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Preface

If n-dimensional space is tiled by a lattice of parallel unit cubes,
must some pair of them share a complete (n— 1)-dimensional face?

Is it possible to tile a square with an odd number of triangles,
all of which have the same area?

Is it possible to tile a square with 30°-60°-90° triangles?

For positive integers k£ and n a (k,n)-semicross consists of
kn + 1 parallel n-dimensional unit cubes arranged as a corner cube
with n arms of length k glued on to n non-opposite faces of the
corner cube. (If n is 2, it resembles the letter L, and, if n is 3, a
tripod.) For which values of k and n does the (k, n)-semicross tile
space by translates?

The resolution of each of these questions quickly takes us away
from geometry and places us in the world of algebra.

The first one, which grew out of Minkowski’s work on dio-
phantine approximation, ends up as a question about finite abelian
groups, which is settled with the aid of the group ring, characters of
abelian groups, factor groups, and cyclotomic fields.

Tiling by triangles of equal areas leads us to call on valuation
theory and Sperner’s lemma, while tiling by similar triangles turns
out to involve isomorphisms of subfields of the complex numbers.

The semicross forces us to look at homomorphisms, cosets,
factor groups, number theory, and combinatorics.

Of course there is a long tradition of geometric questions re-
quiring algebra for their answers. The oldest go back to the Greeks:

vii




viii ALGEBRA AND TILING

“Can we trisect every angle with straightedge and compass?” “Can
we construct a cube with twice the volume of a given cube?” “Can
we construct a square with the same area as that of a given disk?”
These were not resolved until we had the notion of the dimension
of a field extension and also knew that r is transcendental.

We consider only the algebra that has been used to solve tiling
and related problems. Even so, we do not cover all such problems.
For instance, we do not describe Conway’s application of finitely
presented groups to tiling by copies of a given figure. See [19] in
the Bibliography on pp. 200~ 201. Nor do we treat Barnes’ use of al-
gebraic geometry [1]. Thurston [22] has written a nice exposition of
Conway’s work, and providing the algebraic background for Barnes’
work would take too many pages. The group with generators a and b
and relations a? = e = b? plays a key role in obtaining the Banach—
Tarski paradox, which asserts that a pea can be divided into a finite
number of pieces that can be reassembled to form the sun. A clear
exposition of the argument was given by Meschkowski [16].

We had two types of readers in mind as we wrote, the under-
graduate or graduate student who has had at least a semester of
algebra, and the experienced mathematician. To make the €xposi-
tion accessible to the beginner we have added a few appendices that
cover some special topics not usually found in a typical introduc-
tory algebra course and also included exercises to serve as a study
guide. For both the beginner and the expert we include questions
that have not yet been answered, which we call “Problems,” to dis-
tinguish them from the exercises.

Now a word about the organization of this book and the order
in which the chapters may be read.

Chapter 1 describes the history leading up to Minkowski’s con-
jecture on tiling by cubes. We give the solution of that problem in
the form of Rédei’s broad generalization of Hajés’s original solu-
tion. Its proof, which is much longer than the proofs in the other
chapters, is delayed until Chapter 7. (However, the proof uses only
such basic notions as finite abelian groups, factor groups, homo-
morphisms from abelian groups into the complex numbers, finite
fields, and polynomials over those fields.)

Preface ix

The beginner might start with Chapter 1, go to de Bruijn’s har-
monic bricks in Chapter 2, and then move on to Chapters 3 and 4,
which concern the semicross and its centrally symmetric compan-
ion, the cross. After that, Chapters 5 and 6, which concern tiling by
triangles, can be taken in either order. With the experience of study-
ing these chapters, the beginner would then be ready for the rest of
Chapter 2 and the proof of Rédei’s theorem. The advanced reader
may examine the chapters in any order, since they are essentially
independent.

We hope that instructors will draw on these chapters in their
algebra courses, in order to bring abstract algebra ideas down to
earth by applying them in geometric settings.

The little that we include in the seven chapters is only the tip
of the iceberg. The references at the end of each chapter and the
bibliography at the end of the book will enable the reader to pursue
the topics much further.

Several of these describe quite recent work. In [14] Laczkovich
and Szekeres obtain the following result. Let r be a positive real
number. Then a square can be tiled by rectangles whose width and
length are in the ratio r if and only if r is algebraic and the real
parts of its conjugates are positive. This was done in 1990. Indepen-
dently, Freiling and Rinne obtained the same result in 1994 by simi-
lar means. Kenyon [12] considers the question: Which polygons can
be tiled by a finite number of squares? Gale [8] obtains a short proof
using matrices of Dehn’s theorem, which asserts that in a tiling of
a unit square by a finite number of squares all the squares have ra-
tional sides.

We wish to acknowledge the contributions of several people
to this book. Victor Klee, Miklés Laczkovich, Lajos Pésa, Fred
Richman, and John Thomas, in response to our requests, described
the background of their work. Mark Chrisman and Dean
Hickerson graciously permitted us to include some of their unpub-
lished proofs. Aaron Abrams, while a senior at the University of
California at Davis, read two earlier versions of the manuscript and
made many suggestions that ghould help the book serve a broader
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audience. The exposition also benefited from the advice of G.
Donald Chakerian and Marjorie Senechal.

Budapest Davis, California
August, 1994 August, 1994
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Chapter 1
Minkowski’s Conjecture

The origins of most of the tiling problems we will explore go back
just a short time. But Minkowski’s problem, like many ideas in
mathematics, can trace its roots to the Pythagorean theorem,
a? + b? = ¢?. We shall trace these roots, and then go on to describe
some of the problems that Minkowski’s question, in turn, suggested.
We do this in order to place the problem in its proper position in
the intricate web that constitutes mathematics.

1. Introduction

The Greeks discovered all integer solutions of the equation
z? + y? = 22 pick three integers d, m, and n, and let one of =
and y be d(2mn) and the other be d(m? —n?), and z = d(m? +n?).
Inspired by this, Diophantos, who lived some time between A.D. 150
and A.D. 350, described techniques for producing rational solutions
of such equations as % + y® = 23, 2% + ¢® = 22, and 2% + ¢* =
z3. He does not refer to the equation z® + y® = 22, whose first
recorded mention is in a letter written about the year A.D. 1000 by
the mathematician Abu Djafar Mohammed Ben Alhocain [22]:

I have already explained that the arguments that Abu
Mohammed Alkhodjandi, may God have mercy on him,
has proposed in this der{tonstration that on the addition
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of two cube numbers there does not result a cube, are de-
fective and inexact.

Alkhodjandi is better known for his observation of the obliqueness
of the earth’s orbit in 992.

Fermat, who was familiar with Diophantos through Bachet’s
edition of 1621, added a fresh twist, investigating the equation
z? + y2 = p, where x and y are integers and p is a prime. In a letter
to Mersenne, in 1640, he wrote, “Each prime number that is one
more than a multiple of four is uniquely the sum of two squares
and uniquely the hypotenuse of a right triangle.” Six months later,
he confessed to Frenicle, “Finding those two squares is as difficult
as groping in the dark.”

But Fermat did not stop with the form z? + y°. In a letter to
Pascal in 1654 he stated, “Each prime that is one more than a mul-
tiple of 3 is composed of a square and the triple of another square,
such as 7, 13, 19, 31, 37, etc.

Each prime that exceeds a multiple of 8 by 1 or 3 is composed
of a square and twice another square, such as 11, 17, 19, 41, 43,
etc. ... This will be followed by the invention of many propositions
which do not appear in Diophantos.”

In short, Fermat introduced the study of integers represented
by the quadratic forms z2 + 32, =% + 3y?, and z? + 2y, Euler went
further, examining forms of the type Az?+Cy?, where A and C are
fixed integers. Lagrange in 1775 studied the most general quadratic
form Az? + Bzy+ Cy?, where A, B, and C are fixed integers. If the
integers A, B, and C have the property that Az? + Bzy + Cy? is
positive whenever « and y are not both 0, the form is called positive
definite. Lagrange investigated the minimum nonzero value of such
a form when z and y are integers. An estimate of this minimum
would help in his classification of quadratic forms and, as we will
show in the next section, it turns out that this minimum is related to

the geometry of certain regularly spaced points in the plane, called
“lattices.”

Minkowski’s Conjecture

2. Quadratic forms and lattices

Informally speaking, a lattice L in the plane, R?, is a “homoge-
neous” set of isolated points. It is an example of a “regular” point
set in that it looks the same no matter from which of its points you
observe it. Figure 1 shows part of a lattice. (The whole lattice is
unbounded.) We also assume that the origin is one of the lattice
points.

Say that you are at a point P € L and a friend is at point
Q € L. You see a point R € L. Then your friend at Q will be able
to see a point at @ + (R — P). (Here we treat points like vectors.)
This is the algebraic translation of the homogeneity of the lattice,
as shown in Figure 2.

Thus the lattice is closed under the operation “Q + (R — P).”
Now let @ = (0,0). Then we see that the lattice is closed under the
operation of subtraction, R — P. This tells us that L is a subgroup
of the additive group of the vector space R?. The other property
we want of a lattice is that its points are not arbitrarily close to each
other. This brings us to the formal definition of a lattice.

A set of points L in R™ is a lattice if it is a group under vector
addition and each of its points is the center of a ball that contains
no other points of L.

T z5

] . ® .R
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In Appendix A it is shown that if L is a lattice in n-space, then
there are linearly independent vectors vy, vz, ...,v,k < n, such
that L consists of all the points of the form

mivy + Mma¥s + « - - + MU,

where m; € Z,1 < i < k. Such a set of vectors is called a basis
for L, and k is called the dimension of the lattice. Figure 3 shows a
basis for the lattice of Figure 1.

When you have a basis it is tempting to draw the dissection of
the plane by the parallelograms that they suggest, as in Figure 4.

A lattice has an infinite number of bases (as Exercise 1 sug-
gests). Figure 5 shows another basis for the lattice of Figure 1 and
the associated parallelograms.

z2 T2
® L —
L] . . *
. L .
L) s
® L/ "
. o W .
L
] \ Lr® ® 1
g = v
® o Al
* .
L3 1 s .
® . P
, L)
° b > .
L] - .
. .

FIGURE 4

T2

sl

FIGURE 5

Minkowski’s Conjecture

Let v, va, . .., Uy be a basis for an n-dimensional lattice L in n-
space. The parallelepiped whose edges are v1, vz, . . ., ¥y iS the set
of points

{z101 + T2+ -+ TpUp:0< 2, < 1,1 <4 < m}

It is called a fundamental parallelepiped of the lattice. The volume
of this parallelepiped is the absolute value of the determinant of
the matrix whose rows are the vectors vy, vs, . . -, Un. In Appendix
A it is shown that this volume is independent of the particular basis
chosen for L. It is called the determinant of L and is denoted d.

The most famous lattice in n-space is the set of points all of
whose coordinates relative to the usual cartesian axes are integers,
the group Z", called the standard lattice. The most conspicuous
basis for this lattice consists of the n unit vectors

(1075 0) (0,1, 005 0y 0 k)

The determinant of Z™ is 1.

Exercise 1.
(a) Draw three different bases for the lattice Z2 and their associ-

ated parallelograms.
(b) Check that in each case the determinant of the matrix whose

rows are the basis is 1 or —1.

Exercise 2. Let a and b be integers. When is the vector (a, b) part
of a basis for Z2?

In a book review in 1831 Gauss [4] showed that positive defi-
nite quadratic forms in two variables are intimately connected with
plane lattices. Gauss assumed that the coefficient of zy in the qua-
dratic form is even. This is no loss of generality, since we could, after
all, double all the coefficients of a quadratic form without losing any
information about its minimum value. We first present his discovery
as he described it. Then we will express it in modern terms.

The positive definite binary form azz + 2bzy + cyy repre-
sents in general the squgre of the distance between arbi-
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trary points in a plane whose coordinates along axes that
meet at an angle whose cosine is b/+/ac are z+/a and y+/c.
In so far as z and y refer only to whole numbers, this form
is a system of points that lie in the intersection of two sys-
tems of parallel lines. The lines of each system lie at equal
distances from each other, and this common distance is
\/a, if measured parallel to the lines of the second sys-
tem; the common distance of the other system, measured
parallel to the lines of the first system, is 1/c. The angle
between the two systems is the one specified above.

In this way the plane is divided into congruent parallel-
ograms whose vertices form the system of points where
none of the points can fall within the parallelograms. The
determinant taken with a positive sign, that is, ac — bb,
gives the square of the area of an elementary parallelo-
gram.

One and the same system of such points can be divided
into the vertices of a family of parallelograms in infinitely
many different ways and thus referred back to equally
many different forms, but all these forms are what is tech-
nically called “equivalent” and the area of those elemen-
tary parallelograms remains the same.

Figure 6 shows what Gauss had in mind.

y cmasfi:\/a\/E

Ve [vn

/9 n T
..---"""""-—- \/a v T

Minkowski’s Conjecture 7/

The square of the length of zv; + yv, is the value of the dot
product

(zv1 + yv2) - (zv1 + Yv2),
which expands to
2% (v1 - v1) + 2zy(v1 - v2) + Y2 (vs - v2).
Since
v U1 =@, U - Vg =€,
and
vy - U2 = |v1|[v2| cos @ = \/a'\/E(b/\/f-E)a

the form az? + 2bzy + cy? indeed does represent the square of the
length of a typical vector in the lattice.

Exercise 3.

(a) Show that if az?® + 2bzy + cy? is positive definite, then a > 0,
¢ > 0and b? < ac.

(b) Is the converse true?

So, instead of looking for the minimum nonzero value of a
positive definite quadratic form, we may examine the square of the
length of the shortest nonzero vector in a lattice.

The form az? + 2bzy + cy? in matrix notation reads

(5 2) ()

More generally, a quadratic form in n variables,

n o n
E E Qi LT with Qij = Qji,

i=1 j=1
can be written as

@11 @12 ... Qipn T
Q21 Q22 ... Q2 T3

(:E].) H ) PR .'.En)
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Denoting the row vector (z1, 2, ..., T,) by , its transpose (a col-
umn vector) by z7, and the matrix (a;;) by A, we see that a quadratic
form is denoted by the matrix product zAz”. The determinant of
A is called the determinant of the quadratic form, which we denote
D.

The matrix A is symmetric. Thus there is an orthogonal matrix
O such that OAOT = E, a diagonal matrix. Moreover, if zAz”
is positive definite, then the diagonal entries in E are positive.
From this it follows that there is a nonsingular matrix B such that
A=BBT,

Exercise 4.

(a) Fill in the details of the previous argument.

(b) Prove that if B is a nonsingular n by n matrix, then the qua-
dratic form zBBT 7 is positive definite.

The quadratic form zAz” = zBBTzT can be rewritten as
(zB)(xB)T, which is simply the square of the length of the vec-
tor zB. If we restrict the coordinates of the vector z to be integers,
then the set of vectors of the form =B forms a lattice. To be specific,
let B = (b;;). Then

by bt LS b1

by b2 ... b2n
B = (T3 @yt D) g i

bnl bn.2 e bnn

= (z1b11 + x2bo1 + - -+ + Trbpa,y . -,
mlbm +$2b2n + -0+ .Trnbnn)

= :121(5]_1, ~ ..,blﬂ,) 4. +$n(bn1)---:bnn)-

Denoting the jthrow of B by v;, we see that B = z1v1+ - -+TnVp.
Hence as z varies, z.B sweeps out the lattice with basis v1, va, . . . , Un.

Exercise 5. What is the relation between the determinant D of a
quadratic form, that is, the determinant of A, and the volume of the

Minkowski’s Conjecture 9

parallelepiped spanned by vy, vs, - . . , v, that is, the absolute value
of the determinant of B?

Exercise 6. Consider the lattice Z2 that consists of the points in

R? both of whose coordinates are integers.

(a) One basis for this lattice is v; = (1,0) and v, = (0,1). What is
the associated quadratic form?

(b) Another basis is v; = (2,3) and v5 = (1, 1). What is the asso-
ciated quadratic form in this case?

Exercise 7. Figure 7 indicates the plane tiled by equilateral trian-
gles of side length 1.
(a) Give a simple basis for the set of vertices of the triangles.
(b) What is its determinant?
(c) What is the positive definite quadratic form associated with
this lattice and the basis chosen in (a)?

Hermite in 1845 proved that a positive definite quadratic form
in n variables with determinant 1 assumes a nonzero value less than
or equal to (4/3)(™~1)/2 for some integer vector. His proof was an

FIGURE 7
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induction on n. For n = 2, thisbound is 1/4/3 ~ 1.15. In particular,
the quadratic form 2x2 + 10zy + 13y? must assume the value 1 for
some integers « and y.

Exercise8. Find integers x and y such that 222+ 10zy+13y% = 1.

Exercise 9. What does Hermite’s theorem imply when the con-
dition “determinant 1” is replaced by the condition “determinant
D”?

Exercise 10. What does Hermite’s theorem imply about a lattice
of determinant 1 in the plane?

Exercise 11. What is the relation between the length of the short-
est nonzero vector in a plane lattice and the largest radius of any set
of congruent nonoverlapping disks whose centers are at the points
of the lattice? (The problem of finding the length of the shortest
vector in an n-dimensional lattice is thus intimately connected with
the problem of finding how densely one may place nonoverlapping
balls in n-space.)

3. Minkowski’s theorem

Minkowski, introducing a new approach, improved on Hermite’s
bound. As he wrote his friend Hilbert, in 1889, [14, p.38]

I have now progressed much further into the theory of
positive definite quadratic forms, and in the case of forms
with a greater number of variables it is indeed true that
the situation is very different . ..

Perhaps the following theorem would interest you or
Hurwitz (which I can prove in half a page):

In a positive definite quadratic form of determinant
D and n (> 2) variables one can always give the variables
such integer values that the form is less than nD/",

Minkowski’s Conjecture 11

Hermite has here instead of the coefficient n only
(4/3)(»=1)/2, which obviously in general is a much higher
bound ...

Please give my best greetings to Hurwitz as well as
my best regards to our other colleagues, and I would ask
you, yourself, to remember—and now and then to write
to

Your faithful
H. Minkowski

Exercise 12. Using a calculator find the first n for which
Minkowski’s bound is smaller than Hermite’s.

Exercise 13. Derive Minkowski’s bound for the general case from
the special case when D = 1.

Minkowski’s approach is based on properties of translates of
a set K by the vectors in a lattice L. Consider a lattice L that has
determinant d and a set K of area A. If v is a vector, the set of points
{v+k: k € K} is called a translate of K and denoted v+ K. Assume
that the translates of K by the vectors in L are disjoint. What can we
then say about the area of A? Figure 8 shows the typical situation,
where K is a worm-shaped set.

In Figure 8 we have shaded the part of one parallelogram that
is occuped by translates of K. Call this set S. Every part of the worm
appears in S. After all, each part appears in some parallelogram,
and whatever appears in one parallelogram appears in all of them.
Thus the area of S is A. Since S lies in a parallelogram of area d we
conclude that A < d. Lemma 1 puts this observation in a form that
will be more useful. Note that our reasoning applies in all dimen-
sions.

Lemma 1. Let L be an n-dimensional lattice of determinant d. Let
K be a set in n-space of volume greater than d. Then there are distinct
elements vy and v, in L such that (v + K) N (v + K) is not empty.

Exercise 14. Show that Lemma 1 does not hold if the volume of
K is only d. Y
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The theorem that Minkowski deduced from this lemma con-
cerns centrally symmetric convex sets. For convenience we will re-
strict our attention to bounded sets. A bounded set C in n-space is
convex if, whenever points P and @ are in C so is the entire line seg-
ment PQ. It is centrally symmetric if there is a point M such that for
all points P in C, the point @ such that M is the midpoint of PQ
is also in C. An ellipse or parallelogram is a centrally symmetric
convex set, but a triangle is not.

Theorem 1. Let C be a centrally symmetric convex set in n-space.
Assume that its volume is greater than 2"d and the origin is its center
of symmetry. Let L be an n-dimensional lattice of determinant d. Then
C contains a point of L other than the origin.

Proof. For convenience suppose n = 2. Let K = {z/2:x € C},
which is similar to C but shrunk by a factor of 2 in all directions,
hence it has area greater than d. It is shown in Figure 9.

Minkowski’s Conjecture 13

Since K has area greater than d, we conclude that two trans-
lates of K meet, that is, there are vectors x1, 2z, € Land ky, ks € K,
zy # x2, such that

Z1 + k1 = z3 + k.
Hence
L] — To = kg — k1.

Since K is centrally symmetric, —k; is an element K, which we de-
note k3. Hence

$1“$2=k2+k3:2(k2+k3).

2

Since K is convex (ko +k3)/2 € K and therefore 2(k; +k3) /2 € C,
that is, k; + k3 € C. Hence C contains £, — x5, a nonzero vector in
L and the proof is complete. v O
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Exercise 15. Show that the theorem is not true if either of the as-
sumptions “centrally symmetric” or “convex” is removed.

If we assume that the volume of C is 2"d, then Theorem 1 no
longer holds. A counterexample in 2-space is provided by the lattice
72 and C is the square whose vertices are (1, 1), (—1,1), (=1, 1),
and (1, —1), but without its border. However, if we add the assump-
tion that C is a “closed” set, then the conclusion of Theorem 1 still
holds, as we will show.

A set C in R™ is closed if whenever a sequence of points in C
converges to a point P, then P must be in C. A polygon without its
boundary is not closed; a polygon with its boundary is closed.

The next theorem is the one that led to Minkowski’s conjec-
ture.

Theorem 2. Let C be a bounded, centrally symmetric, closed set in
n-space. Assume that its volume is 2"d and the origin is its center of
symmetry. Let L be an n-dimensional lattice of determinant d. Then
C contains a point of L other than the origin.

Proof. Assume that the theorem is false. Enclose C in some very
Jarge box, much larger than C. This box contains only a finite num-
ber of points of L, and let P be one of them other than the origin.
We first show that the distance between P and any point in C is
greater than some fixed positive number.

Let d(P, Q) denote the distance between P and point Q). As-
sume that for each positive integer m there is a point Q,, in C such

that d(P, Q) is less than 1/m. The sequence Q1,Q2, .-, Qm,---

converges to P. Since C is closed, P lies in C. This contradicts the
assumption that P is not in C.

Therefore there is a positive number p such that d(P, Q) > p
for all points @ in C. It follows that there is a positive number p*
such that the distance between any point of C and any point of L
other than the origin is greater than p*.

Let s be a number slightly larger than 1. Let sC = {sQ:Q €
C}, which is a slight magnification of C. Indeed, choose s so that
d(sQ,Q) < p* for all @ in C. Then sC has volume s™d, which is
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greater than d, and contains no point of L other than the origin.
This contradiction of Theorem 1 completes the proof. O

Minkowski first developed these theorems for the special cases
when C is a box or ball. Later he showed that they hold for any cen-
trally symmetric convex set. The reason he wanted these theorems
is illustrated by the following consequence.

Theorem 3. A plane lattice L of determinant 1 contains an element
whose length is not greater than /2.

Proof. Let C be the square whose vertices are (1,1), (—1,1),
(-1,-1), and (1, —1). By Theorem 1 it contains an element v € L,
v # (0,0). But every point of C is within a distance /2 of the origin.
Thus the length of v is less than or equal to /2. O

Exercise 16. Justify the claim Minkowski made in his letter.

Minkowski improved the bound in Theorem 3 by using balls
instead of cubes.

Exercise 17. Using a disk instead of a square, prove that a plane
lattice of determinant 1 contains an element whose length is not
greater than 2/,/r. (Note that 2/,/7 &~ 1.13, which is less than v/2,
the bound in Theorem 2. This is not the best possible result.)

Exercise 18. What does the previous exercise imply about positive
definite quadratic forms in two variables?

In Minkowski’s obituary, Hilbert [13, pp. v—xxi] commented on
Theorem 2,

This proof of a deep number theoretical result without
analytical tools, essentially on the basis of a geometrically
intuitive consideration, is a pearl of Minkowski’s discov-
eries. In the generalization to forms of n variables
Minkowski’s proofs ledvto a more natural and far lower
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upper bound than that which Hermite had found. Still
more important however than this was that the essential
idea of Minkowski’s reasoning used only this property of
the ellipsoid, namely that it is a convex figure and pos-
sesses a center, which could therefore be applied to arbi-
trary convex figures with a center. This situation led
Minkowski to recognize for the first time that the concept
of a convex body is a fundamental idea in our science.

4. Minkowski’s conjecture

Minkowski and others used Theorem 2, the “lattice point theorem,”
to obtain several fundamental results in algebraic number theory.
However to pursue this path would take us far from the route we
want to follow. It is Minkowski’s use of his theorem in examining
the simultaneous approximation of several real numbers by rational
numbers that will lead us to consider tilings of space by parallel
congruent cubes.

Rational numbers with a given denominator, x5, can approxi-
mate any number a fairly well. A glance at the number line in Figure
10 shows that there is an integer z; such that

1

i 23:2'

I
a’_ ——
T3

FIGURE 10

The next exercise obtains a stronger result by using Minkowski’s
theorem.
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Exercise 19. Letabe areal number and n a positive integer. Prove
that there are integers z; and x5 such that

1
S and
nTa

T
a_—._.
I3

T2 < 1.

Suggestion: Let L be the lattice in R? with basis (a, 1) and (-1, 0).
Let C be a rectangle of width 2/n and height 2n.

Minkowski considered the problem of approximating two real
numbers, a and b, by rational numbers with the same denomina-
tor, but not prescribing the denominator, and proved the following
theorem.

Theorem 4. Let t be a real number greater than 1 and a and b real
numbers. Then there are integers ©1, T3 and =z, with x5 positive, such
that

1 1 : Ty 1
a——< — -—=< = and < 42
T3 T3t ’ z3| T xat’ 3 S 1,
hence
Hig] 1 9 1
a — — —_— — — —_—
2| = 2’2’ and }b = < 2/2.

Proof. Let B = (b;;) be a 3 by 3 real matrix of determinant 1. The
cube with vertices (+1,+1,+1) contains a nonzero vector of the
lattice spanned by the rows of B. Thus the simultaneous inequalities
[b1121 + b1ax2 + bigzs| < 1
|b2121 + boomy + bogzs| < 1 (1)
|b3121 + b3awp + basws| < 1

have an integer solution other than the trivial one, (0, 0, 0). Now let
¢ > 1 be a real number and a und b be real numbers. As a special
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case of (1) the inequalities

[tz1 + Ozg — atzs] <1

[0z; + tzg — btzs| <1

|0z1 + O0z2 + (1/t%)z3| <1
have a nontrivial integer solution. Thus there are integers z1, @2,
and z3, with z3 > 0, such that

1
a'_z_1<"1_1 ’b_?i(____j $3<t23
T3| w3 T3 T3t
and consequently
Iy 1 Al % 1 ) 0 (2)
. 4 Ay [T g;z? { Tyl 933;2

Exercise 20. State and prove the analog of (2) for three real num-
bers a, b, and c.
Minkowski showed that the inequalities in (1) could not always
be strict. His counterexample was
|.131 + biaxo + b13$3| <zl
[0zy + @3 + baszs| < 1 (3)
[0z; + Ozp 4+ z3] < 1.
(Note that the determinant of B is 1.)
Any integer solution of (3) has z3 = 0, hence zz = 0, and
finally z; = 0. i
The assertion that the inequalities
|b11$1 + biaxo + 613I3| <2

|b21z1 + boaza + bagzs| < 1 (4)

lbggfﬂ + bgaxo + b33$3l <1
have only the trivial solution is equivalent to saying that the interior
of the cube with vertices (+1, +1, +1) contains only one point of the
lattice spanned by
v1 = (b11,b21,b31), vz = (bi2, bz, b32), vs = (b3, bos, ba3),
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namely, the origin. This, in turn, is equivalent to the assertion that
the translates of the interior of the closed cube K with vertices
(£1/2,%£1/2,£1/2) by the vectors of the lattice spanned by vy, v,
and v3 are disjoint. Now, K has volume 1. Thus the union of the
translates of K is all of 3-space.

Exercise 21. Why is the union of the cubes all of 3-space?

This is where the concept of tiling space enters the picture.

We shall define a “tiling” in sufficient generality to cover all the
cases met in the following chapters.

Let S1,S2,...,5%,... be a family of subsets of a set S in n-
space such that each S, is an n-dimensional polyhedron or the finite
union of such polyhedra. In Chapters 1 to 4 S;, is an n-dimensional
cube or the finite union of such cubes. In Chapters 5 and 6 S}, is
a triangle. The family is a packing of S if the interiors of the Sk’s
are disjoint. The family is a covering of S if the union of the Si’s
is 5. A family that is both a packing and a covering of S is called
a tiling of S. If each Sy is congruent to fixed set T' and the family
of 5x’s packs (covers, tiles) S, we say that T packs (covers, tiles) S.
More specifically, if Sy, is a translate of a fixed set T, we say that T'
packs (covers, tiles) S by translates. If the context makes it clear that
we are considering only translates, we will usually omit the phrase
“by translates.” Chapters 1, 2, 3, 5, and 6 concern only tiling, while
Chapter 4 treats packing and covering, In Chapters 1,2,3,and 4 S
is n-space, while in Chapters 5 and 6 it is a polygon.

As we have just seen, Minkowski was led by an algebraic ques-
tion to consider tilings of space by translates of a unit cube.

What does a lattice of translates of a unit cube in 3-space look
like? To answer this question, first consider a lattice of translates of
a unit square K that tiles 2-space.

For convenience, let K be the square whose vertices are (0, 0),
(1,0), (1,1), and (0, 1). If no square shares a complete edge with K,
then the squares that lie along the right-hand edge or top edge of
K are arranged as in Figure 11 qr Figure 12.
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(b,1)

©0,0) i

FIGURE 12

In the first case two squares share a complete common hor-
izontal edge. In other words, the lattice contains the unit vector
(0,1). In the second case, the lattice contains the vector (1,0).

In the first case, the tiling is made up of vertical strips stag-
gered uniformly, as in Figure 13. In the second case it is made up
of horizontal strips.

The lattice indicated in Figure 13 has a basis of the form (1, a)
and (0, 1), for some number a. Thus a typical vector is z;(1,a) +
z2(0, 1). Since no such vector lies in the square whose vertices are
(£1, £1), the inequalities

|.’B1 i 0$2| =l (5)

lazy + z2| < 1

have only one integer solution, (0, 0).
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T2

—10,1)

(L, a)

FIGURE 13

Exercise 22. Assume that B = (b;;) has determinant 1 and the
inequalities

[briz1 + bioza| < 1

|b21z1 + bogza| < 1

have only one integer solution, (0,0). Show that some row of B
consists of integers and they are relatively prime. (Hint: Translate
the problem into one on squares.)

With the aid of a few sugar cubes or dice it is not hard to show
that if translates of a unit cube tile 3-space, then some pair share a
complete 2-dimensional face. In fact, by the time that you surround
acube with other cubes, you will find that two share a complete face.
Thus a lattice tiling of 3-space by parallel congruent cubes consists
of infinite tubes. These tubes, in turn, form slabs, and the slabs fill

up 3-space. il
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Exercise 23. Consider a tiling of 3-space by a lattice of unit cubes.
Show that the lattice has a basis of the form

(1,0, 0)1 (‘T’li]-:\[])! (x2a$311)>

or a basis obtained from this by a permutation of the coordinates.

This was Minkowski’s conjecture, made in algebraic form in
1896 and in geometric form in 1907.

Conjecture. In a lattice tiling of n-space by unit cubes there must be
a pair of cubes that share a complete (n — 1)-dimensional face.

Actually, he never made this a specific conjecture. In his book,
Geometrie der Zahlen, published in 1896, Minkowski [11] wrote on
p. 105, “I plan to give a proof of this theorem in a special article in
connection with detailed arithmetic investigations of n linear forms,
exactly like I will carry out here [in Section 45] for the case n = 2.”

The argument in Section 45 did not easily generalize to all di-
mensions, and no “special article” appeared. In his Diophantische
Approximationen [12], published in 1907, we find on page 28, “I
assume and would like to pose it as a problem.” He settled the case
n = 3 on pages 67-74, translated this case into a property of a lat-
tice tiling of 3-space by cubes, and included the diagram shown in
Figure 14 that suggests the general appearance of a lattice of cubes.
However, his argument for the case n = 3 again failed to generalize
to higher dimensions.

In spite of its seeming simplicity, Minkowski’s conjecture
reached the venerable age of 45 years before it was settled by Hajos
in 1941 [5].

We will call two n-dimensional cubes whose intersection is a
complete (n — 1)-dimensional face twins. Schmidt in 1933 [19] ob-
served that to prove Minkowski’s conjecture it is enough to prove it
for the case of a rational lattice cube tiling, that is, for a lattice cube
tiling in which the lattice vectors have only rational coordinates.
Here we tacitly assume that the cubes are unit cubes and they are
parallel to the coordinate system, since the rationality depends on
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the choice of coordinate system. We will justify this reduction in the
next chapter.

5. The group theoretic version
of Minkowski’s conjecture

It was a milestone when Hajos in 1938 translated Minkowski’s con-
jecture into an equivalent conjecture about finite abelian groups.
Three years later this led him to his proof of the conjecture. We
will illustrate the connection between the geometry of lattice cube
tilings and abelian groups by describing it in 2-space.

Consider a lattice family of translates of a unit square, whose
vertices are (0,0), (1,0), (1,1) and (0,1), which need not form a
tiling. Let L be the vectors of the lattice. (They are the bottom left
corners of the squares.) We restrict our attention only to rational
lattices. Thus if /; and I, are basis vectors of L, then we may assume

that
il (EE 9_13) L= (92 92
bii’ bz )’ : ba1’ b2 )’
where a;;, bi; are integers and b;; > 0. Letr; be a positive common
multiple of b;; and by, and simjlarly let 75 be a positive common
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multiple of b1, and byo. The straight lines perpendicular to the first
axis going through the points whose first coordinates are integer
multiples of 1/r; and the straight lines perpendicular to the second
axis going through the points whose second coordinates are integer
multiples of 1/r, cut the plane into rectangles of dimensions 1/r;
by 1/rq, as shown in Figure 15.

Each square of the family is cut into r;ry rectangles whose di-
mensions are 1/r; by 1/rs. The small rectangles form a lattice tiling
of 2-space by the lattice L’ consisting of their bottom left corners.
This lattice has a basis

l;. — (1/?'1,0% 5 = (01 1{?‘2).
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Now, L is a sublattice of L', or in other words L is a subgroup of
L'. The main algebraic tool we need is the factor group G = L'/L,
whose elements are the cosets modulo L, or, geometrically speak-
ing, the translates of L. The coset L is the identity element e of G.
Let a; and a be the cosets containing the basis vectors { and I}, of
L'. If the interiors of two members of the family of squares overlap,
that is, if one of the small rectangles is covered by two squares, then
an element I’ of L' can be represented in two distinct ways in the
form

U'=1+z,l§ + zolh,

wherel € L,0 < z; <r; — 1,0 < o3 < ry — 1. On the other hand,
if there is a rectangle that is not covered by any square of the family
then there is an element !’ of L’ which cannot be represented in the
above form. Using the factor group G written multiplicatively we
may say that if the elements

aita3?, 0<z1<rm—1, 0<z2<rs—1 (6)

are distinct then the lattice of squares is a packing of 2-space. If
these elements represent all the elements of G then the lattice of
squares is a covering of 2-space. If these elements represent all el-
ements of G without any repetition then the lattice of squares is a
tiling. Thus by means of G we can state whether the corresponding
lattice of squares is a tiling.

