4.10, it can be observed that the effect of 
incorporating a UPFC in a transmission line is equivalent to the addition 
of two more buses (n + 1) and (n + 2) to the existing n-bus system, pro-
vided Equations 4.9 and 4.11 are satisfied. The buses (n + 1) and (n + 2) are 
representative of the effects of the series and shunt voltage sources of the 
UPFC, respectively.

Now, from Figure 4.2, the net injected currents at the two fictitious 
power-flow buses (n + 1) and (n + 2) are equal to the currents flowing into 
the transmission system from these buses. Hence, for the  equivalent (n + 2) 
bus system,

 I I V V V Y V1 se 1 se 1 1 ( 1)

1

2

n i j n k k

k

n

+ +

=

+

= − = − + =∑αα αα ββ  (4.12)

provided

 Y Y Y Y( 1)( 1) 1 ( 1) 1 ( 1) 1 ( 1)( )n n n i n j n n+ + + + + += = − = =αα αα ββ, , , 2 0 (4.13)

Also,

 I I y (V V ) Y V2 sh sh sh ( 2)

1

2

n i n k k

k

n

+ +

=

+

= − = − =∑  (4.14)
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where:

 Y y Y y Y Y( 2)( 2) sh ( ) sh ( ) ( )( )n n n i n j n n+ + + + + += = − = =, , ,2 2 2 10 0  (4.15)

4.3  POWER FLOW EQUATIONS IN THE 
PROPOSED UPFC MODEL

To bring out the advantages of the proposed UPFC model, the relevant 
equations from the existing UPFC models are first described followed by 
the corresponding equations obtained by the developed UPFC model. Let 
there be p UPFCs incorporated in an existing n-bus system. With existing 
UPFC models, from the equations of the net injected currents at buses i 
and j (e.g., Equation 4.7), the expression for the active power injection at 
any (SE or RE) bus a can be written as 

 P V V Y a na a k ak a k yak

k

n

= − −( ) ≤
=
∑ cos

1

θ θ ϕ ,  (4.16)

if no UPFC is connected to bus a;

 

P V V Y

V V

a a k ak a k yak

k k b

n

a b c a b y c

= − −( )

− − −( )

−

= ≠
∑ cos

cos

1, 

θ θ

β θ θ

ϕ

ϕ β

VV V

V V y

a c c a c y c

a c c a c y c

se se

sh sh sh sh

cos

cos

α θ θ

θ θ

ϕ

ϕ

α− −( )

− − −( )

 (4.17)

if UPFC c is connected in branch a–b with a as SE bus c p≤( );

P V V Y V V

V

a a k ak a k yak

k k b

n

a b c a b y c= − −( )− − −( )

+

= ≠
∑ cos cos
1,

θ θ β θ θϕ ϕ β

aa c c a c y cVse secosβ θ θ ϕ β− −( )
 (4.18)

if UPFC c is connected in branch a–b with a as RE bus.
Thus, from the above equation, it is observed that with existing UPFC 

models, additional terms arising out of the contributions from the series and 
shunt voltage sources representing the UPFC have come into the picture. 
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These necessitate modifications in the existing power flow software codes. 
This is also true for the reactive power injection equation at any bus.

However, in the proposed model, there would be a total of (n + 2p) 
buses, without any UPFC. The effect of the cth UPFC comes into the pic-
ture as two additional fictitious power-flow buses (n + 2c – 1) and (n + 2c) 
representative of the series and the shunt converters, respectively. The 
expression for the active power at any bus a (SE or RE) can be written 
using Equations 4.8 and 4.10 as

 P V V Y a n pa a k ak a k yak

k

n p

= − −( ) ≤ +
=

+

∑ cos , ( 2 )
1

2

θ θ ϕ  (4.19)

Similarly, the expression for the reactive power at any bus a (SE or RE) can 
be written as

 Q V V Y a n pa a k ak a k yak

k

n p

= − −( ) ≤ +
=

+

∑ sin ( 2 )
1

2

θ θ ϕ ,  (4.20)

From the above two equations, it can be observed that both the active and 
reactive power injections at any bus can be computed using existing power 
flow codes.

Now, with existing models, the expression for the real power delivered 
by any UPFC c connected between buses a and b is

 

P

V V

c c

c b c b

UPFC

se cos

= − + − 

= − −

Re ( )

se

V I V ( I )se se
*

sh sh
*

c c c

β θ θc ϕϕ

α θ θ ϕ

θ θ ϕ

β

α

y c

c a c a y c

c a c c a y

V V

V V y

( )

− − −( )

− − −

se

sh sh sh s

cos

cos

sec

hh

sh
2

sh sh
2cos cos 

c

c c y c c y cV y V

( )

+ +ϕ α ϕ αsec

 (4.21)

From the above equation, it is observed that fresh codes are required for its 
evaluation. In the proposed model, the expression of PUPFCc can be written 
using Equations 4.12 and 4.14 as
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P cUPFC = − + − 

= + − + −

Re ( )

Re

V I V ( I )

V (I )

se se
*

sh sh
*

2 1 2 1
*

c c c c

n c n c ++ 

= +( ) = +

+ +

+ − + + − +

V (I )

S S

2 2
*

2 1 2

n c n c

n c n cRe P Pnn c c2 1 2

 (4.22)

From the above equation, it can be observed that in the proposed model, 
the sum of active power injections at two buses (n + 2c – 1) and (n + 2c) 
(computed from Equation 4.19 with existing power flow codes) yields the 
UPFC real power.

Apart from the equations corresponding to real and reactive power 
injections, those corresponding to various control objectives can also be 
evaluated using existing codes in the proposed model. Generally, a UPFC 
can independently control three power system parameters. Normally, the 
SE bus voltage, the line active power flow, and the line reactive power flow 
comprise these three control objectives [72]. In this chapter too, these 
three same control objectives have been considered.

With existing UPFC models, using Equation 4.5, the expression for the 
line active power flow with the UPFC c connected between buses a and b is

 Pab = ( ) = ( )Re ReV I V I*
se
*

a ab a c

or

 
P V V V

V V

ab a c y c a b c a b y c

a c a

= − − −( )

− −

2 cos cos

cos

α ϕ β θ θ ϕ

α θ θ

α β

se sec c −−( )ϕ αy c

 (4.23)

Similarly, the expression for the line reactive power flow is given by

 
Q V V V

V V

ab a c y c a b c a b y c

a c a

= − − − −( )

− −

2 sin sin

sin

α ϕ β θ θ ϕ

α θ θ

α β

se sec cc −( )ϕ αy c

 (4.24)

Both the above two equations have new terms involving the UPFC series 
voltage source and the modified admittances due to the UPFC series cou-
pling transformers. These necessitate modifications in the existing power 
flow codes.
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In the proposed model, using Equation 4.12, the expression for active 
power flow becomes

 Pab = ( ) = ( ) = −( )



+ −Re Re ReV I V I V I*

se
*

2
*

a ab a c a n c 1

or

 
P V V Yab a k n c k a k y n c k

k

n p

= − − −( )+ − + −

=

+

∑ ( ) ( 1)

1

cos2 1 2

2

θ θ ϕ  (4.25)

as the series converter of the cth UPFC is transformed to (n + 2c – 1)th 
power flow bus in the proposed model. In a similar way,

 
Q V V Yab a k n c k a k y n c k

k

n p

= − − −( )+ − + −

=

+

∑ ( ) ( )

1

sin2 1 2 1

2

θ θ ϕ  (4.26)

From the above two equations, it is observed that both the line active and 
reactive power flows can be evaluated in the proposed model using very 
minor modifications in the existing power flow codes.

4.4 IMPLEMENTATION IN NEWTON POWER FLOW ANALYSIS
If the number of voltage-controlled buses is (m – 1), the power-flow problem 
for an n-bus system with p UPFCs can be formulated as follows:

Solve θθ, V, θθse, Vse, θθsh , and Vsh.
Specified P, Q, PU , VB, PL, and QL

where:

 θθ= = +[ ] [ ]2
T

1
Tθ θ n m nV VV  (4.27)

 θθse seV= =[ ] [ ]se1 se
T

se1 se
Tθ θ p pV V  (4.28)

 θθsh shV= =[ ] [ ]sh1 sh
T

sh1 sh
Tθ θ p pV V  (4.29)

 P Q= = +[ ] [ ]2
T

1
TP P Q Qn m n   (4.30)
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 P VU B= =[ ] [ ]UPFC1 UPFC
T

BUS1 BUS
TP P V Vp p   (4.31)

 P QL L= =[ ] [ ]LINE1 LINE
T

LINE1 LINE
TP P Q Qp p   (4.32)

In Equations 4.27 through 4.32 PU , VB, PL, and QL represent the vectors 
for the specified real powers (supplied by the UPFCs), SE bus voltages (at 
which the p UPFCs are connected), line active power flows, and line reac-
tive power flows (in the p lines incorporating the UPFCs) of the p UPFCs, 
respectively. Without any loss of generality in Equations 4.27 through 
4.32, it is assumed that there are m generators connected at the first m 
buses of the system with bus 1 being the slack bus. Thus, the basic power- 
flow equation for the Newton power flow solution is represented as
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or
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 (4.34) 
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In the above equation, Jold is the conventional power-flow Jacobian subblock 
corresponding to the angle and voltage magnitude variables of the n-buses.

Now, in the proposed model, there are (n + 2p) buses, including 2p ficti-
tious power flow buses. Thus, the quantities to be solved for power flow are 
θθnew and Vnew.

 θ θ θnew newV= =+ + +[ ] and [ ]2
T

1
T

 n p m n pV V2 2  (4.35)

Thus, Equation 4.34 is transformed in the proposed model as
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 (4.36)

where:

 ∆ ∆ ∆ ∆ ∆ ∆PQ [ P Q ] PQ [ P Q ]T T T
L L

T
L
T T= =  (4.37)

Also, JX1, JX2, JX3, and JX4 are identified easily from Equation 4.36. The 
elements of the matrix JX3 are either unity or zero, depending on whether 
an element of the vector VB is also an element of the vector Vnew or not. 
Thus, JX3 is a constant matrix known a priori and does not need to be 
computed.

Now, it can be shown that in Equation 4.36,

 1. The matrices JX1 and JX2 can be computed using existing Jacobian 
codes.

 2. The matrix JX4 can be computed using very minor modifications of 
the existing Jacobian codes.

The justification of the above two statements are shown as follows.
To compute the two matrices JX1 and JX2 in the proposed model with 

(n + 2p) buses, let

 Pnew = +[ ]2
TP Pn p 2  (4.38)
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Subsequently, a new Jacobian matrix is defined as

 J
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 (4.39)

It can be observed (from Equations 4.19 and 4.20) that in the proposed 
model, the expressions for Pi  (2≤ ≤ +i n p) and Qi  (m i n+ ≤ ≤1 ) in Pnew  
and Q, respectively (of Equation 4.39), can be computed using existing 
power flow codes. Hence, the matrix Jnew can be computed with existing 
codes for calculating the Jacobian matrix.

From Equations 4.35 and 4.38,
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where:

 JX5= ∂
∂

∂
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∂
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T

 (4.41)

From Equation 4.40, it is observed that the subblock ∂ ∂P newθ  is contained 
within ∂ ∂Pnew newθ . In a similar way, it can be shown that ∂ ∂P Vnew is 
contained within ∂ ∂P Vnew new. Hence, once the matrix Jnew is computed, 
the matrix

 JX1

P P

V
J

new new

B
=

∂
∂

∂
∂

















θ  

can be very easily extracted from the matrix Jnew using simple matrix 
extraction codes only. Hence, no fresh codes need to be written for com-
puting JX1.

Now, using Equation 4.22,

 
∂

∂
+ =

∂
∂

+ +
θ θnew new[ ]P P

P
n n1 2

UPFC1  (4.42)
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Thus, in Equation 4.41, the sum of the first two rows of JX5 equals 
∂ ∂PUPFC 1 θnew  (the first element of the Jacobian subblock ∂ ∂PU

newθ ). 
Similarly, the sum of the last two rows yields the last element of ∂ ∂PU

newθ . 
Therefore, ∂ ∂PU

newθ  can be easily extracted from ∂ ∂Pnew newθ . In a simi-
lar way, it can be shown that ∂ ∂P VU

new can also be easily extracted from 
∂ ∂P Vnew new. Hence, the matrix JX P P VU

new
U

new2 = ∂ ∂ ∂ ∂ θ  does not 
need to be computed—it can be formed from the matrix JA of Jnew by matrix 
extraction codes (in conjunction with codes for simple matrix row addi-
tion). Hence, both JX1 and JX2 need not be computed and can be extracted 
from Jnew (subsequent to its computation using existing Jacobian codes).

Next, it is shown that unlike existing UPFC models, the matrix 

 JX4
P P V

Q Q V

L
new

L
new

L
new

L
new

=
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂











θ
θ

can be computed using very minor modifications of the existing Jacobian 
codes.

In the proposed model, the expression for the active power flow in the 
cth UPFC connected line (between SE and RE buses a and b, respectively) 
can be written using Equation 4.25 as

 
P V V Yc a k n c k a k y n c k

k

n p

LINE ( ) ( 1)

1

cos= − − −( )+ − + −

=

+

∑ 2 1 2

2

θ θ ϕ  (4.43)

In a similar way, using Equation 4.26,

 Q V V Yc a k n c k a k y n c k

k

n p

LINE ( ) ( 1)

1

sin= − − −( )+ − + −

=

+

∑ 2 1 2

2

θ θ ϕ  (4.44)

It can be observed that unlike Equations 4.23 and 4.24, Equations 4.43 
and 4.44 can be computed using very minor modifications of the existing 
power flow codes. Consequently, the matrix JX4, which constitutes the 
partial derivatives of Equations 4.43 and 4.44 with respect to the rele vant 
variables (θi , θ j , θse, θsh, Vi, Vj, Vse, and Vsh), can also be computed with 
very minor modifications of the existing Jacobian codes, unlike  with 
existing UPFC models. This reduces the complexity of software code 
substantially.
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4.5  ACCOMMODATION OF UPFC 
DEVICE LIMIT CONSTRAINTS

The four major device limit constraints of the UPFC considered in this 
book are as follows [70]:

 1. The UPFC series-injected voltage magnitude Vse
Lim

 2. The line current through the series converter I se
Lim

 3. Real power transfer through the dc link PDC
Lim

 4. Shunt converter current I sh
Lim

These four device limit constraints have been taken into account follow-
ing the guidelines of [70] and [71]. The device limit constraints have been 
accommodated by the principle that whenever a particular constraint 
limit is violated, it is kept at its specified limit, whereas a control objective 
is relaxed. Mathematically, this signifies the replacement of the Jacobian 
elements pertaining to the control objective by those of the violated 
constraints.

The four device constraint limits of Vse
Lim, I se

Lim, PDC
Lim, and I sh

Lim can be 
incorporated as follows:

 1. Limit on UPFC series converter voltage ( Vse
Lim )

  For considering Vse
Lim for the mth UPFC (connected in the line 

between buses i [SE] and j [RE]), Vn m+ −2 1  is preset at Vse
Lim  and either 

the line active (PLINEm) or reactive power flow (QLINEm) control objec-
tive is relaxed. This relaxed active or reactive power mismatch is 
replaced by ∆V V Vn m m n m+ − + −= −2 21 se

Lim
1  and the corresponding row 

of the matrix JX4 is rendered constant with all elements known 
a priori—all of them are equal to zero except the entry pertaining to 
Vn m+ −2 1, which is unity. All other elements of the matrix JX4 can be 
computed using very minor modifications of the existing Jacobian 
codes, as demonstrated in the previous Section 4.4.

 2. Limit on line current through the UPFC series converter (I se
Lim)

  In this case also, In m+ −2 1  is preset at I se
Lim and either PLINE or QLINE  con-

trol objective is relaxed. Thus, the corresponding mismatch is replaced 
by ∆I I In m m n m+ − + −= −2 21 se

Lim
1, where (from Equations 4.12 and 4.13)

www.EngineeringEBooksPdf.com



Newton Power Flow Model of the Unified Power Flow Controller    ◾    117

 I a a a an m+ − = + + +2 1 1 2 3 4[ ]1/2  (4.45)

  where:

  a Y V Y V Y Vn m i i n m j j n m n m n m1 ( 2 1)
2 2

( 2 1)
2 2

( 2 1)( 2 1)
2

2 1= + ++ − + − + − + − + −
22

  
a Y Y V Vn m i n m j i j i j y n m i y n m2 ( 2 1) ( 2 1) ( 2 1) ( 2 12 cos= − + −+ − + − + − + −θ θ ϕ ϕ ))j( )

  a Y Y V Vn m i n m n m i n m i n m y n3 ( 2 1) ( 2 1)( 2 1) 2 1 2 1 (2 cos= − ++ − + − + − + − + −θ θ ϕ ++ −

+ − + −

(
− )

2 1)

( 2 1)( 2 1)

m i

y n m n mϕ

  
a Y Y V Vn m j n m n m j n m j n m y n4 ( 2 1) ( 2 1)( 2 1) 2 1 2 1 (2 cos= − ++ − + − + − + − + −θ θ ϕ ++ −

+ − + −

(
− )

2 1)

( 2 1)( 2 1)

m j

y n m n mϕ

  The Jacobian elements are changed accordingly.
  If, however, both Vse

Lim and I se
Lim are violated, leniency is exercised 

on both PLINE and QLINE control objectives, which are replaced by 
∆Vn m+ −2 1 and ∆In m+ −2 1, respectively. The corresponding Jacobian 
elements are also replaced. The derivations of the expressions of 
a and1, , ,a a a2 3 4 are given in the Appendix.

 3. Limit on real power transfer through the dc link (PDC
Lim)

  In the proposed model, the series and shunt converters of the mth 
UPFC are transformed to fictitious power-flow buses (n + 2m – 1) 
and (n + 2m), respectively. For the mth UPFC (connected in the 
line between buses say i [SE] and j [RE]), the real power exchange 
through the DC link P mDC  is defined (using Equations 4.5, 4.9, 
4.12, 4.13, and 4.45) as

 

P

V V Y

m

n m i n

DC

2 1 ( 2

= −( )



 = ( )

=

+ − + −

+ − +

Re ReV I V Ise se
*

2 1 2 1
*

m m n m n m

mm i n m i y n m i

n m j n m j nV V Y

− + − + −

+ − + −

− −( )

+

1) 2 1 ( 2 1)

2 1 ( 2 1)

cos

cos

θ θ

θ

ϕ

++ − + −

+ − + − + − +

− −( )

+

2 1 ( 2 1)

2 1
2

( 2 1)( 2 1) ( 2cos

m j y n m j

n m n m n m y nV Y

θ ϕ

ϕ mm n m− + −1)( 2 1)

 (4.46)

  If PDC
Lim is violated, then PDC is preset at PDC

Lim and either the PLINE or 
QLINE control objective is relaxed, with the corresponding mis-
match replaced by ∆P P Pm m mDC DC

Lim
DC= − . It is important to note 

that a negative value of P mDC  signifies that the series converter is 
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absorbing real power from the line (and supplying it to the SE bus 
through the shunt converter). The Jacobian elements are changed 
accordingly.

 4. Limit on shunt converter current ( I sh
Lim )

  As in the previous cases, for the mth UPFC, In m+2  is preset at I sh
Lim  

and the UPFC SE bus voltage control objective is relaxed, with the 
voltage mismatch replaced by ∆I I In m m n m+ += −2 sh

Lim
2 , where (from 

Equations 4.14 and 4.15)

 I b bn m+ = +2 1 2
1/2[ ]  (4.47)

  where:
  b Y V Y Vn m i i n m n m n m1 ( 2 )

2 2
( 2 )( 2 )
2

2
2= ++ + + +

  b Y Y V Vn m i n m n m i n m i n m y n m i

y

2 ( 2 ) ( 2 )( 2 ) 2 2 ( 2 )

(

2 cos= − +(
−

+ + + + + +θ θ ϕ
ϕ nn m n m+ + )2 )( 2 )

  The Jacobian elements are changed accordingly.
  If, however, all of P mDC

Lim , I mse
Lim, and I msh

Lim are violated, all the con-
trol objectives of line active and reactive power flow along with 
the SE bus voltage are relaxed, with the corresponding mismatches 
replaced by ΔP mDC , ∆In m+ −2 1, and ∆In m+2 , respectively, as given 
before, along with modifications of the corresponding Jacobian 
elements. The derivations of the expressions of b1 and b2 are given 
in the Appendix.

4.6 SELECTION OF INITIAL CONDITIONS
The initial conditions for the shunt voltage source were chosen as 
Vsh

0
sh
0 0∠ = ∠θ 1 0 0.  following [60] whereas those for the series voltage source 

were chosen as Vse
0

se
0∠ = ∠−θ 0 1 2. ( / ),π  as suggested in [49]. During the 

case studies, it was observed that the shunt converter current magnitude 
In+2 becomes zero by adoption of the shunt voltage source initial condition. 
As  a consequence, the Jacobians of In+2 (obtained using Equation 4.47), 
which possess In+2 terms in the denominator, were rendered indeterminate. 
This is shown in the Appendix. Modifying the shunt source initial condi-
tion to Vsh

0
sh
0∠ = ∠−θ π1 0 9. ( / ) solves this problem, without any observed 

detrimental effect on the convergence.
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4.7 CASE STUDIES AND RESULTS
The proposed method was applied to IEEE 118- and 300-bus systems to 
validate its feasibility. In each test system, multiple UPFCs were included 
and studies have been carried out for (1) UPFCs without any device limit 
constraints and (2) UPFCs with device limit constraints. As each UPFC 
can independently control up to three power system parameters, in this 
chapter, each UPFC is used for the control of the SE bus voltage and the 
line active and reactive power flows. In all the case studies, a convergence 
tolerance of 10 12−  p.u. has been chosen. Although a large number of case 
studies confirmed the validity of the model, a few sets of representative 
results are presented below. As in Chapter 3, in all the subsequent tables, 
the symbol NI denotes the number of iterations taken by the algorithm.

4.7.1 Studies of UPFCs without Any Device Limit Constraints
4.7.1.1 Case I: IEEE 118-Bus System
In this system, three UPFCs have been considered on the lines among 
buses 5-11 (UPFC-1), 37-39 (UPFC-2), and 96-95 (UPFC-3). The control 
references chosen are V5

SP = 1.0 p.u., Q5-11
SP  = 5 MVAR, and P5-11

SP  = 100 MW 
(UPFC-1); V37

SP = 1.0 p.u., Q37-39
SP  = 10 MVAR, and P37-39

SP  = 100 MW (UPFC-2); 
and V96

SP = 1.0 p.u., Q96-95
SP  = 5 MVAR, and P96-95

SP  = 50 MW (UPFC-3). The 
results are shown in Table 4.1, in which the final values of the controlled 
variables are shown in boldfaced letters. It is also to be noted that in this 
table as well as in all subsequent tables, a base of 100 MVA has been used 
for both 118- and 300-bus systems to represent PDC in p.u.

From Table 4.1, it is also observed that in the presence of UPFCs, the 
line active and reactive power flow levels are enhanced compared to their 
corresponding values in the base case. Furthermore, the voltages at the 
three buses (at which the UPFCs are connected) are maintained precisely 
at 1.0 p.u. The bus voltage profiles without and with UPFCs are shown in 
Figure 4.3a and b, respectively. Further, the difference between the bus 
voltage magnitudes with and without UPFC is shown in Figure 4.3c. From 
this figure, it is observed that in the presence of UPFC, there is very little 
change in the bus voltage profile.

4.7.1.2 Case II: IEEE 300-Bus System
In this system too, three UPFCs are incorporated in branches among 
buses 2-3 (UPFC-1), 86-102 (UPFC-2), and 212-211 (UPFC-3). 
The control references chosen are V2

SP = 1.04 p.u., Q2-3
SP  = 50 MVAR, 
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FIGURE 4.3 Bus voltage profile corresponding to the case study of Table 4.1. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.

TABLE 4.1 Study of IEEE 118-Bus System with UPFC (No Device Limit Constraints)

Solution of Base Case Power Flow (without Any UPFC)

Parameter Line 1 Line 2 Line 3

PLINE (MW) 78.17 75.2 14.67
QLINE  (MVAR) 3.44 7.94 4.03
VBUS (p.u.) 1.0018 0.9908 1.0014
NI 6

Unconstrained Solution of UPFC Quantities

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.1233 0.1773 0.1072
θse –114.32° –120.3° –107.42°
Vsh (p.u.) 0.9733 1.1429 1.0057
θsh –16.71° –21.85° –4.66°
Ise (p.u.) 1.0012 1.005 0.5025
Ish (p.u.) 0.2669 1.4292 0.0574
PDC (p.u.) 0.0103 0.0089 0.0066
PLINE (MW) 100 100 50
QLINE (MVAR) 5 10 5
VBUS (p.u.) 1.0 1.0 1.0
NI 6
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and P2-3
SP = 50 MW (UPFC-1); V86

SP = 1.0 p.u., Q102-86
SP  = 10 MVAR, and 

P86-102
SP  = 50 MW (UPFC-2); and V212

SP = 1.02 p.u., Q212-211
SP

 = 50 MVAR, and 
P212-211

SP  = 150 MW (UPFC-3). The results are shown in Table 4.2. Again in this 
table also, the final values of the controlled variables are shown in boldfaced 
letters.

From Table 4.2, it is also observed that in the presence of UPFCs, the 
line active power flow levels are enhanced compared to their correspond-
ing values in the base case. The higher active power flow levels in the lines 
are maintained with the values of line reactive power flow levels, which are 
lesser than their corresponding values in the base case, in the presence of 
UPFCs. In this context, it is important to note that the values of line reac-
tive power flows chosen are entirely arbitrary. These values could be chosen 
to be higher than the base case values as well. Furthermore, the voltages at 
the three buses (at which the UPFCs are connected) are maintained at val-
ues higher than those in the base case. The bus voltage profiles in this case 
are shown in Figure 4.4. From this figure, it is observed that in the presence 
of UPFC, there is very little change in the bus voltage profile.

TABLE 4.2 Study of IEEE 300-Bus System with UPFC (No Device Limit Constraints)

Solution of Base Case Power Flow (without Any UPFC)

Parameter Line 1 Line 2 Line 3

PLINE (MW) 36.03 37.95 127.25
QLINE  (MVAR) 73.23 19.93 63.45
VBUS (p.u.) 1.0352 0.991 1.0129
NI 7

Unconstrained Solution of UPFC Quantities

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.0668 0.0744 0.1851 
θse –112.42° –98.52° –125.71°
Vsh (p.u.) 0.9836 1.024 1.0277
θsh 7.55° –14.76° –22.73°
Ise (p.u.) 0.6799 0.5099 1.5501
Ish (p.u.) 0.5644 0.2402 0.0812
PDC (p.u.) –0.0119 0.0034 –0.028
PLINE (MW) 50 50 150
QLINE (MVAR) 50 10 50
VBUS (p.u.) 1.04 1.0 1.02
NI 7

www.EngineeringEBooksPdf.com



122   ◾   Flexible AC Transmission Systems (FACTS)

4.7.2 Studies of UPFCs with Device Limit Constraints

In these case studies, various device limit constraints are considered for 
both the 118- and 300-bus test systems. As already mentioned in Section 
4.5, four major device constraint limits have been considered. In all these 
case studies, the UPFC control references (prior to enforcement of the 
specified limit constraints) are kept identical to those in the corresponding 
case studies presented in Section 4.7.1. Although a large number of case 
studies were carried out for implementation of these limit constraints, only 
a few sets of representative results are presented below.

Case 1: In this case, the simultaneous limit violations of only the series 
injected voltage Vse

Lim have been studied. To accommodate this violation, 
the line active power flow control objective has been relaxed. In this con-
text, it is important to note that exercising leniency on the line active power 
flow control objective is purely arbitrary. The line reactive power flow con-
trol objective can be relaxed as well. The results for the 118- and 300-bus 
systems are given in Tables 4.3 and 4.4, respectively.

The converged final values of the constrained variables, that is, the UPFC 
series injected voltages are shown in bold cases, along with the values of 
the line reactive power and SE bus voltage control objectives.

0 50 100 150 200 250 300
0.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 300
0.9144
0.9542
0.9940
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300
−0.9178

1.6061
4.1300
6.6538
9.1777

×10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 4.4 Bus voltage profile corresponding to the case study of Table 4.2. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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Corresponding to these studies in the 118- and 300-bus systems, the 
bus voltage profiles with UPFC series injected voltage limits are shown in 
Figures 4.5 and 4.6, respectively. From these figures, it is again observed 
that the bus voltage profiles change very little even with the simultaneous 
imposition of the limit constraint of series injected voltage on the three 
UPFCs.

TABLE 4.4 Study of IEEE 300-Bus System with UPFC and Vse
Lim Constraint

Solution of UPFC Quantities with Limits on Series Injected Voltage Only

Specified voltage limits: Vse1
Lim = 0.065 p.u., Vse2

Lim = 0.07 p.u., and Vse3
Lim = 0.18 p.u.

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.065 0.07 0.18
θse –113.29° –97.84° –125.93°
Vsh (p.u.) 0.9835 1.0238 1.0274
θsh 7.57° –14.69° –22.68°
Ise (p.u.) 0.6719 0.4954 1.5308
Ish (p.u.) 0.5649 0.2378 0.0783
PDC (p.u.) –0.0112 0.0029 –0.0267
PLINE MW 48.82 48.52 147.92
QLINE (MVAR) 50 10 50
VBUS (p.u.) 1.04 1.0 1.02
NI 7

TABLE 4.3 Study of IEEE 118-Bus System with UPFC and Vse
Lim Constraint

Solution of UPFC Quantities with Limits on Series Injected Voltage Only

Specified voltage limits: Vse1
Lim= 0.12 p.u., Vse2

Lim= 0.17 p.u., and Vse3
Lim= 0.1 p.u.

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.12 0.17 0.1 
θse –114.28° –120.24° –107.66°
Vsh (p.u.) 0.973 1.1424 1.005
θsh –16.67° –21.81° –4.63°
Ise (p.u.) 0.9854 0.9873 0.4751
Ish (p.u.) 0.2697 1.4239 0.0508
PDC (p.u.) 0.0098 0.008 0.0058
PLINE (MW) 98.42 98.22 47.24
QLINE (MVAR) 5 10 5
VBUS (p.u.) 1.0 1.0 1.0
NI 6
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FIGURE 4.5 Bus voltage profile corresponding to the case study of Table 4.3. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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FIGURE 4.6 Bus voltage profile corresponding to the case study of Table 4.4. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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Case 2: In this case, the violations of only the dc link power transfer 
limits PDC

Lim have been studied. To accommodate this violation, the line 
reactive power flow control objective has been relaxed. The results for the 
118-bus system are given in Table 4.5. It can be observed that the num-
ber of iterations needed to obtain convergence increases over that in the 
unconstrained case.

From Table 4.5, it can be observed that the power flow solution obtained 
is not a realistic one (unrealistic values of complex bus voltages, converter 
currents, and power flows). For UPFC-3, corresponding to a very small 
reduction in the value of PDC from 0.0066 p.u. (unconstrained case) to 
0.0062 p.u., the value of QLine undergoes a wide variation (5 to –10.78 
MVAR). This is very improbable. The same is true for the value of Vse, Ise, 
and Vsh. Also, the convergence is observed to be very slow. This is due to 
the adoption of the initial condition of Vse

0
se
0∠ = ∠−θ π0 1 2. ( / ). These unre-

alistic power flow solutions (corresponding to UPFC-3) are highlighted in 
bold cases in Table 4.5.

To investigate the convergence pattern and the final power flow solu-
tion vis-à-vis different values of Vse

0, further case studies were again 
carried out. Some representative results (for UPFC-3) are presented in 
Table  4.6. Those with double asterisks (**) indicate unrealistic power 
flow solutions.

TABLE 4.5 Initial Study of IEEE 118-Bus System with UPFC and PDC
Lim  Constraint

Solution of UPFC Quantities with Limit on DC Link Power Transfer Only

Specified dc link power transfer limits: PDC1
Lim  = 0.0099 p.u., PDC2

Lim  = 0.0085 p.u., and 
PDC3

Lim  = 0.0062 p.u.

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.1233 0.1773 0.1109
θse –113.75° –119.92° –88.73°
Vsh (p.u.) 0.9727 1.1425 0.9943
θsh –16.71° –21.84° –4.66°
Ise (p.u.) 1.0009 1.0046 0.5115
Ish (p.u.) 0.2735 1.4247 0.057
PDC (p.u.) 0.0099 0.0085 0.0062
PLINE (MW) 100 100 50
QLINE (MVAR) 4.34 9.56 –10.78
VBUS (p.u.) 1.0 1.0 1.0
NI 21
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The realistic final power flow solutions (corresponding to Vse
0 = 0.05 p.u) 

for the 118-bus system are shown in Table 4.7. The converged final values 
of the constrained variable along with the values of the control objectives 
are shown in bold cases.

The bus voltage profile for the case depicted in Table 4.7 is shown in 
Figure 4.7. From this figure, it is observed that the voltage profile in the 
118-bus system changes very little (compared to the case with no UPFC) 
even with simultaneous imposition of the limit constraint of dc link power 
transfer on the three UPFCs.

Similar to the 118-bus system, in the 300-bus system also, adoption of 
the initial condition of Vse

0
se
0∠ = ∠−θ π0 1 2. ( / ) yields an unrealistic power 

TABLE 4.7 Final Study of IEEE 118-Bus System with UPFC and PDC
Lim  Constraint

Solution of UPFC Quantities with Limit on DC Link Power Transfer Only

Specified dc link power transfer limits: PDC1
Lim  = 0.0099 p.u., PDC2

Lim  = 0.0085 p.u., and 
PDC3

Lim  = 0.0062 p.u.
Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.1233 0.1773 0.1075
θse –113.75° –119.92° –98.26°
Vsh (p.u.) 0.9727 1.1425 1.0002
θsh –16.71° –21.84° –4.66°
Ise (p.u.) 1.0009 1.0046 0.5007
Ish (p.u.) 0.2735 1.4247 0.0066
PDC (p.u.) 0.0099 0.0085 0.0062
PLINE (MW) 100 100 50
QLINE (MVAR) 4.34 9.56 –2.6
VBUS (p.u.) 1.0 1.0 1.0
NI 14 (with Vse

0  = 0.05)

TABLE 4.6 Effect of Variation of Vse
0  on the Power Flow Solution for the Study of Table 4.5

Initial Condition for Vse

Vse
0 (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for UPFC-3

Vse3
 (p.u.) 0.1109 0.111 – 0.111 0.1075 0.1075 0.111 0.1111 –

I se3 (p.u.) 0.5115 0.5117 – 0.5117 0.5007 0.5007 0.5117 0.5125 –
QLINE 3 

(MVAR)
–10.78 –10.88 – –10.88 –2.6 –2.6 –10.88 –11.27 –

NI 27** 47** div 54** 14 15 45** 119** div
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flow solution (unrealistic values of complex bus voltages, converter  currents, 
and power flows) for UPFC-3. The convergence was also observed to be 
very slow. The results are given in Table 4.8. From this table, the unreal-
istic power flow solutions (corresponding to UPFC-3) can be observed, 
which are highlighted in bold cases.

To investigate the convergence pattern and the final power flow solution 
vis-à-vis different values of Vse

0 , further case studies were again carried out. 
Some representative results (for UPFC-3) are presented in Table 4.9. Those 
with double asterisks (**) indicate unrealistic power flow solutions.

The realistic final power flow solutions (corresponding to Vse
0
 = 0.05 p.u) 

for the 300-bus systems are shown in Table 4.10. The converged final val-
ues of the constrained variable along with the values of the control objec-
tives are shown in bold cases.

The bus voltage profile for the case depicted in Table 4.10 is shown in 
Figure 4.8. From this figure, it is observed that even with the simultaneous 
imposition of device limit constraints, the voltage profile in the 300-bus 
system changes very little (compared to the case with no UPFC).

Case 3: In this case, the violations of only the shunt converter current 
limits I sh

Lim have been considered. To accommodate this, the UPFC SE bus 

0 20 40 60 80 100 120
0.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 1200.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120−0.9212
1.6120
4.1452
6.6784
9.2115

×10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 4.7 Bus voltage profile corresponding to the case study of Table 4.7. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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voltage control objective has been relaxed. The results for the 118- and 
300-bus systems are given in Tables 4.11 and 4.12, respectively.

Corresponding to these studies in the 118- and 300-bus systems, the bus 
voltage profiles with UPFC shunt converter current limits are shown in 
Figures 4.9 and 4.10, respectively. From these figures, it is again observed 
that the bus voltage profiles change very little even with the simultaneous 
imposition of the shunt converter current limit constraint on the three 
UPFCs.

Case 4: In this case, violations of the limits of both the dc link power 
transfers and the series injected voltages Vse

Lim have been considered, with 

TABLE 4.9 Effect of Variation of Vse
0  on the Power Flow Solution for the Study of Table 4.8

Initial Condition for Vse

Vse
0 (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for UPFC-3

Vse3 (p.u.) 0.4225 0.4225

div

0.4225 0.1873 0.187

div

0.4266

div

Vsh 3 (p.u.) 0.729 0.729 0.729 1.0359 1.0388 0.7257
I se3 (p.u.) 2.9095 2.9095 2.9095 1.5781 1.5786 2.9389
I sh 3 (p.u.) 2.9099 2.9099 2.9099 0.1608 0.1898 2.9433
QLINE 3 

(MVAR)
–256.07 –256.07 –256.07 58.41 58.55 –259.54

NI 47** 48** 52** 30 20** 44**

TABLE 4.8 Initial Study of IEEE 300-Bus System with UPFC and PDC
Lim  Constraint

Solution of UPFC Quantities with Limit on DC Link Power Transfer Only

Specified dc link power transfer limits: PDC1
Lim  = –0.0117 p.u., PDC2

Lim  = 0.0032 p.u., and 
PDC3

Lim  = –0.026 p.u.
Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.0675 0.0751 0.4225 
θse –113.89° –97.15° –52.64°
Vsh (p.u.) 0.9846 1.023 0.729
θsh 7.16° –15.2° –23.12°
Ise (p.u.) 0.6868 0.5127 2.9095
Ish (p.u.) 0.5543 0.2298 2.9099
PDC (p.u.) –0.0117 0.0032 –0.026
PLINE (MW) 50 50 150
QLINE (MVAR) 51.01 11.34 –256.07
VBUS (p.u.) 1.04 1.0 1.02
NI 46
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FIGURE 4.8 Bus voltage profile corresponding to the case study of Table 4.10. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.

TABLE 4.10 Final Study of IEEE 300-Bus System with UPFC and PDC
Lim Constraint

Solution of UPFC Quantities with Limit on DC Link Power Transfer Only

Specified dc link power transfer limits: PDC1
Lim = –0.0117 p.u., PDC2

Lim  = 0.0032 p.u., and 
PDC3

Lim  = –0.026 p.u.
Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.0675 0.0749 0.1873
θse –113.42° –96.86° –129.12°
Vsh (p.u.) 0.9844 1.0228 1.0359
θsh 7.55° –14.76° –22.76°
Ise (p.u.) 0.6861 0.5124 1.5781
Ish (p.u.) 0.5562 0.2281 0.1608
PDC (p.u.) –0.0117 0.0032 –0.026
PLINE (MW) 50 50 150
QLINE (MVAR) 50.91 11.22 58.41
VBUS (p.u.) 1.04 1.0 1.02
NI 30 (with Vse

0  = 0.05 p.u)
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relaxations of both the line active and reactive power flow control objec-
tives. The results for the 118- and 300-bus systems are given in Tables 4.13 
and 4.14, respectively. The converged final values of the constrained vari-
ables and the specified control objectives are again shown in bold cases. 
The number of iterations needed to obtain convergence also shows an 
increase. The bus voltage profiles for the studies with the 118- and 300-
bus systems are shown in Figures 4.11 and 4.12, respectively. From these 

TABLE 4.12 Study of IEEE 300-Bus System with UPFC and I sh
Lim Constraint

Solution of UPFC Quantities with Limit on Shunt Converter Current Limits

Specified shunt converter current limits: I sh1
Lim = 0.48 p.u., I sh2

Lim = 0.18 p.u., and I sh3
Lim = 0.05 p.u.

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.0665 0.0785 0.1876 
θse –111.68° –120.33° –127.17°
Vsh (p.u.) 0.9927 0.9523 1.0108
θsh 7.56° –14.86° –22.81°
Ise (p.u.) 0.6795 0.5255 1.5573
Ish (p.u.) 0.48 0.18 0.05
PDC (p.u.) –0.0123 0.0187 –0.0213
PLINE (MW) 50 50 150
QLINE (MVAR) 50 10 50
VBUS (p.u.) 1.0407 0.9702 1.0153
NI 7

TABLE 4.11 Study of IEEE 118-Bus System with UPFC and I sh
Lim Constraint

Solution of UPFC Quantities with Limit on Shunt Converter Current Limits

Specified shunt converter current limits: I sh1
Lim = 0.2 p.u., I sh2

Lim = 1.38 p.u., and I sh3
Lim = 0.045 p.u.

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.123 0.1836 0.1076

θse –114.23° –126.77° –108.71°
Vsh (p.u.) 0.9804 0.8422 0.9922
θsh –16.79° –21.89° – 4.61°
Ise (p.u.) 1.0009 1.0253 0.5042
Ish (p.u.) 0.2 1.38 0.045
PDC (p.u.) 0.0099 0.0304 0.0079
PLINE (MW) 100 100 50
QLINE (MVAR) 5 10 5
VBUS (p.u.) 1.0004 0.9802 0.9966
NI 9
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FIGURE 4.9 Bus voltage profile corresponding to the case study of Table 4.11. 
(a)  Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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FIGURE 4.10 Bus voltage profile corresponding to the case study of Table 4.12. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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TABLE 4.14 Study of IEEE 300-Bus System with UPFC and Constraints of Vse
Lim and PDC

Lim

Solution of UPFC Quantities with Limits on Both DC Link Power Transfer and Series Injected 
Voltage

Specified dc link power transfer limits: PDC1
Lim  = –0.0117 p.u., PDC2

Lim  = 0.0032 p.u., and 
PDC3

Lim  = –0.026 p.u.
Specified voltage limits: Vse1

Lim = 0.065 p.u., Vse2
Lim = 0.073 p.u., and Vse3

Lim = 0.184 p.u.
Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.065 0.073 0.184
θse –111.65° –98.1° –128.09°
Vsh (p.u.) 0.9826 1.0238 1.0329
θsh 7.56° –14.74° –22.72°
Ise (p.u.) 0.6681 0.5053 1.5586
Ish (p.u.) 0.5745 0.238 0.1315
PDC (p.u.) –0.0117 0.0032 –0.026
PLINE (MW) 49.35 49.51 148.98
QLINE (MVAR) 48.91 10.15 55.49
VBUS (p.u.) 1.0 1.0 1.0
NI 12

TABLE 4.13 Study of IEEE 118-Bus System with UPFC and Constraints of Vse
Lim and PDC

Lim

Solution of UPFC Quantities with Limits on Both DC Link Power Transfer and Series Injected 
Voltage

Specified dc link power transfer limits: PDC1
Lim  = 0.0102 p.u., PDC2

Lim  = 0.0088 p.u., and 
PDC3

Lim  = 0.0065 p.u.
Specified voltage limits: Vse1

Lim = 0.121 p.u., Vse2
Lim = 0.175 p.u., and Vse3

Lim = 0.105 p.u.
Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.121 0.175 0.105 
θse –114.67° –120.43° –109.41°
Vsh (p.u.) 0.9735 1.1429 1.0066
θsh –16.69° –21.84° –4.65°
Ise (p.u.) 0.9904 0.9995 0.4949
Ish (p.u.) 0.2646 1.4292 0.0664
PDC (p.u.) 0.0102 0.0088 0.0065
PLINE (MW) 98.9 99.43 49.06
QLINE (MVAR) 5.42 10.17 6.56
VBUS (p.u.) 1.0 1.0 1.0
NI 11

www.EngineeringEBooksPdf.com



Newton Power Flow Model of the Unified Power Flow Controller    ◾    133

0 50 100 150 200 250 3000.9130
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 3000.9144
0.9542
0.9940
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300−0.9178
1.6061
4.1300
6.6538
9.1777

×10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 4.12 Bus voltage profile corresponding to the case study of Table 4.14. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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FIGURE 4.11 Bus voltage profile corresponding to the case study of Table 4.13. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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figures, it is again observed that simultaneous imposition of two different 
UPFC limit constraints hardly changes the voltage profiles.

Case 5: In this case, violations of the limits of both the dc link power 
transfers and the line currents have been considered, with relaxations of 
both the line active and reactive power flow control objectives. The results 
for the 118- and 300-bus systems are given in Tables 4.15 and 4.16, respec-
tively. The number of iterations needed to obtain convergence increases, 
especially for the 300-bus system. The bus voltage profiles for these stud-
ies with the 118- and 300-bus systems are shown in Figures 4.13 and 4.14, 
respectively. From these figures, it is again observed that the voltage pro-
files do not undergo any marked change when two different UPFC limit 
constraints are simultaneously imposed.

Case 6: In this case, simultaneous violation of the dc link power trans-
fers, the series injected voltages, and the shunt inverter currents have been 
considered, with a consequent relaxation being exercised on all the three 
control objectives of each UPFC. The results for the 118- and 300-bus sys-
tems are presented in Tables 4.17 and 4.18, respectively. The converged 
final values of all the three constrained variables are again presented 
in bold cases. In both the systems, the number of iterations needed to 
obtain convergence shows a marked increase. The bus voltage profiles for 
these studies are shown in Figures 4.15 and 4.16, respectively. From these 

TABLE 4.15 Study of IEEE 118-Bus System with UPFC and Constraints of I se
Lim and PDC

Lim

Solution of UPFC Quantities with Limits on Both DC Link Power Transfer and Line Current

Specified dc link power transfer limits: PDC1
Lim = 0.0102 p.u., PDC2

Lim = 0.0088 p.u., and 
PDC3

Lim = 0.0065 p.u.
Specified line current limits: I se1

Lim = 1.0 p.u., I se2
Lim = 1.0 p.u., and I se3

Lim = 0.5 p.u.
Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.123 0.1752 0.1067
θse –114.22° –120.41° –105.99°
Vsh (p.u.) 0.9732 1.1429 1.0048
θsh –16.7° –21.84° –4.66°
Ise (p.u.) 1.0 1.0 0.5
Ish (p.u.) 0.2682 1.4291 0.0486
PDC (p.u.) 0.0102 0.0088 0.0065
PLINE (MW) 99.88 99.48 49.85
QLINE (MVAR) 4.89 10.14 3.82
VBUS (p.u.) 1.0 1.0 1.0
NI 13
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TABLE 4.16 Study of IEEE 300-Bus System with UPFC and Constraints of I se
Lim and PDC

Lim

Solution of UPFC Quantities with Limits on Both DC Link Power Transfer and Line Current

Specified dc link power transfer limits: PDC1
Lim = –0.0118 p.u., PDC2

Lim = 0.0033 p.u., and 
PDC3

Lim = –0.027 p.u.
Specified line current limits: I se1

Lim = 0.678 p.u., I se2
Lim = 0.508 p.u., and I se3

Lim = 1.55 p.u.
Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.0665 0.0738 0.1837
θse –112.37° –98.32° –126.71°
Vsh (p.u.) 0.9835 1.0239 1.0297
θsh 7.56° –14.75° –22.72°
Ise (p.u.) 0.678 0.508 1.55
Ish (p.u.) 0.5657 0.2391 0.1006
PDC (p.u.) –0.0118 0.0033 –0.027
PLINE (MW) 49.85 49.79 149.23
QLINE (MVAR) 49.87 10.08 52.21
VBUS (p.u.) 1.0 1.0 1.0
NI 42
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FIGURE 4.13 Bus voltage profile corresponding to the case study of Table 4.15. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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FIGURE 4.14 Bus voltage profile corresponding to the case study of Table 4.16. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.

TABLE 4.17 Study of IEEE 118-Bus System with UPFC and Constraints of PDC
Lim, Vse

Lim, 
and I se

Lim

Solution of UPFC Quantities with All Three Limits on DC Link Power Transfer, Series Injected 
Voltage, and Shunt Converter Current

Specified dc link power transfer limits: PDC1
Lim = 0.01 p.u., PDC2

Lim = 0.008 p.u., and PDC3
Lim = 0.006 p.u.

Specified voltage limits: Vse1
Lim = 0.12 p.u., Vse2

Lim = 0.17 p.u., and Vse3
Lim = 0.105 p.u.

Specified shunt converter current limits: I sh1
Lim = 0.24 p.u., I sh2

Lim = 1.4 p.u., and I sh3
Lim = 0.055 p.u.

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.12 0.17 0.105
θse –114.72° –109.54° –94.17°
Vsh (p.u.) 0.9761 0.8415 0.9936
θsh –16.71° –21.66° –4.62°
Ise (p.u.) 0.9867 0.9883 0.4905
Ish (p.u.) 0.24 1.4 0.055
PDC (p.u.) 0.01 0.008 0.006
PLINE (MW) 98.53 96.66 48.63
QLINE (MVAR) 5.52 –8.25 –6.06
VBUS (p.u.) 1.0001 0.9815 0.999
NI 9
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TABLE 4.18 Study of IEEE 300-Bus System with UPFC and Constraints of PDC
Lim, Vse

Lim, 
and I se

Lim

Solution of UPFC Quantities with All Three Limits on DC Link Power Transfer, Series 
Converter Voltage, and Shunt Converter Current

Specified dc link power transfer limits: PDC1
Lim = –0.0118 p.u., PDC2

Lim = 0.0033 p.u., and 
PDC3

Lim = –0.027 p.u.
Specified voltage limits: Vse1

Lim = 0.066 p.u., Vse2
Lim = 0.074 p.u., and Vse3

Lim = 0.185 p.u.
Specified shunt converter current limits: I sh1

Lim = 0.564 p.u., I sh2
Lim = 0.238 p.u., and 

I sh3
Lim = 0.078 p.u.

Quantity UPFC-1 (Line 1) UPFC-2 (Line 2) UPFC-3 (Line 3)

Vse (p.u.) 0.066 0.074 0.185
θse –112.22° –70.11° –122.61°
Vsh (p.u.) 0.9836 0.9613 1.0104
θsh 7.59° –14.49° –22.74°
Ise (p.u.) 0.6753 0.5797 1.5295
Ish (p.u.) 0.564 0.238 0.078
PDC (p.u.) –0.0118 0.0033 –0.027
PLINE (MW) 49.61 44.51 150.22
QLINE (MVAR) 49.72 35.77 40.78
VBUS (p.u.) 1.04 0.9851 1.0177
NI 9
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FIGURE 4.15 Bus voltage profile corresponding to the case study of Table 4.17. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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figures, it is again observed that the bus voltage profiles change very little 
even with the simultaneous imposition of all three limit constraints of dc 
link power transfer, series injected voltage, and shunt converter current on 
the three UPFCs.

4.8 SUMMARY
In this chapter, a Newton power flow model of the UPFC has been devel-
oped. The proposed method transforms an existing n-bus power system 
installed with p UPFCs into an equivalent augmented (n + 2p)-bus system 
without any UPFC. Consequently, existing power flow and Jacobian codes 
can be reused in the proposed model, in conjunction with simple codes for 
matrix extraction. As a result, a substantial reduction in the complexity 
of the software codes can be achieved. The developed technique can also 
handle practical device limit constraints of the UPFC. Validity of the pro-
posed method has been demonstrated on IEEE 118- and 300-bus systems 
with excellent convergence characteristics.
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FIGURE 4.16 Bus voltage profile corresponding to the case study of Table 4.18. 
(a) Bus voltage magnitude without UPFC; (b) bus voltage magnitude with UPFC; 
(c) voltage magnitude difference.
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C h a p t e r  5

Newton Power Flow 
Model of the Interline 
Power Flow Controller

5.1 INTRODUCTION
Unlike a static synchronous series compensator (SSSC) or a unified power 
flow controller (UPFC), which can control the power flow in a single 
transmission line, the interline power flow controller (IPFC) can address 
the problem of compensating multiple transmission lines simultaneously. 
The IPFC employs a number of dc-to-ac converters linked together at their 
dc terminals, each controlling the power flow of a different line, in con-
junction with its series coupling transformer [22]. An IPFC with p series 
converters will have (2p – 1) degrees of freedom—2 degrees of freedom for 
each of the (p – 1) converters and 1 degree of freedom for the remaining 
one (because the real power exchange among the p series converters is bal-
anced at all times). Usually, these 2 degrees of freedom correspond to the 
active and reactive power flow in a line. 

For studying the behavior of the IPFC, power flow solutions of the net-
works incorporating IPFC(s) are required. Some excellent research works 
carried out in the literature are present in [77–78] for developing efficient 
power-flow algorithms for the IPFC. In a way similar to the SSSC and the 
UPFC, it is observed from these works that the complexity of software codes 
is increased manifold when an IPFC is modeled in an existing Newton–
Raphson power flow algorithm. In fact, unlike the SSSC and the UPFC, 

www.EngineeringEBooksPdf.com



140   ◾   Flexible AC Transmission Systems (FACTS)

the IPFC possesses multiple series converters. Contributions from these 
converters necessitate modifications in the existing power injection equa-
tions of the concerned buses (sending end [SE] and receiving end [RE]) in 
all the transmission lines incorporating an IPFC. Further, an entirely new 
expression has to be written for the real power exchanged among the series 
inverters of an IPFC. Moreover, the Jacobian matrix comprises multiple 
subblocks exclusively related to the IPFC converters, and for computation 
of each of these subblocks, new codes have to be written. Due to these above 
factors, the complexity of software codes is greatly enhanced. The problem 
aggravates as the number of IPFCs in a system increases. 

None of the existing works on power flow modeling of the IPFC directly 
addresses this problem. To reduce the complexities of the software codes 
for implementing Newton power flow algorithm, in this chapter, a novel 
approach [84,87] for an IPFC power flow model is proposed. By this mod-
eling approach, an existing power system installed with IPFCs is trans-
formed to an equivalent augmented network without any IPFC. This 
results in a substantial reduction in the programming complexity because 
of the following reasons: 

 1. The power injections for the buses concerned can be computed in 
the proposed model using existing power flow codes, as it is devoid 
of contributions from any IPFC series converter. 

 2. In the proposed model, existing power flow codes can be used to 
compute the exchange of active power flow among the series invert-
ers of the IPFC itself, which equals the sum of bus active power injec-
tions of additional power-flow buses. 

 3. Only three Jacobian subblocks need to be evaluated in the pro-
posed model. Two of these subblocks can be evaluated using exist-
ing Jacobian codes directly, whereas the third can be computed with 
very minor modifications of the existing Jacobian codes. 

5.2 IPFC MODEL FOR NEWTON POWER FLOW ANALYSIS
Figure 5.1 shows an n-bus power system network in which p series converters 
of a single IPFC are connected. Without loss of generality, it is assumed that the 
converters are connected among buses i–j, (i + 1)–(j + 1), and so on, up to buses 
(i + p – 1)–(j + p – 1). It is also further assumed that the gth converter (1 ≤ g ≤ p) 
is connected at the SE, that is, at (i + g – 1)th bus of the corresponding trans-
mission line. The equivalent circuit of Figure 5.1 is shown in Figure 5.2.
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In Figure 5.2, the IPFC is represented by p (series) voltage sources. 
The voltage source Vse g (not shown) (representing the gth converter) is in 
series with the impedance Zse g (representing the impedance of the cou-
pling transformer of the gth converter) and is connected in series with the 
gth transmission line (which is represented by its equivalent pi circuit). 
The total current through the gth (1 ≤ g ≤ p) series coupling transformer 
is Ise g, which consists of two parts: (1) Ig flowing into the transmission line 
and (2) Ig 0, the line charging current. 

Bus (j + 1)
Vj + 1

Bus (i + 1)
Vi + 1 Vse2

Bus (i + p − 1)
Vi + p − 1

Bus (j + p − 1)
Vj + p − 1

Vsep

Bus j
Vj

Bus i
Vi Vse1

C

FIGURE 5.1 IPFC with p series converters connected to a power system.
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Now, let

 
Z y

1

Z
y

1

Z
se

se
g g

g
g

g

= + = =R jXg g , , and  (5.1)

Also,

 Y Y y yij ji ij ji= = − = −  (5.2)

From Figure 5.2, it can be shown that for the first converter

 I V V Vse1 1 1 1 se1= − −αα ββ ααi j  (5.3)

where:

 αα1
se1 1 10

1 10 se1
1

se1 1

1 10 se1

y (y y )
y y y

y y
y y y

= +
+ + = + +and β  (5.4)

Bus i
Vi

Vse1

I1

Zse1

Ise1

Z1

I10 y10

Bus j
Vj

Bus (i + 1)
Vi + 1

Vse2

I2

Zse2

Ise2

Z2

I20 y20

Bus (j + 1)
Vj + 1

Bus (i + p − 1)
Vi + p − 1

Vsep

Ip

Zsep

Isep

Zp

Ip0 yp0

Bus (j + p − 1)
Vj + p − 1

y10

y20

yp0

FIGURE 5.2 Equivalent circuit of IPFC-incorporated power system network.
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Again, from Figure 5.2, the net injected current at bus i is

 
I [Y (y y )]V Y V I10

1, ,

se1i ii i iq q

q q i q j

n

= − + + +
= ≠ ≠
∑old

1  (5.5)

In the above equation, Y y y y y0 1 101, ,ii iq i
p

q q i q j
nold = + + += ≠ ≠∑  is the self- 

admittance of bus i for the existing n-bus system without any IPFC 
 connected and y 0i

p  accounts for the shunt capacitances of all transmission 
lines connected to bus i, except the line in branch (i–j). From Equations 5.3 
and 5.5, the net injected current at bus i with IPFC becomes

 
I Y V

1

1

i iq q

q

n

=
=

+

∑  (5.6)

where Y Y (y y )1 10 1ii ii= − + +old αα  is the new value of self-admittance for the 
ith bus with IPFC and

 V V Y Yse1 ( ) 1n i n ij+ += = − = −1 1 1, αα ββ, and  (5.7)

Similarly, the net injected current at bus j can be written as

 
I Y V

1

1

j jq q

q

n

=
=

+

∑  (5.8)

where Y Y yold
1 1jj jj= − + γγ  is the new value of self-admittance for bus j with 

IPFC and

 
γγ ββ ββ1

1 se 10

1 10 se1
( )

y (y y )

y y y
Y Y1=

+
+ +

= = −+, ,j n ji1 1 1and  (5.9)

Thus, the effect of the first series converter of the IPFC is equivalent to an 
additional (n + 1)th bus without any IPFC. Now, from Figure 5.2, the net 
injected current at this fictitious (n + 1)th bus equals the current flowing 
into the transmission system from this bus, that is,

 
I I V V V Y V1 se1 1 se1 1 1 ( 1)

1

1

n i j n q q

q

n

+ +

=

+

= − = − + =∑αα αα ββ  (5.10)

with

 V V Y Y Y1 se1 ( 1)( 1) 1 ( 1) 1 ( 1) 1n n n n i n j+ + + + += = = − =, , , andαα αα ββ  (5.11)
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Proceeding in a similar way, it can be shown that the effect of incorpo-
ration of all the p series converters can be treated as equivalent to addi-
tion of p more buses (n + 1) up to (n + p) to the existing n-bus system, 
provided

 V V V V V Vse1 2 se2 sen n n p p+ + += = =1 , ,,  (5.12)

with

 Y Y Y( 1) 1 ( 1)( 2) 2 ( 1)( )i n i n i p n p p+ + + + − += − = − = −αα αα αα, ,,  (5.13)

 Y Y Y1 ( 1)( 1) ( 1)( 1)ij i j i p j p p= − = − = −+ + + − + −ββ ββ ββ, ,2 ,  (5.14)

 Y Y Y( 1) 1 ( 1) ( 2) 2 ( 1)( )j n j n j p n p p+ + + + − += = =ββ ββ ββ, ,,  (5.15)

where, for the transmission line incorporating the pth converter,

 
αα ββp

p p p

p p p
p

p p

p p p

=
+

+ +
=

+ +
y (y y )

y y y

y y

y y y
se 0

0 se

se

0 se

and  (5.16)

Thus, the original n-bus system incorporating an IPFC with p convert-
ers is transformed to an equivalent (n + p) bus system without any IPFC. 
Also, the net current injections at the p additional power-flow  buses 
(n + 1) up to (n + p) representing the p series converters of the IPFC can 
be written as

 
I Y V I Y V1 ( 1)

1

( )

1

n n q q

q

n p

n p n p q q

q

n p

+ +

=

+

+ +

=

+

= =∑ ∑,and soon,upto  (5.17)

where, corresponding to the pth converter,

Y Y Y V V( )( ) ( )( 1) ( )( 1)n p n p p n p i p p n p j p p n p+ + + + − + + − += = − = =αα αα ββ, , ,as sse p (5.18)

Thus, in the proposed model, if the gth (1 ≤ g ≤ p) voltage source of the IPFC 
is connected between, say, bus a (SE) and bus b (RE) with a, b ≤ n, then,

 Y ( )a n g g+ = −αα , Yab g= −ββ , Y ( )b n g g+ =ββ , Y( )( )n g n g g+ + =αα , with V Vsen g g+ =

and the net current injection at the equivalent (n + g)th bus is

 
I I Y Vse ( )

1

n g g n g q q

q

n p

+ +

=

+

= − =∑  (5.19)
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5.3  POWER FLOW EQUATIONS IN THE PROPOSED 
IPFC MODEL

With existing IPFC models, the expression of the active power injection at 
any SE or RE bus can be written (using Equation 5.5) as

 
P a na

q

n

= − − ≤
=
∑V V Ya q aq a q yaqcos( )

1

θ θ ϕ ,  (5.20)

if no IPFC series converter is connected to bus a;

Pa = − − − − −

−

= ≠
∑ V V Y V V

V

a q aq a q yaq

q q b

n

a b c a c y ccos( ) cos( )
1,

θ θ β θ θ βϕ ϕ

aa c a yVse secos( )c c cα θ θ α− −ϕ

 (5.21)

if IPFC converter c is connected in branch a–b with a as SE bus;

 
Pa = − − − − −

+

= ≠
∑ V V Y V Va q aq a q yaq

q q b

n

a b c a b y ccos( ) cos( )
1,  

θ θ β θ θ βϕ ϕ

VV Va c c a c y cse secos( )β θ θ β− −ϕ

 (5.22)

if IPFC converter c is connected in branch a–b with a as RE bus.
Thus, from the above equation, it is observed that with existing IPFC 

models, additional terms due to contributions from the voltage sources 
representing the series converters of the IPFC are present in the expres-
sion of the bus active power injection(s). This causes the existing power 
flow codes to be modified. This is also true for the bus reactive power 
injection(s).

Now, in the proposed model, it is observed from Equations 5.6, 5.8, and 
5.17 that the net injected current at any of the p SE buses [buses i, (i + 1), 
and so on, up to (i + p – 1)] or RE buses (buses j, (j + 1), and so on, up to 
(j + p – 1)) can be written as

 
I Y V

1

h hq q

q

n p

= ≤ ≤ + − ≤ ≤ + −
=

+

∑ i h i p j h j p( )or ( )1 1  (5.23)

Thus, in the proposed model, the active power injection equation at any SE 
or RE bus a (a ≤ n + p) can be written using Equation 5.23 as

 
P cos( ) ( )

1

a a q aq a q yaq

q

n p

V V Y= − − ≤ +
=

+

∑ θ θ φ a n p  (5.24)
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Similarly, the expression for the reactive power at any bus a (SE or RE) can 
be written as

 
Q sin( ) ( )

1

a a q aq a q yaq

q

n p

= − − ≤ +
=

+

∑V V Y a n pθ θ ϕ  (5.25)

From the above two equations, it can be observed that both the active and 
reactive power injections at any bus can be computed using existing power 
flow codes.

Now, with existing models, the expression for the real power delivered 
by an IPFC with two converters e and f in series with branches a–b and c–d, 
respectively (for simplicity, the simplest IPFC configuration with only two 
converters is assumed) can be written using Equation 5.3 as

 P ReIPFC = − + −[ ( ) ( )]V I V Ise se se se
*

e e f f
*  (5.26)

P V Ve e e b e e b y e

e a e

IPFC se
2

se se

se

cos cos( )

V cos

= + − −

−

V

V

y eα β θ θ

α

α βϕ ϕ

(( ) cos( )

V cos(

se se se

se se

θ θ β θ θ

α θ

α βe a y e f d f f d y f

f c f f

V V

V

− − + − −

−

ϕ ϕ

−− − +θ αα αc y f f f y fVϕ ϕ) cosse
2

 (5.27)

From the above equation, it is observed that the IPFC real power expres-
sion cannot be computed using existing power flow codes. It will require 
fresh codes for its implementation. 

However, in the proposed model, converters e and f of the double- 
converter IPFC considered are transformed to power-flow buses (n + 1) 
and (n + 2), and hence, using Equation 5.26,

 P Re[ ] Re[ ( ) (IPFC = − + − = ++ + +V ( I ) V ( I ) V I V Ise se se se
*

1 1 2e e f f n n n n
* *

++2
* )]

or

 P P PIPFC 1 2= + = ++ + + +Re( )S S1 2n n n n  (5.28)

Hence, the sum of the active power injections of two power-flow buses 
(computed from Equation 5.24 using existing power flow codes) yields the 
IPFC real power. It can be shown that if the IPFC considered has p series 
converters, the real power delivered by it can be computed from the sum 
of the active power injections of p power-flow buses using existing codes. 
In such a case, Equation 5.28 becomes
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P

P P

IPFC

1

Re ( ) ( ) ( )]= − + − + + −

= ++

[V I V I V Ise1 se1
*

se2 se2
*

se se
*

 p p

n n++ ++ +2  Pn p

 (5.29)

Now, with existing IPFC models, the expression for the active power flow 
in the line incorporating the cth (1 ≤ c ≤ p) converter and which is con-
nected between SE and RE buses a and b, respectively, can be written 
using Equation 5.3 as

 P PLINE Re( )c ab= = V Ise
*

a c

or

 

P V V V

V V

ab a c y c a b c y c

a c c a c

= − − −

− −

2

se se

cos cos( )

cos(

α β θ θ

α θ θ

α βϕ ϕa b

−−ϕy cα )
 (5.30)

Similarly, the expression for the line reactive power flow can be written as

 

Q V V V

V V

c c

c c

ab a c y c a b a b y

a a

= − − − −

− −

2

se se

sin sin( )

sin(

α β θ θ

α θ θ

α βϕ ϕ

cc c−ϕyα )
 (5.31)

Both the above two equations have new terms involving the IPFC series 
converter and the modified admittances due to the series coupling trans-
former of the converter. These necessitate modifications in the existing 
power flow codes.