Next we translate into the language of the group G the asser-
tion that the lattice of squares has no twins.

Two squares form a pair of twins if the lattice elements that
describe their position differ by (1,0) or (0, 1). Thus, if twins are
present, (1,0) or (0,1) belongs to the lattice L. In other words,
r1l] € L or rpl}, € L. In the factor group G we then have

1

afd=e i lor L ralti=e (7)

That twins are present in the lattice square tiling can be formu-
lated in terms of G as follows: If every element in the abelian group
G can be represented uniquelyyin the form (6), then (7) follows.
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Similar reasoning in n-space gives us Hajés’s translation of
Minkowski’s conjecture into an equivalent conjecture about finite
abelian groups.

Hajos’s version of Minkowski’s conjecture. Let G be a finite abe-
lian group. If ay,as, . .., a, are elements of G and r1,7s,...,7, are
positive integers such that each element of G is uniquely expressible in
the form

ai’l_”a’in, Osxlsrl"‘ls'”sOanS?ﬂn*ls
then a* = eforsomed, 1 <i<n.
Since we have verified Minkowski’s conjecture for 1-space and

2-space, and sugar cubes quickly settle it in 3-space, we know that
Haj6s’s version holds for n < 3.

Exercise 24. Show that if Minkowski’s conjecture is true when
ry = .-+ = 7, then it is true in general. (Hint: Go back to the

geometry.)

6. More about the algebraic
version of Minkowski’s conjecture

Let G be an abelian group and let A;, ..., A, be subsets of G. If
each element g of G is uniquely expressible in the form

g=0a1-""0n, GleAl,..-,ﬂ.nEAn,

then we say that G is factored by the subsets A;,..., A, and that
the product A, - - - A, is a factorization of G. (Note that if G is finite
then |G| = |A;|: - |A,|.) This concept is a natural extension of the
concept of direct product of subgroups and we will write G =
A1 Ay - - - A, We will assume throughout that each A; is normalized
to contain the identity element of G.

Let a be an element of the abelian group G and r a positive
integer. The subset consisting of the elements

elayal. ol
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will be called a cyclic subset. To avoid trivial cases we suppose that

a # e, v > 2 and that the order of a is at least r, so that the ele-

r ments €, a, a?,...,a"""! are distinct. If the order of a is r then this

R | cyclic subset coincides with the cyclic group generated by a. A cyclic

| subset can be thought of as a “front end” of a cyclic group.

1 Haj0s’s version now reads: In any factorization of a finite abelian
group by cyclic subsets at least one of the factors is a subgroup.

1 ‘ The conjecture in this form could be thought of as the dual of
_ the fundamental theorem of finite abelian groups. Indeed, the latter
', states that there is a factorization of G by cyclic subsets in which
all the factors are subgroups. The algebraic version of Minkowski’s
conjecture, on the other hand, claims that in each factorization of
G by cyclic subsets there is at least one subgroup among the factors.
The next two exercises show that in Hajo6s’s version we may
assume that the cyclic subsets have prime orders.
|
|

Exercise 25.
(a) Verify that if » > 2 and s > 2, then the cyclic subset

A= el madBiare Y
of cardinality rs can be factored into the smaller cyclic subsets
Bi={e a0’ % ;@™ '} and @ = fejal la?ii ,a(’_l)"}

of cardinalities r and s respectively.
(b) Show that A can also be factored into the cyclic subsets

and so the factorization is not always unique.

Exercise 26. (This continues Exercise 25.)

(a) Prove that B cannot be a subgroup.

(b) Prove that A is a subgroup of G if and only if C is a subgroup
of G.

By Exercise 25 every cyclic subset can be factored into cyclic
subsets of prime cardinalities., By Exercise 26 if the original cyclic

|
B'={e,0,6%...,a° !} and C'={e,a%a®,...,a~ D%}
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subset is not a subgroup then neither are the new ones; and if none
of the new ones is a subgroup then neither is the original. Thus
we may suppose that in Hajos’s version all the cyclic subsets are
of prime orders. But now the number of the factors need no longer
correspond to the dimension of the original cube tiling. As we men-
tioned earlier, Hajos settled Minkowski’s conjecture in 1941 using
this approach.

7. Related work

In 1930 Keller [6] suggested that the “lattice” condition in
Minkowski’s problem is irrelevant, conjecturing that in a tiling of
n-space by parallel unit cubes there must be twins. Perron in 1940
[16] verified this conjecture for n < 6.

If this conjecture were true it would imply Hajos’s theorem,
and show that Minkowski’s theorem was really geometric, not alge-
braic. However, in 1992 Lagarias and Shor [9], using an approach
of Corradi and Szab6 [2], showed that Keller’s conjecture is false in
all dimensions greater than or equal to 10. (Dimensions 7, 8, and 9
are not settled.)

Similarly, Rédei wondered whether the sets of prime orders in
Haj6s’s theorem had to be cyclic. In 1965 he showed [17] that the
assumption could be removed, proving the following theorem.

Rédei’s Theorem. Let G be a finite abelian group and A, , As, . .. , A,
be normalized subsets of G of prime orders. Assume that G =
A1 Ay - - A, is a factorization. Then at least one of the sets A; is a

subgroup.

'We present a simplified version of Rédei’s proof in Chapter 7.
We delay it till then, even though it is elemertary, since it involves
a lengthy sequence of lemmas. However, we will make use of it in
the next chapter to obtain a surprising property of certain sets that
are made up of a prime number of cubes.

Exercise 27. How would Rédei’s theorem read if we remove the
assumption that each A; is normalized?
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In 1936 Furtwéngler [3] generalized Minkowski’s twin problem
to a problem about multiple tilings, which we describe.

Consider a lattice family of cubes that are translates of each
other. Suppose that every point of space belongs to finitely many
cubes of the family. Further, suppose that any point that is not on
the boundary of any cube lies in precisely & cubes of the system.
This cube system is called a k-fold tiling and its multiplicity is k.
Furtwangler conjectured that in such a k-fold lattice tiling there
would be twins.

Exercise 28. Show that Furtwingler’s conjecture is equivalent to
this variant of Haj6s’s version: Let G be a finite abelian group and
Ay, Ag,. .., A, cyclic subsets of G such that each element gof G
is representable exactly k ways in the form g = a;a5 - - - a,,, Where
a; is in A;. (This is called a k-factorization of G by subsets
Ay, A, ..., An.) Then at least one of the A; is a subgroup of G.

Furtwéngler proved his conjecture for n < 3. In 1938 Hajoés,
using the algebraic version of the conjecture, exhibited a 9-fold
cube tiling in 4-space that has no twins. In 1979 R. M. Robinson
[18] characterized all pairs (k, ) for which there exists a k-fold 7-
dimensional lattice cube tiling without twins. His result is:

If n < 3, there is no such k.

If n = 4, k is any integer divisible by the square of an

odd prime.
Ifn=>5thenk=30rk > 5.
Ifn > 6, theneach k > 2is possible.

Exercise 29. Show that Robinson’s result implies Hajos’s theo-
em.

The next exercise refutes Furtwéingler’s conjecture in 6-space.

Exercise 30. Let G be the direct product of two cyclic groups of
order 4 and let « and y be a basis for G, hence z4 = e = y*.
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(a) Show that none of the cyclic subsets

4, = {eay}a A; = {er xzy}u Az = {8, .’.B},
Ay ={e,ay}, As={e,2y’}, Ao={e,zy’}
is a subgroup of G. Aok
(b) Verify that the product A; A; A3 A4 A5 Ag is a 4-factorization of

G.
(c) What does (b) tell us about multiple cube tilings?

The next exercise gives another counterexample.

Exercise 31. Let G be the direct product of cyclic groups of orders
2, 2, and 3 and suppose that u, v, and w form a basis for G such that
w? == =e

(a) Show that none of the following cyclic subsets is a subgroup of

G:
Ay = {e,vw, (vw)?}, A = {e,uw, (vw)?},
Az = {e,vvw, (wvw)?}, Ay = {e,vw}, A= {e,uw}.

(b) Verify that the product A; A; A3 A4 A is a 9-factorization of G.
(c) What does (b) tells us about multiple cube tilings?

Another path leads off from quadratic forms. Consider a posi-
tive definite quadratic form 7 Az that assumes only integer values
when the vector z has only integer coordinates. Represent A in the
form BT B. Let the rows of B be v1,vs, . . ., v,. Then the square of
the length of every vector in the lattice whose basis is vy, v2,...,vn
is an integer. Such a lattice is called an integral lattice. This should
be distinguished from the “integer lattice” Z™, which is a special
case of an integral lattice.

Exercise 32. Show that the vectors vy, vs, . . . , U, generate an inte-
gral lattice if and only if v; - v; and 2v; - v; are integers for all 1 < 1,
j<n.

For an integral lattice L of determinant 1, consider the mini-
mum value of the square of the lengths of the nonzero vectors of L.
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Denote this by p(L). Let p,, be the maximum value of (L) for all
n-dimensional integral lattices L of determinant 1,

Exercise 33. Using Minkowski’s bounds on the shortest vector in
any lattice, show that y; = 1 and ps = 1.

Conway and Sloane [1] proved that for all sufficiently large n,
pn < (n+6)/10 and included this table of values:

n |1-7 18910 11|12 )13(14-22 |23 |24 (25| 26-31|32]33

prea B T o 1 € T V0 A 0 S Rt 0 W N

In 1982, Lenstra, Lenstra, and Lovasz [10] developed an effi-
cient algorithm for finding short vectors in a lattice and applied it
to the factoring of polynomials with integer coefficients.

Lagarias and Odlyzko [8] in 1985 applied it to public-key knap-
sack cryptography. Odlyzko and te Riele in 1985 [15] used that al-
gorithm to show that a conjecture made by Mertens in 1897 is false.
(Had the conjecture been true, it would have implied the Riemann
hypothesis.) Mertens’ conjecture concerns the prime factorizations
of those integers which are not divisible by a square larger than 1,
the “square-free” integers. The prime factorizations of such inte-
gers have no repeated factor. For a positive number z let

number of square-free integers less than or
M(z) = ( equal to  that have an even number of prime)
factors

equal to z that have an odd number of prime | .

( number of square-free integers less than or )
factors

For instance, the square-free integers less than or equal to 10 are
1,2,3,5,6, 7, and 10. Of these, 1, 6, and 10 have an even number
of prime factors and 2, 3, 5, and 7 have an odd number of prime
factors. Thus M (10) = 3 — 4 :'—1.
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Exercise 34. Compute M(z) for z = 25 and ¢ = 36 and compare
M ()| to /3.

On the basis of a tabulation of M(z) for = up to 10,000,
Mertens conjectured that for z > 1

|M(z)| < V.

Odlyzko and te Riele showed that M(z) > 1.06+/z and M(z) <
—1.009+/z for an infinite number of integers «, but confessed that,
“Qur proof is indirect and does not produce any single value of =
for which |M(z)| > 1/z. In fact, we suspect that there are no coun-
terexamples to Mertens’ conjecture for z < 102° or even 10%°,” and
gave reasons for this belief. For all large values of x for which M ()
has been evaluated, specifically, up to 7.8 x 10°, [M(z)| < 0.6+/z,
illustrating the saying, “Any integer you can test is too small.”

This chapter showed how even a question about tiling space
with cubes takes us quickly from the realm of geometry into algebra
and number theory. Hajos used not only the group G but leaned
heavily on the group ring formed on G. As we will see in Chapter 7,
the proof of Rédei’s generalization also employs the group ring, but
only briefly, and brings in the character group of G and cyclotomic
fields as well.

This chapter also illustrates how intricate is the web of mathe-
matics, for we have seen such varied areas as quadratic forms, lat-
tices, convex sets, approximation by rationals, tiling by cubes, pack-
ing spheres, factorization of abelian groups by subsets, factoring
polynomials, and number theory overlapping each other. Clearly
any barrier inserted between one part of mathematics and another
would be quite artificial. Subsequent chapters will provide far more
evidence for this assertion.
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Chapter 2

Cubical Clusters

In Chapter 1 we were concerned with the way translates of a single
cube fit together to tile space. In this chapter we examine tilings by
translates of a finite collection of cubes, which we will call “clus-
ters.” Chapters 3 and 4 will treat a special family of clusters that
exists in all dimensions. Before we can state the main results of this
chapter, we need some definitions.

As in Chapter 1, we assume a fixed coordinate system. We con-
tinue to identify each unit cube whose edges are parallel to the axes
with its vertex that has the smallest coordinates. An n-dimensional
cluster C is the finite union of unit cubes whose edges are paral-
lel to the axes and which have integer coordinates. A cluster is not
necessarily connected

Let C be a fixed cluster in n-space and assume that L is a set of
vectors in n-space such that the set of translates {v + C:v € L} tile
n-space. (For a given cluster there may be no such lattice.) If all the
coordinates of all the vectors in L are integers (rational numbers),
we speak of an integer tiling (rational tiling) by C, or simply a Z-tiling
(Q-tiling). If L is a lattice we speak of lattice tiling by C. Combin-
ing the two notions, we speak of a Z-lattice tiling and a Q-lattice
tiling.

We will prove the following theorems, all of which concern
tilings by translates of a cluster. The main technique we will use
goes back to Schmidt in 1933 [7].
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Theorem 1. If there is a lattice tiling by cluster C, then there is a Q-
lattice tiling by C.

Theorem 2. Ifthere is a lattice tiling by cluster C that is not a Z-tiling,
then there is a Q-lattice tiling by C that is not a Z-tiling.

Theorem 3. Let C be the cluster consisting of a single cube. If there
is a lattice tiling by C without twins, then there is a Q-lattice tiling by
C without twins.

Theorem 4. If there is a tiling by cluster C, then there is a Z-tiling by
C.

Theorem 3 is the key that makes Minkowski’s conjecture ac-
cessible by algebraic techniques, as we saw in Chapter 1. We will
combine Theorem 2 and Rédei’s theorem to prove the following
theorem about clusters that consist of a prime number of cubes.

Theorem 5. If cluster C has a prime number of cubes and contains
the n + 1 cubes with centers at

(01"':0)1 (1301"-10))---
then any lattice tiling of n-space by C is a Z-lattice tiling.

)(0!"'!0!1))

This last assertion is quite surprising. If we delete either one of
the assumptions, it is false. For instance, the cluster consisting of the
two unit squares whose centers are (0,0) and (2,0) Q-lattice tiles
the plane but does not Z-lattice tile it. Also the cluster consisting
of the four unit squares corresponding to (0,0), (1,0), (1,1) and
(0,1) lattice tiles the plane in such a way that not all the vectors
have integer coordinates.

Exercise 1. Check that the two clusters mentioned tile as claimed.

After proving these theorems we turn our attention to the prob-
lem of filling a box with bricks. This is a tiling problem in which we
wish to tile a particular bounded region with congruent copies of a
very simple cluster. In this case we allow rotations of the clusters.
The solution illustrates one of the simpler algebraic techniques for
analyzing tiling problems.
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1. Reductions

The method for altering a tiling to one with simpler translating vec-
tors rests on a certain equivalence relation defined on the set of
translation vectors. It turns out that the clusters that correspond
to an equivalence class form a cylinder. This cylinder consists of a
union of lines parallel to an axis, and can therefore be slid back and
forth freely parallel to the axis without disturbing the other equiv-
alence classes.

Consider two n-dimensional unit cubes in n-space correspond-
ing to the coordinate vectors (ai,...,a,) and (by,...,b,). If
lar — bll = 1,‘&2 — by < 1,...,|aﬂ_ — by| < 1 we call the two
cubes adjacent. Geometrically speaking, the two cubes are adjacent
if their intersection is an (n — 1)-dimensional subset that is part of
a face of both cubes perpendicular to the first coordinate axis. Fig-
ures 1 (a) and (b) exhibit nonadjacent cubes in 2-space and Figures
1 (c) and (d) exhibit adjacent cubes in 2-space.

Exercise 2. Verify that the geometrical and arithmetical descrip-
tions of adjacency are equivalent.

@)

(®)

T2

T

© | (d)
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Consider a tiling of n-space by a cluster C. For convenience as-
sume that C contains the unit cube with coordinates (0, . . ., 0). Call
two clusters in this tiling adjacent if there are two adjacent cubes
such that one of the cubes belongs to one cluster and the other cube
belongs to the other cluster. Figures 2 (a) and (b) show nonadjacent
and Figures 2 (c) and (d) show adjacent 2-dimensional clusters.

Adjacency between clusters induces an equivalence relation on
them, as follows. Let C' and C’ be clusters. If there is a sequence of
clusters Cy, Cy, . .., Cry, where C = C, C,, = C’ and C; is adjacent
to Cit1,1 < ¢ < m—1, we say that C is equivalent to C’. Though we
have defined the equivalence relation relative to the z;-axis, clearly
it could be defined relative to each of the axes. Figure 3 illustrates
equivalent clusters in 2-space.

If L is the set of translating vectors for a tiling by C, we call two
vectors [; and I in L equivalent if their associated sets [; + C and
ly + C are equivalent.
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FIGURE 3

Exercise3. Let C be the cluster consisting of just one square in R2.
Sketch the equivalence classes relative to each axis for the tiling by
C when the translating vectors are

(@) {(m,n):m,n € Z}.

(b) {m(1,1/2) +n(0,1):m,n € Z}.

Exercise4. Let C be the cluster consisting of the two squares cor-
responding to (0,0) and (0, 2). Sketch the equivalence classes rel-
ative to each axis for the tiling by C when the translating vectors
are
(a) {m(1/2,1) +n(2,0):m,n € Z}
(b) {m(1,0) 4+ n(0,4): m,n € Z}U

{m(1,0) + n(0,4) + (0,1):m,n € Z}.

To discover the geometric meaning of an equivalence class
imagine that adjacent clusters are glued to each other along their
shared surface perpendicular to the first coordinate axis. Then if
we shift one of them parallel to the first axis, the entire set of clus-
ters equivalent to it is forced to move parallel to that axis the same
amount. The different equivalence classes in the tiling would slide
independently of each other, for ea:ch is a cylinder whose generator
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is parallel to the first axis. Note that any such shift parallel to the
first axis produces another tiling by C.

Now assume that the set of translating vectors, L, is a lattice,
hence an abelian group, whose identity element (0,0, . . ., 0) we de-
note 0. If [; and [, are in L and are equivalent, write /; ~ l». Note
that if I3 is in L, then (I; + I3) ~ (I3 + l3). It follows that the set
K = {i:1 ~ 0} is a sublattice of L and the equivalence classes are
translates of K. This is a special case of the following lemma.

Lemma 1. Let ~ be an equivalence relation on the abelian group G.
Assume that if z, y, and z are in G and = ~ y, then (z+ z) ~ (y + 2).
Then K = {z:x ~ 0} is a subgroup of G and the equivalence classes
are cosets of K.

Exercise 5. Prove Lemma 1.

As a consequence of this lemma, the equivalence class K we
obtained from the lattice tiling is not merely a cylinder, but is also
a subgroup of L. Note that the first coordinate of any vector in K is
an integer. We use the symbol K to denote both the set of vectors
equivalent to (0, . .., 0) and the union of the clusters v+ C, v € K.
The context will show whether K denotes a subset of L, an algebraic
object, or a union of clusters, a geometric object. Similarly, each
coset of K is viewed as both an element of the factor group L/K
and as a cylinder.

‘We shall exploit our ability to slide cylinders freely parallel to
the axis relative to which they were defined to prove the reduction
theorems. In our arguments e; denotes the unit vector along the
positive sth axis.

Theorem 1. If there is a lattice tiling by cluster C, then there is a Q-
lattice tiling by C.

Proof. Let L be the lattice of the given tiling. Assume that some
vector in L has an irrational coordinate. For convenience, assume
the vector has an irrational first coordinate, that is, has the form
aje; + + -+ + ane,, Where a; is irrational.
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Introduce the equivalence relation relative to the first axis just
described and let K be the equivalence class containing (0, . .., 0).

Introduce a second equivalence relation on L, setting two of
its vectors equivalent if their first coordinates differ by a rational
number. Let M be the equivalence class containing (0, ... , 0). Note
that K C M and M is a sublattice of L but is not all of L.

It is important that M is not merely a sublattice of L but a
direct summand of L, that is, there is another sublattice, T, in L
such that T' & M = L. To show that M is a direct summand, we
check that if [ € L and n is a nonzero integer, and nl € M, then
I € M. (This criterion is established in Appendix A.) But if nl is in
M, its first coordinate is rational and therefore the first coordinate
of [ itself is rational, hence [ is in M.

Since M is a direct summand of I there is a sublattice T of L
suchthat L =T @ M. Let 4, ..., t, be a basis for the lattice T and
tr41,...,t, be abasis for M. Thust,,...,%, is a basis for L and the
first coordinate of each of the vectors ty, ..., t, is irrational, while
the first coordinate of each of the vectors ¢, 1, ..., t, is rational.

Replace t3,...,t,. by

8 =t +bier,...,th =t +brey,

where by,...,b, are real numbers to be chosen in a moment.
Let t; = ¢; foreachi,r +1 < ¢ < n. Then replace the vector
T1ty + -+ + Tuty in L by z1t] + - - - + @, Let L' be the lattice
generated by the vectors ¢},...,%..

Since

Tty 4+ Tl = 21(t + bier) + -+ 2o + bre1)
b mr+lt‘r+1 ik wntn
=Z1t1 + + Tpty + (101 + - - - + z,by e,

each vector in L' is obtained from a vector in L by adding a vector
parallel to the first axis. Note that since K is a subset of M, its vec-
tors remain unchanged. More generally, if v; = z1t; + - -« + T, ¢,
and vz = yit; + -+ + ynt, are in the same coset of K, they are
changed by the same amount. Indeegl, ifv;—vs € K, thenv; —v, €
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M, hence z; — y; = 0, or z; = y; for each 7, 1 < i < r. Thus, since
all vectors in a cylinder v + K are changed by the same amount, the
cylinder, as a geometric object, is simply slid onto itself by a motion
parallel to the first axis. From this it follows that the cluster C tiles
n-space by the vectors of L.

Next we show that b;,...,b, can be chosen so that the first
coordinates of ¢}, . . . , .. are rational. Let a;; be the first coordinate
of t;, 1 < 7 < r. Indeed, choose b; to be any number of the form
—ai1 +¢;, g € Q.

The same argument can then be repeated for the second coor-
dinate, and so on, through the nth coordinate. Since the alteration
each time affects only one coordinate, the sequence of n steps re-
places L by a lattice, with only rational coordinates, which still pro-
vides a tiling by C. O

There is a wide range in which to choose the b; in the preceding
proof; b; could be any number in —a;; + Q. In particular, we could
choose b; such that b;+a;; is not an integer. This proves Theorem 2.
The proof of Theorem 3, which concerns the absence of twin cubes,
is more involved. For convenience, we restate the theorem.

Theorem 3. If there is a lattice tiling by a cube without twins, then
there is a Q)-lattice tiling by a cube without twins.

Proof. (In this case the cluster C has just one cube.) We wish to
show that if there are no twins in the tiling by L, then we can choose
the b;, 1 < i < r, as defined in the proof of Theorem 1, to avoid
twins in L' and still have b; + a;; rational.

Since the lattice L’ is homogeneous, if it has twins it has twins in
which one of the cubes is at the origin. Since we move cubes parallel
to the first axis to produce L’, we do not introduce twins that share
a face perpendicular to that axis. We must show how to avoid the
creation of twins perpendicular to any of the other n — 1 axes.

Consider, for instance, the second axis. In this case we wish to
avoid the presence of the vector (0, 1,0, ...,0) in L'. Since we alter
vectors in L only by a change in the first coordinate, (0,1,0,...,0)
can appear in L’ only if a vector of the form (25,1,0,...,0) is in

Cubical Clusters 43

L. (The subscript 2 reminds us that we are concerned with twins
forming along a surface perpendicular to the second axis.)
Now

(221110)-- . )0) =Toit; + - +$2ntn1

where at least one of the z;, 1 < ¢ < r, is not 0 since the vector
(22,1,0,...,0) is moved in our construction. Thus

22 = T91011 + - + Tapani,

where at least one of the z5;, 1 < i < 7, is not 0. We must choose
b1,...,br so that b; is in —a;; + Q and

23 +T21b1 + - - - + Ty, # 0.

But before we make such a choice, we must keep in mind that
there may be other vectors in L of the form (z,1,0,..., 0). Con-
sider another such vector in L, say (y,1,0,...,0). The vec-
tor (y — 22,0,...,0), being the difference of vectors in L, is also
in L. In fact, it is in X since it is in the same cylinder as (0, ..., 0).
Thus y — 2, is an integer and therefore (25, 1,0, . .. ,0) differs from
(%,1,0,...,0) by an element of M. Consequently their components
in T are identical. Moreover y = 2, + u, where u is an integer. The
first coordinate of the translation of (y, 1,0, ..., 0) is then

Z2 +u+x21by + -+ + 29, by, (1)

a fact that will be used in a moment. In order that (1) is not 0, we
must choose the b;’s so that none of the numbers

To1by + -+ - + zo.by

is in the set —z5 + Z.

Before we show that such a choice is possible, recall that twins
may be formed that share a face perpendicular to the third axis, and
so on. To avoid such twins forming with a face shared perpendicular
to the ith axis we must also demand that the choice of byl
does not cause a number of the form

Tizby + - - % 34,
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to lie in the set of the form —z; + Z, 2 < i < n. (The numbers
Zi1, ..., Tir are analogous to the numbers a3, . . . , T2r.)
Consider again the second axis. Let u be an integer. The set of

vectors (b1, . . ., by) such that

To1by + -+ + Topby = —22 +u

is an (r — 1)-dimensional hyperplane in R". As u varies through Z,
we obtain a set of parallel hyperplanes in R” at the fixed distance
1
\/:1':%1 +'°'+m§r

from each other. As long we choose (bs, . . ., b,) not on any of these
hyperplanes, we avoid forming twins that share a face perpendicular
to the second axis. Similar reasoning holds for each of the other axes
of interest.

To be sure that L' has no twins we choose (b1, . . ., br) not to lie
in any of the n — 1 families of hyperplanes just mentioned.

That this is possible is a consequence of the fact that b; can
be chosen anywhere in —a;; + Q, while consecutive hyperplanes
in the n — 1 families are at a fixed distance from each other. This
construction then gives us a lattice L’ without twins and such that
the first coordinate of each of its vectors is rational.

Then we repeat the process, starting with L', to make all the
second coordinates rational. After n successive applications of the
same process we obtain a rational lattice without twins. O

Exercise 6. Write out a careful proof that the union of the n — 1
families of hyperplanes in the preceding proof is not R".

Exercise 7. The proof of Theorem 3 could be simplified by using
the following theorem: R™ is not a denumerable union of subsets of
the form v + W, where v € R"™ and W is a subspace of dimension
at most n — 1. Prove this theorem. (Suggestion: start with the case
n=2.)

(We should mention that the theorem in Exercise 7 is a special
case of a topological theorem: Let Sy, 52, . . ., Sk, . . - be a denumer-
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able family of closed subsets of R™. Assume that no set Sy, contains a
ball. Then the union of the family contains no ball. For a proof see
[4, p- 87].)

The proof of Theorem 4, which asserts that if there is a tiling
by C then there is a Z-tiling by C, is much easier. First translate
the cylindrical equivalence classes so that their vectors all have an
integer first coordinate. Starting with this tiling, carry out the same
procedure for the second coordinate. After n successive applica-
tions of this procedure we obtain a Z-tiling by C.

2. Clusters with a prime number of cubes

We now turn to the theorem concerning clusters with a prime num-
ber of cubes.

In addition to Theorem 2, we will need a way to tell whether a
Q-lattice tiling is a Z-lattice tiling. We first develop such a method.

Consider a cluster C in R", which consists of cubes described
by the vectors cy, . . . , c,. We also use the same symbol, C, to denote
the set of vectors ¢y, cs, . . . , ¢, We may assume that ¢; = ()
Let L be the lattice of translating vectors of a Q-lattice tiling of R
by C.

Since L is a rational lattice there are positive integersr, . . . , r,
such that L is contained in the lattice L’ generated by

er = (1/r1)es, . .. e = (1/rp)en.

Moreover, we choose the ;s to be the smallest positive integers so
that c L'. If r; = 1, then € = e; and the ith coordinate of every
vector in L is an integer.

That translates of C by the vectors in L tile R™ is equivalent to
the assertion that each vector I’ € L/ is uniquely expressible in the
form

l'=£+c,;+:ztle‘i+---+mne;’,

Where:I €L,c;eC,andz;isaninteger0 < z; <r;— 1,1 < i < n.
See Figure 4, which shows a cluster composed of two squares, where

71is 1 and r, is 3. .
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Let D; = {0,€,,...,(r; — 1)ei}, 1 < ¢ < n. Then we have the

direct sum decomposition

L'=L+C+D;+-+Dy,.
This factorization of L’ induces a factorization of the quotient group,
G=1L/L,

G=C"+Dj+:-+Dj, (2)

where C* = (C + L)/L and D} = (D; + L)/L.
Exercise8. Letthe abelian group H be factoredas H = A+B+C,
where A is a subgroup of H and B and C are subsets of H. Prove
that this induces a factorization of the group G = H/A, namely
G=(B+A)/A+(C+A)/A

For convenience we rewrite (2) in multiplicative notation. Let-
ting a; = e} + L, we have

D:={Esa'i1a?)'-'ya?i—l}1 1SESR

Then (2) reads

T

G=C"Df"-D:,,
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where the D are cyclic subsets of G or just {e}, where e is the iden-
tity element of G.

Now we are ready to develop the test created by Szab6 [8] for
telling whether a Q-lattice tiling by C' is a Z-tiling.

Lemma 2. Let C be a cluster in R™ that contains the n + 1 vectors
(0,...,0), e1,...,en If C* in (2) is a subgroup of G = L'/L, then
L C Z7, that is, the Q-lattice tiling by translates of C by the vectors in
L is a Z-lattice tiling.

Proof. Each vector [ € L can be written uniquely in the form

l=2z(1/ri)es +---+ zn(1/7n)en,

where the z;s are integers. We wish to prove that r; divides z;.

In any case, z; = w;r; + v;, where u; and v; are integers and
0 < v; < 7; — 1. We wish to show that v; = 0.

We have

l=wer+- - +use, + (v1/r1)e; +--- + (U /rn)en. iil(d)

Let e; = (1/r;)e; and let f be the natural homomorphism f: L/ —
L'/L. Denote f(e}) by a;. Applying £ to (4) yields this equation in
G:

e= (a;l )“1 Siare (a;n)”nai’l g a:ﬂ_ (5)
Since C contains the cubes whose centers are (0,..., 0),
€1,...,€en, C* contains the (distinct) elements e, ai,...,atr. There-
fore, since C* is assumed to be a group, C* contains the element
(agt)itinrallaiminy

which appears in (5). In view of the factorization G = C*Dg--- D
and the fact that e € C*, we conclude from (5) that a?* = e. (Other-
wise there would be two factorizations of e, the other beinge- - -e.)
Thus v; = 0 and the tiling is a Z-tiling. O

We are now ready to prove Theorem 5 in which the cluster has
a prime number of cubes, ?
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Theorem 5. If cluster C has a prime number of cubes and contains
the cubes correspondingto (0, ... ,0), e1, . . ., e, then any lattice tiling
by C is a Z-tiling.

Proof. If there is a lattice tiling by C that is not a Z-tiling, then,
by Theorem 2, there is a Q-lattice tiling by C that is not a Z-tiling.
Therefore we may restrict our attention to Q-lattice tilings by C.

Let L, L, G, C*, D} denote the same sets as in the preced-
ing proof. Delete any D that consists only of the identity element,
D = {e}. Relabeling the remaining cyclicsets Dy, ..., Dy, m < n,
we have the factorization

G =@t D% DY, (6)

Since D} = {e,ai,a?,...,al*"'} and af* and e are distinct ele-
ments of C*, D} is not a subgroup of G. As we saw in Chapter 1,
D? can be expressed as the product of cyclic sets of prime orders
that are not subgroups. Rewriting (6) in terms of these sets we now
have

G ' i )

where each factor has prime order and none of the cyclic sets B; is
a subgroup. Rédei’s theorem implies that C* is a subgroup. Lemma
2 then tells us that the tiling has only integer coordinates. O

Incidentally, in the next chapter we will exhibit clusters C of
arbitrarily high dimension n that contain (0, .. .,0), e1,.. ., ey, have
a prime number of cubes, and lattice tile R". This assures us that
the theorem we just obtained is far from vacuous.

3. Tiling a box by congruent bricks

In the next chapter we return to the study of tiling n-space by trans-
lates of some particular clusters. But now we will illustrate some of
the many results concerning tiling some bounded region by congru-
ent (not necessarily parallel) copies of a given cluster, by consider-
ing the following question that was treated by de Bruijn [1].
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For which positive integers a, b, and n can we tile the a x b
rectangle by congruent copies of the 1 x n “brick”? By counting
squares we see that if the brick does tile, then n divides ab. Also,
if n divides at least one of the integers @ and b, then the translates
of the brick tile the rectangle. The condition “n divides ab” is not
sufficient to assure the existence of a tiling: For instance, the 1 x 4
brick does not tile the 2 x 2 rectangle.

We will analyze the problem of determining when the 1 x n
brick tiles an a x b rectangle first by a counting argument. Then we
will express the argument algebraically.

To illustrate the idea consider whether the 1 x 4 brick tiles the
6 x 10 rectangle. Label the 60 squares 0, 1, 2, or 3, labeling the
square (i, j) with the remainder of i+ j modulo 4, as in Figure 5. No
matter where the brick is placed it covers each of the four symbols
the same number of times, namely once. So if there is a tiling, each
of the symbols 0, 1, 2, 3 must appear the same number of times in the
6 x 10 rectangle. However, as may be checked, the four symbols do
not appear equally often. Therefore the 1 x 4 brick does not tile the
6x 10 rectangle. This argument could be used to prove the following

WO WO
Q= N W O —
WO N WO
Q=N W Ol -
~| N W O] Ny

N W O <N W
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theorem. However, it will be easier to prove it algebraically, with
polynomials and complex numbers doing the bookkeeping for us.
These tools will also come in handy when proving Rédei’s theorem

in Chapter 7.

Theorem 6. Let n, a, and b be positive integers. A necessary and suf-
ficient condition that the 1 x n brick tiles the a X brectangle is that n

divides at least one of a and b.

Proof. Ifndivides aor b, thenitis possible to tile the a x b rectangle
with parallel bricks. Let us show the converse, that if the 1 x n brick
tiles the a x b rectangle, then n must divide a or b.

Introduce a coordinate system whose axes lie on two of the
edges of the a x b rectangle such that the coordinates of the four
vertices of the rectangle are (0,0), (a,0), (0,b), and (a,b). Record
each of the ab unit squares that make up the rectangle by the coor-
dinates of its lower left corner, as in Figure 6. For each such corner
(4,7),0 <i<a—1,0 < j < b~ 1, introduce the monomial z*y’.
Then record the ab squares in the rectangle by the polynomial

a—1b-1
Y Yizy
i=0 j=0

whichequals(1+:1:+:c2+---+x."‘1)(1+y+yg+“'+yb_l)~

Y

FIGURE 6
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When the brick is placed with its long side parallel to the 2 axis
its n cells are recorded by a polynomial of the form

Tyl + ot tlyd g2 4 A
which equals
yP(l+z+a? ... 420,
Similarly, when placed parallel to the y axis it is recorded by a poly-
nomial of the form
TP +y+yP +--+y"70).

Thefefore if the brick tiles the a x b rectangle, then there are
polynomials P(z,y) and Q(z,y) such that

Play)l+et - +2" )+ Qz,y)(1+y+---+y))
=(1+:B+---+a:“"-1)(1+y+..._|.yb—1) (8).

Now replact? z and y throughout (8) by a primitive nth root of unity
say w = e?™/"_Since :

l+w+w2+---+w“‘1=wn_1=0,
w—1
we have
{3 b
P,)0)+ Q)0 = (£ ) = )
Wi w—1/"

Therefore at least one of the numbers w® — 1 or w? — 1 is 0. In the

first case n divides a; in the second, n divides b. This concludes the
proof. O

Exercise9. Whendoesalx1xnbricktileanaxbxec box, where
n, a, b, and c are integers?

!i!xercise 10. (Extracted from [5]) Let m, 7, a, and b be positive
Integers. Show that if the m X n rectangle tiles the a x b rectangle

then
]
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(a) each side of the a x b rectangle can be expressed in the form
zm + yn, for nonnegative integers = and y;

(b) m divides a or b,

(c) n divides a or b.

Exercise 11. Establish the converse of Exercise 12, in case
(a) m divides a and n divides b (or m divides b and n divides a).
(b) m and n both divide a (or both divide b).

Exercises 10 and 11 answer the question, “When does anm xn
rectangle tile an a x b rectangle?” The analogous question in higher
dimensions has not been settled.

Problem 1. When does an m; X mg X +++ X m, brick tile an
a1 X ag X -+ X a, n-dimensional box?

Exercise 12. Show that if the m; x mg X « -+ X m,, brick tiles the
a1 X ag X +++ X an box, then each m; divides at least one of the a;.

The problem just mentioned is completely solved in the case
of a special type of brick, called “harmonic.” Letmy < mg < --- <
m., be the dimensions of an n-dimensional brick. If m; divides m; 41
for 1 < i < n— 1, we call the brick harmonic. Ana; X ag X -+ X an
box is called a multiple of the my X mg X - - - X my, brick if there is a
permutation ¢ of the indices 1,2, ..., n such that m; divides ay).

Theorem 7. If a harmonic brick tiles a box, the box is a multiple of
the brick.

Proof. Let the dimensions of the brick be my,ma, ..., ma, Where
m; divides m;11, 1 < i < n— 1. Using the technique in the proof of
Theorem 6, we see that m,, divides at least one of the dimensions
of the box, which we label a,.

Consider an (n — 1)-dimensional face of the box, of dimen-
sions @; X ag X -++ X ap—1. This face is entirely filled with
(n — 1)-dimensional bricks of the form my X ma X - +- X Mp_1,...,
ms X m3 X -+ - X m,. Bach of these n types of (n — 1)-dimensional
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bricks is 2 multiple of the m; X mgy X - - - X m,,_; brick, since the n-
dimensional brick is harmonic. By induction, the a; X ay X - - - X Qi
box is a multiple of the m; x mg x -+ X m,_; brick. Since, in
addition, m,, divides a,, the theorem is proved. O

Exercise 13. Show that if the m, x mg brick is not harmonic there
is a rectangle that it tiles that is not a multiple of the brick. (Hint:
Consider the (m; +m3) x myms rectangle. Try it first for m; = 2,
ma = 3.)

Exercise 14. What boxes does the 1 x 2 x 4 brick tile?

Exercise 15,

(2) One square is deleted from an 8 x 8 chessboard. Assume that
the remaining 63 squares can be tiled by the 1 x 3 brick. Using
complex numbers, show that the deleted square must be one
of the four squares that lie on the two diagonals and share a
vertex with one of the four squares at the center of the board.
(This proof is due to Mackinnon [6]. A proof using a coloring
argument is to be found in Golomb [3].)

(b) Show that if the deleted square is one of the four described in
(a) then the 1 x 3 brick does tile the remaining 63 squares.

As the problem of tiling a box with congruent bricks suggests,
deciding whether some bounded or unbounded region can be tiled
by congruent copies of some given figures can easily be quite diffi-
cult. As another example, consider the triangular array in Figure 7,
which is part of the tiling of the plane by regular hexagons.

Denote such a triangle with n hexagons on a side, 7. Conway
and Lagarias [2] considered the question “Which T}, can be tiled
by congruent copies of 7?” Clearly, 3 must divide n(n + 1)/2, the
total number of hexagons in T;,. So n = 0 or 2 (mod 3). Using
the free group on two generators they obtained a much stronger
result: n = 0, 2, 9, or 11(mod 12). Using the same technique, they
also proved that T}, can never be tiled by copies of the set of three
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4. J. C. Hocking and G. S. Young, Topology, Addison-Wesley, Reading,
1961.

5. D. A.Klarner, Packing a rectangle with congruent N-ominoes, J.
Comb. Theory 7 (1969), 107-115.

| 6. N. Mackinnon, An algebraic tiling proof, Math. Gazette 465 (1989),
| 210-211.

7. T. Schmidt, Uber die Zerlegung des n-dimensionalen Raumes in git-
terformig angeordnete Wiirfeln, Schr. math. Semin. u. Inst. angew.
Math. Univ. Berlin 1 (1933), 186-212.
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: Math. Acad. Sci. Hung. 38 (1981), 191-203.
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hexagons in a line (the middle one being adjacent to the other two).
Conway [9] later showed that for 2 < m < n, T}, does not tile T,. g ‘

Exercise 16. For which integers n can T, be tiled by copies of a
set of two adjacent hexagons?

Deciding whether congruent copies of a given set of clusters
tile n-space can also be difficult. In fact, Berger in 1966 and Robin- |
son in 1971 proved that there is no general algorithm for settling the ‘
question. In the next chapter we will consider tilings by two partic-
ular families of clusters in n-space. Though we construct tilings for =
many of these clusters, the general question of which ones tile is far |
from settled. E |
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Chapter 3
Tiling by the Semicross and Cross

When we hear the expression “convex body” we probably visualize
such famous sets as the ball, the cube, or the tetrahedron. However,
the expression “non-convex body” triggers no specific image, just
the general sense of an object with dents. In this chapter and the
next we explore two families of non-convex sets that may well be
viewed as the prototypes of non-convex bodies.

These two particular families of clusters in n-space have drawn
the attention of mathematicians for several reasons. First, their
tiling, packing, and covering properties can be analyzed with the
aid of existing algebraic and combinatorial tools. Second, they raise
many new questions, even about structures as simple as finite cyclic
groups. Third, they are a convenient source of examples and coun-
terexamples for questions concerning bodies that are not convex.
Finally, they also appear naturally in such a real-world application
as coding theory. In this chapter we define these two families and
examine the way they tile n-space. In the next chapter we look at
their packings and coverings. At the end of this chapter we sketch
their history.

1. Definitions

In this chapter we will restrict our attention to Z-tilings. Recall that
if a cluster tiles R™ then it tiles Z" (Theorem 4 in Chapter 2). How-
ever a cluster may lattice tile R" bugnot lattice tile Z", as was shown
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in Chapter 2 by the cluster consisting of two squares separated by a
square. Throughout, the point (cy, ..., c,) € Z™ will represent the
cube (cy,...,cn) + @, where @ is the cube {(z1,...,2,) : 0 < x; <
1}. In short, we will use Z™ to represent R".

For a positive integer k consider the kn + 1 points

(0,0,...,0), (3’103---10)} (0,3.,---,0),---,(0,0,...,i),

1 < i < k. Any translate of this set by an element of Z" is called
a (k, n)-semicross. Similarly, any translate by elements of Z™ of the
set of 2kn + 1 points

(00001000020, L0 0) (008, 0 1A, 00 s)

1 < |i| < k,iscalled a (k, n)-cross. Figure 1 shows a (3, 2)-semicross
and a (2, 3)-cross.

Though these clusters are not convex, they are at least “star
bodies.” A star body is a subset of R™ that contains a point P such
that for every point @ in it, the entire chord PQ lies in the body, as
shown in Figure 2.

L i

(3, 2)-semicross

FIGURE 1
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The cross and semicross are clusters and so we may apply the
definitions of Chapter 2.

We therefore may speak of a tiling or lattice tiling by the (k, n)-
semicross or say that the (k,n)-semicross tiles or lattice tiles Z".
Similar statements hold for the (k, n)-cross.

We immediately face a basic question.

Problem 1. For which positive integers k and n does the (k,n)-
semicross or the (k,n)-cross tile Z™? Lattice tile Z™?

Even the lattice tiling part of this problem is far from being
resolved. To suggest the complexity of the problem, we mention that
the (k, 10)-semicross lattice tiles Z'° only for k = 1, but that the
(k, 12)-semicross lattice tiles Z'2 for k = 1,2, 3, and 10.

This chapter presents some of the results motivated by Prob-
lem 1.

A (k, 1)-semicross is an interval of k + 1 points, which tiles Z2,
and only as a lattice. A (k, 2)-semicross resembles the letter L and
tiles Z2, again only as a lattice, as shown in Figure 3.

Exercise 1. Verify the last statement.

A (k, 1)-cross is an interval of 2k + 1 points, which tiles Z*, and
only as a lattice. The (1, 2)-cross tiles Z?2, again only as a lattice.
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Exercise 2. Verify the last statement.

Exercise 3. Show that for k > 2, the (k, 2)-cross does not tile Z2.

It is not hard to show for n > 2 that if the arm of a cross is
too long, then the cross cannot tile Z™. That is the content of the
following theorem [10].

Theorem 1. Ifn > 2and k > 2n — 1, the (k,n)-cross does not tile
Zt

Proof. Suppose that n > 2 and that the (k, n)-cross tiles Z™. Con-
sider any translate in Z" of the (k + 1)? points in the square array

1G,7,0,07.,0) : n—=2/07s; 10 <3, < k).

Figure 4 illustrates the case k = 3.

Call such a translate a “tray.” Two (k, n)-crosses whose centers
lie in a tray overlap. Consider a tiling of Z™ by trays. Since each
tray contains at most one center of a cross in the alleged tiling, the
density of centers is at most 1/(k + 1)2. However, the density of
centers is 1/(2kn + 1). We have therefore

2kn+1 > (k+1)?

or k < 2n — 2. This proves the theorem. O
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Aswe will see, the (2, 3)-cross lattice tiles Z° and for an infinite
number of even dimensions n, the ((n — 2)/2, n)-cross lattice tiles
Z™. These facts suggest the following problem.

Problem 2. If the (k, n)-cross tiles Z™, n > 3, is k less than n?

For lattice tilings by the (k,n)-cross, n > 3, it is known that
k < n—1, and we present a proof in the next section. It may not be
the best possible result, and we raise the following problem.

Problem 3. If the (k, n)-cross lattice tiles Z™, n > 4, is k less than
n/27? If it tiles Z™?

The situation for the semicross is quite different. In this case
we do not know whether there is a bound on the length of the arm
of a semicross that tiles Z", n > 4. (For n = 3 the bound is 1.) On
the other hand it is known that for n > 3 in the case of lattice tilings
of Z™ by the (k, n)-semicross, we must have k < n — 2, and this is
the best possible general result, though for specific » the bound can
be much lower. This is proved in the next section.

Problem 4. For fixed n > 4 is there an upper bound on the set
of integers k such that the (k,n)-semicross tiles Z*? (For n = 1 or
n = 2 there is no such bound; for n = 3, the bound is 1.)

Assume that the (k, n)-semicross lattice tiles Z™ through trans-
lations by the vectors in the subgroup H of Z". This condition is
equivalent to the fact that the kn + 1 elements of the semicross
whose corner is at the origin represent the distinct cosets of H.
Lete; = (0,...,0,1,0,...,0), where the 1 is in the jth place. Let
G = Z"/H and let f : Z™ — G be the natural homomorphism.
Let s; = f(e;). Then the elements {is; : 1 <i < k, 1 < j < n},
together with 0 € G, represent each element of G exactly once. In
a sense, we may view G schematically as a semicross, as suggested
in Figure 5, which corresponds to the case k = 3and n = 5.

Conversely, let G be an abelian group of order kn + 1. Assume
that there are n elements, sy, s3,. .., 8,, in G such that each ele-
ment of G \ {0} is uniquely expresgjble in the form is;, 1 < i < k,
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FIGURE 5

1 < j < n. (G {0} denotes the set of nonzero elements of G.)
Define f : Z™ — G by setting f(e;) = s;. Then translates of a
semicross by the kernel of f lattice tile Z™.

Exercise 4. Verify the last statement.

If G is an abelian group of order kn + 1 in which we
can find a set of n elements with the property described,
we say that {1,2,...,k} splits G, with splitting set {1, 52,...,55}
Extensive computations, together with some theorems, suggest that
splittings are quite rare.

Similar reasoning shows that the (k, n)-cross lattice tiles Z™ if
and only if there is an abelian group G of order 2kn + 1 in which
there are n elements s1, S2, . . . , Sn, such that each element in G\ {0}
is uniquely expressible in the form is;, 1 < |[i| < k, 1 < j < n. If
such a set exists we say that {£1, £+2,. .., +k} splits G with splitting
set {81, 82y Sn}.

For convenience, let S(k) = {1,2,...,k} and F(k) =
{£1,+2,...,+k}. (S stands for “semicross” and F' stands for “full
cross”.) So instead of treating lattice tilings of Z™ by the (k,n)-
semicross or (k, n)-cross, we examine splittings by S(k) or F(k) of
abelian groups of order kn + 1 or 2kn + 1 respectively. The next
section uses this approach.
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Exercise 5. Show that if the (k,n)-cross Z-lattice tiles R™, then
the (k, 2n)-semicross Z-lattice tiles R2".

This exercise raises the question, “If the (k,n)-cross tiles Z™,
does the (k, 2n)-semicross tile Z2"?”, which is answered in the next
exercise.

Exercise 6. Let S be a finite set of points in Z™ such that SN (—S9)
is the origin of Z™. (—S denotes the set {—s : s € §}.) Assume that
SU(-9) tiles Z" by translates by the set H. Let T = (S,0) U (0, S),
where 0 is the origin of R". Then T is a subset of Z2". Prove that
translates of T tile Z2". (Suggestion: Use the set of elements of the
form (z,z — h), € Z™, h € H, as translating vectors.)

2. Bounds on the lengths of the arms

We are now in position to put upper bounds on the length of the
arm, k, in case a (k, n)-semicross or (k, n)-cross lattice tiles Z". We
treat the cross first since the proof, to be found in [16], is shorter.

Theorem 2. Ifn > 2 and the (k,n)-cross lattice tiles Z™, then k <
n—1L

Proof. 1t is easy to check that the theorem is true for n = 2, so
we consider only n > 3. Assume that F'(k) splits the finite abelian
group G with splitting set {s1, s3,...,8,}.

We first show that for each integer i, 2 < i < n, there are
integers z;, y; such that k + 1 < 2; < 2n — 1, |y;| < k and z;8; +
yi8; = 0.

For simplicity, take ¢ = 2. Consider the 2n(k + 1) elements
181+0a282,0 < a1 < 2n—-1,0 < a3 < k. Since 2n(k+1) > 2kn+1,
the order of G, there are distinct couples (b;, b2) and (cy, ), 0 <
bi,e1 < 2n— 1,0 < by, ¢3 < k such that bi1s1 + basy = ¢151 + co89.
It is no loss of generality to assume that b; > ¢;. Let d; = b; — ¢;
and dy = by — cp. Then d;s; + dasy = 0, where (dy,dz) # (0,0)
and0 < d; < 2n-—1, |da| < k. If 0 < d; < k, then d181 = —dsss,
which violates the fact that s; and sz are part of a splitting set.
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Thus for each integer i, 2 < i < n, there is a pair of integers
(z;,y;) suchthat k+1 < z; < 2n—1, |y;| <k, and 2381 +y:8; = 0.

Assume that there are distinct integers ¢ and j such that z; =
z;. Since z;8, +y;8; = 0 and z;81 +y;5; = 0, it follows that y;s; =
y;8;. This violates the splitting condition unless y; = 0 = y;. It
follows that =;s; = 0.

Note that the 2k + 1 elements

—kS]_,.-.,—31,0,81,...,k31

are distinct since s; is an element of a splitting set. Thus the order
of s; in G is at least 2k + 1. Since x;51 = 0, the order of s; divides
z;;hence z; > 2k+ 1. Butz; < 2n—1. Therefore 2k +1 < 2n—1,
andk<n-1.

If, on the other hand, the n — 1 z;’s are distinct, we must have

n—1<2pn—-1-(k+1)+1,

since they all lie in the interval [k + 1,2n — 1]. It follows that k < n.

Next, using the fact that k¥ < n, we will show that k < n — 1.
Consider the (2n—1)(k+ 1) elements by 51 +b25;,0 < b; < 2n—2,
0 < by <k.Now

(2n—1)(k+1) = 2kn+2n—k—1 > 2kn+n—1 > 2kn+2 > 2kn+1.

Reasoning as before, we conclude that for each integeri,2 < i < n
there are integers z; and y; such that k+1 < z; < 2n—2, |y;| < &,
and Ti81 + Y8 = 0.

If all n — 1 of the =;’s are distinct, then from the fact that they
areintheinterval [k+1,2n—2],wehaven—1 < 2n—2—(k+1)+1;
thatis, k <n — 1.

If there is duplication among the z;’s we argue as before, start-
ing with y;s; = y;s;. This time we conclude that 2k +1 < 2n — 2,
hence k <n— 2.

This concludes the proof. O

Exercise 7. Fill in any omitted steps in the preceding proof.
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For semicrosses, the first argument for the corresponding
bound on the arm length was totally algebraic [13]. The following
geometric lemma, due to Hickerson, simplifies the proof.

Lemma 1. Let nand k be integers, n > 3, k > n — 1. Assume that

S(k) splits an abelian group G of order nk+1. Let s and s’ be elements

of a splitting set. Then one of these two conditions holds:

(a) Thereareintegerszandy, 1 <z <n-—2 1<y <k suchthat
zs+ys' =0.

(b) s' = (1 —n)sand G is cyclic with generator s.

Proof. Define f:Z & Z — Gby f(i,j) = is + js'. Let A =
{(3,7):0<i<n—-2,0<j <k}

If f: A — G is not one-to-one, then there are integers z and y
that sastisfy (a). If it is one-to-one, note that it is also one-to-one on
B = AU{(n-1,0),(n,0),...,(k,0)}. Now, |B| = (n—1)(k+1)+
k —(n —2) = nk + 1. Thus f, considered only on B, is one-to-one
from B onto G. Hence B tiles Z & Z by the vectors in the kernel
of f. The nk + 1 points in B form an L-shaped set, as indicated in
Figure 6, where k = 5and n = 4.

(0,k)
:* """""""""" i
E L ] ® [ ] :'
@ @ @ :
{ ] @ L ] E
[ ] [ ] [ ] i
’(n -1,1)
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Since B tiles Z ® Z, inspection of Figure 6 shows that (n—1,1)
is one of the vectors in the lattice of translating vectors, that is,
(n —1,1) lies in the kernel of f. This means that (n — 1)s + s’ = 0.

Since s and s’ generate G and s’ = —(n — 1)s, it follows that s
generates G, and G is therefore cyclic. O

With the aid of the lemma, the next theorem follows quickly.

Theorem 3. Let n and k be integers, n > 3. If S(k) splits a group G
ofordernk + 1, thenk <n — 2.

Proof. Supposek > n—1.Lets;, sy, ..., s, beasplitting set of G,
a group of order nk + 1. For each index j, 2 < j < n, consider the
pair of elements s; and s;. Assume that for each such j, condition
(a) in Lemma 1 holds, that is, there are z; and y;, 1 < z; <n—2,
1 < y; <k, such that 2;8; + y;8; = 0. There would thenbe n — 1
values of z; in the interval [1,n — 2|. By the pigeon-hole principle,
two of these would be equal, say z,, = z,. It follows that y,s, =
18y, Violating the assumption that s,, and s, are in a splitting set.

Thus there must be an index j such that condition (b) in
Lemma 1 holds. That means that G is cyclic, s; is a generator of G,
and (1 — n)s; is in the splitting set.

The same reasoning, with (1—n)s; playing the role of s;, shows
that (1—n)(1—n)s; is also in the splitting set. Since s; is a generator
of G, and the order of G is larger than (1 —n)?, the elements s; and
(1 — n)?%s; are distinct. However, since

k(1-n)>=k+2-n (modkn+1),

k(1 —n)?s; = (k+2—n)s,
violating the fact that (1 — n)?s; and s; are in the splitting set. O

As Exercise 12 will show, the general bound k£ < n—2in Theo-
rem 3 cannot be lowered. However, for particular n, it may be much
lower.
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3. The search for splittings

Lattice tilings of Z™ by the semicross or cross led us to introduce
the notion of splitting an abelian group by certain sets of integers
S(k) = {1,2,...,k} and F(k) = {£1,%£2,...,+k}. The ques-
tion,“Which groups do S(k) or F(k) split?,” is far from being an-
swered.

For example, S(k) splits C(k + 1) with splitting set {1}, and
splits C(2k + 1) with splitting set {—1, 1}. (C(m) denotes the cyclic
group of order m, which we will usually take tobe {0,1,...,m—1},
the additive integers modulo m.) However, it is not known whether
S(k) always splits some other group. In particular, the answer is not
known for S(195) [1], which we will discuss later.

Exercise 8. Show that if F'(k) splits G, then S(k) also splits G.

In order to make general statements about which groups S(k)
or F(k) splits, we develop some theorems that relate splittings of
groups A and B to splittings of their direct sum A ® B. And, rather
than restricting ourselves to the sets S(k) and F(k), we consider
any set of nonzero integers M = {m,, ma, . .., my}, which we call
a multiplier set. We say that M splits the finite abelian group G if
there is a set of elements sy, s», . . ., 5,, in G such that each nonzero
element of G is uniquely representable in the form m;s;,1 < i <k,
1 £ j £ n, and 0 is not representable in that form. It follows that
|G| = kn + 1. S is called a splitting set for G.

Let A, B, and G be groups such that there is an isomorphism o
from A into GG, a homomorphism ( from G onto B, and the kernel
of 3 coincides with the image of o.. We may think of A as a subgroup
of G and B as the quotient group G/A. (This includes the case when
G is a direct sum of A and B.) We record this by the diagram

{0}—>ALG£}B—>{0},

where each arrow denotes a homomorphism. The groups {0}, 4, G,
B, {0} and the four homomorphisms are said to form an “exact se-
quence.” (See Appendix B for an introduction to exact sequences.)
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Exercise 9. Show that if G = A @ B, then there is an exact se-
quence

{0} A eqil pi Sy

For any finite abelian group G two questions immediately
come into mind: If a multiplier set M splits G, must it split A and
B? If M splits A and B, must it split G? The answers to both ques-
tions are “no,” as we show by examples. However, with an extra
assumption, the answers turn to “yes.”

First of all, M = S(5) splits C(6) and though there is an exact
sequence

{0} — C(2) — C(6) — C(3) — {0},
it does not split either C(2) or C(3). So the first question is settled.

Exercise 10. Show that if M splits the cyclic group C(m), then
there is a splitting set that contains 1.

To show that the answer to the second question is also “no,”
consider M = S(3) and the exact sequence

{0} — C(4) — C(16) — C(4) — {0}.

Note that M splits the two “outer” groups. (The first C(4)
has the elements 0, 4, 8, and 12. The homomorphism from it to
C(16) is inclusion. The homomorphism from C(16) to C(4) is the
remainder modulo 4.) We show that it does not split C(16). Con-
sider D = {1,3,5,7,9,11,13,15} C C(16). The mapping d — 3d
of D consists of two cycles, (1, 3,9, 11) and (5, 15,13, 7). There is no
loss of generality to assume that if there is a splitting set for C(16),
then there is one that contains 1. We call it S. It follows that 3 & S.
But, in order that 9 be covered, we must have 9 € S. However,
2-1 = 2-9, which shows that S is not a splitting set.

Fortunately, there are some relations between splittings of a
group, a subgroup, and a quotient group. These relations, devel-
oped in [2, 5, 6], are expressed in the following theorems, which
greatly simplify the search for splittings.
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Theorem4. Let M split the finite abelian group G. Assume that there
is an exact sequence

{0}iss A2 B gl gy Q)

If each element of M is relatively prime to the order of B, then M splits
A

Proof. Let M split G, with splitting set S. We show that M splits
a(A) with splitting set a(A4) N S.

Leta € A. Then a(a) = ms, m € M, s € S. Applying (3,
we have 0 = fBa(a) = mp(s). Since (m,|B|) = 1, B(s) = 0. By
exactness, s € a(A). Thus M splits a(A), hence A. O

If G is a finite abelian group and there is an exact sequence (1),
then there is also an exact sequence

{0}—>B£&G_E+A—-—»{0},

that is, the roles of image and kernel can be switched. (A proof is
outlined in Appendix B.) Consequently, the next theorem follows
immediately from Theorem 4.

Theorem 5. Let M split the finite abelian group G. Assume that there
is an exact sequence

{1 ey (e QUL B 1§

If each element of M is relatively prime to the order of A, then M splits
B.

While the proof of Theorem 4 shows how to find the promised
splitting set of A, the proof of Theorem 5 does not give a direct way
to derive the splitting set of B from the splitting set of G.

Problem 5. Find a direct proof of Theorem 5.

The next theorem shows when splittings of A and B in (1) im-
ply the existence of a splitting of G,
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Theorem 6. Let M split the finite abelian groups A and B and as-
sume there is an exact sequence

0)—— 42658 (0}

If each element of M is relatively prime to the order of A or each ele-
ment of M is relatively prime to the order of B, then M splits G.

Proof. In the first case the proof is constructive. Let Sy =
{s1,82,..., 84} be a splitting set for A and S = {t1,¢2,...,t3} be
a splitting set for B. Pick u; € G, 1 < j < b such that B(u;) = t;.
Then we assert that S = {{uj,u2,...,us} + a(A)} Ua(S4) isa
splitting set for G.

To see this, consider g € G, g # 0.If 8(g) = 0, then g € a(4),
and is of the form m;a(s;), s; € Sa. If B(g) # 0, it is of the form

mgt;, forsome ¢; € Sp. Thus B(g—m;u;) = 0and g—m,u; = a(a)

for some element a € A. Since (m;,|A|) = 1, a can be written
as m;a/, ' € A. Hence g = m;u; + a(mia’) = m;(u; + a(a’)).
Thus every g € G \ {0} has a representation in the form g = m;s,
m; € M, s € 5, and it is easy to check that the representation is

unique.
The second case follows from the first by reversing the exact
sequence. O

Exercise 11. Show that the representation defined in the proof of
Theorem 6 is unique.

Theorems 4, 5, and 6 suggest that we distinguish between two
types of splittings. A splitting of a group G in which each element
m in the multiplier set M is relatively prime to |G| is a nonsingular
splitting. Splittings that are not nonsingular are singular. It is conve-
nient to distinguish among the singular splittings the purely singular,
splittings in which each prime that divides |G| divides at least one
element in the multiplier set.

Theorems 4, 5, and 6 tell us that if there is an exact sequence

{U}—}A&GLB—r{O},
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where G is a finite abelian group, then M splits G nonsingularly if
and only if M splits A and B nonsingularly.

For example, if p is a prime that divides no element of M, then
M splits C(p?) if and only if M splits C(p), since there is an exact
sequence

{0} — C(p) — C(»*) — C(p) — {0}.
In view of this, the exact sequence
{0} — C(p) — C(@*) — C(*) — {0},

then tells us that M splits C(p?) if and only if M splits C(p). Induc-
tion shows that M splits C(p™) nonsingularly if and only if it splits
C(p).

Exercise 12. Prove thatif pisaprime,k=p—1l,andn=p+1,
then the (k, n)-semicross lattice tiles n-space.

An argument similar to that before Exercise 12 establishes a
more general theorem.

Theorem 7. Let G be a finite abelian group and let py,ps, . . . , p, be
the prime divisors of the order of G. Then M splits G nonsingularly if
and only if M splits C(p;), foreachi, 1 <i<r.

Exercise 13. Prove Theorem 7.

According to Theorem 7, if each element of M is relatively
prime to |G/, then to determine whether M splits G, it suffices to
determine whether M splits C(p) for each prime p that divides |G]|.

Exercise 14. What can we say about |M| if M splits a group of
order 5°7'° nonsingularly?

In order to examine splittings of a finite abelian group G for
any multiplier set M, we express G as the sum of two special sub-
groups A and B: B is the sum of the Sylow subgroups corresponding

to primes that divide no element in M; A is the sum of the Sylow
]
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subgroups corresponding to primes that divide at least one element
in M. By Theorem 6, if M splits A and B, then it splits G. Theo-
rem 4 is almost the converse, showing that if M splits G it splits A.
That the full converse holds, and M also splits B, is a consequence
of the following theorem. The proof, which uses a counting argu-
ment, depends on the finiteness of the group G. Without the as-
sumption of finiteness, the theorem does not hold. To see this, note
that M = {—1, 1} splits the infinite cyclic groups Z and 4Z but not
their quotient group C(4). (Splitting of infinite abelian groups is
defined like that of finite groups.)

Theorem 8. Let G be a finite abelian group and
0} — 4562 B =5 {0}

an exact sequence. If M splits G and 'B,. it splits A. (By the interchange-
ability of A and B, it follows that if M splits G and A, it splits B.)

We omit the rather involved counting argument due to Hick-
erson [6], which, in a nutshell, is this: Let G be a finite abelian group
and H a subgroup of G. Assuming that M splits G with splitting set
S and also splits the quotient group G/H, one shows that SN H is
a splitting set for H.

Problem 6. Obtain a direct proof of the second part of Theorem
8.

Exercise 15. (If the proof of Theorem 8 has been read.) Let G
be a finite group, not necessarily abelian, and let H be a normal
subgroup of G. Show that if M splits both G and G/H, then M
splits H. (How would you define the splitting of any group, abelian
or not?)

Problem 7. Let G be a finite group, not necessarily abelian, and
let H be a normal subgroup of G. If M splits H and G, must M split
G/H?
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Exercise 16. Let G be an infinite abelian group and H a subgroup
of G. Show that if M splits G and G/H, it need not split H. (Hint:
Let G be the dyadic rationals modulo 1, H = {0,1/2}, and M =

{1,2})

Exercise17. Show that S(1) splits every finite abelian group. What
does this imply about the (1, n)-semicross?

Exercise 18. Show that F'(1) splits every finite abelian group of
odd order. What does this imply about the (1,7)-cross?

Exercise 19. Decide whether S(2) splits C(p), p = 3,5,7,11, 13,
17,19, 23, and 29.

Exercise 20. Show that the (2, 3)-cross lattice tiles Z3.

Exercise 21. Does F(2) split C(5), C(17), C(85)? What does this
say about certain crosses?

Exercise 22. Prove that S(8) does not split C(105).

Exercise 23. Prove that S(11) does not split C(210).

The next section uses some of the theorems proved in this sec-
tion to examine splittings by S(k) and F(k).

4. Splitting by S(k) and F'(k)

To find out whether the (k, n)-semicross lattice tiles Z™, we must
find out whether S(k) splits an abelian group of order kn + 1. And
similarly, to find out whether the (k,n)-cross lattice tiles Z" we
must find out whether F'(k) splits an abelian group of order 2kn +1.
Inview of the theorems of the preceding section, we face two ques-
tions:

What are the purely singular splittings for S(k)?

For which primes p does S(k) split C(p)?
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These questions and the analogous ones for F'(k) are far from
being answered, and we present some of the results obtained so far.
We first obtain a theorem on purely singular splittings by S(k) or
F(k).

Let G be a finite abelian group and p be a prime. A p-group
is a group such that the order of each element in it is a power of p.
The p-dimension of G (written “dim,G”) is the number of p-groups
in the factorization of G as a direct sum of cyclic groups of prime
power orders. This direct sum is called the p-component of G. It is
the unique p-Sylow subgroup of G.

The next exercise is the key to Lemma 2, which can be found

in [6].

Exercise 24. Let p be a prime divisor of the order of the finite
abelian group G. Assume that M splits G with splitting set S. Show
that for m € M and s € S, ms is not of the form pg, g € G if and
only if p does not divide m and s is not of the form ph, h € G.

Lemma2. Let G be a finite abelian group such that M splits G with

splitting set S. Let p be a prime divisor of |G| and §,(M) be the number

of elements of M that are divisible by p. Then

pH 6, (M) < |M].

Proof. LetpG = {pg:g € G}and B =G \pG. Then

|B| G| - |pGI

M| —6,(M) ~ |M] - 6p(M)’

SN B| =

A straightforward counting argument shows that

e G i
(

o
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Thus

Gl > 1G] - 1= |M|IS| > |M|IS N B]
_ IM|G|(1 — pdimsS)
0| —5,(01)

or
|M] — (M) > [M]|(1 - p~¥™=C),
from which the lemma quickly follows. 0O

Exercifse 25. Verify the claim in the preceding proof that [pG| =
IGr /pdlmpG'

Corollary 1. Let G be a finite abelian group with a splitting G\ {0} =
MS. Let p be a prime divisor of |G| such that the p-component of G
is not cyclic. Then

8p(M) < |M|/p".
Co.rollary 2. Let M = S(k) or F(k) and MS be a purely singular
splitting of the finite abelian group G. Then G is cyclic.

gooﬁ When M is S(k) or F(k) and p < k, it is not hard to show
at

(M) > |M|/p.
Corollary 1 then implies that G is cyclic. O
Exercise 26. Carry out the details of the proof of Corollary 2.

Corollary 2, together with Theorems 5, 6, 7, and 8, yields the
following theorem, again found in [6].

Theorem9. If M is S(k) or F(k) and splits the finite abelian group
G, then M splits the cyclic group of the same order as G, C(|G|).