In the proposed model, using Equation 5.19, these expressions become

 P PcLINE Re( ) Re[ ( )]= = = − +ab V I Ise
* *

a c n cVa

or

 
P V V Y c cab a q n q a q y n q

q

n p

= − − −+ +

=

+

∑ ( ) ( )

1

cos( )θ θ ϕ  (5.32)

as the cth converter of the IPFC is transformed to (n + c)th power-flow bus 
in the proposed model. In a similar way,

 
Q V V Y c cab a q n q a q y n q

q

n p

= − − −+ +

=

+

∑ ( ) ( )

1

sin( )θ θ ϕ  (5.33)

From the above two equations (5.32 and 5.33), it can be observed that in 
the proposed model, both the line active and reactive power flows can be 
computed using very minor modifications of the existing power flow codes.
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5.4  IMPLEMENTATION IN NEWTON POWER FLOW 
ANALYSIS

If the number of voltage-controlled buses is (m – 1), the power-flow problem 
for an n-bus system incorporated with x IPFCs each having p series con-
verters can be formulated as follows:

Solve θθ, V, θθse, and Vse.
Specified P, Q, PIP, PL, and QL 
where:

 θθ= = +[ ] [ ]2
T

1
Tθ θ n m nV V V  (5.34)

 θθse se= =[ ] [ ]se1 se
T

se1 se
Tθ θ z zV VV  (5.35)

 P Q= = +[ ] [ ]2
T

1
TP P Q Qm n n  (5.36)

 PIP =[ ]IPFC1 IPFC
TP P x  (5.37)

 P QL L= =[ ] [ ]LINE1 LINE
T

LINE1 LINE
TP P Q Qz w   (5.38)

 w z x= −  (5.39)

 z px= =total number of seriesconverters  (5.40)

In the above equations, PIP , PL, and QL represent the vectors for the specified 
real powers of the x IPFCs, and the active and reactive power flows of the z 
and (z–x) transmission lines, respectively. In these equations, it is assumed 
that without any loss of generality, there are m generators connected at the 
first m buses of the system with bus 1 being the slack bus. Thus, the basic 
power-flow equation for the Newton power flow solution is represented as
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 (5.41)
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or
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In the above equation, Jold is the conventional power-flow Jacobian sub-
block corresponding to the angle and voltage magnitude variables of the 
n-buses. The other Jacobian submatrices can be identified easily from 
Equation 5.42.

Now, in the proposed model, there are (n + z) buses. Thus, the quanti-
ties to be solved for power-flow are θθnew and Vnew, where

 θθnew newV= =+ + +[ ] and [V V ]2
T

1
Tθ θ n z m n z  (5.43)

Thus, Equation 5.42 is transformed in the proposed model as
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 (5.44)

where:

 ∆∆ ∆∆ ∆∆ ,, ∆∆ ∆∆ ∆∆PQ P Q PQ P QT T T
L L

T
L
T T= =[ ] [ ]  (5.45)

The matrices JX1, JX2, and JX3 are identified easily from Equation 5.44. 
Now, it can be shown that in Equation 5.44,

 1. The matrices JX1 and JX2 can be computed using existing Jacobian 
codes.

 2. The matrix JX3 can be computed using very minor modifications of 
the existing Jacobian codes.

The justification of the above two statements are shown as follows:
Let us first define for the proposed (n + z) bus system,

 Pnew = +[ ]2
TP Pn z  (5.46)
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Subsequently, a new Jacobian matrix is computed as
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From Equations 5.24 and 5.25 of the proposed model, it can be observed 
that the expressions for Pi  (2 ≤ ≤ +i n z ) and Qi  (m 1+ ≤ ≤i n ) in Pnew  and 
Q, respectively (of Equation 5.47) can be computed using existing power 
flow codes. Hence, the matrix Jnew can be computed with existing codes 
for calculating the Jacobian matrix.

From Equations 5.36, 5.43, and 5.46, 

 

∂
∂

=
∂
∂
















P
P

JX4

new

new
new

θθ
θθ  (5.48)

where:

 
JX4 new new new new= ∂

∂
∂
∂

∂
∂

∂
∂







+ + + − + +Pn n p n p1 1

θθ θθ θθ θθ
   

P P Pz n z
TT

 
(5.49)

From Equation 5.48, it is observed that the subblock ∂ ∂P newθθ  is contained 
within the matrix ∂ ∂Pnew newθθ . In a similar way, it can be shown that the 
subblock ∂ ∂P Vnew  is contained within the matrix ∂ ∂P Vnew new . Hence, 
once the matrix Jnew is computed (using existing codes), the matrix 

 
JX1

P P

V
J

new new

B
=

∂
∂

∂
∂















θθ

can be very easily extracted from the matrix Jnew using simple matrix 
extraction codes only. Hence, no fresh codes need to be written for com-
puting JX1.

Now, from Equation 5.29, 

 
∂

∂
+ + + =

∂
∂

+ + +
θθ θθnew new( )1 2

IPFC1P P P
P

n n n p  (5.50)

Thus, in Equation 5.49, the sum of the first p rows of JX4 equals ∂ ∂PIPFC1 θθnew 
(the first element of the Jacobian subblock ∂ ∂PIP

newθθ ). Similarly, the sum 
of the last p rows yields the last element of ∂ ∂PIP

newθθ . Therefore, ∂ ∂PIP
newθθ  
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can be easily extracted from ∂ ∂Pnew newθθ . In a similar way, it can be shown 
that ∂ ∂P VIP

new  can also be easily extracted from ∂ ∂P Vnew new. Hence, the 
matrix JX2 P P VIP

new
IP

new= ∂ ∂ ∂ ∂ θθ  need not be computed—it can be 
formed from the matrix JA of Jnew by matrix extraction codes (in conjunc-
tion with codes for simple matrix row addition). Hence, both JX1 and JX2 
need not be computed and can be extracted from Jnew (subsequent to its 
computation using existing Jacobian codes).

Now, it is shown that in the proposed model, the matrix 

 
JX3

P P V

Q Q V

L
new

L
new

L
new

L
new

=
∂ ∂ ∂ ∂
∂ ∂ ∂ ∂











θθ
θθ

can be computed using very minor modifications of the existing Jacobian 
codes.

Let c (1 ≤ c ≤ z) denote the IPFC series converter number. Then, for the 
ath (1 ≤ a ≤ p) converter of the bth (1 ≤ b ≤ x) IPFC, c b p a= − +( 1) . In the 
proposed model, the expression for the active power flow in the line con-
nected between the gth bus (SE) and the hth bus (RE) incorporating the 
cth converter can be written (using Equation 5.32) as

 
P P V V Yc gh g q n c q g q y n c q

q

n z

LINE ( ) ( )

1

cos= = − − −( )+ +

=

+

∑ θ θ ϕ  (5.51)

In a similar way, the reactive power flow can be written as

 
Q Q V V Yc gh g q n c q g q n c q

q

n z

LINE ( ) ( )

1

sin= = − − −( )+ +

=

+

∑ θ θ ϕ  (5.52)

It is important to note that in Equation 5.52, the variable c assumes a value 
of c = [(b – 1)(p – 1) + a] corresponding to the ath (1 ≤ a ≤ p – 1) converter 
of the bth (1 ≤ b ≤ x) IPFC. This is because of the fact that the reactive 
power flows are specified only in (p – 1) lines out of the p lines each having 
a converter (corresponding to each IPFC). 

From Equations 5.51 and 5.52, it is observed that in the proposed model, 
both the line active power flows P iLINE  (1 ≤ i ≤ z) and reactive power flows 
Q iLINE  (1 ≤ i ≤ w) can be computed using very minor modifications of 
the existing power flow codes. Consequently, it can be shown that all the 
subblocks of JX3 can be computed using very minor modifications of the 
existing Jacobian codes, unlike with existing IPFC models. This reduces 
the complexity of software codes substantially.
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5.5  ACCOMMODATION OF IPFC DEVICE 
LIMIT CONSTRAINTS

The three major device limit constraints of the IPFC, which have been 
considered in this chapter, are as follows [70,71,78]:

 1. Injected (series) converter voltage magnitude Vse
Lim

 2. Line current through the converter I se
Lim

 3. Real power exchange through the dc link PDC
Lim

The device limit constraints have been accommodated by the principle 
that whenever a particular constraint limit is violated, it is kept at its speci-
fied limit, whereas a control objective is relaxed. Mathematically, this sig-
nifies the replacement of the Jacobian elements pertaining to the control 
objective by those of the constraints violated. The control strategies to 
incorporate the above three limits are detailed below. For simplicity, we 
consider a single IPFC with two series converters installed in two different 
transmission lines. The original power flow control specifications consid-
ered are PLINE 1 and QLINE 1  for line 1 and PLINE 2 (or QLINE 2) for line 2.

 1. In this case,

 V Vse se
Lim=  (5.53)

  If Vse1
Lim is violated, Vn+1 is fixed at the limit and either the line active 

(PLINE1) or the reactive power flow (QLINE1) control objective is relaxed 
for line 1. The corresponding relaxed active or reactive power mismatch 
is replaced by ∆V V Vn n+ += −1 se1

Lim
1. The Jacobian elements are changed 

accordingly. If Vse2
Lim  is violated, Vn+2  is fixed at the limit and the control 

objective in vogue (line active [PLINE 2] or reactive power flow [QLINE 2]) 
is relaxed for line 2 with its mismatch replaced by ∆V V Vn n+ += −2 se2

Lim
2. 

Again, the Jacobian elements are changed accordingly. For each viola-
tion of Vse

Lim, the corresponding row of the matrix JX3 is rendered con-
stant with all elements known a priori—all of them equal zero except 
the entry pertaining to Vse , which is unity. All other elements of the 
matrix JX3 can be computed using very minor modifications of the 
existing Jacobian codes, as demonstrated in the previous Section 5.4. 

 2. If I se1
Lim is violated, In+1 is fixed at the limit and either the line active 

(PLINE1) or the reactive power flow (QLINE1) control objective is 
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relaxed for line 1. Thus, the corresponding mismatch is replaced by
∆I I In n+ += −1 se1

Lim
1, where (from Equations 5.10 and 5.11)

 I d d d dn+ += = + + +1 1 2 3 4
1/2[ ]I 1n  (5.54)

  where:

 d Y V Y V Y V1 ( 1)
2 2

( 1)
2 2

( 1)( 1)
2

1
2= + ++ + + + +n i i n j j n n n

 d Y Y V V2 ( 1) ( 1) ( 1) ( 1)2 cos= − + −( )+ + + +n i n j i j i j y n i y n jθ θ ϕ ϕ

 d Y Y V V3 ( 1) ( 1)( 1) 1 1 ( 1) ( 1)(2 cos= − + −+ + + + + + + +n i n n i n i n y n i y n nθ θ ϕ ϕ 11)( )

 d Y Y V V4 ( 1) ( 1)( 1) 1 1 ( 1) ( 1)(2 cos= − + −+ + + + + + + +n j n n j n j n y n j y n nθ θ ϕ ϕ 11)( )

  The Jacobian elements are changed accordingly. If I se2
Lim is violated, 

In+2 is fixed at the limit and the line active (PLINE 2) or reactive power 
flow (QLINE 2) control objective is relaxed for line 2, with its mismatch 
and Jacobian elements changed accordingly. If, however, both Vse1

Lim  
and I se1

Lim are violated, leniency is exercised on both PLINE1 and QLINE1 
control objectives, which are replaced by ∆V V Vn n+ += −1 se1

Lim
1 and 

∆I I In n+ += −1 se1
Lim

1. The corresponding Jacobian elements are also 
replaced. The derivations of the expressions of d1, d2 , d3, and d4  are 
given in the Appendix.

 3. If PDC
Lim is violated, then PDC is fixed at the limit and either the PLINE 

or the QLINE  control objective is relaxed. Thus, the correspond-
ing line power flow (active or reactive) mismatch replaced by 
∆P P PDC DC

Lim
DC= − , where (using Equations 5.10 and 5.11)

 

P

V V Y

DC

1 ( 1) 1

Re[ ( )] Re( )

cos(

= − =

= −

∗
+ +

∗

+ + +

V I Ise1 se1 1 1Vn n

n i n i nθ θii n i

n j n j n j n j

n n

−

+ − −

+

+

+ + + +

+ +

ϕ

ϕ

y

yV V Y

V Y

( 1)

1 ( 1) 1 ( 1)

1
2

( 1

)

cos( )θ θ

))( 1) ( 1)( 1)cosn n n+ + +ϕy

 
(5.55)

  The Jacobian elements are changed accordingly. If, however, all three 
quantities PDC

Lim, I se1
Lim, and I se2

Lim (or say, PDC
Lim, Vse

Lim, and I se
Lim) are violated, 

all the control objectives, that is, the line active and reactive power flows 
of the first line, along with the line active (reactive) power flow of the 
second line, are relaxed. The corresponding mismatches, along with 
the modification of the corresponding Jacobian elements, are replaced.
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5.6 SELECTION OF INITIAL CONDITIONS
In this chapter, the initial conditions for the series voltage source(s) were 
chosen as Vse

0
se
0 ( )∠ = ∠−θ π0 1 2. /  p.u. following suggestions of [49].

5.7 CASE STUDIES AND RESULTS
The proposed method was applied to IEEE 118- and IEEE 300-bus systems 
to validate its feasibility. In each test system, multiple IPFCs were included 
and studies have been carried out for (1) IPFCs without any device limit 
constraints and (2) IPFCs with device limit constraints. In all the case 
studies, a convergence tolerance of 10 12−  p.u. has been chosen. Although 
a large number of case studies confirmed the validity of the model, a few 
sets of representative results are presented in Sections 5.7.1 and 5.7.2. As 
in Chapters 3 and 4, in all subsequent tables, the symbol NI denotes the 
number of iterations taken by the algorithm.

5.7.1 Studies of IPFCs without Any Device Limit Constraints
5.7.1.1 IEEE 118-Bus System
In this system, an IPFC with three series converters has been considered 
on the transmission line branches among buses 80-99 (converter 1), 80-97 
(converter 2), and 80-98 (converter 3). The control references chosen are 
as follows: P80-99

SP  = 40 MW and Q80-99
SP  = 10 MVAR (line 1); P80-97

SP  = 40 MW 
and Q80-97

SP  = 25 MVAR (line 2); and P80-98
SP  = 45 MW (line 3). The results 

are shown in Table 5.1.
From the table, it is also observed that in the presence of the IPFC, the 

line active and reactive power flow levels are enhanced compared to their 
corresponding values in the base case. Furthermore, the number of itera-
tions needed to obtain convergence marginally increases in the presence 
of IPFC. The bus voltage profiles without and with IPFCs are shown in 
Figure 5.3a and b, respectively. Further, the difference between the bus 
voltage magnitudes with and without IPFC is shown in Figure 5.3c. From 
this figure, it is observed that in the presence of IPFC, there is very little 
change in the bus voltage profile.

5.7.1.2 IEEE 300-Bus System
In this system too, an IPFC with three series converters has been con-
sidered on the transmission line branches among buses 3-7 (converter 1), 
3-19 (converter 2), and 3-150 (converter 3). The control references chosen 
are as follows: P3-7

SP = 280 MW and Q3-7
SP  = 100 MVAR (line 1); P3-19

SP  = 150 MW 
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FIGURE 5.3 Bus voltage profile corresponding to the case study of Table 5.1. (a) 
Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; (c) 
voltage magnitude difference.

TABLE 5.1 Study of IEEE 118-Bus System with Three-Converter IPFC 
(No Device Limit Constraints)

Solution of Base Case Power Flow (without Any IPFC)

Parameter Line 1 Line 2 Line 3

PLINE (MW) 33.48 35.41 42.96
QLINE  (MVAR) 8.74 20.55 7.6
NI 6

Unconstrained Solution of IPFC Quantities 

Quantity Converter 1 Converter 2 Converter 3

Vse (p.u.) 0.0759 0.0676 0.0739
θse –113.9° –130.79° –72.61°
Ise (p.u.) 0.3965 0.4536 0.4344
PDC (p.u.) 0.0042 0.0037 –0.0078
PLine (MW) 40 40 45
QLine (MVAR) 10 25 –4.05
NI 7
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FIGURE 5.4 Bus voltage profile corresponding to the case study of Table 5.2. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.

TABLE 5.2 Study of IEEE 300-Bus System with Three-Converter IPFC 
(No Device Limit Constraints)

Solution of Base Case Power Flow (without Any IPFC)

Parameter Line 1 Line 2 Line 3

PLINE (MW) 260 138.75 95.06
QLINE  (MVAR) 120.55 11.19 138.26
NI 6

Unconstrained Solution of IPFC Quantities 

Quantity Converter 1 Converter 2 Converter 3

Vse (p.u.) 0.3094 0.1727 0.1877 
θse –102.76° –92.12° –137.22°
Ise (p.u.) 2.9823 1.5079 1.7862
PDC (p.u.) –0.0082 0.0213 –0.0131
PLine (MW) 280 150 100
QLine (MVAR) 100 10 147.34
NI 8
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and Q3-19
SP  = 10 MVAR (line 2); and P3-150

SP  = 100 MW (line 3). The results are 
shown in Table 5.2.

From the table, it is again observed that in the presence of the IPFC, the 
line active and reactive power flow levels are modified compared to their cor-
responding values in the base case. Furthermore, the number of iterations 
needed to obtain convergence marginally increases in the presence of IPFC.

The bus voltage profiles for this study in the 300-bus system without 
and with IPFCs are shown in Figure 5.4. From this figure, it is observed 
that in the presence of IPFC, there is very little change in the bus voltage 
profile.

5.7.2 Studies of IPFCs with Device Limit Constraints

In these case studies, various device limit constraints have been consid-
ered for both the 118- and 300-bus test systems. As already mentioned 
in Section 5.5, three major device constraint limits have been consid-
ered in this chapter. In each of the 118- and 300-bus test systems, case 
studies were carried out for implementation of these limit constraints 
in three different ways: (1) limit violation of a single constraint, (2) limit 
violations of two separate constraints simultaneously, and (3) limit vio-
lations of all three separate constraints simultaneously. For simplicity, 
in each test system, an IPFC with two series converters (the minimum 
possible configuration) has been considered. At first, the power flow 
solutions for each of these double-converter IPFCs without any device 
limit constraint are obtained in both the 118- and 300-bus test systems. 
The details of the IPFC converters considered in each of these two test 
systems are given in Sections 5.7.2.1 and 5.7.2.2.

5.7.2.1 IEEE 118-Bus System
In this system, a double-converter IPFC has been considered on the 
transmission line branches between buses 11-13 (converter 1) and 37-39 
 (converter 2). The control references chosen are as follows: P11-13

SP  = 50 MW 
and Q11-13

SP  = 10 MVAR (line 1) and P37-39
SP  = 80 MW (line 2). The results are 

shown in Table 5.3. From this table, it is again observed that in the pres-
ence of the IPFC, the line active and reactive power flow levels are modi-
fied from their corresponding values in the base case.

The bus voltage profiles for this study in the 118-bus system without 
and with IPFCs are shown in Figure 5.5. From this figure, it is observed 
that in the presence of IPFC, the bus voltage profiles are not disturbed 
much.

www.EngineeringEBooksPdf.com



158   ◾   Flexible AC Transmission Systems (FACTS)

0 20 40 60 80 100 1200.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 1200.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120−1.5129
2.6476
6.8082

10.9688
15.1294

× 10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 5.5 Bus voltage profile corresponding to the case study of Table 5.3. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.

TABLE 5.3 Study of IEEE 118-Bus System with Two-Converter 
IPFC (No Device Limit Constraints)

Solution of Base Case Power Flow (without Any IPFC)

Parameter Line 1 Line 2

PLINE (MW) 36.11 75.20
QLINE  (MVAR) 12.05 7.94
NI 6

Unconstrained Solution of IPFC Quantities 

Quantity Converter 1 Converter 2

Vse (p.u.) 0.1111 0.0974 
θse –125.2° –108.49°
Ise (p.u.) 0.5179 0.8072
PDC (p.u.) 0.0041 –0.0041
PLine (MW) 50 80
QLine (MVAR) 10 0.12
NI 6
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5.7.2.2 IEEE 300-Bus System
In this system too, a double-converter IPFC has been considered on the 
transmission line branches between buses 2-3 (converter 1) and 86-102 
(converter 2). The control references chosen are as follows: P2-3

SP = 50 MW 
and Q2-3

SP  = 50 MVAR (line 1) and P86-102
SP  = 50 MW (line 2). The results 

shown in Table 5.4 confirm that by the action of the IPFCs, the line active 
and reactive power flow levels are modified from their corresponding val-
ues in the base case.

The bus voltage profiles for this study in the 300-bus system without 
and with IPFCs are shown in Figure 5.6, which again shows that the bus 
voltage profile is not disturbed much in the presence of IPFC.

Subsequent to the power flow solutions obtained for the 118- and 300-
bus test systems without any device limit constraints (shown in Tables 5.3 
and 5.4, respectively), the various constraint limits of the IPFC are imposed 
in both the 118- and 300-bus test systems. For this, the same line converter 
configurations as shown in Tables 5.3 and 5.4 have been maintained. The 
control objectives (as applicable while imposing single, double, or multiple 
device limit constraints) are also maintained identical to those adopted 
for Tables 5.3 and 5.4. Although a large number of case studies have been 
carried out for implementation of these limit constraints, only a few sets of 
representative results are presented in the text that follows.

TABLE 5.4 Study of IEEE 300-Bus System with Two-Converter 
IPFC (No Device Limit Constraints)

Solution of Base Case Power Flow (without Any IPFC)

Parameter Line 1 Line 2

PLINE (MW) 36.03 37.95
QLINE  (MVAR) 73.23 19.93
NI 6

Unconstrained Solution of IPFC Quantities 

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0651 0.0763 
θse –108.42° –120.43°
Ise (p.u.) 0.6769 0.5131
PDC (p.u.) –0.0145 0.0145
PLine (MW) 50 50
QLine (MVAR) 50 5.18
NI 7
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Case 1: In this case, the violations of only the series injected voltage of 
converter 1 (Vse1

Lim) have been studied. Following the philosophy described 
in Section 5.5, this limit has been imposed by relaxing QLINE for line 1. The 
results for the 118-bus system are given in Table 5.5.

The bus voltage profile for this study with the 118-bus system is shown in 
Figure 5.7. From this figure, it is observed that the bus voltage profile does not 
change much when a single device limit constraint of the IPFC is enforced.
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FIGURE 5.6 Bus voltage profile corresponding to the case study of Table 5.4. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.

TABLE 5.5 Study of IEEE 118-Bus System with IPFC and Vse
Lim Constraint

Solution of IPFC Quantities with Limit on Series Injected Voltage of Converter 1 Only

Specified converter 1 voltage limit: Vse1
Lim = 0.111 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.111 0.096 
θse –113.59° –116.37°
Ise (p.u.) 0.5102 0.809
PDC (p.u.) –0.0021 0.0021
PLine (MW) 50 80
QLine (MVAR) 5.12 4.85
NI 10
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In this particular case, it was observed that with the 300-bus system, adop-
tion of the initial condition of Vse

0
se
0 ( )∠ = ∠−θ π0 1 2. /  yielded an unrealistic 

power flow solution (unrealistic values of complex bus voltages, converter 
currents, and power flows) for converter 2. The results are given in Table 5.6. 
From this table, it is observed that when the injected voltage of series con-
verter 1 is limited to a very close value (0.064 p.u.) to that of the unconstrained 
value (0.065 p.u.), there occur impractically wide variations in the values of 
the voltages, line currents, dc link power transfer, and line reactive power 
flows pertaining to series converter 2. These unrealistic power flow solutions 
 (corresponding to converter 2) are highlighted in bold cases in Table 5.6.

To investigate the convergence pattern and the final power flow solution 
vis-à-vis varying values of Vse

0, further case studies were again carried out. 
Some representative results (for converter 2) are presented in Table 5.7. 
Those with double asterisks (**) indicate unrealistic power flow solutions.

The realistic final power flow solutions (corresponding to Vse
0 = 0.04 p.u.) 

for the 300-bus systems are shown in Table 5.8. The converged final values 
of the constrained variable along with the values of the control objectives 
are shown in bold cases. The bus voltage profiles for the final case study 
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FIGURE 5.7 Bus voltage profile corresponding to the case study of Table 5.5. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.
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with the 300-bus system are shown in Figure 5.8. From this figure, it is 
again observed that the bus voltage profiles do not change much when a 
single device limit constraint of the IPFC is enforced.

Case 2: In this case, simultaneous limit violations of the series injected 
voltage of converter 1 (Vse1

Lim) and the dc link power transfer (PDC
Lim) have 

TABLE 5.6 Initial Study of IEEE 300-Bus System with UPFC and 
Vse

Lim Constraint

Solution of IPFC Quantities with Limit on Series Injected Voltage of 
Converter 1 Only

Specified converter 1 voltage limit: Vse1
Lim = 0.064 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.064 0.5507
θse –107.95° –27.36°
Ise (p.u.) 0.6658 2.339
PDC (p.u.) –0.0141 0.0141
PLine (MW) 50 50
QLine (MVAR) 48.38 260.9
NI 16

TABLE 5.7 Effect of Variation of Vse
0  on the Power Flow Solution for the Study of Table 5.6

Initial Condition for Vse

Vse
0  (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for Converter 2

Vse2 (p.u.) 0.577 0.577 0.577 0.577 0.577 0.0767 0.0767 0.5507

div

I se2 (p.u.) 2.443 2.443 2.443 2.443 2.443 0.5127 0.5127 2.339
QLine2 (MVAR) 274.7 274.7 274.7 274.7 274.7 4.55 4.55 260.9
PDC  (p.u.) 0.0205 0.0205 0.0205 0.0205 0.0205 0.0148 0.0148 0.0141
NI 9 ** 15 ** 18 ** 8 ** 9 ** 10 11 17 **

TABLE 5.8 Final Study of IEEE 300-Bus System with UPFC and Vse
Lim Constraint

Solution of IPFC Quantities with Limit on Series Injected Voltage of Converter 1 Only

Specified converter 1 voltage limit: Vse1
Lim = 0.064 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.064 0.0767 
θse –106.15° –121.61°
Ise (p.u.) 0.6648 0.5127
PDC (p.u.) –0.0148 0.0148
PLine (MW) 50 50
QLine (MVAR) 48.21 4.55
NI 10 (with Vse

0 = 0.04 p.u.)
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been considered. The limits have been imposed by relaxing the active 
(PLINE) and reactive power flow (QLINE ) control objectives for the first 
transmission line, following the philosophy described in Section 5.5. The 
results for the 118-bus system are given in Table 5.9.

The bus voltage profiles for this study with the 118-bus system are 
shown in Figure 5.9. From this figure, it is observed that in the presence of 
IPFC, the bus voltage profiles do not change much when two simultaneous 
IPFC device limit constraints are enforced.

Again, in this case study, it was observed that with the 300-bus  system, 
adoption of the initial condition of Vse

0
se
0 ( )∠ = ∠−θ π0 1 2. /  yielded an 

 unrealistic power flow solution for converter 1. The results are given in 
Table  5.10. From this table, the unrealistic power flow solutions (corre-
sponding to converter 1) can be observed, which are highlighted in bold 
cases.

To investigate the convergence pattern and the final power flow solution 
vis-à-vis varying values of Vse

0 , further case studies were again carried out. 
Some representative results (for converter 1) are presented in Table 5.11. 
Those with asterisks (**) indicate unrealistic power flow solutions.

0 50 100 150 200 250 300
0.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 3000.9144
0.9541
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300−1.1942
2.0898
5.3737
8.6577

11.9416
× 10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 5.8 Bus voltage profile corresponding to the case study of Table 5.8. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.
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The realistic final power flow solutions (corresponding to Vse
0  = 0.06 p.u.) 

for the 300-bus systems are shown in Table 5.12. The converged final  values 
of the constrained variable along with the values of the control objectives 
are shown in bold cases.

0(a)

(b)

(c)

20 40 60 80 100 120
0.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120
0.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120
−0.2639

0.4619
1.1877
1.9135
2.6393

× 10−3

Bus number

p.
u.

FIGURE 5.9 Bus voltage profile corresponding to the case study of Table 5.9. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.

TABLE 5.9 Study of IEEE 118-Bus System with IPFC and Constraints of 
Vse

Lim and PDC
Lim

Solution of IPFC Quantities with Twin Limits of Converter 1 Series Injected 
Voltage and DC Link Power Transfer

Specified converter 1 voltage limit: Vse1
Lim = 0.11 p.u.

Specified dc link power transfer limit: PDC
Lim = –0.0019 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.11 0.096 
θse –114.04° –116.12°
Ise (p.u.) 0.5087 0.8089
PDC (p.u.) –0.0019 0.0019
PLine (MW) 49.83 80
QLine (MVAR) 5.36 4.7
NI 6
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TABLE 5.10 Initial Study of IEEE 300-Bus System with IPFC and Constraints 
of Vse

Lim and PDC
Lim

Solution of IPFC Quantities with Twin Limits of Converter 1 Series Injected Voltage 
and DC Link Power Transfer

Specified converter 1 voltage limit: Vse1
Lim = 0.063 p.u.

Specified dc link power transfer limit: PDC
Lim = –0.0143 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.063 0.0763 
θse –10.04° –119.63°
Ise (p.u.) 0.2645 0.5136
PDC (p.u.) –0.0143 0.0143
PLine (MW) 27.02 50
QLine (MVAR) –6.3 5.7
NI 7

TABLE 5.11 Effect of Variation of Vse
0 on the Power Flow Solution for the Study of Table 5.10

Initial Condition for Vse

Vse
0  (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for Converter 1

Vse1 (p.u.) 0.063 0.063 0.063 0.063 0.063 0.063 0.063 0.063

div
I se1 (p.u.) 0.2645 0.6623 0.6623 0.6623 0.2674 0.2674 0.6623 0.2674
PLine1 (MW) 27.02 49.22 49.22 49.22 27.18 27.18 49.22 27.18
QLine1 (MVAR) –6.3 48.63 48.63 48.63 –6.96 –6.96 48.63 –6.96
NI 10** 8 9 7 14** 13** 10 17**

TABLE 5.12 Final Study of IEEE 300-Bus System with IPFC and Constraints 
of Vse

Lim and PDC
Lim

Solution of IPFC Quantities with Twin Limits of Converter 1 Series 
Injected Voltage and DC Link Power Transfer

Specified converter 1 voltage limit: Vse1
Lim = 0.063 p.u.

Specified dc link power transfer limit: PDC
Lim = –0.0143 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.063 0.0762 
θse –107.17° –119.86°
Ise (p.u.) 0.6623 0.5133
PDC (p.u.) –0.0143 0.0143
PLine (MW) 49.22 50
QLine (MVAR) 48.63 5.49
NI 7 (with Vse

0  = 0.06 p.u.)
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The bus voltage profiles for this final case study with the 300-bus sys-
tem are shown in Figure 5.10. From this figure, it is again observed that the 
bus voltage profiles do not change much when two simultaneous device 
limit constraints of the IPFC are enforced.

Case 3: In this case, simultaneous limit violations of the dc link power 
transfer (PDC

Lim), the injected voltage of the series converter in line 1 (Vse1
Lim) 

and the line current (I se2
Lim) in the second series converter (in line 2) have 

been considered. For enforcing these limits, both PLINE and QLINE of line 1 
as well as PLINE of line 2 are relaxed following the discussion in Section 5.5. 
The results for the 118-bus system are presented in Table 5.13.

The bus voltage profiles for this case study with the 118-bus system are 
shown in Figure 5.11. From this figure, it is observed that in the presence 
of IPFC, the simultaneous enforcement of three IPFC device limit con-
straints causes very little change in the bus voltage profile.

However, again with the 300-bus system, adoption of the initial condi-
tion of Vse

0
se
0 ( )∠ = ∠−θ π0 1 2. /  yielded an unrealistic power flow solution 

for converter 1. The results are given in Table 5.14. From this table, the 

0 50 100 150 200 250 300
0.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 300
0.9144
0.9541
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300
−1.1259

1.9703
5.0666
8.1628

11.2591
× 10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 5.10 Bus voltage profile corresponding to the case study of Table 5.12. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.
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0 20 40 60 80 100 1200.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 1200.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120−0.2567
0.4493
1.1553
1.8612
2.5672

× 10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 5.11 Bus voltage profile corresponding to the case study of Table 5.13. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.

TABLE 5.13 Study of IEEE 118-Bus System with IPFC and Constraints 
of Vse

Lim, I se
Lim, and PDC

Lim

Solution of IPFC Quantities with All Three Limits of DC Link Power Transfer, 
Series Injected Voltage of Converter 1, and Line Current of Converter 2

Specified dc link power transfer limit: PDC
Lim = –0.0018 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.1 p.u.

Specified line current limit of converter 2: I se2
Lim = 0.79 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.1 0.088 
θse –115° –116.69°
Ise (p.u.) 0.4908 0.79
PDC (p.u.) –0.0018 0.0018
PLine (MW) 47.95 78.09
QLine (MVAR) 6.19 5.29
NI 6
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unrealistic power flow solutions (corresponding to converter 1) can be 
observed, which are highlighted in bold cases. Consequently, further case 
studies were again carried out vis-à-vis varying values of Vse

0 . Some repre-
sentative results (for converter 1) are presented in Table 5.15. Those with 
asterisks (**) indicate unrealistic power flow solutions.

The realistic final power flow solutions (corresponding to Vse
0 = 0.06 p.u.) 

for the 300-bus system are shown in Table 5.16. The converged final values 
of the constrained variable along with the values of the control objectives 
are again shown in bold cases.

The bus voltage profiles for this final case study with the 300-bus sys-
tem are shown in Figure 5.12. From this figure, it is again observed that in 
the presence of IPFC, the simultaneous enforcement of three IPFC device 
limit constraints causes very little change in the bus voltage profile.

TABLE 5.14 Initial Study of IEEE 300-Bus System with IPFC and Vse
Lim, 

I se
Lim, and PDC

Lim Constraints

Solution of IPFC Quantities with All Three Limits of DC Link Power Transfer, 
Series Injected Voltage of Converter 1, and Line Current of Converter 2

Specified dc link power transfer limit: PDC
Lim = –0.0142 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.062 p.u.