Proof. Let P be the set of prime divisors of |G| that divide at least
one element of M. Let Q be the set of prime divisors of |G| that
divide no element of M. »
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H=Y Syl,(G) and K= ) 8y1,(G).
pEP q€Q
Then G = H & K. By Theorem 5, M splits H. Corollary 2 shows
that H is cyclic. By Theorem 8, M splits K. Theorem 7 then shows
that M splits the cyclic group C(|K|). Since M splits H and C(|K)
we conclude from Theorem 6 that M splits H @ C(|K|), which is
the cyclic group C(|G|). 0O

Exercise 27. Is the converse of Theorem 9 true? That is, if S(k)
or F(k) splits C(m) does it split every abelian group of order m?

Corollary 2 asserts that when S(k) splits G purely singularly,
then G is cyclic. What are these purely singular splittings? For in-
stance, if k + 1 is composite, then S(k) splits C(k + 1) purely sin-
gularly and if 2k + 1 is composite S(k) splits C(2k + 1) purely sin-
gularly. Hickerson has shown, in manuscript, that for £ < 3000, the
only purely singular splittings by S(k) are of C(k +1) or C(2k +1)
as just described.

Problem 8. Find all the purely singular splittings by S(k).
Exercise 28. Show that S(2) does not have any purely singular
splittings.

Exercise 29. If the result cited for ¥ < 3000 holds for all k, for
which values of k does S(k) have no purely singular splittings?

Exercise 30. Prove that the only purely singular splitting by 5(4)
is of C(9).

Now consider the nonsingular splittings by S(k). In this case
we ask, “Which groups of prime order does S(k) split?” In geomet-
ric terms this question is equivalent to “If a (k, n)-semicross has a
prime number of cubes, when does it lattice tile Z?” In view of
Theorem 5 of Chapter 2, this in turn is equivalent to, “If a (k,n)-
semicross has a prime number of cubes, when does it lattice tile
n-space?”
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For instance, if k + 1 or 2k + 1 is prime, S(k) splits at least one
such group. In the first case the splitting set is {1} and in the second,
{~1,1}. In both cases these splitting sets are subgroups of the mul-
tiplicative group C(p)*, so S(k) can be viewed as coset representa-
tives of a subgroup of C(p)*. Strictly speaking, S(k), which consists
of integers, is not a subset of C(p)*, which consists of the residue
classes (mod p) relatively prime to p. However, we may identify
S(k) with subsets of C(p)* without causing any confusion. Indeed
we then have a factorization of the group C(p)*, C(p)* = S(k)H,
where H is a subgroup of C(p)*, namely, the unique subgroup of
order (p — 1) /k.

These splittings suggest that we first look for cases where S (k)
splits C(p)* by being the coset representatives of the subgroup H
of order (p — 1)/k, the splitting set then being H itself. If there is
such a subgroup H, we say that S(k) coset splits C(p).

Consider, for instance S(6) and C(103). When the elements of
C(103)* are expressed as powers of the generator 5, we have

1=5%2=5% 3_5% 4-5% 5_5! 5%

(The exponents, which behave like logarithms, are called indices.)
Th_e subgroup H of order (103 — 1) /6 = 17 consists of the numbers
5%, 0 < j < 16. Since the indices of 1, 2, 3, 4, 5, 6 are incongruent
modulo 6, 5(6) represents the six cosets of H in C(103)*, and 5(6)
coset splits C(103). (It follows that the (6, 17)-semicross lattice tiles
Z'7.) The only primes p < 3584 such that $(6) coset splits C (p) are

7,13,103, 487, 547, 823, 967, 1063, and 3187.

As we will see in a moment, S(6) coset splits C(p) for an infinity of
primes p.

Exercise 31. For which primes p does S(2) coset split C(p)? Ex-
press the answer in terms of the order of 2 modulo p.

er will'show that if S(k) coset splits at least one group of prime
order, it splits an infinite number of them [10]. In order to do this
we need to express the notion of coset splitting in terms of homo-

morphisms. A
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Assume that S(k) coset splits C(p), with splitting group H.
There is then a natural homomorphism from C(p)* onto the quo-
tient group C(p)*/H, which is isomorphic to C(k). So there is an
epimorphism

f:C(p)* — C(k), (2)

that is one-to-one on the subset {1,2,...,k}. (In C(p)* the opera-
tion is multiplication; in C(k) it is addition.)

Exercise 32. Prove that if there is a homomorphism frqm C(p)*
onto C(k) that is one-to-one on S(k), then S(k) coset splits C(p).

Let ¢ be the restriction to S(k) of the homomorphism (2). This
function has two properties:
(i) ¢ is one-to-one from S(k) onto C(k)
(i) If z, y, and zy are in S(k), then ¢(zy) = ¢(z) + ?S(y). i
Any function from S(k) to C(k) that satisfies (i) and (ii) we
call a logarithm on S(k). A logarithm on S(k) is determined by its
values on the primes in S(k). '
For example the following table describes a logarithm on 5(7).

S e o e e R e
o) |0 1|3 [2]6][4]5

The assigment ¢(2) = 1 determines ¢(4) = ¢(2) +¢(2) =1+
1 = 2. The choice ¢(3) = 3 then forces ¢(6) = #(2-3) =1+3 =4.
Since 5 and 7 are primes in the range (7/2, 7], the values, ¢(5) and
#(7) may be assigned freely, as long as ¢ is one-to-one.

Exercise 33. Construct logarithms on S(k) for k = 13 and 19.

Exercise 3d. Show that there is logarithm on S(k) for k < 24.
Recall that there is if k + 1 or 2k + 1 is prime.

Extensive computer calculations by Forcade and Pollington [1],

show that for k < 194, (k) has a logarithm, but 5(195) does not.

Exercise 35. Prove that if there is a logarithm ¢ on S(k) in which
#(2) is relatively prime to k, then there is a logarithm 9 on S(k)
such that ¢(2) = 1.
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Since there is no logarithm on S(195) it follows that 5(195)
does not coset split any group of prime order. This raises a sequence
of questions.

Problem 9. Does 5(195) split some group of prime order? (This
is equivalent to “Does the (195, n)-semicross, n > 3, ever lattice
tile Z™?”)

Problem 10. Does the (195, n)-semicross, n > 3, ever lattice tile
R™? (This is equivalent to Problem 9.)

Problem 11. Does the (195, n)-semicross, n > 3, ever tile R™?

We have shown that if S(k) coset splits C(p) for some p, then
there is a logarithm on S(k). If k is odd, the converse holds. How-
ever, when k is even, the logarithm must satisfy extra conditions in
order for the converse to hold, as shown by Mills [8]. These condi-
tions are consequences of quadratic reciprocity.

Theorem 10. Let py,...,p, be distinct primes and let b, . .. b, €
C(k). There is an infinite number of primes p and homomorphisms
¢ : C(p)* — C(k) such that ¢(p;) = b;, for 1 < i < r if and only if
one of these conditions holds:
(1) kis odd
(2) k = 2m where m is odd and
(a) for each p; = 1 (mod 4) that divides m, b; is even, and
(b) for each p; = 3 (mod 4) that divides m, the corresponding
bi’s all have the same parity.
(3) k = 4m and for each p; that divides m, b; is even.
Moreover, if there is one such prime p for which there is a homo-
morphism ¢ : C(p)* — C(k) with the prescribed values at py, . . ., pr,
then there is an infinite number of such primes.

Exercise 36. Show that if S(k) coset splits some group of prime
order it splits an infinite number of groups of prime order.

Exercise 37. Using the quadratic reciprocity theorem, show that
conditions (2) and (3) are necessary when k is even.

Exercise 38. Prove that the (32, n)-semicross tiles Z™ for an infi-
nite number of n. 9
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Exercise 39. Let as,as,...,ax be distinct integers greater than
or equal to 2. Prove that {1, +ag, *as, ... ,+ai} splits no abelian
group (finite or infinite). (Suggestion: If s1, s, .. . isan alleged split-
ting set, consider the representation of —s;.)

A special case of Exercise 39 is the set {1, %2, ..., +k}, which
almost coincides with F'(k). This shows that just a slight alteration
of a multiplier set can drastically change the groups it splits.

5. History and applications

The origins of the study of the cross and semicross are simple,
though they can be traced back to several independent sources:
Ulrich in 1957 [18], Kérteszi in 1966 [7], Stein in 1967 [10], and
Golomb and Welch in 1968 [3].

Ulrich constructed single-error correcting codes for alphabets
of more than two symbols. He utilized a packing of {-1,1} in
C(10), presented the equivalent of a splitting of C(5) & C(5) by
{~1,1}. However, this paper did not lead to subsequent investiga-
tions of crosses or semicrosses in Euclidean space.

Kérteszi asked whether the (1, 3)-cross tiles space. This was an-

swered by Freller in 1970; Korchméros about the same time treated

n > 3. Molnar [9] in 1971 related the number of Z-lattice tilings of
R™ by the (1,n)-cross to the number of abelian groups of order
9n + 1. Medyanik, apparently unaware of Molnar’s work, showed
in 1977 that the (1, n)-cross tiles R™.

Around 1963 Stein posed the following problem. Consider the
standard lattice of unit squares that tile the plane. What is the small-

est density of a set S of such squares with the property that every b

square from the lattice has at least one edge on the border of a
square in S? That the answer is 1/5 follows immediately from the
fact that the (1, 2)-cross tiles the plane. (Each such cross must con-
tain at least one member of S; hence, the density of S is at least
1/5. On the other hand, the set of the center squares of the crosses
in the tiling serves as a suitable family S.) This initiated his work in
(k, n)-crosses and semicrosses, which first appeared in 1967.
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Golomb and Welch showed that the (1, n)-cross tiles R™. They
thought of the center of a cross as a code word and the other cubes
of the cross as words that might be received if there were an error
in one coordinate of the code word. A tiling then corresponds to a
perfect code.

In 1978, Szabé [14], stimulated by Molnar’s work, considered
tilings by “lopsided” crosses, where at each facet of the central cube
either no cube or one cube is attached. Around that time he read
a Russian translation of a paper by Stein and became familiar with
the work of Hamaker and Stein [5]; in 1981 he proved that if 2+ 1
is not a prime, then there is a nonlattice Z-tiling by the (1, n)-cross
and a Q-lattice tiling that is not a Z-tiling [14].

The semicross and cross have also shown that they deserve to
serve as archetypes of starbodies. For instance, Kasimatis in 1984
proved that any lattice covering of R? by translates of a (2, 2)-cross
pas density at least 9/7, which is less dense than the densest cover-
ing. This example, which is still in manuscript, is much simpler than
the earlier ad hoc example.

In 1985 Szab6 [17] modified a (1, 3)-cross by adding pyramids
at the ends of its six arms to obtain a starbody that tiles R3 but not by
a group of motions, thus providing a simple answer to Hilbert’s 18th
problem, “If congruent copies of a polyhedron P tile Euclidean
space, is there a group of motions such that copies of P under this
group of motions tile space?” (See Figure 7. The pyramids are lop-

sided to prevent rotational symmetry.)

: .Other examples have been constructed even in the plane, but
this is a particularly simple example. It also is an example of a set
that tiles by translates, but not by a lattice of translates. Stein in 1972
[11] had used a (4, 10)-cross and (3, 5)-semicross and finite fields to
provide the first examples of this phenomenon.

; In this chapter we answered some questions concerning the
tllipg of n-space by the (k, n)-semicross and (k, n)-cross. However,
as 1s typical in mathematics, the few answers obtained raised many
questions. This suggests that our knowledge, measured by the num-
ber of answers, grows arithmetically, while our ignorance, measured
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FIGURE 7

by the number of questions, grows geometrically. So, strangely, we

are perhaps more ignorant at the end of the chapter than at the

beginning.

The tiling problems suggested questions about finite abelian
groups. Because of the rich structure of a splitting—each nonzero
element of a finite abelian group being represented exactly once—
we could use counting arguments to help settle some of the ques-

tions. |
In the next chapter we will examine packing and covering by

the semicross and cross. The structures will not be so rich, and the

problems will therefore be more difficult to approach.
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Chapter 4
Packing and Covering
by the Semicross and Cross

| When a cluster C does not tile n-space, we immediately face two
questions: How densely can we pack translates of C? How thinly
can we place translates of C such that they cover all of n-space?
I Similar questions for the n-dimensional ball, going back to Kepler,
; have been answered only for small values of n. We will get good es-
d timates in all dimensions in the case of Z-lattice packings by semi-
i crosses and even much more information about packing by crosses.
Similar questions about Z-lattice coverings seem to be far more dif-
ficult, as we will see later in the chapter.

| In order to quantify the efficiency of a packing or covering we
i need the notion of the “density” of a family of translates of a cluster.
e Let C be a cluster in n-space consisting of ¢ cubes and S =
a {a1,az,...} a denumerable sequence of points in n-space without
an accumulation point. For each positive number r let Q(r) be the
. cube {(z1,2a,...,2,) : |z;| < r}, which has side 2r and volume
s (2r)™. Let N(r) be the number of points a; in S such that a; + C

b | lies in Q(r). The fraction of Q(r) filled by these translates is

i | N(r)
2 70 = Gy

(In case of a packing f(r) < 1.) Assume that f(r) approaches a
limit as » — oo and denote this limit d(S), which we call the density
of the family of translates.

?

85




86 ALGEBRA AND TILING

Exercise 1. Prove that the density of a covering is at least 1.

We may think of the density of a family of translates of a cluster
as the average number of times that points in n-space are covered
by the translates.

The packing density of the cluster C, usually denoted §(C), is
defined as the least upper bound of the densities of packings by C.
The covering density of C, denoted 6(C), is defined as the greatest
lower bound of the densities of coverings by C. If in these defini-
tions we restrict the families to be lattices of translates of C, then we
obtain the lattice packing density, 6;,(C'), and lattice covering density
61(C). Note that

61(C) < 6(C) < 1< 6(C) < 6.(C).
If we restrict the translating vectors to be an integer lattice, then
we obtain the Z-lattice packing density 6% (C) and Z-lattice covering
density 67 (C).

Analogous densities have also been defined when C'is a con-
vex set and have been studied for over two centuries when C is a
ball. References for what has been discovered are [1, pp. 15-17], [6,

p.3], or [9, pp. 177-185]. For n = 1,2, and 3 the densest packing
of balls is achieved with a lattice packing; a proof for n = 3, due

to Hsiang, was obtained as recently as 1991, and its details are still
being checked.

Any denumerable packing of n-space by translates of a cluster
C can be shifted locally to produce another such packing in which
all the coordinates of the translating vectors are integers [3]. This
shift, which generalizes the idea of “rounding down,” is defined as
follows.

Consider a denumerable family of translates of C' that packs
n-space. Each cube in these clusters has the form w + A, where

A=z, o) 0<zys1, 1.9 < n}.

Let W be the set of w’s.

Since W is denumerable, we may translate the family W by
some vector ¢so that no vector c+w with w € W is on the boundary
of z+ Aforany z € Z™. Assume that this initial shift has been made.
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Then each w is in the interior of a unique cube of the form z + A
where z € Z". Call z+ A the shift of w + A and z the shift of w. See
Figure 1.

Note that the set of shifts of the cubes in a cluster form a trans-
lation of that cluster. So the shift can be viewed as translating clus-
ters. Moreover, the density of the family obtained by the shift is the
same as the density of the original family.

Assuming that the family {w + A : w € W} is a packing, we
will show that the shift of this family is also a packing.

Let wy + A and w; + A be distinct cubes in the packing, and
z1 + A and z; + A their respective shifts. If the interiors of z; + A
and z; + A have a nonempty intersection, then z; = 2z,. Thus w; =
a; + z; and wy = ag + 29, where a; and a; are in the interior of A.
Hence w; + a3 = wy + a;, which violates the assumption that cubes
w1 + A and w, + A are part of a packing.

To show that the shift of a covering is again a covering, consider
acube z+ A, z € Z™. We will show that there is a cube w + A in the
covering whose shift is z + A. Therefore, the densest packing by a
cluster has the same density as the densest integer packing.

The point 2+ (1,1, .. .,1) lies in the interior of w+ A for some
w € W, as illustrated in Figure 2. Then it is not hard to show that
z + A is the shift of w + A. »
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Exercise 2. Justify the last sentence.

The shift of a lattice is not necessarily a lattice. (Recall that the
cluster formed of two squares separated by one square lattice tiles
2-space but does not Z-lattice tile 2-space.)

The next exercise provides two more illustrations of this fact.

Exercise 3.

(a) Let a > 1 be an irrational number. Translates of the interval
[0,1] by the numbers {na : n € Z} form a lattice packing of
R1L. Show that the shift of this packing is not a lattice packing,

(b) Consider any lattice packing of R™ by cluster C where the de-

terminant of the lattice is irrational. Show that its shift isnota

lattice.

1. Packing by semicrosses

Let C be the (k, n)-semicross, which has volume kn + 1. A packing
of R™ with translates of the (k, n)-semicross by vectors in the lattice
H of determinant d therefore has density

kn+1

d
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Now restrict H to being a sublattice of Z™. The family of translates
of the (k, n)-semicross by translates of the vectors of H is a packing
if and only if the cosets {ie; + H : 1 < i < k,1 < j < n} are
distinct and distinct from the coset H. Let G = Z"/H. Then there
are n elements in G, sy, 89, ..., 8,, such that the kn elements i85,
1 <4<k, 1< j < nare distinct and nonzero.

Exercise 4, Justify the last two statements.

Finding the densest Z-lattice packing by the (k, n)-semicross
is equivalent to finding the smallest group G such that there are n
elements in G, sy, 82, ..., Sp, where the kn elements is;, 1 < § <
k, 1 < j < n, are distinct and distinct from 0. If such elements
81,82, --,5n €Xist in G we will say that S(k) then n-packs G and
that {s1, 82,..., 8, } is @ packing set.

Exercise 5. Show that for every pair of positive integers k and n
there is a finite abelian group that S(k) n-packs.

Let g(k,n) be the order of the smallest abelian group G that
S(k) n-packs. Obviously, g(k,n) > kn + 1 and equals kn + 1 only if
S(k) splits an abelian group of order kn + 1. Moreover, for fixed n,
g(k,n) is a nondecreasing function of k. The density of the densest
Z-lattice packing of R™ by the (k, n)-semicross is

kn+1
g(k, n)'

In dimensions 1 and 2, g(k, n) is easy to determine: g(k,1) = k+ 1
and g(k,2) = 2k + 1. We will show that

. g(k,3)
L o il @

The proof is based on two lemmas [7]. The first shows that g(k, 3) >
(k+1)%2,

Lemma 1. Let G be an abelian group of order m such that S(k)
3-packs G. Then (k+1)2 <m2 4
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Proof. Let the packing set be {a,b,c}. Let G x G be the set of

ordered pairs (u, v), where v and v are in G. Consider the (k+1)3 =

elements (za — yb,yb — 2¢), 0 < z,y,z < k, in the set G x G.
If (k + 1) > m?, then by the pigeon-hole principle, two of these
elements coincide, say

za—yb=Ta—7b and yb— zc=7b-— Zec,

Osx’f’yﬁ‘g?z’zsk! (w’y!z)#(ﬁﬁﬁiz)'

Ifz = T, then yb = Fb. Since 0 < y,7 < kand bis an element in |

the packing set {a, b, c}, y = 7. Similarly, z = Z. But this contradicts

the fact that (z, y, z) and (%, 7, z) are distinct. Similarly, y # yand

ziEiz

Without loss of generality, we may assume that « > Z. Then
we have (z — Z)a = (y — 7)b. Since a and b belong to a packing set,
y — 7 is negative. The equation (7 — y)b = (Z — z)c then implies
that Z — z is negative, hence z > Z. We have

(z-Z)a=(y-Pb=(2—-2)c,

hence (z — Z)a = (2 — Z)c, which contradicts the assumption that
{a,b,c} is a packing set. Thus (k + 1)® < m?, and the lemma is
proved. O

The next lemma puts a lower bound on g(k, 3) for an infinite
set of integers k. '

Lemma 2. Let a > 2 be an integer and let k = a® — a. Then S(k)
3-packs the cyclic group C(a3 + 1) with packing set {1, —a, a®}.

Proof. The proof that the congruence i - 1 = j(—a) (mod a® +1),

has no solutions for 1 < 4, j < a® — a is straightforward. The con-
gruence ¢ - 1 = j(a?) (mod a® + 1) reduces to the previous one by
multiplying by —a. The congruence i(—a) = ja? (mod a2 + 1) also
reduces to the first one by division by a (which is relatively prime to

the modulus, a® + 1). O
Incidentally, for a = 2 and 3 and k = a? — q, g(k, 3) equals

a® + 1. It is not known whether this true for all a.
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Exercise 6. Fill in the details of the preceding proof.

Lemmas 1 and 2 imply the following theorem.

Theorem 1.

. ig(ki3)
klinéo k3/2 =L

Outline of proof. By Lemma 2, for k = a® — a, g(k,3) < a®+1 =
(1 + v/1+ 4k)®/8 + 1. Thus, for k of the form a? — a,

3
(k5 1)Y2 < glpg) o Lt VIEAR) "21;””” L
Therefore, for these values of k,
g(k,3)
k—oo k3/2 i (2)

To treat an arbitrary k, let a be the positive integer such that
a?—a<k<(a+1)?-(a+1).
Letky =a® —aand k2 = (a+ 1) — (a + 1). Then

9(k1,3) < g(k,3) < g(k2,3).

Note that
e
klingo k—z =yl (3)
Equations (2) and (3) imply that (1) holds when £ is not restricted
to be of the form a? — a. O

Exercise 7. Fill in the details in the preceding proof.

Problem 1. If S(k) n-packs the finite abelian group G, must it n-
pack the cyclic group C(|G|)? (Theorem 9 in the preceding chapter
shows that if the packing is a splitting of G, then the answer is “yes.”)

Exercise 8.
(a) Show that for a positive odd integer b, S((b* — 1)/2) 4-packs
the cyclic group C((b + 1)(!;',2 + 1)/2) with the splitting set

= i x
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{1, b, (=b)?, (—b)3}. (Hint: first show that the packing set is

a subgroup of C*((b + 1)(b% + 1)/2).
(b) Deduce that

2
/ g (k14)
TS B i
hﬁsot:p 3 <2

Exercise 9.
(a) Show that for b = 1 (mod 6) and at least 7, S((b* + b — 2)/3)
6-packs C((b® + b+ 1)(b + 1)/3) with packing set

{11 _b: (_b)21 (_b)ss (_b)4: (_b)s}
(b) Deduce that

2
: g°(k, 6)

—_l L <3
h;nsup S <3

In Theorem 1 and Exercises 8 and 9 the method rests on the
fact that 2® — 1, z* — 1, and z® — 1 have cubic factors with certain
properties. The number & is expressed as a quadratic in b, and for
this k, S(k) is shown to pack a cyclic group whose order is a cubic
in b. (The packing set is generated by —b and forms a group under
multiplication.) In these cases

2
. g*(k,n)
h}I.-ri s;p s
is shown to be no greater than some specific rational number. How-
ever, it is proved in [5] that for n > 3

2
. g (kn) 2(T
khm 3 = 4 cos (n)' 4)

As Exercise 10 shows, for n > 3 this limit is rational only when n =
3,4, or 6. This means that the method described has to be modified
to treat general n. The key modification to obtain a proof of (4) is to
consider packing sets of the form {1, —b, (—b)?,..., (=b)""1} that
do not necessarily form a group. In other words, do not demand
that (—b)" = 1.
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Exercise 10. Let n be an integer and w a primitive nth root of

unity. Assume that [Q(w) : Q] = ¢(n), where ¢ is the Euler “¢

function.”

(a) Show that [Q(w) : Q(cos (2w /n)] = 2 forn > 3.

(b) Show that Q(cos? (m/n)) = Q(cos (27r/n)) for n > 1.

(c) Show that for n > 3, cos? (w/n) is rational if and only if n =
3,4, 0r6.

Let us return to the case n = 3. Since

lilig(ky3)
kh-{lgo k3/2 =1

we can calculate how well the (k, 3)-semicross Z-lattice packs R3.
Letting 67 (k) be the density of the densest such packing, we have
6% (k) = (3k + 1)/g(k, 3). So we have

ALl
k]i.rgo3/\/;;“

Speaking loosely, we can say that when k is large, the densest Z-
lattice packing of the (k, 3)-semicross fills only about % of R®. This
has been generalized to arbitrary lattice packings in [7].

If we remove the condition that the packing be a lattice
packing, it turns out that the (k, 3)-semicross packs R® much more
densely. In fact, if §(k) denotes the packing density of the (k, 3)-
semicross, we have

il (5)

Z
it 6;?(%) i (6)

The combinatorial argument [4] rests on the construction of
certain designs, called “monotonic matrices,” which we now de-
scribe.

Consider a cube of width k, which is composed of k3 unit cubes.
Say that you place ¢(k) disjoint translates of the (k, 3)-semicross in
such a way that each “corner cube” of a semicross coincides with
one of the k® unit cubes. Then thesg semicrosses lie in the cluster
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FIGURE 3

formed of four copies of the cube of width k, which is a magnifica-
tion of a (1, 3)-semicross, as shown in Figure 3.

Of the 4k unit cubes in this cluster, t(k)(3k + 1) are occupied
by the #(k) semicrosses. Since the (1,3)-semicross tiles Z3, there
would be a packing of R3 with density

t(k)(3k + 1)
4k3 '
Identify each of the &3 unit cubes in the cube of width k with
a triple (z, y, 2), the coordinates of its center. Then z,y, and 2 are
integers, and 1 < z,y, 2 < k. Because the semicrosses are disjoint,
for a given (z,y) there is at most one triple (z,y, z). We can there-
fore record the configuration with the aid of a square array of k?

cells in which the cell corresponding to (z,y) holds the number z if

the semicross with corner (z,y, z) is present. Otherwise cell (z,y)
is empty. This leads us to consider certain square arrays, which we
call “monotonic matrices.”

A monotonic matrix of order k is an array of k2 cells in some of
which an integer in the set {1, 2,...,k} is placed, subject to three
conditions:

(a) For two filled-in cells in a row, the one further right has a larger
entry;

(b) For two filled-in cells in a column, the higher one has the larger
entry;

|
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(c) For two filled-in cells with the same entry, the one further right
is higher (the “positive slope” condition).

Exercise 11. Show that conditions (a), (b), and (c) are equivalent
to the fact that the corresponding semicrosses are disjoint.

Let m(k) be the maximum number of occupied cells in all
monotonic matrices of order k. Note that the (k, 3)-semicross tiles
Z® with density at least m(k)(3k + 1) /4k3.

Table 1 lists some of the values of m(k); numbers in parenthe-
ses are lower bounds. For instance, that m(3) > 5 is shown by the
array in Figure 4.

K. Joy programmed an exhaustive search for the largest mono-
tonic matrix of order 5, determining that m(5) = 11. Figure 5 dis-
plays one of the many arrays he found.

Exercise 12. Show that m(2) = 2, m(3) = 5, and m(4) > 8.

Exercise 13. Show that if & is a square, then m(k) > k%2, (Table
1 shows that m(4) = 4%/2 but m(9) > 93/2.)

Exercise 14. Show that m(k - I) > m(k)m(l)

(a) by using the geometry of semicrosses;

(b) by using only the definition of a monotonic matrix.

mk) | 1|2 |58 |11 @4 | @9 | @) | @8] @32

TABLE 1
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FIGURE 5

By Table 1, m(7) > 19 =~ 7513, Therefore, by Exercise 14,
m(7") > (m(7))" > (77)*%13, for any positive integer . Thus for
k = 7" we have m(k) > k-2 and there are packings by the (k, 3)-
semicross with density at least

k513(3k + 1)

T @
Comparing (7) with (5) establishes (6). The key is that 1.513
is greater than 1.5.

Exercise 15. Show that m(k + 1) > m(k).

In a moment we will apply the next exercise to the function
m(k).
Exercise 16. Let f(n) be a positive real number for each positive
integer n. Assume that f(n + 1) > f(n), f(n) < n?, and f(mn) >
f(m)f(n), for any positive integers m, n. Define e,, by the equation
f(n) = n~. Show that

lim e,
— 00

exists, and is at most 2. (Hint: It is the least upper bound of {e,,}.)

By Exercise 16, if we define e, by setting m(k) = k®, we know
that

lj_mek

k—o0

exists. Call it L. Since e; > 1.513, we have 1.513 < L < 2.
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Problem 2. Find L.

Problem 3. Examine m(k)/k? as k — oo. If L < 2, then
m(k)/k?* — 0. (Does the limit exist?)

Hickerson pointed out in conversation that if we knew that
the density of the densest packing of R3 by the (k, 3)-semicross ap-
proaches 0 as kK — oo, we would immediately have the analogous
result for all dimensions n > 3. To see this, assume that for some
dimension n > 3 there are arbitrarily large integers & such that the
(k,n)-semicross packs R™ with density greater than ¢, a fixed pos-
itive number. Using the shift, we may assume that the translating
vectors lie in Z”.

The number of corner cubes of the semicrosses in a packing
in some large cube of side s (which we take to be an integer much
larger than k) would then be greater than es™/(nk + 1). Since the
large cube could be viewed as the union of s “(n — 1)-dimensional”
slabs of unit thickness, in some (n — 1)-dimensional cross sectional
slab of this large cube there would be at least es®~1/(nk+1) corner
cubes.

Now, the cluster similar to the (1,n — 1)-semicross, but com-
posed of n cubes of side s tiles R"~1. Of its ns"~! unit cubes at
least es”~*((n — 1)k + 1)/(nk + 1) are occupied by the (1,7 — 1)-
semicrosses whose corners lie in the corner of the large semicross.
Therefore there is a packing of R"~! by the (1,n — 1)-semicross of
density at least

es" H(n—-1)k+1)
ns”~1(nk + 1),
which approaches e(n — 1) /n? as k — co. Repeating this descend-
ing argument until we reach n = 3 produces a contradiction of
our assumption that the packing density of the (k, 3)-semicross ap-
proaches 0 as k — oo.

2. Packing by crosses

The case of Z-lattice packings of R™ by the (k, n)-cross is quite dif-
ferent. For n > 2, let h(k,n) be the order of a smallest abelian
»

rns-uyn Fi vk che bkd bl AN %

aprunnpy 11ann T |
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group that F(k) n-packs. It is known [7] that

lim
koo k2

One difference between (4) and (8) is that the dimension n does not

influence (8) but does influence (4). The other is that the exponent

of k is 2 instead of 3/2, which implies that the densest Z-lattice

packing of R” by (k,n)-crosses is much less dense than is the case

for semicrosses. If §*(k) is that density,
6* (k)

P CTEATRGRY T L

hence
Lhior (k)
kh—{lr}o 2n/k

1. ©)

Another difference between the cross and semicross is that the

proof of (8) uses packing sets that form arithmetic progressions. We

will not present this proof, but will content ourselves by showing =

that for n > 2, h(k,n) > (k+1)2.

Assume that F'(k) n-packs the finite abelian group G. Then
F (k) 2-packs G with packing set {a, b}. Assume that |G| < (k+1)2.
Consider the (k+ 1)? elements ia+ jb, 0 < i, j < k. By the pigeon-
hole principle, there are distinct pairs (4, j) and (3, 7), 0 < 4,1, 4,7 <
k such that ia + jb = ia + jb, or equivalently (i — i)a = (5 — 5)b.
Note that |i — 7| < k and |j — j| < k. If i = 7, we have (j — j)b =
0, contradicting the fact that b is part of a set that packs G. Thus
i — 1 # 0 and, similarly, 7 — j # 0. This violates the assumption

that {a, b} is a packing set. Consequently A(k,n) > (k + 1)? forall

n > 2.

Exercise 18.

(a) Show that for even k, F'(k) 2-packs C (k?+2k+2) with packing
set {1,k +1}.

(b) Show geometrically that h(k,2) = k2 + 2k + 2.

set {1,k + 1,k + 2}.

hkm) _ @

Exercise 19. Show that F(k) 3-packs C(k? + 3k -+ 3) with packing

Packing and Covering by the Semicross and Cross 929

Exercise 20. Show that for even k, F (k) 4-packs C(k? + 4k + 5)
with packing set {1,k + 1,k + 2,k + 3}.

Exercise 21. Show that for £k =0 or 4(mod 6), F(k) 5-packs
C(k? + 8k + 9) with packing set {1,k + 1,k + 3,k + 5,k + T}.

Exercise 22. Show that for k¥ = 0 (mod 6), F'(k) 6-packs C (k% +
30k +233) with packing set {1, k+11, k+13,k+15,k+17, k+19}.

Problem 4. Determine h(k,n). Trivially, h(k,1) = 2k + 1.

Unlike the semicross case, the ratio between the density of the
densest Z-lattice packing and densest packing does not approach 0
as k approaches infinity. Instead, it approaches 1. The argument is
not long.

First of all, for any packing of R™ by the (k,n)-cross, the shift
produces a packing of the same density. So we consider only inte-
ger packings. In a square tray of side length k& + 1 there can be at
most one center of a cross in a packing. Since these trays tile R,
the density of the packing is at most (2kn + 1)/(k + 1)2, which is
asymptotic to 2n/k as k — oo. Comparing this with (8) shows that
Z-lattice packings by the (k,n)-cross, when k is large, can be just
about as dense as an arbitrary packing by the (k, n)-cross.

Problem 5. Find the density of the densest packing of R™ by the
(k, n)-cross.

Problem 6. Is the density of the densest packing of R™ by a cluster
always a rational number?

3. Covering by the semicross and cross

If a semicross or a cross does not tile R™, we may also ask, “How
thinly can it cover R"™?”

We consider only covers of Z™, and view a semicross or cross
as subset of Z", and deal only with translates by integer vectors.
Such a family of translates of a semicross or cross is said to
cover Z" if every point in Z™ is in at Jeast one of the translates. The
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FIGURE 6

density of the covering can be viewed as “the average number of
times each point is Z" is covered.”

For instance, the (2, 2)-cross covers R? with density 9/8, since

two overlapping copies of this cross fill up the cluster of 16 squares

shown in Figure 6, and this latter cluster tiles the plane [3]. Hence

the (2, 2)-cross covers the plane with density 18/16 = 9/8.
Exercise 23. Verify that the cluster in Figure 6 tiles the plane.

Exercise 24. Use a similar approach to get a covering of the plane
by the (83, 2)-cross of density 13/11.

The construction of Z-lattice coverings of R™ by the (k,n)-
semicross, just like Z-lattice tilings or packings, depends on finite
groups. We say that S(k) n-covers a finite abelian group G with the
covering set {s1, 32, ..., 8y} if every element in G \ {0} can be ex-
pressed in the form is;, 1 < i < k,1 < j < n. Let f(k,n) be
the order of the largest abelian group that S(k) n-covers. Clearly
f(k,n) < kn+ 1. Just as we can obtain a lattice packing of Z™ from
a packing of a finite group, we can obtain a lattice covering of Z™
from a covering of a finite group.

Exercise25. Show that the density of the least dense Z-lattice cov-
ering of Z™ by the (k, n)-semicross is (kn + 1)/ f(k, n).
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Determining the behavior of f(k, n) for large k is much harder
than determining the behavior of g(k,n), the corresponding func-
tion for packings. In the case of a packing, if g; and g, are two el-
ements of a packing set we can say that the equation ig; = jgs,
1 < 4,j < k has no solution. However, for coverings, the struc-
ture is looser; there is nothing of use that we can say about a pair
of elements in a covering set. Even determining f(k, 3) is far from
trivial.

The next theorem provides very efficient coverings by semi-
crosses in (p + 1)-space, where p is a prime. It, as well as the other
results on covering that we will describe, are due to Dad-del [2].

Theorem 2. Let p be a prime and r be a positive integer. Let k =
rp— 1, m = rp? and n = p + 1. Then S(k) n-covers C(m) with the
covering set {p} U{l1+irp:0<i<p-—1}

Proof. Consider an integer z € [1,m — 1]. I p divides z then z is
of the form ip, where i € S(k).

Let A= {z:1 <z <m,(z,p) = 1}. We will show that 4 is
covered. For convenience, if g € C(m), let g denote S(k)g, “the set
of elements covered by g.”

Foreach:,0<i<p-—1,

|ANT Firp| = k — [k/p] = r(p - 1).

Since |A| = rp(p — 1), all that remains is to show that if ¢ # /, then
1+irpN1l+irp=2.
Assume that there are integers j, j/, 1 < j, 5’ < k such that

j(L+irp) = j'(1 +4'rp) (mod rp?).
Then j = j' (mod rp), hence j = j'. Consequently
jirp=ji'rp (mod rp?)
and we have

j(i—1i") =04 (mod p).
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Since we assume that j(1+4rp) is not divisible by p, (4, p) = 1. Thus
i —¢' = 0 (mod p), from which it follows that ¢ = i'. This completes
the proof. 0

It can be shown that the covering set in the preceding theorem
is essentially unique.

In any case, the covering is quite economical. The m — 1 =
rp® — 1 nonzero elements of C(m) are covered by kn products, and
kn = (rp—1)(p+1) = rp? + (r — 1)p — 1, which is not much larger
(in ratio) than rp? — 1. Holding 7 fixed, we have, since k = rp — 1

; fk,n) _ o rp?
—— < >lim —=p.
llﬁsolcl‘p i r_iip = p

The proof of Theorem 2 uses only cyclic groups. This suggests

the following problem.

Problem 7. If S(k) n-covers a finite abelian group G, does it n-
cover C(|G|)? (For k = 2 the answer is “yes” [8].)

Theorem 2 implies that when the dimension  is one more than
a prime and k is large there are Z-lattice coverings of R™ by the
(k,n)-semicross with density near n/(n — 1), which for large n is
near 1. This is quite a contrast with the fact that Z-lattice packings
by these semicrosses have densities near 0.

The construction of Z-lattice coverings by the (k, n)-cross re-
duces to the following problem on finite abelian groups. We say
F(k) = {£1,£2,...,%k} n-covers a finite abelian group G with
covering set {s1, s3,..., s, } if every element of G \ {0} can be ex-
pressed in the form is;, 1 < |i| < k, 1 < j < n. Let ¢(k,n) be
the order of the largest abelian group that F(k) n-covers. Clearly
c(k,n) < 2kn+1. An argument similar to that for Theorem 2 yields
the following theorem.

Theorem 3. Let 7 be an even positive integer, q prime, k = rq/2,
n = g+1, and m = rq®. Then F(k) n-covers C(m) with covering set
{gJu{l+irg:0<i<g-—1}

Exercise 26. Prove Theorem 3.

Packing and Covering by the Semicross and Cross 103

Returning to the covering problem suggested by semicrosses,
we can easily check that f(k,1) = k + 1 and f(k,2) = 2k + 1. We
might expect f(k,3) to be approximately 3. If so, we are in for a
surprise. Very little is gained by adjoining another element to the
2-covering set. In fact f(k,3) = 2k + 2.

Exercise 27. Show that S(k) 3-covers C(2k + 2) with covering set
{1, -1, k+1)

We thus have
l Lt DV )l TS
koo k k—oo k k—oo k

For n > 4, limy_,o f(k,n)/k has not been determined. It has not
even been shown to exist. As noted, when n = p + 1 for a prime p,

lim sup @ > p.

k—o0

Theorem 3, though it concerns the cross, also provides infor-
mation about the semicross, since when F(k) n-covers a group G
with the covering set {s1,82,...,8,}, S(k) 2n-covers G with the
covering set {£s;,%s2,...,+8,}.

For instance, consider Theorem 3 in the case ¢ = 7 (and 2n is
therefore 16). According to the theorem, when r is even, S(7r/2)
16-covers C(49r). Thus

lim sup

k—oo

@>14.

Theorem 2 gives a weaker result: The case p = 13 gives us

lim sup M > 13.
k—oo k

Incidentally, n = 16 is the smallest dimension for which Theorem

3 gives a stronger result for the function f than does Theorem 2.

Exercise 28. For which values of n < 50 does Theorem 3 give a
stronger result than does Theorem 2?

On the basis of extensive computations in low dimensions
as well as Theorems 2 and 3, it is tempting to conjecture that,
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forn >3,

i L7

k—oo k
is either the largest prime less than n or twice the largest prime less
than the greatest integer less than n/2, whichever is larger. How-
ever, it should be kept in mind that we do not even know that the
limit exists.
Problem 8. Does limg_.o ﬁ%ﬁ:’- exist? If so, what is its value?
Problem 9. Settle for the cross the analog of Problem 8.

Exercise 29. Show that S(k) 4-covers C(m) with covering set
{1, £2}:

(a) ifkisevenand m = 3k + 1;

(b) if k is odd and m = 3k + 2.

Exercise 30. Show that for k¥ # 2, S(k) 5-covers C(m) with the
covering set given as follows (in the case k£ = 6l + 1, z is arbitrary):

k m covering set
60+0 | 3k+3 | {£1,£2,k+1}
6l+1 | 3k+2 {£1,+2,z}

61+2 | 3k+5 | {1,-2,+3,—6}
61+3 | 3k+4 | {1,-2,—3,46}
6l+4 | 3k+5 | {1,-2,-3,46}
6l+5 | 3k+4 | {1,-2,-3,16}

If the conjecture made after Exercise 28 is correct, we would
have the following table:

n 1(2|3|4(5|6|7(8|9(10/11|12(13|14|15|16(17|18

R f(k,n)
k— o0 k
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It would imply that while there are very efficient Z-lattice cov-
erings of R'? by the (k, 12)-semicross for large k, the situation in
R" is quite different, where the most efficient Z-lattice coverings
have density approximately 11/7 ~ 1.57. For large n this density
approaches 1, which implies that R*! is the space that is “hardest”
to Z-lattice cover by semicrosses.

Up to this point in the book we have considered only tilings,
packings, and coverings by clusters. Even these simple objects, com-
posed of a finite number of cubes, even of a single cube, raise a host
of geometric, algebraic, and combinatorial problems, most of which
are unsolved. In the next two chapters we investigate tilings by tri-
angles. Chapter 5 is concerned with tiling a polygon with triangles
all of which have the same area. On the other hand, Chapter 6 ex-
amines tilings by triangles where there is some restriction on their
shapes, but none on their areas. For instance, it will show that a
square cannot be tiled by 30° — 60° — 90° triangles. As is to be ex-
pected, the algebraic techniques used in the coming two chapters
are quite different. To treat triangles of equal areas we use valua-
tion theory, but to deal with triangles of prescribed shapes we will
use isomorphisms of subfields of the complex numbers.
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Chapter 5

Tiling by Triangles of Equal Areas

In the first four chapters we examined tilings of Euclidean space by
translates of sets that are unions of cubes. In this chapter we con-
sider tilings of a much different character, namely tilings of poly-
gons by triangles of equal areas. (We do not demand that the tri-
angles be congruent.) We restrict our attention to simplicial dissec-
tions, though the theorems hold for all dissections.

In 1965 Fred Richman at the University of New Mexico at Las
Cruces wanted to include a geometric question in a master’s degree
examination he was preparing. “I noticed that it was easy to cut a
square into an even number of triangles of equal areas, but I could
not see how to cut it into an odd number.” Not solving his prob-
lem, he chose not to put it on the examination. However, he did
show that the square could not be cut into three or five triangles of
equal areas and mentioned the problem to his colleague and bridge
partner, John Thomas. Thomas recalls that

Everyone to whom the problem was put (myself included)
said something like ‘that is not my area but the question
surely must have been considered and the answer is prob-
ably well known.” Some thought they had seen it, but could
notremember where. I was interested because it reminded
me of Sperner’s Lemma in topology, which has a clever
odd-even proof. I thought about it for several months, and
got the results in the 1968 paper by trying to construct a
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dissection into an odd number of triangles of equal areas.
They convinced me that there is no such dissection, but I

could not prove it.
When I sent the paper to Mathematics Magazine, the

referee’s reaction was predictable. He thought the prob-
lem might be fairly easy (although he could not solve it)
and was possibly well-known (although he could find no

reference to it).
He recommended that I submit the problem to the

Monthly and, if no one came up with a solution, that the
paper should be published. This was done, and the paper
appeared three years after I wrote it.

We can introduce a coordinate system such that the four ver-
tices of the square are (0,0), (1,0), (1,1), and (0,1). Thomas [12]
proved that this square cannot be cut into an odd number of trian-

gles of equal areas if all the vertices of the triangles have rational

coordinates with odd denominators.
Paul Monsky [8] settled the question in 1970 by removing the
assumption on the coordinates of the vertices.

But even if Richman had not posed his question, the prob- = =
lem of tiling a polygon by triangles of equal areas would have been

raised. In 1984 Victor Klee was writing a paper on convex poly-
topes. “In order to simplify a computation it was convenient to be
able to dissect an arbitrary convex polytope into simplices of equal
volumes,” he recalled in a letter written in 1990:

It seemed positively obvious to me that this could be done,
so I initially assumed it and proceeded to work out the
other details of the proof. Later, when I could not justify
the assumption, I had to circumvent it, and found a more
complicated argument that did not use the assumption.
However, I still felt strongly that a dissection into sim-
plices of equal volume should always be possible. I was
familiar with Monsky’s theorem. However, for my argu-
ment I did not have to restrict the parity of the number of
simplices.
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In the summer of 1984 at a conference at the Uni-
versity of Oregon I posed to a number of distinguished
mathematicians the problem of deciding (for example)
whether an arbitrary convex polygon could be dissected
into triangles of equal area. Several of them were attracted
to the problem, and felt that they were ‘on the verge’ of
the proof that such a dissection was always possible. As
far as I remember, none of us seriously suggested that it
might not always be possible.

Klee managed to prove his polytope theorem, bypassing his dissec-
tion question [6).

In this chapter, we will construct quadrilaterals, even trape-
zoids, that cannot be cut into triangles of equal areas. Actually,
Hales and Strauss in 1982 [2], two years before Klee raised his ques-
tion, had given a nonconstructive proof that such quadrilaterals ex-
ist. So there are, all told, three separate and independent occasions
when tiling by triangles of equal areas was considered.

We first develop the algebraic and topological machinery used
in Monsky’s proof, prove the Richman-Thomas-Monsky theorem
and then discuss a variety of related questions and results inspired
by that theorem.

1. Algebraic and topological preliminaries

We will make use of one theorem from topology, Sperner’s Lemma,
which was proved by Sperner in 1928. This theorem was initially
used to prove Brouwer’s fixed point theorem, which states that any
continuous mapping of a closed n-dimensional ball into itself has a
fixed point.

We will be using Sperner’s Lemma in dimension two. It con-
cerns a simplicial dissection of a plane polygon into triangles. The
fidjective “simplicial” means that two overlapping (closed) triangles
Intersect either in a common vertex or in two vertices and the en-
tire edge that joins them. The dissection in Figure 1 is simplicial;
the one in Figure 2 is not. For convenience, all the dissections in
this chapter will be simplicial. Howgver, Sperner’s Lemma and the
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FIGURE 1. Simplicial. FIGURE 2. Not simplicial.

theorems in this chapter can be generalized to non-simplicial dis-
sections.

Sperner’s Lemma involves the notion of “completeness.” A
polygon whose vertices are labelled A, B, or C' is complete if the
number of edges whose vertices are labelled A and B is odd. In
particular a triangle is complete if and only if its three vertices are
labelled A, B, and C. An edge whose vertices are labelled A and B
is also called complete. The substance of the following exercise will
be needed later in the chapter.

Exercise1. Introduce n dots on a complete edge F and label each
dot A or B. The n dots divide E into n + 1 sections.

(a) Show that the number of sections that have vertices labelled A =

and B is odd.

(b) Show that if, on the other hand, the vertices of E are both la-
belled A or both labelled B, then the number of sections with
vertices labelled A and B is even.

Lemma 1. (Sperner) Consider a simplicial dissection of a plane
polygon. Assume that each vertex is labelled A, B, or C. Then the

number of complete triangles is congruent modulo 2 to the number

of complete sections on the polygon.

Proof. Consider any triangle in the dissection. Place a “pebble”
in it next to any edge labelled AB. The procedure is illustrated in

Figure 3.

e
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FIGURE 3

A complete triangle collects one pebble. All other triangles
collect either two or none. Therefore the total number of pebbles
is congruent modulo 2 to the number of complete triangles.

Next count the total number of pebbles in terms of the edges
labelled AB. Next to each interior edge AB there are two pebbles.
Next to an AB edge on the boundary there is one pebble. Hence
the total number of pebbles is congruent modulo 2 to the num-

ber of complete edges on the boundary. This establishes Sperner’s
Lemma. 0

Sperner’s Lemma tells us that if the polygon is complete then
there is at least one complete triangle in the dissection. For most
of our applications this is all we will need from Sperner’s Lemma.
Lalter we will state a stronger version, in which orientation plays a
role.

Our other tool, valuation, is algebraic [1, pp. 1-15, 13, pp. 197-
202]. A valuation on a field F is a function ¢ from F' to the real
numbers augmented by oo that has the following properties:

(1) é(zy) = ¢(z) + ¢(y)
() ¢(z +y) > min{¢(z), $(y)}
() ¢(z) = o if and only if z = 0.

Note that if ¢ is a valuation on F, then for any positive num-
ber k, k¢ is also a valuation. The valuations ¢ and k¢ are called
equivalent.

. 'Since #(1) = ¢(1-1) = @(1) + ¢(1), it follows that é(1) = 0.
Similarly, ¢(z) = 0 for each root ofunity and in particular #(-1) =
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0. Thus ¢(~2) = $(~1-2) = $(~1)+4(z) = (). Hence ¢(~2) =
¢(x). Also, when = is not 0, ¢(1/z) = —¢(z). Moreover, if o(z) <
é(y), then a stronger condition than (2) holds, namely ¢(z + y) =
¢(z). To show this, first note that, by property (2), é(z) < ¢z +y).
But we also have
¢(z) = ¢z +y—y)
> min{¢(z +1v), #(~v)}
= min{¢(z + ), $()}
> min{¢(z), () }
= ¢().
Thus ¢(z) = min{¢(z + y),#(y)}. Since ¢(y) > ¢(z), we
conclude that ¢(z) = ¢(z + y), as claimed.
Exercise 2. Show that if ¢ is a valuation on a field F and z and y,
y # 0, are in F, then ¢(z/y) = ¢() — ¢(y)-
To construct a valuation on @, the field of rationals, select a
prime p.
Define ¢, as follows. First, define ¢,(0) to be oo. If r e @,
r # 0, write 7 in the form p™a/b, where n, a, and b are integers,
and p divides neither a nor b. Define ¢,(r) to be n, which we can
think of as “the number of times that p divides 7.” The function ¢,
is called the p-adic valuation on Q.
Exercise3. Prove that ¢, is well defined, that is, if p™efd = 1'3“& /b,
where m, n, a, b, ¢, and d are integers, and p is relatively prime to
abed, then m = n.
Exercise 4. Prove that ¢, is a valuation on Q.
The next exercise shows that every valuation on @ is of the
form k¢, for some constant k and prime p.

Exercise 5. Let ¢ be a valuation on @ other than the trivial one
that assigns 0 to each number.

(a) Show that for every integer n, ¢(rn) > 0.

(b) Show that there is a prime p such that ¢(p) > 0.
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(c) Letp’ be a prime different from p. Show that ¢(p’) = 0. Sug-
gestion: There are integers a and b such that ap + bp’ = 1.
(d) Letting ¢(p) = k, show that ¢ = k¢,

The valuation ¢, is the one we need in the solution of Rich-
man’s problem. If we restrict the vertices of the triangles in the
dissection to have only rational coordinates, that valuation would
suffice. To deal with arbitrary dissections of the square, we need to
extend ¢, from Q to a field that includes all the coordinates of the
vertices. Fortunately, each p-adic valuation can be extended to all
of R, the field of the real numbers (and even to all of C, the field of
complex numbers). We pause to sketch how the domain of ¢p can
be extended beyond Q. The reader may skip over this interlude, for
the essential point is that each valuation on @ can be extended in
at least one way to any subfield of the reals.

We first sketch briefly how a valuation ¢,, on @ can be extended
to a finite algebraic extension F. Let A be the ring of algebraic in-
tegers that lie in F. (A number is an algebraic integer if it is a root
of a monic polynomial with integer coefficients.) The algebraic in-
tegers form a ring. Each ideal in A (other than 0 and A) is uniquely
expressible as a product of prime ideals. In particular, the ideal (»)
generated by the prime p has a factorization of the form

(0) = B5Pe R petr),

where the e()’s are positive integers and the P;’s are prime ideals in
A. Incidentally, r is not larger than the dimension of F over Q. Pick
one of the 7 prime ideals, say P,. For z in 4, but not 0, define é(z)
to be 1/e(1) times the number of times P; appears in the represen-
tation of the ideal (z) as a product of prime ideals. Define @(0) to
be o0o. Note that ¢(p) = e(1)/e(1) = 1 and therefore ¢ extends ?p
from Q to A. These r extensions are, up to equivalence, the only
extensions of ¢, to A that have the properties of a valuation.

The extension of ¢ from A to F' depends on the fact that every
element in F' can be expressed as a quotient of elements in A. To
see this, let bin F be a root of

anwn+an—1xn_1* st ag =0,
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where the coefficients are in Z and a,, is not 0. Then a,b is a root
of
€T k03 T n—1
A O
an

an
or

AnZ" + Gp-10nZ" 1 4 -+ -+ aga? = 0.

Cancelling a,, yields a monic polynomial in Z[z] of which the num-
ber a,bis aroot. Thus a,bis an algebraic integer, and b = (a,b)/an

is a quotient of elements in A. Define ¢(b) to be ¢(anb) — d(an). i

Since ¢(zy) is equal to ¢(x) + ¢(y), this extension is single valued.
In particular, if F is a quadratic extension of @, F' = Q(vD),

there are at most two extensions of ¢, to Q(v/D). For the number
of extensions see [3, p. 190]. For instance, for the odd prime p there =

are two extensions of ¢, to Q(v/D) if and only if p does not divide
D and D is a quadratic residue modulo p. For example, there are
two extensions of ¢7 to Q(v/2) but only one to Q(v/3).

In the next few exercises assume that the valuations are defined

on all of R.

Exercise 6. Evaluate ¢, at 7, 8, 3/4, and 6.
Exercise 7. Evaluate ¢, at v/2, /3, 3/+/2 and V4.

Exercise 8. Evaluate ¢ at 1+ /2, v/2 + v/5,and 2 + 1/1/2.

Exercise 9. Find ¢o(1 + /3) as follows. Letu = 1 + v/3 and v =
13 :
(a) Find ¢o(uv) and gs(u + v).

(b) Show that ¢ (u) must equal ¢2(v).

(c) Obtain g (u):

Exercise 10. There are two possible values for ¢o(1+ v/17). Find =

them.

It is a much simpler matter to extend a valuation ¢ from a field

F to the field F(z), where z is transcendental over F. In fact, we
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may preassign the value of the extension at z to be any real number,
say c. It suffices to extend ¢ to F[z]. Let ¢* be the extension we will
construct.

For any monomial az™ in F[z], ¢*(az™) must be ¢(a) + nc.
Define ¢* on any polynomial as the minimum of its values on any
of the monomials in the polynomial. Then extend ¢* to F(z) by
defining ¢* (£()/9(z)) = ¢* (f(x)) — ¢* (9(=)). (We wil check it
for elements in F'[z], leaving the check for elements in F(z) to the
reader.) We show that this extension is in fact a valuation.

We first show that

# (@) +9(@) > min{¢* (£()), 6" (9(2)) }.
Let f(z) = ) anz™ and g(z) = 3 b,z". Then

¢ (£(@) +9(@)) = ¢* (X (an + bu)a")
= min{¢(an + b,) + nc}
> min{min[¢(an), $(bn)] + nc}
= min{¢(an) + nc, ¢(bn) + nc}
= min{¢*(f(2)), 4" (9(=)) }.

_ In order to deal with ¢*(f(z)g(x)) we will need the fact that
if ¢* ()_'(m)) < ¢*(g(z)), then ¢* (f(z) + g(=)) equals ¢* (f(z)). To
establish this, let m be an index such that ¢*(a,,z™) = ¢* (f(2)).
Then ¢*(amz™) < ¢*(bmaz™) since ¢*(f(z)) < ¢*(g(z)). Hence
¢(am) < ¢(b) and therefore ¢(a, + byn) = ¢(ay). Hence
¢*((am + bm)2™) = $(@m + byn) + me
= ¢(am) + me

= ¢*(f(z)).

¢ (£(2) + 9(@), = ¢" (£(2)).
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For each valuation ¢ on the field of real numbers we decom-
pose the coordinate plane into three sets, as follows:

Now we are ready to consider ¢* (f(z)g(z)). For each nonneg-
ative integer n we have

¢ (f(@)9(a)) >¢*((Z aib ) )

=¢ Z a;b; | +ne
i+j=n

> dlad;)) +ne  if  i+j=n
= ¢(a;) + ¢(b;) + nc

= ¢(a;) +ic+ ¢(b;) + jc

> ¢*(f(2)) + ¢" (9(=))-

Next we produce a monomial in f(z)g(z) at which ¢* takes on the

value qf)"( ) + @ (g(z)) -
Let » be the smallest index such that ¢*(a;z?) is equal to

¢*(f(x)) and let s be the smallest index such that ¢* (b;27) is equal

to ¢* (g(z)). Consider the value of ¢* at the monomial in f(z)g(z)

of degree r + s:

So={(z,y): ¢(x) >0 and ¢(y) > 0}
={(z,9) : 6(z) <0 and ¢(y) > ¢(z)}
S2 = {(z,9): 4(z) > $(y) and 4(y) < 0}.

Label any point P that is in S;, P;. It is easy to see that if P; €
S;, then the point P; — Py is alsoin 5;,0 < i < 2.

Exercise 12. Showthat P, — P, € S;.

Exercise 13. Let ¢ be avaluation on R that extends ¢,. Determine
in which set, Sp, S1 or S3, each of these points lies: (0,0), (1,0),
(0,1), (1,1), (2,1), (2,2), (1,2).

The following lemma is the key to analyzing dissections of poly-
gons into triangles of equal areas.

Lemma 2. Let T be a triangle in the coordinate plane whose vertices
are (xo,Y0), (21,y1), and (z2,y2), where (x;,3;) is in S;, relative to a
valuation ¢. Then

* naks i ol SO AS r+8
¢* (aobrsex™® 4+ arbs™T + -+ + argsboz™ ). (1) ¢(Area of T) < —¢(2).

If i + j = r + s, but 4 is not r, then ¢* (a;b;z"**) is strictly larger
than ¢* (a-b,z"**). Thus (1) is equal to ¢*(ab,z"*°), and therefore =
equals ¢* (f(2)) + ¢* (g(=)). |

Exercise 11. Verify that ¢* is a valuation on F(z).

We have seen how to extend a valuation from @ to a finite alge-
braic extension and from any field to an extension by a transcenden-
tal element. The extension of a valuation from a field to an infinite
algebraic extension is fairly involved, and we refer the reader to the
references. In any case, it is possible to extend any of the p-adic val-
uation on Q to all of the real numbers. Actually, we need to extend
it only to fields obtained from @ by an extension by a finite number )
of elements. :

Proof.  Since translation by (—zo, —yo) does not change areas, and
P, — Py € 85;,0 < ¢ < 2, we may assume for convenience that
! (z0,0) is (0, 0). The area of T is then the absolute value of

' Lizs o
| 2|z yo

Now, ¢(z1) < 0 and ¢(z1) < @(y1). Also, ¢(y2) < 0 and ¢(yz) <
¢(2). Thus ¢(z1y2) < ¢(x2y1) and ¢(z1y2) < 0. Hence

1
= §($1yz g xzyl)-

| @(Area of T) = (1/2) + ¢(z132) < $(1/2) = —¢(2). O

Exercise 14. Use Lemma 2 to show that each line in R? meets at
most two of the sets Sy, S;, and S%
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Exercise 14 shows, for example, that if the vertices of an edge
are labelled P, and P, then any intermediate vertex is labelled P
or P.

2. The square

All the machinery for analyzing dissections of the square is now in
place. But we still need a few definitions. We restrict our attention
to simplicial dissections, though the theorems hold for all dissec-
tions.

We call a dissection of a polygon into m triangles of equal areas
an m-equidissection. Let ¢ be a valuation on the reals. A triangle
whose vertices are labelled Py, P,, and P, relative to the valuation ¢
we will call complete. (The definitions of “complete,” given relative
to the letters A, B, and C, carry over to the case when the letters
are P,, P;, and P,.) The next lemma is where Sperner’s Lemma,
valuations, and equidissections come together.

Lemma3. Let D be an m-equidissection of a polygon of area A and
let ¢ be a valuation on the real numbers. If D contains a complete
triangle relative to ¢, then

d(m) > ¢(24).

Proof. Let T be a complete triangle in the equidissection. Its area
is A/m. By Lemma 2,
$(A/m) < —¢(2), or  $(4) - p(m) < -¢(2).
Thus
¢(m) = ¢(4) + ¢(2) = ¢(24). O

We illustrate the utility of Lemma 3 by applying it to equidis-
sections of a square.

Theorem 1. (Richman-Thomas-Monsky) In any m-equidissection
of a square m is even.
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Proof. Consider the square whose vertices are (0, 0), (1, 0), (1, 1),
and (0, 1). Relative to a valuation ¢ that extends the 2-adic valuation
on @, these vertices are labelled Py, Py, P;, and P, reSpectively, as
shown in Figure 4.

Figure 5 shows a typical simplicial dissection of this square.

By Exercise 14, vertices on the bottom edge of the square can
be labelled either P, or Py, on the left edge either Py or P, on the
top edge either P, or P,, and on the right edge either P; or P,.
The border is broken into sections by the vertices of the dissection
that lie on the border. Therefore the only sections whose ends are

v

Py P

(0,1) (1,1)

(0,0) (1,0)

By P %

FIGURE 4
Y
P

P, 13'1"1"& -

.Poorf:‘ ; .,P:orﬂz
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labelled Py and P; are on the bottom edge of the square. There are
an odd number of them. By Sperner’s Lemma, there is a complete
triangle. By Lemma 3

$(m) > ¢(2(Area of the square)) = ¢(2) = 1.

Therefore m is even. O

3. Other polygons

The square can be generalized in many directions: to n-dimensional
cubes, to regular polygons, to trapezoids, to quadrilaterals, to cen-
trally symmetric polygons, and so on.

In the first sequel to the theorem about the square, Mead in
1979 [7] proved that if the n-dimensional cube is divided into sim-
plices of equal volumes, their number must be a multiple of nl. (It
is easy to construct a dissection into any multiple of n! simplices.)

Exercise 15. Verify the statement in parentheses.

In 1985 Elaine Kasimatis, then a graduate student, was look-
ing for some algebraic topic she could slip into G. D. Chakerian’s
geometry seminar at Davis. Stein suggested that she report on dis-
sections of the square and cube, a topic that Chakerian grudgingly
admitted was geometric. After the talk, Stein asked, “What about
the regular pentagon?” Kasimatis’s answer was published in 1989
[4]:

In an equidissection of a regular n-gon, where n is at least

5, the number of triangles must be a multiple of n.

At this point Kasimatis and Stein [5] posed the general ques-
tion, “If the plane polygon K has an m-equidissection, what can be
said about m?” They introduced the spectrum of K, defined as the
set of integers m such that K has an equidissection into m triangles,
and denoted S(K). If m is in S(K) then so is any positive integer
multiple of m. If S(K) consists of the multiples of a single integer,
m, then K and S(K) are called principal and S(K) is also written
as (m). For instance, the quoted results show that the square, the
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(0,1) (a,1)
The Trapezoid T(a)
(0,0) (1,0)
FIGURE 6

n-dimensional cube, and any regular polygon are principal. As we
will see, not every polygon is principal and, furthermore, we will
construct some polygons that have no equidissections.

Let us begin with trapezoids. Any trapezoid can be carried by
an affine mapping into a trapezoid three of whose vertices are (0, 0),
(1,0), and (0, 1). Since an affine transformation magnifies all areas
by the same factor, it carries an equidissection into an equidissec-
tion. Therefore we consider a trapezoid of the type shown in Figure
6, whose fourth vertex is (a, 1).

A trapezoid is affinely equivalent to this trapezoid if the ratio
between the lengths of its parallel sides is a. Let T'(a) denote the
trapezoid in Figure 6.

The next two theorems represent extreme cases, when a is tran-
scendental and when a is rational.

Theorem 2. If a is transcendental, T'(a) has no equidissection.

Proof.  Assume, on the contrary, that T'(a) has an m-equidissection.
Let p be a prime larger than m. Note that the labelling of the four
vertices in Figure 6 is complete relative to any valuation ¢,, no mat-
ter what ¢, (a) is. In any dissection of the trapezoid, all the sections
whose ends are labelled P, and P; occur on the bottom edge and
there are an odd number of them. Furthermore, the area of T'(a) is

(1+a)/2.
v
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Applying Sperner’s Lemma and Lemma 3, we see that

dp(m) = ¢p(a+1).

Since a + 1 is transcendental, we can prescribe ¢,(a + 1) to be 1.
Thus p divides m, contradicting the choice of p. Hence there is no
equidissection of T'(a). O

Exercise 16. A similar theorem does not hold for dissections into
quadrilaterals of equal areas, as mentioned in [2]. Show that any
polygon can be divided into quadrilaterals of equal areas. (For con-
venience, restrict the polygons to be convex.)

The next theorem, in contrast with the preceding one, shows
that when a is rational, T'(a) has equidissections and is principal.

Theorem 3. Let a be a rational number, a = r /s, where v and s are
positive, relatively prime integers. Then the spectrum of T'(a) is (r+s).

Proof.  First of all, T'(a) has many (r + s)-equidissections. For in-
stance, a diagonal of T'(a) cuts T'(a) into two triangles whose areas
are in the ratio of r to s. Dividing the first triangle into r triangles of

equal areas and the second triangle into s triangles of equal areas

produces an (r + s)-equidissection of T'(a). Thus (r + s) is a subset
of S(T'(a)).

Next we show that for any m-equidissection, rn» must be a mul-
tiple of r + s.

For convenience, consider the affine image of T'(r/s) obtained
by magnification parallel to the « axis by a factor s. That is, consider
the trapezoid 7" whose vertices are (0,0), (s,0), (r,1), and (0, 1),
shown in Figure 7.

Let p be a prime dividing r + s. We wish to show that for an
m-equidissection of T, ¢,(m) > ¢,(r + 3).

Since p divides r + s, and r and s are relatively prime, ¢,(r) =
0 = ¢,(s). The vertices of T therefore have the complete labelling
relative to ¢, shown in Figure 8.

As with the square, in any equidissection of T there is

a complete triangle. Since the area of T' is (r + s)/2 we have, by
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©,1) (r,1)
(0, D) (3:0)
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By uri T
FIGURE 8
Lemma 3,

Pp(m) = dp(2(r + 8)/2) = Bp(r + 8).

Since ¢p(m) > ¢p(r + s) for each prime p that divides r + s, it
follows that r + s divides m. O

Theorems 2 and 3 raise the question, “What about equidissec-
tions of the trapezoid T'(a) when a is algebraic but not rational?”
The next few theorems sample some of what is known.

Theorem4. Let ty, t,, and t3 be positive integers such that t3 — 4t t3
is positive and is not the square of an integer. Let a be one of the roots
of the equation t3x? — toz +t; = 0. Then T'(a) has an equidissection
into t1 + to + t3 triangles. 9
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| (0,1) (e, 1)
Iy
(Or b) T,
T3
(0,0) (1,0) ‘”
FIGURE 9

Proof. Let b be a number in the open interval (0,1) and c be a
positive number that will be determined later. Cut T'(c) into three
triangles, T3, T5, and Tj, defined as follows. T3 has vertices (0, b),
(¢,1), and (0, 1); T> has vertices (0, ), (1,0), and (c, 1); T3 has ver-
tices (0,0), (1,0), and (0,b). These triangles are shown in Figure
9.

T, has area A; = ¢(1 —b)/2; T> has area Ay = (cb+1 —b)/2;
T3 has area Az = b/2. We shall determine b and c so that the areas
A;, Ay, and A3 are proportional to the integers ¢;, ¢, and t3, re-
spectively. For such a choice of numbers the trapezoid T'(¢) would
then have a (¢; + ¢ + t3)-equidissection.

The equations

Ag_t2 A3_t3
Al h and At
become
Cb+1—b_t2 b i3
TETL e B e

Straightforward algebra shows that b = ct3/(1 + ct3), where c is
either root of the quadratic tsx? —tyx+t; = 0. Because 12 —4t it is
positive, the root is real. (Note that cis positive and that 0 < b < 1.)

O
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Let us examine the spectrum of 7'(a) more closely for three
values of a that satisfy the conditions of Theorem 4, namely, a =
2—+v2,a=2—1+/3,anda = (6 + v/21)/3.

In the first case, a is a root of the equation 2 — 4z + 2 = 0.
Thus 7 is in S(T(2 — v/2)). Reasoning similar to that used before
shows that for any m-equidissection of the trapezoid T'(2 — v/2),

$r(m) > ¢r (23 ‘2‘/5) Ll

Letd =3—+2ande = 3+ /2 Thende = Tandd + e = 6.
Hence ¢7(d) + ¢7(e) = 1 and ¢7(d + €) = 0. If ¢7(d) were equal
to ¢7(e), we would then have ¢7(d) = 1/2 = ¢7(e) and therefore
¢7(d+e) > 1/2, contradicting the fact that ¢7(d+e) = 0. Therefore
¢7(d) and ¢7(e) are not equal. One of them must therefore be 0
and the other one must be 1. If ¢7(3 — v/2) = 1, we already have
¢7(m) > 1.If ¢7(3 — v/2) = 0, then ¢7(3 + v2) = 1. Let U be
the automorphism of Q(+/2) that takes v/2 to —/2. Define a new
valuation ¢* on Q(v/2) by letting ¢*(z) = ¢7(U(z)). Extend this
valuation to R. Then ¢*(2 — +/2) = 1. Using this valuation instead
of ¢7 again shows that 7 divides m. Therefore T'(2—/2) is principal
with spectrum equal to (7).