Specified line current limit of converter 2: I se2
Lim  = 0.51 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.062 0.0753 
θse –10.53° –120.04°
Ise (p.u.) 0.2642 0.51
PDC (p.u.) –0.0142 0.0142
PLine (MW) 27.14 49.66
QLine (MVAR) –5.59 5.54
NI 10

TABLE 5.15 Effect of Variation of Vse
0  on the Power Flow Solution for the Study of 

Table 5.14

Initial Condition for Vse

Vse
0  (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for Converter 1

Vse1 (p.u.) 0.062 0.062 0.062 0.062 0.062

div

0.062 0.062 0.062
I se1 (p.u.) 0.2642 0.6556 0.6556 0.6556 0.2642 0.6556 0.2642 0.2642
PLine1 (MW) 27.14 48.83 48.83 48.83 27.14 48.83 27.14 27.14
QLine1 (MVAR) –5.59 48.04 48.04 48.04 –5.59 48.04 –5.59 –5.59
NI 10** 8 7 10 14** 8 9** 17**
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5.8 SUMMARY
In this chapter, a Newton power flow model of the IPFC has been  developed. 
The proposed method transforms an existing n-bus power  system installed 
with an IPFC having p series converters into an equivalent (n + p) bus 

0 50 100 150 200 250 300
0.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 300
0.9144
0.9541
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300−1.1313
1.9799
5.0911
8.2023

11.3135
× 10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 5.12 Bus voltage profile corresponding to the case study of Table 5.16. 
(a) Bus voltage magnitude without IPFC; (b) bus voltage magnitude with IPFC; 
(c) voltage magnitude difference.

TABLE 5.16 Final Study of IEEE 300-Bus System with IPFC and Vse
Lim, I se

Lim, 
and PDC

Lim Constraints

Solution of IPFC Quantities with All Three Limits of DC Link Power Transfer, 
Series Injected Voltage of Converter 1, and Line Current of Converter 2

Specified dc link power transfer limit: PDC
Lim = –0.0142 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.062 p.u.

Specified line current limit of converter 2: I se2
Lim = 0.51 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.062 0.0753 
θse –106.64° –120.21°
Ise (p.u.) 0.6556 0.51
PDC (p.u.) –0.0142 0.0142
PLine (MW) 48.83 49.68
QLine (MVAR) 48.04 5.36
NI 7 (with Vse

0  = 0.07 p.u.)
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system without any IPFC. Consequently, existing power flow and Jacobian 
codes can be reused in the proposed model, in conjunction with simple 
codes for matrix extraction. As a result, a substantial reduction in the com-
plexity of the software codes can be achieved. The developed technique 
can also handle practical device limit constraints of the IPFC. Validity of 
the proposed method has been demonstrated on IEEE 118- and 300-bus 
 systems with excellent convergence characteristics.

www.EngineeringEBooksPdf.com



171

C h a p t e r  6

Newton Power 
Flow Model of the 
Generalized Unified 
Power Flow Controller

6.1 INTRODUCTION
Similar to the interline power flow controller (IPFC), a generalized unified 
power flow controller (GUPFC) addresses the problem of compensating 
multiple transmission lines simultaneously. However, a GUPFC incorpo-
rates a shunt converter in addition to the two or more series converters 
employed by an IPFC. The simplest GUPFC configuration (employing two 
series converters and one shunt converter) possesses 5 degrees of freedom. 
Usually, these correspond to the active and reactive power flows in both 
the lines incorporating the series converters and the voltage of a sending 
end (SE) bus.

For proper utilization of GUPFCs in power system planning, opera-
tion, and control, power flow solutions of the networks incorporating 
GUPFC(s) are necessary. Some excellent research works were carried out in 
the literature [77,81] for developing efficient power-flow and optimal power 
flow algorithms for the GUPFC. In a way similar to the static synchro-
nous series compensator, the unified power flow controller and the IPFC, 
it is observed from these works that the complexity of software codes is 
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increased manifold when a GUPFC is modeled in an existing Newton–
Raphson power flow algorithm. In fact, the GUPFC possesses multiple 
series converters. Contributions from these converters necessitate modi-
fications in the existing power injection equations of the concerned buses 
(SE and receiving end [RE]) in all the transmission lines involved. Further, 
an entirely new expression has to be written for the GUPFC real power. 
Moreover, new codes have to be written to compute each of the multiple 
Jacobian subblocks exclusively related to the series and shunt converters of 
the GUPFC. As a result, the complexity of software codes for incorporat-
ing a GUPFC in a Newton–Raphson power flow code is greatly enhanced 
due to these factors. The problem aggravates as the number of GUPFCs in 
a system increases.

To reduce the complexities of the software codes for implement-
ing Newton power flow algorithm, in this chapter, a novel approach for 
a GUPFC power flow model is proposed [84]. By this modeling approach, 
an existing power system installed with GUPFCs is transformed to an 
equivalent augmented network without any GUPFC. This results in a sub-
stantial reduction in the programming complexity because of the follow-
ing reasons:

 1. In the proposed model, the power injections for the buses concerned 
can be computed using existing power flow codes. This is because 
they no longer contain contributions from any series converter of the 
GUPFC.

 2. In the proposed model, the active power flow of the GUPFC itself 
equals the sum of bus active power injections of additional power-flow 
buses. Thus, existing power flow codes can be used to compute them.

 3. Only three Jacobian subblocks need be evaluated in the proposed 
model. Two of these subblocks can be evaluated using existing 
Jacobian codes directly, whereas the third can be computed with 
very minor modifications of the existing Jacobian codes.

6.2 GUPFC MODEL FOR NEWTON POWER FLOW ANALYSIS
Figure 6.1 shows an n-bus power system network in which p series con-
verters along with the (single) shunt converter of a GUPFC are connected. 
Without loss of generality, it is assumed that the series converters are 
connected between the buses i–j, (i + 1)–(j + 1), and so on, up to buses 
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(i + p – 1)–(j + p – 1), whereas the shunt converter is connected to bus 
(i + p – 1). It is also further assumed that the gth converter (1 ≤ g ≤ p) is 
connected at the SE, that is, at (i + g – 1)th bus of the corresponding trans-
mission line. The equivalent circuit of Figure 6.1 is shown in Figure 6.2. 

In Figure 6.2, the GUPFC is represented by p (series) voltage sources 
and one shunt voltage source. The gth series voltage source Vse g (not 
shown) (representing the gth series converter) is in series with the imped-
ance Zse g (representing the impedance of the coupling transformer of 
the gth series converter) and is connected in series with the gth transmis-
sion line (which is represented by its equivalent pi circuit). The shunt volt-
age source Vsh represents the shunt converter, whereas Zsh represents the 

Vsh

. 

. 

+Vse1−

+Vse2−

+Vsep−

Pi + jQi 

Pi + 1 + jQi + 1

Pi + p − 1 + jQi + p − 1 Pj + p − 1 + jQj + p − 1

Pj + 1 + jQj + 1

Pj + jQj

Bus j

Bus (i + 1)

Bus (i + p − 1) Bus ( j  + p − 1)

Bus ( j + 1)

Bus i

FIGURE 6.1 GUPFC with one shunt and p series converters connected to a 
power system.
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impedance of the coupling transformer of the shunt converter. The total 
current through the gth (1 ≤ g ≤ p) series coupling transformer is Ise g, which 
consists of two parts: (1) Ig flowing flowing into the transmission line and 
(2) Ig 0, the line charging current.

Now, let

 
Z y

1

Z
y

1

Z
se

se
g g

g
g

g

= + = =R jXg g , , and  (6.1)

Also,

 Y Y y yij = = − = −ji ij ji (6.2)

From Figure 6.2, it can be shown that for the first converter

−

+

Bus ( j + p − 1)

+Vse1−

+Vse2−

+Vsep−

. 

. 

Bus j Bus i Ise1

Ise2 I2

Zse1

Zse2

Zsep

Zsh Ish

Vsh

I1

I10

I20

Ip0

y10

y20

Z1

Z2

Isep Ip Zp

Bus ( j + 1)Bus (i + 1)

Bus (i + p − 1)

Pi + jQi Pj + jQj

Pi + 1 + jQi + 1 Pj + 1 + jQj + 1

Pi + p − 1 + jQi + p − 1 Pj + p − 1 + jQj + p − 1

yp0

FIGURE 6.2 Equivalent circuit of GUPFC-incorporated power system network.
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 I V V Vse1 1 1 1 se1= − −αα ββ ααi j  (6.3)

where:

 
αα ββ1

se1 1 10

1 10 se1
1

se1 1

1 10 se1

y (y y )

y y y

y y

y y y
=

+
+ +

=
+ +

and  (6.4)

Again, from Figure 6.2, the net injected current at bus i is

 
I Y (y y ) V Y V Iold

1 10

1, ,

se1i ii i iq q

q q i q j

= − +  + +
= ≠ ≠
∑

n

 (6.5)

In the above equation, Y y y y yold
0 1 101, ,ii iq iq q i q j

n= + + +∑ = ≠ ≠
p  is the self- 

admit tance of bus i for the existing n-bus system without any GUPFC con-
nected and y 0i

p  accounts for the shunt capacitances of all transmission lines 
connected to bus i, except the line in branch (i–j). From Equations 6.3 and 
6.5, the net injected current at bus i with GUPFC becomes

 
I Y V

1

1

i iq q

q

n

=
=

+

∑  (6.6)

where Y Y (y y )old
1 10 1ii ii= − + +αα  is the new value of self-admittance for the 

ith bus with GUPFC and

 V V Y Y1 se1 ( 1) 1 1n i n ij+ += = − = −, ,αα ββand  (6.7)

Similarly, the net injected current at bus j can be written as

 I Y V
1

1

j jq q

q

n

=
=

+

∑  (6.8)

where Y Y yold
1 1jj jj= − + γγ  is the new value of self-admittance for bus j with 

GUPFC and

 
γγ ββ ββ1

1 se1 10

1 10 se1
( 1) 1 1

y (y y )

y y y
Y Y=

+
+ +

= = −+, ,j n jiand  (6.9)

Thus, the effect of the first series converter of the GUPFC is equivalent to 
an additional (n + 1)th bus without any GUPFC. Proceeding in a simi-
lar way, it can be shown that the effect of incorporation of the remaining 
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(p – 1) series converters can be treated as equivalent to addition of (p – 1) 
more buses (n + 2) up to (n + p) to the existing n-bus system, provided

 V V V V V V+2 se +3 se3 sen n n p p= = =+2 , ,,  (6.10)

with

 Y Y Y( +1)( +2) 2 ( +2)( +3) 3 ( 1)( + )i n i n= − = − = −+αα αα αα−−, , . . ., i p n p p (6.11)

 Y Y Y( 1)( 1) 2 ( 2)( 2) 3 ( 1)( 1)i p+ + + + + − + −= − = − = −j i j i p j pββ ββ ββ, , . . .,  (6.12)

 Y Y Y( 1)( 2) 2 ( 2)( +3) 3 ( 1)( )j n j n j p n p+ + + + − += = =ββ ββ ββ, , . . ., p (6.13)

where, for the transmission line incorporating the pth converter,

 
αα ββp

p
p=

+
+ +

=
+ +

y (y y )

y y y

y y

y y y
se 0

0 se

se

0 se

p p

p p p

p p

p p p

and  (6.14)

Again, from Figure 6.2, it is observed that bus (i + p – 1) is connected 
to the pth series converter as well as the shunt converter. Now, the net 
injected current at bus (i + p – 1) can be written as

 

I Y (y y ) V

Y V

1 ( 1) 1)
old

0 1

( 1)

1

i p i p i p p p i p

i p q q

q

+ − + − + − + −

+ −

=

= − + 

+
,, ( 1), ( 1)

se shI I
q i p q

p

≠ + − ≠ + −
∑ + +

j p

n  (6.15)

Also

 I V V Vse 1 1 sep p i p p j p p p= − −+ − + −αα ββ αα  (6.16)

and

 I y (V V )sh sh 1 sh= −+ −i p  (6.17)

Now, using Equations 6.16 and 6.17 in Equation 6.15,

 

I Y (y y ) y V

Y

1 ( 1)( 1)
old

0 sh 1

(

i p i p i p p p p i p

i p

+ − + − + − + −

+ −

= − + + + 

+

αα

11)

1, ( 1)

1

Vq q

q q i p

p

= ≠ + −

+ +

∑
n  (6.18)

or

 
I Y V1 ( 1)

1

1

i p i p q q

q 

n p

+ − + −

=

+ +

= ∑  (6.19)
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where Y Y (y y ) y( 1)( 1) ( 1)( 1)
old

0 shi p i p i p i p p p p+ − + − + − + −= − + + +αα  is the new value of 
self-admittance for the (i + p − 1)th bus with GUPFC with

 V V Y y1 sh ( 1)( 1) shn p i p n p+ + + − + += = −and  (6.20)

Thus, the effect of incorporation of the shunt converter can be treated as 
equivalent to addition of another fictitious bus (n + p + 1) to the existing 
n-bus system. Consequently, incorporation of the GUPFC (consisting of 
p series converters and one shunt converter) transforms the original n-bus 
power system to an (n + p + 1)-bus system without any GUPFC.

Now, the net injected current at the first fictitious power-flow bus [bus 
(n + 1)] equals the current flowing into the transmission system from this 
bus, and can be written using Equation 6.3 as

 
I I V V V Y V1 se1 1 se1 1 1 ( 1)

1

1

n i j n q q

q

n p

+ +

=

+ +

= − = − + = ∑αα αα ββ  (6.21)

where:

 V V Y Y Y1 se1 ( 1)( 1) 1 ( 1) 1 ( 1) 1n n n n i n j+ + + + += = = − =, , ,αα αα ββand  (6.22)

Proceeding in a similar way, the net injected currents at the remaining p 
fictitious power-flow buses [buses (n + 2) up to (n + p + 1)] can also be 
 written as

 
I Y V I Y V2 ( 2)

1

1

( )

1

n n q q

q

n p

n p n p q q

q

n

+ +

=

+ +

+ + + +

=

= =∑ , and so on, up to 1 1

++ +

∑
p 1

 (6.23)

with

 

Y Y

Y

( +2)( +2) ( )( )

( +1)( +

n n n p n p p

n p n p

= =+ +

+ +

αα αα2 and soon, up to

with

,

11) shy=
 (6.24)

 Y Y

Y

( 2)( 1) 2 ( )( 1)

( 1)(

n i n p i p p

n p

+ + + + −

+ +

= − = −αα αα,and soon,upto

with ii p+ − = −1) shy
 (6.25)

 

Y Y

Y

( 2)( 1) 2 ( )( 1)

( +1)(

n j n p j p p

n p j

+ + + + −

+ +

= =ββ ββ,and soon,upto

with pp− =1) 0
 (6.26)

 V V V V V V+2 se 2 se +1 shn n p n p= = =+ +,and soon,upto withp  (6.27)
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6.3  POWER FLOW EQUATIONS IN PROPOSED 
GUPFC MODEL

From Figure 6.1, it is observed that with a GUPFC-connected system, four 
possibilities exist for any SE or RE bus. These are as follows:

 1. The bus is not connected to any GUPFC converter.

 2. The bus is connected to a GUPFC series converter only as an SE bus.

 3. The bus is connected to a GUPFC series converter only as an RE bus.

 4. The bus is connected to both a series converter and a shunt converter 
of the GUPFC as an SE bus.

With existing GUPFC models, the expression of the active power injection 
at any SE or RE bus a can be written (using Equations 6.5 and 6.15) as

 
Pa a q aq a q yaq

q

= − −( ) ≤
=
∑V V Y a n

n

cos ,  
1

θ θ ϕ  (6.28)

if no GUPFC is connected to bus a;

 
P V V Y V V

V

n

a a q aq a q yaq

q q b

a b c a b y c= − −( )− − −( )

−

≠
∑ cos cos
1,

θ θ β θ θ βϕ ϕ
=

aa c a yV c c cse secosα θ θ α− −( )ϕ

 (6.29)

if series converter c is connected in branch a–b with a as SE bus;

 
P V V Y V Va

q q b

n

a b c a b y c= − −( )− − −( )

+

= ≠
∑ a q aq a q yaqcos cos
1,  

θ θ β θ θ βϕ ϕ

VV Va c c a c y cse secosβ θ θ β− −( )ϕ

 (6.30)

if series converter c is connected in branch a–b with a as RE bus;

 

P V V Y

V V

a

n

b c a b y c

= − −( )

− − −( )
−

= ≠
∑ a q aq a q yaq

q q b

cos

cos

1,  

θ θ

β θ θ β

ϕ

ϕa

VV V

V V

a c c a c y c

a d d a d y d

se se

sh sh sh sh

cos

y cos

α θ θ

θ θ

α− −( )
− − −( )

ϕ

ϕ

 (6.31)
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if both the series converter c (connected in branch a–b) and the shunt 
converter d are connected to bus a as SE bus.

Thus, from the above equation, it is observed that with existing GUPFC 
models, additional terms due to contributions from the voltage sources 
representing the multiple series converters and the shunt converter of the 
GUPFC are present in the expression of the bus active power injection(s). 
This causes the existing power flow codes to be modified. This is also true 
for the bus reactive power injection(s).

Now, it has already been established in Section 6.2 that in the proposed 
GUPFC model, there are a total of (n + p + 1) buses, with (p + 1) fictitious 
power-flow buses. Therefore, the net injected current at any of the p SE buses 
[buses i, (i + 1), and so on, up to (i + p – 1)] or RE buses [buses j, (j + 1), 
and so on, up to (j + p – 1)] can be written as

 
I Y V

1

h hq

q

= ( ) ( )≤ ≤ + ≤ ≤ +
=
∑ q

n p

1

 1 or 1
++ ++

i h i p j h j p– –  (6.32)

Thus, in the proposed model, the active power injection equation at any SE 
or RE bus a (a ≤ n + p + 1) can be written using Equation 6.32 as

 
Pa a q aq a q yaq

q

n p

V V Y a n p= − −( ) ≤ + +
=

+ +

∑ cos ( 1)
1

1

θ θ ϕ  (6.33)

Similarly, the expression for the reactive power at any bus a (SE or RE) can 
be written as

 Qa a q aq a q yaq

q

n p

V V Y a n p= − −( ) ≤ + +
=

+ +

∑ sin ( 1)
1

1

θ θ ϕ  (6.34)

From Equations 6.33 and 6.34, it can be observed that both the active and 
reactive power injections at any bus can be computed using existing power 
flow codes.

Now, let us consider the real power delivered by a GUPFC with two 
series converters (for simplicity, the simplest GUPFC configuration with 
only two series converters is assumed) and one shunt converter. The two 
series converters e and f are in series with the branches between buses a–b 
and c–d, respectively. The shunt converter g is connected to bus c. The 
real power delivered by the GUPFC can be written using Equations 6.3 
and 6.17 as
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 PGUPFC Re ( ) ( ) ( )= − + − + − V I V I V Ise se
*

se se
*

sh sh
*

e e f f g g  (6.35)

 

P V V V

V V

e e e e b e e b y e

e a e

GUPFC se
2

se se

se

cos cos

co

= + − −( )

−

α ϕ ϕyα ββ θ θ

α ss

cos

cos

se

se se

se se

θ θ

β θ θ

α θ

α

β

e a y e

f d f f y f

f c f f

V V

V V

− −( )

+ − −( )

−

ϕ

ϕd

−− −( )

+ +

−

θ

α

α

α

c y f

f f y f g g y g

g c g

V V y

V V y

ϕ

ϕ ϕse
2

sh
2

sh sh

sh sh

cos cos

cos θθ θsh shg c y g− −( )ϕ

 (6.36)

From Equation 6.36, it is observed that the GUPFC real power expression 
cannot be computed using existing power flow codes. It will require fresh 
codes for its implementation.

However, in the proposed model, GUPFC series converters e and f along 
with shunt converter g are transformed to power-flow buses (n + 1), (n + 2), 
and (n + 3), respectively, and hence, using Equation 6.35,

 

PGUPFC Re

Re

= − + − + − 

=

V ( I ) V ( I ) V ( I )

V

se se
*

se se
*

sh sh
*

+1

e e f f g g

n ((I ) V (I ) V (I )

S S S

+1
*

+2 +2
*

+3 +3
*

+1 +2 +3

n n n n n

n n n

+ + 

= + +( ) =Re Pn++1 +2 +3+ +P Pn n

 (6.37)

Hence, the sum of the active power injections of three power-flow buses 
(computed from Equation 6.33 using existing power flow codes) yields 
the GUPFC real power. It can be shown that if the GUPFC considered 
has p series converters along with a shunt converter, the real power deliv-
ered by it can be computed from the sum of the active power injections of 
(p + 1) power-flow buses using existing codes. In such a case, Equation 6.37 
becomes

 

PGUPFC Re= − + − + + − + −V ( I ) V ( I ) V ( I ) V ( Ise1 se1
*

se2 se2
*

se se
*

sh sh p p
** ) 

= + + ++ + + +P P Pn n n p1 2 1

 (6.38)

Similar to the bus power injections, the expressions corresponding to the 
various control objectives can also be evaluated in the proposed model using 
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existing codes. Usually, for a GUPFC with p series converters and a shunt 
converter, the line active and reactive power flows in the p transmission 
lines incorporating the series converters are chosen as the control objectives 
for the p series converters, whereas the voltage of the bus connected to the 
shunt converter is chosen as the control objective for the shunt converter. In 
this chapter too, the same control objectives have been considered.

Now, with existing GUPFC models, the expression for the active power 
flow in the line connected between buses a and b and incorporating the 
cth (1 ≤ c ≤ p) series converter can be written using Equation 6.3 as

 P P aLINE Rec ab= = ( )V Ise
*

c

or

 

P V V V

V V

ab a c y c a b c a b y c

a c c a c

= − − −( )

− − −

2

se se

cos cos

cos

α β θ θ

α θ θ

α βϕ ϕ

ϕϕy cα( )
 (6.39)

Similarly, the expression for the line reactive power flow can be written as

 
Q V V V

V V

ab a c y c a b c a b y c

a c c a c

= − − − −( )

− −

2

se se

sin sin

sin

α β θ θ

α θ θ

α βϕ ϕ

−−( )ϕy cα

 (6.40)

Both Equations 6.39 and 6.40 have new terms involving the GUPFC series 
converter and the modified admittances due to the series coupling trans-
former of the converter. These necessitate modifications in the existing 
power flow codes.

In the proposed model, using Equation 6.21, these expressions become

 P PLINE Re Rec = = ( ) = −( )



+ab a a n cV I V Ise

* *
c

or

 
P V V Yab a q n c q a q y n c q

q

n p

= − − −( )+ +

=

+ +

∑ ( ) ( )

1

1

cos θ θ ϕ  (6.41)

The above equation is written because of the fact that the cth series con-
verter of the GUPFC is transformed into the (n + c)th power-flow bus in 
the proposed model. In a similar way,
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 Q V V Yab a q n c q a q y n c q

q

n p

= − − −( )+ +

=

+ +

∑ ( ) ( )

1

1

sin θ θ ϕ  (6.42)

From Equations 6.41 and 6.42, it can be observed that in the proposed 
model, both the line active and reactive power flows can be computed 
using very minor modifications of the existing power flow codes.

6.4  IMPLEMENTATION IN NEWTON POWER 
FLOW ANALYSIS

If the number of voltage-controlled buses is (m – 1), the power-flow problem 
for an n-bus system incorporated with x GUPFCs each having p series 
converters and one shunt converter can be formulated as follows:

Solve θθ, V, θθse, Vse, θθsh , and Vsh

Specified P, Q, PG, VB, PL, and QL

where:

 z px= number of seriesconverters =  (6.43)

Also,

 Number of shunt converters = x  (6.44)

 Total number of converters = = +w p x( )1  (6.45)

 θθ= = +[ ] [ ]2
T

1
Tθ θ n m nV VV  (6.46)

 θθse seV= =[ ] [ ]se1 se
T

se1 se
Tθ θ z zV V  (6.47)

 θθsh shV= =[ ] [ ]sh1 sh
T

sh1 sh
Tθ θ x xV V  (6.48)

 P Q= = +[ ] [ ]2
T

1
TP P Q Qn m n   (6.49)

 P VG B= =[ ] [ ]GUPFC1 GUPFC
T

BUS1 BUS
TP P V Vx x   (6.50)

 P QL L= =[ ] [ ]LINE1 LINE
T

LINE1 LINE
TP P Q Qz z   (6.51)

In Equations 6.50 and 6.51, PG, VB, PL, and QL represent the vectors of the 
specified real powers for the x GUPFCs, the SE bus voltages (at which the 
shunt converters of the x GUPFCs are connected), and the active and reac-
tive power flows of the z transmission lines, respectively. In Equations 6.46 
through 6.51, it is assumed that without any loss of generality, there are 
m generators connected at the first m buses of the system with bus 1 being 
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the slack bus. Thus, the basic power-flow equation for the Newton power 
flow solution is represented as
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∂
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 (6.52)

or
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 (6.53)

In the above equation, Jold is the conventional power-flow Jacobian subblock 
corresponding to the angle and voltage magnitude variables of the n-buses. 
The other Jacobian submatrices can be identified easily from Equation 6.53.

Now, in the proposed model, there are (n + w) buses. Thus, the quanti-
ties to be solved for power-flow are θθnew and Vnew, where

 θθnew newV= =+ + +[ ] and [ ]2
T

1
Tθ θ n m nw wV V  (6.54)

Thus, Equation 6.53 is transformed in the proposed model as
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 (6.55)
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where:

 ∆ ∆ ∆ ∆ ∆ ∆PQ [ P Q ] PQ [ P Q ]T T T
L L

T
L
T T= =  (6.56)

Also, JX1, JX2, JX3, and JX4 can be identified easily from Equation 6.55.
The elements of the matrix JX3 are either unity or zero, depending on 

whether an element of the vector VB is also an element of the vector Vnew 
or not. Thus, JX3 is a constant matrix known a priori and does not need to 
be computed.

Now, it can be shown that in Equation 6.55,

 1. The matrices JX1 and JX2 can be computed using existing Jacobian 
codes.

 2. The matrix JX4 can be computed using very minor modifications of 
the existing Jacobian codes.

The justification of the above two statements are shown as follows:
Let us first define for the proposed (n + w) bus system,

 Pnew = +[ ]2
TP Pn w  (6.57)

Subsequently, a new Jacobian matrix is computed as

 J

P P

V
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J
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∂

∂
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∂
∂

∂
∂
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=
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
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



 (6.58)

From Equations 6.33 and 6.34 of the proposed model, it can be observed 
that the expressions for Pi (2≤ ≤ +i n w) and Qi  (m i n+ ≤ ≤1 ) in Pnew  and Q, 
respectively (of Equation 6.58), can be computed using existing power flow 
codes. Hence, the matrix Jnew can be computed with existing codes for cal-
culating the Jacobian matrix.

From Equations 6.46, 6.49, and 6.57,

 

∂
∂

=
∂
∂
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
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5
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P

JXθθ
θθ  (6.59)

www.EngineeringEBooksPdf.com



Newton Power Flow Model of the GUPFC    ◾    185

where:

 
JX new new new new5 = ∂

∂
∂
∂

∂
∂

∂
∂







+ + + + − +P P P Pn n p n w p n w1 1

θθ θθ θθ θθ
   

TT

 (6.60)

From Equation 6.59, it is observed that the subblock ∂ ∂P newθθ  is contained 
within ∂ ∂Pnew newθθ . In a similar way, it can be shown that ∂ ∂P Vnew  is 
contained within ∂ ∂P Vnew new. Hence, once the matrix Jnew is computed 
(using existing codes), the matrix 

 
JX1

P P V

J

new new

=
∂ ∂ ∂ ∂











θθ
B

 

can be very easily extracted from the matrix Jnew using simple matrix 
extraction codes only. Hence, no fresh codes need to be written for com-
puting JX1.

Now, using Equation 6.38 in Equation 6.60,

 
∂

∂
+ + + =

∂
∂

+ +
θθ θθnew new[ ]P P P

P
n n n+p+1 2 1

GUPFC1
  (6.61)

Thus, in Equation 6.60, the sum of the first (p + 1) rows of JX5 equals 
∂ ∂PGUPFC1 θθnew (the first element of the Jacobian subblock ∂ ∂P new

G θθ ). 
Similarly, the sum of the last (p + 1) rows yields the last element of ∂ ∂P new

G θθ . 
Therefore, ∂ ∂P new

G θθ  can be easily extracted from ∂ ∂Pnew newθθ . In a simi-
lar way, it can be shown that ∂ ∂P Vnew

G  can also be easily extracted from 
∂ ∂Pnew newV . Hence the matrix JX2 P P Vnew new= ∂ ∂ ∂ ∂ G Gθθ  need not 
be computed—it can be formed from the matrix JA of Jnew by matrix extrac-
tion codes (in conjunction with codes for simple matrix row addition). 
Hence, both JX1 and JX2 need not be computed and can be extracted from 
Jnew (subsequent to its computation using existing Jacobian codes).

Subsequently, it is shown that in the proposed model, the matrix 
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L
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L
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L
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L
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=
∂ ∂ ∂ ∂
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
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




θθ
θθ

can be computed using very minor modifications of the existing Jacobian 
codes.
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Let c (1 ≤ c ≤ w) denote the GUPFC converter number. Now because 
an arbitrary GUPFC converter can be either a series or a shunt one, 
two expressions are possible for the converter number. Corresponding 
to the ath (1 ≤ a ≤ p) series converter of the bth (1 ≤ b ≤ x) GUPFC, 
c b p a= − + +( 1) 1)( . Similarly, corresponding to the shunt converter of 
the bth GUPFC, c b p= +( 1). In the proposed model, the cth GUPFC con-
verter is transformed to the (n + c)th fictitious power-flow bus. Hence, the 
expression for the active power flow in the line connected between any 
arbitrary SE and RE buses g and h, respectively, and incorporating the 
series converter c can be written (using Equation 6.41) as

 
P P V V Yc g q n c q g q y n c q

q

n w

LINE ( ) ( )

1

cos= = − − −( )+ +

=

+

∑gh θ θ ϕ  (6.62)

In a similar way, the reactive power flow can be written as

 
Q Q V V Ygh g q n c q g q y n c q

q

n w

LINE ( ) ( )

1

sinc = = − − −( )+ +

=

+

∑ θ θ ϕ  (6.63)

From Equations 6.62 and 6.63, it is observed that in the proposed model, 
both the line active PLINE i (1 ≤ i ≤ z) and reactive power flows QLINE i 
(1 ≤ i ≤ z) can be computed using very minor modifications of the exist-
ing power flow codes. Consequently, it can be shown that all the subblocks 
of JX4 can be computed using very minor modifications of the existing 
Jacobian codes, unlike with existing GUPFC models. This reduces the 
complexity of software codes substantially.

6.5  ACCOMMODATION OF GUPFC DEVICE 
LIMIT CONSTRAINTS

In this chapter, five major device limit constraints [82,83] of the GUPFC 
have been considered, and they are listed as follows:

 1. The series-injected voltage magnitude Vse
Lim

 2. The line current through the series converter I se
Lim

 3. The real power transfer through the dc link PDC
Lim

 4. The shunt converter current I sh
Lim

 5. The bus voltage on line side of the series converter Vm
Lim
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The device limit constraints have been accommodated by the principle 
that whenever a particular constraint limit is violated, it is kept at its 
specified limit, whereas a control objective is relaxed. Mathematically, this 
signifies the replacement of the Jacobian elements pertaining to the con-
trol objective by those of the constraint violated. The control strategies 
to incorporate the above five limits are detailed in the text that follows. 
For simplicity, we consider a single GUPFC with two series converters 
(installed in two different transmission lines) and a shunt converter. The 
original power flow control specifications considered are PLINE 1 and QLINE 1 
(for line 1), PLINE 2 and QLINE 2  (for line 2), and VBUS (for SE bus of line 2). 
It is to be noted that the choice of the SE bus voltage (of line 2) as a control 
objective is purely arbitrary. The SE bus voltage of line 1 could also be 
chosen.

 1. In this case,

 V Vse se
Lim=  (6.64)

  If Vse 1
Lim  is violated, Vn+1 is preset at the limit Vse 1

Lim , and either the line 
active (PLINE 1) or the reactive power flow (QLINE 1) control objective is 
relaxed for line 1. The corresponding relaxed active or reactive power 
mismatch is replaced by ∆V V Vn n+ += −1 se 1

Lim
1. The Jacobian elements 

are changed accordingly. If Vse 2
Lim  is violated, Vn+2 is fixed at the limit, 

and the control objective in vogue [line active (PLINE 2) or reactive 
power flow (QLINE 2)] is relaxed for line 2 with its mismatch replaced 
by ∆V V Vn n+ += −2 se 2

Lim
2. Again, the Jacobian elements are changed 

accordingly. As already discussed in Section 6.4, the corresponding 
row of the matrix JX3 would have all elements equal to zero except 
the entry pertaining to Vse, which would be unity.