If a = 2—+/3, the argument is slightly different. In this case a is
aroot of the equation z? — 4z + 1. Therefore 6 is in the spectrum of
T(2 — +/3). Since the area of this trapezoid is (3 — v/3) /2, ¢ (m) >
¢»(3—+/3) for any of its m-equidissections and any prime p. If p = 3,
we obtain, since ¢3(3) = 1 and ¢3(v/3) = 1/2, ¢3(3 — v/3) = 1/2.
Thus ¢3(m) > 1/2, which shows that m is a multiple of 3.

Now consider ¢5(3 —+/3). Letd = 3—+/3and e = 3+ /3. We
have de = 6 and d+e = 6. Hence ¢,(d) +¢2(e) = 1 and ¢y (d+e) =
L. If ¢2(d) and ¢, (e) were unequal, then one of them would be less
than 1/2 and force ¢2(d + e) to be less than 1/2, contradicting the
fact that ¢o(d + e) = 1. Therefore ¢o(d) = ¢o(e) = 1/2. Hence m
is a multiple of 2, and the spectrum is (6).

The case a = (6++/21)/3 (ora = (6—+/21)/3), however, is not
settled. This trapezoid correspongs to ¢; = 3, t; = 12, and ¢35 = 5.
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It has area (9 + v/21)/6 and therefore ¢,(m) > ¢,((9 + v/21)/3).
We know that t; + o + t3 = 20 is in the spectrum.

Letting d = (9 + v/21)/3 and e = (9 — v/21)/3, we have de =
20/3 and d + e = 6. Reasoning as before, we obtain ¢5(d) = 1/2,
from which it follows that 5 divides m. Turning to ¢2, we have

¢o(d) + ¢2(e) =2 and  y(d+e)=1.

The assumption that ¢5(d) is not equal to ¢2(e) quickly leads to a
contradiction. Therefore they are equal and have the value 1. Thus
2 divides m and we can conclude that 10 divides m. All told, we
know that

(20)c S (T ((6 +v21) /3)) c (10).

In this case the spectrum is not determined, and we do not know
whether it is principal.

Problem 1. Find the spectrum of the trapezoid T'((6 + v/21)/3).

Problem2. Does the trapezoid T'(1/2) have an equidissection? (It
can be shown by methods in the next chapter that the answer is no
if we demand that the coordinates of the vertices lie in the field

Q(v2).)

Problem 3. For which algebraic irrational numbers a does T'(a)
have an equidissection? (Conjecture: When the real conjugates of
a are all positive.)

Problem 4. Is every trapezoid principal?

There are in fact quadrilaterals that are not principal. For in-
stance, consider the quadrilateral whose vertices are (0,0), (1,0),
(0,1), and (3/2, 3/2). Its long diagonal cuts it into two triangles of
equal areas. On the other hand, its short diagonal cuts it into a tri-
angle of area 1/2 and a triangle of area 1, which the long diagonal
divides into two triangles of areas 1/2. Hence both 2 and 3 are in
the spectrum of the quadrilateral, and the spectrum is not principal.
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This quadrilateral suggests that we consider the class of quadrilat-
erals that are symmetric with respect to one diagonal.

Let Q(a) be the quadrilateral whose vertices are (0, 0), (1,0),
(a,a), and (0, 1), where a is a number larger than 1/2 (so that the
quadrilateral is convex). The next theorem shows that an infinite
number of these quadrilaterals are not principal.

Theorem 5. Let a = r/(2s), where r and s are relatively prime pos-
itive integers, T is odd and is larger than s. Then the spectrum of the
convex quadrilateral Q(a) contains 2 and the integer r + 2sk for each
nonnegative integer k.

Proof. Letkbe anonnegative integer and let z = a/(a-+k). Divide

Q(a) into three triangles with the aid of the vertex (z,0). (If k = 0,

there are only two triangles.) The triangles are shown in Figure 10.
The areas of the three triangles are in the proportion

z:za-z+a: a(l-—zx),

or

a ! a ik ! iy a
a+k a+k(a 1)+a'a(1 a+k)'

Replacing a by r/(2s) and simplifying, we see that the areas are in
the proportion

s:r—s+sk : sk.
(a,&)

(0,1)3
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Therefore the quadrilateral has an equidissection into s + (r — s +
sk) + sk = r + 2sk triangles, as claimed. O

In the preceding theorem ¢o(a) < —1. The next theorem shows
that if ¢2(a) > —1, then Q(a) is principal.

Theorem 6. If ¢2(a) > —1, then the spectrum of Q(a) is (2).

Proof. If —1 < ¢a(a) < 0, then Q(a) has only one edge labelled
Py P, and we can quickly conclude that in any m-equidissection of
Q(a) m is even.

If ¢2(a) > 0, apply the shear (z,y) — (z/a,y), obtaining a
quadrilateral with only one edge labelled PyP;. The area of this
quadrilateral is a/a = 1. Working with this quadrilateral, we see
again that m is even. O

Exercise 17. Fill in the details in the preceding proof.

Theorems 5 and 6 do not cover irrational a for which ¢3(a) <
—1, for instance, the case a = v/3/2. So we have a problem similar
to the one concerning equidissections of the square.

Problem 5. Can Q(+/3/2) be divided into an odd number of tri-
angles of equal areas?

4. Regular polygons

As already mentioned, Kasimatis proved that the spectrum of the
regular n-gon, n > 5, is (n), and therefore is principal. In the gen-
eral case the proof employs valuations extended to the complex
numbers. However, for the regular hexagon it does not, and we
present the proof in this case, since it illustrates some of the ele-
ments of the general approach.

At first glance we would expect to use the well-known regu-
lar hexagon inscribed in the standard unit circle with center at the
origin, as shown in Figure 11.

However none of its vertices is labelled P, relative to the valua-

tions ¢, or ¢3. Consequently we take an affine image of this hexagon.

One that works is shown in Figure 12, where three consecutive ver-
tices are (1,0), (0,0), and (0, 1), and the other vertices are (2, 1),
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(2,2), and (1,2). Of course this step is opposite the more custom-
ary approach of trying to analyze a problem in its most symmetric
form. In this case we are destroying the rotational symmetry of the
hexagon.

The area of the “distorted” polygon shown in Figure 12 is 3.
Relative to the valuation ¢3 there is only one Py P; edge. Therefore,
¢3(m) > ¢3(2-3) = 1 for any m-equidissection of the polygon, and
we see that /m is a multiple of 3.

The demonstration that m is even is not so direct. Relative to
the valuation ¢, the vertices of the distorted hexagon are labelled
Py, Py, Py, Py, Py, P,, where the vertices are listed counterclockwise
starting at the origin. There are $wo Py P; edges. Note that they are



130 ALGEBRA AND TILING

swept out in the same direction, from P, to P;. Fortunately, there
is a refined version of Sperner’s Lemma that implies that there is
a complete triangle in any dissection, from which it follows that 2
divides m. (We state this version below.)

The statement and proof of the stronger Sperner’s Lemma are
similar to those of the one already discussed.

Consider a simplicial dissection of a polygon in which each ver-
texislabelled A, B, or C. Let ny (ABC) be the number of complete
triangles in the dissection for which the order A to B to C is coun-
terclockwise. Let n_(ABC) be the number for which that order is
clockwise. Similarly, let n. (AB) be the number of sections on the
polygon labelled AB for which the order A to B gives a counter-
clockwise orientation to the boundary. Let n_(AB) be the number
for which that orientation is clockwise.

Theorem 7. Consider a simplicial dissection of a polygon in which
each vertex is labelled A, B, or C. Then

n4(ABC) —n_(ABC) = n,(AB) — n_(AB).

The proof is about the same as that of the “non-oriented”
Sperner’s Lemma. In each triangle place a 1 along an edge AB in
which the orientation A to B gives a counterclockwise orientation
to the triangle. Place a —1 if the induced orientation is clockwise.
Summing up all the 1’s and —1’s in terms of the triangles and also
in terms of the edges immediately yields the theorem.

Exercise 18. Complete the proof of Theorem 7.

5. Centrally symmetric polygons

In 1987 Stein, wondering whether the symmetry of a polygon in-
fluences its spectrum, first considered mirror symmetry. Since an
isosceles triangle is mirror symmetric and its spectrum is (1), clearly
this type of symmetry puts no constraint on the spectrum. On the
other hand, by the theorem on equidissections of a square and by
Kasimatis’s theorem, the spectrum of a centrally symmetric regular
polygon does not contain any odd numbers.
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The Richman-Thomas-Monsky theorem implies that in any
m-equidissection of a centrally symmetric 4-gon, that is, a paral-
lelogram, m is even. Stein tried to construct a centrally symmetric
6-gon that has an m-equidissection with m odd. The attempt ended
with a proof that the spectrum of a centrally symmetric hexagon
contains no odd numbers. We present this proof, as simplified by
Monsky.

Let the vertices of the hexagon be, in order, D, D3, D3, Dy,
Ds, and Dg. Consider the areas of the six triangles D;D;11D;, 0,
where we interpret D7 as D; and Dg as D,. Since we are assuming
that the hexagon is not a parallelogram, none of these areas is 0.
Let us index the vertices so that ¢o(Area D, D5 Ds) is the minimum
of the six numbers ¢o(Area D;D;.1D;2), 1 < i < 6. Exploiting
an affine transformation, we make D; = (1,0), D, = (0,0), and
D; = (0,1). Let Dy = (a,b+1). Then D5 = (a +1,b+ 1), and
D¢ = (a + 1,b), as in Figure 13.

The area of triangle D; Dy D3 is 1/2. Therefore

$2(a/2) = ¢2(Area Do D3Dy) > ¢(1/2),

and we conclude that ¢2(a) > 0. Similarly, by considering triangle
DgD; D5, we see that ¢2(b) > 0. The labelling of the vertices of
the hexagon in Figure 13 relative to the valuation ¢ is almost com-
pletely determined, as shown in Figure 14. The main ambiguity is
at D5.

(a,b+1) (a+1,b+1)
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Py Py, Py, 01 P2

Pior P

FIGURE 14

If it is not labelled Py, then there is only one Py P; edge and
Sperner’s Lemma applies. If D5 is labelled P, Sperner’s Lemma
again applies, though we need the refined version if Dy is labelled
P,. Since the area of the hexagon is 1 + a + b, we then have

g2(m) 2 $2(2(1+a+1b)) > 2(2) =1,
showing that in an m-equidissection m is even.

This technique works for a centrally symmetric octagon [11],
but the number of separate cases to be considered grows rapidly
with the number of sides. Using homology groups, Monsky [9] es-
tablished the theorem in full generality: A bounded centrally sym-
metric polygon (even with holes) cannot be cut into an odd number
of triangles of equal areas.

Problem 6. Can a centrally symmetric n-dimensional polyhedron
be cut into an odd number of simplices of equal volumes?

As in the previous two chapters, we find ourselves with more
questions than answers. In those chapters we saw that we do not
fully understand finite cyclic groups, the most elementary groups
imaginable. In this chapter we discovered that even a trapezoid
raises a question that has not been answered. For that reason we
should be grateful that at least some questions have yielded to the
available machinery.
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The next chapter is almost the opposite of this one. In it we
consider dissections into triangles of certain shapes; their angles
rather than their areas will concern us.
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Chapter 6

Tiling by Similar Triangles

Lajos Pésa wrote his first paper when still in primary school and is
well known for his work in graph theory. An enthusiastic teacher, he
tries to convey the beauty of mathematics to students of all abilities,
from the most talented to the least able, and of all ages, from small
children to candidates for the doctorate. Often he holds irregular
classes in the most remote towns.

He also organizes summer schools to which he invites students
from all over Hungary. In 1987, when preparing for such a session
he decided he needed a concrete geometry problem. Now, it is well
known [1] that it is possible to cut any polygon into triangles in such
a way that the triangles can be assembled to form any preassigned
polygon of the same area as that of the original polygon. Psa won-
dered whether it is possible to cut an equilateral triangle into 30°-
60°-90° triangles that could be put together to form a square. After
working on the problem for five minutes he started to like it. After
ten minutes he decided that it was interesting enough to assign to
his students. After half an hour he grew a little upset, for he still
could not solve it. At that point he stopped, for geometry was far
from his main interest.

He mentioned his experience to his good friend from school
days, Mikl6s Laczkovich, who found the problem appealing.
Laczkovich solved it and went far beyond. In a 25-page paper pub-
lished in 1990 [2] he proved that it is impossible to cut a square into
a finite number of 30°-60°-90° triangles. In fact, he showed, as a
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special case of one of his theorems, that it is impossible to cut a
square into a finite number of triangles all of whose angles, whe.n
measured in degrees, are even. As we will see in this chapter, his
proof is almost completely algebraic, involving such tools as fields,
vector spaces, isomorphisms between fields, and complex roots of
unity. .
Throughout this chapter the dissections need not be simplicial.

1. The machinery

Let a be the angle determined by lines of slopes m; and mg, neither
of which is parallel to the y axis, as in Figure 1. Let 6; and 6, be the
corresponding angles of incidence of the two lines, with 62 > 6.
Then a = 62 — 6 and

tanf, — tan 6, _ Mg —my

1+ tanf; tan 6y T + mimsg :

However tan a is not defined when a = 7/2. Since we want to be
able to work with any angle in a triangle, in particular, with a right
angle, we will use cotangents instead of tangents, and the equation

tana =

cota = ———. (1)
mae — My
Rewriting (1) we have

(mz = ml) cota = 1+ myma. (2)

slope ma slope m;
y
o
91 92
7 N i

FIGURE 1
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FIGURE 2

So, if we know o and my, we can determine m;, which then lies
in the field generated by cot & and my. Therefore, if we are given a
sketch of a dissection of a convex polygon P into triangles, as in Fig-
ure 2, and the angles of all the triangles and the slopes of the edges
of P, we can calculate the slopes of all the edges of the triangles. We
could start by determining the slopes of all the edges that meet the
boundary, using (2), then gradually work inward from the bound-
ary, repeatedly using (2). Therefore the slopes of all the edges of
all the triangles belong to the field generated by the coordinates of
the vertices of P and the cotangents of the angles of the triangles.

The following lemma, which will be an important tool, says
much more. The assumption in it that P is convex is not necessary,
but simplifies the proof a little. By a “vertex of P” we mean a cor-
ner vertex, not a point situated in the interior of an edge of P. Thus
adjacent edges of P are not parallel and the interior angles of P are
less than 7.

Lemma 1. Suppose that a convex polygon P in the zy plane is tiled
by a finite set of triangles. Then the coordinates of the vertices of each
triangle belong to the field generated by the coordinates of the vertices
of P and the cotangents of the angles of the triangles.
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Proof. 'We may assume that none of the edges of any of the tri-
angles is parallel to the z or y axes. Indeed, if any were parallel to
an axis, rotate the polygon about the origin by an angle @ that has
rational cosine and sine in such a way that none of the rotated lines
is parallel to an axis. (Since there are an infinite number of angles
0 < 6 < 2 with rational cosine and sine, there is such a rotation.)

Now let 21 < 2 < --- < z, be the x coordinates of the ver-
tices of the triangles. We will show that they all lie in the field F'
generated by the cotangents of the angles of the triangles and the
coordinates of the polygon P. (A similar argument goes through
for the y coordinates of the vertices.)

First of all, z; and z,. are in F since they are the = coordinates
of vertices of P. Consider a particular z;,2 < i < r — 1. Thereisa
number y such that A = (z;, y) is a vertex of a triangle in the tiling,
as shown in Figure 3. Let B and C be the other vertices of one such

triangle such that the edge BC crosses the vertical line z = z; at

a point D = (=;,u). Let o, B, 7, and & be the angles as labeled in
Figure 3. Observe that their cotangents lie in the field F’ since the
slopes of the lines on the three sides of triangle ABC are in F. Let

to

b e

el e T

8
L,
43
&
-

FIGURE 3
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B have z coordinate z; and C, z coordinate zz. We may assume
that z; < z; < xy, since the three numbers are distinct.
The length of AD is

|u —y| = (x; — z;)(cot @ + cot B) )
= (zr — ;)(coty + cot §).
Since |u — y|, ; — z;, and =, — x; are positive, there are positive
numbers s = cot & + cot 8 and ¢ = coty + cot § in F such that

s(:.r:,: T :I?J‘) = t(mk et :Bg). (4)

Now let L be the vector space generated by the numbers z;,
z2,..., T, with coefficients in F, that is, all numbers of the form
c1r1 +cexa +- - -+ ¢r 3y, ¢; in F. Since at least one of the numbers
z, and z,. isnot 0, L contains F'. We wish to show that the dimension
of L is one, for then L would be just F.

Assume that the dimension of L is greater than one, and let
1 and b be part of a basis. (Since L contains an element of F, we
may assume that 1 is a part of a basis for L.) It then follows that b
is not in F'. For each z in L let ¢(z) be the coefficient of b in the
representation of z as a linear combination of the basis elements:
z=c(z)b+---.

Then c(z;) is not 0 for at least one index i. We may assume that
c(;) is positive for at least one 4. (Otherwise replace b in the basis by
—b.) Let m be the maximum of the numbers ¢(z1), c(z2), .. ., ¢(z,).
Let i be the largest of those indices p such that c(z,) = m. Then

c(s(z; — ;) = c(t(zx — ).
Hence
s(e(@s) — c(z;)) = t(e(ar) — c(zs)). (5)
By the definition of the index 7, ¢(zx) — c(z;) is negative and c(z;) —

c(z;) is nonnegative. This contradiction shows that the dimension
of L over F is one, which completes the proof. O

Exercise1. Show that there are an infinite number of anglesin the
first quadrant whose sine and cosjne are rational.
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Exercise 2. Verify equations 4 and 5.

Exercise3. Check the claim that for the vertex A there are vertices
B and C such that the triangle ABC is in the tiling and the line
¢ = x; crosses the edge BC.

Exercise 4. In 1903 Dehn proved that if a square with a rational
width is tiled by finitely many rectangles such that the ratio of the
width to the length of each rectangle is rational, then the dimen-
sions of each rectangle are rational. Show that this follows immedi-

ately from Lemma 1.

The next exercise shows that the lemma could be phrased in
terms of slopes rather than cotangents.

Exercise 5. (Assume Lemma 1.) Suppose that a convex polygon
P in the zy plane is tiled by a finite set of triangles, none of whose
sides is parallel to the y axis. Then the coordinates of the vertices

of each triangle belong to the field generated by the coordinates of _:'

the vertices of P and the slopes of the sides of the triangles.

The next lemma involves the notions of an oriented triangle
and the relation between the cotangent of an angle and the slopes
of its two arms. We pause to describe these ideas.

Let A = (a1,az), B = (b1,b2), and C = (c1, cz) be three non-
collinear points in the zy plane. The triangle with vertices A, B, and
C is assigned an orientation by ordering its three vertices in a par-
ticular sequence. For instance, in Figure 4 the order “first A, then

B B

A order ABC A

FIGURE 4
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B, then C,” which we abbreviate to A, B, C, is counterclockwise,
but the order A, C, B, for instance, is clockwise.

The notion of orientation can also be expressed in terms of the
sign of a determinant. Consider the case A = (0,0), B = (1,0), and
C = (0,1). The order 4, B, C is counterclockwise and the 2 by 2
determinant

IB—A =’(1,0)—(0,0) :'1 0
C-A| |[(0,1)-(0,0)| [0 1

is positive. More generally, if we are given the coordinates of three
noncollinear vertices, A, B, and C, we can determine whether the
order 4, B, C is counterclockwise or clockwise by computing the
determinant

=

B-A
A (6)
When' tl-n's determinant is positive, the order is counterclockwise;
when it is negative, the order is clockwise.

Exercie?e 6. Is the order (2, 3), (1,4), (3,5) clockwise or counter-
cl?ckmse? Solve by drawing the points and also by using the deter-
minant.

Exercise7. Show by using vectors or elementary geometry that the
absolute value of (6) is twice the area of the triangle whose vertices
are A, B, and C.

] We also need to express the cotangents of the angles of any
triangle ABC in terms of the coordinates of its vertices.
Assume that the order A, B, C is counterclockwise and let o
be the angle at the vertex 4, as in Figure 5.

The slope of AC is
Ca — as
€1 —a1
and the slope of AB is
by —ay
b1 v a; j
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= (c1,_02) B = (_5_'1:52)

FIGURE 5

Substituting these values in (1) gives

(c2 — a2)(ba — a2) + (c1 — a1)(b1 — Gl)' @)
(c2 — a2)(b1 — a1) — (c1 — a1)(b2 — a2)

Note that the denominator, which is the determinant

B-A
c-A

cotax =

is positive. i
If, on the other hand, the order A, B, C is clockwise, the ex-
pression for cot a changes. In this case the order 4, C, B is comflter—
clockwise and the formula for cot e is obtained from (7) by switch-
ing the roles of B and C. The numerator in (7) remains the same,
but the denominator changes sign. This brings us to a key lemma.

Lemma 2. Let A B, and C be noncollinear points and let F be a
subfield of R that contains their coordinates. Let ¢ : F' — R be an
isomorphism from F onto a subfield of R. Define the mapping @ :
FxF— RxRby

o(z,y) = (¢(z), (v))-

Let A' = ®(A), B’ = ®(B), and C' = ®(C). Let e be the angle at A
in triangle ABC and o be the angle at A’ in triangle A'B'C’. Then

cot @/ = ¢(cot )
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if the orientations A, B, C and A', B!, C" are the same, and

cota’ = —g(cot a)
if they are different.

Exercise 8. Prove that the points A’, B, and C’ in Lemma 2 are
not collinear.

Exercise 9. Prove Lemma 2 in the case that the orientation A, B,
C is counterclockwise and the orientation A, B!, C' is clockwise.

Exercise 10. Prove that ® takes collinear points to collinear points.

Keep in mind that @ is defined only on F x F, not necessarily
on the whole zy plane. It need not be continuous. In fact, it might
not even preserve “betweeness.” For instance, let F' = Q(v/2) and
¢ : F — Rbe defined by ¢(r1 + r3v/2) = r1 — r54/2, where ;
and r; are rational numbers. The point (1,0) is between the points
(0,0) and (v/2,0), but &(1,0) is not between (0, 0)and (v/2,0),
as may easily be checked.

Exercise 11. Show that the isomorphism ¢ : Q(+/2) — R, defined
above, is not continuous.

Now, if o, 8, and v are the three anglesin a triangle ABC, then
at least two of them are acute and therefore have positive cotan-
gents. If the mapping ® in Lemma 2 preserves the orientation of
the triangle, that is, the orientation $(A), ®(B), ®(C) is the same as
the orientation 4, B, C, then at least two of the numbers ¢(cot @),
¢(cot 3), and ¢(cot y) are positive, since they are the cotangents of
the three angles in a triangle.

With these tools at our disposal, we are ready to analyze dis-
sections of a convex polygon P into triangles.

Let the vertices of P be Vi, V4, .. ., V,, in counterclockwise or-
der. We represent the boundary of P by the formal sum

ViV = Vol ek £ VE Vi

We call such a formal sum a chain. (Appendix C gives a precise def-
inition of a formal sum.) The ordered pair V;_;V; may be thought
’
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FIGURE 6

of as a vector from V;_; to V;. If P and Q are two points in the zy
plane, we regard the ordered pair QP as the negative of the ordered

pair PQ. In other words, PQ + QP = 0. Also, if an edge AB is di- g
vided by an intermediate point C into two edges AC and CB, we =

shall write AC + CB = AB. The boundary of triangle ABC with

orientation A, B, C will be written AB + BC + CA. As a result, if | I,

two nonoverlapping triangles share a common edge and both have
a counterclockwise orientation, their common edges “cancel” alge-
braically. For instance, consider triangles ABC and ACD in Figure
6, both with a counterclockwise orientation. The formal sum of
their algebraic bcundaries is

(AB + BC + CA) + (AC + CD + DA),

which reduces to
AB+ BC +CD + DA,

the formal boundary of their union. This cancellation property ex- 3
tends to any family of similarly oriented triangles that tiles a poly-

gon: the sum of their boundaries is the boundary of the polygon.
The sum of the boundaries of the five triangles in Figure 7 is

(VaVi + ViB + BVy) + (ViC + CB + BV}) + (BC + CV, + V2 B) &

+(AV; + VaVs + V3A) + (AVs + VaVa + V2 A),
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Va

1%

FIGURE 7

which reduces, due to inner cancellations, to

Vi€ + CVa + VoV + V3V, + Vi V4,

hence to

ViVa + VoV + VaVa + V4 V4,

the counterclockwise boundary of the polygon in Figure 7.

The proof of the next lemma uses another way of recording
the orientation of a polygon. If T is the boundary of a convex poly-
gon, the value of the line integral §. =z dy depends on whether we
sweep out I in a counterclockwise or clockwise manner. Reversing
the orientation switches the sign of the integral.

. Consider the case when I' is oriented counterclockwise, as in
Figure 8. Break I' into a “right-hand” path T, and a “left-hand”
path I';. On I'; y increases, and on I'; y decreases. We have

b b b
zdy = d. = 5 o
f}: Y ﬁ;{f y-’:—é‘lxdy /axzdy faxldy_/a(x2-zl)dy’

which is the area of the region that I bounds. If I were clockwise,
then §. zdy would be the negative of the area that I' bounds.

I:emma 3. Let P be a convex polygon with vertices V1, Va, ..., Vy,
listed counterclockwise. Suppose that P is tiled by the triangles T;,
’
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FIGURE 8

Toy ... T Let the vertices of T; be Aj, B;, and C;, listed counter- .=|.--

clockwise, 1 < j < m. Let F be a real field that contains the coor-
dinates of all the vertices of the triangles and ¢ : F' — R an isomor- 4
phism that leaves the coordinates of the vertices of P fixed. Let @ be as |
in Lemma 2. Then there is at least one triangle T; such that the order
B(A;), ®(B;), (C;) is counterclockwise.

Proof. The algebraic boundary of T; is A;B; + B;C;+C;A;. The &
sum of the boundaries for all the triangles T;, 1 < j < m, is the
algebraic boundary of P, V1 V5 + VaV3 + - - - + V, V4. Thus the sum =
of the chains
8; = B(4;)2(B;) + 2(B;)2(C;) + 2(C;)®(4;), 1<j<m, |

is the chain

§=ViVa+VoVz +--- + V. 14, E

since ®(V;) = Vi, 1 < ¢ < n. Therefore

i 4
Zf zdy = fxdy. @)
Pl 6 !
Since the right-hand side of (8) is positive, at least one summand
on the left is positive. Let j be an index such that faj zdy is pos- i

ey

i

il
i
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itive. Then the orientation ®(4;), ®(B;), ®(C;) is counterclock-
wise. This completes the proof. O

This lemma is the basis of the next one, which concerns angles
rather than orientations.

Lemma 4. Let P be a convex polygon with vertices Vi, Va, ..., V,.
Suppose that P is tiled by the triangles Ty, Ty, . . ., T, Let F be a real
field that contains the coordinates of all the vertices of P and the cotan-
gents of all the angles of the triangles. Let ¢ : F — R be an isomor-
phism that leaves the coordinates of all the V, fixed. Then there is an
integer j such that at least two of the numbers ¢(cot a;), ¢(cot 3;),
and ¢(cot ;) are positive, where o, (3, and v; are the angles of T;.

Proof. By Lemma 1, F contains the coordinates of the vertices of
all the triangles. Let ® be as in Lemma 2. By Lemma 3, there is an
integer j such that ® preserves the orientation of Tj, that is, if T;
is given the counterclockwise orientation A;, B;, C;, then the ori-
entation ®(A4;), ®(B;), ®(C;) is also counterclockwise. Now let the
angles of T; be a;, 5, and ;. By Lemma 2, ¢(cot ;), ¢(cot B;), and
¢(cot ;) are the cotangents of the angles in the triangle whose ver-
tices are ®(4;), ®(B;), and &(C;). Since every triangle has at least
two acute angles, hence at least two angles with positive cotangents,
the lemma follows. O

2. Applications

We are now in position to answer P6sa’s question.

Theorem 1. It is impossible to tile a square with a finite number of
30° — 60° — 90° triangles.

Proof. We assume, without loss of generality, that the vertices of
the square are (0,0), (1,0), (1,1), and (0,1). Let F be Q(+/3), a
field that contains the coordinates of the vertices of the square and
also the cotangents of the angles of the triangles in the tiling, since
cot 30° = /3, cot 60° = 1/+/3, and got 90° = 0.
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Define ¢ : F — R by setting ¢(r1+ reV/3) =11 —19+/3, where
r; and ro are rational numbers. The values of ¢ at the cotangents
of the three angles of every triangle are —v/3, —1/+/3, and 0. This
contradicts Lemma 4 and therefore proves the theorem. O

Exercise 12.

(a) Use Figure 9 to show that the square can be tiled by an infinite :

number of triangles similar to any given right triangle.

-

FIGURE 9

(b) Where in the proof of Theorem 1 is the assumption that there
are only a finite number of triangles used?

Exercise 13. Outline the flow of the key arguments that lead up
to the proof of Theorem 1.

Exercise 14. (Contributed by Mark Chrisman.) The following

steps outline an elementary proof that there is no simplicial dissec-
tion of a square into 30°-60°-90° triangles.
(a) Assume that there is such a dissection and that the length of

a side of the square is 1. Let the length of the shortest side of
all the triangles be s. Show that the length of the shortest side
in each of the triangles is of the form 2™3"/2s, where mandn.

are integers.

(b) Obtain an equation for s by using the fact that the sum of the

areas of the triangles is the area of the square.
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(c) Obtain another equation for s by using the fact that an edge of
the square is the union of edges of the triangles.

(d) Using (b) and (c), obtain a contradiction.

(e) What properties of the square were used in this argument? To
what polygons does the argument apply?

(f) What properties of the 30°-60°-90° triangle were used in this
argument? To what triangles does the argument apply?

To treat the more general case than that covered in Theorem il
where we now assume only that all the angles of all the triangles in
the dissection have an even number of degrees, we have to examine
the effect of an isomorphism on cot 6.

Recall that
it 4 o—i6 £p.0i 0 2ep
cosfl = ——— and e g
2 2
Thus
et | g1
cotf = e

Let w be the complex number of angle 2r/4n = 7/2n, where n
is a positive integer, and of modulus 1. Thus w = e™/2"_ Note that
w is a primitive (4n)th root of unity and that i = ™. If the integer
a is not a multiple of n, then cot(an/n) is defined and we have

2a —2a
am {9 w
cot — = w“2—+—~—, (9)
wee — w—-‘i‘n

which therefore lies in the field Q(w).

Lemma 5. Let n be a positive integer and w» = /2", Let k be an
odd integer relatively prime to n. Then there is an automorphism ¢ :
Q(w) — Q(w) such that

am kﬂ'
cot ) e ) 20 ST
¢( . ) (1) cot .

Jfor every integer a not divisible by n.

Proof.  Since (k,4n) = 1, the number w* is a primitive (4n)th root
of unity and there is therefore an automorphism ¢ : Q(w) — Q(w)
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such that ¢(w) = w*. Consequently, in view of (9),

2ak —2ak

am w?k + w
¢(cot —) = W ——————
n @aak —gy=2ak

2ak —2ak
_ o (k=1)n, W T W
= w e e Pt
w2ak _ w—2ak
o akm
St (w2n)(k 1) ot
T

km

= (— 1)E=1)/2 cot S o
n

Theorem 2. Suppose that each vertex of the convex polygon P has _::
only rational coordinates. Assume that P is tiled by a finite number of =

triangles whose angles are rational multiples of , hence of the form

aym /n for some fixed integer n and integers a;. Then nis a multiple of

4

Proof. Let F be the field generated by the cotangents of all the an-
gles of the triangles in the tiling, that is, by the numbers cot(a;m/n).
As we observed, all these numbers lie in Q(w), where w is a primi-

tive (4n)th root of unity.
Suppose that n is not a multiple of 4. Let k = 2n + 1 if n is

odd andlet k = n + 1 if n is even (hence n = 2 (mod 4)). Since kis

odd and relatively prime to n, we have (k,4n) = 1. The definition

of k assures us also that (k — 1)/2 is an odd integer and that k = ]

1 (mod n). :
By Lemma 5 there is an automorphism ¢ : Q(w) — Q(w) such
that
GTY _ o qy(k=1)/2 oop HET 3
¢(co s ) (-1) cot = (10)

for each a;. The restriction of ¢ to F is then an isomorphism of F'

into R.

to

;T a;Tm
¢(c0t E;;—) = —cot —.

n

Now, since (k — 1)/2 is odd and k = 1 (mod n), (10) reduces
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Thus if 6 is an angle in any of the triangles of the alleged tiling,
¢(cot ) = —cot 6. If a, B, and  are the angles in any of these tri-
angles, at least two of the numbers ¢(cot @), ¢(cot 3), and ¢(cot )
are negative. This contradiction of Lemma 4 completes the proof.

a

Exercise 15. Show that Theorem 2 implies that it is impossible to
tile a square with triangles all of whose angles, when measured in
degrees, are even integers.

In a letter Laczkovich wrote in 1992, he remarked, “Next I
wanted to determine all the triangles that tile a square. For a long
time I was convinced that only right triangles can tile a square or
even a rectangle. When I discovered [Figure 10] quite accidentally,
I was shocked.” A polygon P is said to tile a polygon Q if Q can be
tiled by polygons similar to P. The angles in each triangle in Figure
10 are 7/6, 7/6, and 27 /3.

Exercise 16.
(a) Verify that Figure 10 is indeed a tiling of the 1 by 1/3 rectangle.
(b) Prove that the 7/6, 7/6, 2 /3 triangle does not tile a square.

Laczkovich went on to show that there are only three triangles
that are not right triangles that tile the square. Their angles are
(w/8,m/4,5m/8), (m/4,7/3,5m/12), and (r/12, 7 /4,27 /3). These

V3

o)A
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and the triangle used in Figure 10 are the only triangles other than
right triangles that tile some rectangle.

Exercise 17. Show that three 15°-75°-90° triangles can tile a 1 by
4 rectangle, hence twelve of them can tile a square.

Laczkovich discovered a good deal more about tilings by sim-
ilar triangles, and his results presented in this chapter may tempt
the reader to look at his paper. Since it appeared, he has also con-
sidered the question, “Which pairs of triangles 7} and 73 have the
property that similar copies of T} tile 75.” Working with Szekeres,
he also investigated tilings of a square by a finite number of rectan-
gles similar to a given rectangle R. To describe one of their results,
let the ratio of the sides of R be 7. They proved that a square can be
tiled by a finite number of rectangles similar to Rif and only if r is an
algebraic number such that the real part of each of its conjugates is
positive. Using this result, they then produced a right triangle with
legs a and b such that similar copies of it tile the square, but rect-
angles similar to the one with sides a and b do not. (To be specific,
b/a is the real root of 23 + z — 1 = 0.)

3. Retrospective

With this chapter we complete our sampling of the algebra of tiling.
(The next chapter is the proof of Rédei’s Theorem.)

As we look back over these chapters, we can see how the inter-
play of question and answer, followed by new questions, breathes
life into mathematics. In our case the questions came from within
mathematics, in particular, from geometry. But they can come from
any discipline, such as physics, economics, or computer science.

Minkowski’s question about cube tilings led to a question about
finite abelian groups. Haj6s’s answer, in turn, stimulated Rédei to
ask, “Must the sets in the factorization be cyclic, or is there a more
general theorem, where the sets are arbitrary but of prime orders?”
His theorem then gave us an insight into the tilings of space by clus-
ters that consist of a prime number of cubes.
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The question, “Which semicrosses or crosses tile space?,”
quickly suggested looking at splittings of finite abelian groups.
These splittings raised questions about exact sequences and cyclic
groups, especially groups of prime orders. We were left with more
open questions than faced us when we started.

Packing and covering by the semicross and cross raised dif-
ferent questions, including further questions about finite abelian
groups, especially cyclic groups. The presence of such questions re-
minds us that even though we have a structure theorem for finite
abelian groups and know that each one is a product of cyclic groups
of prime power orders, they still keep many of their secrets.

In spite of a variety of results about cutting polygons into
triangles of equal areas, we were left with unanswered questions
as primitive as the ones we started with. For instance, we do not
know whether the quadrilateral with vertices (0,0), (1,0), (0,1),
(v/3/2,/3/2) can be cut into an odd number of triangles of equal
areas.

Tiling a polygon by triangles with prescribed angles led to alge-
braic questions completely different from those in the earlier chap-
ters. Though we met some surprising tilings, we are left with the
general question of when similar copies of one polygon tile another
polygon.

Clearly, we do not need to venture into outer space or the al-
most inaccessible regions of the Amazon forest to enter territories
that have never been explored. Mathematics still offers a cornu-
copia of challenges to even the most daring spirits, to anyone who
is compelled to enter worlds where no one has ever trod.
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Chapter 7
Rédei’s Theorem

As a young mathematician, G. Haj6s prepared a Ph.D. thesis on
certain determinant identities. The chairman of his doctoral com-
mittee, L. Fejér, whose name is closely associated with Fourier anal-
ysis, feeling that the result did not match the outstanding talent
of the candidate, rejected the thesis. This is why Hajés turned to
Minkowski’s famous unsolved conjecture.

In 1938 Hajos formulated the problem in terms of factoriza-
tions of groups and, making use of this reformulation, refuted
Furtwéngler’s conjecture about multiple cube tilings, described in
Chapter 1. This time his thesis met Fejér’s legendary high standards.

Almost everyone, on first meeting the group theoretical equiv-
alent of Minkowski’s conjecture, tends to think that the solution of
the problem should be immediate. So did Hajés. However, it took
him three years to settle the conjecture. Looking back years later, he
said that the problem had been extremely deceiving. It had offered
many ways of attack but all but one led nowhere. Thinking about
the problem almost constantly, he was able to pose it in many dif-
ferent versions. As he said, “When I had to walk up to the 5th floor
I might make up my mind to find a new version on the way.”

Eventually he succeeded, obtaining his beautiful proof in 1941.
It is so algebraic that there is no discernible connection between its
lemmas and the geometry of the conjecture. This was why Hajés
was reluctant to talk about his proof. “Yes, I had a proof” he used
to say, “but I couldn’t see what wasyreally happening.”
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It seems that he eventually found a more satisfactory view of
his proof, since some 30 years later, in 1970, he announced a sem-
inar on Minkowski’s conjecture at E6tvos University in Budapest.
Unfortunately, Haj6s died, at the age of fifty nine, in 1971 before
the seminar was to be held.

Hajos’s proof is based on a deep investigation of the zero divi- "

sorsin a group ring Z(@G). L. Rédei wanted to prove the theorem us-
ing only group theoretical concepts, without referring to the group
ring, since the theorem itself is formulated in terms of groups. After
an extensive analysis he eventually found its group theoretical core
and discovered another approach to the problem: the technique of
replacing factors in a factorization. His proof, which does not rely
on the group ring, led to a broad generalization of Hajés’s theorem.
This breakthrough, accomplished in 1965, is ample reward for his
25-year-long search.
Rédei [3] proved the following theorem.

Theorem 1. Let G be a finite abelian group and Ai, As, . . . , Ay, sub-
sets of G such that each contains the identity element, each has a prime
number of elements, and G = Ay A, -+ A, is a factorization of G.
Then at least one of the factors A; is a subgroup of G.

Since Haj6s’s theorem is equivalent to its special case when
the cyclic factors are of prime cardinalities, Rédei’s theorem indeed
generalizes the Hajos—Minkowski theorem.

The proof we present in this chapter [1] is a much simplified
version of Rédei’s proof. Though he did not make use of group
rings, we will, but only briefly.

When each factor in a factorization contains the identity ele-
ment, we call the factorization normalized. If we omitted this con-
dition, then the theorem would state that at least one of the factors
A; is a coset of a subgroup of G.

The argument begins by establishing Rédei’s theorem in the
special case that G is a p-group and the factors are cyclic subsets.
(This is a special case of Hajés’s theorem.)
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Then we establish Rédei’s theorem for cyclic p-groups, using
the irreducibility (over the field of rationals) of the cyclotomic poly-
nomials whose roots are the primitive (p™)th roots of unity.

A much more involved proof then treats the noncyclic group
of order p?. A short induction then establishes Rédei’s theorem for
any finite abelian p-group.

Finally, another induction yields the proof for the general case
of any finite abelian group.

Critical to the arguments are replacement principles which
permit us, under certain conditions, to replace a factor in any fac-
torization of a group by a related subset of G. As we proceed we
will develop these principles, all of which are special cases of one
general principle.

Exercises 1 and 2 show that the condition that the factors are
of prime cardinalities cannot be removed from Rédei’s hypotheses.

Exercise 1. Let G be the cyclic group of order 8 with generator u.

(a) Show that neither A = {e, u,u*, u®} nor B = {e, u?} is a sub-
group of G.

(b) Verify that G = AB is a factorization of G.

Exercise 2. Let G be the direct product of cyclic groups of order

8 and 2 and let » and v a basis for G such that u® = 12 = e.

(a) Show that neither A = {e, u,v,uv} nor B = {e,u?,u?, uSv} is
a subgroup of G.

(b) Verify that G = AB is a factorization of G.

1. Hajos’s theorem for p-groups

Our proof of Rédei’s theorem requires a special case of Hajos’s
theorem, namely the case when G is a p-group. The proof depends
on a theorem that allows us to replace a factor in a factorization by
another subset.

If A and A’ are subsets of a finite abelian group G such that for
every subset B of G, if G = AB is a factorization, then G = A’B
is also a factorization, we say that A is replaceable by A’. In this
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section we need only a fairly simple replacement principle. Later
we develop more general replacement principles. .

Lemma 1. (First replacement principle) Let G = AB be a nor-
malized factorization of the finite abelian group G. Suppose that A =
{e,a,a?,...,aP~'}, where pis a prime. Let k be an integer relatively
primeto pand A’ = {e,a*,a?*,...,a®~V*}. Then G = A'Bis also
a factorization of G.

Proof. Since G = AB is a factorization, the sets
eB = B,aB,d’B,...,a" 'B (1)
form a partition of G. Thus aG, which is G again, is partitioned by
the sets
aB,d’B,...,d"B,

from which we conclude that a? B = B. This implies that for any
integer m (negative or positive), a™ B equals a’ B, where 0 < j <
p—1,j =m (mod p).

Now consider A’ B, which is the union of the sets

eB = B,d*B,a?*B,...,a?"V*B, (2)

Since k and p are relatively prime the sets (1) are a permutation of
the sets (2). Thus G = A’B is a factorization, proving the lemma.
|

Exercise 3. Show that if k and p are not relatively prime then A
cannot necessarily be replaced by A’. (Hint: Use a factorization of
a group of order 4.)

Let G = A, --- A, be a factorization of the finite abelian p-
group G, where 4; = {e,a;,a2,...,a% ' }. Any s of the elements

ai,...,a, generate a subgroup of order at least p® and the n ele-
ments ay,as, . - . ,a, generate a subgroup of order exactly p™, that
is, G itself.

Exercise 4. Verify the preceding observations.

i
|
'|
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We introduce some notations. Let g be an element of the fi-
nite abelian group G. The order of g will be denoted by |g| and
the subgroup generated by g will be denoted (g). Let A be a sub-
set of G. The cardinality of A and the subgroup spanned by A will
be denoted by |A| and (A) respectively. Let A = {ai,...,a,}. If
G = Ay Ay, where A; = {e,a;,a?,...,a?7"}, then |(B)| > plBl
for each B C A. This property of the factorization has a remark-
able consequence described in Lemma 2, which is the key to Hajos’s
theorem for p-groups. Its proof makes use of the next exercise.

Exercise 5. Let G be an abelian group and H a proper subgroup
of G. Assume that there are factorizations H = C,C, ---C, and
G/H = D1Dy---D,. For each i, 1 < i < slet D} be a set of
representatives of the cosets of H in D;. Show that

G=Ci05:--C,DDs - D

is a factorization of G.

Lemma 2. Let A be a subset of an abelian p-group G such that
|(4)| = p!4l and |(B)| > plBl, forall B C A. Then foreacha € A
there exists a power of p, say s(a), such that

(A4) = [[{e, @, a®, ... q-Ds()}
acA

is a factorization of (A) and at least one of the factors is a subgroup of
G.

Proof. The lemma holds when | A| = 1. This suggests an induction
on n = |A|. For a given n, h(A) = [[,c4 lal > p", with equality
only when |a| = p for each a € A. In this case, also, the lemma
holds. So for a given n we will use an induction on h(A).

If for each nonempty subset B C A, B # A, |(B)| > plBl
replace one element of A by its pth power to get the set A’. The
conditions of the lemma are satisfied for A’ and we have h(4') <
h(A). Noting that (4’) = (A), by induction on h(A) we see that the
lemma holds for A. Now assume, og the other hand, that there is a




160 ALGEBRA AND TILING

nonempty proper subset B of A such that |(B)| = p!®l. Clearly, B
satisfies the conditions of the lemma and | B| < | A|. By the inductive
assumption on the cardinality of A, (B) has a desired factorization

(B) = [[{e,°®, 6@, ... ,pe-1e®)},
beB

where s(b) is a power of p. Consider the factor group G’ = (A)/(B)
and the set of cosets A’ = {a(B) : a € A\ B}. A straightforward
computation shows that |(4’)| = p#'l and that |(B’)| > p/Z'l for
all B’ c A’. By induction on the cardinality of A, we obtain a fac-
torization of (A’) of the type in the statement of the lemma. Using
the factorizations of (B) and G’ = (A)/(B), we obtain the desired
factorization of (A). O

Exercise 6. Verify Lemma 2 when |A| = 1.
Exercise 7. Verify Lemma 2 when |a| = p for each a € A.
Exercise 8. Fill in the details in the preceding proof.

With the aid of Lemmas 1 and 2 we now prove Haj6s’s theorem

for p-groups.

Lemma 3. Let G be a finite abelian p-group, and G = A1 Az -+ - A,

be a factorization, where A; = {e,a;,a,. .. ,a?~'}. Then at least one
of the A, is a subgroup of G.
Proof. Let

G — A]_ Gt An (3)

be a factorization of the finite abelian p-group, where

2
A ={e a;,a,...,a0 '}

Lemma 2 is applicable to A = {a1,...,a,}.Soforeachi,1 <i<n
there is a power of p, say s(i), and a subset

Al = e, afm, a2 agp_l)s(é)}
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such that G = A] - -- A/, is a factorization of G and at least one of
the factors A/ is a subgroup of G.
If s(i) = 1foreachi, 1 < 1 < n,then A; = A} and we are done.
So we assume that s(7) # 1 for some i. We index the elements of A
such that s(1) # 1,...,8(m) # 1,s(m+1) = --- = s(n) = 1 and
m > 1. Since s(%) = 1 for each i, m + 1 < i < n, we have that
G=Al-- AL Apyi A,

is a factorization of G. Hence the element a; - - - a,,, can be repre-
sented in the form

Q1 Q= a;(l)t(l} L a:ém)t(m)afériif—l) R a:&(n)’
where 0 < ¢(i) <p—1.So
it a;(l)t(l)—l g a;gm]t(m)—laig-‘-:rl) ) _ai(n)_ @)

Now s(%)¢(¢) — 1 is relatively prime to p for each ¢, 1 <¢ < m.
So by Lemma 1, A; can be replaced by

45 = o, a1 HOKOD | o-DEu-1]
3 g 1 g yinieis s Ll
in the factorization (3) to get the factorization

G=A; - A Amyi - Ayl

Equation (4) violates this factorization unless m = 0. This com-
pletes the proof. O

2. Some examples and the general replacement
principle

To make the proof of Rédei’s theorem more accessible we pause to
provide examples to introduce some of the ideas that appear in it.

Exercise 9. Show that if G is a 2-group, then Rédei’s theorem is
a consequence of Hajos’s theorem, in the special case described in
Lemma 3. v
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We introduce the notion of #ype of a finite abelian group. If G

is a direct product of cyclic groups of order m;, . .., m;, we say that
G is of type (m1,...,ms). A group may have different types. For

instance the cyclic group of order 6 is of types (6), (2, 3), and (3, 2).

(If we insist that each mn; is a prime power, the type of a groupwould

be unique up to order.)

Consider groups G of the types (9) or (3, 3). Take the first case, |
when G is the cyclic group of order 9 with generator g. Suppose

that G = A, A, is a factorization of G, where A; = {e, g%, ¢°} and

Ay = {e, g% g?%}. Here we may assume that 1 < a,b,c,d < 8. If

{a, b} or {c,d} is the set {3, 6}, then A, or A, is a subgroup of G.

Exercise 10. How many choices do we have for a, b, ¢, d to verify

Rédei’s theorem for the cycle group of order 9 by brute force?

The reader who attempts to verify Rédei’s theorem in the style

of Exercise 10 will appreciate the need for some devices to simplify
the bookkeeping. The basic law of exponents, z°z® = z°+% sug-
gests that we introduce polynomials. (This idea goes back to Euler
who used formal power series 377, f(n)z™ to record a function f

defined on the nonnegative integers.)

The factorization G = A; A, can be expressed in terms of the

product

(1+2°%+2P)(1 + z° + z9). (5) .

When you expand (5), you will get a polynomial P(z) with nine

terms, each of which has coefficient 1. Furthermore, the nine expo-
nents are distinct modulo 9. If an exponent is larger than 8, we can
reduce it as follows. Say that 14 appears in P(z). Write 14as1.9+5.
Then z'* = 2z92°, hence z'4 — 25 = (2® — 1)z® which shows that
is congruent to z° modulo z° — 1. This type of reduction implies

:cldl

that there is a polynomial Q(z) with integer coefficients such that

Q428+ (1+2°+ad) =1+z+22 4+ +28 +Qx)(c* —1). &

Rather than deal with this identity let us replace = by p = €27#/9, a
primitive 9th root of 1. We then obtain an equation in the field of
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complex numbers,

(L4 p% + ) (1 + p° + p%) = 0. (6)

At least one of the factors in (6) must be 0. Assume, say, that 1 +
p® + p® = 0. Drawing three ninth roots of unity 1, p%, and p® in the
complex plane we can convince ourselves that {a, b} = {3, 6} is the
only case when their sum is 0.

Looking back on this argument, we see that we could have
omitted any reference to polynomials, and gone directly from the
factorization G = A; A, to the equation

A+ +)A+p°+pN)=1+p+p2+--+0% (7

In fact, (7) holds for any of the nine 9th roots of 1. For instance,
replacing p by 1, we obtain the equation 3 - 3 = 9, which comes as
no surprise since the product of the orders of the factors equals the
order of the group.

Even though the original problem concerns groups, which have
only one composition, the solution exploits a ring of polynomials
or the complex field, which are richer structures, possessing both a
multiplication and an addition. The proof of Rédei’s theorem uses
both structures as well as characters of a finite abelian group.

A function x from the abelian group G to the complex numbers
of modulus 1 is called a character of G if x(gh) = x(g)x(h) for each
g, h € G. The character for which x(g) = 1 for each g € G is called
the principal character of G. For any subset A of G define x(A) to
be the sum of the numbers x(a) for all @ € A. In particular, if x
is the principal character of G, x(A) = |A|. (Appendix B develops
the basic properties of characters.)

Exercise11. LetG = A; A; be afactorization and x be a character
of G. Prove that x(G) = x(A1)x(Az2).

We repeat the previous argument using the terminology of
characters.

Let p be a primitive 9th root of unity. Define the character x
of G by setting x(g) = p and therefore x(g") = p,0< i <8
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i

Applying this character to the factorization G = A; A,, we obtain:

x(G) = x(e) + x(g) + x(¢°) +--- + x(¢°)
=1+p+p’+---4p=0
x(A1) = x(e) + x(¢%) + x(g®) =1+ p* + ¢°,
x(4z2) = x(e) +x(¢°) + x(g%) =1+ p° + p*,

and

X(G) = x(A1)x(A2).

From 0 = x(G) = x(A41)x(4z) it follows that x(A4;) =0 or =

Xx(Az) = 0. For the sake of definiteness suppose that x(A4;) = 0.
Hence {a,b} = {3,6}.

Exercise 12. Show that if G is the cyclic group of order 3" and
G = A; -+ A, is a normed factorization of G, where |A;| = --- =

|An| = 3, then one of the factors Ay, ..., A, is a subgroup of G.

In the next few examples we will develop this tool further.

First we use characters to establish Rédei’s theorem for any

cyclic p-group.

Let p be a prime and let G be the cyclic group of order p” with
generator g. Suppose that G = A; - -- A, is a normed factorization
of G, where |A;| = ... = |A,| = p. Consider a primitive (p")th

root of unity p and define the character y of G by setting x(g) = p.
Now as before there is a factor, say

Ay = {eg® g™ g%ert)
for which
0= x(41) = x(e) + x(9™) + x(9**) + -+ - + x(g%7*) =
=14p% + p% de0ihptent =0, :

We may assume that 1 < a; < p" —1foreachi, 1 <i<p-1
We want to show that A, is a subgroup of G, that is, the exponents
0, a1, ag, ..., a,_; form a permutation of the numbers 0, p"~*,
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2p™~%,...,(p — 1)p" L. To do this consider the polynomial 4, (z)
associated with A,, defined by

Al(ﬁ) =14+z% +2% ... 4 g%,
Next we need the fact that the (p™)th cyclotomic polynomial
Flz) =1+ 2% 4. .4 glo-p"

is irreducible over the field of rational numbers [2, p.46]. (Appendix
D discusses the cyclotomic polynomials.) Note that F'(z) and A; ()
have a common root, namely p. Thus F(z) divides A; (z) in the ring
of polynomials with rational coefficients, and since F'(z) is monic, in
the ring of polynomials with integer coefficients. The next exercise
completes the argument.

Exercise 13. Show that from the fact that F(z) divides A4;(z) it
follows that 0, ay, aa, ..., ap—1 is a permutation of 0, p"~1,
2p™1,...,(p — L)p™ L. (Hint: Let A;(z) = F(z)Q(z) and first
show that the degree of Q() is less than p™~*. Then show that Q(z)
must be 1.)

We summarize this argument in Lemma 4, which will play a
role in the proof of Rédei’s theorem.

Lemma 4. Let G be the cyclic group of order p™ where p is a prime
andlet G = A1 Ay - - - A, be a normed factorization. Then at least one
set A; is a subgroup of G.

The most important result about vanishing sums of roots of
unity we use in connection with factoring p-groups generalizes a
previous observation,

Lemma5. Letpbeaprimeand pa (p™)throot of unity. If p +- - -+
p% =0, wherea; = 0and 1 SSSP,tkens:;;andpal’_”’papis
a permutation of 1,6, . .. ,0°~L, where 6 = ¢*74/,

Exercise 14. Prove the lemma, usipg the technique in Exercise 13.



166 ALGEBRA AND TILING

We have seen that characters are of use in the study of factor-
ization because if

G=A1A;--- Ay,
then
X(G) = x(A1)x(A2) - - - x(An)-

But characters convey much more information, and we will use the
following fact: If A and B are subsets of the finite abelian group G
and if x(A) = x(B) for each character x of G then A = B. (That
x(A) = x(B) for the principal character tells us that |A| = |B|.)

An example will illustrate this observation. Let G be the cyclic
group of order four. Denote a generator of G by g and a primitive
fourth root of unity by p, which could be chosen to be i. The four
characters of G, x1, X2, X3, X4 are given in Table 1.

e filig g il o
o T AR e
s I MR O N
el G i ks
Sy [l oR A ik

TABLE 1

Exercise 15. Show that the columns of Table 1 are linearly inde-
pendent. (Appendix B shows that the columns of such a character
table are always linearly independent.)

Let us check the claim that if x(A) = x(B) for each character
x of G, then A = B. From x1(A4) = xi1(B) it follows that |A| = | B|.
If for example |A| = |B| = 2 and A = {a1,az}, B = {b1, b2} then
the fact that x(A) = x(B) for each character x of G is equivalent
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to the following four equations

x1(a1) + x1(a2) = x1(b1) + xa1(b2)
x2(a1) + x2(az) = x2(b1) + x2(b2)
x3(a1) + x3(a2) = xs(b1) + xa(b2)
Xa(a1) + xa(az) = xa(b1) + xa(b2).

These equations imply that a linear combination of two columns of
Table 1 is equal to a linear combination of two columns of Table 1.
Since the columns of Table 1 are linearly independent over the field
of complex numbers we conclude that A = B.

So far we have extended the domain of a character from ele-
ments of a group G to subsets of G. Now it is necessary to extend
the domain further.

LetG = {g1,92, . .., 9n} be a finite abelian group and consider
the set of expressions of the form

2101 + 2202 + -+ + ZpGn, (8)

where z; € Z. (Such an expression is shorthand for the function
that assigns to g; the integer 2;. See Appendix C.) We add two such
expressions coordinate by coordinate:

(2191 + 2292 + -+ + Zngn) + (t191 + t2g2 + - - - + L0 gn)
=(z1+t)g + (2 +t2)g2 + - + (20 + tn)gn-

The product of two such expressions is defined using the multipli-
cation in G:

(5o0) (m) 32, 3, o

J=1 k=1 9i9i=9%

This is similar to multiplication of polynomials.

The set of expressions (8), together with the addition and mul-
tiplication just introduced, is called the group ring of G; and is de-
noted Z(G). »
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A subset A in G can be identified with the element in the group
ring whose coefficients are 0 or 1: 1 at elements in A and 0 at ele-
ments in G \ A.

Exercise 16. Let G be the cyclic group of order 5 with generator
u and identity element e. In Z(G) compute

(a) (e —u)(e+u+u?+ud+ul)

(b) (e +2u + u?)(3u? — u?).

Now let A and B be subsets of a finite abelian group G. Con-
sidering A and B as elements of the group ring Z(G), we may com-
pute their product AB, obtaining an element ) n(g)g. The co-
efficient n(g) records the number of ordered pairs (a, b) such that
ab = g. That G = AB is a factorization is equivalent to the as-
sertion that n(g) = 1 for every g € G. That the symbol AB has
two meanings, namely a product in the group ring and a factoring
of G will cause no difficulty. The context will make it clear which is
intended.

Exercise 17. Letz = ) zg; and t = Y t;g; be two elements in
Z(@) and x a character on G. Prove that

(@) x(zt) = x(2)x(t)

(®) x(z+1) = x(2) + x(2)-

Exercise 18.
(a) Letz € Z(G) have the property that x(z) = 0 for all characters
x on G. Prove that 2 = 0, the zero element of the ring Z(G).
(b) Prove that if z and ¢ are in Z(G) and x(z) = x(t) for all char-
acters y on G, then z = ¢.

As Exercises 17 and 18 show, the characters of a group G con-
vey a great deal of information. In fact, as we will now show, they
even can tell us whether two subsets of G, A and B, provide a fac-
torization of G.

First of all, if y is a nonprincipal character, x(G) = 0, as is
shown in Appendix B. If x is the principal character of G, x(G) =
|G|. Now assume that G = AB is a factorization. Then if x is a
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nonprincipal character of G, at least one of the numbers x(A) and
x(B) is 0. (If x is the principal character of G, the equation x(G) =
x(A)x(B) says only that |G| = |4||B|.)

Now consider any subsets A and B of G. Then G = AB is
a factorization if and only if G = AB in Z(G). But G = AB in
Z(G) if and only if x(G) = x(AB) for all characters x of G. This is
equivalent to the assertion that x(G) = x(A)x(B) for all characters
of G. And this reduces to the statement “G = AB is a factorization
if and only if |G| = |A||B| and for every nonprincipal character x of
G at least one of x(A) and x(B) is 0.” This observation is the basis
of the following replacement principle, which will be used several
times in the proof of Rédei’s theorem.

General Replacement Principle. Let A and A’ be subsets of G such
that |A| = |A'| and if x(A) = 0 it follows that x(A’) = 0. Then A
can be replaced by A’ in all factorizations of G; that is, if G = AB is
a factorization, so is G = A'B.,

Exercise 19. Prove the General Replacement Principle.

Exercise 20. Show that the first replacement principle (Lemma 1)
is a consequence of the General Replacement Principle.

Though we used the group ring to develop the General Re-
placement Principle, the group ring does not appear in its state-
ment. We could have avoided mentioning the group ring, but only
by using some clumsy bookkeeping. We would have to define the
“product” AB of two subsets A and B as a set in which each ele-
ment is assigned a weight, namely the number of times it is repre-
sented in the form ab, a € A, b € B. Then we would show that
X(AB) = x(A)x(B). It is far more natural to introduce the ring
Z(G) and observe that each character provides a homomorphism
from it to the ring of complex numbers. (Moreover, when studying
multiple tilings of R™, the group ring is essential, for the elements
in it with negative coeffients and zero divisors play a role.)

As our first application of the General Replacement Principle
we have the following replacement principle of use in p-groups.
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Lemma 6. (Second Replacement Principle) Let A be a subset of "‘! el B w2k [me] B2 [ 62 T hi2 | p2e2
the finite abelian p-group G such that |A| = pand e € A Let k be |
relatively prime to p. Then A can be replaced by ! Xt L 1 1 1 1 1
i Xaglvilikealled ol L e e
il k 2k (p—1)k i
Afll=dera® 0 i a } I xs (1] 2] p 1 P Y 1 2 ¥
ﬂ:l'l
in each factorization of G for each a € A\ {e}. e b U i s B M i v A il r i p?
i Xy |edsilig sl ol ot nBl Rl e 2 Ly 0
Exercise 21. Using Lemma 5 and the General Replacement Prin- 1 z -
ciple, prove Lemma 6. .: "-"} X6 PSP e il 1
i v Wl Ml Dl e
Problem 1. The proof of Lemma 6 involves the use of characte_rs,f_ xs |1 | p | P2 | 02| 1 = 1
though characters are not mentioned in it. Obtain a direct proof, = 5 = i b
one that does not use characters or complex numbers. Xo [1]p P | P P 1 p 1 P>
i i TABLE 2
Lemma 7. (Third replacement principle.) Let A have p elements,
where pis prime. Assume that each element in A has order 1 orp. Then |
A can be replaced by a cyclic subset in any factorization. "
Now let

Exercise 22. Prove Lemma 7.
g Ay ={e,a11,a12} and Ay = {e,az,a3}.
- Let us illustrate the use of replacement .techmques in the fac- If x is a character of G for which x( A1 ) = 0, then x(e), x(a11),
torings of a group of type (3, 3), the non-cyclic group G of order 9. i x(a12) must be a permutation of 1, p, p?. It follows that if x (4;) = 0
Suppose that G = A; A, is a normed factorization of G, where b 1 then x(H) = 0, where H = {e - Thus @ = Hx ;
|[A;] = |A2| = 3. We will use characters to show that A; or A3 a factorization of G. H 1s; su};a;;{lali)}f G lls1:1 A bl
is a subgroup of G. There are simpler ways to prove this but our plete set of representatives of thge cozets of a}}l (“S:md?.lllj ;I":’Ot%l;
purpose is to shed light on the methods we will use later. i short). Similarly, G = A, K is also a factorization of G, where
Let p be a primitive third root of unity and A and k a basis of K = {e, a51,a3,}. K is a subgroup of G and so A, is a complete set
G. Each character x of G is determined by x(h) and x(k). Both of representatives modulo K. Note that G = HK is also a factoriza-
x(h) and x(k) can be assigned only three possible values, 1, p, or | i tion. This implies that a;; and a,; form a basis of G. For simplici
p?. For the sake of concreteness we display the nine characters of i we denote ay; = h and as; — k. Th . i
G in Table 2. i SR
For each nonprincipal character x of G we have x(4;) =0 or : Ay ={e,h,h’s} and A, = {e k, Ky}
X(Az) = 0. On the other hand, if A; and A, are subsets of G suc_h it ,
that |A;| = |42| = 3 and for each nonprincipal character x of G,
x(A1) = 0orx(Az) = 0, then we have the factorization G = A; A,

where ¢ € K,y € H, H = {e,h,h?} and K = {e,k,k?}.Ifz = ¢
Or y = e, then A; or A, is a subgroupsof G.
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Exercise 23. Inspecting all the nine possible choices for z and y,
verify that A, or A, is a subgroup of G.

Characters of G simplify the bookkeeping again. Suppose that

z # eand y # e. Pick a character x of G for which x(4;) = 0.

We know that for this character x(H) = 0. Hence x(h?z) = x(h?),

that is, x(z) = 1. Since z generates K, x(k) = 1. So there are at
most three characters x such that x(A4;) = 0. Similarly, there are =
at most three characters y such that x(A;) = 0. Thus there are at |
most 3+ 3 = 6 characters x of G for which x(A4; A2) = 0. However,
this is not the case since there are 8 characters x of G for which =

X(A1A2) =f):

Let us look at one more example before beginning the proof of

Rédei’s theorem. Let G be of type (5, 5). Suppose that G = A; A is

a normed factorization of G. As before, A; can be replaced by the =
subgroup H = (h). Hence A, is a complete set of representatives

modulo H. Similarly, A, can be replaced by the subgroup K = (k)

and so A; is a complete set of representatives modulo K. Since =

G = HK is also a factorization, h and k form a basis of G. Thus
Ay = {e,h,h?z,h*y,h*z} * and  As = {e k,k’u, kv, k'w},

where z,y,z € K and u,v,w € H.

Exercise 24. How many choices do we have for the elements z, y,

z and u, v, w in order to verify Rédei’s theorem by brute force? (Do
not carry out the verification.)

Exercise 25. Let p be a prime and G be the group of type (p,p).
Suppose that G = A; A, is a normed factorization;x/ where |4;| =

|A2| = p. Show that there is a basis, k and k of G, sych that

Ay = {e,h,h2k%2,.. . BP~1k%-1},
Ay = {e,k, k?h%, ... kP 1Rbe-1},

Rather than complete the case (5,5) we turn our attention to . |

the general case (p, p), p prime, which is far from trivial.
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3. Rédei’s theorem for p-groups

With the tools we have developed so far we can prove Rédei’s the-
orem for p-groups. The proof proceeds in two stages. First we treat
the case when G is of type (p,p); then we prove the theorem for
any finite abelian p-group. Recall that we have already proved it for
groups of the type (p™), that is, for cyclic p-groups.

The next exercise establishes some facts about polynomials
whose coefficients lie in GF(p), the field with p elements. These
results will be used in the proof of Lemma 8.

Exercise 26. Let E(z) = [[i_, (¢ — a;), where a; € GF(p). Let
€1,€2;:,Cm; M < n, be the distinct values occurring among the
a;’s. Let F(z) = [T;L,(z — c;). Show that

(a) F(z) divides F(z) and z? — z.

(b) E(z)/F(z) divides E'(z), the derivative of E(z).

Lemma 8. Rédei’s theorem is true for groups of type (p, p), where p
is a prime.

Proof. Let G be of type (p,p) and suppose that G = A; 4, is a
normed factorization of G, where |A;| = |Az| = p. By Exercise 25
there is a basis k and h of G such that

A = {e,h, k™, ... RE 1Rt}
Ay = {e,k, k?h, ... kP~ 1hb-1],

If p = 2, then both A, and A, are subgroups of G. From now on we
suppose that p is odd.

We wish to show that all the a;’s are 0 modulo p or that all
the b;’s are 0 modulo p. For instance, in the first case, we want to
show that the polynomial (z — a2)(z — a3) - - - (z — a,_,), viewed as
a polynomial over GF(p), is just the polynomial zP~2. Introducing
ag = a3 = 0, we want to show that Hﬁ:& (z — a;) is simply zP.

To begin the argument let p be a primitive pth root of unity. For
each integer y, 0 < y < p — 1 define the (nonprincipal) character
Xy on G by xy(h) = p¥ and x, (k) = p~~¥. Recalling that p is
odd, we see that x,(4;) = 0 for at least (p + 1)/2 values of y or
Xy(Az) = 0 for at least (p + 1)/2 values of y. We assume without
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loss of generality that the first case occurs. From this we will deduce : y

thata2:a3=--- = ap-1 =0.
We have then
r—1
0= xy(41) = pr—ae(lﬂr)
i=0

for at least (p+ 1)/2 values of y. Let Y be the set of these values of
y. Since xy (A1) = 0, the exponents iy — a;(1 +y) form a complete

set of representatives modulo p foreachy € Y.

Let cg,c1,...,cm be the distinct values occurring among ag,

ai,...,@p-1, taken modulo p. We define three polynomials with co-
efficients in GF(p):

D(z,y) = pl:I(m +iy—ai(1+y) =Y di(y)a,
i=0 i=0
p-l p ’
E(z) = D(z,0) = H(a: —a;) = Ze,::c‘,

i=0 i=0

F(:C) = H(m i 617)3

and we wish to prove that F(z) = z?, or equivalently, that E'(z) = :"_"

0.

examining D(z, y).
Let us write

D(z,y) = do(y) + di(¥)z + - - - + dp(y) P

Since D(z,y) = [1jg (¢~ (a;(1+y) — jy)), We have dy(y) = 1and
each d,_;(y), 0 < i < p—1, is an elementary symmetric function in |
the p expressions a; (1+y)—jy. Let S;(2;) denote the ith elementary

function of the expressions z, . . ., zp—1. Then we have
dp—i = Si(jy — a;(1 +y)).

Note that the degree of d,—_;(y) is at most 3.

We first show that many of the coefficients of E(z) are 0, by -'-'_;
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Now D(z,y) = —x + 2P for each y in Y. Thus for y € Y we
have d,_i(y) = 0for 1 < i < p — 2. Therefore for those values of i
the polynomial d,,_;(y) has at least (p+1) /2 roots. Since the degree
of dp—;(y) is at most i, we see that for 1 < i < (p — 1)/2, dp_i(y) is
the zero polynomial. That means that D(z, ) has the form

D(@y) = do(v) + di(y)z + -+ + o1y 2 (y)2P7V/2 4 27,
Thus

E(SC) =eyter+---+ B(p_l)/gm(p_l)/2 I -'E'p.,

where e; € GF(p). Moreover, since ag = a; = 0 and are roots of
E(z), we may write

E(.’B) = 6222 frsteiatat B(p_lygx(‘p__l)/"! + P,

All that remains is to show that e; = e3 = ... = €p-1)/2 = 0. To
do that, we show that E'(z) = 0.