 2. If I se 1
Lim is violated, In+1 is preset at the limit I se 1

Lim, and either the line 
active (PLINE 1) or reactive power flow (QLINE 1) control objective is 
relaxed for line 1. Thus, the corresponding mismatch is replaced by
∆I I In n+ += −1 se 1

Lim
1, where, for transmission line 1 (connected between 

SE and RE buses a and b, respectively), the expression for In+1 can be 
written using Equations 6.21 and 6.22 as

 In+ += = + + +1 1 2 3 4
1/2[e e e e ]I 1n  (6.65)
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  where:

 e1 ( 1)
2 2

( 1)
2 2

( 1)( 1)
2

1
2= + ++ + + + +Y V Y V Y Vn a a n b b n n n

 
e 2 cos2 ( 1) ( 1) ( 1) ( 1)= − + −( )+ + + +Y Y V Vn a n b a b a b y n a y n bθ θ ϕ ϕ

 e 2 cos3 ( 1) ( 1)( 1) 1 1 ( 1) ( 1)(= − + −+ + + + + + + +Y Y V Vn a n n a n a n y n a y n nθ θ ϕ ϕ 11)( )

 e 2 cos4 ( 1) ( 1)( 1) 1 1 ( 1) ( 1)(= − + −+ + + + + + + +Y Y V Vn b n n b n b n y n b y n nθ θ ϕ ϕ 11)( )

  The Jacobian elements are changed accordingly. If I se 2
Lim is violated, 

In+2 is preset at the limit I se 2
Lim, and the line active (PLINE 2) or reactive 

power flow (QLINE 2) control objective is relaxed for line 2, with its mis-
match and Jacobian elements changed accordingly. If, however, both 
Vse 1

Lim  and I se 1
Lim are violated, leniency is exercised on both PLINE 1 and 

QLINE 1 control objectives, which are replaced by ∆V V Vn n+ += −1 se 1
Lim

1 
and ∆I I In n+ += −1 se 1

Lim
1. The corresponding Jacobian elements are also 

replaced. The derivations of the expressions of e1, e2 , e3, and e4 are 
given in the Appendix.

 3. If PDC
Lim is violated, PDC is preset at the limit PDC

Lim, and either the PLINE 
or the QLINE  control objective is relaxed. Thus, the correspond-
ing line power flow (active or reactive) mismatch is replaced by 
∆P P PDC DC

Lim
DC= − , where, for transmission line 1 (connected between 

SE and RE buses a and b, respectively), the expression for PDC can be 
written using Equations 6.21 and 6.22 as

 

P

V V Yn a n a n a

DC

1 ( 1) 1cos

= −( )



 = ( )

= −+ + +

Re ReV I V Ise se
*

1 1
*

n+ n+

θ θ −−( )

+ − −( )

+

+

+ + + +

+ +

ϕ

ϕ

y( 1)

1 ( 1) 1 ( 1)

1
2

( 1

cos

n a

n b n b n b y n b

n n

V V Y

V Y

θ θ

))( 1) ( 1)( 1)cosn y n n+ + +ϕ

 (6.66)

  The Jacobian elements are changed accordingly.
  If, however, all three quantities PDC

Lim, I se 1
Lim, and I se 2

Lim (or say, PDC
Lim, 

Vse
Lim , and I se

Lim) are violated, all the control objectives, that is, the line 
active and reactive power flow of the first line along with the line 
active (reactive) power flow of the second line, are relaxed. The cor-
responding mismatches are replaced, along with the modification of 
the corresponding Jacobian elements.
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 4. If I sh
Lim is violated, In+3 (because the shunt converter is transformed to 

[n + 3]th power-flow bus for a GUPFC with two series and one shunt 
converters) is preset at the limit I sh

Lim, and the SE bus voltage control 
objective (for line 2) is relaxed, with the voltage mismatch replaced by 
∆I I In n+ += −3 3sh

Lim , where, for transmission line 2 (connected between 
SE and RE buses c and d, respectively), the expression for In+3 can be 
written using Equations 6.23 and 6.24 as

 I f fn n++3 3I= = +[ ]1 2
1/2 (6.67)

  where:

 f Y V Y Vn c c n n n1 ( 3)
2 2

( )( 3)
2

3
2= ++ + + +3

 f Y Y V Vn c n n c n c n y n c y n n2 ( 3) ( 3)( 3) 3 3 ( 3) ( )(2 cos= − + −+ + + + + + + +θ θ ϕ ϕ 3 33)( )
  The Jacobian elements are changed accordingly. The derivations of 

the expressions of f1 and f2 are given in the Appendix.

 5. If Vm1
Lim (bus voltage on the line side of the first series converter) is 

violated, Vm1 is preset at the limit Vm1
Lim , and either the line active 

(PLINE 1) or reactive power flow (QLINE 1) control objective is relaxed 
for line 1. The corresponding relaxed active or reactive power mis-
match is replaced by ∆V V Vm m m1 1

Lim
1= − , where, corresponding to 

line 1 ( connected between SE and RE buses a and b, respectively), it 
can be shown (using Figure 6.2) that

 
V

y V y V y V

y y y
1

se1 1 se1 se1

1 10 se1
m

a b=
+ −
+ +

 (6.68)

  where:

 V h h h hm1 1 2 3 4
1/2[ ]= = + + +V 1m  (6.69)

  where:

 h V V Va b n1 1
2 2

2
2 2

1
2

1
2c c c= + + +

 h V Va b a b2 1 22c c cos= − + −( )θ θ ϕ ϕc c1 2  

 h V Va n a n3 1
2

1 12c cos= − −( )+ +θ θ

 h V Vb n b n c c4 1 2 1 12c c cos= − − + −( )+ +θ θ ϕ ϕ2 1
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  The Jacobian elements are changed accordingly. The derivations of 
the expressions of h1 , h2 , h3, and h4 are given in the Appendix.

If Vm2
Lim  is violated, Vm2 is preset at the limit Vm2

Lim , and either the 
line active (PLINE 2) or reactive power flow (QLINE 2) control objective 
is relaxed for line 2. The corresponding relaxed active or reactive 
power mismatch is replaced by ∆V V Vm m m2 2

Lim
2= − . The Jacobian ele-

ments are replaced accordingly.

6.6 SELECTION OF INITIAL CONDITIONS
In this chapter, the initial conditions for the series voltage source(s) were 
chosen as Vse

0
se
0∠ = ∠−θ 0 1 2. ( / )π  p.u. following suggestions of [49], whereas 

those for the shunt voltage source were chosen as Vsh
0

sh
0 0∠ = ∠θ 1 0 0.  follow-

ing [60]. However, while enforcing the limits of shunt converter current, 
it was observed that adoption of this initial condition for the shunt volt-
age source makes the shunt converter current magnitude zero. As a con-
sequence, the Jacobians of the shunt converter current magnitude were 
rendered indeterminate (using Equation 6.68). This is shown in the Appendix. 
Modifying the shunt source initial condition to Vsh

0
sh
0∠ = ∠−θ 1 0 9. ( / )π  

solves this problem, without any observed detrimental effect on the 
convergence.

6.7 CASE STUDIES AND RESULTS
The proposed method was applied to the IEEE 300-bus system to validate 
its feasibility. In this test system, GUPFCs with multiple series converters 
and one shunt converter were included, and studies have been carried out 
for (1) converters without any device limit constraints and (2) practical 
converters with device limit constraints. In all the case studies, a conver-
gence tolerance of 10 12−  p.u. has been chosen. Although a large number of 
case studies confirmed the validity of the model, a few sets of representa-
tive results are presented below. As in Chapters 3 through 5, in all the 
subsequent tables, the symbol NI denotes the number of iterations taken 
by the algorithm.

6.7.1 Studies of GUPFCs without Any Device Limit Constraints

Case 1: In this case, a single GUPFC with three series converters and one 
shunt converter has been considered in the 300-bus system. The series 
converters are incorporated on the transmission line branches between 
buses  3-7 (converter 1), 3-19 (converter 2), and 3-150 (converter 3). 
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The  shunt converter is connected to bus number 3. The control references 
 chosen are as follows: P3-7

SP  = 270 MW and Q3-7
SP  = 10 MVAR (line 1), P3-19

SP  = 150 
MW and Q3-19

SP  = 10 MVAR (line 2), P3-150
SP  = 100 MW and Q3-19

SP  = 50 MVAR 
(line 3), and V3

SP  = 1.01 p.u. The results are shown in Table 6.1. For ready 
reference, the power-flow solution of the 300-bus system without any 
GUPFC is also shown in the table. The converged final values of the con-
trol objectives are shown in bold cases. From the table, it can be observed 
that in the presence of the GUPFC, values of the line active power flows 
can be maintained or enhanced, even for reduced levels of line reactive 
power flows.

The bus voltage profiles for this study without and with GUPFC are shown 
in Figure 6.3a and b, respectively. Further, the difference between the bus 
voltage magnitudes with and without GUPFC is shown in Figure  6.3c. 
From this figure, it is observed that in the presence of GUPFC, there is not 
much change in the bus voltage profile.

Case 2: In this case, two GUPFCs, each having two series converters and 
one shunt converter, have been considered in the 300-bus system. For the 
first GUPFC, the series converters are incorporated on the transmission line 

TABLE 6.1 Study of IEEE 300-Bus System with Single GUPFC 
Having Four Converters (No Device Limit Constraints)

Solution of Base Case Power Flow (without Any GUPFC)
NI = 7

Parameter Line 1 Line 2 Line 3

PLINE (MW) 260 138.75 95.06
QLINE (MVAR) 120.55 11.19 138.26
V3 (p.u.) 0.9969

Unconstrained Solution of GUPFC Quantities
NI = 7 

Series Converters

Quantity Converter 1 Converter 2 Converter 3

Vse (p.u.) 0.2746 0.1625 0.1075
θse –80.73° –87.03° –90.25°
Ise (p.u.) 2.6751 1.4884 1.107
PLine (MW) 270 150 100
QLine (MVAR) 10 10 50

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V3  (p.u.)

1.0184 6.95° 0.134 1.01
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branches between buses 2-3 (converter 1) and 86-102 (converter 2). The shunt 
converter is connected to bus number 86. The control references chosen are 
as follows: P2-3

SP = 50 MW and Q2-3
SP  = 10 MVAR (line 1), P86-102

SP  = 50 MW and 
Q86-102

SP  = 0 (line 2), and V86
SP = 1.02 p.u. For the second GUPFC, the series 

converters are incorporated on the transmission line branches between buses 
35-72 (converter 1) and 35-77 (converter 2). The shunt converter is connected 
to bus number 35. The control references chosen are as follows: P35-72

SP  = 50 
MW and Q72-35

SP  = 5 MVAR (line 1), P35-77
SP  = 50 MW and Q35-77

SP  = 0 (line 2), 
and V35

SP = 0.98 p.u. The results are shown in Table 6.2. The converged final 
values of the control objectives are again shown in bold cases.

The bus voltage profiles for this study without and with GUPFCs are 
shown in Figure 6.4. From this figure, it is observed that in the presence of 
GUPFCs, there is very little change in the bus voltage profiles. 

It is important to note that the choices of Q86-102
SP

 = 0 and Q35-77
SP

 = 0 for 
the second transmission lines (line 2) of both the GUPFCs are purely 
arbitrary. It only shows that desirable levels of line active power flows can 
be maintained by the GUPFC even when the line reactive power flows 

0 50 100 150 200 250 300
0.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 300
0.9158
0.9552
0.9947
1.0341
1.0735

p.
u.

0 50 100 150 200 250 300
−1.8844

3.2977
8.4797

13.6618
18.8439

×10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 6.3 Bus voltage profile corresponding to the case study of Table 6.1. 
(a)  Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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are enforced to zero. Subsequently, both the values of the line reactive 
power flows (Q86-102

SP  and Q35-77
SP ) are modified to –10 and –5 MVAR, respec-

tively. All other control objectives are maintained identical to the values 
given above (in the first part of case 2). The results are given in Table 6.3. 
It is observed that the proposed algorithm again converges to the modified 
control objectives with the same number of iterations. This demonstrates 
the versatility of the proposed technique.

 The bus voltage profiles for this study without and with GUPFCs are 
shown in Figure 6.5. From this figure, it is observed that in the presence of 
GUPFCs, there is very little change in the bus voltage profile.

6.7.2 Studies of GUPFCs with Device Limit Constraints

In these case studies, various device limit constraints have been consid-
ered for GUPFCs incorporated in the 300-bus test system. As already 

TABLE 6.2  First Study of IEEE 300-Bus System with Two GUPFCs (No Device Limit 
Constraints)

Solution of Base Case Power Flow (without Any GUPFC)
NI = 6

Lines Corresponding to Converter 1 Lines Corresponding to Converter 2

Parameter Line 1 Line 2 Line 1 Line 2
PLINE (MW) 36.03 37.95 48.7 –47.69
QLINE  (MVAR) 73.23 –19.93 1.87 –10.3
VBUS  (SE) (p.u.) V86  = 0.991 V35  = 0.9755

Unconstrained Solution of GUPFC Quantities
NI = 7 

Series Converters

GUPFC 1
(In Double-Line System 1) 

GUPFC 2
(In Double-Line System 2)

Quantity Converter 1 Converter 2 Converter 1 Converter 2

Vse (p.u.) 0.0683 0.0711 0.0918 0.1225
θse –52.92° –96.65° –110.88° –123.74°
Ise (p.u.) 0.4867 0.4902 0.5127 0.5102
PLine (MW) 50 50 50 50
QLine (MVAR) 10 0 –5 0

Shunt Converters

GUPFC 1 GUPFC 2

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) Vsh (p.u.) θsh Ish (p.u.) V35 (p.u.)

1.0817 –14.58° 0.6175 1.02 1.0568 –27.13° 0.7685 0.98
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TABLE 6.3  Second Study of IEEE 300-Bus System with Two GUPFCs (No Device 
Limit Constraints)

Unconstrained Solution of GUPFC Quantities
NI = 7 

Series Converters

GUPFC 1
(In Double-Line System 1) 

GUPFC 2
(In Double-Line System 2) 

Quantity Converter 1 Converter 2 Converter 1 Converter 2

Vse (p.u.) 0.0683 0.0769 0.0921 0.1227
θse –52.92° –83.63° –110.55° –120.26°
Ise (p.u.) 0.4867 0.4999 0.5127 0.5127
PLine (MW) 50 50 50 50
QLine (MVAR) 10 –10 –5 –5

Shunt Converters

GUPFC 1
(In Double-line System 1)

GUPFC 2
(In Double-Line System 2)

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) Vsh (p.u.) θsh Ish (p.u.) V35 (p.u.)

1.072 –14.57° 0.5208 1.02 1.0519 –27.15° 0.7191 0.98

0 50 100 150 200 250 3000.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 3000.9143
0.9541
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300−0.0029
0.0052
0.0133
0.0214
0.0295

Bus number(c)

(b)

(a)

p.
u.

×10−3

FIGURE 6.4 Bus voltage profile corresponding to the case study of Table 6.2. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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mentioned in Section 6.5, five major device constraint limits have been 
considered. In the 300-bus test system, case studies were carried out for 
implementation of these limit constraints in five different ways: (1) limit 
violation of a single constraint, (2) limit violations of two different con-
straints simultaneously, (3) limit violations of all three different constraints 
simultaneously, (4) limit violations of four different constraints simultane-
ously, and (5) limit violations of all five different constraints simultane-
ously. For simplicity, in the 300-bus test system, a GUPFC with two series 
converters and a shunt converter (minimum possible configuration) is 
considered. The power flow solutions for this GUPFC without any device 
limit constraint are obtained in the 300-bus test system. The details of the 
GUPFC series and shunt converters considered are as follows.

Case 3: As already mentioned, in the 300-bus test system, a GUPFC with 
two series converters and a shunt converter has been considered. The series 
converters are incorporated in the transmission line branches between 
buses 2-3 (converter 1) and 86-102 (converter 2). The control references 
chosen are as follows: P2-3

SP = 50 MW and Q2-3
SP  = 5 MVAR (line 1), P86-102

SP  = 
50 MW and Q86-102

SP  = 0 (line 2), and V86
SP  = 1.0 p.u. The results are shown 

0 50 100 150 200 250 300
0.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 300
0.9143
0.9541
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300
−0.0029

0.0052
0.0133
0.0214
0.0295

Bus number(c)

(b)

(a)

p.
u.

×10−3

FIGURE 6.5 Bus voltage profile corresponding to the case study of Table 6.3. 
(a)  Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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in Table 6.4. From this table, it can be observed that in the presence of the 
GUPFC, the enhanced level of active power flow can be maintained in line 
1, even though the reactive power flow in the line is reduced. It may again 
be noted that the choice of Q86-102

SP  = 0 for line 2 is purely arbitrary and 
that the proposed technique is applicable equally well for any other suitably 
chosen nonzero value of Q86-102

SP . This is demonstrated by modifying the 
control objective to Q86-102

SP  = –1 MVAR. All other control objective values 
are kept identical to those in Table 6.4. The results are given in Table 6.5. It 
is observed from this table that the power flow solution again converges to 
the modified value of control objectives (shown in bold cases). The bus volt-
age profiles for these two cases (both without and with GUPFCs) are shown 
in Figures 6.6 and 6.7, respectively. From these figures, it is observed that 
in the presence of GUPFCs, the bus voltage profiles do not change much.

Subsequent to the power flow solutions obtained (Table 6.5) without 
any device limit constraints, the various constraint limits of the GUPFC 

TABLE 6.4 First Study of IEEE 300-Bus System with 
Single GUPFC having Three Converters (No Device Limit 
Constraints)

Solution of Base Case Power Flow (without Any GUPFC)
NI = 6

Parameter Line 1 Line 2

PLINE (MW) 36.03 37.95
QLINE (MVAR) 73.23 –19.93
V86 (p.u.) 0.991

Unconstrained Solution of GUPFC Quantities
NI = 7 

Series Converters

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0727 0.0719 
θse –47.45° –112.6°
Ise (p.u.) 0.4794 0.5
PDC (p.u.) –0.0228 0.005
PLine (MW) 50 50
QLine (MVAR) 5 0
Vm (p.u.) 1.001 1.0097

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0338 –14.54° 0.3383 1.0 0.0178
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TABLE 6.5 Second Study of IEEE 300-Bus System with 
Single GUPFC Having Three Converters (No Device Limit 
Constraints)

Unconstrained Solution of GUPFC Quantities
NI = 8

Series Converters

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0727 0.0718 
θse –47.45° –111.16°
Ise (p.u.) 0.4794 0.5001
PDC (p.u.) –0.0228 0.0048
PLine (MW) 50 50
QLine (MVAR) 5 –1
Vm (p.u.) 1.001 1.0089

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0328 –14.54° 0.3284 1.0 0.018
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Bus number(c)
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FIGURE 6.6 Bus voltage profile corresponding to the case study of Table 6.4. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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are enforced. For this purpose, the same converter configurations (series 
and shunt) as those considered in Table 6.5 have been maintained. The 
control objectives (as applicable while imposing single, double, or multiple 
device limit constraints) have also been maintained at the same values as 
those adopted in Table 6.5. Although a large number of case studies were 
carried out for implementation of these limit constraints, only a few sets 
of representative results are as follows. In this context, it is again impor-
tant to note that various constraint limits of the GUPFC can be enforced 
equally well for the case study shown in Table 6.4.

Case 4: In this case, the violations of only the injected voltage of series 
converter 1 (Vse 1

Lim) have been studied. Following the philosophy described 
in Section 6.5, this limit has been imposed by relaxing QLINE  for line 1. The 
power flow solutions are shown in Table 6.6. The converged final values of 
the constrained variable along with the values of the control objectives are 
shown in bold cases.

The bus voltage profile for the sixth case study without and with GUPFC 
is shown in Figure 6.8. From this figure, it is again observed that in the 
presence of GUPFC, there is very little change in the bus voltage profile.
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FIGURE 6.7 Bus voltage profile corresponding to the case study of Table 6.5. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with GUPFC; 
(c) voltage magnitude difference.
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TABLE 6.6 Study of IEEE 300-Bus System with GUPFC 
Constraint Limit of Vse1

Lim 

Solution of GUPFC Quantities with Limit on Series Injected 
Voltage of Converter 1 Only

NI = 7 

Series Converters

Specified converter 1 voltage limit: Vse1
Lim = 0.07 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.07 0.0718 
θse –50.61° –111.16°
Ise (p.u.) 0.4833 0.5001
PDC (p.u.) –0.0223 0.0048
PLine (MW) 50 50
QLine (MVAR) 8.06 –1
Vm (p.u.) 1.0027 1.0089

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0328 –14.54° 0.3283 1.0 0.0175
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FIGURE 6.8 Bus voltage profile corresponding to the case study of Table 6.6. 
(a)  Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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Case 5: In this case too, the violations of only the injected voltage of 
series converter 2 (Vse 2

Lim) have been studied. As already described in Section 
6.5, this limit has been imposed by relaxing PLINE for line 2. The results are 
shown in Table 6.7. The converged final values of the constrained variable 
along with the values of the control objectives are again shown in bold 
cases. In this context, it may be noted that the limit could also be enforced 
by relaxing QLINE  for line 2.

The bus voltage profile for this case study is shown in Figure 6.9. From 
this figure, it is again observed that the presence of GUPFC hardly changes 
the bus voltage profile. 

Case 6: In this case, the violation of the bus voltage limit Vm1 on the line 
side of the first series converter has been studied. As already described 
in Section 6.5, this limit has been imposed by relaxing QLINE  for line 1. 
The results are given in Table 6.8. The bus voltage profile for this study is 
shown in Figure 6.10. From this figure, it is again observed that the pres-
ence of GUPFCs hardly changes the bus voltage profile.

Case 7: In this case, the violation of the bus voltage limit Vm2 on the line 
side of the second series converter has been studied. This limit has been 
imposed by relaxing QLINE  for line 2. The results are given in Table 6.9. The 
bus voltage profile for this case is shown in Figure 6.11. From this figure, 

TABLE 6.7 Study of IEEE 300-Bus System with GUPFC 
Constraint Limit of Vse2

Lim 

Solution of GUPFC Quantities with Limit on Series Injected 
Voltage of Converter 2 Only

NI = 7 

Series Converters

Specified converter 2 voltage limit: Vse2
Lim = 0.07 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0727 0.068 
θse –47.44° –111.27°
Ise (p.u.) 0.4794 0.4877
PDC (p.u.) –0.0228 0.0045
PLine (MW) 50 48.76
QLine (MVAR) 5 –1
Vm (p.u.) 1.001 1.0086 

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0326 –14.48° 0.3263 1.0 0.0183
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TABLE 6.8 Study of IEEE 300-Bus System with GUPFC 
Constraint Limit of V m 1

Lim 

Solution of GUPFC Quantities with Bus Voltage Limit on the 
Line Side of Series Converter 1 Only

NI = 7

Series Converters

Specified bus voltage limit on the line side of series 
converter 1: V m 1

Lim = 1.0 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0745 0.0717 
θse –45.54° –111.16°
Ise (p.u.) 0.4779 0.5001
PDC (p.u.) –0.0232 0.0048
PLine (MW) 50 50
QLine (MVAR) 3.03 –1
Vm (p.u.) 1.0 1.0089 

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0328 –14.53° 0.3285 1.0 0.0184

0 50 100 150 200 250 300
0.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 300
0.9142
0.9540
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300
−1.2864

2.2513
5.7890
9.3267

12.8644 ×10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 6.9 Bus voltage profile corresponding to the case study of Table 6.7. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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TABLE 6.9 Study of IEEE 300-Bus System with GUPFC 
Constraint Limit of Vm2

Lim 

Solution of GUPFC Quantities with Bus Voltage Limit on the 
Line Side of Series Converter 2 Only

NI = 9

Series Converters

Specified bus voltage limit on the line side of series 
converter 2: V m 2

Lim = 1.0 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0727 0.0738 
θse –47.44° –95.38°
Ise (p.u.) 0.4794 0.5144
PDC (p.u.) –0.0228 0.0029
PLine (MW) 50 50
QLine (MVAR) 5 –12
Vm (p.u.) 1.001 1.0

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0219 –14.52° 0.2193 1.0 0.0199
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FIGURE 6.10 Bus voltage profile corresponding to the case study of Table 6.8. 
(a)  Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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it is again observed that the presence of GUPFC hardly changes the bus 
voltage profile.

Case 8: In this case, the violation of only the dc link power transfer 
of series converter 2 (PDC2

Lim) have been studied. Following the philosophy 
described in Section 6.5, this limit has been imposed by relaxing QLINE  for 
line 2. The results are given in Table 6.10. The bus voltage profile for this 
study is shown in Figure 6.12. From this figure, it is again observed that 
the bus voltage profile does not change much in the presence of GUPFC.

Case 9: In this case, simultaneous limit violations of the series injected 
voltage (Vse 1

Lim) and the dc link power transfer (PDC1
Lim) of converter 1 have been 

considered. The limits have been imposed by relaxing the active (PLINE) and 
reactive power flow (QLINE) control objectives for the first transmission line, 
following the philosophy described in Section 6.5. The results are given in 
Table 6.11.

From this table, it can be observed from the power flow solution that the value 
of the reactive power flow QLINE1 for the first transmission line (correspond-
ing series converter 1) shows an impractically wide variation (26.7 MVAR) 
from its unconstrained value (5 MVAR) even for a very small variation in 
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FIGURE 6.11 Bus voltage profile corresponding to the case study of Table 6.9. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.

www.EngineeringEBooksPdf.com



204   ◾   Flexible AC Transmission Systems (FACTS)

TABLE 6.10 Study of IEEE 300-Bus System with GUPFC 
Constraint Limit of PDC2

Lim  

Solution of GUPFC Quantities with Limit of DC Link Power 
Transfer for Series Converter 2 Only

NI = 11

Series Converters

Specified dc link power transfer limit of series converter 2: 
PDC2

Lim  = 0.0046 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0727 0.0717
θse –47.45° –109.61°
Ise (p.u.) 0.4794 0.5004
PDC (p.u.) –0.0228 0.0046
PLine (MW) 50 50
QLine (MVAR) 5 –2.07
Vm (p.u.) 1.001 1.008

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0318 –14.53° 0.3178 1.0 0.0182
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FIGURE 6.12 Bus voltage profile corresponding to the case study of Table 6.10. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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the values of Vse 1
Lim(0.0725 p.u.) and PDC1

Lim (–0.0227 p.u.) from their uncon-
strained values (0.0727 and –0.0228 p.u., respectively). The same is also true 
for the values of PLINE1 and I se1. Thus, the power flow solution obtained is not 
a realistic one (unrealistic values of complex bus voltages, converter currents, 
and power flows). These unrealistic power flow solutions (corresponding to 
series converter 1) are highlighted in bold cases in Table 6.11.

To investigate the convergence pattern and the final power flow solu-
tion vis-à-vis varying values of Vse

0 , further case studies were again carried 
out. Some representative convergence patterns are presented in Table 6.12. 
Those with double asterisks (**) indicate unrealistic power flow solutions.

TABLE 6.11 Initial Study of IEEE 300-Bus System with 
GUPFC Constraint Limits of Vse1

Lim and PDC1
Lim  

Solution of GUPFC Quantities with Twin Limits of Series 
Injected Voltage and DC Link Power Transfer for Converter 1

NI = 9

Series Converters

Specified voltage limit of series converter 1: Vse1
Lim = 0.0725 p.u.

Specified dc link power transfer limit of series converter 1: 
PDC1

Lim  = –0.0227 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0725 0.0717 
θse –76.48° –111.15°
Ise (p.u.) 0.605 0.5001
PDC (p.u.) –0.0227 0.0048
PLine (MW) 57.4 50
QLine (MVAR) 26.7 –1
Vm (p.u.) 1.0127 1.0089 

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0327 –14.52° 0.3272 1.0 0.0179

TABLE 6.12 Effect of Variation of Vse
0  on the Power Flow Solution for the Study of Table 6.11

Initial Condition for Vse
0

Vse
0  (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for Converter 2

I se2 (p.u.) 0.605 0.4757 0.605 0.605 0.4757 0.605 0.605 0.4757 0.4757
PLine1 (MW) 57.4 49.65 57.4 57.4 49.65 57.4 57.4 49.65 49.65
QLine1 (MVAR) 26.7 4.65 26.7 26.7 4.65 26.7 26.7 4.65 4.65
NI 7** 9 10** 9** 11 9** 8** 10 10
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The realistic final power flow solutions (corresponding to Vse
0 = 0.08 p.u) 

are shown in Table 6.13. The converged final values of the constrained 
variable along with the values of the control objectives are shown in bold 
cases.

The bus voltage profile for this study is shown in Figure 6.13. From this 
figure, it is again observed that the presence of GUPFCs hardly changes 
the bus voltage profile.

Case 10: In this case, simultaneous limit violations of the series injected 
voltage (Vse 2

Lim) and the dc link power transfer (PDC2
Lim) of converter 2 have 

been considered. The limits have been imposed by relaxing the active 
(PLINE) and reactive power flow (QLINE) control objectives for the second 
transmission line. The results are given in Table 6.14.

The bus voltage profile for this study is shown in Figure 6.14. From this 
figure, it is again observed that the bus voltage profile does not change 
much in the presence of GUPFC.

Case 11: In this case, simultaneous limit violations of three quantities, 
that is, the dc link power transfer (PDC1

Lim) and the injected voltage (Vse1
Lim) of 

the first series converter (in line 1) along with the line current (I se 2
Lim) in the 

second series converter (in line 2), have been considered. For enforcing these 

TABLE 6.13 Final Study of IEEE 300-Bus System with 
GUPFC Constraint Limits of Vse1

Lim and PDC1
Lim  

Solution of GUPFC Quantities with Twin Limits of Series 
Injected Voltage and DC Link Power Transfer for Converter 1

NI = 9 (with Vse
0  = 0.08 p.u.)

Series Converters

Specified voltage limit of series converter 1: Vse1
Lim = 0.0725 p.u.

Specified dc link power transfer limit of series converter 1: 
PDC1

Lim  = –0.0227 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0725 0.0718 
θse –46.81° –111.16°
Ise (p.u.) 0.4757 0.5001
PDC (p.u.) –0.0227 0.0048
PLine (MW) 49.65 50
QLine (MVAR) 4.65 –1
Vm (p.u.) 1.0009 1.0089

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0328 –14.54° 0.3284 1.0 0.0179
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TABLE 6.14 Study of IEEE 300-Bus System with GUPFC 
Constraint Limits of Vse2

Lim and PDC2
Lim  

Solution of GUPFC Quantities with Twin Limits of Series 
Injected Voltage and DC Link Power Transfer for Converter 2

NI = 7

Series Converters

Specified voltage limit of series converter 2: V Se2
Lim = 0.07 p.u.

Specified dc link power transfer limit of series converter 2: 
PDC2

Lim  = 0.0047 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0727 0.07 
θse –47.44° –111.36°
Ise (p.u.) 0.4794 0.4942
PDC (p.u.) –0.0228 0.0047
PLine (MW) 50 49.42
QLine (MVAR) 5 –0.9
Vm (p.u.) 1.001 1.0089

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0328 –14.51° 0.3284 1.0 0.0181
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FIGURE 6.13 Bus voltage profile corresponding to the case study of Table 6.13. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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limits, both PLINE and QLINE  of line 1 as well as PLINE of line 2 are relaxed fol-
lowing the discussion in Section 6.5. The results are presented in Table 6.15.

From this table, it can be observed from the power flow solution that the 
value of the reactive power flow QLINE1 for the first transmission line (cor-
responding series converter 1) shows an impractically wide variation (26.28 
MVAR) from its unconstrained value (5 MVAR) even for a very small vari-
ation in the values of Vse 1

Lim(0.072 p.u.) and PDC1
Lim (–0.0226 p.u.) from their 

unconstrained values (0.0727 and –0.0228 p.u., respectively). The same 
is also true for the values of PLINE1 and I se1. Thus, the power flow solution 
obtained is not a realistic one. These unrealistic power flow solutions (cor-
responding to series converter 1) are highlighted in bold cases in Table 6.15.

To investigate the convergence pattern and the final power flow solu-
tion vis-à-vis varying values of Vse

0 , further case studies were again carried 
out. Some representative convergence patterns are presented in Table 6.16. 
Those with double asterisks (**) indicate unrealistic power flow solutions.

The realistic power flow solution (corresponding to Vse
0 = 0.08 p.u.) is 

shown in Table 6.17. The converged final values of the constrained variable 
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FIGURE 6.14 Bus voltage profile corresponding to the case study of Table 6.14. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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along with the values of the control objectives are shown in bold cases. In 
this context, it is important to note that the limit of I se 2

Lim could be enforced 
equally well by relaxing QLINE 2 (instead of PLINE 2).

The bus voltage profile for this study is shown in Figure 6.15. From this 
figure, it is again observed that the bus voltage profile does not change 
much in the presence of GUPFC. 

Case 12: In this case too, simultaneous limit violations of three more 
quantities, that is, the dc link power transfer (PDC2

Lim) and the injected volt-
age (Vse

Lim
2 ) of the second series converter (in line 2) along with the line 

TABLE 6.15 Initial Study of IEEE 300-Bus System with 
GUPFC Constraint Limits of Vse1

Lim, PDC1
Lim, and I se2

Lim 

Solution of GUPFC Quantities with Three Simultaneous Limits 
of DC Link Power Transfer and Injected Voltage of Series 
Converter 1 along with Line Current of Series Converter 2 

NI = 7

Series Converters

Specified dc link power transfer limit: PDC1
Lim = –0.0226 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.072 p.u.

Specified line current limit of converter 2: I se 2
Lim = 0.48 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.072 0.0656 
θse –75.9° –111.33°
Ise (p.u.) 0.6003 0.48
PDC (p.u.) –0.0226 0.0044
PLine (MW) 57.06 47.99
QLine (MVAR) 26.28 –1
Vm (p.u.) 1.0124 1.0085

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0323 –14.43° 0.3238 1.0 0.0182

TABLE 6.16 Effect of Variation of Vse
0  on the Power Flow Solution for the Study of Table 6.15

Initial Condition for Vse

Vse
0  (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for Converter 2

I se1 (p.u.) 0.6003 0.4761 0.6003 0.6003 0.6003 0.6003 0.6003 0.4761 0.6003
PLine1 (MW) 57.06 49.63 57.06 57.06 57.06 57.06 57.06 49.63 57.06
QLine1 (MVAR) 26.28 5.19 26.28 26.28 26.28 26.28 26.28 5.19 26.28
NI 7** 7 9** 10** 10** 9** 9** 9 11**
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TABLE 6.17 Final Study of IEEE 300-Bus System with 
GUPFC Constraint Limits of Vse1

Lim, PDC1
Lim , and I se2

Lim 

Solution of GUPFC Quantities with Three Simultaneous Limits 
of DC Link Power Transfer and Injected Voltage of Series 
Converter 1 along with Line Current of Series Converter 2 

NI = 7 (with Vse
0  = 0.08 p.u.)

Series Converters

Specified dc link power transfer limit: PDC1
Lim = –0.0226 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.072 p.u.

Specified line current limit of converter 2: I se 2
Lim = 0.48 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.072 0.0657 
θse –47.33° –111.34°
Ise (p.u.) 0.4761 0.48
PDC (p.u.) –0.0226 0.0044
PLine (MW) 49.63 47.99
QLine (MVAR) 5.19 –1
Vm (p.u.) 1.0011 1.0085

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0325 –14.45° 0.325 1.0 0.0182
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FIGURE 6.15 Bus voltage profile corresponding to the case study of Table 6.17. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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current (I se 1
Lim) in the first series converter (in line 1), have been considered. 

For enforcing these limits, both PLINE and QLINE  of line 2 as well as QLINE  of 
line 1 are relaxed. The results are presented in Table 6.18.

The bus voltage profile for this study is shown in Figure 6.16. From this 
figure, it is again observed that in the presence of GUPFC, the bus voltage 
profile shows little change.

Case 13: In this case, simultaneous limit violations of four different 
quantities, that is, the dc link power transfer (PDC1

Lim) and the injected volt-
age (Vse1

Lim ) of the first series converter (in line 1), and the line current 
(I se 2

Lim) and the bus voltage on the line side Vm2 of the second series con-
verter (in line 2), have been considered. For enforcing these limits, both 
PLINE  and QLINE of line 1 along with PLINE  and QLINE  of line 2 are relaxed, 
following the discussion in Section 6.5. The results are presented in 
Table 6.19.

From this table, it can be observed from the power flow solution that 
the value of the reactive power flow QLINE1 for the first transmission line 
(corresponding series converter 1) shows an impractically wide variation 

TABLE 6.18  Study of IEEE 300-Bus System with GUPFC 
Constraint Limits of Vse1

Lim, PDC1
Lim , and I se2

Lim 

Solution of GUPFC Quantities with Three Simultaneous Limits 
of DC Link Power Transfer and Injected Voltage of Series 
Converter 2 along with Line Current of Series Converter 1 

NI = 10

Series Converters

Specified dc link power transfer limit: PDC2
Lim  = 0.0047 p.u.

Specified voltage limit of converter 2: Vse2
Lim = 0.071 p.u.

Specified line current limit of converter 1: I se1
Lim = 0.4792 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0729 0.071
θse –47.2° –110.8°
Ise (p.u.) 0.4792 0.4977
PDC (p.u.) –0.0229 0.0047
PLine (MW) 50 49.75
QLine (MVAR) 4.75 –1.26
Vm (p.u.) 1.0009 1.0086

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0325 –14.45° 0.3254 1.0 0.0182
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(26.29 MVAR) from its unconstrained value (5 MVAR) even for a very small 
variation in the values of Vse1

Lim (0.072 p.u.) and PDC1
Lim (–0.0226 p.u.) from their 

unconstrained values (0.0727 and –0.0228 p.u., respectively). The same is 
also true for the values of I sel, PLINE1, and Vm1. Thus, the power flow solution 
obtained is not a realistic one. These unrealistic power flow solutions (cor-
responding to series converter 1) are highlighted in bold cases in Table 6.19.

To investigate the convergence pattern and the final power flow solu-
tion vis-à-vis varying values of Vse

0, further case studies were again carried 
out. Some representative convergence patterns are presented in Table 6.20. 
Those with double asterisks (**) indicate unrealistic power flow solutions.

The realistic power flow solution (corresponding to Vse
0 = 0.08 p.u.) is 

shown in Table 6.21. The converged final values of the constrained variable 
along with the values of the control objectives are shown in bold cases.

 The bus voltage profile for this study is shown in Figure 6.17. From this 
figure, it is again observed that the bus voltage profile does not change 
much in the presence of GUPFC. 

Case 14: In this case too, simultaneous limit violations of four more quanti-
ties, that is, the dc link power transfer (PDC2

Lim ) and the injected voltage (Vse2
Lim) of 

0 50 100 150 200 250 3000.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 3000.9142
0.9540
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300−1.2883
2.2545
5.7972
9.3400

12.8827

Bus number(c)

(b)

(a)

p.
u.

×10−3

FIGURE 6.16 Bus voltage profile corresponding to the case study of Table 6.18. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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the second series converter (in line 2) along with the line current (I se1
Lim) and the 

bus voltage on the line side Vm1 of the first series converter (in line 1), have been 
considered. For enforcing these limits, both PLINE and QLINE of line 2 along with 
PLINE and QLINE of line 1 are relaxed. The results are presented in Table 6.22.

The bus voltage profile for this study is shown in Figure 6.18. From this 
figure, it is again observed that in the presence of GUPFC, the bus voltage 
profile shows little change.

TABLE 6.19  Study of IEEE 300-Bus System with GUPFC 
Constraint Limits of Vse1

Lim, PDC1
Lim , I se2

Lim, and Vm2
Lim

Solution of GUPFC Quantities with Four Simultaneous Limits 
of DC Link Power Transfer and Injected Voltage of Series 
Converter 1, and the Line Current and the Line Side Bus 

Voltage of Series Converter 2
NI = 7

Series Converters

Specified dc link power transfer limit: PDC1
Lim = –0.0226 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.072 p.u.

Specified line current limit of converter 2: I se2
Lim = 0.48 p.u.

Specified line side bus voltage limit of converter 2: Vm2
Lim = 1.0 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.072 0.0634 
θse –75.9° –94.62°
Ise (p.u.) 0.6003 0.48
PDC (p.u.) –0.0226 0.0019
PLine (MW) 57.06 46.68
QLine (MVAR) 26.29 –11.17
Vm (p.u.) 1.0124 1.0

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0221 –14.35° 0.2214 1.0 0.0207

TABLE 6.20 Effect of Variation of Vse
0  on the Power Flow Solution for the Study of Table 6.19

Initial Condition for Vse

Vse
0  (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for Converter 2

I se1 (p.u.) 0.6003 0.4762 0.6003 0.6003 0.6003 0.6003 0.6003 0.4762 0.6003
PLine1 (MW) 57.06 49.63 57.06 57.06 57.06 57.06 57.06 49.63 57.06
QLine1  (MVAR) 26.29 5.2 26.29 26.29 26.29 26.29 26.29 5.2 26.29
Vm1 (p.u.) 1.0124 1.0011 1.0124 1.0124 1.0124 1.0124 1.0124 1.0011 1.0124
NI 7** 7 9** 9** 10** 9** 10** 9 15**
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TABLE 6.21  Final Study of IEEE 300-Bus System with GUPFC 
Constraint Limits of Vse1

Lim, PDC1
Lim , I se2

Lim, and Vm2
Lim

Solution of GUPFC Quantities with Four Simultaneous Limits of DC Link 
Power Transfer and Injected Voltage of Series Converter 1, and the Line 

Current and the Line Side Bus Voltage of Series Converter 2
NI = 7 (with Vse

0  = 0.08 p.u.)

Series Converters

Specified dc link power transfer limit: PDC1
Lim = –0.0226 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.072 p.u.

Specified line current limit of converter 2: I se 2
Lim = 0.48 p.u.

Specified line side bus voltage limit of converter 2: Vm2
Lim = 1.0 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.072 0.0635 
θse –47.34° –94.65°
Ise (p.u.) 0.4762 0.48
PDC (p.u.) –0.0226 0.0019
PLine (MW) 49.63 46.68
QLine (MVAR) 5.2 –11.17
Vm (p.u.) 1.0011 1.0

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0222 –14.37° 0.2226 1.0 0.0207
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0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 300
0.9142
0.9540
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300
−1.2851

2.2489
5.7829
9.3169

12.8509
×10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 6.17 Bus voltage profile corresponding to the case study of Table 6.21. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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TABLE 6.22 Study of IEEE 300-Bus System with GUPFC 
Constraint Limits of Vse2

Lim, PDC2
Lim , I se1

Lim, and Vm1
Lim

Solution of GUPFC Quantities with Four Simultaneous Limits of DC 
Link Power Transfer and Injected Voltage of Series Converter 2, and 

the Line Current and Line Side Bus Voltage of Series Converter 1
NI = 7

Series Converters

Specified dc link power transfer limit: PDC2
Lim = 0.0047 p.u.

Specified voltage limit of converter 2: Vse2
Lim = 0.071 p.u.

Specified line current limit of converter 1: I se1
Lim = 0.479 p.u.

Specified line side bus voltage limit of converter 1: Vm1
Lim = 1.0 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0747 0.071 
θse –45.63° –110.79°
Ise (p.u.) 0.479 0.4978
PDC (p.u.) –0.0232 0.0047
PLine (MW) 50.12 49.76
QLine (MVAR) 3.03 –1.27
Vm (p.u.) 1.0 1.0086

Shunt Converter

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

1.0325 –14.52° 0.3254 1.0 0.0185

0 50 100 150 200 250 3000.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 3000.9142
0.9540
0.9939
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300−1.3011
2.2769
5.8548
9.4328

13.0107 ×10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 6.18 Bus voltage profile corresponding to the case study of Table 6.22. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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Case 15: In this case, simultaneous limit violations of all five quantities, 
that is, the dc link power transfer (PDC1

Lim) and the injected voltage (Vse1
Lim) of 

the first series converter (in line 1), the line current (I se2
Lim) and the bus volt-

age on the line side Vm2
Lim of the second series converter (in line 2), and the 

shunt converter current (I sh
Lim), have been considered. For enforcing these 

limits, both PLINE and QLINE  of line 1 as well as line 2 and the SE bus voltage 
control objective (V86) are relaxed, following the discussion in Section 6.5. 
The results are presented in Table 6.23.

From this table, it can be observed from the power flow solution that the 
value of the reactive power flow QLINE1 for the first transmission line (cor-
responding series converter 1) shows an impractically wide variation (27.39 
MVAR) from its unconstrained value (5 MVAR) even for a very small 
variation in the values of Vse1

Lim  (0.07 p.u.) and PDC1
Lim (–0.022 p.u.) from their 

unconstrained values (0.0727 and –0.0228 p.u., respectively). The same is 
also true for the values of I se1, PLINE1, and Vm1. Thus, the power flow solution 
obtained is not a realistic one. These unrealistic power flow solutions (cor-
responding to series converter 1) are highlighted in bold cases in Table 6.23.

TABLE 6.23 Initial Study of IEEE 300-Bus System with GUPFC 
Constraint Limits of Vse1

Lim, PDC1
Lim , I se2

Lim, Vm2
Lim, and I sh

Lim

Solution of GUPFC Quantities with All Five Limits of DC Link Power Transfer 
and Injected Voltage of Series Converter 1, the Line Current and Line Side Bus 

Voltage of Series Converter 2, and the Shunt Converter Current
NI = 7

Series Converters

Specified dc link power transfer limit: PDC1
Lim = –0.022 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.07 p.u.

Specified line current limit of converter 2: I se2
Lim = 0.49 p.u.

Specified line side bus voltage limit of converter 2: Vm2
Lim = 1.0 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.07 0.068 
θse –76.87° –129.24°
Ise (p.u.) 0.5954 0.49
PDC (p.u.) –0.022 0.0203
PLine (MW) 55.96 45.95
QLine (MVAR) 27.39 –10.33
Vm (p.u.) 1.0127 1.0

Shunt Converter

Specified shunt converter current limits: Ish
Lim = 0.32 p.u.

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

0.9291 –14.42° 0.32 0.9611 0.0017
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To investigate the convergence pattern and the final power flow solu-
tion vis-à-vis varying values of Vse

0 , further case studies were again carried 
out. Some representative convergence patterns are presented in Table 6.24. 
Those with double asterisks (**) indicate unrealistic power flow solutions.

The realistic power flow solution (corresponding to Vse
0= 0.08 p.u.) is 

shown in Table 6.25. The converged final values of the constrained variable 
along with the values of the control objectives are shown in bold cases. The 
bus voltage profile for this study is shown in Figure 6.19. From this figure, 

TABLE 6.24 Effect of Variation of Vse
0  on the Power Flow Solution for the Study of Table 6.23

Initial Condition for Vse

Vse
0 (p.u.) 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01

Final Power Flow Solution for Converter 2

I se1 (p.u.) 0.5954 0.4629 0.4629 0.5954 0.4629 0.5954 0.5954 0.5954 0.5954
PLine1 (MW) 55.96 48.21 48.21 55.96 48.21 55.96 55.96 55.96 55.96
QLine1 (MVAR) 27.39 5.43 5.43 27.39 5.43 27.39 27.39 27.39 27.39
Vm1 (p.u.) 1.0127 1.001 1.001 1.0127 1.001 1.0127 1.0127 1.0127 1.0127
NI 8** 7 8 9** 9 9** 9** 9** 25**

TABLE 6.25  Final Study of IEEE 300-Bus System with 
GUPFC Constraint Limits of Vse1

Lim, PDC1
Lim , I se2

Lim, Vm2
Lim, and I sh

Lim

NI = 7 (with Vse
0  = 0.08 p.u.)

Series Converters

Specified dc link power transfer limit: PDC1
Lim  = 0.022 p.u.

Specified voltage limit of converter 1: Vse1
Lim = 0.07 p.u.

Specified line current limit of converter 2: I se2
Lim = 0.49 p.u.

Specified line side bus voltage limit of converter 2: Vm2
Lim = 1.0 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.07 0.0681 
θse –46.21° –129.31°
Ise (p.u.) 0.4629 0.49
PDC (p.u.) –0.022 0.0203
PLine (MW) 48.21 45.95
QLine (MVAR) 5.43 –10.32
Vm (p.u.) 1.001 1.0

Shunt Converter

Specified shunt converter current limits: Ish
Lim = 0.32 p.u.

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

0.929 –14.43° 0.32 0.961 0.0017
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TABLE 6.26 Study of IEEE 300-Bus System with GUPFC 
Constraint Limits of Vse2

Lim, PDC2
Lim , I se 1

Lim, Vm1
Lim, and I sh

Lim

NI = 7

Series Converters

Specified dc link power transfer limit: PDC2
Lim  = 0.0047 p.u.

Specified voltage limit of converter 2: Vse2
Lim = 0.07 p.u.

Specified line current limit of converter 1: I se 1
Lim = 0.47 p.u.

Specified line side bus voltage limit of converter 1: Vm1
Lim = 1.0 p.u.

Quantity Converter 1 Converter 2

Vse (p.u.) 0.0732 0.07 
θse –45.01° –74.76°
Ise (p.u.) 0.47 0.5692
PDC (p.u.) –0.0228 0.0047
PLine (MW) 49.15 45.01
QLine (MVAR) 3.31 –33.2
Vm (p.u.) 1.0 0.9814

Shunt Converter

Specified shunt converter current limits: Ish
Lim = 0.25 p.u.

Vsh (p.u.) θsh Ish (p.u.) V86 (p.u.) PDC (p.u.)

0.9576 –14.28° 0.25 0.9825 0.0181
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0.9937
1.0336
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p.
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0 50 100 150 200 250 3000.9141
0.9539
0.9938
1.0336
1.0735

p.
u.

0
(c)

(b)

(a)

50 100 150 200 250 300−0.003
0.0053
0.0137
0.0220
0.0304

Bus number

p.
u.

×10−3

FIGURE 6.19 Bus voltage profile corresponding to the case study of Table 6.25. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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it is again observed that in the presence of GUPFC, the bus voltage profile 
shows little change.

Case 16: In this case, simultaneous limit violations of all five quantities, 
that is, the dc link power transfer (PDC2

Lim) and the injected voltage (Vse2
Lim) of 

the second series converter (in line 2), the line current (I se1
Lim) and the bus 

voltage on the line side Vm1 of the first series converter (in line 1), and the 
shunt converter current (I sh

Lim), have been considered. For enforcing these 
limits, both PLINE and QLINE  of line 1 as well as line 2 and the SE bus voltage 
control objective (V86) are relaxed. The results are presented in Table 6.26.

The bus voltage profile for the sixteenth case study is shown in Figure 
6.20. From this figure, it is again observed that in the presence of GUPFC, 
the bus voltage profile shows little change.

6.8 SUMMARY
In this chapter, a Newton power flow model of the GUPFC has been 
developed. The proposed method transforms an existing n-bus power 
system installed with a GUPFC having p series converters and a shunt 
converter into an equivalent (n + p + 1)-bus system without any GUPFC. 
Consequently, existing power flow and Jacobian codes can be reused in 

0 50 100 150 200 250 300
0.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 300
0.9141
0.9540
0.9938
1.0337
1.0735

p.
u.

0 50 100 150 200 250 300
−1.2973

2.2702
5.8376
9.4051

12.9726 ×10−3

Bus number

p.
u.

(c)

(b)

(a)

FIGURE 6.20 Bus voltage profile corresponding to the case study of Table 6.26. 
(a) Bus voltage magnitude without GUPFC; (b) bus voltage magnitude with 
GUPFC; (c) voltage magnitude difference.
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the proposed model, in conjunction with simple codes for matrix extrac-
tion. As a result, a substantial reduction in the complexity of the software 
codes can be achieved. The developed technique can also handle prac-
tical device limit constraints of the GUPFC. Validity of the proposed 
method has been demonstrated on IEEE 300-bus systems with excellent 
 convergence characteristics.
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C h a p t e r   7

Newton Power Flow 
Model of the Static 
Compensator

7.1 INTRODUCTION
The static compensator (STATCOM) has been the earliest among all 
the voltage-sourced converter-based flexible AC transmission system 
(FACTS) controllers. It is also the one that is installed in maximum 
 numbers by most utilities worldwide. The first STATCOM, rated ±100 
MVA, was commissioned at the Sullivan Substation by the Tennessee 
Valley Authority in 1995.

For maximum utilization of STATCOMs in power system planning, 
operation, and control, power flow solution of the network containing them 
is a fundamental requirement. Some excellent research works carried out in 
the literature are presented in [44–48] for developing efficient power-flow 
algorithms for the STATCOM. In all these works, it is observed that the 
voltage source(s) representing the shunt converter(s) of the STATCOM(s) 
contribute(s) new terms to (1) the expressions for the power injections at 
the concerned buses, (2) the real power of the STATCOM(s), and (3) the 
associated Jacobian blocks of (1) and (2) above. These new terms increase 
the complexity of software codes manifold.

To reduce the complexities of the software codes for incorporating a 
STATCOM in an existing Newton power flow algorithm, in this chapter, 
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a novel modeling approach [84,88] is proposed. By this modeling approach, 
an existing power system installed with a STATCOM is transformed to 
an equivalent augmented network without any STATCOM. This results 
in a substantial reduction in the programming complexity because of the 
following reasons:

 1. The power injections for the buses concerned can be computed in 
the proposed model using existing power flow codes, as it does not 
contain any STATCOM.

 2. In the proposed model, existing power flow codes can be used to 
compute the active power flow of the STATCOM itself, which equals 
the bus active power injection at an additional power-flow bus.

 3. Only two Jacobian subblocks need to be evaluated in the proposed 
model. Both of these can be evaluated using existing Jacobian codes 
directly.

This substantially reduces the complexity of software codes for modeling 
a STATCOM in an existing Newton–Raphson algorithm.

Moreover, it is also observed that none of the previously published 
works on the power flow modeling of a STATCOM directly explores the 
feasibility of decoupling. In this chapter, subsequent to the development of 
the proposed Newton power flow model, a decoupled power flow model 
of a STATCOM is proposed [84,88]. The subblocks of the system Jacobian 
matrix are rendered constant matrices with all elements known a priori. 
This results in a drastic reduction of the programming complexity. The 
computational time per iteration is also substantially reduced.

Furthermore, the proposed Newton–Raphson and decoupled models 
can also handle multiple control functions of the STATCOMs such as 
control of bus voltage, line active power, and line reactive power, similar 
to other models already reported in the literature. These models can also 
account for various device limit constraints of the STATCOM. The devel-
oped model is described in Sections 7.2 through 7.5.

7.2  STATCOM MODEL FOR NEWTON 
POWER FLOW ANALYSIS

Figure 7.1 shows an n-bus power system network in which a STATCOM is 
connected to bus j through a coupling transformer. The equivalent circuit 
of Figure 7.1 is shown in Figure 7.2, in which the STATCOM is represented 
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by a voltage source Vsh, connected to node j via coupling transformer 
impedance Zsh. In Figure 7.1, the current flowing from bus j to the volt-
age source Vsh representing the STATCOM shunt converter (through the 
coupling transformer) is Ish.

Now, let us define

 
Zsh sh= + =R jXsh sh , y

1

Zsh
 (7.1)

Again, from Figure 7.2, the net injected current at bus j is

 I = Y V + Y V + Iold
sh

=1,

j jj j jk k

k k j

n

≠
∑  (7.2)

Bus j
Vj

Vsh

Ish

C

FIGURE 7.1 A STATCOM connected to bus j of an existing n-bus system.

Bus j
Vj

Ish Zsh

Vsh

FIGURE 7.2 Equivalent circuit of STATCOM-incorporated power system 
network.

www.EngineeringEBooksPdf.com



224   ◾   Flexible AC Transmission Systems (FACTS)

In the above equation, Y yold
jj jk jk k j

n= +1, y 0== ≠≠∑  is the self-admittance of bus 
j for the original n-bus system without any STATCOM connected and y j0 
accounts for the shunt capacitances of all transmission lines connected to 
bus j.

Also, from Figure 7.2,

 I = y V Vsh sh shj −( ) (7.3)

From Equations 7.2 and 7.3, the net injected current at bus j with 
STATCOM can be written as

 
I = Y V

=1

+1

j

k

n

jk kΣ  (7.4)

where Y = Y + yold
shij jj  is the new value of self-admittance for the jth bus 

with STATCOM and

 V = V Y = y+1 sh +1 shn jand n( ) −  (7.5)

Thus, the effect of the STATCOM is equivalent to an additional (n + 1)th 
bus. Now, from Figure 7.2, the net injected current at this fictitious 
(n + 1)th bus equals the current flowing into the transmission system from 
this bus and is

 
I = I = y V y V = Y V+1 sh sh sh sh +1

=1

+1

n n k k

k

n

− − ( )∑j  (7.6)

with

 Y = y Y = y V = V+1 +1 sh +1 sh +1 shn n n j n( )( ) ( ) −, as  (7.7)

In general, in the proposed model, an existing n-bus system installed 
with p STATCOMs is transformed into an (n + p) bus system without any 
STATCOM, and the expression for the net injected current at any bus g 
(including the STATCOM buses) of the network would be

 
I = Y V

=1

+

g gk k

k

n p

∑ ≤ +( )1≤ g n p  (7.8)

Also, the mth (1 ≤ m ≤ p) STATCOM connected to bus h is transformed 
to the (n + m)th power-flow bus, and the net injected current at this mth 
fictitious bus is given by
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 I = Y V+

=1

+

n+m n m k k

k

n p

( )∑  (7.9)

with

 Y = y Y = y V = V+ + sh + sh + shn m n m m n m h m n m( )( ) ( ) −, as m  (7.10)

7.3  POWER FLOW EQUATIONS IN THE 
PROPOSED STATCOM MODEL

With existing STATCOM models, the net active power injection at any 
bus a [1≤ ≤ +a n p( )] in an n-bus system installed with p STATCOMs can 
be written (using Equation 7.2) as

 
P V V Y a na a k ak a k yak

k

n

= − − ≤
=
∑ cos( ,θ θ ϕ )

1

 (7.11)

if no STATCOM is connected to bus a;

 P V V Y V ya a k ak a k yak a

k

b b a b y b= − −( )− − −(
=
∑ cos θ θ ϕ θ θ ϕV

1

n

sh sh sh shcos ))  (7.12)

if STATCOM b is connected to bus a.
Thus, from the above equation, it is observed that with existing 

STATCOM models, an additional term due to the contribution from the 
voltage source representing the shunt converter of the STATCOM is pres-
ent in the expression of the bus active power injection(s). This causes the 
existing power flow codes to be modified. This is also true for the bus reac-
tive power injection(s).

Now, in the proposed model, it is observed from Equations 7.8 and 
7.9 that the net injected current at bus h (h can be any sending end [SE], 
receiving end [RE], or any of the p fictitious power-flow buses representing 
the STATCOM voltage sources) can be written as

 
I = V V

=1

h hq q

q

n p

1≤ ≤ +( )
+

∑ h n p  (7.13)

Thus, in the proposed model, the active power injection equation at any SE 
or RE bus a (a ≤ n + p) can be written using Equation 7.13 as
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 P V V Y a n pa a q

q

n+p

aq a q yaq=
=1
∑ − −( ) ≤ +( )cos θ θ ϕ  (7.14)

Similarly, the expression for the reactive power at any bus a (SE or RE) can 
be written as

 
Q V V Y a n + pa a q

q=

n+p

aq a q yaq=
1
∑ − −( ) ≤ ( )sin θ θ ϕ  (7.15)

From Equations 7.14 and 7.15, it can be observed that both the active and 
reactive power injections at any bus can be computed using existing power 
flow codes.

Now, for an n-bus system installed with p STATCOMs, the expression 
for the real power delivered by any STATCOM g (1 ≤ g ≤ p) connected to 
any bus h (1 ≤ h ≤ n) can be written using Equation 7.3 as

 P = V Ish sh
*

STAT Reg g g−( )



  (7.16)

 PSTAT sh sh sh sh sh sh shg = − − −( )V y V V yg g y g g h g g h y g
2 cos cosϕ θ θ ϕ  (7.17)

From the above equation, it is observed that the STATCOM real power 
expression cannot be computed using existing power flow codes. It will 
require fresh codes for its implementation.

However, in the proposed model, STATCOM g is transformed to (n + g)th 
power-flow bus, and hence, using Equation 7.9 or 7.13,

 
P = V I = V I = S =sh sh

*
+ +

*
+STAT Re Re Reg Pg g n g n g n g−( )



 ( ) ( ) n g+  (7.18)

Hence, the real power delivered by STATCOM g equals the active power 
injection at the (n + g)th power-flow bus, which can be computed using 
the existing power flow codes (from Equation 7.14).

7.4  IMPLEMENTATION IN NEWTON 
POWER FLOW ANALYSIS

If the number of voltage controlled buses is (m – 1), the power-flow problem 
for an n-bus system installed with p STATCOMs can be formulated as follows.

 Solve θθ, V, θθsh, and Vsh

 Specified P Q PSTAT, , , and VBUS
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where:

 q =[ ] =[ ]+θ θ2 1 n m nV V
T T

, V  (7.19)

 qsh shV=   =  θ θsh sh
T

sh sh
T

1 1 p pV V,  (7.20)

 P Q=[ ] =[ ]+P P Q Qn m n2 1 

T T
,  (7.21)

 P VSTAT BUS=   =  P P V Vp pSTAT STAT
T

BUS BUS
T

1 1 ,  (7.22)

In Equations 7.19 through 7.22, PSTAT is the vector of specified real pow-
ers of the p STATCOMs, which have been taken to be zero following [44]. 
VBUS represents the vector of specified voltage magnitudes of p buses at 
which STATCOMs are connected. Also, in Equations 7.19 through 7.22, 
it is assumed that without any loss of generality, there are m generators 
connected at the first m buses of the system with bus 1 being the slack bus. 
Thus, the basic power-flow equation for the Newton power flow solution 
is represented as
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∂

∂
∂
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
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(7.23)

or

 

Jold
J

J

J

J

J J J J

0 J 0 0

V

V
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5 6 7 8
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sh

sh


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

∆
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q

q



























=

P

Q

P

V

STAT

BUS

∆
∆

∆
∆

 (7.24)

In the above equation, Jold is the conventional power-flow Jacobian subblock 
corresponding to the angle and voltage magnitude variables of the n-buses. 
The other Jacobian submatrices can be identified easily from Equation 7.24. 
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The elements of the subblock J9 are either unity or zero. However, it is to be 
noted that when the control objective(s) other than bus voltage control is 
(are) adopted, the elements of all the null matrices, including J9 (in Equation 
7.24), need to be modified accordingly.

Now, in the proposed model, there are (n + p) buses, including p ficti-
tious power-flow buses. Thus, the quantities to be solved for power-flow 
are qnew and Vnew, where

 qnew newV=   =  + + +θ θ2 1 n p m n pV V
T T

and  (7.25)

Thus, Equation 7.24 is transformed in the proposed model as

 

JX1

JX2

0

PQ

JX3
V

P

V

new

new STAT

BUS¦

















∆
∆













∆
∆
∆









q







 (7.26)

where:

 
∆∆ ∆∆ ∆∆P QT T T

Q P=    (7.27)

Also, JX1, JX2, and JX3 are identified easily from Equation 7.26. The ele-
ments of the matrix JX3 are either unity or zero, depending on whether an 
element of the vector VBUS is also an element of the vector Vnew or not. Thus, 
JX3 is a constant matrix known a priori and does not need to be computed.

Now, it can be shown that in Equation 7.26, the matrices JX1 and JX2 
can be computed using existing Jacobian codes. The justification of the 
above statement is shown as follows.

Let us first define for the proposed (n + p) bus system:

 Pnew =  +P Pn p
T

2  (7.28)

Subsequently, a new Jacobian matrix is computed as

 

J

P P

V
Q

V

J

J
new

new

new

new

new

new new

A

B=

∂
∂

∂
∂

∂
∂

∂
∂



















=




q

q
Q









 (7.29)

From Equations 7.14 and 7.15 of the proposed model, it can be observed 
that the expressions for Pi  (2≤ ≤ +i n p) and Qi (m i n+ ≤ ≤1 ) in Pnew  and Q, 

www.EngineeringEBooksPdf.com



Newton Power Flow Model of the Static Compensator    ◾    229

respectively (of Equation 7.29), can be computed using existing power flow 
codes. Hence, the matrix Jnew can be computed with existing codes for cal-
culating the Jacobian matrix.

From Equations 7.18 and 7.22,

 P PSTAT STAT STAT
T T

P P=   =  + +1 1 P p n n p  (7.30)

Also, from Equations 7.28 and 7.30,

 
Pnew =   =  +P Pn p2

T


P PT
STAT
T T

 (7.31)

 

∂
∂

=

∂
∂
∂
∂



















P

P

P

new

new

new

STAT
new

q
q

q

 (7.32)

From the above equation, it is observed that the subblock ∂ ∂P newq  is con-
tained within ∂ ∂Pnew newq . In a similar way, it can be shown that ∂ ∂P Vnew  
is contained within ∂ ∂P Vnew new . Hence, once the matrix Jnew is computed 
(using existing codes), the matrix

  
JX1

P P V

J

new new

B=
∂ ∂ ∂ ∂











q

 

can be very easily extracted from the matrix Jnew using simple matrix 
extraction codes only. Hence, no fresh codes need to be written for com-
puting JX1.

Again, from Equation 7.32, it is observed that the subblock ∂ ∂PSTAT
newq  

is contained within ∂ ∂Pnew newq . In a similar way, it can be shown 
that ∂ ∂P VSTAT

new  is contained within ∂ ∂P Vnew new . Thus, the matrix 
JX P P VSTAT

new
STAT

new2 = ∂ ∂ ∂ ∂ q  does not need to be computed—it can 
be formed from the matrix JA of Jnew by matrix extraction codes only, with-
out any need of writing fresh codes. Hence, both JX1 and JX2 need not be 
computed and can be extracted from Jnew (subsequent to its computation 
using existing Jacobian codes). This reduces the complexity of software 
codes substantially.
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7.4.1 Application of Decoupling

If the power-flow equation for Newton power flow solution could be 
decoupled, the problem of increased complexity of software codes would 
be reduced drastically. Let us first explore the possibility of decoupling of 
Equation 7.26. It is important to note that decoupling, if feasible, could 
be applied to both Equations 7.24 and 7.26 alike, because the Jacobian of 
the latter is obtained by realigning the elements of the former. The val-
ues of the individual Jacobian elements in Equations 7.24 and 7.26 remain 
 identical—only the codes for their formulation change. This is shown for 
a generalized nonzero element (in the ath row and the bth column) of one 
typical Jacobian subblock in Equations 7.24 and 7.26:

 

J2 a b
P

V

P

V

V
V V Y

a

b

a

n b

n+b
a k a k a

,

cos

( ) = ∂
∂

= ∂
∂

= ∂
∂

−

+ +

+

+ +( ) +

1 1

1 1 1

sh

θ θkk y a k

k

n+p

a a n b a n bV Y

−( )












= − −

+( )
=

+ +( ) +( ) + +

∑ ϕ

ϕ

1

1

1 1 1cos θ θ yy a n b

a b a b y bV y

+( ) +( )

+ +

( )
= − − −( )

1

1 1sh sh shcos θ θ ϕ

 (7.33)

 

because, from Equation 7.10, Y = y+1 + sha n b b( )( ) − .
Similarly, it can be shown that

 
∂

∂
+ −( ) = − − −( )+ +

P

Vnew a n b m V ya b a b y b, cos1 1sh sh shθ θ ϕ  (7.34)

Thus, the element in the ath row and the bth column of the J2 subblock 
(Equation 7.24) is transformed to an element in the ath row and the 
(n + b – m)th column of the ∂ ∂P Vnew subblock of matrix JX1 (Equation 
7.26). This can be shown to be true for elements of all the Jacobian sub-
blocks of Equation 7.24. Therefore, any decoupling philosophy applicable 
to the Jacobian subblocks of Equation 7.24 would also be applicable to the 
corresponding Jacobian subblocks of Equation 7.26.