Introduce G(z) = E(z) — (z® — z), a polynomial of degree
at most (p — 1)/2. It is not the zero polynomial since it has a term
of degree 1. Since E’ has degree at most (p — 3)/2, the product
G(z)E'(z) has degree at most p — 2 or is the zero polynomial. We
show that E(z), which has degree p, divides G (z)E'(z).

By Exercise 26, E(z)/F(z) divides E'(z). Hence there is a
polynomial Q(z) such that

B - 492D,

Thus

G(z)
A dij
G(2)E'(z) = 7 w)Q(x)E(w)-
Since F(z) divides zP —z and E(z), it divides their difference, G(z).
Hence E(z) divides G(z)E'(z). Since the degree of G(z)E'(x) is
smaller than the degree of E(z), G(z)E'(z) is the zero polynomial,
hence E'(z) = 0. Therefore E(z) = z? and the proof is complete.

9 O
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In order to prove Rédei’s theorem for any finite abelian p-

group it will be useful to note that if Rédei’s theorem is true, then
the following seemingly sharper Lemma 9 also holds. The proof of
this lemma depends on the following exercise.

Exercise27. Let G be a group and N a normal subgroup of G. Let =

B be a subset of G such that {bN : b € B} is a subgroup of G/N.
Then Upeg{bN} is a subgroup of G.

Lemma9. Let G = A;--- A, be a normalized factorization of the
finite abelian group G by subsets of prime orders. Assume Rédei’s the- =

orem is true. Then there is a rearrangement of the factors, Ay, . .., Aq,

say B, ..., By, such that all the subsets By, B1Ba,...,B1Bz--- B,

are subgroups of G.

Exercise 28. Use Exercise 27 to prove Lemma 9 for the casesn =

3andn =4.
We are now ready to obtain the main result in this section.

Lemma 10. Rédei’s theorem holds for any finite abelian p-group. |

e

i,

Proof. Let G be a finite abelian p-group of order p™ and G = =

A;--- A, be a normed factorization of G, where |4;| = --- = ©

|An| = p. We wish to prove that at least one A; is a subgroup of
G. The case n = 1 is trivial. The case n = 2 is settled already, since

Lemma 4 takes care of G of the type (p) and Lemma 8 the type

(p, p). We argue by induction, starting with the cases » = 1 and

n = 2, and consider n > 3.

By Lemma 6 every factor A; can be replaced by a cyclic sub- =

set. If each factor contains an element of order at least p?, then

using them we can construct a factorization of G consisting of non-
subgroup cyclic subsets. This contradicts Lemma 3. Thus there ex-
ists a factor, say A;, whose nonidentity elements all have order

p. By Lemma 7, A; can be replaced by a subgroup H, which is -
generated by a nonidentity element of Ay, to get the factorization |
G = HA,--- A,. Considering the factor group G/H we have the -
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factorization G/H = (A;H)/H - - (A, H) /H. By the inductive as-
sumption and Lemma 9 there is a permutation By, ..., B, of the
factors H, A, ..., A, suchthat By, BiBs,..., BBy - -- B,, are sub-
groups of G and B; = H. To be concrete we will suppose that the
permutation By, ..., B, of the factors A, ..., A, is the identity
since this is only a matter of indexing the factors A;. Consider the
subgroup K = HA,--- A,,_;. Since the identity element e is an el-
ement of each factor, H and each A4, is a subset of K. If A C K,
then K = A; A, --- A,_, is a factorization of K. (Note that both K
and A; A; - -- Ap—; have p"~* elements.) By the inductive assump-
Ei;on, atleastone of A;, Ay,...,A,_;isa subgroup of K and so of

So suppose that A; is not a subset of K. Then replace 4; in
the factorization of G by a subgroup L generated by an element of
A; thatisnotin K. Since L ¢ K,we have K N L = {e}.

From the factorization G = LA, - - - A, it follows, by applying
the induction assumption to the group G/L, there is a permuta-
tion Cy,...,C, of the factors L, Ay, ..., A, such that the subsets
C1,C10s,...,C1Cy---C, are subgroups of G and C; = L. There
is an index j such that C; = A; and therefore LA; is a subgroup
of G.If j # n, then K N LA; = Aj;, being the intersection of two
subgroups, is a subgroup of G. Therefore we may assume that LA,
is a subgroup of G.

Consider the intersection K N LA, If it were just {e}, then G
would contain the direct product of the two subgroups K and LA,,,
a group whose order would be p™*1, which is greater than |G|. Thus
|K N LA,| = p? orp.

If [K N LA,| = p? then LA, C K, hence L C K, which is a
contradiction. Hence |[K N LA, | = p. Consider now two cases: LA,
cyclic and LA, of type (p, p).

Say that LA, is cyclic. Then K N LA,, is the unique subgroup
of order p in LA, namely L. Since L ¢ K, this case is ruled out.

Since LA, is not cyclic, the nonidentity elements of A,, have
order p. Consequently A, can be replaced by a subgroup M gener-
ated by a nonidentity element of Apyto get the factorizations G =
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Ao+ A, i Mand G = HAy---A,_1 M. Note that G = KM is
also a factorization of G and so K N M = {e}.

From the factorization G = A; - - - A,_1 M it follows that there
is a permutation D, ..., D, of the factors A;,...,A,_1, M such
that D; = M and the subsets

Dby DR D

are subgroups of G. There is an index j, 1 < j < n — 1 such that
Dy = A;. Hence M A; is a subgroup of G.

If j # 1, then A; C K. Recalling that K N M = {e}, we have
KNMA; = A;j and so A;, being the intersection of two subgroups,
is a subgroup of G.

If j = 1, we have that N = M A; is a subgroup of G.

Consider two cases: A, € N and A, ¢ N. In the first case
A;A, C N. Therefore, since both N and A; A, contain p? ele-
ments, N = A;A,,. By Lemma 8 at least one of 4; and 4, is a
subgroup of IV, hence of G.

The other case is A, ¢ N. Then A, can be replaced by a sub-

group T'suchthat TNN = {e}. Wethenhave G = A1 Az--- A, _1T.

Applying the induction to the group G/T shows that there is a sub-
group of G of the form T'A;, where 1 < j < n — 1. Consider
KNTA; = HAy--- A,_; NTA;. As argued before, if this inter-
section were just {e}, then G would contain a subgroup of p"*!
elements. The intersection cannot be T'A; since K does not con-
tain 7. Thus the intersection is a subgroup of T'A; with p elements.

If j 5 1, this intersection is A;, establishing the theorem. If j =1,
then both T'A; and N = M A; are subgroups of G. Recalling that
T NN = {e}, we conclude that TA; N N = A;, hence that A; isa |

subgroup of G. This completes the proof. O

4. Vanishing sums of roots of unity

To prove Rédei’s theorem for non-p-groups we need another spe-
cial case of the General Replacement Principle. It depends on an-
other property of vanishing sum of roots of unity, which is given in
Lemma 11. The proof of this lemma uses the next exercise.
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Exercise29. Show thatif pisa primitive (rs)th root of unity, where
r and s are relatively prime, then p is a product of a primitive rth
and a primitive sth root of unity. (Hint: Since r and s are relatively
prime there are integers a and b such that 1 = ar + bs. Hence
,01 L par-i-bs = p%" pbs.)

Lemma 11. Let p be a primitive nth root of unity and let p be the least

prime factor of . If p® + - - - + p® =0, a; = O and 1 < s < p, then
8 = pand there is a primitive pth root of unity 6 such that peLiipte
is a permutation of 1,0, ... ,6°~1,

Proof. 'We proceed by induction on n. The case n = p¢ is settled
in Lemma 5.

Suppose that n = p°r, where r is relatively prime to p. Let
p = o1, where o and 7 are (p®)th and rth primitive roots of unity
respectively. Now

8 8
0= Z pai o E oo

Divide p® into a; to obtain the remainder b; such that 0 < b; <
p® — L Let b},...,b} be the different numbers among by, ..., b,.
Then

8 8 t
= i __ i ‘
0= E pli= E o-b,rai=§ la’gO'b‘,
i=1 i=1

i=1

where o;’s are nonempty sums of rth roots of unity. Consider the
polynomial

Alz) = Z oz, (9)

Suppose that one of the coefficients o equals 0. Divide it by one
of its terms to obtain a sum 71 + 7 4 ... 4 7%, where 7 is an
rth root of unity and ¢; = 0. Note that k& < s. Since this sum is 0,
by induction, k must be equal to the least prime factor of 7, hence
k> p.Thuss >k > p, contradicting the assumption that s < p.
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We may therefore assume that none of ¢;’s is zero and so A(z)
is not the zero polynomial. Hence 0 < degA(z) < p®—1.The (p°)th
cyclotomic polynomial

p-1
F(.TJ) il Zmipe—1
i=0

is irreducible over the rth cyclotomic field since r is relatively prime

to p°. (For a proof see Appendix D.) Note that ¢ is a common root

of A(z) and F(z). Hence A(z) is a multiple of F'(z), thatis, A(z) = |

B(z) F(z) for a suitable polynomial B(z) with coefficients from the
rth cyclotomic field.

Since the degree of F(z) is (p — 1)p®~?, equation (9) tells us
that degB(z) < p®~! — 1. Therefore the nonzero terms of B(z)

occur among the nonzero terms of A(z). Since B(z) has at least

one nonzero term, A(z) has at least p terms. Thus p < ¢ < 5. On
the other hand, p > s. Hence p = s. This completes the proof. O

To prove Rédei’s theorem for groups that are not p-groupswe

need the concepts of p-part and p-part of an element of G for a
prime p. Let H be the p-component of G and let K be the comple-

mentary direct factor to
in the form g = hk, h € H, k € K. The elements h and k are the

p-part and the p-part of g and they will be denoted by g(p) and g(p)
respectively. Thus g = g(p)g(p)-

Lemma 12. (Fourth replacement principle) Let A be a factor of G
such that |A| = p is the least prime factor of |G| and e € A. Then A
can be replaced in any factorization of G by A’ = {a(p)(@(p))*® :
a € A} for any choice of integer exponents s(a).

Proof. Since A is a factor of G, there is a subset B of G such that
G = AB s a factorization and e € B. We first show that there isa ¢

character of G that vanishes on A.

If there were no such character, then for every nonprincipal
character x, x(B) = 0. For the principal character x of G, we have
x(B) = |B|. Thus every character of G vanishes on the group ring

in G. Each g € G is uniquely expressible
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e'lement |BIG — |G|B, hence | B|G = |G|B. But this is impossible
since the coefficients of e on the two sides of the equation are dif-
ferent.

Now let x be a character of G for which

0=x(4) =" x(a).
acA
There exists a minimal integer n such that each x(a) is a power of a
fixed primitive nth root of unity. Since n is a divisor of |G| the least
prime factor of n is at least p. Thus by Lemma 11 there is a primitive
pth root of unity 6 such that {x(a) :a € A} = {#* : 0 <i < p—1}.
This implies that [A’| = p and that from x(A) = 0 it follows that
x(A’) = 0. So, by the General Replacement Principle, A can be
replaced by A’ in each factorization of G. O

Exercise 30. Justify the claim that x(4’) = 0 in the preceding
proof.

At one point near the end of the proof of Rédei’s theorem we
will need the following lemma.

Lemma 13. (Fifth replacement principle) Let A be a subset of G
such that |A| = p is an odd prime factor of |G| and e € A. Suppose
that the nonidentity elements of A have order por2p. Then A can be
replaced in any factorization of G by A’ = {a(p)(a(p))*® : a € A}
for any integers s(a).

Proof. let A= {ay,a,,...,a,}, with a; = e. Write each a; in the

form a; = a;(2)ai(p). Here (a:(2))2 = e and (a;(p))? = e. Note

!:hat a1(2) = a1(p) = e. As argued in the proof of Lemma 12, there

}lf a character x of G such that x(A) = 0. For such a character we
ave

x(a1(2))x(a1(p)) +x(a2(2))x(az(p)) + - -+ x(ap(2))x(ap(p)) = 0.

Now, x'(a,,:(2)) = g = =1 and x(a;(p)) = p™, where n; may be
chosen in the range from 0 to p — lyand pisa primitive pth root of
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1. We have
e1p™ +E2p™ + -+ +€pp"* =0,

where £; = 1 and n; = 0. Thus p is a root of
g(x) = e18™ + 2™ + - -« + gpT™,

a polynomial of degree less than p, or the zero polynomial.

If it were the zero polynomial, the coefficient of z™¢, which is
asum of 1’s and (—1)’s would be 0. Hence there would be an even
number of terms corresponding to each exponent. Since there are
p terms, and p is odd, this would be a contradiction. Thus g(z) is
not the zero polynomial.

Since g(p) = 0 and g(z) has constant term 1, g(z) = Fp(z), the
cyclotomic polynomial for the pth roots of 1. That implies that &; =
1for all ¢ and that ny, no, . . ., npis arearrangement of 0, 1, ..., p—1.
From this it follows that |4’| = |A|. Note that if x(A4) = 0 then
x(A") = 0. By the General Replacement Principle, A may be re-
placed by A’ in any factorization. O

5. Proof of Rédei’s theorem

We come now to the proof of Rédei’s theorem.

Let p be a prime divisor of the order of the finite abelian group
G. We will say that an element g € G is a p-element if g(p) = e. In
other words, the p-elements are the elements in the p-component

of G.
The proof also uses the result in the next exercise.

Exercise 31. Let G = A; --- A, be a normalized factorization of
the finite abelian group G and suppose that erch |A4;] is prime. Let
p be a prime divisor of |G|. Show that if all the factors of cardinality
p contain only p-clements then these factors form a factorization of
the p-component of G. (Hint: Consider cardinalities.)

Theorem 1. (Rédei’s Theorem) Let G be a finite abelian group and
G = A; A, - - A, a normalized factorization such that each A; con-
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tains a prime number of elements. Then at least one A; is a subgroup
of G.

Proof. By Lemma 10 the theorem holds for p-groups, so let G be
a non-p-group and G = A;--- A, a normed factorization of G,
where the factors are of prime cardinalities. We use the inductive
assumption that the theorem holds for each proper subgroup H of
G.

Let p be a prime divisor of |G| and suppose that A, ..., A, are
the factors in the factorization G = A, - - - A, with cardinality p.
The smallest value of

t
ho(Ar, .- 4n) = ] [T l2)l
i=1la€A;
is 1, which is attained only when each A;, 1 < i < ¢ contains only
p-elements. In this case, by Exercise 31, A; - - - A; is a factorization
of the p-component of G. By Rédei’s theorem for p-groups, at least
one A; is a subgroup of the p-component of G, hence of G. We now
proceed by induction on h,(Ay, . .., A,).

Let p be the least prime factor of |G|. We may assume that
hp(Ai,...,An) > 1, thatis, there is an4, 1 < i < ¢ such that A;
contains not only p-elements. Let A, be such a factor and suppose
a € A; is a non-p-element. Thus there is a prime ¢ such that g # p
and a(q) # e. Note that ¢ > p.

Suppose that A; contains more than one non—p-element. By
Lemma 12, A4, can be replaced by a nonsubgroup A} such that
hp(A1, Az, ..., An) < hp(Ay,..., A,). (Let all but one of the ex-
ponents s(a) in Lemma 12 be 0.) By the inductive assumption one
of the factors A}, A,, ..., A, is a subgroup of G. Since Aj isnot a
subgroup, at least one of As,..., A, is a subgroup of G, and the
theorem is established in this case.

Thus we may assume that a is the only non—p-element of A;.
Assume that |a(p)| > p. Then, by Lemma 12, 4; can be replaced
by Aj, the set which consists of the p-parts of the elements of A;.
(Let all the exponents s(a) in Lemma 12 be 0.) Now, 4/ is not
a subgroup of G and h,(A}, As,.2,4,) < hy(A1,...,A,). By
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the inductive assumption one of the factors As,..., A, is a sub-

group of G. We may suppose therefore that |a(p)| = p. Similarly, if
|a(p)| > g, then A; can be replaced by a nonsubgroup A} for which
hy(A%, A, ..., An) < hy(Ay, ..., Ay). Once again by the inductive
assumption one of the factors A, ..., A, is a subgroup of G. So,
finally, we suppose that |a| = pqg.

By Lemma 12, for each integer 7, 1 < ¢ < g — 1, A; can be
replaced by

A = {a(p)(a(2)'} U (A1 \ {a})

to get the factorization G = A;;A3---A,. We will use this fact
soon. By Lemma 12 A, can be replaced by A1, which consists of the
p-parts of the elements of 4;. Now

hp(A;nAz;-- . !AR) < hp(Alj-- : ;An)

By the inductive assumption one of the factors A}, As,...,Apisa
subgroup of G. If this is not A7, then we are done. Hence we assume
that H = A] is a subgroup of G.

From the factorization G = HA, - - A, it follows that there
is a permutation H = By, By, ..., B, of the factors H, A,,..., A,
such that By, B1Bs,...,B;Bs - -- B, are subgroups of G. We may
assume that the permutation is just the identity as this is only a mat-
ter of reindexing the factors.

Consider the subgroup K = HAy--- A,_1. If A; C K, then
K = AjAy--- A,_; is a factorization of K. By the inductive as-
sumption about the subgroups of G, one of the factors A4, ..., Ap_1
is a subgroup of K, and so of G.

Thus we assume that A; ¢ K, that is, a(g) ¢ K. From this it
follows that |G : K| = g. So from the factorization G = KA, we
have |A,| = g. Again, the factorization G = I{ A,, implies that A,
is a complete set of representatives modulo K. Therefore for each
i,1 <1 < g—1thereisana; € A, such that the coset a; A,, contains
the element (a(p))~*(a(g))~*. This means that a(p)(a(g))‘a; € K.
Let

Ci = {a(p)(a(g))'a:} U (41 \{a}) = {a(p)(a(9))’a:}U (H \ {a(0)})-

Rédei’s Theorem 185

Note that K = C;A;y--- A,_; is a factorization of K. Indeed,
products coming from C;A;--:A,_; occur among the products
coming from A;;A;--+ A, 1A, and these latter are distinct since
Ay Ay Ay A, is a factorization of G.

By the inductive assumption about the subgroups of G we have
that one of the factors C;, As, ..., A,_1 is a subgroup of K. If this
is not C; we are done. Hence we assume that C; is a subgroup of K.

We distinguish two cases depending on whetherp = 2orp > 3.

If p > 3, then the subgroups C; and H have a nonidentity
element in common and, both have prime order, C; = H. Thus
a(p)(a(q))ta; = a(p), that is, a; = (a(g))~*. This means that A, =
{a(g)) and therefore A, is a subgroup of G.

Finally we suppose that p = 2. Now (a(p)(a(q))’a;)? = e,
hence a;(g) = (a(g))~*. Thus (a(g))~* are the g-parts of the non-
identity elements of A, If the 2-part of each element of A,, is the
identity element then A, is a subgroup and we are done. Thus the
order of each nonidentity element of A,, is either g or 2¢ and A,
contains an element whose order is 2q.

Making use of the replacement principle in Lemma 13, we can
repeat the whole argument, starting with A,, instead of A;. Since
|An| = g > 3 the procedure will not go on forever. This completes
the proof. O

Problem 2. Obtain a shorter or simpler proof of Rédei’s theorem.
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Epilog

While the central theme of the seven chapters has been the inter-
play of geometry with algebra, another theme, purely algebraic, also
ran through the book. Time and time again we have used mappings
from one structure to another to simplify a problem.

In Chapters 1 and 2, where we faced an infinite lattice L imbed-
ded in a rational lattice L/, we formed the quotient group L'/L.
The natural homomorphism from L’ to L’ /L enabled us to work in
L'/ L, which is a finite group, instead of an infinite group.

At the end of Chapter 2 the solution of a brick-tiling prob-
lem depended on the homomorphism from the ring of polynomials
Z[z,y] to the ring of complex numbers obtained by replacing & and
y by a root of unity.

Two homomorphisms were the key to Chapters 3 and 4 on the
semicross and cross. One homomorphism, defined on Z", was onto
a finite group G. It enabled us to lift a splitting of G to a tiling of Z™.
One way to construct such a splitting when G is a cyclic group is to
find a “logarithm” ¢ : {1,2,...,k} — C(k). Such a logarithm turns
out, in certain circumstances, to be extendable to a homomorphism
x : C(p)* — C(k) for infinitely many primes p.

The key to the equidissections in Chapter 5 was the notion of
a valuation ¢. Though ¢ is not a ring homomorphism from R to R,
it does behave fairly well with respect to the ring structure.

In Chapter 6, which concerns mainly tilings by similar trian-
gles, we relied on isomorphisms between subfields of the reals or of
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the complex numbers. These induced certain transformations on
subsets of the plane, which were also homomorphisms.

The proof of Rédei’s theorem in Chapter 7 repeatedly used
arguments that exploited characters. A character is yet another ho-
momorphism, this time from a finite abelian group to the complex
numbers of modulus 1. Any character can be extended to a ring
homomorphism from a group ring to the field of complex numbers.

To apply algebra to a geometric problem, then, we first trans-
lated the geometric conditions into some algebraic structure. Then
we worked in that structure or, with the aid of a homomorphism, in
some other algebraic structure, chosen either because it is simpler
or because it is richer.

These observations show that the book indeed deserves to bear
the subtitle, “Homomorphisms in the service of geometry.”

Appendix A
8 Lattices

- Let vy, vs, .. ., v, be n linearly independent vectors in Euclidean n-
I space, R™. The set of vectors of the form mivy +mava+- - -+m,u,,
m; € Z, is called a lattice of dimension n and v1,s,...,v, form a
basis for the lattice. The parallelepiped spanned by vy, vs, . . . , v, is
a fundamental parallelepiped for the lattice.

For example, the vectors v; = (0,...,0,1,0, .. 30), 1 <4 <'n,
where the 1 is in the ith place and 0’s are in the other n — 1 places,
are a basis for the lattice Z™.

Exercise 1. When do the vectors w; = (a,b) and wy = (¢, d) form
a basis for Z2?

Exercise 2. When is the vector w; = (a, b) part of a basis for Z2?

Exercise 3. Let v1,vy,...,v, be a basis for the lattice L. Let wy,
W, ..., w, be in L. Then there are integers a;; such that

n
wy; = E aijv_?-.
j=1

For which matrices 4 = (ai;) is the set wy, ws, . . ., w,, also a basis
for L?

Exercise 4. If v;,vs,...,v, and wy,ws, ... , Wy, are bases for the
same lattice, show that the deternfinant of the matrix whose rows
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are v, v, . - ., Up is equal to + or — the determinant of the matrix
whose rows are wy, wa, ..., Wn.

Exercise 5. Prove that the volume of the fundamental paral-
lelepiped associated with a basis for a given lattice L is independent
of the particular basis.

Exercise 6. Let G = Z™ and let H be a lattice of dimension n in
G. Prove that the index of H in G is finite.

By Exercise 6, there is a finite set g1, ga, - . ., g~ in Z™ such that
each element in Z™ is uniquely expressible in the form h+g;, h € H,
1 < i < r. Thus translates of {g;, g2, . - . , g } by elements of H tile
Z™. Therefore a large cube in R™ of volume V contains approxi-
mately V/r elements of H. Let V* be the volume of a fundamental
parallelepiped of H. The large cube of volume V contains approxi-
mately V/V* translates of the fundamental parallelepiped by trans-
lates of H, Therefore r = V*. This informal argument suggests that
the index of H in Z™ is equal to the volume of a fundamental par-
allelepiped of the lattice H C Z".

Exercise 7. Fill in the details to make the informal argument rig-
orous. i

We will also need k-dimensional lattices in B", where k < n.
Let vy, vs, ..., vk be k linearly independent vectors in R™. The set
of vectors of the form myv; + mavs + -+ - + mpvg, m; € Z,is a
lattice of dimension k.

When is a subset L of R™ a lattice? Necessarily, L is a group
under addition and contains no accumulation points (equivalently,
every ball contains only a finite number of points of L). These con-
ditions are also sufficient, as the following theorem shows.

Theorem 1. Let L be a subset of R™ that is a group under addition
and contains no accumulation points. Then L is a lattice.
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Proof. Since L has no accumulation points, there is a shortest
nonzero vector in L. Call one such vector v;. There are now two
cases. Either L is contained in the vector space generated by v; or
it is not.

In the first case we show that {v; } is a basis for L. To do this,
let v be any vector in L. Then v is of the form zv; for some real
number z. Thenz = n + f, wheren € Zand 0 < f < 1. Since
nv; € L, we have fv; = v — nv; also in L. But fv, is shorter than
v1, hence must be the zero vector. So {v; } is a basis for L.

In the second case, let IT be the plane through the origin per-
pendicular to v;. Every vector v € R™ can be expressed uniquely in
the form v = zv; 4+ w, where z € R and w € II. Call w the projec-
tion of v on I, and denote it T'(v). Let II; be the plane parallel to
I1 through the tip of vy, as shown in Figure 1.

Let T(L) = {T'(v),v € L}. We will show that T'(L) is a lattice.

Clearly T'(L) is a group. To show that it has no accumulation
points, note that when v is written in the form zv; + w, and z =
n+ f, as defined above, then T'(v) = T(fv;y +w). Thus every vector
in T(L) is the projection of a vector that lies between the planes
II and II;. Now assume that P € II is an accumulation point of
T(L). Let B be a ball in II around P. A cylinder with base B and
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height |v;| would then contain an infinite number of points of L.
This contradiction shows that T'(L) is a lattice.

We now may argue by induction on the dimension of the lat-
tice. Let ws, ..., wy be a basis for T(L). Select v; € L such that
T(v;) = wi, 2 < 4 < k. Then vy,vs,...,v; is a basis for L. To
show this, consider v € L. Then T'(v) = npws + -+ + npwy, for
some integers ngy, ..., ng. Hence T'(v — novg — - — ngwy) = 0.
Thus v — navp — -+ — nyguy is in the space spanned by v;. Since
v — Moy — -+ — Ny is also in L, it is of the form nyv;, for some
integer n;. This shows that v = nyv; + navs + - - - + ngwg, and the
inductive step is complete. ]

Theorem 2. Let M be a sublattice of the lattice L. Then M is a sum-
mand of L if and only if zI € M implies | € M for every nonzero
integer z and vector | € L.

Proof. Assuming that the condition is satisfied, we will show that
M is a summand of L. Consider the quotient group L/M, which is
a finitely generated abelian group without elements of finite order
(other than the identity element). Thus L/M has a basis of the form
Lh+M,L+M,... l.+M.Ifmi,ms,...,m,is abasis for M, then
My, My, ..., Mg, l1,ls,...,1, isabasis for L. Letting N be the lattice
with basis l3,03,...,l,, we have the direct sum decomposition,
L=M®N.

Now assume that M is a summand of L, L = M & N. Assume
that/ € Lisnotin M.Thenl = m+n,m € M,n € N,n not 0.
If z is a nonzero integer, then 2l is not 0. Thus z is not in M. This
completes the proof. O

Appendix B
The Character Group and
Exact Sequences

The character group of a finite abelian group is used in the proof
of Rédei’s theorem in Chapter 7 and in the proof of Theorem 4 in
Chapter 3. We define this group here and develop its properties in
a sequence of exercises. Unless otherwise stated, all the groups are
finite and abelian.

Let C be the group of complex numbers of magnitude 1 un-
der multiplication and let G be a finite abelian group. A homomor-
phism x : G — C is called a character of G. The product of the
characters x; and x3, denoted x1 x2, is defined by the equation

Oax2)(9) = x1(g)x2(g),

for g € G. With this multiplication, the set of characters form a
group, called the character group of G, and is denoted G.

Exercise 1. Prove that if G = C(n), the cyclic group of order n,
then G is isomorphic to G.

Exercise2. Prove thatif G is the direct product of G; and G, then
G is isomorphic to G; ® Gs.

Exercise3. Prove that any finite abelian group is isomorphic to its
character group. ?
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Any character of a subgroup of G can be extended to a char-
acter of G. This is a consequence of the following exercise.

Exercise 4. Let H be a subgroup of the finite abelian group G
and a an element of G that is not in H. Let y be a character of H.
Then x can be extended to a character of the subgroup spanned by
a and H. (Suggestion: Let n be the minimum of the set of positive
integers m such that a™ € H. Let z be a complex number such that
z" = x(a™). Define x*(a) to be z and x*(a"h) = 2" x(h). Show that
x"* is well defined and extends .)

A séquence of abelian groups Gy, G1, Gy, . . . , G, with homo-
morphisms ; : G; — G;_1,1<i<m,

Qrn, Cm—1 o fa o
Gmn ™ Gm1 — "'_‘S*GZ_S’GI“L’GO

is exact if the image of a; equals the kernel of a;_1, 2 < i < m.
Consider an exact sequence of five groups where the first and last
are the group of order 1:

{0} A2 G Bl gy, (1)

This sequence is exact if and only if 3 is a homomorphism from G
onto B and « is a one-to-one isomorphism of A onto the kernel of
B. Loosely put, “B is isomorphic to G/A.”

If there is an exact sequence (1) it turns out that there is also
an exact sequence

0} B q g ) (2)

This implies that for finite abelian groups a group is a homomor-
phic image of G if and only if it is isomorphic to a subgroup of G.
(For infinite abelian groups, this is not true: C(2) is a homomorphic
image of Z, viewed as an additive group, but is not isomorphic to a
subgroup of Z.)

Exercise 5 shows that there is the reverse exact sequence 2).
For convenience, assume that A is a subgroup of G and « is the
inclusion mapping.
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Define @ : G — A as follows. For x € G, define a(x) to be the
restriction of x to A. Define 8 : B — G as follows. For x € B, let
B(x) be the composition x .

Exercise 5. Show that the sequence
Nyl L e o G (R
is exact.

Combining Exercises 3 and 5, we see that if there is an exact
sequence (1), then there is an exact sequence (2).
The final exercise shows that a set of distinct characters is lin-

early independent.

Exercise 6. Let G be a finite abelian group and x1, xa, . . . , X dis-
tinct characters of G. Show that if ¢, ¢y, . . ., ¢, are complex num-
bers such that

Z": cixi(g) =0

forallg € G,thenc; = 0,1 < i < n, as follows. If there is a
nontrivial linear dependence between some of the characters, there
is one with the smallest number of nonzero coefficients. Assume
that

i(k‘)ﬁ(ﬂ) =0

is such a relation, ¢; # 0, 1 < 7 < n. Note that n is greater than 1.
Then obtain a linear dependence with fewer nonzero coefficients.
(Suggestion: Pick go € G such that x;(go) # x2(go). Then show

Z cixi(g0)xi(g) =0

i=1
for all g € G. Using the two linear relations involving x1, ..., Xn,
produce one that has fewer nonzero coefficients.)

?




Appendix C
Formal Sums

Let S = {s1,82,...,8,} be a finite set and A an abelian group
written additively. We will give a precise definition of the group of
“formal sums,” a;8; + agsy + - - - + a,8,, a; € A.

Let f be a function from S into A. If f(s;) = a;,1 < i < n,
denote f by the formal sum

a1s; +assa + -+ ansy.

Denote the set of the formal sums by G(S, A).

Let f and g be functions from § into A. Define their sum, f+g,
by (f + g)(s) = f(s) + g(s) for each s € S. There is another way
to describe this addition. Suppose that f(s;) = a; and g(s;) = b;,
1 < 4 < n. Then the sum of the corresponding formal sums is
defined by

(Z aisi) + (Z besi) = Z(“" + b;)s;.

In Chapter 6 the set S consists of ordered pairs of the form PQ,
where P and @ are vertices in a fixed dissection of a polygon and
the abelian group A is Z. In this case G(S, Z) is called the group of
chains. Let H be the subgroup of G generated by the chains of the
form PQ+QP or PQ+ QR+ RP, where P, Q, and R are collinear
and @ is between P and R,

The line integral [, zdy is defined for each directed edge E
and therefore [, zdy is defined bylinearity for each chain C. Note
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thatif C'isin H, then [, zdy = 0. Therefore we may view [ zdy as
being defined on the elements of the quotient group G/H.

Exercise 1. Show that if P, @, and R are collinear vertices, then
PQ + QR+ RPisin H, even if Q is not between P and R.

In Chapter 7 the set S is a finite group, whose composition
we denote multiplicatively and the abelian group A is Z. Note that
there is a multiplication in Z. In this case G(S, Z) can be made into
aring, called the group ring of the group S. Addition in G(S, Z) has
already been defined. Define the product of " a;s; and ¥~ b;s; to be
Yo cisi, wherec; = 3 a;br, where the summation is over all pairs
(4, k) such that s;s;. = s;. This definition is similar the definition of
the product of two polynomials.

Appendix D
Cyclotomic Polynomials

Let n be a positive integer. The equation z" — 1 = 0 has n com-
plex roots, called nth roots of unity. For an nth root of unity p let
m be the smallest of the positive integers j such that p/ = 1, that
is, its order in the multiplicative group of nth roots of unity. By La-
grange’s theorem, m divides n. An nth root of unity whose order is
n is called a primitive nth root of unity. The polynomial

Fu(2) = [[@ - w),

as w runs through the primitive nth roots of unity, is called the nth
cyclotomic polynomial. Its degree is given by the Euler phi-function,
#(n), which is the number of integers i, 1 < i < n, relatively prime
to n. Since each root of unity is a primitive dth root of unity for
some divisor d of n, we have

" —1= HFd(E)- (1)
d|n

With the aid of (1) we can show by induction that each cyclotomic
polynomial has integer coefficients. (Moreover, it is irreducible
over @, as most algebra texts prove.)

Note that for a prime p,

Fpt)=1+z+---+2P 2 2P 1

since each primitive pth root of unity is a root of (z? — 1)/(z — 1).

199




200 ALGEBRA AND TILING

Exercise 1. Prove that F,,(z) is in Z[z].
Let §2,, be the field obtained by extending @ by the nth roots of

unity, or, equivalently, by a single primitive nth root of unity. The
degree of this extension, [, : Q], is ¢(n), the degree of F,,(z).

Lemma 1. If (m,n) = 1 then the smallest field containing Q,, and
Qs i5 Qynn

Proof. LetQ,,Q, denote the smallest field containing Q,,, and Q,,.
Clearly Q.0 C Qpnpn. Now, since (m,n) = 1 there are positive
integers a and b such that 1 = am — bn. Let p be a primitive (mn)th
root of unity. Then

p=(p")%/(p")".
But p™ is in @, and p" is in §,,,. Hence Q. C 9,0y, and the
lemma follows. O

In Chapter 7 we use the following theorem, which is an imme-
diate consequence of Lemma 1.

Theorem 1. If (m,n) = 1, then F,,(z) is irreducible in the ring
Q2.

Exercise 2. Prove the theorem.
Exercise 3. Show that if p is a prime and n is a positive integer,

then F»(z) = F,(«®" ). (Hint: If p is a primitive (p™)th root of
unity, show that p?" ™ is a primitive pth root of unity.)
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