To demonstrate that decoupling is applicable to the relevant Jacobian 
subblocks of Equation 7.24, and hence also to Equation 7.26, the exact 
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and approximate expressions for the generalized elements of the relevant 
subblocks of Equation 7.24 are shown in the second and third columns 
of Table A.1 in the Appendix, respectively. The assumptions made for 
obtaining the approximate expressions of the Jacobian elements are also 
highlighted in the third column of Table A.1.

7.4.2 Decoupled Power Flow Equations in the Proposed Model

Equation 7.26 can be rewritten as
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 (7.35)

Applicability of decoupling renders the elimination of the subblocks 
∂ ∂P Vnew, ∂ ∂Q qnew, and ∂ ∂P VSTAT

new. Further, using Equation 7.31 in 
Equation 7.35, the form of the decoupled equations as obtained from 
Equation 7.35 is
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and
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 (7.37)

In contrast to the existing STATCOM models, the subblocks ∂ ∂Pnew newq  
and ∂ ∂Q Vnew  (of Equations 7.36 and 7.37, respectively) can be  computed 
using existing Jacobian codes in the proposed model. The exact and approx-
imate expression of a generalized element of the subblock ∂ ∂Pnew newq  in 
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the proposed model is shown in Table 7.1. From the second column of the 
table, it can be observed that decoupled power flow codes can be reused 
for solving Equation 7.36. In a similar way, it can be shown that decoupled 
power flow codes can also be reused for solving Equation 7.37.

Now, the first row corresponding to Equation 7.36 is
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θ∆ ∆ ∆ ∆  (7.38)

After applying the simplifications shown in Table 7.1 to Equations 7.38, the 
equation becomes

 − − − − =( )V B V V B V V B Pn+p n+p n+p2
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Proceeding in a similar way, for all the rows and combining them, we get

 
′[ ] ∆  = ∆ B qnew newP̂  (7.39)

Similarly, by again applying the simplifications (not shown) correspond-
ing to elements of ∂ ∂Q Vnew  to Equation 7.37 and combining them,

TABLE 7.1 Generalized Expression for Element of Any Arbitrary P–θ Jacobian 
Subblock in Proposed STATCOM Model 

Generalized Expression for Element of the Jacobian Subblock ∂∂ ∂∂Pnew newq  
(a b n, p≤≤ ++ )

Exact Approximation
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where:
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The matrix C equals the matrix JX3 of Equation 7.26, with elements being 
either unity or zero. It is also to be noted that in forming the matrices Bʹ 
and Bʺ for the (n + p)-bus system, the existing decoupled power flow codes 
for the original n-bus system can be reused without any difficulty. It is also 
important to note that while forming the matrix B ,́ all transmission line 
series resistances, shunt capacitors, and reactors are ignored, and the taps 
of all off-nominal transformers are set to unity. Similarly, angle-shifting 
effects of all phase shifters are made to omit from the matrix Bʺ [27].

7.5  ACCOMMODATION OF STATCOM 
DEVICE LIMIT CONSTRAINTS

In this chapter, two major device limit constraints of the STATCOM have 
been considered, which are as follows [44,45,70,71]:

 1. Injected (shunt) converter voltage magnitude Vsh
Lim

 2. Shunt converter current I sh
Lim

The device limit constraints have been accommodated by the principle 
that whenever a particular constraint limit is violated, it is kept at its 
specified limit, whereas a control objective is relaxed. Mathematically, this 
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signifies the replacement of the Jacobian elements pertaining to the con-
trol objective by those of the constraint violated. The control strategies to 
incorporate the above two limits are detailed as follows.

 1. In this case,

 V Vsh sh
Lim=  (7.41)

  If Vsh
Lim is violated, Vn+1 is fixed at the limit and the bus voltage con-

trol objective is relaxed for the bus to which the STATCOM is con-
nected. The corresponding relaxed bus voltage mismatch is replaced by 
∆ = −+ +V V Vn n1 1sh

Lim . The Jacobian elements are changed accordingly. 
For each violation of Vsh

Lim, the corresponding row of the matrix JX3 is 
again rendered constant with all elements known a priori—all of them 
equal zero except the entry pertaining to Vsh, which is unity. Other 
elements of the matrix JX3 are also zero or unity, as demonstrated in 
Section 7.4. The constancy of JX3 is maintained for both the Newton 
power flow and the decoupled power flow solutions, alike.

 2. If I sh
Lim is violated, In+1 is fixed at the limit and again the bus voltage con-

trol objective is relaxed for the STATCOM connected bus (say, bus j). 
Thus, the corresponding mismatch is replaced by ∆ = −+ +I I In n1 1sh

Lim , 
where (from Equations 7.3 and 7.6)

 I I y V V V Vn j j j+ = = + − −( ) 1
2 2 1 2

2sh sh sh sh shcos
/

θ θ  (7.42)

  The Jacobian elements are changed accordingly.

  It is important to note that the elements of the matrix JX3 (in 
Equation 7.25) corresponding to Newton power flow can be com-
puted (not shown) from the partial derivatives of Equation 7.42 with 
respect to the relevant variables (θ j , θsh, Vj, and Vsh). However, for 
decoupled power flow, Equations 7.39 and 7.40 have to be solved. It is 
to be noted that for enforcing the shunt converter current limit, I sh is 
decoupled from θ, as shown in the text that follows.

  From Equation 7.42,

 
∂
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  Similarly,
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= −
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θ θ2

0
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  Subsequently, the elements of the matrix C (same as JX3) in Equation 
7.40 are computed as follows:

 

∂
∂

=
− −( ) 

+ − −

I

V

y V V

V V V V

j j

j j j

sh

sh

sh sh sh

sh sh s

2

2 22 2

cos

cos

θ θ

θ θ hh

sh sh

sh
sh

( ) 
≈

− 
− 

≈ −1 2/

y V V

V V
y

j

j

  Similarly,
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∂
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7.6 SELECTION OF INITIAL CONDITIONS
In this chapter, the initial condition for the shunt voltage source was chosen 
as Vsh sh

0 0 01 0 0∠ = ∠θ .  p.u. following suggestions of [60]. However, during the 
case studies, it was observed that this initial condition renders the shunt 
converter current magnitude I sh zero. Consequently, all the Jacobians of I sh 
(obtained from the partial derivatives of Equation 7.42), which contain I sh 
term in the denominator, assume indeterminate values. This is shown in 
the  Appendix. Modifying this initial condition to Vsh sh

0 0 1 0 9∠ = ∠−( )θ π.  
solves this problem, without any observed detrimental effect on the 
convergence.

7.7 CASE STUDIES AND RESULTS
To validate its feasibility, the proposed modeling strategy was applied 
to compute the power flow solution of the IEEE 118- and 300-bus sys-
tems using the algorithms of both the Newton and decoupled power flow 
algorithms. In each test system, multiple STATCOMs with two different 
control functions were included, and studies have been carried out for 
(1) STATCOMs without any device limit constraints and (2) practical 
STATCOMs with device limit constraints. In all the case studies, a con-
vergence tolerance of 10 12−  p.u. has been chosen. Although a large num-
ber of case studies confirmed the validity of the model, only a few sets of 
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representative results are presented in Sections 7.7.1 and 7.7.2. In all the 
subsequent tables, the symbol NI denotes the number of iterations taken 
by the algorithm for convergence.

7.7.1 Studies of STATCOMs without Any Device Limit Constraints
7.7.1.1 Case I: Control of Bus Voltage
7.7.1.1.1 IEEE 118-Bus System In this system, three STATCOMs have 
been considered on the buses 69 (STATCOM-1), 85 (STATCOM-2), and 
116 (STATCOM-3). The control references chosen are as follows: V28

SP  = 
1.0 p.u. (STATCOM-1), V52

SP  = 1.0 p.u. (STATCOM-2), and V115
SP  = 1.0 p.u. 

(STATCOM-3). The results are shown in Table 7.2. The converged final 
values of the control objectives (bus voltages in this case) are shown in 
bold cases.

The bus voltage profiles without and with STATCOMs are shown in 
Figure 7.3a and b, respectively. Further, the difference between the bus 
voltage magnitudes with and without STATCOMs is shown in Figure 7.3c. 
Because the converged power flow solution is identical in both the 
Newton–Raphson and decoupled power flow algorithms, in this case 
study and all subsequent case studies, only a single bus voltage profile 
is plotted corresponding to each case study. From Figure 7.3, it is also 
observed that in the presence of STATCOMs, the bus voltage profile does 

TABLE 7.2  Study of IEEE 118-Bus System with STATCOM (No Device Limit Constraints) 

Solution of Base Case Power Flow
(by Newton Power Flow Method without Any STATCOM)

Parameter Bus 28 Bus 52 Bus 115

VBUS (p.u.) 0.9616 0.956 0.9605
NI 5

Unconstrained Solution of STATCOM Quantities

Quantity

Newton Power Flow Method Decoupled Power Flow Method

STATCOM-1 STATCOM-2 STATCOM-3 STATCOM-1 STATCOM-2 STATCOM-3

Vsh (p.u.) 1.0748 1.0474 1.108 1.0748 1.0474 1.108

θsh –18.96° –18.1° –18.1° –18.96° –18.1° –18.1°

Ish (p.u.) 0.7478 0.474 1.0803 0.7478 0.474 1.0803

VBUS (p.u.) 1.0 1.0 1.0 1.0 1.0 1.0
NI 5 9
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not change much apart from the buses to which the three STATCOMs 
are connected.

7.7.1.1.2 IEEE 300-Bus System In this system too, three STATCOMs have 
been considered on the buses 279 (STATCOM-1), 286 (STATCOM-2), 
and 291 (STATCOM-3). It is important to note that these three buses 
have been particularly chosen due to the fact that during the base case 
power flow (power flow without any STATCOM), the magnitude of the 
voltages at these three buses were observed to be the minimum among all 
other buses. The control references chosen are as follows: V275

SP  = 1.0 p.u. 
(STATCOM-1), V282

SP  = 1.0 p.u. (STATCOM-2), and V287
SP = 1.0 p.u. 

(STATCOM-3). The results are shown in Table 7.3. The converged final 
values of the control objectives (bus voltages in this case) are again shown 
in bold cases.

The bus voltage profile for this case is shown in Figure 7.4. From this 
figure, it is observed that in the presence of the STATCOMs, the bus 
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0.9430
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0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120
0.9430
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0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120
−0.0044

0.0077
0.0198
0.0319
0.0440

Bus number(c)

(b)

(a)

p.
u.

×10−3

FIGURE 7.3 Bus voltage profile corresponding to the case study of Table 7.2. 
(a) Bus voltage magnitude without STATCOM; (b) bus voltage magnitude with 
STATCOM; (c) voltage magnitude difference.
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TABLE 7.3  Study of IEEE 300-Bus System with STATCOM (No Device Limit 
Constraints) 

Solution of Base Case Power Flow
(by Newton Power Flow Method without Any STATCOM)

Parameter Bus 275 Bus 282 Bus 287

VBUS (p.u.) 0.9654 0.9139 0.9243 
NI 6

Unconstrained Solution of STATCOM Quantities

Quantity

Newton Power Flow Method Decoupled Power Flow Method

STATCOM-1 STATCOM-2 STATCOM-3 STATCOM-1 STATCOM-2 STATCOM-3

Vsh (p.u.) 1.0012 1.0012 1.0016 1.0012 1.0012 1.0016
θsh –23.55° –26.39° –25.52° –23.55° –26.39° –25.52°
Ish (p.u.) 0.0118 0.012 0.0164 0.0118 0.012 0.0164
VBUS  (p.u.) 1.0 1.0 1.0 1.0 1.0 1.0
NI 6 14

0 50 100 150 200 250 3000.9139
0.9538
0.9937
1.0336
1.0735

p.
u.

0 50 100 150 200 250 3000.9290
0.9651
1.0013
1.0374
1.0735

p.
u.

0 50 100 150 200 250 300−0.0086
0.0151
0.0387
0.0624
0.0861

Bus number(c)

(b)

(a)

p.
u.

×10−3

FIGURE 7.4 Bus voltage profile corresponding to the case study of Table 7.3. 
(a) Bus voltage magnitude without STATCOM; (b) bus voltage magnitude with 
STATCOM; (c) voltage magnitude difference.
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voltage profile does not change much. Peaks of the bus voltage magni-
tude difference are again observed near the buses to which the three 
STATCOMs are connected.

7.7.1.2 Case II: Control of Reactive Power Delivered by the STATCOM
7.7.1.2.1 IEEE 118-Bus System For this study also, the same three 
STATCOMs as described earlier have been considered. The earlier con-
trol objective of bus voltage control is now changed to the control of the 
reactive power delivered by the STATCOMs. The control references cho-
sen are as follows: QSTAT = 0.05 p.u. (STATCOM-1), QSTAT2 = 0.04 p.u. 
(STATCOM-2), and QSTAT3 = 0.06 p.u. (STATCOM-3). The results are 
shown in Table 7.4. The converged final values of the control objectives 
(the STATCOM reactive power delivered in this case) are shown in bold 
cases.

The bus voltage profile for this case is shown in Figure 7.5. From this 
figure, it is again observed that in the presence of the STATCOMs, the 
bus voltage profile hardly changes except the buses to which the three 
STATCOMs are connected.

7.7.1.2.2 IEEE 300-Bus System Again, the same three STATCOMs as 
described earlier have been considered. The control objective is now 
changed to the control of the reactive power delivered by the STATCOMs. 
The control references chosen are as follows: QSTAT = 0.01 p.u. (STATCOM-1), 

TABLE 7.4 Second Study of IEEE 118-Bus System with STATCOM (No Device Limit 
Constraints)

Unconstrained Solution of STATCOM Quantities

Newton Power Flow Method Decoupled Power Flow Method

Quantity STATCOM-1 STATCOM-2 STATCOM-3 STATCOM-1 STATCOM-2 STATCOM-3

Vsh (p.u.) 0.9694 0.964 0.969 0.9694 0.964 0.969
θsh –18.27° –17.38° –17.39° –18.27° –17.38° –17.39°
Ish (p.u.) 0.0516 0.0415 0.0619 0.0516 0.0415 0.0619
VBUS (p.u.) 0.9642 0.9598 0.9628 0.9642 0.9598 0.9628
QSTAT 0.05 0.04 0.06 0.05 0.04 0.06
NI 6 9
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QSTAT 2 = 0.01 p.u. (STATCOM-2), and QSTAT 3 = 0.015 p.u. (STATCOM-3). 
The results are shown in Table 7.5. The converged final values of the con-
trol objectives (the STATCOM reactive power delivered in this case) are 
again shown in bold cases. The bus voltage profile for this case is shown 
in Figure 7.6. From this figure, it is observed that in the presence of the 

0 20 40 60 80 100 120
0.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120
0.9430
0.9698
0.9965
1.0233
1.0500

p.
u.

0 20 40 60 80 100 120−0.3864
0.6762
1.7387
2.8013
3.8639

×10−3

Bus number(c)

(b)

(a)

p.
u.

FIGURE 7.5 Bus voltage profile corresponding to the case study of Table 7.4. 
(a) Bus voltage magnitude without STATCOM; (b) bus voltage magnitude with 
STATCOM; (c) voltage magnitude difference.

TABLE 7.5 Second Study of IEEE 300-Bus System with STATCOM (No Device Limit 
Constraints)

Unconstrained Solution of STATCOM Quantities

Quantity

Newton Power Flow Method Decoupled Power Flow Method

STATCOM-1 STATCOM-2 STATCOM-3 STATCOM-1 STATCOM-2 STATCOM-3

Vsh (p.u.) 0.9959 0.9885 0.9946 0.9959 0.9885 0.9946
θsh –23.51° –26.4° –25.53° –23.51° –26.4° –25.53°
Ish (p.u.) 0.01 0.0101 0.0151 0.01 0.0101 0.0151
VBUS (p.u.) 0.9949 0.9875 0.993 0.9949 0.9875 0.993
QSTAT (p.u.) 0.01 0.01 0.015 0.01 0.01 0.015
NI 6 14
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STATCOMs, the bus voltage profile does not change much except the 
buses to which the three STATCOMs are connected.

7.7.2 Studies of STATCOMs with Device Limit Constraints

In these case studies, various device limit constraints are considered 
for both the 118- and 300-bus test systems. As already mentioned in 
Section 7.5, two major device constraint limits have been considered. In all 
these case studies, the STATCOM control references (prior to enforcement 
of the specified limit constraints) are kept identical to those in the corre-
sponding case studies pertaining to the bus voltage control (presented in 
Section 7.7.1). Although a large number of case studies were carried out for 
implementation of these limit constraints, only a few sets of representative 
results are presented.

Case 1: In this case, the violations of only the injected voltage of the 
shunt converter Vsh

Lim have been studied. To accommodate this violation, 
the bus voltage control objective has been relaxed. The results for the 
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FIGURE 7.6 Bus voltage profile corresponding to the case study of Table 7.5. 
(a) Bus voltage magnitude without STATCOM; (b) bus voltage magnitude with 
STATCOM; (c) voltage magnitude difference.

www.EngineeringEBooksPdf.com



242   ◾   Flexible AC Transmission Systems (FACTS)

118- and 300 bus systems are given in Tables 7.6 and 7.7, respectively. The 
converged final values of the shunt converter voltage limit constraints are 
shown in bold cases.

The bus voltage profiles for these cases are shown in Figures 7.7 and 
7.8, respectively. From these figures, it is again observed that in the pres-
ence of the STATCOMs, the bus voltage profiles do not change much 
except at the buses at which the STATCOMs are connected in these two 
systems.

Case 2: In this case, the violations of only the shunt converter current 
limits I sh

Lim have been considered. To accommodate this, the UPFC SE bus 
voltage control objective has been relaxed. The results for the 118- and 
300-bus systems are given in Tables 7.8 and 7.9, respectively. The con-
verged final values of the shunt converter current limit constraints are 
shown in bold cases.

TABLE 7.7 Study of IEEE 300-Bus System with STATCOM Constraint Limit of Vsh
Lim

Solution of STATCOM Quantities with Shunt Converter Voltage Limits

Specified shunt converter voltage limits: Vsh1
Lim = 1.0 p.u., Vsh 2

Lim = 1.0 p.u., and Vsh 3
Lim = 1.0 p.u.

Quantity

Newton Power Flow Method Decoupled Power Flow Method

STATCOM-1 STATCOM-2 STATCOM-3 STATCOM-1 STATCOM-2 STATCOM-3

Vsh (p.u.) 1.0 1.0 1.0 1.0 1.0 1.0
θsh –23.54° –26.4° –25.52° –23.54° –26.4° –25.52°
Ish (p.u.) 0.0114 0.0119 0.016 0.0114 0.0119 0.016
VBUS (p.u.) 0.9989 0.9988 0.9984 0.9989 0.9988 0.9984
NI 7 20

TABLE 7.6 Study of IEEE 118-Bus System with STATCOM Constraint Limit of Vsh
Lim

Solution of STATCOM Quantities with Shunt Converter Voltage Limits

Specified shunt converter voltage limits: Vsh1
Lim = 1.0 p.u., Vsh 2

Lim = 1.0 p.u., and Vsh 3
Lim = 1.0 p.u.

Quantity

Newton Power Flow Method Decoupled Power Flow Method

STATCOM-1 STATCOM-2 STATCOM-3 STATCOM-1 STATCOM-2 STATCOM-3

Vsh (p.u.) 1.0 1.0 1.0 1.0 1.0 1.0

θsh –18.43° –17.68° –17.53° –18.43° –17.68° –17.53°
Ish (p.u.) 0.2538 0.2281 0.289 0.2538 0.2281 0.289

VBUS (p.u.) 0.9746 0.9772 0.9711 0.9746 0.9772 0.9711

NI 8 13
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FIGURE 7.7 Bus voltage profile corresponding to the case study of Table 7.6. 
(a) Bus voltage magnitude without STATCOM; (b) bus voltage magnitude with 
STATCOM; (c) voltage magnitude difference.
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FIGURE 7.8 Bus voltage profile corresponding to the case study of Table 7.7. 
(a) Bus voltage magnitude without STATCOM; (b) bus voltage magnitude with 
STATCOM; (c) voltage magnitude difference.

www.EngineeringEBooksPdf.com



244   ◾   Flexible AC Transmission Systems (FACTS)

 The bus voltage profiles for these cases are shown in Figures 7.9 and 
7.10. From these figures, it is again observed that in the presence of the 
STATCOMs, the bus voltage profiles do not change much except at the 
buses at which the STATCOMs are connected in these two systems.

7.8 SUMMARY
In this chapter, a Newton power flow model of the STATCOM has been 
developed, which can handle practical device limit constraints of the 
STATCOM. The proposed method transforms an existing n-bus power 
system installed with p STATCOMs into an equivalent (n + p)-bus sys-
tem without any STATCOM. Consequently, the existing power flow and 
Jacobian codes can be reused in the proposed model, in conjunction with 
simple codes for matrix extraction. As a result, a substantial reduction in 
the complexity of the software codes can be achieved. Subsequent appli-
cation of decoupling techniques renders the Jacobians constant matrices, 

TABLE 7.8  Study of IEEE 118-Bus System with STATCOM Constraint Limit of I sh
Lim

Solution of STATCOM Quantities with Shunt Converter Current Limits

Specified shunt converter current limits: I sh1
Lim = 0.4 p.u., I sh2

Lim = 0.1 p.u., and I sh3
Lim = 0.7 p.u.

Quantity

Newton Power Flow Method Decoupled Power Flow Method

STATCOM-1 STATCOM-2 STATCOM-3 STATCOM-1 STATCOM-2 STATCOM-3

Vsh (p.u.) 1.0221 0.9753 1.0561 1.0221 0.9753 1.0561
θsh –18.58° –17.48° –17.78° –18.58° –17.48° –17.78°
Ish (p.u.) 0.4 0.1 0.7 0.4 0.1 0.7
VBUS  (p.u.) 0.9821 0.9653 0.9861 0.9821 0.9653 0.9861
NI 7 13

TABLE 7.9 Study of IEEE 300-Bus System with STATCOM Constraint Limit of I sh
Lim

Solution of STATCOM Quantities with Shunt Converter Current Limits

Specified current limits: I sh1
Lim = 0.009 p.u., I sh2

Lim = 0.005 p.u., and I sh3
Lim = 0.006 p.u.

Newton Power Flow Method Decoupled Power Flow Method

Quantity STATCOM-1 STATCOM-2 STATCOM-3 STATCOM-1 STATCOM-2 STATCOM-3

Vsh (p.u.) 0.9928 0.9497 0.9532 0.9928 0.9497 0.9532
θsh –23.49° –26.5° –25.59° –23.49° –26.5° –25.59°
Ish (p.u.) 0.009 0.005 0.006 0.009 0.005 0.006
VBUS (p.u.) 0.9919 0.9492 0.9526 0.9919 0.9492 0.9526
NI 7 20
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FIGURE 7.10 Bus voltage profile corresponding to the case study of Table 7.9. 
(a) Bus voltage magnitude without STATCOM; (b) bus voltage magnitude with 
STATCOM; (c) voltage magnitude difference.
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FIGURE 7.9 Bus voltage profile corresponding to the case study of Table 7.8. 
(a) Bus voltage magnitude without STATCOM; (b) bus voltage magnitude with 
STATCOM; (c) voltage magnitude difference.
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which are known a priori. This reduces the complexity of software codes 
drastically. The developed decoupled power flow model can also account 
for the device limit constraints of the STATCOM. Validity of the proposed 
method has been demonstrated on IEEE 118- and 300-bus systems with 
excellent convergence characteristics. 
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C h a p t e r  8

Newton Power Flow 
Modeling of Voltage-
Sourced Converter 
Based HVDC Systems

8.1 INTRODUCTION
Over the years, ever-increasing electricity demand has necessitated the 
requirement of increased transmission capacities by power utilities world-
wide. This has been made possible by the development of voltage-sourced 
converter (VSC)-based HVDC technology with PWM control technique, 
employing IGBTs and GTOs. VSC-based HVDC transmission systems facil-
itate the interconnection of asynchronous AC grids along with integration 
of renewable energy sources such as offshore wind farms. PWM-VSC-based 
HVDC transmission leads to fast and independent control of both active 
and reactive powers along with reduction in size and cost of harmonic filters. 
Moreover, they are immune to the problems of commutation failure [89–90].

Although most of these VSC-HVDC interconnections are two- terminal, 
their modus operandi can also be extended to multiterminal HVDC 
(MTDC) systems. Unlike a two-terminal HVDC interconnection, an 
MTDC system is more versatile and better capable to utilize the economic 
and technical advantages of the VSC-HVDC technology. It is also better 
suited if futuristic integration of renewable energy sources are planned.
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For MTDC operation, one of the terminals is considered as a slack 
bus at which the DC voltage is specified. Depending on the control speci-
fications adopted, a converter may be termed master/slave or primary/
secondary [90]. Although a master or primary converter operates in the 
voltage control mode, a slave or secondary converter operates in the PQ or 
PV control mode.

Further, depending on the locations of the converters, an MTDC  system 
can have two different configurations: back-to-back (BTB) or point-
to-point (PTP). In a BTB scheme, all the converters are closely located. 
However, in a PTP scheme, converters exist at different locations, with the 
DC terminals interconnected by DC overhead lines or cables. Most of the 
current HVDC installations are connected in the PTP configuration.

Now, for planning, operation, and control of a power system with mul-
titerminal VSC-HVDC (M-VSC-HVDC) links, power flow solution of the 
network incorporating them is required. Thus, the development of suitable 
power flow models of M-VSC-HVDC systems is a fundamental require-
ment. VSC-HVDC power flow models can follow unified or sequential 
methods. Unlike unified methods where the AC and DC system equa-
tions are simultaneously solved, in sequential methods, they are solved 
sequentially. Some excellent research works in the area of Newton power 
flow modeling of VSC-HVDC systems are reported in [89–92]. A compre-
hensive Newton power flow model of a two-terminal VSC-HVDC system 
is presented in [89]. An M-VSC-HVDC power flow model applicable for 
both the BTB and PTP configurations is reported in [90]. A two-terminal 
VSC-HVDC model suitable for optimal power flow is reported in [91]. 
A  steady-state VSC MTDC model, including DC grids with arbitrary 
topologies, is reported in [92].

However, most of the above models do not address exclusively the 
treatment of the converter modulation indices as unknowns. In this chap-
ter, the Newton power flow modeling of an M-VSC-HVDC system is 
discussed which is based on the unified method [93]. The converter mod-
ulation indices appear as unknowns in this model, which is developed 
from first principles.

8.2 MODELING OF THE PTP VSC-HVDC
Because the PTP configuration is a more generalized one than the BTB, 
for this analysis, an MTDC system that follows a PTP topology is con-
sidered. Figure 8.1 shows an n-bus AC power system network incorpo-
rating a VSC-based MTDC system connected in the PTP configuration. 
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The VSC-MTDC comprises p converters that are connected to p AC buses 
through their respective coupling transformers. Without loss of general-
ity, it is assumed that the p VSC converters are connected to AC buses i, 
(i + 1), and so on, up to bus (i + p – 1). The equivalent circuit of Figure 8.1 
is shown in Figure 8.2. 

In this figure, the VSCs are represented by p fundamental frequency, 
positive sequence voltage sources. The gth (1 ≤ g ≤ p) voltage source Vsh g 
(not shown) is connected to AC bus (i + g – 1) through the leakage imped-
ance Zsh g = +R jXg gsh sh  of the gth coupling transformer.

Now, let y Zshsh g g=1 . Then, from Figure 8.2, the current through the 
gth (1 ≤ g ≤ p) coupling transformer can be written as

 I y (V V )sh sh 1sh g g g i g= − + −−  (8.1)

In the above equation, Vsh g is the voltage phasor representing the funda-
mental frequency, positive sequence output of the gth VSC and is given 
by Vsh g = =V m cVg g g gsh sh DC shgÐ Ðθ θ , where mg is the modulation index of 
the gth (1 ≤ g ≤ p) converter and c is a constant that depends on the type 
of converter. Also, V gDC  is the DC side voltage of the gth converter, which 
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i + p − 1

+
VDC1

VDC2

−

+

−

+
VDCp

−

DC bus 1

DC bus 2

DC bus p

RDC

RDC

RDC

Vi∠θi

Vi + 1∠θi + 1

Vi + p − 1∠θi + p − 1 

VSC-2

VSC-1

VSC-p

FIGURE 8.1 Schematic diagram of a p terminal PTP M-VSC-HVDC system.
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is connected to the AC terminal bus (i + g – 1) whose voltage is represented 
by the phasor Vi+g−−1 = − + −Vi g i g+ 1 1Ðθ .

Hence, from Figure 8.2, the net current injection at the AC bus (i + g – 1) 
connected to the gth (1 ≤ g ≤ p) converter can be written as

 
I Y + V1 ( 1)( 1) sh 1

1

i g i g i g g i g i g k

k k i g

Y+ − − − − −

≠ −

= ( ) ++ +
old

+y + 1)

,

((

== ++ 11

n

k g g∑ −V y Vsh sh  (8.2)

where Yold
1( 1)( 1 1 ( )yi g i g i g i g kk k i g

n
+ + ( + , +− − − −≠ −= +∑) )0 1=1 y ++ 

 
is the self-admittance of 

bus (i + g – 1) for the original n-bus AC system without any converter and 
y 1 0( )i g+ −  accounts for the shunt capacitances of all the transmission lines 
connected to bus (i + g – 1).

Substituting Equation 8.1 in Equation 8.2 and manipulating, we get

 
I Y1i g i g k

k

n

k g g+ ( + )− −= −∑ 1

=1

sh shV y V  (8.3)

where Y Y y1 1 1
old

sh( + )( + ) ( + )( + )i g i g i g i g g− − −= +−−1  is the new value of self-admittance 
for the bus (i + g – 1) with the gth VSC connected.

Bus
i +

VDC1
−

+
VDC2

−

+
VDCp

−

Ish1 Rsh1 + jXsh1

Rsh2 + jXsh2

Rshp + jXshp

Ish2

Ishp

DC bus 1

DC bus 2

DC bus p

RDC

RDC

RDC

Psh1 + jQsh1

Psh2 + jQsh2

Pshp + jQshp

Vi∠θi Vsh1∠θsh1

Vsh2∠θsh2

Vshp∠θshp

Vi + 1∠θi + 1

Vi + p − 1∠θi + p − 1

Bus
i + p − 1

Bus
i + 1

FIGURE 8.2 Equivalent circuit of the p terminal PTP M-VSC-HVDC system.
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Thus, with the gth (1 ≤ g ≤ p) VSC connected, the net injected active 
power at the corresponding AC terminal bus can be written as

 

Pi g+ − −

=

( ) +

= ( )

= −∑

1

1

1

1 1

Re

cos

V I1 1i+ +

+ +

g i g
*

−−

V V Yi g

k

n

k i g k i g− − −θ θkk i g k

g i g g g gcV

−ϕ

− θ −θ −ϕ

−

− −

+

+ sh + 1 sh sh

1

DC 1 cos

( )( )

( )m V yg i g

 (8.4)

because V m cVg g gsh DC= , as already discussed.
In a similar manner, the net injected reactive power at bus (i + g – 1) 

can be written as

 

Qi g i g

k

n

k i g k i g k i g k

g

V V Y

m cV

+ +

=

+( ) +( )= −( )∑− − − − −θ θ −ϕ

−

1 1

1

1 + 1 1sin

DDC 1 sh 1 sh shsing i g g i g g gV y+ +( )− −θ −θ −ϕ

 (8.5)

Also from Figure 8.2, the active and reactive power flows at the terminal 
end of the line connecting the gth VSC to AC bus (i + g – 1) can be writ-
ten as

 

P c yg g gsh + DCI cos= ( ) = (− +Re *
+Vi g 1 sh 1 sh 1 sh shg g i g i g g gm V V − −θ −θ −ϕ ))

− +V yi g− ϕ1

2
sh shg gcos

 (8.6)

 

Q

g g i g i g

sh

DC sh sh sh

Im

sin

g = ( )
= (

+ −

+ − + −

V Ii g 1
*
sh

1 1

g

g g gm cV V y θ −θ −ϕ ))+ + −V y g gi g 1 sh
2

sh sinϕ
 (8.7)

Again, from Figure 8.2, in the p terminal DC system, the net current injec-
tion at the hth (1 ≤ h ≤ p) DC bus, that is, at the DC terminal of the hth 
VSC, is given as

 
I = Y Vhj j

j

p

DC DCh DC

=
∑

1

 (8.8)

where Y Rhj hjDC DC=1 , R hjDC  being the DC link resistance between DC 
buses h and j. Now, from Figure 8.2, for the gth (1 ≤ g ≤ p) converter, it can 
be observed that
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 Re *V Ish shg g( ) = −( ) = −
=
∑V I V g

p

jDC DC DC

1

DC DCg g

j

gjV Y  (8.9)

 Substituting Equation 8.1 and manipulating, we get

 

m cV y m cV V yg g g g g i g g g i g gDC sh DC 1 sh sh 1 sh( ) − − −+ + −
2

sh cos cosϕ θ θ ϕ−g (( )

+ =∑V V Yg

j

p

j gDC

=1

DC DC j 0

or

 f g = 0  (8.10)

where 1 ≤ g ≤ p. Thus, p independent equations are obtained.
Now, for the VSC-HVDC system with p converters, there will be one 

master or primary converter and (p – 1) slave or secondary converters. 
The master converter is used to control the voltage magnitude of its AC 
terminal bus, whereas the slave converters operate in the PQ or PV control 
modes. In the PQ control mode, the slave converters control the active and 
reactive power flows Psh and Qsh (as given by Equations 8.6 and 8.7, respec-
tively) at the terminal end of the lines connecting the converters to their 
respective AC terminal buses. Again, without loss of generality, if the qth 
(1 ≤ q ≤ p) converter is chosen to be the master converter, the additional 
equations obtained for the line active and reactive powers of the slave con-
verters can be expressed as

 P Pg gsh
SP

sh
cal− = 0  (8.11)

 Q Qg gsh
SP

sh
cal− = 0  (8.12)

 ∀ ≤ ≤ ≠g g p g q, ,  1

In the above equations, P gsh
SP  and Q gsh

SP  are the specified active and reactive 
powers, respectively, in the line connecting the gth ( , )1≤ ≤ ≠g p g q  con-
verter to its AC terminal bus (i + g – 1), whereas P gsh

cal  and Q gsh
cal  are their 

calculated values which can be obtained using Equations 8.6 and 8.7, 
respectively. Thus, for the (p – 1) lines corresponding to the slave convert-
ers, we get (2p – 2) independent equations.
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Now, the master converter controls the voltage magnitude at its AC ter-
minal bus. As discussed earlier in this section, the qth (1 ≤ q ≤ p) con-
verter is chosen to be the master converter. Then, for the AC terminal bus 
corresponding to any arbitrary converter, say the gth (1  ≤ ≤ =g p g q, ) con-
verter, if Vi g+ −1

SP  is the bus voltage control reference and Vi g+ −1
cal  is the calculated 

value of the voltage magnitude at bus (i + g – 1). This can be expressed as

 V Vi+g i+g− −1
SP

1
cal− = 0 (8.13)

 ∀ ≤ ≤ =g g p g q, ,  1

It may be noted that a slave converter can operate in the PV control mode, 
in which case it controls the AC bus voltage magnitude, rather than the 
line reactive power, in which case Equation 8.12 becomes

 V Vi+g i+g− −1
SP

1
cal− = 0 (8.14)

 ∀ ≤ ≤ ≠g g p g q, ,  1

Now, similar to AC power flow, a slack bus is chosen for the DC power 
flow and its voltage is pre specified. It serves the dual role of providing 
the DC voltage control and balancing the active power exchange among 
the converters. From Figure 8.2, in the p terminal DC system, the first 
terminal is chosen as the DC slack bus, by convention. This is repre-
sented as

 V VDC1
SP

DC1
cal− = 0  (8.15)

Instead of specifying VDC1, the modulation index m1 of the first converter 
can also be specified as

 m m1
SP

1
cal− = 0  (8.16)

At this stage, it is worthwhile to take stock of the unknown and the speci-
fied quantities. Corresponding to each converter, three new variables 
come into the picture. These include the converter modulation index m, 
the converter DC side voltage VDC, and the phase angle θsh of the con-
verter AC output voltage (phasor). Also, as discussed earlier, the DC side 
voltage VDC1 of the first converter is chosen as a slack bus. Thus, due to 
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incorporation of the VSC-HVDC comprising p converters, (3p – 1) addi-
tional variables need to be solved.

Against this, we have p independent equations corresponding to the 
function f (Equation 8.10) along with (2p – 2) independent equations for 
the line active and reactive powers (Equations 8.11 and 8.12) correspond-
ing to the (p – 1) slave converters. This gives as (3p – 2) independent equa-
tions. Now as the master converter q controls the voltage of its AC terminal 
bus, the net reactive power injection at that bus is available as a specified 
quantity. For any arbitrary converter, say the gth (1 ≤ g ≤ p) converter, this 
can be expressed as

 Q Qi g i g+ − +− =1
SP

1
cal

− 0  (8.17)

 ∀ ≤ ≤ =g g p g q, ,  1

This completes the formulation.

8.3  NEWTON POWER FLOW EQUATIONS 
OF THE VSC-HVDC SYSTEM

In Figure 8.1, without any loss of generality, if it is assumed that there are 
r generators connected at the first r buses of the n-bus AC system with 
bus 1 being the slack bus, then the Newton power flow equation for the AC 
power system network incorporated with the p terminal HVDC system 
can be written as follows.

Solve θ, V, and X
Specified P, Q, and R
where:

 θθ=[ ] , =[ ]θ2¼ ¼θn
T

+1
T

V V Vr n

 

θθ

θθ

sh DC

sh
T

m V

X [

=   =   =  

=

θ θsh1 sh
T

1
T

DC 2 DC
T

 

¼ ¼ ¼p p pm m V, , V

mm V ]T
DC
T T

and
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 P Q=[ ] = [ ]P2
T

+1
T

 ¼ ¼P Q Qn r n,

 

P Q f

R P Q

sh sh

sh
T

=   =   =  

=

P P Q Q f fp psh 2 sh
T

1
T

¼ ¼ ¼, , sh 2 sh
T

p

ssh
T T T

fVi+q 1− 

Then the basic Newton power flow equation for the AC–DC system is
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P P

m

P
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Q Q

V

R R
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R R
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V

old
sh DC

sh DC
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∂
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
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 (8.18)

where Jold is the conventional power-flow (without incorporating HVDC 
link) Jacobian subblock given as follows:

 

J

P P

V
Q Q

V

old =

∂
∂

∂
∂

∂
∂

∂
∂



















θθ

θθ

In Equation 8.18, ΔP, ΔQ, and ΔR represent the mismatch vectors. In 
addition, ∆∆θθ, ΔV, ∆∆θθsh, Δm, and ΔVDC represent correction vectors. It may 
be noted that m1 may be removed from m and VDC1 included in VDC, in 
which case the elements of the Jacobian matrix in Equation 8.18 would be 
modified accordingly.

8.4 CASE STUDIES AND RESULTS
The validity of the proposed model was tested on the IEEE 300-bus test 
system. In this test system, multiple VSC-HVDC networks with differ-
ent control modes were included and studies were carried out. All the 
converters were connected to their respective AC terminal buses through 
converter transformers. The resistances and leakage reactances of all the 
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converter transformers were taken as 0.001 and 0.1 p.u, respectively, for all 
the case studies. The resistance of each DC link was taken as 0.01 p.u for 
all the case studies. In addition, the value of c for the VSC-based convert-
ers was uniformly chosen to be 1 2 2 [91]. All computations were car-
ried out in MATLAB® on a 2.4 GHz, 4 GB RAM, Intel CoreTM Machine 
with i3–3110 M CPU. A convergence tolerance of 10–10 p.u. was uniformly 
adopted for all the case studies. In all the case studies, NI denotes the 
number of iterations taken by the algorithm to converge to the specified 
tolerance. Although a large number of case studies confirmed the validity 
of the model, only a few sets of representative results are presented in this 
chapter.

8.4.1  Case Study of IEEE 300-Bus Test System Incorporated 
with a Three-Terminal VSC-HVDC Network

In this case study, three separate studies are conducted with a three- 
terminal VSC-HVDC network incorporated in the IEEE-300 bus test 
system. The three different studies are conducted to demonstrate the ver-
satility of the proposed model. In all the three studies, the VSC-HVDC 
network is connected among AC buses 266, 270, and 271.

8.4.1.1 Study I: Slave Converters in PQ Control Mode
In this study, the converter connected to AC bus 266 acts as the master 
converter, whereas those connected to AC buses 270 and 271 act as slave 
converters. Both the slave converters operate in the PQ control mode. 
The master converter maintains the voltage magnitude of AC bus 266 at 
a value of 1.02 p.u. The active powers at the terminal end of the lines con-
necting the converters to AC buses 270 and 271 are specified as 0.3 and 
0.4 p.u, respectively. The line reactive powers for both the slave converters 
are specified as 0.1 p.u. These specified values are shown in the first row 
and the third and fourth columns of Table 8.1. The power flow solution is 
shown in the first row and the fifth to seventh columns of Table 8.1.

8.4.1.2 Study II: Slave Converters in PV Control Mode
This study is conducted on the same AC–DC system but with both the 
slave converters (connected to AC buses 270 and 271) operated in the PV 
control mode. Their terminal end line active powers are specified as 0.3 
and 0.4 p.u, respectively. The voltages of the AC buses 270 and 271 con-
nected to the slave converters are specified as 1.02 and 1.0 p.u, respectively. 
The specified quantities for this study are shown in the  second row and the 
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third and fourth columns of Table 8.1. The power flow results are shown in 
the second row and the fifth to seventh columns of Table 8.1.

8.4.1.3  Study III: Modulation Index of Master Converter 
Specified (Instead of DC Side Voltage)

This study is also conducted on the same AC–DC system as the first two 
studies. However, in this study, the modulation index m1 of converter 1 is 
specified instead of its DC side voltage VDC1. Thus, unlike existing models, 
the flexibility of selection of either the modulation index or the DC side 
voltage for the converter exists. The specified quantities for this study are 
given in the third row and the third and fourth columns of Table 8.1. The 
power flow results are shown in the third row and the fifth to seventh 
 columns of Table 8.1.

The convergence characteristic plots (variation of mismatch error in p.u. 
with number of iterations) for the power flows of the base case (without any 
VSC-HVDC network incorporated) and the three studies of Table 8.1 are 
shown in Figures 8.3 through 8.6, respectively. From Figures 8.4 through 
8.6, it can be observed that the proposed model possesses quadratic conver-
gence characteristics, similar to the base case power flow (Figure 8.3).

The bus voltage profile for the first study (the first row of Table 8.1) is 
shown in Figure 8.7. From this figure, it is observed that the bus voltage 
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FIGURE 8.3 Convergence characteristics for the base case power flow in IEEE-
300 bus system.
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FIGURE 8.5 Convergence characteristics for the second study of Table 8.1.
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FIGURE 8.4 Convergence characteristics for the first study of Table 8.1.
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FIGURE 8.6 Convergence characteristics for the third study of Table 8.1.
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FIGURE 8.7 Bus voltage profile for the study corresponding to the first row of 
Table 8.1. (a) Bus voltage magnitude of base case; (b) bus voltage magnitude with a 
three terminal point-to-point VSC-HVDC; (c) bus voltage magnitude difference.
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profile hardly changes except for the AC terminal buses at which the VSCs 
are installed. However, the voltage profiles for the second and third studies 
of Table 8.1 are not shown here.

8.5 SUMMARY
In this chapter, a unified Newton–Raphson power flow model of an AC 
power system incorporated with a VSC-based HVDC network has been 
presented. The modulation indices and the DC side voltages of the con-
verters along with the phase angle of the converter AC side voltage are 
expressed as state variables in this model. The proposed methodology is 
implemented by incorporating different topologies of multiterminal DC 
networks in the IEEE 300-bus test system. To demonstrate the versatil-
ity of the proposed model, multiple control modes for the VSC-HVDC 
are implemented. The power flow solutions and the excellent convergence 
characteristics validate the feasibility of the model. 
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Appendix: Derivations 
of Difficult Formulae

A.1  EXPRESSION FOR THE EFFECTIVE REACTANCE 
OFFERED BY A STATIC SYNCHRONOUS SERIES 
COMPENSATOR CONNECTED BETWEEN BUSES i AND j

From Equation 3.42,

 Z = =
Y ( )

=
se se

se
se

se

se

se

VV

I V V Vij j i− +
∠ −( )

∠ − ∠ +
V

Y V V

yij

ij j j i i

θ
θ θ

ϕ
VVse se∠( )θ

or

 Zse =
∠ −( )

+( )− +( )+
V

Y V j V j V

yij

ij j j j i i i

se se

se

θ

θ θ θ θ

ϕ

cos sin cos sin ccos sinθ θse se+( ) j

or

 Zse =
∠ −( )

+( )
= ∠

+( )
V

Y a jb

V

Y a jb

yij

ij ij

se se

1 1

se

1 1

θ µϕ
 (A.1)

where:

 
a V V V

b V V V

j j i i

j j i i

1

1

= − +( )

= − +

cos cos cos

sin sin sin

θ θ θ

θ θ θ

se se

se se(( )
 (A.2)

and

 µ θ= −( )se ϕyij  (A.3)

Thus, from Equation A.1,

 Zse =
+( )( )

+( )
V j a jb

Y a bij

se 1 1sincosµ µ −

1
2

1
2
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or

 Zse =
+ ( ) 

+ 
=

V a b a b

Y a bij

se 1 1 1 1sin cos Nucos sinµ µ+ µ− µj

1
2

1
2

mm 1

Den 1
 (A.4)

where:

 

a b  

V V V

V

j j i i

j

1 1

se se

sincos

cos co cos cos cos cos

sin

µ µ

= θ µ θ µ θ µ

+

− +

+

s

θθ µ θ µ θ µj i iV Vsin sin sin sin sin− + se se

 
= − +( )− − +( )
+

V V

V

j j yij i i yij

yij

cos cos

cos (

θ θ ϕ θ θ ϕ

ϕ

se se

se using Equuation A )1 3.

 (A.5)

Similarly,

 
a b V V

V

j j yij i i yij1 sin cos sin sin

si

µ µ θ θ + θ θ

−

− = − − +( ) − +( )1 se se

se

ϕ ϕ

nnϕyij

 (A.6)

Hence, in Equation A.4,

Num1 se se se seV= − +( )− − +( )+{ }V V Vj j yij i i yij yijcos cos cosθ θ θ θϕ ϕ ϕ


+ − +( )− − +( )−{ }j V V Vi i yij j j yij yijsin sin sinθ θ θ θse se seϕ ϕ ϕ

 
(A.7)

Thus, using Equation A.2 in the identity [(x + y + z)2 = x2 + y2 + z2 + 2xy + 
2yz + 2zx], we get

 
a b V V V V V

V V V

i j i j i j

i i j

1
2

1
2 2 2

2 2

+ = + + − −( )

− −( )+

2 2
se

se se

cos

cos

θ θ

θ θ VV jse secos θ θ−( )
 (A.8)

Hence, from Equation A.4, the effective reactance offered by the static 
synchronous series compensator is

 

X

V V Vi i yij j

se

se se

Im
Num 1

Den 1
= ( ) = 








=
− +( )−
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sin sinθ θ ϕ θθ θ

θ θ

j yij yij
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i j i j i j
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+ − −

se se

se
2+

ϕ ϕsin

cos2 2 2 (( ) − −( )
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
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
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=
2

2

1

2V V

V V

c

ci i

j j

se se

se se

cos

cos
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θ θ
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where:

 
c V V V Vi i yij j j yij yij1 = − +( )− − +( )− se se se sesin sin sinθ θ θ θϕ ϕ ϕ  (A.9)

 

c Y V V V V V

V V V

ij i j i j i j

i i se j

2
2 2 2 2

2 2

= + + − −( )

− −( ) +

se

se

cos

cos

θ θ

θ θ VV jse secos θ θ−( )
 (A.10)

A.2  EXPRESSION FOR THE LINE CURRENT 
THROUGH THE SERIES CONVERTER OF THE 
mth UNIFIED POWER FLOW CONTROLLER

As already outlined in Section 4.2, in the proposed model, the series and 
shunt converters for the mth unified power flow controller (UPFC) (m ≤ p, 
where p is the total number of UPFCs) are transformed to fictitious power-
flow bus numbers (n + 2m – 1) and (n + 2m), respectively. Using Equations 
4.12 and 4.13, the expression for the net injected current at the (n + 2m – 1)th 
bus (representing the series converter) is

 
I Y V Y V Y V

Y

2 1 ( 2 1)

1

2

( 2 1) ( 2 1)

(

n m n m k k

k

n p

n m i i n m j j
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+ − −∑− +

=
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+ + −= = +

+ ++ − + − + −2 1)( 2 1) 2 1Vm n m n m

 (A.11)

Now, from the above equation,
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I =+2 1 ( 2 1) ( +2 1) ( 2 1) (n m− − − −θ θY V Y Vn m i i i y n m i n m j j j y n+ + +∠ +{ }+ ∠ϕ ϕ ++
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or

 I 2 1n m++ − += p jq2 2  (A.12)

where:

 

p Y V

Y V
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n m j j j y
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(A.13)
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(A.14)

From Equation A.12,

 I 2 1

1/2

n m++ −− −−2 1 = = ( )I p qn m+ +2
2

2
2  (A.15)

Also, using the identity ( )x y z x y z xy yz zx+ + = + + + + +2 2 2 22 2 2{ } and 
from Equation A.13,
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 (A.16)
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In a similar way,

 

q Y V Y Vn m i i i y n m i n m j j2
2 2 2 2 2

2

= +{ }+( 2 1)
2

( 2 1) ( +2 1)+ − + − −θ

θ

sin

sin

ϕ

jj y n m j

n m n m n m n mY V

+

+ θ +

+ −

+ − + − + − + −

ϕ

ϕ

( 2 1)

( 2 1)( 2 1) ( 2 1) 2 1

{ }
2 2 2sin yy n m n m

n m i n m j i j i y nY Y V V

( 2 1)( 2 1)

( +2 1) ( +2 1) ( +2

+ − + −

− − θ

{ }

+ +2 sin ϕ mm i

j y n m j

n m i n m n m iY Y V

−

−

− − −

θ

1)

( +2 1)

( +2 1) ( +2 1)( +2 1)

{ }

+{ }

+

sin ϕ

2 VVn m i y n m i

n m y n m n m

+2 1 ( +2 1)

( +2 1) ( +2 1)( +2 1)

− −

− − −

θ

θ

sin

sin

+{ }

+

ϕ

ϕ{{ }

+ +2Y Y V Vn m j n m n m j n m j y n m j( +2 1) ( +2 1)( +2 1) +2 1 ( +2 1)− − − − −θsin ϕ{{ }

+{ }sin θ − − −n m y n m n m+2 1 ( +2 1)( +2 1)ϕ

 (A.17)

Now,

 cos cos + = cosA B A B A Bsin  sin −( )  (A.18)

Using Equations A.16 through A.18 in Equation A.15, we get

 I a a a an m+2 1
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where:
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A.2.1 Expression for the Shunt Converter Current of the mth UPFC

Using Equations 4.14 and 4.15, the expression for the net injected current 
at the (n + 2m)th bus (representing the shunt converter) is

I Y V Y V Y V Y2 ( 2 )

1

2

( 2 ) ( 2 ) ( 2 )( 2n m n m k k

k

n p

n m i i n m j j n m n+ +

+

+ + + +==
==

= + +∑ mm n m) 2V +  (A.20)

where:

Y y Y y Y Y( 2 )( 2 ) sh ( 2 ) sh ( 2 ) ( 2 )( 2n m n m m n m i m n m j n m n m+ + + + + +,= = − = −, ,0 11) = 0 (A.21)

Now, from Equation A.20,
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or
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 I 2n m+ = p jq3 3+  (A.23)

where:
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From Equation A.23,

 I +n m2 = = +( )I p qn m+2

1/2

3
2

3
2  (A.26)

Using Equations A.18, A.24, and A.25 in Equation A.26, we get

 I b bn m+2
1/2= +( )1 2

 (A.27)

where:

 
b Y V Y V

b Y Y
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1
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+ + + +

+ + +22 ) 2 2 ( 2 ) ( 2 )( 2 )m i n m i n m y n m i y n m n mV V + + + + +cos θ θ− + −{ }ϕ ϕ

A.2.2  Selection of Initial Conditions for the UPFC Shunt 
Voltage Source

While enforcing shunt converter current limits, it is observed that the 
selection of initial conditions for the UPFC shunt voltage source (repre-
senting the shunt converter) plays an important role. While enforcing this 
limit, the sending end bus voltage is relaxed and its Jacobian elements are 
replaced by those of the shunt converter current magnitude In m+2 .

Now, from Equation A.27, the partial derivatives of In m+2  with respect 
to the state variable of interest (i.e., θi , θn m+2 , Vi , and Vn m+2 ) can be com-
puted. As a typical example,

∂
∂

= −








( ) ( )( )I Y Y V V

I
n m

i

n m i n m n m i n m

n m

i n+ + + + +

+θ

θ −θ
2 2 2 2 2

2

sin
++ +

+ +

+2 ( 2 )

( 2 )( 2 )

m y n m i

y n m n m

ϕ

ϕ−








 (A.28)

It can be shown that all the other partial derivatives contain In m+2  in the 
denominator.

Now, if the initial conditions for the shunt voltage source were chosen 
as V m msh sh

0 0 01 0 0∠ = ∠θ .  following [60], it can be observed (using Equation 
4.14) that

 I y (V V ) y ( V ) 02 sh sh i sh 2n+ + =m m m m n m iV= − = −

because, at all load buses, the initial condition for the bus voltage Vi is 
usually taken as 1 0 00. ∠ . This renders all the partial derivatives of In m+2  
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indeterminate (from Equation A.28). Modifying the shunt source initial 
condition to Vsh sh

0 0 1 0 9∠ ∠ ( )θ = −. /π  solves this problem, without any 
observed detrimental effect on the convergence.

A.3  EXPRESSION FOR THE LINE CURRENT 
THROUGH THE SERIES CONVERTER OF AN 
INTERLINE POWER FLOW CONTROLLER

The effect of the first series converter of the interline power flow controller 
(IPFC) is equivalent to an additional (n + 1)th bus without any IPFC. 
Now, from Equations 5.10 and 5.11, the net injected current at this fictitious 
(n + 1)th bus is

 I Y V Y V Y V Y V1 ( 1)

1

1

( 1) ( 1) ( 1)( 1) 1n n q q

q

n

n i i n j j n n n+ +

=

+

+ + + + += =∑ + +  (A.29)

or

 
In+1 = + + + +

+

Y V Y V

Y

n i y n i i i n j y n j j j

n n

( 1) ( 1) ( 1) ( 1)

( 1)(

∠ ∠ + ∠ + ∠

+

ϕ ϕθ θ

++ + + + +1) ( 1)( 1) 1 1∠ϕy n n n nV θ
 (A.30)

Equation A.29 is similar to Equation A.11, and further manipulation of 
terms in Equation A.30 leads to

 I +1n = +p jq4 4 (A.31)

where:

 

p Y V Y V

Y

n i i i y n i n j j j y n j4 1 1 1 1= +{ }+ +{ }

+

( + ) ( + ) ( + ) ( + )cos cosθ θϕ ϕ

(( + )( + ) + + ( + )( + )cosn n n n y n nV1 1 1 1 1 1θ +{ }ϕ

 (A.32)

 
q Y V Y V

Y

n i i i y n i n j j j y n j4 1 1 1 1= +{ }+ +{ }

+

( + ) ( + ) ( + ) ( + )sin sinθ θϕ ϕ

(( + )( + ) + + ( + )( + )sinn n n n y n nV1 1 1 1 1 1θ +{ }ϕ
 (A.33)

From Equation A.31,

 I +1n = = +( )I p qn+1

1/2

4
2

4
2  (A.34)

Squaring Equations A.32 and A.33, then adding and using the trigono-
metric identity cos cos +  = cosA B A B A Bsin sin −( ), we finally get
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 I 1
1/2

n d d d d+ + + += = ( )I +1n 1 2 3 4
 (A.35)

where:
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=

ϕ ϕ

4 2 ))( + ) + + ( + ) ( + )( + )cosn j n j n y n j y n nV V1 1 1 1 1 1θ θ− + −{ }ϕ ϕ

A.4  EXPRESSION FOR THE LINE CURRENT THROUGH 
THE SERIES CONVERTER OF A GENERALIZED 
UNIFIED POWER FLOW CONTROLLER

Let us consider a most elementary generalized unified power flow control-
ler (GUPFC) with two series and a shunt converter, which is installed in 
an existing n-bus power system network. It is assumed, without any loss of 
generality, that the two series converters are connected in series with two 
transmission lines. The first transmission line is connected in the branch 
between buses a (sending end [SE]) and b (receiving end [RE]). The second 
line is connected in the branch between buses c (SE) and d (RE). The shunt 
converter is connected to bus c.

As already outlined in Section 6.2, in the proposed model, the two series 
converters are transformed to fictitious power-flow bus numbers (n + 1) 
and (n + 2). Similarly, the shunt converter is transformed to fictitious power-
flow bus number (n + 3).

Using Equations 6.3, 6.4, 6.21, and 6.22, the line current through the 
first series converter (connected in series with the first transmission line) 
can be written as

 I I V V V Y V1 1 1 1 ( 1)

1

1

n a b n q q

q

n

+ +

=

+

= =− − + =∑se se1 1αα αα ββ  (A.36)

where:

 V V Y Y Y1 1 1 1 1n n n n a n b+ ( + + + +, , ,= =se ) ( ) ( )1 )( αα == αα == ββ11 11 11− and  (A.37)

From Equations A.36 and A.37, we get

 I 1 1 1 1

1

n+1 = ( + ) ( + ) ( + ) ( + )

( + )( +

Y V Y V

Y

n a y n a a a n b y n b b b

n n

∠ ∠ + ∠ ∠

+

ϕ ϕθ θ

11 1 1 1 1) ( + )( + ) + +∠ϕy n n n nV θ
 (A.38)
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The above equation is similar to Equation A.30, and further manipulation 
of terms in the above equation leads to

 I +1n = +p jq5 5  (A.39)

where:

 

p Y V Y V

Y

n a a a y n a n b b b y n b5 1 1 1 1= +{ }+ +{ }

+

( + ) ( + ) ( + ) ( + )cos cosθ θϕ ϕ

(( + )( + ) + + ( + )( + )cosn n n n y n nV1 1 1 1 1 1θ +{ }ϕ
 (A.40)

 

q Y V Y Vn a a a y n a n b b b y n b5 ( 1) ( 1) ( 1) ( 1)

Y

= +{ }+ +{ }

+

+ + + +sin sinθ θϕ ϕ

(( 1)( 1) 1 1 ( 1)( 1)n n n n y n nV+ + + + + +sin θ +{ }ϕ
 (A.41)

From Equation A.39,

 I +1n = = +( )I p qn+1

1/2

5
2

5
2  (A.42)

Squaring Equations A.40 and A.41, then adding and using the trigono-
metric identity cos cos + = cosA B A B A Bsin sin −( ), we finally get

 I 1
1/2

n+ + + += = ( )I +1n e e e e1 2 3 4
 (A.43)

where:

 

e

e

1
2 2 2 2 2 2

2 2

=

=

Y V Y V Y V

Y Y

n a a n b b n n n

n a n

( + ) ( + ) ( + )( + ) +

( + ) (

+ +1 1 1 1 1

1 ++ ) ( + ) ( + )

( + ) ( + )( +

cos1 1 1

1 1 1

b a b a b y n a y n b

n a n n

V V

Y Y

θ θ− + −{ }

=

ϕ ϕ

e3 2 )) + + ( + ) ( + )( + )

( + ) ( +

cosV V

Y Y

a n a n y n a y n n

n b n

1 1 1 1 1

1 1

θ θ− + −{ }

=

ϕ ϕ

e4 2 ))( + ) + + ( + ) ( + )( + )cosn b n b n y n b y n nV V1 1 1 1 1 1θ θ− + −{ }ϕ ϕ

In a similar manner, the magnitude of the line current through the second 
series converter can also be written very easily.

A.4.1 Expression for the GUPFC Shunt Converter Current

The shunt converter is connected to SE bus c. In the proposed model, it is 
transformed to fictitious power-flow bus number (n + 3). The net injected 
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current at this power-flow bus equals the current flowing into the trans-
mission system from this bus and can be written as

 I I y (V V ) Y V3 sh sh sh 3)

1

3

n c n q q

q

n

+ (= − = +

=

+

== −− ∑  (A.44)

where:

 V Y y Y y3 sh ( 3 ( 3 sh ( 3 sh ( 3n n n n c n d+ + ) + ) + ) + )= , ,V Y= = =−− , and 0 (A.45)

It may be noted that in Equation A.44, Vsh is the voltage source represent-
ing the shunt converter.

Expanding Equation A.44, we get

 I 3n+ + ) + ) + ) + ) + ) + ) +=Y V Y Vn c y n c c c n n y n n n n( 3 ( 3 ( 3 ( 3 ( 3 ( 3 3∠ ∠ + ∠ ∠ϕ ϕθ θ ++3
 (A.46)

or

 I +3n = + ) + ) + ) + ) + + + )Y V Y Vn c c c y n c n n n n y n( 3 ( 3 ( 3 ( 3 3 3 ( 3 (∠ +{ }+ ∠ +θ θϕ ϕ nn+ )3{ } (A.47)

The above equation is similar to Equation A.22, and further manipulation 
of terms in the above equation leads to

 I +3n = +p jq6 6  (A.48)

where:

 p
Y V Y Vn c c c y n c n n n

n y n

6

( 3 ( 3 ( 3 ( 3 3

3 ( 3
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+{ }+
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+ ) + ) + ) + ) +

+ +
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θ
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ϕ )) + )( 3n{ }
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 (A.49)

 q
Y V Y Vn c c c y n c n n n

n y n
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( 3 ( 3 ( 3 ( 3 3

3 ( 3
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+ ) + ) + ) + ) +
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θ

ϕ
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
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




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 (A.50)

From Equation A.48,

 I +3n = = +( )I p qn+3

1/2

6
2

6
2  (A.51)

Squaring Equations A.49 and A.50, then adding and using the trigono-
metric identity cos cos + = cosA B A B A Bsin  sin −( ), we finally get
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 I f fn+3
1/2= +( )1 2

 (A.52)

where:

 
f Y V Y V

f Y Y V V

n c c n n n

n c n n c n

1
2 2 2 2

2 2

= +

=

( 3 ( 3 ( 3 3

( 3 ( 3 ( 3

+ ) + ) + ) +

+ ) + ) + ) ++ + + ) + ) + )cos3 3 ( 3 ( 3 ( 3θ θc n y n c y n n− + −{ }ϕ ϕ

A.4.2  Expression for the Bus Voltage on the Line 
Side of a GUPFC Series Converter

From Figure 6.2, for the first series converter, if Vm (not shown in figure) is 
the voltage on the line side, then

 V V V I Zs s si m− = +e e e1 1 1

or

 I y ( V V V )s s se e e1 1 1= − −i m  (A.53)

Also

 I I I (y y )V y Vs 1 10 1 10 1e1 = + = + m j−  (A.54)

From Equations A.53 and A.54,

 (y +y +y )V y V y V +y V1 10 s s s s 1e e e e1 1 1 1m i j= −  (A.55)

or

 V
y V y V y V

(y y y )

y V y V y V
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s 1 s s

1 10 s

s 1 s s
m

i j i j=
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+e e e

e

e e e1 1 1

1

1 1 1_

+ +

_

TT

 (A.56)

Let

 g
y

y
g

y

y
1

s
2

1= e1

T T

, =  (A.57)

From Equations A.56 and A.57,

 V g V g V g1 2 1 sm i j V= + − e1
 (A.58)

or

 Vm = ∠ ∠ + ∠ ∠ − ∠ ∠g V g V g Vg i i g j j g1 1 2 2 1 1 se1 se1ϕ ϕ ϕθ θ θ  (A.59)
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or

 Vm = ∠ +( )+ ∠ +( )− ∠ +( )g V g V g Vi i g j j g g1 1 2 2 1 se1 se1 1θ θ θϕ ϕ ϕ  (A.60)

Further manipulation of terms in the above equation leads to

 Vm = +p jq7 7  (A.61)

where:

 p
g V g V

g V

i i j j g
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1 2 2
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 (A.62)
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 (A.63)

From Equation A.61,

 Vm = = +( )V pm q7
2

7
2 1/2 (A.64)

Squaring Equations A.62 and A.63, adding and using the trigonometric 
identity cos cos +  = cosA B A B A Bsin sin −( ), we finally get

 V h h h hm1
1/2= = ( )Vm1 1 2 3 4+ + +  (A.65)

where:
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TABLE A.1 Suitability of Decoupling for Elements of Relevant Jacobian Subblocks in 
Static Compensator

Typical Elements in Different Jacobian Subblocks

Jacobian Subblock 

Expression for Typical Jacobian Subblock Element

Exact Approximation

∂∂
∂∂

P

shV

∂
∂

= − − − 
P

V
V ya

b
a b a b y b

sh
sh sh shcos θ θ ϕ

if STATCOM b is connected to bus a
∂
∂

=P
V

a

bsh
0

if STATCOM b is not connected to bus a

∂
∂

≈ −
P

V
ga

b
b

sh
sh

for θ θa b− ≈{ sh  0  
and Va ≈ }1 0.

∂∂
∂∂
P

V
STAT ∂

∂
= − − − 

P

V
V ya

b
a a a b y a

STAT
sh sh sh shcos θ θ ϕ

if STATCOM a is connected to bus b
∂
∂

=
P

V
a

b

STAT 0

if STATCOM a is not connected to bus b

∂
∂

≈ −
P

V
ga

b
a

STAT
sh

for shθ θa b− ≈{ 0 
and V ash ≈ }1 0.

∂∂
∂∂θθ

Q

sh

∂
∂

= − − 
Q

V V ya

b
a b b a b y b

θsh
sh sh sh shcos θ θ ϕ

if STATCOM b is connected to bus a
∂
∂

=
Qa

bθsh

0

if STATCOM b is not connected to bus a

∂
∂

≈
Q

ga

b
b

θsh
sh

for shθ θa b− ≈{ 0 , 
Va

 ≈1.0, and 

V bsh ≈ }1 0.

∂∂
∂∂
P

V
STAT

sh

∂
∂

=

− − − 

P

V
V y

V y

a

b
a a a

c a a c y a

STAT

sh
sh sh sh

sh sh sh

2 cos

cos

ϕ

θ θ ϕ

y

if b = a
∂
∂

=
P

V
a

b

STAT

sh

0

if b ≠ a

∂
∂

≈
P

V
ga

b
a

STAT

sh
sh

for shθ θa c− ≈{ 0, 
V ash

 ≈ 1.0, and 

Vc ≈ }1 0.

Note: STATCOM a is connected to bus c.
STATCOM, static compensator.
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